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Abstract

The goal of this thesis is to use Python in order to estimate the eigenvalues of reg-

ular Sturm-Liouville problems with Dirichlet boundary conditions. We will study

the Sturm-Liouville problem and the properties of the eigenvalues and eigenfunc-

tions. Moreover, we will discuss and use the Prüfer transformation and a Prüfer-based

shooting method to implement the Python code. Finally, we will test the code by

computing the first ten eigenvalues of different examples.
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Chapter 1

Introduction

A second order differential equation of the form

[p(x)y′]′ + [λw(x)− q(x)] y = 0 (1.1)

defined over a closed interval [a, b],is called a Sturm-Liouville equation. Here p, q

and w are real valued functions of x, while λ is a parameter. Usually the Sturm-

Liouville equation is defined collectively with boundary conditions that define the

solution at the endpoints. These boundary conditions take the form:

α0y(a) + β0y
′(a) = 0, α1y(b) + β1y

′(b) = 0. (1.2)

Here α0, α1, β0 and β1 are real numbers; where α0 and β0 are not both zero, neither are

α1 and β1. The boundary conditions, (1.2), are referred to as separated; that is, each

includes only one of the boundary points. Equation (1.1) together with (1.2) form a

Sturm-Liouville Problem. The solution of the Sturm-Liouville problem consists

of finding the values of λ for which the corresponding solution y(x) is nontrivial
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and satisfies the boundary conditions. When such values of λ exist they are called

eigenvalues; the corresponding solutions y are called eigenfunctions.

A Sturm-Liouville problem is called regular if the functions q and w are contin-

uous over the interval [a, b] and p is continuously differentiable on the same interval.

In addition, the functions w(x) and p(x) are assumed positive for every x ∈ [a, b]

because of their physical applications.

The Sturm-Liouville problem is named after the two mathematicians, Jacques

Charles François Sturm (1803–1855) and Joseph Liouville (1809–1882). Sturm inves-

tigated questions about the properties of the eigenvalues and the qualitative behaviour

of the eigenfunctions, and Liouville examined the possibility of expanding an arbi-

trary function as an infinite series of eigenfunctions which resulted in him finding

more results related to the questions Sturm was interested in. Prior to their work,

mathematicians were only interested in finding the solution of a given differential

equation as an analytic expression. While Sturm and Liouville could not find such

an expression for the general equation (1.1), they obtained the information about

the properties of the solutions from the equation itself. This led to a new concep-

tion of the theory of differential equations. For more detailed and a very interesting

discussion on the history of Sturm-Liouville equation, see [13].

The Sturm-Liouville equation helps to explain many important physical processes

and mechanical systems in classical and quantum physics. In many cases, the Sturm-

Liouville problem describes the oscillations in a physical system. An example on how

the Sturm-Liouville problem arises in the context of solving a Heat Diffusion problem

can be found in the next chapter.



1.1. MOTIVATION 3

1.1 Motivation

There are many numerical methods for computing eigenvalues and eigenfunctions of

Sturm-Liouville boundary value problems. Among these methods are the finite dif-

ference [10], variational [6] and shooting [9] methods. Finite difference methods need

a lot of arithmetical calculations and require large storage for matrices. Moreover,

as with variational methods, finite difference methods decrease rapidly in accuracy

when the eigenvalues are large. Large eigenvalues define eigenfunctions with many

zeros and the more zeros we have the more intensive our calculations become. An-

other drawback of many of these methods is that to compute a specific eigenvalue, the

computation of all preceding eigenvalues is required and it’s not possible to directly

compute an eigenvalue with a particular index. (By an index we mean the number

of zeros of an eigenfunction inside the interval (a, b).) These issues can be avoided

by the use of Prüfer Transformation as it allows the computation of a certain eigen-

value and it also helps in obtaining reasonable numerical accuracy for eigenvalues

with higher index, [1]. These different methods have been implemented in different

codes to solve Sturm-Liouville problems. One of the early codes is SLEIGN which

was developed by Baily, Gordon and Shampine [2]. In 1988, Bailey, Everitt and Zettl

started working on developing the successor code SLEIGN2, see [1]. SLEIGN2 is a

Fortran77 sub-routine for the computation of eigenvalues and eigenfunctions of reg-

ular and singular Sturm-Liouville boundary value problems. Moreover, SLEIGN2 is

capable of handling all forms of self-adjoint, separated or coupled boundary condi-

tions, and with many classifications of the endpoints of the differential equation, to

give both qualitative and quantitative information about the properties of Sturm-

