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Abstract 

Computer Aided Design (CAD) in combination with structural optimization has allowed 

the rapid development of engineering prototypes. Topology and multi-scale design 

optimization techniques are capable of shaping highly efficient load paths. However, the 

resulting geometries are complex that they can only be manufactured with Additive 

Manufacturing (AM) technology. One of the main downfalls of AM parts is their poor 

fatigue life which hinders the potential merits of design optimization. This thesis 

investigates experimental and numerical strategies to extend the fatigue life of additively 

manufactured Ti-6Al-4V components manufactured by Direct Metal Laser Sintering 

(DMLS) technology. Three stages for the development of fatigue resistant AM parts are 

introduced. The first experimental stage is concerned with the application of Ultrasonic 

Impact Treatment (UIT) to enhance the fatigue life of AM parts and to derive the S-N 

curves for the fatigue behavior of the treated and the as built parts. The second numerical 

stage is to conduct design optimization employing multi-scale, multi-objective and 

topology optimization methods to maximize the specific fatigue life of mechanical 

components made of UIT treated Ti-6Al-4V. A third stage includes employing cellular 

material in the context of topology and multi-scale optimization to further minimize the 

weight and maximize the fatigue life in a multi-objective design optimization scheme. It 

is found that by applying UIT onto DMLS Ti-6Al-4V that the endurance limit increases 

by 25%. When UIT is applied in the context of specific fatigue maximization, then a 51% 

mass reduction can be achieved while maintaining infinite life criterion.  
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Chapter  1: Introduction and Motivations 

1.1 Motivation 

Today, Computer Aided Design (CAD) is the norm and the line between structural 

optimization and mechanical design is evermore blurred. CAD has improved the 

productivity of engineers and designers to plan and optimize structures for high 

efficiency and performance [1]. Topology optimization techniques are commonly 

employed to determine optimal load paths using a limited amount of material [2]. Recent 

advances in modeling techniques have made it possible to quickly convert topology 

optimization results into draft-able designs [3]. Topology optimization results are often 

too complicated to be manufactured by conventional means. However, 3D-printing or 

additive manufacturing has made these complex designs realizable. Savings in both 

material costs and increased design productivity are possible by adopting these new 

design paradigms. Material savings by additive manufacturing can be further increased 

by including functionally graded lattice materials.  However, applying additive 

manufacturing into fields such as aerospace or automotive industries are not without their 

issues. 

Safety is a major concern in mechanical design. It is thus inherent to have mechanical 

components with long and reliable life cycles. These problems are exasperated when 

additive manufacturing is used to create new engineering components. Fatigue failure is a 

major concern in many industries ranging from aerospace, biomedical, automotive and 

transportation. Another aspect in mechanical engineering design which is highly sought 
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after is the development of lighter weight components. Unfortunately, as the weight of 

mechanical parts decreases, the risk of failure due to fatigue tends to increase. This 

problem has led to the implementation of work hardening processes to help improve the 

fatigue properties by applying a layer of compressive residual stress at the surface. Many 

such techniques are currently available which include ultrasonic needle peening (UNP) or 

ultrasonic impact treatment (UIT) [4], shot peening [5], low plasticity ball burnishing [6] 

and deep rolling [7]. Each treatment has its own effectiveness in terms of improving the 

fatigue life of materials. Many metal alloys are available for AM such as aluminum and 

titanium and selecting the correct material for strength, cost and fatigue resistance is 

essential.   

Titanium alloys are widely used in aerospace, in part due to their high strength to weight 

ratio, low density, and excellent corrosion resistance. In particular, Ti-6Al-4V’s 

popularity in aerospace is also a result of its high strength at extreme temperatures [8, 9]. 

Not surprisingly, several studies have been published examining the feasibility of 

fabricating Ti-based functionally graded materials (FGM) using AM methods [10]. The 

advantageous qualities of titanium make it an excellent candidate for high life cycle 

additively manufactured components 

Ultrasonic impact treatment has been shown to substantially improve the fatigue life of 

hard metals; especially for titanium alloys [11]. The main mechanism for fatigue 

improvement is caused by applying a compressive residual stress on the surface of a 

metal. The presence of compressive residual stresses will cause the propagation and 
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initiation of fatigue cracks to slow down [12]. According to fatigue theory, if a high 

enough compressive force is applied to the surface, fatigue cracks will cease to propagate 

[13]. Compressive forces are desired as they suppress the effects of tensile stresses on the 

surface which would accelerate the nucleation of fatigue cracks. UIT is capable of 

inducing large compressive residual stresses, making it an ideal surface treatment for 

improving the fatigue life of AM metals [11]. 

Combining the beneficial effects of UIT with topology optimization can create highly 

efficient structures with potentially very long lifetimes. Conflicts arise when designing 

lightweight engineering components with long life cycles because both objectives are in 

conflict with each other. As the fatigue life increases, the available mass must also 

increase and a trade-off must be chosen between the two performance metrics. This 

phenomenon is known as multi-objective optimization and commonly occurs in many 

engineering problems to which a solution will lie on a Pareto frontier [14]. Multi-

objective optimization is an iterative procedure to determine all solutions along the Pareto 

frontier. 

The motivation for writing this thesis is to give an outline or workflow of how an 

engineer would develop multiple designs through multi-objective optimization in the 

field of additive manufacturing. Material characterization of AM Ti-6Al-4V fatigue 

properties of both virgin and UIT treated material is discussed and is derived from 

scratch. Strategies of automated design are also presented to increase productivity time 

and to seamlessly integrate functionally graded materials into AM models. To maximize 
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automation, the developed workflow is designed so that little intervention is needed 

between the engineer and the optimization process. The emphasis on automation is made 

so that the method can be applied in an industry setting to save manual labor costs.  

1.2 Proposed Multi –Scale and Multi-Objective Workflow 

There are six objectives in this thesis and they are:  

1- To experimentally characterize the fatigue behavior of additively 

manufactured Ti-6AL-4V alloy with and without ultrasonic impact treatment. 

2- To calculate relative mechanical properties for three dimensional lattice 

truss structures for FGM optimizations.  

3- To develop a multi-scale workflow to optimize metal components with the 

numerically derived homogenized properties of the AM material.  The multi-scale 

workflow uses homogenization theory to bridge the scales together between the micro 

scale properties and the macro scale effects. Dual objectives of minimum mass and 

maximum fatigue life are explored and fatigue performance to mass ratios is calculated. 

The solution closest to the utopia point is selected for further analysis in the proceeding 

steps.  

4- A fourth goal of developing a global optimization scheme to further 

improve the fatigue performance is established and represents the functionally graded 

lattices are linear tapered Euler Bernoulli beams. Global effects such as the rotation of the 

lattice and lattice volume fraction are considered as “global design variables”. 
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5-  The fifth goal is to compare and validate the optimum finite element 

model with linear beams to a finite element model meshed with three dimensional 

elements. The accuracy of the proposed optimization workflow is also discussed.  

6- The final goal is to generate an STL file for 3D printing. However, 

physical printing for experimental validation is outside the scope of this thesis.  

A global diagram outlining the major steps for the multi-scale and multi-objective 

optimization workflow is presented below in Figure 1. 

 

Figure 1 : Multi-Scale Workflow 
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1.3 Limitations and Scope 

Integration of AM components into aerospace structures requires consideration of its 

environment and monitoring for defects. Residual stress relaxation is seen to occur in 

shot peened components where the effectiveness of the surface treatment diminishes over 

time due to a build-up of tensile stresses [15]. This effect could also occur on the AM 

component after UIT, hence, additional maintenance such as non-destructive crack 

detection and additional UIT rounds may be needed. Aerospace components are also 

exposed to sudden temperature changes and other environmental corrosion. Titanium is 

highly resistance to corrosion and oxidation when compared to other widely used metal 

alloys [16].  Aerospace structures are also subjected to vibrations [17]. Effects other than 

cyclic loadings on the life of the AM component are not implemented in the multi-scale 

design workflow and are outside the scope of this thesis.  

The 3D printing process contains many steps and checks to ensure both printability and 

defect-free components. Large thermal gradients are expected during the DMLS printing 

process and may create high internal residual stresses ensuing in cracks, warping or 

fracture [18]. Titanium alloys are known to have large residual stresses during the 

printing process which add complexity to the design to avoid pre-emptive material failure 

[18]. Support structures are required to allow the printing process to create complex 

structures [19]. The complex support system can be automatically generated using 3D 

printing software or by manual design from an engineer [20]. Issues arise with metals as 

sanding and additional machining is required to remove the complex supports. Post-
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process tooling will then add costs and tome to the design and in some cases supports 

may be too difficult to remove if the parts complexity is too high. To minimize the 

number of supports, the components are oriented in such a way to minimize the need to 

build them during printing. The pre-production stage of the 3D part is not included in this 

thesis and considerations of these steps are not included in the design stage and are 

outside the scope of this thesis. 

The practical application of work hardening complex 3D printed shapes is not explored 

and is outside the scope of this thesis. Enhanced material properties are applied on the 

non-lattice material during optimizations. The micro stresses in the homogenized material 

are used to calculate the sensitivities for the fatigue life.  

Finally, the research presented in this thesis is limited to the computational modeling of 

ISO-surfaces from multi-objective optimizations and the experimental fatigue life 

extension of such structures. It is also assumed that the lattice struts can be approximated 

as one-dimensional tapered beam elements. The effects of buckling on the lattice struts 

are also outside the scope of this manuscript. Metallurgical analysis of the AM material is 

also omitted and is outside the scope. 

1.4 Thesis Outline 

This thesis consists of 8 chapters which includes theoretical background on fatigue, non-

linear optimization and finite element meshing. The second chapter presents a literature 

review for important topics outlined in this thesis. Chapter 3 contains experimental work 

to characterize the mechanical and fatigue properties of the 3D printed titanium metal.  
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Chapter 4 has information on asymptotic homogenization and is used to determine the 

average properties for lattice material in the multi-scale stages of the workflow. Chapter 5 

is lattice optimization techniques and their roles in the MDO framework and differences 

when compared to regular topology optimizations. Chapter 6 describes a novel meshing 

algorithm for trimmed lattice structures and their use in lattice micro-strut optimizations. 

Chapter 6 also presents a novel ISO-surface reconstruction algorithm to post-process 

topology optimization results for both regular structural optimizations and lattice 

optimizations. Chapter 7 demonstrates the MDO workflow on the optimization of an 

aircraft hinge both with and without the UIT surface treatment for minimum weight and 

maximum fatigue life. Finally, Chapter 8 is the conclusion of the thesis and discusses the 

results of the proposed workflow and contributions to knowledge.  
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Chapter  2: Literature Review 

A background in both additive manufacturing and multi-scale modeling is required for 

the optimization workflow in this thesis. Additive manufacturing is a field which enables 

the fabrication of highly complex structures such as lattices or cellular material. The 

properties of the material however are not suitable for longevity due to poor surface 

finish. The second main topic is multi-scale modeling which predicts the behavior of a 

system from multiple length scales. Homogenization theory is used to characterize 

material properties at a micro-scale. The micro scale properties are then sent to the macro 

scale for a higher level prediction of the ensemble structure. Each of the topics mentioned 

play large roles in engineering design and analysis. 

2.1 Additive Manufacturing 

The first mention of additive manufacturing (AM) can be traced back to Dr. Hideo 

Kodama in 1981 as he sought to file a patent for printing 3D models [21]. At this time the 

printing process would be referred to as “rapid prototyping” or RP [22]. Despite being a 

patent lawyer, Dr. Kodama did not fulfill the patent requirements on time and his request 

was denied [22]. However the first real breakthrough in AM wouldn’t be until a few 

years later when Charles Hull developed and commercialized Stereolithography (SLA) 

[23]. The first models printed where made from a liquid polymer resin in combination 

with UV lasers. In 1989 fused deposition modeling (FDM) was invented by Scott Crump 

[24]. FDM is the most common manufacturing technique for AM today among 

enthusiasts and hobbyists thanks to companies like MakerBot™ [21, 25]. The late 1990’s 
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saw an opportunity to apply AM to medical scaffolds to grow organs however more 

research was needed [21]. The early 2000’s saw big leaps in 3D printing technology; 

bringing it forward to the masses for both industrial and personal use. Today low-cost 3D 

printers have further popularized AMs potential and new technological advances continue 

to grow and improve the field [24]. 

As 3D printing technology evolved, so did the possibility of printing with multiple 

different materials. Early SLA was primarily for plastic based printing. Current 

technology can print objects using many different materials such as metal powder [26], 

sugar or food [27] and even sand [28, 29]. Metal casting operations have utilized 3D sand 

printing to develop molds with high accuracy [29]. The added freedom of 3D printed 

sand molds also allow for more complex geometries to be made with the advantage of 

tailoring the molds stiffness and permeability [29]. The advent of multi-material 3D 

printing has also helped to further open up many more opportunities for AM for 

engineering design. The first open source 3D printer available to the public “Fab@Lab” 

was multi-material by nature allowing hobbyists to experiment at their own free will and 

was the first commercial 3D food printer [30]. The very first edible items produced by the 

founders of “Fab@Home” were 3D printing cookies using dough [30]. Advancements on 

AM edibles have allowed many other types of food to be used to create impressive 

sculptures from chocolate, puree, jelly, cheese, mashed potatoes, sauces or powders. 

However the type of food is limited to the printing technique. Powdered based foods used 

selective laser sintering [31] to bond together food particles, extrusion methods [32] are 
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used for moderately viscous foods and inkjet printing [33] for highly viscous foods. 

Many of the same techniques applied to powder foods are also extensions of those 

applied to metal powders. 

Metal powder printing is a highly developed field in AM [26].  The AM printing process 

begins with a three-dimensional digital model whose geometric information is sent to the 

printer. Afterwards the object is built layer by layer with additional support structures for 

printing stability and accuracy. Three main manufacturing processes exist for metallic 

powder based prints and include selective laser sintering/melting (SLS/SLM), direct 

metal laser sintering (DMLS) and electron beam melting (EBM). Powder printing 

processes fall under the category of ‘Powdered Based Fusion” (PBF) where particles are 

fused together with high thermal energy [26]. PBF operates by melting a layer of metal 

powder on a platform by using a high powered laser. For each new layer; the platform 

moves downward so that a new even layer of powder is placed. The next layer is then 

melted by the laser and the platform descends once more. The thickness of the layer can 

be between 20-60 μm. This process continues until the object is fully printed. Extracting 

the final component is performed by removing the excess powder from the printing area 

to reveal the finished object. The major differences between SLM, SLS and DMLS are 

related to the nature and texture of the metal powder and not by the manufacturing 

process.  

In addition to powder based methods, Direct Energy Deposition methods (DED) will fuse 

metal powder or wire to a base material by inducing concentrated thermal gradients [26]. 
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DED has multiple sub-branches leading to laser engineered net shaping (LENS), direct 

metal deposition (DMD) and electron free form fabrication (EBFFF) [26]. The main 

difference between DED and PBF is that DED uses a powder injection system with a 

controllable fiber laser. DED is typically used in repair applications such as cold gas 

spraying or high velocity oxygen fuel spraying [26].  EBFFF will focus a beam of 

electrons to create a molten pool on a metallic substrate [26]. Rapid plasma deposition 

(RPD) will melt metal wires so that the droplets fall onto the substrate in an argon 

atmosphere and is defined as a multi-layering printing process. When considering the 

printing resolution, DED is much worse than PBF and retooling is often required to 

improve surface finish [26].  

Light weighing is another attractive reason for using AM. An optimization contest was 

held by GE in 2013 to design a new aircraft engine bracket. Finalists had reduced to be 

70%-80% lighter than the original design [26]. Research conducted by Matthew Tomlin 

[34] studied weight minimization on an Airbus A320 nacelle hinge bracket and achieved 

a total mass saving of 64% by both topology and material selection. Another notable 

example of additive manufacturing in the aerospace industry is seen with fuel nozzle 

development for combustion chambers by GE [35]. The nozzle component was able to 

save assembly time by limiting the number of weld-able pieces from 20 to 2 [36]. The 

nozzle tip also had 15 percent less mass than the previous design [35]. Additive 

manufacturing is able to save on material waste by only using the required amount of 

material for each print. Traditional manufacturing techniques often remove material from 
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a larger piece contributing to unneeded material waste. Less material waste will also save 

on energy demands during manufacturing.  

It is known that additive manufacturing relaxes geometric manufacturing constraints due 

to its layering approach. Highly complex geometries can be manufactured such as lattice 

truss structures. Cellular materials have untapped potential in engineering design in heat 

management [37, 38], electrical properties [39], energy absorbance [40, 41] and light 

weighing abilities [42]. Research on lattice structures have been used to develop 

extremely light PIN installation equipment to be used in thin-walled aerospace work 

pieces [42]. The combinatory optimization technique of multilateral with lattice materials 

had produced a failsafe design that is 9.1% lighter than traditional topology optimization 

and sizing techniques. Lattice structures have also been researched in the aerospace 

industry for wing leading edge de-icing systems. Bici et al have proposed using lattice 

sandwich cores as heat exchangers for de-icing the leading edge [43]. The leading edge 

was optimized for weight, lattice dimension, thermal properties, natural frequency, 

stiffness and stress. Conforming cooling channels are a promising idea and more research 

is needed to fully develop this concept. AM technologies coupled with structural 

optimization opens new territories for engineers to explore.  

There are notable disadvantages however when considering additive manufacturing. One 

disadvantage is related to post-process clean up times. The scaffolds or supports must be 

removed and sanded appropriately. In some cases, not all of the support material can be 
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removed leading the prints with higher mass than expected. Sanding is also required for 

satisfactory surface finishes.  

Another disadvantage is resolution size and the size of the part. Economically, higher 

resolutions require more printing time and will generally be more suitable for smaller 

geometric objects or prints. There is also a maximum size that can be printed as the 

object cannot be larger than the printing space. The final disadvantage is material 

selection may be limited when designing a component for AM and the material properties 

tend to be weaker [44].  

2.2 Multi-Scale Design and Optimization 

Multi-scale refers to problems dealing with multiple scale lengths such as a micro-scale 

and a macro-scale. The scale lengths could be geometric or time based. In multi-physics 

problems, the scales lengths (or meso-scale) may begin at the quantum level up to atomic 

arrangements and then end at larger scales of an automobile part [45]. The constituents of 

the problem at each scale is simultaneously designed, analyzed and modeled through 

simulations. Engineering, chemistry, mathematics, physics and computer sciences are all 

scientific fields that have benefited from the application of multi-scale design (or 

modeling) techniques to solve hierarchical design problems. Multi-scale design has 

helped with fluid modeling [46], heterogeneous materials [47], polymer design [45], 

protein synthesis [48], chemical reactions [49], universe or cosmic simulations [50, 51] 

and industrial manufacturing [52]. Modeling aspects refer to the physical interpretations 

at each length scale by their simulation methods. The bridging of information between 
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scales is an important concept as each scale is analyzed based on the reactions of either 

the smallest or largest meso-scale [53]. Interactions between scales however are not 

always addressed due to simulations being locked into a specific scale. The lack of 

physical inter-scaling behavior is a well-known disadvantage of multi-scale models and is 

termed by Batterman as the “tyranny of scales” [51, 54]. Major advantages of multi-scale 

design include financial savings, reducing trial-and error iterations, lower development 

costs, the possibly to develop new materials, increasing  product quality, improving 

design process and reducing the number of costly large scale experiments [53]. 

The origins of multi-scale design is said to have been conceived for nuclear testing in the 

early 1990’s [53]. The US Department of Energy had begun performing simulation based 

design by using multi-scale modeling to reduce cost and improve safety and reliability for 

nuclear material testing, management and usage. Parallel computing was also a main 

contributor to the adoption of multi-scale modeling as computing power rapidly 

increased. Not only was computing power significantly better, but it also allowed for 

more degrees of freedom in simulations for more accurate predictions at various length 

scales [53]. As multi-scale modeling method improved throughout the 90’s, it was clear 

that there was a potential for simulation-based design. The workflow methods developed 

by the DOE and other research labs at the time were eventually adapted to other 

industries such as aerospace, automotive and structural systems. Proliferation of multi-

scale modeling paradigms was also pushed by a rapid growth in scientific papers on the 

subject and from access to online journals [53].  
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There are many examples of multi-scale modeling and optimization applications within 

the literature. Kmiecik explains how modeling protein systems can benefit from multi-

scale modeling by using coarse grain systems [55]. The advantage is to avoid the 

complexities of simulating all-atomic systems which have millions of degrees of freedom 

by substituting atomic arrangements with larger scale protein models. Coarse grain 

models are mainly used to study protein folding mechanisms which are crucial to the 

function of organic living systems [55]. The smallest length scale may start at the 

quantum level of the structure of a single atom. The coarse-grained level is a subset of the 

meso-scale or aggregate of multiple protein systems which include the interactions of 

protein folding and global motions. Multi-scale modeling in structural biology has also 

allowed for the prediction of protein complexes [56, 55]. 

In the medical field, bone has been modeled extensively using multi-scale strategies. The 

effects of aging and fracture of cortical bones have been studied by Ho Ba Tho et al [57]. 

The results of their research had shown consistent behavior at the different levels. The 

macroscopic level and osteon lamellae elastic behavior was within the range found in 

literature data. Predictions at the microscopic levels of interstitial lamellae were slightly 

lower than reports results in the literature [57]. Other simulations of human bone have 

been performed by Katz et al to model calcified tissues at bone-tissue interface [58]. 

Scales lengths for Katz research go down to the Nano-scale of collagen molecules. The 

largest scale consists of the femoral cordial bone [58]. Results of Katz simulations and 

research were obtained by applying the finite element method. The discussed bone 



17 

 

modeling techniques used homogenization theory to quantify the basic behavior of the 

micro-scale material and for bridging the length scales together [53]. 

Zeng et al have shown how multi-scale modeling and simulation of polymer Nano-

composites are achieved in the literature [45]. The advantages of these materials are from 

the enhanced reinforcements of nanoparticles. Zeng et al explain their assumptions and 

scaling strategies when developing multi-scale models for single fiber polymers; 

predictions and simulations are performed on the molecular level, the smallest length 

scale. The next meso-scale models equivalent truss structures and arrangements of the 

atoms as their bond strength. The highest levels are equivalent continuum models. Lebel 

and Therriault applied multi-scale modeling for polymer-based nano-composite structures 

[52]. These types of materials have applications in micro-electro-mechanical systems, 

organic electronics and in high performance structures for aerospace. Three major lengths 

scales had been studied, nano, micro and macro. The Nanoscale analyzed the molecular 

bonds of a polymer material known as a single-walled carbon nanotube (SWNT). The 

micro-scale contained the fabrication and control over the build orientations of the 

SWNTs. Macroscale levels analyzed a three-dimensional nano-composite with 

orientation information of the microscale structures and resin properties. SWNT Nano 

fibers had shown to have exceptionally higher stiffness than unloaded polyurethane micro 

fibers [52]. Nano fibers had on average up to 64% higher strength as much as 15 times 

higher stiffness. 
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Optimization problems in composite material engineering also benefit from the multi-

scale paradigm. An example can be found in the work of Zuo et al who simultaneously 

optimized the micro and macrostructure for maximum natural frequencies [59]. The 

optimization problem is fine tuned to determine the best material layout in a unit cell for 

a specific application. Simultaneous optimization of both micro and macro scales requires 

a large number of design variables. Optimization methods for material patterns often 

implement gradient based topology optimization techniques. In the case of Zuo et al, a 

BESO optimization algorithm [60] was selected to determine the optimal material. 

Lattice or cellular material has also been subjected to multi-scale design philosophies. 

Homogenization theory is used to characterize lattice or cellular material properties. 

Bendsoe et al used porous material for optimal material placement and developed the 

SIMP optimization method [61]. Micro-scale behavior was governed by relative densities 

of the lattice topology to obtain graded or FGM structures. The research of Xia applied 

multi-scale workflows for analysis between the global and local scales by superimposing 

macro strains onto the local RVE [62]. Homogenization theory has been crucial for the 

development of bridging information between scales in lattice optimization and FGMs 

[63].  

From an optimization point of view, a multi-scale optimization is a global optimization 

problem. A key feature of searching for the global optima is the risk of settling into a 

local optima resulting in sub-optimal solutions. This poses many challenges for engineers 

because many engineering problems are non-convex and contain objective functions with 
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considerable roughness [64]. This problem is made worse in multi-scale optimization due 

to dramatic differences between scale lengths or between the local and the global nature 

of the problem. Protein docking and folding are examples with high non-linearity [64]. 

Solid mechanics approaches for cellular material design and prediction also have similar 

problems however it is outside the scope of this thesis [64].  

2.3 Multi-Objective Optimization 

When the optimization problem contains multiple objectives, there is no single optimal 

answer to the problem. For multiple objectives, the answer is often a set of optimal 

solutions which describes a trade-off curve or Pareto frontier. Mathematically speaking, 

there are an infinite number of optimal solutions along the Pareto frontier [65]. 

Multiple objective optimizations follow the same principles of regular optimization. This 

means that the Karush-Kuhn-Tucker (KKT) conditions are met for each objective with 

respect to its constraints [14]. There exist many types of multi-objective optimization 

schemes such as genetic algorithms and gradient based methods. For the purpose of this 

thesis report, only gradient based strategies are considered as they are generally better 

suited for large scale problems with expensive cost functions. 

The quality of a solution is determined by its dominance over the set of obtained 

solutions. Dominance between optimal points can be tested by comparing the solutions 

obtained between each other. A dominant solution is no worse than another solution if all 

objectives are better than the other solutions objectives. A dominated solutions objectives 
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contain at least one objective strictly worse than a dominant solution [66]. This forms the 

basis of what is known as a Pareto Optimal solution. 

 

There also exists a set of non-dominated solutions that are not dominated by any member 

of the solution set. The non-dominated solution set is part of the entire feasible decision 

space and is referred to as the Pareto-Optimal set. The boundary of the Pareto-Optimal 

set is known as the Pareto-Optimal front and is the main goal for multiple-objective 

optimizations. Therefore, locating as many solutions along the Pareto-Optimal front is the 

common goal for multiple-objective problems. In other words, the Pareto-optimal front 

consists of solutions to which one objective cannot be made better without making the 

other objectives worse. Many strategies and algorithms exist to help determine an optimal 

set of solutions such as classic gradient based methods or evolutionary algorithms.  

Genetic algorithms or evolutionary algorithms differ from gradient based strategies as 

they operate on a set of candidate solution were as gradient based will operate on a single 

candidate solution at a time. There are two main types of genetic algorithms which 

function on varying definitions of elitism to select the candidate set. An example for 

evolutionary algorithms includes the widely used NSGA II [67].  

A more straightforward approach to tackling multiple objectives is to merge the objective 

together into a single objective function. Each objective function is assigned a prescribed 

weight. By varying the weights, whose summation is equal to one, then solving the new 

optimization problem; it is possible to obtain the entire Pareto front. This method allows 
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for gradient based methods to be applied when solving for design points along the Pareto 

front. A disadvantage to this method is its difficulty to derive concave Pareto fronts [14]. 

As stated in the overview section of this chapter, gradient based strategies are adopted for 

the manuscript to perform the multiple objective topology optimizations as a method of 

design space exploration.  

2.4 Asymptotic Homogenization 

Asymptotic homogenization is the process of determining the properties of a material 

from a micro-scale onto a macro-scale level. This method is commonly used to derive the 

effective mechanical properties of composite or porous materials. It can also be extended 

to determine homogenized properties for three-dimensional lattice materials as well. 

Homogenization is favorable for complex microstructures as it reduces the computation 

costs during FEM simulations.  

Some notable uses for numerical homogenization in engineering had been done by 

Hollister in 2005 [68]. Homogenization of porous bones structures was performed and 

the same techniques were applied to foam metals. Recent studies using asymptotic 

homogenization have been able to produce complex geometries with the use of topology 

optimization for negative Poisson ratio materials [69]. Composite material design has 

also greatly benefited by the application of homogenization techniques as material testing 

is costly and time consuming [70]. Advancements in the design and analysis of composite 

materials through homogenization has led to the development of high performing 

materials such as graphite-epoxy and fiber-reinforces plastics [71]. Other homogenization 
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methods have used Bloch’s theorem and the Cauchy-Born hypothesis for two 

dimensional cases [72]. Other research lead by Hutchinson and Fleck homogenized the 

properties of periodic truss structures for kagome and similar lattices [72]. 

Analytical methods have been proposed in the literature to estimate the bulk properties of 

composite materials. One of the oldest methods is the “Rule of Mixtures”. If the designer 

knows the volume fractions of each material in the composite, they can determine the 

bulk stiffness, shear and Poisson properties. The spatial distribution in orientation 

however is not taken into consideration unless additional calculations are made to the 

mechanical properties beforehand. Mechanics of material approaches have also been 

applied for simple cases such as a plate with a hole in the center. Beams and rods had 

been previously used to define the homogenized properties for lattice material. Simple 

closed form analytical solutions have been derived however they are limited to very strict 

assumptions [73]. 

Homogenization methods rely on a so called representative volume element or RVE, this 

is identical to a repeating unit cell. The definition of an RVE is a repeating section of a 

porous medium that can be used to define the entire structure. The RVE can be subjected 

to multiple independent cases of uniform boundary displacement or traction fields. The 

overall properties of the material are then estimated based on the RVE’s response of the 

imposed fields. In a two dimensional case for example there could be either three 

independent traction, three displacement or tractions fields applied on the boundaries of 

RVE. Homogenization also assumes the average strain energy of the RVE and original 
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material is equal when they are submitted to the same special boundary conditions [74]. 

This is used to relate the macro and microscopic scales. The scales and illustrations of 

homogenization are shown in Figure 2. 

 

Figure 2 : Illustration of Homogenization - Microscale (Y) to Macroscale (X) [75] 

Hooke’s law can be applied to elastic mediums. The energy absorbed by elastic strain of 

the RVE can be measured with the equation [76]: 

𝐶 =
1

2
𝐷𝑖𝑗𝑘𝑙휀𝑖𝑗휀𝑘𝑙 (2.1) 

where 𝐶 is the strain energy, 𝐷𝑖𝑗𝑘𝑙 is a fourth order tensor or constitutive tensor for elastic 

material and 휀 is the strain. As a reminder to the reader, the elasticity tensor will map the 

second order strain tensors to the second order stress tensors. Hooke’s law is also only 

valid when the periodic medium is subjective to elastic deformation. 

2.5 Topology Optimization 

Modern structural optimization has existed in much the same amount of time as finite 

element analysis [77]. The first structural optimization was done on beam elements in a 

finite element model. Sizing optimization was generally the main tool for structural 
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design. Solution methods for these problems where driven by the philosophy of a fully 

stressed design (FSD). When a structure has all of its members under its maximum 

allowed stress, the structure is said to be using all of its material in the most efficient way 

possible. Nowadays this philosophy has been met with criticism as to whether or not the 

optimal topology of a structure can be obtained by FSD [77]. 

Topology optimization has evolved to include a wide variety of strategies to determine 

the optimal layout of material in a design space. The engineer is no longer limited to 

sizing of predetermined geometry but is able to redesign a part by only requiring the 

geometry limits and boundary conditions. The use of topology optimization has further 

gained popularity because of additive manufacturing where the manufacturing constraints 

are more relaxed and previously unseen structural topologies can now become a reality. 

The push for more sophisticated topology optimization methods has seen five strategies 

to determine the optimal material layout. New approaches to topology optimization have 

led to the creation of the SIMP [69], Level-Set [78], Super Shape [79], Bubble [80] and 

Phase field [81]  methods. 

The primary topology optimization strategy in this thesis will focus on the methods for 

material redistribution techniques. Material redistribution uses a finite element meshes 

elements as the design variables to determine the optimal placement of material for a 

given objective. The SIMP method is the optimization method within the optimization 

framework of this manuscript and is explained in the proceeding section of this chapter.  
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2.5.1 SIMP 

Bendsoe et al pioneered the SIMP method for topology optimization. The SIMP method 

relies of changing the relative densities of elements within an FEM model to minimize or 

maximize a given objective while satisfying the constraints. Hence, the design variables 

for each SIMP optimization are the relative densities of the design elements. SIMP is 

regarded as a material redistribution method because design variables can turned on and 

off within the design space. A drawback to this method is the development of 

intermediate design variables. Generally an optimal design should consist of black and 

white solution. Bendsoe suggested that the intermediate densities can be represented by a 

composite material [61].  

 

Figure 3 : SIMP Compliance Minimization Example with Mass Constraint (A) Before (B) After 

SIMP (C) Equivalent SIMP with Cellular Material 

Ω 

𝐹 A) 

B) 

C) 
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Today intermediate densities are seen to be cellular material with a lower relative density. 

The association of intermediate densities with cellular material has gained attention with 

the application of asymptotic homogenization of composites and lattice materials to 

generate equivalent material properties for a specified relative density. An example of the 

application of homogenized material can be seen in Figure 3. Homogenized properties 

are easily adapted to the SIMP formulation and form the basis of lattice optimizations 

[82]. 

2.6 Lattice Optimization 

There are two underlying optimization strategies to consider so that lattice material can 

be integrated into a particular design or structure. The first seeks to determine the optimal 

cellular material by asymptotic homogenization. The second type will optimize material 

layout for a structure using cellular material of varying relative densities to achieve a 

graded structure. Both methods rely on SIMP or BESO topology optimization techniques. 

The lattice optimization in this thesis is mainly concerned with optimal material layouts 

as opposed to developing material with extreme properties.  

Graded structures have been a subject of research for some time in structural optimization 

[10, 63]. Functionally graded materials or FGM are a class of cellular materials which 

contain porous medium with gradual changes in density [10]. FGM can be either periodic 

or non-periodic. An example of non-periodic FGM is metallic foams whose porosity is 

controlled in specific areas to obtain the desired design. Two classifications of FGM 

exists to categorize their structure; discontinuous and continuous. Discontinuous FGM 
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will have stepwise changes in microstructure similar to a composite material. Interfaces 

are also present in discontinuous FGMs. Continuous FGM on the other hand contain 

gradual changes in microstructure and are the cellular material of interest in this 

manuscript. An example of FGM with constant relative density, also known as ordinary 

lattice material, is shown in Figure 4. 

 

Figure 4 : Example of Lattice Material [83] 

Some advantages of FGM are their ability to potentially lower the residual stress level in 

printed parts [10]. This was noticed by K. Pietrzak et al when Al2O3-Cr FMG was 

inserted between a layer of Al2O3 and steel. The AM printed assembly’s total residual 

stress reduced by almost one half [10, 37]. The reduction is residual stresses is due to the 

tailored microstructure to facilitate better heat management [37]. Thermal gradient 

control via FGM has been observed by researchers in the aerospace industry in areas of 

combustion chambers. Some FGM can withstand very high temperatures of up to 2000k 

which current traditionally high performing composite materials are unable to survive. 

Naotake imagined using FGM to either replace the current composites in high 

temperature areas or by minimizing delamination due to heat damage [84]. However 

recent research into ceramic matrix composites surpasses Naotake’s theorized thermal 
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applications of FGM by reaching temperatures of almost 2500K [85]. Nevertheless FGM 

contain untapped potential in heat management. 

Recent research into graded lattice structures has been of particular importance in the 

biomedical field. One notable area is the field of femoral prosthetic implants. When 

applied to orthopedic implants; the porous nature of lattice materials is beneficial to bone 

growth or reabsorption, reduced interface failure and light-weightiness [86]. Another 

advantage for orthopedic implant applications is reduced stress shielding effects allowing 

the bone to regrow [87, 88]. Essentially, Osseo-integration is encouraged with 

functionally graded materials by reducing the stiffness of the implant [89]. Many 

proposed design have been implemented from two dimensional inserts to three 

dimensional femoral implants [86]. Currently design for bone implants operate on a 

trade-off curve balancing interfacial stresses with reabsorbed bone mass. Gonzalez 

optimized femur implants with reabsorbed bone mass between 38% and 54% with 

decreased maximum the interfacial stress between 22% and 64% [90]. Future 

developments into orthopedic implants will require better quality printing techniques to 

minimize defects and standardized testing to ensure longevity [86]. 

Mechanical engineering design has also benefited from the use of functionally graded 

materials. Jing et al applied FGM to the weight minimization of gears coupled with goal 

oriented optimization techniques. The proposed design by Jing et al. had a reduced mass 

of 32 percent and improved stiffness of five percent by integrating FGM into the gear 

teeth [91]. The improved properties of the gears can help reduce noise and decrease fuel 
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consumption. Other research by Alshabatat had used FGM to optimize the vibration 

characteristics of a plate. The results Alshabatat’s research had shown the natural 

frequencies of the plate had increased and noise response decreased by 22.4 dB when 

compared to non-FGM plates [92]. Current research trends in mechanical design point 

towards improving noise reduction, light weight designs and modified stiffness. While 

industry examples in mechanical engineering are few, it proves that there is still more 

research that can be done in practical applications of FGM in mechanical design. 

Optimization techniques have been applied to further maximize the mechanical responses 

of functionally graded structures.  For thermo mechanical responses, analytical solutions 

have been derived and used as a basis to determine optimal properties [93]. Other more 

traditional methods use topology optimization techniques such as SIMP to determine 

optimal distribution of FGM densities. SIMP optimization methods have been applied to 

obtain graded structures that function favorably in such conditions as thermo mechanical 

cyclic loadings [94], static stress [95], buckling [96], femur implant objectives [86] and 

even Eigen-modes for piezoelectric behavior [97]. Homogenization of the FGM is thus a 

required step before employing material redistribution strategies. 

Another popular method for optimization of FGM is by beam sizing truss structures. For 

lattice topologies, a collection of one dimensional Euler beams can be used to represent 

the lattice topology in a design space. An important assumption for Euler beams is that 

the resulting aspect ratio of the beams must remain slender for accurate mechanical 
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behavior. Using one-dimensional beams will allow for microscopic optimization of the 

struts directly instead of a homogenized average.  

One example in the literature used one-dimensional beams to optimize the stiffness of an 

aircraft hinge [98]. A mixture of solid elements and lattice beams constituted the 

component and commercial software was used to optimize the beam sizes with respect to 

a displacement constraint. It was found that when more lattice material was added to the 

hinge, the compliance increased [98]. An overall benefit from the lattice was measured to 

be at most 14% for large displacements [98]. Another example of beam sizing for optimal 

graded lattice structures is seen in the work of Smith et al with a novel layout 

optimization [99]. Smith’s optimization routine would find the optimal placement of 

beams or struts and then perform sizing optimization on the new structure. It was seen 

that as the number of beams increased for stress constrained optimization, the overall 

mass converged towards a minimum value [99]. Chen et al have also used Euler beams 

for lattice optimization [100]. A parametric design to map out the Euler beams was used 

to model the structure followed by a beam sizing optimization. The optimized structure 

from Chen et al’s research has an 11% improvement in the stiffness compared to the 

uniform gradient assembly [100]. Industry applications have also adopted the Euler beam 

approach for lattice material optimization. The commercial software Altair Optistruct has 

a lattice optimization module which is been commonly used by engineers for FGM [101]. 

The software will convert pre-meshed elements into equivalent lattice structures 

comprised of Euler beams. 
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There are certain advantages for using one dimensional Euler beams; they are both 

computationally cheap and accurate within the assumed limits. Beam elements can also 

be used for buckling modeling in graded lattice structure optimization if higher order 

elements are used. The behavior of lattice structures have been studied from both an 

analytical perspective using Euler beam theory and from FEM approaches (simulations). 

Many engineering studies have shown modeling straight truss lattices can be used to 

predict lattice material behavior [102]. Ushijima et al found that the differences between 

their analytical predictions of Euler-based lattice materials when compared to FEM 

simulations showed no discernible difference in accuracy [102].  

2.7 Fatigue 

Fatigue plays an important role in engineering design. Often the main mode of failure is 

due to fracture and not static failure. Understanding the main mechanism for fatigue 

failure is thus very important. This section presents a literature overview of the 

mechanical fracture process for fatigue failure. The following section provides 

mathematical models for fatigue prediction inside the high cycle regime. The final 

section illustrates the prediction method for fatigue through finite element method for 

high cycle fatigue prediction. 

Fatigue failure occurs through cumulative damage as a result of crack initiation and 

growth on the surface due to cyclic loads at magnitudes well below the materials yield 

strength [13, 12]. Many different load cases exist, such as repeated, cyclic or random 
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(stochastic) [13]. A defining characteristic of failure resulting from fatigue loadings is the 

occurrence of a sudden rupture as seen in Figure 5. During static load cases, the 

mechanical component or material will deflect first before failure similar to a ductile 

fracture. The rapid fracture of fatigue failure is mostly brittle in nature such that a clean 

cut can be seen at the point of failure. Stephens et al. estimate that failure due to fatigue is 

the main cause of 50% to 90% of all mechanical failures [103]. The prominence of 

fatigue failures prompts engineers to consider fatigue both at the design stage and when 

assessing the overall performance of a structure.  

Fracture due to fatigue occurs in multiple steps or stages. First stage is crack nucleation 

or initiation followed by crack propagation in crystallographic directions along close 

packed slip planes. The second stage is the evolution of the cracks as micro-cracks 

become macro-sized. Plateaus begin to form in the second stage perpendicular to the 

direction of maximum cyclic tensile stress. Beach marks or clamshell marks are named 

after the plateau region generated in the second stage which can be discerned by their 

wavy nature. The final stage, stage three is when the material can no longer support the 

loads and results in a sudden brittle fracture. Most of the crack propagation to failure life 

is spent in stage two [1]. An outline of the steps and the effects on the surface is given in 

Figure 5, starting with initiation due to defects (stage 1), then crack growth and 

propagation (stage 2) followed by fracture (stage 3). 

Crack initiation of fatigue cracks originates at stress concentrations. These include sharp 

corners and discontinuities that exist in the stressed regions. Hence mechanical design of 
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such parts is important to avoid fatigue failure, particularly at regions under tensile 

stresses. Surface quality of the mechanical component or material is also crucial as 

scratches and highly rough surfaces can contribute to crack initiation sites and cause 

premature failure [104]. 

 

 

Figure 5 : Appearance of the fatigue fracture surface [105] 

Because fatigue crack propagation occurs in the direction perpendicular to the maximum 

tensile stresses, adding layers of compressive residual stress are able to counter-act crack 

propagation. Such process often involves cold working the surface of the material and 

imposing residual strains. Cold working or work hardening is the process of 

strengthening a metal by plastic deformation in the absence of heat at room temperature 

[106]. The crystalline structure is subjected to high strains due to the increase in 

dislocations. The increase in dislocation density creates an environment where it is 

difficult for the dislocations to move, increasing the strength of the material to failure. 

Cold working will result in increased hardness with reduced surface roughness and 

ductility. 

Microscopic Surface Defect 

Fatigue Crack Growth 

Rapid fracture 
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For many non-ferrous metals such as titanium, there is no predefined endurance limit. By 

convention, the numbers of cycles to failure at 10
7
 or 10

8
 cycles is used to define an 

endurance limit [107]. Relationships between the fatigue, yield strength, ultimate tensile 

strength and hardness have been a popular choice for characterizing the fatigue strength 

[108]. Many empirical relationships have been developed to help estimate fatigue 

strength based on both Vickers hardness and ultimate tensile strength. This phenomenon 

has been heavily studied for steels such that contributions to the fatigue strength occur 

solely through the hardness of the material. The relationship between hardness and 

fatigue strength at 10
7
 cycles for non-ferrous materials has weaker correlation than for 

steels. However, approximations by hardness still give good results within 12% 

depending on the metal. It could be said that the hardness of microstructure may be 

viewed as an important factor for controlling the fatigue strength for both non-ferrous and 

ferrous metals [108]. Increasing the surface hardness of metallic components would then 

be beneficial for longer lasting engineering parts. The measured hardness is often much 

higher after cold working treatments as new surface dislocations will impede the 

deformation of the tool tip, creating shallower indentations. The higher dislocation 

density will also make the formation of persistent slip bands more difficult; delaying 

crack initiation [4].  

Many surface treatments to cold work materials exist such as shot peening, ultrasonic 

impact and ball burnishing. Increasing the fatigue life of titanium alloys is advantageous 

as they are used in many high-risk engineering environments and industries where safety 
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is prioritized. Aerospace structures [16], prosthetic implants [109] and automotive 

components [110] have integrated titanium material into their designs due to its high 

specific strength. Extending the life of such titanium components through cold working 

treatments can be advantageous for both economical and safety reasons. 

2.7.1 Predicting Fatigue 

The phenomenon of fatigue failure was first discovered by the German railway engineer 

August Wöhler while studying the effects of cyclical loads on train axels in 1842 [111]. It 

was found that a logarithmic relationship between the number of cycles to failure and the 

mean of the applied stress existed. This is known as a stress-life (S-N) or Wöhler curve 

and is widely used for engineering applications for when long fatigue lives (High-Cycle 

Fatigue) are to be expected. There exist three other fatigue life methods and include the 

strain-life method, linear-elastic fracture mechanics method and energy based methods 

[13]. This manuscript will primarily focus on the fatigue life predictions using the stress-

life approach.  

Critical plane method is another approach for predicting fatigue lives. This method 

searches for the plane that will generate the most damage. The predicted lives are more 

accurate however the procedure is computationally expensive and often creates non-

convex optimization problems [112]. This method is best used for complex multi-axial 

fatigue loadings and when non-proportional loads are applied. For more stable 

optimizations, fatigue lives will need to be considered using a uniaxial amplitude stress 
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method. A final method is from calculating the fatigue in the frequency domain [113]. 

Fatigue life derived from frequency is outside of the scope of this thesis. 

2.7.1.1 Stress-Life Method 

Fatigue failure is a fairly complex failure mode. Many factors such as manufacturing 

defects and stress concentrations can initiate crack nucleation and can be difficult to 

control. Due to these difficulties and high variance, the development of high cycle S-N 

curves will often contain a high degree of scatter. The final curve will most likely shift 

the fitted curve between the mean stress and the cycles to failure two standard deviations 

below the mean. This helps ensure that the predicted life is within a 95 percent 

confidence interval. 

The consequence of using S-N curves for predicting fatigue life is that there are only 

valid for the same applied loading. For example, is a fatigue test runs with a stress ratio 

of 0.5, the results of the test cannot be directly compared to those with a stress ratio of 1. 

This problem will require a correction factor when comparing different S-N curves with 

different stress ratios together. The loading direction is also important and must be 

factored into the conversion process. There are many different types of loads and are 

categorized as proportional and non-proportional loadings. 

2.7.1.2 S-N Curve 

A stress-life curve or S-N curve is an experimentally derived equation from uniaxial load 

histories. The curve functions by relating the number of cycles to failure based on an 



37 

 

alternating stress state. S-N curves have multiple sections to define low and high cycle 

regimes. Low cycles are typically categorized when failure occurs between 1 and 10
4
 

cycles. Plastic deformation is expected in low cycle fatigue and the ultimate strength of 

the material is the failure criterion when the number of cycles to failure is equal to one. 

High cycle fatigue occurs from 10
4
 up to 10

7
 cycles and the material behavior is expected 

to be elastic. For some materials there is an assumed endurance limit after 10
7
 cycles 

where as long as the alternating stress is below this value, no damage will occur and the 

part will survive indefinitely. Metals such as iron or copper have an endurance limit 

however non-ferrous materials such as magnesium are said to have no well-defined 

endurance limit [111]. The notion of an endurance limit for metallic materials has come 

into question by Bathias and Miller [114, 115]. This has led to research into the giga 

cycle or very high cycle regimes. Very high and giga cycle regimes however are more 

costly to experimentally validate and are not normally a concern as engineering 

components are often exchanged before reaching a giga-number of life cycles. 

When the fatigue behavior is within the elastic region, the relationship between the stress 

and strain remains linear. In a plastic region, the shape of the object will begin to change 

and the material will experience high stress levels. When plastic deformation is expected, 

then an SN curve should not be used due to the influencing factors of shape change and 

potential strain-hardening [12]. Strain-Life approaches are best used in high stress 

environments. 
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Equations to best fit S-N curves can be defined in many ways. One of these formulations 

is the Basquin curve which is a power law relationship between the logs of the stress to 

the log of the number of cycles to failure for each fatigue regime. 

𝜛𝑏𝜎𝑆𝑁1 = 𝜎℮ (2.2) 

where 𝜛 is the number of cycles above 10
4
 and 𝜎℮ is an alternating stress or endurance 

limit on the SN curve, 𝜎𝑆𝑁1 is the stress of the SN curve at 1 cycle and b is the fatigue 

strength exponent (or Basquin exponent) and is calculated from: 

𝑏 =
log(𝜛1) − log (𝜛2)

(log(𝜎℮2) − log (𝜎℮1))
 (2.3) 

The constant 𝜎𝑆𝑁1 can be found analytically if the number of cycles to failure is known 

for a specific alternating stress. 𝜎𝑆𝑁1 is calculated in equation 2.3. 

𝜎𝑆𝑁1 =
𝜎℮

𝜛𝑜
𝑏  (2.4) 

2.7.2 Consideration of Multi-Axial Loadings and Equivalent Stresses 

When multiple fatigue loads are applied to a structure, equivalent amplitude and mean 

stresses must be calculated. There are three types of fatigue problems; completely 

reversing simple loads, fluctuating simple loads and a combination of loading modes. 

Completely reversing and fluctuating simple loads are easily handled with an S-N 

diagram where the alternating stress is converted to life. This requires one type of loading 

and the midrange stress must be appropriate for the S-N curve. The second type has a 

fluctuating load history with a special criterion to relate mean and amplitude stresses. The 

final type is a combination containing bending, torsion and axial stress loads [13]. 
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A failure criterion is needed to properly gauge which stress states are more important in a 

multi-axial fatigue problem. Equivalent stress theories exist such as the maximum 

principal stress theory, maximum shear stress theory (Tresca) and the octahedral shear 

stress theory von-Mises. All methods provide extensions of the static yield criteria for 

fatigue. Von-Mises is best used when the material exhibits ductile behavior. When brittle 

behavior is expect the maximum principal stress criterion or Tresca theory are the 

favorable yield criterions [13]. The failure modes for titanium are expected to be ductile; 

hence a von-Mises failure criterion for the fatigue lives will be used. 

For improved accuracy, the equivalent stresses used in this thesis are the signed von-

Mises. The mean stresses are affected by the sign and can signify either tension or 

compression. For general cases, the equivalent von-Mises amplitude and mean stresses 

can be found using equations 2.17 and 2.18 [13]; 

𝜎𝑣𝑚𝑎 =
1

√2
√(𝜎11𝑎 − 𝜎22𝑎)

2
+ (𝜎22𝑎 − 𝜎33𝑎

)
2
+ (𝜎33𝑎

− 𝜎11𝑎)
2
+ 6(𝜎44𝑎

2 + 𝜎55𝑎
2 + 𝜎66𝑎

2) (2.5) 

𝜎𝑣𝑚𝑚
=

1

√2
√(𝜎11𝑚

− 𝜎22𝑚
)
2
+ (𝜎22𝑚

− 𝜎33𝑚
)
2
+ (𝜎33𝑚

− 𝜎11𝑚
)
2
+ 6(𝜎44𝑚

2 + 𝜎55𝑚
2 + 𝜎66𝑚

2 ) (2.6) 

where σvma
 is the von Mises stress amplitude and σvmm

 is the von-Mises mean stress. 

To take into account the compressive stresses the signed von-Mises criterion is used for 

the mean stress term. This will alter the calculation of the mean stress and is defined in 

equation 2.6.  

휁 = 𝑠𝑖𝑔𝑛 (
1

3
(𝜎11𝑚 + 𝜎22𝑚 + 𝜎22𝑚) + 𝜎𝑟𝑒𝑠) (2.7) 
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𝜎𝑠𝑔𝑛𝑣𝑚𝑚
= 휁 ∙ 𝜎𝑣𝑚𝑚

 

where 𝜎𝑠𝑔𝑛𝑣𝑚𝑚
 is the signed von-Mises mean stress. 

The sign for the mean stress could also be found from the largest magnitude of the 

principle stresses. The absolute maximum principal stress is widely used in finite element 

software to determine the sign of the signed von-Mises terms [116]. The equivalent stress 

from the von-Mises method is found by applying an appropriate mean stress correction 

function such as the Modified Goodman criteria.  

2.7.3 Failure criteria and Mean Stress Correction from Fluctuating Loads 

There are many methods to determine if failure will occur due to a uniaxial cyclical load. 

Some of these methods use a safety factor to determine if the material is sufficiently 

resistant enough for the engineering loads. A safety factor can be calculated based on 

three methods of failure analysis; the Soderberg criteria, the Gerber criteria, modified 

Goodman criteria and the ASME-elliptic method. The formulas for each criterion are 

written below: 

Soderberg line ∶  
𝜎𝑎

𝜎℮
+

𝜎𝑚

𝜎𝑦
=

1

𝑆
 (2.8) 

Gerber ∶
𝑆 ∙ 𝜎𝑎

𝜎℮
+ (

𝑆 ∙ 𝜎𝑚

𝜎𝑢𝑡
)
2

= 1 (2.9) 

ASME − Elliptic ∶ (
𝜎𝑎

𝜎℮
)
2

+ (
𝜎𝑚

𝜎𝑦
)

2

=
1

𝑆2
 (2.10) 

Modified Goodman ∶
𝜎𝑎

𝜎℮
+

𝜎𝑚

𝜎𝑢𝑡
=

1

𝑆
 (2.11) 
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where S is the safety factor, 𝜎𝑚 is the mean stress, 𝜎𝑎 is the stress amplitude or 

alternating stress, 𝜎𝑦 is the yield stress of the material, 𝜎𝑢𝑡 is the ultimate tensile strength 

of the material and 𝜎℮ is the endurance limit of the material at 10
7
 cycles. The endurance 

limit can be exchanged with any other stress level to suit the engineer’s needs. When a 

lower number of cycles are used as the failure criterion, the Goodman diagram line 

becomes steeper [117]. The four equations above are only valid if the mean stresses are 

below the yield of ultimate strength of the material. If a tensile stress larger than the 

failure limit of the material is expected, then the component will to fail during its first 

cycle. Likewise compressive mean stresses will only extend the overall life of the part by 

decreasing the equivalent alternating stress. 

