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Abstract

An industrialized On-Orbit Servicing (OOS) mission architecture is proposed in this thesis
which signifies the role of space manipulators in performing OOS missions. This mis-
sion architecture summarizes a procedure for OOS mission design based on a series of
multi-objective optimization problems. To enhance proximity operations, it is concluded
that the existence of an output tracking control system for space manipulators is beneficial.
This thesis develops an output tracking controller to control the end-effector pose of an
N-link free-floating space manipulator, with non-zero momentum. We employ feedback
linearization on the Lie algebra of the Special Euclidean group SE(3) to remove the non-
linear influence from the system’s dynamics and momentum in the controlled end-effector
motion. Space manipulators are modelled as open-chain rigid multi-body systems, con-
nected by either single or multi degree of freedom joints. The dynamics and kinematics of
free-floating space manipulators are formulated on SE(3) using the exponential parameteri-
zation of screw motions. Multi-degree of freedom joints are modelled as the combination of
the joints’ individual exponential screw motion mappings to describe their motions as ho-
mogeneous transformations. The free-floating systems’ equations of motion are obtained
through an Euler-Lagrange derivation and decoupled into the base and manipulator mo-
tions. The conservation of linear and angular momentum is then considered as an affine
nonholonomic constraint to the system, allowing for the dynamic reduction of a space ma-
nipulator system with conserved non-zero momentum. Due to the system’s free-floating
nature, the equations of motion are restricted to the manipulator’s joint space which defines
the region of controlled states.

Two control cases are considered in this thesis, the first involving control over the out-
put’s linear motion and the second considering control over the end-effector pose. The first
control case performs feedback linearization on R3 where the resulting linear end-effector
motion is controlled by a classical PID controller defined to impart a critically damped re-
sponse in the error dynamics. For full pose control, feedback linearization is employed on
se(3) for subsequent control using a modified feedforward, feedback PID control structure
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involving a coordinate-free pose error function. An associated transfer map is used to de-
fine the corresponding velocity error on the Lie algebra se(3). Using a Lyapunov candidate
predicated on the total energy of the error dynamics, the developed full pose output tracking
controller is proven to stabilize the end-effector pose to a feasible desired trajectory. The
singularity-robust inverse derived from the damped least squares method is implemented
in both the linear and full pose workspace controllers to avoid impractical joint torques in
the region of kinematic/dynamic singularities.

A free-floating space manipulator simulation platform is developed in Python to ana-
lyze the performance of the linear and full pose output tracking controllers. The simulation
is carefully structured to maximize computational efficiency such that a fast model prop-
agation is achieved. A validation procedure is performed using an equivalent space ma-
nipulator model in Simscape to confirm the accuracy of the implemented kinematics and
dynamics models in Python. In both control cases, the output responses are observed under
trapezoidal trajectories involving systems containing zero and non-zero momentum. In the
case of strictly linear output control, both a circular trajectory and a trajectory approach-
ing a singular configuration are tested to demonstrate the controlled system’s dexterity
and singularity accommodation ability, respectively. Model uncertainty is also introduced
in the space manipulator’s mass to assess the controllers’ robustness. All testing scenar-
ios demonstrate accurate trajectory followings, and successful mitigation of large control
torques in the neighbourhood of singularities.
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Chapter 1

Introduction

1.1 Motivation

As society’s dependence on space infrastructures continues its increasing trend, extend-
ing satellites’ lifespans, technological capabilities, and commercial accessibility become
increasingly important. Due to the limited feasibility of manned operations in space, On-
Orbit Servicing (OOS) plays a vital role in addressing the key problems (e.g., premature
satellite failure and orbital debris) faced by the space industry. Some of the main OOS
missions include: satellite visual inspection, refuelling, repairing or exchanging damaged
components, assisting in orbital manoeuvres, in-orbit assembly of spacecraft, and orbital
debris removal [1, 2, 3, 4]; all of which can be performed by single-arm space manipu-
lators. To reduce fuel consumption during such servicing missions, space manipulators
may operate in their free-floating regime where the spacecraft’s base is uncontrolled (i.e.,
the base may rotate and translate freely in all directions). Due to the complexities in-
volved with the Guidance, Navigation, and Control (GNC) of free-floating manipulators,
enhancing their functionality during the pre-capture phase of close proximity operations
is crucial for safe and successful capture and post-capture manoeuvres. Note that consid-
erations on the capture and post-capture operation enhancements are beyond the scope of
this research. Machine learning techniques, particularly continuous unsupervised learning
strategies, prove beneficial in developing trajectory planners for a free-floating system to
capture a moving target satellite [5]. To maximize the performance of the learning algo-
rithms (with regards to the convergence and success rates), as well as improve the versatility
and adaptability of the learned policy, implementing and tracking workspace trajectories is
favourable. Such trajectories must define both the position and orientation of a servicer’s
end-effector with respect to the grasping point on the target satellite. As a result, effective

1
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control in the workspace of a space manipulator in its free-floating regime is required to
accurately follow such desired trajectories output by the trajectory planner. Control designs
which include singularity accommodation and yield sufficiently fast and precise tracking
are necessary for achieving a greater performance.

1.2 Thesis Objectives

This work studies the geometric modelling and workspace control of single-arm free-
floating space manipulators to complement an industrialized OOS mission architecture.
The objectives of this thesis are to:

1. Study an industrialized OOS mission architecture involving multiple servicing satel-
lites (servicers) and multiple target satellites (targets) to identify the mission require-
ments for space manipulator systems. This investigation signifies the key areas of
enhancement essential for servicers’ GNC systems used in proximity operations.

2. Derive the kinematics and dynamics of free-floating space manipulators on the Spe-
cial Euclidean Lie group SE(3), considering space manipulator designs which in-
clude multi-Degree Of Freedom (DOF) joints. The multi-DOF joints are to be de-
fined by the exponential parameterization of screw motions for implementation in
the system’s kinematics mappings and equations of motion.

3. Perform workspace control on an unperturbed free-floating space manipulator with
conserved non-zero momentum. The developed control law should be designed on
SE(3) to stabilize the position and orientation (pose) of an end-effector to a feasible
desired trajectory. Viable joint torques must be maintained in the region of singular
configurations to ensure structural safety during proximity operations.

4. Develop a high fidelity free-floating space manipulator simulation platform to assess
the performance of GNC systems including trajectory planners and control designs.
Considerations on computational efficiency should be implemented to achieve a fast
model propagation for the simulated space manipulator. The developed simulator
should also accommodate machine learning techniques with the objective of improv-
ing GNC capabilities.
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1.3 Statement of Contributions

The main contributions of the thesis can be summarized in the following.

1. The kinematics and dynamics of free-floating space manipulators are fully formu-
lated on Lie groups with the inclusion of multi-DOF joints. Multi-DOF joints are
modelled as the amalgamation of the joint’s individual screw motions. The prod-
uct of exponentials formula, originally proposed for fixed-base manipulators with
single-DOF joints, is systematically extended to capture the kinematics and dynam-
ics of free-floating space manipulators with multi-DOF joints. This novel extension
is then used to rigorously reduce the equations of motion of space manipulators with
conserved non-zero momentum.

• P. Rousso, R. Chhabra, “Output Tracking Control of Space Manipulators with
Non-Zero Momentum with Singularity Accommodation,” Nonlinear Dynam-

ics, To be submitted in May 2022.

2. A modified feedforward, feedback PID control law predicated on coordinate-free
pose and velocity error functions is developed to achieve Lyapunov stable trajec-
tory following in the output pose of an unperturbed free-floating space manipula-
tor with conserved non-zero momentum. Using the reduced dynamics, input-output
linearization on the Lie algebra se(3) is employed. The developed output tracking
control structure implements the singularity-robust inverse method to avoid kine-
matic/dynamic singularities of the space manipulator system. A conference paper on
this research, excluding the singularity avoidance component, has been accepted by
the American Control Conference 2022.

• P. Rousso, R. Chhabra, “Workspace Control of Free-Floating Space Manipula-
tors with Non-Zero Momentum on Lie-Groups,” American Control Conference,
2022.

• P. Rousso, R. Chhabra, “Output Tracking Control of Space Manipulators with
Non-Zero Momentum with Singularity Accommodation”, Nonlinear Dynam-

ics, To be submitted in May 2022.

3. An overall mission architecture for performing multiple on-orbit servicing missions
in low Earth orbit by a fleet of servicers in the form of free-flying single-arm space
manipulators is proposed. The primary mission resources are identified as the fuel
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and time consumed during a servicing mission. The proposed architecture consid-
ers mission designs which seek the optimal reduction of mission duration and fuel
consumption. Servicer satellites are additionally suggested to perform in-orbit ma-
chine learning to improve the functionality of their guidance, navigation and con-
trol systems in upcoming missions. This research was published in the 2021 IEEE
Aerospace Conference.

• P. Rousso, S. Samsam, R. Chhabra, “A Mission Architecture for On-Orbit Ser-
vicing Industrialization,” IEEE Aerospace Conference, 2021.

1.4 Thesis Organization

The following sections of the thesis are organized as follows: chapter 2 provides a literature
review on OOS mission scheduling and design, dynamics and kinematics formulations of
rigid multi-body systems, and control of free-floating space manipulators.

Chapter 3 proposes an end-to-end mission architecture for OOS industrialization, cov-
ering various mission phases of on-orbit servicing and their inter-relations. This chap-
ter suggests a beneficial parking orbit placement, develops mission planning optimization
problems, and discusses proximity operation performance enhancements.

In Chapter 4, the kinematics, dynamics and conservation of momentum for free-floating
space manipulator systems are derived on Lie groups. Chapter 5 reduces the space manip-
ulator’s system dynamics and performs feedback linearization on the end-effector motion.
Control over the output’s linear motion and the end-effector’s pose are considered sepa-
rately. The developed full pose workspace controller is analyzed for Lyapunov stability,
and the singularity-robust inverse method for singularity accommodation is addressed in
the controller’s design.

Chapter 6 provides details on the structure and functionality of the free-floating space
manipulator simulation platform developed in Python. A validation procedure is addition-
ally presented to verify the simulator’s performance.

Chapter 7 contains the results of the developed linear and full pose output tracking
controllers under various trajectory following tasks. Finally, Chapter 8 provides some con-
cluding remarks and potential future works to complement this research.



Chapter 2

Literature Review

2.1 On-Orbit Servicing

On-orbiting servicing has been an increasingly attractive topic of research with the rise of
technological advancements and capabilities of current and prospective satellite missions.
OOS missions supply a presently vacant service to the space industry, consequently allow-
ing for in-orbit operations on a selected target spacecrafts to be performed using robotic
systems [6, 7]. Some of the key problems faced by the modern space industry include
orbital debris, and the significant build and launch costs associated with satellite missions
(approximately $100-600 million and $40-$400 million, respectively). There are currently
over 17,000 space objects larger than 10 cm, with just over 13,000 of such objects being
classified as space debris (non-operational objects in orbit) [8] . If currently left untouched
(without adding new satellites or removing debris) the Kessler Syndrome will result in key
orbital regions (in particular Low Earth Orbit (LEO)) to become uninhabitable due to the
excessive amount of space debris [9, 10, 11]. Given the quantity of orbital debris, NASA
predicts that approximately 5 to 10 debris objects must be removed annually to allow for
an accessible orbital environment [12]. Space manipulator systems possess great allure for
performing servicing missions due to their versatility in safely capturing both operational
and non-operational targets. Currently, several OOS servicing missions have been pro-
posed in both Geostationary Earth Orbits (GEO) and LEO, addressing both single-target
and multi-target servicing missions. For example, [13] designs a mission for a single ser-
vicing satellite to provide GEO satellites with OOS. Included in the mission design are
considerations on the mission sequencing and the transfer trajectory for maximizing the
revenue from fees and minimizing revenue penalties for late service. Additional servicing
mission designs specifically for GEO satellites have been analyzed in [14, 15, 16] due to

5
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the popularity of this orbital region. Moreover, [17] considers a single servicing satellite
performing a multi-target refuelling mission in LEO, where all target satellites belong to
the same circular orbit. The servicer meets and refuels target satellites at designated ser-
vice positions within the orbit. Orbital debris removal missions have also been designed
for the LEO [18, 19, 20], considering a single servicing satellite de-orbiting multiple debris
objects over the course of the mission.

Transfer orbit trajectories between servicing and target satellites are designed in OOS
missions to transfer servicers to within a range of approximately 10 km from the targets, in
the targets’ orbits [21]. This long-range rendezvous phase of OOS missions has been sub-
ject to considerable research with regards to optimization. Studies have been conducted to
improve OOS mission designs by reducing the fuel consumption and mission time neces-
sary for performing the required orbit transfers. Several survey papers address such transfer
trajectory optimization problems from different perspectives [22, 23, 24]. In the latest sur-
vey, Shirazi et al. reviewed the models, objective functions, approaches, and solutions to
the spacecraft trajectory optimization problem, proposed prior to 2018 [22]. Modeling of a
spacecraft can be studied based on the transfer type, i.e., impulsive or continuous, and equa-
tions of motion, i.e., two-body or N-body problem. The two-impulse Lambert [25, 26] and
Hohmann [27] approaches are the traditional transfer trajectory generation methods that
were used frequently in the literature. Shape-based approaches are the other popular tra-
jectory design methods that are applicable in both continuous and impulsive transfer types
[28]. The popularity of these approaches is because they reduce the computational costs
by imposing geometric constraints on the trajectories [29, 30]. The solution to the trajec-
tory optimization problem can be achieved from two different approaches, i.e., analytical
or numerical. The analytical approach gives an exact solution for the simple spacecraft
trajectory optimization problem, such as in Hohmann and Lambert methods. However, for
an advanced transfer trajectory optimization problem with a complex model and objective
functions, the numerical solutions, including direct and indirect methods, are promising ap-
proaches. Betts [23] and Conway [31] provide an overview of direct and indirect numerical
methods in their survey papers.

For OOS missions involving multiple servicing satellites and multiple targets, mission
scheduling refers to identifying the sequence in which servicers transfer to target satellites
during the servicing mission. Generally speaking, scheduling optimization problems have
been well researched in various domains of the literature. From a perspective outside of
OOS missions, the dispatch scheduling problem can be treated as a Travelling Salesman
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Problem (TSP) [32]. Analogous to the TSP, a servicing mission requires servicers to travel
to all target satellites without any repeated visits. Given the similarity between the mission
scheduling task and the TSP, Gurtuna and Trepanier have applied TSP algorithms (first used
for ground-based vehicle routing optimization) to the scheduling of OOS missions [33].
They showed that the simpler TSP algorithms can be easily adjusted for use in dispatch
scheduling. However, for more advanced algorithms (such as tabu search), the solution and
implementation are complex, but indicate great potential for use in the mission scheduling
optimization problem. Moreover, the studies in [34, 35, 36, 37] all involve the analysis of
a single servicing satellite travelling to a set of target satellites, where the optimizations of
the servicing sequences are considered. Specifically regarding a mission including multiple
servicers, [3] examines the mission scheduling required for 2 servicing satellites and 3
target satellites. Here, the optimal target sequence is predicated on minimizing the time
of flight and fuel consumption required for the mission. The particle swarm optimization
method is used in conjunction with the Taguchi technique in [3] to achieve a robust solution
to the optimization problem. As demonstrated, limited research currently exists in the OOS
mission scheduling task including multiple servicers and multiple targets.

2.2 GNC of Single-Arm Free-Floating Space Manipula-
tors

Due to the versatility of space manipulators in performing OOS missions, research on their
GNC systems (in both their free-flying and free-floating regimes) has been a highly attrac-
tive and motivated topic in space robotics. Free-flying space manipulators involve active
control over the system’s base throughout manipulation of the robotic arm [38], whereas
free-floating manipulators allow the base to move freely during manipulator operations
[39]. Operating space manipulators with an unactuated base comes with the advantage of
reducing the fuel and energy required during target capture manoeuvres [40], as well as
the complexities associated with the GNC designs of under-actuated systems [41]. In this
case, the coupled dynamics between the spacecraft and manipulator motions and the miti-
gation of the uncontrolled base motion are key considerations in the design of free-floating
GNC systems [42, 43]. During capture manoeuvres, it is widely suggested for a space-
craft’s control system to be removed at the moment of contact between the end-effector
and the target [44]. This is necessary for mitigating the potentially damaging behaviours
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which may be performed by the controlled servicer. Consequently, free-floating scenar-
ios of space manipulators during their proximity operations must be considered. Despite
the GNC difficulties associated with free-floating systems, accurate trajectory planning and
stable trajectory following are necessary for in-orbit operations.

Prior to analyzing and developing appropriate GNC strategies for free-floating space
manipulators, their kinematics and dynamics models must be established. This thesis con-
siders free-floating space manipulators as open-chain multi-body systems. It is strategic to
develop their corresponding dynamics and kinematics models using techniques which are
simple and geometrically representative of the physical system. More specifically, in the
case of a single-arm space manipulator, these systems are considered to consist of a chain
of several rigid links connected by ideal joints. For general rigid multi-body systems, [45]
and [46] have taken a geometric approach by developing kinematics and dynamics formu-
lations of multi-body systems based on Lie groups. Lie group formulations do not require
the parameterization of multi-body systems in their dynamics and kinematics modellings,
and additionally reference the system’s physical geometry and structure. The relationship
between Lie groups and screw theory is analyzed in [47], where screws are presented as
elements of Lie algebras, allowing for a geometric interpretation of rigid body motions.
Provided the connection between screw motions and Lie group theory, kinematic map-
pings from the joint space to the task space of a serial chain manipulator can be formulated
[48, 49, 50]. In establishing a space manipulator’s equations of motion from a geomet-
ric background, Hamiltonian and Lagrangian approaches prove beneficial due to their ac-
commodation to Lie group formulations [50, 51, 52]. Note that due to the low-gravity
orbital environment, space manipulators are often considered to possess negligible poten-
tial energy. The presence of external disturbances are often additionally presumed to be
insignificant during the small time period in which space manipulators perform servicing
operations, thus implying an assumption of conserved momentum in the system.

Trajectory designs involved with capture manoeuvres (including either free-flying or
free-floating systems) primarily focus on defining an end-effector’s linear and angular ve-
locity throughout the pre-capture operation, and at the grasping interface [44]. One of the
primary issues in executing trajectories in a free-floating manipulator’s workspace is the
consequent non-zero motion of the base (due to its uncontrolled nature), causing the base’s
position and orientation at the grasping point not to be unique (i.e., different workspace tra-
jectories to a target point result in different trajectories of the base) [53]. In analyzing this
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issue, the authors in [54, 55] have formulated optimization techniques for designing tra-
jectories which consider external forces and non-zero velocities in the space manipulator’s
base. Provided an appropriate trajectory for a free-floating system, the control to achieve
accurate tracking of the desired path introduces additional complexities in the GNC design.
Common control strategies consider reducing the coupled base motion during manipulator
operation [42, 56]. Adaptive control techniques are additionally considered, where adap-
tive controllers allow for their control structures to change during operation in order to
minimize error by adjusting the system’s response. These control schemes are particularly
adequate for handling uncertainties in both the environment and the controlled system’s
dynamics model. For example, Wang develops a stable generalized parameter adaptation
law based on a generalized dynamics regressor to investigate the adaptive inverse dynamics
of free-floating space manipulators with parameter uncertainties [57]. Ulrich and Sasiadek
demonstrate the efficacy (in regards to the trajectory following performance) of introducing
feedforward parameters in an adaptive control structure on space manipulators with model
uncertainties [58].

There is an additional category of free-floating space manipulator control strategies,
predicated on the Virtual Manipulator (VM) technique introduce by Vafa and Dubowsky in
[59]. The VM method interprets free-floating space manipulators by a dynamically equiva-
lent fixed-based manipulator system. The base of the VM (referred to as the Virtual Ground
(VG)) is located at the center of mass of the space manipulator system, and is thus fixed
provided no external disturbances (zero momentum). In this approach, the dynamics and
kinematics of free-floating systems can be interpreted through the behaviour of the more
trivial fixed-base VM, for which associated controllers can be developed [60, 61]. In re-
lation to the aforementioned adaptive control methods, Parlaktuna et al. use the notion of
the VM to develop a dynamically equivalent model of a free-floating space manipulator
to perform adaptive control in the system’s joint space [62, 63]. Furthermore, Torres and
Dubowsky study path planning and control structures based on the VM approach, which
considers minimizing the disturbances on the spacecraft’s base. In [64], they develop a
method to compute disturbance maps for manipulators with more than 2 degrees of free-
dom, and additionally demonstrate the use of the manipulator’s redundancy in eliminating
the disturbances on the base [65]. Dubowsky and Torres introduce the notion of coupling
maps in [66] to reduce the effects of the coupled dynamics between the base and manip-
ulator motions, and develop trajectory and control designs (which avoid areas with large
disturbance to the base) for the free-floating manipulator system.
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A separate foundational approach for controlling free-floating space manipulators is
introduced by Yoshida and Umetani in [67], using the notion of the Generalized Jaco-
bian Matrix (GJM) from [68]. In this approach, a differential kinematics mapping from
the manipulator joint velocities to the end-effector motion is established, independent of
the uncontrolled base motion. The GJM makes use of the conserved momentum in the
free-floating space manipulator system to create a relationship between the base and ma-
nipulator velocities. Such method allowed for Nenchev and Yoshida to introduce the bias
momentum approach in [69] which considers impedance control and the minimization of
changes in the base’s orientation during the pre-capture of a tumbling target. The Reac-
tion Null-Space (RNS) is developed using the GJM method to identify the motions in the
manipulator’s joint space which impart the lowest disturbance to the base [70]. Moreover,
the GJM approach allows for the implementation of control techniques in the workspace
of free-floating space manipulators. This is due to the GJM providing a relationship be-
tween the manipulator joints (where control actions are performed) and the end-effector
motion (typically where trajectories are designed for target capture missions). Using the
GJM concept, feedback linearization techniques allow for accomplishing such control tasks
by effectively canceling systems’ nonlinearities and enabling the use of linear controllers
in the workspace. In [71] a method for feedback linearization of constrained multi-body
systems with non-zero momentum is developed. Moreover, [72, 73] feedback linearize
space manipulators to perform end-effector position and base attitude control during pre-
and post-capture manoeuvers. A tracking controller in the presence of angular momentum
is formulated in [74]. From the resulting linearized input-output relation, geometric con-
trol techniques can be applied to follow the desired end-effector pose in a stable manner.
In [75], Bullo and Murray design a widely versatile tracking control law on Lie groups.
The controller consists of a PD feedback action based on the notions of error functions and
transport maps, in addition to a feedforward action to aid in the stability of the output.



Chapter 3

Mission Architecture for On-Orbit Servicing

3.1 Summary

In this chapter, an overall mission architecture for performing multiple on-orbit servicing
missions by a fleet of servicers in the form of free-flying single-arm space manipulators is
proposed. The architecture targets to improve the two key criteria of industrialization: re-
source and service. The primary resources included in OOS missions are identified to be the
fuel and time consumed in completing a mission. Hence, as part of resource management,
the presented architecture first recognizes the main contributors to the fuel consumption and
mission duration in the far-range rendezvous phase of OOS missions being: (i) the location
of the parking orbit, (ii) the type of transfer trajectories, and (iii) the dispatch scheduling.
As the result, separate optimization loops are considered in the mission design for mini-
mizing mission costs. To enhance quality of the provided service, the proposed architecture
suggests for servicers to perform appropriate in-orbit machine learning that helps improve
the functionality of their guidance, navigation and control systems in upcoming missions.
Specifically, tasks involving trajectory learning for a servicer’s manipulator system in its
free-floating regime to reach a simulated moving target while avoiding (virtual) obstacles
and compensating for environmental disturbances are suggested. Applying the trajectory
learning scenarios to space manipulators possessing workspace control is considered nec-
essary for improving the learning performance, as well as the versatility, and adaptability
of learned process.

11
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Figure 3.1: OOS industrialization flow chart.

3.2 Proposed Mission Architecture

The OOS mission architecture proposed in this chapter considers multiple servicers and
multiple targets (both cooperative operational satellites and non-cooperative orbital debris)
in LEO, in the planning. As part of industrializing the OOS, a fleet of approximately 80-
100 servicers is suggested to be launched to a single parking orbit in the Sun-synchronous
orbital region, forming an equally phased satellite constellation. The size of the servicing
fleet is chosen to be of similar magnitude to the LEO communication satellite constellations
being on the order of a hundred satellites. An equally phased constellation in the parking
orbit is suggested to allow greater service coverage, such that there is always a preferred
servicer for rendezvous with a target (with regards to transfer time and fuel consumption).
Servicing satellites are assumed in groups of single-arm free-flying space manipulators,
with certain servicing capabilities associated with each group. For example, servicers may
be designed with a long and flexible manipulator to cater towards in-orbit assembly mis-
sions, or designed with stiff links for performing debris removal missions. Multiple ser-
vicers may belong to multiple servicing groups, however there are no servicers capable of
performing all possible servicing missions.

In the day-to-day activities in the OOS industry, the vast majority of the servicers’ time
is spent idling in either the parking orbit or a transfer orbit. For example, [76] describes a
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servicing approach for GEO spacecraft where it uses a parking orbit as an orbit in which
the servicer waits – possibly for several days – until it reaches the same latitude as the client
spacecraft before raising itself to GEO. Two possible debris removal mission designs are
proposed in [77]: (i) a servicing satellite is launched directly to the orbit of the first debris
and subsequently travels to and deorbits all other target debris in the mission, (ii) multiple
servicers are launched simultaneously to perform debris removal missions. In either case,
[77] states that waiting in a parking orbit is required in order for each servicing satellite
to transfer to the orbit of its target debris. The proposed architecture suggests using this
waiting time for performing machine learning to improve the functionality of servicers’
GNC systems during the pre-capture phase of close proximity servicing operations. We
specifically focus on the pre-capture phase, as opposed to other proximity operation phases
(e.g., capture and post-capture), due to the importance of designing smooth pre-capture
manoeuvres in delivering successful capture and post-capture operations. Furthermore,
from the perspective of simulating the learning process in the presence of a virtual target,
it is recommended to focus on the pre-capture phase due to the difficulties in imitating the
contact forces upon capture and the post-capture operations.

The suggested task involves trajectory learning for a servicer’s manipulator system in
the free-floating regime to reach a moving target in space while avoiding obstacles and
compensating for environmental disturbances. The in-orbit learning process begins by the
servicer “visualizing” a virtual target satellite to perform a docking/capture manoeuvre
with. The servicer actuates its manipulator, attempting to capture the virtual target, and
gathers sensory data (the servicer’s base and manipulator states, and the target satellite’s
position and attitude) during the capture process to be used as the training dataset for learn-
ing. This dataset from environmental interactions can then be used to train the servicer’s
trajectory planning system, as well as perform system identification to enhance the perfor-
mance of the control system. In defining the trajectory planner learning problem, several
challenges may be considered. For example, the trajectory planner could consider the cap-
ture of a moving target, primarily for rendezvous with non-cooperative targets (i.e. debris),
as well as obstacle avoidance along the path to the capture point on the target body. Obsta-
cles are structural features on the target body (e.g., solar panels, antennas), or parts of the
servicer satellite itself (e.g., links of the servicer’s manipulator). The learning problem can
also impose constraints on the base orientation of the servicing satellite upon successful
capture of the target. For communication purposes with a ground station or possibly the
Administrator, certain base orientations, identifying antennas’ directions, may be desired
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once the servicer docks with the target. Similar to every component of the GNC system, it is
advantageous for the trajectory planner to be robust against the environmental disturbances
(e.g., solar radiation pressure, gravity gradient, atmospheric drag, etc.). Consequently, the
learning task accounts for the accumulation of the effect of such disturbances in the rel-
ative position and orientation between the servicer and the target over the course of the
pre-capture operations. Instantaneously, the disturbance effects will be minimal, however
they escalate in time to significantly affect the desired trajectory.

Unsupervised learning (in particular reinforcement learning) is suggested for perform-
ing the trajectory learning task in comparison to supervised learning techniques. Firstly,
due to the existence of uncertainties in the environmental interactions (by virtue of orbital
disturbances) and in the system parameters, an optimal trajectory for the free-floating ma-
nipulator to capture a target satellite is not accurately known in advance. Consequently,
training datasets are not available to teach the servicing satellite the best path to a cap-
ture point on the target, thus rendering supervised learning ineffective. The servicer must
perform manipulations in orbit in order to experience the true effects of the orbital envi-
ronment, as well as its own dynamics. By training with a virtual target satellite, prior to
docking with an actual target, the servicer is able to gain experience on its manipulation
capabilities, and use reinforcement learning to develop an optimal policy for docking. Sec-
ondly, reinforcement learning is more robust to changes in the orbital environment (e.g., in-
creased solar activity), changes to physical properties of the servicer (e.g., mass variations
due to fuel consumption), and differences between target satellites (e.g., in geometry or
physical properties). A trajectory planning model resulting from supervised learning needs
to be retrained with a new training dataset that accounts for such changes in the system and
its environment. Conversely, reinforcement learning allows for real time adjustments to
the learned policies, greatly reducing the time and computation required to compensate for
the aforementioned changes. Moreover, reinforcement learning techniques performed in
the continuous domain, such as the Deep Deterministic Policy Gradient (DDPG) algorithm
proposed in [78], are particularly desirable due to the difficulties in discretizing the states
and actions involved. Further, the manipulation task by a space manipulator system can be
considered as a deterministic process, and the DDPG algorithm has already demonstrated
an aptitude to be used in space robot applications [5]. Therefore, this algorithm is deemed
most suitable for the trajectory learning of a free-floating manipulator system, and it is
detailed in the following paragraph.

In applying the DDPG algorithm to the trajectory planning problem, the states space,
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action space and reward function must be defined. In this case, the actions determined
by the actor neural network define the desired trajectory for which the space manipulator
system is to follow. As the overall objective is to move the manipulator’s end-effector in
time to reach a capture point on the target, it is beneficial (from the perspective of trajec-
tory following performance) for a servicer’s GNC system to use an output tracking con-
troller to directly control the end-effector’s position and orientation. Moreover, the study
conducted in [79] performs an analysis on the action representation for trajectory learning
tasks involving manipulators capturing fixed or moving targets, using the DDPG algorithm.
The results of the study demonstrate that designing actions in the manipulator’s workspace
achieve significantly faster convergence to the learned policy and a greater target capture
success rate (regarding a fixed target) in comparison to trajectories designed in the ma-
nipulator’s joint space. The resulting learned policy predicated on workspace trajectories
additionally exhibited versatility and adaptability to more complex target capture scenarios
involving moving targets and model uncertainties in the manipulator. The authors in [79]
show a greater performance when initializing the more complex learning processes with
the converged policy output by the trivial stationary target capture scenario, in comparison
to learning such new tasks from scratch.

