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Abstract 

Within the field of Pattern Recognition (PR) and Machine Intelligence (MI), when 

one requires useful information from a set of stimuli, the task usually demands the 

deduction of its structure and stochastic distribution This endeavor becomes espe

cially challenging when the stimuli belongs to a higher dimensional domain, and its 

cardinality is laige Through the last few decades, researchers have tried to solve this 

problem and have faced numerous difficulties, particularly when the learning process 

is performed without the intervention of a human being The state-of-the-art records 

remarkable efforts m the field of Artificial Neural Networks (ANNs) that follow the 

latter paradigm Among the set of ANNs, the Self-Organizing Map (SOM), pioneered 

by Kohonen, is unique due to its interesting theoretical capabilities - which have pro

found practical significance However, it is known that under various circumstances, 

the SOM fails to represent the data accurately 

This thesis presents new families of self-organizing ANNs They have been de

signed with the goal of overcoming some of the reported handicaps of the SOM First 

of all, the thesis contains a complete suivey of the field that pertains to SOMs, which 

is a contribution to the community m its own right We then propose a method by 

which a user-defined tree automatically adapts so as to absorb the essential properties 

of the stimuli, while it, simultaneously, preserves the original pioperties of the feature 

space The resultant tree reveals multi-resolution capabilities, which are helpful for 

representing the original data set with different numbers of points These desirable 

pioperties are advantageously utilized to derive classifiers that are capable of learn

ing fiom labeled and unlabeled samples simultaneously, and the PR implications are 

demonstrated by a rigorous set of experiments The thesis thereafter contains a pio

neering attempt to merge the areas of the ANNs with the theory of Adaptive Data 

Structures (ADSs) This is accomplished by considering how the underlying tree itself 

can be rendered dynamic and adaptively transformed Again, the PR implications of 

this are also explored Finally, the thesis also incorporates a hyperplane-based paiti-

tioning scheme to accelerate the time required to identify the winner neuron, which 

is a process that is central to any SOM-based strategy 

m 
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Chapter 1 

Introduction 

1.1 Introduction 

Recognizing regularity in patterns is a fundamental problem, of great importance 

to humans. Our early ancestors had to differentiate between fruits that were ready 

for harvest from those that were still immature. Of course, the mature fruits tasted 

better, and were also probably better for health. The difficulty probably lay in rec

ognizing the difference between the fruits by merely looking at them. 

Admittedly, human beings are very good at recognizing and classifying objects, 

as in the above example. Researchers have been fascinated by this and have tried 

to imitate these amazing capabilities of the brain. However, to quote Socrates "As 

for me, all I know is that I know nothing", as we learn more about how to recognize 

patterns, we also discover more problems associated with the recognition process 

itself. 

Research in Computer Science (CS) has progressed to such an extent that com

puters today can recognize fingerprints, speech, speakers and faces. In spite of this, 

we constantly encounter the envelope of our knowledge as we investigate deeper in

tricacies of the field. 

Coincidentally, it has been almost exactly a century, since the horizon of neuro-

science was expanded, when Ramon y Cajal [155] explained, for the first time, the 

complexities of the brain which worked through the interconnection of much-simpler 

6 



CHAPTER 1 INTRODUCTION 7 

processing units that he named neurons Transferring those initial ideas into the field 

of CS has led to the development of computational models that invoke the so-called 

concept of connectionism A particular architecture withm this family is the one that 

leads to the framework of Artificial Neural Networks (ANNs) 

From a different point of view, an essential part of almost any algorithm is to 

choose or design efficient ways to store and organize the data Most of the time, 

these so-called Data Structures (DSs) are defined m conjunction with a set of proce

dures that facilitate their usage, while the study of the corresponding efficiencies is 

frequently linked to those operations Our interest is to focus on a particular sub-

branch of DSs, namely those which are adaptive Adaptive Data Structures (ADSs) 

attempt to automatically adapt the configuration of the DS so as to lead to an optimal 

configuration 

The overall goal of this thesis is to merge the the fields of ANNs and ADSs We 

are aware of no related work that accomplishes this 

Further, m our investigation, we also intend to take a closer inspection on various 

hierarchical sub-divisions of the space m which the character lzmg features of the 

patterns are located 

The thesis will attempt to merge these fields so as to emphasize the functional 

relationship between these different branches of CS from a holistic perspective Our 

hope is that by venturing on this path, we can glean improved solutions to problems 

involving the Pattern Recognition (PR) of objects Obviously, as these pioblems are 

usually dependent on numerous factors, the processes that we study and the solutions 

that we propose will vary depending on a variety of criteria Our investigation will 

also involve the latter criteria 

Acquiring information about a set of stimuli m spaces with high dimensionality, 

usually demands the deduction of its structure While studying these task, we have 

encountered numerous difficulties, especially in the case when the learning process is 

performed without the intervention of human beings The state-of-the-art records re

markable efforts m the field of ANNs that follow the latter paradigm, including meth

ods that allow data clustering and visualization in high-dimensional spaces Among 
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the subsets of theses schemes, the Self-Organizing Map (SOM), pioneered by Koho-

nen, has attained to a special place "on the podium" due to its amazing theoretical 

and practical properties The handicap, howevei, is that it is known that under var

ious circumstances, the SOM fails to represent the data accurately This being the 

case, our research has motivated us to consider strategies that can overcome these 

handicaps 

In general, the topology employed by any ANN that possesses the above-mentioned 

abilities, has an important impact on the manner by which it will "absorb" and display 

the properties of the input set Considei for example, the following A user may want 

to devise an algorithm that is capable of learning a triangle-shaped distribution as the 

one depicted in Figure 1 1 The SOM tries to achieve this by defining an underlying 

grid-based topology and to fit the grid within the overall shape as shown m Figuie 

1 la (duplicated from [103]) However, from our perspective, a grid-like topology 

does not naturally fit a triangular-shaped distribution, and thus, one experiences a 

deformation of the original lattice during the modeling phase As opposed to this, 

Figure 1 lb, shows the result of applying one of the techniques developed by us, 

namely the TTOSOM, designed and explained in detail m Chapter 3 As the reader 

can observe from Figure 1 lb, a 3-ary tree seems to be a far more superior choice for 

representing the particular shape m question Our hope is that we can "feed" this 

to the TTOSOM, which will, m turn, use it to represent the distribution, from that 

perspective, m an enhanced manner 

On closer inspection, Figure 1 lb depicts how the complete tree fills m the triangle 

formed by the set of stimuli, and further, seems to do it uniformly The final position 

of the nodes of the tree suggests that the underlying structure of the data distribution 

corresponds to the triangle Additionally, the root of the tree is placed roughly in 

the center of mass of the triangle It is also interesting to note that each of the three 

mam branches of the tree, cover the areas directed towards a vertex of the triangle 

respectively, and their sub-branches fill in the surrounding space around them in a 

recursive manner, which we identify as being a holograph-like behavior 

Of course, the triangle of Figure 1 lb serves only as a very simple prima facie 

example to demonstrate to the reader, m an informal manner, how both techniques 
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(a) (b) 

Figure 1.1: How a triangle-shaped distribution is learned through unsupervised learn
ing, (a) The grid learned by the SOM. (b) The tree learned by the TTOSOM. 

will try to learn the set of stimuli. It is important to remark that in real-world prob

lems, these techniques can be employed to extract the properties of high-dimensional 

samples. 

One can argue that imposing an initial topological configuration is not in accor

dance with the founding principles of unsupervised learning, the phenomenon that 

is supposed to occur without "supervision" within the human brain. As an initial 

response we argue that this "supervision" is required to enhance the training phase, 

while the information we provide relates to the initialization phase. Indeed, this is in 

line with the well-accepted principle [57], that very little can be automatically learned 

about a data distribution if no assumptions are made! 

As the next step of our research endeavor, we choose to venture into a world 

where the neural topology and structure are themselves learned during the training 

process. This is achieved by a scheme called TTOCONROT, in Chapter 5, which, 

in essence, dynamically extends the properties of the above-mentioned TTOSOM. 

Again, to accomplish this we need key concepts that are completely new to the field 

of SOMs, namely those related to tree-based Adaptive Data Structure (ADS). Indeed, 

as demonstrated by our experiments, the results that we have already obtained have 

been applauded by the research community1, and that to the best of our knowledge, 

: A paper which leported the preliminary results of this study, won the Best Paper Award m a 
well-known international AI conference [12] 



CHAPTER 1 INTRODUCTION 10 

have remained unreported in the literature 

To explain the work that has been accomplished and the research pioposed, we 

present the motivations and the objectives of the thesis m the following subsection 

1.2 Motivations and Objectives 

As we have already pointed out, this thesis proposes to investigate the SOM, which 

is family of ANNs that are capable of learning in an unsupervised manner The mam 

focus of the present thesis is on a particular sub-family of Neural Networks (NNs) 

possessing properties of the original SOM philosophy, where a tree dictates the neural 

topology 

1.2.1 Survey of the Field 

There are numerous variants of the SOM In general, it is possible to differentiate and 

classify them according to then properties It is also possible to develop a scheme 

to compare them by subdividing their "building blocks" into different categories, 

which include the topology, the type of dynamism displayed, the manner in which 

the neurons are considered to be neighbors, the additional counters utilized m the 

various types of SOMs, the states assumed by a neuron, and finally, the type of seaich 

procedure utilized for identifying the neurons to be associated with an input sample 

The topological structure of a NN refers to the type of structure that is formed 

when the neurons are interconnected It is possible to identify five different types of 

topologies a grid, a tree, a (possibly unconnected) graph, an irregular grid, and a 

hierarchical structure built with SOM-layers 

A grid topology is usually a two-dimensional array of interconnected neurons In 

a tree-based topology, the neurons are arranged m a hierarchical manner, starting 

from the root which is located at the top level of the hierarchy When the topology 

uses SOM-layers, the units being connected correspond to SOM grids themselves 

Moreover, an irregular grid is a partially complete grid where some of its nodes (and 

the corresponding connections) are missing When the NN employs none of these 
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topologies, we say that the topology pertains to the most general type of structure, 

i.e., a bi-directional graph. 

Chapter 2 includes an in-depth description of the methods and properties listed 

above. We ha.ve examined methods by comparing their building constituents and by 

classifying them based on these "building blocks". We have also explicitly identified 

common properties, which have been presented in a comprehensive manner so as 

to describe how the various strategies are inter-related. Our aim is that the reader 

can gain as much insight as possible in the inner workings of the principal strategies 

presented in the literature, so as to explain why they perform certain tasks well, and 

why they fail in other cases. This approach has permitted us to determine possible 

research directions, such as the ones presented in Chapter 3 and Chapter 5, and their 

consequent PR applications in Chapter 4 and Chapter 6 respectively. The rationale 

for these are expressed below. 

1.2.2 Motivations 

A substantial amount of work has been done to overcome the difficulties encountered 

in the traditional SOM strategy. However, we have been able to identify areas that 

have been unexplored by the state-of-the-art. We can list the motivational aspects of 

our work as follows: 

• The SOM, although possessing amazing properties, fails to represent the data 

correctly under certain constraints. We would like to reformulate solutions for 

situations of this kind. 

• Even though the SOM is, in essence unsupervised, it relies on a fixed grid 

structure which is typically defined a priori. We would like to examine the 

consequences of permitting the user transfer his knowledge about the data set 

by imposing an arbitrary tree-like topology onto the set of neurons. 

• We are also interested in a completely new and unexplored way of adapting the 

SOM. The principles behind this adaptation involve the fusion between the 

philosophies defined by the tree-structured families of SOMs and the field of 
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ADSs We would like to see if we can generate an asymptotically optimal tree 

based on the "importance" of the neurons, the quantification of which will be 

explained in detail 

• In the reported literature, all the families of NNs work with the premise that 

the neurons are considered equal Our research queries this concept, and the 

reason for this is inspired by a phenomenon that we have introduced called 

''Neural Promotion" With Neural Promotion, a neuron is relocated m a more 

privileged position in the network with respect to the other neurons in the NN 

Thus, while all "all neurons are born equal", their importance in the society of 

neurons is determined by what they represent This is achieved by an explicit 

advancement m its rank or position We believe that this concept, itself, is 

pioneeimg 

• From a computational perspective, we are interested m knowing if we can ac

celerate the task of identifying the neuron which best represents the stimulus, 

also known as the "winner" neuron We hypothesize that this can be achieved, 

by recursively employing hyperplanes which dichotomize the feature space into 

two halves 

• We would like to see if we can impose a BST structure on the neurons to perform 

the adaptation 

• The implications of imposing a tree with an arbitrary number of nodes on 

the neurons is also a fascinating unexplored avenue for research We would 

like to utilize such a model to generate the optimal tree based on the access 

probabilities of the neurons 

This summarizes the motivations of our proposed thesis 

1.2.3 Objectives 

To render the goal of this research project more explicit, this section presents a series 

of sub-objectives that we plan to achieve We intend to 
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1 Devise a SOM-based scheme, I e the TTOSOM, whose topology is tree-based 

and which condenses the user's knowledge about the data distribution We 

hope that the algorithm will be able to learn a stochastic distribution using this 

user-defined perspective 

2 Merge the fields of SOMs and ADSs by prescribing a framework, that permits 

the user to define a new family of NNs which are able to learn a stochastic 

distribution and simultaneously dynamically re-adapt the data structure so as 

to build an asymptotically optimal configuration, based on the accesses of the 

neurons 

3 Utilize the SOM+ADS framework explained above to design a strategy that 

dynamically adapts a BST with the so-called Conditional Rotations (CONROT) 

strategy [38] Our hope is that this will asymptotically generate the optimal 

BST based on the access probabilities 

4 Design a method that employs the TTOSOM for performing classification, by 

using both unlabeled and labeled instances 

5 Design a method that employs the TTOCONROT This will extend the TTOSOM-

based classifier so as to re-arrange the nodes of the tree as per the laws of ADSs 

6 Devise a SOM-based scheme which recursively uses hyperplanes to divide the 

space into two halves Our hope is that by doing so, the time required to identify 

the "winner" neuron m each training step will be reduced 

1.3 Organization of the Thesis Proposal 

We shall now give a brief overview of the organization of the present manuscript, 

including the content as well the main contributions for each of the subsequent chap

ters 

Chapter 2: This chapter concentrates on the basic notions that the reader must 

comprehend m order to best understand the contributions of the thesis We begin this 
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chapter by briefly discussing the more philosophical aspects concerning the paradigms 

of unsupervised learning and data clustering, and include a categorization of the 

different schemes and prominent algorithms reported m the state-of-the-art The 

next section focuses on the fiamewoik of ANNs and explains its mam concepts and 

definitions We then direct our attention to a particular type of ANN, namely the 

Self-Organizing Map (SOM), which is the mam focus of this thesis For this reason, 

we offer an m-depth description of the algorithm that covers its mam properties 

and applications, and also list the known drawbacks reported in the literature The 

subsequent sections of the chapter concentrate on the most prominent families of these 

ANNs that take advantage of the original SOM strategy, sub-dividing them into two 

mam categories, 1 e , those which use a tree as the underlying topology, and those 

that do not The chapter concludes by establishing a concise comparison between the 

different varrants of the SOMs reported in the literature2 

Chapter 3: The beauty of the Kohonen map is that it has the property of organiz

ing the codebook vectors, which represent the data points, both with respect to the 

underlying distribution and topologically This topology is traditionally linear, even 

though the underlying lattice could be a grid, and thrs has been used in a variety 

of applications [97, 142, 149] The most prominent efforts to render the topology to 

be structured involves the Evolving Tree (ET) due to Pakkanen et al [143], and the 

Self-Organizing Tree Map (SOTM) due to Guan et al [82], among others In this 

chapter we propose a strategy, the Tree-based Topology Oriented SOM (TTOSOM) 

by which we can impose an arbitrary, user-defined, tiee-like topology onto the code-

books Such an imposrtion enforces a neighborhood phenomenon which is based 

on the user-defined tree, and consequently renders the so-called Bubble of Activ

ity (BoA) to be drastically different from the ones defined in the prior literature The 

map learned as a consequence of training with the TTOSOM is able to infer both the 

distribution of the data and its structured topology interpreted via the perspective of 

the user-defined tree The TTOSOM also reveals multi-resolution capabilities, which 

are helpful for representing the original data set with different numbers of points, 

2Since this overview is comprehensive, we have been advised to submit a survey paper containing 
the material found here This paper is currently being reviewed [13] 
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and this can be obtained without the necessity of recomputing the whole tree. The 

ability to extract a skeleton, which is a "stick-like" representation of the image in a 

lower dimensional space, is discussed as well. These properties have been confirmed 

by our experimental results on a variety of data sets. A preliminary version of some 

of the results from this chapter appeared in the Proceedings of CORES2009, the 6th 

International Conference on Computer Recognition Systems, Poland, in May 2009 

[11]. This talk was a Plenary/Keynote Talk at the Conference. The journal version 

of these results is currently under review. 

Chapter 4: Years of research in the field of PR has led to scores of algorithms which 

can achieve supervised pattern classification. Such algorithms assume the knowledge 

of well-defined training sets with a clear specification of the identity of all the train

ing samples. However, in the last few years, a new stream has emerged, namely, 

the so-called "semi-supervised" paradigm, i.e., the one that uses a combination of la

beled and unlabeled samples to perform classification [176]. Classifiers based on the 

latter, do not demand the specification of the class labels of every sample. Rather, 

a clustering-like mechanism processes the manifold, and attempts to distinguish the 

training samples into the separate classes, subsequent to which a supervised classifier 

is derived using a small subset of the training samples whose class identity is known. 

In this chapter we will venture to use the TTOSOM in pattern classification. We 

will first train a TTOSOM in which the neurons collectively obey the stochastic, 

topological and structural distribution of all the classes. Subsequent to this junc

ture, we make use of the information provided in the labeled dataset. By using this 

information, we assign a class label to every single node in the NN, which, in turn, 

partitions the space into its Voronoi regions. On receiving the testing data, the task 

at hand is rather straightforward. One nearly determines the closest neuron to the 

testing sample and assigns the sample to the corresponding class. The complexity of 

the testing is linear, not in cardinality of the training se t /but rather in the size of 

the TTOSOM tree. 

Such an nearest-neighbor type testing is similar to the ones used by prototype 

reduction schemes [102, 116]. Such schemes represent the training data from each 

class by a small set of prototypes, which are subsequently used for classification. In 
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our case, however, the "prototypes" are the nodes of the TTOSOM which are not 

located m the feature space m a manner unrelated to each other Rather, they are 

constrained by the tree structure, the topology, and the distribution of all the classes 

Out experimental lesults show that on average, the classification capabilities of oui 

proposed strategy, even with a small number of neurons, are reasonably compaiable 

to those obtained by some of the state-of-the-art classification schemes that only use 

labeled instances during the training phase The experiments also show that improved 

levels of accuracy can be obtained by imposing trees with a larger number of nodes 

C h a p t e r 5: Numerous variants of Self-Organizing Maps (SOMs) have been proposed 

m the literature More recent embodiments involve SOMs which also possess an un

derlying structure [11, 28, 156, 71, 82, 105, 133, 143], and in some cases, this structure 

itself can be defined by the user [11, 105] Although the concepts of growing the SOM 

and updating it have been studied, the whole issue of using a self-organizing ADS 

to further enhance the properties of the underlying SOM, have been unexplored In 

Chapter 3, we had proposed a strategy by which we can impose an arbitrary, user-

defined, tree-like topology onto the codebooks, which consequently enforced a neigh

borhood phenomenon and the so-called tree-based BoA In this chapter, we consider 

how the underlying tree itself can be rendered dynamic and adaptively transformed 

To do this, we present methods by which a SOM with an underlying Binary Search 

Tree structure can be adaptively re-structured using conditional rotations These ro

tations on the nodes of the tree are local, can be done m constant time, and performed 

so as to decrease the Weighted Path Length of the entire tree We introduce the earlier 

alluded-to concept refereed to as Neural Promotion, where neurons gam prominence 

m the NN as their significance increases The advantages of such a scheme is that the 

user need not be aware of any of the topological peculiarities of the specific input data 

set or of the stochastic data distribution Rather, the algorithm, referred to as the 

Tree-based Topology-Oriented SOM with Conditional Rotations (TTO-CONROT), 

converges m such a manner that the neurons are ultimately placed m the input space 

so as to represent its stochastic distribution, and additionally, the neighborhood prop

erties of the neurons suit the best BST that represents the data These properties 
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have been confirmed by our experimental results on a variety of data sets. A prelim

inary version of some of the results from this chapter appeared in the Proceedings of 

AI 2009, the 2009 Australasian Joint Conference on Artificial Intelligence, Australia, 

in December 2009 [12]. This paper won the Best Paper Award of the Conference. 

The journal version of these results is currently under review. 

Chapter 6: A natural extension to our investigation is to develop a study analo

gous to the one performed in Chapter 4, but now considering the effect of the neural 

rotations developed in Chapter 5. In this sense, our proposed methodology con

sists of deriving a classifiei similar to the TTOSOM-based classifier, but using the 

TTOCONROT as a foundation. 

Our experiments show that such a TTOCONROT-based classifier is able to some

times outperform state-of-the-art classifiers that are unable to learn from unlabeled 

samples. This is consistent with the results of other researchers, in which semi-

supervised schemes lead to performance levels that are comparable to the ones ob

tained by true supervised methods [73]. More specifically, in most of our experiments, 

trees whose sizes are only a small fraction of the cardinality of the dataset, are suf

ficient to obtain accuracies comparable to the ones provided by the best supervised 

classifiers. 

Additionally, we have performed a meticulous analysis to identify the advantages 

of incorporating the neural rotations provided by the TTOCONROT. To do this, we 

compared the results with the TTOSOM-based classifier (presented in Chapter 4), 

using analogous parameter settings and using different tree sizes. Our results showed 

that regardless of the inclusion of the rotations, competitive accuracy rates can be 

obtained. Moreover, our experiments also suggest that in certain cases, the rotations 

lead to accuracy rates that increase in a smoother manner, in comparison to the ones 

obtained by the TTOSOM-based classifier, as moie neurons are incorporated in the 

tree. 

Chapter 7: The previous chapters essentially focused on how to accurately mimic 

the original properties of the stimulus, and how this can be advantageously utilized 

for tackling the problems of clustering and classification. In this chapter, we focus 

on a different perspective, i.e., on how to perform the required calculations more 
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efficiently Particularly, we concentrate m the most expensive problem associated 

with the original SOM strategy, namely the one involving the search for the so-

called Best Matching Unit (BMU) As a first step m this direction, we show how a 

hyperplane-based partitioning scheme can be used to accelerate the TTOSOM These 

hyperplane are recursively used to divide the space into two halves The question of 

further utilizing this strategy to enhance the search for the BMU is a research topic 

m itself - which could lead to another doctoral thesis We have thus left it as an open 

problem 

Chapter 8: This chapter concludes the manuscript 



Chapter 2 

Literature Review 

2.1 Introduction 

A SOM is a kind of ANN which learns the structure of an input sample set in an 

supervised/unsupervised manner, generating an output mapping in a (usually) lower 

dimensional space. Since its conception, numerous variants of the SOM have been 

proposed through the years so as to enhance the deficiencies of the basic SOM. Among 

these variants, we focus our attention on a particular subset, a family of NNs derived 

from the SOM, where the codebook vectors are governed by an underlying tree struc

ture. In general, these approaches attempt to render the topology more flexible, so 

as to represent complicated data distributions in a better way and/or to make the 

process faster by, for instance, speeding up the task of determining the BMU. This 

Chapter explains, in a fairly comprehensive manner, the most relevant strategies that 

employ such an approach, categorizing them according to their principal properties 

and components. 

The rest of the Chapter is organized as follows: We first, in a less formal manner, 

cover the concepts of Unsupervised Learning and Clustering in Sections 2.2 and 2.3 

respectively. We then give in Section 2.4 an overview of the theory of ANNs. After 

that, the traditional SOM philosophy is described in detail in Section 2.5 We then 

review the most relevant SOM-variants in Sections 2.6 - 2.8. 

19 
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2.2 Unsupervised Learning 

Machine Learning (ML) is a branch of Artificial Intelligence (AI) that deals with 

the formal study of algorithms capable of improving their performance in an au

tomatic manner, based on experience [136]. It considers the analysis, design and 

implementation of algorithms, which impart to computers the ability to learn. We 

further differentiate between two main categories in ML, according to the type of 

information that is provided to the system. These two main learning approaches are 

Supervised Learning and Unsupervised Learning. 

Supervised Learning is the study of algorithms that reason from externally sup

plied instances to produce general hypotheses, which then make predictions about 

future instances [108]. In Supervised Learning a "teacher" provides the true category 

of samples or examples. This collection of instances for which the desired output 

is known a priori, is called the "training" set. Supervised Learning seeks the con

struction of a discriminant function from the training set. The goal is to predict 

the unknown labels of items that will be subsequently presented to the classification 

system. One important problem that presents itself when the system learns useful in

formation from the samples is called over-fitting. A model is said to be "over-fitted" if 

even though it is able to perfectly predict the training items, it is unable to accurately 

predict the labels of new "testing" patterns. This issue leads to a trade-off between 

the complexity of the classifier (which usually captures more details about the data 

distribution of the classes being separated), and a simple discriminant function which 

is easily implemented, but may be unable to capture the subtle differences between the 

classes under scrutiny. This kind of learning is usually used in classification problems, 

and it is the most common way to train ANNs. 

Sometimes, the true labels of the items are not available to the "teacher". This 

may occur because it is not possible to obtain these labels or because retrieving them 

is too expensive. This scenario corresponds to the paradigm known as Unsupervised 

Learning. As opposed to the supervised approach, in Unsupervised Learning the class 

labels are unknown, and one may not know the number of classes either. This poses 

a harder task, because the essential relationships between the data must be acquired 
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by merely examining the samples 

Even though one works with labeled data, there are still several reasons to con

sider Unsupervised Learning Consider, for instance, the high cost of collecting and 

labeling large amount of sample patterns In some cases, the cost of extracting labels 

is itself prohibitive, restricting the possibility of solving the problem using a super

vised technique Alternatively, the intrinsic nature of the categories of the patterns 

may be dynamic, and unsupervised learning may appear as a more suitable strategy 

to adapt the model according to the changes in the distribution of the data Further

more, an unsupervised paradigm may help to gam insight about the underlying data 

distribution and its structure Last, but not less important, the unsupervised modus 

operandi seems to occur more common in the brain than its supervised counterpart 

As explained earlier, sometimes the information about the labels may be missing 

foi some reason, such as the associated cost As an example, consider the situation of 

examining pictures available on the web Pictures are usually perceived by computers 

as binary maps, 1 e , as "cold grids" of pixels without any particular meaning It is 

the human who is able to make the necessary absti action to understand the diverse 

elements represented in the image These elements may correspond to different con

cepts like a family, a landscape or a car Furthermore, if labels that express these 

semantics are needed, one typically recruits a human-m-the-loop to tag them When 

the number of pictures are only a couple of dozens, the problem can be solved manu

ally But when the number of pictures is m the order of millions, the task of labeling 

may become colossal 

ANNs are usually educated using a training set that acts as a tutor However, 

a subset of neural systems are also capable of learning in an unsupervised manner 

through self-organization When NNs use an unsupervised approach, the weights are 

adjusted by merely examining the samples, and without the supervision of an external 

entity This may happen because the user does not know a priori what to expect 

from the network, forcing the ANN to determine a reasonable output The most 

piomrnent of these self-organized networks is the SOM [158], which is the primary 

focus of this Thesis 

Apart from the supervised and unsupervised paradigms, there are other ways to 
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perform learning Among these alternatives are the semi-supervised learning and 

the reinforcement learning approaches The semi-supervised learning paradigm is the 

study of algonthms capable of learning by employing unlabeled and labeled data [176] 

Semi-supervised learning is differentiated from its unsupervised counterpart since the 

latter uses an entire manifold of unlabeled data Commonly, semi-supervised schemes 

work with a large amount of unlabeled samples (which are usually easier to obtain), 

togethei with a few, and more expensive, labeled data elements utilized to improve 

the quality of the classifier In reinforcement learning, it is often assumed that an 

agent learns in a constantly changing environment through tnal-and-error attempts 

[94] Here, when an agent is m a certain state, it can take an action, which, when 

the so-called oracle observes, it returns the new state of the environment and also a 

reward (or a penalty) associated with the action performed by the agent Based on 

this iterative interaction, the agent is expected to learn the optimal behavior so as to 

maximize the reward 

2.3 Clustering 

In an increasing number of applications, lesearcheis today encounter various situa

tions which require the classification of patterns in large data sets Central to these 

methods are approaches which identify the most important clusters of the given data 

in an unsupervised manner A problem that arises m such situations is to capture the 

essence of the similarity in the samples, which implies that any given cluster should 

include data of a "similar" sort, while elements that are dissimilar are assigned to 

different subsets 

The human brain possesses an amazing ability to find regularities in data by 

merely looking at it One way of expressing legulanty is to gather the set of objects 

into groups that are similar to each other As an instance, in the field of natural 

sciences, biologists have assembled information about various species through the 

years They then make a distinction between "objects" in the natural world by 

distinguishing creatures with locomotion capabilities from other types of organisms 

that are unable to move on their own The first group is labeled as "animals", while 
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the second, as "plants" Further, individual plants and animals themselves do not 

possess an inherent label indicating the species they belong to, their phyla and so 

on Rather, humans have further categorized them according to their observable 

characteristics For example, in the case of the animal kingdom, some interesting 

characterizing features are the size of the organism, number of legs, hair, feathers and 

their ability to hunt, run, fly or swim The operation of grouping things together, as 

m this example, is referred to as Clustering 

The SOM, which we shall study m the Thesis, is especially capable of achieving 

Clustering 

2.3.1 Types of Classification 

According to Jam et al [90], Clustering (also know as Data Clustering1) "is the 

process of classifying objects into subsets that have meaning m the context of a par

ticular pioblem" These authors further assert that it is possible to view Clustering 

as a special kind of Classification Figure 2 l2 shows a decomposition of the mam 

classification schemes As a first subdivision, a classification scheme can be either con

sidered to be overlapping or non-overlapping Subsequently, non-overlapping schemes 

can use unsupervised or supervised classification Finally, the unsupervised schemes 

are categorized as being either partitional or hierarchical 

When an novel pattern is presented, the question of determining the best cluster 

that this pattern should fall into is not such a clear-cut desicion This constitutes 

one of the most fundamental problems in Clustering [72] In certain cases, more 

than one cluster might appear to be the correct category As an illustration, consider 

the set of animals that are able to fly Although this category mostly includes birds 

such as hawks, eagles, doves, owls, etc , the group may include other animals that 

do not belong to the Aves class, such as bats, which are flying mammals As a 

1 Usually the term "Data Clustering" is used to differentiate it with a cluster of computers The 
latter refers to a group of computers linked together, so as to act like a single one In the context of 
this document the term "Clustering" refers to "Data Clustering" 

2This figure is duplicated from [90], which constitutes a survey of clustering methods, and which 
is commonly-used standard reference in the field Given the progress of the field, we admit that 
there could be a slight overlap between some of these categories However, our interest here is to 
present a broad classification 
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Figure 2.1: A categorization of Classification schemes. 

second example, by examining the mammals in more depth, one observes that most 

animals have four legs and live on land. Here again, exceptions appear, as there 

are mammals without legs, and which further do not live on land, like whales and 

dolphins. Moreover, bats possess four legs and the ability to fly. 

In non-overlapping schemes, each item belongs exclusively to one category An 

example of a non-ovei lapping scheme is the gender of a particular specie such as the 

duck, where the possibilities are whether the duck is a female or a male. Overlapping 

classification schemes are more complex and involve items belonging to more than 

one category. An example of a non-overlapping classification scheme is the Fuzzy k-

Means algorithm [22, 23], where the condition of the traditional /c-means philosophy 

that states [122] "each sample x3 is member of one and only one category" is relaxed; 

instead, each item is assigned to each cluster with some degree of certainty. Our 

study will focus on non-overlapping classification and clustering. 

Non-overlapping (or exclusive) classification computes a partition of the set of 

items being examined. Formally [43], a collection S = {St} of non-empty sets forms 

a partition of a set S if 

1. SuSj eS and i ^ j => S% n S, = 

2. S = Us^es ^J 

That is, each item of the input set appears in exactly one subset. 
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Figure 2.2: Example of hierarchical clustering. 

As seen in Figure 2.1, non-overlapping classification schemes can be further cate

gorized as being either supervised or unsupervised as explained earlier. 

As a final subdivision, unsupervised classification can be subdivided into being 

either Hierarchical or Partitional. A Hierarchical Clustering scheme is one that gen

erates a sequence of nested partitions, where each partition is nested into the next 

partition in the sequence. When the Hieraichical Cluster algorithm starts with each 

node constituting its own cluster, from which then new clusters are created by merg

ing two clusters, it is called Agglomerative. On the other hand, when the Hierarchical 

Cluster algorithm starts with all the observations falling in a single cluster and it 

splits the clusters recursively to increase their number, it is called Divisive. 

A dendrogram is a tree representation frequently used to illustrate the arrangement 

of the clusters produced by a hierarchical clustering. Figure 2.2 depicts a dendrogram 

showing how four samples are grouped. At the first level, each of the four elements 

x\, X2, Xs, X4 constitutes a cluster by itself. At the second level of the sequence, the 

dendrogram shows how xx and x^ are merged together to form the cluster { x i , ^ } , 

and they will continue to be part of the same cluster in all the subsequent levels. 

In the third level, the clusters {x3} and {x4} are merged into the cluster {£3,24}, 

thus producing two clusters, which are {{x\, x 2 }, {x3, x4}}. Finally the two remaining 

clusters are mixed together producing the cluster {x1; X2,x^,X4} containing all the 

samples. A dendrogram is also able to give extra information about the clusters, for 

instance, the vertical axis may show the measure of similarity among the clusters. 
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2.3.2 Why to Perform Clustering? 

There are several reasons why it is both interesting and necessary to perform cluster

ing This section summarizes the most relevant issues 

Clustering techniques can be used as predictive tools When a new item is encoun-

teied, the internal model generated previously can help to predict the class of this 

new observation In this sense clustering is a powerful tool for generating a classifier 

that can be tiained with the available data, and that can be used to identify the label 

of novel patterns 

Additionally, clusters can serve as a data compression technique Sometimes cer

tain opeiations are difficult to perform due to the large size of the data set Compres

sion of the data points into a few representative virtual points with lower dimension

ality can make this possible Vector Quantization (VQ) [80] is a well-known technique 

used for such a purpose 

There are neural systems that employ clustering as a learning engine The SOM, 

which will be described m detail m Section 2 5, is a prominent example of a NN phi

losophy that is trained m an unsupervised manner ANNs like this, perform clustering 

as a model of a learning process using a technique called Competitive Learning (CL), 

reviewed in detail in Section 2 5 2 

Moreover, clusters may help in the detection of noisy patterns In statistics, an 

outlier is any observation from a collection of data which is inconsistent with the rest 

of the items m that collection [15] Even though outliers are sometimes considered as 

noise and are undesirable, this is not always the rule, and clustering techniques may 

be used for detecting them For example, if we pick pictures of the ocean, it may 

include elements that are classified as a school of fish, and others as rocks However, 

if we encounter an item not classified correctly, it could be a good reason to believe 

that we have located a submarine in the picture 

2.3.3 Stages in Clustering 

Although, there are different types of clustering methodologies, it is still possible to 

recognize some common processes involved m classical clustering algorithms [90, 89] 
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Figure 2.3: Stages involved a typical clustering solution. 

Figure 2.3 depicts the most relevant processes performed in clustering. 

The first activity in the clustering process is that of selecting a suitable represen

tation for the patterns. This representation refers to the coding of the observations, 

usually in numerical form, and may involve the normalization of the values. Observe 

that this step is affected by variables that may be inherent to the problem being 

solved. For instance, in some clustering problems the number of classes are known 

a prion, while in others it is not. Other constraints include the types of the fea

tures that are being processed. Features usually encountered in clustering problems 

include numerical values such as integers and real numbers, binary-valued attributes 

or even qualitative values. The most appropriate clustering strategy is also closely 

related to the amount of data to be clustered. At this stage, it is advantageous to 

identify the most meaningful attributes. Here, one invokes processes for feature se

lection, which aim to identify the attributes which yield more valuable information, 

thus explicitly generating a ranking of the attributes and sorting them according 

to their predictive capabilities. Alternatively, it may also be possible to reduce the 

number of features by so-called feature extraction. Feature extraction is a dimension

ality reduction technique achieved by creating (linear) transformations of the selected 

attributes, resulting in new attributes that condense the most valuable information 

from the original collection of features, and which permit the construction of a model 

which could be used to separate the items into clusters, using a lesser number of 

features. 

A central task in the clustering process is to establish how similar the objects 

being examined are. Quantifying "similarity" is of paramount importance because 

it is desirable to assign those objects that are similar to the same cluster, while at 

the same time, separating the items that possess a high degree of dissimilarity into 
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different subsets 

The next step consists of reassigning the samples to the identified groups This 

step utilizes the pre-determmed inter-object similarity measure described earlier The 

ability to quantify the similarity of an object to an arbitrary element rn a cluster offers 

a tool whereby one can establish the "correct" category of the item, which may, in 

turn, require a re-labeling of the sample 

Finally, the clustering algorithm will output a series of clusters, which group the 

data items At this stage, the algorithm may terminate or may enter into a new 

refining iteration process of the same steps described above The decision concerning 

whether to rterate or termrnate depends on the evaluatron of the quality of the clusters 

This crrterion is usually associated with a function to be optimized, and m this regard, 

the most common criterion function utilized is the so-called Sum-of-Squared-Error 

described m [57] 

2.3.4 Similarity Between Objects 

A central issue m any clustering methodology consists of quantifying the similarity 

between the objects to be grouped "Similarity" is a rather generic term that has 

been widely used and investigated m the fields of Psychology and PR From a psycho

logical perspective, similarity can be understood to be the "closeness" of two mental 

representations In our research, where we are concerned with the PR perspective, 

the term "similarity" is quantitatively measured using a so-called distance/metric 

This metric, in turn, is a function whose inputs are the representation of the objects 

in question, and whose output is a scalar specifying the distance between them For

mally, a metric on a set X is a function D X x X —> M, satisfying the following 

conditions 

Non-negativity: £)(x,y) > 0 

Reflexivity: £)(x,y) = 0 if and only if x = y 

Symmetry: £>(x,y) = £>(y,x) 

Triangular inequality: D(x,y) + D(y,z) > D(x,z) 
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Examples of relevant distance functions are the binary distance, the Manhattan 

distance, the Euclidean distance, the graph distance, the Hamming distance and the 

Mahalanobis distance. The binary distance is a very simplistic measure in which 

the inter-item similarity between the elements is assigned a value of zero if they are 

identical, while non-identical items possess a distance of unity. The Manhattan or 

city-cab distance is equal to the sum of the absolute differences of their coordinates. 

The Euclidean distance is the length of the direct path connecting the given points. 

Some of the important properties of the Euclidean distance is that it is invariant to 

rotations and translation. One drawback of the Euclidean distance, however, is that it 

is sensitive to changes in the scale, i.e., if the objects are modified by a slightly non

linear transformation, the Euclidean distance between them will not be preserved. 

Observe though that the Manhattan and Euclidean distances are particular cases 

of a more general function called the Minkowski distance [57], defined for the d-

dimensional space as: 

Lfe(x,y) = { ] T | x l - y / } 1 / f c - (2.1) 
i=\ 

The cases of k = 1 and k = 2 lead to the Manhattan and Euclidean distances 

respectively. 

In a graph, the so-called inter-node distance is defined as the shortest path con

necting two nodes, where, by convention, it is assumed that the distance is infinite 

when the two given nodes are unconnected [34]. The Hamming distance between 

two vertices of a hypercube is the number of coordinates by which the two vertices 

differ [58]. Finally, a very important distance function used in statistical PR is the 

so-called Malahanobis distance [123], which not only takes into consideration the 

representation of the objects, but also the covariance associated with their assigned 

classes. 

2.3.5 Measuring the Quality of the Clusters 

Once the cluster algorithm returns a set of clusters as its output, one relevant question 

is that of knowing how "good" the clusters are. The answer to this question is 
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not unique and is typically dependent on the application domain. Usually, the user 

who possesses a prion knowledge about the data being analyzed, defines a suitable 

quality measure. This section summarizes the most relevant criteria for evaluating 

non-overlapping clusters, i.e., the cluster algorithm assigns an items to exactly one 

cluster. 

The most common and simplest evaluation criterion is the so-called Sum-of-

squared-error. The principle here is to measure how the points are spread out with 

respect to their centroid. If the center of mass of cluster C% is given by rrij, then the 

Sum-of-squared-error function is 

eCi = ]T| |x-m, | | 2 . (2.2) 
xect 

Equation (2.2) provides meaningful information regarding a set of data points, 

however, it does not provide information relative to the spread of the data. An 

alternative family of error functions incorporate the so-called Scatter Matrix, which 

is a d x d positive semi-definite matrix (and is actually n — 1 times the sample 

covariance matrix). The Scatter Matrix is given in Equation (2.3) as follows: 

5, = ^ { x - m , } { x - m l } t , (2.3) 
x6C, 

where the term va% corresponds to the sample mean given by: 

(2.4) 
""l xec, 

In the case of Equation (2.4), the n% term is the number of samples for each class, 

respectively. 

The literature also contain other scatter matrices related to Equation (2.3), includ

ing so-called Within-Cluster Scatter Matrix, Between-Cluster Scatter Matrix, and the 

Total Scatter Matrix [57]. 

The Within-Cluster Scatter Matrix, represented by Sw is the sum of all the Scatter 

Matrices for each class, i.e.: 

m^~/Z 
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where c is the total number of clusters. The Within-Cluster Scatter Matrix is sym

metric and positive semidefinite, implying that its eigenvalues are nonnegative [125]. 

