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Abstract 

This thesis details the coupling of the rigid body parallel kinematics of an articulated 

rotor hub with a nonlinearly elastic rotor blade to provide vibration control to the 

fuselage and cockpit of the rotorcraft. A model rotor hub is examined, with distinction 

made between the aerodynamic load path and control load path, to complete the 

dynamic model. An examination of vibration suppression by replacing the standard 

pitch link in the control kinematic chain with an adaptive pitch link, suitable for 

vibration attenuation, is included. The mathematical basis for the elastic and rigid 

body elements of the simulation is described in detail. Computer simulations show the 

accuracy and validation of the constructed dynamic model, with a brief examination 

of control objectives suceeding. 
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Chapter 1 

Introduction 

The introduction briefly covers the basics of the helicopter hub geometry, including 

how the helicopter blades are controlled by the pilot. The helicopter hub is grouped 

into two sets of hinges that provide all the necessary degrees of freedom for the aircraft 

to fly with high manoeuverability. Unfortunately, the hub also transmits vibration 

from the main rotor to the helicopter body, which decreases the aircraft efficiency 

and is detrimental to the pilot and cargo. Generally, vibration control research on 

helicopters seeks to reduce the airframe vibration by limiting the forces exciting the 

main rotor in two different ways: one tries to eliminate harmonic motions of the 

blades, the other tries to reduce the motions of individual blades. 

After the review of the hub and control methods, a brief literature review is con

ducted. The literature review begins with an overview of beam models, which are 

far more common to rotorcraft blade dynamics. Beam models are not comprehensive 

enough to capture some torsional effects, so research into continuum mechanical mod

els follows. It is necessary to compare solution techniques for rigid body articulation, 

so research on closed-chain kinematics multibody methods follows. A history of con

trol methods, including vibration control ideas for helicopter main rotor vibration, 

finishes the literature review section. 
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Having discussed previous attempts to improve vibration attenuation, the chapter 

concludes with an explanation of the innovation involved with this dissertation. The 

reasons for using an elastic blade model, the rigid body articulation, aerodynamics, 

and control strategies are explained in that section. 

1.1 Rotorcraft Introduction 

Rotorcraft are aerial vehicles that can manoeuvre at low or zero forward velocity. 

Because they are so mobile and can hover, rotorcraft are extremely useful in situations 

where small landing areas or maintaining a position over a ground station would be 

encountered. However, the functionality of helicopters is limited by the complexity 

of their designs, their low fuel efficiency, and the severe operating conditions that 

require harsh physiological exertion from the pilot. The pilot and cargo undergo large 

accelerations, which are due to the vibration transmitted to the fuselage that exceed 

comfortable limits [1] and cause further physiological demands on the pilot or damage 

the cargo [2]. This thesis details the reduction of main rotor vibration transmission to 

the fuselage via hub articulation by actively controlling the impedance of an adaptive 

pitch link. 

High angle of 
attack, , 
Small lifting 
area 

Low angle of 
attack, 
Large lifting 
area 

Rotor Direction 

Figure 1.1: Helicopter forward flight idealized airflow and lift. 
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First, it is necessary to examine the causes for rotor blade motion and helicopter 

vibration. Hovering flight, free from ground effects, is axisymmetric and there are no 

unbalanced moments. However, a helicopter in forward flight generates unbalanced 

aerodynamic moments due to the difference in lift in the rotor blades. Figure 1.1 shows 

a two-bladed helicopter in forward flight, such that the advancing blade at Position A 

and the retreating blade is in opposition. Due to the differences in airstream velocity, 

the advancing blade produces higher lift, which causes a moment that rotates the 

body of the helicopter fuselage, if there were no way to alleviate it. Similarly, other 

imbalances in the aerodynamic forces cause undesirable helicopter motion. 

Transonic flow over 
advancing blade Weight 

Figure 1.2: Airflow perturbations during forward flight. Adapted from [3]. 

In addition to the lift and moment imbalance, there are other fluid-structure 

interactions that cause perturbations in the aeroelastic system. Figure 1.2 shows 

the potential interactions during forward flight. Although the hub transmits the lift 

force to the helicopter, it also transmits vibratory forces to the fuselage and cabin. 

These mechanical vibrations arise in rotorcraft from three main sources: the engine, 

the higher harmonics from the main and tail rotors, and the low harmonics from the 
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main rotor [4]. Of the vibration from these three sources, the most significant and the 

most detrimental to the aircraft and pilot are those resulting from the low harmonic 

vibrations from the main rotor [5]. 

Before commencing the analysis of rotor vibration suppression, it is convenient to 

describe some common rotor dynamics terminology. First, the body of the helicopter 

is typically described by its orientation. The three most common orientation descrip

tors are roll, pitch, and yaw. These three axes are shown in Figure 1.3. Note that it 

is not necessary for the centre of gravity to be colinear with the main hub shaft. 

Figure 1.3: Orientation convention for helicopter. 

1.1.1 Kinematic Chains 

A kinematic chain is a group of links constrained by joints such that there is relative 

motion between the links. The kinematics of the helicopter hub splits into two chains: 

the 'aerodynamic' chain and the 'control' chain. These designations are used to 

distinguish the two open chains from each other by their function. Figure 1.4 shows 

the primary hinges of what is referred to in this thesis as the aerodynamic chain. The 

aerodynamic chain is so-called because its function is to relieve aerodynamic moments 

from causing undesirable revolute motion of the helicopter body. The control chain 
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Inertia I frame and 

Figure 1.4: Aerodynamic hinges for a typical rotor blade. 

is the mechanism by which the pilot can add input into the system. Typically, the 

aerodynamic chain is the mechanical system analysed in texts or papers that deal 

with hub articulation, while the control chain is often ignored. 

The aerodynamic chain is the kinematic branch that links the helicopter hub to 

the blade root through the most direct path. It is the collection of joints associated 

with the aerodynamic characteristics of helicopter flight: the flapping, lagging, and 

feathering hinges. The order of the hinges does not affect their purpose; for example, 

the flap hinge can be inboard or outboard of the pitch hinge, but it will still prevent the 

unequal aerodynamic lift from causing rolling moments at the hub. The arrangement 

chosen in this work is as shown in Figure 1.4: the main hub, connected to the flapping 

hinge, which is often coincident with the lag hinge, and the pitch hinge farthest 

outbound. For the purposes of the research contained within this thesis, the inertial 

frame of reference of the helicopter is the centre of the hub, coincident with the axis 

of rotation. 

The first hinge that succeeds the inertial point of reference is the azimuthal hinge, 
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which describes the rotation about the hub. In North American helicopters, azimuthal 

rotations are counter-clockwise when looking at the helicopter from above, as in 

Figure 1.1. The helicopter power plant drives this hinge and rotates the remaining 

hub articulation and rotor blades about around it. 

The flap hinge allows rigid body motion out of the hub plane; they were the 

first hinges proposed by early helicopter designers to prevent unbalanced lift forces 

from generating rolling moments that affect the cabin. However, a flapping blade 

experiences significant Coriolis forces in the hub plane, from the radial motion of the 

blade mass projected on the hub plane while simultaneously undergoing the azimuthal 

rotation of the hub. Therefore, an in-plane joint, called the lag, or drag hinge, is 

necessary to relieve the moments caused by those forces. Often this hinge is coincident 

with the flap hinge, which decouples the two joints, so they behave as a universal joint. 

Each rotor blade must have a way to vary the angle of attack independently of one 

another. The napping hinge changes the angle of attack by increasing or decreasing 

the incidence angle of the incoming airflow that the blade experiences. However, 

the pilot also needs to control the angle of attack to control the lift and thrust. To 

that end, the feathering, or pitch, hinge is used. The pitch hinge cannot be directly 

controlled in the rotating frame, so a control chain closes the kinematic loop, which 

transmits the pilot's control inputs. 

The control chain is a bit more complicated, as Figure 1.5 indicates, with a com

parison of the two chains together. There are, in total, twelve degrees of freedom 

in the control chain, including the adaptive pitch link. There is the azimuth angle, 

which affects both the aerodynamic and control chains. The next degree of freedom is 

the displacement down the shaft, which represents the commanded pitch angle. The 

rectilinear displacement of the swashplate along the shaft changes all rotor blade root 

pitch angles by the same degree. The next two degrees of freedom correspond to the 
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Rotor head Spherical joint 

Pitch arm 

1 jSwashplate 

Figure 1.5: A diagrammatical view of a generic rotor hub, including links. 

tilt of the swashplate, in the lateral and longitudinal directions. There is a spherical 

joint at the base of the pitch link, and one at the top, which accounts for three degrees 

of freedom each. (The bottom spherical joint is usually replaced by a universal joint; 

a spherical joint there is unnecessary and can cause singularities in the simulation 

solution. It is included as a spherical joint here for completeness.) Finally, the pitch 

link and the actuator mass each have a prismatic degree of freedom. Apart from the 

shaft, swashplate and pitch link, the control chain also subsists of the pitch arm and 

the pitch horn. The pilot indirectly controls the feathering angle of the blades at each 

azimuth position by altering the collective and cyclic tilt of the swashplate, and those 

changes are transmitted by the subsequent linkages. 

1.1.2 Swashplate 

The pilot controls the main rotor blades through the swashplate, which is a device that 

translates and tilts along the main rotor shaft according to the hydraulic commands 

from the cockpit. The position and orientation of the swashplate determine the pitch 
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of the main rotor blades. The baseline pitch of the rotor blades, as controlled by the 

pilot, is called the collective, or collective pitch. The collective control affects all main 

rotor blades simultaneously and by the same degree. The tilt of the swashplate with 

respect to the shaft affects the angle of attack of each rotor blade differently, which 

is equivalent to cyclic control. The cyclic pitch varies with the azimuth angle, so 

each blade cycles through this pitch once per revolution, according to the orientation 

of the swashplate. In forward flight, cyclic pitch is the mechanism that allows the 

advancing blade to have a smaller angle of attack compared to the retreating blade. 

So, through the swashplate, the pilot controls three degrees of freedom: the collective 

pitch of all the blades, and the longitudinal and lateral cyclic degrees of freedom. 

Figure 1.6: Swashplate diagram with links, rotor blades, and control rods. 

Figure 1.6 shows a simplified swashplate with pitch link attachments and rotor 

blades. Theoretically, the swashplate is a pair of plates: one in the rotating frame, 
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and one in the helicopter body-fixed frame. Both are centred on the main rotor shaft 

and free to translate vertically along the shaft as one unit. The pilot controls the 

hydraulic actuators that move the lower, non-rotating frame plate, while the upper 

plate rotates, on bearings housed between it and the lower plate, with the rotor 

head. The pilot can move these plates vertically and tilt them, in two independent 

directions, with hand controls in the cockpit. As mentioned, rectilinear motion of the 

swashplate induces a collective pitch at each blade root, and by differentially actuating 

the hydraulic supports of the swashplate, the pilot inclines it. The orientation of the 

swashplate determines the cyclic pitch of each of the blade roots, depending on the 

blade's location around the azimuth. 

1.1.3 Pitch Link 

The pitch link is the connection between the swashplate and the pitch horn and 

comes next in the articulated control chain. The pitch link functions as a device to 

map the bilateral inclination of the swashplate to sinusoidal motion projected on a 

cylindrical co-ordinate system. Within the rotating frame of reference, the incline of 

the swashplate becomes a sine wave with a period equal to one revolution around 

the hub. The forced motion delivered to the pitch hinge may not be exactly as 

a projection of the swashplate incline on a cylinder, because the pitch link is not 

fixed upright. Spherical joints permit pitch link rotation about its base upon the 

swashplate; however, the joints are typically damped and restricted, and the resultant 

motion determines the pitch at the blade root. 

The pitch horn and pitch arm connect the pitch link to a suitable location on 

the aerodynamic chain azimuthally | rad ahead of the blade root. According to 

Bramwell [6], the blade control input must be | rad ahead of the blade's current 

position to affect its motion appropriately: gyroscopic precession causes an input force 
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to be applied ahead of the desired location. Spherical joints at the tip of the pitch 

link nullify aerodynamic moments that might tend to bend the link itself. Because 

the joints are all revolute, moments are not transmitted directly to the helicopter 

fuselage. However, forces are carried to the helicopter frame, some of which are 

cancelled by forces from other blades, but unbalanced forces cause the undesirable 

helicopter vibration that limits aircraft performance and control. 

1.1.4 Rotor Blade 

Helicopter rotor blades are airfoils similar to those found on fixed-wing aircraft, except 

that they are rotated about the centre of the helicopter hub to produce propulsive 

forces from the airflow components parallel and out-of plane to the blade motion. 

Helicopter rotor blades tend to have much higher stationary compliance than fixed-

wing aircraft, because the centripetal stiffening effect from the rotor greatly increases 

the dynamic stiffness of the blade due to the internal tension caused by the angular 

acceleration. 

A rotor blade typically connects to the hub through a bolted clamp that attaches 

to its inboard edge at the blade root. The rotor blade is much more aerodynamically 

efficient away from the blade root, but thrust is lost near the tip due to the air 

flow curling over the tip of the blade similar to fixed-wing aircraft. The benefit 

of controlling the blade root or articulation is two-fold: it is less aerodynamically 

obstructive and it is easier to replace than it is to change an entire rotor blade. 

1.1.5 Aerodynamics 

For simplified aerodynamics, there are three general theories: momentum theory, 

blade element theory, and blade element momentum theory. Momentum theory is 
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the simplest approximation for rotorcraft aerodynamics, because it describes first or

der predictions of thrust (and drag), power, and torque. The Laws of Conservation of 

Mass, Momentum, and Energy are combined assuming quasi-steady, incompressible, 

inviscid, one dimensional flow to form momentum theory aerodynamics. Blade ele

ment theory (BET) is a more modern theory for helicopter aerodynamics, which uses 

a two-dimensional airfoil cross-sectional analysis to determine aerodynamic forces and 

moments. Sections are integrated over the length of the blade and the average over 

the rotor gives the global aerodynamic characteristics. 

Blade element momentum theory (BEMT) is the combination of momentum the

ory with blade element theory. Of these three theories, BEMT is the closest ap

proximation to actual rotor blade aerodynamics. Axial and hover cases are simple 

to analyse, since loading can be compared easily between the former aerodynamic 

models. However, forward flight is a greater challenge, since velocity is dependent 

on the blade azimuthal position, which creates a time-periodic non-uniform inflow 

pattern. 

The non-trivial aspect of BEMT is choosing a description of air inflow velocity. 

Linear inflow models, such as Drees's or Glauert's, assume longitudinal flow with 

upwash at the leading edge and downwash on the trailing edge. These inflow models 

use coefficients to approximate a skew-angle that creates trochoidal airflow pattern. 

From experiments on trimmed rotors, inflow magnitude is greater towards the rear 

and slightly biased towards the retreating blade side. Mangier and Squire's non-linear 

inflow uses Euler equations to relate the pressure field across the actuator disc to the 

inflow; hence, it gives a better description of inflow over the rotor. Mangier and 

Squire's model is better near the edges of the rotor disc; it is a closer approximation 

to the more complex (and more accurate) vortex theory [3]. 
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1.1.6 Control Review 

The vibration must be either countered at the source or its transmissibility to the 

cabin and cockpit of the helicopter abated, because reducing the vibration directly 

requires large forces or deflections. Large forces or deflections are difficult to produce 

on lightweight aircraft, due to power and weight concerns. Typically, the amount of 

power required for directly affecting vibration prohibits its use on vehicles where keep

ing weight low is of supreme importance. However, there are numerous advantages 

to eliminating vibration through the hub, such as fewer mechanical fatigue problems, 

better pilot control, improved fuel efficiency, and a more stable cabin. Thus, a vibra

tion reduction scheme must be robust and lightweight to justify its inclusion on an 

aerial vehicle. 

The methods of vibration reduction can be grouped into one of three categories: 

passive, active, or semi-active damping. Passive damping involves stiffeners, dampers, 

and isolators that tend to effectively suppress the vibration, but only within a narrow 

frequency range [7]. Actively controlled structures can damp greater bandwidth; 

however, it is typically used to directly counter vibration and requires high power to 

produce large forces or large deflections [8]. Semi-active damping involves controlling 

the vibration using the impedance characteristics of the dynamic system. Semi-active 

controllers need less power than active controllers, and are advantageous over passive 

systems because they attenuate vibrations over a larger range of frequencies. 

High Harmonic Control or Individual Blade Control 

For main rotor vibration reduction there are generally two types of adaptive control: 

higher harmonic control (HHC) and individual blade control (IBC). An example of 

the non-rotating frame HHC and rotating frame root-IBC diagrams are shown in 

Figure 1.7. As can be seen, the higher harmonic control has an actuator below the 
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swashplate, which operates in the inertial frame of reference attached to the helicopter 

fuselage. The booster amplifies pilot controls and passes them onto the HHC actuator, 

which filters the pilot signals and changes the tilt of the swashplate in conjunction 

with its control algorithms. Thus, all rotor blades are affected simultaneously by 

HHC. In the second case, the pilots signals control the swashplate directly and the 

individual blades are controlled based on the IBC controller algorithms separately. 

The IBC controller analyses the swashplate motion and uses its control algorithms 

to modify the pitch of each blade, in the rotating frame of reference, attached to the 

helicopter hub. 

c = Q 3te=^ 
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Figure 1.7: Active blade root control concepts [9]. 

Some studies show lower vibration levels and smoother ride accelerations in the 

helicopter using HHC (for example, [9]), but in the non-rotating frame of reference 

HHC can be difficult to implement. In HHC the rotor blades must perform identical 

motion, which restricts the frequencies of the higher harmonic blade pitch angle [4] 

(usually this is restricted to an nb — 1, nb, or nb + 1 multiple of the rotor rotational 

speed, £2, where nb is the number of rotor blades). Other limitations with HHC 

implementation exist when dynamic coupling between the blade and the fuselage 
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may not be neglected. 

Individual blade control is a slightly different approach in that the actuators are 

placed directly on each blade, or its chain, and rotate with the hub. Studies show 

that using IBC can yield significant vibration reduction similar to HHC, such as Yu 

et al. [9], or Ham [10], who describes some previous research on IBC and describes 

the advantages and disadvantages of each strategy. Experiments showing successful 

vibration reduction using IBC methods can be reviewed in References [11-13]. An 

individual blade control scheme depresses a broader range of vibration than a higher 

harmonic control scheme, approximately 2f2 to over 10Q for a four-bladed rotor. 

It has higher control efficacy because it consists of separate subsystems designed to 

control the blade modes that have low damping ratios near the fundamental resonance 

frequency of the rotor [14]. 

Active Twist Blades 

The IBC approach can also be subdivided into categories; most current research on 

the subject is on either active twist rotor blades or root actuation. The active twist 

rotor blades are usually composite fibre blades that have actuators between plies 

that contort the structure when electrical currents flow through them. Clusters of 

actuators on the rotor blade at its root, or as suggested in this dissertation, applied 

as a distinct, non-integrated, impedance device, achieve root boundary control. 

As blade manufacturers used composite materials more readily, they realized local 

twists could be induced in the blades. These twists help control aeroelastic forces, as 

they could induce specific warping, bending, or further twisting that would distribute 

the stresses in all directions, or reduce and magnify aerodynamic loads on the wing. 

Previously this coupling was minimal and dependent on the materials used in the 

composite. A method of passively inducing blade twist to minimize vibration over a 
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narrow band of frequencies using ply warping was examined in [15], which shows that 

passive vibration suppression is not the optimal solution for vibration attenuation in 

large bandwidths. 

However, with the invention of smart materials, in particular anisotropic piezo

electric strain actuators, twisting a blade structure has become practical. Active 

twist rotor blades manufactured with composite material have piezoelectric actuators 

embedded within, those made with metallic alloys have surface mounted actuators, 

to modify the local twist of the blade appropriately. 

Anisotropic behaviour caned 
by helical winding 

Figure 1.8: Active blade twist concept [16]. 

There is considerable research on active twist rotor (ATR) blades, as exemplified 

by Biiter and Breitbach [16], and Cesnik et al [17]. These papers discuss active control 

methods with embedded piezoelectric actuators in conjunction with directional fibre 

winding, as shown in Figure 1.8. The ATR blades have driving actuators that result 

in local deformations, which in turn influence the blade twist distribution. By locally 

altering the twist distribution of the airfoil, an effective controller temporarily changes 

the lift, twist, and drag properties of the rotor blade. Although this type of vibration 

control has been successfully introduced, it generally requires more power to develop 

full control than root methods. This type of control constantly works against the 
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aerodynamic forces applied to the blade, and therefore, significant power consumption 

is typically associated with this active control. 

Root Control 

Root vibration control is also a matter of current research and shows promise mit

igating vibratory loads generated from unsteady aerodynamics of the rotor blade. 

There are many different methods of achieving rotor blade root control, including 

incorporating smart materials within the blade, fastening actuators to the surface of 

the blade, or replacing the pitch link with a semi-active muffler. 

Figure 1.9: Embedded root smart spring concept [18]. 

A system with embedded actuators in a composite rotor blade is shown in Figure 

1.9. Systems with embedded or fastened actuators achieve control by creating an 

internal moment within the blade that changes the load distribution along the blade. 

This is similar to the active twist concept; however, the load distribution is changed 

at the root of the blade, which affects the strain energy density throughout the blade 

that changes its vibration characteristics. Similar to the active twist blades, root 

control of helicopter blades using embedded or surface fastened smart materials also 

causes discontinuities, and requires high power consumption. 

Controlling the blade at the linkage, as shown in Figure 1.7, obviates concerns 

pertaining to local discontinuities. Instead of creating unwanted shear and moment 
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effects within the blade, the root control device controls the motion of the linkage 

system and thus the blade motion. This system has the added benefit of altering 

the boundary conditions, which is a well-known method used to change the vibration 

characteristics of a mechanical system. 
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Figure 1.10: Axial smart spring concept [8]. 

Harold [8] describes an impedance control device, called a 'smart spring', that 

affects the mass, damping, and stiffness characteristics of the system to which it 

is added. A smart spring device employs piezoelectric elements in a stack as an 

actuator can, as shown in Figure 1.10. Comparing Figure 1.10 to Figure 1.11, the 

active material mass is equivalent to the actuator can and the actuator can housing; 

fci is the primary spring; k2 is the secondary spring; the controlled mass corresponds 

to the rotor blade and the base mass is the swashplate, neither of which are shown. 

