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Abstract

 

Performance models must solve quickly even for large systems, to be useful in 

searching for changes that might give improvements. Thus, an efficient solution is 

important, and is required by the Layered Queueing Network Solver (LQNS). This thesis 

introduces two approximations based on the queue states by binomial probabilities, to 

estimate the waiting time for multiservers (such as multi-threaded tasks or multi-core 

CPUs). Accuracy and speed of convergence were evaluated for one class and for multiple 

classes of customers. The binomial approximations are compared with the “Rolia-Franks” 

approximation which is a relatively fast approximation that is currently used in the LQNS 

model-solving tool. One of the approximations (called the “Arrival-Theorem Binomial”, 

or AB) is better, with smaller errors in most cases. A novel approach for dealing with 

multiple classes is also evaluated, and a case study is included in which the AB 

approximation is combined with an LQNS solution. 
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Chapter  1: Introduction 

Performance models are used to predict the performance of software systems 

before they are deployed or even before they are fully developed, for studies of system 

architecture, design, deployment or configuration. It has been suggested that performance 

prediction should be integrated into the software development at the early stages to avoid 

difficult and costly changes later [25].  

The main problem solved by models is estimating waiting time due to contention. 

This thesis focusses on waiting for multiservers. Multiservers are important because 

modern systems depend heavily on scaling a system by multithreading and by deploying 

multi-threaded servers and multiple copies of servers, to do large-scale services. The time 

to solve the model is important as well, for studies involving very large systems, and with 

searching for a good configuration or deployment, by trying many alternatives. So, fast 

multiserver solutions are needed. 

Balsamo et.al [1] give a survey of approaches in software performance predictive 

analysis. It is concluded that queueing networks (QN) as well as their extensions amongst 

all mentioned models are preferred and widely adopted due to the advantages including 

the abstraction level of the QN formalism, competent algorithms as well as powerful 

extensions. And analytic methods can provide fast solutions. Layered Queueing 

Networks (LQN) is an extension of QN. Its main feature is to represent systems as 

layered queueing models, this makes it a better tool than QN for systems involving 

multithreading as it is able to model both hardware and software components with 

internal concurrency as multiservers [11]. To solve a layered queueing model, there are 

existing analytical solutions which provide efficient estimates.  
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Analytic solutions for multiclass multiservers are in general not available. 

Computational solutions via a Markov Chain analysis suffer from state explosion. The 

better approximations do not scale well with large populations with many groups of users 

[28]. The faster scalable “Rolia-Franks” approximation used in LQNS is not bad but it is 

incorrect for asymptotic cases of a single server and of a small customer population (less 

than the servers). 

This work considers a new approximation, partly based on a proposal by de Souza 

e Silva and Muntz [8], in which the queue length is approximated by a binomial 

distribution. 

1.1 Problem Overview 

Performance measures for QN commonly include response time (= waiting time + 

service time), throughput, utilization and queue length. The waiting time is due to 

contention for resources, which may be hardware (CPUs) or software (memory, process 

threads and other software resources). A queue is just a discipline for organizing how 

requests are served. 

To estimate the waiting time, different queue distributions may apply. To 

understand which distribution is superior for some cases, and to find an alternative for the 

Rolia-Franks approximation, this thesis proposes two approximations that use binomial 

probabilities incorporated with different techniques, and compares them to the Rolia-

Franks approximation in terms of the accuracy and the speed of convergence. 

The comparison will start with single class. The direct binomial (DB) 

approximation with different algorithms will be evaluated first to make sure: for the same 

approximation, different algorithms are expected to give identical accuracy but different 
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speed of convergence. The best one will be compared with the Rolia-Franks 

approximation. Histograms and scatter plots will be provided for the distribution of errors 

and the relationship between relative errors and the traffic ratios. The arrival theorem 

based binomial approximation (AB) will be introduced later and compared with Rolia-

Franks approximation.  

Multiple classes can be treated as single class by merging, to produce one 

estimate for each performance measure including the waiting time despite the number of 

classes. The evaluations will be carried out with two classes and four classes. In addition 

to the same evaluation scheme in single class, the comparison will also be conducted 

between multiple classes and single class to see if the performance of different 

approximations remains consistent. The binomial approximation which is better than 

Rolia-Franks approximation will be given the percentage of improvement in the accuracy 

as well as the speed of convergence. 

To apply the chosen binomial approximation in practical work, it will be 

embedded in a LQN model of a case study of a microservices system. The purpose is to 

demonstrate its usability and accuracy. The evaluation will be conducted for the main 

model as well as the submodel for the waiting time and throughput. 

1.2 Thesis Contributions 

• Two approximations based on the use of binomial probabilities, called the direct 

binomial (DB) and arrival theorem binomial (AB) approximations. 

• A comprehensive evaluation of the errors for a wide range of server parameters 

and for a single class and multiple classes. 
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• Conduct a case study in which AB approximation is applied to a multiserver to 

understand how the multiserver affects the system performance and to 

demonstrate the integration of AB into LQNS. 

1.3 Thesis Organization 

• Chapter 2 provides the background information related to performance modelling, 

LQN, multi-servers, MVA and exact solution. 

• Chapter 3 presents the state of the art on estimating the waiting time for 

multiservers in LQN. 

• Chapter 4 formulates the approximation problem. 

• Chapter 5 contains the details of two proposed approximations for single class, 

and their comparisons to the Rolia-Franks approximation. 

• Chapter 6 introduces the idea of merging classes, extends the algorithms for 

multiclass and performs the comparisons to the Rolia-Franks approximation. 

• Chapter 7 presents an application to microservices as a case study by using the 

AB approximation. 

• Chapter 8 is the conclusions and future work. 
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Chapter  2: Background 

This section covers performance modelling and its role in software performance 

engineering, and concepts of queueing networks and layered queueing networks. 

2.1 Software Performance Engineering (SPE) 

The concept of SPE was introduced by Connie U. Smith in the early 90s as a 

systematic, quantitative approach to construct software systems that meet performance 

requirements [25][29]. The conventional approach that she called “fix-it-later” mainly 

focuses on software correctness. It starts to deal with performance problems in the testing 

phase, leaves the early design phase of the software unpredicted, which may lead to 

redesign which is a waste of time and money. Unlike this old approach, SPE brings the 

performance analysis into the very early stage of the software development process in 

order to avoid the same mistakes. It uses the software execution model and the system 

execution model [7]. The former one uses the Execution Graphs (EG) to represent the 

software execution behavior, the latter one uses QN models to represent the hardware 

components and software deployment. The use of EG and QN in SPE demonstrates the 

importance of the software performance models in performance prediction. 

2.2 Single Queues 

A single queue has one or more servers, customers and a queue. Servers, as 

resources, provide the services to customers which represent users, and the queue is 

where the customers wait for the service when all servers are busy. One or more classes 

of customers share the queue, and receive some type of service based on the classes. A 

few examples are drive-throughs and ATMs. 
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2.2.1 The M/M///N Queue 

A queueing model with a single queue and service center can be specified by 

Kendall’s notation [6]: Arrival/Service/Servers/Space/Customers. 

Arrival = Distribution of interarrival or thinking time (M for exponential 

(Markov), G for general, GI for general independent, etc.) 

Service = Distribution of service time (M, G, GI, etc.) 

Servers = Number of servers (integer) 

Space = System capacity (arrivals to a full queue are lost) (finite space is not 

considered here) 

Customers = Number of customers in a closed queue (instead of leaving, a 

customer cycles forever, possibly with a “thinking time” before arriving again). 

A M/M///N queue represents a closed model that has exponential thinking time 

and service time distributions with N customers never leave and FIFO discipline by 

default.  

2.2.2 Markov Chains for Exact solution of M/M/m//N Queues 

The Exact solution uses Markov chains – a method that is used to get analytic 

solutions for many performance models. The Markov property gives that the conditional 

probability distribution for the system at the next state depends only on the current state, 

not the past (memoryless property of a stochastic process). So, the models that can be 

solved in this way also require exponential distributions of interarrival and service times. 

The exact solution is based on an equilibrium equation that describes the relation 

between the state probabilities. Define 𝑝(𝑖) as the probability there are i customers in the 

system (queue and server). Then, in state 0, all customers are in the think state, which 



7 

 

leaves the system empty, and state N means that all customers are in the system. In 

Figure 1, the states are represented by circles and the rates of transition leaving the states 

by labels on the arrows that represent state transitions. Thus, in state i the mean rate of 

upward transitions is 𝜆(𝑁−𝑖) and the mean rate of downward transitions is 𝜇*min(𝑖,𝑚). 

For instance, the probability of moving from state 0 to state 1 is 𝑁𝜆  because there are 𝑁 

customers in the think state that have probability λ to enter into the system. The 

probability of moving from state 1 back to state 0 is µ because there are only one 

customer left in the system that is able to leave with probability µ. 

 

Figure 1. Exact Model Presented by Markov Chain 

The general equilibrium equation is stated below: 

𝑝(𝑖) ∗ 𝜆 ∗ (𝑁 − 𝑖) = 𝑝(𝑖 + 1) ∗ 𝜇 ∗ 𝑚𝑖𝑛(𝑖 + 1,𝑚) (2.1) 

The above equation means that there should be no net flux of probability between 

two states, i.e., the amount of probability from one state to the next should remain the 

same as the other way around, therefore the model has a stationary distribution rate of 

transitions [3]. 

The throughput is the mean arrival rate or departure rate at the server. The 

throughput contribution of each state is given by 

𝑋(𝑖) = 𝑝(𝑖) ∗ 𝜇 ∗𝑚𝑖𝑛(𝑖,𝑚) 
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where we use the fact that the 𝜇 is the mean departure rate from each busy server. Then 

the throughput is calculated as follows: 

𝑋 =∑𝑋(𝑖)

𝑁

𝑖=1

 (2.2) 

The cycle time of customers (between successive departures) is found by Little’s formula 

as 

𝐶 = 𝑁/𝑋 

Finally, the waiting time (queueing time) is given from the definition of the cycle time C 

= Z + W + S: 

𝑊 = 𝐶 − 𝑍 − 𝑆 (2.3) 

The algorithm of  the exact solution for waiting time is programmed using 

MATLAB, and is attached in Appendix A.1. 

2.3 Queueing Networks (QNs) 

A QN typically consists of several service stations and queues with routing 

between them [3]. At least two stations/nodes are connected to each other within a QN, 

and customers are able to traverse between any of them. QNs have a wide range of 

applications, from service industries including telephone call centers to computer systems, 

and therefore help solving practical problems [15]. 

2.3.1 Separable QNs 

A QN whose solution can be obtained without computing the underlying state 

probabilities is known as a separable network [3]. The solutions for such QNs can be 

expressed in product form. Exact product-form solutions are available for multiclass 

multiservers if the scheduling is processor-shared, or is FIFO with equal mean service 
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times for the classes. However, in LQNS, tasks usually have FIFO scheduling with 

different class service times and cannot be solved.  

LQN are not separable, but the approximate subnetworks of queues they use may 

be. However, LQ servers may have a “second phase” of service (introduced in Section 

2.4) after the customer leaves, which is not covered by the conditions for separable 

networks, as well as non-exponential service and FIFO queueing for a multiserver with 

different class service times. Thus, submodels with multithreaded tasks (which are served 

FIFO) as servers with multiple entries (with different service times) are never separable.  

2.3.2 Closed vs. Open QN Models 

A QN model is considered closed if the number of customers is fixed. The 

customers are served in cycles, a customer can only start a new cycle after it gets served. 

Customers within the same class have a reference station marking begin/end of the cycle, 

so the throughput of the system equals to the throughput of the reference station. While 

an open model accepts the new customers with a certain rate, and the customers leave the 

system when they are served. LQN mostly deals with closed models.  

2.3.3 Utilization vs. Saturation of Servers 

Utilization will be defined here for a multiserver as the mean number of busy 

servers, given by:  

𝑈 = 𝜆/𝜇 

Saturation is defined as the fraction of the service capacity that is used, thus 

saturation = U/m. 
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2.3.4 Mean Value Analysis (MVA) 

MVA is a recursive technique which computes (exact) mean queue lengths, 

waiting time and throughput for closed separable QNs [21]. It uses the Arrival Theorem, 

which states that a customer arriving at a queue sees the steady state distribution of the 

same queueing system with one less customer [18][21].  

 Approximate MVA (AMVA) [27] is based on the arrival theorem, but it estimates 

the measures for the system with one less customer, from the measures of the full system, 

to avoid the recursion.  The first AMVA technique was in [2] by Bard and [24] by 

Schweitzer, for large QNs. It uses an approximation for the queue length with one 

customer removed. For a single class of customers: 

𝐿(𝑁 − 1) =
𝑁 − 1

𝑁
𝐿(𝑁) 

The Bard-Schweitzer technique was improved in the Linearizer algorithm, at a higher 

computational cost. 

2.4  Layered Queueing Networks 

QN are able to provide relatively accurate performance measures and efficient 

model evaluation [3]. However they require extensions to model simultaneous resource 

possession, which occurs in layered systems. In a QN each operation requires only one 

resource so nested services caused by simultaneous resource possession require extended 

queueing approximations [7]. A nested resource means a server, as a client, also sends 

requests to other servers, and simultaneous resource possession stands for a customer 

requires services simultaneously from multiple resources. On the other hand, LQN, as an 

extension of QN, should be adopted in the context. The main feature is to represent 
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systems with nested services as layered models. Unlike QN, one operation in LQN may 

require multiple resources (CPUs, disks) served for different layers. An LQN is solved as 

a set of submodels for different layers, each of which is a QN. The submodel has a subset 

of the tasks as servers, with a source task representing the sources of traffic to them. A 

server appears with an invented source task representing the sources of its customers 

coming from the layers above it. Two-phase service is also a feature of LQN and LQNS. 

The term “second phase” in LQN is used to describe the underlying work that operates 

after the reply [10]. The advantage of having a second phase is to reduce unnecessary 

delay by sending the feedback as soon as possible, and thus to improve the performance 

further on. Internal concurrency is another reason to use LQN. It is of practical use. In the 

hardware, having multi-core processors in a computer is common nowadays, to handle 

multiple tasks simultaneously. In the software, the application of multithreading is rather 

popular, so two or more parts of a program can run concurrently.  

2.4.1 LQN Model Components 
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A LQN model mainly consists of tasks, entries, calls, processors and demands.  

 

 

Figure 2. An LQN Model [11] 

The graphical notation for a LQN model are illustrated in Figure 2: 

• Tasks are outer parallelograms: T1, T2. 

• Entries are parallelograms within tasks: E1, E2. 

• Processors are circles: P1, P2. 

• Calls are represented as arrows. 

• Multiplicity of threads of a task: the number of stacks of task parallelograms 

(T1:2, T2: 1).  

• Multiplicity: {m}. 

• Host demand: [s1, s2]. 

• Mean number of calls by phase: [y1, y2] (y1 for phase 1, y2 for phase 2). 

Software components are modeled as tasks and related by calls between them, 

giving layers of service [11][31]. A task runs on a host processor (an “infinite” processor 
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if reference task) which performs the operations for one or more tasks and the task 

threads are customers to the processor queue. Tasks belong to the same processor share 

the queue and discipline. A task is able to accept calls (requests) from a queue, executes 

an operation defined by an entry, makes calls to other servers if they are defined, replies 

to the requesting entry, and executes a “second phase” if it is defined after the reply; a 

reference task (pure client) does not receive calls. 

A task can have one or more entries; different entries define different classes of 

service provided by the task. An entry execution consists of a sequence of phases or 

activities; each phase includes execution on the host and calls to other servers if they are 

defined. The demand of the entry is its processor time. 

Calls are interactions between entries, they connect the entries of different tasks. 

A call can be synchronous, asynchronous or forwarding. Synchronous calls block the 

sender until getting replies, while asynchronous calls do not block the sender or require 

replies. A forwarding call indicates a succession of operations; the receiver forwards the 

calls to other entries, which either continues forwarding or replies. 