Equations can be rearranged to solve for an equivalent reversible stress to calculate the 

lives for each cycle. Rearranging the above equations give: 

Soderberg line {𝜏𝑆(𝜎 )} ∶ 𝜎𝑟𝑒𝑣 = 𝑆 
𝜎𝑎𝜎𝑦

𝜎𝑦 − 𝑆𝜎𝑚
 (2.12) 

Gerber {𝜏𝐺(𝜎 )} ∶ 𝜎𝑟𝑒𝑣 =
𝑆𝜎𝑎𝜎𝑢𝑡

2

𝜎𝑢𝑡
2 − (𝜎𝑚𝑆)2

 (2.13) 

ASME − Elliptic {𝜏𝐸(𝜎 )} ∶ 𝜎𝑟𝑒𝑣 = ± 𝑆𝜎𝑎𝜎𝑦√
1

(𝜎𝑚𝑆)2 + 𝜎𝑦
2
 (2.14) 

Modified Goodman {𝜏𝑀𝐺(𝜎 )} ∶  𝜎𝑟𝑒𝑣 = 𝑆 
𝜎𝑎𝜎𝑢𝑡

𝜎𝑢𝑡 − 𝜎𝑚𝑆
 (2.15) 

where 𝜎𝑟𝑒𝑣 is the equivalent reversible stress and 𝜏(𝜎 ) is the mean stress correction the 

function. The advantage of using the above criteria is that the material yielding and safety 

factors can be taken into account. The above equations are only valid when the mean 
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stress is below the yield or ultimate strengths. For the purpose of this thesis, only the 

modified Goodman line is considered for fatigue analysis and subsequent optimizations. 

2.7.4 Rainflow Counting Algorithms 

The Rainflow algorithm was created by T. Endo and M. Matsuishi in 1968 [118]. It is 

named the Rainflow algorithm because of its resemblance to rain flowing down a 

Japanese pagoda roof. The premise of this algorithm is to create representative sections of 

a random load history into appropriate load reversals. The goal of a cycle counting 

algorithm to determine the number of cycles (a damaging event for fatigue) and stress 

ranges. The Rainflow counting algorithm looks at the peaks and valleys of a variable 

uniaxial load history (maximums and minimums). From those peaks and valleys, a new 

mean and amplitude scaling factor is derived for each of the individual load reversals. 

The number of load reversals is also found. In addition, scaling factors can also be found 

in relation to the maximum load or stress. The results of the Rainflow algorithm can then 

be used to calculate the fatigue damage by using Miner’s rule. Similarly, each Rainflow 

cycle can be used to calculate crack increments in linear fracture mechanics. In addition 

to the pagoda roof method, there exist cycle counting methods such as the three [119] and 

four point method [120]. A pseudo code for the three point method which calculates the 

number of cycles is given in Appendix A.1 to illustrate its implementation [121]. 
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2.7.5 Palmgren Miner Cumulative Damage Hypotheses 

The Palmgren Miner cumulative damage hypothesis states that the summation of damage 

from variable single reversals can be done by the summation of the inverse of the 

individual cycles. The formulation for damage accumulation can be calculated from: 

𝐻 = ∑
𝑛𝑖

𝜛𝑖

𝑘

𝑖=1

 (2.16) 

Where k is the number of loads (or reversals), ni is the number of cycles at a given load 

level and 𝜛𝑖   is the number of cycles before failure at that load level. If H is above one, 

then failure ensures. Rainflow counting can be used for each of the k number of cycles to 

calculate the total damage from a stress profile.  

The number of cycles for the load history until failure can also be calculated from 

Miner’s rule. The equation for the number of load history repetitions is: 

𝜛𝑡𝑜𝑡𝑎𝑙 =
𝐻

∑
𝑛𝑖

𝜛𝑖

𝑘
𝑖=1

 (2.17) 

where 𝜛𝑡𝑜𝑡𝑎𝑙 is the number of repetitions of the load history until failure and H is the 

failure criterion determined by experiment (typically between 0.7 to 2.2 and averages 

around 1). The total number of cycles until failure can be calculated by multiplying the 

number of time block repetitions by the number of reversals in the load time 

history(∑𝑛𝑖). 

2.8 Ultrasonic Impact Treatment 

Studies have shown that Ultrasonic Impact Treatment (UIT) improves the surface finish 

and fatigue properties in the field of post-welding [11]. UIT is a process in which an 
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indenter vibrating at ultrasonic speeds slides over a surface. This treatment deforms the 

surface while inducing and redistributing residual stress in the part resulting in enhanced 

fatigue life [122]. UIT devices operate by inducing plastic deformation from the indenter 

or impact needle by first exciting a transducer by a controlled voltage input. The power 

source directly controls the oscillations exhibited by the transducer which sends its 

frequencies to the sonotrode (ultrasonic horn) [122]. The cold working and softening of 

the surface results in high plastic deformation generating large compressive residual 

stresses while at the same time reducing its roughness. 

Figure 6B displays the diagram of a UIT device. The arrow pointing from 1 is the piezo-

electrical converter. The arrow at 2 indicates the sonotrode and 3 is the specific impactor 

(or needle). The sub diagram at 5 describes the movement cycle of the impactor inside 

the end piece shown in 4. 

 

Figure 6 : (A) UIT Device (B) UIT Diagram [123] 

The research of E. Statnikov et al. [11] compared a variety of methods that improve the 

fatigue life of welded joints. These methods included Ultrasonic impact treatment (UIT), 

hammer peening, shot peening and TIG dressing. An improvement of 65% was observed 

𝐀) B) 
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in the UIT treated joints. In B.N. Mordyul et al. [124] investigation of the enhancements 

that occur in the surface layer of ultrasonic impacted specimens, it was concluded that the 

compressive residual stresses and work hardening of the surface layer attributed to the 

improvement in fatigue properties of processed specimens. A.I. Dekhtyar et al. [125] 

concluded that at high stress levels, UIT-processed Ti-6Al-4V has a fatigue life that is 

twice of the pristine (untreated) samples, and a roughness reduction Ra of 75%. While 

UIT is widely used in fatigue improvement of welded joints, the aim is to treat the 

surface of DMLS Ti-6Al-4V to enhance the fatigue life as a virtue of improved 

roughness, increased hardness and induced compressive residual stresses. 

2.8.1 UIT and Work Hardening 

Work hardening is defined by the strengthening or toughening of a material by cold 

working [124]. Plastic deformation at the surface of a material is able to increase the 

number of dislocations while disorientating and entangling local slip systems [12]. The 

addition of dislocations will often hinder the motion of other dislocations improving the 

strength of the material. The favorable increase in strength however is limited by the 

decreased ductility of the material. 

The effects of work hardening of a material can be evaluated by analyzing the dislocation 

density at the surface of the material. X-ray diffraction (XRD) and transmission electron 

microscopy (TEM) are such methods used to measure and compare the dislocation 

density at the surface of a material [126]. Etching the surface of a material may also 

allow for dislocation measurement and motion by analyzing the formation of small pits or 
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etch pits. Holes are formed during etching and attack regions surrounding the dislocations 

due to the higher strain fields. The results of the etching allow the observer to see were 

the dislocations are intercepting the material surface [127]. 

The surface microstructure of a work hardened material can also be used to evaluate cold 

working. The effect of plastic deformation due to cold work on a crystalline material will 

cause grain refinements. Fine grain materials will have a longer fatigue life especially at 

low plastic strain amplitudes [12]. Some cold working procedures such as rolling can 

cause grain refinement of to fall into the nanometer range [128]. The researches of 

Tanaka and Mura have developed a theoretical model to evaluate the effects of fatigue 

crack nucleation life based on grain size and dislocation slip [129]. Their findings have 

shown that as the grain size decreases the fatigue crack nucleation life will begin to 

increase. The Tanaka-Mura model has later been refined by Wu to omit the grain size and 

introduce dimensionless strain [130]. 

Due to the stochastic nature of some of the cold working process, including UIT; the 

crystallographic planes of the refined grains will be randomly oriented at the surface. 

XRD can be used to quantify the amount of surface softening resulting from UIT and 

shot peening by comparing peak intensities and peak widths [131]. Similarly, XRD can 

be used to measure the residual stresses on the surface of a crystalline material. Residual 

stresses are particularly important as large compressive stresses on the surface are 

beneficial to longer fatigue lives [124]. 
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Observing the surface of a material can also indicate its effectiveness against fatigue 

failure. The concentration of crack initiation sites on the surface play a major role in 

controlling fatigue life. High surface porosity indicates an increased risk for crack 

initiation sites which is detrimental for fatigue resistance. Reduction in roughness and 

increase in hardness are also measures of cold working and effects on surface porosity 

[132]. 

Direct plastic deformation will increase the density of dislocations by a proportion equal 

to the square root of the shear stress [133]. Dislocations are often activated by three main 

mechanisms notably homogeneous nucleation, grain boundary initiation and from 

interface differences between the crystal lattice and the surface. During cold working, 

dislocations are added to the surface through multiplication and can be explained by the 

Frank-Read source [12].  

Hardness measurements may also be used to characterize the cold working of the surface. 

Vickers and Rockwell measurement tests are the most used methods and involve creating 

an indentation on the metallic surface using a tool tip. The depth of the indentation will 

reflect the materials hardness. It is said that higher hardness reflects increased 

dislocations density preventing further plastic deformation [108] . 
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Chapter  3: DMLS Ti-6Al-4V Material Characterization  

The section reviews the experimental work used to characterize the material properties of 

DMLS Ti-6Al-4V. The material properties to be characterized are the young’s modulus, 

yield and ultimate yield strength and the fatigue properties SN curve. Both tensile tests 

and fatigue tests were performed. The Poisson ratio was not calculated and was assumed 

to be approximately 0.33, an average for titanium alloys. The first sub section goes into 

detail about the chemical properties of the Ti-6Al-4V power used to build the metallic 

specimens. The second sub section explains the procedure to calculate the young’s 

modulus and tensile strengths. The final section gives an overview on deriving the fatigue 

properties for the titanium material. A novel UIT application procedure is also developed 

in the final section and an SN curve for a UIT treated titanium specimen is also derived. 

3.1 Experimental Design Flowchart 

The first goal in this thesis is to calculate the mechanical and fatigue properties of the 

printed material. In Figure 7, the properties of elastic modulus and ultimate yield strength 

are found from tensile testing. The Poisson ratio was not experimentally derived and 

company data was used as reference. An SN curve for the material with and without the 

novel UIT treatment will also be derived. The fatigue improvements of both curves are 

analyzed and compared.  
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Figure 7 : Block Diagram for Material Characterization of DMLS Ti-6AL-4V 

3.2 Ti-6AL-4V DMLS Chemical Properties 

All titanium dog bone specimens were built by OmniSint-160, a metal sinter, using Ti-

6Al-4V grades 23 powder from AP&C following the EOS M290/400W standard DMLS 

parameters. The particle size ranged from 15-23 microns and the layers were 60-microns 

thick. The specimens were heat treated in accordance to AMS 2801 to relieve the stress 

induced by the rapid melting and cooling that takes place during the printing process 

[134]. Specimens were treated at 800°C for 2 hours in an argon atmosphere. Figure 14b 

shows the printing orientation, where the printing platform lies in the x-y plane. A single 

2D layer is formed on the platform when the laser beam sinters particles starting from the 

left end and moving towards the right end of the dog bone in Figure 13. When a layer is 

completed, the platform is leveled to a new elevation in the z-axis allowing a new layer to 

be added on top of the previous one. This build direction ensures that the grain 
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boundaries are parallel to the application of force, maximizing the materials resistance to 

fatigue failure [135]. Wire EDM is a precise cutting technique that minimizes the need 

for excessive post processing machining. Wire cutting was used to breakaway supports 

and remove the specimens from the platform [136].  Lastly, the edges were polished 

using an emery cloth of grades 120 and 220. 

The chemical distribution and powder size of the initial pre-sintered material are 

presented in Table 1 and Figure 8 below. The average sizes of the un-melted powder 

range in between 15 and 45 μm. The chemical composition and particle distribution is 

given by the manufacturer AP&C [137]. 

Table 1 : Chemical Composition of Ti-6Al-4V Grade 23 Power, AP&C [137] 

Element Content in wt% Element Content in wt% 

Ti balance Fe 0.05-0.20 

Al 5.50-6.50 Cu <0.10 

V 3.50-4.50 Sn <0.10 

O 0.10-0.12 Y <0.005 

N 0.02 Other max. each 0.1 

C 0.02 Other max. total 0.4 

H 0.01   

 

Figure 8 : Ti-6Al-4V Powder Size Distribution [137] 
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The density of the material is given in Table 2, as well as the company ratings for the 

tensile and ultimate strength. Both horizontal and vertical build direction properties are 

given. 

Table 2: Company Rating for Material Properties [137] 

Property (Heat Treated) Value 

Density 2.66 g/cm
3
 

Modulus of Elasticity (XY) 109 GPa 

Modulus of elasticity (Z) 113.5 GPa 

Tensile Strength (XY) 1075MPa 

Tensile Strength (Z) 1080MPa 

Yield Strength (XY) 1000MPa 

Yield Strength (Z) 1005Mpa 

Elongation at Break (XY) 13 ∓ 3% 

Elongation at Break (Z) 15 ∓ 4% 

 

Table 2 shows the mechanical properties. There is very little deviation in the stiffness. An 

isotropic material assumption can be made in this case. Isotropic assumption will 

simplify the fatigue behavior of the material as anisotropic behavior does not need to be 

accounted for. 

3.3 Material Tensile Properties 

Multi-physic optimizations require the material properties to be known. For metallic 

materials, the young’s modulus, Poisson ratio and tensile strength are required. The 

starting point on the SN curve is also equal to the failure of at one cycle; the equivalent 

stress would be the ultimate tensile strength. For the mentioned criteria, tensile tests are 

needed to be performed to gather the necessary data for the multi-scale workflow for 

additively manufacture titanium components. The procedure, tensile specimen 
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dimensions and calculations for the tensile properties are shown in the proceeding 

section. 

3.3.1 Specimen Dimensions 

The specimen dimensions closely followed the standards of ASTM E8/E8M-13 [138]. 

Flat rectangular dog bones where used for the tensile tests. The tensile specimens require 

specific dimensions for the standard; these are shown in the figure below: 

 

Figure 9: Tensile Specimen Dimension Standards [138] 

Figure 9 displays the dimensions in relation to variables. The dimensions of the tensile 

specimen are displayed in Table 3. 

Table 3 : Tensile Specimen Dimensions 

Dimension Value 

A – Length of Reduced Section 32mm 

B – Length of Grip Section 37.92mm 

C – Width of grip section, approximate 10mm 

W – Width 6mm 

T – Thickness 3.16mm 

R – Radius of fillet, min 6mm 

L – Overall Length 116.78mm 

G – Gauge Length 25mm 

 

3.3.2 Tensile Testing Methodology 
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Five tensile specimens were tested and each tensile specimen is named using a 

convention. Each specimen is named T-NT-XX. The first letter T stands for tensile, the 

second pair of letters stands for not treated (NT). The last two numbers (XX) are the 

identification number of the tensile specimen. The tensile tests were performed on a 

servo-hydraulic 810 Material Test System (max. load 100 kN), MTS [139]. The rate of 

pull or strain rate was set to be 0.5 mm/min and is continuously monitored by the MTS 

for a consistent pull rate. The grip pressure and the ends of the tensile specimens were set 

to be 800psi.  

The cross section of each specimen was measured at the center of the gauge length. By 

measuring the cross-section; the engineering stresses and engineering tensile strength can 

be calculated from the tensile data. The specimens have a rectangular cross section and 

the area is calculated by the product of the thickness (T) and the width (W). 

The yield strength of the ADM metal is to be found by using an offset method with 0.2 

percent of the strain. The intersection of the offset line and the stress-strain curve is the 

value of the yield strength. The maximum strain before plastic deformation is found by 

the yield strength positions strain using the offset method. The ultimate tensile strength id 

found by dividing the maximum force applied to the specimen during tensile testing by 

the original cross-sectional area of the specimen. The final length of the specimen is 

calculated by measuring the changes in lengths of the gauge lengths of the specimens. 

The change in lengths is sued to calculate the strain at failure. 
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The modulus of elasticity is found by linear regression of the elastic section’s slope of the 

stress and strain curve. An average of the calculated slopes is taken to calculate the 

modulus of elasticity of the material. The maximum displacement in the elastic region for 

calculating the slope was assumed to be 0.75mm. The experimental modulus of elasticity 

is then compared to the company rating of the material properties.  

3.3.3 Stress Strain Curve Data 

The draw data for the tensile tests are shown below with the engineering stress plotted 

against the engineering strain. 

 

Figure 10 : Engineering Stress (MPa) - Strain (%) Curve DMLS Ti-6AL-4V 

A summary of the experimentally derived material properties are displayed in the next 

table: 
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Table 4 : Material Properties Summary 

Property Value Standard Error 

Elastic (Young’s) Modulus (GPa) 113.58 5.7 

Yield Strength (0.2%) (Mpa) 1077.09 26.69 

Ultimate Tensile Strength (Mpa) 1209.92 23.38 

Yield Point Strain 2.71e-2 1.26e-3 

 

 

3.3.4 Material Property Calculations 

The young’s modulus of elasticity, yield strength and ultimate yield strength are derived 

in this section. First to be calculated is the ultimate tensile strength, followed by the 

modulus and then the yield strength properties. The ultimate yield strength for each 

specimen is calculated by taking the maximum force registered by the MTS and then 

dividing it by the original cross-sectional area. The equation below is applied: 

𝜎𝑈𝑇𝑆 =
𝐹𝑚𝑎𝑥

𝐴𝑜𝑟𝑖𝑔𝑖𝑛𝑎𝑙
 (3.1) 

where 𝐹𝑚𝑎𝑥 is the maximum force and 𝐴𝑜𝑟𝑖𝑔𝑖𝑛𝑎𝑙 is the original cross-sectional area of the 

tensile specimen at the gauge area. 

The data for the maximum force and cross-sectional area is given in the table below for 

each tensile specimen. 

Table 5 : Max Force and Cross-Sections 

 T-NT-01 T-NT-02 T-NT-03 T-NT-04 T-NT-05 

Maximum Force (kN) 23.19 22.74 23.29 22.92 22.88 

Cross-Sectional Area (mm
2
) 18.92 19.44 19.16 18.88 18.68 

Ultimate Yield Strength (Mpa) 1225.92 1169.3 1215.08 1213.96 1225.32 

The ultimate yield stress was then calculated to be on average 1209.92 Mpa. 
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The modulus of elasticity was calculated from the slope of the engineering stress to 

engineering strain in the elastic region. This region was assumed to be within a 

displacement of 0mm to 0.75mm. This is assumed due to the shape of the Stress-Strain 

graph. The displacement data was converted to strain using the equation below: 

 

휀 =
𝐿𝑜𝑟𝑖𝑔𝑖𝑛𝑎𝑙 − 𝐿𝑓𝑖𝑛𝑎𝑙

𝐿𝑜𝑟𝑖𝑔𝑖𝑛𝑎𝑙
=

∆𝐿

𝐿𝑜𝑟𝑖𝑔𝑖𝑛𝑎𝑙
 (3.2) 

where 𝐿𝑜𝑟𝑖𝑔𝑖𝑛𝑎𝑙 is the original length of the tensile specimens reduced section and ∆𝐿 is 

the difference between the new length and the original length. 

The engineering stress is calculated in the elastic region with the proceeding equation: 

𝜎 =
𝐹

𝐴𝑜𝑟𝑖𝑔𝑖𝑛𝑎𝑙
 (3.3) 

Where F is the measured force and 𝐴𝑜𝑟𝑖𝑔𝑖𝑛𝑎𝑙 is the original cross section. 

The modulus is calculated from the following relation: 

𝐸 =
𝜎

휀
=

∆𝜎

∆휀
 (3.4) 

where 𝜎 is stress and 휀 is the strain. 

The modulus values are then obtained from linear regression of the engineering stress to 

strain graph. The slopes of the elastic regions where then used to determine the yield 

strengths. An alternative method to calculate the modulus is to find the slope between the 

force and then displacements and then multiply the slope by the ratio of the original 

length to the original area. The elastic range was taken to be between displacements of 

0mm to 0.71mm. The modulus as a result of the raw strain data is displayed in Table 6. 
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Table 6 : Young's Modulus Results from Raw MTS Strain Data 

 T-NT-01 T-NT-02 T-NT-03 T-NT-04 T-NT-05 

Elastic Modulus (GPa) 115.09 111.18 106.02 113.95 121.63 

The moduli have an average of 113.58 GPa. This value is close to the company rating for 

elastic stiffness and to other modulus measurements for titanium alloys in the literature 

[140]. The yield strength is found using the offset method. The yield strength is 

calculated by offsetting the modulus equation by 0.2% strain. The intercept with the 

stress-strain curve will determine the yield strength. A Savitzky-Golay filter was passed 

through the force data to remove noise [141, 142]. The order of the Savitzky-Golay filter 

was set to 3 with a frame length of 5. The results for the yield strengths and yield point 

elongations are given in the table below: 

Table 7 : Yield Strength and Yield Elongation 

 T-NT-01 T-NT-02 T-NT-03 T-NT-04 T-NT-05 

Yield Strength (Mpa) 1061.34 1044.48 1114.44 1076.14 1089.03 

Yield Point Strain 2.72e-2 2.60e-2 2.92e-2 2.64e-2 2.66e-2 

The average yield strength was calculated to be 1077.09 MPa. The average strain to yield 

was 2.71e-2. 

3.3.5 Material Property Discussion 

The curve in Figure 10 shows that minimal necking occurs in the plastic region of the 

stress-strain curve before fracture. The plastic flow region was also seen to be very large 

which suggests the DMLS Ti-6AL-4V is a ductile material [13]. The engineering stress 

and strain graphs also showed that the material can withstand large amounts of energy as 

the area under the curve is quite large. 
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The young’s modulus; when the raw strain measurements were used gave results that 

were close to those of the literature. The error for the derived modulus value was less 

than one percent when compared to the company rating. The yield and ultimate tensile 

strength were also measured to be on average 10% higher. Errors for data collection may 

be caused by the strain rate chosen and the alignment of the tensile specimen with the 

clamps/grips. The first sample had a higher UTS compared to the others and had a 

different strain rate. This means that the rate of pull significantly affects the results. 

Nevertheless, the yield strength of the material is very high and also has good ductility 

which will be beneficial for engineering designs that aim to minimize mass. 

3.4 Untreated and UIT Treated Fatigue Behavior of DMLS Ti-6AL-4V  

It has been previously stated in this manuscript that the fatigue properties for additively 

manufactured metals have been known to have poor fatigue behavior. To enhance the 

fatigue behavior of DMLS Ti-6AL-4V; UIT will be applied to the surface of the material. 

The compressive strength will increase the fatigue life of the material. It is then crucial to 

characterize the fatigue behavior of the material before and after the surface treatment to 

properly gauge the effects of UIT. This section will explain the methods and calculations 

for two SN curves, one treated and an untreated curve. The two curves will then be used 

to compare the effects of UIT on multi-scale design optimizations.  

3.4.1 Experimental Methodology Overview 

In order to develop S-N curves for both the untreated Titanium and UIT treated titanium 

materials, a device would need to be built to properly apply the UIT treatment. It is also 
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imperative that the surface treatment be as uniform possible as uneven treatments will 

cause large scatter. 

The samples would also need to be prepared for fatigue testing. Many samples had 

scratches and notches which would cause erratic fatigue lives at equal cyclic stresses. 

Milling the sides of the specimens helped remove theses imperfections. The milling 

would also improve the metal performance due to hardening of the cut surface however 

there was no other alternative. Figure 11 shows the clean-up procedure on the fatigue 

specimens. Figure 11A shows the side of the sample were the support structure where 

grown and is significantly rougher than the top section in Figure 11B. 

 

Figure 11 : Machining Fatigue Specimens (A) Pristine Sample Side Bottom (B) Pristine Sample Side 

Top (C) Machined Sample 

It was decided that the application device to be a spring loaded system and that the UIT 

appliance would be attached to a CNC machine. The titanium samples were placed on the 

Machined Sample 

Cutting speed: 365 rpm 

Feed rate: 1 5/16 inch per min 

(A) (B) (C) 
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spring loaded device to which the CNC machine would control the UIT appliance along a 

scanning path and press down on the spring loaded system to apply the treatment evenly.  

Eighteen samples will be used to determine the SN curve for the untreated case and nine 

treated samples where used for the optimal fatigue curve. A batch of three to four 

samples were used for each tested stress level and the logarithmic average was taken for a 

mean fatigue life at each data point. The pearl string method was then used to obtain the 

S-N curves following the standards of the DIN 5100. 

The SN curve will contain both the high cycle regime and the low cycle’s regime. The 

high cycles will be found from fatigue tests to determine the slope of the Basquin curve. 

The low cycle regime is found from the previous tensile test data where the failure at one 

cycle is the ultimate tensile strength. The transition point between the low cycle regime 

and the high cycle regime will be at 10
4
 cycles. 

3.4.2 UIT Device and Application 

The UIT device displayed in Figure 13a is typically used as a hand-held tool for post-

welding processing. It is equipped with slots for 4 impactors, but for the purposes of this 

experiment, only one impactor was used as illustrated in Figure 12b. To provide 

automated control, a custom-built fixation is used to attach the device to the spindle of a 

CNC Mill. Figure 13c shows the treatment path programmed to minimize the surface 

roughness while obtaining a uniformly deformed surface.  
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Figure 12 : Impact Needle Position in UIT Device 

 

Figure 13: (a) Side View (b) Front View of UIT device (c) Schematic of treatment path ■starting 

point, ►inner local spirals, ►outer global spiral, ■ end point (d) Pristine Machined Sample (e) UIT 

Machined Sample 

The scanning speed of the CNC machine was set to 1000 mm/min. This speed was 

chosen as it was deemed to be to best speed for optimal coverage for the treatment from 

a) 

(a) 

b) 

(b) 

c) 

(c) 

(d) 

(e) 
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previous experiments and testing. The experimental procedure for the scan speed is given 

in the Appendix D  . Each line represents a scan path. The spacing between the scans is 

known as an interval. Amplitude control of the device is controlled by a control box.  

The amplitude was set to 57 percent of 40 micrometers during testing [11]. The interval 

for treating titanium alloys typically ranges between 10 and 70 μm [143, 144, 4]. The 

path contours were chosen to increase outwards at 71.1 μm intervals to match previous 

efforts and research into surface treatments on titanium [122].  In other words the 

spacing’s in Figure 13C are constant.  

The teal pattern in Figure 13c is the programmed treatment path followed by the device’s 

indenter/needle.  Impact begins at the red arrow “1” and ends at the blue square “25”. 

Each line represents a scan path and the spacing between the scans is referred to as the 

interval. The spiral shape of the scanning path was designed to allow the material to 

spread evenly outwards from the center of the surface and to ensure a relatively even and 

symmetrical treatment. However, no research has been conducted to determine if the 

scanning path shape has any effect on surface quality or distribution of stresses at the 

surface [11]. The influence of the scanning path will be outside of the scope of this thesis. 

3.4.3 Ti-6AL-4V DMLS Sample Dimensions 

Flat sheet fatigue specimens were manufactured in accordance to ASTM E606 for strain 

fatigue testing, taking in account the critical length that prevents the jaws of the material 

test system (MTS) from colliding.  
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Figure 14 : (a) Schematic of flat sheet fatigue specimen with rectangular cross-section (b) Orientation 

of the specimens during DMLS manufacturing process 

Figure 14a illustrates the dimensions of the dog bone in millimeters. The thickness for the 

fatigue specimens is the same as the tensile specimens. Figure 14b displays the build 

orientation and the location of the support structures. 

3.4.4 Specimen Fixture 

To apply UIT, the Ti-6Al-4V specimens were clamped to an aluminum plate that is 

supported by two steel rods and two linear bearings as illustrated in Figure 15a. The plate 

can freely slide along the rods and its motion range is limited to two springs placed 

between the plate and the end of the supporting rods. Compressing the springs allows for 

a constant static force to be applied onto the samples during treatment. By pushing the 

UIT device into the plate and compressing the springs a certain distance, the amount of 

static force can be determined. Aluminum cutting fluid was used to lubricate the rods so 

that the plate could freely move by the springs. For treating the titanium specimens, a 

static force of 30N was applied. This force was selected as it was seen to give the optimal 
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performance increase and coverage of the treatment when combined with a scanning 

speed of 1000mm/min. Selecting the best force setting was determined through 

experimentation and is shown in Appendix D  . 

 
Figure 15: (a) CAD of UIT Fixture Set-Up (b) CNC machine and Fixture Assembly (c) Close up of 

assembly 
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3.4.5 Fatigue Testing 

Fatigue tests were undertaken with a servo-hydraulic 810 Material Test System (max. 

load 100 kN), MTS [139]. Fatigue testes followed the standards of the DIN 50100 [145] 

at The untreated S-N curve was built using 6 different stress amplitudes; 75Mpa, 

100MPa, 125MPa, 150MPa, 175MPa and 200MPa. The treated S-N curve used 550MPa, 

400MPa and 250Mpa stress levels to assemble the curve. The chosen R value was 0 for 

each of the fatigue tests. A short tapered sinusoidal waveform with the amplitude rising 

to the maximum load was chosen for the first few cycles to smoothen the starting process 

of the MTS. According to DIN 50100, the load cycles belonging to the tapered sinus 

pattern up to a difference of 1.5 % of the load amplitude and the last cycle right before 

the fracture were subtracted from the total number of cycles. All fatigue tests were 

conducted at a temperature range of 20.4 to 24.2 °C and a humidity range of 17 to 68 %. 

UIT specimens were also measured before and after UIT treatment to evaluate the extent 

of the surface deformations. The grip sections of the specimens were clamped in the 

clamping jaws with a pressure of 800 psi (5.516 MPa) and tested with a constant 

frequency of 25 Hz.  

3.4.6 SN Curve Calculations 

The stress-life curves for the additively manufactured titanium material were constructed 

based on the standards of the DIN 50100 [145]. The pearl string method was used to 

determine the S-N curve for the untreated specimens. The mean for the number of cycles 

to failure for a given stress value are the primary values extracted by the fatigue 
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experiments. A total of 16 untreated fatigue specimens were used to acquire the untreated 

S-N curve. Nine treated specimens were used to derive the treated S-N curve. 

Because of the lack of empirical values for the DLMS Ti-6Al-4V in terms of fatigue life 

estimation through experimentation; the standard deviation of the population (𝑆log 𝜛,𝐺𝐺) 

and the quotient of the means (distance of the load levels in the direction of the number 

of cycles, 
𝜛50%,2

𝜛50%,1
) were initially assumed to be 0.2 and 50, respectively. The value 𝜛50%,1 

is equal to 20 000 load cycles and 𝜛50%,2 is equal to 1 million load cycles. The 

methodology of the treated curve follows the same steps as the untreated stress-life curve 

but modified for 9 samples (𝒽 ) instead of 16. 

Due to having 16 untreated specimens for characterizing the untreated S-N curve, the 

scatter band of the mean-value (Tm) was estimated to be 1.745. While the permissible 

error band for the number of specimens required for an estimation of the mean 𝜛50%,𝐺𝐺 

with assumed population standard deviation of 0.20 and an 80% confidence interval is 

between 24.3% and 32.1%. Assuming 𝜛50%,𝐺𝐺 is equal to 100 000 cycles, then 80% of 

the sample means should be expected to be between 75700 and 132100 load cycles. 

An assumed logarithmic normal distribution was used to develop the slopes of the S-N 

curves. The general formula for logarithmic regression is represented in equation 4.5: 

log𝜛 = logℭ − 𝒦 ∙ log 𝜎𝑎 (3.5) 

where 𝜛 is the number of cycles to failure, 𝜎𝑎 is the stress amplitude,  

𝒦 is the slope of the stress-life curve and ℭ is a constant for the description of the 

position of the High Cycles Fatigue (HCF) S-N curve at 𝜛 =  1 cycles. The methodology 
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for deriving the equation constants is shown in the Appendix C  . Calculating the standard 

deviation was done by shifting every single test result to the same common load level 

𝐹𝑎,𝑓𝑖𝑐𝑡, or accordingly stress level 𝜎𝑎,𝑓𝑖𝑐𝑡, with the number of load cycles 𝜛𝑖,𝑓𝑖𝑐𝑡, based on 

the assumption that the standard deviation at each load level i is identical. Shifting is 

carried out parallel to the beforehand obtained regression line.  

𝜛𝑖,𝑓𝑖𝑐𝑡 = 𝜛𝑖 ∙ (
𝐹𝑎,𝑓𝑖𝑐𝑡

𝐹𝑎,𝑖
)

−𝒦

 (3.6) 

where 𝜛𝑖,𝑓𝑖𝑐𝑡 is the number of load cycles at some fictitious load level,  𝜛𝑖 is the number 

of cycles at some common level,  𝐹𝑎,𝑓𝑖𝑐𝑡 and 𝐹𝑎,𝑖 are the fictitious and common load 

levels, respectively and k is the slope of the stress-life curve. 

The mean of the number of load cycles   is calculated with equation (4.7). 

𝜛50%,𝑓𝑖𝑐𝑡 =
1

𝑛
∑log(𝜛𝑖,𝑓𝑖𝑐𝑡) (3.7) 

where 𝑁50%,𝑓𝑖𝑐𝑡 is the mean number of cycles to failure at 𝐹𝑎,𝑓𝑖𝑐𝑡, a fictitious applied 

load.  Thus, estimating the standard deviation corrected for small sample sizes will use 

equation (4.8). 

�̃�log𝑁 =
𝒽 − 1.74

𝒽 − 2
∙ √

1

𝒽 − 2
∙ ∑(log(𝜛𝑖,𝑓𝑖𝑐𝑡) − log(𝜛50%,𝑓𝑖𝑐𝑡))

2
 (3.8) 

where �̃�log𝑁, is the standard deviation and 𝒽 is the number of samples being tested. 

Finally, the scatter band, which is the ratio of the number of cycles at a failure probability 

of 90%, to the failure probability of 10% (𝜛10%) is then calculated with equation (3.9). 
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TN =
𝜛90%

𝜛10%
= 102.564∙�̃�log𝑁 (3.9) 

where TN is the scatter band,  𝜛90% is the number cycles at 90% probability of failure and  

𝜛10% the number of cycles at 10% probability of failure. The failure band results and 

calculation methods are presented in Appendix C  . 

It is important to have reliable SN-curves so that designs are safe and trustworthy. 

Fatigue failure is expected to occur as a function of a logarithmic distribution along the 

SN-curve. The probability of failure is equal to 50% along the regression line or at the 

center of the scatter band.  For a given stress level, the probability of failure increases as 

the number of cycles to failure increases. To ensure the predicted lives are conservative 

and to remove uncertainty; an offset is applied to the regression line equal to at least two 

standard deviations from the mean. The standard deviations are those calculated 

from �̃�log𝑁 (equation (4.8)).  

A survivability rating of 99.99% is chosen to calculate the final SN-Curve. Survivability 

is the inverse of the probability to failure and determines the distance of the downward 

(or upward) shift of the regression line. Both the un-shifted SN curve and modified SN 

curve are developed, compared and shown in Figure 16. This will allow the designer to 

choose an appropriate safety factor for their design without worrying about 

unintentionally over designing. Calculations to shift the regression line are shown in 

Appendix C  . 

The Basquin equation will also be derived from the logarithm regression. This is because 

the optimization workflow uses the Basquin equation to calculate the life. Both the low 
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cycle regime and high cycle regime curves will be developed. The low cycle is created by 

connecting the ultimate tensile strength to the beginning of the high cycle regime. The 

Basquin equation for life prediction is represented by the formula below: 

𝜛 = (
𝜎𝑎

𝜎𝑆𝑁1
)
1/𝑏

 (3.10) 

where 𝜎𝑆𝑁1 is the intercept on the S-N curve stress axis. The Basquin equation can be 

found from the logarithmic equation be rearranging the terms: 

b = 1/−𝒦 (3.11) 

𝜎𝑆𝑁1 = ℭ−𝑏 (3.12) 

Taking the inverse of both sides gives the Basquin equation as used in the multi-scale 

design workflow: 

𝜛 = (
𝜎𝑎

ℭ
1
𝒦

)

−𝒦

 (3.13) 

3.4.7 Final SN Curve 

The combined curves of the approximated low cycle regime and the high cycle regime 

for the DMLS Ti-6AL-4V metal are given in Figure 16. The low cycle regime starts at 1 

cycle with the alternating stress equal to the ultimate tensile strength and ends at 10
4
 

cycles. The ultimate tensile strength is the same for both SN curves because it is not 

assumed that the mechanical properties (stiffness) are affected by surface treatments. The 

endurance limit increased by 25%. On average, a 200% increase in fatigue life across all 

stress levels can be seen by comparing the untreated line to the treated S-N curve. The 

experimentally driven relationships for both stress-life curves are presented in Table 8; 
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Table 8: S-N Curve Logarithmic Regression Equations (99.99% Survivability) 

Curve Equation(s) 
Knee Point of Max 

Stress (MPa) 

Untreated log𝜛 = log(1.01133 ∙ 1014) − 3.7836 ∙ log 𝜎𝑎 200 

Treated log𝜛 = log(3.85033 ∙ 1015) − 4.22 ∙ log 𝜎𝑎 250 

 

The scatter band TN from the test results of the untreated and treated curves are 2.458 

and 2.613 respectively. Lower stress ratios will have longer fatigue lives for specimens 

due to lower peak tensile stresses.  There was much larger scatter in the treated samples, 

possibly due to slightly different treatments and initial residual stresses in the fatigue 

specimens. Another cause of scatter is fluctuations in humidity, which is known for 

influencing the fatigue strength behavior [146].  Additional causes of scatter are also due 

to uneven geometries in the tensile specimens. It is also noted that very few samples were 

tested in the high cycle region for the endurance limit. This is because of an oversight for 

the number of needed samples to test. The equivalent Basquin curve equations for the 

high cycle regime are given in Table 9. 

Table 9 : Equivalent Basquin Curve Equations (99.99% Survivability) 

Curve Equation(s) 
Knee Point of Max 

Stress (MPa) 

Untreated 

𝜛 = (
𝜎𝑎

5028.94
)
−3.7836

 

200 

𝜎𝑎 = 5028.94(𝜛)−0.2643 

Treated 

𝜛 = (
𝜎𝑎

4923.34
)
−4.22

 

250 

𝜎𝑎 = 4923.34(𝜛)−0.2369 



71 

 

 

Figure 16: Logarithmic Regression SN Curve (R=0) for Treated and Untreated DMLS Ti-6AL-4V A 
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Figure 17 : Logarithmic Regression SN Curve (R=0) for Treated and Untreated DMLS Ti-6AL-4V B 
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3.5 Closing Statements 

This section presented experimental derivations of new material properties. The stiffness 

of the material was recorded to be 113 GPa. This was similar to the recorded modulus of 

the company. The ultimate tensile strength was measured to be 1209.92 MPa and the 

yield strength was recorded at 1077 MPa. The results show promising material properties 

and for developing light-weight optimized topologies with high fatigue failure resistance. 

The fatigue properties were poor for the untreated specimens. UIT proved to increase the 

endurance limit by 25%. The high survivability chosen for the SN curves limits the 

amount of time inside the high cycle fatigue; however the low cycle lifetime will be 

omitted during topology and sizing optimizations. The UIT surface treatment will be able 

to save mass in the optimization section as will be seen later. 

To illustrate safe design principles, a survivability rating for fatigue is presented in the 

final SN-Curve graphs. Due to the probabilistic nature of fatigue failure, a scatter band is 

calculated based on the standard deviation of the mean regression line. Failure is least 

likely to occur as you move further left from the mean regression line. A 99.99% 

survivability SN-Curve is calculated for both untreated and treated Ti-6AL-4V DMLS 

materials. The high survivability rate will also minimize the amount of uncertainty when 

predicting fatigue lives. 

The high cycle regime assumes elastic deformation from the repeated loadings [13]; an 

highest alternating stress of 10
4
 MPa is well below the yield stress and therefore validates 

the initial fatigue behavior assumptions given in Chapter 3.4.1.  
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Chapter  4: Asymptotic Homogenization 

Cellular materials possess many unique characteristics and capturing these qualities 

requires sophisticated techniques. Periodic structures are geometrically complex and 

computationally expensive to analyze. Averaging techniques are therefore essential to 

reduce computation time for optimizations while maintaining accuracy of the physical 

response of the material. This chapter will present the reader with information about 

asymptotic homogenization and its applications to topology optimization. The first 

section is an overview and literature review of asymptotic homogenization. The next 

section will go over the mathematical principles of the process to obtain relative 

properties for lattice materials. The last section will describe the interpolation method 

employed in the multi-scale workflow to update the relative properties during topology 

optimizations. 

4.1 Numerical Asymptotic Homogenization 

Numerical asymptotic homogenization is used to determine relative mechanical 

properties for unit cells of three-dimensional lattice truss structures. The process is 

explained in Figure 18. The relative properties are a function of the relative density. 

Hence for any given lattice truss structure, the correct macro mechanical properties can 

be extracted. These properties are interpolated from a table during lattice topology 

optimizations. Micro-scale information is passed to the macro-scale in a form of 

homogenized properties. The modulus and Poisson ratios are modified during the multi-
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objective topology optimizations. These properties are then used to find the optimal 

graded structure for maximum fatigue strength to weight ratio. 

 

Figure 18 : Block Diagram for Asymptotic Homogenization Workflow 

4.2 Homogenization Method for Elastic Materials 

The theory of homogenization is related to the development of partial differential 

equations with non-constant coefficients [147]. Asymptotic homogenization assumes that 

each field quantity depends on two scale lengths, namely the microscopic (local) and 

macroscopic (global) levels [95]. For elastic materials, the displacements, strains, 

stiffness and stresses are assumed to vary smoothly at the global level while behave 

periodically at the local level [147]. The field quantity of a unit cell is assumed to be the 
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superposition of macro scale quantity and a small periodic fluctuation [148]. The 

displacement field for example can be expanded into a power series of the form: 

Ui
𝒩(χi, yi) = Uoi

(χi, yi) + 𝒩U1i
(χi, yi) + 𝒩2U2i

(χi, yi) + ⋯ , yi =
χi

𝒩
 (4.1) 

where Ui
𝒩 is the exact value of the field variable, Uoi

 is the macroscopic average value of 

the field variable, U1i
 and U2i

 are perturbations in the field variables due to the 

microstructure, χ is the global variable coordinate system, yi is the local coordinate 

system and η is a scale factor or ratio for the size of the period and relates the global to 

the local levels. 

Early developments in homogenization theory had found that the macroscopic 

displacements from the asymptotic expansion converge to an average displacement [149].  

Other research indicated that as the local scale decreased relative to the global scale the 

mechanical behavior of the homogenized material more closely reflected the true 

behavior of the material [150]. Overall, the accuracy of the homogenization depends on 

𝒩 and the application of periodic boundary conditions. 

Periodic properties are represented by a unit cell or RVE. The boundaries of the RVE are 

periodic (PBC) and allow for the solutions of homogenized properties. The RVE allows 

for both micro-scale and macro-scale analysis by applying a solid mechanics approach to 

relate the coordinate systems together.  

4.3 Methodology 

The work of Dong G et al. [151] and Andreassen et al. [152] was adopted to define the 

homogenized properties of several lattice unit cells. The methodology of their work 
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utilizes numerical methods of homogenization to solve for relative Lame’s parameters. 

The relative modulus and Poisson ratio can then be extracted from the relative Lame 

values. Dong et al adapted their implementation from a two-dimensional homogenization 

formulation written by Andreassen and Andreasen to compute a homogenize elasticity 

tensor [152]. By obtaining the relative Lame’s parameters for each relative density, it is 

possible to obtain the relative young’s modulus, Poisson ratio and the shear modulus as 

well. Bendsoe defines the homogenized stiffness tensor by the integration over the area or 

volume of the RVE [69]. The general equation for this method is as follows: 

𝐷𝑖𝑗𝑘𝑙
𝐻 =

1

|𝑉|
∫ 𝐷𝑖𝑗𝑝𝑚𝑀𝑝𝑚𝑘𝑙𝑑𝑉

 

𝑉𝑠

=
1

|𝑉|
∫ 𝐷𝑝𝑞𝑟𝑠(휀𝑝𝑞

0(𝑖𝑗)
− 휀𝑝𝑞

(𝑖𝑗)
)(휀𝑟𝑠

0(𝑘𝑙)
− 휀𝑟𝑠

(𝑘𝑙)
)𝑑𝑉

 

𝑉

 (4.2) 

where 𝐷𝑝𝑞𝑟𝑠 is the locally varying elasticity tensor, 𝑀𝑝𝑚𝑘𝑙 is the local structure tensor, |𝑉| 

is the volume of the unit cell. 휀𝑝𝑞
0(𝑖𝑗)

 are prescribed macroscopic (average) strain fields, 

while the locally varying strain fields 휀𝑝𝑞
(𝑖𝑗)

 is defined as: 

휀𝑝𝑞
(𝑖𝑗)

= 휀𝑝𝑞(𝑈
𝑖𝑗) =

1

2
(𝑈𝑝,𝑞

𝑖𝑗
+ 𝑈𝑞,𝑝

𝑖𝑗
) (4.3) 

𝑈𝑘𝑙 is the displacement field which can be found by the assumption of equal strain 

energies. The displacement field is calculated by the following equation: 

∫𝐷𝑖𝑗𝑝𝑞휀𝑖𝑗(𝒱𝑣𝑖𝑟𝑡𝑢𝑎𝑙)휀𝑝𝑞(𝑈
𝑘𝑙)𝑑𝑉

 

𝑉

= ∫𝐷𝑖𝑗𝑝𝑞휀𝑖𝑗(𝒱𝑣𝑖𝑟𝑡𝑢𝑎𝑙)휀𝑝𝑞
0(𝑘𝑙)

𝑑𝑉
 

𝑉

  ∀𝒱𝑣𝑖𝑟𝑡𝑢𝑎𝑙 ∈ 𝑉 (4.4) 

where 𝒱𝑣𝑖𝑟𝑡𝑢𝑎𝑙 is the virtual displacement field.  
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4.3.1 Relative Constitutive Matrix 

The elasticity tensor or constitutive matrix can be calculated by applying unit strain fields 

in each principle direction. Hence for a two-dimensional problem, three strain fields must 

be applied vertical, horizontal and shear stresses. A three-dimensional problem requires 

six strains to be applied and solved. The strains must be applied on the periodic boundary 

conditions. The macro displacements for each strain direction are found using the finite 

element method: 

𝐾𝑈𝑘𝑙 = 𝐹𝑘𝑙 (4.5) 

where 𝑈𝑘𝑙 is constrained to be periodic with respect to the RVE and 𝐾 is the global 

stiffness matrix. Periodicity can be enforced by a penalty approach, or from assigning 

equal node numbers to the opposing boundary nodes [69]. Multi-point constraints may 

also be used for periodicity.  

The global stiffness matrix is the summation of the finite elements. In the implementation 

of Andreassen, the individual finite elements are constructed so that it is a linear 

combination of the lames parameters [152].  

𝐾 = ∑𝐾𝑒

𝑛

𝑒=1

= ∑∫ 𝐵𝑒
𝑇𝐷𝑒𝐵𝑒

 

𝑉𝑒

𝑑𝑉𝑒

𝑛

𝑒=1

 (4.6) 

where 𝐾𝑒 is the local stiffness matrix, 𝐵𝑒 is the strain displacement matrix for the 

element, 𝐷𝑒 is the constitutive matrix of the element. 
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The force vector to solve for the macroscopic displacements or volumetric straining can 

be calculated from: 

𝐹𝑘𝑙 = ∑∫ 𝐵𝑒
𝑇𝐷𝑒휀𝑘𝑙̅̅ ̅̅ 𝑑𝑉𝑒

 

𝑉𝑒

𝑛

𝑒=1

 (4.7) 

For two dimensional problems, the strains 휀𝑘𝑙̅̅ ̅̅  are selected to be: 

휀1
𝑘𝑙 = 휀11 = [1 0 0]𝑇 , 휀2

𝑘𝑙 = 휀22 = [0 1 0]𝑇 , 휀3
𝑘𝑙 = 휀12 = [0 0 1]𝑇 

The same is applied for a three dimensional problem; 

휀1
𝑘𝑙 = 휀11 = [1 0 0 0 0 0]𝑇 , 휀2

𝑘𝑙 = 휀22 = [0 1 0 0 0 0]𝑇 

휀3
𝑘𝑙 = 휀33 = [0 0 1 0 0 0]𝑇 , 휀4

𝑘𝑙 = 휀12 = [0 0 0 1 0 0]𝑇 

휀5
𝑘𝑙 = 휀23 = [0 0 0 0 1 0]𝑇 , 휀6

𝑘𝑙 = 휀31 = [0 0 0 0 0 1]𝑇 

The displacements are obtained by imposing periodic boundary conditions on the RVE 

boundary. The resulting displacements for each strain case are then used to calculate the 

homogenized constitutive matrix. There are two possible methods to construct the 

homogenized constitutive matrix. The first method is by calculating the local structure 

tensor for each element using the periodic displacement fields and then applying the 

equation below:  

𝐷𝑖𝑗𝑘𝑙
𝐻 =

1

|𝑉|
∫ 𝐷𝑖𝑗𝑝𝑚𝕄𝑝𝑚𝑘𝑙𝑑𝑉

 

𝑉𝑠

 (4.8) 

Another simpler method for calculating the homogenized constitutive matrix is to first 

collect the strains for each element and subtract them from the macro volumetric strain 

vectors. The homogenized constitutive matrix is then the sum of the products of the 
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original elasticity matrices multiplied by their modified elemental strains. The summation 

of the contributions of each element to the homogenized constitutive matrix is written as: 

𝐷𝑖𝑗𝑘𝑙
𝐻 =

1

|𝑉|
∑∫ 𝐷𝑒𝑖𝑗𝑘𝑙

(𝐼 − 𝐵𝑒𝑈𝑖𝑗𝑒

𝑘𝑙)
𝑇

𝑑𝑉𝑒

 

𝑉𝑒

𝑛

𝑒=1

 (4.9) 

where 𝐼 is the identity matrix, 𝐵𝑒 is the strain-displacement matrix of the element, n is the 

number of elements, and 𝑈𝑖𝑗𝑒

𝑘𝑙 is the resulting displacements where each row contains the 

periodic displacements for each macroscopic strain field case.  

The homogenized elasticity matrix is the summation of the contribution of all elements in 

the RVE mesh. The above equations can then be differentiated with respect to the design 

variables within the RVE for topology optimizations whose aim is to design a cellular 

material with particular characteristics in mind [70]. 

4.3.2 Relative Yield Strength 

In addition to homogenized elasticity matrices, homogenization can calculate the relative 

yield stress of a periodic medium. This was performed for two dimensional lattice 

materials by Pasini et al [95]. The effective or relative stress tensor of an elastic medium 

is given as: 

σij̅̅ ̅ = Dijkl
H εkl̅̅̅̅  (4.10) 

where σij̅̅ ̅ is the effective stress tensor, Dijkl
H  is the homogenized constitutive matrix and  

εkl̅̅̅̅  is the average strain tensor.  
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It is assumed the equal strain energies between the RVE and the homogenized material 

are equivalent. The average stress (σij̅̅ ̅) or average strain (εkl̅̅̅̅ ) in RVE are defined by the 

average of the stress or strain tensors over the volume of RVE: 

𝜎𝑖𝑗̅̅̅̅ =
1

𝑉
∫𝜎𝑖𝑗𝑑𝑉

 

𝑉

, 휀𝑘𝑙̅̅ ̅̅ =
1

𝑉
∫휀𝑘𝑙𝑑𝑉

 

𝑉

 (4.11) 

This is possible due to the assumption of equal internal strain energies. These quantities 

can be directly calculated from Finite element analysis and then using a volume average 

of the elements. A more computationally efficient method of correlating averages stress 

or strain is by calculating the total contributions on the boundaries. The average strain is 

defined by the applied displacements at the boundary while the average stresses are 

defined by the self-equilibrated applied tractions [153]. The local RVE strain and the 

average strains can be written with the transformation tensor below: 

εij = 𝕄ijklεkl̅̅̅̅ , 𝕄ijkl =
1

2
(δikδjl + δilδjk) − εij

∗kl (4.12) 

where δij is the Kronecker delta and εij is the microscopic (periodic) strains in the 

microstructure. The local and average strains are substituted into the macroscopic 

equilibrium equation [150]. 

The relation between the average stress and micro stresses can be calculated using the 

local structure tensor. The microscopic stress distribution can be derived from: 

𝜎𝑖𝑗 = 𝐷𝑖𝑗𝑘𝑙𝕄𝑘𝑙𝑚𝑛휀𝑚𝑛̅̅ ̅̅ ̅ (4.13) 

where 𝜎𝑖𝑗 is the microscopic stress tensor and 휀𝑚𝑛̅̅ ̅̅ ̅ is the average strain tensor. The 

microscopic stress tensor can also be calculated from: 
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𝜎𝑖𝑗 = 𝐷𝑖𝑗𝑘𝑙𝕄𝑘𝑙𝑚𝑛(𝐷𝑟𝑠𝑚𝑛
𝐻 )−1𝜎𝑟𝑠̅̅ ̅̅  (4.14) 

Where 𝜎𝑟𝑠̅̅ ̅̅  is the macroscopic stress distribution in the RVE. 

Relative failure of the medium can is determined using the formulation of Pasini et al 

[95].   

𝜎𝑖𝑗̅̅̅̅ 𝑦 =
𝜎𝑦𝑠

max{𝜎𝑣𝑚(𝜎𝑖𝑗̅̅̅̅ )}
𝜎𝑖𝑗̅̅̅̅

𝑣𝑚
 (4.15) 

Where 𝜎𝑖𝑗̅̅̅̅ 𝑦 is the yield strength factor for given macro stress, 𝜎𝑦𝑠 is the reference yield 

strength, 𝜎𝑣𝑚(𝜎𝑖𝑗̅̅̅̅ ) is the von-Mises stress distribution within the unit cell domain 

corresponding the macroscopic stress 𝜎𝑖𝑗̅̅̅̅  and 𝜎𝑖𝑗̅̅̅̅
𝑣𝑚

 is the von-Mises stress of the input 

stress vector. 

The yield strength surface can be derived by testing multiple unit macro stress vectors 

and extracting the highest stress state from the micro structure. For a two dimensional 

problem; three stresses must be analyzed. A three dimensional problem has six stress 

states. For the purpose of this thesis, six unit stresses are used to determine the yield 

strengths and multi-axial properties are calculated by interpolation. The six stress cases 

are unit tests in the normal directions and shear directions. The vectors for the test cases 

are shown below: 

𝜎𝑥𝑥̅̅ ̅̅ = [1 0 0 0 0 0]𝑇 , 𝜎𝑦𝑦̅̅ ̅̅̅ = [0 1 0 0 0 0]𝑇 

𝜎𝑧𝑧̅̅ ̅̅ = [0 0 1 0 0 0]𝑇 , 𝜎𝑥𝑦̅̅ ̅̅̅ = [0 0 0 1 0 0]𝑇 

𝜎𝑦𝑧̅̅ ̅̅ = [0 0 0 0 1 0]𝑇 , 𝜎𝑥𝑧̅̅ ̅̅ = [0 0 0 0 0 1]𝑇 
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The yield properties are therefore estimated as a function of the input normalized stress 

vector and of the relative density of the lattice topology. Interpolation and estimation 

methods are explained in Appendix F  . 

