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Abstract 

With the continually increasing operating frequencies, signal integrity and in

terconnect analysis in high-speed designs are becoming increasingly important. 

Interconnect effects such as ringing, signal delay, distortion and crosstalk can 

severely degrade signal integrity. As a result, these effects have become the dominant 

factors which limit the overall performance of VLSI systems. If not considered during 

the design stage, interconnect effects can render a circuit inoperable or cause it to fail 

in meeting the required specifications. In addition, at relatively higher frequencies, 

conventional lumped models are no longer adequate in describing the interconnect 

performance and distributed models become necessary. The major difficulty usually 

encountered while linking distributed transmission lines and nonlinear simulators 

is the problem of mixed frequency/time. This is because distributed elements are 

best characterized in the frequency-domain, whereas nonlinear components such as 

drivers and receivers are represented generally in the time-domain. 

To address the above difficulties, several algorithms were proposed in the literature 

for macromodeling and transient analysis of high-speed circuits and interconnects. 

The common goal of these techniques is to transform the Telegrapher's equations 

describing the transmission lines, into a set of ordinary differential equations with 

appropriate time-delayed controlled sources that can be integrated with circuit 

simulators. Most of these methods use some form of decoupling algorithm to convert 
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the set of coupled partial differential equations describing the lines into a set of 

decoupled single modal equations. Subsequently, the line voltages and currents are 

obtained as a linear combination of modal variables. As a result, the interconnect 

stamp used by a time-domain circuit simulator is in the form of coupled ordinary 

differential equations. This coupling is one of the major reasons for the excessive 

computational cost of simulating large multiconductor structures. It has been shown 

that the average cost of simulating an N-coupled lines circuit is proportional to N13, 

where 3 < (5 < 4, which results in a prohibitively time-consuming simulation task 

compared to the simple case of simulating a single line. 

In this thesis, new algorithms which address the computational complexity associ

ated with the time-domain simulation of massively coupled interconnect circuits are 

developed. The new methods reduce the coupled simulation problem into a series of 

simulation steps, where each step is of complexity equivalent to that of simulating a 

single line. Advantages are that the computational cost of the new algorithms grows 

only linearly with the number of lines. In addition, the methods are highly paral-

lelizable, thus array processors can be used to provide further significant reductions 

in the computational cost. Various numerical examples are provided which validate 

the accuracy and efficiency of all the proposed algorithms. 
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Chapter 1 

Introduction 

1.1 Background and Motivation 

The rapid increase in operating speeds, density and complexity of modern integrated 

circuits has made interconnect analysis a requirement for all state-of-the-art circuit 

simulators. Interconnect effects such as ringing, signal delay, distortion and crosstalk 

can severely degrade signal integrity. Interconnects are present at various levels 

of design hierarchy, such as on-chip, packaging structures, multi-chip modules 

(MCMs), printed circuit boards (PCBs), backplanes and cables. This warrants 

different modeling strategies based on the hierarchy and the operating frequency. At 

relatively lower frequencies, the interconnect can be modeled using lumped elements, 

such as resistors, capacitors and inductors. However, as the frequency of operation 

increases, the interconnect lengths become a significant fraction of the operating 

wavelength, and conventional lumped models become inadequate in describing the 

interconnect performance and transmission line (TL) models become necessary. Skin 

and proximity effects also become prominent at higher frequencies and distributed 

models with frequency-dependent parameters may be needed [2]. 

The major difficulty usually encountered while linking distributed transmission lines 
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2 

and nonlinear simulators is the problem of mixed frequency/time [2, 3]. This is 

because distributed elements are best characterized in the frequency-domain, whereas 

nonlinear components such as drivers and receivers are represented generally in the 

time-domain. Macromodeling techniques attempt at solving this problem by repre

senting the interconnect in the form of a set of ordinary differential equations, which 

can then be directly linked to nonlinear circuit simulators (such as HSPICE [4]). 

The goal of these techniques is to develop a general model (referred to here as the 

macromodel) suitable for nonlinear simulation, which enables the circuit simulator 

to view the distributed interconnect as a regular circuit component. 

Several publications can be found in the literature which try to address the issues 

described above [2, 3, 5-9]. One approach, referred to as conventional lumped 

segmentation provides a brute force solution to the problem of mixed frequency/ 

time simulation. However, these type of methods lead to large circuit matrices, 

rendering the simulation inefficient [9]. 

There are other more advanced methods in the literature developed for interconnect 

analysis. These algorithms include the method of characteristics (MoC) [10,11], 

matrix rational approximation (MRA) [12-14] and the delay extraction-based passive 

compact macromodeling algorithm (DEPACT) [5,15]. MoC based algorithms provide 

fast solutions for long low-loss lines, and ensure the transmission line causality [16] 

(which implies that an excitation signal entering one end of a transmission line 

segment will appear at the other end only after the time-of-flight delay). Although 

MoC based approaches are suitable for lossless lines, they have difficulty modeling 

lossy interconnects. In addition, one of the main disadvantages of MoC methods is 

that they do not guarantee the passivity of the resulting macromodels. Passivity 
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of the macromodel is essential, since non-passive (even if they are stable) mod

els when coupled with arbitrary nonlinear elements, can lead to unstable systems [12]. 

On the other hand, algorithms based on MRA guarantee the macromodel passivity. 

The MRA technique approximates the exponential stamp of the transmission line 

with closed-form rational functions using pre-determined coefficients, which are com

puted as a function of the per-unit-length (p.u.l.) parameters of the line. However, 

for long lines, MRA requires high-order approximations (due to it's inefficiency in 

capturing the flat portion corresponding to the delay of the line), which leads to 

inefficient transient simulation [5]. This limits its usefulness to short lines (such as 

on-chip interconnects). 

To address the above issues, the DEPACT algorithm was developed [5,15]. DEPACT 

combines the merits of both the MoC and MRA algorithms, and is based on delay 

extraction [5] prior to performing the MRA. This results in significantly lower-order 

macromodels for long lossy-coupled lines, leading to fast transient simulation for 

both on-chip and off-chip interconnects. One of the main advantages is that the 

resulting DEPACT macromodel is guaranteed to be passive by construction. 

The common goal of the techniques described above is to transform the Telegrapher's 

equations describing the transmission lines, into a set of ordinary differential equa

tions with appropriate time-delayed controlled sources that can be integrated with 

circuit simulators. Most of these methods use some form of decoupling algorithm to 

convert the set of coupled partial differential equations describing the lines into a set 

of decoupled single modal equations. Subsequently, the line voltages and currents are 

obtained as a linear combination of modal variables. As a result, the interconnect 

stamp used by the time-domain circuit simulator is in the form of coupled ordinary 
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differential equations. This coupling is one of the major reasons for the excessive 

computational cost of simulating large multiconductor structures. This increased 

computational cost occurs at two stages; the first is during the formulation of the 

interconnect stamp and the second, which is more costly, is during the transient 

simulation of the signal path including the nonlinear terminations. For example, 

the y-parameters of a set of 64-coupled lines require approximation of 8320 different 

transfer functions. These transfer functions not only have to accurately match the 

frequency response of the line over the desired frequency bandwidth, but they also 

have to satisfy the challenging constraints of preserving the passivity and causality of 

the macromodel [13]. In the next stage, these transfer functions have to be converted 

to a set of ordinary differential equations or alternatively into an equivalent circuit to 

be interfaced with other circuit elements, and/or nonlinear driver/receiver circuits. 

The complexity of the equivalent circuit grows approximately at a rate of iV2, where 

N is the number of coupled lines. Moreover, the average CPU expense of simulating 

a circuit of size M is proportional to Ma, where 1.5 < a < 2, (depending on the 

sparsity of the circuit). Consequently, the average cost of simulating an ./V-coupled 

lines circuit is proportional to N13, where 3 < (5 < 4, which results in a prohibitively 

time-consuming simulation task compared to the simple case of simulating a single 

line. 

The goal of this thesis is to develop new algorithms which address the computational 

complexity of the time-domain simulation of large coupled interconnect circuits. The 

specific contributions are listed below. 
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1.2 Contributions 

1. A new algorithm based on waveform relaxation with transverse partitioning 

(WR-TP) has been developed [17,18]. The new technique reduces the cou

pled simulation problem into a series of simulation steps, where each step is of 

complexity equivalent to that of simulating a single line. The computational 

cost of the new method grows only linearly with the number of lines. Various 

approaches for updating the WR sources have also been developed. In addi

tion, the WR-TP algorithm is highly parallelizable. Thus, array processors can 

be used to effectively simulate each subcircuit in parallel, which would provide 

further reduction in the computational cost. 

2. A new WR-TP algorithm applied to the practically important case of intercon

nects with frequency-dependent (FD) line parameters has been developed [19]. 

In this approach, the resulting rational function based approximations of the 

FD parameters are used to generate equivalent macromodels compatible with 

SPICE-like circuit simulators. An efficient waveform scaling algorithm for up

dating the relaxation sources has been developed. Also, several relevant imple

mentation considerations are presented. 

3. New simplified delay extraction-based macromodels have been developed for 

several practical cases. These new methods do not require any MRA-based 

approximations. Specifically, for lines with frequency-independent parameters, 

the final DEPACT cells are realized as exact implementations (without any 

approximations) in terms of lossless lines and lumped elements. For lines with 

FD resistance and inductance, a numerical fitting algorithm is used for modeling 

the line parameters and the resulting macromodels are realized using equivalent 

circuits and lossless lines. 
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4. Based on the simplified delay extraction-based macromodel, a new waveform 

relaxation with transverse partitioning algorithm has been developed [20]. In 

this approach, each section of the DEPACT macromodel is partitioned sepa

rately in the transverse direction, into single line subcircuits with independent 

WR sources. Advantages are that the WR sources are computed analytically 

in a closed-form, directly in the time-domain. In addition, since the algorithm 

employs an efficient delay extraction technique, it is suitable for both on and 

off-chip interconnects. 

5. A general algorithm for the time-domain sensitivity analysis of high-speed in

terconnects has been developed [20]. One of the main advantages of the new 

sensitivity algorithm is that it is independent of the specific macromodeling 

technique used to represent the transmission lines. In addition, a generic and 

efficient approach for computing the sensitivity sources was developed. 

6. A new WR-TP algorithm based on model order reduction (MOR) macromodels 

has been proposed for simulation of large multi-port networks [21,22]. 

7. The WR-TP algorithms opened the door for further research which is collabo

ratively being carried out with other members of the CAD group. 

Specifically: 

(a) The WR-TP algorithm has been advanced for simulation of coupled lines 

in the presence of external EM interference (EMI) [23,24]. 

(b) Based on WR-TP, a new parallel algorithm has been developed and im

plemented on two multiprocessing platforms (an Intel Xeon UMA system 

and an AMD Opteron ccNUMA system) [25]. 
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1.3 Organization of the Thesis 

This thesis is organized as follows. Chapter 2 presents an overview of previous high

speed interconnect macromodeling algorithms. Chapter 3 provides details of the new 

waveform relaxation and transverse partitioning algorithm (WR-TP). In Chapter 4, a 

description of the WR-TP algorithm for lines with FD parameters is presented. Chap

ter 5 describes the new simplified delay extraction-based macromodeling algorithm. 

In Chapter 6, the proposed delay extraction-based WR-TP algorithm is presented. 

Chapter 7 describes a new general method for time-domain sensitivity analysis of 

transmission lines. Finally, conclusions and future research are provided in Chapter 

8. 



Chapter 2 

Review of High-Speed Interconnect 

Macromodeling Algorithms 

The simulation of high-speed interconnects requires selecting a suitable modeling and 

solution algorithm, which typically depend on the application of interest. There are 

several techniques in the literature, each offering different challenges to circuit simu

lators. This chapter provides an overview of some of the relevant methods currently 

available for interconnect analysis. The chapter is organized as follows. Section 2.1 

presents the problem formulation. Sections 2.2, 2.3 and 2.4 describe three techniques: 

conventional lumped segmentation [9], the method of characteristics (MoC) [10,26] 

and matrix rational approximation (MRA) [12,13], respectively. Section 2.5 pro

vides a comparison between MoC and MRA and discusses the significance of delay 

extraction. Finally, Section 2.6 describes the DEPACT algorithm [5,15]. 

2.1 Problem Formulation 

Consider the distributed transmission lines shown in Figure 2.1. The transmission 

lines can be represented by Telegrapher's equations as [9] 

8 
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-—v(x,t) = —Ri(x,i) — L—i(x,t) 
dx K ' K ' dt K ' 
d d 

—i(x,t) = -Gv(x,t)-C—v(x,t) (2.1) 

where R € MNxN, L G ®?xN, C e &NxN, and G e $lNxN are the per-unit-length 

(p.u.l.) resistance, inductance, capacitance and conductance parameter matrices 

of the transmission lines, v(x,t) E 3lN and i(x,t) € $lN represent the voltage and 

current vectors as a function of position x and time t, and N is the number of 

coupled lines. 

*i(0,0 
) — 

V!(0,0 

i2(0,t) 
o-

v2(0,0 

iN(P,t) 

o-
vv(0,0 

h(d,t) 
=o 

vx(d,t) 

i2(d,t) 
=o 
v2(d,t) 

iN(d,t) 
= o 
vN(d,t) 

x = 0 9round x = d 

Figure 2.1: Multiconductor transmission lines 

Next, the solution of (2.1) can be expressed in the matrix-exponential form, in the 

frequency-domain as 



10 

V(d,s) 

-I(d, s) 

-,A+sB 
V(0,a) 

1(0, s) 

where 

" 

0 

-G 

-R 

0 

d; B = 
0 

-c 

-L 

0 

(2.2) 

(2.3) 

and d is the length of the line. 

In order to include transmission lines in nonlinear circuit simulators, such as 

HSPICE [4], (2.2) must be expressed in the time-domain. However, the exponential 

matrix eA+sB is best characterized in the frequency-domain, thus making it difficult 

to interface with nonlinear circuit simulators. In the literature, this problem is 

referred to as the 'mixed frequency/time' problem [3]. 

To overcome this problem, the Telegrapher's equations, which are in the form of partial 

differential equations, must be transformed into ordinary differential equations, which 

can then be linked to nonlinear simulators [3]. Approximating the exponential stamp 

of the line in the form of a set of ordinary differential equations is referred to as 

'macromodeling', and the new circuit representing the transmission line is referred to 

as a 'macromodeP. Several publications can be found in the literature which try to 

address the problem of mixed frequency/time through macromodeling [3,5-8]. Among 

the most relevant techniques are conventional lumped segmentation [3], the method 

of characteristics (MoC) [10,26], matrix rational approximation (MRA) [12-14] and 

DEPACT [5,15]. The following sections provide a brief overview of these methods. 
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2.2 Conventional Uniform Lumped Segmentation 

In this conventional approach, lumped equivalent circuits are used to represent the 

transmission line. In this case, the partial differential equations in (2.1) are approxi

mated by the following difference equations [9] 

d 
vk+1(t) - vk(t) ^ -RAx ik{t) - LAx —ik(t) 

ik+1(t) - ik(t) * -GAxvk{t)-CAx—vk(t) (2.4) 

where the line is divided into M segments, each of length Ax = d/M and 

k = l,2,--- ,M-1. 

If each of these segments is electrically small at the frequencies of interest, i.e. 

Ax <C A, where A = vp/f is the wavelength, vp is the velocity of propagation and / 

is the frequency, then each of the M segments can be replaced by lumped models. 

Figure 2.2 shows the general structure of a lumped model used to discretize a single 

transmission line, where R, L, G and C are the p.u.l. line parameters. The lumped 

segmentation model can also be extended to coupled transmission lines as presented 

in [9]. 

It is often of practical interest to estimate how many lumped segments (M) are 

required to accurately represent the distributed transmission line. A general rule of 

thumb is given by the following relation [3] 

M > 10r/tr (2.5) 

where r = d\jLC is the delay of the line and tr is the rise time of the propagating 



signal. 
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i(0,f) i(x,t) i(d,t) 

v(0, 0 

x = 0 

,rt fc Lumped Segment: 

i(x, t) 

v(x, t) 

v(d, t) 

x = d 

L_TYYYV 
LAx 

.WWV 
RAx 

CAx 

i(x + Ax, t) 
> 

v(x + Ax, t) 

GAx' 

Ax 
x + Ax 

Figure 2.2: Lumped transmission line model 

Although conventional lumped segmentation provides a direct approach to solving 

the problem of mixed frequency/time, the approximation is only valid if Ax is chosen 

to be a small fraction of the wavelength A. If the frequency of interest is high, or 

if the interconnect is electrically long (i.e. d > 0.1A), many lumped segments are 

required. This leads to large circuit matrices, rendering the simulation inefficient [9]. 

In addition, conventional lumped segmentation has difficulty when trying to handle 

a large number of coupled lines, or lines with frequency-dependent parameters. 
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2.3 Method of Characteristics (MoC) 

The method of characteristics (MoC) transforms the partial differential equations of 

the transmission line into ordinary differential equations. Consider the Telegrapher's 

equations for a single transmission line in the frequency-domain as 

•j^V(x,s) = -{R + sL)I(x,s) 

^I(x,s) = ~(G + sC)V(x,s) (2.6) 

An analytical solution for (2.6), in terms of the ^-parameters can be derived as [3] 

h. 
Zc(l - e-**) 

1 + e -2Td -2e -Td 

-2e~va 1 + e -2Td 

V0 

Vd 

(2.7) 

where the propagation constant T and the characteristic impedance Zc are given by 

T = y/(R + sL)(G + sC); Zc = 
(R + sL) 

(2.8) 
_ (G + sC) 

and where Vo, IQ and Vd, Id represent the near- and far-end voltages and currents of 

the line, respectively. 

The y-parameters in (2.7) are a complex function of frequency, and in most cases, can

not be directly transformed into ordinary differential equations in the time-domain. 

However, MoC succeeds in doing such a transformation, but only for lossless lines [27]. 

The terms in (2.7) can be re-arranged as follows 
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V0 = ZcI0 + e-Td[2Vd-e-rd(ZJo + V0)] 

Vd = ZcId + e-rd[2V0-e-rd(ZcId + Vd)] (2.9) 

Next, (2.9) can be re-written as 

Vo-ZJ0 = W1 

Vd-ZJd = W2 (2.10) 

where 

Wi = e-Td[2Vd-e-Td(ZcI0 + V0)] 

W2 = e-rd[2V0-e-rd(ZcId + Vd)] (2.11) 

Using (2.9)-(2.11), a recursive relationship for Wi and W2 can be expressed as [3] 

Wl = e-rd[2Vd~W2] 

W2 = e-rd[2Vo-W1] (2.12) 

If the transmission line is lossless, the propagation constant and characteristic 

impedance simplify to 

T = sVLC; Zc = \lc ( 2 - 1 3 ) 
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This results in T being purely imaginary and Zc a real constant. Thus, (2.12) can be 

written in the time-domain by replacing e~Vd with a time-delay as 

wi(t + r) = 2vd(t)-w2{t) 

w2{t + T) = 2v0(t)-w1{t) (2.14) 

where r = dy/LC. In this case, the lossless transmission line can be modeled using 

lumped impedances and time-delayed voltage controlled voltage sources. The equiv

alent circuit for modeling of a lossless single line using MoC is shown in Figure 2.3. 

Using this approach, the model for lossless lines can be directly linked to nonlinear 

circuit simulators. 

«o(0 
o-

+ 
v0(0 wAt) 

& & 
w2(t) 

UO 

vM) 

Figure 2.3: MoC Interconnect model for a lossless single line 

For lossy lines, the propagation constant is not purely imaginary and thus, cannot 

be replaced with a time delay. In this case, analytical expressions for wi(t) and 

W2(t) cannot be found in the time-domain. To address this issue, several numerical 

techniques have been proposed in the literature to approximate T and Zc in terms 

of rational functions in the frequency-domain [10,16,26]. To illustrate, consider the 

function H(s) = e~Td in (2.12). Using MoC, H(s) is obtained by extracting the delay 
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r = d\/LC, and approximating the remaining portion with a rational function [26], 

i.e. 

H(s) = e~rd 

^ e-STP(s) (2.15) 

where P(s) is a rational function corresponding to the delayless propagation operator. 

In the case of lines with frequency-dependent parameters, the line delay in (2.15) 

is defined by the infinite frequency asymptotic values of inductance and capacitance 

as [26] 

r = dy/LooCoo (2.16) 

The MoC formulations described in the above paragraphs for lossless and lossy single 

lines can be extended for the case of coupled transmission lines as presented in [9,26]. 