3.3 Workspace Control

As mentioned in the previous subsection, performing output tracking control on free-
floating space manipulator systems allows for the greatest performance, versatility, and
adaptability resulting from the trajectory learning process. To not stunt the progression
of the learning process, and consequently extend the policy’s rate of convergence, con-
trol designs generating accurate and fast responses in the end-effector’s motion must be
implemented to achieve sufficient output tracking capabilities. In the early stages of the
learning process, highly random actions are performed in order for the actor and critic net-
works to learn the behaviours of both the agent and the environment. Therefore, the con-
trolled responses of space manipulator systems in following the initially random trajectories
are of utmost importance in aiding the performance of the DDPG algorithm. Insufficient
workspace control, where the output is incapable of accurately following the desired trajec-
tories, prolongs the convergence to an optimal policy due to the neural networks requiring
to learn the controller’s behaviour, in order to compensate for the non-negligible tracking
errors. As the output trajectory following capabilities increase, the need for the actor and
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critic networks to identify the controller’s design consequently decreases. Additionally,
one of the primary factors influencing the performance of the trajectory learning process
is the occurrence of dynamic and kinematic singularities during trajectory following tasks.
Often times the regions of singular configurations are not easily known, and therefore the
actor network may design trajectories which pass through a singularity, particularly in the
early stages of the learning. Consequently, measures for appropriately accommodating and
maintaining control during singular regions of operation is crucial for the success of the
trajectory learning process.

The remainder of this thesis focuses on developing an output tracking controller (con-
trolling both the position and orientation of the output) for a free-floating space manip-
ulator system with conserved non-zero momentum. This research lays the foundational
framework for the trajectory learning task, as well as additional prospective GNC enhance-
ment analyses using reinforcement learning techniques. In designing a workspace control
structure with sufficient performance, the following chapter first derives the kinematics,
dynamics, and momentum formulations of free-floating space manipulators.

Figure 3.1 portrays the proposed OOS architecture for service industrialization in a flow
chart format.



Chapter 4

Kinematics and Dynamics of Free-Floating
Space Manipulators

4.1 Summary

This chapter details the kinematic and dynamic modelling of free-floating single-arm space
manipulators using the Lie group structure associated with their configuration space. The
motion of a single rigid body on the Special Euclidean Lie group SE(3) is first studied as the
foundational framework for modelling a space manipulator system. By considering space
manipulators as rigid multi-body systems, the relationships established for a single rigid
body are extended to define the full motion of a free-floating space manipulator. The kine-
matic model begins by parameterizing the six lower pair joints as Lie subgroups of SE(3),
since this thesis considers space manipulators consisting of multi-DOF joints. Using the
product of exponentials formula, the forward kinematics mapping of an N-link space ma-
nipulator is established to relate the configuration of every body in the system to the spatial
coordinate frame. In addition, the matrices of the spatial and body Jacobians, forming
the system’s differential kinematics, are defined on Lie groups to allow for the derivation
of the system’s dynamics using the Euler-Lagrange equation. Finally, the conserved total
momentum of a free-floating space manipulator system in the spatial coordinate frame is
formulated based on the system’s inertia matrix.

4.2 Space Manipulator System Kinematics

This thesis considers free-floating space manipulator systems consisting of an N-link ma-
nipulator attached to a 6-DOF base spacecraft. All manipulator links are interconnected
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through either single or multi-DOF joints, and the motion of the base is captured by 3 pris-
matic and 3 revolute joints. These six joints are all coincident at the base’s center of mass.
The space manipulator is modelled as a serial-link open-chain rigid multi-body system with
N + 1 bodies and ND = NDM + 6 degrees of freedom, where NDM indicates the number of
degrees of freedom included in only the manipulator. All body coordinate frames are at-
tached to the bodies’ centers of masses and are assumed to be aligned with the respective
principal inertia axes. We number the bodies by k = 0, · · · ,N, where body 0 refers to the
base. The joint twists capturing the base motion are denoted by ξξξ 1, · · · ,ξξξ 6, while the twists
of the manipulator joints are denoted by ξξξ 7, · · · ,ξξξ ND

. Let θθθ ∈ R6 be the collection of the
base joint parameters, and qqq ∈ RNDM be the collection of the joint parameters for the ma-
nipulator. The vector of generalized coordinates for a space manipulator system is thus the
combination of θθθ and qqq, denoted by ΦΦΦ = [θθθ T qqqT ]T ∈ RND .

This section develops a complete kinematic description of free-floating space manipu-
lators on the Lie group SE(3). To start, the parameterization of various joint types in the
language of Lie groups is provided to relate the joint motions of a space manipulator with
the theory provided in section A.1, regarding the modelling of rigid body motion on Lie
groups. By treating the system joints as subgroups of SE(3), the resulting forward kinemat-
ics model is predicated on the system’s geometry and configuration. Finally, this section
details the differential kinematics of space manipulators to develop a relationship between
the system and end-effector velocities, known as the system Jacobian. The Jacobian is ex-
pressed in both the spatial and body coordinate frames to project the joint motions into the
end-effector’s spatial or body velocity vector.

4.2.1 Multi-DOF Joint Parameterization

As previously mentioned, this thesis involves both single and multi-DOF joints in the mod-
elling of space manipulator systems. The six lower pair joint types are considered, as such
joints are most common in robotic systems. Lower pair joints include revolute, prismatic,
helical, planar, cylindrical, and spherical joints. Their associated motions can be expressed
in subgroups of SE(3). Table 4.1 demonstrates the classification of each lower pair joint on
the SE(3) Lie group.

Starting with the single-DOF joints located at the bottom row of Table 4.1, the revo-
lute and prismatic joints refer to pure rotational and translational screw motions, respec-
tively. Revolute joints are described by the one-dimensional subgroup of SO(3), denoted
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Table 4.1: Lower pair joints

Dimension Subgroups of SE(3)

3 SE(2) = SO(2)⋉R2

planar
SO(3)
ball (spherical)

2 SO(2)×R
cylindrical

1 SO(2)
revolute

R
prismatic

Hp
helical

by SO(2), which specifies rotation about a single axis, and prismatic joints are described
by R which indicates translation in a single direction. The helical joint contains a single
independent motion, represented by the subgroup Hp, to express a complete screw motion
with a non-zero and finite pitch value. Cylindrical joints combine individual revolute and
prismatic motions SO(2)×R, to both rotate and translate an attached rigid body. The pla-
nar and spherical joints in the lower pair group both impart motions with three degrees
of freedom. Planar joints posses full planar motion (i.e., translation and rotation in two-
dimensional space), combining R2 and SO(2) to define the Special Euclidean space for
two dimensional motion, SE(2). A spherical joint allows for complete rotational motion,
described by rotation matrices belonging to SO(3). We may also include the free six-DOF
joint to describe unconstrained motion in SE(3). This six-DOF joint proves necessary when
describing the uncontrolled base motion of a space manipulator in its free-floating regime.

As mentioned, the motion of the more trivial single-DOF joints are represented in a
geometric context by a screw motion (helical joint motion) with either infinite pitch (pris-
matic joint motion) or zero pitch (revolute joint motion). Subsequently, provided the twist
ξξξ associated with the single-DOF joint motion, the relative motion between a rigid body’s
initial configuration and its configuration following the joint motion is obtained through the
exponential mapping exp(ξξξ Φ). With regards to the multi-DOF joints, this thesis expresses
their motion as an amalgamation of individual screw motions, each representing a single
degree of freedom in the joint’s motion. For example, the full rotational motion of a spher-
ical joint (represented by SO(3)) is effectively defined by the combination of three revolute
joints placed along each of the primary axes. For a body k with initial configuration gggsk(0),
and whose motion is defined by a spherical joint, its resulting configuration following the
spherical motion gggsk(Φz,Φy,Φx) is defined as follows,
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gggsk(Φz,Φy,Φx) = eξ̂ξξ zΦzeξ̂ξξ yΦyeξ̂ξξ xΦxgggsk(0). (4.1)

The representation of the spherical joint above signifies an Euler angle representation of
the joint’s motion. The rotation angles Φz,Φy, and Φx refer to the yaw, pitch, and roll of the
joint, and ξξξ z,ξξξ y,ξξξ x refer to twists placed along the z,y,x axes. Note that for a planar joint
(with motion in SE(2)), the same combination of exponential mappings in equation (4.1)
is used, however with the last two exponentials referring to translational motions about
the y and x axes. The principle of combining individual revolute and prismatic motions to
represent higher DOF joints provides the following general representation of joint motions
on Lie groups for the joint m with lm degrees of freedom,

gggm(Φ1, . . . ,Φlm) = eξ̂ξξ 1Φ1 . . .eξ̂ξξ lmΦlm gggm(0). (4.2)

The exponential mapping exp(ξ̂ξξ iΦi) may represent either a pure rotational or trans-
lational motion. Based on the Lie group parameterization of the six lower pair joints in
Table 4.1, and the motion definition for a single and multi-DOF joint, the system’s forward
kinematics can be formed. The following subsection describes the method for combin-
ing consecutive joint motions to define the forward kinematics mapping from the system
configuration to the end-effector pose in SE(3).

4.2.2 Forward Kinematics

As mentioned, the primary objective of the forward kinematics of a space manipulator
system is to determine the position and orientation of end-effector gggsN provided the joint
configurations in the system. More generally, the forward kinematics model provides a
function for computing the configuration of any body k in the system given the joint con-
figurations preceding body k. The region of allowable joint values is referred to as the
system’s joint space, and the region of achievable end-effector configurations is referred
to as either the system’s task space or workspace. Following a right-handed coordinate
system, a counterclockwise rotation defines the positive direction of rotational motions if
viewed along the axis of rotation. For translational motion, the displacement is measured
positive in the direction of the corresponding screw axis.
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Starting with the homogeneous transformation from the spatial frame to the coordi-
nate frame following the first joint’s motion gggs0, the forward kinematics map sequentially
merges individual joint transformations until reaching the end-effector. That is, for a gen-
eral robotic manipulator with N bodies, and where body k is subsequent to a joint with lmk

degrees of freedom, the forward kinematics to the end-effector is computed as follows,

gggsN(ΦΦΦ) = gggs0(Φ1, . . . ,Φl0)ggg01(Φl0+1, . . . ,Φl1) . . .ggg(N−1)N(ΦlN−1+1, . . . ,ΦlN )gggsN(0).
(4.3)

Here, lk = ∑
k
i=0 lmi defines the number of degrees of freedom in the system preceding body

k. For example, the spacecraft’s base has six degrees of freedom, thus defining l0 = 6.
The full forward kinematics mapping to the end-effector above can be easily generalized
to any body k in the system by simply ending the product of joint transformations at body
k. This implies that the combination of joint transformations in equation (4.3) ends at
ggg(k−1)k as opposed to ggg(N−1)N . Note that the joint homogeneous transformation between
two connected bodies is defined based on equation (4.2) with lm = lmk . Implementing
equation (4.2) into equation (4.3) demonstrates the general forward kinematic mapping in
terms of each individual prismatic or revolute motion included in the system. The notion
of compounding individual motions (corresponding to either single or multi-DOF joints)
using the exponential joint parameterization in the forward kinematics model is known as
the product of exponentials formula. The forward kinematics mapping for body k can thus
be expressed by the product of exponentials formula as follows,

gggsk(ΦΦΦ) = eξ̂ξξ 1Φ1 · · ·eξ̂ξξ lk
Φlk gggsk(0). k = 0, · · · ,N (4.4)

The product of exponentials formula above signifies the transformation of the kth body’s
initial configuration into its updated pose based on the current configuration of the space
manipulator system.

4.2.3 Differential Kinematics

With the developed forward kinematics model providing a connection from joint positions
to the pose of a rigid body k, differentiating this map provides a linear mapping from
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joint velocities to the velocity of body k. The differential of the forward kinematics is
known as the system’s Jacobian JJJ(ΦΦΦ) ∈R6×ND which can be expressed in either the spatial
frame JJJs(ΦΦΦ), or the body frame JJJb(ΦΦΦ), for mapping velocities to the respective frame of
reference. For example, the spatial velocity of body k, denoted VVV s

k, requires body k’s spatial
Jacobian JJJs

k(ΦΦΦ) and the joint velocities,

VVV s
k = JJJs

k(ΦΦΦ)Φ̇ΦΦ. (4.5)

As indicated by the nomenclature, the system Jacobian is a function of the generalized
coordinates ΦΦΦ due to its dependency on the forward kinematics. Recalling the definition of
the spatial velocity in equation (A.33), we expand the time derivative of the homogeneous
transformation gggsk

ġggsk(ΦΦΦ) =
ND

∑
i=1

∂gggsk(ΦΦΦ)

∂Φi
Φ̇i. (4.6)

Based on the definition of the spatial velocity,

V̂VV
s
k =

ND

∑
i=1

(
∂gggsk(ΦΦΦ)

∂Φi
Φ̇i

)
ggg−1

sk (ΦΦΦ) =
ND

∑
i=1

(
∂gggsk(ΦΦΦ)

∂Φi
ggg−1

sk (ΦΦΦ)

)
Φ̇i. (4.7)

Appendix D provides the derivation of the partial derivative of a homogeneous transfor-
mation with respect to a generalized coordinate. The result of this differentiation implies
that the argument of the summation above can be replaced by applying the Adjoint of the
product of exponentials up to Φi−1 to the ith twist ξξξ i. That is,

(
∂gggsk

∂Φi
ggg−1

sk

)∨
= Ad

(eξ̂ξξ 1θ1 ... eξ̂ξξ i−1θi−1)
ξξξ i. (4.8)

Therefore, the spatial Jacobian is defined by expressing summation in equation (4.7) in
matrix form.
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JJJs
k = [ηηη ′1 · · · ηηη

′
lk 06×(ND−lk)] ∈ R6×ND (4.9)

ηηη
′
i = (Adi−1

1 )′ξξξ i. i = 1, · · · , lk, (4.10)

where,

(Adi−1
1 )′ := Ad

(eξ̂ξξ 1θ1 ... eξ̂ξξ i−1θi−1)
. (4.11)

From this equation, the ith column of the spatial Jacobian represents the transformation
from the ith twist in the initial configuration to its updated location, given robot’s current
configuration, with respect to the spatial coordinate frame. This transformation is based
on all preceding i− 1 joint angles, and defined by the Adjoint matrix in equation (4.10).
Consequently, the spatial velocity of body k only relies on the preceding joint angles and
is independent of the succeeding joint parameters. This is expressed in the Jacobian matrix
by all lk +1, · · · ,ND columns being zero.

The body Jacobian associated with the kth body provides the linear mapping from the
joint velocities to body k’s body velocity,

VVV b
k = JJJb

k(ΦΦΦ)Φ̇ΦΦ. (4.12)

Similarly, based on the definition of VVV b
k in equation (A.34) and the derivative of gggsk, the

body Jacobian can be formed as the mapping between Φ̇ΦΦ and VVV b
k ,

JJJb
k = [ηηη1 · · · ηηη lk 06×(ND−lk)] ∈ R6×ND (4.13)

ηηη i = Adggg−1
sk (0)Adlk

i ξξξ i, i = 1, · · · , lk (4.14)

where for l > i

Adl
i := Ad

(e−ξ̂ξξ lΦl ... e−ξ̂ξξ iΦi)
. (4.15)
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In this body frame representation of the Jacobian matrix, the ith column expresses the
updated ith twist with respect to the coordinate frame attached to body k. Again, the trans-
formation updating the twist to the current configuration is predicated on the joint config-
urations preceding body k, as expressed by the Adjoint multiplication in equation (4.14).
Analogous to the connection between the spatial and body velocities, the spatial and body
manipulator Jacobians can also be related through the Adjoint operator associated with the
relating homogeneous transformation gggsk,

JJJs
k = AdgggskJJJb

k . (4.16)

The following section makes use of the differential kinematics mapping presented here
in forming the kinetic energy of a space manipulator system. Consequently, the system’s
Jacobian matrix forms the foundation for deriving the dynamical equations of space ma-
nipulators, in the context of Lie group theory.

4.3 Space Manipulator System Dynamics

In this section, the equations of motion for a free-floating space manipulator system are de-
rived based on a Euler-Lagrangian approach. Such approach is known to be computation-
ally inefficient in comparison to the Newton-Euler method; however, its use is necessary
for developing model-based control schemes. The equations of motion dictate the accel-
eration and subsequent motion of a free-floating space manipulator under actuation forces
and torques applied to the joints. Deriving the system dynamics based on a Lagrangian
approach requires the system’s kinetic and potential energies to defined the Lagrangian LLL.
Differentiating the Lagrangian with respect to the generalized coordinates and their ve-
locities provides a relationship between the system accelerations and a vector containing
the system forces and moments. In the case of a space manipulator system in orbit, the
potential energy of the system can be neglected due to the low-gravity environment and
the absence of any energy storing elements in the considered system. Consequently, the
Lagrangian LLL is simply equal to the kinetic energy of the space manipulator system KKK.
The resulting equations of motion combine the time derivative of the partial derivative of
the LLL with respect to the system’s generalized velocities and the partial derivative of the
Lagrangian with respect to the generalized coordinates. That is, the equation of motion
corresponding to a single degree of freedom i is expressed as follows,
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d
dt

∂LLL
∂ Φ̇i
− ∂LLL

∂Φi
= Ti (4.17)

where Ti represents the generalized force or torque (depending on translational or rotational
motion) collocated with the ith generalized coordinate. Based on the Lagrangian definition
for space manipulator systems LLL = KKK, we start by defining the kinetic energy associated
with the kth body,

KKKk(ΦΦΦ,Φ̇ΦΦ) =
1
2
(VVV b

k)
T DDDkVVV b

k , (4.18)

where DDDk denotes body k’s constant 6× 6 inertia matrix with respect to its body frame.
As previously mentioned, coordinate frame attached to any body k is located at the body’s
center of mass and aligned in the direction of its principal axes. This placement and orien-
tation of body coordinate frames results in the following mass matrix (assuming uniform
mass distributions),

DDDk =



mk 0 0 0 0 0

0 mk 0 0 0 0

0 0 mk 0 0 0

0 0 0 Ixk 0 0

0 0 0 0 Iyk 0

0 0 0 0 0 Izk


. (4.19)

Here, mk refers to the mass of body k, and Ixk, Iyk, and Izk refer to its principal moments of
inertia. The kinetic energy’s dependency on ΦΦΦ and Φ̇ΦΦ becomes apparent when introducing
body k’s Jacobian to express the body velocity vectors in equation (4.18),

KKKk(ΦΦΦ,Φ̇ΦΦ) =
1
2
(JJJb

k(ΦΦΦ)Φ̇ΦΦ)T DDDkJJJb
k(ΦΦΦ)Φ̇ΦΦ, (4.20)

which is rewritten as,
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KKKk(ΦΦΦ,Φ̇ΦΦ) =
1
2

Φ̇ΦΦ
T
(JJJb

k(ΦΦΦ))T DDDkJJJb
k(ΦΦΦ)Φ̇ΦΦ. (4.21)

The resulting expression above signifies that the kinetic energy associated with body k

depends on its inertia matrix and body Jacobian. Moreover, the total kinetic energy of the
system is the sum of each body’s individual kinetic energy,

KKK(ΦΦΦ,Φ̇ΦΦ) =
N

∑
k=0

KKKk(ΦΦΦ,Φ̇ΦΦ), (4.22)

The required summation pertaining to the full system kinetic energy thus depends on
the matrix products of the body Jacobians and body inertia matrices. This summation can
be simplified by introducing the matrix M̄MM(ΦΦΦ) ∈ RND×ND . This matrix is known as the
inertia matrix of the system and is defined based on

M̄MM(ΦΦΦ) :=
N

∑
k=1

(JJJb
k(ΦΦΦ))T DDDkJJJb

k(ΦΦΦ), (4.23)

such that,

KKK(ΦΦΦ,Φ̇ΦΦ) =
1
2

Φ̇ΦΦ
T M̄MM(ΦΦΦ)Φ̇ΦΦ. (4.24)

To efficiently formulate M̄MM(ΦΦΦ), the summation in equation (4.23) can be expressed in
terms of a single matrix multiplication. In doing so, we define a 6ND×ND matrix JJJ which
contains all of the body Jacobian matrices in the system,

JJJ(ΦΦΦ) :=



JJJb
0(ΦΦΦ)

JJJb
1(ΦΦΦ)

...

JJJb
N(ΦΦΦ)


, (4.25)
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and a 6ND×6ND block diagonal matrix collecting the individual body inertia matrices,

DDD :=



DDD0 0 . . . 0

0 DDD1 . . . 0
...

... . . . ...

0 0 . . . DDDN


. (4.26)

Based on the definition of the matrices JJJ and DDD, the system inertia matrix is expressed as
follows,

M̄MM(ΦΦΦ) = JJJT (ΦΦΦ)DDDJJJ(ΦΦΦ). (4.27)

The inertia matrix can be partitioned by rows and columns into four sub-matrices.
These sub-matrices separate the inertial contributions to the system dynamics from the
spacecraft base and the manipulator,

M̄MM(ΦΦΦ) =

 HHHo HHHom

HHHT
om HHHm

 . (4.28)

Here, HHHo is the 6×6 matrix of the base contribution to the system’s momentum repre-
sented in the base parameterization, HHHom is the 6×N matrix of the manipulator contribution
to the system’s momentum (similarly expressed in the base parameterization), and HHHm is
the N×N matrix of the manipulator’s inertia.

Given the total system kinetic energy expressed in equation (4.24), the resulting equa-
tions of motion of a space manipulator are found using the Euler-Lagrangian equation in
(4.17). Since the system inertia matrix is only dependent on the generalized coordinates
ΦΦΦ, the partial derivative of the Lagrangian (equal to the system’s total kinetic energy) with
respect to the generalized velocities is

∂LLL(ΦΦΦ,Φ̇ΦΦ)

∂ Φ̇ΦΦ
= M̄MM(ΦΦΦ)Φ̇ΦΦ. (4.29)
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Taking the time derivative of this equation defines the first term in the Euler-Lagrange
equation,

d
dt

∂LLL(ΦΦΦ,Φ̇ΦΦ)

∂ Φ̇ΦΦ
= M̄MM(ΦΦΦ)Φ̈ΦΦ+ ˙̄MMM(ΦΦΦ)Φ̇ΦΦ, (4.30)

where the time derivative of the system inertia matrix is calculated as follows,

˙̄MMM(ΦΦΦ) =
ND

∑
i=1

∂M̄MM(ΦΦΦ)

∂Φi
Φ̇i. (4.31)

As the dependency of the system inertia matrix to the generalized coordinates stems
from the body Jacobian, the partial derivative of the inertia matrix depends on the partial
derivative of the Jacobian matrix with respect to the ith generalized coordinate. That is, by
way of the chain rule, the partial derivative of the inertia matrix is calculated as,

∂M̄MM(ΦΦΦ)

∂Φi
=

(
∂JJJ(ΦΦΦ)

∂Φi

)T

DDDJJJ(ΦΦΦ)+ JJJT (ΦΦΦ)DDD
∂JJJ(ΦΦΦ)

∂Φi
. i = 1, · · · ,ND (4.32)

Given the form of the jth column in body k’s body Jacobian in equation (4.14), only the
Adjoint operator Adlk

i transforming the twist ξξξ i to the current configuration is dependent on
ΦΦΦ. The Adjoint of the initial pose gggsk(0) and the twist ξξξ i are independent of the system’s
configuration. Consequently, the derivative of the jth column of body k’s body Jacobian
with respect to Φi becomes

∂JJJb
k, j

∂Φi
= Adggg−1

sk (0)

∂Adlk
j

∂Φi
ξξξ j. (4.33)

The expression for the partial derivative of the Adjoint operator is presented below, result-
ing from the complete derivation provided in Appendix E,

∂Adlk
j

∂Φi
=−Adlk

i+1adξξξ i
Adi

j. (4.34)
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Implementing the derivative of the Adjoint operator in equation (4.33), the partial derivative
of the jth column of the body Jacobian is written as,

∂JJJb
k, j

∂Φi
=−Adggg−1

sk (0)Adlk
i+1adξξξ i

Adi
jξξξ j. i≤ j (4.35)

For i > j this partial derivative is identically equal to zero. The equations of motion can
now be demonstrated in matrix form provided the expression for the partial derivative of
the inertia matrix,

M̄MM(ΦΦΦ)Φ̈ΦΦ+ ˙̄MMM(ΦΦΦ)Φ̇ΦΦ− 1
2

Φ̇ΦΦ
T ∂M̄MM(ΦΦΦ)

∂ΦΦΦ
Φ̇ΦΦ = τττ. (4.36)

The vector τττ ∈ RND contains the forces and torques collocated with the generalized
coordinates in the system. Due to the free-floating nature of the spacecraft’s base, the first 6
elements of τττ (corresponding to the base motion) are equal to zero. That is, τττ = [01×6 τττT

m]
T ,

where τττm ∈ RN is the vector of torques applied to the manipulator joints. The generalized
coordinate velocity vector Φ̇ΦΦ can additionally be factored out from the second and third
term in equation (4.36) to yield

M̄MM(ΦΦΦ)Φ̈ΦΦ+


ND

∑
i=1

∂M̄MM(ΦΦΦ)

∂Φi
Φ̇i−

1
2


Φ̇ΦΦ

T ∂M̄MM(ΦΦΦ)
∂Φ1

...

Φ̇ΦΦ
T ∂M̄MM(ΦΦΦ)

∂ΦND
.


Φ̇ΦΦ = τττ. (4.37)

The resulting term which multiplies Φ̇ΦΦ represents the system Coriolis matrix, denoted
by C̄CC(ΦΦΦ,Φ̇ΦΦ)∈RND×ND . This matrix contains the space manipulator’s Coriolis and centrifu-
gal effects, i.e.,

C̄CC(ΦΦΦ,Φ̇ΦΦ) =
ND

∑
i=1

∂M̄MM(ΦΦΦ)

∂Φi
Φ̇i−

1
2


Φ̇ΦΦ

T ∂M̄MM(ΦΦΦ)
∂Φ1

...

Φ̇ΦΦ
T ∂M̄MM(ΦΦΦ)

∂ΦND
.

 . (4.38)
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In a similar fashion to the inertia matrix partitioning, the system Coriolis matrix can
likewise be broken down into its matrix elements. In this case, these sub-matrices demon-
strate the Coriolis and centrifugal effects stemming from the motion of the base and the
manipulator,

C̄CC(ΦΦΦ,Φ̇ΦΦ) =

 CCCo CCCom

CCCmo CCCm

 . (4.39)

The 6× 6 and 6×N matrices CCCo and CCCom represent the contribution of the Coriolis
forces on the total system momentum expressed in the parameterization of the base, result-
ing from base and manipulator motions, respectively. Additionally, CCCmo and CCCm are N×6
and N×N matrices summarizing those contributions in the Coriolis forces on the manipu-
lator. Making use of the system inertia and Coriolis matrices, the equations of motion for a
space manipulator system are written in matrix form as follows,

M̄MM(ΦΦΦ)Φ̈ΦΦ + C̄CC(ΦΦΦ,Φ̇ΦΦ)Φ̇ΦΦ = τττ, (4.40) HHHo HHHom

HHHT
om HHHm


θ̈θθ

q̈qq

+

 CCCo CCCom

CCCmo CCCm


θ̇θθ

q̇qq

=

06×1

τττm

 . (4.41)

Given these matrix partitionings, the dynamics of a free-floating space manipulator
system can be divided into the equations of motion pertaining to the base (i.e., the first six
rows of equation (4.40)) and and those concerning the manipulator (i.e., the last N rows of
equation (4.40)) separately,

HHHoθ̈θθ +HHHomq̈qq+CCCoθ̇θθ +CCComq̇qq = 06×1 (4.42)

HHHT
omθ̈θθ +HHHmq̈qq+CCCmoθ̇θθ +CCCmq̇qq = τττm. (4.43)

Separating the equations of motion demonstrates the coupling between the spacecraft
base and the manipulator. Equation (4.43) emphasizes the dynamic influence that an ac-
tuation torque applied to the manipulator joints imposes on the base motion. Due to the
application of τττm, the spacecraft base’s acceleration is proportional to the coupling inertia
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sub-matrix HHHT
om and with velocity related by the coupling component of the Coriolis ma-

trix CCCmo. Thus, having no control of the spacecraft base in the free-floating regime imposes
difficulties in controlling the entire space manipulator system due to the coupled motion
between the base and manipulator.

4.4 Conservation of Momentum

As previously mentioned, the motion of a free-floating space manipulator is exclusively
controlled by actuating the spacecraft’s manipulator. As a result, in order for the system to
achieve some form of trajectory following, the affect of the manipulator motion on the mo-
tion of the entire system is required. The influence of the base motion to space manipulator
system becomes irrelevant from a control perspective during the free-floating regime due to
the base being unactuated. Consequently, the goal of this section is to obtain a relationship
between the base and manipulator motions emanating from the system’s conserved mo-
mentum. We start by defining the generalized system momentum of a space manipulator
to be the matrix product of the system’s inertia and its associated generalized coordinate
velocities,

PPP := M̄MM(ΦΦΦ)Φ̇ΦΦ. (4.44)

Recalling equation (4.27) describing the matrix form of the system inertia matrix, the
general momentum can be expressed in terms of the matrices DDD and JJJ which collect bodies’
inertia matrices and body Jacobians. Therefore,

PPP = JJJT DDDJJJΦ̇ΦΦ. (4.45)

By expanding the expression of the generalized system momentum above, the momen-
tum associated with each body can be explicitly shown with reference to its associated body
Jacobian and individual inertia matrix,
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PPP =

[
(JJJb

0)
T (JJJb

1)
T . . . (JJJb

N)
T

]


DDD0 0 . . . 0

0 DDD1 . . . 0
...

... . . . ...

0 0 . . . DDDN





JJJb
0

JJJb
1

...

JJJb
N


Φ̇ΦΦ, (4.46)

which is simplified to

PPP =

[
(JJJb

0)
T . . . (JJJb

N)
T

]


DDD0JJJb
0Φ̇ΦΦ

DDD1JJJb
1Φ̇ΦΦ

...

DDDNJJJb
NΦ̇ΦΦ


=

[
(JJJb

0)
T . . . (JJJb

N)
T

]


DDD0VVV b
0

DDD1VVV b
1

...