It was noted by Arabnejad and Pasini that extracting the maximum micro-stresses from 

an imposed macro stress will often be much higher than expected due to stress 

discontinuities [73]. The errors in the finite element method and the imposed volumetric 

strains can be attributed to the discontinuities which cause the yield stress to decrease by 

almost forty percent when the relative density drops by one percent. To ensure 

conservative estimates while obtaining meaningful interpretations of internal stresses in 

the RVE; relative yield factors for relative densities above seventy percent are found by a 

high order polynomial regression. The regression will refit the data so that the drop in 

yield strength is smoother. Comparisons between the raw data and the fitted data can be 

seen in Appendix F  . 

4.4 Homogenization Results 

The mechanical properties of eight lattice structures where calculated as a function of the 

relative density. The definition of the relative density is described as the ratio of volume 

inside the RVE to the total volume of the RVE.  The chosen lattice topologies include 

CUBIC, BCC, FCC, diamond and the Octet truss. Using the methodology developed by 

Dong G et al [151], the homogenization was applied to a voxelated representation of the 

lattice structure. Additional calculations were made to acquire the relative yield strength 

by calculating local structure tensors and solving for six failure factors. The yield strength 
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in the axial and shear directions was calculated for a number of different relative 

densities. The average of all six failure criterions are shown in the results as the average 

relative yielding. The average normal stresses at yielding and the average shear stresses 

for yielding are also shown in the graphs. A single unit cell (RVE) for a specific lattice 

topology was analyzed for the homogenization technique. 

The relative Poisson ratio was seen to change based on the heterogeneous materials initial 

Poisson ratios. The results shown will present the relative properties (modulus, Poisson 

ratio, yield strength) for materials with a Poisson ratio of 0.3. The relative young’s 

modulus on the other hand was independent of the materials properties. The mesh 

discretization of the RVE was 50 hexahedron elements in the X, Y and Z directions. The 

homogenized properties are assumed to be isotropic. Because of the isotropic assumption, 

many of the unit cells have very similar mechanical properties.  

Additional numerical data for the homogenized properties are presented in Appendix F  . 

  
Figure 19: Octet Truss Lattice Relative Properties 
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Figure 20: BCC Lattice Relative Properties 

  
Figure 21 : BCCC Lattice Properties 

  
Figure 22 : Cubic Lattice Relative Properties 
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Figure 23 : Diamond Lattice Relative Properties 

  
Figure 24 : FCC Relative Properties 

  
Figure 25 : Truncated Octahedron (Octa) Lattice Relative Properties 
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Figure 26 : Tesseract Lattice Relative Properties 

 

4.4.1 Comments on Homogenization Results 

For engineers it can be challenging to determine which lattice structure is best suited for 

their application. The research presented in this chapter calculated the relative modulus, 

Poisson ratio and yield strengths of some lattice topologies. However electrical, thermal 

conductivity and energy absorption are other properties that can be quantified. The multi-

functionality of lattice structures adds complexity to design decisions [154]. One method 

to determine the applicability of lattice structures is by considering the lattice as a 

homogenous material and to then apply material selection techniques. Ashby’s method is 

a popular strategy for selecting the correct material which satisfies the designer’s needs 
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etc [155]. By plotting various lattice materials at equivalent densities to compare their 

properties, a suitable lattice configuration can be found. The material chart could for 

example plot the compressive stiffness versus the density and the material with the best 

ratio would be selected as the optimal choice. 

Another technique to determine the best lattice topology for a given task is by its 

structural categorization. For elastic responses, structural lattices can be categorized as 

either stretching or bending dominated [156]. Cubic and truncated octahedron lattices are 

known to be a bending dominated lattice because when they are subjected to point loads 

the bending moments are transferred to the struts. Lattices subjected to high bending 

forces will fail earlier than those under tension [157] and are seen to have increasing 

Poisson ratios as the relative density decreases. Stretching dominated lattices are those 

such as the octet truss and tend to be more weight efficient structures [156]. By 

comparing the relative Poisson ratios for each lattice topology as an isotropic material, 

one can determine if it is best suited for structural application as stretching dominated 

structures are ideal. However in contrast to bending dominated lattices, stretching 

dominated lattices perform worst in buckling and are less attractive when energy 

absorption is considered [156].  

  



89 

 

Chapter  5: Structural Optimization 

5.1 Topology Optimization 

Topology optimization is a field whose goal is to determine to optimal geometry for a 

given load case. This chapter presents an overview of solution methods for the various 

strategies in topology optimizations. Particular emphasis will be made for gradient based 

methodologies as they are more flexible when considering multiple constraints and 

objectives. The first section presents traditional problem formulations for gradient based 

optimization methods followed by filtering techniques and solutions methods.  

5.1.1 General Problem Formulation 

There are many methods for tackling topology optimization problems. Depending on the 

engineer’s preference, they may implement the level set method or rely on material 

redistribution [62]. This thesis is mainly concerned with optimization by material 

redistribution which modifies the element material properties in a finite element mesh to 

minimize a certain objective. The mathematical statement for topology optimizations by 

density redistribution (SIMP) can be written as; 

minimize: 𝜓(𝜌, 𝑈(𝜌)) 

subject to:

{
 

 
𝐾(𝜌)𝑈 = 𝐹

𝒢𝑖(𝜌, 𝑈) < 0

ℎ𝑖(𝜌, 𝑈) = 0
0 < 𝜌𝑚𝑖𝑛 ≤ 𝜌 ≤ 1

 
(5.1) 

 

 

 

where 𝜓(𝜌, 𝑈(𝜌)) is the objective or response function, 𝜌 is the vector of design 

variables (relative density in this problem), U is the displacement vector and is a state 
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variable, 𝐾(𝜌) is the global stiffness matrix as a function of the design variables, 𝐹 is the 

force vector, 𝜌𝑚𝑖𝑛 is a lower value limit to avoid singularities, 𝒢𝑖 is the set of inequality 

constraints and hi is a set of equality constraints.  

 The first material distribution technique for topology optimization is the SIMP method; 

also known as Solid Isotropic Microstructures with Penalization. SIMP is an optimization 

method which modifies the global stiffness matrix by varying each of the design elements 

young’s modulus (or stiffness). The SIMP formulation is the most popular 

implementation for topology optimization due to the pioneering success of Bendsoe and 

Sigmund [61]. For implementing the SIMP methodology, the design variables are known 

to be the relative density and penalizes the stiffness terms using the formulation in 

equation (7.2); 

𝐸𝑒(𝜌𝑒) = 𝐸𝑒
𝑂𝜌𝑒

𝑝
 (5.2) 

where 𝑝 is the penalization factor and is greater than 1, 𝐸𝑒(𝜌𝑒) is the penalized stiffness 

and 𝐸𝑒
𝑂 is the original stiffness of an element e.  

Bendsoe and Sigmund remark that the SIMP model can satisfy the Hashin-Shtrikman 

bound for two phase materials model if the penalization factor (𝑝) satisfies the following 

criteria [69]: 

𝑝 ≥ max {
2

1−𝑣0
,

4

1+𝑣0
}  (2D-case) (5.3) 

𝑝 ≥ max {15
1−𝑣0

7−5𝑣0
,
3

2

1−𝑣0

1−2𝑣0
} (3D-case) (5.4) 

where 𝑣 0
 is the Poisson ratio. The interpolation method for the SIMP method provides 

areas of grey which questions the physical permissibility of such a material. If the above 
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Hashin-Shtrikman constraints for the penalization power can be met, then the 

intermediate design variables can be interpreted in much the same way as a layered 

composite material or as another solid material. The above equation implies that for a 

two-dimensional case, the smallest penalization factor is about three. For a three-

dimensional case, the smallest penalization factor is two however Bendsoe and Sigmund 

suggest a minimum value of three be chosen for topology optimizations. 

There are many more interpolation methods for material redistribution methods. For this 

thesis, only the SIMP method and a modified interpolation scheme for homogenized 

lattice materials will be used. 

5.1.2 Filtering 

Filtering is used to enforce a length-scale in the problem and to ensure mesh-

independency. Another key feature of filtering is to avoid checker boarding which 

predominantly arises when first order FE meshes are used. Checker boarding can be seen 

in Figure 27A. Many types of filtering algorithms exist; the most notable ones are the 

sensitivity filter and the density filter. Figure 27B illustrates the differences compared to 

Figure 27A when a filter is applied. 

The sensitivity filter was first introduced by Sigmund and will directly modify the 

sensitivity of the objectives and constraint functions [158, 159]. The original design 

variables are unchanged. The design sensitivities are altered using the sensitivity by 

means of the following equation: 
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𝜕𝜓

𝜕𝜌𝑒

̂
=

1

max (𝜏, 𝜌𝑒)∑ 𝑤𝑒𝑖
𝑁𝑒

𝑖∈𝑁𝑒

∙ (∑ 𝑤𝑒𝑖

𝑛𝑒

𝑖𝜖𝑁𝑒

𝜌𝑖

𝜕𝜓

𝜕𝑝𝑖
) (5.5) 

where 𝜏 is some minimal density value to avoid singularities, 𝑝𝑒 is the design variables, 

𝑤𝑒𝑖 is a convolution weighted distance factor, 𝜓 is the response function whose 

sensitivities are to be modified and Ne is the set of all elements whose centers lie within a 

distance of rmin from the center of the element e under consideration. The linear weights 

wei are calculated using the following definition; 

𝑤𝑒𝑖 = 𝑚𝑎𝑥 (0,
ℛ𝑚𝑖𝑛 − ℛ𝑒𝑖

ℛ𝑚𝑖𝑛
) (5.6) 

Where ℛ𝑚𝑖𝑛 and ℛ𝑒𝑗  are user defined variables to enforce minimum member size and the 

distance between centroids of elements e and i respectively. 

 

Figure 27 : (A) No Filter (B) With Filter 

A) 

B) 
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In addition to the sensitivity filter there also exists the density filter which modifies the 

design variables by a weighted average of the nearby elemental densities. The projected 

element density of an element 𝜌𝑒 is written as; 

𝜌�̃� =
∑ 𝑤𝑒𝑖𝜌𝑖𝑖𝜖𝑁𝑒

∑ 𝑤𝑒𝑖𝑖𝜖𝑁𝑒

 (5.7) 

Because the design variables are updated due to the filter, the sensitivities of the objective 

functions must be modified as well. To compute the sensitivity of the objective function 

𝜓 with respect to the independent design variables pj, we use the chain rule: 

𝜕𝜓

𝜕𝜌𝑗
= ∑

𝜕𝜓

𝜕𝜌�̃�

𝜕𝜌�̃�

𝜕𝜌𝑗
𝑒𝜖𝑁𝑗

= ∑
1

∑ 𝑤𝑒𝑖𝑖𝜖𝑁𝑗

𝑤𝑗𝑒

𝜕𝜓

𝜕𝜌�̃�
𝑒𝜖𝑁𝑗

 (5.8) 

When implementing the density filter, a symmetrical distance matrix can be calculated 

firsthand. This is done by calculating the convolution weight factors of each element with 

respect to the other elements or design variables. The filtered design variables then 

become a matrix multiplication between the vector of the original design variables and 

the convolution weight matrix. The modified sensitivities can be obtained the same 

method by multiplying the current gradient by the convolution weight matrix. 

In this thesis, only the density filter will be considered for optimization purposes. This is 

because of its simplicity and speed of computation. Having to consider only one filter 

will also limit the number of design cases to consider. 

5.1.3 Solution Methods 

In topology optimizations, there exists a wide variety of optimization methods. These 

methods take first order information from the optimization responses and 
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correspondingly update the design variables. For general optimizations cases there is the 

Method of Moving Asymptotes (MMA) as well as other sequential approximation 

algorithms such as SQP for optimizations. Many other strategies have been used to search 

for the optimal structural layout in a topology optimization problem. For instance, the 

optimality criterion has been used for material constrained problems by exploiting the 

KKT conditions of optimality [14]. Another strategy is BESO with operates similarly to 

the optimality criteria method [62]. 

For the purposes of this paper, the MMA [69]  gradient based method is used as objective 

information and constraints must be interchangeable to be used inside the multi-objective 

framework.  

5.1.3.1 Method of Moving Asymptotes 

The method of moving asymptotes or MMA is a popular optimization algorithm in the 

field of topology optimization. Its popularity stems from its ability to be both versatile 

and an efficient large scale optimizer [69]. MMA was first introduced by Svanberg to 

tackle large scale structural optimization problems with an emphasis on stress constraints 

[160].  This optimization algorithm is favorable due its ability to solve problems with a 

large number of constraints with a moderate amount of constraints. Svanberg has also 

stated that one of the advantages of MMA is that it is easy to implement and use [160]. 

The algorithm is an iterative procedure which creates separable convex sub problems 

based on the objective function and its constraints. The main criterion is that the 

functions themselves be smooth and twice continuously differentiable. The convex sub 
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problems are generated from first order information from the input functions and 

information from previous steps (iterations). 

The steps for implementing MMA follow the same general methodology for any 

sequential approximation algorithm. The only difference is the implementation of the sub 

problem itself. The general steps for the sequential approximation are explained again for 

consideration of the MMA algorithm [160]. 

1. Choose a starting point x
0
 for current iteration I = 0 

2. At the current point calculate 𝑓𝑖(𝑥
𝐼) and ∇𝑓𝑖(𝑥

𝐼) where 𝑖 = 0,1, …𝕦 

3. Calculate the moving asymptote bounds 𝒰𝑖
𝐼 and 𝑙𝑖

𝐼 

4. Generate the MMA sub problem ℚ𝐼 

5. Solve ℚ𝐼 using the primal-dual algorithm and go to step 1 with the optimal 

solution 𝑥∗
𝐼  obtained from ℚ𝐼, set I = I+1 

If the original optimization problem is formulated as: 

min 𝑓0(𝑥) 

𝑠𝑢𝑏𝑗𝑒𝑐𝑡 𝑡𝑜: 
𝑓𝑖(𝑥) ≤ 0, 𝑖 = 1,… , 𝕦

𝑥 ∈ 𝕊
    

(5.9) 

Then the sub problem for the method of moving asymptotes will approximate the original 

problem as follows: 

min𝑓0
𝑘(𝑥) + 𝜚0𝓏 + ∑(𝒸𝑖𝓎𝑖 +

1

2
𝒟𝑖𝓎𝑖

2)

𝕟

𝑖=1

 (5.10) 
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𝑠𝑢𝑏𝑗𝑒𝑐𝑡 𝑡𝑜: 

𝑓𝑖
𝐼(𝑥) − 𝜚𝑖𝓏 − 𝓎𝑖 ≤ 0  

б𝑗
𝐼 ≤ 𝑥𝑗 ≤ ж𝑗

𝐼 

𝓎𝑖 ≥ 0
𝓏 ≥ 0

𝑥𝑗
𝑚𝑖𝑛 ≤ 𝑥𝑗 ≤ 𝑥𝑗

𝑚𝑎𝑥

                

𝑖 = 1,… . . , 𝕦
𝑗 = 1,… . . , 𝕟
𝑖 = 1,… . . , 𝕦

 
𝑗 = 1,… . . , 𝕟 

 

Where 𝑓0 is the approximated objective function, 𝑓𝑖 are the approximated functions, 𝑎0, 

𝜚𝑎𝑖, 𝒸𝑖, 𝒟𝑖 are real numbers which satisfy 𝜚0 > 0, 𝜚𝑖 ≥ 0, 𝒸𝑖 ≥ 0, 𝒟𝑖 ≥ 0, 𝒸𝑖 + 𝒟𝑖 > 0 

for all i, and also 𝜚𝑖𝒸𝑖 > 𝜚0 for all I with 𝑎𝑖 > 0. б𝑗
𝐼 is the lower bound (asymptote) and 

ж𝑗
𝐼 is the upper bound which are determine through iterations where I > 0. 𝑥𝑚𝑖𝑛 and 𝑥𝑚𝑎𝑥 

and the original box constraints for the optimizations problem. 𝕟 is the number of design 

variables and 𝕦 ist he number of differential functions. Also, 𝓏 ∈ ℝ, 𝑥 ∈ ℝ𝕟 and 𝓎 ∈ ℝ𝕦. 

The approximating functions 𝑓𝑖
𝐼 are evaluated as: 

𝑓𝑖
𝐼(𝑥) = Њ𝑖

𝐼 + ∑(
Д𝑖𝑗

𝐼

𝒰𝑗
𝐼 − 𝑥𝑗

+
Ч𝑖𝑗

𝐼

𝑥𝑗
𝐼 − 𝑙𝑗

𝐼)

𝕟

𝑗=1

, 𝑖 = 0,1, …𝕦 (5.11) 

where Д𝑖𝑗
𝑘 , 𝑞𝑖𝑗

𝑘  and 𝑟𝑖
𝑘 are obtained from: 

Д𝑖𝑗
𝐼

= (𝒰𝑗
𝐼
− 𝑥𝑗

𝐼)
2
(1.001(

𝜕𝑓𝑖
𝜕𝑥𝑗

(𝑥𝐼))

+

+ 0.001(
𝜕𝑓𝑖
𝜕𝑥𝑗

(𝑥𝐼))

−

+
10−5

𝑥𝑗
𝑚𝑎𝑥 − 𝑥𝑗

𝑚𝑖𝑛
) (5.12) 

Ч𝑖𝑗
𝐼 = (𝑥𝑗

𝐼 − 𝑙𝑗
𝐼)

2
(1.001(

𝜕𝑓𝑖
𝜕𝑥𝑗

(𝑥𝐼))

+

+ 0.001(
𝜕𝑓𝑖
𝜕𝑥𝑗

(𝑥𝐼))

−

+
10−5

𝑥𝑗
𝑚𝑎𝑥 − 𝑥𝑗

𝑚𝑖𝑛
) (5.13) 

Њ𝑖
𝐼 = 𝑓𝑖(𝑥

𝐼) − ∑(
Д𝑖𝑗

𝐼

𝒰𝑗
𝐼 − 𝑥𝑗

+
Ч𝑖𝑗

𝐼

𝑥𝑗
𝐼 − 𝑙𝑗

𝐼)

𝕟

𝑗=1

 (5.14) 
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where (
𝜕𝑓𝑖

𝜕𝑥𝑗
(𝑥𝐼))

+

 is equal to max {
𝜕𝑓𝑖

𝜕𝑥𝑗
(𝑥𝐼), 0}   and  (

𝜕𝑓𝑖

𝜕𝑥𝑗
(𝑥𝐼))

−

 is equal to 

max {−
𝜕𝑓𝑖

𝜕𝑥𝑗
(𝑥𝐼), 0} and the bounds б𝑗

𝐼 and ж𝑗
𝐼 are calculated from: 

б𝑗
𝐼 = min{𝑥𝑗

𝑚𝑖𝑛, +0.1(𝑥𝑗
𝐼 − 𝑙𝑗

𝐼), 𝑥𝑗
𝐼 − 0.5(𝑥𝑗

𝑚𝑎𝑥 − 𝑥𝑗
𝑚𝑖𝑛)} (5.15) 

ж𝑗
𝐼 = min{𝑥𝑗

𝑚𝑎𝑥 , −0.1(𝒰𝑗
𝐼 − 𝑥𝑗

𝐼), 𝑥𝑗
𝐼 + 0.5(𝑥𝑗

𝑚𝑎𝑥 − 𝑥𝑗
𝑚𝑖𝑛)} (5.16) 

The asymptotes 𝑈𝑗
𝑘 and 𝐿𝑗

𝑘 have their own updating scheme. When I is equal to 1 and 2; 

𝑙𝑗
𝐼 = 𝑥𝑗

𝐼 − 0.5(𝑥𝑗
𝑚𝑎𝑥 − 𝑥𝑗

𝑚𝑖𝑛) (5.17) 

𝒰𝑗
𝐼 = 𝑥𝑗

𝐼 + 0.5(𝑥𝑗
𝑚𝑎𝑥 − 𝑥𝑗

𝑚𝑖𝑛) (5.18) 

When k is greater than 2; 

𝑙𝑗
𝐼 = 𝑥𝑗

𝐼 − 𝒴𝑗(𝑥𝑗
(𝐼−1)

− 𝑙𝑗
(𝐼−1)

) (5.19) 

𝒰𝑗
𝐼 = 𝑥𝑗

𝐼 + 𝒴𝑗(𝒰𝑗
(𝐼−1)

− 𝑥𝑗
(𝐼−1)

) (5.20) 

And finally 𝒴𝑗 is equal to; 

𝒴𝑗 =

{
 
 

 
 0.7 𝑖𝑓 (𝑥𝑗

𝐼 − 𝑥𝑗
(𝐼−1)

)(𝑥𝑗
(𝐼−1)

− 𝑥𝑗
(𝐼−2)

) < 0

1.2 𝑖𝑓 (𝑥𝑗
𝐼 − 𝑥𝑗

(𝐼−1)
)(𝑥𝑗

(𝐼−1)
− 𝑥𝑗

(𝐼−2)
) > 0 

1 𝑖𝑓 (𝑥𝑗
𝐼 − 𝑥𝑗

(𝐼−1)
)(𝑥𝑗

(𝐼−1)
− 𝑥𝑗

(𝐼−2)
) = 0 

 (5.21) 

The sub problem is solved by means of a primal-dual algorithm. Due to the large number 

of steps and checks involved in the algorithm; a detailed explanation can be found in the 

paper written by Svanberg [160]. 
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5.2 Lattice Optimization 

Lattice optimization procedures are identical to SIMP topology optimization method.  

The major difference comes from the modifications to the constitutive matrices of the 

finite elements to reflect material properties of homogenized lattice materials. An 

additional step in the multi-scale design procedure is to convert low density elements into 

a collection of tapered Euler beams. This transforms the original optimization problem 

into a new one. The new problem allows the design to assess the microscopic behavior 

more accurately and fine tune the properties in those sections. The conversion into micro-

tapered beams however is a trade-off between accuracy and modeling efficiency. This is 

because beam elements are most accurate when they have high aspect ratios. This 

subchapter will present the reader with mathematical principles to obtain graded 

structures with embedded cellular materials.  

5.2.1 Sensitivity Analysis for Lattice SIMP Optimizations 

In a SIMP topology optimization the optimum is found by modifying the designable 

elements young’s modulus based on their relative density. For a Lattice SIMP 

optimization, both the young’s modulus and Poisson ratio of the design elements are 

continuously modified. The sensitivity analysis for structural responses in a Lattice SIMP 

and SIMP optimization are the same with the exception of the differentiation of the local 

stiffness matrix with respect to the relative density (design variable). The new total 

derivative of the local stiffness matrices are presented in this section. 
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In Lattice SIMP optimization the relative density directly changes the properties of the 

constitutive matrices using relative property functions. The relative property functions are 

based on the interpolating methodology outlined in Appendix D. Because the change in 

the stiffness does not depend only on the young’s modulus as it does in the regular SIMP 

formulation, the change in the Poisson ratio must be taken into account. This requires the 

sensitivities of the relative property functions to be included into the differentiation of the 

responses. For the sensitivities of the relative property functions; they are found by 

calculating the gradient of fitted high-order polynomials over a subsection of the 

homogenized lattice data. These sensitivities are then inserted into the constitutive matrix 

to determine the total gradients for the changes in the local stiffness matrix with respect 

to the design variables. 

The sensitivity for the local stiffness matrix depends on two relative property functions; 

Γ(ρ) which is the change of relative modulus and Λ(ρ) which is the change in relative 

Poisson ratio. Both Γ(ρ) and Λ(ρ)  are functions in terms of the relative density ρ. This 

will modify the local stiffness matrix of the elements. Therefore, the local stiffness 

matrices 𝐾𝑒 can be reformulated as:  

𝐾𝑒(𝑝𝑒) = 𝐾𝑒(𝛤(𝑝𝑒), 𝛬(𝑝𝑒)) (5.22) 

Since Γ(ρ) and Λ(ρ) both explicitly rely on the relative density, then the sensitivity of Ke 

with respect to the design variable can be determined with the following expression [82]: 

𝜕𝐾𝑒

𝜕𝑝𝑒
= ∫𝐵𝑒 ∙

𝑑𝐷𝑒

𝑑𝑝𝑒
∙ 𝐵𝑒 ∙ 𝑑𝑉

 

𝑉

 (5.23) 
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Where Be is the strain-displacement matrix element type, 𝑉 is the volume (or area in 2D) 

and De is the elements constitutive material stiffness matrix. Be is independent of the 

design variable as is constant. The material stiffness matrix in three dimensions is given 

as: 

𝐷 =
𝐸

(1 + 𝑣)(1 − 2𝑣)
∙

[
 
 
 
 
 
1 − 𝑣 𝑣 𝑣 0 0 0

𝑣 1 − 𝑣 𝑣 0 0 0
𝑣 𝑣 1 − 𝑣 0 0 0
0 0 0 1 − 2𝑣 0 0
0 0 0 0 1 − 2𝑣 0
0 0 0 0 0 1 − 2𝑣]

 
 
 
 
 

 (5.24) 

The modified material matrix D when Γ(ρ) and Λ(ρ)  are inserted becomes: 

𝐷(𝑝𝑒)

=
𝐸 ∙ 𝛤(𝑝𝑒)

(1 + 𝑣 ∙ 𝛬(𝑝𝑒))(1 − 2𝑣 ∙ 𝛬(𝑝𝑒))

∙

[
 
 
 
 
 
1 − 𝑣 ∙ 𝛬(𝑝𝑒) 𝑣 ∙ 𝛬(𝑝𝑒) 𝑣 ∙ 𝛬(𝑝𝑒) 0 0 0

𝑣 ∙ 𝛬(𝑝𝑒) 1 − 𝑣 ∙ 𝛬(𝑝𝑒) 𝑣 ∙ 𝛬(𝑝𝑒) 0 0 0
𝑣 ∙ 𝛬(𝑝𝑒) 𝑣 ∙ 𝛬(𝑝𝑒) 1 − 𝑣 ∙ 𝛬(𝑝𝑒) 0 0 0

0 0 0 1 − 2𝑣 ∙ 𝛬(𝑝𝑒) 0 0
0 0 0 0 1 − 2𝑣 ∙ 𝛬(𝑝𝑒) 0
0 0 0 0 0 1 − 2𝑣 ∙ 𝛬(𝑝𝑒)]

 
 
 
 
 

 

(5.25) 

The derivative of the material stiffness matrix D can then be found with the chain rule: 

𝑑𝐷𝑒

𝑑𝑝𝑒
=

𝜕𝐷𝑒

𝜕Γ

𝜕Γ

𝜕𝑝𝑒
+

𝜕𝐷𝑒

𝜕Λ

𝜕Λ

𝜕𝑝𝑒
 (5.26) 

5.2.1.1 Stress Sensitivity Modifications 

When dealing with stress responses, the change in the elastic properties does not affect 

the contributions to the stress components. Many numerical examples of this 

phenomenon are explained in Appendix E.2.2. Proposed solutions to the challenges with 

stress responses are also explained in Appendix E.2.2 and include the “𝑞𝑝” method or the 
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epsilon relaxation method [161]. The solutions to stress inconveniences aim to relax the 

feasible region so that the global optimum can be achieved. 

The nature of using homogenized properties as an interpolation method for a topology 

optimization allows for alternative strategies when dealing with stress based structural 

responses. For a given relative density of a unit cell topology; there exists a relative stress 

value that can be used to scale the elemental stresses to an appropriate value. The relative 

stress properties can therefore be implemented into the stress response for the lattice 

optimizations. This strategy had been implemented with great success by Pasini et al who 

homogenized properties of two dimensional lattice structures to derive properties of 

relative modulus, Poisson ratio, shear modulus and yield stress [95]. Pasisni et al. 

included the microscopic stress measurements in the evaluation of the stresses to scale 

the problem accordingly [95]. This highlights an advantage of this method in that it is 

conceptually easier to visualize and interpret than the previous stress response 

modification methods. The stress scaling by homogenized stress scalars will be adopted 

for this thesis. The scalar function is the inverse of the average relative yield function 

developed in the homogenization chapter. 

The modification to the stress response by including a relative stress function is written as 

such: 

𝜎𝑒(𝜌𝑒) = 𝜎𝑒(𝜌𝑒 , 𝜗(𝜌𝑒 , 𝑣0)) (5.27) 

where 𝜎𝑒 is the elemental stress as a function for the relative density, 𝜌𝑒 is the relative 

density of the element, 𝑣0 is the original Poisson ratio of the heterogeneous material and 
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𝜗 is a function for the relative increase in the stress measured by the relative density and 

Poisson ratio. As stated before the relative increases in the stress is governed by the 

inverse of the average relative yielding. 

The elemental stress can also be written explicitly as a function of the relative density and 

is shown below: 

𝜎𝑒(𝜌𝑒) = 𝐷(𝜌𝑒)𝐵𝑈𝜗(𝜌𝑒) (5.28) 

The sensitivities of the stress function with respect to the relative density can be found 

using the product rule: 

𝑑𝜎𝑒

𝑑𝜌𝑒
=

𝜕𝜎𝑒

𝜕𝜌𝑒
𝜗(𝜌𝑒) + 𝜎𝑒

𝜕𝜗

𝜕𝜌𝑒
 (5.29) 

The explicit form of the sensitivities using the adjoint method is then written as: 

𝑑𝜎𝑒

𝑑𝜌𝑒
= [

𝜕𝐷𝑒

𝜕𝜌𝑒
𝐵𝑒𝑈𝑒 − 𝜆𝑒

𝑇 (
𝑑𝐾𝑒

𝑑𝜌𝑒
𝑈𝑒)] 𝜗(𝜌𝑒) + [𝐷𝑒𝐵𝑒𝑈𝑒]𝜗(𝜌𝑒)

′ (5.30) 

The adjoint vector is found by solving the system: 

𝜆 = 𝐾−1
𝑑𝜎

𝑑𝑈
 (5.31) 

5.2.1.2 Fatigue Sensitivity Modifications 

Following the same principles of homogenized stress properties for unit cells described in 

chapter 5.2.1.1; the macro damage can be converted into micro damage using the relative 

yield function. The modification the sensitivity of the cumulative damage is performed 

by introducing the relative stress factor as a function of relative density into the 
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sensitivities. The modified fatigue equation by the introduction of stress scalars are 

calculated in the equations below. The damage is recalculated as: 

𝐻 = ∑
𝑛𝑖

𝜛𝑖

𝑘

𝑖=1

 (5.32) 

The life per cycle in the above equation is found with the equations below: 

𝜛 = ℓ(𝜎℮) =
𝜎𝑆𝑁1

𝜎℮
𝑏  (5.33) 

𝜎℮ = 𝜏(𝜎, 𝜗) = 𝜏(𝜎𝑎(𝜌𝑒)𝜗(𝜌𝑒), 𝜎𝑚(𝜌𝑒)𝜗(𝜌𝑒)) (5.34) 

The resulting sensitivities using the adjoint method for the life and damage are as follows 

using both the product rule and the chain rule: 

𝑑𝐻𝑒

𝑑𝜌𝑒
= (∑[

𝜕𝐻𝑒

𝜕ℓ

𝜕ℓ

𝜕𝜏

𝜕𝜏

𝜕𝜎𝑒𝑖

]

𝑘

𝑖=1

)
𝜕𝜎𝑒𝑖

𝜕𝜎𝑒
(
𝜕𝜎𝑒

𝜕𝜌𝑒
𝜗(𝜌𝑒) + 𝜎𝑒(𝜌𝑒)

𝜕𝜗

𝜕𝜌𝑒
) − 𝜆𝑒

𝑇 [
𝑑𝐾𝑒

𝑑𝜌𝑒
𝑈𝑒] (5.35) 

The adjoint vector is found by solving the following system: 

𝜆 = 𝐾−1 ∑[
𝜕𝐻𝑒

𝜕ℓ

𝜕ℓ

𝜕𝜏

𝜕𝜏

𝜕𝜎𝑒𝑖

]

𝑘

𝑖=1

(
𝜕𝜎𝑒𝑖

𝜕𝜎𝑒

𝜕𝜎𝑒

𝜕𝑈
𝜗(𝜌𝑒)) (5.36) 

The contributions of the relative stress scalars are included in the adjoint load. 

5.2.2 Lattice Beam Optimizations 

Sizing optimizations on a collection of beam elements is performed to fine tune the 

microscopic scale of the lattice structure. This method is applied to an area that has been 

converted from a volume of graded relative densities to a structure of beam segments. To 

obtain a graded lattice structure from the micro-struts; the beams are assumed to follow 

classical Euler-Bernoulli beam theory [162]. Mechanical properties for micro-lattice 
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structures have been studied extensively with FEM simulations closely modeling 

classical beam theory [162, 163, 164].  

5.2.2.1 Problem Formulation for Lattice Beam Optimization 

Tapered beam elements with constant slope are used as replacements for the lattice struts 

[101]. Sensitivity analysis of the global stiffness matrix is controlled by the cross-

sectional areas at the joining nodes of each tapered beam. This reduces the number of 

design variables to consider by focusing on commonly shared joints (nodes) as opposed 

to the ends of each individual beam. Lattice beam optimization can be described best as a 

sizing optimization problem where the joint thicknesses are optimized for a given 

objective function. The general problem statement for mass reduction for a lattice 

structure is given below; 

minimize: 𝑓(𝐴 ) 

subject to: 

{
 
 

 
 

𝐾(𝐴)𝑈 = 𝐹
𝒢𝑖(𝐴𝑖) ≤ 0

ℎ𝑖(𝐴𝑖) = 0
𝐴𝑚𝑖𝑛 ≤ 𝐴𝑖 ≤ 𝐴max

𝜌𝑖 ∙ 𝐿𝑖 > 0

 

(5.37) 

where 𝑓(𝐴) is the objective function, 𝜌𝑖 is the density of each beam, 𝐴𝑖 is the vector of 

cross-sectional areas of the tapered beam elements, Li is the length of each tapered beam, 

U is the displacement vector, 𝐾(𝐴) is the global stiffness matrix as a function of cross-

sectional areas, F is the force vector, Amin is the minimum cross-sectional area to avoid 

singularities, Amax is a pre-determined maximum area for the tapered beams and 𝒢𝑖 is a set 

of inequality constraints and ℎ𝑖 is a set of equality constraints.   
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For mass minimization of micro-lattice structures; stress constraints combined with a 

buckling criterion are normally used together [101]. This is because buckling is the main 

initialization of failure for some lattice topologies, particularly those that are bending 

dominant [165]. However, buckling is not considered in this manuscript during lattice 

beam sizing optimizations because it is outside the scope and will reduce computational 

costs. 

5.2.2.2 Lattice Beam Sensitivity Analysis 

The optimization responses will depend on the cross-sectional areas of tapered beams. 

During optimizations, the design variables are the radii of the lattice struts. Hence the 

sensitivities are then converted from area-based design variables to radii-based design 

variables.  

Due to the cross-sectional areas are coupled; a modification of the sensitivities must be 

applied. For the purposes of this thesis, the beam optimizations are performed in Altair 

Optistruct. This is because the micro-scale optimizations are single objective 

optimizations and industry software is much more accurate than MATLAB run 

algorithms. Nevertheless, the objective functions and their sensitivities are presented in 

the proceeding sections. 

5.2.2.3 Mass 

The mass is calculated using the volume of the beam multiplied by the density.  
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𝑀(𝑟) =
1

2
𝜋 ∑(𝑟𝑒,1

2 + 𝑟𝑒,2
2 )𝐿𝑒𝑑𝑒

ℰ

𝑒=1

 (5.38) 

where ℰ is the number of elements, M is the total mass as a function of the radii, d is the 

density, L is the length of the element and r is the radii or design variables at the ends of 

the tapered beams. 

The mass function can be represented with a matrix И. The dimensions of the matrix are 

n by m where n is the number of elements and m is the number of design variables. The 

entries in the matrix are formed by the equation below: 

И𝑖,𝑗 = {
𝑑𝑒𝐿𝑒 , 𝑖𝑓 𝑒𝑖 ∋ 𝑟𝑗
0,            otherwise

 (5.39) 

The sensitivity with respect to the cross sectional areas are: 

𝜕𝑀

𝜕𝜌𝑒
= 𝜋Иr  (5.40) 

5.2.2.4 Fatigue 

The fatigue life and cumulative damage of a tapered beam element is calculated using the 

stresses coupled with a mean stress correction factor. The equation for damage 

calculation in a tapered beam is shown below:  

𝐻 = ∑
𝑛𝑖

ℓ(𝜎𝑒𝑞𝑖
) 

𝑘

𝑖=1

 (5.41) 

where the local equivalent stress 𝜎𝑒𝑞 is calculated using the formulation and the local 

stress 𝜎𝑖 can be found in shown in Appendix C, ℓ(𝜎𝑒𝑞)  is functional to calculate the 

number of cycles to failure for a particular load and k is the number of cycles in the 
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fatigue history.  The damage sensitivity of a tapered beam using the adjoint method by 

changing its radii in general form is shown below: 

𝑑𝐻

𝑑𝑟𝑗
=

𝜕𝐻

𝜕𝑟𝑗
|
𝑈=𝑐𝑜𝑛𝑠𝑡

+ 𝜆𝑇 (
𝑑𝐹

𝑑𝑟𝑗
−

𝑑𝐾

𝑑𝑟𝑗
𝑈) (5.42) 

Because linear static stresses are assumed the derivative of the force vector 
𝑑𝐹

𝑑𝑟𝑗
  is equal 

to zero. The adjoint vector 𝜆 is found from: 

𝜆 =
𝜕𝐻𝑒

𝜕𝑈
𝐾−1 = ∑ [

𝜕𝐻

𝜕ℓ

𝜕ℓ

𝜕𝜏

𝜕𝜏

𝜕𝜎𝑖

𝜕𝜎𝑖

𝜕𝜎𝑒

𝜕𝜎𝑒

𝜕𝑈
]𝑘

𝑖=1 𝐾−1 = ∑ [
𝜕𝐻

𝜕ℓ

𝜕ℓ

𝜕𝜏

𝜕𝜏

𝜕𝜎𝑖

𝜕𝜎𝑖

𝜕𝜎𝑒
𝐸𝑒𝐵𝑒𝕋𝑒]

𝑘
𝑖=1 𝐾−1  (5.43) 

where 𝜏 is the equivalent stress functional, 𝜎𝑖 is the mean and amplitude stresses at load 

cycle i and 𝜎𝑒 is the reference stress in the beam. The implicit sensitivities are calculated 

by the summation of all tapered beams implicit sensitivities which are connected to the 

analyzed design variable. The implicit sensitivities are shown below:  

𝜕𝐻𝑒

𝜕𝑟𝑗
|
𝑖𝑚𝑝𝑙𝑖𝑐𝑡

= ∑𝜆𝑖
𝑇 (−

𝑑𝐾𝑖

𝑑𝑟𝑗
𝑈𝑖)

𝑒

𝑖=1

 (5.44) 

where e is the set of elements attached to design variable 𝑟𝑗. 

The explicit sensitivity for the damage is calculated using the equation below: 

𝑑𝐻𝑒

𝑑𝑟𝑗
|
𝑒𝑥𝑝𝑙𝑖𝑐𝑖𝑡

=
𝜕𝐻𝑒

𝜕𝑟𝑗
= ∑[

𝜕𝐻

𝜕ℓ

𝜕ℓ

𝜕𝜏

𝜕𝜏

𝜕𝜎𝑖

𝜕𝜎𝑖

𝜕𝜎𝑒
𝐸𝑒

𝜕𝐵𝑒

𝜕𝑟𝑗
𝕋𝑒𝑈𝑒]

𝑘

𝑖=1

 (5.45) 

The total sensitivity for damage in a tapered beam is therefore: 

𝑑𝐻𝑒

𝑑𝑟𝑗
= ∑[

𝜕𝐻

𝜕ℓ

𝜕ℓ

𝜕𝜏

𝜕𝜏

𝜕𝜎𝑖

𝜕𝜎𝑖

𝜕𝜎𝑒
𝐸𝑒

𝜕𝐵𝑒

𝜕𝑟𝑗
𝕋𝑒𝑈𝑒]

𝑘

𝑖=1

+ ∑𝜆𝑖
𝑇 (−

𝑑𝐾𝑖

𝑑𝑟𝑗
𝑈𝑖)

𝑒

𝑖=1

 (5.46) 
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The damage sensitivities can also be reformulated into an aggregate function such as the 

P-norm. Similarly to the stress sensitivities for the tapered beams, the number of design 

variables to evaluate reduces dramatically. The adjoint vector for a P-norm aggregate of 

damage in tapered beams is derived in the following equation: 

𝜆 =
1

𝑃
(∑𝐻𝑖

𝑃

𝑒

𝑖=1

)

1
𝑃
−1

{∑[𝐻𝑖
𝑃−1

𝜕𝐻𝑖

𝜕𝑈
]𝑃

𝑒

𝑖=1

}𝐾−1 (5.47) 

The implicit terms are calculated from: 

𝑑𝐻𝑃𝑈

𝑑𝑟𝑗
|
𝑖𝑚𝑝𝑙𝑖𝑐𝑖𝑡

= ∑𝜆𝑖
𝑇 (−

𝑑𝐾𝑖

𝑑𝑟𝑗
𝑈𝑖)

𝑒

𝑖=1

 (5.48) 

The explicit terms are calculated with: 

𝑑𝐻𝑃𝑈

𝑑𝑟𝑗
|
𝑒𝑥𝑝𝑙𝑖𝑐𝑖𝑡

=
1

𝑃
(∑𝐻𝑖

𝑃

𝑒

𝑖=1

)

1
𝑃
−1

∑[𝐻𝑖
𝑃−1

𝜕𝐻𝑒

𝜕𝑟𝑗
] 𝑃

𝑒

𝑖=1

 (5.49) 

The combined sensitivity is: 

𝑑𝐻𝑃𝑈

𝑑𝑟𝑗
=

1

𝑃
(∑𝐻𝑖

𝑃

𝑒

𝑖=1

)

1
𝑃
−1

∑[𝐻𝑖
𝑃−1

𝜕𝐻𝑖

𝜕𝑟𝑗
] 𝑃

𝑒

𝑖=1

+ ∑𝜆𝑖
𝑇 (−

𝑑𝐾𝑖

𝑑𝑟𝑗
𝑈𝑖)

𝑒

𝑖=1

 (5.50) 

where 𝑒 is the set of elements associated with the design variable 𝑟𝑗. 
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Chapter  6: Automated CAD from Topology Optimizations 

The multi-scale design workflow presented in this thesis relies on automated model 

building. Topology optimization results are post-processed so that low density areas are 

converted into one-dimensional beam elements. The conversion is performed to achieve 

two objectives. The first objective is to create an FEM so that sizing optimizations can be 

performed. The second objective is to create an STL of the final structure.  A journal 

paper was written describing the lattice meshing algorithm method and can be read in 

Appendix H  . The lattice meshing article is titled “Conformal wireframe nets for 

trimmed symmetric unit cells in functionally graded lattice materials” and is currently 

under review for the International Journal for Computational Methods in Engineering 

Science & Mechanics. This chapter presents the methodology for creating the FEM 

models with integrated lattice structures and for producing the equivalent STL 

representation. 

6.1.1 ISO-Surface Extraction 

ISO-surfaces are computer graphics techniques for data visualization [166]. An ISO-

surface is a surface representation of an ISO-line (or surface) of constant values. For 

topology optimization, the constant line values would be the optimal relative densities of 

the elements. The output surfaces can therefore be directly converted into engineering 

designs for post-processing. To extract the surface there exist several algorithms which 

can yield accurate representations of the final design. The marching cubes algorithm is 

commonly used to generate three dimensional meshes from volume data [167]. Other 
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algorithms also expand upon the marching cubes algorithm to include the marching 

tetrahedral [168] and the asymptotic decider [169].  

The marching cubes (marching squares in two-dimensions) algorithm is described in four 

steps [170]. Firstly, the shape must be represented as a collection of points inside the 

object and include discrete bounds for the object. When the two conditions are met, the 

marching cubes algorithm can begin. The first step is to divide the shape into an arbitrary 

amount of cubes by voxelization. Each cube is classified as either interior, exterior or on 

the boundary of the object. If a cube lies on the boundary, where some of the corners are 

inside of the shape and other corners lie outside, then a line (or plane in 3D) must pass 

through it. Surfaces must pass through the boundary cubes so that the intersecting edges 

of the cube are in between corners of opposite classification [170]. The surfaces must 

pass through the cube and create intersections. Each intersection from the cubes must 

then be connected together. The output of the algorithm is a three-dimensional 

triangulated surface that can be easily converted into an STL object. However, the mesh 

quality of the surface however is very poor. If post-processing finite element analysis is 

to be done on the ISO-surface; cumbersome re-meshing and user-intervention is required. 

Many other robust algorithms exist such as OPTISTRUCT’s OSSmooth program [171]. 

The capability of OSSmooth allows for the generation of ISO-surfaces for both FEA 

reanalysis and STL geometries. It provides an accurate ISO-surface in an efficient 

timeframe. The ISO-surface will carve-out profiles using the finite elements form an 

input mesh so that tetra-meshing can be applied. This software is particularly usefully 
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when transitioning from the results of a lattice optimization to a structure with tapered 

beams in areas of low density. 

 

Figure 28 : Example of ISO-Surface Extraction Problems with OSSMooth (A) Iso-Surface (B) Cross-

Section of Meshed Areas (circled area shows meshing error) (C) Zoomed Section displaying failed 

mesh is empty with no tetrahedrons 

The main issue when using OSSmooth for FEA-Reanalysis is the risk of un-meshable 

ISO-surfaces (or non-manifold). A manifold surface is defined as a closed mesh with no 

intersections or duplicate triangles. The ISO-surface extractor may fail to generate a 

manifold ISO-surface during post-processing. HYPERMESH™ has many features to 

automate mesh refinements however; no satisfying solution or workflow could be found 

for the goals in this manuscript. An example of failed re-meshing due to a non-manifold 

 

 

A) 

B) 

C) 
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ISO-surface is shown in Figure 28a and Figure 28b. Figure 28a shows an ISO-Surface 

extraction from OSSmooth after a topology optimization with a relative density threshold 

of 30%. In Figure 28b the circled area is seen to be non-manifold and thus could not be 

meshed with tetrahedrons. Figure 28c shows the empty volume that could not be re-

meshed for FEA and would require user post processing to alleviate meshing errors. The 

multi-scale design workflow requires full automation hence user interaction must be 

removed entirely. 

It is important that the re-meshing process produces error-free meshes because highly 

complex ISO surfaces are expected to be post processed. Any chance of encountering 

meshing errors is unacceptable especially in an optimization environment. To ensure that 

ISO-surfaces can be generated reliably for STL generation and FEA re-analysis; a new 

workflow is proposed inside MATLAB. The new workflow allows the creation both 

“.bdf” (NASTRAN™) and “.fem” (HYPERMESH™) files for FEA analysis and for 

lattice beam sizing optimizations. In addition, STL models will also be automatically 

generated for 3D printing the final results. It is important to have a robust and reliable 

method to generating the ISO-surfaces as the results from the multi-objective topology 

optimizations need to be post-processed automatically. 

6.1.2 MATLAB Methodology for Lattice Embedded ISO-Surfaces 

One of the main phases in the multi-scale design workflow in this thesis is concerned 

with the application and optimization of lattice truss structures. Lattice beams can be 

embedded into the ISO-surface FEM by using additional Boolean operations and from 
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incorporating the trimmed lattice structure. The procedure is similar to that for the 

development of an ISO-surface for a regular topology optimization with the addition of a 

“lattice design space”. The element density threshold does not convert elements below 

that value into voids but into lattice beams.  

The goal of this step is to create a finite element model for beam sizing optimizations. In 

addition, the geometric accuracy of the solid regions in the FEM is relaxed for more 

reliable reconstruction of the solid domain. The overall steps for creating the lattice 

embedded FEM models are given below: 

1. Lattice Topology Optimization Post-Processing 

2. Voxelization and Surface Reconstruction 

3. ISO-Surface Generation 

4. Lattice Embedded FEM Creation 

5. Contact Surface Creation 

6. STL Representation 

The steps defined above are explained further in the subsections of this chapter. 

6.1.2.1 Lattice Topology Optimization Post-Processing 

The optimization results are processed such that elements below the relative density 

threshold are converted in lattice material (beam elements). The elements affected belong 

to the design space. Similar to the method in the regular ISO surface reconstruction, the 

FEM is split into the design space and non-design space.  
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Within the design space there will be a “design space solid domain” and a “design space 

lattice domain”. The solid domain is the regions where elements have relative densities 

above the threshold and the lattice domain is for elements which relative densities below 

the threshold. That surface will then be sent to the surface reconstruction stage to be used 

for Boolean operations to obtain the final solid domain and lattice domain surfaces. The 

“entire design space faces” and “non-design space faces” are also extracted for Boolean 

operations.  

6.1.2.2 Voxelization and Surface Reconstruction 

Surface reconstruction is performed on the design space solid faces. This generates the 

“new design space solid faces” which is sent for Boolean operations. The design space 

solid faces are voxelized and then sent to a marching cube algorithm for surface 

reconstruction. Afterwards the surface is smoothed to remove jagged edges and is then 

checked for manifoldness. If the new surface is manifold then it is used to divide the 

design space faces into the “updated design space solid faces” and the “lattice design 

space faces”. 

6.1.2.3 ISO-Surface Generation 

ISO-surface generation for lattice embedded topologies follows the same principles as in 

the ordinary ISO-surface generation. However, there is an additional step which extracts 

the lattice design space faces. 
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Figure 29 : Block Diagram Solid and Lattice Domain ISO-Surface Generation 

The “updated design space solid faces” is obtained by the intersection between the “new 

design space solid faces” and the “entire design space faces”. The “Lattice design space 

solid faces” is calculated by the subtraction of the “new design space solid faces” from 

the “entire design space faces” surface. The subtraction operation is to ensure the 

boundaries between the two domains are equivalent without the risk of introducing non-

manifold elements.  

For each of the computed surfaces from the Boolean operations, they must be checked for 

manifoldness. If errors in the mesh are found they are corrected using automated mesh 
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cleaning algorithms in the ISO2MESH toolbox [172].  Producing the tetra-meshable 

triangulated surfaces also require manifoldness to avoid singular elements. 

The “Patch Remesher” algorithm is then applied to the “updated design space solid 

faces” so that the solid domain can be tetra-meshed [173]. The block diagram for the 

meshing and splitting process is shown in Figure 29. 

6.1.2.4 Lattice Embedded FEM Creation 

The step in the ISO-surface generation phase produces the lattice beams to be appended 

to the FEM. The lattice beams are created using the trimmed lattice algorithm. The lattice 

is to appear in the “lattice design space faces”. The information for the size and type of 

unit cell is required before creating the trimmed lattice. If a lattice net is selected to 

connect the cut struts together, then it is applied along the “lattice design space faces” 

boundary. 

 

Figure 30 : Block Diagram for Embed Lattice Beams 
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After the trimmed lattice algorithm has output a trimmed lattice, the lattice wireframe is 

converted into a collection of beam elements. The new beam elements are then connected 

to the design and non-design elements with a contact surface in the contact surface 

creation step. The steps are outlined in Figure 30. 

The final step in this section is to tetra-mesh the “tetra-meshable solid design faces”. If 

the entire design space is to be converted into lattice, then tetra-meshing is omitted. Much 

like the beam elements, the solid tetrahedron elements are to be connected by a contact 

surface to the beams, solid shell elements and non-design space elements. 

6.1.2.5 Contact Surface Creation 

Contact surfaces are used to combine the design space tetra-mesh to shell elements and 

the lattice beam elements. This is done so that it minimizes meshing modeling 

complexities. The design space solid elements are connected to the non-design space 

elements using a contact surface. The solid design elements are the master set while the 

nodes in the non-design elements are part of the slave set. The lattice beams are 

connected by a contact surface to the solid elements where the nodes in the lattice beams 

are the slave set and the solid elements are the master set. If a lattice net is used to 

connect the cut struts together, then any beams whose nodes are doubly connected in a 

slave set are removed from the FEM. The master elements are found by slightly enlarging 

the “lattice design space faces” and locating solid element nodes inside the enlarged 

volume. Elements who have any of their attached nodes found in the enlarged volume 

form the new master set to connect to the lattice beam nodes. 
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Figure 31 : Block Diagram for Contact Surface Creation with Lattice and Solid Skin 

Once the master and slave sets have been created, common nodes in slave sets are 

removed. This is to avoid finite element errors. The slave sets are analyzed in order of 

creation, for example; if a node placed in the first slave set “A” is present in another slave 

set “B”, then the duplicate is removed from slave set “B”.  A block diagram illustrates the 
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contact surface creation in Figure 31. The final step after locating slave nodes and master 

elements is writing the NASTRAN™ and/or OPTISRTUCT™ contact surface cards. 

Defining the contact cards is required so that the FEM can be sent to the FE solver. 

6.1.2.6 STL Representation 

The STL creation for lattice embedded topologies is typically done after a beam sizing 

optimization. An STL file can be created by using the “updated solid design space faces” 

and the “non-design space faces”.  

 

Figure 32: Lattice STL File Creation 

 

Lattice Embedded STL Construction 

Enlarge 

Entire Design 

Space Faces 

Non Design 

Space Faces 
Updated 

Design Space 

Solid Faces 

Union 

Intersection 

Lattice 

Beam 

Sizing 

Optimiz

ation 

Results 

HYERMESH 

TCL Script 

Create Solid 

Cones for 

Beams 

Shrink-wrap 

Solid 

Surfaces 

Export 

Shrink-wrap 

as STL 

Union 

Final STL File 



120 

 

Similar to a regular ISO surface STL creation, the non-design space faces are slightly 

enlarged and added to the “updated solid-design space faces”. The updated solid-design 

space faces are those after the voxelization stage and surface reconstruction. After which 

the intersection between the two face groups is taken and the non-lattice region is created. 

A block diagram shown in Figure 32 describes the STL creation process for lattice 

embedded topologies. 

The lattice beams must be converted into an STL representation as well and is done using 

HYPERMESH™. A TCL script is used to automate the conversion between the one-

dimensional tapered beam elements into solid cones. Once solid beam representations 

have been generated, a shrink-wrap is applied onto the solid surface. Shrink-wrapping is 

a process where an object is voxelized and a surface re-construction algorithm is applied 

to create a closed surface. The shrink-wrapped lattice beams are then converted into an 

STL and exported into MATLAB. Additional mesh repairing is performed on the mesh to 

ensure it is manifold. A final Boolean operation is applied onto the lattice STL by a union 

between it and the optimized topology STL followed by an intersection between the 

union and the entire design space faces.  