Although MoC succeeds in transforming the Telegrapher's equations to ordinary dif

ferential equations, one of the main disadvantages of MoC is that the resulting macro-

models are not guaranteed to be passive. Passivity is essential, since nonpassive but 

stable macromodels when coupled with arbitrary nonlinear elements can lead to un

stable systems. These passivity violations present themselves as spurious oscillations 

in the transient responses or as simulation errors (by circuit simulators) [3]. In addi

tion, the numerical fitting algorithms used by MoC can be computationally expensive 

and sometimes unreliable, particularly for lines with frequency-dependent parameters 

or when simulating a large number of coupled lines. 
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2.4 Matrix Rational Approximation (MRA) 

In order to address the issue of passivity, passive matrix rational approximation 

(MRA) was suggested [6,12-14,28]. MRA approximates the exponential stamp of 

the line in (2.2) (also referred to as the hybrid parameters) with closed-form rational 

functions using pre-determined coefficients. Using MRA, the exponential matrix in 

(2.2) is expressed as 

PNuN2(Z)ez*QNl:N2(Z) (2.17) 

where PNljN2(Z),QNl N2(Z) are polynomial matrices expressed in terms of closed-

form Pade rational functions defined as [28] 

PNUN2(
Z) 

QN!,N2(
Z) 

To preserve the macromodel passivity, we let N\ = N2 = n, where n is the MRA 

approximation order. Using Z = (A + sB), the exponential matrix in (2.2) can be 

expressed as 

Pn,n(Z)ez « QnjZ) (2.19) 

where Pn,n(s), Qnn(s) a r e polynomial matrices given by 

n n 

PnM = $>«'; Qn,n(S) = E *«' ^^ 
i=0 i=0 

E 
3=0 

(iVi + N2 - j)!(iV1)! 7V 
^i-zy 

N2 

- £ 
3=0 

{N1 + N2-j)KN2)\ 
(JV! + iV2)!j!(JV2-j)! (zy (2.18) 
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The Pade rational functions in (2.19) can also be represented in an alternative form 

in terms of subsections, characterized by pole-zero pairs, as described in [6]. 

The above approximations are formulated analytically in terms of p.u.l. parame

ters and constants (i.e. p, and q^ ). These constants are obtained a priori, using 

methods such as Pade approximation or minimax optimization [12], while ensuring 

macromodel passivity. Using (2.19),(2.20) and the formulations in [12], (2.2) can be 

translated into a set of ordinary differential equations, which can be directly linked to 

nonlinear simulators [3,29]. One of the main advantages of MRA is that it is passive 

by construction. As previously mentioned, passivity is essential for macromodeling 

of high-speed interconnects. In addition, due to its closed-form nature, MRA avoids 

computationally expensive numerical fitting algorithms associated with MoC. 

2.5 MoC vs. MRA 

The accuracy of the MRA approximation depends on the norm of the term A + sB, 

which is a function of the line length d. In particular, the smaller the value of d, 

i.e. the shorter the line, the better the approximation. For large delay lines (e.g. 

long lines with small losses), high-order approximations are required, which lead to 

inefficient transient simulation [30]. To illustrate this point, consider the single line 

circuit shown in Figure 2.4. 
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50Q 

50ft 

R = 3.29 x 10 3Q/cm G = 4.0472 x 10 5 mho/cm 

L = 2.53 nH/cm C = 0.875 pF/cm 

Figure 2.4: Single transmission line circuit [1] 

The circuit in Figure 2.4 was simulated using both MRA and MoC. The results from 

both methods were in good agreement, however, the CPU time varied depending on 

the length of the line, as shown in Table 2.1. 

Table 2.1: CPU Time Comparison 

d=0.5cm 

d=10m 

MoC (sec) 

2.1 

4 

MRA (sec) 

0.19 

463 

Speed up of MRA 

l lx faster 

lOOx slower 

Observing Table 2.1, we can see that, for short lines, MRA is fast and efficient. 

However, as the length of the line is increased, for example d=10m, MRA was more 

than 100 times slower than MoC. The reason for this can be seen in the time-domain 

response shown in Figure 2.5. 
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"o >^ 
o 
00 

.a 0.1 

0.05 
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Time (sec) xlO"7 

Figure 2.5: Time-domain response (far end) for single line circuit in Figure 2.4 

The graph in Figure 2.5 shows that there is a long delay present in the time-domain 

response. Since MRA tries to capture this flat delay portion in terms of sums of 

exponentials, it requires a very high order rational function approximation, which in 

turn, results in inefficient transient simulation. 

The effect of the delay can be best demonstrated in the frequency-domain. Figure 

2.6(a) shows the real and imaginary parts of the propagation operator H(s), 

(denned in (2.15)), for the line shown in Figure 2.4. It is obvious from the plot 

that approximating this function would require a very high order (due to the rapid 

oscillatory nature of the response). On the other hand, Figure 2.6(b) shows the real 

and imaginary parts of the propagation operator after delay extraction. As can 

be seen, approximating such a delay extracted waveform would require a rational 

function of a much lower order. 

d=10m 



21 

0.5 1 
Frequency (GHz) 

0.5 1 
Frequency (GHz) 

(a) Before delay extraction 

0.5 1 

Frequency (GHz) 
0.5 1 

Frequency (GHz) 

(b) After delay extraction 

Figure 2.6: Real and imaginary parts of H(s) for the single TL in Figure 2.4 



22 

Therefore, it is evident that, although MRA guarantees the passivity of the macro-

model and derives its accuracy and efficiency from the closed-form nature of the 

pre-determined coefficients, it does not employ any type of delay extraction prior to 

performing the rational function approximation. Thus, in the case of long lines, MRA 

requires high-order approximations due to the presence of the delay. This limits its 

usefulness to short lines (on-chip interconnects). On the other hand, MoC does em

ploy a delay extraction mechanism, however, it does not guarantee the passivity of the 

resulting macromodel. In addition, the numerical fitting techniques used by MoC can 

be computationally expensive and in some cases unreliable. To address these issues, 

the delay extraction-based algorithm DEPACT was proposed in [5]. An overview of 

the DEPACT algorithm is provided in the next section. 

2.6 DEPACT: Delay Extraction-Based Compact 

Macromodeling Algorithm 

In order to address the issues described in the previous sections, a delay extraction-

based passive macromodeling algorithm (DEPACT) was proposed [5]. DEPACT com

bines the merits of both the MoC and MRA algorithms. Using DEPACT, an efficient 

mechanism for delay extraction is employed prior to performing MRA, which results 

in significantly lower order macromodels. In addition, the DEPACT macromodel is 

guaranteed to be passive. This section presents an overview of the DEPACT algo

rithm and describes the structure of the resulting macromodel. 

2.6.1 Overview of D E P A C T 

Using the DEPACT algorithm, the exponential stamp of line in (2.2) is approximated 

using a product of exponential terms. This is referred to as the Modified Lie Formula-I 
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(MLF-I) [5], and is given by 

m 

eA+sB l [ Q k + em (2.21) 
fe=i 

where 

A sB A 
, 1m „ m „ 1m Qk = ezmemezm (2.22) 

and where the matrices A and B are given in (2.3) and m is the DEPACT 

approximation order. 

In this case, the associated error (em) is given by 

m 

e m | | = rnax \\ eA+sB II Q* II = ° ( ^ ) (2-23) 

Since the delay is inherent in the matrix B (defined in (2.3)), the inner exponential 

matrix in (2.22) represents the extracted delay portion of the transmission line. 

In the case of long low-loss lines, it can be noted that || A ||<c|| sB ||. This fact is used 

to arrive at a more accurate relationship referred to as the Modified Lie Formula-II 

(MLF-II) [5], which is given by 

m sB A sB_ 

eA+sB*l[Qk + £m; Qk = e2meme2m (2.24) 
fc=i 

Similarly, the outer exponential matrices of Qk in (2.24) represent the extracted 

delay portion of the line. 
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For illustration purposes, Figure 2.7 shows the norm of the absolute error as a 

function of the approximation order m, obtained using MLF-I and MLF-II, for a line 

with the following parameters: R = 2 0,/cm, L = 3.36 nH/cm, C = 1.29 pF/cm, 

G — 5 x 10~9 13/cm , and d = 5cm. 

xlO"3 

50 100 150 200 

m 

Figure 2.7: Error comparison between MLF-I and MLF-II 

2.6.2 Application to Lines with Frequency-Dependent Pa

rameters 

As the frequency increases, the current distribution in conductors vary, which causes 

the p.u.l. resistance (R) and inductance (L) to change. The p.u.l. inductance matrix 

L(s) can be separated into a portion Li(s), due to the internal magnetic field, and 

a portion Le(s), due to the magnetic field external to the conductor [9]. Thus, the 

total inductance L(s) can be expressed as 
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L(s) = Li{s) + Le(s) (2.25) 

At lower frequencies, the resistance and internal inductance remain almost constant, 

since the current may be assumed to be uniformly distributed throughout the 

cross-section of the conductor. On the other hand, at higher frequencies, the resis

tance increases approximately as \/J, and the internal inductance Li(s) decreases 

approximately with \/J, since the current begins to concentrate in a thin layer at the 

outer edges of the conductor [9]. This is referred to as the skin effect. Thus, at higher 

frequencies, the internal inductance Li(s) becomes negligible, and the remaining 

inductance L = Le essentially remains constant, representing the inductance at high 

frequencies. In addition, for many practical applications, the p.u.l. capacitance C, 

and admittance G, do not vary significantly with frequency [9]. 

Thus, in the case of lines with frequency-dependent parameters, the objective is to 

extract a maximum delay without affecting transmission line causality conditions. 

Here, the MLF relations are easily adjusted to account for the variations in frequency. 

For example, the relations in (2.24) are modified as 

eA(a)+aB(s)^l[Qk + em; 
SBQQ A(s)+sBg(s) sB0 

2m Qk = e™ e 2m (2.26) 
fc=i 

where 

Ba(s) = B(s) - Boo = 
0 -La(s) 

-Ca(s) 0 

such that La(s), Ca(s) are positive definite matrices [9], and B^ = B\s=c 

(2.27) 
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2.6.3 Estimation of the Order of Approximation 

As shown in (2.23), the error using the DEPACT MLF formulations decreases as 

the approximation order m —> oo. Thus, is it of practical interest to arrive at a 

relationship between the error and the order m. In general, the maximum error 

occurs at the maximum value of frequency fmax- Hence, we can explicitly write an 

expression for the relative error as 

{•A.{srnax)-{~srnax-t>{srnax)) 

k=\ 

'rel )+SmaxB{Smax)) 
(2.28) 

For most practical cases, fmax can be obtained from the rise/fall time of the input 

signal as [3] 

/„ 
0.35 

(2.29) 

For a given value of ||em | | ,, the DEPACT order of approximation m can be deter

mined using (2.28). Figure 2.8 shows the relationship between m and ||e:m|| using 

MLF-II for a line with the following parameters: R = IQ/cm, L = 3.36nH/cm, 

C = l.29pF/cm, G = 5 x 10~9, and d = 5cm. As expected, for a given maximum 

allowable error, the order m increases with the increase in the bandwidth of approxi

mation. For illustration purposes, consider the rise time of an input signal to be 0.2ns. 

Using (2.29), the corresponding fmax is 1.75GHz. From Figure 2.8, it can be seen that, 

for example, in order to achieve a maximum relative error of ||£m|| = 0.5 x 10~3, 

an approximation order of m = 8 or m = 9 should be sufficient. This was tested by 

approximating the exponential stamp of the line with the MLF-II in (2.24) for m = 8. 
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The resulting relative error was 0.4808 x 10 3, which falls below Ijê  
'rel' 

x1(T 

W 

• - fmax=1.75GHz 
- fmax=3GHz 

9- fmax=4GHz 
— fmax=5GHz 

Order of Realization m 

Figure 2.8: Relative approximation error versus DEPACT order m for varying band-
widths 

2.6.4 DEPACT Macromodel Realization 

The product terms of the MLF-II equations given in (2.26) can be viewed as a 

cascade of m transmission line subnetworks as shown in Figure 2.9(a). These 

subnetworks are referred to as DEPACT cells. The DEPACT cells, which realize 

each Qk in (2.26) can be represented by a cascade of lossy and lossless transmission 

lines. Figure 2.9(b) depicts the configuration for the kth DEPACT cell. Here, 
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the lossy terms are macromodeled using the passive matrix rational approximation 

(MRA) [12-14] which was described in Section 2.4. In this case, the resulting 

macromodels are of significant lower orders, since a relevant delay portion is already 

extracted from these functions. The lossless sections can be macromodeled using 

the lossless MoC realization, along with a modal decoupling algorithm as described 

in [9]. The resulting macromodels for both the lossy and lossless sections are then 

combined to form the overall DEPACT cell [5,15]. 

One of the main advantages of DEPACT is that the resulting macromodels are guar

anteed to be passive. Passivity is an essential aspect since stable but non-passive 

macromodels, coupled with passive terminations, can lead to overall unstable sys

tems. A proof of passivity for the DEPACT algorithm is provided in [15]. 
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(b) Structure of the kth DEPACT cell 

Figure 2.9: DEPACT macromodel realization 

2.7 Summary 

In summary, this chapter described the problem formulation for simulation of high

speed interconnects and provided an overview of some of the relevant macromodeling 

techniques. Conventional lumped segmentation, the method of characteristics (MoC), 

matrix rational approximation (MRA) and DEPACT were discussed. In addition, 

the significance of macromodeling using delay extraction was presented. In the next 

chapter, a new algorithm based on waveform relaxation and transverse partitioning 
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for simulation of massively coupled transmission lines is presented. 



Chapter 3 

Simulation of Coupled Interconnects 

Using Waveform Relaxation and 

Transverse Parti t ioning 

In this chapter, a new waveform relaxation with transverse partitioning method 

for simulation of multiconductor transmission lines is described. Section 3.1 intro

duces the topic and provides motivation for the new method. Section 3.2 presents 

background information and describes previous partitioning and waveform relaxation 

(WR) techniques. Sections 3.3 and 3.4 provide the basis of the proposed algorithm 

and details regarding updating the WR sources, respectively. Implementation consid

erations and numerical examples are presented in Sections 3.5 and 3.6, respectively. 

3.1 Introduction 

One of the major difficulties in simulation of high-speed interconnect circuits is the 

problem of mixed frequency/time [3]. As mentioned in Chapter 2, this problem 

is due to that fact that distributed interconnect models do not have a direct 

representation in the time-domain and are best represented in the frequency-domain. 

However, nonlinear devices such as drivers and receivers are generally described in 

31 
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the time-domain. These simultaneous formulations are difficult to handle by ordinary 

differential equation solvers which exist in traditional circuit simulators. Several 

methods have been proposed in the literature to address the mixed frequency/time 

representation [3, 5-8]. The common goal of these techniques is to transform 

the Telegrapher's equations describing transmission lines, into a set of ordinary 

differential equations with appropriate time-delayed controlled sources that can 

be integrated with circuit simulators. Most of these techniques use some form of 

decoupling algorithm to convert the set of coupled partial differential equations 

describing the lines into a set of decoupled single modal equations. Subsequently, the 

line voltages and currents are obtained as a linear combination of modal variables. 

As a result, the interconnect stamp used by a time-domain circuit simulator is in 

the form of coupled ordinary differential equations. This coupling is one of the 

major reasons for the excessive computational cost of simulating large multiconductor 

structures. This increased computational cost occurs at two stages; the first is during 

the formulation of the interconnect stamp and the second, which is more costly, is 

during the transient simulation of the signal path including nonlinear terminations. 

For example, the y-parameters of a set of 64-coupled lines require approximation of 

8320 different transfer functions. These transfer functions not only have to accurately 

match the frequency response of the line over the desired frequency bandwidth, 

but they also have to satisfy the challenging constraints of preserving the passivity 

and causality of the macromodel [13]. In the next stage, these transfer functions 

have to be converted to a set of ordinary differential equations or alternatively 

into an equivalent circuit to be interfaced with other circuit elements, and/or 

nonlinear driver/receiver circuits. The complexity of the equivalent circuit grows 

approximately at a rate of iV2, where N is the number of coupled lines. Moreover, 

the average CPU expense of simulating a circuit of size M is proportional to Ma, 

where 1.5 < a < 2, (depending on the sparsity of the circuit). Consequently, the 



33 

average cost of simulating an TV-coupled lines circuit is expected to be proportional 

to N13, where 3 < (3 < 4, which results in a prohibitively time-consuming simulation 

task compared to the simple case of simulating a single line. This was validated 

numerically by considering a simple interconnect circuit with varying number of 

lines. The p.u.l. parameters were generated statistically within a typical range 

of practical values. The generated circuits were simulated using uniform lumped 

segmentation in HSPICE [4]. The CPU time vs. the number of lines (N) is shown 

in Figure 3.1, which confirms the expected computational complexity. In addition, 

the method-of-characteristics [7, 10, 11], (which is also adopted as the W-element 

model in HSPICE) was not able, in most cases, to handle circuits with more than 12 

coupled lines. 

In this chapter, a new method is presented to address the computational complexity 

of the time-domain simulation of large coupled interconnect circuits. The proposed 

algorithm is based on the concept of waveform relaxation using transverse partitioning 

[17,18,31]. The new technique reduces the coupled simulation problem into a series 

of simulation steps. Each step is of complexity equivalent to that of simulating a 

single line. In addition, these steps can be performed in parallel and thus opening the 

door for multiprocessor implementation that has the potential of providing further 

significant reduction in the computational time. 



34 

55 12000 

<u 
. J 10000 

g 
U 8000 

~l 1 -

HSPICE 

20 30 40 50 60 

number of lines (JV) 
70 80 

Figure 3.1: Average CPU cost for varying number of lines using conventional circuit 
simulators 

3.2 Background and Previous Techniques 

Waveform relaxation (WR) techniques [32-36], were introduced in the early 1980's 

as an alternative to the conventional time-stepping algorithms used by circuit sim

ulators for solving ordinary differential equations. The concept of WR is based on 

partitioning the original circuit into subcircuits that are solved independently for the 

entire time-interval of interest. Coupling effects among individual subcircuits are 

represented by time-domain sources that are initially assumed to be known. Next, 

the currents and voltages of the subcircuits are computed and used to update these 

sources. This iterative process is continued until convergence is obtained. Several 

techniques were proposed in the literature to improve the efficiency of WR analy

sis including dynamic partitioning, scheduling and time windowing. In addition, WR 
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techniques are well suited for parallel computations. However, the rate of convergence 

remains a major challenge facing WR techniques and limiting their applicability to 

interconnect circuits. To obtain fast convergence, it is necessary that partitioning 

the original circuit is done in such a way that the coupling among the individual 

subcircuits is weak. The reported algorithms [10,37,38] that attempted application 

of WR to interconnect circuits used the physically natural longitudinal partitioning 

between the input circuit and the output circuit to the multiconductor transmission 

line system interface. A brief overview of longitudinal partitioning is given in the 

following section. 

3.2.1 Longitudinal Partitioning 

The concept of longitudinal partitioning is demonstrated in Figure 3.2. The original 

circuit is shown in Figure 3.2(a), and the partitioned circuit is shown in Figure 

3.2(b). As seen from Figure 3.2(b), using longitudinal partitioning, the input and 

output circuits are partitioned from the transmission line system interface, into 

separate subcircuits. In order for WR to achieve convergence, it is vital that the 

coupling between these individual subcircuits is relatively weak. However, there is no 

guarantee on the strength of this coupling, since it varies from one circuit to another 

(depending on the terminations). 

For example, consider the two-coupled line circuit shown in Figure 3.3. To apply WR 

with longitudinal partitioning, the terminations are separated from the transmission 

lines and the coupling effects are represented with current sources (as shown in 

Figure 3.4), where r represents the rth WR iteration. 

The coupling current sources Ji — J4 can be computed at a given iteration as 



Driver 
Subcircuit 

Interconnect Subcircuit 

Receiver 
Subcircuit 

(a) Original interconnect circuit 

Driver 
Subcircuit — 

Receiver 
Subcircuit 

(b) Longitudinal partitioning of the original interconnect circuit in Figure 3.2(a) 

Figure 3.2: Longitudinal partitioning of an interconnect circuit 

T(r) _ 
Ji — 

T(r) _ 
Jn 

r(r) 

(r) 

-V^sC, 

J3 - ~V3 92 
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and the voltages for the next iteration can be computed as 
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y(H-l) _ y - : l j W (3.2) 

where Y is the y-parameter matrix of the transmission lines [3], and 

JM = [jW jW J « j f f. 

* i 

^ i Z L 

I 
v. 

i J 

d=l cm :c9 - ^ 2 • = -

Figure 3.3: Two-coupled line circuit 

Using (3.1), (3.2) and Vsrc = 50V, waveform relaxation was applied to the circuit 

in Figure 3.4. Starting with an initial guess of zero for all sources, the WR results 

were obtained and compared to the exact solution (using the exponential stamp of 

the transmission line). Table 3.1 summarizes the results for varying terminations 

and number of iterations. For example, for Cases 1-3, the resistor values R\ and i?2 

are relatively large (500 0), and the capacitor values C\ and Ci are relatively small 

(1.5 pF). In these cases, the method converges, and the relative error decreases as 

we increase the number of iterations. This is expected behaviour for a typical WR 

approach. On the other hand, for Cases 4-7, the coupling between the subcircuits 

was increased by either decreasing the resistor values or increasing the capacitor 

values. As seen, in these cases the longitudinal partitioning method diverges. In 
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Figure 3.4: Two-coupled line circuit partitioned in the longitudinal direction 

addition, it is important to note that in many practical cases, the driver and receiver 

circuits are much more complex, making it difficult to ensure whether the method 

will achieve convergence or not. Consequently, these factors limited the success of 

the reported algorithms in [10,37,38]. 

