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Abstract

In numerical simulations of wave propagation in fluids, one often needs to

apply non-reflecting boundary conditions or radiation conditions at the outflow
boundary to prevent wave reflections. This thesis examines time-dependent ra-

diation conditions for modeling the propagation of atmospheric gravity waves

and Rossby waves.

The radiation condition is written in terms of a Laplace convolution inte-

gral, so it is non-local in time and expensive to compute, requiring values of
the dependent variable at all previous time levels. The convolution integral

is approximated so as to make the computations local in time and hence less

expensive.

The results are compared with those obtained by simply setting the fluid

variables to zero at boundary or applying a steady radiation condition and are

found to be more stable and to more accurately represent the exact solutions. A

nonlinear correction to the time-dependent radiation condition is also developed

and implemented.
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Chapter 1

Introduction

1.1 Wave simulations in geophysical fluids

Waves in fluids can be simulated with mathematical models based on the equa-

tions for conservation of mass, momentum and energy, with the waves being

represented as perturbations to the steady basic flow. In geophysical fluid dy-
namics, the effects of the earth's rotation and the density-stratification of the

basic flow are taken into account. There are various types of waves in geophysical

flows in the atmosphere and ocean. These include internal gravity waves which

result from the effects of gravity and the buoyancy of the fluid flow, and Rossby

waves which result from the effects of the earth's rotation. In this thesis we will

focus on these two types of waves.

Internal gravity waves propagate along the orthogonal axis of the earth's

tangent plane, the z-axis (Nappo, 2002). Due to changes in the fluid density in
the atmosphere (stratified density), there is variation in the buoyancy forces. The
equilibrium is restored by generating the gravity waves. These waves transport

momentum and energy within them and they produce large scale effects on the
1
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general circulation of the atmosphere and ocean. Stratospheric sudden warming

and clear air turbulence are some of the observed phenomena that result from

gravity waves interactions. Thus, it is important for weather prediction and

climate modeling to characterize the properties of these waves. Since gravity

waves are relatively small-scale waves with wavelength of about 1-100 km, they

are not generally resolved by large scale general circulation models. The effects

of gravity waves are included in these models by means of parametrization which

are based on the mathematical theory of gravity waves.

A simple two-dimensional mathematical model for gravity waves consists

of a rectangular domain in a plane perpendicular to the surface of the earth

with Cartesian coordinates, ? in the horizontal direction and ? in the vertical

direction. The gravity waves are considered to be perturbations to some basic

background flow. The background flow velocity has no vertical component and

its horizontal component is the horizontal mean flow speed, for example it could

be represented as

u = (u(z),0) (1.1)

This configuration allows mathematical analyses using perturbation theory and

both linear and nonlinear numerical simulations. It is assumed that the waves

are generated at one boundary of the domain of interest by a source such as

convection or storms. Gravity waves generated in the lower atmosphere generally

propagate upwards into the stratosphere. So the source level of the waves can

be considered to be the lower boundary of the rectangular domain and in theory

the upper boundary should be at infinity, in other word the domain should be

unbounded above in the z-direction.

On the other hand, Rossby (or planetary) waves are giant meanders in high-
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altitude winds that are a major influence of the weather (Holton, 2000). They
result from the rotation of the earth, specially the variation of the Coriolis ef-

fect with latitude. Cyclones and anticyclones are typical phenomena which are

induced by Rossby waves interactions in the atmosphere.

From a mathematical perspective, Rossby waves can be studied either in 3

dimensions using spherical coordinates or in 2 dimensions using rectangular coor-

dinates in a plane tangent to the surface of the earth, ? for the west-east (zonal)
coordinate and y for the south-north (meridional) coordinate. The background
flow velocity in this case has no meridional component and its zonal component

is is the zonal mean flow, ie.

u=(u(y),0) (1.2)

Rossby waves, in the northern hemisphere, are frequently generated at mid-
latitudes and propagate southwards towards the equator. In a two dimensional

model in rectangular geometry it is assumed that the waves are forced at the

northern boundary of the rectangular domain. In theory, the domain should be

assumed to be infinite allowing the waves to propagate indefinitely southwards.

In practice in numerical simulation, we must limit the waves to a finite do-
main, this means that once the waves get to the opposite boundary, they are

prevented from propagating further and often there are instabilities which may

change the physical nature or behavior of the disturbance. In other to avoid such
instabilities, we need to apply appropriate boundary conditions at the outflow

boundary. These are known as non-reflecting boundary conditions or radiation
conditions. Ideally, non-reflecting boundary conditions should be nonlinear and

time-dependent, but in practice they are generally based on linearized steady
equations. This thesis examines time-dependent radiation conditions for mod-
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eling the propagation of atmospheric gravity waves and Rossby waves in both

linear and nonlinear configurations.

1.2 Previous work

In the past, different techniques have been tried by different researchers in order

to simulate the behavior of fluids on an infinite domain using a finite computa-

tional domain. A frequently used method developed in the past 40 years con-

sists of surrounding the outflow boundary of the computational boundary with

a sponge layer, which is a layer of high viscosity, in order to dissipate the energy

of incident waves near the interested boundary. The sponge layer technique is

commonly used in large scale numerical models, e.g. general circulation models

of the atmosphere. The viscosity in the sponge layer is represented using either

Rayleigh friction of the form

?£ + = -?(?)F, (1-3)
or second-order viscosity of the form

^ + = 7(y)V2^, (1.4)
where f is the wave variable and 7 is a function of the physical space variable

y that is large near the outflow and close to zero elsewhere. However in this

method the addition of the viscosity is artificial and it changes the physical

nature of the waves at the boundary. The viscosity is generally added only in

the sponge layer and that makes the physical nature of the waves in the sponge
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layer different from the rest of the domain.

Another approach is to modify the flow characteristics at large distances

from the wave source transforming the region near the outflow boundary into an

evanescent region and thereby absorbing the waves and preventing reflection near

the outflow boundary. This technique removes the waves from the computational
domain so that there is no propagation. This idea was used by Geisler and

Dickinson (1974) for Rossby waves propagation and is an example of the buffer
zone technique which is used in a wide variety of different contexts in fluid

dynamics.

Another idea was described by Pearson (1974); he suggested fixing the wave-
length by the means of the group velocity based on the time that it takes the
wave to propagate up to the outflow boundary and assuming the wave amplitude
is constant at the outflow boundary

f „ e±i«y-ct) (L5)

In the context of geophysical fluid simulations this was the starting point of
developing what we call today radiation conditions. At the outflow boundary
we impose a boundary condition of the form

^ = ±ity, (1.6)dy

which implies that the wave amplitude is of the form (1.5) and one can choose the
sign that corresponds to a solution with outward energy propagation. However,
this type of radiation condition does not take into account the transient evolu-
tion of waves. Béland and Warn (1975) developed a time-dependent radiation
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condition for Rossby waves; their radiation condition is derived by linearizing the

governing equations and making use of a Laplace transform. One drawback of

their method is that the boundary condition is in terms of a Laplace convolution

integral in time, so it is non-local in time and expensive to compute, requiring

values of the dependent variable at all previous time levels. Also, when applied

to a nonlinear problem· instabilities sometimes develop at late time. Béland and

Warn (1975) noted that the rate of degradation of their simulations depended
on both the intensity of the nonlinearities and the scale of motion near the

computational boundary.

A time-dependent radiation condition for gravity waves also based on Laplace

transforms was first derived by Campbell and Maslowe (2003). This radiation
condition suffers from the same drawbacks, it is expensive to evaluate the Laplace

convolution integral and it does not always work for the nonlinear problem.

Campbell (2004) and Campbell and Maslowe (2003) used these linear radiation
conditions for their simulations of Rossby and gravity waves respectively. Both

of these studies dealt with configurations where there is a critical line in the

flow. A critical line or a critical level is a position in space where the velocity

of the wave is equal to speed of the shear flow and the adjacent region to the

critical level is called the critical layer. The waves are absorbed or reflected at

the critical level and do not reach the outflow boundary. In both studies they

concluded that it was enough to simply apply a zero boundary condition at the

outflow. However, in a configuration where there is no critical level the waves

do reach the outflow boundary and it is necessary to correctly implement the

radiation condition. Ideally the radiation condition should take into account

nonlinearity as well and time dependence.
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In this thesis techniques are developed to approximate the convolution in-

tegral so as to make the computations local in time and hence less expensive.

Numerical simulations are then carried out using these time-dependent linear

radiation conditions and the results are compared with the results obtained by

simply setting the fluid variables to zero at the outflow boundary. The results

are assessed using our knowledge of the behavior of the exact solution. We ob-

serve that, with zero boundary conditions, inaccurate results are obtained and

instabilities may develop, while the simulations with the radiation conditions are

able to maintain their stability for a prolonged period of time. However, if the

simulations are continued to even later times, the linear radiation conditions in-

evitably fail when the nonlinear terms become large near the outflow boundary.

The ultimate goal would be to develop a fully nonlinear radiation condition.

In this thesis we will include the effects of nonlinearity in the time-dependent

radiation condition by adding a nonlinear correction which is based on weakly

nonlinear perturbation theory and we find that this improves the results of the
nonlinear simulations.

1.3 An overview of the thesis

An overview of the thesis is as follows:

In Chapter 2, we derive and discuss the governing equations for the two-

dimensional propagation of both Rossby waves and gravity waves starting with
the basic equations of fluid dynamics that describe conservation of mass, mo-

mentum and energy. In both cases, we consider the background fluid to be a
shear flow, i.e. for Rossby waves the background flow has only a zonal veloc-
ity component ü(y) that varies with latitude y with no meridional component,
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and for gravity waves the background flow has density p(z) and a horizontal
velocity component u(z) both of which vary with height and there is no vertical
velocity component. We present the beta-plane approximation for Rossby wave

propagation and the Boussinesq approximation for gravity waves.
In Chapter 3, we derive radiation conditions for both Rossby and gravity

waves. We first derive the steady radiation condition or the steady non-reflecting

boundary condition by assuming the amplitude of the waves does not depend
on time. Next, we derive the time-dependent linear non-reflecting boundary

condition for which the amplitude of the waves is assumed to depend on time.

These are the boundary conditions developed by Béland and Warn (1975) and
by Campbell and Maslowe (2003) for Rossby and gravity waves respectively.
In order to derive the time-dependent radiation condition we take a Laplace

transform in time, this leads to a Laplace convolution integral which is nonlocal

in time. Finally we describe how to add a nonlinear correction to the time-
dependent linear radiation condition. To do this we make use of weakly-nonlinear
theory, i.e. we seek a solution of the form f = f^+ef^ where f^ is obtained
from the substitution of f into the nonlinear equation while f^ is the solution
obtained if a linear radiation condition is used.

In Chapter 4, we discuss about the numerical methods, finite difference and
pseudospectral approximations, that are used in this study. We use the discrete
Fourier transform (DFT) to descretize all the quantities with respect to the ?
variable, this allows us to apply the pseudospectral approximation to the non-

linear terms (Jacobian) and thus utilize the fast Fourier transform algorithm
(FFT). Central finite difference approximations are used in the y and ? direc-
tions inside the rectangular domain for Rossby and gravity waves respectively,
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the backward finite difference approximation is used at the outflow boundary

while the forward finite difference approximation is used for the time discretiza-

tion. In this thesis we describe an appropriate way to implement the radiation

condition to make the implementation of the Laplace convolution integral local

in time.

In Chapter 5 we present the results of the simulations. The first set of results

are for the case where the mean flow profile is a hyperbolic tangent profile. So

there is a critical layer in the flow. This is the configuration studied by Campbell
and Maslowe (2003) and Campbell (2004). With this mean flow profile there is
a critical level in the flow and the waves are absorbed or reflected in the critical

layer and we don't need the radiation condition. Our simulations however focus
on configurations in which there is no critical layer and so waves propagate all
the way to the outflow boundary where a non-reflecting radiation is applied. We
present the results for gravity wave and Rossby wave propagations from both
linear and nonlinear simulations.

The new and original ideas presented in this thesis are the following:

• The derivation of an exact solution for a transient forced Rossby wave in

the form of an infinite series (section 2.5 and Appendix D) using Laplace
transform.

• The extension of the linear time-dependent radiation condition to include

a nonlinear correction (section 3).

• The numerical implementation of the time-dependent radiation condition
making the computation of the Laplace convolution integral local in time
(Chap 3).
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• The development of MATLAB programs to solve the linear and nonlinear

Rossby wave and gravity wave problems using spectral and finite difference
method (Chap 4).

• A comparison of the results obtained with different outflow boundary con-

ditions.



Chapter 2

Governing equations

2.1 The basic equations of fluid dynamics

In this section we present the basic equations of fluid dynamics which are based
on the physical principles of conservation of mass, momentum and energy. These
equations are the starting point for modeling the propagation of Rossby waves
and gravity waves in the atmosphere. The derivation of the basic equations can
be found in any fluid dynamics text such as Batchelor (1967) and Kundu and

Cohen (2004).
We will make the Boussinesq approximation which is a commonly used ap-

proximation for studying geophysical flows. It is described in details by Spiegel
and Veronis (1960). Under the Boussinesq approximation the fluid density and
temperature are treated as constant except in the terms involving the effects of
gravity in the governing equations. The assumptions made in the Boussinesq

11
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approximation are:

1. The variation of the density ? in time and space is small enough that we

can set -^ fa 0, where -^ denotes the rate of change of ? following the
flow.

2. We also assume ? sa 0, i.e. the fluid is almost incompressible or the
density does not change much with the pressure p.

3. The vertical scale height is small enough that the density varies by only a

small amount in the vertical direction.

4. The fluid properties such as µ the viscosity coefficient and /C the thermal
conductivity are assumed to be constant and the viscous dissipation can
be neglected.

2.1.1 The Navier-Stokes equations

The principle of conservation of momentum (Newton's second law) applied to
incopressible fluid flows leads to the Navier-Stokes equation which is given by

Du?— = -?? + ??+µ?? + ? (2.1)

where ff is an exterior force or a superposition of two or more exterior forces
that could include the Coriolis force, the centrifugal or centripetal force, electric

or magnetic force, depending on the problem that one needs to model, ? is
the density of the fluid, u is the velocity of the fluid motion and in rectangular
coordinates has 3 components u, ? and w, respectively in x, y and ^-directions,

g = (0, 0, —g) is the acceleration due to gravity and the differential operator ^
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is given by
D d d d d ,nn.Dt = 8i + Ud-X+Vd-y+Wd-Z (2·2)

The term //V2M represents the effects of viscosity or friction in the fluid, µ is
the viscosity coefficient and ? and p are the density and the pressure of the fluid

respectively. In Cartesian coordinates, equation (2.1) is written as

Du dp „9 /n „.

Dv dp „, . ,,em=-i + "Vv + ^ (2·4)
Dw dp _o fn _?

Q-pjT = --q-z -Q9 + ßV ?) + ?3 (2.5)
For Rossby waves the vector ? represents the sum of the Coriolis force and

the centripetal force and is given by

f¡=(Qfv,-Qfu,0) + Fc (2.6)

where / is the Coriolis parameter. The centripetal force Fc is orthogonal to the

direction of propagation of the Rossby waves so its net contribution is zero. So

? is just the Coriolis force and is given by

V = (Qfv,-Qfu,0) (2.7)

In our 2-D model for Rossby waves, the fluid undergoes rotations in the xy plane.

So the force due to gravity is orthogonal to the propagation of the waves and

its effects are not included in the model. The Rossby wave model comprises

equations (2.3) and (2.4) for the horizontal velocity components u and v.
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Gravity waves on the other hand propagate in a direction that is approxi-

mately perpendicular to the earth's tangent plane, so the effect of the Coriolis
force is negligible and we can neglect the y-component because the information
contained in ^/-component is also in the re-component. The effect of the force due
to gravity on the other hand is more important. The variation of the density is
compensated by the restoring force (buoyancy force), consequently there is an
important change in the force due to gravity. Therefore the gravity wave model
comprises only equations (2.3) and (2.5) for the horizontal velocity component
u and the vertical velocity component w.

2.1.2 The continuity equation

The principle of conservation of mass of a fluid leads to the continuity equation

which is given in rectangular coordinates by

IDq----- +
? Dt

du dv dw
dx dy dz 0 (2.8)

In conditions where ^ is small relative to the density ? (for example under the
assumptions of the Boussinesq approximation) we can say that ^f ~ 0 and the
continuity equation can be written as

^ + !? + t? = 0 <2·9>Ox Oy Oz

Thus in a horizontal plane the continuity equation is given by

P + p- = 0, (2.10)Ox Oy
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while in a vertical plane the continuity equation is given by

s+£-* <2·">
2.1.3 The energy equation

In our gravity wave model, the conservation of energy is given by

De
Q— = -V-q-p\7-u + 0 (2.12)

where e represents the internal energy, 0 is the viscous dissipation and çf is the
heat flux vector (per unit of area). The equation of state, assuming the energy
is a function of temperature T only, is given by

e(T) = CVT, (2.13)

where Cv is the specific heat capacity at constant volume V and given by

where the subscript V indicates that the differentiation with respect to T is

carried out with fixed V. The relation between the pressure p, the density ? and

the temperature T is given by the equation of state for a perfect gas,

P = TZgT (2.15)
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where TZ = Cp — Cx, is a constant for a given perfect gas. Cp is the specific heat
capacity at constant pressure ? and is given by

where h is the enthalpy. Under the Boussinesq approximation we assume V-u = 0

in the continuity equation because -^ is small. However we write the continuity
equation as V · u = 0 we can not justify neglecting ?V · u term in (2.12) because
although the V · ü is small the pressure can be large and the product pV ¦ u can
be of the same order of magnitude as other terms in (2.12). So we keep ?V · u
term and rewrite it in terms of ? and T.