DDDNVVV b
N


. (4.47)

The vector DDDkVVV b
k ∈ R6 represents the body momentum of the kth body, denoted by PPPb

k ,
about body k’s center of mass and expressed in the body coordinate frame. The total mo-
mentum of the space manipulator system is simply the summation of the momenta. How-
ever, this summation is only valid provided that the momenta are expressed with respect to
the spatial coordinate frame. That is,

PPPs =
N

∑
k=0

PPPs
k (4.48)

indicates the total spatial momentum of the system PPPs, when the body momenta expressed
in equation (4.47) are transformed to the spatial coordinate frame. For body k this spatial
momentum is denoted by PPPs

k and it is related to the body momentum by

PPPs
k = Ad−T

gsk
PPPb

k . (4.49)

As previously discussed in section 4.3, the first 6 rows of the inertia matrix correspond
to the contributions of the base and manipulator motions on the system momentum ex-
pressed in the parameterization of the base. As this section aims to develop a relationship
between the base and manipulator motions, only the first 6 rows of the inertia matrix are of
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concern in the calculation of the total momentum. Based on the inertia matrix definition,
the first 6 rows of M̄MM correspond to the first 6 rows of the JJJT matrix, and thus the first 6
columns of JJJb

0 (i.e. the first 6 rows of (JJJb
0)

T ). Note that the first 6 columns of JJJb
0 are the only

non-zero elements in the base’s Jacobian since the base’s motion is defined by six degrees
of freedom (l0 = 6). We denote the collection of the nonzero columns of the base’s body
Jacobian by the matrix J̄JJb

0. That is,

J̄JJb
0 = Adggg−1

s0 (0)[Ad6
1ξξξ 1 Ad6

2ξξξ 2 . . . Ad6
6ξξξ 6] ∈ R6×6. (4.50)

Factoring out the Adjoint operator for the product of exponentials going from the first
generalized coordinate to the sixth Ad6

1 and recalling the definition of the spatial Jacobian
in (4.9),

J̄JJb
0 = Adggg−1

s0 (0)Ad6
1[ξξξ 1 Ad

eξ̂1θl
ξξξ 2 . . . Ad

eξ̂1θl ... eξ̂5θ5
ξξξ 6] =: Adggg−1

s0
J̄JJs

0 ∈ R6×6. (4.51)

Here, J̄JJs
0 is the first 6 columns of the body 0’s spatial Jacobian. Since for every body k in

the chain the first 6 columns of the body Jacobian JJJb
k correspond to the same screws but in

body k’s coordinate frame, the truncated Jacobian

J̄JJb
k := Adggg−1

sk
J̄JJs

0 ∈ R6×6, k = 1, · · · ,N (4.52)

is forming the first 6 columns of JJJb
k . Hence, the first 6 rows of (4.47) reads

P̄PP : =
[
(J̄JJs

0)
T AdT

ggg−1
s0

(J̄JJs
0)

T AdT
ggg−1

s1
. . . (J̄JJs

0)
T AdT

ggg−1
sN

]


PPPb
0

PPPb
1

...

PPPb
N


= (J̄JJs

0)
T (AdT

ggg−1
s0

PPPb
0 +AdT

ggg−1
s1

PPPb
1 + . . .+AdT

ggg−1
sN

PPPb
N) = (J̄JJs

0)
T

N

∑
k=0

PPPs
k = (J̄JJs

0)
T PPPs. (4.53)

Referring back to the partitioning of the inertia matrix M̄MM(ΦΦΦ) in (4.28), the total spatial
momentum of the system is obtained by
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PPPs(ΦΦΦ,Φ̇ΦΦ) = (J̄JJs
0)
−T P̄PP = (J̄JJs

0)
−T [HHHo HHHom]

θ̇θθ

q̇qq

 . (4.54)

Under the aforementioned assumption that the space manipulator system is in an undis-
turbed environment, the total momentum of the system in the spatial coordinate frame is
assumed constant and equal to µ ∈R6. Therefore, the conservation of momentum equation
yields

HHHoθ̇θθ +HHHomq̇qq = (J̄JJs
0)

T
µµµ. (4.55)

This equation may be considered as an affine nonholonomic constraint on the space ma-
nipulator motion. We denote the submanifold of the tangent bundle of the configuration
manifold that is defined via this equation by

M := (PPPs)−1(µµµ). (4.56)

This defines all possible states of the system in which the system can evolve in, when
the total momentum of the system is conserved and equal to µµµ . Note that the case of µµµ = 0
has been extensively studied in the literature [68]. However, the system may not be in
rest (either deliberately or non-deliberately) when beginning the capture process of a target
object; thus signifying the importance of studying control scenarios involving systems with
conserved non-zero momentum.



Chapter 5

Output Tracking Control of Free-Floating Space
Manipulators

5.1 Summary

This chapter develops an output tracking controller to stabilize feasible end-effector pose
trajectories of a free-floating space manipulator in an undisturbed environment. Two con-
trol cases are considered: the first and more trivial task involves performing output tracking
control on only the linear end-effector motion, while the second task expands upon this to
address the full pose control of the end-effector on SE(3). In both output tracking control
strategies, feedback linearization is employed in the manipulator joint space to linearize the
non-linear properties of the end-effector motion by defining an appropriate feedback trans-
formation. This control approach evidently allows for linear control (e.g., PID control)
implementation in the workspace of the space manipulator. Free-floating space manip-
ulators are inherently underactuated with available control only in the joint space of the
manipulator, and they posses conserved total spatial momentum. Taking advantage of the
conserved quantities, a systematic procedure is developed to reduce the system dynamics
at a non-zero momentum and rigorously express the equations of motion independent of
the uncontrolled base motion by restricting the space of allowable velocities. Feedback
linearization applied to the reduced dynamics results in a linear relation relating the input
control torques to the end-effector motion that solely depends on the controlled states of
the system (i.e., the manipulator joint motions). A classical PID controller is implemented
to control the system’s linear output, and a modified feedforward, feedback PID control
law is used to stabilize any feasible trajectory (including both position and orientation) of
the end-effector on SE(3). The following subsections carefully reduce the dynamics of the

35
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space manipulator system with a non-zero conserved momentum, and subsequently define
control laws derived from the input-output linearization on R3 and on the Lie algebra se(3).
Singularity accommodation in the designed controller is introduced using the singularity
robust inverse method.

5.2 Dynamic Reduction

Considering a space manipulator in its free-floating regime, this section aims to reduce
the system’s dynamics by restricting the equations of motion to the space of controlled
states. This implies developing a dynamic relationship between the manipulator torque
τττm ∈ RN and only the motion of the manipulator joints. In Section 4.3, (4.43) summarizes
the equations of motion involving both the base and manipulator under the influence of a
manipulator torque. The following dynamic reduction process relates the motion of the
base with that of the manipulator using the system’s momentum. Substituting this rela-
tionship into equation (4.43) allows for an expression of the dynamical equations as only
a function of the manipulator’s motion. The dynamic reduction process is predicated on
the assumption of an undisturbed environment, signifying that the system momentum is
constant, however not necessarily zero. Consequently, we begin the reduction process by
using the conserved linear and angular momentum presented in Section 4.4 to restrict the
system velocities. From this conserved quantity, a non-linear relationship between the base
and manipulator motions arises. Recalling the conservation of total momentum in equation
(4.55), we can obtain this relation by isolating for the base velocity as follows,

θ̇θθ = HHH−1
o (J̄JJs

0)
T

µµµ−HHH−1
o HHHomq̇qq = BBB−SSSq̇qq, (5.1)

where we define

SSS(ΦΦΦ) := HHH−1
o HHHom, (5.2)

BBB(ΦΦΦ; µµµ) := HHH−1
o (J̄JJs

0)
T

µµµ. (5.3)

This relationship provides an expression for the velocity of the base in terms of the manip-
ulator motion.

With the objective of the dynamic reduction being to remove all dependency on the
base motion in the dynamic equations, the base acceleration (appearing in equation (4.43))
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must also be expressed in terms of the manipulator joint accelerations. This implies taking
the time derivative of the relationship between the base and manipulator joint velocities in
equation (5.1). This time derivative expresses the base acceleration in the following form,

θ̈θθ = ḂBB− ṠSSq̇qq−SSSq̈qq. (5.4)

where the time derivatives ṠSS and ḂBB are defined as,

ṠSS(ΦΦΦ,Φ̇ΦΦ) = HHH−1
o ḢHHom−HHH−1

o ḢHHoooHHH−1
o HHHom, (5.5)

ḂBB(ΦΦΦ,Φ̇ΦΦ; µµµ) =−HHH−1
o ḢHHoHHH−1

o (J̄JJs
0)

T
µµµ +HHH−1

o ( ˙̄JJJs
0)

T
µµµ. (5.6)

Similar to the partitioning introduced in equation (4.28), the time derivative of the in-
ertia matrix components ḢHHom and ḢHHo are defined by partitioning the time derivative of the
system inertia matrix ˙̄MMM(ΦΦΦ,Φ̇ΦΦ),

˙̄MMM(ΦΦΦ,Φ̇ΦΦ) =

 ḢHHo ḢHHom

ḢHHT
om ḢHHm

 . (5.7)

The matrix ˙̄MMM(ΦΦΦ,Φ̇ΦΦ) is calculated based on (4.31), as detailed in Section 4.3.
Referring back to the matrix ḂBB, the time derivative of the truncated spatial Jacobian for

the base ought to be determined. A similar computation presented in equation (4.35) must
be performed to calculate ˙̄JJJs

0, however for a Jacobian matrix in the spatial frame. Based
on the definition of the spatial Jacobian in equation (4.9), the partial derivative of the jth

column of J̄JJs
0 with respect to the ith generalized coordinate Φi is calculated by the following

relation,

∂ J̄JJs
0, j

∂Φi
=

∂ (Ad j−1
1 )′

∂Φi
ξξξ j. (5.8)

Appendix E provides the derivation for the partial derivative of the Adjoint operator
(Ad j−1

1 )′ in the expression above. The resulting partial derivative for the Adjoint operator
above is as follows,
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∂ (Ad j−1
1 )′

∂Φi
= (Adi

1)
′adξξξ i

(Ad j−1
i+1 )

′. 1≤ i≤ ( j−1) (5.9)

For any i > ( j− 1) this derivative is identically equal to zero. Consequently, the ex-
pression for the partial derivative of the column J̄JJs

0, j with respect to Φi becomes,

∂ J̄JJs
0, j

∂Φi
= (Adi

1)
′adξξξ i

((Ad j−1
i+1 )

′
ξξξ j). (5.10)

Since the first column of the spatial Jacobian expresses the unchanged twist ξξξ 1 (includ-
ing no Adjoint operator), and the spacecraft base contains 6 degrees of freedom, equation
(5.10) applies to all columns 2 ≤ j ≤ 6. Using equation (5.10), the time derivative ˙̄JJJs

0 is
computed as follows,

˙̄JJJs
0(ΦΦΦ,Φ̇ΦΦ) =

6

∑
i=2

∂ J̄JJs
0

∂Φi
Φ̇i. (5.11)

Based on the matrices ˙̄MMM(ΦΦΦ,Φ̇ΦΦ) and ˙̄JJJs
0(ΦΦΦ,Φ̇ΦΦ), a dependency on the base velocities is

introduced in the relationship between the base and manipulator accelerations. This de-
pendency on θ̇θθ is removed through restricting to M . This restriction implements equation
(5.1) to express the base velocity with that of the manipulator in the Φ̇ΦΦ matrix. The same
dependency on θ̇θθ in system Coriolis matrix can analogously be removed by restricting to
M . That is, we define the following matrices to be independent of the base velocity,

S(ΦΦΦ, q̇qq; µ) := ṠSS(ΦΦΦ, [(BBB−SSSq̇qq)T q̇qqT ]T ), (5.12)

B(ΦΦΦ, q̇qq; µ) := ḂBB(ΦΦΦ, [(BBB−SSSq̇qq)T q̇qqT ]T ), (5.13)

C(ΦΦΦ, q̇qq; µ) := C̄CC(ΦΦΦ, [(BBB−SSSq̇qq)T q̇qqT ]T ), (5.14)

where the matrix C(ΦΦΦ, q̇qq; µ) is partitioned as follows,
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C(ΦΦΦ, q̇qq; µ) =

 Co Com

Cmo Cm

 . (5.15)

Note that the equations of motion pertaining to the base in equation (4.42) are equiva-
lent to the derived relationship between the base and manipulator accelerations stemming
from the conservation of momentum. Hence by restricting the dynamics to M , we can
omit these equations from the set of dynamical equations of the space manipulator. The set
of dynamical equations governing the motion of the manipulator can then be obtained by
restricting equation (4.43) to M . Substituting the relationships from the conservation of
momentum (5.1) and (5.4) into equation (4.43) yields the following reduced set of dynam-
ical equations independent of the base motion:

MMMq̈qq+CCCq̇qq+EEE = τττm, (5.16)

where,

MMM(ΦΦΦ) := HHHm−HHHT
omSSS, (5.17)

CCC(ΦΦΦ, q̇qq; µ) := Cm−HHHT
omS−CmoSSS, (5.18)

EEE(ΦΦΦ, q̇qq; µ) := HHHT
omB+CmoBBB. (5.19)

The reduced equations of motion in equation (5.16) express the relationship between
internal torques applied to the manipulator’s joints and the resulting joint motions con-
sidering the contributions of the base motion. As mentioned, the resulting equations are
independent of the base motion (i.e., θ̇θθ and θ̈θθ ), however still depend on the base configura-
tion θθθ . The base configuration is a measurable quantity of a space manipulator system and
therefore does not need to be expressed in terms of the position of the manipulator joints.
Following this reduction of the system dynamics, the resulting control law to linearize
the double derivative of the system’s output will solely depend on the controlled states of
the system (i.e., the manipulator joint motions). The following subsections perform feed-
back linearization for the two output tracking control cases to derive an appropriate control
torque which linearizes the desired end-effector motion.



CHAPTER 5. OUTPUT TRACKING CONTROL 40

5.3 Feedback Linearization for Linear Output Control

5.3.1 Zero Momentum System

Starting with the most trivial of control tasks, this subsection performs linear control of the
end-effector motion for a free-floating space manipulator with constant zero momentum.
The objective of performing feedback linearization in this instance is to obtain an input-
output connection between the actuation torque applied to the manipulator τττm, and the
time derivatives of the end-effector’s position. This control objective leads to the following
problem statement for linear output tracking control:

Problem 1. Consider the free-floating space manipulator reduced dynamics in (5.16), and

the end-effector position ppps
N as the output of the system. Given a twice differentiable de-

sired trajectory p̄pps
N(t) ∈ R3 for the output, find τττm to make the desired output trajectory

exponentially stable.

We begin deriving the relationship between the manipulator torques and end-effector
motion by establishing the body velocity of the end-effector based on the system’s body
Jacobian matrix,

VVV b
N = JJJb

N

θ̇θθ

q̇qq

 ∈ R6. (5.20)

The differential kinematic relationship above may be partitioned by rows to demon-
strate the Jacobian components pertaining to the linear and angular velocities (vvvb

N and ωωωb
N),

as well as by columns to separate the influence from the base and manipulator configura-
tions on the end-effector’s velocity. Based on these partitionings, the differential kinematics
mapping is expanded as follows, vvvb

N

ωωωb
N

=

JJJb
vo

JJJb
vm

JJJb
ωo

JJJb
ωm


θ̇θθ

q̇qq

 . (5.21)

The 3× 6 and 3×N matrices JJJb
vo

and JJJb
vm

represent the base and manipulator contri-
butions (denoted by the subscripts o and m respectively) of the system Jacobian on the
end-effector’s linear velocity (denoted by the subscript v). In keeping with this subscript
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notation, the remaining sub-matrices with the subscript ω form the contributions from the
base and manipulator configurations on the angular end-effector motion in the body frame.
Since the control task covered in this section focuses on controlling the linear portion of
the end-effector’s trajectory, only the first three rows of equation (5.21) are considered,

vvvb
N = [JJJb

vo
JJJb

vm
]

θ̇θθ

q̇qq

 ∈ R3. (5.22)

To express the end-effector’s linear velocity in terms of only the controlled states, we
restrict the system velocity vector to M and remove the dependency on the base motion.
For the case of a zero momentum system (µµµ = 06×1), the relationship between the base and
manipulator velocities in (5.1) reduces to,

θ̇θθ =−SSSq̇qq ∈ R6, (5.23)

where the matrix SSS is still defined based on the first six rows of the inertia matrix as shown in
equation (5.2). Consequently, the output velocity in terms of only the manipulator motion
is expressed as follows,

vvvb
N = [JJJb

vo
JJJb

vm
]

−SSSq̇qq

q̇qq

 . (5.24)

Performing the matrix multiplication above results in the definition of the 3×N generalized
Jacobian matrix, denoted by JJJ∗v :

vvvb
N =(JJJb

vm
− JJJb

vo
SSS)q̇qq ∈ R3, (5.25)

JJJ∗v :=JJJb
vm
− JJJb

vo
SSS ∈ R3×NDM . (5.26)

The generalized Jacobian matrix provides a relationship depicting the influence of the
manipulator joints’ motion on the end-effector’s linear velocity in the body frame. Note
that the subscript v is again applied to the GJM to signify that we are only considering
the linear portion of this relationship (i.e., the first three rows of JJJ∗). Note that the GJM
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expressed in equation 5.50 is an extension of the original GJM definition in [68] (which
includes a general Jacobian matrix mapping from Rn→Rn) to provide a mapping from the
manipulator’s joint space in RNDM to the actual output of the system in R3.

As explained in Section A.1.3, the resulting body frame velocity vector represents the
velocity of the coordinate frame attached to the end-effector relative to the spatial coordi-
nate frame, from the perspective of the body frame. In performing output tracking control,
the goal is for the end-effector to follow a desired trajectory defined with respect to the
spatial coordinate frame. By viewing the trajectory from the spatial frame, the associated
tracking error has a physical significance with regards to the control objective. For the
controlled system output and the desired trajectory to share a consistent frame of reference,
the linear body velocity vvvb

N must be transformed to the spatial frame. This transformation
requires the rotation matrix from the spatial frame to the end-effector coordinate frame RRRsN

coming from the forward kinematics such that,

vvvs
N = ṗppsN = RRRsNvvvb

N = RRRsNJJJ∗v q̇qq. (5.27)

Note that we first define the end-effector’s body velocity for subsequent transformation
to the spatial frame (as opposed to initially using the spatial Jacobian) due to the fact that
the velocity vector resulting from the spatial Jacobian does not express the correct output
of the system. Recall that the spatial velocity provides the velocity of a point attached
to the end-effector that is passing through the origin of the spatial frame. This spatial
velocity is inconsistent with the initial definition of the system output (i.e., the motion of
the coordinate frame attached to the end-effector). Therefore we must first define the end-
effector velocity using the body Jacobian matrix (yielding the correct output of the system),
which is then transformed to the spatial frame for consistency with the desired trajectory.

Continuing with the feedback linearization process, taking the time derivative of equa-
tion (5.27) provides a relationship between the linear acceleration of the end-effector and
the manipulator joint accelerations,

v̇vvs
N = ṘRRsNJJJ∗v q̇qq+RRRsN J̇JJ∗v q̇qq+RRRsNJJJ∗v q̈qq, (5.28)

where the time derivatives of the GJM and rotation matrix are defined as follows,
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J̇JJ∗v = J̇JJb
vm
− J̇JJb

vo
SSS− JJJb

vo
S, (5.29)

ṘRRsN = RRRsNω̃ωω
b
N = RRRsN ((JJJωm− JJJωoSSS)q̇qq)̃ . (5.30)

Note that the time derivatives of the body Jacobian sub-matrices are defined by J̇JJb
N based

on (4.35) as follows,

J̇JJb
N(ΦΦΦ,Φ̇ΦΦ) =

ND

∑
i=1

∂JJJb
k, j

∂Φi
Φ̇i =

 J̇JJb
vo

J̇JJb
vm

J̇JJb
ωo

J̇JJb
ωm

 . (5.31)

The dependency on the base velocity in the derivative of the generalized Jacobian matrix
(by way of J̇JJvo and J̇JJvm) is again removed by restricting to M . That is,

Jvo(ΦΦΦ, q̇qq) := J̇JJb
vo
(ΦΦΦ, [(SSSq̇qq)T q̇qqT ]T ) ∈ R3×6, (5.32)

Jvm(ΦΦΦ, q̇qq) := J̇JJb
vm
(ΦΦΦ, [(SSSq̇qq)T q̇qqT ]T ) ∈ R3×NDM , (5.33)

such that,

J∗v(ΦΦΦ, q̇qq) := J̇JJ∗v(ΦΦΦ, [(SSSq̇qq)T q̇qqT ]T ) = Jvm−JvoSSS− JJJb
vo
S ∈ R3×NDM . (5.34)

The twice differentiated system output in equation (5.28) now presents an opportunity
to obtain a relationship between the manipulator torque (i.e., the control input) and the end-
effector’s motion. Isolating for the joint accelerations in the reduced dynamic equations
(equation (5.16)) for a system with zero momentum provides the following relationship,

q̈qq = MMM−1(τττm−CCCq̇qq). (5.35)

Substituting for the joint accelerations in equation (5.28) delivers the desired relationship
between the linear end-effector motion and joint torques,
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v̇vvs
N = RRRsN ((JJJωm− JJJωoSSS)q̇qq)̃ JJJ∗v q̇qq+RRRsNJ∗v q̇qq+RRRsNJJJ∗v(MMM

−1(τττm−CCCq̇qq)). (5.36)

Note that only ΦΦΦ and q̇qq appear in (5.36) as these are known quantities of a space ma-
nipulator system through sensor measurements. Feedback linearization can now be imple-
mented to linearize the system’s output by defining an appropriate input torque vector τττm to
cancel the non-linearities in equation (5.36). Note that it is assumed that there is sufficient
dexterity in the space manipulator to fully actuate the system in the context of linear output
control. That is:

Assumption 1. The manipulator system contains actuators imparting at least 3 indepen-

dent motions.

Given the relationship between τττm and v̇vvs
N , and under Assumption 1, the following

feedback transformation law removes all non-linearities in the system output:

τττm = MMMJJJ∗⋄v RRRT
sN(UUUv−RRRsN ((JJJωm− JJJωoSSS)q̇qq)̃ JJJ∗v q̇qq−RRRsNJ∗v q̇qq)+CCCq̇qq, (5.37)

such that the input-output relationship can be controlled using standard control techniques
for linear systems,

v̇vvs
N = p̈ppsN =UUUv. (5.38)

Here, ⋄ represents the Singularity-Robust (SR) inverse of a matrix, defined for non-
square matrices. The SR-inverse is implemented as a general case of Assumption 1, per-
taining to redundant manipulator designs. For the case of a manipulator with exactly three
independent motions, JJJ∗v becomes a 3×3 square matrix and equation (5.37) includes JJJ∗−1

v

in place of JJJ∗⋄v . Details regarding the formulation of the SR-inverse are included in Ap-
pendix C. Moreover, UUUv ∈ R3 is the vector of control inputs to the resulting closed-loop
control system. For the case of linear control of the end-effector, UUUv defines the output of
a PID controller whose design is described in Appendix B.
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5.3.2 Non-Zero Momentum System

Building upon the linear control case for a zero momentum system, this subsection per-
forms the feedback linearization on a system with non-zero momentum. The primary dif-
ferences in the derivation of the control torque stem from the addition of the matrix BBB when
restricting the linearization process to M . Again starting from the first three rows of the
differential kinematics, and expressing the system velocity vector Φ̇ΦΦ only in terms of q̇qq, the
linear body velocity of the end-effector is defined as follows,

vvvb
N = [JJJb

vo
JJJb

vm
]

BBB−SSSq̇qq

q̇qq

 . (5.39)

Performing the matrix multiplication yields the following expression of the linear portion
of the body velocity for a system with non-zero momentum,

vvvb
N =(JJJb

vm
− JJJb

vo
SSS)q̇qq+ JJJb

vo
BBB ∈ R3, (5.40)

JJJ∗v :=JJJb
vm
− JJJb

vo
SSS ∈ R3×NDM . (5.41)

The definition of the generalized Jacobian matrix is consistent with that for the zero
momentum system case, however vvvb

N has the additional dependency on the system’s mo-
mentum by way of the matrix BBB. The influence of the system’s momentum is mapped to
the motion of the end-effector through the base’s configuration in the body Jacobian. For
the reasons previously mentioned, the linear body velocity is subsequently rotated into the
spatial reference frame using the RRRsN rotation matrix:

vvvs
N = RRRsN(JJJ∗v q̇qq+ JJJb

vo
BBB). (5.42)

Differentiating the linear portion of the velocity above defines the linear acceleration of
the end-effector with respect to the spatial frame. Again, the expression for v̇vvs

N introduces
a relationship between the system’s output and the manipulator joint accelerations. In the
case of the space manipulator containing conserved non-zero momentum, the linear accel-
eration of the end-effector now includes additional terms predicated on the system’s total
momentum µµµ (in comparison to equation (5.36)) via the matrices EEE, BBB, and B,
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v̇vvs
N = RRRsNJJJ∗v q̈qq+(ṘRRsNJJJ∗v +RRRsNJ∗v)q̇qq+(ṘRRsNJJJb

vo
+RRRsNJvo)BBB+RRRsNJJJb

vo
B, (5.43)

where ṘRRsN is substituted based on

ṘRRsN = RRRsNω̃ωω
b
N = RRRsN ((JJJωm− JJJωoSSS)q̇qq+ JJJωoBBB)̃ . (5.44)

Substituting q̈qq from the reduced equations of motion in (5.16), including the matrix EEE

(a function of the system momentum), into (5.43),

v̇vvs
N = RRRsNJJJ∗v(MMM

−1(τττm−CCCq̇qq−EEE))+(ṘRRsNJJJ∗v +RRRsNJ∗v)q̇qq+(ṘRRsNJJJb
vo
+RRRsNJvo)BBB

+RRRsNJJJb
vo
B. (5.45)

Based on the equation above and Assumption 1, the following manipulator torque along
with (5.44) achieves feedback linearization,

τττm = MMMJJJ∗⋄RRRT
sN(UUUv− (ṘRRsNJJJ∗v +RRRsNJ∗v)q̇qq− (ṘRRsNJJJb

vo
+RRRsNJvo)BBB−RRRsNJJJb

vo
B) (5.46)

+CCCq̇qq+EEE,

resulting in the same linear input-output relationship as in the zero momentum case,

v̇vvs
N = p̈ppsN =UUUv. (5.47)

As previously mentioned, Appendix B details the design of the PID controller UUUv defin-
ing the controlled behaviour of the linear end-effector motion. This includes the choice of
the PID gains dictating the response of a third order linear system for which the end-effector
motion shall follow.

5.4 Feedback Linearization for Full Pose Control

This section builds upon the linear control task by considering control over both the linear
and angular motion of the end-effector. In this section, the derivation of the feedback
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linearization control law is performed for the general case of a space manipulator system
with constant non-zero momentum. For this control task, the space manipulator’s output is
evidently defined as the pose of the end-effector gggsN . This culminates into the following
problem statement summarizing the section’s objective:

Problem 2. Consider the free-floating space manipulator dynamics in (4.42) and (4.43),
and the position and orientation of the end-effector, i.e., gggsN defined in (4.4), as the output

of the system. Given a twice differentiable desired trajectory ḡggsN(t) ∈ SE(3) for the output,

find τττm to make the desired output trajectory exponentially stable.

The general method for performing feedback linearization outlined previously remains
applicable when considering the full pose of the output. A relationship between the ma-
nipulator torque τττm and end-effector motion is again the fundamental objective for input-
output linearization. Equivalent to section 5.3, this relationship is derived starting from the
differential kinematics mapping to define end-effector’s body velocity. All six rows of the
system body Jacobian are now considered to include both the linear and angular velocity
components of the output. Consequently, JJJb

N is only partitioned by columns to portray the
6 × 6 and 6 × N sub-matrices JJJb

o and JJJb
m, representing the contributions from the base and

manipulator configurations, respectively. We again restrict the system velocity vector to
M , leaving the end-effector’s body velocity vector to be defined as follows,

VVV b
N = [JJJb

o JJJb
m]

BBB−SSSq̇qq

q̇qq

 . (5.48)

Performing the matrix multiplication above provides a similar definition of the general-
ized Jacobian matrix to that seen in equation (5.41), however with an additional three rows
which consider the angular motion of the end-effector. From the following relationship for
the end-effector’s body velocity corresponding to a system with non-zero momentum,

VVV b
N = (JJJb

m− JJJb
oSSS)q̇qq+ JJJb

oBBB, (5.49)

the 6×N generalized Jacobian matrix, denoted by JJJ∗, is defined as follows,
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JJJ∗ = JJJb
m− JJJb

oSSS. (5.50)

The GJM above again provides a mapping from the manipulator’s joint space, however
to the system’s workspace in SE(3), in this case, without parameterizing the output at any
point. Differentiating the end-effector’s body velocity vector with respect to time allows
for a relationship between the end-effector’s motion and the joint accelerations,

V̇VV b
N = JJJ∗q̈qq+J∗q̇qq+JoBBB+ JJJoB, (5.51)

where J∗(ΦΦΦ, q̇qq; µ) and Jo(ΦΦΦ, q̇qq; µ) are defined in the same manner as (5.32). Substituting
q̈qq from the system’s reduced dynamics in equation (5.16), and restricting to M , yields the
following relationship between the end-effector’s motion and the joint torques,

V̇VV b
N =JJJ∗MMM−1(τττm−CCCq̇qq−EEE)+J∗q̇qq+JoBBB+ JJJoB. (5.52)

Feedback linearization can now be implemented to linearize the system’s output by
defining an appropriate input torque τττm which cancels the non-linearities in equation (5.52).
Analogous to Assumption 1, we again assume that the manipulator contains adequate ac-
tuation for controlling both the position and orientation of the end-effector. Controlling the
six independent motions of the end-effector leads to the following assumption:

Assumption 2. The manipulator system contains actuators imparting at least six indepen-

dent motions.

Given the relationship between τττm and V̇VV b
N in equation (5.52), and under Assumption 2, the

following feedback control law:

τττm = MMMJJJ∗†(UUU−J∗q̇qq−JoBBB− JJJoB)+CCCq̇qq+EEE, (5.53)

linearizes the input-output relationship between the linear and angular end-effector motion
and the output tracking controller for full pose control UUU ,
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V̇VV b
N =UUU . (5.54)

Here, UUU ∈ R6 is the vector of control input in the resulting closed-loop control system,
outlined in the following section. Moreover, the Moore-Penrose inverse is applied to the
GJM as a general case of Assumption 2 for when the space robot’s manipulator contains
more than six degrees of freedom (thus introducing redundancy in the controlling the end-
effector pose). For a manipulator designed with six degrees of freedom, the JJJ∗ matrix
becomes square (6 × 6) and the natural matrix inverse can be performed. The following
subsection describes the design of the full pose controller UUU , predicated on a modification
to the classical PID controller outlined in section B.

5.5 Full Pose Control Structure

In this section, a control law on the Lie group SE(3) is proposed which stabilizes any twice
differentiable feasible trajectory ḡggsN(t) ∈ SE(3) of the space manipulator’s end-effector.
This output tracking controller builds upon a PID control design by implementing an ad-
ditional feed-forward component to achieve Lyapunov stability. This section additionally
defines the configuration error function and the velocity error corresponding to the system’s
output, necessary for developing the modified PID control structure. Finally, the proposed
control law is proven to stabilize the full end-effector pose toward a feasible trajectory
using a Lyapunov function based on the total energy of the error dynamics.

As mentioned previously, the output of the system is defined as the configuration of
the end-effector, gggsN ∈ SE(3) with associated body velocity expressed in the end-effector
frame VVV b

sN ∈ se(3). In this section, the dynamics of the output is considered following its
linearization outlined in the previous section. Consequently, the motion of the end-effector
is fully described by the control forces and torques imparted by UUU . Thus, the relationship
in equation (5.54) expresses the progression of the end-effector’s body velocity in time.

