
Self-Interacting Fermionic Dark Matter with a
Scalar Mediator

by

William Scott

A thesis submitted to the Faculty of Graduate and

Postdoctoral Affairs in partial fulfilment of the

requirements for the degree of

Master of Science

in

Physics

Ottawa-Carleton Institute for Physics

Carleton University

Ottawa, Ontario

c©2016, William Scott



Abstract

Recent observations of galaxy cluster Abell 3827 reveal a spatial offset

between the galaxies and their associated dark matter halos [1]. It has been

suggested that dark matter self-interactions of strength 1.0 cm2/g � σ/m �

1.5 cm2/g could be responsible for the observed discrepancies [2]. We propose a

simple model for the dark sector consisting of a Dirac fermion and a scalar me-

diator. This dark sector is allowed to communicate with the Standard Model

through mixing of the scalar mediator with the Higgs. Examination of the dark

matter’s thermal freeze-out from p-wave annihilation, in combination with a

theoretical upper bound placed on the mediator-fermion coupling strength,

indicates that in order to satisfy the observations of Abell 3827, the media-

tor must be extremely light—between 0.69 MeV and 100 MeV—whereas the

dark matter fermion could have a mass from 0.35 GeV to 8200 GeV. Analysis

of the Higgs-mediator mixing reveals an allowed range of mediator lifetimes,

from 3.2× 10−10 s to 10−2 s.
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Table 1 – Relevant Constants

Description Symbol Value

Fine structure constant αF 7.297× 10−3

Gravitational constant G 6.674× 10−11 m3 kg−1s−2

Reduced Planck’s constant � 1.055× 10−34 J s

Boltzmann’s constant kB 1.381× 10−23 J K−1

Speed of light c 2.998× 108 m s−1

Hubble expansion rate scale factor h 0.678± 0.009

Present Hubble expansion rate H0 100000h m s−1Mpc−1

Cold dark matter density parameter ΩCDM (0.1186± 0.0020)h−2

Present CMB temperature T0 2.273 K

Fundamental unit of charge e 1.602× 10−19 C

Table 1: Relevant physical constants as given in Ref. [3]. Uncertainties are
included for those quantities that are known to fewer than four significant
figures. In all other cases, quantities are reported to four significant figures.
The quantities are expressed in SI units (1 Mpc = 3.0857 × 1022 m). For a
description of how to convert to natural units such that � = c = kB = 1, see
App. A.
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Table 2 – Particle Information

Particle Symbol Mass Charge Spin Nc

Higgs boson h 125.1 GeV 0 0 0

W boson W± 80.39 GeV ±e 1 0

Z boson Z0 91.19 GeV 0 1 0

photon γ 0 0 1 0

gluon g 0 0 1 8

up quark u ≈ 2.2 MeV 2
3
e 1/2 3

down quark d ≈ 4.7 MeV −1
3
e 1/2 3

strange quark s ≈ 96 MeV −1
3
e 1/2 3

charm quark c 1.27± 0.03 GeV 2
3
e 1/2 3

bottom quark b 4.18± 0.04 GeV −1
3
e 1/2 3

top quark t 173.21± 0.71 GeV 2
3
e 1/2 3

electron e 0.5110 MeV −e 1/2 0

muon μ 105.7 MeV −e 1/2 0

tau τ 1777 MeV −e 1/2 0

electron neutrino νe < 2 eV 0 1/2 0

muon neutrino νμ < 2 eV 0 1/2 0

tau neutrino ντ < 2 eV 0 1/2 0

Table 2: Mass, charge, spin and number of colours (Nc) of the fundamen-
tal particles of the Standard Model as given in Ref. [3]. All fermions have
associated antiparticles. Where possible, nonzero masses are reported to four
significant figures. The up, down and strange masses are notoriously imprecise;
and the charm, bottom and top masses are given as accurately as possible.
The neutrino masses are unknown. The masses are reported in natural units.
To convert to SI units, see App. A.
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Chapter 1

Introduction

The universe appears to be full of some sort of non-baryonic matter that

cannot be observed directly but that makes a very conspicuous gravitational

imprint [4]. It is called dark matter, and though a few within the scientific

community believe it might not exist and that our gravitational equations

might be incorrect at certain scales, the general consensus is that dark matter

is made up of particles. (For a pedagogical review, see Ref. [5].)

There are a number of competing theories attempting to describe the na-

ture of dark matter particles [6]. One such theory is that axions, particles orig-

inally proposed to solve a mystery within quantum chromodynamics, might

comprise dark matter. Most theories, however, postulate that dark matter is

made up of particles that interact via the weak force or by some unknown force

of similar magnitude. Termed WIMPs (Weakly Interacting Massive Particles),

these particles are thought likely to exist because of the so-called WIMP mir-
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acle, the fact that non-baryonic matter in the early universe would have had

to interact with a strength on the order of the weak scale in order for the right

amount of dark matter to exist today. (See, for example, Ref. [7].)

Recent observations of a particular galaxy cluster suggest dark matter in-

teracts with itself more strongly than it does with Standard Model particles

[1]. Given the limited evidence for the phenomenon, very few models incor-

porate dark matter self-interactions, but work has been done attempting to

explain the galaxy cluster observations with a dark matter model involving

only a single scalar particle [8]. However, that study demonstrated the need

for significant fine-tuning, in particular because the scalar could not satisfy

freeze-out requirements.

In an attempt to find a more agreeable explanation for the self-interaction

observations, we propose a model for dark matter inspired by Ref. [9] that

includes a matter-antimatter pair of spin-half fermions that interact with one

another via the exchange of a scalar mediator. In this way, self-interactions

can be on the order of the weak scale while allowing Standard Model particles

to remain largely unaffected by the dark matter. The only way the dark mat-

ter can interact with the Standard Model is through mixing of the mediator

and the Higgs boson. This mixing affects our model very little except that it

forces the dark matter to remain in thermal equilibrium with Standard Model

particles during the first few moments after the Big Bang.

This thesis is divided into four major chapters (Ch. 2, Ch. 3, Ch. 4 and
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Ch. 5), which are followed by a short concluding chapter (Ch. 6) and three

appendices (App. A, App. B and App. C). A brief description of each section

follows.

Chapter 2 first gives a general historical overview of the evidence for dark

matter. It then builds a case for studying WIMPs, and it finishes by explaining

the argument for dark matter self-interactions, providing a quantified range

of possible interaction strengths.

Chapter 3 establishes the model we use to explain the self-interactions and

goes on to lay down the amplitudes for the scattering and annihilation pro-

cesses. By employing the scattering amplitudes to derive the scattering cross

section, a relationship between the dark matter fermion mass, the mediator

mass and the mediator-fermion coupling constant is obtained within a region

set by the range of allowed interaction strengths provided in Ch. 2.

Chapter 4 explains the concept of freeze-out. It is shown that the anni-

hilation cross section is required in order to perform a freeze-out calculation,

and so a thermally averaged version of the annihilation cross section is de-

rived. In order to achieve the correct relic abundance of dark matter, it is

demonstrated that the previously-mentioned coupling constant must depend

on the fermion’s mass. This information is ultimately used to eliminate the

coupling constant from the relationship obtained at the end of Ch. 3, and

thereby to provide a strict relationship between the fermion mass and the

mediator mass. The mediator mass turns out to be very light, and so it be-
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comes apparent that a low-velocity approximation made in Ch. 3 needs to be

revisited. After correcting for the poor approximation, it is shown that the

fermion mass has a maximum range imposed by a theoretical upper bound

on the coupling constant, limiting the allowed mass for both the fermion and

the mediator.

Chapter 5 describes the effect of introducing mixing between the mediator

and the Higgs. Justification is provided for leaving the mixing unaddressed in

previous chapters, and an allowed region of lifetimes and masses for the medi-

ator is obtained by way of experimental constraints from Higgs decays. This,

combined with a maximum mediator lifetime set by Big Bang nucleosynthesis,

sets a lower bound on the mediator mass, which in turn may be used to set a

lower bound on the dark matter fermion mass.

Chapter 6 is a concluding chapter that summarizes the main results and

ties everything together.

Appendix A explains natural units, the units primarily used in this thesis,

and relates them to the more well-known SI units.

Appendix B outlines the Runge-Kutta computational method and elabo-

rates on how it is applied in Ch. 4.

Finally, App. C provides expressions for a pair of difficult integrals in Ch.

4.
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Chapter 2

Dark Matter

For the better part of a century, it has been clear that the majority of mat-

ter in the universe cannot be seen directly; rather, its existence may only be

inferred by virtue of its gravitational effect upon that which is visible. Such a

state of affairs is not without precedent, for during the nineteenth century, an

eighth planet, along with its location, was predicted thanks to the otherwise

inexplicable behaviour of Uranus [10]. It was clear that some undiscovered

body was gently tugging upon the gas giant, and soon after the prediction

of the eighth planet’s location was made, Neptune was discovered. In simi-

lar fashion, dark matter is thought to account for what would otherwise be

a series of large-scale gravitational anomalies. Unlike Neptune, however, ev-

idence suggests that dark matter is made up not of baryons, but of some

as-yet undiscovered particle or particles that, thanks to their extremely feeble

interactions, are likely all but impossible to detect experimentally.
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2.1 Evidence

In the early 1930s, astronomers knew that celestial bodies existed outside the

Milky Way galaxy, but the exact nature of those bodies had not yet been

determined. At the time, the faint collections of stars and dust were called

extragalactic nebulae [11], and though some believed they were galaxies just

like our own, no one knew for sure. It was with great vigour, then, that the

scientific community made use of different investigative techniques in an effort

to uncover the nebulae’s secrets.

One such technique was astronomical spectroscopy. Spectroscopy works by

noting that a given gas, such as hydrogen, absorbs and emits only particular

wavelengths of light. This information may subsequently be used to determine

the chemical composition of some sample material. For example, say there is

a distant star with a relatively cool outer-atmosphere composed primarily of

hydrogen. The interior of the star essentially behaves as a black body, emitting

the full spectrum of light. While it may be true that most of the luminosity

is centred within a fairly narrow range of wavelengths as determined by the

star’s temperature, and that the luminosity decays for increasing or decreasing

wavelengths, nowhere in this spectrum should the luminosity discontinuously

drop. However, as the light leaves the star’s interior and passes through the

atmosphere, some particular wavelengths, which correspond to hydrogen’s ab-

sorption spectrum, are absorbed, leaving “holes” for observers to detect here
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on Earth [12, 13]. In this way, it is possible to determine the chemical com-

position of stars’ atmospheres.

While being able to describe what chemical elements exist in a far-off ce-

lestial body—and in what proportions—is in itself a marvellous achievement,

the astronomers of the early twentieth century could do even more with spec-

troscopy. As previously stated, gasses have their own signatures in the form

of absorption and emission spectra. Taking again the example of the star with

the hydrogen atmosphere, imagine that the star moves directly away from

Earth at some velocity, v. Then the Doppler effect comes into play, and the

observed wavelengths, λobs, corresponding to the absorption spectrum of hy-

drogen, will be shifted from the source wavelengths, λsrc, as detailed in the

following formula [14]:

λobs = λsrc

√
1 + v

c

1− v
c

, (2.1)

where c is the speed of light in a vacuum. By recognizing that the stellar

atmosphere displays hydrogen’s absorption spectrum, just shifted away from

what would be the case were the star stationary relative to Earth (see Fig.

2.1), it is possible to find the star’s velocity. This procedure is typically made

more complicated by the fact that systems do not, in general, move directly

away from Earth; but the principle remains the same: the Doppler shifted

spectra of distant bodies may be used to determine the relative velocities of

those bodies.
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Figure 2.1: A pictorial representation of hydrogen’s absorption lines. The solid
lines represent the spectral signature in the reference frame of the source,
whereas the dashed lines represent the spectral signature as seen by an ob-
server. In this case, the source is receding from the observer, so the received
light becomes stretched by the Doppler effect, resulting in longer wavelengths.
This is known as a redshift (as opposed to a blueshift). The disparity between
the solid and dashed lines may be used to calculate the velocity of the source
relative to the observer.

After having employed the technique of astronomical spectroscopy, Fritz

Zwicky published a paper in 1933 [11] detailing his findings concerning a group

of approximately 800 extragalactic nebulae, which scientists now know to be

galaxies, called the Coma Cluster. He found that in order for the galaxies to

be moving at their recorded velocities, there would need to be more than 400

times as much mass within the cluster than the mass that could be attributed

to the visible stars. He was therefore able to state that dark matter, matter

that apparently does not radiate, must make up a much greater proportion of

the universe than does luminous matter.

Since then, observations have continued to support Zwicky’s claim that

most of the matter in the universe is invisible to us and only detectable by

virtue of its gravitational imprint. This state of affairs is perhaps nowhere so
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evident as in the form of a galactic rotation curve, a plot of the tangential

velocity, vt, of stars orbiting a host galaxy as a function of their distance, r,

from its centre. If M is the mass of the galaxy and m is the mass of one of

the stars that lies beyond the galactic disk (see Fig. 2.2), then vt should be

readily calculable by applying Newton’s Laws. (Of course, the same laws work

inside the galactic disk, but within the disk M is variable and proportional to

the mass that lies within the star’s orbit.) The gravitational force on the star,

Fg, is thus given by

Fg =
GMm

r2
,

where G is the gravitational constant of the universe. Because the star under-

goes (approximately) circular motion, it may be written that

m
vt

2

r
=

GMm

r2
.