According to the continuity equation (2.8) can be written as

^ --?· a (2.17)? Dt

which implies that

^ ??? p
-pV · u — ——— = - ?d?_\ DT + /??\ Dp

? Dt ? [\dTj Dt \dpj Dt (2.18)

assuming the density depends on both temperature and pressure. The second
term on the right hand side is small relative to the first term according to as-
sumptions 2 of the Boussinesq approximation given on page 12. So it can be
neglected to obtain

^ ??? p ( d?\ DT-pV-U=-QD-t^'g{df)p-Dl (2·19)
where the subscript p denotes differentiation of ? with respect to T with the
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pressure being kept fixed.

Using the perfect gas law (2.15), equation (2.19) becomes,

µ Q DtKnT) ?\&G\?t))
DT

pp ( 1 \ DT ^ DT fnnn.

Combining this equation with the energy equation (2.12) yields

^__V.f-7^ + i (2.21)
If we combine equation (2.21) with equation (2.13), use the fact that TZ = Cv—Cy
and rearrange the terms, we obtain

DT
C>— = -V · q + 0 (2.22)

According to Fourier's law of heat conduction q is given by

q= -KVT (2.23)

where /C is the thermal conductivity.

For geophysical flows under the Boussinesq approximation the ratio of the

magnitude of viscous dissipation 0 to the term Cpq^ is extremely small (~
10~7). This can be shown using dimensional analysis (Kundu and Cohen 2004.
? 120). We thus are justified in neglecting the viscous dissipation. We then
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Substitute (2.23) into equation (2.22) to get

DT
CPQ^- = -V · {-KVT) = JCV2T (2.24)

Rearranging the terms yields a single equation for the temperature

DT

Dt

where a, the thermal diffusivity, is given by

= aV2T (2.25)

a = £- (2.26)
In section (2.3), we will use equation (2.25) to derive the equation that describes
the density stratification in the atmosphere .

2.2 The governing equations for Rossby waves

In this section, we derive an equation known as the barotropic vorticity equa-

tion, to model Rossby waves in a horizontal plane, starting from the momentum
equations (2.3), (2.4) and the continuity equation in the horizontal plane (2.10).
We consider Rossby waves propagating in a horizontal plane and thus neglect
variations of fluid properties in the vertical direction. A two dimensional fluid

with no vertical variations is an example of a barotropic fluid, i.e., a fluid for

which the pressure is a function of density only, and vice versa. So surfaces
of constant pressure are the same as surfaces of constant density. Thus the
momentum equations we use to model the propagation of Rossby wave in the
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atmosphere are,

du du du 1 dp „9 „ . ,.— + u— + v— = —-f + uV2u + fv 2.27dt dx dy gdx

dv âv dv l dp p2 , /n ???— +u— +v— = —-f + uV2w -fu 2.28dt dx dy gdy

where u = - is the kinematic viscosity and / is the Coriolis factor.

2.2.1 The beta plane approximation and the Coriolis force

For a thin layer of fluid of constant density on a rotating sphere, the Coriolis

force ? is given (see for example Kundu and Cohen 2004) by

if = (2Uv sin T, -2Uu sin T) = (fv, -2fu) (2.29)

where

/ = 2ftsin0

is called the Coriolis factor, O the magnitude of the angular velocity of the earth

rotation and ? the latitude. In the beta-plane approximation we consider some

fixed latitude ?s where the Coriolis factor is f0 = 2O8??0? and then assume

that ? is close enough to 0O that we can expand / as a Taylor series about the

latitude ? = ?0 and approximate it by the first two terms. We also use the

approximation for the arclength y « R(O — O0) and therefore the Coriolis factor
can be approximated as
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f *· f° + (I).* (e - ej w ? + (IL « - ? + A <2-30)
where ß = ( |¿ J = ^ (^) ö=ö = ^ cos Q0 is the gradient of planetary vorticity
in ^-direction (see for example Kundu and Cohen, 2004).

2.2.2 The barotropic vorticity equation

In order to derive the barotropic vorticity equation (Holton, 1975), we first
differentiate equation (2.27) with respect to y, then equation (2.28) with respect
to ? and subtract the first equation from the second to get

(Vx - Uy)t + Ux(Vx - Uy) + U(VX - Uy)x + Vy(VX ~ Uy) + v(VX ~ Uy) y
= uV2(vx-uy) + ßv (2.31)

where the subscripts x, y and t denote the partial differentiation with respect

to x, y and t respectively. Substituting Ux — —vy from the the continuity
equation(2.10) and rearranging the terms yields

(Vx - Uy)t + U(VX - Uy)x + V(VX - Uy) y = V^ (Vx ~ Uy) + ßV (2.32)

The continuity equation (2.10) allows us to define a streamfunction F by ? = ||·
and —u = ?-. This implies that

Vx-Uy = Vxx + myy = ?2F (2.33)
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Hence, in terms of the streamfunction F, equation (2.32) is written as

?2F( + F??2F„ - F„?2F? + /?F? - ?^?4F = 0 (2.34)

This equation is known as the barotropic vorticity equation. It describes the

fluid motion on a beta-plane in terms of the stream function F and the quantity

? = V2F which is known as the vorticity. The vorticity ? measures the amount of
rotation that the fluid undergoes in the xy plane and is given by the ^-component

of the curl of u

? = z-V xü=vx-Uy = ^xx + ^yy = ?2F (2.35)

where ? is the unit vector in the ? direction. Hence, in terms of ? and F, equation

(2.34) is simply,
6 + F*£„ - F»£? + ß*x - ?^2? = 0 (2.36)

Equation (2.36) can be written as

^t=-ßv + ^2? (2.37)
If there is no rotation, i.e. ß ~ 0, equation (2.37) resembles the energy conserva-
tion equation. In the context of rotating flows ? is called the potential vorticity

or the relative vorticity. The total vorticity f0 + ßy + ? is called the absolute

vorticity. Equation (2.37) represents the conservation of potential vorticity.
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2.2.3 The non-dimensional barotropic vorticity equation

Throughout this thesis we will work with non-dimensional variables and parame-
ters. In this section we describe the process of nondimensionalizing the governing

equation. To indicate that a variable or a parameter is dimensional, we put an
asterisk (*) on it, so that the dimensional barotropic voroticity equation (2.34)
is written as,

?*2F%. + F\* V*2*V - F>?*2F*?. + /?*F*** - ?/*?*4F* = 0, (2.38)

with V*2 = ¿p!r2 + -*?p· We define the nondimensional variables and parame-
ters (without asterisks) by: ? = f^, y = £-, t = ?^-, F = ^- , ß = ¡Ç and
u = Y where Lx and Ly are typical length scales in the zonal (west-east) and
meridional (south-north) directions respectively. For the beta-plane approxima-
tion to be valid we can only consider a narrow range of latitudes, so Ly must be

relatively small, i.e. Ly « Lx. B is a typical scale for the planetary vorticity
gradient in the meridional direction, U a typical velocity and V is the scale of
the kinematic viscosity. The dimensional linear differential operators in terms of
the nondimensional parameters are thus given by:

d _ U_d_ _d__J_d_ d _ 1 d
dt* Lx dt ' dx* Lx dx ' dy* Ly dy

and
2 ? ? a2 a2 \ i2

T 2where d = -?-? is the square of the aspect ratio. Since we want Ly « Lx we
assume that d « 1. In terms of the nondimensional quantities, equation (2.38)
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becomes

V2** + F,?2F, - F,?2F? + PB^-Vx - vV-^?4F = 0 (2.39)
This suggests that we let

and

U ULy

B = ^-2 (2.40)

TTT 2V = ^p- (2.41)Lx

which means the nondimensional kinematic viscosity is given by

u* 1 Lx ?? AO\U = — = — = ? ö (2-42)V Re ULy2 y }

while the nondimensional gradient of the planetary voricity in y direction is

ß=? = ß^ (2·43)
This gives the nondimensional barotropic vorticity equation

?2F? + F??2F^ - F,?2F? + /?F? - ^?4F = 0, (2.44)

Clearly this equation is similar to the dimensional one (2.34), with the only

difference being that the Laplacian operator has changed, V = d-^ + -¡¡¡?-
To describe wave propagation, we write the streamfunction F as the sum

of 2 terms, one corresponding to the basic background fluid flow and the other
corresponding to the perturbation. In terms of the dimensional variables the
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streamfunction is given by

y*(x,y,t) = ?*{?) + iP*(x,y,t) (2.45)

where tp(y) is the zonal mean background flow according to (1-2). We make this
equation nondimensional by defining F* = -^- , ?* = -^- and f* = ^ where f
is the amplitude of the wave perturbation streamfunction at the source. So in
terms of the nondimensional quantities, the total streamfunction is

F = f + ?
UL, ¦F (2.46)

Now let

e =
?

ULn (2.47)

This parameter e gives a measure of the disturbance at the source relative to
the magnitude of the background flow. We will see that e characterizes the
nonlinearity of the governing equations. So the total streamfunction F is now
written as

*(x,y,t)=tß(y) + eij>{x,y,t) (2.48)

where i/j(x,y,t) is the perturbation function and ip(y) is the initial zonal mean
streamfunction and is given by

ip(y) = - I V(x,y,t)daL
L o

(2.49)
t=o

where L is a suitable chosen nondimensional length in the zonal direction. In the
problem that we study here where the waves are generated by a zonally periodic
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forcing at some specified latitude, the appropriate choice of L is the wavelength

?- where k0 is the wavenumber at the source.
We also write the total vorticity as ?(?, y, t) = ?(y) + e?(?, y, t) where

C(x,y, t) = V2ip(x,y,t) is the perturbation vorticity and ((y) represents the
initial zonal mean vorticity. If we make use of equation (2.48) and substitute for
F and ? in the equation (2.36), rearranging the terms yields

Ci + ??? + e(f??? - ????) + (ß- ?")f? - i/V2C = 0, (2.50)

where ü(y) = —? (y) is the initial zonal mean velocity.
In the troposphere and stratosphere, background zonal wind speeds are gen-

erally around 10-50 ms~l while wave perturbations have amplitudes ~ 1ms-1.
So the nondimensional parameter e would be < 0.1. We are therefore justified

in considering e to be a small parameter. This allows us to linearize (2.50) and
make use of linear and weakly nonlinear theories. Also in geophysical flows the

viscosity is generally weak enough to justify setting the nondimensional viscous

parameter ? to zero. If we set e = 0 and ? = 0 in (2.50), we obtain the linearized
inviscid barotropic vorticity equation.

d_ _d_
dt dx V2V + {ß -O^=0 (2.51)

2.3 Governing equations for gravity waves

In this section we derive the underlying equations to employ as a model for grav-

ity waves starting from the momentum equations (2.3) and (2.5), the continuity
equation (2.8) and the energy equation (2.24) in a 2 dimensional rectangular con-
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figuration with a single horizontal coordinate ? and a vertical coordinate ?. We

make the Boussinesq approximation which assumes that the density variation is

negligible except in the buoyancy term in the vertical momentum equation, but
consider the important density variation due to the temperature variation in the
? direction.

2.3.1 The Momentum equation under the Boussinesq ap-

proximation

The Boussinesq approximation is defined in the classical paper by Spiegel and

Veronis (1960). Under the Boussinesq approximation we suppose the total den-
sity ?(?, ?, t) is given by

?(?,?,?) = ?0 + g'(x,z,t) (2.52)

where Q0 is constant reference density and ? is the variation of the density from
this constant value. The amplitude of the density variations over the scale height

is small, this means ?'(?,?,?) <C ?0. Substituting (2.52) into the momentum
equations (2.3) and (2.5) and dividing both sides by Q0 yields

1 + Q{x,z,t)
Q0

du du du
dt dx dz

1 9p 1 p2
Qo dx ?0 (2.53)

' ?'(?,?,?)
Qo

dw dw dw
dt dx dz ¦-£ - ^S + V2» (2.54)Qo dz ?0 ?0
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Since L < 1, we can neglect the factor of — in equations (2.53) and (2.54). In
reality, Q0 changes with altitude z, so in the gravity term in (2.54), a substitution
which is commonly used is to replace Q0 by the hydrostatic density p(z). What
is the hydrostatic density? Consider the variation of the hydrostatic pressure p

with altitude z,

t = -*> <2-55>
Combining equation (2.55) with the equation of state for a perfect gas(2.15)
yields

^ = -T^dz (2.56)
Hence, the hydrostatic density is given by

p(z) = Q0e~^z (2.57)

where
RT

H0 = - (2.58)
9

is called the the scale height of the atmosphere. So, Q0 can be taken as the

amplitude of the hydrostatic density and the hydrostatic density p as the initial

mean flow density in the ? direction. Of course these assumptions are only valid

if it is assumed that the density p(z) does not change very rapidly with altitude,
i.e. the range of altitudes must be of the same order of magnitude as the scale
height. Making these approximations leads to the Boussinesq equations

du du du 1 dp _9 /n _nS— + U—+W— = -^ + UV2U 2.59dt dx dz Q0 dx
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and

dw dw dw I dp ? p9 . „nS— + u— + w— = /- \g + uV2w 2.60at ox oz Q0Oz p

where ? = -^. Since under the Boussinesq approximation the density varies byQo

only a small amount over the altitudes range, the continuity equation is simply

given by (2.11) in rectangular coordinates ? and z. This allows us to define
a streamfunction F by u = — F2, w = ^x and then combine equations (2.59)
and (2.60) into a single equation for the streamfunction and the vorticity as we
did for the Rossby wave configuration. We differentiate (2.59) with respect to ?

and (2.60) with respect to ? and substract the first equation from the second to
obtain

?2F? - F2?2F? + F^?2F? + -_^ - ?/?4F = 0, (2.61)
pox

In this case, the vorticity ? is given by

? = -y . V ? u = wx - uz = F?? + F?, = ?2F (2.62)

where y is the unit vector in the y direction. So (2.61) can be written as

Zt - F?£* + F*?? + ?ír - ^V2e = 0 (2.63)p OX

In more compact notation equation (2.63) is written as

§__£<*£ + „V>{ (2.64)Dt pox
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2.3.2 The energy equation under the Boussinesq approx-

imation

For a perfect gas the energy equation is (2.24); we shall write it in terms of the
density. Under the Boussinesq approximation the pressure is almost constant.
So the equation of state (2.15) can be written as

?? & Constant (2.65)

Moreover, we can write

QT = Q0T0 (2.66)

A slight change in temperature T" induces a slight change in density ?', in
such a way T = T0 + T and ? = ?0 + ?' and ? < ?, T' < T. Making this
substitution for ? and T into (2.66) yields

?'?0 + ?0?0 + ?'?' + ?0?' = ?0?0 (2.67)

The third term on the left hand side is negligible compared with other terms

since it is a product of perturbation quantities. Thus (2.67) becomes

?'?0 = -?0?' (2.68)

If we substitute for ?' and T' in the equation (2.68), use the fact that ?— ?0 = ?'
and T -T0 = T'\ and rearrange the terms, we obtain

Q = Qo(I-^[T-T0)] (2.69)
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So according to (2.69), there is a linear relation between the total density
? and the temperature T and so the energy equation (2.24) can be written in
terms of the density as

ff = "V2Q (2.70)
This equation can be written in terms of the streamfunction and the density as

Qt - VzQx + ^xQz - "V2Q = 0 (2.71)

Our gravity wave model comprises equation (2.63) coupled with equation (2.71).

2.3.3 The nondimensional equations for F and ?

We nondimensionalize equations (2.63) and (2.71) in a similar fashion to what
we did for Rossby waves. We make all the variables and parameters in the

equations (2.63) and (2.71) nondimensional on the basis of the typical length
scales Lx and L2 in the horizontal and vertical directions, U a typical velocity

scale, M a typical mass scale, the typical volume scale V, the typical kinematic

viscosity scale V and the typical thermal diffusivity constant ? in a such a way

the nondimensional quantities are ? = j-, ? = j-, t = ?^-, 1Qf = ^- , g = g*jf¿
and ?* = y, p* = pj¿, P = P*j¿ and a = 9^. The dimensional quantities are
those with a superscript *. The scale Lz is related to the dimensional scale
height H0 and for the Boussinesq approximation to be valid we consider that Lz
is relatively small, i.e., Lz « Lx. In fact, the scales for the kinematic viscosity
and the thermal diffusivity are also defined in terms of Lx and Lz, U.

In terms of the nondimensional quantities, equations (2.63) and (2.71) re-
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spectively become

?2F? - F??2F* + ???2F* + ^? - ^V-f^2 ?4F = 0 (2.72)72,17 ,T, V72,T, ? ,T, V72,T, ? ^^R _ py ^? V74,
pdx UL22Jz

and

Qt - ^zQx + ^xQz - aAjjj-V2Q = 0 (2.73)Jz

This suggests that the nondimensional kinematic viscosity and the nondimen-

sional thermal diffusivity are given respectively by

and

u = — = v^^ (2.74)V ULZ2 v '

a* Lx in '7?^a = A = aWTz (2J5)
Hence, this leads to the nondimensional equations

?2F4 - F??2F* + F??2F2 + ?^ - ??74F = 0 (2.76)
pox

and

Qt - ^zQx + ^xQz - aV2Q = 0 (2.77)

where this time the Laplacian operator is V2 = d-^ + §¿z and d = jf is the
square of the aspect ratio. Since we want Lz « Lx, we assume that d << 1.