Liouville problems. Also, according to [1], SLEIGN2 includes a number of features
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that are not available in any other generall Sturm-Liouville code such as SLEIGN,

the NAG code developed by Pryce, [16] and [17], and SLEDGE code developed by

Fulton and Pruess [15]. SLEIGN2 uses the same approach in SLEIGN to solve regu-

lar Sturm-Liouville problems. However, it’s capabilities are extended to solve those

with different boundary conditions and different classifications of endpoints, see [1]

for more details. Since, all of these codes are written in Fortran, in this thesis we

are interested in estimating the eigenvalues of basic regular Sturm-Liouville problems

with Dirichlet boundary conditions of the form: using the modern programming lan-

guage, Python. We will use a slightly different Prüfer based shooting method than

SLEIGN2 to estimate the eigenvalues.

1.2 Outline

In this first chapter we briefly outlined the subject of interest. We defined the form

of the Sturm-Liouville problem and the conditions that makes the problem regular.

Moreover, we briefly mentioned some of the general numerical methods and codes

available for solving Sturm-Liouville problems. In the remaining chapters, we talk

in more detail about the properties of the Sturm-Liouville problem and the method

that we will use to implement our code. These chapters are organized as follows.

Chapter two discusses into more detail the Sturm-Liouville problem. Beginning

with the origin of the problem and how it all started from the context of some physi-

cal problems such as the Heat Diffusion Problem. Then some basic properties on the

eigenvalues and eigenfunctions of the Sturm-Liouville problem will be mentioned.
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Chapter three introduces the Prüfer transformation and how it’s used in the

study of the zeros of solutions of the Sturm-Liouville problem. Moreover, some fun-

damental theorems on the Sturm-Liouville theory will be included.

Chapter four introduces the method that will be used to develop the code. The

chapter begins by talking about the general idea of the shooting methods with a given

example for illustration. Then we discuss the Prüfer based shooting method and how

it will be used to approximate the eigenvalues. Finally a summary of the steps of the

general algorithm that will be used to develop the code will be included.

Chapter five translates the algorithm in chapter three into a Python code. An

introduction about Python and why it’s used. In addition, a description of the main

part of the code as well as the main functions of the code will be mentioned. Fi-

nally, different examples on constant coefficient second order differential equations

and Cauchy-Euler differential equations will be solved and the results will be given

as evidence for the accuracy of the methods herein.

Chapter six concludes the thesis.
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Chapter 2

The Sturm-Liouville Problem

2.1 Origin of Sturm-Liouville Problems

The general problem of Sturm-Liouville appeared first in the context of the method

of Separation of Variables that are used as means of solving partial differential

equations describing physical processes in more than one dimension, [12]. One such

problem is the heat flow within a rod or the so-called Heat Diffusion Problem,

∂2u

∂x2
=

1

K

∂u

∂t
(2.1)

where K > 0 is a constant depending on the thermal characteristics of the rod,

u = u(x, t). The initial conditions are u(0, t) = 0 = u(L, t) and u(x, 0) = f(x); and f

is given at the outset. Here u(x, t) can be thought of as the heat distribution over the

rod during time t at the point x, and f as the rod’s primary state (or temperature

distribution) at time t = 0. The endpoint conditions are given in a way such that

the ends of the rod are maintained at a fixed temperature, and, for simplicity, we

assume that the temperature of most of the bar is approximately the same as room

temperature but that, at the ends, we always have u(0, t) = 0 = u(L, t).
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We apply the method of separation of variables to show we can get a solution of

equation (2.1). So, the solution we are looking for is of the form,

u(x, t) = f(x)g(t), (2.2)

in which we want to find the functions f, g of one variable. By substituting the

expression (2.2) into the diffusion equation (2.1) we obtain,

0 =
∂2u

∂x2
− 1

K

∂u

∂t

= f ′′(x)g(t)− 1

K
f(x)g′(t).

Here, f(x) and g(t) must not be equal to zero, otherwise u(x, t) = 0 for such x and t.

This, nevertheless, is not a sustainable outcome in the physical sense; since the rod

can’t have zero temperature except at the end-points. Therefore, dividing both sides

of the expression above by f(x)g(t) and leaving the terms depending on x on one side

and the terms depending on t on the other side, we get,

f ′′(x)

f(x)
=

1

K

g′(t)

g(t)
. (2.3)

The equality, (2.3), is true for any values of x and t such that 0 < x < L and

t > 0 respectively. Then we can set x = x0 where x0 is any fixed number that belongs

to the interval [0, L]. While this will make the left-hand side of the equality (2.3) a

constant, the right-hand side will be a function of t. In contrast, we can do the same

thing with t; that is, we can let t = t0. Then, the right side turns into a constant,

and the left side will be a function of x. Of course, both of these constants will be
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equal to each other because of the equality (2.3). The value of these constants will

be denoted by −λ, and (2.3) can be rewritten as,

f ′′(x)

f(x)
=

1

K

g′(t)

g(t)
= −λ.