It is also proportional to the sample covariance matrix. 

The Between-Cluster Scatter Matrix, denoted by SB, is defined by Equation (2.6) 

as follows: 

c 

SB = ^ n j { m ( - m}{m, - m } f , (2.6) 

where m is the so-called total mean vector given by: 

m = - $ > , (2.7) 

and where n is the total number of samples. 

The Total Scatter Matrix, ST, can be obtained by adding the Within-Cluster 

Scatter Matrix and the Between-Cluster Scatter Matrix. 

The reader must note that the matrices themselves do not provide a scalar index 

that is useful for measuring similarity. In other words, we need to specify error-

functions that transform the information contained in the scatter matrices so as to 

yield a scalar which quantitatively expresses how "good" the clusters are. This can 

be achieved by either computing the determinant or the trace of the corresponding 

matrix. If the latter is used as a criterion, one attempts to minimize the trace of the 

Within-Cluster Scatter Matrix, given by: 

c c 

tr[Sw] = J2 trfr] = J^ J2 II x - m* II2 ( 2 - 8 ) 
i = l i = l xSCj 

2.3.6 /c-means 

The fc-means is a very popular and easy-to-implement clustering algorithm proposed 

by MacQueen [122]. The main concept here is to place k centroids in the feature 
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space and thereafter, using a pre-defined distance function, the distance from each 

sample point to the centroids is calculated, whence each sample is assigned to its 

closest centroid. Subsequently, the position of the k centroids are recomputed, and 

the process is repeated until no change in the centroids is found (see Algorithm 1). 

Algorithm 1 k- means (X,k) 
Input: 

I) X, a set of unlabeled samples belonging to the Md space. 
ii) k, the desired number of clusters. 
Output: 

i) The centroids w 1 , w 2 , . . , , w J t . 
Method: 

1 Place k points wi,W2,. . . , w^ in the space represented by the objects that are 
being clustered. 

2 repeat 
3 for all x G X do 
4 Assign object x to the closest centroid w. 
5 end for 
6 for all i € k do 
7 recalculate the position of centroid wt 

8 end for 
9 until centroids no longer move 

End Algorithm 

Recent studies shows that the worse case running time of the fc-means is super-

polynomial [9], with a lower bound 2n^\ where n is the total number of data 

samples. Although, in practice, the algorithm runs efficiently and it is often cataloged 

as an iterative optimization procedure, it does not necessarily find the optimal cluster 

configuration. 

In spite of the above handicap, the /c-means algorithm is still competitive due to 

its simplicity and fairly good performance. However, it possesses some fundamental 

drawbacks. For instance, one important problem associated with the approach, is that 

some clusters (centroids) might become abandoned, i.e., other centroids consistently 

become the nearest ones for all the samples. In practice, though, this handicap can 

be solved by running the algorithm repeatedly. 
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The algorithm is also significantly sensitive to the position of the initial randomly-

selected cluster centers Formally, there is no specification about how this issue can 

be addressed One alternative is that of choosing a random set of k elements from 

the data set itself 

The /o-means approach has been demonstrated to be very effective m separat

ing clusters coming from hyper-ellipsoidal-shaped clouds of points, as for example, 

random vectors from an underlying Gaussian distribution However, more complex 

problems are encountered when one attempts to separate real data where the input 

samples do not necessarily conform to hyperelhpsoidal data clouds [84] 

The A;-means algorithm is an example of hard CL, where the winner (in this case 

the centroid closest to the input signal) takes "all" (in comparison to stiategies like 

the SOM, which is the central NN discussed in this Thesis, wheie the winner take 

"most", as shown m section 2 5 2) It is important to note that the /c-means algorithm 

requires that the number, k, of clusters must be known a prion, l e , it requires some 

prior knowledge about the data distribution - which may not always be available 

An important issue associated with this simple strategy, though fast in conver

gence, is that it does not include a relationship between the different centroids them

selves Rather, it has been reported that by explicitly representing the relationship 

between the centroids, one can glean more information about the underlying data 

distribution This additional capability can also be used to enhance the capability of 

the SOM, as we shall show m Chapter 3 

2.3.7 Hierarchical Approaches 

m Section 2 3 1 an overview of Hierarchical Clustering is given Here we focus on 

a specific algorithm [174], so as to provide more detailed understanding on how a 

Hierarchical Clustering method works In [174], Ward defines a procedure for grouping 

mutually exclusive subsets, based on the similarity between them Moie formally, the 

technique permits the reduction from k subsets to k — 1 by measuring the similarity 

between all the (k)(k — l ) /2 pair of clusters and merging the two possessing the 

maximum value for a given similarity function The process is repeated until all data 
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elements falls into the same partition 

2.4 Artificial Neural Networks 

Since the human being is, arguably, the "animal" which possesses the highest level of 

intelligence, lesearchers have been motivated by the following question Is it possible 

to "artificially" create an intelligent machine capable of reasoning m a manner similar 

to that of an average human being7 Many theories have been proposed to respond 

to the above-mentioned query, but, probably few of them have been as interesting or 

impressive as ones which attempt to mimic the mechanism employed by the neurons 

in the brain itself This Section briefly presents some of the most fundamental aspects 

of one such paiadigm, referred to as Artificial Neural Networks (ANNs) 

The theory and applications of ANNs constitute an important branch of ML, thus 

formally providing a computer with the ability to learn from examples A general 

overview of the biological inspirations of this paradigm are given in [62]3 The field 

of ANNs is the most prominent area from among a family of philosophies collec

tively known as "connectiomsm", which focus on the study of mental (or behavioral) 

processes as being emergent as a consequence of interconnected units4 

In this Thesis we shall use the following definition for NNs, taken exactly from 

[85] 

A Neural Network (NN) is a massively parallel distributed processor made up of 

simple processing units that has a natural propensity for storing experimental knowl

edge and making it available for use It resembles the brain in two respects 

1 Knowledge is acquired by the network from its environment through a learning 

process 

2 Inter-neuron connection strengths, known as synaptic weights, are used to store 

the acquired knowledge 

3We shall consistently use the term NN synonymously with the more strict term ANN 
4The concepts of connectiomsm and ANNs are so closely interrelated, that in some cases they 

are used interchangeably, as in [74] 
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ANNs are composed by a set of architectural frameworks, allowing a designer to 

build a machine/program that is able to accept examples and learn from them The 

mam component of an ANN is a set of nodes linked together through connections 

leading to a network of neurons Each node resembles the concept of a neuron m 

the brain, 1 e , each unit is simple m essence, providing only limited computational 

power However, several neurons are collectively able to perform complex tasks when 

they operate together 

The way how the neurons are connected between themselves is referred to as the 

network's topology, and differs from one architecture to another The learning process 

is achieved by adjusting the internal representation of the NN, and this is dictated 

by a so-called learning algorithm Additionally, the patterns being learned are often 

presented in a numerical form, which, m turn, can have an impact on the internal 

representation of the NN From a PR perspective, the representation of an object 

in the real world is not unique It is typically determined by many factors, such as 

the type of classes that are being separated, as well as the type of sensors that are 

available This fact has an implication on the interpretation of the original object, 

which will, m turn, determine the representation of the patterns (by virtue of the 

weights) in the NN, and the associated output 

ANNs are particularly powerful for solving problems in a vast diversity of domains, 

ranging from PR (e g , credit-risk assessment), data-processing (e g , adaptive signal 

processing), and the approximation of arbitrary functions (e g , time-series modeling 

and prediction) [93] 

2.4.1 Neurons in the Brain 

Biological species, such as human beings and animals, are equipped with powerful 

nervous systems composed of millions of interconnected neurons [158] The speed 

by which these neurons inter-communicate is very slow in comparison to the speed 

required for transmitting bits m an electronic computer However, even though the 

underlying communication is slow, natural NNs are capable of providing a response 

to complex tasks m small amounts of time with an amazingly impressive accuracy 
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In fact, natural NNs are able to "easily" solve numerous problems that their artificial 

counterparts are yet unable to solve. A central justification for the computational 

power of the nervous system lays in the way the neurons are connected. Since the 

field of ANNs originally found its inspiration from the class of biological NNs, we have 

chosen to include a brief summary of the way by which the nervous system addresses 

the problem of processing information. 

The term neuron was introduced by the Nobel prize winner Ramon y Cajal [155], 

who was the first neuroscientist to explain the complex function of the brain through 

the interconnection of these much-simpler processing units. Since our goal is to com

pare the biological neuron model with the artificial model (subsequently proposed in 

[129] during the twentieth century), we will adopt the simplistic neural version based 

on four main elements described in [158], consisting of dendrites, synapses, the cell 

body and the axon. 

The basic functionality of a neuron consists of perceiving excitatory signals and 

producing a corresponding response. Figure 2.4 shows the diagram of a biological 

neuron (adapted from [85]). The dendrites are responsible for perceiving chemical 

signals emitted by neighboring neurons. The extremes of the dendrites are connected 

to other neurons which possess specialized junctions that allow the flow of these 

chemical signals. In the human brain, the number of interconnections are much 

larger than the number of neurons. The component that is responsible for producing 

the chemicals necessary for the transmission and subsistence is the mitochondria, 

located in the body cell. Finally, the chemical signals produced by the mitochondria 

are themselves transmitted through the axon. 

In neural systems the information is accumulated at the synapses. The question 

of whether some other forms of storage occur in the brain, is, as yet, both unknown 

and unexplained [158]. 
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Figure 2 4 Model of the biological neurons m the bram 

2.4.2 The Artificial Neuron Model 

One important and fundamental step m the science of connectiomsm was the math

ematical abstraction of the neuron due to McCulloch and Pitts [129]5 By using a 

simplified model, these authors tried to understand how the bram performs com

plicated tasks by interconnecting simpler processing units, and as a result of their 

study, they generated a simplistic model of the natural neurons in the bram, one 

which captured its essential biological properties 

This simple but powerful model, allowed scientists to design networks and to 

adjust the weights so as to solve tasks such as resolving the elementary OR and 

AND functions m the logic domain This, in turn, indeed, provided a tool by which 

researchers could design a network topology with the appropriate weighted edges in 

order to solve certain classification problems 

The artificial neuron model, depicted in Figure 2 5, contains some elements that 

are analogous to those found in the biological one First of all, the artificial model has 

a set of input sensors that perceive the external stimuli, thus mimicking the dendrites 

Each input branch captures a particular feature of a stimulus and associates with it a 
5A more recent version of the original 1943 manuscript has been reprinted in [130] 
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Xi mput 

f(xi,x2,...,xn) 

Figure 2.5: Model of an artificial neuron. 

weight which will determine the influence of that input feature in the overall response 

of the neuron. Secondly, the model incorporates a processing unit that generates a 

response based on the stimulus. This unit reassembles the role of the mitochondria. 

Additionally, the output module transmits the response signals in a manner analogous 

to the axon. Finally, other neurons can be connected to the output of a given neuron, 

providing to them the capability of sensing the emitted signals. This connection 

between neurons is the abstraction of the synaptic connections between biological 

neurons. 

2.4.3 The Perceptron Model 

The classical Perceptron algorithm [159, 160], is probably one the oldest and simplest 

instantiations of an ANN. It is an example of supervised learning, in which the algo

rithm receives as input a set of labeled examples belonging to two different categories. 

The Perceptron algorithm generates a linear discriminant function, i.e., it attempts 

to create a hyperplane separating the instances according to their category. Given 

the nature of this philosophy, the instances can be successfully separated only if the 

categories are linearly separable, and when the latter is the case, the convergence of 

the algorithm is guaranteed [29, 135, 139]. 

The Perceptron model assumes that all the examples X = {x1 ,X2,. . . , x n } are 

numerical, where each x t belongs to the (i-dimensional real space, i.e., x , 6 f i . The 
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true category of each of the patterns is contained in the vector y = (2/1,2/2, •• • >2/n), 

where y% specifies the corresponding true category of x v For simplicity, it is often as

sumed that the labels are in { — 1,1}. In the Perceptron learning algorithm, described 

in Algorithm 2, the "prediction" weights w = (wi,w2, • •. ,Wd) are initialized with 

arbitrary values, for example, randomly. The principal iteration of the algorithm es

timates the predicted class of every pattern presented to the network as per Equation 

(2.9): 

y = w'x. (2.9) 

Equation (2.9), corresponds to the inner product between the weight vector and 

the stimulus. When y does not have the same sign as the true category of the pattern, 

the pattern is misclassified, and a correction to the estimate w is necessary. If the 

misclassification occurred because the pattern belonged to class A (i.e., y = 1) but 

the estimate is negative, then the weight vector is adjusted by adding the pattern to 

it. A second type of misclassification occurs when the estimate is positive but the 

pattern belongs to class B (i.e., y = —1), in which case the weight vector is corrected 

by subtracting the pattern being examined. This process is repeated until either all 

the values are correctly classified (which occur in the linearly separable case), or when 

the user is satisfied with the classification error. 

2.4.4 Neurons as Self-Organizing Machines 

The perceptron explained above is an example of supervised learning, i.e., it allows 

a neural machine to learn from labeled examples. This section focuses on NNs that 

are able to learn from examples even when their true categories are unavailable, i.e., 

learn from examples without a teacher. 

The Canadian neuropsychologist, Donald O. Hebb [86] postulated the first rule 

for self-organized learning. Hebb observed that two neurons that are simultaneously 

activated should have a stronger linkage in comparison to those neurons that are not 

related. Algebraically, the Hebbian rule can be specified as Equation (2.10): 
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Algorithm 2 Perceptron(A",y) 
Input: 

i) X, a set of patterns Xi, x 2 , . . ., x„, where Xj G iR^. 
ii) y, a sequence (yi,V2, • • • ,Vn), where yz G { — 1,1} specifies the true category of Xj. 
Method: 

1 Initialize the weight vector w G JRd, e.g., randomly. 
2 repeat 
3 for i = 1,2, . . . , \X\ do 
4 \j% <r~ w ' x , 

5 if j/j < 0 and y4 = 1 then 
6 w <— w + Xj 

7 end if 
8 if V% > 0 and yz = — 1 then 
9 W *r- W — X ( 

10 end if 
11 end for 
12 until all units are estimated correctly or when the user is satisfied with the 

classification error. 
End Algorithm 

Aw„ = 77xtyJ) (2 10) 

where the input is x t , the output is yv w y measures the relationship between the 

input and the output, and the parameter, 77, is a learning factor that determines the 

amount by which the interconnection is reinforced. This rule will increase the weight 

that connects both the input and the output, thus leading to a saturation point. This 

further suggests the need of alternate rules that dampen the connections from reaching 

a saturation level after repeated receptions of stimuli. Further, it is also possible to 

derive from his postulates, that the connection weights of the neurons that are not 

active decrease in strength. Hebb postulated that the limited resources forced neurons 

to compete for the energy available, and the "fittest" units would be "triumphant", 

in one way or another, at the expense of the unsuccessful neurons. Additionally, even 

though competition is predominant, there is also cooperation between neighboring 

neurons, because a single neuron by itself is simply not powerful enough to achieve 

results efficiently. Consequently, a neuron that is excited tends to strengthen its 
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connections to other units m its vicinity 

Another important requirement that renders self-organization possible is the re

dundancy of the input data If the input data is uncorrelated, it possesses no structure 

that can be learned As related examples are presented to the NN, it is capable of 

capturing, m its synaptic relationships, the essence of the entire structure of the data 

distribution, and thus learning it 

2.4.5 Neural Networks Architectures 

The architecture of a neural network is the structure of the connection between the 

neurons The simplest of the architectural models is the single-layered NN As its 

name indicates, single-layered networks consist of a unique layer of neurons that 

simultaneously serve as output units In these settings, strictly speaking, there are 

two layers - the first generating the layer of input nodes which are connected to 

the layer of computational units The term "single-layered", however, refers to a 

single layer of neurons, corresponding to an abstraction made from biological neural 

neurons as explained m Section 2 4 1 The second architectural model corresponds 

to the so-called multi-layered network, where new layers of neurons are inserted in 

between the input and output layers These "inner" layers are also referred to as being 

"hidden" layers, because they are designed to perform only internal processing Multi

layer NNs are much more expressive than their single-layer counterparts Indeed the 

results proven by Kolmogorov [106] and refined by others, show that any continuous 

function (from input to output) can be implemented by a multi-layer network with 

only a single hidden layei, provided that there are a sufficient numbei of hidden 

units, appropriate nonlinearlties, and the respective weights [57] Closely related to 

the multi-layer NN is the Convolutional Architecture Convolutional NNs also possess 

input, output and a series of hidden layers However, the difference when compared 

to the multi-layer architecture lies in the fact that each hidden unit receives inputs 

from a spatial portion of the previous layer and not from all of it Convolutional 

Networks have found particular applications in optical recognition systems [115] 
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Another important family of NNs is the so-called Recurrent NNs [57] The Recur

rent networks are composed of a diversity of architectural layouts, but in general all of 

them mcoiporate a static multilayei NN which takes advantage of the non-lmeanties 

piesent m the mapping 

2.5 The Self-Organizing Map (SOM) 

In a considerable number of applications, researchers today face situations requiring 

the classification of patterns in large data sets As discussed in Section 2 3, determin

ing the clusters using an unsupervised learning paradigm is essential to these schemes 

Moreover, an issue that appears m such situations is that of capturing the essence of 

the similarity possessed by the stimuli, further implying that any given clustei should 

include data of a "similar" sort, while elements that are dissimilar aie assigned to 

different subsets 

One important advantage of the families of ANNs introduced in Section 2 4, is 

precisely that they are capable of learning m an unsupervised way One of the most 

important families of ANNs used to tackle the above-mentioned problems is the well-

known Self-Organizing Map (SOM) also referred to as the Kohonen network, granting 

credit to its mventoi [103] The SOM is a single-layered NN designed for performing 

clustering and visualization Usually, it is trained using (un)supervised learning to 

produce a neural representation in a space whose dimension is usually smaller (typi

cally, of magnitude two oi three), than that in which the training samples he Further, 

they seek to preserve the topological properties of the input space 

The SOM concentrates all the information contained m a set of n input samples 

belonging to the <i-dimensional space, say X = {xi,X2, ,x„} , utilizing a much 

smaller set of neurons, C = {c1; c2, , c m } , each of which is represented as a vector 

Each of the m neurons contains a weight vector w = [w\, u>2, , WdY €1 Md associated 

with it These vectors are synonymously called "weights", "prototypes", "codewords" 

or "codebook" vectors The vector w t may be perceived as the position of neuron c, in 

the feature space Duung the training phase, the values of these weights are adjusted 

simultaneously so as to represent the data distribution and its structure In each 
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training step a stimulus (a representative input sample from the data distribution) 

x is presented to the network, and the neurons compete between themselves so as to 

identify which is the "winner", 1 e , one that best represents the current input signal 

After identifying the wmner neuron, a subset of the neurons "close" to the winner 

are considered to be within the so-called Bubble of Activity (BoA), which further 

depends on a parameter specified to the algorithm, namely, the so-called radius 

Thereafter, this scheme performs a migration of the codebooks within that BoA so 

as to position them closer to the sample being examined The migration factoi by 

which this update is effected, depends on a parameter known as the learning rate, 

which is typically expected to be laige initially, and which decreases as the algonthm 

proceeds, and which ultimately results in no migration at all Algorithm 3 describes 

the details of the SOM philosophy In Algorithm 36, the parameters are scheduled 

by defining a sequence S = (S\,S2, ,SS), where each St corresponds to a tuple 

(77i,?"i,£i) that specifies the learning rate, 77, and the radius, r, for a fixed number of 

training steps, t% 

Algorithm 3 S0M(#,S) 
Input: 

1) X, the input sample set 
11) S, the schedule for the parameters 
Method: 

1 Initialize the weights w1,W2, , w m , e g , by randomly selecting elements from 
X 

2 repeat 
3 Obtain a sample x from X 
4 Find the Winner neuron, 1 e , the one which is most similar to x 
5 Determine a subset of neurons close to the Winner 
6 Migrate the closest neuron and its neighbors towards x 
7 Modify the learning factor and radius as per the pre-defined schedule 
8 until no noticeable changes are observed 

End Algorithm 
6In [103], Kohonen defined two alternative specifications for the SOM The first of these considered 

a single stimulus selected in each iteration As opposed to this, the second operated in the so-called 
"batch" mode, which worked with an "epoch" of iterations An "epoch" in that context lefers to a 
training step which includes all the instances For the purpose of this thesis, we will maintain the 
former specification 



CHAPTER 2. LITERATURE REVIEW 44 

In the subsequent sub-sections we will discuss the various steps of Algorithm 3 in 

detail. After that, we will cover some related topics such as its visualization capa

bilities (Section 2.5.5), topology preservation properties (Section 2.5.6), the reported 

applications of the SOM found in the literature (Section 2.5.7) and also its most 

relevant drawbacks (Section 2.5.8). 

2.5.1 Initializing the Weights 

The initial values assumed by the weights wj , W2,. .. , w m can be assigned by using 

different strategies. In this section we discuss the most relevant ones. 

Random initialization is a simple scheme which is commonly utilized for demon

strating that the SOM is capable of learning using arbitrary initial values, i.e., even 

though the SOM starts with completely unordered weight vectors, the network is still 

capable of learning the properties of the data distribution in the long run. 

An alternative approach, which is more practical than random initialization, in

volves the random selection of samples from the input sample set. Which such an 

initialization one can ensure that the initial weights fall into the zones where the input 

samples lie. The down side of random sampling is that it is vulnerable to the selection 

of outliers. Also, if, by coincidence, a weight vector assumes the position assigned as 

per random noise, it encounters the risk of falling too far from the data distribution, 

implying that other neurons will always win the competition, thus leading to the 

possibility of building ill-formed maps. 

A more sophisticated strategy, that, according to the author of [103], gives good 

results, is the linear initialization strategy. In this mode, the user attempts to initially 

place the codebook vectors in a more meaningful position at the cost of some extra 

computation. One could, for example, compute the eigenvectors, and define a hyper-

rectangle based on the eigenvectors of the two highest eigenvalues where the original 

SOM-grid is defined. 
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2.5.2 Finding the Best Matching Unit (BMU) 

One of the most crucial and expensive tasks associated with the SOM algorithm 

is the one of identifying the most suitable neuron in a process called Competitive 

Learning (CL). 

According to the principles of CL, when a sample x € X is presented to the 

network, the neurons compete so as to identify which of them best represents the 

input signal. As a result of this task, a single winner is selected and is usually known 

as the Best Matching Unit (BMU), denoted by s(x) determined as per Equation 

(2.H): 

s(x) = argmin || x — w4 ||, (2.11) 

where || • || denotes the appropriate norm. Moreover, the notation can be extended 

to refer to the closest unit si(x), the second closest unit S2(x), etc. 

Equation (2.11) is a key component in the phenomenon referred to by the term 

"competition" between the neurons. From this perspective, it is possible to classify 

ANNs into two main sub-categories: In the first family, only a single output neuron 

is activated, and this is referred to as Hard CL. As opposed to this, in the second 

approach, both the winner and other associated neurons are involved in the process, 

and this is referred to as Soft CL. 

Finding the BMU in the SOM involves checking every neuron of the network, 

thus requiring O(m) time, where m = \C\ is the total number of neurons. Moreover, 

because determining the BMU is required at every training step, the overall time 

complexity associated with this task is 0(m x T), where T corresponds to the total 

number of the training iterations. 

2.5.3 The Neighborhood Function 

Once the BMU is determined, both, it and some neighboring units are migrated 

toward the input presented to the network. This subset of neurons is known as the 

neighborhood of the BMU. This is a very important concept of the SOM algorithm, 

because it involves determining which neurons have to be updated at each learning 
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step So as to achieve convergence, the SOM requires that this neighborhood will be 

sufhciently large at the beginning, and decreasing to a limiting value of zero as the 

numbei of iterations increase 

It is possible to distinguish between two basic types of neighborhood functions 

The first is the so-called neighborhood set, also known as the Bubble of Activ

ity (BoA) The second, and more elaborated type, involves a Gaussian function 

as a smoothing kernel function In this Thesis, we focus on the former type of neigh-

boihood function 

Typically, to obtain the BoA, a subset of points around the neuron c is determined 

according to their neural distances to the BMU This definition requires the inclusion 

of a parametei known as the radius of the neighborhood The radius, r S IN, is an 

integer value which is expected to be large at the beginning and approaches to zero 

as the data set is learned The size of the BoA varies with the value of the radius 

Larger values for the radius will usually be associated with more neurons in the BoA 

and vice versa Thus, for example, a radius equal to unity includes all the units next 

to the BMU m the lattice space, while a radius of zero involves only the BMU The 

BoA is defined as the subset of nodes within a neural distance of r away from the 

node currently examined, and can be formally defined as 

4>(cu L, r) = {c\dN(cu c, L) < r } , (2 12) 

where c t is the node currently being examined, and c is an arbitrary node in the 

lattice L, whose nodes are C Usually 

0(c l )L,O) = {c l} ) (2 13) 

^ ( c , , I , ! ) ^ ( c , L , ! - l ) , (2 14) 

and 

d>(Cl,L,\C\) = C (2 15) 
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Figure 2.6 illustrates different types of BoA used in the traditional SOM, including 

a 1-dimensional, a 2-dimensional and a hexagonal lattice. As shown in Figure 2.6a, 

when the neurons are arranged in a 1-dimensional grid, i.e. a list, and the radius is 

unity, the set of neighbors included in <p(ct,L, 1) is precisely the direct neighbors of 

Cj, while a radius of 2 implies that all the direct neighbors of the neurons contained in 

<^(cj,L, 1) are considered as well. Also note that the BoA can be recursively defined 

in this manner. 

r=3 

1 1 , 1 ' XD ' 1 , 1 1 
r=2 

(a) Linear lattice (b) Rectangular lat. (c) Hexagonal lat. 

Figure 2.6: The concept of BoA, as applied to different types of lattices. 

2.5.4 Migrating the BMU and its Vicinity 

As explained in Section 2.5.3, once the BMU is determined, the SOM algorithm, 

instead of updating just the BMU, also calculates the BoA containing the neurons 

which are close to the BMU in the neural space. Once this neighborhood is calculated, 

the next step of the SOM consists on migrating the neurons included in the BoA. The 

weights w% of the BMU and those in its vicinity are updated according to Equation 

(2.16): 

wl(t + 1) = w,(i) + r/(*)(x - W l ( t ) ) . (2.16) 

The idea behind this updating is that those units close to the winner will "absorb" 

some of the information provided by the sample, which is achieved by a translation 

(or migration) towards the stimulus, x. 

The amount by which the neurons are moved towards the input sample, is deter

mined by the so-called learning rate, rj(t) G [0,1], which is dependent on the iteration 
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number, t, and which affects the speed of learning. Large values of the learning rate, 

(i.e., values close to 1) will cause the momentum of the neurons to be larger. Usually 

larger learning rates are associated with a more chaotic behavior for the neurons. The 

advantage of increasing the degrees of freedom of the codebooks is that it provides 

an improved capability for searching in the hyper-space. In spite of this advantage, 

larger values for the learning rate imply that the neurons absorb most of the infor

mation provided by the current sample presented to the network, and thus tend to 

"forget" the signals previously obtained. On the other hand, smaller values for rj, 

(i.e., values close to 0), are responsible for more refined changes in the position of 

the weights, and as a result of this, one obtains smoother changes in the positions. 

Generally speaking, the initial use of small values for this parameter does not lead to 

a good convergence, and thus larger values in the initial phases is recommended. The 

SOM requires that these large values at the beginning, are gradually decremented so 

as to obtain good quality maps. 

Figure 2.7 illustrates the case when the closest neuron, i.e. the BMU is moved 

in the direction of the sample presented to the network. In this example, the square 

represents an input signal and the small circles represent the neurons. A larger circle, 

that is concentric to the input sample explicit indicates the neuron that is closest 

to the sample. The final location of the BMU after the updating process is shown 

with a dotted circle. The figure also displays an arrow showing the direction of this 

migration, which is linearly towards the input sample. For simplicity, this example 

shows only how a single neuron is migrated, but, in general, this process is repeated 

for every neuron within the BoA. 

2.5.5 Visualization Capabilities 

Apart from the ability of preserving the properties of the input space, the SOM is 

also capable of visually displaying a human-readable map in the 2-dimensional (or 

3-dimensional) space that seems to imply that the SOM "understands" the original 

data. When the SOM is properly trained, the information is compactly stored by 

the codebook vectors, and thus, it is possible to obtain a visual representation of the 
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Figure 2.7: This figure shows how the BMU is migrated in the direction of the sample 
presented to the network. 

structure of the data distribution. This mapping is possible even when the feature 

vectors belong to higher dimensional spaces. Although the SOM usually utilizes a 

2-dimensional grid to visually display the mapping, it is not unusual to encounter a 

hexagonal neighborhood correspondence as well. Fig. 2.8 depicts three examples of 

how the SOM graphically displays the map being learned. Fig. 2.8a shows a linear 

grid, i.e., a list that learns the structure of a triangular-shaped data distribution. 

The neurons in this 1-dimensional chain are adjusted to mimic the properties of 

the 2-dimensional shape of the triangle, and as a result of this process, the list is 

twisted so as to conform a shape akin to a Peano curve [148]. Fig. 2.8b illustrates a 

typical case when the original data is composed of real-valued or binary data, which 

includes a label. In such a situation, the SOM uses unsupervised learning to train 

the data, after which it finally displays the labels for which each neuron is the BMU, 

meaning that one neuron can host more than one sample (which is not the case of 

the particular example of Figure 2.8b). The interesting phenomenon of such a map 

is that the final topology preserves the property that similar elements in the original 

feature space (in this case nouns, adjectives and verbs), will respectively tend to be 

together in the map. It is possible that more than one element is associated with 

the same codebook, in which case two labels will appear in a node of the grid. The 

figure also shows certain nodes in the grid that do not include any label. These nodes, 

correspond to those neurons that are not the BMU for any of the samples of the input 

data set. A third example, shown in Figure 2.8c involves an hexagonal lattice, like 
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(a) A linear map (b) A grid map with labels (c) A grid map with 
chromatic gradients 

Figure 2.8: The figure shows how the SOM graphically displays the learned maps. 

the one shown in Figure 2.6c. The original map includes nodes with different colors 

expressing a numerical quantity. Additionally, each node may also include a certain 

kind of special symbol in its center, useful for representing other extra features of 

the original data. In the examples shown here, some nodes include a black dot and 

the size of a dot is representative of the magnitude of the respective feature. Tools 

of this type are especially useful for visualizing and understanding the map learned 

from datasets of high dimensionality. 

2.5.6 Topology Preservation 

The SOM possesses the amazing ability of preserving the essential properties of the 

input vectors: similar vectors in the input space will be represented by neighboring 

units in the neural space. As mentioned earlier, this representation is achieved by 

mapping the original input space into an output space with a dimension that is usually 

smaller, typically, a two-dimensional or a three-dimensional space. 

According to the authors of [99], there are three different criteria by which one can 

evaluate how good a map is. The first criterion indicates how continuous the mapping 

is, meaning that input signals that are close (in the input space) should be mapped 

to codebooks that are close in the output space as well. A second criterion involves 

the resolution of the mapping. Maps with high resolution possess the additional 

property that input signals that are distant in the input space are represented by 

distant codebooks in the output space. A third criterion involves the accuracy of the 
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mapping to reflect the probability distribution of the input set 

A variety of measures foi quantifying the quality of the topology preservation have 

been reported [8] The author of [150] surveyed a number of relevant measures for 

the quality of maps According to this author, the state-of-the-art measures include 

the Quantization Error, the Topographic Product, the Topographic Error and also 

the Trustworthiness and Neighborhood Preservation 

The Quantization Error is a measure that quantifies the resolution of the map It 

is calculated by averaging the distance between each data vector and its BMU The 

Topographic Erroi [99] measures the topology preservation by calculating the fraction 

of input vectors for which the first and the second BMUs are not direct neighbors m 

the SOM lattice 

The Topographic Product [18] is a measure which is sensitive to violations of the 

neighborhood ordering This measure is computed as follows First, the values P I 

and P2, which quantify the distortion m the input and output spaces, respectively, 

are computed A value P3 , which receives as parameters a codebook being evaluated 

and the number of s nearest neighbors, is obtained by calculating the geometric mean 

between P I and PI The Topographic Product, P , results by averaging the logarithm 

of the P3 values Values of P close to 0 express good topographic preservation, while 

P < 0 indicates that the number of codebooks is too small Lastly, P > 0 implies 

that the number of neurons is too large for the manifold being represented 

The Trustworthiness [171] of the neighborhoods is quantified by measuring how 

far the new data points that enter a neighborhood are from the original neighborhood 

Its value is computed separately for every rank order s in a manner analogous to the 

one employed for the Topographic Product The Trustworthiness ranges from 0 to 1, 

where a value of 1 denotes a perfect preservation of the topology 

The ordering of the weights (with respect to the position) of the neurons of the 

SOM has been proved for unidimensional topologies [158, 103, 42] Extending these 

results to higher dimensional configurations or topologies leads to numerous unre

solved problems First of all, the questron of what one means by "ordering" m higher 

dimensional spaces has to be defined Further, the issue of the "absorbing" nature 

of the "ordered state" is open Budimch, in [35], explains intuitively the problems 
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related to the ordering of neurons m higher dimensional configurations Huang et al 

[88] introduce a definition of the ordering and show that even though the position 

of the codebook vectors of the SOM have been ordered, there is still the possibility 

that a sequence of stimuli will cause their disarrangement Some statistical measures 

of correlation between the measures of the weights and the distances of the related 

positions, have been introduced m [17] 

2.5.7 Applications 

The applications of the SOM are numerous, a compendium with all the articles that 

take advantage of the properties of the SOM is surveyed m [97, 142] These sur

vey papers classify the publications related to the SOM according to their year of 

release The report [97] includes the bibliography published between the year 1981 

and 1998, while the report [142] includes the analogous papers published between 

1998 and 2001 A forthcoming manuscript including the related work up to the year 

2005 [149] will be published presently The publications mentioned m these surveys 

report a host of application domains, including Image and Video Processing [163], 

Pattern Recognition (PR) [3, 140, 144, 161, 164], Multidimensional Scaling (MDS) 

[30], Information Retrieval (IR) [110], Data Mining [120], Forecasting [169], Artifi

cial Intelligence [109, 117], Engineering, Medicine, etc [97, 142, 149] It is fair to 

state that numerous researchers have attempted to produce enhanced variations of 

the basic algorithm since its pioneering introduction into the scientific domain, c f , 

[50, 91, 147] 

We conclude this brief subsection by mentioning that the enhanced veision of the 

SOM that we present in this Thesis, can hopefully be used, advantageously, for all 

these application domains 

2.5.8 Known Drawbacks 

Although the SOM has demonstrated an ability to solve problems over a wide spec

trum, it possesses some fundamental drawbacks For instance, the use: must specify 

the lattice a prion, which has the effect that the user must run the ANN a number 
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of times to obtain a suitable configuration Other handicaps involve the size of the 

maps, where a lesser number of neurons often represent the data inaccurately The 

rest of this section will focus on the details of the most relevant handicaps encounteied 

m the traditional SOM algorithm 

Although these drawbacks are tackled in various research studies (including ours), 

there is no universal solution that resolves them all 

Complexity Associated to the B M U Search 

An indispensable task required by the SOM philosophy is the one of identifying the 

BMU The BMU search process is described m Section 2 5 2 This process consists 

of establishing the neuron that best represents the input sample presented to the 

network As the CL process dictates, the whole set of neurons must be examined 

so as to determine the above-mentioned "most fitting" unit Assuming that the 

measurement of the distance between a neuron and a sample point is done in constant 

time, the total time required to determine the BMU is linear Another important issue 

is that the task of determining the BMU is required m every training step, implying 

that the BMU search process becomes one of the most expensive ones associated with 

the SOM strategy 

The cost associated with the search for the BMU has led to research in the direc

tion of creating new SOM variants with a "boosted" search procedure that decieases 

the time required for training the map [105] These "boosted" versions invariably in

volve sub-optimal solutions to the nearest neighbor problem, and often take advantage 

of a hierarchical arrangement of the neurons 

Lack of Mathematical Foundation for the 2-Dimensional Case 

The desirable feature of the SOM, namely, to yield prototypes which converge in 

distribution was a landmark, and the formal results which prove that the stochastic 

distribution of the prototypes follows the distribution of the underlying data points 

is available However, this formal result is true only if the prototypes are linearly 

arranged [103], implying that the concept of the direct neighborhood and the BoA 
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are also linear This statement, of course, needs clarification For example, if the 

nodes are arranged in a lattice, the neighbors of any node (i,j) are the nodes {(i — 

l ) j ) ; ( z + l j j ) i ( ? ) J ~~ l) i( ?)J + 1)}) which, on a more critical inspection, can be seen 

to be those "linearly" close to (i,j) 

Convergence to No-density Areas 

Although the topology of the SOM is able to mimic the distribution of the struc

tured input vectors, it may also introduce several false representations outside of the 

distribution of the input space 

According to the authors of [82], it is important to prioritize the formation of a 

model that effectively spans the data in problems involving high-dimensional feature 

spaces with sparse data structure 

The SOM is sensitive to the original location of the codebook vectors If the 

neurons fall m areas of low density of data points, they risk not being selected as 

BMUs, not being migrated as part of the BoA of other units, and finally, when the 

radius becomes sufficiently small, some neurons may fall in areas with no data points, 

and are thus "abandoned" for the rest of the training process 

Setting the Correct Parameters 

The map learned by the SOM is quite dependent on the definition of the schedule of 

its parameters Usually, poorly-defined parameters will lead to ill-formed maps This 

handicap can be overcame by running the algorithm multiple times, utilizing different 

schedules for the parameters However, when the dataset is very large, training the 

map might be costly, and so it is desirable that the number of experiments required 

so as to teach good parameter settings, is minimal 

Imposing a Pre-defined Structure 

In [103], the book that first introduced the SOM (see page 86), Kohonen presented a 

map m which some of the codebook vectors did not fall m areas belonging to the data 

distribution possessed by the structure of the lattice itself He stressed the fact that 
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this should not be interpreted as an error since the SOM represents a non-parametnc 

regression However, subsequent authors [69] have questioned the necessity of the 

SOM requiring a pie-defined lattice which remains static throughout the training 

phase These critics mainly focus on the very nature of the SOM algorithm, which, 

in essence, is unsupervised These arguments usually go in the direction that the 

topology of the network itself, should be learned through self-organization, which is 

a central theme of this thesis too1 

2.6 Common Constituents of the SOM Variants 

As seen in Section 2 5 7, the power of the SOM has been demonstrated by its numerous 

applications in a variety of fields However, as explained m Section 2 5 8, it possesses a 

numbei of known handicaps Various researchers have considered these disadvantages, 

and consequently invented a scries of variants of the original SOM philosophy It is 

possible to identify a series of components (or characteristics) that are shared by all 

these variations This section describes these modules, which can be perceived to be 

the basic "building blocks" of the entire family of SOMs described in the literature 

2.6.1 The BMU Counter 

The so-called "conscience" [51] is a countei recording the number of times that a 

specific neuron has been reported to be the BMU Every time a unit is chosen to be 

the most representative one, the respective counter is incremented by unity 

Formally, we define a vector r = (TI,T2, ,Tm), where r4 is associated with the 

neuron ct In general, when unit ct becomes the BMU, the counter T% IS updated by 

Equation (2 17) 

Ti <- r% + 1 (2 17) 
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2.6.2 The "Age" Counter 

Distinct from the BMU counter is the so-called "age" counter, which keeps track of the 

total number of iterations for which a particular neuron has been "alive". Formally, 

we have a sequence a = {ai,a2,... ,am), where a% is associated with neuron cx. In 

general, a, is initialized with a value of zero when the neuron ct is created. Each time 

a training iteration is performed, the a values are increased as per Equation (2.18): 

a, < - a , + 1. (2.18) 

In certain strategies, as recommended by the authors of [127, 71], rather than 

keeping record of the age of the neurons, one registers the age of the connections. 

In theses cases, the counter of "ages" is associated with the connection between two 

neurons, but the mechanism for increasing the age is similar to the one given by 

Equation (2 18). Further, Equation (2.18) is modified as follows: 

av <r- a%3 + 1, (2.19) 

where, al3 is the age counter associated to the edge between neuron i and j . 

2.6.3 Sum of the Squared Distance 

This special counter aims to keep track of how accurate a certain node is in repre

senting the signals. When a stimulus is presented, the unit that becomes the BMU, 

increments this counter by adding the square distance between the position of the 

neuron in the features space and the current input signal. 

Formally, this implies the definition of a sequence e = (ej, e2,. . . , em) , where e% is 

associated with the neuron Cj. In general, when unit c% becomes the BMU, according 

to Equation (2.11), the counter et is updated as follows: 

e1<-e t + d 2 (w„x) , (2.20) 

where <i(-,-) measures the "distance" between a weight vector and the stimulus. If 

the metric is the Euclidean distance, Equation (2.20) can be rewritten as: 
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Figure 2.9: An irregular two-dimensional grid. Boundary units are specified with 
empty diamonds, while Inner units are denoted with filled squares. 

el<-el + J^2(wlk-xk)
2, (2.21) 

k 

where wlk represents the kth component of the weight w,. 

2.6.4 Boundary Unit 

A boundary node is defined in [27] as any node in the grid possessing at least one 

neighbor in its direct proximity in the two-dimensional lattice which is not already 

occupied by a neuron. Figure 2.9 depicts a 2-dimensional grid that includes boundary 

nodes which are specified with empty diamonds, as well as the so-called Inner-units 

indicated with filled squares. In contrast to the boundary units, Inner nodes have 

all their four neighboring spots occupied, and thus, are not allowed to be further 

expanded. 

Observe that a node in the grid is allowed to have a maximum of four neighbors. 