5.5.1 Error Function

This subsection defines a positive definite error function to establish the configuration dif-
ference between the desired and actual end-effector trajectories. In this case, the error func-
tion is thus referred to as a configuration error function. This thesis considers a quadratic



CHAPTER 5. OUTPUT TRACKING CONTROL 50

error function going from SE(3) → R≥0, a positive scalar. Using group operation on the
desired and actual end-effector configurations in SE(3), the output pose error ggge is defined
as follows,

ggge = ḡgg−1
sN gggsN :=

RRRe pppe

0 1

 ∈ SE(3). (5.55)

This representation of the error expresses the relative configuration of the actual end-
effector with respect to the desired trajectory at an instance in time. Note that in practice,
the end-effector’s actual pose is estimated using the forward kinematics mapping presented
in section 4.2 provided sensor measurements of the system’s generalized coordinates. As
a member of SE(3), the pose error contains components (RRRe, pppe) indicating the orientation
and position errors respectively. The corresponding orientation error is defined from group
operation on the desired and actual end-effector orientations (R̄RRsN and RRRsN) and the position
error is simply the Euclidean distance between the desired and actual end-effector positions
( p̄ppsN and pppsN),

RRRe = R̄RRT
sNRRRsN ∈ SO(3), (5.56)

pppe = R̄RRT
sN(pppsN− p̄ppsN) ∈ R3. (5.57)

As mentioned, the configuration error function maps the group error ggge to a positive
scalar. Let ψ : SE(3)→ R≥0 be the error function which considers both orientation and
position errors. We define the function ψ(ggge) as

ψ(ggge) = ψ1(pppe)+ψ2(RRRe), (5.58)

based on the two positive definite error functions ψ1 : R3→ R≥0 and ψ2 : SO(3)→ R≥0

that are specified in the following. The positive definite error function associated with the
position error is trivially defined as the quadratic norm of pppe,

ψ1(pppe) =
1
2
||pppe||2 =

1
2
||pppsN− p̄ppsN ||2, (5.59)
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and the positive definite error function on the orientation is defined by Koditschek in [80]
as follows,

ψ2(RRRe) =
1
2

tr(13×3−RRRe), (5.60)

where tr(AAA) refers to the trace of a square matrix AAA. Combining the position and orientation
error functions in equations (5.59) and (5.60) yields the following positive definite error
function associated with the group element ggge considered in this thesis,

ψ(ggge) =
1
2

tr(13×3−RRRe)+
1
2
||pppe||2. (5.61)

This configuration error becomes crucial in designing the proportional and integral con-
trol actions in the output tracking control structure. In the following subsection, the end-
effector’s velocity error is defined for the subsequent formation of the controller’s derivative
action. Note that for simplicity in notation, we refer to the error function on ggge as just ψ .

5.5.2 Velocity Error

We now begin defining a compatible velocity error by defining the body velocity associated
with the desired trajectory V̄VV b

sN . From the kinematics of the end-effector, we define the
reference body velocity of the output as ˆ̄VVV b

sN = ḡgg−1
sN

˙̄gggsN ∈ se(3), which expresses the desired
body velocity in the coordinate frame of the desired trajectory. In comparing this desired
end-effector velocity with the true motion of the end-effector, the quantities V̄VV b

sN and VVV b
sN

must be expressed in a consistent frame of reference to quantify the error. This introduces
a transport map in the definition of the velocity error to project the desired body velocity
into the coordinate frame attached to the end-effector.

Recall that the Adjoint operator transforms elements of se(3) between two coordinate
frames provided their relative homogeneous transformation, as demonstrated in equation
(A.36). Thus, the Adjoint operator provides the necessary transport map to convert V̄VV b

sN

into the frame of reference of the end-effector. Since the group error ggge represents the
relative motion from the end-effector’s frame to the desired trajectory frame, taking its
inverse defines the required transformation from the desired trajectory to the body frame.
Taking the Adjoint of ggg−1

e = ggg−1
sN ḡggsN and pre-multiplying with V̄VV b

sN now expresses the actual



CHAPTER 5. OUTPUT TRACKING CONTROL 52

and desired body velocities in a shared reference frame. The velocity error VVV e compatible
with the group error ggge can now be defined as follows,

VVV b
e =VVV b

sN−Adggg−1
e

V̄VV b
sN ∈ R6. (5.62)

Evidently, the body velocity error is similarly expressed with respect to the end-effector’s
body coordinate frame. With the definitions of the configuration error function in (5.61)
and the velocity error associated with the output above, the following subsection introduces
the output tracking control structure to drive ggge to the identity and VVV b

e to zero.

5.5.3 Output Tracking Control Design

In this subsection, an output tracking controller is designed with reference to Problem
2. The developed control law is predicated on the combination of feedback terms and
a feedforward term to satisfy the stability in the output tracking control task requested
in Problem 2. The feedback terms involve proportional, integral, and derivative control
actions which make use of the coordinate-free error function and velocity error definitions
in the previous subsections. The modified feedforward, feedback PID control law thus
contains the following actions to control the complete end-effector motion described in
(5.54),

UUU =UUU pi +UUUd +UUU f f . (5.63)

Given a 6× 6 symmetric positive definite matrix KKKd expressing the derivative gain, the
control action to dissipate the velocity error to zero is defined as follows,

UUUd =−KKKdVVV b
e =−KKKd(VVV b

sN−Adggg−1
e

V̄VV b
sN). (5.64)

The 6× 6 symmetric positive definite proportional and integral gains KKK p and KKKi are
applied to drive the output’s configuration error function ψ to zero, and accordingly ggge to
the identity. In defining the proportional and integral control actions, the gradient of the
error function in (5.61) must first be defined. This gradient ∇ψ becomes apparent from the
time derivative of the error function which can be computed as follows,
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ψ̇ = (∇ψ)TVVV b
e :=

 pppe

skew(RRRe)
∨


T

VVV b
e , (5.65)

where skew(AAA) = 1
2(AAA−AAAT ) for all 3× 3 matrices AAA, and the operator ∨ converts skew

symmetric matrices to their vector representation (i.e., ∨ : so(3)→ R3). The definition
of the error function’s gradient is demonstrated in the expression for ψ̇ above, using the
gradient definition on Riemannian manifolds [81]. The proportional and integral control
actions are predicated on the gradient of the error function as follows,

UUU pi =−KKK p∇ψ−KKKiFFF i (5.66)

ḞFF i = KKK p∇ψ +KKKdVVV b
e . (5.67)

As indicated by equation (5.67), FFF i refers to the integral of the proportional and deriva-
tive actions. The feedforward component of the output tracking control law is designed
in the manner which aids in the stability of the closed loop system. The impact of the
feedforward will become apparent in the proof of Theorem 1. Based on the configuration
and velocity error definitions previously defined, an appropriate structure for the output
tracking feedforward action is as follows,

UUU f f = adVVV b
sN

Adggg−1
e

V̄VV b
sN +Adggg−1

e
˙̄VVV b

sN . (5.68)

The feedforward control action is necessary for performing trajectory following tasks,
and defines the desired acceleration associated with the reference trajectory, expressed with
respect to the body coordinate frame attached to the end-effector. Note that a stability
analysis on the internal dynamics of free-floating space manipulator systems considered
here is outside the scope of this thesis, leading to the following assumption:

Assumption 3. The internal dynamics of the free-floating space manipulator system re-

mains bounded if the output of the system gggsN is stable.

Theorem 1. Consider the dynamics of a free-floating space manipulator’s end-effector in

(5.54) and the position and orientation of the end-effector, i.e., gggsN ∈ SE(3), in (4.4) as the
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output of the system. Assume that the system is externally unperturbed and its total linear

and angular momentum is conserved and equal to µµµ ∈ R6. Let ḡggsN(t) ∈ SE(3) be a twice

differentiable feasible trajectory of the end-effector of the space manipulator.

Provided the modified feedforward, feedback PID control law defined in equations

(5.64)-(5.68) in addition to the feedback linearization law in (5.53), and under Assumptions

2 and 3, the desired trajectory ḡggsN(t) is Lyapunov stable provided the following Lyapunov

function VL : R→ R≥0 based on the total energy of the error dynamics:

VL(t) = ψ +
1
2
||VVV b

e ||2KKK−1
p
+

1
2
||FFF i +VVV b

e ||2KKK−1
p
, (5.69)

where the quadratic norm of a vector VVV ∈ Rn subject to the metric KKK ∈ Rn×n is defined as,

||VVV ||2KKK =VVV T KKKVVV . (5.70)

Proof. We prove the Lyapunov stability of the proposed output tracking control law by
demonstrating that the time derivative of the Lyapunov candidate (5.69) along the trajec-
tories of the system is negative semidefinite. In this process, the time derivatives of the
three terms in (5.69) are analyzed separately. Recall that the time derivative of the error
function has been previously established in equation (5.65) to produce an expression for ψψψ .
Thus, we begin the derivation process by taking the time derivative of the second term in
(5.69) which expresses the kinetic energy of the error dynamics. Based on the vector norm
definition in (5.70) and symmetry,

d
dt

(
1
2
||VVV b

e ||2KKK−1
p

)
=VVV b

e
T KKK−1

p V̇VV b
e . (5.71)

The time derivative of the velocity error makes use of the linearized end-effector dy-
namics in (5.54), and demonstrates the significance of the feedforward control action’s
structure. We perform the derivative of the velocity error in (5.62) as follows,
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V̇VV e =
d
dt

(
VVV b

sN−Adggg−1
e

V̄VV b
sN

)
= V̇VV b

sN−
d
dt

(
Adggg−1

e

)
V̄VV b

sN−Adggg−1
e

˙̄VVV b
sN

= (UUU f f +UUU pi +UUUd)−adVVV b
sN

Adggg−1
e

V̄VV b
sN−Adggg−1

e
˙̄VVV b

sN

=UUU pi +UUUd. (5.72)

Moreover, the time derivative of the third term in (5.69) is computed by virtue of the chain
rule as follows,

d
dt

(
1
2
||FFF i +VVV b

e ||2KKK−1
p

)
= (FFF i +VVV b

e)
T KKK−1

p (ḞFF i +V̇VV b
e) (5.73)

= FFFT
i KKK−1

p ḞFF i +FFFT
i KKK−1

p V̇VV b
e +(VVV b

e)
T KKK−1

p ḞFF i +(VVV b
e)

T KKK−1
p V̇VV b

e ,

which can be simplified by including the expressions for ḞFF i and V̇VV b
e from equations (5.67)

and (5.72). We analyze each of the four terms above separately in the following:

FFFT
i KKK−1

p ḞFF i = FFFT
i KKK−1

p (KKK p∇ψ +KKKdVVV b
e)

= FFF i∇ψ +FFFT
i KKK−1

p KKKdVVV b
e , (5.74)

FFFT
i KKK−1

p V̇VV b
e = FFFT

i KKK−1
p (UUU pi +UUUd)

= FFFT
i KKK−1

p (−KKK p∇ψ−KKKiFFF i−KKKdVVV b
e)

=−FFFT
i ∇ψ−FFFT

i KKK−1
p KKKiFFF i−FFFT

i KKK−1
p KKKdVVV b

e , (5.75)

(VVV b
e)

T KKK−1
p ḞFF i = (VVV b

e)
T

∇ψ +(VVV b
e)

T KKK−1
p KKKdVVV b

e , (5.76)

(VVV b
e)

T KKK−1
p V̇VV b

e =−(VVV b
e)

T
∇ψ− (VVV b

e)
T KKK−1

p KKKiFFF i− (VVV b
e)

T KKK−1
p KKKdVVV b

e . (5.77)

Implementing the expanded interpretations above for each term in (5.73) yields,
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d
dt

(
1
2
||FFF i +VVV b

e ||2KKK−1
p

)
=−FFFT

i KKK−1
p KKKiFFF i− (VVV b

e)
T KKK−1

p KKKiFFF i (5.78)

Combining the derivatives in equations (5.65), (5.71) and (5.78), we derive the expres-
sion for V̇L as follows,

V̇L = (∇ψ)TVVV b
e +(VVV b

e)
T KKK−1

p (UUU pi +UUUb)+(−FFFT
i KKK−1

p KKKiFFF i− (VVV b
e)

T KKK−1
p KKKiFFF i)

= (∇ψ)TVVV b
e +(VVV b

e)
T KKK−1

p (−KKK p∇ψ−KKKiFFF i−KKKdVVV b
e)−FFFT

i KKK−1
p KKKiFFF i− (VVV b

e)
T KKK−1

p KKKiFFF i

=−(VVV b
e)

T KKK−1
p KKKiFFF i− (VVV b

e)
T KKK−1

p KKKdVVV b
e−FFFT

i KKK−1
p KKKiFFF i− (VVV b

e)
T KKK−1

p KKKiFFF i

=−(VVV b
e)

T KKK−1
p KKKdVVV b

e−2(VVV b
e)

T KKK−1
p KKKiFFF i−FFFT

i KKK−1
p KKKiFFF i, (5.79)

which can be written in matrix form:

V̇L = [FFFT
i VVV T

e ]

KKK−1
p KKKi KKK−1

p KKKi

KKK−1
p KKKi KKK−1

p KKKd


FFF i

VVV e

 . (5.80)

Provided that KKKd > KKKi, and due to the fact that control gain matrices are positive defi-
nite, the time derivative of the Lyapunov function is negative semidefinite.

Remark 1. The proposed output-tracking control law in (5.5.3) and (5.53) is only defined

for an open neighborhood of the identity of SE(3), where the exponential mapping is a

diffeomorphism.

5.6 Output Tracking Controller Block Diagram

In this section, the dynamics reduction, feedback linearization, and output tracking con-
trol structures detailed in this chapter are implemented in a block diagram to illustrate the
interconnections of these processes. Outlining the complete structure of the output track-
ing controller in a trajectory following task is beneficial when simulating such scenarios,
as will be discussed in the following chapter.The block diagram in Figure 5.1 depicts the
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Figure 5.1: Output tracking controller block diagram

block structure of an output trajectory following task involving the modified feedforward,
feedback PID full pose controller. The same block diagram structure remains valid for the
linear end-effector control task, however with slight adjustments to the inputs and outputs
of certain blocks. The path following process begins with a feasible desired trajectory for
the output, generated by a trajectory planner. As mentioned in Problem 2, the trajectory
planner provides the desired end-effector pose ḡggsN ∈ SE(3), body velocity vector with re-
spect to the body frame V̄VV b

sN ∈ R6, and corresponding body acceleration vector ˙̄VVV b
sN ∈ R6.

In the case of linear output control, these signals simply change to the desired linear posi-
tion, velocity, and acceleration of the output.

To determine a control action which guides the system’s output along the desired path,
the configuration and velocity errors defined in section 5.5 must be established. The con-
troller block diagram defines the group error signal ggge based on equation (5.55) using the
inverse of the desired pose from the trajectory planner and the end-effector pose from the
system’s kinematics. The group error signal is subsequently input directly into the Modi-

fied PID Controller block for computing the configuration error function in equation (5.61).
Regarding the output’s velocity error, Figure 5.1 depicts the definition in equation (5.62)
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through multiplication of desired body velocity signal with that output by the Ad−1 block.
With the input to the Adjoint inverse block being the group error, the resulting output sig-
nal represents the transport element Adggg−1

e
to convert the desired body velocity into the

end-effector frame. Subtracting the product of the aforementioned signals with the actual
end-effector velocity output by the space manipulator model consequently defines the ve-
locity error input to the controller.

Provided the full pose output tracking control law defined in subsection 5.5.3, the Mod-

ified PID Controller block additionally requires the desired body acceleration vector as an
input. This block defines the output tracking control law using equations (5.64)-(5.68) to
obtain a control action UUU . Note for linear output control, the Modified PID Controller is re-
placed with the classical PID control structure detailed in section B. In this case, the inputs
to the controller block are simply the linear tracking and velocity errors defined by equa-
tions (B.3) and (B.4), with the subsequent output control action UUUv defined by equation
(B.5).

The trajectory following process subsequently linearizes the end-effector’s motion us-
ing the feedback linearization method outlined in section 5.4. The resulting feedback lin-
earizing control law is predicated on the space manipulator’s reduced equations of motion,
as indicated by the inputs to the Feedback Lineararization Control Law block in Figure
5.1. Based on the system’s dynamics and kinematics output by the Space Manipulator

Model block, the system’s equations of motion are restricted to the manipulator joint space
in the Dynamic Reduction block. In this process, the matrices BBB and SSS resulting from the
restriction to M in equation (5.1) require feedback of the system’s inertia matrix M̄, mo-
mentum µµµ , and truncated base Jacobian J̄JJb

0. The Dynamic Reduction block additionally
requires feedback of the system’s states (ΦΦΦ and Φ̇ΦΦ) and Coriolis matrix C̄CC, as well as the
time derivatives ḂBB and ṠSS to compute the matrices MMM, CCC, and EEE in the reduced dynamics
(equations (5.17)-(5.19)). Note that this dynamic reduction process is independent of the
output tracking control task and hence applies to both the linear and full pose cases.

The remaining dependency in the feedback linearization control law comes from the
generalized Jacobian matrix for which the system’s body Jacobian matrix JJJb

N is required as
an input. The Feedback Linearization block thus computes the GJM using equation (5.50),
and subsequently tests the system’s manipulability using the metric in presented in equation
(C.5). The inverse of the GJM is then performed according to the SR-inverse described in
section C. Finally, the manipulator torque τττm in computed via equation (5.53) as the sole
output of the block. This control action is applied to the space manipulator system which
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subsequently moves accordingly. The following chapter, in conjunction with the principles
established in chapter 4, details the methods involved in replicating the motion of a free-
floating space manipulator system in a simulation setting.



Chapter 6

Space Manipulator Simulation Platform

6.1 Summary

This chapter details the free-floating space manipulator simulation platform constructed
in Python 3, developed for simulating the behaviour of free-floating multi-body systems.
The simulation implements the dynamic and kinematic models on Lie groups presented
in Chapter 4, as well as the output tracking controllers based on feedback linearization
derived in Chapter 5. The overall structure of the simulation is first described to demon-
strate the specific functions and signal connections necessary for simulating the motion of
a free-floating system in orbit. The specific algorithms associated with the dynamic and
kinematic modellings are provided and discussed, followed by the algorithmic implemen-
tation of the proposed output tracking control structures. These algorithms are carefully
developed for optimizing the computational efficiency of the space manipulator’s kinemat-
ics, dynamics and control to achieve a near real-time simulation. Subsequently, the specific
multi-body system (predicated on the design of space manipulators proposed in Chapter 3)
simulated in this thesis is fully described. The kinematic and dynamic models implemented
in Python are verified by comparing the simulated motion with an equivalent space manipu-
lator system constructed in the Simscape platform provided by MATLAB & Simulink. This
chapter describes the validation process and provides the corresponding validation results
which confirm the forward kinematics, differential kinematics, and dynamical equations of
motion included in the Python simulator. The future directions of the Python simulator in
the context of implementing machine learning techniques are finally discussed.

60



CHAPTER 6. SPACE MANIPULATOR SIMULATION PLATFORM 61

6.2 Simulation Design

This section presents the overall simulation structure for modelling the motion of a free-
floating space manipulator in the orbital environment. The high level objective of the simu-
lation platform is to replicate a docking manoeuvre between a single-arm servicing satellite
(in its free-floating regime) and a target object (either cooperative or non-cooperative) in
space. The simulator provides a testing platform for evaluating the efficacy of any devel-
oped guidance, navigation, and control technology for a mission executed by a space ma-
nipulator system to capture both fixed and moving targets. The simulation consists of five
main sections following the initialization to reflect the simulated task. These five sections
correspond to the trajectory planning, output tracking controller, kinematics, dynamics, and
numerical integration. Figure 6.1 conveys the inputs, outputs, and interconnections of these
simulation components by illustrating the overall block diagram of the simulator. Note that
in this case, the output tracking controller block contains the block diagram corresponding
to the proposed feedback linearization control design in Figure 5.1. That is, combining
Figure 6.1 with the in-depth block diagram for the output tracking controller in Figure 5.1
provides the complete end to end structure of the simulator.

As previously mentioned, an initialization procedure is required prior to starting the
trajectory following process depicted in Figure 6.1. As part of the initialization, the design
of the manipulator (i.e., the number of links N and joint types), the physical properties of
the whole space manipulator system (e.g., mass and geometric design of each body in the
system), the locations of all body coordinate frames with respect to the spatial coordinate
frame (i.e., all gggsk(0)’s), the initial system configuration, and initial system velocity are all
established. The initialization process subsequently calculates each body’s individual iner-
tia matrix to define the system’s DDD matrix, as well as every twist in the system, since these
are constant throughout the simulation. Additionally, the Adjoint matrices of each initial
transformation Adgggsk(0) and the adjoint of each system twist adξξξ i

are likewise constant
and therefore computed and stored in the initialization. Lastly, the system’s momentum is
defined in the initialization as it is a conserved quantity throughout the simulation.

Following the initialization, the simulation scenario runs for a user-specified duration
following a user-specified timestep. Referring back to the simulation block diagram, the
process is shown to start from the trajectory planner. Note that the output signals depicted
in Figure 6.1 specifically correspond to the case of full end-effector pose control. In this
case, the desired end-effector’s pose ḡggsN and its corresponding body velocity V̄VV b

N and body
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Figure 6.1: Space manipulator simulation block diagram
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acceleration ˙̄VVV b
N are output by the trajectory planner (analogous to the controller diagram in

Figure 5.1). For the case of linear output control, a desired linear end-effector motion in the
spatial frame, i.e., pppsN , v̄vvs

N , and ˙̄vvvs
N , are output. Combining the inverse of the desired pose

with the actual end-effector pose output by the system’s forward kinematics generates the
pose error for the output tracking controller. Referring back to the control structure in Fig-
ure 5.1, the output tracking control block additionally depends on the desired end-effector
acceleration and velocity, the actual end-effector body velocity, and the end-effector and
truncated base Jacobian matrices to generate a control torque τττm.

This chapter now focuses on the simulation of the dynamics and kinematics of the
space manipulator system. Under the influence of the manipulator control torque, the sub-
sequent simulation blocks propagate the corresponding motion of the dynamic system. Ev-
idently, the motion propagation requires the Euler-Lagrange equations of motion presented
in (4.40), forming the basis of the Equations of Motion block in Figure 6.1. As such, the
system inertia and Coriolis matrices, and the velocity of the generalized coordinates are
necessary inputs. The resulting output defines a system of ordinary differential equations
(ODEs) to be numerically integrated for YYY , including the system’s degrees of freedom and
their velocities,

YYY =

Φ̇ΦΦ

ΦΦΦ

 ∈ R2ND×1, (6.1)

such that,

dYYY
dt

=

Φ̈ΦΦ

Φ̇ΦΦ

=

M̄MM(ΦΦΦ)−1(τττ−C̄CC(ΦΦΦ,Φ̇ΦΦ)Φ̇ΦΦ)

Φ̇ΦΦ

 ∈ R2ND×1. (6.2)

The vector YYY is obtained by numerically integrating this set of ODEs using the 4th order
Runge-Kutta method, as indicated by Figure 6.1. Based on the updated configuration and
velocity, the system’s dynamics and kinematics are likewise updated to capture the sys-
tem’s motion following the torque application. These updates are performed by the inertia
matrix, Coriolis matrix, differential kinematics, and forward kinematics blocks shown in
Figure 6.1. The resulting differential kinematics, and dynamic-related matrices M̄MM(ΦΦΦ) and
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C̄CC(ΦΦΦ,Φ̇ΦΦ), are then used in the following timestep’s dynamic reduction process to define a
new control torque for achieving output tracking.

The following subsections provide detailed descriptions of the algorithms associated
with each block in the simulation block diagram. In keeping with the flow of content
presented in this thesis, the implementation of the kinematics models are first discussed,
followed by the algorithms for simulating the system’s dynamics, numeric integration, and
workspace controller.

6.2.1 Forward Kinematics

As outlined in section 4.2.2, computing the forward kinematics to any member in a multi-
body system requires the product of exponentials formulation. In performing the POE,
equations (A.13) and (A.14) are implemented in Python to compute the exponential map
of a twist and associated twist angle. The Rodrigues’ formula in (A.4) is also coded to
compute the exponential of the so(3) elements. As previously mentioned, the initializa-
tion process in the Python simulator defines all twists contained in the system. Therefore,
given the system’s configuration ΦΦΦ, the exponential of each twist and twist angle can be
computed. The forward kinematics function implemented in Python computes the homoge-
neous transformation matrix from any body frame k1 to any subsequent body in the system
k2 (i.e., gggk1k2

). Note that given the initial placement of the spatial coordinate frame in Fig-
ure 6.2, k1 = 0 defines the homogeneous transformation from the spatial frame to any body
k2 in the system (i.e., gggsk2

).
Algorithm 1 describes the procedure of the forward kinematics function in the Python

simulator. The function’s inputs include the desired system bodies k1 and k2 for which the
transformation matrix is computed between, and the initial transformation between these
two bodies gggk1k2

(0) (as required by the product of exponentials formula in equation (4.4)).
Note that the vector of generalized coordinate positions is not required as an input as it is
defined to be an attribute of the multi-body system, and is thus accessible in every function.
The majority of the function’s computation stems from the single for loop to calculate the
required product of exponentials. This calculation involves implementing equation (4.4)
starting from the index lk1 (defining the number of degrees of freedom preceding k1) and
ending at lk2 . In the loop, the screw motions between the two bodies are combined through
post-multiplication to form the POE matrix GGGk1k2 . This matrix GGGk1k2 is lastly pre-multiplied
to the initial transformation between the two bodies to obtain the kinematic mapping from
body k1 to body k2.
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Algorithm 1 Forward Kinematics Function from Body k1 to Body k2

Input: 1) Bodies k1 and k2

2) Initial transformation gggk1k2
(0)

Output: 1) Homogeneous transformation from body k1 to body k2: gggk1k2

2) Product of exponentials from body k1 to body k2: GGGk1k2

function FORWARD KINEMATICS(k1, k2, gggk1k2
(0))

Define number of DOFs preceding bodies k1 and k2: lk1 , lk2

Initialize GGGk1k2 as the identity 14×4

for twist i = lk1 , lk2 do
Extract position Φi from the system position vector
Extract twist ξξξ i from the twist repository
Compute the exponential map eξξξ iΦi

Update GGGk1k2 by post multiplying the exponential map eξξξ iΦi:
GGGk1k2 ← GGGk1k2eξξξ iΦi

end for
Post multiply the initial transformation gggk1k2

(0) with GGGk1k2:
gggk1k2

← GGGk1k2gggk1k2
(0)

end function

6.2.2 Differential Kinematics

The differential kinematics aspect of the multi-body simulator refers to the functions which
compute the body and spatial Jacobian matrices. It is important to design these functions
in a versatile manner such that the Jacobian corresponding to any body k in the system can
be determined by simply changing the input. The benefit of such versatility will become
apparent in the computations of the system’s dynamics, and the implementation of the
output tracking controller. In this simulation, two independent functions are created for
separately calculating the spatial and body Jacobian matrices associated with body k. As
expected, these functions are predicated on the definitions of the columns of the spatial and
body Jacobians from equations (4.9) and (4.13), respectively.

Firstly, Algorithm 2 outlines the computation of the spatial Jacobian, where the desired
body k is the only required input. The main loop of the function defines each column of
the spatial Jacobian based on equation (4.9). This involves transforming the initial twists
based on the system’s current configuration. This transformation relies on the Adjoint of the
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product of exponentials from the spatial frame to the screw motion associated with column
i−1. Consequently, a matrix GGGsi is initialized as the identity to then define the product of
exponentials up to column i− 1 in the loop. Additionally, these product of exponentials
matrices to each twist i are stored for use in subsequent functions to increase efficiency and
not to repeat identical computations. The single for loop in Algorithm 2 runs through all
of the non-zero columns of the spatial Jacobian which is defined by the number of screw
motions in the system preceding body k (i.e., defined by the parameter lk).

Algorithm 2 Spatial Jacobian for Body k
Input: Body k

Output: Spatial Jacobian to body k: JJJs
k

function SPATIAL JACOBIAN(k)
Define number of DOFs preceding body k: lk
Initialize JJJs

k as a zero matrix 06×ND

Initialize matrix GGGsi as the identity 14×4

for column i = 1, lk do
Extract position Φi from the system position vector
Extract twist ξξξ i from the twist repository
Compute the exponential map eξξξ iΦi

Post multiply the exponential map eξξξ iΦi with GGGsi and store GGGsi:
GGGsi← GGGsieξξξ iΦi

Define AdGGGsi and compute column ηηη
′
i using (4.9)

end for
end function

The spatial Jacobian for the base body (k = 0) resulting from Algorithm 2 can subse-
quently be truncated to define J̄JJs

0 for use in the system’s dynamic reduction process.
Using the same general methodology as the spatial Jacobian algorithm, Algorithm 3

demonstrates the implementation of the body Jacobian to any body k. Again, only a single
input is required to specify the body k, and a single for loop is used to define the non-zero
columns of the body Jacobian. In this case, equation (4.13) is required for defining column
ηηη i. Algorithm 1 is required here to establish the product of exponentials for the Adjoint
operator Adlk

i . Recall that the Adjoint Adlk
i indicates the inverse product of exponentials

formula to that performed in the forward kinematics map. Hence, the inverse of the output
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of the POE function in Algorithm 1 is taken prior to applying the Adjoint operator.

Algorithm 3 Body Jacobian for Body k
Input: 1) Body k

2) Initial transformation gggsk(0)
Output: Body Jacobian to body k: JJJb

k

function BODY JACOBIAN(k)
Define number of DOFs preceding body k: lk
Initialize JJJb

k as zero matrix 06×ND

Define the inverse Adjoint of the initial transformation: Adggg−1
sk(0)

for column i = 1, lk do
Extract twist ξξξ i from the twist repository
Let GGGilk ← POE(i, lk) and invert
Define Adlk

i using GGG−1
ilk

and compute column ηηη i using (4.13)
end for

end function

This completes the kinematics modelling aspect of the multi-body simulator. We now
progress to the implementation of the Euler-Lagrange equations of motion derived in sec-
tion 4.3. To start, the following subsection details the function developed for computing
the system inertia matrix M̄MM(ΦΦΦ).

6.2.3 Inertia Matrix

As defined in equation (4.27), the inertia matrix is predicated on the body Jacobian matri-
ces of each body in the system, as well as each member’s individual inertia matrix. The
individual body inertia matrices are already computed and stored in the simulation’s initial-
ization, and are simply called upon in the system inertia matrix function. As will be seen
in the motion propagation algorithm, the inertia matrix computation is the first instance
in which the body Jacobians for each body are calculated. To optimize the computational
efficiency of the simulator, only a single spatial Jacobian matrix to the end-effector JJJs

N is
computed since the columns of each preceding body’s spatial Jacobian are included in JJJs

N .
Consequently, the non-zero columns of every matrix JJJs

k can be defined by partitioning JJJs
N

up to column lk. Moreover, the corresponding body Jacobian matrices JJJs
k can be easily
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obtained via the Adjoint operator, as shown in equation (4.16). This method for defining
each body Jacobian removes the need for calling the body Jacobian function N+1 number
of times, thus reducing the computational load of the inertia matrix algorithm.