2.4.2 Solution to LQN models 

LQNS was developed from Stochastic Rendezvous Networks (SRVN) [30] and 

the Method of Layers (MOL) [23]. SRVN assumes that each server is independent, and 

calculates the response time based on this assumption. The MOL divided layered 

queueing models into submodels, then combined the results from submodels. LQNS 

combines both to provide quick solutions. It employs many published approximations for 

contention of different kinds of queues. In principle there are also exact Markovian 
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models for layered queues, however the models do not scale up sufficiently for practical 

use.  

Lqsim is able to provide reliable simulation results (chosen here as results with 

95% confidence intervals less than ±1%) as long as the amount of time that simulations 

run is sufficient. In this work, the simulation results are used for comparison whenever 

the exact solutions are not available.  

2.4.3 The Method of Layers 

Rolia and Sevcik [23] developed the Method of Layers (MOL) for performance 

measures in distributed systems so as to diagnose the bottleneck and help improving the 

performance in software aspects. It employs fixed-point iteration and incorporates the 

modified MVA Linearizer algorithm for better accuracy. The MOL divides a layered 

queueing model into two submodels, one for software and one for devices. The two 

submodels are analyzed separately, the outputs from one model can be the inputs of the 

other, eventually the results are combined together for the estimates. In addition, it 

included the Rolia approximation which will be thoroughly explained in later chapters. 

2.5 Fixed-point Iteration 

Fixed-point iteration is a numerical method that solves nonlinear equations by 

iteration. The equation to be solved is first expressed in the form of 𝑥 = 𝑓(𝑥) in order to 

proceed. With an initial guess 𝑥0 is required as a starting point, the fixed-point iteration 

iteratively computes 𝑓(𝑥𝑖+1)  where 𝑥𝑖+1 is the value of 𝑓(𝑥𝑖).  

𝑥𝑖+1 = 𝑓(𝑥𝑖) 
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This approach can solve a problem with any number of variables, but it does not 

guarantee convergence. The speed of convergence can be improved by using a 

convergence acceleration method, e.g., the relaxation factor. 

 The relaxation factor (rate) is aimed to improve convergence. The value of the 

coefficient is set to be larger than 1 for acceleration or less than 1 to ensure the 

convergence if it tends to diverge. A suitable value must be found by trial and error. 

An equation is given by: 

𝑓(𝑥𝑖+1) = (1 − 𝑟𝑎𝑡𝑒) ∗ 𝑓(𝑥𝑖) + 𝑟𝑎𝑡𝑒 ∗ 𝑓(𝑥𝑖+1) (2.4) 

AMVA uses fixed-point iteration. For instance, the mean number of jobs at a 

node has fixed-point relationships in the Bard-Schweitzer approximation [24]. It is used 

in LQNS as well. 

2.6 Solving Equations by Interval Bisection 

For nonlinear equations in a single unknown, Interval Bisection is an alternative 

approach that can avoid the problem of non-convergence or slow convergence of fixed-

point iteration. The bisection method finds the root of a function 𝑓(𝑥) (that is, the 

solution of𝑓(𝑥) = 0) by repeatedly halving the interval [4]. Which half of the interval 

remains is based on the sign of the function value at the center. The bisection method 

takes only one variable and is guaranteed to find a root only if 𝑓(𝑥) is continuous and the 

values of two endpoints have different signs. The check on monotonicity guarantees a 

unique solution. 

 The Algorithm 1 Interval Bisection is given below (It terminates on the accuracy 

of 𝑓): 
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 1. Input: 

𝐴(𝑙𝑜𝑤𝑒𝑟𝑙𝑖𝑚𝑖𝑡) 

𝐵(𝑢𝑝𝑝𝑒𝑟𝑙𝑖𝑚𝑖𝑡) 

𝑖𝑡𝑀𝑎𝑥(𝑖𝑡𝑒𝑟𝑎𝑡𝑖𝑜𝑛𝑙𝑖𝑚𝑖𝑡) 

𝑡𝑜𝑙𝑒𝑟𝑎𝑛𝑐𝑒(𝑠𝑡𝑜𝑝𝑐𝑟𝑖𝑡𝑒𝑟𝑖𝑜𝑛) 

 for 𝑎 = 0: 𝑖𝑡𝑀𝑎𝑥 

 2. Compute 𝐶 =
𝐴+𝐵

2
 

 3. Compute 𝑓(𝐶) 

 4. if (|𝑓(𝐶)| ≤ 𝑡𝑜𝑙𝑒𝑟𝑎𝑛𝑐𝑒)  return 𝐶 

 5. 𝑎 increment 

 6. Compute 𝑓(𝐴) 

 7. if 𝑓(𝐴) ∗ 𝑓(𝐶) > 0 𝐴 = 𝐶 

       else 𝐵 = 𝐶 

 End for 
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Chapter  3: State of the Art for Solving Multiprocessor Models 

Various approximations have been described for estimating the waiting time for a 

multiserver with a closed workload, which is the problem addressed by this thesis. 

Kimura [16] introduced approximations for  the mean waiting time in GI/G/m 

queueing systems. One is a system-interpolation heuristic which estimates the mean 

waiting time by viewing the system as multiple simpler queueing systems and by the ratio 

of the waiting times of different queueing systems. The other is based on the weighting 

coefficients generated from the light-traffic limit theorem. The later method is used for 

performance measures for M/G/m queueing models as well. 

Casale, Perez and Wang [5] proposed a novel AMVA algorithm for evaluating 

multiclass queueing networks, called QD-AMVA. It is for queue-dependent models as it 

is found that the service requirements are always related to the number of requests in 

reality. The algorithm applies first-order Taylor approximations on existing 

approximations to avoid the computation of state probabilities, by Little’s law it converts 

one performance measure to another. It operates only on mean values and has less 

limitations compared to the previous solutions, therefore robust and efficient. 

Franks included several approximations for a multiserver in a closed QN in the 

design of LQNS, as of the date of his thesis and summarized them in the thesis [12]. 

Three of these are: 

1. Reiser and Lavenberg [21] developed an algorithm based on MVA to estimate 

the performance measures for closed multichain queueing networks with product-form 

solution, and is fast if multiserver is the case. For FCFS service discipline, service times 
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must be exponentially distributed and independent between chains, with equal service 

times for different classes.  

2. de Souza e Silva and Muntz [8] proposed an approximation for solving closed 

queueing networks with FCFS service centers and exponential service times that have a 

non-product form solution. They assume the probability that all servers are busy when a 

customer arrives follows a multinomial distribution, and is reduced to a binomial for 

single class. They use the arrival theorem and build the waiting time from the mean 

service time of the arriving customer, the residual life and the “backlog” which depends 

on the relative probabilities of the classes, in the queue. 

𝑊𝑘(𝑁) = 𝑆𝑘 +∑𝑥𝑒𝑘𝑙(𝑁)𝑞𝑙(𝑁 − 𝑒𝑘)

𝐾

𝑙=1

+ 𝑃𝐵(𝑁 − 𝑒𝑘)𝑥𝑟𝑘(𝑁) 

where k is the index of the class of customers, in a multiclass system 𝑘 = 1,… , 𝐾, l is the 

customer that is in front of the class k customer when it arrives. Therefore, when a class k 

customer arrives (if all servers are busy), 𝑥𝑟𝑘 is the average elapsed time until the next 

departure, 𝑥𝑒𝑘𝑙 is similar to𝑥𝑟𝑘 except the elapsed time is measured for the customer l 

instead of k if it exists. 𝑃𝐵 is the probability that all servers are busy,𝑞𝑙 is the mean 

number of customers in the queue, (𝑁) and (𝑁 − 𝑒𝑘) stand for the vectors of the number 

of populations. 

3. The Rolia approximation combines the idea of the arrival theorem with an 

approximation to the probability that all servers are busy which assumes the servers are 

busy independently. The mean waiting time is calculated as follows, 

𝑊𝑘(𝑁) =
𝑈(1)(𝑁 − 𝑒𝑘)

𝑚

𝑚
𝑠𝑘∑𝐿𝑖(𝑁 − 𝑒𝑘)

𝐾

𝑖=1

(3.1) 
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where 𝑈(1)is the probability that one of the servers is busy, and 𝐿𝑖 is the number of class i 

customers in the system with one class k customer removed. 

Franks [11] modified the approximation for better accuracy as well as 

representation of the delays caused by customers in each class: 

𝑊𝑘(𝑁) =
𝑈(1)(𝑁 − 𝑒𝑘)

𝑚

𝑚
∑𝑠𝑖𝐿𝑖(𝑁 − 𝑒𝑘)

𝐾

𝑖=1

(3.2) 

We will use the RF (Rolia-Franks) approximation as the starting point of this research. It 

is good in general, but has flaws under certain conditions: 

 It does not return zero mean waiting time when N is less than or equal to m.  

 RF approximation is based on the assumption that all servers are independent so 

the estimated probability for all servers are busy 𝑈(1)(𝑁 − 𝑒𝑘)
𝑚 is lower than the 

actual, causing the inaccuracy of waiting time. 

To demonstrate this issue, the probability for all servers are busy from RF 

approximation and exact solution are provided below, giving this range of 

parameters 

m = 2 

 N = [2, 3, 4, 5, 6, 7, 8, 10, 15, 20, 30, 50]  

λ = 0.1 

µ = 0.2 

Using RF the probabilities that all servers are busy for these populations is: 

 [0.0277, 0.1084, 0.2305, 0.3696, 0.4981, 0.6006, 0.6766, 0.7728, 0.8744, 0.9141, 

 0.9476, 0.9706] 
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Using the exact Markov Chain solution the probabilities are: [0, 0.0545, 0.1724, 

0.3368, 0.5177, 0.6842, 0.8147, 0.9541, 0.9997, 1.0000, 1.0000, 1.0000] 

By comparing the results, the probabilities that all servers are busy as found by 

RF are too large for small N and too small for large N. The non-zero probabilities 

for N = 1, 2 show why RF does not return zero mean waiting time when N is less 

than or equal to m. 
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Chapter  4: Problem Statement 

A closed FIFO multiclass multiserver queueing system is a system with fixed 

number of customers and a set of identical servers that provide the same service to the 

customers within the same class. As mentioned above, the RF approximation provides 

waiting time estimates for such systems and is used for large user populations, in the 

solver LQNS. Given the importance of multiservers, another kind of approximation is 

proposed and evaluated in this thesis in the hope of finding something better. 

 From Eq. (2.2), it can be deduced that the essence of the problem of estimating 

the waiting time is determining the probabilities of the queue states with 1 to N customers. 

This thesis approximates queue states probabilities by a binomial distribution, applied in 

various ways which are compared for accuracy.  

The premise of the binomial approximations is that all customers are independent, 

the probability for each customer being in the server is the same for all customers. The 

premise is exact when there are infinite servers, in which case the customers never wait 

for each other and circulate independently. For N slightly larger than m, the customers 

wait briefly, and the distribution effect is mild. For large N, all servers are mostly busy 

and this determines the mean throughput, thus the shape of the distribution barely affects 

W which is determined by the mean throughput. It is therefore expected to give good 

results approaching zero error at these extremes, as is also true for the RF approximation. 

So, the evaluation is most important for the cases with intermediate N.  

When customers are circulating randomly and independently in a network with a 

multiserver station MS with m servers there is a probability P that the customer is at the 

MS. If N customers are circulating independently, the probability that there are N 
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customers at the MS is binomial with parameter P. From the binomial we can calculate 

the probability that all servers are busy, the throughput and the waiting time. As will be 

shown, only the probabilities up to m customers have to be calculated so the complexity 

is linear in m. 

The paper [8] by de Souza e Silva and Muntz shares the assumption of 

independent customers but concentrates on modeling multiple classes by a multinomial 

distribution, which they use for multiserver stations in their larger approximation for 

queueing networks. For many chains and many servers this quickly becomes a problem 

of large storage because their method requires to compute all the probabilities, of the 

order of the product of the class sizes. The binomial approach developed here is different 

for multiple classes. To avoid the combinatorial increase in the state space, and assuming 

that the waiting times are nearly the same for all classes, the classes are merged. A faster 

solution is always an important motivation, even if an exact solution is available. Thus 

the thesis modifies the idea of [8] by introducing a simpler approach to multiple classes. 

However, the customers are actually not independent in a queueing network 

because they have to wait for each other; independence is an approximation. To judge the 

effectiveness of the assumption of independent residence at the server, for a single class, 

we compare the exact distribution to the binomial. For multiple classes, we compare the 

simulation results to the binomials. 

Research questions related to the binomial approximations are: 

RQ1: Does it give more accurate waiting times than RF, how much if so? 

RQ2: What cases are less accurate, if some are? 

RQ3: Is it faster or slower to compute? 
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RQ4: Does the traffic intensity (defined below as a traffic ratio) have an impact 

 on accuracy? 

RQ5: Do the results from a single class remain consistent with results for 

 multiple classes? 

These questions are answered in Chapter 5 for single class, Chapter 6 for 

multiclass, and Chapter 7 for the case study. 
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Chapter  5: Single Class Closed Multiserver Queue 

This chapter describes two binomial approximations called the direct binomial 

approximation (DB) and the arrival theorem using binomial distribution (AB), with full 

details including the theory behind it, the suitable algorithms and the evaluations of 

different solution methods comparing to the RF approximation. 

The approximation is applied to an M/M/m//N queue, and the exact waiting time 

calculation is based on the equilibrium Eq. (2.1). 

5.1 Binomial Approximation 

The binomial approximation uses an assumption that the customers are 

independently present in their think state or their service state. This is true for an infinite 

server since the customers do not queue and so do not interact. For a finite 𝑚 it is an 

approximation. We assume that there is a binomial distribution for the number of 

customers i in the service state, meaning, in the queue or in service. When the probability 

for each customer is P, and q = 1− P, the probability of i customers is: 

𝑝(𝑁)(𝑖) = 
𝑃𝑖𝑞𝑁−𝑖𝑁!

(𝑁 − 𝑖)! 𝑖!
 

Given a value of 𝑊, the probabilities 𝑃 (that a customer is in the service state) 

and 𝑞 (that it is in the think state) can be calculated as  

𝑃 =
𝑅

𝐶
=

𝑊 + 𝑆

𝑊 + 𝑆 + 𝑍
(5. 1) 

𝑞 = 1 − 𝑃 (5. 2) 
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where R is the response time, C is the cycle time (between successive arrivals at the 

server). S is the service time and Z is the think time. An algorithm for calculating 𝑝(𝑁)(𝑖) 

which avoids the factorials for large N is 

𝑝(𝑁)(𝑖) = 𝑝(𝑁)(𝑖 − 1) ∗ (
𝑃

𝑞
) ∗

𝑁 − 𝑖 + 1

𝑖
(5. 3) 

where  

𝑝(𝑁)(0) = 𝑞𝑁 

5.2 Evaluation of the Approximations 

The approximations were evaluated by their absolute error relative to a reference 

solution, which for single classes (considered in this chapter) is the exact solution 

described in Section 2.2.2. 

The error metric is normalized to the response time 𝑆 +𝑊𝑒𝑥𝑎𝑐𝑡, giving the 

relative error (RE): 

𝑅𝐸 =
𝑊𝑎𝑙𝑔𝑜𝑟𝑖𝑡ℎ𝑚 −𝑊𝑒𝑥𝑎𝑐𝑡

𝑆 +𝑊𝑒𝑥𝑎𝑐𝑡
 

𝑊𝑒𝑥𝑎𝑐𝑡 is obtained from a MATLAB program using Markov chain which provides the 

exact solution. The reason for normalizing to the response time is because the importance 

of an error is related to the response time. An error is ignorable if it is small and the 

response time is large. We use RE for the relative error, ARE for the absolute value of 

RE, and MARE for the mean of ARE. 