Rearranging yields

vt =

√
GM

r
,

implying that

vt ∝ 1√
r
. (2.2)

The above result, which suggests that vt should fall off as 1/
√

r for large

r, stands in sharp contrast with the observed result, where vt stays roughly

constant or even increases for increasing r. (A typical example may be seen

9



Figure 2.2: A diagram showing the pertinent elements for rotational curves.
On the left is a galaxy of mass M , and on the right is a star of mass m. The
orbital velocity of the star, vt, is a function of the star’s distance from the
galactic centre, r.

in Fig. 2.3.) Consequently, it appears that dark matter is bound to galaxies

in spherical halos that extend well beyond the galaxies’ visible outer reaches

[15, 16, 17].

Another technique that has been used to map out dark matter is gravita-

tional lensing. Sufficiently massive objects bend light to a detectable degree.

Suppose there is some particularly dense region of dark matter that lies be-

tween Earth and a bright star. Then the dark matter behaves in a fashion

similar to a lens, bending the light from the star behind it and focusing it

onto astronomers’ telescopes. Depending on the configuration of the system,

observers may see multiple images of the distant star, typically in the form

of bright arcs. By using Einstein’s results from general relativity, then, it is

possible to discern the mass and distribution of the dark matter “lens” [18].

An example of gravitational lensing is provided in Fig. 2.4.

These various observational methods have helped to further quantify the
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tv
observed

expected

Figure 2.3: Typical contrast between the observed rotation curve of a galaxy
in the presence of dark matter (solid line) and the expected rotation curve in
its absence (dashed line).

Figure 2.4: An example of gravitational lensing from NASA [19]. Distant galax-
ies are lensed by a foreground galaxy cluster and consequently show up as
bright arcs.
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amount of dark matter in the universe. Roughly, it can be said that the uni-

verse is composed of only 5% regular, baryonic matter, while a full 26% is in

the form of dark matter [15]. The remaining 69% is in the form of dark energy,

which is responsible for the accelerated expansion of the universe [20]. (The

dark part of dark energy is meant to elicit the same sense of bewilderment

about the phenomenon as does the same word in dark matter, but that is

where the similarities end.)

2.2 Composition

It has been established that most of the matter in the universe is dark.

Moreover, the distribution of dark matter within the universe has been well-

catalogued. Despite these findings, however, the precise nature of dark matter

remains a mystery. Theories attempting to explain what might actually com-

prise dark matter abound, but physical proof in support of these theories is

markedly lacking.

In broad terms, there are three main possibilities when it comes to dark

matter composition. The first is that it does not exist at all. While most

physicists postulate that dark matter must fill the universe in order to account

for its perceived gravitational effects, some say the problem lies with gravity

itself. Thus there have been multiple proposed modified theories of gravity,

each endeavouring to explain phenomena such as galactic rotation curves,
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merging cluster dynamics and otherwise inexplicable examples of gravitational

lensing. As observational evidence has increased, many modified theories of

gravity have necessarily been left behind, but unless dark matter is explicitly

identified through some uncontroversial experiment, there will likely always

be a modified theory of gravity as an alternative [16].

At present, one such theory is Scalar-Tensor-Vector-Gravity (or STVG)

[21], which contends that General Relativity is not applicable at larger scales,

specifically scales beyond the size of individual star systems. At the heart of

the theory is the notion that gravity is actually much stronger than described

in General Relativity, but that there is also a repulsive gravitational force

mediated by a very light, spin-1 vector field. This repulsive gravitational field

masks the attractive one at smaller scales, effectively making the attractive

gravitational force appear weaker than it really is. This theory and others like

it, however, typically suffer from difficulty explaining gravitational lensing.

Moving away from modified theories of gravity, the second possibility for

dark matter is that it is just regular baryonic matter (matter made up of

protons and neutrons) that is too cold to be readily detected by telescopes on

Earth. This matter could take the form of dust, very faint stars or even planets

that are not bound to star systems. As it turns out, however, this explanation

has been largely discredited thanks to cosmological evidence [16, 22]. For one,

in order to arrive at the large-scale structure of the universe as it is today, it

seems that non-baryonic dark matter is required; for if the dark matter of the

13



early universe were replaced by baryonic matter, the baryonic matter would

not start clumping until relatively late in the universe’s evolution, thereby

slowing the structure-formation process and leaving the universe looking quite

different than it does today. Furthermore, the amount of deuterium in the

universe suggests that dark matter cannot be baryonic. To wit, deuterium is

only destroyed and is never created in astrophysical processes. In addition, the

amount of deuterium in the early universe should be proportional to the overall

amount of baryonic matter. Since deuterium is destroyed at a known rate, it

follows that too much baryonic matter in the early universe means too much

deuterium at present. These arguments, combined with other cosmological

principles, make it very unlikely that dark matter is made up of baryons [22].

That leaves the final possibility for dark matter, that it is made up of

particles, typically WIMPs (Weakly Interacting Massive Particles). These are

theoretical particles that would account for most, if not all, of the dark matter

in the universe. Clearly WIMPs would have to be electrically neutral, lest they

would be detectable by virtue of their absorption and emission of electromag-

netic waves [20]. They would thus interact only via the weak force through the

exchange of W and Z bosons. Alternatively, they might exchange some as-yet

undiscovered mediator that would allow for a similar strength of interaction.

If this latter option is the case, a whole so-called dark sector might exist [23].

It is informative here to consider the discovery of the neutrino, a very light,

uncharged lepton that only interacts with other particles via the weak force.
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In 1931, Pauli was studying beta decays, and he noted that the laws of con-

servation of energy and momentum seemed to be violated in the beta decay

process. He therefore hypothesized the existence of a particle that would par-

ticipate in the decay and correct for any missing energy and momentum. This

particle was later named the neutrino, but its actual experimental discovery

was still decades away [14].

There are parallels to be drawn here with dark matter. Just as in the case

of the neutrino, a law of the universe appears to be violated. In the case of the

neutrino, the affront came in the form of violated conservation laws; for dark

matter, it is General Relativity that seems to misbehave. It is quite possible,

then, that WIMPs might fill in the gaps, just as did neutrinos in the case

of beta decays. Indeed, one could ask whether neutrinos might themselves

solve the dark matter problem. After all, neutrinos are weakly-interacting,

and they are massive, if only slightly. Just as in the case of baryonic matter,

however, well-grounded cosmological models show that such a large number

of neutrinos in the early universe would lead to a universe with very different

properties from what we observe today. Furthermore, because neutrinos are so

light, they move at relativistic speeds, and it is impossible that such particles

would settle in galactic halos and in other dark matter structures [16, 22].

Of course, there is the remote possibility that dark matter does not in-

teract in any way save via the gravitational force, but then discovering it

experimentally would be nearly impossible [20]. Thus it seems reasonable for

15



particle physicists to assume that dark matter is composed of WIMPs and to

make predictions accordingly.

2.3 Self-Interactions

Direct detection experiments have placed tight upper bounds on the strength

of interaction between dark matter particles and particles of the Standard

Model. However, there is no reason that dark matter cannot interact with

itself to some appreciable degree within the dark sector [1].

Even so, upper bounds have been placed on such interactions. Consider

the Bullet Cluster, which consists of a pair of galaxy clusters that passed

through one another millions of years ago. It is evident upon examination of

the clusters that during their collision, much of the intergalactic gas and dust

contained in each was stripped away as it impacted the gas and dust of the

other. The result is a pair of clusters conspicuously lacking the intergalactic

medium one would expect to find. Instead, each cluster has a massive region

of plasma trailing behind it [24].

Now, if dark matter self-interactions were as strong as the self-interactions

of the clusters’ intergalactic media, one would expect to find the dark matter

distributions coinciding with the trailing, visible masses. Conversely, if the

dark matter self-interactions were weaker, but not so weak that the dark

matter halos would stay on top of the clusters’ galaxies, then one would expect
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to detect the invisible mass somewhere between the galaxies and the trailing

masses. Instead, it appears that the dark matter halos remain unseparated

from the gas-stripped galaxies to within a certain degree of certainty. This

in and of itself provides excellent evidence that dark matter is made up of

WIMPs, for many modified theories of gravity have a hard time explaining

why the gas clouds, which should make up most of the mass of the system,

contain so much less mass than the stripped galaxies. In any event, the fact

that the dark matter and stripped galaxies remain physically unseparated in

the Bullet Cluster puts an upper limit on the self-interaction cross section (a

measure of interaction likelihood) of dark matter, which may be quantified by

stating that [24]

σ/m � 1 cm2/g, (2.3)

where σ is the self-interaction cross section and m is the mass of the dark

matter particle.

On the other hand, in contrast with the trend of evidence suggesting that

dark matter either does not self-interact or does so quite weakly, recent obser-

vations of the cluster Abell 3827 have tentatively demonstrated the existence

of measurable dark matter self-interactions [1]. The observed region consists

of four elliptical galaxies, each with its own dark matter halo. The galaxies

are falling through a region with an appreciable dark matter background, and

it is expected that, should self-interactions occur, a drag force should tug

17



Figure 2.5: A schematic representation of the findings from Ref. [1]. The black
dot represents one of the four elliptical galaxies. Note how the contour lines,
which depict regions of equal mass density, converge on a point to the left of
the galaxy’s location.

upon the dark matter halos, thereby leading to a spatial offset between the

halos and their host galaxies. This effect was documented through the use

of gravitational lensing techniques, and is pronounced in at least one of the

four galaxies. A schematic representation of the effect is provided in Fig. 2.5.

This observation dictates that if short-range self-interactions are responsible

for the offset, then dark matter should have a scattering cross section falling

within the range [2]

1.0 cm2/g � σ/m � 1.5 cm2/g, (2.4)

which does not agree with Eq. (2.3), but at least does not exceed the limit by

orders of magnitude.
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There are other possible explanations for the observations of Abell 3827.

Most notably, it could be that increased star formation is occurring in regions

of compacted gas, causing an average off-centre brightness within the galaxies

[1]. However, if the effect is truly the result of dark matter self-interactions,

it will have far-reaching consequences in the fields of astronomy and particle

physics.
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Chapter 3

A Candidate Model

The apparent dark matter self-interactions within Abell 3827 [1] demand ex-

planation. We wish to demonstrate whether a simple dark matter model might

account for the observations while also surviving various cosmological and ex-

perimental constraints. To that end, no set of quantities is more important

than the interaction cross sections, a set of quantities that quantify the likeli-

hood of scattering and annihilation events. Armed with these cross sections, it

will ultimately be possible to either reject our model outright or to show that

it might be representative of the natural world somewhere within a specified

parameter space; but, before that can happen, the model must be built and

the cross sections derived.
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3.1 Particles and Feynman Rules

We propose a relatively simple model for dark matter in which the candidate

particle has a spin of one half and is denoted by χ. The fact that it is a spin-1
2

particle implies that it is a fermion, just like baryons, leptons and quarks—the

fundamental bits of matter in the Standard Model. Furthermore, we specify

that the χ is a Dirac fermion, meaning its antiparticle is distinct from itself

(as opposed to a Majorana fermion). In keeping with conventions, we name

this antiparticle χ̄ [20].

In order to account for the observed self-interactions, we add a media-

tor to our model, a scalar boson (spin 0) denoted by φ. Though the known

mediators—gluons, photons and W and Z bosons—are all vector bosons [20],

we decide to make the φ a scalar for simplicity and so that it might mix with

the Higgs. In doing so, our dark matter is given a pathway to annihilate to

Standard Model particles, thereby allowing us to model its thermal freeze-out

[15], a process that shall be discussed further in Ch. 4. Together the χ, χ̄ and

φ make up the dark sector. This model is similar to one developed in Ref.

[9], though, unlike in Ref. [9], we have the express goal of accommodating

self-interactions.

It is now prudent to enumerate the ways in which these particles are al-

lowed to interact with one another. To wit, consider the Lagrangian density

for fields, L. Classically, the Lagrangian is a quantity that, when incorporated
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into the Euler-Lagrange equation, allows one to derive the equations of mo-

tion for a system. The methodology is equivalent to analysis using Newtonian

mechanics, but often the Lagrangian route is the simpler of the two. When

dealing with fields, the equivalent of the Euler-Lagrange equation is

∂

∂μ

⎛
⎝ ∂L

∂
(

∂ai

∂μ

)
⎞
⎠ =

∂L
∂ai

, (3.1)

where μ is a spacetime coordinate and ai is the ith field. When it comes to

interactions, the most useful Lagrangian that can be written for our model is

the dark matter interaction Lagrangian density, LDM int, which is given by

LDM int = −gχ̄χφ− 1

3!
g̃φφφ, (3.2)

where χ, χ̄ and φ are the fields that generate their respective particles and

g and g̃ are coupling constants. Note that the 3! in the denominator of the

second term is included for convenience because there are 3! = 6 ways of

arranging three identical φ particles in a three-way interaction such that the

overall process looks identical. To illustrate, imagine that one high-energy φ

decays into two lower-energy φs. If the ingoing φ is labelled φ1 and the two

outgoing φs are labelled φ2 and φ3, then switching the labels around in any

of the six possible ways has no bearing whatsoever on the process; the labels

are utterly interchangeable.
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The dark matter interaction Lagrangian density of Eq. (3.2) is needed in

order to draw the Feynman diagrams for this model, and Feynman diagrams

are integral to the calculation of cross sections for scattering events. Far from

simple schematics of particle reactions, Feynman diagrams may be decoded

into precise mathematical statements through the application of the relevant

Feynman rules. These mathematical statements may subsequently be used to

calculate the amplitude, M, of a reaction, which is a crucial aspect of cross

section calculations.

