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Abstract

In this thesis, we study all the problematic graphical structures which play impor-

tant roles in the error floor performance and error correction capability of low-density

parity-check (LDPC) codes. These graphical structures are: leafless elementary trap-

ping sets (LETSs), elementary trapping sets (ETSs), non-elementary trapping sets

(NETSs), stopping sets and codewords. Recently, Karimi and Banihashemi proposed

a characterization of LETSs, which was based on viewing a LETS as a layered super-

set (LSS) of a short cycle in the code’s Tanner graph. However this characterization

was not exhaustive. In this work, first, we complement LSS characterization by

demonstrating how the remaining structures of LETSs can be characterized. Then,

we propose a new characterization for LETSs of variable-regular LDPC codes. Com-

pared to the LSS-based characterization, which is based on a single LSS expansion

technique, the new characterization involves two additional expansion techniques.

The introduction of the new techniques mitigates the search efficiency problem that

LSS-based characterization/search suffers from. We prove that using the three ex-

pansion techniques, any LETS structure can be obtained starting from a simple cycle,

no matter how large the size of the structure a or the number of its unsatisfied check

nodes b are, i.e., the characterization is exhaustive. We also demonstrate that for

the proposed characterization/search the length of the short cycles required to be

enumerated is minimal. We also prove that the three expansion techniques, proposed

here, are the only expansions needed for characterization of LETS structures starting

from simple cycles in the graph.

Moreover, we generalize the proposed approach of variable-regular to irregular

LDPC codes. We explain how the characterization of LETS structures in variable-

regular graphs can be used to characterize the LETS structures of irregular graphs

(in a given range of a and b values, exhaustively). This characterization corresponds

to an exhaustive search algorithm. However, this approach is not applicable to ir-

regular LDPC codes, if we are interested to find LETSs in a relatively wide range of
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a and b. To overcome the above problem, we use a different approach to character-

ize/search LETSs of irregular codes. Also, we propose a graph based approach to find

all ETSs (not necessarily LETSs) which are believed to be the error-prone structures

of irregular LDPC codes.

In addition, we derive a lower bound on the size of the smallest elementary and

non-elementary trapping sets for a given b in variable-regular LDPC codes. The de-

rived lower bound demonstrates that the size of the smallest possible non-elementary

trapping set is, in general, larger than that of an elementary trapping set with the

same b value. This provides a theoretical justification as to why non-elementary

trapping sets are often not among the most harmful trapping sets. Moreover, we

propose an efficient search algorithm to provide an exhaustive/non-exhaustive list of

NETSs in an interest range of a and b values. Moreover, we derive tight lower and

upper bounds on the minimum distance dmin and stopping distance smin of LDPC

codes. The bounds, which are established using a combination of analytical results

and search techniques, are applicable to both regular and irregular LDPC codes with

a wide range of rates and block lengths. The search algorithms to find codewords

and stopping sets are based on the ETSs and NETSs search algorithms provided in

this thesis. Extensive simulation results on several LDPC codes demonstrate the ac-

curacy and efficiency of the proposed algorithms. In particular, the algorithms are

significantly faster than the existing search algorithms for finding the LETSs, ETSs,

NETSs, stopping sets and codewords of LDPC codes.
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Chapter 1

Introduction

1.1 Motivation

Low-density parity-check (LDPC) codes, an interesting class of linear block codes,

were first introduced by Gallager in 1962 [22] and rediscovered by Mackay and Neal

in 1996 [56]. The main reason for the popularity of LDPC codes is their near Shannon

limit performance with relatively low decoding complexity based on message-passing

algorithms. These codes have been adopted in a number of standards such as IEEE

802.11n (WiFi) [100], IEEE 802.16e (WiMAX) [101], IEEE 802.22 (WRAN) [102],

IEEE 802.3an (10GBASE-T Ethernet) [103], DVB-T2 [104] and DVB-S2 [105] and

are best candidates in the next generation of optical networks [86], data storage

systems [21] and 5G networks [4]. Message passing decoders are iterative algorithms

that operate on Tanner graphs [82] of LDPC codes by computing messages at the

nodes of the graph and passing them along the edges to the adjacent nodes. The two

most well-known of such decoders are the sum-product (SP) and the min-sum (MS)

decoders.

Finite-length LDPC codes under iterative decoding algorithms suffer from the

error floor phenomenon. In the error floor region, the slope of error rate curves de-

creases when the channel quality improves beyond a certain point. In applications

such as data storage and optical communication which require low bit error rates, it

is critical to have a code with a low error floor. Due to the lack of comprehensive

knowledge on the iterative message passing decoders, it is difficult to design practi-

cal LDPC codes with a guaranteed performance in the low error region. Moreover,

estimating the performance of LDPC codes in such applications in the low bit error

rate region is beyond the reach of Monte Carlo simulations. It is well-known that

1
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error floor performance of LDPC codes is related to the presence of certain problem-

atic graphical structures (error-prone structures) in the Tanner graph of the code,

commonly referred to as trapping sets [66]. Although, the algorithms commonly used

for the decoding of LDPC codes are iterative and suboptimal, the minimum distance

still plays an important role in the performance of the iterative algorithms. This

is, particularly, in relation to the so-called undetected errors. Moreover, minimum

distance can be an upper bound on the size of the error-prone structures of the codes

in the error floor region. The minimum distance of an LDPC code is characterized

by the minimum weight of non-zero codewords, which can be themselves viewed as

trapping sets in the code’s Tanner graph. For these reasons, many studies have been

focused on characterizing and finding the trapping sets.

Graphically, a trapping set (TS) is often seen as the induced subgraph of some

variable nodes in the code’s Tanner graph. In such a representation, the TS is com-

monly characterized by the number of its variable nodes a, and the number of its

odd-degree (unsatisfied) check nodes b, and is said to belong to the class of (a, b)

trapping sets. In binary erasure channel (BEC), the error-prone structures (EPSs)

are called stopping sets [12], whose induced subgraphs contain no degree-1 check node.

The weight of the smallest stopping set is called stopping distance, smin. Unlike the

BEC, in other memoryless channels such as binary symmetric channel (BSC) and ad-

ditive white Gaussian noise channel (AWGNC), the most harmful TSs are known to

be elementary trapping sets (ETSs), whose induced subgraphs contain only degree-1

and degree-2 check nodes. In particular, the leafless ETSs (LETSs), in which each

variable node is connected to at least two even-degree (satisfied) check nodes, are

recognized as the main culprit [95], [55], [62]. Also, a codeword of weight a can be

viewed as a trapping set in the (a, 0) class.

Exhaustive search of all the small EPSs in arbitrary, finite-length LDPC codes

has been proven to be NP-hard [90]. In the past decade, some search algorithms have

been proposed for finding the list of EPSs of the LDPC codes. However, all these

algorithms suffer from two major problems. In many cases, the search algorithms are

non-exhaustive, such as [1] for finding TSs, [97], [1], [88] for finding ETSs, [47] for

finding LETSs, [39], [10] for finding low-weight codewords, and [68] for finding low-

weight stopping sets. Even in the cases that the search algorithms are exhaustive,

such as [97] for TSs, [23] for ETSs, [46] for LETSs, [53] for FASs, [49] for low-weight

codewords, and [70] for low-weight stopping sets, they are highly limited to finding
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small EPSs with small b values and/or LDPC codes with relatively short block lengths,

small variable degrees and low-moderate rates.

The knowledge of trapping sets and their structure has been used in three appli-

cations: First, low error rates are beyond the reach of current Monte Carlo simulation

methods. Due to the lack of general analytical results for determining the error floor

of LDPC codes, the performance of a given LDPC code is often verified by simulation.

The solution to this problem is to use importance sampling (IS) techniques which op-

erate by biasing the noise toward the dominant trapping sets of the code [66]. This

has attracted a great amount of interest in recent years in estimating the performance

of LDPC codes in the error floor region. Also, more approaches have been proposed

recently to estimate the error floor of LDPC codes [93], [92], [94], [77] [8], [16]. The

input of all these approaches is the list of dominant trapping sets. Second, this

knowledge has been used in modifying iterative decoders to have better error-floor

performance [7], [27], [53], [45], [98]. Third, the knowledge of TSs has been used in

constructing LDPC codes with low error floors [44], [2], [63], [51], [3], [14], [83]. Such

works are based on eliminating the potentially dominant trapping sets.

In all the above applications, one needs the set of dominant TSs in the Tanner

graph of the code. Due to the lack of comprehensive knowledge on the dominant

trapping sets, it is necessary to provide an exhaustive list of TSs in a relatively

wide range. However, attaining such a list, regardless of differences in the graphical

structure of these sets and the sparsity of the underlying graph, is a hard problem [61].

The complexity of the existing search methods for finding problematic structures of

size t in a code of length n becomes quickly intractable as n and t increase. On the

other hand, in the next generation of communication systems, LDPC codes with large

block lengths n, containing EPSs with relatively large size t, would be considered. It

is therefore important to develop efficient algorithms for finding an exhaustive list of

EPSs of LDPC codes.

1.2 Related Works

There has been a flurry of activity in characterization of trapping sets [88], [15],

[13], [17], [74], [54], [63], [46], and in developing search algorithms to find them [70],

[90], [97], [1], [91], [47], [53], [23]. Most of the works on TSs in the literature are

non-exhaustive [1], [47], are limited to structured codes [96], [74], are concerned with
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relatively small TSs [54], [97], only deal with a certain variable node degree [88], [63],

or are applicable to relatively short block lengths [90], [53], [23].

In particular, in [1], using the modified impulse algorithm, the authors devised a

technique to find a non-exhaustive list of trapping sets of a given short-length LDPC

code. In [47], by examining the relationships between cycles and trapping sets, Karimi

and Banihashemi proposed an efficient search algorithm to find the dominant LETSs

of a given regular or irregular LDPC code. Although the algorithm proposed in [47]

can find the LETSs with sufficiently large size, it provides no guarantee that the

obtained list of LETSs is exhaustive. Laendner et al. [54] studied the characteriza-

tion of small (a, b) trapping sets of size up to 8 (a ≤ 8) and b/a < 1 in LDPC codes

from Steiner Triple Systems (STS). STS LDPC codes are a special category of regular

LDPC codes with variable node degree 3. In [88], [63], the authors presented the trap-

ping set ontology, a database of trapping sets related by their topological structures,

and used it to enumerate the dominant trapping sets and to construct structured

LDPC codes free of small trapping sets. Specifically, by finding parent-child relation-

ships between the trapping sets in regular LDPC codes with variable node degree 3,

they proposed a search algorithm to enumerate these trapping sets. Due mainly to

the tedious task of forming the trapping set ontology, the application of the tech-

nique of [88], [63] was limited to variable degree 3, and only a small range of trapping

sets. Kyung and Wang [53] proposed an exhaustive search algorithm to enumerate

the fully absorbing sets (FASs) of short regular and irregular LDPC codes. The al-

gorithm is based on the branch-&-bound algorithm, a systematic enumeration of all

candidate solutions, that is commonly used to solve NP-hard integer programming

problems in the computer science literature [70]. The proposed algorithm, however,

becomes quickly infeasible to use as the block length, n, and the size of the FASs,

a, are increased. In general, the reach of the algorithm is limited to n < 1000 and

a < 7, or n < 1000 and a < 14, if the number of unsatisfied check nodes is limited

to b < 3. Also, all the reported variable-regular LDPC codes in [53] are limited to

those with variable node degree 3. Recently, Falsafain and Mousavi [23], proposed

a branch-&-bound algorithm to find the ETSs of LDPC codes. The presented 0-1

integer linear programming (ILP) formulation in [23] provided a tighter linear pro-

gramming relaxation in comparison with the one in [53]. However, still the exhaustive

search algorithm in [23] is only applicable to short-to-moderate length LDPC codes.

In [97], the authors used the branch-&-bound approach to propose an exhaustive
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search algorithm to find all the TSs of LDPC codes. However, similar to the other

branch-&-bound algorithms, e.g., [53], this approach is only applicable to short block

length codes (the block lengths of all the reported codes are less than 1008).

Recently, Karimi and Banihashemi [46] characterized the LETSs of variable-

regular LDPC codes. They studied the graphical structure of the LETSs, and demon-

strated that a vast majority of the non-isomorphic structures of LETSs are layered

super sets (LSS) of short cycles, i.e., each structure S corresponds to a sequence of

LETS structures that starts from a short cycle and grows one variable node at a time

to reach S. This characterization corresponds to a simple search algorithm that starts

from the instances of short cycles in the Tanner graph and can find the LETSs with

the LSS property. A shortcoming of this characterization/search, however, is that

some of the LETS structures do not lend themselves to the above characterization,

i.e., they are not LSSs of any of their cycle subsets. Such structures are labeled as

“NA” in [46].

The research on the minimum distance of LDPC codes has followed two general

directions. In one direction, analytical lower and upper bounds on dmin have been

derived [82], [79], [25], [75], [6]. In [82], using a graph-based analysis, lower bounds

on the minimum distance of variable-regular LDPC codes were obtained. These

bounds were then simplified in [89] for a given girth and variable degree. Furthermore,

in [25], [75], [6], analytical upper bounds on the minimum distance of quasi cyclic

(QC) LDPC codes were derived. In another direction, search algorithms have been

proposed to find dmin of LDPC codes, or to provide lower and/or upper bounds on

dmin [41], [68], [10], [49], [39], [50], [6]. Error impulse method, originally proposed for

turbo codes, was used in [41], and later modified in [10], to estimate dmin of LDPC

codes. This approach, called Nearest Non-zero Codeword Search (NNCS), is based on

adding a random and/or deterministic noise to the all-zero codeword and obtaining

the nearest non-zero codewords as a result of decoding. In [39], the authors proposed

a probabilistic method based on the algorithm of [78] to find upper bounds on dmin

of LDPC codes. This algorithm is applicable only to LDPC codes with relatively

small block length (n ≤ 1000) and relatively small minimum distance (dmin ≤ 20).

Based on two integer programming models, Keha and Duman [49] proposed a branch

and cut algorithm to find the minimum distance of an LDPC code. If the algorithm

of [49] fails in finding dmin, it provides a lower and an upper bound on dmin. The

algorithm, however, becomes quickly infeasible to use (in terms of time or memory)
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as the block length, n, the rate, R, and/or dmin are increased. As a result, in [49],

only the minimum distances of LDPC codes with moderate rate (R = 0.5) and

relatively short block length (n = 512) are reported. In [50], the authors studied

the topological structure of codewords of weight a with a ≤ 14, in regular LDPC

codes with variable degree 3 and girth 8, and proposed a search algorithm to find

such low-weight codewords. The algorithm is, however, limited to only regular LDPC

codes with variable degree 3 and girth 8. In summary, most of the search algorithms

provided in the literature result in estimates of dmin that are in fact upper bounds.

These algorithms are also mainly limited to short- and moderate-length LDPC codes.

It is well-known that, in general, finding the stopping distance, smin, for an arbi-

trary Tanner graph is an NP-hard problem [52]. However, there exist some search

algorithms in the literature to find the list of small stopping sets (or just smin) for

LDPC codes mostly with short-moderate block lengths and/or low-moderate rates

and/or small variable degrees (for variable-regular ones) [68], [42], [40], [90], [70], [71],

[72], [19], [6]. In [90], the authors proposed a branch-&-bound search algorithm to find

small stopping sets. The proposed algorithm, however, becomes quickly infeasible to

use as the block length, n, and stopping distance smin are increased. Also, all the three

LDPC codes studied in this paper are structured regular codes with variable degree

3 and rate less than or equal to 0.5. Using the Stern’s probabilistic algorithm [78],

the authors in [42], [40] proposed search algorithms for computing the minimum size

of stopping sets of LDPC codes. However, the proposed approaches are applicable to

only short block length random codes or medium block length structured ones. Also,

all the LDPC codes studied in [42], [40] are variable-regular with variable degree 3

and rate less than or equal to 0.5. Authors in [70] and [71] proposed branch-&-bound

algorithms to find all the stopping sets of LDPC codes. To the best of our knowl-

edge, this is the most efficient exhaustive search of stopping sets available in the

literature. However, similar to all other branch-&-bound algorithms, this approach

is highly limited to the short block lengths and thus, determining the minimum size

of stopping sets of large block length LDPC codes would be a difficult task which

requires exponentially growing complexity. For example, except two random regular

codes with rate 0.5 and block length of 504, all the studied codes in [70] and [71] are

structured codes1 with length less than or equal to 4896. Also, all the regular codes

studied in [70] and [71] are codes with variable degree 3 and rate 0.5.

1The structural properties of the codes are used in [70] and [71] to speed up the algorithms.
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1.3 Summary of Contributions

In this thesis, we address the above challenges as described in the following. Our

main contributions in this thesis, which are published or submitted for publication

in [28], [29], [30], [31], [32], [33], [34], [35], [36], [37] can be summarized as follows:

• In [28] and [29], we complement the results of [46]. By careful examination of

NA structures, we demonstrate that they are all LSSs of some basic graphical

structures which are slightly more complex than cycles.

• We propose a novel hierarchical graph-based expansion approach to characterize

leafless elementary trapping sets (LETS) of variable-regular LDPC codes [30],

[31], [32]. The new characterization, allows us to devise search algorithms that

are provably efficient in finding all the instances of (a, b) LETS structures with

a ≤ amax and b ≤ bmax, for any choice of amax and bmax, in a guaranteed fashion.

• We propose a novel hierarchical graph-based expansion approach to character-

ize elementary trapping sets (ETS) of irregular LDPC codes [33], [37]. The

proposed characterization corresponds to an efficient search algorithm to find

all the ETS structures with a ≤ amax and b ≤ bmax, for any choice of amax and

bmax, in a guaranteed fashion.

• We derive a lower bound on the size of the smallest possible elementary and

non-elementary trapping sets (NETS) with a given b in variable-regular LDPC

codes [35]. Also, we propose a graph-based approach to characterize and search

the NETSs of variable-regular LDPC codes [36].

• We obtain lower and upper bounds on the minimum distance dmin of LDPC

codes [34]. For the lower bound, by performing a graph-based search algorithm,

we either obtain an elementary codeword with the smallest weight dmin, or

establish a lower bound on dmin. For the upper bound, we modify our search

algorithm to reach elementary codewords of larger weights at the cost of being

non-exhaustive.

• We obtain lower and upper bounds on the stopping distance of LDPC codes [36].

For the lower bound, by performing an exhaustive search algorithm, we either

obtain a stopping set with the smallest weight smin, or establish a lower bound
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on smin. For the upper bound, we modify our search algorithm to reach stopping

sets of larger weights at the cost of being non-exhaustive.

Recently, Karimi and Banihashemi demonstrated that a large majority of the

LETS structures of variable-regular LDPC codes are layered supersets (LSS) of short

cycles. We complement this characterization by demonstrating that the remaining

structures of LETSs, that are not LSS of short cycles, are all LSS of a small number

of other graphical structures within the Tanner graph of the code. This together with

the results of Karimi and Banihashemi provides a simple LSS search algorithm that

can find all the (a, b) LETSs of any variable-regular LDPC code for any size a and any

number of unsatisfied check nodes b in a guaranteed fashion. Although, the search

algorithm itself is simple, one may need to enumerate basic structures with large size

in the Tanner graph of the code, as the input to the search algorithm. The multiplicity

of such structures increases rapidly with the size and thus the enumeration, storage

and processing of these structures pose a practical hurdle in implementing the search

algorithm.

Motivated by this, we propose a novel hierarchical graph-based expansion ap-

proach to characterize leafless elementary trapping sets (LETS) of variable-regular

LDPC codes. The proposed characterization is based on three basic expansion tech-

niques, dubbed, dot, path and lollipop. Each LETS structure S is characterized as a

sequence of embedded LETS structures that starts from a simple cycle, and grows in

each step by using one of the three expansions, until it reaches S. It is demonstrated

that the new characterization, called dpl, is minimal, in that, none of the expansions

in the sequence can be divided into smaller expansions and still maintain the prop-

erty that all the embedded sub-structures are LETSs. Moreover, it is proved that

any minimal characterization based on embedded LETS structures must only use one

of the three expansions, dot, path and lollipop, at each step. The minimality of the

characterization, allows us to devise search algorithms that are provably efficient in

finding all the instances of (a, b) LETS structures with a ≤ amax and b ≤ bmax, for

any choice of amax and bmax, in a guaranteed fashion. The efficiency of the search is

a consequence of the fact that to enumerate the instances of larger LETS structures,

the proposed algorithm searches for instances of smaller LETS structures that are of

interest themselves, i.e., their a and b values are in the range of interest.
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In irregular Tanner graphs, for a given class of LETSs, the variety of non-

isomorphic LETS structures would increase significantly compared to that of variable-

regular Tanner graphs. However, by discussing the similarities and differences

of variable-regular and irregular Tanner graphs, we explain how dpl characteriza-

tion/search can be used to search the LETSs of irregular graphs exhaustively. Also,

based on literature and our experimental results, ETSs are the problematic structures

of irregular LDPC codes. Therefore, in addition to the LETSs, we characterize the

ETSs which are not LETSs and provide an efficient search algorithm to exhaustively

find them, starting from the LETSs in the interest range.

Empirical results have shown that often the most harmful trapping sets are ele-

mentary. We derive a lower bound on the size of the smallest non-elementary trap-

ping sets for a given b in variable-regular LDPC codes. The derived lower bound

demonstrates that the size of the smallest possible non-elementary trapping set is, in

general, larger than that of an elementary trapping set with the same b value. This

provides a theoretical justification as to why non-elementary trapping sets are often

not among the most harmful trapping sets. Also, we propose an efficient exhaustive

search algorithm to find NETSs in variable-regular graphs. This along with the the-

oretical justification support that, potentially, in the harmful classes of TSs, there is

no NETSs.

Also, we obtain lower and upper bounds on the minimum distance dmin of LDPC

codes. The bounds are derived by categorizing the non-zero codewords of an LDPC

code into two categories of elementary and non-elementary. The first category con-

tains codewords whose induced subgraph has only degree-2 check nodes. We use the

dpl search algorithm to find the elementary codewords of an LDPC code with weight

less than a certain value amax, exhaustively. We also derive a lower bound Lne on the

weight of non-elementary codewords. By performing the search with amax = Lne, we

either obtain an elementary codeword with the smallest weight dmin, or establish the

lower bound of Lne on dmin. For the upper bound, we modify our search algorithm

to reach elementary codewords of larger weights at the cost of being non-exhaustive.

Once such a codeword is found, its weight acts as an upper bound on dmin. In general,

if we succeed in finding the exact minimum distance of an LDPC code, we do so in

much higher speed than existing algorithms. If we fail, and establish the lower bound

of Lne ≤ dmin, this lower bound in many cases is tight. Also, in the latter case, our

algorithm for finding an upper bound on dmin is much faster than the algorithms in
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the literature.

Moreover, we obtain lower and upper bounds on the stopping distance smin of

LDPC codes. By selecting a proper amax = Lss, we use the exhaustive LETS and

NETS search algorithms to find the lowest weight stopping sets with weight less than

Lss. If successful, we have in fact found smin. If the algorithm fails in finding a

stopping set of weight less than Lss, then, we establish the lower bound of smin ≥ Lss

on smin. In the latter case, to find an estimate (upper bound) for smin, we modify the

LETS and NETS search algorithms, to extend the range of search (amax), at the cost

of sacrificing the exhaustiveness of the algorithm. In general, if we succeed in finding

the exact stopping distance of an LDPC code, we do so in much higher speed than

existing algorithms. If we fail, and establish the lower bound of Lss ≤ smin, this lower

bound in many cases is tight. Also, in the latter case, our algorithm for finding an

upper bound on smin is often much faster than the algorithms in the literature.

In this thesis, we have studied all the EPSs of LDPC codes. These are ETSs,

LETSs, NETSs, codewords and stopping sets. We have characterized these EPSs

and proposed efficient exhaustive search algorithms for finding them. The proposed

algorithms are applicable to regular and irregular codes with any given girth, block

length, rate and degree distribution. The base of all the proposed algorithms is the

characterization of LETSs in variable-regular graphs. It is a hierarchical graph-based

expansion approach and each structure is characterized as a sequence of embedded

structures that starts from a short simple cycle. Therefore, the initial input of all

the proposed search algorithms is a list of short simple cycles in the Tanner graph

of the code. Recently in [9], it has been shown that for a random bipartite graph,

with a given degree distribution, the distributions of cycles of different length tend to

independent Poisson distributions, as the size of the graph tends to infinity. Therefore,

by increasing the block length of the codes, the multiplicity of the simple cycles are

independent of the block length. This implies that, after finding the list of short simple

cycles, the proposed searches in this thesis are rather independent of the block length.

On the other hand, it is easy to show that the complexity of searching the simple

cycles increases linearly with the block length of the code. This low dependency to the

block length is the main advantage of the proposed search algorithm in comparison

to the ones in the literature. The proposed dpl -based algorithms in this work are

the most efficient exhaustive search algorithms available for finding ETSs, LETSs,

NETSs, codewords and stopping sets of LDPC codes. It is also the most general,
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in that, it is applicable to codes with any degree distribution, girth, rate and block

length.

1.4 Organization of the Thesis

The rest of the thesis is organized as follows. Basic definitions, notations and back-

ground are provided in Chapter 2. In Chapter 3, we complement the results of

LSS-based search algorithm [46]. In Chapter 4, we revisit the LSS-based approach

and discuss its shortcomings. In Chapter 5, we study the graphical structures of

leafless elementary trapping sets in variable-regular LDPC codes and propose the dpl

approach to find them exhaustively. In Chapter 6, we study the graphical structures

of elementary trapping sets in irregular LDPC codes, and devise an efficient dpl-based

algorithm to find them exhaustively. In Chapter 7, we derive a lower bound on the

size of the smallest possible elementary and non-elementary trapping sets. In Chap-

ter 8, we obtain lower and upper bounds on the minimum distance dmin of LDPC

codes. In Chapter 9, we characterize and devise search algorithms for non-elementary

trapping sets in variable-regular LDPC codes. In Chapter 10, we obtain lower and

upper bounds on the stopping distance of LDPC codes. Conclusion and future works

are presented in Chapter 11.



Chapter 2

Preliminaries

2.1 Graph Theory

Consider an undirected graph G = (F,E), where the two sets F = {f1, . . . , fk} and

E = {e1, . . . , em}, are the sets of nodes and edges of G, respectively. We say that

an edge e is incident to a node f if e is connected to f . If there exists an edge ek

which is incident to two distinct nodes fi and fj, we call these nodes adjacent. In

this case, we represent ek by fifj or fjfi. The neighborhood of a node f , denoted by

N (f), is the set of nodes adjacent to f . The degree of a node f is denoted by deg(f),

and is defined as the number of edges incident to f . The maximum degree and the

minimum degree of a graph G, denoted by ∆(G) and δ(G), respectively, are defined

to be the maximum and minimum degree of its nodes, respectively.

Given an undirected graph G = (F,E), a walk between two nodes f1 and fk+1

is a sequence of nodes and edges f1, e1, f2, e2, . . . , fk, ek, fk+1, where ei = fifi+1,

∀i ∈ [1, k]. In this definition, the nodes f1, f2, . . . , fk+1 are not necessarily distinct.

The same applies to the edges e1, e2, . . . , ek. A path is a walk with no repeated nodes

or edges, except the first and the last nodes that can be the same. If the first and

the last nodes are distinct, we call the path an open path. Otherwise, we call it a

cycle. The length of a walk, a path, or a cycle is the number of its edges. A lollipop

walk is a walk f1, e1, f2, e2, . . . , fk, ek, fk+1, such that all the edges and all the

nodes are distinct, except that fk+1 = fm, for some m ∈ (1, k). A chord of a cycle

is an edge which is not part of the cycle but is incident to two distinct nodes in the

cycle. A simple cycle or a chordless cycle is a cycle which does not have any chord.

Throughout this work, we use the notation sk for a simple cycle of length k. Notation

ck is used for cycles of length k that do have at least one chord.

12
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A graph is called connected when there is a path between every pair of nodes. A

tree is a connected graph that contains no cycles. A rooted tree is a tree in which

one specific node is assigned as the root. The depth of a node in a rooted tree is the

length of the path from the node to the root. The depth of a tree is the maximum

depth of any node in the tree. Depth-one tree is a tree with depth one. A node f is

called leaf if deg(f) = 1. Although this terminology is commonly used for trees, in

this work, we use it for a general graph that may contain cycles. A leafless graph is

a connected graph G with δ(G) ≥ 2.

The graphs G1 = (F1, E1) and G2 = (F2, E2) are isomorphic if there is a bijection

p : F1 → F2 such that nodes f1, f2 ∈ F1 are joined by an edge if and only if p(f1) and

p(f2) are joined by an edge. Otherwise, the graphs are non-isomorphic.

2.2 LDPC Codes

A graph G = (F,E) is called bipartite if the set F can be partitioned into two disjoint

subsets V and C (F = V ∪C and V ∩C = ∅). Any m×n parity check matrix H of a

binary LDPC code C can be represented by its bipartite Tanner graph G = (V ∪C,E),

where V = {v1, v2, . . . , vn} is the set of variable nodes and C = {c1, c2, . . . , cm} is

the set of check nodes. The degrees of nodes vi and ci are denoted by dvi and dci ,

respectively. A Tanner graph is called variable-regular with variable degree dv if

dvi = dv, ∀ vi ∈ V . A (dv, dc)-regular Tanner graph is a variable-regular graph in

which dci = dc, ∀ ci ∈ C. A Tanner graph is called irregular if it has multiple variable

and check node degrees. An irregular LDPC code is usually described by its variable

and check node degree distributions, λ(x) =
dvmax
∑

i=dvmin

λix
i−1 and ρ(x) =

dcmax
∑

i=dcmin

ρix
i−1,

respectively, where λi and ρi are the fractions of edges in the Tanner graph that are

incident to a degree-i variable and check nodes, respectively. The terms dvmax , dvmin

are the maximum and minimum degrees of variable nodes, respectively and the terms

dcmax , dcmin
are the maximum and minimum degrees of check nodes, respectively in the

Tanner graph. For a subset S of V , the subset Γ(S) of C denotes the set of neighbors

of S in G. The induced subgraph of S in G, denoted by G(S), is the graph with the

set of nodes S ∪ Γ(S) and the set of edges {fifj ∈ E : fi ∈ S, fj ∈ Γ(S)}. The set

of check nodes with odd and even degrees in G(S) are denoted by Γo(S) and Γe(S),

respectively. The terms unsatisfied check nodes and satisfied check nodes are used

to refer to the check nodes in Γo(S) and Γe(S), respectively. The size of an induced
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subgraph G(S) is defined to be the number of its variable nodes. We assume that

an induced subgraph is connected. Disconnected subgraphs can be considered as the

union of connected ones. The length of the shortest cycle in a Tanner graph is called

girth, and is denoted by g. We study the variable-regular graphs with dv ≥ 3, that

are free of 4-cycles (g > 4). All the induced subgraphs with the same size a, and the

same number of unsatisfied check nodes b, are considered to belong to the same (a, b)

class.

Given a Tanner graph G, a set S ⊂ V is called an (a,b) trapping set (TS) if

|S| = a and |Γo(S)| = b. Alternatively, S is said to belong to the class of (a,b) TSs.

Parameter a is referred to as the size of the TS. In this thesis, depending on the

context, the term “trapping set” may be used to refer to the set of variable nodes

S, or to the induced subgraph G(S) of S in the Tanner graph G. Similarly, we may

use S to mean G(S). An elementary trapping set (ETS) is a trapping set for which

all the check nodes in G(S) have degree 1 or 2. A set S ⊂ V is called an (a,b)

absorbing set (AS) if S is an (a, b) trapping set and all the variable nodes in S are

connected to more nodes in Γe(S) than in Γo(S). An elementary absorbing set (EAS)

S is an absorbing set for which all the check nodes in G(S) have degree 1 or 2. A

fully absorbing set (FAS) S ⊂ V is an absorbing set for which all the nodes in V \S

have strictly more neighbors in C\Γo(S) than in Γo(S). A set S ⊂ V is called an

(a,b) fully elementary absorbing set (FEAS) if S is an (a, b) EAS and if all the nodes

in V \S have strictly more neighbors in C\Γo(S) than in Γo(S). A non-elementary

trapping set (NETS) is a trapping set which is not elementary.

The following lemma shows that for variable-regular LDPC codes, depending on

dv being odd or even, some classes of trapping sets cannot exist.

Lemma 1. In a variable-regular Tanner graph with variable degree dv, (a) if dv is

odd, then there does not exist any (a, b) TS with odd a and even b, or with even a and

odd b; and (b) if dv is even, then there does not exist any (a, b) TS with odd b.

Proof. We first prove the first part of Claim (a), where a is odd and b is even. The

proof of the second part is similar. We note that the number of edges in the subgraph

G(S) of the trapping set S under consideration is adv. For the case where dv and a

are both odd numbers, the number of edges in G(S) will be an odd number. Now,

counting the number of edges incident to the check nodes of G(S), we note that the

contribution of satisfied check nodes is always an even number. If the number of

unsatisfied check nodes b is even, then the contribution of unsatisfied check nodes
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will also be an even number, implying that the number of edges incident to check

nodes is an even number. This is a contradiction.

For Claim (b), we note that since dv is even, the number of edges of G(S), counted

from the variable side of the Tanner graph, i.e., adv, is an even number. From the

check side, however, if b is an odd number, the contribution of unsatisfied check nodes

will be an odd number. This added to the even contribution of satisfied check nodes

will result in an odd number. Again, a contradiction.

2.3 Graph Representations of Trapping Sets

Elementary trapping sets are the subject of this thesis. To simplify the representation

of ETSs, similar to [46], we use an alternate graph representation of ETSs, called

normal graph. The normal graph of an ETS S is obtained from G(S) by removing

all the check nodes of degree one and their incident edges, and by replacing all the

degree-2 check nodes and their two incident edges by a single edge. It is easy to see

that there is a one-to-one correspondence between the bipartite graph G(S) and the

normal graph of S for variable-regular LDPC codes. However this correspondence

does not exist for irregular LDPC codes.

Lemma 2. Consider the normal graph of an (a, b) ETS structure of a variable-regular

Tanner graph with variable degree dv. The number of nodes and edges of this normal

graph are a and (adv − b)/2, respectively. We thus have b = adv − 2e, where e is the

number of edges of the normal graph.

We call a set S ⊂ V an (a,b) leafless ETS (LETS) if S is an (a, b) ETS and if the

normal graph of S is leafless.

Example 1. Fig. 2.1(a) represents a LETS in the (4, 2) class in a variabl-regular

Tanner graph with dv = 3 and its leafless normal graph, while Fig. 2.1(b) represents

an ETS in the (4, 4) class and its normal graph with a leaf. Symbols � and � are used

to represent satisfied and unsatisfied check nodes in the induced bipartite subgraphs,

respectively, and the symbol ◦ is used to represent variable nodes in both the induced

subgraphs and normal graphs.

Unlike the variable-regular Tanner graphs, there is not a one-to-one correspon-

dence between an ETS and its normal graph for irregular graphs. In other words,
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Figure 2.1: (a) A LETS in the (4, 2) class and its leafless normal graph, (b) An ETS
in the (4, 4) class and its normal graph which has a leaf (f1).

for an irregular Tanner graph, the number of edges in the normal graph represen-

tation of an ETS is not uniquely mapped to the number of unsatisfied check nodes

in the ETS. To have a one-to-one correspondence, in addition to the normal graph,

the extra information about the degrees of variable nodes involved in the ETS is also

required. For this, we introduce a new graphical representation of an ETS, which we

call quasi-normal representation. The quasi-normal graph of an ETS S is obtained

from G(S) by replacing all the check nodes (degree-one or two) and their incident

edges by a single edge. In this representation, the edges that are connected to only

one node (singly-connected edges) are responsible for preserving the degree of variable

nodes. It is easy to see that there is a one-to-one correspondence between G(S) and

the quasi-normal graph of S for any regular or irregular LDPC code. We continue

to use the normal graph representation for irregular graphs. Such a representation

can be considered as the image or projection of quasi-normal graphs into the space

of normal graphs, where such a projection involves dropping all the singly-connected

edges. In general, in an irregular Tanner graph, multiple ETS structures with differ-

ent quasi-normal graphs may have the same normal graph representation. We also

continue to use the same definition of LETS for irregular graphs, i.e., an ETS S is

LETS if the normal graph of S is leafless.

Example 2. Fig. 2.2 shows the induced subgraphs of four LETS structures in an

irregular Tanner graph with variable node degrees 3 and 4. The figure also includes

the corresponding quasi-normal graphs and the normal graph representation of the

four structures. It can be seen that all four non-isomorphic LETS structures have the
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(b)(a)

(e)

(c) (d)

Figure 2.2: Tanner graph and quasi-normal graph representations of LETSs in an
irregular Tanner graph with variable degrees 3 and 4 in (a) (4, 2), (b) (4, 3), (c)
(4, 4), (d) (4, 6) classes and (c) their normal graph.

same normal graph.

In the following, when we are concerned with the characterization of LETS struc-

tures, we use the quasi-normal/normal graph representation. On the other hand,

when we discuss search algorithms, since the search is performed on a Tanner graph,

we are concerned with the bipartite graph representation of a LETS structure. Nev-

ertheless, for consistency and to prevent confusion, even in the context of search

algorithms, we still use terminologies corresponding to normal graphs. For example,

we use “all the instances of sk” to mean “all the instances of the structure whose

normal graph is sk.”

2.4 Nauty Program

Nauty [60], is a package of programs for computing automorphism groups of graphs.

There is a program called geng in this package that generates all the non-isomorphic

graphical structures with a given number of nodes and edges very efficiently. This

program has many input options to generate connected graphs, triangle-free graphs,

or graphs with certain minimum and maximum node degrees. In this work, we use

geng to generate all the non-isomorphic graphical structures of LETSs in different
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classes. To simplify this task, we use the normal graph representation of LETSs. Since

we are interested in connected LETS structures in variable-regular Tanner graphs

with variable degree dv that are 4-cycle free, we look for normal graphs with no

parallel edges and with minimum and maximum node degrees equal to δ(G) ≥ 2 and

∆(G) ≤ dv, respectively. By setting the range of node degrees to [2, dv], the number of

nodes to a, the number of edges to (adv− b)/2, and by choosing the simple connected

graph in geng’s input options, this program generates all the non-isomorphic graphical

structures of connected LETSs in the (a, b) class for variable-regular Tanner graphs

with variable degree dv. If we are interested in Tanner graphs with g ≥ 8, we also

add the option of “triangle-free.”



Chapter 3

LSS based Characterization/Search of

LETSs of Variable-Regular LDPC Codes

3.1 Introduction

In this chapter, we complement the results of [46], by careful examination of NA

structures, we demonstrate that they are all LSSs of some basic graphical structures

which are only slightly more complex than cycles.

3.2 LSS based Characterization

Recently, Karimi and Banihashemi [46] studied the graphical structure of LETSs for

variable-regular LDPC codes, and demonstrated that a vast majority of the non-

isomorphic structures of LETSs are layered supersets (LSS) of short cycles, i.e., each

structure S corresponds to a sequence of LETS structures that starts from a short

cycle and grows one variable node at a time to reach S. In particular, for variable-

regular Tanner graphs with variable degrees dv = 3, 4, 5 and 6, and girths g = 6 and

8, tables are provided in [46] that show the LSS properties of different non-isomorphic

structures for different (a, b) classes of LETSs, for a, b < 10, where a is the size of the

LETS and b is the number of odd-degree (unsatisfied) check nodes in the subgraph

induced by the trapping set. Probably, the most significant consequence of this char-

acterization is that it corresponds to a simple search algorithm that starts from the

short cycles of the graph and can find all the LETSs with the LSS property in a guar-

anteed fashion. The shortcoming, however, is that some of the (a, b) LETS structures

(within the range a, b < 10) do not lend themselves to the above characterization,

19
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i.e., they are not LSSs of any of their cycle subsets. These structures are labeled as

“NA” in [46]. For example, for variable-regular LDPC codes with dv = 4 and g = 6,

there are a total of 178 non-isomorphic NA structures within the range a, b < 10.

This implies that these structures cannot be found efficiently by using the LSS-based

search algorithm of [46] if one initiates the search by a set of cycles in the graph (no

matter how large the maximum length of the cycles in the set is).

3.3 LSS-Prime LETS Structures

We call these basic structures prime with respect to the LSS property, or “LSS-

prime” in brief, implying that they are not layered supersets of smaller LETSs. (By

this definition, we include cycles that are not LSS of any of their subsets in the set

of LSS-prime structures.) We show that for variable degrees dv = 3, 4, 5, 6, girths

g = 6, 8, and (a, b) classes with a, b < 10, the non-cycle LSS-prime structures are all

composed of two short cycles, and they all fit into one of the following two categories:

(i) The two cycles share either a variable node or a number of variable and check

nodes (and their connecting edges), (ii) the two cycles are connected by a chain (of

interleaving check and variable nodes).1 For example, for the case of dv = 4 and

g = 6, all the 178 NA structures appear to be LSSs of only 7 non-cycle LSS-prime

structures. An important consequence of this discovery is that, by including the

non-cycle LSS-prime structures of a Tanner graph in the initial set (along with short

cycles), the simple LSS-based search algorithm can find all the (a, b) LETSs (with

a, b < 10) of the graph in a guaranteed fashion.2

We note that if a LETS S of size a is an LSS of one of its elementary trapping

subsets S ′ of size a′, then S can be efficiently found in a Tanner graph starting from

S ′ using a − a′ successive applications of the following LSS-based search algorithm:

add to the input LETS Sin any variable node that has at least two connections to the

set of degree-1 check nodes in Sin and no connection to degree-2 check nodes in Sin.

For variable-regular graphs with dv = 3, 4, 5, and g = 6, the multiplicity of non-

isomorphic structures of (a, b) LETSs and EASs which are reported as “NA” in [46]

1The constraints imposed on dv, g as well as on a and b values are to follow those of [46]. Our
results can be extended to larger values for these parameters. Covering larger values of a and b,
however, requires a larger number of more complex non-cycle LSS-prime structures.

2The guaranteed property or exhaustiveness of the search is a direct consequence of the fact that
all non-isomorphic structures for every (a, b) class of LETSs are examined for their LSS properties,
as described above.



CHAPTER 3. LSS BASED CHARACTERIZATION/SEARCH 21

Table 3.1: multiplicity of non-isomorphic structures for different (a, b) LETS and
EAS classes of variable-regular graphs with dv = 3, 4, 5 and g = 6, which are
reported as “NA” in [46]

dv 3 4 5

LETS LETS EAS LETS EAS

(6,4): 1 (5,8): 1 - (8,8): 1 -

(7,3): 1 (6,8): 1 - (9,7): 3 -

(7,5): 2 (7,6): 1 - (9,9): 19 (9,9): 1

(8,2): 2 (7,8): 5 -

(a, b) (8,4): 5 (8,4): 1 -

(8,6): 5 (8,6): 7 (8,6): 1

(9,1): 1 (8,8): 20 -

(9,3): 10 (9,4): 5 (9,4): 2

(9,5): 17 (9,6): 33 (9,6): 3

(9,7): 7 (9,8): 104 (9,8): 2

Total 51 178 8 23 1

are listed in Table 3.1. (Note that for dv = 3, LETSs are the same as EASs.)