When inactive, the actuator block slides freely in a slot that is attached to the 

controlled structure, as shown in Figure 1.11. However, when the actuator is activated 

it contacts the side-wall surface of the slot and causes friction. Heat from friction 

dissipates energy out of the system the smart spring is designed to control. In this 

way the smart spring can control the impedance of a mechanical system. 
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Figure 1.11: Base excited mass system [8]. 

1.1.7 SHARCS Project 

The Smart Hybrid Active Rotor Control System (SHARCS) project is the total rotor 

blade control research proposal, of which this thesis is part, introduced at Carleton 

University, which can be further reviewed online [19]. Because control strategies typ

ically cannot reduce both rotor noise and vibration simultaneously, this project aims 

to supplement rotor blades with three subsystems that are fit onto an existing rotor 

blade. These three subsystems are independently controlled, this creates a control 

system to be able to coincident ally affect noise and vibration reduction. The subsys

tems are an Actively Controlled Tip (ACT), an Actively Controlled Flap (ACF), and 

an Adaptive Pitch Link (APL). The sketch of these three devices on the rotor blade 

is shown in Figure 1.12. 

One of the significant sources of noise and vibration is caused by blade-vortex 

interaction (see Figure 1.2). There are two ways to reduce the noise emanating from 

that interaction: reduce the strength of the vortex or increase the miss distance of 

the blade, see Figure 1.13. The actively controlled tip is an anhedral flap device that 

achieves noise reduction by changing the blade's tip geometry. Due to its flapping 

motion, it maximizes the vortex miss distance with the preceding and succeeding 
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Figure 1.12: SHARCS prototype blade with three independent control systems [20]. 

blades. For further information, prototype details are available in Ref. [21]. 
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Figure 1.13: Miss-distance between rotor blade and vortex generated by previous 
blade. 

An actively controlled flap is fit to the aerodynamically efficient section of the 

rotor blade to reduce rotor blade vibrations. At moderate advance ratios, vibration 

becomes a limiting factor in helicopter performance, so the ACF prevents dynamic 

stall and diminishes hub vibration loading by oscillating the blade angle of attack 

with the azimuth angle. At higher advance ratios, dynamic stall cannot be avoided, 

but it can be lessened by reducing the local angle of attack. More information can 

be found in References [22,23] and the thesis by Ulker [24]. 

The goal of the APL is to replace the nominal pitch link in the helicopter control 
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chain and reduce the transmission of vibratory loads to the fuselage via the hub. 

Smart material activation engages a block housed within the adaptive pitch link 

system. Engaging the mass causes friction forces that convert the kinetic energy 

of the combined rotor blade-block mass system into thermal energy. In addition, 

there is a momentum transfer between masses, and the combination of these effects 

reduces the vibration transmissibility of the hub. An initial study on the dynamics 

of this system can be found in Gransden [25] or, with aerodynamics, in Nitzsche and 

Oxley [26]. 

1.2 Literature Review 

Due to the nature of the thesis, which involves the combination of four distinct topics 

(blade mechanics, multibody articulation, aerodynamics, and control), each subject 

is reviewed separately. There are many papers that overlap specific subject areas, 

so these works are included where they were most applicable. What follows is a 

semi-chronological overview of how this research developed. 

1.2.1 Helicopter Blade Mechanics 

Early investigations into helicopter blade dynamics focussed on cantilevered blades 

attached to a rotating shaft. Perhaps the first investigation using linear analysis 

was that of Houbolt and Brooks [27]. They performed a first order analysis using 

a Newtonian approach. Their research was superseded by Hodges and Dowell [28], 

which included non-linear terms of a slender, homogeneous, isotropic blade. 

Considerable research went into the modal analysis and stability of vibration of 

cantilevered beams, after these aforementioned works. Two books that use beam 

models in their description of helicopter blade mechanics are Bramwell's Helicopter 
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Dynamics [6] and Johnson's Helicopter Theory [29], and they are still regarded as 

excellent initial sources. These books both contain considerable detail on rigid body 

motions of the hub, the elastodynamics of the blade, and flight aerodynamics. 

Yokoyama [30] researched the effects of shear deformation on the motion of the 

blade. It was discovered that shear effects, which were previously unresearched, were 

more pronounced in a slowly rotating blade than a non-rotating beam. This is one 

disadvantage of Euler beam models; however, the effects were less severe as the rota

tional speed increased. 

Borri [31] introduced a kinematic chain (an open chain) into the helicopter time 

domain research. His paper seemed to be one of the first attempts to realize a cou

pled response between a mechanism and a rigid blade model. This research was 

conducted with finite element analysis, and included some simple aerodynamics in 

the formulation. 

Al-Bedoor and Khulief [32] investigated elastic beam models and the vibration 

analysis including prismatic and revolute joints. This was done in the frequency 

domain, using cantilevered beam shapes. Dynamic models with coupled responses 

became more important, so Tumour and Celi [33] examined the coupling between 

the entire helicopter and the blade motions. They included a tilting shaft and used 

linearized aerodynamic load models. Al-Bedoor [34] further examined this aspect 

of rotor deflections, shaft torsion, and bending modes. This work was one of the 

papers that split the motion into elastic body and rigid body motions. Finite element 

analysis was also performed in this paper. 

The articulation of the hub and the coupling effects of the rigid motion with the 

elastic blade became increasingly important to accurate helicopter blade simulation. 

Yoo and Shin [35] published results on the effects of the flap-lag coupling, using some 

gyroscopic terms neglected in Hodges and Dowell. Chung and Yoo [36] published a 
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paper with non-linear finite elements, but used a linear beam model and only studied 

the effects of the flap-lag coupling. 

A paper by Zheng, Ren, and Cheng [37] combined the elastic blade deformations 

of Hodges and Dowell with the aerodynamics of Hodges and Ormiston [38], and 

included a detailed examination of the aeroelastic hinges connecting the hub to the 

blade root. They included the hinges commonly found on most helicopters, the flap, 

lag, and pitch, and coupled the entire hub system to an Euler-Bernoulli beam system 

representing the helicopter cabin. Instead of using Lagrange multipliers, they iterated 

between solutions of the hub system and fuselage beam. 

Cesnik et al. [17] worked on the variational asymptotic method; which is a one-

dimensional plus two-dimensional (ID + 2D) analysis. This method emulated the 

effects of a three-dimensional analysis by decomposing the physical model into two 

groups: a cross-section and a beam model. The advantages of this method were that it 

solved the equations of motion quickly and it was accurate for most three-dimensional 

effects. Their paper combined the experimental research done on a hover flight case 

with an articulated rotor. They showed, experimentally, that the individual blade 

control concept was effective at reducing the severity of blade vibration. Their re

search was conducted to show the effectiveness of active twist rotors, which in general 

requires higher loading, higher blade forces, and have higher voltage requirements. 

Subsequent studies using finite element analysis have shown that a three-

dimensional analysis can capture effects unnoticed by (ID + 2D) methods. Truong 

[39] showed, with an element model of 10 000 nodes, that there were high-speed 

torsion effects that were more accurately predicted by a finite element model. The 

program used in that paper was designed for mid-range workstations, much like the 

one described by this thesis. However, there were no aerodynamic effects, nor were 

there hinges applied to the mathematical model, which is included in this dissertation. 
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Das, Madenci, and Straub [40] published a paper similar to Ref. [39] in that 

they used finite element analysis to capture aeroelastic effects of flexible rotor blades. 

Shell elements with transverse shear were used in their paper, which included a quasi-

steady aerodynamic analysis based on lifting line theory. They agreed that (ID + 

2D) models are convenient in that those methods contain fewer elements, but that 

full models capture three-dimensional effects around the cross-section more realisti

cally. They used shell elements specifically to capture shell-like deformations similar 

to those experienced by nexbeams. Das et al. noted that they have approximate 

aerodynamics, and they perceived that as fluid mechanics becomes more refined, so 

should the solid structural mechanics. Therefore, the research described by this the

sis contains a three-dimensional continuum mechanical model, because of its ease to 

construct, and to capture torsional effects that may be important for the control, 

given that it is based on pitch control. 

1.2.2 Cont inuum Mechanics and Finite Element Analysis 

Well written initial research on continuum mechanics and tensor calculus include 

Bonet and Wood [41], Haddad [42], and Mura and Koya [43]. Each of these references 

began with basic continuum mechanics and developed the material relationships with 

tensor calculus. 

Crisfield [44,45] concisely meshed the combination of continuum mechanics and 

finite element analysis into a couple of comprehensive texts. Bornemann and Wall 

[46] (or Bonet and Wood) wrote an easy-to-understand linear finite element text 

and continued their work with a non-linear version [47], which also delved into a 

more detailed analysis of parameterization methods, such as Newmark's method and 

the Generalized-a method. These also detailed how to convert the tensor calculus 

notation into Voigt matrix and vector mathematics for computer manipulation. 
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Kuhl and Crisfield [48] published a paper describing various energy-conserving 

and decaying methods pertaining to structural dynamics. This paper compared New-

mark's Method, classical a-methods, the Energy-Momentum Method, and Constraint 

Energy (and Momentum) Methods. It resulted in a Generalized-a Energy-Momentum 

Method, which formed the basis of elastodynamics in this thesis. This method com

bined the energy and momentum conserving properties of the Energy-Momentum 

Method with the numerical stability and controllable numerical dissipation of the 

a-methods. 

1.2.3 Multibody Dynamics and Treatment of Constrained 

Dynamics 

The multibody dynamics described in this thesis are divided into two aspects: compu

tational dynamics and optimized constraints. The computational dynamics research 

for this thesis used the approach found in many robotics textbooks. Two primary 

texts used in this research were Introduction to Robotics: Analysis, Systems, and Ap

plications [49] and Modelling and Control of Robot Manipulators [50]. Both of these 

works provided details on open and closed kinematic chain successive reference frame 

analysis. References [51-54] included computational dynamics with some constrained 

analysis. Typically, these books included constraints as forces applied externally to 

a set of elements. Reddy and Rasmussen [55] was particularly useful in its inclusion 

of variational methods. The Lagrange multipliers they use were treated as internal 

variational forces that couple multiple bodies. 

There are a few papers specific to helicopter multibody dynamics. Of particular 

interest were those that incorporate the blade mechanics with the articulation, such 

as Agrawal [56], which explained clearly a method for analysing the multibody blade 
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dynamics with a full helicopter model. In that paper, Lagrange multipliers were used 

to showcase the coupling between the hub and a blade system. This paper also ex

plained the difficulties with existing models. CAMRAD II [57] and DYMORE [58] 

are current helicopter structural models that are expensive, difficult to expand, diffi

cult to use and modify, and for experimental purposes, restrictive in their generality. 

These structural models also used beam elements in a ID + 2D solver. 

Although it used modal analysis, the paper by Rosen, Loewey, and Mathew [59] 

determined a method to include hinges at the root of the helicopter blade. This work 

had only the aerodynamic hinges, but it also showed the effect of springs and hinges 

on the blade mode shapes. Continuing with a beam model built from their previous 

paper, Loewy et al. [60] analysed root retention variations, which showed the modal 

coupling between hinges, and the stability provided therein. 

Bauchau and Kang [61] published a paper in which they modelled the combined 

elastic and rigid body motion, as opposed to solving the body motions separately. 

They used a pitch link to model the motion; however, they discuss the addition of 

constraints and the destabilizing effect adding a rigid infinite stiffness has on a system. 

Bauchau [62] examined the matrix condition stiffness of a system of equations 

due to the effects of Lagrange multiplier constraints. He noted that energy pre

serving schemes have difficulty with high frequency numerical dissipation, which can 

cause convergence problems. It was suggested that energy decaying methods pro

vide unconditional stability, especially in the presence of constraints. (Laulusa and 

Bauchau [63] review these methods in a more recent paper.) 

Again, Bauchau, with Bottasso and Nikishkov [64], published a history of blade 

models and multibody methods. They used a model based on the variational asymp

totic method, and include joints, modularity, and Lagrange multipliers for (matrix) 

sparsity. They outline the utility of various methods: ID + 2D solvers for quick, 
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accurate results; shell methods for flexbeams and bearingless rotors; and 3D solid 

models for a realistic beam. One of the other distinguishing features of this paper 

is that it suggested the importance of the control chain on the overall motion of the 

helicopter blades. 

Closed Chain Mult ibody Dynamics 

Using a Newton-Euler analysis with Denavit-Hartenberg formulation for the frames 

of reference, Luh and Zheng [65] mimicked the analysis of an open tree-structured 

robotic system with a closed kinematic chain mechanism. They described a virtual 

cut to a link forming part of the closed-loop chain, which was replaced by holonomic 

constraints. Then they describe the methodology to solve the open-loop system. In a 

later paper, Zheng and Luh [66] include an analysis for the velocity constraints, which 

were used instead of the position and orientation constraints for clarity and ease-of-

use. The drawback with velocity constraints, however, was that they can be non-

holonomic, and would have to be treated separately. This led to a two-field problem 

of positions and velocities, and their constraints, which increased the complexity of 

the solution and increases the computational cost. 

Nearly the same time as Ref [65], Gear, Leimkuhler, and Gupta [67] showcased a 

method to solve two-field problems. Their work showed an easy way to reduce the 

index of differential algebraic equations (DAEs) generated by constrained mechanics. 

This reduction makes the DAEs easier to solve, but the increased computational cost 

remains. 

Another drawback in the two- and three-field analysis is the phenomenon of drift in 

the loop closure, because as time elapses, the closed-loop system appears to generate 

'gaps' in the solution at the virtually cut joint. Often the recommended procedure was 

to reduce the system to a minimal set of co-ordinates [68-70]. However, the argument 
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against using a minimal set of state variables is that they require complicated symbolic 

manipulations that are unwieldy and not guaranteed to have a unique solution. 

Blajer [71,72] published two papers to uncover a filtering method that reduced the 

constraint errors. State variables were corrected geometrically to eliminate constraint 

violations, the 'gaps', at each integration step. Instead of using a minimal set, Blajer 

solved a dependent set of state variables with the constraints in a differential algebraic 

equation. Kovecses, Piedboeuf, and Lange [73] improved filtering techniques based 

upon Blajer's work by introducing a filtering method that splits the joint variables into 

variables that satisfy the motion of the system, and variables that are admissible with 

the constraints. Unfortunately, filtering techniques cost even more computational 

time, and required more iterations in a non-linear analysis. 

Calculating joint torques posed another quirk of closed chain kinematics: open-

chain analysis normally involved a robot Jacobian relating the torques to the input 

forces. In the case of closed chain kinematics, the torques were not easily calculated 

because of the static indeterminacy. However, an analysis by Smiarowski and Ander

son [74] showed that a Jacobian could be obtained by any path and that it could be 

related to all joints via the constraints. 

A paper published by Negrut et al. [75] established a method of manipulating 

the index-3 DAE problem without resorting to a two-field problem. They used a 

Newmark family method, although not generalized-a, and a predictor-corrector to 

tackle the high-order differential algebraic equation. Lunk and Simeon [76] reiterate 

their findings, and compared methods with position and velocity stabilization (two-

field problems) with the index-3 methods. They, along with Khude et al [77], showed 

second-order convergence for regular index-2 problems. 

Recently, Arnold and Briils [78] showed that a generalized-a solution to an index-

3 differential algebraic equation was possible by using an alternative description of 
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the acceleration, instead of relying on a weighted formulation of the residual equa

tion. Their formulation used only position constraints and still showed second-order 

accuracy and quadratic convergence even with Lagrange multipliers. 

1.2.4 Aerodynamics 

SMARTROTOR is a program that analyses helicopter aeroelastic interaction. There 

are three main sections to SMARTROTOR: an aeroacoustics package, an aerody

namics package, and a structural package. The aeroacoustics package was designed 

by Opoku [79] to determine the noise generated by the helicopter in various flight 

configurations. However, it is not a major component of this research. 

The SMARTROTOR aerodynamic component (GENeral Unsteady Vortex Panel, 

GENUVP), was developed at the National Technical University of Athens (NTUA) 

and will be combined with the structural solver described by this thesis, as part of 

the SHARCS project. GENUVP uses the Helmholtz theorem, which allows the de

composition of an incompressible inviscid flow-field into its rotational and irrotational 

components: the uniform external velocity, the velocity induced by the solid panels, 

and the velocity contribution from the rotor wake. GENUVP combines a vortex 

particle method to represent the rotor free wake as a cloud of particles and an indi

rect panel method to represent the solid bodies. Using a smoothed approximation 

to the Biot-Savart Law [80], the velocity induced by the cloud of vortex particles is 

computed. 

In GENUVP, tip and trailing edge wake strips are emitted at each time step to 

form a so-called near-wake. These are represented by dipoles whose intensities are 

matched with the intensity of the emitting elements at the lifting surfaces to enforce 

the Kutta condition at the tip and trailing edges. The near and far wakes are coupled 

such that at each time step, a vortex particle is produced by integrating the vorticity 
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of each near-wake element. Next, the far wake is formed by these particles and is 

convected and deformed in two steps. First, the particles are convected according to 

the local velocity, and then they are deformed to take into account vortex stretching 

using a particle strength exchange method. For a complete description of this for

mulation, see Voutsinas et al [81-84]. GENUVP is capable of simulating a complete 

helicopter rotor configuration and able to capture the blade-vortex interaction effects, 

important in the prediction of helicopter rotor aeroacoustics. 

As the focus of this dissertation is computational structural dynamics, the aerody

namics used in this dissertation are based upon the blade element momentum theory 

model. Leishman [3] is the primary source for lift, drag, and twisting moment aero

dynamics. Comparable sources include Bramwell [6] or Johnson [29], although their 

descriptions of aerodynamic loads were based on different definitions of initial posi

tions. Instead of constant or linear inflow theory, however, Mangier and Squire's [85] 

non-linear inflow aerodynamic model was used. This inflow theory more accurately 

described the air inflow through the rotor actuator disc as compared with NASA 

experimental results [86-88]. 

1.2.5 Vibration Control 

Due to the nature of the SHARCS project, individual blade control and root semi-

active control devices will be examined. Initial investigations on individual beam 

vibration were performed by Hodges [89,90]. These examinations of cantilevered 

beam models included off-axis rotational formulae and natural frequency calculations. 

Beam vibration and control research continued with works similar to Biswas and 

Klafter [91] and Diken [92]. These works had no hinge mechanics, and looked at 

feedback control of a fixed-free rotating beam, without aerodynamics. 

More robotic vibration damping was investigated by Dadfarnia et al. [93] and Choi 
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and Han [94]. These works examined robotically controlled systems, with piezoelectric 

patches applied to the robotic arm. Neither of these works included aerodynamics, 

but showed tip deflection suppression. Na, Librescu, and Shim [95] modelled a closer 

approximation to a rotorcraft blade. They also used bonded surface piezoelectric 

patches over the spar of the beam to achieve out-of-plane actuation (flap) and used 

feedback control to control the flap and lag response of the beam tip. However, they 

did not include hinges or aerodynamics. 

Aeroelastic analyses of rotor vibration control can be found in many sources, such 

as Nitzsche and Breitbach [14,96,97]. Their first paper detailed a smart structures 

technology as embedded piezoelectric patches in an individual blade control algo

rithm. Although the equations of motion are linearized, this paper includes forward 

flight aerodynamics and examined the modal properties of the blade. Nitzsche and 

Breitbach [97] continued their research with high harmonic vibration of hinged he

licopter blades and the feasibility of using piezoelectric smart materials with modal 

filters. In particular, this paper examined the flap and torsional coupling effects and 

individual blade control with feedback control. In another paper, Nitzsche and Breit

bach [14] showed that some blade root forces cancel, due to the symmetry of the hub. 

They found that higher harmonic control performed poorly at suppressing vibration 

from the hub. 

Nitzsche [98] advanced the concept of modifying the stiffness by changing the 

beam boundary conditions. The beam structure was changed from a hinged system, 

which has zero stiffness in the flap and feathering directions: first to a flexible link, 

with a finite flap and feathering stiffness, and second to a cantilever case, with infinite 

stiffness. The scaled rotor was modelled after a BO-105 helicopter, and experiments 

were conducted in the German-Dutch Wind Tunnel. Nitzsche [99,100] found that 

changing the dynamic stiffness at the root of a flexible, bearingless rotor blade was 
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an effective method to reduce vibration emanating from the rotor. These papers 

included a beam model based on Hodges and Dowell; however, modal analysis was 

employed using an integrating matrix method [101] to reduce the system to single 

order ordinary differential equations (ODEs). The ODEs were solved with a closed-

loop control scheme to effectively reduce the vibration from the unsteady aerodynamic 

loads. 

Anusonti-Inthra and Gandhi [102-105] and Anusonti-Inthra's dissertation [106] 

examined a sinusoidally varying root stiffness to control blade vibration. They anal

ysed a hingeless rotor using the blade properties of a BO-105 helicopter and Drees's 

(linear) inflow aerodynamics. By changing the baseline stiffness of the blade root, 

they were able to reduce the vibration in the blades. However, they also described 

higher harmonics produced and increased blade root moments. With the introduc

tion of springs and dampers, they showed that the flap-lag interaction is the most 

influential and they were able to reduce vibrations for the first five harmonics. 

Combining finite element analysis and positive feedback controllers, Yang, Jiang, 

and Chen [107] showed that momentum exchange could be used for rigid body control. 

Harold's thesis [8] outlined the development of a torsional smart spring system. That 

paper elucidated the efficacy of controlling a twisting structure using a momentum 

transfer and simple frictional (impedance) control. He also constructed a linear smart 

spring, the first generation impedance control for the SHARCS project, and developed 

a state switching control law based on Cunefare [108]. The state-switching control 

law was examined further by Liu, Waters, and Brennan [109]. They noted that many 

semi-active controllers are on-off state-switching, and their paper stated that clear 

performance gains could be had by basic control strategies. 
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1.3 Objectives and Novelty of Research 

Vibrations emanating from the main rotor cause undesirable accelerations in the 

cabin and cockpit of most rotorcraft. These vibrations are detrimental to the pilot's 

health, the mechanisms and structure of the helicopter, and cargo or passengers. This 

research presents a novel method of controlling helicopter vibration transmissibility 

from the blades to the fuselage. Exchanging the pitch link for a semi-active impedance 

controller alters the boundary conditions of the kinematically determined rotor blade, 

and diminishes the impact of the vibration emitted by the main rotor on the helicopter 

body. 