To define the gravity wave perturbation we consider each fluid variable to be

the sum of an initial horizontal mean part and a time dependent perturbation.

We write
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^(?,?,?)=?{?)+ef(?,?,?), (2.78)

?(?,?,?)= p(z) + ep(x,z,t), (2.79)

with
LxU
?

Substituting equations (2.78) and (2.79) into equation (2.76) and (2.77) yields

Ct + u Cx - ?"f? + ^px + e{f??? - f???) - ^V2C = 0 (2.80)
P

where

C = V2V (2.81)

and

pt + Upx + ? ?? + e(???? - ????) - qS72p = 0 (2.82)

where prime represents differentiation with respect to z. We will use (2.80)
and (2.82) to simulate the propagation of gravity waves. Letting e, ? and a be
small enough, the nonlinear and the viscosity terms can be neglected to get the
linearized equations for gravity waves which are

V2^t + ??2f? - ?"?? + ^px = O (2.83)
P

and

pt + Upx + ??? = 0 (2.84)
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2.4 Asymptotic behavior of solutions of the lin-

ear problems across the critical layer

In the linear Rossby wave problem if we assume that the solution of the linear
inviscid barotropic vorticity equation (2.51) has the form ?(?, y, t) — </>(?/) elk^x~c^
then the amplitude <j>(y) is given by the Rayleigh-Kuo equation

dy2
ß C2

U-C
-Sk0 = 0 (2.85)

which is singular if ü(y) = c at some critical latitude y = yc. The solutions for
this equation (Lin 1995) can be obtained using the method of Frobenius about
y = yc and are of the form

ñ - t?"F?{?) = (y- Vc) + ^Hy - ycf + ... (2.86)2uc

and
B-uf?{?) = 1 + ... + ?-—=^Fa log {y - ye) + ... (2.87)

2uc

and the general solution is simply the linear combination f = af^+?fe where the
constant a and b are determined from the boundary conditions. Below the critical

latitude y < yc so the logarithm is expressed as log (y — yc) = log \y — yc\ + ??
where ? is called the logarithmic phase shift. Hence there is a discontinuity in

the solution f? across the critical layer.

This means that the streamfunction ? is discontinuous across the critical

layer and the average momentum flux which has a jump discontinuity at y = yc
would be independent of y according to the Eliassen-Palm theorem (Appendix

B). The singularity in equation (2.85) and the discontinuity are the results of
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having neglected the time dependence of the amplitude of the solution.

This analysis of the behavior of the disturbance across the critical layer can

be generalized to the more realistic situation for which it is assumed that the
streamfunction has the form f(?, y, t) = ? (y, t)elkx and the amplitude varies with
time. For the special case ü = y and d = 0 (the long-wave assumption) we can
derive an asymptotic solution in terms of modified Bessel functions (Dickinison

1970 and Warn and Warn 1976). In this particular case the critical latitude is
at yc = 0.

Setting u = y and d = 0 and applying the Laplace transform to (2.85) and
rearranging terms leads to

is

V~~k) ^w^' ^ + ^' ^ = ° (2.88)

where $(y,s) is the Laplace transform of xß(y,t). If at y = y\ we apply the
monochromatic forcing ip(x,yi,t) = elk°x so tß(yi = l,t) and ip(yi,s) = K
Solutions of (2.88) can be expressed in terms of modified Bessel functions Ji and
/Ci and it is required that the solution is bounded as y —» — oo. We find

?(?'^) = ?/t^)? (2.89)

where

F(s) =

/ . \ 1/2

(e - *) /Ci

(i-y) 1/2'

(£ - »0 1/2

where /Q is the modified Bessel function of the second kind of order 1.

An asymptotic solution valid in the 'outer' region above and below the critical
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layer mainly called the outer solution and valid for large time was first correctly
derived by Warn and Warn (1976) by taking the inverse Laplace transform of
?(?, y, s) to obtain

, , . -iknX [-V)112K1 [{-yf'2] 1 e^?[?, ytt)~e (_yi)1/2Ki [2(-yi)1/2l (? - yiY/2Ki [2(y - 2/i)1/2] ^0V2
+e-^ivx - y)1,2Kx [2(yi - y)1'2] ^- + (Ky-H'3)

(2.90)

(-y)1/2)C [2(-y)1/2] ~ 1 + logy + (1 - 27)y + ....,

where log y = log \y\ + ?? for y < 0 and one can show that ? = —p. The solution
inside the critical layer can be obtained using a combination of the method of
matched asymptotic expansions and the method of multiple scales. Solution

(2.90) exhibit the same logarithmic phase shift ? = —p as the steady solution
(2.87) and tends to a steady solution as t becomes large.

The leading order steady term of the solution is discontinuous so the av-
eraged momentum flux is discontinous above the critical layer. In a nonlinear
configuration this divergence of momentum flux results in an acceleration of the
mean flow in the critical layer. The physical interpretation of this is that there

is a transfer of momentum flux (and energy) from the waves to the mean flow
or the waves are absorbed by the mean flow.

A similar analysis for gravity waves can be carried out. Since the propagation
of gravity waves is governed by 2 equations, equations (2.83) and (2.84), it is
better to combine these 2 equations into one in order to reduce the complexity of

the problem. To do so, let us apply the operator [J¿ + ttj^] to equation (2.83),
and 3I J^ to equation (2.84) to obtain respectively
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d_ _d_
dt dx V2-0 -u (z) d_ _d_

dt dx F? + d_ _d_
dt dx 'W) =0 (2'91)

and

where

9

P
d_ _d_
dt dx px = N2Ipx

2 9 dpNz =
pdz

(2.92)

(2.93)

N has unit of frequency s x and is called the Brunt-Väisälä frequency. Substi-
tuting for p into equation (2.93) yields

2 9N¿ =
Ho (2.94)

the constant Brunt-Väisälä frequency to be used in this study. Combining equa-

tions (2.91) and (2.92) yields

d_ _d_
dt dx \?2f-?'{?) d_ _d_

dt dx F? + ?2f?? = 0 (2.95)

We assume that the solution of this equation has the form f(?, ?, t) = 4>{z)elk°(x~ct\
Miles (1961) found that the independent linear solutions to the steady amplitude
equation that is given by the Taylor Goldstein equation

O2I
dz2

N2
(u — cy

+
U

(U c)
Sk2 0 = 0, (2.96)

which are

bA{z) ~ (z - Z0) 1/2+Í7

>B (z) ~ (z - Zc) 1/2-Í7

(2.97)

(2.98)
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are valid in the outer region above and below the critical level and are discon-

tinuous across the critical layer with a phase change of —p. In the case where

u = z and d = 0 the solutions are given exactly by the expressions in (2.97) and
(2.98).

Booker and Bretherton (1967) in their study generalized this problem by
assuming ip(x,z,t) = ip(z,t)elkx and did apply a monochromatic forcing elkoX at
? = Zy. They concluded that there is wave absorption by the mean flow across
the critical layer as in the linear Rossby wave problem. In the present study the

main question is " What actually happen if there is not a critical layer in the

flow? ".

2.5 Exact expressions for transient Rossby and

gravity waves

In our numerical solution we use a mean flow with no critical latitude or critical

level. The simplest way to do so is to set ü =constant. For this type of the

mean flow velocity Nadon and Campbell (2007) derived an exact expression for
the transient gravity wave for a monochromatic forcing elkoX applied at lower
boundary ? = Z\. Seeking a solution of the form f(?,?,?) = i¡)(z,t)elkoX and
taking the long-wave limit d = 0, they obtained the amplitude equation

<ßzz(z,t)-N2k2J(z,t) = 0 (2.99)d_
dt + ik0u
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which they solved by taking a Laplace transform in time. For a wave with

upward group velocity and positive wavenumber k0 > 0 they got the solution

f(?, ?, t) = ^e-iM^ - e^-> ¿ (VN{Z;Z^) n Jn^Nk0{z- Z1)I)
+CC,

(2.100)

where Jn are Bessel functions of the first type of order n. This series solution

is an example of a general class of series called Neumann series whose elements

are Bessel functions of increasing order. Neumann series and their relations to

Laplace integrals are discussed in the recent work of Pogany and SuIi (2009).
If the time t —> oo the second term of (2.100) vanishes, the remaining term

purely periodic in ? and ? and is the solution of the Taylor Goldstein equation

(2.96). We note that ?(?, ?, t) is continuous and is finite as the time t approaches
infinity. By using the series expansion for the Bessel function

l\2j+n

j=o fl(n + J)}-
it is easy to verify that the solution (2.100) is zero at the time t = 0.

A similar approach to that of Nadon and Campbell (2007) can be utilized in
order to derive an exact expression for the transient Rossby wave in the long-wave

limit 5 = 0. If we seek a solution of the form ip(x,y,t) = <\>{y,t)ék°x with the
monochromatic forcing being applied at the upper boundary of the rectangular

domain y = y\ and then solve the linearized inviscid barotropic equation by

taking a Laplace transform in time we find that the Laplace transform of the
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amplitude <p(y, t) is
±i.rJSñEZ

? y s+ik0u

<f>(y,s) = (2.101)

4>(y,t) is computed in Appendix D by inverting the Laplace transform and is
given by

F?~6 2e hh(ik°ü)l+1 (2/ + 2i + 2)!j!
(2.102)

Hence the streamfunction ip(x,y,t) is given by

W'V'V- 2^(Jkn)I+I (2l + 2j + 2)\jl
+eik0xe-i^(y-yl) + cc(2.103)

It is shown in Appendix D that the transient part of </>(y,t) is convergent
and bounded, the steady term is periodic in ? and y and is the solution of the

Rayleigh-Kuo equation (2.85). The streamfunction t¡>(x,y,t) is continuous and
approaches a finite value as the time t approaches infinity. So in the configura-
tion in which there is no critical latitude the exact expression for the transient

gravity wave (2.100) and that for the transient Rossby (2.103) do not have sin-
gularities. Hence the waves propagate all the way to the outflow boundary and
so it is important to correctly implement a nonreflecting boundary condition or
radiation condition at the outflow boundary.



Chapter 3

The derivation of the radiation

conditions

In this chapter we describe and derive different boundary conditions that can be

applied at the outflow boundary of each of our wave propagation configurations.
The simplest one is to let the streamfunction vanish, F = 0, at the outflow
boundary. In a configuration where there is a critical layer, the asymptotic
solutions described in section 2.4 and numerical simulations show that there is

not much transmission of wave activity beyond the critical layer. In the linear

case, the waves are absorbed at the critical layer and do not reach the outflow
boundary; in the nonlinear case there is wave reflection and absorbtion but not

much transmission. It is therefore reasonable to apply a zero boundary condition

at the outflow boundary.

If the mean flow profile is such that there is no critical layer, then the waves

propagate all the way to the outflow boundary in both the linear and the nonlin-
ear problems, and therefore a zero boundary condition is not appropriate in that

case and a non-reflecting boundary condition is needed. A simple non-reflecting
40
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boundary condition can be derived from the steady linearized equations. A time-
dependent radiation condition for Rossby waves was developed by Béland and

Warn (1975) and for gravity waves by Campbell and Maslowe (2003). In this
chapter we describe these boundary conditions. So in total 3 types of boundary

conditions will be implemented, the zero, the steady and the time-dependent

boundary conditions. For nonlinear problems, we also derive a nonlinear correc-

tion to the linear time-dependent boundary conditions.

3.1 Steady radiation condition

3.1.1 Steady radiation condition for Rossby waves

In order to derive the steady radiation condition, let us consider the streamfunc-

tion ?(?, y, t) to be a plane wave with a single wavenumber k0 in the x-direction,
for which the amplitude is a function of y only. The fixed wavenumber k0 and
the phase speed c are specified by imposing a boundary condition e^"^"^ at
the forced boundary. So the streamfunction is simply

f(?,?,?) = f(?)ß^?-^ + ?.?. (3.1)

where the amplitude f is complex. Now, let us make a substitution for ?(?, y, t)
into equation (2.51) to get the Rayleigh-Kuo equation (2.85).

If ? is constant then the equation (2.85) can be written as

(Éy-")(Ì+")m = 0 (3'2)
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where

,2 ßI2 = -^- - d??, (3.3)
U-C

If -^ ¿?;^ < O then the solutions grow or decay exponentially with y and
there is no wave propagation. We only consider the case ^ — Sk2 > 0 which
allow wave propagation.

The steady radiation condition is

^±¿/0 = 0 (3.4)
ay

at the outflow boundary y = y2. The choice of the sign in (3.4) is determined
by the sign of the ¿/-component Cgy of the group velocity. If the sign of Cgy is
positive, the waves propagate upward. If it is negative, then the waves propa-
gate downward. In our Rossby wave configuration the forcing is at the upper
boundary of the rectangular domain; so the waves propagate downward. There-

fore we need Cgy to be negative. The y-component of the group velocity is (see
Appendix A)

2ßlk
(Ok2 + 12)2Cgy - isi.o. , io\o (3·5)

For the solution with the wavenumber +1 the y-component of the group

velocity is

while for the solution with wavenumber —I,

C ( 1) duJ - 2ßlk Í3 7)°*A V- d(-l) ~ (Ok* + py { '
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If k > O, I > 0 then Cgy(l) > 0 and Cgy(—l) < 0. Thus in order to have a
downward propagating wave with Cgy < 0 we must choose — Z which corresponds
to f ~ e~lly. If k > 0, Z < 0 then we must choose +/ which corresponds to
f ~ eily. If k < 0 then we choose +1 for I > 0 and — Z for Z < 0. Hence, the
steady boundary condition is given by

^- + sgn( k) ?\1\f = 0 (3.8)dy

This steady radiation condition can be used in an approximate sense in cases

where u(y) is approximately constant near the outflow boundary, e.g if ü =
tanh (y — yc) for y\ > y > yi with the radiation condition at y = y^ then
ñ{y-¿) ~ —1 provided yc — y2 is large enough and we can compute Z as

Z2 « -^- Sk¡ (3.9)?(???) - c

In a configuration where the perturbation comprises a spectrum of wavenum-
bers

k=K/2

^(x, y,t)= S My)eiK{x-ct) , (3.10)
fc=-if/2

where ? = k0k with A; = — K/2, · · -A"/2, we can apply (3.8) for each wavenumber
? as

where

?f>! +sgn(k) i\l\<f>k = 0 (3.11)

Hk)^-T-? òn2{k) (3.12)«(îfe) - e
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In the section (3.2), we will assume the amplitude of the streamfunction depends
upon on time, we will have to use the Laplace transform in order to derive an

appropriate boundary condition and this will leads to a Laplace convolution

integral.

3.1.2 Steady radiation condition for gravity waves

To derive the steady radiation condition for gravity waves we proceed in a similar

way to Rossby wave case; we only have to replace y by ? in (3.1) and express f
as

f(?, ?, t) = 4>{Zyk°{x-ct) + c.c. (3.13)

where f is complex with imposed boundary condition ß??<>(?-<*) at z = Z\. Sub-
stituting f into equation (2.95) yields the Taylor Goldstein equation (2.96). If
ü is constant then equation (2.96)

W ~ im) \?? + im Ì f^ = ° ^3'14^
where

/V2
m2 = j- -2 - OkI > 0 (3.15)(U(Z2) - c)2

We consider the case ,-JX^2 — Sh% > 0 which allows wave propagation. If
(ü(^)-c)2 ~ ^o < ^ ^hen ^e solutions grow or decay exponentially with ? and
therefore there is no wave propagation as in the Rossby wave problem.

So the radiation condition is

^±?p?f = 0 (3.16)dz
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at the outflow boundary ? = Z2. The sign in (3.16) depends on the sign of the

^-component (Cgz) of the group velocity. In the gravity wave case the forcing is
applied at the lower boundary, the waves propagate upward. So Cgz needs to be
positive. The ^-component of the group velocity is (see Appendix A)

_ d? _ Nkm
9Z~ dm~ (d? + p??* [ }

It is not easy to figure out if Cgz is either positive or negative by inspecting
(3.17) because of the duality of the ± signs. One can use the expression for
the ^-component of the phase velocity to get rid of these signs (Booker and
Bretherton 1967). The x-component of the phase velocity is (see Appendix A)
given by

N

c = Cx = UT(ôk* + m*y/z (3?8)
From (3.18) one can show that

VlV-J =T(5A;2 + m2)3/2 (3"19)
In our configuration c = Cx = 0. Combining (3.17) and (3.19) yields

C9, = <^|^? (3.20)
The vertical wavenumber m defined by (3.15) can be either positive or negative.