Here it will be sufficient to list the Feynman rules that arise through con-

sideration of the particle types in our proposed model, as well as the interac-

tions apparent upon investigation of Eq. (3.2). (See Ref. [25] for details.) The

Feynman rules are shown below:

1. Propagators

scalar :

q

=
i

q2 −mφ
2

fermion :

p

=
i(/p + mχ)

p2 −mχ
2

2. Vertices
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= −ig

= −ig̃

3. External Legs

q

= 1

q

= 1

p

= u(p) (spinor)

p

= ū(p) (spinor)

p−−→
= v(p) (spinor)
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p←−−
= v̄(p) (spinor)

The above list contains several symbols that demand explanation. Firstly, i

is the imaginary unit such that i =
√−1. Secondly, p and q are four-momenta

defined in such a way that if particle A has energy EA and momentum p

and particle B has energy EB and momentum q, then p = (EA,p) and q =

(EB,q). Thirdly, mχ and mφ are the masses of the χ (or equivalently the χ̄)

and the φ, respectively. Fourthly, the spinors are four-component objects that

encapsulate the spin part of the free-particle solutions to the Dirac equation,

the quantum mechanical equation that governs free fermions. Furthermore, the

u spinors correspond to particles, and the v spinors correspond to antiparticles.

Finally, the “slash” notation has the following interpretation:

/p = pμγ
μ, (3.3)

where Einstein summation convention is followed and the gamma matrices
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are defined as follows:

γ0 =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

1 0 0 0

0 1 0 0

0 0 −1 0

0 0 0 −1

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

γ1 =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

0 0 0 1

0 0 1 0

0 −1 0 0

−1 0 0 0

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

γ2 =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

0 0 0 −i

0 0 i 0

0 i 0 0

−i 0 0 0

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

γ3 =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

0 0 1 0

0 0 0 −1

−1 0 0 0

0 1 0 0

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

. (3.4)

It is simpler to write the 4× 4 gamma matrices in a compact 2× 2 format by

making use of the Pauli spin matrices:

γ0 =

⎡
⎢⎢⎣1 0

0 −1

⎤
⎥⎥⎦ and γi =

⎡
⎢⎢⎣ 0 σi

−σi 0

⎤
⎥⎥⎦ , (3.5)

where i runs from 1 to 3. It is also useful here to define γ5 [20, 25] such that

γ5 = iγ0γ1γ2γ3. (3.6)
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3.2 Amplitudes

It has now twice been stated that the cross section for a given particle inter-

action quantifies the likelihood of that interaction’s occurrence, but a precise

explanation has not been given, so at this point an exact definition is in order.

If there are two beams of particles, beam A and beam B, that are heading

toward one another, and if beam A has particle density ρA and length lA and

beam B has particle density ρB and length lB, and furthermore if A is the

overlapping area shared by the two beams and N is the number of scattering

events that occur, then the cross section of the interaction is given by σ, where

[25]

σ =
N

ρAρBlAlBA . (3.7)

To simplify matters, consider only cases with two final-state particles. Be-

cause the products emerge with variable momenta, σ can only be determined

by way of the differential cross section

dσ

d3p1 d3p2

, (3.8)

where p1 and p2 are the momenta of the outgoing particles. This quantity

may be further constrained by noting that conservation laws allow only certain

energies and momenta to emerge, and so the only truly free parameters are the

polar and azimuthal angles for one of the particles, θ and φ. The quantity of
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interest, then, is dσ
dΩ

, where dΩ = sin θ dθ dφ is the solid angle differential. For

the special case of two ingoing particles with four-momenta p and p′ and two

outgoing particles with four-momenta k and k′, the differential cross section

is given by [25]

(
dσ

dΩ

)
CM

=
1

2Ep2Ep′|vp − vp′|
|k|

(2π)24ECM

|Mp,p′→k,k′|2, (3.9)

where the CM subscript implies that the system should be examined in the

centre-of-mass frame, Ep and Ep′ are the energies of the ingoing particles, vp

and vp′ are the velocities of those same particles, ECM is the centre-of-mass

energy, |k| is the magnitude of the momentum of an outgoing particle and M

is the amplitude of the process.

Upon inspection of Eq. (3.9), it would appear that calculating cross sec-

tions is a trivial matter; but, quite to the contrary, finding M is a lengthy

and oftentimes difficult undertaking. It is therefore prudent to go through

one amplitude calculation in fine detail. Subsequent derivations, however, will

be skipped in an effort to avoid unnecessary tedium, and only the main re-

sults will be shown. Furthermore, explicit cross section expressions will not

be derived until necessary because their complete calculation often involves

approximations. The amplitudes for the processes χχ → χχ, χ̄χ → χ̄χ and

χ̄χ → φφ, however, will be calculated analytically insofar as is possible in

this section. That way, the amplitudes in this section may be used for future
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reference without the need to recall which approximations were and were not

involved.

Amplitude for χχ → χχ

The first step in calculating this amplitude is to find the quantity iM, which

is the sum of the relevant Feynman diagrams [25]. Labels p, p′, k, k′, q and

q′ indicate particle momenta, and we adopt the convention that time runs

upward in all diagrams. The two, summed diagrams for the χχ → χχ process

are shown below:

p p′

k

q

k′

χ

χ

χ

χ

+

p p′

k′

q′

k

χ

χ

χ

χ

To convert the diagrams into mathematical expressions, one must run

along the fermion lines against the directional arrows, writing down the corre-

sponding Feynman rules from Sec. 3.1 for the lines and vertices as they appear

and multiplying them together in that order [25]. Thus,

iM =− ū(k)(−ig)u(p)
i

q2 −mφ
2
ū(k′)(−ig)u(p′)

+ ū(k′)(−ig)u(p)
i

q′2 −mφ
2
ū(k)(−ig)u(p′). (3.10)

29



Note the negative sign in front of the first term. It was introduced to account

for the fact that the outgoing lines in the diagrams are crossed relative to each

other [25].

Performing some minor algebra on Eq. (3.10) and taking the absolute

square of both sides leads to

|M|2 = g4

[
1

(q2 −mφ
2)2

ū(p)u(k)ū(p′)u(k′)ū(k)u(p)ū(k′)u(p′)

+
1

(q′2 −mφ
2)

2
ū(p)u(k′)ū(p′)u(k)ū(k′)u(p)ū(k)u(p′)

− 1

(q2 −mφ
2)(q′2 −mφ

2)
ū(p)u(k)ū(p′)u(k′)ū(k′)u(p)ū(k)u(p′)

− 1

(q2 −mφ
2)(q′2 −mφ

2)
ū(p)u(k′)ū(p′)u(k)ū(k)u(p)ū(k′)u(p′)

]
.

(3.11)

As it turns out, in order to match experiment, |M|2 is not actually substituted

into Eq. (3.9). Rather, the quantity of interest is

1

2

∑
spins p

1

2

∑
spins p′

∑
spins k

∑
spins k′

|M|2,

where the sums are run over the spins of the particles with the indicated

momenta. This altered amplitude is meant to reflect experiment; the experi-

menter does not know which spin—up or down—the ingoing fermions carry,

and so she averages over the ingoing spins. At the same time, she does not

care what spins the outgoing particles carry, only that the reaction occurs and
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outgoing particles actually exist, so she sums over all outgoing particle events

[25]. Adapting Eq. (3.11) accordingly yields

1

4

∑
spins

|M|2 =
g4

4

∑
spins p

∑
spins p′

∑
spins k

∑
spins k′

[

1

(q2 −mφ
2)2

(
ū(p)u(k)ū(k)u(p)

)(
ū(p′)u(k′)ū(k′)u(p′)

)

+
1

(q′2 −mφ
2)

2

(
ū(p)u(k′)ū(k′)u(p)

)(
ū(p′)u(k)ū(k)u(p′)

)

− 1

(q2 −mφ
2)(q′2 −mφ

2)

(
ū(p)u(k)ū(k)u(p′)ū(p′)u(k′)ū(k′)u(p)

)

− 1

(q2 −mφ
2)(q′2 −mφ

2)

(
ū(p)u(k′)ū(k′)u(p′)ū(p′)u(k)ū(k)u(p)

)]
.

(3.12)

The spinors in Eq. (3.12) have been rearranged into a more useful order by

moving them in pairs, which is permitted because the spinors with bars are

single-row matrices and the spinors without bars are single-column matrices.

The form of Eq. (3.12) is useful because of the following two trace theorems

[25]: ∑
spins p

u(p)ū(p) = /p + mχ and
∑

spins p

v(p)v̄(p) = /p−mχ, (3.13)

where it is implied that mχ is multiplied by the 4×4 identity matrix. Note

that the second equation does not come into play here. It is, however, used in

the other amplitude calculations.

Moving on, it would be ideal if the first of Eqs. (3.13) could be immediately

applied to Eq. (3.12). Unfortunately, the factors in the large parentheses, while
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almost in the necessary form, are not quite right. Specifically, each of these

factors ends with a u that needs to be somehow brought to the front so that all

pairs of u and ū sharing the same four-momentum argument are side-by-side.

This rearrangement cannot be done so long as the u variables remain spinors,

so indices are added to allow examination of individual terms. For brevity,

consider just the first of the terms enclosed in parentheses in Eq. (3.12), along

with its associated summations. It may be shown that

∑
spins p

∑
spins k

ūa(p)1abub(k)ūc(k)1cdud(p)

=
∑

spins p

ud(p)ūa(p)1ab

∑
spins k

ub(k)ūc(k)1cd

= (/p + mχ)da1ab(/k + mχ)bc1cd, (3.14)

where 1 is just the identity matrix. Given that the last line begins and ends

with the same index, it is clear that it is just the sum of the diagonal com-

ponents of the matrix it comprises. The sum of the diagonal components of a

matrix is its trace, and the trace of a matrix A is written Tr(A). Therefore, the

factor enclosed in the first pair of parentheses in Eq. (3.12) may be written

Tr
[
(/p + mχ)(/k + mχ)

]
, (3.15)
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and, by extension, Eq. (3.12) becomes

1

4

∑
spins

|M|2 =

g4

4

{
1

(q2 −mφ
2)2

Tr
[
(/p + mχ)(/k + mχ)

]
Tr
[
(/p′ + mχ)(/k′ + mχ)

]

+
1

(q′2 −mφ
2)

2
Tr
[
(/p + mχ)(/k′ + mχ)

]
Tr
[
(/p′ + mχ)(/k + mχ)

]

− 1

(q2 −mφ
2)(q′2 −mφ

2)

(
Tr
[
(/p + mχ)(/k + mχ)(/p′ + mχ)(/k′ + mχ)

]

+ Tr
[
(/p + mχ)(/k′ + mχ)(/p′ + mχ)(/k + mχ)

])}
. (3.16)

The next order of business is to work out the traces, a task made easier

through careful exploitation of the following facts [25]:

Tr(1) = 4,

Tr(γμγν) = 4gμν and

Tr(γμγνγργσ) = 4(gμνgρσ − gμρgνσ + gμσgνρ), (3.17)

where gμν is the Minkowski metric tensor such that

gμν =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

1 0 0 0

0 −1 0 0

0 0 −1 0

0 0 0 −1

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

. (3.18)
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In addition to the above rules, it should be further noted that any trace of

an odd number of gamma matrices is automatically zero. Also, recall that

/p = pμγ
μ.

With all these definitions and rules established, it is now possible to find

the traces in Eq. (3.16). The results are listed below:

Tr
[
(/p + mχ)(/k + mχ)

]
= 4(p · k + mχ

2),

Tr
[
(/p′ + mχ)(/k′ + mχ)

]
= 4(p′ · k′ + mχ

2),

Tr
[
(/p + mχ)(/k′ + mχ)

]
= 4(p · k′ + mχ

2),

Tr
[
(/p′ + mχ)(/k + mχ)

]
= 4(p′ · k + mχ

2),

Tr
[
(/p + mχ)(/k + mχ)(/p′ + mχ)(/k′ + mχ)

]
= 4
[
(p · k)(p′ · k′)− (p · p′)(k′ · k′)

+(p · k′)(k · p′) + mχ
2(p · k′ + p′ · p′ + p · k + k′ · p′ + k′ · k + p′ · k) + mχ

4
]

and

Tr
[
(/p + mχ)(/k′ + mχ)(/p′ + mχ)(/k + mχ)

]
= 4
[
(p · k′)(p′ · k)− (p · p′)(k · k)

+(p · k)(k′ · p′) + mχ
2(p · k + p′ · p′ + p · k′ + k · p′ + k · k′ + p′ · k′) + mχ

4
]
.

(3.19)

It is particularly noteworthy here that the final two traces are identical.

Simple investigation of the left-most vertices of the two Feynman diagrams

above Eq. (3.10) at the start of this section reveals that q = p − k and

q′ = p − k′. In terms of the various four-momenta, then, the amplitude from
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Eq. (3.16) is

1

4

∑
spins

|M|2 = 2g4

{
2(p · k + mχ

2)(p′ · k′ + mχ
2)[

(p− k)2 −mφ
2
]2

+
2(p · k′ + mχ

2)(p′ · k + mχ
2)[

(p− k′)2 −mφ
2
]2 − (p · k′)(p′ · k)− (p · p′)(k · k) + (p · k)(k′ · p′)[

(p− k)2 −mφ
2
][

(p− k′)2 −mφ
2
]

− mχ
2(p · k + p′ · p′ + p · k′ + k · p′ + k · k′ + p′ · k′) + mχ

4[
(p− k)2 −mφ

2
][

(p− k′)2 −mφ
2
]

}
. (3.20)

This is not the end of the story, however, for it is far more useful to work

out cross section amplitudes in terms of energy, mass and scattering angles.

It is therefore necessary to examine the kinematics of the scattering event. A

diagram of a typical scattering event is shown in Fig. 3.1. Two χ particles with

four momenta p and p′ collide in the centre-of-mass frame along the z axis.

It follows that, because the particles are identical, they have equal energies.