The primary objective of this thesis is to outline the theory for coupling the rigid 

body articulation with the three dimensional nonlinear elastic blade model. Included 

in that goal is the inclusion of the entire hub articulation: the aerodynamic chain 

and the control chain modelled together. The culmination of this objective results 

in a computer program, b3dsm.m (blade 3-dimensional structural model), which is 

an m-file written in MATLAB v. 2007b. The computer program is intended to be 

a research tool, useable independently or coupled with the aerodynamic methods 

method in the review. 

The program is to have the fully coupled parallel kinematics of the hub coupled 

with the elastic blade at the blade root. All degrees of freedom are allowed in the 

articulation, including the collective and cyclic pitches, which are typically pilot con

trolled. The adaptive pitch link is also included, and can be implemented on any 

simulated flight, or turned off, as the simulation requires. Hover and forward flight 

aerodynamics are modelled to provide simplified load cases. (Note that the program 

is designed for constant velocities; in any accelerating flight the assumption that the 

inertial frame of reference attached to the hub is no longer valid, neither are the 
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aerodynamics.) 

The topics in this thesis cover four main groups: rotor blade elastic dynamics, 

blade aerodynamics, rigid body mechanics, and vibration control. Individually, the 

topics described in this thesis are not wholly new: as exemplified in the review, 

proposals have been made for each component in some field. However, many of the 

concepts are relatively new to the helicopter research field, and no research exists 

that combines these topics coherently. Within these broad topics are novel nuances 

that are not normally discussed in rotorcraft forums, such as the coupling between 

the rotor blade itself or the dual chain articulated hinges. 

The rotor flexible dynamics use three-dimensional elements. Commonly, rotor 

blade dynamics are modelled as beam elements, or combined in an asymptotic method 

common to "one-dimensional plus two-dimensional" analyses. The choice of a three-

dimensional finite element model is due to its simplicity and accuracy for full aeroe-

lastic effects. The generalized-a energy momentum method (GEMM) is quite new, 

and stabilizes the non-linear equations of motion better than previous schemes. In 

non-linear structural dynamics, the stability of the algorithm is the main interest, 

because unconditionally stable algorithms in linear dynamics are not necessarily so 

in non-linear dynamics. For non-linear systems, a sufficient condition for stable so

lutions is that the energy must be constant, or decay, within a time step. (Spectral 

stability is required also, as a necessary condition.) The GEMM concurrently allows 

energy conservation or decay and controllable numerical dissipation of unwanted high 

frequency modes with second order accuracy. 

Simplified blade aerodynamics are very commonly done for helicopter research pa

pers, typically for hover or Drees (linear) inflow models. These analyses usually don't 

involve three-dimensional structural models. Often the aerodynamics package uses a 

beam model; however, there are some models that use shell elements. The analysis 
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presented in this thesis describes the non-linear Mangier and Squire inflow model, 

which more accurately shows the inflow at the centre and edges of the rotor disc. As 

part of the SHARCS project, in this thesis, the aerodynamics package is simply a 

substitute for a complex aerodynamics analysis, which is done with SMARTROTOR. 

Articulation is relatively new in rotorcraft forums, but the Denavit-Hartenberg for

mulation for rigid body frames of reference allow easy computation of relative frames. 

Decidedly uncommon in vehiclar dynamics software is the introduction of a closed-

kinematic chain; only a few of these software packages deal with closed-kinematic 

chains, and these packages require expertise in manipulating the individual members 

of the mechanism. Unfortunately, due to their competitive commercial nature, they 

are also difficult to verify and it is expensive to purchase licences. Other programs 

that have been proven for structural mechanics require a user to know boundary 

conditions a priori, in order to calculate forces. In this research, the articulation 

boundary conditions are dependent on the excitation forces, which are in turn de

pendent on the boundary conditions. For example, switching between two values 

of stiffness, in addition to the mass and damping differences, changes based on the 

forces introduced to the hinge system from the blade. This iterative process is slow 

and error prone when done in typical structural solvers not appropriately set up to 

deal with such issues. 

The coupling between the rigid mechanics and the elastodynamic blade is also 

novel. At the blade root, the internal forces of the elastic body rotor blade must 

balance the external forces arising from the rigid body articulation. The force resul

tant on the blade root depends on the position and orientation of the blade, which is 

determined by the hub articulation. The hub articulation is dependent on the force 

resultant to balance the torques prescribed by the external forces from the blade. 

Again, an iterative procedure could solve this root boundary condition, but with the 
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same drawbacks as mentioned above. 

The program described in this thesis is unique in its ability to solve complicated 

geometric boundary conditions with internal reaction forces. This is necessary for the 

current research, as the reaction forces developed from the blade-hub coupling are 

inputs into the rigid body dynamics of the hub. Currently, no other three-dimensional 

solver exists with an articulated hub model, let alone a closed-kinematic chain. 

Finally, root control strategies exist in literature; however, no root control proposal 

exists that suggests the replacement of the pitch link with an active controller, except 

those from the SHARCS project. The impedance control device is an innovative way 

to reduce the vibration transmissibility from the blades to the fuselage. Exchanging 

the pitch link with the APL provides semi-active control that is lightweight, cheap, 

easy to implement on existing rotorcraft, and effective. Previous root control concepts 

involve modification of the blade at the root, not at its attachment to the pilot control, 

and none of those models matches the complexity of the articulation model that is 

described in this dissertation. In addition, no model has proposed a discrete, time-

dependent boundary condition modification. 

The research collated within this thesis represents a collection of ideas from many 

fields applied to a full rotor head. By themselves, each section constitutes an im

provement in tools used for understanding rotorcraft as a complex global system. 

Collectively, this research constitutes a push forward in the understanding of how 

each aspect of the main rotor interacts with the other systems. 



Chapter 2 

General Continuum Mechanics and Finite 

Element Development for Solid Structures 

This chapter provides a brief description of continuum mechanics as background for 

the nonlinear finite element solution. This work cannot cover the entire breadth of 

continuum mechanics and finite element analysis; however, some basics are necessary 

for comprehensiveness. There are many good references for further reading on contin

uum mechanics, such as Bonet and Wood [41], or Haddad [42]. The work on the finite 

element discretization comes from Bornemann [46,47], while the time discretization 

schemes are based on the same and from [48,110]. 

Nonlinearity comes from large physical deformation (geometric), nonlinear consti

tutive relationships (material), and from nonlinear external forces or displacements 

(boundary conditions). Geometric nonlinearity is a physical change in the structure 

such that the deformation is large enough to warrant setting up the equilibrium equa

tions in the deformed position. The other sources of nonlinearity described in this 

dissertation arise from force boundary conditions, specifically from the motion of the 

articulation and the friction of the APL, but this chapter only outlines the elastic 

body geometric nonlinearity. 

36 
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2.1 Strain and Deformation 

A relationship between the deformation of an object and its original description begins 

with strain, a measure of the distortion of a body. Figure 2.1 shows a continuum 

material displaced and deformed over a period of time relative to its original position. 

The diagram shows two ways the object could be referenced: with respect to the 

current (deformed) frame x, or the initial (undeformed) frame X. (Note that in this 

chapter only, miniscule characters represent spatial coordinates, whereas majuscule 

characters denote material coordinates.) Here, it is assumed that the two mapping 

systems are referred to a common Cartesian coordinate frame. Although not strictly 

necessary, as long as a mapping function between the two systems is known, having 

a coincident frame of reference simplifies the relationship between the two frames. 

ei 

Figure 2.1: Undeformed and deformed configurations of a body described in coin
cidental frames of reference. 

Using a coincedent frame of reference, a point in space can therefore be represented 

by the current position of the particle as 

x = xiei + x2e2 + x3e3 = xkek (2.1) 



or the initial configuration as 
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X = Xxei + X2e2 + X3e3 = Xkek, (2.2) 

in which e^ represents the Cartesian basis for the current position frame of reference 

and the unit basis for the initial description, because the coordinate systems are 

superimposed. From these definitions, a displacement vector u or U, depending on 

the description, can be expressed as either 

u = ukek or U = Ukek, (2.3) 

and the relationship between the two positions can be given as 

u = x - X. (2.4) 

If the deformation of the particles in the continuum is expressed in the current 

configuration, its coordinates are functions of the original configuration. That can be 

expressed mathematically as 

Xi = Xi(X1,X2,X3,t) 

or 

x = x (X, t ) , (2.5) 

where t is used to denote the time dependent aspect of deformation. 

This expression can also be interpreted as the map of the initial configuration onto 

the current configuration. Referencing the deformed system is known as the material, 
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or Lagrangian, formulation. 

Conversely, if the deformation is expressed in the original configuration, its co

ordinates are functions of the current configuration. That results in the following 

expression: 

Xt = Xi(xi,x2,x3,t) 

or 

X = X(x , t ) , (2.6) 

which is known as the spatial, or Eulerian, description. 

These maps are both one-to-one and continuous, with continuous partial deriva

tives to whatever degree necessary. The maps are also unique inverses of one another. 

It is important that these continuum configuration descriptions can be related to each 

other, because a deformation gradient is necessary to describe the changes a group of 

particles undergo through the transformation (/>(i), and both descriptors are required. 

Deformation Gradient 

The material deformation gradient, F, relates the initial state of an infinitesimal 

fibre dX, to its current state dx. Mathematically, it is the partial derivative of the 

Lagrangian tensor by the Eulerian. That is, 

,-, „ <9x „ <9x „ <9x „ . „. 
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Going back to the initial configuration, the distance between neighbouring parti

cles, PQ and Ro, can be expressed as the square of the undeformed coordinate X: 

dX2 = dX-dX = Si3dX%dX3. (2.8) 

Looking again at particles P and R (in the deformed configuration) in Figure 2.1, the 

square of the differential length is 

dx2 = dx • dx = 5t3dxidx3 (2.9) 

and as dx% is a function of the initial coordinates system, 

OX' 

dX3 

or 

dx = FdX (2.10) 

then the squared length becomes 

(dx)2 = ^^dXtdXj = dXTFTFdX. (2.11) 

Strain, in the one-dimensional classical mechanics sense, is the stretch of a body 

relative to the body's original length. It measures the deformation of an object, by 

relating the deformed position and the original, undeformed position. The strain on 

the material between P and R is the difference in the distance between the neighbour

ing particles after loading. If this value is zero, then no deformation has occurred, 

only rigid body displacements. 
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With the two above coordinate frames in mind, taking the difference results in 

= dXT ( F T F - I) dX (2.12) 

= 2dXTEGLdX, 

where I is the identity tensor and EQL, also written as E, is the Green-Lagrange finite 

strain tensor, defined as 

E = eG L = ^ ( F T F - l ) . (2.13) 

Recalling Equation (2.4) and re-arranging it, gives 

x = X + u (2.14) 

which, using Equation (2.10), can be explicitly given as 

F = 8x = I + ax = I + V x U - (215) 

This results in the strain expressed in terms of the deformation as 

~ 2 yax + \dx) + \dx) dx) 

= \ ( V x u + ( V x u ) T + ( V x u ) T ( V x u ) ) . (2.16) 

Now that a strain measure has been determined, the appropriate corresponding 

stress needs to be analysed. Specific stress-strain pairs form energy conjugates, which 

describe the same internal energy density carried by the material. In the case of the 
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Green-Lagrange strain, the energy complimenting stress is the Second Piola-Kirchhoff 

stress tensor. 

2.2 Stress 

The Second Piola-Kirchhoff stress tensor can be derived from Cauchy's Stress Prin

ciple, which postulates that the ratio of a finite force applied over a finite area ap

proaches a definite limit. Referring to Figure 2.2, the body depicted undergoes some 

body force b , and an applied surface force f. As the surface area ds, vanishes at the 

point of interest, the differential force df, becomes the traction vector t n , which is 

the Cauchy limit. Explicitly, this is 

tA = lim ~. (2.17) 
ds-»o ds 

Traction is distinguished from stress because it is dependent on the infinitesimal 

surface element, which is also why there is a superscript to denote its basis. 

Figure 2.2: Stress elements on globular body. 
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Cauchy's stress principle associates the stress tensor with each unit normal, which 

represents the orientation of the surface elements with P as the interior point. All 

possible pairs of tensors t n and n define the state of stress at Point P, and can be 

described by using three orthonormal bases. Transformations associate the traction 

to each plane with respect to the others, and is written in Cartesian coordinates based 

on the material description as 

t61 =tt1e1+41e2 + 41e3 

t*> = tt2ei + 42e2 + 42e3 

t ^ = 4 3 e x + 43e2 + ^ 3e 3 . 

(2.18) 

These nine elements are the components to the traditional stress tensor, which 

is also called the Cauchy stress tensor. The Cauchy stress tensor can be compactly 

written from Cauchy's theorem, 

tn T ~ = a-n • n , (2.19) 

where the Cauchy stress crc, can be expanded in the familiar form: 

°"Cy = 

C l l CT12 CT13 

021 CT22 £"23 

0 3 1 <732 C33 

(2.20) 

The Cauchy stresses describe the state of stress at the present (deformed) configura

tion, which is not known beforehand; however, the deformation gradient and Green-

Lagrange strains reference the undeformed system. Therefore, Cauchy stresses must 

be mapped to the initial configuration if a coherent energy state is to be defined. 

The First Piola-Kirchhoff stress tensor maps one index of the Cauchy stresses to the 
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o - P i a = d e t ( F ) < T C F - T , (2.21) 

but this stress measure relates the current force system to the initial state area. 

Therefore, this stress tensor is not symmetric, and still not suitable to use with the 

Green-Lagrange strain. 

The Second Piola-Kirchhoff stress tensor relates both the force and the area to 

the initial configuration. Thus, it is a symmetric conjugate to the Green-Lagrange 

strain and it is related to the Cauchy stress by the transformation 

S = CTPK2 = det (F) F - V c F " 1 " , (2.22) 

where S often replaces the crPK2 notation for the Second Piola-Kirchhoff stress tensor. 

A note on the Second Piola-Kirchhoff stress: the map preserves the force and area 

relationship from the current configuration to the initial, but the diagonal components 

are not simply the normal stresses, nor are the off-diagonal terms the total shear 

stresses. From Figure 2.3, it is clear that the diagonal components of the stress 

tensor are not normal to the undeformed surface element, nor are the shear stresses 

parallel to the edges of the original element. 

2.3 Governing Laws of Mechanics 

Now that the concept of strains and stresses have been elucidated in terms of contin

uum mechanics, the overall relationships governing the equations of motion can be 

determined. There are three sets of equations that describe the equations of motion, 

the kinematics equations, the balance equations, and the constitutive equations. The 
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OPK222 

Figure 2.3: 2nd Piola-Kirchhoff stress tensor directions. Adapted from [46]. 

kinematic equations arise from the relationships of strain and displacement. The 

balance and constitutive equations come from the combination of the Laws of Con

servation of Mass, Momentum, and Energy. 

Kinematic Equations 

As mentioned, the kinematic equations relate the strains to the displacements. The 

Green-Lagrange strain is a function of the deformation gradient, which in turn is a 

function of the displacements. Therefore, the Green-Lagrange strain is inherently a 

nonlinear relationship between the strain and the displacements. As a reminder the 

kinematic equations in the material description are 

E = I (FTF - I) = i (V0u + (V0u)T + (V0u)T (V0u)) . (2.23) 

For physically restrained problems, the appropriate boundary conditions apply typi

cally along the surface of the body. 
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Balance Equations 

The balance equations are the first set of equations derived from the Conservation 

Laws. The Conservation of Mass requires that the mass of a contained portion of 

the continuum must remain constant. It is written, in the material description as the 

integral of density over the control volume, 

/ M X , 0 ) d V = /p (x , t ) dv . (2.24) 
JV Jv 

As with the coordinates X and x, majiscule variables are referred to the initial coor

dinate frame, and miniscule variables denote the deformed frame of reference. Hence, 

the initial volume in Equation (2.24) is V and the deformed volume is v. 

Implicitly, length and area maps have already been encountered in the section on 

strain and stress; however, in Equation (2.24) a volumetric map must be derived. 

Derivations can be found in various texts, such as [41,42], but a table adapted from 

Bornemann [47] summarizes these maps as shown. Table 2.1 reads to show that 

Table 2.1: Dimensional maps between original and deformed configurations [47]. 

Line element 

Area element 

Volume element 

Deformed ref. 

dx 

da 

dv 

Mapping operator 

F 

det (F) F~T 

det (F) 

Initial ref. 

dX 

dA 

dV 

dv = det (F) dV, (2.25) 
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or if the Jacobian, J, is defined as the determinant of the deformation gradient, 

dv = JdV. (2.26) 

(It is common, but unfortunate, that the deformation gradient determinant is called 

the Jacobian, because the Jacobian matrix is used later to evaluate the derivatives 

of the virtual displacement with respect to the material coordinates. The former 

Jacobian is a scalar and denoted as J, but the latter is a matrix and distinguished in 

expressions in bold as J.) 

Therefore, Eq. (2.24) becomes 

/ po (X, 0) dV = / p (X, t) J dV, (2.27) 

and, because this holds for any volume, 

Po = pJ (2.28) 

or 

jt(pJ) = 0 (2.29) 

if the initial density is also constant in time. Equation (2.29) is the Lagrangian 

form of the continuity equation; it is used in combination with the derivation of the 

Conservation of Momentum. 

Referring to Figure 2.4, the balance equations can be derived using the force 

equilibrium of the continuum as the sum of differential forces and the mass inertia of 
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Figure 2.4: Undeformed and deformed configurations of a body. 

the infinitesimal element, which is the Conservation of (Linear) Momentum: 

/ tAds + / pbdv = — / pvd\ (2.30) 

Substituting into the first term of Eq. (2.30) the appropriate stress and basis for the 

traction tensor, Gauss's divergence theorem for surface integrals states 

/ erT • fids = / Vx • erTdv, 
Js Jv 

(2.31) 

so that Equation (2.30) is written as 

/ (Vx • crT + pb) dv = — / /?vd\ (2.32) 

The velocity term requires some added attention, since 

s/^-sX^^-X 
d , T. Tdv' 

v - W J + p o J - dV, 
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which, with the result from the mass continuity equation, means 

iSriv=S/r^- (2-33) 
Collecting the terms gives the integral form of the balance equations: 

/ (V x • erT + pb - pv) dv = 0, (2.34) 
Jv 

where the dot-symbol shows the explicit time derivative of the variable. Since the 

volume is arbitrary, again the integrand must vanish, so Eq. (2.34) becomes 

V x • o- + pb - pir = 0, (2.35) 

which is the pointwise form of the balance equation of motion. 

Constitutive Equations 

The constitutive equation can be derived in a similar manner as above, which leads 

to the full form energy equation for the material: 

du 1 . 1 
— = - c r : e - - V - c + b - v + z, (2.36) 
at p p 

in which u is the specific internal energy, k is the strain rate, c is the heat flux per unit 

area, and z is the radiant heat constant per mass per unit time. If thermal effects are 

ignored, the internal energy is purely mechanical and the energy equation becomes 

du = -a : de. (2.37) 
P 
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To evaluate this expression, it is necessary to have a measure of the strain energy 

density per current unit volume, such as 

u* = pu, (2.38) 

but for small strain theory, p is constant and 

du* du .„ „„. 

& - - " * • ( 2 - 3 9 ) 

The stress must vanish with the strains, so the simplest strain energy function is 

quadratic. Choosing 

u* = \e : C : e, (2.40) 

where C, which is a 4th-order tensor called the constitutive (or stiffness) tensor, 

represents the elastic constraints. Substituting it into Equation (2.37) with Eq. (2.39) 

produces the constitutive equation: 

<r = C:e. (2.41) 

This may be clearer in matrix notation, with repeated indices indicating summation, 

&ij = CijkiSki- (2.42) 

A general 4 t h order tensor with three spatial dimensions has 81 component terms, 

but because of the symmetry of the stress and strain tensors, the number of those 

components can be reduced to 36. The constitutive tensor simplifies further upon the 

modification of the stress and strain notation to 
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C l l = G"l ° 2 2 = <̂ 2 ^"33 = 0"3 

C l 2 = #21 = CT4 CT13 = ""31 = ^"5 ^23 = ^32 = 0"6 

and 

E l l = £ l ^22 = ^2 £33 = £3 

2 £ i 2 = 2£21 = £4 2 e i 3 = 2&31 = £5 2£23 = 2£32 = £6 

wherein the subscripts follow the rule, 2<jij = cri+j+i for shear stresses and strains. 

(Note the factor 2 that modifies the shear strain terms, which comes about from the 

geometry of the shear strain; specifically, due to work conjugacy. Otherwise, the sub

script ordering scheme on the stress vector is arbitrary, in that one could chose any 

distinct subscripts to distinguish stresses.) Using Voigt notation, one can write the 

stress and strain tensors as matrices, which simplifies the programming required on 

a computer. With this notation, the constitutive equation can be recast so that the 

stiffness tensor C can be rewritten as a 6 x 6 constitutive matrix, which is also sym

metric, and is used extensively in the future derivation. This symmetry reduces again 

the number of components, now down to 21. For a fully anisotropic material, that is 

the maximum number of independent elastic components. Within the remainder of 

this dissertation, only linear isotropic materials are examined for analysis; therefore, 

there are only 2 independent elastic constants called Lame parameters. 

For an isotropic Saint Venant-Kirchhoff material the stiffness tensor can be written 

as 

C = 2//I + Xd ® d, (2.45) 

(2.43) 

(2.44 



where the Lame parameters are 
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A = 
vE 

(1 + v) (1 - 2v) 

n E 

» = G = WTVy 
the 4i/l-order identity tensor is 

I = Ujki&i ® % ® efc <g> e/ = - (6ij8ki + <5«5,-fc) e* ® % <g> efc <g> e*, 

and the delta-Dirac is 

5 = dy-ej ® e j . (2.46) 

Written out, the stiffness matrix is 

E 

(1 + ")U--2u) 

1-u 

V 

V 

0 

0 

0 

V 

l - i / 

V 

0 

0 

0 

V 

V 

1 - 1 / 

0 

0 

0 

0 

0 

0 
1—2i/ 

2 

0 

0 

0 

0 

0 

0 
l - 2 i / 

2 

0 

0 

0 

0 

0 

0 
l - 2 i / 

0 

(2.47) 

in which E is Young's modulus and v is Poisson's ratio. 

The kinematic, balance, and constitutive equations constitute a complete set of 

relations that describe the motion of the continuum body. These equations, with 

appropriate boundary conditions, make up an initial-boundary value problem. A 

finite element solution of the equations can be determined after combining them 

together in the Principle of Virtual Work and reforming them for a displacement-

based approximation. 
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2.3.1 Principle of Virtual Work in the Material Frame 

Displacements, surface tractions, and body forces are the data normally prescribed in 

a mechanical engineering problem, as is the case for the helicopter blade motion. The 

displacements are the variables with which the finite element analysis is concerned, 

and the strains and stresses are secondary variables derived from the displacements. 

