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Abstract 

Density evolution is often used to determine the performance of an ensemble of low-

density parity-check (LDPC) codes under iterative message-passing algorithms. Con-

ventional density evolution techniques over memoryless channels are based on the 

independence assumption amongst all the processed messages at variable and check 

nodes. This assumption is valid for many algorithms such as standard belief prop-

agation (BP) and min-sum (MS) algorithms. However, there are other important 

iterative algorithms such as successive relaxation (SR) versions of BP and MS, and 

differential decoding with binary message passing (DD-BMP) algorithm of Mobini et. 

al, for which this assumption is not valid. The dependence created among messages 

for these algorithms is due to the introduction of memory in the iterative algorithm. 

In this work, we propose a model for iterative decoding algorithms with memory which 

covers SR and DD-BMP algorithms as special cases. Based on this model, we derive 

a Bayesian network for iterative algorithms with memory over memoryless channels 

and use this representation to analyze the performance of the algorithms using den-

sity evolution. The density evolution technique is developed based on truncating the 

memory of the decoding process and approximating it with a finite order Markov pro-

cess, and can be implemented efficiently. As an example, we apply our technique to 

analyze the performance of DD-BMP on regular LDPC code ensembles, and make a 

number of interesting observations with regard to the performance/complexity trade 

off of DD-BMP in comparison with BP and MS algorithms. 
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Chapter 1 

Introduction 

1.1 LDPC Codes 

Low-Density Parity-Check (LDPC) codes [1] were first introduced in 1962 by Robert 

G. Gallager. They are a class of linear block codes C in which the parity-check 

matrix H is sparse; meaning H contains a low density of 1 values. An LDPC code C 

can be represented by its corresponding Tanner Graph [2] which is a bipartite graph 

showing the connections between variable nodes and check nodes. For example, 

consider a parity check matrix H of size M x N where M and N represent the 

number of check nodes and variables nodes in the corresponding Tanner graph, 

respectively. The construction of the Tanner graph consists of adding an edge (link) 

between each variable node i = 1,.., N and check node cv j = 1,.., M such that 

Hji = l .1 

An ensemble of LDPC codes can be fully described by an arbitrarily large block 

length N (analogous to the number of variable nodes), and the degrees of each 

variable and check node. The degree of a variable node Vi is the number of check 

equations that it participates in (or the number of l ' s in column i of its corresponding 

1 Hj i refers to the element in the jth row and i t h column of matrix H. 

1 
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parity-check matrix). Similarly, the degree of a check node Cj is the number of 

variable nodes which take part in that particular check (or the number of l 's in the 

row j of its corresponding parity-check matrix). 

When characterizing the degrees of variable and check nodes, LDPC codes fall 

under two categories; regular and irregular. A (dv, dc) regular LDPC code has variable 

node degree dv for each variable node, and check node degree dc for each check node. 

An irregular LDPC code can be described by two polynomials called degree profiles 

or distributions. This is shown by: 

where 0 < A(, Pi<l,l<i< <n a x , 2 < j < ri™ax, E ^ T ^ = 1, and E j T Pi = 

represents the fraction of variable nodes that have degree i. Similarity, pj represents 

the fraction of check nodes which have check degree j . 

Remark: A (dv,dc) regular LDPC code can be thought of as a special case of an 

irregular code where X(x) = xdv~1 and p(x) = xdc~l. 

Consider we send a codeword w = {u>1; vj2,..., WJV} G C over some channel where each 

Wi can take on a finite number of values from a set denoted by Sc- At the output of 

the channel (input of the decoder), we receive the vector y = {YI, T/2, •••, VN} which 

is a noisy version of w. The role of the decoder is to correctly deduce that w was 

sent given y. Therefore, the decoder would choose a codeword w' £ C which is most 

probable to have been sent given the channel output y: 

(1) 

1.2 Decoding LDPC Codes 

w = argmax P(codeword sent is w | y). 
wGC 

(2) 
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This type of decoder is called a MAP (maximum a posteriori) decoder for a code-

word. When dealing with LDPC codes, we may also be interested in the bit (sym-

bol) error rate. In this case we wish to find the most probable symbol for each Wi, 

1 < i < N given y: 

Wi = argmax P(ith symbol sent is ws | y). (3) 

LDPC codes as a linear code can be represented by a trellis [3,4], and for codes with 

trellis representations, the BCJR algorithm [3] is capable of computing the a posteriori 

probabilities in (3). However, the complexity of the trellis increases exponentially with 

the dimension2 of the code. The probabilities in (3) can also be computed exactly 

using an iterative algorithm if the code is cycle free [5]. However, even when the 

code is not cycle free, and iterative decoding algorithms become suboptimal, good 

performance can still be reached whilst significantly reducing the decoding complexity 

[6]. More formally, the decoding algorithms used for LDPC codes are known as 

iterative message passing algorithms, most notably the belief propagation (BP) [7] 

and min-sum (MS) [8] algorithms and their variants [9-12], Iterative message passing 

algorithms can be described by their variable and check node operations which may 

be time (iteration) variant or invariant. 

1.3 Iterative decoding algorithms with memory 

There is also a novel class of iterative message passing algorithms which contain 

memory. Examples of these in recent literature are successive relaxation (SR) 

variants of BP and MS [13-15] and differential decoding with binary message-passing 

(DD-BMP) [16,17], 

2For a code C of block length N with parity check matrix H, the dimension k is represented as 
k = N — rank(iJ). 
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DD-BMP is considered to be a hard-decision algorithm since the messages passed 

are binary. Therefore, the complexity is significantly reduced when compared to BP 

and MS which are soft-decision algorithms. However, due to the soft information 

stored in memory nodes, the DD-BMP algorithm still has good performance, per-

forming as close as 1 dB and 0.5 dB to BP for particular random and finite-geometry 

LDPC codes. Due to its good performance and low complexity, this algorithm is 

specifically attractive for high-speed low-power applications. 

SR algorithms were inspired by the dynamics of analog decoders and introduced 

in [13]. These algorithms were shown to have very good performance, even outper-

forming BP by up to about 0.5 dB. In general, as evident by these two algorithms 

(SR and DD-BMP), the presence of memory improves the performance; i.e. in com-

parison to BP and MS algorithms, the decoding complexity is significantly reduced 

whilst experiencing a low (if any) penalty in transmitted power. 

1.4 Density Evolution 

Density evolution is an analytical tool which can be used to find the threshold of 

a particular code ensemble under a given iterative decoding algorithm [18]. The 

threshold is an asymptotic measure of performance and is defined as the worst 

channel parameter (e.g., largest noise variance) for which the probability of error 

still converges to zero as the number of iterations in the decoding algorithm tends 

to infinity. Conversely, with fixed channel parameters, density evolution can find 

the highest code rate3 r such that the probability of error still converges to zero 

as the number of iterations tends to infinity. Density evolution is also a powerful 

3Assuming the rows of the parity-check matrix are linearly independent, r = 1 — jf-. More 

generally (irregular codes), r = 1 — . 
Pii 
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technique for constructing irregular LDPC codes through the optimization of the 

degree distributions [19,20]. In general, there is a large body of literature devoted 

to the derivation and applications of density evolution for a variety of iterative 

decoding algorithms, most notably for belief propagation (BP) and min-sum (MS) 

algorithms and their variants [21-23]. To the best of our knowledge however, all 

the message-passing algorithms analyzed by density evolution in the literature are 

memoryless, i.e., the output messages of a variable node (check node) at iteration 

£ are only a function of the input messages to that node at iteration £ {£ — 1) and 

also the initial message of the channel in the case of variable nodes. There exist 

however a number of iterative decoding algorithms, such as successive relaxation 

(SR) variants of BP and MS [13,14], and DD-BMP (differential decoding with binary 

message-passing) [16, 17], that have memory. In fact, the presence of memory in 

these algorithms improves the performance but makes the density evolution analysis 

much more complex. So far, the analysis of such algorithms has been limited to 

Monte Carlo simulations. 

At the heart of density evolution lies the following theorems which are introduced 

in [18]. 

Theorem 1. [Concentration]: Let P^ (£) be the expected fraction of incorrect mes-

sages which are passed in the £th iteration, where the expectation is over all instances 

of the code, the choice of the sent codeword, and the realization of the noise. For 

any S > 07 the probability that the actual fraction of incorrect messages which are 

passed in the £th iteration for any particular such instance lies outside the range 

(.Pe
N(£)-l>,Pe

N(£) + S) converges to zero exponentially fast in N. 

Theorem 2. [Convergence to Cycle-Free Case]: P^{£) converges to P%°{£) as N 

tends to infinity, where P£°(£) is the expected fraction of incorrect messages passed in 
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the £th decoding round assuming that the graph does not contain cycles of length 2t 

or less. 

Using Theorem 2, in performing density evolution and in the calculation of 

thresholds, one can assume a cycle-free (tree-like) graphical representation of 

the ensemble [18], and track the probability distribution of the messages under 

this assumption. Concentration results (Theorem 1) then guarantee that, as the 

block length N of the code tends to infinity, almost all instances of the ensem-

ble perform nearly the same and their performance tends to that of the cycle-free case. 

In the density evolution analysis of memoryless algorithms over memoryless 

channels, the cycle-free assumption leads to the independence between all messages 

being processed at variable and check nodes. This significantly simplifies the analysis, 

and makes the complexity of density evolution in each iteration independent of the 

iteration number and thus the total complexity of density evolution scales only 

linearly with t. However, these independence assumptions do not hold for iterative 

algorithms with memory. The introduction of memory into the decoding algorithm 

will introduce dependency amongst messages processed at variable nodes. This signif-

icantly increases the difficulty of the analysis as well as the computational complexity. 

There have also been studies on LDPC codes over channels with memory [24-27]. 

In particular, [24] performs density evolution of LDPC codes over the Gilbert-Elliot 

channel which is in essence a Hidden Markov Model (HMM). This would lead to 

dependence between symbols in the codeword through the introduction of dependence 

in the noise samples. This can be more clearly seen in Fig. 1. The variables Si, 

1 < i < N represent the state of the channel. The sequence S\, ..., <S/v forms the 

underlying Markov chain which is hidden. The outputs Yi of each state S% is the 
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corresponding noise sample which can be observed. It is well known that for a first-

order, time-homogeneous, two-state4 Markov chain, the mutual information between 

two states, i.e. Si and Sj, goes to zero as the distance between states gets larger 

since the Markov chain always reaches equilibrium5. This implies that the mutual 

information6 between the corresponding outputs (noise samples) goes to zero since 

I(Yi ;Yj) < I (Si ; Sj), 1 < i,j < N, through the Data Processing Inequality [28]. 

Since the distance between any two received symbols can be arbitrarily large in a 

particular decoding neighbourhood in the asymptotic case (N —> oo), the mutual 

information between their respective states goes to zero. Hence the independence 

assumption still holds. 

1.5 Thesis Content and Organization 

In this thesis, we develop the framework for the density evolution analysis of iterative 

message passing algorithms with memory over memoryless channels. We first present 

a general model for iterative decoding algorithms with memory which includes 
4In the Gillbert-Elliot channel, each S, has two states; either 'Bad' or 'Good'. 
Equil ibr ium implies that the probability of a particular state approaches a constant independent 

of time and of the initial state probabilities. 
6 The mutual information between two random variables, say X and Y, is defined as I(X ; Y) = 

E D \ X UI 
p(x,y)log ' where p(x,y), p(x), and p(y) represent the joint and marginal probability 

XiV p{x)p{y) 
mass functions of X and Y respectively. 
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DD-BMP and SR algorithms as special cases. Based on this model, we employ the 

directed acyclic graph (DAG) representation, also known as a Bayesian network, to 

capture the dependencies among different messages and memory contents in a space 

with two dimensions: iteration number I and the depth of the decoding tree d. Using 

this, we show that for algorithms with memory, the incoming messages to a node are 

no longer independent, and that the existing dependencies cause the complexity of 

density evolution to grow at least exponentially with t. We also derive the density 

evolution equations and use techniques to make them tractable. In particular, we 

introduce an approximation by truncating the memory of the decoding process and 

estimating it with a Markov process of finite order n (not an increasing function of £). 

As an example, we apply the proposed density evolution technique to DD-BMP for 

a number of regular LDPC code ensembles and obtain the thresholds. The threshold 

results converge to the true threshold values with arbitrary precision as the memory 

truncation length n is increased. Our study shows that for DD-BMP, n = 4 is often 

enough to obtain the threshold with a precision of 0.01 dB. A careful inspection of 

the threshold values of DD-BMP for regular LDPC codes in comparison with BP 

and MS thresholds reveals a number of interesting phenomena: (a) By increasing the 

rate, the performance gap between BP and DD-BMP reduces so that for high rate 

codes the difference is only a fraction of a dB; (b) For a given rate, by increasing the 

degrees, the performance advantage of MS over DD-BMP decreases at first and then 

eventually reverses so that for large degrees, e.g., (7,14) for rate-1/2 codes, DD-BMP 

outperforms MS by a few tenths of a dB. These performance results for DD-BMP are 

impressive since both the message-passing and the check node operations in DD-BMP 

are significantly less complex than those in BP and MS algorithms. In addition to 

the above results, one of the main contributions of this work is to introduce the 

general framework for presentation and analysis of iterative decoding algorithms 
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with memory. This can be used to design irregular codes for the existing algo-

rithms or to devise new algorithms with improved performance/complexity trade offs. 

This thesis is organized as follows: In Chapter 2, we present the general model for 

iterative algorithms with memory and show that both DD-BMP and SR algorithms 

are special cases. Chapter 3 is devoted to the Bayesian network representation of iter-

ative algorithms with memory and discussions on (conditional) dependencies among 

different random variables. In Chapter 4, the equations for density evolution are 

derived and the complexity of the analysis is discussed. In Chapter 5, memory trun-

cation is explained and validated. Chapter 6 is used to report the numerical results 

of DD-BMP applied to regular LDPC codes over the binary input additive white 

Gaussian noise (BIAWGN) channel and their analysis. 