Each particle thus has energy E, where ECM = 2E. The magnitude of the

particles’ momenta ought to be equal in this frame, so

p = (E, 0, 0, |p|) and p′ = (E, 0, 0,−|p|). (3.21)

After the particles interact, they fly off at an angle θ as depicted in Fig.

3.1, where the x axis is chosen so that θ lies in the x-z plane. In addition,

conservation of energy dictates that the outgoing particles, which are of equal

mass, should each have energy E. Moreover, because the two final-state par-

ticles have the same mass and energy as the two initial-state particles, they
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Figure 3.1: Two equal-mass particles in the centre-of-mass frame with four-
momenta p and p′ interact in a scattering event and emerge with four-momenta
k and k′ at scattering angle θ. The ingoing particles are taken to move along
the z axis, and the x axis is chosen such that θ lies in the x-z plane.

should each have magnitude of momentum |p|. With these pieces of informa-

tion established, a bit of trigonometry reveals that

k = (E, |p| sin θ, 0, |p| cos θ) and k′ = (E,−|p| sin θ, 0,−|p| cos θ). (3.22)

All of this is sufficient to convert Eq. (3.20) to the desired form. To that

end, given that E2 = |p|2+mχ
2 and that for four-momenta a = (Ea, ax, ay, az)

and b = (Eb, bx, by, bz), a·b = aμgμνb
ν = EaEb−axbx−ayby−azbz, the following
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equations may be derived:

p · p′ = 2E2 −mχ
2,

p · k = E2(1− cos θ) + mχ
2 cos θ,

p · k′ = E2(1 + cos θ)−mχ
2 cos θ,

p′ · k = E2(1 + cos θ)−mχ
2 cos θ,

p′ · k′ = E2(1− cos θ) + mχ
2 cos θ,

k · k′ = 2E2 −mχ
2,

(p− k)2 = 2(E2 −mχ
2)(cos θ − 1) and

(p− k′)2
= −2(E2 −mχ

2)(cos θ + 1). (3.23)

These equations may be used in tandem with Eq. (3.20) to give

1

4

∑
spins

|Mχχ→χχ|2 =4g4

{[
E2(1− cos θ) + mχ

2(1 + cos θ)

2(E2 −mχ
2)(1− cos θ) + mφ

2

]2

+

[
E2(1 + cos θ) + mχ

2(1− cos θ)

2(E2 −mχ
2)(1 + cos θ) + mφ

2

]2

− (E2 −mχ
2)

2
(cos2 θ − 1) + 4E2mχ

2

4(E2 −mχ
2) [mφ

2 − (E2 −mχ
2)(cos2 θ − 1)] + mφ

4

}
.

(3.24)

Note that this amplitude should be identical to the amplitude for the process

χ̄χ̄ → χ̄χ̄.
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Amplitude for χ̄χ → χ̄χ

The Feynman diagrams for this scattering process are shown below:

p

k′
→

→

p′

q

k

χ

χ

χ̄

χ̄

+

p

k′↑k

q′

p′ ↑
χ

χ

χ̄

χ̄

Applying the Feynman rules gives

iM =− v̄(p′)(−ig)u(p)
i

q2 −mφ
2
ū(k)(−ig)v(k′)

+ v̄(p′)(−ig)v(k′)
i

q′2 −mφ
2
ū(k)(−ig)u(p), (3.25)

where q = p + p′ and q′ = p− k. As in the χχ → χχ case, there is a relative

minus sign between the terms.

Going through the very same logic as before—taking the absolute square of

both sides, doing the trace calculations and applying the relevant kinematics

to the interaction—leads to the following amplitude:

1

4

∑
spins

|Mχ̄χ→χ̄χ|2 =4g4

{
4

(
E2 −mχ

2

4E2 −mφ
2

)2

+

[
E2(1− cos θ) + mχ

2(1 + cos θ)

(E2 −mχ
2)(1− cos θ) + mφ

2

]2

+ 2
(E2 −mχ

2)
2 − (E4 −mχ

4) cos θ

(4E2 −mφ
2) [2(E2 −mχ

2)(1− cos θ) + mφ
2]

}
.

(3.26)
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Amplitude for χ̄χ → φφ

This is the annihilation process. In allowing a three-way interaction scaled by

g̃ between the φ particles, a third diagram called the s-channel process, so

named because of its relation to the Mandelstam variables [25], is included.

The three diagrams are shown below:

p

k

q

p′ ↑

k′

χ

φ

χ̄

φ

+

p

k′

q′

p′ ↑

k

χ

φ

χ̄

φ

+

p

q′′

→

p′

k k′

χ

φ

χ̄

φ
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The diagrams indicate that

iM =v̄(p′)(−ig)
i(/q + mχ)

q2 −mχ
2
(−ig)u(p)

+ v̄(p′)(−ig)
i(/q′ + mχ)

q′2 −mχ
2

(−ig)u(p)

+ v̄(p′)(−ig)u(p)
i

q′′2 −mφ
2
(−ig̃), (3.27)

where q = p − k, q′ = p − k′ and q′′ = p + p′. After going through the

lengthy process of taking the absolute square and subsequently figuring out

the kinematics, it may be shown that

1

4

∑
spins

|Mχ̄χ→φφ|2 =

g4

[
2E4 − 2E2mφ

2 − 8mχ
4 − 8mχ

2z cos θ + 8E2mχ
2 − 2z2 cos2 θ

(−2E2 + 2z cos θ + mφ
2)2

+
2E4 − 2E2mφ

2 − 8mχ
4 + 8mχ

2z cos θ + 8E2mχ
2 − 2z2 cos2 θ

(−2E2 − 2z cos θ + mφ
2)2

+
16E2mχ

2 − 16mχ
4 − 4E4 + 4E2mφ

2 + 4z2 cos2 θ

(−2E2 + 2z cos θ + mφ
2) (−2E2 − 2z cos θ + mφ

2)

]

+ g3g̃

[
8mχE2 − 8mχ

3 − 4mχz cos θ

(−2E2 + 2z cos θ + mφ
2)(4E2 −mφ

2)

+
8mχE2 − 8mχ

3 + 4mχz cos θ

(−2E2 − 2z cos θ + mφ
2)(4E2 −mφ

2)

]
+ g2g̃2 2E2 − 2mχ

2

(4E2 −mφ
2)2

,

(3.28)

where

z2 = (E2 −mχ
2)(E2 −mφ

2).

40



3.3 Scattering in the Non-Relativistic Limit

With the amplitudes in hand, it is now possible to calculate the cross sections.

Since the interactions between dark matter particles in Abell 3827 should be

primarily scattering interactions, the annihilation cross section need not be

calculated right away. The scattering cross section, on the other hand, is worth

deriving here in order to obtain an interesting relationship between mχ, mφ

and g.

So far, every calculation has been exact, but comparison of Eq. (3.24) and

Eq. (3.26) with Eq. (3.9) foreshadows a pair of rather cumbersome integrals.

Fortunately, it should be possible to work in the non-relativistic limit because,

as established in Ch. 2, dark matter needs to be quite cold in order to settle

into galactic halos [16, 22]. So long as mφ is large compared to the momentum

of the χ, it makes sense to let the χ momentum simply go to zero because

E2 = |p|2 + mχ
2, and if the dark matter velocity, v, goes to zero, so too does

the momentum, |p|. Working in the low-velocity limit, then, is equivalent to

letting E approach mχ in Eq. (3.24) and Eq. (3.26). Upon investigation of

those equations, it becomes clear that this approximation should only become

problematic if mφ is very small. (Later on in Ch. 4, it will be shown that the

φ is, in fact, quite light. The scattering cross section will therefore eventually

need to be revisited.)

Working in the limit where E → mχ allows for a dramatic simplification
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of Eq. (3.24):

lim
v→0

1

4

∑
spins

|Mχχ→χχ|2 =

(
2gmχ

mφ

)4

. (3.29)

Furthermore, investigation of Eq. (3.26) reveals that

lim
v→0

1

4

∑
spins

|Mχ̄χ→χ̄χ|2 =

(
2gmχ

mφ

)4

(3.30)

as well.

To write the cross section for the χχ → χχ process, one need simply take

the amplitude, substitute it into Eq. (3.9) and integrate, yielding

σχχ→χχ =

∫ π

0

∫ π

0

1

2Ep2Ep′|vp − vp′|
|k|

(2π)24ECM

(
2gmχ

mφ

)4

sin θ dθ dφ. (3.31)

Here the azimuthal angle is taken from 0 to π instead of from 0 to 2π. This is

to correct for the outgoing particles being identical; integrating over the full

solid angle would count all the particle interactions twice, once for each of the

two χs that emerge from a single scattering event.

To simplify the integral expression, recall that the kinematics were done

in the centre-of-mass frame. It follows that Ep = Ep′ = E, ECM = 2E,

|vp − vp′| = 2v and |k| = mχv. Making these substitutions while setting

E = mχ and tidying everything up leads to

σχχ→χχ =
mχ

2g4

8πmφ
4
. (3.32)
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This cross section is the same for the χ̄χ̄ → χ̄χ̄ interaction, which is clear

because the relevant Feynman diagrams for the χ̄χ̄ → χ̄χ̄ process are the

same as the ones for the χχ → χχ process, just with the directional arrows

running in opposite directions.

Because the amplitudes for the χχ → χχ and χ̄χ → χ̄χ processes are

precisely identical in the non-relativistic limit, the cross sections will turn out

identical as well, save for a factor of two introduced by running the azimuthal

angle from 0 to 2π for the χ̄χ → χ̄χ case. Thus,

σχ̄χ→χ̄χ = 2σχχ→χχ =
mχ

2g4

4πmφ
4
. (3.33)

Assuming the χ and χ̄ particles exist in equal abundances, the total scat-

tering cross section, σscatt, should be a simple average. Therefore,

σscatt =
σχχ→χχ + σχ̄χ̄→χ̄χ̄ + σχ̄χ→χ̄χ + σχ̄χ→χχ̄

4
, (3.34)

and, because σχχ→χχ = σχ̄χ̄→χ̄χ̄ and σχ̄χ→χ̄χ = σχ̄χ→χχ̄,

σscatt =
σχχ→χχ + σχ̄χ→χ̄χ

2
=

3mχ
2g4

16πmφ
4
, (3.35)

which may be rearranged to show that

mφ

g
=

[
3mχ

16π
(

σscatt

mχ

)
] 1

4

. (3.36)
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Figure 3.2: Constraints on mφ/g based on observation of galaxy cluster Abell
3827 [1]. The allowed region is shaded and is defined by taking σscatt/mχ to
lie between 4600 and 6900 GeV−3 [2]. We assume an equal abundance of χ
and χ̄ particles.

Constraints on the quantity σscatt/mχ, which arose from observations of

galaxy cluster Abell 3827, were provided in Eq. (2.4) [1, 2]. Converting the

units (see App. A) leads to

4600 GeV−3 �
σscatt

mχ

� 6900 GeV−3. (3.37)

It is thus possible to plot mφ/g as a function of mχ (see Fig. 3.2) within a

band of tolerance given by Eq. (3.37). Inspection of Fig. 3.2 reveals that mφ

remains relatively light for increasing mχ, assuming g is not too large.

Further constraints may be placed upon this model, most notably those
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arising through consideration of the thermal history of dark matter over cos-

mological time scales, which is the subject of the next chapter. Indeed, the

upcoming thermal history calculations act as an independent method to ob-

tain a relationship between mχ and g. As such, it will eventually be possible

to eliminate g from Eq. (3.36) entirely.
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Chapter 4

Thermal Relics

The present abundance of dark matter can be directly correlated with the an-

nihilation cross section of its particles. As the universe cooled and expanded

following the Big Bang, dark matter particles and antiparticles became in-

creasingly dispersed, rarely running into one another. Eventually, a point was

reached where annihilations essentially stopped, thereby leaving a so-called

thermal relic abundance of dark matter particles. As a general rule, the higher

the annihilation cross section, the lower the present abundance ought to be.

The goal of this chapter is to use this information to eliminate g from Eq.

(3.36).
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4.1 Freeze-Out

In the very first moments of the Big Bang, the universe was in a state of

approximate thermal equilibrium [15]. During the earliest epochs, the energy

density of the universe was so high that particles were produced as often as

they were destroyed. As such, the overall number of particles of a given particle

species remained essentially fixed. As the universe continued to expand and

cool, however, particle production became increasingly rare. Thus annihilation

processes began to outweigh production processes, decreasing the number of

particles available [26].

For particles that interact via the electromagnetic force or the strong nu-

clear force, particle annihilations would have continued until far fewer of them

remained than are in existence today. Only the matter-antimatter asymme-

try of baryons and charged leptons saved them from near extinction [15, 26].

However, hypothetical particles that interact with a strength on the order of

the weak scale (such as WIMPs) would have stopped annihilating with one

another long ago due to their relatively feeble interaction strength. Thus any

particular species of weakly-interacting particles should have, at some point,

ceased tracking thermal equilibrium and should therefore have frozen out,

leaving behind a thermal relic.

In order to calculate the relic abundance of a given dark matter candidate,

it will be helpful to define a couple of parameters [26]. The first is the entropy
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density per comoving volume, s:

s =
2π2

45
dfsT

3, (4.1)

where T is temperature and dfs is the effective number of degrees of freedom

associated with the entropy density. The second is the expansion rate of the

universe, H, which is given during times of radiation dominance by

H =

√
8π3G

90
dfT 4, (4.2)

where G is the gravitational constant and df is the effective number of rela-

tivistic degrees of freedom associated with the energy density of the universe.