6.1.3 Numeric Examples 

Four examples are shown in Figure 33 which illustrates the automated modeling output 

after a topology optimization. The lattice topology chosen for these examples is a 

diamond lattice. Figure 33a and b shows the results of a lattice optimization with a 

conforming lattice net as a skin to connect the trimmed lattice structure. 
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Figure 33 : Lattice Embedded ISO-Surface Results (a) Lattice-Net (b) Lattice-Net Cross-Section  

The solid blue elements in Figure 33 display the non-design space while the cyan 

elements are the solid elements within the design space. Tapered beam elements are line 

elements and are seen in the inside of the structure. Each of the linear elements is 

associated with a unique property and is thus color-coded at random. Individual 

properties are given to the linear elements so that they can be sized appropriately in 

structural optimizations.  

A) 

B) 
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Chapter  7:  Case Study and Industrial Multi-Scale Design 

Two case studies will be presented in this section. This first case study will validate the 

proposed optimization gradients by performing a multi-objective optimization between 

the weight and the cumulative damage on a so called “L-bracket”. Methods of lattice 

optimization will be compared to traditional methods for the first case study. The 

beneficial effects of UIT will also be compared by using the maximum damage results 

between the Pareto frontiers. 

A second case study will apply the proposed methods to optimize an aircraft hinge for 

minimum weight with maximum fatigue life.  Pareto frontier for lattice material 

subjected to mass minimization and life maximization is generated. The addition of 

lattice material will also be incorporated into the design. The material properties of the 

lattice material will not have the optimized material characteristics as it is not possible to 

apply UIT on cellular material. A comparison is also made to quantify the accuracy of the 

final model when linear beam elements are used to model the lattice structure when 

compared to when three dimensional elements are used to model the lattice. 

7.1 Multiple-Objective Gradient Based Optimization 

For gradient based multiple objective optimization, there exists three basic formulations 

which combine the objective functions into together. These methods include the weighted 

sum method, weighted metric method and the constrained epsilon method. The optimal 

solution for all objectives is called the utopia point and is a fictional state where all 

objectives are at their minimum value. The multi-objective workflow presented in this 
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thesis only refers to the constrained epsilon method and hence is explained in the main 

text.  

7.1.1 Constrained Epsilon Method 

This method will convert all but one objective into an inequality constraint. For each new 

constraint added to the optimization problem, a set of constraint values (epsilon) will 

produce a new sub problem to solve. Each sub problem will constrain the transformed 

objectives to a value specified by epsilon. The process continues until all weighted 

factors for the transformed objectives have been processed. The results can then be 

plotted to show the Pareto frontier. One advantage of this method is that it can be applied 

to both convex and non-convex optimization problems. A disadvantage is that a 

maximization and minimization of each objective must be done so that the epsilon values 

are within the appropriate range of the optimization problem. 

A multiple-objective optimization problem can then be transformed from the original 

form of: 

min𝑓1
(𝑥),𝑓2

(𝑥)…𝑓𝑛
(𝑥) 

𝑠𝑢𝑏𝑗𝑒𝑐𝑡 𝑡𝑜; 
𝒢𝑖(𝑥) ≤ 0, 𝑖 = 1,2, … , 𝕣𝑒𝑞

ℎ𝑖(𝑥) = 0, 𝑖 = 1,2, … ,𝕞𝑒𝑞
 

(7.1) 

To a transformed form with a single objective and new inequality constraints: 

min𝑓1
(𝑥) 

𝑠𝑢𝑏𝑗𝑒𝑐𝑡 𝑡𝑜;

𝑓𝑖+1(𝑥) − 휀 ≤ 0, 𝑖 = 1,2, … , 𝑛 − 1

𝒢𝑖(𝑥) ≤ 0, 𝑖 = 1,2, … , 𝕣𝑒𝑞

ℎ𝑖(𝑥) = 0, 𝑖 = 1,2, … ,𝕞𝑒𝑞

 

(7.2) 
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Where 휀  is a list of weights to constrain the transformed objective functions. 

7.2 Multi-Objective Optimization Problem Definition and Sensitivities 

The problem statement for the multiple objective optimizations can be represented in the 

following system of equations below: 

min‖𝐻(�⃑⃑� )‖ 

𝑠𝑢𝑏𝑗𝑒𝑐𝑡 𝑡𝑜;

𝑀(𝜌 )

𝑀𝑡𝑜𝑡𝑎𝑙
− 휀 ≤ 0,

0 < 𝜌𝑚𝑖𝑛 ≤ 𝜌 ≤ 1

𝐾(𝜌 )𝑈 = 𝐹

 
(7.3) 

where ‖𝐻(𝜌 )‖ is the p-norm of 2 for the elemental damage, 𝑀(𝜌 ) is the mass of the L-

bracket as a function of relative densities, 휀  is the vector of mass constraints for the 

multi-objective optimization and 𝜌  is the design variables of relative densities. The norm 

of the damage is measured because it is able to represent he damage as a single objective. 

The mass is calculated with the formulation. 

𝑀(𝑝 ) = ∑𝑣𝑒𝑑𝑒𝜌𝑒

𝑁

𝑒=1

 (7.4) 

where 𝑣𝑒 is the volume of the design element, de is the original density of the design 

element and 𝑝𝑒 is the relative density of element e. 

The gradient for a mass response can therefore be written as: 

𝜕𝑀

𝜕𝜌𝑒
= 𝑣𝑒𝑑𝑒 (7.5) 

The method for determining the mass fraction and its sensitivities is found by dividing 

the total mass of the design space. 
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The cumulative damage when calculated with an aggregate function is expressed as: 

‖𝐻(𝜌 )‖ =
𝜕𝜓𝐻𝑃𝑈

𝜕𝜌𝑒
|
𝑈=𝑐𝑜𝑛𝑠𝑡

− 𝜆𝑇
𝑑𝐾

𝑑𝜌
𝑈 (7.6) 

where, 

𝜕𝜓𝐻𝑃𝑈

𝜕𝜌𝑒
|
𝑈=𝑐𝑜𝑛𝑠𝑡

=
1

𝑃
(∑𝐻(𝜌 )𝑃

𝑁

𝑗=1

)

1
𝑃
−1

∑[𝐻(𝜌 )𝑃−1
𝐻𝑗(𝜌 )

𝜕𝜌𝑒
] 𝑃

𝑁

𝑗=1

 (7.7) 

𝜆 = 𝐾−1

[
 
 
 
 
1

𝑃
(∑𝐻𝑗

𝑃

𝑁

𝑗=1

)

1
𝑃
−1

∑[𝐻𝑗
𝑃−1

𝜕𝐻𝑗

𝜕𝑈
] 𝑃

𝑁

𝑗=1
]
 
 
 
 

 (7.8) 

where 𝑃 is equal to 2 and the relative stress influence is included in the calculate of the 

damage for lattice material only. For solid material optimization, the “qp” method is 

applied [174]. The SIMP method is also applied as a stiffness penalization metric when 

lattice material is not required for the optimization procedure.  Lattice is applied in the 

aircraft hinge case study while both solid material and lattice material are compared in 

the L-bracket case study. 

7.3 L-Bracket 

The L-bracket is a common case study for stress constrained topology optimization [175]. 

The ninety degree kink, shown in Figure 34, creates a stress concentration making this 

particular case useful for stress based topology optimizations. Normally engineers would 

round off sharp corners to avoid stress singularities but with stress and fatigue 
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minimization techniques that is not needed as the optimization will generate the optimal 

geometry around the kink. 

 

Figure 34: Block Diagram of the L-Bracket [175] 

Four Pareto frontier plots for mass fraction and maximum damage are generated. Two 

plots will include lattice material while another two plots will contain solid material only. 

The multi-objective analysis will be performed using the constrained epsilon method 

where the damage will be minimized while the amount of material is constrained. The 

total number of points on the fronts is limited to twelve cases excluding the extreme cases 

of full and zero mass (or volume). The damage will be calculated as the norm of all 

elemental damages and is equivalent to a p-norm of two. 

7.3.1 Problem Definition 

The applied force on the L-bracket is 100N and the model is mesh with 640 bilateral 

square elements. The fatigue history for the L-bracket is given in Figure 35. The 
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reference stresses calculated are the signed-Von-Mises and the Modified Goodman line is 

used for multi-axial tress corrections. 

 

Figure 35 : Fatigue History for L-bracket (Force Multiplier) 

The selected yield strengths and ultimate tensile strengths for the material are 1080MPa 

and 1200MPa. The modulus was set to be 114GPa. The lattice topology chosen for this 

case study is the cubic lattice. Finally, the method of moving asymptotes (MMA) was 

selected to determine the optimal design points. 

7.3.2 Results 

The Pareto frontier for the non-treated cases shows higher damage when compared to the 

treated versions when the mass fraction is above fifty percent. This is expected because 

the fatigue properties are enhanced with the UIT treatment. However the untreated curve 

produced lower damage topologies when the mass constraint fell below fifty percent, 

shown in Figure 36. These differences are due to the different slopes of the SN-curves. 

The untreated slope is steeper but has a higher intercept whereas the treated SN-curve has 

a lower intercept but flatter slope. The differences in the SN-curve equation cause the 

untreated models to have lower damage in the low cycle regime. However because SN-
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curves are only valid in the high cycle regime (1000 cycles or more); the low cycle 

section of the Pareto frontier can be omitted for fatigue improvement comparisons. The 

low and high cycles regimes are indicated in Figure 36, all points to the left of the 

transition line is in the high cycle regime while points to the right are in the low cycle 

regime. The fatigue limit was omitted for the multi-objective optimization and is an 

additional factor which may have contributed to the untreated material outperforming the 

treated material. 

 

Figure 36 : log(Damage) vs. Mass Fraction 

The different the topologies for the L-Bracket case study are seen in Figure 37. For the 

non-lattice material; the fatigue objective successfully avoided the kink in the L-bracket. 
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A ‘V’ shape connecting the force location to the vertical members was formed in Figure 

37a and b. The results for the cubic lattice material did not avoid the kink in the L-bracket 

as seen in Figure 37D, and resulted in higher cumulative damage than the treated solid 

material shown in Figure 37b.  

 

Figure 37 : L-Bracket Optimized Topologies at 43% Mass Fraction (Dot = Solid, ‘X’ = Lattice) 

The untreated lattice case on the other hand, Figure 37c, does not have a high density of 

material around the kink, suggesting that the stress concentration should be avoided. All 
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the displayed topologies in Figure 37 have different material layouts due to the nature of 

gradient descent algorithms and their sensitivities to the initial starting point. 

The topologies for the solid cases are more discrete when compared to the lattice 

optimized topologies. The high degree of discreteness is expected because the stiffness 

interpolation function is steeper and the stresses are more heavily penalized. The lattice 

optimized topologies showed high porosity and more damage was seen in the treated 

lattice material when compared to the solid treated material in the low cycle regime. The 

porosity is also expected as a functionally graded material is used for the stiffness 

penalization. The FGM also affects the Poisson ratio and alters the macros stresses in the 

L-bracket into higher micro stresses and minimizes the effects of stress discontinuities. 

The relaxed stresses in FGM can be seen in Figure 37c and d. Figure 37 shows the 

spectrum of relative densities. When the material is close to full density, the color is red 

and as the densities drops to zero (void material) it becomes dark pink. Green colors 

indicate relative densities near forty percent. As seen in Figure 37, there are many 

possible solutions due to the non-linear nature of topology optimization. The final 

topology is sensitive to the starting point and trust-region size. The existence of many 

local optima requires multi-objective programming to sort out the possible load paths for 

a given problem as seen in this case study. To determine if a solution is truly unique, then 

the same solution should arise if a finer mesh size is used, similar to a mesh convergence 

study [63, 159]. 
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7.4 Aircraft Hinge Case Study 

The following case study will demonstrate the applicability of the proposed method for 

high lifecycle AM components. The two objectives are the mass fraction of the design 

space and the minimum fatigue life. A cubic lattice will be chosen as the lattice structure 

of choice because it is computationally cheaper than the other types. The mechanical 

properties of the cubic lattice are generally weaker, seen in Figure 22, than say an FCC 

lattice however, determining the optimal lattice for fatigue optimizations is outside the 

scope of this research. A Pareto frontier of the part will be generated and the design 

closest to the utopia point will be chosen for a beam sizing optimization. The model will 

be rebuilt following the methodology outlined in Chapter 6 and linear beam elements will 

be used to represent the lattice structure. After beam sizing optimizations, the accuracy of 

the final model is then compared to a fully meshed model consisting of solely three 

dimensional elements. Advantages and disadvantages are discussed at the end of this case 

study. 

7.4.1 Design Workflow 

General multi-objective topology optimizations combine objectives together and perform 

a minimization on the joined functions. Filtering is used to prevent checker boarding; an 

FEM numerical instability in topology optimizations. When the relative change during 

iterations is below a certain threshold, then convergence is said to be achieved. Multiple 

optimizations are performed for different weight assigned to the objective functions. The 

results of the optimizations are then displayed in a Pareto frontier. 
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Figure 38 : Block Diagram for Multiple Objective Topology Optimizations with Lattice Material 

The post-processing step is performed on the solution closest to the utopia point found in 

from the third goal. The homogenized lattice areas are converted into lattice truss 

structures. Global optimization techniques are used to determine what percentage of the 

design should remain lattice and which should remain solid material. The percentage 

control of lattice to solid is used as a defining variable for the global optimization step. 

Regions of the optimized structure within a certain relative density threshold are 

converted into lattice struts based on the global variables. After linear tapered beams are 

inserted into the design and are optimized for minimum mass with a constraint on the 

fatigue life equal to the Pareto equivalent solution. To obtain a graded structure from the 
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sizing optimizations, the design variables are the shared cross-sections of joined tapered 

beams. Results of the sizing optimizations are saved to a database used to construct a 

surrogate model (or response surface) which is then used to locate the global optimum. 

The process continues to build and optimize models until a convergence criterion is met 

by the global response surface. The global optimum result is then converted into an STL 

file for 3D printing. A block diagram to summarize the multi-scale workflow is given in 

Figure 39. 

 

Figure 39 : Block Diagram for Global Optimization and Post-Processing Results 

The block diagram in Figure 39 is applied to produces many testable models. The sizing 

optimizations also help with modeling the lattice beams for 3D printing because the 

optimized beam elements can be converted into STL representation. The size of the unit 

cell in the lattice regions is also independent of the mesh and hence an additional 
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optimization is needed so that the struts sizes are acceptable. The fatigue properties of the 

lattice beams are those associated with the untreated titanium samples. This is because 

UIT cannot be applied on lattice material without severely damaging it. However if the 

lattice has sufficient thickness then UIT may be successful on the outer struts. Lattice 

material with UIT applications is outside the scope of this manuscript. After convergence 

of the global optimization a validation procedure which converts the linear tapered beams 

into three dimensional elements is performed to evaluate the accuracy of linear beams as 

a method to model the lattice structures. 

7.4.2 Surrogate Modeling and Global Optimization 

Global optimization seeks to find the global optimum among many local optimums. 

Typical gradient based optimization algorithms are highly susceptible to find the closest 

local optimum regardless if it is global or local. To ensure the solution of a global 

minimum, genetic algorithms are often employed as the search method of choice. Some 

of these algorithms include NSGA II [67] or simulated annealing [176]. The disadvantage 

of genetic algorithms is a high number of function evaluations making them unsuitable 

for computationally expensive black-box functions. However, meta-models or surrogate 

models are relatively cheap to run and can be used to approximate an expensive black-

box function using as few function evaluations as possible.  

Surrogate models take on many forms such as radial basis functions [177], kriging, curve 

fitting, neural networks, support vector machines, random forests [178] and e.t.c. The 

popularity of surrogate models has increased in engineering applications especially for 
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simulation based optimizations. The surrogate model selected for this thesis is a radial 

basis function [177, 179]. RBF are useful because they are continuously differentiable 

and smooth. These models are quick to train and use making them ideal to be coupled 

with genetic algorithms. An advantage of radial basis functions is that they operate on 

least squares fitting approach. Radial basis functions do not require unique response 

output for each unique independent variable combination unlike kriging and neural 

networks.  

The global optimization in this thesis relies on two definitions, global response, global 

design variable and local design variables. Global response and design variables are the 

dependent and independent variables of the surrogate model while local design variables 

are those from the simulations or sub optimizations. Figure 40 illustrates the distinction 

between the global and local variable and their effects on the global optimization 

procedure .The local design variables are defined after a topology optimization when low 

density regions are converted into linear tapered beam elements. The joined cross-

sectional areas of the tapered beams become the local design variables. Global 

optimization is then used to fine tune the micro-structure.  

A global optimization step is performed after the topology optimization stage. The goal 

for the global optimization is to determine to optimal volume of lattice material which 

will reduce the greatest amount of mass. The optimal volume is controlled by the global 

variable ISO-element threshold. An additional lattice rotation variable will also be 

considered. 
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Figure 40 : Global vs. Local Design Variable Distinction 

Cross validation is required to determine the best surrogate modeling settings. For 

example, if training data is being fit with a radial basis function whose kernel is a 

polynomial, then the degree of the polynomial would be the model setting to be 

optimized. Determining the correct polynomial degree will avoid over-fitting the training 

data so that extrapolation or interpolation along the data is more accurate. In other words, 

cross-validation generalizes the surrogate model so that it is able to predict solutions 

more closely.  

Global optimization on surrogate models without cross-validation could also be stuck in a 

local minimum even if more points are added to the training data. This occurs because 

new solutions are added to the database so that the surrogate model can more accurately 

describe the solution space. Without generalization, all of the new solutions could be 
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clumped together in a single dimension space and extrapolation will be unable to predict 

better solutions. 

 

The surrogate model is trained using the element ISO-threshold and lattice rotation global 

variables while the output is controlled by the final mass of the beam sizing optimization. 

The parameters for constructing the surrogate model are optimized by a leave-one-out 

cross validation strategy [180]. The volume fraction of lattice material will limit the 

amount of solid material in the new design space and automatic meshing tools will create 

lattice beams of a certain topology in the lattice space. The newly meshed model is then 

optimized in the next section and its results are saved and added to the current surrogate 

model. An iterative procedure follows as multiple models are tested and built based on 

the global minimum of the surrogate model. Other global variables can be included such 

as the unit cell height or lattice topology however they are not included to save 

computation time. 

The design paradigm for global optimization with surrogate models requires a certain 

number of iterations to build a database for response surface fitting. Afterwards the new 

model can be searched with a genetic algorithm to local the global optimum. The new 

optimum is then used to rebuild a new model and then optimize the tapered beams for 

minimum mass. This procedure continues until a convergence criterion is reached as 

shown in Figure 39. The final outcome of the global optimization is then validated with 

three-dimensional elements and stress and damage fields are compared. 
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7.4.3 Problem Definition 

In Figure 41, the design space is colored gray, while the non-design space is colored in 

orange. The chosen material is titanium Ti6Al4V alloy and its material properties can be 

found in Chapter 2. 

  

Figure 41 : Aircraft Hinge (a) Original Design, (b) Expanded Design Space (Grey = Design, Orange = 

Non-design) 

The original design of the aircraft hinge is shown in Figure 41A. To locate a new local 

optimum in the design space, the lightening holes were filled and the back height 

increased. Three load cases are applied on to the aircraft hinge and are illustrated in 

Figure 42 and magnitudes are displayed in Table 10. 

Table 10: Loading Conditions for Hinge 

Loading Force (lbs) 

Tensile 3000 

Compression 3300 

Skewed Compression (11.6
o
 offset) 2400 

 

0.9234 kg 0.3404 kg 

a) 

b) 
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Figure 42 : Loading Conditions of (a) Newtons shown in Hypermesh (b) Schematic 

The fatigue history is given in Figure 43 below: 

 

Figure 43 : Aircraft hinge Fatigue History (Force Multiplier) 
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Due to multiple static load cases, the fatigue life objective will only consider the 

compression load case. The fatigue is measured by the norm of the damage among all 

elements in the FEM mesh. The multi-objective problem is the same as the previous case 

study of the L-bracket and the constrained epsilon method is used to derive the specific 

damage metric along the Pareto front. Due to the heavy computational expense, 5 designs 

are generated at mass fractions 0.6, 0.5, 0.4, 0.3 and 0.2. Two Pareto curves are 

generated; one with a density filter and another without the filter. The best design from 

both curves is selected for the second stage global lattice optimization. The filter radius 

was set to 3.75mm. A cubic lattice is chosen as the lattice topology for the multi-

objective optimizations. 

7.4.4 Pareto Frontier 

The optimization results are shown in Figure 44 and Figure 45. The design closest to the 

utopia point when the filter is applied is design 2 with a volume fraction of 0.5. The best 

point when no filter is used is given to be the first design with a volume fraction of   0.6. 

The utopia points for both fronts are when the mass is equal to zero and when the damage 

is at is its minimum possible value. 

Figure 44 shows the evolution of the design; the base collects more material at the bottom 

than at the front. The heaviest design tends to have a hollow lung while lighter designs 

have a more homogenous gradient. The large radius caused the transition between voids 

and solid material to be much more spread out. Due to this effect, convergence was more 

difficult to achieve hence each design was limited to 250 iterations each. 
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Figure 44 : Pareto with Frontier for Aircraft Hinge 

 
Figure 45 : Pareto Frontier with no Filter for Aircraft hinge 
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Figure 45 displays the solutions without the density filter. Checker boarding can be seen 

at lower mass fractions while it is less prominent fort higher mass fractions. The results 

for a mass fraction of 0.6 show a hollow hinge as the optimal topology. A messy load 

path is observed for a volume fraction of 0.2. The designs between both extremes contain 

some to minimal checker-boarding. The damage for the design without the filter tended 

to have lower cumulative damage than those with the filter. This makes sense as the filter 

adds an additional constraint to the problem which would increase the global minima. 

The design for a mass fraction of 0.6 with no filter is chosen for global lattice 

optimization of the microstructure. This design was seen to have more favorable load 

paths. This structure will be re-meshed low density elements with lattice beams and then 

sent for beam sizing optimizations. 

7.4.5 Lattice Beam Sizing 

The lattice model will have all relative densities smaller than the ISO-threshold converted 

into tapered Euler beams. The original aim of this step was to minimize the mass 

subjected to a fatigue constraint; however the numerical solver Optistruct is unable to 

calculate the fatigue lives of linear tapered beam elements. Therefore an equivalent 

signed von-Mises stress constraint is used instead.  The minimum cumulative damage for 

the current design is measured to be 7.13E-14. The equivalent alternating von-Mises 

stress would be equal to 0.943MPa using the UIT SN – curve, assuming failure occurs 

when damage reaches a value of 1. For design purposes, the stress constraint will be 

equal to 1 MPa so that the minimum life of the aircraft bracket is equal to approximately 
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5 x10
14

 cycles. The compressive load step is multiplied by the maximum force amplitude 

multiplier of 0.0035 to convert static load case into a pseudo fatigue load case. 

The global optimization sub problems are defined in the system of equations below: 

minimize:𝑀𝑡𝑜𝑡𝑎𝑙(𝑟) 

subject to: 

{
 
 

 
 
𝐾(𝐴)𝑈 = 𝐹

𝜎𝑉𝑀(𝑟 ) ≤ 1
𝑟𝑖 ≤ 𝑟max

𝑟𝑚𝑖𝑛 ≤ 𝑟𝑖
𝑑𝑖 ∙ 𝐿𝑖 > 0

 

(7.9) 

 

 

The minimum radius for the lattice struts is 0.1mm while the maximum size is set to 

1.6mm. The unit cell size of the lattice is set to 7mm. The global problem will consist of 

modifying the element ISO-threshold which builds the sub-problem that is sent to 

Optistruct for sizing optimization. The kernel chosen for the radial basis function is a 

poly-harmonic spline whose order (highest exponent) is optimized by a leave-one out 

validation scheme. Global convergence is assumed when the global step size is smaller 

than a specified value. 

A global design variable of interest is the rotation of the lattice topology around the x-

axis. The alignment was chosen so that the model is oriented in the best possible position 

for 3D printing. However the orientation is subject to change after lattice optimization. 

The axis in relation to the aircraft hinge is presented in the figure below: 
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Figure 46 : Axis Alignment with Relation to Model for Lattice Rotation along X-Axis 

The results of the globally optimized beam sizing operation reduced the mass from 

0.9234 to 0.4218 kg, the optimal ISO-surface value was 0.95 and the optimal lattice 

rotation angle along the x-axis was approximately 32 degrees. 

 

Figure 47 : Final design (Lattice = Green), (Red = Solid), ISO = 0.95, Rotation = 32
o 

The surrogate model plot is given in Figure 48. It can be seen that the radial basis 

function model follows the global output well. The RBF assumes that the constraints are 
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satisfied however if the constraint is broken then a large mass is obtained, to which the 

genetic algorithm will search elsewhere in the global design space. Combining the 

constraint violation with the mass function could yield a weighted response to 

simultaneously determine the smallest error and mass. 

 

Figure 48 : Surrogate Model Surface (Mass) (Z-Axis = Mass) 

As seen in Figure 48, more training points are needed to fully map out the global design 

space for the aircraft hinge. However a global minimum was found without requiring all 

the necessary information. 

7.4.6 FEM Validation Stage 

To properly asses the accuracy of the model with beams representing the lattice, a three 

dimensional model is generated. The three dimensional version of the lattice model is 

generated using the following steps: 
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1. Upload the optimized model into Hypermesh 

2. Convert the linear beams into a solid cone (surface) 

3. Apply a shrink-wrap (voxelization + marching cubes algorithm) onto the cones 

and the three dimensional elements simultaneously.  

4. Convert the surface obtained in (3) into a triangulated surface and export it as an 

STL. 

5. Upload the STL from (4) into MATLAB and apply a Boolean intersection 

between (4) and the original design space.     

6. Re-mesh (5) using a MATLAB re-meshing algorithm. 

7. Tetra-mesh (6) and export the elements as a separate file. 

8. Attach the new tetra elements from (7) to the non-design space elements using a 

contact surface using Hypermeshs auto contact tool. 

The STL representation of the new hinge is given in Figure 49. The shrink wrap 

successfully merged the solid and lattice beams together into a single closed and 

manifold mesh. The design space is re-meshed and connected to the non-design space 

elements using a contact surface which is then sent to be analyzed for stress, fatigue and 

deflection. 
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Figure 49 : STL Representation of the Aircraft Hinge 

Constructing the 3D model using the above mentioned steps tends to generate heavier 

models. This is because fillets are added between the lattice struts and between the strut 

and the solid domain however, using a very fine mesh size during the shrink-wrap can 

alleviate this problem.  

Static analysis for the three dimensional model reveals lower stresses in the lattice struts 

than previously measured compared to their one-dimensional beam representation. 

However in some cases the stresses are under-estimated.  The stress where about 60% 

less intensive than the 2D model as the peak stresses where measured to be 7 MPa while 

they were 3 MPa as 3D elements. The beams related to the conforming net are seen to be 

the most stressed as seen in Figure 51 and Figure 52 . The conforming net contains the 

dominant load paths throughout the lattice structure.  
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The deflection of the model with beam elements is also much smaller than the three 

dimensional model. This may be due to stiff beam element representation and large 

element sizes to reduce the computation time. For more accurate deflections in the 3D 

model it would have been better to use second order tetrahedrons. 

The fatigue life was seen to be well above the minimum damage predicated by the 

topology optimizations. For both the 2D model and the 3D model, no fatigue failure was 

recorded. Therefore the optimization was able to successfully reduce the mass of the 

initial design while maintaining as long service life. Better accuracy can be achieved if a 

different linear element was used which more accurately predicted the mechanical 

behavior of the lattice struts. 

 

 
Figure 50 : Fatigue life Contour of 3D Model 
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Figure 51 : Alternating Stress Von-Mises Contour 

 
Figure 52 : Alternating Stress for Beam Model (Tapered Beams) 

 

 
Figure 53 : Alternating Stress for Beam Model (3D Elements) 
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Figure 54 : Fatigue Live Contour for Beam Model 

Table 11 below illustrates the differences between the model with the linear tapered 

beams and the three dimensional elements. Overall, there is more mass saving potential 

for the hinge as the fatigue lives are still very high. The specific life of the new hinge is 

considerably higher than the original model due to having lower mass but equivalent 

fatigue life (infinite).  The final mass was also much lighter in the 3D version. This is due 

to the lack of overlapping beam elements in the 2D model which are removed during the 

remodeling. 

Table 11: Results Comparisons 

 Beams Model 3D Element Model 

Deflection -1.79775 -2.00631 

Max Alternating 

Stress 

6.995 (3D Elements) 

3.563 (Beam Elements) 
2.962MPa 

Fatigue Life 1E+20 (infinite) 1E+20 (infinite) 

Mass 0.4218kg 0.4222  kg 
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In an industrial setting, the next validation step, which is not part of the scope of this 

thesis, is to simulate the 3D printing process and evaluate any spring-back due to thermal 

contraction and expansion. 

7.4.7 Linear vs. Solid Beam Comparison 

The maximum stresses from the solid beams are compared to the von-Mises stress in the 

tapered beam element. The comparison is shown in Figure 55. It is seen that accuracy at 

high stresses is poor. The inaccuracies could be a result of not using a fine enough mesh 

to model the very fine lattice struts. 

 

Figure 55 : Maximum Von-Mises Comparison 

An additional correlation study is performed to measure the accuracy of the strut stresses. 

Table 12 shows that the maximum stress, with a correlation of 0.428, is the best metric to 
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assess the differences between the two fem models. The minimum stress and mean 

stresses where not well correlated with the linear beam stresses. 

Table 12 : Correlation Table 

Stress (3D) Correlation with 2D Von-Mises Stresses 

Max 3D Element Stress 0.428564 

Mean 3D Element Stress 0.215826 

Min 3d Element Stress -0.36177 

 

Overall, the best correlation is still very poor and better modeling of the lattice struts as 

linear elements is needed. If accuracy improves than the lattice beam sizing optimization 

will become more useful for design and optimizing AM components. 

7.4.8 Comments 

It is seen that the final model is highly dependent on the initial topology optimization. 

The quality of the relative density distribution is important. The final model had a 

significant reduction in mass while maintaining high fatigue tolerances. This was possible 

using a two stage optimization procedure. The first applied multiple objective 

optimizations to search the design space for a suitable load-path configuration. A utopia 

point was located and compared to the other possible topologies. The selected topology 

was refined with tapered beam sizing optimization or by re-meshing lattice areas with 

linear beam elements. The accuracy of the results was very poor however. Sizing 

optimizations in the second stage is recommended with strict constraints on stress or 

fatigue if possible. 
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Some degree of asymmetry can be seen in Figure 47 as material was more likely to 

accumulate on the right side of the hinge. This can be due to an incomplete optimization 

if convergence was not reached. However topology optimization with fatigue is very non-

linear therefore the geometry obtained could be a result of locating a local minimum. A 

trade-off is usually taken between the quality of the optimization and the amount of 

computation time required to reach a solution. As the number of design variables 

increases so does the number of iterations and resulting optimization time will increase 

exponentially. If multiple optimizations are needed, then it may not always be feasible to 

reach a strict convergence on the optimization routine due to feasible time constraints. A 

final comment about the asymmetry in the topology optimized part could be a result of 

the already asymmetric design space. 

Additional work is required such that the component can be placed in the aircraft. These 

include experimental testing and design of support structures. Thermo-mechanical 

printing simulations may also be performed to analyze spring-back. Beneficial uses of 

AM component arise due to their ability to perform multiple functions with minimum 

weight. In the case of the aircraft hinge case study, the weight was reduced while infinite 

life was met. Feasibility of the design in a real world setting however requires additional 

analysis such as experimental testing. Effects of buckling, vibration and thermal effects 

on the part where not considered in the design process. These analyses must be 

performed before consideration on an aircraft can be made.  
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Chapter  8: Conclusion  

A method of improving the fatigue life of additively manufactured components is 

presented. A surface treatment called ultrasonic impact treatment (UIT) is applied to 

titanium alloy to improve the materials fatigue characteristics. A 25% increase in the 

fatigue limit was found when UIT is applied. The slope of the treated materials’ Basquin 

curve in the high cycle regime was calculated to be less than the untreated curve. 

Sufficient work hardening is the main mechanism which slows down crack growth on the 

surface extending the work life of the treated material. The beneficial fatigue properties 

of UIT can be directly translated to AM parts with FGM. Topology optimizations show 

that materials with better fatigue properties result in longer life cycles for equivalent mass 

structures. When topology optimization is combined with lattice optimization; greater 

mass savings can be achieved while still maintaining a longer work life.  

Asymptotic homogenization is used to calculate equivalent isotropic material properties 

such as the modulus, Poisson ratio and relative failure of lattice structures in three-

dimensions. Topology optimization is combined with the isotropic lattice properties used 

to determine the optimal lattice placement in a design space. Case study results on the L-

bracket show that improvements in fatigue properties are not always acquired using 

lattice material. These results are due to high stress concentrations within the cubic lattice 

structure. The relative yielding as a function of the relative density for lattice topologies 

was derived using asymptotic homogenization. There were no large differences between 
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the change in the macro stress direction and the relative increase in micro stress. Only six 

stress directions were tested however the entire yield surface was not calculated.  

Methods of developing automated lattice meshing workflows were also presented. 

Trimmed lattices offer more control over the internal lattice structure with little user 

intervention. The new lattice meshing tool allows for more accurate lattice representation 

in closed volumes which will improve the mechanical accuracy of topology optimizations 

with FGM.  

An aircraft hinge was developed with a mass fraction of sixty percent to with minimum 

damage. A two scale optimization reduces the mass by 51%. The first stage was a global 

optimization on the macro scale level where the unit cell properties are inserted into the 

design space. The macro scale results in a functionally graded material for additively 

manufactured parts. A new meshing algorithm is employed to convert the lattice domains 

into linear beam elements within the design space using a trimmed lattice. The second 

step procedure will perform micro-scale optimization on the lattice struts themselves. A 

global lattice optimization strategy was selected and a response surface was used to 

locate the optimal lattice building parameters and the optimal beam cross-sectional areas. 

The final part was then converted into a printable file and then analyzed for accuracy 

using the finite element method with 3D elements. The full cycle shows that large mass 

savings are possible while maintaining long fatigue lives for AM parts. The optimized 

design was shown to have infinite life. 
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8.1 Future Work 

Experimental SN-curves for DMLS Ti-6AL-4V were derived. More accurate 

representation for the SN-Curves can be derived if more experimental data is acquired. 

The fatigue tests had too few treated samples to properly reflect the SN properties. The 

large scatter bandwidth resulted in overlap between the two SN-curves.  

Homogenization of relative yield properties of lattice materials are calculated for six 

macro stress directions. In the literature, the micro stresses are calculated by a yielding 

surface which is a function of the macro stress and the relative density of the lattice 

topology. If a yielding surface for all potential macro stress combinations had been 

calculated then the lattice optimizations have benefited the additional accuracy. The three 

dimensional lattice structure yield surface would be future work and is easily 

implemented. A surrogate model can be employed to calculate the conversion between 

the macro and micro multi-axial stress values where the independent variables are the 

relative density and stress tensor. 

Another area for improvement is the lattice beam sizing optimization without reliance on 

Optistruct. In-house methods for beam sizing would significantly improve the workflow 

because more memory efficient numerical optimization can be performed. Internal 

calculations of the tapered beams will also allow for fatigue to be calculated from the 

linear elements as Optistruct is unable to calculate fatigue from linear elements. 

Workflow updating with Nastran is another possibility for fatigue calculations on linear 

elements. 
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The global optimization methodology for the optimal element ISO threshold is a very 

time consuming strategy. An advantage of surrogate modeling is it allows for expensive 

fitness functions to be approximated and optimized efficiently. The majority of the 

optimization time is spent locally rather than globally. The response surface for the global 

response illustrates that only a few iteration s is needed to intelligently map the entire 

design space. Future implementations will consider additional global design variables to 

achieve better global fitness measures. 

Converting the linear beam elements into 3D elements has a few issues namely; the 

minimum resolution and element size. As the printing resolution decreases, so does the 

required element size. This causes the number of degrees of freedom in the model to 

increase exponentially and lengthen computation time. Typically the minimum beam 

radius for a lattice should be larger than the four times minimum resolution of the printer. 

To avoid large number of elements, the mesh is approximated through either voxelization 

or patch-meshing (edge collapse) algorithms. The fine details of the original geometry are 

omitted for more robust mesh algorithm but less accurate geometries. To avoid long 

analysis times, mesh-less finite element methods can be explored. 

The accuracy of the lattice beams as linear elements was also analyzed. The modeling 

comparison shows discrepancies; the stresses are underestimated when linear elements 

are used. Knowing this in advance, the constraints can be relaxed for the beams 

increasing the feasible design space. The deflections were also seen to be much higher 
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with linear elements than with solid elements. Lattice structure analysis is more easily 

performed with mesh-less finite element method and is proposed as future work. 

Software such as SimSolid (Altair) can perform linear and bucking analysis using the 

mesh free method and is significantly faster than the meshed method. The downside is 

that automation with mesh free software is not yet available to engineers.   

Design process for developing an aerospace component using 3D printing technology is 

presented. Manufacturing and post-printing processes where not included in the design 

process. To ensure the part can be ready for installation within an aircraft numerous steps 

are required and include analysis for buckling and vibrations to ensure a safe design.  

Printing supports and thermal-mechanical management in the design stage is needed as 

well. Supports structures can be used to influence the heat released from the part during 

printing and avoid high internal residual stresses and warping. Orientation of the part for 

best print is also needed. In addition, post-printing processing such as machining holes 

for the bolts and support removal is required before installation. Heat treatment to remove 

internal residual stresses is an important step to both increase the parts longevity and 

improve ductility. Experimental test to assess the number of cycles to failure for the part 

is also required to compare the finite element prediction to real life. 

The total design cycle for an AM part was not presented in this thesis. An additional step 

to simulate the printing process and evaluate the thermal-mechanical response and 

spring-back can be investigated. Spring-back occurs when the printed part cools down in 

such a way that warping occurs. This mainly occur when 3D printing metal components. 
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Evaluation of the supports structure must also be done and was left-out of the design 

cycle as it was not part of the scope for this thesis. Each step requires validation through 

simulation and if predictions display unwanted behavior of the part; modifications and 

further design checks are needed. 

Other areas of future improvement include refinements for the lattice meshing algorithm 

to include non-symmetric unit cells. Numerical artifacts still persist within the lattice 

meshing tool and additional work is needed to remove those errors. One final comment 

for future development is to analyze the fatigue minimization of the L-bracket 

considering other lattice topologies to see if improvements in the fatigue performance can 

be achieved. 
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Appendices 
 

Appendix A  : Fatigue Analysis 

A.1 Cycle Counting : Three Point Method 

Algorithm – Cycle Counting : Three Point Method  

{scount, rainflow_matrix } = cycle_count_three_point_method(load_history) 

Input   : load_history 

Output: rainflow_matrix, a bin of stresses scount 

1. Find peaks for load_history 

2. Initialize seq_pv the sequence as the list of peaks and valleys 

3. Rearrange seq_pv so that either the highest maximum or lowest minimum is the first 

point 

4. Set N = 0 

5. Initialize S 

6. while (all points in seq_pv not processed) do 

7.  while N < 3 or length(S) < 3 do 

8.   N = N +1 

9.   Add the next unprocessed point in the sequence to S[N]  

10.  End while Loop 

11.  Calculate Ranges ∆𝑆1 = |𝑆[𝑁] − 𝑆[𝑁 − 1]| , ∆𝑆2 = |𝑆[𝑁 − 1] − 𝑆[𝑁 − 2]| 
12.  Calculate the mean 𝑀 = (𝑆[𝑁 − 1] + 𝑆[𝑁 − 2])/2 

13.  If ∆𝑆1 ≥ ∆𝑆2 then 
14.   Save the range and mean into scount 

15.   Remove 𝑆[𝑁 − 1] and 𝑆[𝑁 − 2] from S. 

16.   N = N - 2 

17.  Else 

18.   Add a new unprocessed point to S 

19.   N = N - 1 

20.  End If statement 

21. End while loop 

22. Process the remaining stress S (residue points) by pairing up stresses in order and 

calculating the ranges and means 

23. Create the Rainflow matrix rainflow_matrix from the extract cycles and half cycles 

A.2 Fatigue Simulation Using Finite Element Method 

Finite element simulations can be used to predict fatigue lives and calculate damage. Problems 

are discretized into elements where each element is a sub problem of the main problem. Sub 
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problems are a collection of linear equations that when solved, predict the behavior of the 

problem in a localized sub space. The process of fatigue analysis and prediction is therefore 

applied on each element. 

 

 
Figure 56 : Finite Element Simulation for Multi-Axial Fatigue Prediction of Proportional Loads 

In finite element analysis, the reference load is used to acquire the reference displacements for 

the nodes. The reference displacements are then used to determine the reference stresses for ach 

load case. Because the equilibrium equation assumes linear elasticity between the stresses and 

the displacements, scalar multiplication can be used to calculate the fatigue stresses. This means 

𝜎𝑒 = 𝐷𝑒𝐵𝑒𝑈𝑒 
Calculate Stresses for all Elements 

 

Multi-Axial Stress Life Fatigue FEA 

Load History 

Material Data 

Mesh 

Boundary Conditions 
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Calculate Displacements from static Load 
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𝜎𝑎,𝑖𝑒
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𝑒
𝜎𝑒 
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(e.g. Sines Criterion, Goodman Correction) 
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)

1
𝑏 

Calculate Lives using the SN curve 

𝐻𝑒 = ∑
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𝑘
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Palmgren Miner Damage Hypothesis 
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that the mean and amplitude stress components for each element and each load reversal can be 

found by calculating a reference stress. 

The Finite element method will be used to predict the fatigue life of a proportionally loaded 

structure using the stress life approach. If non proportional loadings are applied, then an alternate 

method for predicting the fatigue life needs to be considered. This problem is beyond the scope 

of this thesis. The procedure for proportional multi-axial fatigue is presented in Figure 56. 
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Appendix B  : Test Data 

 

B.1 Tensile Test Results 

 

Tensile Tests 180412 Geometry Specimen 

 

12.04.18 

Material Date End 

DMLS TiAl6V4 13.04.18 

Load Strain Rate Temperature 

Axial Tension 0.5 mm/min (0.015 mm/mm/min) 21°C 

Testing Machine Tester Humidity 

MTS 810 Material Test System 100 

kN 
Sinah Malz, Steve Truttmann 23% 

Specimen 
Geometry 

ID W T S0 (WxT) L0 L ΔL (L-L0) P ε 

 mm mm mm
2
 mm mm mm psi % 

1 
5.93 3.19 18.92 25.00 N/A N/A 800 N/A 

2 
6.02 3.23 19.44 25.00 26.68 1.68 800 6.72 

3 
5.97 3.21 19.16 25.00 26.42 1.42 800 5.68 

4 
5.90 3.20 18.88 25.00 26.41 1.41 800 5.64 

5 
5.91 3.16 18.68 25.00 26.41 1.41 800 5.64 
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B.2 Fatigue Test Results 

 

Treated Specimens Untreated Specimens 

Stress Level Cycles to Failure Stress Level Cycles to Failure 

550 3.17E+04 396 23944 

550 1.26E+04 400 27658 

400 1.31E+05 400 40195 

400 1.52E+05 400 58523 

400 9.26E+04 350 47903 

250 6.71E+05 350 62468 

250 5.32E+05 350 87405 

550 24828.86 300 120702 

250 695225.1 300 75065 

225 1.00E+07 300 105016 

200 1.00E+07 300 103511 

  250 143968 

  250 133783 

  250 147518 

  200 319230.4 

  200 593327 

  200 10000000 

  150 3255149 
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Appendix C  : SN-Curve Equation Methodology 

The methodology presented for calculating the general terms for the SN-curve is given in this 

section. The equation is given as: 

log𝜛 = logℭ − 𝒦 ∙ log 𝜎𝑎 (C.1) 

where 𝜛 is the number of cycles to failure, 𝜎𝑎 is the stress amplitude, 𝒦 is the slope of the 

stress-life curve and ℭ is a constant for the description of the position of the High Cycles Fatigue 

(HCF) S-N curve at 𝜛 = 1 cycles. 

 

The constants in the above equation are found using the formula below: 

𝒦 = −
𝒽 ∑(log(𝜛) log (𝜎)) − (∑ log (𝜛))(∑ log (𝜎))

𝒽 ∑(log(𝜎)2) − (∑ log (𝜎))2
 

(C.2) 

ℭ = 10
1
𝒽

(∑ log (𝜛)−𝒦 ∑ log (𝜎))
 

(C.3) 

The formula for predicting the number of cycles for a given stress can be re-arranged into the 

following equation: 

𝜛 = ℭ𝜎𝑎
−𝒦 (C.4) 

The above equation is built for 50% survivability. Two bands are calculated for a 90% and a 

10% survivability rating. The percentages reflect the standard deviations away from the mean of 

50%.  A total of three SN-Curves are calculated and are scaled base on a fictitious load at 

400MPa which is the mean of the largest and smallest stress level [145]. The quantile level for 

failure probability is determined by the quantile function and is associated with the standard 

normal distribution (probit function) and is shown in Table 13 [181]. 
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Table 13 : Quantile Distribution 

Failure Probability (%) Quantile 

0.001 -3.09023 

5 -1.64485 

10 -1.282 

15.9 -1 

50 0 

84.1 1 

90 1.282 

95 1.64485 

99.99 3.09023 

C.1 Untreated Curve Derivation 

The untreated SN-Curve is calculated below; Table 14 displays the tabulated data to compute the 

constants for the logarithmic regression model and for the Basquin equation. 

Table 14 : Tabular Data for Untreated SN-Curve Derivation A 

𝜎𝑎 𝜛 log (𝜎𝑎) log (𝜛) log(𝜎𝑎) ∗ log (𝜛) log(𝜎𝑎)
2 

400 27658 2.60 4.44 11.56 6.77 

400 40195 2.60 4.60 11.98 6.77 

400 20996 2.60 4.32 11.25 6.77 

400 58523 2.60 4.77 12.40 6.77 

396 23944 2.60 4.38 11.38 6.75 

350 47903 2.54 4.68 11.91 6.47 

350 62468 2.54 4.80 12.20 6.47 

350 87405 2.54 4.94 12.57 6.47 

300 120702 2.48 5.08 12.59 6.14 

300 75065 2.48 4.88 12.08 6.14 

300 105016 2.48 5.02 12.44 6.14 

300 103511 2.48 5.01 12.42 6.14 

250 143968 2.40 5.16 12.37 5.75 

250 133783 2.40 5.13 12.29 5.75 

250 147518 2.40 5.17 12.39 5.75 

200 741511 2.30 5.87 13.51 5.29 

SUM 40.04147 78.249233 195.3346 100.3373 

 

Using the tabular data above, the SN-curve constants for 50% survivability are calculated as: 
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Logarithmic Equation Constants 

𝒦 3.7836 

ℭ 2.3E+14 

𝒽 16 

Basquin equation Constants 

𝜎𝑆𝑁1 6239.73 

𝑏 -0.2643 

 

The survivability at 90% is determined by calculating �̃�log𝑁 for a particular scatter band 

deviation. The scatter band of the mean-value (Tm) was estimated to be 1.745 for 90%. The 

required tabular data for calculating �̃�log𝑁 is given in the table below: 

Table 15 : Tabular Data for Untreated SN-Curve Derivation B 

𝝈𝒇𝒊𝒄𝒕 𝝕𝒊,𝒇𝒊𝒄𝒕 𝐥𝐨𝐠 (𝝕𝒊,𝒇𝒊𝒄𝒕) (𝐥𝐨𝐠(𝝕𝒊,𝒇𝒊𝒄𝒕) − 𝐥𝐨𝐠 (𝝈𝒇𝒊𝒄𝒕))
𝟐

 

400 27658 4.441821 0.005243 

400 40195 4.604172 0.008089 

400 20996 4.322137 0.0369 

400 58523 4.767327 0.064057 

400 23050.59 4.362682 0.022967 

400 28903.11 4.460945 0.002839 

400 37691.16 4.576239 0.003845 

400 52737.33 4.722118 0.043217 

400 40644.02 4.608997 0.008981 

400 25276.66 4.40272 0.012435 

400 35362.07 4.548538 0.001177 

400 34855.29 4.542269 0.000786 

400 24319.7 4.385958 0.016454 

400 22599.21 4.354093 0.025644 

400 24919.38 4.396537 0.013852 

400 53844.51 4.731141 0.04705 

SUM 72.22769 0.313537 

 

The values for the band equations are presented below for the untreated SN-Curve: 

 

�̃�log𝑁 0.15238 

𝑇𝑁 2.45864 
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The constants for the SN-Curve bands for both 10% and 90% survivability (probability of no 

failure) are calculated form the equation below [145]:  

ℭ% = 10(𝜛50%,𝑓𝑖𝑐𝑡∓𝑇𝑁,%�̃�log𝑁) (C.5) 

The results are given in the table below; percentages are the survivability rating:  

Table 16 : Model Parameter Comparisons for Untreated SN Curve 

90% Survivability, 𝑻𝑵,% = 𝟏. 𝟐𝟖𝟐 

ℭ90% 1.45914E+14 

𝜎𝑆𝑁1, 90% 5540.33 

10% Survivability, 𝑻𝑵,% = 𝟏. 𝟐𝟖𝟐 

ℭ10% 3.358638+14 

𝜎𝑆𝑁1, 10% 7027.42 

99.99% Survivability, 𝑻𝑵,% = 𝟓 

ℭ99.99% 1.01133E+14 

𝜎𝑆𝑁1, 99.99% 5028.94 

 

The fatigue strength exponents (𝒦, 𝑏) are equivalent to the 50% survivability model (non-

shifted). 

C.2 UIT SN-Curve Derivation 

The section shows the calculations for deriving the treated SN-curve. 

Table 17 : Tabular Data for UIT SN-Curve Derivation A 

𝜎𝑎 𝜛 log (𝜎𝑎) log (𝜛) log(𝜎𝑎) ∗ log (𝜛) log(𝜎𝑎)
2 

550 3.17E+04 2.74 4.50 12.34 7.51 

550 1.26E+04 2.74 4.10 11.24 7.51 

400 1.31E+05 2.60 5.12 13.31 6.77 

400 1.52E+05 2.60 5.18 13.49 6.77 

400 9.26E+04 2.60 4.97 12.92 6.77 

250 6.71E+05 2.40 5.83 13.97 5.75 

250 5.32E+05 2.40 5.73 13.73 5.75 

550 24828.86 2.74 4.39 12.04 7.51 

250 695225.1 2.40 5.84 14.01 5.75 

SUM 23.22 45.65733 117.0499 60.09126 
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Using the tabular data above, the SN-curve constants for 50% survivability are calculated as: 

 

Logarithmic Equation Constants 

𝒦 4.2212 

ℭ 9.20566E+15 

𝒽 9 

Basquin equation Constants 

𝜎𝑆𝑁1 6052.591 

𝑏 -0.2369 

 

The survivability at 90% is determined by calculating �̃�log𝑁 for a particular scatter band 

deviation. The fictitious load is the mean between the lowest and the highest stress. The scatter 

band of the mean-value (Tm) was estimated to be 1.745 for 90%. The required tabular data for 

calculating �̃�log𝑁 is given in the table below: 

Table 18 : Tabular Data for UIT SN-Curve Derivation B 

𝝈𝒇𝒊𝒄𝒕 𝝕𝒊,𝒇𝒊𝒄𝒕 𝐥𝐨𝐠 (𝝕𝒊,𝒇𝒊𝒄𝒕) (𝐥𝐨𝐠(𝝕𝒊,𝒇𝒊𝒄𝒕) − 𝐥𝐨𝐠 (𝝈𝒇𝒊𝒄𝒕))
𝟐

 

400 121757.5655 5.085496 0.011039 

400 48270.41041 4.683681 0.08806 

400 95224.78117 4.97875 2.82E-06 

400 130768 5.116501 0.018516 

400 152224 5.182483 0.040826 

400 92614 4.966677 0.000189 

400 92332.36394 4.965354 0.000227 

400 73183.29648 4.864412 0.01346 

400 95611.26275 4.980509 6.37E-09 

SUM 44.82386 0.172319 

 
The values for the band equations are presented below for the untreated SN-Curve: 

 

�̃�log𝑁 0.156898 

𝑇𝑁 2.61353 
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The constants for the SN-Curve bands for both 5% and 95% survivability are calculated from the 

equations presented in Chapter 3.4. The results are given in the table below; percentages are the 

survivability rating (probability of survival):  

Table 19 : Model Parameter Comparisons for UIT SN Curve 

90% Survivability, 𝑻𝑵,% = 𝟏. 𝟐𝟖𝟐 

ℭ90% 5.69526E+15 

𝜎𝑆𝑁1, 90% 5401.57 

10% Survivability, 𝑻𝑵,% = 𝟏. 𝟐𝟖𝟐 

ℭ10% 1.48798E+16 

𝜎𝑆𝑁1, 10% 6782.08 

99.99% Survivability, 𝑻𝑵,% = 𝟓 

ℭ99.99% 3.85033E+15 

𝜎𝑆𝑁1, 99.99% 4923.34104 

 

The fatigue strength exponents (𝒦, 𝑏) are equivalent to the 50% survivability model (non-

shifted). 
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Appendix D  : UIT Optimal Settings Study 

This appendix sections will summarize the design of experiment to determine the optimal 

settings for optimal UIT coverage and increase in fatigue life. The data presented in this section 

is part of the journal paper titled “Experimental Optimization for Fatigue Life Maximization of 

Additively Manufactured Ti-6Al-4V Alloy Employing Ultrasonic Impact Treatment”. This paper 

is still awaiting review as of the completion of this thesis. A matrix testing two major UIT 

settings is developed to include the static force and the scan speed. The combination which 

results in the best fatigue performance is used to treat the titanium samples. 

A unidirectional stress-controlled fatigue test was conducted according to DIN 50100 [145]. 