There is one more problem which longitudinal partitioning does not address. This is 

the coupling between individual transmission lines within the interconnect subcircuit. 

As discussed in Section 3.1, this coupling is one of the major bottlenecks when 

simulating a large number of coupled lines. Using longitudinal partitioning, the 

transmission lines in the interconnect subcircuit are still coupled, and must be 

simulated together, resulting in a prohibitively time-consuming simulation task as 

the number of lines is increased. 

To address these issues, the proposed method is based on the concept of transverse 
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Table 3.1: Results for Longitudinal Partitioning Example 

Case 1 

Case 2 

Case 3 

Case 4 

Case 5 

Case 6 

Case 7 

i?l,i?2 (fi) 

500 

500 

500 

50 

25 

500 

500 

Ci,C2 (pF) 

1.5 

1.5 

1.5 

1.5 

1.5 

3 

4 

No. of Iter 

5 

20 

30 

— 

— 

— 

— 

Relative Error 

0.359 

0.002 

7.458e-5 

Diverges 

Diverges 

Diverges 

Diverges 

partitioning where the nrulticonductor transmission line system is partitioned, ex

ploiting the weak coupling between individual traces [17]. The number of lines in 

each subcircuit could be as low as one and the coupling effects due to neighboring 

traces are represented by voltage/current sources. A relaxation-based algorithm is 

used to iterate between the subcircuits until convergence is achieved. In general, very 

few iterations are required due to the relatively weak coupling between individual 

subcircuits. The computational complexity of each iteration is essentially equivalent 

to simulating N single lines, where N is the number of coupled lines. The remaining 

of this chapter describes the details of the new method. 

3.3 Basis of the Proposed Algorithm 

Recall from Chapter 2, the Telegrapher's equations in the following form [9] 
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d d 
—v(x,t) = -Ri(x,t)- L—i(x,t) 

—i(x,t) = -Gv(x,t)-C-v(x,t) (3.3) 

where R G MNxN, L G $lNxN, C G UNxN, and G G $lNxN are the per-unit-length 

(p.u.l.) resistance, inductance, capacitance and conductance parameter matrices 

of the transmission lines, v(x, t) G $tN and i(x,t) G $lN represent the voltage and 

current vectors as a function of position x and time t, and N is the number of 

coupled lines. 

The equations for the jth line can be written as 

^ = -G^ - C ^ - J2(Gjk(Vj - vk) + Cjk(^ - ^ ) ) (3.4) 
fc=i 

N N 

where Cjj = Y~,^jk and Gjj — £_.Gjk represent the self capacitance and conduc-
&=i fe=i 

tance of the jth line, respectively. 

The summation terms in (3.4) represent the coupling effects on line j due to the 

neighboring lines. Equation (3.4) can be rewritten as 
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?m = -R..i.-L..®± + e.(xi) 
Q lh33t3 ^33 Q+ -TK3\d,,l) 

-Q£ = -Gjjij-Cv-^ + qifat) (3.5) 

where the coupling terms ej(x,i) and qj(x,t) are denned as follows 

ej{x, t) = - ^2(Rjkik + LJk-Kjr) 
k=i 

qj(x, t) = - JTiG^Vj - vk) + Cjk& - ^ ) ) (3.6) 
fc=i 

Equation (3.5) represents a set of coupled differential equations. In order to decouple 

the equations, an initial guess v^°\x,t) and v°\x,t) is assumed for the voltages and 

currents, leading to initial waveforms e)- (x,t) and q)j (x,t) for the coupling terms. 

An iterative scheme is then used to obtain the solution of (3.5). Applying waveform 

relaxation techniques [32] to (3.5), we obtain a recursive set of decoupled differential 

equations given by 

dx ~ "i n dt ' j 

di{r+l) , ^ dv{T+1) 

dx ~ Ujj i Ujj dt ' V >— = -Giitr
1)-Cii-Lr- + $\x,t) (3.7) 

where r represents the rth iteration. 
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Expressing (3.7) in the frequency-domain we get 

a* (r+l) 3 -Fj(s)&{;+1\x,s) + y{;\x,s) 
dx 

(3.8) 

where 

dr+l) *r'(*.*) = 
vf+1)(z,s) 

r(»-+i) (x,s) 

Fj(s) = 
-rtjj sLjj 

-(jjj sCjj 

(3.9) 

(3.10) 

^\x,s) 

?{r) Ef>(x,s) 

Q?W) 

N 

£ 
k=l 

~Rjk — sLjk 

&ik — sC. Jjk jk 

V}r\X,8)-Vf\x,8) 

(3.11) 

?(r), ,(r)( ,(»•) (r), and where EJ'(x,s) = F{ey(x,t)}, Qy(x,s) = r{q2'(x,t)} and J"{} denotes the 

Fourier transform operator. The vectors Vj (x, s) and /• '(a;, s) in (3.9) represent 

the voltages and currents along the jth line at iteration r + l . 

Equation (3.8) represents a set of inhomogeneous ordinary differential equations cor

responding to the jth line, which can be solved as 
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*<r+1)(x, s) = eF*x #J r+1 )(0, s) + 6f\x, s) (3.12) 

The relaxation sources which represent the coupling between individual lines are given 

by 

Using the relations in (3.7)-(3.13), the iV-coupled interconnect circuit is partitioned in 

the transverse direction, and can be modeled as N decoupled individual subcircuits, 

with independent WR sources. Equation (3.13) forms the basis for updating these 

sources, which is one of the main aspects of the proposed method. In the next section, 

the computational details of updating the WR sources will be presented. 

3.4 Updating the Waveform Relaxation Sources 

The coupling sources in (3.13) can be computed using two approaches. The first 

approach is a single-ended representation, where the sources are located at the end 

of the lines. The second approach is a distributed representation, where the sources 

are distributed throughout the length of the lines. 

3.4.1 Single-Ended Representation 

In this approach, (3.12) is modeled as a set of single transmission lines with WR 

sources located at the end of each line as shown in Figure 3.5. The relaxation sources 

are given by 

[X
 eFib-r>) V<r\ri,s)dr} (3.13) 

Jo 
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vsrCj (d, t) 

<>srcj 

(d,t) 

- i / j t M r-*{W(d,8)} (3.14) 

where 

*irW) = 
VsrCj (d, s) 

Jo 
(rj,s)dr] (3.15) 

and JF 1{} denotes the inverse Fourier transform operator, and d is the length of the 

line. 

The integral in (3.15) can be computed recursively as follows [17] 

^FHAX 

e-X i>(X+A.X) 

6V(x + Ax, s) = / e*V(*+**-») ^(j), s)dri + / e^(-+^-v) ^ W ^ s^dr] 
Jo Jx 

px p(x+Ax) 
/ eF'(x-ri)*<f)(ri,8)dr}+ eF^Ax^ ^f{r},s)dr] 

Jo Jx 
/'(X"l"Ax) 

5{;\x, s)+ eFjlx+fix-r,) ̂ 0 0 ^ ^ ( 3 1 6 ) 

Jx 
eFjAx 

Next, approximating the integral in (3.16) with a suitable integration formula (e.g. 

Trapezoidal rule) we get 

Ax 
d^ix + Ax,s) ^ e^Axd{[\x,s) + =- \eAx ^\x,s) + *<r)(x + Ax,s)\ (3.17) 
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The computational steps for updating the relaxation sources can be summarized as 

follows: 

Let r=0: 

• Step 1: Start with an initial guess for the relaxation sources vsrC:j (d, t), isrCj (d, t) 

for 1 < j < N and 0 < t < T, where T is the time interval of interest. 

• Step 2: Simulate each individual single line subcircuit to obtain Vj (0, t) and 

it+1\o,t). 

• Step 3: Using the Fast Fourier Transform (FFT), evaluate $^ r + (0, s). 

• Step 4: Calculate 3?̂  (x,s) using (3.12) and (3.13). 

• Step 5: Using <frj"+ (x,s), calculate ^f+ (x,s). 

• Step 6: Use (3.14)-(3.17) to update the relaxation sources and compute 

• Step 7: Calculate VsrCj (d, t) and isrCj (d, t) using the Inverse Fast Fourier 

Transform (IFFT) as in (3.14). 

• Step 8: Let r = r + 1; go to step 2 and repeat until convergence is achieved 

within an acceptable error tolerance. 

It is worth noting that in this approach, there are several transformations between 

the time-domain and the frequency-domain (using FFT and IFFT) in order to update 

the relaxation sources. In the next section, we present an alternative direct approach 

in the time-domain which avoids these transformations. 
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Figure 3.5: Single-ended representation of decoupled network using transverse parti
tioning 

3.4.2 Dis t r ibu ted Representa t ion 

In this approach, we discretize the integral in (3.13) using a suitable integration 

formula [39] as follows 

*?\x,8) = 
VsrCj (d, s) pd 

= J2WP e^ (d"Xp) V{;\xp,s) Axp (3.18) 
P=I 

where wp is a weighting factor, Axp = xp - xp-i, and n is the number of discretization 

points. 
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In this case, the solution of the decoupled differential equations at the (r + l)th 

iteration can be expressed as 

n 

$J r + 1 )(d,S) = eF>d #5 r+1)(0,s) + J2WP eFi{d-Xp) *$ r )(xp,s) Axp (3.19) 
P=I 

PROPOSITION: 

Equation (3.19) can be realized in the time-domain using the equivalent circuit 

shown in Figure 3.6, which consists of a cascade of n single lines with lengths 

Axi,Ax2, ••• ,Axn , respectively. In this case, the relaxation coupling sources 

e.j(xp,t) and q~p{xp,t) are distributed throughout the length of the lines and are 

located at the points xi, x2,--- , xn, and are defined as 

~(r) i \ \ — r ir-, A (r) / \ T A Ul>u \Xpjt) \ 

e) \xp,t) = -wP2_^\ RjkAxpil
J{xp, t) + LjkAxp — I 

N / 

q{p (xp, t) = -wp Y^ I GjkAxp [yP (xp, t) - v{
k
r) (xp, t)J 

k=\ \ 

* # (3.20) 

+cjkAxp y — — 

where 1 < p < n. 

file:///Xpjt
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The relationship between the terminal voltages and currents can be written as 

r(r+l) vrx>(d,S) 

r(r+l) irw*) 

V}r+1)(xn,s) 

eFjAxn 

vlr+1\xn_l)S) 

I^iXn-US) 

,{r) 
+ wnAxn^

){xn,s) (3.21) 

Writing 
vf+1) (*„-!>*) 

llr+1\xn-i,s) 

(r), in terms of ^ (xn_i, s) and 
V/P+I)(xn_2>s) 

&+1\xn_2,s) 

, we get 

V}r+1\d,s) 

4+1\d,s) 

_ pFjAa;n gF3-Aa;„_i 

to/ 

r(r+l) Vf+1J(*n_2,s) 

/f+1)K_2 ,S) 
+ wn_!Aa;n_i* r )(zn_i, s) 

+w n Ax n * j ;(xn ,s) 

(3.22) 
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Vf+1\d,s) 
_ eFj{Axn+^Xn-l) 

VJr+1\xn.2,s) 
+ e ^ ^ ^ - i A ^ . j f H ^ - i , s ')< 

+wnAxnV
(() (xn, s) 

(3.23) 

and 

V}r+1\d,s) 
= e*> Fj(Axn+Axn-l) eFjAxn-2 

V}r+l\xn.3,s) 

/ 7
( r + 1 ) K - 3 ^ ) 

wn_2Ao;n_2* y{xn-2, s 

(r). 
+ e * , i A * „ w , n _ 1 A x n _ 1 ¥ y ; ( s n _ i , S) + WnAXnVj'iXn, s) 

(3.24) 

In general, we can write 

Vlr+1\d,s) 

r(r+l) Ir+>(d,s) 

I v \ 

o V fc=o ) 

r ( r + l ) 

*j \%n—p—!•> S) 

p-k+1 \ 

P
 pi\d- J2 Axi 

+2> 

(3.25) 

i=0 Wr, _/;ZAXn_fcW • [Xn — ki S) 

k=0 

where 1 < p < n — 1. 

Next, letting p = n — 1, we obtain 
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V}r+1\d,s) ^2 Axn_fc 

o* e V f e = 0 

Kr+l) vrij(o,^) 
r( r+i), 

+£ 

3 (o,») 
re—fc \ 

e x i = 0 / 

(3.26) 

n - i F^d 

w„_fcAx„_fc*};( 
fc=0 

Noting that d = Axi + A£2 M h Axn and after some mathematical manipulation, 

(3.26) can be re-written as 

V}r+1\d,s) 

lf+1\d,s) 

^ eFid 
V}r+1)(0,s) 

/r+i)(o,S) 
+ J2 ™v eF*d-x>'> *{;\xp,s) Axp (3.27) 

P=i 

Finally, replacing 

ship 

V}r+l\x,8) 

l\r+1\x,s) 

with &f (x, s), we obtain the following relation

s ' 1 ) (d, s) = eF*d *J r + 1 ) (0, s) + Y, WP eFAd~Xp) *JP) fo>, «) Axp (3.28) 
P = I 

which is equivalent to the relationship in (3.19). • 

Based on the above proposition, the computational steps for updating the relaxation 

sources can be summarized as follows 

Let r=0: 
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• Step 1: Start with an initial waveform for ef' (xp, t) and q^ (xp, t) for 1 < j < N 

and 1 < p < n. 

• Step 2: Simulate each individual single line subcircuit to obtain Vj (x,t) and 

%+1\x,t). 

• Step 3: Based on the solution obtained from step 2, update the relaxation sources 

e.j (xp,t) and qj (xp,t) using (3.20). 

• Step 4-' Let r=r+l; go to step 2 and repeat until convergence is achieved within 

an acceptable error tolerance. 

Obviously, the numerical accuracy in approximating the integral in (3.18) depends 

on the number of discretization points n and the specific numerical integration 

technique. Most of the widely-used numerical integration algorithms have an error 

estimate associated with them [39]. In our tested cases, n varied between 20 and 50, 

depending on the specific example. However, underestimating the value of n would 

only lead to a slight increase in the number of iterations required, but it would not 

affect the accuracy of the final solution. 

It is to be noted that in this approach, the sources are calculated directly in the time-

domain. Conceptually, this is equivalent to the single-ended representation. However, 

in the distributed approach, the circuit simulator is used to implicitly compute the in

tegral in (3.18). This avoids the explicit time/frequency transformations encountered 

in the single-ended approach. 
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Figure 3.6: Distributed representation of decoupled network using transverse parti
tioning 

3.5 Implementation Considerations 

Several relevant points regarding the implementation of the proposed waveform re

laxation scheme are worth noting. 

1. There are many possibilities for the discretization of the integral in (3.18), 

such as Trapezoidal rule, quadrature formulas [39], etc.. Based on the specific 

technique, the weights wp and the abscissas xp can be determined. 

2. One of the key features of the proposed algorithm is its generality with respect 

to the specific macromodel used for the individual transmission line subcircuits. 

For example, in our implementation in this chapter, we used macromodels based 
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on uniform lumped segmentation [9]. However, a variety of other macromodel-

ing algorithms could be used, such as MRA [13] and DEPACT [5]. Specifically, 

a new WR with transverse partitioning algorithm applied to DEPACT macro-

models will be described in Chapter 6 of this thesis. 

3. Convergence of the WR method: The proposed WR method is based on the 

conventional Gauss-Seidel (GS) and Gauss-Jacobi (GJ) relaxation techniques. 

The convergence of the GS/GJ has been previously investigated in the litera

ture [40]. Convergence properties of WR as applied to general circuit simulation 

can be found in [41]. The specific application of WR to PEEC models and con

vergence properties has been recently presented in [42]. The rate of convergence 

is dependent on a contraction factor 7, which given by 

I2-
1 = K2 = max ~f- (3.29) 

where kj is the (i, j)th component of the L matrix. A similar relationship can 

be derived in terms of the self and mutual capacitances. Although there is 

no theoretical proof of guaranteeing the convergence of the WR method, in 

our numerical experiments, convergence was obtained in 2-4 iterations even for 

coupling coefficients K as high as 0.75. This fast convergence can be easily 

explained from the fact that the capacitance matrix C is diagonally dominant 

and the largest elements of the inductance matrix L are located on the diago

nal, with the magnitude of the off-diagonal elements rapidly decreasing as the 

distance between the lines increases [9]. For stronger coupling between two 

adjacent lines, it is recommended to group these two lines within the same 

subcircuit. 
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4. An important advantage of the proposed algorithm is that it is highly paral-

lelizable. This is because each subcircuit is solved independently, and array 

processors can be used to effectively simulate each subcircuit in parallel. In or

der to update the relaxation sources, the processors only have to communicate 

after the simulation of the individual subcircuits is complete. This reduces the 

CPU overhead associated with interprocessor communication. This work has 

been collaboratively developed on a multiprocessor platform and submitted for 

publication [25]. 

5. Integration with circuit simulators: It is relatively easy to integrate the proposed 

algorithm with SPICE-like circuit simulators. The individual subcircuits can 

be simulated using suitable macromodeling techniques. The relaxation sources 

can be implemented as embedded data-driven sources in the circuit simulator 

netlist. After each iteration, the data driving the relaxation sources is updated 

based on the voltages and currents of the individual subcircuits. The updated 

values for the relaxation sources are then fed back to the circuit simulator for 

the next iteration. 

3.6 Numerical Results 

In this section, we consider four case studies which validate the accuracy and efficiency 

of the proposed WR with transverse partitioning (WR-TP) algorithm. The first 

two examples demonstrate the accuracy and convergence properties of the WR-TP 

algorithm as applied to various types of circuits. In the third example, the robustness 

of the proposed algorithm, as well as the speed of convergence are demonstrated for 

specific cases which conventional methods cannot handle. Lastly, the fourth example 

considers several cases of a large number of coupled lines and illustrates numerically 

the linear relationship between the CPU cost and the number of lines. Comparison 
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of the CPU time for all examples was performed using an INTEL P4 2GHz CPU. 

3.6.1 Example 1 

A distributed interconnect circuit consisting of nine lossless coupled lines with a length 

of 1 cm is considered. The parameters of the line are given in [13] with 500 resistor 

and IpF capacitor terminations at the near and far-ends of each line, respectively. 

The circuit was partitioned into nine subcircuits, where each subcircuit consists of a 

single line with its corresponding terminations and equivalent relaxation sources. The 

individual single lines were macromodeled using the uniform lumped segmentation [9]. 

To start the waveform relaxation iterations, the voltage and current waveforms across 

all lines were initialized to zero values. Figures 3.7 and 3.8 show a sample of the 

output waveforms (after 3 iterations) compared to the W-element in HSPICE (based 

on the method of characteristics), corresponding to an input pulse on line # 1 with 

rise/fall times of 0.5ns and a pulse width of 5ns. As seen, the results are in very good 

agreement. It is to be noted that, in contrast to the proposed transverse partitioning 

scheme, the classical longitudinal partitioning waveform relaxation technique [10,37, 

38] failed to converge even when using a relatively accurate initial guess for the output 

waveforms. 
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Figure 3.7: Transient response at near-end of victim line # 2 (Example 1) 
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3.6.2 Example 2 

The purpose of this example is to illustrate the applicability of the WR-TP technique 

to networks consisting of multiple sets of coupled interconnects. We consider here 

three coupled interconnect circuits [5] with nonlinear terminations as shown in Figure 

3.9. The input voltage is a unit step with a rise time of 0.1ns. Using the WR-TP 

algorithm, the circuit is partitioned in the transverse direction along the dotted line 

shown in Figure 3.9. The coupling effects between the decoupled subcircuits are 

represented by relaxation sources as shown in Figure 3.10. To compare the accuracy of 

the computed results, the circuit in Figure 3.9 was simulated using its coupled lumped 

equivalent circuit in HSPICE. Figures 3.11 - 3.14 show a sample of the transient 

response of the far-end voltages of subnetwork #2 (labeled active and victim line in 

Figure 3.9), respectively, after 2 and 3 WR iterations. As seen from the plots, the 

results are in very good agreement. In addition, the graphs demonstrate the fast 

convergence properties of the proposed WR-TP algorithm. 
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3.6.3 Example 3 

In this example, we consider highly-resistive low-inductive lines. The circuit under 

consideration is shown in Figure 3.15. The input voltage on line # 1 is a pulse with 

rise/fall times of 0.1ns and a width of 5ns. Three cases were considered, iV=12, 15 

and 24. Table 3.2 shows the CPU time comparison between the proposed method 

and the W-element in HSPICE. Figures 3.16 - 3.17 compare a sample of the output 

waveforms for N=12 using IFFT and the W-element in HSPICE. As seen from the 

figures, the results from the W-element do not match those from IFFT. In contrast 

to this, Figures 3.18 - 3.19 compare the output waveforms using IFFT and the 

proposed WR-TP algorithm, which show excellent agreement after only 3 iterations. 