Algorithm 4 demonstrates the methodology for calculating the system inertia matrix
M̄MM. Since the inertia matrix is only predicated on the system’s configuration and physical
properties (both attributes of the multi-body system in the simulation), the inertia matrix
function requires no explicit inputs. The main loop of this function uses JJJs

N , as previously
mentioned, to define the matrix JJJ containing the body Jacobians of each body in the system
for subsequent use in equation (4.27). This matrix JJJ is additionally beneficial for acting as a
repository for all JJJb

k’s throughout the simulation. This further increases the efficiency of the
entire simulation as the matrix JJJ can be referenced throughout the remaining components
of the simulator (e.g., Coriolis matrix, output tracking controller) to avoid duplicate body
Jacobian calculations. As a result, the system inertia matrix function outputs both the M̄MM

matrix, the repository of body Jacobians JJJ, and the truncates spatial Jacobian for the base
J̄JJs

0 (required in the dynamics reduction process).
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Algorithm 4 System Inertia Matrix

Output: 1) System inertia matrix: M̄MM

2) Matrix of body Jacobians: JJJ

3) Truncated spatial Jacobian for the base: J̄JJs
0

function INERTIA MATRIX()
Call DDD from initialization
Let JJJs

N ← SPATIALJACOBIAN(k = N)

Initialize JJJ as zero matrix 06(N+1)×ND

for body k = 0, N do
Define number of DOFs preceding body k: lk
Call gggsk(0) from repository of initial configurations for each body
Call GGGsk from repository of product of exponentials to each body
Let gggsk← GGGsk gggsk(0)
Extract columns 1 to lk in JJJs

N to define non-zero columns of JJJs
k

if k = 0 then
Define the truncated spatial Jacobian for the base J̄JJs

0

end if
Convert JJJs

k to JJJb
k using Adggg−1

sk
and (4.16)

Fill JJJ with non-zero columns of JJJb
k

end for
Compute M̄MM using (4.27)

end function

6.2.4 Coriolis Matrix

In calculating the system Coriolis matrix, the derivative of the inertia matrix with respect
to each generalized coordinate is required. Recalling the definition of C̄CC in equations (4.38)
and (4.32), the Coriolis matrix is heavily predicated on the partial derivatives of body Ja-
cobians with respect to each generalized coordinate. As such, the majority of the compu-
tations in the Coriolis matrix process are performed using the Jacobian derivative function
outlined in Algorithm 5 below. This function takes the matrix JJJ as an input, and returns a
repository of the partial derivatives for all JJJb

k’s with respect to each position Φ (i.e., ∂JJJ
∂ΦΦΦ

).
Additionally, a repository of the partial derivatives of J̄JJs

0 with respect to each Φ is created
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and filled. Note that the former output is only required for the Coriolis matrix computation,
and the partial derivatives of J̄JJs

0 will become an important output for computing ˙̄JJJs
0 in the

output tracking controller section of the simulation (necessary for feedback linearization).
The Jacobian partial derivative function starts by pre-defining the partial derivative

repositories for both JJJ and J̄JJs
0. Subsequently, the main loops of the function involve defin-

ing all of the Adjoint operators required for the partial derivative of a body Jacobian matrix
shown in equation (4.35) and for the partial of the truncated spatial Jacobian in equation
(5.10). As such, the first for loop runs through each body k in the system to set the values
for lk and Adg−1

sk (0), followed by a for loop which runs through every column j of the body

Jacobian. The third and final for loop takes the partial derivative of the jth column of body
k’s body frame Jacobian with respect to each generalized coordinate i. Recall that the body
Jacobian partial derivative has non-zero elements for i≤ j, thus limiting the indices of the
for loops and increasing computational efficiency (only the non-zero columns of the body
Jacobian partial derivative are considered in the loops).
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Algorithm 5 Partial Derivative of Body and Truncated Spatial Jacobian Matrices
Input: Matrix of body Jacobians: JJJ

Output: 1) Repository ∂JJJ
∂ΦΦΦ

2) Repository ∂ J̄JJs
0

∂ΦΦΦ

function JACOBIAN DERIVATIVES(JJJ)
Initialize repositories ∂JJJ

∂ΦΦΦ
, ∂ J̄JJs

0
∂ΦΦΦ

Initialize dictionary for storing all unique Adjoint matrices
for body k = 0, N do

Define number of DOFs preceding body k: lk
Call Adg−1

sk (0) from the initialization
for column j = 1, lk do

Extract twist ξξξ j from the twist repository
for DOF i = j, lk do

if Adi
j is not in the Adjoint dictionary then

Let GGG ji← POE( j, i) and invert
Define Adi

j using GGG−1
ji and update the Adjoint dictionary

end if
if Adlk

i+1 is not in the Adjoint dictionary then
Let GGG(i+1)lk ← POE(i+1, lk) and invert
Define Adlk

i+1 using GGG−1
(i+1)lk

and update the Adjoint dictionary
end if
Call adξi from the initialization

Calculate
∂JJJb

k, j
∂Φi

using equation (4.35) and update ∂JJJ
∂ΦΦΦ

end for
if body k = 0 and (2 ≤ j ≤ 6) then

for DOF i = 1, j−1 do
if (Adi

1)
′−1 is not in the Adjoint dictionary then

Let GGG1i← POE(1, i)
Define (Adi

1)
′ using GGG1i and update the Adjoint

end if
if (Ad j−1

i+1 )
′−1 is not in the Adjoint dictionary then

Let GGG1+1, j−1← POE(i+1, j−1)
Define (Ad j−1

i+1 )
′ using GGG1+1, j−1 and update the Adjoint dictionary

end if
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Calculate ∂ J̄JJs
0

∂Φi
using equation (5.11) and update ∂ J̄JJs

0
∂ΦΦΦ

end for
end if

end for
end for

end function

For the case of k = 0, referring to the spacecraft’s base, the function adds a single for
loop to iterate through the first six columns of the base’s spatial Jacobian. Recall again that
for the truncated spatial Jacobian of the base, columns 2≤ j≤ 6 are non-zero in the partial
derivative matrix. Additionally, dictionaries for storing all unique Adjoint matrices are
constantly updated and called upon in the function such that Adjoint matrix calculations
are not duplicated. This dictionary greatly reduces the function’s computational load as
shared Adjoint matrices are used in several instances in both the body and spatial Jacobian
partial derivatives. Note that the upper and lower indices in the Adjoint dictionary reflect
the Adjoint operator definition in equation (4.15), corresponding to the body Jacobian. The
Adjoint operators used in the spatial Jacobian are thus the inverse of those stored in the
dictionary, as defined in equation (4.11), consequently implying that the Adjoint operator
(Ad j

i )
′ corresponds to the inverse of the matrices in the dictionary.

Following the definition of the partial derivatives of each body Jacobian matrix with
respect to all generalized coordinates, the residual computation of the Coriolis matrix re-
mains trivial. The Coriolis matrix function is left to calculate the partial derivative of the
system inertia matrix with respect to each system position, using equation (4.32). This
computation is included in a single for loop iterating through the generalized coordinates
of the system. This single for loop additionally implements the Coriolis matrix definition
in equation (4.38) by performing the first term summation, and defining the second term
matrix. Algorithm 6 demonstrates the Coriolis matrix function in the Python simulation.
As mentioned, this function relies on the partial derivatives of the body Jacobian matrices
from the previous algorithm, as well as the generalized coordinate velocities and the matrix
of body Jacobians as inputs. In addition to the system Coriolis matrix, a repository storing
the partial derivatives of the inertia matrix with respect to the generalized coordinates is
also output.
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Algorithm 6 System Coriolis Matrix

Input: 1) System velocities: Φ̇ΦΦ

2) Matrix of body Jacobians: JJJ

3) Repository of partial derivatives for body Jacobians: ∂JJJ
∂ΦΦΦ

Output: 1) System Coriolis matrix: C̄CC

2) Repository of inertia matrix partial derivatives: ∂M̄MM
∂ΦΦΦ

function CORIOLIS MATRIX(Φ̇ΦΦ, JJJ, ∂JJJ
∂ΦΦΦ

)
Initialize repository ∂M̄MM

∂ΦΦΦ

Initialize the first term summation
ND

∑
i=1

∂M̄MM(ΦΦΦ)

∂Φi
Φ̇i

for column i = 1, ND do
Extract ∂JJJ

∂Φi
from ∂JJJ

∂ΦΦΦ

∂M̄MM
∂Φi
←

(
∂JJJ
∂Φi

)T
DDDJJJ+ JJJT DDD ∂JJJ

∂Φi

Update ∂M̄MM
∂Φi

repository

Add ∂M̄MM(ΦΦΦ)
∂Φi

Φ̇i to the first term summation

end for

Create matrix
[(

Φ̇ΦΦ
T ∂M̄MM(ΦΦΦ)

∂Φ1

)T
. . .

(
Φ̇ΦΦ

T ∂M̄MM(ΦΦΦ)
∂ΦND

)T
]T

Calculate system Coriolis matrix C̄CC using equation (4.38)
end function

With the implementation of the system Coriolis matrix, the plant dynamics and kine-
matics of a space manipulator are completely modelled in the Python simulator. The fol-
lowing subsections now detail the dynamics reduction, feedback linearization, and output
tracking control law structures outlined in chapter 5, as well as the process for updating
the space manipulator’s motion (in response to the system’s initial momentum and control
actions). Note that the controller portion of the simulation may be replaced by other control
designs which correspond to the rigid multi-body system being simulated. For the output
tracking controller based on feedback linearization, we begin by detailing the implementa-
tion of the dynamic reduction.
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6.2.5 Dynamics Reduction

In this subsection, the simulation of the Dynamic Reduction block in the output tracking
controller block diagram (Figure 5.1) is described. As shown by the block’s output signals,
the primary functions of this process are to define the matrices BBB and SSS resulting from the
conservation of momentum constraint, as well as the matrices from the reduced equations
of motion (MMM, CCC, and EEE). The dynamic reduction function additionally covers the time
derivative aspect of the controller block diagram to define the matrix derivatives necessary
for the feedback linearization control law: ḂBB, and ṠSS. Note that the time derivatives of these
matrices (along with the system Coriolis matrix C̄CC) are restricted to M using the change of
variable for the base motion coming from the momentum constraint.

Algorithm 7 demonstrates the dynamic reduction function for defining the outputs of
the Dynamic Reduction block, and the time derivative signals in Figure 5.1. The function
inputs the generalized coordinate velocities, the truncated spatial Jacobian for the base and
its partial derivative with respect to the system positions, and the outputs to both the inertia
and Coriolis matrix functions. The matrices BBB and SSS from the conservation of momentum
constraint are first defined based on equations (5.3) and (5.2), followed by a for loop run-
ning through all generalized velocities to calculate the time derivatives of M̄MM and J̄JJs

0 (both
restricted to M ). Subsequently, the time derivatives ṠSS and ḂBB are defined based on equations
(5.5) and (5.6), using the derivatives ˙̄MMM and ˙̄JJJs

0 which are predicated only on q̇qq (i.e., S and
B are obtained). Finally, the matrices MMM, CCC, and EEE of the system dynamics constrained to
the manipulator motion are calculated using equations (5.17)-(5.19).
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Algorithm 7 Dynamics Reduction Process

Input: 1) System velocities: Φ̇ΦΦ

2) Truncated spatial Jacobian for base: J̄JJs
0

3) System inertia matrix: M̄MM

4) System Coriolis matrix: C̄CC

5) Repository of inertia matrix partial derivatives: ∂M̄MM
∂ΦΦΦ

6) Repository ∂ J̄JJs
0

∂ΦΦΦ

Output: 1) Matrices from reduced dynamics: MMM,CCC,EEE

2) Matrices from momentum constraint: BBB, SSS

3) Restricted time derivatives: B, S
3) Restricted velocity vector: Φ̇ΦΦ(ΦΦΦ, q̇qq,µµµ)

function DYNAMICS REDUCTION(Φ̇ΦΦ, J̄JJs
0, M̄MM, C̄CC, ∂M̄MM

∂ΦΦΦ
, ∂ J̄JJs

0
∂ΦΦΦ

)
Call system momentum µµµ from initialization
Calculate BBB and SSS using equations (5.3) and (5.2)
Restrict C̄CC to M to obtain C(ΦΦΦ, q̇qq; µµµ)

Initialize time derivative matrices for ˙̄MMM and ˙̄JJJs
0

Restrict system velocities to M : Φ̇ΦΦ(ΦΦΦ, q̇qq,µµµ)← [(BBB−SSSq̇qq)T q̇qqT ]T

for i = 1, ND do
˙̄MMM← ˙̄MMM+ ∂M̄MM

∂Φi
Φ̇i(ΦΦΦ, q̇qq,µµµ)

˙̄JJJs
0← ˙̄JJJs

0 +
∂ J̄JJs

0
∂Φi

Φ̇i(ΦΦΦ, q̇qq,µµµ)

end for
Calculate S by equation (5.5) using restricted ˙̄MMM
Calculate B by equation (5.6) using restricted ˙̄MMM and ˙̄JJJs

0

Calculate reduced inertia and Coriolis matrices MMM and CCC by (5.17) and (5.18)
Calculate EEE from reduced dynamics by (5.19)

end function

As demonstrated in Figure 5.1, the dynamic reduction process then leads into the feed-
back linearization section of the simulation. Recalling Chapter 5, two output tracking con-
trol cases are considered (e.g., linear output control and full pose control of the output). To
address the more complete and complex full pose control of the end-effector, the following
subsection outlines the feedback linearization process for this control case, as well as the
implementation of the modified PID controller presented in section 5.5.
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6.2.6 Output Tracking Controller

The implementation of the full pose output tracking controller is separated into two pro-
cesses: the first to define the control actions resulting from the modified feedforward, feed-
back PID control law, and the second to perform the feedback linearization on the end-
effector motion. Regarding the full pose control structure, the group error ggge, gradient of
the error function ∇ψ , and body velocity error VVV b

e must be first defined to establish the
proportional, integral, derivative, and feedforward control actions. To start, the group error
requires the actual and desired end-effector poses, where gggsN is computed by the forward
kinematics function in Algorithm 1 and ḡggsN is defined by a trajectory planner. Following
the group error, VVV b

e and ∇ψ are defined based on equations (5.62) and (5.65), allowing for
the definitions of UUU pi and UUUd . Note that VVV b

e requires the desired end-effector body velocity
which again comes from an external trajectory planner. Lastly, the feedforward gain UUU f f

makes use of the output’s desired body acceleration (again an input to the controller) to
complete the full pose output tracking control law. Using the resulting control action UUU ,
in addition to the matrices output by the dynamic reduction process in Algorithm 7, the
majority of the feedback linearization law from equation (5.53) is established. The only
supplementary computations required for the linearization process are to define the GJM
JJJ∗, its derivative restricted to M , and its SR-inverse JJJ∗⋄.

Algorithm 8 outlines the function for performing full pose output tracking control based
on the controller and feedback linearization processes mentioned above. As mentioned,
the necessary inputs to the controller are the desired end-effector trajectory (ḡggsN , V̄VV b

sN ,
and ˙̄VVV b

sN), the matrices MMM, CCC, and EEE from the reduced dynamics, the matrix BBB from the
momentum constraint and its restricted derivative B, and the system’s body Jacobian for
defining the GJM. Additionally, the restricted generalized velocities and the repository of
partial derivatives of the body Jacobians are required for computing the derivative of the
GJM. This function yields a single output defining the control actuation to the manipulator
τττm for achieving feedback linearization and output tracking control.
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Algorithm 8 Output Tracking Controller

Input: 1) Restricted system velocities: Φ̇ΦΦ(ΦΦΦ, q̇qq,µµµ)

2) Desired trajectory: ḡggsN , V̄VV b
sN , ˙̄VVV b

sN

3) Matrices from reduced dynamics: MMM, CCC, EEE

4) Matrices BBB and B
5) System body Jacobian: JJJb

N

6) Repository ∂JJJ
∂ΦΦΦ

Output: Manipulator control torque: τττm

function OUTPUT TRACKING CONTROLLER(Φ̇ΦΦ(ΦΦΦ, q̇qq,µµµ), ḡggsN , V̄VV b
sN , ˙̄VVV b

sN , MMM, CCC, EEE, BBB,
B, JJJb

N)
Define PID gains: KKK p, KKKi, KKKd

gggsN ← FORWARD KINEMATICS(0,N,gggsN(0))
ggge← ḡgg−1

sN gggsN

Define ∇ψ and VVV b
e by equations (5.65) and (5.62)

Define UUU pi, UUUd , UUU f f by equations (5.66), (5.64), (5.68)
Partition JJJb

N into its base and manipulator portions: JJJb
o and JJJb

m

Define GJM JJJ∗ by equation (5.50)
Initialize the restricted time derivative matrix Jb

N

for i = 1, ND do
Jb

N ← Jb
N +

∂JJJb
N

∂Φi
Φ̇i(ΦΦΦ, q̇qq,µµµ)

end for
Partition Jb

N into its base and manipulator portions: Jb
o and Jb

m

Define GJM derivative J∗ by using Jb
o and Jb

m

Define the system’s manipulability w using equation (C.5)
if w < wt then

λ ← λ0

(
1− w

wt

)2

else
λ ← 0

end if
Calculate the SR-Inverse of the GJM JJJ∗⋄ by equation (C.4)
Calculate τττm by equation (5.53)

end function
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As depicted by the simulation block diagram in Figure 6.1, the control torque is sub-
sequently applied to the space manipulator system’s dynamics in order to propagate the
generalized coordinates and velocities. The following subsection outlines the propagation
process which establishes the set of differential equations for numeric integration.

6.2.7 Motion Propagation

As mentioned above, the motion propagation process starts by applying the control torque
to the multi-body system’s equations of motion. This aspect of the simulator is consistent
for any simulation scenario. Regardless of the controller design, this process simply repli-
cates the expected motion of a rigid multi-body system under the presence of some torque
or force vector. The system’s equations of motion stem from the Euler-Lagrange formu-
lation shown in section 4.3, and are thus defined using the system’s inertia and Coriolis
matrices (as indicated by the input signals to the Equations of Motion block in Figure 6.1).
Using the Euler-Lagrange equations of motion, and provided a system actuation vector τττ ,
the simulator then defines the resulting generalized accelerations to be integrated. Double
integrating such generalized accelerations evidently provides the system’s velocities and
configuration. Thus, the first step in the motion propagation method defines the matrix of
ODEs containing the generalized accelerations and velocities, as defined in (6.2). Follow-
ing integration, the desired matrix YYY of generalized velocities and positions (equation (6.1))
is obtained.

As previously mentioned, the simulator’s numeric integration is performed using the
fourth order Runge-Kutta method. This integration technique requires a function f which
defines the set of ODEs to be solved. In performing the numeric integration for a sin-
gle timestep, this function f is only predicated on the vector YYY which defines the set of
integrated values. The fourth order Runge-Kutta operator combines the outputs of f (YYY )

evaluated at four different inputs of YYY to obtain the integrated values for the following
time step. That is, for timestep n, the desired vector YYY n+1 resulting from the fourth order
Runge-Kutta integration is calculated as follows,

YYY n+1 = YYY n +
1
6
(KKK1 +2KKK2 +2KKK3 +KKK4) (6.3)

where,
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KKK1 = f (YYY n)dt (6.4)

KKK2 = f
(

YYY n +
KKK1

2

)
dt (6.5)

KKK3 = f
(

YYY n +
KKK2

2

)
dt (6.6)

KKK4 = f (YYY n +KKK3)dt. (6.7)

Algorithm 10 outlines the process of performing the fourth order Runge-Kutta numeric
integration on the Euler-Lagrange equations of motion. Note that the simulator (and in turn
the simulation block diagram) may be adjusted to include additional variables in the YYY ma-
trix for integration. Provided the desired end-effector trajectory, and the initial conditions
for integration (i.e., the system’s initial configuration and velocity), the motion propagation
function calls the output tracking controller to obtain a control action. Based on the re-
sulting actuation torque, the system of ODEs is formed. Algorithm 9 outlines the function
which performs the trajectory following process to define dYYY

dt .

Algorithm 9 Definition of ODEs for a Trajectory Following Task

Input: 1) Desired trajectory: ḡggsN , V̄VV b
sN , ˙̄VVV b

sN

2) Current system states: YYY n

Output: System of ODEs: dYYY
dt

function ODES(ḡggsN , V̄VV b
sN , ˙̄VVV b

sN , YYY n)
Extract and define Φ̇ΦΦn from YYY n

Extract and globally define ΦΦΦn from YYY n

M̄MM,JJJ, J̄JJs
0← INERTIA MATRIX()

∂JJJ
∂ΦΦΦ

,
∂ J̄JJs

0
∂ΦΦΦ
← JACOBIAN DERIVATIVES(JJJ)

C̄CC, ∂M̄MM
∂ΦΦΦ
← CORIOLIS MATRIX(Φ̇ΦΦn,JJJ, ∂JJJ

∂ΦΦΦ
)

MMM,CCC,EEE,BBB, SSS,B, S,Φ̇ΦΦ(ΦΦΦ, q̇qq,µµµ)← DYNAMICS REDUCTION(Φ̇ΦΦn, J̄JJ
s
0,M̄MM,C̄CC, ∂M̄MM

∂ΦΦΦ
,

∂ J̄JJs
0

∂ΦΦΦ
)

τττm←OUTPUT TRACKING CONTROLLER(Φ̇ΦΦ(ΦΦΦ, q̇qq,µµµ), ḡggsN ,V̄VV
b
sN ,

˙̄VVV b
sN ,MMM,CCC,EEE,BBB,B,JJJb

N)

Define the system of ODEs dYYY
dt from equation (6.2) using τττm

end function
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Since all of the aforementioned functions for the dynamics, kinematics, dynamic re-
duction, and output tracking controller depend on the matrix YYY n, the numeric integrator
must run the entire control process four times to estimate YYY n+1. Evidently, the output of
the motion propagation algorithm in this case is the matrix YYY n+1 for use in the subsequent
timestep.

Algorithm 10 Motion Propagation Algorithm
Input: 1) Current system states: YYY n

2) Desired trajectory: ḡggsN , V̄VV b
sN , ˙̄VVV b

sN

Output: Integrated system states for next timestep: YYY n+1

function MOTION PROPAGATION(YYY n, ḡggsN , V̄VV b
sN , ˙̄VVV b

sN)
KKK1← ODES(ḡggsN ,V̄VV

b
sN ,

˙̄VVV b
sN ,YYY n) dt

KKK2← ODES(ḡggsN ,V̄VV
b
sN ,

˙̄VVV b
sN ,(YYY n +

KKK1
2 ) dt

KKK3← ODES(ḡggsN ,V̄VV
b
sN ,

˙̄VVV b
sN ,(YYY n +

KKK2
2 ) dt

KKK4← ODES(ḡggsN ,V̄VV
b
sN ,

˙̄VVV b
sN ,(YYY n +KKK3)) dt

YYY n+1← YYY n +
1
6(KKK1 +2KKK2 +2KKK3 +KKK4)

end function

6.3 Multi-Body System Description

Referring back to the proposed mission architecture for OOS industrialization outlined in
Chapter 3, the preferred space manipulator design contains a single N-link manipulator
attached to the spacecraft’s base. Consequently, this simulation models a 2-link, 7-DOF
shoulder-elbow-wrist space manipulator system illustrated in Figure 6.2. As shown, the
full space manipulator system contains 13 twists: 3 translational and 3 rotational twists
for the base motion, and 7 rotational twists to define the motion of the manipulator. The
variables Φ j appearing in Figure 6.2 indicate the direction of positive rotation or translation
associated with the jth degree of freedom in the system. For simulation purposes, the
two spherical joints (located at the manipulator’s shoulder and wrist) are modeled as three
individual revolute joints, separated by small masses. Note that such design of spherical
joints in the simulation are still considered multi-DOF joints as they define the motion
in SO(3) between two rigid bodies possessing comparatively large masses. Provided this
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modelling of the spherical joints, the simulation replicates a space manipulator system with
10 bodies (N = 9) and 13 degrees of freedom (ND = 7).

Figure 6.2: Simulated free-floating space manipulator system

Table 6.1 contains the physical properties of each body in the simulated system. Note
that l, w, h refer to the body’s length, width, and height dimensions measured along the y,
x, and z axes of the body coordinate frames, respectively. The moments of inertia for each
body are computed based on the geometries and masses provided in Table 6.1 with the
assumption of constant densities. The densities of the components in the simulated system
differ

For body k, the corresponding inertia tensor IIIk is calculated as follows,

IIIk =


mk
12 (l

2 +h2) 0 0

0 mk
12 (w

2 +h2) 0

0 0 mk
12 (l

2 +w2)

 (6.8)

where mk is the mass of body k. Additionally, the center of masses of each body are
assumed to be located at their geometric centers, as specified by the centroids illustrated in
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Table 6.1: Physical Properties of Simulated System

Body Index Dimension [m] Mass

(k) (l, w, h) [Kg]

Base 0 (1, 1, 1) 200

Shoulder bodies 1, 2, 3 (0.05, 0.1, 0.1) 0.5

Link 1 4 (2, 0.1, 0.1) 2

Link 2 5 (2, 0.1, 0.1) 2

Wrist bodies 6, 7, 8 (0.04, 0.04, 0.04) 0.1

End-effector 9 (0.05, 0.05, 0.05) 0.5

Fig. 6.2. The spatial coordinate frame is initially located at the center of mass of the base
body, and the initial spatial positions of the joints and end-effector in metres are as follows:

pppshoulder = [0.1 0.5 0.6]T

pppelbow = [0.1 2.5 0.6]T

pppwrist = [0.14 4.5 0.64]T

pppend−e f f ector = pppN = [0.14 4.55 0.64]T .

Note that pppshoulder and pppwrist refer to the locations of the first members in the shoulder
and wrist clusters, corresponding to the motions about the z-axis Φ7 and Φ11, respectively.
The centers of the subsequent joint bodies are located at a width’s distance away in the
x-direction (defining the axes of rotation for Φ8 and Φ12), followed by an additional offset
distance equal to the respective joint bodies’ height in the z-direction (defining the axes
of rotation for Φ9 and Φ13) to complete the spherical joint clusters. Link 1 and the end-
effector are attached to the last joint members (i.e., the revolute joints with motion about
the x-axes) in the shoulder and wrist joints, respectively.

Based on the body coordinate frames for each member in the system and the axes of
motion illustrated in Fig. 6.2, the corresponding joint twists are determined using the twist
definition described in equations A.13 and A.14. First, for the three translational motions
of the spacecraft base (Φ1, Φ2, Φ3), the following defines the unit vectors in the directions
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of translation,

vvv1 =


0

0

1

 , vvv2 =


0

1

0

 , vvv3 =


1

0

0

 , (6.9)

resulting in the translational twists for the base motion to be defined as,

ξξξ 1 =

 vvv1

03×1

 , ξξξ 2 =

 vvv2

03×1

 , ξξξ 3 =

 vvv3

03×1

 . (6.10)

Regarding the remaining revolute motions for the spacecraft base and manipulator, the twist
axes for each rotational motion are defined along the following axes,

www4 = www7 = www11 =


0

0

1

 (6.11)

www5 = www8 = www12 =


0

1

0

 (6.12)

www6 = www9 = www10 = www13 =


1

0

0

 . (6.13)

To define the linear velocity component of the rotational twists, the locations of the points
along each twist axis with respect to the spatial coordinate frame are as follows,



CHAPTER 6. SPACE MANIPULATOR SIMULATION PLATFORM 84

rrrb =


0

0

0

 , (6.14)

rrr7 =


0

0.5

0.5

 rrr8 =


0.1

0.5

0.5

 rrr9 =


0.1

0.5

0.6

 , (6.15)

rrr10 =


0.1

2.5

0.6

 , (6.16)

rrr11 =


0.1

4.5

0.6

 rrr12 =


0.14

4.5

0.6

 rrr13 =


0.14

4.5

0.64

 , (6.17)

where the coordinates are a consequence of the dimensions provided in Table 6.1. The ini-
tial homogeneous transformation matrices between the spatial and body coordinate frames
gggsk(0) make use of the spatial position vectors above, and the assumption that all body
coordinate frames are aligned with the spatial frame. This leads to the following general
definition for gggsk(0):

gggsk(0) =

13×3 rrrk

0 1

 . (6.18)

6.4 Simulation Validation

To ensure that the motion of a free-floating space manipulator is being accurately replicated
in the developed Python simulator, the validity of the dynamic and kinematic algorithms
must be analyzed. The validity test conducted in this section develops an equivalent space
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manipulator model, as that described in the previous section, to compare the system’s mo-
tion under different dynamic and kinematic scenarios. A reference 2-link shoulder-elbow-
wrist space manipulator system with identical physical parameters to those in Table 6.1 is
thus modelled using the Simscape Multibody package within MATLAB/Simulink. Several
different initial conditions were provided to both the Python simulator and the Simscape
model to confirm the functionality and implementation of the forward kinematics, differen-
tial kinematics, and dynamics algorithms. In this section, the specific procedures for testing
such algorithms are described, and the corresponding validation results are discussed. To
start, the following subsection details the construction of the reference space manipulator
system in Simscape.

6.4.1 Simscape Model

Simscape Multibody is a modelling tool, provided within the Simulink environment, for
replicating the 3-dimensional motion of multi-body systems. The Simscape Multibody
package provides blocks which model single rigid bodies (known as solid blocks), single
and multi-DOF joints, and sensors to measure the positions, velocities, and accelerations of
both rigid bodies and individual joint motions. Connecting rigid body blocks with an appro-
priate joint allows for the modelling of any mechanical multi-body system. For example,
modelling an elbow joint in a 2-link manipulator requires coordinate frames at the ends of
the two links (each modelled by a solid block) such that they can be connected to a revolute
joint block. The revolute joint block attaches these two coordinate frames at a coincident
point to replicate the physical attachment. All joint blocks in Simscape allow for actuation
by an external force or moment, in turn moving the entire multi-body system accordingly.
This resulting motion stems from an internal derivation of the system’s equations of mo-
tion, based on the physical and geometrical properties of the designed multi-body system.
The physical properties of a rigid body, such as geometry and mass, are specified within
Simscape’s solid block, which then automatically computes a corresponding inertia matrix
if not otherwise specified.



CHAPTER 6. SPACE MANIPULATOR SIMULATION PLATFORM 86

Figure 6.3: 2-Link space manipulator Simscape model.

Figure 6.3 displays the high level Simscape model of the equivalent 2-link space ma-
nipulator system presented in section 6.3. As shown, the Simscape model begins with a
spatial coordinate frame, defined to be equivalently aligned with the Python model, and
includes subdivisions which define each joint’s motion in the system. Following the prod-
uct of exponentials formulation, the 6-DOF motion of the base is modelled as consecutive
prismatic and revolute joints, all coincident at the base’s center of mass and connected in
the same order as indicated by Figure 6.2 (where the system’s first motion corresponds to
the z translation of the base).

Figure 6.4 shows the internal components of the Base Motion subsystem to demonstrate
the modelling of the free-floating base in Simscape. Here, the joints are connected from
left to right, where the first three motions of the base are prismatic along the z, y,and x

axes (corresponding to Φ1, Φ2, and Φ3 respectively), followed by three revolute motions
Φ4, Φ5, and Φ6 about the z, y,and x axes respectively. Note that the prismatic and revolute
joint blocks in Simscape are designed to only translate and rotate about the z-axis of the
input coordinate frame (i.e., the coordinate frame connected to the B input port on the joint
block). In this case, the spatial coordinate frame is input to the Base Motion subsystem with
the intended prismatic motion Φ1 already being aligned along the z-axis of this coordinate
frame. For the subsequent linear motion along the y-axis, a coordinate transformation is
required to align the z-axis of the input coordinate with the y-axis of the spatial frame (i.e.,
in the direction of the intended motion). This coordinate transformation is performed using
Simscape’s rigid transformation block, indicated in Figure 6.4 by the label Z−Y . This
label specifies that the coordinate transformation is rotating the z-axis of the coordinate
frame output by the Φ1 prismatic joint to be aligned with the y-axis of the spatial frame.
The coordinate transformation process is repeated for the prismatic joint along the x-axis,
and subsequently for the revolute joints describing the base’s rotation about the y and x

axes of its body frame. The output of the Base Motion subsystem is the coordinate frame
following the combination of the three translational and three rotational motions associated
with the base. This final coordinate frame is then input into the solid block defining the
spacecraft’s base, as shown by Figure 6.3. The input F0 signifies the signal connection
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between a coordinate frame F0 located at the center of mass of the base and the coordinate
frame output by the Base Motion subsystem.