There is no NA structure for variable-regular graphs with dv = 6 and g = 6 or

with dv = 4, 5, 6 and g = 8 in the range of a, b < 10. For variable-regular graphs with

dv = 3 and g = 8, based on Table II of [46], there are only 2, 1 and 3 non-isomorphic

NA structures for (8, 6), (9, 5) and (9, 7) LETS classes, respectively. These structures

are clearly a subset of NA structures for graphs with dv = 3 and g = 6.

Example 1: In Fig. 3.1, we have shown the normal graph representation of

all the possible non-isomorphic structures of the (8, 6) ETS class for variable-regular

graphs with dv = 3 and g = 8. One can see that the two structures in Figs. 3.1(a),(b)

are LSSs of a cycle of length g+ 6 = 14. The structures in Figs. 3.1(c),(d) are cycles

of length g+8 = 16, and thus by definition, are LSSs of a cycle of length 16. In fact,

Figs. 3.1(c),(d) are examples of LSS-prime structures that are cycles. Structures in

Figs. 3.1(e),(f), however, are neither LSSs of a cycle nor LSS-prime cycles. They are

both examples of non-cycle LSS-prime structures.
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(a) (b) (c)

(d) (e) (f)

Figure 3.1: Normal graphs of all possible non-isomorphic structures of the class of
(8, 6) LETSs within variable-regular graphs with dv = 3 and g = 8.

Figure 3.2: Normal graph of the only structure of the class of (9, 5) LETSs within
variable-regular graphs with dv = 3 and g = 8.

Example 2: Fig. 3.2 shows the only NA structure of (9, 5) LETS class for variable-

regular graphs with dv = 3 and g = 8. It is easy to see that this structure is an LSS

of the (8, 6) LETS structure shown in Fig. 3.1(f). The structure of Fig. 3.2 is thus

not LSS-prime. It can however be found efficiently in a Tanner graph by a one-

level expansion of the LSS-prime structure of Fig. 3.1(f) using the LSS-based search

algorithm.

We carefully examine the graphical structure of all the LETS structures that are

not LSSs of any cycles and are thus identified by “NA” in [46]. (The total number

of NA structures for dv = 3, 4, 5, 6, g = 6, 8, and a, b < 10 is 51 + 178 + 23 = 252.)

Our goal is to investigate the LSS properties of these structures. In particular, we

are interested in stripping down each structure to its non-cycle LSS-prime elementary

subset. We start by NA structures of variable-regular graphs with dv = 3 and g = 6.

The first column of Table 3.1 shows that there are 51 such structures. The normal

graphs for LSS-prime elementary trapping subsets of these 51 structures are shown

in Figs. 3.3 and 3.4. Fig. 3.3 contains the subsets of size 6, 7 and 8. Size-9 subsets

are presented in Fig. 3.4. We use the notation na
k for a non-cycle LSS-prime structure
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Figure 3.3: Normal graphs of all the non-isomorphic LSS-prime LETS structures of
size 6, 7 and 8 within variable-regular graphs with dv = 3 and g = 6. (a) n6
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Figure 3.4: Normal graphs of all the non-isomorphic LSS-prime LETS structures of
size 9 within variable-regular graphs with dv = 3 and g = 6. (a) n9
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S, where a is the number of variable nodes in S, and k is a non-negative integer

index that distinguishes among different non-isomorphic structures with the same a

value. For example, the two LSS-prime structures with 7 variable nodes in Fig. 3.3

are denoted by n7
1 and n7

2.

It can be seen that all the 19 structures in Figs. 3.3 and 3.4 are composed of two

cycles, each with maximum length 14. Starting from all the LETSs with these 19

structures in a Tanner graph, the LSS-based search algorithm will find all the LETSs
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Table 3.2: LSS properties of NA structures for variable-regular graphs with dv = 3
and g = 6

a = 6 a = 7 a = 8 a = 9

b = 1 - - - n7
1(1)

b = 2 - - n6
1(1), n

7
1(1) -

b = 3 - n6
1(1) - n7

1(4), n
7
2(2), n

8
1(2), n

8
2(1), n

8
3(1)

b = 4 n6
1(1) - n7

1(2), n
7
2(2), n

8
1(1) -

b = 5 - n7
1(1), n

7
2(1) -

n8
2(5), n

8
3(4), n

8
4(2), n

8
5(2)

n8
6(1), n

9
1(1), n

9
2(1), n

9
3(1)

b = 6 - -
n8
2(1), n

8
3(1), n

8
4(1)

n8
5(1), n

8
6(1)

-

b = 7 - - -
n9
4(1), n

9
5(1), n

9
6(1)

n9
7(1), n

9
8(1), n

9
9(1), n

9
10(1)

with the 51 NA structures for variable-regular graphs with dv = 3 and g = 6 listed

in Table 3.1.

For variable-regular graphs with dv = 3 and g = 8, there are five non-cycle LSS-

prime structures, whose normal graphs are also included in Figs. 3.3 and 3.4: {n8
5, n

8
6,

n9
4, n

9
9, n

9
10}. In Tables 8.2 and 3.3, we have listed the LSS-prime elementary subsets

of NA structures for variable-regular graphs with dv = 3, and g = 6 and g = 8,

respectively. For example, the entry corresponding to a = 8 and b = 4 in Table 8.2

indicates that there are a total of 5 NA structures in the class of (8, 4) LETSs, from

which, two are LSSs of n7
1, two are LSSs of n7

2 and one is an LSS of n8
1. (In fact, the

last structure is n8
1, itself.)

Table 3.3: LSS properties of NA structures for variable-regular graphs with dv = 3
and g = 8

a = 8 a = 9

b = 5 - n8
5(1)

b = 6 n8
5(1), n

8
6(1) -

b = 7 - n9
4(1), n

9
9(1), n

9
10(1)

Examining the 178 NA structures of variable-regular graphs with dv = 4 and g = 6

(second column of Table 3.1), we find out that they are all LSSs of only 7 non-cycle

LSS-prime structures. Four of these structures have normal graphs already included
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(a) n5
1 (b) n6

2 (c) n7
3

Figure 3.5: Normal graphs of 3 non-isomorphic LSS-prime LETS structures within
variable-regular graphs with dv = 4 and g = 6. (a) n5

1, (b) n
6
2, (c) n

7
3.

Table 3.4: LSS properties of NA structures for variable-regular graphs with dv = 4
and g = 6

a = 5 a = 6 a = 7 a = 8 a = 9

b=4
LETS - - - n6

1(1) n5
1(1), n

6
1(4)

EAS - - - - n5
1(1), n

6
1(1)

b=6
LETS - - n5

1(1) n5
1(3), n

6
1(4) n5

1(7), n
6
1(24), n

7
1(1), n

7
2(1)

EAS - - - n6
1(1) n6

1(3)

b=8
LETS n5

1(1) n
5
1(1) n

5
1(3), n

6
1(2)

n5
1(6), n

6
1(13)

n6
2(1)

n5
1(15), n

6
1(67), n

6
2(5)

n7
1(11), n

7
2(4), n

7
3(1), n

8
1(1)

EAS - - - - n7
1(2)

in the structures of Figs. 3.3(a),(b),(c),(d): {n6
1, n

7
1, n

7
2, n

8
1}. (One should however,

note that the fact that the variable degree in this case is 4 rather than 3 means that

the same normal graph represents a different LETS structure compared to the case

of dv = 3.) The normal graphs of the other three structures are presented in Fig. 3.5.

In Table 3.4, we have listed the LSS-prime elementary subsets of NA structures

of both LETSs and EASs for variable-regular graphs with dv = 4 and g = 6.

For variable-regular graphs with dv = 5 and g = 6, the 23 NA structures listed in

Table 3.1 appear to be LSSs of only two LSS-prime structures. These structures have

the same normal graph as n6
1 and n5

1 in Figs. 3.3(a) and 3.5(a), respectively. The

LSS structure of the 23 NA structures in relation to these two LSS-prime structures

is presented in Table 5.13. There is only one EAS structure in Table 5.13 for the class

of (9, 9) trapping sets. The result of Table 5.13 implies that starting from n5
1, four

successive applications of the LSS-based search algorithm will find this NA structure.
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Table 3.5: LSS properties of NA structures for variable-regular graphs with dv = 5
and g = 6

a = 8 a = 9

b = 7
ETS: - n5

1(2), n
6
1(1)

EAS: - -

b = 8
ETS: n5

1(1) -

EAS: - -

b = 9
ETS: - n5

1(15), n
6
1(4)

EAS: - n5
1(1)



Chapter 4

Dot-based Characterization/Search of

LETSs of Variable-Regular LDPC Codes

4.1 Introduction

A careful examination of the LSS property in the space of normal graphs reveals that

this property corresponds to a simple graph-based expansion technique, referred to,

here, as depth-one tree (dot) expansion. In this chapter, dot-based characterization

is studied.

4.2 Dot-based Characterization

The notation dotm is used for a dot expansion with m edges, as shown in Fig. 4.1. In

this figure, symbol ◦ is used to represent the m common nodes between the parent

structure S and the dotm structure. Symbol •, on the other hand, is used to represent

the root node of dotm structure. For the dotm expansion to result in a valid normal

graph for a LETS structure of a variable-regular Tanner graph with variable degree

dv, the m edges of the tree will have to be connected to nodes of S with degree less

than dv. In addition, the degree m of the root node must be at least 2 and at most

dv.

Proposition 1. Suppose that S is an (a, b) LETS structure of variable-regular Tanner

graphs with variable degree dv, where b ≥ 2. Expansion of S using dotm, 2 ≤ m ≤

min{dv, b}, will result in LETS structure(s) in the (a+ 1, b+ dv − 2m) class.

27



CHAPTER 4. DOT-BASED CHARACTERIZATION/SEARCH 28

G(S) m-2

Figure 4.1: Expanding a LETS structure S by applying depth-one tree expansion
with m edges (dotm).

(a) (b) (c)

(d) (e)

Figure 4.2: LETS structures with ∆(S) ≤ dv = 4: (a) The LETS structure S is in
the (4, 8) class, (b)-(c) LETS structures in the (5, 8) class generated from S by
dot2 expansion, (d) LETS structure in the (5, 6) class generated from S by dot3
expansion, and (e) LETS structure in the (5, 4) class generated from S by dot4
expansion.

Proof. In addition to being limited by the upper bound of dv, the maximum value of

m is also upper bounded by b. Therefore, m ≤ min{dv, b}. In the dotm expansion,

only one node is added to S, and thus the size of the new structure is a′ = a + 1.

Based on Lemma 2, the number of edges in S is |ES | = (adv− b)/2. By the nature of

dotm expansion, the number of edges in the expanded structure S ′ is |ES′ | = |ES |+m.

Therefore, based on Lemma 2, the number of unsatisfied check nodes b′ in the new

structure is b′ = (a+ 1)dv − 2|ES′ | = adv − 2|ES |+ dv − 2m = b+ dv − 2m.

Example 3. Consider the LETS structure S of Fig. 4.2(a) in a variable-regular

Tanner graph with dv = 4 and g = 6. This structure is in the (4, 8) class. The

application of dot2 expansion to S generates two non-isomorphic structures shown in

Figs. 4.2(b) and (c) in the (5, 8) class. For each of the two expansions dot3 and dot4

applied to S, only one new structure is generated. This structure belongs to the (5, 6)

and the (5, 4) class, respectively, and is shown in Figs. 4.2(d) and (e), respectively.

Proposition 2. Among the LETS structures with the same size a, the simple cycle

of size a in the (a, a(dv − 2)) class has the largest b.
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Proof. Since b = adv − 2|E|, the LETS structure with the largest b is the one with

the minimum number of edges |E|. Also, in leafless structures, each node has at

least two incident edges. Therefore, the simple cycle of size a, in which each node

has exactly two incident edges, has the minimum number of edges, a, among all the

LETS structures with the same size. The simple cycle of size a is, in fact, the only

LETS structure in the (a, adv − 2a = a(dv − 2)) class.

Remark 1. In a Tanner graph with girth g, the smallest LETS structure is the simple

cycle of size g/2, denoted by sg/2. The sg/2 structure is the only LETS structure of

size g/2.

Given all the non-isomorphic LETS structures of size k, the dot expansion tech-

nique is able to generate most of the non-isomorphic LETS structures of size k + 1.

The LETS structures which cannot be obtained by the dot expansion from any of

their subsets are called dot-prime structures (LSS-prime structures in Chapter 3).

For brevity, we refer to these structures as being prime, in the rest of the work.

Prime structures can be categorized into: (i) cycle prime structures, and (ii) non-

cycle prime structures. In the first category, we have all the simple cycles, and cycles

with chord that are out of the reach of the dot expansion. In the second category, we

have structures that are slightly more complex than cycles. Non-cycle prime struc-

tures are discussed in details in Chapter 3.

Dot expansion is a simple recursive technique to generate larger LETS structures

from smaller ones. Based on Remark 1, one needs to start from the simple cycle of

length g/2 and apply the dot expansion recursively, to obtain non-isomorphic LETS

structures in different (a, b) classes with a > g/2. This technique, however, has the

limitation of leaving out all the prime structures. Therefore, for a full characterization

of LETS structures based on dot expansion, these prime structures will have to be

identified and added as new initial building blocks for the dot expansion.

Remark 2. Expanding LETS structures with depth-one tree is the same as the LSS-

based algorithm proposed in [46]. For the characterization of LETS structures, how-

ever, rather than examining each structure in a class to find out its LSS properties,

as performed in [46], in this work, the non-isomorphic LETS structures are generated

by expanding the prime structures using the dot expansion technique.

Case Study-Characterization of non-isomorphic LETS structures of (a, b) classes

for variable-regular graphs with dv = 3, g = 6 and a ≤ 9, b ≤ 9:
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Table 4.1: dot-based characterization of non-isomorphic LETS structures of (a, b)
classes for variable-regular graphs with dv = 3, g = 6 and a ≤ 9, b ≤ 9

a = 3 a = 4 a = 5 a = 6 a = 7 a = 8 a = 9

b = 0 - s3(1) - s4(2) - s5(3), s6(1), c6(1) -

b = 1 - - s3(1) - s4(3), s5(1) -

s5(9), s6(5)

c6(2), n6(1)

c7(1), n7(1)

b = 2 - s3(1) - s4(3), s5(1) -
s5(9), s6(5), c6(2)

n6(1), c7(1), n7(1)
-

b = 3s3(1) - s4(2) -
s5(6), s6(1)

c6(2), n6(1)
-

s6(31), s7(9)

c7(9), n7(7)

c8(3), n8(4)

b = 4 - s4(1) -
s5(2), c6(1)

n6(1)
-

s6(12), s7(2), c7(4)

n7(4), c8(2),n8(1)
-

b = 5 - - s5(1) -
s6(3), c7(1)

n7(2)
-

s7(19), s8(2)

c8(11), n8(15)

c9(2),n9(3)

b = 6 - - - s6(1) - s7(3), c8(2),n8(5) -

b = 7 - - - - s7(1) -
s8(4), c9(2)

n9(7)

b = 8 - - - - - s8(1) -

b = 9 - - - - - - s9(1)

This characterization is summarized in Table 4.1, where the prime structures are

boldfaced. The notations sk, ck, and nk are used to denote the simple cycle, a prime

cycle with chord, and a non-cycle prime structure of size k, respectively. As an

example of how the entries in Table 4.1 should be interpreted, we consider the (7, 5)

class. The entries for this class are: s6(3), c7(1), and n7(2). This means that there are

a total of 6 non-isomorphic LETS structures in this class, three of these structures are

generated, using dot expansions, starting from s6, one of them is a prime cycle with

chord of size 7, and two of them are non-cycle prime structures of size 7. Having the

symbol “-” for an (a, b) class means that it is impossible to have any LETS structure

in that class. In Table 4.1, the smallest possible LETS structure is the cycle of size 3,

s3. The two non-isomorphic LETS structures of size 4 generated by the application

of dot expansions to s3 are shown in Fig. 4.3 (f4 is the new node added to s3).
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f1

f2

f3

f4

(a)

f1

f2

f4

f3

(b)

Figure 4.3: LETS structures in (a) (4, 2) and (b) (4, 0) classes in variable-regular
graphs with dv = 3 and g = 6.

(a)

(b)

Figure 4.4: Prime LETS structures in variable-regular graphs with dv = 3 and g = 6
(a) a simple cycle in the (6, 6) class and a cycle with chord in the (6, 4) class
(b) non-cycle prime structures in the (7, 5) class.

These structures, which belong to (4, 2) and (4, 0) classes, respectively, are the only

non-isomorphic LETS structures of size 4 that are generated by the dot expansion.

There, however, remains another LETS structure of size 4 in the (4, 4) class that is

not generated by the dot expansion. This (4, 4) LETS structure, which is in fact s4,

is thus chosen as a prime structure.

Fig. 4.4(a) shows two prime structures in the (6, 6) and (6, 4) classes, respectively,

and Fig. 4.4(b) depicts two prime structures in the (7, 5) class.

It is worth noting that unlike [46] and Chapter 3, the simple cycles and prime

cycles with chord are distinguished in this thesis.

4.3 Dot-based Search

Dot-based characterization of LETS structures corresponds to a search algorithm to

find all the instances of LETS structures in the Tanner graph of LDPC codes for
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given values of dv, g, amax and bmax. First, based on the characterization table, the

set of prime structures in the interest range of a ≤ amax and b ≤ bmax are identified.

For example, for variable-regular graphs with dv = 3, g = 6 and bmax = amax = 9, all

the prime structures of Table 4.1 are needed. As another example, if, for a variable-

regular graph with dv = 3 and g = 6, one is interested in bmax = 3 and amax = 8,

only 8 prime structures in the (3, 3), (4, 4), (5, 5), (6, 4), (6, 6) and (7, 5) classes are

needed. Suppose that T prime structures are needed for a ≤ amax and b ≤ bmax.

The instances of each prime structure are then enumerated in the Tanner graph of

the code, and are used as the input to the dot-based search algorithm to find all the

instances of LETS structures in the interest range of a ≤ amax and b ≤ bmax. This

dot-based search algorithm is essentially the same as the LSS-based search algorithm

of [46].

4.4 Shortcomings of Dot-based Search Algorithm

To motivate the new characterization/search technique, we start by explaining the

main practical issues in implementing a dot-based search algorithm. In summary, in a

given Tanner graph, to exhaustively search for (a, b) LETS instances within the range

of interest a ≤ amax and b ≤ bmax, one needs to initially enumerate instances of prime

structures that are needed as parents of the LETS structures under consideration.

Some of these prime structures have relatively large a and b values. For practical

codes, the multiplicity of instances of such prime structures can be easily in the

range of tens of millions. This imposes a huge computational burden and memory

requirement on the dot-based search algorithm. The dot-based search algorithm in

this case is particularly inefficient, when such prime structures, themselves, are not of

direct interest (as they have relatively large a and b values), and when the multiplicity

of the instances of the LETS structures, that are children of such prime structures

and of interest, is relatively low, or in some cases even zero.

We consider the case of variable-regular graphs with dv = 3 and g = 6. For

such graphs, the dot-based characterization for the range of a ≤ 9 and b ≤ 9, was

presented in Table 4.1. In Table 4.2, we have extended the results of Table 4.1 to cover

LETS structures with a = 10, 11, 12, and b ≤ 5. All the (non-cycle and cycle) prime

structures of size less than 10 (those identified in Table 4.1 by sk, ck, nk, with k ≤ 9)

are used to generate the LETS structures in Table 4.2. For the LETS structures
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Table 4.2: dot-based characterization of non-isomorphic LETS structures of (a, b)
classes for variable-regular graphs with dv = 3, g = 6, 10 ≤ a ≤ 12 and b ≤ 5

a = 10 a = 11 a = 12

b = 0
s6(12), s7(3), c7(2)

n7(1), n8(1)
-

c7(43), s8(15), c8(12)

n8(9), s9(1), c9(1), n9(4)

b = 1 -
s6(50), s7(26), c7(10), n7(7)

s8(4), c8(6), n8(9), n9(2)
-

b = 2
s6(50), s7(24), c7(10), n7(7)

s8(3), c8(8), n8(10), n9(1)
-

s7(350), s8(156), c8(93)

n8(73), s9(22), c9(44)

n9(77),NA(20)

b = 3 -
s7(211), s8(65), c8(72), n8(65)

s9(4), c9(21), n9(41),NA(3)
-

b = 4
s7(75), s8(20), c8(37), n8(37)

c9(10), n9(18),NA(1)
-

s8(711), s9(202), c9(322)

n9(346),NA(311)

b = 5 -
s8(172), s9(40), c9(104)

n9(139),NA(81)
-

which are not generated using the dot expansion technique starting from any of these

prime structures, the notation “NA” is used in Table 4.2. Starting from the prime

structures of size 10 and 11, one can also generate (characterize) NA LETS structures

of Table 4.2.

Example 4. The (11, 1) class is a potentially dominant LETS class of variable-regular

graphs with dv = 3 and g = 6. Table 4.2 shows that among 114 non-isomorphic

LETS structures in this class, 50, 26, 10, 7, 4, 6, 9 and 2 structures are generated

starting from prime structures s6, s7, c7, n7, s8, c8, n8 and n9, respectively. This

means prime structures with size up to 9 need to be enumerated in the Tanner graph

to find the instances of all the LETS structures of this class (if any exists). Fig.

4.5 represents S = ({f1, f2, . . . , f11}, E), a LETS structure in the (11, 1) class which

is generated starting from the simple cycle prime structure, s8, in the (8, 8) class

(S ′ = ({f1, f2, . . . , f8}, E
′)). To find all the instances of S in the Tanner graph using

a dot-based search algorithm, all the instances of s8 in the graph need to be enumerated.

Example 5. In the (12, 2) class of Table 4.2, in addition to LETS structures that

are generated by the dot-based expansion starting from c7, s8, c8, n8, s9, c9 and n9,
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f9

f4

f5

f10

f1

f3

f8
f6f7

f2
f11

Figure 4.5: A LETS structure in the (11, 1) class of a variable-regular graph with
dv = 3 and g = 6.

f2

f3

f4 f5 f6 f7

f8

f9

f10

f11

f1

f12

Figure 4.6: A LETS structure in the (12, 2) class of a variable-regular graph with
dv = 3 and g = 6.

there are 20 non-isomorphic LETS structures that are generated from prime struc-

tures of size 10 and 11 (denoted as NA in the table). Fig. 4.6 shows the struc-

ture S = ({f1, f2, . . . , f12}, E), as one of these NA structures. This structure is

generated starting from a non-cycle prime structure of size 10 in the (10, 8) class

(S ′ = ({f1, f2, . . . , f10}, E
′)). Although a certain Tanner graph with dv = 3 and g = 6

may not contain any instance of S, all the instances of the structure S ′ in the Tan-

ner graph need to be enumerated for the dot-based search algorithm to guarantee the

exhaustive coverage of the (12, 2) class.

Example 6. Consider a (3, 6)-regular LDPC code with g = 6, and n = 20000 [57].

Table 4.3: Multiplicities of prime structures of size 8 and 9 in the code of Example 6

Prime Multiplicity Prime Multiplicity

structure structure

c8 in (8, 4) class 0 c9 in (9, 5) class 15

c8 in (8, 6) class 6430 c9 in (9, 7) class 83392

s8 in (8, 8) class 6219941 s9 in (9, 9) class 55181079

n8 in (8, 4) class 0 n9 in (9, 5) class 1

n8 in (8, 6) class 6754 n9 in (9, 7) class 101777
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f1 f2
f7

f4f5
f6

f3

f8

f9

Figure 4.7: A LETS structure in the (9, 8) class of a variable-regular graph with
dv = 4 and g = 6.

Suppose that one is interested in LETSs of this code in the range of a ≤ 12 and b ≤ 5.

The multiplicities of all the instances of prime structures of size 8 and 9 in the Tanner

graph of this code in the (8, 4), (8, 6), (8, 8), (9, 5), (9, 7) and (9, 9) classes are listed

in Table 4.3. In the range a ≤ 12 and b ≤ 5, the (8, 4), (9, 3), (9, 5), (10, 0), (10, 2),

(10, 4), (11, 1), (11, 3), (11, 5), (12, 0), (12, 2), (12, 4) classes are the classes that can

have LETS structures starting from these prime structures. To exhaustively search

the Tanner graph for LETSs with a ≤ 12 and b ≤ 5, the dot-based search algorithm

will have to enumerate all the instances of the prime structures listed in Table 4.3

(a total of more than 60 million). In all the above classes, however, this code has

only 15, 1 and 8 instances of LETS structures in (9, 5), (10, 4) and (11, 5) classes,

respectively, that are generated by the dot-based expansion, starting from the instances

of these (more than 60 million) prime structures.

Example 7. Consider a (4, 8)-regular LDPC code with g = 6, and n = 4000 [57].Sup-

pose that one is interested in finding all the LETSs of this code in the range a ≤ 9

and b ≤ 8, using the dot-based search algorithm. To do this, based on Table V of [46],

one must enumerate all the instances of simple cycle prime structure, s7. The LETS

structure in Fig. 4.7 is an example of a structure in the (9, 8) class that has s7 as

its prime sub-structure. It appears that while there are 123, 111, 331 instances of s7

in the Tanner graph of this code, there is not a single instance of a LETS structure

in all the classes of interest which has s7 as its prime sub-structure, in the Tanner

graph.



Chapter 5

Dpl-based Characterization/Search of

LETSs of Variable-Regular LDPC Codes

5.1 Introduction

In this chapter, first we provide a general framework for exhaustive search of LETSs.

Then, to overcome the shortcomings of the dot-based search algorithm, explained in

Section 4.4, we propose two new graph expansion techniques, path and lollipop expan-

sions, that are applied to smaller LETS structures to generate larger ones. Similar to

dot expansion, the new expansions are also applied in the space of normal graphs. In

Section 5.4, we then use path and lollipop expansions along with the dot expansion, to

formulate a new characterization of LETS structures. In the context of characterizing

a LETS structure as a sequence of embedded LETS structures that starts from a sim-

ple cycle and expands, step by step, to reach the structure of interest, we introduce

the concept of minimal characterizations, as those in which none of the expansions in

the sequence can be divided into smaller ones. The proposed characterization in Sec-

tion 5.4 is minimal, and describes each and every LETS structure as an expansion of a

simple cycle, using a combination of dot, path and lollipop expansion techniques, thus

the name dpl-based characterization, or dpl characterization, in brief. In Section 5.4,

we also prove that any minimal characterization is based only on the expansions dot,

path and lollipop, and that the proposed characterization has some optimal proper-

ties as related to the corresponding search algorithm. The characterization results

for some values of dv, g, amax, and bmax are presented as characterization tables in

Section 5.5. For a given range a ≤ amax and b ≤ bmax, the maximum length of sim-

ple cycles participating in the dpl characterization is often less than that for the dot

36
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characterization. In Section 5.6, we develop the search algorithm corresponding to

the dpl characterization, and in Section 5.7, we discuss the complexity of the search.

Finally numerical results are presented in Section 5.8.

5.2 Exhaustive Search Framework for LETSs

based on the Hierarchical Relationship of

LETS Graphical Structures

Suppose that one is interested in finding all the instances of (a, b) LETS structures

of a given Tanner graph within the range a ≤ amax and b ≤ bmax. A crude and highly

complex approach would be to consider any combination of a variable nodes in the

Tanner graph and examine it to see whether it is an (a, b) LETS with b ≤ bmax. This

process will have to be repeated for all the values of a ≤ amax. A more efficient

approach would be to first find all the non-isomorphic structures of LETSs within

the interest range of a and b values, and then search for each structure, one at a

time, within the Tanner graph. Although more efficient than the first approach, this

method is also too complex to be useful in practical settings. To further simplify the

exhaustive search, one can carefully examine the graphical structure of all the non-

isomorphic LETSs of interest and look for hierarchical (parent-child) relationships

that can be used to simplify the overall search. Suppose that L1 and L2 are two LETS

structures of interest, and that L1 is a sub-structure (parent) of L2, i.e., L1 ⊂ L2.

To find all the instances of L1 and L2, one can first perform an exhaustive search to

find all the instances of L1. Then, instead of performing a new exhaustive search to

find all the instances of L2, one can just check whether any instance of L1 can be

expanded to an instance of L2 by grafting the expansion L2\L1 into L1.

Based on the above principle, a general framework for the exhaustive search of

(a, b) LETSs with a ≤ amax and b ≤ bmax is as follows: Suppose that there are N

non-isomorphic LETS structures L1, . . . , LN , within the range of interest. (These

structures can be efficiently found using the normal graph representation and nauty.)

Also, suppose that these structures are organized in a collection of rooted trees (for-

est) where each structure is represented by a node in a tree and the parent-child

relationships between substructures are represented by edges, i.e., if Li ⊂ Lj, and if

we plan to use the exhaustive search of Li as a starting point for the exhaustive search
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of Lj, as described above, then there is an edge between the corresponding nodes. In

this case, the node for Li is called the parent (immediate ancestor) of the node for

Lj, and is closer to the root of the tree than the node for Lj is. Given such a forest,

one starts by finding all the instances of the root structures. The instances of all

the other structures within each tree are then found by searching for the expansions

of the instances of their parent structure. This will be done recursively, where each

structure at depth i of a tree is searched for, as an expansion of its parent structure at

depth i−1 of the tree. In this framework, given that the search of the root structures

is exhaustive, it is clear that the search for all the remaining structures will also be

exhaustive. The search framework just presented can be further generalized by adding

some auxiliary structures to the forest. These new structures, which may be LETS

structures outside the range of interest or structures that are not even LETS, would

be added to help in simplifying the overall search. For example, they may create

links between two LETS structures of interest that have a hierarchical relationship,

but through a complex expansion. The introduction of the auxiliary structure(s) can

break the complex expansion into simpler ones.

The efficiency of an specific exhaustive search algorithm within the above frame-

work depends highly on the design of the forest. In general, one would like to have

a forest with smaller number of trees, where the roots are simple structures that can

be efficiently enumerated, and in each tree, the expansion relationships between the

structures are relatively simple.

In [47], Karimi and Banihashemi proposed a recursive search, similar to the frame-

work described above, to find LETS instances within a Tanner graph. They used short

cycles as the roots of the trees for variable-regular Tanner graphs, and short cycles

plus variable nodes with low degree, and cycles with low approximate cycle extrin-

sic message degree (ACE) as the roots of the trees for the case of irregular Tanner

graphs. They also described the expansions relating two LETS structures in terms

of the size difference between the two structures, and used those expansions to or-

ganize the recursive search. The search algorithm of [47], although efficient, did not

provide any guarantee that the search results were exhaustive. In [46], Karimi and

Banihashemi focused on variable-regular Tanner graphs and a simple hierarchical re-

lationship between LETS structures, dubbed LSS (layered super set) property, and

devised a recursive search algorithm based on trees, each rooted at short cycles of a

certain length and being connected internally based on the LSS relationship between
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Table 5.1: Pros and cons of the search algorithms in [47], [46], Chapter 3 and this
chapter

Goals
Exhaustive Simple Simple Small Small #

Search roots expansions # trees auxiliary nodes

[47] 7 3 3 3 3

[46] 7 3 3 3 7

Chapter 3 3 7 3 7 7

Chapter 5 3 3 3 3 3

their nodes. The forest used in the search algorithm of [46] has the advantage that

the expansions are very simple, but suffers from the introduction of some auxiliary

structures that may be very complex and abundant. It also lacks the guarantee for

exhaustiveness. This latter shortcoming is resolved in Chapter 3, where new trees

were added to the forest of [46]. The new trees were rooted at some auxiliary LETS

structures but were still formed following the LSS-based expansion as the relationship

between their nodes.

In this work, following the above general framework for exhaustive search, we

design a forest whose trees are each rooted at a simple short cycle of a different length.

This makes the number of rooted trees small. It also makes the enumeration of the

instances of the root structure for each tree simple. The expansions within each tree

are limited to three types, one being the LSS-based expansion of [46]. The expansions

in each tree are selected to be minimal in the sense that they cannot be broken into

smaller (simpler) expansions such that the intermediate structures still remain LETS.

This satisfies the constraint of having simple expansions in the search process. Finally,

auxiliary LETS structures are added systematically as intermediate or root nodes of

the trees, as required, with the goal of minimizing the overall search complexity. Table

5.1 summarizes the pros and cons of the search algorithms in [47], [46], Chapter 3

and this chapter.



CHAPTER 5. DPL-BASED CHARACTERIZATION/SEARCH 40

G(S) m-1
edges G(S) m-1

edges

(a) (b)

Figure 5.1: Expansion of the LETS structure S with (a) an open path of length
m+ 1, paom (b) a closed path of length m+ 1, pacm.

5.3 Path and Lollipop Expansion Techniques

Consider an (a, b) LETS structure S of a dv-regular Tanner graph with g ≥ 6. The

path expansion of S is a new LETS structure S ′ of size a + m, that is constructed

by appending a path of length m + 1 to S. The first and the last nodes of the path

are common with S, and can be identical, in that case, the path is closed. Figures

5.1(a) and (b), show the path expansion of S using open and closed paths of length

m + 1, respectively. In these figures, the symbol ◦ is used to represent the common

node(s) between S and the path, and the symbol • is used to represent the other

m nodes of the path. It is clear that for an open-path expansion, the degrees of the

two nodes that are common with S must be strictly less that dv (in G(S)), and for

the closed-path expansion, the degree of the one common node must be strictly less

than dv− 1 in G(S). We use the notations paom and pacm for open and closed paths of

length m+1, respectively. The notation pam is used to include both open and closed

paths.

Proposition 3. Suppose that S is a LETS structure in the (a, b) class (b ≥ 2) for

variable-regular Tanner graphs with variable degree dv. Applying the path expansion

pam, with m ≥ 2, to S will result in LETS structure(s) in the (a+m, b−2+m(dv−2))

class.

Proof. The constraint b ≥ 2 is to accommodate the 2 edges of the path that are

connected to S. We also note that pao1 is the same as dot2, and that the expansion

pac1 will result in a cycle of length 4. We thus focus on m ≥ 2 in the statement of the

proposition.

The expanded structure S ′ has size a′ = a+m. Based on Lemma 2, the number

of edges in S is |ES | = (adv − b)/2. By the nature of expansion, the number of edges
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c-2
edges

d edges

G(S)

Figure 5.2: Expansion of the LETS structure S with a lollipop walk of length
m+ 1 = d+ c, locm.

in S ′ is |ES′ | = |ES | + m + 1. By combining these and using Lemma 2, we have

b′ = a′dv − 2|ES′ | = (a+m)dv − (adv − b)− 2m− 2 = b− 2 +m(dv − 2).

The pseudo-code of the path expansion algorithm is given in Routine 1.

Routine 1 (PathExpansion) Expansion of a LETS structure S to all possible
LETS structures Lp of size |S|+m, using pam. L

p = PathExpansion(S,m)

1: Initialization: Identify the subset of nodes in S with degree strictly less that
dv, and store them in F ′. Identify the subset of nodes in S with degree strictly
less than dv − 1, and store them in F ′′. Lp ← ∅.

2: Construct N2(G) to include all the possible subsets of F ′ of size 2.
3: for each set in N2(G) do
4: Generate a new LETS structure S ′ by applying paom expansion to S such that

the 2 nodes in F ′ are the first and the last nodes of the new path of length
m+ 1.

5: Lp ← Lp ∪ S ′.
6: end for
7: for each node in F ′′ do
8: Generate a new LETS structure S ′′ by applying pacm expansion to S such that

the node in F ′′ is the common node between S and the new path of length
m+ 1.

9: Lp ← Lp ∪ S ′′.
10: end for
11: Output: Lp.

In Fig. 5.2, the expansion of a LETS structure S using a lollipop walk of length

m + 1 is shown. The notation locm is used for a lollipop walk of length m + 1 (m is

number of the nodes added to S), which consists of a cycle of length c (c ≥ 3) and

a path of length d (d ≥ 1). Clearly, the common node between S and the lollipop

expansion must have a degree strictly less than dv in G(S).
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Proposition 4. Suppose that S is a LETS structure in the (a, b) class (b ≥ 1) for

variable-regular Tanner graphs with variable degree dv. Applying the lollipop expan-

sion locm, with m ≥ 3 and 3 ≤ c ≤ m, to S will result in LETS structure(s) in the

(a+m, b− 2 +m(dv − 2)) class.

Proof. Similar to that of Proposition 3.

The pseudo-code for the lollipop expansion is given in Routine 2.

Routine 2 (LollipopExpansion) Expansion of a LETS structure S to all possible
LETS structures Ll

c of size |S|+m, using locm. L
l
c = LollipopExpansion(S,m, c)

1: Initialization: Identify the subset of nodes in S with degree strictly less than
dv and store them in F ′. Ll

c ← ∅.
2: for each node f in F ′ do
3: Generate a new LETS structure, S ′, by expanding S using locm expansion such

that f is the common node between the lollipop and S.
4: Ll

c ← L
l
c ∪ S

′.
5: end for
6: Output: Ll

c.

In the following, we demonstrate, through a sequence of intermediate results, that

any LETS structure of variable-regular Tanner graphs can be generated from simple

cycles using a combination of the three expansion techniques: dot, path and lollipop.

Lemma 3. Except the simple cycles, any LETS structure S ′ = (F ′, E ′) contains at

least one LETS sub-structure S = (F,E) with |F | < |F ′|.

Proof. Since the structure S ′ is leafless, it must contain a cycle, and as a result, a

simple cycle. The proof then follows from the fact that simple cycles are LETSs.

Lemma 4. Suppose that a LETS structure S ′ = (F ′, E ′) has a LETS sub-structure

S = (F,E), where |F | = |F ′|− 1. Structure S ′ can then be generated from S by using

the dot expansion.

Proof. Node f in F ′\F must be connected to at least two nodes in S. Based on the

definition of dot expansion, structure S ′ can then be generated from S by using dotm

expansion (m ≥ 2), where the root of the expansion tree is f .
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Lemma 5. Consider a LETS structure S ′ = (F ′, E ′) that is prime with respect to

dot expansion, and is not a simple cycle. Then, for the largest LETS sub-structure

S = (F,E) of S ′, we have

(i) |F | < |F ′| − 1,

(ii) subgraph induced by F ′\F is connected,

(iii) no node in F ′ \ F can have more than one edge connected to the nodes in S.

Proof. Proof of (i) follows from Lemmas 3 and 4, and the definition of a prime struc-

ture. For (ii), assume that the subgraph is disconnected. Then removing the nodes

in one of the disconnected parts from F ′ results in a new LETS sub-structure of S ′,

which is larger than S. This contradicts the assumption that S is the largest LETS

sub-structure of S ′. For (iii), again by contradiction, if such a node exists, by remov-

ing all the other nodes in F ′ \ F , we obtain a LETS sub-structure of S ′ larger than

S.

Proposition 5. Suppose that S ′ = (F ′, E ′) is a prime structure of dot expansion,

but is not a simple cycle. Let S = (F,E) be the largest LETS sub-structure of S ′.

Structure S ′ can then be generated by expanding S using a path or a lollipop walk.

Proof. Based on Lemma 5, in the following, we consider two cases of |F | = |F ′| − 2

and |F | < |F ′| − 2.

Case (1)–|F | = |F ′| − 2: Based on Part (ii) of Lemma 5, the two nodes in F ′ \ F

must be adjacent. Moreover, based on Part (iii) of the same lemma, each node in

F ′ \F must have one connection to the nodes in S. The only possible configurations

satisfying both conditions are the expansions of S by the closed and open paths of

length 3.

Case (2)–|F | < |F ′| − 2: We first prove that in this case, the number of the edges

connecting the nodes in F ′ \F to the nodes in S must be strictly less than 3. Suppose

that the number of such edges is at least 3. This means that, based on Part (iii) of

Lemma 5, there are at least three nodes in F ′ \ F each connected with one edge to

a node in S. Select three such nodes, and call them v1, v2 and v3. Based on Part

(ii) of Lemma 5, there is a path between any pair of these nodes in the subgraph

induced by F ′ \ F . Find the shortest paths between any pair of these nodes in the

subgraph. Without loss of generality, assume that among the three shortest paths,

the one between v1 and v2 has the smallest length. Clearly v3 cannot be on this path.

Add the nodes v1, v2 and all the nodes on the shortest path between v1 and v2 to S.
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This results in a LETS sub-structure of S ′ that is larger than S and strictly smaller

than S ′, which is a contradiction. Therefore, the number of the edges connecting the

nodes in F ′ \ F to the nodes in S must be either two or one.

For the case where there are two edges connecting F ′ \ F to S, based on Part

(iii) of Lemma 5, these edges must be incident to two distinct nodes in F ′ \ F . Call

these nodes v1 and v2. There must be no cycles in the subgraph induced by F ′ \ F .

Otherwise, one can find the shortest path between v1 and v2 in the subgraph and by

removing all the nodes in F ′ \ F except v1, v2 and all the nodes on the shortest path

between them, obtain a LETS sub-structure of S ′ that is larger than S but strictly

smaller than S ′. Therefore, for this case, the only possible configurations are the

expansions of S by closed and open paths of length more than 3.

For the case where there is only one edge connecting F ′ \ F to S, for S ′ to be

a LETS structure, there must exist at least one cycle in the subgraph induced by

F ′ \ F . With a discussion similar to the case of two connecting edges, one can prove

that there must be exactly one cycle in the subgraph. For this case, the only possible

configurations are the expansions of S by lollipop walks locm with m ≥ 3 (length more

than four) and c ≥ 3 (cycles longer than three).

Based on Proposition 5, except the simple cycles, each prime structure of dot-

based expansion can be generated by applying path or lollipop expansions to its largest

LETS sub-structure. This sub-structure is either a simple cycle or not. If not, then

Lemmas 3 and 4, and Proposition 5 show that we can obtain the sub-structure by

applying a combination of the three expansion techniques to a simple cycle.

Theorem 1. All LETS structures of variable-regular Tanner graphs for any variable

degree dv, and in any (a, b) class (that are not simple cycles), can be generated by

applying a combination of depth-one tree (dot), path and lollipop expansions to simple

cycles.

Proof. The only LETS structures that are out of the reach of dot expansions are prime

structures discussed in Chapter 3. These prime structures are either simple cycles or

not. Based on Proposition 5, and the above discussions, the prime structures that

are not simple cycles can be generated using the three expansion techniques starting

from simple cycles.

Compared to the dot-based characterization, Theorem 1 provides a new charac-

terization of LETS structures. Instead of using one expansion technique (dot) and
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F1 = {f2, f3, f9}

F2 = {f2, f3, f9, f4}
dot

F3 = {f2, f3, f9, f4, f5, f10, f6}
lo33

F4 = {f2, f3, f9, f4, f5, f10, f6, f7}

F5 = {f2, f3, f9, f4, f5, f10, f6, f7, f8, f1}

F = {f1, . . . , f11}

pa2

dot

dot

in (3,3) class

in (4,2) class

in (7,3) class

in (8,2) class

in (10,2) class

in (11,1) class

Figure 5.3: Steps of generating the (11, 1) LETS structure of Fig. 4.5 starting from
s3.

some prime structures (simple cycles plus some other prime structures) to character-

ize the LETS structures, the new characterization uses more expansion techniques

(dot, path and lollipop) but has fewer prime structures (only simple cycles). In the

general framework of Section 5.2, this corresponds to a forest with smaller number of

trees but more variety of expansion types for internal links within each tree. This new

characterization, however, does not provide us with a road-map to a more efficient

search algorithm. The reason is that, if we continue to rely on the dot-based search

algorithm as before, we still need to enumerate all the instances of the required prime

structures as the input to the dot-based search algorithm. Having a characterization

of the prime structures as expansions of simple cycles, although helpful in such an

enumeration, has no effect on the required prime structures with relatively large a

and b values, and the (huge) number of the instances of such structures that need to

be enumerated.