 The improvement in the accuracy of the waiting time estimation can be measured 

by 𝐼(𝐴,𝐵)
𝑊  given by 

𝐼(𝐴,𝐵)
𝑊 =

𝑀𝐴𝑅𝐸𝐴
𝑊 −𝑀𝐴𝑅𝐸𝐵

𝑊

𝑀𝐴𝑅𝐸𝐵
𝑊 ∗ 100%  
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 Hence, the improvement of the binomial over RF is given by 

𝐼(𝐵𝑖𝑛𝑜𝑚𝑖𝑎𝑙,𝑅𝐹)
𝑊 =

𝑀𝐴𝑅𝐸𝐵𝑖𝑛𝑜𝑚𝑖𝑎𝑙
𝑊 −𝑀𝐴𝑅𝐸𝑅𝐹

𝑊

𝑀𝐴𝑅𝐸𝑅𝐹
𝑊 ∗ 100% (5.4) 

5.2.1 The Traffic Ratio T 

The errors depend on all four parameters N, m, S and Z. However the results can 

be displayed against just one dimensionless combination of these, the traffic ratio defined 

as 𝑇 =
𝑁𝑆

𝑚𝑍
, which is related to the relative load on the server. T is the ratio of two 

bottleneck throughput rates, for saturation at the server and at the thinking state. When 

the server is lightly loaded, 
𝑁

𝑍
 is the maximum throughput since it is the maximum rate of 

completing the thinking action. When the server is heavily loaded, 
𝑚

𝑆
  is its maximum 

departure rate (when all servers are busy). Thus T expresses the balance between these 

two rates. It is also related to the throughput asymptotic bounds; the light-traffic bound is 

𝑋 =
𝑁

𝑍
 and the heavy-traffic bound is 𝑋 =

𝑚

𝑆
, and 𝑇 = 1 defines a system at the 

intersection point.  

What we find in the evaluations is that all approximations are good when T is 

extremely small or large, and error comparisons are most interesting for T in the 

neighborhood of 1. This was found to be true in single class and multiple classes.  

We use server saturation to stand for the utilization for all servers. Since it and T 

both relate to the load on the server, they should be more or less proportional to each 

other. 
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Figure 3. Server Saturation vs. Traffic Ratio with Different Number of Servers for Single Class 

 The cases for Figure 3 are introduced in 5.4.1. It demonstrates the relationship 

between the traffic ratios and server saturation. The values for different m are not the 

same, but they all have similar characteristics. Their slopes are close, and they reach 

100% utilization with T around 1.5, or higher. So, large traffic ratios often come with 

high utilization. 

5.2.2 The Level of Congestion Definition 

Test cases are arbitrarily categorized into heavy, intermediate and light traffic 

based on T. Based on Figure 3, the following levels were defined: 

Heavy Traffic: 𝑇 > 1.5 

Intermediate Traffic: 𝑇 = [0.8,1.5] 

Light Traffic: 𝑇 < 0.8 

5.3 The Direct Binomial Approximation (DB) 

DB calculates the binomial probabilities in the N-customer system and finds the 

waiting time using the throughput and Little’s Law, using an iteration beginning from a 

starting value such as W = 0. 
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Given a prior value of mean waiting time 𝑊𝐷𝐵, a new 𝑊𝐷𝐵
𝑛𝑒𝑤 is calculated as 

follows: 

• 𝑃𝐷𝐵 and 𝑞𝐷𝐵 are found by Eq. (5.1) and (5.2),  

• The approximate probabilities 𝑝𝐷𝐵
(𝑁)

(𝑖), ∀𝑖 ∈ [1, 𝑁] are found by Eq. (5.3).   

• The throughput 𝑋𝐷𝐵 and the updated waiting time 𝑊𝐷𝐵
𝑛𝑒𝑤 are calculated by Eq. (2.2) 

and (2.3).  

 Two iterative algorithms were considered: the fixed-point iteration and interval 

bisection, as described in Section 2.5 and 2.6. They perform quite differently in terms of 

speed of convergence and guarantee of convergence. Fixed-point iteration lacks the 

control over the number of iterations, and it is hard to find the correct relaxation factor 

while the bisection method has a deterministic number of iterations and does not require 

the relaxation factor.  

5.3.1 Fixed-point Iteration in DB 

The fixed-point iteration is used to solve the equation, which is in 𝑥 = 𝑔(𝑥) form. 

𝑊𝐷𝐵 = 𝑊𝐷𝐵
𝑛𝑒𝑤(𝑊𝐷𝐵)  

where 𝑊𝐷𝐵
𝑛𝑒𝑤is calculated by binomial approximation. 

 The Algorithm 2 DB Fixed-point Iteration is given below: 

1. Input:  

𝑁, 𝑚, 𝑍, 𝑆 

𝑖𝑡𝑀𝑎𝑥 

𝑡𝑜𝑙𝑒𝑟𝑎𝑛𝑐𝑒 

𝑟𝑎𝑡𝑒(𝑟𝑒𝑙𝑎𝑥𝑎𝑡𝑖𝑜𝑛𝑓𝑎𝑐𝑡𝑜𝑟) 

2. Initialize:  
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𝑊𝐷𝐵 = 0 

for 𝑎 = 0: 𝑖𝑡𝑀𝑎𝑥 

 3. Calculate 𝑃𝐷𝐵 and 𝑞𝐷𝐵 by Eq.(5.1) and (5.2). 

4. Calculate 𝑝(𝑁)(𝑖) and 𝑋𝐷𝐵 by Eq.(5.3) and (2.2). 

5. Calculate 𝑊𝐷𝐵
𝑛𝑒𝑤 by Eq.(2.3). 

6. if |𝑊𝐷𝐵
𝑛𝑒𝑤 −𝑊𝐷𝐵| ≤ 𝑡𝑜𝑙𝑒𝑟𝑎𝑛𝑐𝑒 return 𝑊𝐷𝐵 

7. 𝑎 increment 

8. 𝑊𝐷𝐵 = (1 − 𝑟𝑎𝑡𝑒) ∗ 𝑊𝐷𝐵 + 𝑟𝑎𝑡𝑒 ∗ 𝑊𝐷𝐵
𝑛𝑒𝑤by Eq.(2.4). 

End for 

5.3.2 Interval Bisection in DB 

The bisection method can be applied to determine W or P. Determining P gives 

faster convergence. The initial interval for 𝑃𝐷𝐵 is [0,1] while for 𝑊𝐷𝐵 it is [0,
(𝑁−𝑚)𝑆

𝑚
] 

where the latter term represents the maximal time a customer has to wait. The waiting 

time can be large when 𝑁 is large, which leads to more number of bisection steps to 

obtain a given accuracy. In addition, the optimal number of steps for each case is 

different as 𝑁 and 𝑚 change, and it is not ideal to include this calculation in the program. 

In theory, these shortcomings would cause longer time for the program to run. Therefore, 

𝑊𝐷𝐵 is not an optimal option compared to 𝑃𝐷𝐵. However, the tolerance calculation will 

still use 𝑊𝐷𝐵 as we focus on the accuracy of the waiting time. Both results are presented 

in Section 5.4.1 in order to prove whichever is chosen does not affect the results. 

5.3.2.1 Interval Bisection using PDB 

The bisection is used to find the root of the function  

𝑓(𝑃𝐷𝐵) = 𝑃𝐷𝐵
𝑛𝑒𝑤(𝑃𝐷𝐵) − 𝑃𝐷𝐵 

where 𝑃𝐷𝐵
𝑛𝑒𝑤is calculated from 𝑃𝐷𝐵.  
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 The Algorithm 3 DB Interval Bisection with interval [PA, PB] is given below: 

1. Input:  

𝑁, 𝑚, 𝑍, 𝑆 

𝑖𝑡𝑀𝑎𝑥 

𝑡𝑜𝑙𝑒𝑟𝑎𝑛𝑐𝑒 

𝑟𝑎𝑡𝑒 

2. Initialize:  

𝑊𝐷𝐵 = 0, 𝑃𝐴 = 0, 𝑃𝐵 = 1 

for 𝑎 = 0: 𝑖𝑡𝑀𝑎𝑥 

3. Calculate 𝑃𝐷𝐵 and 𝑞𝐷𝐵 by 𝑃𝐷𝐵 =
𝑃𝐴+𝑃𝐵

2
 and   

Eq.(5.2). 

 4. Calculate 𝑝(𝑁)(𝑖) and 𝑋𝐷𝐵 by Eq.(5.3) and (2.2). 

5. Calculate 𝑊𝐷𝐵
𝑛𝑒𝑤 by Eq.(2.3). 

6. Calculate 𝑃𝐷𝐵
𝑛𝑒𝑤 by Eq.(5.1). 

7. if |𝑊𝐷𝐵 −𝑊𝐷𝐵
𝑛𝑒𝑤| ≤ 𝑡𝑜𝑙𝑒𝑟𝑎𝑛𝑐𝑒 return 𝑊𝐷𝐵 

8. 𝑎 increment 

9. if 𝑃𝐷𝐵
𝑛𝑒𝑤 − 𝑃𝐷𝐵 > 0 

 𝑃𝐴 = 𝑃𝐷𝐵 

   else 

 𝑃𝐵 = 𝑃𝐷𝐵 

End for  

Bisection can only be used  if the function 𝑓(𝑃𝐷𝐵) is monotonic; step 9 assumes it 

is always decreasing which was verified using the MATLAB program . 

The bisection method using 𝑊𝐷𝐵 can be implemented by following the same 

logic, with the initial interval 𝑊𝐴,𝑊𝐵 = 0, (𝑁 −𝑚)
𝑆

𝑚
. 
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5.4 DB Algorithm Evaluation 

The fixed-point iteration, bisection on P, and bisection on W algorithms for the 

DB approximation are compared in terms of the error distribution and the speed of 

convergence. These algorithms are built as MATLAB programs from which the waiting 

times are collected. The error distribution is represented by a histogram of the normalized 

relative error for each algorithm.  

 The speed of convergence is measured by MATLAB built-in function “tic” and 

“tok”. The algorithms for binomial and RF approximations with fixed-point iterations are 

programmed using MATLAB, and are attached in Appendix A. Due to the overhead 

caused by MATLAB, the computation time measured by “tic” and “tok” is not calibrated, 

the results may not be duplicated therefore it is solely used for comparison purpose. In 

order to get better accuracy, the programs were run 10 times, and the total running times 

divided by 10 are recorded. 

5.4.1 Evaluation of the DB Approximation by Bisection 

In this section, the two algorithms of DB approximation implemented with 

different solutions are evaluated, and the better of the two will be compared with the 

algorithm using RF Approximation. 

 The following set of parameters is used for all single class comparisons, i.e. 

Chapter 5. 720 cases were generated randomly using random values of S and Z combined 

with all combinations of the values with 𝑚 = [2, 4, 8] and T = [0.01, (0.1 to 1.5 at 

intervals of 0.1), 0.78, 1.7, 2, 2.3, 2.5, 3, 4, 5]. N is computed from T using the following 

equation: 
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𝑁 = 𝑐𝑒𝑖𝑙 (
𝑇𝑍𝑚

𝑆
) 

where ceil() rounds the parameter up to the nearest integer. 

 The bisection method for DB approximation was applied to 𝑃𝐷𝐵 and 𝑊𝐷𝐵 

separately. The maximum absolute difference between the two solutions, over 720 

models, was 6.466E-13. Thus, they converge to the same values of W. 

 Table 1 shows the mean computation time for the two approaches based on 

bisection. 

Table 1. Computation Times of DB Approximation by Bisection Methods 

 Using 𝑃𝐷𝐵 Using 𝑊𝐷𝐵 

Computation Time (s) 0.3264 1.3003 

 

The algorithm using 𝑃𝐷𝐵 gives faster speed of convergence as expected due to 

smaller number of iterations.  

5.4.2 Comparison between Bisection and Fixed-point Iteration 

We want to compare the fixed-point iteration and the bisection method to 

understand (1) if they always give identical results, or if not, which one is more accurate; 

(2) if they always converge, and if so, which one is faster. It is expected that they give 

identical results, but the bisection takes less time.  

It was found that the DB approximation by fixed-point Iteration and by bisection 

give identical results, within maximum absolute difference over 720 models 9.99758E-07. 

Table 2 shows the mean computation time for DB with different techniques. 

Table 2. Computations Times of DB by Fixed-point Iteration and by Bisection 

 Fixed-point Iteration Bisection using 𝑃𝐷𝐵 

Computation Time (s) 1.3556 0.3264 
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 Clearly, the bisection algorithm is faster. However, LQNS uses fixed-point 

iteration, so it will be used to compare with RF for computation time, the bisection 

algorithm here is simply an alternative, and can be used where applicable. 

5.4.3 Comparison of DB to the RF Approximation  

Figure 4 and 5 are the histograms that show how accurate each approximation is. 

 

Figure 4. Normalized Error Distribution of the DB Approximation for Single Class 

 

Figure 5. Normalized Error Distribution of the RF Approximation for Single Class 
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There is a total of 720 cases (33.75% light traffic, 31.67% intermediate traffic and 

34.58% heavy traffic). DB has about 60% cases that have ARE <= 0.01, much more than 

RF has (about 45%). However, DB also gives about 15% cases that have ARE >= 0.1, RF 

has only about 9%. In addition, it tends to give smaller waiting time compared with the 

exact solution, RF Approximation has less obvious tendency. 

 The scatter plots are provided below to present the relationship between the errors 

and traffic ratios. 

 

Figure 6. Normalized DB Waiting Time Errors vs. Traffic Ratios for Single Class 



35 

 

 

Figure 7. Normalized RF Waiting Time Errors vs. Traffic Ratios for Single Class 

DB and RF Both have a negative peak at around T = 1, and have better accuracy 

when T is away from 1, this characteristic is particularly obvious in DB. The DB is very 

accurate after T = 3, while RF is also good with large T but not as good as DB. DB has 

better accuracy than RF when T is very small (< 0.5) or very large (> 2), however it has 

twice larger the largest ARE than RF at T = 1. This confirms the expectation that the 

binomial approximations should give nearly exact results for extreme cases, and leaves 

questions that if T = 1 is also the peak for approximations and if the binomial are worse 

than RF at the peaks in multiple classes as well. 

Table 3 gives the mean absolute relative errors and the largest ARE which depicts 

the accuracy as well as the stability for each approximation. It is not acceptable for some 

case to have unexpectedly large errors. 

Table 3. Summary of Waiting Time RE of DB and RF Approximations for Single Class 

 DB RF 

MARE 0.03575 0.03094 

Largest ARE 0.3966 0.1992 
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Table 3 shows that DB has worse performance compared with RF overall. So, DB 

is not qualified as an alternative for RF. 

5.5 A Faster Binomial Calculation for DB Approximation 

The faster DB algorithm calculates the binomial probabilities up to 𝑚 − 1  

customers instead of using whole binomial probabilities. 

After obtaining 𝑝𝐷𝐵
(𝑁)

(𝑖) as Eq. (5.3), summing up all 𝑝𝐷𝐵
(𝑁)

(𝑖) from 𝑖 = 0 to 𝑖 =

𝑚 − 1 to obtain the probability that the system has less than m customers 𝑃𝑠𝑢𝑚. 

The throughput X is calculated as follows, 

𝑋𝐷𝐵 =∑𝑖 ∗ 𝑝(𝑖)

𝑁

0

∗ 𝜇 + 𝑚 ∗ 𝜇 ∗ (1 − 𝑃𝑠𝑢𝑚) 

N in the system determines 𝑋𝐷𝐵 when it is smaller than m, while the system has 

same throughput contribution in each state afterwards. 1 − 𝑃𝑠𝑢𝑚 gives the probability that 

the system has at least m customers. 

Then, 𝑊𝐷𝐵
𝑛𝑒𝑤 is defined as a function of 𝑋𝐷𝐵, 

𝑊𝐷𝐵
𝑛𝑒𝑤 =

𝑁

𝑋𝐷𝐵
− 𝑍 − 𝑆 

𝑊𝐷𝐵 is used to calculate 𝑝𝐷𝐵
(𝑁)

, 𝑋𝐷𝐵 as well as 𝑊𝑛𝑒𝑤
𝐷𝐵 , therefore 𝑊𝑛𝑒𝑤

𝐷𝐵  is a function of 𝑊𝐷𝐵. 