It will be elucidating here to go into a little more detail concerning dfs

and df (denoted by gs and gρ in Ref. [26]). A plot of df as a function of

T is given in Fig. 4.1. It is apparent from the plot that a hotter universe

has more relativistic degrees of freedom associated with the energy density, a

consequence of more particles being in thermal equilibrium with the universal

heat bath. Fortunately, for all but the very lightest dark matter masses under

consideration in this thesis (mχ < 10 MeV), dfs is equivalent to df prior

to freeze-out, and so any distinction between the two parameters need not be

incorporated into the freeze-out model [26]. (In fact, by the end of Ch. 5 it will

become clear that the allowed masses for the χ all fall between 10 MeV and
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Figure 4.1: The effective number of relativistic degrees of freedom associated
with the energy density of the universe, df , as a function of temperature, T .
The functional form is taken from Appendix C of Ref. [27]. The plot clearly
shows that when the universe is cooler, there are fewer degrees of freedom,
which is a result of particles decoupling from the heat bath. From left to right,
the first major rise in df may be attributed to the quantum chromodynamic
(QCD) transition and the second to the electroweak transition [26].

10 TeV, the range of masses given in Ref. [26] that permits setting dfs = df .)

With these quantities established, the relic abundance equation may be

written as [26]

dY

dx
=

s〈σannvrel〉
Hx

[
1 +

1

3

d(ln dfs)

d(ln T )

] (
Yeq

2 − Y 2
)
, (4.3)

where Y = n/s, and n is the number density of dark matter particles per

comoving volume, meaning that the effect of diminishing particle number

density due to the expansion of the universe has no impact on Y . Further-
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more, x = m/T , where m is the dark matter mass. As such, x works rather

like time because x has inverse-temperature dependence, and the universe’s

temperature decreases monotonically throughout its evolution. The parameter

〈σannvrel〉 is the thermal average of the annihilation cross section multiplied

by the relative velocity between dark matter particles, henceforth referred to

simply as the thermally averaged annihilation cross section. Finally, Yeq is the

number density per unit entropy of dark matter particles per comoving vol-

ume when those particles are in thermal equilibrium with the universal heat

bath. It is given by [26]

Yeq =
45

2π4

(π

8

)1/2 dfχ

dfs

x3/2e−x, (4.4)

where dfχ is the effective number of degrees of freedom associated with the

dark matter candidate.

As it happens, the derivative in the parentheses of Eq. (4.3) contributes

very little, and so it may be neglected, leaving

dY

dx
=

s〈σannvrel〉
Hx

(
Yeq

2 − Y 2
)
. (4.5)

The goal is to solve this differential equation given some specified 〈σannvrel〉

and to see if the resulting Y value at present is consistent with the observed

dark matter relic abundance, thereby determining what value of 〈σannvrel〉 is
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correct [26]. As such, it will now be useful to find 〈σannvrel〉 in terms of the

model parameters from Ch. 3.

4.2 Deriving 〈σannvrel〉

It was shown in Eq. (3.28) that the amplitude for the χ̄χ → φφ process is

given by

1

4

∑
spins

|Mχ̄χ→φφ|2 =

g4

[
2E4 − 2E2mφ

2 − 8mχ
4 − 8mχ

2z cos θ + 8E2mχ
2 − 2z2 cos2 θ

(−2E2 + 2z cos θ + mφ
2)2

+
2E4 − 2E2mφ

2 − 8mχ
4 + 8mχ

2z cos θ + 8E2mχ
2 − 2z2 cos2 θ

(−2E2 − 2z cos θ + mφ
2)2

+
16E2mχ

2 − 16mχ
4 − 4E4 + 4E2mφ

2 + 4z2 cos2 θ

(−2E2 + 2z cos θ + mφ
2) (−2E2 − 2z cos θ + mφ

2)

]

+ g3g̃

[
8mχE2 − 8mχ

3 − 4mχz cos θ

(−2E2 + 2z cos θ + mφ
2)(4E2 −mφ

2)

+
8mχE2 − 8mχ

3 + 4mχz cos θ

(−2E2 − 2z cos θ + mφ
2)(4E2 −mφ

2)

]
+ g2g̃2 2E2 − 2mχ

2

(4E2 −mφ
2)2

, (4.6)

where

z2 = (E2 −mχ
2)(E2 −mφ

2). (4.7)

In order to find the corresponding cross section, the same logic as in Sec. 3.3

may be applied. Unfortunately, working in the low-velocity limit is out of the
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question, as

lim
vrel→0

1

4

∑
spins

|Mχ̄χ→φφ|2 = 0, (4.8)

so the first step will be to integrate over cos θ.

By defining the momenta as in Eq. (3.27) and noting the form of Eq. (3.31)

in Sec. 3.3, it may be shown that

σχ̄χ→φφ =

∫ π

0

∫ π

0

1

2Ep2Ep′|vp − vp′|
|k|

(2π)24ECM

(
1

4

∑
spins

|Mχ̄χ→φφ|2
)

sin θ dθ dφ,

(4.9)

where Ep = Ep′ = E, ECM = 2E, |vp − vp′| = 2v = vrel, |p| = mχvrel/2 =

√
E2 −mχ

2 and |k| =
√

E2 −mφ
2. Simplifying leads to the following equa-

tion:

σann = σχ̄χ→φφ =
mχ(E2 −mφ

2)

256πE3z

∫ 1

−1

1

4

∑
spins

|Mχ̄χ→φφ|2 d cos θ. (4.10)

The integral in Eq. (4.10) is difficult and tedious but ultimately solvable
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through the use of partial fractions. The result is given by

σann =
mχg4

256πE3 (E2 −mχ
2)

{
− 4z +

(
− 3E2 +

3

2
mφ

2 − 4mχ
2

+
8E2mχ

2 − 8mχ
4 − 2E4 + 2E2mφ

2

−2E2 + mφ
2

)
ln

∣∣∣∣−2E2 + mφ
2 + 2z

−2E2 + mφ
2 − 2z

∣∣∣∣
+
(
mφ

2 − 4mχ
2
)(1

2
mφ

2 − 2mχ
2

)(
1

−2E2 + mφ
2 + 2z

− 1

−2E2 + mφ
2 − 2z

)}

+
mχ

128πE3(E2 −mχ
2)

[
− g3g̃

4zmχ

4E2 −mφ
2

+ g3g̃
2mχE2 − 4mχ

3 + mχmφ
2

4E2 −mφ
2

ln

∣∣∣∣−2E2 + mφ
2 + 2z

−2E2 + mφ
2 − 2z

∣∣∣∣+ g2g̃2 z(2E2 − 2mχ
2)

(4E2 −mφ
2)2

]
.

(4.11)

Clearly, Eq. (4.11) is far more unwieldy than, for example, Eq. (3.35).

In order to rein in Eq. (4.11), it will be necessary to make some simplifying

assumptions. First, it has already been noted that unless the coupling factor g

is very large, mφ must be very small compared to mχ (see Fig. 3.2). As will be

seen later, g cannot be overly large, so setting mφ = 0 in the annihilation cross

section should be acceptable. Thus Eq. (4.11)—multiplied by vrel in keeping
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with the goal of finding 〈σannvrel〉—reduces to

σannvrel =
g4

128πE3|p|

{
− 4z +

(
−2E2 − 8mχ

2 + 4
mχ

4

E2

)
ln

∣∣∣∣E2 − z

E2 + z

∣∣∣∣
+ 4mχ

4

(
1

E2 + z
− 1

E2 − z

)}
+

1

64πE3|p|

{

g3g̃mχ

(
1

2
− mχ

2

E2

)
ln

∣∣∣∣E2 − z

E2 + z

∣∣∣∣− g3g̃
zmχ

E2
+ g2g̃2 z

8E2

(
1− mχ

2

E2

)}
.

(4.12)

The next step is to take Eq. (4.12) and write it to leading order in vrel. To

do so, it will be useful to employ relativistic expressions for the energies and

momenta. Thus E = γmχ and |p| = γmχvrel/2, where γ is the Lorentz factor

defined by

γ =
1√

1− vrel
2

4

. (4.13)

It follows that z = γ2mχ
2vrel/2. Making use of these expressions, rather than

their non-relativistic counterparts, is not strictly necessary; however, doing so

interestingly leads to a much simpler derivation of Eq. (4.12) to leading order

in vrel.

Proceeding is best accomplished by first breaking Eq. (4.12) into several
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parts:

P1 =
g4

128πE3|p| ,

P2 =− 4z,

P3 =− 2E2 − 8mχ
2 + 4

mχ
4

E2
,

P4 = ln

∣∣∣∣E2 − z

E2 + z

∣∣∣∣,
P5 =4mχ

4

(
1

E2 + z
− 1

E2 − z

)
,

P6 =
1

64πE3|p| ,

P7 =g3g̃mχ

(
1

2
− mχ

2

E2

)
,

P8 =− g3g̃
zmχ

E2
and

P9 =g2g̃2 z

8E2

(
1− mχ

2

E2

)
. (4.14)

These parts should subsequently be written in terms of vrel and γ. Applying

the aforementioned relativistic expressions for energy and momentum, it may

55



be shown that

P1 =
g4

64πmχ
4

1

γ4

1

vrel

,

P2 =− 2γ2mχ
2vrel,

P3 =mχ
2

(
−2γ2 − 8 +

4

γ2

)
,

P4 = ln

∣∣∣∣1− vrel/2

1 + vrel/2

∣∣∣∣,
P5 =− 4vrel,

P6 =
1

32πmχ
4

1

γ4

1

vrel

,

P7 =g3g̃mχ

(
1

2
− 1

γ2

)
,

P8 =− g3g̃
mχvrel

2
and

P9 =g2g̃2 1

16
vrel

(
1− 1

γ2

)
. (4.15)

Next, if Eq. (4.12) is written as a sum of the terms t1 = P1P2, t2 = P1P3P4,
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t3 = P1P5, t4 = P6P7P4, t5 = P6P8 and t6 = P6P9, then

t1 =− g4

32πmχ
2

1

γ2
,

t2 =
g4

32πmχ
2

(
− 1

γ2
− 4

γ2
+

2

γ6

)(
1

vrel

)(
ln

∣∣∣∣1− vrel/2

1 + vrel/2

∣∣∣∣
)

,

t3 =
−2g4

32πmχ
2

1

γ4
,

t4 =
g3g̃

32πmχ
3

(
1

2γ4
− 1

γ6

)(
1

vrel

)(
ln

∣∣∣∣1− vrel/2

1 + vrel/2

∣∣∣∣
)

,

t5 =
g3g̃

32πmχ
3

(−1

2γ4

)
and

t6 =
g2g̃2

512πmχ
4

(
1

γ4
− 1

γ6

)
. (4.16)

Now,

1

γ2
= 1− vrel

2

4
,

and to quadratic order in vrel,

1

γ4
= 1− vrel

2

2
and

1

γ6
= 1− 3vrel

2

4
.

In addition, performing a Taylor series expansion on the logarithmic term

yields

ln

∣∣∣∣1− vrel/2

1 + vrel/2

∣∣∣∣ = −vrel − vrel
3

12

to cubic order. Adding all the t terms together while simultaneously making

the above substitutions gives a σannvrel accurate to second order in vrel. The
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constant terms cancel, which is consistent with the fact that the amplitude

goes to zero in the low-velocity limit. This leaves

σannvrel =
3g4vrel

2

128πmχ
2
− 5g3g̃vrel

2

768πmχ
3

+
g2g̃2vrel

2

2048πmχ
4
. (4.17)

The annihilation cross section has been vastly simplified, yet there is one

more step worth pursuing. For simplicity, we set the coupling g̃ to zero. Given

that the mass of the φ is so very low, it stands to reason that the s-channel

diagram should be highly suppressed anyway [20, 25]. To wit, if the s-channel

process is to occur, then the virtual φ must carry the energy of the annihilating

dark matter particles, an amount of energy greatly exceeding that which a

real φ could carry. As a result, the virtual φ would have to be far off its mass

shell. This effect may be seen quantitatively by investigating the form of the

Feynman rule for the scalar propagator in Sec. 3.1; clearly, the greater the

difference between mφ and q, the larger the denominator in the Feynman rule

will become. This effect ultimately leads to a suppression of the process, so it

will be sufficient here to set g̃ = 0 and ignore this contribution. Thus the final

form of the annihilation cross section is given by

σannvrel =
3g4vrel

2

128πmχ
2
. (4.18)
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To make Eq. (4.18) more compact, the variable α is defined such that

α =
3g4

128πmχ
2
. (4.19)

Then

σannvrel = αvrel
2. (4.20)

With Eq. (4.20) so succinct, the machinery of statistical mechanics may at

last be used to derive the thermal average of σannvrel.

The probability, Pi, of state i arising with energy Ei from amongst a dis-

crete set of states is given by the canonical probability distribution,

Pi =
e−Ei/kBT∑
j e−Ej/kBT

, (4.21)

where j runs over all states, kB, the Boltzmann constant, is equal to 1 in

natural units and the numerator is called the Boltzmann factor [28]. To find

the thermal average of the annihilation cross section, it is first necessary to

specify the energy of a particular state. The energy is, of course, the centre-

of-mass energy given by ECM = 2E = 2 (mχv2/2) = mχvrel
2/4. Now, because

vrel is a continuous variable, an integral version of Eq. (4.21) is required. To

this end, integrating the Boltzmann factor over all possible vrel leads to a
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probability density function [29]:

1 =

∫ 2π

0

∫ π

0

∫ ∞

0

Ne−mχvrel
2/4T vrel

2 sin θ dvrel dθ dφ, (4.22)

where N is a normalization constant. Performing the solid angle integration

leads to

1 = 4πN

∫ ∞

0

e−mχvrel
2/4T vrel

2 dvrel, (4.23)

which contains a Gaussian integral. In general, the solution for a Gaussian

integral with even powers of x is given by [30]

∫ ∞

0

x2ne−x2/a2

dx =
√

π
(2n)!

n!