To use the new expansions in the characterization such that they translate to

a more efficient search algorithm, we need to use them for generating not only the

prime structures but also the other LETS structures of interest. This corresponds to

a full reorganization of the internal structure of each tree within the forest. If the

hierarchical structure of the trees is properly designed, many of the prime structures

may not be needed in the new trees. This can, consequently, reduce the search

complexity significantly. The following example explains this idea and motivates the

dpl characterization of next section.

Example 8. Consider the (11, 1) LETS structure S of Fig. 4.5. The prime sub-

structure of S with respect to dot expansion is s8. There are, however, different ways

to generate S starting from s3, using a combination of dot, path and lollipop expansion

techniques. One approach is explained in Fig. 5.3. In this figure, Fi is the set of nodes

in Si, the LETS sub-structure of S in the i-th step of expansion. A search algorithm
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based on the sequence of expansions presented in Fig. 5.3, will start by enumerating

all the instances of s3 in the Tanner graph, instead of finding the instances of s8, to

find all the instances of S.

As an example, consider the code discussed in Example 6. This code has 161 and

6,219,941 instances of s3 and s8, respectively. In dot-based search algorithm, all the

instances of s8 (more than 6 million) need to be enumerated and then dot expansions

need to be applied to each instance of s8 three times successively to obtain the instances

of S. For this code, however, no instance of S exists in the Tanner graph. On the

other hand, following the road-map of Fig. 5.3, by applying the dot expansion to the

161 instances of s3, as the first step, one obtains no instance of the structure in the

(4, 2) class, and thus stops the search process for S (very quickly).

In general, if all the LETS structures of interest, that have s8 as their prime

sub-structure in the dot characterization, are generated using prime structures with

smaller size, the instances of s8 are no longer needed to be enumerated in the search

algorithm.

5.4 Dpl-based Characterization

Our goal in this section is to characterize all the non-isomorphic LETS structures

of a variable-regular Tanner graph with variable degree dv and girth g, within all

the (a, b) classes with a ≤ amax and b ≤ bmax. The characterization is based on

describing each LETS structure S as a hierarchy of embedded LETS structures that

starts from a simple cycle, and expands to S in multiple steps, each step involving one

of the three expansion techniques, i.e., dot, path or lollipop. The basic idea behind the

new characterization, i.e., dpl-based characterization, is to generate as many LETS

structures as possible within the interest range of a and b values by using smaller

LETS structures that have a and b values also within the range. When translated

to a search algorithm, this has the benefit that we will only search for instances of

the structures that are themselves of direct interest to us (have a and b values within

the target range). This is unlike the case for the dot-based search algorithm, where

we would search for structures that are not of direct interest (have a or b values

outside the target range), but happen to be parents of structures of interest in the

dot characterization. To achieve the goal of staying within the target range of a and

b values, and have an exhaustive characterization for all the LETS structures, we



CHAPTER 5. DPL-BASED CHARACTERIZATION/SEARCH 47

need to use path and lollipop expansions in addition to the dot expansion. For the

reasons just explained, one of the important properties of the dpl characterization is

to generate a LETS structure in each level of expansion. With this constraint, i.e.,

all the sub-structures in the embedded sequence are LETSs, it is easy to see that

the proposed characterization is minimal, in the sense that, none of the expansion

steps can be divided into smaller expansions. We also prove that the three expansion

techniques of dot, path and lollipop, are the only expansions that are needed in

minimal characterizations. Within the framework of Section 5.2, in the design of

the search forest, we aim at covering all the LETS structures of interest without

introducing any auxiliary structures within the forest, if possible. This is along with

the constraints that each tree in the forest is rooted at a short simple cycle and the

connections within each tree correspond to only dot, path and lollipop expansions.

Given a target range of interest a ≤ amax and b ≤ bmax, we start from all the

simple cycles within this range. Based on Proposition 2, for a given a, a simple cycle

of size a has the largest b value of a(dv−2) among all the (a, b) LETS structures. We

thus initiate the characterization by including simple cycles sg/2, . . . , sbbmax/(dv−2)c. We

then recursively apply dot expansions to these simple cycles to generate more LETS

structures within the range of interest. (We choose the dot expansion in this step

of the algorithm, since it can generate the majority of the LETS structures starting

from the simple cycles.) If at the end of this process, there are still some LETS

structures within the range of interest that are not generated, we try to generate

them using the already generated smaller LETS structures by applying the path or

lollipop expansions. Propositions 3 and 4, are our guide in this process. After the

generation of any new LETS structure in this process, we also recursively apply dot

expansions to it to (possibly) generate more new LETS structures in the range of

interest. If there are still some structures that are not generated, we will increase

the range of b values to bmax + 1 to include some new LETS structures (auxiliary

structures) that can generate the missing LETS structures through expansions. This

process of including LETS structures with larger b values will continue until all the

LETS structures of all the (a, b) classes within the range a ≤ amax and b ≤ bmax, are

generated.

When the process of generating LETS structures of interest, as described above,

is completed, for each LETS structure S in the range, we have the parent simple cycle

sj, for some j ≥ g/2, and the sequence of expansions that are applied to sj to generate
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f4

f5

f1

f3

f6

f7

f2

Figure 5.4: A LETS structure in the (7, 3) class of a variable-regular graph with
dv = 3 and g = 6.

F1 = {f1, f2, f3, f4}

F2 = {f1, f2, f3, f4, f5}
dot

F3 = {f1, f2, f3, f4, f5, f6, f7}
pa2

in (4,4) class

in (5,3) class

in (7,3) class

Minimal Characterization 1:

Minimal Characterization 2:

F1 = {f1, f2, f3, f4}

F2 = {f1, f2, f3, f4, f6, f7}
dot

F3 = {f1, f2, f3, f4, f5, f6, f7}

pa2
in (4,4) class

in (6,4) class

in (7,3) class

Figure 5.5: Two minimal characterizations of the (7, 3) LETS structure of Fig. 5.4,
starting from s4.

S. We however, recognize that this minimal characterization of S may not be unique,

in the sense that, there may be other combinations of parent and expansion sequences

that result in the generation of S. This is explained in the following example.

Example 9. Fig. 5.4 shows a (7, 3) LETS structure S = ({f1, f2, . . . , f7}, E) of a

variable-regular graph with dv = 3 and g = 6. Two minimal characterizations of S

starting from the simple cycle s4 in the (4, 4) class (S ′ = ({f1, f2, . . . , f4}, E
′)) are

presented in Fig. 5.5.

To present the dpl characterization in a compact form, instead of providing the

above sequence of parent/expansions for each LETS structure, for each (a, b) class

of interest, we only provide (in a characterization table) the dpl-prime structures

(simple cycles) that are required to obtain the LETS structures in that class, plus the

expansions that need to be applied to the structures within that class to obtain larger

LETS structures within the range of interest. This presentation of characterization

is particularly helpful for the dpl-based search algorithm.

The pseudo-code of the dpl characterization algorithm is given in Algorithm 1. In

this algorithm, the table EX is used to store the sets of required expansion techniques
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in different classes. The notation EX (a,b) is used to denote the expansion sets for

the (a, b) class. For example, EX (a,b) = {dot, pa2, lo
3
3} means that dot, pa2 and lo33

expansions will need to be applied to all the non-isomorphic LETS structures in the

(a, b) class.

Algorithm 1 (Dpl-based Characterization Algorithm) Finds all the non-
isomorphic LETS structures in (a, b) classes with a ≤ amax and b ≤ bmax, for variable-
regular Tanner graphs with variable degree dv and girth g. The output parameter
K is the size of the largest simple cycle required in the characterization. The LETS
structures generated from the simple cycle sk are stored in Lk, for k = g/2, . . . , K,
and the set of expansions for different classes are stored in EX .

1: Inputs: amax, bmax, dv and g.
2: Initializations: L ← ∅, a = g/2, b′max = bmax, EX (a,b) ←dot, ∀a ∈
{g/2, . . . , amax − 1}, ∀b ∈ {2, . . . , b′max}.

3: K = bbmax/(dv − 2)c.
4: for k = g/2, . . . , K do
5: Lk= DotExpansion(sk,L, amax).
6: L = L ∪ Lk.
7: end for
8: while a ≤ amax do
9: if all the LETS structures in classes of size a are not found (check by comparing

the structures of size a in L with those generated by geng) do

10: for any incomplete (a, b) class, where 1 ≤ b ≤ bmax do
11: for k = g/2, . . . , K do
12: (Ltem, EX

tem)=PaLoExpan(a, b,Lk,L).
13: L′

tem= DotExpansion(Ltem,L, amax).
14: L = L ∪ L′

tem, Lk = Lk ∪ L
′
tem.

15: EX = EX ∪ EX tem.
16: end for
17: end for
18: end if
19: a = a+ 1.
20: end while

The algorithm presented in Routine 3 is responsible for dot expansion. In this

routine, set La
k is the set of non-isomorphic LETS structures of size a generated by the

recursive application of the dot expansion starting from the structures in Pk. All the

non-isomorphic LETS structures of size a+1 that are generated by expanding the non-

isomorphic LETS structures in La
k using dotm expansions with different values of m
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21: while all the LETS structures in all the classes of interest are not found (check
by comparing all the structures in L with those generated by geng) do

22: b′max = b′max + 1, a = g/2.
23: while a < amax do
24: EX (a,b′max) ← dot.
25: if (a, b′max) is the class of a simple cycle then
26: K = K + 1.
27: LK= DotExpansion(sK ,L, amax).
28: L = L ∪ LK .
29: if LK = ∅ then
30: EX (a,b′max) = EX (a,b′max) \ dot.
31: end if
32: else
33: for k = g/2, . . . , K do
34: (Ltem, EX

tem)=PaLoExpan(a, b′max,Lk,L).
35: L′

tem= DotExpansion(Ltem,L, amax).
36: L = L ∪ L′

tem, Lk = Lk ∪ L
′
tem.

37: EX = EX ∪ EX tem.
38: end for
39: end if
40: a = a+ 1.
41: end while
42: end while
43: Outputs: K, {Lg/2, . . . ,LK}, EX .
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are stored in Ltem. A subset of Ltem that is not generated by smaller prime structures

will then be identified as the set La+1
k . The algorithm of Routine 4 is responsible for

Routine 3 (DotExpansion) Recursive expansion of a set of structures Pk of size k,
up to size amax, using dot expansion, excluding the already found structures L, and
storing the rest in Lk. Lk= DotExpansion (Pk,L, amax)

1: Initialization: Lk
k ← Pk.

2: for a = k, . . . , amax − 1 do
3: Ltem ← ∅.
4: for each LETS structure S in La

k do
5: Find the subset F ′ of nodes in S with degree strictly less than dv.
6: for m = 2, . . . , dv do
7: Construct Nm(S) to include all the possible subsets of F ′ with size m.
8: for each set of m nodes in Nm(S) do
9: Generate a new structure, S ′ using dotm expansion by connecting a

new node to the set of m nodes.
10: Ltem = Ltem ∪ S

′.
11: end for
12: end for
13: end for
14: La+1

k = Ltem \ L.
15: end for

16: Lk =
amax
⋃

a=k

La
k.

17: Output: Lk.

generating LETS structures that are out of the reach of dot expansions, by using path

and lollipop expansions.

The following lemma proves that minimal characterizations are based only on the

three expansions dot, path and lollipop.

Lemma 6. Consider a characterization of a LETS structure S, based on a hierarchy

of embedded LETS structures that starts from a simple cycle and generates S through a

series of graph expansions. Assume that the characterization is minimal, in the sense

that, none of the expansions can be broken into a sequence of smaller expansions

such that the resulting sub-structures are still LETSs. Then, any graph expansion in

the series, corresponding to a minimal characterization, is either a dot, a path or a

lollipop expansion.
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Routine 4 (PaLoExpansion) Finding new LETS structures in the (a, b) class which
are out of the reach of dot expansion by applying path and lollipop expansions to LETS
structures already found in Lk, excluding the already found structures L, and storing
all the new structures in Ltem. The expansions corresponding to the new structures
are stored in EX tem. (Ltem, EX

tem)= PaLoExpansion (a, b,Lk,L)

1: Initialization: EX tem ← ∅, Ltem ← ∅.
2: a′ = a− 2.
3: while a′ ≥ g/2 do
4: m = a− a′.
5: Lp

tem ← ∅, Lc,tem ← ∅, 3 ≤ c ≤ m.
6: for any LETS structure S in the (a′, b′ = b+ 2−m(dv − 2)) class of Lk do
7: Lp = PathExpansion(S,m).
8: Lp

tem = Lp
tem ∪ L

p.
9: for any possible c do
10: Ll

c = LollipopExpansion(S,m, c).
11: Lc,tem = Lc,tem ∪ L

l
c.

12: end for
13: end for
14: if {Lp

tem \ L} 6= ∅ and {L
p
tem \ Ltem} 6= ∅ then

15: Ltem = Ltem ∪ {L
p
tem \ L}.

16: EX tem
(a′,b′) ← EX

tem
(a′,b′) ∪ pam.

17: end if
18: for any possible c do
19: if {Lc,tem \ L} 6= ∅ and {Lc,tem \ Ltem} 6= ∅ then
20: Ltem = Ltem ∪ {Lc,tem \ L}.
21: EX tem

(a′,b′) ← EX
tem
(a′,b′) ∪ locm.

22: end if
23: end for
24: a′ = a′ − 1.
25: end while
26: Outputs: Ltem, EX

tem.
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Proof. Consider structures S ′ = (F ′, E ′) and S ′′ = (F ′′, E ′′) as two successive embed-

ded LETS structures in a minimal characterization of S (S ′′ is generated by applying

a graph expansion to S ′). If |F ′| = |F ′′| − 1, then it is easy to see that S ′′ is obtained

from S ′ by a dot expansion. For the case of |F ′| = |F ′′| − 2, using discussions similar

to those in the proof of Case (1) of Proposition 5, one can prove that the only possible

expansions to generate S ′′ from S ′ are the closed and open paths of length 3. Finally,

for the case of |F ′| < |F ′′| − 2, following similar steps as those in the proof of Case

(2) of Proposition 5, we can show that the only possible expansions to generate S ′′

from S ′ are closed and open paths of length more than 3, or lollipop walks locm with

m ≥ 3 (length more than four) and c ≥ 3 (cycles longer than three).

Algorithm 1 obtains minimal characterizations for LETS structures. The follow-

ing theorem shows that the algorithm performs this task efficiently and effectively,

by making sure that all the intermediate LETS structures generated in each charac-

terization are within the target range of a and b values, if possible.

Theorem 2. For given values of dv, g, amax and bmax, Algorithm 1 provides an optimal

minimal characterization of all non-isomorphic (a, b) LETS structures of variable-

regular graphs with variable degree dv and girth g, with a ≤ amax and b ≤ bmax, in the

sense that, to generate all such structures starting from simple cycles and using dot,

path, and lollipop expansions, the maximum length K of the required simple cycles,

and the maximum range b′max of the b values of the LETS structures that are generated

in the characterization process, are minimized by Algorithm 1.

Proof. Assume that Algorithm 1 fails to characterize all the non-isomorphic (a, b)

LETS structures with a ≤ amax and b ≤ bmax, in Lines 4–20 of the algorithm. Consider

one such structure S. The failure of Algorithm 1 to characterize S implies, based on

Lemma 6 and Propositions 1, 3 and 4, that there is no minimal characterization of

S that starts from a simple cycle in the range of interest with all the sub-structures

also in the range. To obtain a minimal characterization for S, one has thus no choice

other than increasing the range of b values beyond bmax. In Lines 21-42, Algorithm 1

performs this task step by step, increasing the range of b values only by one, at each

step, ensuring that the range increase is the minimum required to obtain a minimal

characterization for all the LETS structures in the range.
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Table 5.2: Information about some examples of characterization tables for differ-
ent values of dv, g, amax and bmax

dv 3 3 3 3 3 3 4 4 4 4 5

g 6 6 6 6 8 8 6 6 6 8 6

amax 6 8 10 12 10 12 6 8 10 11 9

bmax 3 3 3 5 4 4 4 6 10 10 11

b′max(dpl) 4 4 5 6 5 6 6 8 12 12 13

Cycle Primes s3, s4 s3, s4 s3, s4, s5 s3, s4, s5, s6 s4, s5 s4, s5, s6 s3 s3, s4 s3, s4, s5 s3, s4 s3, s4

Expansion dot dot, pa2 dot, pa2, pa3 dot, pa2 dot, pa2 dot dot, pa2, pa3 dot, pa2 dot

Techniques dot pa2 pa3 pa4, pa5 pa3 pa3, pa4 dot pa2 pa4, pa5, lo33 pa3 pa2

pa2 pa3 lo33, lo
3
4 lo33, lo

3
4, lo

4
4, lo

3
5 pa4 lo44 pa3 lo34, lo

4
4, lo

3
5 pa4 pa3

lo33 lo44 lo36, lo
4
6, lo

5
6, lo

6
6 lo44 lo45, lo

5
5 lo33 lo45, lo

5
5 lo44 lo33

Rate†-Length‡ h-s h-s,h-m m-s,m-m m-m,m-l h-l,m-s m-m,m-l h-s h-m,h-l m-m,m-l m-m,m-l h-l,m-s

h-m h-l,m-s l-s,l-m l-s m-s l-s l-s m-m

b′max(dot) 5 6 8 9 8 9 6 12 16 16 18

† For Rate: l = low (R < 0.3), m = medium (0.3 < R < 0.7), h = high (R > 0.7).
‡ For Length: s = short (n < 2000), m = medium (2000 < n < 8000), l = large (n > 8000).

5.5 Dpl-based Characterization Tables

Given the values of dv and g, and a target range a ≤ amax and b ≤ bmax, Algorithm 1

can be used to characterize all the LETS structures of variable-regular Tanner graphs

in (a, b) classes of interest. For a given graph (code), the target values amax and bmax,

however, need to be selected such that the classes that have the main contribution in

the error floor of the code, the so-called dominant classes, are included in the range.

The proper selection of the range would depend on the code’s rate and block length.

Some information about the characterization tables for different values of dv, g, amax

and bmax is provided in Table 5.2.

Row five of Table 5.2 contains the maximum b value of the LETS structures that

need to be generated for the exhaustive coverage of the classes of interest. This

corresponds to b′max in Algorithm 1. This row should be compared to the last row of

the table that shows the similar parameter when dot characterization is used. The

comparison of the two rows demonstrates the advantage of the dpl-based approach

compared to the dot-based approach in covering the same range of LETS classes but

by generating LETS structures with smaller b values.

Example 10. In dot-based (LSS-based) approach, to find all the LETS structures of

variable regular graphs with dv = 3 and g = 6, in the interest range of a ≤ 10 and

b ≤ 3, all the LETS structures within the range a ≤ 8, b ≤ 8, need to be generated.
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However, in the proposed approach, only the LETS structures with b ≤ 5 need to be

generated to guarantee the generation of all the LETS structures in the interest range.

This corresponds to Characterization Table 5.5.

Rows six and seven of Table 5.2 contain the simple cycles and the expansion

techniques that are used in each characterization table, respectively.

Example 11. Consider the case discussed in Example 10. Table 5.2 shows that for

this case, to characterize all the LETS structures in the range of interest, simple

cycles of length 3, 4 and 5, and expansions dot, pa2, pa3, lo
3
3, lo

3
4 and lo44 are needed.

We note that while the study of the relative harmfulness of different LETS struc-

tures is beyond the scope of this work, our experimental results, as well as those

reported in the literature, show that the dominant LETS structures/classes depend

not only on dv and g, but also on the rate R and block length n of the code. As a

result, the values of interest for amax and bmax would also depend on all these param-

eters (dv, g, R and n). In the eighth row of Table 5.2, we have indicated the ranges

of rates and block lengths for which a characterization table can be useful, i.e., for a

code within the specified range of rate and block length, the table is likely to cover the

dominant classes of LETSs. Since the characterization tables are used as guidelines

for dpl-based search algorithm to find instances of LETS structures in a given code

(graph), one is interested in selecting the smallest values for amax and bmax to min-

imize the search complexity while ensuring that the dominant LETS structures are

covered (found) in the search process. While this has been the main motivation for

providing characterization tables, we make no claim that these tables are necessarily

optimal in the sense just explained, nor we assert that such universally optimal tables

even exist for codes with the same dv, g, rate and block length. These tables should

thus be only treated as suggestions rather than definite guidelines.

Example 12. Consider the Characterization Table 5.5. The information in Table 5.2

indicates that Table 5.5 is likely to contain the dominant LETS classes of medium-rate

codes (0.3 < R < 0.7) with short to medium block length (n < 8000), with dv = 3,

and g = 6.

In each characterization table, columns and rows correspond to different values

of a and b, respectively. For each (a, b) class of LETSs, the top entries in the table
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Table 5.3: Characterization (cycle prime sub-structures and expansion techniques)
of Non-Isomorphic LETS Structures of (a, b) Classes for Variable-Regular
Graphs with dv = 3 and g = 6 for a ≤ amax = 6 and b ≤ bmax = 3

a = 3 a = 4 a = 5 a = 6

b = 0 -

s3(1)

−−−

−

-

s4(2)

−−−

−

b = 1 - -

s3(1)

−−−

−

-

b = 2 -

s3(1)

−−−

dot, pa2

-

s3(1), s4(3)

−−−

−

b = 3

s3(1)

−−−

dot

-

s4(2)

−−−

dot

-

b = 4 -

s4(1)

−−−

dot

- −−−

−

Table 5.4: Characterization (cycle prime sub-structures and expansion techniques)
of Non-Isomorphic LETS Structures of (a, b) Classes for Variable-Regular
Graphs with dv = 3 and g = 6 for a ≤ amax = 8 and b ≤ bmax = 3

a = 3 a = 4 a = 5 a = 6 a = 7 a = 8

b = 0 -

s3(1)

−−−

−

-

s4(2)

−−−

−

-

s3(3), s4(2)

−−−

−

b = 1 - -

s3(1)

−−−

lo33

-

s3(3), s4(1)

−−−

−

-

b = 2 -

s3(1)

−−−

dot, pa2, pa3

-

s3(1), s4(3)

−−−

dot, pa2

-

s3(11), s4(8)

−−−

−

b = 3

s3(1)

−−−

dot, pa3, lo33

-

s4(2)

−−−

dot

-

s3(6), s4(4)

−−−

dot

-

b = 4 -

s4(1)

−−−

dot, pa2

- −−−

dot

- −−−

−
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Table 5.5: Characterization (cycle prime sub-graphs and expansion techniques) of
Non-Isomorphic LETS Structures of (a, b) Classes for Variable-Regular Graphs
with dv = 3 and g = 6 for a ≤ amax = 10 and b ≤ bmax = 3

a = 3 a = 4 a = 5 a = 6 a = 7 a = 8 a = 9 a = 10

b = 0 -

s3(1)

−−−

−

-

s4(2)

−−−

−

-

s3(3), s4(2)

−−−

−

-

s3(13), s4(5), s5(1)

−−−

−

b = 1 - -

s3(1)

−−−

lo34, lo
4
4

-

s3(3), s4(1)

−−−

lo33

-

s3(15), s4(4)

−−−

−

-

b = 2 -

s3(1)

−−−

dot, pa2, pa3

-

s3(1), s4(3)

−−−

dot, pa2, pa3

-

s3(12), s4(7)

−−−

dot, pa2

-

s3(75), s4(36), s5(2)

−−−

−

b = 3

s3(1)

−−−

dot, pa3

lo33, lo
3
4, lo

4
4

-

s4(2)

−−−

dot, pa3

-

s3(6), s4(4)

−−−

dot, pa2

-

s3(40)

s4(21), s5(2)

−−−

dot

-

b = 4 -

s4(1)

−−−

dot, pa2

- −−−

dot, pa2

- −−−

dot

- −−−

−

b = 5 - -

s5(1)

−−−

pa2

- −−−

dot

- −−−

−

-
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(separated by a dashed line from the bottom entries) show the prime simple cycles

that are parents of the LETS structures within that class, and the multiplicity of

non-isomorphic structures in the class with those parents (multiplicity is given within

brackets). The bottom entries show the expansion techniques applied to all the LETS

structures within the class. For example, si(x), sj(y), as upper entries in a class

means that there are x+ y non-isomorphic LETS structures in that class, x number

of such structures are generated from si and y of them are generated from sj. Having

dot, pam, lo
c
m, as lower entries in a class means that all the possible dotm expansions,

both closed and open path expansions (paom, pa
c
m), and locm are used to expand all the

LETS structures of that class. Having the symbol “-”, as the only entry for a class

means that it is impossible to have LETS structures in that class. Having the symbol

“-” as the only bottom entry means that no expansion technique is applied to the

structures in that class. In each characterization table, the simple prime cycles that

are needed to generate all the structures within the table are boldfaced.

Example 13. Consider the LETS class (8, 4) of Table 5.8. There are 10 non-

isomorphic LETS structures in this class. Nine and one of these structures are

generated starting from s4 and s5, respectively. To obtain all the LETS structures

in the table, one needs to apply dot and pa2 expansions to each one of the 10 struc-

tures in this class. This results in the generation of LETS structures in (9, 1), (9, 3)

and (10, 4) classes (based on Propositions 1 and 3).

As discussed in Section 5.4, to cover a given range of a and b values exhaustively,

it is sometimes required to generate LETS structures with b values larger than bmax

and up to some b′max > bmax. In the characterization tables, the LETS classes with

b > bmax are separated from the rest by a double-line. For classes with b > bmax, the

multiplicity of non-isomorphic LETS structures are not reported in the tables.

Remark 3. Note that in Lines 21-42 of Algorithm 1, if an expansion technique does

not generate a new LETS structure within the range of interest, it will not be added to

EX . For example, consider the characterization of the non-isomorphic LETS struc-

tures of (a, b) classes for variable-regular graphs with dv = 3 and g = 6, in the range

a ≤ amax = 10 and b ≤ bmax = 3 (Table 5.5). In Line 34 of Algorithm 1, pa4 is

applied to the simple cycle s3 in the (3, 3) class and generates one new LETS struc-

ture in the (7, 5) class. However, the new LETS structure in the (7, 5) class does not
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Table 5.6: Characterization (cycle prime sub-structures and expansion techniques)
of Non-Isomorphic LETS Structures of (a, b) Classes for Variable-Regular
Graphs with dv = 3 and g = 6 for a ≤ amax = 12 and b ≤ bmax = 5

a = 3 a = 4 a = 5 a = 6 a = 7 a = 8 a = 9 a = 10 a = 11 a = 12

b = 0 -

s3(1)

−−−

−

-

s4(2)

−−−

−

-

s3(3)

s4(2)

−−−

−

-

s3(13)

s4(5)

s5(1)

−−−

−

-

s3(63)

s4(20)

s5(2)

−−−

−

b = 1 - -

s3(1)

−−−

lo36, lo
4
6

lo56, lo
6
6

-

s3(3), s4(1)

−−−

lo35, lo
4
5, lo

5
5

-

s3(15)

s4(4)

−−−

−

-

s3(91)

s4(22)

s5(1)

−−−

−

-

b = 2 -

s3(1)

−−−

dot, pa2, pa3

pa4, pa5, lo55

lo36, lo
4
6, lo

5
6, lo

6
6

-

s3(1)

s4(3)

−−−

dot, pa4

lo55, pa5

-

s3(14)

s4(5)

−−−

dot, pa4

lo34, lo
4
4

-

s3(85)

s4(27)

s5(1)

−−−

dot

-

s3(641)

s4(184)

s5(10)

−−−

−

b = 3

s3(1)

−−−

dot, pa2, pa3

pa4, pa5, lo33

lo34, lo
4
4, lo

3
5, lo

4
5

-

s4(2)

−−−

dot

lo44, lo
4
5

-

s3(6), s4(4)

−−−

dot, pa4, lo33

lo34, lo
4
4

-

s3(44)

s4(17)

s5(2)

−−−

dot, pa3, lo33

-

s3(355)

s4(120)

s5(7)

−−−

dot

-

b = 4 -

s4(1)

−−−

dot, pa2

pa3, pa4

-

s3(2)

s4(2)

−−−

dot, pa2

pa3, pa4

-

s3(14)

s4(10)

s5(1)

−−−

dot

pa2, pa3

-

s3(129)

s4(63)

s5(6)

−−−

dot, pa2

-

s3(1315)

s4(524)

s5(52)

s6(1)

−−−

−

b = 5 - -

s5(1)

−−−

dot, pa2

pa3

-

s3(3)

s4(2), s5(1)

−−−

dot, pa2

pa3, lo33

-

s3(30)

s4(18)

s5(4)

−−−

dot, pa2

-

s3(328)

s4(180)

s5(27), s6(1)

−−−

dot

-

b = 6 - - -

s6(1)

−−−

dot, pa2

- −−−

dot, pa2

- −−−

dot

- −−−

−
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Table 5.7: Characterization (cycle prime sub-structures and expansion techniques)
of Non-Isomorphic LETS Structures of (a, b) Classes for Variable-Regular
Graphs with dv = 3 and g = 8 for a ≤ amax = 10 and b ≤ bmax = 4

a = 4 a = 5 a = 6 a = 7 a = 8 a = 9 a = 10

b = 0 - -

s4(1)

−−−

−

-

s4(2)

−−−

−

-

s4(5), s5(1)

−−−

−

b = 1 - - -

s4(1)

−−−

−

-

s4(4)

−−−

−

-

b = 2 - -

s4(1)

−−−

dot, pa3, pa4

-

s4(5)

−−−

dot

-

s4(27), s5(1)

−−−

−

b = 3 -

s4(1)

−−−

dot, pa4, lo44

-

s4(3)

−−−

dot

-

s4(16), s5(1)

−−−

dot

-

b = 4

s4(1)

−−−

dot, pa2, pa3

-

s4(2)

−−−

dot, pa2, pa3

-

s4(9), s5(1)

−−−

dot, pa2

-

s4(57), s5(6)

−−−

−

b = 5 -

s5(1)

−−−

pa2

- −−−

dot, pa2

- −−−

dot

-

generate any new non-isomorphic LETS structure in the interest range of a ≤ 10 and

b ≤ 3. Therefore, pa4 expansion can be removed from the list of expansion techniques

applied to s3 in the (3, 3) class.

Remark 4. In Lines 21-42 of Algorithm 1, if there are still some LETS structures

within the range of interest that are not generated, the range of b values will be in-

creased to include some new LETS structures that can generate the missing LETS

structures through expansions. We note that, in this process, some LETS structures,

which are already generated in Lines 8-20 of Algorithm 1, may be regenerated. In such

cases, some path or lollipop expansions, which were added in Lines 8-20 of Algorithm

1, could be removed. For example, consider the characterization of the non-isomorphic

LETS structures of (a, b) classes for variable-regular graphs with dv = 3 and g = 6, in

the range a ≤ amax = 10 and b ≤ bmax = 3 (Table 5.5). In Lines 8-20 of Algorithm 1,

pa2 is applied to the simple cycle s3 in the (3, 3) class and generates one new LETS

structure in the (5, 3) class. However, since there are still some structures missing by

the time that the algorithm reaches Line 21, the range of b values will be increased to

b′max = 4. In Lines 21-42 of Algorithm 1, by applying the dot expansion to the simple
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Table 5.8: Characterization (cycle prime sub-structures and expansion techniques)
of Non-Isomorphic LETS Structures of (a, b) Classes for Variable-Regular
Graphs with dv = 3 and g = 8 for a ≤ amax = 12 and b ≤ bmax = 4

a = 4 a = 5 a = 6 a = 7 a = 8 a = 9 a = 10 a = 11 a = 12

b = 0 - -

s4(1)

−−−

−

-

s4(2)

−−−

−

-

s4(5), s5(1)

−−−

−

- s4(20), s5(2)

b = 1 - - -

s4(1)

−−−

lo45, lo
5
5

-

s4(4)

−−−

−

-

s4(22), s5(1)

−−−

−

-

b = 2 - -

s4(1)

−−−

dot, pa3

pa4

-

s4(5)

−−−

dot, pa3

pa4, lo44

-

s4(27), s5(1)

−−−

dot

-

s4(179)

s5(11)

−−−

−

b = 3 -

s4(1)

−−−

dot, pa4

lo44, lo
4
5

-

s4(3)

−−−

dot, pa4

-

s4(16)

s5(1)

−−−

dot, pa3

-

s4(115)

s5(7)

−−−

dot

-

b = 4

s4(1)

−−−

dot, pa2

pa3

-

s4(2)

−−−

dot, pa2

pa3, lo44

-

s4(9), s5(1)

−−−

dot, pa2

-

s4(57), s5(6)

−−−

dot, pa2

-

s4(481)

s5(48), s6(10)

−−−

−

b = 5 -

s5(1)

−−−

pa2

- −−−

dot, pa2, pa3

- −−−

dot, pa2

- −−−

dot

-

b = 6 - -

s6(1)

−−−

pa2

- −−−

dot, pa2

- −−−

dot

- −−−

−
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cycle s4, both of the non-isomorphic LETS structures in the (5, 3) class will be gener-

ated. Therefore, pa2 expansion can be removed from the list of expansion techniques

applied to s3 in the (3, 3) class.

Table 5.9: Characterization (cycle prime sub-structures and expansion techniques)
of Non-Isomorphic LETS Structures of (a, b) Classes for Variable-Regular
Graphs with dv = 4 and g = 6 for a ≤ amax = 6 and b ≤ bmax = 4

a = 3 a = 4 a = 5 a = 6

b = 0 - -

s3(1)

−−−

−

s3(1)

−−−

−

b = 1 - - - -

b = 2 - -

s3(1)

−−−

dot

s3(3)

−−−

−

b = 3 - - - -

b = 4 -

s3(1)

−−−

dot

s3(2)

−−−

dot

s3(7)

−−−

−

b = 5 - - - -

b = 6

s3(1)

−−−

dot

−−−

dot

−−−

dot

−−−

−

Remark 5. When Algorithm 1 will have to go beyond LETS structures with b ≤ bmax,

and to use simple cycles of size larger than bbmax/(dv − 2)c, it may happen that the

new cycle does not result in any new LETS structure in the range of interest. In such

cases, the new cycle is not included as a prime structure in the table. An example of

this can be seen in Table 5.11, where s6 does not generate any new non-isomorphic

LETS structure in the interest range of a ≤ 10 and b ≤ 10, and is thus not added as

a prime structure in the table.

Remark 6. In characterization tables for the same values of dv and g, but different

ranges of a and b values, there may be some classes, for which, in different tables,

different expansion techniques are used. For example, for the class of (6, 2) LETS

structures in Tables 5.4 and 5.5, the expansions are different, and are respectively,

{dot, pa2} and {dot, pa2, pa3}. Similarly, there may be cases where a LETS structure
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Table 5.10: Characterization (cycle prime sub-structures and expansion techniques)
of Non-Isomorphic LETS Structures of (a, b) Classes for Variable-Regular
Graphs with dv = 4 and g = 6 for a ≤ amax = 8 and b ≤ bmax = 6

a = 3 a = 4 a = 5 a = 6 a = 7 a = 8

b = 0 - -

s3(1)

−−−

−

s3(1)

−−−

−

s3(2)

−−−

−

s3(5), s4(1)

−−−

−

b = 1 - - - - - -

b = 2 - -

s3(1)

−−−

dot, pa3

s3(3)

−−−

dot

s3(9)

−−−

dot

s3(34), s4(1)

−−−

−

b = 3 - - - - - -

b = 4 -

s3(1)

−−−

dot, lo33

s3(2)

−−−

dot

s3(7)

−−−

dot, pa2

s3(27), s4(1)

−−−

dot

s3(122), s4(2)

−−−

−

b = 5 - - - - - -

b = 6

s3(1)

−−−

dot

s3(1)

−−−

dot, pa2

s3(3)

−−−

dot, pa2

s3(10), s4(1)

−−−

dot

s3(43), s4(1)

−−−

dot

s3(226), s4(5)

−−−

−

b = 7 - - - - - -

b = 8 -

s4(1)

−−−

dot

−−−

dot

−−−

dot

−−−

dot

−−−

−
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Table 5.11: Characterization (cycle prime sub-structures and expansion techniques)
of Non-Isomorphic LETS Structures of (a, b) Classes for Variable-Regular
Graphs with dv = 4 and g = 6 for a ≤ amax = 10 and b ≤ bmax = 10

a = 3 a = 4 a = 5 a = 6 a = 7 a = 8 a = 9 a = 10

b = 0 - -

s3(1)

−−−

−

s3(1)

−−−

−

s3(2)

−−−

−

s3(5), s4(1)

−−−

−

s3(16)

−−−

−

s3(57), s4(2)

−−−

−

b = 1 - - - - - - - -

b = 2 - -

s3(1)

−−−

dot, pa5

s3(3)

−−−

dot

s3(9)

−−−

dot

s3(34), s4(1)

−−−

dot

s3(152), s4(2)

−−−

dot

s3(840), s4(5)

−−−

−

b = 3 - - - - - - - -

b = 4 -

s3(1)

−−−

dot, pa4

lo35, lo
4
5, lo

5
5

s3(2)

−−−

dot

s3(7)

−−−

dot, pa3

pa4, lo44

s3(26)

s4(1), s5(1)

−−−

dot

s3(122)

s4(2)

−−−

dot

s3(656)

s4(7)

−−−

dot

s3(4140)

s4(33)

−−−

−

b = 5 - - - - - - - -

b = 6

s3(1)

−−−

dot, pa2, pa3

lo33, lo
3
4, lo

4
4

s3(1)

−−−

dot

pa3, pa4

s3(3)

−−−

dot, pa3

pa4, lo34

s3(10)

s4(1)

−−−

dot, pa2, pa3

s3(42)

s4(2)

−−−

dot, pa3

s3(224)

s4(7)

−−−

dot, pa2

s3(1360)

s4(19)

−−−

dot

s3(9382)

s4(111)

−−−

−

b = 7 - - - - - - - -

b = 8 -

s4(1)

−−−

dot, pa2

s3(2), s4(1)

−−−

dot, pa2

pa3

s3(7)

s4(2), s5(1)

−−−

dot, pa2

s3(39)

s4(4), s5(1)

−−−

dot, pa2

s3(236)

s4(14)

−−−

dot, pa2

s3(1561)

s4(52)

−−−

dot

s3(11719)

s4(286)

−−−

−

b = 9 - - - - - - - -

b = 10 - -

s5(1)

−−−

dot, pa2

s3(3)

s4(2)

−−−

dot, pa2

s3(21)

s4(6)

−−−

dot

s3(142)

s4(19), s5(1)

−−−

dot

s3(1060)

s4(82), s5(2)

−−−

dot

s3(8767)

s4(476), s5(1)

−−−

−

b = 11 - - - - - - - -

b = 12 - - - −−−

−

−−−

dot

−−−

dot

−−−

dot

−−−

−
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is generated starting from a different prime simple cycle. For example, comparison of

the entries of the (8, 2) class in Tables 5.4 and 5.5 reveals that such LETS structures

exist in this class.

Table 5.12: Characterization (cycle prime sub-structures and expansion techniques)
of Non-Isomorphic LETS Structures of (a, b) Classes for Variable-Regular
Graphs with dv = 4 and g = 8 for a ≤ amax = 11 and b ≤ bmax = 12

a = 4 a = 5 a = 6 a = 7 a = 8 a = 9 a = 10 a = 11

b = 0 - - - -

s4(1)

−−−

−

-

s4(2)

−−−

−

s4(2)

−−−

−

b = 1 - - - - - - - -

b = 2 - - - -

s4(1)

−−−

dot

s4(2)

−−−

dot

s4(5)

−−−

dot

s4(19)

−−−

−

b = 3 - - - - - - - -

b = 4 - - -

s4(1)

−−−

dot, pa4, lo44

s4(2)

−−−

dot

s4(7)

−−−

dot

s4(33)

−−−

dot

s4(164)

−−−

−

b = 5 - - - - - - - -

b = 6 - -

s4(1)

−−−

dot

s4(1)

−−−

dot, pa3

s4(5)

−−−

dot, pa3

s4(19)

−−−

dot, pa2

s4(111)

−−−

dot

s4(706)

−−−

−

b = 7 - - - - - - - -

b = 8

s4(1)

−−−

dot, pa2, pa3

s4(1)

−−−

dot

s4(2)

−−−

dot, pa2

s4(3)

−−−

dot

s4(14)

−−−

dot, pa2

s4(50)

−−−

dot, pa2

s4(286)

−−−

dot

s4(1902)

−−−

−

b = 9 - - - - - - - -

b = 10 -

s5(1)

−−−

pa2

s4(2)

−−−

dot

s4(6)

−−−

dot

s4(19)

−−−

dot

s4(82)

−−−

dot

s4(475), s5(1)

−−−

dot

s4(3223)

−−−

−

b = 11 - - - - - - - -

b = 12 - - −−−

−

−−−

dot

−−−

dot

−−−

dot

−−−

dot

−−−

−

5.6 Dpl-based Search Algorithm

The characterization of LETS structures described in Sections 5.4 and 5.5 corresponds

to an efficient search algorithm to find the instances of all (a, b) LETS structures of
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Table 5.13: Characterization (cycle prime sub-structures and expansion techniques)
of Non-Isomorphic LETS Structures of (a, b) Classes for Variable-Regular
Graphs with dv = 5 and g = 6 for a ≤ amax = 9 and b ≤ bmax = 11

a = 3 a = 4 a = 5 a = 6 a = 7 a = 8 a = 9

b = 0 - - -

s3(1)

−−−

−

-

s3(3)

−−−

−

-

b = 1 - - - -

s3(1)

−−−

−

-

s3(28)

−−−

−

b = 2 - - -

s3(1)

−−−

dot, pa3

-

s3(16)

−−−

dot

-

b = 3 - - - -

s3(6)

−−−

dot

-

s3(289)

−−−

−

b = 4 - - -

s3(2)

−−−

dot, pa3, lo33

-

s3(75)

−−−

dot

-

b = 5 - -

s3(1)

−−−

dot, pa3, lo33

-

s3(18)

−−−

dot, pa2

-

s3(1356), s4(1)

−−−

−

b = 6 - - -

s3(5)

−−−

dot

-

s3(223)

−−−

dot

-

b = 7 - -

s3(1)

−−−

dot, pa2

-

s3(37)

−−−

dot, pa2

-

s3(3786), s4(1)

−−−

−

b = 8 -

s3(1)

−−−

dot

-

s3(8)

−−−

dot, pa2

-

s3(460), s4(1)

−−−

dot

-

b = 9

s3(1)

−−−

dot, pa2

-

s3(2)

−−−

dot, pa2

-

s3(62)

−−−

dot

-

s3(7086), s4(6)

−−−

−

b = 10 -

s3(1)

−−−

dot

-

s3(12)

−−−

dot

-

s3(691), s4(2)

−−−

dot

-

b = 11 - -

s3(3)

−−−

dot

-

s3(81), s4(1)

−−−

dot

-

s3(9527), s4(19)

−−−

−

b = 12 -

s4(1)

−−−

dot

- −−−

dot

- −−−

dot

-

b = 13 - - −−−

dot

- −−−

dot

- −−−

−
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a variable-regular Tanner graph for a given range of a and b values in a guaranteed

fashion. The efficiency of the search is implied by Theorem 2. The pseudo-code of

the proposed search algorithm is given in Algorithm 2. The search algorithm starts

by the enumeration of simple cycles of length up to K. These are the cycles that are

identified in the characterization table as the required prime structures. For the sake

of completeness, the pseudo-code for cycle enumeration is provided in Routine 9.