 Table 4 shows the mean computation time for DB and faster DB. 

Table 4. Computation Times of DB and faster DB 

 DB Faster DB 

Computation Time (s) 1.3556 0.2497 

 

The faster DB provides faster speed of convergence with the same level of accuracy.  



37 

 

5.6 The AB Approximation for Waiting Time Using the Arrival Theorem 

The arrival theorem states that a customer arriving at a queue sees the steady-state 

distribution of the same queueing system with one less customer (that is, with all but 

itself). For separable QN this is exact; approximations use it by estimating the measures 

with reduced customers. To apply it here, we can use the binomial probabilities 𝑝(𝑁−1)(𝑖) 

for the system with N-1 customers, and the waiting time can be found from the mean 

number of customers in the queue, which in state i is 𝑚𝑎𝑥(𝑖 − 𝑚, 0), and the mean time 

between departures when all servers are busy, which is 
𝑆

𝑚
. This can be expressed as: 

𝑊 = ∑𝑝(𝑁−1)(𝑖) ∗ (𝑖 − 𝑚 + 1) ∗
𝑆

𝑚

𝑁−1

𝑖=𝑚

(5.5) 

Since the number of customers has to be larger than the number of servers to have 

the waiting time, so the starting point of 𝑖 is equal to 𝑚. When i = m, m customers are 

already in the system with one more arriving customer, this new customer has to wait for 

one customer. 

5.7 The Arrival-Theorem-Based Binomial Algorithm (AB) 

The algorithm calculates the binomial probabilities in N-1-customer system and 

estimates the waiting time by a method based on the arrival theorem.  

Given a prior value of mean waiting time 𝑊𝐴𝐵, a new value 𝑊𝐴𝐵
𝑛𝑒𝑤 is calculated as 

follows: 

• 𝑃𝐴𝐵 and 𝑞𝐴𝐵 are found by Eq. (5.1) and (5.2),  

• approximate probabilities 𝑝𝐴𝐵
(𝑁−1)

(𝑖) are defined as follows, 

𝑝(𝑁−1)(𝑖) = 𝑝(𝑁−1)(𝑖 − 1) ∗ (
𝑃

𝑞
) ∗

𝑁 − 𝑖

𝑖
(5.6) 
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This is similar to Eq. (5.3) but with one offset due to one less population.  

• the mean number in the queue ahead of the arrival is 

𝐿𝐴𝐵 = ∑(𝑖 − 𝑚 + 1) ∗ 𝑝(𝑁−1)(𝑖)

𝑁−1

𝑖=𝑚

 (5.7) 

𝐿𝐴𝐵 is calculated only when 𝑁 is larger than or equal to 𝑚 and therefore the 

starting state is 𝑚. At state 𝑚, the arriving customer sees an empty queue, and since all 

servers are busy, it needs to wait for one of the customers in the servers to leave before it 

could get served and thus 𝐿𝐴𝐵 = 1. 

The mean waiting time is defined as follows 

𝑊𝐴𝐵
𝑛𝑒𝑤 = 𝐿𝐴𝐵 ∗

𝑆

𝑚
 (5.8)

Eq. (5.8) assumes that the service time follows an exponential distribution, its 

memoryless property indicates that the mean time to the next completion is always S for a 

customer in process when the new customer arrives. The first of m events of rate 1/S 

occurs at rate m/S, giving the result. 

𝑊𝐴𝐵, at the beginning, is used to calculate 𝑃𝐴𝐵, and 𝑃𝐴𝐵 is used to calculate 𝐿𝐴𝐵 

and 𝑊𝐴𝐵
𝑛𝑒𝑤. This defines 𝑊𝐴𝐵

𝑛𝑒𝑤 is a function of 𝑊𝐴𝐵. 

As mentioned before, LQNS uses fixed-point iteration, therefore AB fixed-point 

iteration which follows the same logic as Algorithm 2 will be used in comparisons 

afterwards. 
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5.7.1 Comparison of AB to the RF Approximation  

The comparisons for the accuracy and computation time follow the same manner 

as Section 5.4.3. 

Figure 8 and 9 are the histogram and scatter plot for AB. 

 

Figure 8. Normalized Error Distribution of AB Approximation for Single Class 

 

Figure 9. Normalized AB Waiting Time Errors vs. Traffic Ratios for Single Class 
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AB has about 52.64% accurate cases (ARE <= 0.01), with the tendency to give 

larger waiting time as opposed to DB. It has the least cases with ARE >= 0.1 (7.64%). 

The positive side of AB scatter plot looks similar to the negative side of RF. They have 

similar magnitude of errors with absolute errors approximately 0.2 at the peak. However, 

unlike RF, it can be noticed that AB errors becomes smaller with increasing T, just not as 

obvious as DB. The negative errors in AB is sufficiently small to be ignored.  

Table 5. Summary of Waiting Time RE of Different Approximations for Single Class 

 DB AB RF 

MARE 0.03575 0.02704 0.03094 

Largest ARE 0.3966 0.1857 0.1992 

 

Overall, the AB approximation has the best performance among them in terms of 

the MARE and the largest ARE. For light traffic cases, AB is greatly superior. This is 

consistent with the binomial being exact for an infinite server, since for less than m 

customers the service rate function is the same as an infinite server. DB also meets this 

expectation; it is more accurate than RF. For intermediate traffic ratios, AB is also 

preferred. DB is the best when traffic ratios are large, it is extremely accurate, AB is good 

enough as well. This is consistent with the binomial distribution hardly affecting W if all 

servers are busy.  

Over all cases, the improvement in the accuracy of the waiting time estimation of 

AB over RF is about 12% by Eq. (5.4). 

5.8 A Faster Binomial Calculation for AB Approximation 

The faster AB approximation uses the binomial probabilities only up to m-1 

customers. The way to calculate 𝐿 is the only difference. Eq. (5.7) is re-arranged in order 

to adapt to the faster algorithm. 
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𝐿𝐴𝐵 = ∑(𝑖 − 𝑚 + 1) ∗ 𝑝(𝑖)

𝑁−1

𝑖=𝑚

 

= ∑(𝑖 − 𝑚 + 1) ∗ 𝑝(𝑁−1)(𝑖)

𝑁−1

𝑖=0

− ∑(𝑖 − 𝑚 + 1) ∗ 𝑝(𝑁−1)(𝑖)

𝑚−1

𝑖=0

 

𝐿𝐴𝐵 can be expressed by three terms, 

𝐿𝐴𝐵 = 𝑀1 − (𝑚 − 1) ∗ (1 − 𝑃′) − 𝑀2 (5.9) 

where 

𝑀1 = ∑ 𝑖 ∗ 𝑝(𝑁−1)(𝑖)

𝑁−1

𝑖=1

 

𝑀2 = ∑ 𝑖 ∗ 𝑝(𝑁−1)(𝑖)

𝑚−1

𝑖=1

(5.10) 

𝑃′ = ∑ 𝑝(𝑁−1)(𝑖)

𝑚−1

𝑖=1

(5.11) 

where 𝑀1 is the mean number of customers in the system in 𝑁 − 1 population, and since 

𝑀1 calculation requires N-1 customers, it is then equivalent to Eq. (5.7). 

𝑀1 = (𝑁 − 1) ∗ 𝑃𝐴𝐵 (5.12) 

After 𝐿𝐴𝐵 is obtained, the rest of calculations remains the same.  

 Table 6 gives the mean computation time for faster DB, faster AB and RF. 

Table 6. Computation Times of Different Approximations for a Single Class 

 Faster DB Faster AB RF 

Computation Time (s) 0.2497 0.2341 0.2289 

 

For the speed of convergence, AB and RF are about the same, and better than DB. 

The speed of convergence is related to the number of iterations, number of steps and the 
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complexity of the code. However, AB uses 1 for the relaxation factor while RF uses 0.2, 

so AB has smaller number of iterations, then the reason must be more steps or more 

complicated code in AB.  

The faster algorithms with fixed-point iteration will be used for later comparison 

for multiple classes in Chapter 6. 

5.9 Research Questions for a Single Class 

Compared with RF, AB is more accurate by about 12% with slightly slower speed 

of convergence when solved with fixed-point iteration. They both have peak errors at 

around T = 1. AB is less accurate than RF around traffic ratio T = 2, but only for a small 

interval. 

5.10 Additional Features for Layered Systems 

LQNS solves systems with a number of features not considered so far, including 

non-exponential service distributions and second phases of service. The RF 

approximation does not adjust for non-exponential distributions, and phase service times 

are summed for the jobs ahead of an arriving job [11]. The binomial approximations take 

the same approach. The reason they do not adjust for non-exponential service (in both 

cases) is that, in multiservers the effect is complex, combining the mean residual life of 

services at multiple servers.  

 The treatment of second phases is as follows. A second phase of service consists 

of operations by a server after releasing the customer (in layered software systems, this is 

after sending the reply message to the requester). This introduces three effects [11].  

(1) The waiting time is based on the sum of two phases, but the cycle time includes 

only the first phase. The second phase is not part of the response time.  
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(2) The servers busy with second-phase execution are not available for serving 

customers in the queue. This reduces the departure rate by (service rate)*(mean 

number of active second-phase services). The latter term is (throughput)*(second-

phase service time).  

(3) There is a positive probability of a customer “overtaking” its own second phase 

from a previous visit. This increases waiting. However, AB does not take it into 

account due to its complexity. This also is consistent with the treatment of 

overtaking with RF. 

The first two of these effects are easily included in the final AB algorithm as 

described next. The third one depends on a complex overtaking analysis which is part of 

LQNS, and is not dealt with here. The algorithm is presented without evaluation for two-

phase service cases. 

5.11 Summary: Proposed Approximation for One Class 

In short, it is clear that AB approximation is the best for single class. In order to 

achieve the final algorithm, the feature second phase will be considered.  

The Algorithm 4 AB with second phase included (it terminates on the accuracy of 

𝑊𝐴𝐵): 

1. Input: 

𝑁, 𝑚, 𝑍 

𝑆1(𝑓𝑖𝑟𝑠𝑡𝑝ℎ𝑎𝑠𝑒𝑠𝑒𝑟𝑣𝑖𝑐𝑒𝑡𝑖𝑚𝑒) 

𝑆2(𝑠𝑒𝑐𝑜𝑛𝑑𝑝ℎ𝑎𝑠𝑒𝑠𝑒𝑟𝑣𝑖𝑐𝑒𝑡𝑖𝑚𝑒) 

𝑡𝑜𝑙𝑒𝑟𝑎𝑛𝑐𝑒 

𝑖𝑡𝑀𝑎𝑥 

𝑟𝑎𝑡𝑒 
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2. Initialize: 𝑊𝐴𝐵 = 0, 𝑃𝐴 = 0, 𝑃𝐵 = 1, 𝑆 = 𝑆1 + 𝑆2 

for 𝑎 = 0: 𝑖𝑡𝑀𝑎𝑥 

3. Calculate 𝑃𝐴𝐵 and 𝑞𝐷𝐵 by 𝑃𝐷𝐵 =
𝑃𝐴+𝑃𝐵

2
 and   

Eq.(5.2). 

 4. Calculate 𝑝(𝑁−1)(𝑖) by Eq.(5.6). 

5. Calculate 𝑀1, 𝑀2 and 𝑃′ by Eq.(5.10),(5.11), 

(5.12). 

6. Calculate 𝐿𝐴𝐵 by Eq.(5.9). 

7. Calculate 𝑊𝐴𝐵
𝑛𝑒𝑤 by Eq.(5.8). 

8. Calculate 𝑃𝐴𝐵
𝑛𝑒𝑤 by Eq.(5.1). 

9. if |𝑊𝐷𝐵 −𝑊𝐷𝐵
𝑛𝑒𝑤| ≤ 𝑡𝑜𝑙𝑒𝑟𝑎𝑛𝑐𝑒 return 𝑊𝐷𝐵 

10. 𝑊𝐴𝐵 = (1 − 𝑟𝑎𝑡𝑒) ∗ 𝑊𝐷𝐵 + 𝑟𝑎𝑡𝑒 ∗ 𝑊𝐴𝐵
𝑛𝑒𝑤by Eq.(2.4). 

11. 𝑎 increment 

End for 
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Chapter  6: Multiclass Multiservers 

A multiclass system involves users distinguished by different classes, which may 

have different service times and think times. The distribution for a FIFO queue in such a 

system is multidimensional, De Souza e Silva and Muntz used a multinomial distribution 

for the queue state, with a variable for each class. This introduces scalability and 

complexity issues because the distribution values are of size ∏ 𝑁𝑘.𝐾
𝑘=1  This work begins 

from an observation that the different classes have very similar waiting times, since the 

queue treats all customers alike; this is confirmed by results from LQNS and Lqsim. 

Therefore, it is proposed here to find a single common waiting time for all classes, by an 

analysis which merges the classes. This appears to be a new approach to multiclass 

waiting analysis. Merging of classes is not exact, so some error will be introduced. The 

previous algorithms (DB, AB) will be applied to the single merged class.  

Additional notations are introduced for K classes.  

Table 7. Notation for Multiclass Queues 

k The class index 

K The total number of classes 

𝑃𝑚𝑒𝑟𝑔𝑒 The merged probability of a customer of any class being at the server 

𝑊𝑚𝑒𝑟𝑔𝑒 The merged waiting time of all classes 

𝑆𝑚𝑒𝑟𝑔𝑒 The merged service time of all classes 

𝑍𝑚𝑒𝑟𝑔𝑒 The merged think time of all classes 

𝜇𝑚𝑒𝑟𝑔𝑒 The merged service rate of all classes 

𝜆𝑚𝑒𝑟𝑔𝑒 The merged think rate of all classes 
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𝑇𝑚𝑒𝑟𝑔𝑒 The merged traffic ratio of all classes 

𝑵 A vector for the number of customers in each class [𝑁1, 𝑁2, … , 𝑁𝐾] 

𝑾 A vector for the waiting time of each class [𝑊1,𝑊2, … ,𝑊𝐾] 

𝑷 A vector for the probability P of each class [𝑃1, 𝑃2, … , 𝑃𝐾] 

Prop A vector for the ratio participates in the [𝑃𝑟𝑜𝑝1, 𝑃𝑟𝑜𝑝2, … , 𝑃𝑟𝑜𝑝𝐾] 

𝑿 A vector of 𝑋 of the throughputs for each class [𝑋1, 𝑋2, … , 𝑋𝐾] 

𝑁𝑡𝑜𝑡𝑎𝑙 The sum of the number of customers from all classes 

𝑋𝑡𝑜𝑡𝑎𝑙 The sum of the throughputs from all classes 

 

6.1 Class Merging 

The idea behind the merging is in contrast to de Souza e Silva and Muntz [8]. For 

multiple classes, there is a multivariate distribution for the probabilities that the number 

of customers in each class at the server: 𝑝(𝑖1, 𝑖2… ), but for simplicity we will use a 

single-variable distribution for a single aggregate class to represent the weighted average 

of the class behaviours. The rates of events for the classes are merged as weighted 

averages, weighted by their relative throughputs. Thus the merged parameters are what 

would be observed over a long interval of time.  

6.1.1 Class Merging Algorithm 

The class parameters are merged by a weighted average, weighted by their 

relative throughputs, to give a value 𝑃𝑚𝑒𝑟𝑔𝑒 for the probability that a customer of any 

class is in the queue/server system. 

The Algorithm 5 Multiclass Multiservers Binomial Algorithm is given below: 
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Assuming there are K classes.  