Now let us define m so that sgn(m) = sgn(u — c). For the solution with

wavenumber m which has the same sign as ü — c, Cgz is given by (3.20). For the
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solution with wavenumber —m which has the opposite sign to u — c,

du (c - üfmk

So if k > 0, Cgz(m) < 0 and Cgz(—m) > 0 and so for upward propagation we
should choose —m. If k < 0 then we must choose +m. Hence, the radiation

condition is

^ + sgn( k)i\m\(j> = 0 (3.22)
Again we can use this radiation condition in an approximate sense for a mean

flow configuration that is approximately constant near the outflow boundary e.g.
û = tanh(z — zc). This can be generalized to a configuration where there is a
spectrum of wavenumbers, «(&) with k = —K/2, ¦ ¦ ·, ?/2, f in this case is given
by

k=K/2

4{x,z,t)= S Mz)eiK{x-Ct\ (3-23)
k=-K/2

We can apply (3.22) for each wavenumber ? as

d(j>k
dz

where

+ sgn{ k)i\m(k)\(¡)k = 0 (3.24)

N2
m2(k) « ——? r, - ÔK2{k) (3.25)[U[Z2) - e)2
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3.2 Time-dependent linear radiation conditions

3.2.1 Time-dependent linear radiation condition for Rossby
waves

The time-dependent radiation condition for this configuration was derived by

Béland and Warn (1975). Again it is assumed that u is constant near the outflow
boundary, but we now consider a solution where the amplitude changes with
time. First, we are going to derive the boundary condition for a wave comprising

a single zonal wavenumber k0 and next generalize it to a configuration where
there is a spectrum of wavenumbers by applying the Fourier transform. In order
to do so, let us consider ip(x,y,t) is given by

i}(x,y,t) = TP(y,t)eik°x + c.c., (3.26)

f is no longer a plane wave because its amplitude ¦*/>(?/, t) is a function of time.
To take into account time dependence of f, we take the Laplace transform to

(2.50) and (3.26), apply the condition of the initial zero vorticity x/jyy(y,Q) = 0
and then combine these 2 equations to yield

[s + ik0u]
ß2

4>{y,s) + ikoß4>(y,s) = 0 (3.27)dy2

where f is the Fourier-Laplace transform of f. Rearranging terms yields

ik0ß
F?? Sk* - f = 0 (3.28)(s + ik0u)\

i.e. the Rayleigh-Kuo equation with complex phase speed c = —y.
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If u is constant, one can write (3.28) as

l+*w d_
dy H(s) 4>{y,s) = 0 (3.29)

where H(s) is the square root of the expression in the square brackets in the
equation (3.28) and is given by

H(s) = S1^k0 (S + ikQÜ)-M-0
(s + ik0u)

1/2

(3.30)

with TZ[H(s)] > 0. Using group velocity arguments we get a bounded solution
as y —>· —oo by keeping the term with the negative sign in front H(s), then

I-*« 4>(y,s) = 0 (3.31)

The inverse Laplace transform of H(s) can be found from tables (see for example
Abramowitz and Stegun 1964) and is given by

ha) = -j-e^^y J1I=^-W*2dk0 25L· + ô1/2koô{t-0), (3.32)

where ô(t — 0) is the delta function and J0, J\ are Bessel functions of order zero
and one respectively. If we invert the Laplace transform, equation(3.31) becomes

¦^4>(y,t)-h(t)*u(y,t) = 0 (3.33)
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where

h(t) * f(?, t) = C-1 I H(s)j>(y, s)] = J j>(y, r)h(t - t)dr. (3.34)
o

is the Laplace convolution integral of h(t) and ip(x,y,t). So at the boundary,
with a single wavenumber, tp(x,y,t) satisfies

t

|^(y, Í) - 5l'2k0iP{y, t) = J f(?, r)H(t - r)dr. (3.35)
where

H{t) = JLM1+^k)*
261/2 Jl{25k0)+iJo\2ôkc

= h(t) - ô1/2k0ô(t - 0) (3.36)

In a configuration where there is a spectrum of wavenumbers

k=K/2

k=-K/2
(3.37)

and for each wavenumber ? ? satisfies

d_
dy

F.
t

%{y, t) - ¿1/2/c4(y, Í) = J MV, t)?(?, t - r)dr. (3.38)
where ? = ?(?, t) is obtained by simply replacing k0 by ? in (3.36).

For the special case of long waves that we are considering here where d <§; 1,
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H could be approximated by

ff(K,*W^^, (3-39)
and its inverse Laplace transform is simply given by

h(K,t)*t\lZ-^e-iKiit (3.40)
7GG

Hence, an approximation to equation (3.38) is in this case given by

¿&(?, t) - f^- J J^M*, r)e-^-^dr = 0 (3.41)
o

3.2.2 Time-dependent linear radiation condition for grav-

ity waves

This time-dependent radiation condition is derived for gravity waves using the
linear equations (2.83) and (2.84) and was first developed by Campbell and
Maslowe (2003). It is derived for the case where ü is constant or approximately
constant near the outflow boundary. We use equation (2.95) to derive the time-

dependent radiation condition. We proceed in a similar way as in the Rossby
waves case. We first consider a wave with a single wavenumber k0 for which the

streamfunction is given by

f(?, ?, t) = f{?, t)ék°x + ce, (3.42)
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Substitute into (2.95) and next take the Laplace transform and apply the con-
dition of the initial zero vorticity ???(?, 0) = 0 and f?^(?, 0) = 0 to yield

_i2[s + ik0u]
d2

^,s)-fco2JV%s)=0 (3.43)

where ip(z,s) is the Fourier-Laplace transform of f(?,?,?). Rearranging the
terms to get

F?? -
/V2A-2

f = 0, (3.44)[(s + ik0ü)2 0J

which is the Taylor-Goldstein equation with complex phase speed C= ?-. More-
over let us rewrite equation (3.44) as

'! + "M I-m f{?,8)=0 (3.45)

where H(s) is the square root of the expression in the brackets in the equation
(3.44), is given by

H{s) = bll2k0 (s + iKuf + N2/d
(s + ik0ü)2

2 /s-i 1/2
(3.46)

and Re[H(s)] > 0. We obtain a bounded solution for equation (3.45) as ? —? oo
by keeping the expression with the positive sign. Hence

f? + ?(8)f = 0 (3.47)
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It is found (Abramowitz and Stegun 1964) that its inverse Laplace transform is
given by

?
?2Nk G?

h(t) = -^- / ^J1 (aT)dre-ik"m + 5ll2k0e'ik"üt5{t - 0), (3.48)
o

where S(t — 0) is the delta function and the constant a — N2k0/S. If we apply
the inverse Laplace transform to (3.47), we find that ip(z,t) satisfies

t

J^A(Z, t) + S1Z2K^(Z, t) = - ! f{?, T)H(t - r)dr. (3.49)
where

H{t) = h(t) - ô1/2k0ô(t - 0) = -S1/2k0g{t)e-ik°üt (3.50)

and
?

g(t) = J-JiMdn. (3.51)
o

For a configuration where there is a spectrum of wavenumbers

k=K/2

f(?,?,?) = J2 M^tykokx, (3.52)
k=-K/2

and for each wavenumber ?, f satisfies

t

¦¡¡¿M*, *) + S1/2mßk(z, t) = -J M*, t)?{?, t - t)?t (3.53)
o
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where /c(fc) = k0k and now h = h(K,t), is obtained by simply replacing k0 by ?
in the expression for h, equation (3.48).

For the special case of long waves that we are considering here where ?<1,
H could be approximated by

Nk
H(K,s)fn , (3.54)

S + ZKU

and its inverse Laplace transform is simply given by

/?(?, t) » NKe~iKüt. (3.55)

Hence, an approximation to equation (3.53) is in this case given by

?

J^fc(*, t) + Nne-iKüt J Mz, r)éKÜTdr = 0 (3.56)
o

3.3 Time-dependent nonlinear radiation condi-

tions

All the radiation conditions derived in section 3.1 and section 3.2 are based on

linearized equations. In this section we describe a way to take into account

the nonlinear terms in equations (2.50) and (2.80) for Rossby and gravity waves
respectively. In order to do so, we make use of weakly-nonlinear theory assuming

f is

¦f ~ f{0) + ef{1) + .... (3.57)
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where f^ is the solution obtained if linearized equations are used and f^ can
be obtained by substituting (3.57) into the nonlinear inviscid equations (2.50)
and (2.80)-(2.82). Substituting f into the inviscid barotropic vorticity equation
(2.50) yields

d_ __<?_'
dt dx W°) + e(^°)V2<) - <)W^) + (ß - u W

+e d_ _d_
dt dx V2V(1) + e{ß - ?")?? + 0(e2) = 0 (3.58)

We group terms according to the order of e as

0(e°) : d_ _d_
dt dx ?2f^ + (ß-?")f^ = 0 (3.59)

(Ke1) : d_ _d_
dt dx W(1) + (ß- u W = -(^0)v2<) - <>Wf)

(3.60)

Equation (3.59) is just the linear inviscid barotropic vorticity equation which has
solution given by (3.38). Equation (3.60) is a linear nonhomogeneous inviscid
barotropic vorticity equation with the solution

F(1) = ?? + W (3.61)

where f? is the solution of the homogeneous linear equation and f? is a
particular solution of the nonhomogeneous equation (3.60).
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In order to find the particular solution we substitute

k=K/2

k=-K/2
(3.62)

into the nonhomogeneous equation (3.60) then take the Laplace transform of the
resulting equation, apply the condition of initial zero vorticity Úyy(y, 0) = 0 and
factorize the linear differential operator. We define

and

g(K,y,t) = Jr{g(x,y,t)}

§(k, y, s) = £{g} = T{C{g}}

To solve the nonhomogeneous equation (3.60) we take a Laplace transform and
obtain

^- + H(k,s)dy
d_

dy H(k,s) 4>l1](y,s) = g{K,y,s)
S + iKU (3.63)

as before where ?(?, s) is given by

?(?, s) = d1/2? (s + iKU)

1/2

(3.64)

with TZe(H) > 0 and $(K,y,s) and f(?^,?) are the Fourier-Laplace transform
and the Fourier transform of f respectively. Equation (3.63) can be solved by
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multiplying by an integrating factor e H^8)y to get

d_
dy

-Hy d_
dy H{K,s))^\y,s) = e -H{K,s)y 9^2IlA

S + IKU (3.65)

Integrating with respect to y gives

I -*<«¦·> ¿?>(?, y, s) = e"'"·*1 / e-»^'·?'9{-?·?·8)?? (3.66)^ J S + IKU

which satisfies the condition of downward propagation.

Clearly (3.66) is not easy to compute in general. For the particular wavenum-
ber ? = 0 however, H(k, s) = 0 and so equation (3.66) becomes

1^(0,,,,) = /^* (3.67)

If we invert the Laplace transform, equation (3.67) becomes

d_
dy

t

^(0,2/,?) = J J g{0,y,r)dydr (3.68)

This result for ? = 0 could be obtained directly from (3.60) without needing a
Laplace transform by setting ? = 0 in (3.60) and integrating with respect to t
and y.
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For ? = 0, we note that ¿7(0, y, t) is equal to the x-average of g(x, y, t) and so

2tt 2tt
fco fco

S(o, y. *) = ^ / ??*> »> Od* = ¿ / '(? ??(0))?
o

2p
fco

Kfd2
o
/^fVfdx (3.69)

as shown in Appendix B.l. So the nonlinear radiation condition for the K = O

component of the solution is given by

t

—f(? = 0,y,t)= / f(? = 0, y, t)?{? = 0, t - r)dr
0

t 2-K/ko
}2

~eÉJ J dy* j ^ydxdydl

This equation can be written as

t

¦?-f(? = 0, y, t) = / f (? = 0, y, t)?(? = 0, ? - r)dr
?

? 27r/fco

-£tjíy I ^ydxdT
o o

í i

= f(? = 0, j/, r)W(/c = 0, í - t)?t + e ñ~Fdr

(3.70)

(3.71)
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where F is the averaged momentum flux (see appendix B.l) and is given by

F = - K0

2p

?-p/ko

I ?????? (3.72)

If we apply weakly nonlinear theory to the gravity wave problem as in the

Rossby wave problem we obtain the following equations according to the order

of e:

0(e°) : d_ _d_
dt dx

t2

vV0)-«"(2) d_ _d_
dt dx ^f + tfVÏÏ = 0 (3.73)

0(8') : d_ _d_
dt dx V2^-U(Z) d_ _d_

dt dx

d_ _d_
dt dx

F?1] + "Va

j(V(0),vV°)) (3.74)

where f^ is the solution of the linear equation (2.95) and ?^ is of the form
of (3.61) which the particular solution of the nonhomogeneous equation satisfies
an equation analogous to (3.66). For ? = 0 we can find a nonlinear correction
by integrating (3.74) twice with respect to t and once with respect to ? to yield

A. ¦
dz

t t

ffliO, z,t) = Í I g(0,z,r)dzdr = - í ÍV{J(V>(0) ,V^0))}dzdr
0 0

2p 2p
Tr Kq C Kq

- -è//ê/*-w^<^= -s/!/^^*** (3·75)
o o

according to Appendix B.l. Hence the component of the solution corresponding



to the horizontal wavenumber ? = 0 is given by

t

-ip(K = 0,z,t)= / f(? = 0, ?, t)?{? = 0,t- r)dr' J
o

t 2n/k0

-e?- -g- ???????t

dz

o o
t t

= f(? = 0, ?, t)?{? = 0, t - r)dr + e t?^t

59

(3.76)

where F is the averaged momentum flux (see appendix B.l) and is given by

2n/k0

= -?- I ?????? (3.77)
0



Chapter 4

Numerical implementation

The numerical model for the Rossby wave propagation problem is

Ct + ??? + {ß- ?")f? + e(f??? - f???) - uW2C = 0 (4.1)

W = C (4.2)

The numerical simulation is carried out on a rectangular domain defined by

Xi < x < X2 and yi > y > V2 with the following initial and boundary conditions

?(?,?,0) = ?(?,?,0) = 0 (4.3)

tl>{xtyi,t) = eik°x + c.c, C(x,yi,t) = 0 (4.4)

We set Xi = 0, £2 = 2p/?;0, y\ = 5 and y2 = —5, and apply periodic boundary
conditions on both f and ( at I1 and X2- At the outflow boundary y = y2,

we apply the zero boundary conditions f = 0, ? = 0 or we apply one of the
radiation conditions (3.11) or (3.38) for f and then solve for ? using (4.1).

60
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The numerical implementation is performed using finite difference explicit

approximation and spectral methods. The spectral method is used since the
boundary conditions are periodic in ? and therefore the fast Fourier Transform

(FFT) algorithm is utilized in the numerical implementation. Applying the
Fourier transform in ? to this problem yields

Ô + ??(?? + (ß- ?")f) + e?[???? - f???] + UOk2C - uCyy = 0 (4.5)

f? - d?2f = ? (4.6)

with the initial conditions

^k, y, O) = C(K, 2/, O) = O (4.7)

and the boundary conditions

?«,?/?,?) = 1, C(K,yut) = 0 (4.8)

and the radiation condition (3.11) or (3.38) being applied at y — y2 to compute
f and then using (4.5) to compute ?.

In the linear problem there are no interactions between harmonics since e is

set to zero. So simulations are carried out with a single wavenumber k0 in the ?

direction and the use of the spectral method is not needed. The linear problem

is defined as

Ct + ^Cx + (ß- ?")f? - UV2C = 0 (4-9)

V2V = C (4-10)
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with the same boundary condition as in the nonlinear problem.

The independent variables are approximated by Xk = kAx, yf = jAy and
tn = nAt with Ax, Ay, and At being the increments in x, y and t respectively.
The discretized dependent variables in wavenumber space are given by

$(K,y,t) » î>(k,jAy,nAt) = f^ (4.11)

and

C{K,y,t) « Ç(k,jAy,nAt) = ?^ (4.12)

with ? = 1, 2, · · ·, N, j = 1, 2, · · ·, J, k = 1, 2, · · ·, K.

The simulation is done with the following spectrum of wavenumbers in the ?

direction ? = ¦ · ·, -3k0, —2k0, -k0, 0, +k0, +2k0, +3k0, ¦ ¦ ·, where k0 is the wave

number at the forcing (the upper boundary). The time step was set to ?? =
0.001 and different values of Ay were tried in the numerical experiments, Ay =
—0.02, —0.05, —0.1, —0.2 and results obtained from these numerical experiments
were similar.

The value of At required for stability could be reduced by using an implicit
scheme but then there is the additional expense of inverting a matrix at each

time step. The results shown here were obtained with an explicit scheme. The
value of ?? = 0.001 was found to be sufficiently small to maintain stability. Note

that Ay is negative since j = 1 is the forced boundary y = yi and j = J is the
outflow boundary y = y% and y\ > y<i-

We discretize equation (4.5) using the Euler forward in time finite difference
approximation and the second order central finite difference approximation in y
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inside the rectangular domain to obtain

Qj = Qj - « [iß - *i)1>kj + *iCkj\ ?? - e??, C)Ai
+? [&+? + äj-i - Qj (^A*,)2 + 2)] ^ (4.13)

where J(^, C) is the discrete Fourier transform (DFT) of the nonlinear term
(Jacobian) in the equation (4.5). We compute the Jacobian at each time level
using the pseudospectral methods instead of the Fourier convolution integral
which is more expensive to compute numerically, this gives

J(^, C) ~ T [?-?[??(?, y, t)]F-%{x, y,t)} - F-1^y(X, y, Q]F-1IUx, y,t)]
(4.14)

where T and T~l stand for the fast Fourier transform and the inverse fast Fourier

transform respectively. The use of the FFT and IFFT algorithms allows to

reduce the amount of computation from AN2 to AN log2 N if the DFT and the
IDFT are used.