Also, if the initial structure corresponds to a 2 x 2 grid, each neighboring unit will 

have at least one neighbor, and thus, also possess at most three empty neighboring 
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positions, as stated m [5] 

2.6.5 Frozen Unit 

Traditionally, strategies that utilize the SOM paradigm, utilize an updating process 

which involve the competition of all the units This can be altered by excluding units 

from the competition The authors of [105] introduced the concept of "frozen" nodes, 

which can be categorized as follows After a node is trained for a certain amount of 

time, it becomes static It then enters a "frozen" state during which it is not trained 

anymore 

Strictly speaking, the fact that a neuron is static and that a criterion is used to 

decide when it should become static, are independent The definition provided m 

[105] implicitly depends on the BMU counter (described in Section 2 6 1) associated 

with each unit However, other criteria which also involve the "age" of the unit 

are also conceivable, or those that involve a function dependent on a Quantization 

Error (QE) measure 

The concept of utilizing frozen nodes has found special application m strategies 

involving a tree-based structure, where the trees are trained starting from the root 

Whenever the unit becomes static, it allows subsequent units, I e , the direct children, 

to be trained Examples of strategies performing adaptations of this kind are found 

in [105, 143], and will be explained m a subsequent section 

2.6.6 The Find-Best Search Procedure 

The search for the BMU is one of the most expensive tasks in the SOM A remarkable 

amount of work has been invested in developing alternative solutions to the brute force 

method, one of which is the so-called Find-Best search procedure introduced m [105] 

The Find-Best, specified m Algorithm 4, is a heuristic search algorithm for rapidly 

identifying a winner neuron m a tree It starts from the root and recursively traverses 

the path towards the leaves, employing the concept of the frozen neuron (described 

above) If the unit currently being analyzed is frozen, the algorithm identifies the 

child which is closest to the stimulus, and performs a recursive call The algorithm 
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terminates when the node currently being analyzed is not a frozen node (i.e., it is 

currently being trained), and is returned as the BMU. In this way, frozen nodes serve 

as junction for performing the search. A relatively similar method is also utilized in 

[143], except in the case of the latter, the researchers use a dynamically growing tree. 

Algorithm 4 find_best(p,x) 
1 if p is frozen then 
2 Identify c, the child of p that is closest to x. 
3 fmd_best(c,x) 
4 else 
5 return p 
6 end if 

2.7 Non Tree-based SOM Variants 

We shall now visit some of the most relevant variants of the SOM. As the focus of the 

present Thesis is on tree-based variants of the original philosophy, we have chosen to 

dichotomize our discussion based on two families, each possessing their own respective 

properties, namely by those strategies that do not use a tree as a their underlying 

data structure, and those that do. We start by describing the non tree-based SOM 

variants. 

2.7.1 Growing Cell Structures (GCS) 

In the Growing Cell Structures (GCS) method [69], the author addressed the difficulty 

of choosing a suitable imposed topology, and the necessity of defining the so-called 

decaying schedule for a set of parameters. 

For each neuron, the strategy defines a BMU counter as specified in Section 2.6.1. 

Fritzke [69, 68] also noted an interesting phenomenon: Given that the neurons are in 

continuous movement, signals that are perceived more recently should be weighted 

more than those that triggered excitation in the past. Based on that reasoning, 

during each training step, the strategy decreases the counter by a fraction. Using 

such a counter, the relative signal frequency is built as per Equation (2.22): 
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Algorithm 5 describes the GCS thoroughly Initially, a pre-specified number of 

neuions are placed in the input space At each step of the learning process, a stimulus 

is generated, and the BMU is determined as per Equation (2 11), after which the direct 

topological neighbors are moved towards the input sample After a fixed number of 

iterations, an additional neuron is added between the unit possessing the largest 

relative signal fiequency and its farthest direct neighbor When a new unit is added 

to the system, an adjustment of the r counters of all the direct neighbors of the newly 

inserted neuron are affected as per Equation (2 23) 

r-.(netu) p(old) 

Arc <- C ~ ° TcVc e Nr, (2 23) 

where Fc is the n-dimensional volume of Fc 

Lastly, the r counter of the new unit is initialized using Equation (2 24) 

- Y ATC (2 2 4 ) 
c€JVr 

Some advantages of the GCS include its ability to estimate the topology, as op

posed to the pioperties of other approaches such as the basic SOM which require an 

imposed topology The authors of [69] also remark that the algorithm uses parame

ters that are constant, I e , the parameters do not decay during the execution of the 

algorithm 

2.7.2 Neural Gas (NG) 

The Neural Gas (NG) [127] scheme is a NN that arranges itself in an unsupervised 

manner It uses an update rule that affects not only the most representative neuron 

but also the nodes m its proximity using a "winner takes most" approach As a result 

of this process, a series of connections between the nodes are obtained, where the 

final configuration of the connections between them is used to reflect the topology of 

the data distribution 
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Algorithm 5 GCS(X ,r/b,r]n,\,a) 
Input: 

l) X, the input sample set 
n) r]b, the learning factor for the BMU 

m) r]n, the learning factor for the direct neighbors of the BMU 
IV) A, number of iterations required before a new neuron is inserted 
v) a, fraction by which the BMU counter, r , is decreased m each training step 

Method: 
1 Initialize the codebook vectors 
2 repeat 
3 Obtain a sample x from X 
4 Identify the BMU as per Equation (2 11) 
5 Update the BMU using Equation (2 16), where rj = q^ 
6 Update the direct neighbors of the BMU as per Equation (2 16), with r/ = r/„ 
7 Increment the respective BMU counter as per Equation (2 17) 
8 if A iterations have occurred since the last insertion then 
9 Identify the unit p, which is the one with highest relative signal frequency 

10 Insert a new neuron, r, between p, and q, its farthest direct neighbor 
11 Connect r with p and q 
12 Connect r with all the common direct neighbors of p and q 
13 Remove connection between p and q 
14 Adjust BMU counter for all the direct neighbors of r as per Equation 2 23 
15 Initialize BMU counter associated with unit r using Equation 2 24 
16 end if 
17 Decrease all the BMU counters by a fraction a 
18 until end criteria 
End Algorithm 
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In the NG approach, the number of codebook vectors must be specified from the 

beginning Also, the algorithm does not delete or add nodes during the training 

process, thus maintaining a constant number of neurons during its execution 

When a stimulus is presented, the distance to every neuron is deteimined, thus 

implying an ordering of the elements and the required adjustments to the weights In 

this way, codebook vectors that are closer will be more attracted to the input signal 

The creation of connections occuis between the two first elements of the ordering, 

and the "age" of these connections is then reset to zero (the "age" counter is mentioned 

m Section 2 6 2) When the connection between these two neurons already exists, the 

"age" of the old connection is rejuvenated A deletion occurs when the age of any 

given connection reaches a certain threshold, in which case the associated relationship 

is "forgotten" 

In general, the resulting topology is neither a tree nor a grid, but a graph that 

is, possibly, not fully connected The authors of [127] mention that the most ex

pensive task is the one that involves finding the ordering of the elements, requiring 

0(N log N) time They have suggested a scheme to mitigate this time, noting that 

codebook vectors which are farther apart require small modifications with respect to 

their weights, allowing the possibility of considering only a certain number of relevant 

codebook vectors to be involved in the sorting process, thus speeding-up the execution 

time The NG is described in detail in Algorithm 6 

2.7.3 Growing Neural Gas (GNG) 

The Growing Neural Gas (GNG) is a self-organizing NN proposed in [71] It suc

cessively adds new units to an initially small network by evaluating local statistical 

measures gathered during previous steps This strategy is similar to the GCS covered 

in Section 2 7 1, but unlike the later, a fixed topology is not imposed The GNG 

algorithm allows the deletion of the connections that are not used often, permitting 

the elaboration of isolated subgraphs The deletion of a connection occurs in a way 

similar to the NG (discussed in Section 2 7 2) It considers the so-called "age" counter 

(defined in Section 2 6 2) to determine when a given connection should be "forgotten" 
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Algorithm 6 NG{X ^^fAAf^Tfi) 
Input: 

i) X, the input sample set. 
ii) rji, the initial learning rate, 

iii) rjf, the final learning rate. 
iv) h%, the initial value of the parameter h, computed in each step and which deter

mines the number of neurons significantly changing their synaptic weights, 
v) hf, the final value for h, defined in an analogous manner as for ht. 

vi) T, the total number of training iterations, 
vii) 9, the maximum lifetime for the synaptic connections. 
Method: 

l t<-0 
2: Initialize the weights w 1 , w 2 , . . . , w m , by randomly selecting elements from X. 
3 repeat 
4. Obtain a sample x from X. 
5: Rank the neurons according to their proximity to x, remembering the rank 

position k for each neuron. R = (s j (x) , s 2 (x) , . . . ,sm(x)) 
6 h <- h^hf/KY^ 
7 ri<r- rnl{r]f/r]l)

i/T 

8. for all w G W do 
9- w <— w + r]e~k/h(x — w) 

10 end for 
11 Rejuvenate the connection between s\(x) and s2(x), setting its age to 0. 
12 Increase the age of all the connections of sx(x) 
13 Remove connections of Si(x) exceeding a lifetime 9 
14: t<r-t+l 
15: until a stop criteria is reached 
End Algorithm 
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A connection is deleted when its age reaches a pie-specified threshold Consequently, 

isolated neurons are removed from the network as well 

Algorithm 7 describes the GNG in detail When a new stimulus is presented, the 

connection between the BMU and the second closest unit is strengthened, thus crys

tallizing the Hebb's principle of reinforcement learning (discussed m Section 2 4 4) 

The "age" of this connection is reset to zero When the connection already exists, its 

"age" is rejuvenated 

The GNG strategy also incorporates an insertion mechanism which is triggered 

after a fixed numbei of learning iterations For this purpose, an error counter storing 

the accumulated squared error is associated to each neuron (as discussed m Section 

2 6 3) During the insertion process a new unit is incorporated between the BMU 

and its neighbor with the laigest accumulated en or The newly mseited neuron is 

then placed in the middle of the path (in the feature space) separating the above-

mentioned neurons The errors of the three neurons are then updated to reflect the 

changes (see Algorithm 7 for details) 

At the end of each iteration, the errors variables for all the units are decreased by 

a constant factor, and the process is repeated again until a stop criterion is reached 

The author of [71] noted the fact that m the GNG all the parameters are constant 

over time (as opposed to the original Kohonen Networks [103]) He also stressed that 

the GNG strategy eliminates the necessity of specifying the network size a prion 

2.7.4 Growing Grid (GG) 

The Growing Grid (GG) is a SOM variant that is able to grow as training proceeds 

Initially the GG starts with a 2 x 2 grid and dynamically adds entire rows or columns 

iteratively 

During each adaptation step the BMU is identified, and a counter associated to 

that unit is increased by unity, according to Equation (2 17) This counter corre

sponds to the BMU counter defined in Section 2 6 1 Additionally, the GG utilizes 

the so-called city-block distance for determining the subset of neurons m the proximity 

of the BMU, I e , those which are to be migrated towards the stimulus 
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Algorithm 7 GNG(,Y,rjb,rjn,\,0,ry8,?7e) 
Input: 

1) X, the input sample set 
n) r/5, the learning factor for the BMU 

m) qn, the learning factor for the direct neighbors of the BMU 
IV) A, number of iterations required before a new neuron is inserted 
v) 9, the maximum lifetime for the synaptic connections 

vi) r/j, The constant factor by which are decreased the two direct neighbors of the 
node being mseited 

vn) r/e, the multiplying factor by which the error variables, et , are decieased 
Method: 

1 Initialize the weights w a and wt, e g , by randomly selecting samples from X 
2 repeat 
3 Obtain a sample x from X 
4 Determine si(x) and S2(x) using Equation (2 11) 
5 Increase the "age" of connections emanating from s\ using Equation (2 18) 
6 Accumulate the error counter of S\ as per Equation (2 20) 
7 Update Si(x), 1 e , the BMU, by using Equation (2 16), where 77 = 776 
8 Update the direct neighbors of Si(x) using Equation (2 16), where 77 = r\n 

9 Rejuvenate the connection between S\{x) and S2{x), setting its age to 0 
10 Remove connections with age counter giater than 6 
11 Remove neurons with no emanating edges 
12 if number of generated input signals is multiple of A then 
13 Find the unit q with greater accumulated error 
14 Find / the neighbor of q, with largest accumulated error 
15 Create a unit r between q and / placing it in the halfway 
16 Connect q with r, and also create a connection between r and / 
17 Remove the connection between q and / 
18 Decrease the errors of q and / by the constant factor 77,, 
19 Initialize the error of r, assigning the error value of unit q 
20 end if 
21 Decrease all error variables by a constant factor rje 

22 until stop criteria is fulfilled 
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Figure 2 10 Insertion of a new row in the GG The BMU and its farthest neighbor 
determine where a new row must be inserted The initial grid is shown in the left, 
while the grid after the insertion is depicted on the right 

An insertion takes place after a fixed number of training steps The unit that has 

been the BMU more often is identified, as well as its farthest neighboi in the feature 

space Then, the connection between the units determine whether to insert a new 

column or row, as illustrated in Figure 2 10 The position of a newly inserted unit 

will be at the point that equally divides the line segment connecting the two neurons 

between it 

The training process is repeated until a stop criteria has been fulfilled, e g , the 

number of units m the grid reaches a certain threshold 

2.7.5 Incremental Grid Growing (IGG) 

The IGG [27] is a SOM-based NN that constructs its network incrementally by adapt

ing its structure to the data distribution Initially, the IGG, starts with a small num

ber of neurons ( 2 x 2 ) , and the structure is expanded using a insertion procedure 

The insertion of a new node occurs in the so-called boundary node7 having the 

largest QE Consequently, each neuron maintains an error counter which is updated as 

per Equation (2 20) Thus, as insertion occurs only on the free spots of the boundary 

nodes, the network preserves its 2-dimensional structure at all time, providing to the 

IGG visualization capabilities analogous to the ones presented in the SOM 

Another important step of the algorithm consists of an examination of the direct 

7Boundary nodes are described m Section 2 6 4 
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neighbors in the grid. Those units that are close neighbors in the feature space gen

erate a connection, while those connections between distant neighbors in the feature 

space, are "forgotten". 

2.7.6 Growing SOM (GSOM) 

The Growing SOM (GSOM) [5], is a SOM-based NN capable of growing its structure 

as learning proceeds. The main training process is composed by three parts, namely 

the initialization, growing and smoothing phases. 

The GSOM is initialized with four neurons, arranged in a 2 x 2 grid. Each of these 

units resembles the concept of a boundary node utilized in the IGG. The starting 

location of the neurons are computed by randomly selecting samples from the input 

data set. During this phase, the so-called Growth Threshold (GT) is computed. The 

GT depends on a parameter known as the spread factor, which controls the spread 

of the generated map. The spread factor is expected to be close to zero in the initial 

iterations, and, as time proceeds, its value is increased in order to explore new regions 

of the data distribution. 

In each iteration of the growing phase, a signal is presented to the network, the 

BMU is computed, and the adaptation of the weights of the BMU and its vicinity is 

performed. It is in this phase where the grid in augmented. To determine whether to 

insert new nodes, an error measure is maintained for each neuron, which is updated 

each time a unit becomes the BMU according to: 

e» «- ez + 2_^(wtk - x/c)2, (2.25) 

which differs from the error measure utilized in the IGG since it involves the square 

root of the summation. 

The unit with the largest error is identified and if this error exceeds the GT, all its 

free positions will generate new nodes. The initialization of their respective weights 

depends on their position in the grid, and are determined by a series of cases which 

are discussed in detail in [5], but excluded here in the interest of brevity. The growing 

phase finishes when the growth of nodes decreases significantly. 
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In the smoothing phase, a finer weight adaptation is performed The learning 

factoi is initialized at a lesser value in comparison to the growing phase and its 

decaying schedule is also reduced Moreover, the BoA m this phase is limited only to 

the direct neighborhood, and no addition of new units is permitted 

2.8 Tree-Based SOM variants 

While Section 2 5 reviewed the SOM algorithm, and Section 2 7 focused on variants 

of the original SOM strategy that do not employ a tree as the underlying stiuctuie, 

this section discusses the most relevant tree-based SOM philosophies 

2.8.1 Tree-Structured VQ (TSVQ) 

The Tree-Structured VQ (TSVQ) algorithm [105] is a SOM variant, where codebook 

vectors are arranged m a tree structure which is fixed in depth and in bieath The 

training first takes place at highest levels of the tree The TSVQ incorporates the 

concept of a "frozen" node (discussed in Section 2 6 5), which implies that after a 

node is trained for a certain amount of time, it becomes static The algorithm then 

allows subsequent units, 1 e the direct children, to be trained, considering one level of 

the tree at a time The training process, which is essentially SOM-based, terminates 

when all the units are frozen In order to identify the unit to be frozen, the strategy 

utilizes a BMU counter (mentioned m Section 2 6 1) associated with each neuron 

When the respective BMU counter teaches a certain threshold, the neuron becomes 

static, allowing the training of its children It should be mentioned that in the case of 

the TSVQ, competition takes place by involving only a limited subset of the codebook 

vectors This process is repeated until all the nodes become static The algorithm 

outputs the values of the codebook vectors, which asymptotically represent the data 

distribution 

Some advantages of the TSVQ algorithm are its topology preservation within the 

input space, its multi-resolution, and the fact that on convergence, no nodes are 

found m areas of zero-density As opposed to this, one disadvantage is the fact that 
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frozen units do not have the capability of being trained anymore The authors of 

[105] mention that the tree structure may be dynamic by stating that "the dynamic 

hierarchy may expand in depth or in breath according to a certain criterion", thus 

implying that the dynamism is addressed or quantified only m terms of expansion 

I e by adding elements to the tree structure However, the details of how this can 

be achieved have not been specified and are thus left open Certainly, other ways 

to incorporate dynamism can be conceived, for example, through the modification of 

the underlying connectiomst structure between the existing neurons 

The details of the TSVQ are given in Algorithm 8 The parameters of the algo

rithm are, rj, the learning rate and, 6, the parameter specifying the number of steps 

necessary for "freezing" a unit 

At the beginning of the training process, the codebooks are placed m the feature 

space by randomly selecting samples from the input set At first, only the root node 

is trained, migrating it towards the stimulus, according to Equation (2 16) Once 

the root becomes frozen, the children are placed in the same location as their parent, 

setting their BMU counter to zero The process is repeated recursively until all the 

nodes become static 

To identify the BMU, the scheme incorporates Algorithm 4, which is a tree-search 

scheme described m Section 2 6 6 

Koikkalainen and Oja, in the same paper [105] refine the idea of the TSVQ by 

defining the TSSOM, which inherits all the properties of the TSVQ, but redefines 

the search procedure and BoA In the case of the TSSOM, SOM layers of different 

dimensions are arranged in a pyramidal shape, as shown in Figure 2 11 (extracted 

from [105]) The search procedure is essentially dominated by Algorithm 4, but 

slightly differs from the TSVQ, m the sense that once a winner m a layer is found , 

the direct proximity is examined to check for the BMU On the other hand, the BoA 

differs in that, instead of considering only the BMU, its direct neighbors will also be 

considered 

The mam ideas included in the TSVQ strategy are important, because are further 

exploited by other strategies such as [143], which will, in turn, be described m detail 

m this Thesis 
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Figure 2 11. The structure of the TSSOM. 

Algorithm 8 TSVQ(X,T],9) 

Input: 
I) X, the input sample set. 

li) rj, the learning factor 
m) 9, the maximum value for the BMU counter. When this threshold is reached, the 

respective unit becomes frozen 
Method: 

1 Initialize the root, e.g., by randomly selecting samples from X. 
2 repeat 
3 Obtain a sample x from X. 
4 Identify the winner neuron as per Algorithm 4, starting from the root 
5 Update the current BMU according to Equation (2.16) 
6 Increment the BMU counter of the winner neuron as per Equation (2.17). 
7 if the BMU counter of the winner neuron is greater than 9 then 
8 The current BMU becomes "frozen". 
9 The children are initially located in the same position as the BMU. 

10 end if 
11 until all units are frozen 
End Algorithm 



CHAPTER 2. LITERATURE REVIEW 71 

Figure 2.12: The structure of the HFM. 

2.8.2 Hierarchical Feature Map (HFM) 

The Hierarchical Feature Map (HFM) [134] is a strategy that defines a hierarchical 

structure of independent SOM layers. The HFM architecture operates with a fixed-

structure topology which is defined a priori, including the size of the maps in each 

level of the hierarchy. Further, the algorithm attempts to learn the data distribution 

from this perspective. 

The first layer of the HFM is a regular SOM, where each of its neurons are linked 

to a subsequent SOM layer. This process is recursively performed, defining a fully 

balanced tree, i.e., one where all the possible paths from the root down to the leaves 

are equidistant. As an instance, consider Figure 2.12 (adapted from [81]), that shows 

a HFM with a depth of three levels. The first layer of the structure is a 2 x 2 SOM 

grid. The second level of structure is composed by four 2 x 2 SOM grids, i.e., one 

layer for each unit from the first level, thus consisting of a total of sixteen units in 

the second level. The third level, consequently, is composed by sixteen SOM lattices, 

which in this example are 3 x 3 grids. The arrows show the correspondence between 

some of the neurons and their respective SOM-layers. 

The training of the tree starts by first "educating" the highest level of the hierar

chy. A small grid implies that only a general classification of the patterns is achieved. 

After the first level is self-organized, all the input signals represented by one of these 

units are further categorized by a subsequent SOM grid. 
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2.8.3 Growing Hierarchical SOM (GHSOM) 

The Growing Hierarchical SOM (GHSOM) [156] is a dynamically growing NN that 

expands its structure according to the requirements of the input data. As opposed to 

the HFM strategy, the hierarchical architecture is dynamic, and not necessarily bal

anced, i.e., the tree is allowed to grow asymmetrically. The expansion of the structure 

is dual: The first type of adaptation is conceived by inserting new rows/columns to 

the SOM grid that is currently being trained, while the second type is implemented 

by adding layers to the hierarchical structure. Both types of dynamism depend on the 

verification of quantization measures. When the SOM grid currently being trained 

finishes its growing process, the terminating criterion is verified. Units that are still 

under-representing the data are further expanded, generating subsequent layers, and 

this process is continued recursively. 

The quality of the map is measured in terms of the distance between the prototypes 

and its respective input signals represented by the BMUs. Specifically, the authors 

of [156] discuss the Mean Quantization Error (MQE) and the absolute value, i.e., the 

Quantization Error (QE) of a unit. Further, they recommend to use the QE as the 

basis for the GHSOM training. The QE is defined according to Equation (2.26), as 

follows: 

* = Yl iiw*~xJ' (2-26) 
•x.3eXi 

where X% C X is the set containing all the input signals for which the neuron i is the 

BMU. In particular, the QE for the single unit in the highest level of the hierarchy 

is computed as per Equation (2.27): 

9o= J2 l lwo~xJ- (2-27) 

Repetitively, while the current SOM layer is being trained, after a fixed number 

of training iterations, the unit with the largest QE and its most dissimilar neighbor 

are selected. The expansion mechanism consists of inserting a new row (or column) 

between those units, which is a process analogous to the one utilized in the GG and 
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depicted in Figure 2 10 Moreover, the selected units are expanded only if their QE 

exceeds a fraction of qQ, as expressed in Equation (2 28) The newly inserted units 

are initially positioned m the midpoint of then respective neighbors m the lattice 

Qk<e2x q0, (2 28) 

After the insertion, the radius and learning factor are re-established to their orig

inal values and the training process continues As more neurons are inserted m the 

SOM, their lespective QEs aie decreased Consequently, when all units satisfy the 

required degree of granularity expressed by Equation (2 28), the map stops its expan

sion process 

Now we shall discuss the second type of dynamism, which is the phenomenon of 

expanding the hierarchy 

Once the growth of a map is completed, its units are verified The units whose 

eirors exceed a certain threshold are further expanded, developing a subsequent 2 x 2 

SOM layer The quality of a map is measured m terms of its MQE, which is defined 

by Equation (2 29) 

1 l | c€Ct 

where Q% is the MQE of the current map being trained, Cz C C is the set of neurons 

belonging to the SOM i, and qc is the QE of neuron c In words, Equation (2 29) 

represents the average of all the QEs of the units belonging to a given map 

The GHSOM is described in Algorithm 9 The training process starts by defining 

a 2 x 2 SOM in the first layer, which is linked to the virtual unit mentioned above 

The first layer is then trained according to the traditional SOM strategy After a fixed 

number of iterations, new rows (or columns) are progressively added until the map 

attains the desired granularity Once the SOM converges, it may grow, adding new 

SOM layers to better represent some units of the SOM in more detail, or terminate 

the training of the current map if the data is well represented The resulting structure 

is an irregular tree, as shown in Figure 2 13 

According to the authors of [145], usually an invariant condition between the 



CHAPTER 2. LITERATURE REVIEW 74 

Figure 2.13: Structure of the GHSOM. 

parameters 6\ and 82, namely, 0 < 92 <C 9\ < 1 applies. The authors [145] also 

state that the choice of the parameter 62 is not critical, since it is feasible to adjust 

it to small values, permitting a subsequent decision of how many layers are required. 

However, the parameter 9\ leads to irreversible decisions Generally, adjusting 6\ to 

small values leads to a large hierarchy of small SOMs, while setting it to a large value 

usually implies the generation of large SOMs with a flat hierarchical structure. A 

solution to this situation is also presented in [145], whose authors recommend that 

the GHSOM is trained multiple times and manually evaluated until an appropriate 

value for 6\ is estimated. This task, as mentioned by other authors (e.g., [143]), may 

be very time consuming. 

2.8.4 Self-Organizing Tree Map (SOTM) 

The Self-Organizing Tree Map (SOTM) [82] is a SOM-based strategy designed for 

data clustering and visualization. It utilizes a tree-based structure that starts with 

a single node, and which is expanded by incrementally adding neurons throughout 

the training phase. The resulting tree attempts to reflect the properties of the input 

manifold. 

The SOTM uses a concept known as a Vigilance Test, employed previously in 

Adaptive Resonance Theory (ART) [37]. According to the authors of [37], a degree 

of high vigilance enforces the exploration of new categories, as a response to small 
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Algorithm 9 QHSOM(<y,7?,r,^1,g2) 
Input: 

I) X, the input sample set 
n) rj, the learning factoi 

m) r, the radius of the neighboihood function 
iv) 0J, Fraction of the MQE of the parent unit, used foi hierarchical expansion 
v) 92, Fraction of the QE of the virtual unit, used for inserting rows (or columns) 

Method: 
1 Create a 2 x 2 SOM associated to the parent layer Initialize the weights of its 

units by selecting samples from the subset of signals represented by the parent 
2 repeat 
3 Tram the map usmg the SOM algorithm 
4 if lambda iterations has been performed then 
5 if quality of the SOM is not good then 
6 Insert new row (oi column) between the unit with largest QE and its most 

dissimilar neighbor 
7 end if 
8 else 
9 Expand units possessing a high QE by creating a new 2 x 2 SOM as m step 

2 
10 For training this new SOM, consider only the signals represented by its parent 

unit 
11 end if 
12 until end criteria is reached 
End Algorithm 
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differences between the input and what is expected As opposed to this, a degree of 

low vigilance permits large mismatches, and thus, it leads to a grouping of stimuli 

that presents a looser degree of similarity 

In the SOTM, the range is controlled by the so-called "distance threshold", 6 

When the distance threshold is less than the distance between the stimulus and the 

BMU, a new child node is attached to the BMU, locating it in the same position as 

the stimulus Otherwise, l e , when the distance between the input sample and the 

BMU is withm the tolerance threshold, the BMU is migrated according to Equation 

(2 16) The fact that only the winner neuron is moved towards the stimulus, makes 

the SOTM an example of hard CL 

The above mentioned training process is repeated until a certain criterion is 

achieved The author of [82] leaves the question of which is the most appropiiate 

criterion for finishing the tiammg of the NN unanswered Algorithm 10 describes the 

SOTM in detail 

Algorithm 10 SOTM(A',77,g) 
Input: 

l) X, the input sample set 
n) n, the learning factor 

m) 9, the distance threshold 
Method: 

1 Initialize the root node by randomly selecting samples from X 
2 repeat 
3 Obtain a sample x from X 
4 Find the BMU as per Equation (2 11) 
5 if distance between BMU and x is less than 6 then 
6 Update the BMU according to Equation (2 16) 
7 else 
8 Insert a new neuron, assigning the BMU as its parent, and locating it in the 

same position as the stimulus 
9 end if 

10 until (Convergence is achieved) 
End Algorithm 
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2.8.5 Self-Organizing Tree Algorithm (SOTA) 

The Self-Organizing Tree Algorithm (SOTA) [56] is a dynamically growing NN based 

on the SOM and which take some analogies from the GCS. The SOTA utilizes a 

binary tree as the underlying structure. 

The algorithm considers the migration of the neurons only if they correspond to 

leaf nodes within the tree structure. Initially, the SOTA starts with a root node 

and its respective left and right children, whose weights are initialized by randomly 

selecting samples from the unit hyper-cube. In particular, the root of the tree is a 

non-leaf node since its "conception", and it continues in this "state" until the end of 

the training process and, consequently, it will never be selected as the BMU. 

The SOTA possesses a particular definition for the BoA, which considers the 

topological neighbors in the tree space. This BoA phenomenon includes two different 

cases. The most general case occurs when the parent of the BMU is not the root, 

which is a situation where the BoA is composed by the BMU, its sibling and its 

parent node. In the contrary scenario, i.e., when the parent of the current BMU is 

the root node, the BoA constitutes the BMU only. The BoA of the SOTA is clarified 

in Figure 2.14. 

The training of the tree is performed in a series of epochs. After each epoch, the 

SOTA triggers a growing mechanism that utilizes an error measure to determine the 

node of the tree to be split. This error is defined in [56] as the average value of the 

dissimilarity between a neuron and the stimuli it represents, which is equivalent to 

the definition of MQE for a particular neuron, defined by Equation (2.30): 

$t = ]Y\ S l!w*~xJ' (2-3°) 

where X% C X is the set containing all the input signals for which the neuron i is the 

BMU. 

Further, the neuron possessing the maximum error is split into two new descen

dants, locating them in the same position as the parent neuron. After the split, the 

training of the tree is restarted for another epoch. The algorithm finalizes its growing 

process when all the neuron reach a certain QE. The criterion for terminating the 
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Figure 2.14: The BoA for the SOTA. Figure 2.14a shows a binary tree with five 
neurons. Figure 2.14b depicts the BoA when the parent of the BMU is different from 
the root of the tree. Figure 2.14c illustrates the BoA when the parent of the BMU is 
the root of the tree. 

training process is the so-called total QE of the map, defined as the summation of 

the distances between each stimulus and its respective BMU, and given by Equation 

(2 31): 

Q = X>C ) (2.31) 
cec 

where qc is the QE of neuron c, calculated as per Equation (2.26) 

2.8.6 Evolving Tree (ET) 

The Evolving Tree (ET) is a tree-based self-organizing NN especially designed for 

learning large databases in an unsupervised manner [143]. In the ET, the neurons 

are arranged in a tree topology that is allowed to grow when any given node receives 

a certain number of hits from the training vectors, which is recorded by means of the 

BMU counter, similar to the GCS and the TSVQ explained earlier. 

The ET starts with a single node, and after a certain number of training steps, 

the node is split. As a result of this process a pre-specified number of new nodes are 

created and designated to be the Children of the split node. The codebook vectors 

of the children are initialized to that of the parent. Once a node is split, it becomes 

"frozen" (discussed in Section 2 6.5). The authors of [143] refer to a node of this 

kind as a "trunk" node, which has the property that it is not eligible as BMU and 

does not constitute a part of the migration process either. In a manner analogous to 
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Figure 2 15 An example of the "neighborhood" for the ET, where nodes B and C 
aie equidistant to A In the ET, the definition of the distance pertains only to leaf 
nodes 

SOTA, competition only takes place among the leaf nodes, while the function of the 

trunk is to maintain the connections with the children The above process is lepeated 

recursively, thus generating a tree capable of growing indefinitely 

Each time the network receives an stimulus, the search for the BMU starts at 

the root node, examines the corresponding children, and selects the most suitable 

neuron When the unit that best represents the input sample is a leaf node, the 

search terminates, otherwise, its children are examined and the process is repeated, 

in a manner similar to the one employed by the TSVQ and described in Algorithm 

4 The ET also incorporates a definition of the "neighborhood" which only considers 

leaf nodes, as shown in Fig 2 15 Although the search for a BMU is fast, it does 

not necessarily lead to the global optimum The issue of using static nodes which 

cannot be trained, eliminates the possibility of choosing certain nodes, even if they 

are the most representative solution points for an input sample, thus leading to the 

possibility of generating suboptimal solutions One of the known problems of the ET 

is that leaves belonging to different branches may move closer to each other after a 

certain number of iterations In this way, clusters that are identified at higher levels 

of the hierarchy of the tree, may not be well represented as one proceeds towards its 

lower levels 
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Algorithm 11 ET(X,rj,r,9,k) 
Input: 

I) X, the input sample set 
u) rj, the learning factor 

m) r, the radius of the BoA 
IV) 6, the split threshold 
v) k, the number of children to be created once a neuron is split 

Method: 
1 Initialize the root of the tree by, e g , locating it m the center of mass of X 
2 repeat 
3 Find the BMU as per Algorithm 4 
4 Update all the leaves within a radius r within the BMU using Equation 2 16 
5 Increment the BMU counter of the winner according to Equation 2 17 
6 if the BMU counter of the winner exceeds the threshold 9 then 
7 Split the winner neuron, generating k children and initialize their respective 

weights to that of the parent neuron 
8 end if 
9 until an end criterion is reached, such as a total number of training epochs 

2.9 Comparison Between the Different SOM-Based 

Strategies 

The previous sections has been dedicated to the description of the SOM algorithm, as 

well as its most relevant tree-based and non-tree based variations The constituting 

parts that are common to the different SOM-based strategies were described m a 

separate section We shall now discuss the properties of these SOM-based strategies 

from a higher level of abstraction, making explicit their most relevant similarities and 

differences 

We start the comparison by subdividing these "building blocks" into six different 

categories, which include the topology, the type of dynamism displayed, the manner 

m which the BoA is calculated, the additional counters utilized, the states assumed by 

a neuron, and finally, the type of search procedure utilized for identifying the BMU 
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2.9.1 Topological Structure 

The first subdivision corresponds to the so-called topology The topological struc

ture of a NN refers to the type of structure that is formed when the neurons are 

interconnected From the strategies discussed m the previous section, we can extract 

five different types of topology a grid, a tree, a (possibly unconnected) graph, an 

irregular grid and a hierarchical structure built with SOM-layers 

A grid topology is usually a two-dimensional (but may also be three-dimensional, 

or even umdimensional) array of interconnected neurons The traditional SOM and 

the GG are examples of strategies using this kind of topology 

Distinct to the grid configuration is the tree topology In the SOM variants using a 

tree-based topology, the neurons are arranged in a hierarchical manner, starting from 

the root which is located at the top level of the hierarchy Examples of SOM-based 

variants that utilize a tree as their underlying topology are the TSVQ, the TSSOM, 

the HFM, the GHSOM, the SOTM, the SOTA, and the ET 

Another topological structure is the one leferied to as SOM-layers This type 

of topology is characterized by having an original topological structure, where the 

units being connected correspond to SOM grids themselves Among the strategies 

described in the previous sections, we can observe that some of them use a tree of 

SOM-layers, instead of using a tree of neurons Strategies possessing such a topology 

are the TSSOM, the HFM and the GHSOM 

A different type of topology occurs when the grid maps are allowed to be irregular, 

that is, a partially complete grid In an uregular grid, the topology is "almost" a 

grid, but some of its nodes (and the corresponding connections) are missing An 

example of an irregular grid is illustrated m Figure 2 9 Strategies possessing this 

type of arrangement are the IGG and the GSOM 

When none of the topologies mentioned earlier is employed, we say that the topol

ogy pertains to the most general type of structure, I e , a graph, which may not be 

fully connected In general, any type of topology may involve more than a single 

mtra-connected subset, which, in turn, may not have any mutual inter-connections 
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2.9.2 Dynamism 

The different SOM variants can incorporate the concept of dynamism in many forms 

We now attempt to categorize the different types of adaptation utilized by the strate

gies discussed m the previous sections 

The most basic type of dynamism occurs when there is no dynamism at all, that 

is, the structure remains static throughout the learning phase Necessarily, strategies 

using static structures require the definition of the topology a prion, which can be 

supplied as a parametei The traditional SOM itself belongs to this family, since the 

grid structure rs defined from the beginning and it is, thereafter, maintained 'intact" 

until the termination of the learning phase Other strategies which utilize static 

structures are the TSVQ, the TSSOM, and the HFM 

A basic type of adaptation is produced by adding and deleting connections to 

a set of neurons in the system NNs m this class maintain the number of neurons 

constant The sole example of the NNs visited m the previous section which possess 

this property is the NG 

A different adaption process is the one that allows the addition of new neuions 

and connections When no deletions of nodes or edges is permitted, one obtains a 

structure which monotomcally grows as the training proceeds Instances of this type 

of growing process can be found m the GG, the GSOM, the GHSOM, the SOTM, 

the SOTA and the ET 

When, apart from the ability of adding neurons and connections, the strategy 

incorporates the deletion of both neurons and edges, the structure does not grow 

monotomcally Rather, under certain circumstances, it is possible that the structure 

may be reduced depending on the distribution of the input manifold Since deletion 

corresponds to a more complex type of adaptation, it implies the incorporation of a 

module that is capable of identifying the units that over-represent a certain region A 

subset of non tree-based strategies that perform this type of adjustment include the 

GCS, the GNG and the IGG It is important to mention that all of the tree-based 

strategies discussed in the previous sections avoid such a deletion process 

It is also worth mentioning that the TTOSOM incorporating the Conditional 

Rotations (TTOCONROT) strategy, which will be explained in depth m Chapter 
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5, explores a new type of adaptation which was not utilized by any of the strategies 

included in this survey This type of adaptation involves the techniques defined in the 

field of Adaptive Data Structure (ADS) It attempts to generate an asymptotically 

optimal tree with respect to the access probabilities of the neurons, 1 e , based on the 

number of times that they have been identified as the BMU 

2.9.3 Type of Distance for Determining the BoA 

When defining a variant of the original SOM strategy, the definition of the BoA con

stitutes an important module that must be carefully defined The different strategies 

discussed utilize a family of schemes to define the BoA We mainly identify three 

classes which are discussed m this section 

The first type of BoA uses the concept of neural distance as in the case of the 

traditional SOM Once the BMU is identified, the neural distance is calculated by 

traversing the underlying structure that hold the neurons An important property of 

the neural distance separating two neurons is that it is proportional to the number 

of connections separating them Examples of strategies using the neural distance to 

determine the BoA are the GCS, the GG, the IGG, the GSOM, the TSSOM, the 

HFM, the GHSOM, the SOTA and the ET 

A second subset of strategies employs a scheme for determining the BoA that 

does not depend on the inter-neural connections Instead, such strategies utilize the 

distance m the feature space In these cases, it is possible to distinguish between two 

types of NNs The simplest situation occurs when the BoA only considers the BMU, 

I e , it constitutes an instance of hard CL, as in the case of the TSVQ and the SOTM 

A more sophisticated and computationally expensive scheme involves a ranking of 

neurons according to their respective distance to the stimulus In this scenario, the 

BoA is determined by selecting a subset of the closest neurons An example of a SOM 

variant using this ranking is the NG 
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2.9.4 Additional Counters 

A strategy that some researchers have followed in order to improve the performance 

of the NNs, is the one of adding extra counters to it. These counters correspond 

to additional variables that are included in the NN to perform certain tasks such 

as providing an estimator for the QE or determining how old a connection is. Such 

enhancements are primarily intended so as to alleviate the computationally expensive 

tasks needed to achieve self-organization. Counters that measure the QE of the 

neurons are useful for the identification of under-represented regions of the space 

which require further exploration. It is possible to differentiate a family of counters 

that store a QE measure using updating mechanisms such as the ones defined by 

Equations (2.20), (2.21), (2.25) and (2.30). These QE counters are usually dependent 

on the position of the stimulus and the previous value of the QE of the neuron 

currently being examined. Schemes using counters of this type are the GNG, the 

IGG, and the GSOM. 

It is crucial that one makes the distinction between employing a QE counter 

and actually computing the QE. The latter requires the processing of all the input 

sample set, which is an avenue that is not always feasible or is too expensive. On 

the other hand, an estimation of the QE through the employment of these counters 

may not necessarily be coincident with the calculation obtained by examining each 

input sample separately. Rather, the results can be very approximate, particularly in 

the later stages of the training, where neural migration is diminished. The GHSOM 

is an example of a strategy that calculates the QE rather than using a counter that 

allows its estimation (see Equations (2.26), (2.27) and (2.29) to observe how this is 

achieved). 

A counter that requires special attention due to its popularity among the different 

SOM-based strategies is the so-called BMU counter (explained in Section 2.6.1), that 

keeps track of how many times a neuron has been selected as the winner. Examples 

of strategies using the BMU counter are the GCS, the GG, the TSVQ, the TSSOM, 

and the ET. 