Data scatter is assumed to fall within a logarithmic normal distribution. Table 20 displays the 

fatigue life of Ti-6Al-4V specimens treated at different parameters. The average fatigue life of 

each parameter is plotted in Figure 57. Evidently, samples treated at 30N and 2000mm/min had 

the highest fatigue life. The next best treatment is for a static force of 30N and a scanning speed 

of 1000 mm/min, showing a trend that if the scan speed is increased, so does the treatments 

efficacy of improving fatigue resistance. However, for 40N and 2000mm/min, the fatigue life 

improvement was seen to be much worse. This is probably due to overtreatment and parameters 

at 30N and 2000mm/min are right before the effects of unwanted surface damage. The worst 

treatment however was the 20N and 500mm/min scan speed. This makes sense as the treatment 

is less effective when the applied force is small and shear forces caused by the scan speed are at 

their lowest.  
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Table 20 : Average fatigue life at different UIT parameters 

Scanning Speed 

[mm/min] 
2000 1000 500 

Force [N] 
 

40 5.22 x 10
4 

7.78 x 10
4 

5.82 x 10
4 

30 1.22 x 10
5
 8.96 x 10

4 
6.55 x 10

4 

20 1.11 x 10
5 

6.91 x 10
4
 4.59 x 10

4 

 

As shown in Figure 57, there is an increase in fatigue life between 20N and 30N followed by a 

dip at 40N. The reduction in improvement in fatigue life is due to over treatment and possible 

surface damage. The surface begins to develop cracks and the density of fatigue crack initiation 

sites increases. The increased probability of micro cracks which develop into macro-cracks 

during fatigue loading resulted in worsened performance. Furthermore, the extent of reduction in 

fatigue life between specimens treated under a static load of 30N and 40N is significant at higher 

scanning speeds and subtle at lower scanning speeds.  

 

Figure 57 : Fatigue life at 400 MPa for different UIT Parameters 

0

20000

40000

60000

80000

100000

120000

140000

0 5 10 15 20 25 30 35 40 45

F
at

ig
u
e 

L
if

e 
(C

y
cl

es
) 

Force (N) 

The Average Fatigue Life at Varied Parameters  

2000 mm/min 1000 mm/min 500 mm/min



200 

 

To maximize the fatigue life of the titanium samples, a simple regression model of the observed 

improvements was created to locate a new possible maximum. The new maximum would then be 

a new testing point to validate the regression model. If the validation is proved to be successful 

and the new fatigue lives of the new parameters are shown to be significantly higher, then the 

new UIT parameters will be used to develop the optimized S-N curve. 

The improvements in fatigue were characterized as the ratio of the observed logarithmic average 

of the treated to the untreated fatigue lives at each UIT parameter. The experimental data showed 

the fatigue life enhancement was strongly correlated with the average power input. The average 

power input is characterized by the product between the static force (N) and scanning speed 

(mm/min). Therefore, the improvement ratio is to be estimated using the average power input. 

To determine the best regression model for generalizing the dataset, a set of high order 

polynomial functions were built, tested and compared to one another. The model with the least 

mean squared error is used to predict the maximum UIT parameters. High order regression 

models of up to 4 were considered to describe the data. 

Comparison using cross-validation of the multiple polynomial fits was performed using a leave-

one-out analysis scheme. Hence, for each model, an error metric is calculated based on building 

the model with n-1 points, where n is the number of data points, and assessing the mean squared 

error between the model’s prediction and the removed data point. The process is repeated for 

each data point. The average error for each model is used for comparison and model selection. 

An additional data point was added to the dataset to represent zero improvement when the static 

force is zero. The models were also generated so that the intercept would be zero. A total of 10 

data points was used to develop the regression models.  
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Table 21: Dataset and UIT Treatment Summary 

Dataset for Regression Model 

Treatment 
Force 

(N) 

Speed 

(mm/min) 
Improvement Treatment 

Force 

(N) 

Speed 

(mm/min) 
Improvement 

20/500 20 500 1.144 30/2000 30 2000 3.049 

20/1000 20 1000 1.852 40/500 40 500 1.450 

20/2000 20 2000 2.775 40/1000 40 1000 1.952 

30/500 30 500 1.632 40/2000 40 2000 1.301 

30/1000 30 1000 2.233 Untreated 0 - 0.000 

 

The selected model with the least error and the most evenly distributed residuals was the third 

order polynomial model. Training of the final model was performed using a leave-two-out cross 

validation method. Two points were randomly removed from the dataset without replacement. 

The final third order polynomial with the least error was then selected as the final model and is 

plotted as a dotted line in Figure 58.  

 

Figure 58: Improvement Ratio (%) vs. Static force (N) times Scanning Speed (mm/min) 
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By interpolating the third order polynomial, the maximum improvement in fatigue life can be 

found. The increase in fatigue life was seen to be minimal compared to the current solution. The 

static force would be 26.3N using a scanning speed of 2000mm/min. The expected improvement 

in fatigue would only improve by 3.27% when compared to the improvement ratio at 30N and 

2000mm/min. Due to the small predicted increase, it was not deemed practical to validate the 

prediction because of the nature of scatter in fatigue results and uncertainties in the model. 

Hence, the UIT parameters for the optimize S-N curve was chosen to be the originally observed 

30N and 2000mm/min settings. 
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D.1 Experimental Data 

 

Force 

(N) 

Speed 

(mm/

min) 

𝝕 Wo 
To 

(mm) 

W2 

(mm) 

T2 

(mm) 

Area 

(mm
2
) 

Mean 

Load (N) 

Amplitude 

(MPa) 

Mean 

Stress 

(MPa) 

20 1000 48213 4.77 3.25 4.90 3.10 15.2 3038 400 200 

20 1000 46822 4.77 3.27 4.86 3.14 15.3 3052 400 200 

20 1000 147219 4.69 3.26 4.72 3.11 14.7 2940 400 200 

20 1000 92736 4.69 3.26 4.78 3.10 14.8 2958 400 200 

20 2000 73896 4.78 3.25 4.84 3.11 15.1 3010 400 200 

20 2000 156231 4.76 3.28 4.88 3.11 15.2 3036 400 200 

20 2000 120402 4.73 3.27 4.82 3.15 15.2 3036 400 200 

20 500 46033 4.81 3.28 4.90 3.11 15.2 3048 400 200 

30 1000 84825 4.74 3.27 4.86 3.13 15.2 3042 400 200 

30 1000 88517 4.69 3.26 4.74 3.11 14.7 2948 400 200 

30 1000 96431 4.73 3.27 4.88 3.12 15.2 3045 400 200 

30 2000 130768 4.76 3.27 4.82 3.11 15.0 2998 400 200 

30 2000 92614 4.73 3.28 4.80 3.15 15.1 3024 400 200 

30 2000 152224 4.76 3.24 4.92 3.10 15.3 3044 400 200 

30 500 61505 4.83 3.24 4.92 3.11 15.3 3060 400 200 

30 500 70042 4.75 3.22 4.87 3.11 15.1 3030 400 200 

40 1000 83389 4.74 3.25 4.87 3.11 15.1 3030 400 200 

40 1000 73920 4.74 3.29 4.81 3.16 15.2 3040 400 200 

40 2000 53644 4.73 3.26 4.86 3.11 15.1 3022 400 200 

40 2000 51068 4.78 3.25 4.86 3.12 15.2 3032 400 200 

40 500 35210 4.78 3.29 4.85 3.15 15.3 3056 400 200 

40 500 65397 4.76 3.27 4.85 3.12 15.1 3026 400 200 

40 500 86082 4.72 3.28 4.85 3.13 15.2 3036 400 200 
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Appendix E  : Topology Optimization Sensitivity Analysis 

 

In structural optimization, there are two methods for calculating the gradients of the objective 

functions with respect to the design variables. One of these methods is called the direct method. 

The direct method will calculate the derivatives of the entire structural response as well as the 

intermediate quantities. The derivative calculates are obtained by the performance measures from 

the chain rule. The second method is the adjoint method which is dependent on an associated 

adjoint problem and a performance measure. The sensitivities obtained for the performance 

measure include the structural and adjoint responses. 

Another important topic for sensitivity analysis is both the explicit and implicit solutions to some 

problems. Explicit solutions are derivatives that are expressed solely on the variables used to 

describe the function. An implicit solution is the partial differential solutions to the function 

expressed by variables not used to describe the function. Such examples of implicit solutions are 

the displacements of a structure with a design variable being the relative density of an element or 

the width of a bar. These implicit solutions lend themselves to the results of the equilibrium 

equation when the finite element method is used. 

For some of the objective functions, the sensitivities can be calculated based on their explicit and 

implicit terms. If the structural response is called 𝜓(𝑈, 𝜌 ) and relies of the state variable U and 

the design variables 𝜌 then the sensitivity of the response can be found with [182]: 

𝑑𝜓

𝑑𝜌
=

𝜕𝜓

𝜕𝜌
|
𝑈=𝑐𝑜𝑛𝑠𝑡

+ (
𝜕𝜓

𝜕𝑈
|
𝜌=𝑐𝑜𝑛𝑠𝑡

)

𝑇
𝑑𝑈

𝑑𝜌
 (E.1) 

Where the only unknown term is 
𝑑𝑈

𝑑𝜌
 and can be found using the direct and adjoint methods. The 

majority of the time they can be found by differentiating the equilibrium equation for static 
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analyses. For other types of analyses, the gradients will require a different approach (such as 

vibrations) to calculating the implicit sensitivities of the displacements. 

E.1 Adjoint Method for Sensitivity Analysis 

The adjoint method uses the performance measure coupled with the structural response to derive 

the gradients. The advantage of this method is the number of function evaluations is equal to the 

number of responses and not by the number of design variables. This makes certain responses 

such as stress more easily computed when compared to the direct method. The adjoint method 

will also calculate the sensitivities without explicitly calculating the sensitivity of the state 

variables. The adjoint method avoids the implicit calculations by forming a state equation or 

adjoint equation. The adjoint equation for a static analysis can be written as: 

𝐾(ρ⃑ )𝜆 =
𝜕𝜓

𝜕𝑈
 (E.2) 

This comes from the direct sensitivity global equation where the solution to the inverse of the 

stiffness matrix and the derivative of the performance measure with respect to the displacements 

is equal to some vector. 

𝜆 = (
𝜕𝜓

𝜕𝑈
|
𝜌𝑒=𝑐𝑜𝑛𝑠𝑡

)

𝑇

𝐾(ρ⃑ )−1 (E.3) 

where K is the global stiffness matrix, the adjoint load is defined as 
𝜕𝜓

𝜕𝑈
 (the derivative of the cost 

function with respect to the displacements) and the adjoint solution is 𝜆. This is relation is 

possible because of the symmetry in the global stiffness matrix [2]. It is important to note that the 

adjoint solution is not dependent on the design variables but by the performance measure. The 

adjoint load signifies another advantage for using the adjoint method for calculating sensitivities 

because the adjoint load only needs to be calculated once. For each design variable, the global 



206 

 

stiffness matrix requires only one inversion in which it can then be used to calculate all the 

required adjoint solutions. When the adjoint solution is calculated then the sensitivity for the 

performance measure can be found with the following equation: 

𝑑𝜓

𝑑𝜌
=

𝜕𝜓

𝜕𝜌
|
𝑈=𝑐𝑜𝑛𝑠𝑡

+ 𝜆𝑇 (
𝑑𝐹

𝑑𝜌
−

𝑑𝐾

𝑑𝜌
𝑈) (E.4) 

The equation above is called the adjoint sensitivity global equation. This formulation is more 

closely related to the performance measure. It is useful to note that the derivatives of the 

displacements with respect to the design variables do not need to be computed for this method 

because of the substitution of 𝜆 into the direct sensitivity global equation. 

E.2 Stress Based Structural Responses 

The stress can be computed using Hooke’s law where the elasticity matrix is multiplied by the 

strain. 

𝜎 = 𝐷휀 (E.5) 

Where 𝜎  is the vector of principle stresses, D is the constitutive material stiffness matrix and 휀 is 

the strain vector. 

In finite element software, for solid elements, the strain is calculated using a strain –displacement 

matrix which converts the displacements into a strain. The stresses are then expressed as: 

𝜎𝑒⃑⃑⃑⃑ = 𝐷𝑒(𝜌𝑒)𝐵𝑒𝑈𝑒 (E.6) 

Where 𝜎 𝑒 is the vector of principle stresses for element e, De is the constitutive material stiffness 

matrix or element e and 휀𝑒 is the strain vector for element e. The constitutive matrix is typically a 

function of the relative density in SIMP topology optimization problems. Another fact to note is 

that the state equation for the stress is the equilibrium equation. 
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E.2.1 Stress Sensitivities from the Adjoint Method 

The adjoint method requires the adjoint sensitivity global equation shown below: 

𝑑𝜎𝑒

𝑑𝜌𝑒

⃑⃑ ⃑⃑ ⃑⃑  ⃑
=

𝜕𝜎𝑒

𝜕𝜌𝑒
|
𝑈=𝑐𝑜𝑛𝑠𝑡

+ 𝜆𝑇 (
𝑑𝐹

𝑑𝜌
−

𝑑𝐾

𝑑𝜌
𝑈) (E.7) 

From the direct sensitivity analysis we already know that 
𝑑𝐹

𝑑𝜌
  is equal to zero and that: 

𝜕𝜎

𝜕𝜌𝑒
|
𝑈=𝑐𝑜𝑛𝑠𝑡

=
𝜕𝐷𝑒

𝜕𝑝𝑒
𝐵𝑒𝑈𝑒 (E.8) 

The adjoint vector can be found from: 

𝜆 =
𝜕𝜎

𝜕𝑈
𝐾−1 (E.9) 

Where 
𝜕𝜎

𝜕𝑈
 can be calculated from: 

𝜕𝜎

𝜕𝑈
= 𝐷𝑒𝐵𝑒 (E.10) 

The final sensitivities for the adjoint method becomes: 

𝑑𝜎𝑒

𝑑𝜌𝑒

⃑⃑ ⃑⃑ ⃑⃑  ⃑
=

𝜕𝐷𝑒

𝜕𝜌𝑒
𝐵𝑒𝑈𝑒 − 𝜆𝑇 (

𝑑𝐾

𝑑𝜌𝑒
𝑈) (E.11) 

E.2.2 Considerations and Numerical Problems for Stress Responses 

Stress constrained optimization problems are known to have vanishing constraints. This means 

that an optimal solution to the problem may require one design variable to be gone completely. 

In other words, the optimal solutions may lie in a lower dimension space. This phenomenon can 

be seen in a 3 bar truss problem where the optimal solution is found when the center bar is 

removed [183]. Similar problems also appear in topology optimization as when the relative 
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density is zero, so is the stress measurement. Another factor to consider for SIMP like topology 

optimizations is that stress is not related to the material properties and alternative methods need 

to be used when developing meaningful stress measurements for structural responses. 

Many solutions have been proposed for the numerical instabilities of stress constraints. One 

solution is to treat the elements at intermediate densities as a rank-2 layered composite. This 

allows for the microscopic stresses to be meaningful throughout the optimization procedure 

[183]. This can be achieved by making the microscopic stresses inversely proportional to the 

relative density and having the constitutive matrix a function of both the relative density and by 

an exponent q. The new formulation will modify the measurement of the stress components to 

be: 

𝜎𝑒⃑⃑⃑⃑ =
𝜎𝑒(𝜌𝑒)

𝜌𝑒
𝑞  (E.12) 

where the exponent q is chosen so that the stress conditions imposed by a rank-2 can be met. For 

a rank-2 composite condition to be satisfied, the stress must converge to a finite non-zero stress 

as the relative density goes to zero. In a SIMP optimization scheme, this condition however, can 

only be fulfilled if the exponent q is equal to the penalty factor. The stress at the microscopic 

level in a SIMP Optimization is calculated as: 

𝜎𝑒⃑⃑⃑⃑ = 𝐷𝑒|𝜌𝑒=1휀𝑒 (E.13) 

where 𝐷𝑒|𝜌𝑒=1 is the constitutive matrix at full density (relative density is equal to one) and 휀𝑒 is 

the strain of the element under the influence of the design variables. 

The proposed methodology for the stress function however does have a drawback. The stress 

will converge to a finite value when the relative density goes to zero; this may violate any stress 

constraint if the stress function is applied as a constraint. In addition, this effect causes 
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discontinuities in the stress function. To fix this, the stress will need to converge to zero as the 

relative density reaches zero. To do this the exponent q must be smaller than the SIMP penalty 

factor. This is equivalent to the “𝑞𝑝” method proposed by Duynix and Bendose [174]. The qp 

method expects a relation between q and the SIMP penalty factor p such that 𝑞𝑝  =  𝑝 − 𝑞. The 

modified formulation is given below as: 

𝜎𝑒⃑⃑⃑⃑ = 𝜌𝑒
𝑞𝑝𝐷𝑒휀𝑒 (E.14) 

where 𝑝 is the stiffness penalization factor for SIMP topology optimizations and 𝑞 is the stress 

penalization variable. This formulation for the stresses ensures that the stress at zero density is 

zero and that the stress is inversely proportional to the relative density. This formulation was 

shown to work well by Bruggi as it avoids stress singularities [161]. For most applications, 𝑞𝑝 is 

equal to 0.5 [184] and generally acts as a stress penalization term. This method ensures that the 

penalizing of stress is not equal to the penalization of stiffness which would lead to an all void 

design [185]. 

The sensitivity analysis for stress penalization is formulated using the adjoint method. The partial 

derivative of the penalized stress term with respect to the design variable (relative density) is 

found to be: 

𝜕𝜎𝑒⃑⃑⃑⃑ 

𝜕𝜌𝑒
⟩

𝑞𝑝

= (𝑞𝑝 − 1)𝜌𝑒
𝑞𝑝−1𝐷𝑒𝐵𝑒𝑈𝑒 (E.15) 

The partial derivative for the penalized stress with respect to the displacements is calculated as: 

𝜕𝜎𝑒⃑⃑⃑⃑ 

𝜕𝑈
⟩

𝑞𝑝

= 𝜌𝑒
𝑞𝑝𝐷𝑒𝐵𝑒 (E.16) 

The adjoint vector is found from solving the system of equations: 
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𝜆 =
𝜕𝜎𝑒⃑⃑⃑⃑ 

𝜕𝑈
⟩

𝑞𝑝

𝐾−1 (E.17) 

The final sensitivity as derived by the adjoint method is: 

𝑑𝜎𝑒⃑⃑⃑⃑ 

𝑑𝜌𝑒
⟩

𝑞𝑝

= (𝑞𝑝 − 1)𝜌𝑒
𝑞𝑝−1𝐷𝑒𝐵𝑒𝑈𝑒 + 𝜆𝑒

𝑇 (
𝜕𝐾

𝜕𝜌𝑒
𝑈) (E.18) 

The stress penalization by the 𝑞𝑝 method applied in this manuscript will multiply the stress term 

by a correction function. This correction function aims to recalculate the stresses so that its value 

fits that of the penalization term. The equation below explains the modifications for stress 

penalization: 

𝜎𝑒⃑⃑⃑⃑ ⟩
𝑞𝑝 = 𝜌𝑒

𝑞𝑝𝐷𝑒𝐵𝑒𝑈𝑒 = 𝑓𝑐(𝜌𝑒)𝐷𝑒𝐵𝑒𝑈𝑒 (E.19) 

The correction function depends on the type of interpolation used for the optimization, these are 

given below as: 

𝑓𝑐(𝜌𝑒)⟩𝑆𝐼𝑀𝑃 = 𝜌𝑒
𝑞−𝑝

 (E.20) 

The new sensitivities for the stress by the adjoint method will then take the form of: 

𝑑𝜎𝑒

𝑑𝜌𝑒

⃑⃑ ⃑⃑ ⃑⃑  ⃑
⟩

𝑞𝑝

= (𝑓𝑐
𝜕𝐷𝑒

𝜕𝜌𝑒
+

𝜕𝑓𝑐
𝜕𝜌𝑒

𝐷𝑒)𝐵𝑒𝑈𝑒 − 𝜆𝑒
𝑇 (

𝑑𝐾𝑒

𝑑𝜌𝑒
𝑈𝑒) (E.21) 

The adjoint vector is solved using the system below: 

𝜆 =
𝜕𝜎⟩𝑞𝑝

𝜕𝑈
𝐾−1 (E.22) 

Where the derivative of the penalized stress with respect to the displacements becomes: 

𝜕𝜎⟩𝑞𝑝

𝜕𝑈
= 𝑓𝑐(𝜌𝑒)𝐷𝑒𝐵𝑒 (E.23) 

The partial derivatives for the correction function with respect to the design variable (relative 

density) are given below for each interpolation method: 
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𝜕𝑓𝑐
𝜕𝜌𝑒

⟩
𝑆𝐼𝑀𝑃

= (𝑞 − 𝑝)𝜌𝑒
𝑞−𝑝−1

 (E.24) 

E.2.3 Von Mises Stress 

For a general three dimensional case, the von-Mises stress can be calculated with the following 

equation: 

𝜎𝑉𝑀 = √
[(𝜎11 − 𝜎22)2 + (𝜎22 − 𝜎33)2 + (𝜎33 − 𝜎11)2 + 6(𝜎12

2 + 𝜎23
2 + 𝜎31

2 )]

2
 (E.25) 

Where 𝜎𝑖𝑗 are the principle and shear stresses. 

To find the corresponding sensitivities for a von-Mises criterion of an element e, the chain rule 

must be applied. 

𝑑𝜎𝑉𝑀𝑒

𝑑𝜌𝑒
=

𝜕𝜎𝑉𝑀𝑒

𝜕𝜎𝑒

𝜕𝜎𝑒

𝜕𝜌𝑒
 (E.26) 

The sensitivities for each of the von-Mises sum stresses are shown below: 

𝜕𝜎𝑉𝑀𝑒

𝜕𝜎𝑒
= [

𝜕𝜎𝑉𝑀𝑒

𝜎11𝑒

𝜕𝜎𝑉𝑀𝑒

𝜎22𝑒

𝜕𝜎𝑉𝑀𝑒

𝜎33𝑒

𝜕𝜎𝑉𝑀𝑒

𝜎21𝑒

𝜕𝜎𝑉𝑀𝑒

𝜎23𝑒

𝜕𝜎𝑉𝑀𝑒

𝜎31𝑒

]

𝑇

 (E.27) 

The individual components are derived to be: 

𝜕𝜎𝑉𝑀𝑒

𝜎11𝑒

=
1

2𝜎𝑉𝑀𝑒

4𝜎11𝑒
− 2𝜎22𝑒

− 2𝜎33𝑒

2
 (E.28) 

𝜕𝜎𝑉𝑀𝑒

𝜎22𝑒

=
1

2𝜎𝑉𝑀𝑒

4𝜎22𝑒
− 2𝜎11𝑒

− 2𝜎33𝑒

2
 

(E.29) 

𝜕𝜎𝑉𝑀𝑒

𝜎33𝑒

=
1

2𝜎𝑉𝑀𝑒

4𝜎33𝑒
− 2𝜎11𝑒

− 2𝜎22𝑒

2
 

(E.30) 

𝜕𝜎𝑉𝑀𝑒

𝜎21𝑒

=
1

2𝜎𝑉𝑀𝑒

6𝜎21𝑒
 

(E.31) 
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𝜕𝜎𝑉𝑀𝑒

𝜎23𝑒

=
1

2𝜎𝑉𝑀𝑒

6𝜎23𝑒
 

(E.32) 

𝜕𝜎𝑉𝑀𝑒

𝜎31𝑒

=
1

2𝜎𝑉𝑀𝑒

6𝜎31𝑒
 

(E.33) 

The derivative of the stress with respect to the design variable can be found in the stress gradient 

derivations in appendix E.2. The derivative with respect to the displacements is found by using 

the chain rule on the von-Mises definition. The last term are the stress components with respect 

to displacement and are derived in appendix E.2. 

E.3 Fatigue Based Structural Responses 

Fatigue can be represented by either the total cumulative damage or cycles to failure. For Stress-

Life prediction methods, these are both calculated by Palmgren Miner’s cumulative damage 

hypotheses. The number of life cycles can be calculated from the inverse of the damage 

formulation. 

𝜛 = 1/𝐻 = 1/ [∑
𝑛𝑖

ℓ (𝜎𝑒𝑞𝑖
)

𝑘

𝑖=1

] = (∑
𝑛𝑖

ℓ (𝜎𝑒𝑞𝑖
)

𝑘

𝑖=1

)

−1

 (E.34) 

 

where 𝐻  is the total damage and is shown in the equation below: 

𝐻 = ∑
𝑛𝑖

𝜛𝑖

𝑘

𝑖=1

 (E.35) 

The total damage is re-written as a function of the equivalent stresses. The number of cycles to 

failure for a particular load (𝜛𝑖) is represented by a function ℓ(𝜎𝑒𝑞) where 𝜎𝑒𝑞 is the equivalent 

stress. 
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𝐻 = ∑
𝑛𝑖

ℓ(𝜎𝑒𝑞𝑖
) 

𝑘

𝑖=1

 (E.36) 

The equivalent stresses themselves are a function of the mean and amplitudes stresses which are 

a function of the initial element (reference) stresses. The high cycle fatigue regime assumes 

elastic deformations; the mean and amplitude stresses are calculated using the load scalars from 

the loading history. This is seen in the next equations below: 

𝜎𝑚⃑⃑⃑⃑  ⃑ = 𝑐𝑚𝜎  (E.37) 

𝜎𝑎⃑⃑⃑⃑ = 𝑐𝑎𝜎  (E.38) 

Where 𝜎  is the reference stress from a static solution and cm and ca are calculated from the mean 

and load amplitudes from the time history by a rainflow cycle counting algorithm. 

The reference stresses are calculated by either computing the von-Mises, signed von-Mises stress 

or by the Sines method. The equivalent stress for the Sines method is calculated with: 

𝜎𝑒𝑞𝑠𝑖𝑛𝑒𝑠
= 𝑐𝑎𝜎𝑣𝑚 + 𝑐𝑚

1

√2
𝛽(𝜎11 + 𝜎22 + 𝜎33) (E.39) 

The equivalent stresses can also be calculated from a mean stress correction formula such as the 

modified Goodman line or Gerber curve. However, the mean stresses must be less than the 

ultimate or yield strengths. In the event of mean stresses which are greater than the failure 

criteria, a step response function is substituted for the mean stresses to avoid negative equivalent 

stresses. The step response formulation is given below: 

𝑆𝜎𝑚 = (𝜎𝑦 − 𝔰)(1 − 𝑒
(−

ℬ𝑆𝜎𝑚
𝜎𝑦

)
) , 𝑖𝑓𝑆𝜎𝑚 > 𝓇𝜎𝑦 (E.40) 

where, 𝜎𝑦 is the yield strength of the material, 𝔰 > 0 is a small value ≈ 1𝑒−16 to avoid numerical 

instabilities and the variable ℬ is equal to the equation below:  
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ℬ = − log(1 − 𝓇) /𝓇, 0 < 𝓇 < 1 (E.41) 

where 𝓇 is the transition ratio between the linear section of the mean stresses and the beginning 

of the step function. To avoid negative values when large safety factors are used, the yield is 

multiplied by the safety factor. The equations for the mean stress corrections then take on a new 

form: 

New M. Goodman {𝜏𝑀𝐺
∗ (𝜎 )} ∶  𝜎𝑟𝑒𝑣 =

{
 
 

 
 

𝑆𝜎𝑎𝜎𝑢𝑡

𝜎𝑢𝑡 − 𝑆𝜎𝑚

                                     , 𝑖𝑓𝑆𝜎𝑚 ≤ 𝓇𝜎𝑢𝑡

 
𝑆𝜎𝑎

𝜎𝑢𝑡 − (𝜎𝑢𝑡 − 𝔰) (1 − 𝑒
(−

ℬ𝑆𝜎𝑚
𝜎𝑢𝑡

)
)

, 𝑖𝑓𝑆𝜎𝑚 > 𝓇𝜎𝑢𝑡
 (E.42) 

New Soderberg {𝜏𝑆
∗(𝜎 )} ∶ 𝜎𝑟𝑒𝑣 =

{
 
 

 
  

𝑆𝜎𝑎𝜎𝑦

𝜎𝑦 − 𝑆𝜎𝑚
                                       , 𝑖𝑓𝑆𝜎𝑚 ≤ 𝓇𝜎𝑦

 
𝑆𝜎𝑎

𝜎𝑦 − (𝜎𝑦 − 𝔰)(1 − 𝑒
(−

ℬ𝑆𝜎𝑚
𝜎𝑦

)
)

, 𝑖𝑓𝑆𝜎𝑚 > 𝓇𝜎𝑦
 (E.43) 

New Gerber {𝜏𝐺
∗ (𝜎 )} ∶ 𝜎𝑟𝑒𝑣 =

{
  
 

  
 

𝑆𝜎𝑎𝜎𝑢𝑡
2

𝜎𝑢𝑡
2 − (𝑆𝜎𝑚)2

                                      , 𝑖𝑓𝑆𝜎𝑚 ≤ 𝓇𝜎𝑢𝑡

𝑆𝜎𝑎

𝜎𝑢𝑡
2 − ((𝜎𝑢𝑡 − 𝔰) (1 − 𝑒

(−
ℬ𝑆𝜎𝑚
𝜎𝑢𝑡

)
))

2 , 𝑖𝑓𝑆𝜎𝑚 > 𝓇𝜎𝑢𝑡
 (E.44) 

New ASME Elliptic {𝜏𝐸
∗ (𝜎 )} ∶ 𝜎𝑟𝑒𝑣 =

{
 
 
 

 
 
 

𝑆𝜎𝑎𝜎𝑦√
1

(𝜎𝑚𝑆)2 + 𝜎𝑦
2
                                   , 𝑖𝑓𝑆𝜎𝑚 ≤ 𝓇𝜎𝑦

𝑆𝜎𝑎

√

1

((𝜎𝑦 − 𝔰) (1 − 𝑒
(−

ℬ𝑆𝜎𝑚
𝜎𝑦

)
))

2

+ 𝜎𝑦
2

, 𝑖𝑓𝑆𝜎𝑚 > 𝓇𝜎𝑦
 (E.45) 

E.3.1 Partial Derivatives 

The individual partial derivatives for each of the components are calculated as follows, first is 

the partial derivative of the damage equation with respect to the SN interpolation function.   
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𝜕𝐻

𝜕ℓ
= −

𝑛𝑖

ℓ2
 (E.46) 

The partial derivative of the SN interpolation function will depend on the interpolation method 

used. When the Basquin equation is adopted, the partial derivative of the interpolation function 

with respect to the mean stress correction function is: 

𝜕ℓ

𝜕𝜏
= (

1

𝑏𝜎𝑆𝑁1
)(

𝜏(𝜎𝑖⃑⃑⃑  )

𝜎𝑆𝑁1
)

1
𝑏
−1

 (E.47) 

The third and fourth partial derivative component for the equivalent stresses is also case 

dependent. For the case of the Sines method; the partial derivative of the Sines method with 

respect to the mean and amplitude stress components is: 

𝜏𝑠𝑖𝑛𝑒𝑠(𝜎𝑖⃑⃑⃑  ) = 𝜎𝑎𝑖
+ 𝜎𝑚𝑖

 (E.48) 

𝜕𝜏𝑠𝑖𝑛𝑒𝑠

𝜕𝜎𝑖
= [1 1] (E.49) 

For the other mean stress correction functions, the sensitivities with respect to the equivalent 

means and amplitudes are: 

𝜕𝜏∗

𝜕𝜎𝑖
⟩
𝑆𝑂𝐵𝐸𝑅𝐵𝐸𝑅𝐺

= [
𝑆𝜎𝑦

𝜎𝑦 − 𝑆𝜎𝑚𝑖

𝑆2𝜎𝑦𝜎𝑎𝑖

(𝜎𝑦 − 𝑆𝜎𝑚𝑖
)
2] , 𝑖𝑓𝑆𝜎𝑚𝑖

≤ 𝓇𝜎𝑦 (E.50) 

𝜕𝜏∗

𝜕𝜎𝑖
⟩
𝐺𝐸𝑅𝐵𝐸𝑅

= [
𝑆𝜎𝑢𝑡

2

𝜎𝑢𝑡
2 + 𝜎𝑚𝑖

2𝑆2
2

𝑆3𝜎𝑢𝑡
2 𝜎𝑎𝑖

𝜎𝑚𝑖

(𝜎𝑢𝑡
2 + 𝜎𝑚𝑖

2𝑆2)
2] , 𝑖𝑓𝑆𝜎𝑚𝑖

≤ 𝓇𝜎𝑢𝑡 (E.51) 

𝜕𝜏∗

𝜕𝜎𝑖
⟩
𝐸𝐿𝐿𝐼𝑃𝑇𝐼𝐶𝐴𝐿

= [

𝑆𝜎𝑦

√(𝜎𝑦
2 + 𝜎𝑚𝑖

2𝑆2)

𝑆3𝜎𝑦𝜎𝑎𝑖
𝜎𝑚𝑖

√(𝜎𝑦
2 + 𝜎𝑚𝑖

2𝑆2)
3] , 𝑖𝑓𝑆𝜎𝑚𝑖

≤ 𝓇𝜎𝑦 (E.52) 

𝜕𝜏∗

𝜕𝜎𝑖
⟩
𝑀𝐺𝑂𝑂𝐷𝑀𝐴𝑁

= [
𝑆𝜎𝑢𝑡

𝜎𝑢𝑡 − 𝑆𝜎𝑚𝑖

𝑆2𝜎𝑢𝑡𝜎𝑎𝑖

(𝜎𝑢𝑡 − 𝑆𝜎𝑚𝑖
)
2] , 𝑖𝑓𝑆𝜎𝑚𝑖

≤ 𝓇𝜎𝑢𝑡 (E.53) 
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When the mean stresses are larger than the ultimate or yield strengths of the material, the mean 

stress correction lines partial derivatives take the form of: 

𝜕𝜏∗

𝜕𝜎𝑖
⟩

𝑀𝐺𝑂𝑂𝐷𝑀𝐴𝑁

=

[
 
 
 
 
 

𝑆𝜎𝑢𝑡

𝔰 + 𝑒
(−

ℬ𝑆𝜎𝑚𝑖
𝜎𝑢𝑡

)
(𝜎𝑢𝑡 − 𝔰)

𝑆2𝜎𝑎𝑖ℬ𝑒
(−

ℬ𝑆𝜎𝑚𝑖
𝜎𝑢𝑡

)
(𝜎𝑢𝑡 − 𝔰)

(𝜎𝑢𝑡 + (𝑒
(−

ℬ𝑆𝜎𝑚𝑖
𝜎𝑢𝑡

)
− 1) (𝜎𝑢𝑡 − 𝔰))

2

]
 
 
 
 
 

, 𝑖𝑓 𝑆𝜎𝑚𝑖
> 𝓇𝜎𝑢𝑡 (E.54) 

𝜕𝜏∗

𝜕𝜎𝑖
⟩

𝑆𝑂𝐵𝐸𝑅𝐵𝐸𝑅𝐺

=

[
 
 
 
 
 

𝑆𝜎𝑦

𝔰 + 𝑒
(−

ℬ𝑆𝜎𝑚𝑖
𝜎𝑦

)
(𝜎𝑦 − 𝔰)

𝑆2𝜎𝑎𝑖
ℬ𝑒

(−
ℬ𝑆𝜎𝑚𝑖

𝜎𝑦
)
(𝜎𝑦 − 𝔰)

(𝜎𝑦 + (𝑒
(−

ℬ𝑆𝜎𝑚𝑖
𝜎𝑦

)
− 1) (𝜎𝑦 − 𝔰))

2

]
 
 
 
 
 

, 𝑖𝑓 𝑆𝜎𝑚𝑖
> 𝓇𝜎𝑦 (E.55) 

𝜕𝜏∗

𝜕𝜎𝑖
⟩
𝐺𝐸𝑅𝐵𝐸𝑅

=

[
 
 
 
 
 
 

−𝑆𝜎𝑢𝑡
2

(𝑒
(−

ℬ𝑆𝜎𝑚𝑖
𝜎𝑢𝑡

)
− 1)

2

(𝜎𝑢𝑡 − 𝔰)2 − 𝜎𝑢𝑡
2

2𝜎𝑢𝑡𝑆
2ℬ𝜎𝑎𝑖

𝜎𝑚𝑖
𝑒

(−
ℬ𝜎𝑚𝑖
𝜎𝑢𝑡

)
(𝑒

(−
ℬ𝑆𝜎𝑚𝑖
𝜎𝑢𝑡

)
− 1) (𝜎𝑢𝑡 − 𝔰)2

−((𝑒
(−

ℬ𝑆𝜎𝑚𝑖
𝜎𝑢𝑡

)
− 1)

2

(𝜎𝑢𝑡 − 𝔰)2 − 𝜎𝑢𝑡
2 )

2

]
 
 
 
 
 
 

, 𝑖𝑓𝑆𝜎𝑚𝑖
> 𝓇𝜎𝑢𝑡 (E.56) 

𝜕𝜏∗

𝜕𝜎𝑖

⟩
𝐸𝐿𝐿𝐼𝑃𝑇𝐼𝐶𝐴𝐿

=

[
 
 
 
 
 
 

𝑆𝜎𝑦

√(𝑒
(−

ℬ𝑆𝜎𝑚𝑖
𝜎𝑦

)
− 1)

2

(𝜎𝑦 − 𝔰)
2
+ 𝜎𝑦

2

𝑆2𝜎𝑎𝑖
ℬ𝑒

(−
ℬ𝑆𝜎𝑚𝑖

𝜎𝑦
)
(𝑒

(−
ℬ𝑆𝜎𝑚𝑖

𝜎𝑦
)
− 1) (𝜎𝑦 − 𝔰)

2

((𝑒
(−

ℬ𝑆𝜎𝑚𝑖
𝜎𝑦

)
− 1)

2

(𝜎𝑦 − 𝔰)
2
+ 𝜎𝑦

2)

3/2

]
 
 
 
 
 
 

, 𝑖𝑓𝑆𝜎𝑚𝑖
> 𝓇𝜎𝑦 (E.57) 

The partial derivatives of the von-Mises stresses with respect to the principal stress components 

are calculated in appendix E.2.3. The derivative of the equivalent stress components for the Sines 

method with respect to the stress components is: 

𝜕𝜎𝑖

𝜕𝜎
=

[
 
 
 
𝜕𝜎𝑎𝑖

𝜕𝜎
𝜕𝜎𝑚𝑖

𝜕𝜎 ]
 
 
 
 

 

(E.58) 

𝜕𝜎𝑖

𝜕𝜎
=

[
 
 
 
 𝑐𝑎𝑖

𝜕𝜎𝑉𝑀

𝜎11
𝑐𝑎𝑖

𝜕𝜎𝑉𝑀

𝜎22
𝑐𝑎𝑖

𝜕𝜎𝑉𝑀

𝜎33
𝑐𝑎𝑖

𝜕𝜎𝑉𝑀

𝜎12
𝑐𝑎𝑖

𝜕𝜎𝑉𝑀

𝜎23
𝑐𝑎𝑖

𝜕𝜎𝑉𝑀

𝜎31

𝑐𝑚𝑖

1

√2
𝛽 𝑐𝑚𝑖

1

√2
𝛽 𝑐𝑚𝑖

1

√2
𝛽 0 0 0

]
 
 
 
 

 (E.59) 



217 

 

If the sum of the signed von-Mises stresses is used, then the partial derivatives of the equivalent 

stress components with respect to the signed von-Mises equation is: 

𝜕𝜎𝑖

𝜕𝜎
=

[
 
 
 
 𝑐𝑎𝑖

𝜕𝜎𝑉𝑀

𝜎11

𝑐𝑎𝑖

𝜕𝜎𝑉𝑀

𝜎22

𝑐𝑎𝑖

𝜕𝜎𝑉𝑀

𝜎33

𝑐𝑎𝑖

𝜕𝜎𝑉𝑀

𝜎12

𝑐𝑎𝑖

𝜕𝜎𝑉𝑀

𝜎23

𝑐𝑎𝑖

𝜕𝜎𝑉𝑀

𝜎31

휁𝑖𝑐𝑚𝑖

𝜕𝜎𝑉𝑀

𝜎11

휁𝑖𝑐𝑚𝑖

𝜕𝜎𝑉𝑀

𝜎22

휁𝑖𝑐𝑚𝑖

𝜕𝜎𝑉𝑀

𝜎33

휁𝑖𝑐𝑚𝑖

𝜕𝜎𝑉𝑀

𝜎12

휁𝑖𝑐𝑚𝑖

𝜕𝜎𝑉𝑀

𝜎23

휁𝑖𝑐𝑚𝑖

𝜕𝜎𝑉𝑀

𝜎31 ]
 
 
 
 

 (E.60) 

 

where ζ𝑖 is the sign of the hydrostatic stress for load i. 

The remaining derivatives of the stress components with respect to the design variables and the 

displacements are calculated in appendix E.2. 

E.3.2 Damage Sensitivity from the Adjoint Method 

The sensitivity for cumulative damage by the adjoint method uses the adjoint sensitivity global 

equation shown below: 

𝜕𝐻

𝑑𝜌
=

𝜕𝐻

𝜕𝜌
|
𝑈=𝑐𝑜𝑛𝑠𝑡

+ 𝜆𝑇 (
𝑑𝐹

𝑑𝜌
−

𝑑𝐾

𝑑𝜌
𝑈) (E.61) 

The direct sensitivity analysis assumed that 
𝑑𝐹

𝑑𝜌
  is equal to zero. The adjoint vector 𝜆 is found 

from: 

𝜆 =
𝜕𝐻

𝜕𝑈
𝐾−1 (E.62) 

𝜆 = ∑[
𝜕𝐻

𝜕ℓ

𝜕ℓ

𝜕𝜏

𝜕𝜏

𝜕𝜎𝑖

𝜕𝜎𝑖

𝜕𝜎

𝜕𝜎

𝜕𝑈
]

𝑘

𝑖=1

𝐾−1 (E.63) 

The adjoint sensitivities are thus; 

𝑑𝐻

𝑑𝜌
= ∑[

𝜕𝐻

𝜕ℓ

𝜕ℓ

𝜕𝜏

𝜕𝜏

𝜕𝜎𝑖

𝜕𝜎𝑖

𝜕𝜎

𝜕𝜎

𝜕𝜌
]

𝑘

𝑖=1

− 𝜆𝑇 (
𝑑𝐾

𝑑𝜌
𝑈) (E.64) 

where the  displacement vector U is obtained from the reference load. 
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From an element basis, the individual derivatives can be written as: 

𝑑𝐻𝑒

𝑑𝜌𝑒
= ∑[

𝜕𝐻𝑒

𝜕ℓ

𝜕ℓ

𝜕𝜏

𝜕𝜏

𝜕𝜎𝑒𝑖

𝜕𝜎𝑒𝑖

𝜕𝜎𝑒

𝜕𝜎𝑒

𝜕𝜌𝑒
]

𝑘

𝑖=1

− 𝜆𝑒
𝑇 [

𝑑𝐾𝑒

𝑑𝜌𝑒
𝑈𝑒] (E.65) 

E.3.3 Modifications for Life Sensitivity  

The sensitivity for the number of life cycles can be determined using the same derivations used 

for the cumulative damage. The equation for life is: 

𝜛 = (∑
𝑛𝑖

ℓ (𝜎𝑒𝑞𝑖
)

𝑘

𝑖=1

)

−1

 (E.66) 

The direct and adjoint sensitivity analysis require partial derivatives of the structural response 

with respect to the design variable and the displacements. These partial derivatives are shown in 

equation X and X: 

𝜕𝜛

𝜕𝜌
= −

1

𝐻2
∑[

𝜕𝐻

𝜕ℓ

𝜕ℓ

𝜕𝜏

𝜕𝜏

𝜕𝜎𝑖

𝜕𝜎𝑖

𝜕𝜎

𝜕𝜎

𝜕𝜌
]

𝑘

𝑖=1

 (E.67) 

𝜕𝜛

𝜕𝑈
= −

1

𝐻2
∑[

𝜕𝐻

𝜕ℓ

𝜕ℓ

𝜕𝜏

𝜕𝜏

𝜕𝜎𝑖

𝜕𝜎𝑖

𝜕𝜎

𝜕𝜎

𝜕𝑈
]

𝑘

𝑖=1

 (E.68) 

On an element basis, the total derivatives for the direct method is: 

𝑑𝜛𝑒

𝑑𝜌𝑒
= −

1

𝐻𝑒
2 [∑[

𝜕𝐻

𝜕ℓ

𝜕ℓ

𝜕𝜏

𝜕𝜏

𝜕𝜎𝑖

𝜕𝜎𝑖

𝜕𝜎

𝜕𝜎

𝜕𝜌
]

𝑘

𝑖=1

+ (∑[
𝜕𝐻

𝜕ℓ

𝜕ℓ

𝜕𝜏

𝜕𝜏

𝜕𝜎𝑖

𝜕𝜎𝑖

𝜕𝜎

𝜕𝜎

𝜕𝑈
]

𝑘

𝑖=1

)

𝑇

[
𝜕𝑈

𝜕𝜌𝑒
]] (E.69) 

The adjoint sensitivities on an element basis for the number of cycles to failure is calculated from 

the following equations: 



219 

 

𝑑𝜛𝑒

𝑑𝜌𝑒
= −

1

𝐻𝑒
2 [∑[

𝜕𝐻

𝜕ℓ

𝜕ℓ

𝜕𝜏

𝜕𝜏

𝜕𝜎𝑖

𝜕𝜎𝑖

𝜕𝜎

𝜕𝜎

𝜕𝜌
]

𝑘

𝑖=1

− 𝜆𝑒
𝑇 [

𝑑𝐾𝑒

𝑑𝜌𝑒
𝑈𝑒]] (E.70) 

The adjoint vector is equivalent to that of the damage and is calculated from: 

𝜆 = ∑[
𝜕𝐻

𝜕ℓ

𝜕ℓ

𝜕𝜏

𝜕𝜏

𝜕𝜎𝑖

𝜕𝜎𝑖

𝜕𝜎

𝜕𝜎

𝜕𝑈
]

𝑘

𝑖=1

𝐾−1 (E.71) 

E.4 Aggregate Functions 

An aggregate function is a method used to lump multiple functions together. This is useful for 

stress constraint and fatigue constraints as there could be as many constraints as design variables. 

The most notable methods are the Kreisselmeier-Steinhauser function and the P-norm method by 

Duysinx and Sigmund [183]. The major benefit of using an aggregate function is to help 

decrease the computational costs during sensitivity analyses. Aggregate functions can also help 

smooth out the structural response so that it is possible to find the global optimum using gradient 

based optimization techniques [186]. The smoothing properties are especially useful for large-

scale applications with the presence of noisy gradients such as stress or fatigue structural 

responses. 

E.4.1 Overview 

One aggregation technique employs the P-norm or the P-mean. This assumes that the functions 

are non-negative to start with.  The regular P-norm method is written as: 

𝜓𝑃𝑈 = (∑𝑓𝑖(𝜌 )
𝑃

𝑁

𝑖=1

)

1/𝑃

 (E.72) 
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where 𝑓𝑖(𝜌 ) is the collection of functions defined by the design variables and P is the norm 

factor. The P-mean is nearly identical to the P-norm and is formulated as:  

𝜓𝑃𝐿 = (
1

𝑁
∑𝑓𝑖(𝜌 )

𝑃

𝑁

𝑖=1

)

1/𝑃

 (E.73) 

The P-mean will act as a lower bound to the problem while the P-norm will act as an upper 

bound for the local maximum function values [183]. 

A second aggregate function also used in structural optimization is the Kreisselmeier-Steinhauser 

[187] (or KS for short) and is defined as: 

𝜓𝐾𝑈 =
1

𝑃
ln (∑𝑒𝑃𝑓𝑖(�⃑⃑� )

𝑁

𝑖=1

) (E.74) 

The KS function works as an upper bound for the local maximum function values. When P is 

larger than zero, the maximum values will be overestimated. The overestimation can be 

remedied by first calculating the maximum value for all functions. The difference can be 

calculated as [183]: 

1

𝑃
ln(𝑁𝑒𝑃𝑓𝑚𝑎𝑥) − 𝑓𝑚𝑎𝑥  =

1

𝑃
ln(𝑁) (E.75) 

By subtracting this value from the original KS function, the lower bound formulation can be 

derived and is: 

𝜓𝐾𝐿 =
1

𝑃
ln(

1

𝑁
∑𝑒𝑃𝑓𝑖(�⃑⃑� )

𝑁

𝑖=1

) (E.76) 

For optimal designs in an efficient number of iterations for gradient based optimizations, the P 

value should be within 20 to 40 [183]. As the P value increases, so does the non-linearity of the 

aggregate function. 
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The sensitivities of the aggregate functions can be found by applying the chain rule. For the P-

Norm aggregate functions, the gradients are with respect to the individual functions is obtained 

from: 

𝑑𝜓𝑃𝑈

𝑑𝑓
=

1

𝑃
(∑𝑓𝑖(𝜌 )

𝑃

𝑁

𝑖=1

)

1
𝑃
−1

(∑[𝑓𝑖(𝜌 )
𝑃−1

𝜕𝑓𝑖
𝜕𝑓

]

𝑁

𝑖=1

)𝑃 (E.77) 

𝑑𝜓𝑃𝐿

𝑑𝑓
=

1

𝑃
(
1

𝑁
∑𝑓𝑖(𝜌 )

𝑃

𝑁

𝑖=1

)

1
𝑃
−1

1

𝑁
(∑[𝑓𝑖(𝜌 )

𝑃−1
𝜕𝑓𝑖
𝜕𝑓

]

𝑁

𝑖=1

)𝑃 (E.78) 

The KS sensitivities can be found in a similar manner: 

𝑑𝜓𝐾𝑈

𝑑𝑓
=

1

𝑃

1

∑ 𝑒𝑃𝑓𝑖(�⃑⃑� )𝑁
𝑖=1

(∑[𝑒𝑃𝑓𝑖(�⃑⃑� )
𝜕𝑓𝑖
𝜕𝑓

]

𝑁

𝑖=1

)𝑃 (E.79) 

𝑑𝜓𝐾𝐿

𝑑𝑓
=

1

𝑃

1

1
𝑁

∑ 𝑒𝑃𝑓𝑖(�⃑⃑� )𝑁
𝑖=1

(
1

𝑁
∑[𝑒𝑃𝑓𝑖(�⃑⃑� )

𝜕𝑓𝑖
𝜕𝑓

]

𝑁

𝑖=1

)𝑃 (E.80) 

Another form of aggregate function is a summation of all the individual responses. This is not 

morally used unless a compliance structural response is requested. Nevertheless it is able to 

reduce the number of structural responses down to one single function with many benefits for 

reducing computational costs during optimizations. Hence the summation of a structural 

response is written as: 

𝜓𝑆 = ∑𝑓𝑖(𝜌 )

𝑁

𝑖=1

 (E.81) 

The corresponding sensitivities are calculated by the summation of all the individual derivatives 

of the responses: 
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𝑑𝜓𝑆

𝑑𝑓
= ∑

𝜕𝑓𝑖
𝜕𝑓

𝑁

𝑖=1

 (E.82) 

The same principles for a summation can be also be applied to an average function over the 

individual structural responses. This is done by dividing the performance measure and gradients 

by the number of individual responses. 

E.4.2 Clustering Strategies 

One common method coupled with aggregation functions is by clustering or dividing the design 

variables into groups and then applying the aggregation onto the clusters. Aggregate clustering 

results in new structural responses equal to the number of desired clusters. This technique has 

been implemented for stress based constraints in topology optimization and successfully used by 

Holmberg et al [184] and Pasini et al [95].  

Each group or cluster is sorted based on its response values, either by ascension or descending 

order. The advantage of clustering is that it creates multiple responses that are able to improve 

the accuracy for large scale problems with many constraints. This is because global 

approximations may under or overestimate the true value of the lumped functions. The under and 

over estimation arises from a collection of functions where only a few responses are significantly 

higher than the rest. The smaller functions values will dampen out the larger responses to under 

estimate the true maximum of the lumped response. In other words, both global and local 

approximations are possible by clustering. 

When the number of clusters is equal to one, the response is equal to the global approximation 

first explained in section 7.5.2. When the number of clusters is equal to the number of design 

variables, then the problem evaluates everything locally and is computationally expensive. 
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E.4.3 Aggregation Application to Von-Mises Stresses 

When considering a global stress evaluation as a structural response, an aggregation of multiple 

stress functions is required. The Von-Mises stress can be lumped together as a single function 

which helps reduce the computational costs during optimizations. The adjoint method will be 

used to acquire the sensitivities of the aggregate function. This is because it is much more 

efficient to compute than the direct method.  

By applying the chain rule, the full sensitivities can be determined for the aggregate function. 