1. Input: 

𝑁𝑘, 𝑚, 𝑍𝑘, 𝑆𝑘  

𝑖𝑡𝑀𝑎𝑥 

𝑡𝑜𝑙𝑒𝑟𝑎𝑛𝑐𝑒 

𝑟𝑎𝑡𝑒 

2. Initialize: 𝑊𝑘 = 0, 𝑁𝑡𝑜𝑡𝑎𝑙 = ∑ 𝑁𝑘
𝐾
𝑘=1 . 

for 𝑎 = 0: 𝑖𝑡𝑀𝑎𝑥 

 3. Calculate 𝑃𝑘 by 𝑃𝑘 =
𝑊𝑘+𝑆𝑘

𝑍𝑘+𝑆𝑘+𝑊𝑘
.  

 4. Calculate 𝐿𝒌 by 𝐿𝒌 = ∑ 𝑁𝒌 ∗ 𝑃𝑘
𝐾
𝑘=1 . 

 5. Obtain 𝐿𝑡𝑜𝑡𝑎𝑙 by 𝐿𝑡𝑜𝑡𝑎𝑙 = ∑ 𝐿𝑘
𝐾
𝑘=1 . 

 6. Calculate 𝑃𝑚𝑒𝑟𝑔𝑒 by 𝑃𝑚𝑒𝑟𝑔𝑒 = 𝐿𝑡𝑜𝑡𝑎𝑙/𝑁𝑡𝑜𝑡𝑎𝑙.  

 7. Calculate 𝑋𝑘 by 𝑋𝑘 =
𝑁𝑘

𝑍𝑘+𝑆𝑘+𝑊𝑘
. 

 8. Obtain 𝑋𝑡𝑜𝑡𝑎𝑙 = ∑ 𝑋𝑘
𝐾
𝑘=1 . 

9. Calculate 𝑃𝑟𝑜𝑝𝑘 by 𝑃𝑟𝑜𝑝𝑘 =
𝑋𝑘

𝑋𝑡𝑜𝑡𝑎𝑙
. 

 10. Obtain 𝑆𝑚𝑒𝑟𝑔𝑒 by 𝑆𝑚𝑒𝑟𝑔𝑒 = ∑ 𝑃𝑟𝑜𝑝𝑘 ∗ 𝑆𝑘
𝐾
𝑘=1 . 

 11. Obtain 𝑍𝑚𝑒𝑟𝑔𝑒 by 𝑍𝑚𝑒𝑟𝑔𝑒 = ∑ 𝑃𝑟𝑜𝑝𝑘 ∗ 𝑍𝑘
𝐾
𝑘=1 . 

 12. Calculate 𝜇𝑚𝑒𝑟𝑔𝑒 by 𝜇𝑚𝑒𝑟𝑔𝑒 =
1

𝑆𝑚𝑒𝑟𝑔𝑒
. 

 13. Calculate 𝜆𝑚𝑒𝑟𝑔𝑒 by 𝜆𝑚𝑒𝑟𝑔𝑒 =
1

𝑍𝑚𝑒𝑟𝑔𝑒
.  

14. Obtained 𝑊𝑛𝑒𝑤 by passing the parameters (𝑁𝑡𝑜𝑡𝑎𝑙, 

𝑚,𝜆𝑚𝑒𝑟𝑔𝑒,𝜇𝑚𝑒𝑟𝑔𝑒,𝑃𝑚𝑒𝑟𝑔𝑒) to DB or AB.  

For DB: 

 𝑊𝑛𝑒𝑤 is obtained by Eq.(2.3) 

For AB: 

 𝑊𝑛𝑒𝑤 is obtained by Eq.(5.5) 

 15. If |𝑊𝑛𝑒𝑤 −𝑊| ≤ 𝑡𝑜𝑙𝑒𝑟𝑎𝑛𝑐𝑒 return 𝑊. 

 16. 𝑊 = (1 − 𝑟𝑎𝑡𝑒) ∗ 𝑊 + 𝑟𝑎𝑡𝑒 ∗ 𝑊𝑛𝑒𝑤 by Eq.(2.4). 
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 17. 𝑎 increment 

End for 

The algorithms of binomial and RF approximations for multiple classes are 

programmed using MATLAB, and attached in the Appendix B. 

6.2 Evaluation of the Multiclass Approximations 

The accuracy of the AB and DB approximations was evaluated by comparing to 

simulations by Lqsim. Multiclass FIFO servers with different service times for different 

classes do not have a Product-Form analytic solution but exact solution can be found by 

constructing and solving the underlying Markov Chain. The Queueing Network Analysis 

Package (QNAP2) [26] is a software tool for this, which creates and solves a Markov 

model. For larger models simulation by Lqsim is used instead. Simulations with long 

enough runtime will be considered as the “exact” solutions. The accuracy of simulation 

results can be controlled, Lqsim allows users to have control of the runtime which 

influences the size of the confidence intervals (CI). For sufficient accuracy, we use 95% 

CI±1% except for very small waiting times, for which it is impossible to achieve.  

To compare the single waiting time of the approximation to the class-specific 

waiting values from RF, QNAP2 and Lqsim, the class-specific values were merged on 

the same basis as the model parameters (weighted by their throughputs). 

The error evaluation follows the same pattern as the single class evaluation in 

Chapter 5. The relative error for each case is calculated as 

𝑅𝐸 =
𝑊𝑚𝑒𝑟𝑔𝑒

𝐿𝑞𝑠𝑖𝑚 −𝑊𝑚𝑒𝑟𝑔𝑒
𝑏𝑖𝑛𝑜𝑚𝑖𝑎𝑙

𝑆𝑚𝑒𝑟𝑔𝑒 +𝑊𝑚𝑒𝑟𝑔𝑒
𝐿𝑞𝑠𝑖𝑚
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6.2.1 Evaluation for Two Classes 

720 cases for two classes were randomly generated with 10 cases of random S, Z 

in the range (0,1), for each combination of 

𝑚 = [2, 4, 8]  

𝑇𝑘 = [0.01, 0.05, 0.1, 0.15, 0.2, 0.25, 0.3, 0.35,0.38, 0.4, 0.42, 0.45, 0.48, 0.5, 

0.55, 0.6, 0.65, 0.7, 0.75, 0.8, 1,1.5, 2,3] (with equal value for each class) 

𝑁𝑘 then is determined by 

𝑁𝑘 = 𝑐𝑒𝑖𝑙 (
𝑇𝑘𝑍𝑘𝑚

𝑆𝑘
) 

similar to the determination of N in Section 5.4.1. Tk is set to the same value for each 

class, but because of the ceiling operation the effective value may be slightly different. 

Thus, the traffic ratio 𝑇𝑚𝑒𝑟𝑔𝑒 was found: 

𝑇𝑚𝑒𝑟𝑔𝑒 =
𝑁𝑡𝑜𝑡𝑎𝑙𝑆𝑚𝑒𝑟𝑔𝑒

𝑚𝑍𝑚𝑒𝑟𝑔𝑒
 

6.2.1.1 Server Saturation vs. Traffic Ratio for Two Classes 

We are also interested in the relationship between the traffic ratio and server 

saturation for two classes and if the level of congestion definition is still appropriate. 
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Figure 10. Server Saturation vs. Traffic Ratio with Different Number of Servers for Two Classes 

 Figure 10 is similar to Figure 3 and also reaches 100% around T = 1.5, or greater. 

So, the definition of Light, Medium and Heavy traffic ranges appears to be appropriate 

for multiple classes as well. 

6.2.1.2 Approximation Comparison for Two Classes 

 For each approximation DB, AB and RF, and the 720 cases with the parameter 

values defined above. Figures 11-13 show histograms giving the distribution of errors 

and Figures 14-16 show scatter plots which show how the errors are related to the traffic 

ratios. 
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Figure 11. Normalized Error Distribution of DB Approximation for Two Classes 

 

 

Figure 12. Normalized Error Distribution of AB Approximation for Two Classes 
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Figure 13. Normalized Error Distribution of RF Approximation for Two Classes 

For the 720 cases, there are 39.86% of light traffic, 42.22% intermediate traffic 

and 17.92% heavy traffic. DB has the most errors outside the range (-0.1, 0.1), which 

means it is unstable. Almost one third of cases in DB have ARE >= 0.1, while there are 

only approximately 20% in AB and RF. The tendencies of approximations remain 

consistent except for AB, which does not tend to give larger waiting time for two classes 

as it did for just one. 

Scatter plots next show the relationship of the errors to the traffic ratio, and thus 

to the relative load intensity on the servers. 
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Figure 14. Normalized DB Waiting Time Errors vs. Traffic Ratio for Two Classes 

 

 

Figure 15. Normalized AB Waiting Time Errors vs. Traffic Ratio for Two Classes 
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Figure 16. Normalized RF Waiting Time Errors vs. Traffic Ratio for Two Classes 

Compared with single class figures (Figure 6, 7 and 9), the largest errors are twice 

as great. DB has the same pattern as in Figure 6. AB has more large errors on negative 

side. The largest errors for them remain at around T = 1. 

The effect of the level of congestion on errors is considered, by dividing the cases 

into three groups by the traffic ratio, giving the results in Table 8. The best (smallest) 

value of each error measure is shown in bold. 

Table 8. Summary of Waiting Time RE in Different Congestion Levels for Two Classes 

  DB AB RF 

Light Traffic 

T < 0.8 

MARE 0.07934 0.03486 0.05559 

Largest ARE 0.5961 0.3944 0.2234 

Intermediate Traffic 

0.8 ≤ T ≤ 1.5 

MARE 0.1961 0.08240 0.07729 

Largest ARE 0.8024 0.3661 0.4122 

Heavy Traffic 

1.5 < T 

MARE 0.0004520 0.002776 0.001768 

Largest ARE 0.003742 0.02999 0.01299 

 

DB is far worse than the others, so the focus of the comparison is on AB and RF. 

Overall, AB has better accuracy. However, for intermediate and heavy traffic cases, AB 

is worse than RF. For extreme cases, the results of AB and DB are consistent with the 

expectation that the binomial approximations should give nearly exact results for extreme 
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cases. It is also consistent with single class result, in which DB is extremely accurate for 

heavy traffic cases. 

Table 9. Summary of Waiting Time RE of Approximations for Two Class 

 DB AB RF 

MARE 0.1145 0.04918 0.05511 

Largest ARE 0.8024 0.3944 0.4122 

 

In summary, AB is the best approximation for two classes, RF is slightly worse, 

and DB is far worse than the other two. The three approximations present clear patterns 

reflecting the relationship between the errors and T. 

The improvement in the mean accuracy of the waiting time estimation of AB over 

RF for two classes is about 10.8% by Eq. (5.4). 

 Table 10 gives the mean computation time for all three approximations for two 

classes. 

Table 10. Computation Times of Different Approximations for Two Classes 

 DB AB RF 

Computation Time (s) 4.3055 1.4610 0.3158 

 

For the speed of convergence, RF is faster than AB, and much faster than DB. 

This is consistent with the result from single class. Here AB uses 1 for the relaxation 

factor while RF uses 0.3, so again the longer time may be due to more steps or more 

complicated code in AB. 

6.2.2 Evaluation for Four Classes 

720 cases for four classes were randomly generated with 10 cases of random S, Z 

in the range (0,1), for each combination of 

𝑚 = [2, 4, 8]  
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𝑇 = [0.01,0.04, 0.08, 0.1, 0.12, 0.14, (0.16to0.25atintervalsof0.1),0.28, 0.3,0.35, 

0.4, 0.45, 0.5,0.55,0.6]. 

6.2.2.1 Approximation Comparison for Four Classes 

 Error histograms are given for DB, AB, and RF in Figures 17, 18, 19 and error 

scatter plots are given in Figures 20, 21, 22. 

 

Figure 17. Normalized Error Distribution of DB Approximation for Four Classes 
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Figure 18. Normalized Error Distribution of AB Approximation for Four Classes 

 

Figure 19. Normalized Error Distribution of RF Approximation for Four Classes 

There is a total of 720 cases (43.75% light traffic, 41.11% intermediate traffic and 

15.14% heavy traffic). DB again has the most cases outside the range of [-0.1, 0.1). The 

errors are generally larger in all three approximations. The cases with large errors (ARE 
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> 0.1) dramatically increase in all approximations, to about 42% cases in DB, 26% in AB 

and 33% in RF, and therefore they have fewer small errors cases. The tendencies of 

approximations remain consistent with the results for two classes. 

 

Figure 20. Normalized DB Waiting Time Errors vs. Traffic Ratios for Four Classes 

 

Figure 21. Normalized AB Waiting Time Errors vs. Traffic Ratios for Four Classes 
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Figure 22. Normalized RF Waiting Time Errors vs. Traffic Ratios for Four Classes 

Compared with the scatter plots for two classes (Figures 14, 15 and 16), for each 

approximation, the magnitude of the largest error remains constant, the plot pattern is the  

same, and the location of the peak is the same.  

The errors by the levels of congestion are shown in Table 11, with the best 

(smallest) value in each row in bold. 

Table 11. Summary of Waiting Time RE by Different Levels of Congestion for Four Classes 

  DB AB RF 

Light Traffic 

T < 0.8 

MARE 0.1177 0.05993 0.07635 

Largest ARE 0.5892 0.3862 0.2415 

Intermediate Traffic 

0.8 < T < 1.5 

MARE 0.2782 0.09373 0.09325 

Largest ARE 0.7822 0.4309 0.3599 

Heavy Traffic 

1.5 < T 

MARE 0.0005052 0.002284 0.001649 

Largest ARE 0.003533 0.01176 0.006874 

 

The results are very similar to those for two classes. DB is the best in both aspects 

in heavy traffic. AB gives the best mean errors in light traffic cases. RF is the best in 
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intermediate traffic, and has the smallest maximum absolute errors in light and 

intermediate traffic. 

Table 12. Summary of Waiting Time RE of Approximations for Four Classes 

 DB AB RF 

MARE 0.1659 0.06510 0.07199 

Largest ARE 0.7822 0.4309 0.3599 

 

From Table 12 comparing overall averages, AB is the best approximation for four 

classes, RF is slightly worse, and DB is far worse than the others. The three 

approximations present clear patterns reflecting the relationship between the errors and T. 

The improvement in the mean accuracy of the waiting time estimation of AB over 

RF for four classes based on Table 12 is about 9.6% by Eq. (5.4). 

6.3 Research Questions for Multiple Classes 

From all the results shown in Chapter 5 and 6, AB appears to be a good but not 

compelling alternative to RF. It is better but not dramatically better, and not always better.  

In terms of accuracy, it is 10.8% better for two classes, and 9.6% better for four 

classes. The improvement in the mean accuracy of the waiting time estimation of AB 

over RF is decreased with more classes. However, RF is a good choice in heavy traffic 

cases, which provide stable estimation in most cases. For the speed of convergence, RF is 

slightly better as AB has more steps or more complicated code. So to choose which 

approximation is preferred, the congestion level of the cases and the demands of the 

estimation also play important roles.  

In addition, the waiting time relative errors of all approximations are larger for 

multiple classes, this is obvious with more classes.   
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Chapter  7: Performance Modeling Case Study 

Microservices are a software technology developed over the last decade. It is an 

architecture that constructs an application as a collection of services, to achieve agile 

development and deployment [14]. Each service within an application runs in its own 

process and communicates by strictly controlled APIs. Usually each service is deployed 

in a container, using a system like Docker. A Docker container packages up a process so 

it can be deployed and connected easily, and additional copies can be deployed for 

scaling up.  

A case study to model a system based on microservices and Docker containers is 

presented to study how its performance changes with load (N), and how multiplicities 

(threads, copies of tasks and multicores) and other parameters (S, Z) affect the 

performance. It also compares AB and RF approximations in a full LQN model with 

several other tasks, and in a practical example. The case study uses a model based on the 

Sockshop microservices benchmark [19][20] (with arbitrarily chosen parameter values, 

and a small structure modification). Each microservice is modeled by an LQN task, as 

shown in Figure 23. The modification is that the database for the Userlogin service is part 

of the same microservice, unlike the other databases which are provided by separate 

database processes. The LQN model and the LQX program are attached in the Appendix 

C. 