(a

2

)2n+1

, (4.24)

where n is an integer. Taking this general solution and applying it to the case

of Eq. (4.23) yields

N =
( mχ

4πT

) 3
2

. (4.25)

Taking note of Eq. (4.20), Eq. (4.22) and Eq. (4.25), the thermally averaged

annihilation cross section is

〈σannvrel〉 =

∫ 2π

0

∫ π

0

∫ ∞

0

αvrel
2
( mχ

4πT

) 3
2

e−mχvrel
2/4T vrel

2 sin θ dvrel dθ dφ,

(4.26)

and, again making use of Eq. (4.24) in order to perform the integration, it
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follows that

〈σannvrel〉 = 6α
T

mχ

. (4.27)

4.3 Determining α

As stated earlier, the goal of this chapter is to eliminate g from Eq. (3.36).

With Eq. (4.19) and Eq. (4.27) established, it is clear that that goal will soon

be accomplished. All that is left now is to determine α as a function of mχ,

the prescription for which was detailed in Sec. 4.1. To reiterate, Eq. (4.5) must

be solved for a given combination of 〈σannvrel〉 and mχ; then the resulting Y

value at late times is compared against current dark matter relic abundance

observations. Thanks to Eq. (4.27), the problem of finding the 〈σannvrel〉 that

corresponds to a given mχ immediately reduces to the problem of finding the

α value that does so. To be precise, substitution of Eq. (4.1), Eq. (4.2) and

Eq. (4.27) into Eq. (4.5) gives

dY

dx
=

(
6αdfs

√
π

45Gdf

)(
Yeq

2 − Y 2
) mχ

x3
, (4.28)

which has parameters α and mχ and is entirely a function of x, as is clear

upon investigation of Eq. (4.4) and Fig. 4.1.

In a majority of models, σannvrel works out to a constant to leading order

in vrel. In such cases, the annihilation is said to be an s-wave annihilation,
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referring to the orbital angular momentum of the initial state. Alternatively,

annihilation cross sections that are proportional to vrel
2 at leading order, as

is the case for our model, are said to be p-wave annihilations [31]. In solving

Eq. (4.28)—using, for example, the fourth-order Runge-Kutta technique (see

App. B)—it is generally less computationally taxing to address the p-wave

case than the s-wave case. In either instance, however, the process is identical.

One starts by assuming the dark matter particles are in thermal equilibrium

(Y = Yeq) at x � 1, and then Y is generated for increasing x. This is continued

until long after freeze-out occurs in order to compare Y with observation [26].

To make the comparison, a numerical value for Y at present needs to be

obtained. Let a zero subscript denote the present-day value of a given variable.

Then [26, 32, 33]

Y0 =
135

16π3

ΩCDMH0
2

GmχdfsT0
3
, (4.29)

where ΩCDM is the cold dark matter density parameter. It is important to note

here that at present time dfs = 3.91 [33], which is different from the value of

df during the current stage of the universe’s evolution. Using the currently

accepted values for all the parameters (see Table 1) and taking mχ = 100 GeV

for a sample point yields

Y0(mχ =100 GeV) = 4.31× 10−12. (4.30)

With Eq. (4.30) now identified as the condition for success, a solution to
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Figure 4.2: A depiction of thermal freeze-out when the dark matter mass
is taken to be 100 GeV and dfχ = 4. Arriving at the correct present relic
abundance as given in Eq. (4.30) requires that α = 1.41× 10−8 GeV−2.

Eq. (4.28) may be found. A plot of the solution is given in Fig. 4.2. The plot

depicts the freeze-out process for the sample case where mχ = 100 GeV. The

effective number of degrees of freedom for our dark matter candidate, dfχ, is

set to 4 because there is one Dirac fermion (manifesting as χ and χ̄) with two

spins. It is instructive to note how the dark matter relic density curve (solid)

tracks the thermal equilibrium curve (dashed) until freeze-out occurs, when

the line subsequently veers away and runs flat. The overall effect is the same

as in the s-wave case, save that the p-wave curve tracks equilibrium a little

longer before taking a sharper turn at freeze-out.

The input α = 1.41× 10−8 GeV−2 was chosen to arrive at the solution in

Fig. 4.2. In this very same manner, Y may be matched with Y0 for each value

of mχ, ultimately leading to the ability to find α for all mχ. In principle this
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Figure 4.3: A plot of the parameter α from Eq. (4.27) as a function of the
dark matter mass. In this case, dfχ = 4, which matches our model. The data
used to generate this plot was taken from Ref. [27].

process could be accomplished using the fourth-order Runge-Kutta technique

just as in Fig. 4.2, but that is a very time-consuming proposition; for, in order

to perform the integration, the step size needs to be extremely small (see

App. B). Better is to use the so-called Möbius scheme to solve the differential

equation, which, though more complicated, is designed specifically to deal with

differential equations such as Eq. (4.28). See Ref. [27] for more information

on the Möbius scheme. Here it will suffice to demonstrate the end result of its

use, which is shown in Fig. 4.3.
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4.4 A Relationship Between mχ and mφ

With α determined as a function of mχ, it is now possible to write g as a

function of mχ through rearranging Eq. (4.19) and isolating g:

g =

(
128πmχ

2α

3

) 1
4

. (4.31)

Before relating Eq. (4.31) to Eq. (3.36), however, one important point should

be established. Earlier it was stated that g cannot be a very large number.

That statement will now be made quantitative by way of setting an upper

bound on g.

To set the limit, it is important to first consider the decay process φ→ χ̄χ

[34]:

q

k
→p

φ

χ χ̄

Although 2mχ is greater than mφ, rendering the decay nonphysical, a theoret-

ical upper bound on g may still be established. From the Feynman diagram,

then,

iM = ū(p)(−ig)v(k), (4.32)
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and working through the kinematics leads to

∑
spins

|M|2 = 2g2(mφ
2 − 4mχ

2). (4.33)

At this point, it is the decay width, Γ, rather than the cross section, that

is of interest. The decay width is the probability per unit time that a given

particle will decay, and the general formula for the decay width of a scalar

boson A of mass mA that decays to a pair of non-identical fermions, each with

momentum p, is given by [20]

Γ =
|p|

8πmA
2

∑
spins

|M|2. (4.34)

Using this formula in tandem with Eq. (4.33) and recalling that p2 = E2−mχ
2,

while also noting that E = mφ in this case, leads to

Γφ→χ̄χ =
g2

πmφ
2

(
1

4
mφ

2 −mχ
2

) 3
2

. (4.35)

The Feynman diagram shown for this decay process should capture the

amplitude of the decay to high precision, but it is only a first order approxi-

mation [25]. There are higher-order Feynman diagrams with loops that could

also be taken into account if more precision were required. To keep it so that

higher-order Feynman diagrams do not contribute more to the decay width

than the simpler Feynman diagrams—to keep the calculation perturbative—a
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boundary should be imposed on the quantity Γφ→χ̄χ/mφ. In keeping with Ref.

[34], that boundary is given by

Γφ→χ̄χ

mφ

<
1

2
, (4.36)

which, taking note of Eq. (4.35), implies that

g2

πmφ
3

(
1

4
mφ

2 −mχ
2

) 3
2

<
1

2
(4.37)

or

g2 <
πmφ

3

2
(

1
4
mφ

2 −mχ
2
)3/2

. (4.38)

Maximizing the right-hand side of Eq. (4.38) allows for the loosest possible

bound, so mχ is taken to be zero. Given that g is positive by definition, it

follows that

g < 2
√

π. (4.39)

The limit on g now established, Eq. (4.31) may be combined with Eq.

(4.39) in order to describe the relationship between g and mχ. A plot of this

relationship is provided in Fig. 4.4. Note the horizontal dashed line set at

2
√

π; this limit placed on g also places a limit on mχ. Specifically,

mχ < 8200 GeV. (4.40)
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Figure 4.4: A plot of the parameter g from Eq. (4.31) as a function of mχ.
The function takes its form because only a particular value of g for a given
mχ results in the correct dark matter relic abundance via thermal freeze-out.
A perturbativity limit of 2

√
π is placed on the function as indicated by the

horizontal dashed line, which forces mχ to be less than 8200 GeV.
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Figure 4.5: A plot comparing the mass of the mediator particle (the φ) to the
mass of the dark matter particle (the χ). The allowed region is shaded and
is defined by taking σscatt/mχ to lie between 4600 and 6900 GeV−3 [2]. The
dashed vertical line represents a boundary imposed by Eq. (4.40). This plot
turns out to be inaccurate because working in the low-velocity limit in order
to simplify σscatt is a poor approximation when mφ turns out so very small.
See Fig. 4.6 for an accurate portrayal of the relationship between the masses.

At last, it is now time to eliminate g from Eq. (3.36). To wit, combining

Eq. (4.31) with Eq. (3.36) yields the following relationship:

mφ =

⎡
⎣ 8αmχ

3(
σscatt

mχ

)
⎤
⎦

1
4

. (4.41)

A plot of Eq. (4.41) with the perturbativity limit on g imposed by Eq. (4.40)

is given in Fig. 4.5.

Unfortunately, Fig. 4.5 demonstrates not only that the φ is light in com-
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parison with the χ, something that was already known, but that the φ is, in

fact, too light. Specifically, it was laid out in Sec. 3.3 that the low-velocity limit

of the scattering amplitudes could only be used if the χs were non-relativistic

and if mφ were large compared to the χ momenta. The first of these con-

ditions is true, but the second most definitely is not. (The issue of velocity

dependence in dark matter self-interactions has been discussed in Refs. [35]

and [36].)

In the galaxy cluster Abell 3827, the relative velocity between colliding

dark matter particles is estimated at approximately 1500 km/s [2], or, in

natural units, vrel ≈ 0.005. The typical momentum of an interacting χ particle

in the cluster is therefore

|pχ| =1

2
γmχvrel

=
vrel

2
√

1− (vrel

2

)2mχ

≈ 0.005

2
√

1− (0.005
2

)2 mχ

≈0.0025mχ. (4.42)

Clearly, if mχ is allowed to be as high as 8200 GeV, as Fig. 4.5 suggests, then

|pχ| can be as large as 20 GeV. Not only is this comparable to mφ, but it is

actually an order of magnitude greater than the apparent 2 GeV limit on mφ.

It is therefore crucial that the scattering cross section be reevaluated.
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The amplitudes for the processes χχ → χχ and χ̄χ → χ̄χ are given in Eq.

(3.24) and Eq. (3.26), respectively. Let the function f be defined such that

f(cos θ) =
1

4

∑
spins

|Mχχ→χχ|2 (4.43)

as given in Eq. (3.24), and let the function g be defined such that

g(cos θ) =
1

4

∑
spins

|Mχ̄χ→χ̄χ|2 (4.44)

as given in Eq. (3.26). If the energy of each incoming particle is E = γmχ,

and if the relative velocity of those particles is vrel, and furthermore if the

outgoing momentum of each particle is γmχvrel/2, then applying Eq. (3.9) for

the cross section and integrating yields

σχχ→χχ =
1

2E2Evrel

γmχvrel/2

(2π)24 (2E)

∫ π

0

∫ π

0

f(cos θ) sin θ dθ dφ. (4.45)

If the parameter I is defined such that

I =

∫ π

0

f(cos θ) sin θ dθ, (4.46)

then Eq. (4.45) reduces to

σχχ→χχ =
γ

128πE3
I. (4.47)

71



Similarly,

σχ̄χ→χ̄χ =
1

2E2Evrel

γmχvrel/2

(2π)24 (2E)

∫ 2π

0

∫ π

0

g(cos θ) sin θ dθ dφ, (4.48)

and if the parameter J is defined such that

J =

∫ π

0

g(cos θ) sin θ dθ, (4.49)

then Eq. (4.48) reduces to

σχ̄χ→χ̄χ =
γ

256πE3
J. (4.50)

Following the same logic that lead to Eq. (3.35) in Sec. 3.3, it is apparent

that

σscatt =
σχχ→χχ + σχ̄χ→χ̄χ

2
, (4.51)

meaning the exact scattering cross section with no approximations and not

working in any limit is given by

σscatt =
γmχ

256πE3
(I + 2J) . (4.52)

Thus the equivalent of Eq. (3.36) without approximations is

σscatt

mχ

=
γ

256πE3
(I + 2J) . (4.53)
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The integrals contained in I and J would be prohibitively time-consuming

to perform by hand, and so mathematical software was employed to solve

them. The results turn out to be quite long, and are therefore relegated to

App. C. Indeed, the final expressions for I and J are so complicated that it is

impossible to write mφ as a function of mχ as in Eq. (4.41). Rather, a piece of

code was written that performs a grid search over the mass region, searching

for the mφ and mχ values that satisfy Eq. (4.53), where mφ/g is bounded as

described in Eq. (3.37). The output is plotted in Fig. 4.6. Intriguingly, it turns

out that the φ is even lighter than indicated in Fig. 4.5, reaching a maximum

possible mass of only about 100 MeV. This information will be very useful

in the next chapter when determining the φ’s lifetime through analysis of its

Higgs mixing.
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Figure 4.6: A plot comparing the mass of the mediator particle (the φ) to
the mass of the dark matter particle (the χ). The allowed region is shaded
and is defined by taking σscatt/mχ to lie between 4600 and 6900 GeV−3 [2].
The dashed vertical line represents a boundary imposed by Eq. (4.40), which
results from a perturbativity constraint on g. This plot takes into account
the nonzero momentum transfer in the dark matter scattering processes, in
contrast with the plot in Fig. 4.5, which does not.
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Chapter 5

The Dark Sector Meets the

Standard Model

Until now, the dark sector has been dealt with in isolation. It was stated in Ch.