1.6 List of Contributions 

• A general model for iterative decoding algorithms with memory which includes 

DD-BMP and SR algorithms as special cases is developed 

• The decoding process of iterative deocding algorithms with memory is modeled 

and analyzed through a Bayesian network which captures the dependencies 

among different messages and memory contents in a space with two dimensions: 

iteration number I and depth of the decoding tree d 

• A recursive algorithmic framework based on the Bayesian network is developed 

to compute the distribution of messages at each iteration I 

• Efficient algorithms are developed to compute probability distributions required 

for the density evolution analysis with low complexity 



10 

• A method for approximating the calculations performed in density evolution 

through memory truncation is introduced in order to make the computations 

tractable 

• Approximations are validated by showing a convergence property towards the 

true threshold value under DD-BMP decoding 

• Threshold values under DD-BMP decoding for many code ensembles are com-

puted and interesting comparisons are made to well known iterative decoding 

algorithms such as BP and MS 



Chapter 2 

General Model for Iterative Decoding 

Algorithms with Memory 

2.1 Model 

Fig. 2(a) shows a snapshot of the Tanner graph of an LDPC code at iteration I for a 

memoryless decoding algorithm, where variable and check nodes are represented by 

circles and squares, respectively. Under the cycle-free assumption over memoryless 

channels and based on the principle of extrinsic message passing1, all incoming mes-
(£) (t) 

sages M{ ,..., , to node V are independent of each other and of the channel 

message MQ (dv is the variable node degree). Moreover, all the incoming messages 

are identically distributed. The outgoing message My\c is thus a function of dv — 1 

independent identically distributed (i.i.d.) random variables and the channel mes-

sage. Similarly, the outgoing message of a check node is a function of dc — 1 i.i.d. 

random variables corresponding to the extrinsic incoming messages. The distribu-

tion of a function of independent random variables is relatively easy to find since the 

joint distribution of these random variables can be factored as the product of their 

respective marginal distributions. In this case, the complexity of finding the message 1An outgoing message from a node V on an edge e does not depend on any incoming messages 
to node V on edge e. 

11 



12 

distributions in each iteration, does not change with increasing £. 

Figure 2: Message passing between variable and check nodes in iterative algorithms 
a)without and b)with memory. 

In this work, we consider the existence of a memory node on the links from variable 

nodes to check nodes. This can be generalized to the case where memory exists in 

both directions. Our model is shown in Fig. 2(b) on a snapshot of the Tanner graph at 

iteration I. Similar to Fig. 2(a), we have a set of i.i.d. extrinsic incoming messages to a 

variable node V. The outgoing message from V is denoted by X^£>. The straight pass 

through line between V and C in Fig. 2(a) is now replaced by a memory unit whose 

content B ^ is updated by ^ B ^ - 1 ^ ) , where f s is a deterministic function 

of X ^ and the content of the memory at iteration £ — 1. In a more general case, 

can be a function of all previous memory contents . . . , B^ 1-). For the 

sake of simplicity however we limit ourselves in this work to the case described in 

Fig. 2(b). The incoming message MY\C to node C from V is obtained by 

as a deterministic function of the memory content It is important to note that 



13 

while the message is a function of independent random variables, the outgoing 

message, Myl^c , is a function of dependent random variables X ^ and For 

the check nodes however, since no memory exists at the output links to the variable 

nodes, we just need to find the distribution of a function of dc — 1 i.i.d. extrinsic 

incoming messages. This is similar to the case for memoryless algorithms. In the 

following therefore, our focus will be on the link from variable nodes to check nodes 

and on finding the distribution of B ^ and M(y \ c . 

2.2 Proposed Algorithm for Iterative Decoding 

with Memory 

For this algorithm we consider the application of a binary LDPC code C over a 

binary input symmetric output memoryless channel. Coded bits 0 and 1 are mapped 

to channel input symbols +1 and —1, respectively. An LDPC code C of block length 

N can be described by a full row rank2 M x N parity check matrix H where M 

and N represent the number of check nodes and variable nodes in the corresponding 

Tanner graph, respectively. This algorithm can be applied to regular and irregular 

degree distributions however in this work we only consider density evolution over 

regular codes. 

Between each Vi and Cj we assign a memory node denoted as Bv'},C] which is the 

memory content of the edge adjacent to Vi and Cj at iteration £. Theoretically, a mem-

ory node may take on values from the set of real numbers, however, we choose a dis-

crete set for implementation. Using q quantization bits, each memory element takes on 

a value from the set Sb •= {— (29_1 — 1),..., 29_1 — 1}. The message sent from node 

a to node b at iteration £ is denoted by Messages passed along the edges of the 

2 A parity-check matrix having full row rank ensures the non-existence of redundant check nodes. 
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graph take on a value from the set SM '•= ~{D — 1),..., 0,..., D — 1, D} where 

D = (|Sm| - 1) /2 for \SM\ odd, and SM := { - £ > , - { D - 1 ) , . . . , - 1 , 1 , . . . , D - 1 , D } 

where D = \SM\ /2 for |SM\ even. Note that for any finite set S, |S| represents the 

cardinality (number of elements) of S. The initial received values ?/; at the decoder 

input at each variable node take on a possible value from the set So which is the set of 

possible outputs of the channel. These values are clipped symmetrically at a threshold 

cthi and then uniformly quantized in the range [~cth, cth]. The quantized value is de-

noted as KB(yi)- In general, KB : So SB such that KB (±y) = ±6, y 6 So, b E SB. 

KB is specifically chosen to be an odd function in order to preserve the symmetry 

of the channel output. The importance of channel (and decoder) symmetry is fully 

discussed in section 2.4. We now give a detailed description of the iterative decoding 

algorithm with memory as well as the two special cases: DD-BMP and SR algorithms. 

2.2.1 Algorithm Description 

Initialization, i — 0 

zf^ = (1—sgnr(t/j))/2,i = 1,..., iV, where sgnr(x) = 1, for x > 0, and -1 for x < 0. 

(For x = 0, sgnr(a;) takes on + 1 or —1 randomly with equal probability). Let z-0' = 

codeword is estimated by z^0'. Otherwise, the memory contents are initialized by 

BI%J = Kb (yi),i = 1,..., N,j = 1,..., M, such that HRI = 1. The initial messages sent 

from variable nodes to check nodes are {̂ Bvl}Cj j where ^m SB —> Sm 

and ^ m is an odd function. 

If z ^ H T = 0 then the decoding is stopped and the transmitted 
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Check Node Operation, £ >1 

Consider a particular check node to variable node message . This message is a 

function of dc — 1 incoming messages as follows: 

where ^ c '• S f f
 1 —»• SM, N{b) denotes the neighboring nodes of node 6, and N(b)\a 

denotes N(b) excluding a. 

Variable Node Operation, £ > 1 

/p\ 

We define the output of a variable node as XVL[C.:J which is used in updating the 

memory element B i% r This is not to be confused with the variable node to check 

node message since with the addition of memory, m£^C j is a deterministic function (t) of BvitCj and not of the variable node output. 

where \Ev : Sfy 1 x So — S x - The alphabet space Sx of the output of variable nodes 

will vary depending on ^V, Sm, So, and dv. 

Memory Element Update, £ > 1 

where : Sb X SX —• Sb- AS mentioned before, wivi^cj is a deterministic function 

(4) 

(5) 

(6) 

(7) 

where • Sb —i" Sm-
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Hard-Decision, I > 1 

D f = Y , sgn^Hsgnfo), (8) 
Cj&N{vi) 

1 if Df] < 0 

= 0 if D f > 0 

Z(t-D ifDW = o 

(9) 

where sgn(x) = 1 for x > 0; = — 1 for x < 0; and = 0 for x = 0. The algorithm is 

stopped if = 0, or if the number of iterations has reached its maximum. In 

the former case, z ^ is used as an estimate for the transmitted codeword, while in the 

later case a decoding failure is declared. Otherwise, 1 = 1 + 1 , and the algorithm is 

continued from the check node operation. Note that we may substitute Equation (8) 

for D^P = ^ ^ B^cj + KB{yi)- It is possible that this new update operation may 

give better results, however, this has not been studied in this work. 

2.3 Special cases of iterative decoding algorithms 

with memory 

We now present two existing algorithms, DD-BMP and SR-MS-LLR3, and give their 

specific check node, variable node, and memory update operations. We then show 

how these two algorithms can be presented in a more general context. 
3SR-MS-LLR is chosen to be discussed since in [14], out of the four SR algorithms studied, 

SR-MS-LLR was shown to perform the best and has the lowest complexity. As well, the decoding 
algorithm is symmetric, making the density evolution analysis practical. 

Cj€N(vi) 
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2.3.1 Differential Decoding with Binary Message Passing 

Differential decoding with binary message passing (DD-BMP) was introduced 

in [16, 17], as an attractive alternative to purely hard-decision algorithms. This 

algorithm combines the simplicity of binary message-passing with the good per-

formance of soft-decision algorithms, where the soft information is stored in edge-

or node-based memories. We now give the specific operations pertaining to this 

algorithm. 

The memory to message map ^ M SB —• SM is defined as ^M (X ) = sgnr(:r). The 

check node operation is given by 

= * c ( < - 4 : v„ € JV(c,)\t>,) 

= n 
vkeN(cj)\vi 

The variable node operation is given by 

X S ^ = : CFC G N(VI) \CJ) 

(10) 

= Z) m M 
Ck-Wi' 

Ck£N(vi)\cj 

(11) 

In this case, the set of output messages from a variable node is defined as 

Sx '•= {—(dv — l),—(dv — 3),...,0,...,dv — 3,dv — l} for odd dv > 3 and Sx •= 

{—(dv — 1), —(dv — 3),..., —1,1, ...,dv — 3,dv — 1} for even dv > 4. And finally, the 

memory update is given by 

Kc : Z —> SB is a clipping function defined as Kc(x) = argmin \x — b\. 
besB 
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Any standard memoryless iterative algorithm, such as BP or MS, can be turned into 

an SR algorithm by proper introduction of memory [13,14]. SR algorithms can be 

performed in different message domains. In this work, we assume log-likelihood ratio 

(LLR) domain for messages (SR-LLR). Under this assumption, the SR algorithms 

are symmetric. We now give the specific operations pertaining to the SR-MS-LLR 

decoding algorithm4. 

There is no need for a memory to message map u since the memory space Sb 

is the same as the message space Sm- Hence, f ^ as shown in Fig. 2(b) is equivalent 

to a pass-through. The check node operation is given by 

= (<"4 : vk E N(Cj)\Vi) 

= min 1 : v>° e N ( c j ) \ v >) I I sSnr ' 
vkeN(cj)\vi 

The variable node operation is given by 

X j f a = (m^Vi : ck E N(vi)\cj, yi) 

\ (14) 
£ ]+KB(Vi). 

vck£N(vi)\cj J 

Let x = — 1. In this case, the set of output messages from a variable node 

is defined as Sx '•= — (xdv — 1),..., X(IV — 1, X^v}- And finally, the memory 

update is given by 

= Kc(ii-p)BW + pxgej), peR, 

where Kc is the same clipping function as used in (12) except that the domain is 
4In this work we study the quantized version of SR-MS-LLR. 
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now the set of reals, i.e. Kc : M. —>• SB- In (15), (5 is called the relaxation factor, 

and can be optimized for the best performance. The optimal value of /? is usually 

within (0,1). We note that Equation (13) reduces to Equation (10) for DD-BMP 

because Sm '-= { —1,1}, hence the min function will always return 1. The variable 

node operation differs from the fact that for SR-MS-LLR we are always including a 

quantized version of the originally received message. This will play a crucial role in 

the density evolution analysis since it introduces more dependency between messages 

as will be seen in Chapters 3 and 4. The memory update for SR-MS-LLR differs 

slightly from DD-BMP because of the relaxation factor (3. 

2.3.3 General Instance of Iterative Decoding Algorithms 

with Memory 

We can describe the above two algorithms in a more general case for any particular SB 

and Sm- The initialization step as well as the check node operation remains identical, 

however, we define a more general variable node operation and memory update rule: 

• Variable Node Operation, £ > l : 

Xn,C j = J 2 +lKM(yi),j £ R, where KM : So -»• Z is function 
\ck€N(vi)\cj J 

which quantizes the originally received value at variable node i. If KM = KB 

as in SR-MS-LLR, then Sx •= {-T, - ( T - 1), ...,T - 1,T} where T = D(dv -

l)+round(7(29"1 - l)).5 

• Memory Element Update, £ > 1: 

Bi% = Kc (aBtc? + (3^%) , a, PER. 

This general framework is presented to stress the fact that for a particular 

ensemble of LDPC codes, there should exist an optimal set of parameters, a, 
5 The round, function simply rounds the number to the nearest integer. 
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P, and 7 in order to provide the best performance. Although iterative decod-

ing algorithms with memory may be described in an even more general sense, this 

is a good starting point to convince the existence of an optimal6 decoder with memory. 

Using the algorithm notation described above, DD-BMP can be described with 

Sm = 1) 1}5 ^ m is the sgnr function, a = P = 1, and 7 = 0. Since 7 = 0, we 

do not need to define the KM function for DD-BMP. Similarly, SR-MS-LLR can be 

described by having SB = SM, OL = \ — (3, KM = KB and 7 = 1. The function ^m is 

omitted since it is just a pass-through, i.e. = . 