The linear problem with e = 0 is discretized using finite difference approxi-
mation in both time and space variables to obtain

QT = Qj - %h° [(ß - fi>k + öä] At
+v [CSj+I + Qj-i - Qj i^yf + 2)] ^ (4.15)

At each time level, we compute f using

??? - d?2? = C (4.16)



64

This is discretized to obtain

C+i - (2 + 5AyV)C- + C-i (Ay)2Cj (4.17)

Equation (4.17) can be written in matrix form as

AU = b (4.18)

where U, the matrix A and the vector b are given respectively by

1 F?? ^

U =

1>h
F13

V ah )

(4.19)

/

A =

0

-2-S[Ay)2K2 1
1 -2 - S[Ay)2K2 1

Aj-i,j Ajtj J
(4.20)
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and

Sfc.l
An
Sfc,2

b = (Ayf
•>k,3

(4.21)

/-n

Sfe,J-l

v *» y
Since A is tridiagonal and diagonally dominant we can readily solve for ? and
then invert the transform to get f. The values of the elements in the Jth row of
the matrix A, Aj_ltJ and Ajj, and the element bj in the Jth row of the vector
b are given by the boundary condition specified.

To implement the zero boundary condition we set Aj-±tj = 0, Aj^ = 1 and

bj = 0 so that f\3 = 0.
The steady boundary condition is given by equation (3.8) which is discretized
using the backward finite difference approximation to obtain

(I + sgn(k) i\l\Ay)4,lj - rktJ^ = 0 (4.22)

This implies that Aj-^j = 0, AJtJ = 1 + sgn{k) i\l\ày and bj = 0 where
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The numerical model for gravity waves is

C4 + ?'?? - ?"f? + e(f??? - f???) + g^- u\/2C = 0 (4.23)

where

C = VV (4-24)

and

Pt + üpx + ?f? + e(f??? - f???) - aV2p = 0 (4.25)

The numerical simulation is carried out on a rectangular domain in the vertical

plane which is defined by X1 < ? < x^ and Z1 < ? < Z2;
with the initial conditions

?(?,?,0) = ?(?,?,0) = 0 (4.26)

p(x,z,0) = p(z) = e-t;, (4.27)

and the boundary conditions

f(?, Z1, t) = ék°x + ce, ?(?, Z1, i) = 0, (4.28)

and the radiation condition for f is implemented at z = Z2 and (4.23) is used to
compute ? as in the Rossby wave problem. We set X1 = 0, X2 = 2n/k0, Z1 = 0,
Z2 = 10 and apply periodic boundary conditions on both f, ? and ? at X1 and
X2.
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The linear model is obtained by simply setting e = 0 as in Rossby wave prob-

lem and with the same boundary conditions as in the nonlinear problem. The

same procedure as for Rossby waves is used for gravity waves numerical imple-
mentation. We take a Fourier transform in ? of equations (4.23) and (4.24), then
discretize the resulting equations using finite differences in ? and in t variables.

The difference equations are

Qj - Cfcj m

+v Qj+i + CZj-i - Qj (S(kAz)2 + 2)

??- eJ(iß, C)At
At

(Az)2 (4.29)

¿ÏÏ1 = Ph - « UfPl0 + H-1P^ At - e?(f, p)At
At

+<* fe+i + Ph-i - Ph (<^?*)2 + 2)] JKzY (430)
where ¿(?, ?) and J(f, ?) are the DFT of the nonlinear terms (Jacobian) in the
equations (4.23) and (4.25) and are computed again using the pseudospectral
methods.
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To obtain ·0£ ¦ at each new time level we solve AU = b where A is a matrix
of the form

/

A =

1 0

1 -2-d{??)2?2 1
1 -2 - S(Az)2K2 1

and 6 is a vector of the form

SkA

b = (Azf

?
k,2C

An
Sfc,3

sfe,J-l

V /

\

?

(4.31)

(4.32)

In the standard run we used Az = 0.1 and ?? = 0.001 for similar reasons as

in the Rossby wave problem. The only difference is that in the gravity wave
configuration the forced boundary z\ is at the bottom and so Az is positive. As
before the entries AJtJ, Ajtj-i and bj are determined by the condition imposed
at ? = Z2.

For the zero boundary AJtJ = 1, Aj;J_i = 0 and bj = 0 so that ^- = 0.
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The steady boundary condition is given by equation (3.24) which is discretized
using the backward finite difference approximation to obtain

(1 + sgn{k) i\m\Az)^lj - ^1 = 0 (4.33)

This implies that Aj^^j = 0, Ajj = 1 + sgn(k) i\m\Az and bj = 0 where
m = ±?/ ,-N2,2 — d?2.Y [u-c)¿

4.1 Local in time implementation of the linear

time-dependent radiation condition

The convolution integrals in the time-dependent radiation conditions for Rossby

and gravity waves are nonlocal in time. Computing these convolution integrals
means that we need to sum up information from all previous levels. A less

expensive method of computation is to make the discretization local in time. It
consists of splitting the integral into a sum of 2 integrals.

The time-dependent radiation condition for Rossby waves is given by equation

(3.38), we split it into two integrals to get

d_
dy f(?, y, t) - d1/2??(?, y,t) = / f(?, y, t)?(?, t - r)dr

i f(?, y, T)H[K, t - r)dr. (4.34)
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and let t = £„_i and t = tn so that the semi-discrete form of (4.34) is given by

(1 + O1I2KAy)^j - C1^1 = AyCn, (4.35)

where

¿n— 1 in

Cn = I f(?^,t)?(?,??-t)?t + / f(?,?,t)?(?,??-t)?t
0 ?„-?

ín— 1 In

« / 4)(K,y,r)H(K,tn-i-T)dr+ / f (?, y, T)H(^tn - r)dr

= C"-1 + ACn (4.36)
tn-l

TO- 1

such that at each time level we just sum up the actual ACn to the old Cn 1 to
get Cn. Therefore for the Rossby wave time-dependent radiation condition we

set Aj^j = -1, AjtJ = 1 + S1^2KAy and bj = g.
At t = 0 we have C0 = 0. At the first time step ? = 1, ? = At and so

C1 = C0 + AC1. We implement ACn using the trapezoidal rule to yield

ACn « ^(^-!«(«, ?? - ??_0 + ??77?(?, ?? - ??))
= ?(?>??7?^ ??) + WM*> °))

_7/;?-1 /^ ????+5/,)?*G7^?? +,·7^??

+F^, (4-37)
We compute Cn_1 just once for the first iteration and then keep adding on it
AC71 at each time level instead of computing the full integral at each time t — tn.

This method makes the algorithm run fast, easy to implement and less expensive,
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and is called the local in time discretization approximation technique. Since the

expression for Cn given in (4.36) is approximate, a small error is introduced at
each time step as a result of the difference between H(n, tn—r) and 7?(?, ??_?—t).
The order of magnitude of the error that will accumulate from t = 0 to t = tn is

0(AtAytn-i). With our choice of ?? = IO"3 and Ay = IO"1 the error is ~ 1O-2
by t = 100.

For the gravity wave problem we compute Cn ~ C"-1 + ACn where ACn is
given by

AC" » ^01H(K, tn - in_!) + UIjH(K, tn - tn))

= -S1/2K^-fy-j1g(At)e-iKüjAt (4.38)
and ^(??) is a real number and is given by

??

g(At)= f -&(as)?s (4.39)
o

and J\(aa) is the Bessel function of first kind of order 1. So the integrand in
equation (4.39) can be approximated (Abramowitz and Stegun 1964) by the first
few terms to get

a _ , . a2
-?? = ?s d

2 2 4 4a¿a¿ ara
'-- + Im + (4.40)

for a « 1 so that g (At) is given by
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?? At

g{At)= ? ^J1(aa)da = J ~ a2s2

~2

8

,2

+
4 4

l92 + da

1->3 + 4Aí5+0<At7) (441)

So for the gravity wave time-dependent radiation condition we set AJtJ = 1 +

S1^kAz, Aj^1 = -1 and bj = g.
For the case d f O the expression for Cn is approximate as in the Rossby

wave case. So an error of magnitude ~ 1O-2 would accumulate by t = 100.
However for the case d = 0 the relation Cn = Cn_1 + ACn is exact because the

integrand in (3.56) is independent of t.

4.2 Implementation of the nonlinear correction

In section 3.3 we derived an expression for a nonlinear correction that can be

added to the time-dependent linear radiation condition. The nonlinear correction

comprises a contribution for the wavenumber ?, = 0 only and it is a nonlocal in

time integral of the y derivative of the momentum flux for Rossby waves and of
the ? derivative of the momentum flux for gravity waves. The y derivative of the

momentum flux is approximated by

dF _ Ff - F^1
dy ~ Ay (4.42)
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where the momentum flux F is given in the appendix (B) and can be approxi-
mated by

h j~°° P) le K^_ iî)n — qî)nF(y,t) = I £ my,t)gUy,t) « I S kVkfk" Z^-1 (4.43)
We use the local in time computation to approximate the nonlinear correction

to obtain

in Ti-L on

°?°=e? hF{m T)dT = e I kF{v' r)dT + e I lF(y' T)dT
0 0 t„_i

= C^-1 + AC0" (4.44)

and then add Cq to the linear time-dependent radiation condition so that bj =

? ° . Cq = 0 and ACq is approximated using the trapezoidal rule.



Chapter 5

Results of the numerical

simulations

For both Rossby and gravity waves, numerical simulations are carried out us-

ing configurations in which there is no critical layer and configurations in which

there is critical layer. In section 5.1 we describe the Rossby wave simulations

results while in section 5.2 we describe the results obtained from the simulations

of gravity wave propagation. Each section in this chapter comprises three parts,

the first part describes the results for the simulations carried out in configura-

tions in which there is a critical layer in the flow and these results are used as

test cases. This means that we first use the results from these simulations to

verify the correctness of the numerical implementations by comparing with the

results obtained by Campbell (2004) in the Rossby wave case and Campbell and
Maslowe (2003) in gravity wave case.

The actual work for this project described in the remaining parts of each of

the two sections deals with simulations carried out using configurations in which

there is no critical layer and the waves propagate from the source level all the
74
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way to the opposite boundary where different boundary conditions described in

Chapter 3 are implemented. The results are shown as graphs, we then compare

these results and conclude that the time-dependent results give the most realistic

results.

5.1 Results of the simulations of the Rossby

propagation

5.1.1 Results of the simulations in a configuration with a

critical layer in the flow

We solve the initial boundary value problem (4. 1)- (4.4) using the numerical
methods described in Chapter 4. Simulations are carried out on a rectangular

domain given by 0 < ? < 2p and — 5 < y < 5 with the following parameters;
e — 0.05, ß = 1.0, and d = 0.2 and k0 = 2. The background flow was set to

u = tanhy so that the critical layer is located at yc = 0 as shown in Figure 5.1.

In the nonlinear simulations a small amount of viscosity corresponding to the

kinematic viscosity of ? = 5 · IO-5 was necessary to prevent the accumulation of
wave activity at the high end of the wavenumber spectrum and near the forced
boundary. The mean flow profile ü = tanh y does not satisfy the governing equa-
tion (4.1) with the viscous term added we need to add an extra term (—e~lvü )
to the left hand side of (4.1). The wave source is at the upper boundary of the
rectangular domain y\ = 5 and has the form

?(?, yi,t) = 2 cos k0x = elk°x + c.c. (5.1)
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Figure 5.1: Simulation of Rossby wave propagation: the background flow speed
is w = tanhy as a function of the latitude y. The critical level is at yc = 0.

Simulations for both linear and nonlinear problems were carried out over the

nondimensional time interval from t = 0 to t = 70 using the zero boundary

condition and the results are presented in Figures 5.2, 5.3 and 5.4. These results

are similar to those obtained by Campbell (2004), the only difference being that
we have used e = 0.05 instead of e = 0.02. The advantage of using a large value

of e is that phenomena from nonlinear interactions are observed at earlier time
preventing us from having to run the program for very large time.

As is shown in Figure 5.2(a) corresponding to linear simulation and Figure
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5.2(ò) to nonlinear simulation, there is little or no transmission of wave activity
beyond the critical level, wave absorption and reflection can be observed by

examining the behavior of the meridional momentum flux F in the vicinity of
the critical layer. At each time step, the jump in the momentum flux [F] across
the critical level was computed and the corresponding results are presented in

Figure 5.3. The divergence of the momentum flux ?- results in a change in the
mean flow according to ^ = — e2 ?- described in appendix B. So when [F]
is positive the waves are absorbed and the mean flow accelerates. The dashed

line corresponds to the linear simulation, at about t = 20 this line is almost

constant indicating that there is continuous absorption of the wave by the mean
flow. The nonlinear simulation result corresponds to the solid line, the jump [F]
drops to zero and to negative values indicating first reflection and then start to

oscillate from positive values indicating absorption to negative values indicating

over-reflection and at the same time decays as t becomes large.

The variation of the momentum flux F at time t = 70 as a function of

latitude y is shown in Figure 5.4 for both linear (dashed line) and nonlinear
(solid line) simulations the momentum flux is positive above the critical level
and suddenly drops to zero below the critical level. This is in agreement with

the Eliassen-Palm theorem in Appendix B which states that the momentum flux

is independent of latitude y in the absence of singularities (critical level). From
these observations we conclude that we do not need to implement a radiation

condition at the outflow boundary if there is a critical level in the flow and so
the zero boundary condition is enough.
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Figure 5.2: Linear and nonlinear simulations of Rossby wave propagation: con-
tour plot of F(?, y, t) at t — 70, (a) linear simulation with e = 0 and (b) nonlinear
simulation with e = 0.05. In both (a) and (b) d = 0.2 and ß = 1. A periodic
forcing eik°x, Jc0 = 2, has been applied at the upper boundary of the rectangular
domain. The background flow speed is ü = tanhy, the critical level is at y = 0.
Both the contour show that there are not much transmission activity beyond the
critical layer.
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Figure 5.3: Linear and nonlinear simulations of Rossby wave propagation: plot
of the jump in the momentum flux [F] across the critical layer as a function of
time for 0 < t < 70. A periodic forcing elk°x, k0 = 2, has been applied at the
upper boundary of the rectangular domain, d = 0.2 and ß = 1. The background
flow speed is ü = tanhî/, the critical level is at y = 0. The dashed line shows
the result obtained for the linear simulation (e = 0) while the solid line shows
the result obtained for the nonlinear simulation (e = 0.05). In the linear case
[F] becomes almost constant by about t = 20. This indicates absorption of the
waves by the mean flow. In the nonlinear case [F] alternates between positive
values (absorption) and the negative values (overreflection).
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Figure 5.4: Linear and nonlinear simulations of Rossby wave propagation: plot
of the momentum flux as function of the latitude y at the time t = 70. A periodic
forcing etk°x, k0 = 2, has been applied at the upper boundary of the rectangular
domain, d = 0.2 and ß = 1. The background flow speed is ü = tanhy, the
critical level is at y = 0. The dashed line corresponds to the linear simulation
(e = 0) while the solid line corresponds to the nonlinear simulation (e = 0.05).

5.1.2 Results of simulations of Rossby wave propagations

in a configuration without a critical layer in flow

In this section we show the results of the simulations carried out using a con-

figuration in which there is no critical layer. The simulations were carried out
with the same parameters and the same forcing as in the configuration in which
there is a critical layer, the only difference being that the background flow was
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modified in order to remove the critical level. In the absence of a critical layer

the waves propagate all the way to the outflow boundary. So it is important
to correctly implement the boundary condition at the outflow boundary. The
results shown here are for the mean flow profile ü = 1.

Three types of boundary conditions are implemented at the outflow bound-
ary; the zero boundary condition, the steady radiation condition and the time-
dependent radiation condition. The results obtained from linear simulations of
Rossby wave propagation are shown in Figures 5.5-5.9. The results from the
linear simulations are almost the same for t < 10, some differences are clearly

observed for t > 10. In these simulations k0 = 2, ß = 1, d = 0.2 and ü = 1,

so the meridional wavenumber is I = W | — Sk2, «¿0.45 and we except to have
a meridional wavelength of about 2p/1 « 14. The magnitude of I relative to
k0 determines the slant of the contour. The analytical solution given in section

2.5 tells us the solution comprises a steady term periodic in the y-direction with

meridional wavelength 2p/? where I2 = f — Sk2, as well as a transient term.
The results obtained with a zero boundary condition are shown in Figure 5.5.

At t = 23 the waves have reached the lower boundary and are forced to stay

inside the rectangular domain. By ? = 45 and £ = 62 it appears that there is
superposition of the incident wave with wavenumber I and a reflected wave with
a different wavenumber and wavelength.

Figure 5.6 shows the results obtained with the steady radiation condition.
In this case there is wave transmission at the outflow boundary. However one

can see from Figure 5.6 that the slant of the contours and the direction of
propagation of the wave is fixed near the outflow boundary. This is because the
steady radiation condition fixes the meridional wavenumber I ~ 0.45 and does
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not not take into account the transient part of the solution. Again there appears

to be wave reflection that cause deformations of the contours observed for t > 10

in Figure 5.6, as well as the variation of the wavelength and the increase in the

amplitude of the streamfunction at large time as seen in Figure 5.8.