Figure 6.4: Base motion subsystem components

Equivalent to the simulated system in Python, spherical joints are simulated in Sim-
scape as the amalgamation of three individual revolute joints, each connected by small
masses to replicate physical actuators. Figure 6.5 expands the Shoulder Joint subsystem to
demonstrate the small mass cluster forming this spherical joint. As shown in the overall
Simscape model, the input to the shoulder joint subsystem is the F1 coordinate frame out-
put by the base block. The origin of this F1 coordinate frame specifies the placement of the
shoulder joint on the base body, and thus shares the coordinates of the rrr7 axis point defined
in section 6.3. This coordinate frame similarly defines the geometric center of the actuator
body corresponding to the z rotation of the shoulder joint (coordinate frame R associated
with the Body 1 solid block). To simulate the shoulder’s rotational motion about the y-axis,
a transformation block is again required to rotate the coordinate frame attached to the geo-
metric center of body 1 by -90◦ about its x-axis. This coordinate transformation aligns the
axis of motion of the Φ8 joint with the y-axis of the input coordinate frame. The shoul-
der’s joint motion about the y axis is also located at an offset distance along the x-axis of
the F1 frame, as described in section 6.3. The origin of resulting coordinate frame is now
coincident with the point rrr8, defining the geometric center of body 2. The previous process
is repeated for the implementation of the shoulder joint’s revolute motion about the x-axis.
Between the last revolute motion and the shoulder joint’s output coordinate frame, an addi-
tional transformation is required to reset output coordinate frame into its proper orientation
(undoing the transformation required for simulating Φ9 in the correct direction). The out-
put coordinate frame defines the location in which the manipulator’s first link attaches to
the shoulder joint.

Referring back to the overall Simscape model in Figure 6.3, the input port to the Link

1 solid block, labeled F4A, refers to a coordinate frame whose origin is placed at the link’s
geometric center with respect to the x− z plane, and at one end of the link. As previously
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Figure 6.5: Shoulder joint subsystem components

mentioned, this F4A coordinate frame is connected to the output of the shoulder joint sub-
system in order to define the spherical motion of link 1. A coordinate frame denoted F4B

is placed at the opposite end of the link (i.e., at the link’s length away along the y-axis) for
subsequent connection with the elbow joint. The elbow joint subsystem, shown in Figure
6.6 simply contains a single coordinate transformation required to align the elbow rotation
with the x-axis of the spatial frame, in the system’s initial configuration. Analogous to
shoulder joint, an equivalently opposite transformation is required to reset the output coor-
dinate frame to the correct orientation. This output coordinate frame attaches one end of the
second manipulator link (specified by the F5A coordinate frame) to the elbow joint. Note
that there is no actuator body associated with the elbow joint, signifying that the origins of
the F4B and F5A coordinate frames are coincident.

Figure 6.6: Elbow joint subsystem componentss

Finally, the output coordinate frame F5B of the Link 2 block (located at the opposite
end of the second link along the y-axis) is input to the wrist joint subsystem for connection
with body 6 in the system (associated with the z rotational motion of the wrist joint). The
wrist subsystem is designed in the exact same manner as the shoulder joint, as demonstrated
in Figure 6.7 showing the expanded wrist subsystem. The output of the wrist subsystem
defines a coordinate frame, following the three offset revolute motions of the wrist, located
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at the end of the last actuator body (along the y-axis), in the geometric center of the x− z

plane. The output of the wrist joint is then attached to the F12 coordinate frame, denoting
a frame located on the leftmost (with respect to the y-axis) outer face of the end-effector,
and in this face’s geometric center.

Figure 6.7: Wrist joint subsystem components

This space manipulator model in Simscape can now be manipulated by defining various
initial conditions to the joint blocks, as well as external actuation torques. To start, each
revolute and prismatic joint block in Simscape allows for their initial position and velocity
to be internally defined. As a result, the initial conditions ΦΦΦinitial and Φ̇ΦΦinitial can be input to
the Simscape model, and the system’s motion will propagate accordingly. Additionally, the
joint blocks include an actuation property where either a torque or a force may be provided
as an input signal to the block. The input actuation may be in the form of a timeseries
defined in a MATLAB script connected to the Simscape model. The timeseries specifies
the torque or force value provided to the revolute or prismatic joint at each timestep in
the simulation. As an example of how to actuate joints in a specified manner, Figure 6.8
depicts the introduction of torque signals to the revolute joints in the shoulder subsystem
of the Simscape model. As shown, the revolute joints have an additional input port labeled
t for which the torques T7, T8, T9 are input as timeseries sent from a MATLAB script.
Following the actuation of the joint blocks, the system’s motion is automatically computed
by Simscape.

Joint blocks in Simscape additionally provide sensing capabilities, useful for comparing
the resulting motion of the generalized coordinates with the Python model. A joint’s posi-
tion, velocity, and acceleration can be set as output signals to the block, and subsequently
sent to the MATLAB workspace for subsequent post processing. This sensing feature in
the joints allows for the joint variables ΦΦΦ, Φ̇ΦΦ and Φ̈ΦΦ to be compared at each time step in
the simulation. Moreover, Simscape’s transform sensor block provides measurements of
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Figure 6.8: Joint actuation example for shoulder joint subsystem

each body’s pose and velocity vector. In this model, these sensing blocks input the spa-
tial coordinate frame as a reference, and attach to the desired body coordinate frame to be
measured. The measured output signals include a quaternion defining the frame’s orien-
tation, the frame’s angular velocity about each axis, and the linear position and velocity
of the attached coordinate frame. These sensors measure and output the body velocities
expressed in the spatial reference frame. To obtain the body velocity vectors expressed in
the body coordinate frame (for comparison with the velocities output by the Python simula-
tor’s differential kinematics), the output quaternion is first converted to a rotation matrix in
MATLAB using the built-in quat2rotm function. Pre-multiplying this rotation matrix RRRks

with the measured body angular and linear velocities in Simscape provides their represen-
tations in the body frame, as desired. Figure 6.9 illustrates the introduction of the sensor
blocks in the Simscape model.

Figure 6.9: Sensing of the space manipulator system
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The resulting 3D realization of the fully connected Simscape model is illustrated in
Figure 6.10, depicting the space manipulator system in the configuration of Φ9 = 45◦ and
Φ10 = -90◦. Note that the blue, red, and green bodies at the shoulder and wrist joints
represent the actuator bodies associated with the z, y and x rotations of the spherical joints,
respectively. Additionally note that there is no actuator member at the elbow joint, as
previously mentioned.

Figure 6.10: 3-Dimensional space manipulator model in Simscape

6.4.2 Validation Procedure

The methods for testing and confirming the dynamics and kinematics algorithms imple-
mented in the Python simulator are discussed in this subsection. As previously mentioned,
the purpose for constructing an equivalent Simscape model is to produce reference values
for which the dynamic and kinematic results in Python can be compared against. The test-
ing sequence begins by validating the forward kinematics model, as this function is required
in both the differential kinematics and dynamics processes. Once confirmed accurate, the
computation for each body’s Jacobian matrix is tested, prior to verifying the dynamics
model of the system. In testing the dynamics, the calculation of the system inertia matrix is
first individually validated in order for the inertia component of the dynamic behaviour to
be confirmed accurate before introducing the Coriolis and centrifugal effects. The follow-
ing sections discuss the procedures for performing each validation test, and subsequently
discuss the findings from the Python and Simscape comparisons.
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Forward Kinematics Validation

The testing procedure for confirming the forward kinematics involves comparing the posi-
tion vectors of various coordinate frames in the system. In this case, the pose of the base,
shoulder, elbow, and wrist coordinate frames are compared. Recall that the shoulder and
wrist coordinate frames refer to the frames located at the end of the last actuator body in
the respective joint cluster. Examining the position and orientation of each joint coordinate
frame ensures that the product of exponentials function to compute the forward kinematics
in Python is being computed correctly, provided generalized coordinate positions.

Several different initial configurations are specified for the space manipulator system in
both the Python and Simscape simulations. Provided a configuration vector ΦΦΦ, the corre-
sponding homogeneous transformations to each joint coordinate frame are computed (given
the initial homogeneous transformations defined in section 6.2) in Python, and compared
with those measured in Simscape. As mentioned, Simscape measures orientations in terms
of quaternions, thus requiring conversions to rotation matrices in the post processing. The
x, y, and z components of each joint frame’s position vector are directly output from the
Simscape sensing block, allowing for immediate comparisons.

Fully assessing the forward kinematics method in Python involves testing multiple con-
figurations ΦΦΦ against the Simscape model in order to cover a wide range of the space ma-
nipulator’s configuration space. In purely isolating the system’s kinematics, the system’s
generalized coordinate velocities Φ̇ΦΦ are set to zero, and there is no torque actuation on
the manipulator joints. In total, 10 different configurations are tested, all of which yield-
ing matches between the joint poses computed in Python and Simscape up to 10 decimal
places. Table F.1 in Appendix F contains the 10 different configurations tested in the for-
ward kinematics validation process.

Differential Kinematics Validation

Validating the differential kinematics model in Python implies confirming the accuracy of
the calculated Jacobian matrices for each body in the system. Recall the dependency on
the product of exponentials formula in the Jacobian matrix definition, and note that the im-
plementation of this formula is confirmed correct following the validation of the forward
kinematics model. Therefore, any errors in the differential kinematics output are a direct re-
sult of errors in the implementation of the differential kinematics model. Comparing body
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velocity vectors expressed in the body frame provides a methodology for assessing the Ja-
cobian matrix computation in Python. More specifically, the velocity vectors correspond-
ing to the base, shoulder, elbow, and wrist coordinate frames are chosen for comparison. It
is important to test the differential kinematics model at each joint to ensure functionality
throughout the system, as is necessary for the inertia and Coriolis matrix computations.

As previously mentioned, the sensing blocks in Simscape measure the attached coordi-
nate frame’s body velocity components expressed in the spatial coordinate frame. As part
of the post-processing in MATLAB, the body velocity components output by Simscape
are rotated into the body frame using the rotation matrix between the spatial frame and
coordinate frame being measured. This post-processing rotation is required to compare
the velocities output by Simscape with those calculated in Python (using the body Jacobian
matrix and the vector of generalized coordinates Φ̇ΦΦ). Equivalent initial generalized velocity
vectors are provided and both simulations are run for a single time step. This ensures that
the resulting joints’ body velocities output by both simulations correspond to the same Φ̇ΦΦ.

Since the Jacobian matrix is a function of the generalized coordinate positions, testing
multiple configurations which cover different areas of the configuration space is again nec-
essary to fully validate the differential kinematics. Additionally, various system velocity
vectors are tested for each different configuration in order to analyze a body Jacobian matrix
under numerous joint velocity conditions. The same 10 configurations used in the forward
kinematics testing are applied in the differential kinematics procedure. For each configura-
tion, 8 different combinations of generalized coordinate velocities are tested. Each testing
case resulted in a match of up to 10 decimal places between the body velocities measured
in Simscape and those calculated in Python. Table F.2 includes the 8 velocity vectors tested
for each of the 10 configurations in Table F.1.

Inertia Matrix Validation

Progressing to the assessment of the Python simulator’s dynamics model, we begin by an-
alyzing the computation of the system inertia matrix.Isolating the inertia matrix contribu-
tions in the space manipulator’s dynamics firstly requires setting all generalized coordinate
velocities to zero. Recalling the Euler-Lagrange equations of motion in equation (4.40), a
system with zero velocity removes all effects from Coriolis and centrifugal forces in the
dynamics. Dynamically exciting a system (through external forces and torques applied
to both the base and manipulator) which is initially at rest implies that the joint accelera-
tions are influenced by the system’s inertia until the system’s generalized velocities become
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non-negligible.
The validation testing procedure for the inertia matrix applies forces and torques to

the space manipulators, and compares the subsequent generalized coordinate accelerations
Φ̈ΦΦ. In the Python simulator, the vector Φ̈ΦΦ is computed by the Euler-Lagrange equations of
motion. Again, in order to neglect the Coriolis and centrifugal affects in the dynamic re-
sponse, the system accelerations are only compared after the first timestep when the system
velocities remain negligible. As the inertia matrix is a function of the system configura-
tion, the inertia matrix for multiple orientations of the space manipulator are tested (the
same orientations used in the forward and differential kinematics validation procedures) to
ensure the inertia matrix’s veracity throughout the system’s workspace. For each configura-
tion, 8 different combinations of base and manipulator joint forces and torques are applied
in order to manipulate the space manipulator system in several different ways. Table F.3
demonstrates the torque vectors applied to each configuration in Table F.1 during the inertia
matrix validation testing. The resulting generalized accelerations for every test case again
produced matches of up to 10 decimal places between the two simulations, thus confirming
the veracity of the inertia matrix implementation in Python.

Coriolis Matrix Validation

Finally, the implementation of the space manipulator’s complete dynamics are validated by
testing the Coriolis matrix computation in Python. Again, the testing procedure involves
comparing the system accelerations output in Python against those from the Simscape sim-
ulation following the application of external forces and torques. As previously mentioned,
the Coriolis and centrifugal influences become prominent when sufficient generalized ve-
locities are reached. As such, in analyzing the Coriolis matrix, the space manipulator sys-
tem is initialized with a non-zero velocity vector. The resulting dynamic response evidently
contains influences from both the inertia of the system and the Coriolis and centrifugal
forces. Since the inertia matrix method has already been confirmed accurate, any discrep-
ancies in the generalized coordinate accelerations is a result of errors with the Coriolis
matrix computation in Python.

A similar testing procedure to that for the inertia matrix is implemented for validating
the Coriolis matrix. Since the Coriolis matrix is a function of both the system position and
velocity, several configurations paired with several different generalized coordinate veloci-
ties are tested (similar to the Jacobian matrix validation procedure). For each configuration
and system velocity pairing, the same torque vectors used in the inertia matrix validation
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are applied here to obtain multiple different dynamic responses from the system. As the
space manipulator system is already initialized with non-zero velocity, the accelerations
output after a single time step are used for comparison between the Python and Simscape
simulations. The specific testing conditions performed are again contained in Appendix F,
where tables F.1, F.2, and F.3 are all used in the testing scenarios. The resulting acceler-
ations are shown to match up to 10 decimal places, consequently confirming the Coriolis
matrix computation and thus the complete dynamical behaviour simulated free-floating
space manipulator in Python.

With the confirmation of the Coriolis matrix implementation in Python, the veracity
of the dynamics and kinematics models in the simulator are fully validated. The follow-
ing chapter makes use of the replicated space manipulator system in the developed Python
simulator to test the performance of the linear and full pose output tracking controllers
structured in chapter 5. Such performance testing involves analyzing the controlled sys-
tem’s response under various trajectory following tasks.



Chapter 7

Simulation Results

7.1 Summary

In this section, the efficacy of the proposed linear and full pose output tracking controllers
presented in chapter 5 are evaluated under various trajectory following scenarios. These
scenarios are performed using the Python simulation platform discussed in the previous
chapter. To start, control over the linear end-effector motion is considered for the free-
floating space manipulator system described in Figure 6.2 with zero momentum. The
end-effector’s linear trajectory following capabilities are tested for a trivial trapezoidal tra-
jectory, followed by a more complex circular path in the spatial x− y plane. The same
trajectories are applied to the system possessing non-zero momentum to demonstrate the
controller’s ability to dissipate an initial motion in the output and achieve path following.
To assess the robustness of the linear controller, uncertainties are introduced in the system’s
mass. Regarding the full pose controller, the system is again initially analyzed under zero
momentum, however for a trapezoidal trajectory in both the angular and linear components
of the end-effector. The same trajectory is then tested for the system being initially in
motion, where the end-effector remains capable of reaching the target position within the
same time period. Finally, the singularity accommodation methodology is tested for a tra-
jectory which forces the space manipulator to pass in proximity to a singular configuration.
The progression of the system’s manipulability and the damping factor in the SR-inverse
method are observed to ensure safe joint actuation while operating in the singular region.

96
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7.2 Linear Output Tracking Controller Results

We begin, in this section, by demonstrating the efficacy of the linear output tracking con-
troller developed in section 5.3. Starting with the more trivial control case, this section first
assesses the linear controller’s prowess for controlling a space manipulator system initially
at rest (i.e. ΦΦΦ = 0 and thus µµµ = 0). Subsequently, the same system is tested under non-zero
momentum conditions to demonstrate the control law’s ability to dissipate the initial motion
in the end-effector, and stabilize the output to the desired path. The linear output tracking
controller is applied to the single-arm 13-DOF space manipulator described in section 6.3.
For all simulated control scenarios presented in this section, the Python simulator detailed
in the previous section is run for a time step of dt = 0.01 s and for PID gains corresponding
to an a value of 4:

KKK p =


48 0 0

0 48 0

0 0 48

 , KKKd =


12 0 0

0 12 0

0 0 12

 , KKKi =


64 0 0

0 64 0

0 0 64

 . (7.1)

For each testing scenario of the linear output tracking controller (unless otherwise spec-
ified), the space manipulator system is initialized with the following non-zero joint posi-
tions at the shoulder and elbow joints: Φ9,ini = 45◦ and Φ10,ini =−90◦, producing an initial
end-effector position of pppN,ini = [0.14 3.36 0.63]T m. This choice of ΦΦΦini ensures that the
space manipulator is starting from a well defined system, away from the region of singu-
lar configurations. In the following subsections, the controlled space manipulator is tested
under various trajectory following scenarios which approximate the pre-capture proximity
operations involved during in-orbit docking procedures. Note that results of the control
input and resulting output trajectory tracking are exclusively provided, however the base
spacecraft is in motion throughout all trajectory following scenarios. Note that all figures
regarding the trajectories of the base positions associated with each trajectory following
task in this section are included in Appendix G.

7.2.1 Space Manipulator System with Zero Momentum

Regarding OOS missions involving cooperative targets, the capture points on the targets’
structures can be controlled to a fixed position in space by way of the target satellites’
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Figure 7.1: Control torques for the linear trapezoidal trajectory applied to a zero momentum
system.

GNC systems. These missions significantly simplify the design of the desired trajectory,
simply requiring a standard trajectory from the initial end-effector location to the fixed cap-
ture point. This subsection tests docking scenarios where the simulated space manipulator
contains conserved zero momentum. All testing scenarios assume an obstacle-free path
between the system’s end-effector and the capture point throughout the simulation.

We start by considering a desired trajectory which connects the space manipulator’s
initial end-effector position with a target position of p̄ppN, f inal = [0.35 3.57 0.84]T m. These
two points can simply be connected by a line defined by an appropriate trapezoidal trajec-
tory. For this capture scenario, the trapezoidal trajectory commands a constant acceleration
of 0.2 m/s2 for 0.65 s, followed by a smooth deceleration for 0.1 seconds to reach constant
velocity. This deceleration period avoids sharp changes in the desired velocity, in turn re-
quiring a smoother control action during the switch from constant acceleration to constant
velocity in the output. The end-effector moves at constant velocity for 0.75 s followed by
a constant deceleration of 0.2 m/s2 for 0.65 s to reach the target position with no linear
velocity in the output. The same smoothing period of gradual deceleration from constant
velocity to constant deceleration is again implemented. The consequent time to reach the
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((a)) Desired and actual end-effector velocity ((b)) Velocity error

((c)) Desired and actual end-effector position ((d)) Tracking error

Figure 7.2: Output response to the linear trapezoidal trajectory applied to a zero momentum
system.
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target point approximately 36 cm away is 2.25 s. Note that the described trapezoidal tra-
jectory is applied to all directions of the output’s linear motion.

Figure 7.1 demonstrates the control torque resulting from the linear output tracking
controller over the course of the trajectory following task. It is shown that the initial torque
values required to accelerate the end-effector 0.2 m/s2 from rest are all within a magnitude
of 1 Nm of torque at each manipulator joint. As indicated by Figure 7.1, a greater control
action is needed about the x and z axes as actuating in these directions controls the linear
position of the output. Neglecting the insignificant actuation at the wrist joint, Figure 7.1
shows only around 0.2 Nm of torque about the y-axis of the shoulder joint (T8), compared
to magnitudes of around 1 Nm (T7) and 1.5 Nm (T9 + T10) to move the end-effector along
the z and x axes, respectively. The resulting end-effector motion is demonstrated in Figure
7.2. Accurate trajectory followings are achieved in both the end-effector’s velocity and
position trajectories, as conveyed by Figures 7.2(a) and 7.2(c) which show the desired and
actual end-effector velocity and position trajectories along each axis in time, respectively.
To better illustrate the tracking accuracy, Figures 7.2(b) and 7.2(d) demonstrate the velocity
and position errors along each axis throughout the trajectory. As expected, the largest ve-
locity errors (across all axes) occur just following the transition from constant acceleration
to constant velocity; with the largest error being of magnitude 3.7 mm/s in the y-direction.
The tracking errors are similarly greatest at the transition points between acceleration and
constant velocity. As shown by Figure 7.2(d), the controller is able to track the desired
trajectory within less than 1 mm along all axes. Therefore, for a relatively fast trajectory
of travelling 36 cm in 2.25 s, the linear output tracking controller is able to achieve highly
accurate path following, with minimal torque loads at the joints.

In this work, we are limited in testing docking scenarios which involve the capture of
moving objects (typically non-cooperative targets) due to the complexities in designing
trajectories for free-floating robots and moving targets (as discussed in section ??). Re-
search regarding complex trajectory designs is beyond the scope of this project, however
we demonstrate the dexterity of the controlled space manipulator (using the linear output
tracking controller) by commanding a circular trajectory in the x−y plane of the spatial co-
ordinate frame. In the simulation, a desired circular trajectory of radius r = 0.2 m is output
by the trajectory planner. The start of the circular path, i.e., when θcirc = 0, corresponds to
the initial position of the end-effector, with the initial linear motions being in the negative
x and positive y directions. The desired motion commands a constant angular velocity of
ωcirc = 1 rad/s, resulting in the following desired circular trajectory in time,
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Figure 7.3: Control torques for the linear circular trajectory applied to a zero momentum
system.

p̄ppN =


r cos(ωcirct)

r sin(ωcirct)

0

+


xN,ini− r

yN,ini

zN,ini

 . (7.2)

Figure 7.3 demonstrates the applied control torque on the manipulator joints during the
circular trajectory following scenario. As shown, a significant initial torque of around 62
Nm about the x axis of the shoulder joint and approximately 50 Nm at the elbow joint are
required for the end-effector to immediately follow the desired circular trajectory. This
sudden torque input is a result of a large jump in the end-effector’s velocity, as shown by
Figure 7.4(a) which depicts the output’s actual and desired velocities in each axis, due to
the end-effector starting from rest. The circular trajectory requires an immediate velocity
increase of 0.2 m/s along the y-axis, hence the large actuation about the x-axes of the
manipulator joints. Following the initial jumps in actuation at the shoulder and elbow joints,
the torque values at the shoulder vary within 2.5 Nm (in magnitude), and within 1 Nm at the
elbow joint for the remainder of the simulation. An undershoot of around 1.3 cm/s occurs
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((a)) Desired and actual end-effector velocity ((b)) Velocity error

((c)) Desired and actual end-effector position ((d)) Tracking error

Figure 7.4: Output response to the linear circular trajectory applied to a zero momentum
system.
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when performing this velocity jump, as displayed by Figure 7.4(b). This velocity error is
shown to diminished to under 2 mm/s within 1.2 s. Figures 7.4(a) and 7.4(b) also indicate
minimal residual motions in the z-direction of the output where no motion is expected
(under 3 mm/s), and along the x-axis where the velocity error is held to within 5 mm/s at its
peak. Moreover, Figures 7.4(c) and 7.4(d), showing the actual and desired trajectories and
the corresponding tracking error along each axis of the output, demonstrate accurate output
tracking along the circular path. As expected, the greatest position error occurs initially
along the y-axis, however the controller is still able to achieve a path following of within 2
mm in this direction. Effectively perfect trajectory following is demonstrated in the x and z

directions as tracking errors of under 1 mm are achieved.
The previous control tests demonstrated the tracking capabilities of the linear output

tracking controller with the highest possible accuracy. As discussed in section C, the most
accurate tracking performance corresponds to a singularity-free configuration, resulting
in a well-defined system. We now wish to progress from the emphasis on accuracy and
exhibit the proficiency of the singularity accommodation feature in the developed control
structure. This evidently involves designing a desired trajectory which requires the space
manipulator to pass near a known singular configuration. Starting from the following initial
configuration:

ΦΦΦini = [0, 0, 0, −28, 20, 15, 90, 20, −25, −60, 0, 0, 0]T deg, (7.3)

a trapezoidal trajectory which decelerates by a magnitude of 0.4 m/s2 for 1.25 s, travels at
constant velocity for 0.25 s, and accelerates by 0.4 m/s2 for 1.25 s along all axes is provided.
Figures 7.5(a) and 7.5(b) display the progression of the space manipulator’s manipulabil-
ity and damping factor throughout this trajectory following task. As indicated by the plot
of manipulability, the system starts in a well-defined configuration with sufficient manip-
ulability, and as the simulation progresses, the space manipulator becomes increasingly
ill-conditioned.

Figure 7.5(a) shows the system’s manipulability to fall below the threshold value of√
10 after about 1.2 s, consequently inducing a shift from the pseudo-inverse solution to the

SR-inverse in the feedback linearization law. This shift is demonstrated by the introduction
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((a)) Manipulability ((b)) Damping factor

((c)) Control torque

Figure 7.5: Damped least squares parameters for SR-inverse in the linear controller with
associated control input

((a)) Desired and actual end-effector position ((b)) Tracking error

Figure 7.6: Linear output tracking performance in the presence of a singularity
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of a non-zero damping factor once the system enters the region of insufficient manipula-
bility, as shown in Figure 7.5(b). The damping factor is shown to quickly increase as the
system progresses towards the singularity. At the system’s closest proximity to the singular
configuration, occurring at 1.7 s, a manipulability of 0.5 and a maximum damping factor of
142 (where λ0 = 200, as mentioned in section C) are reached. The increase in the damping
factor is shown to effectively limit the actuation torques to within 10 Nm at the shoulder
and elbow joints at the time of lowest manipulability, as per Figure 7.5(c) (demonstrating
the control input in time). Figures 7.6(a) and 7.6(b) show the end-effector’s linear position
and the associated tracking error, respectively, to exhibit the resulting trajectory following
capabilities of the space manipulator system with insufficient manipulability. Highly ac-
curate trajectory following is achieved (within 2 mm) until around 1.4 s, afterwhich the
end-effector is shown to deviate from the desired path by about 1 cm in all axes. This
tracking error continues to increase by an order of magnitude as the damping factor simi-
larly increases, and less emphasis is placed on the tracking accuracy. After 1.7 s, the space
manipulator is shown in Figure 7.5(a) to become more well conditioned, in turn causing
the damping factor to decrease. In this case, the controller attempts to regain trajectory
following in the output, consequently allowing for larger control torques to be performed,
as shown by Figure 7.5(c). Note that the torque levels at this point (still below the manip-
ulability threshold) are within an acceptable range of 50 Nm at the shoulder and 10 Nm
at the elbow. In trying to re-follow the desired path, the system again falls towards the
singularity, causing the damping to increase and the manipulator joint torques to again be
effectively maintained within a safe limit.

The final test of the linear output tracking controller (applied to a system with zero mo-
mentum) assesses the controller’s robustness by introducing model uncertainties. Specif-
ically, uncertainties are added to the masses of each body in the true space manipulator
system (i.e., the model associated with the plant dynamics). Consequently, the inertia and
Coriolis matrices for the actual system use masses which have been varied by a random
amount. In the simulation, this random variation is determined by a random number gen-
erator with upper and lower limits of 20 and 10 percent of the associated mass’s estimated
value. Such variations are randomly chosen to be either added or subtracted to the estimated
masses values. The physical properties included in Table 6.1 are consequently treated as
the estimated values, and are used in the dynamics reduction and feedback linearization
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Table 7.1: Mass Values used in the True Space Manipulator Model

Body Index True Mass Mass Variation Percent

(kg) (kg) Variation

0 228.91 28.91 14.45 %

1 0.442 -0.0579 11.59 %

2 0.408 -0.0921 18.41 %

3 0.443 -0.0572 11.44 %

4 2.215 0.215 10.76 %

5 2.367 0.367 18.34 %

6 0.0881 -0.0119 11.89 %

7 0.119 0.0193 19.31 %

8 0.0891 -0.0109 10.92 %

9 0.585 0.0852 17.04 %

processes. The uncertain system is tested using the same trapezoidal trajectory as in Figure
7.2, and the mass values for defining the true system’s inertia matrix displayed in Table 7.1.
Note that the column titled ”Mass Variation” refers to the mass quantity added or subtracted
to the body’s corresponding value in Table 6.1, and the column ”Percent Variation” refers
to the percentage of the estimated mass value associated with the variation.

Figure 7.7 demonstrates the control torques involved in performing the trajectory fol-
lowing task for an uncertain system. Equivalent control actions are observed when com-
paring the manipulator joint torques from Figure 7.7 with those implemented on the system
with no uncertainties in Figure 7.1. The resulting end-effector linear motion is conveyed
in Figure 7.8. Analyzing the the end-effector’s linear velocity components in Figure 7.8(a)
shows some discrepancies in the trapezoidal trajectories along the y and z axes. These dis-
crepancies are emphasized by Figure 7.8(b) which depicts the progression of the velocity
error. The maximum velocity errors in the y and z directions (at the transition from constant
acceleration to constant velocity) are shown to be approximately 6 mm/s, which is nearly
double the corresponding errors shown for the case of no model uncertainties. Note that
the differences observed in the velocity errors along the x-axis remain negligible (around
3 mm/s in both cases). Figure 7.8(c) exhibits the trajectory following in the end-effector’s
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Figure 7.7: Control torques for the linear trapezoidal trajectory applied to a zero momentum
system with uncertainties.

linear position, where maximum tracking errors on the order of millimeters about all axes
are shown in Figure 7.8(d) (as was observed in Figure 7.2(d) for the system including no
uncertainties). Thus, accurate trajectory following is still achieved for a system containing
uncertainties in the space manipulator’s inertia matrix.