After the enumeration of all instances of a simple cycle, these instances are ex-

panded in the while loop (Lines 10-24) to find instances of other LETS structures up

to size amax, Ik. Notation I
a
k is used for the set of instances of size a found by starting

from the instances of the simple cycle of length k, and I is the set of instances of

all LETSs which are found so far in the algorithm. Finding the instances of LETS

structures using dot, path and lollipop expansion techniques are explained in Routines

10, 11 and 12, respectively.

5.7 Complexity of the dpl-based Search Algorithm

The complexity of the search algorithm depends, in general, on the multiplicity of

different instances of LETS structures and the expansion techniques used in different

classes. The total complexity of the proposed algorithm can be divided into two

parts: 1) complexity of finding the instances of prime simple cycle structures, and 2)

complexity of expanding the instances of prime structures to find all the instances

of every (a, b) LETS structure within the interest range of a and b values. In this

section, we assume that the LDPC codes are regular.

5.7.1 Complexity of finding the instances of prime structures

The proposed dpl-based search algorithm uses Routine 9 to find the instances of simple

cycles. Based on this approach, the order of complexity for finding the instances of a

simple cycle of size k is O(n(dvdc)
k). This complexity increases linearly, polynomially

and exponentially with the block length, n, the check and variable degrees, dc, dv,

and the size of the cycle, respectively. The complexity of finding the instances of a
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Algorithm 2 (Dpl-based Search Algorithm) Finds all the instances of (a, b)
LETS structures of a variable-regular Tanner graph G with girth g, for a ≤ amax and
b ≤ bmax. The inputs are the maximum size K of the simple cycles, and the table EX
of expansion techniques required in dpl characterization. The outputs are the sets
Ik, k = g/2, . . . , K, which contain all the instances of LETS structures of size up to
amax that are expansions of simple cycles of length k in G.

1: Inputs: K, EX , g, amax, bmax.
2: Initializations: I ← ∅.
3: for k = g/2, . . . , K do
4: for a = k, . . . , amax do
5: Iak ← ∅.
6: end for
7: end for
8: for k = g/2, . . . , K do
9: Ikk= CycSrch(sk), a = k.
10: while a < amax do
11: Ia+1

tem= DotSrch(Iak , I).
12: for any pam in the characterization table do
13: Ia+m

tem =PathSrch(Iak , I, EX ,m).
14: end for
15: for any locm in the characterization table do
16: I ′=LolliSrch(Iak , I

c
c , I, EX ,m).

17: Ia+m
tem = Ia+m

tem ∪ I
′.

18: end for
19: for t = a+ 1, . . . , amax do
20: Itk = I

t
k ∪ I

t
tem.

21: I = I ∪ Ittem.
22: end for
23: a = a+ 1.
24: end while

25: Ik =
amax
⋃

a=k

Iak

26: end for
27: Outputs: {Ig/2, . . . , IK}.
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Routine 5 (CycSrch) Finds all the instances Ikk of simple cycles of length k in a
given Tanner graph. Ikk= CycSrch(sk)

1: Initializations: Ikk ← ∅.
2: for each variable node vl in the Tanner graph do
3: for each check node ci in the neighborhood of vl do
4: Find all the paths PAi,l of length k−1 in the Tanner graph, starting from

ci that do not contain vl.
5: end for
6: for any pair of check nodes ci and cj in the neighborhood of vl, where i 6= j

do
7: for any path pa ∈ PAi,l, and any path pa′ ∈ PAj,l do
8: if the two paths end with the same node and that node is their only

common node do

9: Let v and v′ denote the last variable nodes of pa and pa′, respec-
tively.

10: if variable nodes in pa \ v and pa′ \ v′ do not have any common
check node do

11: S = vl∪{set of variable nodes in pa ∪ pa′}.
12: Ikk = Ikk ∪ {S}.
13: end if
14: end if
15: end for
16: end for
17: end for
18: Output: Ikk .

Routine 6 (DotSrch) Expansion of a set of instances Iak of LETS structures of size
a using dot expansions to find a set of instances of LETS structures of size a + 1,
excluding the already found structures I, and storing the rest in I ′. I ′= DotSrch
(Iak , I)

1: Initializations: Item ← ∅.
2: for each instance of LETS structure S in Iak do
3: Consider V to be the set of variable nodes in V \ S, which have at least two

connections with the check nodes in Γo(S) and have no connection with the
check nodes in Γe(S).

4: for each variable node v ∈ V do
5: Item = Item ∪ {S ∪ v}.
6: end for
7: end for
8: I ′ ← Item \ I.
9: Output: I ′.
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Routine 7 (PathSrch) Expanding the LETS instances of size a in Iak using pam
to find instances of LETS structures of size a + m, excluding the already found
instances I, and storing the rest in I ′. Only instances in Iak whose structures in
accordance to the expansion table EX need to be expanded by pam are expanded.
I ′= PathSrch(Iak , I, EX ,m)

1: Initializations: Item ← ∅.
2: for each LETS instance S in Iak that based on EX requires pam do
3: for each unsatisfied check node ck ∈ Γo(S) do
4: Find all the paths PAk of length m in the Tanner graph, starting from ck.

5: end for
6: for any pair of unsatisfied check nodes ck and cj in Γo(S), where k 6= j do
7: for any path pa ∈ PAk and any path pa′ ∈ PAj do
8: if pa and pa′ end with the same node and this node is their only

common node, and if variable and check nodes of pa and pa′ are not
in G(S) do

9: Item ← Item ∪ {S ∪ {set of variable nodes in pa ∪ pa′}}.
10: end if
11: end for
12: end for
13: end for
14: I ′ ← Item \ I.
15: Output: I ′.
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Routine 8 (LolliSrch) Expanding the LETS instances of size a in Iak using locm
to find instances of LETS structures of size a + m, excluding the already found
instances I, and storing the rest in I ′. Only instances in Iak whose structures in
accordance to the expansion table EX need to be expanded by locm are expanded.
The set of instances of simple cycles of length c, Icc , is also an input. I ′= LolliSrch
(Iak , I

c
c , I, EX ,m)

1: Initializations: Item ← ∅, d = m+ 1− c.
2: for each LETS instance S in Iak that based on EX requires locm do
3: Find all the paths PA of length 2(d − 1) in the Tanner graph, starting from

check nodes c′ in Γo(S) that have no common nodes with G(S) other than c′.

4: for each structure S ′ ∈ Icc , for which G(S ′) has no common node with G(S),
let Γo(S

′) denote the set of unsatisfied check nodes of G(S ′) and do
5: for each path, pa ∈ PA do
6: if pa ends with a check node c′ in Γo(S

′) and if c′ is the only common
node between pa and Γo(S

′) do

7: Item ← Item ∪ {S ∪ {set of variable nodes in pa ∪G(S ′}}.
8: end if
9: end for
10: end for
11: end for
12: I ′ ← Item \ I.
13: Output: I ′.
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simple cycle thus becomes quickly impractical as the cycle length increases.

Let Nk denote the multiplicity of the instances of the simple cycle sk of length k in

the Tanner graph. Clearly, the complexity of finding the instances of a LETS structure

that is an immediate child of sk is proportional to Nk. Moreover, all the instances

of the prime cycles need to be stored for further processing throughout the search

algorithm. The memory required to store all the instances of sk is also proportional

to Nk. To the best of our knowledge, there is no theoretical result on how Nk scales

with n, k, or the degree distribution of the Tanner graph. Results in [9], however,

suggest that Nk is rather independent of n and increases rather rapidly as the variable

and check degrees, or k are increased. We note that, in comparison with the dot-

based (LSS-based) search algorithm, the proposed dpl-based search algorithm requires

smaller size prime cycles to be enumerated. This translates to less computational

complexity and memory requirements as will be discussed in details in Section 5.8.

5.7.2 Complexity of expansions

Based on the characterization tables, a few expansion techniques (those in EX (a,b))

are used to expand the instances of LETS structures within each (a, b) class. The

complexity of this part of the algorithm depends on the expansion techniques, and

the multiplicity of LETSs in each (a, b) class, Na,b. To the best of our knowledge,

there is no theoretical result on how Na,b changes with a and b, or with different code

parameters.

In the following, we discuss the complexity of the three expansion techniques.

The expansion of an instance of a LETS structure in an (a, b) class using dot ex-

pansion is explained in Routine 10. For each instance, bdc variable nodes should be

checked to find the set V in Routine 10. The complexity for the expansion of all the

instances of LETSs in an (a, b) class using dot is thus O(Na,bb
2d2c). The expansion

of an instance of a LETS structure in an (a, b) class using the path expansion tech-

nique is explained in Routine 11. Based on the approach of Routine 11, it is easy

to see that the complexity of expanding all the instance of LETS structures in an

(a, b) class using pam is O(Na,bb
2(dvdc)

m). Similarly, the complexity of expanding all

the instance of LETS structures in an (a, b) class using locm, based on Routine 12,

is O(Na,bNcbc(dvdc)
d), where Nc is the multiplicity of simple cycles of size c in the

Tanner graph, and d = m+ 1− c.

Finally, we note that the memory required to store all the LETS instances of
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Table 5.14: List of LDPC Codes Used in This Chapter

Code C1 C2 C3 C4 C5 C6 C7 C8 C9 C10 C11 C12

n 169 361 529 1057 16383 504 816 1008 4000 20000 155 504

R 0.78 0.84 0.87 0.77 0.87 0.5 0.5 0.5 0.5 0.5 0.4 0.5

dv 3 3 3 3 3 3 3 3 3 3 3 3

g 6 6 6 6 6 6 6 6 6 6 8 8

Ref. [20] [20] [20] [57] [57] [57] [57] [57] [57] [57] [80] [43]

Code C13 C14 C15 C16 C17 C18 C19 C20 C21 C22 C23 C24

n 1008 2640 49 169 289 361 529 4095 16383 4000 8000 816

R 0.5 0.5 0.49 0.71 0.77 0.8 0.83 0.82 0.87 0.5 0.5 0.5

dv 3 3 4 4 4 4 4 4 4 4 4 5

g 8 8 6 6 6 6 6 6 6 6 6 6

Ref. [43] [57] [20] [20] [20] [20] [20] [57] [57] [57] [57] [57]

an (a, b) class is O(aNa,b). The main advantage of using the dpl-based search al-

gorithm, compared to dot-based search, is to avoid dealing with classes with large

a and b values. Searching for LETS instances in these classes and expanding them

imposes huge computational complexity and memory requirements on the search al-

gorithm. Instead, in the dpl-based search algorithm, expansions are used in classes

with relatively small Na,b values. Our experimental results in Section 5.8 show that

the dpl-based search algorithm is significantly faster and requires much less memory

compared to the dot (LSS)-based search algorithm, for different codes with a wide

range of variable degrees, rates, block lengths and girths.

5.8 Numerical Results

We have applied the dot-based and dpl-based search algorithms to a large number of

variable-regular random and structured LDPC codes with a wide range of variable

degrees, rates and block lengths. These codes are listed in Table 6.5. For all the

run-times reported in this work, a desktop computer with 8 processing cores (2.4-

GHz CPU) and 8-GB memory is used. Except codes C1-C3, C11, C14 and C15-C19,

which are structured codes, the other LDPC codes are all randomly constructed.

For structured codes, their structure is not used to simplify the search, and all the

runtimes are based on exhaustive search of the code’s Tanner graph without taking

into account the automorphisms that exist for structured codes.

Tables 5.15-5.25 list the multiplicity of instances of LETSs in different classes for
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these codes, found by the dpl-based search algorithm, starting from the instances of

simple cycles. Each row of a table corresponds to a LETS class, and for each class,

the total number of instances of LETSs, EASs and FEASs are listed. We note that

for the codes with dv = 3, the multiplicities of LETSs and EASs are the same. We

have also listed the break down of the LETS multiplicity of each class based on the

prime structure involved in the LETS structure. For example, in Table 5.15, for

Code C1, and for the (6, 2) class, we notice that there are a total of 142, 974 instances

of LETS in this class, from which 54, 756 are children of s3, and the remaining 88, 218

are children of s4. The symbol “-” as an entry of an (a, b) class for a specific sk

means that, based on the characterization table, sk is not a prime sub-structure of

any LETS structure in the (a, b) class. In the last two rows of each table, the runtime

of the dpl-based and the dot-based search algorithms is reported for comparison. The

symbol “-” for the runtime of the dot-based search algorithm means that the search

takes more than one day, or needs more than 8-GB memory to be completed. For fair

comparison, both algorithms are run to find all the instances of (a, b) LETS structures

within the range of interest for a and b values, exhaustively.

Table 5.15 lists the multiplicity of instances of LETSs and FEASs in all the

nonempty classes within the range a ≤ 6 and b ≤ 3, for the codes C1, C2 and C3.

These are high-rate array-based codes [20] with dv = 3 and g = 6. Absorbing and

fully absorbing sets of these structured codes were studied in [17]. The search algo-

rithm to find the instances of LETSs in the range a ≤ 6 and b ≤ 3, is based on the

information provided in Table 5.3. Since the variable degree is 3, all the instances

Table 5.15: Multiplicities of LETS and FEAS structures of codes C1, C2 and C3
within the range a ≤ 6 and b ≤ 3

C1 C2 C3

(a, b) Primes Total Total Primes Total Total Primes Total Total

class s3 s4 LETS FEAS s3 s4 LETS FEAS s3 s4 LETS FEAS

(3,3) 2028 - 2028 0 6498 - 6498 0 11638 - 11638 0

(4,2) 3042 - 3042 3042 9747 - 9747 9747 17457 - 17457 17457

(5,3) - 83148 83148 0 - 422370 422370 0 - 942678 942678 0

(6,0) - 3718 3718 3718 - 18411 18411 18411 - 40733 40733 40733

(6,2) 54756 88218 142974 142974 292410 458109 750519 750519 663366 1029963 1693329 1693329

dpl 38 sec. 196 sec. 424 sec.

dot 181 sec. 1447 sec. 5749 sec.

of LETSs found by the search algorithm are EASs. Therefore, FEASs were found
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Table 5.16: Multiplicities of LETS and FEAS structures of codes C4 and C5 within
the range a ≤ 8 and b ≤ 3

C4 C5

(a, b) Primes Total Total Primes Total Total

class s3 s4 LETS FEAS s3 s4 LETS FEAS

(3,3) 2288 - 2288 1740 14291 - 14291 13491

(4,2) 296 - 296 267 404 - 404 394

(5,1) 29 - 29 29 10 - 10 10

(5,3) - 17320 17320 12847 - 43904 43904 41382

(6,2) 650 2435 3085 2813 343 1284 1627 1590

(7,1) 246 23 269 269 34 3 37 37

(7,3) 146694 89023 235717 175759 156742 93724 250466 235926

(8,0) 16 0 16 16 0 0 0 0

(8,2) 25452 13658 39110 35524 5913 3084 8997 8824

dpl 3 min. 27 min.

dot - -

by examining the LETSs, and testing them for the definition of a fully elementary

absorbing set. While it takes the proposed search algorithm 38, 196 and 424 seconds

to find all the instances of LETS structures of Table 5.3 for these three codes, respec-

tively, it took the dot-based search algorithm 181, 1447 and 5749 seconds to find the

same set of LETSs for the three codes, respectively.

Table 5.16 lists the multiplicity of instances of LETSs and FEASs in all the

nonempty classes within the range a ≤ 8 and b ≤ 3, for the codes C4 and C5. Both

codes have dv = 3 and g = 6. Code C4 is a high-rate code (R = 0.77) with short

block length (n = 1057), and code C5 is a high-rate code (R = 0.87) with large block

length (n = 16, 383). The search to find the instances of LETSs in the range a ≤ 8

and b ≤ 3, is based on the information provided in Table 5.4. It takes the proposed

search algorithm only about 3 and 27 minutes to find LETSs reported in this table for

codes C4 and C5, respectively. To obtain the results of Table 5.4, the dpl-based search

algorithm only needs to enumerate the instances of s3 and s4 in the Tanner graph of

the codes. The dot-based search algorithm, on the other hand, needs to enumerate

the instances of s3, s4, s5, s6, c6, n6, s7, c7, and n7, to find all the instances of LETSs

in the range a ≤ 8 and b ≤ 3, in a guaranteed fashion. It took the dot-based search

algorithm 43 minutes to only find the 16,710,009 instances of s5, and more than a

day to find all the instances of LETSs reported in this table for code C4.

The examination of Table 5.16 shows that for two classes with the same size,
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Table 5.17: Multiplicities of LETS and FEAS Structures of Codes C6, C7 and C8
within the range a ≤ 10 and b ≤ 3

C6 C7 C8

(a, b) Total Total Total Total Total Total

class LETS FEAS LETS FEAS LETS FEAS

(3,3) 169 159 132 126 165 153

(4,2) 5 5 3 3 6 6

(5,3) 214 180 90 86 100 92

(6,2) 20 20 2 2 5 5

(7,3) 418 374 110 108 116 110

(8,2) 24 23 1 1 3 3

(9,1) 1 1 0 0 0 0

(9,3) 1127 992 195 166 169 161

(10,2) 71 69 15 15 4 4

dpl 20 sec. 18 sec. 20 sec.

dot 948 sec. 918 sec. 942 sec.

the class with a larger b value has more instances of LETSs. For example, for C5,

the instances of LETS structures in the (7, 1) and (7, 3) classes are 37 and 250,466,

respectively. Following a similar trend, this code probably has millions of instances of

LETSs in the (7, 5) class, and it would take the search algorithm a long time to find

them. These trapping sets, however, would not be dominant in the presence of those

in the (7, 1) and (7, 3) classes. This highlights the importance of having a flexible and

efficient search algorithm that can be easily tailored to different values of amax and

bmax.

Multiplicities of instances of LETSs and FEASs in all the nonempty classes within

the range a ≤ 10 and b ≤ 3, for Codes C6, C7 and C8 are listed in Table 5.17. These are

three (3, 6)-regular LDPC codes, all with g = 6, and with short block lengths: 504,

816, and 1008, respectively. The search algorithm to find all the instances of LETSs

in the range a ≤ 10 and b ≤ 3, is based on the information provided in Table 5.5.

For each code, all the instances of LETSs and FEASs in this range are enumerated

in less than 20 seconds. In comparison, the runtime for dot-based search is larger by

a factor of about 45. It is worth mentioning that [97] only reports the multiplicity of

FEAS structures in the (3, 3), (4, 2) and (5, 3) classes of C7 and C8. The results of [97]

match the results reported in the first three rows of Table 5.17.

Table 5.18 lists the multiplicity of instances of LETSs and FEASs in all the
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Table 5.18: Multiplicities of LETS and FEAS structures of Codes C7 and C8
within the range a ≤ 12 and b ≤ 5

C7 C8

(a, b) Primes Total Total [53] Primes Total Total [53]

class s3 s4 s5 s6 LETS FEAS FAS s3 s4 s5 s6 LEAS FEAS FAS

(3,3) 132 - - - 132 126 126 165 - - - 165 153 153

(4,2) 3 - - - 3 3 3 6 - - - 6 6 6

(4,4) - 1491 - - 1491 1350 1350 - 1252 - - 1252 1130 1130

(5,3) - 90 - - 90 86 86 - 100 - - 100 92 8388

(5,5) - - 9169 - 9169 7286 7286 - - 10019 - 10019 8388 8388

(6,2) 0 2 - - 2 2 2 1 4 - - 5 5 5

(6,4) 1084 1379 - - 2463 2235 2236 1011 874 - - 1885 1666 1668

(7,3) 54 56 - - 110 108 108 74 42 - - 116 110 111

(7,5) 13372 15957 4077 - 33406 26688 nr † 13462 12148 4126 - 29736 24876 24876

(8,2) 1 0 - - 1 1 1 2 1 - - 3 3 3

(8,4) 2145 2020 34 - 4199 3769 nr 1793 1136 32 - 2961 2617 nr

(9,3) 111 89 0 - 195 166 nr 122 47 - - 169 161 nr

(9,5) 39306 39304 5768 - 84378 67558 nr 35996 23149 4642 - 63787 53596 nr

(10,2) 8 7 0 - 15 15 15 3 1 0 - 4 4 4

(10,4) 4389 3446 130 - 7965 7277 nr 3163 1609 97 - 4869 4421 nr

(11,3) 184 103 3 - 290 270 nr 154 64 1 - 219 209 nr

(11,5) 104491 95600 11066 116 211273 168214 nr 78596 47962 7619 59 134236 112213 nr

(12,2) 10 5 - - 15 15 15 5 1 0 - 6 6 6

(12,4) 10163 7207 467 1 17838 15970 nr 6140 2669 231 1 9041 8168 nr

dpl 16 min. 14 min.

dot - -

† “nr” stands for not reported.
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nonempty classes within the range a ≤ 12 and b ≤ 5, for Codes C7 and C8. It

takes the proposed search algorithm 16 and 14 minutes to find all the instances of

LETSs in the range of a ≤ 12, b ≤ 5, for Codes C7 and C8, respectively. This is

versus about 20 seconds that takes the algorithm to find all the instances of LETSs

of these codes in the range of a ≤ 10, b ≤ 3. In Table 5.18, we have also reported the

multiplicity of instances of FASs obtained by the exhaustive search algorithm of [53].

There are only four cases in Table 5.18, where the multiplicity of FEAS classes ob-

tained here differ from the multiplicity of FAS classes reported in [53]. These cases

are boldfaced in the table. We believe that the source of these differences are either

typographical error, or some FASs that are not elementary. In addition, it took the

exhaustive search of [53] more than 5 hours to generate the fully absorbing sets of

each of the two codes on a desktop computer with an Intel Core2 2.4 GHz CPU with

2GB memory [53].

Table 5.19 lists the multiplicity of instances of LETSs in all the nonempty classes

within the range a ≤ 12 and b ≤ 5, for Codes C9 and C10. These codes are (3, 6)-

regular, both with g = 6, and with medium and large block lengths: 4000 and

20, 000, respectively. The search algorithm to find instances of LETSs in the range

a ≤ 12 and b ≤ 5, is based on the information provided in Table 5.6. For each

code, all the instances of LETSs in this range are enumerated in less than 9 minutes.

From these examples, it can be seen that the dpl-based search algorithm is able to

enumerate the instances of dominant LETSs of codes with large block length in a

guaranteed fashion, efficiently. Interestingly, despite the large difference between the

block lengths of the two codes, the runtimes of the dpl-based search for the two

codes are not very different. In comparison, for the dot-based algorithm to search

the instances of LETS structures of these codes with a ≤ 12 and b ≤ 5, in an

exhaustive fashion, the algorithm requires the enumeration of s10 and s11 structures.

This imposes huge computational complexity and memory requirements on the dot-

based search algorithm (more than a day of runtime and 8-GB memory). On the other

hand, the dpl-search only needs to enumerate prime cycles up to s6. Moreover, in the

dpl-based search, for finding the instances of potentially dominant LETSs, most of

the expansion techniques with relatively high complexity (large m) are needed to be

applied to the instances of LETS in classes with small b, where such classes happen

to be usually empty. For example, in C10, there is no LETS in the (4, 2), (5, 1), (6, 2),

(7, 1) and (8, 2) classes.



CHAPTER 5. DPL-BASED CHARACTERIZATION/SEARCH 79

Table 5.19: Multiplicities of LETS and FEAS structures of Codes C9 and C10 within
the range a ≤ 12 and b ≤ 5

C9 C10

(a, b) Primes Total Total Primes Total Total

class s3 s4 s5 s6 LETS FEAS s3 s4 s5 s6 LETS FEAS

(3,3) 171 - - - 171 169 161 - - - 161 161

(4,2) 1 - - - 1 1 - - - - 0 0

(4,4) - 1219 - - 1219 1192 - 1260 - - 1260 1256

(5,3) - 21 - - 21 21 - 2 - - 2 2

(5,5) - - 9935 - 9935 9526 - - 10046 - 10046 9952

(6,4) 278 198 - - 476 456 49 46 - - 95 95

(7,3) 5 5 - - 10 10 0 0 - - 0 0

(7,5) 3708 2911 1042 - 7661 7359 729 609 202 - 1540 1528

(8,4) 109 74 0 - 183 173 2 2 0 - 4 4

(9,3) 2 2 0 - 4 4 0 0 0 - 0 0

(9,5) 2316 1360 325 - 4001 3847 79 71 17 - 167 165

(10,4) 45 29 0 - 74 71 1 0 0 - 1 1

(11,3) 0 1 0 - 1 1 0 0 0 - 0 0

(11,5) 1371 781 123 3 2278 2189 2 6 0 0 8 8

(12,4) 26 10 0 0 36 36 0 0 0 0 0 0

dpl 7 min. 9 min.

dot - -

Multiplicities of instances of LETSs and FEAS in all the nonempty classes within

the range a ≤ 12 and b ≤ 4, for Codes C11, C12 and C13 are listed in Table 9.3. These

codes have dv = 3 and g = 8. The search algorithm to find all the instances of LETSs

in the range of interest is based on the information provided in Table 5.8.

Code C11 is the Tanner (155, 64) code [80] with dc = 5. The error-prone structures

of this code have been widely investigated [47], [96], [53], [11], [46]. It is well-known

that the LETS structures in the (8, 2) and (10, 2) classes are the dominant LETS

structures of this code. It takes the dpl-based search algorithm 442 seconds to find

all the instances of LETS structures reported in Table 9.3 for this code. However,

it took the dot-based algorithm 45 minutes to find almost all the instances of LETS

structures of C11 within this range (prime structures of size 10 are not considered),

and more than a day to find the exhaustive list of instances of LETS structures in

this table. If we limit the range of search to a ≤ 10 and b ≤ 4, it takes the proposed

algorithm only 28 seconds to find all the instances of LETS structures of C11 within

this range, based on the information provided in Table 5.7. However, it took the

dot-based algorithm 392 seconds to find all the instances of LETS structures of C11
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Table 5.20: Multiplicities of LETS and FEAS structures of Codes C11, C12 and C13
within the range a ≤ 12 and b ≤ 4

C11 C12 C13

(a, b) Primes Total Total [53] Primes Total Total [53] Primes Total Total [53]

class s4 s5 s6 LETS FEAS FAS s4 s5 s6 LETS FEAS FAS s4 s5 s6 LETS FEAS FAS

(4,4) 465 - - 465 0 0 802 - - 802 760 760 2 - - 2 2 2

(5,3) 155 - - 155 155 155 14 - - 14 14 14 0 - - 0 0 0

(6,4) 930 - - 930 0 0 985 - - 985 849 849 1 - - 1 1 1

(7,3) 930 - - 930 0 0 57 - - 57 47 47 0 - - 0 0 0

(8,2) 465 - - 465 465 465 5 - - 5 4 4 0 - - 0 0 0

(8,4) 4650 465 - 5115 1395 1395 2414 215 - 2629 2270 2270 2 47 - 49 46 nr

(9,1) 0 - - 0 0 0 1 - - 1 1 1 0 - - 0 0 0

(9,3) 1860 0 - 1860 930 930 152 4 - 156 146 146 0 1 - 1 1 nr

(10,2) 1395 0 - 1395 1395 1395 6 0 - 6 6 6 0 0 - 0 0 0

(10,4) 25575 3720 - 29295 17670 17670 7311 1557 - 8868 7399 nr 0 173 - 173 148 nr

(11,3) 6200 0 - 6200 5270 5270 551 77 - 628 577 nr 0 9 - 9 9 nr

(12,2) 930 0 - 930 930 930 25 2 - 27 26 26 0 0 - 0 0 0

(12,4) 144615 30225 6045 180885 115320 nr† 24857 7062 630 32549 26936 nr 1 461 50 512 466 nr

dpl 442 sec. / 28 sec. * 561 sec. / 38 sec. 157 sec. / 17 sec.

dot - / 392 sec. - / 1563 sec. - / 1466 sec.

† “nr” stands for not reported.
* Runtime to find all the instances of LETS structures reported in this table/runtime to find instances in the first
10 classes reported in this table.

within the range a ≤ 10 and b ≤ 4.

Codes C12 and C13 are (3, 6)-regular LDPC codes constructed by the PEG algo-

rithm [43]. The dpl-based search algorithm finds all the instances of LETSs for codes

C12 and C13 within the range a ≤ 12 and b ≤ 4, in 561 and 157 seconds, respectively.

Again, the exhaustive search of LETSs for both codes within the range a ≤ 12, b ≤ 4,

is out of the reach of the dot-based search algorithm. If we limit the range of search

to a ≤ 10 and b ≤ 4, it takes the proposed algorithm only 38 and 17 seconds to find

all the instances of LETSs of C12 and C13 within this range, respectively. It, how-

ever, takes the dot-based algorithm 1563 and 1466 seconds to find all the instances

of LETSs of C12 and C13, respectively, within the range a ≤ 10 and b ≤ 4.

In Table 9.3, we have also reported the multiplicity of instances of FASs obtained

by the exhaustive search algorithm of [53]. It can be seen that the results of [53]

match those obtained here. One should, however, note that while the range of classes

reported in Table 9.3 is much larger than the range of classes reported in [53], it took

the exhaustive search of [53] more than 5 hours, compared to only a few minutes for

the proposed algorithm, to generate the fully absorbing sets of each of these codes on
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Table 5.21: Multiplicities of LETS and FEAS structures of C14 within the range
a ≤ 14 and b ≤ 6

C14

(a, b) Primes Total Total

class s4 s5 s6 LETS FEAS

(4,4) 1320 - - 1320 1320

(5,5) - 11088 - 11088 11088

(6,6) - - 106920 106920 104280

(7,5) 5280 2640 - 7920 7920

(8,6) 80520 51480 14520 146520 138600

(9,5) 0 2640 - 2640 2640

(10,6) 100320 39600 7920 147840 129360

(11,5) 5280 0 0 5280 0

(12,4) 1320 0 0 1320 1320

(12,6) 73040 52800 9240 135080 128480

(13,5) 2640 0 0 2640 0

(14,4) 1320 0 0 1320 1320

dpl 42 min.

dot -

a desktop computer with an Intel Core2 2.4 GHz CPU with 2GB memory [53].

Code C14 is the Margulis (2640, 1320) code [59], with g = 8. It is well-known

that the most dominant LETS structures of this code are in (12,4) and (14,4) LETS

classes. The proposed search algorithm finds all the instances of LETSs in Table 5.21

for this code in about 42 minutes. It is worth mentioning that [53] only reports the

multiplicity of FAS structures in the (4, 4), (5, 5) classes of C14. The results of [53]

match the results reported in the first two rows of Table 5.21.

Table 5.22 lists the multiplicity of instances of LETSs, EASs and FEASs in all the

nonempty classes within the range a ≤ 6 and b ≤ 4, for Codes C15-C19. These are five

high-rate array-based codes with g = 6, dv = 4, and dc = 7, 13, 17, 19, 23, respectively.

It was shown in [17] that array-based codes with dv = 4 and dc > 7, do not contain

any absorbing sets (ASs) in the (4, 4) class. This is matched with our results for (4, 4)

EASs. Moreover, from Table 5.22, one can see that the array-based code with dv = 4

and dc = 7, has 294 EASs, but no FEAS in the (4, 4) class. Lemmas 6 and 7 in [17]

indicate that for the array-based codes with dv = 4 and dc > 19, there is no (5, b) and

(6, 2) absorbing sets. Based on Table V of [46], for a variable-regular code with dv = 4

and g = 6, the (5, 0), (5, 2) and (5, 4) classes are the only classes with size 5 that can
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Table 5.22: Multiplicities of LETS, EAS and FEAS structures of Codes C15, C16,
C17, C18, C19 within the range a ≤ 6 and b ≤ 4

C15 C16 C17 C18 C19

(a, b) Total Total Total Total Total Total Total Total Total Total Total Total Total Total Total

class LETS EAS FEAS LETS EAS FEAS LETS EAS FEAS LETS EAS FEAS LETS EAS FEAS

(4,4) 294 294 0 0 0 0 0 0 0 0 0 0 0 0 0

(5,4) 1176 0 0 0 0 0 0 0 0 12996 12996 0 0 0 0

(6,2) 588 588 588 0 0 0 0 0 0 0 0 0 0 0 0

(6,4) 4116 1764 0 30420 30420 0 23120 23120 18496 110466 32490 25992 58190 58190 46552

dpl 1 min. 2 min. 4 min. 7 min. 11 min.

dot 1 min. 2 min. 4 min. 7 min. 11 min.

have elementary absorbing sets (EASs). The results of Table 5.22 thus reveal that

C18 with dc = 19 is the only array-based code with EASs of size 5, and that the only

class of size 5 for which this code has some EASs is the (5, 4) class. Also, our results

in Table 5.22 complement those of [17], and demonstrate that the array-based codes

with dv = 4 and dc > 7 do not contain any EASs in the (6, 2) class. Since the dot

expansion is the only expansion technique used in the dpl-based search algorithm for

the array-based codes, this algorithm is the same as the dot-based search algorithm

for these codes.

Table 5.23 lists the multiplicity of instances of LETSs, EASs and FEASs in all the

nonempty classes within the range a ≤ 8 and b ≤ 6, for Codes C20 and C21. These are

two high-rate codes with dv = 4, g = 6 and block lengths n = 4096 and n = 16, 383,

respectively. The search algorithm to find all the instances of LETSs in the range

a ≤ 8 and b ≤ 6, is based on the information provided in Table 5.10. All the instances

of LETS structures in this range for C20 and C21 are enumerated in about 68 and 133

minutes, respectively. For the dot-based search algorithm to find all the instances

of LETSs in the range of interest in a guaranteed fashion, it requires to enumerate

s6 structures. This enumeration alone imposes huge computational complexity and

memory requirements to the dot-based search algorithm (more than a day of runtime

and 8-GB of memory).

We perform Monte Carlo simulations on code C20 with a 5-bit quantized min-sum

decoder (with clipping threshold 7.5) over AWGN channel to obtain 100 block errors

at different signal-to-noise ratios (SNR). The LETSs reported in Table 5.23 were

used to estimate the error floor of the code using the importance sampling technique

described in [8]. Fig. 5.6 shows the Monte Carlo simulation results for the frame
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Table 5.23: Multiplicities of LETS, EAS and FEAS structures of Codes C20 and C21
within the range a ≤ 8 and b ≤ 6

C20 C21

(a, b) Primes Total Total Total Primes Total Total Total

class s3 s4 LETS EAS FEAS s3 s4 LETS EAS FEAS

(3,6) 43531 - 43531 0 0 119233 - 119233 0 0

(4,4) 15 - 15 15 13 10 - 10 10 6

(4,6) 21383 - 21383 0 0 29001 - 29001 0 0

(5,4) 9 - 9 7 4 5 - 5 1 1

(5,6) 14622 - 14622 0 0 9796 - 9796 0 0

(6,4) 10 - 10 7 5 2 - 2 2 0

(6,6) 11553 1403 12956 913 246 3815 530 4345 307 161

(7,4) 10 0 10 6 5 2 0 2 0 0

(7,6) 10941 1837 12778 1779 476 1859 337 2196 288 167

(8,4) 12 1 13 11 6 1 0 1 0 0

(8,6) 11479 2659 14138 2612 741 970 188 1158 191 102

dpl 68 min. 133 min.

dot - -

error rate (FER) and the corresponding error floor estimation based on importance

sampling. As can be seen in Fig. 5.6, the estimation closely matches the Monte Carlo

simulation, verifying the dominance of the 15 LETSs in the (4, 4) class. Except the

LETSs in the (4, 4) and (5, 4) classes, the contributions of all the other LETSs listed

in Table 5.23 are negligible. Therefore, all the dominant LETSs of this code are in

the range of a ≤ 6 and b ≤ 4. If we limit the range of interest to a ≤ 6 and b ≤ 4,

it takes the proposed search algorithm less than 45 seconds to find all the LETSs of

C20 within this range.

Table 5.24 lists the multiplicity of instances of LETSs, EASs and FEASs in all

the nonempty classes within the range a ≤ 10 and b ≤ 10, for C22 and C23. These

are (4, 8)-regular LDPC codes, with g = 6, and with block lengths of n = 4000 and

n = 8000, respectively. The search algorithm to find all the instances of LETSs in

this range is based on the information provided in Table 5.11. It can be observed

that C22 and C23 have one and no instance of EAS in this range, respectively. The

dominant LETSs of C23, which are included in those reported in Table 5.24, are used

in [77] to accurately estimate the error floor under quantized iterative decoders. The

accurate estimation reveals that error-prone structures of this code are not absorbing

sets. If we limit the range of interest to a ≤ 9 and b ≤ 8, it takes the proposed search
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Figure 5.6: Simulation results of C20, decoded by a 5-bit min-sum decoder and the
corresponding error floor estimation.

Table 5.24: Multiplicities of LETS, EAS and FEAS structures of Codes C22 and C23
within the range a ≤ 10 and b ≤ 10

C22 C23

(a, b) Primes Total Total Total Primes Total Total Total

class s3 s4 s5 LETS EAS FEAS s3 s4 s5 LETS EAS FEAS

(3,6) 1563 - - 1563 0 0 1620 - - 1620 0 0

(4,6) 91 - - 91 0 0 55 - - 55 0 0

(4,8) - 24269 - 24269 0 0 - 24107 - 24107 0 0

(5,6) 2 - - 2 0 0 2 - - 2 0 0

(5,8) 4080 560 - 4640 0 0 2011 292 - 2303 0 0

(5,10) - - 402513 402513 0 0 - - 406289 406289 0 0

(6,8) 495 28 65 588 0 0 164 5 27 196 0 0

(6,10) 111540 74004 - 185544 0 0 50073 37172 - 96525 0 0

(7,8) 51 2 0 53 0 0 10 0 0 10 0 0

(7,10) 33205 6589 - 39794 0 0 9009 1689 - 10698 0 0

(8,8) 5 0 - 5 0 0 0 0 - 0 0 0

(8,10) 6248 754 4 7006 0 0 1030 84 2 1116 0 0

(9,8) 1 0 - 1 0 0 0 0 - 0 0 0

(9,10) 1038 107 0 1145 0 0 96 5 0 101 0 0

(10,10) 170 15 0 185 1 1 13 0 0 13 0 0

dpl 63 min. 51 min.

dot - -
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Figure 5.7: Simulation results of C22, decoded by the 5-bit min-sum decoder and
the corresponding error floor estimation.

algorithm only 4 minutes to find all the LETSs of C22 within this range. It is worth

mentioning that to find all the instances of LETSs of C22 within the range a ≤ 9 and

b ≤ 8, by the dot-based search algorithm, all the instances of s6, s7 and s8, need to

be enumerated. It takes more than 7 hours to only enumerate instances of s7 in the

Tanner graph of this code, and enumerating instances of s8 is not even feasible on

the desktop computer.

We perform Monte Carlo simulations on code C22 with a 5-bit quantized min-sum

decoder (with clipping threshold 7.5) over AWGN channel to obtain 100 block errors

at different SNRs. The LETSs reported in Table 5.24 were used to estimate the error

floor of the code using the importance sampling technique. Fig. 5.6 shows the Monte

Carlo simulation results for FER and the corresponding error floor estimation based

on importance sampling. It takes the Monte Carlo simulation more than two weeks

to obtain 100 block errors at SNR 3.25 (the error floor region of this code is out of

reach of Monte Carlo simulation on any desktop computer). Also, as can be seen in

Fig. 5.7, the dominant structures are LETSs in the (5, 6), (8, 8) and (9, 8) classes. To

the best of our knowledge, there exist no exhaustive search algorithm in the literature

to find the dominant trapping sets of large block length LDPC codes with dv = 4

such as C22. However, it takes the dpl-based search algorithm only 4 minutes to find

all the LETSs of C22 in the range of a ≤ 9 and b ≤ 8.

Table 5.25 lists the multiplicity of instances of LETSs, EASs and FEASs in all the
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Table 5.25: Multiplicities of LETS, EAS and FEAS Structures of Code C24 within
the range a ≤ 9 and b ≤ 11

C24

(a, b) Primes Total Total Total

class s3 s4 LETS EAS FEAS

(3,9) 7876 - 7876 0 0

(4,8) 30 - 30 30 30

(4,10) 8446 - 8446 0 0

(5,9) 98 - 98 36 34

(5,11) 14873 - 14873 0 0

(6,8) 1 - 1 1 1

(6,10) 321 - 321 118 116

(7,9) 5 - 5 1 1

(7,11) 1132 9 1141 371 337

(8,8) 1 0 1 1 1

(8,10) 31 0 31 20 18

(9,9) 4 0 4 1 1

(9,11) 165 2 167 76 68

dpl 6 min.

dot -

nonempty classes within the range a ≤ 9 and b ≤ 11, for C24. This is a (5, 10)-regular

LDPC code with g = 6, and block length n = 816. All the instances of LETSs of this

code in the range a ≤ 9 and b ≤ 11, are enumerated in about 6 minutes. It can be

seen that for this code, as a result of relatively large dv, no LETS with b < a exists

in the range of interest. Moreover, there is no FEAS for this code in the range b < a.

It is reported in [77] that using dominant LETSs of C24, included in Table 5.25, one

can obtain a more accurate estimation of the error floor in comparison to using only

EASs.

To the best of our knowledge, there are only two exhaustive search algorithms in

the literature for finding the error-prone structures of variable-regular LDPC codes

which cover a relatively wide range of trapping set classes, rates, block lengths and

variable degrees: the algorithm of [53], and that of [46]. The work in [53] is limited to

only fully absorbing sets (FASs). Also, the regular LDPC codes which were studied

in [53] are all codes with dv = 3, short block lengths (n < 2000) and rates equal to

or less than 0.5. The variable-regular LDPC codes studied in [53] are Codes C7, C8,

C11, C12, C13 and C14 in this chapter. While, it takes the dpl-based search algorithm

less than 42 minutes to find all the dominant LETSs and FEASs of each of these
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codes, the runtime to find FASs of these codes in [53] (in smaller ranges of a and b

values than those considered in this work) ranges from 5 to 48 hours using a desktop

computer with an Intel core2 2.4-GHz CPU with 2-GB memory. Compared to the

LSS- or dot-based algorithm of [46], [28], as we discussed in the tables, the runtime

and memory requirements of dpl-based search are up to three orders of magnitude

smaller.

To the best of our knowledge, the most versatile algorithm for finding LETSs of

LDPC codes is that of [47]. This algorithm, however, is not exhaustive in the sense

that it does not provide any guarantee that all the instances of (a, b) LETS structures

with a and b values within a given range of interest are found. For example, Codes C11,

C12, and C14 have also been studied in [47], and their LETSs (EASs) are presented in

Tables II, I and III of [47], respectively. The comparison of the multiplicity of LETSs

in different classes reported in this work, and that reported in [47], for each of these

codes, reveals that for each code, there are some classes for which the multiplicity

reported in [47] is smaller than that of this work. This means that for such classes, the

algorithm of [47] has not been able to find all the LETSs in that class. These classes

for Codes C11, C12, and C14 are {(9, 3), (11, 3)}, {(8, 4), (10, 4), (11, 3), (12, 2), (12, 4)},

and {(8, 6), (10, 6)}, respectively.



Chapter 6

Characterization/Search of ETSs of

Irregular LDPC Codes

6.1 Introduction

In this chapter, we study the graphical structure of the ETSs in irregular LDPC codes.