If we look at Figure 5.7, we see that for t > 23 there are no deformations of
the contours, the meridional wavelength does not change much with time and

waves evolve with time near the outflow boundary. This can be explained by the

fact that the time-dependent radiation condition takes into account the tran-

sient evolution of the wave. The momentum flux for this simulations is shown

by the solid curve in Figure 5.9. We see that the momentum flux is approxi-
mately constant and independent of the latitude y which is agreement with the
Eliassen-Palm theorem which states that for a linear wave the momentum flux

is independent of y in the absence of any singularity (critical level). In contrast
the momentum flux profiles for the zero and steady boundary condition simula-

tions vary significantly with y. We conclude that the time-dependent radiation
condition gives the better results than the other two boundary conditions.

The contour plots shown in Figure 5.10 are the results of the linear simula-

tions in the long-wave limit d = 0. For t < 10 the contour plots obtained with

the time-dependent radiation condition with d = 0 are similar to those shown
in Figure 5.7 obtained with d f 0. As seen in Figure 5.10(e) at a later time
(t > 45) the solution reaches a steady state and is almost exactly periodic in the
y-direction as predicted by the exact solution (2.103).
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Figure 5.5: Linear simulation of Rossby wave propagation (e = 0) with the zero
boundary condition: contour plots of the streamfunction ip(x,y,t) obtained at
(a) t = 2, (b) t = 5, (c) t = 10, (d) t = 23, (e) t = 42 and (f) t = 62. A periodic
forcing elkoX, k0 = 2, has been applied at the upper boundary of the rectangular
domain, d = 0.2 and ß = 1. The background flow is constant, ü = 1.
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Figure 5.6: Linear simulation of Rossby wave propagation (e = 0) with the
steady boundary condition: contour plots of the streamfunction ?(?, y, t) ob-
tained at (a) t = 2, (b) t = 5, (c) ? = 10, (d) t = 23, (e) t = 42 and (f) t = 62.
A periodic forcing elk°x, k0 = 2, has been applied at the upper boundary of the
rectangular domain, d = 0.2 and /3=1. The background flow is constant, ü = 1.
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Figure 5.7: Linear simulation of Rossby wave propagation (e = 0) with the time-
dependent radiation condition: contour plots of the streamfunction ?(?, y, t)
obtained at (a) t = 2, (b) t = 5, (c) t = 10, (d) t = 23, (e) t = 42 and (f) t = 62.
A periodic forcing elk°x, k0 = 2, has been applied at the upper boundary of the
rectangular domain, d = 0.2 and ß = 1. The background flow is constant, ü = 1.
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Figure 5.8: Linear simulation of Rossby wave propagation: plot of the stream-
function ip(x,y,t) as a function of time t at ? = 0.6 and y=-l, 0 < t < 60.
A periodic forcing eikoX, k0 = 2, has been applied at the upper boundary of
the rectangular domain, d = 0.2 and ß — 1. The background flow is constant,
u = l. The solid line corresponds to the simulation with time-dependent radi-
ation condition and the dashed-dotted line corresponds to the simulation with
the zero boundary condition whereas the dashed line is the result obtained for
the simulation with the steady radiation condition.
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1000

Figure 5.9: Linear simulation of Rossby wave propagation: plot of the averaged
horizontal momentum flux F as a function of y at the time t = 40. A periodic
forcing etkoX, k0 = 2, has been applied at the upper boundary of the rectangular
domain, d = 0.2 and ß = 1. The background flow is constant, ü = 1. The solid
line corresponds to the simulation with time-dependent radiation condition and
the dashed-dotted line corresponds to the simulation with the zero boundary
condition whereas the dashed line is the result obtained for the simulation with
the steady radiation condition.
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5.1.3 The results of nonlinear simulations

The results from the nonlinear simulations (e = 0.05) of the Rossby waves prop-
agation are shown in Figures 5.11-5.14. In order to see the effect of nonlinearity,
simulations were carried out up to ? = 85. Figure 5.11 shows the results ob-

tained with the zero boundary condition, the downward propagation of waves

is observed if one compares the contour plots of the streamfunction ?(?, y, t) at
t = 80 and t = 85, however the waves are prevented from propagating further

because of the zero boundary condition. This is clearly shown in the contour

plots of the streamfunction at ? = 23 and t = 85. The same conclusion as

for linear simulations can be drawn also with the exception being that there

are interactions between different harmonics (zonal wavenumbers) as a result of
nonlinearities, and there is an increase in the overall wave amplitude at large t.

The results from nonlinear simulations are presented in Figure (5.12) for
the case where the steady radiation condition is implemented at the outflow

boundary. As the simulations are continued to late time, the contour plots

deform as a result of nonlinear interactions and the solution breaks down. This

can be observed by comparing the contour plots in Figures 5.12(d), 5.12(e) and
5.12(f) at the times t = 62, t = 67 and t — 69 respectively. As one can see in
Figure 5.12(f) instabilities near the outflow boundary start to develop at ? = 69
and the nonlinear simulations fail at about t = 73.

Figure 5.13 shows the results obtained with the time-dependent radiation

condition. If the time-dependent radiation condition is applied at the outflow
boundary, the simulations are able to continue to late time without the devel-

opment of instabilities. Figure 5.14 shows the wave amplitude at fixed y as a
function of time for each of the three boundary conditions. The steady bound-
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ary condition leads to increased wave amplitude due to the instabilities seen in

Figure 5.12(f). We conclude from Figures 5.11-5.14 that the time-dependent
radiation condition is the most stable.

By applying the time-dependent radiation condition we take into account the

transient evolution of the waves, we are able to avoid the instabilities and wave

reflections and increased amplitude that occur with the implementation of the

zero and the steady boundary conditions.

As a benchmark of for comparing the results obtained with the different

boundary conditions we carry out an additional simulation using the same forced
boundary condition at y = 5 and the same input parameters but in an extended
domain —25 < y < 5 with the outflow boundary at y = —25. By extending the

domain we can obtain more accurate results within the time frame that it takes

the waves to reach the outflow boundary y = —25, i. e up until about t = 15.

In Figure 5.15 we compare the contour plots of the streamfunction f obtained
using the zero boundary condition, the steady radiation condition and the time-
dependent radiation condition in the domain — 5 < y < 5 with that obtained

using a zero boundary condition in the extended domain — 25 < y < 5 at the
time t = 5. At this time the waves have not reached the level y = —25 so it is

reasonable to assume that the simulation on the extended domain is the most

accurate. Of the 3 simulations on the domain — 5 < y < 5 the one with the

time-dependent boundary condition shows the closest agreement with that on
the extended domain, both with regard to the shape of the contours near the

outflow boundary y = — 5 and to the contour levels.

Figures 5.15 and 5.17 also support this conclusion. We plot the wave ampli-
tude and the zonally averaged momentum flux at a fixed value of the latitude
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y = — 1 for each of the configuration shown in Figure 5.15. In each figure the solid
curve corresponds to the configuration with the extended domain —25 < y < 5
which can be assumed to be the most accurate at least at early time before

the waves reach the outflow boundary. In each case the curve corresponding to
time-dependent radiation condition is the closest.
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Figure 5.10: Linear simulation of Rossby wave propagation (e = 0) with the
time-dependent radiation condition in the long-wave limit d = 0: contour plots
of the streamfunction ?(?,?,?) obtained at (a) t = 2, (b) t — 5, (c) t = 10,
(d) t = 23, (e) t = 45 and (f) t = 62. A periodic forcing eik°x, k0 = 2, has
been applied at the upper boundary of the rectangular domain and ß = 1. The
background flow is constant, ü = 1
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Figure 5.11: Nonlinear simulation of Rossby wave propagation (e = 0.05) with
the zero boundary condition: contour plots of the streamfunction ?(?,?,?) ob-
tained at (a) t = 10, (b) t = 23, (c) t = 42, (d) t = 62, (e) t = 80 and (f) t = 85.
A periodic forcing elkoX, k0 = 2, has been applied at the upper boundary of the
rectangular domain, d = 0.2 and ß = 1. The background flow is constant, U= 1.
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(a) t = 10 ? = 23

(e) t = 42

(e) t = 67
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Figure 5.12: Nonlinear simulation of Rossby wave propagation (e = 0.05) with
the steady radiation condition, contour plots of the streamfunction f(?,?,?)
obtained at (a) t = 10, (b) t = 23, (c) t = 42, (d) t = 62, (e) t = 67 and (f)
t = 69. A periodic forcing elkoX, k0 = 2, has been applied at the upper boundary
of the rectangular domain, d = 0.2 and ß — 1. The background flow is constant,
M=I.
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Figure 5.13: Nonlinear simulation of Rossby wave propagation (e = 0.05) with
the time-dependent radiation condition: contour plots of the streamfunction
f{?, ?, t) obtained at (a) t = 10, (b) t = 23, (c) t = 42, (d) t = 62, (e) t = 80
and (f) t = 85. A periodic forcing elkoX, k0 = 2, has been applied at the upper
boundary of the rectangular domain, d = 0.2 and ß — \. The background flow
is constant, ü = 1.
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Figure 5.14: Nonlinear simulation of Rossby wave propagation (e = 0.05): plot
of the streamfunction ijj(x,y,t) as a function of time t at ? = 0.6 and y=-l,
0 < t < 60. A periodic forcing etkoX, k0 = 2, has been applied at the upper
boundary of the rectangular domain, d = 0.2 and ß = 1. The background
flow is constant, ü — 1. The solid line corresponds to the simulation with
time-dependent radiation condition and the dashed-dotted line corresponds to
the simulation with the zero boundary condition whereas the dashed line is the
result obtained for the simulation with the steady radiation condition.
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Figure 5.15: Nonlinear simulation of Rossby wave propagation (e = 0.05): con-
tours plot of the streamfunction ip(x,y,t) at the time t = 5 with, (a) the zero
boundary condition, (b) the steady radiation condition , (c) the time-dependent
radiation condition and (d) the zeros boundary condition on a large domain in
the ?/-direction. A periodic forcing elkoX, k0 = 2, has been applied at the up-
per boundary of the rectangular domain and d = 0.2. The background flow is
constant, U=I.
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Figure 5.16: Nonlinear simulation of Rossby wave propagation (e = 0.05): plot
of the streamfunction ?(? — 1.5,7/ = — ?,?) as a function of time t, 0 < t < 12.
A periodic forcing ezk°x, k0 = 2, has been applied at the upper boundary of
the rectangular domain and d = 0.2. The background flow is constant, ü = 1.
The solid line corresponds to the zero boundary condition on a large domain
in the y-direction, the dashed line corresponds to the time-dependent radiation
condition, the dotted line corresponds to the steady radiation condition and the
dashed-dotted line to the zero boundary condition.
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Figure 5.17: Nonlinear simulation of Rossby wave propagation (e = 0.05): plot
of the averaged momentum flux F(y = — 1, t) as a function of time t, 0 < t < 12.
A periodic forcing elk°x, k0 — 2, has been applied at the upper boundary of
the rectangular domain and d = 0.2. The background flow is constant, ü — 1.
The solid line corresponds to the zero boundary condition on a large domain
in the ¿/-direction, the dashed line corresponds to the time-dependent radiation
condition, the dotted line corresponds to the steady radiation condition and the
dashed-dotted line to the zero boundary condition.

Finally we present results obtained by adding a nonlinear correction to the
time-dependent radiation condition as described in section 3.3. Recall that the
nonlinear correction was made only to the zero wavenumber component of the
solution. The expressions for the nonlinear corrections needed for the other
wavenumber components given by equation (3.66) are to complicated to be eval-
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uated exactly. The effect of adding a nonlinear correction for ? = 0 to the

time-dependent linear radiation condition can be examined by looking at the

curves of f as a function of the wanumber ? in Figure 5.18. The contour plots of

the streamfunction with the nonlinear (not shown) correction look very similar to
those shown in Figure 5.13 it seems there is no significant difference. In contrast

we see that in the corresponding gravity wave problem the zero wavenumber

term and the nonlinear correction are significantly large.

Figure 5.18 illustrates the fact that in the Rossby wave problem the mag-
nitude of the zero wavenumber component iß(0,y,t) is very small compared
with the magnitude of the forced wave tß(±k0,y,t). The graphs shown are for
y = —4.8 near the outflow boundary which is at y = —5 and t = 125. The solid

line shows \f\ as a function of ? computed without the nonlinear correction. For
? = ±k0 \f\ = 8.23 and for ? = 0 \f\ = 0.14. The dashed curve shows \f\
computed with the nonlinear correction. In this case \f\ = 8.23 for ? = ±k0
and \f\ = 0.10 for ? = 0. Since the difference is very small then the difference
between the 2 curves is barely noticeable.
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Figure 5.18: Nonlinear simulation of Rossby wave propagation (e = 0.05) with
the corrected time-dependent radiation condition: plot of f(?, y, t) as a function
of the wavenumber ? at the time t = 125 across the outflow boundary . A
periodic forcing elkoX, k0 = 2, has been applied at the upper boundary of the
rectangular domain, d = 0.2 and ß = I. The background flow is constant, U= I.
The solid line corresponds to the simulation with the time-dependent radiation
condition without the nonlinear correction while the dashed line corresponds to
the simulation with the time dependent radiation condition with the nonlinear
correction. The difference between the two curve is barely noticeable at (? = 0)
since the zero wavenumber term and the nonlinear correction are very small
compared with the magnitude of of f at the forcing (? = ±k0).
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5.2 The results of simulations of gravity wave

propagation

For the gravity wave problem given by equations (4.23) to (4.28) simulations are
carried out on a rectangular domain given by 0 < ? < 2p and 0 < ? < 10. The

wave source is at Z\ = 0 and has the form

?(?, Z1, t) = 2 cos k0x = eikoX + c.c. (5.2)

We used the following nondimensional parameters; e = 0.05, the Prandtl number

Pr = 0.72 and d = 0.2. The scale height was set to H0 = 4.9 so that the Brunt

Väisälä frequency N = \¡2. According to the Miles-Howard theorem (Appendix
C), the Richardson number is the measure of the stability of the stratified flow.
In this study the Richardson number Ri was chosen to be greater than a 1/4
to make sure the flow is stable according to Miles-Howard's theorem. In the

first set of simulations the background flow is set to u = tanh ? — zc so that the

critical layer is located at zc — 5 as shown in Figure 5.19 . The Richardson
number depends on ? and its minimum value is Ri0 = 2 at zc — 5. In the rest

of the simulations we set ü = 1. So the Richardson is infinite. A small amount

of viscosity corresponding to a kinematic viscosity of u = 3 · 10~4 was necessary
to prevent the accumulation of wave activity at the high end of the wavenumber
spectrum and near the forced boundary in the nonlinear simulations.
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Figure 5.19: Simulation of gravity wave propagation: the background flow speed
is ü = tanh (z — zc). The critical level is at zc = 5.
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5.2.1 The results of simulations of gravity wave propaga-

tions in a configuration with a critical layer in the

flow

We solve the initial boundary value problem (4.23) to (4.28) using the numerical
methods described in Chapter 4. Simulations for both linear and nonlinear

problems were carried out over the nondimensional time interval from t = 0 to
t = 34 and the results are presented in Figures 5.20-5.21. Figure 5.20(a) is the
contour plot of the streamfunction which results from the linear simulation and

5.20(b) is the result of the nonlinear simulation. In both Figure 5.20(a) and
Figure 5.20(b) there is not much propagation wave activity above the critical
layer. Figure 5.21 is the plot of the jump in the horizontal momentum flux as
a function of time, the dashed line correspond to the linear simulation whereas

the solid line corresponds to the nonlinear simulation. In the linear problem

[F] becomes almost constant by about t = 20 indicating absorption while in
the nonlinear problem [F] starts to decrease arounf t = 20 and attains negative
values indicating reflection then again becomes positive indicating absorption.

Similar results were obtained by Campbell and Maslowe (2003). This confirms
that our programs work properly.



104

O
10

9

8

6

D

1.51

(b) 10

g

8

6z'b Cs
vj

1 1.5

X

Figure 5.20: Linear and nonlinear simulations of gravity wave propagation: con-
tour plot of F(?, ?, t) at t = 34, (a) linear simulation with e = 0 and (b) nonlinear
simulation with e = 0.05. In both (a) and (b) d = 0.2 and Ri = 2. A periodic
forcing elkoX, k0 = 2, has been applied at the lower boundary of the rectangular
domain. The background flow speed is ü = tanh (? — zc), the critical level is at
zc = 5. Both contour plots show that there is not much transmission of wave
activity beyond the critical layer.
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Figure 5.21: Linear and nonlinear simulations of gravity wave propagation: plot
of the jump in the momentum flux [F] across the critical layer as a function of
time for 0 < t < 34. A periodic forcing elkoX, k0 = 2, has been applied at the
lower boundary of the rectangular domain, d = 0.2 and Ri = 2. The background
flow speed is ü = tanh (? — zc), the critical level is at zc = 5. The dashed line
shows the result obtained for the linear simulation (e = 0) while the solid line
shows the result obtained for the nonlinear simulation (e = 0.05). In the linear
case [F] becomes almost constant by about t = 20. This indicates absorption of
the waves by the mean flow. In the nonlinear case [F] alternates between the
positive values (absorption) and the negative values (reflection).
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5.2.2 Results of simulations of gravity wave propagations

in a configuration without a critical layer in flow

Results of both linear and nonlinear simulations of gravity waves propagation are

shown in Figures 5.22-5.29. Figures 5.22, 5.23, 5.26 and 5.24 are the contour plots
obtained as results of the linear simulations of the gravity wave at different time

t = {4, 8, 15, 35, 45, 65}. These contour plots are almost similar up to ? = 15, but
significant differences between these contour plots are observed around t = 30.