The adjoint sensitivity global equation is: 

𝑑𝜓𝑉𝑀

𝑑𝜌
=

𝜕𝜓𝑉𝑀

𝜕𝜌
|
𝑈=𝑐𝑜𝑛𝑠𝑡

+ 𝜆𝑇 (
𝑑𝐹

𝑑𝜌
−

𝑑𝐾

𝑑𝜌
𝑈) (E.83) 

For the aggregate von-Mises stress, the force vector is a constant so it is equal to zero. The 

gradient with respect to the design variables is found with: 

𝜕𝜓𝑉𝑀𝑃𝑈

𝜕𝜌𝑒
|
𝑈=𝑐𝑜𝑛𝑠𝑡

=
𝜕𝜓𝑉𝑀𝑃𝑈

𝜕𝜌𝑒
=

1

𝑃
(∑𝜎𝑉𝑀𝑖

(𝜌 )𝑃
𝑁

𝑖=1

)

1
𝑃
−1

∑[𝜎𝑉𝑀𝑖
(𝜌 )𝑃−1

𝜎𝑉𝑀𝑖
(𝜌 )

𝜕𝜌𝑒
] 𝑃

𝑁

𝑖=1

 (E.84) 

𝜕𝜓𝑉𝑀𝑃𝐿

𝜕𝜌𝑒
|
𝑈=𝑐𝑜𝑛𝑠𝑡

=
𝜕𝜓𝑉𝑀𝑃𝐿

𝜕𝜌𝑒
=

1

𝑃
(
1

𝑁
∑𝜎𝑉𝑀𝑖

(𝜌 )𝑃
𝑁

𝑖=1

)

1
𝑃
−1

1

𝑁
∑[𝜎𝑉𝑀𝑖

(𝜌 )𝑃−1
𝜎𝑉𝑀𝑖

(𝜌 )

𝜕𝜌𝑒
]

𝑁

𝑖=1

𝑃 

(E.85) 

𝜕𝜓𝑉𝑀𝐾𝑈

𝜕𝜌𝑒
|
𝑈=𝑐𝑜𝑛𝑠𝑡

=
𝜕𝜓𝑉𝑀𝐾𝑈

𝜕𝜌𝑒
=

1

𝑃

1

∑ 𝑒𝑃𝜎𝑉𝑀𝑖
(�⃑⃑� )𝑁

𝑖=1

∑[𝑒𝑃𝜎𝑉𝑀𝑖
(�⃑⃑� ) 𝜎𝑉𝑀𝑖

(𝜌 )

𝜕𝜌𝑒
]

𝑁

𝑖=1

𝑃 

(E.86) 

𝜕𝜓𝑉𝑀𝐾𝐿

𝜕𝜌𝑒
|
𝑈=𝑐𝑜𝑛𝑠𝑡

=
𝜕𝜓𝑉𝑀𝐾𝐿

𝜕𝜌𝑒
=

1

𝑃

1

1
𝑁

∑ 𝑒𝑃𝜎𝑉𝑀𝑖
(�⃑⃑� )𝑁

𝑖=1

1

𝑁
∑[𝑒𝑃𝜎𝑉𝑀𝑖

(�⃑⃑� ) 𝜎𝑉𝑀𝑖
(𝜌 )

𝜕𝜌𝑒
]

𝑁

𝑖=1

𝑃 

(E.87) 

The derivatives of the von-Mises stress with respect to the design variables can be found in 

chapter C.2. The adjoint load 
𝜕𝜓

𝜕𝑈
 can be calculated using the equations below for each of the 

possible aggregate functions explained in the previous section: 
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𝜕𝜓𝑉𝑀𝑃𝑈

𝜕𝑈
=

1

𝑃
(∑𝜎𝑉𝑀𝑖

𝑃

𝑁

𝑖=1

)

1
𝑃
−1

∑[𝜎𝑉𝑀𝑖

𝑃−1
𝜕𝜎𝑉𝑀𝑖

𝜕𝑈
]𝑃

𝑁

𝑖=1

 (E.88) 

𝜕𝜓𝑉𝑀𝑃𝐿

𝜕𝑈
=

1

𝑃
(
1

𝑁
∑𝜎𝑉𝑀𝑖

𝑃

𝑁

𝑖=1

)

1
𝑃
−1

1

𝑁
∑[𝜎𝑉𝑀𝑖

𝑃−1
𝜕𝜎𝑉𝑀𝑖

𝜕𝑈
]𝑃

𝑁

𝑖=1

 

(E.89) 

𝜕𝜓𝑉𝑀𝐾𝑈

𝜕𝑈
=

1

𝑃

1

∑ 𝑒𝑃𝜎𝑉𝑀𝑖𝑁
𝑖=1

∑[𝑒𝑃𝜎𝑉𝑀𝑖
𝜕𝜎𝑉𝑀𝑖

𝜕𝑈
] 𝑃

𝑁

𝑖=1

 

(E.90) 

𝜕𝜓𝑉𝑀𝐾𝐿

𝜕𝑈
=

1

𝑃

1

1
𝑁

∑ 𝑒𝑃𝜎𝑉𝑀𝑖𝑁
𝑖=1

1

𝑁
∑[𝑒𝑃𝜎𝑉𝑀𝑖

𝜕𝜎𝑉𝑀𝑖

𝜕𝑈
]

𝑁

𝑖=1

𝑃 

(E.91) 

In a general case, the sensitivities due to the displacements for the von-Mises stresses can be 

calculated as: 

𝜕𝜎𝑉𝑀𝑖

𝜕𝑈
=

𝜕𝜎𝑉𝑀𝑖

𝜕𝜎𝑖

𝜕𝜎𝑖

𝜕𝑈
=

𝜕𝜎𝑉𝑀𝑖

𝜕𝜎𝑖
𝐷𝑖𝐵𝑖 (E.92) 

Where 
𝜕𝜎𝑉𝑀𝑖

𝜕𝜎
 is a row vector of sensitivities of the von-Mises stress with respect to the principle 

and shear stresses and are calculated in chapter E.2.3. 

 

 

E.4.4 Application to Cumulative Damage and Life 

A global structural response is advantageous when it comes to reducing the number of responses. 

In much the same philosophy for an aggregate function for the stresses, the cumulative damage 

and life equations can be lumped together into a single function. By combining all the fatigue 

responses into one function, the computational cost sensitivity analysis will decrease 
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dramatically. Using one response will allow the use of the adjoint method to calculate the 

sensitivities. The adjoint sensitivity global equation is: 

𝑑𝜓

𝑑𝜌
=

𝜕𝜓

𝜕𝜌
|
𝑈=𝑐𝑜𝑛𝑠𝑡

+ 𝜆𝑇 (
𝑑𝐹

𝑑𝜌
−

𝑑𝐾

𝑑𝜌
𝑈) (E.93) 

The first partial derivative for the performance measure with respect to the design variables is as 

follows: 

𝜕𝜓𝐻𝑃𝑈

𝜕𝜌𝑒
|
𝑈=𝑐𝑜𝑛𝑠𝑡

=
𝜕𝜓𝐻𝑃𝑈

𝜕𝜌𝑒
=

1

𝑃
(∑𝐻(𝜌 )𝑃

𝑁

𝑗=1

)

1
𝑃
−1

∑[𝐻(𝜌 )𝑃−1
𝐻𝑗(𝜌 )

𝜕𝜌𝑒
] 𝑃

𝑁

𝑗=1

 (E.94) 

𝜕𝜓𝐻𝑃𝐿

𝜕𝜌𝑒
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1

𝑁
∑𝐻(𝜌 )𝑃

𝑁
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𝑃
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1

𝑁
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𝜕𝜌𝑒
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𝑁

𝑗=1

𝑃 (E.95) 

𝜕𝜓𝐻𝐾𝑈

𝜕𝜌𝑒
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𝑃
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𝜕𝜓𝐻𝐾𝐿

𝜕𝜌𝑒
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𝜕𝜓𝐻𝐾𝐿
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𝑃 (E.97) 

The derivative of the cumulative damage function with respect to the design variables can be 

found in chapter E.3. 

The adjoint vector is calculated by the adjoint load 
𝜕𝜓

𝜕𝑈
. The load is the derivative of the 

performance measure with respect to the displacements. The equations below demonstrate the 

derivations: 

𝜕𝜓𝐻𝑃𝑈

𝜕𝑈
=

1

𝑃
(∑𝐻𝑗

𝑃

𝑁

𝑗=1

)

1
𝑃
−1

∑[𝐻𝑗
𝑃−1

𝜕𝐻𝑗
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]𝑃

𝑁
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 (E.98) 
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𝜕𝜓𝐻𝑃𝐿

𝜕𝑈
=

1

𝑃
(

1

𝑁
∑𝐻𝑗

𝑃

𝑁
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)
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𝑃
−1

1

𝑁
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𝑁
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𝜕𝜓𝐻𝐾𝑈

𝜕𝑈
=

1

𝑃

1

∑ 𝑒𝑃𝐻𝑗𝑁
𝑗=1
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 (E.100) 

𝜕𝜓𝐻𝐾𝐿

𝜕𝑈
=

1

𝑃

1

1
𝑁

∑ 𝑒𝑃𝐻𝑗𝑁
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𝑁
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𝑃 (E.101) 

The derivative of the damage function with respect to the displacements can be found in chapter 

E.3.2. The same process can be applied for a lumped life response. Life is obtained by 

multiplying the damage sensitivities by a factor of −
1

𝐻𝑒
2, where He is the damage for the element 

e.   
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E.5 Local Stiffness and Constitutive Matrix 

The sensitivities for the local stiffness matrix depend largely on the type of interpolation function 

used. Most of the time the design variable will be the relative density which will modify the 

young’s modulus. Because the young’s modulus is a multiplicative factor, the local stiffness 

matrix is penalized purely based on the value of the young’s modulus. Therefore for any stiffness 

matrix that is a function of the young’s modulus; it can be written as: 

𝐾𝑒(𝜌𝑒) =
𝐸𝑒(𝜌𝑒)

𝐸𝑒
𝑂 [∫𝐵𝑒 ∙ 𝐷𝑒

𝑂 ∙ 𝐵𝑒 ∙ 𝑑𝑉

 

𝑉

] (E.102) 

where 𝐾𝑒(𝜌𝑒) is the local stiffness matrix as a function of the relative density, 𝐸𝑒(𝜌𝑒) is the 

modulus as a function of the relative density, 𝐸𝑒
𝑂 is the original young’s modulus of the element 

assuming that the material properties are isotropic, 𝐵𝑒 is the strain displacement matrix, 𝐷𝑒
𝑂 is the 

constitutive matrix of the material (which includes the material modulus) and V is the volume of 

the element. 

The sensitivity of the stiffness matrix with respect to the design variables is then: 

𝜕𝐾𝑒

𝜕𝜌𝑒
=

𝜕𝐸𝑒

𝜕𝜌𝑒

1

𝐸𝑒
𝑂 [∫𝐵𝑒 ∙ 𝐷𝑒

𝑂 ∙ 𝐵𝑒 ∙ 𝑑𝑉

 

𝑉

] (E.103) 

where 
𝜕𝐸𝑒

𝜕𝜌𝑒
 is largely dependent on the interpolation method. When a SIMP modification is used 

for a topology optimization, the sensitivity of the young’s modulus with respect to the relative 

density is equal to: 

𝜕𝐸𝑒

𝜕𝜌𝑒
⟩
𝑆𝐼𝑀𝑃

= 𝑝𝜌𝑒
𝑝−1𝐸𝑒

𝑂 (E.104) 

where p is the penalty factor and 𝐸𝑒
𝑂 is the unmodified element young’s modulus of element e.  
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E.6 Finite Difference vs. Analytical Sensitivity Comparisons 

The following section will demonstrate the accuracy of the derived sensitivities by using the 

finite difference method to numerically solve for the sensitivities for each optimization type. 

The model used is a 2D cantilever beam with a triangle mesh shown in the picture below: 

 

Figure 59 : test Mesh for Sensitivity Analysis 

The left side is fully constrained in the x and y direction with a point load pointing upwards 

located at the node (40,10). Each element has two degrees of freedom; hence plate elements are 

used in the FEM example. A single element highlighted in red is updated in the model by 

changing its relative density from 0.005 to 0.98. The analytical and numerically calculated 

gradient is calculated for each response. A BCC lattice is used for the LATTICE_SIMP and the 

LATTICE_TRUE sensitivities. The material is titanium with a Poisson ratio of 0.31 and modulus 

of 114000 MPa. The plate thickness is one. 
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E.6.1 SIMP Damage with PNORM 

The penalization term for the SIMP sensitivities is set to 5. The exponent for the PNORM is 

equal to 2 in the following sensitivities. 

 

SIMP DAMAGE (Unmodified) 

Relative Density Forward Difference Backwards Difference Central Difference Analytical 

0.005 -6.08E-06 -6.66E-07 -3.37E-06 -3.48E-08 

0.12687 4.00E-05 7.08E-05 5.54E-05 5.53E-05 

0.24875 0.035825 0.035789 0.035807 0.035795 

0.37062 -0.02199 -0.00336 -0.01267 -0.01683 

0.4925 0.22431 0.22434 0.22433 0.22433 

0.61438 -0.00018 -0.00019 -0.00019 -0.00019 

0.73625 0.029629 0.02962 0.029624 0.029622 

0.85813 -0.00064 -0.00064 -0.00064 -0.00064 

0.98 0.000204 0.000195 0.000199 0.000212 

 

SIMP DAMAGE (with Stress Penalization (0.5)) 

Relative Density Forward Difference Backwards Difference Central Difference Analytical 

0.005 1.91E+14 8.61E+14 5.26E+14 7.29E+08 

0.12687 1.08E+08 1.08E+08 1.08E+08 1.08E+08 

0.24875 -3.49E+07 -3.49E+07 -3.49E+07 -3.49E+07 

0.37062 -2.06E+16 4.56E+16 1.25E+16 8.69E+15 

0.4925 -8119.8 -8119.8 -8119.8 -8119.7 

0.61438 -1.79E+17 -1.79E+17 -1.79E+17 -4.54E+19 

0.73625 -5.00E+19 -5.00E+19 -5.00E+19 -5.04E+19 

0.85813 -2.94E+18 -2.94E+18 -2.94E+18 -4.11E+18 

0.98 4.22E+18 4.23E+18 4.22E+18 3.69E+18 

 

SIMP DAMAGE (with Yield Strength Penalization (1.5)) 

Relative Density Forward Difference Backwards Difference Central Difference Analytical 

0.005 2.41E-06 -2.19E-06 1.11E-07 5.06E-11 

0.12687 0.32093 0.32093 0.32093 0.32094 

0.24875 0.062518 0.062471 0.062494 0.062493 

0.37062 0.13701 0.13699 0.137 0.137 

0.4925 0.016025 0.016025 0.016025 0.016025 

0.61438 -0.02797 -0.02791 -0.02794 -0.02789 

0.73625 0.002872 0.002893 0.002882 0.002877 
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0.85813 0.025009 0.025009 0.025009 0.025009 

0.98 0.051821 0.051866 0.051843 0.051858 

 

SIMP DAMAGE (with SN-Curve Intercept Penalization) 

Relative Density Forward Difference Backwards Difference Central Difference Analytical 

0.005 -1.46E-06 2.87E-05 1.36E-05 1.48E-07 

0.12687 -0.01425 -0.01413 -0.01419 -0.01408 

0.24875 -9.3431 -9.3436 -9.3434 -9.3429 

0.37062 0.037887 0.037892 0.03789 0.037873 

0.4925 -0.02218 -0.02575 -0.02396 -0.02278 

0.61438 -2.1137 -2.114 -2.1139 232.73 

0.73625 0.53043 0.53109 0.53076 0.52982 

0.85813 -0.00051 0.000351 -7.97E-05 -4.24E-06 

0.98 -0.00682 -0.00688 -0.00685 -0.00686 

 

E.6.2 Lattice Sensitivities with PNORM 

A p-norm value of 2 was selected for the following sensitivities. The penalization function is 

equal to the relative yield function. 

 

Lattice DAMAGE (Unmodified) 

Relative Density Forward Difference Backwards Difference Central Difference Analytical 

0.005 0.005618 0.005618 0.005618 0.005618 

0.12687 -0.00082 -0.00082 -0.00082 -0.00082 

0.24875 0.000172 0.000172 0.000172 0.000172 

0.37062 -2.00E-05 -2.02E-05 -2.01E-05 -2.01E-05 

0.4925 -6.94E-05 -6.91E-05 -6.93E-05 -6.93E-05 

0.61438 0.000103 0.000103 0.000103 0.000103 

0.73625 0.00019 0.00019 0.00019 0.00019 

0.85813 0.000712 0.000712 0.000712 0.000712 

0.98 0.000494 0.000494 0.000494 0.000494 

 

Lattice DAMAGE (with Stress Penalization) 

Relative Density Forward Difference Backwards Difference Central Difference Analytical 

0.005 -8530.7 -8531.6 -8531.1 -8531.1 

0.12687 -3.72E+05 -3.72E+05 -3.72E+05 -3.72E+05 
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0.24875 3.44E+12 3.43E+12 3.44E+12 3.44E+12 

0.37062 0 0 0 -7.78E+05 

0.4925 7.65E+06 7.65E+06 7.65E+06 7.65E+06 

0.61438 3.3913 3.3903 3.3908 3.3907 

0.73625 3.90E+05 3.90E+05 3.90E+05 3.90E+05 

0.85813 -3.52E+07 -3.52E+07 -3.52E+07 -3.52E+07 

0.98 -3.62E+14 -3.62E+14 -3.62E+14 -3.62E+14 

 

Lattice DAMAGE (with Yield Penalization) 

Relative Density Forward Difference Backwards Difference Central Difference Analytical 

0.005 0.004683 0.004683 0.004683 0.004683 

0.12687 0 0 0 -5.90E+11 

0.24875 -1.80E+09 -1.80E+09 -1.80E+09 -1.80E+09 

0.37062 -8.17E-05 -8.20E-05 -8.18E-05 -8.19E-05 

0.4925 0.001043 0.001043 0.001043 0.001043 

0.61438 0.001286 0.001286 0.001286 0.001286 

0.73625 -0.0129 -0.0129 -0.0129 -0.0129 

0.85813 -0.00015 -0.00015 -0.00015 -0.00015 

0.98 0.008334 0.008334 0.008334 0.008334 

 

Lattice DAMAGE (with SN-Curve Intercept Penalization) 

Relative Density Forward Difference Backwards Difference Central Difference Analytical 

0.005 -638.33 -638.4 -638.36 -638.36 

0.12687 -18.675 -18.682 -18.678 -18.679 

0.24875 18.76 18.668 18.714 18.718 

0.37062 -725.44 -725.35 -725.39 -725.25 

0.4925 -163.99 -164.09 -164.04 -164.11 

0.61438 -91125 -91163 -91144 -91154 

0.73625 -8.30E+05 -8.30E+05 -8.30E+05 -8.30E+05 

0.85813 -96520 -96524 -96522 -96517 

0.98 -75.513 -75.584 -75.549 -75.535 
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Appendix F  : Numerical Homogenization Data and Interpolation Methods 

During multi-scale optimizations, the change in the material properties is directly related to the 

derived homogenized properties. This occurs during SIMP-like optimizations where the change 

in the stiffness matrix is directly related to the relative young’s modulus and Poisson ratios. The 

homogenized properties are extracted for a number of different initial Poisson ratios and a single 

young’s modulus. This is because the young’s modulus is a multiplicative scalar and the relative 

modulus is independent of the Poisson ratio. 

The yield strength properties are also a factor of the relative density and of the input stresses and 

can be determined by two possible interpolation strategies. Both interpolation methods are 

discussed. The first method requires two interpolation steps while the first only requires 

information about the average relative yielding. For both methods the relative yield strengths for 

uniaxial stress states are interpolated given the values of the modulus and Poisson ratio. 

Additional steps are generally required to determine equivalent stresses when multi-axial stress 

states are imposed. 

F.1 Interpolation Methods 

The homogenized properties are written to a look-up table. During optimizations, the relative 

properties are obtained by interpolating the table from a given relative density, unit cell topology 

and Poisson ratio. The interpolation scheme has two steps; the first step locates the required table 

rows which have information regarding the unit cell and its mechanical properties. An additional 

filter is used on the collected rows for find the rows containing the materials Poisson ratio. Then 

a temporary database is made from an interpolation function. The second step is used to fit the 

temporary database with a high order polynomial function. The regression fitting is mainly used 
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to smooth out the interpolation and remove numerical noise. The newly fit polynomial function 

is also useful because it can have its gradient calculated for the relative properties as a function 

of the relative density. High order information is needed for the lattice topology optimizations. . 

A polynomial of order six was used for the regression fit in step two. The temporary database is 

set to 100 points to be fit by the polynomial function. 

F.2 Multi-axial Yield Strength Interpolation 

There are two possible methods described in this section for interpolating relative yield strengths 

for multi-axial stresses. The first is a two-step interpolation approach to determine the relative 

yield properties for lattice material. The first step will interpolate the uniaxial strength factors 

using the methodology presented in chapter F.1. The yield factor for multi-axial stress input is 

calculated by interpolating between the uniaxial stress factors. The input stress state is 

normalized and therefore stress states of zero cannot be used. The second interpolation step is 

then performed by computing a weighted average of the yield strength terms with the normalized 

macro stress. This interpolation method assures differentiability which is important for the 

optimization routines. The second stage interpolation for the first described method can be 

represented by the equation below: 

𝜎𝑖𝑗̅̅̅̅ 𝑦 = 𝜎𝑖𝑗⃑⃑ ⃑⃑  ∙ [𝜎𝑥𝑥̅̅ ̅̅ ∗ 𝜎𝑦𝑦̅̅ ̅̅̅∗ 𝜎𝑧𝑧̅̅ ̅̅ ∗ 𝜎𝑥𝑦̅̅ ̅̅̅∗ 𝜎𝑦𝑧̅̅ ̅̅ ∗ 𝜎𝑥𝑧̅̅ ̅̅ ∗]𝑇 (F.1) 

where 𝜎𝑖𝑗̅̅̅̅ 𝑦 is the relative yield strength, 𝜎𝑖𝑗⃑⃑ ⃑⃑   is the input macro stress on the RVE and 𝜎𝑖𝑗̅̅̅̅ ∗ are the 

relative yield strength coefficients for a given relative density and Poisson ratio. The evaluated 

constants assume the failure criterion is the von-Mises stress.  
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The second interpolation method is a simpler approach and uses an average yielding criterion. 

The average relative yield is determined in the same manner as the young’s modulus and the 

Poisson ratio described in chapter F.1.  The average yielding is the mean of all six yielding 

factors for a given relative density and Poisson ratio. The trade-off to using this method is 

reduced accuracy for better computational simplicity and efficiency. This interpolation strategy 

for the stresses is better suited for topologies whose yielding criterions are all very similar such 

as the diamond lattice in Figure 23. The average relative yield strength will be used as the 

method of choice in the topology optimizations due to reduced computational cost. 
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F.3 Effective Mechanical Properties 

Octet Truss Relative Properties (Poisson ratio = 0.3) 

Density Radius D/L 1
st
 Lame 2

nd
 Lame Poisson Ratio Modulus 

0 0 0 0 0 0.85307 0 

0.026752 0.02 0.04 0.004666 0.006676 0.85307 0.006449 

0.068096 0.04 0.08 0.013196 0.018601 0.85923 0.017997 

0.1655 0.06 0.12 0.037466 0.052446 0.86212 0.050777 

0.26445 0.08 0.16 0.068322 0.097278 0.85505 0.094024 

0.39642 0.1 0.2 0.12072 0.1776 0.84143 0.1711 

0.50074 0.12 0.24 0.17391 0.26131 0.83264 0.25121 

0.61888 0.14 0.28 0.26171 0.39165 0.8343 0.37667 

0.73779 0.16 0.32 0.39032 0.54767 0.86114 0.53012 

0.82906 0.18 0.36 0.56788 0.70291 0.91315 0.68882 

0.89498 0.2 0.4 0.71351 0.80968 0.94884 0.80012 

0.9399 0.22 0.44 0.82776 0.88837 0.97154 0.88254 

1 0.26 0.52 1 1 1 1 

 

Body Centered Cubic (BCC) Lattice Relative Properties (Poisson ratio = 0.3) 

Density Radius D/L 1
st
 Lame 2

nd
 Lame Poisson Ratio Modulus 

0 0 0 0 0 0.84568 0 

0.010816 0.02 0.04 0.002057 0.002996 0.84568 0.002889 

0.02848 0.04 0.08 0.006192 0.008826 0.85459 0.00853 

0.078016 0.06 0.12 0.019008 0.026351 0.86615 0.025537 

0.1168 0.08 0.16 0.030521 0.041928 0.86994 0.040669 

0.18208 0.1 0.2 0.051767 0.070746 0.87211 0.068658 

0.24928 0.12 0.24 0.076267 0.10455 0.87082 0.10143 

0.31802 0.14 0.28 0.10388 0.14403 0.8661 0.13958 

0.3975 0.16 0.32 0.13807 0.19423 0.86007 0.18796 

0.47584 0.18 0.36 0.17561 0.25249 0.85098 0.2438 

0.55955 0.2 0.4 0.22061 0.32257 0.84398 0.31096 

0.63789 0.22 0.44 0.27228 0.4001 0.84191 0.3855 

0.7047 0.24 0.48 0.32908 0.47634 0.84819 0.45965 

0.78496 0.26 0.52 0.42585 0.58416 0.87055 0.56671 

0.84832 0.28 0.56 0.53662 0.68533 0.90021 0.66955 

0.90438 0.3 0.6 0.67437 0.79103 0.93528 0.77922 

0.94547 0.32 0.64 0.80111 0.87699 0.9635 0.8696 

1 0.36 0.72 1 1 1 1 
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Body Centered Cubic with Cubic (BCCC) Lattice Relative Properties (Poisson ratio = 0.3) 

Density Radius D/L 1
st
 Lame 2

nd
 Lame Poisson Ratio Modulus 

0 0 0 0 0 0.8501 0 

0.015232 0.02 0.04 0.002119 0.003054 0.8501 0.002948 

0.041152 0.04 0.08 0.006476 0.009101 0.86051 0.008808 

0.10854 0.06 0.12 0.020421 0.028046 0.87005 0.027205 

0.16346 0.08 0.16 0.033386 0.045747 0.87101 0.044385 

0.24698 0.1 0.2 0.057882 0.080096 0.86692 0.077636 

0.33222 0.12 0.24 0.086777 0.12265 0.85812 0.11863 

0.42208 0.14 0.28 0.12314 0.17838 0.84788 0.17212 

0.51942 0.16 0.32 0.17349 0.25599 0.84018 0.24655 

0.60736 0.18 0.36 0.23443 0.34686 0.83905 0.33397 

0.69683 0.2 0.4 0.32234 0.4616 0.85265 0.44591 

0.77536 0.22 0.44 0.43965 0.58742 0.88148 0.57136 

0.83565 0.24 0.48 0.55522 0.6915 0.9106 0.67724 

0.89498 0.26 0.52 0.69694 0.80113 0.94358 0.7907 

0.93242 0.28 0.56 0.7864 0.8659 0.96114 0.85813 

1 0.32 0.64 1 1 1 1 

  

Cubic Lattice Relative Properties (Poisson ratio = 0.3) 

Density Radius D/L 1
st
 Lame 2

nd
 Lame Poisson Ratio Modulus 

0 0 0 0 0 1.5297 0 

0.004672 0.02 0.04 3.06E-05 4.11E-06 1.5297 4.61E-06 

0.013696 0.04 0.08 0.000166 3.65E-05 1.4532 4.03E-05 

0.035456 0.06 0.12 0.000745 0.000258 1.3538 0.000279 

0.056256 0.08 0.16 0.001621 0.00072 1.2859 0.000768 

0.084352 0.1 0.2 0.003187 0.001785 1.2136 0.001873 

0.11507 0.12 0.24 0.005471 0.003673 1.1514 0.003801 

0.15526 0.14 0.28 0.009469 0.007611 1.0852 0.00776 

0.20083 0.16 0.32 0.015059 0.013962 1.03 0.014059 

0.24038 0.18 0.36 0.02144 0.022216 0.98573 0.022142 

0.28787 0.2 0.4 0.030515 0.03491 0.94554 0.034471 

0.33843 0.22 0.44 0.04284 0.053355 0.9106 0.052254 

0.38298 0.24 0.48 0.056536 0.075072 0.88406 0.073063 

0.4439 0.26 0.52 0.078829 0.11056 0.86131 0.10702 

0.49005 0.28 0.56 0.10122 0.14627 0.84888 0.14117 

0.54771 0.3 0.6 0.13415 0.19644 0.84338 0.18934 

0.59802 0.32 0.64 0.1719 0.2513 0.84404 0.24226 

0.64666 0.34 0.68 0.21651 0.31175 0.85038 0.30099 

0.69453 0.36 0.72 0.2714 0.38099 0.86094 0.36877 
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0.73542 0.38 0.76 0.33136 0.45068 0.8741 0.43759 

0.78656 0.4 0.8 0.41604 0.54087 0.89284 0.52749 

0.82656 0.42 0.84 0.50309 0.62518 0.91152 0.61241 

0.86253 0.44 0.88 0.588 0.7009 0.92868 0.68936 

0.89306 0.46 0.92 0.67202 0.77063 0.94456 0.76077 

0.9175 0.48 0.96 0.74807 0.82888 0.95858 0.82096 

0.9433 0.5 1 0.82257 0.88344 0.97125 0.87758 

1 0.54 1.08 1 1 1 1 

  

 

Diamond Lattice Relative Properties (Poisson ratio = 0.3) 

Density Radius D/L 1
st
 Lame 2

nd
 Lame Poisson Ratio Modulus 

0 0 0 0 0 1.6786 0 

0.010688 0.02 0.04 0.002036 0.00011 1.6086 0.000126 

0.028 0.04 0.08 0.005918 0.000893 1.5143 0.000999 

0.076096 0.06 0.12 0.016669 0.006744 1.3126 0.007231 

0.11309 0.08 0.16 0.025352 0.01532 1.1881 0.015985 

0.17446 0.1 0.2 0.04031 0.037437 1.0293 0.037691 

0.23638 0.12 0.24 0.054934 0.065463 0.92879 0.064388 

0.29795 0.14 0.28 0.070708 0.099805 0.85866 0.09655 

0.36784 0.16 0.32 0.089596 0.14172 0.81122 0.13555 

0.43373 0.18 0.36 0.11334 0.18961 0.78791 0.18033 

0.50134 0.2 0.4 0.14032 0.2396 0.77943 0.2274 

0.56125 0.22 0.44 0.17094 0.28986 0.7823 0.2753 

0.61139 0.24 0.48 0.20329 0.33715 0.79151 0.32093 

0.67197 0.26 0.52 0.2507 0.40164 0.80592 0.38365 

0.72058 0.28 0.56 0.30201 0.46224 0.82493 0.44357 

0.76784 0.3 0.6 0.36167 0.52731 0.84517 0.50847 

0.8048 0.32 0.64 0.42169 0.58501 0.86586 0.5669 

0.83939 0.34 0.68 0.49135 0.64623 0.88803 0.62953 

0.86854 0.36 0.72 0.56392 0.70518 0.90892 0.69036 

0.89002 0.38 0.76 0.62599 0.75223 0.92536 0.73927 

0.91229 0.4 0.8 0.6911 0.80101 0.94019 0.78996 

0.92848 0.42 0.84 0.74467 0.83848 0.95203 0.82919 

0.9433 0.44 0.88 0.79293 0.87178 0.96174 0.86408 

1 0.48 0.96 1 1 1 1 
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Face Centered Cubic (FCC) Lattice Relative Properties (Poisson ratio = 0.3) 

Density Radius D/L 1
st
 Lame 2

nd
 Lame Poisson Ratio Modulus 

0 0 0 0 0 0.86076 0 

0.018112 0.02 0.04 0.002305 0.003237 0.86076 0.003133 

0.047744 0.04 0.08 0.006527 0.008929 0.8717 0.008664 

0.11731 0.06 0.12 0.018496 0.024657 0.88243 0.023988 

0.18707 0.08 0.16 0.033134 0.044433 0.87997 0.043202 

0.28122 0.1 0.2 0.056877 0.07818 0.8697 0.075829 

0.36154 0.12 0.24 0.08107 0.11499 0.85662 0.11119 

0.45856 0.14 0.28 0.11867 0.1728 0.84568 0.16665 

0.55501 0.16 0.32 0.17377 0.25039 0.85008 0.24173 

0.64262 0.18 0.36 0.24852 0.34124 0.87014 0.33101 

0.71488 0.2 0.4 0.33222 0.43239 0.89237 0.42165 

0.77504 0.22 0.44 0.41422 0.51994 0.90736 0.50883 

0.82618 0.24 0.48 0.49595 0.60609 0.91842 0.59468 

0.87002 0.26 0.52 0.58476 0.69242 0.93141 0.68146 

0.90387 0.28 0.56 0.67302 0.76882 0.94613 0.75926 

0.93024 0.3 0.6 0.75327 0.83226 0.95974 0.82453 

1 0.34 0.68 1 1 1 1 

  

 

Truncated Octahedron (Octa) Lattice Relative Properties (Poisson ratio = 0.3) 

Density Radius D/L 1
st
 Lame 2

nd
 Lame Poisson Ratio Modulus 

0 0 0 0 0 1.6645 0 

0.009216 0.02 0.04 0.001932 5.70E-05 1.6345 6.54E-05 

0.043392 0.04 0.08 0.009765 0.00127 1.5337 0.001426 

0.082944 0.06 0.12 0.019238 0.005034 1.4191 0.005521 

0.1417 0.08 0.16 0.033064 0.015189 1.2759 0.016156 

0.20813 0.1 0.2 0.049357 0.034947 1.1322 0.036013 

0.27994 0.12 0.24 0.068431 0.065214 1.0192 0.065503 

0.3648 0.14 0.28 0.095437 0.11418 0.92715 0.11227 

0.43622 0.16 0.32 0.12635 0.16757 0.88458 0.16311 

0.51533 0.18 0.36 0.17565 0.24573 0.86238 0.23792 

0.58368 0.2 0.4 0.23178 0.32601 0.86012 0.31549 

0.65741 0.22 0.44 0.30561 0.41944 0.87034 0.40689 

0.71962 0.24 0.48 0.38652 0.51374 0.88366 0.49995 

0.77875 0.26 0.52 0.48445 0.61121 0.90525 0.59785 

0.82944 0.28 0.56 0.57986 0.69763 0.92487 0.68553 

0.86976 0.3 0.6 0.66468 0.76591 0.94258 0.75576 



239 

 

0.90694 0.32 0.64 0.74779 0.82845 0.95864 0.82054 

0.93139 0.34 0.68 0.80826 0.87164 0.96959 0.86553 

0.94957 0.36 0.72 0.85558 0.90411 0.97781 0.89948 

1 0.4 0.8 1 1 1 1 

  

Tesseract Lattice Relative Properties (Poisson ratio = 0.3) 

Density Radius D/L 1
st
 Lame 2

nd
 Lame Poisson Ratio Modulus 

0 0 0 0 0 1.685 0 

0.014464 0.02 0.04 0.001878 4.08E-05 1.6429 4.69E-05 

0.048848 0.04 0.08 0.007905 0.000908 1.5482 0.001023 

0.12749 0.06 0.12 0.023981 0.006973 1.396 0.007611 

0.19848 0.08 0.16 0.039099 0.017996 1.2753 0.019139 

0.30057 0.1 0.2 0.065579 0.046356 1.1328 0.047777 

0.40717 0.12 0.24 0.096782 0.09392 1.012 0.09418 

0.51238 0.14 0.28 0.13689 0.15971 0.9375 0.15741 

0.62534 0.16 0.32 0.19419 0.25619 0.88675 0.24949 

0.73677 0.18 0.36 0.36636 0.47841 0.891 0.46638 

0.81378 0.2 0.4 0.48766 0.6095 0.90915 0.59672 

0.88251 0.22 0.44 0.60236 0.72807 0.92295 0.71512 

0.92832 0.24 0.48 0.70223 0.8197 0.93729 0.80783 

1 0.28 0.56 1 1 1 1 
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F.4 Effective Stresses (Raw Data) 

Octet Truss Lattice Raw Effective Stresses at Yielding (Poisson ratio = 0.3) 

Density 𝝈𝒙𝒙
𝒚

 𝝈𝒚𝒚
𝒚

 𝝈𝒛𝒛
𝒚

 𝝈𝒙𝒚
𝒚

 𝝈𝒚𝒛
𝒚

 𝝈𝒙𝒛
𝒚

 𝝈𝒂𝒗𝒈
𝒚

 

0 0 0 0 0 0 0 0 

0.026752 0.006634 0.006653 0.00665 0.008178 0.008171 0.008175 0.00741 

0.068096 0.016412 0.016456 0.016862 0.021663 0.021683 0.021686 0.019127 

0.1655 0.033445 0.033418 0.033174 0.048539 0.048542 0.048541 0.040943 

0.26445 0.048836 0.049203 0.049143 0.083504 0.083509 0.083501 0.066283 

0.39642 0.076538 0.076458 0.076563 0.13386 0.13386 0.13386 0.10519 

0.50074 0.10894 0.1089 0.10888 0.18292 0.18292 0.18292 0.14591 

0.61888 0.14653 0.14651 0.14648 0.22152 0.22152 0.22152 0.18401 

0.73779 0.21108 0.21108 0.21111 0.32909 0.32909 0.32909 0.27009 

0.82906 0.31011 0.31011 0.31013 0.44365 0.44365 0.44365 0.37688 

0.89498 0.42169 0.4217 0.42174 0.47371 0.47371 0.47371 0.44771 

0.9399 0.46484 0.46485 0.46487 0.50718 0.50718 0.50718 0.48602 

0.96026 0.50249 0.50249 0.5025 0.52788 0.52788 0.52788 0.51519 

1 1 1 1 1 1 1 1 

 

Body Centered Cubic (BCC) Lattice Raw Effective Stresses at Yielding (Poisson ratio = 0.3) 

Density 𝝈𝒙𝒙
𝒚

 𝝈𝒚𝒚
𝒚

 𝝈𝒛𝒛
𝒚

 𝝈𝒙𝒚
𝒚

 𝝈𝒚𝒛
𝒚

 𝝈𝒙𝒛
𝒚

 𝝈𝒂𝒗𝒈
𝒚

 

0 0 0 0 0 0 0 0 

0.010816 0.000385 0.000383 0.00036 0.006635 0.006635 0.006637 0.003506 

0.02848 0.001463 0.001486 0.001193 0.015161 0.015164 0.015206 0.008279 

0.078016 0.005727 0.005574 0.005924 0.037362 0.037368 0.037362 0.021553 

0.1168 0.010932 0.010931 0.011059 0.051131 0.051142 0.051131 0.031054 

0.18208 0.020069 0.020204 0.020088 0.07038 0.07039 0.080781 0.046985 

0.24928 0.037191 0.037299 0.037193 0.10669 0.10669 0.10669 0.07196 

0.31802 0.050891 0.05128 0.051134 0.14468 0.14468 0.14468 0.097891 

0.3975 0.083283 0.083457 0.083313 0.17732 0.17732 0.17732 0.13034 

0.47584 0.098452 0.098245 0.098107 0.21331 0.21331 0.21331 0.15579 

0.55955 0.1609 0.16038 0.16081 0.27561 0.27561 0.27561 0.21816 

0.63789 0.22801 0.22961 0.22857 0.32666 0.32666 0.32666 0.2777 

0.7047 0.28312 0.27563 0.28309 0.38234 0.38234 0.38234 0.33148 

0.78496 0.40234 0.39198 0.40239 0.46368 0.46368 0.46368 0.43129 

0.84832 0.46004 0.46153 0.5082 0.65997 0.65997 0.65997 0.56828 

0.90438 0.60856 0.61309 0.61309 0.77082 0.77082 0.77082 0.6912 

0.94547 0.70872 0.6801 0.70217 0.85833 0.85833 0.85833 0.77766 

0.97619 0.81649 0.81649 0.81649 0.96509 0.96509 0.96509 0.89079 
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1 1 1 1 1 1 1 1 

 

Body Centered Cubic + Cubic (BCCC) Lattice Raw Effective Stresses at Yielding (Poisson ratio = 

0.3) 

Density 𝝈𝒙𝒙
𝒚

 𝝈𝒚𝒚
𝒚

 𝝈𝒛𝒛
𝒚

 𝝈𝒙𝒚
𝒚

 𝝈𝒚𝒛
𝒚

 𝝈𝒙𝒛
𝒚

 𝝈𝒂𝒗𝒈
𝒚

 

0 0 0 0 0 0 0 0 

0.015232 0.002061 0.002061 0.002081 0.006594 0.006592 0.006596 0.004331 

0.041152 0.006218 0.006169 0.006324 0.014809 0.014827 0.014841 0.010531 

0.10854 0.021925 0.021968 0.021883 0.037828 0.037793 0.037782 0.029863 

0.16346 0.036448 0.036627 0.036575 0.059397 0.059376 0.059382 0.047967 

0.24698 0.056288 0.05887 0.056254 0.084881 0.084885 0.084882 0.07101 

0.33222 0.086244 0.086204 0.08614 0.1262 0.1262 0.12619 0.1062 

0.42208 0.18056 0.17937 0.18161 0.15978 0.1598 0.15978 0.17015 

0.51942 0.24917 0.24958 0.24971 0.20553 0.20556 0.20552 0.22751 

0.60736 0.2561 0.25611 0.25686 0.27611 0.27614 0.2761 0.26624 

0.69683 0.39206 0.3923 0.39163 0.35402 0.35403 0.35401 0.37301 

0.77536 0.4837 0.48385 0.48376 0.45082 0.45083 0.45082 0.4673 

0.83565 0.55587 0.57944 0.5798 0.5402 0.5402 0.5402 0.55595 

0.89498 0.67236 0.67228 0.69807 0.65199 0.65199 0.65199 0.66645 

0.93242 0.71727 0.76164 0.71736 0.75047 0.75047 0.75047 0.74128 

0.95834 0.82447 0.78224 0.75311 0.96069 0.96069 0.96069 0.87365 

0.97677 0.79442 0.7946 0.79707 0.99336 0.99336 0.99336 0.89436 

1 1 1 1 1 1 1 1 

 

Cubic Lattice Raw Effective Stresses at Yielding (Poisson ratio = 0.3) 

Density 𝝈𝒙𝒙
𝒚

 𝝈𝒚𝒚
𝒚

 𝝈𝒛𝒛
𝒚

 𝝈𝒙𝒚
𝒚

 𝝈𝒚𝒛
𝒚

 𝝈𝒙𝒛
𝒚

 𝝈𝒂𝒗𝒈
𝒚

 

0 0 0 0 0 0 0 0 

0.004672 0.001598 0.001601 0.001602 0.00012 0.000123 0.000122 0.000861 

0.013696 0.004831 0.004825 0.004828 0.000628 0.000628 0.000631 0.002728 

0.035456 0.016098 0.016103 0.016044 0.002252 0.002209 0.002205 0.009152 

0.056256 0.025491 0.025575 0.025538 0.00357 0.003568 0.003582 0.014554 

0.084352 0.038302 0.03844 0.038315 0.006188 0.006177 0.006172 0.022265 

0.11507 0.052684 0.052862 0.052662 0.009361 0.009351 0.009332 0.031042 

0.15526 0.073969 0.074259 0.073957 0.016411 0.016413 0.016367 0.045229 

0.20083 0.098163 0.098448 0.09812 0.025798 0.025812 0.025759 0.062017 

0.24038 0.11925 0.11976 0.11941 0.034499 0.034508 0.034458 0.076979 

0.28787 0.14741 0.14786 0.14766 0.047901 0.047914 0.047862 0.097767 
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0.33843 0.17902 0.17928 0.17904 0.064841 0.064924 0.064807 0.12199 

0.38298 0.20654 0.20657 0.20644 0.081261 0.08129 0.081243 0.14389 

0.4439 0.24698 0.24713 0.24144 0.11123 0.11123 0.11121 0.1782 

0.49005 0.2827 0.28272 0.28264 0.13761 0.1376 0.1376 0.21015 

0.54771 0.3263 0.32117 0.32634 0.1816 0.1816 0.18159 0.2531 

0.59802 0.36614 0.36619 0.36628 0.22706 0.22705 0.22705 0.29663 

0.64666 0.39863 0.40699 0.40702 0.27349 0.27349 0.27349 0.33885 

0.69453 0.44997 0.44999 0.45 0.32039 0.32039 0.32039 0.38519 

0.73542 0.48864 0.47733 0.48864 0.37799 0.37798 0.37799 0.43143 

0.78656 0.5627 0.53927 0.53928 0.44539 0.44539 0.44539 0.49624 

0.82656 0.56082 0.61646 0.61648 0.50901 0.50901 0.50901 0.55347 

0.86253 0.61012 0.63293 0.63295 0.57585 0.57585 0.57585 0.60059 

0.89306 0.64617 0.69745 0.67338 0.62221 0.62221 0.62221 0.64727 

0.9175 0.70138 0.68946 0.6532 0.6783 0.6783 0.6783 0.67982 

0.9433 0.71547 0.71476 0.7085 0.72622 0.72622 0.72622 0.71956 

0.95789 0.73335 0.73335 0.76306 0.76297 0.76297 0.76297 0.75311 

0.97158 0.76607 0.76607 0.76607 0.85224 0.85224 0.85224 0.80915 

1 1 1 1 1 1 1 1 

 

Diamond Lattice Raw Effective Stresses at Yielding (Poisson ratio = 0.3) 

Density 𝝈𝒙𝒙
𝒚

 𝝈𝒚𝒚
𝒚

 𝝈𝒛𝒛
𝒚

 𝝈𝒙𝒚
𝒚

 𝝈𝒚𝒛
𝒚

 𝝈𝒙𝒛
𝒚

 𝝈𝒂𝒗𝒈
𝒚

 

0 0 0 0 0 0 0 0 

0.010688 0.00054 0.000534 0.000531 0.000661 0.000624 0.000741 0.000605 

0.028 0.002016 0.002021 0.001959 0.001741 0.001786 0.001857 0.001897 

0.076096 0.005171 0.005061 0.005173 0.005624 0.00566 0.005708 0.0054 

0.11309 0.007858 0.008093 0.007477 0.010253 0.010272 0.010311 0.009044 

0.17446 0.017971 0.018032 0.017482 0.020297 0.020304 0.020351 0.019073 

0.23638 0.026956 0.027064 0.025964 0.027844 0.027818 0.027812 0.027243 

0.29795 0.034894 0.034961 0.035404 0.037607 0.037568 0.037551 0.036331 

0.36784 0.045893 0.04584 0.045774 0.050661 0.050648 0.050621 0.04824 

0.43373 0.057894 0.058725 0.058755 0.072891 0.072937 0.072881 0.06568 

0.50134 0.0725 0.072413 0.072423 0.088838 0.088852 0.088825 0.080642 

0.56125 0.089519 0.089462 0.089476 0.10665 0.10667 0.10665 0.098071 

0.61139 0.10554 0.10547 0.1055 0.12687 0.12689 0.12688 0.11619 

0.67197 0.13398 0.13389 0.13388 0.15557 0.15557 0.15557 0.14474 

0.72058 0.17346 0.17346 0.17336 0.19285 0.19285 0.19286 0.18314 

0.76784 0.25904 0.25905 0.25895 0.26601 0.26601 0.26601 0.26251 

0.8048 0.30339 0.3034 0.30335 0.34804 0.34804 0.34805 0.32571 
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0.83939 0.40847 0.40872 0.4082 0.32706 0.34084 0.32707 0.37006 

0.86854 0.45455 0.45452 0.45345 0.38382 0.38382 0.38382 0.419 

0.89002 0.4871 0.48826 0.48825 0.42692 0.42693 0.42693 0.4574 

0.91229 0.51036 0.51035 0.51035 0.54531 0.54531 0.54532 0.52783 

0.92848 0.552 0.54852 0.55199 0.65879 0.65879 0.6588 0.60482 

0.9433 0.60809 0.59459 0.59399 0.75002 0.75002 0.75003 0.67446 

0.9559 0.73298 0.66299 0.73298 0.81771 0.81771 0.81772 0.76368 

0.96381 0.75679 0.75208 0.72614 0.84598 0.84598 0.84598 0.79549 

0.9744 0.85218 0.82693 0.85556 0.88929 0.88929 0.88929 0.86709 

1 1 1 1 1 1 1 1 

 

Face Centered Cubic (FCC) Lattice Raw Effective Stresses at Yielding (Poisson ratio = 0.3) 

Density 𝝈𝒙𝒙
𝒚

 𝝈𝒚𝒚
𝒚

 𝝈𝒛𝒛
𝒚

 𝝈𝒙𝒚
𝒚

 𝝈𝒚𝒛
𝒚

 𝝈𝒙𝒛
𝒚

 𝝈𝒂𝒗𝒈
𝒚

 

0 0 0 0 0 0 0 0 

0.018112 0.00341 0.003359 0.003439 0.002599 0.002599 0.002601 0.003001 

0.047744 0.009685 0.009571 0.009752 0.006336 0.006338 0.006335 0.008003 

0.11731 0.025155 0.025244 0.025394 0.015857 0.015835 0.015848 0.020556 

0.18707 0.03974 0.039702 0.040094 0.027354 0.027145 0.027157 0.033532 

0.28122 0.049879 0.05 0.049905 0.045645 0.045624 0.045635 0.047781 

0.36154 0.067295 0.067413 0.067402 0.060438 0.06039 0.06039 0.063888 

0.45856 0.093869 0.093867 0.09386 0.080786 0.080786 0.080777 0.087324 

0.55501 0.12332 0.12339 0.12341 0.099467 0.099471 0.099459 0.11142 

0.64262 0.16998 0.17002 0.17005 0.14263 0.14263 0.14263 0.15632 

0.71488 0.26697 0.26708 0.26702 0.21047 0.21047 0.21047 0.23875 

0.77504 0.31762 0.31762 0.31765 0.24185 0.24185 0.24185 0.27974 

0.82618 0.3448 0.34482 0.34483 0.27435 0.27435 0.27435 0.30958 

0.87002 0.37952 0.37957 0.37955 0.29511 0.29511 0.29511 0.33733 

0.90387 0.42697 0.42701 0.427 0.33225 0.33225 0.33225 0.37962 

0.93024 0.46065 0.46068 0.46068 0.37899 0.37899 0.37899 0.41983 

0.95008 0.48044 0.48045 0.48045 0.41902 0.41902 0.41902 0.44973 

0.9655 0.50019 0.50019 0.50019 0.46002 0.46002 0.46002 0.48011 

0.97728 0.5305 0.5305 0.5305 0.50505 0.50505 0.50505 0.51777 

1 1 1 1 1 1 1 1 

 

Truncated Octahedron (Octa) Lattice Raw Effective Stresses at Yielding (Poisson ratio = 0.3) 

Density 𝝈𝒙𝒙
𝒚

 𝝈𝒚𝒚
𝒚

 𝝈𝒛𝒛
𝒚

 𝝈𝒙𝒚
𝒚

 𝝈𝒚𝒛
𝒚

 𝝈𝒙𝒛
𝒚

 𝝈𝒂𝒗𝒈
𝒚

 

0 0 0 0 0 0 0 0 



244 

 

0.009216 0.000261 0.000371 0.000329 0.000681 0.000427 0.000309 0.000396 

0.043392 0.001384 0.002367 0.002901 0.001695 0.001527 0.001391 0.001877 

0.082944 0.003877 0.005482 0.007401 0.003635 0.003478 0.003365 0.00454 

0.1417 0.008726 0.010593 0.01208 0.009196 0.009113 0.009053 0.009794 

0.20813 0.018543 0.022614 0.02482 0.022243 0.022205 0.022143 0.022095 

0.27994 0.034177 0.041198 0.041398 0.046309 0.046274 0.046232 0.042598 

0.3648 0.065381 0.068886 0.068753 0.074754 0.074755 0.074736 0.071211 

0.43622 0.098045 0.098444 0.098422 0.10067 0.10067 0.10066 0.099486 

0.51533 0.14326 0.14348 0.1436 0.16675 0.16675 0.16674 0.1551 

0.58368 0.17549 0.17559 0.17562 0.20817 0.20817 0.20817 0.19187 

0.65741 0.20976 0.2098 0.20985 0.27297 0.27297 0.27297 0.24139 

0.71962 0.24857 0.24855 0.24857 0.33697 0.33697 0.33697 0.29277 

0.77875 0.29456 0.29456 0.29459 0.40217 0.40217 0.40217 0.34837 

0.82944 0.32905 0.32904 0.32906 0.44426 0.44426 0.44426 0.38665 

0.86976 0.41756 0.41756 0.41757 0.49375 0.49375 0.49375 0.45566 

0.90694 0.44855 0.44855 0.44855 0.52828 0.52828 0.52828 0.48841 

0.93139 0.47541 0.47541 0.47542 0.52053 0.52053 0.52053 0.49797 

0.94957 0.50095 0.50095 0.50095 0.53379 0.53379 0.53379 0.51737 

0.96659 0.52681 0.52681 0.52681 0.53141 0.53141 0.53141 0.52911 

0.97786 0.56447 0.56447 0.56447 0.55765 0.55765 0.55765 0.56106 

1 1 1 1 1 1 1 1 

 

Tesseract Lattice Raw Effective Stresses at Yielding (Poisson ratio = 0.3) 

Density 𝝈𝒙𝒙
𝒚

 𝝈𝒚𝒚
𝒚

 𝝈𝒛𝒛
𝒚

 𝝈𝒙𝒚
𝒚

 𝝈𝒚𝒛
𝒚

 𝝈𝒙𝒛
𝒚

 𝝈𝒂𝒗𝒈
𝒚

 

0 0 0 0 0 0 0 0 

0.014464 0.002075 0.002073 0.002074 0.000267 0.000267 0.000277 0.001172 

0.048848 0.00749 0.007541 0.007111 0.00258 0.002427 0.002396 0.004925 

0.12749 0.017835 0.018045 0.01789 0.005411 0.005178 0.005736 0.011682 

0.19848 0.030167 0.029546 0.02918 0.010083 0.009988 0.009869 0.019806 

0.30057 0.038028 0.037364 0.037936 0.018961 0.018803 0.018729 0.028304 

0.40717 0.06379 0.064004 0.064666 0.03184 0.031855 0.031799 0.047992 

0.51238 0.076247 0.076162 0.076572 0.048882 0.048941 0.048854 0.062609 

0.62534 0.10778 0.10784 0.10765 0.10353 0.1036 0.1035 0.10565 

0.73677 0.16988 0.16979 0.16964 0.14586 0.14587 0.14586 0.15782 

0.81378 0.24697 0.24697 0.24682 0.20055 0.20055 0.20053 0.22373 

0.88251 0.30796 0.30795 0.30778 0.29349 0.29349 0.29346 0.30069 

0.92832 0.28838 0.28831 0.2883 0.37342 0.37342 0.37342 0.33087 

0.9687 0.44501 0.44504 0.44507 0.45613 0.45613 0.45613 0.45059 
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1 1 1 1 1 1 1 1 
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F.5 Effective Stresses (Curve Fitted) 

Octet Truss Lattice Curve Fitted Effective Stresses at Yielding (Poisson ratio = 0.3) 

Density 𝝈𝒙𝒙
𝒚

 𝝈𝒚𝒚
𝒚

 𝝈𝒛𝒛
𝒚

 𝝈𝒙𝒚
𝒚

 𝝈𝒚𝒛
𝒚

 𝝈𝒙𝒛
𝒚

 𝝈𝒂𝒗𝒈
𝒚

 

0 0 0 0 0 0 0 0 

0.026752 0.006634 0.006653 0.00665 0.008178 0.008171 0.008175 0.00741 

0.068096 0.016412 0.016456 0.016862 0.021663 0.021683 0.021686 0.019127 

0.1655 0.033445 0.033418 0.033174 0.048539 0.048542 0.048541 0.040943 

0.26445 0.048836 0.049203 0.049143 0.083504 0.083509 0.083501 0.066283 

0.39642 0.076538 0.076458 0.076563 0.13386 0.13386 0.13386 0.10519 

0.50074 0.10894 0.1089 0.10888 0.18292 0.18292 0.18292 0.145913 

0.61888 0.14653 0.14651 0.14648 0.22152 0.22152 0.22152 0.184013 

0.73779 0.21108 0.21108 0.21111 0.32909 0.32909 0.32909 0.27009 

0.82906 0.31011 0.31011 0.31013 0.44365 0.44365 0.44365 0.376883 

0.89498 0.42169 0.4217 0.42174 0.59677 0.59677 0.59677 0.53031 

0.9399 0.604428 0.604428 0.604428 0.739513 0.739513 0.739513 0.687743 

1 1 1 1 1 1 1 1 

 

Body Centered Cubic (BCC) Lattice Curve Fitted Effective Stresses at Yielding (Poisson ratio = 

0.3) 

Density 𝝈𝒙𝒙
𝒚

 𝝈𝒚𝒚
𝒚

 𝝈𝒛𝒛
𝒚

 𝝈𝒙𝒚
𝒚

 𝝈𝒚𝒛
𝒚

 𝝈𝒙𝒛
𝒚

 𝝈𝒂𝒗𝒈
𝒚

 