Finally, a particularly interesting type of counter is the one that records the age of 

a connection, as utilized in the NG strategy. The NG is the only example from among 
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the SOM-variants in which a counter is associated with a connection as opposed to 

the neurons m the NN 

2.9.5 Neuron Propert ies ^ 

Some strategies define special properties for the neurons These special properties 

allow an alternate type of distinction between the subsets of SOM variants studied 

in this Thesis 

One such property is the so-called "Frozen" state, explained in detail m Section 

2 6 5 In general, strategies using this approach tram the neurons until they are 

themselves identified as BMUs a certain number of times, after which they become 

static and do not take part m the competition anymore Examples of NNs that invoke 

the concept of "frozen" neurons aie the TSVQ, the TSSOM and the ET 

A second type of neural property is the one which involves so-called "boundary" 

nodes, described in detail m Section 2 6 4 As the name suggests, neurons of this type 

are the ones which fall close to the borders of the underlying lattice This concept is 

complemented by the phenomenon of the so-called "inner" neurons A neurons is said 

to be "inner" if all of its 4 neighboring positions in the lattice are already occupied 

by a neuron Based on these definitions, boundary nodes are those that still have the 

possibility of generating new connections 

This concept is utilized by strategies that dynamically grow a grid-like structure 

such as the IGG and the GSOM 

2.9.6 Search Method 

As mentioned in the introductory section on the SOM (Section 2 5), the search for 

the BMU is both crucial and one of the most expensive tasks associated with the 

traditional SOM strategy In general, any SOM-based strategy needs to identify 

a winner neuron in one way or another Researchers have tried to overcome this 

hurdle of using a brute-force approach by defining heuristic methods for determining 

a winner A particular heuristic discussed m this Thesis is the so-called "find-best" 

heuristic, discussed m Section 2 6 6, which recursively traverses a tree and identifies a 
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winner (that may not be the optimal one) in O(logn) time. The "find-best" algorithm 

was originally designed as part of the TSVQ philosophy, and has been adapted to also 

operate in conjunction with other tree-based schemes, e.g., the TSSOM and the ET. 

2.10 Comparison Table 

A table summarizing the main aspects of the different SOM-based strategies is given 

in Table 2.1. The columns of Table 2.1 specify a particular feature, such as the type 

of topology, while each row refers to a particular SOM variant. Check marks ( ' ' / " ) 

are used to specify that a particular strategy possesses the respective feature. 

For instance, the reader can easily determine from Table 2.1 that the NG approach, 

utilizes a graph topology and that it also considers the possibility of adding/deleting 

edges by taking advantage of the "Age" of the connections. It is also possible to glean 

knowledge of other strategies that share similar properties to a particular philosophy 

For example, Table 2.1 explicitly clarifies that the property of deleting edges observed 

in the NG is present only in a small subset of strategies (see Section 2.9.2). 

We believe that Table 2.1 can be of great value for future researchers who re

quire an understanding of the most relevant properties of the SOM variants and their 

mutual relationships specified in terms of their shared characteristics. We have de

liberately included in the last rows, the strategies that we have currently developed, 

and which will be discussed in the following chapters. The reader can easily perceive 

the phenomena in which our novel methods are distinct from the previous strategies. 

In particular, one can see from Table 2.1 that we have ventured into a completely 

unexplored terrain by merging the tree structured family of SOMs with the field of 

ADSs, thus generating a type of dynamism that is both novel and unique. 



H 
H 
O 
O 
O 

f« 
O 
H 

S 

s 

s 

s 

s 

H 
H 
O 
CO 

O 

S 

s 

s 

s 

<N 

s 

s 

s 

s 

s 

s 

CO 

O 

S3 

S 

s 

s 

s 

s 

CO 
O 
H 

s 

s 

s 

s 

s 

o 
CO 

O 

s 

*N 

s 

s 

s 

s 

s 

*N 

N 

s 

s 

H 
CO 
CO 

O 

S 

s 
s 

s 

s 

s 

s 

H 
CO 

< 

S 

S 

s 

s 

s 

s 

Q 
CO 

O 

S 

s 

s 

s 

s 

s 

s 

o 
Q 

s 

s 
s 
s 
s 

s 

s 

s 

s 

o 
Q 

s 

s 

s 

s 

s 

s 

s 

s 
s 
s 
s 
s 

s 

% 

25 

o 

s 

s 
s 

s 

s 

s 

o o 
CO 

s 

s 
s 
s 
s 

s 

s 

s 

CO 

o 

s 

s 

s 

s 

(Unconnected) Graph 

Tree (acyclic graph) 

Grid 

Irregular Grid 

SOM-layers 

Static 

ADS 

Add edges 

Delete edges 

Add nodes 

Delete nodes 

Feature space 

Neural space 

BMU 

QE 

Age of connection 

Frozen 

Boundary 

Heuristic 

Deterministic 

21 
p 
3 
CD 

O 

Crq 

P 

3. 
en 

3 

O Cd 
<r+- p> 
P 

O 
CD 

O 
O 

c 
•7+ 
CD 
>-i 

CO 5 ; 

CD 3 

0 

CO 
CD 

p 
0 

Z8 M3IA3U SmJLVUSin Z mJuJVHD 



CHAPTER 2 LITERATURE REVIEW 88 

2.11 Conclusions 

In this chapter, we provided an overview of the fundamental SOM-based definitions 

and algorithms reported m the literature This was provided so as to survey the field 

and to also provide the background necessary to better comprehend the state-of-the-

art Although many scores of contributions have been published (especially in the 

last three decades), we submit that this overview is quite comprehensive 

The survey included a brief explanation of the concepts of machine learning, plac

ing special emphasis on unsupervised learning and clustering After visiting the topics 

of ANNs and the SOM, we described, in greater detail, the families derived from the 

SOM, which, indeed, is the mam focus of the present Thesis 



Chapter 3 

Imposing Tree-based Topologies 

onto SOMs 

3.1 Introduction 

In this Chapter1 we will present a novel scheme by which the user can build, tram and 

develop a Kohonen-hke NN in which the topology is user-defined and tree-oriented 

As the reader can appreciate from the previous chapter, the beauty of the Kohonen 

map is that it has the property of organizing the codebook vectors, which represent 

the data points, both with respect to the underlying distribution and topologically 

This topology is traditionally linear, even though the underlying lattice could be a 

grid, and this has been used in a variety of applications [97, 142] The most prominent 

efforts to render the topology to be structured involves the Evolving Tree (ET) due 

to Pakkanen et al [143], and the Self-Organizing Tree Map (SOTM) due to Guan et 

al [82], among others - which have all been discussed in Chapter 2 

As mentioned m Section 2 5 8, the proof that the stochastic distribution of the 

prototypes follows the distribution of the underlying data points is only available for 

the linear case This fact leads us to a host of other open issues The first issue is the 

XA preliminary version of some of the results from this chapter appear m the Proceedings of 
CORES2009, the 6th International Conference on Computer Recognition Systems, Poland, in May 
2009 [11] This talk was a Plenary/Keynote Talk at the Conference The journal version of these 
results is currently under review 

89 
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following Is it possible for a user to require the prototypes to follow any arbitrary 

topology7 If this is possible, the implication is significant First of all, the question of 

finding the nearest neuron with such a topology (1 e , the winnei m the competition) 

has to be answered Secondly, the whole issue of how one describes the BoA, and 

of migrating neighbors of the winner is far more significant Indeed, the question of 

what we mean by a neighbor, how the list of neighbors is maintained and what the 

final convergence is, are unresolved issues This, indeed, is the goal of this Chapter 

Our aim is to permit the user to specify any tree-like topology which can be 

entirely up to his imagination The reason why we prefer a tree-like topology is to 

prevent cyclic neighborhood correspondences Once this topology has been fixed, 

the concepts of the neighboihood and BoA aie specified fiom this perspective The 

question is whether the prototypes can ultimately learn the stochastic distribution 

and simultaneously arrange themselves with the topology that mimics the one that 

the user hypothesized from the outset We show that this is indeed possible, as 

demonstrated by a set of rigorous experiments in which our enhanced ANN, the Tree-

based Topology Oriented SOM (TTOSOM) is able to learn both the distrrbution and 

the desired structured topology of the data Furthermore, a consequence of this is 

the fact that as the number of neurons is increased, the approximation of the space 

will be correspondingly superior - both from the perspective of the distribution and 

of the user-defined topology 

3.1.1 Contribution of the Chapter 

The principal contributions of the present Chapter can be summarized as follows 

1 We present a technique by which we can represent data points using prototypes, 

both with respect to the underlying distribution and any user-defined topology 

2 In particular, we demonstrate how the user can impose an arbitrary tree-like 

topology onto the set of codebook vectors 

3 Since the topology can be fairly arbitrary, we show that the resultant BoA is 

different from the ones defined in the prior literature, both structurally and 
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conceptually 

4 The map learned as a consequence of the training process is able to infer both 

the distribution and the structured topology of the data as verified by extensive 

experiments 

5 The strategy proposed reduces to the traditional 1-dimensional SOM when the 

tree is a linear sequence of nodes In other words, the traditional SOM is a 

special case of the family of ANNs which we propose 

3.1.2 Organization of the Chapter 

The organization of the Chapter is as follows In Section 3 2, we present the new SOM 

variant, namely the TTOSOM Thereafter, in Section 3 3, the experimental results 

which demonstrate its power are included Finally, Section 3 4 gives some concluding 

remarks and discussions 

3.2 The Tree-based Topology Oriented SOM 

The Tree-based Topology Oriented SOM (TTOSOM) is a tree-structured SOM which 

aims to discover the underlying distribution of the input data set X, while also at

tempting to perceive the topology of X as viewed through the user's desired perspec

tive The TTOSOM works with an imposed topology structure, where the codebook 

vectors are adjusted using a VQ-hke strategy Besides, by defining a user-preferred 

neighborhood concept, as a result of the learning process, it also learns the topology 

and preserves the prescribed relationships between the neurons as per this neighbor

hood Thus, the primary consideration is that the concept of neurons being "near 

each other" is not prescribed by the metric in the space, but rather by the structure 

of the imposed tree 
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3.2.1 Declaration of the User-Defined Tree 

The topology of the tree arrangement of the neurons plays an important role in the 

training process of the TTOSOM As detailed m Section 2 8, this concept is not new, 

and a few variations of SOMs take advantage of this approach 

In general, the TTOSOM incorporates the SOM with a tree which has an arbi

trary number of children Furthermore, it is assumed that the user has the ability 

to describe/create such a tree The user who presents it as an input to the algo

rithm, utilizes it to reflect the a priori knowledge about the structure of the data 

distribution2 

The first task to be conducted is that of declaring, as an input, the user-defined 

tree We propose that this declaration is done in a recursive mannei (see Alg 12), 

from which the structure of the tiee is fully defined The input to the algorithm is 

an array that contains integers specifying the number of children for each node m the 

tree if the latter is traversed m a depth-first manner3 

The algorithm works in a straightforward manner The input to the algorithm is 

a pointer to a node of a tree (which could be the root), and an associated array The 

position i in the array implicitly refers to the ith node of the final tree if traversed 

in a depth-first manner The contents of the array elements in the %th position refer 

to the number of children that node i has An example of this is given m Figure 3 1 

where the input array is (2 ,3 ,4 ,0 ,0 ,0 ,0 ,1 ,0 ,2 ,0 ,0 ,2 ,0 ,0) , and the resulting tree is 

shown m the figure itself Observe that the same tree could have also been traversed 

in a breadth-first manner, m which case, the corresponding array for this tree would 

be the array (2,3, 2 ,4 ,1 , 2,0,0, 0,0,0,0,0,0,0) 

3.2.2 Representat ion of the Tree 

From the immense diversity of possible data stiuctures capable of representing trees, 

choosing a data structure that best suits the purposes of oui problem requires the 

specification of all the constraints that are to be satisfied First, each node in the 

2The beauty of such an arrangement is that the data can be represented in multiple ways de 
pending on the specific perspective of the user 

3The tree could also easily be traversed in a breadth-first manner as we will see presently 
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Algorithm 12 describe-topology(A,p) 
Input: 

i) A sequence of n numbers A = {a,\, a-i, • • • , an), specifying the number of children 
for each node in the tree, 

ii) p, a pointer to the current root of the tree. 
Method: 

1 if n = 0 then 
2 return 
3 else 
4 number-of-children = head(A) {read and cut head of the sequence} 
5 for i=l to number-of-children do 
6 create-node(x) 
7 add-node(x,p) 
8 descr ibe- topology(A,x) 
9 end for 

10 end if 
End Algorithm 

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 

Figure 3.1: An example of the description of the original tree topology. The example 
shows an array containing the number of children for each node in the tree. If the 
latter is traversed in a depth-first manner, the index of the array is the position in 
the depth-first traversal, and the content of the array is the number of children of the 
node in question. The corresponding array, if the tree is traversed in a breadth-first 
manner, is (2, 3, 2 ,4 ,1 , 2,0,0,0.0,0, 0,0, 0, 0). 
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tree could possibly have an arbitrary number of children, limited only by the user's 

"imagination" Secondly, the form m which the tree is represented must permit 

fast traversal, especially for the most expensive tasks of the algorithm, namely, the 

location of the current BMU, and the calculation of the BoA, 1 e , the neighborhood 

of units around it Fast identification of the parents is required, since our concept 

of neighborhood involves the traversal of the nodes, not only in the direction of the 

children of a given node, but also m the direction of its ancestors, as explained m 

Section 3 2 3, and pictonally described m Figure 3 3, which implicitly requires us to 

maintain a link to quickly reach the parent 

An efficient way to represent the structure of the tree, is to use the Left-most-

child, Right-sibling representation In this appioach each node points only to its 

left-most child and not to all the direct children, and every node is linked only to 

its sibling immediately to the right (and not to all the siblings) Simultaneously, 

we also maintain a pointer from every node to its parent, with the exception of the 

root node which is pointing to the NULL pointer Interestingly, the Left-most-child, 

Right-sibling representation stores the data in O(M) space, where M is the number 

of nodes Also, this strategy permits the representation of the tree with an arbitrary 

number of children, to be a binary tree 

The implementation of the tree using the "Left-most-child, Right-siblmg" is given 

in Figure 3 2 (for the tree of Figure 3 1), and will also be represented with the array 

(2 ,3 ,4 ,0 ,0 ,0 ,0 ,1 ,0 ,2 ,0 ,0 ,2 ,0 ,0) 

With regard to the data maintained m each node of the tree, we mention that, 

each node will contain the d-dimensional vector in the feature space migrated as per 

the position of the input samples and the update rule Note that m Figure 3 2 the 

details of the vectors m the featuie space are omitted m the interest of simplicity 

3.2.3 Neural Distance Between Two Neurons 

In the TTOSOM, the Neural Distance, d^, between two neurons depends on the 

number of unweighted connections that separate them m the user-defined tree, and 

is defined as the number of edges in the shortest path that connects the two given 
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™—>. parent 

left most child 

_•» right sibling 

Figure 3 2 A suitable way to implement the user-defined tree is by using the Left
most-child, Right-sibling representation, which uses 0(n) space This figuie illus
trates the Left-most-child, Right-sibling representation for the tree of Figure 3 1 For 
simplicity, the details of the vector in the d-dimensional feature space, associated with 
each node, are omitted 

nodes More explicitly, the distance between two nodes m the tree, is defined as the 

minimum number of edges required to go from one to the other In the case of trees 

(since this is the focus of the present work), there is only a single path connecting two 

nodes, implying the simplicity of enforcing the definition Additionally it is worth 

mentioning that this notion of distance is not dependent on whether nodes are leaves 

or not, as m the case of the ET (described m Section 2 8 6), thus permitting the 

calculation of the distance between any pair of nodes in the tree 

More specifically, the distance between a neuron and itself is defined to be zero, 

and the distance between a given neuron and all its direct children and its parent is 

unity This distance is then recursively defined to farther nodes as shown pictonally m 

Figure 3 3a Clearly, if c4 and a, are nodes in the tree, d^{ , ) possesses the identity, 

ropt[t] 

& 
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(a) (b) 

Figure 3.3: Figure 3.3a shows the neighborhood for the TTOSOM. Here nodes B, 
C and D are equidistant to A even though they are at different levels in the tree. 
Observe that non-leaf nodes may be involved in the calculation. Figure 3.3b shows 
the case for the ET, where nodes B and C are equidistant to A. In the ET, the 
definition of the distance pertains only to leaf nodes. 

non-negativity, symmetry and triangular inequality properties: 

dN(ct,Cj) > 0 (3.1) 

dAr(ci,Cj) = 0 if and only i f c, = c3 (3.2) 

dN{cz,c3) = dN(cj,ct) (3.3) 

dN(cuck) < dN{cuc-,) + dN{c3,ck). (3.4) 

The reader should observe in Figure 3.3 that nodes at different levels could also 

be equidistant from any given node. Thus, in the case of Figure 3.3a, nodes B, C 

and D are all at a distance of 2 units away from A, while in Figure 3.3b nodes B 

and C are at a distance of 5 units from node A. It should also be mentioned that in 

the ET, one encounters only distances between the leaves (as in Figure 3.3b) and not 

between internal nodes, as in Figure 3.3a. 

As in the case of the traditional SOM, the TTOSOM requires the identification of 

the BMU, i.e., the closest neuron to a given input signal. This is achieved by invoking 

Algorithm 13. To locate it, the distances, df(-, •) are computed in the feature space 

and not in terms of the edges of the user-defined tree. The algorithm first calculates 
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the feature-based distance in the feature space between the input signal, x, and every 

neuron in the network, and the index of the neuron with the smallest feature-based 

distance is returned In the case of a tie, the index of the first-found neuron with 

minimum distance is selected (although a random tie breaker is also possible) It is 

important to emphasize that the distance measured between neurons is completely 

distinct from the feature-based distance between a neuron and the input signal, since 

the latter is computed based on the coordinates of the neuron and the signal m the 

feature space, and the distance between neurons is computed in terms of the number 

of edges to be traversed in the user-defined tree A common choice for the distance 

is the Euclidean distance, however, it has been reported that for highei dimensional 

spaces, this particular definition of distance might be inaccurate [172] The TTOSOM 

attempts to tackle this issue by inheriting the SOM's update rule, which utilizes a 

distance function but does not necessarily specify one explicitly 

Algorithm 13 TTOSOM-Fmd-BMU(p,x,?>) 
Input: 

I) p, a pointer to the node currently being examined 
n) x, an input sample from X 

m) v, a pointer to the best matching neuron found so far 
Output: 

I) v, a pointer to the BMU 
Method: 

1 if p=NULL then 
2 return v 
3 else 
4 if getDistance(x,i>) >getDis tance(x ,p) then 
5 v=p {p is the new best matching unit} 
6 end if 
7 for all child 6 p getChildren() do 
8 w=TTOSOM-Find-BMU(c/uM,x,w) 
9 end for 

10 end if 
11 return v 
End Algorithm 
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3.2.4 The Bubble of Activity 

Intricately related to the notion of mter-node distance, is the concept referred as to 

the Bubble of Activity (BoA) which is the subset of nodes "close" to the unit being 

currently examined (see Section 2 5 3) These nodes are essentially those which are to 

be moved toward the input signal piesented to the network This concept involves the 

consideration of a quantity, the so-called radius, which determines how big the BoA 

is, and which therefore has a direct impact on the number of nodes to be considered 

The BoA is defined as the subset of nodes within a distance of r away from the node 

cuirently examined, and can be formally defined as per Equation 2 12 

Figure 3 4 depicts an example of how the number of neurons m the BoA is in

creased as the radius is increased In the case of the TTOSOM, the BMU can be any 

node m the tree, and this becomes the center of the BoA The question of whether 

or not a neuron should be part of the current bubble, depends on the number of 

connections that separate the nodes rather than the distance that separate the points 

m the solution space (for instance, the Euclidean distance) 

Figure 3 4 The figure shows how the BoA includes more nodes as the radius is 
increased The currently examined node is given in black 

The concept of neighborhood utilized m the present work is distinct and different 

from the ones used m other approaches such as the ET (see Section 2 8 6) or the 

SOTM (detailed in Section 2 8 4) In the case of the TTOSOM, non-leaf units are 
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considered in the BoA As an example, in our case, nodes distant by a radius of zero 

will include, in the BoA, only the node being cuirently examined, while a radius of 

unity will consider the subset of all the direct children of the unit being examined as 

well as the dnect parent node As in any SOM philosophy, theBoA is initially made 

large enough so as to include all the nodes in the structure, and subsequently, as 

the learning proceeds, gradually decreased to finally only include the node currently 

being examined There are reported works that consider only leaves m the BoA [143] 

and some of them use the distance of the neurons in the solution space [82] 

Algorithm 14 dictates the calculation of the subset of neurons that are part of 

the neighborhood of the BMU This computation involves a collection of parameters, 

including 0, the current subset of neurons in the proximity of the neuron being ex

amined, v, the BMU itself, and r € N the current radius of the neighborhood When 

the function is invoked for the first time, the set (f> contains only the BMU (which is 

previously estimated using Algorithm 13) marked as the current node, and through 

a lecursive call, <p will end up storing the entire set of units within a radius r of the 

BMU The tree is recursively traversed for all the direct topological neighbors of the 

current node, I e , m the direction of the direct parent and children Every time a 

new neuron is identified as part of the neighborhood, it is added to 4> and a recursive 

call is made with the radius decremented by one unit4, marking the recently added 

neuron as the current node 

3.2.5 Training the TTOSOM 

The training process of the TTOSOM involves positioning the neurons which describe 

the user-defined tree m the feature space so as to capture the distribution and topology 

of the data points This process involves a loop of training steps which terminates 

when the convergence is acceptable to the user The Training step involves requesting 

an input sample from the dataset, locating the BMU, computing the nodes within the 

current BoA, and migrating those neurons toward the input signal using a SOM-hke 

philosophy 

4This fact will ensure that the algorithm reaches the base case when r = 0 
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Algorithm 14 TTOSOM-Calculate-Neighborhood(</>,t),r) 
Input: 

I) (f), the set of the nodes m the BoA identified so far 
n) v, a pointer to the node from where the BoA is calculated 

m) r, the current radius of the BoA 
Output: 

I) The set of nodes m the BoA 
Method: 

1 if r < 0 then 
2 return 
3 else 
4 for all child G v getChi ldrenQ do 
5 if child £ 4> then 
6 4> «— </>U {child} 

7 TTOSOM-Calculate-Neighborhood((/),cWd,r- 1) 
8 end if 
9 end for 

10 parent—v ge tParentQ, 
11 if parent ^ NULL and parent £ 4> then 
12 0 <- 0U {parent} 
13 TTOSOM-Calculate-Neighborhood(0,parenf,r - 1) 
14 end if 
15 end if 
End Algorithm 
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How the input sample is chosen may vary In the case of the TTOSOM, an input 

sample is drawn at random from the sample set Other mechanisms may involve the 

shuffling of the elements in the set, generating an order, and then at each step the 

samples are chosen as per the pre-established oider Finally, when the last element 

in the sequence has been drawn, an epoch is said to be completed, and optionally a 

new shuffling takes place 

The TTOSOM uses the SOM update rule to update the prototypes (described 

m Section 2 5 4), and requires the definition of a learning factor, ry, which, in turn, 

specifies the fraction by which the BMU will move towards the input presented to 

the network The value of the learning rate is initialized to a high value, for example 

0 9, and is gradually decreased so as to achieve convergence At first the updated 

positions of the BMU and neighbor neurons will be highly influenced by the input 

sample, but as time goes by, these will tend to move less, and at the end of the process 

only small changes m the positions of the neurons will be registered 

Algorithm 15 gives the details on how the training step is performed Initially, 

the index of the BMU is obtained by invoking Algorithm 13, and will be the first 

neuron to be included in the BoA The next process involves the calculation of all 

the neurons m the bubble, which is obtained by calling Algorithm 14 Finally, for 

each neuron m the bubble, an update process take place, which is similar to the SOM 

update rule 

A lgo r i t hm 15 TT0S0M-Train(x,p) 
I n p u t : 

I) x, an input sample from X 
n) p, a pointer to root of the tree 

M e t h o d : 
1 v <r- TT0S0M-Find-BMU(p,x,p) {See Algorithm 13 } 
2 4> <r- {v} 
3 TTOSOM-Calculate-Neighborhood(0,t>,radius) {See Algorithm 14 } 
4 for all 6 6 0 do 
5 Update the neuron b according to Equation (2 16) 
6 end for 

End Algo r i t hm 
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3.2.6 The Overall Procedure 

In what we have covered, we have explained all the independent modules of the 

TTOSOM Using these modules we shall show how all the pieces fit together to 

compose the overall TTOSOM algorithm The mam segments of the algorithm also 

include the initialization of the values and the mam tiammg loop 

The input to the algorithm consists of a set of samples m the <i-dimensional featuie-

space, and, additionally, as explained in Section 3 2 1, an array by which the user-

defined tree structure can be specified Observe that this specification contains all 

the information necessary to fully describe the TTOSOM structure, such as the num

ber of children for each node in the tree Furthermore, the algorithm also includes 

parameters which can be perceived as "tuning knobs" They can be used to adjust 

the way by which it learns from the input signals The TTOSOM lequires a schedule 

for the so-called decay parameters, which is specified in terms of a list, where each 

item in the list records the value for the learning rate, the radius of the BoA, and the 

number of learning steps for which the latter two parameters are to be enforced 

The initialization phase constitutes the creation/description of the user-defined 

tiee topology, and the value of the vectors m the feature-space associated with each 

node within the tree At the beginning of this phase, the tree must be built as per 

Algorithm 12, implying the specification of the loot of the tree Initially the tree is not 

defined, and this is done by assigning the parameter p of Algorithm 12 to the NULL 

pointer At this juncture, the starting values of the codebook vectors associated 

with each node of the tree, are set as well One common way to accomplish this is 

by randomly choosing input vectors from the input sample set, and assigning their 

values to the codebook vectors Alternate methods relying on a Principal Component 

Analysis (PCA) have also been reported m the literature [92] (weight initialization is 

described m Section 2 5 1) 

The essential phase of the process involves the learning iterations, which is a se

quence of steps as per Algorithm 15, and are monitored by the schedule of parameters 

mentioned eaiher Whenever a learning step takes effect, some of the nodes m the tree 

are moved towards the input sample The numbei of nodes moved and the amount by 

which these neurons are moved, depends on the current parameters, such as the BoA 
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and the learning rate, rj Algorithm 16 details the whole process, which terminates 

when the position of the neurons have converged satisfactorily 

In practice, as we shall see presently, as a result of the execution of Algorithm 16, 

the codebook vectors will be arranged m such a way that they represent the structure 

and the distribution of the input data While the "spatial" distribution of the neurons 

follows the stochastic distribution of the data points, the relationships between the 

nodes of the TTOSOM will be as per the user-defined structure This preserves the 

topological information m the data points (as m the traditional SOM algorithm), but 

also the information involving the tree-based relationship between the neurons 

Algorithm 16 TT0S0M(,S,A,A') 
Input: 

1) 5 , the schedule of parameters 
n) A, the array containing the number of children for each node m the tree 

m) X, the input sample set 
Method: 

1 T < - NULL 
2 descr ibe- topology(A,T) {see Algorithm 12} 
3 Initialize the codebooks by, for instance, randomly selecting samples from X 
4 for all s 6 5 do 
5 Set the learning factor and radius according to the predefined schedule 
6 for a fixed number of iterations pre-specified m the schedule do 
7 Generate a stimulus x by randomly selecting a sample from X 
8 TT0S0M-train(x,T) {see Algorithm 15} 
9 end for 

10 end for 
End Algorithm 

3.3 Experiments and Results 

To demonstrate the power of our method, and to obtain a better understanding 

on how the structure-oriented SOM works, we have implemented and tested it on 

numerous data sets5 First of all, from a pedagogical perspective, the fact that the user 

5These data sets have been made available to the public, and can be found at h t t p //www scs 
c a r l e t o n c a / ~ c a s t u d i l 
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is capable of visualizing the resulting tree, is important, because, in this way, a human 

operator/usei will be provided with a quick and intuitive tool for understanding the 

"structure" of the data Thus he will be able to comprehend what is happening to the 

tree that attempts to delineate the structure of the points from the data distribution 

This is achieved by virtue of the fact that the position of the nodes belonging to the 

tree correspond to the value of the codebook vector associated with each node, and 

which are also manipulated by the cloud of points that are randomly drawn from 

the input data set Therefore, to illustrate this philosophy, the experiments reported 

here, were done m the 2-dimensional feature space It is important to remark that the 

capabilities of the algorithm are also applicable for higher dimensional spaces, though, 

the visualization of the resulting tree will not be as straightforwaid Additionally, 

in all the cases presented here, the input samples were drawn from a probability 

distribution unknown to the algorithm While both the distribution and its structure 

were unknown to the TTOSOM, the hope is that the latter will be capable of inferring 

them through the learning process, without human intervention, thus, performing 

Unsupervised Learning Lastly, the schedule of parameters was specified so as to 

result m a rather "slow" convergence This was achieved by defining steady values 

for the learning rate for a large number of iterations, so that we could understand 

how the position of the nodes migrated towards their final configuration We believe 

that to solve practical problems, the convergence can be accelerated by appropriately 

choosing the schedule of parameters 

3.3.1 Learning the Structure 

Consider the data generated from a triangular-spaced distribution as per Figure 3 5 

We assume that the a prion knowledge from the user permitted him to define a tree 

topology with a complete tree of depth 4, and where each node has exactly 3 children 

This implies that the user's tree consists of 5Zt=o 3* = 1 + 3 + 9 + 27 = 40 nodes, which 

is initialized as per the procedure explained in Section 3 2 1 Figure 3 5a, depicts the 

position of the nodes of the tree after a random initialization Random initialization 

was used by uniformly drawing points from the unit square Observe that the original 



CHAPTER 3 IMPOSING TREE TOPOLOGIES ONTO SOMS 105 

data points do not he in the curve Our aim here was to show how our algorithm could 

learn the structure of the data using arbitrary (initial and "non-realistic") values for 

the codebook vectors The reader must appreciate that the initial random positioning 

completely obfuscates the tree structure since the input signals conform to a cloud of 

points within the unit square However, once the mam training loop becomes effective, 

the codebook vectors get positioned in such a way that they represent the structure 

of the data distribution, and simultaneously preserve the user-defined topology This 

can be clearly seen from Figure 3 5b and 3 5c which are snapshots after 1,000 and 

10, 000 samples, respectively At the end of the training process (see Figure 3 5d), the 

complete tree fills m the triangle formed by the cloud of input samples and seems to 

do it uniformly The final position of nodes of the tiee suggests that the underlying 

structure of the data distribution corresponds to the triangle Observe that the root 

of the tree is placed roughly in the center (I e , the mean) of the distribution It is 

also interesting to note that each of the three mam branches of the tree, cover the 

areas directed towards a vertex of the triangle respectively, and their sub-branches 

fill m the surrounding space around them 

Another example is shown in Figure 3 6, where the data was generated from a 

"square-shaped" distribution Analogously, we presuppose that using the information 

at the disposal to the user, he defines a tree topology with a complete tree of depth 

4, and where each node has exactly 4 children As a consequence, the user's defined 

tree will be composed by Yli=o^1 = 1 + 4 + 16 + 64 = 85 nodes, and is again initialized 

utilizing the procedure detailed m Section 3 2 1 Figure 3 6a, portrays the location 

of the nodes within the tree after setting their values by randomly selecting points 

from the unit square As we can see, the initial position of the codebooks based on 

the structure of the user-defined tree is "confusing", because of the random nature 

of the samples drawn from the unit square distribution Convergence takes place by 

repeatedly executing the mam training loop, and all the while the codebook vectors 

are moved until they represent the structure of the data distribution, and at the same 

time maintain the topology of the tree This can be clearly seen from Figure 3 6b 

and 3 6c whrch display the situation after 10,000 and 100,000 iterations, respectively 

Figure 3 6d depicts the situation after training Observe that the position of the 



CHAPTER 3. IMPOSING TREE TOPOLOGIES ONTO SOMS 106 

(a) After 0 iter (b) 1,000 

' T36 

- • 

'1 

'•• \JM 

3 

< : T-3? 
• ' / & • '••< 

• ^ r 8 v ' :MA . . " 
- / V \ 1 

Jo- \ ••: '.fp 
2$. 

{ft 

(c) 10,000 

'4' . -5 , ' »6 

(d) 300,000 

Figure 3.5: TTOSOM-based 3-ary tree topology learned from a "triangular" distri
bution. 
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nodes appears to be uniform inside the square formed by the cloud of samples In 

this case, the position of the nodes implicitly suggests that the underlying structure 

of the data distribution corresponds to the square Similar to the triangle example, 

note that in this case, the root of the tree is placed near the center of mass of the 

square formed by the cloud of input signals Also interestingly, the mam branches 

of the tree cover the principal diagonals of the square, and their sub-branches spread 

through the space around these, respectively 

With the aim of comparing our method with the traditional SOM, we considered 

a discrete data distribution of 500 data points6 For this experiment an equivalent 

number of neurons where employed, The SOM utilized a 5 x 5 grid, 1 e , 25 neurons, 

while the TTOSOM employed a complete 4-ary tree of four level, 1 e , 1 + 4 + 16 = 

21 ps 25 neurons The resulting maps demonstrate one of the known drawbacks of 

the SOM, namely the convergence of neurons in zero-density areas Additionally, 

although the root of the tree trained by the TTOSOM lays m a zeio-density area, 

it is located roughly m the center of mass of the data distribution, and thus renders 

meaningful information about the entire data set In our opinion, the TTOSOM using 

a lesser number of connections yields a mapping which is more easy for a human being 

to "read" Note also that the nodes at second level of the tree he m the centers of 

mass of the four biggest concentration of data points 

To illustrate the properties of the TTOSOM by incorporating other structures, 

we consider the scenario when the topology is unidirectional Indeed, we obtain very 

impressive results when the tree structure is the 1-ary tree as seen m Figure 3 8 In 

this case, the user-defined a list (I e , a 1-ary tree) as the imposed topology Initially, 

the codebook vectors were randomly placed as per Figure 3 8a Again, the reader 

must observe that at the beginning, the linear topology is completely lost due to the 

randomness of the data points The migration and location of the codebook vectors 

after 10,000 and 100, 000 iterations are given m Figure 3 8b and 3 8c respectively At 

the end of the training process the list represents the triangle very effectively, as also 

reported m [103] 

6 The data set and the SOM training were extracted from the software DemoGNG version 1 5, 
available at the URL h t t p //www aeu ro in fo rma t ik ruhr -um-bochum de /mi /VDM/re sea rch / 
gsn/DemoGNG/GNG html 
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Figure 3 6 TTOSOM-based 4-ary tree topology learned from a "square" distribution. 
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(a) SOM (b) TTOSOM 

Figure 3 7: The result of invoking the SOM and TTOSOM on discrete data distribu
tion using an almost identical number of nodes. 

For the case of using a 1-dimensional tree (i e , a list) as per Figure 3.8, our 

algorithm is capable of not only representing the whole distribution of the input 

samples, but also of preserving this "tree-like" topology. Indeed, on termination, 

the indices of the codebook vectors are arranged in an increasing order as seen in 

Figure 3.8d In this case, the one-dimensional list of neurons is evenly distributed 

over the triangle, preserving the original properties of the 2-dimensional object and 

also presenting a shape which reminds the viewer of the so-called Peano curve [148] 

As we can see, this one-dimensional representation is achieved by defining a tree 

with a single child per node. This example can be effective in distinguishing our 

method over the ET. If the same data was processed using the ET, the final config

uration of the codebook vectors will not represent the input set accurately, even if 

the topology is preserved The reason for this is as follows: In the first stage of the 

algorithm, the ET's root is trained for a certain number of iterations, after which the 

root will be most likely close to the center of mass of the input data cloud. The ET 

then "freezes" the location of this unit, which implies that it is no longer trained, and 
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thus this codebook vector remains static It no longer participates m the competitive 

learning process since our assumption of using a 1-ary tree is in place After freezing 

this unit, the ET lesorts to a splitting operation The children are created, and m this 

particular case only a single child is created and trained In this phase, the child does 

not compete with the parent because the latter is static Consequently, the random 

samples taken from the input set will again tend to place the child close to the center 

of mass of the data cloud As this process is repeated for the subsequent children, all 

of them will be placed near to the center of the data distribution 

From this perspective, one of the best advantages of the ET is simultaneously a 

drawback Freezing the unit after a certain time and then splitting it lends to the 

algorithm the ability to only tram the leaf-nodes This property is cleverly exploited 

by the authors of [143] so as to accelerate the search for the BMU m O(logn) time 

On the other hand, the frozen units are excluded from the subsequent competition, 

and open the possibility of being ill-formed codebook vectors Briefly put, the 1-aiy 

tree case is an extreme one, and although for the general n-ary tree (for n > 2) the 

ET possesses a good performance, in the linear case our algorithm outperforms the 

ET 

Figure 3 9 piesents an example in a higher dimensional space, where the TTOSOM 

attempts to learn a unit sphere In this experiment, so as to display the capabilities of 

the algorithm, we decided to use the same 3-aiy tree configuration that was utilized 

in the triangle-shaped distribution shown in Figure 3 5, l e , a complete 3-ary tree 

of four levels, thus containing 40 nodes At the beginning, as shown m Figure 3 9a, 

the initial codebook vectors are randomly distributed within the circumscribed unit 

cube As the training proceeds, Figure 3 9b depicts the situation where all the nodes 

converge into a single point which is located roughly m the center of the sphere Figure 

3 9c, displays the case when the neurons belonging to lower levels of the tree begin 

to spread evenly inside the sphere The situation after training is shown in Figure 

3 9d, where the tree expands uniformly in the interior of the sphere, suggesting the 

spherical shape of the original data manifold Given the symmetries of the sphere, 

other tree topologies can also be utilized to learn its structure 
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Figure 3 8: TTOSOM-based 1-ary tree (list) topology learned from a "triangular" 
distribution 
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Figure 3.9: The same 3-ary tree utilized for learning the triangle in Figure 3.5 now 
learns the unit sphere in 3-dimensions. 
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(a) After 0 iter (b) 10,000 

(c) 100,000 (d) 300,000 

Figure 3.10: The same 4-ary tree utilized for learning the unit square in Figure 3.6, 
now learns the unit sphere in 3-dimensions. 
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3.3.2 The Hierarchical Representation 

Anothei distinct advantage of the TTOSOM, which is not possessed by other SOM-

based networks, is the fact that it has hologram-like properties In other words, 

although the entire tree specified by the user can describe the cloud of data points 

as per the required resolution, the same cloud can be represented with a more coarse 

lesolution by using a lesser number of points Thus, if we wanted to represent the 

distribution using a single point, this can be adequately done by just specifying the 

root of the tree A finer level of resolution will include the root and the second level, 

where these points and their corresponding edges, will represent the distribution and 

the structure Increasingly finer degrees of resolution can be obtained by including 

more levels of the tree We believe that this is quite a fascinating property 

To clarify this, consider the triangular distribution in Figure 3 11, which is the 

same distribution of Figure 3 5 Figure 3 11a shows how the cloud can be represented 

by a single point, 1 e , the root In Figure 3 l i b it is represented by 4 nodes which 

are the nodes up to the second level If we use the user defined tree of four levels, the 

finest level of resolution will contain all the 40 nodes, as displayed in Figure 3 l i d 

To demonstrate the analogous effect in 3-dimensions, we similarly, consider the 

spherical distribution depicted in Figure 3 12, which corresponds to the distribution 

of Figure 3 6 When the cloud is represented by only one point, I e , the root, a rough 

approximation of the data distribution can be obtained, as per Figure 3 12a, which 

shows the root of the tree located roughly in the center of the sphere In Figure 3 12b 

the entire distribution is represented by 4 nodes which corresponds to the nodes m 

the first and second levels of the tree If we include nodes up to the fourth level of the 

tiee, the representation at this resolution will contain all the 40 nodes, as displayed 

in Figure 3 12d 

From these results, we believe that the representations obtained for increasing 

resolutions are both intriguing and remarkable 
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Figure 3 11: Multi-level resolution of the results shown in Figure 3.5. 
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(a) Level 1 

(c) Level 3 

(b) Level 2 

(d) Level 4 

Figure 3 12 Multi-level resolution of the results shown in Figure 3 9 for a sphere in 
3-dimensions 
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3.3.3 Skeletonization 

Intuitively, the objective of skeletonization is to construct a simplified representation 

of the global shape of an object In general, such a skeleton is expected to con

tain much less points than the original image and should be a thinned version of 

the original shape According to the authors of [141], skeletonization in the plane is 

the process by which a 2-dimensional shape is transformed into a 1-dimensional one, 

similar to a "stick" figure In this way, skeletonization can be seen as a dimension

ality reduction technique that captures local object symmetries and the topological 

structure of the object The applications of skeletonization are diverse, including the 

fields of Computei Vision and PR 

There are different types of algorithms that attempt to solve the skeletonization 

problem Traditional skeletonization approaches assume the connectivity of the pix

els that constitute the image Thus, they are inadequate when pixels in the image 

lack connectivity, as can happen all too often, as a consequence of an inappropriate 

manipulation of the image, noise, or the intrinsic nature of the data itself In such 

cases, traditional methods may not perform well, and advanced techniques that can 

also inherently process structure, are needed 

SOM variations have been used to tackle this situation when points are sparse in 

the space [46, 165] In [46] the authors used a GNG-hke approach, while in [165], the 

authors recommend the use of a Minimum Spanning Tree (MST) which is calculated 

over the -positions of the codebook vectors, followed by a post-refinement phase that 

adds and deletes edges 

We now advocate a completely different SOM-hke strategy, namely the TTOSOM 

Indeed, as we perceive it, the structure generated by using the TTOSOM can be 

viewed as an endo-skeleton of the given data set, in the sense that it conforms to an 

internal framework that support the "soft parts" of the original object This skeleton 

meets at pseudo-joints, which are, in our representation, the nodes of the tree As the 

whole structure of these pseudo-bones are dependent on the position of the nodes m 

the feature space, a single learning iteration of the TTOSOM is capable of affecting 

the overall shape of the skeleton, and on convergence it will self-organize so as to 

assimilate the fundamental properties of the primary representation 
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In this context we propose that the edges can be seen as pseudo-bones Each 

pseudo-bone is defined by two codebook vectors in their extremes, and contrary to 

what happens with real bones, these pseudo-bones have a great measure of flexibility, 

and also the ability to contract or enlarge as a consequence of the movement of the 

nodes that define their respective extrema It is also worth mentioning that the 

movement of a joint will have the implication of the modification of at least one edge 

Thus, when a node is moved, all the edges associated with the children and parent 

will change accordingly, modifying the shape of the inferred skeleton The difference 

between using the SOM-like philosophy [165] and the TTOSOM lies exactly here A 

SOM-hke algorithm will change the edges of the skeleton but only as the algorithm 

dictates as per the MST computed over the nodes and their distances in the "real" 

world, I e , the feature space As opposed to this, a TTOSOM like stiucture can 

modify the skeleton as dictated by the particular node in question, but also all the 

nodes tied to it by the BoA, as dictated by the user defined tree, I e , the link distances 

The reader can appreciate, m Figure 3 13, the original silhouette of a rhinoceros, 

a 2-dimensional person as well as a 3-dimensional person All three objects were 

processed by the TTOSOM using exactly the same tree structure, the same schedule 

for the parameters, and without any post processing of the edges From the images at 

the lower level of Figuie 3 13 we observe that, even without any specific adaptation, 

the TTOSOM is capable of representing the fundamental structure of the three objects 

m a "1-dimensional" way effectively The figures at the second level display the 

neurons without the edges In this case, it can be seen that our algorithm is also 

capable of granting an intuitive idea of the original objects by merely looking at the 

points 

A potentially interesting idea is that of mixing the hierarchical representation of 

the TTOSOM piesented in Section 3 3 2 with its skeletonization capabilities We 

propose that m this case, the user will be able to generate different skeletons with dif

ferent levels of resolution, which we believe, can be used for managing different levels 

of resolution at a low computational cost for applications m the fields of geomatics, 

medicine and video games 
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Figure 3 13. The result of a skeletonization process for the silhouettes of various 
shapes using the TTOSOM, namely, of a rhinoceros, a 2-dimensional person, as well 
as a 3-dimensional person. 



