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Abstract

This thesis focuses on a model which has great potential for application, namely the
longer-queue-serve-first queueing model with unequal arrival rates. Our goal is to
obtain the tail asymptotic behavior for the stationary distribution, which is useful in
computing performance measures observed over a long period of time. We demon-
strate in detail how to apply the kernel method with multiple kernel equations to
locate dominant singularities, and to determine the detailed behaviors of unknown
generating functions at their dominant singularities according to analytic character-
istics. The main contributions made in this thesis are: (1) characterization of exact
tail asymptotic behavior of this model, which has not be given in the literature; (2)
application of the kernel method to multiple kernel equations, which extends the

possibility of solving random walks in the quarter plane into that in the half plane.
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Chapter 1

Introduction

1.1 Motivations

Multidimensional queueing systems related to networks have been introduced and
widely studied. Performance measures over a long period of time aid practitioners in
designing systems and evaluating their performance. Usually, our primary interest is
the stationary distribution, from which performance measures over a long period of
time can be computed.

However, except for special cases, obtaining a simple analytic or closed form solu-
tion of the stationary distribution of even a simple stochastic network is not feasible.
Thus, we may turn our focus to some characteristics which are still useful in assessing
performance, which include tail asymptotic behavior of the stationary distribution.
Though the analysis of tail asymptotics is still a hard problem, it is greatly simpler
than working with the stationary distribution itself. This motivates the study of ex-
act tail asymptotic behavior of the stationary distribution.

In this thesis, we consider exact tail asymptotic properties of a longer-queue-serve-first
preemptive model with unequal arrival rates (see Chapter 2 for the detailed model

description). Longer-queue-serve-first (or longest-queue-serve-first) models vary in
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model preemption/ | dimensions | arrival | service time
non-preemption rates | distribution

Cohen [16] non-preemption 2 unequal general
Zheng and Zipkin [18] preemption 2 equal | exponential
Flatto [15] preemption 2 equal | exponential
Zipkin [19] preemption >2 equal | exponential
Adan [17] preemption >2 equal | exponential

Table 1.1: Models in the literature

the literature, with variation on preemption/non-preemption description, queueing
dimensions, unequal/equal Poisson arrival rates, exponential/general service time dis-
tributions; see Table 1.1 for a summary.

In the literature about longer-queue-serve-first (or longest-queue-serve-first) models,
authors have used complex analysis to determine the generating function, the station-
ary distribution, or tail asymptotic properties, such as Flatto [15] and Cohen [16]; and
have made queueing comparisons to obtain performance bounds, such as Adan [17].
The model with equal Poisson arrival rates and exponential service time has been
studied in Zheng and Zipkin [18)], where an explicit solution of the distribution of the
difference between queue lengths is obtained directly from the balance equations. In
Flatto [15], the same model has been analyzed. The approach via generating functions
is used to derive exact tail asymptotic formulas and to study the interdependence of
the two queue lengths. For the model with more than two queues, Zipkin [19] pro-
posed an approximation method. The non-preemptive model with unequal Poisson
arrival rates and general service time distribution has been studied in Cohen [16], via
the use of a translation into a Riemann boundary value problem.

For the tail asymptotic analysis, four approaches are normally used in the literature,
namely brute force approach, large deviations approach, Markov additive approach
and analytic function approach. A detailed literature review of these four approaches

can be found in Miyazawa [9)].
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1.2 Background

Tail asymptotics along coordinate directions and Taubarian-like theorems are intro-
duced here. Analytic continuation, singularities, branch points, etc, are standard

concepts in analysis. For more details, readers may refer to [8] and [2].

1.2.1 Tail asymptotics of probabilities

In this thesis, we consider the exact tail asymptotics behavior of a 2-dimensional
model (with state space S = Z, x Z = {(3,5);¢ = 0,1,2,...,7 = 0,+1,£2,...})

along coordinate directions.

Definition 1.1 Let (X,Y) be a 2-dimensional random vector with X = 0,1,2,...
and Y = 0,%1,%2,.... The exact tail asymptotic functions of the tail probabilities
along three directions: along the = direction and along the y direction (either the y
positive direction or the y negative direction), can be defined as follows:

(1) The tail probability along the x direction with the other dimension fized, is said

to have eract tail asymptotic function if it can be written as:

lim PX ?EE:I,:)Y =) = b(y), foragiveny, y=0,+£1,42 ...,

where b is a positive constant and h is a positive-valued function.
(2) The tail probability along the y positive direction with the other dimension fired,

is said to have exact tail asymptotic function if it can be written as:

. P(X=1z,Y=y)
yll»rcralo h(y)

= b(z), for a givenz, £=0,1,2,...,

where b is a positive constant and h is a positive-valued function.

The tail probability along the y negative direction with the other dimension fized, is
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said to have eract tail asymptotic function if it can be written as:

. P(X=z,Y=y)
lim
Y00 h(y)

= b(z), for a givenz, £=0,1,2,...,

where b is a positive constant and h is a positive-valued function.

Remark 1.1 A generalized version of the definitions of exact tail asymptotic func-

tions along any direction for a p-dimension model is provided in Miyazawa [9].

1.2.2 Taubarian-like theorems

The following theorem is from Bender [10], which can also be found in Flajolet and

Sedgewick [11].

Theorem 1.1 (With multiple dominant singularities) Suppose A(z) =
Enzoanz" is analytic near zero. Let ay, k = 1,...,m, be all singular points on its
circle |z| = ¢, > 0 of convergence, and for each k, there exists wy and gk, such that

lim (1 — 2/ax)“* A(2) = g,

20

where wy, is a complex number not equal to 0,1,2,3, ..., and g is a non-zero constant.

Then,

gen®r)

1
" L TR e

where R(z) is the real part of z.

Theorem 1.2 (With a single dominant singularity) Suppose A(z)=3_ .,a,2"
is analytic in A(¢,€) \ {1}, where A(¢,€) = {z: |z| < 1+¢, |Arg(z — 1)| > ¢} with
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€e>0,0< ¢ <72, and

A(z) ~g(1—=2)" asz—1in Ag€)

for some complex number w, as n — oo, (i) if w ¢ {0,1,2,...}, then

(i) if w is a nonnegative integer, then

a, = o(n™71).

Tauberian-like theorems offer a possible method to obtain exact tail asymptotics with
the following procedure: firstly, locate the dominant singularities of an unknown gen-
erating function, namely ag, k = 1,...,m; secondly, find wy such that for each oy,
k=1,...,m, lim, q, (1 — 2/ag)“* A(2) exists. In this thesis, there is only one domi-
nant singularity and the second version of the Tauberian-like theorem is applied.
Theorem 1.1 and Theorem 1.2 are referred to as Tauberian-like theorems instead of
Tauberian theorems in the thesis. This is because one of the conditions in classi-
cal Tauberian theorems is monotonicity of the coefficients. In our case, there are
an unknown sequence of probabilities on which we do not have monotonicity infor-
mation. In the Tauberian-like theorems, this condition is replaced by some extra
requirements on the analyticity of the unknown function which can often be verified.
In Theorem 1.2, the function is required to be analytic on the region A(¢,¢€) \ {1},

which is an indented disk shown in Fig 1.1.

Remark 1.2 If A(z) = 3 ,0aa2" (or A(2) = 3 5,802" ), k=1, 1 € R and
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/ \ analytic area

/ X

.'/"

/" dominant
~” singularity

Figure 1.1: Indented analytic area

wi € R, then

wp—1

nn
L(w)(er)™

Ap

Remark 1.3 IfA(2) =3 ,,8,2", k=1, 01 €R, w; €R
and lim, o, (1 — z/01)** A(2)' = g, then

g2

Uy ~ ——————.
(wr)(on)™!
PROOF. Since A(2) =} 5 na,2""' =3 5 o((n+1)an41)2", we have (n+1)an41 ~

lnwl‘l
F(wt)(a)™”

gl(‘n—l)wl_l ~ glnwl—Z
al{wi}(o)*~1 ~ Tlw)){oq)* 1"

Thus a, ~ ]

1.3 Contributions

This thesis focuses on a longer-queue-serve-first queue model with unequal arrival
rates, which has great potential for application. Our goal is to obtain asymptotic be-

havior for the stationary distribution, which is helpful for computing the performance
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measures observed over a long period of time.