Table 3.2: CPU Time Comparison for Example 3 

Number of Lines (N) 

12 

15 

24 

HSPICE (W-element) 

(sec) 

455 

1319.61 

2986.22 

WR-TP 

(sec) 

13.66 

17.10 

28 

Speed-up 

33 

77 

109 
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Figure 3.17: Comparison between IFFT and HSPICE for near-end voltage of line # 2 
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3.6.4 Example 4 

This example illustrates the computational complexity of the proposed WR-TP 

method as a function of the number of coupled lines. Here we consider a lossy 

iV-coupled on-chip interconnect circuit similar to that in Figure 3.15, except with 

d = lcm. The number of lines was varied between 2 < N < 80 , and the lines were 

macromodeled using uniform lumped segmentation. The p.u.l. parameters of the 

coupled lines were randomly generated with the coupling coefficients ranging from 

0.01 to 0.60. Zero initial guess was used for the voltage and current waveforms on 

all lines. In all tested cases, convergence was achieved within 5 iterations with a 

maximum tolerance < 10~4. In contrast to this, HSPICE (W-element) could not 

handle or gave inaccurate results for lossy structures with more than 9 lines. Due to 

this deficiency of HSPICE, we compare here the results of the proposed algorithm 

with the IFFT output obtained from the frequency-domain solution of the coupled 

circuit. Figure 3.20-3.21 present a sample of the output waveforms after 3 iterations 

for N = 4, corresponding to an input pulse on line # 1 with rise/fall times of 0.5ns 

and a width of 5ns. 

In addition, Figure 3.22 shows the CPU cost in seconds as a function of the number 

of lines using WR-TP. As can be seen, in contrast to Figure 3.1 (which depicts 

the computational cost of conventional techniques), the CPU cost of the proposed 

algorithm increases almost linearly with the number of lines. To further illustrate 

the difference in the computational complexity, the data in Figure 3.1 and Figure 

3.22 is plotted in a log scale (shown in Figure 3.23). Figure 3.23 shows that for this 

example, the computational complexity of conventional simulation techniques is of 

0(N3A), whereas the computational complexity of the proposed method is of O(N) . 

It is to be noted, that the linear behaviour of the proposed method emphasizes that 
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the CPU time required to compute the relaxation sources is in general, relatively 

small compared to the CPU time required to simulate the individual subcircuits. 

Also, it was observed that the slope of this linear behaviour depends on the specific 

macromodeling technique used to simulate each subcircuit. 

Figure 3.20: Transient response at far-end of line # 1 
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Figure 3.21: Transient response at near-end of line #2 
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Figure 3.22: CPU cost for varying number of lines using WR-TP 
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3.7 Summary 

In this chapter, a new method for macromodeling of coupled transmission lines has 

been presented. The proposed waveform relaxation with transverse partitioning (WR-

TP) algorithm partitions the large coupled structure into smaller subcircuits, where 

each subcircuit can consist of as low as one single line. The coupling effects are 

represented by equivalent relaxation sources and an iterative algorithm has been 

presented for efficient evaluation of these sources. The proposed WR-TP method 

reduces the coupled simulation problem into a series of simulation steps, where each 

step is of complexity equivalent to that of simulating a single line. Using WR-TP, 

the CPU cost increases almost linearly with the number of lines, providing a signif

icant speed-up as compared to conventional methods. In addition, the algorithm is 

highly parallelizable, which makes it suitable for efficient implementation using array 

processors, which has the potential to significantly further reduce the computational 

cost. Validity and efficiency of the proposed algorithm was demonstrated using sev

eral benchmark examples. In the next chapter, a new WR-TP algorithm for lines 

with frequency-dependent parameters is presented. 



Chapter 4 

Waveform Relaxation Techniques for 

Simulation of Coupled Interconnects with 

Frequency-Dependent Parameters 

In this chapter, a new algorithm based on waveform relaxation and transverse par

titioning (WR-TP) for the important and practical case of lines with frequency-

dependent parameters is presented. Section 4.1 introduces the new method and 

Section 4.2 describes the rational function approximation and equivalent circuit repre

sentation for the frequency-dependent parameters. Section 4.3 provides details of the 

basis for the WR-TP algorithm as applied to lines with frequency-dependent param

eters. An efficient technique for updating the WR sources is presented in Section 4.4. 

Sections 4.5 and 4.6 provide relevant implementation considerations and numerical 

examples which validate the accuracy and efficiency of the new method, respectively. 

4.1 Introduction 

In the previous chapter, a new method was presented to address the computational 

complexity of time-domain simulation of large coupled interconnects. The proposed 
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algorithm is based on WR using transverse partitioning (TP), where the multicon-

ductor transmission line system is partitioned in the transverse direction, exploiting 

the relatively weak coupling between individual traces [17,18]. In this case, the 

N coupled line circuit is partitioned into N or less independent subcircuits, where 

the number of lines in each subcircuit could be as low as one. The coupling effects 

due to the neighboring lines are represented by voltages/current sources within the 

subcircuits. A relaxation-based algorithm is used to iterate between the subcircuits 

until convergence is achieved. In general, very few iterations are required due to 

the relatively weak coupling between individual subcircuits. The WR-TP algorithm 

reduces the coupled simulation problem into a series of simulation steps, where the 

complexity of each step is approximately equivalent to that of simulating a single 

line. It was also demonstrated that using the WR-TP technique, the CPU cost 

increases almost linearly with the number of lines, providing a significant speed-up 

as compared to conventional methods. In addition, the algorithm is highly suitable 

for parallel implementation since the simulation of individual subcircuits can be 

performed simultaneously. 

The WR-TP algorithm in the previous chapter considers coupled interconnects with 

frequency-independent per-unit-length (p.u.l) parameters. However, at relatively high 

frequencies, these parameters vary with frequency due to skin, edge and proxim

ity effects [9]. It has been shown in the literature that neglecting these frequency-

dependency effects leads to significant errors in transient simulation results [9,43-45]. 

In this chapter, the WR-TP algorithm is extended to this practically significant case 

of coupled interconnects with frequency-dependent p.u.l parameters [19]. A numerical 

fitting approach is used to realize the FD parameters. The resulting rational function 

approximations are used to generate equivalent macromodels compatible with SPICE-

like circuit simulators. An efficient algorithm for updating the relaxation sources is 
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developed. Using the proposed method, the CPU cost increases almost linearly with 

the number of lines, providing significant computational cost advantages. 

4.2 Modeling of Frequency-Dependent Line Pa

rameters 

The per-unit-length (p.u.l.) parameters used to describe the transmission line are 

typically obtained from measurements, empirical formulas, or electromagnetic sim

ulations. In general, the line parameters become frequency-dependent due to skin, 

edge, and proximity effects, and lossy dielectrics [9]. The p.u.l. impedance Z(s) and 

admittance Y(s) parameter matrices can be written as 

Z(s) = R(s) + sL(s); Y(s) = G(s) + sC(s) (4.1) 

where R{s) E MNxN, L(s) e $lNxN, C(s) e $lNxN, and G{s) G MNxN are the FD 

p.u.l. resistance, inductance, capacitance and conductance matrices, respectively, 

and N is the number of lines. 

One popular approach in modeling the FD line parameters is based on approximating 

(4.1) in terms of rational functions. In order to ensure the passivity of the resulting 

transmission line macromodel, Z(s) and Y(s) must be positive-real (PR) matrices. 

Several techniques have been proposed in the literature for rational approximation 

of tabulated data [46—50]. For our purpose here, we use the vector-fit method [49] 

followed by a passivity check and compensation algorithm based on the Hamiltonian 

matrix approach [46]. For most practical cases, the behavior of the p.u.l. parameters 

is a monotonic function of frequency. As a result, the poles of the rational functions 

are located on the negative real axis, which improves the efficiency of the passivity 
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The monotonicity of the line parameters Z(s) and Y(s) also implies that they can be 

easily characterized by RL and RC subnetworks, respectively. For efficient realization, 

the following properties of 2-element circuits were effectively utilized: 

Lemma 1 A real rational function is a driving-point impedance of an RC (RL) net

work if and only if all the poles and zeros are simple, lie on the nonpositive real axis, 

and alternate with each other, with the first critical frequency being a pole (zero) [51]. 

Lemma 2 For multiport RC (RL) network, the mutual impedance Zj^ contains only 

those poles present in Zjj and Z^^ simultaneously. The poles must lie on the negative 

real axis [51]. 

Based on Lemmas 1 and 2, the real poles of Z(s) and Y(s) are obtained using the 

vector-fit method [49]. Next, using the resulting poles, the off-diagonal rational 

functions are approximated using a least-squares fitting algorithm. 

Equation (4.1) can be re-written in the following form 
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Z(s) = 

Zi,i (s) Z1}2{s) . . . ZltN(s) 

ZN,I(S) ZNJ2(S) . . . ZN,N(s) 

Y(s) = 

N 

XX*(S) -YM ... -YhN(s) 
k=l 

N 

-YN,i(s) -YN,2(s) . . . Y,YN^ 
fe=i 

(4.2) 

where Zj^(s) and Yj^(s) represent the mutual impedance and admittance between 

lines j and k, respectively, and where Zjj(s) and Yjj(s) represent the self impedance 

and admittance of line j , respectively. 

The elements in (4.2) can be approximated as 

zjik{s) « nj,k + sijtk + Y'?-&£ 

Yj;k(s) « 9j,k + scjik + ^2j-j& 
0=1 

sBj.k.p 

8-\p 

(4.3) 

(4.4) 

where nz and ny are the number of poles used in the approximation for the elements 

of Z(s) and Y(s), respectively. The approximations in (4.3) and (4.4) can be realized 

using equivalent RL/RC circuits, as shown in Figure 4.1 and Figure 4.2, respectively. 
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Figure 4.1: Equivalent circuit representation for Zj^(s) 

Alternative Realization of FD line parameters using Laplace Elements 

In certain commercial simulators, such as HSPICE [4], controlled voltage and current 

sources which have frequency-dependent proportionality factors are allowed to be 

used within the time-domain simulation, (in HSPICE, this feature is referred to as 

the Laplace Element). Specifically, the elements of Z{s) can be written in a rational 

function form as 

ziM = t = i 
aPV 

i = l 

(4.5) 

imsi 

where superscript (j, k) denotes the coefficient for element Zj^(s). 

Exploiting this feature, the elements of Z{s) can be represented by controlled voltage 
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Figure 4.2: Equivalent circuit representation for Yjtk{s) 

and current sources and therefore circuit synthesis is not required. Figure 4.3 shows 

the equivalent circuit representation for Z(s) using the Laplace element. Here, the self 

impedances Zjj(s) are realized using voltage controlled current sources (G-elements 

in HSPICE), and the coupling impedances are realized using voltage controlled volt

age sources (E-elements in HSPICE), all with Laplace proportionality factors. For 

example, to realize the self impedance Ziti(s), a voltage controlled current source is 

used, where the controlling voltage is the voltage across the element itself, and the 

Laplace gain is the rational function for Zi,i(s) as defined in (4.5). The FD admit

tance parameters Y(s) can be also realized in a form similar to that shown in Figure 

4.3 using voltage controlled current sources. This capability can be used to simplify 

the implementation of the frequency-dependent parameters, since circuit synthesis is 

not required. This is especially useful since circuit synthesis can sometimes result in 

unrealistic component values, such as extremely large capacitor and inductor values, 

very small resistor values or negative elements. 
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Figure 4.3: Equivalent circuit representation for Z(s) using Laplace Elements 

4.3 Development of the W R Algorithm for F.D. 

Parameters 

Consider the Telegrapher's equations of a transmission line in the following form [9] 

dV(x, s) 
dx 

dl(x,s) 
dx 

0 Z(s) 

Y(s) 0 

V(x,s) 

I(x,s) 

(4.6) 

where V(x,s) G £^xi a n ( j I(x,s) G QNxi a r e c o m p i e x vectors representing the 

voltages and currents as a function of position x and complex frequency s, Z(s), 

Y(s) are the p.u.l. impedance and admittance parameter matrices, respectively 

(given in (4.1)), and N is the number of coupled lines. 

Applying the Waveform Relaxation with Transverse Partitioning (WR-TP) algorithm, 

which separates the coupling between the lines in (4.6), results in a recursive set of 

decoupled differential equations as 
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<9$(r+1) 

—j^- = F ^ ^ i x , s) + ¥ « ( * , s) j = l,2,-..,N (4.7) 

where 

*{f+1\x,s) = 
V}r+1\x,s) 

r(H-l) (x,s) 

Fj(s) = 
0 -Zjd(s) 

(4.8) 

(4.9) 

,(r) &;\x,s) = 

n(r) Ej\x,s) 

Q{;\X,8) 

N 

- £ 
fe=i 

0 -Zj,k(s) 

-Y*M o 

r(r) (r), V}r>(x,8)-VF>{X,8) 

r(r) V'frs) 
(4.10) 

where Zjj(s) and "^-(s) represent the self impedance and admittance of line j , 

respectively, which can be approximated by (4.3)-(4.4), and r represents the rth 

iteration. 

Equation (4.7) represents a single transmission line with frequency-dependent param-

<r) 
eters and embedded relaxation sources E\ '(x, s) and Q)- '(x, s), which correspond to (0/ 

the coupling effects on line j due to the neighboring lines. 
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Recall from the previous chapter, a time-domain equivalent circuit can be realized 

using the distributed representation as shown in Figure 4.4. In this case, the wave

form relaxation sources are approximated using a suitable numerical integration tech

nique [39]. As a result, each line consists of a cascade of n single lines with lengths 

Axi, Ax2, . . . , Axn. The waveform relaxation voltage and current sources ep(xp, t) 

and qp (xp, t) are distributed throughout the length of the lines, located at the points 

xi, X2, ..., xn, and are defined as 

N 

e{p(Xp, t) = -J2 Zj,k(t) * i^\xp, t) 
fc=i 

N 

fc=l 

W / ^ , +\ _ „ , ( > • ) / qf\xp,t) = -Y,ViAt) * vP(xp,t)-vP(xp,t) (4.11) 

where 

1 < p < n 

zjJt(t) = F-iiZjM} (4-12) 

ViAt) = F'HYJM} 

and where and F~l{ } and "*" denote the inverse Fourier transform and convolution 

operators, respectively. 

In the next section, an algorithm for updating the relaxation sources in (4.11) 

will be presented. Although the associated steps for the proposed method are 

general with respect to the macromodel used for representing the lines, for the 
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purpose of illustration, in the rest of this chapter we will focus on uniform 

lumped segmentation [9]. In this case, each line in Figure 4.4 is represented 

by a cascade of n lumped sections; where each of the sections on line j consist of 

a series impedance proportional to Zjj and a parallel admittance proportional to Yjj. 

i[r+1)(0,t) A x j ~e[r\Xl,t) Xl 

. .( '•+1) n\xv of ̂  vr'(o,t) it 

O k ^ ^ B * - ~ 
+ r\xv f)f { 

• 0 — f 

4 r + 1 ) (0 ,0 ^ ejv(*i>0 Xl 

o „ • © + 
. . ( ' •+ 1) VK„L'(0,t) W IN (XV f)f I 

-(r). 

•»-l Axn
 e i <*»>'> x , i[r+l\d,t) 

© — t • — ° 
~(r) 
91 Wof( 

,-0-^f-
tffW of { 

<W (*„, of ( 

v(r'u<) 

( r + 1 ) 
(4 0 

»—o 
+ 

„ ( r + 1 ) (d,t) 

i(N + l\d,t) 
•—o 

+ 
,,( '•+1) (d,t) 

Figure 4.4: Distributed representation of decoupled network using transverse parti
tioning 

4.4 Waveform Scaling Algorithm for Updating the 

Waveform Relaxation Sources 

In order to obtain the coupling sources ej'{x,t) and qp{x,t) in Figure 4.4, the 

convolution in (4.11) must be computed. Given that the poles and residues of 
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Zjfris) and Yj${s) are known from the parameter-fitting process, (4.11) can be easily 

computed using recursive convolution. However, this approach may increase the 

computational cost associated with the relaxation sources, since it is required for all 

sections (1 < p < n ), for all lines ( 1 , . . . , N ), and at every iteration. 

In this section, to address the above mentioned difficulties, a method based on wave

form scaling that completely avoids numerical convolution is presented. The new 

method leads to a significant reduction in the computational cost of updating the 

relaxation sources. 

4.4.1 Waveform Scaling Approach 

For illustration purposes, we will consider here the pth section of an N coupled line 

circuit, as shown in Figure 4.5. 

The relaxation voltage source ej' (xp, t) for line j , which represents the coupling effects 

on line j due to the neighboring lines, can be written at a given iteration (r) as follows 

N 

e^ixp, t) = -J2 ***(*) * 4"Wi> t)Ax
P (4-!3) 

kltj 

where v£\xp-i,t) is the current through line k, as shown in Figure 4.5. 

Substituting (4.3) in (4.13) yields 

6j y^pi^J 

N 

= - A * P X ; 
» 

,-(r) 

iifc^fc V"£p—lj v ~r "j,k 
di£'(xp-i,t) 

dt 

+f>r(w)*^>{^f} 
B=\ 

(4.14) 
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Referring to Figure 4.5, it can be seen that the voltage across the resistor Q^kAxp on 

line k, is simply 

vRk = nfcifcAxp4r)(^p-i,*) (4-15) 

and the voltage across the inductor lkjk/S.xp is 

vLk = ; f c , f c A x / ^ p t } (4.16) 

Thus, the first two terms inside the summation in (4.14) are given by 

fy,fcAxP4r) (arP-i, *) = T^- (nfc)fcAa:p4r) (zP-i, *)) = f r ^ f l * 

/ Ar ^ f r y - l . * ) _ *J,fc A A d4\xp-utj\ ljtk 

ij,kAXp — - - — lk,k&xP -r. - -j—vLk ( 4 .17 ) 
at <-k,k \ at I Lktk 

Next, in order to use the same approach for the third term in (4.14), we utilize Lemma 

2 (Section 4.2), which states that the poles of Zjtk(s) are a subset of the poles of Zjj(s) 

and Zk,k{s). Consider the voltage across the 13th RL tank circuit on line k, which can 

be written as 

v^=iV(xP-ut)*F^{sKk^} (4.18) 

Using (4.18), we can write 
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» {xp.1,t)*F-1{ lfsKjAl3Axf 

Kk,k,p 
K3AP (kjc) 

} 
KJAP (Ar), .V , rn-lfSKk^AXp-

s-Pp 

(4.19) 

dr)i Substituting (4.17) and (4.19) into (4.14), ej\xp,t) can be re-written as 

N 
j,k . Ijfk #W) = - £ U r^ + r^ + E 

K iM,,(*.*) 
f \ ^fe,fc fc h,k k jri Kk,k,p P0 

p=i 

(4.20) 

Thus, using the technique presented above, the relaxation source ef (xp,t) can be 

obtained as a linear combination of the voltages on the neighboring lines. 

(r), Similarly, the same method can be used to calculate the relaxation source (fc (xp,t). 

^) The current source qj(xp,t) for line j (see Figure 4.6) is given by 

N 

qf](xp,t) = -^2yjtk(t)&xp * vf (xp,t) - v^(xp,t) (4.21) 
fe=i 

Using (4.4), (4.21) can be expressed as 



85 

qt\xP,t) 
N 

= AxpJ2 
fc=i 

(r)i 9j,kVK
k" 

-. (<f\ / \ Tly 

0=1 P 

-9j,hv) '(xp,t) - c i ; f c ^ L — 2^v) '(xp,t) * F { - ^ } 
at f3~=i S- \p 

(4.22) 

Similar to the approach used to derive (4.20) and with some mathematical manipu

lation, (4.22) can be re-written as 

AT 
,(r) 

j \xpi *) — / j 

k=\ 

9j,k A
 cj,k . \ 

9k,k Ck,k r - r Bk,k,(3 p 9j,3 (3=1 

Bj,k,p ,(fc,fc) 9j,k. cjtk 
A s „ ^] C • • 

v R 

E Bj,k,P .(j,j) 
^3,3 

where the branch currents (Figure 4.6) in (4.23) are given by 

/?=i 
B '3,3,13 

(4.23) 

%Gi 

lGk = 

%C, 

g^Axpvf {xp,t) 

gk,kAxpv
{
k
r)(xp,t) 

dv^\xp,t) 
C3,3^X\ dt 

,(r) 

ick = cktkAxp 

dvk
r)(xp,t) 

dt 

Mi) _ 7,W 

.(fc.fe) 

( x P ) i ) * F - 1 { £ ^ M ^ £ } 
S — \r-

**(> 
v£\xp,t)*F-1{sBk'k'l3^Xp} 

(4.24) 
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Therefore, using (4.20) and (4.23), performing the numerical convolution is no longer 

required. The relaxation sources for a given line can be computed by scaling the 

voltages and currents on the neighboring lines. As a result, this provides a significant 

reduction in the computational cost associated with updating the relaxation sources. 

line; 

*p-\ 

• • • • ^— -7WVV. 