2.4 Symmetry of the Decoder and Error Probabil-

ity 

The analysis of iterative decoders is greatly simplified assuming that both the channel 

and the decoder are symmetric. The decoder symmetry conditions for variable and 

check nodes are defined in [18]. All the decoders considered in this work are assumed 

to be symmetric. Channel symmetry is met since we assume the application of binary 

LDPC codes over symmetric output memoryless channels. Check node symmetry 

states that the signs of the messages factor out in the check node operation: 

dc-1 
m c{mi,m 2 , ...,771^-1) = \m2\,..., |mdc_i|) J J sgnr(ra;), (16) 

i=1 

where wij, m2,..., rridc-i a r e the messages used in the computation at some check node. 

This symmetry as given in Equation (16) is clearly satisfied in Equation (13)7 since 

the signs naturally factor out from the definition of the function. The variable node 
6An optimal decoder is defined as follows: for a particular LDPC code ensemble, fixed channel 

and fixed decoding complexity (in terms of the computational and memory requirements), an optimal 
decoder with memory would have the lowest probability of decoding error. 

Satisfaction of check node symmetry for Equation (13) implies satisfaction of check node sym-
metry for Equation (10). 
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symmetry condition has some implications on the choices of the mappings ^V, 

m and the clipping/quantizing functions Km and Kc'. 

KM(~y) = - K M ( y ) , 
(17) 

^ M ( - X ) = - V M ( X ) , 

where m0 , mi, . . . , nfiu_i are the messages used in the computation at a variable node, 

b denotes the current memory content, x is the result of the function and y is 

the originally received message from the channel. All the equations presented in (17) 

satisfy what is known as sign inversion invariance [18]. Therefore we can group these 

equations together to form the following variable node symmetry rule: 

-m i , . . . , —m^-i), -b ) ) = mu ..., mdv-1), b)). 

(18) 

This variable node symmetry is satisfied for both DD-BMP and SR-MS-LLR since 

^ v and ^ b both consist of addition (which is naturally sign inversion invariant), and 

all clipping and quantizing functions are odd and symmetric with respect to the origin. 

W i t h both the channel and the decoder being symmetric, we can assume, without 

loss of generality, that the all-zero codeword8 is transmitted. We now formulate the 

equation for finding the average probability of bit error at a particular iteration i. 

Usually for conventional density evolution, one focuses on the sign of the messages 

passed from variable nodes to check nodes, and the probability that the sign of the 

message is negative (in error). Based on this, it would be natural to use the sign of 

as the indication of error. Since r r iy^ c is either equal to the memory content 

or is a deterministic function (which preserves sign inversion invariance) of 

8 A reminder to the reader t ha t a 0 bit is converted to + 1 when sent over the channel. 
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we can simply track the sign of the memory content. Hence, we can formulate the 

average probability of bit error in iteration i as follows: 

P(i) = < 0 ) + I p ( £ « ) = o), (19) 

where P(A) is used to denote the probability of an event A. 



Chapter 3 

Bayesian Network Representation of 

Iterative Decoding Algorithms with 

Memory 

3.1 Bayesian Networks and Conditional Indepen-

dence 

A Bayesian network is a graphical model that represents a set of random variables 

and their statistical (in)dependence via a directed acyclic graph (DAG). In this 

work, we use a Bayesian network to represent the dependencies among different 

messages and memory contents of an iterative decoding algorithm with memory. 

These dependencies are studied as a function of both the iteration number I and the 

depth of the decoding tree d based on the model of Fig. 2(b). In fact, as we will 

see later, it is the conditional independence among different random variables that 

plays a crucial role in simplifying the representation and derivation of the desired 

distributions. 

We start by some basic definitions and notations. A discrete random variable 

23 
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X (denoted by upper case) is defined by its sample space denoted by Sx and its 

probability mass function denoted by P (X). The probability of an outcome x E Sx 

(denoted by lower case) will be denoted by P(X = x) or simply by P(x) if in the con-

text it is obvious that x € Sx- We consider a DAG G as an ordered pair G = (V, £), 

where V is the set of nodes, and S is the set of directed edges in G. Each node 

represents a random variable, and directed edges imply conditional (in)dependence 

among the random variables as explained in the following. Throughout this work, 

we use the terms "nodes" and "random variables" interchangeably. Nodes V and 

U are referred to as the head and the tail of the directed edge (U,V). We also 

call U a parent of V, and V a child of U. In general, all the parents of a node V 

denoted by pa(V) is the set of nodes {VI, V2, —,Vn} C V such that (Vi, V) G S for 

i = 1,.... ri. Similarly, all the children of a node V denoted by ch(V) is the set of 

nodes {Ui, U2,..., Uk} C V such that (V,Ui) 6 £• for i = 1 ,...,k. We refer to the 

union of the sets ch(V), ch(ch(V)),... as the descendants of V and denote them by 

de{V). For a DAG, it is clear that the sets pa(V) and de(V) are disjoint. In a DAG, 

we define an undirected path between a node U and a node V as a sequence of nodes 

starting with U and ending with V such that successive nodes are connected by an 

edge. 

The conditional independence between two sets of random variables X and Y given 

a third set Z is defined by 

x JL y\z P (x, y\z) = p ( X \ Z ) F ( y \ z ) , (20) 

where P(AQ and ¥ (X\Z) are the marginal distribution of X and the conditional 

distribution of X given Z, respectively. Marginal independence between X and Y is 

denoted by * JL Y and is defined as in (20) where Z = 0 and P (AT|0) := P (X). 



25 

Figure 3: Markov Chain with Random Variables X, Y, and Z 

We say that a DAG G(V, S) is a Bayesian network with respect to the set of 

random variables V = {Vi , . . . , VJv}, if the joint probability distribution of V can be 

factored as follows: 

N 

P (V) := P {Vu ..., VN) = ]JP (Vi\pam , (21) 
i=1 

or in other words, if for any V E V, we have 

V JL V\{V U de{V) U pa(V)} \ pa(V) . (22) 

Note that in Equation (21), P (Vi\pa(Vi)) = P(V5) if pa{Vi) := 0 for i = 1,..., TV. 

As a simple example, consider a Markov Chain between random variables X, Y 

and Z as shown in Fig. 3. Here V := {X,y,Z} and £ := {(X,y),(y,Z)}. Using 

Equation (21), we can factor the joint probability of X, Y, Z as follows: 

F(X,Y,Z) = F(Z\Y)F{Y\X)V(X), (23) 

since the parent of Z is Y, the parent of Y is X, and X has no parents. 

To go beyond the basic conditional independence relations given by the local con-

straints (22), and to be able to ascertain whether a general conditional independence 

statement X JL y\Z is implied by a given DAG, where X, y and Z are disjoint sets 

of random variables, we need the following definitions: 
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Definition 1 (Undirected path blocked). An undirected path between a node V and a 

node W is blocked by a set of nodes X if the path includes a node U such that either: 

(a) U has head-to-head arrows along the path (—> U <—), and neither U nor any of 

its descendants is in X, or (b) U does not have head-to-head arrows along the path 

and U is in X. 

Definition 2 (D-Separation). Given a set of nodes Z, if every undirected path from 

any node in X to any node in y is blocked by Z, then X is said to be d-separated 

from y by Z. 

Fact 1 [29]: In a DAG with disjoint sets of nodes X, y and Z. if Z d-separates 

* from y, we have X _1L y\Z. 

In fact, it can be seen that characterization of (21) for a joint distribution is 

equivalent to the satisfaction of all the conditional independence properties implied 

by the DAG through d-separation [29]. 

The notion of d-separation can be better understood visually through what is 

known as Bayes' Ball algorithm [30]. For this we introduce a set of rules for Bayes' 

Ball algorithm shown in Fig. 4. Shaded nodes indicate that the particular random 

variable is observed, i.e. conditioned on. The models in Fig. 4 show all the possible 

configurations of a segment of a path between two nodes. If you were to pass a 

"Bayes' Ball" through one of the models, you either have a blockage, denoted by —> |, 

or a pass-through, denoted by — F o r some DAG G = (V,£), let U.V E V be two 

particular nodes, and O C V\ {U, V} be a set of nodes which are observed. Then 

we can say that U is conditionally independent of V given O if it is not possible 

for a Bayes' Ball to travel through any path connecting U and V. In the case that 

O = {0}, none of the nodes are observed (shaded). Hence, Bayes' Ball algorithm will 
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Figure 4: Rules for Bayes' Ball Algorithm 

give a statement concerning the marginal independence of U and V. 

Example 1. Consider the graphical model shown in Fig. 5 defined by V := 

{A,B,C,V,£} and £ := {(A,B),{A,C),(V,B),(V,C),(C,£)}. Again, following 

Equation (21) we can show the factorization of the joint probability distribution: 

Consider nodes A and D. There are three distinct paths from A to D: A —> B 

D, A —> C <— D, and A - ^ C ^ E ^ C ^ - D . There are infinitely many 

more paths but they do not need to be considered since they would contain at least 

one of the distinct paths previously defined. Using Bayes's Ball algorithm on each 

of the three paths given no observed nodes, we would have a blockage at B, C, and 

E, respectively. Hence, A is independent of D. Similarly, we can say that B is 

conditionally independent of C given A and D. 

Being able to recognize conditional independence from these models is extremely 

helpful when faced with the task of finding the probability mass function of a 

particular random variable as is the goal of density evolution. 

P (A, B, C, D,E) = P (E\C)P (C\A, D)P (B\A, D)P (A)P (D) (24) 
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Figure 5: Sample Graphical Model with Random Variables A, B, C, D, and E 

In the following section, we construct the Bayesian network corresponding to the 

model of Fig. 2(b). This Bayesian network will serve as a guide to deriving the distri-

butions required for the error performance analysis of the decoder. More specifically, 

we will use Fact 1 for efficient representation and calculation of the distributions. 

3.2 Bayesian Networks of Iterative Decoders with 

Memory 

Consider the directed neighborhood J\fd(~e) of depth d of the directed edge ~e [18] for 

a (dv,dc) Tanner graph. Assuming a cycle-free graph, the neighborhood is tree-like. 

Fig. 6 shows an example of N2C&), where ~e = {V, C), for a (3,4) Tanner graph. 

Memory elements only appear at even depths on the tree, and they are shown by 

shaded circles. We use the notation B^/2 to denote the memory elements that appear 

in Ard((V, C))yvd_2((v, C)). It is easy to see = {(dv-l){dc-l)}\ for i = 1,2, . . . . 

In Fig. 6, | £ i | = 6. 
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• c 

Figure 6: Tree-like neighborhood of the edge (V, C) in a regular (3,4) LDPC code 

Based on the principle of extrinsic message-passing, one can see that m 

Fig. 2(b) is a deterministic function of B f ^ and Mo. Moreover, as we discussed 

before, is a function of B^ ^ and X^. In addition, B^p depends on Bf~l) and 
(£—1) 

B\+x . Fig. 6 does not give a clear picture of how the dependency relationships occur 

between messages. This is because it is only a snapshot of the random variables at a 

particular iteration. It is more useful to describe the dependencies of the described 

random variables above through a Bayesian network which shows the evolution 

through iteration I. The Bayesian network corresponding to these relationships is 

given in Fig. 7. In this figure, M0 l is defined as the initial messages corresponding 

to the variable nodes in A/2i((V, C))\J\f2i-2((V, C)) (see Fig. 6). The dashed edges 

between M0 and nodes X^ would disappear if X(e} is not a function of M0. This is 

for example the case for DD-BMP. 

In Fig. 7 we have shown all the random variables which have an effect on the 

memory content distribution at iterations 1, 2, and 3. It is also important to note 

that each node is a function of its parents. Consider a section of Fig. 7 as shown in 
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d 
— • 

Figure 7: Bayesian network of iterative decoders with memory based on the model 
of Fig. 2(b). 

Fig. 8. This basic graphical model structure repeats itself for each iteration t. The 

following relationships exist between the nodes shown in Fig. 8: 

Let B[e~1] = {Blil,...,Bdv-i>1,...,Bitde-i,...,Bdv-Udc-i} which a set of 
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(dv — 1 )(dc — 1) i.i.d. random variables. Then we having the following: 

x ® = tf ^ - i . i ) , . . . , ttc(£?1>de_!,..., Mo), 
(25) 

We can also look at a set of memory nodes at a particular depth d and iteration 

t as shown in Fig. 9. However, this is simply a compact way of representing 

((dv — l)(dc — l))d independent copies of the structure shown in Fig. 8. 

We now show how one might go about finding the probability mass function 

(p.m.f.) of B ^ using the Bayesian network in Fig. 7. For this example we are 

assuming the case for DD-BMP in which the dashed edges in Fig. 7 are removed. 

B ( 3) 

is a deterministic function of B ^ and X ^ (through the function Hence 

we could write the following: 
P(£(3)) ^ p ^ 3 ) ! ^ , ^ 3 ^ ^ 2 ) , ^ ® ) . (26) 

6(2) x<3) 

However, finding the joint distribution of 

£(2) and X ^ is not trivial since 

they are not independent. In Fig. 7 we can use Bayes' Ball algorithm to show 

that that they are dependent. We consider two paths going from node B® 

to node X ^ with one passing through and the other through X^K The 

first path is £ ( 2 ) <- X ® <- b{1] -»• B f ] X(3) a n d t h e other one being 
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2) 5(1) x(D pjo) _ , b[1] -»• X ® . Using our rules of conditional 

independence from Fig. 4, there is no blockage in either path and hence the two 

random variables are dependent. However, is conditionally independent of X ® 

given {XW.A"®}. In other words, { X ^ X ® } d-separates nodes B<2> and X ® . 

In fact, this is the minimum separator for B ^ and X^3>. We will make use of these 

techniques in the full analysis of calculating P ( B ^ ) . 