The main contributions made in this thesis are: (1) characterization of exact tail
asymptotic behavior of this model; and (2) application of the kernel method to mul-
tiple kernel equations, which extends the possibility of solving random walks in the
quarter plane into that in the half plane. The tail asymptotic behavior of the model
with equal arrival rates has been studied in Flatto [15], with a method using the con-
cepts of Riemann surfaces and uniformization theory, while tail asymptotic behavior
of the model with unequal arrival rates has not been given in the literature; the latter
case, for which we use the kernel method, is the focus of this thesis. The kernel
method with one kernel equation can be used to obtain tail asymptotic properties of
random walks in the quarter plane, for example, see Li and Zhao [3, 4, 5, 6, 7], while
work using multiple kernel equations is very limited and has not been reported in the

literature.

1.4 Organization

This thesis is organized as follows: Chapters 1 and 2 form the first part of the thesis.
Chapter 1 provides a brief introduction to the problem, presenting some background
to the subsequent chapters. In Chapter 2, a longer-queue-serve-first model is formally
introduced and presented as a random walk in the half plane. Then generating func-
tions are defined, and two series of important relationships among these generating
functions are obtained. One consists of recursive equations and the other provides
fundamental forms.

With all the material available, the remaining part focuses on how to apply the kernel
method and the Tauberian-like theorems to obtain exact tail asymptotic properties.
Chapter 3 concentrates on the exact tail asymptotic analysis along the y-direction,

while Chapter 4 and Chapter 5 are combined to complete the exact tail asymptotic
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analysis along the z-direction.

In Chapter 3, according to the recursive relationship derived in Chapter 2, we can
find explicit expressions for the generating function ¥; (y), ¥; (v), 1 =0,1,2,... (see
(2.12) and (2.13) for the definition), from which dominant singularities are located
and behavior of the unknown generating function at the dominant singularity is stud-
ied. The object of Chapter 4 is to demonstrate how to apply the kernel method to
locate the dominant singularity of ¢;(z), j = 0,£1,£2,..., (see (2.11) for the def-
inition). In Chapter 5, the behavior of ¢;(z), j = 0,£1,%2,..., at the dominant

singularity is detailed and tail asymptotic results along the z-direction are given.



Chapter 2

Longer-queue-serve-first Model

and Generating Functions

A continuous-time longer-queue-serve-first model described in this chapter is the focus
of this thesis. This queueing system consists of two queues and one server, following
longer-queue-serve-first policy with preemption. The original model {(zl(t), zz(t))}
and a modified model {(min{zl(t), Lo(t)}, Ly(t)— Zl(t))} are introduced, where Zl(t)
and Zg(t) are the numbers of customers in the two queues including the one in service
at time ¢. After the model description, generating functions are defined. According
to balance equations, two kinds of important relationships among these generating
functions are obtained: one is a set of linear homogeneous second order recursive

equations, and the other is a set of fundamental forms.

2.1 Preemptive longer-queue-serve-first model

The continuous-time longer-queue-serve-first model described in this chapter con-
sists of two queues and one server, following longer-queue-serve-first policy with
preemption. Customers arrive to these two queues according to two independent

Poisson processes with rates A; and A, respectively, and the service time is exponen-

9
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Q

Figure 2.1: Transitions of P

tially distributed with the mean service time % Without loss of generality, assume
AM+A+p=1

According to the longer-queue-serve-first policy, the server works on the longer queue
when queue lengths are not equal and chooses either one to serve with probability %
when they are of equal length. The service policy is preemptive, which means when-
ever the queue not being served becomes the longer one, service will be interrupted
and switches to the new longer queue.

Let L,(t) and Ly(t) be the numbers of customers in the two queues including the
one in service at time ¢. {(L,(¢), L2(t))} is a continuous-time Markov chain whose
state space is S=ZxZ= {(4,7);4,5 = 0,1,2,...}, which is stable if and only if
© > A+ A, Let Q be the infinitesimal generator of the continuous-time Markov
chain {(Zl(t), zg(t))} Then, P = I + Q is the transition probability matrix for the
uniformized discrete-time Markov chain and the transition diagram of P is shown in
the Fig 2.1.

We notice that {(Zl(t),zg(t))} is not a random walk in the quarter plane in the

usual sense, since instead of one it has two regions on which transitions are homoge-
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neous. Motivated from this, we define a different Markov chain {(L,(t), L2(t))}, where
Li(t) = min{L,(t), L(t)} and Lo(t) = Lo(t) — L1(t). {(L1(t), La(t))} is a continuous-
time Markov chain with state space S = Z, x Z = {(¢,5);i = 0,1,2,...,j =
0,+1,+2,...}, which is a random walk in the half plane. Ez(t) — Zl(t) is used instead
of |Lo(t) — Ly(t)| here, because the process {(min{Li(t), Ly(t)}, | La(t) — L1(t)|)} will
no longer be a Markov chain. (L;(t), Ly(t)) is equivalent to (L1(t), Ly(t)) in the sense
that (L1(t), Lo(t)) and (L,(t), Ly(t)) are uniquely determined by each other.

Let the system be in state (L;(t) = m, La(t) = n). For m > 0 and n > 0, suppose
the next transition is due to an arrival, then an arrival on the shorter queue leads
to (Li(t+1) = m+ 1,Ls(t + 1) = n — 1), and one on the longer queue leads to
(Ly(t+1) =m, Ly(t + 1) = n+ 1). Also, suppose the next transition is due to a de-
parture, then the departure from the longer queue leads to (L, (t) = m, Ly(t) = n—1).
There is no departure from the shorter queue according to the longer-queue-serve-
first policy. For other values of m and n, the transition situations can be similarly
analyzed. Let Q be the infinitesimal generator of the continuous-time Markov chain
{(Ly(t), Lo(t))}. Then, P = I + Q is the transition probability matrix for the uni-
formized discrete-time Markov chain; the transition diagram of P is shown in the Fig
2.2,

We denote by 7, ; the limiting probabilities for the process {(L1(t), La(t))}, and by
;; the limiting probabilities for the process {(Li(t), L2(t))}. The stability condi-
tion of {(L1(t), L2(t))} is the same as that of {(L1(t), L2(t))}, namely, i > A + As.
These two Markov chains have the same stability condition. To see this, assume
{ (Zl(t), Zg(t))} is stable (ergodic), which is equivalent to the existence of the unique
probability solution to its stationary equations 7 = 7P. These same equations can be
also viewed as the stationary equations of {(L,(t), Ly(t))} since there is a one-to-one
correspondence between variables (L;(t), L(t)) and variables (Ly(t), La(t)).

For convenience, S is partitioned as S =S US - US;oUSpg, 0r S =54 4,US U
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Al
N
n
\,
w2 .
min{Q, Q:}
>
w2
A
b
Ay

Figure 2.2: Transitions of P

S+,__ U So’+ U So,o U S(),._ where

and

Si+={(mn)ym=1,2,...n=1,2,...},
Sio={(m,0);m=1,2,...},

Sy_={(mn)ym=12,...n=-1,-2,...},

So+ ={(0,n);n=1,2,...}, Soo={(0,0}, So-={(0,n);n=-1,-2,...

S+ =58,+UStt, S-=5,-US;_.

12
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The balance equations based on the transition diagram in Fig 2.2 are the following.

Tij = AMTicij1+ AeMijo1 + UMije, 21, 722 (2.1)

i1l = AMTi—12+ AT+ pmio + gmﬂ,o, 1>1, (2.2)

o = MM+ Aoy 1+ pmy +pmi g, 21, (2.3)
(1=p)meo = pmoy + pmo 1, (2.4)
Toj = Aaoj—1+ MMoj+1, J =2, (2.5)

Toq = A2foo + KMoz + 'g'm,o, (2.6)

To—1 = A1To,0 + po,—2 + gm,o, (2.7)

To; = AToj+1+ UToj-1, J < —2, (2.8)

Ti—1 = AMi_1,—2+ Ao+ pum; o + %WHI,Oa i>1, (2.9)

Tij = AoTi—1j—1+ MTijp1 +pmiio, 1>1, 7 < -2 (2.10)

2.2 Generating functions

Analytic function approach is one of the possible approaches to derive the multidi-
mensional tail asymptotics. This approach is to apply the theory of analytic functions
to fundamental forms. Before we give fundamental forms, generating functions need

to be defined.