•r+iVi.o 

line k 

Kp-\ JWVL 

4 ,+1Vi.o 

hi*** 
iYYYV_... 

KJJ,^P 

J V W L 

JYYY\_ 

e} (x,t) 

W*p 

h.k^p 

iYYYU..... 

+ pp 
Kk,k,^Axp ~(r) 

ty\NI\ ek if/"t] 

L_fYYYU 
Kk,k,^P 

. . . . + 

Zk,kis)^p 

i! (x
P> o 

qk (xp, t) 

Figure 4.5: Equivalent circuit demonstrating the computation of e?'{xp,t) sW/ 
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4.5 Implementation Considerations 

Several relevant aspects regarding the implementation of the proposed waveform re

laxation scheme are worth mentioning. 

4.5.1 Using Controlled Sources for Updating the Relaxation 

Sources 

As discussed in Section 4.2, certain commercial simulators such as HSPICE [4] allow 

controlled voltage and current sources which have frequency-dependent proportion

ality factors (Laplace Elements). Exploiting this feature, the diagonal elements of 

Z(s) and Y(s) can be represented by controlled voltage and current sources and 

circuit synthesis is no longer required (see Figure 4.3). This capability can also be 

used to simplify the implementation of updating the relaxation sources. To illustrate, 

consider the relaxation source e? (xp,t) for line j , which can be expressed in the 

time-domain as 

JV 

~ef{xP)t) = -Y^F-\Hi,k{8)}*v{j;\x^t) (4.25) 
fc=i 

where Hj^(s) is the ratio of the mutual impedance to the self impedance, given by 

and the voltage v£ (xp-i,t) = F~1{Z^k{s)Axp} * ik (xp_i,t) is the voltage across 

the circuit used to realize Zk;k{s)Axp, as shown in Figure 4.7. 

The convolution in (4.25) can be represented by the use of controlled sources. Instead 

of computing the relaxation source ef \xp,t) using the waveform scaling approach, a 
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series of voltage controlled voltage sources can be included in the circuit (see Figure 

4.7), where the controlling voltage is the waveform vk(xp-i,t) from the previous 

iteration, and where the proportionality factor is Hj^(s). 

The same approach can be used to compute the relaxation source qf (xp,t). In this 

case, qj (xp,t) in (4.11) can be re-written as 

9ffe, *) = - £ [^{WU*)} * ^ P > *) - ^{Wft(*)} * ii\*m, tj\ (4.27) 
fc=i 

where 

W,^=WY WUS)=W) (4-28) 
and the current ik

r (xp,t) = F~1{Ykjk(s)A.xp} * vk(xp,t) is the branch current 

through the circuit used to realize Yk,k(s)/\xp. 

Similarly, performing the convolution in (4.27) is equivalent to including a parallel 

combination of current controlled current sources in the circuit netlist, where the 

controlling currents ik(xp,t) are obtained directly from the previous iteration, and 

the proportionality factors are given in (4.28). Note that the coefficients of the 

proportionality factors for ej\xp,t) and qf\xp,t) (given by (4.26) and (4.28)) are 

known a priori, from the rational function approximation for the line parameters. 

It is important to mention that both approaches presented for updating the relax

ation sources provide significant computational cost advantages in comparison to 

performing the numerical convolution. Moreover, the difference in the computational 
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cost between the two schemes is negligible. However, the availability of the "Laplace 

Element" [4] feature merely simplifies the implementation of the WR-TP algorithm. 

It is also to be noted that, using the WR-TP method allows for each individual 

subcircuit to be solved completely independently. Thus, in the circuit simulator, 

multirate simulation may be used, where each subcircuit is solved at its own speed 

and time step. At a given iteration, the simulator accesses the coupling waveforms 

obtained from the previous iteration (which are in the form of tabulated data). In the 

case that the simulator needs a value of the coupling waveform at an intermediate 

time point, a suitable interpolation scheme (such as SPLINE fitting [52]) may be 

used. 

linefc 
+ 

x
P-i 

• • • • A 

Figure 4.7: Calculation of relaxation sources at iteration r using Laplace Elements 

*(r) 
Controlled sources 

Vk (x _pt) . from iteration 'r-1' 

Controlled sources 
from iteration 'r-1' 
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4.5.2 Convergence and Diagonal Dominance 

Since the p.u.l. admittance matrix Y(s) is strictly diagonally dominant [53], it follows 

from (4.2) that 

N 

fc=l 

N 

>J2\YJA j , k = l,2,...,N (4.29) 
fc=i 

This fact is used to accelerate the convergence of the overall WR-TP algorithm by 

re-writing (4.7)-(4.10) in the following form 

<9# (r+1) 

dx 
= Fj*J+1>(x,a) + * ; '(x,s) j = l,2,...,N 

where 

(4.30) 

#$ r + 1 ) (*,*) = 
V}r+1\x,s) 

F,- = 
-Zj,j(s) 

N 

-J2YJM ° 
fc=i 

(4.31) 

*SrW) 
£?

W(z,s) 
j v J y 

<#W) 

JV 

= 1 ) 
fc=l 

-Z,\fc0) 

->i,fc(«) 0 

vfM 
rto 
# ' ( * > * ) 

(4.32) 

nz ft' 

Yj,k(s) ~ 9j,k + scJ,k + }_^T\ (4.33) 
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N 

In this case, the admittance Yjj in Figure 4.5 is replaced by /_^^-,fc(s) (which is just 
fe=i 

the element in position (j,j) of the overall Y matrix), and the relaxation current 

source q- (xp,t) is modified to 

N 

fc=i 
$\xp,t) = -Y,VjM* Vk\xp,t) (4-34) 

Although the equations in (4.30)-(4.34) are mathematically equivalent to those in 

(4.7)-(4.12), they offer better convergence properties [53, 54], since they guarantee 

the diagonal dominance of the subcircuit equations in (4.30). 

4.6 Numerical Results 

In this section, four case studies are presented. The first three examples demonstrate 

the validity, accuracy and convergence properties of the proposed WR-TP algorithm 

and the fourth example considers several cases of a large number of coupled lines, and 

numerically illustrates the linear relationship between the CPU cost and the number 

of lines. 

4.6.1 Example 1 

In this example, we consider a nonlinear circuit (Figure 4.8) consisting of four on-

chip coupled lines with frequency-dependent p.u.l. resistance {R(s)) and inductance 

(£(s) ) , constant C and G = 0. The extracted line parameters are based on data 

supplied by IBM [55]. The frequency-dependent impedance was fitted using the 

approach described in Section 4.2. Figure 4.9 shows a sample of the fitting results as 

compared to the original extracted data. To start the waveform relaxation iterations, 

the terminal current and voltage waveforms across all the lines were initialized to 
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zero values, and convergence was achieved after 3 iterations. In order to validate 

the accuracy of the WR-TP method, the coupled transmission line in Figure 4.8 

was represented by its coupled lumped equivalent circuit which was generated using 

the technique described in Section 4.2 and the resulting circuit was simulated in 

HSPICE [4]. Figures 4.10 and 4.11 show a sample of the output waveforms for an 

input pulse with rise/fall times of 0.5ns and a pulse width of 5ns. As seen, the results 

are in very good agreement. 

Figure 4.8: Nonlinear circuit with four on-chip coupled lines (Example 1) 
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Figure 4.9: Comparison of fitted results vs. original data for Zi,i(s) 
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Figure 4.11: Transient response at near-end of victim line (line #2) (Example 1) 
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4.6.2 Example 2 

In this example, the number of lines used in the previous example was increased to 

twelve. The input voltage sources (on lines 1, 5 and 10) are input pulses with rise/fall 

times of 0.5ns and pulse widths of 5ns. To validate the accuracy of the WR-TP 

algorithm, the circuit in Figure 4.12 was simulated in the frequency-domain using 

the exact stamp [9] of the coupled lines, and the time-domain response was obtained 

using the IFFT. Figures 4.13 and 4.14 show a sample of the output waveforms (after 

3 iterations) compared to the IFFT of the frequency-domain solution. As seen from 

the plots, the results are in excellent agreement. 

Figure 4.12: Linear circuit consisting of twelve on-chip coupled lines (Example 2) 
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Figure 4.13: Transient response at near-end of victim line (line #3) (Example 2) 
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Figure 4.14: Transient response at far-end of victim line (line #12) (Example 2) 
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4.6.3 Example 3 

In this example, we consider four coupled multichip module (MCM) lines of 

length=10cm. In this case, R(s), L(s), G(s) and C(s) are all frequency-dependent 

and based on the parameters used in [1]. The circuit in Figure 4.15 was simulated 

using the proposed WR-TP algorithm with uniform lumped segmentation, starting 

with initial values of zero for the voltage and current waveforms. Figures 4.16 and 4.17 

present a sample of the output waveforms after 3 iterations, compared to the IFFT of 

the frequency-domain solution, corresponding to an input pulse with rise/fall times 

of 0.5ns and a width of 5ns. As seen from the figures, the results from the WR-TP 

method are in very good agreement with the results from the IFFT. 

50Q 

-MM 
d= 10cm 

Figure 4.15: Four coupled lines circuit (Example 3) 
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4.6.4 Example 4 

This example provides an analysis of the computational complexity of the proposed 

WR-TP algorithm as a function of the number of lines (N). In this numerical exper

iment, the number of frequency-dependent on-chip coupled lines (used in Examples 1 

and 2) was varied in the range of 2 < iV < 24 (Figure 4.18). Zero initial guess was 

used for the voltage and current waveforms on all lines. In all cases, convergence 

was achieved in less than 5 iterations. Figure 4.19 shows the computational cost as a 

function of the number of lines. As expected, the computational cost of the proposed 

WR-TP algorithm increases almost linearly with the number of lines. In contrast to 

this, as was illustrated in [17], the CPU cost of conventional circuit simulators even 

for the simpler case of frequency-independent p.u.l. parameters grows with Na, where 

3 < o. < 4. Also, it is worth mentioning that in the case of lines with frequency-

dependent parameters, for this example, HSPICE [4] failed for more than eight lines. 

It is to be noted, that the linear behaviour of the computational complexity of the 

WR-TP method emphasizes that the CPU time required for updating the relaxation 

sources is in general, relatively small compared to the CPU time required to simulate 

the individual subcircuits. In addition, the slope of this linear behaviour depends on 

the specific macromodeling technique used to simulate each circuit. 
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Figure 4.18: Coupled lines circuit with varying N (Example 4) 
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Figure 4.19: Computational cost as a function of the number of lines N (Example 4) 
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4.7 Summary 

In this chapter, a new method for macromodeling coupled transmission lines with 

frequency-dependent parameters has been presented. The proposed algorithm parti

tions the iV-coupled line circuit into N or less individual subcircuits. The coupling 

effects between subcircuits is represented by voltage and current relaxation sources, 

and an efficient method for calculation of these sources has been presented. The 

frequency-dependent parameters of the lines are approximated using an efficient fit

ting algorithm. The resulting rational function approximations are used to generate 

equivalent macromodels compatible with SPICE-like circuit simulators. Using the 

proposed WR-TP algorithm, the CPU cost increases only linearly with the number 

of lines, providing a significant speed-up compared to conventional techniques. The 

accuracy and efficiency of the WR-TP algorithm was demonstrated using various 

benchmark examples. In the next chapter, simplified delay extraction-based macro-

models for several special cases are described. 



Chapter 5 

Simplified Delay Extraction-Based Passive 

Transmission Line Macromodels 

In Chapter 2, the delay extraction-based passive transmission line macromodeling 

algorithm (DEPACT) was discussed. In practice, there are several special cases 

where the DEPACT macromodel can be further reduced. This chapter presents 

the details of a new simplified delay extraction-based macromodeling algorithm 

which handles these special cases. The proposed simplifications are of particular 

importance for advanced transverse partitioning with delay extraction which will be 

described in the next chapter. 

The chapter is organized as follows. Section 5.1 describes the macromodeling al

gorithm for the case when the line parameters are frequency-independent. Section 

5.2 presents the macromodeling algorithm for several practical cases when only R(s) 

and L(s) are frequency-dependent. Section 5.3 provides numerical examples which 

validate the accuracy and efficiency of the new method. 

103 
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5.1 Macromodels for Lines with Frequency-

Independent Parameters 

As the line lengths and frequencies increase, lumped interconnect models may no 

longer be valid. As a result, the interconnects are treated as distributed transmission 

lines, with either frequency-independent or frequency-dependent RLGC parame

ters. In this section, simplifications to the DEPACT macromodeling algorithm are 

presented for this case of frequency-independent parameters. One of the important 

advantages of the new approach is that MRA-based approximations are no longer 

required in the DEPACT macromodel. The final DEPACT cells are realized as exact 

implementations (without any approximations) in terms of lossless transmission 

lines and lumped elements, which are computed analytically based on the p.u.l. 

parameters. This aspect of the new macromodel leads to a relatively easier and more 

accurate implementation in SPICE-like circuit simulators. 

For lines with frequency-independent parameters, the exponential stamp of the line 

can be approximated as 

m s B A s]3 

eA+SB^Y[Qk + em; Qk = e2meme2m (5.1) 
fc=i 

In this case, the DEPACT macromodel can be realized using a cascade of lossless lines 

and purely resistive networks. As mentioned in Chapter 2, the lossless lines can be 

macromodeled using the MoC and a decoupling algorithm. This decoupling algorithm 

separates the modes using modal transformation matrices, which are computed as a 

function of the p.u.l. L and C line parameters. The resulting lossless circuit consists 

of dependent voltage and current sources (representing the coupling between modes) 
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and single delay lines. Details of this approach are provided in [9]. The rest of this 

section will focus on the circuit realization of the resistive networks. 

5.1.1 Realization of Single Resistive Sections 

The Telegrapher's equations for a single resistive section of the DEPACT cell (repre-
A 

sented by em in (5.1)) can be written in the frequency-domain as 

d 
—V{x,s) = -RmI{x,s) 
d 

—I{x,s) = -GmV(x,s) (5.2) 

where Rm = —, Gm = ^ , and m is the DEPACT order of approximation. 

An analytical solution, in terms of y-parameters for (5.2) can be derived as [3] 

h 

h 
Zm{\ - e^rnd) 

1 + e 

-2e 

-2Tmd 

-Tmd 

-2e 

1 + e' 

-Tmd 

-2Vmd 

v1 

Vo 

(5.3) 

where i i , V\, h, and V2 represent the near- and far-end currents and voltages of the 

resistive section, respectively, and where 

J- m — V ^mSxm\ Z-m — Gr, 
(5.4) 

Equation (5.3) can be re-written as 
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h 9a + 9b ~9b 

-9b 9a + 9b 

Vi 

v2 

where the admittances ga and gb are given by [3] 

(5.5) 

9a = 
[1-e - r m d \ 2 rmd\2 

9b 
(2e-lmd) (5.6) 

Zm(l-e-^dY y° Z m ( l - e - 2 r ^ ) 

Note that since Tm > 0, this implies that e~2Tmd < 1, which results in all resistor 

values being positive. 

Next, using (5.5) and (5.6), the middle term e™ in (5.1) can be realized in terms of 

a purely resistive network as shown in Figure 5.1, where ra = l/ga, H = l/gb and 

dm = d/m. 

It is important to note here that (5.3)-(5.6) represent an exact implementation of 

(5.2) without any numerical approximations. In addition, the macromodel is realized 

in terms of purely resistive elements, whose values are computed analytically in terms 

of the p.u.l. line parameters, R and G. This aspect of the proposed method greatly 

simplifies its implementation in SPICE-like simulators 



107 

kth DEPACTCell: 

Lossless Line 

L, C, 
2 m' 2 

+ 

Resistive Network 

vww 
+ 

Lossless Line 
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Figure 5.1: Macromodel realization for a single line with frequency-independent pa
rameters 

5.1.2 Realization of Coupled Resistive Sections 

For coupled lossy sections, a decoupling method is employed in which the lossy lines 

are separated into single line subcircuits represented by the resistive network shown 

in Figure 5.1. The distributed voltages and currents of the coupled lossy section are 

related by the Telegrapher's equations as in (5.2), except Rm e RNxN, Gm £ ^NxN, 

i{x,t) eUNx\v(x,t)e^Nxl. 

Next, the following lemma is introduced: 

Lemma 3 There exist transformation matrices Pi and Pv which simultaneously 

diagonalize both Rm and Gm as 

Pv
1RmPI = R = diag{r\,f2, ••• , r^} 

P^GmPv = G = diag{gi,g2, • • • , #AT} (5.7) 
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The resulting circuit consists of decoupled resistive networks as shown in Figure 5.2 

with auxiliary voltages v(x,t) and currents i(x,t) which are related by 

-x-v(x,t) = —Ri(x,t) 
ox 
d -

—i(x,t) = -Gv(x,t) (5.8) 
ox 

PROOF: 

Following the approach used in [9] for lossless lines, we can decouple the purely 

resistive network in a similar manner. 

The voltages and currents of the resistive subnetwork can be expressed in terms of 

auxiliary voltages v(x,t) and currents i(x,t) as [9] 

v(x, t) = Pvv(x, t); i(x, t) = Pii(x, t) (5.9) 

Since JR and G are real, symmetric and positive-definite matrices, we can compute 

Pv and Pi as follows [9] 

Pi = EmFmSma 

Pv = EmF^Sma.-1 = (Pj)-1 (5.10) 

where 

• Em is a matrix of the right eigenvectors of Gm, and Fm is a diagonal matrix 

of the eigenvalues of Gm, i.e. E^GmEm = F. 

m 

2 
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• The matrix Sm consists of the right eigenvectors of the product 

• The diagonal matrix a is a normalizing factor such that the Euclidean norm 

of the columns of Pi is unity. 

Substituting (5.10) into (5.7) results in 

R = OLKLOL 
m 

G = oc~2 (5.11) 

Since R and G are diagonal matrices, (5.8) represents a set of decoupled equations. 

This implies that the solutions for the auxiliary voltages and currents have the same 

general form as those for the single line case. Figure 5.2 depicts the circuit realization 

for the lossy coupled sections, where the resistor values rai = l/gai and 7\ = l/g^ 

for the ith resistive network are computed as 

(1 _ e-rmidy ^ (2e-Tmid)2 

Zmi(l-e-^dY 9h = Zm i(l-e-9<H = 7 7 i .-2rm„.dv 9h = -7 / , _ a-ivmid\ V5-12) 

and where 

r m i = \/fi §i ; Zmi = \l^- (5.13) 

D 

Note that the coupling effects between the actual voltages and currents (v(x,t), 

i(x,t)) and the auxiliary voltages and currents (v(x,t), i(x,t)) via Py and Pj can 
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be realized using dependent voltage and current sources in conventional SPICE-like 

circuit simulators [9]. The overall DEPACT cell is similar to the one shown in Figure 

5.1, except the middle resistive network is replaced with the coupled resistive network 

shown in Figure 5.2, and the single lossless lines are replaced with coupled lossless 

line circuits. 

Figure 5.2: Equivalent circuit representation for the analysis of resistive coupled 
sections 
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5.1.3 Alternative Realization of Lossy Coupled Sections 

In the previous section, an equivalent circuit was derived which decouples the 

coupled lossy lines into single resistive networks using transformation matrices. 

An alternate approach is presented in this section which does not require any 

decoupling algorithm. The resulting macromodel is a resistive network derived from 

the exponential stamp of the lossy coupled section. 

The exponential stamp of the lossy section of the DEPACT cell can be written in 

terms of hybrid parameters as [3] 

" 

v2 

- * 2 

A 

= em 

— 

Vi 

* i 

— 
11 J- 12 

21 J- 22 

Vi 

^l 

(5.14) 

As described in [3], (5.14) can be expressed in ^-parameter form as 

I = YV; 

where 

Y = {yjk,j,k = l,2,-..,2N} 
Y\i ^12 

^ 2 1 ^ 2 2 

(5.15) 

" 

Yn 

Y21 

-

" 

Y12 

Y22 T2 1 

-

-T^Tu 

rr\ rri—lrri 
— L 22-* 12 -* 11 

~ 

x 12 

TllTyz 
-

(5.16) 

Using the Modified Nodal Analysis (MNA [3]), an equivalent circuit realization 

for (5.15) can be derived in terms of purely resistive elements. For the purpose of 



112 

illustration, Figure 5.3 shows the equivalent circuit for two coupled lines (TV = 2). 

The algorithm in Figure 5.4 summarizes the steps for general circuit realization for 

N lines. It is important to note that, in general, the off-diagonal elements (y.,) of 

the y-parameter matrix Y are negative. This results in a resistive network with all 

positive resistor values. 

Using this approach, the overall DEPACT cell consists of coupled lossless line circuits 

surrounding a resistive network with the same structure as that shown in Figure 5.3. 

In addition, it can be shown that the realization described in Section 5.1.1 and Figure 

5.1 is just a special case of the algorithm presented here when N = 1. 

-1/>14 

.MM 

Figure 5.3: Equivalent circuit representation of (5.15) for N = 2 
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To represent diagonal elements: v.. (j=l,2, 2N) 

Between nodej and ground 
1 
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To represent off-diagonal elements: y^ = yy (j=l,2,... 