CHAPTER 3 IMPOSING TREE TOPOLOGIES ONTO SOMS 120 

3.3.4 Clustering and Pattern Recognition Capabilities 

Additionally, we have examined the performance of the TTOSOM m clustering and 

PR applications for real-world data The well known Ins dataset7 was chosen for 

this purpose The data set gives the measurements (m centimeters) of the variables 

which are the sepal length, sepal width, petal length and petal width, respectively, 

for 50 flowers from each of 3 species of the ins family The species are the Ins Setosa, 

Versicolor, and Virgmica 

Since the TTOSOM is an unsupervised learning algorithm, in order to show the 

power of oui method, we decided to invoke it using exactly the same configuiation 

employed to learn the triangle and sphere displayed in Figures 3 5 and 3 9 respectively, 

I e , the same underlying tree topology of a complete 3-ary tree of depth 4 By this we 

attempt to show examples of how exactly the same tree configuration can be utilized 

to learn the structure from data belonging to the 2-dimensional, 3-dimensional and 

also 4-dimensional spaces After executing the TTOSOM, each of the mam branches 

of the tiee were migrated towards the center of mass of the cloud of points m the 

hyper-space belonging to each of the three categories of flowers, respectively It is 

important to mention that the TTOSOM did not know that the data came from 3 

different categones, rather this information was inferred by it We find this result 

quite fascinating, indeed' 

After convergence, each of the samples were associated to the closest neuron, thus 

generating a set of clusters that are arranged in a hierarchical manner Moreover, if 

the true labels of the original data set are provided, the TTOSOM can be further 

utilized to perform PR, by identifying each of the neurons as a representative of a 

particular class The results of this classification scheme applied to the Ins data set 

are summarized m Table 3 1 The information about each category of the Ins families 

is given m the first row Analogously, each column considers one of the three mam 

branches of the tree The table indicates how many elements of a particular kind of 

Ins were best represented by a particular branch of the tree For instance, all the 

data points which were best represented by neurons belonging to Branchl happened 

7 The Ins dataset was obtained from The R Project for Statistical Computing, available at the 
URL h t t p //www r - p r o j e c t o r g / 
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Branchl 
Branch2 
Branch3 

Setosa 
50 
-
-

Versicolor 
-

48 
2 

Virginica 
-
2 

48 

Accuracy 
100 
0 96 
0 96 

Table 3 1 The power of the TTOSOM for learning the characteristics of the Ins 
dataset The underlying tree structure was exactly the same one employed for learning 
the triangle and the spheres of Figures 3 5 and 3 9, respectively 

to be of class Ins Setosa Moreover, all the 50 instances of Ins Setosa found m the 

data set are represented by Branchl The last Column of Table 3 1 summarizes the 

accuiacy of recognizing a particular category of Ins 

The experimental results shown m Table 3 1, not only demonstrate the potential 

capabilities of the TTOSOM for performing clustering, but also suggest the possibil

ities of using it for pattern classification According to [57], there are several reasons 

for performing pattern classification using an unsupervised approach Moreover, due 

to the multi-resolution nature of our proposed strategy, different levels of the tree 

may be employed for performing increasingly accurate classification tasks We are 

currently investigating such a classification strategy 

3.3.5 Theoretical Analysis 

Although the applications of the new method have been demonstrated, we feel that it 

is appropriate to close this section by mentioning the hurdles that will be encountered 

in analyzing the asymptotic distribution of the TTOSOM8 In all brevity, we believe 

that even the tools for such an analysis have not been fully developed, as we explain 

below 

At the outset, we mention that Bauer et al [18] explain, in great detail, a tool called 

the Topographic Product, utilized for the measurement of the topology preservation 

These authors also show the power of this tool by applying it on different aitificial 

8We are very grateful to an anonymous Referee who pointed us to these references, and for 
the insight that he provided We totally concur with him in that it is difficult (if not currently 
impossible) to mathematically solve the explicit equations for the final distribution and topology for 
our present solution 
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and real-world data sets, and also compare it with different measures to quantify the 

topology [17] Then study concentrates on the traditional SOM, implying that the 

topologies evaluated were of a "linear" nature, with the consequential extension to 

2-dimensions and 3-dimensions by means of grids only In [85], Haykin mention that 

the Topographic Product may be employed to compare the quality of different maps, 

even when these maps possess different dimensionality However, he also noted that 

this measurement is only possible when the dimensionality of the topological structure 

is the same as the dimensionality of the feature space Further, tree-like topologies 

were not considered m then study To be more precise, most of the effort towards 

detei mmmg the concept of topology preservation foi dimensions greater than unity 

are specifically focused on the SOM [17, 18, 35, 42, 88, 103], and do not define how a 

tree-like topology should be measured noi how to define the order in topologies which 

are not grid-based Thus, we believe that even the tools to analyze the TTOSOM are 

currently not available The experimental results obtained in this chapter, suggest 

that the TTOSOM is able to tiam the NN so as to preserve the stimuli However, 

m order to quantify the quality of this topology, the matter of defining a concept 

of ordering on tree-based structure has yet to be resolved Although this issue is of 

great interest to us, this rather ambitious task lies beyond the scope of our present 

manuscript 

3.4 Conclusions 

In this chapter we have proposed a schema called the Tree-based Topology Oriented 

SOM (TTOSOM) by which the operator/user is able to impose an arbitrary, user-

defined, tree-like topology onto the codebook vectors of a SOM This constraint leads 

to a neighborhood phenomenon based on the user-defined tree, and, as a result, the 

BoA becomes radically different from the ones studied m the previous literature The 

map learned as a consequence of training with the TTOSOM is able to determine 

both the distribution of the data and its structured topology, interpreted through the 

perspective of the user-defined tree In addition, we have shown that the TTOSOM 

revealed the ability to represent the original data set m multiple levels of granularity, 
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and this was achieved without the necessity of computing the entire tree again Ad

ditionally, we discussed the capability of the TTOSOM to extract an skeleton, which 

is a "stick-like" representation of the image in a lower dimension of space Finally, 

we also showed how the TTOSOM can be utilized to perform and enhance pattern 

classification by using a scanty structured representation of the original training sets 

All these properties have been confirmed by numerous experiments on a diversity of 

data sets 



Chapter 4 

Pat tern Recognition using the 

TTOSOM 

4.1 Introduction 

In the last chapter we introduced the TTOSOM as a mechanism by which the in

formation contained in any given dataset can be compactly represented by a set of 

representative neurons. The goal of the exercise was to have these neurons possess 

the stochastic distribution of the data points, and at the same time, preserve the 

topology and the structure of the data. 

In this chapter we will venture to use the TTOSOM in pattern classification - in 

a matter that is quite novel. 

As explained in Chapter 2, there are scores of algorithms which can achieve su

pervised pattern classification. Such algorithms assume the knowledge of well-defined 

training sets with a clear specification of the identity of each training sample. In the 

unsupervised model, as we have seen earlier, one does not provide the classifier with 

the class labels of the samples. Rather, the data is subjected to a clustering-like mech

anism, which attempts to distinguish the training samples into the separate classes, 

subsequent to which a supervised classifier will be invoked. 

The reader must observe that such a clustering action can be quite time consum

ing, especially if the dataset is large. 

124 
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Our proposal to utilize the TTOSOM for classification attempts to bridge the two 

paiadigms It is, rather, akm to the philosophy advocated by Zhu [176], which we 

will explain in a subsequent section What we propose is the following Using an 

unsupervised approach, we will first tiam a TTOSOM m which the neurons collec

tively obey the stochastic, topological and structural distribution of all the classes 

Subsequent to this juncture, we make use of the information provided in the labeled 

dataset By using this information, we assign a class label to every single node in 

the NN This can be done in numerous ways, but we have chosen to do it using a 

simplistic Euclidean criterion Observe that such an assignment partitions the space 

into its Voronoi regions, although the specification (or complete description) of these 

subspaces is unnecessary 

On receiving the testing data, the task at hand is rather straightforward One 

neaily determines the closest neuron to the testing sample and assigns the sample to 

the corresponding class 

Observe that once the TTOSOM has been computed, the complexity of the testing 

is linear, not m cardinality of the training set, but in the size of the TTOSOM tree 

The reader will observe that such an neaiest-neighbor type testing is similar to 

the ones used by prototype reduction schemes [102, 116] Such schemes represent the 

training data from each class by a small set of prototypes, which are subsequently 

used for classification In our case, however, the "prototypes" are the nodes of the 

TTOSOM which are not located m the feature space m a manner unrelated to each 

other Rather, they are constrained by the tree structure, the topology, and the 

distribution of all the classes 

Our goal in this chapter is to see how such a philosophy will function One must, of 

course, realize that the accuracy that we obtain will never exceed that of the optimal 

Bayes classifier Indeed, we cannot expect an accuracy greater than that which a 

true nearest neighbor classifier yields, because we could be only using a small set, 

e g , about 25 representative points, instead of the entire set, which could consist of 

thousands of points Further, by starving the classifier from information of the class 

labels, one can expect the accuracy to be even less What is astonishing, however, is 

the fact that our "semi-supervised" TTOSOM-based classifier, achieves an accuiacy 
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which is only marginally less than state-of-the-art supervised classifiers reported 

With this as a background, we list below the contributions of the chapter 

4.1.1 Contributions of the Chapter 

1 We present a method that employs a tree-based NN for performing classification, 

by using both, unlabeled and labeled instances 

2 Our method first learns the structure of the data distribution m an unsupervised 

manner, where the distribution involves all the classes collectively 

3 After convergence, and once labeled data become available, oui strategy tags 

each of the clusters according to the evidence provided by the instances 

4 The classification strategy that we are proposing, unlike other neighborhood-

based approaches, uses only a small set of prototype vectors whose cardinality 

can be much smaller than that of the input manifold 

5 Our experimental results show that on aveiage, the classification capabilities of 

our proposed strategy are reasonably comparable to those obtained by some of 

the state-of-the-art classification schemes that only use labeled instances during 

the training phase 

6 The experiments also show that improved levels of accuracy can be obtained by 

imposing trees with a larger number of nodes 

4.1.2 Organization of the Chapter 

The remainder of the chapter is organized as follows In the next section we provide 

an a very brief explanation of the principal algorithms that are currently employed 

for supervised classification Subsequently, we present the details of the design and 

implementation of oui TTOSOM-based classifier, and show how we can use it to 

perform pattern recognition Thereafter, we provide the experimental results that 

demonstrate the capabilities of the approach Finally, we conclude the chapter with 

a discussion of the results of our study 
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4.2 Classifiers 

Typically, in classification tasks, one assumes that the samples in the dataset possess 

the Independently and Identically Distributed (IID) property, i.e., that the instances, 

which are viewed as random variables, are unconelated between each other, and that 

all are drawn from a state of nature possessing the same probability distribution. 

Of course, an additional assumption is that the data can be divided according to 

the different classes they belong to. Particularly, the problem of PR is to develop 

the so-called decision boundaries from the data, which define the portions of the 

space that separate the samples according to their "states-of-nature", and which will 

subsequently serve to label an instance whose class is unknown. The remainder of 

this section explains some of the state-of-the-art classifiers. In our description, we 

assume that we want to create a dichotomizer, i.e., to partition the data into two mam 

subsets, each belonging to one of the two classes present in the dataset. However, the 

generalization to more than two classes is, in most of the cases, straightforward. 

4.2.1 Bayesian Decision Theory 

The core of the theory of Bayesian inference is based on the Bayes rule, which is one 

of the central theorems in learning theory [21]. This method quantifies a decision 

based on probabilities and the cost associated with the respective decisions, under 

the assumption that the probability values necessary to make the calculations are 

known (or can be learned). 

If we must decide between two states of nature, ui\ and ui2, the model assumes 

that they occur with certain probabilities, P(u)\) and P(ui2), which are referred to 

as the prior probabilities. These probabilities encapsulate our previous knowledge 

about the chances of getting a sample of a certain category. In the hypothetical case 

that no extra information about the data has been provided, the prior probabilities 

represent the sole source of information helpful for taking a decision. Intuitively, if 

someone presents us with a sample, and nothing is told to us about it, we will choose 

to label it with the category which is more popular in the dataset. In other words, 

we will choose to label it as oj\, if P{ui\) > P{uJ2), otherwise we categorize it as U2-
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The latter is an example of a very simplistic decision rule In a Bayesian classifier, 

an instance x from the dataset, is considered to be a random variable, and its prob

ability, p(x|w), known as the class-conditional probability or likelihood, conditions x 

based on the class to which it belongs If the prior probabilities are equal, then the 

largest value of the likelihood will serve to determine the decision about the category 

of a novel item 

The Bayes rule, combines both, prior and likelihood, and from it, one can obtain 

the so-called Maximum A Posteriori (MAP) decision rule, which as follows 

pi-xluAPfa) , 
fiMAP = a r g m a x —, , (4 1) 

w.Gu; PlxJ 

where the denominator corresponds to the so-called total probability, which is com

mon to all the different classes, and which plays a "normalization" role Thus, for 

decision purposes, it can be safely omitted, yielding to the following simplified (and 

equivalent) version [57] 

^MAP = argmaxp(x|cjj)P(w l) (4 2) 

Equation (4 2), considers the prior and the likelihood criteria m the decision If 

the class-conditional probabilities are equal, the priors will determine the decision 

On the other hand, if we know that the categories are equally likely to be present, 

then the largest class-conditional probability will determine the best decision so as to 

minimize the probability of making an erroneous decision 

4.2.2 The Nai've Bayes Classifier 

In particular, the Naive Bayes (NB) classifier [57] simplifies the original Bayes the

orem by assuming that the random samples not only possess the IID property, but 

additionally, that the features that describe the instances are also independent be

tween each other Examining the scenario in greater detail, if the input vector is 

denoted by x = \xx, xi, , Xd], the probability that x occurs given that it belongs to 

class ujj is given as follows 
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d 

p(x\u3) = Y[p(xl\uJ) (4 3) 

By replacing this teim m Equation (4 2), one obtains the most common form of 

the NB classifier, which is explicitly given by 

d 

^NB = argmaxP(cjJ/)]^[p(a; l |a;J) (4 4) 
J i = l 

The interesting featuie of the NB method, is that even though the assumption 

that it is based on is very simplistic (and hence its name), in practice, the classifier 

performs surprisingly well m many real-world domains, offering competitive (and 

sometimes better) results when compared to more sophisticated learning paradigms 

4.2.3 The Bayesian Belief Network 

Another classifier rooted in Bayesian foundations, is the so-called Bayesian Networks 

(BNs), also known as Belief Networks The family of BNs are classifiers based on a 

Directed Acyclic Graph (DAG), m which each node of the graph corresponds to a 

random variable, and where the respective edges connecting the nodes represent the 

dependences between the different variables Given some evidence about the world, 

the BN estimates the conditional dependencies by employing statistical methods 

Since the theory of BNs is both mathematically rigorous and easy to understand, the 

PR paradigm is popular in the ML community [19] 

More specifically, if V represents the set of variables of the system V\, V2, ,14, 

we label the corresponding variable at each node by the respective lowercase letter 

In this sense, even if the elements that variable S = V\ can assume are discrete 

values (e g , Si = "smoker" and s2 = "non-smoker") , they may be associated to real-

numbered probabilities ( e g , -P(si) = 0 25 and P(s2) — 0 75) If two nodes are 

connected, we say that they are related, and this is denoted by a directed edge 

emanating from one of them and which is incident on the other In this case, we say 

that the child node depends on the parent Viewed from the opposite perspective, we 

can state that the parent influences the child For example, if H = V2 is a variable 
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that denotes the health of a peison with h\ = "healthy" and h2 ="sick", we can 

link the health of the person with his smoking habits by formulating the conditional 

probability P{h\s) In general, many parents can influence a particular child, and 

one child can be influenced by many parents However, once a node becomes a child 

it cannot influence its parent, since it will violate the definition of a DAG, which is 

essential for the computation of the conditional probabilities Additionally, when a 

node has no parents, its probability is assumed to be unconditional 

The BN makes the assumption that each variable is independent of its non-

descendants in the graph given the state of its parents [19], which is a simplification of 

the equation that dictates the Joint Probability Distribution (JPD) of the vanables, 

and which piovides an efficient way to compute the a posteriori piobabihties If ixl 

denotes the set of parents of node i, the JPD is given by 

k 

P(VUV2, ,H) = JJP(KK) (4 5) 
i = i 

Equation (4 5) can be used to obtain a direct application of Bayes Theorem, 

making it possible for us to determine any configuration of the variables in the JPD 

However, in order to proceed, one has to specify the so-called Conditional Probabilities 

Table, which yields the probability of a particular variable occurring conditioned on 

its parents [57] 

4.2.4 Instance-Based Classification 

A different family of classifiers are the ones referred to as Instance-Based (IB) learners 

[2] This type of learning assumes that instead of building a probability model from 

the training samples, they are encapsulated and used to classify a novel item based 

on the similarity to its neighboring instances This family is characterized as being 

"lazy", since the computational calculations are deferred until a query is requested, 

and therefore it cannot be postponed anymore 

Among this family of methods, a particularly powerful, yet simply strategy is 

the one referred to as the /c-Nearest Neighbors (fc-NNs) algorithm [57] The fc-NN 

uses the Nearest Neighbor rule which assigns to x the label of its closest instance 
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The Nearest Neighbor rule is a suboptimal procedure However, it can be shown that 

given an unlimited number of points, its error will never be greater than twice the one 

produced by the Bayes decision rule [57] In the fc-NN approach, the query instance 

is labeled according to the class that is most "popular" among the k closest instances 

positioned m the neighboring areas where the query instance is located To avoid 

ties, k, the single parameter of the algonthm, is chosen so as to be an odd number, 

for the 2-class problem 

4.2.5 Decision Trees 

Up to this juncture, the present thesis focuses on feature vectors that are positioned 

m the domain of the real numbers, where a natural notion of measurement is defined 

Although most of the problems m pattern classification strategies fall into this class, 

there is a realm that also considers the so-called "nominal" features A nominal 

feature, as opposed to a numerical feature, does not necessaiily include the notion of 

numerical measurement or even ordering among the diversity of the values 

A Decision Tree is a particular type of tree that classifies instances by sorting 

them based on its features [57] Here, each node in the tree represents a feature, 

and the branches emanating from it correspond to the different values that can be 

assumed The problem of constructing the optimal decision tree is NP-complete and 

therefore, researchers have attempted to devise strategies that are able to built almost 

optimal trees [107] Ideally, the feature that best divides the data should be the root 

of the tree The literature contains many strategies for finding the "most valuable" 

attributes [107], but according to the authors of [138], this is still an open problem 

Decision trees naturally classify datasets that include nominal features [57] 

If two trees offer the same prediction accuracy, the one with a lesser number of 

leaves will be preferred For this and other reasons, to improve comprehensibihty and 

to avoid over-fitting, researchers have employed different strategies to make the tree 

smaller [33], and one of the best technique is known as pre-prunmg which consists of 

not permitting the tree grow too much [32] 

One of the most popular decision tree methods is the C4 5 [151] scheme The 
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C4 5 algorithm utilizes a special type of pruning called subtree raising whose goal 

is to identify a node (and its respective subtree) that can be replaced by one of its 

descendants (and its respective subtree) In general, in decision trees, the pruning 

decision is made according to an estimate of the error at the node, which is obtained 

during a validation stage Particularly, the error estimation followed by C4 5 con

sists of analyzing the whole training data, considering the class of each sample at a 

particular node, and assigning to the node a class based on a voting scheme 

4.2.6 LVQ1 

Closely related to VQ [119] and the SOM [103] (earlier discussed in Section 2 5) is the 

method called Learning Vector Quantization (LVQ) [103, 102] As opposed to VQ 

and the SOM, the LVQ family uses the supervised learning paradigm Distinct from 

the SOM, the LVQ does not include the concept of the Bo A, implying that it does not 

consider neural topology In other words, the LVQ is an example of hard-competitive 

learning wheie no topological preservation is expected According to its architect 

[103], the LVQ is primarily intended for PR, and its only purpose is to identify class 

regions m the input space 

The traditional approach in statistical PR is to develop an approximation for 

p(x|cjj)P(o;l), and using this information, the most likely class for the testing pattern 

is obtained by invoking Equation (4 2) LVQ operates in a different manner Once 

the codebook vectors are placed, each of them is assigned a class label When an 

instance is presented to the model, it is tagged with the label of its closest codebook 

vector in the Euclidean space 

In general, the migration of the codebook vectors in LVQ are a result of a reward-

punishment philosophy In particular, the LVQ1 will move the sample closer to the 

codebook if their labels match, as expressed m Equation (2 16) Otherwise, I e , if 

the category of the sample and the prototype are not equal, the sample is migrated 

in the same amount as in Equation (2 16), but in the opposite direction (the second 

term of Equation (2 16) has a negative sign) 
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4.3 Performance Metrics for Comparing Classifiers 

In this section we will briefly discuss different metrics for analyzing the performance 

of a classiher For simplicity, the discussion focuses on binary classification, where the 

hist class is labeled as "positive" (P) and the second class is labeled as "negative" 

(N) A classifier generates a mapping from the so-called testing instances to their 

respective predicted classes Further, the predicted class may match the true label of 

the instance or not When a single instance is provided to the classifier, four possible 

outcomes are possible [59] 

1 The predicted class is P and the true label was P =>• Accurate Prediction 

2 The predicted class is N and the true label was P => Misclassification 

3 The predicted class is P and the true label was N =3- Misclassification 

4 The predicted class is N and the true label was N =>• Accurate Prediction 

When a set of testing instances are provided to the classifier, its outcome can be 

summarized in the so-called Confusion Matrix (CM), which is 2-dimensional matrix 

that shows the predicted and actual classifications In general, the CM is of size 

C x C, where C is the number of different label values [101] In particular, for the 

problem of deciding between two classes, the 2 x 2 CM associated with it is depicted m 

Figure 4 1 The numbers in the diagonal of the matrix represent the coirect decisions 

made by the classifier, and the non-diagonals represent the inaccurate outcomes, l e , 

when the classifier is "confused" 

From the CM, it is possible to obtain many of the most frequently-used metrics 

[59], some of which are briefly explained below 

The most common metric is the so-called accuracy {ace), which is defined as the 

summation of all the elements in the diagonal of the CM, divided by the total sum 

of the elements of the matrix For the binary case, it is as follows 

TP + TN 

TP + FP + FN + TN 
(4 6) 
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Figure 4.1: The Confusion Matrix (CM) for a binary classification problem. 

The true positive rate (tpr) (also known as recall, hit rate or sensitivity) 

measures the proportion of actual positives that are correctly identified, and is defined 

by: 

tpr = 
TP 

(4.7) 
TP + FN 

Analogously, the false positive rate (fpr) (also known as false alarm rate) 

measures the proportion of negatives incorrectly classified, i.e.: 

fpr-
FP 

(4.8) 
FP + TN 

Additionally, the specificity (spec) measures the proportion of negatives which 

are correctly identified, and it is given as follows: 

TN . . 
S p e C = F P T T N - ( 0 ) 

Observe that the specificity is equal to (1 —fpr). Further, the precision (prec) is 

defined as the number of items that the classifier identified as being positive, divided 

by the total number of elements that truly belong to the positive class. It is given as 

follows: 

prec = 
TP 

TP + F P ' 
(4.10) 
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Even though, the classification accuracy is still the most common used measure

ment in the ML community [48], in some fields, such as in Information Retrieval (IR), 

the data is extremely unbalanced, and the relevant class can be found in as few as 

1% of the documents [124]. In such circumstances, a more informative measurement 

is required. A single measure that yields a trade-off between the precision and the 

recall is the so-called F-measure , defined as the weighted harmonic mean of these 

indices, and is given as follows [124]: 

_, 2 (/32 + l)precision x recall 
t -measure = -, —-,— = — — r,—, (4-H) 

a—- h i — £*)—ST /^precision + recall 
precision v ' recall ' x 

where j3 = ^—2i. The default balanced F-measure equally weights the precision and 

the recall, and occurs when /3 = 1 (or equivalently when a — \). In that particular 

case, Equation (4.11) becomes: 

Fx = , 2 . (4.12) 
precision recall 

An additional concept utilized to measure the quality of classifiers is the Receiver 

Operating Characteristics (ROC) curve, which plots the true positive rate (or sensi

tivity) against the false positive rate (which is equivalent to 1 — spec) [124]. An ROC 

curve is useful for organizing classifiers and also for analyzing their performance [31]. 

It always goes from the bottom-left to the top-right of the graph. A good classifier 

is expected to climb quickly on the left side. An ROC curve is a graphical represen

tation of classier's performance, when, to compare it with other classifiers, one needs 

to report a single scalar value. A common method is to calculate the Area Under 

the ROC Curve (AUC). Theoretically, the AUC ranges form 0 to 1, however, since 

a "random guess" will produce an AUC=0.5 (a straight line from the bottom-left to 

the top-right in the ROC graph), no realistic classifier should go below this quantity 

[59]. 

The literature also includes a number of other metrics for quantifying the quality 

of a classifier. For a comprehensive examination, the interested reader is requested 

to consult [124, 14]. 
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In this study, we shall utilize the most simple and widely-used approach, 1 e , 

the accuracy of the classifier given by Equation (4 6) The rationale for this is the 

following In the strictest sense, we are not so interested m the performance of the 

TTOSOM per se Rather, we are interested in evaluating the vanous algonthms 

comparatively, and to demonstrate that by utilizing the TTOSOM we are able to 

achieve a comparable performance (whatever the metric used), even though the data 

is represented much more compactly than if we used the original datasets Thus, even 

though the accuracy measure is, in many contexts, inadequate, our experience is that 

the inferences gleaned from using it are identical to those obtained by using a more 

elaborate measure like the AUC 

4.3.1 Stochastic Sampling 

Stochastic Sampling is a family of methods that deal with the random selection of a 

subsets of individuals from a population From a PR perspective, and according to 

Dara et al [45], in real-world applications, it is not uncommon that the so-called 

testing samples only become available once the ML system is already in operation 

For this reason, often researchers utilize some kind of validation to measure the per

formance of a particular classifier One of the most popular validation techniques is 

the one referred to as "Stratified 10-fold cross-validation" In 10-fold cross validation 

the training samples are roughly divided into ten equal partitions Each fold is fur

ther used for testing the classifier, while the remainder nine are employed for training 

The process is then repeated for each of the folds The term stratified, comes from 

the statistical concept known as "stratified sampling", which is a sampling method 

that draws items from the different categories so as to obtain relatively homogeneous 

subgroups 
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4.4 The TTOSOM-Based Classifier 

As stated earlier, the TTOSOM, described in the previous chapter is central to the 

classifiers designed presently The remainder of this section concentrates on a "wrap

per" method known as Cluster-and-Label, as well as the details of the design of the 

TTOSOM-Based classifiei that we propose 

4.4.1 Cluster-and-Label 

Zhu, in [176], proposed the concept that clustering algorithms could be employed to 

perform pattern classification As per his solution methodology, one alternative is to 

perform classification by applying the so-called Cluster-and-Label method explained 

below Prior research to the latter approach includes [45, 47, 73], among others 

Algorithm 17 Clu.stex-&nd-La.bel(Ac,As ,Xu ,XL) 
Input: 

I) Ac, the clustering algorithm 
n) As, the supervised learning algorithm 

m) X\j, the set of unlabeled instances 
IV) XL, the set of labeled instances 
Output: 

I) A set of labels y-y of the unlabeled samples Xv 

Method: 
1 Cluster the unlabeled samples m Xy using the clustering algorithm Ac 
2 For each cluster Ct determine the subset XL of labeled samples falling into C, 
3 Predict the label yc of each cluster C% based on Xl

L and the algorithm As 
4 Assign the label yc to all the unlabeled samples falling into the cluster Ct 

End Algorithm 

Given a clustering algorithm Ac, a set of labeled instances XL, a set of unlabeled 

instances Xu, and a supervised learning algorithm As, the Cluster-and-Label method, 

described in Algorithm 17, works as follows First, we identify the clusters of the 

input manifold using the clustering algorithm Ac Secondly, we determine which of 

the labeled samples fall m each cluster For each cluster we determine a decision 

boundary based on the supervised algorithm ,4s, and the labeled samples assigned to 
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that cluster, which, in turn, allows the prediction of the label of every cluster Finally, 

each uncategonzed item is labeled according to the predicted class of the cluster in 

which it is contained 

According to the author of [176], the performance of this approach is dependent 

on the capabilities of the clustering algorithm to mimic the properties of the original 

data distribution 

4.4.2 The Algorithm 

As stated earlier, our aim is to devise a classifier that works in two stages First of 

all, we will learn the data distribution and its structure in an unsupervised manner 

Thereafter, and m a second phase, we use some labeled items to tag the decision 

regions created previously The resultant TTOSOM-based classifier is described m 

Algorithm 18 

In order to learn the decision boundaries, the TTOSOM algorithm is employed to 

tram a tree structure so as to mimic the properties of the distribution of data points of 

all the classes, which is done without the necessity of providing the actual class labels 

of the items This corresponds to line 1 of Algorithm 18 The output of this initial 

phase is a TTOSOM tree structure, where each of the neural nodes are optimally 

placed in the feature space so as to glean the properties of the data distribution Our 

hypothesis is that these neurons represent regions of the hyper-space belonging to the 

same taxonomy, whose label is unknown The pioblem then is to accurately guess 

the actual label of that taxonomy 

In the subsequent phase (see line 2 of Algorithm 18), our classifier determines 

which subset of the labeled instances are represented by each neuron In an ideal 

scenario, where a neuron is the BMU of instances belonging to the same category, 

the decision of tagging the unlabeled instances falling into the region will be trivial 

Unfortunately, as the authors of [45] point out, the latter does not occur necessarily 

For this reason a general mechanism is required which permits the a posterior decision 

about the class to be assigned to each neuron We thus maintain a statistical record 

of the number of instances belonging to each category that fall in a particular region 
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where a neuron is the BMU 

The next phase (see line 3 of Algorithm 18), consist of a supervised phase m which 

class labels are assigned to each neuron m the tree From a statistical perspective, 

when the functions that dictate the probability of finding an item in a certain region 

of the hyperspace are known, the problem of deciding the category of a particulai 

sample in the area, can be optimally determined by the function which maximizes 

its probability where the query item is positioned However, as per our problem 

statement, these probability density functions are not known, and so if one employs 

an approach like the one described above, we must have an "approximation of sorts" 

of such functions Fortunately, there is a simple way to have a rough estimation of the 

probability functions, 1 e , by using the information provided by the labeled training 

set Each neuron m the tree is thus assigned a label based on the fc-NN rule [57] 

On closei inspection, the label of each neuron will be the one which occurs more 

frequently among the k nearest samples, where k is the number of data points for 

which the particular neuron is the BMU 

Algor i thm 18 TTOSOM-Build-Classif iei(Xu,XL) 
Input: 

I) Xu, the set of unlabeled instances 
u) XL, the set of labeled instances 
Output: 

l) A set of labels ^y of the unlabeled samples Xu 
Method: 

1 Tram a TTOSOM tree using Xv U XL 

2 Determine the subset Xl
L € XL for which the neuron % is the BMU 

3 Label each neuron using XL and the £;-nearest neighbors rule, where k = \XL\ 
4 Label each sample m Xu as per the label of its respective BMU 

End Algorithm 

The final step (line 4 of Algorithm 18) consist in predicting the class label of each 

of the unlabeled instances In our method, this is done by taking a particular instance 

referred to as the "query" instance and finding its, BMU, l e , the closest neuron in 

the feature space, which is basically the notion of a VQ query The class label of the 

query instance will be same as the class label of the neuron which is "representing" 



CHAPTER 4 PATTERN RECOGNITION USING THE TTOSOM 140 

it Given the nature of the TTOSOM, some of the neurons act as a "joint" within 

the tree, reflecting the concentration of other smaller clusters m its vicinity It is 

likely, that these joints may not represent any sample m particular, and therefore, 

one needs an additional assumption in order to define its class label In our case, 

we have simply decided to exclude them from the competitive learning process In 

that sense, the search for the BMU in the classifier is slightly different from the one 

utilized by the TTOSOM (and mheiited from the SOM) In this case, the label of 

the neuron is examined, and when it is undefined, the respective neuron is excluded 

from the "competition" process, which is a phenomenon that we call supervised BMU 

search 

An example of classification using this scheme is depicted m Figure 4 2 In the 

example, 500 items belonging to two different classes are placed in such a way that it 

is not possible to devise an effective rectilinear dichotomization Figure 4 2a shows the 

samples and a complete binary tree of depth 3 which was trained with the TTOSOM 

Even though Figuie 4 2a shows the original position of the samples and its labels, the 

respective class labels are unknown to the TTOSOM, which is essentially obtained 

m an unsupervised manner Figure 4 2b depicts the Voronoi regions induced by the 

neurons, I e , those areas of the space for which a particular neuron is the closest 

one The different colors (or shades) of the regions represent the majority class, 

which are determined by using the information m an additional set of labeled items 

Additionally, in this particular example, one of the neurons does not represent any 

labeled category As mentioned earlier, we have opted to exclude such a "joint" 

neuron, and as a result the Voronoi regions are modified as illustrated m Figure 4 2c 

4.5 Experimental Setup 

4.5.1 The Datasets 

To test the ability of the TTOSOM for classifying items belonging to the real world 

domain, we have chosen a variety of datasets from the UCI Machine Learning repos

itory [64] 
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(a) (b) (c) 

Figure 4.2: TTOSOM-based classifier using only 7 nodes perfectly learns a dataset 
which is non-linearly separable. The learning is performed without the necessity of 
providing the actual class labels of the items. In Figure (a), the TTOSOM tree mimics 
the distribution and the structure of the points. Figure (b) shows the respective 
Voronoi tessellations, and Figure (c) displays the Voronoi regions excluding the so-
called "joint" neurons. 

The data sets used in these experiments have different numbers of output classes, 

ranging from two to ten. Additionally, their features pertain primarily to the con

tinuous domain, whose dimensions varies from four up to thirty. The six data sets 

chosen for this experiment are described in Table 4.1. 

Datasets 
Iris 

WDBC 
Wine 
Yeast 

Wine_Quality (red) 
Glass 

Instances 
150 
569 
178 

1,484 
1,599 
214 

Attributes 
4 
30 
13 
8 
11 
9 

Classes 
3 
2 
3 
10 
6 
6 

Problem Type 
classification 
classification 
classification 
classification 

classification/regression 
classification 

Table 4.1: Datasets selected for the comparison of the classifiers. 