Define generating functions as follows:

+00

pilz) =Y mat, |zl <1, j=0,+1,%2,. . ; (2.11)
i=1
+o0 '

i) =) m, i<l i=0,1,2..; (2.12)
j=1

Yr) =D muy, <l i=0,12,...; (2.13)

i=-1



CHAPTER 2. MODEL AND GENERATING FUNCTIONS 14

Yo mgry, el <Lyl <1, if pe{,+0}, ge{+0},
(,J)€Sp,q

Y mgpty, lal<llyl <1, if pe{,+0}, g=-.
(4,7)€Sp.q

Tp.q (z,y) =

Remark 2.1 ¢ (y), i =0,1,2,..., is defined as Z;:lm-,jy‘j, instead of

Z;:ilﬂ'i,jyj, and mpq(z,y), p € {.,+,0}, ¢ = —, is defined as Z(i,j)eSp,q T2y,
instead of 3, jies, ., 7 ;Ty in this thesis. In this way, when we add two kernel
equations (see (2.23) and (2.24) for the detail), some terms will be cancelled out,
which makes our tail asymptotic analysis along the x-direction easier. Also, we will
see that we do not need to infer m;; directly from m,q(z,y), not to use ¥; (y) and
¥; (y) together to obtain tail asymptotics either. Therefore, we can still separate =, ;

and m; _; apart.

Remark 2.2 We also use p;(z), j =0,%1,£2,..., for the analytic continued func-

tion of 3. m;jx' on C,, where C, is the complex plane for z. ¥ (y) (or ¥; (y))

—00

is also for the analytic continued function of ;L:f w0 (or Zj=_l mi;y~7) on C,,

where C,, is the complex plane for y.

Using balance equations of the random walk, we can obtain recursive relationships
for ¥ (y), ¥ (¥), i = 0,1,2,... and @;(y), j = 0,%1,42,.... These recursive re-
lationships enable us to work out expressions of ¥} (y) and ¥; (y), and derive tail
asymptotic properties along the z-direction after we obtain the tail asymptotics for

Tn,0, With large n.
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Lemma 2.1 1. The recursive relationship for ¥ (y), i =0,1,2, ..., can be listed as:

(uy'l -1+ ,\Zy)'(/)g'(y) = - (gﬂ'l,o + )\271’(),0)?/ + U 1, (2'14)
(ry™" = 1+ 2997 () + My~ 9, (y) = — (gml,oﬂzm,o)y + 1,
i>1; (2.15)

2. The recursive relationship for ¥, (y), ¢ =0,1,2,..., can be listed as:

(™' =1+ M)y (y) = - (gﬂl,o + AIWO,O)y + pmo,—1, (2.16)
iy ™ = 1+ MY (v) + Aoy ¥, (1) = — (S mrsotAimo )y + umi s,
i>1: (2.17)

3. The recursive relationship for ¢;(y), j =0,%1,+2,... can be listed as:

(1 + Mz)pjri(z) — 95(2) + Mawj-1(z) = —Aimo 417, J 2 2, (2.18)
(1 + Mz)pa(z) — pr(z) + (gac_1 + /\2) wo(x) = =\ ooz + -g—tmyo, (2.19)
(k+ Mz)o1(z) — wo(z) + (B + Aoz)p_1(z) = —Aimo 1T — AoTo, 12, (2.20)
(%a:’l-k)\l) wo(z)—p_1(z)+ (1 + Aox)p_o(z)= —Agﬂo,_2x+—g7r1,o, (2.21)
M@j(z) — @i (@) + (1 + Aez)pj1(z) = =Aomojo1z, J < —2. (2.22)

PROOF. Proofs of the recursive relationships for ¥} (y), ¥; (y), i = 0,1,2,..., and
vi(y), 3 = 0,%£1,%£2,..., are similar. We only provide details for the proof of the
relationship for ¥} (y), i1 =1,2,....

In order to proof (2.15), recall (2.1) and (2.2),

Tij = MTi—ij41+AeTijo1 +umij, 121, 722,

p .
Tl = ATi—1,2 + AT+ pmig + S TitLo, L > 1
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Thus, for i > 1,

+o0
LM
U () =D (Mmicjen + Aemijoy + pmiian)y + o5 Ti+1.0¥
j=1

=Xy (¥ (¥) + Tmo) + My~ (V)1 (y) — mic11y)

- 7
+py! (WL(?}) - Wi,ly) + 5 Tm+1,0Y-
Namely,

(by™' — 14+ My) ¥ (v) + My o (y) = — (gﬂiﬂ,o + /\27fi,0) Y+ By .

From the recursive relationship for ¥} (y) and ¥ (y), i = 0,1,2,..., the exact tail
asymptotic behavior for joint probabilities along the y-direction can be derived di-
rectly, which will be shown in Chapter 3. Tail asymptotic properties along the z-
direction is more challenging, since we cannot directly obtain the tail asymptotics for
70, which requires a different method (see Chapter 4).

After the asymptotic property for the generating function yo(z) and the tail asymp-
totic property for the boundary probabilities 7; ¢ are obtained, the recursive relation-
ship for ;(z), j = 0,%1,%£2,..., will enables us to carry out the asymptotic analysis
for all ¢;(z), which will lead to a determination of the exact tail asymptotics for
the joint probabilities along the z-direction. Details will be given in Chapter 4 and
Chapter 5.

Another series of important relationships consists of two equations. One is derived for
the positive region, and the other one for the negative region. The exact tail analysis
for the boundary probabilities along the z-direction starts from these two equations

using the kernel method.

Lemma 2.2 A set of two equations are listed as:
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—7 +(z, y)ht(z,9) = po(z)hd (2, y) + p-1 (), (2)

+ Wo’ohao(y) + 7T0,_1h3:__1(1'), (223)
and

- (@, )R (2, 9) = po(2)hg (2,9) + w1 (2)hZ, (2)

+ o,0ho,0(Y) + To,—1hg,_1 (), (2.24)
where

ht(z,y) = Mzy '+ day +uy™ =1, hd(z,y) = Aoy + gw“‘y ~1,

Rt (z) = Xz + 1, h&o(?/) =Ay+pu-—1, h&-1(x) = Aoz + i
h(z,y) =y + My +py ' =1, hy(z,y) =My + -g:v‘ly,
h:l(z) = _h’tl(a") = —(/\21: + IJ’)» h‘(—):O(y) = /\lya

ho_1(x) = —h{ _(x) = —(Aaz + ).

Following Flajolet and Sedgewick [11], we call these functions (2.23) and (2.24) the

fundamental forms.

Remark 2.3 It can be noticed that (2.23) and (2.24) are asymmetric. In fact, we
put equations in these forms for the advantage that when we add them together, some

terms can be cancelled out.

PROOF. Proofs of these two fundamental forms are similar, and only the proof of

(2.23) is shown as follows:
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Recall that
T = MTi—ij+1 + AoMijo1 + S, 21, j>2,
= A A H > 1
Tl = A1fi-12+ 27Tz',o+/-t7fi,2+~2'7fi+1'0, 12 L
Thus,
i
z Ty
121,521
= A A iy £ iy
= (MTic1g41 + Ao g + pmign) 'y + 510 )Ty
i>1,j>1 i>1,j=1
We know
E 7Ti»1,j+1931y]
i>1,j>1
=2y~ ) ma'y
i>0,5>2
. o o o o
=TY ( E T2y + E i 5Ty —( E mi Ty + E Wi,jl"zyj))
i>1,j>1 1=0,52>1 i>1,j=1 i=0,j=1

=gy~ (W+,+(x, y) + ¥ (y) — (%(w)y + 770,1y)> :
Similarly,

Z “ivj—lxiyj = y(”+,+($,y)+900(13));
Y pignay = v (mesey) - ei@);

Z 7Ti+1,0$i?lj = 33"1?/(900(55)"”1,033)-
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Thus,

(1 —Azy = Ay — uy‘l)mﬁ»(x, y)

=y (Y) My~ +o(z)(Aay + gfﬁ_]y)—sol(ﬂ?)(/\liv + p) = (Ao, 1 + g?ﬂﬁ,o)-

(2.25)
Recall (2.14) and (2.20), we have
0= (py™" — 1+ doy)vg (y) + (57&,0 + Azﬂo,o)y — W1, (2.26)
(1 + Aiz)pi(z) = po(z) — (1 + Aaz)p-1(T) — (MiTo1T + Ao —12). (2.27)
Also, recall (2.6),
HTo1 = (1 - H)ﬂ-0,0 - U9, —1- (228)

Plus (2.26) and (2.25), replace (i + A\1x)pi(x) by using (2.27), and replace pmo; by

using (2.6), we can get (2.23). ]



Chapter 3

Tail Asymptotic Analysis along the

y-Direction

The analysis of exact tail asymptotics along the y direction relies on the analysis of the

locations of dominant singularities and local asymptotic properties at the dominant

singularities of the generating function v (y) and ¢; (y), i = 1,2,.... According to

the recursive relationships for ¢; (y) and ¥; (y),i = 0,1,2,..., we can find the explicit

expressions for the generating functions v; (y) and v; (y), i =0, 1,2, ..., from which

the dominant singularities and the behaviors of these unknown generating functions

at their dominant singularities are obtained.