Therefore, the formulation for finite element analysis presented now is based on the 

displacement variables. The other terms, stress and strain, are written as functions 

of the displacements. 

The general solution starts with the set of partial differential equations derived in 

the previous sections. The method of weighted residuals is employed next, whereby 

the balance equations are weighted with test functions, and integrated so that they 

need only be satisfied in an integral sense. The reason for this is that the test func

tions can be thought of as Lagrange multipliers to liken them to physical parameters. 

Furthermore, if they are thought of as a displacement field, then the balance equa

tions becomes an energy expression. Since the test functions are arbitrary except on 

the boundaries, they can be used as virtual displacements. The equations are 'weak

ened' by reducing the requirement of the test functions and trial spaces, hence these 

equations are often called the weak form of the virtual work equations. 

Finite dimensional subspaces discretize the weak form of the equations of motion, 

after which a functional basis for the elemental subspaces can be applied to yield 

a finite element formulation. The entire process is shown pictorially, including the 

resulting deformation, in Figure 2.5. 

Before the details of this process can be discussed, the starting equations in the 

material form have to presented. So, including the traction boundary loads, the 
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weighted residual for the balance equations becomes 

/ (Vx • o- + pb - pv) wdv + / (tA - a • n) wda = 0, (2.48) 
J v J a. 

where w are the weighting functions. Instead, as mentioned, if the weighting functions 

are considered to be virtual displacements, they can be replaced by du. After applying 

Gauss' divergence theorem, the expression in the deformed coordinate system is 

SW = I a : 6edv + J pv- tfudv - (b • Judv - / t f i • tfuda = 0. (2.49) 
Jv Jv Jv J a. 

Previously, the spatial description was used to derive the balance equations, but 

here the principle of virtual work is presented in the material form. The virtual work 

is independent of the configuration with which it is described, and can therefore be 

expressed with either configuration. Thus, with some manipulation, which can be 

found in most finite element or continuum mechanics texts, the principle of virtual 

work in tensor notation is 

SW = / S : 5EdV + f pv- 6udV - [ b0 • SudV - / t£ • SudA = 0. (2.50) 
JV Jv Jv J A 

To obtain a viable numerical solution to the above equation, it must be discretized 

in time and space. The separation of variables technique substitutes the displacement 

field, dependent on time and space, with trial functions such that time dependent 

and spatially dependent functions can be used. Spatial differential equations are 

discretized according to finite element methods, while the time-dependent equations 

are discretized according to finite difference formulae. 
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Figure 2.5: Graphical representation of finite discretization process and deformation 
analysis. 

2.4 Finite Element Discretization 

The finite element mesh must first be applied to the continuum body, which fits the 

geometry as closely as possible. The undeformed volume splits into nele element 

volumes V^e\ as shown in Figure 2.5, and on each element domain spatial-temporal 

trial functions u^e) act. The trial functions are the product of discrete spatial func

tions, that fit the geometric boundary conditions, and temporal nodal displacement 

functions as 

uV(Ct) = N^(C)-d{e\t), (2.51) 

where N^e) are the spatial shape functions, d(e) are the discrete time dependent dis

placements, and the trial functions are applicable within the meshed body. Because 
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the space and time functions are separable, spatial derivatives only affect N ^ (e) and 

time derivatives only affect d^e\t). 

As discussed, the virtual displacements are time independent herein, chosen sim

ilarly to the trial functions, such that 

du(e) = N(e) (Q 6d(e) ^ ^ 

and 5u = 0 on the Dirichlet boundary. The virtual displacements are functions 

of tri-quadratic Lagrange polynomials, dependent on the node location within the 

isoparametric element. They are of the form — | (Cfe — Cf) f° r the negative nodes in 

the isoparametric frame, (1 — (%) for the centre nodes, and \ (Cfc + Cf) f° r positive 

side nodes, with k = 1,2,3. The 27 combinations and the 81 derivatives necessary 

to describe the 27-noded element in the isoparametric frame with the standard finite 

element numbering system can be found in texts, such as Hughes [111]. To visualize 

the isoparametric element, the negative, middle, and positive nodes are shown in 

Figure 2.6. For example, using the Figure as a guide, Nodes 1, 13, and 26 have the 

shape functions, 

^ 3 ( o , - 1 , 1 ) - - ^ ( i - C 1
2 ) ( C 2 - C 2

2 ) ( C 3 + Cs2) 

^•(x,o^ = ^(Ci + C?) ( i -CS( i -C! ) . 

Before continuing, the deformation gradient tensor F should be rewritten in vector 

form to make use of matrix multiplications, which will make programming simpler. 
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Node 4 
(-1,1,-1) 

Node 1 (-1,-1,-1) 

Figure 2.6: The isoparametric numbering system with some of the shape functions. 

If the deformation gradient is written as 

F = F n F 2 2 F33 F12 F23 F31 F i 3 F21 F32 

and the node shapes are written explicitly as 

N = 

Ni 0 0 JV2 0 0 

0 Ni 0 0 Â 2 0 

0 0 Â i 0 0 N2 

Nn 0 0 

0 Nn 0 

0 0 Nn 

(2.53) 

(2.54) 

where the number of nodes is n, then the deformation gradient is the product of a dif

ferential operator and the shape functions plus a vector of ones (normal stress/strain 
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directions) and zeroes (transverse stress/strain directions) 1, as 

F = l + 
du 

ox 
l + L N d (2.55) 

where the differential operator looks like: 

L = 

dXl 0 0 dx2 0 0 dx3 0 0 

0 dX2 0 0 dXa 0 0 dXl 0 

0 0 dX3 0 0 9 X l 0 0 dX2 

-, T 

Because of the linear dependence of F on u, it is useful to define B H n as 

(2.56) 

B tin L N 
OF 
dd' 

(2.57) 

which comes up often in the derivation of the stress-strain virtual work term. 

Since the element shape functions are defined in the parameter domain, but the 

differentiation occurs with respect to X, a Jacobian relating the two domains is nec

essary. The Jacobian is 

d(i dCi dd 
dXx 8X2 dX3 

dC,2 d(,i d(2 

dXi 8X2 dX3 

9(3 9(3_ d(3_ 
dXx dX2 dX3 

(2.58) 

and the transformation is 

de 
= J, 

dX 

oc = Jax. 

but 

(2.59) 
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Finally, the discrete form of the internal work term E : S, must be elucidated and 

rewritten in terms of the virtual displacements. Remembering that in tensor form, 

E = I ( F T F - I ) , 

the virtual strain is 

6E = l) (5FTF + FT5F) (2.60) 

which, in Voigt-matrix form, is 

6E = FTBlin6d, (2.61) 

because of the ordering scheme of the elemental deformation gradient in matrix form. 

Therefore, the scalar double dot product yields 

8ETS = SdTBjinFS, (2.62) 

and the internal virtual work can be written in matrix form as 

-SW = 6dT [ BjinF^SdV. (2.63) 

The time derivative only affects the nodal displacements, not the shape functions. 

Therefore, 

uto = NW « ) • d^{t) 

iiW = NW (C) • &e)(t) 
(2.64) 

where the discrete nodal velocities are cre) and the accelerations are cre). 
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Combining the results for the variation of the node displacements and the strain 

energy, the Principle of Virtual Work, Equation (2.50), appears as 

nele r f /• /• /* 

SW = V SdT \ / NTp0NdVd + / BjinF^SdV - / NTb0dV 
~[ L {.JVM JVM JVM 

- f NTiQdA 
JAM 

1 ( e ) 

- 0, (2.65) 

and the global solution to the finite element problem is assembled as 

A£* [*d«T {mWdW + 4 1 (dW) - f^}] = 0 

<5dT JMd + fint(d) - fext) = 0, (2.66) 

where m^e) is the elemental mass, f^ is the internal forces vector for the element, 

fe\̂  is the elemental external forces vector, and M is the global mass matrix. Since 

the virtual displacements are arbitrary, except on the body boundary, the bracketed 

terms must vanish, so the finite element based equation of motion is 

Md + f^(d)-fea ; t = 0 (2.67) 

and the appropriate boundary conditions apply to the body surface, completing the 

equation of motion. 

2.4.1 Generalized-a Method for Time Integration 

Now that the spatial elements have been assembled and equated, solving Equation 

(2.67) requires its time integration. The time-varying solution uses an integration 
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scheme based on the finite difference formulae from the Newmark family of parame

terization [53], so that the nodal displacements, velocities, and accelerations, are 

d n + ^ d " = vn + ^ (2/?a„+1 + (1 - 2/3) a„) 

vn+i - vn 

(2.68) 

At = 7an +i + ( l - 7 ) a r i , 

where 

2 p o o - l 

Poo + 1 

^ = - ( l - Q m + Off 

a.j = 

7 = 

Poo 

Poo + 1 
1 

OLf. 

Each parameter is a function of the spectral radius p^ and the intervals through 

which they are valid can be determined based on p^ e [0,1]. The spectral radius is a 

parameter that characterizes the convergence behaviour of the system, and the other 

Greek letter parameters can be thought of as numerical damping for the system and 

discretization error due to the discretization process. 

Using the updated velocities and accelerations, 

v n + 1 (dn+1) = - J L (d„+ 1 - dn) - 1j?-vn - l ^ A f a n (2.69) 

1 1 1 — 2/0 
a„+i (dn+i) = -—^ (d„+1 - dn) - — v n —— a„. (2.70) 

The Newmark methods generally search for equilibrium at the endpoints of the 

current time step, tn and tn+i, but the generalized-a method shifts the evaluation 

to points between the endpoints at tn+1_af and tn+i-am, respectively. The nonlinear 
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equations of motion evaluated at the midpoints become 

M a „ + i _ a m + fjnt(dn+i_Q/) — fext \tn+i-af) — 0, (2.71) 

such that the midpoint displacements, velocities, and accelerations are linear combi

nations of the end points of the current time step as 

a n + l - a m — (1 am) a n + l "I" aman 

V n + l - a / = ( ! - « / ) V n+1 + Q!/Vn 

d n + i _ a / = (1 - a / ) d n + i + afdn 

fext;n+l-af
 = (1 ~~ af) ^ext;n+l + afUxt;i 

(2.72) 

2.4.2 Linearization and Iteration 

The equation of motion is nonlinear due to the geometric stiffness terms in the stress-

strain relationship; therefore, root finding techniques involve iterative processes. A 

residual force vector is equal to the unbalanced forces from the nonlinear equations of 

motion, which is minimized upon each iteration until it is less than some pre-defined 

tolerance. The residual vector is the set of unbalanced forces that are greater than 

the tolerance. It is written as 

r (dn+i) — Ma„ + i_ a t n + f,„4 ( d„ + i _ a / j — iext (^n+i-a/j = 0, (2.73) 

and is normally defined as zero, since that is the objective. It is linearized at the 

endpoints by taking the series expansion 

Lin(r) = r K + l ) + ^ l AH i+1 (2.74) 
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where the higher order terms are neglected, being nonlinear on d themselves. The 

partial fraction term in the above equation is a matrix that comes from the Gateaux 

derivative of the residual equation. It represents the dynamic tangential stiffness at 

the current iteration and time-step end points. This stiffness matrix is 

K r d y n (dj,+i) = 
<9r (d n + 1 ) 

dd •71+1 

M<9a„+ i_ a m dfint (d„ + 1 _ a / ) 

dd 71+1 dd •n+l 

Q-r, 

(3At2 '-M + (1 - af)KT (2.75) 

where the dynamic tangential stiffness, K r d y n , is different from the tangential stiffness, 

Ky. The tangential stiffness matrix is the partial derivative of the internal force 

vector, evaluated at the midpoints, with respect to the endpoint displacement, and 

is written as 

K7 
dl int 

ddn +i 
(2.76) 

Therefore, using this definition for the dynamic tangential stiffness matrix, the 

Newton-Raphson incremental solution is given by 

Krdyn K+ 1) Ad£\ = -r K+ 1) , (2.77) 

which implies the increment is 

Ad&\ = -K^yn K+ 1) • r K+ 1) (2.78) 
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Based on Eq. (2.78), the midpoint displacements, velocities, and accelerations update 

by the set of equations as follows: 

A < + \ - Q / = % ^ A d £ _ \ = (1 - af) A d k \ 

A v n + 1 _ Q / - ^ ^ A d n + 1 - ^ A d n + 1 (2.79) 

A_i+1 _ " a n + l - a m A / 4 j+l _ (1 ~ »m) A ^j+1 

2.5 Generalized-a Energy Momentum Method 

The term f;ni requires some extra attention: there are two ways of describing the 

internal force vector, 

Hnt;n+l-af = Hnt {^-n+l-afj (2.80) 

or 

fmt;n+l- a / = (1 — Oif) Unt;n+\ + CXffint;n = (1 — « / ) fjni (Un+l) + «/£«« (u n ) • (2.81) 

in which Eq. (2.80) is know as the implicit midpoint method, and Equation (2.81) 

is the trapezoid rule. So far, the analysis assumes the former; however, the endpoint 

strains could be substituted for the midpoint evaluation. If the strains in (2.80) are 

evaluated at the endpoints, such as 

F f „ \\ E(u n + 1 ) + E(u„) 
•k (un+1_Q/J \af=i = , {2.82} 
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then the exact Energy-Momentum Method by Simo and Tarnow [112] is recovered for 

Venant-Kirchhoff material. To control the higher-order elastic modes, and to gener

ate a stable algorithm in the nonlinear regime, the endpoint-evaluated generalized-a 

method substitutes the midpoint-rule Green-Lagrange strain so that 

E (un + 1_ a /) = (1 - af) E (un+i) + afE (u„) + f (E (un+1) - E (u„)) 

= (1 - af + 0 E (un+1) + (a/ - 0 E (un) , 

where £ represents an elastic damping term, which is always zero in the current com

puter model. Replacing the midpoint-evaluated strains in the generalized-a method 

with these strains yields the Generalized-c* Energy Momentum Method (GEMM). 

The GEMM for a slender rod is studied in Kuhl and Crisfield [48]. 

The GEMM is based on the Energy-Momentum Method (EMM) developed by 

Simo and colleagues, see Refs. [112-114] for examples, which preserves energy and 

momentum exactly within each time step. However, due to convergence problems 

resulting from higher frequencies in stiff structural dynamics, some controllable nu

merical dissipation is necessary in these analyses. The original generalized-a method 

has the framework for such numerical dissipation, and as such is combined with the 

EMM for a recalculation of the internal strain vectors, evaluated at the endpoints, 

instead of at the midpoint. 

To build the tangential stiffness matrix, the linearization proceeds as from Equa

tion (2.76): 

TS &Hnt A nele 
KT = ~dd = A e = 1 / (BLF4Si,d+BLF*,dSi)dV 

.Jv(') 
(2.83) 

where again, the comma denotes the derivative. The first term in the above equation 
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represents the elastic and initial displacement stiffness, the second is the geometric 

stiffness. Both are functions of the deformation gradient, which are in turn functions 

of the nodal displacements. In the original generalized-a scheme, the derivative is with 

respect to the midpoint displacement. Here, the deformation gradient is modified so 

that it is a function of both endpoint displacements. 

So, in the original, 

E = ^(FTF - 1) 

E,d = ~ (F ,d F + F F,d) = FBj in. 

Because 

S = CE, (2.84) 

then 

/ B L F ' S \ d d V = / B^nF iC(F i)TB l i ndV (2.85) 

for the elastic displacement stiffness. The geometric stiffness matrix is 

/ B L F , d S M V = / B ^ B ^ d V , (2.86) 

where Sl is in Voigt-matrix form, and all the displacement dependencies, d = dn + i_ a / , 

such that 

KT= [ BjinF
iC(Fi)TBlindV+ I BJT^BandV. (2.87) 
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However, now the strain is a function of both the previous time-step displacements 

and the current time displacements. Using the theory from Kuhl and Crisfield and a 

technical note from the Technical University of Munich [110], the internal force vector 

is 

fintm — / B;j„FmSmdV, (2.88) 

where the midpoint deformation gradient and stress are 

F m = (1 - a/)Fn + i + a/F„ 

Sm = (1 - af + 0 C E n + 1 + (af - £)CE„. 

The tangential stiffness matrix is still the derivative of the internal force vector with 

respect to the displacement, 

T^ dfint 
XV J1 = 

<9dn+i 

= / B/j„FmSm ,ddV+ / B l inFm,d SmdV 
Jv& JvM 

= f (1 - af + 0BK nFmS r o > d | ! dV + / {a- £)B l inFm,d |n+1 SmdV 

= [ (l-a + 0 B^CBndV + / (1 - a) B£nSmBKndV, (2.89) 

**-eu *^g 

where 

"m — * mtliin. 

Here, the material stiffness matrix, Keu, is asymmetric because of the product of B, 
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and B„. The geometric stiffness Kg remains symmetric. 



Chapter 3 

Multibody Dynamics 

In this Chapter, the articulation of the helicopter hub is examined similarly to the 

methods common in, but not exclusive to, robotics. The Denavit-Hartenberg model 

for kinematic analysis is well established and trusted for robotic systems. The same 

kinematic concept applies here, as the hub articulation can be modelled as a robotic 

system with the rotor blade replacing the robot hand (or manipulator). Typical 

texts examine open chain kinematics, and books such as Niku [49] or Sciavicco and 

Siciliano [50] are excellent initial sources. 

Closed kinematic chains are a bit more difficult to analyse in robot kinematics, due 

to the static indeterminacy of the system. However, virtually cutting the kinematic 

tree to create two open chains, such as in Luh and Zheng [65], enable one to solve the 

system with geometric constraints. Additionally, there is another chain that describes 

the motion of the adaptive pitch controller mass, which is only dynamically coupled 

with the control chain, and is therefore treated as an open chain. 

69 
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3.1 Modelling the Position and Orientation of 

Joints in Open Chains 

Often transformations between co-ordinate frames are represented by a 3-by-3 or-

thonormal rotation matrix, which contains the rotational changes between the frames. 

Such transformations require a position vector, described from the inertial frame or 

from the end frame, to describe the location of the end point. Together the rotation 

matrix and position vector describe the orientation and position of the end effector. 

However, it is desirable to have both position and orientation described within one 

co-ordinate transformation, as opposed to having separate descriptions for position 

and orientation individually. Therefore, with reference to Figure 3.1, consider a point 

in space, P. 

Figure 3.1: Position and orientation transformation between inertial and end frames. 

As shown in the Figure, ro represents Point P in the initial frame of reference, 

likewise rn represents the Point in the Frame On. If p^ represents the vector describing 

the origin of Frame On with respect to the inertial frame Oo, and R" is the rotation 

matrix between the two frames, then P with respect to the origin is 

r0 = pu
n + R£r„. (3.1) 
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The transformation from Frame OQ to Frame On is R£. If the generic vector r is 

augmented by a fourth scaling component as in 

n+ r 

1 
(3.2) 

then using Equations (3.2) in (3.1) produces 

-+ - A° A u r + (3.3) 

where 

Ro -.0 
n Pn 

0 1 
(3.4) 

Now, r + is the homogeneous representation of a position vector and A° is the aug

mented rotation-position matrix, or the homogeneous transformation matrix. Clearly, 

the inverse of matrix A° is not its transpose, because it is no longer orthogonal. How

ever, a compact form of the position and orientation transformations between any two 

frames of reference is satisfied. From this point onward, r will be used in place of r + 

to denote the augmented position vector unless specified otherwise. 

Zn-l 

Figure 3.2: Co-ordinate transformations in an open kinematic chain. 
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Open kinematic chains can be described using homogeneous transformations by 

supposing that each link in the chain relates its current frame of reference to the next 

one. Figure 3.2 shows an open chain manipulator represented by co-ordinate systems. 

Referring to the figure, each joint connects two consecutive links, so the relationship 

between each co-ordinate frame is dependent on the orientation of the joint and the 

linkage. Labelling each joint and each link, the relationships between consecutive 

links can be recursively determined. For example, Joint 2, denoted by the frame at 

Oi, connects Link 0 and Link 1, through the transformation A°(gi). Therefore, the 

construction of a relationship between the inertial point and the end-effector, which is 

in the helicopter case the rotor blade, is a multiplication of co-ordinate transformation 

systems. That means that the position and orientation between the end frame with 

respect to Frame 0 is 

T° (q) = A? ( f t) A* (f t) • • • A T 1 (Qn), (3.5) 

in which the transformation of each co-ordinate frame to the next, A*-1 (<&) is only 

dependent on a single joint variable, q±. 

Furthermore, because it is common to denote the end effector orientation with 

three basis vectors, that notation is adopted in this dissertation. Typically, 

T° (q) = 

such that a is approach vector, in the direction of the end-effector, o is the orientation 

vector, normal to the approach vector, which describes the orientation of the end-

effector, and n is the normal vector, orthogonal to the previous two vectors completing 

the right-hand rule. The vector p is still the position vector, which describes the 

position of the origin of the final frame of reference with respect to the base. In the 

n o a p 
0 0 0 1 

(3.6) 
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multibody dynamics within this thesis, p denotes the position of frames with respect 

to one-another, r normally describes the position of a point with respect to a given 

frame. 

3.1.1 Denavit-Hartenberg Representation of Forward Kine

matics 

A geometric modelling technique developed by Denavit and Hartenberg [115] was 

established for lower-pair joints that applies to any mechanism, independent of com

plexity, joint combinations, or joint order. The Denavit-Hartenberg (DH) representa

tion works for both prismatic and revolute joints, although there are a few differences 

between them, which are the two types of one degree of freedom joints studied in this 

thesis. 

Joint n+1 

Joint n-1 Joint n 

Figure 3.3: Three joints showing frames of reference and transformation parameters. 

Figure 3.3 depicts three Joints (n — 1, n, n + 1) with two links that represent 

any general arrangement in a robot or helicopter hub. All joints are represented by 

a z-axis, and each joint's z-axis is labelled one less than the joint number. If the 

joint is revolute, the z-axis is in the direction of rotation using the right-hand rule to 
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describe positive rotations. In the Figure, Joint n — 1 has a rotary axis at z„_2, with 

the joint variable 0„_i, indicating the positive rotation. If the joint is prismatic, the 

z-axis is along the direction of positive linear motion, as shown by Joint n with the 

z„_i in the direction of translation and dn as the joint variable. 