3 that the mediator mixes with the Higgs, and that connection provided the

justification for keeping the dark sector in thermal equilibrium with the univer-

sal heat bath prior to freeze-out. The mixing relationship was not thoroughly

explored, however. Here, the mixing is investigated in detail, and justification

is provided for leaving it unaddressed in previous chapters. Furthermore, the

full extent of the mixing, taken together with the allowed range of media-

tor masses, allows for the prediction of mediator lifetimes. This prediction, in

turn, provides a lower mass limit for the mediator, which subsequently may

be used to set a lower limit on the dark matter fermion mass.
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5.1 Mixing the φ with the Higgs

The general Higgs field, H, was originally conceived as a mechanism by which

various particles within the Standard Model could acquire mass [37]. Specif-

ically, the requirement for local gauge invariance of the Lagrangian, in com-

bination with spontaneous symmetry breaking in the Higgs field, leads to a

vacuum expectation value, v = 246 GeV [38], which is the same at all points

in space and is ultimately responsible for giving leptons, quarks and the W

and Z bosons their masses. The field is necessarily a doublet and may be

written in unitary gauge to reveal the physical Higgs boson, h:

H =

⎛
⎜⎜⎝ 0

h+v√
2

⎞
⎟⎟⎠ . (5.1)

The Higgs particle is an excitation in the Higgs field and has a mass of

125 GeV [38]. Since the Higgs is a spin-0 boson [37], it should be able to mix

with the φ, meaning that, according to our model, the observed Higgs boson

is actually part Standard Model Higgs and part φ.

Given the mixing in the model, the Potential of the Lagrangian, V , must

contain the following terms:

V ⊃ μ3H
†Hφ + μ4H

†Hφφ, (5.2)

where μ3 and μ4 are coupling constants. For simplicity, in particular because
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introducing additional decay modes for the Higgs is undesirable, the second

of the terms in Eq. (5.2) is ignored. Thus

V ⊃ μ3H
†Hφ, (5.3)

which, after expanding, gives

V ⊃ 1

2
μ3hhφ + μ3vhφ +

1

2
μ3v

2φ. (5.4)

Terms that are quadratic in fields are mass terms [25]. The potential should

already include the terms mh
2hh/2 and mφ

2φφ/2, the Higgs and mediator

mass terms. Consequently, it may be written that

V ⊃ 1

2
mh

2hh + μ3vhφ +
1

2
mφ

2φφ. (5.5)

In matrix notation, this becomes

V ⊃ 1

2

(
h φ

)⎛⎜⎜⎝mh
2 μ3v

μ3v mφ
2

⎞
⎟⎟⎠
⎛
⎜⎜⎝h

φ

⎞
⎟⎟⎠ . (5.6)

The 2×2 matrix in Eq. (5.6) is the mass-squared matrix, M2. The fact that M2

is not diagonal demonstrates that h and φ are not mass eigenstates. However,
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there should be a diagonal matrix, Mdiag
2, such that

Mdiag
2 =

⎛
⎜⎜⎝mh̃

2 0

0 mφ̃
2

⎞
⎟⎟⎠ , (5.7)

where mh̃ and mφ̃ are the masses associated with h̃ and φ̃, the actual mass

eigenstates in the mixed system.

An appropriate rotation will diagonalize the mass-squared matrix. Let the

rotation matrix R be defined as follows:

R =

⎛
⎜⎜⎝cos θ − sin θ

sin θ cos θ

⎞
⎟⎟⎠ , (5.8)

where θ is the rotation angle. Then it is possible to map h and φ onto h̃ and

φ̃ by applying R: ⎛
⎜⎜⎝h̃

φ̃

⎞
⎟⎟⎠ =

⎛
⎜⎜⎝cos θ − sin θ

sin θ cos θ

⎞
⎟⎟⎠
⎛
⎜⎜⎝h

φ

⎞
⎟⎟⎠ . (5.9)

It is easy to show that R is unitary, implying that if RT is the transpose

of R, then RTR = 1. Therefore, it follows from Eq. (5.9) that

⎛
⎜⎜⎝h

φ

⎞
⎟⎟⎠ =

⎛
⎜⎜⎝ cos θ sin θ

− sin θ cos θ

⎞
⎟⎟⎠
⎛
⎜⎜⎝h̃

φ̃

⎞
⎟⎟⎠ . (5.10)
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Performing matrix multiplication leads to

h = h̃ cos θ + φ̃ sin θ, (5.11)

and

φ = −h̃ sin θ + φ̃ cos θ. (5.12)

The role of θ is now apparent. If θ is zero, then the Standard Model Higgs

is left alone, and the dark sector remains detached from regular matter; but

by allowing θ to increase, it is possible to introduce more and more mixing

until, if θ = π/2, the Standard Model Higgs and the φ̃ swap places. The angle

θ may therefore be referred to as the dark sector mixing angle.

Now that the true mass eigenstate of the dark matter mediator has been

identified, it is the φ̃, rather than the φ, that will be discussed. This change

introduces something of a problem, however. It was stated in Ch. 1 that the

mixing of the Higgs and the mediator could be largely ignored, but now the

effect of disregarding the mixing is apparent. Recall the interaction Lagrangian

from Eq. (3.2):

LDM int = −gχ̄χφ− 1

3!
g̃φφφ. (5.13)

In the end, the second term was ignored, but just keeping the first term and
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substituting in Eq. (5.12) reveals that

LDM int = gχ̄χh̃ sin θ − gχ̄χφ̃ cos θ. (5.14)

So long as θ is sufficiently low, the second term of Eq. (5.14) behaves much

as the first term of Eq. (5.13). However, a higher θ really brings the first term

of Eq. (5.14) to the fore, so it is important to identify the maximum possible

value for θ.

As it turns out, experimental measurements performed on data generated

by the LHC reveal that the Higgs seems to be fairly consistent with Standard

Model predictions. The expected number of Higgs decays, Nexp, in a particular

Higgs production experiment is proportional to the Higgs production cross

section multiplied by the appropriate branching ratio. In our model, it is clear

from Eq. (5.11) that the Higgs production cross section should in turn be

proportional to cos2 θ and that the branching ratios are unchanged from their

Standard Model values. Thus a measure of the ratio Nexp/Nobs, where Nobs is

the observed number of Higgs decays, gives an estimate of cos2 θ. Reference

[38] states the aforementioned ratio is 1.09± 0.07 (stat)± 0.08 (syst). Adding

the errors in quadrature gives an estimate for the overall error, and this error

may be subtracted twice from 1.09 to give a reasonable lower bound of 0.88.
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It follows that cos2 θ > 0.88, and therefore

sin2 θ < 0.12. (5.15)

The limit enforced by Eq. (5.15) is not terribly small, so building a stronger

case for ignoring the mixing in previous chapters seems advisable. There are

three derivations that should be investigated: the scattering cross section, the

function for g obtained from thermal freeze-out, and the theoretical upper

bound on g imposed by perturbativity requirements.

Consider first the scattering cross section, σscatt, as in Eq. (3.35). Intro-

ducing mixing would give an equation of the form

σscatt =
3mχ

2g4

16π

(
cos2 θ

mφ̃
2

+
sin2 θ

mh̃
2

)2

. (5.16)

Clearly, it makes sense to neglect the second term in parentheses of Eq. (5.16)

because mh̃ � mφ̃. Now, to be fair, the approximation that led to Eq. (3.35)

was found to be faulty due to the extremely small size of mφ, but an argument

similar to this one may be extended to the full scattering cross section in Eq.

(4.52).

Next consider g as derived from Eq. (4.19). In general, the annihilation

reaction could take the form χ̄χ → φ̃φ̃, χ̄χ → φ̃h̃ or χ̄χ → h̃h̃. In the event

that mχ � mh̃, the final state mass of the h̃ can be neglected just like the
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final state mass of the φ̃, and the equation with mixing simply becomes

α =
3g4

128πmχ
2

(
cos4 θ + 2 cos2 θ sin2 θ + sin4 θ

)

=
3g4

128πmχ
2

(
cos2 θ + sin2 θ

)2
=

3g4

128πmχ
2
, (5.17)

which is just Eq. (4.19) again. Now, if mχ  mh̃, then

α =
3g4 cos4 θ

128πmχ
2
, (5.18)

but this is only for a relatively small mass range, and even then, cos θ � 0.9,

so g can only be about 10% higher than originally indicated.

Finally, there is the issue of the theoretical upper limit imposed on g by

perturbativity. Given that g < 2
√

π without mixing, it follows that

g cos θ < 2
√

π (5.19)

with mixing. Again, this represents no more than a 10% shift in g, so every-

thing seems to be in order. If this argument or the previous two arguments

remain unconvincing, it will perhaps be helpful to recall that the limits on

the observed dark matter self-interaction cross section, given in Eq. (2.4),

are themselves very approximate. Any error introduced by ignoring mixing

82



to this point is therefore surely overshadowed by the extreme uncertainty in

σscatt/mχ.

Having established that ignoring the mixing up to this point should not

have introduced any significant errors in previous calculations, all information

pertaining to the φ will now be applied to the φ̃, including, most importantly,

the 100 MeV upper limit on its mass. Likewise, the h̃ will now be recognized

as the observed Higgs, rather than the h.

5.2 Lifetimes for the φ̃

Now that its mass range has been specified, it is possible to obtain a range

of allowed lifetimes for the φ̃. In Sec. 4.4 the decay width was defined. The

average lifetime of a particle (or just the lifetime), τ , is the inverse of its total

decay width [20, 25]. Given that the only way for the φ̃ to decay is through

mixing with the Higgs, φ̃ decays are, in essence, Higgs decays. There is one

notable difference, however, which is that many decays for the 125 GeV Higgs

are kinematically forbidden for the very light φ̃. Of all the Higgs decays, then,

only the decays to electrons and photons need to be evaluated.

Consider the relevant interaction term between the Higgs and electrons

[25, 39]:

L ⊃ −me

v
hēe, (5.20)

where me is the mass of the electron and, again, v = 246 GeV is the Higgs
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vacuum expectation value. Then substitution of Eq. (5.11) into Eq. (5.20)

reveals that

L ⊃ −me

v
h̃ cos θ ēe− me

v
φ̃ sin θ ēe, (5.21)

meaning the Feynman rule for the vertex that gives the φ̃ decay is−i(me sin θ)/v.

Fortunately, a calculation of the decay width for a scalar decaying to a pair of

spin-half fermions was already performed in Sec. 4.4 when a theoretical upper

bound was placed on g. The width for that particular decay process is given

in Eq. (4.35). The only differences that arise in calculating Γφ̃→e+e− , the decay

width of the process φ̃→ e+e−, is the different Feynman rule associated with

the vertex and the different fermion mass. It follows that replacing g in Eq.

(4.35) with (me sin θ)/v and replacing mχ with me gives

Γφ̃→e+e− =
me

2

πv2mφ̃
2

sin2 θ

(
1

4
mφ̃

2 −me
2

) 3
2

, (5.22)

where φ was changed to φ̃.

The decay to a photon pair is more complicated and may occur through

fermion or W loops. Luckily, adding the θ dependence to an already-existing

equation, just as in Eq. (5.22), will work in this case. The equation giving the

Higgs decay width to photons is provided in Ref. [39], and the version used
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to find the decay width for φ̃ → γγ is

Γφ̃→γγ =
αF

2mφ̃
3 sin2 θ

256π3v2

∣∣∣∣∣
∑

i

Nciqi
2Fi

∣∣∣∣∣ , (5.23)

where i represents the ith particle participating in a possible decay loop.

In order, these particles are each of the six quarks, each of the three charged

leptons and the W boson. (Antiparticles do not need to be explicitly counted.)

The quantity Nci is the number of colours associated with the ith particle, 3

for quarks and 1 for everything else, and qi is the charge of the ith particle in

units of e (see Table 2). Finally, Fi represents two distinct functions, F1/2 for

the fermions and F1 for the W . The first is defined as [39]

F1/2 = −2ν[1 + (1− ν)f(ν)] (5.24)

and the second as

F1 = 2 + 3ν + 3ν(2− ν)f(ν), (5.25)

where

f(ν) =

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

[
sin−1

√
1
ν

]2
for ν ≥ 1,

−1
4

[
ln
(

η+

η−

)
− iπ

]2
for ν < 1,

(5.26)

with

η± = 1±√1− ν (5.27)
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and

ν = 4
mi

2

mφ̃
2
. (5.28)

Note that mi is the mass of the ith particle and that the i in Eq. (5.26)

is not an index, but is instead the imaginary unit. Clearly, performing the

calculation to find Γφ̃→γγ by hand, especially for every mφ̃ value, would be

quite a monstrous undertaking, and so a computer program was written to

accomplish that task.

With Γφ̃→e+e− and Γφ̃→γγ found, the total decay width, Γφ̃, is a simple

sum of the two, except in the case that the decay to electrons is kinematically

forbidden. Thus

Γφ̃ =

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

Γφ̃→e+e− + Γφ̃→γγ for mφ̃ ≥ 2me,

Γφ̃→γγ for mφ̃ < 2me.