Lemma 3.1

—(5Tit1-mo + AaTimm,0)Y + UTimm 1

UHy) =y ) (-2)"

m=0

(A2y? —y + p)mt!

is valid on C,, except at a zero of Aay® — y + p;

—(5Tig1-mo0 + MTim,0)Y + UTi—m1

wf(y) = y;("’\Z)m (/\1'!/2 —y+ N)mH

is valid on C,, ezpect at a zero of \iy®? —y + p.

20

i=0,1,2,..., (3.1)

i=0,1,2,..., (3.2)
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Proor. We can use the mathematical induction to prove this lemma. Proofs of (3.1)
and (3.2) are similar, and only the proof of (3.1) is shown as follows. Firstly, ¥ (v),
ly] < 1, can be written in the form stated in the lemma. Also, assume that for ¢ = i,

ly] < 1, we have

E'/T + )\27rz m O)y + um; m, 1
/\ 2 ip+1-m,0 0— o— 3.3
-y Z 2 (A2t — y + p)mH! (33)

m=0

According to (2.15), we have

(Eigs2.0 + AaTig41,0)¥ + iig11 — My~ "9 ()

+ = 3.4
zo+1(y) /\2y -1 + Ny—l ( )
Using (3.3) in (3.4), we get
wm —(&n + Ao Yy + pm
— /\ 2 i0+2-m,0 2M%+1-m,0 io+1— ml 35
1o+l ymz—:o 1 (/\2y —y+ ”)m+1 ( )

Obviously, the left hand side of (3.5) is analytic in the whole complex plane except
at a zero of \y® —y +p, thus ¥, (y), ly| < 1, can be at least analytically continued

to C,, expect at a zero of Aoy? — y + 4. ]

Lemma 3.1 implies that the zeros of A;y? — y + p are possible poles of ¥} (y), i =
0,1,2,..., and the the zeros of \y? —y+ u are possible poles of ] (y),i=0,1,2,.

Let Ay? —y + u = 0, we get y = W and yi = 15121—;2_4—’\—3&. We can see that
yy ERandyf e Rwith0 <yl <1<yl ¥H(y),i=0,1,2,..., is a generating
function of probabilities, so ¥;f (y) is analytic inside the unit circle. Hence yg is not
a pole of it. Therefore, y; is the only pole of ¥ (y), since ¥ (y) can be written as
Vi (y) - (yTy;ng, where F (y) is analytic on the disk |y| < y{ and it can be shown
F(yf) # 0.”. Similarly, let \yy? —y +u = 0, we get y; = 1321;1@ and y; =

1_—_3%—15@, Also, y7 € R,y € R, 0 < y5 < 1 < yy, and y; is the dominant
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singularity of ¥ (y),1=0,1,2,....

Lemma 3.2 Local asymptotic behaviors of ¥; (y) and ¥; (y), 1 =0,1,2,..., are listed

as follows:
y i+1
im, w7 ) (1- ) = e, (35)
y—ut "
y i+1
hmwwm(buf) = (u7), (3.7)
Yy, Y
where

by i+l gt
+(t) = 1 Y [ (K
C; (yl ) _(A2y+(yf — y(_;)) A ((27r10 + Azﬂoo)y mr()l)

(=) — A2 Hyy (u
c; (yl)_()\lyf(yf~y5)) /\2( 27r10+)\27r00)y — Umg

Remark 3.1 Denote a dominant singularity of a function of y as Ydgom. All limits are

taken in the region {y : [Ez:| <1+¢|Arg( ) -1] 2 ¢}, wheree > 0,0 < ¢ < /2,
according to the Tauberian-like theorem and the fact that yi (or y; ) is the only pole

of ¥ (y) (or ¥ (y))-
In this case, ¥ (y) (or ¥ (y)), 1 =0,1,2,..., is analytic on C,/{y{} (or C,/{v7}).

PROOF. Proofs of (3.6) and (3.7) are similar, and only the proof of (3.6) is provided
here. Take the limit in the region {y : |1—/¥;[ <1+ e,lArg(j’;) — 1| > ¢}, where
1 1

€>0,0< ¢ < 7/2, we have

; Y 1
lim (1 _ ...) _r
y—yt ui ) Myt —y+p

= lim (_y—y;*) !
- v ) -y -ud)

/\291 ( - 3/0)
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Thus,

hm ¥ (y) (1 )
y—>y1

o _l 1 i+1 B i H
= lim ((1 f'))\zy —y+u) y( )\1)( (27T1,0+)\27f0,0)y+ﬂ7f0,1)

Y=y

_ A1 i+lyl 7
_()\2y;r(yf- - y;)) )\1 (( 0+ AaMo O)y Hro f-

[ ]
Lemma 3.3 (geometric decay multiplied by the factor |n|)
We have for fired i, i = 0,1,..., and large n,
i
(LY
w0 () (38)
and for fized i, 1 = 0,1,..., and large |n| with n < 0,
o (=n) 1y
Tin ¢ (yl )(Z + 1)' (yl_.) . (39)

Remark 3.2 We write f(x) ~ g(z) as ¢ = zo to mean lim,_,,, ;((x—) = 1 and the

limit is taken over the defined region.

PROOF. Proofs of (3.8) and (3.9) are similar, and only the proof of (3.8) is provided
here. Notice that ¥ (y) is analytic in the region {y : ijpl < 1+ |Arg(j1$) -
1 2 ¢}/{y: ;/yf = 1}, where € > 0,0 < ¢ < m/2. And according to Lemma 3.2,
V() ~ ¢ D1~ )7t as & o Lin {y ¢ [ 3] < 14 e |Arg(%) — 1] > 6},

hn
ot (y+)n(i+1)—1

T(+1)(7) -

Therefore, according to Remark 1.2, m;, ~



Chapter 4

Dominant Singularity Analysis of

p;(z)

This chapter focuses on the analysis of dominant singularities of the generating func-
tions @;(x), j = 0,%1,%2,..., which is the crucial step for using the Tauberian-like

theorem. The kernel method is employed here.

4.1 Kernel method

The standard kernel method deals with the equation K(z,y)F(z,y) = A(z,y)G(z) +
B(z,y), where only F(z,y) and G(z) are unknown functions. The key idea of this
method is to find a branch y = yo(z) such that K(z,ye(x)) is zero. Then for z €
{z|F(z, yo(z)) < 00}, we have A(z,yo(z))G(z) + B(z, yo(z)) = 0. Thus

G(z) = —B(z,yo(2))/A(z, yo(z))

for z € {z|F(z,yo(z)) < 00, A(z,yo(x)) # 0}; and

—‘A(:L‘, y)B(SL', yo(x))/A(m, yo(IE)) + B(IL’, y)

F((E, y) = K(LL‘, y)

24
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for z € {z|F(z,yo(x)) < 00, A(z,yo(x)) # 0, K(z,y) # 0}.

This idea has been generalized for random walks in the quarter plane to deal with a
fundamental form with two unknown functions on its right hand side. In this thesis,
this idea is generalized further by allowing two fundamental forms to be included. By
choosing a proper branch in each fundamental form, we obtain relationships between
wo(x) and (), according to which explicit expressions of p¢(x) and ¢,(z) can be
obtained.

Define Y, (z) and Y;'(z) as the branches of yh*(z,y) = 0, with |Y ' (z)] < |V T (z)].

yh*(z,y) = 0, or equivalently A\yy? — y+ (A\;z + p) = 0, is a kernel equation. Namely,

_ 1- \/1—4)\2()\1$+M)
- 22

’ Y1+(x)=1+\/1—4A2()\11L‘+H). (41)

+
it (@) —

Similarly, define Y; (z) and Y, (z) as the branches of yh™(z,y) = 0, with |Y; (z)| <
Y (z)|. yh~(z,y) = 0, or equivalently A\y2 —y+ (A2 +pu) = 0, is a kernel equation.