Successive joints' z-axes may be skewed rather than intersecting or parallel, which 

means their z-axes have a twist angle a offset. In such a case, the shortest distance 

between two consecutive z-axes is a common normal perpendicular to both skew lines, 

and the x-axis always represents that common normal. As referenced in the Figure, 

the offset distance, an_i, is the common normal between Joints n — 1 and n, and an 

is the common normal between Joints n and n + 1. There are two special cases for 

common normal offsets: if successive joints are parallel or they are intersecting. If 

two z-axes are parallel, then there are an infinite number of common normals, so the 

antecedent normal direction is collinear with the precedent. If they are intersecting, 

the s-axis is chosen perpendicular to the plane created by the two z-axes. 

So, in summary, for revolute joints 0n is the joint variable, representing a rotation 

about the z„_i-axis, and for prismatic joints dn represents the translation along the 

zn_i-axis. The length of each common normal is represented by an, and the angle 

between the zn- and z„+i-axes is an. 

Once the DH parameters are labelled, two sets of transformations are necessary 

to describe the relation between co-ordinate frames. The first set requires a rotation 

about the zn-axis through an angle 6n+i and then a translation along the z„-axis for 

a distance of dn+\. The rotation makes the xn- and a;n+i-axes parallel to one another, 

and the translation makes them coincident. The second set of transformations requires 

a translation of an+\ from the xn-axis to the xn+i-axis, followed by a rotation about the 

x„+i-axis. The translation brings the origins of the two co-ordinate frames together, 

and the rotation causes them to be identical. Using matrices, this is 
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-in—1 — A n — 

cos#n 

sinOn 

0 

0 

— sin 6n 

C0s6>„ 

0 

0 

0 

0 

1 

0 

0 

0 

dn 

1 

X 

1 0 0 an 

0 cos an — sin an 0 

0 sinan cosan 0 

0 0 0 1 

cos 9n — sin 6n cos an sin 9n sin an an cos 9n 

sin 6n cos ^n cos o;„ — cos 6n sin a„ an sin &n 

0 

0 
sum,, 

0 

COSQ;,, 

0 

dr, 
(3.7) 

A„ represents the homogeneous transformation matrix, with its columns representing 

the three vector orientations and position of the next frame with respect to Frame n. 

3.2 Lagrangian Mechanics for a Multiple Degrees 

of Freedom Dynamic System 

Combining the kinetic and potential energies of the chains to describe the system 

Lagrangian and using the Lagrange equations creates the system equations of motion. 

The Lagrangian is 

L = K-V, (3.8) 

where K is the kinetic energy and V is the potential energy. 
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Kinetic energy 

The kinetic energy of the system is 

K = -v T m G v + -u>hG 

1 T 1 TT 

= - v mGv + -u low, 
(3.9) 

in which v is the generalized velocity vector, and h is the angular momentum vector, 

corresponding with the indices for each link. Evaluating this equation requires the 

velocity for a rigid body at the centre of mass, G, as well as the moments of inertia 

IG-

The transformation matrix between the inertial frame of reference and the end 

co-ordinates is already known, from multiplying the An matrices consecutively, and 

since the velocities are the time derivatives of the positions, one possible solution 

takes advantage of recursive derivatives. For any A„, the derivative with respect to 

a revolute variable 0n, is 

dAn _d_ 
d9n 

cos 9n — sin 9n cos an sin 9n sin an an cos 9n 

sin 8n cos 9n cos an — cos 9n sin an an sin 9n 

0 sinan cosan dn 

0 0 0 1 

COS*?,, 

0 

0 

The above is equivalent to 

— sin 9n — cos 9n cos an cos 6n sin an — an sin 9n 

sin 9n cos an sin 9n sin an an cos 9n 

0 

0 

0 

0 

0 

0 

(3.10) 

OAn 
— vfn-^-n) 
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where the matrix Q n multiplies the transformation matrix to yield the appropriate 

derivative, written explicitly as 

Qn = 

0 - 1 0 0 

1 0 0 0 

0 0 0 0 

0 0 0 0 

(3.11) 

The same matrix derivative applies for a prismatic joint, except that the derivative is 

dAn 

dd„. 

0 0 0 0 

0 0 0 0 

0 0 0 dn 

0 0 0 0 

*«Sn-"-n> 

SO 

Qn = 

Therefore, derivatives of T° look like 

0 0 0 0 

0 0 0 0 

0 0 0 1 

0 0 0 0 

(3.12) 

U. w? d(kAt) 
u d<h 9QJ 

= A i A 2 • • • Q iA. • • • A, for j < i. (3.13) 

Higher derivatives (up to second order will be required for the Coriolis and centripetal 

accelerations) can be found similarly by taking the derivatives twice: 

u - - av» for j,k < i i3k ~ dqk ' 

= A i A 2 • • • QjA^ • • • QfcAfc • • • A, 

(3.14) 

(3.15) 
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Because the kinetic energy involves the velocities, the position of a point p8, on 

any of the links must be determined. 

P* = T?r, (3.16) 

where rt is a fixed point on the rigid link, and thus, it is not a function of time. The 

velocity of the point is dependent on the velocities of the preceding links, such that 

v. = P. = | Wr.) - t ( ^ t) ' - t <U»« ' '- <3 1 7> 
3 = 1 x J ' 3 = 1 

The kinetic energy of an infinitesimal mass dm%, at point p% on link ?, is 

dKt = 2 $ + vt + %) dm, 

which when combined with Equation (3.17), results in 

dKx 5 3 (Uvfc) ' rW ' ( 5 3 (U**&) • ri 
a = l 

dm, (3.18) 

where j and k represent the different joint numbers. From this, 

:%= I dKt = - 5 3 5 3 U«J ' ( / rtrjdml j • U ^ g f c 

= 9 53 53u^ •Jt • u2fc*g*, 
3=1 k=l 

(3.19) 

in which the pseudo-inertia matrix 3U is given as 



79 

J n 

2 

+ xz 

xxy 

2 

lyz 

lyz 

2 

771,2, 

TTliXi 

mlzl 

(3.20) 

Thus, the total kinetic energy for the entire system is 

* = £>. 
-. n i i 

= 9 5Z ]C I ] U« ' J' ' U^9fc (3.21) 
i = i j = i fc=i 

Potential energy 

The total potential energy is the sum of the potential energies of each link in the 

system, and is written as 

n n n / - \ 

i = i i=i j = i ^ / 

= f:(m,g-(T°rGs))+i:Qk(ql-qJ2), (3.22) 

in which gravity is g = [gx gy g2 0]T, and r ^ is the location of the centre of mass 

for the link, relative to the frame representing the link. The second term in these 

equations represents hinge springs on each joint; the q8 variable is the current position 

of the joint hinge, and q,0 is the equilibrium position of the joint. 
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Therefore, the Lagrangian is given as 

i = i J = i jfe=i i = i \ / 

(3.23) 

The hinge stiffness terms, denoted by kt, act only on the individual hinge displacement 

from its equilibrium position. Therefore, differentiation on the 

- k ( q , - q l 0 ) 2 

term is zero for all variables not q,. With this in mind, differentiating the Lagrangian 

results in the dynamic equations of motion, which for a general, multi-axis robot, is 

n n n 

T = ̂ D * A + X ! E D ^ < ^ + Kqi + f<?' (3.24) 
3=1 3=1 k=l 

where 

n 

D t J = ^ U p , J p Uj (3.25a) 

n 

o lJ fc= 5 3 U « * J P U S (3-25b) 
p=max(t,j,k) 

n 

fff = 5 1 mp^\Jpiil (3.25c) 
p=max(t,j) 

and K is a matrix of stiffness values according to the joint variables These are the 

explicit representations of the angular acceleration inertial terms in Eq. (3.25a), the 

Coriolis and centripetal torques in Eq. (3.25b), the gravity terms in Eq. (3.25c), and 

the inter-mass spring forces, k. 
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3.3 Closed Chain Kinematics with Holonomic 

Constraints 

Closed kinematic chains are treated much in the same manner as open chains, in that 

they can be analysed as branch structures within the mechanism's kinematic tree. 

However, at some joint, the motion splits into two branches, for example, as shown 

by Joint 2 at Oi, in Figure 3.4. At the split joint, the branches are labelled with 

primes to denote which path, or which set of transformations, the links are described 

by. Each branch has independent descriptions of the motion, but because the branches 

join again at some co-ordinate frame, in this case, On_i, there are constraints on the 

end position and orientation of each chain. 

Tn°(q) 

Figure 3.4: Diagram of a general closed chain kinematic mechanism. 

Similar to Luh and Zheng [65], a joint in the closed kinematic chain is cut to 

create an open, tree structure with kinematic chains as branches. In the Figure, this 

could be any joint, although usually an unactuated one, within the loop with the 

q' or q" variables. Each branch is analysed as an open chain system, with the DH 

representation as normal. For each loop the position and orientation of the frames 
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Ai(q') = A^(q20---Ar1'(qnO (3.26) 

and 

A* (q") = Al„ (<&,) • • • AT 1" (q»»), (3-27) 

where q' and q" are the joint variables in each chain respectively. Normally, the links 

connected to each other through Joint n — 1 need to be aligned in such a way that the 

Links n — 2 in each branch must have colinear z-axes. Therefore, three orientation 

constraints are 

<-\ (q') = <--\ (q"), (3.28) 

which can be referenced to the separation link, or preferably to the inertial frame of 

reference, by 

<-2 (q') = <-2 (q") • (3-29) 

If the cut joint is prismatic, then a further constraint is that the angle between the 

previous two links is fixed, so similar to the z-axes, 

<T - 2 (q ' )<-2(q") = cos0. (3.30) 

and there is no requirement to fix the y-axes, because they already automatically 

satisfy the right-hand rule, providing no further constraint. 
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The positional constraint of the cut joint is given by 

K-2 (q') ( P U (q') - P U ( O ) = [o o d]T . (3.31) 

However, if the cut joint is prismatic, then only the first two equalities of Equation 

(3.31) hold, because the offset on the z-axis is variable. 

In summary, if the virtually cut joint is revolute the six constraints are: 

K-2 (q') (Pn-2 (q') - P U (q'O) = [0 0 d\T (3.32) 

<-2 (q') = <-2 (q'O • 

If the virtually cut joint is prismatic, then the six constraints are: 

KT_2 (q') y;T_2 (q')] ( P U (q') - Pn-2 (q'O) = [0 of 

<-i (qO = <-i (q") (3-33) 

< T - 2 (q ' )xU(q" ) = cos^. 

Finally, the rigid body mechanics of the articulated helicopter hub are completely 

described using the Denavit-Hartenberg representation. The next section details the 

combination of the chains, the aerodynamic and control branches, without explicitly 

writing them out, because they are unwieldy when written symbolically and would 

be nonsensical in their trigonometric form. 

3.4 Modelling the Rotor Hub Mechanics 

From the Introduction, Figure 1.5 shows an example of the helicopter hub articulation. 

Using that figure as a basis, axes and frames of reference are applied to appropriate 
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points, mainly the joints, as shown in Figure 3.5, in the way mentioned in the previous 

section to create a compatible DH model. For clarity, the joint variables are shown 

overlaid on the articulation in Figure 3.6. 

Following the methodology described in Reference [49], for this system of co

ordinates, the DH parameters are as follows in Tables 3.1-3.2. 

Table 3.2: Control Chain and APL DoF 

Link# 

A7 

A8 

A9 

A10 

All 

A12 

A13 

A14 

A15 

A16 

A17 

A18 

A19 

A20 

Al5b 

@n 

i> 
0 

01s + f 

he- 2 
it 

2 

a9 

"lO + f 

aii + f 

0 

« 1 2 - | 

ai3 + f 

au 

•K 

2 
7T 

2 

0 

dn 

0 

ds 

0 

0 

0 

0 

0 

0 

PL 

0 

0 

0 

0 

0 

PL2 

a„ 

0 

0 

0 

p 
1 sy 
P 

1 sx 

0 

0 

0 

0 

0 

0 

PA 

PH 

Po 

0 

« n 

IT 

7T 

2 
7T 

2 
w 
2 

0 
7T 

2 
•K 

2 
•K 

2 
7T 

2 
7T 

2 

2 

0 

0 

0 

2 

The DH model is split into branches: the aerodynamic branch is shown in Fig

ure 3.7 and the control branch is shown in Figure 3.8. The aerodynamic branch 

transformation, from inertial point to the blade, is 

Table 3.1: Aerodynamic Chain 

Link# 

Al 

A2 

A3 

A4 

A5 

#n 

i> 

P 

C + f 
e 

TV 

2 

dn 

0 

0 

0 

0 

0 

an 

H 

F 

0 

0 

(L + P) 

O-n 

•K 

2 
IT 

2 
7T 

2 
7T 

2 

0 

Tl = A1A2A3A4A5A^ (3.34) 
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Xl7,Zl8 

Figure 3.5: Full hub articulation with coordinate frames listed. 
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Figure 3.6: Full hub articulation with joint variables included. 
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Figure 3.7: The aerodynamic chain of the helicopter hub. 

with a final translation of 

A* 

1 0 0 0 

0 1 0 - e c 

0 0 1 - | 
(3.35) 

0 0 0 1 

where e is the normalized distance between the trailing edge and the elastic axis, c 

is the chord length, and t is the thickness height. Clearly, this transformation does 

not follow the Denavit-Hartenberg formulation, but it is necessary to offset the blade 

root along the quarter-chord (assuming e = | ) with respect to the blade coordinate 

system. 

The control chain is given by 

T* = A 7 A 8 k-20 (3.36) 
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Figure 3.8: The control chain articulation of the helicopter hub. 

and this branch does not end with a non-DH transformation, because it ends with 

the cut frame of reference on the pitch hinge link at Frame C ô- The control chain 

is mirrored by the third chain in the Table. This chain is not actually a chain in the 

system, but a means to ensure the direction of the mass of the adaptive pitch link 

aligns with the pitch link itself. The mass in the APL must translate only along the 

z-axis of the pitch link; therefore, it is related to that frame of reference, and the 

mass of the APL itself is accounted for by the transformation to A2i. 

Unfortunately, the equations of motion are too cumbersome to print out explicitly. 

Even with only 15 degrees of freedom, the matrices for the inertia and Coriolis, 

centripetal and gyroscopic terms are too large to be useful to show. To complete the 

solution, the constraints are necessary, and the entire system can then be solved using 

the proposed method by Arnold and Briils, combined with GEMM, as described in 

the next chapter. 
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3.4.1 Rotor Articulation Holonomic Constraints 

Six constraints are necessary to close the loop after the virtual cut in the helicopter 

hub articulation. Since the cut frame of reference is actually not a joint, it is a 

rigid spot on the chain, it is treated like a prismatic joint with an invariant .z-axis 

displacement of 0; that is, the ends of the linkages from both chains are identically 

oriented and positioned. The orientation and position of the end of the link from 

Frame O2o is equivalent to the end of the link in Frame 05 , and can be written using 

either path as 

A°r0 = AVo, (3-37) 

where 

A° = A1A2A3A4A5 (3.38) 

K = T t (3.39) 

Equation (3.37) implies that the constraints to enforce come from 

R$ p°5 

o 1 

Therefore, the constraints are 

= A°0 (3.40) 

0 1 

= P̂ o - P° (3-42) 
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</>Q/37 = 0 = R ° - R ° 0 . (3.43) 

The position constraints are intuitive; however, the orientation constraints require 

a bit more explanation, because there are nine possible equations, and only three 

independent orientations. The orientations at these frames of reference must not 

move with respect to one-another, and there are only three independent angles (such 

as the Roll-Yaw-Pitch angles described in the Introduction), which correspond to the 

three orientation constraints. 

If the rotation matrices in Equation 3.43 are thought to represent Euler matrices 

(such as the Roll-Pitch-Yaw matrix), with only three independent angular rotations, 

then the difference of these matrices provide the constraint equations as differences 

of the independent angles. For identical orientations at the virtually cut joint, this 

means 

«i =a2 Pi= P2 7i = 72 (3.44) 

or 

Aa = 0 A/3 = 0 A7 = 0, (3.45) 

in which the subscripts 1 and 2 refer to the separate kinematic branches. 

That is, if R is an Euler angle matrix, such as, 

^"QL B ^OC" B " *Y ~"~ " Q ^"V "̂  Ot" 'V I ^OL ̂  B *•"""/ 

— Sp CpS1 CpC^ 
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for which, to be compact, the notation ca — cos a and sa = sin a etc, then selecting 

three independent indices, the same in each branch rotation matrix, will result in 

a set of three independent equations that yield three orientation constraints. For 

convenience, the chosen terms for this dissertation work are: 

cos a sin /? = 0 

— sin a = 0 

cos a sin 7 = 0 

Fortunately, the Euler angles themselves do not need to be solved. Equating the 

R(2,i), -̂ (3,1) > a n d (̂3,2) terms in each branch rotation matrices means that those 

three equations can be rearranged and set equal to zero, and the three resulting 

equations are linearly independent equations that satisfy the orientation constraints. 

That is, 

po _ o o — n ^ 
r V 5(2, l ) r L20(2,l) ~ U 

p O _ T>0 _ n 
• " ^ . l ) x v2o(3, i ) — u 

p O _ p O _ A 
-"^(S^) xv20(3,2) — u 

} = ^ (3-46) 

gives the three independent equations necessary to solve the orientation constraint 

system. Of course, the residuals of these equations must already be near zero, other

wise root finding may tend towards other values of the three orientation angles that 

also result zeros. 

Now, the set of equations of motion for the helicopter multibody dynamics is 

described by the robotic equations of motion, and the constraints are elicited by 

the above procedure. Again, the equations and the constraints are too long to be 

explicitly written in text; however, they are available with the program files run by 

MATLAB. 



Chapter 4 

Building the Aeroservoelastic Simulation 

This chapter unites aerodynamic loading theory with the elastic and rigid body theo

ries of the previous chapters and merges them with nonlinearly controlled blade root 

boundary conditions. It begins with the description of aerodynamics used in the com

puter code and follows with the description of replacing the rigid pitch link with the 

APL and its control theory. Afterward, the combination of the elastic and rigid body 

theories begins, first with the boundary conditions at the root, then with a modified 

time-integration scheme. 

4.1 Aerodynamics 

The aerodynamics, as stated in the Introduction, is a simplified non-linear inflow 

model, but because the structural code is to be implemented with SMARTROTOR, 

a complex vortex method with CFD solution is not necessary. Often, Drees inflow is 

used with blade element momentum theory, but Mangier and Squire's inflow model 

matches the centre and tip airflow more accurately. Mangier and Squire's model 

also matches experimental results, as shown in the next chapter, better than other 

non-vortex methods. However, the increase in complexity to a vortex method cannot 

92 
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be justified, since the structural code will be coupled to a far superior aerodynam

ics package, and a balance between a method with azimuthally-variable loads and 

complexity struck upon the Mangier and Squire model. 

4.1.1 Momentum Theory 

The simplest approach for rotor aerodynamics is to apply momentum theory, which 

gives a first-order prediction of thrust, T, and power, P. In momentum theory the 

rotor is idealized as an infinitesimally thin actuator disc with an area of A, that is, 

there are an infinite number of blades and their thickness is zero. This theory also 

assumes a pressure jump of AP = ^ which is induced by a pressure discontinuity at 

the rotor disc plane. 

Inflow model Velocity profile Pressure profile 

Figure 4.1: Momentum theory flow diagram. Adapted from [3]. 

Similar to solid mechanics, momentum theory combines the equations of Conserva

tion of Mass, Momentum and Energy. It is assumed that the flow is one-dimensional, 

inviscid, incompressible, and quasi-steady. 
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When the rotor is in hover, the Conservation of Mass implies 

pA3w = pA2Vi = m, (4.1) 

in which the mass flow rate, m is the air flow through the rotor disc, p is now the 

density of air at the helicopter altitude, and v, is the induced velocity of the air, due 

to the pressure jump of the rotor disc. The Conservation of Momentum equation in 

hover gives the thrust as the difference of the mass flow into the control volume and 

the mass flow out: 

T = mvout - mvin 

= mva — 0 

= mw. (4.2) 

The Conservation of Energy can be used to determine the shaft power P, 

-W. = m ^ - m 

1 • 2 
= -mw 

2 

2 

= P = Tvi = 2pAvi. (4.3) 

Normally, these results are given in non-dimensional parameters, which makes the 

comparison of helicopter performance simpler. In the United States these coefficients 

are 

A - — = — 
vUp Ml pAQ2R2 

P Q n==P 
Cp pAWR* °Q~ pAWR* ^ w' 
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where the induced velocity coefficient is A, the torque of the rotor is Q, the thrust 

coefficient is CT, the power coefficient is Cp, and the shaft torque coefficient is CQ. 

Axial flight 

With reference to Figure 4.2, the same analysis done above can be applied to axial 

climb and descent. Through the remainder of the derivation, the axial velocity vc is 

used, such that positive indicates climb and conversely, negative is descent. Normal 

axial climb and normal working state descent assumes that the stream-tube assump

tion is still valid. The same pressure profile is assumed within the control volume as 

in hover; therefore, this type of descent state is only valid for slow descent speeds, 

0 < vd < \vx. 

stream , 
tube vn = vr 

Inflow model Velocity profile 

Figure 4.2: Momentum theory climb inflow diagram. Adapted from [3]. 

Using the momentum equilibrium, the thrust required for axial climb is 

T = 2pA (v% + vc) v% = mw. (4.4) 

For climb under the speed constraint above, the above equation is valid to calculate 

thrust. The shaft power and torque are found using this value for thrust and analysing 
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it similarly to hover flight. 

Forward flight 

Figure 4.3: Forward flight inflow theory diagram. Adapted from [3]. 

In this case, as shown in Figure 4.3, the streamtube is at an angle a with the 

direction of flight. The mass flow rate depends on the resultant velocity (u) through 

the actuator disc, such that m = pAu, where u = \Aoo + vh a n d the forward velocity 

is VOQ. Therefore, the momentum equation yields the thrust required for forward flight, 

as follows: 

T = m (w + foo sin a) — m (i>oo sin a) = rhw, (4.5) 

with a corresponding to the rotor disc angle of attack. 

The inflow velocity in forward flight also takes into account the forward velocity 
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Uoo, so normally an advance ratio fi, is defined as 

M = 
Woo cos a 

QR 
(4.6) 

The advance ratio is then used in the inflow velocity to relate the hover and forward 

flight inflows as 

A 
i>oo sin a + Vi 

OR 
= ^ t a n a + Aj, (4.7) 

where A; is the inflow velocity associated with hover. 