Figure 5.22 shows the results obtained with the zero boundary condition. If
the zero boundary condition is implemented at the outflow boundary, there is a

huge difference between contour plots of the streamfunction f(?, ?, t) at t = 15
and t = 35, these differences keep developing even at large time t = 45 and

t = 65 as a result of reflection and interference of incident and reflected waves

as shown in Figure 5.22.

Figure 5.23 shows the results obtained with the steady radiation condition.
However if the steady radiation condition is implemented again there are defor-
mations of the contour plots as in the Rossby wave problem. The direction of

propagation of the waves is fixed near the outflow boundary because the vertical
wavelength is fixed in the radiation condition.

The contour plots in Figure 5.24 are the results of the linear simulations if
the time-dependent radiation condition is applied at the outflow boundary. In
this case the waves evolve with time near outflow boundary. This is explained by

the fact that by implementing the time-dependent radiation condition we take
into account the transient evolution of the gravity wave inside the rectangular

domain. Figure 5.25 shows that if the time-dependent radiation condition is
applied at the outflow boundary the horizontal momentum flux is fairly constant
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and almost independent of the altitude ? as expected from the Eliassen-Palm

theorem.

The contour plots shown in Figure 5.26 are the results of the linear sim-

ulations in the long-wave limit d = 0. For t < 15 the contour plots of the
time-dependent radiation condition resembles to the contour plots of the time-
dependent radiation condition in the long-wave limit 5 = 0. As seen in Figure
5.26(d) at later time (t > 35) the solution reaches a steady state and is almost
exactly periodic in the ¿-direction as predicted by Nadon and Campbell (2007).
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(a) t=4 (b) t=8

(c) t=15

1 1.5 2 2.5 3

(e) t=45

(d) t=35

(f) t=65

Figure 5.22: Linear simulation of gravity wave propagation (e = 0) with the zero
boundary condition: contour plots of the streamfunction ip(x,z,t) obtained at
(a) t = 4, (b) t = 8, (c) t = 15, (d) t = 35, (e) t = 45 and (f) t = 65. A periodic
forcing ékoX, k0 = 2, has been applied at the lower boundary of the rectangular
domain and d = 0.2. The background flow is constant, ü = 1.
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(a) t = 4 (b) t = 8

(c) t = 15

(e) t = 45

(d) t = 35

(f) t = 65
1.5 2 2.5 3

Figure 5.23: Linear simulation of gravity wave propagation (e = 0) with the
steady boundary condition: contour plots of the streamfunction ?(?,?,?) ob-
tained at (a) t = 4, (b) t = 8, (c) t = 15, (d) t = 35, (e) t = 45 and (f) t = 65.
A periodic forcing elkoX, k0 = 2, has been applied at the lower boundary of the
rectangular domain and d = 0.2. The background flow is constant, tx = 1.
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(a) t = 4 (b) t = 8

(c) t = 15

(e) t = 45

(d) t = 35

O 0.5 1

(f ) t = 65
1.5 2 2.5 3

Figure 5.24: Linear simulation of gravity wave propagation (e = 0) with the time-
dependent radiation condition: contour plots of the streamfunction ?(?,?,?)
obtained at (a) t = 4, (b) t = 8, (c) t = 15, (d) t = 35, (e) t = 45 and (f) t = 65.
A periodic forcing elkoX, k0 = 2, has been applied at the lower boundary of the
rectangular domain and d = 0.2. The background flow is constant, ü = 1.
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Figure 5.25: Linear simulation of gravity wave propagation (e = 0): plot of the
averaged vertical momentum flux F as a function of ? at the time t = 40. A
periodic forcing elk°x, k0 = 2, has been applied at the lower boundary of the
rectangular domain and d = 0.2. The background flow is constant, H=I. The
solid line corresponds to the simulation with the time-dependent radiation con-
dition and the dotted line corresponds to the simulation with the zero boundary
condition while the dashed line is the result obtained for the simulation with the
steady radiation condition.
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(a) t=4 (b) t=8

(c) t=15

(e) t=45

1.5 2 2.5 3

(d) t=35

O 0.5 1 1.5 2 2.5 3

(f) t=65

Figure 5.26: Linear simulation of gravity wave propagation (e = 0) with the
time-dependent radiation condition in the long-wave limit d = 0: contour plots
of the streamfunction f(?,?,?) obtained at (a) t = 4, (b) t = 8, (c) t = 15,
(d) t = 35, (e) t = 45 and (f) t = 65. A periodic forcing eik°x, k0 = 2, has
been applied at the lower boundary of the rectangular domain, Ri = 2. The
background flow is constant, M = I.
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5.2.3 The results of nonlinear simulations

Figures 5.27-5.34 show the results from nonlinear simulations of gravity waves

propagations. If the zero boundary condition is implemented waves are reflected
at the outflow boundary as in the linear problem. The slight differences of

the contour plots from the linear simulations in Figure 5.22 and the nonlinear

simulations in Figure 5.27 are due to nonlinear waves interactions as in the

Rossby wave problem.

Figure 5.28 shows the results of the simulations if the steady radiation con-

dition is implemented at the outflow boundary. In this case the deformations of

the contour plots are again observed as in the linear problem. If the simulations

are continued at later time the simulations fail at ? = 60 as a result of nonlinear

instabilities as seen in Figure 5.28(f).
The results are shown in Figure 5.29 if the time-dependent radiation condition

is implemented at the outflow boundary, there are no deformations of the contour

plots and the waves evolve with time near the outflow . This is again explained

by the fact that by implementing the time-dependent radiation condition we take

into account the transient evolution of the waves inside the rectangular domain.

These observations suggest that the time-dependent radiation condition gives

more realistic results than the other two boundary conditions.

To confirm this, in Figures 5.30-5.32 we compare the 3 sets of results with

those obtained using an extended domain 0 < ? < 30 as we did for the Rossby

wave case in section 5.1.3. We observe in Figure 5.30 that of the 3 simulations

on the domain 0 < ? < 10 the one with the time-dependent boundary condition

shows the closest agreement with that on an extended domain both with regard
to the shape of the contours near the outflow boundary ? = 10 and to the contour
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levels. The graphs of the wave amplitude (Figure 5.31) and the horizontally
averaged momentum flux (Figure 5.32) as function of time 0 < t < 10 at fixed
? = 6 also support the conclusion that the results obtained with the time-

dependent boundary condition is the closest to that obtained with the extended
domain.
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(a) t = 4 (b) t = 8

(c) t = 15

(e) ? = 45

(d) t = 35

(f) t = 62

Figure 5.27: Nonlinear simulation of gravity wave propagation (e = 0.05) with
the zero boundary condition: contour plots of the streamfunction ?(?,?,?) ob-
tained at (a) t = 4, (b) t = 8, (c) t = 15, (d) t = 35, (e) t = 45 and (f) t = 62.
A periodic forcing etkoX , k0 = 2, has been applied at the lower boundary of the
rectangular domain and d = 0.2. The background flow is constant, ü = 1.
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(a) t = 4 (b) ? = 8

(e) t = 15

(e) t = 45

(d) t = 35

0.5 1 1.5

(f ) t = 60

Figure 5.28: Nonlinear simulation of gravity wave propagation (e = 0.05) with
the steady radiation condition: contour plots of the streamfunction ?(?,?,?)
obtained at (a) t = 4, (b) ? = 8, (c) t = 15, (d) t = 35, (e) t = 45 and (f) t = 60.
A periodic forcing ékoX', k0 = 2, has been applied at the lower boundary of the
rectangular domain and d = 0.2. The background flow is constant, ü = 1.
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(a) t = 4 (b) t = 8

(c) t = 15

(e) t = 45

(d) t = 35

(f) t = 62

Figure 5.29: Nonlinear simulation of gravity wave propagation (e = 0.05) with
the time-dependent radiation condition: contour plots of the streamfunction
ip(x,z,t) obtained at (a) t = 4, (b) t = 8, (c) t = 15, (d) t = 35, (e) t = 45
and (f) t = 62. A periodic forcing elkoX, k0 = 2, has been applied at the
lower boundary of the rectangular domain and d = 0.2. The background flow is
constant, U=I.
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Figure 5.30: Nonlinear simulation of gravity wave propagation (e = 0.05): con-
tours plot of the streamfunction ip(x,z,t) at time £ = 8 with, (a) the zero
boundary condition, (b) the steady radiation condition , (c) the time-dependent
radiation condition and (d) the zeros boundary condition on a large domain. A
periodic forcing elk°x, k0 = 2, has been applied at the lower boundary of the
rectangular domain and d = 0.2. The background flow is constant, ü = 1.
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Figure 5.31: Nonlinear simulation of gravity wave propagation (e = 0.05): plot
of the streamfunction ?(? = 1.5, ? = 6,?) as a function of time t, 0 < t < 10.
A periodic forcing eikoX, k0 = 2, has been applied at the lower boundary of
the rectangular domain and d = 0.2. The background flow is constant, M = I.
The solid line corresponds to the zero boundary condition on a large domain
in the z-direction, the dashed line corresponds to the time-dependent radiation
condition, the dashed-dotted line corresponds to the steady radiation condition
and the dotted line to the zero boundary condition.
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F

Figure 5.32: Nonlinear simulation of gravity wave propagation (e = 0.05): plot
of the averaged momentum flux F(z — 6, t) as a function of time t, 0 < t < 10.
A periodic forcing elkoX, k0 = 2, has been applied at the lower boundary of
the rectangular domain and d = 0.2. The background flow is constant, ü = 1.
The solid line corresponds to the zero boundary condition on a large domain
in the ^-direction, the dashed line corresponds to the time-dependent radiation
condition, the dashed-dotted line corresponds to the steady radiation condition
and the dotted line to the zero boundary condition.

Finally we present results obtained by adding a nonlinear correction to the
time-dependent radiation condition as described in section 3.3. The nonlinear
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correction (3.76) is added to the zero wavenumber term. The description of the
mean flow evolution is given in details in the appendix B. In the linear time-

dependent radiation condition the contribution of the nonlinearity is omitted

and so there is no transfer of the momentum flux at the outflow boundary. By

including the nonlinear correction (3.76) we are able to represent the momentum
flux transfer at the outflow boundary.

In the Rossby wave problem (Figure 5.18) the zero wavenumber component
of the solution was seem to be very small relative to the component of the forced

wavenumber. So the effect of the addition of the nonlinear correction to the zero

wavenumber which represents the transfer of the momentum flux to the mean

flow was negligible.

In the gravity wave problem on the other hand the nonlinear correction is

of the same other of magnitude as the components of the forced wavenumber

? = ±fc0. In fact the dashed line in Figure 5.33 shows that at t — 65 the nonlinear

correction is approximately equal to 11.61 and is in fact large than \ip\K=±ko which
is approximately to 10. The solid line shows \f\ computed without the nonlinear
correction. In contrast to the Rossby wave case the addition of the nonlinear

correction makes a significant difference.

This is further illustrated in Figure 5.34 which shows the wave-induced mean

streamfunction f?(?, t) as a function of ? at t = 65 computed with the nonlinear
correction (dashed line) and without the nonlinear correction (solid line). In the
gravity wave case there is a larger transfer of the momentum flux from the waves

to the mean flow than in the Rossby wave case. This is a characteristic feature

of difference between the 2 problems and has been noted by previous researchers

(see for example Campbell and Maslowe 2003).
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Figure 5.33: Nonlinear simulation of gravity wave propagation (e = 0.05): plot
of ?(?,?,?) as a function of the wavenumbers ? across the outflow boundary
at the time t — 65. A periodic forcing elk°x, k0 = 2, has been applied at the
lower boundary of the rectangular domain and d = 0.2. The background flow is
constant, ü = 1. The dashed line corresponds to the time-dependent radiation
condition with the the nonlinear correction (3.76) while the solid line corresponds
to the time-dependent radiation condition without the nonlinear correction.
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Figure 5.34: Nonlinear simulation of gravity wave propagation (e = 0.05): plot of
wave-induced mean streamfunction f?(?, t) as a function of ? at the time t = 65.
The dashed line corresponds to the time-dependent radiation condition with
the nonlinear correction while the solid line corresponds to the time-dependent
radiation condition without the correction. A periodic forcing etk°x, k0 = 2, has
been applied at the lower boundary of the rectangular domain and d = 0.2. The
background flow is constant, U= 1.



Chapter 6

Conclusions

In this study different boundary conditions were implemented; a zero boundary

condition, a steady radiation condition and a time-dependent radiation condi-

tion, in order to simulate the behavior of waves in fluids on an infinite domain

using a finite computational domain. We described both linear and nonlinear

simulations of Rossby and gravity wave propagation. For both Rossby and grav-

ity waves we have observed that simulations can continue to run and remain

stable indefinitely in the linear problem while in the nonlinear problem simula-

tions got to fail at a given finite time.

The correctness of our simulations and results were supported by well known-

theorems, the Miles-Howard theorem for the stability of the flow in the gravity

wave problem and the Eliassen-Palm theorem for both Rossby and gravity waves.

The correctness of our linear simulations were verified by comparing our results

to the exact solutions in the long-wave limit d = 0.

The results of the linear and nonlinear simulations have shown that if the

zero boundary condition is implemented at the outflow boundary, the waves are
reflected at the outflow boundary for both Rossby and gravity waves and this

124



125

often leads to superpositions of incident and reflected waves.

Since waves are forced to keep the same configuration at the outflow bound-

ary, it was shown that the degradations of the nonlinear simulations are very-

fast. If the steady boundary condition is implemented at the outflow boundary

for both Rossby and gravity waves the waves are forced to remain steady and

keep the same configuration at the outflow boundary for all time. This results in

increased wave amplitude and instabilities especially in the nonlinear problem.
We observed that simulations can continue to late time without instabilities

if the linear time dependent radiation condition is implemented at the out flow

boundary. It was seen that if the time-dependent radiation condition is imple-

mented, no variation of wavelength with time is observed inside the rectangular

domain like if a zero boundary is implemented, the spatial configuration of the

waves are not affected by the behaviors of the waves at the outflow boundary

like if the steady radiation condition is applied at the outflow boundary and that

the the waves evolve with time near the outflow boundary if the time-dependent

radiation condition is implemented at the outflow boundary. This is because the

time-dependent radiation condition takes into account the transient evolution

of the waves in the computational domain. So the time-dependent radiation

condition appears to be the best radiation condition to use in order to simulate

the behavior of fluids on an infinite domain. To confirm this we compared ours

results with those obtained by extending the computational domain to allow the

waves to travel a greater distance before reaching the outflow boundary.

The comparison was carried out for a time frame shorter than the time it

would take for the waves to reach the outflow boundary of the extended do-

main.The results obtained with the time-dependent radiation condition were
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found to be the closest to those obtained with extended domain for both Rossby

and gravity waves.

In the special case where the aspect ratio d = 0 the numerical solutions ob-

tained with the time-dependent radiation condition were compared qualitatively

with the exact solutions.

We also added a nonlinear correction to the time-dependent radiation condi-

tion to represent the transfer of the momentum flux at the outflow boundary.

One of the drawbacks of the time-dependent radiation condition is that it

is written in terms of a Laplace convolution integral which is nonlocal in time

and expensive to compute requiring the values of the dependent variable at all

previous time level. In this study we approximated the convolution integral so

as to make the computations local in time and hence less expensive. This will

avoid the limitations of using time-dependent radiation conditions because of the

computer capacity and hence will make practical the use of time-dependent radi-

ation conditions in geophysical fluid dynamics, for example; numerical weather

prediction, general circulation models.