Namely,

1= /1=4aez +p)
- 2\

V= VTS

Yy (z)

Let zf = 5{;\914\/\-22&. According to (4.1), zj is the branch points of Y*(z). Similarly,

let z7 = %;\‘%\‘f. According to (4.2), z7 is the branch points of Y~ (z). Define the

following cut planes:

@: = Cx“[II?T,OO),

@; = C; — [z7,00).

Lemma 4.1 1. Y; (z) ( Yy (z)) is analytic in CF (C; ).

2. There ezists 1 > § > 0, such that |Y;"(z)| < 1 whenever |z| < 6.
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3. For {z:z € C,|z| < é}, we have

0=ypo@hg (z, 5" @) +o-1@hZ, @) +mo,0ho (Yo" @) +7o0,-1h5 _, @); (4.3)
and

0 = @olt)hg (z, Yy (@) +0-1@h~, @) +m00hs o(Ys™ @) +70,1hg _, (@) (4.4)

PRrooOF. Proofs of 3 is obvious and thus omitted here.
Proofs for Y;"(z) and Y; (z) in 1 are similar, and only the proof for Y;"(z) is detailed

here. The functions Y;' () is meromorphic in the cut plane @;L In addition, Y, (1) =

1—4/ 1—4)\2()\12"}1&) _ 2(A1x+“) + + - . s
o plvey mrywewrent thus Y;"(z) has no poles and Y;™(z) is analytic in
Ct.

Proof of 2 goes as follows: since Y;'(z) is continuous and Y, (0) = b{%{/\zj <1,

there exists 1 > & > 0, such that |Y;H(0)] < 1 whenever |z| < 4. ]

4.2 Dominant singularity analysis of ¢;(z)
Lemma 4.2 1.

__ mooz(MYs (z) + MYy (z) + 1)
Yo (@)@ + §) + Y5 (z)(zh + ) — 2

wo(T) =

holds in CF NC; N{z: Yy (z)(zhe + )+ Yy (z)(zA + £) — z # 0}

2. Let Tgom be a dominant singularity of po(z), then one of the following two cases
must hold:

i) Tdom = T OT Tgom = T7, which is a branch point of Y*(z) or Y~ (z);

1) Tdom 15 a zero point of Yi' (x)(zAs + &) + Yy (2)(zA; + &) — = with |z] > 1.
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Proor. Plus (4.3) and (4.4), then for {z : z € C, |z| < 8},
0 = po(z) (kg (2, Y5 (2)) + hg (2, Y5 (2))) + Moo (ho(Yo' (%) + hoo(Yy (2)))-

Thus for {z:z € C,|z| < 6} N {z : z(hd (z, Y5 (2)) + hg (z, Y5 (2))) # 0},

_ TooZ (h(J)r,o(Yo+ (z)) + ha,o(yo— (x)))
z(hg (z, Y5 (2)) + kg (2, Yy (2)))

o(z) = (4.5)

Namely, for {z: z € C, |z| < 0} N {z : Y (z)(xhs + §) + Y5 (z)(zM + §) — z # 0},

_ 7T0,()III(A2YO+(ZII) + /\1)/2]_(11'}) +u— 1)
Yoh(@) (@A + ) + Yy (2)(zh + §) — ¢

po(T) = (4.6)

The right hand side of (4.6) is analytic in C; NC; N{z : Y;*(x) (xAo+5)+Yy (z)(zA +
£) — x # 0}, thus po(z), {z : z € C, |z| < 6}, can be analytically continued at least
to C NC; N{z: Yyt (z)(zhe + £) + Yy (z)(zh + &) — = # 0}. Therefore (4.6) holds
for C; NC; N{z : Y5 (z)(z Ao + £)+Yy (z)(zA + £) —z # 0}, which leads to a proof
of 2. =

Lemma 4.3 1. For x € C,, we have

o5(z) = 2As(mo,3-1 + ¢;-1(2))
14+ 1 -4z +p)

= 70,55 ] Z 2) (47)

holds except at a pole (if there is any) of ¢;_1(z);

_ 2/\2$7T0’0 + (2/\21' + u)<p0(:1:) _
IL‘(]. + \/1 — 4/\2(/\11‘ + M))

p1(x) To,1 (4.8)

holds except at a pole (if there is any) of po(z);

_ 2)\1.’1)7(0’0 + (2)\1.’[ + M)QOQ(IK) _
(1 + /1 = 4A1( Xz + p))

go_l(.’II) 0,~1 (49)
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holds except at a pole (if there is any) of po(x);

() = 21 (mo 41 + @j1(2))

T) = — M, J< 2, 4.10
1+\/1—4/\1(/\2.'L'+[lz) 07 ( )

holds except at a pole (if there is any) of pjy1(z);

2. The dominant singularity of p;(z), j = £1,£2, 43, ..., is the dominant singularity
of wo(z).

Proovr. Firstly, we show (4.8) and (4.9).
For a proof of (4.9), from (4.3), we have for {z: z € C, |z| < §},

p-1(2)h,(2) = —po(z)h] (2, Yo" (2)) = mo0hgo(Ys' (2)) — Mo—1hg _y(2). (4.11)
The right hand side of (4.11) is analytic in C} except at a pole (if there is any) of
wo(z). Using (4.5) in (4.11), we have for {z : z € C, |z| < §},

_ Moo (hao(Ye' (2)) + hay (Y ()
z(hd (z, Y5 (2)) + hy (2, Y5 (2)))

— mo0hgo (Yo' () — mo,-1hg, 1 ().

bt (z)p_i1(z) zhg (z, Y5 (2))

Namely,

_71'070.’17(/\2Y+(.’1?) -+ /\1Y—(l‘) -+ M- 1)((/\2 + é’i’)YEﬁ(IE) has 1)
(h+Qaz)ip-1(z) = 1(%,+(z)(u2 n B+ Yy (z)(zh + &)~z

— moo(AYg (@) + p — 1) — mo 1 (Aez + p). (4.12)
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Also,
(A2z + p)p_1(7)

_moo(MYg (2) + MYy (2) + 1 — 1) ((Aaz + )Y, (z) — 2)
B Yo (@) (@A + £) + Yy (@) (@M + ) — =

- ﬂ'oyo(/\gif(;'(fll) + - 1) - 71'0’_1(/\227 + /1:)
_Moo(Aa¥y" () + MYy (2) +u—1) ((Aez+§)Y5" (2) —a+ Yy (@) (e +5))
- Yof (z)(zha+ )+ Yy (z) (@ +4) -2
moo(AeYo' (z) + MYy (2) + o — DYy (2) (@A) + &)
Y (@) (e B+ Y (@) + ) -2

— moo(AYp (@) + = 1) — mo—1(Aaoz + 1)

71'0,0()\2%-!’(35) -+ )\IY ( ) + H— 1) ( )(I/\l -+ E)
Yo (@) (zhe + §) + Y5 (z)(ahi + §) —z

=A\1To0Yy () —

— mo,~1(A2Z + )

=)\17I'0,0)/0_(.’17) + .'17._1 (‘g' + Alx)apo(a:)YO'(z) - 7T0,_1(/\2$ + [.t)

We know

1 - \/1 - 4)\1(>\2LL' -+ M) 2(/\2.’15 -+ ,LL)
2\ 1+ T4z + )

Yy(z) =

Thus, we have for {z: z € C,|z| < 4},

2A1m00 + (2)\1:5 + p)po(z)

- 7Q,—1- (413)

The right hand side of (4.13) is analytic in C, except at a pole (if there is any) of
wo(z). Therefore, (4.13) holds in C, except at a pole (if there is any) of wo(z).
For the proof of (4.8), according to (2.20), we have for {z : z € C, |z| < ¢},

(1 + Mz)p1(T) = — Mo 1T — AgTo,1 T + @o(T) — (B + Aax)p_1(x). (4.14)
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Input (4.12) and (4.6) into (4.14), we have for {z : z € C, |z| < §},

(1 + Mz)p1(z)
. 7T0,OII?(/\2)/O+(CL') + )\1Y0_($) +p— 1)
Yo @)(eha + £) + ¥y (@)@ + &) — @
_ 7(0’0$(/\2)/()+(IE) + /\1}’6—(1‘) -+ H— 1) ((/\2 + '2%)Y0+(.'17) - 1)
Yo (@) (zhe + ) + Y5 (z) (M + 4) — =