It is also possible to describe £(3) 

as a function of i.i.d. random variables. 

B^ is a constant given BQ°13 := b[°\ B f \ - B ^ j . The number of memory 

nodes contained in the conditioning set BQ°13 for a (dv, dc) regular code is given by 

((dv ~ ^)(dc ~ I))1 = • We c a n the probability mass 

function of B® as follows: P (5(3)) = Y , P = b)p(B<?U = b). (27) 

l-((d^-l)(dc-i))4 

However, this requires summing over \SB\ w^-ix^c-i) elements. In general, calcu-

lating the p.m.f of B^ as of a function of i.i.d. random variables would require 

summing over approximately l ^ l ^ - 1 ^ - 1 ) ) elements. Clearly the calculation 

complexity is too high motivating us to find the joint distribution of dependent 

random variables. 

With the help of the Bayesian network of Fig. 7, we now proceed to giving the 

simple representation and derivation of the probability mass function of B^ denoted 

as P (BW) or Pjp for the general decoding algorithm with memory as described in 
Chapter 2. 



Chapter 4 

Full Analysis 

4.1 Memory Initialization 

We consider the transmission of the all-zero codeword over an AWGN memoryless 

channel. The received value yi at each variable node is i.i.d. with a Gaussian 

distribution of mean 1 and variance a2 . Assuming that the AWGN channel has a 

power spectral density of N0/2, we have a = 1/\/2B,Ei)/N0, where Ei, and R denote 

the energy per information bit and the code rate, respectively. 

The received values yi at each variable node are clipped symmetrically at 

a threshold cth and then uniformly quantized in the range [—cth,cth\. Using q 

quantization bits, there are 2q — 1 quantization intervals, symmetric with respect to 

the origin. Each quantization interval has length A = 2cth/(2q — 1). KB(yi) is used 

to denote the quantized value of yt. For every edge in the bipartite graph of the code, 

there is a g-bit memory associated with it. For each variable node the memory 

elements between Vi and all dc adjacent check nodes are initialized to KB{yi). Since 

the memory content is initialized by a function of y% and the channel is memoryless, 

the memory contents on each edge of the associated Tanner graph of the code are 

independent of each other and identically distributed. 

33 
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Finding P ( B r e q u i r e s finding the distribution of KB{yi)• 

P(£<°> = &) = Y W - Q Z ® 
i = - ( 2 « - 1 - 2 ) 

+ f [ 2 - - i ( 2 8 ) 

where 

V 2(7 ) \ 2 a 

Qfa) = / e 2 dx, 

and 

1, a; = 0 
5 N = ; 

0, X ± 0 

Example 2. Consider the number of quantization bits q = 3 and ct/j = 3. Therefore, 

SB = {—3, —2, —1,0,1,2, 3}. //t/ie transmitted signal is +1 and sent over an AWGN 

channel with mean 0 and variance (a2) 2, then the received signal y will have a Gaus-

sian distribution with mean 1 and variance 2 as shown in Fig. 10 . Included are the 

quantization intervals showing the mapping y SB- The corresponding probability of 

each element is simply the area of its corresponding region. For example, P(B^ = 2) 

is the area of the shaded region in Fig. 10. 
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7 

Figure 10: Probability Density Function of the received signal given x = +1 and the 
3-bit quantization scheme 
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4.2 Memory content distribution after 

the first iteration 

We will see shortly that finding P (B^) for £ > 1 is much more involved as we will 

be dealing with dependent random variables. For the case of £ = 1, we show how 

to calculate the probability mass function of the memory content. For a particular 

memory node B adjacent to variable node VB and check node CB, we introduce the 

following notations. Let the incoming messages to VB at iteration £ be denoted by 

the set j f / j ^ : i = 1,..., dv — 1 j . Let {Cj : i = 1,..., dv — 1} be the neighbouring check 

nodes to VB excluding CB- The incoming messages to Cj will be denoted by the set 

|mfj1^ : j = 1,..., dc — 1 j . Since all the received messages at a particular node are 

I.I.a., B ( i) is a function of i.i.d. random variables. 

= *B(B<0\*v(U1,...,Udv-1,Mo)) 

(29) 

Since X^ is the addition of dv — 1 i.i.d. random variables U^ and M0, we have the 

following (note that ® is used as the convolution operator): 

P = P (V! (1 )) ® P ([/2
(1)) ® • • • <G> P (8) P (M0). (30) 

For the case of DD-BMP, M0 is not included in the calculation of therefore 

P (X (1)) is simply a binomial distribution. The p.m. f. of U\l) 

can also be easily found 

since it is a function of dc — 1 i.i.d. random variables mi0]. Now that we have the 

p.m.f. of B® and we focus on the memory update function as defined in section 

2.3.3 in order to find P ( -0^) • We define Buc be the undipped memory content, i.e. 
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before it has passed through the Kc clipping function. 

= Kc(aB^ + pxW) (31) 

= Kc{B%). 

Since BuJ is the addition of two scaled independent random variables, P (B&>) = 

P (a5(°)) <g> P Hence we can find P (B (1)) as follows: 

p ( p « = b) = P{b£ =b),be { - (2*" 1 - 2), —(29_1 - 3),..., 2*-1 - 2} , 

P (BW = —(2q~1 - 1)) = P ( B $ < - ( 2 9 " 1 - 1)), 

P(B{1) = 29-1 - 1) = P(B$ > -2q-1 - 1) 
(32) 

Example 3. Consider we are applying the DD-BMP algorithm. In this case, SM = 

{—1,1}. Let S = P(sgnr(i?(0)) = — l). Each incoming message mf^ is i.i.d. with 

probabilities p ( m f = — = 5 and P ^ r a j j = = 1 — <5. This is analogous to 

writing P (jn^^j = (5,1 — 5). We will use the fact that for any Bernoulli random 

variable XBr with sample space {—1,1} and p.m.f. P ( X s r ) = (S, 1 — 5), E [XBr] = 

1 — 25 and P(XBr = 1) = H^Srl±l Since the check node processing is simply the 

product function applied over i.i.d. random variables, we can write the following: 

U ( i ) _ 

E U\ ( i ) 

dc-l 

I K ' 
3= 1 

'dc-1 

E M 
j=1 

dc- 1 

n e K ? 
3= 1 
dc — 1 
n a - 25) 

3= 1 

(1 
_ ^dc-l 

(33) 
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We now have all the information we need to determine the distribution ofU^\ given 

as follows: 

P ([/.W ) = ( ± _ ± (1 _ 28)dc~l, ^ + ^ (1 - 2<5)^1 J . (34) 

4.3 F(B®)z Memory content distribution after £ 

iterations, £ > 1 

(35) 

xW 
Since is a deterministic function of B ^ 1 ^ and we have the following: 

= x), b, b G 5b ,x e Sx 
/ 

1, if & = (36) 

0, otherwise 

We can then re-write Equation (35) as follows: 

P(B® = b)= p(b{1-1) = b',XW = x) (37) 
(b',x)\b=VB(b',x) 

The total number of additions required using Equation (37) is 

(min{|5x|, I^BI} — 1) x \SB\- The argument of min{|5x|, \SB\} comes from 

the fact that if 15x1 < |5B| (implies Sx C SB), then for each x € Sx, there exists 

one b' G SB such that b = \&B %), b G SB. The same argument can be used for the 

case where |5B | < \SX\- For DD-BMP, \SX\ = dv and \SB\ = 2q-I, thus the number 
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of additions is represented by 0(dv2q). For SR-MS-LLR, \SX\ = ((29 - 2)dv + 1) and 

\SB\ = 2q — 1, thus the number of additions is given by 0(dv4q) . However, the joint 

distribution P is not trivial to find since and X ^ are dependent 

random variables. 

Subsequent analysis will be split up into two cases. In the first case, we analyze 

the calculation of P X^)) where 7 = 0. This is true when analyzing the DD-

BMP algorithm. In the second case, we assume that 7 ^ 0 which is equivalent to 

analyzing the SR-MS-LLR algorithm. 

4.4 Calculating P for 7 = 0 

In the remainder of this work we will often be dealing with random vectors. A 

random vector is defined by X = ..., X^"1) , X ^ } , j < k, where 

each < i < k, is a random variable with the same sample space Sx-

For algorithmic purposes, we may represent a probability mass function by a table, 

which is an array of numbers representing the probability of a particular outcome. 

For example, the conditional probability mass function P X ^ ) can be 

represented by a table A which is a 3 dimensional array of size |SB\ X \SB\ X \SX\. 

We assume that indexing of these tables begins at 1. Thus, for a fixed value of 

= b, P = b,X&) is represented by A(:, b + max(5s) + 1,:). 

When 7 = 0, the variable node operation does not include any part of the 

originally received message. Hence, no edges exist between M0 and any of the X ^ ' s 

as seen in the graphical model of Fig. 11. 
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d 
— 

Figure 11: Bayesian network of iterative decoders with memory with 7 = 0. 
{ X ( J U ( 2 ) } d-separates B ^ from 

In order to solve for P (S^"1) , X&) , we are looking for a set of random variables 

QI SO that _1L Using the Total Probability Theorem, we can then find 

the joint distribution as follows: 

P = J ] P (Bie~l)\Ve = = ut)P(Slt = Ut). (38) 

There are many Qe that would satisfy Equation (38), however, what makes 

a particular Q/> a good choice? In terms of complexity, it would be ideal for the 

sample space of fie to be small to reduce the number of elements we need to sum 

over. However, more importantly, fig must be chosen so that we can compute 

P ^ - 1 ) ^ ) , and P(fi€) using the same methods for all t > 1. This 

would be an iterative approach, so that we may reuse the distributions computed in 

iteration t to compute distributions at iteration I + 1. 
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First we give an example of a poor choice of Qg. bv -D is a deterministic 

function of M0jo-^-i := {M0, -M0,i, .Mo,2, •••, M0if_i} and is a deterministic 

function of Mo i-,;. Since all the single random variables in MQQ^ are i.i.d., 

is independent of given M 0 i T h e r e f o r e , in this case f ^ = M 0 > i^_i which 

is a random vector consisting of r a i l f ] o m variables. The 

number of random variables grows exponentially with £ which is not desirable since 

the number of computations in this case will grow doubly exponential. We thus look 

for a better choice of Qg. 

Through the use of Bayes' Ball Algorithm, we can make the following claims: 

B(o) JL X(i) 
(39) 

BW k > l 

For example, we have shown in Fig. 11 that B ^ _IL since 

through Bayes' Ball algorithm, you would have a blockage at node and at node 

X ^ . Therefore, 

is a good choice for f s i n c e the number of random variables grows only 

linearly in t . From Equation (40) we can see that computing P ( B ^ ) requires finding 

a conditional probability mass function containing \SB\ X \SXF~1 elements and a joint 

distribution containing |<Sxf elements. Therefore, the size of the tables representing 

probability mass functions with respect to the number of elements grows exponentially 



42 

with the number of iterations. In terms of computational complexity, the number of 

additions and multiplications are both bounded by x j . 

4.4.1 Calculating P (B® | j M ) ) 

For t > 2 we have the following expression: 

(41) 

6(̂ -1) 

where at the last step, we have used B® JL and B ^ X 

X ^ l X ^ 1 ^ " 1 ^ , both based on Fact 1. For completeness, we can write the following 

recurrence relation: 

Y.bV-1) p {B^ lB^-V, ( B ^ I X ^ - V ) , £ > 2 

E6(o)P(5(1) | jB(°),X(1))P(5(°)), £=1 (4 2) 

P (B<°)), £ = 0 

First let us consider the "naive" way of calculating Equation (41). In this case, 

we assume that 0 < P (B& = b\B^ = bX® = x) < 1 for b, b' E SB, x E SX-

inputs: 

F —> B, 

outputs: 
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1: f o r % : = 1 t o \SB\ d o { l o o p t h r o u g h B ^ } 

2: f o r j : = 1 t o \SB\ d o { loop t h r o u g h B ^ } 

3: f o r k := 1 t o \SX\ d o { loop t h r o u g h ! » } 

4: C(j, k,:) - C(j, k,:) + A(j, i, k) X B(i,:) 

5: e n d f o r 

6: e n d f o r 

7: e n d f o r 

The above algorithm requires a total of | S B | 2 X [ S ^ ' X \SXF~1 = \SB\2 x I S * ^ - 1 

multiplications and additions. In terms of memory requirements, each element in 

tables A, B and C is a double-precision floating point which consists of 8 bytes. A 

more efficient approach would be to realize that P contains only 

the values 0 or 1 in order to reduce the number of additions and remove the need 

for all multiplications. This also reduces the memory requirements for table A since 

each element can be represented by a single logical bit. Here is the pseudo code for 

the less complex algorithm: 

inputs: 

x |S B | x |S x | 

outputs: 

1: for i := 1 to \SB\ do {loop through B 

2: A'^A(:,i,:) 

3: B' B(i,:) 
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4: B" <—repmat (.£?', | 1]) {B"(j,:) = B',l<j< 

5: index find(A' = = 1) {\index\ = |Sx|} 

6: C(index,:) C(index,:) + B" 

7: e n d f o r 

In line 4, B is a tiled version of B , i.e. B is B replicated \Sx\ times. In 

line 5, index contains the positions in table X which are non-zero (one). We can 

see that in line 6 we require \Sxf additions, for a total of \SB\ x \Sxf additions. 

Therefore we have removed the need for all multiplications and reduced the number 

of additions by a factor of |<5b|. It is also important to note that P 

is iteration-invariant so it does not need to be computed for each new iteration £. 