The above equality can be revamped as the following two equations,

f ′′(x)

f(x)
= −λ =⇒ f ′′(x) + λ f(x) = 0, (2.4)

and

1

K

g′(t)

g(t)
= −λ =⇒ g′(t) + λK g(t) = 0. (2.5)

Clearly, (2.5) is a constant coefficient first order linear differential equation and

we can find its solution by multiplying (2.5) by the integrating factor µ = e
∫
λK , such

that

µg′(t) + µλK g(t) = 0 =⇒
[
eλKtg(t)

]′
= 0.

By integrating both sides of the above expression and rearranging the terms, we

obtain the general solution to (2.5), that is

g(t) = c1 e
−K λ t. (2.6)

In a physical interpretation, the bar should approach a steady state as t → ∞, i.e.

the entire bar should eventually be at a zero temperature as t → ∞. Therefore,



2.1. ORIGIN OF STURM-LIOUVILLE PROBLEMS 9

lambda must be positive (λ > 0); otherwise, g(t) will be exponentially large since

K > 0.

Now, as we know that λ > 0, the auxiliary equation of the constant-coefficient

second order linear differential equation (2.4) is (r2 + λ = 0), which gives complex

roots. As a result, the general solution of equation (2.4) is of the form,

f(x) = c2 sin(
√
λx) + c3 cos(

√
λx). (2.7)

Where c2 and c3 are constants. Combining the two expressions (2.6) and (2.7), for g

and f respectively, we get,

u(x, t) = (c2 sin
√
λx+ c3 cos

√
λx) c1 e

−K λ t. (2.8)

Currently, what we know is that if u(x, t) looks like (2.2) then it can be expressed

as (2.8). However, the values of λ and the c’s are still unknown! Therefore, the

boundary conditions given at the ends of the bar, u(0, t) = 0 = u(L, t), must be

used to obtain some values of these unknown constants. The boundary conditions

indicate that, for all t > 0

u(0, t) = f(0)g(t) = 0 = f(L)g(t) = u(L, t).

Since g(t) 6= 0, we should have,

f(0) = 0 and f(L) = 0,

The two conditions on f above help us to figure out λ; however, as we will see shortly,
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λ is not unique. The only solutions to (2.4), of the form (2.7), that satisfy f(0) = 0

are those for which the constants c2, c3 satisfy

0 = f(0) = c2 sin(
√
λ · 0) + c3 cos(

√
λ · 0)

= 0 + c3

= c3,

thus c3 = 0. However, this indicates that, as c3 = 0, then c2 6= 0. Otherwise, we will

get u(x, t) = 0 for any x and t, (see (2.8)), which is an impossible conclusion in the

physical sense! Referring back to equation (2.7), since c3 = 0 we note that f(x) will

be expressed as

f(x) = c2 sin
√
λx

where c2 6= 0. On the other hand, the second boundary condition f(L) = 0 along

with the fact that c2 6= 0 f(x) gives

0 = f(L) = c2 sin(
√
λL)

which can only happen if
√
λL is a zero of the sine function. Since the sine function

is equal to zero when the angle is of the form nπ, where n is an integer, then we need
√
λL = nπ for sin(

√
λL) to be zero. That is,

λ =
n2π2

L2
= λn,

where n is an integer and we write λn to represent the dependence of λ upon n.

Hence, there are infinitely many values of λ for which each one of these λ = λn
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(called eigenvalues) generates a solution

fn(x) = c2 sin
√
λnx

of the problem,

f ′′(x) + λn f(x) = 0, f(0) = 0 = f(L). (2.9)

These special solutions, fn(x), that satisfy the above equation and boundary condi-

tions are called eigenfunctions of the second order boundary value problem,

(2.9).

Now we can use these eigenfunctions, fn(x), together with equation (2.8) and the

fact that c3 = 0, and λ = λn to construct the solutions u = un(x, t) of the diffusion

problem (2.1) as follows,

un(x, t) = cn sin
(nπx
L

)
e−

Kn2π2t
L2 .

Note that, for any integer n, all the functions un(x, t) satisfy (2.1) in accompany

with the endpoints conditions u(0, t) = u(L, t) = 0. However, they do not necessarily

satisfy the initial condition u(x, 0) = f(x). Unless the initial temperature distribution

in the bar at time t = 0 resembles that of a sine function, there is no reason why it

should be that way!