There are very few works on the trapping sets of irregular LDPC codes [1], [47], [53],

[23]. This is despite the fact that these codes are popular in many applications due

to their superior performance over the regular codes in the waterfall region [67]. In

fact, irregular LDPC codes have been already adopted in a number of standards [101],

[100], [105], [104], [102]. One main reason for the lack of results on trapping sets of

irregular codes is the variety of variable node degrees that makes the identification and

characterization of trapping sets of different classes a seemingly impossible task [47].

In the following, we review the main existing literature related to trapping sets of

irregular codes: In [1], using the modified impulse algorithm, the authors devised a

technique to find a non-exhaustive list of trapping sets of a given irregular LDPC code.

In [47], by examining the relationships between cycles and trapping sets, Karimi and

Banihashemi proposed an efficient search algorithm to find the dominant ETSs of a

given irregular LDPC code. Although the proposed algorithm in [47] can find ETSs

with sufficiently large size, it provides no guarantee that the obtained list of ETSs

is exhaustive. Using the branch-&-bound principle, Kyung and Wang [53] proposed

an exhaustive search algorithm to enumerate the fully absorbing sets (FASs) of short

irregular LDPC codes. The proposed algorithm, however, becomes quickly infeasible

to use as the block length, n, and the size of the FASs, a, are increased. In general,

the reach of the algorithm is limited to n < 1000 and a < 7, or n < 1000 and a < 14,

88
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if the number of unsatisfied check nodes is limited to b < 3. Recently, Falsafain and

Mousavi [23], proposed a branch-&-bound algorithm to find the ETSs of irregular

LDPC codes. The presented 0-1 integer linear programming (ILP) formulation in [23]

provided a tighter linear programming relaxation in comparison with the one in [53].

However still the exhaustive search algorithm in [23] is only applicable to short-to-

moderate length LDPC codes. To the best of our knowledge, the algorithms proposed

in [53] and [23] are the only exhaustive search algorithms of error-prone structures in

irregular codes. Also, to the best of our knowledge, almost all the structures reported

in the literature as error-prone structures of irregular LDPC codes are ETSs, with a

large majority being LETS structures.

In this chapter, first, we focus on LETS structures of irregular codes in Sections

6.2 and 6.3. We then study ETS structures which are not leafless in Section 6.4.

Finally, numerical results are presented in Section 6.5.

6.2 Dpl-Based Characterization/Search of LETS

Structures in Irregular LDPC Codes

In irregular Tanner graphs, for a given class of LETSs, the variety of non-isomorphic

LETS structures would increase significantly compared to that of variable-regular

Tanner graphs. This is due to the variety of the degrees of variable nodes involved in

LETS structures.

Example 14. Suppose that one is interested in characterizing the non-isomorphic

(a, b) LETS structures of irregular Tanner graphs with variable degrees 3 and 4 in the

interest range of a ≤ 5 and b ≤ 4. Table 6.1 shows the quasi-normal graph representa-

tion of all the possible non-isomorphic LETS structures in this range. Comparing the

information of this table with that of Tables 5.3 and 5.9, for variable-regular graphs

with dv = 3 and dv = 4, respectively, shows the considerable difference in the number

of non-isomorphic LETS structures in this range for variable-regular versus irregu-

lar graphs. As an example, Table 6.1 shows that there are 19 non-isomorphic LETS

structures in the (5, 4) class. This number for the (5, 4) class in Table 5.3 is only 2.

It can be seen that by increasing the range of a and b values or by having a larger

variety of variable node degrees, the number of non-isomorphic structures increases



CHAPTER 6. CHARACTERIZATION OF ETSS IN IRREGULAR CODES 90

Table 6.1: Non-isomorphic (a, b) LETS structures of an irregular Tanner graph with
variable degrees 3 and 4, in the range of a ≤ 5 and b ≤ 4

a = 5a = 4a = 3

b = 0

b = 1

b = 2

b = 3

b = 4
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(a) (b)

(c)

Figure 6.1: Seven non-isomorphic LETS structures in the (a) (5, 2), (b) (5, 3) and
(c) (5, 4) classes, all with the same normal graph .

rapidly. An important observation, however, is that despite the large number of

non-isomorphic quasi-normal graphs in each class, they are all projected to only a

few normal graphs. In Table 6.1, the non-isomorphic normal graphs, which are the

projections of all the quasi-normal graphs in the table, are boldfaced. For example,

the boldfaced graph in the (5, 2) class is the projection of 7 LETS structures, where

one, two and four structures are in the (5, 2), (5, 3) and (5, 4) classes, respectively.

These 7 LETS structures are presented in Fig. 6.1.

6.2.1 Dpl characterization of LETS structures in irregular

graphs

In the following, we demonstrate, through a sequence of intermediate results, that

the dpl characterization of (a, b) LETS structures of variable-regular Tanner graphs

of a properly selected variable degree dv, over a properly chosen range a ≤ a′max

and b ≤ b′max can be used to exhaustively cover all the normal graphs of all the

non-isomorphic (a, b) LETS structures of irregular Tanner graphs with a given degree

distribution λ(x) over any desired range of a ≤ amax and b ≤ bmax. (The values

a′max, b
′
max, and dv are functions of amax, bmax and λ(x).) This means that a dpl

characterization can also be established for irregular graphs.

Suppose that La
dv

is the set of all non-isomorphic LETS structures of size a in the

Tanner graph of a variable-regular graph with variable degree dv. It is easy to see that

the structures in La
dv

can have b values in the range 0 ≤ b ≤ a(dv − 2). The following

proposition establishes a relationship between the sets La
dv
, for different values of dv.
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(a) (b) (c)

Figure 6.2: All the non-isomorphic LETS structures with size a = 4 in a variable-
regular Tanner graph with dv ≥ 3.

Proposition 6. In the space of normal graphs, if dv < a− 1, then La
dv
⊂ La

a−1, and

if dv > a− 1, then La
dv

= La
a−1.

Proof. For the first part, consider an arbitrary element S of La
dv
. The LETS S has a

nodes, each node having a degree d in the range 2 ≤ d ≤ dv. Since L
a
a−1 includes all

the LETS structures with a nodes, where each node can have a degree in the range

[2, a− 1], and since dv < a− 1, the structure S is also in La
a−1, and thus La

dv
⊂ La

a−1.

For the second part, following similar steps as in the proof of the first part, it

can be shown that if a − 1 < dv, then L
a
a−1 ⊂ L

a
dv
. Now, consider a structure S in

La
dv

that is not in La
a−1. Structure S must then have at least one node v with degree

strictly larger than a− 1. This is, however, impossible as node v must be connected

to at least a other nodes, while there are only a− 1 other nodes in S. We thus have

La
dv

= La
a−1.

It is important to note that even if two sets of LETS structures with different

variable degrees are identical (in the space of normal graphs), they still correspond

to different sets of classes. This is explained in the following examples.

Example 15. Fig. 6.2 shows all the non-isomorphic LETS structures with size a = 4

in a variable-regular Tanner graph with dv = 3 and g = 6. Based on the second part

of Proposition 6, these structures are also all the non-isomorphic LETS structures

with size a = 4 in a variable-regular Tanner graph with dv > 3 and g = 6. For

variable-regular graphs with dv = 3 and g = 6, the structures in Figs. 6.2 (a), (b)

and (c) are the only structures in the (4, 0), (4, 2) and (4, 4) classes, respectively (see

Table 5.3). The same structures, for variable-regular graphs with dv = 4 and g = 6,

are the only structures in the (4, 4), (4, 6) and (4, 8) classes, respectively (see Table

5.9).
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(a) (b) (c) (d) (e)

(f) (g) (h) (i) (j) (k)

Figure 6.3: All the non-isomorphic LETS structures with size a = 5 in a variable-
regular Tanner graph with dv ≥ 4.

Table 6.2: Classes of non-isomorphic LETS structures in Fig. 6.3 for variable-regular
graphs with dv = 3, 4 and 5

Fig. 6.3 (a) (b) (c) (d) (e) (f) (g) (h) (i) (j) (k)

dv = 3 - - - - (5,1) - - (5,3) (5,3) - (5,5)

dv = 4 (5,0) (5,2) (5,4) (5,4) (5,6) (5,6) (5,6) (5,8) (5,8) (5,8) (5,10)

dv = 5 (5,5) (5,7) (5,9) (5,9) (5,11) (5,11) (5,11) (5,13) (5,13) (5,13) (5,15)

Example 16. Fig. 6.3 provides all the non-isomorphic LETS structures with size

a = 5 in a variable-regular Tanner graph with dv = 4 and g = 6. Based on the

second part of Proposition 6, these structures are also all the non-isomorphic LETS

structures with size a = 5 in a variable-regular Tanner graph with dv > 4 and g = 6.

For example, L5
5 = L5

4. Moreover, based on the first part of Proposition 6, L5
3 ⊂ L

5
4.

Table 6.2 shows the classes of these structures in variable-regular Tanner graphs with

dv = 3, 4, 5, and g = 6.

The following proposition explains how different LETS structures of an irregu-

lar Tanner graph, corresponding to different quasi-normal graphs, are mapped (pro-

jected) to normal graphs of LETS structures of a variable-regular Tanner graph.

Proposition 7. Any (quasi-normal graph of a) LETS structure S in the (a, b) class

of an irregular Tanner graph with variable degree distribution λ(x) is mapped (via a

surjective mapping) to a (normal graph of a) LETS structure in the (a, b′) class of

variable-regular Tanner graphs with variable degree dv = f , where f is the largest

variable degree in λ(x) strictly less than a and b′ = a × f + b −
a
∑

i=1

dvi, with vi, i =

1, . . . , a, being the variable nodes of S.
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(c)(a) (b) (d)

Figure 6.4: (a) Tanner graph, and (b) quasi-normal representations of a LETS
structure in the (4, 3) class of an irregular graph with variable degrees 2, 3, 4;
(c) normal graph, and (d) Tanner graph representations of a LETS structure in
the (4, 2) class of variable-regular graphs with dv = 3.

Proof. The normal graph representation of S has a nodes, where each of them is

connected to at most f other nodes in S (f is the largest variable degree in λ(x)

strictly less than a). Based on Proposition 6, this normal graph is thus a LETS in

variable-regular graphs with any variable degree dv ≥ f . Selecting the minimum

variable degree in this range, i.e., dv = f , we can easily find the class of this structure

using Lemma 2. For this, we note that S has e = (
a
∑

i=1

dvi − b)/2 edges. Based on

Lemma 2, the number of unsatisfied check nodes of S in a variable-regular graph with

dv = f is b′ = a× f − 2e = a× f + b−
a
∑

i=1

dvi .

Example 17. Fig. 6.4 shows a LETS structure in the (4, 3) class of an irregular

graph with variable degrees 2, 3, 4, and the process of surjective mapping to a LETS

structure in the (4, 2) class of a variable-regular graph with dv = 3.

Proposition 7 describes how the LETS structures of irregular graphs are mapped

to LETS structures of variable-regular graphs via the normal graph representation.

The following theorem explains how the dpl characterization of LETS structures in

variable-regular graphs can be used to characterize the LETS structures of irregular

graphs (in a given range of a and b values, exhaustively).

Theorem 3. The dpl characterization of non-isomorphic LETS structures for

variable-regular graphs with dv = t in (a, b) classes with a ≤ amax and b ≤

bmax + amax(t − dvmin
) is sufficient to generate the normal graphs of all the non-

isomorphic (a, b) LETS structures with a ≤ amax and b ≤ bmax of irregular Tanner

graphs with variable degree distribution λ(x) =
dvmax
∑

i=dvmin

λix
i−1, where t is the largest

variable degree in λ(x) strictly less than amax.
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Proof. Proposition 7 describes the mapping between the LETS structures of irregular

graphs to those of variable-regular graphs. Based on this proposition, to cover the

projections of all the LETS structures with a ≤ amax of irregular graphs, the variable

node degree of the variable-regular graph needs to be dv = t, where t is the largest

variable degree in λ(x) strictly less than amax. Moreover, to cover all the LETS

classes of the irregular graphs in the interest range of a ≤ amax and b ≤ bmax, based

on Proposition 7, the maximum value of b′ is bmax + amax(t− dvmin
). This is obtained

by noting that, in Proposition 7, f = t, and that b′ is maximized by setting a and

b to their maximum values amax and bmax, respectively, and by minimizing
amax
∑

i=1

dvi

through assuming that all the variable nodes in the LETS have the minimum degree

dvmin
.

Example 18. Based on Theorem 3, to cover all the (a, b) LETS structures in the

range of a ≤ 7 and b ≤ 3, of an irregular graph with variable degrees 3, 4 and 7, one

should characterize all the LETS structures in a variable-regular graph with dv = 4

in the range of a ≤ 7 and b ≤ 10. This characterization is summarized in Table 6.3.

This representation of characterization is similar to that of Chapter 5. Note that to

cover this rather small range of a and b values for the irregular graph, one needs to

cover a wide range of b values for the corresponding variable-regular graph.

6.2.2 Dpl-based search algorithm for irregular graphs

In Chapter 5, for variable-regular graphs, the dpl characterization of LETS structures

was used as a road-map for the dpl-based search algorithm to find all the instances

of LETS structures in any interest range of a and b values in a guaranteed fashion.

The search algorithm of Chapter 5 starts by the enumeration of simple cycles. These

are the cycles that are identified in the characterization table as the required prime

structures. After the enumeration of all the instances of a simple cycle, these instances

are expanded recursively to find instances of other LETS structures up to size amax.

In each step, after finding a new LETS, the indices of its variable nodes should be

saved for subsequent expansions in the next step. The expansion techniques identified

by the characterization table should be applied to all the instances of LETS structures

in the corresponding classes.
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Table 6.3: Characterization of Non-Isomorphic LETS Structures of (a, b) Classes
for Variable-regular Graphs with dv = 4 and g = 6 for a ≤ amax = 7 and
b ≤ bmax = 10

a = 3 a = 4 a = 5 a = 6 a = 7

b = 0 - -

s3(1)

−−−

−

s3(1)

−−−

−

s3(2)

−−−

−

b = 1 - - - - -

b = 2 - -

s3(1)

−−−

dot

s3(3)

−−−

dot

s3(9)

−−−

−

b = 3 - - - - -

b = 4 -

s3(1)

−−−

dot

s3(2)

−−−

dot

s3(7)

−−−

dot

s3(27), s4(1)

−−−

−

b = 5 - - - - -

b = 6

s3(1)

−−−

dot, pa2

pa3, lo33

s3(1)

−−−

dot, pa2

pa3

s3(3)

−−−

dot

s3(10), s4(1)

−−−

dot

s3(43), s4(1)

−−−

−

b = 7 - - - - -

b = 8 -

s4(1)

−−−

dot, pa2

s3(2), s4(1)

−−−

dot, pa2

s3(8), s4(2)

−−−

dot

s3(41), s4(3)

−−−

−

b = 9 - - - - -

b = 10 - - −−−

−

s3(3), s4(2)

−−−

dot

s3(21), s4(6)

−−−

−
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In Subsection 6.2.1, it was shown that the characterization table for variable-

regular graphs with variable degree dv = t in the range of a ≤ amax and b ≤ bmax +

amax(t − dvmin
) can be used to characterize the (a, b) LETS structures of irregular

graphs with degree distribution λ(x) =
dvmax
∑

i=dvmin

λix
i−1 in the range of a ≤ amax and

b ≤ bmax, where t is the largest variable degree less than amax in λ(x). Unlike the

case for variable-regular graphs, in irregular Tanner graphs, however, there is no

one-to-one correspondence between a LETS structure and its normal graph, i.e., a

normal graph can be the projection of multiple LETS structures in different classes.

In the search algorithm for irregular graphs, therefore, for each LETS, in addition to

the index of its variable nodes, we need to also keep track of the class of its normal

graph in variable-regular graphs with dv = t. Otherwise, the search follows the exact

similar steps as in the dpl-based search of Chapter 5. More details are provided in

the following.

The dpl-based search algorithm of irregular graphs starts by the enumeration of

simple cycles (as identified in the characterization table for the corresponding variable-

regular graph with dv = t). For different instances of a simple cycle of a given length,

based on the degrees of the variable nodes in the cycles, the cycles would belong to

different classes, all with the same a but different b values. In addition to saving the

information of each instance (indices of its variable nodes), the class of its normal

graph in the characterization table for variable-regular graphs with dv = t should

be saved as well. After the enumeration of all instances of a simple cycle, these

instances are expanded recursively to find instances of other LETS structures up to

size amax following the dpl-based search algorithm (Algorithm 2). It is important to

note that, in the search process, no matter what the actual value of b of an instance of

a LETS is, as long as its normal graph is in the (a, b) class of variable-regular graphs

with dv = t, the characterization table for the variable-regular graph shows which

expansions should be applied to that instance. Also, no matter what the class of the

resultant instance is, one only needs to keep track of the class of its normal graph (in

the characterization table for variable-regular graphs with dv = t).

Example 19. Suppose that in an irregular graph with variable degrees 3, 4 and 7, there

are a set of instances of LETSs in different classes with a = 4 and b = 2, 3, 4, 6, 7

and 8. Also suppose that all these instances are projected to the normal graph in

the (4, 4) class of Table 6.3. Applying dot2 to all these instances may result in new
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instances with a = 5 and, for example, b = 1, 2, 5, 7, and 8. However, based on

Proposition 1, the normal graph of all the new instances will be in the (5, 4) class of

Table 6.3. Therefore, no matter what the classes of new instances are, the class (5, 4)

should be saved for each of them for the next step. This class is the one that is used

to determine the expansions that will have to be applied to these instances in the next

step (based on the lower entries of the (5, 4) cell in Table 6.3).

Example 20. Consider the case of Example 18. The LETS structures of irregular

graphs in the class (5, 4) are projected to normal graphs in classes (5, 4), (5, 6) and

(5, 8) of Table 6.3. One should thus apply {dot}, {dot} and {dot, pa2} expansions to

the instances of corresponding LETS structures, respectively.

6.3 Efficient exhaustive Search Algorithm for

LETSs of Irregular LDPC Codes

The search algorithm for LETSs of irregular graphs described in Section 6.2 can have

two major problems, both occurring when the size of the characterization table for

the variable-regular graphs with dv = t, where t is the largest variable degree strictly

less than amax, happens to become too large. This can happen, in the cases that the

value of t is relatively large (for example t ≥ 8), or in the cases where the interest

range of a is relatively large (for example amax ≥ 10), or in the cases where variable

nodes with small degrees (for example, degree-2 variable nodes) are present. Under

such circumstances, the range of a and b values covered in the characterization table

of variable-regular graphs with dv = t plus the number of non-isomorphic LETS

structures in the table will quickly increase. For example, there are more than nine

million non-isomorphic LETS structures in the classes with a = 10 for variable-regular

graphs with dv = 8 (|L10
8 | = 9, 545, 887). The first problem resulting from the large

size of the characterization table is the excessive time that it takes the characterization

algorithm of Chapter 5 to generate the table plus the large memory that is required

to store the information of the characterization table. The second problem is the

inefficiency of the search algorithm corresponding to a large characterization table,

in the sense that, one may have to enumerate LETS structures with large values of

b (and large multiplicities) that are not of direct interest but are parents of LETS

structures of interest.
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To overcome the above problems in circumstances just explained, we use a different

approach to characterize/search LETSs of irregular codes. Rather than relying on

the normal graph representation through the characterization table of a variable-

regular graph, in the new approach, we focus on the class of LETS structures, i.e.,

rather than tracking the class of the normal graph within the characterization table

of the corresponding variable-regular graph, we concern ourselves with the class of

the LETS itself. For each class of LETS structures, we then identify all the possible

expansions from the set of dot, path and lollipop expansions that can be applied to

LETS structures in that class and eventually (after successive applications of one or

more expansions) result in an (a, b) LETS structure with a ≤ amax and b ≤ bmax. As

an example, consider the scenario of Example 18. Based on the previous approach,

for any LETS structure of the irregular graphs which is projected to one of the two

normal graphs in the (5, 4) class of Table 6.3, regardless of the actual class of the

LETS structure, the dot expansion is applied. In the new approach, however, the

expansions are decided by the class of the LETS structure itself. For example, for

a LETS structure in the (5, 4) class, all the possible expansions that can eventually

result in a LETS in the range of a ≤ 7 and b ≤ 3 are applied. These are dot and pa2

expansions. (Note that based on Example 20, the LETS structures in the class of (5, 4)

can be projected into normal graphs in three different classes of Table 6.3, including

the (5, 4) class.) The application of this approach recursively and starting from all

the simple cycles with size from g/2 up to amax can provide us with an exhaustive

list of all LETS structures of an irregular code within any desired range of a ≤ amax

and b ≤ bmax. The indiscriminate application of this approach, however, is inefficient

in both characterization and search of LETS structures. The reason is that many of

the structures generated initially or in the intermediate stages of this process may

not eventually reach any LETS structure within the range of interest. To overcome

this problem while maintaining the exhaustiveness of the characterization/search, we

identify the expansions for each class through a backward recursion. We start from

LETS structures of size amax with b ≤ bmax, and then find out how these structures

can be possibly constructed in a recursive fashion starting from simple cycles using

the three expansions. The first step is to find out all the possible candidates that

can lead to the target LETS structures through a single expansion step and then

backtrack this recursively until one reaches simple cycles.

In the characterization/search of LETSs in variable-regular graphs, to find (cover)
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all the LETSs in the range of a ≤ amax and b ≤ bmax, one should sometimes include

(a, b) LETS structures with their b values outside the range of interest, i.e., bmax <

b ≤ b′max. In Chapter 5, it was proved that the value of b′max selected by the dpl

characterization/search is minimal. In this work, for irregular graphs, for any given

value of a in the range g/2 ≤ a ≤ amax, we derive an upper bound bamax, on the b

values for the classes of (a, b) LETS structures. This upper bound determines all the

(a, b) classes of the same size a, i.e., (a, b) classes with b ≤ bamax, that need to be

covered in the characterization/search such that by the application of all the possible

expansions to the included classes, starting from simple cycles, one can obtain all the

LETS structures of the irregular graph within the range of interest a ≤ amax and

b ≤ bmax, exhaustively. The upper bound is derived recursively by finding bamax as a

function of ba+1
max with the initial condition that bamax

max is equal to bmax.

The following lemma imposes a limit on the maximum degree of a variable node

that can be involved in a LETS structure given the interest range of a ≤ amax and

b ≤ bmax. This will help to further constrain the space of search, and reduce its

complexity.

Lemma 7. Any variable node v involved in an (a, b) LETS structure of an irregular

graph in the range of a ≤ amax and b ≤ bmax, has a degree deg(v) < amax + bmax.

Proof. Consider a variable node v with degree deg(v) ≥ amax + bmax in an (a, b)

LETS structure with a ≤ amax. This means that v is connected to at most amax − 1

variable nodes within the LETS structure. Since deg(v) ≥ amax + bmax, this implies

that v has at least bmax + 1 unsatisfied check nodes in its neighbourhood, which is in

contradiction with the LETS structure having a b value of at most bmax.

As an intermediate step to deriving the upper bounds, in the following proposition,

we first determine how the class of a LETS structure of an irregular graph changes

as it is expanded by one of the three expansion techniques. In this proposition, we

use the notation dotkm to denote a dot expansion with m edges and a root node with

degree k.

Proposition 8. Consider an (a, b) LETS structure S with variable node degrees

dvi , i = 1, . . . , a, in an irregular Tanner graph. The application of dotkm (2 ≤ m ≤ k),

pam (m ≥ 2), and locm (m ≥ g/2, g/2 ≤ c ≤ m) to S will result in LETS structure(s)
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in the (a+1, b+k− 2m), (a+m, b− 2+
m
∑

i=1

(dvi− 2)), and (a+m, b− 2+
m
∑

i=1

(dvi− 2))

classes, respectively.

Proof. Similar to the proof of Propositions 1, 3 and 4.

Corollary 1. In an irregular Tanner graph with maximum variable degree dvmax and

minimum variable degree dvmin
≥ 2, the application of dotkm (2 ≤ m ≤ k), pam

(m ≥ 2), and locm (m ≥ g/2, g/2 ≤ c ≤ m) to an (a, b) LETS structure results in

an (a′, b′) LETS structure with minimum possible value of b′ equal to (b − dvmax)
+,

(b− 2+m(dvmin
− 2))+, and (b− 2+ (m− 1)(dvmin

− 2)+ d′− 2)+, respectively, where

(f)+ = max{f, 0}, and d′ is equal to dvmin
, if dvmin

> 2, and is equal to the smallest

variable degree strictly larger than 2, if dvmin
= 2. In particular, if dvmin

= 2, the

minimum values of b′ for pam and locm are (b − 2)+ and (b + d′ − 4)+, respectively,

where d′ is equal to the smallest variable degree strictly larger than 2.

Proof. For the dotkm expansion, the minimum value of b′ is obtained when m = k

(note, m ≤ k), and m = dvmax . For the pam expansion, the minimum is attained

when all the m nodes in the expansion have degree dvmin
. For the locm, the minimum

is resulted when all the nodes in the expansion have degree dvmin
, with the exception

being when dvmin
= 2, in which case, one node needs to have a degree equal to the

smallest variable degree strictly larger than 2.

Based on Corollary 1, it can be seen that the pa and locm expansions can cause the

decrease of at most 2 and 1 in the b value of a LETS structure, respectively. Since

the minimum increase of a in pa and locm expansions is 2, successive increase of bamax

by one will cover the range for pa and locm expansions. However, it can be seen in

Corollary 1 that the dot expansion can cause the largest decrease in the b value of a

LETS structure.

The following theorem establishes the upper bounds bamax, g/2 ≤ a ≤ amax,

through a recursive relationship.

Theorem 4. Suppose that we are interested in generating all the (a, b) LETS struc-

tures of an irregular Tanner graph with variable node degree distribution λ(x) and

girth g within the range a ≤ amax and b ≤ bmax. For this, consider an approach

that starts from simple cycles sk, k = g/2, . . . , amax, and recursively applies all the

possible dot, path and lollipop expansions to any generated LETS structure. Such an

approach will exhaustively generate all the LETS structures in the range of interest,
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if for any size a in the range g/2 ≤ a ≤ amax, the approach is constrained to only

find (a, b) LETS structures with b values satisfying b ≤ bamax, where bamax values are

obtained through the recursion

bamax = ba+1
max +max{y, 2a− z} . (6.1)

In (6.1), y is the largest variable degree in λ(x) less than or equal to a and z is the

smallest variable degree in λ(x) strictly larger than a and smaller than amax + bmax.

The initial condition for recursion is bamax
max = bmax.

Proof. Assume that ba+1
max is obtained and we are looking to find bamax. The basis of

the proof is to show that applying any dotkm to any LETS structures in an (a, b′)

class, where b′ > ba+1
max + max{y, 2a − z}, will result in LETSs in (a + 1, b′′) class,

where b′′ > ba+1
max and therefore we are not interested in. Based on Proposition 8,

for dotkm expansion the most decrease of b value is b′ − b′′ = 2m − k. Suppose that

there is a LETS structure, S in the (a, b′) class, where b′ > ba+1
max + max{y, 2a − z}

and applying dotkm expansion to S results in a LETS in the (a + 1, b′′) class, where

b′′ ≤ ba+1
max. In the worst case, b′ = ba+1

max+max{y, 2a−z}+1 and b′′ = ba+1
max. Therefore,

ba+1
max + max{y, 2a − z} + 1 − ba+1

max = 2m − k or max{y, 2a − z} + 1 = 2m − k. We

want to show that there is no dotkm with any k and m values to satisfy this equality.

Value of k in dotkm is among the variable degrees in λ(x) and m ≤ min{a, k}. We

consider two cases of k ≤ a and k ≥ a. For the case of k < a: Based on Proposition

8, the most decrease for the b value is when k is maximized and m = k. This happens

when k = y, the largest variable degree in λ(x) less than or equal to a. The decrease

of b is y. For the case of k > a: Since the Tanner graph free of 4-cycle are studied,

m ≤ a. Based on Proposition 8, the most decrease for the b value is when k is

minimized and m = a. The minimum value of k is z, the smallest variable degree in

λ(x) strictly larger than a and smaller than amax + bmax (Lemma 14). The decrease

of b is 2m − z = 2a − z. Therefore the most decrease of b value for dotkm expansion

2m− k is at most max{y, 2a− z} which is in contradiction.

The same happens for the cases of b′′ < ba+1
max and b′ > ba+1

max +max{y, 2a− z}+ 1.

Since the smallest value of max{y, 2a − z} is 2 (greater than 1 for pa2), the bound

caused by dot expansion is sufficient to find all the LETSs in the interest range.

We note that Theorem 4 provides a new dpl-based exhaustive characteriza-

tion/search for LETS structures of irregular codes (compared to what was presented
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in Section 6.2). We also note that the upper bounds derived based on Theorem 4

may not be necessarily tight, i.e., one may be able to find smaller bounds that still

result in an exhaustive coverage of the LETS structures of interest, thus, further re-

ducing the complexity of the search. One can also perform the search in a smaller

space, by reducing the upper bounds, but possibly at the expense of sacrificing the

exhaustiveness of the search. In fact, based on our experimental results, we propose

the following upper bounds as a lower complexity alternative to (6.1):

bamax = ba+1
max +max{y, 2a− z} − 2 . (6.2)

It is easy to see that (6.2) is smaller than (6.1). Although in our extensive simu-

lations, presented in Section 6.5, the upper bounds (6.2) have always resulted in an

exhaustive search, we have not been able to prove this, in general.

Given the upper bounds b
g/2
max, . . . , bamax

max , Algorithm 13 provides a pseudo code for

finding the list of expansion techniques that are required to be applied to all the non-

isomorphic structures in each (a, b) LETS class. These expansions are stored in the

(a, b) entry of table EX , EX (a,b). Based on Algorithm 13, the expansion dot can be

applied to all the (a, b) classes with a ≤ amax − 1. Also, pam and locm can be applied

to all the (a, b) classes with a ≤ amax−m. The only constraint for using an expansion

technique is that the b value(s) of the new LETS structure(s) need to remain in the

range identified by the upper bounds b
g/2
max, . . . , bamax

max . The results of Corollary 1 are

used to impose this constraint.

Example 21. The outcome of Algorithm 13 is presented in Table 6.4 for the case of

amax ≤ 7, bmax ≤ 2, and an irregular graph with variable node degrees {2, 3, 5, 10} and

g = 6. These variable node degrees are used in [73] to design near-optimal irregular

LDPC codes over binary-input additive white Gaussian noise (BIAWGN) channels.

In Table 6.4, the notation dot is used to represent any dotkm expansion that results in

(a, b) LETS structures with b ≤ bamax. Also, the notation lom is used to represent all

the locm expansion techniques with different values of c. Based on Theorem 4, we have

b7max = 2, b6max = 7, b5max = 12, b4max = 15, b3max = 18. However, we note that based

on Lemma 14, there is no LETS structure within the interest range that has a variable

node with degree 10 or larger. Therefore in Proposition 2, dvmax = 5, and b4max and

b3max, as inputs of Algorithm 13 are modified to 4(5 − 2) = 12 and 3(5 − 2) = 9,
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Algorithm 3 Finding the expansion techniques EX (a,b) for the (a, b) classes of LETS
structures, g/2 ≤ a ≤ amax, 1 ≤ b ≤ bmax, for an irregular Tanner graph with girth g.

1: Inputs: amax, b
g/2
max, . . . , bamax

max = bmax, g.
2: Initializations: a = amax − 1.
3: while a ≥ g/2 do
4: EX (a,b) ← dot, ∀ b ∈ {2, . . . , bamax}.
5: for b = 1, . . . , bamax do
6: m = 2.
7: while a+m ≤ amax do
8: if 0 ≤ b− 2 ≤ ba+m

max then
9: EX (a,b) ← pam.
10: end if
11: if m ≥ g/2 and b− 1 ≤ ba+m

max then
12: for c = g/2, . . . ,m do
13: EX (a,b) ← locm.
14: end for
15: end if
16: m = m+ 1.
17: end while
18: end for
19: a = a− 1.
20: end while
21: Output: EX .

Table 6.4: Expansions Required for (a, b) Classes of Irregular Graphs with Variable
Degrees 2, 3, 5, 10, and g = 6 for a ≤ amax = 7 and b ≤ bmax = 2

a = 3 a = 4 a = 5 a = 6 a = 7

b = 0 - - - - -

b = 1 lo3, lo4 lo3 - - -

b = 2 dot, pa2, pa3, pa4, lo3, lo4 dot, pa2, pa3, lo3 dot, pa2 dot -

b = 3 dot, pa2, pa3, pa4, lo3, lo4 dot, pa2, pa3, lo3 dot, pa2 dot

b = 4 dot, pa2, pa3, pa4, lo3 dot, pa2, pa3 dot, pa2 dot

b = 5 dot, pa2, pa3, lo3 dot, pa2 dot dot

b = 6 dot, pa2, pa3, lo3 dot, pa2 dot dot

b = 7 dot, pa2, pa3, lo3 dot, pa2 dot dot

b = 8 dot, pa2, pa3, lo3 dot, pa2 dot

b = 9 dot, pa2, pa3 dot, pa2 dot

b = 10 dot dot

b = 11 dot dot

b = 12 dot dot
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respectively.

The pseudo code of the proposed search algorithm is given in Algorithm 4. Having

the upper bounds b
g/2
max, . . . , bamax

max , and the expansion table EX , as the input, the search

algorithm starts by the enumeration of simple cycles of length up to amax through

Routine 9. Note that for any sk, where g/2 ≤ k ≤ amax, the number of unsatisfied

check nodes of the instances should be less than or equal bkmax, i.e., only simple cycles

that satisfy this condition are stored for further processing. This is performed in

Lines 12-14 of Routine 9. After the enumeration of all instances of a simple cycle,

these instances are expanded in the while loop (Lines 9-31) to find instances of other

LETS structures in the interest range. The selected expansions for each class are those

stored in EX . In Algorithm 4, the notation Ia,bk is used for the set of LETS instances

in the (a, b) class found by starting from the instances of the simple cycle of length

k, and I is the set of all instances which are found so far in the algorithm. Finding

the instances of LETS structures using dot, path and lollipop expansion techniques

are explained in Routines 10, 11 and 12, respectively.

The complexity of the search algorithm depends, in general, on the multiplicity of

different instances of LETS structures and the expansion techniques used in different

classes. A detailed discussion on the complexity of the dpl-based search algorithm

for variable-regular graphs can be found in Chapter 5. The generalization of those

discussions to irregular graphs is rather simple and thus not presented here.

6.4 Efficient Exhaustive Search of Elementary

Trapping sets for Irregular LDPC Codes

Leafless ETSs (LETSs) are known to be the main problematic structures in the error

floor region of variable-regular LDPC codes. For irregular LDPC codes, however, in

addition to LETSs, there are other ETSs that are problematic but are not leafless,

i.e., they have variable nodes that are connected to only one satisfied check node [62],

[1], [47], [53], [76], [23]. This is particularly the case for irregular codes with degree-2

variable nodes [47], [53]. In Sections 6.2 and 6.3, we studied the LETS structures of
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Algorithm 4 (LETS Exhaustive Search) Finds all the instances of (a, b) LETS
structures of an irregular Tanner graphG with girth g, for a ≤ amax and b ≤ bmax. The
inputs are the upper bounds b

g/2
max, . . . , bamax

max , and expansion techniques EX provided
by Algorithm 13. The output is the set I, which contains all the instances of LETS
structures in the interest range.

1: Inputs: G, amax, {b
g/2
max, . . . , bamax

max }, EX , g.
2: Initializations: I ← ∅.
3: for k = g/2, . . . , amax do

4: Ik = {Ik,0k , . . . , I
k,bkmax
k }= CycSrch(G, k).

5: I = I ∪ Ik.
6: end for
7: for k = g/2, . . . , amax do
8: a = k.
9: while a < amax do
10: for b = 1, . . . , bamax do
11: if dot ∈ EX (a,b) then

12: {Ia+1,0
tem , . . . , Ia+1,ba+1

max
tem }= DotSrch(G, Ia,bk , I).

13: end if
14: for any pam ∈ EX (a,b) do

15: {Ia+m,0
tem , . . . , Ia+m,ba+m

max
tem }= PathSrch(G, Ia,bk , I,m).

16: end for
17: for any locm ∈ EX (a,b) do

18: {IIa+m,0
tem , . . . , IIa+m,ba+m

max
tem }= LolliSrch(G, Ia,bk , I, Ic,m).

19: for s = 1, . . . , bamax do
20: Ia+m,s

tem = Ia+m,s
tem ∪ IIa+m,s

tem .
21: end for
22: end for
23: for t = a+ 1, . . . , amax do
24: for s = 1, . . . , btmax do
25: It,sk = It,sk ∪ I

t,s
tem.

26: I = I ∪ It,stem.
27: end for
28: end for
29: end for
30: a = a+ 1.
31: end while
32: end for
33: Output: I.
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Routine 9 (CycSrch) Finds all the instances of simple cycles of length k with

b ≤ bkmax, in a given Tanner graph G. {Ik,0k , . . . , Ik,b
k
max

k }= CycSrch(G, k)

1: Initializations: Ik,bk ← ∅, ∀ b ≤ bkmax.
2: for each variable node vl in G do
3: for each check node ci in the neighbourhood of vl do
4: Find all the paths PAi,l of length k − 1 in G, starting from ci that do not

contain vl.
5: end for
6: for any pair of check nodes ci and cj in the neighbourhood of vl, where i 6= j

do

7: for any path pa ∈ PAi,l, and any path pa′ ∈ PAj,l do
8: if the two paths end with the same node and that node is their only

common node do

9: Let v and v′ denote the last variable nodes of pa and pa′, respec-
tively.

10: if variable nodes in pa \ v and pa′ \ v′ do not have any common
check node do

11: S = vl∪{set of variable nodes in pa ∪ pa′}.
12: if |Γo(S)| ≤ bkmax then

13: Ik,|Γo(S)|
k = Ik,|Γo(S)|

k ∪ {S}.
14: end if
15: end if
16: end if
17: end for
18: end for
19: end for
20: Outputs: {Ik,0k , . . . , Ik,b

k
max

k }.
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Routine 10 (DotSrch) Expanding all the instances of LETS structures in the (a, b)
class Ia,bk of Tanner graph G using dot expansions to find a set of instances of LETS
structures of size a+1, excluding the already found structures I, and storing the rest

in {Ia+1,0
tem , . . . , Ia+1,ba+1

max
tem }. {Ia+1,0

tem , . . . , Ia+1,ba+1
max

tem }= DotSrch (G, Ia,bk , I)

1: Initializations: Ia+1,b
tem ← ∅, ∀ b ≤ ba+1

max.
2: for each instance of LETS structure S in Ia,bk do
3: Consider V to be the set of variable nodes in V \ S, which have at least two

connections with the check nodes in Γo(S) and have no connection with the
check nodes in Γe(S).

4: for each variable node v ∈ V do
5: S ′ = S ∪ v.
6: if |Γo(S

′)| ≤ ba+1
max then

7: Ia+1,|Γo(S′)|
tem = Ia+1,|Γo(S′)|

tem ∪ {S ′ \ I}.
8: end if
9: end for
10: end for
11: Output: {Ia+1,0

tem , . . . , Ia+1,ba+1
max

tem }.

irregular LDPC codes. This section is dedicated to ETSs of irregular codes that have

leaves. We use the notation “ETSL” for such trapping sets, and remind the reader

that it is the the normal graph representation of ETSL structures that has at least

one leaf. Two examples of ETSL structures in the (3, 3) and (5, 4) classes, along with

their normal graphs, are shown in Fig. 6.5.

The depth-one tree (dot) expansion technique plays an important role in the char-

acterization and search of ETSLs. However, unlike the LETS case, where dotkm expan-

sion with m ≥ 2 was used, in the ETSL case, we are interested in the dotkm expansion

(a) (b)

Figure 6.5: Two ETSLs in the (a) (3, 3) and (b) (5, 4) classes, respectively.
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Routine 11 (PathSrch) Expanding all the instances Ia,bk of LETS structures in
the (a, b) class of Tanner graph G using pam to find instances of LETS structures
of size a + m, excluding the already found instances I, and storing the rest in

{Ia+m,0
tem , . . . , Ia+m,ba+m

max
tem }. {Ia+m,0

tem , . . . , Ia+m,ba+m
max

tem }= PathSrch(G, Ia,bk , I,m)

1: Initializations: Ia+m,b
tem ← ∅, ∀ b ≤ ba+m

max .
2: for each LETS instance S in Ia,bk do
3: for each unsatisfied check node ck ∈ Γo(S) do
4: Find all the paths PAk of length m in the Tanner graph, starting from ck.

5: end for
6: for any pair of unsatisfied check nodes ck and cj in Γo(S), where k 6= j do
7: for any path pa ∈ PAk and any path pa′ ∈ PAj do
8: if pa and pa′ end with the same node and this node is their only

common node, and if variable and check nodes of pa and pa′ are not
in G(S) do

9: S ′ = S ∪ {set of variable nodes in pa ∪ pa′}.
10: if |Γo(S

′)| ≤ ba+m
max then

11: Ia+m,|Γo(S′)|
tem = Ia+m,|Γo(S′)|

tem ∪ {S ′ \ I}.
12: end if
13: end if
14: end for
15: end for
16: end for
17: Outputs: {Ia+m,0

tem , . . . , Ia+m,ba+m
max

tem }.
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Routine 12 (LolliSrch) Expanding all the instances Ia,bk of LETS structures in
the (a, b) class of Tanner graph G using locm to find instances of LETS structures
of size a + m, excluding the already found instances I, and storing the rest in

{Ia+m,0
tem , . . . , Ia+m,ba+m

max
tem }. The set of instances of simple cycles of length c, Ic, is

also an input. {Ia+m,0
tem , . . . , Ia+m,ba+m

max
tem }= LolliSrch (G, Ia,bk , I, Ic,m)

1: Initializations: Ia+m,b
tem ← ∅, ∀ b ≤ ba+m

max , d = m+ 1− c.
2: for each LETS instance S in Ia,bk do
3: Find all the paths PA of length 2(d − 1) in the Tanner graph, starting from

check nodes c′ in Γo(S) that have no common nodes with G(S) other than c′.

4: for each structure C ∈ Ic, for which G(C) has no common node with G(S),
let Γo(C) denote the set of unsatisfied check nodes of G(C) do

5: for each path, pa ∈ PA do
6: if pa ends with a check node c′′ in Γo(C) and if c′′ is the only common

node between pa and Γo(C) do

7: S ′ = {S ∪ {set of variable nodes in pa ∪G(C)}.
8: if |Γo(S

′)| ≤ ba+m
max then

9: Ia+m,|Γo(S′)|
tem = Ia+m,|Γo(S′)|

tem ∪ {S ′ \ I}.
10: end if
11: end if
12: end for
13: end for
14: end for
15: Output: {Ia+m,0

tem , . . . , Ia+m,ba+m
max

tem }.
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G(S)

Figure 6.6: Expansion of an ETS structure S with dotk1.

with m = 1. Fig. 6.6 shows a structure expanded by dotk1.

Lemma 8. Suppose that S is an (a, b) ETS structure of irregular Tanner graphs.

Expansion of S using dotk1, results in ETS structure(s) in the (a+ 1, b+ k− 2) class,

where k is the degree of the new variable node added to S.

In general, the ETSL structures can be partitioned into two categories. The

ETSLs that contain at least one LETS sub-structure, and those that do not contain

any LETS sub-structure. We use notations ETSL1 and ETSL2, to represent these two

categories, respectively. The structures in Fig. 6.5 (a) and (b) are examples of ETSL2

and ETSL1, respectively. In the rest of this section, ETSL1 and ETSL2 structures

are characterized and an efficient search algorithm is presented to find them in an

exhaustive fashion.