The first dataset is the well-known Iris [61] set1. The features include the mea

surements (in centimeters) of the variables which are the sepal length, sepal width, 
1Even though the Iris data set was utilized and introduced in an earlier chapter, we repeat some 
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petal length and petal width, respectively, for 50 flowers from each of 3 species of the 

Ins family The species are the Ins Setosa, Versicolor, and Virgmica 

The second dataset is the Wisconsin Diagnostic Breast Cancer (WDBC) set which 

contains information regarding breast cancer, and whose goal is the prediction of 

benign and malign tumois (I e , leading to a binary classification problem) The 

features are computed from digitized images of a Fine Needle Aspirate of a breast 

mass, which describe characteristics of the cell nuclei present in the image [64] The 

original attribute ID number was ignored m our experiments 

The third dataset considered m this study is the Wine dataset The data was 

obtained as the result of a chemical analysis of wines grown in the same region in 

Italy but derived from three different cultivars This dataset was originally part of 

the system called PARVUS [170], and contains 13 features, all of them belonging to 

the continuous domain The goal consists of predicting the quality of the wine based 

on its chemical composition 

The fourth dataset is the Yeast dataset, and represents a more challenging en

vironment for the classifiers It contains 1,484 instances of yeast classified into 10 

different categories [87] The objective is to predict the cellular localization sites of 

the proteins m question 

The fifth dataset is the Wme_Quahty dataset, which aims to predict the quality 

of red wine based on its chemical information [44] The samples come from the north 

of Portugal Given that the categories range from 3 to 8 in an increasing oider, this 

dataset can be studied from a regression perspective as well 

The final dataset considered in this study is the Glass dataset, originally provided 

by the USA Forensic Science Service The study was motivated by criminological 

investigations m which the glass left at the scene of a crime could be used as evidence 

[64] The dataset contains 6 types of glass, defined in terms of their oxide content 

(I e , Na, Fe, K, etc ) 

of these descriptions (in the context of PR and of the other data sets) so as to render this chapter 
complete 
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4.5.2 The Parameters 

The respective parameters for the algorithms were rendered to be the same across 

all the different datasets, and no algorithm possessed parameter values that were 

tuned for the datasets used for the test In particular, the three strategies based 

on VQ, I e , the TTOSOM, the SOM and the LVQl utilized the same number of 

iterations (50,000) Additionally, they all used the same initial learning rate (0 5), 

and the radius of the BoA was chosen m such a way that initially, all the neuions 

were consideied as part of the BoA, l e , twice the depth of the tree m the case of the 

TTOSOM, and the width plus the height m the case of the SOM Observe that LVQl, 

as defined in [102], does not consider a BoA As well, the three schemes utilized the 

same (linear) decaying schedule for its parameters 

4.6 Results 

In this section, we present a general overview of the performance of each of the clas

sifiers investigated for the different datasets mentioned in Section 4 5 1 Specifically, 

we present an assessment of the classifiers m teims of their ace, I e , the percentage 

of correctly labeled instances 

The classifiers considered m this study are five supervised classifiers, BN, NB, 

C4 5, fc-NN and LVQl, and two "semi-supervised" classifiers, namely the TTOSOM 

and the SOM The sampling method utilized to measure the ace was the stratified 

10-fold cross validation 

4.6.1 Comparison to Other Classifiers 

The results of the performance of the different classifiers (columns) across all the 

dataset (rows) is summarized in Table 4 2 Specifically, we are interested m the 

performance of our classifier on problems across a diversity of domains in which 

labeled and unlabeled data is available2 For example, Table 4 2 shows that the 

2Our hypothesis is that one should use as much labeled data as is available Since the datasets 
mentioned above are all composed of labeled instances, we have opted to use all this information in 
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TTOSOM classifier, using only 15 neurons, is able to accurately predict with an ace 

of 89 33% the correct label of the instances belonging the wine dataset On the other 

hand, the SOM classifies correctly the same dataset with an ace of only 67 98% 

One possibility by which we can quantify the quality of our method is to consider 

the family of classifiers inheriting the VQ mechanism One such strategy that belongs 

to the supervised family is the LVQl, while the SOM and the TTOSOM primarily 

learn the distributions using the unsupervised learning paradigm The three classifiers 

utilized the same parameters, which are described m Section 4 5 2 Besides, while the 

LVQl and the SOM utilized 128 neurons, the results shown for the TTOSOM include 

only 15 neurons As per our results, the TTOSOM, using only a small percentage of 

the neurons used m the SOM and LVQl (almost 10%), outperforms their recognition 

capabilities in all six datasets 

Apart from the above, observe that the classification results offered by the TTO

SOM are comparable to the ones obtained by the fc-NN However, both approaches 

present important differences m how they perform learning First of all, the fc-NN, 

being a supervised classifier, requires all the instances to be properly labeled Sec

ondly, due to its "laziness", the computations for the fc-NN are left until a query 

is performed, which implies that the whole manifold is visited so as to create the 

ordering of the samples, as pei their pioximity to the query samples On the other 

hand, the TTOSOM only requires a small subset of the tagged labels, and is able 

to learn from unlabeled samples Also, the query is done by using the TTOSOM 

tree and the respective labels of the neurons, and only requires the comparison with 

the total number of neurons, which is usually significantly smaller than the entire 

dataset Even though our method internally uses the fc-NN to tag the neurons, we 

note that this is done only once, l e , when the tree is being learned, and furthermore, 

the computations are performed only for each neuron instead of the whole dataset 

Anothei perspective by which we can compare the schemes is to considei the 

"most" competitive supervised classifiers In this case, except for the LVQl, they 

outperformed the accuracy produced by the unsupervised strategies This is an ex

pected behavior, because the supervised classifiers had access to the class labels of 

the "supervised" phase of our algorithm 
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all the instances However, m environments where only few tags are available, tra

ditional supervised classifiers struggle to extract useful information from unlabeled 

instances Indeed, experiments performed by Gabrys et al [73], showed that when 

a sufficiently large number of labeled instances were utilized, the semi-supervised 

schemes included in their study achieved levels of accuracy that were comparable 

to the ones obtained by the supervised classifiers that incorporated a much higher 

number of labeled samples 

D a t a s e t 
iris 

wdbc 
glass 
wine 
yeast 

wme_quahty 

TTOSOM15 
96 67 
93 32 
67 29 
89 33 
54 18 
5191 

B N 
92 67 
95 08 
7196 
98 88 
56 74 
57 72 

N B 
96 00 
93 15 
49 07 
97 19 
57 61 
55 03 

C4.5 
96 00 
93 15 
67 76 
93 82 
55 86 
62 91 

fc-NN 
95 33 
96 66 
67 76 
94 94 
54 78 
57 79 

LVQ1 
96 00 
92 09 
6122 
74 16 
24 33 
44 15 

SOM 
84 67 
90 51 
63 08 
67 98 
46 16 
49 59 

Table 4 2 General classification results of the methods investigated, reported m terms 
of accuracy 

4.6.2 Effect of the Number of Neurons 

Another interesting question that we advocated is the effect of the number of neurons 

on the classification accuracy To test this, we trained the TTOSOM using the con

figuration presented in Section 4 5 2, and systematically increased the size of the tree 

In order to retain the desired property that, initially, all the neurons are considered 

as part of the BoA, in each case we adjusted the radius to be twice the depth of 

the tree Even though the size of the tree was increased, we decided to maintain the 

number of training iterations to be unchanged 

Table 4 3 shows the results of these experiments Each column displays the re

sults of the TTOSOM using the specific number of neurons, which increases from 15 

neurons up to, for these particular datasets, an "unrealistic" number of 4,096 neu

rons Networks of this size are, in one sense, "unrealistic", because they contain more 

points than the original datasets themselves Thus, these represent scenarios m which 



CHAPTER 4 PATTERN RECOGNITION USING THE TTOSOM 146 

we artificially create data points to populate the space, and yet preserve the overall 

characteristics of the original datasets 

If one analyzes the average behavior of the results, one identifies a significant in

crease m the overall performance as the number of neurons is increased For example, 

for the wine dataset, the accuracy was 64 61% when we used 15 nodes, and increased 

to 76 40% when the number of nodes was 1023 Similarly, for the glass dataset, we 

obtained an accuiacy of 69 16% when we used 15 nodes, which increased to 71 96% 

when the number of nodes was 127 

Observe that in the extreme case, when the number of neurons exceeds the number 

of training samples, we can obtain an improvement m the accuracy, when compared 

to smaller tree configurations Additionally, we note that a lesser number of neurons, 

which implies a lower computational requirement, outputs a fairly good approxima

tion to the one offered by the reported supervised classifiers To be more specific, if we 

consider the results in more detail, we note that the accuracy obtained for the glass 

dataset using a high number of neurons (1,023 and 4,095, respectively), were the best 

accuracies obtained foi the particular problem set (76 40% and 75 84% respectively) 

This result is quite promising and demonstrates the potential of the scheme for cer

tain types of domains, given that the supervised classifiers chosen for this benchmark 

are among the most competitive supervised classifiers available m the literature 

D a t a s e t J, Neurons —» 
ins 

wdbc 
glass 
wine 
yeast 

wine_quahty 

15 
94 67 
91 39 
69 16 
64 61 
53 98 
48 84 

127 
95 33 
92 79 
71 96 
69 66 
53 50 
48 66 

1023 
96 00 
91 21 
74 30 
76 40 
51 21 
53 35 

4095 
96 00 
9156 
73 36 
75 84 
5168 
56 79 

Table 4 3 The accuracy of the TTOSOM as the number of neurons increases 
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4.6.3 Changing the Distance Measure 

In all the results presented so far, we had assumed that the data was normalized 

before being analyzed To be more specific, the classifiers which we used utilized the 

so-called Local Normalization [60], in which the range of every dimension was scaled 

to be between 0 and unity so as to have them equally weighted In this section we 

consider how the techniques can be invoked if we maintain all the parameters at their 

original values, and simultaneously not perform any type of normalization prior to 

the training process 

Table 4 4 presents the accuracy of the TTOSOM using a binary tree to represent 

the structure, with the further constraint that the data is not normalized 

As a general remark we note that one observes differences with respect to the case 

when the data was normalized For example, in the glass dataset it was possible to 

obtain an accuracy of 71 96% when using 127 neurons which is an index equivalent 

to the one provided by the best supervised classifier (BN) for this specific problem 

domain It is even more interesting to see that when the number of neurons was 

increased to 1,023, the accuracy obtained was 74 30%, which is the best reported 

accuracy obtained for the glass dataset, when one includes all the supervised classifiers 

displayed in Table 4 2 

However, we have noticed as well, that in some problem sets, as in the case of 

the wine dataset, the classification accuracies shown in Table 4 4 are inferior to those 

given in Table 4 3, where an a prion normalization was invoked 

Our explanation for this phenomenon is that, when we do not normalize the feature 

vectors before processing them, the classifier weights those features with larger ranges 

for its values, more, and m certain cases it happens that these features are exactly 

the ones that help to advantageously discriminate between the different categories 

This reasoning also explains the scenario when poorer results are obtained This is 

apparently a consequence of weighting certain features (l e , those which possess a 

high variance) more, I e , those which offer inadequate discriminating aspects Those 

features do not provrde information that is too useful for effectively building the 

discrimination regions 
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Dataset I Neurons —> 
glass 
iris 

wdbc 
wine 

winequality 
yeast 

15 
69 16 
94 67 
9139 
64 61 
48 84 
53 98 

127 
7196 
95 33 
92 79 
69 66 
48 66 
53 50 

1023 
74 30 
96 00 
91 21 
76 40 
53 35 
51 21 

4095 
73 36 
96 00 
9156 
75 84 
56 79 
5168 

Table 4 4 The accuracy of the TTOSOM using a binary tree when the data is not 
normalized a prion 

4.6.4 Using Trees Other Than Binary Trees 

All the experiments presented previously in this section have employed a binary tree 

structure To further investigate the power of the TTOSOM, we performed another 

set of experiments so as to test the effect of using trees with a higher branching 

factor, I e , the number of childien that a particular node had Table 4 5 shows the 

accuracy rates obtained by training the TTOSOM using a 3-ary tree, where the data 

was previously normalized 

Dataset j. Neurons —> 
glass 
iris 

wdbc 
wine 

winequality 
yeast 

13 
52 34 
96 00 
90 69 
96 63 
52 22 
5168 

121 
68 22 
94 67 
95 61 
97 19 
55 97 
54 04 

1413 
68 22 
94 00 
95 08 
95 51 
59 72 
49 93 

3876 
67 76 
94 00 
95 78 
95 51 
62 79 
50 61 

Table 4 5 The accuracy of the TTOSOM using a full 3-ary tree in which the training 
data was normalized a prion 

As far as we can see, there are no noticeable changes in accuracy when the branch

ing factor per node is increased from 2 to 3 

In Chapter 3, when we focused on the clustering properties on the TTOSOM, 

we showed how different branching factors led to a "better representation" of certain 

shapes By better representation, m this case, we meant that the basic properties 
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of some objects were preserved, so that the human eye could percerve the essential 

characteristics of the original object by merely looking at the learned structure Ex

amples of these were the triangle illustrated in Figure 3 5d, the rectangle presented in 

Figure 3 6d, etc , which were represented m a superior manner using specific branch

ing factors (c f , the representations in Figure 1 la and Figure 3 8d, which correspond 

to neural structures for the triangle using a grid and a line, respectively) 

The clustering property mentioned above suggests that the symmetry presented 

in some data sets could be better exploited by a TTOSOM-based classifier using the 

adequate branching factor However our preliminary evidence shows us that at least 

for the real-world dataset that we tested, the classifier is not noticeably affected by 

incrementing the number of branches m the tree Instead, the number of neurons 

utilized, regardless of the branching factor of the tree, seems to be more pertinent 

when it concerns the resultant accuracy This certainly is an avenue for further 

research 

4.7 Conclusions 

The purpose of this chapter was to design and present an experimental analysis of 

a novel PR scheme based on the TTOSOM This scheme constructed a classifier by 

combining the information provided by labeled and unlabeled samples of the classes 

simultaneously 

Our experimental results showed that the TTOSOM classifier possesses an im

proved classification accuracy in comparison to other VQ-based classifiers Moreover, 

we have obtained accuracies that are comparable to the one attained by the state-of-

the-art classifiers, even when the number of neurons utilized is only a small fraction 

of the cardinality of the dataset 

It was also found that increasingly superior recognition capabilities could be ob

tained by representing the data using a TTOSOM that involved a tree with a larger 

number of neurons In particular, the results presented here indicate a "monotomc" 

improvement of the mean classifier performance as the size of the tree was increased 

We believe that this occurs because of the desirable propertres of the TTOSOM to 
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mimic the underlying distribution of the points, and its capability to represent the 

stochastic and structural characteristics more accurately by utilizing a larger tree. 



Chapter 5 

Learning the SOMs Topology with 

Adaptive BSTs 

5.1 Introduction 

In this Chapter1 we dedicate our attention to a completely new and unexplored way 

of adapting the SOM, which, to the best of our knowledge, has not been utilized by 

any of the strategies reported m the literature The principles behind this adaptation 

involves the fusion between the philosophies defined by the tree-structured families 

of SOMs and the field of ADSs Our novel scheme attempts to generate an asymptot

ically optimal tree with respect to the access probabilities of the neurons, 1 e , based 

on the number of times that they have been identified as the BMU 

As shown in Chapter 2, there exist numerous variants of the SOM which also 

possess an underlying structure, and in some cases, this structure itself can be defined 

by the user, as m the case of the TTOSOM presented in Chapter 3 Although the 

concepts of growing the SOM and updating it have been studied, the whole issue of 

using a self-organizing adaptive data structure to further enhance the properties of the 

underlying SOM, have never been explored In Chapter 3, we proposed a strategy by 

: A preliminary version of some of the results from this chapter appear in the Proceedings of AI 
2009, the 2009 Australasian Joint Conference on Artificial Intelligence, Australia, in December 2009 
[12] This paper won the Best Paper Award of the Conference The journal version of these results 
is currently undei review 
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which we can impose an arbitrary, user-defined, tiee-hke topology onto the codebooks, 

which consequently enforced a neighborhood phenomenon and the so-called tree-based 

BoA In this chapter, we consider how the underlying tree itself can be rendered 

dynamic and adaptively transformed To do this, we present methods by which a SOM 

with an underlying BST structure can be adaptively re-structured using conditional 

rotations These rotations on the nodes of the tree are local, can be done in constant 

time, and performed so as to decrease the Weighted Path Length (WPL) of the entire 

tree We introduce a pioneering concept referred to as Neural Promotion, where 

neurons gam prominence in the NN as their significance increases We are not aware 

of any research which deals with the issue of Neuial Promotion The advantages of 

such a scheme is that the user need not be aware of any of the topological peculiarities 

of the specific input data set or of the stochastic data distribution Rather, the 

algorithm, referred to as TTOCONROT, converges m such a manner that the neurons 

are ultimately placed m the input space so as to represent its stochastic distribution, 

and additionally, the neighborhood properties of the neurons suit the best BST that 

represents the data These properties have been confirmed by our experimental results 

on a variety of data sets 

This Chapter is a pioneering attempt to merge the areas of the Kohonen's NNs 

with the theory of ADS Put m a nutshell, we can describe the goal of this chapter 

as follows Consider a SOM with n neurons Rather than having the neurons merely 

possess information about the feature space, we also attempt to link them together 

by means of an underlying data structure This data structure could be a singly-

linked list, a doubly-linked list or a BST, etc The intention is that the neurons are 

governed by the laws of the SOM and the underlying data structure Observe now 

that the concepts of "neighborhood" and BoA are not based on the nearness of the 

neurons m the feature space, but rather on their proximity in the underlying data 

structure Having accepted this premise, we intend to take this entire concept to a 

higher level of abstraction and propose to modify this data structure itself adaptively 

using operations specific to it As far as we know, the combination of these concepts 

has been unreported m the literature 
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Although initial studies of using singly-linked lists and doubly-linked lists to con

strain the codebooks are underway, our aim in this chapter is to constrain the neurons 

so that they are related to each other based on a BST relationship We endeavor to 

explore this novel integration, with the overall goal of obtaining an enhancement 

of the capabilities of the original SOM algorithm so as to represent the underlying 

data distribution and its structure m a more accurate manner Furthermore, as a 

long term ambition, we also anticipate methods which can accelerate one of the most 

time-consuming phases m the SOM philosophy, 1 e , that which corresponds to the 

task of locating the nearest neuron during the CL phase Our intention is to inves

tigate how an adaptive process applied to the BST, can be integrated into the SOM 

mechanism so as to render the latter possible This chapter will present the details 

of the design and implementation of such a methodology 

Although a lot of attention has been dedicated to deriving variants of the onginal 

SOM strategy, few of them possess the ability of modifying the underlying topology 

(see Section 2 9 2) Moreover, as detailed m Section 2 8, only a small subset of 

these use a tree as their undeilying data structure From these reported works, it is 

possible to distinguish, as a common denominator, an attempt to dynamically modify 

the nodes of the SOM, for example, by adding and/or deleting nodes However, 

our hypothesis is that it is also possible to attain to a better understanding of the 

unknown data distribution by performing structural tree-based modifications on the 

tree, which although they preserve the general topology, attempt to modify the overall 

configuration, l e , by altering the way by which nodes are interconnected, and yet 

continue as a BST We accomplish this by dynamically adapting the edges that 

connect the neurons, by rotating2 the nodes withm the BST that holds the whole 

structure of neurons In other words, we place emphasis on the self-organization 

achieved by means of restructuring the tree (and not merely on the location of the 

points m the feature space), where this restructuring is performed over the tiee-based 

connections between the neurons As we will explain later, this is further achieved by 

local modifications to the overall structure in a constant number of steps Thus, we 

attempt to use rotations, tree-based neighbors and the feature space to improve the 

2The operation of rotation is the one associated to BSTs, as will be presently explained 
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quality of the SOM. 

One of the primary goals of the area of ADS is to achieve an optimal arrangement 

of the elements, placed at the nodes of the structure, as the number of iterations 

increases. This reorganization can be perceived to be both automatic and adaptive, 

such that on convergence, the data structure tends towards an optimal configuration 

with a minimum average access time. In most cases, the most probable element 

will be positioned at the root of the tree, while the rest of the tree is recursively 

positioned in the same manner. The solution to obtain the optimal BST is well known 

when the access probabilities of the nodes are known beforehand [100]. However, our 

research concentrates on the case when these access probabilities are not known a 

prion. In this setting, the most effective solution is due to Cheetham et al. and 

uses the concept of conditional rotations [38]. The latter paper introduced the new 

philosophy of reorganizing the BST so as to asymptotically produce the optimal 

form. It also specified how an accessed element can be rotated towards the root of 

the tree so as to minimize its overall cost. Additionally, unlike most of the algorithms 

that are otherwise reported in the literature, this move is not done on every data 

access operation. It is performed if and only if the overall WPL of the resulting BST 

decreases. It should be mentioned that the best reported adaptive BST methods use 

the "conditional rotation" concept due to Cheetham et al. in one form or the other. 

We can conceptually distinguish the TTOCONROT from two perspectives, namely 

from that of the components it possesses and from the characteristics that it displays. 

In terms of components, we detect five elements. First of all, the TTOCONROT has 

a set of neurons, which, like all SOM-based methods, represents the data space in 

a condensed manner. Secondly, the TTOCONROT possesses a connection between 

the neurons, where the neighbor of any specific neuron need not necessarily be an

other that lies in its proximity in the feature space. Rather, the neighbors are based 

on a learned nearness measure that is tree-based. The third and fourth components 

involve the migration of the neurons. Similar to the reported families of SOMs, a 

subset of neurons closest to the winning neuron are moved towards the sample point 

using a VQ rule. However, unlike the reported families of SOMs, the identity of 

the neurons that are moved is based on the tree-based proximity and not on the 
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feature-space proximity Finally, the TTOCONROT possesses tree-based mutating 

operations, namely the above-mentioned conditional rotations 

With respect to the characteristics of the TTOCONROT, we mention the follow

ing First of all, it is adaptive, with regard to the migration of the points Secondly, 

it is also adaptive with regard to the identity of the neurons moved Thirdly, the 

distribution of the neurons m the feature space mimics the distribution of the sample 

points Finally, by virtue of the conditional rotations, it turns out that the entire 

tree of neurons is optimized with legard to the overall accesses, which is a unique 

phenomenon (when compared to the reported family of SOMs) as far as we know 

5.1.1 Contributions of the Chapter 

The present work develops a tree-based SOM strategy, referred to as TTOCONROT, 

which combines the philosophies of two areas, the first one being m data represen

tation (l e , the SOM), and the second being in mainstream computer science, I e , 

adaptive data structures The above-mentioned components and characteristics dis

tinguish it from the SOM-based state-of-the-art schemes Thus, the contributions of 

the chapter can be summarized as follows 

1 We present an integration of the fields of SOMs and ADS 

2 The neurons of the SOM are linked togethei using an underlying tree-based 

data structure, and they are governed by the laws of the TTOSOM tree-based 

paradigm, and simultaneously the restructuring adaptation provided by condi

tional rotations 

3 The distance between the neurons, as applicable for the task of determining 

the neighborhood phenomena, are based on the distances associated with the 

underlying tree structure and not their distance m the feature space This is 

valid also for the BoA, rendering the migrations distinct from the state-of-the-

art 

4 The adaptive nature of TTOCONROT is unique because adaptation is per

ceived m two forms The migration of the codebook vectors m the feature space 
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is a consequence of the SOM update rule, and the rearrangement of the neurons 

within the tree as a result of the rotations 

5.1.2 Organization of the Chapter 

The rest of the chapter is organized as follows The next section surveys the field of 

BSTs with special attention being given to rotations and conditional rotations After 

that, in Section 5 3, we provide an in-depth explanation of the TTOCONROT solu

tion The subsequent section demonstrates the capabilities of the approach through 

a series of experiments Finally, Section 5 5 concludes the chapter 

5.2 ADS for BSTs 

A BST may be used to store records whose keys are members of an ordered sequence 

A = (Ai,A2, ,Am) The records are stored in such a way that a symmetric-order 

traversal of the tree will yield the records in an ascending order If we are given A and 

the sequence of access probabilities S = (Si, S2, , Sm), the problem of constructing 

efficient BSTs has been extensively studied The optimal algorithm due to Knuth 

[100], uses dynamic piogrammmg and produces the optimal BST using 0(m2) time 

and space In this chapter, we study the problem in which S, the access probability 

vector, is not known a prion We seek a scheme which dynamically rearranges itself 

and asymptotically generates a tree which minimizes the access cost of the keys 

The primitive tree restructuring operation used m most BST schemes is the well 

known operation of Rotation [1] We describe this operation as follows Suppose that 

there exists a node u n a BST, and that it has a parent node j , a left child, ii, and 

a right child, IR Consider the case that 1 is itself a left child (see Figure 5 la) A 

rotation is performed on node % as follows j now becomes the right child, IR becomes 

the left child of node j , and all the other nodes remain m their same relative positions 

(see Figure 5 lb) The case when node 1 i s a right child is treated in a symmetric 

manner This operation has the effect of raising (or promoting) a specified node in 

the tree structure while preserving the lexicographic order of the elements (refer again 
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to Figure 5 lb) 

root 

k = B(i) 

(a) The tree before a rotation is per
formed The contents of the nodes are 
their data values, which in this case are 
the characters {a, b, c, d, e] 

(b) The tree after a rotation is per-
foimed on node i 

Figure 5 1 The BST before and after a Rotation is performed 

A few memory-less tree reorganizing schemes3 which use this operation have been 

presented in the literature among which are the Move-to-Root and the simple Ex

change rules [6] In the Move-to-Root Heuristic, each time a record is accessed, 

rotations are performed on it in an upwards direction until it becomes the root of the 

tree On the other hand, the simple Exchange rule rotates the accessed element one 

level towards the root 

Sleator and Tarjan [166] introduced a technique, which also moves the accessed 

record up to the root of the tree using a restructuring operation called "Splaying", 

which actually is a multi-level generalization of the rotation Their structure, called 

the Splay Tree, has an amortized time complexity of O(logm) for a complete set of 

tree operations which included insertion, deletion, access, split, and join 

The literature also records various schemes which adaptively restructure the tree 

with the aid of additional memory locations Prominent among them is the Monotonic 

3This review is necessary brief A more detailed version is found in [43, 113] 
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Tree (MT) [24] and Mehlhorn's D-Tree (DT) [131] The MT is a dynamic version of 

a tree structuring method originally suggested by Knuth [100] 

In spite of all their advantages, all of the schemes mentioned above have draw

backs, some of which are more serious than others The memory-less schemes have 

one major disadvantage, which is that both the Move-to-Root and Splaying rules 

always move the accessed record up to the root of the tree This means that if a 

nearly-optimal ariangement is reached, a single access of a seldomly-used record will 

dis-arrange the tree along the entire access path, as the element is moved upwards to 

the loot 

As opposed to these schemes, the MT rule does not move the accessed element to 

the root every time However, as reported m [38], in practice, it does not perform well 

The weakness of the MT lies in the fact that it considers only the frequency counts 

for the records, which leads to the undesirable property that a single rotation may 

move a subtree with a relatively large probability weight downwards, thus increasing 

the cost of the tree 

This chaptei focuses on a particular heunstic, namely, the CONROT-BST [38], 

which has been shown to reorganize a BST so as to asymptotically arrive at an 

optimal form In its optimized version, the scheme, Algorithm CONROT-BST (see 

Algorithm 19), requires the maintenance of a single memory location per record, 

which keeps track of the number of accesses to the subtree rooted at that record The 

CONROT-BST algorithm specifies how an accessed element can be rotated towards 

the root of the tree so as to minimize the overall cost of the entire tree Finally, unlike 

most of the algorithms that are currently in the literature, this move is not done on 

every data access operation It is performed if and only if the overall WPL of the 

resulting BST decreases 

In essence Algorithm 19 attempts to minimize the WPL by incorporating the 

statistical information about the accesses to the various nodes and subtrees rooted at 

the corresponding nodes 

The basic condition for the rotation of a node is that the WPL of the entire 

tree must decrease as a result of a single rotation This is achieved by a so-called 

Conditional Rotation To define the concept of a Conditional Rotation, we define 
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T%{n) as the total number of accesses to the subtree rooted at node i One of the biggest 

advantages of the CONROT-BST heuristic is that it only requires the maintenance 

and processing of the values stored at a specific node and its duect neighbors, 1 e , its 

paient and both children, if they exist 

Algorithm 19, formally given below, describes the process of the Conditional Rota

tions for a BST The algorithm receives two parameters, the first of which corresponds 

to a pointer to the root of the tree, and the second which corresponds to the key to be 

searched, which is assumed to be present in the tree When a node access is requested, 

the algorithm seeks for the node from the root down towards the leaves 

The first task accomplished by the Algorithm 19 is the updating of the counter r 

for the present node along the path traversed After that, the next step consists of 

determining whether or not the node with the requested key has been found When 

this occurs, the following equations aie computed to determine the value of a quantity 

referred to as ^ where 

* j = 2TJ ~ TiR - TPO) (5 1) 

when j is a left child of P(j), and 

^ = 2r, - T]L - TPU) (5 2) 

in case that j is a right child of P(j) 

When \& is greater than zero, an upward rotation is performed The authors of 

[38] have shown that this single rotation yields to a decrease in the WPL of the entire 

tree This occur m line No 9 of the algorithm, m which the method rota te-upwards 

is invoked The parameter to this method is a pointer to the node j The method 

does the necessary operations required to rotate the node upwards, which means that 

if the node j is the left child of the parent, then this is equivalent to performing a 

right rotation over P(j), the parent of j Analogously, when j is the right child of 

its parent, the parent of j is left-rotated instead Once the rotation takes place, it is 

necessary to update the corresponding counters, r Fortunately this task only involve 

the updating of ru for the rotated node, and the counter of its parent, Tp^) The last 
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Algorithm 19 CONROT-BSKj,/^) 
Input: 

I) j , A pointer to the root of a BST T 
n) kt, A search key, assumed to be in T 
Output: 

I) The restructured tree T" 
n) A pointer to the record i containing k% 

Method: 
1 T, <- Tj + 1 

2 if k% = kj then 
3 if left-chi ld^) then 
4 Update ^3 according to Equation 5 1 
5 else 
6 Update tyj according to Equation 5 2 
7 end if 
8 if Vj > 0 then 
9 rotate-upwards(j) 

10 recalculate-tau(j) 
11 recalculate-tau(P(j)) 
12 end if 
13 return record j 
14 else 
15 if fc, < fcj then 
16 C0NR0T-BST( l e f t - c h i l d ^ ) , kt ) 
17 else 
18 C0NR0T-BST( r ight-chi ld( j ) , kx ) 
19 end if 
20 end if 
End Algorithm 
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part of the algorithm, namely lines Nos 14-19, deal with the further search for the 

key, which m this case is achieved recursively 

The reader will observe that all the tasks invoked m the algorithm are performed 

m constant time, and m the worst case, the recursive call is done from the root down 

to the leaves, leading to a 0(h) running complexity, where h is the height of the tree 

5.3 Merging CONROT-BST and the TTOSOM 

This section describes the details of the integration between the fields of ADS and 

the SOM, and m particular, the TTOSOM Although merging ADSs and the SOM is 

relevant to a wide spectrum of data structures, we focus the scope of our discussions 

by considering only tree-based structures More specifically, we shall concentrate on 

the integration of the CONROT-BST heuristic (explained in the previous section) 

and the TTOSOM (detailed in Chapter 3) 

The general dynamic adaptation of SOM lattices was earlier studied m the liter

ature by essentially adding and/or deleting edges (as presented in Sections 2 7 and 

2 8) However the concept of modifying the underlying structure's shape itself has 

been unrecorded Our hypothesis is that this is advantageous by means of a reposi

tioning of the nodes and the consequent edges, as seen when one performs rotations on 

a BST In other words, we place our emphasis on the self-arrangement which occurs 

as a result of restructuring the data structure representing the SOM In this case, as 

alluded to earlier, the restructuring process is done between the connections of the 

neurons so as to attain an asymptotically optimal configuration, where nodes that 

are accessed more frequently will tend to be placed close to the root We thus ob

tain a new species of tree-based SOMs which is self-arranged by performing rotations 

conditionally, locally and in a constant number of steps 

The primary goal of the field of ADS is to have the structure and its elements 

attain an optimal configuration as the number of iterations increases Particularly, 

among the ADSs that use trees as the underlying topology, the common goal is to 

minimize the overall access cost, and this roughly means that one places the most 

frequently accessed nodes close to the root, which is also what CONROT-BST moves 
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towards Although such an adaptation can be made on any SOM paradigm, the 

CONROT-BST is relevant to a tree structure, and thus to the TTOSOM This 

further implies that some specific settings/modifications must be applied to achieve 

the integration between the two paradigms 

We start by defining a Binary Search Tree SOM (BSTSOM) as a special in

stantiation of a SOM which uses a BST as the underlying topology An Adaptive 

BSTSOM (ABSTSOM) is a further refinement of the BSTSOM which, during the 

training process, employs a technique that automatically modifies the configuration 

of the tiee The goal of this adaptation is to facilitate and enhance the search process 

This assertion must be viewed from the perspective that for a SOM, neurons that 

repiesent areas with a higher density, will be queried more often 

Every ABSTSOM is characterized by the following pioperties First, it is adap 

tive, where, by virtue of the BST representation this adaptation is done by means of 

rotations, rather than by merely deleting or adding nodes Second, the connections 

of the NN corresponds to a BST The goal is that the NN simultaneously maintains 

the essential stochastic and topological properties of Kohonen's Self-Organizing Maps 

(explained in Chapter 2) 

5.3.1 Neural Distance 

As mentioned m Chapter 3, in the case of the TTOSOM, the Neural Distance, dpj, 

between two neurons depends on the number of unweighted connections that separate 

them in the user-defined tree It is consequently the number of edges in the shortest 

path that connects the two given nodes More explicitly, the distance between two 

nodes in the tree, is defined as the minimum number of edges required to go from 

one to the other In the case of trees, the fact that there is only a single path 

connecting two nodes implies the uniqueness of the shortest path, and permits the 

efficient calculation of the distance between them by a node traversal algorithm Note 

however, that m the case of the TTOSOM, since the tree itself was static, the mter-

node distances can be pre-computed a priori, simplifying the computational process 

The situation changes when the tree is dynamically modified as we shall explain 
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below 

The implications of having the tree which describes the SOM to be dynamic, are 

three-fold First of all, the siblings of any given node may change at every time 

instant Secondly, the parents and ancestors of the node under consideration could 

also change at every instant But most importantly, the structure of the tree itself 

could change, implying that nodes that were neighbors at any time instant may not 

continue to be neighbors at the next Indeed, m the extreme case, if a node was 

migrated to become the root, the fact that it had a parent at a previous time instant 

is irrelevant at the next This, of course, changes the entire landscape, rendering the 

resultant SOM to be unique and distinct from the state-of-the-art An example will 

clarify this 

Consider Figure 5 2, which illustrates the computation of the neural distance 

for various scenarios Fust, m Figure 5 2a, we present the scenario when the node 

accessed is B Observe that the distances are depicted with dotted arrows, with an 

adjacent numeric index specifying the current distance from node B In the example, 

prior to an access, nodes H, C and E are all at a distance of 2 from node B, even 

though they are at different levels in the tree The reader should be awaie that non-

leaf nodes may also be involved in the calculation, as in the case of node H Figures 

5 2b and 5 2c show the process when node B is queried, which in turn triggers a 

rotation of node B upwards Observe that the rotation itself only requires local 

modifications, leaving the rest of the tree untouched For the sake of simplicity and 

exphcitness, unmodified areas of the tree are represented by dashed lines Finally, 

Figure 5 2d depicts the configuration of the tree after the rotation is performed At 

this time instant, C and E are both at distance of 3 from B, which means that they 

have increased their distance to B by unity Moreover, although node H has changed 

its position, its distance to B remains unmodified Clearly, the original distances are 

not necessarily preserved as a consequence of the rotation 

Generally speaking, there are four regions of the tree that remain unchanged 

These are, namely, the portion of the tree above the parent of the node being rotated, 

the portion of tree rooted at the right child of the node being rotated, the portion of 

tree rooted at the left child of the node being rotated, and the portion of tree rooted 
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Figure 5.2: Example of the neural distance before and after a rotation. In Figure 5.2a 
nodes H, C and E are equidistant from B even though they are at different levels in 
the tree. Figures 5.2b and 5.2c show the process of rotating node A upwards. Finally, 
Figure 5.2d depicts the state of the tree after the rotation when only C and E are 
equidistant from B, and their distance to B has increased by unity. On the other 
hand, although H has changed its position, its distance to B remains the same. 

at the sibling of the node being rotated. Even though these four regions remain 

unmodified, the neural distance in these regions are affected, because the rotation 

could lead to a modification of the distances to the nodes. 

Another consequence of this operation that is worth mentioning is the following: 

The distance between any two given nodes that belong to the same unmodified region 

of the tree is preserved after a rotation is performed. The proof of this assertion is 

obvious, inasmuch as the fact remain that every path between nodes in any unmodified 

sub-tree remains with the same sub-tree. This property is interesting because it has 
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the potential to accelerate the computation of the respective neural distances 

The Bubble of Activity 

As defined m Section 3 2 4, the Bo A corresponds to the subset of nodes within a 

distance of r away from the node that is currently being examined Those nodes are 

m essence those which are to be migrated toward the signal presented to the network 

This concept is valid for all SOM-hke NNs, and in particular for the TTOSOM We 

shall now consider how this bubble is modified m the context of rotations 

To clarify how the bubble is modified in the context of rotations, we begin by 

describing the context when the tree is static As presented in Chaptei 3, Algorithm 

14 specifies the steps involved m the calculation of the subset of neurons that arc 

pait of the neighboihood of the BMU This computation involves a collection of 

parameters, including </>, the current subset of neurons in the proximity of the neuron 

being examined, the BMU itself, and r € N the cunent radius of the neighborhood 

When the function is invoked for the first time, the set cj) contains only the BMU 

marked as the current node, and through a recursive call, <fi will end up stoung the 

entire set of units within a radius r of the BMU The tree is recursively traversed 

for all the direct topological neighbors of the current node, I e , m the direction of 

the direct parent and children Every time a new neuron is identified as part of 

the neighborhood, it is added to B and a recursive call is made with the radius 

decremented by one unit4, marking the recently added neuron as the current node 

The question of whether or not a neuron should be part of the current bubble, de

pends on the number of connections that separate the nodes rather than the distance 

that separate the networks in the solution space (for instance, the Euclidean distance) 

Figure 5 3 depicts how the BoA differs from the one defined by the TTOSOM as a re

sult of applying a rotation Figure 5 3a shows the BoA around the node B, using the 

same configuration of the tree as in Figure 5 2a, I e , before the rotation takes place 

Here, the BoA when r = 1 involves the nodes {B, A, D, F}, and when r = 2 the nodes 

contained in the bubble are {B, A, D, F, C, E, H} Subsequently, considering a radius 

equal to 3, the resulting BoA contains the nodes {B, A, D, F, C, E, H, G, 1} Finally, 

4This fact will ensure that the algorithm reaches the base case when r = 0 
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the r = 4 case leads to a BoA which includes the whole set of nodes. Now, observe 

the case presented in Figure 5.3b, which corresponds to the BoA around B after the 

rotation upwards has been effected, i.e., the same configuration of the tree used in 

Figure 5.2d. In this case, when the radius is unity, nodes {B, A, F} are the only nodes 

within the bubble, which is different from the corresponding bubble before the rota

tion is invoked. Similarly, when r = 2, we obtain a set different from the analogous 

pre-rotation case, which in this case is {B,A,F,D,H}. Note that coincidentally, for 

the case of a radius equal to 3, the bubbles are identical before and after the rotation, 

i.e., they invoke the nodes {B,A,D,F,G,I}. Trivially, again, when r = 4, the BoA 

invokes the entire tree. 

(a) (b) 

Figure 5.3: The BoA associated with the TTOSOM before and after a rotation is 
invoked at node B. 

As explained in Chapter 2, Equation (2.12) describes the criterion for a BoA 

calculated on a static tree. It happens that, as a result of the conditional rotations, 

the tree will be dynamically adapted, and so the entire phenomenon has to be re

visited. Consequently, the BoA around a particular node becomes a function of time, 

and, to reflect this fact, Equation (2.12) should be reformulated as: 

4>(c%; T, r, t) = {c ld^c , , c; T, t) < r } , (5.3) 

where t is the discrete time index. 

The algorithm to obtain the BoA for a specific node in such a setting is identical 
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to Algorithm 14, except that the input tree itself dynamically changes Further, 

even though the formal notation includes the time parameter, "t", it happens that, 

m practice, the latter is needed only if the user/application requires a history of 

the BoAs for any or all the nodes Storing the history of the BoAs will require the 

maintenance of a data stiuctuie that will primarily store the changes made to the tree 

itself Although storing the history of changes made to the tree can be done optimally 

by utilizing a persistent data structure [95], the question of explicitly storing the entire 

history of the BoAs for all the nodes in the tiee remains open 

5.3.2 Enforcing the BST Property 

The CONROT-BST heuristic [38] requires that the tree should possess the BST 

property [43] 

Let x be a node in a BST If y is a node in the left subtree of x, then key[y] < 

key[x] Further, if y is a node in the right subtree of x, then key[x] < key[y] 

To satisfy the BST property, first of all we see that, the tree must be binary5 As a 

general TTOSOM utilizes an arbitrary number of children per node, one possibility is 

to bound the value of the branching factor to be 2 In other words, the tree trained by 

the TTOSOM is restricted to contain at most two children per node Additionally, the 

tree must implicitly involve a comparison operatoi between the two children so as to 

discern between the branches and thus perform the search process This comparison 

can be achieved by defining a unique key that must be maintained for each node m 

the tree, and which will, in turn, allow a lexicographical arrangement of the nodes 

This leads to a different, but closely related, concept, which concerns the preser

vation of the topology of the SOM During the training process, the configuration 

of the tree will change as the tree evolves, positioning nodes that are accessed more 

often closer to the root This probability-based ordering, will hopefully, be preserved 

by the rotations 

A particularly interesting case occurs when the imposed tree corresponds to a list 

5Of course, this is a severe constraint But we are forced to require this, because the phenomenon 
of achieving conditional rotations for arbitrary fc-ary trees is unsolved This research, however, is 
currently being undertaken 
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of neurons, 1 e a 1-ary tree If the TTOSOM is trained using such a tree where 

each node has at most two children, then the adaptive process will alter the original 

list The rotations will then modify the original configuration, generating a new 

state, where the non-leaf nodes might have one or two child each In this case the 

consequence of incorporating ADS-based enhancements to the TTOSOM will imply 

that the results obtained are significantly different from those shown m Chapter 3 

As shown m [100], an optimal arrangement of the nodes of the tree can be obtained 

using the probabilities of accesses of the neurons If these probabilities are not known 

a priori, then the CONROT-BST heuristic offers a solution, which involves a decision 

of whether or not to perfoim a single rotation towards the root It happens that the 

concept of the "just accessed" node m the CONROT-BST is compatible with the 

corresponding BMU defined foi the CL model In CL, a neuion may be accessed 

more often than others and some techniques take advantage of this phenomenon 

through the inclusion of strategies that add or delete nodes (e g , the GCS, the GG 

and the ET, discussed in detail in Chapter 2) 

The CONROT-BST implicitly stores the information acquired by the currently 

accessed node by incrementing a counter for that node This is (m a philosophical 

sense) akin to the concept of a BMU counter defined m competitive networks (see 

Section 2 6 1), which is a counter that records the number of times that a specific 

neuron has been identified as the BMU 

During the training phase, when a neuron is a frequent winner of the CL, it gams 

prominence m the sense that it can represent more points from the original data set 

This phenomenon is registered by increasing the BMU counter for that neuron We 

propose that during the training phase, we can verify if it is worth modifying the 

configuiation of the tree by moving this neuron one level up towaids the root as per 

the CONROT-BST algorithm, and consequently explicitly recording the relevant role 

of the particular node with respect to its nearby neurons CONROT-BST achieves 

this by performing a local movement of the node, where only its direct parent and 

children are aware of the neuron promotion 

Neural Promotion is the process by which a neuron is relocated m a more 
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privileged position6 in the network with respect to the other neurons m the NN Thus, 

while all "all neurons are born equal", their importance m the society of neurons is 

determined by what they represent This is achieved, by an explicit advancement m 

its rank or position Given this premise, the nodes in the tree will be adapted m such 

a way that neurons that have been BMUs more frequently, will tend to move towards 

the root if an only if a reduction in the overall WPL is obtained as a consequence of 

such a rotation The properties of CONROT-BST guarantee this 

Once the SOM and BST aie "tied" together m a symbiotic manner (where one 

enhances the other and vice versa), the adaptation can be achieved by affecting the 

configuration of the BST This task will be performed every time a training step of 

the SOM is performed Clearly, it is our task to achieve an integration of the BST 

and the SOM, and Figure 5 4 depicts the mam architecture used to achieve this It 

transforms the structure of the SOM by modifying the configuration of the BST that 

holds the structure of the neurons 

Restructuring 
Technique 

£ 

SOM 
Framework 

A' 

BST 

Adaptive 
,1 Tree-Based 

SOM 

BST-Based 
SOM 

Figure 5 4 Architectural view of an Adaptive Tree-Based SOM 

6As fai as we know, we are not aware of any research which deals with the issue of Neural 
Promotion Thus, we believe that this concept, itself, is pioneering 
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5.3.3 Initialization 

Initialization, in the case of the BST-based TTOSOM, is accomplished m two mam 

steps which involve defining the initial value of each neuron and the connections 

among them The initialization of the codebook vectors are performed in the same 

manner as in the basic TTOSOM The neurons can assume a starting value arbitrar

ily, for instance, by placing them on randomly selected input samples On the other 

hand, a major enhancement with lespect to the basic TTOSOM lays in the way the 

neurons are linked together The basic definition of the TTOSOM utilizes connec

tions that remain static through time The beauty of such an arrangement is that it 

is capable of reflecting the user's perspective at the time of describing the topology, 

and it is able to preserve this configuration until the algorithm reaches conveigence 

The inclusion of the rotations renders this dynamically 

5.3.4 The Required Local Information 

In our proposed approach, the codebooks of the SOM correspond to the nodes of a 

BST Apart from the information regarding the codebooks themselves, each neuron 

requires the maintenance of additional fields to achieve the adaptation Also, besides 

the codebook vectors themselves, each node inherits the properties of a BST node, 

and it thus includes a pointer to the left and right children, as well as (to make the 

implementation easier), a pointer to its parent Each node also contains a label which 

is able to uniquely identify the neuron when it is the "company" of other neurons 

This identification index constitutes the lexicographical key used to sort the nodes of 

the tiee and remains static as time proceeds Figure 5 5 depicts all the fields included 

in a neuron of a BST-based SOM 

5.3.5 The Neural State 

The different states that a neuron may assume during its lifetime is illustrated in 

Figure 5 6 At first, when the node is created, a unique identification is assigned 

to it and the rest of the data fields are filled with their initial values Here, the 

codebook vector assumes a starting value and also the pointers are configured so as to 



CHAPTER 5 ADAPTIVELY MERGING SOMS AND BSTS 171 

Required by 
BST module 

Left Child Pointer 

Right Child Pointer 

Parent Pointer 

Required by 
SOM module 

Unique Identifier 

NODE V Codebook Vector 

Required by 
res t ruc tur ing 
module 

BMU Counter 

Figure 5 5 Fields included m a BST-based SOM Neuron 

appropriately link the neuron with the rest of the neurons in the tree Next, during 

the most significant portion of the algorithm, the NN falls m a mam loop, where 

training is effected This training phase, involves the adjusting of the codebooks and 

also may trigger optional modules that affect the neuron Once the BMU is identified, 

the neuron might assume the "restructured" state, which means that a restructuring 

technique, such as the CONROT algorithm, will be applied alternatively, the neuron 

might be ready to accept queries, I e , be part of the CL process in the mapping 

mode Additionally, we are currently investigating the case when a neuron is no 

longer necessary and thus, it may be eliminated from the mam structure of neurons, 

this, the so called "deleted" state, is marked in dashed lines Lastly, an alternative 

"frozen" state, where the neuron does not longer form part of the CL during the 

training mode (but it does compete during the mapping mode), also needs further 

revision 

5.3.6 The Training Step of the TTOCONROT 

The training module of the TTOCONROT is responsible of determining the BMU, 

performing restructuring, calculating the BoA and migrating the neurons within the 

BoA Basically, what it has to be done, is to integrate the CONROT algorithm m 

the sequence of steps of the training step defined by the TTOSOM Algorithm 20 
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Figure 5.6: Possible states that a neuron may assume. 

describes the details of how this integration is fulfilled. Line No. 1, performs the 

first task of the algorithm, which is the establishment of the BMU. After that, line 

No. 2, deals with the call to the CONROT algorithm. The reason to follow this 

sequence of steps is that the parameters needed to perform the conditional rotation, 

as specified in [38], includes the key of the element queried, which, in the present 

context, corresponds to the key of the BMU. At this stage of the algorithm, the 

BMU may be rotated or not, and the BoA is determined after this restructuring 

process, which is performed in lines No. 3 and 4 of the algorithm. Finally, lines No. 