7.2.2 Space Manipulator System with Non-Zero Momentum

We now move on to analyzing the prowess of the linear output tracking controller when
applied to a system with conserved non-zero momentum. In performing this analysis, the
same trajectory following scenarios from the previous subsection are repeated here; start-
ing with the trapezoidal trajectory performed in Figure 7.2. An initial angular motion of
0.2 rad/s is now added about the z-axis of the spacecraft’s base (i.e., Φ̇4,ini = 0.2 rad/s) to
introduce a conserved non-zero momentum to the system. The initial base rotation in turn
introduces an equivalent angular rotation to the end-effector, as viewed from the body co-
ordinate frame attached to the base. Consequently, the system’s output starts the trajectory
following task with a non-zero velocity along the x-axis of the base coordinate frame (ini-
tially coincident with spatial coordinate frame). Figure 7.10(a), illustrating the actual and
desired trapezoidal velocity trajectories, demonstrates this initial motion in the negative x-
direction of the output. Note that the simulation is allowed to run for 1.2 seconds longer
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((a)) Desired and actual end-effector velocity ((b)) Velocity error

((c)) Desired and actual end-effector position ((d)) Tracking error

Figure 7.8: Output response to the linear trapezoidal trajectory applied to a zero momentum
system with uncertainties.
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Figure 7.9: Control torques for the linear trapezoidal trajectory applied to a system with
non-zero momentum.

than that for the zero momentum case to permit the tracking and velocity errors to settle.
Figure 7.9 shows the manipulator control torques performed by the linear output track-

ing controller. As expected, to dissipate the initial motion in the x-axis of the output, the
greatest amount of torque is initially required about the z-axis of the shoulder joint. Figure
7.9 shows a maximum torque of T7 = -42 Nm which is significantly larger than the max-
imum value of 1 Nm required in zero momentum case. Figure 7.10 exhibits the resulting
end-effector position and velocity trajectories with their corresponding errors. The effects
of the initial velocity error of 0.67 m/s in the x-direction, shown in Figure 7.10(b), are ap-
parent in the output’s position along the x-axis, shown in Figure 7.10(c). An oscillatory
response is observed in stabilizing the end-effector’s position in the x-direction to the de-
sired trajectory. Based on Figure 7.10(d) which displays the output’s position error in time,
a peak tracking error of 3.8 cm is reached in the x-direction, occurring at around 15 ms
into the trajectory. Such oscillations in the x-axis reduce to within 8 mm after 1.9 seconds
(while the end-effector is still in motion), and eventually settling at the target position to
within 1 mm after 3.4 seconds. Additionally, due to the minimal residual motion in the y

and z directions of the output, the output tracking controller is able to follow the desired
trajectory along these axes within 3 mm throughout the trajectory following scenario.
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((a)) Desired and actual end-effector velocity ((b)) Velocity error

((c)) Desired and actual end-effector position ((d)) Tracking error

Figure 7.10: Output response to the linear trapezoidal trajectory applied to a system with
non-zero momentum.
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Figure 7.11: Control torques for the linear circular trajectory applied to a system with non-
zero momentum.

Moreover, the linear output tracking controller is again tested for the more complex
circular trajectory shown in Figure 7.4, however for a system initially in motion. In this
case, the spacecraft’s base includes an initial angular velocity of -0.1 rad/s about the x-
axis of its body coordinate frame (i.e., Φ̇6,ini = -0.1 rad/s). This in turn induces an initial
velocity in the negative z direction of the output (i.e., out of the plane of the desired circular
trajectory).

Figure 7.11 demonstrates the commanded torque from the linear output tracking con-
troller to mitigate the end-effector’s initial motion in the z direction, and follow the circular
trajectory. Comparing the control torques in Figure 7.11 with those shown in Figure 7.3,
less actuation in magnitude at the shoulder joint is demonstrated. Figure 7.11 shows the
application of T9 to remain in the negative direction, however with a magnitude of 36 Nm.
This additional actuation in the positive direction is required to compensate for the ini-
tial end-effector motion occurring in the negative z direction. Figure 7.12 demonstrates
the resulting controlled response of the output along the circular trajectory. Figure 7.12(a)
shows an initial end-effector velocity in the z-direction of -0.2 m/s which is dissipated after
about 1.8 seconds to achieve an associated velocity error of less than 1 cm/s, as conveyed
by Figure 7.12(b). The influence of the initial end-effector motion is apparent in Figures
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((a)) Desired and actual end-effector velocity ((b)) Velocity error

((c)) Desired and actual end-effector position ((d)) Tracking error

Figure 7.12: Output response to the linear circular trajectory applied to a system with non-
zero momentum.
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Figure 7.13: Control torques for the linear trapezoidal trajectory applied to an uncertain
system with non-zero momentum.

7.12(c) and 7.12(d) which exhibit the end-effector’s position and corresponding tracking
error in time, respectively. Equivalent tracking responses in the x and y axes between the
zero and non-zero momentum cases are shown, however a maximum tracking error of ap-
proximately 1.8 cm after 15 ms occurs in the z-direction due to the initial motion in the
base. The output’s tracking error in this direction is shown to converge to within 5 mm of
the desired trajectory after about 2 seconds.

We move on to conducting the final test of the linear output tracking controller; eval-
uating the controller’s robustness to model uncertainties when applied to a system with
non-zero momentum. An equivalent testing scenario to that used in the zero momentum
test is used in this analysis (implementing the same uncertain values shown in Table 7.1),
however with an added initial angular motion of 0.2 rad/s about the z-axis of the base body
(Φ̇4,ini = 0.2 rad/s). Figure 7.13 exhibits the control torques at the manipulator joints dur-
ing the trajectory following task. Comparing with the control actions included in the same
test performed on a system involving no uncertainties (Figure 7.9), no large differences in
the applied torques are observed. The resulting velocity and position trajectories, and their
associated errors, are shown in Figure 7.14. Comparing with the output’s linear response
observed in the test involving no uncertainties (Figure 7.10), negligible differences in the
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((a)) Desired and actual end-effector velocity ((b)) Velocity error

((c)) Desired and actual end-effector position ((d)) Tracking error

Figure 7.14: Output response to the linear trapezoidal trajectory applied to an uncertain
system with non-zero momentum.
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behaviours of the tracking and velocity errors along all axes are shown. This similarity
in the outputs’ response signifies the linear output tracking controller’s ability to maintain
high trajectory following accuracy for a system with an uncertain inertia matrix.

7.3 Full Pose Output Tracking Controller Results

In this section, the same linear trajectories of the output tested in the previous sec-
tion are implemented here, however with an additional desired trajectory for the end-
effector’s orientation to assess of the full pose controller. This section is again bro-
ken up by applying the full pose controller to the space manipulator system with con-
served zero and non-zero momenta. The following controller gains are used in the sim-
ulation of the full pose controller to satisfy the Lyapunov stability condition discussed
in Theorem 1: KKK p = diag{60,60,60,60,60,60}, KKKd = diag{15,15,15,15,15,15}, KKKi =

diag{10,10,10,10,10,10}. Note that the diagonal values of the PID gains are empirically
established by observing the error response resulting from the modified feedforward, feed-
back PID control law in equations (5.64), (5.66), and (5.68). Moreover, all output tracking
testing scenarios presented in this section start with an initial configuration of Φ9,ini = 60◦

and Φ10,ini = −90◦ (all other generalized coordinates are initialized to zero). This initial
configuration corresponds to an initial end-effector pose of:

gggsN(0) =



1 0 0 0.14

0 0.866 0.5 3.25

0 −0.5 0.866 1.37

0 0 0 1


, (7.4)

where the end-effector’s position is measured in meters. The figures regarding the trajecto-
ries of the base positions associated with each trajectory following task in this section are
included in Appendix H, for reference.

7.3.1 Space Manipulator System with Zero Momentum

We start by testing the full pose controller under a trapezoidal trajectory in both the linear
and angular components of the end-effector’s motion. The same trajectory for the linear
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Figure 7.15: Control torques for the full pose trapezoidal trajectory applied to a zero mo-
mentum system.

end-effector motion performed in the previous section, and displayed in Figure 7.2, is again
implemented here. The trajectory over the output’s angular motion involves the same tra-
jectory structure as for the linear motion (i.e., an initial constant acceleration for 0.65 s,
followed by a smooth deceleration to reach and travel at a constant velocity for 0.75 s,
and ending with a constant deceleration of 0.65 s), however using an angular acceleration
magnitude of 0.09 rad/s2 about all primary axes. The angular trajectory results in angular
rotations of approximately 0.1 rad about all axes of the output. Recall that the full pose con-
trol law includes desired body velocities and accelerations expressed in the end-effector’s
body frame, and controls end-effector’s pose with respect to the spatial frame.

Figure 7.15 shows the control torques performed in the full pose trapezoidal trajec-
tory following task implemented on the space manipulator with zero momentum. Minimal
control actions are demonstrated to complete the aforementioned trajectory following task,
where all manipulator joint actuations are shown to be within about 1 Nm of torque. Fig-
ures 7.16 and 7.17 exhibit the resulting linear and angular components of the end-effector’s
motion, respectively. Firstly analyzing the output’s linear trajectory, the velocities along
each axis follow their respective desired trajectories with less than 5 mm/s of error. The
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((a)) Desired and actual end-effector linear ve-
locity

((b)) Linear velocity error

((c)) Desired and actual end-effector linear po-
sition

((d)) Linear tracking error

Figure 7.16: Output linear response to the full pose trapezoidal trajectory applied to a zero
momentum system.
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((a)) Desired and actual end-effector angular ve-
locity

((b)) Angular velocity error

((c)) Desired and actual end-effector angular
position

((d)) Angular tracking error

Figure 7.17: Output angular response to the full pose trapezoidal trajectory applied to a
zero momentum system.
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Figure 7.18: Control torques for the full pose trapezoidal trajectory applied to a zero mo-
mentum system with uncertainties.

progression of the velocity error in Figure 7.16(b) again displays the largest errors occur-
ring at the transition from constant acceleration to constant velocity, reaching a maximum
value of approximately 4 mm/s in the z-direction. The associated tracking error depicted
in Figure 7.16(d) demonstrates highly accurate trajectory following capabilities, with the
largest deviation shown to be around 1 mm along the z-axis. Moreover, Figure 7.17(b) ex-
hibits the velocity error associated with the end-effector’s angular motion, showing similar
behaviours about all axes. In this case, the largest velocity error again occurs at the same
location as for the linear motion, reaching maximum velocity differences of approximately
0.0012-0.0013 rad/s. Such velocity errors correspond to maximum angular tracking er-
rors well within a single degree of rotation (values of around 0.0003 rad in magnitude), as
demonstrated by the progression of the angular position errors in Figure 7.17(d).

Model uncertainties are again introduced in the system’s masses to analyze the con-
troller’s robustness to uncertainties in the inertia matrix. For consistency, and to allow
for direct comparisons in the results, the uncertain mass values contained in Table 7.1 are
again implemented for the case of full pose control. The same linear and angular trajecto-
ries as those shown in Figures 7.16 and 7.16 are used in this test such that the influences
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((a)) Desired and actual end-effector linear ve-
locity

((b)) Linear velocity error

((c)) Desired and actual end-effector linear po-
sition

((d)) Linear tracking error

Figure 7.19: Output linear response to the full pose trapezoidal trajectory applied to a zero
momentum system with uncertainties.
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((a)) Desired and actual end-effector angular ve-
locity

((b)) Angular velocity error

((c)) Desired and actual end-effector angular
position

((d)) Angular tracking error

Figure 7.20: Output angular response to the full pose trapezoidal trajectory applied to a
zero momentum system with uncertainties.
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from model uncertainties can be observed. The resulting control actions from the trajec-
tory following task with model uncertainty are shown in Figure 7.18. The manipulator
joint actuations are again contained within 1 Nm of torque, however the control actions
slightly waver from the values shown in Figure 7.15. Such wavering is evidently a result
of the system’s estimated dynamic behaviour used in the dynamic reduction and feedback
linearization processes.

The trajectories of the linear and angular positions of the end-effector are demonstrated
in Figures 7.19 and 7.20, respectively. Regarding the tracking performance over the linear
end-effector motion, a maximum velocity error of 4 mm/s in the z-direction is exhibited in
Figure 7.19(b), and all linear positions are able to follow the desired trajectory within 1 mm,
as demonstrated by Figure 7.19(d) (an equivalent response in the linear motion as shown for
the case of no model uncertainties). Accurate trajectory following is similarly shown for the
end-effector’s orientation, where the angular positions shown in Figure 7.20(d) demonstrate
tracking abilities within 0.0003 rad of the desired angular trajectory. Comparing with the
angular trajectory results demonstrated for the system including no model uncertainties
in Figure 7.17, the model uncertainty is shown to induce oscillations in the behaviour of
the angular velocity error. These oscillations are of greatest amplitude about the x-axis,
reaching a maximum angular velocity error of 0.003 rad/s. Overall, highly accurate output
trajectory followings are achieved in both the linear and angular motions, despite the output
tracking control law involving model uncertainties.

7.3.2 Space Manipulator System with Non-Zero Momentum

In this subsection, the tests involving the trapezoidal trajectories over both the linear and
angular end-effector motions applied to systems with and without model uncertainties are
repeated, however with the spacecraft containing an initial motion of Φ̇4 = 0.2 rad/s. We
begin with Figure 7.21 which demonstrates the control actions involved in the full pose
trajectory following for a system with non-zero momentum and no model uncertainties.
As in the linear control case, a large initial torque of about 70 Nm in magnitude about the
z-axis of the shoulder joint is required to dissipate the end-effector’s initial motion about
the x-axis, with respect to the spatial frame. The actuation about the elbow joint remains
within 1 Nm of torque as this joint induces no motion about the x-axis of the output’s spatial
position. Figure 7.22 depicts the corresponding linear velocity and position responses of the
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Figure 7.21: Control torques for the full pose trapezoidal trajectory applied to a system
with non-zero momentum.

end-effector. Recall that the velocities shown in Figure 7.23(a) are with respect to the end-
effector’s body coordinate frame, and the linear positions in Figure 7.23(a) express the end-
effector’s position with respect to the spatial frame. The full pose output tracking controller
is shown to effectively diminish the initial velocity in the x-axis due to the base’s rotational
velocity. Based on the velocity error displayed in Figure 7.22(b), a maximum overshoot
of magnitude of 0.53 m/s along the x-axis occurs, eventually settling after around 0.56 s
to within 1 cm/s. The initial oscillation about the desired trajectory in the linear position
along the x-axis, shown in Figures 7.22(c) and 7.22(d), reaches a maximum undershoot of
1.68 cm which reduces to within 1 cm after approximately 0.22 s.

Moreover, the end-effector’s angular trajectory is exhibited in Figure 7.23, where Figure
7.23(a) demonstrates the output’s rotational velocity with respect to the body frame. Initial
motions of -0.1 rad/s and 0.14 rad/s about the y and z axes are induced by the initial motion
of the base. In dissipating such rotational motions, a maximum overshoot of 0.054 rad/s
about the y-axis and a maximum undershoot of 0.092 rad/s about the z-axis are shown
in Figure 7.23(b). Such velocity errors are decreased to within 0.02 rad/s after around
0.37 s. Note that the base’s initial angular rotation about the z-axis in turn induces an
equivalent angular rotation of 0.2 rad/s in the end-effector’s angular velocity with respect
to the spatial frame. This angular motion in the output is apparent from the oscillations
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((a)) Desired and actual end-effector linear ve-
locity

((b)) Linear velocity error

((c)) Desired and actual end-effector linear po-
sition

((d)) Linear tracking error

Figure 7.22: Output linear response to the full pose trapezoidal trajectory applied to a
system with non-zero momentum.
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((a)) Desired and actual end-effector angular ve-
locity

((b)) Angular velocity error

((c)) Desired and actual end-effector angular
position

((d)) Angular tracking error

Figure 7.23: Output angular response to the full pose trapezoidal trajectory applied to an
system with non-zero momentum.
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Figure 7.24: Control torques for the full pose trapezoidal trajectory applied to an uncertain
system with non-zero momentum.

which occur in the z-angular position of the end-effector, as shown in Figure 7.23(c). The
associated tracking error in Figure 7.23(d) demonstrates a maximum error of 0.0044 rad
about this axis. Thus, the full pose output tracking controller is able to achieve highly
accurate trajectory followings for a system with non-zero momentum.

Finally, Figure 7.24 demonstrates the manipulator joint torques for controlling the space
manipulator system with non-zero momentum and model uncertainties. Similar torque val-
ues at the shoulder and wrist joints to those performed in Figure 7.21 are displayed, how-
ever approximately 1 Nm of additional torque is actuated at the elbow joint in the case of
an uncertain system. Regarding the end-effector’s response in the linear motion, shown in
Figure 7.25, virtually equivalent behaviours in both the velocity and position are exhibited
when compared with the response in the case of no model uncertainty (Figure 7.22). Con-
sequently, the full pose output tracking controller remains robust to the uncertainties in the
system’s inertia matrix when applied to a system with non-zero momentum. Figure 7.26
exhibits the resulting angular velocity and position of the end-effector where discrepancies
with respect to the response shown in Figure 7.23 begin to appear. Increased oscillatory
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((a)) Desired and actual end-effector linear ve-
locity

((b)) Linear velocity error

((c)) Desired and actual end-effector linear po-
sition

((d)) Linear tracking error

Figure 7.25: Output linear response to the full pose trapezoidal trajectory applied to an
uncertain non-zero momentum.
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((a)) Desired and actual end-effector angular ve-
locity

((b)) Angular velocity error

((c)) Desired and actual end-effector angular
position

((d)) Angular tracking error

Figure 7.26: Output angular response to the full pose trapezoidal trajectory applied to an
uncertain system with non-zero momentum.
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behaviours about all axes of the angular velocity and the y and z axes of the angular posi-
tion are illustrated in Figure 7.26(a) and Figure 7.26(c), respectively. Hence, the presence
of model uncertainties is shown to negatively influence the response in the output’s angular
motion. However, the full pose output tracking controller remains robust to such uncer-
tainties as the controller is capable of dissipating the initial motion in the end-effector to
achieve an angular tracking error (about all axes) within 0.001 rad after 0.55 s.



Chapter 8

Conclusion and Future Work

In this thesis, we developed two output tracking controllers to control both the linear posi-
tion and pose of a free-floating space manipulator’s end-effector with conserved non-zero
momentum. The developed control laws complement the industrialized OOS mission ar-
chitecture proposed in chapter 3, to address the requirement concerning service precision
during proximity operations. The proposed architecture additionally addressed the optimal
minimization of mission duration and fuel consumption by carefully suggesting an appro-
priate parking orbit for the fleet of servicers in the SSO region of LEO, and by formulat-
ing the multi-objective optimization problems involved in transfer trajectory planning and
multi-target mission scheduling. Using geometric mechanics, the kinematics and dynamics
models of a single-arm free-floating space manipulator servicer were derived. The product
of expnentials formula was formulated for space manipulators considered as multi-body
systems with multi-DOF joints to form the forward and differential kinematics mappings.
For implementation in the product of exponentials, multi-DOF joints were newly modelled
as the amalgamated exponential mappings of individual screw motions along a single axis.
The dynamics of a free-floating space manipulator was derived using the Euler-Lagrange
equation, and subsequently decoupled into the base and manipulator motions. Using the
conserved linear and angular momentum as affine nonholonomic constraints, the decoupled
equations of motion were reduced manipulator joints space.

Output tracking controllers were developed to address the two previously mentioned
control problems presented in this thesis. Both workspace control strategies were predi-
cated on feedback linearization in the manipulator joint space such that the end-effector
could be controlled using linear control approaches. In the cases of controlling the linear
position and pose of the output, feedback linearization was employed on R3 and se(3),
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respectively, to eliminate the influences from the system’s reduced dynamics on the end-
effector motion. A classical PID controller was designed to force the output’s linear motion
to behave as a critically damped system. The proposed modified feedforward, feedback
PID controller was structured to stabilized the end-effector’s pose along a feasible desired
trajectory, in the sense of Lyapunov. The full pose output tracking control law was shown
to act on the gradient of the coordinate free error function applied to the pose group error,
and the associated velocity error in the body frame. Singularity accommodation using the
SR-inverse technique was implemented in the feedback linearization laws to mitigate the
risk of commanding unachievable actuations at the manipulator joints.

The proposed output tracking control laws were tested on a developed free-floating
space manipulator simulation platform in Python. The details of the simulation structure
were provided, and the considerations for computational efficiency, particularly in the com-
putation of the Coriolis matrix, were addressed. The modelling of an equivalent space ma-
nipulator system in Simscape for validation of the Python simulation was described, and the
testing procedures for confirming the accuracy of the kinematics and dynamics in Python
were discussed.

The Python simulator was subsequently used to observe the controlled end-effector mo-
tions resulting from the linear and full pose output tracking controllers. In the linear case, a
trapezoidal trajectory was provided to move the end-effector approximately 36 cm in 2.25
s. The resulting controlled response of the output demonstrated highly accurate followings
of within 1 mm along all axes of the desired trajectory. When model uncertainties were
introduced in the same trajectory following task via discrepancies in the system’s mass val-
ues, the linear controller was able to maintain the tracking errors to within approximately
1 mm. This exhibited the developed linear controller’s robustness to uncertainties in the
system’s inertia matrix. Placing the controlled space manipulator in a more complex tra-
jectory following scenario demonstrated the controller’s ability to follow a circular path of
radius 0.2 m, restricted in a single plane of motion. The associated control actions were
maintained within an acceptable torque range (around 50-60 Nm at the shoulder and elbow
joints), resulting in a maximum initial tracking error of 2 mm occurring in the y-direction,
subsequently reduced to within 1 mm after 1.5 s. Adding an initial motion to the space-
craft’s base introduced non-zero momentum to the system and initial unwanted motions
in the output. Regarding the trapezoidal trajectory, a rotational velocity of Φ̇4 = 0.2 rad/s
was implemented, causing an initial velocity of 0.67 m/s in x-direction of the output, with
respect to the spatial frame. The linear output tracking controller was shown to dissipate
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such motion in the output to within a velocity error of 1 cm/s after 1.8 s, and achieve
associated tracking errors within 8 mm along all axes. Performing the same test on the
uncertain space manipulator system demonstrated an essentially equivalent response in the
controlled output which emphasized the linear controller’s robustness to inertia matrix un-
certainties. Successful mitigation of an initial out-of-plane motion of 0.2 m/s in the circular
trajectory was additionally shown, where strictly in-plane motion (within 5 mm) was re-
gained after about 2 s. Moreover, when the space manipulator system was forced into a
region of low manipulability (i.e., below the manipulability threshold), the damping factor
in the SR-inverse was shown to increase, resulting in the control actions to be held within
an acceptable boundary, at the expense of tracking accuracy.

In the analysis of the full pose output tracking controller, the same trapezoidal trajectory
as in the linear case was implemented for the linear motion of the output, and an additional
trapezoidal trajectory for end-effector’s angular motion generated a net rotation of 0.1 rad
about all axes. The modified feedforward, feedback PID controller was shown to limit the
output’s pose to within 1 mm and 0.0003 rad of error in the linear and angular motions,
respectively. When applied to the same uncertain space manipulator system as in the linear
case, the full pose controller displayed robustness by maintaining a linear tracking error of
within 1 mm. An increased oscillatory behaviour was demonstrated in the end-effector’s
angular velocity, however the angular tracking error was still held to within 0.0003 rad
about all axes. An initial base rotation of Φ̇4 = 0.2 rad/s was again introduced and the
same trapezoidal trajectory was repeated. In dissipating the initial motion in the output,
the control actions were maintained within an acceptable region (a maximum torque of
around 70 Nm about the z-axis of the shoulder joint), and the full pose controller was
shown to reduce the initial linear velocity along the x-direction to within 1 cm/s after 0.56 s
(after reaching a maximum overshoot of magnitude of 0.53 m/s). Consequently, the linear
tracking error was diminished to within 1 cm after around 0.22 s from an overshoot value of
1.68 cm. Moreover, the end-effector’s initial angular velocity of 0.2 rad/s in the z-direction,
with respect to the spatial frame, was successfully dissipated to yield angular tracking errors
of within 0.0044 rad about all axes. When introducing the uncertain space manipulator
model, the output’s linear behaviour remained consistent with response involving a certain
system model. In the angular motion, the model uncertainties induced oscillations about
the y and z axes of the velocity, however the full pose controller demonstrated its robustness
by reducing all angular tracking errors to within 0.001 rad after 0.55 s.
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Future directions for this research primarily involve the incorporation of machine learn-
ing techniques to further improve the GNC performance of space manipulator systems.
Reinforcement learning is a particularly attractive and promising method for tasks con-
cerning the non-trivial trajectory planning of free-floating space manipulators, as this is a
model-free learning process. In-depth research regarding the structure of the learning oper-
ation (i.e., the definition of states, actions, and reward function) is necessary for obtaining
a desired trajectory planning model, following the learning process’s convergence. Rein-
forcement learning approaches possess large potential for extending the trajectory planning
capabilities to include capture of moving targets, obstacle avoidance, and disturbance miti-
gation. Moreover, reinforcement learning may also be implemented as a system identifica-
tion method to improve the accuracy of a space manipulator’s inertia matrix. To complete
such learning tasks, further research on singularity avoidance techniques and the methods
of accurate control near a singular configuration are necessary. This involves examining
the internal dynamics of a free-floating space manipulator system and performing a sta-
bility analysis on the system’s states. Additionally, the developed simulation platform in
Python is currently being improved with the implementation of a 3-dimensional rendering
of the free-floating space manipulator and a target satellite.



Appendix A

Mathematical Preliminaries

A.1 Rigid Body Motion in R3

In this section, the motion of a single rigid body in the Euclidean 3-dimensional space R3

is reviewed. The motion of a rigid body is described by a transformation matrix defining
the relative position and orientation between two coordinate frames at a single instance
in time. This thesis considers rigid body transformations, signifying that such transforma-
tions establish a mapping between right-handed, orthonormal coordinate frames. Generally
speaking, all rigid body motions involve some combination of a rotation and a translation.
In the following sections the geometric realization of pure rotational and translational mo-
tions are defined based on Lie group theory, and later combined to specify a complete rigid
body motion. Finally, the time derivative of a relative configuration in SE(3) is analyzed
for interpreting the angular and linear velocity of a rigid body in both the spatial and body
coordinate frames.

A.1.1 Rotational and Translational Motion

Let us define a right-handed coordinate frame attached to a body in motion, as well as a
coordinate frame fixed in space. These frames are referred to as the body-coordinate frame
denoted by B and the spatial coordinate frame denoted by S. Analyzing the pure rotational
motion of a rigid body in R3, the moving body induces a continuously changing relative
orientation between the body and spatial coordinate frames, however the origin of the body
coordinate frame remains fixed with respect to the spatial frame in time.

The relative orientation between the two coordinate frames defines the orientation of the
rigid body at a given instance in time, t. In this work, rotation matrices RRR ∈ R3×3 are used
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as the representation of a body’s orientation in R3. The group of all 3×3 rotation matrices
is a 3-dimensional space referred to as the Special Orthogonal group SO(3). Members of
the SO(3) satisfy the following properties: RRRRRRT = 13×3 and det RRR = 1. That is,

SO(3) := {RRR ∈ R3×3 : RRRRRRT = 13×3, det(RRR) = 1}, (A.1)

where det(RRR) refers to the determinant of the matrix RRR. The orientation of any rigid body
can be described by a unique member of the rotation group SO(3), and the trajectory of a
rotating body can be expressed as the curve RRR(t) ∈ SO(3) indicating change in the body’s
orientation in time. The rotation of a single rigid body can be described as the rotation
about a single axis www ∈ S2 ⊂ R3 on the unit 2-sphere by a rotation angle Φ ∈ R. The
corresponding net rotation RRR associated with the coordinates of rotation (www, Φ) can be
described using the exponential mapping of the SO(3),

RRR(www,Φ) = ew̃wwΦ ∈ SO(3). (A.2)

The tilde operator indicates the vector space isomorphism between the Lie algebra of
the SO(3) Lie group, denoted by so(3), and R3. That is, for a vector uuu = [u1 u2 u3]

T ∈ R3,
the tilde operator performs the mapping to the following 3 × 3 skew-symmetric matrix,

ũuu =


0 −u3 u2

u3 0 −u1

−u2 u1 0

 ∈ so(3). (A.3)

Note that the scalar multiple of any member of so(3) is also an element of so(3). For
a unit skew-symmetric matrix w̃ww with magnitude ||www|| = 1, Rodrigues’ formula provides
a closed form solution for the exponential mapping between the SO(3) Lie group and its
Lie algebra so(3) in equation (A.2). Expanding on Rodrigues’ formula for the general case
where ||www|| ≠ 1, presents the following forms for the mapping exp(w̃wwΦ) [45],
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ew̃wwΦ =

III3×3 + w̃wwsinΦ+ w̃ww2(1− cosΦ), ||www||= 1

III3×3 +
w̃ww
||www|| sin(||www||Φ)+ w̃ww2

||www||2 (1− cos(||www||Φ)) . ||www|| ≠ 1
(A.4)

Progressing to the more trivial realization of purely translational rigid body motion, let
ppp∈R3 denote the position of a point on the rigid body with respect to the spatial coordinate
frame. The spatial change in the position ppp in time defines the trajectory of the rigid body
under pure translational motion. This trajectory is represented by the curve ppp(t) ∈ R3.

A.1.2 Homogeneous Transformations

The full motion of a rigid body, involving both rotational and translational components,
is expressed by combining the individual representations of the two motions studied in the
previous section. Let ggg=(ppp,RRR) denote such a combination for a translation ppp and a rotation
RRR that is called a rigid body transformation. The Special Euclidean Lie group SE(3) is the
set of all such transformations, defining the six dimensional configuration space of a rigid
body in R3,

SE(3) := {ggg = (ppp, RRR) : ppp ∈ R3, RRR ∈ SO(3)}. (A.5)

The transformations ggg ∈ SE(3) not only identify the position and orientation (pose) of a
rigid body, but can additionally be used to transform the coordinate expression of a point
qqq ∈ R3 from one reference frame to another. Let pppsb ∈ R3 and RRRsb ∈ SO(3) denote the
relative position and orientation of a rigid body with respect to the spatial coordinate frame,
respectively. Accordingly, the pose of the rigid body with respect to the spatial frame is the
transformation gggsb = (pppsb,RRRsb) ∈ SE(3). If the point qqq has known coordinates with respect
to the body coordinate frame qqqb, the corresponding realization of qqq in the spatial coordinate
frame qqqs is obtained through the affine transformation

qqqs = gggsb(qqqb) = pppsb +RRRsbqqqb. (A.6)

Rigid transformations can be employed in a straightforward manner, using the no-
tion of homogeneous coordinates for points and vectors in 3-dimensional space. The
homogeneous representation considers points and vectors in R4 on which 4× 4 linear
transformation matrices can be applied. The homogeneous representation of a point
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qqq = [q1, q2, q3]
T ∈ R3 is the vector q̄qq ∈ R4 containing the coordinates of qqq and a scal-

ing factor equal to 1 as the last element,

q̄qq =



q1

q2

q3

1


. (A.7)

Consequently, a vector vvv ∈ R3 which is the difference of two points has the following
homogeneous coordinates,

v̄vv =



v1

v2

v3

0


. (A.8)

Provided the linear and angular attributes of a rigid body transformation ppp and RRR, the asso-
ciated 4×4 homogeneous transformation is of the following form,

ḡgg =

 RRR ppp

01×3 1

 ∈ SE(3). (A.9)

Therefore, the affine transformation of qqqb into its spatial representation can be fully
described as a linear transformation using the homogeneous representation of the point
qqq ∈ R3 and the homogeneous transformation ḡggsb ∈ SE(3),

q̄qqs = ḡggsbq̄qqb =

 RRRsb pppsb

01×3 1


qqqb

1

 . (A.10)
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Additionally, homogeneous transformations can be combined to compose a sequence
of rotational and translational motions relative to some reference frame by multiplying
sequential rigid body transformation matrices. This combination of successive transforma-
tions proves useful in describing the motion of multi-body systems. The configuration of
a single body with respect to the spatial coordinate frame can be expressed as the compo-
sition of the individual relative motions of preceding bodies in the system. For example,
knowing the relative pose between an inertial reference frame and a body-fixed coordinate
frame attached to body 1, ḡggs1, and the relative pose between body 1 and body 2, ḡgg12, the
configuration of the second body with respect to the spatial frame ḡggs2 is determined as,

ḡggs2 = ḡggs1ḡgg12 ∈ SE(3). (A.11)

Remark 2. Hereinafter, for simplicity we drop the bar associated with the homogeneous

representation of rigid transformations from our notation.