(5.29)

The lifetime is then simply the reciprocal:

τ =
1

Γφ̃

. (5.30)

Before plotting the allowed region for τ as a function of mφ̃, there is one

more point worth considering. As described in Ch. 4, the contents of the

universe were in thermal equilibrium during its earliest epochs. At some point,

however, nucleons were able to combine to give rise to isotopes of hydrogen
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and helium, as well as low abundances of heavier elements. This process is

called Big Bang nucleosynthesis [4, 40], and it started on the order of seconds

after the Big Bang. Crucially, the observed ratios of different isotopes indicate

that there could not have been a huge reservoir of φ̃s around during this time

because their high-energy decay products would have destroyed many newly-

formed nuclei. Therefore, conservatively speaking, if nucleosynthesis started

one second after the Big Bang, then it would make sense to set the maximum

lifetime for the φ̃ a couple of orders of magnitude lower, or about 0.01 s. That

way, the φ̃s would have had enough time to decay before nuclei started to

form. (Note that Big Bang nucleosynthesis happened much later than any of

the freeze-out times from Ch. 4, so our model is safe in that regard.)

A plot of the allowed mass-lifetime region is provided in Fig. 5.1. Note the

upper bound on the lifetime at 0.01 s (horizontal dashed line) arising from

consideration of Big Bang nucleosynthesis, as well as the upper bound on the

mass at 100 MeV (vertical dashed line). The solid curve is taken by setting

sin2 θ = 0.12. The overall lifetime range is

3.2× 10−10 s < τ < 10−2 s. (5.31)

The lower range of this lifetime is many orders of magnitude longer than

the Higgs lifetime, which makes sense because of the mass difference between

the two particles. Interestingly, the upper-left corner of the plot, where the
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Figure 5.1: A logarithmic plot revealing the allowed lifetimes for the φ̃. The
allowed region is shaded and lies above the solid curve, which depicts the
lifetimes if the mixing angle is taken such that sin2 θ = 0.12. The horizontal
dashed line at 0.01 s that bounds from above represents a maximum possible
lifetime arising from arguments having to do with Big Bang nucleosynthesis.
The vertical dashed line bounds on the right and exists because the φ̃ cannot
have a mass any greater than 100 MeV. The sharp turning point at approxi-
mately 1 MeV occurs because that is where φ̃→ e+e− becomes kinematically
permitted.

horizontal dashed line meets the solid curve, reveals a lower limit of 0.69 MeV

on mφ̃. Thus,

0.69 MeV < mφ̃ < 100 MeV. (5.32)

This lower limit for mφ̃ can be used together with Fig. 4.6 to place a lower

limit on mχ, revealing that

0.35 GeV < mχ < 8200 GeV. (5.33)

From an experimentalist’s perspective, it would be nice to know the min-
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imum distance, dmin, a φ̃ might travel before decaying. That way it might

be possible to detect a φ̃ in a Higgs production experiment by locating out-

going particles from a displaced vertex. If the φ̃ is 100 MeV, Γφ̃→γγ is only

0.02% of the total decay width, so the decay would almost certainly produce

an electron-positron pair at that mass. The minimum lifetime for the φ̃ is

τmin = 3.2× 10−10 s, so the minimum possible travel distance is

dmin =cτmin

=(2.998× 1010 cm/s)(3.2× 10−10 s)

=9.6 cm, (5.34)

where the speed of light is used for the velocity because the low-mass φ̃ would

have to be highly relativistic.
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Chapter 6

Conclusions

This thesis was an attempt to explain the observed offset of galaxies and their

dark matter halos in Ref. [1] by constructing a simple dark matter model made

up of the fermion χ and its antiparticle χ̄, as well as the scalar mediator φ̃

(introduced to “replace” the φ after mixing effects were taken into account).

It was shown that the observational constraints on the scattering cross section

demand an extremely light mediator in comparison with the fermion mass,

and it was also shown that the fermion mass scales as the fourth power of the

mediator mass. Moreover, a large range of lifetimes appear to be acceptable

for the φ̃, from 3.2 × 10−10 s to 10−2 s; but this range is related to θ, the

dark sector mixing angle, and could be restricted by more accurate data on

Higgs decays. Nevertheless, as it stands, it seems that detection of a φ̃ might

be possible given its minimum possible decay length of 9.6 cm.

Two important constraints were imposed on this model. The first was a
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theoretical upper bound on g, the mediator-fermion coupling strength, show-

ing that g < 2
√

π. The second was the maximum allowed lifetime for the φ̃,

which arose from consideration of Big Bang nucleosynthesis. These two con-

straints imposed upper and lower limits on the particle masses, revealing that

the φ̃ has a mass falling somewhere between 0.69 MeV and 100 MeV, while

the χ has a mass between 0.35 GeV and 8200 GeV.

The overarching goal of this thesis was not necessarily to make the claim

that our model is definitively the reason behind the anomalous observations

of Abell 3827, though the allowed parameter space suggests such a thing is

possible. Rather, it was to use a simple model to illustrate what sort of masses

and lifetimes one might expect for a particular type of self-interacting dark

matter. Hopefully, these findings might be extended, at least qualitatively, to

inform other more complex theories; for, should additional evidence turn up

in support of self-interacting dark matter, this area of research will no doubt

receive a great deal of attention.
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Appendix A

Units

Natural units are a way of expressing various quantities in terms of energy and

are commonly used in particle physics and cosmology [20]. They are defined

by taking � = c = kB = 1.

Natural units tend to make calculations simpler, in particular because they

allow physicists to leave out factors of �, c and kB in their calculations. Fur-

thermore, working in natural units allows a more meaningful and immediate

comparison of, say, the momentum of one particle and the mass of another be-

cause the units are the same in both cases. Unfortunately, natural units come

with some drawbacks. Specifically, it can be difficult to switch between natural

units and SI units, especially if a quantity expressed in natural units needs to

be converted to SI units when the dimensionality in SI units is unknown. This

set of circumstances would require correct placement of �, c and kB factors,

which would be difficult if dimensionality is not carefully considered during
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the derivation of the quantity in question.

To help with conversions from SI to natural units, some of the basic units

of the SI system—the kilogram (kg), the metre (m), the second (s) and the

Kelvin (K)—are here expressed in natural units. Let the subscript SI denote a

constant in SI units and the subscript nat denote a constant in natural units.

Then

1 kg =1 kg×
(

cSI

cnat

)2

=1 kg×
(

2.998× 108 m s−1

1

)2

=8.988× 1016 J

=8.988× 1016 J× 1 eV

1.602× 10−19 J

=5.610× 1035 eV. (A.1)

Similarly,

1 m = 1 m× �natcnat

�SIcSI

= 5.065× 106 eV−1, (A.2)

1 s = 1 s× �nat

�SI

= 1.518× 1015 eV−1 (A.3)

and

1 K = 1 K× kB SI

kB nat

= 8.602× 10−5 eV. (A.4)

Results are summarized in Table A.1.
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Table A.1 – Unit Conversions

SI Unit In Natural Units

1 kg 5.610× 1035 eV

1 m 5.065× 106 eV−1

1 s 1.518× 1015 eV−1

1 K 8.602× 10−5 eV

Table A.1: Some of the basic units of
the SI system converted to their equiv-
alent values in natural units.
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Appendix B

Application of the Runge-Kutta

Method to Freeze-Out

Suppose an ordinary, first-order differential equation given by

dy

dx
= f(x, y) (B.1)

describes some phenomenon of interest, where y is the dependent variable

and x is the independent variable. Furthermore, let y be known for a single

point x0, and call it y0. If the function y(x) is unknown, then a Taylor series

expansion about x0 should give y(x).

Let Δx be some small displacement along the x axis. Then a Taylor series

expansion gives

y(x + Δx) = y(x) +
dy

dx
(Δx) +

1

2

d2y

dx2
(Δx)2 + . . . . (B.2)
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If it were absolutely necessary to include the third term and terms of even

higher order, then the Taylor series expansion would not be very helpful. After

all, in principle—and often in practice—only Eq. (B.1) is known. Fortunately,

thanks to the mean value theorem [41], it is easy to show that there must be

a particular x value, xp, falling between x and x + Δx, such that

y(x + Δx) = y(x) +
dy

dx

∣∣∣∣
x=xp

(Δx), (B.3)

and the higher-order terms may successfully be ignored.

Using Eq. (B.3), it should be possible to begin at x0 and to find y by

moving along the x axis in small increments of size Δx, updating x0 and y0

at each step. Thus the problem becomes finding xp for each iteration of the

process. One of the most popular choices for accomplishing this goal, thanks

to its accuracy and computational efficiency, is the fourth-order Runge-Kutta

method [41], which calculates dy/dx at a value approximately equal to xp.

The method is provided below:

y(x + Δx) =
1

6
[f(x1, y1) + 2f(x2, y2) + 2f(x3, y4) + f(x4, y4)] , (B.4)
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where

y1 =y(x),

y2 =y(x) +
1

2
f(x1, y1)Δx,

y3 =y(x) +
1

2
f(x2, y2)Δx,

y4 =y(x) +
1

2
f(x3, y3)Δx,

x1 =x,

x2 =x +
1

2
Δx,

x3 =x +
1

2
Δx and

x4 =x + Δx. (B.5)

The fourth-order Runge-Kutta method was used to solve Eq. (4.28) by

way of code written in the C programming language. In order to obtain the

solution, it was discovered that the step size, Δx, needed to be extraordinarily

small. Consequently, it originally took roughly one week to generate a single

solution curve for Y . That said, there were two tricks employed to speed up

the process, resulting in a run time of about a half an hour (for mχ around

100 GeV); and even though a half-hour run time is still quite impractical,

these two tricks are worth discussing here.

The first trick is fairly straightforward. It is stated in Ref. [26] that one

should begin by assuming that Y = Yeq when x is approximately equal to 1.
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(These constitute the y0 and x0 starting point for the Runge-Kutta method).

However, several runs of the program demonstrated that taking Y = Yeq at

x = 10 and using that as the starting point instead made no detectable impact

on the results. This fact is particularly useful in light of what follows.

The second trick is to allow the step size to grow as the solution curve is

generated. In particular, if Δxnew is the step size at some x, and Δx0 is the

original step size, then for p-wave annihilation it is acceptable to take

Δxnew = (Δx0)x
3. (B.6)

To explain why a growing step size is allowed, consider the case of mχ =

100 GeV. The differential equation of interest is Eq. (4.28). To reiterate,

dY

dx
=

(
6αdfs

√
π

45Gdf

)(
Yeq

2 − Y 2
) mχ

x3
, (B.7)

where the variables and constants are all defined in Ch. 4. The important

aspect of Eq. (B.7) to note is the tension between the first and second factors in

parentheses. For the correct choice of α (1.41×10−8 GeV−2), the leading factor

is large in comparison with the small difference between Yeq
2 and Y 2, and

essentially overshadows it, drowning out the important behaviour within the

function. To counteract the largeness of the leading factor, an appropriately

small starting step, Δx0, must be chosen (Δx0 = 5 × 10−12). For illustrative
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purposes, note the effect of increasing mχ: this is essentially akin to raising

the leading factor, and so the run time must increase linearly with mass in

agreement with a required linear drop in step size. The saving grace here is

the factor of x3 in the denominator. So long as Δx0 is small enough in the

beginning, the same ratio of x3 to Δx may be preserved by allowing the step

size to grow as in Eq. (B.6).
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Appendix C

The Scattering Cross Section

Integrals

In Sec. 4.4, the quantities I and J were defined such that

I =

∫ π

0

f(cos θ) sin θ dθ (C.1)

and

J =

∫ π

0

g(cos θ) sin θ dθ, (C.2)

where

f(cos θ) =
1

4

∑
spins

|Mχχ→χχ|2 (C.3)

and

g(cos θ) =
1

4

∑
spins

|Mχ̄χ→χ̄χ|2. (C.4)
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The amplitudes in Eq. (C.3) and Eq. (C.4) are given in Eq. (3.24) and Eq.

(3.26), respectively. The worked-out expressions were too long to include

within the text of Sec. 4.4, so they are given here:

I = 4g4

{
4(E −mχ)(E + mχ)(2E2 + mφ

2 − 2mχ
2)(12E2mφ

2 + 5mφ
4

−28mφ
2mχ

2 + 32mχ
4) + mφ

2(4E2 + mφ
2 − 4mχ

2)
[
12E2mφ

2 + 5mφ
4

−28mφ
2mχ

2 − 16E2 + 32mχ
4
][

2 ln (mφ)− ln (4E2 + mφ
2 − 4mχ

2)
]}[

8mφ
2(E

−mχ)(E + mχ)(4E2 + mφ
2 − 4mχ

2)(2E2 + mφ
2 − 2mχ

2)
]−1

, (C.5)

and

J = 4g4

{
4(E −mχ)(E + mχ)

[
48E6mφ

2 + 22E4mφ
4 − 15E2mφ

6 + 2mφ
8

+mφ
2mχ

2(−120E4 + 44E2mφ
2 − 7mφ

4) + 2mχ
4(32E4 − 8E2mφ

2 + 5mφ
4)

−8mφ
2mχ

6
]

+ mφ
2(4E2 −mφ

2)(2E2 + mφ
2 − 2mχ

2)
[
2(−4mφ

4 + 9mφ
2mχ

2

−4mχ
4 + 17E2mφ

2 − 28E2mχ
2) ln (mφ)− (mφ

2mχ
2 − 4mχ

4 + E2mφ
2

+4E2mχ
2) ln (4E2 + mφ

2 − 4mχ
2) + 4(−4E2 + mφ

2)(mφ
2 − 2mχ

2) ln(2E2

+mφ
2 − 2mχ

2)
]}[

2(−4E2mφ + mφ
3)

2
(E −mχ)(E + mχ)(2E2 + mφ

2

−2mχ
2)
]−1

, (C.6)

where E is the energy of a χ (or χ̄) in the centre-of-mass frame, mχ is the

mass of a χ (or χ̄), mφ is the φ mass and g is the mediator-fermion coupling.
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