4.1.2 Blade Element Theory 

The second theory that is examined in this work is the blade element theory (BET), 

and it is the basis for modern analysis of rotor aerodynamics. The theory provides 

estimates of radial and azimuthal loading by considering each blade section as a quasi-

two-dimensional airfoil producing aerodynamic loads and moments. The integration 

of the sectional loads over the blade span and averaging over the rotor gives the overall 

rotor characteristics. 

At any section y, 

Up = Vc + Vi 

ut = Qy 

u = \Jul + ut (4.8) 

and the inflow angle <j6, is 

4> = arctan I — 
ut 

(4.9) 
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-x° 

G-
u\l 
UR ^ 

UT 

dy 

TOP 
PROFILE 

/ ^ , 

Figure 4.4: BET flow and forces diagram. Adapted from [3] 

if the small angle assumption is used. The angle of attack is then given as 

uTl aeS = 9 - (j> = 9 - , 
ut 

(4.10) 

where 9 is the local pitch of the blade at location y. The infinitesimal forces and 

moment are 

dL = -pu2CLcdy 

dD = -pu2C£>cdy 

dM — -pu2CMC2dy, 

(4.11) 

where dL is the infinitesimal lift, dD is the drag, and dM is the pitching moment 

about the blade axis; the cj,, Co, and CM are the coefficient of lift, drag, and moment, 

respectively. Since it is desirable to obtain the thrust, torque, and power, these forces 

need to be transformed relative to the plane of rotation. In the plane of rotation the 
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dFx = dL cos <f> — dD sin <f> 
(4.12) 

dFz = dL sin cj> + dD cos <j> 

and the elemental thrust and torque are 

dT = NbdFz 

(4.13) 

dQ = NbdFxy, 

where Nb is the number of blades on the rotor. If the assumption that the velocity 

perpendicular to the blade motion, up, is much smaller than the tangential velocity 

of the element, ut, then ^ < 1 , and the drag is much less than the lift. In this case, 

the non-dimensional coefficients are normalized and integrated to yield 

CT = \° L °Lr2dr 
(4.14) 

CQ = \ a le (XcLr2 + cDf3) dr, 

where a is the solidity ratio 

Nbc 
a = TTR, 

(4.15) 

which is the rotor blade area divided by the rotor disc area. The integrand is done 

from e to 1, because it is done on the non-dimensional rotor length -|, and e is 

the non-dimensional root cut-out, not to be confused with the quarter-chord. Of 
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course, to evaluate these integrals, one must know CL{T)-, C£>(f), and A(f). Using ideal 

assumptions, one can also show that these values are equivalent to those discovered 

by momentum theory. 

4.1.3 Blade Element Momentum Theory 

Hub plane 

Vc + Vi 
blades* 

TOP 
at hub plane 

Vc + 2Vi 

PROFILE 

Figure 4.5: BEMT flow diagram. 

Blade element momentum theory (BEMT) combines the two previous theories into 

a more comprehensive analysis. It uses the stream-tube analogy of the momentum 

theory combined with the infinitesimal segment of the blade element theory, as shown 

in Figure 4.5. Instead of linear elements along the blade, an annulus of the rotor disc 

is analysed and correlated with blade element theory. 

The condition of this theory is such that neighbouring annuli have no mutual effect 

upon one-another. This condition is well met throughout most of the actuator disc; 

however, it is not accurate near the tip. Normally, for hover and axial flight, Prandtl's 

Circulation Loss Theory is employed to mitigate this effect, and in forward flight this 

effect is intrinsically matched by the Mangier and Squire pressure distributions. 
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The mass flow rate over the annulus is 

dm = p(yc + VijdA = 2np(vc + v^ydy, (4-16) 

so the incremental thrust, which includes climb or descent, is again the difference of 

the mass flows in and out of the control volume. Therefore, using BEMT, the thrust 

is 

dT = dmVout — driiVin 

= dm (vc + 2vi - vc) 

= 2vidm 

= Airp (vc + Vi) Viydy, 

which, changed to the incremental non-dimensional thrust coefficient, is 

_ dT _ Amp (vc + Vi) v{ydy 

°T ~ pAtt2R2 ~ pnR2n2R2, 

so that the infinitesimal coefficient of thrust is 

dcT = AXXirdr = 4A (A - Ac) rdr. (4.18) 

Here A is still the non-dimensional inflow velocity, and Ac is the non-dimensional 

climbing inflow velocity, which is zero in hover. This equation for the thrust coefficient 

is valid for any A(r). 

From BET, the infinitesimal thrust coefficient for axial flight, Equation (4.14) can 

be evaluated and becomes 

dcT = \<rcLa {Or2 - Xr) dr, (4.19) 
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where CLQ is the lift-slope curve. 

Now Equations (4.18) and (4.19) can be equated to yield the inflow velocity as 

a function of the non-dimensional radial position r. Setting the thrust coefficients 

equal produces 

4A (A - Ac) rdr = ^acLa {Or2 - Xr) dr 

Finally, the thrust coefficient can be evaluated as before, remembering that some 

of these terms depend only on the local position along the blade, such as pitch, 

9(r); the airfoil lift-curve, CLa(r); and blade solidity, a(c(r)). So, the thrust for axial 

flight has been determined, but accurate forward flight thrust requires an additional 

complexity: inflow variation along the azimuth angle. In axial flight, it is clear that 

the inflow velocity is constant along any azimuth angle ip, assuming steady-state 

conditions, but for forward flight that is no longer true. There are theories that 

include linear coefficients for forward flight, which are functions of the advance ratio 

and skew angle, etc. However, a model proposed by Mangier and Squire [85] produces 

very realistic results without including the complexity of tip vortices. 

The Development of Nonlinear Inflow Velocity 

Forward flight in BEMT is non-trivial because of the plunging motion from flapping. 

Also, as mentioned, there is periodic variation of the local velocity, which complicates 

the inflow through the actuator disc: ignoring any fluid-structure interactions, there 

can be transonic and reversed flow regions (Figure 1.2), and a skewed rotor wake. 

As such, it is necessary to obtain the inflow velocity as a function of both the radial 

position and the azimuthal position. 
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Mangier and Squire treated the rotor as a lifting surface with a pressure disconti

nuity across the hub plane. Their reasoning is that the thrust of the rotorcraft comes 

from the pressure jump between the two sides of the disc. They used a rotor loading 

distribution similar to a typical rotor and obtained an exact solution for the induced 

velocity for any point on that rotor model. The two main assumptions in their model 

include considering an infinite number of blades, so that the rotor can be replaced by 

a circular disc with a pressure jump between faces; and that the disc is only lightly 

loaded so that the induced velocities are small compared to the stream velocity [85], 

which means their model is not suitable for hover. 

They linearized Euler equations of motion for an elemental volume of fluid to 

obtain 

-V7T = -~Vp> ( 4 2 1 ) 
ox p 

where v is the velocity field, V is the volume, p is the density of the atmosphere, and 

p is the static pressure. The continuity equation must also be satisfied, and so from 

V • v = 0, (4.22) 

the result is Laplace's equation: 

V • Vp = V2p = 0. (4.23) 

The solution of Laplace's equation involves choosing functions continuous everywhere 

except the discontinuity at the disc. Mangier and Squire determined two types of 

loadings, called type I and type III, that were axisymmetric to satisfy the equation, 

and discovered that a linear combination of these two types lead to a reasonable 
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approximation of forward flight loads. 

Their results are represented by a Fourier series yielding the inflow over the hub: 

*i(r,ip) = ( — j I ^ + 5 ^ ( - l ) " c „ ( r , a ) c o s n ^ j , (4.24) 

where for type I loading the coefficients are 

c0 = -v 

16 v V 1 + sin a 

with i/2 = 1 — r2, and for cn where n is even, 

. ^^=2 / 3 \ ( v + n\ fl — u\2 fl — s i na^ 2 

4 / V n2 — 1 / \ 1 + z/ y V 1 + sin a 

and Cn = 0 for the remaining odd n. For type III (so called because of the distribution 

of the load) the coefficients are 

co = y v (1 - i/2) 

157T /_ „ 9\ /, o\ i (1 — sin a ^ 2 

Cl = _ _ (5 _ 9z/2) (l - j/2) 2 
256 

457T 

1 + sin a 

3 256 V M l 

2 (\ — sincA 2 

+ s ina 

and again, for even n, 

2 ^ 1 5 
c„ = (-1) 2 y 

n + v 
n2 — 1 y V n2 — 9 

9z/2 + n 2 - 6 \ 3i/ 
+ r ? 2 - 9 

1 — u\ 2 /T — sincA 2 

l + z/7 V l + s i n a 

with cn = 0 for the odd n. 
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Finally, the pressure field is weighted across the disc, and Leishman [3], among 

others, suggest an equal weighting of both type I and type III loads. Equal weights for 

both distributions give good longitudinal results and better flow representation near 

the edges of the rotor disc. From these load distributions, the thrust and drag can 

be calculated with BEMT and used as non-uniform loads to examine the vibration 

suppression characteristics of the APL in forward flight. 

4.2 Control Theory and Application 

The objective of this thesis is to show the reduction of the vibration on the rotor blade, 

which is akin to demonstrating the ability to control one elastic excited mass. The 

control algorithm uses the relative velocity and coordinate frame velocity of the pitch 

link to determine the proper state, on or off, of the APL. Using the momentum of the 

masses, and the friction forces that remove heat energy and oppose the undesirable 

motion, the APL slows the motion of the rotor blade. Therefore, the controller is 

based on generalized velocities, which produces nonlinear force boundary conditions. 

4.2.1 Overview of t h e Adaptive Pi tch Link 

The adaptive pitch link is one of the three mechanisms suggested to dampen the 

vibration and noise in the SHARCS project, and it uses actively variable impedance to 

vary the stiffness, mass, and damping characteristics of the articulated rotor system. 

To show the effectiveness of the APL, it has been inverted in the simulations, since 

the rotor frame is not modelled. This will show the control efficacy on the rotor 

blades, something already described by the aeroservoelastic code. 

To control the blade motion, the APL replaces the rigid pitch link, but the re

maining links and hinges are unaffected. The APL system consists of two springs, 
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Figure 4.6: Adaptive pitch link attached to swashplate and blade root. 

an actuated mass, the controlled mass, and a third mass that corresponds to the 

swashplate. This arrangement is shown schematically in Figure 4.6. The degree of 

freedom corresponding to the extension of the pitch link qpL, is 

qpL = x w - x. sp (4.25) 

and the prismatic joint variable for the actuator mass qrfi, is 

Q.cti x a m x s p . (4.26) 

em 
The swashplate is hydraulically controlled by the pilot, so the spring/mass syst 

represented by the swashplate is controlled directly, with its motion predetermined by 
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the pilot command automatically. The rotor blade mass corresponds to the controlled 

mass, and the actuated mass is the mass of the actuator can of the adaptive pitch 

link. 

The blade is attached to a stiff spring, represented by ku, and the actuated mass 

attached to a more compliant spring kcti- Normally, the unaltered pitch link is consid

ered rigid, which implies extremely high, if not theoretically infinite stiffness, between 

the pitch arm and the swashplate. So for safety, the spring replacing the pitch link 

must be extremely stiff, yet compliant enough to allow controllable motion between 

its two end points. 

The adaptive pitch link operates with a piezoceramic stack to elongate a mass 

perpendicular to the direction of motion of the link, causing friction. The excita

tion force, the aerodynamic forces applied to the elastic blade, corresponds to F(t), 

which applies along the blade quarter-chord that is not shown in the figure. The 

mass, when stretched, contacts the slot walls on the controlled mass, which causes 

frictional forces to dynamically couple the three masses. The control force is a normal 

force, N(t), acting upon the walls of the sleeve. The friction forces act in equal and 

opposite directions, opposing the relative motion of the masses, and have a magni

tude calculated by the product of the friction coefficient u, and the normal force, as 

f(t) = uN{i). Therefore, the friction force controls the vibratory motion of the blade, 

or alternatively they oppose the forces from the blade to the swashplate. 

4.2.2 Controlling Boundary Conditions 

The control algorithm as presented in Harold's thesis [8] is essentially unchanged. The 

controller switches on when the momentum difference would decrease the motion of 

the rotor blade. The controller switches off when the motion of the actuated mass 

amplifies the motion of the blade. This type of control is semi-active and indirect, 
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because the work performed by the normal forces produced by applying a voltage to 

the actuator is independent of the displacements of the masses and the excitation 

forces. Hence, no direct transfer function can describe the relationship between the 

control forces and the modal displacement outputs, which makes this control difficult 

to examine in the frequency domain. 

The adaptive pitch link achieves control in an elastic body by changing the bound

ary conditions of the body, which alters its strain energy distribution. By changing 

the strain energy function of the elastic body, the body does work against the ex

citation forces. In this case, the boundary conditions are stiffened and softened as 

necessary, so the rotor blade does work against the aerodynamic forces causing the 

vibration. 

The increased frictional coupling between the two masses occurs and the aero

dynamic load originally carried by the pitch link is divided between the main APL 

spring and the actuator spring. Additionally, damping in the form of friction heating 

from the sliding motion between the masses occurs. This damping is present when 

there is contact at the friction surface and a non-zero relative velocity between the 

masses. If the friction forces couple the system, the relative velocity will become zero 

and the frictional forces would reach a maximum as the coefficient of friction increases 

toward its static value, but the damping then drops to zero, too. 

The equations of motion of the actuator pitch link system can be determined 

similarly to the open chains of the previous chapter, using the link Lagrangian and 

Lagrange's Equation. Considering only the degrees of freedom of the prismatic joint 

attached between the swashplate to the pitch horn, and the secondary prismatic joint 
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representing the active controller mass, the kinetic and potential energies are 

T = 2mbi<ipL + 2mctiqlti + -^IPL^PL (4-27) 

V = TjkbiqpL + 2kcti<£u + mughpL + m^ghcu. (4.28) 

where the q terms represent the motion of the hinges themselves and u is the rotation 

of the link fixed to the joint. Since the actuator mass is modelled as a point, there 

is no mass moment of inertia (/) in its local frame of reference. Fortunately, the 

velocities and the potential energies of the prismatic joints were computed in the 

Multibody section, where the Lagrangian was previously encountered. However, the 

generalized system forces Qq, are not always zero in Lagrange's Equation: 

1 ^ _ ^ = Q (429) 
dtdq dq ^ q l 4 ' y j 

The generalized forces are lumped together in that term; however, they can be 

considered the combination of the damping due to heat generation and the coupling 

friction force. The damping due to the friction is mathematically included by adding 

a time-variable damping ratio into the summation for the generalized forces. The 

generalized forces, in that case, are 

QPL = -CqPL + ffric (4.30) 

Qctl = -Cqctl - ffric- (4.31) 

Now, the joint torques obtained from the previous chapter, in Equation (3.24), can 
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be equated to the generalized forces such that 

M (q) q = f (q, q, t) + Qq - GlA (4.32) 

or 

M (q) q + C (q, q, t) q - fext + Kq + GjA = 0 (4.33) 

where 

M (q) = Dy 

C (q, q, t) = Bijk • q + Qq 

(4.34) 

such that the elements of Qq have the damping coefficients of the individual joints. 

The friction forces are summed with the external forces, and the derivative of the 

constraint vector is 

G „ = ^ | p , (4.35) 

which is multiplied by the Lagrange multiplier force constraints, A. 

Control Algorithm 

The control rules are simple in that they involve a state-switching between off and 

on, depending on the relative velocity of the masses and the absolute velocity of the 

controlled mass. Because the APL is axisymmetric, the velocities of the pitch link 

mass and actuator mass must be in the same direction, which means the relative 
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velocity is the difference in speed between the two objects. Therefore, the relative 

velocity is 

Vrel = (qPL - Qctl) • (4.36) 

When the relative speed is non-zero, the friction forces can be calculated by the 

relationship: 

( ukN(t) for (vrel > 0) 

-ukN(t) tov(vrel<0) (4.37) 

v,N(t) for (vrel = 0), 

where vk is the kinetic coefficient of friction. The kinetic coefficient of friction is 

nonlinearly dependent on sliding speeds, so a table in the next subsection gives the 

sliding steel-on-steel contact values. If the relative motion between the pitch link and 

the actuator stops, that is, the actuator is frictionally locked to the pitch link, then 

the coefficient of static friction is used. 

Equation (4.37) is discretized in time using the Generalized-a method, in the same 

manner as Equation (4.33). It is included as part of the external force vector, and 

is manipulated in the same manner. In the computer code, the previous time step 

velocities are used, which provides better stability of the control forces. This change 

minorly affects the control of the system, as long as the time step is small relative to 

the motion of the system. Control sliding, a nonlinear physical effect on controlled 

systems, was not analysed in this thesis. 

Assuming the control can be in only one of the two states, then the primary 

concern of the control algorithm is to determine which state is appropriate. The 

control depends on the relative speeds of the pitch link and the actuated mass, but 

the motion of the actuator could increase the vibration of the blade if the momentum 
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transfer enhances its motion. Therefore, the decision to switch state is based on the 

relative velocity of the pitch link and actuator and also the absolute velocity of the 

pitch link itself. 

Considering the two velocity terms, the relative and absolute velocities, separately, 

shows that there are four cases to determine whether to switch on or off: 

• Case 1: qPL > 0 and qPL - qM > 0; 

• Case 2: qPL > 0 and qPL - qctl < 0; 

• Case 3: qPL < 0 and qPL - q^i > 0; 

• Case 4: qPL < 0 and qPL - qai < 0. 

In Case 1, the pitch link moves in the positive direction, and the relative speed between 

the link and actuator is also positive. In this case, the friction forces promote motion 

of the controlled structure, so the control should be switched off. Case 2 shows 

that the controlled mass is moving in the positive sense, but the relative velocity is 

negative. Therefore, the friction forces will oppose the motion of the pitch link, so 

the controller should be switched on. Similar to the previous case, Case 3 indicates 

that the motion of the pitch link and the relative motion are in opposite directions. 

Again, the controller should be switched on for this case, as the resulting friction 

forces will dampen the motion of the blade. Case 4 is similar to the first case, in that 

the speeds have the same sense, this time both negative. For Case 4, the controller 

should be switched off to prevent acceleration of the blade. 

These four cases can be summarized by a simple relationship: 

u = QPL {qai - QPL) • (4.38) 
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When u > 0, the controller should be off, when u < 0, the controller should be 

switched on. If u = 0, the pitch link and the actuator have the same motion, or the 

pitch link is not moving, so there should be no switch in actuation. Therefore, the 

control algorithm is 

fctrl = ffric = ^N, < 

N = N, u<0 

N = 0, u>0 (4.39) 

N = Nlast, u = 0. 

Sliding friction forces 

The coefficient of friction in the program comes from a look-up table from Reference 

[116], and is linearly interpolated from the table values by MATLAB. The table below 

reproduces the values in the reference. 

Table 4.1: 

Velocity [f ] 

Fric. Coeff. 

Coefficient of friction for sliding 

[] 

0.0001 

0.53 

0.001 

0.48 

0.01 

0.39 

steel flat plate contacts [116]. 

0.1 

0.31 

1 

0.23 

10 

0.19 

100 

0.18 

The coefficient of static friction is assumed to be approximately us = 0.78. Strictly 

speaking, there is a discontinuity between fik and fis, but for simplicity, all values of 

/x are interpolated in MATLAB. 
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4.3 Generalized-a Method for Index-3 Differential 

Algebraic Equations 

With the completion of the constraints' description, the system can be solved in time 

using a similar time integration scheme as in the elastic body chapter. A modi

fied generalized-en method provides the finite difference formula used in constrained 

multibody dynamics. The next section details the reasons for using such a method, as 

opposed to the alternative, which is developing a two-field structural problem, solved 

for position and velocity. 

Considerable work has been done in the field of multibody dynamics on con

strained systems, especially concerning the inclusion of differential algebraic equations 

(DAEs), as indicated by the brief list in the literature review. DAEs are a general 

form of ordinary differential equations (ODEs) involving a vector of variables and 

one independent variable, usually time, in which not all derivatives appear explicitly. 

Differential algebraic equations are common in problems with constrained motion, 

as the constraints themselves are typically differential functions of the mechanical 

variables combined with Lagrange multipliers that act as force terms. 

The index of a differential algebraic equation denotes how many differentiations 

would be required to yield their respective ODE. For example, a DAE of index-3 

requires three differentiation steps to yield a set of ordinary differential equations. 

(Thus, DAEs of index-0 are also ODEs.) DAEs of index-3 are quite common in con

strained mechanics, yet are difficult to solve, since they involve Lagrange multipliers, 

which are sensitive to perturbation [117]. 

Because of the accuracy of the generalized-a method, combined with its high fre

quency numerical damping properties, it was chosen to solve the multibody problem 

posed by the helicopter hub. Arnold and Briils [78] devised a method based on the 
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generalized-a scheme to solve index-3 DAEs. 

They start with the general system equation including constraints as 

M(q)q = f(q,q,t)-0,J(t)A (4.40) 

0 = <p{t) (4.41) 

where f (q, q, t) contains the gyroscopic, Coriolis, and centripetal matrix formulated 

in the Lagrangian Mechanics section, and (f> is the set of constraint equations from 

the previous section equations. They propose that using a modified acceleration 

term, weighted differently than the residual equation, one can enforce the dynamic 

equilibrium of the system of equations. So, the time-dependent variables, qn+i , qn+i, 

qn+i, and A„+i satisfy the residuals of Eq. (4.40), but acceleration-like variables 

(1 - am) a„ + i + am&n = (1 - «/) Qn+i + afqn (4.42) 

are introduced, with ao = qo, to yield a modified-Newmark scheme. 