4.4.2 Calculating P ( X ^ ) 

We define the set of messages incoming at VB at iteration £ as U® = 

..., where Uf* has the sample space Sm- The 's are 

i.i.d. as the decoding neighbourhood is assumed to be tree-like. This is further 

shown in Fig. 12. In this figure we label the incoming messages to a variable node 

at iteration £. Now each particular message is a consequence of the nodes in its 

corresponding sub-tree. This is due to the graph (code) being cycle-free, hence 

each decoding neighbourhood is tree-like. Note also that the independence between 

this set of messages does not depend on the iteration £, i.e. the tree-like structure 

remains intact at each iteration. 

Since X® = X(t> is conditionally independent of all 

other random variables given Alternatively, this holds true since pa(X<f)) = 

{u[e ) , ..., U ^ Y Therefore, we can compute P ( X ^ ) as follows: 
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u(l^) 
t d - I (43) 

= y , N ^ W N ^ R O 
„(!-•«) i=l j=1 

Using Equation (43), for each x e Se
x we need to sum over all u G 

which consists of { S M I ^ " ^ elements. Therefore, computing P ( X ^ 1 ^ ) requires 

l^xl^ x I SMfdv~l) additions and x \SM\t{dv~l) x {£ - 1 )(dv - 2) multiplications. 

The amount of memory required is x I-SMI^"1 + X 8 bytes to store the 

input tables corresponding to P ( X ^ | [ / « ) and P as well as ( S ^ x 8 bytes 

to store the output table corresponding to P This is very computationally 

intensive and shows another example of how the computation/memory complexity 

grows exponentially with increasing number of iterations. 
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Let us define a function tyy —> Sx such that 

(17M) = (t/W) , (C/(2)), }• 

Since is a deterministic function of we have the following: 

1, ii x = ^ v (u) (44) 

0, otherwise 

= 

Let us define = to be an equivalence on S f f v ^ so that for a, b G ^, we write 

a = b to mean ^y(a ) = *Iv(5). Thus we have the equivalence class Rx C 

where Rx = G S^v~l)\^v{u) = x, x G Note that for a, b G n i?6 = 0 

and = S ^ Since r E Rx C it can be represented by the set 

{ri, r2 , . . . , rdv_i}, Ti G S1^. We can then re-write Equation (43) as follows: 

reRx j=1 

Further simplifications can be made by observing that there may be a collection 

of distinct elements in Rx which have the same probability of occurrence. For this we 

define Jx C Rx to be the maximal subset of Rx such that for any a, b G Jx, P(a) ^ 

P(b). Next we define a function Ax : Jx —» N such that Ax(p),p G Jx,x G Sx, returns 

the number of distinct elements (including p) in Rx which have equal probability. 

Similarly as before, we may represent each p by the set {pi,p2, •••,Pdv-i},Pi G Se
M. 

With these notions in place, we can now re-write Equation (45) to simplify it even 

further: 

p&M=X) = Y n ( 4 6 ) 
peJx j=i 

This leads us into the question of how to find Rx and Jx for each x G Sx. 
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Computing Rx 

1: S < - 0 

2: for i := 0 to £{dv - 1) - 1 do 

3: n <— i mod t 

4: S ! < - S + \ S X \ n 

5: for j := 2 to \SM\ DO 

6: S [S Si] {Concatenate the vector S with S\ ] 

7: S1^S1 + \Sx\n 

8: end for 

9: end for 

The output of this algorithm is S which is an array of length S^'1^. Next we 

define an index as follows: 

Ix = {a\S[a\=X(x),xeS£
x}. (47) 

Note that J\f is a function that assigns a unique integer to each element in a set. 

More specifically, we are defining an ordered index set corresponding to the elements 

of an alphabet space. Therefore, in our algorithms, we can refer to a particular 

element in the alphabet space by a unique integer instead of a vector. For a complete 

discussion on representing elements through integers, refer to Appendix A. 

We then have that Rx = S^v~l) {Ix). We can show this process through a simple 

example: 

Example 4. Assume we are working under DD-BMP decoding with dv = 3 at 

iteration I = 2. Therefore, SM = { - 1 , 1 } and Sx = { -2 ,0 ,2} . After run-

ning our above algorithm with these parameters, we receive the following output: 

S = [0 1 3 4 1 2 4 5 3 4 6 7 4 5 7 8]. We now wish to find Rx. For this example 

let x = { - 2 , 0 } , i.e. = - 2 and XW = 0. Then A?(x) = 3. Therefore, we search 
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- 1 - 1 

1 - 1 

- 1 - 1 

- 1 1 

- 2 

"0" 

Figure 13: Mapping of elements from S ^ to elements of through the function 

the vector S and return all the indices corresponding to 3. In this case, Ix = {2,8}. 

Now 2) and 

Sm{&), which make up the set Rx, are elements of S^, thus can be 

represented by a 2 x 2 (£ x (dv — 1)) table as shown in Fig. 13. Note that applying 

the function ^Py to each of the elements results in the desired x. 
Computing Jx 

Let v = 1 \SMf | SM\2i ••• \SM\{dv~2)e • We define a matrix of size (dv - 1) x 

(idv — 1)! where each column is a particular permutation of vT. 

We now show how to compute Jx given Rx as well as assigning an output for 

each element in Jx as defined by the function Ax. 

1: Jx < - 0 

2: while Rx ^ 0 do 

3: r Choose any element from R, 

4: Jx Jx U r 

5: r'<-[Af(r0 Af(r2)...M(rdv^)} 



49 

r € Rx n r2 r3 

Figure 14: Unique elements in Rx mapping to the same i 6 S ] and having the 
same probability. 

6: e r'P„ 

7: n # of unique elements in e 

8: Ax(r) «- n 

9: Pa; Rx\Rx(e) 

10: end while 

The above algorithm can be explained as follows with the help of Fig. 14. Assume 

dv = 4, i = 2, and x = {1,1} under DD-BMP decoding. We choose some r E Rx, 

place it in the set Jx, and split up their respective columns as shown by r\, r2, and 

r3. Now each column is independent of each other, therefore, permuting the columns 

does not effect the probability of the new set of r 's created. Also, it does not effect 

the outcome of x since addition is commutative (^V is simply the addition function). 

Therefore, we are only interested in the fact that 6 different copies in Rx map to the 

same x and have the same probability. We remove these copies from Rx and repeat 

the process until Rx is empty. 

Example 5. In this example we will show the reduction in calculation complexity 

between equations (43), (45), and (46)- We will set the parameters as follows: I = 
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Figure 15: Number of elements contained in Rx for each x E Se
x 

4, dv = 4, and Sm = {—1,1}- Since ^V is simply the addition function, Sx = 

{—3, —1,1, 3}. Using these parameters, 

calculating P ( X * 1 ^ ) using Equation (43) 

requires 4 4 x = 1 , 0 4 8 , 5 7 6 summations where each summation corresponds 

to £ — 1 + dv — 2 + 1 = 6 multiplications for a total of 6 , 2 9 1 , 4 5 6 multiplications. 

Using Equation (45) we have a total of$2xes^ l-^rl = l - S i w i ^ " - ^ = 4096 summations 

with each summation corresponding to dv — 2 = 2 multiplications for a total of 8,192 

multiplications. Lastly, Equation (46) requires Ylx^se
x 1^1 = 816 summations and a 

total o / 8 1 6 x (dv — 1) = 2 , 4 4 8 multiplications. Figures 15 and 16 show the number 

of summations required for each x E Sx using Equations (45) and (46) respectively. 

The reduction in complexity here is apparent. 
In terms of memory requirements, the number of elements required to store all 

of the Rx s is given as ^ ^ \RX\ = l-SWl^"1 '- The number of elements needed to 
x€ se

x 
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Figure 16: Number of elements contained in Jx for each x G Sx 

store all of the Jx's is ^T^ \JX\ = 
xesl

x 

{ \ 
|SM| + dv — 2 

V 

. It can be argued that the 

/ 
dV~l 

reduction in complexity gained by using Equation (46) is counterbalanced by the fact 

that we must compute Rx and Jx. However, these sets only need to be computed 

once for a particular £, dv, and Sm- Hence, they do not depend on the channel SNR 

or the check node degree dc. Once the code parameters are set, varying the channel 

parameters (as is done to find the optimal threshold) does not introduce more 

computations. However, for each new iteration £, Rx and Jx have to be re-computed 

from scratch. The computational complexity will grow exponentially with £ and 

quickly becomes infeasible. However, as we will see in Chapter 5, once memory 

truncation is introduced, we only need to compute Rx and Jx up to a particular 

iteration n, and may be reused for every iteration £ > n. 
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In order to perform any of the above analysis, we need the distribution of U ^ 1 ^ , 

i e l,...,dv — 1. Since these are i.i.d., we do not need to differentiate between the 

varying subscripts. 

4.4.3 Calculating P ('u 

Define the set of messages incoming to any one of the check nodes in 

{Ci : i = l,...,dv - 1} at i terat ion £ as T ^ = j r f ..., T ^ j (We 

ignore the subscript i since these set of messages have the same distribution 

regardless of which check node we choose to analyze). Once again, because the 

decoding neighbourhood is assumed to be tree-like, the are i.i.d. Since 

JJ(£) _ vj;(, T2~~l\..., T^Zp^j, U ^ is conditionally independent of all other 

random variables given Hence we have the following: 

IP ( t ^ 1 - ^ ) = Y P ( t / f ^ l T ^ - ^ P 
t( o->e-i) 

i dc-1 (48) 

t(0->€-l) j=1 j=1 

Using Equation (48), for each element in the sample space of we need to 

sum over all the elements in the sample space of which consists of { S m I ^ 0 ' ^ 

elements. Therefore, computing P ( U - 1 ^ ^ requires a total of \SM\MC additions and 

\SMFDC x (£ — 1 ){dc — 2) multiplications. This is very computationally intensive and 

shows another example of how the computation complexity grows exponentially with 

increasing number of iterations. 

Let us define a function ^C '• S ^ - 1 ' —> SE
M such that 

(T(0^-1)) = (T(0)) t y c (TW) (T^-1))}. 

Since is a deterministic function of we have the following: 



53 

= UIT^"1) = t), te uesit 

| 1, if u = *c{t) (49) 

0, otherwise 

We can then re-write Equation (48) as follows: 

dc-1 

p(u^=u)= Y , (50) 
t\u=yc(t) j=1 

Using Equation (50), calculating P ( U - 1 ^ ^ requires \SM\^dc~1') additions and 

\SM\e{dc~l) x {dc — 2) multiplications. We wish to reduce the computation complexity 

even further similar to the methods in section 4.4.2. 

Define Ju for u e Se
M to be the maximal subset of such that for any a, b 6 

Ju, ^c(a) = ^c{b) = u and P(a) ^ P{b). Next we define a function Au : ,JU N 

such that Au(t), t G returns the number of distinct elements (including t) in 

which have equal probability. Hence, Equation (50) reduces to the following: 

p ( u ^ e ) = u ) = y Mt) n P&). (5i) 

t€Ju j=1 

The number of additions required to calculate P using Equation (51) can 

be found by the following: 



54 

£ 
\SM\1 [\SM\E (\SM\1 

: \SM\E { \SM\* 

E 1 = E E E - E 
1=1 y t l=! yi2=U y Idc-l^dcS \idc-l=«dc-
/ \ 

(52) 

|5m | + dc — 2 

4 - 1 

Equation (52) is derived by asking how many different ways there are to choose 

dc — 1 objects from \S\jf elements (with replacement) such that no two selections 

of dc — 1 objects can be made equal by permutation. This is because the 'min' and 

product function used in check nodes are associative. 

Using Equation (52), the number of multiplications required is 
( \ 

I Sm | + dc — 2 

V 
dr 

x {dc - 1). 

/ 

The questions is, how does this compare with the complexity in (50). Let 0 

represent a multiplicative factor which gives a ratio between the number of additions 

required in (50) and (51). For this, we let fi = dc — 1 and r] = |5M|-
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9 = 
rf 

1 \ 
rf + // — 1 

V " / 
rfn(rf-\)\n! 
(rf + /i — 1)! 

rf^iA 
(rf + n-l){rf + n-2)...if 

rf 
(rje + fi — l)(rje + fi — 2)...(rje + 1) 
^(m-i)^I 
77' 

(for?/ > > 

(53) 

= //! = ( 4 - l ) ! 

For example, if dc = 8, after a certain number of iterations i so that > > 7 , 

using Equation (50) will require about 7! = 5040 times more additions compared with 

using Equation (51). Using a similar approach as in Equation (53), the multiplicative 

factor giving the ratio between the number of multiplications required in (50) and 

(51) is approximately (dc — 2)2{dc — 3)!. 

In order to compute the analysis described in this section, we need the distribution 

of j g 1,..., dc — 1. Since these are i.i.d., it is enough to find P a s 

described in the following section (we do not need to differentiate between the varying 

subscripts). 

4.4.4 Calculating P ( t ^ - 1 ^ 

Let us define the random vector = ..., B ^ } . We can now show 

how to calculate the joint probability mass function of j^ 0 - ^ - 1 ) . 
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p ( T o ( 1 ^ - 1 } ) = Y P ( T ^ ' - V I B ^ ' - V Y ^ 0 - * ' - 1 ) ) 

/ \ (54) 

= n E P ( T i W l B ( i ) ) P (B^-V) 
i=0 \&(«) / 

In Equation (54), we have made use of the fact that in a DAG, a random variable 

is conditionally independent of all other random variables given its parents if it is 

a deterministic function of its parents. We are now faced with the task of finding 

= Y P ( B ^ l B ^ l X ^ ) p (B{e~2)\B{£~3), X{e~2))F , X{i~l), X{e~2)) 
x(e-i) x(e-2) 

i=l x(») 

=p (b^) n s p iB(i_i)
 > x ( i ) ) p 

1=1 
(55) 

Combining Equation (55) with Equation (54), we have the following: 
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p 

= ( r ^ l B ^ y (B®) n ( ( ^ W - 1 * , * ® ) ) P 

6(0) i=1 VftW x(i) / 

(56) 

We now have all the information we need to calculate P ^T^0 -^"1^ since 

ig c a i c u i a t e ( i t h e p r e vious iteration, P ( B ^ l B ^ ^ X ^ ) is given in 

Equation (36), and similarly, 

P (T{n) = tjB™ = t e S M , b e S B 
t 

1, i f t = *M(b) (57) 
= < 

0, otherwise 

This concludes our steps for calculating P It is important to note 

that we use the distributions required to find P ( S ^ ) in order to calculate distribu-

tions required to calculate P This is shown more explicitly in Fig. 17. 