= — AMT,1T — AaTo,—1T

+ moo( XYy (z) + 1 — 1) + mo,—1( A2z + 1)

= — /\17'(0,123 + 7['0'0(/\2}/04-(117) + H— 1) + To,—1 1
_ mooz(XYg (z) + MYy (2) + 4 — 1)(Ae + £) Y5 (2)
YO+(IB)(.’L‘A2 + g) + }/0.(.'13)(111)\1 + %) - T

=—MToaT+Too(p — 1) +m _14+mo oA Yy (2)+27 po(z) (Aﬂﬁ-%) Y5 (z)

= - (/\1(11 -+ /J,)'ﬂ'()’l -+ (71'0,0/\2 -+ ﬂfwl(po(.'ll) (/\2.’17 + H‘)) },0+(.’L’)

2
We know
" 1- \/1 - 4/\2(/\1.’17 + ,lt) 2()\117 + u)
2 1+ /1= 4Nz + p)

Thus, for {z : z € C,|z| < 6},

_ 2X9z7o0 + (2X2Z + p)po(x)
(14 /1= oMz + 1))

QOl(IE) 71'0,1. (415)

The right hand side of (4.15) is analytic in C, except at a pole (if there is any) of

wo(x). Therefore, (4.15) holds in C, except at a pole (if there is any) of @o(z).

Secondly, we show (4.7) and (4.10). Since the proof of (4.7) is similar to that of

(4.10), we provide details for (4.10). We show (4.10) for j = —2 first. Then, using

the same procedure, we can show that if for j = k, k < =2, {z : z € C,|z|] < §},
— 2M(mok41+9k41(2))

(Pk(x) - 1+\/1_4/\1(,\2x+“) — T0,k» then for J = k — 1’ {.’II ‘T E Ca |I| < 5}! (;Ok—l(‘r) =
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21 (mp k() 1 —_ W V
\ < :
. \/1 DO 3 7o,k—1- Therefore, for 7 2, {:L' Ie (C, I:E' < 5}, e have

(z) = 2h1 (Mo + ¢5+1(2)) — o, (4.16)
14+ /1 —4X\ Aoz + p)
The right hand side of (4.16) is analytic in C, except at a pole (if there is any) of
@j+1(z). Therefore, (4.16) holds in C, except at a pole (if there is any) of ¢;;1(z).
The proof of (4.10) for j = —2 is provided as follows:

According to (2.21), we have for {z: z € C,|z| < §},

CII(/.L + )\21?)(,0_2(1‘) = “‘("g' + /\117) gOo(.’L')+IL‘(p._1(III)+ (“‘)\27(0,_21'—{”%71'1‘0)33.
(4.17)

Also, from (4.13), we have for {z : z € C, |z| < 4},

2(% + MiZ)po(z) = m(‘P—l(x) + 7!’0,-1)(1 + V1= 4oz + ) — 2mophi.

(4.18)

Using (4.18) in (4.17), we have for {z : z € C, |z| < §},

T(p + Ax)p_2(T)

14 /1 -4 (Aez + p)
2

= —z(p_1(z) + mo,—1) + o0 T

+ .’1330_1(56) + (—/\27&)’_233 + gﬂ1,0)$

1+ /1 =400z + )
2

= — z(p_1(x) + mo,-1) + o oA T

-+ 17‘,0_1(117) -+ (“"/\271’0,_21' + (71'0,..1 - )\17!'0’0 - ,Uﬂ'()‘.‘z))l'

1= /1= 4M(Aoz + )
2

=z(p_1(T) + mo,-1) ~ (Ao + p)mo, o
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Thus, for {z : z € C,|z| < 6},

2\ (mo—1 + ()
p-2l@) = 7 VI- D0z +p)

— To,-2- (419)

The right hand side of (4.19) is analytic in C, except at a pole (if there is any) of
¢_1(z). Therefore, (4.19) holds in C, except at a pole (if there is any) of p_;(z).

Thus we complete the proof. [ ]

For convenience, define H(z) = z(h$ (z, Y5 (z)) + hg (z, Yy ().

u (200 +22) 60 ~12)?)

Lemma44z=1z= (/—\;ﬁ—g)? ond T = — 4X1x2

zeros of H(z).

are the only possible

2(A1+A2)+i(A1=Ag)?
PROOF. We can show that z = 1, z = (+£-)%, = = —“( Otz =) are the
M+A2 412

only possible zeros of H(z)H*(z), where
H*(z) = 2(hg (2, Y\ (2)) + b (2, Y1 (2)))-

We have

Thus,

H(z)H"(z)

~(oh1 + £) (222 + ) (G @Y7 (@) + Yo (@Y1 (@)

+ (2 + 8 Y@y @) + (a0 +5) Yo @Y (@)

- z(w)\z + g) (Y5 (@) + Y (@) + (oh + g) (Vi (2) + Y7 () + 22
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Also, we have
1 1
T Y (2)+ Y[ (z) =+

A2

AT+ - _
@Y (@) = 2 @Y ) = T

1— /1= 4h(Mz + p)y/1 — (Rt + )

Y5 () + Y (2) =

Yo' @)Yy (z) + Yy (2)Yy () =

21
Therefore,
H(z)H*(z)
- [ad # 1= _
—(m)\1+ 2)(m2+ 2)2)‘ (1= VI= DOz + VT =400 + )

+ (x/\2+g)2)\liju ( A+ 2)2’\2:1?“

((x)\2+ ';) " (z)xl + M)/\ll) + 72

Thus, if H(z)H*(x) = 0, we have

o (o) o ) g+ (e ) 2572

2
2)\2z+u uy 1 uy 1 9
(“”’2) Y (( ’\2+2),\2 +(zh + ),\1)+z)

- () (a0

which is equivalent to

2
(Mz+u)v/1—-4M( A2x+u)>

0 =(%2(A1 ~2) (e + Ao+ 4) - gaz(%m + a0+ X))

2y p?
- 4(/\ /\21' + (/\1 + /\2).'13 + 4 ) 4 (/\1 - )\2)21‘

12
2 (2/\1/\21' + ol + ,\2)) ((,\f + M)+ 5+ + )\2):1:),
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or
DM+ Ag)2(z—1 i, RO ) =)
0= 1 2( 1+ 2) (‘/I:— )(x—(A1+/\2)) T+ 4A1A2 :
Thus, the proof is complete. []
Lemma 4.5 (KJ‘:TzV is the only possible zero of H(x) with the modulus greater than

1, and (:\7%)72-)2 is a zero of H(x) if and only if max{\;,\2} < 17—“&

PRrooOF. 1t is easy to verify that:

(i) H((;;ﬁ-;;?) = 0 if and only if max{\;,\s} < L=£;

2u 7
. 2(A1+A2) (A —A2)? 2(A1+A2)+p(M—Az)?
(if) H(-eEQtraltuuzda)]y o  and f+(—e2Aitdaltei=ll) n
= 2 + = 1= - = 1-4N
Denote z. = (545;)°, and recall z{ = 532 and 27 = 5.
Lemma 4.6
4
- . 1—
T, <CL‘;~, Zf/\1>7ug, /\1>/\2,
- . 1—
IL‘T<.’131, Zf/\2>—2—uﬁ,/\1</\2,
_ . - . 1—
Tdom =\ z, <min{zf, 27},  if max{A, A} < 2,
T, =1] <7z, z'f/\2<)\1=-1{7“i,
IR - _ 1=
\CL'*——.’L'1<$B1, Zf/\1<)\2—'5f.

Proor. Recall zf = 1522 and z§ = oo are the branch points of Y*(z); and
142

o~ 14X - _ ; -
Ty = m& and z; = oo are branch points of Y ~(z).

It is easy to have the following results:

g - : +_ 1 = @n-1? - 1= @n-1)?
(i) z{ > L and z7 > 1, since 27 — 1 = “S#5=- and 27 — 1 = “55-.

i) zF =7, if Ay = Aoy ¥ < 27, if A < Mgz > z7, if A\ > Ao, since 2] — 2] =
1 i 1 1 1 1 i 1

(Ar=A2)p

A1z
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(iii) z, < z7, and the equality holds if and only if Ay = 1—2;& It is true since

. _ (2xp — (1 - p)

)2
* - < 01
7 Do+ M) =

and the equality holds if and only if A\; = %‘H

(iv) z, < z], and the equality holds if and only if \; = 1—2;‘5 It is true since

S ot — )

= — <
A0 02(A + A2)2 — 0,

and the equality holds if and only if A\; = 17_“3

35

(v) If Ay = Ay, then Tgom = 7, < min{z],z7}. It is true since A\ = Ay > %:‘ff is

impossible, otherwise, A\; + A3 > 1—;4‘1 > 1 — p, which conflicts A; + As =1 — p.