6.4.1 Characterization of ETSL1 and ETSL2

We characterize ETSL1 structures as the expansions of their LETS sub-structures

through the following proposition.

Proposition 9. Any (a, b) ETSL1 structure S of irregular graphs, with minimum

variable node degree dvmin
≥ 2, in the range of a ≤ amax and b ≤ bmax, can be

obtained by successive applications of dotk1 to the largest (a′, b′) LETS substructure of

S, where a′ ≤ amax and b′ ≤ bmax.

Proof. Suppose that S = (F,E), and S ′ = (F ′, E ′) is the largest LETS sub-structure

of S. We assume that the expansion F\F ′ is connected. Disconnected expansions can

be treated as a collection of connected expansions. We first prove that the number

of edges connecting F\F ′ to the nodes in S ′ is one. Suppose that the number of such

edges is at least 2. If at least two of these edges are connected to one node, v, in

F\F ′, then adding v to S ′ results in a LETS sub-structure of S that is larger than

S ′. This is a contradiction. So the connecting edges must be each connected to a
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distinct node in F\F ′. Consider two such nodes and call them v1 and v2. Since the

expansion is connected, there is at least one path between v1 and v2 in the expansion.

One can thus add all the nodes on that path plus v1 and v2 to S
′, and obtain a LETS

substructure of S larger than S ′. Again, a contradiction. We thus conclude that the

expansion is connected by only one edge to S ′. (Suppose that the node in F\F ′ which

is connected to S ′ is v.) With a similar approach, it can be shown that the expansion

can not contain a cycle. Since the expansion has only one connection to S ′ and does

not contain a cycle, the only possibility is a rooted tree with the root at node v. It is

now easy to see that a rooted tree, as an expansion, can be implemented by successive

applications of dotk1 expansions. Using Lemma 8, one can see that as dotk1 expansions

with k ≥ 2 are applied to the LETS structure S ′, by each application, the a value is

increased by one, and the b value is either increased or remains the same. This implies

that if for the target (a, b) ETSL1 structure S, we have a ≤ amax and b ≤ bmax, then

for the largest (a′, b′) LETS substructure of S, we must have a′ ≤ amax and b′ ≤ bmax.

Based on Proposition 12, to find all the ETSL1s of an irregular LDPC code in

the interest range of a ≤ amax and b ≤ bmax, one can first find all the instances of

(a, b) LETS structures with a ≤ amax and b ≤ bmax, and then apply dotk1 expansions

successively to these instances, as appropriate. One should note that all the instances

generated in the process of the application of dotk1 expansions to a LETS are ETSL1s.

The following corollary determines which dotk1 expansion should be applied to which

LETS or ETSL1 instance.

Corollary 2. To generate all the (a, b) ETSL1 instances of an irregular graph with

dvmin
≥ 2, in the range of a ≤ amax and b ≤ bmax, for each value of i in the range

dvmin
− 2 ≤ i ≤ bmax − 1, the expansion dotk1 with k ≤ i + 2 should be applied to any

LETS and ETSL1s with a ≤ amax − 1 and b = bmax − i.

Example 22. Based on Corollary 2, if one is interested in finding all ETSL1s in the

interest range of a ≤ amax and b ≤ 2, for an irregular graph with dvmin
= 2, expansion

dot21 should be applied to LETSs and ETSL1s with a ≤ amax − 1 and b = 2, and dot21

and dot31 expansions should be applied to LETSs and ETSL1s with a ≤ amax − 1 and

b = 1.

Remark 7. Although having variable nodes of degree one is not common in most

LDPC codes, the results presented here can easily be generalized to the case where the
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code has such variable nodes.

It is easy to see that ETSL2 structures (in the space of normal graphs) contain no

cycles, and are thus trees. The following proposition is then simple to prove.

Proposition 10. Any (a, b) ETSL2 structure of irregular graphs with dvmin
≥ 2, in

the range a ≤ amax and b ≤ bmax, can be obtained by successive applications of dotk1

expansions to single variable nodes with degree less than or equal to bmax.

Based on Proposition 10, for the special case of bmax = 2, the only configuration

of ETSL2 is a chain consisting of only degree-2 variable nodes.

6.4.2 Exhaustive Search of ETSLs in Irregular Tanner

Graphs

Based on the results of Subsection 6.4.1, Algorithm 5 provides a pseudo code for

finding all the instances of all the (a, b) ETSL structures of an irregular Tanner graph

in the interest range of a ≤ amax and b ≤ bmax, exhaustively.

We note that the complexity of finding ETSLs is often negligible (less than 1 %)

in comparison with the complexity of search for LETSs.

6.5 Numerical Results

We have applied the proposed search algorithm of Section 6.3 (for LETSs) and that of

Section 6.4 (for ETSL) to find the ETSs of a large number of irregular LDPC codes

with a wide range of variable node degrees, rates and block lengths, exhaustively.

These codes and their parameters including block length, rate, girth and variable and

check node degree distributions are listed in Table 6.5. For each code, we have used

both the upper bounds of (6.1) and (6.2), and observed that, although we have no

proof that the latter will result in an exhaustive search in general, for all the codes

tested in this work, both upper bounds provide an exhaustive coverage of LETSs.

Except codes C1-C6, C17, and C18, the other LDPC codes are all structured codes.

Codes C7-C15 are the LDPC codes used in the IEEE 802.16e standard [101], and Code

C16 is a code used in the IEEE 802.11n [100]. For structured codes, their structural

properties are used to simplify the search.
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Algorithm 5 (ETSL Exhaustive Search) Finds all the instances of (a, b) ETSL
structures of an irregular Tanner graph G = (V,E) with girth g and dvmin

≥ 2, for
a ≤ amax and b ≤ bmax. The input is all the instances of (a, b) LETS structures, in
the range a ≤ amax and b ≤ bmax, I. (Ia,b is the set of all the instances in the (a, b)
class.) The output is the set IETSL, which contains all the instances of ETSL1s and
ETSL2s in the interest range.

1: Inputs: G, amax, I, g.
2: Initializations: Ia,btem ← ∅, I

a,b
ETSL ← ∅, ∀ a ≤ amax, ∀ b ≤ bmax.

3: for b = 2, . . . , bmax do
4: I1,btem = the set of variable nodes of degree b in G.
5: end for
6: for a = 1, . . . , amax − 1 do
7: for b = 1, . . . , bmax do
8: Ia,btem = Ia,btem ∪ I

a,b.
9: for any structure S ∈ Ia,btem do
10: Consider V to be the set of variable nodes in V \ S with degrees less

than or equal to bmax + 2 − b, which have only one connection to the
check nodes in Γo(S) and have no connection to the check nodes in
Γe(S),

11: for each variable node v ∈ V do
12: Ia+1,b′

ETSL = Ia+1,b′

ETSL ∪ {S ∪ v}, Ia+1,b′

tem = Ia+1,b′

tem ∪ {S ∪ v}, where b′ =
b+ deg(v)− 2.

13: end for
14: end for
15: end for
16: end for
17: Output: IETSL = {Ia,bETSL, ∀ a ≤ amax, ∀ b ≤ bmax}.
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Table 6.5: List of irregular LDPC Codes Used in This Chapter

Code n R g λ(x) ρ(x) Ref

C1 1000 0.7 6 λ(x) = 0.243x2 + 0.757x3
ρ(x) = 0.002x7 + 0.012x8 + 0.043x9 + 0.151x10+

[65]

0.318x11 + 0.264x12 + 0.144x13 + 0.052x14 + 0.014x15

C2 8000 0.78 6 λ(x) = 0.636x2 + 0.364x3
ρ(x) = 0.001x11 + 0.020x12 + 0.345x13

+0.557x14 + 0.068x15 + 0.008x16 + 0.001x17

C3 4000 0.5 6 λ(x) = 0.871x2 + 0.129x3 ρ(x) = 0.008x4 + 0.757x5 + 0.231x6 + 0.004x7

C4 500 0.5 6 λ(x) = 0.636x2 + 0.364x3 ρ(x) = 0.030x4 + 0.360x5 + 0.530x6 + 0.063x7 + 0.017x8

C5 1000 0.5 6 λ(x) = 0.762x3 + 0.238x4
ρ(x) = 0.008x5 + 0.062x6 + 0.480x7

+0.358x8 + 0.079x9 + 0.01x10 + 0.003x11

C6 300 0.5 6 λ(x) = 0.878x3 + 0.122x4
ρ(x) = 0.019x3 + 0.110x4 + 0.522x5

+0.302x6 + 0.039x7 + 0.008x9

C7 576 0.75 6

λ(x) = 0.114x+ 0.409x2 + 0.477x5 ρ(x) = 0.318x13 + 0.682x14

[101]

C8 1056 0.75 6

C9 2304 0.75 6

C10 576 0.66 6

λ(x) = 0.173x+ 0.037x2 + 0.790x3 ρ(x) = 0.864x9 + 0.136x10C11 1056 0.66 6

C12 2304 0.66 6

C13 576 0.5 6

λ(x) = 0.289x+ 0.316x2 + 0.395x5 ρ(x) = 0.632x5 + 0.368x6C14 1056 0.5 6

C15 2304 0.5 6

C16 1944 0.5 6
λ(x) = 0.256x+ 0.314x2

ρ(x) = 0.814x6 + 0.186x7 [100]
+0.046x3 + 0.384x10

C17 504 0.5 8
λ(x) = 0.239x+ 0.210x2 + 0.036x3+

ρ(x) = 0.077x6 + 0.834x7 + 0.089x8

[57]
0.122x4 + 0.014x6 + 0.007x13 + 0.372x14

C18 1008 0.5 8
λ(x) = 0.239x+ 0.210x2 + 0.035x3+

ρ(x) = 0.009x6 + 0.978x7 + 0.013x8

0.121x4 + 0.016x6 + 0.003x13 + 0.376x14
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Table 6.6: Multiplicities of (a, b) ETSs, LETSs, EASs and FEASs of Codes C1 and
C2 within the range of a ≤ 7 and b ≤ 3

C1 C2

(a, b) Total Total Total Total Total Total Total Total

class ETS LETS EAS FEAS ETS LETS EAS FEAS

(3,3) 32 32 32 23 904 904 904 854

(4,2) 1 1 1 1 13 13 13 13

(4,3) 19 19 10 8 52 52 27 25

(5,2) 0 0 0 0 2 2 2 2

(5,3) 28 27 23 21 758 540 540 508

(6,2) 1 1 1 1 13 13 13 12

(6,3) 34 34 30 18 127 93 77 70

(7,1) 0 0 0 0 1 1 1 1

(7,2) 1 1 1 1 4 4 4 4

(7,3) 79 70 56 43 777 541 538 506

Search w. (6.1) 33 min. 36 min.

Search w. (6.2) 13 min. 29 min.

Tables 6.6-6.12 list the multiplicity of instances of ETSs, LETSs, EASs and FE-

ASs in different (a, b) classes, a ≤ amax, b ≤ bmax, for these codes. Each row of a

table corresponds to a non-empty ETS class, and for each class, the total number

of instances of ETSs, LETSs, EASs and FEASs are listed. The difference between

the total number of ETSs and LETSs gives the total number of ETSLs. In the last

two rows of each table, the run-times of the search algorithm based on the upper

bounds of (6.1) and (6.2) are reported, respectively. Comparison of the run-times

shows that large improvements in the search speed, in some cases more than an order

of magnitude, can be obtained by using (6.2) instead of (6.1).

Remark 8. Since the variable degrees of C1 are 3 and 4, and we are interest to find

the ETSs in the small range of a ≤ 7 and b ≤ 3, it takes the search algorithm proposed

in Section 6.2 21 minutes to find all the structures reported in Table 6.6 for C1. It is

based on the characterization Table 6.3. However, as mentioned before, this approach

is not efficient for the irregular codes with large variable degrees and large interest

range of a and b. For example, for the code C16 with variable degrees {2, 3, 4, 11}, to

find all the LETSs in the interest range of a ≤ 12 and b ≤ 2 (Table 6.11), based on

Theorem 3, one should use the characterization of variable-regular graph with dv = 11,

in the range of a ≤ 11 and b ≤ 110!
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Table 6.7: Multiplicities of (a, b) ETSs, LETSs, ETSs and FEASs of Codes C3 and
C4 within the range of a ≤ 9 and b ≤ 4

C3 C4

(a, b) Total Total Total Total Total Total Total Total

class ETS LETS EAS FEAS ETS LETS EAS FEAS

(2,4) 24610 0 0 0 1938 0 0 0

(3,3) 110 110 110 110 62 62 62 58

(3,4) 96 96 0 0 169 169 0 0

(4,3) 1 1 1 1 13 13 9 9

(4,4) 2336 826 826 804 1077 397 386 303

(5,3) 13 13 13 11 42 42 42 37

(5,4) 38 26 16 15 375 243 161 126

(6,2) 1 1 1 1 1 1 1 1

(6,3) 1 1 1 1 18 18 15 14

(6,4) 409 231 231 221 1145 680 641 502

(7,2) 0 0 0 0 1 1 1 1

(7,3) 15 6 6 6 54 46 44 37

(7,4) 25 10 8 8 762 579 473 357

(8,2) 0 0 0 0 4 4 4 3

(8,3) 0 0 0 0 47 39 39 35

(8,4) 249 72 72 70 1831 1283 1203 918

(9,1) 0 0 0 0 1 1 1 1

(9,3) 3 3 3 2 110 81 78 62

(9,4) 7 7 5 5 2001 1521 1331 1015

Search w. (6.1) 16 min. 57 min.

Search w. (6.2) 15 min. 55 min.
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Table 6.8: Multiplicities of (a, b) ETSs, LETSs, EASs and FEASs of Codes C5 and
C6 within the range of a ≤ 8 and b ≤ 7

C5 C6

(a, b) Total Total Total Total Total Total Total Total

class ETS LETS EAS FEAS ETS LETS EAS FEAS

(2,6) 9146 0 0 0 2516 0 0 0

(2,7) 5673 0 0 0 672 0 0 0

(3,6) 830 830 0 0 486 486 0 0

(3,7) 1034 1034 0 0 256 256 0 0

(4,4) 0 0 0 0 1 1 1 1

(4,6) 150 150 0 0 180 180 0 0

(4,7) 275 275 0 0 168 168 0 0

(5,6) 35 35 1 1 110 93 0 0

(5,7) 121 121 0 0 149 146 0 0

(6,6) 15 15 1 1 69 69 8 4

(6,7) 52 52 2 0 131 131 5 1

(7,6) 5 5 0 0 49 49 6 2

(7,7) 23 23 3 1 133 133 14 1

(8,5) 0 0 0 0 2 2 2 1

(8,6) 0 0 0 0 40 40 9 3

(8,7) 13 13 2 1 151 151 20 7

Search w. (6.1) 219 min. 42 min.

Search w. (6.2) 15 min. 6 min.
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Table 6.9: Multiplicities of (a, b) ETSs, LETSs, EASs and FEASs of Codes C7-C12
within the range of a ≤ 8 and b ≤ 2

C7 C8 C9

(a, b) Total Total Total Total Total Total Total Total Total Total Total Total

class ETS LETS EAS FEAS ETS LETS EAS FEAS ETS LETS EAS FEAS

(2,2) 96 0 0 0 176 0 0 0 384 0 0 0

(3,2) 72 0 0 0 132 0 0 0 288 0 0 0

(4,2) 192 144 144 0 176 88 88 0 192 0 0 0

(5,2) 720 216 216 0 616 308 308 0 384 288 288 0

(6,1) 48 48 48 0 44 44 44 0 96 96 96 0

(6,2) 2556 1068 1068 0 1958 418 418 0 1200 144 144 0

(7,1) 336 240 240 0 176 88 88 0 192 0 0 0

(7,2) 9264 3600 3600 0 5192 1144 1144 0 2880 672 672 0

(8,0) 48 48 48 48 0 0 0 0 0 0 0 0

(8,1) 1176 720 720 0 440 220 220 0 288 96 96 0

(8,2) 35040 13464 13464 0 16104 5368 5368 0 10176 2304 2304 0

Search w. (6.1) 301 min. 115 min. 43 min.

Search w. (6.2) 69 min. 31 min. 13 min.

C10 C11 C12

(2,2) 144 0 0 0 264 0 0 0 576 0 0 0

(3,2) 192 72 0 0 264 44 0 0 576 96 0 0

(4,2) 312 0 0 0 308 0 0 0 672 0 0 0

(5,2) 408 24 0 0 396 44 0 0 864 96 0 0

(6,2) 648 144 72 0 572 88 44 0 1152 96 96 0

(7,2) 1272 216 216 0 880 44 44 0 1536 0 0 0

(8,1) 48 48 48 0 44 44 44 0 96 96 96 0

(8,2) 2952 912 768 0 1584 308 176 0 2304 384 192 0

Search w. (6.1) 17 min. 8 min. 4 min.

Search w. (6.2) 5 min. 2 min. 2 min.

Remark 9. It is interesting to note that as mentioned in Subsection 6.4.2, less than

1 % of the run-time reported for each code is for finding ETSLs. For example, while

most of the ETSs of C15, reported in Table 6.10 are ETSLs, it takes the Algorithm 5

only 2 seconds to find all the ETSLs of the code.

In Table 6.11, we have also reported the multiplicity of instances of ETSs and

TSs obtained by the non-exhaustive search algorithms of [47] and [1], respectively.

As can be seen, there are some cases in Table 6.11, where the multiplicity of ETS

classes obtained here differs from the multiplicity of ETS classes reported in [47] and

TS classes reported in [1]. These cases are boldfaced in the table.

In [47] and [53], for irregular codes, the authors relaxed the condition that degree-2



CHAPTER 6. CHARACTERIZATION OF ETSS IN IRREGULAR CODES 120

Table 6.10: Multiplicities of (a, b) ETSs, LETSs, EASs and FEASs of Codes C13,
C14 and C15 within the range of a ≤ 10 and b ≤ 2

C13 C14 C15

(a, b) Total Total Total Total Total Total Total Total Total Total Total Total Total Total

class ETS LETS EAS FEASETS [23] ETS LETS EAS FEASETS [23] ETS LETS EAS FEAS

(2,2) 240 0 0 0 240 440 0 0 0 440 960 0 0 0

(3,2) 216 0 0 0 216 396 0 0 0 396 864 0 0 0

(4,2) 192 0 0 0 192 352 0 0 0 352 768 0 0 0

(5,2) 168 0 0 0 168 308 0 0 0 308 672 0 0 0

(6,2) 216 72 72 0 216 352 88 88 0 352 672 96 96 0

(7,2) 408 24 24 0 408 572 0 0 0 572 768 0 0 0

(8,2) 624 24 24 0 624 792 0 0 0 792 864 0 0 0

(9,2) 912 120 120 0 912 968 44 44 0 968 1152 192 192 0

(10,1) 0 0 0 0 0 44 44 44 0 44 0 0 0 0

(10,2) 1560 168 168 0 1560 1276 88 88 0 1276 1728 0 0 0

Search w. (6.1) 38 min. 18 min. 9 min.

Search w. (6.2) 12 min. 7 min. 3 min.

Table 6.11: Multiplicities of (a, b) ETSs, LETSs, EASs and FEASs of Code C16
within the range of a ≤ 12 and b ≤ 2

C16

(a, b) Total Total Total Total Total Total

class ETS LETS EAS FEASETS [47]TS [1]

(2,2) 810 0 0 0 810 nr

(3,2) 729 0 0 0 729 nr

(4,2) 648 0 0 0 648 648

(5,2) 567 0 0 0 567 567

(6,2) 486 0 0 0 486 486

(7,2) 486 81 81 0 486 485

(8,2) 648 81 81 0 648 637

(9,2) 972 0 0 0 972 nr

(10,2) 1377 81 81 0 1377 1210

(11,2) 2106 324 324 0 1944 1635

(12,1) 81 81 81 0 81 81

(12,2) 3564 324 324 0 2754 2166

Search w. (6.1) 2 min.

Search w. (6.2) 1 min.
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Table 6.12: Multiplicities of (a, b) ETSs, LETSs, EASs and FEASs of Codes C17
and C18 within the range of a ≤ 10 and b ≤ 2

C17 C18

(a, b) Total Total Total Total Total Total Total Total Total Total Total Total Total Total

class ETS LETS EAS FEASETS [23] FEAS*FEAS [47] FAS [53] ETS LETS EAS FEASFEAS*FAS [53]

(2,2) 230 0 0 0 230 230 nr 230 916 0 0 0 458 458

(3,2) 219 0 0 0 219 219 219 219 439 0 0 0 439 439

(4,2) 208 0 0 0 208 208 208 208 420 0 0 0 420 420

(5,2) 198 0 0 0 198 198 198 198 404 0 0 0 404 404

(6,2) 207 19 0 0 207 205 205 205 388 0 0 0 387 387

(7,1) 2 2 2 0 2 2 2 2 1 1 1 0 1 1

(7,2) 276 24 24 0 276 271 271 271 406 30 30 0 403 403

(8,1) 8 4 4 0 8 8 8 8 4 2 2 0 4 4

(8,2) 466 61 60 0 466 458 458 458 524 45 44 0 519 519

(9,1) 16 4 4 0 16 16 16 16 8 2 2 0 8 8

(9,2) 870 75 74 0 870 855 855 nr 806 52 50 0 795 nr

(10,1) 22 3 3 0 22 22 22 22 14 4 4 0 14 14

(10,2) 1640 168 167 0 1640 1593 1533 nr 1305 73 73 0 1290 nr

Search w. (6.1) 20 min. 21 min.

Search w. (6.2) 11 min. 11 min.

variable nodes of (fully) absorbing sets must be connected to two satisfied check nodes.

To compare our results for Codes C17 and C18 with those reported in [47] and [53],

we have also reported the list of FEASs of these two codes with this modification in

the definition of absorbing sets and fully absorbing sets. These results are identified

with a star in Table 6.12. As can be seen, for both codes, these results match those

obtained by the exhaustive search algorithm of [53], in all the classes where the results

are reported in [53]. Comparison with the non-exhaustive results of [47], however,

shows a discrepancy in the multiplicity for the (10, 2) class.

We perform Monte Carlo simulations on codes C4 and C7 with a 3-bit quantized

min-sum decoder over the AWGN channel to obtain 100 block errors at different SNR.

Fig. 6.7 shows the Monte Carlo simulations for code C4. For this code, at SNR 5

dB (which is in the error floor region of this code), among the 100 cases, 99 of them

were ETSs and 91 of them were ETSs within the interest range of Table 6.7. Also, 89

error-prone structures of these 91 ones are LETSs. The error patterns in which the

decoder was trapped were LETSs that are listed in Table 6.7: 23× (7, 2), 17× (6, 2),

14× (9, 1), 13× (8, 2), 8× (5, 3), 6× (9, 3), 5× (8, 3) and the other 3 patterns. Fig.
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Figure 6.7: Simulation results of C4, decoded by the 3-bit min-sum decoder.
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Figure 6.8: Simulation results of C7, decoded by the 3-bit min-sum decoder.
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6.8 shows the Monte Carlo simulations for code C7. Also for this code, at SNR 6.5

dB (which is in the error floor region of this code), among all 100 cases, 96 of them

were ETSs and 72 of them were ETSs within the interest range of Table 6.7. Also,

66 error-prone structures of these 72 ones are LETSs and 55 of them are LETSs in

the (7, 1) class.



Chapter 7

Lower Bounds on the Size of Smallest

Elementary and Non-Elementary

Trapping Sets in Variable-Regular LDPC

Codes

7.1 Introduction

In this chapter, we derive a lower bound on the size of the smallest possible elementary

and non-elementary trapping sets with a given b in variable-regular LDPC codes.

While reported experimental results show that the vast majority of harmful trapping

sets are elementary, to the best of our knowledge, no theoretical result is available

to justify such results. It is, however, well-known that smaller trapping sets are

often more harmful. This is due to the fact that, in the error-floor region, where the

probability of channel errors is very low, the chances of the decoder being trapped

into a TS decreases rapidly with the increase in the size of the TS. We derive a lower

bound on the size of the smallest possible non-elementary trapping sets (NETS) with

a given b in variable-regular LDPC codes, and demonstrate that this lower bound is

larger (in some cases, significantly) compared to the smallest size of ETSs with the

same b value. This provides a theoretical justification for why NETSs are, in general,

less harmful than their ETS counterparts.
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a ≥



















k + T
bg/4−2c

∑

i=0
(dv − 1)i, for g/2 even,

k + T
bg/4−2c

∑

i=0
(dv − 1)i +max{d(T (dv − 1)bg/4−1c)/dve, (dv − 1− bb′/kc)(dv − 1)bg/4−1c}, for g/2 odd,

(7.1)

Layer 1 (L1)

Layer 2 (L2)

Layer 3 (L3)

Layer g/2 (Lg/2)

Figure 7.1: A tree-like expansion of a TS rooted at a check node of degree k.

7.2 Lower bounds on the size of smallest TSs

The presence of a degree-k check node in the induced subgraph G(S) of a trapping

set S of a variable-regular Tanner graph G is studied in the following theorem.

Theorem 5. Consider a variable-regular Tanner graph G with variable degree dv and

girth g. A lower bound on the size a of an (a, b) trapping set in G, whose induced

subgraph contains a check node of degree k (≥ 2) is given in (9.1), where b′ = b− (k

mod 2), T = k(dv − 1)− b′, and b is assumed to satisfy b < k(dv − 1) + (k mod 2).

Proof. To prove the result, we consider the tree-like expansion of the induced sub-

graph of the TS starting from the degree-k check node c as the root with g/2 layers

(depth g/2 − 1). Fig. 9.1 shows such an expansion. Since we are interested in a

TS with minimum size, we consider a case where the degree of all the other check

nodes in the subgraph is either 2 or 1, depending on whether they are satisfied or

unsatisfied, respectively. In this tree, node c, in layer one (L1), is connected to k

variable nodes, in layer two (L2), and each variable node in L2 is connected to dv− 1

check nodes in L3. To minimize the size of the TS, we assume that all the remaining

b′ unsatisfied check nodes are in this layer. (If k is odd, node c itself is unsatisfied,

and b′ = b− 1. Otherwise, b′ = b.) Therefore, there are T degree-2 check nodes, and

T degree-dv variable nodes in L3 and L4, respectively. For the rest of the variable

layers, number of variable nodes at layer L2i+2 is dv− 1 times the number of variable

nodes at layer L2i, for i = 2, 3, . . . , bg/4− 1c.
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L2

Lg/2

Sub-tree

Lg/2+1

Figure 7.2: A tree with 5 layers rooted at a degree-3 check node within the induced
subgraph of a NETS in a variable-regular graph with dv = 4 and g = 10.

To satisfy the constraint of having a Tanner graph with girth g, all the variable

and check nodes in the first g/2 layers of the tree should be distinct. Based on the

construction of the tree, it is easy to see that at layer L2i+2, 1 ≤ i ≤ bg/4− 1c, of the

tree, we have T (dv − 1)i−1 variable nodes, for a total of k +
bg/4−2c
∑

i=0

T (dv − 1)i, in the

first g/2 layers.

For even values of g/2, the tree will end at variable nodes in the last layer, Lg/2,

and thus the lower bound of (9.1) follows.

For odd values of g/2, the tree will end at check nodes in layer Lg/2. So far,

there are k +
bg/4−2c
∑

i=0

T (dv − 1)i distinct variable nodes in the tree (subgraph), and

(T (dv−1)
bg/4−1c) distinct check nodes in the last layer, Lg/2. To complete the subgraph

of the TS, at least L1 = d(T (dv − 1)bg/4−1c)/dve variable nodes are needed in layer

Lg/2+1 to be connected to the check nodes in layer Lg/2. On the other hand, in the

tree, there are k sub-trees, each starting from one variable node at L2. One can easily

see that to avoid having cycles shorter than g in the subgraph, any new variable node

at Lg/2+1 can only be connected to the check nodes of each such sub-tree at most once

(see, Fig. 7.2). Therefore, at Lg/2+1, we need, at least, as many variable nodes as

check nodes of each sub-tree at Lg/2. To derive the lower bound, we need to minimize

the maximum number of such check nodes in each sub-tree. Therefore, all the b′

unsatisfied check nodes at L3 should be allocated to the k sub-trees as equally as

possible (either exactly in equal numbers if b′ is divisible by k, or with the difference

of at most one between the subtrees, otherwise). This results in the maximum of

L2 = (dv − 1 − bb′/kc)(dv − 1)bg/4−1c) check nodes in each subtree at Lg/2, which is

also equal to a lower bound on the minimum number of variable nodes needed at

Lg/2+1. Therefore, at least max{L1,L2} variable nodes are needed to complete the

subgraph.
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Note that if b = k(dv−1)+(k mod 2), then T = 0, and the lower bounds provided

in (9.1) are both equal to k and still valid.

Remark 10. Based on Lemma 1, the bound provided in (9.1) can sometimes be

improved by one. For example, based on Theorem 5, the size of smallest possible

(a, 2) TS containing a degree-3 check node, in variable-regular graphs with dv = 3 and

g = 6 is 5. However, based on Lemma 1, no (5, 2) TS can exist in a variable-regular

graph with dv = 3. The lower bound in this case is thus improved by one to 6.

Corollary 3. Theorem 5 with k = 2 provides a lower bound on the size of the smallest

possible ETSs.

We note that the bound of Corollary 3 applies to both LETSs and ETSLs. This

bound however, can often be improved, for each category of LETSs and ETSLs,

based on the results provided in Chapters 5 and 6, respectively. LETSs for variable-

regular LDPC codes were fully characterized in Chapter 5. One can thus use the

characterization algorithm to obtain the size of the smallest (a, b) LETS structure

for any value of b in a variable-regular Tanner graph with a given variable-degree

dv and girth g. ETSLs for irregular LDPC codes, on the other hand, were fully

characterized in Chapter 6. ETSLs were partitioned into two categories: (i) ETSLs

that contain at least one LETS sub-structure, denoted by ETSL1, and (ii) those

that do not contain any LETS sub-structure, denoted by ETSL2. ETSL1 structures

are obtained from their largest LETS substructure by successively appending single

variable nodes, through a single connection, to the unsatisfied check nodes of the

LETS structure and its subsequent children. We thus have the following results for

ETSLs in variable-regular LDPC codes.

Proposition 11. If for a given b (b > dv − 2), the size of the smallest ETSL1 in

variable-regular graphs with variable degree dv is a∗, then there must exist either a

LETS structure or an ETSL1 structure in the (a∗− 1, b′ = b− dv +2) class. In either

case, the value a∗ − 1 is the size of the smallest TS (in the corresponding category of

LETS or ETSL1) in all the classes with the number of unsatisfied check nodes equal

to b′.

Proposition 11 allows us to find the minimum size of (a, b) ETSL1 structures for

a given value of b, using similar results obtained for LETS structures based on the

characterization algorithm of Chapter 5. We also note that since any ETSL1 structure
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has at least one leaf (in its normal graph), it must have at least dv − 1 unsatisfied

check nodes, thus the following remark.

Remark 11. In variable-regular graphs with variable degree dv, there does not exist

any (a, b) ETSL1 structure with b < dv − 1.

It was shown in Chapter 6 that ETSL2 structures contain no cycles, and are thus

trees. All ETSL2 structures for variable-regular graphs are thus in (a, a(dv − 2) + 2)

classes, depending on their size a. The following result is then easy to prove.

Proposition 12. In a variable-regular graph with variable degree dv, there does not

exist any (a, b) ETSL2 structure with b < dv. For b ≥ dv, the size of ETSL2 structures

is limited to only a = (b − 2)/(dv − 2) (this is only if a is a positive integer and the

conditions of Lemma 1 are satisfied).

NETS structures have at least one check node with degree 3 or larger in their

subgraph. We thus have the following corollary of Theorem 5.

Corollary 4. Theorem 5 with k = 3 (k = 4) provides a lower bound on the size of

the smallest possible NETSs with b > 0 (b = 0).

The results for the minimum sizes of LETS and ETSL structures along with the

lower bound of Corollary 3 on the size of ETSs, and the lower bound of Corollary 4 on

the size of NETSs are reported in Table 7.1. The results are given for variable-regular

graphs with dv = 3, 4, 5, 6, and girths 6, 8, 10, and for values of b = 0 to 5.

In Table 7.1, having the symbol “-” for ETSLs means that it is not possible to have

an ETSL structure for the specific value of b in variable-regular graphs with the given

g and dv. Having the symbol “-” for ETSs (that appears in the entries corresponding

to dv = 3, and b = 4, 5) is stemming from the upper bound on the values of b in

Theorem 5. Moreover, the symbol “?” in the table indicates that finding the smallest

size LETS or ETSL was too complex to be performed in a day on a desktop computer

with 2.4-GHz CPU and 8-GB RAM.

It should be noted that the lower bounds of Corollary 4 on the minimum size

of NETSs are tight in many cases reported in Table 7.1. Figure 7.3 shows three

examples of NETS structures in variable-regular graphs where the lower bound is

tight. Moreover, one can see that except for few cases, in all the cases reported in

Table 7.1, the lower bounds on the smallest size of NETSs are larger, in some cases



CHAPTER 7. LOWER BOUNDS ON THE SIZE OF ETSS AND NETSS 129

Table 7.1: The smallest size of ETSs (LETSs and ETSLs), and lower bounds of
Corollaries 3 and 4 on the size of ETSs and NETSs, respectively, for Tanner
graphs with dv = 3, 4, 5, 6, g = 6, 8, 10, and for b ≤ 5

dv = 3 dv = 4 dv = 5 dv = 6

g = 6 g = 8 g = 10 g = 6 g = 8 g = 10 g = 6 g = 8 g = 10 g = 6 g = 8 g = 10

b = 0

8

−−−

4
(4)
(−)

12

−−−

6
(6)
(−)

18

−−−

10
(10)
(−)

7

−−−

5
(5)
(−)

16

−−−

8
(8)
(−)

25

−−−

17
(19)
(−)

8

−−−

6
(6)
(−)

20

−−−

10
(10)
(−)

36

−−−

26
(30)
(−)

9

−−−

7
(7)
(−)

24

−−−

12
(12)
(−)

49

−−−

37
(?)
(−)

b = 1

5

−−−

5
(5)
(−)

9

−−−

5
(7)
(−)

13

−−−

9
(11)
(−)

no TS

7

−−−

7
(7)
(−)

15

−−−

9
(13)
(−)

31

−−−

25
(?)
(−)

no TS

NETS

−−−

ETS
(LETS)
(ETSL)

b = 2

6

−−−

4
(4)
(6)

8

−−−

4
(6)
(8)

12

−−−

6
(10)
(12)

6

−−−

4
(5)
(−)

11

−−−

7
(8)
(−)

20

−−−

12
(19)
(−)

8

−−−

5
(6)
(−)

14

−−−

8
(10)
(−)

30

−−−

20
(?)
(−)

8

−−−

7
(7)
(−)

17

−−−

10
(12)
(−)

42

−−−

30
(?)
(−)

b = 3

5

−−−

3
(3)
(5)

7

−−−

3
(5)
(7)

11

−−−

5
(9)
(11)

no TS

7

−−−

5
(7)
(−)

13

−−−

7
(11)
(−)

29

−−−

19
(?)
(−)

no TS

b = 4

4

−−−

−
(4)
(4)

6

−−−

−
(4)
(6)

8

−−−

−
(8)
(10)

5

−−−

3
(4)
(6)

9

−−−

4
(7)
(9)

15

−−−

7
(18)
(20)

6

−−−

4
(6)
(8)

12

−−−

6
(10)
(14)

24

−−−

14
(?)
(?)

7

−−−

5
(7)
(−)

15

−−−

8
(12)
(−)

35

−−−

23
(?)
(−)

b = 5

5

−−−

−
(5)
(5)

5

−−−

−
(5)
(5)

7

−−−

−
(5)
(9)

no TS

7

−−−

5
(5)
(7)

11

−−−

5
(9)
(11)

23

−−−

13
(?)
(?)

no TS

significantly, than those of ETSs. For example, in variable-regular graphs with dv = 3

and g = 10, the smallest size of ETSs and NETSs with b = 1 are respectively 9 and

13. Figure 7.4 shows examples of LETS and NETS structures in the (5, 1) and (7, 1)

classes of variable-regular graphs with dv = 3, g = 6 and dv = 5, g = 6, respectively.

These are related to the only two cases in Table 7.1, where the minimum sizes of

NETSs and LETSs are equal for values of b ≤ 2. The structures in Figs. 7.4(a)-(b)

are the only non-isomorphic LETS and NETS in the (5, 1) class.

Example 23. Using the characterization algorithm of Chapter 5, one can find all

the non-isomorphic LETS structures of variable-regular graphs with dv = 3, g = 8, in

the range of a ≤ 10 and b ≤ 2. There are 48 such non-isomorphic structures. The

only ETSL structures in the same range are in (8, 2) and (10, 2) classes, with only

1 and 4 non-isomorphic structures in each class, respectively. These correspond to 1

and 4 non-isomorphic LETS structures in the (7, 1) and (9, 1) classes, respectively.

Moreover, based on Table 7.1, the only possible NETS structures in the interest range
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a) NETS structure in the (13,1) class

c) NETS structure in the (14,2) class

b) NETS structure in the (5,4) class

of graphs with dv = 3, g = 10 of graphs with dv = 4, g = 6

of graphs with dv = 5, g = 8

Figure 7.3: Examples of smallest NETS structures in graphs with different variable
degrees and girths.

a) NETS structure in the (5, 1) class b) LETS structure in the (5, 1) class

c) NETS structure in the (7, 1) class d) LETS structure in the (7, 1) class

of graphs with dv = 3 and g = 6 of graphs with dv = 3 and g = 6

of graphs with dv = 5 and g = 6 of graphs with dv = 5 and g = 6

Figure 7.4: LETS and NETS structures in the (5, 1) and (7, 1) classes of variable-
regular graphs with dv = 3, g = 6 and dv = 5, g = 6, respectively.
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are in (8, 2), (9, 1) and (10, 2) classes. Table 7.2 shows the possible classes of LETS,

ETSL and NETSs with a ≤ 10 and b ≤ 2 in variable-regular graphs with dv = 3 and

g = 8. The multiplicity of non-isomorphic structures for LETSs and ETSLs is given

in parentheses. Table 7.2 clearly shows that for each value of b, the minimum size of

LETS structures is smaller than that of NETS structures.

Table 7.2: Trapping sets of Variable-Regular Graphs with dv = 3 and g = 8 for
a ≤ 10 and b ≤ 2

a = 4 a = 5 a = 6 a = 7 a = 8 a = 9 a = 10

b = 0 - - LETS(1) - LETS(2) - LETS(6)

b = 1 - - - LETS(1) -
LETS(4)

NETS
-

b = 2 - - LETS(1) -

LETS(5)

ETSL(1)

NETS

-

LETS(28)

ETSL(4)

NETS

Tanner (155,64) code [82] is an example of a variable-regular code with dv = 3

and g = 8. Within the range a ≤ 10 and b ≤ 2, this code has 465 and 1395 instances

of LETSs in (8, 2) and (10, 2) classes, respectively (Chapter 5). These structures are

known to be the dominant TSs of this code [46]. The same TSs are also identified

in [97] (using an exhaustive search) to be the only TSs of this code in this range,

which implies that the code does not have any NETSs in the range a ≤ 10 and b ≤ 2.



Chapter 8

Tight Lower and Upper Bounds on the

Minimum Distance of LDPC Codes

8.1 Introduction

In this chapter, we use the graphical structure of non-zero codewords within the Tan-

ner graph of an LDPC code to devise our search algorithm, and to derive bounds on

the minimum distance. In Section 8.2, we derive the lower bound Lne for regular and

irregular LDPC codes as a function of girth and the variable node degree distribution.

In Section 8.3, we explain the modifications made to the algorithms of Chapters 5

and 6 to increase their reach for finding higher weight elementary codewords. This

is used to derive an upper bound on dmin. Finally, numerical results are provided in

Section 10.4.

8.2 Lower bound on the minimum distance of

LDPC codes

The minimum distance of an LDPC code, like that of any other linear block code, is

characterized by the minimum weight of non-zero codewords. A non-zero codeword of

weight a in an LDPC code can be viewed as an (a, 0) trapping set (TS) in the code’s

Tanner graph, where the non-zero elements of the codeword correspond to the variable

nodes of the TS. In this context, the graphical representation of a codeword is the

subgraph of the corresponding TS. In this work, we partition the non-zero codewords

of an LDPC code into two categories of elementary and non-elementary, where in

132
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the first category, all the satisfied check nodes have degree 2. The following lemmas

provide graphical characterizations of elementary and non-elementary codewords.

Lemma 9. Consider an LDPC code with minimum variable degree at least two. Any

elementary codeword of such an LDPC code corresponds to a leafless elementary trap-

ping set (LETS) in the code’s Tanner graph.

Proof. By definition, an elementary codeword corresponds to an ETS. Now assume

that such an ETS is not leafless. This implies that there exists a variable node v in the

ETS that is connected only to one satisfied check node of degree 2. This together with

the fact that variable nodes have degree at least two, implies that v is connected to at

least one unsatisfied check node, which is in contradiction with the ETS representing

a codeword.

Lemma 10. Consider an LDPC code with minimum variable degree at least two. Any

non-elementary codeword of such an LDPC code corresponds to a leafless trapping set

in the code’s Tanner graph with at least one check node of degree at least 4, where

the term “leafless” here means that every variable node is connected to at least two

satisfied check nodes.

Proof. The proof of the TS having to be leafless is similar to that presented in the

proof of Lemma 9. The fact that the codeword is not elementary implies that there

must be at least one satisfied check node of degree larger than 2 in the TS.

In the following, we establish a lower bound on the size of non-zero codewords

of an LDPC code using the graphical representation of the corresponding TS. The

results for variable-regular codes are presented in Subsection 8.2.1, followed by those

for irregular codes in Subsection 8.2.2.

8.2.1 Variable-Regular LDPC Codes

Based on Theorem 5, the following theorem establishes a lower bound on the weight

of a non-zero codeword of a variable-regular LDPC code, where the corresponding

TS has at least one even-degree check node of degree k.

Theorem 6. In a variable-regular Tanner graph with variable degree dv and girth g,

the weight a of any non-zero codeword, whose subgraph contains at least one degree-k
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Layer 1 (L1)

Layer 2 (L2)

Layer 3 (L3)

Layer g/2 (Lg/2)

Figure 8.1: A tree within the induced subgraph of a minimum weight codeword
rooted at a check node of degree k.

(k ≥ 2) check node, satisfies

a ≥















bg/4−1c
∑

i=0

k(dv − 1)i +max{d(k(dv − 1)bg/4c)/dve, (dv − 1)bg/4c}, for g/2 odd,

bg/4−1c
∑

i=0

k(dv − 1)i, for g/2 even.

(8.1)

Remark 12. Based on Lemma 1, for odd values of dv, there is no TS in the (a, 0)

class with an odd value of a. In such cases, therefore, the lower bound of Theorem 6

can be improved, if the value in (8.1) happens to be an odd number.

Example 24. For the case of variable-regular graphs with dv = 3 and g = 6, based

on Theorem 6, the weight of a codeword whose subgraph contains at least one degree-4

check node (k = 4) is lower bounded by 7. However, based on Lemma 1, for an odd

value of dv, there is no trapping set in any (a, 0) class with odd value of a. Therefore,

the above mentioned lower bound is increased to 8 from 7.