4.5 Calculating P for 7 ^ 0 

When 7 ^ 0 , M0 is now included in each variable node operation. Without loss of 

generality in terms of analysis, we can say that 7 B ^ is included in each variable 

node operation. Hence, our statements of conditional independence change resulting 

in a different way of calculating P We show the modified graphical 

model in Fig. 18 which similar to Fig. 7 except that now each X ^ is updated with 

the originally received message used to initialize the memory content 

Through the use of Bayes' Ball Algorithm, we can make the following claims: 

(58) 
B<*> A L X ^ \ { X ^ k \ B ^ } , k> 1. 
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P P (B(e+V) (4.8) 

X ( / + 1 ) ) ( 4 . 1 3 ) 

P P (4.19) 

U^e+1)) (4.24) 

F T , f^})(4.29) 

Figure 17: Using distributions calculated at iteration £ to help calculate distributions 
at iteration £ + 1 for 7 = 0. 
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d 
— • 

Figure 18: Bayesian Network showing all the random variables involved in calculat-
ing the probability mass function of B ^ with 7 0 

Using the claims in (58) we have the following: 

5(0) 

x ( i -^ - i ) 6(0) 

(59) 

In comparison to Section 4.4, the size of each probability mass function table 

grows by a factor of \SB\ with the introduction of B(0K Similarly, the computational 

complexity grows by a factor of \SB\, now being bounded by 0( \SXF~L x |»SB|2 ) • 



4.5.1 Calculating P (B^" 1 )^ 1 ^" 1 ) , B ^ ) 
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b(l-2) VbUJ 

6(̂ -2) 

since 
is conditionally independent of X^ ^ given 2) and B(()K The 

conditional P B ^ ) is obtained from the previous iteration. 

4.5.2 Calculating P B ^ ) 

For this section, it is easier to perform the analysis when the variable node process is 

split into two parts. This is shown in Fig. 19. We first process the incoming messages 

through the function \I!v which is equivalent to for the case where 7 = 0. We call 

this output QW and then add 7 t o produce the final output X^:>. 

Let Q M = {QW,QV>,...,QM}. 

Then X M = {Q(D + 75(°), Q ^ + ..., Q ^ + j B ^ } . 

If we have P (Q*1"^) then we can calculate P (X ( ]- f : } , B ^ ) as follows: 

P ( X ^ e \ B®) = P ( X M | £ ? ( ° ) ) P ( B ^ ) 

q( (61) 

i=1 y q(i) J 
Since XW is a deterministic function of Q ^ and B<0\ we have the following: 
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Figure 19: Variable Node operation with 7 0 



62 

= 

P = x\Q® = g, = b), xeSx,qeSQ,beSB 

1, if x = q + (62) 

0, otherwise 

P can be found using the exact same methods as finding P i n 

section 4.4.2 assuming we have P P ( u ^ ^ can be found using the exact 

same methods as described in section 4.4.3 assuming we have P ^T^ 0 - ^ - 1 ^ . In com-

parison to the case where 7 = 0, the added complexity lies in finding P B ^ ) . 

With 7 ^ 0 , calculating differs from the methods given in section 4.4.4 

as we will see in the following section. 

4.5.3 Calculating P (V-f0^"1^ for 7 ^ 0 

In Equation (55) we have used the fact that B ^ is independent of X - 1 ^ - 1 ' in order 

to split up their joint probability. However, this cannot be done for the case of 7 ^ 0. 

Therefore, we end up with the following expression for calculating P ^T^ 0 - ^ - 1 ^ . 

P ( T ^ " 1 ' ) 

= ( r i ( o ) i £(o)) ( n ] c p (Ti(i)i5(o) p s(o)) 
6(0) \i= 1 6W i(i) / 

(63) 

is calculated in the previous iteration, hence we have all the 

information we need to calculate P 
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P (B&) P (B(/+1>) (4.8) 

P B<®) P (X^t+1\ 5(°)) (4.34) 
(4.33) 

P(Q(1^+1)) (4.19) 

P (4.24) 

P T-, f^})(4.36) 

Figure 20: Using distributions calculated at iteration £ to help calculate distributions 
at iteration £ + 1 for 7 0. 



Chapter 5 

Memory Truncation 

As we have seen in the analysis of DE, the computational complexity and the size of 

the number of elements in the tables needed to store the p.m.f.'s grows exponentially 

with increasing iteration £. This is not tractable or feasible for implementation in 

terms of both time and memory, so it is natural to look for an approximation in order 

to halt the growing calculation complexity. We first propose how such an approxi-

mation can be found. Once a suitable approximation is found, we reformulate the 

equations for density evolution. In particular, our original Bayesian Network will be 

modified to represent the approximations, causing new conditional (in)dependence 

between sets of nodes. Lastly, we give some simulation results to justify the approx-

imation. It is important to note that in our memory truncation analysis, we work 

with the iterative decoding model where 7 = 0. A suitable approximation has not 

yet been found for the case where 7 ^ 0. 

5.1 Proposed Solution 

Consider the calculation of the joint distribution P as computed in sec-

tion 4.4. This computation uses the fact that BU~X) X The problem 

lies in the fact that the conditioning set Xt 1 - ^ - 1 ) grows exponentially in the size of 

64 
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d • 

Figure 21: Removing links for Memory Truncation 

the number of elements contained in its sample space. Now, consider we make the 

following approximation: 

B(e-i) JL l W | I ( f - n + w - i ) i n > 2 ( 6 4 ) 

Regardless of the conditioning set in (64) will always have size ISxl™-1 in terms of 

the number of random variables it contains. 

How does this approximation affect other nodes in the Bayesian network represen-

tation? We first show this through an example. Consider I = 3 and n = 2. Therefore 

we have B ^ JL . In order for this to hold true from a Bayesian network 

point of view, the link joining to B ^ must be removed. This is shown in Fig. 21. 

A consequence of this new representation is that now 

P ( B ^ l B ^ l B ^ l B ^ ) = P ( B ^ \ B ^ 2 \ B ^ ) . This is obvious since every path from 

JB(0) to B (3) must pass through the path — B ^ —> B (2). Since this path forms 
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a Markov chain and B ^ is observed, we clearly have d-separation. We now formally 

give our approximation known as memory truncation: 

c a n j-^ thought of as a random process. Clearly, it is not a Markov Process 

of some finite order. Thus, we truncate the memory in order to approximate 

by a Markov Process of order n, n G N. This is represented by the following: 

P (£<"+*)\B^n+k~1\ ..., B(0)) fa P ( £ ( " + * ) I B ^ * " 1 ) , B w ) (65) 

When making the above approximation in the analysis, we refer to it as memory 

truncation of order n (MT'"'). A consequence of this memory truncation is that now 

is conditionally independent of X ^ given This approximation 

is necessary in order to practically implement density evolution for iterative decoding 

algorithms with memory. Without memory truncation we would need an infinite 

amount of time and memory to calculate the exact threshold with perfect precision. 

By using (65), we can halt the growing complexity of the problem by using only 

the previous n memory contents as the dependency. Therefore, the computation 

complexity remains constant for £ > n. In other words, calculating P (B^) for £ > n 

has the same complexity as computing P ( B e x a c t l y . We note that when using 

(65), the computation of P (B®) is exact for £ < n. 

5.2 Mathematical Analysis of Memory Truncation 

We now present the mathematical analysis for approximating P ( B ^ ) using our 

proposed method of memory truncation. 

For the remainder of the section, we assume that we are using a memory truncation 

of order n. Therefore, we have the exact computation for P ( B u s i n g the methods 
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described in chapter 4. After this computation, we have the following probability 

mass functions: 

• P (5W, for i = 0,..., n - 1 

• p ^ n - l J p f C 1 - ™ - 1 ) ) 

• p ( X ^ 1 ^ ) 

• P ( t / J 1 ^ 0 ) 

. p ( r i 0 ^ - 1 ^ 

Following a similar approach to that used in section 4.3, we derive the proba-

bility mass function of which is the first memory content distribution to be 

approximated. 

We start with Equation (37), 

p ( B ^ = b)= y p { B ( n ) = b '> x { n + 1 ) = x)> 
(6' ,x)\b=VB(b', x) 

but now calculating the joint distribution P {B^n\ will be different. 

5.2.1 Calculating P (£<"), X(n+1)) for MT(n) 

P ( 5 ( n ) , X ( n + 1 ) ) 

= Y P ( B ( n ) | X ( 2 - + n ) ) P ( X ( n + 1 ) | X ( 2 ^ n ) ) P ( X ( 2 ^ n ) ) 
~.(2—>n) (66) 

= Y P (5 ( n ) |X ( 2 ^ n ) )P (X ( 2 ^ n + 1 ) ) , 
c ( 2 - > n ) 

where we have used the fact that B ^ X X ( n + ^\X ( 2 ^ n K 



5.2.2 Calculating P 
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P ( S ( n ) | X ( 2 ^ n ) ) = Y ^{B{n)\X{n\B(n-1))F(B{n-1)\X(-2^n)). (67) 
6(n- l ) 

5.2.3 Calculating P ( B ^ 

xW 

= E p
 ( X ^ ) 

where P (£(«-*) Ix^™" 1 ) ) and P (X(1~^n)) are obtained from the previous itera-

tion and P = 
C(D 

5.2.4 Calculating P 

Calculating P ( X 2 ^ n + l ) can be performed the exact same as in section 4.4.2 given 

that we have P Similarily, P can be found using the same 

methods as in section 4.4.3 given that we have P ( T . Now, because we have 

P (X^1-*™)) from the previous iteration, we can simply calculate P j a s in 

section 4.4.4 and then marginalize over T[Q> to obtain P 

This approach to calculating P (£?(n+1)) is a special case since we are using exact 

p.m.f.'s that have been calculated in the previous iteration. We will now show the 

analysis for the more general case where the p.m.f.'s used from the previous iteration 

are now approximated versions of the actual p.m.f.'s. 
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5.3 Mathematical Analysis of Memory Truncation 

(General Case) 

Once again, we are assuming that we are approximating with a memory truncation 

of order n. Consider that we have calculated (approximated) P ( 5 ^ ) , k> n. Fig. 22 

shows the Bayesian network to help calculate P ( B u n d e r memory truncation of 

order n. Notice that we have removed the nodes which are not important to our 

discussion. For example, a connection between X ^ and is represented by 

a dotted line which is used to represent the fact that these two nodes share some 

dependency, however, they are not directly connected. Notice that in Fig. 22, the 

edges have been removed between all X^ and B{l] for i < k — n. This is due to 

the memory truncation approximation. After computing B^k\ we have the following 

probability mass functions: 

• P (x(-k~n+1_>fe)) 

• p ( y V t - n + i ^ 

We now derive the probability mass function of B^k+1\ k > n. 

Again we start with Equation (37), 

P(B ( f c+1) = b) = Y P^B{k) = b',X{k+1) = Xs), and then proceed to 
(b',x)\b=VB (b',x) 

calculating the joint distribution P 



Figure 22: Removing links for Memory Truncation for the general case 



5.3.1 Calculating P (£<*), X ^ ) for MT^ 
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/ V / V / ( 6 9 ) 

n+2—>fc) 

5.3.2 Calculating P 

P (5(fe)|X(fc"n+2"^fc)) = ^ P (B ( fc ) |X ( fc ),B ( fe_1))P (B{k- lS )\X(k~n+2^k)). (70) 
6 ( f c - 1 ) 

5.3.3 Calculating P (£(fc-i)|x(fc-n+2^fc)) 

n+1) 
1 

(71) 

P (5(^-1) and P are obtained from the previous iter-

ation and P = ^ p 
x(k—n-\-1) 

Notice here that we are using the fact that _1L x ( fc) |X( fc_n+1->fc_1). This is 

another consequence of memory truncation, and thus is considered to be an approxi-

mation. 

5.3.4 Calculating P 

Calculating P can be performed the exact same as in section 4.4.2 

given we have P Similarity, P c a n b e found u s i n g 



72 

the same methods as in section 4.4.3 given that we have P . 

5.3.5 Calculating P 

We can calculate P jf w e have P ( 5 ( ^ + 1 ^ ) ) a s shOWn in Equa-

tion (54). We will follow a similar approach to that shown in Equation (55), and 

we will start with the second last line from (55). 

k 

i=k—n+2 xd) 

However, we cannot split up the joint probability distribution of 

P (B( k~ n + 1 \ into the product of their respective marginals be-

cause they are not independent. In order to compute this joint distribution, 

we use the fact that under our memory truncation approximation of order n, 

x { k _ n + 2 ^ k ) ^ £ ( fc_ ra) |X(fc_n+1)_ W e t h e n h a y e t h e foUowing. 