Chapter 5

Tail Asymptotic Analysis along the

z-Direction

In this chapter, the behavior of ¢;(z), 7 = 0,+1,+2,.. ., at the dominant singularity

is detailed and the tail asymptotic results along the z-direction are given.

5.1 Asymptotic analysis of ypy(x)

Rewrite

@) = ptatyl- = Y@ =p e 1- =
Z T
ol —— _ _ I
Yo' (2f) - Y (z) = —q+\/1——+, Yy (zy) =Yy (2) = —q74/1 - —,
I T]
z T
H(z) = pt+a(z)/1- 5 +a@),/l1-—=,
.’L‘l xl

36
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where pt*, g%, p~, ¢~ and p are constants; ¢;(z) and g»(z) are analytic in the region

CinC;.

1 )\1.’E+ _ 1 _ /\233—
S 1 _ - _ 1
_opgl 1 _ Ay 7 _ [Aamy 7
Define

71'0‘01'()\2}/04'((15) + Aly()— (IL') + H— 1)

T@ Y @Y @) 2 33 i, + 5 1 ¥y @ + B =5

Let zg40m be the dominant singularity of po(z), or the singular point of @o(x) with
the smallest modulus. Clearly, Ziom = T+, OF Tgom = T}, OF Tgom = T -

The following Lemma shows the behavior of go(z) at Zaom.

Lemma 5.1 For the function po(z), a total of three types of asymptotics exist as
approaches to the dominant singularity of wo(x) based on the detailed property of the
dominant singularity.

Case 1: If 4o, = z. < min{z],z]}, then

- (1 - —-“”—) 20(2) = o1 (Taom),

T—Tdom Tdom

where

100 (M2¥s' (aom) + MYy (Zaom) + 11— 1)
Co,1($dom) = ] .

£ [0 1% + 20 i

Case 2: If Tgom = T, = 7 < T7, O7 Tyom, = T, = 7] < x7, then

T=Tdom

lim 1 — 2/Zgomo(z) = co2(Tdom),

T—FTdom



CHAPTER 5. ALONG THE X-DIRECTION 38

where

70,0Ldom (MYI) (Tdom) + = 1)
- v i Tdom = T = x] < 7,
QI(xdom)
T0,0Ldom | A2Yo' (Tdom) + 11 — 1
- y i Tagom = T« =] < ZT].
@2(Tdom)

00,2($dom) =

Case 8: If Tgom = T} < Z7, OT Tiom = ] < z], then

lim /1= 2/ZTampy(z) = co3(Taom),

I2Tdom
where
+

q or . " -
_— zfz‘dom=$v*=$1<171»

+ + ’

_ 2:61 3Y0 (1') (xdomaY0+(xdom)ng_(xdom))

€03(Tdom) = ¢ T

: — — +
v W Tdom = Tw =1, < 7.
(xdomvy+($dom)vy— (Tdom))
0 0

- 207 0% (2)

PROOF. Recall for z € CF NC; N {z: ki (z, Yy (z)) + hy (z, Yy (z)) # O},

2) = _ moez(AeYgh(z) + MYy () + - 1)
e H(z) '

Case 1: If Z4o, = 7. < min{z{,z7}, then

H(z) = H(z) - Hz) = ¢'() (1- ),
where
0(z) /1= F —afz), /1- 2%
R -
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Thus,

70,0 2 0+ 10-.’11 —_—
(1- 22 ) otoy = -TeotH M @) o)

Therefore,

i
li 1——
m ( zdom> o(z)
— i Tooz(MYg (z) + MYy (z) + 4 — 1)

ZLdom q*

_ 0.0 (/\2Y0+(mdm) + MYy (Zdom) + 1 — 1)
£ [00) /T-F + o) /T2 |

Case 2: We provide details for Tgom = T, = ] < zy. Other cases can be similarly

T=Tdom

proved.
If Zgom = 7. = 2§ < z7, then H(z}) = 0.

H(z) = H(z) — H(z}) = q1(z), /1 - ;— +ax(z)y[1- f— - @(ﬂ’)\/ 1 - i—
= q1(a), /1 - f— +gj(z)(1 - %),

where
:L‘+
(), /1 - & - ga(zT)4 /1= =
* +
T)=—2x
73 (x) 1 P

is analytic at z = z{.

Thus,
_71'0,01}()\1}/0‘(15) + M- 1)

I
1/1—;‘;;;900(27)— 0(z) + (@) 1";2
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Therefore,

om Yy om -1
lim 1-— x/xdmnSOo(l‘) — _7T0,0$L'd (/\1 o (xd ) +p )
T—>Tdom ql (xdom)

Case 3: We provide details for T4om = z§ < z]. Other cases can be similarly
proved.

Recall

_ mooz(NYg (z) + MYy (z) + 4 — 1)
Yo' (@) (zhe + 5) + Yy (@) (@M + §) — 2

T(z, Y (2), Yg (2)) £

Thus,

dT(e,Ye (@) Yy (@) _ 0T | O dY(@), OF d¥i(a)

dz T V@ de oY, () da
Also,
-z
i@ _ WTE o
dz dz 2f 1- &
z
d¥g'(z) ¢
dz 2c7 /1 — &
£31
. or
xilﬁ,m 1— x/xdmg—z— =0,
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Therefore,

lim /1= 2/Zgompy()

ITFTdom

[N S—— v

- .’I)—lgfgilam L= 2/Taom oY, (z) dz
gt o
2271 aYo ( )

xdomay()-’— (xdom)vyo_ (xtiom))

Remark 5.1 For random walks in the quarter plane, at most four types of exact tail
asymptotics are obtained: exact geometric, geometric multiplied by a prefactor of n‘%,
geometric multiplied by a prefactor of n™2, and geometric multiplied by a prefactor
of n. The fourth type is missing in our case, since T} = Ty < &, 1s required for that

type, while if \y = Xg, then z, < z7 = z7.

5.2 Asymptotic analysis of ¢;(z), 7 #0

Lemma 5.2 Forz € C,, j = +1,%2,..., we have

4 ] 1

( ) (o)
—~\1+/1- 4,\2 Mz +p)/ N 44/1- 4/\2(/\1zl+ w o

2A2 j-1 2Xy + px~

+ Th

(1+\/1—4,\2(/\1x+u)) 14 /1 = 4 ,\1x+u)cp°( )

if j > 1,

p;(€)= S

.._

i: ( 2\ )k( 210 j—k+1 — k)
~ M+ /1= gz +p)/ M +T-Dez+p)
+( 2\ )-J'-l 2\ + pxt

1+ /1= 4X\(Aez + p) 14+ /1= 4X ez + p)
ifj < -1

wo(z),

(5.1)
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Lemma 5.3 Case 1: If Z4om, = T, < min{z],z7}, then

lim (1 - _:r__) ©;() = ¢ 1(Tdom ),

T—rTdom

where
( : -1
2 c(),l(‘rd )a
(1+\/1~4/\2(/\1$d0m+ﬂ)) 1+\/1_4)‘2(/\1xd0m+l1')) o
ifj 21,
i1 (Zdom) = ¢
2\ 1 2\ + P,
( 1 )" ( PRl ) o aom),
1+\/1—4/\1()‘2$d0m+l//) 1+\/1_4)‘1(/\2zd0m+”)
ifj< -1
Case 2: If Tyom = T, = ] < T], OT Tgom = T. = 7] < z7, then
Lm 1= 2/Taom(z) = ¢j2(Zdom),
where
(a) under Tgom = T, = T} < 27,
(222)"7H(2X2 + Hgom )0.2(Tdom), ifi>1,
¢j,2(Tdom) = 4 ( 2\ )—3—1( 2)\1 + pz g, )Coz(xd )
14+ V1= 4N OaZaom+1Y /TN NoZaom+)
{ ifj< -1
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(b) under Tyom = T, = 7] < 7,

( 2\ 71 2 + px;}
( 2 ) ( 2 £ dom ) Co,2 (:L'dom ) 3
1+\/1"4)\2()\11’d0m+/11) 1+\/1—4/\2()‘1$dom+/-")
f7>1
¢5.2(Tdom) = 4 fi=z1,
| (20) 77 2A A+ 1T )0 2(Tdom), ifj < -1