Recall the generalized-a equations from Newmark: 

qn+i = q« + A£q + At2 ( - - p\ an + A«Va„+1 

Qn+i = qn + At (1 - 7) an + Atyan+u 

in which the an+i terms can be eliminated using Equation (4.42), and now the values 

for velocity and acceleration are relabelled with the dot-derivatives of the position, 

to distinguish them from the acceleration-like variables. The values of the Greek-

letter parameters remains the same as before; however, now the derivatives of the 
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generalized-en velocity and acceleration are slightly different: 

<9q„ +1 1 - a« 
<9q„+i 
5q„+i 

At*/3 (1 _ a)f) 
P'l 

7 
dqn+1 A0 

= yi. (4.43) 

The dynamic tangential stiffness matrix, assuming small angles in the mass matrix, 

is 

K T d y n (Qn+i ) -
(M/? ' - f ,qY + K r ) «fcj 

<£,c 0 

with the tangential stiffness matrix given as 

K T = 
a(M(q)q-f(q,q,t) + 0,;ft)A) 

5q 

(4.44) 

(4.45) 

Rigid body mechanics are notoriously ill-posed problems, so Bottasso et al. [118] 

proposed a scaling technique that is applied here. After linearization, the residual 

equation is 

Krdyn Ay = - r , (4.46) 

where r is the residual of Equations (4.40) and Ay is the augmented vector of joint 

variables q and Lagrange multipliers A, which enforce the constraints, as 

Ay q 
A 

(4.47) 

The scaled equation is 

(BLKTdynDR) • (D^Ay) = - D L r , (4.48) 
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Krd Ay = - r (4.49) 

and 

D , = 

VR = 

P(Atfl 0 

0 I 

I 

0 

0 
I 

P (At)2 J 

The procedure for solving the multibody dynamics is similar to that of the continuum 

mechanics, so that will not be reviewed now. 

4.4 Elastodynamic Blade with Articulated Hub 

Boundary Conditions 

This section is split into two parts: the coupling of the elastic boundary conditions 

with the rigid body hub articulation, and the solution of the constrained system. The 

boundary conditions on the root arise from the dependency of the aerodynamics on 

the position of the blade, which in turn are affected by the aerodynamics. Instead 

of an iterative solver, the simultaneous solution of the aerodynamic chain hinges and 

the position of the blade root can be found by assuming another set of Lagrange 

multipliers that restrict the motion. 
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4.4.1 Coupling Elastic Boundary Conditions with Hub Ar

ticulation 

The orientation of the blade must be known for the surface forces, the aerodynamics, 

to act properly. The orientation of the blade comes from the position and orientation 

of the blade root, which can be given in terms of the aerodynamic chain. In fact, if 

one knows the position of the blade root for multiple points on the blade root surface, 

then the orientation is known also. Therefore, the position of the blade root surface 

is the only constraint necessary to couple the elastic body motion of the blade with 

the rigid body articulation of the chain. 

Figure 4.7: Finite element discretized elements constrained by aerodynamic chain. 

To begin, it is assumed that the constraints can be satisfied on the elastic element 

nodes, which implies a pointwise constraints. This will make the Lagrange multipliers 

sensitive to perturbation, since the restriction on the element nodes conflicts with the 

Poisson ratio contraction at the body surfaces. In fact, the assumption that the blade 

root is rigid compared to the remainder of the blade is acceptable: the blade root is 

extremely stiff compared to the remainder of the blade. The blade root attachment 

is often clamped to the articulation, and in composite blades, the root typically has 

many more plies of laminae than the aerodynamically efficient sections of the blade. 
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Since the position of the blade root nodes must be equal to the position of the 

end effector from the articulation, as shown in Figure 4.7, 

Pi(uO = Pi(q). (4.50) 

In this Equation, the position of the root is a function of the elemental nodes, when 

considering it as part of the blade, and it is a function of the hinge positions when 

considering it as the end effector from the articulation. In this case, 

p«(q) = PiOM,C,0)- (4-51) 

Therefore, the constraint equation is 

</>u = Pi (Ui) - p (q) = 0, (4.52) 

and again, writing the constraints in full for a generic set of hinges is inconvenient. 

4.4.2 Coupling Elastic and Rigid Body Equations 

The full equations of motion with control forces and damping added and the con

straints on both the closed chain and the blade root are 

M q q + Cqq + Kq - feit;q + GjV = 0 (4.53) 

0 q = 0 (4.54) 

M d d + iint - fext.d + GjA - 0 (4.55) 

0 d = 0 (4.56) 



where 

G q — <£qq 

G d = <£d,d> 

and 

*ext;q — *g;q ~r J-ctrl 

Iext;d • Ig;d "T '•ae.ro-

Re-arranging Equations (4.53) and (4.55) yields 

M q 0 

0 M d 
> + 

or, in matrix form, Equation (4.57) can be written as 
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(4.57) 

M x x + Cxx + Kx + fin4;x - fext;x + G > = 0, (4.58) 

in which 

x = K= < 
A 

and time derivatives of x are denoted by the dot symbols. Using the Arnold and Briils 

method to describe the accelerations, Equation (4.42), in which the x replace the q 

http://'�ae.ro
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terms, in combination with the displacement and velocity terms from the generalized-

a method, Equation (2.69), means that 

(1 - am)an+1 + aman = -afM~l (CXnx„ + Kxn + fint;Xn - fext;Xn + GXn«n) 

- (1 - a / ) M ^ + 1 (CX n + 1x n + i + K x n + i + fj„t;Xn+1 - fextixn+i + GX n + lKn + i ) 

(4.59) 

holds for the finite-differenced time discretization. An important observation here 

is that there is a subtle difference Equation (4.59) and the result from Section 4.3. 

Instead of eliminating the an+i terms and solving for qn+i, the endpoint accelerations 

q„+i is eliminated in favour of an + i , which allows one to combine the GEMM approach 

and the Arnold and Briils methods. This is a significant contribution to the coupling 

of elastic and rigid body motions. 

Multiplying Equation (4.59) by the mass matrix evaluated at £n+i, MXn+1 = 

M(x(t n + 1)) , gives 

MX„+1 ((1 - am) a„+i + ama«) = ~afIT (Cx„x„ + Kx„ + fint;Xn - feit;Xn + GXnK„) 

- (1 - Of) (CX n + 1Xn + i + KX„+ 1 + fi„t;Xn+1 - fext;xn+1 + G ^ K ^ f x ) , (4.60) 

if MXn+1 and MXn are invertible. (The mass matrix would only become singular if 

some joints are modelled as massless.) The matrix IT is approximately the identity 

matrix because 

M ^ . M ' 1 0 

0 I 
IT = 

Mq„+1 

0 

0 

Md n + 1 _ 

M" 1 

0 

0 

M^1 

<-*n 
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if At is small. In terms of the accelerations evaluated at tn+i, 

Mx„+1 ((1 - af) xn + i + afxn) = MXn+1 ((1 - am) a„+1 + a , , ^ ) = 

- (1 - af) ( C X n + 1 X n + i + K x „ + i + fint;xn+i - fext;x„+i + G X n + 1 « n + i ) 

- afIT (Cx„xn + Kx„ + fint;Xn - fext;Xn + Gx„«n) , (4.61) 

such that 

dxn+i 1 - am 

dxn+1 At2? (1 - af) 

d±n+i 7 

=m 

^ + 1 A l ^ ' 1 ( 4 6 2 ) 

as before. However, the internal force vector according to GEMM is 

(1 - af) fint;xn+1 + a/fin*;x„ = fint;xaBM M , (4.63) 

so remembering that f^ = 0 for all q, since the links are considered rigid, inelastic, 

bodies, 

MXn+1 ((1 - af) x n + 1 + a/ in) = -afIT (CXnxn + Kx„ - fext.Xn + GXnKn) 

- fint;xGEMM ~ (1 ~~ Q / ) ( C x n + i X n + i + K x n + i - fext;Xn+1 + G X n + 1 K n + i ) . 

Therefore, the residual equations for the motion of the hinges and the elastic blade 
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combined, including the constraints, are 

rx = MXn+1 ((1 - af) x„+1 + a/x„) - f;„(;XG£MM 

~ (! _ af) (Cx„+1Xn+l + Kx„ + i - fext;x„+i + GXn+1Kn+i) 

- aflT (CXnXn + K x n - iext.Xn + Glnnn) (4.64) 

and 

r K = <f>K = = 0. (4.65) 

Linearizing the residual equations on x result in 

fx.x 

+ 

dM. XIX+1 

5 x n + i 

dCXn+1 

((1 - af) x n + 1 + a / X n ) + MXn+1 (1 - af) /?' + 
(yfint: int;x.GEMM 

dx. n+l 

d!T (1 - a/) x n + 1 + CXn+1 (1 - af) i + a / - - CXnxn 
dxn +i 

+ (1 - a/)K 

+ affcc K ~ ( 1 ~~ a / ) ~Fhc af-^T-feXt;n + (1 " « / ) ^ 
C X n + i C X n + i C X n + i CXn+i 

+ af^Z—Gx„K«, c x n + i 

K n+1 

(4.66) 

which, if it is assumed that the mass matrix is roughly constant over the time-step, 

leads to 

rX)x = MXn+1 (1 - af) p + KT.<GEMM + (1 - «/)K + 

(yiext;xn+i 

dC Xn+1 (1 - af) x„+1 
dXn+1 

+ CXn+1 (1 - af) i - (1 - af) ^ 5 ± L + ( 1 _ af) ^ - ^ K n + 1 = KT d r i = 1 

5 G I + i 
5xn +i cbc •n+1 

(4.67) 
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r«,x - GXn+1 - KTdy (4.68) 

Linearizing the residual equations with respect to the constraints yields 

:iB = (1 - af)Gln+l = K 
+ 1 J-dyn 

Tdy 
(4.69) 

and 

LK,K 0 = K Tdy (4.70) 

Therefore, the linearized equations of motion, with constraints, are 

K7 K 7dy nXK. 

KTHV„KX K r d KK 

A 
K 

> = - r . (4.71) 
JdynXX 

'dyn ' ' 

Additionally, the Bottasso [118] transformation scales the Lagrange multipliers to 

improve the matrix condition number, which is not shown, but it is the same procedure 

as in the previous section. The solution to this system is the same as outlined in the 

continuum mechanics section, using the Newton-Raphson procedure. 



Chapter 5 

Numerical Experimentation 

This chapter contains the verification and validation of the model described previ

ously, after a brief description of the program. The verification is on a program func

tion level first, to check the convergence of the fore-shortening effect on cantilevered 

beams, of a four-bar mechanism, and of the inflow for an experimental blade. A com

parison to validate each component follows their verification, using the same three 

examples. After the components are verified and validated, the complete program is 

verified for a general hinge arrangement attached to an approximate SHARCS blade. 

The simulated SHARCS blade is substantiated with experimental data from whirl-

tower tests at the National Research Council of Canada (NRC). A comparison of 

forward flight motion with the control active and inactive is shown. 

5.1 Program Description 

The main program, b3dsm.m (Blade 3-D Structural Model), is a procedural program 

run in MATLAB that flows according to Figure 5.1. The complete program can be 

found on the DVD that accompanies this thesis. The commented header of each 

MATLAB m-file explains the purpose of its following computer code. Normal use of 
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the program is described next, with the caveat that some of the functions, or command 

lines, were removed (commented out) for verification and validation purposes, which 

is mentioned in the appropriate section. 

Once a user starts the code, the program checks for a save file containing the 

description of the hinges, with the DH parameters already saved. This process saves 

time if the link model has not changed, as the link geometry and the derivative 

matrices are independent of the initial conditions. If the hinges have not been saved, 

or the DH parameter spreadsheet has been changed, then the program initiates the 

procedure for calculating the geometric properties, the link masses, and the constraint 

equation for the articulation. 

The hinge orientation is calculated next, such that a user can specify to lock 

or unlock hinges, depending on the desired initial geometry. (For example, if the 

user wishes to keep commanded collective and cyclic angles, they could specify those 

hinges, and solve for the remaining joints to ensure a closed geometry.) Based on 

Leishman [3], the root pitch angle Bo is solved, using trimmed conditions in hover, 

by estimating the coefficient of thrust for its current value and iterating between the 

two parameters. 

Once the program has the hinge geometry stored in memory, the elastic blade 

geometry is determined, which is a function of the aerodynamic chain orientation 

and position. At this time, the constraint coupling between the blade and the rigid 

body articulation is calculated also. The mesh is applied to the blade in such a way 

that the node numbering begins at the trailing edge at the root, in the y-direction, 

then the z- and ^-directions. This improves the skyline of the mass, stiffness, and 

damping matrices. Unless pre-loaded, there should not be any residual stress within 

the elastic model. 

The external forces, from aerodynamics, gravity, and control loads, are calculated 
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Figure 5.1: Flow-chart of the main program. 
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next, and are used to calculate the initial velocity and accelerations of both the 

articulation and the rotor blade. The time-marching solution begins after this point 

in the program. 

The residual vectors, based on Equations (4.64) and (4.65), are determined along 

with the dynamic tangential stiffness matrix, based on Equations (4.67-4.70). The 

code solves the system using Equation (4.71), and the displacements, velocities, and 

accelerations are updated using the GEMM and procedure proposed in Section 4.4.2. 

Finally, after the field variables are updated, the program re-calculates the equa

tion of motion matrices, external forces, including the control forces, and finds the 

new residual vector. If the residuum is smaller than the user-specified tolerance, the 

next time step is prepared. Once the program time runs to the final time, or a spec

ified number of iterations is reached that means the configuration did not converge, 

the variables are saved, and the program stops. 

5.2 Verification and Validation of Model Subcom

ponents 

The elastic code, rigid body code, and aerodynamic code segments are verified and 

validated next. The elastic code was verified by comparing increasingly finer material 

meshes to one another, and validated by comparing them to another beam model and 

foreshortening equations. The verification and validation of the rigid body articula

tion is performed by comparing it to a different technique used by Blajer [71]. 

The nonlinear inflow model is compared to NASA experiments [86-88], but the 

inflow model is not based on finite elements or finite differences, but instead it is a 

Fourier series, so the process and final results are corroborated, but no verification 

is necessary. The control law was also correlated to experimental results in Harold's 
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dissertation [8], so that has not been repeated here. 

5.2.1 Elastic Blade Foreshortening Effect 

To verify the elastic beam model, the articulation is removed by disabling the joint 

variables and setting the link lengths to zero, and the external forces from the control 

and aerodynamics are not included. Doing so reduces the elastic model to a nonlinear 

cantilevered elastic three-dimensional beam, which ensures that only the elastic effects 

affect the solution. 

To check the convergence and the accuracy of the elastic model, a comparison of 

the foreshortening effect is provided. Foreshortening is the nonlinear effect that arises 

from beam bending, as Figure 5.2 shows. As the beam deflects from its undeformed 

position due to a transverse load, the foreshortening effect is the contraction of the 

longitudinal axis projected length. The effect can only be analysed with a nonlinear 

elastic model, hence, it is used to show the accuracy of the nonlinear model. 

Y (ih) Aui 

(u3)3—»X (ui) 3—»X (ui) NA-, f 

/ • 

~^^~\ 
NAo 

tf 
Figure 5.2: Foreshortening effect on a three-dimensional beam, compared at the 
neutral axis (NA). 

These beam models use the following material properties, shown in Table 5.1, 

and the rationale for using these parameters is to compare the model with validated 

results next. 

The momentum tolerance, the norm of the residual divided by the norm of the 
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Table 5.1: Properties of the example elastic comparison beam. 

Property-

Length (x-axis) 

Chord (y-axis) 

Thickness (z-axis) 

Value 

1.0 [m] 

0.2 [m] 

0.1 [m] 

Property 

Density 

Young's Modulus 

Poisson's Ratio 

Value 

1770 [ § ] 

1.792 x 104 [GPa] 

0.3 

force, for these simulations is 1 x 10-8. The displacement tolerance is also calcu

lated, which is calculated based on the root-mean-square of the difference in solutions 

between the ith and i + 1th iteration, and is of the same order of magnitude. 

The model under scrutiny is for an isotropic, homogeneous beam and in the current 

work, without any numerical damping, poo = 1.0. The beam is centred to the inertial 

frame of reference, and there is no twist along its length. It is loaded with a force 

of Fapp = 100 kN at the centre of the cross-section at the end of the beam, in the 

y-direction. 

As can be seen from Figure 5.3, the displacement field converges to a solution 

with only a few elements. The percent difference of the tip displacement, where 

the difference should be the largest, based on the number of elements, is shown in 

Table 5.2. This table shows good convergence to the 10 element model, chosen as a 

reference, particularly in the x- and y-directions. The z-direction displacement is on 

the order of machine epsilon, e ~ 10-16. 

Table 5.2: Percent difference verification of tip displacement in a cantilevered beam 
compared to 10 element model. 

Direction 2 nele 3 nele 5 nele 10 nele 10x2 nele 

ux [m] (xlO-10) 4.38 4.59 4.72 4.80 4.84 

uy [m] (xlO -5) 2.68 2.76 2.80 2.83 2.84 

uz [m] (xlO"15) 0.67 -1.12 0.96 1.35 -4.15 
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Foreshortening effect for sample beam Displacement In load direction for sample beam 

04 0.6 

Beam length [m] 

Displacement in transverse direction for sample beam 
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04 oe 
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Figure 5.3: Distribution of displacement along the beam neutral axis from contin
uum statics approach with multiple elements in the x-direction, one element in y- and 
z-directions (except listed). 

Because the elastic model has the potential for a great number of degrees of free

dom, whereas the articulation model has fewer in general, the time for each solution 

was also recorded. For the static model, the solution time, printed by MATLAB, is 

for two Newton-Raphson iterations, and is shown in Table 5.3. As is clear from the 

table, the cost of having multiple elements in the chordwise or thickness directions is 

high. 

Table 5.3: Time for static solution of multiple elements for cantilevered three-
dimensional beam. 

2 elements 3 elements 5 elements 10 elements 10x2 elements 

Time [s] 1.1 1.3 3.4 26.1 

Figure 5.4 shows the foreshortening effect and perpendicular directions by Gho-

rashi [119], which was used to validate his results. Figure 5.5 shows the foreshortening 
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effect and orthogonal directions using the current three-dimensional model. The cir

cles in the figure by Ghorashi represent the nonlinear equation for the foreshortening 

effect; both his and this work matches the theory. In this case, both models show the 

foreshortening effect clearly, with the same magnitude and curve. 

6 o|-+--+-+-+"+-+-+--+--•",. 

-0.5 

0 0.5 
x(m) 

1 

Figure 5.4: Distribution of displacement components along the beam with linear 
static (*), nonlinear static (-) and foreshortening equation (o) [119]. 

The neutral axis set of nodes was used to examine the foreshortening effect, be

cause the deflection of the edges of the beam is orders of magnitudes higher than the 

foreshortening effect. The model in Figure 5.5 has 10 longitudinal elements, and 1 

chordwise element. Even with a very coarse grid the foreshortening effect is clear, 

with identical magnitudes. Note that although distinct points are plotted in MAT-

LAB joined by line segments, the actual curves between the points are quadratic, so 

the element points are C2 continuous. 

The elastic bending can also be compared to linear theory, in which formulae for 

deflections are well-known. For a point load applied at the end of a cantilevered 
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Figure 5.5: Beam displacement with nonlinear continuum mechanics with 10 ele
ments. 

beam, the formula for tip deflection is 

F T3 
r rapp-Ll 

3EI 

in which 6 is the displacement in the direction of the loading Fapp. Since these 

values are all known for the current problem, the linear tip displacement is d = 

2.79 x 10~5m. The centreline tip displacement in the y-direction, using 10 elements, 

is 5 = 2.82 x 10~5m, which gives a percent difference of only 1.14%. Of course, 

because the beam formula is for linear elastic material, it should be accurate, but it 

may not match exactly. 
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5.2.2 Four-bar Mechanism 

A crank-rocker, as in Figure 5.6), is a closed-kinematic chain four-bar mechanism 

whose motion can be solved analytically or using parallel kinematic methods. There

fore, it is an ideal candidate to showcase the accuracy of the generalized-a method 

modified by the method outlined by Arnold and Briils. (Note, because the elastic part 

is not present, it is technically not GEMMAB, but a generalized-a method with an 

acceleration modification. Here that time discretization is referred to as Gen-a-AB.) 

a) Four-bar mechanism b) Open-loop representation 

Figure 5.6: A four bar mechanism with the open loop representation, cut at the end 
of the second link. 

The four-bar mechanism (in this case, a crank-rocker) and its properties are in 

Table 5.4, and the DH parameterization of the links is shown in Table 5.5: 

Table 5.4: Physical properties of the four-bar mechanism. 

Label [ ] l0 li l2 h 

Length [m] 1.0 0.3 1.0 0.6 

Mass [kg] 0 1.5 5.0 3.0 

The four-bar mechanism tests are done with the elastic model turned off, that is, 

the elastic degrees of freedom are eliminated, so that they do not affect the solution. 

There are no aerodynamic or control forces, or any external torques either. To verify 

the Gen-a-AB method, the comparison in Figures 5.7 and 5.8 show the effect of 
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Table 5.5: DH parameterization of the four-bar mechanism. 

Chain 1 Chain 2 

L ink# 

Al 

A2 

0n 

oc\ 

(*2 

dn 

0 

0 

an 

h 
h 

0in 

0 

0 

Link# 

A3 

A4 

&n 

0 

Q 3 

dn 

0 

0 

an 

k 
h 

ocn 

0 

0 

changing At. The initial conditions for this test are based on aio = f and dio = 1 s x, 

and the program automatically solves for the remaining hinge geometry. 

Trajectory comparison or Link 1 using modified Gen-a-AB 

Figure 5.7: The position solution to the 4-bar mechanism using the Gen-a-AB 
method with different time-steps. 

Figure 5.7 shows the displacements and velocities of Frame 1, which is the actuated 

joint. Figure 5.8 shows the constraint forces using the modified method, to ensure that 

the displacement, velocity, and accelerations are not the only parameters matched 

properly. The periods of the cycle are compared in Table 5.6, which shows the percent 

difference based on the smallest time-step. 
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Forces comparison using Gen-a-AB 

Time [s] 

Figure 5.8: The constraint forces using Gen-a-AB methods combined. 

Perioc 

% diff. 

Table 5.6: Period 

[8] 

[%] 

At = 0.01 s 

1.34 

0.98 

convergence 

At = 0.005 

1.35 

0.16 

of the 4-bar mechanism. 

s At = 0.001 s 

1.35 

0.07 

At = 0.0005 s 

1.35 

N/A 

The simulation carried out by Blajer [71] was performed with the same initial 

conditions, using Runge-Kutta with a very small step size (At = 0.0005 s) to obtain a 

reference solution. He then compared it to the velocity-stabilization method, using the 

velocity to prevent constraint drift. That work was reproduced for this dissertation, 

to determine the efficacy of the stabilization method, and to compare it to the Gen-

a-AB method to validate the parallel kinematics sub-program. 

This method, with At = 0.0005 s, takes approximately 17.4 s to complete. Com

paratively, the velocity drift method takes much longer, for the same time interval 

the solution time is 84.2 s. 
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Trajectory comparison of Link 1 

Velocity comparison of Link 1 

Time [s] 

Figure 5.9: The position solution to the 4-bar mechanism using the velocity drift 
method (Blajer) and the Gen-a-AB for constrained kinematics. 