Appendix A

Dispersion relation

In wave mechanics, the dispersion relation is a relation of the form

? = ?(?) (A.l)

where ? is the pulsation (intrinsic frequency) or the angular frequency, which
measures the amount of oscillations that the system undergoes per unit of time

independent of the directions or orientations of these oscillations; and ? is the
wavevector, which gives the direction and displacement or the position of the
oscillations. In the Rossby wave case

A = xk + yl (A.2)

while in the gravity wave case

A = xk + zm (A.3)
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The displacement is related to the time by the velocity. This is also true for
—*

u and ?. Two types of velocity are very important in wave motion; the phase

velocity which is the of propagation of wave and the group velocity which is

the velocity of propagation of energy. The group and the phase velocities are

respectively given by the vectors

C9 = Vxw (A.4)

C = % (A.5)?

where Vx is the gradient with respect to the wavenumbers while the relation in
—*

(A.5) means that u is divided by each of the components of ?. In the Rossby
wave case, the group and the phase velocities are given respectively by

- ^ du ^du
c' = xTk+vTi (A'6)

and

C = ?- + yj (A.7)
while in the gravity wave case the group velocity and the phase velocity are given

respectively by
- „du „du
c' = xäk+zä^ <?·8)

and

C = ?- +?— (?.9)
? m
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A.l Rossby wave dispersion relation

We use the linearized barotropic vorticity equation (2.51) to derive the dispersion
relation for Rossby waves by assuming f is the simple plane wave given by

f(?, y, t) = Aé{kxMy-"t] (A. 10)

Substituting f into equation (2.51) with ü =constant and rearranging terms
yields

{-uj + ük)(Sk2 + l2)-ßk = 0 (A.ll)

Hence ? is given by

"(W = M-SiPTp (A·12)
According to (A. 6), the group velocity is given by

?_ A a l2 -Sk2 \ . 2ßlk

while according to (A. 7), the phase velocity is given by

0-*{ß-?}+»{ß?-?(«&?)} (?·14)
Thus the phase speed of the Rossby wave relative to the background wind is

c*-ü = JíJtp>0
which means that the Rossby wave speed is always easterly (westward) relative
to the background wind.
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A. 2 Gravity wave dispersion relation

In order to derive the dispersion relation for gravity waves, consider the simple

plane wave

f(?, ?, t) = ?e?{???+t??-??) (A.15)

Substituting f into equation (2.95) yields

(-uj + ük)2^k2 + m2) + N2k2 = 0 (A.16)

Solving for ? yields
Nk

U{k, Ul)=UkT (¿fc2+m2)l/2 (A·17)
According to (A. 8), the group velocity is given by

C xU±{Sk2 + m2)1/2-Sk2) IB ±Nkm (A 181°9 \ (¿A;2 + m2)3/2 J+ (¿A;2 + m2)3/2 [ }

According to (A. 9), the phase velocity is given by

^ = £ G T WT^2W2J + ¿ \Üm ? m(^2 + m2)V2/ (A·19)



Appendix B

The Eliassen-Palm theorem and

the mean flow evolution

B.l The nonlinear evolution of the mean flow

In the nonlinear time-dependent problem given by equation (2.80), due to non-
linear interactions, the mean flow varies with time. In the case of a periodic

forcing comprising ékoX and e~lk°x, the perturbation develops higher harmonics
corresponding to multiples of k0 and — k0 and a zero wavenumber terms which
corresponds to the mean flow and the mean is given by the average over the
zonal wavelength 2n/k0. In the gravity wave case (and this can be generalized
to Rossby waves as well) the perturbation can be written as a Fourier series

???,?,?) = ^^,^^, (B.l)
k
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The streamfunction perturbation can thus be written as

f(?, ?, t) = f0(?, t) + e??{?, ?, t), (B. 2)

where f0(?,?) = ef(? = 0,z,t) is the wave induced mean streamfunction and
??(?,?, t) comprises the periodic part of the disturbance corresponding to the
wavenumber ±k0 ± 2k0 ± 3k0, ¦ ¦ ·. Combining (2.80) and (B. 2), and averaging
over a zonal wavelength yields

2n/k0
d dipo d d2ipo 2 ^o d

v- +e2?? / ^^dx = 0 (R3)dt dz dz dz2 2p dz
o

The average of the nonlinear term over the wavelength 2n/k0 is given by

2n/k0 2p/&0

J(?, ?2f) = I J(f, ?2f)?? = e {F?F??? + df?f??? - f?f??? - df?f???)??
? ?

(?.4)

Using integration by parts and the fact that f is periodic in x, the second term

and the fourth term on the right side of (B. 5) cancel to yield

2n/k0

J(lj>, V2VO = e I {F?F??? - F?F???)?? (B.5)
0

Integrating by parts again we obtain

2p/&0 2-a/ko

I F?F????? = - / F??F???? (B.6)
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We add ?????? and ?????? in the integrand in (B. 5) to obtain

2n/k0

J(lJ), V2Ip) =£ (?????? - ?????? + ?????? + ??????)??
0

27r/fc0 2-K/ko

= e / (?????? + 2?????? + ??????)?? = e-^ / ?????? (?.7)

So equation (B. 3) can be written as

Ow0 d2u0 2 d , .

which is the usual mean flow evolution equation for gravity waves, and u0(z, t) =

—???(?,?). The quantity

2n/k0 2n/k0
k f 2p fF = mu = —- / uwdx = — — / ?????? (B. 9)27G J K0 J

O O

is called the Reynolds stress (or horizontal momentum flux), the overbar indi-
cates the average has been taken over a wavelength. If the viscosity is neglected
equation (B. 8) can simply be written as

The left-hand side of (B. 10) can be seen as the rate of change in the mean flow
with time as a result of the nonlinear interactions. If the Reynolds stress F is

independent of time, the change in the mean flow velocity shall be steady and
the mean increases linearly with time. The mean velocity shall be constant also
if F is independent of height ? as in the Eliassen-Palm theorem (Appendix B. 2).
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In the Rossby wave case, the mean flow evolution equation is given by

duo O2U0 2 d~df - vW = ~e dy{uv) { ]
while the Reynolds stress F (or the zonally averaged meridional momentum flux
per unit of mass) is given by

2n/k0

F = ~è / f?F??? (B'12)
0

If the viscosity is neglected, the mean flow evolution equation is simply given by

B.2 The Eliassen-Palm theorem

The Eliassen-Palm theorem (Eliassen and Palm(1961)) usually is applied to grav-
ity waves. Here we state and prove it having in mind that it can be applied for
Rossby waves as well.

The Eliassen-Palm theorem:

For linear waves the momentum flux F is independent of height in the absence

of singularities.

Proof:

Let us consider a plane wave

?(?, ?, t) = Aé{kx+mz-^ + ce. = ?e^?+???-??) + ?*ß-?{1??+t??-??) (?.14)
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so that

F?F? = -km{A2ei2{-kx^m"-ut) + ?*2e-2?{???+t??-??) - 2AA*) (B. 15)

Averaging f?f? over the x-wavelength 2p/?;0 yields

F = f??? = mu = -2k0m\A\2 (B. 16)

Hence, F is independent of z.

Now consider the more general configuration where the amplitude of the

waves depends on ? and t

tI){x, z, t) = f(?, t)ékx + ce. = f(?, t)ékx + f*(?, t)e~ikx (?.17)

Therefore, the vertical flux of horizontal momentum is given by

f?f? = ^(z,t)ékx - ??f^?,?ß-^?f^?,?ß** + 0:OM)e-ifcx)
= ???ff^2^ - %??f*f\ß-^? + ??eff? - %?*F?

(?.18)

Averaging f?f? over the x-wavelength 2n/k0 yields

F{z, t) = f?f? = ???f{?? ?)f*?(?, t) - ik<t>*{z, ?)f?{?, t) = -2k0lmty*(z, ?)f?(?, t))
(B.19)

If we consider the nonlinear problem for which f(?,?,?) is given by (B. 1),
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the averaged momentum flux will thus be given by

00 / ? \

F(z, t) = 2k0 S Im Í kî>*k{z, t)-^Úk(z, t) J (B.20)
In the nonlinear Rossby wave problem given by (2.50), the stream function is
given by

1>(x,y,t) = S??,??^-«\ (B.21)
fe

We can proceed similarly as in the gravity waves case to show the averaged

momentum flux is given by

F(y,t) = 2k0 S Im (krk(y,t)—My,t)) (B.22)
k=— 00



Appendix C

The Richardson number and

Miles-Howard theorem

The Richardson number is a measure of stability of the fluid flow, it is nondi-

mensional and expresses the ratio of the fluid flow potential to the kinetic energy

m = ^r (a?)u¿

where g is the acceleration due to gravity, H0 the vertical height scale and u

the speed of the fluid flow. For a fluid flow in which the density perturbation is

small, e.g. Boussinesq fluid flow, the reduced acceleration g is often used, the
relevant parameter is the densimetric Richardson number and is given by

Ri = 9-^ (C.2)
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The reduced acceleration is given by

g =g + a (C.3)

where a can be calculated using

a = g
R2

{R + H)* (CA)

where H is a given altitude and R the radius of the earth.

For two different types of fluid of density p\ and p2 respectively propagating

vertically in the opposite directions in the gravitational field , one can use the
conservation of linear momentum to obtain

(Pi - Pi)9 = 9 P (C.5)

From (C.5) we have that
9=9-

Pi - P2 (C.6)

where in rotating fluid the density of the mixed fluid ? is approximately equal
to the reduced density given by

1 _ 1 J1
P Px P2

(C.7)

In atmospheric and ocean science the Richardson number has a more general

form which takes into account the stratification of the fluid flow

Ri = -W. iv2.9ÔR
? dz

(du\2\dz)
au\2(S)

(C.8)
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where TV is the Brunt Väisälä frequency. iV2 = — ^ ^f measures the extent
of stratification while |j measures the strength of the shear. A condition on
stability is that Ri > 1/4. This criterion is known as the Miles-Howard theorem.

Miles-Howard theorem(Miles, 1961), (Howard, 1961) :
For stationary solutions of the incompressible Euler equations in the form of
parallel flows, a sufficient condition for stability is that the Richardson number

be greater than or equal to 1/4 every where in the fluid flow (ref to Warren
(1968) for the proof).

Also Ri < 0 if pz > 0 which means the density increases with height. This
is known as unstable stratification. In an incompressible, in a static state, the

criterion for determining the stability of the medium is that:

• the medium is stable if the density decreases upwards

• the medium is unstable if the density increases upwards

• the medium is neutral if the density is uniform with height



Appendix D

Exact solution for transient

Rossby waves in the long-wave
limit

The transient Rossby wave propagation is governed by the inviscid barotropic

vorticity equation. For the special case where the the mean flow profile is con-
stant ü = constant and considering the linearized inviscid barotropic vorticity

equation (2.51) and the aspect ratio S = O with the forcing ip(x,yi,t) = elk°x at
y = Vi one can take the Laplace transform in time to derive an exact expression

for transient Rossby waves in the long-wave limit S = O.
In order to do so let us first consider a solution of the form t/j(x,y,t) =

(f)(y,t)elk°x. Substituting ^(x,y,t) in equation (2.51), taking the Laplace trans-
form in time and applying the condition of initial zero vorticity 4>yy{y, 0) yields
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where <¡>(y,s) is the Laplace transform of 0(y, t). The solution of the equation
(D. 1) with the monochromatic forcing at y — y\ for downward propagation is
given by

f^ ì s) = I6V(A)(^) (D.2)
f{?), t) is obtained by inverting the Laplace transform to obtain

ioo

f? = £- [Uv,.)) = e-«¿ / J^r^e-'ds (D.3)
— ¿oo

after shifting, with a(y) = i(ik0ß)z(y — yi), a being a complex function.
To evaluate this integral we integrate along a straight vertical line from s =

a — iR to s = a + iR in the complex s plane and then take the limit as R —? oo.

We require that a > 0 so that the vertical line lies to the right of the singularities

of the integrand s — 0 and s = ik0ü and then we close the contour around the

pole s = ik0ü and indent it around the branch point s = 0. In the limit as

R —> oo the integral along the curved part of the closed contour goes to zero

and the integral (D.3) is the sum of the contribution from the pole s = ik0ü and
the branch point s = O according to Cauchy's theorem. This gives the standard

Bromwich contour that is used for evaluating inverse Laplace transforms (see for
example Ablowitz and Fokas 2003).

The contribution from the pole s = ik0u gives the steady part of the solution

and is found by computing the residue,

f0(?) = e-ikoütnes(s = ik0ü) = e^oñteik0ñtea{ViKü)-^ = giVf(y-i/i) (D.4)

To evaluate the time-dependent part of the solution, we make the substitution
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? = +y/s and integrate from ? = a + e ™/4R to ? = a + el7r^R, with a > 0 and
let R —? oo . The integral becomes

a+eilT'AR

«»,*) = £-'{*»..)} -&--JL / ^VVP
a+ß-?p/4ß

a+eiT/4ß

= 2e-¿fcot— / J=J^ 7==-eap~1ep2tpdp (D.5)2p? J (? — y/iku)(p + Viku)

with Z? —> oo.

We close the contour around the singularities ? — O and ? = +\/ik0ü. The
integral evaluated along the curved part of the contour goes to zero as R —> oo.

The contribution from the pole ? = +\/ik0ü gives the steady part of the solution

(D.4). The transient part of the solution is given by the contribution from the
pole p = 0 and is

f?(?, t) = 2e-ik°ütUes{p = O) (D.6)

Before evaluating the integral (D.5) we first consider the integral of ep * ( eap —11 p.
This can be expanded out as a Laurent series to yield

•.(^._1)P_,(1+>*+!£+..) e+¿+¿+...) (o,»
Then we sum up the coefficients corresponding to p~l according to the Residue

Theorem. So the integral of ep2* ( eap — 1 J ? is given by the residue at ? = 0
and is
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a+ein^R

? (ea?~? - l) ep2tpdp = 2TZes {?^"1?} (? = O)
a_|_6-?tt/4ß

OO

2,¿V °*+2*' _2;rÍy-(-^)i+1(y-z/i)2j+^
(D.8)

Let us define

a+eW4.R

/o(y, Í) = ZT1 {ea^)s"1/2 - l} = ¿t I 2 (e^-1 - l) e"Vp
a+e-i7r/4ñ

= 2,CiIUs {e* (e-"1 - l) p} (p = 0) = 2 g^^
-2^ (2j+2)!j! (D-9j

The Laurent series of 2 ¿, _ is

11 1 / ?2 ?4 ?6
?2 — i&0« ¿?;0?? i —¿^ ??;0µ V ik0u (ik0u)2 (ik0u)3ikoU

(D.IO)

So to compute (D. 5) we multiply (D. 7) and (D.IO) again we sum up the coef-
ficients corresponding to p~l according to the Residue Theorem. We find that
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the residue at the pole ? = 0 is given by

~ a2j+2 ? ~ a2j+4 ?

nes(p = 0) = - g (^y+I(Jy + 2)! J[ - L· (iÄi,ü)i+i(2i + 4)! ¿!

This can be written as a double sum in the form

°° ,72.7+6 ?
Y" - --.... (D.ll)
j=0

oo oo 2Í+2Í+2 J-?

The transient part of the solution f1 (y, t) is thus given by

00 00 2J+21+2 ii

So the amplitude <¡>(y, t) of the downward propagatin is given by

Mv t) - -2e-*·« Vf 1 ?^+1(^^)^·

(D.14)

Hence the exact expression for the transient Rossby wave is given by

^(,?/' j_ ¿¿(^)'+1 (2l + 2j + 2)\j\
+e*oxe-iy/%(y-1/1) (D-15)

An alternative procedure for evaluating 0(y, t) is to make use of the function
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fo(y, t) given in (D. 9) and apply the convolution theorem for Laplace transforms.
This implies that the amplitude of the downward propagating wave (fr(y, t) is
given by

(D.16)

Then

t

<f>(y,t) = e-ifcüí y ß-'*ß(t-*>(/0(?/,t) + 2¿(í - 0))dr
o

í

= ye-^(/0(í/ír) + 25(í-0))dr
(D.17)

where

/o(2/,í) = /:-1{eas"i-l} (D.18)
is given by (D.9). The upper limit of the integration gives the time-dependent
part </>i(y, i) and the lower limit gives the steady part of the solution (f>o(y).
Repeated integration by parts gives the desired result (D. 14).

D.l Convergence of the solution

The steady part 4>o(y) is bounded since it is periodic and oscillates between -1
and 1. We can make use of the the ratio and comparison tests to verify that the
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transient part of the solution <j>i(y,t) is convergent.
To show that 4>i(y, t) is convergent we first consider the series

Applying the ratio test to this series, we have that

Sil - 1-ikM« -^gH - (-UyJ)0, - ^f(2j+4 + 3)(D.20)
For finite values of y and t we have that

lim
I—>oo Uj

(D.21)

Hence fo(y, t) is convergent. And for each I = 1,2, 3, 4, ... we can show that

/*.*> = 2E(OT5)HT (y + B + 2)Ii! (D'22)
is convergent.

In fact the series fi(y, t) have similar properties to the Bessel functions j7a+2·
To see this let us write fi{y,t) as

ft(y, t) = 2 _. —-— ______ = ——- (D.23).=o (¿Mi)'+1 (2j + 21 + 2)\j\ tl+i

so that

-, rt 2 /-A'+1 ^ (-ifc./?)'+w(y - y,)»W(VÎ)W+'/¡feí)=(íMJwUJ g (¡y + 21 + 2«! (D'24)
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where

, . 2 ^ (-ihß)l+l+\y - y,)2^+2^)2^+21+2
(ik0u) j=o (2j + 2l + 2)\j

and compare with ^+2 using

_______ · 1 ? /+1 f. (-ik0py^+í(y - yi)2l+v+2(Vt)2>+2l+2(ik0ü)1+1 V*/ ĵ=o

2

(j + 2Z + 2)!j!

(ifc0it) i+l Q) ^+2 (2y/-ik0ß(y - V1)Vt) (D.26)
where J2/+2 is the Bessel function of first kind of order 21 + 2.

For any fixed value of I,

1+1 (-ik0ß)l+i+l(y - yi)*+V+2(rf)V+2l+2

<

(Ik0U)1+1 \tj (2j + 2l + 2)\j\
2 /1 V+1 (-ik0ß)l+i+1(y - yi)2l+2i+2{Vt)2i+2l+2

(ikoü)1+1 \t) (j + 2l + 2)\j\ (D.27)

Hence by the comparison test gi(y,t) is convergent since J21+2 is convergent.
Finally we observe that

*(*«) = S^ (D.28)
Z=O

is convergent as t —> 00.
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