7.1 The Sockshop Model 

 The model has two user classes: User1 and User2, which make a number of calls 

to other tasks (Cart, Order, etc.), which in turn make calls to lower tasks and finally 
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return. The task Userlogin is chosen to be the submodel served by a multiserver, and it is 

to be solved by the AB fixed-point iteration algorithm using LQX to support the iteration.  

7.1.1 Details of the Submodel 

The AB approximation is implemented in a submodel. In the main model the 

waiting for the Userlogin task is replaced by a surrogate task Userwait which imposes the 

mean waiting delay $W calculated by the submodel as a surrogate delay, and then calls 

Userlogin. Userlogin is modified so it only represents the execution time, by makings its 

multiplicity infinite. The resulting main model is shown in Figure 24. Because the 

waiting time $W does not make Userlogin busy, it cannot be modeled as a think time of 

the entries. Thus, an infinite task Userwait with entry service times all equal to $W is 

inserted, and hence it becomes a part of the main model as well. 
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Figure 23. Sockshop Model 

To impose the delay $W in entries logindelay and logoutdelay the task Userlogin must 

have no queue of its own, so it is changed to an infinite task. The entries of Userlogin 

provide the classes of service, with service times 10 and 5. 
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Figure 24. The Sockshop Main Model with Extra Wait Task 

7.2 The Submodel and the Iteration Controlled by LQX 

The submodel consisting of the multiserver UserLogin and its queue is solved 

using the AB approximation programmed in LQX, with parameters ‘Z” and “S” derived 

from the main model. 

The LQX programming language is a useful tool for the LQNS system. It allows a 

user to control input parameters of the model so as to subsequently solve the model and 
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control the output of the resulting data. The case study uses the idea of [15] to calculate 

$W. The program iterates between the LQNS solution of the main model with the 

surrogate waiting time $W and solving the multiserver submodel, with a think time Z and 

the multiserver, solved by AB, which is the purpose of the LQX code. The code sets the 

variable parameters including $M = multiplicity of Userlogin, and the value of $W, 

which used in the LQN model when it is solved.  

 

Figure 25. The Sockshop Program Flowchart 

The LQNS solves the LQN model based on those input parameters, and the 

solution is used to obtain some measures related to entire model as well as the submodel. 

With Little’s Law and class merging, required parameters for AB are collected to 

estimate $W by the AB algorithm, programmed in the waitAB() function. 

LQNS calculates multiclass values by using routing chains in place of the classes 

[3]. In this case, there is a routing chain for each user class. The mean service time for the 
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routing chain is calculated from the relative call rates to the entries. The essential part of 

the LQX code for the submodel is shown below: 

tp1 = E1.throughput*1.2;  

tp2 = E2.throughput; 

Prop1 = tp1/(tp1+tp2);  

Prop2 = tp2/(tp1+tp2); 

 MergedS = Prop1*S1 + Prop2*S2; 

 MergedZ = Prop1*ZZ1 + Prop2*ZZ2; 

 MergedP = (MergedS+$W)/(MergedZ + MergedS + $W); 

 Wnew = waitAB(S_N, M, MergedS, MergedP); 

 eps = abs($W - Wnew); 

 $W = Wnew; 

where  

 the waitAB() function uses AB algorithm to compute the waiting time 

 E1.throughput and E2.throughput are the user1 and user2 throughputs for the 

entries login and logout 

 tp1 and tp2 are the chain throughputs 

 Prop1 and Prop2 are the proportions based on the chain throughputs 

7.3 The Approximation for a Multiserver within a Larger Model 

When the multiserver is part of a network the think times used to find the 

probability for the binomial distribution are related to the system delays, and the classes 

are replaced by routing chains. The chain populations (Nc for chain c) and mean service 

times at the multiserver Sc are found from the class parameters by conventional queueing 
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network calculations [3]. In this case, there is a chain for each User task, giving the chain 

populations, and the multiserver service times are the weighted averages of the entry 

service times for login and logout, weighted by the call rates. 

 The routing chains represent different pathways made by requests through the 

system. The multiple classes of service at UserLogin are identified with the service time 

received by the chains. The chains for customer classes user1 and user2 have service 

times 𝑆1
𝑐 and 𝑆2

𝑐 which are related to the call rates (CRuser,entry) from user1 and user2 to 

login and logout. The mean service time of a chain is its weighted average service time. 

For chain k: 

𝑆𝑘
𝑐 = (𝐶𝑅𝑘,𝑙𝑜𝑔𝑖𝑛𝑑𝑒𝑙𝑎𝑦 ∗ 𝑆𝑙𝑜𝑔𝑖𝑛 + 𝐶𝑅𝑘,𝑙𝑜𝑔𝑜𝑢𝑡𝑑𝑒𝑙𝑎𝑦 ∗ 𝑆𝑙𝑜𝑔𝑜𝑢𝑡)/(𝐶𝑅𝑘.𝑙𝑜𝑔𝑖𝑛𝑑𝑒𝑙𝑎𝑦

+ 𝐶𝑅𝑘,𝑙𝑜𝑔𝑜𝑢𝑡𝑑𝑒𝑙𝑎𝑦) 

The chain populations 𝑁𝑘
𝑐 are determined by the number of users and by the multiplicities 

of the calling tasks. They are the same as class populations N1 and N2 here. The chain 

throughputs 𝑋𝑘
𝑐 (i.e. tp1, tp2) used in the submodel are referenced to the multiserver, so 

the merged service time is  

𝑆𝑚𝑒𝑟𝑔𝑒 = 𝑆1
𝑐 ∗

𝑋1
𝑐

𝑋1
𝑐 + 𝑋2

𝑐 + 𝑆2
𝑐 ∗

𝑋2
𝑐

𝑋1
𝑐 + 𝑋2

𝑐 

where 

𝑋𝑘
𝑐 = 𝑋𝑘∗(𝐶𝑅𝑘,𝑙𝑜𝑔𝑖𝑛𝑑𝑒𝑙𝑎𝑦 + 𝐶𝑅𝑘,𝑙𝑜𝑔𝑜𝑢𝑡𝑑𝑒𝑙𝑎𝑦) 

7.4 The Parameters for the AB Algorithm for the Submodel 

The AB algorithm uses a merged think time and a merged service time, with 

chains taking the role of classes in Chapter 6. The think time used to find the probability 
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P is the mean time away from the multiserver, before a return for the next service. 

Denoting this by 𝑍𝑘
𝑐 we obtain 

𝑍𝑘
𝑐 = 𝑁𝑘

𝑐/𝜆𝑘
𝑐 − 𝑊 − 𝑆𝑘

𝑐 

where W is the waiting time, common to all chains in this approximation (in the iterative 

scheme, it is the previous value of the waiting time). Then 

𝑍𝑚𝑒𝑟𝑔𝑒 = 𝑍1
𝑐 ∗

𝜆1
𝑐

𝜆1
𝑐 + 𝜆2

𝑐 + 𝑍2
𝑐 ∗

𝜆2
𝑐

𝜆1
𝑐 + 𝜆2

𝑐  

𝑃𝑚𝑒𝑟𝑔𝑒 =
𝑆𝑚𝑒𝑟𝑔𝑒 +𝑊

𝑆𝑚𝑒𝑟𝑔𝑒 +𝑊 + 𝑍𝑚𝑒𝑟𝑔𝑒
 

and the new waiting time is found for the merged classes by the AB algorithm as 

described in Chapter 6. 

7.5 Error Evaluation for Sockshop Model 

The error evaluation is to compare the AB approximation and RF approximations 

by two measures: 

 the waiting time RE measures the submodel calculation error 

 the RE of the response times of user1 and user2 measure the solution error 

for the entire model 

 The RF approximation was used by the LQNS solver, and the RF solution was 

found by LQNS for the original Sockshop model in Figure 23. For the evaluation, 100 

cases were generated, with different number of populations in user1 and user2, for each 

combination of 

m = 2 

N1 = [1,3,5,10,20,30,50,60,80,100] 
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N2 = [1,3,5,10,20,30,50,60,80,100] 

 For each approximation, histograms, scatter plots and tables that contain the same 

types of information as before are provided. In addition, they are compared with the 

results presented for the two-class multiservers in Section 6.2.1.2. 

7.5.1 Submodel: Waiting Time Accuracy Evaluation 

The error distributions are compared in histograms in Figures 26 and 27. 

 

Figure 26. Normalized Waiting Time Error Distribution of AB Approximation 

 

Figure 27. Normalized Waiting Time Error Distribution of RF Approximation 
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Table 13. Summary of Waiting Time RE of Approximations 

 AB RF 

MARE 0.02145 0.03394 

Largest ARE 0.1204 0.1481 

 

 AB is more accurate. 97 out of 100 are intermediate and heavy traffic cases, and 

RF is supposed to be better than AB for these cases, this is not consistent with the 

conclusion in Section 6.2.1.2. However, AB is better than RF for intermediate cases only 

considering cases with m = 2, errors from them dominate the result as they are 

considerably large. 

 To examine the previous conclusion about the relationship of the errors to the 

traffic ratio, scatter plots are provided in Figures 28 to 31 below. 

 

Figure 28. Normalized AB Waiting Errors vs. Traffic Ratio 

 In order to have a clear view around large errors, the x-axis is trimmed down to 

[0,5]. 



71 

 

 

Figure 29. Normalized AB Waiting Errors vs. Traffic Ratio Expanded for Traffic Ratio [0,5] 

 

Figure 30. Normalized RF Waiting Time Errors vs. Traffic Ratio 
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Figure 31. Normalized RF Waiting Errors vs. Traffic Ratio Expanded, for Traffic Ratio [0,5] 

 Compared Figure 28 with Figure 15, the patterns are not very close, but there are 

not enough cases to draw any conclusions. Figure 28 does not have many negative errors 

in small T, so we cannot tell if there would be a negative peak at around T = 0.5, however 

the peak around T = 1 matches the one in Figure 15 on the positive side. Compared 

Figure 30 with Figure 16, the condition is similar to AB, it has much fewer negative 

errors and the peak should be on the negative side, which is not consistent with Figure 16. 

7.5.2 Entire Model: Throughput Accuracy Evaluation 

Following the multiserver evaluations in [12], Chapter 6, the errors in the 

throughput solutions for the entire system were also examined. 
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Figure 32. Normalized Class 1 Throughput Error Distribution of AB Approximation 

 

Figure 33. Normalized Class 1 Throughput Error Distribution of RF Approximation 

Table 14. Summary of Class 1 Throughput RE of Approximations 

 AB RF 

MARE 0.005811 0.004114 

Largest ARE 0.03434 0.02169 
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Figure 34. Normalized Class 2 Throughput Error Distribution of AB Approximation 

 

Figure 35. Normalized Class 2 Throughput Error Distribution of RF Approximation 

Table 15. Summary of Class 2 Throughput RE of Approximations 

 AB RF 

MARE 0.04993 0.03665 

Largest ARE 0.2272 0.2286 

 

Unlike the submodel waiting time, RF is more accurate than AB for both classes 

for throughput. From Figures 32-35, AB gives positive errors for User1 class and 
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negative errors for User2 while RF gives mostly positive errors for both classes. This is 

unclear and maybe due to class merging.   

Why are the throughput errors in AB larger, when the waiting time errors are 

smaller? The answer must be in the way the submodel is integrated into LQNS, using 

surrogate delays. A more complete integration should resolve this. Another possibility is 

that the way AB is integrated into the solution, through the iteration structure between the 

submodel and the main model, is responsible for the differences in Z. This seems likely 

and will be tested when AB is fully integrated into the iteration structure of LQNS.  

 Even from the same approximation, the throughput relative errors from different 

classes are different based on Table 14 and 15. To investigate this issue, the relationship 

between the throughput error and the proportion of population from each class is shown 

in Figure 36-39. 

 

Figure 36. Normalized AB Throughput Errors vs. Proportion of Population for Class 1 
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Figure 37. Normalized AB Throughput Errors vs. Proportion of Population for Class 2 

 

Figure 38. Normalized RF Throughput Errors vs. Proportion of Population for Class 1 
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Figure 39. Normalized RF Throughput Errors vs. Proportion of Population for Class 2 

 From examining the model in Figure 23 we see that the User1 class visits many 

more servers so its performance measures depend more strongly on User1 class itself 

while the User2 class only visits Cart, Catalogue and Userlogin, so its performance 

measures are influenced by the User1 class. Therefore, the throughput RE from User2 

class are much larger for both approximations. Also, the MARE of throughput in User1 

class from both approximations are much smaller, and RF does not merge so class 

merging is not the source causing this extra error. 

 From Figure 36 and 37, for both classes the throughput RE from AB are larger 

when the proportion of the User1 class is larger except when it is nearly 1. RF does not 

seem to introduce this effect based on Figure 38 and 39. So this may be due to class 

merging.  
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Chapter  8: Conclusions and Future Work 

An approximation for multiserver waiting time called AB (Arrival-theorem 

Binomial Approximation) has been defined and evaluated against the algorithm currently 

in use to solve Layered Queueing Networks by LQNS, called RF. The definition of AB is 

given in Section 5.11 for one class, and Section 6.1.1 for multiple classes. AB handles 

multiclass servers by merging the classes. It handles non-exponential service times and 

second phases of service in a way similar to RF. 

The evaluation defined a measure of traffic intensity called a traffic ratio (the ratio 

of the maximum arrival rate to the maximum departure rate). The approximation has two 

aspects, the use of the binomial distribution for the number in the queue, and the merging 

of classes for multiclass queues. The distribution aspect (evaluated for a single class) has 

its greatest errors for traffic ratios around unity (and the same is true for the RF 

approximation). The errors for multiclass queues with class merging follow a similar 

pattern (peaking at a lower value of the traffic ratio) and give slightly decreased 

improvement, (less improvement with more classes), indicating some modest errors due 

to class merging. 

Overall, AB is more accurate than RF for most values of traffic ratio. For single 

class, AB has a smaller MARE and a smaller number of large errors (ARE >= 0.1). For 

two classes, AB has better or equivalent accuracy at all congestion levels, the only flaw is 

that it has larger maximum ARE in light traffic cases. For four classes, AB is better 

except for light traffic cases, in which it has larger MARE and larger ARE. For small 

customer populations (less than the number of servers) AB gives the correct waiting 

(zero) and RF does not. 
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The thesis posed five research Questions (in Chapter 4), which can now be 

answered. 

8.1 Responses to the RQ: 

8.1.1 Single Class 

RQ1: Is AB more accurate than RF, how much if so? 

 Based on the Table 5, AB is more accurate than RF by about 12%. 

Compared Figure 9 with Figure 7, AB has smaller RE almost everywhere. 

RQ2: What cases are less accurate, if some are? 

 Compared Figure 9 with Figure 7, AB is less accurate than RF around 

traffic ratio T = 2, but only for a small interval. 

RQ3: Is it faster or slower? 

 Based on Table 6, AB is slightly slower than RF. 

RQ4: Does the traffic ratio have impact on accuracy? 

 Based on Figures 7 and 9, AB and RF both have peak errors at around T = 

1. 

8.1.2 Multiple Classes 

RQ1: Is it more accurate than RF, how much if so? 

Table 16. Summary of Waiting Time RE and Improvement for Multiple Classes 

  AB RF 

Two Classes MARE 0.04918 0.05511 

 Largest ARE 0.39435 0.41220 

 Improvement of AB over RF 10.8% 

Four Classes MARE 0.06510 0.07199 

 Largest ARE 0.43091 0.35987 

 Improvement of AB over RF 9.6% 
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 Based on Table 16, AB is more accurate by 10.8% for two classes, and 9.6% 

for four classes. The improvement of AB over RF is decreased with more 

classes. 

RQ2: What cases are less accurate, if some are? 

 From Figure 12, 13, 21 and 22, we can tell that AB is worse than RF in 

heavy traffic. Errors from heavy traffic cases are small enough to be 

ignorable. 