Note that the definition for the angles is slightly different in Blajer than with this 

parameter test: in Blajer, the angles are defined with respect to the inertial x-axis, 

whereas the program automatically defines the angles with respect to the previous 

x-axis, because of the DH characteristics. Another difference is where he virtually 

cuts the joints; in his work, he cuts the joint at the origin of Frame 4, attached to 

the ground. In this case, the velocity drift method solves faster and larger time steps 

are more accurate, but because such a fortuitous cut cannot be guaranteed for the 

general solver, the current profile is more realistic. 

Blajer shows the evolution of the position and velocity of Link 1 only, in his paper. 

So, the comparison of the filtering method and the Gen-a-AB method in Figure 

5.9 shows the position and velocity from those two methods. As can be seen, the 

methods match almost exactly when At = 0.0005 s for the velocity drift algorithm, 

and At = 0.005 s for the modified Gen-a method. When the At — 0.005 s, the 
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velocity drift method the results correlate poorly, matching the general trends, but 

not matching the curves properly. Table 5.7 shows the period comparison between two 

time steps using the velocity stabilization method and with the modified generalized-a 

scheme. 

Table 5.7: Crank-rocker mechanism analysis for velocity stabilization and Gen-a-AB 
schemes. 

Velocity filter Gen-a-AB 

At = 0.0005 s A* = 0.005 a At = 0.005 s 

Period [s] 1.34 1.16 1.35 

% diff. [%] 0.45 14.6 0 

5.2.3 Aerodynamic Inflow Model Comparison to Experiment 

The program normally calculates inflow at each time step depending on the orienta

tion and position of the rotor blade, but to test the forward inflow model compared 

to experimental results the subroutine was modified to show the non-dimensional in

flow at specified azimuth intervals. The structural and control parts of the program 

are turned off, although flapping and feathering equations are used to provide the 

azimuthally dependent sinusoidal motions of both hinges [3]. 

The values for the structural and geometric properties are listed in Table 5.8, 

which come from the NASA experiments [86-88]. In all cases, the rotor had 4 blades, 

used a NACA 0012 airfoil, and had a rectangular planform. The blades are 33.88 in 

long and have a chord length of 2.6 in, with a linear twist of-8° and a non-dimensional 

root cut-out of e = 0.24. The measurements were taken one chord length above the 

rotor disc, by laser Doppler velocimetry. The experiment had a mock fuselage and 

rotor, so the results do not correspond precisely to the theory as an isolated rotor 
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Table 5.8: Properties of the aerodynamic inflow calculation and experiment [86-88]. 

Property p = 0.15 /x = 0.23 n = 0.30 

Shaft angle, as [°] -3.00 -3.04 -4.04 

Root theta, 90 ['] 9.37 8.16 10.31 

Cyclic, Ox* [°] 3.23 4.13 5.88 

Cyclic, eu [°] -1.11 -1.52 -1.55 

Coning angle, [°] 1.50 N/A 2.13 

Thrust coeff., cT [ ] 0.0063 0.0063 0.0065 

Torque coeff., cQ [] 0.00036 0.00036 0.00043 

Airstream speed, v^ [kts] 55.4 85.3 111.4 

would. 

However, as shown in Figure 5.10, Mangier and Squire's theory, with equal weights 

on the loading types, accords well with the experiment. The longitudinal flow is more 

accurate towards the aft of the rotorcraft (the positive coordinates on the graphs), 

and the lateral flow is more reliable towards the edges of the disc. The upwash at 

the edges of the disc are captured by Mangier and Squire theory, but not by Drees 

or uniform inflow models. 

Another observation of these examples is that as the forward velocity increases, 

the experiment and the theory match poorer. This can be attributed, partially, to the 

fact that as the advance ratio increases, the velocity field is increasingly perturbed by 

the rotor hub and fuselage. Magnifying this effect, because the mean inflow decreases 

slightly as the forward velocity increases, a larger ratio of the total inflow is affected 

by the hub and fuselage. 
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Figure 5.10: Comparison of inflow between theory and NASA experiment. 

5.3 Verification of Complete Articulated Model 

To test the convergence of the entire program, a set of structural parameters selected 

to emulate the SHARCS hub arrangement and the model was run for varying time 

steps. This test shows the convergence of the displacement parameters, the conver

gence of the forces at the root of the blade, the constraint forces at the virtually cut 

point, and the support forces required for any locked hinges (such as the azimuth 

angle). 

The structural parameters selected for the articulation are based on the DH pa

rameterization in the Multibody chapter. The values of the links are listed below, in 

Table 5.9, and the actuator mass, which is not listed, is 0.05 kg. (It is modelled as a 

separate entity, a point mass, rather than a link, based on the original design for the 

APL.) 
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Table 5.9: Link properties for complete simulation verification. 

Link 

Length [m] 

Radius [m] 

Density [$] 

p 

3.985E-02 

0.000E+00 

0.000E+00 

H 

5.160E-02 

1.750E-02 

7.960E+03 

PL 

1.120E-01 

6.350E-03 

7.960E+03 

* Wrist rotation, therefore, 

F 

0.000E+00 

1.750E-02 

7.960E+03 

PA 

3.810E-02 

6.350E-03 

7.960E+03 

L + P* 

7.445E-02 

1.750E-02 

7.960E+03 

PH 

3.985E-02 

6.350E-03 

7.960E+03 

d 

1.091E-01 

2.580E-02 

0.000E+00 

Po 

3.635E-02 

1.750E-02 

0.000E+00 

p 
1 sx 

5.160E-02 

0.000E+00 

0.000E+00 

PL2 

1.120E-01 

0.000E-00 

0.000E+00 

in kinematic equations, two lengths always summed 

The initial configuration of the hinges depends on the user constraints; for exam

ple, locking certain hinges can cause degeneracy in the articulation or cause negative 

CT in the aerodynamics, which causes errors in the inflow calculation. For the test 

cases, degeneracy is avoided in the initial conditions, ensured by the loop closure 

equations that the program runs, and simulating trimmed, hover flight. The results 

shown for verification purposes have preset hinges for the aerodynamic chain, the 

swashplate tilt and collective, and the pitch link and its actuator. The values of 

these hinges is listed in Table 5.10, and Figure 5.11 shows the initial geometry of the 

articulation. 

Table 5.10: Hinge initial conditions, locked by user, based on trim hover conditions. 

Hinge ^ p e els elc PL PL2 

Angle ["] 0 1.5 05 0 0 

Length [m] .112 .112 

* Calculated from theta_trim_hover.m 
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With those hinges constrained, the constraint equations are run and solved to 

close the kinematic chains. There are also hinges locked during the simulation, to 

ensure that the correct motions are prescribed, such as the hub angle, all swashplate 

angles/displacements, the bottom spherical joint of the pitch link, and the APL itself. 

Therefore, only three constraint forces are required, since the system is degenerate 

from six degrees of freedom to three (one position and two orientation constraints). 

The elastic blade is isotropic, homogeneous, is discretized by 10 longitudinal ele

ments, and has a rectangular cross-section. However, it does have the SHARCS blade 

twist, which is plotted in Figure 5.12. 

The simulation itself goes through a start-up phase, in which the angular velocity 

of the hub increases from 0 to full speed, which is approximately 168.2 ^ or 1555 

RPM. The equation that governs the start-up velocity is 

where the final rotor speed is f2, and r is the start-up phase time. The position and 

acceleration can be found by taking the time integral and derivative, respectively. 

Once full speed is reached, the simulation runs for an analysis time of tn = 0.2 s, 

which is roughly 5 revolutions. Aerodynamics are included in this simulation, but 

for testing the agreement of these simulations, the control algorithm is not. These 

simulations, in preparation for the validation scenario, are close to trim conditions; 

during the start-up phase, trim will not be achieved, but the full speed rotor does go 

to equilibrium (trim). 

Figures 5.13, 5.14, and 5.15 show the convergence of the full model, the angular 

displacements of the flap and lag, and the translation of the pitch link first; the 

resultant force vectors at the root next; and the constraint forces and moments last. 
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Figure 5.11: Simulated articulation in original position. 
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Figure 5.12: Twist distribution of SHARCS rotor blade. 
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In both the displacement variables and the force variables the graphs converge quickly. 

In the constraint forces, there is some incongruous variation at the end of the start-up 

phase. This is likely caused by the tangential deceleration of the hub, because there 

is jerk during the start-up phase, equivalent to — (^) ^, which is substantial since r 

in these simulations is typically very small. 

Flap angle comparison with At 

•=•0 05' 
o 
•s 

I o- 05 15 2 25 3 35 
Time [rev] 

Lag angle comparison with A t 

25 3 
Time [rev] 

o At=000Ms 
+ At-00002s 
• At = 00001s 

45 55 

Figure 5.13: Displacements of flap, lag, and pitch link under trim hover aerodynamic 
load. 

5.3.1 Second-Order Convergence of Full Model 

Finally, to verify the model, a time convergence study is included. The model theory 

dictates that the time convergence should be second order; however, as Figure (5.16) 

seems to indicate, only linear convergence is acheived for the varying time steps. 

To generate this plot, the nominal start up phase was used, but only the time at 

t = 0.01 s was analysed. The norm of the displacement along the neutral axis was 
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Figure 5.14: Resultant force vectors at the root of the helicopter blade. 
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Figure 5.15: Resultant force vectors at the cut joint of the helicopter blade. 



146 

used as a comparison of the accuracy of the simulation. A baseline test, with At = 

0.0001 s was used to compare the accuracy of the remaining timesteps. Timesteps of 

At = 0.001 s, and At = 0.01 s were used to compare the simulation accuracy. 

Time accuracy graph of OEMMAB using startmp without proper initialization of Lagrange multipliers 

Figure 5.16: Convergence rates for orders of At for the full articulated and elastic 
system. 

The order of accuracy can be determined by finding the slope of these curves 

on the figure; for an order of magnitude change in the timestep, there should be two 

orders of magnitude in precision. The x-direction slope, for small time steps, seems to 

be closer to the second order convergence expected, but the other slopes are distinctly 

linear. 

Unfortunately, Figure (5.16) does not show second order convergence as expected. 

It seems to show a linear convergence rate. This is probably caused by the incorrect 

initialization of the Lagrange multipliers in the computer code. For the second order 

convergence to be shown accurately, all variables must have appropriate initial condi

tions that make the system physically realistic. Potentially, the reason the ^-direction 

norm looks to be closer to second order convergent is because there is less influence 

of the Lagrange multipliers at its initial position. 
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5.4 Validation of Complete Articulated Model 

The validation of the complete model is done with respect to the experimental results 

from testing the SHARCS blade at the NRC. The procedure is the same as in the 

verification, however, some of the hinge lengths have changed, and the initial positions 

of the hinges have also. Table 5.11 shows the changed link lengths, and Table 5.12 

shows the new initial conditions. Note that for these tests, because the root pitch 

is set to zero, the lift force is small. The SHARCS blade was modified before this 

test, so it has the same twist distribution, but weighs less (approximately 380 g) and 

testing was done at 1500 RPM, not 1555 RPM. 

Table 5.11: Link properties for complete simulation verification. 

Link d PL PLz 

Length [m] 1.766E-01 1.766E-01 1.766E-01 

Radius [m] 2.580E-02 6.350E-03 6.350E-03 

Density [*$] 0.000E+00 7.960E+03 0.000E+00 

Table 5.12: Hinge initial conditions, locked by user, based on trim hover conditions. 

Hinge V P 8 &u he PL PL2 

Angle [°] 0 0 0 0 0 

Length [m] .1766 .1766 

* Calculated from theta_trim_hover.m 

Figure 5.17 shows the raw data from the experiment, and the discrete Fourier 

transform of the signal. Measurements were taken at 0.002 s intervals, which cor

respond to 18° of azimuth rotation. As one can see, there are well defined peaks 

at integer multiples of the rotor speed. (A zoom on Figure 5.17 is shown in Figure 

5.18, to make the signal clearer.) This is unexpected, because the rigid rotor flapping 
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blade is typically between the frequencies of 1.02S7 to 1.04f2 [6]. Figure 5.18 shows the 

simulation run from start-up for 0.5 s and then 1.5 s simulated time, along with the 

discrete Fourier transform of that signal. Similar to the above experimental results, 

the peaks are slightly less than the final rotor speed. 

Table 5.13 shows the percent error of the simulation with respect to the first 

three recorded natural frequencies, using MATLAB to accurately pinpoint them, due 

to the large frequency sampling size. In general, the agreement is good between the 

experiment and the simulation: the first and second natural frequencies are within 4% 

of the rotor natural frequency and first harmonic. The resultant force, measured in the 

^-direction in the simulation, is on the same order of magnitude as the experimental 

results, even if the magnitude spectrum is not the same in both frequency plots. (This 

is due to the frequency sample rate, see below.) The parameterization of the model: 

friction damping, link lengths, masses, the blade mass and flexibility, etc; all have an 

effect on the forces. 

Tab le 5.13: Link properties for complete simulation verification. 

Wni 

Un2 

w n 3 

Experiment [^] 

157.1 

314.8 

472.5 

Simulation 

163.4 

325.3 

540 

i~] Percent error [%] 

3.91 

3.28 

13.3 

There is only a small error in the first two peaks, but the third is subject to a 

higher difference. This could be because of the inexact mass comparison. The mass is 

within 10% of the experimental mass from measurements, and will cause a shift of the 

natural frequencies. This explains why the power distribution is not congruent with 

the experimental results, as well: because the mass is shifted, so are the reasonant 

peaks and the magnitudes of the peaks will not match exactly. 
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Force measured at the pitch link 
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Figure 5.17: Experimentally measured pitch link forces and corresponding fast 
Fourier transform. 

Force measured at the pitch link (20.5 s to 20.75 s) 

Figure 5.18: Experimentally measured pitch link forces, between t = 20.5 s and 
* = 20.75 s. 
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Figure 5.19: Simulated pitch link loads and corresponding Fourier transform. 

Also, as can be seen in the simulation results, the higher harmonic vibrations 

dampen and the overall motion increases. This is due to the light numerical damping 

of the simulation, where p^ = 0.85. The time step in the simulation is also quite 

high, At = 0.0008 s, which reduced accuracy and power. 

The simulation results are extremely dependent on the start up conditions. Chang

ing the rotor start-up phase, the initial position of the flap hinge, the feathering hinge, 

and the swashplate tilt and displacement cause different results in terms of support 

forces generated, or displacements achieved. (This is somewhat expected, since it is 

a nonlinear model and it is path-dependent due to damping!) Some of the discrepan

cies between the experiment and the simulation can be attributed to the simulation 

parameters. In the physical experiment, the values for the damping within the rotor 

blade and on the hinges (friction) are not known, for the simulation, damping is not 

considered. Also, the experimental rotor blade is bolted at the blade root section, 
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not considered in the elastic model, through two holes close to the quarter-chord. 

The blade root is contained within the clamp, which restricts the motion of the blade 

slightly. The lag degree of freedom is bolted to the rotor shaft, to prevent its motion; 

however, the effect of that bolt on the vibration characteristics is not studied in the 

simulation, nor is the friction or damping, from the screw tips securing the bolt, ac

counted in the simulation. Of course, the aerodynamic model will not match the real 

flow properly, since vortices are not considered, so the thrust will not be distributed 

properly over the blade. 

5.5 Control Efficacy 

This simulation uses the SHARCS blade in forward flight at \x = 0.3 s, so the swash-

plate tilt is the same as when testing the aerodynamics model with the experimental 

data. The articulation and blade arrangement is the same as before, in the test case to 

compare with the experimental results, except that all hinges are unlocked, save the 

swashplate degrees of freedom. The spring stiffnesses of the pitch link (kpL) and the 

actuator (kai) are based on values from initial research by the SHARCS group [22]. 

The spring stiffness values are kpi = 175 x 103Nm and k^i = 50 x 103Nm. However, 

the physical stiffness value of the APL system is always one of two values: kpL when 

the APL is not active, or kpL + k^i when it is. 

Figure 5.20 shows the control forces applied to the pitch link, in the top plot. The 

bottom graph of the same Figure shows the pitch link stiffness throughout the dura

tion of the simulation. The top graph in Figure 5.21 shows the difference in adaptive 

pitch link displacement with and without control, and the middle plot compares the 

feathering hinge oscillation. The change in motion at the pitch link and feathering 

hinge alters the motion of the rotor blade as well, and the bottom of Figure 5.21 
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Figure 5.20: Control forces as a function of time and corresponding stiffness values 
at pitch link. 

shows the neutral axis tip node trajectory in the napping direction. 

As these Figures show, the motion of the pitch link changes significantly with semi-

active control. The motion can be damped (heat losses) also, which was not done for 

this specific simulation. However, based on these plots, vibration can be induced or 

reduced in the rotorcraft airframe, given the boundary conditions can stiffen or relax 

as decided by the control algorithm. The blade motion shows that there is a frequency 

shift in its response, which can also be useful to counter-act vibratory aerodynamic 

forces. Effectively, by changing the boundary conditions, the APL changes the energy 

distribution of the elastic body for which it attenuates vibration, and uses that energy 

to directly affect the excitation load. 
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Controlled and uncontrolled forward flight displacements 

Figure 5.21: Comparing the displacement with and without control implemented 



Chapter 6 

Conclusions and Future Work 

A three-dimensional model using the generalized-a energy momentum method for 

nonlinear elastic material, with small strain deformations, is amalgamated with a 

non-weighted residual equation scheme for rigid body parallel kinematics. The com

bination of these models form the basis for a computer code capable of solving non

linear, closed kinematic articulated helicopter hubs and elastic rotor blade dynamics. 

Added to the current program, the aerodynamics provide basic loading to emulate 

approximate hover and forward flight loads on the elastic rotor blade. The control 

algorithm allows a user to be able to implement control strategies by replacing the 

pitch link with an adaptive control device. The complete computer code exists as a 

tool for the SHARCS group to test new vibration control ideas and simulate results 

before experimentation. 

Individual component functions have been independently verified and validated in 

the previous chapter. The three-dimensional model was compared to nonlinear beam 

models that have also been researched in the SHARCS group. The parallel kinematics 

have been examined by comparing it to a velocity stabilization method, which has 

itself been validated using Runge-Kutta methods. Together, these two model com

ponents, the elastic and rigid body models, have been verified with simulations that 

154 
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show good convergence properties: in the displacement variables, elastic-rigid body 

coupling, and parallel chain constraint coupling. These numerical results were also 

compared to experimental measurements, and good agreement was obtained between 

the physical tests and the simulated model. 

A rigid and elastic body coupled model was created with midpoint accelerations, 

allowing the GEMM time integration scheme and the Arnold and Bruls method to 

be combined. This was an important contribution to the overall analysis of combined 

rigd and elastic body systems, because it was a second order accurate method, with 

controllable dissipation, and allowed rigid motion of joints modelled with a quickly 

convergent two-step scheme. The figures showing the verification of the program show 

that the model is second order convergent in space, however, they seem to show that 

there is only linear convergence in time. This could be because the time steps were 

not small enough to show such behaviour properly. 

Aerodynamics was included in the computer model, because it provided nonlinear 

external loads to give better agreement to previous experimental inflow data. Only 

hover loads were simulated for validation, as experimental data for forward flight with 

the SHARCS blade was unavailable. The control algorithm applied to forward flight 

simulation, which showed the ability of the control algorithm to alter the motion 

of the pitch link and blade. Both hover and forward flight models were included 

in the computer program; however, in the future, they should be replaced with the 

GENUVP model. 

The control algorithm was instituted in the main program and it clearly showed 

the reduction of blade vibration. The control law diminished the motion of the blade, 

so for practical applications involving the reduction of vibration on the swashplate, 

it will need to be reversed. 

To model the hub articulation properly, model drawings of the whirl-tower hub 
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and blade attachment are necessary, which includes devices such as the lag bolt that 

restricted lag motion in the experiment. The appropriate values for dampeners and 

springs should also be measured or evaluated so that the structural model can be 

made more accurate. In particular, the motion dampers on the aerodynamic chain, 

especially lag, since it has little aerodynamic damping, should be measured and the 

values substituted into the code. The friction of the joints should be measured and a 

nonlinear friction law could easily be incorporated into the b3dsm.m code. 

The swashplate hinge arrangement, in particular the spherical joint below the 

adaptive pitch link, should be modelled with the joint stops. In the physical system, 

the bearings of the joints connecting the swashplate and pitch link do not allow full 

revolutions, so that should be included in the structural model. Also, the play or 

backlash of the joints should be modelled, if possible. 

The SHARCS blade model can be refined so that the simulated structural blade 

has the shape of the NACA airfoil. With this change, the proper mass distribution 

and elastic distribution could also be instituted. Because the current program is a 

three-dimensional model, one could create a shell model that would run faster than 

the full simulation presently does. A shell model would have the benefit of much 

faster analysis, and could be used to create a simulation that includes properties 

from composite laminae. Thus, a composite blade could be properly analysed with 

shell layers. 

Also, longer simulations must be done to ensure that the system model is second 

order convergent in time. Currently, the models were tested with insufficiently small 

time steps, so the convergence rate is not well shown. Because one of the significant 

contributions of the thesis is the coupling of the rigid and elastic body models, it 

must be checked to guarantee the preservation of second order convergence. 

The next step for this particular model is its inclusion in SMARTROTOR, or at 
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least its coupling with the GENUVP aerodynamics model. GENUVP currently does 

not allow structural rigid body motion, so coupling the current structural model with 

the aerodynamic model from GENUVP will create a powerful analysis tool, even if 

the control algorithm is ignored. 

Improvements to the control algorithm may be necessary, if there is a desire to 

control specific modes of vibration, those that do not cancel with symmetric blades, 

for instance, especially if the pilot control inputs are time-dependent. In such a case, 

the control law would need to be changed to ensure tha the pilot commands are not 

cancelled as undesired harmonic vibration. The viscous friction damping caused by 

heat loss was not modelled, so that will undoubtedly attenuate vibration transmission 

through the APL, if instituted. Also, the control algorithm, as implemented in the 

main code, controls the vibration of the rotor blade, not the fuselage. In fact, this 

increases the vibration of the cabin, so it must be modified to attenuate vibration 

transmission. 

Finally, the control of the vibratory forces while implementing the other SHARCS 

concepts on the rotor blade can soon be simulated. Truly testing the entire SHARCS 

concept will come when all three systems can be implemented physically, but simu

lating the systems in concert is important to fine-tune the vibration and noise sup

pression. 
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