0 0 0 0 0 0 0 0 

0.010816 0.000191 0.000193 0.00018 0.004484 0.004484 0.004484 0.002336 

0.02848 0.000719 0.000742 0.000579 0.009657 0.009657 0.009657 0.005168 

0.078016 0.002884 0.002779 0.00304 0.020018 0.020018 0.020018 0.01146 

0.1168 0.004756 0.00473 0.004907 0.028318 0.028318 0.028318 0.016558 

0.18208 0.007944 0.008059 0.007895 0.04474 0.04474 0.04474 0.026353 

0.24928 0.015507 0.015639 0.01555 0.060712 0.060712 0.060712 0.038139 

0.31802 0.020459 0.020571 0.020512 0.069104 0.069104 0.069104 0.044809 

0.3975 0.032843 0.032859 0.032818 0.089428 0.089428 0.089428 0.061134 

0.47584 0.038635 0.038644 0.038606 0.11468 0.11468 0.11468 0.076654 

0.55955 0.062923 0.062938 0.062939 0.14301 0.14301 0.14301 0.102972 

0.63789 0.08593 0.085937 0.085979 0.17703 0.17703 0.17703 0.131489 

0.7047 0.10608 0.10607 0.10606 0.195046 0.195046 0.195046 0.150558 

0.78496 0.15369 0.1537 0.1537 0.24285 0.24285 0.24285 0.198273 

0.84832 0.203794 0.203794 0.203794 0.302524 0.302524 0.302524 0.253159 

0.90438 0.347715 0.347715 0.347715 0.436916 0.436916 0.436916 0.392315 

0.94547 0.544559 0.544559 0.544559 0.61126 0.61126 0.61126 0.57791 
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1 1 1 1 1 1 1 1 

 

 

Body Centered Cubic + Cubic (BCCC) Lattice Curve Fit. Effective Stresses at Yielding (Poisson 

ratio = 0.3) 

Density 𝝈𝒙𝒙
𝒚

 𝝈𝒚𝒚
𝒚

 𝝈𝒛𝒛
𝒚

 𝝈𝒙𝒚
𝒚

 𝝈𝒚𝒛
𝒚

 𝝈𝒙𝒛
𝒚

 𝝈𝒂𝒗𝒈
𝒚

 

0 0 0 0 0 0 0 0 

0.015232 0.002048 0.002052 0.002076 0.004432 0.004431 0.004434 0.003245 

0.041152 0.006205 0.006127 0.006313 0.009343 0.009354 0.009363 0.007784 

0.10854 0.015384 0.015602 0.015316 0.02032 0.020301 0.020295 0.01787 

0.16346 0.02385 0.024106 0.023893 0.029668 0.029658 0.029661 0.026806 

0.24698 0.034455 0.034584 0.03454 0.046791 0.046793 0.046791 0.040659 

0.33222 0.050646 0.050537 0.050706 0.064669 0.064672 0.064667 0.05765 

0.42208 0.071696 0.071666 0.071828 0.075521 0.075528 0.075519 0.073626 

0.51942 0.096303 0.096314 0.096376 0.10241 0.10243 0.10241 0.099374 

0.60736 0.115395 0.118214 0.116805 0.13714 0.13715 0.13713 0.126972 

0.69683 0.143689 0.144973 0.144331 0.185755 0.185755 0.185755 0.165043 

0.77536 0.188822 0.182286 0.185554 0.228326 0.228326 0.228326 0.20694 

0.83565 0.262307 0.246665 0.254486 0.288323 0.288323 0.288323 0.271405 

0.89498 0.404064 0.381298 0.392681 0.41075 0.41075 0.41075 0.401716 

0.93242 0.55175 0.529157 0.540454 0.547935 0.547935 0.547935 0.544194 

1 1 1 1 1 1 1 1 

 

Cubic Lattice Curve Fitted Effective Stresses at Yielding (Poisson ratio = 0.3) 

Density 𝝈𝒙𝒙
𝒚

 𝝈𝒚𝒚
𝒚

 𝝈𝒛𝒛
𝒚

 𝝈𝒙𝒚
𝒚

 𝝈𝒚𝒛
𝒚

 𝝈𝒙𝒛
𝒚

 𝝈𝒂𝒗𝒈
𝒚

 

0 0 0 0 0 0 0 0 

0.004672 1.60E-03 1.60E-03 1.60E-03 1.10E-04 1.12E-04 1.11E-04 8.54E-04 

0.013696 4.77E-03 4.77E-03 4.77E-03 3.19E-04 3.19E-04 3.20E-04 2.55E-03 

0.035456 0.012173 0.0122 0.012151 0.001227 0.001195 0.001202 0.006691 

0.056256 0.01817 0.018203 0.018135 0.001873 0.001872 0.001879 0.010022 

0.084352 0.026389 0.026443 0.026391 0.003154 0.003148 0.003145 0.014778 

0.11507 0.034817 0.034889 0.034794 0.004688 0.004684 0.004674 0.019758 

0.15526 0.045613 0.045742 0.045543 0.007547 0.007547 0.007526 0.026586 

0.20083 0.059139 0.059361 0.059098 0.011159 0.011165 0.011142 0.035177 

0.24038 0.069697 0.069951 0.069668 0.014607 0.014611 0.01459 0.042187 

0.28787 0.083015 0.083239 0.082923 0.019582 0.019587 0.019566 0.051319 

0.33843 0.098631 0.0988 0.098596 0.026374 0.026387 0.02636 0.062525 

0.38298 0.11141 0.1116 0.11141 0.032842 0.032854 0.032835 0.072159 

0.4439 0.12976 0.12987 0.12978 0.044045 0.044047 0.04404 0.086924 
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0.49005 0.14442 0.1445 0.14444 0.053757 0.053757 0.053754 0.099105 

0.54771 0.16709 0.16715 0.16712 0.069266 0.069265 0.069264 0.118193 

0.59802 0.18743 0.18745 0.18745 0.085234 0.085234 0.085233 0.136339 

0.64666 0.20857 0.20859 0.20858 0.10328 0.10328 0.10328 0.15593 

0.69453 0.23253 0.23253 0.2325 0.12571 0.12571 0.12571 0.179115 

0.73542 0.25579 0.25581 0.25577 0.15062 0.15062 0.15062 0.203205 

0.78656 0.28714 0.28715 0.28713 0.19178 0.19178 0.19178 0.23946 

0.82656 0.32126 0.32127 0.32127 0.231001 0.231001 0.231001 0.276134 

0.86253 0.385495 0.385495 0.385495 0.29718 0.29718 0.29718 0.341338 

0.89306 0.457518 0.457518 0.457518 0.379133 0.379133 0.379133 0.418325 

0.9175 0.535245 0.535245 0.535245 0.467812 0.467812 0.467812 0.501528 

0.9433 0.642168 0.642168 0.642168 0.589981 0.589981 0.589981 0.616074 

1 1 1 1 1 1 1 1 

 

Diamond Lattice Curve Fitted Effective Stresses at Yielding (Poisson ratio = 0.3) 

Density 𝝈𝒙𝒙
𝒚

 𝝈𝒚𝒚
𝒚

 𝝈𝒛𝒛
𝒚

 𝝈𝒙𝒚
𝒚

 𝝈𝒚𝒛
𝒚

 𝝈𝒙𝒛
𝒚

 𝝈𝒂𝒗𝒈
𝒚

 

0 0 0 0 0 0 0 0 

0.010688 0.000309 0.000291 0.000306 0.000332 0.000332 0.000371 0.000324 

0.028 0.00088 0.000863 0.000863 0.001079 0.001108 0.001152 0.000991 

0.076096 0.002678 0.002614 0.002614 0.003687 0.00371 0.003741 0.003174 

0.11309 0.004572 0.004452 0.004452 0.006208 0.006218 0.006241 0.005357 

0.17446 0.008714 0.008499 0.008499 0.010115 0.010118 0.01014 0.009348 

0.23638 0.014252 0.014285 0.014285 0.013972 0.013959 0.013954 0.014118 

0.29795 0.018388 0.018461 0.018461 0.018273 0.018254 0.018245 0.018347 

0.36784 0.02356 0.02355 0.02355 0.023892 0.023885 0.023873 0.023718 

0.43373 0.032785 0.032796 0.032796 0.032917 0.032938 0.032912 0.032857 

0.50134 0.039935 0.039965 0.039965 0.040627 0.040634 0.040621 0.040291 

0.56125 0.049193 0.049201 0.049201 0.049541 0.049552 0.049542 0.049372 

0.61139 0.055829 0.055828 0.055828 0.057411 0.057419 0.057415 0.056622 

0.67197 0.070028 0.069961 0.069961 0.070929 0.070932 0.070932 0.070457 

0.72058 0.094756 0.088166 0.094677 0.091283 0.091285 0.091286 0.091909 

0.76784 0.105246 0.105246 0.105246 0.11253 0.11253 0.11254 0.10889 

0.8048 0.130722 0.130722 0.130722 0.13301 0.13301 0.13301 0.131866 

0.83939 0.172678 0.172678 0.172678 0.16483 0.16483 0.16484 0.168756 

0.86854 0.229282 0.229282 0.229282 0.18774 0.18774 0.18775 0.208513 

0.89002 0.288322 0.288322 0.288322 0.211402 0.211402 0.211402 0.249862 

0.91229 0.369661 0.369661 0.369661 0.257229 0.257229 0.257229 0.313445 

0.92848 0.444493 0.444493 0.444493 0.310381 0.310381 0.310381 0.377437 

0.9433 0.526692 0.526692 0.526692 0.380913 0.380913 0.380913 0.453802 
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1 1 1 1 1 1 1 1 

 

 

 

 

 

Face Centered Cubic (FCC) Lattice Curve Fitted Effective Stresses at Yielding (Poisson ratio = 0.3) 

Density 𝝈𝒙𝒙
𝒚

 𝝈𝒚𝒚
𝒚

 𝝈𝒛𝒛
𝒚

 𝝈𝒙𝒚
𝒚

 𝝈𝒚𝒛
𝒚

 𝝈𝒙𝒛
𝒚

 𝝈𝒂𝒗𝒈
𝒚

 

0 0 0 0 0 0 0 0 

0.018112 0.00341 0.003359 0.003439 0.002599 0.002599 0.002601 0.003001 

0.047744 0.009685 0.009571 0.009752 0.006336 0.006338 0.006335 0.008003 

0.11731 0.025155 0.025244 0.025394 0.015857 0.015835 0.015848 0.020556 

0.18707 0.03974 0.039702 0.040094 0.027354 0.027145 0.027157 0.033532 

0.28122 0.049879 0.05 0.049905 0.045645 0.045624 0.045635 0.047781 

0.36154 0.067295 0.067413 0.067402 0.060438 0.06039 0.06039 0.063888 

0.45856 0.093869 0.093867 0.09386 0.080786 0.080786 0.080777 0.087324 

0.55501 0.12332 0.12339 0.12341 0.099467 0.099471 0.099459 0.11142 

0.64262 0.16998 0.17002 0.17005 0.14263 0.14263 0.14263 0.156323 

0.71488 0.222283 0.222283 0.222283 0.198686 0.198686 0.198686 0.210485 

0.77504 0.286943 0.286943 0.286943 0.274421 0.274421 0.274421 0.280682 

0.82618 0.366336 0.366336 0.366336 0.36729 0.36729 0.36729 0.366813 

0.87002 0.461241 0.461241 0.461241 0.474062 0.474062 0.474062 0.467652 

0.90387 0.55785 0.55785 0.55785 0.577499 0.577499 0.577499 0.567675 

0.93024 0.651106 0.651106 0.651106 0.672857 0.672857 0.672857 0.661982 

1 1 1 1 1 1 1 1 

 

 

Truncated Octahedron (Octa) Lattice Curve Fitted Effective Stresses at Yielding (Poisson ratio = 

0.3) 

Density 𝝈𝒙𝒙
𝒚

 𝝈𝒚𝒚
𝒚

 𝝈𝒛𝒛
𝒚

 𝝈𝒙𝒚
𝒚

 𝝈𝒚𝒛
𝒚

 𝝈𝒙𝒛
𝒚

 𝝈𝒂𝒗𝒈
𝒚

 

0 0 0 0 0 0 0 0 

0.009216 2.61E-04 3.71E-04 3.29E-04 4.27E-04 4.27E-04 4.27E-04 3.74E-04 

0.043392 0.001384 0.002367 0.002901 0.001527 0.001527 0.001527 0.001872 

0.082944 0.003877 0.005482 0.007401 0.003478 0.003478 0.003478 0.004532 

0.1417 0.008726 0.010593 0.01208 0.009113 0.009113 0.009113 0.00979 

0.20813 0.018543 0.022614 0.02482 0.022205 0.022205 0.022205 0.022099 

0.27994 0.034177 0.041198 0.041398 0.046274 0.046274 0.046274 0.042599 

0.3648 0.065381 0.068886 0.068753 0.074755 0.074755 0.074755 0.071214 

0.43622 0.098045 0.098444 0.098422 0.10067 0.10067 0.10067 0.099487 

0.51533 0.14326 0.14348 0.1436 0.15577 0.15577 0.15577 0.149609 
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0.58368 0.17549 0.17559 0.17562 0.20817 0.20817 0.20817 0.191868 

0.65741 0.20976 0.2098 0.20985 0.27297 0.27297 0.27297 0.241387 

0.71962 0.24857 0.24855 0.24857 0.33697 0.33697 0.33697 0.292767 

0.77875 0.284164 0.284164 0.284164 0.395 0.395 0.395 0.339582 

0.82944 0.336473 0.336473 0.336473 0.44426 0.44426 0.44426 0.390366 

0.86976 0.404807 0.404807 0.404807 0.49375 0.49375 0.49375 0.449278 

0.90694 0.502053 0.502053 0.502053 0.568339 0.568339 0.568339 0.535196 

0.93139 0.591156 0.591156 0.591156 0.637435 0.637435 0.637435 0.614296 

0.94957 0.673899 0.673899 0.673899 0.705029 0.705029 0.705029 0.689464 

1 1 1 1 1 1 1 1 

 

 

Tesseract Lattice Curve Fitted Effective Stresses at Yielding (Poisson ratio = 0.3) 

Density 𝝈𝒙𝒙
𝒚

 𝝈𝒚𝒚
𝒚

 𝝈𝒛𝒛
𝒚

 𝝈𝒙𝒚
𝒚

 𝝈𝒚𝒛
𝒚

 𝝈𝒙𝒛
𝒚

 𝝈𝒂𝒗𝒈
𝒚

 

0 0 0 0 0 0 0 0 

0.014464 2.07E-03 2.07E-03 2.07E-03 2.67E-04 2.77E-04 2.77E-04 1.17E-03 

0.048848 0.00749 0.007541 0.007111 0.00258 0.002396 0.002396 0.004919 

0.12749 0.017835 0.018045 0.01789 0.005411 0.005736 0.005736 0.011775 

0.19848 0.030167 0.029546 0.02918 0.010083 0.009869 0.009869 0.019786 

0.30057 0.038028 0.037364 0.037936 0.018961 0.018729 0.018729 0.028291 

0.40717 0.06379 0.064004 0.064666 0.03184 0.031799 0.031799 0.047983 

0.51238 0.076247 0.076162 0.076572 0.048882 0.048854 0.048854 0.062595 

0.62534 0.10778 0.10784 0.10765 0.093943 0.093943 0.093943 0.10085 

0.73677 0.16988 0.16979 0.16964 0.14455 0.14455 0.14455 0.15716 

0.81378 0.218221 0.218221 0.218221 0.213474 0.213474 0.213474 0.215847 

0.88251 0.329556 0.329556 0.329556 0.34938 0.34938 0.34938 0.339468 

0.92832 0.487677 0.487677 0.487677 0.51719 0.51719 0.51719 0.502433 

1 1 1 1 1 1 1 1 
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Appendix G  : Tapered Beam Formulation 

The case for general tapered beams with circular cross-sections is developed. The shape function 

formulations for bending stiffness of tapered beams are those derived by Tang [188] and axial 

and torsional effects follow the methodology outlined by Banerjee [189]. The area along the 

length of the tapered beam is expressed with the following equation: 

𝐴(𝑥) = 𝜋 ((𝑟𝑗 − 𝑟𝑖)
𝑥

𝐿
+ 𝑟𝑖)

2

 (G.1) 

G.1 Axial Deformation 

The axial deformation or displacement equation can be found using the governing equation for 

axial deformation: 

𝑑

𝑑𝑥
(𝐸𝐴(𝑥)

𝑑𝑈

𝑑𝑥
 ) = 0 (G.2) 

The second order linear ordinary differential equation has boundary conditions are 𝑈 = 𝑈𝑖 at 

𝑥 = 0 and 𝑈 = 𝑈𝑗 and 𝑥 = 𝐿. This makes it possible to solve for the deformation 𝑈 at 

displacements ui and uj. After taking the first integral of the partial differential equation we 

obtain the following equation [189]: 

𝐸𝐴(𝑥)
𝑑𝑈

𝑑𝑥
= 𝐶1 (G.3) 

Rearranging the above equation gives: 

𝐸𝑑𝑈 =
𝐶1

𝐴(𝑥)
𝑑𝑥 =

𝐶1

𝜋 ((𝑟𝑗 − 𝑟𝑖)
𝑥
𝐿 + 𝑟𝑖)

2 𝑑𝑥 
(G.4) 

Taking the integral a second time results in: 
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𝐸𝑈 = −
𝐶1𝐿

2

𝜋 ((𝑥(𝑟𝑖 − 𝑟𝑗) − 𝐿𝑟𝑖)(𝑟𝑖 − 𝑟𝑗))
+ 𝐶2 (G.5) 

After applying the two boundary conditions, the terms 𝐶1 and 𝐶2 are solved and the terms 𝑈𝑖 and 

𝑈𝑗 are collected and shown below: 

𝑈𝑖 =
𝑟𝑖(𝐿 − 𝑥)

𝐿𝑟𝑖 − (𝑟𝑖 + 𝑟𝑗)𝑥
, 𝑈𝑗 =

𝑟𝑗𝑥

𝐿𝑟𝑖 − (𝑟𝑖 + 𝑟𝑗)𝑥
 (G.6) 

The resulting shape function for the axial displacement can then be formulated as: 

𝑁𝑎𝑥𝑖𝑎𝑙 =
1

𝐿𝑟𝑖 − (𝑟𝑖 + 𝑟𝑗)𝑥
[𝑟𝑖(𝐿 − 𝑥) 𝑟𝑗𝑥] (G.7) 

The strain displacement matrix for the axial components can be determined from the derivative 

of the shape function with respect to the length of the beam. The resulting strain-displacement 

matrix is given in the equation below: 

𝐵𝑎𝑥𝑖𝑎𝑙 =
𝐿𝑟𝑖𝑟𝑗

(𝐿𝑟𝑖 − (𝑟𝑖 + 𝑟𝑗)𝑥)
2
[−1 1] (G.8) 

Using the principle of virtual work, the stiffness matrix can be derived from the integral in the 

proceeding equation: 

𝐾𝑇𝑎𝑝𝑒𝑟𝑒𝑑
𝐴𝑥𝑖𝑎𝑙 = ∫ 𝐵𝑎𝑥𝑖𝑎𝑙

𝑇 𝐸𝐵𝑎𝑥𝑖𝑎𝑙𝑑𝑉
𝑉

0

= ∫ ∫ 𝐵𝑎𝑥𝑖𝑎𝑙
𝑇 𝐸𝐵𝑎𝑥𝑖𝑎𝑙𝑑𝐴

𝐴(𝑥)

0

𝑑𝑥
𝐿

0

 (G.9) 

The local stiffness matrix for the axial terms for the tapered beam element is finally given as: 

𝐾𝑇𝑎𝑝𝑒𝑟𝑒𝑑
𝐴𝑥𝑖𝑎𝑙 = [

𝐾11
𝐴 𝐾12

𝐴

𝐾21
𝐴 𝐾22

𝐴 ] =
𝜋𝐸𝑟𝑖𝑟𝑗

𝐿
[

1 −1
−1 1

] (G.10) 

G.2 Torsional Stiffness 

The governing first order differential equation for torsion is given below [189]: 
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𝑑

𝑑𝑥
(𝐺𝐽(𝑥)

𝑑휃

𝑑𝑥
) = 0 (G.11) 

where 휃 is the rotation of the tapered beam , 𝐽(𝑥) is the torsional constant or polar moment of 

inertia and G is shear modulus of the material. 

The shape function for torsion can be found by imposing two boundary conditions at the end of 

the beam. The first boundary conditions is when 𝑥 = 0 and 휃 = 휃𝑖 , the second boundary 

conditions is 𝑥 = 𝐿 and 휃 = 휃𝑗. The polar moment of inertia for circular section can be 

expressed as a function to the two radii at the ends of the beam. The polar moment of inertia is 

given in the equation below: 

𝐽(𝑥) =
𝜋

2
(
(𝑟𝑗 − 𝑟𝑖)𝑥

𝐿
+ 𝑟𝑖)

4

 (G.12) 

Taking the integral once gives: 

𝐺𝐽(𝑥)
𝑑휃

𝑑𝑥
= 𝐶1 (G.13) 

Taking the integral a second time after rearranging the terms results in: 

𝐺𝑑휃 =
𝐶1

𝐽(𝑥)
𝑑𝑥 =

𝐶1

𝜋 ((𝑟𝑗 − 𝑟𝑖)
𝑥
𝐿 + 𝑟𝑖)

4 𝑑𝑥 
(G.14) 

Taking the integral a second time results in: 

𝐺휃 = −
2𝐶1𝐿

4

3𝜋(𝑟𝑖 − 𝑟𝑗) (𝐿𝑟𝑖 + 𝑥(𝑟𝑗 − 𝑟𝑖))
3 + 𝐶2 (G.15) 

After applying the two boundary conditions, the terms 𝐶1 and 𝐶2 are solved and the terms 휃𝑖 and 

휃𝑗  are collected and shown below: 
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𝑁𝑡𝑜𝑟𝑠𝑖𝑜𝑛(𝑥) =

[
 
 
 
 
 
 
𝐿3(𝑟𝑖

5 + 𝑟𝑖
4𝑟𝑗 + 𝑟𝑖

3𝑟𝑗
2) − 3𝐿(𝐿𝑟𝑖

5𝑥 + 𝑟𝑖
5𝑥2 − 𝑟𝑖

4𝑟𝑗𝑥
2) − 𝑥3(𝑟𝑖

5 + 2𝑟𝑖
4𝑟𝑗 − 𝑟𝑗

3𝑟𝑗
2)

(𝐿𝑟𝑖 + 𝑥(𝑟𝑗 − 𝑟𝑖))
3
(𝑟𝑖

2 + 𝑟𝑖𝑟𝑗 + 𝑟𝑗
2)

𝑟𝑗
2𝑥 (3𝐿𝑟𝑖 (𝐿𝑟𝑖 + 𝑥(𝑟𝑗 − 𝑟𝑖)) + 𝑟𝑖

2𝑥2 − 2𝑟𝑖𝑟𝑗𝑥
2 + 𝑟𝑗

2𝑥2)

(𝐿𝑟𝑖 + 𝑥(𝑟𝑗 − 𝑟𝑖))
3
(𝑟𝑖

2 + 𝑟𝑖𝑟𝑗 + 𝑟𝑗
2) ]

 
 
 
 
 
 
𝑇

 (G.16) 

The strain displacement matrix for the torsion within the tapered beam is the derivative of the 

shape function and is: 

𝐵𝑡𝑜𝑟𝑠𝑖𝑜𝑛 =
3𝐿3𝑟𝑖

3𝑟𝑗
3

(𝐿𝑟𝑖 + 𝑥(𝑟𝑗 − 𝑟𝑖))
4

(𝑟𝑖
2 + 𝑟𝑖𝑟𝑗 + 𝑟𝑗

2)
[−1 1] (G.17) 

Using the principle of virtual work, the element stiffness matrix for the torsion entries can be 

obtained. 

𝐾𝑇𝑎𝑝𝑒𝑟𝑒𝑑
𝑇𝑜𝑟𝑠𝑖𝑜𝑛 = ∫ 𝐵𝑡𝑜𝑟𝑠𝑖𝑜𝑛

𝑇 𝐺𝐵𝑡𝑜𝑟𝑠𝑖𝑜𝑛𝑑𝑉
𝑉

0

= ∫ ∫ 𝐵𝑡𝑜𝑟𝑠𝑖𝑜𝑛
𝑇 𝐺𝐵𝑡𝑜𝑟𝑠𝑖𝑜𝑛𝑑𝐴

𝐽(𝑥)

0

𝑑𝑥
𝐿

0

 (G.18) 

The local stiffness matrix for the axial terms for the tapered beam element is finally given as: 

𝐾𝑇𝑎𝑝𝑒𝑟𝑒𝑑
𝑡𝑜𝑟𝑠𝑖𝑜𝑛 = [

𝐾11
𝑇 𝐾12

𝑇

𝐾21
𝑇 𝐾22

𝑇 ] =
3𝜋𝐺𝑟𝑖

3𝑟𝑗
3

2𝐿(𝑟𝑖
2 + 𝑟𝑖𝑟𝑗 + 𝑟𝑗

2)
2 [

1 −1
−1 1

] (G.19) 

G.3 Bending Stiffness 

The bending properties of the beam can be determined using the governing equation for Euler-

Bernoulli beam elements. A second order differential equation for bending is given for the 

bending effects to obtain relations for the deflection and rotations.  

𝑑2

𝑑𝑥2
(𝐸𝐼(𝑥)

𝑑2𝑦

𝑑𝑥2
) = 𝐹𝑑 (G.20) 

where E is the modulus, I is the second moment of inertia, y is the deflection and 𝐹𝑑 is a 

distributed force per unit length along the beam. The second moment of area for a circular 

tapered beam is given as: 
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𝐼(𝑥) =
𝜋

4
((𝑟𝑗 − 𝑟𝑖)

𝑥

𝐿
+ 𝑟𝑖)

4

 (G.21) 

Following the methodology of Yang [188] for tapered beam elements, the deflection is found 

from the definition of the curvature of the beam: 

𝑑2𝑦

𝑑𝑥2
=

𝑀(𝑥)

𝐸𝐼(𝑥)
 (G.22) 

The moment equation of the beam is expressed as [188]: 

𝑀(𝑥) = (𝑀𝑖 + 𝑀𝑗)
𝑥

𝐿
− 𝑀𝑖 (G.23) 

By taking the integral of the curvature twice, the deflection equation with unknowns C1, C2, 𝑀𝑖 

and 𝑀𝑗 is obtained. The full equation can be derived by applying four boundary conditions at 

each of the nodes. Hence for the deflections at each end, four boundary conditions are needed. 

By integration the curvature once, the rotations can be calculated with: 

𝑑𝑦

𝑑𝑥
= 𝐶1 −

2𝐿3 ((𝑀𝑖 + 𝑀𝑗)𝑥 − 𝐿𝑀𝑖)
2

(
2𝑀𝑖(𝑟𝑖 − 𝑟𝑗) − 3𝑟𝑖(𝑀𝑖 + 𝑀𝑗)

𝐿
+

𝑥(𝑟𝑖 − 𝑟𝑗)(𝑀𝑖 + 𝑀𝑗)

𝐿2 )

3𝐸𝜋(𝑀𝑖𝑟𝑗 + 𝑀𝑗𝑟𝑖)
2
(𝐿𝑟𝑖 − 𝑟𝑖𝑥 + 𝑟𝑗𝑥)

3  
(G.24) 

A second integration gives the deflection equation and is: 

𝑦 = 𝐶2 + 𝐶1𝑥 +

6𝐿3𝑥(𝑀𝑖 + 𝑀𝑗) −
2𝐿4(3𝑀𝑟𝑖 − 𝑀𝑖𝑟𝑗 + 2𝑀𝑗𝑟𝑖)

𝑟𝑖 − 𝑟𝑗

3𝐸𝜋(𝑟𝑖 − 𝑟𝑗)
2
(𝐿𝑟𝑖 − 𝑟𝑖𝑥 + 𝑟𝑗𝑥)

2 +
2𝐿𝑥(𝑀𝑖 + 𝑀𝑗)

3

3𝐸𝜋(𝑀𝑖𝑟𝑗 + 𝑀𝑗𝑟𝑖)
2
(𝑟𝑖 − 𝑟𝑗)

2 
(G.25) 

The deflection at node i at its first degree of freedom is found with boundary conditions 𝑥 = 0, 

= 0 , 
𝑑𝑦

𝑑𝑥
= 1 and when 𝑥 = 𝐿, 𝑦 = 0, 

𝑑𝑦

𝑑𝑥
= 0. The resulting equation for the rotations by solving 

for the unknown moments and integration constants is: 

𝑦1𝑖(𝑥) =
𝑟𝑖(𝐿 − 𝑥)2(𝐿𝑟𝑖 + 2𝑟𝑗𝑥)

𝐿(𝐿𝑟𝑖 − 𝑟𝑖𝑥 + 𝑟𝑗𝑥)
2  (G.26) 
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The deflection at node i at its second degree of freedom is found with boundary conditions 𝑥 =

0, 𝑦 = 1 , 
𝑑𝑦

𝑑𝑥
= 0 and when 𝑥 = 𝐿, 𝑦 = 0, 

𝑑𝑦

𝑑𝑥
= 0. The equation is: 

𝑦2𝑖(𝑥) =
𝑟𝑖

2𝑥(𝐿 − 𝑥)2

(𝐿𝑟𝑖 − 𝑟𝑖𝑥 + 𝑟𝑗𝑥)
2 (G.27) 

The deflection at node j at its first degree of freedom is found with boundary conditions 𝑥 =

0, 𝑦 = 0 , 
𝑑𝑦

𝑑𝑥
= 0 and when 𝑥 = 𝐿, 𝑦 = 0, 

𝑑𝑦

𝑑𝑥
= 1. The equation is: 

𝑦1𝑗(𝑥) =
𝑟𝑗𝑥

2(2𝐿𝑟𝑖 + 𝐿𝑟𝑗 − 2𝑟𝑖𝑥)

𝐿(𝐿𝑟𝑖 − 𝑟𝑖𝑥 + 𝑟𝑗𝑥)
2  (G.28) 

The deflection at node j at its second degree of freedom is found with boundary conditions 𝑥 =

0, 𝑦 = 1 , 
𝑑𝑦

𝑑𝑥
= 0 and when 𝑥 = 𝐿, 𝑦 = 0, 

𝑑𝑦

𝑑𝑥
= 0. The equation is: 

𝑦2𝑗(𝑥) = −
𝑟𝑗

2𝑥2(𝐿 − 𝑥)

(𝐿𝑟𝑖 − 𝑟𝑖𝑥 + 𝑟𝑗𝑥)
2 (G.29) 

The shape function for the deflection is therefore: 

𝑁(𝑥) =
1

(𝐿𝑟𝑖 − 𝑟𝑖𝑥 + 𝑟𝑗𝑥)
2

[
 
 
 
 
 
 
𝑟𝑖(𝐿 − 𝑥)2(𝐿𝑟𝑖 + 2𝑟𝑗𝑥)

𝐿
𝑟𝑖
2𝑥(𝐿 − 𝑥)2

𝑟𝑗𝑥
2(2𝐿𝑟𝑖 + 𝐿𝑟𝑗 − 2𝑟𝑖𝑥)

𝐿
−𝑟𝑗

2𝑥2(𝐿 − 𝑥) ]
 
 
 
 
 
 
𝑇

 (G.30) 

The shape function for the slope is: 

𝑑𝑁

𝑑𝑥
=

1

(𝐿𝑟𝑖 − 𝑟𝑖𝑥 + 𝑟𝑗𝑥)
3

[
 
 
 
 
 
 

−2𝑟𝑖𝑟𝑗𝑥(𝐿 − 𝑥)(2𝐿𝑟𝑖 + 𝐿𝑟𝑗 − 𝑟𝑖𝑥 + 𝑟𝑗𝑥)

𝐿
−𝑟𝑖

2(𝐿 − 𝑥)(𝑟𝑗𝑥
2 − 𝑟𝑖𝑥

2 − 𝐿2𝑟𝑖 + 2𝐿𝑟𝑖𝑥 + 𝐿𝑟𝑗𝑥)

2𝑟𝑖𝑟𝑗𝑥(𝐿 − 𝑥)(2𝐿𝑟𝑖 + 𝐿𝑟𝑗 − 𝑟𝑖𝑥 + 𝑟𝑗𝑥)

𝐿
−𝑟𝑗

2𝑥(2𝐿2𝑟𝑖 + 𝑟𝑖𝑥
2 − 𝑟𝑗𝑥

2 − 3𝐿𝑟𝑖𝑥) ]
 
 
 
 
 
 
𝑇

 (G.31) 
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The strain displacement matrix is the second derivative of the deflection shape function and is 

shown below: 

𝐵𝑏𝑒𝑛𝑑𝑖𝑛𝑔 = 𝑟𝑑(𝑥)
1

(𝐿𝑟𝑖 − 𝑟𝑖𝑥 + 𝑟𝑗𝑥)
4

[
 
 
 
 

2𝐿𝑟𝑖𝑟𝑗(2𝑟𝑖
2𝑥 − 2𝐿𝑟𝑖

2 + 2𝑟𝑗
2𝑥 − 𝐿𝑟𝑖𝑟𝑗 + 2𝑟𝑖𝑟𝑗𝑥)

2𝐿2𝑟𝑖
2𝑟𝑗(2𝑟𝑖𝑥 − 2𝐿𝑟𝑖 + 𝑟𝑗𝑥)

−2𝐿𝑟𝑖𝑟𝑗(2𝑟𝑖
2𝑥 − 2𝐿𝑟𝑖

2 + 2𝑟𝑗
2𝑥 − 𝐿𝑟𝑖𝑟𝑗 + 2𝑟𝑖𝑟𝑗𝑥)

2𝐿2𝑟𝑖𝑟𝑗
2(𝑟𝑖𝑥 − 𝐿𝑟𝑖 + 2𝑟𝑗𝑥) ]

 
 
 
 
𝑇

 (G.32) 

where 𝑟𝑑(𝑥) is the distance from the neutral axis to the top of the beam at a location x. The 

stiffness matrix for the bending effects can be calculated using the principle of virtual work. 

KTapered
Bending

= ∫ BBending
T EBBendingdV

V

0

= ∫ BBending
T EI(x)Bbendingdx

L

0

 (G.33) 

The final stiffness matrix for the tapered beam element is: 

𝐾𝑇𝑎𝑝𝑒𝑟𝑒𝑑
𝐵𝑒𝑛𝑑𝑖𝑛𝑔

=

[
 
 
 
 
𝐾11

𝐵 𝐾12
𝐵 𝐾13

𝐵 𝐾14
𝐵

𝐾21
𝐵 𝐾22

𝐵 𝐾23
𝐵 𝐾24

𝐵

𝐾31
𝐵 𝐾32

𝐵 𝐾33
𝐵 𝐾34

𝐵

𝐾41
𝐵 𝐾42

𝐵 𝐾43
𝐵 𝐾44

𝐵 ]
 
 
 
 

 (G.34) 

𝐾11
𝐵 = −𝐾13

𝐵 = −𝐾31
𝐵 = 𝐾33

𝐵 =
𝐸𝜋𝑟𝑖𝑟𝑗(𝑟𝑖

2 + 𝑟𝑖𝑟𝑗 + 𝑟𝑗
2)

𝐿3
 (G.35) 

𝐾12
𝐵 = 𝐾21

𝐵 = −𝐾23
𝐵 = −𝐾32

𝐵 =
𝐸𝜋𝑟𝑖

2𝑟𝑗
2(2𝑟𝑖 + 𝑟𝑗)

2𝐿2
 (G.36) 

𝐾14
𝐵 = 𝐾41

𝐵 = −𝐾34
𝐵 = −𝐾43

𝐵 =
𝐸𝜋𝑟𝑖𝑟𝑗

2(𝑟𝑖 + 2𝑟𝑗)

2𝐿2
 (G.37) 

𝐾24
𝐵 = 𝐾42

𝐵 =
𝐸𝜋𝑟𝑖

2𝑟𝑗
2

2𝐿
 (G.38) 

𝐾22
𝐵 =

𝐸𝜋𝑟𝑖
3𝑟𝑗

𝐿
 (G.39) 

𝐾44
𝐵 =

𝐸𝜋𝑟𝑖𝑟𝑗
3

𝐿
 (G.40) 
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G.4 3D Tapered Frame Beam Element 

The two-dimensional element can be expanded into a three dimensional frame element by 

modifying the bending terms. As explained by Tang [190], the bending properties in the Z-plane 

are mirrored for bending in the y plane. The local stiffness matrix is given as: 

𝐾𝑇𝑎𝑝𝑒𝑟𝑒𝑑
3𝐷 𝐹𝑟𝑎𝑚𝑒 =

[
 
 
 
 
 
 
 
 
 
 
 
 
 
𝐾11

𝐴 0 0 0 0 0 𝐾12
𝐴 0 0 0 0 0

0 𝐾11
𝐵 0 0 0 𝐾12

𝐵 0 𝐾13
𝐵 0 0 0 𝐾14

𝐵

0 0 𝐾11
𝐵 0 𝐾23

𝐵 0 0 0 𝐾13
𝐵 0 𝐾23

𝐵 0

0 0 0 𝐾11
𝑇 0 0 0 0 0 𝐾12

𝑇 0 0

0 0 𝐾23
𝐵 0 𝐾22

𝐵 0 0 0 𝐾12
𝐵 0 𝐾24

𝐵 0

0 𝐾12
𝐵 0 0 0 𝐾22

𝐵 0 𝐾23
𝐵 0 0 0 𝐾24

𝐵

𝐾21
𝐴 0 0 0 0 0 𝐾22

𝐴 0 0 0 0 0

0 𝐾31
𝐵 0 0 0 𝐾32

𝐵 0 𝐾33
𝐵 0 0 0 𝐾32

𝐵

0 0 𝐾31
𝐵 0 𝐾41

𝐵 0 0 0 𝐾32
𝐵 0 𝐾41

𝐵 0

0 0 0 𝐾21
𝑇 0 0 0 0 0 𝐾22

𝑇 0 0

0 0 𝐾43
𝐵 0 𝐾42

𝐵 0 0 0 𝐾41
𝐵 0 𝐾44

𝐵 0

0 𝐾41
𝐵 0 0 0 𝐾42

𝐵 0 𝐾43
𝐵 0 0 0 𝐾44

𝐵 ]
 
 
 
 
 
 
 
 
 
 
 
 
 

 (G.41) 

The associated displacement vector with the local stiffness matrix is given below: 

𝑈 = [𝑢𝑥,𝑖 𝑢𝑦,𝑖 𝑤𝑧,𝑖 휃𝑥,𝑖 휃𝑦,𝑖 휃𝑧,𝑖 𝑢𝑥,𝑗 𝑢𝑦,𝑗 𝑤𝑧,𝑗 휃𝑥,𝑗 휃𝑦,𝑗 휃𝑧,𝑗]𝑇 (G.42) 
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G.5 Local Stiffness Matrix Sensitivities 

The sensitivities for tapered beam stiffness matrix and strain-displacement matrices are 

presented. The derivatives are taken with respect to the design variables and are the radii at the 

ends of the beam. For brevity, only the axial and torsional terms for the tapered beam element 

are presented. The derivation for the three dimensional tapered beam with circular cross section 

is given in Appendix G  . 

The derivative of the strain-displacement matrix for axial deformation is given as: 

𝐵𝑎𝑥𝑖𝑎𝑙 =
𝐿𝑟𝑖𝑟𝑗

(𝐿𝑟𝑖 − (𝑟𝑖 + 𝑟𝑗)𝑥)
2
[−1 1] (G.43) 

Where L is the length of the tapered beam, 𝑟𝑖 is the radius at node 𝑖 and 𝑟𝑗 is the radius at node 𝑗. 

The sensitivities of the strain-displacement matrix with respect to 𝑟𝑖  and 𝑟𝑗are: 

𝑑𝐵𝑎𝑥𝑖𝑎𝑙

𝑑𝑟𝑖
=

𝑟𝑗𝑥(𝑟𝑖 + 𝑟𝑗) − 𝑟𝑖𝑟𝑗𝐿
2

(𝐿𝑟𝑖 − (𝑟𝑖 + 𝑟𝑗)𝑥)
3

[−1 1],
𝑑𝐵𝑎𝑥𝑖𝑎𝑙

𝑑𝑟𝑗
=

𝐿2𝑟𝑖
2 − 𝐿𝑟𝑖𝑥(𝑟𝑖 + 𝑟𝑗)

(𝐿𝑟𝑖 − (𝑟𝑖 + 𝑟𝑗)𝑥)
3

[−1 1] (G.44) 

The local stiffness matrix for axial behavior in a tapered beam is: 

𝐾𝑇𝑎𝑝𝑒𝑟𝑒𝑑
𝐴𝑥𝑖𝑎𝑙 =

𝜋𝐸𝑟𝑖𝑟𝑗

𝐿
[
1 −1

−1 1
] (G.45) 

It can be seen from the local stiffness matrix that when both radii are equal, the stiffness matrix 

becomes that of a bar element with constant area. The sensitivities for the local stiffness matrix 

for each radius are given as: 

𝑑𝐾𝑇𝑎𝑝𝑒𝑟𝑒𝑑
𝐴𝑥𝑖𝑎𝑙

𝑑𝑟𝑖
=

𝜋𝐸𝑟𝑗

𝐿
[

1 −1
−1 1

] ,
𝑑𝐾𝑇𝑎𝑝𝑒𝑟𝑒𝑑

𝐴𝑥𝑖𝑎𝑙

𝑑𝑟𝑗
=

𝜋𝐸𝑟𝑖
𝐿

[
1 −1

−1 1
] (G.46) 

Torsion stiffness and strain-displacement matrix sensitivities can be calculated using the same 

method as the axial stiffness terms. The strain displacement matrix for torsion is given below: 
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𝐵𝑡𝑜𝑟𝑠𝑖𝑜𝑛 =
3𝐿3𝑟𝑖

3𝑟𝑗
3

(𝐿𝑟𝑖 + 𝑥(𝑟𝑗 − 𝑟𝑖))
4

(𝑟𝑖
2 + 𝑟𝑖𝑟𝑗 + 𝑟𝑗

2)
[−1 1] (G.47) 

The sensitivities of the strain –displacement matric with respect to each design variable are: 

𝑑𝐵𝑡𝑜𝑟𝑠𝑖𝑜𝑛

𝑑𝑟𝑖
=

3𝐿3𝑟𝑖
2𝑟𝑗

3 (𝐿(3𝑟𝑖
3 + 2𝑟𝑖

2𝑟𝑗 + 𝑟𝑖𝑟𝑗
2) − 3𝑥(𝑟𝑖

3 + 𝑟𝑖
2𝑟𝑗 + 𝑟𝑖𝑟𝑗

2 + 𝑟𝑗
3))

(𝐿𝑟𝑖 + 𝑥(𝑟𝑗 − 𝑟𝑖))
5
(𝑟𝑖

2 + 𝑟𝑖𝑟𝑗 + 𝑟𝑗
2)

2
[−1 1] (G.48) 

𝑑𝐵𝑡𝑜𝑟𝑠𝑖𝑜𝑛

𝑑𝑟𝑗
=

3𝐿3𝑟𝑖
3𝑟𝑗

2 (𝐿(3𝑟𝑖
3 + 2𝑟𝑖

2𝑟𝑗 + 𝑟𝑖𝑟𝑗
2) − 3𝑥(𝑟𝑖

3 + 𝑟𝑖
2𝑟𝑗 + 𝑟𝑖𝑟𝑗

2 + 𝑟𝑗
3))

(𝐿𝑟𝑖 + 𝑥(𝑟𝑗 − 𝑟𝑖))
5
(𝑟𝑖

2 + 𝑟𝑖𝑟𝑗 + 𝑟𝑗
2)

2
[−1 1] (G.49) 

The local stiffness matrix for the axial terms for the tapered beam element is: 

𝐾𝑇𝑎𝑝𝑒𝑟𝑒𝑑
𝑡𝑜𝑟𝑠𝑖𝑜𝑛 =

3𝜋𝐺𝑟𝑖
3𝑟𝑗

3

2𝐿(𝑟𝑖
2 + 𝑟𝑖𝑟𝑗 + 𝑟𝑗

2)
2 [

1 −1
−1 1

] (G.50) 

The derivatives of the stiffness matric with respect to the radii are: 

𝑑𝐾𝑇𝑎𝑝𝑒𝑟𝑒𝑑
𝑡𝑜𝑟𝑠𝑖𝑜𝑛

𝑑𝑟𝑖
=

3𝜋𝐺𝑟𝑖
2𝑟𝑗

3(𝑟𝑖
2 + 2𝑟𝑖𝑟𝑗 + 3𝑟𝑗

2)

2𝐿(𝑟𝑖
2 + 𝑟𝑖𝑟𝑗 + 𝑟𝑗

2)
2 [

1 −1
−1 1

] (G.51) 

𝑑𝐾𝑇𝑎𝑝𝑒𝑟𝑒𝑑
𝑡𝑜𝑟𝑠𝑖𝑜𝑛

𝑑𝑟𝑗
=

3𝜋𝐺𝑟𝑖
3𝑟𝑗

2(3𝑟𝑖
2 + 2𝑟𝑖𝑟𝑗 + 𝑟𝑗

2)

2𝐿(𝑟𝑖
2 + 𝑟𝑖𝑟𝑗 + 𝑟𝑗

2)
2 [

1 −1
−1 1

] (G.52) 

The sensitivities for the bending or flexural stiffness can be obtained following the same 

methodology outlined for the torsion and the axial effects. 
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Appendix H  : Trimmed Lattice and Conformal Wireframe Nets 

Due to their superior specific properties, functionally graded lattice materials have been 

integrated into several applications in Aerospace, Biomedical, defense and automotive 

engineering. However, tessellating a periodic unit cell, the representative volume element, of a 

lattice material to fill up the design space in complex geometries has many challenges arising 

from their CAD modeling intricacy as well as interior lattice distortions around highly curved 

surfaces. One solution to the aforementioned inconveniences is by using trimmed lattice 

structures with a conformal lattice net as the periodicity is conserved without affecting the unit 

cell dimensions. This section presents a novel method for constructing a conformal lattice net as 

a wireframe of one-dimensional line segments. The construction of the net is applicable to 

symmetric unit cells while its generation is independent of the interior trimmed lattice topology. 

A novel projection filter is also discussed which projects an approximated pattern of the unit cell 

topology onto any closed triangulated surface. Advantages and disadvantages of the new 

meshing algorithm is discussed with numerical examples to display the proposed methods 

flexibility and robustness. The wireframe structure is easily transferred into a collection of one-

dimensional beam elements for micro-scale optimizations to obtain a functionally graded 

structure. A simple case study is presented to compare the effects of micro-scale optimization on 

trimmed lattices with and without lattice nets. 

H.1 Overview of Trimmed Lattice Structures 

A periodic cellular solid, also known as lattice material, is a micro-truss structure generated by 

tessellating a unit cell in 2D or 3D infinite periodicity. Lattice materials expand materials 

selection design space through providing meta-materials for advanced engineering applications 
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spanning sandwich panels, energy absorption and insulation [157]. The high specific properties 

of cellular solids make them an attractive material to save weight and costs [155]. However, due 

to their complex geometries, manufacturing such micro structures was near impossible a few 

decades ago. Nevertheless, lattice solids have been gaining popularity due to the advancements 

in additive manufacturing. 

Due to the complexity of the micro-structure of lattice materials, where it involves a huge 

number of elements, the possibility of solving all underlying equations in full details is very 

expensive and might be impossible. Accordingly, the laws of greatest importance are the 

principles of symmetry where the lattice is modelled through a Representative Volume Element 

(RVE), namely, the unit cell. Such concept in continuum mechanics finds its roots in solid state 

physics where a lattice is mainly concerned with replicating the strengths from atomic bonds 

commonly seen in metals and metallic alloys. Examples of atomic bonds and their strengths can 

be seen in diamonds where carbon atoms share all their valence electrons with other neighboring 

carbon atoms, they form what is called a diamond lattice. The structure of the diamond lattice is 

known to have the highest tensile strength among all atomic topologies and could be a good 

candidate for creating strong micro lattice structures [191, 192]. The amount of possibilities for 

lattice topologies is endless however, only symmetrical lattice structures with clear 

crystallographic planes are considered in this paper. The most common symmetric lattice 

topologies which are also analyzed in this paper include unit cells with Cubic and Body Centered 

Cubic (BCC), Face Centered Cubic (FCC) and diamond geometries [193]. 

There exist many methods for modeling lattice structures in CAD. These range from the 

utilization of voxels to implicit surface definitions to generate the interior and exterior lattice 

topology [194, 195, 196].  When it comes to implementing lattice structures into a design, there 
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exist three main strategies [194]. Shown in Figure 60, for an empty designable domain there are 

many interior meshing strategies available. The first is a swept interior lattice which distorts the 

lattice to meet the curvature of the domain. The second is by directly meshing the design domain 

with elements and then converting those elements into the desired unit cell afterwards. The third 

is a trimmed interior where the lattice pattern is conserved (periodic) and is then truncated when 

it is outside of the design domain. 

 

Figure 60 : Lattice Generation Methods a) Domain b) Swept C) Meshed d) Trimmed [194] 

Sweeping methods require significant user intervention and panning and are very time 

consuming to produce. The problem is more apparent for complex geometries where transitions 

between sections does not guarantee a consistent unit cell size. 

Meshed domains also require a user defined mesh, which can be time consuming. However, if 

the unit cell size is changed, then the entire mesh will be required to be redone. The unit cell size 

could also be inconsistent and is subject to warping in the vicinity of curved geometries. 
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There are many advantages for swept and meshed lattice regions such as ease of application and 

limited complexity in modeling. The exterior of a domain can also be easily closed off using the 

correct lattice topology. However, connecting the exterior struts of the trimmed lattice is not as 

easily defined, especially in three-dimensional lattice configurations. An exterior mesh of 

structures connecting interior struts together is known as a conforming skin, lattice net or a 

conformal lattice net [194]. An illustration of such a lattice net is presented in Figure 61c.  

 

Figure 61: a) Trimmed Lattice Structure b) Lattice Structure with net-skin c) Net-Skin [194] 

The works of Aremu et al. [194] have successfully developed an algorithm to generate a lattice 

net for any lattice unit cell. This method uses voxels to generate both the interior and exterior 

structures. Very few other algorithms can be found in literature that focuses on trimmed lattice 

structures and conformal lattice nets [10]. Therefore a methodology for building a conformal 

lattice net as a wireframe is explored in this paper. 

There are several advantages for selecting a trimmed lattice over the other methods as explained 

in [194]. These advantages include the lack of user intervention when generating the mesh as it 

can be automated. Unit cells are not distorted due to curved geometries and can be oriented in 

any direction.  In addition, the unit cell size is also independent of the geometry because 

geometry complexity is not a factor. 
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Consistently sized unit cells are important to correctly reflect the properties of the lattice 

topologies. This is even more of a concern for topology optimizations of lattice structures that 

rely on asymptotic homogenization [95]. The relative properties from the homogenization rely 

on perfectly repeated unit cell properties. When distortions in the lattice representation occur, the 

simulated properties are no longer an accurate representation of the unit cell. 

For multi-scale design, automation is very important when transitioning between the optimized 

lattice topology results and the beam representation for sizing optimization (micro-scale 

optimization). Due to the trimmed lattices ability to require very little user involvement, then it is 

an attractive method for modeling the lattice structures at the micro-scale. Hence, the timed 

lattices will be used for creating the lattice-beam structures as described in the multi-scale design 

workflow in chapter one. The one problem with the trimmed lattice structures is that there is no 

algorithm to connect the one-dimensional struts together for beam sizing optimization. 

Therefore, an algorithm for a wireframe lattice net will be developed for symmetrical unit cells. 

This text is organizes into seven sections. After this introduction section 2 will define 

mathematically a symmetric unit cell. In section 3 the methodology for developing an algorithm 

to create both an interior trimmed lattices structure and conforming lattice net is discussed. 

Section 4 explains the procedure to build an interior trimmed lattice structure without a lattice 

net. Section 5 presents the methodology for generating the conforming lattice net for the interior 

trimmed lattice structure. Numerical examples on common geometries for the lattice net are 

shown in section 6. A case study for optimizing the lattice wireframe for functionally graded 

structure is shown in section 7. Finally, section 8 discusses the advantages and disadvantages of 

the proposed workflow for a wireframe trimmed lattice structure with a conforming net. 
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H.2 Symmetrical Unit Cells 

There are four types of lattice symmetries including rotation, reflection, glide-reflection and 

translation [193]. Here, we use Bravais lattice symmetries to define the unit cell topology where 

a Bravais lattice can be defined as an infinite array of discrete points with arrangement that 

appears exactly the same from all symmetrical points of view. Position of the Bravais lattice 

points can be defined by a position vector ℜ⃑⃑  of the form: 

ℜ⃑⃑ = ∑𝓃𝑖𝕒𝑖⃑⃑  ⃑

𝔪

𝑖=1

 (H.1) 

where 𝓃𝑖 are a set of integers or Miller indices and 𝕒𝑖 are the periodicity of the unit cell while 

𝔪 = 3 for 3D lattices [193]. 

 

 

Figure 62 : Bravais Cubic Lattices (a) Cubic/Primitive (b) Body-Centered Cubic (BCC) (c) Face Centered 

Cubic (FCC) 

On the other hand, a crystallographic plane in a symmetrical lattice can be defined using the 

Miller indices in crystal Bravais lattices. Miller indices are defined by the axis intercepts along 

the unit cell axes. As shown in Figure 63, for example, the cubic cell has three crystallographic 

planes which can be numbered using the Bravais system as (100), (010) and (001) [193].  

a) b) c) 



267 

 

In this manuscript, lattice unit cells are constructed by means of nodes and struts where a strut is 

a member that connects two nodes. Using the Bravais lattice terminology; a node in this paper is 

equivalent to a lattice point and is illustrated as a red point in Figure 62a. Nodes occur at the 

intersections of one or more struts and a strut is a line or member that is connected by two nodes. 

Crystallographic planes are defined when they can be drawn through a unit cell using only the 

nodes within that unit cell and that the resulting plane is either coplanar with the struts or 

intersects the nodes exclusively. A crystallographic plane may also be defined by symmetry 

elements within the unit cell as long as those planes pass through nodes.  

 

 

Figure 63 : Miller Indices (𝒏𝟏, 𝒏𝟐, 𝒏𝟑) Planes for Cubic System (a) (100) (b) (010) (c) (001) 

The presented algorithm in this paper exploits the crystallographic planes by using them to 

connect cut struts where a cut strut is a section of the lattice inside a domain as illustrated in 

Figure 65.  