 We can tell that AB is worse than RF in intermediate traffic for two 

classes and about the same for four classes.  

RQ3: Is it faster or slower? 

 Based on Table 10, AB is slower than RF due to more number of steps or 

more complicated code. 

RQ4: Does the traffic ratio have impact on accuracy? 

 From Figure 21 and 22, AB and RF have peak errors at around T = 1. 

RQ5: Are the results from a single class consistent with the results from multiple  

 classes? There are some differences: 

 For one class, AB is better at all traffic levels. For two classes RF is better 

than AB for intermediate and heavy traffic; for four classes, RF is better 

than AB for heavy traffic. 

 The waiting time relative errors of all approximations are larger for 

multiple classes. 

 The improvements in the mean accuracy of the waiting time estimation of 

AB over RF are decreasing with more classes. 
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8.2 Validity of the Study 

The validity of the conclusions rests on the use of the Lqsim simulator for “exact” 

comparison values, and on the set of cases used for each set of comparisons. 

The simulator was run long enough to give a 95% confidence interval of ±1% in 

most cases, so differences of less than 1 to 2 percent in waiting times are not significant. 

Since most conclusions are based on substantially larger differences (about 10% in many 

comparisons) this is not a serious threat. For small enough populations the multiclass 

cases were also solved by exact Markov model methods, using QNAP2, which confirmed 

the simulation results for those cases. 

8.3 Limitations and Future Work 

Non-exponential service time is ignored in AB (and in RF). If there is a non-

exponential service time distribution, it affects the waiting time through the remaining 

service time of the customers already in service. This calculation is complex for multiple 

classes, since it requires the mean of the maximum of the residual life values, and 

involves calculations on distributions. The calculation could be added to AB, but it might 

make it infeasible due to computation time. 

The study has some limitations due to time constraints, which could be addressed 

in future work. The first priority is to integrate AB into the LQNS solver, where it would 

be embedded in the system-wide fixed-point iterative solution of the LQN. Regarding 

accuracy, a larger number of classes could be evaluated, and also the effect of non-

exponential service time distributions and different patterns of second-phase service. 

These could be evaluated for AB and also for RF, as these effects are not fully studied. 

  



82 

 

References 

[1] S. Balsamo, A. Di Marco and P. Inverardi. Model-based performance prediction in 

software development: a survey. IEEE Transactions on Software Engineering, 

30:295-310, June 2004. 

[2] Y. Bard. Some Extensions to Multi-class Queuing Network Analysis. Proc. of the 

Third Int. Symp. on Modelling and Performance Evaluation of Computer Systems, 

Amsterdam, NL, pages 51-62, 1979. 

[3] G. Bolch, S. Greiner, H. Meer and K. Trivedi. Queueing Networks and Markov 

Chains: Modeling and Performance Evaluation with Computer Science Applications, 

Second Edition, April 2006. 

[4] R. L. Burden, J. D. Faires. Numerical Analysis, Third Edition, pages 28-31, 1985. 

[5] G. Casale, J. Perez and W. Wang. QD-AMVA: evaluating systems with queue-

dependent service requirements. Performance Evaluation, July 2015. 

[6] R. B. Cooper. Queueing notation, Wiley Encyclopedia of Operations Research and 

Management Science. February 2011. 

[7] V. Cortellessa, A. Marco and P. Inverardi. Model-Based Software Performance 

Analysis, Springer, January 2011. 

[8] E. de Souza e Silva and R. R. Muntz. Approximate solutions for a class of non-

product form queueing network models. Performance Evaluation, 7:221-242, 1987. 

[9] G. Franks, M. Woodside, J. Rolia. Multi-threaded Servers with High Service Time 

Variation for Layered Queueing Networks, Computer System Performance Modeling 

in Perspective, pages 137-154, Imperial College Press, London, 2006. 

https://onlinelibrary.wiley.com/doi/book/10.1002/9780470400531
https://onlinelibrary.wiley.com/doi/book/10.1002/9780470400531


83 

 

[10] G. Franks and M. Woodside. Multiclass Multiservers with Deferred Operations in 

Layered Queueing Networks, with Software System Applications. The IEEE 

Computer Society's 12th Annual International Symposium on Modeling, Analysis, 

and Simulation of Computer and Telecommunications Systems, 2004. Proceedings. 

Amsterdam, October 2004. 

[11] G. Franks. Performance analysis of distributed server systems. PhD thesis, 

Department of Systems and Computer Engineering, Carleton University, March 1999. 

[12] G. Franks, T. Al-Omari, M. Woodside, O. Das, S. Derisavi. Enhanced Modeling 

and Solution of Layered Queueing Networks, IEEE Transactions on Software 

Engineering, 35(2):148-161, March-April 2009. 

[13] J. Garrido. Models of Multi-Server Systems. Object Oriented Simulation. Boston, 

MA, January 2001. 

[14] A. U. Gias, G. Casale and M. Woodside, "ATOM: Model-Driven Autoscaling for 

Microservices," 2019 IEEE 39th International Conference on Distributed Computing 

Systems (ICDCS), pages 1994-2004. July 2019. 

[15] P. Jacobson, E. Lazowska. The method of surrogate delays: Simultaneous 

resource possession in analytic models of computer systems. ACM SIGMETRICS 

Performance Evaluation Review. 10(3): 165–174. Fall 1981. 

[16] T. Kimura. Approximations for multi-server queues: system interpolations. 

Queueing System. 17:347–382, September 1994.   

[17] S. S. Lavenberg and M. Reiser. Stationary state probabilities at arrival instants for 

closed queueing networks with multiple types of customers. Journal of Applied 

Probability. 17(4):1048-1061, December 1980. 



84 

 

[18] E. Lazowska, J. Zahorjan, G.S. Graham and K. Sevcik. Quantitative System 

Performance - Computer System Analysis Using Queueing Network Models. Wiley, 

1984. 

[19] Microservices Demo. Available: https://github.com/microservices-

demo/microservices-demo. Accessed by 24th October 2021. 

[20] J. Rahman and P. Lama. Predicting the End-to-End Tail Latency of Containerized 

Microservices in the Cloud. 2019 IEEE International Conference on Cloud 

Engineering (IC2E), pages 200-210, June 2019. 

[21] M. Reiser and S. Lavenberg. Mean-Value Analysis of Closed Multichain Queuing 

Networks. J. ACM. 27:313-322, April 1980. 

[22] J. A. Rolia. Predicting the performance of software systems. PhD thesis, 

Department of Systems and Computer Engineering, Carleton University, January 

1992. 

[23] J. A. Rolia and  K.C. Sevcik. The Method of Layers. IEEE Transactions on  

Software Engineering. 21:689 – 700, September 2015. 

[24] P.J. Schweitzer. Approximate analysis of multiclass closed networks of queues. 

Proc. Proceedings of International Conference on Stochastic Control and 

Optimization, pages 25-29, Amsterdam, Netherlands, 1979. 

[25] C. U. Smith, L. G. Williams. Performance Solutions: A Practical Guide to 

Creating Responsive, Scalable Software, Boston, MA, Addison-Wesley, 2002. 

[26] W. J. Stewart. Numerical Solution of Markov Chains, First Edition, pages 683-

686, CRC Press, May 1991. 

https://github.com/microservices-demo/microservices-demo
https://github.com/microservices-demo/microservices-demo


85 

 

[27] R. Suri, S. Sahu and M. Vernon. “Approximate Mean Value Analysis for Closed 

Queuing Networks with Multiple-Server Stations.” IIE Annual Conference and Expo 

2007 - Industrial Engineering's Critical Role in a Flat World - Conference 

Proceedings. January 2007. 

[28] A. van Harten and A. Sleptchenko. On Markovian Multi-Class, Multi-Server 

Queueing. Queueing Systems, 43(4):307–328,  April 2003. 

[29] M. Woodside, G. Franks, D.C. Petriu. The Future of Software Performance 

Engineering. Proc Future of Software Engineering 2007, pages 171-187, May 2007. 

[30] M. Woodside, J.E. Neilson, D.C. Petriu and S. Majumdar. The stochastic 

rendezvous network model for performance of synchronous client-server-like 

distributed software. IEEE Transactions on Computers. 44(1):20-34, January 1995. 

[31] M. Woodside. Tutorial Introduction to Layered Modeling of Software 

Performance. Available: http://www.sce.carleton.ca/rads/lqns/lqn-

documentation/tutorialg.pdf. Accessed by 24th October 2021. 

  

http://www.sce.carleton.ca/rads/lqns/lqn-documentation/tutorialg.pdf
http://www.sce.carleton.ca/rads/lqns/lqn-documentation/tutorialg.pdf


86 

 

Appendices 

Appendix A  MATLAB Programs of Different Approximations for Single Class 

A.1 The Exact Solution 

function meanWait = WFromProbs(N,m,Z,S) 
    lambda = 1/Z; 
    mu = 1/S; 
    prob = exactProbs(N, m, lambda, mu); 
    size(prob,1); 
    nBar = 0; %mean no in system 
    nSBar = 0; % mean no in service = mean busy servers 
    for j=1:min(m+1,size(prob,1)) 
        cust = j-1; 
     %  thruput = thruput + prob(j)*cust*mu; 
        nBar = nBar + cust*prob(j); 
        nSBar = nSBar + cust*prob(j); 
    end 
    if N>m 
        for j=m+2:size(prob,1) 
            cust = j-1; 
       %    thruput = thruput + prob(j)*m*mu; 
            nBar = nBar + cust*prob(j); 
            nSBar = nSBar + m*prob(j); 
        end 
    end 
    %number of customers in queue 
    nWBar = nBar - nSBar; 
    %number of customers in thinking state 
    nZBar = N - nBar; 
    meanWait = nWBar/(nZBar * lambda); 
    if meanWait<0 
        meanWait = 0; 
    end 
end 

  
function prob = exactProbs(N,m,lambda,mu) 
    probUnscaled = zeros(N+1,1); 
    prob = zeros(N+1,1); 
    probUnscaled(1) = 1; 
    underflow = false; 
    probSum=1; 

    
    for i = 1:N 
        probUnscaled(i+1) = probUnscaled(i)*((N-

i+1)*lambda)/(min(i,m)*mu);     
        probSum = probSum + probUnscaled(i+1); 
        if (probUnscaled(i+1) > 1.e30) 
           probUnscaled = probUnscaled/1.e30; 
           probSum = probSum/1.e30; 
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        end 
        if (probUnscaled(i+1) < 1.e-30)  
            underflow = true; 
            break 
        end 
    end 
    prob = probUnscaled/probSum; 
end 

  

A.2 DB Approximation 

function W = DB(N,m,Z,S) 
 relax = 0.05; 
 mu = 1/S; 
 W = 0; 
 for a = 1:1000 
      P = (W + S)/(W + S + Z); 
      q = 1-P; 
     p(1) = q^(N); 
      Psum = p(1); 
      if m > 1 
          for i = 2:min(N+1,m) 
              p(i) = p(i-1)*(P/q)*(N-i+2)/(i-1); 
              Psum = Psum + p(i); 
          end 
      end 
      f = 0; 
      if m > 1 
        for i = 2:min(N+1,m) 
              f = f + p(i)*(i-1)*mu; 
          end 
      end 
      f = f + m*mu*(1-Psum);               
      W1 = N/f-Z-S; 
      if abs(W - W1) <= 1e-6 
        break; 
      end 
      if a == 1000 
        W = 10000; 
          break; 
     end 
      W = relax*W1 + (1-relax)*W; 
 end 
end 

A.3 AB Approximation 

function W = AB(N,m,Z,S) 
 W = 0; 
 relax = 1; 
 for a = 1:1000 
       P = (W + S)/(W + S + Z); 
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         q = 1 - P; 
         M1 = (N-1)*P; 
         %probablilities for a system with N-1 customers (for MVA) 
         pw(1) = q^(N-1); 
         pDash = pw(1); 
         M2 = 0; 
         for i = 2:min(N+1,m)  
             pw(i) = pw(i-1)*(P/q)*(N-i+1)/(i-1);     
             pDash = pDash + pw(i); 
             M2 = M2 + (i-1)*pw(i); 
         end 
         L = M1 - (m-1)*(1-pDash) - M2;  %estimated queue length  
         W1 = L * S/m; 
         if abs(W - W1) <= 1e-6 
             break; 
         end 
         if a == 1000 
             W = 10000; 
             break; 
         end 
         W = relax*W1 + (1-relax)*W; 
 end 
end 

A.4 RF Approximation 

function W = Rolia(N,m,Z,S) 
 relax = 0.2; 
  W = 0; 
  for a = 1:5000 
        %response time 
         R = W + S; 
         %mean number of customers in the system 
         TP = N/(S+Z+W); 
         L = TP*R; 
         L1 = (N-1)/N*L; 
         %# in thinking state with N-1 customers 
         NT1 = N - 1 - L1; 
         %throughput TP(N-1) 
         TP1 = NT1/Z; 
         %utilization U(N-1) 
         U1 = TP1*S/m; 
         %waiting time W 
         W1 = ((U1^m)/m)*(S*L1); 
         if abs(W - W1) <= 1e-6 
             break; 
         end 
         if a == 5000 
             W = 10000; 
             break; 
        end 
         W = W1*relax+W*(1-relax); 
 end  
end 
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Appendix B  MATLAB Programs of Different Approximations for Multiple Classes 

B.1 DB Approximation 

function W = MulDB(N,m,S,Z) 
 W = 0; 

 relax = 0.003; 
 N_total = sum(N,2); 
 for a = 1:20000 
      P = (S+W)./(Z+S+W); 
      L = N.*P; %number in system 
      L_total = sum(L,2); 
      TF = N./(Z+S+W); 
      TF_total = sum(TF,2); 
      Prop = TF./TF_total; 
      MergedS = sum(Prop.*S,2); 
      MergedZ = sum(Prop.*Z,2); 
      Mlambda = 1/MergedZ; 
      Mmu =  1/MergedS; 
      P = L_total/N_total; 
      %insert function 
      DB = waitDB(N_total,m,Mlambda,Mmu,P); 
      if(abs(DB-W)) < 1e-6 
          break 
      end 
      if a == 10000 
          W = 10000; 
         break 
     end      
     W = relax*DB + (1-relax)*W; 
 end 
end 

  
function DB = waitDB(N,m,lambda,mu,P) 
 S = 1/mu; 
     Z = 1/lambda; 
     p = zeros(N+1,1); 
     q = 1 - P;  
     p(1) = q^(N); 
     Psum = p(1);  %prob empty system 
     if m > 1 
         for i = 2:min(N+1,m) 
             p(i) = p(i-1)*(P/q)*(N-i+2)/(i-1); 
             Psum = Psum + p(i); 
         end 
     end 
     f = 0; 
     if m > 1 
         for i = 2:min(N+1,m) 
             f = f + p(i)*(i-1)*mu; 
         end 
     end 
     f = f + m*mu*(1-Psum); 
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     DB = N/f-Z-S; 
end 

B.2 AB Approximation 

function W = MulAB(N,m,S,Z) 
 W = 0; 

 relax = 0.05; 
 N_total = sum(N,2); 
 for a = 1:20000 
      P = (S+W)./(Z+S+W); 
      L = N.*P; %number in system 
      L_total = sum(L,2); 
      TF = N./(Z+S+W); 
      TF_total = sum(TF,2); 
      Prop = TF./TF_total; 
      MergedS = sum(Prop.*S,2); 
      Mmu =  1/MergedS; 
      P = L_total/N_total; 
      %insert function 
      AB = waitAB(N_total, m, Mmu,P); 
     if(abs(AB-W)) < 1e-6 
         break; 
     end 
     if a == 10000 
         W = 10000; 
         break; 
     end      
     W = relax*AB + (1-relax)*W; 
 end 
end 