= ^ ^ p ^x(k-n+2^k) ^(k-n) ^ ^(k-n+1)^ x 

fy(k—n) x(k — n+1) 

P (B^k~n\ 

_ ^ ^ p ^ ( k - n + l ) ^ ( k - n ) ^ ( k - n ) ^ ( k - n 

fo(k-n) g(k — n-\-1) 

fy(k-n) x(k—n+1) 

(73) 

p i g obtained from the previous iteration where P |x( f c-n+1)) 

is obtained from iteration k — n + 1. 
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5.4 Validating Memory Truncation 

We would expect the accuracy of our calculation of P (B^) to increase with 

increasing memory truncation order n. However, it is also expected that after a 

particular order n, increasing to any order k > n would have negligible improvement 

in terms of accuracy. Therefore the goal is to find the lowest memory truncation 

order as to reduce complexity and still preserve accuracy. Our results obtained in 

this section are based on the DD-BMP algorithm. 

First we look at how the probability of error (Pe), defined by PP = 

P{BW < 0) + \P (B { ^ = 0), is changing with respect to iteration I. We show 

this for 3 different code ensembles in figures 23, 24 and 25. For each code, the opti-

mal quantization parameter1 A was used and the number of quantization bits is q = 8. 

The first thing that we notice is the different convergence properties for different 

degree distributions. For example, in Fig. 25 for the (4,6) regular LDPC code, the 

probability of error is almost the same regardless of the memory truncation order. 

In general though, we have almost complete convergence using memory truncation 

of order 4. We also see that the probability of error is increasing with increasing 

memory truncation order. This is an indication of a lower bound on the probability 

of error although the proof for this does not yet exist. If this were to hold true for all 

degree distributions, this would imply that our threshold results as given in Chapter 

6 are also a lower bound on the actual threshold. 

We can also look at how the probability of error is changing with respect to 

the iteration number for a particular code ensemble and fixed Eb/N0. Consider the 
1 The methods to finding this optimal parameter is explained in Chapter 6 
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Figure 23: Pe after 200 iterations for regular (3,4) ensemble at memory truncation 
orders 3, 4, and 5 for varying E^/NQ 

Figure 24: Pe after 200 iterations for regular (3,6) ensemble at memory truncation 
orders 3, 4, and 5 for varying Eb/N0 
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Eb/N0 (dB) 

Figure 25: Pe after 200 iterations for regular (4,6) ensemble at memory truncation 
orders 3, 4, and 5 for varying E^/NQ 

regular (4,5) code ensemble. Setting q = 8, the optimal threshold2 with respect to 

A is computed to be 4.24 dB. Figures 26 and 27 show how the probability of error 

is changing when we are ±0.1 dB away from the threshold for memory truncation 

orders 3, 4, and 5. 

In Fig. 26, all curves are converging toward 0 as expected. In Fig. 27, we are 

below the threshold and hence, Pe converges away from 0 as expected. 

Lastly we show an example for the regular (3,7) ensemble in Fig. 28 setting 

Eb /N 0 = 3.34 dB which happens to be the calculated threshold. Once again, the 

curves for memory truncation 4 and 5 are very close together, and are shown to be 

converging to 0, albeit very slowly since we are at the threshold. 
2 Threshold is calculated using memory truncation of order 4. 
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Probability of error at Eb/N0 = 4.34 dB for regular (4,5) ensemble 
10° 

1Cf4 

cC 1Cf6 

1 0 o 100 200 300 400 500 
Iterations I 

Figure 26: Pe 0.1 dB above threshold for regular (4,5) ensemble at memory trunca-
tion orders 3, 4, and 5 

0.5 

0.45 

0.4 

0.35 

Q? 0.3 

0.25 

0.2 

0.15 

0.1 
0 100 200 300 400 500 

Iterations i 

Probability of error at Eb/N0 = 4.14 dB for regular (4,5) ensemble 

Figure 27: Pe 0.1 dB below threshold for regular (4,5) ensemble at memory trunca-
tion orders 3, 4, and 5 
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Probability of error at Eb/N0 = 3.34 dB for regular (3,7) ensemble 
10"1 

1 0 " 2 

a? 

10-3 

10~4 

0 100 200 300 400 500 Iterations i 
Figure 28: Pe at the threshold for regular (3,7) ensemble at memory truncation 
orders 3, 4, and 5 

In the last example, most importantly, we show how the thresholds are changing 

for different memory truncation orders. We provide an example of this for the regular 

(3, 6) LDPC code in Fig. 29. Once again we see convergence at n = 4 and conclude 

that this is a good choice for our simulations in Chapter 6. 
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Figure 29: Threshold values for different A and memory truncation orders. 



Chapter 6 

Simulation Results and Discussion 

In this chapter we present our simulation methodologies, results, and discussions for 

the DD-BMP algorithm. First we discuss how the threshold is determined, and in 

particular, how the optimal threshold can be found. For DD-BMP this optimality 

depends on A and q; the quantization step size and number of quantization bits 

respectively. We make comparisons to finite length codes in order to qualitatively 

verify the existence of a threshold. All the threshold results are based on using 

a memory truncation of order 4. Therefore, the accuracy of these thresholds are 

compared to finite length code simulations. We also observe some more convergent 

properties of the threshold with respect to the memory truncation order. These 

thresholds are calculated for a large family of codes, by varying the variable and 

check degrees. The simulated results are then compared to BP and MS and some 

interesting observations are made. 

6.1 Threshold Determination 

Before we describe our algorithm for threshold determination, we need to discuss the 

monotonic property of the DD-BMP decoder. For a decoder satisfying this property 

of monotonicity, we can use a simple bisection search to find the threshold which will 

79 
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be explained later. 

Definition 3 (Decoder Monotonicty). Let W' be a channel which is physically de-

graded with respect to some other channel W. We define p\v to be the expected number 

of incorrect messages passed in the £th decoding round when applied to the channel 

W. The decoder satisfies the monotonicity property if pe
w < pe

w, for £>0. 

For an AWGN channel, if channel W has noise variance a1 and channel W' has 

noise variance o2, then W' is physically degraded with respect to W if <r2 > It 

is natural to suspect that the decoder's performance degrades with increasing noise. 

Although the proof for monotonicity of the DD-BMP decoder is not provided, it can 

be assumed to hold true using the BER curves from [16,17] as supporting evidence. 

Assuming the monotonicity of the DD-BMP decoder, we now give the algorithm 

for threshold determination which is simply a bisection search. Note that the values 

for variables SNRMAX and SNRMIN a r e initialized in such a way such that SNRMAX > 

SNRMIN > 0 dB and the threshold lies somewhere in between these two values. 

1: f o r i := 1 t o It d o 

2" S N R snrMAX-SNRMTN 

3: i f P ( s g n ( B & ) = 0) -»• l 1 @ S N R t h e n 

4: SNRMAX < - S N R 

5: e l s e 

6: SNRMIN < - S N R 

7: e n d if 

8: e n d f o r 

9: threshold <- SNR 

The number of iterations for the above algorithm, represented by I t depends on 

the desired level of precision. In our simulations, our threshold results are calculated 
1Because we are working with finite precision, we check to see if P (sgn(-B^) = 0) > 1 — e, for 

e = 10~8, up to a maximum of 1000 iterations I. 
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to a precision of 2 decimal points. Therefore, the value of I t is calculated as follows: 

S N R M A X — S N R M I N 

2Jt < 0.005 

9 /T SNRMAX ~ SNRMIN ^ N 
> 0005 

I t > log2(200) + log2(SNRMAX - SNRMIN)-

Initializing SNRMAX and SNRMIN to 8 dB and 0 dB respectively2, I t > 10.64. 

Therefore, setting I t to 11 is sufficient to give the calculated threshold with a precision 

of two decimal points in dB. 

6.2 Optimal Threshold 

Finding the threshold for a regular LDPC code ensemble under DD-BMP decoding 

consists of setting the following parameters: 

• dv: variable node degree 

• dc: check node degree 

• q: number of quantization bits 

• I t: number of precision iterations 

• A: quantization step size 

Our goal is thus the following: for a particular ensemble of LDPC codes 

characterized by dv and dc. we need to choose a suitable q and A in order to find the 

optimal threshold. For a particular code, the optimal threshold is defined as the low-

est Eb/No such that the probability of decoding error converges to zero with iterations. 

2This is a suitable choice for S N R M A X and S N R M I N since the threshold for all the different codes 
lies in this range. 
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Raising the number of quantization bits q improves the performance3 of the code. 

It has been observed that saturation occurs at q = 8. Thus, raising q past 8 bits 

has negligible performance gain. Therefore, for all simulations we use 8 quantization 

bits. 

Finding the optimal quantization step size A was performed through simulations. 

For a particular code ensemble, we varied the parameter A and found the corre-

sponding threshold value. In all cases, the curve Eb/N0 vs. A was a convex function, 

therefore we simply chose the minimum value to be the optimal threshold. This is 

seen in Fig. 30 for different regular LDPC ensembles. The circled point refers to the 

optimal threshold for that particular code ensemble. 

6.3 Comparison to a Finite Length Code 

In this section, we simulate a regular (5,10) LDPC code for varying block lengths. 

For each blocklength, we construct a random parity-check matrix with each row 

containing 10 ones and each column containing 5 ones. In order to get closer to 

the best performance of the code, we remove all cycles of length 4 as it is generally 

beleived that the presence of short cycles degrade the performance of the code [31]. 

As with our density evolution results, we use the same parameters; q = 8 and the 

optimal A; which for the (5,10) regular LDPC ensemble is 0.035. For each SNR 

point, we transmit the all-zero codeword until 100 block errors occur. The results as 

well as the computed threshold are shown in Fig. 31. 

From this graph we can make several observations. First, the trend of the curves 

agrees with our monotonicity property. Secondly, as the block length increases, the 

improvement in performance implies a reduction in the threshold. 
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Thresholds for different values of A 

Figure 30: Finding the optimal threshold for different regular LDPC code ensembles 
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2.8 3 3.2 
Eb/N0 (dB) 

Figure 31: BER curves of (5,10) regular LDPC codes with block lengths 300,000, 
400,000, and 500,000 decoded by DD-BMP, and the corresponding threshold. 
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slope of the waterfall region grows larger, as expected. As can be seen, the threshold 

value matches well with the waterfall region of the simulated error rate curves. 

6.4 Results and Discussion 

The thresholds are obtained for all regular (dv,dc) codes with 3 < dv < 8 and 

dv < dc < 18. All the threshold results are provided in Appendix B. For discus-

sion purposes, in this section we only provide a subset of the results to highlight 

certain trends and to provide a comparison with the BP and MS decoding algorithms. 

For a fixed dv, the threshold gap between DD-BMP and BP4 decreases with in-

creasing the rate. The results for dv = 4 and dv = 6 are shown in Tables 1 and 2. As 

can be seen, at higher rates the performance gap is less than 1 dB. When comparing 

to MS5, for codes with larger degrees, DD-BMP outperforms MS. The results for 

rate-1/2 codes are reported in Table 3. These results show that by increasing the 

degrees, the performance gap between MS and DD-BMP, which is to the advantage 

of MS for lower degrees, disappears and then reverses to the advantage of DD-BMP. 

These performance results for DD-BMP are impressive considering that both the 

check node operations and the message-passing for DD-BMP are much simpler than 

those of BP and MS. They also demonstrate the potential of iterative decoding algo-

rithms with memory in achieving better performance/complexity trade offs compared 

to memoryless algorithms. 
4The thresholds for BP were found using Gaussian Approximation [22], 
5For the density evolution analysis of MS, 8-bit messages were used in order to have a fair 

comparison. 
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Table 1: Thresholds of BP and DD-BMP for ensembles with dv = 4 and 5 < dc < 18 

dc rate ( iL<d B> ( $ ) ( d B ) V 0 / DD-BMP V ' Diff (dB) 

5 1/5 2.57 4.24 1.67 

6 1/3 1.73 3.18 1.45 

7 3/7 1.27 2.88 1.61 

8 1/2 1.59 2.80 1.21 

9 5/9 1.67 2.82 1.15 

10 3/5 1.78 2.87 1.09 

11 7/11 1.89 2.93 1.04 

12 4/6 1.99 2.99 1.00 

13 9/13 2.10 3.06 0.96 

14 5/7 2.20 3.13 0.93 

15 11/15 2.29 3.20 0.91 

16 3/4 2.39 3.27 0.88 

17 13/17 2.47 3.33 0.86 

18 7/8 2.55 3.40 0.85 
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Table 2: Thresholds of BP and DD-BMP for ensembles with dv = 6 and 7 < dc < 18 

dc rate &L ( d B ) (#) (dB) \ 0 J DD-BMP V ' 
Diff (dB) 

7 1/7 5.14 6.46 1.32 

8 1/4 3.52 4.71 1.19 

9 1/3 2.90 4.00 1.10 

10 2/5 2.61 3.63 1.02 

11 5/11 2.47 3.45 0.98 

12 1/2 2.41 3.34 0.93 

13 7/13 2.39 3.26 0.87 

14 6/7 2.40 3.24 0.84 

15 3/5 2.43 3.24 0.81 

16 5/8 2.46 3.24 0.78 

17 11/17 2.50 3.26 0.76 

18 2/3 2.54 3.28 0.74 

Table 3: Thresholds of MS and DD-BMP for rate-1/2 ensembles 

dv dc ( t L <dB> ( § ) ( d B ) \ 0 J DD-BMP V ' 
Diff (dB) 

3 6 1.70 3.26 1.56 

4 8 2.49 2.80 0.31 

5 10 3.09 3.18 0.09 

6 12 3.54 3.34 -0.21 

7 14 3.91 3.61 -0.30 
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6.5 Modifying the DD-BMP Algorithm 

In this section we propose a modified version of DD-BMP which gives better 

performance compared to DD-BMP when analysed through density evolution. In 

light of the results presented, we are optimistic that many decoding algorithms with 

memory have yet to be discovered which provide great performance and low decoding 

complexity. 