Case 3: If Tgom = 7 < I], OT Tgom = Ty < i, then

im /1= 2/Zam@}(z) = ¢;3(Tdom),

TTdom

where

(a) under Tgom = 1 < 27,

( j-1
. _ 2A1
(222)’H (2 + p g, )C0,3(Zdom) + T—Dun ;(2/\2)k4ﬂj—k(xdmn)a
ifj 21,
¢;,3(Zdom) = 4
22 -1 21 +uzy)
( = ) ( LT P dom )00,3(39dom),
14+ /1= 4A1 (A Zaom + 1) 1+ /1= 4A (AaZgom + 1)
\ fj<-1
(b) under Tgom = ] < 7,
( 2\ 1 2X+uTy,,
( L Dt o)
1+ /1= 4o (A Taom + 1) 14+ 4/1= 4 (M1 Zdom + 1)
ifj 21,
¢;3(Tdom) = $
(2A1 Y1 (2A + pz) Veos(z )+—-2—3‘—1—/\2—_Jz_:1(2)\ ¥ ik (Tdom)
1 1 T U 35 )C0,3\Tdom T—2\u i 1) P4 \Tdom),
L ifj < -1
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Proor. Case 1 and 2: It can be easily concluded according to (4.7), (4.8), (4.9),
(4.10) and (5.1) respectively.
Case 3: According to (4.7), (4.8), (4.9) and (4.10), we have

( 2
Do 1(z) + 2R

V1= (A z4p) if j>2
1+v/1-aaur+pu) -

—1\, ./ _ 2M1 )21 ()
(222 + pz™")eo(2) — (z2)po(2) + 1—4xz(M1z+p)

, if 7 =1,
AOER
-y L 20 (@)
(2A1 + pz () ~ ( 5 )po(z )‘*‘m = 1

2)\1(,094_1( ) + 2X1 2y (x)

V 1421 (A2z+p) lf] < -9
\ 1+\/1—4)\1/\21'+/1/) , - .

Also,

/ 1 1 1

VI-ohz+p) Az 1—4dew’
1 1 1

lim \/1—x/z7 = .

T—z] / ! \/1 - 4A1(/\2.’II -+ ;L) \/4,\1,\2;1;1" 1- 4/\1;1,

lim /1 —z/zf
Z—)xi‘-

Therefore, under zg,, = 27 < x7, we have
do 1 1

20 A .
¢j3(Tdom) = 2X2¢j—1,3(Tdom) + ﬁ@j(wdom), Jj=2,
22X A
= (2A P om — om ) »
01,3(zd0m) ( 2+ y’xdom)coﬁ(‘rd ) mz—‘ ( Zg )
2)\1 + pzg,,
C_ , Tdom ) — CO, T y
13( d ) 1+ \/1 _4/\1(/\2xd0m+u) 3( dom)
2A )
¢;3(Tdom) = - Cj+1,3(Tdom) Jj< -2

14+ /1 = 4 (AeTaom + 1)
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Thus,
r i1 -1 2hde R~ k
(2X2) 7 (222 + p2 5 )c03(Tdom) + - s Y " (2X2)*0;-k(Tdom),
k=0
ifj>1,
Cj,3($dom)=ﬁ
2X —1 2\ +pzy,
( - ) ( 12 P dom ¢0,3(Zdom),
1+\/1—4)\1 (/\gilldmn+/1) 1+\/1—4/\1(/\2.’13d0m + /l,)
. if j < ~-1.

Similarly, under Zgom = 7 < z7, we have

2)2 _
C;3(Taom) = Ci-13(Tdom ), > 2,
33(Fdem) 1+ /1= 4NZaom + 1) t(Faom),
2\ + pzg
¢ Tdom) = C0,3\Zdom }
1,3(Tdom) T /1 DaOuze 150 0,3(Zdom)
-1 2)\1A2
C—1,3(~’Edom) = (2)\1 + uxdmn)co,s(l”dom) + m¢—1($m),

27\ .
¢;3(Zdom) = 2X1¢5413(Taom) + —i‘jf\_ll:@j(xdmn)a j< -2

Thus,
( 2\ 1 2+ pz; )
Y VR Y N WY
1+\/1—4/\2(/\1£L'd0m+ll/) 1+\/1—4A2(/\1$d0m+/1)
if j > 1,
¢;3(Tdom) = ¢ —j—-1
. 221
22, )71 (2 -1 om) + = Y (2A1)* 04 (Tdom)s
(2A) 7 (2M + BT gom )Co,3(Tdom) + ey kz:;( 1)" 54T dom )

ifj<-1.m
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5.3 Tail asymptotic results

Lemma 5.4 Case 1: (exact geometric decay): For Typm = z., < min{z],z7},

namely max{A;, Ao} < 1—2_7#, we have for fized 7, 7 =0,%1,%2,..., and large n,

1 n+1
Tnj ~ Cj1{Zdom) (—) ;
Tdom

Case 2: (geometric decay multiplied by the factor n=Y/2): For T4om = T, = 27 < x7,

—Elé;, ; OT Thom = Ty = T < wf, namely, Ay < A} = 1.2:’{17 we have

namely Ay < A =

for fized j, j = 0,£1,%2,..., and large n,

R 1 n+1
Mnj ~ CJ,2(33dom)n—1/2( ) .

\/7_1’ Tdom ’
Case 8: (geometric decay multiplied by the factor n=32): For zgpm = x§ < z7,
namely, Ay > %’f, A < Ag; OT Tgom = T < 7, namely, A\ > 1—;“&, A1 > Mg, we have

for fized 5, 7 = 0,+1,£2,..., and large n,

. G3(Zdom) 32

1 n
. (___) .
™ \/7_T Tdom

Remark 5.2 All limits are taken in the region {z : |-2~| < 1+¢, |Arg(==Z) - 1| >

Tdom Tdom

¢}, where e > 0,0 < ¢ < /2.

PRrROOF. Notice that ¢; is analytic in the region A/{Z4om}, namely {z : |-%| <

Tdom

1+¢|Arg(=2=) — 1| > ¢}/{z: === =1}, where ¢ > 0,0 < ¢ < 7/2.

Tdom Tdom

Case 1: According to Lemma 5.1 and Lemma 5.3, j =0, +1,+2,.. .,

T

-1
) ~ Cj,l(xdom)(l - L) as 2 31 i A

(pj(iL‘ Tdom

dom
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Thus, from Remark 1.2,

¢ 1 (Tdom)
L'(1)(Zdom)™"

_ 1 n+1
nl 1 = ijl(xdom)( ) .
dom

Mn,j

Case 2: According to Lemma 5.1 and Lemma 5.3, j = 0, £1, £2,.. .,

T

-1/2
)~ Cj,z(xdam)(l _* ) as =z -1 in A.

@i
7 Tdom Tdom

Tdom

Thus, from Remark 1.2,

T~ ¢j.2(Zdom) nl/2-1 = Cj,2($dom)n-1/2( 1 )"+1
n,z F 1 2 n+1 - ﬁ T .
(1/2)(Tdom) dom

Case 3: According to Lemma 5.1 and Lemma 5.3, 7 =0, +1,+2,.. .,

T T \~-1/2 x )
W;(x—d;n') ~ Cj,2($dmn)(1 - ;;;;) as ;;; —1 in A.

Thus, from Remark 1.3,

Mo ~ _a(Zdom) 122 _ €3(Taom) sy ( 1 )n.

I'(1/2)(%dom)" VT Tdom



Chapter 6

Conclusion

In this thesis, we considered exact tail asymptotics of stationary probabilities for a
longer-queue-serve-first preemptive queue model, which is formulated as a continuous
time Markov chain in the half plane. We concluded that there are three types of
exact tail asymptotics along the z-direction: exact geometric, geometric multiplied
by a prefactor of n~z , and geometric multiplied by a prefactor of n-s. Along the
y-direction (either positive or negative direction), the only type is exact geometric
multiplied by |n/|’.

Possible future research on this model includes:

1. Approximation of stationary probabilities of {(L;(t), L2(t))} , and some queueing
measures, which could be obtained based on the results in this thesis.

2. Rare event simulation of this model, which could be used to evaluate the efficiency
of our results.

3. Exact tail asymptotic properties for random walks allowing bulk arrivals and bulk
services, and for multi-dimensional random walks, which are generalizations of the

model studied in this thesis.
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