5 to 7, are in charge of the neural migration, involving the movement of the neurons 

within the BoA towards the input sample. 

Algorithm 20 TTQ-C0NR0T-BST_train(a;,p) 
Input: 

i) x, a sample signal, 
ii) p, the pointer to the tree. 
Method: 

1: v «- TT0S0M_Find_BMU(p,x,j9) 
2: cond-rot-bst(p,w.getID()) 
3: B 4r- {v} 
4: TTOSOM_Calculate_Neighborhood(B,u,racftus) 
5: for all b e B do 
6: update_rule(6.getCodebook(),x) 
7: end for 

End Algorithm 
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5.3.7 Alternative Restructuring Techniques 

Even though we have explained the advantages of the CONROT algorithm, the ar

chitecture that we are proposing allows the election of an alternative restructuring 

module Candidates to perform the adaptation are the ones mentioned m Section 5 2 

and include the splay and the monotomc-tree algorithms, among others 

Figure 5 7 offers the structural design to connect the functionality of alternative 

restructuring techniques into a BST-based SOM The diagram utilizes the so-called 

Strategy Pattern [75] and allows the exchange of restructuring techniques even at 

runtime 

RestructuringTechnique 

+restructure() 

L \ 

adapter 

*c 
BSTSOM 

+BSTS0M(adapter RestructuringTechnique) 
+adapt() 

CondRot 

+restructure() 
Splay 

+restructure(} 

MonotonicTree 

+restructure() 

Figure 5 7 Different restructuring techniques can be plugged into a BST-based SOM 

5.4 Experimental Results 

To illustrate the capabilities of our method, the experiments reported in the present 

chapter are limited to lower dimensional feature spaces (just as m Chapter 3) How

ever, it is important to again remark that the algorithm is also capable of solving 

problems m higher dimensions, although a graphical representation of the results will 

not be as illustrative We know that, as per the results obtained m Chapter 3, the 

TTOSOM is capable of inferring the distribution and structure of the data However, 

in this present setting, we are interested in investigating the effects of applying the 

neural rotation as part of the training process To render the results comparable, the 

experiments in this chapter use the same schedule for the learning rate and radius, 

I e , no particular refinement of the parameters has been done for any specific data 
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set Additionally, the parameters follow a rather "slow" decrement of the so-called 

decay parameters, allowing us to understand how the prototype vectors are moved as 

convergence takes place When solving practical problems, we recommend a further 

refinement of the parameters so as to increase the speed of the convergence process 

5.4.1 TTOCONROT's Structure Learning Capabilities 

Contiguous Data Points 

We shall describe the performance of TTOCONROT with data sets in 1, 2 and 3 

dimensions The specific advantages of the algorithm foi various scenarios will also 

be highlighted 

One dimensional objects: Since our entire learning paradigm assumes that the 

data has a tree-shaped model, our first attempt was to see how the philosophy is 

relevant to a umdimensional object (I e , a curve), which really possesses a "linear" 

topology Thus as a prima facte case, we tested the strength of the TTOCONROT to 

infer the properties of data sets generated from linear functions in the plane Figure 

5 8 shows different snapshots of how the TTOCONROT learns the data generated 

from a curve Random initialization was used by uniformly drawing points from the 

unit square Observe that the original data points do not he m the curve Our 

aim here was to show how oui algorithm could learn the structure of the data using 

arbitrary (initial and "non-realistic") values for the codebook vectors Figures 5 8b 

and 5 8c depict the middle phase of the training process, where the edges connecting 

the neurons are omitted for simplicity It is interesting to see how, after a few hundred 

training steps, the original chaotic placement of the neurons are rearranged so as to 

fall withm the line described by the data points The final configuration is shown in 

Figure 5 8d The reader should observe that after convergence has been achieved, the 

neurons are placed almost equidistantly along the curve Even though the codebooks 

are not sorted m and increasing numerical order, the hidden tree and its root, denoted 

by two concentric squares, are configured m such a way that nodes that are queried 

more frequently will tend to be closer to the root In this sense, the algonthm is not 

only capturing the essence of the topological properties of the data set, but at the 
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same time rearranging the internal order of the neurons according to then importance 

in terms of their probabilities of access 

(a) After 0 iter (b) After 1000 

(c) After 3000 (d) After 5000 

Figure 5 8 A 1-ary tree, l e a list topology, learns a curve For the sake of simplicity, 
the edges are omitted 

Two dimensional data points: To demonstrate the power of including ADS in 

SOMs, we shall now consider the same two-dimensional data sets studied m Chapter 

3 First we consider the data generated from a triangular-spaced distribution, as 

shown m Figures 5 9a-5 9d In this case, the initial tree topology is unidirectional, I e , 

a list, although, realistically, this is quite inadvisable considering the true (unknown) 

topology of the distribution In other words, we assume that the user has no a pnon 

information about the data distribution Thus, for the initialization phase, a 1-ary 

tree is employed as the tree structure, and the respective keys are assigned m an 

increasing order Observe that in this way we are piovidmg minimal information to 

the algorithm The ioot of the tree is marked with two concentric squares, I e , the 

neuron labeled with the index 1 in Figuie 5 9a Also, with regards to the feature 

space, the prototype vectors are initially randomly placed In the hist iteration, the 
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linear topology is lost, which is attributable to the randomness of the data points As 

the prototypes are migrated and reallocated (see Figures 5 9b and 5 9c ), the 1-ary 

tree is modified as a consequence of the rotations Such a transformation is completely 

novel to the field of SOMs Finally, Figure 5 9d depicts the case after convergence has 

taken place Here, the tree nodes are uniformly distributed over the entire triangular 

domain. The BST property is still preserved, and further rotations are still possible 

if the training process continues 

(a) After 0 iter (b) After 1000 

(c) After 3000 (d) After 5000 

Figure 5 9 A 1-ary tree, i.e , a list topology, learns a triangular distribution The 
data structure is self-adapted so that nodes accessed more frequently are moved closer 
to the root conditionally The BST property is also preserved 
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This experiment serves as an excellent example to show the differences between our 

current method and the original TTOSOM algoiithm (described m Chapter 3), where 

the same data set with similar settings was utilized In the case of the TTOCONROT 

the points effectively represent the entire data set However, the reader must observe 

that we do not have to provide the algorithm with any particular a priori information 

about the structure of the data distribution - this is learned during the training pro

cess, as shown in Figure 5 9d Thus, the specification of the initial "user-defined" tree 

topology (representing his peispective of the data space) required by the TTOSOM is 

no longer mandatoiy, and an alternative specification which only requires the number 

of nodes in the initial 1-ary tree is sufficient 

A second experiment involves a square-shaped distribution, also studied in Chap

ter 3 Here a unit-square m the 2-dimensional space is learned using the TTOCONROT 

algorithm To start with, the randomness of the point selection process forces the 

codebooks to be positioned in a chaotic manner, as depicted in Figure 5 10a From the 

next snapshots of the learning process, shown m Figures 5 10b and 5 10c, it is possible 

to perceive that the codebook vectois represent the structure of the data distribution 

more accurately Finally, the convergence of the entire training execution phase is 

displayed in Figure 5 lOd Here, it is possible to see that the codebooks represent the 

structure accurately, suggesting a square structure for the data distribution We agree 

that the original SOM, taking advantage of a grid-like neural configuration is quite 

capable of representing such a square-shaped distribution, but we emphasize that the 

TTOCONROT infers the same structure without receiving any a priori information 

about the distribution or its structure 

The expenment shown m Figures 5 l la-5 l i d consideis data generated from an 

irregular shape with a concave surface Again, as m the case of the experiments 

described eaiher, the original tree includes 15 neurons arranged unidirectionally, I e , 

as m a list As a result of the training, the distribution is learned and the tree 

is adapted accordingly, as illustrated in Figure 5 l i d Observe that the random 

initialization is performed by randomly selecting points from the unit square, and 

this points thus do not necessarily fall withm the concave boundaries Although this 

initialization scheme is responsible of placing codebook vectors outside of the irregular 
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r — V , 

(a) After 0 iter (b) After 1000 

(c) After 3000 (d) After 5000 

Figure 5 10: A 1-ary tree, i e., a list topology, learns a square distribution. The 
neurons accessed more frequently are promoted closer to the root conditionally, as 
per the CONROT algorithm. 

shape, the reader should observe that in a few training steps, they are repositioned 

inside the contour. The final distribution of the points is quite amazing! 

Three dimensional data points: We will now explain the results obtained when 

applying the algorithm with and without CONROT. To do this we opt to consider 

three-dimensional objects. The experiments utilize the data generated from the con

tour of the unit sphere as m Chapter 3. It also initially involves an urn-dimensional 

chain of 31 neurons Additionally, in order to show the power of the algorithm, both 

cases initialize the codebooks by randomly drawing points from the unit cube, which 

thus initially places the points outside the sphere itself. Figure 5.12 presents the 

case when the basic TTOSOM algorithm (without CONROT) learns the unit sphere 
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(d) After 5000 

Figure 5.11 A 1-ary tree, i e , a list topology, learns different distributions from 
a concave object using the TTOCONROT algorithm The set of parameters is the 
same as in the other examples 

without performing conditional rotations. The illustration presented in Figure 5 12a 

show the state of the neurons before the first iteration is completed. Here, as shown, 

the codebooks lie inside the unit cube, although some of the neurons are positioned 

outside the boundary of the respective circumscribed sphere, which is the one we 

want to learn. Figures 5 12b and 5 12c depict intermediate steps of the learning 

phase. As the algorithm processes the information provided by the sample points 

and the neurons are repositioned, and the chain of neurons is constantly "twisted" 

so as to adequately represent the entire manifold. Finally, Figure 5 12d illustrates 

the case when the convergence is reached. In this case, the one-dimensional list of 

neurons is evenly distributed over the sphere, preserving the original properties of 
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the 3-dimensional object and also presenting a shape which reminds the viewer of the 

so-called Peano curve [148]. 

(a) After 0 iter (b) After 1000 

(c) After 3000 (d) Aftei 5000 

Figure 5.12: A 1-ary tree, i e. a list topology, learns a sphere distribution when the 
algorithm does not utilize any conditional rotation. 

A complimentary set of experiments where the learning of the same unit sphere 

with the TTOSOM augmented by conditional rotations (i.e., CONROT) was also 

conducted Figure 5.13a shows the initialization of the codebooks. Here, the starting 

positions of the neurons fall within the unit cube as in the case displayed in Figure 

5.12a. Figures 5.13b and 5.13c show snapshots after 1,000 and 3,000 iterations 

respectively. In this case the tree configuration obtained in the intermediate phases 

differ significantly from those obtained by the corresponding configurations shown in 

Figure 5.12, i.e , those that involved no rotations. In this case, the list rearranges 
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itself as per CONROT, modifying the original chain structure to yield a more-or-less 

balanced tree. Finally, from the results obtained after convergence, and illustrated 

in Figure 5.13d, it is possible to compare both scenarios. In both cases, we see 

that the tree is accurately learned. However, in the first case, the structure of the 

nodes is maintained as a list throughout the learning phase, while, in the case when 

CONROT is applied, the configuration of the tree is constantly revised, promoting 

those neurons that are queried more frequently. Additionally, the expeiiments show 

us how the dimensionality reduction property evidenced in the traditional SOM, is 

also present in the TTOCONROT. Here, an object in the 3-dimensional domain is 

successfully learned by our algorithm, and the properties of the original manifold are 

captured from the perspective of a tree. 

(a) After 0 iter (b) After 1000 

(c) After 3000 (d) After 5000 

Figure 5 13: A 1-ary tree, i.e., a list topology, learns a sphere distribution. 
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Non-Contiguous Data Points 

We now move our attention to a fascinating scenario, which involves the power of the 

scheme in disjoint spaces. An example of such a space is shown in Figure 5.14. In 

this particular data set, we deal with data generated from a distribution involving 

three circular-shaped "sub-distributions". For simplicity, each "cloud" considers a 

density of points proportional to its diameter. In this experiment, again, in the first 

iteration, the original 1-ary tree structure is lost because of the random selection of 

the codebook vectors. The transformation of the codebooks as the experiment evolves 

is shown in Figures 5.14b and 5.14c respectively. Interestingly, after convergence, and 

as depicted in Figure 5.14d, the algorithm places a proportional number of codebook 

vectors in each of the three circles according to the density of their data points. 

Note too that no codebook vector falls outside of the respective clouds, which in our 

opinion, is quite fascinating. 

5.4.2 Skeletonization 

In general, the main objective of skeletonization consists of generating a simpler 

representation of the shape of an object. The authors of [141] refer to skeletonization 

in the plane as the process by which a 2-dimensional shape is transformed into a 

1-dimensional one, similar to a "stick" figure, as explained in Chapter 3. 

The traditional methods for skeletonization (see Section 3.3.3) assume the connec

tivity of the data points, and when this is not the case, more sophisticated methods are 

required. Previous efforts, involving SOM-based variants which achieve skeletoniza

tion, has been proposed in [11, 46, 165]. We remark that the TTOSOM (discussed 

in Chapter 3) is the only one which uses a tree-based structure. The TTOSOM as

sumes that the shape of the object is not known a priori. Rather, this is learned by 

accessing a single point of the entire shape at any time instant. Our results reported 

earlier confirm that this is actually possible, and we now focus on how the conditional 

xotations will affect such a skeletonization. 

Figure 5.15 shows how the TTOCONROT learned the skeleton of different ob

jects in the 2-dimensional and the 3-dimensional domain. In all the cases the same 
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(a) After 0 iter (b) Aftei 1000 

mi-

(c) After 3000. (d) After 5000 

Figure 5.14: A 1-ary tree, i.e., a list topology, learns a distribution which include 
3 clouds of points. Again, the data structure is learned while preserving the BST 
property. 

schedule of parameters were used, and only the number of neurons employed was 

chosen proportionally to the number of data points contained in the respective data 

sets. It is important to remark that we did not invoke any post-processing of the 

edges, e.g., MST, and that the skeleton observed was exactly what our BST-SOM 

learned. Firstly, Figures 5.15a-5.15d illustrate the shapes of the silhouette of a hu

man, a rhinoceros, a 3d representation of a head, and a 3d representation of a woman. 

The figures also show the trees learned from the respective data sets. Additionally 

Figures 5.15e-5.15h display only the data points, which in our opinion are capable 

of representing the fundamental structure of the four objects in a 1-dimensional way 

effectively. 
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As a final comment, we stress that all the shapes employed in the experiments 

involve the learning of the "external" structure of the objects. For the case of solid 

objects, if the internal data points are also provided, the TTOCONROT is able to 

give an approximation of the so-called endo-skeleton, i.e., a representation in which 

the skeleton is built inside the solid object. 

s. m 

(a) (b) (c) (d) 

(e) (f) (g) (h) 

Figure 5.15: TTOCONROT effectively captures the fundamental structure of four 
objects in a 1-dimensional way. 

5.5 Conclusions 

In this chapter, we have proposed a novel integration between the areas of Adaptive 

Data Structures (ADSs) and the Self-Organizing Maps (SOMs). In particular we have 

shown how a tree-based SOM can be adaptively transformed by the employment of an 

underlying Binary Search Tree (BST) structure, and subsequently, restructured using 

rotations that are performed conditionally. These rotations on the nodes of the tree 

are local, can be done in constant time, and performed so as to decrease the Weighted 
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Path Length (WPL) of the entire tree. One of the main advantages of the algorithm, 

is that the user does not need to have any a pnori knowledge about the topology 

of the input data set. Instead, our proposed method, namely the TTOCONROT, 

infers the topological properties of the stochastic distribution, and at the same time, 

attempt to build the best BST that represents the data set. 



Chapter 6 

Pat tern Recognition using the 

TTOCONROT 

6.1 Introduction 

In Chapter 5, we presented a clustering algorithm that combined the philosophies 

defined by the tree-structured families of SOMs and the field of ADSs The pioneer

ing manner in which we perceived clustering, attempted to generate asymptotically 

optimal trees based on the access probabilities of the neurons In this chapter we 

design a classifier based on these principles, and show the effect of the classification 

accuracies obtained on different real-world domains 

To report the contribution of this chapter m the context of the work done m 

Chapter 4, we mention that in Chapter 4, we designed a classifier based solely on 

the TTOSOM algorithm, and showed that it was able to learn the decision bound

aries based on labeled and unlabeled samples simultaneously This so-called "semi-

supervised" learning classifier utilized the strategy presented by Zhu [176], which 

identified clusters by using a possibly large number of unlabeled samples, and subse

quently, associating each neuron with a label by utilizing a small number of labeled 

instances We showed that this approach, indeed, can produce accuracies that are 

reasonably comparable to the ones achieved by state-of-the-ait classifiers 

A natural extension to our investigation is to develop a study analogous to the 

186 
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one performed in Chapter 4, but now considering the effect of the rotations in the 

tree. In this sense, our proposed methodology consists of deriving a classifier similar 

to the TTOSOM-based classifier, but using the TTOCONROT as a foundation. 

As most of the necessary background regarding the SOM, the TTOCONROT and 

the state-of-the-art supervised classifiers has already been discussed in the previous 

chapters, to avoid repetition, we briefly explain the design of the classifier and directly 

summarize the results obtained. 

6.1.1 Contributions of the Chapter 

1. We present a method that employs a tree-based NN for performing classification. 

The novel mechanism, apart from incorporating the information provided by 

unlabeled and labeled instances, re-arranges the nodes of the tree as per the 

laws of ADSs. 

2. Particularly, we investigate the PR capabilities of the TTOSOM when Condi

tional Rotations (CONROT) [38] are incorporated into the learning scheme. 

3. The learning methodology inherits all the properties of the TTOSOM-based 

classifier designed in Chapter 4. However, we now augment it with the property 

that frequently accessed nodes are moved closer to the root of the tree. 

4. Our experimental results show that on average, the classification capabilities of 

our proposed strategy are reasonably comparable to those obtained by some of 

the state-of-the-art classification schemes that only use labeled instances during 

the training phase. 

5. The experiments also show that improved levels of accuracy can be obtained by 

imposing trees with a larger number of nodes. 
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6.1.2 Organization of the Chapter 

The remainder of the chapter is organized as follows The next section explains how 

the TTOCONROT is used to perform classification1 Section 6 3 focuses on the 

experimental results, and finally, Section 6 4 contains the conclusions 

6.2 The TTOCONROT-Based Classifier 

In Chapter 4, we designed a classifier based on the TTOSOM algorithm that was able 

to learn from labeled and unlabeled samples This so-called "semi-supervised" learn

ing classifier utilized the strategy presented by Zhu [176], and consisted of clustering 

the instances using a "massive" number of unlabeled samples, and subsequently, iden

tifying the label of each neuron based on a possibly small number of labeled instances 

We showed that this approach can, indeed, produce accuracies that are comparable 

to the ones achieved by state-of-the-art classifiers 

Our goal in this chapter is to devise a classifier analogous to the one presented m 

Chapter 4, but this time based on the foundation of the TTOCONROT instead of 

the TTOSOM In order to clarify the way in which this classifier is built, we will first 

summarize the mam properties of the above-mentioned clustering technique 

The reader will recall that m Chapter 5, we had merged the fields of SOMs and 

ADS The adaptive nature of the strategy presented, namely the TTOSOM with 

Conditional Rotations (TTOCONROT), is unique because adaptation is perceived 

in two forms The migiation of the codebook vectors in the feature space is a con

sequence of the SOM update rule, and the rearrangement of the neurons within the 

tree is a result of the ADS-related rotations This reorganization can be perceived to 

be both automatic and adaptive, such that on convergence, the DS tends towards an 

optimal configuration with a minimum average access time In most cases, the most 

probable element will be positioned at the root (head) of the tree (DS), while the rest 

of the tree is recursively positioned in the same manner 

'To render the chapter to be self contained, the next section is marginally repetitive with respect 
to what has been done earlier It describes the highlights of the TTOSOM, CONROT and the 
TTOCONROT 
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The TTOCONROT is a further enhancement of the TTOSOM (described in Chap

ter 4) which considers how the underlying tree itself can be rendered dynamic and 

adaptively transformed To do this, we presented a method by which a SOM with an 

underlying BST structure can be adaptively re-structured using Conditional Rota

tions [38] These rotations on the nodes of the tree are local, can be done m constant 

time, and performed so as to decrease the WPL of the entire tree In Chapter 5, 

we also introduced the concept referred to as Neural Promotion, where neurons gam 

prominence in the NN as their significances increase The advantages of such a scheme 

is that the leaned tree learns the topological peculiarities of the stochastic data dis

tribution, and at the same time recursively positions neurons accessed more often 

close to the root As a result, the TTOCONROT, converges in such a manner that 

the neurons are ultimately placed in the input space so as to represent its stochastic 

distribution, and additionally, the neighborhood properties of the neurons suit the 

best BST that represents the data 

Even though, we explained the advantages of the CONROT algorithm, the pro

posed architecture allows the inclusion of alternative restructuring modules other than 

the CONROT Potential candidates which can be used to perform the adaptation 

are the splay and the MT algorithms, among others 

Analogously to the classifier devised m Chapter 4, our aim is to design a classifier 

that works m two stages First of all, the data distribution and its structure is 

learned in an unsupervised manner using the TTOCONROT scheme In a second 

phase, we utilize some labeled samples to categorize the decision regions that have 

been previously created 

The TTOCONROT-based classifier essentially utilizes the cluster-and-label paradigm, 

explained in Section 4 4 1, which leads to an algorithm similar to the one described 

in Algorithm 18, with the difference that the TTOCONROT scheme is used as the 

unsupervised learning algorithm (on line 1) 
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6.3 Experimental Results 

6.3.1 Experimental Setup 

In order to verify the capabilities of the TTOCONROT for classifying items belonging 

to the real-world domain, and for making the results comparable to the ones obtained 

by the TTOSOM-based classifier, we have chosen the same datasets described m Table 

4 1 For a detailed explanation of each of the six datasets included in our study, we 

refer the reader to Section 4 5 1 

Analogous to the experiments performed m Chapter 4, the classifiers consideied 

in this comparison include five supervised classifiers, namely, BN, NB, C4 5, fc-NN 

and LVQ1, and three "semi-supervised" classifiers, namely the TTOCONROT, the 

TTOSOM and the SOM The sampling method utilized to measure the ace was the 

stratified 10-fold cross validation 

6.3.2 Comparison to Other Classifiers 

We started our experimental analysis by comparing the accuracies of the TTOCONROT 

with the rest of the classifiers mentioned above, using the parameter settings specified 

in Section 4 5 2 The results obtained are presented in Table 6 1, which shows the 

accuracy of the classifiers obtained for the various datasets For example, Table 6 1 

shows that the TTOCONROT classifier, using only 15 neurons, accurately predicts, 

with an accuracy of 96 07%, the correct label of the instances belonging the wine 

dataset, which is outperformed only by the BN and the NB schemes On the other 

hand, the SOM classifies correctly the same dataset with an ace of only 67 98%' 

We have also compared the TTOCONROT-based classifier with other VQ-based 

methods One such strategy that belongs to the supervised family is the LVQ1, while 

the SOM and the TTOSOM and the TTOCONROT primarily learn the distributions 

using an unsupervised learning paradigm All four classifiers used the same values for 

their paiameters (see Section 4 5 2) In addition, the LVQ1 and the SOM used 128 

neurons, and the results shown for the TTOSOM and the TTOCONROT include only 

15 neurons, respectively As per our results, the TTOCONROT, using only a small 
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D a t a s e t 
iris 

wdbc 
glass 
wine 
yeast 

winequahty 

ROT15 
94 00 
93 32 
53 74 
96 07 
5108 
53 60 

T T 0 1 5 
92 00 
92 09 
52 34 
95 51 
5182 
53 41 

B N 
92 67 
95 08 
7196 
98 88 
56 74 
57 72 

N B 
96 00 
93 15 
49 07 
97 19 
57 61 
55 03 

C4.5 
96 00 
93 15 
67 76 
93 82 
55 86 
62 91 

K N N 
95 33 
96 66 
67 76 
94 94 
54 78 
57 79 

LVQ1 
96 00 
92 09 
6122 
74 16 
24 33 
44 15 

SOM 
84 67 
90 51 
63 08 
67 98 
46 16 
49 59 

Table 6 1 General classification results of the TTOCONROT and other methods 
investigated, leported in terms of the accuracy, ace 

percentage of the neurons used in the SOM and LVQ1 (almost 10%), outperfoims 

their recognition capabilities m almost all six datasets2 The differences with respect 

to the TTOSOM are more subtle and are analyzed in a subsequent section 

Similar to the TTOSOM, we observe that the TTOCONROT offers accuracies 

comparable to the ones obtained by certain supervised classifiers For instance, the 

results are similar to what one obtains from using the fc-NN However, as stated m 

Chapter 4, even though the fe-NN is internally used for the labeling of the neurons, this 

is done only once, and applies to only a small subset of the neurons, which represent 

a small fraction of the total number of sample, I e , those which are involved in the 

computations of the fc-NN every time a query is performed 

Another advantage that the scheme presents is its "semi-supervised" nature, that 

allows it to associate the neurons with a class label using only a minimum number 

of tagged instances In cases when these samples are scarce (but when the unlabeled 

samples are abundant), it has been shown that other schemes that belong to the same 

"semi-supervised" family, yield competitive results as pointed out m [73] and as oui 

results m Chapter 4 demonstrate 

2The table show the results for the case when we have only 15 neurons But if the numbei of 
neurons is increased to 127, the accuracy is superior in all the VQ-based algorithms 
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6.3.3 Effect of the Number of Neurons 

We now consider the effect of varying the number of neurons involved m the TTOCONROT 

tree To test this, we trained the TTOCONROT with the configuration presented 

in Section 4 5 2, and steadily augmented the size of the respective tree Analogous 

to the experimental settings used m Chapter 4, we permitted the starting value foi 

the radius to be twice the depth of the tree, so as to ensure that all the neurons are 

initially considered as part as the BoA 

Table 6 2 shows the accuracies obtained by the TTOCONROT, where m the 

respective column, the specific tree size is systematically increased The respective 

graphical curves are illustrated m Figure 6 1 To cite an example, Table 6 2 shows 

that the TTOCONROT classifier, using 127 neurons, predicts with an accuracy of 

55 60%, the actual category of the instances belonging to the wmequahty dataset 

The experiments use an analogous parameter configuration m which we systematically 

increase the size of a full binary tiee with depths ranging from 3 to 12 Observe that 

the TTOSOM tree was restricted to be binary, even though it could have been of an 

arbitrary size The reason for this was to render the results comparable to the ones 

obtained by the TTOCONROT which is constrained by a BST structure Trees with 

small size were used to test the capabilities of the classifiers with a very condensed 

representation of the feature space On the other hand, trees with a larger size were 

utilized so as to observe the effect of adding artificial data points which, in some cases 

was even greater than the number of sample points themselves These artificial points 

attempted to preserve the original properties of the feature space 

Dataset \. Neurons —> 
glass 
iris 

wdbc 
wine 

winequality 
yeast 

7 
5187 
92 00 
88 23 
9101 
53 85 
50 74 

15 
53 74 
94 00 
93 32 
96 07 
53 60 
51 08 

31 
63 08 
92 67 
94 55 
97 19 
53 28 
53 23 

63 
67 76 
94 67 
95 96 
94 38 
54 72 
55 73 

127 
68 22 
93 33 
94 55 
97 19 
55 60 
55 32 

255 
66 36 
94 67 
95 08 
97 19 
56 85 
50 27 

511 
66 36 
94 00 
96 13 
96 07 
56 66 
51 21 

1023 
67 29 
94 00 
95 43 
95 51 
58 79 
52 29 

Table 6 2 The accuracy of the TTOCONROT as the number of neurons increases 
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glass | 
iris ) ( 

wdbc X " 
wine • ""f " j1 " -

winequality 
yeast 

63 127 255 511 1023 

Neurons 

Figure 6.1: The accuracies for the different datasets as obtained by using the 
TTOCONROT-based classifier and an increasing number of neurons. 

6.3.4 Difference of classifying with and without Conditional 

Rotations 

We have also investigated the effect of the rotations and studied how the accuracies 

vary as the number of neurons is increased. 

The results for the wine dataset when the number of neurons is increased are shown 

in Table 6.3. In the table, each row presents the accuracies obtained by using a specific 

tree size, and each column indicates the accuracies obtained by the TTOCONROT 

and the TTOSOM, respectively. In order to verify if one strategy performs better 

than the other, we have computed the average accuracy and ranking indices. As per 

our observations, both algorithms possess a similar pattern. The maximum accuracy 

obtained in both cases is 97.19%. However this "peak" is reached by the TTOSOM 

only once (when using 127 neurons), while the TTOCONROT-based classifier achieve 

this in 3 instances, i.e., when using 31, 127 and 255 neurons respectively. In this 

regard, it is worth mentioning that based on this results, only the BN (explained in 
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Section 4.2.3 and which belongs to the "supervised" family) could outperform this 

accuracy, obtaining in that case, 98.88%, i.e., only a fraction better than the results 

obtained by our proposed methods. It is remarkable that the TTOCONROT was able 

to provide almost the highest accuracy possible, in comparison to the state-of-the-art 

classifiers included in our study, using only a limited number of 31 neurons. The 

fact that this result can be replicated by using a larger tree, further demonstrates 

the consistency of the method. From our perspective, this evidence suggests that the 

user does not need to know a prion the exact number of neurons required to train 

the tree effectively. 

Neurons 
7 

15 
31 
63 
127 
255 
511 

1023 
2047 
4095 

T T O C O N R O T 
91.01 
96.07 
97.19 
94.38 
97.19 
97.19 
96.07 
95.51 
96.07 
96.07 

TTOSOM 
94.94 
95.51 
95.51 
96.07 
97.19 
96.63 
96.07 
96.63 
96.63 
96.07 

Table 6.3: Wine dataset - Accuracy rate in % obtained by using the TTOCONROT 
and the TTOSOM as the size of the tree is increased. 

Another dataset that we have considered belongs to the same problem domain, 

i.e., the wmequahty dataset. However, the latter presents a harder classification 

problem, in which the state-of-the-art supervised classifiers provide accuracy rates 

which are roughly between 50% and 60%. Figure 6.2 illustrates the differences in 

accuracy obtained by the TTOCONROT and the TTOSOM as the size of the tree is 

increased. 

Observe that in both cases, the classifiers have a tendency to increase their recog

nition capabilities as the number of neurons is increased. However, we observe that 

the TTOCONROT presents an almost monotonic non-decreasing behavior. From 

this behavior we believe that when solving practical problems, it is worth training 



CHAPTER 6. PATTERN RECOGNITION USING THE TTOCONROT 195 

the classifier with trees that possess even more neurons than the number of training 

samples. From our experiments, we infer that it is possible to improve the accuracy 

rates, if additional computational power, time and/or space are available. We believe 

that this occurs because the TTOCONROT tree also effectively covers those regions 

where no samples lie, and this is used by the classifier to accurately predict the class 

labels of those regions when labeled instances become available. 

63 

62 

61 

60 

59 

56 

55 

54. 

53; 

7 15 31 63 127 255 511 1023 2045 4095 

Neurons 

Figure 6.2: The winequahty dataset is learned using the TTOCONROT-based classi
fier and the TTOSOM-based classifier. In each case the number of neurons is increased 
systematically. 

6.4 Conclusions 

This chapter has presented the design and experimental analysis of a PR scheme based 

on the TTOCONROT. The approach utilizes the tree-based neural network to learn 

the distribution of all the samples available, regardless of the fact that their labels are 

known, and then utilize a set of labeled samples (expected to be scarce), to categorize 

the regions of the feature space. In particular, the proposed scheme constrains the 

TTOCONROT | 

TTOSOM — ^ — 
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neural tree as per the laws of the field of Adaptive Data Structure (ADS) 

Our expenments demonstrated that, the TTOCONROT-based classifiei is able 

to sometimes outperform state-of-the-art classifiers that use the supervised learning 

paradigm, 1 e , those which are unable to learn from unlabeled samples This is con

curs with the results of other researchers who observe that under certain scenarios, 

semi-supervised schemes like the one presented in this chapter, can lead to perfor

mance levels that are comparable to the ones obtained by true supervised methods 

[73] Particularly, in most of our experiments, trees whose sizes are only a small frac

tion of the cardinality of the dataset, are sufficient to obtain accuracies comparable 

to the ones provrded by the best supervised classifiers 

Additionally, we have performed a meticulous analysis to identify the advantages 

of incorporating the neural rotations provided by the TTOCONROT To do this, we 

compared the results with the TTOSOM-based classifier (presented m Chapter 4), 

using analogous parameter settings and using different tree sizes Our results showed 

that regardless of the inclusion of the rotations, competitive accuracy rates can be 

obtained Moreover, our experiments also suggest that in certain cases, the rotations 

lead to accuracy rates that increase in a smoother manner, in comparison to the ones 

obtained by the TTOSOM-based classifier, as more neurons are incorporated in the 

tree 



Chapter 7 

Fast BMU Search Using Random 

Hyperplane Trees 

7.1 Introduction 

One task that recurrently appears in many areas of CS involves the Pattern Matching 

(PM) problem, where a given sample is compared with a set of stored items and the 

objective is to find the item that is most similar to the stimuli [40]. In particular, this 

problem arises in the self-organizing mechanism of the VQ algorithm, which is central 

to the SOM, and which consists of identifying a winner neuron during the so-called 

CL process. The most common way of determining the BMU in the map is by an 

exhaustive search, which was detailed previously in Section 2.5.2. However, under 

certain scenarios, such as, for example, in real-time applications [126], the handicap 

of the deterministic search is that it may necessitate a prohibitive amount of time to 

perform the required computations. Reducing the time required for identifying the 

BMU has become one of the major objectives of the SOM-variants reported in the 

literature [143], and its further investigation is the initial goal of the present chapter. 

In this chapter we shall present a novel scheme that attempts to reduce the time 

required for identifying the so-called BMU. Our strategy utilizes a subset of the 

input manifold to recursively build a BST, in which each dichotomization is induced 

by a hyperplane that fits a number of points sampled randomly from the dataset. 

197 
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As a dnect consequence of building such a tree, the time required foi identifying the 

BMU will no longer be linearly dependent on the total number of neurons Rather, the 

expected time turns out to be logarithmic with respect to the height of the randomly-

generated hyperplane-based tree Our enhanced DS learns the static properties of 

the input manifold, and at the same time, keeps track of the current location of the 

codebook vectors To the best of oui knowledge, the use of random hyperplanes to 

identify the BMU is novel, and what we submit in this chapter are our preliminary 

results Our focus is placed on the practical aspects of this family of search methods 

In the field of PR, it is possible to encounter a number of classifiers that utilize 

hyperplane-based trees to recursively split the dataset (c f [7, 16, 65, 76, 79, 83, 118, 

137, 132]) In particular, the authors of [79] utilize hyperplanes to derive decision 

boundaries that are invariant under strictly monotone transformations of the cooidi-

nate axes This fact concuis with the results of [53], where the authors mention that 

an important property of hypeiplane trees is that their shapes are invariant under 

rotations and, indeed, under linear transformations, in general As a matter of fact, 

rotations do alter the form of k-d trees [20] and quadtrees [162] 

Classifiers, such as the ones mentioned above, typically woik under the assumption 

that the items posses a well-defined taxonomy However, our focus is rather different, 

as we intend to provide a scheme applicable to the VQ migration, which is unsuper

vised in nature Thus, we make no assumption regarding the category of the items 

One interesting aspect of building a VQ-search module like the one devised m the 

present chapter, is that it is general enough to be compatible with most of the SOM 

variants reported m the state-of-the-art For instance, this scheme can be "plugged 

into" the TTOCONROT scheme, keeping the rest of the algorithm untouched The 

rest of the chapter will focus on the BMU search problem from a VQ perspective, I e , 

with an attempt to be as generic as possible m order to make these results valid to 

other SOM-based methods, like the ones surveyed m Chapter 2 

In neural systems like the ones investigated m the present thesis, one encounters a 

trade-off scenario, when one needs to determine the correct number of neurons needed 

so as to obtain high-quality clusters, and at the same time minimizing the time spent 

to tram the network Accelerating the time required for identifying the BMU, will 
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not make such a method better per se However, the acceleration of the BMU search 

computation, implies that the system is able to handle more neurons by investing a 

time component similar to a NN which does not perfoim an enhanced BMU search 

scheme, and which thus possesses a lesser number of neurons Moreover, assuming 

that more neurons yield to a moie detailed representation of the stochastic distribu

tion, one might expect a bettei quality of the resulting clusters This assumption is 

founded on our observations m Chapters 3, 4, 5 and 6, where both the clustering and 

classification applications of the TTOSOM and TTOCONROT are improved when 

more neurons are incorporated into the NN 

In the pievious paragraph, we implicitly assumed that the result returned by 

the enhanced BMU search scheme is as good as the deterministic search Anothei 

situation appears when the BMU search module returns an approximation of the true 

BMU The state-of-the-art reports algorithms where a tree structure is utilized so as 

to get the closest codebook vector to a given sample [80], and which is further refined 

so as to be applicable to a tree-structured SOM [105, 143] 

In general, the quality of the VQ process increases as the number of neurons 

is incremented However, the time required to determmistically find the codebook 

vector which is closest to an input sample increases with respect to the total number 

of codebook vectors in the system Even worse, the adequate number of codebook 

vectors that leads to satisfactory results usually grows exponentially with respect to 

the dimensionality of the input set [10] (due to the so-called "curse of dimensionality" 

[57]) The state-of-the-art includes mainly two types of families to tackle this problem 

The first category involves the preprocessing of unstructured codebook vectors so as 

to reduce the complexity of locating the BMU [40, 41, 66, 154, 175] Even though 

fairly good results are obtained when one deals with low dimensions, unfortunately, 

as the authors of [167] have shown, moderately large dimensions are associated with 

running times that are only marginally better than the brute-force approach A 

second family imposes a hierarchical structure onto the codebook vectors whose goal 

is to rapidly find a "good" approximation of the BMU [98] The Tree Structured VQ 

was originally proposed m [36] The author of [80] explained this mechanism m detail 

focusing on binary trees, and also stated that more general trees (e g multiway-trees 
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[26]), will provide better performance, while at the same time, lead to a significant 

decrease m complexity In general, such a hierarchy leads to a decay in the quality 

of the solution because it no longer perform an exhaustive search This scheme, 

provides a trade-off between the quality of the codeword identified as the BMU (l e , 

a sub-optimal answer) and an increase in the performance of the search method [80] 

7.1.1 Contribution of the Chapter 

Summarizing, the mam contributions of the chapter are as follows 

1 We design a DS that uses random hyperplanes trees to attempt to solve the 

BMU search problem in VQ without checking all the neurons 

2 We show that, when one is willing to relax the requirement of identifying the 

true BMU, it is possible to reduce the expected running time and yet have a 

low degradation of the resultant QE 

3 The performance of our proposed algorithm has been measured in terms of the 

resultant QE, and these results have been compared to the scheme that finds 

the tiue BMU 

4 We show that increasing the complexity on the dimensionality implies a dra

matic reduction in term of the running time, while the degradation m the per

formance remain small 

5 Our result are supported by numerous experiments on datasets with different 

dimensionalities and distributions 

7.1.2 Organization of the Chapter 

The remainder of the chapter is organized as follows In Section 7 2 we start by 

describing the sate-of-the-art Section 7 3 describes in detail the RHST algorithm 

Thereafter, Section 7 4 explains our proposed data structure that uses the RHST 

scheme to locate the position of the codebook vectors as they dynamically migrate 
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during the training process After that, Section 7 5 presents the experimental results 

Finally, Section 7 6 includes the conclusions and potential future areas of research 

7.2 Current Fast BMU Searching Schemes 

As we are interested in BMU search schemes and their application to SOM-based 

schemes, we can obseive the methods from a VQ perspective, where no topological 

relationships exist between the prototypes, or, on the other hand, from a more specific 

SOM-based approach, where a topological connection between the neurons exist 

One mechanism proposed m [96] attempts to find an approximation for the BMU 

based on a VQ-like scheme The scheme presented in [96] is a modified version 

of the so-called Threshold Order-Dependent (TOD) algorithm described m [67] It 

dynamically adds new codebook vectors if the distance between the stimulus and the 

reported BMU is greater than a given threshold The authors of [96] successfully 

utilized the scheme in a Support Vector Machine (SVM)-hke strategy, and showed 

that it is possible to obtain faster results m comparison to the traditional SVM 

algorithm In [96], the authors only focused on the VQ case, and did not address the 

situation when the codebook vectors were mter-connected forming a topology, as m 

the case of the SOM or the TTOSOM 

Another technique that has been successfully utilized for finding approximations 

of the BMU for VQ, is the one presented m [112] The authois of [112] utilized two 

inequalities, one for terminating the searching process and the other for discarding 

impossible codebook vectors, respectively They showed that their method can out

perform state-of-the-art strategies [146, 168] However, the authors of [39] compared 

the results obtained in [112] with the ideas devised m [121] and explained why the 

latter was more efficient Further, according to the experimental results presented in 

[39], it appeals as if their proposed method, which also employs inequalities to re

ject impossible codebook vectors, is one of the most competitive schemes withm the 

family of fast VQ schemes However, it is important to mention that all the search 

strategies mentioned above and their applicability to SOM-based methods still remain 

unreported, to the best of our knowledge 
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The literature also report attempts to accelerate the task of finding the BMU in 

SOM-based schemes. In [153], the authors discussed a method which takes advantage 

of the hierarchical structure of a NN called the SplitNet [152]. The basic strategy of 

SplitNet consisted of growing a ID SOM which is further split into two halves based 

on a topology preserving criterion. The BMU search is accelerated by a fast searching 

procedure. The process basically utilized a local search mechanism by traversing the 

neurons through its topological connections with the hope of finding a closer neuron. 