Corollary 5. The result of Theorem 6 with k = 2 provides a lower bound on dmin

for variable-regular LDPC codes.

Proof. It is easy to see that (8.1) is an increasing function of k. Therefore, the lower

bound on the smallest weight of a codeword is obtained by setting k = 2 in (8.1).

This corresponds to an elementary codeword.

We note that the result of Corollary 19 is essentially the same as the lower bound

obtained in [82], [89], on the minimum distance of variable-regular LDPC codes.

The TS corresponding to a non-elementary codeword has at least one check node

with degree 4 or larger. We thus have the following corollary of Theorem 6, which

establishes a lower bound on the minimum weight of non-elementary codewords.
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Table 8.1: Lower bounds on the minimum weight of non-elementary (elementary)
codewords of variable-regular graphs with different dv and g

dv = 2 dv = 3 dv = 4 dv = 5

g = 6 6 (3) 81(4) 7 (5) 8 (6)

g = 8 8 (4) 12 (6) 16 (8) 20 (10)

g = 10 10 (5) 18 (10) 25 (17) 36 (26)

g = 12 12 (6) 28 (14) 52 (26) 84 (42)

Corollary 6. The result of Theorem 6 with k = 4 provides a lower bound on the

minimum weight of non-elementary codewords in variable-regular LDPC codes.

Table 8.1 shows the lower bounds on the minimum weight of elementary and

non-elementary codewords of variable-regular LDPC codes with dv = 2, 3, 4, 5, and

g = 6, 8, 10, 12, obtained through Corollaries 19 and 6, respectively (the numbers in

the parentheses correspond to the elementary codewords). Through Table 8.1, one

can see the difference between the smallest possible weight of elementary codewords

and that of non-elementary codewords. The difference is particularly large for codes

with larger girth and larger variable degree.

Remark 13. It should be noted that the lower bounds of Corollaries 19 and 6 are tight

in many cases. In particular, all the lower bounds on the lowest weight of elementary

codewords listed in Table 8.1 are tight, except the cases of (dv = 4, g = 10) and

(dv = 5, g = 10). In these cases, the smallest possible weight of an elementary

codeword is 19 and 30, respectively.2

Fig. 8.2 shows four examples of lowest weight non-elementary codewords of LDPC

codes with different variable degrees and girths. One can see that for all four examples,

the codeword weight is the same as the lower bound provided in Table 8.1 for non-

elementary codewords. (In Fig. 8.2, Solid and dashed lines are used to represent the

connections of variable and check nodes in layers L1, . . . , Lg/2, and in layers beyond

Lg/2, respectively.)

To improve the lower bound of Corollary 19, which is the same as those in [82], [89],

we use the fact that elementary codewords, as a special case of LETSs, have a graph-

ical structure that lends itself well to the dpl exhaustive search algorithm of Chapter

1The entry for elementary codewords in this case has been improved from 7 to 8, based on
Remark 12.

2These values are obtained using the nauty program [60].
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a) Non-elementary codeword in the (6,0) class

in Tanner graphs with dv = 2, g = 6

c) Non-elementary codeword in the (16,0) class

in Tanner graphs with dv = 4, g = 8

b) Non-elementary codeword in the (18,0) class

in Tanner graphs with dv = 3, g = 10

d) Non-elementary codeword in the (8,0) class

in Tanner graphs with dv = 5, g = 6

Figure 8.2: Examples of lowest weight non-elementary codewords in variable-regular
graphs with (a) dv = 2, g = 6, (b) dv = 3, g = 10, (c) dv = 4, g = 8, and (d)
dv = 5, g = 6.

5. Using the dpl search algorithm with bmax = 0, we can efficiently and exhaustively

find all the elementary codewords of a variable-regular Tanner graph with weight

at most amax. We set amax to be equal to the lower bound of Corollary 6 (on the

lowest weight of non-elementary codewords), which we denote by Lne, hereafter. If

the search algorithm finds at least one elementary codeword in this range, we know

that the smallest weight of the found codewords is the exact minimum distance of

the code. Otherwise, we are able to establish the lower bound of Lne on dmin, i.e.,

dmin ≥ Lne.

In our case, where bmax = 0, for given values of dv, g, and amax = Lne, the charac-

terization table includes the list of all the simple cycles that need to be enumerated to

initiate the dpl search process, plus all the different expansion techniques that need

to be applied to LETSs of different (a, b) classes. An example of the characterization

table for the case of dv = 3, g = 6, and amax = Lne = 8, is provided in Table 8.2.

One can see that the lowest weight a in this row, which corresponds to the lowest

weight of an elementary codeword, is 4. This matches the result of Corollary 19,

as reflected in Table 8.1. The table also shows that there is only one structure for

elementary codewords of weight 4. In the table, for each (a, b) class of LETSs, the
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Table 8.2: Characterization of Elementary Codewords for Variable-Regular Graphs
with dv = 3 and g = 6 for a ≤ amax = Lne = 8

a = 3 a = 4 a = 5 a = 6 a = 7 a = 8

b = 0 1 2 5

b = 1 - -

b = 2 - - -

b = 3

s3

−−−

dot, lo33

dot dot

b = 4

s4

−−−

dot, pa2

dot -

expansion techniques applied to all the LETS structures within the class is also shown.

Empty entries in the table, obtained based on Lemma 1, show that it is impossible

to have LETS structures in those classes. Having the symbol “-” as the only entry in

a class means that no expansion technique is applied to the structures in that class.

8.2.2 Irregular LDPC Codes

The following result is the irregular counterpart of Theorem 6 for variable-regular

LDPC codes, given in Subsection 8.2.1.

Theorem 7. In an irregular Tanner graph with variable degree distribution λ(x) and

girth g, the weight a of any non-zero codeword, whose subgraph contains at least one

degree-k (k ≥ 2) check node, satisfies

a ≥















bg/4−1c
∑

i=0
k(dvmin − 1)i +max{d(k(dvmin − 1)bg/4c)/dvmaxe, (dvmin − 1)bg/4c}, for g/2 odd,

bg/4−1c
∑

i=0
k(dvmin − 1)i, for g/2 even,

(8.2)

where dvmin
and dvmax are the minimum and maximum variable degrees in λ(x), re-

spectively.

Proof. The proof is similar to that of Theorem 6. In the tree subgraph of the codeword

(up to layer Lg/2), we consider all the variable nodes to have the minimum degree

dvmin
. This minimizes the number of check nodes in the following layers, ultimately

minimizing the number of variable nodes in the subgraph. For the case where g/2 is
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Figure 8.3: Lowest weight non-elementary codeword in the (5, 0) class of irregular
graphs with g = 6 that contain variable nodes with degrees 2 and 4.

an odd number, we have variable nodes in layer Lg/2+1 of the subgraph. To obtain a

lower bound on the number of variable nodes in this layer, we assume the maximum

variable node degree dvmax for the variable nodes in this layer.

For irregular LDPC codes, also, using k = 2 and k = 4 in Theorem 7 will re-

sult in lower bounds on the weight of elementary and non-elementary codewords,

respectively.

Example 25. Fig. 8.3 shows an example of a non-elementary codeword with lowest

weight for irregular graphs with girth 6 containing variable nodes with degrees 2 and

4.

We use an approach similar to the one described in Subsection 8.2.1 to either find

the exact minimum distance of an irregular code, or to establish the lower bound of

Lne on dmin (dmin ≥ Lne), where Lne is obtained by using k = 4 in (8.2). To search

for elementary codewords of weight less than or equal to Lne, we use the dpl search

algorithm, devised in Chapter 6, for irregular LDPC codes.

8.3 Upper bound on the minimum distance of

LDPC codes

If we fail to find the exact minimum distance of an LDPC code based on the approach

described in Section 8.2, then, we have established that dmin ≥ Lne. For such cases,

in this section, we also find an upper bound on dmin. To obtain this upper bound,

we find an elementary codeword with weight larger than Lne. This can be performed

through the exhaustive dpl searches of Chapters 5 and 6, for regular and irregular

graphs, respectively. The problem however, is that the complexity of such a search

increases rather rapidly, if the range of search, indicated by the value of amax, is

increased much beyond the value of Lne. This is explained in the following example.
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Example 26. For variable-regular LDPC codes with dv = 3 and g = 8, we have

Lne = 12. We note that the number of non-isomorphic elementary codeword structures

with weight a less than or equal to amax = 8, 12, 16, and 20, is 3, 31, 933, and 106284,

respectively.3 One can see the rapid increase in the number of structures that one

needs to search for as the range of search, i.e., amax, increases beyond Lne = 12. Our

experimental results show that while dpl exhaustive characterization/search algorithm

can characterize/search all the possible elementary codewords for the first three cases,

i.e., amax = 8, 12, 16, in a reasonable amount of time, the characterization/search

in the fourth case, i.e., amax = 20, would take too long. To demonstrate how the

runtime of the dpl search changes with the increase of the search range, we consider

two LDPC codes with dv = 3 and g = 8. The codes have block lengths and dimensions

(n, k) = (155, 64) [80] and (5219, 4300) [81]. For the first code, on a desktop computer

with 2.4-GHz CPU and 8-GB RAM, the dpl search takes 2, 6, and 193 seconds to

search for all the elementary codewords of weight a ≤ 8, 12, and 16, respectively. For

the second code, the corresponding runtimes are 1, 8, and more than 300 minutes,

respectively.

To overcome the problem of high complexity of the exhaustive dpl search, in cases

where the lowest weight of elementary codewords is well above Lne, we modify the

search such that it can handle larger values of amax. This however, comes at the

expense of losing the exhaustiveness of the search, and thus we are not guaranteed to

find the elementary codewords with the lowest weight in our search.

In the original dpl characterization/search algorithm, to exhaustively cover all the

(a, b) LETS structures in the interest range of a ≤ amax and b ≤ bmax, the algorithm

sometimes needs to also cover auxiliary structures with their b values larger than

bmax, and up to b′max > bmax. (This is certainly the case for bmax = 0, which is what

we are interested in.) For the exhaustive coverage in the interest range, the value of

b′max, obtained by dpl characterization, is proved to be minimal. In this part of the

work, rather than selecting the b′max as in the original dpl characterization/search,

we choose it to be a smaller value. To compensate for the detrimental effect that

this new choice will have on the exhaustiveness of the dpl search, rather than using

the specific expansion techniques that the original dpl characterization determines for

each LETS class, we apply all the possible expansions from the set of dot, path and

lollipop expansions to LETS structures in each class in the range of a ≤ amax and

3The non-isomorphic structures were enumerated using nauty program [60].
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b ≤ b′max. The only constraint for the application of a certain expansion technique

to LETS structures within a specific class is that the expanded structure must still

remain within the range a ≤ amax and b ≤ b′max. This is examined and imposed using

the following proposition.

Proposition 13. Suppose that S is an (a, b) LETS structure of variable-regular Tan-

ner graphs with variable degree dv. Then the expansion of S using dotm, pam, and locm

will result in LETS structure(s) in the (a+1, b+dv−2m), (a+m, b−2+m(dv−2)),

and (a+m, b− 2 +m(dv − 2)) classes, respectively.

Example 27. Consider the characterization table of the dpl search for elementary

codewords of weight a ≤ 8, in variable-regular graphs with dv = 3 and g = 6, as

presented in Table 8.2. In this case, bmax = 0, and b′max = 4 > bmax. One can

also see in the table the specific expansion techniques that are determined by the dpl

characterization to be applied to different LETS classes. For example, the table shows

that dot, pa2 and dot expansions will need to be applied to LETS structures in (4, 4)

and (5, 3) classes, respectively. Now, if we reduce the value of b′max to 3 in the modified

dpl search, we limit the algorithm to only search for and use LETS structures with

b ≤ 3. We however, allow any possible expansion that results in such LETS structures

to be used in each class. This would mean, for example, that for the (5, 3) class, we

apply dot and pa2 expansions rather than only dot expansion, which was used in the

original dpl search.

Given the values amax and b′max, Routine 13 provides a pseudo code for finding the

list of expansion techniques that are required to be applied to all the non-isomorphic

structures in each (a, b) LETS class of variable-regular and irregular graphs. These

expansions are stored in the (a, b) entry of table EX , EX (a,b). The expansion dot is

applied to all the (a, b) classes with a ≤ amax − 1. Also, pam and locm are applied to

all the (a, b) classes with a ≤ amax −m. The only constraint for using an expansion

technique is that the b value(s) of the new LETS structure(s) need to remain in the

range identified by b′max.

A pseudo code for obtaining an upper bound d
(u)
min on dmin is presented in Algo-

rithm 8. To start the algorithm, one can select amax to be initially a rather large

value a0, say three or four times the value of Lne, and choose b′max to be a rather

small value. This value for variable-regular codes is set at b′max = g/2(dv − 2), in
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Routine 13 (Expansions) Finds all the possible expansions EX (a,b) for the (a, b)
classes of LETS structures, g/2 ≤ a < amax, 1 ≤ b ≤ b′max, for a Tanner
graph with girth g and variable degree dv (for irregular graphs, dv = dvmin

).
EX =Expansions(amax, b

′
max, g, dv)

1: Initialization: a = amax − 1.
2: while a ≥ g/2 do
3: EX (a,b) ← dot, ∀ b ≤ b′max.
4: for b = 1, . . . , b′max do
5: m = 2.
6: while a+m ≤ amax do
7: if b ≤ b′max − 2 +m(dv − 2) then
8: EX (a,b) ← pam.
9: if m ≥ g/2 then
10: for c = g/2, . . . ,m do
11: EX (a,b) ← locm.
12: end for
13: end if
14: end if
15: m = m+ 1.
16: end while
17: end for
18: a = a− 1.
19: end while
20: Output: EX .
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Algorithm 8. This covers the class of shortest simple cycles of the graph. For ir-

regular graphs, the value is chosen as b′max = 4 in Algorithm 8. When the values

of amax and b′max are set, the expansions EX needed for all the relevant classes of

LETS structures are determined through Routine 13. This will be used by the dpl

search algorithm of Chapter 5 or that of Chapter 6, for regular and irregular codes,

respectively, to search for an elementary codeword with weight a ≤ amax. If such a

codeword is found, then a is an upper bound for the minimum distance of the code.

If the dpl search terminated without finding any codeword, or if one is interested in

tightening the upper bound, one can increase the value of b′max in a new search, to

allow for covering more LETS structures. In the latter case, where an elementary

codeword of weight d
(u)
min has already been found, one should set amax = d

(u)
min − 1, for

the new search. Algorithm 8 continues until it provides a satisfactory upper bound

Algorithm 6 Finding an upper bound d
(u)
min on the minimum distance of an LDPC

code.

1: Initializations: Set amax = a0, bmax = 0, b′max = g/2(dv− 2) for variable-regular

codes, or b′max = 4 for irregular codes, and d
(u)
min =∞.

2: EX =Expansions(amax, b
′
max, g, dv).

3: Run the dpl search based on the expansions in EX .
4: while the dpl search is running do
5: if the runtime exceeds T , then
6: Stop the search, and go to Step 25.
7: end if
8: if a LETS in an (a, 0) class is found, where a < d

(u)
min, then

9: Stop the search, and set d
(u)
min = a.

10: end if
11: end while
12: if d

(u)
min =∞, then

13: b′max = b′max + 1, and go to Step 3.
14: end if
15: if d

(u)
min <∞, but looking for a tighter bound, then

16: b′max = b′max + 1, amax = d
(u)
min − 1, and go to Step 3.

17: end if
18: Output: d

(u)
min.

on dmin, or until the dpl search takes too much time to be completed (more than T ).

In the latter scenario, if the upper bound d
(u)
min happen to be still at infinity, one can

run the algorithm, this time with a larger a0 and/or T .
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Remark 14. The large difference between the smallest weight of elementary code-

words and that of non-elementary codewords (as, e.g., reflected in the results of Table

8.1) suggests that for most LDPC codes, the minimum distance is, in fact, determined

by the smallest weight of elementary codewords. Thus, the approach presented here,

to focus on the search for elementary codewords, is well-justified both from the com-

putational complexity point of view, and from the viewpoint of being more effective

for estimating dmin.

8.4 Numerical results

We have applied our technique to find lower and upper bounds on the minimum

distance of a large number of variable-regular and irregular LDPC codes. These

include both random and structured codes with a wide range of rates and block

lengths. Here, we only present the results for 15 regular and 6 irregular codes. These

codes and their parameters can be seen in Tables 8.3 and 8.4, respectively. For all

the runtimes reported in this work, a desktop computer with 8 processing cores (2.4-

GHz CPU) and 8-GB RAM is used, and the search algorithms are implemented in

MATLAB.

In Tables 8.3 and 8.4, for the cases where the exact dmin is found, this value is

reported in the column corresponding to the lower bound, and we have “-” in the

upper bound column. Otherwise, the value Lne is reported as the lower bound, and

the upper bound is obtained using the non-exhaustive dpl search algorithm. In such

cases, the value b′max that has been used to provide the upper bound is reported in

the last column of the table. For all cases, the runtime to obtain the lower and upper

bounds are also reported. For structured codes, their structural properties are used to

simplify the search. These codes are C6, C8−C10, C12−C15, in Table 8.3, and C16−C19,

in Table 8.4.

We note that the lower bounds (or the exact minimum distances) are all obtained

in times that are at most about 30 minutes, and in many cases, only in a few sec-

onds. The upper bounds are obtained in at most about 3 hours, and in many cases,

only in a few minutes. The exact minimum distance of C1 is found in about two

minutes. However, using a computer with Pentium-4 3GHz CPU and 512MB RAM,

it took the search algorithm of [39], about 44 hours to find that minimum distance.
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Table 8.3: Minimum Distance or Bounds on the Minimum Distance of some
Variable-Regular LDPC Codes

Code dv Girth Rate Length Lower Bound Upper Bound b′max

C1 [57] 3 6 0.87 495

4

−−−

127 sec.

- -

C2 [57] 3 6 0.5 504

dmin ≥ 8

−−−

5 sec.

20

−−−

8 min.

4

C3 [57] 3 6 0.5 816

dmin ≥ 8

−−−

6 sec.

30

−−−

18 min.

5

C4 [57] 3 6 0.77 1057

8

−−−

47 sec.

- -

C5 [57] 3 6 0.87 16383

dmin ≥ 8

−−−

2053 sec.

10

−−−

164 min.

5

C6 [80] 3 8 0.41 155

dmin ≥ 12

−−−

6 sec.

20

−−−

1 min.

4

C7 [43] 3 8 0.5 504

dmin ≥ 12

−−−

55 sec.

20

−−−

57 min.

5

C8 [85] 3 8 0.88 4000

8

−−−

64 sec.

- -

C9 [81] 3 8 0.82 5219

12

−−−

455 sec.

- -

C10 [84] 3 10 0.5 546

14

−−−

28 sec.

- -

C11 [69] 3 12 0.5 4896

24

−−−

729 sec.

- -

C12 [85] 4 8 0.69 1274

8

−−−

10 sec.

- -

C13 [85] 4 8 0.77 2890

dmin ≥ 16

−−−

413 sec.

20

−−−

8 min.

10

C14 [85] 5 8 0.23 210

10

−−−

4 sec.

- -

C15 [85] 5 8 0.75 8000

dmin ≥ 20

−−−

154 sec.

- -
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An upper bound of 20 on the minimum distance of C2 has been reported in the lit-

erature [39], [41], [10]. This upper bound matches the one obtained here. Also, the

exact minimum distance of C2 has been reported in [49] to be, in fact, 20. For the

purpose of comparing the runtimes, we note that, using a PC with 3.1 GHz CPU and

1GB RAM, it took the algorithm of [49], about 2335 minutes to find the minimum

distance of C2. In comparison, it has taken the non-exhaustive dpl search algorithm of

this chapter only 13 minutes to find an elementary codeword of weight 20 (minimum

weight) for this code.

To the best of our knowledge, the bounds or the exact minimum distances of

random codes C3-C5 and C7 have not been reported in the literature so far. We

however, believe that the runtimes reported here would be much less than those of

any existing search algorithm, including that of [49]. In fact, in our opinion, no

existing algorithm would be able to handle C5, which is a code of rate 0.87 and block

length 16383.

Code C6 is the Tanner (155,64) QC-LDPC code. It takes the proposed algorithms

only 6 and 58 seconds to find the lower and upper bounds on the minimum distance

of this code, respectively. Our upper bound matches the exact minimum distance of

this code, which was found in [81] to be 20, using MAGMA. Code C9 is a (5219, 4300)

QC-LDPC code [81]. To the best of our knowledge, except the analytical upper bound

of 24 [81], no other result exists on the minimum distance of this code. It takes the

exhaustive dpl search algorithm of this work only less than 8 minutes to find the exact

minimum distance of this code.

Code C11 is the Ramanujan (4896, 2448) code with g = 12. For this code, we find

the exact value of dmin to be 24, in about 12 minutes. We note that it was reported

in [49] that their algorithm terminated without providing tight lower or upper bounds

on the minimum distance of this code. Also, in [10], the impulse method was used to

find an upper bound of 24 on dmin for this code in about 10 hours.

In [84], the authors constructed QC-LDPC codes that are cyclic liftings of fully-

connected 3 × n protographs, and have the shortest block length for a given girth.

Code C10 is the shortest cyclic lifting of the 3 × 6 fully-connected base graph with

girth 10, reported in [84]. We find dmin of this code to be 14 in 28 seconds. It took

MAGMA a few hours to find this minimum distance [84].

Very recently, QC-LDPC codes with girth 8, whose parity-check matrices have
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some symmetries, and are in many cases shorter than previously existing girth-8 QC-

LDPC codes, were constructed in [85]. Using MAGMA, the authors obtained and

reported the minimum distance of some of the constructed codes in [85]. Only the

minimum distances of codes with (dv = 3 and n < 1000), (dv = 4 and n < 500),

and (dv = 5 and n < 400) were reported, since for the other codes, MAGMA ran

for a day and was still unable to obtain the minimum distance. We tested the codes

of [85], and observed that our proposed algorithm can find the exact dmin, or obtain

lower and upper bounds on dmin, for many of them in a matter of seconds or minutes.

For example, while in Table I of [85], among 18 codes with dv = 3, g = 8, R ≤ 0.88

and n ≤ 4000, the minimum distance of only the first 11 (those with R < 0.79 and

n < 800) is reported, we have found the minimum distances of all 18 codes, each in

less than or about one minute. The last code in that table is C8 in Table 8.3.

While all the variable-regular codes studied in [49], [41], [10] and [39], have dv = 3,

the algorithms proposed in this chapter have no such limitation. As an example,

we are able to provide lower bounds on, or obtain the exact value of, dmin for all

the variable-regular LDPC codes provided in Tables II and III of [85], in just a

few minutes. These are codes with variable degrees 4 and 5, respectively, and with

R ≤ 0.84 and n ≤ 14750. In many cases, also, we find upper bounds on dmin for these

codes. Four examples of the codes in Tables II and III of [85] are listed as the last

entries of Table 8.3.

In Table 8.4, we report lower and upper bounds on the minimum distance of six

irregular codes. Codes C16 − C19 have been adopted in standards, and Codes C20 and

C21 are constructed by the PEG algorithm. The reported upper bounds on dmin for

C16−C19 are matched with the upper bounds reported in [70] (no runtime for obtaining

these results was reported in [70]). Also, the reported upper bound on dmin of C20 is

matched with that of [10]. It was reported in [10] that the bound was obtained in a

few hours (compared with 21 minutes in this work).
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Table 8.4: Minimum Distance or Bounds on the Minimum Distance of some Irregular
LDPC Codes

Code Girth Rate Length Lower Bound Upper Bound b′max

C16 [101] 6 0.83 1824

dmin ≥ 4

−−−

7 sec.

8

−−−

4 min.

7

C17 [101] 6 0.75 2304

dmin ≥ 6

−−−

8 sec.

12

−−−

3 min.

8

C18 [101] 6 0.67 2304

dmin ≥ 4

−−−

9 sec.

15

−−−

3 min.

7

C19 [100] 6 0.75 1944

dmin ≥ 6

−−−

12 sec.

12

−−−

5 min.

8

C20 [43] 8 0.5 1008

dmin ≥ 8

−−−

113 sec.

13

−−−

21 min.

10

C21 [43] 8 0.5 2048

dmin ≥ 8

−−−

67 sec.

15

−−−

20 min.

10



Chapter 9

Characterization and Efficient Search of

Non-Elementary Trapping Sets of LDPC

Codes

9.1 Introduction

In Chapter 7, a lower bound on the size of the smallest elementary and non-elementary

trapping sets for a given b in variable-regular LDPC codes is given. Based on the

given lower bounds, we demonstrated that the size of the smallest possible non-

elementary trapping sets is, in general, larger than that of elementary trapping sets.

This provides a theoretical justification as to why non-elementary trapping sets are

often not among the most harmful trapping sets. However, the justification provided

in Chapter 7, has no claim on the multiplicity of ETSs and NETSs in the classes that

both exist. To support the theoretical justification of Chapter 7, using the parent-child

relationships between elementary trapping sets and non-elementary trapping sets, we

propose an efficient search algorithm to provide an exhaustive/non-exhaustive list of

NETSs in the interest range that the ETSs have been already searched for. To the

best of our knowledge, the branch-&-bound approach in [97] is the only exhaustive

TS search algorithm in the literature. However, similar to the other branch-&-bound

algorithms, this approach is only applicable to the short block length codes (the block

lengths of all the reported codes are less than 1008).

148
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Layer 1 (L1)

Layer 2 (L2)

Layer 3 (L3)

Layer g/2 (Lg/2)

Figure 9.1: A tree-like expansion of a TS rooted at a check node of degree k.

9.2 Exhaustive Search of NETSs in Variable-

Regular LDPC Codes

Exhaustive characterization and search algorithms of LETSs in variable-regular and

irregular graphs have been proposed in Chapters 5 and 6, respectively. Also in Chap-

ter 6, ETSLs were studied in irregular Tanner graphs. It was shown that these

structures can be characterized and searched in any interest range, efficiently and

exhaustively. Since variable-regular graphs are a special case of irregular graphs, we

thus have similar results for ETSLs in variable-regular LDPC codes and the exhaus-

tive search of ETSLs in Chapter 6 can be used to find them in variable-regular ones

as well.

In Chapter 7, based on the presence of a degree-k check node in the induced

subgraph of trapping sets, a lower bound on the size of the smallest elementary

and non-elementary trapping sets for a given b in variable-regular LDPC codes was

derived. From Theorem 5, one can see that for any given b, g and dv values, by

increasing k, the size of smallest TS is increased.

Remark 15. In Table 7.1, it was shown that for any given b ≤ 5, dv = 3, 4, 5, 6 and

g = 6, 8, 10, the smallest possible TSs are LETSs.

Lemma 11. A lower bound on the size a of an (a, b) non-elementary trapping set in

G, whose induced subgraph contains more than one check node of degree k (≥ 3) is

greater than or equal to the one provided in Theorem 5.

Proof. It is easy to show that, following the same tree-like expansion of the induced

subgraph of the TS, for any given dv, g and b values, except the first one, the other

degree-k check nodes are replaced by degree-1 or degree-2 check nodes at L3. These

new check nodes have more edges than degree-1 and degree-2 check nodes. Therefore,
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in the worst case, the same number of variable nodes is needed at L4. This results in

at least the same number of variable nodes in the induced subgraph.

Lemma 12. A lower bound on the size a of an (a, b) non-elementary trapping set in

G, whose induced subgraph contains a combination of degree-k and degree-k′, where

3 ≤ k′ < k is greater than or equal to the lower bound provided in Theorem 5 with

one degree-k check node.

Proof. Similar to the proof of Lemma 11.

The characterization of ETSs (LETSs and ETSLs) for variable-regular graphs is

based on normal graph representation of structures. This approach, however, is not

applicable to NETSs. In this chapter, to develop the characterization of NETSs,

we investigate the parent-child relationships between ETSs and NETSs. As natural

candidates for the expansion of ETSs to reach NETSs, we consider dot, path and

lollipop expansions. One can see that the application of path and lollipop expansions

to a TS increases the b value of the structure rather rapidly. For NETSs with relatively

small b values, we thus limit the expansions to dot in the rest of the chapter. Due

to the low computational complexity of dot expansion, this results in an efficient

NETS search algorithm starting from ETSs. Using only the dot expansion limits the

variety of NETS structures that can be generated starting from ETS structures. In

the following, we first discuss the (successive) application(s) of dot expansions to ETS

structures and then describe the NETS structures that are out of reach.

Suppose that S is an (a, b) TS structure of variable-regular Tanner graphs with

variable degree dv, where b ≥ 1. The notation dotm is used for a dot expansion with

m edges, connecting a new variable node to m check nodes of S. Similar to Chapter

5, we assume that the new variable node in dotm is connected to at least two check

nodes of S, i.e., 2 ≤ m ≤ dv. However, unlike the dotm used in Chapter 5, them edges

can be connected to both satisfied and unsatisfied check nodes of S. The following

result is simple to prove.

Lemma 13. Suppose that S is an (a, b) TS structure of variable-regular Tanner

graphs with variable degree dv, where b ≥ 1. Expansion of S using dotm, 2 ≤ m ≤ dv,

will result in NETS structure(s) in the (a + 1, b + dv − 2q) class, where m = p + q

and p ≥ 0 and q ≥ 0 are the number of edges connecting the new variable node to the

satisfied and unsatisfied check nodes of S, respectively.
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S1 Si

Sk

Layer 1 (L1)

Layer 2 (L2)

Figure 9.2: A NETS with k disconnected subgraphs.

Remark 16. One should note that in Lemma 13, if S is an ETS, then p > 0.

Lemma 14. Consider the induced subgraph G(S) of a NETS S in a variable-regular

Tanner graph G with variable degree dv. Further, consider the expansions of this sub-

graph in a layered tree-like fashion starting from one of the check nodes w with degree

k, where k ≥ 3. If any such expansion can be partitioned into k subgraphs, where the

only connection of the subgraphs is through w, as shown in Fig. 9.2, then the NETS

structure S cannot be generated by (successive) application(s) of dotm expansions,

2 ≤ m ≤ dv, to any ETS structure.

Proof. Consider a NETS structure S whose subgraph satisfies the condition of the

lemma, i.e., there is a tree-like expansion of G(S) rooted at a degree-k check node

(k ≥ 3) with k disconnected subgraphs S1, ...,Sk, as shown in Fig. 9.2. In Fig. 9.2,

the degree-k check node at the root (first layer L1) is connected to k variable nodes

at layer L2. Those variable nodes are each connected to dv − 1 other check nodes at

L3 and so on. It is straightforward to see that a structure with the subgraph of Fig.

9.2 cannot be generated through successive applications of dotm,m ≥ 2, to an ETS

structure S ′. The reason is that to create the check node w (with degree k ≥ 3) in

the process of expansion, there are two possibilities: (i) Node w belongs to S ′, or (ii)

it is added in the expansion process. In Case (i), the degree of w in S ′ is either one

or two. For the degree of w to be increased to k in the expansion process, through

one or more dotm expansions, one or more variable nodes will have to be added to

the subgraph, each with one connection to w and with one or more connection(s) to

the other check nodes of the existing (connected) subgraph. This is in contradiction

with the structure in Fig 9.2, where otherwise disconnected subgraphs S1, ...,Sk are

only connected through w. The proof for Case (ii) is similar.

In the following lemma, we investigate the smallest size of NETS structures with

induced subgraphs of the form discussed in Lemma 14 and presented in Fig. 9.2, for
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Table 9.1: The smallest size a of NETSs in the (a, b) class (b ≤ 4) with disconnected
subgraphs for Tanner graphs with dv = 3, 4, 5, 6, g = 6, 8, 10

dv = 3 dv = 4 dv = 5 dv = 6

g = 6 g = 8 g = 10 g = 6 g = 8 g = 10 g = 6 g = 8 g = 10 g = 6 g = 8 g = 10

b = 1 15 21 27 not possible 21 39 93 not possible

b = 2 14 20 26 not possible 20 38 92 not possible

b = 3 11 15 19 not possible 19 37 91 not possible

b = 4 10 14 18 15 24 57 18 36 90 21 36 90

different values of dv, g, and b ≤ 4. Similar results may be derived for other variable

degrees, girths and b values.

Lemma 15. For variable-regular graphs with dv = 3, 4, 5, 6, g = 6, 8, 10, and for b ≤

4, the size a of the smallest possible NETS in the (a, b) class containing disconnected

subgraphs (as shown in Fig. 9.2) is listed in Table 9.1.

Proof. Suppose that S∗ is the smallest NETS structure with disconnected subgraphs.

Based on Corollary 4, the structure S∗ contains a degree-3 check node at L1. Consider

each subgraph S1, S2 and S3 as a TS containing the degree-3 check node at L1 as

a degree-1 (unsatisfied) check node (Fig. 9.2). Let aSi
and bSi

be the size and the

number of unsatisfied check nodes of Si, respectively. Clearly, bSi
> 0. We also have

bS1 + bS2 + bS3 = b+ 2, (9.1)

For S∗ to have the smallest size, we look for Sis with smallest aSi
whose bSi

values

satisfy bSi
> 0, and the constraint (9.1). It is easy to see that the most favorable

candidate for TSs Sis is an ETSL with no cycle. These structures are denoted by

ETSL2, and exist only in the (a, b = a(dv−2)+2) class. If an ETSL2 structure is not

possible (due to the specific choice of bSi
), then based on Remark 15, a LETS structure

is the next favorable choice. To find the size of S∗, therefore, one needs to consider

all the possible combinations of positive integers bS1 , bS2 and bS3 that satisfy (9.1),

and for each combination finds the smallest values of aSi
s using the aforementioned

guidelines. In the following, we prove the result for the case of dv = 3, g = 8 and

b = 2, 3. The proof for the other cases listed in Table 9.1 is similar.
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For b = 2, using (9.1), we have bS1 + bS2 + bS3 = 4. The only positive integers

satisfying this equality are {1, 1, 2}. Since, for dv = 3, there does not exist any ETSL2

with b < 3, then we look for LETS structures of minimum size with these b values.

From Table 7.1 in Chapter 7, the size of the smallest LETSs with bSi
= 1 and bSi

= 2

is 7 and 6, respectively. We thus conclude that the size of S∗ is 7 + 7 + 6 = 20.

For b = 3, we have bS1 + bS2 + bS3 = 5. The only solutions to this equation are

{1, 2, 2} and {1, 1, 3}. Again for the first set, no ETSL2 structure exists, and based

on LETS structures of minimum size, we obtain 7 + 6 + 6 = 19 as the size of the

corresponding NETS structure. For the second set of bSi
values, we select an ETSL2

structure for the bSi
value 3. This corresponds to aSi

= 1. For the other two TSs, the

minimum size LETS structures have size 7, and thus the size of the corresponding

NETS structure in this case is 1 + 7 + 7 = 15. Since 15 is the smaller value between

19 and 15, it is in fact the size of S∗.

To obtain the entries in Table 9.1 for even values of dv, one should note that based

on Lemma 1, it is not possible to have a TS with even dv and odd b. Therefore, for

even values of dv, the minimum value of bSi
is 2, and in (9.1), the smallest value of b

for NETS structures under consideration is strictly larger than 3.

In the following, we investigate the parent-child relationships between ETSs and

NETSs based on dotm expansions. Since the NETS structures discussed in Lemmas 14

and 15 are excluded, in the rest of this chapter, we use the expression “interest range

of a and b” or “(a, b) class of interest” to mean the b values that satisfy b ≤ 4, and for

a given b value in this range, the value of a being strictly less than the entry provided

in Table 9.1.

Proposition 14. Any NETS structure S of variable-regular graphs with variable

degree dv in an (a, b) class of interest, containing only one degree-3 check node (the

rest of the check nodes have degree 2 or 1) can be characterized by the application of a

dotm expansion (2 ≤ m ≤ dv) to an ETS substructure, S ′, in the (a−1, b+2m−2−dv)

class, where m is number of edges connecting the variable node in S/S ′ to one degree-2

and m− 1 degree-1 check nodes of S ′.

Proof. The structure S contains only one check node w of degree 3. We consider

the tree-like expansion of S from w as the root at L1. Based on the knowledge that

this expansion of S does not consist of disconnected subgraphs as shown in Fig. 9.2,

there must exist two variable nodes, say v1 and v2 at L2 that are connected through a
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path that does not pass through w. Now, consider removing one of these two variable

nodes, say v1, and all its incident edges from S. The remaining graph S ′ is still

connected and has no check node with degree larger than 2, i.e., S ′ is an ETS. It is

easy to see that S can be obtained by expanding S ′ by v1 through a dotm (2 ≤ m ≤ dv)

expansion. The class of S ′ can be obtained by using Lemma 13, assuming p = 1.

The following corollary describes the exhaustive search of NETSs with only one

degree-3 check node.

Corollary 7. In variable-regular Tanner graphs with variable degree dv, all the (a, b)

NETSs containing only one degree-3 check node in the interest range of a ≤ amax

and b ≤ bmax (amax less than the value in Table 9.1 and bmax ≤ 4) can be found by

applying dotm expansions to all the ETSs in the range of a ≤ amax−1 and b ≤ b′max =

bmax + dv − 2.

Proposition 15. Any NETS structure S in an interest class of (a, b) for variable-

regular graphs with variable degree dv, that contains two degree-3 check nodes (the rest

are degree-2 or -1) can be characterized by a dotm expansion (2 ≤ m ≤ dv) applied to

one of the two following substructures S ′: (i) an ETS in the (a− 1, b+ 2m− 4− dv)

class, where from m edges connecting the variable node in S/S ′ to S ′, two and m− 2

are connected to degree-2 and degree-1 check nodes of S ′, respectively; or (ii) a NETS

containing one degree-3 check node in the (a− 1, b+ 2m− 2− dv) class, where from

m edges connecting the variable node in S/S ′ to S ′, one and m− 1 are connected to

degree-2 and degree-1 check nodes of S ′, respectively.

Proof. Consider the expansion of the NETS structure starting from one of the degree-

3 check nodes w at L1. In the expansion, the other degree-3 check node is located

either at L3 or at L2i+1, where i > 1. With an argument similar to the one presented

in the proof of Proposition 14, there exist two variable nodes v1 and v2 at L2 such that

there is a path between them that does not pass through w. Therefore, by removing

one of these two variable nodes, say, v1, and all its incident edges from S, the resulted

subgraph S ′ remains connected. Now if the second degree-3 check node was at L3

and connected to v1, then there remains no check node with degree larger than 2 after

the removal of v1, i.e., the subgraph S ′ is an ETS. On the other hand, if the other

degree-3 check node was at L3 but not connected to v1 or it was at L2i+1 with i > 1,

then the resulted subgraph S ′ is a NETS containing one degree-3 check node. In

either case, structure S can be obtained by applying a dotm expansion (2 ≤ m ≤ dv)
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to S ′. The class of S ′ can be determined in each case by using Lemma 13, assuming

p = 2 and p = 1, respectively.

The following result is a generalization of Proposition 15.

Proposition 16. Any NETS structure S in an interest class of (a, b) for variable-

regular graphs with variable degree dv, that contains f ≥ 2 degree-3 check nodes (the

rest are degree-2 or -1) can be characterized by a dotm expansion (2 ≤ m ≤ dv) applied

to one of the η = min{m, f} following substructures S ′: For any value of p in the

range 1 ≤ p ≤ η, substructure S ′ is in the (a− 1, b+2(m− p)− dv) class, where from

m edges connecting the variable node in S/S ′ to S ′, p and m − p are connected to

degree-2 and degree-1 check nodes of S ′, respectively.

Based on the above results, it is easy to see that a NETS structure with f degree-3

check nodes can be generated through successive applications of dotm expansions to

ETS structures. For this to correspond to an exhaustive search of such NETSs, the

following corollary, that generalizes Corollary 7, provides the range of ETSs that need

to be included.

Corollary 8. In variable-regular Tanner graphs with variable degree dv, all the

NETSs containing f degree-3 check nodes (the rest are degree-2 or -1) in the in-

terest range of a ≤ amax and b ≤ bmax (amax less than the value in Table 9.1 and

bmax ≤ 4) can be found by f successive applications of dotm expansions to all the

ETSs in the range of a ≤ amax − df/dve and b ≤ b′max = bmax + f(dv − 2).

The following results can all be proved similar to the cases involving NETSs with

only degree-3 check nodes. The proofs are thus omitted to avoid redundancy.

Proposition 17. Any NETS structure S in an interest class of (a, b) for variable-

regular graphs with variable degree dv, that contains only one degree-4 check node

(the rest are degree-2 or -1) can be characterized by a dotm expansion (2 ≤ m ≤ dv)

applied to a NETS substructure S ′ containing only one degree-3 check node in the

(a− 1, b+ 2m− dv) class. From m edges connecting the variable node in S/S ′ to S ′,

one and m− 1 are connected to degree-3 and degree-1 check nodes of S ′, respectively.

Corollary 9. In variable-regular Tanner graphs with variable degree dv, all the

NETSs containing only one degree-4 check node (the rest are degree-2 or -1) in the

interest range of a ≤ amax and b ≤ bmax (amax less than the value in Table 9.1 and
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bmax ≤ 4) can be found by two successive applications of dotm expansions to all the

ETSs in the range of a ≤ amax − 2 and b ≤ b′max = bmax + 2dv − 2.

Proposition 18. Any NETS structure S in the interest class of (a, b) for variable-

regular graphs with variable degree dv, that contains one degree-4 and one degree-3

check nodes (the rest are degree-2 or -1) can be characterized by a dotm expansion (2 ≤

m ≤ dv) applied to one of the following substructures S ′: (i) a NETS substructure,

containing only one degree-3 check node, in the (a− 1, b+ 2m− 2− dv) class, where

out of m ≥ 2 edges connecting the variable node in S/S ′ to S ′, one is connected

to a degree-3 check node, one to a degree-2 check node and m − 2 to degree-1 check

nodes of S ′. (ii) a NETS substructure, containing two degree-3 check nodes, in the

(a− 1, b+ 2m− dv) class, where out of m ≥ 2 edges connecting the variable node in

S/S ′ to S ′, one and m− 1 are connected to degree-3 and degree-1 check nodes of S ′,

respectively.

Corollary 10. In variable-regular Tanner graphs with variable degree dv, all the

NETSs containing one degree-4 and one degree-3 check nodes (the rest are degree-2

or -1) in the interest range of a ≤ amax and b ≤ bmax (amax less than the value in Table

9.1 and bmax ≤ 4) can be found by three successive applications of dotm expansions to

all the ETSs in the range of a ≤ amax − 2 and b ≤ b′max = bmax + 3dv − 4.

Remark 17. Note that in all cases discussed in Corollaries 7-10, successive applica-

tions of dotm expansions to the ETSs can result in finding structures in addition to

the ones that are of interest in these corollaries.

Corollaries 7-10 demonstrate that by increasing the multiplicity of check nodes

with degrees larger than 2 and the degrees of such check nodes, the range of b values

for ETSs that are needed to provide an exhaustive search of such NETSs is increased.