The above analysis of the heat equation was part of the work of the famous

engineer and mathematician Joseph-Louis Fourier (1768-1830). At this point in the
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discussion, Fourier probably thought ... “ What if one writes

u(x, t) =
N∑
n=1

bnun(x, t)

=
N∑
n=1

bn sin
nπx

L
e−

n2π2

L2 Kt,

then this function u(x, t) can satisfy the diffusion equation (2.1) together with the

boundary conditions u(0, t) = u(L, t) = 0. Moreover, the coefficients bn will have to

be determined eventually.

However, as we mentioned earlier, for an arbitrary choice of the initial condition

f(x), it is not necessarily true that

f(x) = u(x, 0) =
N∑
n=1

bn sin
(nπx
L

)
.

So, Fourier’s great insight was the question, “What if f(x) can be expressed as an

infinite series of such sine functions?”, in other words, what if

f(x) =
∞∑
n=1

bn sin
(nπx
L

)
, (2.10)

in the sense that, the series on the right converges to the function f(x) for most values

of x in the interval [0, L], except at points of discontinuity? It turned out that this

was, in fact, possible; the representation of f given by (2.10) would eventually be an

example of a Fourier Series, and the constants bn are the Fourier coefficients of f

on the interval [0, L]! As a result, the solutions of the original heat diffusion problem,
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given by (2.1), can be developed analytically by the following infinite series,

u(x, t) =
∞∑
n=1

bn sin
(nπx
L

)
e−

n2π2

L2 Kt.

The two-point boundary value problems of the type obtained by separating the

variables in a heat diffusion problem, such as (2.4), are commonly associated with

the names of Sturm-Liouville, which the next section will discuss.

2.2 Properties of The Boundary Value Problem

Note that we can always rewrite any second order linear differential equation of the

form

P (x)y′′ +Q(x)y′ +W (x)y = 0 (2.11)

as a Sturm-Liouville equation by using an integrating factor µ such that:

µP (x)y′′ + µQ(x)y′ + µW (x)y = 0

give us the equation

[µP (x)y′]′ + µW (x)y = 0.

By equating the coefficients of y′ of the last two equations we get,

(µP )′ = µQ

which gives,

Pµ′ = (Q− P ′)µ.
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Since the equation above is separable, rearranging the terms depending on x on one

side and the terms depending on µ on the other side we have

1

µ
dµ =

[
Q

P
− P ′

P

]
dx.

Integrating both sides,

lnµ =

∫ x

x0

Q(s)

P (s)
ds− lnP.

Finally, taking the exponential of both sides yields

µ = exp

(∫ x

x0

Q(s)

P (s)
ds

)
· 1

P (x)
. (2.12)

Therefore, the integrating factor (2.12) transforms any second order differential equa-

tion (2.11) into Sturm-Liouville form

[p(x)y′(x)]′ + q(x)y(x) = 0, (2.13)

where p = µP , q = µW and µ is defined in equation (2.12).

Example 2.2.1. The Bessel equation x2y′′ + xy′ + (x2 − v2)y = 0 can be written in

Sturm-Liouville form by using the integrating factor

µ =
1

x2
exp

(∫ x

x0

s

s2
ds

)
=
k

x

where k is an arbitrary constant. Assuming k = 1, the equation [µP (x)y′]′ +

µW (x)y = 0 becomes

(xy′)′ +

(
−v

2

x
+ x

)
y = 0,
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which is in Sturm-Liouville form (1.1) with p = w = x, λ = 1 and q = v2

x
.

The Sturm-Liouville equation (1.1) can be written in operational notation using

the differential operator L defined by:

L[y] = −[p(x)y′]′ + q(x)y (2.14)

where y is a twice continuously differentiable function. Equation (1.1) now becomes:

L[y] = λw(x)y. (2.15)

An important result regarding the differential operator L is Lagrange’s identity.

We begin by deriving this identity and use it later on to prove some theorems about

the properties of the Sturm-Liouville problem (1.1)-(1.2). Let u and v be functions

with continuous second order derivatives on the interval (a, b). Then, using (2.14)

∫ b

a

L [u] v dx =

∫ b

a

[−(pu′)′v + quv] dx.