Consider the general memory update equation as given in Section 2.3.3: 

For DD-BMP, the values for a and 6 are both 1. For the modified version, we 

still fix a to be 1, however, we modify the value of [3 in such a way to improve the 

performance. Our choice of (3 is inspired by the work done in [32], In the work 

of [32], density evolution is performed on two modified BP-based6 algorithms: the 

normalized and offset BP-based algorithm. In both cases, the reliabilities of the 

messages being passed is reduced and the resulting performance of the decoding 

algorithm was improved over the conventional BP-based algorithm. 

In the modified DD-BMP algorithm, (3 is chosen to be less then 1 in order to 

reduce the reliability of the variable node output message The choice of f3 

depends on dv so that it compresses the message space of X ^ as follows: 

(75) 

{-(dv - 1),-(dv - 3),..., dv - 3, dv- 1} 
dv — eLmod 2 

2 

dv — dvmod 2 
2 

(76) 
6BP-based is analogous to Min-Sum. 
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Example 6. Consider dv = 3. Therefore Sx '•= { - 2 , 0 , 2 } . In order to compress 

the messages according to equation 76, we choose (3 = 0.5. Therefore, our new set of 

variable node output messages are now {—1,0,1}. 

Example 7. In this example, we take dv = 4. Therefore Sx '•= { - 3 , - 1 , 1 , 3 } . 

It is obvious that we cannot find a value of (3 to compress the message space to 

{-2,-1,1,2}. However, because of the clipping function Kc, we can do following. 

Choose (3 = 0.7. Therefore the message space of the variable node output is now 

{ -2 .1 , -0 .7 ,0 .7 ,2 .1} which is equivalent to a message space of {—2,-1,1,2} since 

Kc always rounds to the nearest integer. 

We now show how the performance of the modified version compares with the 

original DD-BMP algorithm. The thresholds are calculated7 for various regular code 

ensembles and presented in Table 4. It is clear the by compressing the messages 

at the variable node output, better performance is achieved. Even though the 

performance gap is small, we have made the observation that better decoding 

algorithms with memory with low complexity exist. 

It is natural to observe some kind of trade-off between DD-BMP and modified 

DD-BMP. Even though in the asymptotic case, modified DD-BMP gives better 

results, how does the performance compare in a finite block length scenario. We 

construct a random regular (4,8) LDPC code of block length 10,000 and set the 

maximum number of iterations to 100, 200, and lastly to 300. We then simulate the 

bit error rate curves of DD-BMP {(3 = 1.0) and modified DD-BMP (J3 = 0.7). This 

is shown in Fig. 32. 

We observe the following results. At 100 maximum iterations as shown in 

Fig. 32(a), the original DD-BMP algorithms has better performance at higher SNR's. 
7As with previous threshold calculations, memory truncation of order 4 is used. 
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Table 4: Thresholds of DD-BMP and Modified DD-BMP for different code ensembles 

dv dc (fO (dB) \N°JDD-BMP V ' ( W ) (dB) V 0 J Modified DD-BMP 
Diff (dB) 

3 4 3.71 3.49 0.22 

3 5 3.26 3.12 0.14 

3 6 3.26 3.11 0.15 

3 7 3.34 3.22 0.12 

3 8 3.45 3.34 0 . 1 1 

4 5 4.24 4.15 0.09 

4 6 3.18 3.10 0.08 

4 7 2.88 2.80 0.08 

4 8 2.80 2.72 0.08 

However, as the number of maximum iterations is increased, the performance is bet-

ter for the modified DD-BMP algorithm as expected. A higher number of iterations 

is required for modified DD-BMP since we are reducing the reliabilities of messages. 

Hence, we expect the convergence to be slower. The drawback of compressing the 

reliabilities is having to decode with more iterations in order to show improvements 

over the original DD-BMP algorithm. 
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Figure 32: BER curves of (4,8) regular LDPC code with block length 10,000 and 
maximum number of iterations of a) 100, b) 200, and c) 300. Codes are decoded 
using DD-BMP and modified DD-BMP with /? = 0.7. 



Chapter 7 

Future Work 

We now propose a list of future works in relation to iterative decoding algorithms 

with memory. Since the technique of density evolution for iterative message passing 

algorithms with memory is a novel idea, there is still a lot of theoretical work that 

can be performed. As well, new and improved algorithms may be found which can 

be verified through density evolution simulations. The following lists some directions 

for future work: 

• Density evolution analysis of irregular LDPC codes and finding the thresholds 

of irregular ensembles 

• Density evolution analysis applied to the case where memory nodes exist in both 

directions on a particular edge, as well as for instances where memory nodes 

may exist between check nodes and variable nodes 

• Finding optimal degree profiles for irregular LDPC codes decoded by iterative 

message passing algorithms with memory 

• Finding the optimal a, (3, and 7 for the general algorithm described in Section 

2.3.3 

• Proving the monotonicity of decoding algorithms with memory 
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Finding the relationship between memory truncation order n and the degree 

distributions 

Validating memory truncation from a graph theoretic point of view, i.e. proving 

that using memory truncation of order n as a function of the code parameters 

and the decoding algorithm is suitable to find the threshold within precision e 

from the exact threshold, for some e > 0 

Proving concentration results (as is done for memoryless algorithms) for itera-

tive message passing algorithms with memory 

Finding a suitable memory truncation analysis for SR algorithms 

Finding thresholds as well as designing irregular codes for SR algorithms 

Analysis of iterative message passing algorithms with memory applied to chan-

nels with memory, i.e. fading channels 



Chapter 8 

Conclusion 

In this thesis, we have developed the framework for the density evolution analysis of 

iterative message passing algorithms with memory over memoryless channels. The 

general model for iterative decoding algorithms with memory was presented which 

includes DD-BMP and SR algorithms as special cases. Based on this model, we 

employed the directed acyclic graph representation, also known as Bayesian network, 

to capture the dependencies among different messages and memory contents in a space 

with two dimensions: iteration number t and the depth of the decoding tree d. Using 

this, we showed that for algorithms with memory, the incoming messages to a node 

are no longer independent, and that the existing dependencies cause the complexity 

of density evolution to grow at least exponentially with i. We also derived the density 

evolution equations and used techniques to make them tractable. In particular, we 

introduced an approximation by truncating the memory of the decoding process and 

estimating it with a Markov process of finite order n. As an example, we applied 

the proposed density evolution technique to DD-BMP for a number of regular LDPC 

code ensembles and obtained their thresholds. The threshold results converged to the 

true threshold values with arbitrary precision as the memory truncation length n was 

increased. Our results showed that for DD-BMP, n = 4 is often enough to obtain 

the threshold with a good accuracy. A careful inspection of the threshold values of 
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DD-BMP for regular LDPC codes in comparison with BP and MS thresholds revealed 

a number of interesting phenomena: (a) By increasing the rate, the performance gap 

between BP and DD-BMP reduced so that for high rate codes the difference is only 

a fraction of a dB; (b) For a given rate, by increasing the degrees, the performance 

advantage of MS over DD-BMP decreases at first and then eventually reverses so 

that for large degrees, DD-BMP outperforms MS by a few tenths of a dB. These 

performance results for DD-BMP are very impressive since both the message passing 

and the check node operations in DD-BMP are significantly less complex that those 

in BP and MS algorithms. In addition to the above results, our work introduced the 

general framework for presenting and analysing iterative decoding algorithms with 

memory. This can be used to design irregular codes for existing algorithms or to 

devise new algorithms with improved performance/complexity tradeoffs. 
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Appendix A 

Representing Elements through Integers 

Consider a finite set of elements S which contains |<S| elements. We introduce a 

mapping M : S —» {0,1,..., |5| — 1}. Now M is necessarily a bijection so that each 

element from S corresponds to a distinct integer between 0 and l^l — 1. We will use 

Ns to denote the set {0,1,..., \S\ — 1}. This provides an index which can be used 

to reference a particular element in S. For example, S(i), i € Ns, corresponds to a 

particular element in S. As well, S(A), A C Ns will correspond to a collection of 

elements in S. We now show how this mapping is made for different types of sets. 

In iterative decoding algorithms with memory, we need to describe the possible 

incoming and outgoing messages of a node, as well as the content of the memory. In 

each of these cases, the messages/content are a collection of distinct integers. Thus, 

S C Z. If we order the elements of S in increasing order, then the first element 

corresponds to 0, the second element corresponds to 1, and so on. For example, if 

the message space SM = {—3, —1,1,3}, then A F { S M ) = {0,1, 2,3}. 

We will also deal with vector elements that are taken from the set Sn C Zn . 

Therefore, each s G Sn can be represented by the sequence .sj, ,..., sn where Si £ S. 

We can now define the function N on vector elements: 
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i—1 (77) 
i = 1 

Example 8. 5 = { - 4 , - 3 , - 2 , - 1 , 0,1, 2, 3,4} and let a = { -3 ,0 ,1 , - 1 , - 2 , 4 } 

where a G S6. First we change each sub-element of a into its corresponding integer 

value; a = {1,4,5,3,2,8} . Now M(a) is simply the base 10 representation of a 

which is a 6 digit number in base 9 where the right most number is the most significant. 

Hence, AT{a) = 488143. Conversely, Se(488143) = a. 



Appendix B 

Threshold results for DD-BMP and BP 

r rable 5: Thresholds for BP and DD-] BMP 
dv dc rate 

( t ) B P ( d B ) f f ) ( d B ) \N°JDD-BMP V ! 
Diff (dB) ^optimal 

3 4 1/4 1.06 3.71 2.65 0.165 

3 5 2/5 0.97 3.26 2.29 0.105 

3 6 1/2 1.16 3.26 2.10 0.080 

3 7 4/7 1.39 3.34 1.95 0.075 

3 8 5/8 1.59 3.45 1.86 0.075 

3 9 2/3 1.79 3.57 1.78 0.065 

3 10 7/10 1.96 3.66 1.71 0.065 

3 11 8/11 2.11 3.77 1.66 0.055 

3 12 3/4 2.23 3.87 1.64 0.060 

3 13 10/13 2.38 3.93 1.55 0.050 

3 14 11/14 2.50 4.01 1.51 0.050 

3 15 4/5 2.61 4.09 1.48 0.045 

3 16 13/16 2.72 4.17 1.45 0.050 

3 17 14/17 2.81 4.24 1.43 0.050 

3 18 5/6 2.93 4.31 1.38 0.050 
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Table 6: Thresholds for BP and DD-BMP (Continued) 

dv dc rate 
( d B ) ( # 0 ( d B ) \ N ° J DD-BMP 

Diff (dB) ^optimal 

4 5 1/5 2.57 4.24 1.67 0.040 

4 6 1/3 1.73 3.18 1.45 0.030 

4 7 3/7 1.57 2.88 1.31 0.030 

4 8 1/2 1.59 2.80 1.21 0.025 

4 9 5/9 1.67 2.82 1.15 0.025 

4 10 3/5 1.78 2.87 1.09 0.020 

4 11 7/11 1.89 2.93 1.04 0.020 

4 12 2/3 1.99 2.99 1.00 0.020 

4 13 9/13 2.10 3.06 0.96 0.020 

4 14 5/7 2.20 3.13 0.93 0.020 

4 15 11/15 2.29 3.20 0.91 0.020 

4 16 3/4 2.39 3.27 0.88 0.020 

4 17 13/17 2.47 3.33 0.86 0.015 

4 18 7/9 2.55 3.40 0.85 0.020 

5 6 1/6 3.96 5.59 1.63 0.055 

5 7 2/7 2.65 4.09 1.44 0.045 

5 8 3/8 2.23 3.54 1.32 0.040 

5 9 4/9 2.07 3.29 1.22 0.035 

5 10 1/2 2.04 3.18 1.14 0.030 

5 11 6/11 2.05 3.15 1.10 0.035 

5 12 7/12 2.09 3.13 1.04 0.030 

5 13 8/13 2.15 3.14 0.99 0.030 

5 14 9/14 2.21 3.17 0.96 0.025 

5 15 2/3 2.28 3.20 0.92 0.025 

5 16 11/16 2.35 3.25 0.90 0.020 

5 17 12/17 2.42 3.29 0.87 0.020 

5 18 13/18 2.48 3.34 0.86 0.020 
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Table 7: Thresholds for BP and DD-BMP (Continued) 
dv dc rate 

( t L <dB> (#) (dB) \N°J DD-BMP 
Diff (dB) ^optimal 

6 7 1/7 5.14 6.46 1.32 0.025 

6 8 1/4 3.52 4.71 1.19 0.025 

6 9 1/3 2.90 4.00 1.10 0.020 

6 10 2/5 2.61 3.63 1.02 0.015 

6 11 5/11 2.47 3.45 0.98 0.020 

6 12 1/2 2.51 3.34 0.93 0.015 

6 13 7/13 2.39 3.26 0.87 0.015 

6 14 4/7 2.40 3.24 0.84 0.015 

6 15 3/5 2.43 3.24 0.81 0.015 

6 16 5/8 2.46 3.24 0.78 0.015 

6 17 11/17 2.50 3.26 0.76 0.015 

6 18 2/3 2.54 3.28 0.74 0.015 

7 8 1/8 6.15 7.46 1.31 0.030 

7 9 2/9 4.31 5.49 1.18 0.025 

7 10 3/10 3.54 4.64 1.10 0.025 

7 11 4/11 3.14 4.18 1.04 0.025 

7 12 5/12 2.92 3.90 0.98 0.020 

7 13 6/13 2.79 3.73 0.94 0.020 

7 14 1/2 2.72 3.61 0.89 0.015 

7 15 8/15 2.69 3.55 0.86 0.020 

7 16 9/16 2.68 3.51 0.83 0.015 

7 17 10/17 2.68 3.48 0.80 0.015 

7 18 11/18 2.69 3.48 0.79 0.015 