To have an efficient NETS search algorithm based on successive dotm expansions of

ETSs, we limit the multiplicity and the degrees of such check nodes to the following

cases in the rest of this chapter: NETSs containing at most four degree-3 check

nodes, or containing only one degree-4 and at most one degree-3 check nodes. We use

notations N3, N3,3, N3,3,3, and N3,3,3,3, to denote NETS structures with only one up

to four check nodes of degree 3. Notations N4 and N4,3 are used for NETS structures

that contain only one degree-4 check node and those with only one degree-4 and one

degree-3 check nodes, respectively.
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Corollary 11. In variable-regular Tanner graphs with variable degree dv, all the N3

,N3,3 ,N3,3,3 ,N3,3,3,3, N4, and N4,3 in the interest range of a ≤ amax and b ≤ bmax (amax

less than the value in Table 9.1 and bmax ≤ 4) can be found by up to four successive

applications of dotm expansions to all the ETSs in the range of a ≤ amax − 1 and

b ≤ b′max = bmax +max{(3dv − 4), (4dv − 8)}.

By restricting the NETS structures to those discussed above, we limit the maxi-

mum size amax of NETSs that can be exhaustively covered. The following theorem

provides the value of amax for Tanner graphs with different dv and g values.

Theorem 8. For a variable-regular Tanner graph with variable-degree dv and girth

g, consider the union of sets N3 ,N3,3 ,N3,3,3 ,N3,3,3,3, N4, and N4,3, obtained by

successive applications of dotm expansions (m ≥ 2) to ETSs within the range indicated

in Corollary 11. For dv = 3, 4, 5, 6, and g = 6, 8, 10, Table 9.2 provides the value of

amax such that such a union gives an exhaustive list of NETSs of the Tanner graph

within the range of a ≤ amax and b ≤ bmax = 4.

Proof. Based on the sets of NETSs that are covered, it is easy to see that the exhaus-

tive search is limited by the size of the smallest structure in sets N3,3,3,3,3, N4,3,3, N4,4

and N5. The structures in N3,3,3,3,3, however, have b ≥ 5, and thus not in the range

of interest of the theorem. We thus find the size a∗4,3,3, a
∗
4,4 and a∗5 (or a lower bound

on the size) of the smallest structure in sets N4,3,3, N4,4 and N5, respectively, and list

amax = a∗ − 1 in Table 9.2, where a∗ = min{a∗4,3,3, a
∗
4,4, a

∗
5}.

For structures in N5, we use Theorem 5 with different values of b ≤ 4, and choose

the smallest lower bound as a∗5. For structures in N4,3,3 and N4,4, we use the tree-like

expansion of the NETS structure, starting from a degree-4 check node at the root in

L1. The tree thus has four variable nodes in L2. The idea is to grow this tree into

a NETS structure of smallest size with no cycle of length smaller than g and with

the given b value, where out of b unsatisfied check nodes in the case of N4,3,3, two

of them have degree 3. To minimize the size, one needs to select the check nodes to

have the minimum degree within the above constraints. For structures in N4,3,3, this

means selecting all the satisfied check nodes (other than the root) to have degree 2

and all the b − 2 unsatisfied check nodes to have degree 1. For structures in N4,4,

it means that all the satisfied check nodes, except for the root and one other check

node with degree 4, the rest must have degree 2. The b unsatisfied check nodes in

this case all have degree 1. To satisfy the girth constraint, all the variable and check
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nodes in the first g/2 layers of the tree must be distinct (i.e., no cycle should appear

in the subgraph). Moreover, in the tree, there are four subgraphs, each starting from

one variable node at L2. To avoid having cycles shorter than g in these subgraphs,

any new variable (check) node at Lg/2+1, for g/2 odd (even), can only be connected

to the check (variable) nodes of each such subgraph at most once. Therefore, for odd

values of g/2, at Lg/2+1, we need, at least, as many variable nodes as the number of

edges emanating from the check nodes at Lg/2 of each subgraph to Lg/2+1. Also, for

even values of g/2, if the number of variable nodes in a subgraph at Lg/2 times dv− 1

is larger than the number of the rest of variable nodes at Lg/2 (in the other k − 1

subgraphs), more variable nodes are needed to be added at Lg/2+2 to complete the

connections required for check nodes at Lg/2+1.

Considering the above constraints, for both cases of structures in N4,3,3 and N4,4,

and for each value of b, we find the structure with the smallest number of variable

nodes. The values a∗4,3,3 and a∗4,4 are then obtained by taking the minimum among the

smallest sizes corresponding to five different values of b = 0, . . . , 4. In the following,

we discuss in more details, the proof for one entry of Table 9.2. Proofs for other

entries are similar.

Consider Tanner graphs with dv = 3, g = 8 and NETSs with bmax = 4. Based on

Theorem 5, we have a∗5 = 12.

For N4,3,3, to minimize the size of a NETS, the two degree-3 check nodes must be

located at L3 and be connected to two different variable nodes at L2. This minimizes

the number of variable nodes needed in the higher layers of the tree while satisfying

the girth constraint. All the remaining b − 2 unsatisfied check nodes with degree 1

must also be located at L3. The remaining check nodes at L3 are thus 8− b degree-

2 check nodes. This means there must be 4 + (8 − b) variable nodes at L4, and

4+ 4+8− b = 16− b variable nodes in the whole structure up to L4. It appears that

by proper addition of check nodes in L5, no more variable node is needed in L6. The

smallest size of structures in N3,3,4 for different values of b ≤ 4 is thus obtained by

b = 4, and we have a∗4,3,3 = 12. As two examples, the smallest NETS structures for

b = 3 and b = 4 are given in Fig. 9.3.

For N4,4, to minimize the size of NETS, the second degree-4 check node must be

located at L3. All the b degree-1 check nodes must also be at L3. Out of 4(dv−1) = 8

check nodes in L3, one is degree-4, b are degree-1 and 7− b are degree-2. This means

there are 3+(7− b) variable nodes at L4. If b ≥ 1, to satisfy the girth constraint with
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Table 9.2: The maximum size amax of (a, b) NETSs that can be searched exhaustively
within the range b ≤ bmax = 4 by successive applications of dotm expansions to
(a′, b′) ETSs with size up to amax − 1 and b′ ≤ b′max. (The lower bound on the
size of smallest possible NETS with b ≤ 4 is given in brackets.)

dv = 3 dv = 4 dv = 5 dv = 6

g = 6g = 8g = 10 g = 6g = 8g = 10 g = 6 g = 8 g = 10 g = 6 g = 8 g = 10

amax 6(4) 11(6) 16(8) 6(5) 15(9) 24(15) 8(6) 19(12) 43(24) 8(7) 21(15) 46(35)

b′max 9 9 9 12 12 12 16 16 16 20 20 20

minimum number of variable nodes, one degree-1 check node in L3 is connected to

the same variable node in L2 that has also a connection to the degree-4 check node

in L3. If b > 1, the rest of degree-1 check node(s) are each connected to another

(different) variable node in L3. Now, for b > 1, consider a variable node v1 in L2 that

is connected to one degree-4 and one degree-1 check node in L3 and call the subtree

rooted at v1 as subtree 1. This subtree has 3 variable nodes at L4 that must be

connected to 3(dv − 1) = 6 distinct check nodes at L5. To complete the connections

of these check nodes, at least six variable nodes should exist at L4 of the rest of the

subtrees (excluding subtree 1), otherwise, more variable nodes are needed at L6. By

considering all the cases of b ≤ 4, we conclude that a∗4,4 = 13. As two examples, the

smallest NETS structures for b = 1 and b = 4 are shown in Fig. 9.3.

Based on the above, for dv = 3, g = 8, we have amax = min{12, 12, 13}−1 = 11.

Using Corollary 11, one can find the b′max value which indicates the range of b

values for ETSs that are required for the exhaustive search of the desired NETSs.

The b′max values for graphs with different dv values are also provided in Table 9.2. In

Table 9.2, we have also included the lower bound on the size of the smallest possible

NETS with b ≤ 4 in brackets. As an example, the entries corresponding to dv = 3, and

g = 8 in Table 9.2 show that, for such variable-regular graphs, we can exhaustively

search all the NETSs with a = 6, 7, 8, 9, 10, 11 and b ≤ 4.

The pseudo-code of the proposed search algorithm is given in Algorithm 7. In the

proposed dot-based NETS search algorithm, the input is the exhaustive list of ETSs

in the range of a ≤ amax− 1 and b′max. In the search process, dot expansion is applied

to any instance of TSs (ETSs and NETSs) in the interest range of a ≤ amax − 1 and

b ≤ b′max. The sets IaTS and IaETS are the sets of all the instances of TSs and ETSs
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a) N4;4 in the (13; 1) class b) N5 in the (14; 2) class

c) N3;3;4 in the (13; 3) class d) N3;3;4 in the (12; 4) class

Figure 9.3: Four examples of smallest possible NETS structures in N4,3,3 and N4,4

for variable-regular graphs with dv = 3, g = 8, in the range b ≤ 4.

in the (a, b) classes with b ≤ b′max, respectively. The set IaNETS is the set of all the

instances of NETSs in the (a, b) classes with b ≤ bmax.

Remark 18. We note that if in Algorithm 7, we increase the value of amax be-

yond that of Table 9.2 (but less than the one in Table 9.1), by exhaustive search

of ETSs in the range of a ≤ amax and b ≤ b′max, we can still find all the

N3, N3,3, N3,3,3, N3,3,3,3, N4, N4,3 structures in the new range of a ≤ amax and b ≤ 4, but

there is no guarantee to find the other NETS structures in the new range exhaustively.

9.3 Non-Exhaustive Search of NETSs in Variable-

Regular LDPC Codes

The exhaustive search of NETSs proposed in Section 9.2 has two limitations. First,

the value of b′max obtained in Section 9.2, is rather large which implies a high com-

plexity for the exhaustive search of ETSs. Moreover, for the given values of dv, g

and bmax, the value of amax is relatively small. For these two reasons, we propose a

non-exhaustive search of NETSs in a wider range of a and b values based on setting
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Algorithm 7 (NETS Search) Finds list of the instances of (a, b) NETS structures
of a variable-regular Tanner graph G = (V,E) with girth g and variable degree dv,
for a ≤ amax and b ≤ bmax (amax is obtained from Table 9.2 for bmax = 4). The input
is all the instances of (a, b) ETS structures, in the range a ≤ amax − 1 and b ≤ b′max,
IETS (b′max is obtained from Table 9.2). The output is the set INETS, which contains
the instances of NETSs in the interest range. INETS= NetsSrch (IETS, amax, bmax)

1: Inputs: G, g, dv, IETS (amax, bmax = 4).
2: Initializations: IaNETS ← ∅; I

a
TS = IaETS, ∀ a ≤ amax; b

′
max is obtained from

Table 9.2.
3: for a = g/2, . . . , amax − 1 do
4: for any structure S ∈ IaTS do
5: Consider V to be the set of variable nodes in V \S which have at least two

connections to the check nodes in Γ(S).

6: for each variable node v ∈ V do
7: S ′ = {S ∪ v} \ Ia+1

TS .
8: b = |Γo(S

′)|.
9: if b ≤ b′max then
10: Ia+1

TS = Ia+1
TS ∪ S

′.
11: if b ≤ bmax then
12: Ia+1

NETS = Ia+1
NETS ∪ S

′.
13: end if
14: end if
15: end for
16: end for
17: end for
18: Output: INETS = {IaNETS, ∀ a ≤ amax}.
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b′max = bmax + t, where t ≥ 1, instead of the value indicated in Table 9.2. Our ex-

perimental results show that by increasing b′max beyond bmax + 2, the number of new

NETSs that can be found in the interest range is negligible.

The NETS search algorithm proposed in Algorithm 7 can also be used for the

non-exhaustive search of NETSs. As the input, in this case, one should find and

provide all the ETSs in the range a ≤ amax and b ≤ b′max. However, since the b′max

is less than the value given in Table 9.2, the list of NETSs, INETS, would be non-

exhaustive. One should also note that since the algorithm imposes no restriction on

the degree of check nodes of searched NETSs, by increasing amax, some other NETSs

with combination of different check node degrees can be found as well.

9.4 Non-Exhaustive Search of NETSs in Irregular

LDPC Codes

Due to the variety of variable degrees in variable-irregular LDPC codes, we are not

able to provide results similar to those in Section 9.2 in relation to exhaustive search

of NETSs in irregular codes. Algorithm 7 can, however, be still used for the non-

exhaustive search of NETSs in irregular graphs. To obtain an exhaustive list of ETSs

as the input to Algorithm 7 in this case, one can use the search algorithms of Chapter

6.

9.5 Numerical Results

Table 9.3 shows the list of TSs of Tanner (155,64) code [82] with dv = 3 and g = 8 in

the wide range of a ≤ 13 and b ≤ 4. The distinguished numbers of LETS, ETSL and

NETS structures are shown as well. One can compare the number of LETS, ETSL

and NETS in this code to see that in the classes believed to be potentially harmful

(with relatively small a and b), the only TSs are LETSs. Based on Table 9.2, the

results of NETSs for the classes with a ≤ 11 and b ≤ 4 are exhaustive. For finding

NETSs beyond that range, in Algorithm 7, the exhaustive list of ETSs within the

range of a ≤ 12 and b ≤ 5 has been used. In [97], authors used the branch-& -bound

approach to propose an exhaustive search algorithm to find all the TSs. However,

similar to the other branch-& -bound algorithms, this approach is only applicable to



CHAPTER 9. CHARACTERIZATION OF NETSS IN LDPC CODES 163

Table 9.3: Multiplicities of (a, b) TSs consisting of LETSs, ETSLs and NETSs of
Tanner (155,64) within the range of a ≤ 13 and b ≤ 4

Tanner (155,64)

(a, b) Total Total Total Total Total

class LETS ETSL NETS TS TS [97]

(4,4) 465 0 0 465 465

(5,3) 155 0 0 155 155

(6,4) 930 1860 0 2790 2790

(7,3) 930 0 0 930 930

(8,2) 465 0 0 465 465

(8,4) 5115 9300 0 14415 14415

(9,3) 1860 3720 0 5580 5580

(10,2) 1395 0 0 1395 1395

(10,4) 29295 48360 5580 83235 83235

(11,3) 6200 9300 1860 17360 17360

(12,2) 930 0 0 930 930

(12,4) 180885 134850 47895 363630 36280

(13,3) 34875 5580 2790 43245 43245

the short block length codes. The number of TSs in different classes in this range

found by our algorithm for Tanner (155,64) code is matched with the one reported

in [97] except for the (12, 4) class. While in dpl search algorithm, 363630 TSs have

been found in the (12, 4) class, only 36280 TSs have been reported in [97].1 The

run-time of the proposed algorithm in [97] to find the exhaustive list of TSs is not

reported. However, while it took the algorithm of [97], 59 minutes2 to find the TSs of

a PEG code in the interest range of a ≤ 5 and b ≤ 5, our dpl search algorithm finds

all of them in less than 20 seconds.

This search of NETSs along with the theoretical results in Chapter 7 support the

assertion that in the harmful classes of TSs, there is no NETSs (otherwise, they could

potentially be harmful).

1We believe that the result reported in [97] should be a typographical error.
2This is the only run-time reported in [97]. The run-time is for a standard desktop PC with a

2.67-GHz processor.



Chapter 10

Tight Lower and Upper Bounds on the

Stopping Distance of LDPC Codes

10.1 Introduction

In this chapter, we use the graphical structure of stopping sets within the Tanner

graph of an LDPC code to devise our search algorithm, and to derive bounds on the

stopping distance, smin of LDPC codes. The subgraph induced by a stopping set in

the Tanner graph of a code contains only check nodes with degrees two or more. We

consider two categories of stopping set depending on the check node degrees in their

subgraph. If all the check nodes have degree two, we call the stopping set elementary.

Otherwise, the stopping set is referred to as non-elementary. Considering that an

elementary stopping set is in fact an elementary codeword, we can use the approach

proposed in Chapter 8 to find them. Moreover, the non-elementary stopping sets

are a subset of non-elementary trapping sets discussed in Chapter 9. Using the

exhaustive/non-exhaustive search of LETSs and NETSs, one can provide some lower

and upper bounds on the stopping distance of LDPC codes. The general approach is

similar to the one for minimum distance in Chapter 8. However, unlike the search of

codewords, stopping sets which are non-elementary are considered as well. Moreover,

to have an efficient search algorithm, we limit the search to find NESSs containing

small-degree check nodes, thus, the search is exhaustive in a certain range.

164
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10.2 Lower Bound on the Stopping Distance of

Variable-Regular LDPC Codes

By definition, an ESS is a trapping set for which the degree of all the check nodes

are 2, thus ESSs and elementary codeword, discussed in Chapter 8 are identical.

Therefore, an ESS of an LDPC code corresponds to a leafless elementary trapping

set (LETS) in the code’s Tanner graph with b = 0. The following lower bound on

stopping distance is simple to prove.

Proposition 19. The result of Theorem 5 with k = 2 and b = 0 provides a lower

bound, LSS1, on smin for variable-regular LDPC codes.

Remark 19. We note that the result of Proposition 19 (Not Theorem 5) is essentially

the same as the lower bound obtained in [64] on the stopping distance of variable-

regular LDPC codes.

To potentially improve the lower bound of Proposition 19, LSS1 , we use the fact

that ESSs, as a special case of LETSs, have a graphical structure that lends itself well

to the efficient exhaustive dpl search algorithm of Chapter 5. Using the dpl search

algorithm with bmax = 0, we can efficiently and exhaustively find all the ESSs of a

variable-regular LDPC code with a maximum given size amax. In the following, we

establish a lower bound, LSS2 (LSS2 > LSS1) , on the size of smallest NESSs. We then

perform an exhaustive dpl-based search of ESSs of maximum size amax = LSS2 − 1.

If this search does not find any ESS, then we establish LSS2 ≤ smin. Otherwise, the

smallest size of found ESSs is the exact value of smin.

Proposition 20. The result of Theorem 5 with k = 3 and b = 1 provides a lower

bound, LSS2, on the size of non-elementary stopping sets.

To further improve the lower bound of Proposition 20 on smin, if possible, we need

to perform an exhaustive search of NESSs. This can be performed, by using the

NETS search algorithm of Chapter 9 with some modifications as described below.

We first note that, compared to Chapter 9, here, we are not interested in NETSs

with unsatisfied check nodes of degree-1. This implies that the range of exhaustive

search for NESSs, as a subset of NETSs, can be potentially increased.

We use notations SS3, SS3,3, SS3,3,3, SS3,3,3,3, to denote NESSs with only one

up to four check nodes of degree 3, respectively. Notations SS4 and SS4,3 are used
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Table 10.1: The maximum size amax of SSs that can be searched exhaustively by
successive applications of dotm expansions to (a′, b′) LETSs with size up to
amax − 1 and b′ ≤ b′max.

dv = 3 dv = 4 dv = 5 dv = 6

g = 6 g = 8 g = 10 g = 6 g = 8 g = 10 g = 6 g = 8 g = 10 g = 6 g = 8 g = 10

amax 7 13 19 8 17 29 8 19 43 10 22 56

b′max 9 9 9 12 12 12 16 16 16 20 20 20

for NESSs that contain only one degree-4 check node and only one degree-4 and

one degree-3 check nodes, respectively. Similar to Chapter 9, we limit the search of

NESSs to the following configurations: SS3,SS3,3, SS3,3,3, SS3,3,3,3, SS4, and SS4,3.

The following result is in parallel with Corollary 11.

Corollary 12. In variable-regular Tanner graphs with variable degree dv, all the

SS3,SS3,3, SS3,3,3, SS3,3,3,3, SS4, and SS4,3 in the interest range of a ≤ amax (amax

less than the value in Table 9.1) can be found by up to four successive applications

of dotm expansions to all the LETSs in the range of a ≤ amax − 1 and b ≤ b′max =

4 +max{(3dv − 4), (4dv − 8)}.

The following result (parallel to Theorem 8) provides the range in which the NESS

search is exhaustive.

Theorem 9. For a variable-regular Tanner graph with variable-degree dv and girth

g, consider the union of sets SS3,SS3,3, SS3,3,3, SS3,3,3,3, SS4, and SS4,3, obtained

by successive applications of dotm expansions (m ≥ 2) to LETSs within the range

indicated in Corollary 12. For dv = 3, 4, 5, 6, and g = 6, 8, 10, Table 10.1 provides the

value of amax such that such a union gives an exhaustive list of NESSs of the Tanner

graph within the range of a ≤ amax.

Proof. The proof is similar to the proof of Theorem 8 with the following differences:

(i) Despite the case of Theorem 8, where NETSs with only b ≤ 4 were studied, here,

for NESSs, there is no such limitation, and we are interested in NESSs with any value

of b (including those with b > 4), (ii) Since there exists no degree-1 check node in a

SS, the degree of all the unsatisfied check nodes of NESSs should be odd values greater

than or equal to 3, (iii) Due to (i), in addition to minimum-size structures in SS4,3,3,

SS4,4, SS5, one needs to also consider the minimum-size structures in SS3,3,3,3,3 as
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a) an SS4;4 of size 16 b) an SS5 of size 15

c) an SS3;3;4 of size 14 d) an SS3;3;3;3;3 of size 15

Figure 10.1: Four examples of smallest NESS structures in variable-regular graphs
with dv = 3, g = 8.

potentially limiting the range of exhaustive search, (iv) In the tree-like expansion

of the subgraph, to minimize the size of the NESS and due to the non-existence of

degree-1 check nodes, one needs to assume that except the few check nodes with

degree larger than 2, all the rest of check nodes have degree-2.

Fig. 10.1 shows four examples of smallest NESS structures of SS4,3,3, SS4,4, SS5

and SS3,3,3,3,3 for graphs with dv = 3 and g = 8.

Remark 20. Note that the values of amax in Table 10.1 are generally larger than

those in Table 9.2. For example, while the range of exhaustive search of NESSs for

variable-regular graphs with dv = 3 and g = 8 is 13, this value for the exhaustive

search of NETSs is 11.

If the exhaustive search of SSs (ESSs and NESSs) up to size amax listed in Table

10.1 fails to find any SS, then LSS3 = amax + 1 is a lower bound on smin. Otherwise,

the smallest size of found SSs gives the exact value of smin.

In Table 10.2, we have listed LSS3 , as well as the values of LSS1 and LSS2 , obtained

from Propositions 19 and 20, for Tanner graphs with different values of dv and g.

Example 28. In variable-regular graphs with dv = 3 and g = 8, while the size of

smallest possible ESSs (from Proposition 19) is 6, by the exhaustive search of ESSs,
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Table 10.2: Values LSS3 ,LSS2 and LSS1 (as potential lower bounds on smin) for codes
with dv = 3, 4, 5, 6, and g = 6, 8, 10

dv = 3 dv = 4 dv = 5 dv = 6

g = 6 g = 8 g = 10 g = 6 g = 8 g = 10 g = 6 g = 8 g = 10 g = 6 g = 8 g = 10

LSS3 8 14 20 9 18 30 9 20 44 11 23 57

LSS2 5 9 13 7 12 21 7 15 31 8 18 43

LSS1 4 6 10 5 8 17 6 10 26 7 12 37

one can potentially improve the lower bound on smin to 9. Moreover, by considering

NESSs, the bound can be potentially improved further to 14.

The pseudo code for obtaining a lower bound s
(l)
min on smin is presented in Algorithm

8. The algorithm starts by exhaustively searching for ESSs of size at most LSS3 − 1

in Lines 5-9. During the search of ESSs, if any ESS is found, the size of that ESS is

assigned as the temporary value for s
(l)
min. (Since the search of LETSs is hierarchical,

if any SS is found in Line 6, it is the smallest one in the range of interest.) If this

temporary s
(l)
min is larger than LSS2 , then the NETS search algorithm of Chapter 9

(Algorithm 7) is used to find NESSs with size less than this temporary s
(l)
min. If such a

NESS is found, the size of that NESS is assigned as the new and final value for s
(l)
min.

(Since the search of NETSs is hierarchical, if any NESS is found in Line 13, it is the

smallest one in the range of interest.)

Remark 21. In Chapter 9, the input of Algorithm 7 for the search of NETSs in the

range of a ≤ amax and b ≤ 4 was the list of all ETSs in the range of a ≤ amax − 1

and b ≤ b′max. However, NESSs are leafless, i.e., each variable node is connected to

at least two check nodes. Therefore, for finding the NESSs in Line 13 of Algorithm

8, the input is just the list of LETSs in the range of a ≤ amax − 1 and b ≤ b′max, that

has already been found in Line 4.

Remark 22. We note that by removing the conditions that stop the algorithm when

an ESS or a NESS is found, one can find the list of all stopping sets with size less

than or equal to amax = LSS3 − 1 exhaustively.
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Algorithm 8 Finding a lower bound s
(l)
min on the stopping distance of a variable-

regular Tanner graph G with variable degree dv and girth g.

1: Inputs: G, g, dv.
2: Initializations: Set amax = LSS3 , and select b′max from Table 10.1.

3: s
(l)
min = amax.

4: Run the exhaustive LETS search algorithm in the range of a ≤ amax − 1 and
b ≤ b′max.

5: while the dpl search is running do
6: if a LETS in an (a, 0) class is found then

7: Stop the search, and set s
(l)
min = a, amax = a.

8: end if
9: end while
10: if s

(l)
min > LSS2 then

11: INETS= NetsSrch(ILETS, amax, bmax = 4)
12: while the NETS search is running do
13: if a NESS of size a is found, where a < amax, then
14: Stop the search, and set s

(l)
min = a.

15: end if
16: end while
17: end if
18: Output: s

(l)
min.
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10.3 Upper Bound on the Stopping Distance of

LDPC Codes

In this part, we consider the non-exhaustive search of SSs for both variable-regular

and irregular LDPC codes. If we fail to find the exact stopping distance of an LDPC

code (variable-regular) based on the approach described in Section 10.2, then, we have

established that smin ≥ LSS3 . For such cases, in this section, we also find an upper

bound on smin. To obtain this upper bound, we find a stopping set with weight larger

than LSS3 . The approach is similar to the one provided in Section 8.3 for minimum

distance of LDPC codes. However, in addition to searching for LETSs (Section 8.3),

the NETS search is used here to find a low weight stopping set.

A pseudo code for obtaining an upper bound s
(u)
min on stopping distance is presented

in Algorithm 9. To start the algorithm, one can select amax to be initially a rather

large value a0, say three or four times the value of LSS3 . The procedure for searching

the ESSs and NESSs are similar to the one in Section 10.2. There are only two

differnces. First, in the exhaustive search of LETSs (Line 4 of Algorithm 8), the

set of expansions EX , and b′max are obtained by the characterization Algorithm 1.

Second, in the exhaustive search of NETSs (Line 11 of Algorithm 8) in the range of

a ≤ amax and b ≤ 4, the value of b′max for the exhaustive search of LETSs is from

Table 10.1. However, here, for both non-exhaustive search of LETSs and NETSs,

b′max is chosen to be a rather small value. This value for variable-regular codes is set

at b′max = g/2(dv − 2), in Algorithm 9. This covers the class of shortest simple cycles

of the graph. Also, for the search of NETSs (NESSs) in Algorithm 7, bmax = b′max.

For irregular graphs, the value is chosen as b′max = 4 in Algorithm 9. Also, when

the values of amax and b′max are set, the expansions EX needed for all the relevant

classes of LETS structures are determined through Routine 13. If an ESS of size a

is found, then a is a temporary upper bound for the stopping distance of the code.

Then the NETS search is used to find any possible NESS with size less than the size

of the smallest ESS. If such a NESS is found, then its size is an upper bound on the

stopping distance of the code. If the search terminated without finding any stopping

set, or if one is interested in tightening the upper bound, one can increase the value of

b′max in a new search, to allow for covering more structures. In the latter case, where

a stopping set of weight s
(u)
min has already been found, one should set amax = s

(u)
min − 1,

for the new search.
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Algorithm 9 Finding an upper bound s
(u)
min on the stopping distance of Tanner graph

G with variable degree dv and girth g.

1: Inputs: G, g, dv.
2: Initializations: Set amax = a0, b

′
max = g/2(dv − 2) for variable-regular codes, or

b′max = 4 for irregular codes, and s
(u)
min =∞.(For irregular codes, dv = dvmin

.)
3: EX =Expansions(amax, b

′
max, g, dv) (Routine 13).

4: Run Algorithm 1 for the LETS search based on the expansions in EX .
5: while the LETS search is running do
6: if the run-time exceeds T , then
7: Stop the LETS search, and go to Step 25.
8: end if
9: if a LETS in an (a, 0) class is found, where a < s

(u)
min, then

10: Stop the LETS search, set s
(u)
min = a.

11: end if
12: end while
13: INETS= NetsSrch(ILETS, amax, bmax = 4)
14: while the NETS search is running do
15: if a NESS of size a is found, where a < s

(u)
min, then

16: Stop the NETS search, set s
(l)
min = a.

17: end if
18: end while
19: if s

(u)
min =∞, then

20: b′max = b′max + 1, and go to Step 3.
21: end if
22: if s

(u)
min <∞, but looking for a tighter bound, then

23: b′max = b′max + 1, amax = s
(u)
min − 1, and go to Step 3.

24: end if
25: Output: s

(u)
min.
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10.4 Numerical results

We have applied our technique to find lower and upper bounds on the stopping

distance of a large number of variable-regular and irregular LDPC codes. These

include both random and structured codes with a wide range of rates and block

lengths. Here, we present the results for 20 variable-regular and 8 irregular codes.

These codes and their parameters can be seen in Tables 10.3 and 10.4. In Tables

10.3 and 10.4, for the cases where the exact smin is found, this value is reported in

the column corresponding to the lower bound, and we have “-” in the upper bound

column. Otherwise, the value LSS3 is reported as the lower bound, and the upper

bound is obtained using the non-exhaustive search algorithms. In such cases, the value

b′max that has been used to provide the upper bound is reported in the last column of

the table. For all cases, the run-time to obtain the lower and upper bounds are also

reported. For structured codes, their structural properties are used to simplify the

search. These codes are C10, C13−C20 in Table 10.3, and C21−C26, in Table 10.4. Also,

for all cases, the letter e or n is reported in brackets to indicate whether the smallest

SS found in the search algorithm is elementary or non-elementary, respectively.

We note that the lower bounds (or the exact stopping distances) are all obtained

in times that are at most about 16 minutes, and in many cases, only in a few seconds.

The upper bounds are obtained in at most about 35 minutes, and in many cases, less

than 4 minutes. Using a computer with Core 2 Duo E6700 2.67GHz CPU and 2 GB

of RAM, it took the search algorithm of [40], about 600 and 3085 hours to provide

an upper bound on the stopping distance of C1 and C3, respectively. In comparison,

it has taken our non-exhaustive dpl search algorithm only 5 and 34 minutes to find

the same upper bounds for C1 and C3, respectively. Also the exact stopping distance

of C1 has been reported in [70], which is matched with the bound reported here (the

run-time has not been reported in [70]).

To the best of our knowledge, the upper bound for random codes C2 and C4 have

not been reported in the literature so far. It takes our algorithm only 43 seconds to

find the exact stopping distance of C4, a random high rate code with block length

1057. We believe that the run times reported here would be much less than those of

any existing search algorithm. In fact, in our opinion, no existing algorithm would

be able to handle C9, which is a code of rate 0.87 and block length 16383. It takes

about only 2 and 3 minutes to provide the lower and upper bounds of 7 and 9 for this
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Table 10.3: Stopping Distance or Bounds on the Stopping Distance of some Variable-
Regular LDPC Codes

Code dv Girth Rate Length Lower Bound Upper Bound b′max

C1 [57] 3 6 0.5 504
smin ≥ 7
−−−
5 sec.

16(n)
−−−
5 min.

4

C2 [57] 3 6 0.5 816
smin ≥ 7
−−−
6 sec.

24(n)
−−−
6 min.

4

C3 [57] 3 6 0.5 1008
smin ≥ 7
−−−
6 sec.

26(n)
−−−
34 min.

5

C4 [57] 3 6 0.77 1057
7(n)
−−−
43 sec.

- -

C5 [58] 3 6 0.75 2000
6(e)

−−−
15 sec.

- -

C6 [58] 3 6 0.77 3000
smin ≥ 7
−−−
48 sec.

8(e)
−−−
1 min.

4

C7 [58] 3 6 0.8 5000
6(e)

−−−
28 sec.

- -

C8 [58] 3 6 0.81 8000
smin ≥ 7
−−−
51 sec.

14(e)
−−−
23 min.

4

C9 [57] 3 6 0.87 16383
smin ≥ 7
−−−
209 sec.

9(n)
−−−
3 min.

3

C10 [80] 3 8 0.41 155
smin ≥ 13
−−−
6 sec.

18(n)
−−−
45 sec.

4

C11 [43] 3 8 0.5 504
smin ≥ 13
−−−
363 sec.

19(n)
−−−
10 min.

5

C12 [43] 3 8 0.5 1008
smin ≥ 13
−−−
245 sec.

37(n)
−−−
35 min.

5

C13 [85] 3 8 0.88 4000
8(e)

−−−
73 sec.

- -

C14 [81] 3 8 0.82 5219
12(e)
−−−
913 sec.

- -

C15 [84] 3 10 0.5 546
14(e)
−−−
42 sec.

- -

C16 [69] 3 12 0.5 4896
24(e)
−−−
729 sec.

- -

C17 [85] 4 8 0.69 1274
8(e)

−−−
10 sec.

- -

C18 [85] 4 8 0.77 2890
smin ≥ 17
−−−
468 sec.

20(e)
−−−
9 min.

10

C19 [85] 5 8 0.23 210
10(e)
−−−
4 sec.

- -

C20 [85] 5 8 0.75 8000
smin ≥ 19
−−−
154 sec.

- -
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code, respectively. Codes C5-C8 are 4 high rate random codes with variable degree

3 and girth 6 constructed by the program of [58].1 These random high rate codes

with large block lengths are challenging codes for all the existing approaches in the

literature. One can see that the exact stopping distance or the lower and upper

bounds of these codes have been reported in most cases in a few seconds. To the best

of our knowledge, except a few structured medium block length codes with rate 0.5,

no result has been reported in the literature for the relatively large block length and

high rate codes.

Also, an upper bound of 18 on the stopping distance of C10 (Tanner (155,64))

has been found in just 45 seconds which matches the exact value reported in [70].

Among the stopping distance of 7 variable-regular LDPC codes reported in [70], the

run time of only two structured small block length codes has been reported. The

stopping distance of C10 has been found in about 1 minute on a standard desktop

computer [70].

Codes C11 and C12 are two variable-regular codes constructed by PEG algorithm

[43] (available in [57]). It takes only 10 and 35 minutes to find upper bounds of

19 and 37 on the stopping distance of C11 and C12, respectively. For the purpose of

comparing the run-times, we note that, it took the algorithm of [40], about 25 hours

to find the same upper bound for C11. This bound also matches the exact stopping

distance reported in [70]. Also, to the best of our knowledge, the upper bound 37

of C12 has not been reported in the literature so far. Moreover, the exact stopping

distance of C14, a high rate structured codes with block length 5219 has been found

in just 913 seconds.

In [84], the authors constructed QC-LDPC codes that are cyclic liftings of fully-

connected 3 × n protographs, and have the shortest block length for a given girth.

Code C15 is the shortest cyclic lifting of the 3 × 6 fully-connected base graph with

girth 10, reported in [84]. We find smin of this code to be 14 in 28 seconds. Code C16 is

the Ramanujan (4896, 2448) code with g = 12. For this code, we find the exact value

of smin to be 24, in about 12 minutes. For the purpose of comparing the run-times,

we note that, it took the algorithm of [40], about 162 hours to find the same upper

bound for C16.

We tested the codes of [85], and observed that our proposed algorithm can find

the exact smin, or obtain lower and upper bounds on smin, for many of them in a

1Using code6.c with seed= 380.
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matter of seconds or minutes. For example, we have found the stopping distances of

all 18 codes with dv = 3, g = 8, R ≤ 0.88 and n ≤ 4000 (Table I of [85]), each in less

than or about one minute. The last code in that table is C13 in Table 10.3.

While most of the variable-regular codes studied in the literature, see, e.g., [70],

have dv = 3, the algorithms proposed here can find the exact stopping distance, or

provide lower and upper bounds on stopping distance of variable-regular codes with

dv > 3. As an example, we are able to provide lower bounds on, or obtain the

exact value of, smin for all the variable-regular LDPC codes provided in Tables II and

III of [85], in just a few minutes. These are codes with variable degrees 4 and 5,

respectively, and with R ≤ 0.84 and n ≤ 14750. In many cases, also, we find upper

bounds on smin for these codes. Four examples of the codes in Tables II and III of [85]

are listed as the last entries of Table 10.3.

Based on the size of stopping distance, block length, rate and degree distribution

of the reported codes in the literature [70], [68], [42], [40], we believe finding the exact

(or bounds on the) stopping distance of codes such as C3, C8, C9, C12, C14, C18 and C20

are out of the reach of their algorithms or the run times will be significantly larger

than ours.

In Section 9.4, we discussed why no lower bound is provided for irregular LDPC

codes and in Section 10.3, the search algorithm is applicable to both variable-regular

and irregular LDPC codes. We have used this search algorithm to provide an upper

bound on the stopping distance of eight irregular codes listed in Table 10.4. Codes

C21 − C26 have been adopted in standards, and Codes C27 and C28 are random codes

constructed by the PEG algorithm. Authors in [71] reported the exact stopping dis-

tance of all the IEEE 802.16e LDPC codes [101]. Our upper bound search algorithm

can find the same stopping distance for each of them, most of the time in just a few

seconds (no run-time for obtaining these results was reported in [71]).



CHAPTER 10. STOPPING DISTANCE OF LDPC CODES 176

Table 10.4: Upper Bounds on the Stopping Distance of some Irregular LDPC Codes

Code Girth Rate Length Upper Bound b′max

C21 [106] 6 0.5 128

11(n)

−−−

118 sec.

8

C22 [100] 6 0.83 648

7(n)

−−−

24 sec.

7

C23 [101] 6 0.83 1824

8(e)

−−−

203 sec.

7

C24 [101] 6 0.75 2304

12(e)

−−−

165 sec.

8

C25 [101] 6 0.67 2304

15(e)

−−−

184 sec.

7

C26 [100] 6 0.75 1944

12(e)

−−−

289 sec.

8

C27 [43] 8 0.5 1008

13(e)

−−−

21 min.

10

C28 [43] 8 0.5 2048

15(e)

−−−

20 min.

10



Chapter 11

Conclusion and Future Work

11.1 Conclusion

In this thesis, we studied all the problematic graphical structures which play impor-

tant roles in the error floor performance and error correction capability of LDPC

codes.

First, we complemented LSS characterization of LETSs. Then we proposed a

novel hierarchical graph-based expansion approach to characterize LETSs of variable-

regular LDPC codes. The proposed characterization is based on three basic expansion

techniques, dubbed, dot, path and lollipop, used in the space of normal graphs. Each

LETS structure S is characterized as a sequence of embedded LETS structures that

starts from a simple cycle, and grows in each step by using one of the three ex-

pansions, until it reaches S. It was demonstrated that the new characterization,

called dpl, is minimal, in that, none of the expansions in the sequence can be divided

into smaller expansions and still maintain the property that all the embedded sub-

structures are LETSs. Moreover, it was proved that any minimal characterization

based on embedded LETS structures must only use one of the three expansions, dot,

path and lollipop, at each step. The minimality of the characterization, allowed us to

devise search algorithms that are provably efficient in finding all the instances of (a, b)

LETS structures with a ≤ amax and b ≤ bmax, for any choice of amax and bmax, in a

guaranteed fashion. The efficiency of the search is a consequence of the fact that to

enumerate the instances of larger LETS structures, the proposed algorithm searches

for instances of smaller LETS structures that are of interest themselves, i.e., their a

and b values are in the range of interest. This is unlike the so-called LSS-based search

algorithm of [46], where a large number of instances of LETS structures with large

177
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b values need to be enumerated, not because they are of direct interest, but because

they happen to be parents of other LETS structures of interest.

We proposed a hierarchical graph-based approach in the space of normal graphs

to characterize ETSs of irregular LDPC codes. Two characterizations were proposed

both based on three simple expansion techniques, called dot, path and lollipop. The

proposed dpl characterizations, both, describe an ETS as an embedded sequence

of ETS structures that starts from a simple cycle or a single variable node, and is

expanded step by step through a combination of the three expansions to reach the

ETS under consideration. The proposed characterizations/search algorithms can be

considered as the generalization of our work on LETSs of variable-regular LDPC

codes to the cases where the code has variable nodes with a variety of degrees, and

to ETSs that are not leafless.

Moreover, we derived a lower bound on the size of non-elementary trapping sets

(NETS) of variable-regular LDPC codes. Using this bound, we demonstrated that the

size of the smallest possible NETSs is, in general, larger than that of ETSs with the

same number of unsatisfied check nodes. This provides a theoretical justification for

why NETSs are often less harmful than ETSs. To further support this claim, using the

parent-child relationships between ETSs and NETSs, we proposed an efficient search

algorithm to provide an exhaustive/non-exhaustive list of NETSs in the interest range

that the ETSs have been already searched for.

We derived tight lower and upper bounds on the minimum distance dmin of LDPC

codes. The bounds, which were established using a combination of analytical results

and search techniques, are applicable to both regular and irregular LDPC codes with

a wide range of rates and block lengths. To derive the bounds, we partitioned the

non-zero codewords into two categories of elementary and non-elementary, with the

former category being those with only degree-2 check nodes in their subgraph. We

noted that elementary codewords are LETSs, and as a result lend themselves to

efficient dpl search algorithms. We then established a lower bound Lne on the weight

of non-elementary codewords, and proposed an exhaustive dpl search of elementary

codewords with weight a in the range a ≤ Lne. If the search happened to find

an elementary codeword, then the smallest weight of such a codeword was dmin.

Otherwise, if the search failed, then a lower bound of Lne ≤ dmin was established on

dmin. For the upper bound, the dpl search of LETSs was modified to increase the

range of search for elementary codewords with larger weights at the expense of losing
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the exhaustiveness of the search.

Also, we derived tight lower and upper bounds on the stopping distance smin of

LDPC codes. Similar to the minimum distance, the bounds were established using

a combination of analytical results and search techniques. We partitioned the stop-

ping sets into two categories of elementary stopping sets (ESSs) and non-elementary

stopping sets (NESSs). We noted that ESSs and NESSs are subsets of LETSs and

NETSs, respectively and as a result lend themselves to the efficient dpl-based LETS

and NETS search algorithms. If the exhaustive search of LETSs and NETSs hap-

pened to find a stopping set, then the smallest weight of such a stopping set was

smin. Otherwise, if the search failed, then a lower bound was established on smin.

For the upper bound, the dpl search of LETSs and NETSs was modified to increase

the range of search for stopping sets with larger weights at the expense of losing the

exhaustiveness of the search.

To the best of our knowledge, the proposed dpl-based algorithms presented in this

work are the most efficient exhaustive/non-exhaustive search algorithms available for

finding the error-prone structures of LDPC codes. It is also the most general, in that,

it is applicable to codes with any degree distribution, girth, rate and block length.

The results of this thesis have been published or submitted for publication in [28],

[29], [30], [31], [32], [33], [34], [35], [36], [37].

11.2 Future Work

Insights gained from this work can enable further advancement of analysis and design

of different types of LDPC codes. As an example, a list of elementary trapping sets can

be used as the input of an importance sampling algorithm to estimate the performance

of LDPC codes in the error floor region accurately. Another example is using this list

for improving the performance of iterative decoders using some post processing. Due

to the low computational complexity of proposed dpl search algorithms, they can be

embedded in an efficient LDPC code search procedure, to find codes that are free of

small error-prone structures. Moreover, the approaches provided here can be used in

the analysis of the harmful trapping sets of non-binary LDPC and spatially coupled

LDPC codes, as well.
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