Between nodes j and k 

rjk = =± j*k 
J yjk 

...2N; k=l,2,... 2N) 

Figure 5.4: General algorithm for circuit realization of lossy sections described by 
(5.15) 

5.2 Macromodels for Lines with Frequency-

Dependent R(s) and L(s) parameters 

As frequencies advance, the resistance R and inductance L become increasingly 

frequency-dependent. It has been shown in the literature that neglecting these 

frequency-dependent effects can lead to errors in the transient simulation results 

[9, 43-45]. For several practical cases, such as on-chip interconnects [55], setting 

G — 0 or G and C as constant matrices does not significantly affect the time-domain 

solutions [9]. Simplification of the DEPACT macromodeling algorithm for such spe

cial cases is described in this section. 
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5.2.1 Case 1: Constant C. and G = 0 

For frequency-dependent R(s), L(s), constant C, and G = 0, the exponential stamp 

representing the overall transmission line can be written as 

777. 

A(s)+sB(s) T T 

fe=i 

^ ^ A( s)+sB0(s) ^ ^ 

k = e e e (5.17) 

where 

A(S) = 
0 R(s) 

0 0 

rfm! Ba(s) = 
0 La(s) 

0 0 

dm (5.18) 

and 

Xa(s) = L(s) - L(oo); dm = d/m (5.19) 

A(s)+sB(s) 

Expanding e in terms of the exponential Taylor series, we get 

/ W + . B „ _ z + ( A ( s ) + s S ( s ) ) + (AM +&{.))* (5.20) 

where 

A(s) +sB(s) 
0 ~{R(s) + sLa(s))dr, 

0 0 

(5.21) 

(A{s) + sB(s))p = 0, p > 2 (5.22) 

and i" is the N x N identity matrix. 
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Using (5.20)-(5.22), we can write 

A(s)+sB(s) I -(R(s) + sLa(s))dr, 

0 

(5.23) 

For the case of single lines, the terminal voltages and currents of the DEPACT lossy 

section are related by 

Vn 

~h 

1 -{R{s) + sLa(s))d« Vx 

h 

Expanding (5.24) yields the following 

(5.24) 

V2 = V1-[dm(R(s)-sLa(s))I1] 

h = ~h (5.25) 

Figure 5.5 shows the equivalent circuit representation for the equations in (5.25), 

where the middle section consists of a frequency-dependent resistor and inductor in 

series, represented by 

Z(s) = (R(s) + sLa{s))dr, (5.26) 

The realization of the FD impedance Z{s) can be achieved using the modeling 

approach described in Section 4.2. 



116 

kth DEPACTCell: 

Lossless Line 

— A °°A 

2 m' 2 m 

Lossy Section 

. R(s)dm La(s)dm • 

v_ 
J L Z(s) = (R(s) + sLa(s))dm J _ 

Lossless Line 

—A °° A 

2 m' 2 

Figure 5.5: Macromodel realization of the kth DEPACT cell for a single line with 
frequency-dependent R(s), L(s), constant C and G = 0 

Similarly, for coupled lines, (5.23) can be represented in terms of mutually coupled 

inductances and resistors, as shown in Figure 5.6, where 

R(s) = R{s)dm = {Rj,k(s);j, k = 1,2, • • • , N} 

L(s) = La{s)dm = {Llk{s);j, k = 1,2, • • • , N} 

(5.27) 

(5.28) 

In this case, the DEPACT cell will consist of a coupled circuit representing Z{s) 

(which can be modeled as described in Section 4.2 and in Figure 4.3), with lossless 

coupled lines along the outer portion of the cell. 
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kth DEPACTCell: 

Lossless Lines 

C , L~, 
2 am> 2 m 

Lossy Section Z(s) 

LnO) 

o rVYY\ 
Rn(s) 

yvw\ 
_ Ll2(s)\ U l i v ( ^ Rn(s) 
L,22(s) ) \ R22(s) 

0 rYW\ " " 
j L2JV(5)\ 

SYYYxJ • 

'• R2N(s) 

LNN(S) 

y\AA/\ 
RNN(S) 

Lossless Lines 

—// °° .i 
2 m' 2 

Figure 5.6: DEPACT cell with macromodel for coupled lossy sections described by 
(5.23) 

5.2.2 Case 2: Constant C and G 

In this section, we present an equivalent macromodel when the resistance R(s) and 

inductance L(s) are frequency-dependent, and the capacitance C and conductance 

G are constant. 

The delay-extracted exponential matrix of the middle section of the DEPACT cell is 

given by 

Z(s) A(s)+sBa(s) 
e = e (5.29) 



where for this case, 
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A(s) = 
0 R(s) 

G 0 

dm; Ba(s) = -
0 La(s) 

0 0 

dm (5.30) 

Equations (5.29) and (5.30) can be re-written as 

Z(s) E(s)+D 

e = e 

where 

E(s) = 
0 -(R(s) + sLa{s)) 

0 0 

$"mi D = 
0 0 

-G 0 

(5.31) 

dm (5.32) 

Using the Modified Lie Formula [15], the exponential matrix ez^ in (5.31) can be 

approximated using a product of p terms as follows 

,Z(a) _ pE(s)+D = n*< (5.33) 
«=i 

where # j is given by 

D E[si D 
$i = e2pe p e2p (5.34) 

Using the approximation in (5.33) and (5.34), the exponential stamp representing 

the overall transmission line can be expressed in a compact form as 
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A(s)+sB{s) ^ 2m ( j j ^ ) ^ ( 5 - 3 5 ) 

Equivalent Macromodel Realization 

For the macromodel realization, the middle term e P of <&J can be represented by 

the frequency-dependent impedance as shown in Figures 5.5 and 5.6, with a length 
D 

of dp = dm/p. The outer terms e2p of <I>j represent purely resistive networks, and can 

be realized using the approach described in Sections 5.1.1- 5.1.3. In this case, the 

resistive networks will be located at the terminals of each of the p circuit realizations 

for the FD impedance. 

For the overall macromodel, (5.35) implies that each DEPACT cell can be viewed 
v 

as a cascade of p lossy sub-cells (represented by TT <&$) with lossless lines on the 
i= l 

outer portions. In addition, each sub-cell (<frj) can be realized as a cascade of 

frequency-dependent impedances terminated by resistors. Figures 5.7 and 5.8 show 

the circuit realization of the resulting DEPACT cells for single and coupled lines, 

respectively. In Figure 5.8, Zp(s) represents the FD impedance of the ith lossy 

sub-cell, given by Zp(s) = (R(s) + sLa(s))dp. 
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Figure 5.7: Circuit realization for the DEPACT cell with constant G 
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i= 1 
r GJ>k J 
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Figure 5.8: Circuit realization for the coupled DEPACT cell with constant G 
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5.3 Numerical Results 

This section presents several numerical examples which validate the accuracy and 

efficiency of the proposed simplified delay extraction-based macromodels described in 

this chapter. Six examples are considered. Examples 1 and 2 deal with transmission 

lines with frequency-independent parameters. The special case of lines with FD R(s), 

L(s), constant C, and G = 0 is studied in Examples 3 and 4. Examples 5 and 6 

consider the second special case when we have FD R(s), L(s), and constant C and 

G. 

5.3.1 Example 1 

In this example, we consider a long 10 m cable line with frequency-independent pa

rameters. This example is based on one of three benchmark problems provided in [1]. 

The circuit and line parameters are shown in Figure 5.9 . The input voltage is a step 

input with rise time of 0.1ns. Figure 5.10 shows the transient response at the far-

end of the transmission line using the simplified delay-extraction macromodel with 

m = 15. Note that since we are dealing with frequency-independent parameters, the 

lossy sections are modeled using purely resistive networks. The results are compared 

with uniform lumped segmentation in HSPICE [4]. As seen, the results from both 

methods are in good agreement. However, the CPU time for the proposed model was 

only 1.12 s, while lumped segmentation required 1272 s, resulting in a speed-up of 

1100. 
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A/WV 
d=10m 

R = 1.864e-3 Q/cm 
L = 2.77 nH/cm 

C = 0.883 /?F/cm 
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Figure 5.9: Long (10m) cable transmission line circuit for Example 1 
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Figure 5.10: Transient response at far-end of cable line for Example 1 
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5.3.2 Example 2 

In this example, we consider a nonlinear multiconductor transmission line circuit as 

shown in Figure 5.11. The line parameters for MTL subnetwork # 1 are given by [5] 

R = 
0.252 0 

0 0.252 

0,/cm; L = 
3.36 0.865 

0.865 3.36 

nH/cm 

C 
1.29 -0.197 

-0.197 1.29 

d = hem 

pF/cm G = 0 

(5.36) 

and the parameters for MTL subnetworks #2 and # 3 are 

R 
0.34 0 

0 0.34 

Q/cra; L = 
4.76 0.974 

0.974 4.76 

nH/cm 

1.02 -0.178 

-0.178 1.02 

d = 4cm 

pF/cm G = 0 

(5.37) 

The input voltage is a unit step function with a rise time of 0.1ns. The circuit was 

simulated using the simplified delay extraction macromodel for frequency-independent 

parameters, for each MTL subnetwork. Figures 5.12 and 5.13 show a sample of the 

transient responses obtained using an approximation order of m = 6. As seen from 
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the graphs, the results of the proposed method are in very good agreement with 

those from uniform lumped segmentation. The CPU time for lumped segmentation 

was 23.4 s, while the proposed method only required 0.45 s, thus providing a speed-up 

of 52. 

Figure 5.11: Multiconductor transmission line network with nonlinear terminations 
considered in Example 2 
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Figure 5.12: Transient response at near-end of victim line of MTL subnetwork # 1 
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Figure 5.13: Transient response at far-end of active line of MTL subnetwork # 2 



126 

5.3.3 Example 3 

In this example, a single PCB (Printed Circuit Board) line with frequency-dependent 

R(s) and L(s), constant C, and G — 0 is considered. The FD line parameters were 

fitted using the modeling approach described in Section 4.2. Figures 5.14 - 5.16 show 

the fitting results for the p.u.l. R(s), L(s) and the impedance Z(s) — R(s) + sL(s), 

respectively. As seen from the figures, the fitting results match very closely to the 

original parameters. For simulation, the single line was terminated with 50 O resistors, 

and the input to the circuit was a trapezoidal pulse with rise/fall times of 0.04ns. 

The length of the line is d = 0.0508 m, (2 inches). The line was macromodeled using 

the algorithm presented in Section 5.2.1. Figures 5.17 and 5.18 show the transient 

responses for the near and far-end of the single PCB line using the proposed method 

with m = 11, compared to the IFFT (Inverse Fast Fourier Transform) of the exact 

response using the original data. As seen from the plots, the results are in excellent 

agreement. Using the proposed method, the CPU time for approximating the line 

parameters was 0.032 s (performed only once), while the CPU cost for simulation 

was 0.45 s. In contrast to this, the circuit was also simulated using the equivalent 

lumped segmentation model obtained from the FD parameter fitting algorithm. The 

resulting CPU time was 7.05 s, which is more than 15 times slower than the proposed 

method. 
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R vs. Frequency 
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Figure 5.14: Fitted p.u.l. resistance R(s) as a function of frequency (Example 3) 
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Figure 5.15: Fitted p.u.l. inductance L(s) as a function of frequency (Example 3) 
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|Zn( i) | vs. Frequency 
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Figure 5.16: Fitting results for Z(s) for Example 3 
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Figure 5.17: Transient response at near-end of active line for Example 3 
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Figure 5.18: Transient response at far-end of active line for Example 3 
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5.3.4 Example 4 

In this example, we consider a longer PCB (d = 0.254 m) with two coupled lines. 

Similar to the previous example, we also have frequency-dependent R(s) and L(s), 

constant C, and G = 0. Figure 5.19 shows a sample of the fitting results for 

Z\,\(s) = -Ri,i(s) + sL-y^is). As seen from the figure, the fitting results match very 

closely to the original Z^i(s). For simulation, the coupled lines were terminated with 

50 ft resistors and a trapezoidal pulse with rise/fall times of 0.2ns was used as the 

input to the circuit. The lines were macromodeled using the coupled approach de

scribed in Section 5.2.1 and Figure 5.6. Figure 5.20 shows a sample of the transient 

responses obtained using the proposed method (m=25) vs. the IFFT of the exact 

response using the original data. As seen, the results from the new delay extraction 

macromodeling algorithm match very closely to the exact response. In addition, the 

equivalent lumped segmentation model was generated using the FD parameter fitting 

algorithm. The CPU time using the lumped circuit was 45 s, while the CPU time for 

the proposed method was only 1.05 s, thus providing a speed-up of 43. 
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Zj j(,s)| vs. Frequency 
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Figure 5.19: Fitting results for Z\t\(s) for Example 4 
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Figure 5.20: Output transient waveforms for Example 4 
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5.3.5 Example 5 

In this example, we consider a similar PCB line to that used in Example 3. The 

p.u.l. R(s) and L(s) are frequency-dependent, C is constant, but in this case, we 

have a constant conductance value of 0.2888 15/m. The same approximations for the 

line parameters used in Example 3 were used in this example (since R(s) and L(s) 

did not change). However, the resulting macromodel is of the form shown in Figure 

5.7, where the lossy middle section is realized using a cascade of p lossy sub-cells and 

terminating resistors. In this case, the length of the line is d = 0.0808 m, p = 10 

and m = 8. The line was terminated with 50 0 resistors and the input to the circuit 

was a trapezoidal pulse with rise/fall times of 0.1ns. Figures 5.21 and 5.22 show 

the transient responses at the near and far-end of the line, respectively, compared to 

the IFFT of the exact response using the original data. As seen from the plots, the 

results from both methods are in very close agreement. Using the proposed method, 

the CPU time for simulation was only 0.6 s, while the lumped segmentation model 

required 6.7 s. 
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Figure 5.21: Transient response at near-end of active line (Example 5) 
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Figure 5.22: Transient response at far-end of active line (Example 5) 
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5.3.6 Example 6 

In this example, we consider an on-chip five-coupled-line circuit with frequency-

dependent R(s) and L(s), constant C and constant conductance G. The lines were 

macromodeled using the coupled approach described in Section 5.2.2 and Figure 5.8. 

The length of the line is d = 200/jm. The coupled lines were terminated by 50 tt 

resistors. Figures 5.23 and 5.24 show a sample of the frequency-domain responses 

obtained using the proposed method for m = 1 and p = 1, vs. the responses obtained 

from the exponential stamp of the line (exact solution using original data). As seen 

from the plots, the results match very closely, which confirms that the approximation 

orders m = 1 and p = 1 are sufficient. A trapezoidal pulse with rise/fall times of 0.08 

ns was used as input to the circuit. A sample of the transient responses are presented 

in Figures 5.25 and 5.26 using the proposed method vs. the IFFT of the exact re

sponse using the original data. As seen from the plots, the results from both methods 

are in very good agreement. In addition, the CPU time for fitting the coupled line 

parameters was 0.08 s (performed only once), and the transient simulation time was 

only 2.10 s. In contrast, the simulation using the equivalent lumped segmentation 

model required 26 s. 
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Figure 5.23: Real and imaginary parts of the voltage at the near-end of active line 



137 

~ ~ " \ 
Proposed (m=l) 

using original data 

• 

1 1.5 2 2.5 
Frequency (Hz) 

3.5 4 
i n 1 0 

X 10 

(a) Real part of voltage at victim line far-end 

(b) Imaginary part of voltage at victim line far-end 

Figure 5.24: Real and imaginary parts of the voltage at the far-end of victim line 
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Figure 5.25: Transient response at far-end of active line (Example 6) 
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Figure 5.26: Transient response at near-end of victim line (Example 6) 
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5.4 Summary 

In summary, this chapter presented a new simplified delay extraction-based macro-

modeling algorithm for several special cases. One of the main advantages of the new 

method is that MRA- based approximations are no longer required for the special 

cases discussed in this chapter. Specifically, for lines with frequency-independent pa

rameters, the final DEPACT cells are realized as exact implementations (without any 

approximations) in terms of lossless lines and lumped elements, which are computed 

analytically based on the p.u.l. parameters. New macromodeling algorithms for the 

special cases of lines with frequency-dependent R(s), L(s), constant C, with either 

G — 0, or constant G were also described. With these methods, an efficient modeling 

technique is used for rational function approximations of the FD line parameters and 

the resulting equivalent circuits form the lossy section of the DEPACT cell. Sev

eral numerical examples were provided to validate the accuracy and efficiency of the 

proposed method. In addition, the algorithms described in this chapter are relevant 

for the new delay extraction-based waveform relaxation with transverse partitioning 

method which will be described in the next chapter. 



Chapter 6 

A Delay Extract ion-Based Algorithm for 

Simulation of Coupled Interconnects using 

Transverse Parti t ioning 

In this chapter, a new algorithm for simulation of large coupled interconnects based 

on delay extraction and transverse partitioning is presented. Section 6.1 introduces 

the new method and Section 6.2 describes transverse partitioning of the DEPACT 

cells. Sections 6.3 and 6.4 provide formulations for partitioning of the lossy and 

lossless cells, respectively, and Section 6.5 describes the overall resulting macromodel. 

Numerical examples are provided in Section 6.6. 

6.1 Introduction 

In chapters 3 and 4, new waveform relaxation and transverse partitioning (WR-TP) 

algorithms for simulation of coupled interconnects were presented. Using these algo

rithms, the N coupled interconnect circuit is partitioned into N or less independent 

subcircuits with relaxation sources. It was demonstrated that, using these approaches, 

the CPU cost increases almost linearly with the number of lines, providing a signif

icant speed-up as compared to conventional methods. Moreover, one of the main 

140 
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advantages of these algorithms is their generality with respect to the specific macro-

model used for simulation of the single line subcircuits. In Chapter 3, two different 

approaches for updating the WR sources were described: single-ended and distributed 

representations. In the single-ended approach, the WR sources are located at the end 

of the transmission lines, but their calculation requires the evaluation of a convolution 

integral and several transformations between frequency and time. On the other hand, 

using the distributed approach, the convolution integral is discretized using a suitable 

integration formula [39]. In this case, the WR sources are distributed throughout the 

length of the lines, and have a direct time-domain representation (thus avoiding ex

pensive FFT/IFFT operations). Specifically, formulations for distributed approaches 

using uniform lumped segmentation models were presented, along with implementa

tion details regarding updating the sources. However, in the lumped segmentation 

approach, the number of lumped segments depends on the length of the line and the 

maximum frequency of interest [3]. Consequently, the usefulness of the distributed 

approach using lumped models is limited to relatively short lines. To address this, in 

this chapter, the WR-TP algorithm is extended to include more sophisticated trans

mission line macromodels, specifically delay extraction-based models (DEPACT) [5] 

(described in the previous chapter). In this case, the algorithm is suitable for both 

long and short lines and the WR sources are computed directly in the time-domain. 

In addition, fewer WR sources are required since discretization of the convolution 

integral is not involved. Moreover, it is important to note that the proposed method 

is highly parallelizable (just like the other WR-TP algorithms described in Chapters 

3 and 4), since the coupled line circuit is partitioned into independent subcircuits. 

Thus, array processors can be used to simulate the individual subcircuits in parallel, 

which would provide further computational cost advantages. 
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6.2 Transverse Partitioning of DEPACT Cells 

DEPACT is a robust and compact algorithm, and since it employs an efficient 

delay-extraction mechanism, it is suitable for both long and short lines (off-chip and 

on-chip applications). In addition, the resulting macromodel is guaranteed to be 

passive [5]. However, as the number of lines is increased, we are still faced with the 

challenging problem of simulating a large number of coupled lines. To address this 

issue, the WR-TP concept is extended to include delay extraction-based macromodels. 

One alternative is to use the single-ended representation for the WR-TP algorithm 

described in equations (3.7)-(3.13). In this case, the decoupled transmission lines 

can be realized using the DEPACT macromodel (cascade of lossy and lossless lines 

as shown in Figure 2.9), with independent WR sources located at the end of each 

line [17]. However, using this approach would require the evaluation of the convolution 

integral in (3.13) and numerous frequency/time transformations of the voltages and 

currents along the lines. This can lead to an increase in computational cost. Thus, 

to avoid this, the solution is to apply the WR-TP concept on the DEPACT cells 

themselves, as opposed to the Telegrapher's equations. Using this approach, each of 

the coupled DEPACT lossy and lossless transmission line subnetworks are partitioned 

independently in the transverse direction, and WR is applied on the lossy and lossless 

lines separately. It will be shown that, in this case, the WR sources have a direct 

time-domain representation and are computed analytically in a closed-form. 

6.3 Partitioning of Lossy Sections 

For the case of transmission lines with frequency-independent RLGC parameters, 

the stamp of the lossy section of the DEPACT cell can be written as 



143 

where 

v{lm,t) 

A = 

A 
,2m 

v(0,t) 

i(0,t) 

(6.1) 

0 -R 

-G 0 

d (6.2) 

and where R and G are the p.u.l. resistance and conductance parameter matrices, 

respectively and lm = d/2m is the length of the lossy section. 