Analogous to the exponential mapping of SO(3), the exponential map of SE(3) can be
defined for the members of its Lie algebra, denoted by se(3). Elements of se(3) are referred
to as twists and parameterized by ξξξ = [vvvT wwwT ]T ∈ R6, where the twist coordinates are
www∈R3 and vvv∈R3. The vector www refers to the infinitesimal rotation associated with the rigid
body movement and the vector vvv corresponds to the infinitesimal translation associated
with the motion. According to the twist coordinates, a member of the Lie algebra se(3),
ξ̂ξξ ∈ R4×4, takes the following form,

ξ̂ξξ =

 w̃ww vvv

01×3 0

 ∈ se(3). (A.12)

Hence, the hat operator acts as a vector space isomorphism between R6 and se(3). A twist
ξ̂ξξ ∈ se(3) is a unit twist provided that ||www||= 1. Similarly to SO(3), taking the exponential
of a twist ξ̂ξξ Φ ∈ se(3), with ξ̂ξξ being unit twist and Φ ∈ R, provides a mapping between
se(3) and its Lie group SE(3). For the case where a twist is defined by twist coordinates
(vvv,03×1), the following relation defines the exponential mapping,

eξ̂ξξ Φ =

13×3 vvvΦ

01×3 1

 ∈ SE(3). (A.13)
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For the case where www ̸= 0 (and assuming ||www||= 1), the exponential of a twist is defined by

eξ̂ξξ Φ =

 ew̃wwΦ (13×3− ew̃wwΦ)(w̃wwvvv)+wwwwwwT vvvΦ

01×3 1

 ∈ SE(3). (A.14)

The notion of screw provides a geometric interpretation of twist elements and their
exponential. Screws define a particular class of rigid body motions which consist of a
rotation about and a translation along a single axis. As indicated by the name, this class
of motion is known as screw motion defined by an axis lll ⊂ R3 which is a line specified
by a point and a direction, a pitch h, and a magnitude M. To express a screw motion as
an element of SE(3), consider the transformation of a point ppp ∈ R3 (with respect to the
spatial frame) from its initial position pppi to its position following the screw motion ppp f in
homogeneous coordinates,

ppp f

1

=

 ew̃wwΦ (13×3− ew̃wwΦ)qqq+hΦwww

01×3 1


pppi

1

 . (A.15)

This relationship follows the form ppp f = gggpppi where ggg denotes the 4×4 rigid body transfor-
mation for the screw motion, defined above. This homogeneous transformation for a screw
resembles the exponential mapping of a twist to SE(3) for the case of Φ ̸= 0 defined by
equation (A.14).

Given a unit twist ξξξ = [vvvT wwwT ]T ∈ R6, an angle Φ, and the associated homogeneous
transformation in (A.14), a screw’s pitch that conveys the ratio of translational motion to
rotational motion is found by

h =
d
Φ

= wwwT vvv, (A.16)

where d is the travelled distance. In the case of pure translation, the pitch h is infinity. The
product of the pitch and the net rotation, defined by the magnitude M = Φ, provides the
amount of translation associated with the screw motion. For a general screw motion, where
Φ ̸= 0, the axis lll is the line aligned with the unit vector www ∈ R3, specified by
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lll = {www× vvv+λwww : λ ∈ R}. (A.17)

When dealing with pure translations, i.e., www = 0, the screw axis lll is sought through

lll = {λvvv : λ ∈ R}. (A.18)

Conversely, given a screw with the homogeneous transformation in (A.15), one can find
a twist

ξξξ =

−www×qqq+hwww

www

 (A.19)

and an angle Φ = M (assuming ∥ω∥= 1,M ̸= 0), such that ggg = exp(ξ̂ξξ Φ). Specifically, the
twist corresponding to a screw motion with zero pitch (pure rotation) is obtained by

ξξξ =

−www×qqq

www

 , (A.20)

and for pitch h = ∞ (pure translation), the corresponding twist is

ξξξ =

 vvv

03×1

 . (A.21)

Based on the above characterization, twists are shown to represent screw motions and
their associated homogeneous transformations can be expressed by the exponential map.
That is, if ppp(0) denotes the initial position of a point ppp and ppp(Φ) indicates the point’s
position after the screw motion, then

ppp(Φ) = eξ̂ξξ Φ ppp(0). (A.22)
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Similarly for the elements of SE(3), exponential of a twist provides a transformation from
the initial pose of a body gggsb(0) to the rigid body’s pose following a screw motion, i.e.,

gggsb(Φ) = eξ̂ξξ Φgggsb(0). (A.23)

The inverse of the exponential map can also be performed to extract the twist ξ̂ξξ Φ corre-
sponding to a screw motion leading to a rigid homogeneous transformation ggg. This inverse
mapping is referred to as the log function on SE(3).

ξ̂ξξ Φ = log(ggg) = log


 RRR ppp

01×3 1


 :=

 Φw̃ww AAA−1 ppp

01×3 0

 ∈ se(3), (A.24)

where the the 3 x 3 matrix AAA is equal to identity in the case of pure translational motion.
For unit twists including a rotational element (i.e., www ̸= 0), this matrix is defined by

AAA := (13×3−RRR)w̃ww+wwwwwwT
Φ. (A.25)

In a similar manner, the element of so(3) in the definition above (i.e., w̃wwΦ) is obtained
through the log function on the SO(3) Lie group. In this case, the inverse of the exponential
mapping exp(w̃wwΦ) provides the skew-symmetric matrix of the axis of rotation w̃ww, and the
corresponding rotation angle Φ. The log function of a rotation matrix RRR ̸= 13×3 ∈ SO(3) is
defined through the following relationships,

Φ = cos−1
(

trace(RRR)−1
2

)
, (A.26)

w̃ww =
1

2sinΦ

(
RRR−RRRT) . (A.27)

Observe that the axis of rotation www is not unique.



APPENDIX A. MATHEMATICAL PRELIMINARIES 142

A.1.3 Rigid Body Velocity

In this subsection, we define the spatial and body velocity vectors associated with rigid
body motions on the SE(3). We start by studying the strictly rotational case and subse-
quently we extend it to general rigid body motions. As demonstrated previously, a rota-
tional motion is described by a time varying orientation of the body coordinate frame with
respect to the spatial frame, RRRsb(t) ∈ SO(3). Based on this rotational trajectory, the motion
of a point qqq ∈ R3 (located on the rigid body) in the spatial frame is defined by,

qqqs(t) = RRRsb(t)qqqb. (A.28)

The rate of change of the position of qqq defines its velocity vvv ∈ R3 at a given instance.
The position of qqq remains fixed from the perspective of the body coordinate frame (i.e.,
q̇qqb = 0), however moves according to equation (A.28) when viewed in the spatial frame.
Consequently, taking the derivative of equation (A.28) with respect to time defines the
velocity of the trajectory qqq(t) as viewed from the spatial reference frame,

vvvs(t) = q̇qqs =
d
dt

(RRRsbqqqb) = ṘRRsbqqqb = ṘRRsb
(
RRRT

sbRRRsb
)

qqqb =
(
ṘRRsbRRRT

sb
)

qqqs ∈ R3. (A.29)

Note that the matrix ṘRR(t)RRR(t)−1 ∈ R3×3 is a skew-symmetric matrix and it belongs to
so(3). Let the vector ωωωs

sb ∈ R3 be the relative angular velocity between the body and
spatial coordinate frames, as seen from the spatial frame at a given moment in time. Then,
we have

ω̃ωω
s
sb = ṘRRsbRRR−1

sb ∈ so(3), (A.30)

which maps the spatial coordinates of a point to its spatial velocity based on (A.29), i.e.,
vvvs = ω̃ωω

s
sbqqqs = ωωωs

sb× qqqs. Similarly, the body angular velocity vector ωωωb
sb ∈ R3 (from the

perspective of the body frame at a given instance in time) makes use of the fact that the
matrix product RRR(t)−1ṘRR(t) is a skew-symmetric matrix. Consequently, the body angular
velocity is defined by
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ω̃ωω
b
sb = RRR−1

sb ṘRRsb ∈ so(3). (A.31)

Additionally, the spatial and body angular velocity vectors ωωωs
sb and ωωωb

sb are related through
the relative rotation matrix between the spatial and body coordinate frames,

ωωω
s
sb = RRRsbωωω

b
sb ∈ R3. (A.32)

For more general rigid body motions (i.e., including translational motions), let gggsb(t) ∈
SE(3) indicate a trajectory of the pose of the body coordinate frame with respect to the
spatial frame. Analogous to the rotational motion, the matrices ġggsbggg−1

sb and ggg−1
sb ġggsb belong

to the Lie algebra se(3), and they respectively define the rigid body’s instantaneous spatial
velocity VVV s

sb ∈R6 and body velocity VVV b
sb ∈R6 with respect to the spatial frame. The spatial

velocity in twist coordinates reads

V̂VV
s
sb = ġggsbggg−1

sb =

 vvvs
sb

ωωωs
sb


∧

∈ se(3). (A.33)

The first three components of the spatial velocity vector vvvs
sb ∈ R3 correspond to the

linear velocity with respect to the spatial coordinate frame. Physically speaking, this linear
velocity represents the velocity of a particle in the rigid body which travels through the
origin of the spatial frame at the given moment in time. Furthermore, the last three com-
ponents of the spatial velocity ωωωs

sb ∈ R3 specify the spatial angular velocity of the body.
As previously mentioned, this angular velocity simply represents the rigid body’s rate of
rotation from the perspective of the spatial frame.

The rigid body velocity vector can also be expressed in the body coordinate frame, by
extending the definition of the body angular velocity in (A.31) to motions in SE(3). The
body velocity in twist coordinates is defined by
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V̂VV
b
sb = ggg−1

sb ġggsb =

 vvvb
sb

ωωωb
sb


∧

∈ se(3). (A.34)

Here, the linear component of the body velocity vvvb
sb ∈ R3 is physically interpreted as the

relative velocity between the origins of the body and spatial coordinate frames viewed
from the perspective of the body frame. The angular velocity ωωωb

sb ∈ R3 again represents
the rotational velocity of the rigid body as viewed in the body frame.

Relating the spatial and body velocity vectors requires some form of a transformation
between the two coordinate frames. The Adjoint operator is a linear automorphism of the
Lie algebra se(3) which converts the expression of a twist from one coordinate frame to
another. Provided a relative homogeneous transformation between two coordinate frames
ggg∈ SE(3) with a rotation RRR∈ SO(3) and a position ppp∈R3, the associated Adjoint mapping
denoted Adggg is defined by the following 6×6 matrix,

Adggg =

 RRR p̃ppRRR

03×3 RRR

 . (A.35)

Taking the Adjoint of the homogeneous transformation from the body coordinate frame
to the spatial coordinate frame gggsb provides the following relationship which converts the
body velocities to the spatial velocities,

VVV s = AdgggsbVVV
b. (A.36)

The inverse transformation converts the spatial velocities to the body velocities:

VVV b = Ad−1
gggsb

VVV s, (A.37)

where the closed form definition for the inverse of the Adjoint operator is
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Ad−1
ggg = Adggg−1 =

 RRRT −RRRT p̃pp

03×3 RRRT

 . (A.38)

Similar to the Adjoint mapping, the Lie bracket operator on the Lie algebra se(3),
introduces a linear mapping between elements of se(3) that is denoted by adξξξ for a twist
ξξξ = [vvvT wwwT ]T ∈ R6. This mapping is called the adjoint operator and defined by

adξξξ =

 w̃ww ṽvv

03×3 w̃ww

 . (A.39)



Appendix B

PID Control Design

This section describes the design of a PID controller leading to exponential stability of the
end-effector linear motion to a desired trajectory. The tracking error eee(t) ∈ R3 is defined
as the difference between the desired end-effector trajectory p̄ppsN(t) ∈ R3 and the actual
trajectory of the output pppsN(t) ∈ R3. A PID control law is predicated on the combination
of three terms: an amplified tracking error signal, an amplified signal of the velocity error
(i.e., the time derivative of the tracking error), and an amplified signal for the integral
of the tracking error. The gains for amplifying each respective signal are known as the
proportional, derivative, and integral gains indicated by the matrices KKK p, KKKd , and KKKi. For
the case of controlling the end-effector position in R3, the PID gains are selected to be 3×3
diagonal matrices with strictly positive diagonal elements. The diagonal elements signify
control over the x, y, and z coordinates of the output:

KKK p =


Kp1 0 0

0 Kp2 0

0 0 Kp3

 , KKKd =


Kd1 0 0

0 Kd2 0

0 0 Kd3

 , KKKi =


Ki1 0 0

0 Ki2 0

0 0 Ki3

 . (B.1)

As previously mentioned, the output of the PID control law UUUv controls the behaviour
of the tracking error dynamics. The goal of this control output is to force the linear motion
of the end-effector pppsN(t) to match the desired trajectory p̄ppsN(t) provided by a trajectory
planner. The PID controller is defined as follows,

146
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UUUv = ˙̄vvvs
N +KKKd ėee+KKK peee+KKKi

∫
eee dt, (B.2)

where as described,

eee(t) = p̄ppsN(t)− pppsN(t), (B.3)

ėee(t) = v̄vvs
N(t)− vvvs

N(t). (B.4)

To design a desired behaviour for the tracking error, the time response of the closed-loop
error dynamics must be analyzed,

ëee+KKKd ėee+KKK peee+KKKi

∫
eee dt = 03×1. (B.5)

Due to the choice of diagonal gain matrices, in each direction of motion the error dynamics
is fully decoupled and provides a linear third order differential equation. That is, if we
define EEE :=

∫
eee dt, for j = 1,2,3 we have

...
E j +Kd j Ë j +Kp j Ė j +Ki jE j = 0. (B.6)

Taking the Laplace transform of the governing equations, we form the characteristic equa-
tions

s3 +Kd js
2 +Kp js+Ki j = 0. (B.7)

Given strictly positive gains and based on the Routh-Hurwitz stability criterion, it is easy
to check that the output tracking error is globally exponentially stable at E = 0, if for every
j = 1,2,3,

Ki j < Kp jKd j . (B.8)

Hence, under this condition exponential linear trajectory tracking of the end-effector can be
achieved. Evidently, the PID gains are used to alter the root locations of the characteristic
equation such that a desired behaviour in the error dynamics is achieved.
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In this thesis, the characteristic equation for the error behaviour in jth direction is de-
signed to contain three repeated negative real roots whose location is denoted by−a j. This
control design signifies a critically damped behaviour in the time response of the tracking
error integral. Therefore,

s3 +Kd js
2 +Kp js+Ki j = (s+a j)

3 = s3 +3a js2 +3a2
js+a3

j . (B.9)

This results in the following definitions for the diagonal elements of the proportional,
derivative, and integral gains,

Kp j = 3a2
j , Kd j = 3a j, Ki j = a3

j . (B.10)

Based on the designed gains for the behaviour of the tracking error in the Laplace do-
main, taking the inverse Laplace transform provides the time response E j(t) for a step input.
In this domain, the critically damped nature of the tracking error becomes apparent from
the time response being independent of any sinusoidal functions. The following equation
is the time response of the integral of the error along a single axis,

E j(t) =C1 je−a jt +C2 jte−a jt +C3 jt2e−a jt , (B.11)

where C1 j, C2 j, and C3 j are defined by the initial conditions to the tracking error, its integral,
and the velocity error. Therefore the time response of the tracking error is

e j(t) =
(
C2 j−aC1 j

)
e−a jt +

(
2C3 j−aC2 j

)
te−a jt−aC3 jt2e−a jt . (B.12)



Appendix C

Singularity Accommodation

Within a trajectory following task, it is possible for the desired trajectory to force the free-
floating space manipulator system into a singular configuration at some point along the
requested path. This singular configuration stems from the internal dynamics of the system
and causes the system’s Jacobian matrix to contain linear dependency and consequently
lose rank. Referring back to the definition of the GJM in (5.50), the system Jacobian losing
rank in turn causes JJJ∗ to become ill conditioned. Taking the pseudo-inverse of the GJM (in
the case of a redundant manipulator) when in the neighbourhood of a singular configura-
tion, as required in the feedback linearization control law in equation (5.53), consequently
commands unattainable actuation torques even for minimal movement in the output (in the
singular directions). Managing the output tracking controller to operate within a safe re-
gion in the manipulator’s joint space (i.e., a region which prevents excessive and potentially
damaging joint velocities) requires the introduction of some method in the control design
to push the system away from singular configurations.

This thesis implements the damped least-squares method separately proposed in 1986
by [82] and [83] to address the singularity avoidance problem in the output tracking con-
trol task. The damped-least squares method adds a damping factor to the inverse differ-
ential kinematics which reduces the trajectory following capabilities, however maintains
the joints within a tolerable motion threshold. Consequently, singularity accommodation
through the damped least-squares method is a constant exchange, quantified by the damp-
ing factor, between performance and practical control actions at the joints. First, let us ex-
plicitly define the formulation of the pseudo-inverse in a redundant manipulator’s inverse
kinematics with some Jacobian matrix JJJ:
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Φ̇ΦΦ = JJJ†VVV N = JJJT (JJJJJJT )−1VVV N . (C.1)

The pseudo-inverse shown in equation (C.1) satisfies a solution for the inverse kinemat-
ics problem which minimizes the least-squares norm. That is, equation (C.1) satisfies:

min(||VVV N− JJJΦ̇ΦΦ||). (C.2)

Evidently, the solution associated with the minimum norm provides a set of joint ve-
locities (for which infinitely many solutions exist for redundant manipulators) which are
most accurate in generating the end-effector velocity vector VVV N . As previously mentioned,
strictly choosing the solution yielding the minimum norm is troublesome when the system
is in the region of singular configurations. This solution no longer becomes feasible in
its practical implementation due to the large joint velocities required to achieve the corre-
sponding end-effector motion in the singular direction.

The damped least-squares method alters the problem for which the inverse kinematics
is solved in order to consider the practical feasibility of the solution as well. In addition to
considering the accuracy of the solution through the least-squares minimum norm problem
in equation (C.2), the damped least-squares method additionally considers the norm of the
joint velocities. Now, the solution to the inverse kinematics problem aims to minimize
the weighted sum of the joint velocities accuracy and feasibility provided positive definite
weighting factors WWW 1 and WWW 2. That is, the damped least squares solution satisfies the
following problem [82],

min(||VVV N− JJJΦ̇ΦΦ||2WWW 1
+ ||Φ̇ΦΦ||2WWW 2

), (C.3)

where the vector norms above are defined equivalently to equation (5.70). As indicated by
(C.3), the weight WWW 1 signifies the emphasis placed on the accuracy of the mapping between
joint and end-effector velocities, whereas the weight WWW 2 denotes the importance of feasible
joint velocities in the inverse kinematics solution. In [82], the authors present the solution
to the damped least squares problem in (C.3) known as the Singularity Robust inverse (SR-
inverse). As mentioned in [84], a considerable amount of the literature studies the case
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involving no task priority (i.e., WWW 1 = 1) and the damping of joint velocities through setting
WWW 2 = λ1. Since the weights are defined as positive definite matrices, the damping factor
λ ≥ 0. Using these weights, the SR-inverse of JJJ, denoted JJJ⋄, is defined as follows,

JJJ⋄ = JJJT (JJJJJJT −λ1)−1. (C.4)

Note that the SR-inverse solution above reduces to the Moores-Penrose pseudo-inverse
(equation (C.1)) in the case of no damping on the joint velocities (i.e. λ = 0). Such
inverse method is thus implemented on the GJM matrices (JJJ∗v and J∗) included in the feed-
back laws for both control cases. In the context of a trajectory following task, increasing
the damping factor reduces the performance of the output’s tracking capabilities. Conse-
quently, it is most beneficial during a trajectory following scenario to only implement a
joint velocity damping effect once the system’s Jacobian matrix begins to lose rank close
to a singular configuration. Outside of this region, when the Jacobian is well defined, the
Moores-Penrose pseudo-inverse solution is preferred to achieve the greatest performance of
the output tracking control law. Taking the determinant of the matrix JJJJJJT (i.e., the matrix
being inverted in the pseudo-inverse) provides a metric for identifying ill conditioned sys-
tems. When det(JJJJJJT ) = 0, the system reaches a singular configuration and the matrix JJJJJJT

loses rank. Using the definition of a system’s manipulability w presented by Yoshikawa in
[85] as,

w :=
√

det(JJJJJJT ), (C.5)

to quantify the proximity to a singularity, the authors in [82] scale the damping factor
based on w and a manipulability threshold value wt . Above this threshold, the system
is deemed sufficiently well defined to strictly consider accuracy in the inverse kinematics
solution using (C.1). Once below wt , the system is in the neighbourhood of a singular
configuration, thus requiring a compromise in accuracy to provide damping to the joint
velocities. Provided a maximum damping value λ0 for when the system reaches singularity
and w = 0, the damping factor scales as follows,
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λ =

λ0

(
1− w

wt

)2
, w < wt ,

0, w≥ wt .
(C.6)

Note that additional methods for defining the damping factor have been studied in the
literature, involving the rate of change of the manipulatbility factor, the tracking error,
the minimum singular value of JJJ, and the condition number of JJJJJJT + λ1, for example
[84, 86, 87, 88, 89]. Based on an empirical analysis, the manipulability threshold wt is set
to
√

10 and the maximum damping λ0 is set to 200 in this thesis.



Appendix D

Homogeneous Transformation Partial Derivative

The following provides the derivation of the partial derivative of a homogeneous transfor-
mation between the spatial frame and a coordinate frame attached to body k, gggsk ∈ SE(3),
with respect to the ith generalized coordinate Φi [90]:

∂gggsk

∂Φi
= eξ̂ξξ 1Φ1 . . .eξ̂ξξ i−1Φi−1

∂

∂Φi

(
eξ̂ξξ iΦi

)
eξ̂ξξ i+1Φi+1 . . .eξ̂ξξ kΦkgggsk(0) (D.1)

= eξ̂ξξ 1Φ1 . . .eξ̂ξξ i−1Φi−1
(

ξ̂ξξ i

)
eξ̂ξξ iΦi . . .eξ̂ξξ kΦkgggsk(0), (D.2)

which when multiplied with ggg−1
sk yields the following,

(
∂gggsk

∂Φi

)
ggg−1

sk = eξ̂ξξ 1Φ1 . . .eξ̂ξξ i−1Φi−1
(

ξ̂ξξ i

)
e−ξ̂ξξ i−1Φi−1 . . .e−ξ̂ξξ 1Φ1. (D.3)
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Appendix E

Adjoint Operator Partial Derivatives

In the following, the derivation of the partial derivative of the Adjoint operator Adl
j being

applied to an element ÂAA ∈ se(3), with respect to a generalized coordinate Φi is provided:

∂Adl
jAAA

∂Φi
= e−ξ̂ξξ lΦl . . .e−ξ̂ξξ i+1Φi+1e−ξ̂ξξ iΦi

(
−ξ̂ξξ i

)
. . .e−ξ̂ξξ kΦk

(
ÂAA
)

eξ̂ξξ kΦk . . .eξ̂ξξ lΦl

+ e−ξ̂ξξ lΦl . . .e−ξ̂ξξ kΦk
(

ÂAA
)

eξ̂ξξ kΦk . . .eξ̂ξξ iΦi
(

ξ̂ξξ i

)
eξ̂ξξ i+1Φi+1 . . .eξ̂ξξ lΦl (E.1)

=−e−ξ̂ξξ lΦl . . .e−ξ̂ξξ i+1Φi+1
(

ξ̂ξξ i

)(
Adi

jAAA
)∧

eξ̂ξξ i+1Φi+1 . . .eξ̂ξξ lΦl

+ e−ξ̂ξξ lΦl . . .e−ξ̂ξξ i+1Φi+1
(
Adi

jAAA
)∧(

ξ̂ξξ i

)
eξ̂ξξ i+1Φi+1 . . .eξ̂ξξ lΦl (E.2)

=−e−ξ̂ξξ lΦl . . .e−ξ̂ξξ i+1Φi+1
[
ξ̂ξξ i

(
Adi

jAAA
)∧

+
(
Adi

jAAA
)∧

ξ̂ξξ i

]
eξ̂ξξ lΦl . . .eξ̂ξξ i+1Φi+1 (E.3)

=−Adl
i+1ad

ξ̂i
Adi

j(AAA) (E.4)

where between (E.1) and (E.2) we note that eξ̂ξξ iΦi ξ̂ξξ i = ξ̂ξξ ie
ξ̂ξξ iΦi .

We now present the derivation of the partial derivative ∂ (Ad j−1
1 )′

∂Φi
required for equation

(5.8). We again demonstrate the derivation for a general twist ÂAA ∈ se(3):
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∂ (Ad j−1
1 )′AAA

∂Φi
= eξ̂ξξ 1Φ1 . . .eξ̂ξξ iΦi

(
ξ̂ξξ i

)
eξ̂ξξ i+1Φi+1 . . .eξ̂ξξ j−1Φ j−1

(
ÂAA
)

e−ξ̂ξξ j−1Φ j−1 . . .e−ξ̂ξξ 1Φ1

− eξ̂ξξ 1Φ1 . . .eξ̂ξξ j−1Φ j−1
(

ÂAA
)

e−ξ̂ξξ j−1Φ j−1 . . .e−ξ̂ξξ i+1Φi+1e−ξ̂ξξ iΦi
(

ξ̂ξξ i

)
. . .e−ξ̂ξξ 1Φ1

(E.5)

= eξ̂ξξ 1Φ1 . . .eξ̂ξξ iΦi

[
ξ̂ξξ i

(
(Ad j−1

i+1 )
′AAA
)∧
−
(
(Ad j−1

i+1 )
′AAA
)∧

ξ̂ξξ i

]
e−ξ̂ξξ iΦi . . .eξ̂ξξ 1Φ1

(E.6)

= (Adi
1)
′adξξξ i

(Ad j−1
i+1 )

′(AAA). (E.7)



Appendix F

Testing Cases in Validation Procedure

Table F.1: Space Manipulator Configurations Tested

Position

Φ1 [m] 0 0 0 0 0 0 0 0 0 1

Φ2 [m] 0 0 0 0 0 0 0 0 0 3.2

Φ3 [m] 0 0 0 0 0 0 0 0 0 1.5

Φ4 [deg] 0 60 0 90 0 45 -75 54 50 18

Φ5 [deg] 0 0 90 0 45 65 -35 82 -20 74

Φ6 [deg] 0 30 0 0 60 0 80 -26 63 -35

Φ7 [deg] 45 0 30 0 -45 0 -50 114 135 70

Φ8 [deg] 30 45 0 90 30 -50 35 79 26 20

Φ9 [deg] -60 0 70 0 0 40 45 -5 55 60

Φ10 [deg] 40 90 -80 -45 70 0 70 -26 -25 -45

Φ11 [deg] 0 0 0 0 0 65 -45 31 80 -30

Φ12 [deg] 0 90 0 0 50 0 80 59 -49 -60

Φ13 [deg] 0 0 0 0 0 0 -60 36 64 20
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Table F.2: System of Generalized Velocities Tested

Velocity

Φ̇1 [m/s] 0 0 0 2 1 0 0 2.3

Φ̇2 [m/s] 0 0 0 2 0 2 0 1.9

Φ̇3 [m/s] 0 0 0 1 1 0 0 2.5

Φ̇4 [rad/s] 0 2 1.5 0.8 0 1 0.9 2.3

Φ̇5 [rad/s] 0 1 1.8 1.5 0 2 3 2.2

Φ̇6 [rad/s] 0 0 2 3 2 0 1.5 2

Φ̇7 [rad/s] 1.2 2 0 0 1.5 1.2 1 1.5

Φ̇8 [rad/s] 0.5 0 0 0 0.5 0.8 2 0.2

Φ̇9 [rad/s] 0 1.5 0 2 2 0 1.3 2

Φ̇10 [rad/s] 1.1 3 2 0 1.6 0 2 1.8

Φ̇11 [rad/s] 0 0.05 0.09 0.1 0 0.08 0.03 0.1

Φ̇12 [rad/s] 0 0 0.03 0.09 0 0.2 0.1 0.05

Φ̇13 [rad/s] 0 0.08 0.06 0.1 0 0.15 0.07 0.08
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Table F.3: Force and Torque Vectors Tested

Force/Torque

F1 [N] 0 0 0 2 0 4.5 0 9

F2 [N] 0 0 0 4 8.5 0 0 1

F3 [N] 0 0 0 5.5 0 1.5 0 5

T4 [Nm] 0 4.5 0 0 2 0 7.4 3

T5 [Nm] 0 6.5 7 0 6.5 0 1.2 4.5

T6 [Nm] 0 3 2.5 8 0 0 5.6 4.5

T7 [Nm] 0 0 4 1 6 0 2.2 8

T8 [Nm] 0 9 3.5 0 0.5 2.5 3 1.6

T9 [Nm] 0 0 5 3.5 0 2 9.1 2.8

T10 [Nm] 6 8 0 0 4.5 0 2.2 9

T11 [Nm] 0.005 0 0 0.003 0 0.004 0.009 0.003

T12 [Nm] 0.008 0 0 0.003 0 0.005 0.009 0.005

T13 [Nm] 0.002 0 0 0.009 0.005 0 0.002 0.007
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Figure G.1: Base positions for the linear trapezoidal trajectory applied to a zero momentum
system.

Figure G.2: Base positions for the linear circular trajectory applied to a zero momentum
system.
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Figure G.3: Base positions for the trajectory in the presence of a singularity.

Figure G.4: Base positions for the linear trapezoidal trajectory applied to a zero momentum
system with uncertainties.
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Figure G.5: Base positions for the linear trapezoidal trajectory applied to a non-zero mo-
mentum system.

Figure G.6: Base positions for the linear circular trajectory applied to a non-zero momen-
tum system.
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Figure G.7: Base positions for the linear trapezoidal trajectory applied to a non-zero mo-
mentum system with uncertainties.
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Figure H.1: Base positions for the full pose trapezoidal trajectory applied to a zero momen-
tum system.

Figure H.2: Base positions for the full pose trapezoidal trajectory applied to a zero momen-
tum system with uncertainties.
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Figure H.3: Base positions for the full pose trapezoidal trajectory applied to a non-zero
momentum system.

Figure H.4: Base positions for the full pose trapezoidal trajectory applied to a non-zero
momentum system with uncertainties.
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