The authors of [153] also mentioned that such a scheme considerably increases the 

speed of identifying a BMU in the NN that they were studying. Unfortunately, the 

details of how this is achieved was not fully described in [152, 153]. According to 

the authors of [152], the SplitNet shares various phenomena with other approaches, 

such as the TSSOM [105, 114], and thus also the undesirable property that the search 

might be misled by the upper levels. 

In [111], the authors proposed a mechanism that takes advantage of the topo

logical structure of the SOM to perform a non-exhaustive search of the BMU. They 

mentioned that regardless of the fact that the topology preserving property of the 

SOM provides advantages for fast codebook searching, this is an aspect of the SOM 

that has been largely unexploited. The scheme presented in [111] utilized a two-step 

procedure. In the first step they used a suboptimal search that included a Finite 

State Vector Quantizer [78] which depended on an acceptance threshold. When the 

threshold was not satisfied, "derailment" is said to have occurred which triggered a 

second phase. The second phase involved a smaller SOM trained with the codebook 

vectors of the original SOM, i.e., a scheme a la TSVQ [80, 105] and which used a 

two-level hierarchy. As the authors of [128] observed, the quality of the topology 

preservation obtained by the traditional SOM degraded if there was a significant 

difference between the dimensions of the data and the display lattice. 

7.3 Random Hyperplane Search Trees (RHSTs) 

From our experience, we have observed that, in general, many of the tree-structured 

SOMs reported in the literature that do not perform exhaustive search, rather execute 



CHAPTER 7 FAST BMU SEARCH USING RHSTS 203 

a scheme similar to the TSVQ in one way or another (c f , [54, 80, 105, 143]) As 

stated earlier, we attempt to investigate a different avenue, namely the one of using 

a RHST, which is described m detail m the present section 

The authors of [53] define a Hyperplane Search Tree (HST) as a binary tree that is 

able to store a set S of elements belonging to the d-dimensional space Additionally, 

they define a RHST as a HST where the points that define each hyperplane are chosen 

randomly The hyperplane associated with the root node of a RHST is obtained 

by randomly selecting d points which further dichotomize the hyper-space into two 

halves The hyperplane divides the remaining samples (I e , excluding the points 

chosen for building the respective hyperplane) into two smaller subsets The entire 

tree is obtained by recursively applying this process 

RHSTs are a partrcular instance of BSTs When one builds a BST from a per

mutation of 1, , n and i is the first element to be selected from the permutation, % 

is positioned at the root of the tree, the corresponding left subtree contains the keys 

1, , i — 1, and its shape is only dependent on the order m which these keys appear in 

the permutation Analogously, the right-subtree contains the keys % + 1, , n and its 

shape also depends only on the order in which these keys appear m the permutation 

[157] 

Hierarchical DSs are an important representation technique by virtue of their ap

plicability to a broad range of fields, such as PR, Computer Graphics, Image Process

ing, Computational Geometry, Geographic Information Systems, and Robotics [162] 

These methods are founded on the philosophy of recursive decomposition, which are 

analogous to the divide-and-conquer paradigm [4] 

There are other types of hierarchical DSs that can serve to be alternatives to 

RHSTs In particular, special attention in the community has been placed on k-d 

trees [20] and quad-trees [162] The mam difference between the RHST and the well-

known family of k-d trees is that the latter uses hyperplanes which are orthogonal to 

one of the coordinate axis, and which divide the corresponding hyper-rectangles into 

two sub-rectangles From our perspective, an important advantage of RHSTs is that 

they are invariant to rotations In particular rotations do alter the form of k-d trees 

and quadtrees [53] 
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The simplest case for a RHST arises in the ID space In this situation a single 

randomly selected point dichotomizes the real line into two halves the process is 

then repeated recursively until all the points are selected Thus, from the perspective 

of the original HST definition, all points in the dataset are utilized as internal nodes 

and, subsequently, all the leaves of the tree become abandoned 

In the following subsections we shall provide all the algebraic details for the process 

of obtaining hyperplanes for dimensions greater than two 

7.3.1 R H S T in the 2-dimensional Space 

For the 2D space, the points are located relative to the x-axis and y-axis of the Carte

sian coordinate system, proposed by Decaites in [49], in a book which is considered 

the beginning of modern philosophy and mathematics 

Figure 7 1 (duplicated from [53]) depicts a RHST in the 2-dimensional space 

and the partition of the plane into disjoint polygons that it defines As shown m 

Figure 7 la, the partitions of the space are induced by the hyperplanes, which in 

the 2-dimensional case, correspond to lines Figure 7 lb details which points from 

the original manifold where utilized to create the respective hyperplanes For the 

2-dimensional case, each dichotomization requires two points so as to define a line 

in the plane When the cardinality of the partitioned subset is less than two, it is 

not possible to create a line from the points Thus, this subset of points that remain 

are associated with the respective leaf node Observe that m the case of Figure 7 lb, 

the leaf nodes may store zero or a single point In general, according to the original 

definition given m [53], foi higher dimensions, the number of points that can be stored 

in a leaf of the RHST ranges from zero to d — 1 We will modify this situation, as 

explained below 

To render this chapter complete, we shall detail how these hyperplanes are ob

tained Given two points in the plane, (x\,y\) and (£2,2/2), ^ n e hyperplane (1 e , line) 

that separates the space in two halves is given by Equation (7 2) 
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(a) (b) 

Figure 7.1: (a) The partitions of the plane induced by the RHST. (b) Each di-
chotomization (as per the internal nodes) force two points to create a line in the 
plane. Leaf nodes contain 1 or zero points. 

xi + aiVi = ~h (7.1) 

x2 + a2y2 = -b2. (7.2) 

The reader must note that, as the two points belong to the same line, both equa

tions share the same "slope", which is given by constant a. Moreover, given that the 

lines represented by both equations are actually the same line, they cut the y axis at 

the same point b. With these facts, Equation (7.2) can be simplified to the following: 

x\ + ay i = —b (7-3) 

x2 + ay2 = -b. (7.4) 

Since a and b are the unknowns, Equation (7.4) can conveniently be reformulated 

as: 

ayi + b = —x\ (7.5) 

ay2 + b = -x2 (7.6) 
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By using a matrix representation, Equation (7 6) can be represented as follows 

V\ 1 

V2 1 

a 

b 

-x1 

-x2 

(7 7) 

and isolating the unknowns fiom Equation (77), we obtain 

r -, 
a 

b 

Vx 1 

P 1. 

- l 
r -, 

— X\ 

. ~X2 . 
(7 

Equation (7 8) shows that the solution to the coefficients of the function that 

determines the hyperplane m the 2 dimensional space, is determined by the inverse of 

the matrix whose first column is conformed by the y-values of the two given points, 

while its second column are unity, multiplied by the 2-dimensional vector containing 

the x-values of the given points 

Example Consider the points (1,1) and (4,2) Replacing the given points in 

Equation (7 8) we obtain 

a 

b 
= 

1 1 

2 1 

- l 
- 1 

- 4 
(7 9) 

and by solving a and b we obtain the following 

a 

b 
(7 10) 

As per the values obtained, the hyperplane generated by the points (1,1) and 

(4,2) is defined by the following hyperplane (line), 

H x-3y + 2 = 0 (7 11) 

Figure 7 2 depicts the situation, showing the two above-mentioned points along 

with the respective hyperplane induced by the two points 
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2 

1 

0 
0 1 4 

Figure 7.2: A two-dimensional hyperplane, obtained by using Equation (7.8), fits the 
points (1,1) and (4,2) 

7.3.2 Computing the Hyperplane in Higher Dimensions 

Supported by the algebraic details given above in Section 7.3.1, we shall now briefly 

express the case for the 3D space and its generalization to higher dimensions. 

A hyperplane in the 3-dimensional space is formed by specifying 3 points of the 

type {xl,yl,zq) E 1R3. The systems of equations that define the hyperplane is given 

by: 

xx + ayi + bzi + c = 0 (7.12) 

x2 + ay2 + bz2 + c — 0 (7-13) 

x3 + ay3 + bz3 + c = 0 (7.14) 

Analogous to Equation (7.8), the unknowns can be solved, obtaining the following: 
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a i/i zi 1 -xi 

b = y2 z2 1 -x2 (7 15) 

c y3 z3 1 -x3 

Even though, providing a mechanism to quickly find a point in the 2D and 3D 

spaces finds numerous applications m Computational Geometry and GIS, from a 

PR perspective, where the dimensionality of the patterns are large, a more geneial 

version of equations (7 8) and (7 15) is necessary In order to derive a formula to 

obtain hyperplanes m higher dimensions, we first start by defining the form of a 

hyperplane in d-dimensions as follows 

xi + axx2 + a2x3 + + a(d_2)X(d_i) + a(d_i)Xd + ad = 0 (7 16) 

Determining the hyperplane m the d-dimensional space can be achieved by specify

ing d-pomts Let X^ = {x1; X2, ,x^} be a set of d points from which the hyperplane 

is being derived, where each x, = (x%\, xl2, , xl(i) are points in Md, I e , each x% G M 

Assuming that the points are linearly independent, the hyperplane which divides the 

d-dimensional space into two halves is given by 

ad 

^12 

x22 

Xd2 

Xl3 

X23 

Xd-i 

X\d 1 

x2d 1 

1 

Xdd 1 

- 1 
- x n 

—x2\ 

-xd\ 

(7 17) 

where xn corresponds to the j l component of x,, and where at is the % coefficient 

of the hyperplane function Without loss of generality, we further assume that the 

coefficient ao, which is the one associated with x1; is unity 

7.4 Our Proposed Method 

Even though the ideas presented m [53] are appealing from a theoretical peispective, 

when one decides to apply the above-mentioned DS to VQ-based clustering, a number 
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of open problems appear First, the examples presented in [53] only involve artificially 

generated data When working with real-world datasets, due to the nature of the 

samples, when one systematically divides the sub-spaces, it is possible to obtain an 

infinite number of hyperplanes that fit the selected d points, which is a scenario that 

is not fully addressed m [53] Even though the field of linear algebra and numerical 

analysis, provide ways to address this situation, such as re-selecting points, pseudo-

mverse approaches, Cholesky decomposition [77], least-square minimization [25], etc , 

these issues aie not discussed m detail in [53], and the authors do not cleaily express if 

there exists an advantage of using one of these schemes over the other We believe that 

for a practical application of the RHST, these questions need further investigation 

Another important fact is that the data structure proposed m [53] implicitly assumes 

that the points to be searched are static As mentioned in Chapter 2, the task of 

finding the BMU involves the migration of the neurons, I e , the neurons are affected 

by a dynamic change in then location If one decides to apply the ideas presented m 

[53] to identify the location of the BMU, one must consider the effect of dynamism in 

the DS The question of identifying freely-moving points using a RHST, to the best 

of our knowledge, has remained unreported m the literature This chapter advocates 

the investigation of this avenue For this purpose, we first discuss the inner workings 

of the RHST and adapt the original algorithm to overcome the mentioned hurdles 

There is a relationship between the expected depth of the tree and the sample size 

According to the ongnal RHST definition, a recursive split is made if the sample set 

is greater or equal than d, the dimensionality of the dataset 

In this connection, we observe that trees that are randomly constructed possess 

the desirable property of being well balanced with a high degree of probability For 

the case of randomly built BSTs, the expected height is logarithmically proportional 

to the cardinality of the collection of elements being processed [52, 157] 

Given that the position of the codewords change over time, the sub-region where 

these codewords fall into, also varies In an ideal case, a single prototype will represent 

each of the above-mentioned sub-regions This means that one desires a number of 

leaves as equal as possible to |W|, the cardinality of the set of codewords W The 

resulting RHST contains as many regions as the leaves in the tree 
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Once we understand the above fact, we see that many factors will influence the 

total number of nodes in the tree, such as the distribution of the points. Thus, it is 

very difficult to specify a precise number for the leaves a prion. 

To resolve this, we have decided to define a parameter, called no, that relates the 

size of the samples in the leaves with the number of codebook vectors. In the original 

definition for the RHST, a set of cardinality less than d was not split. Rather, it 

occupies a position as a leaf in the tree. Leaves correspond, thus, to collections of 

points of cardinality between 0 and d — 1 [53]. We propose to modify this definition, 

so that a set with cardinality less than 9, is no longer split. The value for 9 is obtained 

by multiplying the factor n0 by the cardinality of the original dataset. Again, the 

reason behind this is to maintain a total number of leaves approximately equal to the 

number of codewords. 

An interesting point about controlling the depth of the tree based on the number 

of points (instead of fixing a maximum depth), is that the tree is able to grow in 

depth in those areas of the space where more points are concentrated, while regions 

with a lower density of points will necessitate a coarser resolution. 

Our proposed method is described in Algorithm 21. The input of the algorithm 

are the sample set, and the above mentioned parameter 9, which controls the degree 

and depth of the tree. Algorithm 21 is essentially different to the one defined in [53] 

in two aspects. The first difference is that, as explained above, the algorithm stops 

growing the tree when the number of points is less than 9, instead of using d as the 

stopping criterion. The second difference is more subtle and occurs in line 5 of the 

algorithm. When the equation of the hyperplane is determined by computing the 

inverse of the matrix of the selected points, as in Equation (7.17), we observe that 

it is possible to obtain a non-invertible matrix. To efficiently tackle the situation 

mentioned above, we have proposed an inexpensive solution consisting of altering the 

original location of the points by adding a small quantity, for instance, by a random 

Gaussian noise. Although it still does not mathematically guarantee that the inverse 

of the resultant matrix exists, the probability of obtaining an invertible matrix will 

increase as the covariance matrix of the random noise is increased. For practical 

applications, one wants a variance of the noise to be as small as possible in order to 
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preserve the information contained m the samples 

Algorithm 21 RHST-VQ-build(,y, 9) 
Input: 

I) A set X of samples belonging to the d dimensional space 
n) 9, the minimum number of elements in the set so as to perform a split 

Output: 
i) a RHST 

Method: 
1 if \X\ < 9 then 
2 return 
3 end if 
4 Select randomly, and without replacement, d samples from X 
5 Add random noise to the selected points e g Gaussian, l e Z ~ N(0, a) 
6 Obtain the hyperplane h fitting the points previously computed 
7 Create a new node and store h 
8 Compute X~ and X+, the subsets of points X located m the lower and upper 

half-space of h, respectively 
9 Create a left child by a recursive call using X~ 

10 Create a right child by a lecursive call using X+ 

End Algorithm 

The search mechanism is described in Algorithm 22 When a query point is 

presented to the network, the point is compared to the hyperplane H stored at the 

root, whence one determines the subregion of the dichotomization m which it falls 

This operation is recursively executed and repeated until the number of codebook 

vectors m the respective subtree is zero When this occurs, the BMU is chosen from 

among all the codebook vectors associated with its parent node in the RHST If the 

search continues down to a leaf node, I e , when one or more codebook vectors fall 

m the region induced by the leaf node, an exhaustive search is performed over the 

codebook vectors located in that subregion (only), and the most similar element is 

identified as the BMU The complexity associated with the search operation is linear 

with respect to the height of the tree 

As the codebook vectors change their locations, we need to adapt the DS to 

support this migration Our proposition utilizes a deletion of the codeword, con

sidering its location before its migration, followed by an insertion of the codeword, 
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Algorithm 22 RHST-VQ-search(x,c) 
Input: 

I) x, an input sample 
n) c, the current node being examined 
Output: 

I) The codebook vector identified as the BMU 
Method: 

1 if c is a leaf node then 
2 return BMU from the list of codewords associated to c 
3 end if 
4 if the list of codewords associated with c is empty then 
5 return BMU from the list of codewoids associated to the parent of c 
6 else 
7 Evaluate x with respect to the hyperplane stored at c and determine in which 

half-space it is located 
8 When x falls in H~, recursively traverse the left child of c 
9 When x falls in H+, recursively traverse the right child of c 

10 end if 
End Algorithm 

Algorithm 23 RHST-VQ-insert(w,c) 
Input: 

1) w, a codebook vector 
n) c, the node of the RHST currently being examined 
Output: 

l) The codebook vector is located m the respective region of the RHST and a pomtei 
to it is updated along the path up to the root 

Method: 
1 Add the current codebook vector to the list of codewords at node c 
2 Evaluate w with respect to the hyperplane stored at node c, and determine in 

which half-space it is located 
3 When w falls m H~, recursively traverse the left child of c 
4 When w falls m H+, recursively traverse the right child of c 

End Algorithm 
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which rather involves its location after the migration, i.e., once the VQ's update rule, 

defined in Equation (2.11), has been applied. For designing the delete and insert 

operations, we have modified the search operation, defined in Algorithm 22. Both 

operations are essentially a search, with the difference being that the respective list 

of codewords associated with each of the traversed nodes should be updated. In 

the case of the deletion (see Algorithm 24) as the algorithm traverse the tree, the 

codebook being deleted is removed from the list associated with the node currently 

being visited, which is a task that is recursively performed on each node until a leaf 

node is reached. The case for the insertion (see Algorithm 23) is analogous. When a 

codebook is inserted into the system, the codebook vector is added to the respective 

list of codewords. 

By performing a deletion followed by an insertion of the same codebook, but at a 

different location, one ensures that the codebook vector falls into a unique region of 

the space at a given time. Additionally, after applying the update rule, it is possible 

that the codebook vector falls in a different sub-region when compared to the one it 

was in, prior to the update. The insertion mechanism takes care of this situation, 

since an entire re-positioning of the codebook vector is done from the root of the tree 

down to a single leaf. Similar to the search operation, the complexity of a deletion or 

an insertion is O(h). Thus, we can take care of the migration of a codebook vector 

with an amount of work asymptotically equal to the time necessary to perform a 

search. 

7.5 Experimental Results 

7.5.1 2-dimensional data 

Artificially-Generated Data 

To better understand our submission, we conducted experiments so as to provide 

insight on the known behavior of RHSTs reported in [53]. These experiments involved 

randomly generated data sets in M2. The goal of the study was to test if we could 

successfully reproduce analogous results to the ones obtained in [53], and to yield a 
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Algorithm 24 RHST-VQ-delete(w,c) 
Input: 

I) w, a codebook vector 
n) c, the node of the RHST currently being examined 
Output: 

l) All references to w are erased from the lists of codewords in the RHST 
M e t h o d : 

1 Delete the reference to w from the list of codewords stored at node c 
2 Evaluate w with respect to the hyperplane stored at node c, and determine m 

which half-space it is located 
3 When w falls in H~, recursively traverse the left child of c 
4 When w falls in H+, recursively traverse the right child of c 

End Algorithm 

better insight in the inner-workings of the scheme 

The first experiment involved random points from within a rectangle, as shown 

m Figure 7 3a The situation after the construction of the corresponding RHST is 

illustrated in Figure 7 3b The hyperplane associated with the root node of the tiee 

is represented with bold line, and it is located at the top-right corner of the figure 

As the tree grows in depth, thiner lines are utilized to represent the hyperplanes 

Following the algorithm, each hyperplane is built by randomly selecting a pair of 

points Additionally, leaf nodes contain zero, one or two points One can observe 

that the hyperplanes divide the space in a manner which is analogous to the one 

reported in [53], and whose illustration is duplicated in Figure 7 1 

Additionally, we experimented with random data forming several ellipsoidal-shaped 

clusters, which is depicted m Figure 7 4a The points m the dataset belonged to two 

different categories shown in blue and red (or different levels of gray if printed m 

gray-scale printer mode), respectively The categories of the data points are unknown 

to the algorithm, as it essentially performs data clustering Figure 7 4b illustrates 

the RHST learned from the dataset The split threshold, no, was chosen adequately 

so as to mimic the behavior of the original RHST algorithm In this sense, a split 

will be performed if two or more points are available The resultant tree divides the 

plane in several sub-regions One can observe a more refined division of the space m 

those areas possessing a higher density of data points We also obseive that in this 
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S3 SI 
(a) (b) 

Figure 7.3: Randomly selected points in M2 are utilized to show the behavior of the 
RHST algorithm. 

case, some of the areas possessing no points are correctly identified, as in the case of 

the sub-region in the right-bottom corner of the figure. 
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(a) (b) 

Figure 7.4: (a) Randomly generated data points forming ellipsoidal-shaped clusters, 
(b) The resultant RHST. 

Real-World Data 

We also conducted a series of experiments to observe the effect of the split threshold 

that determines the depth of the tree. An initial set of experiments considered the 

well-known Iris dataset [61], which is described in detail in Section 4.5.1. Figure 7.5 
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Figure 7.5: A projection of the Iris dataset in 2D. The X-axis corresponds to the 
attribute Sepal Length, and the Y-axis to the Petal Length, respectively, (a) The 
case when the categories are known, (b) The case when the classes are unknown. 

illustrates the samples contained in the dataset, considering a 2D projection of two of 

the original attributes. To be more precise, the X-axis corresponds to the attribute 

Sepal Length, and the Y-axis to the Petal Length, respectively. The situation when 

the 3 classes are known is illustrated in Figure 7.5a. The flowers belonging to the 

Setosa category are represented with red squares, the Versicolor sub-family is repre

sented with blue triangles, while the Virginica sub-specie is symbolized with green 

circles. Figure 7.5b depicts the situation when the class labels are not known, which 

is the case in which the items are represented with small red circles. 

We first chose to use our proposed method to mimic the results generated by 

invoking the traditional VQ algorithm. We achieved this by setting the split threshold 

factor to be unity. In other words, by setting the split threshold to be equal to the 

size of the dataset, we hindered the growth of the depth of the RHST, and thus, 

one expects that the original data will fall into a single region. The situation after 

convergence is illustrated in Figure 7.6. The black rectangles show the location of 

the codebook vectors. Here, as expected, the samples are not divided at all, because 

the split threshold is high enough to impede any hyperplane dichotomization. As a 

consequence of the latter, all the codebook vectors fall into a single sub-region, where, 
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according to our proposed method, the search for the BMU becomes deterministic. 

Thus, the quantization scheme becomes equivalent to the traditional VQ algorithm. 

We observe that, after convergence, the locations of the codebook vectors is similar to 

the ones expected when executing the traditional VQ scheme. In the next section, we 

will explore this situation in a more detailed manner, when we experiment on several 

datasets possessing different dimensionalities, and compare the resultant QE to the 

ones obtained by invoking the traditional VQ scheme. 

Figure 7.6: The extreme case when the split threshold factor is chosen so as to 
generate only a single node of the tree. As a consequence, the BMU search process 
becomes equivalent to one utilized by the traditional VQ algorithm. 

The next step in our experiments consisted in modifying the split threshold sys

tematically, so as to generate RHSTs with an increasing number of splits. Figure 

7.7 illustrates the case when a single split is created (which was produced by using 

n0 = 0.9). In this scenario, only a single hyperplane is created. In both half-spaces 

the quantization seems to occur in a manner similar to the one observed in Figure 
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Figure 7.7: The case when n0 = 0.9. The figure shows the situation when a single 
hyperplane divides the space. In both half-spaces the quantization seems to occur in 
a manner similar to the one observed in Figure 7.6. 

7.6. The random nature of the algorithm places a fraction of the codebook vector 

in each side of the hyperplane, which are then affected by the VQ update rule. As 

the original position of codebook vectors are chosen by a uniform random sampling, 

we expect that the initial distribution of the codebook vector mimics the stochastic 

distribution of the whole sample set. The latter is an important property exploited 

by the algorithm, because we assume that it is very unlikely that a migration of 

codebook vectors occurs between the main branches of the tree. 

The resultant RHSTs obtained by systematically varying the value for the split 

threshold are illustrated in Figure 7.8. These different experiments utilized a split 

threshold of 0.5, 0.43, 0.3, and 0.2, respectively. In these experiments, different 

runs of the algorithm were produced with the same random seed. For the latter 

reason, the first dichotomization was the same in all the instances. However, further 
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dichotomizations vary across different experiments because of the effect of the split 

threshold currently chosen Figure 7 8a shows the case for n0 = 0 5 Here, apart fiom 

the mam dichotomization generated by the root node, one of the leaves of the RHST 

also splits We observe that m the second level of the tree, the quantization seems to 

occur in an analogous manner to the one observed m Figure 7 7, where only a single 

split was performed In other words, we observe that the quantization phenomenon 

occurs recursively in each subregion of the tree, as if a separate VQ algorithm was run 

by using the samples m each leaf of the RHST Figure 7 8b illustrates the case when 

both mam branches of the tree are expanded (which is obtained by using no = 0 43) 

In this case, again, an analogous behavior is observed, and, as a result, the codebook 

vectors seem to adequately represent the original distribution of points Figures 

7 8c and 7 8d depict the situation when using a split threshold factor of 0 3 and 

0 2, respectively These experiments produced HSTs of larger sizes, which again 

demonstrates that each sub-region is quantized m a VQ-hke manner 

7.5.2 Higher Dimensions 

Different quantization schemes lead to maps with different quality One strategy by 

which we can estimate how good a quantization algorithm performs is by quantifying 

the "goodness" of the resulting mapping The literature reports a variety of mea

sures for evaluating the quality of a map [17, 18, 85, 35, 42, 88, 103, 104] Indeed, 

one measurement that is extensively utilized is the Quantization Error (QE), which 

measures the average distance between each data vector and its BMU [8], and can 

be expressed, for example, as the Euclidean norm of the difference of the stimuli and 

the respective BMU [104] 

The SOM, as well as many of its related variants, including the TTOSOM and 

the ones descrrbed in [5, 27, 55, 63, 69, 70, 71, 82, 105, 127, 134, 143, 156], utilize the 

VQ's update rule as part of their internal mechanism All these schemes possess, m 

common, the phenomenon that they represent a stochastic distribution using a finite 

set of representative points Even though the QE observed in VQ can be sometimes 

higher than the one observed by using the SOM [104], we believe that it is worth 
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(a) n0 = 0.50 (b) n0 = 0.43 

(c) n0 = 0.30 (d) n0 = 0.20 

Figure 7.8: RHSTs obtained for different numbers of splits. The results were obtained 
by using different values for the split threshold parameter. 

measuring the QE when we use the HST proposed here, and comparing it to the 

classical VQ strategy defined in [80]. 

We tested our proposed methods with a set of real world datasets detailed in 

Section 4.5.1, which were extracted from the UCI Machine Learning repository [64]. 

These datasets are characterized by by real-valued attributes, whose dimensionality 

varies from four up to thirty dimensions. The six dataset are iris, wdbc, wine, yeast, 

wine-quality and glass, respectively. 
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iris 
wdbc 
glass 
wine 
yeast 

wine_quality 

V Q 
3.41 

2829.82 
10.42 

282 51 
14.75 

613.79 

n0 = 1.0 
3.38 

2832.34 
10.43 

289.25 
14.85 

613.79 

n0 = 0.9 
3.36 

2832.34 
10.42 

278.01 
14.68 

613.79 

n0 = 0.8 
3.91 

2933.45 
12.86 

313.54 
15.31 

703.51 

n0 = 0.4 
3.79 

4447.39 
12.90 

313.54 
16.38 

832.71 

no = 0.3 
4.84 

4447.39 
12.90 

796.04 
16.85 

832.71 

n0 = 0.2 
9.55 

4875.46 
13.01 

578.20 
19.52 

1315.24 

n 0 = 0.1 
11.32 

13258.39 
19.65 

1202.53 
21.84 

2053.35 

Table 7.1: QE for different values of riQ. 

We performed experiments on the six datasets, by systematically modifying the 

split factor by decreasing its value from 1.0 until 0.1. The resultant QEs for the 

different split factor values (columns) across all the datasets (rows) are summarized 

in Table 7.1. The results shown in Table 7.1 correspond to the average QE after 10 

executions of the algorithm. 

The first column of the table presents the resultant QEs when applying the tradi

tional VQ scheme. As the reader can observe, these results are very close to those ob

tained by invoking our proposed algorithm and choosing n0 = 1.0. This phenomenon 

is compatible to the one discussed in Section 7.5.1, and confirms our observations 

that, in general, defining a RHST with a single region will generate solutions similar 

to the ones obtained by executing the traditional VQ algorithm. 

We also observe that in all six datasets there was no change in the QEs for the 

values of n0 between 0.8 and 0.5. We explain this phenomenon by stating that there 

were no extra divisions of the space when using threshold factors in this range. 

Moreover, in all the datasets, as the split threshold decreased, a degradation of 

the QE occurs. From this we conclude that even though more divisions of the space 

accelerate the BMU search process, too many sub-regions will lead to an inadequate 

quantization of the samples. In other words, we identify a trade-off between the speed 

of the BMU search, and the quality of the resultant quantization. 
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7.6 Conclusions 

7.6.1 Concluding Remarks 

In this chapter, we presented a novel DS that utilizes random hyperplanes trees to 

attempt to solve the BMU search problem m VQ Our proposed scheme was to, 

hopefully, achieve this without the necessity of checking all the neurons 

In the course of our investigation we had to modify the original HST algorithm so 

as to accommodate the original philosophy presented in [53] so as to solve practical 

applications One of these situations occurred when the randomly selected points 

were linearly dependent, which yielded hyperplane equations possessing more than a 

single solution We also enhanced the DS to allow the handling of codebook vectors 

whose locations dynamically changed with time These migrations were efficiently 

updated in our proposed DS 

Additionally, we showed that when one is willing to relax the requirement of 

identifying the true BMU, it is possible to reduce the expected running time and 

yet have a low degradation of the resultant QE The performance of our proposed 

algorithm has been measured in terms of the resultant QE, and these results have 

been compared to the scheme that finds the true BMU In this respect, the results 

obtained by using the VQ scheme are reproducible by defining our proposed strategy 

and using a "high split" threshold factor We also have shown that our modified 

version of the HST displays a behavior similar to the one observed by using the 

original HST defined m [53] when a very small split threshold is utilized 

To conclude, on one hand, maintaining a sufficiently small HST results in a low 

degradation of the QE On the other hand, as we have observed, larger trees separate 

the sub-regions more accurately, making the search for the BMU faster, since more 

codebook vectors are discarded as the HST is traversed 

7.6.2 Future Work 

One possible improvement of the current algorithm might be to force the codebook 

vectors to initially be located in each of the sub-regions induced by the leaves of the 
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HST so as to ensure that every region is covered by at least one codebook vector 

This modification might alter the way in which each the codebook vectoi migrates 

from one region to another We believe that such a modification might result m an 

change in the QEs, and, from an optimistic perceptive, might improve the results 

presented here 

The HSTs have shown to be successful in quickly identifying a BMU In spite of 

the positive properties possessed by the HSTs, they still need that the data belongs 

to the real domain From this perspective, the question of how we can use HSTs for 

performing VQ on datasets that contain nominal attributes, remains open 

Another interesting avenue is to adapt the RHST so as to devise a classification 

algorithm We are currently investigating some modifications of the algorithm to 

accomplish this This new family of classifiers will possess the theoretical properties 

associated with HSTs, that might, m turn, lead to numerous interesting phenomena 



Chapter 8 

Conclusions 

With the increasingly growing amount of data that humans beings have to deal with, 

the availability of mechanisms to discover knowledge in large datasets has become an 

important field in Computer Science (CS) At the same time, numerous organizations 

would like to take advantage of the volume of data they have about their businesses, 

such as clients, providers and products For these institutions, exploiting the data 

so as to discover patterns has been a priority, with the ultimate goal of obtaining 

interesting pieces of information that can be competitively used 

This thesis has dealt with the issue of discovering knowledge in environments 

where the amount of data available is huge We have attempted to categorize data 

according to their similarities, and to generate partitions without the intervention 

of human beings Further, we have assumed that the true labels of the data items 

are unknown, or that due to financial constraints, it is unfeasible to tag all of them 

correctly 

The focus of our research was concentrated on the Self-Organizing Map (SOM), 

which is a tool that has been applied to solve many practical problems [97, 142, 149] 

Even though the SOM possesses amazing properties, under certain constraints, it 

fails to represent the data correctly We have analyzed these known handicaps and 

proposed possible solutions to some of them 

We shall now offer a summary of the work developed in this thesis, providing the 

overall conclusions for each chapter, individually 

224 
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8.1 Summary of Work Done 

Chapter 1: We began this manuscript by providing the mam reasons that led us to 

study this field, and presented the motivations that inspired us, and the objectives 

that we intended to achieve 

Chapter 2: In this chaptei we covered the philosophical aspects concerning the 

paradigms of unsupervised learning and data clustering, including a categorization 

of the different schemes We also presented the most prominent algorithms reported 

in the state-of-the-art By describing the framework of an arbitrary Artificial Neural 

Network (ANN), we were able to explain its mam concepts and definitions Special 

attention was placed on the SOM (which, as mentioned above, is the mam focus of 

this work), and we thus offered an m-depth description of the algorithm, its mam 

properties, as well as its applications and the known drawbacks reported in the liter

ature We also surveyed the most prominent families of ANNs that take advantage 

of the original SOM strategy, sub-dividmg them into two mam categories, namely 

those which use a tree structure for their underlying topology, and those that do not 

Additionally, we also established a concise comparison between the diffeient variants 

of the SOM reported m the literature 

Chapter 3: In this chaptei we proposed a schema called the Tree-based Topology 

Oriented SOM (TTOSOM) by which the user is able to impose an arbitrary, user-

defined, tree-like topology onto the codebook vectors of a SOM This constraint 

leads to a neighborhood phenomenon based on the user-defined tree, and, as a result, 

the Bubble of Activity (BoA) becomes radically different from the ones studied in 

the prior art The map learned as a consequence of training with the TTOSOM is 

able to determine both the distribution of the data and its structured topology, in

terpreted thiough the perspective of the user-defined tree In addition, we showed 

that the TTOSOM possesses the ability to represent the original data set in mul

tiple levels of granularity, and as per our results, this can be achieved without the 

necessity of computing the entire tree again Further, we discussed the capability 

of the TTOSOM to extract an skeleton, which is a "stick-like" representation of 

the image in a lower dimensional space Finally, we also showed, as a prima facie 
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case, how the TTOSOM can be utilized to perform and enhance pattern classifica

tion by using a scantily-structured representation of the original training sets - using 

a semi-supervised classifier All these properties have been confirmed by numeious 

experiments on a diversity of data sets 

Chapter 4: The purpose of this chapter was to design and present an experimental 

analysis of a novel Pattern Recognition (PR) scheme based on the TTOSOM This 

scheme constructed a classifier by combining the information provided by labeled and 

unlabeled samples of the classes simultaneously Our experimental results showed that 

such a classifier possesses an improved classification accuracy m comparison to other 

Vector Quantization (VQ)-based classifiers Moreover, we have obtained accuracies 

that are comparable to the one attained by the state-of-the-art classifiers, even when 

the number of neurons utilized is only a small fraction of the cardinality of the dataset 

Chapter 5: In this chapter, we proposed a framework that integrates the areas 

of Adaptive Data Structure (ADS) and the SOMs In particular, we designed a 

tree-based SOM that is able to self-adapt an underlying Binary Search Tree (BST) 

structure that constraints the neurons, and subsequently, restructures them using 

rotations that are performed conditionally In our model, the rotations lead to an 

asymptotically optimal neural tree with respect to the number of times that each 

neuron was identified as the Best Matching Unit (BMU) One of the mam advan

tages of the algorithm is that the user is alleviated from the necessity of defining 

an initial tree configuration Instead, our proposed method, namely the TTOSOM 

with Conditional Rotations (TTOCONROT), infers the topological properties of the 

stochastic distribution, and at the same time, attempts to construct the best BST 

that represents the data set 

Chapter 6: This chapter presented the design and experimental analysis of a PR 

scheme based on the TTOCONROT Analogous to the classifier developed in Chapter 

4, the design invoked a tree-based neural network to learn the distribution of all the 

samples available, regardless of whether their labels were known or not, and then 

utilized a set of labeled samples (expected to be scarce), to categorize the regions 

of the feature space In particular, the proposed scheme constrained the neural tree 

as per the laws of the field of ADS These unique characteristics were analyzed and 
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contrasted to the results obtained by the TTOSOM-based and VQ-based classifiers 

described m Chapter 4 

Chapter 7: This chapter considered the RHSTs to attempt to solve the BMU search 

problem m VQ According to our observations, in one hand, maintaining a sufficiently 

small RHST results m a low degradation of the QE On the other hand, as we aso have 

observed, larger trees separate the sub-regions more accurately, making the search for 

the BMU faster, since more codebook vectors are discaided as the HST is traversed 

8.2 Future Work 

Even though we believe that the work presented in this thesis is quite comprehensive, 

there are, undoubtedly, a number of avenues by which the research presented here can 

be extended The rest of this section concentrates on these potentially new research 

directions 

• In Chapter 2 we presented a comprehensive survey of the SOM variants, and as 

mentioned earlier, we have submitted a paper summarizing the state-of-the-art 

in tree-based SOMs We foresee that the whole area of SOMs that use a graph-

like topology, as described in Chapter 2, I e , those which are not of a tree or a 

gnd-hke topology, has yet to be fully surveyed and explored 

• Chapter 3 advocated the design and analysis of the TTOSOM In that chapter, 

we empirically showed the advantages of using a tiee-hke topology as opposed to 

the standard gnd-hke topology utilized by the SOM We are currently investi

gating the other properties that the TTOSOM possesses, and hope to formalize 

it in the future In particular, we would like to quantify its topology preserving 

characteristics by invoking some of the sate-of-the-art methods such as the ones 

presented m [173] 

• In Chapter 4 we had explained the design and implementation of TTOSOM-

based classifiers, and experimentally showed their desirable classification capa

bilities The reader will recall that we recorded especially good results when the 
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size of the dataset was "large", and when few of the item were simultaneously 

associated with their true category This is indeed the situation in certain real-

life domains Thus, a further area of research that we would like to develop, is 

the use of TTOSOM-based classifiers for predicting the quality of wine fiom its 

chemical attubutes, as well as, identifying taste-trends based on geographic or 

ethnic origins 

• As described in Chapter 3, Cheetham et al [38] presented an algorithm that 

involved Conditional Rotations for a BST (CONROT-BST), which is able to 

asymptotically infer the optimal tree that has the minimum Weighted Path 

Length (WPL) for the tree The optimization is achieved by performing con

ditional rotations These rotations depend only on local information and are 

performed in constant time The authois of [38] formally proved that the WPL 

of the entire tree decreased every time a rotation is peifoimed In spite of all 

these advantages, the results obtained m [38] are limited only to the case when 

the tree is binary 

A fc-ary tree is a tree containing at most k children per node /c-ary trees are 

considered to be a generalization of multi-way trees which, by definition, are 

trees possessing an arbitrary number of children for each node We are currently 

investigating the generalization of the results obtained in [38] by defining k-

ary conditional rotations The new CONROT-hke heuristic will be applicable 

to trees with non-bmary number of children We expect that the number of 

operations necessary to perform a promotion on this data structure will be 

constant, and that these operations will not be performed all the time Rather, 

a promotional operation will take place only if the WPL of the entire tree is 

guaranteed to decrease Analogous to the CONROT-BST, we seek a scheme 

that can verify if a promotion will lead to a superior tree configuration, I e , 

one with a lower WPL, and we hope to achieve this by merely checking local 

information Additionally, contrary to many rotational strategies that move the 

most recently accessed node all along the path up to the root (e g , [166]), we 

expect that the proposed rotation will only effect the immediate vicinity of the 
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node involved, while the rest of the tree will remain unmodified 

• A potential generalization of the CONROT-BST algorithm, from the perspec

tive of our research, is a dnect consequence of the fc-ary Conditional Rota

tions (CONROT) solution Indeed, we believe that the TTOCONROT can be 

enhanced by relaxing the constraint of operating with a binary tree Put in a 

nutshell, a possible integration of the TTOSOM with the CONROT for A;-ary 

trees (say, /c-CONROT), instead of the traditional CONROT-BST, could imply 

that the tree, could now be able to modify itself so as to build the optimal k-ary 

tree that best suits the data distribution based on the access probabilities We 

believe that if we succeed in this venture, it would constitute a significant but 

natural extension of the work that is currently the state-of-the-art 

• Oui results on Chapter 7, showed how a Random Hyperplane Search Tree 

(RHST) can be advantageously utilized for accelerating the time required for 

identifying the so-called BMU One research direction to expand this work 

could be to improve the way in which the hyperplanes estimate the BMU, by, 

for example, defining a general method that can be applied to any type of SOM-

based Neural Network (NN), and not just the TTOSOM Other improvements 

may involve the use of the RHST to directly design a classifier, I e , indepen

dent from the TTOSOM philosophy, by guiding it with additional information 

extracted from the dataset 
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