While can be easily expanded to all types of symmetries, the proposed meshing algorithm is only 

concerned with unit cells with translational or reflection symmetries. This limits the algorithm to 

work exclusively with cubic lattices from the Bravais lattice family [193]. However, cubic 

symmetries can be easily adapted for many other types of lattice symmetries. As shown in Figure 

a) b) c) 
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61, Cubic Bravais lattices have three topologies; including the simple cubic or the primitive 

structure, the Body-Centered Cube (BCC) and the Face Centered Cube (FCC). Symmetrical 

lattices that are also applicable for the presented lattice net algorithm include diamond and octet-

truss topologies as they have Bravais cubic symmetry as well.  

H.3 Algorithm for an Interior Trimmed Lattice 

This section presents an algorithm for generating an interior wireframe structure of a trimmed 

lattice. The methodology implements the work of Tang et al. [196] but replaces a functional 

volume (FV) with a closed surface that is composed of triangles such as the CAD geometry 

presented in StereoLithography (StL) files [197], as shown in Figure 64, the algorithm includes 

four stages.  

 

Figure 64 : Interior Trimmed Lattice Workflow 
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The first stage for creating the interior trimmed lattice replicates a lattice unit cell to fill a 

volume.  This can be achieved through voxelization [194] in a three-dimensional space. The 

advantage of using voxels to fill a closed volume is that the boundary voxels can be extracted to 

be used in the trimming section of the algorithm. By limiting the number of struts to be 

processed by ignoring those which are fully inside the volume increases the computational 

efficiency of the trimming algorithm. After trimming, the fully interior struts are combined with 

the cut struts to create the final trimmed lattice structure. 

The second stage determines which nodes in the voxelated structure are outside or inside the 

closed surface. This is to group line segments based on the placement of the nodes in relation to 

the triangulated surface. The methods to sort the nodes are those formulated by Tuszynski [198] 

and Sven [199]. Ray-triangle intersection algorithms [200, 201, 202] will determine if the point 

is interior or exterior of a closed surface. If an even number of ray intersection is found, then the 

point is outside of the surface, the point is outside the closed surface if an odd number is 

calculated.  

Ray-triangle intersections can be determined by evaluating the intersection point between the ray 

and the plane given by the triangles normal. If the intersection point is expressed in terms of 

barycentric coordinates for that triangle, then it is possible to classify whether or not the ray 

intersects the triangle. In a mathematical sense, a ray with direction 𝔇 and origin o intersects a 

triangle with edge vertices 𝕧0, 𝕧1 and 𝕧2 if the following criteria shown in equations 11.2 and 

11.3 are satisfied. 

{𝔱,𝓌1,𝓌2, (1 − 𝓌1 − 𝓌2)} ≥ 0 (H.2) 
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[−𝔇 𝕧1 − 𝕧0 𝕧2 − 𝕧0] ∗ [
𝔱

𝓌1

𝓌2

] =  (𝑜 − 𝕧0) (H.3) 

where 𝔱 is the parametric distance along the ray and 𝓌1 and 𝓌2 are components of bary-centric 

coordinate system for a triangle. In practice, Cramer’s rule is used to solve for 𝔱, 𝓌1 and 𝓌2 

[201]. Details of ray-search algorithms for interior/exterior point classification are shown in 

references [199, 198]. 

The third stage determines which nodes lay on the surface of the triangulated mesh. This stage is 

used for collecting information for classifying line segments in the fourth stage. Each node is 

projected onto the plane of each triangle and barycentric coordinates are used to check if the 

projected nodes lay within the triangles [201, 200]. The criteria to determine if a node is within a 

triangle in three dimensions are:  

𝓆 = (𝕧0 − ℙ𝐵) ∙ �⃑�  (H.4) 

𝔎(𝓆, �⃑⃑⃑� , 휃) =  𝑖𝑓

{
 
 

 
 
1, {

𝓆 ≤ Θ

1 − Θ ≤ ∑𝓌𝛼 ≤ 1 + Θ

{𝓌𝛼} ≥ 0
0,                                   𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒

 (H.5) 

Where 𝔎(𝓆,𝒲𝛼, Θ) is a function to determine if the node lies on a surface, 𝕧0 is the first vertex 

of a triangle in ℝ3,  ℙ𝐵 is the node being evaluated, �⃑�  is the unit normal of the triangle, Θ is the 

numerical tolerance, 𝓌𝛼 is the barycentric coordinates of a point ℙ𝐴 for the triangle where 𝛼 is 

equal to: 

ℙ𝐴 = (𝓆)�⃑� − ℙ𝐵 (H.6) 

The fourth stage is the trimming algorithm which begins by evaluating each line segment from 

the voxelized structure and checks if an intersection occurs within it and the triangulated surface. 

Möller–Trumbore’s ray-triangle intersection algorithm is adopted for this operation [203, 202]. 
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During the trimming process, the nodes at the surface of the trimmed structure are also extracted 

to be used for constructing the lattice net.  

After calculating all possible intersections between the line and the triangulated surface, the 

algorithm classifies the intersections depending on the locations of the nodes from the second 

and third stage. The type of class determines if the line should be cut, kept or rejected and which 

line segment pieces are to be retained. There are two main cases and eleven subcases for 

classifying line segments and is illustrated in Figure 65. 

 

Figure 65 : Line Segment Classification within a Hollow Sphere (Red) Exterior Node (Blue) Interior Node 

(Green) Surface Node (Dotted Line) Interior Segment (Solid Line) Exterior Segment 

A hollow sphere is used to illustrate the different possibilities for a line segment intersection with 

a closed surface. Case 1 in Figure 65 shows six subcases where a node is on the surface of the 

triangulated surface while Case 2 contains five general subcases. The distinction between Case 1 

and 2 is required because a node on the surface cannot be classified as either outside or inside the 

design space and the general method will fail. Dotted lines are line segments inside the hollow 

sphere and solid lines are located outside of the closed surface. The goal of the trimming and 
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classification process is to retain the interior (dotted) line segments. The line subcase is used to 

determine a starting point (or reference node) for a pairing algorithm to determine the correct 

line segment pieces to be extracted. Intersection points and nodes at the surface are saved as 

surface nodes to build the lattice net. 

Appendix I.1 contains algorithm 1 that exploits line segments classification given positions of 

the nodes and its intersections with the triangulated surface. Algorithm 1 uses Boolean logical 

arrays to sort the line segments efficiently. After sorting, the interior line segment pieces can be 

identified by grouping nodes without replacement based on their distance from a reference node. 

In addition, Appendix I.2 presents the process of selecting the proper reference node for 

collecting the interior line segment pieces where a reference node is either an intersection point 

or an interior point depending on the line segment case. After the final step, the interior line 

segments are retained as the final trimmed lattices structure. The entire algorithm for generating 

the interior struts and collecting surface nodes is shown in Appendix I.3. 

H.4 Algorithm for a Conformal Lattice Net for a Trimmed Symmetric Lattice 

For a given closed surface and an interior trimmed lattice, it is possible to connect the cut struts 

together using the common crystallographic planes of the unit cell. Closing open connections is 

important as unconnected struts bear no loads and only unnecessarily increase the weight and 

manufacturing time of the final design. Connecting the exterior lattice nodes also helps with 

ensuring that the entire volume is utilized. 

Before initializing the lattice net generation algorithm, the center of rotation (for the triangulated 

surface), surface node coordinates (intersection between the truncated struts and the triangulated 

surface) and a seeding point is required. The seeding point is the minimum coordinates for a unit 
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cell or voxel centroid. The seeding point is used to orient and correctly space the contours along 

the triangulated surface. The center of rotation is used for plane-surface contour collection which 

rotates the triangulated surface so its z-axis is equivalent to the plane normal direction of the unit 

cells crystallographic planes. In addition, information about the unit cell crystallographic planes 

is required and includes the inter-planar spacing between common planes and their associated 

unit normals. Figure 66 displays and categorizes the necessary information required to be passed 

to the lattice net algorithm.  

 

Figure 66 : Input Information for Lattice Net Generation 

The lattice net generation algorithm contains five stages, shown in Figure 67; a contour 

collection stage, additional nodes from contour intersection and “important features” collections 

stage, then the lattice net generations stage which includes a projection filter, then a feature 

preservation stage followed by a final clean-up stage.  A feature is a sharp angle on the 

triangulated surface to be retained in the lattice net during the contour collection stage. After 

generating the lattice net, a post processing step is applied to remove any duplicate line 

segments. The final cleanup step which collapses beams with less than three connections is done 
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to simplify the wireframe structure. A pseudo code is developed for the whole process and can 

be found in Appendix I.7. 

 
Figure 67 : Lattice Net Workflow 

H.4.1 Initial Contour Collection 

The first step collects the contours for all possible planes along the triangulated surface. The 

rotation center is used to rotate the triangulated surface so that the z-axis matches the normal of a 

particular crystallographic plane as illustrated in Figure 68. A rotation matrix is calculated for 

each crystallographic plane normal and can be defined as  [204, 205]: 
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Я𝑖 = 𝐼 + [𝜏]× + [𝜏]×
2

1 − 𝕍𝑖
⃑⃑⃑⃑ ∙ 𝕌𝑧

⃑⃑ ⃑⃑  

‖𝕍𝑖
⃑⃑⃑⃑ × 𝕌𝑧

⃑⃑ ⃑⃑  ‖
2  , i = 1,2,3, …𝕜 (H.7) 

where Я𝑖 is the rotation matrix to align �⃑⃑� 𝑖 with 𝕌𝑧
⃑⃑ ⃑⃑  , 𝐼 is the identity matrix, [𝜏]× is a skew-

symmetric cross product matrix between �⃑⃑� 𝑖 and �⃑⃑� 𝑧 and 𝑖 is a subscript for the 𝕜 crystallographic 

planes. If both vectors �⃑⃑�  and �⃑⃑�  are equivalent, then the rotation matrix Я𝑖 cannot be calculated 

and is instead replaced with the identity matrix. Another condition which results in a singular 

rotation matrix is when �⃑⃑� 𝑖 = −�⃑⃑� 𝑧; Я𝑖 must be replaced with −𝐼. The vector �⃑⃑� 𝑖 is the 

crystallographic plane normal while 𝕌𝑧
⃑⃑ ⃑⃑   is the direction of the z-axis and is (0,0,1). 

 

Figure 68: Axis Re-Alignment and Planar Elevations Calculations 

Surface contours are collected at different elevations determined by crystallographic plane 

distances. The plane distances are the inter-planar distance between the same planes in a repeated 

unit cell structure. The planar elevations are calculated as; 

𝑠𝑖 = Я𝑖(𝑠 − 𝔠) + 𝔠 (H.8) 

𝑍𝑖𝑛
⃑⃑⃑⃑⃑⃑ = 𝑠𝑖𝑧

+ 𝑑𝑖𝑛, 𝑛 = 1,2,3…𝑚 (H.9) 

where 𝑍𝑖𝑛
⃑⃑⃑⃑⃑⃑  is a sequence of elevations, 𝑑𝑖 is the inter-planar distance and  𝑠𝑖 is the re-oriented 

seeding point for crystallographic plane 𝑖. 𝑚 is an integer number such that the maximum 
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elevation is higher than the rotated triangulated surfaces highest surface node. 𝑠 is the original 

coordinate of the seeding point and 𝔠 is the center of rotation.  

 

Figure 69: Surface Intersection (a) Orientation (b) Sphere Sliced by Triangle creates Contour at 𝒁𝒊𝒏 = 𝒅𝒊 

Contour edges are computed using the Möller–Trumbore’s algorithm for surface intersections 

[203, 206]. Seen in Figure 69, one large equilateral triangle is used for slicing the triangulated 

surface; the contour edges are collected into organized lists to form a loop and then stored into an 

individual “bin” for each elevation and plane. For each contour, the nodes defining the path of 

the contour must be reoriented from the current z-axis to their original axis using Я𝑖
−1 about 𝔠. A 

pseudo code for this process can be seen in Appendix I.4. 

H.4.2 Additional Surface nodes Calculations 

Additional nodes are added to the input surface nodes calculated from the trimming algorithm. 

These nodes are calculated from the intersections between the plane slicing contours. This occurs 

for lattice topologies such as BCC where an ‘X’ shape of the interior struts must be projected 

onto the surface of the volume and can be seen in Figure 71a. In addition to the intersections, 

important sharp features can also be preserved. Important features can also be retained by 

supplying an edge list of sharp features. For example, the edges of a cube, shown in Figure 71b 
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are sharp features that can be preserved and retained in the lattice net. In MATLAB, this can be 

done using the function “featureEdges” [207].  

The additional nodes for both the contour intersection and important features are found by first 

rotating the contour lines and the important feature edges around the center of rotation 𝔠 so that 

the crystallographic plane normal points into the z-direction. This rotation strategy is the same as 

for the contour collection algorithm shown in equation 7. The second step is to calculate the 

intersection nodes from the specified planar heights for the given rotation. The heights or 

elevations are calculated using equations 8 and 9. Edges in plane with the current plane or 

elevations are omitted. To find the intersection points, the feature and contour edges are 

converted into parameterized line formulated as: 

𝑓(𝔱) = ℙ1 + 𝔱 ∗ (ℙ2 − ℙ1)  (H.10) 

where 𝑡 is the independent variable, ℙ1 and ℙ2 are points along the line segment or edge. To 

solve for 𝔱; equation 10 can be rearranged as; 

𝔱𝑖𝑧
⃑⃑⃑⃑ = (𝑍𝑖𝑛

⃑⃑⃑⃑⃑⃑ − ℙ1𝑍
)/(ℙ2𝑍

− ℙ1𝑍
) (H.11) 

where 𝑍𝑖𝑛
⃑⃑⃑⃑⃑⃑  is a sequence of target elevations from the planar distances for a particular 

crystallographic plane 𝑖. A valid intersection occurs when 1 ≥ 𝔱 ≥ 0. Valid intersection points 

are rotated about 𝔠 with Я𝑖
−1 and added to the “bin” (or list) of surface nodes bin with duplicate 

nodes removed. This bin of nodes is then used to generate the lattice net in the third stage. A 

pseudo code is written to further explain the method and is referred to as “Algorithm 5 : 

Additional Surface Nodes” in Appendix I.5. 

 

 



278 

 

H.4.3 Connecting the Lattice Net 

The proposed algorithm loops through all the contours and connect the cut struts together based 

on a collection of surface nodes acquired from the second stage. It is noted in this research paper 

that the surface nodes obtained by the intersection points calculated from the trimming algorithm 

are the same as those calculated from the contour-contour intersection nodes. For this reason it is 

possible to construct the net independently from the interior trimmed lattice. 

 

 

Figure 70 : (a) Filtering of Lattice Net Segments for each Crystallographic Plane of a BCC unit cell (b) Input 

Mesh and (c) Final Construction 

a) 

b) c) 
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For a collection of contours for a specific crystallographic plane (𝑖), the lattice net generation 

algorithm collects any surface nodes that lie within the specified contour loop into a list. That list 

is then converted into new line segments that represent wireframe sections of the lattice net.  

When all the contours have been evaluated for the current plane, a projection filter is used to 

remove line segments that do not satisfy the unit cells strut orientation for that crystallographic 

plane. The filter also aims to remove zero-length line segments when projected into specific 

planes. If a line segment is accepted by the filter at certain angles, then it is retained in the lattice 

net. An illustration of what happens can be seen in Figure 70a for a BCC lattice. The red 

segments are the accepted sections from the filter while the black sections are the rejected pieces. 

The summation of all the accepted contour sections will create the final lattice net. An example 

of the final lattice net and it construction is seen in Figure 70c. 

There are two possible filtering methods developed in this work. The first filter works by 

comparing the ratio of the projected normalized crystallographic plane normal into the x, y and z 

planes with the projected length of the line segments normalized directions into the same x y and 

z planes. However, any projection plane can be used depending on the type of lattice topology or 

crystallographic family. Projection of a line onto a plane can be calculated as; 

�⃑⃑� = �⃑⃑⃑� ‖�⃑⃑� = (�⃑⃑� × (
�⃑⃑⃑� × �⃑⃑� 

‖�⃑⃑� ‖
))

1

‖�⃑⃑� ‖
 (H.12) 

where �⃑⃑⃑�  is the normalized direction of the line or ray, �⃑⃑�  is the plane unit normal and �⃑⃑�  is the 

resulting line projection. For both discussed filters in the paper, the projected normal of the 

crystallographic plane is projected along with the list of line segments.  
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If the line segment can satisfy the projection onto any of the three planes, then it is not rejected. 

A tolerance is given for the ratios to relax the acceptance criteria; a tighter tolerance would mean 

that the remaining line segments will need to strictly satisfy the projection lines. A tolerance of 

zero would work best if the curvature of the surface is zero such as a cube. For curved surface a 

higher tolerance is needed. Equation 13 is used to determine if a line segment will be accepted by 

the first filter. 

𝐴𝑐𝑐𝑒𝑝𝑡 =  {
𝑡𝑟𝑢𝑒, 1 − Θ <

‖𝕘𝑧⃑⃑⃑⃑ ‖

‖�⃑⃑� 𝑖‖
< 1 + Θ

𝑓𝑎𝑙𝑠𝑒,                             𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒

 (H.13) 

where 𝑔 𝑖 is the projected crystallographic plane normal onto the projection plane, 𝑔𝑧 is a 

projected line segment onto the projection plane and Θ is a tolerance level. 

The second projection filter method compares the components of the projected segments 𝑔𝑧⃑⃑⃑⃑  to 𝑔 𝑖 

and −𝑔 𝑖 as the filtering criterion. The criteria to determine if the line segment is accepted by the 

second filter type can be expressed as. 

𝐴𝑐𝑐𝑒𝑝𝑡 =

{
 
 

 
 
𝑡𝑟𝑢𝑒, 𝑖𝑓  2 ≤ ∑{

1,                �⃑⃑� 𝑖𝑗 + Θ < 𝕘𝑧𝑗
< �⃑⃑� 𝑖𝑗 + Θ

1, −�⃑⃑� 𝑖𝑗 + Θ < 𝕘𝑧𝑗
< −�⃑⃑� 𝑖𝑗 + Θ

0,                                        𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒

3

𝑗=1

𝑓𝑎𝑙𝑠𝑒,                                                                          𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒 

 (H.14) 

where 𝑗 indexes the dimensional entries of the vectors. 

The second filter type cannot be applied to cubic unit cell crystallographic planes (100), (010) 

and (001) because all line segments will be rejected. However this method has shown to work 

very well with BCC unit cell topologies for planes (110), (101) and (011). The pseudo code for 

the projection filters are given in Appendix I.6.  
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H.5 Additional Connections for the Conformal Lattice Net 

After the initial construction of the lattice net, unit cells could be projected onto sharp corners or 

features. If the unit cell size does not precisely match the dimensions of the sharp geometries; a 

discontinuity between the struts will occur at the sharp feature. This occurs when the corner of a 

unit cell that is not placed directly at a vertex. Figure 71a shows a cube without any additional 

connections at the edges while Figure 71b shows the addition of the important features into the 

lattice net. The added features allow structural loads to be transferred uniformly throughout the 

net eliminating discontinuities and improving the mechanical behavior of the lattice structure. 

 

 

Figure 71: (a) Lattice net without preserved features and (b) Lattice net with preserved features 

To promote better continuity in the lattice structure, sharp features of the geometry are extracted 

and added to the lattice net. This is done by collecting sharp edges of the input triangulated 

surface and then organizing those edges into open and closed loops. Loops are defined as edges 

connected to other edges based on a common node. A closed loop is a sequence of nodes where 

the first and final nodes are identical while an open loop has different nodes at each end. The 

a) b) 
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nodes at intersections or junctions between the open and closed loops are also identified and are 

added to the list of lattice nodes. Junction points are found if a node is referenced more than 

twice from the extracted edges. 

The new struts are created by following the open and closed loops and collecting any of the 

lattice net nodes or junction points that fall within the edges into an ordered list or sequence. If 

each node in the ordered lists is given unique identification, then the new struts can be created by 

connecting the nodes together from their positions in a list. A pseudo code is for the process is 

found in Appendix I.8 to explain the entire process. 

H.6 Clean Up Step 

The last step for the wireframe development includes a clean-up stage. Line segment connections 

are simplified by ensuring that all nodes are connected to at least three line segments. This does 

not include nodes that are used to conserve important features or sharp edges. After the net 

clean-up step, the interior trimmed lattice and lattice net are combined and any duplicate line 

segments are removed from the structure. In a structural sense, the clean-up step helps improve 

connectivity by removing non-loadbearing connections and creates more efficient load paths. 

H.7 Numerical Examples and Demonstrations 

The importance of filtering the struts is shown in Figure 72a and b. The initial surface contours 

create additional vertical cuts in Figure 72a on the front and top faces. Figure 72b is the result of 

projection filtering to remove the unneeded contour lines. The effects of scaling by different unit 

cell sizes are shown in Figure 72e and f. The cylinder in Figure 72e contains small patterns 

where the unit cell is cut and produces non-uniform geometry radially. Figure 72f shows for 

smaller unit cell sizes the effects non-uniformity is diminished.  Rotation of different sized unit 
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cells is demonstrated in Figure 72c and d where the front faces pattern is rotated 30 degrees and 

has a net pattern slightly smaller than the top and side faces. 

 

 

Figure 72 : FCC Net (a) No Filter (b) With filter applied (c,d) Cube with Lattice rotated 30
o
 with unit cell 

sizes 12 and 9 (e,f) Cylinder with unit cell sizes 12 and 9 

Six crystallographic planes are observed in cubic Bravais Lattices. FCC topology contains six 

plane types and is a superposition of the Cubic planes and the BCC planes. For some lattice 

configurations such as diamond (Figure 73a) and the octet truss (Figure 73d), the side profiles of 

these topologies are equivalent to the BCC and FCC unit cell respectively. Figure 73b shows the 
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front view of the diamond lattice is equivalent to that of the BCC lattice and its skin is meshed 

using crystallographic planes (110), (101) and (011) in Figure 73c. 

 

Figure 73 : (a) Interior Diamond Lattice (b) Front view of Diamond Lattice (c) Diamond Lattice net using 

{110} (d) Bunny interior of Octet Truss (e) Octet Truss Lattice net with {111} (f) Octet Truss Lattice Net with 

no filter and planes (𝟏𝟏𝟏), (𝟏𝟏𝟏), (𝟏𝟏𝟏) 

Figure 73f displays a lattice net around the Stanford bunny model using only three 

crystallographic planes and no filter to connect an interior octet-truss lattice shown in Figure 

73d. The resulting net is very similar to Figure 73e which had used all family planes from {111} 

and the projection filter. This shows the possibility to omit the filter and select a few planes of 

symmetry to connect all the cut struts together of a trimmed lattice. 

 

 

a) b) c) 

d) e) f) 
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H.8 Advantages and Disadvantages of the Current Lattice Net Algorithm 

The main advantage of the lattice net algorithm is its ability to connect the struts of a symmetric 

unit cell of any size while maintaining the overall geometry of the triangulated surface. The 

ability to preserve important features is another advantage which helps promote continuity and 

shape. The lattice net construction is also very fast, even for a high number of surface nodes and 

plane intersections. Another crucial advantage is that connectivity is guaranteed among all cut 

struts, even if the lattice net does not follow the unit cell pattern very well. The final wireframe is 

also memory efficient due to being comprised of a list of nodal coordinates and can be easily 

converted into a finite element mesh for optimization applications.  Another key factor about the 

lattice net algorithm is that its creation is independent of the interior trimmed lattice. This is 

because all the contour intersections produce the same intersection points from the lattice 

trimming section. The final advantage is that a BCC combined with a CUBIC lattice net can be 

used for many lattice topologies that share cubic symmetries such as the diamond lattice.  

Disadvantages include the lack of support for non-symmetric lattices. Truncated octahedron 

lattice structures cannot be used for the lattice net to accurately capture the projected pattern of 

the lattice on a surface. However, a BCC and cubic lattice net can connect all the cut struts of 

this topology because it contains Bravais crystallographic planes. A final disadvantage is that it 

is not robust and depends on the tolerance level of the projection filter. For complex surfaces, the 

projection filter may fail to filter out or over filter connected struts. At sharp curvatures, the 

connected struts for the net may be rejected more easily by the filter. There is also an issue of 

impossible strut connections at highly curved cross sections. The issue of projection onto curved 

surfaces for lattice nets has been noted by Aremu et al. [194] in their own implementation of 

conforming lattice skins. Irregular strut connections arise from complex geometries such as 
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saddle points which give the algorithm the most problems. However, for flat surfaces, such as a 

cube or rectangle, the algorithm works very well as seen Figure 71. 

In conclusion, the lattice net algorithm while not perfect is quite flexible as only two or three 

crystallographic planes are needed to connect all the cut struts together for most symmetric 

topologies as seen in Figure 73f.  

H.9 Lattice Net Case Study Example for Engineering Applications 

The purpose the lattice trimming algorithm is to generate a wireframe structure that can be 

embedded into any complex geometry. This wire frame geometry is then directly converted into 

a collection of beam elements in a finite element mesh for sizing optimizations.  This section will 

demonstrate the performance of an optimized lattice structure meshed with different lattice 

topologies when a lattice net is or is not applied to the outside geometry. A simple 

Messerschmitt-Bolkow-Blohm (MBB) Beam [69] is used to compare the different lattice 

topologies and their performances when subjected to sizing optimizations.  

H.10 Problem Formulation 

The optimization problem is formulated such that design variables are the cross-section of the 

beam elements. Tapered beams are used in the finite element mesh with the common joints as a 

unified design variable for all connected tapered beams. The advantage of using tapered beam 

elements is that the unified joints will reduce the number of design variables during the 

optimization. The optimization problem will be referred to as a lattice beam optimization and is 

described by equation 11.15. 
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minimize:𝑀lattice(𝑟) = ∑
1

2
𝜌𝑖𝜋(𝑟𝑖,1

2 + 𝑟𝑖,2
2 )𝐿𝑖

ℰ

𝑖=1

 

 

subject to: {

𝐾(𝑟)𝑈 = 𝐹
𝜎𝑖(𝑟𝑖, 𝑈𝑖) ≤ 𝜎𝑚𝑎𝑥

𝑟𝑚𝑖𝑛 ≤ 𝑟𝑖 ≤ 𝑟max

𝜌𝑖 , 𝐿𝑖 > 0

  

(H.15) 

 

Where 𝑟𝑖 is the cross sectional radii of the ends of the tapered beams, K(r) is the global stiffness 

matrix as a function of the design variables, F is a constant force vector for static analysis, 𝜎𝑚𝑎𝑥 

is the maximum allowable stress (880MPa), 𝜌𝑖 is the density of the material and 𝐿𝑖 is the length 

of the i
th

 beam and ℰ is the number of tapered beam elements. The objective 𝑀lattice(𝑟) is 

measures the mass. The minimum radii for the optimization is 0.001 mm and the maximum 

radius is 0.5 mm. Titanium was chosen as the material of choice and the young`s modulus is 

rated at 11400MPa, Poisson ratio is 0.31, density is 4.506g/cm
3
 and has a yield strength of 880 

MPa. 

The MBB Beam is meshed with different lattice topologies and includes Cubic, BCC, FCC and 

the octet truss. The MBB beam is a double supported beam with a vertical force applied at the 

center. Figure 74 shows the MBB mesh where the yellow elements represent the lattice domain 

to be replaced with a trimmed lattice structure and the brown elements represent the solid 

domain to attach forces and boundary conditions. The beams are then attached to the solid 

elements by tie contacts (contact surface) were the lattice beam nodes are the slave set and the 

solid elements as the master set. For test cases with a lattice net, any beam elements whose nodes 
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are twice connected to the master set are removed. The optimizations for the case study will be 

done in Altair Optistruct using the “BIGOPT” optimization algorithm [101]. 

 

 

Figure 74 : MBB Initial Problem, Yellow = Design Space, Brown = Non-design Space 

The dimensions of the MBB beam are 20 mm in the x direction, 10 mm in the y direction and 

120 mm in the z direction. The boundary conditions are applied such that the side of the beam 

where the applied force is placed is free to move in the x-direction. The constraints applied on 

the side of the beam without applied loads are free to move in the z-direction. The applied force 

is 500N in the x-direction and will cause a maximum deflection of 0.0215 mm in the x-direction 

with a maximum von-Mises stress of approximately 21 MPa. The models for the MBB beam 

meshed with lattices can be seen in Figure 75. The crystallographic planes, unit cell sizes and 

plane distances for the lattice net construction in this case study are presented in Table 22. The 

projected planes for the filter were set to the x y and z planes. 
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Table 22 : Lattice Net settings for Selected Topologies 

Topology Unit Cell Size Crystallographic Plane(s) 
Plane 

Distance 

CUBIC 1.9 

1 0 0 1.9 

0 1 0 1.9 

0 0 1 1.9 

BCC 3 

0 1/√2 −1/√2 2.1213 

0 1/√2 1/√2 2.1213 

1/√2 1/√2 0 2.1213 

−1/√2 1/√2 0 2.1213 

1/√2 0 −1/√2 2.1213 

1/√2 0 1/√2 2.1213 

FCC 3.8 

0 1/√2 −1/√2 2.6870 

0 1/√2 1/√2 2.6870 

1/√2 1/√2 0 2.6870 

−1/√2 1/√2 0 2.6870 

1/√2 0 −1/√2 2.6870 

1/√2 0 1/√2 2.6870 

1 0 0 3.8 

0 1 0 3.8 

0 0 1 3.8 

Octet 

Truss 

3.8 
 

−1/√3 1/√3 1/√3 2.1939 

1/√3 −1/√3 1/√3 2.1939 

−1/√3 −1/√3 1/√3 2.1939 

−1/√3 1/√3 −1/√3 2.1939 

−1/√3 −1/√3 −1/√3 2.1939 

1/√3 1/√3 −1/√3 2.1939 
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H.11 Case Study Results 

The results in Table 23 show that when a lattice net is added to the outside of a trimmed lattice 

structured; the optimizations with the net had a significantly lower final mass. This indicates that 

an added exterior lattice net is beneficial when creating lattice embedded geometries for trimmed 

lattices. A lower mass will therefore reduce printing time and save on material costs.  

Table 23 : Lattice Net Case Study Results 

Topology Final Mass 

(kg) 

Max 

Deflection 

Max Stress 

(MPa) 
Net? 

Design 

Variables 

Unit Cell 

Size 

CUBIC 1.0821e-05 0.98556 880.0763 No 2443 1.9 

CUBIC 1.0061e-05 1.11896 878.2104 Yes 2607 1.9 

BCC 1.7263e-05 1.31736 880.2637 No 2397 3 

BCC 1.3831e-05 0.701368 878.8573 Yes 3543 3 

FCC 1.0247e-05 0.875091 878.3241 No 1931 3.8 

FCC 5.4147e-06 0.805261 823.5212 Yes 3474 3.8 

Octet Truss 8.7844e-06 1.10066 870.5327 No 2703 3.8 

Octet Truss 7.3769e-06 0.724165 872.1389 Yes 3011 3.8 

 

The topology with the lowest mass was the FCC topology. This could be a result of it having 

more favorable strut directions and connections and a larger unit cell size than the other 

topologies for this specific load case. The maximum stress in the FCC final design was also 

much lower than the constraint maximum which means that the final mass could potentially be 

much lower. Figure 75 displays the final optimized designs; the beam size distribution was fairly 

homogenous among the test cases and the majority of the beam’s radii fell between 0.24 and 0.26 

mm. The specific stiffness for the net-based optimization cases where much higher than those 

without the net. The octet truss however had decreased its specific stiffness as the results of 

adding the lattice net. However, specific strength had improved significantly for all cases from 

the addition of the lattice net. 
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Figure 75: Optimized Results (Yellow = Trimmed Interior Lattice, Green = Lattice Net, Purple = Single Unit 

Cell) (a) Cubic without net (b) Cubic with net (c) BCC without net (d) BCC with net (e) FCC without net (f) 

FCC with net (g) Octet truss without net (h) Octet truss with net 

a) b) 

c) d) 

e) f) 

g) h) 
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H.12 Closing Statements 

A method for creating a trimmed wrieframe lattice was developed. This method provides a list of 

surface nodes from the trimming operation to be used for constructing the lattice net. In addition, 

a novel method for constructing a conformal lattice net as a wireframe is presented. The 

generated lattice net is created by using the crystallographic planes from symmetric unit cell 

topologies. The lattice net algortihm functions by using contours from plane slicing at calculated 

intervals to connect surface nodes together which are then paired up and converted into struts. A 

projection filter is added to remove uneeded connections and produce an approximate projection 

of the unit cell onto the surface of a closed triangulated surface. The proposed algortihm is able 

to produce a net for any complex geometry and construction of the net is independent of the 

interior trimmed structure. 

An engineering comparison for microscale optimization of functionaly graded materials with and 

without lattice nets was also done. For topologies such as cubic, BCC and FCC; the addtion of a 

lattice net was beneficial during the micro-scale optimizations. The FCC topology performed 

best with the net. The performance improvement of the added net shows that the overal mass of 

the lattice structure was lower yeilded higher specific strength and stiffness. 
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Appendix I  : Trimmed Lattice Pseudo Codes 

I.1 Algorithm 1: Trimmed Lattice Case Sorting 

Algorithm 1 : Trimmed Lattice Case Sorting  

{case_select, in_t , surf_t} = Algortithm2(in, surf, nodal_ids, int_crd) 

Input   : in  : A logical array that classifies nodes as inside the volume  

               surf  : A logical array classifying nodes as on the surface  

    int_crd  : A list of  intersection points  

    nodal_ids : A line segment as a pair of nodal ids 

Output: a logical array to select the case case_select, in_t and surf_t 

1. Index in and surf using the nodal ids to create in_t and surf_t 

2. Get logical: int_occur is true if int_crd contains intersection points 

3. Get logical: C1A = surf_t[1] ∧ in_t[2]  

4. Get logical: C1B = surf_t[2] ∧ in_t[1]  

5. Get logical: C1C = surf_t[1] ∧  ¬in_t[2]  

6. Get logical: C1D = surf_t[2] ∧  ¬in_t[1]  

7. Get logical: dual_surf = surf_t[1] ∧ surf_t[2]  

8. Get logical: single_surf = (surf_t[1] ∧  ¬surf_t[2]) ∨ (¬surf_t[1] ∧ surf_t[2])  

9. Get logical: no_surf = ¬surf_t[1] ∧ ¬surf_t[2] 

10. Get logical: both_interior = in_t[1] ∧ in_t[2]  

11. Get logical: both_exterior = ¬in_t[1] ∧ ¬in_t[2] 

12. Case1.1 : case_select[1] = dual_surf ∧ ¬int_occur 

13. Case1.2 : case_select[2] = dual_surf ∧ int_occur 

14. Case1.3 : case_select[3] = single_surf ∧ (C1C ∨ C1D) ∧ ¬int_occur 

15. Case1.4 : case_select[4] = single_surf ∧ (C1A ∨ C1B) ∧ ¬int_occur 

16. Case1.5 : case_select[5] = single_surf ∧ (C1C ∨ C1D) ∧ int_occur 

17. Case1.6 : case_select[6] = single_surf ∧ (C1A ∨ C1B) ∧ int_occur 

18. Case2.1 : case_select[7] = no_surf ∧ both_exterior ∧ ¬int_occur 

19. Case2.2 : case_select[8] = no_surf ∧ both_exterior ∧ int_occur 

20. Case2.3 : case_select[9] = no_surf ∧ both_interior ∧ ¬int_occur 

21. Case2.4 : case_select[10]= no_surf ∧ both_interior ∧ int_occur 

22. Case2.5 : case_select[11] = no_surf ∧ single_surf ∧ int_occur 
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I.2 Algorithm 2: Trimmed Lattice Sub Algorithm 

Algorithm 2 : Trimmed Lattice Sub Algorithm 

{tmp_mat_sort, surf_nodes} = Algorithm3(case_select, in_t , surf_t, nodal_ids, int_crd) 

Input   : case_select : A logical array to select the case (or string)  

               nodal_ids  : A line segment as a pair of nodal ids and coordinates 

    int_crd : list of nodes from intersection between surface FV and a line segment  

    in_t, surf_t 

Output: An organized list tmp_mat_sort, a list of nodes at the surface surf_nodes 

1. Organize all intersection points and nodes into a list starting from the closest to 

the first node referenced by the line segment (index = 1) 

2. switch (case_select) 

3.  Case 1.3 ∨ Case 2.1 

4.   Reject the Line, set tmp_mat_sort as empty 

5.  Case 1.1 ∨ Case 1.4 ∨ Case 2.3 

6.   Accept the Line and save both nodes to surf_nodes 

7.  Case 1.2 

8.   Save both nodes to surf_nodes 

9.  Case 1.5 

10.   If surf_t[2] then 

11.    Flip tmp_mat_sort 

12.    Save node 2 to surf_nodes 

13.   else 

14.    Save node 1 to surf_nodes 

15.   end if statement 

16.   Remove the last row of tmp_mat_sort 

17.  Case 1.6 

18.   If surf_t[2] then 

19.    Flip tmp_mat_sort 

20.    Save node 2 to surf_nodes 

21.   else 

22.    Save node 1 to surf_nodes 

23.   end if statement 

24.   if (tmp_mat_sort has an odd number of points) then 

25.    Remove the surface node from the list 

26.   end if statement 

27.  Case 2.2 

28.   Remove the first and last rows from tmp_mat_sort 

29.   Save the intersection nodes to surf_nodes 

30.  Case 2.4 

31.   Pair up new beams using tmp_mat_sort. 

32.   Save the intersection nodes to surf_nodes 
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33.  Case 2.5 

34.   If in_t[2] then 

35.    Flip tmp_mat_sort 

36.   end if statement 

37.   Save the intersection nodes to surf_nodes 

38.   Remove the last row from tmp_mat_sort 

39.  End case statement 

40. Pair up new beams using tmp_mat_sort 

 

I.3 Algorithm 3 : Trimmed Lattice Algorithm 

Algorithm 3 :  Trimmed Lattice Algorithm 

{ lattice_nodes , interior_lattice , surf_nodes_total } = Algorithm4(unit_cell, FV) 

Input   : unit_cell : type and size 

    A closed triangulated surface FV 

Output: trimmed lattice nodes lattice_nodes, connectivity table interior_lattice and 

surf_nodes_total 

1. Voxelate the closed Surface FV with lattice unit cells  

2. Select the boundary voxels (unit cells) and save the interior as a separate object 

3. Classify nodes as inside the volume (in) or as a surface node (surf). 

4. Initialize a surf_nodes_total, interior_lattice and lattice_nodes bin 

5. For each (line segment in the boundary voxels) then 

6.  Compute intersections between FV and the current line segment as int_crd 

7.  {case_select, in_t , surf_t} = Algortithm2(in, surf, nodal_ids, int_crd) 

8.  {tmp_mat_sort, surf_nodes} = Algorithm3(case_select, in_t , surf_t, 

 nodal_ids, int_crd) 

9.  Add surf_nodes to surf_nodes_total and lattice_nodes 

10.  Add tmp_mat_sort to interior_lattice 

11. End For loop 

12. Combine interior_lattice with the interior voxel unit cells 

 

I.4 Algorithm 4 : Contour Collection 

Algorithm 4 : Contour Collection 

{ contour_bin , edge_nodes } = Algorithm5(seeding_point ,FV,unit_cell) 

Input   : unit_cell : crystallographic planes and planar distances 

    A closed triangulated surface FV and center of rotation rot 

    The minimum coordinates from voxel centroids seeding_point 

Output: contours bin called contour_bin and a set of nodes called edge_nodes 

1. Initialize contour_bin to store results for each crystallographic plane 
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2. For each (crystallographic plane) then 

3.  j =  j + 1 

4.  Rotate FV and seeding_point around rot so the current plane normal points 

 in the z-axis. 

5.  Beginning from the seed point elevation, calculate elevations 

 (distance between elevation points are the inter-planar spacing).  

6.  Calculate the number of elevations num_elev  

7.  Create a sub bin surface_intersection for each elevation 

8.  For i = 1 to num_elev then 

9.   Perform surface intersection calculation at the given elevation and  

  save the result into surface_intersection[i] 

10.   Rotate the intersection nodes back to the original orientation and  

  add them to edge_nodes 

11.   Process edges or triangles on the cutting plane separately then add  

  the contour edges into surface_intersection[i] 

12.   Organize surface_intersection[i] into closed loops 

13.  End For Loop 

14.  Add surface_intersection to contour_bin[j] 

15. End For Loop 

 

I.5 Algorithm 5 : Additional Surface Nodes 

Algorithm 5 : Additional Surface Nodes 

{ new_surface_nodes } = Algortihm6(feature_edges, feature_nodes, contour_bin, 

edge_nodes, seeding_point, rot,unit_cell) 

Input   : Feature edges feature_edges and the associated nodes feature_nodes 

    unit_cell :crystallographic planes and inter-planar distances     

    contour_bin, edge_nodes, seeding_point, rot 

Output: a list of new surface nodes new_surface_nodes 

1. Initialize new_surface_nodes 

2. For each (crystallographic plane) then 

3.  j = j + 1 

4.  Rotate FV, seeding_point, feature_nodes and edge_nodes around rot so 

 the current plane normal points in the z-axis. 

5.  Create list of edges from contour_bin[j] and feature_edges 

6.  Omit all edges in plane with the current crystallographic plane 

7.  Beginning from the seed point elevation, calculate elevations 

 (distance between elevation points are the inter-planar spacing).  

8.  Create parameterized line equations for the edges (equation 1) 

9.  Given the elevations as planes, apply equation 2 to calculate the 

 intersection points 

10.  Rotate the intersection points back by applying the inverse rotation 
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11.  Add the new points to new_surface_nodes 

12. End For Loop 

 

 

I.6 Algorithm 6 : Projection Filter 

Algorithm 6 : Projection Filter 

{ lattice_net_new } = Algorithm7(lattice_net_in, surface_nodes, Proj_norms, 

Cryst_plane,  filter_type, tolerance) 

Input   : list of lattice struts lattice_net_in and surface_nodes for a crystallographic plane 

    Proj_norms : A set of projection plane normals (ex: xy, xz, zy)     

    A filter_type {1 or 2} and tolerance setting tolerance 

    Cryst_plane : crystallographic plane 

Output: an filtered list of lattice struts lattice_net_new 

1. Initialize lattice_net_new 

2. For each (projection plane) then   

3.  Project normal of Cryst_plane onto the projection plane to make p_proj 

4.  Project lattice_net_in onto the projection plane to make lattice_net_proj 

5.  switch (filter_type) 

6.   case 1 

7.    Compute ratios between the projected lengths of   

   lattice_net_proj to p_proj 

8.    Add line segments where the ratio is within tolerance to  

   lattice_net_new 

9.   case 2 

10.    If (crystallographic plane is in the xy,xz or yz plane) then 

11.     Add all line segments into lattice_net_new 

12.    Else 

13.     Compute and calculate ratios of the directions  

    between lattice_net_proj to p_proj 

14.     Add line segments where the ratios are within  

    tolerance to lattice_net_new  

15.   End If Statement 

16.   end switch statement  

17. End For Loop 
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I.7 Algorithm 7 : Lattice Net 

Algorithm 7 : Lattice Net 

{ lattice_net, lattice_net_nodes } = Algorithm8(unit_cell, Rot, FV, surf_nodes_total) 

Input   : unit_cell : crystallographic planes and inter-planar distances 

    Rot, FV, surf_nodes_total, filter_type, tolerance 

Output: list of lattice struts for the lattice net lattice_netand nodes lattice_net_nodes 

1. Initialize lattice_net 

2. { contour_bin , edge_nodes } = Algorithm5(seeding_point ,FV,unit_cell) 

3. { new_surface_nodes } = Algortihm6(feature_edges, feature_nodes, contour_bin, 

edge_nodes, seeding_point, rot,unit_cell) 

4. Add new_surface_nodes  to surf_nodes_total 

5. For each (crystallographic plane in Cryst_plane) then  

6.  j = j +1 

7.  Initialize lattice_net_in 

8.  For each (loop in contour_bin[j]) then  

9.   Follow the contour and collect nodes from surf_nodes_total  and  

  store into a list 

10.   Convert the list into line segments and add to lattice_net_in 

11.  End for loop 

12.  { lattice_net_new } = Algorithm7(lattice_net_in, surface_nodes, 

 Proj_norms, Cryst_plane[j],  filter_type, tolerance) 

13.  Add lattice_net_tmp to lattice_net 

14. End for loop 

15. Remove Duplicate Line segments from lattice_net 

16. Find nodes in lattice_net and add to lattice_net_nodes 

 

I.8 Algorithm 8 : Additional Connections Algorithm 

Algorithm 8 : Additional Connections Algorithm 

{ lattice_net , lattice_net_nodes } =  Algortihm9(Feature_edges, lattice_net, 

feature_nodes, lattice_net_nodes) 

Input   : Feature_edges, lattice_net, feature_nodes, lattice_net_nodes 

Output: Updated lattice_net and lattice_net_nodes with integrated feature edges 

1. Sort the edge list from Feature_edges into closed or open loops called loop 

2. Organize the loops in loop to be in order (edges connected) 

3. Add nodes from feature_nodes referenced more than twice into lattice_net_nodes 

4. Initialize new_line_segment as an empty bin 

5. for each (loop) do 

6.  Collect nodes from lattice_net_nodes along the current loop to form a list 

7.  Turn the list into line segments 

8.  Add the new line segments into new_line_segment 
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9. End For Loop 

10. Add new_line_segment into lattice_net 

 

I.9 Algorithm 9: in_polyhedron (Ray-Search Algorithm for interior and Exterior Points 

Algorithm 9 : in_polyhedron (Ray-Search Algorithm for interior and Exterior Points) 

{in} = Algortihm1(point, FV) 

Input   : point : A list of points called  

              FV : A closed triangulated surface  

Output: a logical array were true is a point located inside the closed surface called in 

1. Determine the number of points for classification, save as num_points 

2. Initialize logical array of false operators equal to the number of points called in 

3. For i = 1 to num_points do 

4.   Shoot a randomly directed (d) infinite ray out of the query point which  

  does not hit an edge of a triangular face 

5.   Evaluate each triangular face with edge vertices v0, v1, v2 and assess the  

  intersection criteria 1 and 2 

6.   Save number of intersections for the query point as count 

7.   If (count mod 2)  = 0 then 

8.    Set in[i] to true 

9.   End if statement 

10. End For loop 
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Appendix J  : Case Study Data 

J.1 L - Bracket 

Pareto Frontier Data - L-Bracket 

Untreated Solid Treated Solid Untreated Lattice Treated Lattice 

Damage 
Mass 

Fraction 
Damage 

Mass 

Fraction 
Damage 

Mass 

Fraction 
Damage 

Mass 

Fraction 

0.000368 0.92864 0.000319 0.908 0.000335 0.92617 0.00029 0.92301 

0.000377 0.85729 0.000332 0.85702 0.000342 0.85619 0.000301 0.85606 

0.000384 0.78593 0.000344 0.78559 0.000345 0.78565 0.000309 0.78544 

0.000386 0.71457 0.000324 0.71344 0.000375 0.71441 0.000315 0.71435 

0.000415 0.64321 0.000388 0.64283 0.000431 0.64279 0.000403 0.64306 

0.000489 0.57186 0.000443 0.57137 0.000499 0.57177 0.000452 0.57186 

0.000604 0.5005 0.000691 0.5 0.0006 0.5005 0.000582 0.5005 

0.000897 0.42914 0.001104 0.42862 0.00075 0.45055 0.001709 0.42914 

0.001453 0.35779 0.002184 0.3572 0.0019 0.35779 0.004284 0.35779 

0.003536 0.28643 0.015827 0.28578 0.00542 0.28643 0.027098 0.28643 

0.033944 0.21507 0.098007 0.21407 0.015365 0.21507 0.076825 0.21507 

4360.3 0.14371 96.147 0.15834 0.41027 0.14371 18.60589 0.14371 

3625.1 0.072357 80.825 0.15712 2.6429 0.10919 118.5373 0.078527 

 

J.2 Aircraft Hinge 

Pareto Frontier Data – Aircraft Hinge 

Design Point Cumulative Damage log(Damage) Mass Fraction 

Point 0 1.50E-15 -34.1402 1 

Point1 7.13E-14 -30.2754 0.59893 

Point2 3.3572E-13 -28.7255 0.49873 

Point3 8.98E-12 -25.4387 0.39988 

Point4 2.7467E-10 -22.0177 0.29950 

Point5 1.85E-08 -17.8067 0.19934 

 

 

Pareto Frontier Data (No Filter) – Aircraft Hinge 

Design Point Cumulative Damage log(Damage) Mass Fraction 

Point 0 1.50E-15 -34.1402 1 
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Point1 4.01E-14 -30.8514 0.59129 

Point2 4.73E-13 -28.3827 0.49234 

Point3 1.08E-11 -25.2572 0.39683 

Point4 1.17E-09 -20.5679 0.29378 

Point5 8.3259E-07 -14.0002 0.19736 

 

Surrogate Model Training Data 

ISO Rotation Mass (Kg) Violation (%) Compliance Beams Design Variables 

0.1 0 0.92093 0 0.033349 9 9 

0.432 20.225 0.78128 100 0.033931 573 494 

0.6 23 0.78086 100 0.033932 549 461 

0.75 1 0.52924 100 0.042231 1649 1156 

0.556 4.866 0.69933 100 0.03525 916 715 

1 1.632 0.67769 183.97 0.14027 4527 1898 

0 0 0.92415 0 NaN 0 0 

0 1 0.92415 0 NaN 0 0 

0 2 0.92415 0 NaN 0 0 

0 3 0.92415 0 NaN 0 0 

0 4 0.92415 0 NaN 0 0 

0 5 0.92415 0 NaN 0 0 

0 6 0.92415 0 NaN 0 0 

0 7 0.92415 0 NaN 0 0 

0 8 0.92415 0 NaN 0 0 

0 9 0.92415 0 NaN 0 0 

0 10 0.92415 0 NaN 0 0 

0 11 0.92415 0 NaN 0 0 

0 12 0.92415 0 NaN 0 0 

0 13 0.92415 0 NaN 0 0 

0 14 0.92415 0 NaN 0 0 

0 15 0.92415 0 NaN 0 0 

0 16 0.92415 0 NaN 0 0 

0 17 0.92415 0 NaN 0 0 

0 18 0.92415 0 NaN 0 0 

0 19 0.92415 0 NaN 0 0 

0 20 0.92415 0 NaN 0 0 

0 21 0.92415 0 NaN 0 0 

0 22 0.92415 0 NaN 0 0 

0 23 0.92415 0 NaN 0 0 

0 24 0.92415 0 NaN 0 0 
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0 25 0.92415 0 NaN 0 0 

0 26 0.92415 0 NaN 0 0 

0 27 0.92415 0 NaN 0 0 

0 28 0.92415 0 NaN 0 0 

0 29 0.92415 0 NaN 0 0 

0 30 0.92415 0 NaN 0 0 

0 31 0.92415 0 NaN 0 0 

0 32 0.92415 0 NaN 0 0 

0 33 0.92415 0 NaN 0 0 

0 34 0.92415 0 NaN 0 0 

0 35 0.92415 0 NaN 0 0 

0 36 0.92415 0 NaN 0 0 

0 37 0.92415 0 NaN 0 0 

0 38 0.92415 0 NaN 0 0 

0 39 0.92415 0 NaN 0 0 

0 40 0.92415 0 NaN 0 0 

0 41 0.92415 0 NaN 0 0 

0 42 0.92415 0 NaN 0 0 

0 43 0.92415 0 NaN 0 0 

0 44 0.92415 0 NaN 0 0 

0 45 0.92415 0 NaN 0 0 

0.432 40 0.81132 100 0.033836 619 531 

0.12 1.382 0.92088 0 0.033371 9 9 

0.156 5.766 0.92071 100 0.033314 11 13 

0.209 9.795 0.92041 100 0.033348 9 9 

0.292 13.187 0.85203 100 0.033527 263 247 

0.293 17.49 0.85167 100 0.033491 306 271 

0.132 21.446 0.9208 0 0.033329 7 8 

0.294 25.646 0.85138 100 0.033521 254 230 

0.291 29.709 0.85241 100 0.033497 286 262 

0.197 33.755 0.92055 100 0.033331 18 15 

0.26 37.276 0.866 100 0.033357 208 196 

0.128 41.68 0.92083 0 0.033338 7 8 

0.184 45 0.92059 100 0.033349 18 18 

0.383 1.163 0.80823 100 0.033754 429 370 

0.358 5.119 0.82059 100 0.03358 363 317 

0.392 9.498 0.80448 100 0.033748 441 385 

0.331 13.96 0.83455 100 0.033511 324 285 

0.207 17.34 0.92053 0 0.033339 22 22 

0.37 21.585 0.81615 0 0.033648 413 355 
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0.387 25.224 0.80659 100 0.033778 459 394 

0.336 29.751 0.83302 0 0.033516 364 323 

0.352 33.255 0.8239 100 0.033617 424 369 

0.349 37.506 0.82919 100 0.033622 391 354 

0.278 41.699 0.85709 100 0.033404 250 239 

0.331 45 0.83499 0 0.033505 346 317 

0.334 1.959 0.83315 100 0.033496 348 302 

0.441 5.547 0.77814 100 0.033974 568 471 

0.306 9.139 0.84609 100 0.033529 287 262 

0.355 13.149 0.82195 100 0.033648 353 312 

0.309 17.258 0.84503 0 0.033547 332 286 

0.319 21.841 0.84109 0 0.033551 324 287 

0.674 0.24 0.6058 100 0.038056 1358 978 

0.517 4.417 0.72717 100 0.034662 780 627 

0.58 8.05 0.68382 100 0.03564 1028 800 

0.552 12.903 0.70216 100 0.035173 931 729 

0.66 16.945 0.61789 100 0.037463 1352 990 

0.586 20.491 0.67866 100 0.035735 1092 848 

0.682 24.489 0.59699 100 0.038465 1463 1053 

0.536 28.338 0.71377 100 0.034952 933 747 

0.553 32.9 0.70214 100 0.035207 962 770 

0.529 36.369 0.71875 100 0.034877 845 677 

0.527 40.111 0.73905 100 0.034765 861 704 

0.674 44.78 0.60555 100 0.038144 1417 1029 

0.816 0.39 0.45349 100 0.04993 2028 1387 

0.3 0 0.84824 100 0.033561 285 253 

0.95 14.762 0.41112 100 0.10367 3528 1983 

0.95 26.23 0.42278 100 0.10451 3595 2050 

0.95 45 0.45362 102.05 0.10354 3654 2058 

0.95 10.007 0.42854 100 0.10138 3421 1933 

0.95 14.039 0.4372 100 0.10111 3525 1975 

 

 

 

 