With simple manipulation, (6.2) can be written in the following form 

e = ro (6.3) 

0 = 

0 i 

0 N 

; 0 = 

Ox 

n JV 

Y = {Yjk; j,k = l,->.,N} 

(6.4) 

(6.5) 

where the matrix Y denotes the re-arranged ^/-parameter matrix, and Yjk are 2 x 2 

submatrices representing the coupling between lines j and k. The vectors ®j(t) and 

£lj(t) represent the terminal currents and voltages for the jih. line of the lossy section, 

respectively, and are defined as 
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Bjit) = [ij{l0,t) ij(lm,t)]T 

Qj(t) = [vj(l0,t) Vj(lm,t)]T (6.6) 

where IQ and lm represent the near and far ends of the lossy section, respectively, and 

superscript ' T" denotes the transpose operator. 

Example 

To illustrate the formulations in (6.3)-(6.6), consider two coupled lossy lines as shown 

in Figure 6.1. 

' 'ICO'O Hilm,t) 
» ^ 

v2(l0, t) v2(/m, o 

ground 

Figure 6.1: Two coupled lossy lines 

The exponential stamp of the lines can be written as 
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= e 

A 
2m 

Vi(l0,t) 

V2{k,t) 

ii(lo,t) 

kikit) 

Tn T12 

T21 T22 

~ 

vi{k,t) 

v2(lo,t) 

k{k,t) 

k{lo,t) 

(6.7) 

Vl(lm,t) 

V2(lm,t) 

-il(lm,t) 

-k(lm,t) 

Using the approach in [3], the terminal relations of the two coupled lines can be 

written in y-parameter form as 

ii(k,t) 

h(lm,t) 

y , i Y 11 -* 12 

Y21 Y22 

Vi(l0,t) 

V2(k,t) 

Vi{lm,t) 

V2(lm,t) 

(6.8) 

where 

Yn Y12 

Y21 Y22 

-Ti2lTn 
T - i 
J 12 

T rr\ rw~i—1/TT rr\ rr\—1 

2 1 — 1 2 2 - * 12 •*• 11 - 1 2 2 - * 12 

(6.9) 

Next, in order to group together the ^-parameters for each individual line, the matrix 

Y is re-arranged by swapping rows/columns 2 and 3 in (6.8). With simple mathe

matical manipulation, we can write 
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ii(k,t) Vl(k,t) 

i>2{lm,t) 

Yn ^12 

^21 ^22 

Vl{lm,t) 

V2(lo,t) 

V2(lm,t) 

(6.10) 

where the 2 x 2 submatrices Yn and Y22 represent the admittance parameters for 

lines 1 and 2, respectively, and where Yi2 and Y2i represent the coupling between 

the lines. • 

Note that since A is frequency-independent, the y-parameter matrix Y in (6.10) 

is real, and the exponential stamp in (6.2) can be realized using a purely resistive 

network, with all positive resistor values (further details are provided in Section 5.1.2). 

Next, applying waveform relaxation techniques to (6.3), we obtain the following re

cursive equations 

ef+1) = r , X r + 1 ) + <^r)(t); J = i, 2, • • •, *r (6.11) 

,00 where ty (t) represents the coupling effects on line j due to the neighboring lines 

and is given by 

*>?'(*) = 
(Pi(!o,t) 

<Pj(lm,t) 

( r ) 

N 

= £ Yjk^k (6.12) 
fc=i 

» The WR source cpj '(t) in (6.12) is represented by independent current sources at the 
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terminals of each line within the lossy section. The advantage here is that the sources 

are computed directly in the time-domain as a linear combination of the voltages on 

the neighboring lines. Figure 6.2 shows the equivalent circuit for the jth line of the 

partitioned lossy sections, where the resistor values are obtained using (5.6). 

9jlr%*t) 

rx>o 
+ 

( r + l ) (/n. 0 a-
J 

'bJ 

Line j 
+ 

( r + l ) 
Cm.') p/ r ,(U) 

Figure 6.2: Equivalent circuit for the jth line of the decoupled lossy section 

6.4 Partitioning of Lossless Sections 

6.4.1 Conventional Mode Decoupling 

One common approach used for decoupling of lossless lines is accomplished via mode 

decoupling [9]. In this approach, the actual voltages and currents (v(x,t),i(x,t)) of 

the lossless lines are expressed in terms of propagating modal voltages and currents 

(v(x,t),i(x,t)) as 

v(x,t) = TV v(x,t) 

i(x,t) = Tri(x,t) (6.13) 



148 

where TV and Tj are modal transformation matrices, which are obtained as a func

tion of the eigenvalues and eigenvectors of the L and C line parameter matrices [9]. 

Using (6.13), the decoupled terminal voltages and currents of the lossless section are 

related by 

jU(M) = -L§?{*,t) 
£i(x,t) = -cJ^(M) (6-14) 

where L and C are diagonal matrices defined as 

L = diag{h, ••• , lN} = Tv
1LmTI 

C = dia0{ci,.-.,c JV} = T71CmTV (6.15) 

and Lm = %, a n d cm = %• 

Using equations (6.13)-(6.15), the iV-coupled lossless line network can be decoupled 

into N single lossless lines with parameters lj and Cj for j = 1, • • • , N. The coupled 

relationship between the actual voltages and currents (v(x, t), i{x, t)), and the modal 

voltages and currents (v(x,t),i(x,t)) is realized using dependent sources at the 

terminals of each lossless line [9]. Although this approach is commonly used for 

simulation and analysis, if waveform relaxation was applied to this formulation, it is 

not guaranteed to converge. This is due to the fact that the modal transformation 

matrices Tv and TV are not diagonally dominant. Thus, the coupling between the 

actual voltages/currents and the modal voltages/currents is relatively strong, and 
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is not the ideal scenario to apply waveform relaxation. To address this, we must 

decouple the actual voltages/currents between the lines, since those are relatively 

weakly coupled. 

6.4.2 Closed-Form Evaluat ion of W R Sources for Lossless 

Lines 

In this new algorithm, the actual voltages and currents between neighboring lossless 

lines are decoupled and the waveform relaxation sources are computed analytically 

in a closed-form. Using this approach, the coupling sources are located at the far-end 

of the lossless sections and are obtained as delayed time-domain waveforms of the 

voltages and currents on the neighboring lines. 

Consider again the integral form of the WR sources for the j th line which is given by 

i(r) 

W) = 
VsrCj {d, S) 

(r) 

= / eF^d-^\r),s)d7) (6.16) 
Jo 

Since we are applying WR-TP to the lossless section of the DEPACT cell, (6.16) can 

be simplified as 

1-srCj \flmi S) 

(r) 

= / e^(dm-">*}p;(7/,s)d»7 (6.17) 
Jo 

where 

file:///flmi
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F = 
* 3 

0 -sL 33 

-sCa 0 

AT 

*rv)-£ 
fc=i 

0 

-sCjk 0 

(r) 

and dm = d/m is the length of the lossless section. 

(6.18) 

(6.19) 

In (6.19), the voltages and currents of the &th line can be expressed as 

Vk(v,s) 
= UkWv(s) (6.20) 

where Uk G [0,1] is a selector matrix which selects the voltages and currents on the 

kth line and W,j(s) is a 2N x 1 vector of the voltages and currents on all iV lines at 

a distance rj, which is given by 
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Wv(s) = 

Vi(v,s) 

V2(V,s) 

h{ri,s) 

(6.21) 

IN(V,S) 

Next, using the exponential stamp of the overall line, Wv(s) can be expressed in 

terms of the voltages and currents at the near end of the lossless line as follows [3] 

Wv(s) = es^W0(s) (6.22) 

where 
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W0(s) 

Vi(d0,s) 

V2(d0,s) 

VN(d0,s) 

h(d0,s) 

h(d0,s) 

B = 
0 -L 

-C 0 

(6.23) 

IN (do, s) 

and do denotes the near end of the lossless line. 

Using (6.20)-(6.23), and with some mathematical manipulation, the lossless WR 

sources in (6.17) can be re-written as 

» Srcsf>(s) = 
*srcj \U>mi S) 

(r) 

•s / e^*"-") Bj esBv Wo{s){r) dr\ 
Jo 

(6.24) 

where Bj represents the coupling parameters for line j and is given by 
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N 

B,=E 
fc=l 

0 Ljk 

Cjk 0 

uk 

Next, the term eF^dm ^ in (6.24) can be diagonalized as 

oFj(dm-v) 
= f*i 

2STj(dm-v) 0 

Q eSTj(dm-T)) 

/3 - l 
3 

where /3j are the eigenvectors of Fj/s and TJ = y/LjjCjj. 

(6.25) 

(6.26) 

Similarly, esBv can be expressed as follows 

e8*" = f dia^e**1",. . . , e^N", e~ s™,.. . , e " ^ " } f 
- l 

(6.27) 

where 7 I , . . . , 7 J V and f are the eigenvalues and eigenvectors of the matrix B (in 

(6.23)), respectively. 

Next, we define the the following 2 x 2N matrix 

Kj = pfBjt (6.28) 

Using (6.26)-(6.28), and with some mathematical manipulation, (6.24) can be simpli

fied as 

Srcsf\s) = -s [" 
Jo 

Pj Aj f W0{s){r)drj (6.29) 

where Aj is a matrix of exponential terms defined as 
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A , = 
Kfl)esafl) 

, , (2,1) 

Kf%-8ai 

K{i,2N)esaj 

(1.2JV) 

K(2,2N)e-scq 
(2,2N) 

(6.30) 

where Kj' denotes the element in location (n, p) of the Kj matrix, and otj is given 

by 

(i-p) _ 
i \ 

Tj(dm-rj)-%rj, 

and N is the number of lines. 

a 
(2,P) 

p = l , . . . , J V 

p = JV + l, . . . ,2JV 

p = l , . . . , i V 

p = iV + 1 , . . . , 2iV 

(6.31) 

(6.32) 

Next, since (3j, V and W 0 ( s ) ^ are all independent of rj, the frequency-domain WR 

sources in (6.29) can be expressed in a compact form as follows 

; - l Srcs{p{s) = - / 3 , Hj f * W0{s)^ 

where Hj is a 2 x 2N matrix given by 

I Hj = s I Aj dr\ 

whose elements are defined as 

(6.33) 

(6.34) 

(i,P) _ Kj 
(I,P) 

H?*> = 
7p r j 

0S
/ypCtrn STjCtr, p = l,...,N 
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H(i,P) = ^ j 
3 

(lj») 

_ 7 ( P - J V ) Tj 

~81(p-N)U"m pSTjU>r> p = N + l,...,2N (6.35) 

F (2 ,P) = ~K3 
(2,P) 

"7P
 r j 

0S^fp(lm STj(lv p = l,...,N 

rr(2,p) = 
K (2,P) 

7(p-N) Tj 

3 SK(p-N)dm g STjd^ p = N + l,...,2N (6.36) 

In order to link to nonlinear circuit simulators, it is required to obtain a time-domain 

representation for the sources given in (6.33). This is straightforward since the 

exponential terms in the Hj matrix represent delay operations in the time-domain. 

Next, we define the following relation 

(r) 

kit) 

4(i)« = = f V0(t)W (6.37) 

92iV (*) 

where 
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W0(t)
{r) = 

Vi(d0,t) 

vN(d0,t) 

ii{d0,t) 

(r) 

(6.38) 

iN(d0,t) 

represents the time-domain voltage and current waveforms at the near end of the 

lossless lines. 

Lastly, using (6.34)-(6.37), the time-domain WR sources can be expressed in a closed-

form as follows 

» Srcsf>{t) = 

(r) 

= ^i 
fn(t) 

(r) 

(6.39) 

where fj1 (t) and fj2 (t) are defined as 
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/*(*)(r) = £ ' 
P=I 7^ Ti 

p\t + lpdm)u{t + %dm) - 0_r)(t + Tjdm)u(t + Tjdn 

2JV K (l,p) 

P=N+I 7<*-JV> Ti 

(r) (t - %-N)dm)u(t - %-N)dm) - ^ \ t + Tjdm)u(t + Tjdm) 

(6.40) 

N _ K(2,p) 

/*(*)« = £ • ^~ 
p=l 7 P TJ 

pr)(* + lpdm)u{t + %dm) - 4>^\t - Tjdm)u(t - Tjdm) 

2JV 

+ £ ~K' 
(2,P) 

p=JV+l 
7(P-JV) Tj 

^p r )(* _ l(P-N)dm)u(t - J{p-N)dm) - ^ \ t - Tjdm)u(t - Tjdm) 

(6.41) 

and u(t) is the unit step function given by 

u(t — a) — 
0 t < a 

1 t > a 

(6.42) 

Using (6.39)-(6.42), the WR sources for the lossless sections of the DEPACT cell can 

be computed in a closed-form. This is achievable due to the fact that we are dealing 

with purely lossless lines, and the convolution integral in (6.16) may be evaluated 

analytically. As a result, the sources are obtained as a combination of delayed time-

domain waveforms of the voltages and currents at the near end of the lines. The 

equivalent circuit for the jth decoupled lossless line is shown in Figure 6.3. 
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J v ° ' Lossless line / J J v m ' 

0-

+ 

Lossless line / 

1 u src src^m' f> 

• * = - < > 

+ 

v) \dm,t) 

Figure 6.3: Equivalent circuit for the jth line of the decoupled lossless section 

6.5 DEPACT+WR-TP Macromodel Realization 

The resulting partitioned DEPACT cells are constructed as a cascade of the decoupled 

lossy and lossless sections. Figure 6.4 shows the equivalent circuit for the decoupled 

DEPACT cell with WR sources. The overall line is realized using a cascade of m 

DEPACT cells. Using this approach, each individual line is macromodeled using a 

cascade of single lossy and lossless lines with voltage and current WR sources. It is 

also important to note that, in the proposed method, there are fewer WR sources 

(compared to the distributed approach described in Chapter 3), since there is no 

discretization of the convolution integral. 

The computational steps of the proposed algorithm can be summarized as follows: 

• Step 1: Using (2.28), select a suitable DEPACT approximation order m. 

Let r=0. 

• Step 2: Start with an initial waveform for the lossy and lossless WR sources, 

ip^it) and Srcs^it), respectively, for 1 < j < N and for all DEPACT cells 
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(1 < k < m). 

• Step 3: Simulate each individual line independently and obtain fjj(i)(r+1) (in 

(6.6);, and W0(£) ( r+1) (in (6.38);. 

• Step 4-' Based on the solution obtained in Step 3, update the WR sources using 

(6.12) and (6.39). 

• Step 5: Let r=r+l; go to Step 3 and repeat until convergence is achieved within 

an acceptable error tolerance. 

k"1 DEPACT cell: 

Lossy Line j 
vi™/d».0| 

/ = d/(2m) 

Lossy Line j 

TWVv. 

lm = d/(2m) 

Figure 6.4: Overall decoupled DEPACT cell for line j 

6.6 Numerical Results 

In this section we present two case studies. The first example validates the accuracy 

of the proposed method, and the WR source formulations. In the second example, the 

new algorithm is applied to a relatively long transmission line circuit. The examples 

validate the fact that the new method is suitable for both short and long lines (on 

and off-chip interconnects), which is one of its key features. 
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6.6.1 Example 1 

In this example, a two coupled line circuit is considered. The length of the line is 

d = 2cm. The line parameters were extracted from [14]. The input voltage is a 

pulse with rise/fall times of 0.5ns and a pulse width of 5ns. The terminations were 

50O resistors at the near end and 1 pF capacitors at the far-end. Figures 6.5 - 6.6 

show a sample of the transient response after 2 WR iterations, for a DEPACT order 

of m = 1. The results are compared to the coupled uniform lumped segmentation 

in HSPICE. As seen, the results are in excellent agreement. In addition, the CPU 

time for the proposed WR-TP+DEPACT algorithm was 0.28 s, while the lumped 

segmentation model required 1.8 s. 

l 

f\_ , 

1 1 
V 

Proposed (m=l) 

Lumped 
Segmentation 

: 

-

1.2 * ' ' ' ' ' ' ' ' > 
0 1 2 3 4 5 6 7 8 9 

Time (sec) 

Figure 6.5: Voltage at far-end of active line (Example 1) 
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Figure 6.6: Voltage at near-end of victim line (Example 1) 
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6.6.2 Example 2 

In this example, we consider a three-coupled-line circuit with d = 25 cm. The input 

voltage is a pulse with rise/fall times of 0.5ns and a pulse width of 5ns, and the termi

nations are the same as in Example 1. Figures 6.7 - 6.8 show a sample of the results 

after 3 WR iterations using m = 8, vs. the coupled uniform lumped segmentation in 

HSPICE. As seen from the plots, the results are in excellent agreement. In addition, 

the CPU time for the proposed algorithm was only 0.96 s, compared to 7.0 s using 

uniform lumped segmentation. 

0.4 

3 0.3 

S 0.2 

0.1 

' 

p^-~_A I 

I L 
Proposed (m=8) 

Lumped 
Segmentation 

-

-

0.6 0.8 

Time (sec) 

1.2 

x10"£ 

Figure 6.7: Voltage at near-end of active line (Example 2) 
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Figure 6.8: Voltage at far-end of victim line (Example 2) 

6.7 Summary 

In summary, this chapter presented a new delay extraction-based waveform relaxation 

with transverse partitioning (WR-TP) algorithm. In this method, each of the lossy 

and lossless portions of the DEPACT cell are partitioned separately in the transverse 

direction. Advantages of the proposed algorithm are that it is suitable for both 

long and short lines, and the WR sources are computed analytically in a closed-

form, directly in the time-domain. Several examples were presented which validate 

the accuracy and efficiency of the new method. In the next chapter, a new general 

algorithm for time-domain sensitivity analysis of transmission lines is described. 



Chapter 7 

A General Approach for Time-Domain 

Sensitivity Analysis of High-Speed 

Interconnects 

In this chapter, a new general method for time-domain sensitivity analysis of trans

mission lines is presented. Section 7.1 introduces the topic, and Section 7.2 presents 

an overview of the direct sensitivity method. Details of the new transmission line 

sensitivity analysis algorithm are presented in Section 7.3, and Section 7.4 provides 

computational results. 

7.1 Introduction 

Sensitivity analysis plays a major role in the design and optimization of high-speed 

circuits and interconnects. It provides designers with the ability to make the 

proper trade-offs, often between conflicting designer requirements, to obtain the 

best possible performance. In addition, when using optimization tools as part 

of the design cycle, the sensitivity vector in the form of the gradient of the cost 

function is crucial to obtain fast convergence. Moreover, sensitivity information is 

of significant importance in identifying critical design components and in tolerance 
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assignments [56,57]. 
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Several techniques have been presented in the literature for sensitivity analysis of 

distributed interconnects [56-60]. The commonly used approach is based on two 

steps. In the first step, the distributed interconnect represented by the Telegrapher's 

equations is replaced by a suitable lumped circuit macromodel. In general, the 

macromodel consists of RLC components and delay dependent sources. In the 

second step, the sensitivity of these lumped components due to variations in the 

interconnect parameters are evaluated and are subsequently related to the sensitivity 

of the overall circuit response. This approach has a major drawback: in general, it is 

not a straight forward process to obtain relationships between lumped components 

and interconnect parameters. For example, using the MoC transmission line macro-

modeling algorithm [10], the computation of the sensitivity of the eigenvalues and 

eigenvectors of the propagation matrix are usually required, and for the case of the 

MRA algorithm [12], the sensitivity of the coefficients of the approximating rational 

functions are needed. In addition, this approach for sensitivity analysis is restricted 

to the specific macromodel used. In other words, for every new macromodeling 

technique, a new sensitivity algorithm has to be developed. 

In this chapter, a novel and generic method for sensitivity analysis of distributed 

interconnects is developed [20]. The new algorithm has two major advantages over 

the current techniques: 

1. It is general in the sense that it is independent of the specific macromodeling 

approach used. 

2. It does not require the computation of the sensitivity of the macromodel com

ponents with respect to the interconnect parameter of interest. 
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The new approach significantly simplifies the sensitivity computation process. In 

contrast to the current techniques in the literature, we start by differentiating the 

Telegrapher's equations with respect to the interconnect parameter of interest. This 

results in an equivalent "sensitivity circuit" which consists of lumped and distributed 

components, as well as independent sources. The sensitivity information is obtained 

by simulating the original and sensitivity circuits using any suitable macromodeling 

technique. In addition, the method is highly compatible with the WR-TP algorithms 

described in the previous chapters, opening the door for fast and efficient time-domain 

sensitivity analysis of massively coupled interconnect networks. 

7.2 Sensitivity Analysis of Lumped Circuits 

Sensitivity analysis of lumped circuits has been extensively described in the literature. 

One common approach is the direct sensitivity method [61]. This method involves the 

construction of a new sensitivity circuit with the same topology as the original circuit, 

with the voltages and currents being replaced by the sensitivities of the voltages 

and currents, respectively. The solution of the sensitivity circuit yields the required 

sensitivity information. A review of the direct sensitivity method is presented in the 

remainder of this section. 