  
% AB program 
function AB = waitAB(N,m,mu,P) 
 S = 1/mu; 
 pw = zeros(N,1); 
 q = 1 - P; 
 %get M1 from f or P 
 M1 = (N-1)*P; 
 %probablilities for a system with N-1 customers (for MVA) 
 pw(1)= q^(N-1); 
 pDash = pw(1); 
 M2 = 0; 
 if m>1 
      for i = 2:min(N,m) 
          pw(i) = pw(i-1)*(P/q)*(N-i+1)/(i-1); 
          pDash = pDash + pw(i); 
          M2 = M2 + (i-1)*pw(i); 
      end 
 end 
 L = M1 - (m-1)*(1-pDash) - M2;  %estimated queue length seen by 

 an arrival 
 AB = L * S/m; 
end 
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B.3 RF Approximation 

function W = MulRolia(N,m,S,Z) 
 W = 0;  
 relax = 0.3; 
 for a = 1:2000 
      R = W + S; 
      TP = N./(S+Z+W); 
      %mean number of customers in the system 
      L = TP.*R; 
      L1 = (N-1)./N.*L; 
      %# in think state with N-1 customers 
      NT1 = N - 1 - L1; 
      %throughput TP(N-1) 
      TP1 = NT1./Z; 
      %utilization U(N-1) 
      U1 = sum(TP1.*S,2)/m; 
      %class service time * # in queue 
      for i = 1:size(N,2) 
          SL1(i) = S(i)*(L1(i)-1); 
          SL(i)= S(i)*L1(i); 
      end 
      for i = 1:size(N,2) 
          Sum(i) = sum(SL,2)-SL(i)+SL1(i); 
      end 
      %waiting time W 
      W1 = ((U1^m)/m)*(Sum); 
      %insert function 
      if (abs(W1-W)) <= 1e-6 
          break 
      end 
      if a == 2000 
          W = 10000; 
          break 
      end      
      W = W1*relax + W*(1-relax); 

 end 
end     

 

Appendix C  LQN Model and LQX Program for Sockshop 

C.1 LQN Model 

$N1 = [1,3,5,10,20,30,50,60,80,100] 

$N2 = [1,3,5,10,20,30,50,60,80,100] 

$Z1 = 10 

$Z2 = 5 

$M = 2 

 

# Pragmas 
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#pragma multiserver=rolia 

 

G 

"Example Layered Queueing Network" 

0.00001 

50 

1 

0.9 

-1 

 

P 0 

p UserP f i 

p LoginP f i %u $LoginP 

p CartP f %u $CartP  

p CataP f %u $CataP  

p OrderP f %u $OrderP 

p PaymentP f %u $PaymentP 

p ShipP f %u $ShipP 

p DiskP f %u $DiskP 

p Disk3P f %u $Disk3P 

-1 

 

T 0 

t User1 r user1 -1 UserP z $Z1 m $N1 %f $thru1 

t User2 r user2 -1 UserP z $Z2 m $N2 %f $thru2 

t Userlogin n login logout -1 LoginP m $M %u $uUserlogin 

t Cart n add remove -1 CartP  %u $uCart 

t Catalogue n display -1 CataP  %u $uCatalogue  

t CataSQL n connect -1 CataP %u $uCataSQL  

t Disk n diskread -1 DiskP %u $uDisk  

t Payment n pay -1 PaymentP  %u $uPayment  

t Order n placeOrder -1 OrderP  %u $uOrder  

t OrderMongo n mongo3update -1 OrderP %u $uOrderMongo  

t Disk3 n disk3read disk3write -1 Disk3P %u $uDisk3 

t Shipping n address -1 ShipP  %u $uShipping 

-1  

 

E 0 

#User1&2 

y user1 login 0.6 -1 %w1 $W1 

y user1 logout 0.6 -1 

y user1 add 1 -1  

y user1 remove 1 -1 

y user1 display 0.2 -1 

y user1 pay 5 -1 

y user1 placeOrder 1 -1 

y user2 login 0.5 -1 %w1 $W2 

y user2 logout 0.5 -1 

y user2 add 1 -1 

y user2 remove 1 -1 

y user2 display 1 -1 

 

#User 

s login 10 -1 %s1 $S1  

s logout 5 -1 %s1 $S2 
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#Catalogue 

s display 0.4 -1 

y display connect 2 -1 

#Cart 

s add 0.5 -1 

s remove 0.5 -1 

#Payment 

s pay 1.5 -1 

#Order 

s placeOrder 0.5 -1 

y placeOrder mongo3update 2 -1 

y placeOrder address 0.5 -1 

#Shipping 

s address 0.5 -1 

#Mongo3 

s mongo3update 0.8 -1 

y mongo3update disk3read 1.1 -1 

y mongo3update disk3write 1.1 -1  

#MySQL 

s connect 0.1 -1 

y connect diskread 0.1 -1 

#Disk 

s diskread 0.2 -1 

#Disk3 

s disk3read 0.4 -1 

s disk3write 0.4 -1 

 

-1  

 

# 

R 0 

$N1 

$N2 

$W1 

$W2 

$s1 = (0.6*$S1+0.6*$S2)/1.2 

$s2 = 0.5*$S1+0.5*$S2 

$zz1 = $N1/($thru1*1.2)-$s1-$W1 

$zz2 = $N2/($thru2)-$s2-$W2 

$thr1 = $thru1*1.2 

$thr2 = $thru2 

$RT1 = $N1/$thru1-$Z1 

$RT2 = $N2/$thru2-$Z2 

$TP1 = $thru1 

$TP2 = $thru2 

-1 

C.2 LQX Program 

<?xml version="1.0"?> 

<!-- $Id$ --> 

<!-- lqn2xml --> 

<lqn-model name="sockshop" description="lqn2xml 6.1 solution for model 

from: sockshop.lqn." xmlns:xsi="http://www.w3.org/2001/XMLSchema-
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instance" xsi:noNamespaceSchemaLocation="file:///C:/Program Files/LQN 

Solvers/lqn.xsd"> 

   <solver-params comment="Example Layered Queueing Network" 

conv_val="1e-06" it_limit="200" underrelax_coeff="0.9" print_int="1"> 

   </solver-params> 

     <processor name="UserP" scheduling="inf"> 

      <task name="User1" scheduling="ref" multiplicity="$n1"> 

         <entry name="user1" type="PH1PH2"> 

            <entry-phase-activities> 

               <activity name="user1_1" phase="1" host-demand-

mean="$Z1"> 

                  <synch-call dest="logindelay" calls-mean="0.6"/> 

                  <synch-call dest="logoutdelay" calls-mean="0.6"/> 

                  <synch-call dest="add" calls-mean="1"/> 

                  <synch-call dest="remove" calls-mean="1"/> 

                  <synch-call dest="display" calls-mean="0.2"/> 

                  <synch-call dest="pay" calls-mean="5"/> 

                  <synch-call dest="placeOrder" calls-mean="1"/> 

               </activity> 

            </entry-phase-activities> 

         </entry> 

      </task> 

      <task name="User2" scheduling="ref" multiplicity="$n2"> 

         <entry name="user2" type="PH1PH2"> 

            <entry-phase-activities> 

               <activity name="user2_1" phase="1" host-demand-

mean="$Z2"> 

                  <synch-call dest="logindelay" calls-mean="0.5"/> 

                  <synch-call dest="logoutdelay" calls-mean="0.5"/> 

                  <synch-call dest="add" calls-mean="1"/> 

                  <synch-call dest="remove" calls-mean="1"/> 

                  <synch-call dest="display" calls-mean="1"/> 

               </activity> 

            </entry-phase-activities> 

         </entry> 

      </task> 

   </processor> 

   <processor name="CartP" scheduling="fcfs"> 

      <task name="Cart" scheduling="fcfs"> 

         <entry name="add" type="PH1PH2"> 

            <entry-phase-activities> 

               <activity name="add_1" phase="1" host-demand-mean="0.5"/> 

            </entry-phase-activities> 

         </entry> 

         <entry name="remove" type="PH1PH2"> 

            <entry-phase-activities> 

               <activity name="remove_1" phase="1" host-demand-

mean="0.5"/> 

            </entry-phase-activities> 

         </entry> 

      </task> 

   </processor> 

   <processor name="PaymentP" scheduling="fcfs"> 

      <task name="Payment" scheduling="fcfs"> 

         <entry name="pay" type="PH1PH2"> 
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            <entry-phase-activities> 

               <activity name="pay_1" phase="1" host-demand-mean="1.5"/> 

            </entry-phase-activities> 

         </entry> 

      </task> 

   </processor> 

   <processor name="CataP" scheduling="fcfs"> 

      <task name="Catalogue" scheduling="fcfs"> 

         <entry name="display" type="PH1PH2"> 

            <entry-phase-activities> 

               <activity name="display_1" phase="1" host-demand-

mean="0.4"> 

                  <synch-call dest="connect" calls-mean="2"/> 

               </activity> 

            </entry-phase-activities> 

         </entry> 

      </task> 

      <task name="CataSQL" scheduling="fcfs"> 

         <entry name="connect" type="PH1PH2"> 

            <entry-phase-activities> 

               <activity name="connect_1" phase="1" host-demand-

mean="0.1"> 

                  <synch-call dest="diskread" calls-mean="0.1"/> 

               </activity> 

            </entry-phase-activities> 

         </entry> 

      </task> 

   </processor> 

   <processor name="OrderP" scheduling="fcfs"> 

      <task name="Order" scheduling="fcfs"> 

         <entry name="placeOrder" type="PH1PH2"> 

            <entry-phase-activities> 

               <activity name="placeOrder_1" phase="1" host-demand-

mean="0.5"> 

                  <synch-call dest="mongo3update" calls-mean="2"/> 

                  <synch-call dest="address" calls-mean="0.5"/> 

               </activity> 

            </entry-phase-activities> 

         </entry> 

      </task> 

      <task name="OrderMongo" scheduling="fcfs"> 

         <entry name="mongo3update" type="PH1PH2"> 

            <entry-phase-activities> 

               <activity name="mongo3update_1" phase="1" host-demand-

mean="0.8"> 

                  <synch-call dest="disk3read" calls-mean="1.1"/> 

                  <synch-call dest="disk3write" calls-mean="1.1"/> 

               </activity> 

            </entry-phase-activities> 

         </entry> 

      </task> 

   </processor> 

   <processor name="ShipP" scheduling="fcfs"> 

      <task name="Shipping" scheduling="fcfs"> 

         <entry name="address" type="PH1PH2"> 
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            <entry-phase-activities> 

               <activity name="address_1" phase="1" host-demand-

mean="0.5"/> 

            </entry-phase-activities> 

         </entry> 

      </task> 

   </processor> 

   <processor name="LoginP" scheduling="inf"> 

      <task name="Userwait" scheduling="inf"> 

         <entry name="logindelay" type="PH1PH2"> 

            <entry-phase-activities> 

               <activity name="logindelay_1" phase="1" host-demand-

mean="$W" call-order="DETERMINISTIC"> 

                  <synch-call dest="login" calls-mean="1"/> 

               </activity> 

            </entry-phase-activities> 

         </entry> 

         <entry name="logoutdelay" type="PH1PH2"> 

            <entry-phase-activities> 

               <activity name="logoutdelay_1" phase="1" host-demand-

mean="$W" call-order="DETERMINISTIC"> 

                  <synch-call dest="logout" calls-mean="1"/> 

               </activity> 

            </entry-phase-activities> 

         </entry> 

      </task> 

      <task name="Userlogin" scheduling="inf"> 

         <entry name="login" type="PH1PH2"> 

            <entry-phase-activities> 

               <activity name="login_1" phase="1" host-demand-

mean="10"/> 

            </entry-phase-activities> 

         </entry> 

         <entry name="logout" type="PH1PH2"> 

            <entry-phase-activities> 

               <activity name="logout_1" phase="1" host-demand-

mean="5"/> 

            </entry-phase-activities> 

         </entry> 

      </task> 

   </processor> 

   <processor name="DiskP" scheduling="fcfs"> 

      <task name="Disk" scheduling="fcfs"> 

         <entry name="diskread" type="PH1PH2"> 

            <entry-phase-activities> 

               <activity name="diskread_1" phase="1" host-demand-

mean="0.2"/> 

            </entry-phase-activities> 

         </entry> 

      </task> 

   </processor> 

   <processor name="Disk3P" scheduling="fcfs"> 

      <task name="Disk3" scheduling="fcfs"> 

         <entry name="disk3read" type="PH1PH2"> 

            <entry-phase-activities> 
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               <activity name="disk3read_1" phase="1" host-demand-

mean="0.4"/> 

            </entry-phase-activities> 

         </entry> 

         <entry name="disk3write" type="PH1PH2"> 

            <entry-phase-activities> 

               <activity name="disk3write_1" phase="1" host-demand-

mean="0.4"/> 

            </entry-phase-activities> 

         </entry> 

      </task> 

   </processor> 

   <lqx><![CDATA[_0 = 0; 

            

function waitAB(N,m,S,P){ 

    nMax = min(N,m); 

    nMaxM1 = nMax - 1; 

    pw = array_create(); 

    logpw = array_create(); 

    Nm1 = N-1; 

    pw[0]= pow(1-P,Nm1);  

    pDash = pw[0]; 

    M2 = 0; 

    if (m>1){ 

      for (i = 1; i<=nMaxM1; i = i+1) { 

      pw[i] = pw[i-1]*P*(N-i)/(i*(1-P)); 

    } 

      for (i = 1; i<=nMaxM1; i = i+1) { 

       pDash = pDash + pw[i]; 

         M2 = M2 + i*pw[i]; 

      } 

    } 

    L = P*(Nm1)-(m-1)*(1-pDash) - M2; 

    return(L*S/m); 

} 

 

M = 2; 

$Z1 = 10; 

$Z2 = 5; 

$W = 0; 

ZZ1 = 0; 

tp1 = 0; 

N1 = array_create(); 

N2 = array_create(); 

N1 = [1,3,5,10,20,30,50,60,80,100]; 

N2 = [1,3,5,10,20,30,50,60,80,100]; 

E1 = entry("user1"); 

E2 = entry("user2"); 

E3 = entry("login"); 

E4 = entry("logout"); 

P1 = processor("LoginP"); 

T3 = task("Userlogin"); 

 

for (x=0;x<10;x=x+1){ 

   for (y=0;y<10;y=y+1){ 
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      $n1 = N1[x]; 

      $n2 = N2[y]; 

      S_N = $n1+$n2; 

      eps = 1; 

      while (eps > 1.e-6){   

         solve(); 

         //chain service times (submodel) 

         S1 = 

(0.6*E3.phase1_service_time+0.6*E4.phase1_service_time)/1.2;  

         S2 = 0.5*E3.phase1_service_time+0.5*E4.phase1_service_time; 

         //chain throughputs (submodel) 

         tp1 = E1.throughput*1.2;  

         tp2 = E2.throughput; 

         //chain1 think times (submodel) 

         ZZ1 = $n1/tp1-S1-$W;  

         ZZ2 = $n2/tp2-S2-$W; 

         //proportions by throughput for chains            

         Prop1 = tp1/(tp1+tp2);  

         Prop2 = tp2/(tp1+tp2); 

         MergedS = Prop1*S1 + Prop2*S2; //weighted average service time 

         MergedZ = Prop1*ZZ1 + Prop2*ZZ2; //weighted average think time 

         MergedP = (MergedS+$W)/(MergedZ + MergedS + $W); 

//corresponding probability  

         Wnew = waitAB(S_N, M, MergedS,MergedP); 

         eps = abs($W - Wnew); 

         $W = Wnew; 

         //Model response times for classes 

         RT1 = $n1/(E1.throughput)-$Z1; 

         RT2 = $n2/(E2.throughput)-$Z2; 

      } 

      println ($n1," ",$n2," ",$W," ",S1," ",S2," ",ZZ1," ",ZZ2," 

" ,tp1," ",tp2," ",RT1," ",RT2," ", E1.throughput," ", E2.throughput); 

   } 

} 

 

]]></lqx> 

</lqn-model> 