7.2.1 Sensitivity Circuits for RLC components 

Consider a linear resistor (Figure 7.1(a)) with the terminal relationship given by 

v = iR (7.1) 

Differentiating (7.1) with respect to a parameter of interest A, yields 
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dv OR. di 
(7.2) 

Therefore, the resulting sensitivity circuit (Figure 7.1(b)) consists of a resistor with 
BR 

resistance R, in series with an independent voltage source with a value of -^-i, 
oX 

where the current i is obtained from the solution of the original circuit. Note that 

the variables in the sensitivity circuit are the derivatives of the voltages and currents 

with respect to the parameter A. 

Original Network Sensitivity Circuit 

(a) 

Figure 7.1: Companion model for resistors 

Similarly, for inductors, the relationship between the voltage and current can be 

written as 

v = L 
di 
di 

(7.3) 
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Differentiating (7.3) with respect to A, we get 

dv dL di d di 
~d\ = ~d\di+ 'dXdt 

dLv d di 
aXI+ d~Xdt 

(7.4) 

Prom the above equation, each inductor in the original circuit is replaced by an 

inductor of the same value, in series with an independent voltage source equal to 

——, as shown in Figure 7.2(b), where the voltage v is obtained from the solution 
o\L 
of the original circuit. 

Original Network Sensitivity Circuit 

(a) 

Figure 7.2: Companion model for inductors 

Next, for capacitors (Figure 7.3(a)), we can write 
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i = C 
dv 
~dl 

(7.5) 

Differentiating (7.5) yields the following 

di DC dv d dv 
d\ = ~d\~di+ dAdt 

_ DC % d dv 
~d\C+ 9 A ¥ 

(7.6) 

In this case, the sensitivity circuit consists of a capacitor with capacitance C, in 

parallel with an independent current source which is given by Trr?^' as shown in 

Figure 7.3(b), where the current % is acquired from the solution of the original circuit. 

Original Network 

+ 
v C 

1 
T 

(a) 

Sensitivity Circuit 

di/dX 
_ • 

+ X 
T 

(b) 

Figure 7.3: Companion model for capacitors 

For independent voltage and current input sources, vs and is, in the sensitivity circuit 
ov o% 

they are replaced with —- and —^. However, usually the independent sources are not 
o\ OX 

functions of A, and thus can be replaced with closed and open circuits, respectively 

[61]. 
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7.2.2 Sensitivity Circuits for Dependent Sources 

• Voltage Controlled Current Sources (VCCS) : 

Consider the VCCS shown in Figure 7.4(a) denned by the following terminal rela

tionship 

ib = gmva (7.7) 

where gm is the transconductance of the device. 

(Note: In Figures 7.4-7.7, the diamond shaped source represents a controlled source). 

Differentiating (7.7) with respect to A yields 

dib dva dgm . 
5A = 9m 5A + ~d\Va ( 7 ' 8 ) 

Therefore, the sensitivity circuit for a VCCS (Figure 7.4(b)) consists of the original 

controlled current source in parallel with an independent current source, where the 

voltage va is known from the solution of the original circuit. 

• Voltage Controlled Voltage Sources (VCVS): 

The terminal relationship for the VCVS shown in Figure 7.5(a) is given by 

Vb = /IVa (7.9) 

Differentiating (7.9) we get 

dvb dva d[i 
-d\=^ + dxVa (7-10) 

Figure 7.5(b) shows the sensitivity circuit for the VCVS, which consists of the same 

controlled voltage source in series with an independent voltage source, where va is 
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obtained from the solution of the original network. 

• Current Controlled Current Sources (CCCS): 

Consider the CCCS shown in Figure 7.6(a) with the following terminal relationship 

k = ®ia (7.11) 

Differentiating (7.11) yields 

d% dia da. . . 

d\=adx + d\u (7-12) 

Therefore, the sensitivity circuit for the CCCS (Figure 7.6(b)) is composed of an 

identical controlled source in parallel with an independent current source, where the 

current ia is known from the solution of the original circuit. 

• Current Controlled Voltage Sources (CCVS): 

The terminal relationship for the CCVS shown in Figure 7.7(a) is given by 

Vb = rmia (7.13) 

Differentiating (7.13) we get 

dv, dia dTrn . . 

ex md\+ d\%a l j 

Figure 7.7(b) shows the sensitivity circuit for the CCVS which consists of the 

original controlled source in series with a known independent voltage source, and ia 

is obtained from the solution of the original circuit. 



Original Network Sensitivity Circuit 9/ __b 
dX 

va <l> lb = Smva 
dv dv. 

^ <i>*m33l
fl 

3g 
m 

I a d X 

(a) (b) 

Figure 7.4: Companion model for voltage controlled current source (VCCS) 
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Figure 7.5: Companion model for voltage controlled voltage source (VCVS) 
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Figure 7.6: Companion model for current controlled current source (CCCS) 
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Figure 7.7: Companion model for current controlled voltage source (CCVS) 
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7.2.3 Sensitivity Circui ts for Nonlinear Componen t s 

Consider a nonlinear component (shown in Figure 7.8(a)), with the terminal relation

ship given by 

< = /(«, A) (7.15) 

Differentiating (7.15), yields 

di df dv df . . 
d\ = d^dx + dx (7-16) 

The resulting companion model for (7.15) is shown in Figure 7.8(b), which consists 
8f 

of a time-variant conductance Gt, in parallel with an independent current source ——, 
oX 

where 

Gt=d£ 
dv 

(7-17) 
v(t) 

and where v(t) is acquired from the solution of the original circuit [61]. 
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Original Network Sensitivity Circuit 

(a) 

di/dX 
_ • 

i = /(v, X) 
+ 
dv 
dX 

(b) 

Figure 7.8: Companion model for nonlinear resistors 

7.3 Sensitivity Analysis of Transmission Lines 

In this section, the direct sensitivity approach is extended to transmission line cir

cuits. In the new method, the equivalent sensitivity circuit is derived directly from the 

Telegrapher's equations. Advantages are that it is independent of the specific macro-

modeling technique used and it does not require the computation of the sensitivity 

of the specific macromodel components with respect to the interconnect parameter 

of interest. 

7.3.1 Companion Model for Transmission Lines 

Recall the Telegrapher's equations describing the transmission lines in the following 

form [9] 

d d 
—v(x,t) = -Ri(x,t)-L—i(x,t) 

—i(x,t) = —Gv(x,t) — C—v(x,t) 
dx dt 

(7.18) 
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where R G $lNxN, L G $NxN, C G $tNxN, and G G 3 ^ x A r are the p.u.l. parameters 

of the line, v(x,t) G $t.N and i(x,t) G 5 ^ represent the voltage and current vectors 

as a function of position x and time t, and N is the number of coupled lines. 

Differentiating (7.18) with respect to a parameter A (where A represents any electrical 

or physical interconnect parameter of interest) yields the following relationship 

-v(x,t) = -m{x,t)-L-t(x,t)-^(x,t) + —-^x,t) 

d d I dG dC d 
—i(x,t) = -Gv(x,t) - C-v(x,t) - {^v(x,t) + -^Ftv(x,t) ) (7.19) 

where the sensitivity variables in (7.19) are defined as 

d ~ d 
v(x, t) = -Q^O{X, t); i(x, t) = -Qyi{x, t) (7.20) 

Next, the solution of (7.19) can be written in the frequency-domain as 

V(d,s) 

I(d,s) 

= e{A+sB)d 
V(0,s) 

1(0,5) 
JO 

+ / e{A+s*){d-r>)®(r1,s)dri (7.21) 

where 

" 
0 

-G 

~ 
-R 

0 

; B = 
0 

-C 

£ 

0 

(7.22) 
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&(v,s) = 
0 

dG_ dC_ 
d\ +Sd\ 

dR dL_ 

d\ +Sd\ 

0 

V(V,s) 

I{ri,s) 

(7.23) 

and d is the length of the line. 

The sensitivity equations in (7.21) can be modeled as a transmission line circuit with 

independent sources at the end of the lines, as shown in Figure 7.9. In this case, the 

variables are the sensitivities of the circuit voltages and currents, with respect to the 

parameter A. The sensitivity sources are obtained from the solution of the original 

circuit and can be expressed in the time-domain as 

u(d,t) 

p(d,t) 

T-1 
U{d, s) 

P(d, s) 

= F-X\ / e(A+s-&)(d-,?)*(r/, s) dri \ (7.24) 

where T 1{} denotes the inverse Fourier transform operator. 

The equations in (7.21)-(7.24) are general in nature and thus any macromodel can be 

used to realize the transmission line portion of these equations. 
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fi(0,o 

vN(0, t) 

ux{d,t) ~ix{d,t) 

Q - » ° 
+ 

P\{d,t) vx(d,t) 

uN(d, t) iN(d, t) 

o—=^> 
+ 

pN(d,t) vN(d,t) 

Figure 7.9: Equivalent sensitivity TL circuit 

7.3.2 Computation of the Sensitivity Sources 

The direct calculation of sensitivity sources in (7.24) can, in general, be computa

tionally expensive. This is because we need to convert the time-domain voltages and 

currents at all points along the line (at every rj) to the frequency-domain, using the 

FFT, followed by the numerical evaluation of the integral. In this section, a new 

and more efficient eigenvalue based approach for obtaining the sensitivity sources is 

presented. In this approach, only the frequency spectrum of the voltages and cur

rents of the near-end of the transmission lines are required. In addition, a closed-form 

solution for the integral in (7.24) is obtained. 

From (7.24), the sources can be written in the frequency-domain as 

O sp.ns 

U(d,s) 

P(d, s) 
-f 

Jo 

efr+'B)V-i)$(ri,8) dri (7.25) 
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Using the exponential stamp of the line [3], 

V(v, a) 
= e(A+sB)V 

V(0,s) 

1(0, s) 

(7.26) 

and moving the terms which are independent of r) outside the integral, (7.25) can be 

re-written as 

S = e T d 

u sens c 

rd 
/ e-T" H(s) eTr? dr] 

Jo 

V(0,s) 

1(0, s) 

where 

(7.27) 

T - A + sB 

and H(s) is given by 

H 00 = -
dR dL 

dG dC 

Defining the following 

Js = / e~rr> H(s) err> dr] 
Jo 

(7.28) 

(7.29) 

(7.30) 

we get 



180 

u sens ° "a 

V(0,s) 

1(0, a) 

(7.31) 

where V(0, s) and 1(0, s) are the voltage and current vectors at the beginning of the 

transmission lines, respectively. 

Next, eTr? can be diagonalized as 

eYj? = Vs diagie™, e™,..., e ™ } V;1 (7.32) 

where 7i, 72, • • •, 7JV and Vs are the eigenvalues and eigenvectors of T, respectively, 

and 7J = —7,-, for i = N + 1 , . . . , 2iV and j = 1 , . . . , N. 

Using (7.32), Js in (7.30) can be re-written as 

Js = Vs ( j diag{e-™,..., e~™} Ks diag{erir>,..., e72J^} drA Vjl (7.33) 

where the matrix Ks is given by 

Ks = V?H{a)V (7.34) 

The term inside the integral in (7.33) can be expressed in a general form as follows 

Gs = diag{e-™,..., e ^ " " } Ks diag{e™,..., e 7 2^} 

= {Gs(i,j); i,j = l,...,2N} (7.35) 
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G.(i,j) = { 
Ka{i,j), i = j 

Ks{i,j)e , i^j 

(7.36) 

Integrating Gs with respect to rj, we get 

Gs = f G8 dV 
Jo 

= {Gs(i,j); i,j = l,...,2N} (7.37) 

where the elements in Gs are given by 

Ga(iJ)={ 
Ks(i,j)d, i = j 

Ks(i,j) {rn-ii)d Ks(i,j) 

I Ij-H 

Using (7.37)-(7.38), Js can be expressed as 

Ij ~ 7i 
-, i^3 

(7.38) 

j„ = v&v:1 
s r s (7.39) 

Finally, the sensitivity voltage and current sources, u(d, t) and p(d, t) can be obtained 

using (7.39), and 

u(d,t) 

p(d,t) 

= F~1< erd J„ 
V(0,s) 

1(0, s) 

\ (7.40) 
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7.3.3 Overall Sensitivity Circuit 

Following the approaches described in the previous sections, the overall sensi

tivity circuit can be obtained by using the derived companion models for the 

transmission lines as well as the lumped components. To illustrate, consider the 

transmission line network shown in Figure 7.10(a). The corresponding overall 

sensitivity circuit is shown in Figure 7.10(b), which has the same topology as 

the original network. It is important to note, that the transmission lines in both 

the original and sensitivity circuits can be macromodeled using any desired algorithm. 

In the case where A represents an interconnect physical parameter, the sensitivity of 

an output node vout can be obtained as follows 

dvout _ \ p y ^ fdvoutdRjj dvputdLjj dv^dG^ dv0UtdCi^\ 

dX ~~ t ^ ^ \9Ri,j d\ dLij dX dGi4 dX dCid dX J [ ' ' 

where the subscript i, j represents the element in position (i, j) of the corresponding 

p.u.l. parameter matrices. 



i = /(v, X) 

(a) Original TL network 

(b) Equivalent overall sensitivity circuit 

Figure 7.10: Example TL network and corresponding sensitivity circuit 
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7.3.4 Application to Waveform Relaxation with Transverse 

Partitioning 

Due to the general nature of the new sensitivity analysis method, the transmission 

lines can be represented using any suitable macromodeling technique. Specifically, 

the sensitivity method can be applied to the WR-TP algorithms which were 

developed in the previous chapters of this thesis. To illustrate, consider the WR-TP 

method using the distributed representation which was described in Chapter 3. 

Applying the WR-TP algorithm to the coupled sensitivity circuit in Figure 7.9, 

results in the decoupled sensitivity circuit presented in Figure 7.11. In Figure 7.11, 

the variables are the derivatives of the voltages and currents with respect to A, 

and the independent sensitivity sources Uj(d,t), and pj(d,t), are obtained from the 

solution of the original decoupled subcircuits. 

Next, consider the delay extraction-based WR-TP algorithm which was presented in 

Chapter 6. Applying this method to the coupled sensitivity circuit in Figure 7.9, 

results in the decoupled sensitivity circuit shown in Figure 7.12. Here, the sensitivity 

circuit consists of a cascade of decoupled DEPACT cells and independent WR sources, 

and sensitivity voltage and current sources located at the end of the line. 
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Figure 7.11: Application of the WR-TP distributed representation to the sensitivity 
circuit in Figure 7.9 
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Figure 7.12: Application of the delay extraction based WR-TP algorithm to the 
sensitivity circuit in Figure 7.9 
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7.4 Computational Results 

7.4.1 Example 

In this example, we consider a network which consists of eight coupled transmission 

lines of length 10 cm. The p.u.l. parameters are based on the data in [13]. The 

input source is a 3V trapezoidal pulse with rise/fall times of 0.5ns and a pulse width 

of 5ns. The coupled interconnects in both the original and sensitivity circuits were 

macromodeled using the DEPACT algorithm [5] with an approximation order m = 6. 

A sample of the results is shown in Figure 7.13, which depicts the sensitivity of the 

voltage at the victim line far-end (line #7) with respect to L\\ using the proposed 

method vs. the perturbation approach. As seen from the figure, the results from both 

methods are in excellent agreement. Table 7.1 shows a comparison of savings in the 

main computational cost (in terms of LU decompositions) using the new algorithm 

as compared to the perturbation technique. It is to be noted that the advantage in 

computational cost provided by the new method increases with the increase in the 

number of parameters. 

Table 7.1: Sensitivity Analysis Computational Cost Comparison 

# of Parameters 

18 

Perturbation 

(# of LU Decompositions) 

23902 

Proposed Method 

(# of LU Decompositions) 

2516 
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Figure 7.13: Sensitivity of voltage at far-end of victim line with respect to L\\ 
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7.5 Summary 

In this chapter, a new general and efficient algorithm for the time-domain sensitivity 

analysis of high-speed interconnects was presented. The new method extends the 

direct sensitivity approach to transmission lines. The equivalent sensitivity circuit is 

derived directly from the Telegrapher's equations. Advantages of the new sensitivity 

algorithm are that, it is independent of the specific macromodeling technique used 

and it does not require the computation of the sensitivity of the specific macromodel 

components with respect to the interconnect parameter of interest. In addition, a 

generic and efficient approach for computing the sensitivity sources was developed. 



Chapter 8 

Conclusions and Future Research 

8.1 Summary 

The coupling between transmission lines is one of the major reasons for the excessive 

computational cost of simulating large multiconductor structures. New interconnect 

macromodeling algorithms were developed in this thesis which address the com

putational complexity of the time-domain simulation of large coupled interconnect 

networks. A new waveform relaxation algorithm based on transverse partitioning 

(WR-TP) was developed. The new technique reduces the coupled simulation problem 

into a series of simulation steps, where each step is of complexity equivalent to 

that of simulating a single line. The computational cost of the new method grows 

only linearly with the number of lines (as opposed to Na, where 3 < a < 4 for 

conventional techniques). Various approaches for updating the WR sources have also 

been developed. In addition, the WR-TP algorithm is highly parallelizable. Thus, 

array processors can be used to effectively simulate each subcircuit in parallel, which 

would provide further significant reduction in the computational cost. 

The WR-TP algorithm was extended to the practically important case of lines with 

frequency-dependent parameters. In this approach, a numerical fitting algorithm is 

190 
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employed to model the frequency-dependent line parameters. The resulting rational 

function approximations are used to generate equivalent macromodels compatible 

with SPICE-like circuit simulators. An efficient method for updating the relaxation 

sources was developed. Also, several relevant implementation considerations were 

presented. 

A new simplified delay extraction-based macromodeling algorithm was developed. In 

this approach, MRA based approximations are no longer required for several special 

cases. For lines with frequency independent parameters, the resulting macromodels 

can be obtained as exact implementations (without any approximations) in terms of 

lossless lines and lumped elements. For lines with frequency-dependent parameters, 

an efficient modeling technique is used, and the resulting macromodels are obtained 

using equivalent circuit realizations and lossless lines. 

Based on the simplified delay extraction-based macromodel, a new waveform 

relaxation with transverse partitioning algorithm was developed. In this approach, 

each of the lossy and lossless sections of the macromodel are partitioned separately 

in the transverse direction, into single line subcircuits with independent WR sources. 

Advantages are that the WR sources are computed analytically in a closed-form, 

directly in the time domain. In addition, since the algorithm employs an efficient 

delay extraction technique, it is suitable for both on and off-chip interconnects. 

A new general algorithm for the time-domain sensitivity analysis of high-speed inter

connects was developed. In this method, the equivalent sensitivity circuit is derived 

directly from the Telegrapher's equations. Advantages are that it is independent of 

the specific macromodeling technique used and it does not require the computation 
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of the sensitivity of the specific macromodel components with respect to the inter

connect parameter of interest. A generic and efficient approach for computing the 

sensitivity sources was also developed. Moreover, the new sensitivity analysis method 

is highly compatible with the WR-TP algorithms described in the thesis, opening the 

door for fast and efficient time-domain sensitivity analysis of massively coupled inter

connects. Various numerical examples were also presented to validate the accuracy 

and efficiency of all the proposed algorithms. 

8.2 Future Research 

1. The implementation of the transverse partitioning algorithm in this thesis as

sumed that the interconnect circuit is partitioned such that each subcircuit 

contains a single transmission line. However, the theory can be extended to the 

case where each subcircuit may contain two or more coupled lines. This will be 

beneficial if there is relatively strong coupling between adjacent lines. The sim

ulation algorithm in this case is based on the concept of "sliding partitioning" 

where the first subcircuit contains lines 1 and 2; the second subcircuit contains 

lines 2 and 3; etc. Preliminary results show an improvement in convergence for 

the case of strongly coupled adjacent lines particularly in the high-frequency 

range. 

2. Parallel Implementation: one of the main features of the proposed WR-TP 

algorithms is that they are all highly parallelizable. The implementation of the 

WR-TP using lumped segmentation on a multiprocessor platform has already 

been collaboratively developed [25]. Future work would involve: 

(a) Parallel implementation on a multiprocessor platform of other WR-TP al

gorithms, namely, the delay extraction based WR-TP algorithm (Chapter 
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6). 

(b) Parallel Implementation of Sensitivity Analysis (Chapter 7). Due to its 

parallel nature, the new sensitivity analysis algorithm combined with WR-

TP can be implemented on a multiprocessor platform. In this case, each of 

the decoupled sensitivity circuits would be simulated in parallel, with the 

processors only communicating after each iteration is complete. This new 

parallel algorithm would result in further reductions in the computational 

cost associated with the time-domain sensitivity analysis of massively cou

pled interconnect circuits. 

3. Hybrid Partitioning: In the case of general large circuits, a hybrid partition

ing algorithm combining both longitudinal and transverse partitioning schemes 

is needed. An example of such a circuit is one which consists of several in

terconnected sets of coupled transmission lines that may also include coupled 

terminations. A dynamic partitioning strategy in the longitudinal direction has 

to be developed such that there is minimum interaction between the individual 

subcircuits in a given time-interval. 
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