Integrating the right side twice by parts, we get

∫ b

a

L [u] v dx = −p(x)u′(x)v(x)
∣∣∣b
a

+

∫ b

a

[pu′v′ + quv] dx

= −p(x)u′(x)v(x)
∣∣∣b
a

+ p(x)u(x)v′(x)
∣∣∣b
a

+

∫ b

a

[−u(pv′)′ + uqv] dx

= −p(x)[u′(x)v(x)− u(x)v′(x)]
∣∣∣b
a

+

∫ b

a

uL [v] dx.



2.2. PROPERTIES OF THE BOUNDARY VALUE PROBLEM 16

By moving the last integral on the right side to the left side, we get

∫ b

a

[
L [u] v − uL [v]

]
dx = −p(x)[u′(x)v(x)− u(x)v′(x)]

∣∣∣b
a

(2.16)

which is called Lagrange’s identity.

If the functions u and v in equation (2.16) satisfy the boundary conditions (1.2),

then the right side of equation (2.16) gives

−p(x)[u′(x)v(x)− u(x)v′(x)]
∣∣∣b
a

= −p(b)[u′(b)v(b)− u(b)v′(b)] + p(a)[u′(a)v(a)− u(a)v′(a)]

= −p(b)
[
−α1

β1
u(b)v(b) +

α1

β1
u(b)v(b)

]
+ p(a)

[
−α0

β0
u(a)v(a) +

α0

β0
u(a)v(a)

]
= 0.

If β0 = 0 and (or) β1 = 0, then u(a) = v(a) = 0 and (or) u(b) = v(b) = 0; therefore,

the above result will still be valid. Using the result above, Lagrange’s identity is

shortened to ∫ b

a

[
L [u] v − uL [v]

]
dx = 0 (2.17)

given that L is defined by (2.14) and the functions u and v satisfy (1.2).

Equation (2.17) can be rewritten using the following definition of an inner product.

Definition. Let u and v be two real valued functions defined on the interval [a, b],

then their inner product (u, v) is defined by

(u, v) =

∫ b

a

u(x)v(x) dx. (2.18)

If we are dealing with complex functions, that is u and v are complex valued, then the
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inner product is defined by

(u, v) =

∫ b

a

u(x)v(x) dx. (2.19)

where v is the complex conjugate of v.

Using the above notation in (2.18), equation (2.17) becomes

(L[u], v)− (u, L[v]) = 0. (2.20)

As a result, the property (2.20) holds for the Sturm-Liouville problem. Moreover,

equation (2.20) is also valid if u and v are complex functions. This can be shown

by starting with
∫ b
a
L[u]v dx, then following similar steps as we did earlier to get to

equation (2.17). Finally, we use the definition of the complex inner product, (2.19),

to obtain the identity (2.20).

The symmetry relation (2.20) implies some of the basic results for Sturm-Liouville

problems which is what we will go over next.

Theorem 2.2.1. All the eigenvalues of the Sturm–Liouville problem, (1.1) and (1.2),

are real.

Proof. The proof is by contradiction. Let λ be a non-real eigenvalue of the boundary

value problem (1.1), (1.2) and φ(x) a corresponding eigenfunction. So we can write

λ = α + iβ and φ = u∗(x) + iv∗(x), where α, β, u∗(x) and v∗(x) are all real. Then,

making u = v = φ in equation (2.20) we obtain

(L[φ], φ)− (φ, L[φ]) = 0 (2.21)
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Now, by using (2.15), equation (2.21) becomes

(λwφ, φ)− (φ, λwφ) = 0 (2.22)

Using the definition of complex inner product, equation (2.19), the above equation

becomes ∫ b

a

λw(x)φ(x)φ(x) dx−
∫ b

a

φ(x)λw(x)φ(x) dx = 0 (2.23)

However we know that w is real, so (2.23) can be written as

(λ− λ)

∫ b

a

w(x)φ(x)φ(x) dx = 0 (2.24)

Since φ(x)φ(x) = u∗
2
(x)+v∗

2
(x) and w(x) is positive, then the integrand in equation

(2.24) is positive and not equal to zero. As a result, (λ − λ) = 0 =⇒ λ = λ which

means λ is real. This contradiction implies the theorem.

Now we look at the orthogonality relation for the eigenfunctions of the Sturm-

Liouville problem, but first we recall the following definition.

Definition. Let v and u be two integrable real-valued functions. We say that v and

u are orthogonal with the weight function w > 0 on the interval [a, b] if and only if

(wv, u) =

∫ b

a

w(x)v(x)u(x) dx = 0.

Theorem 2.2.2. The eigenfunctions of the Sturm-Liouville problem, (1.1) and (1.2),

belonging to distinct eigenvalues are orthogonal with respect to the weight function

w(x). That is, if φ1 and φ2 are two eigenfunctions of the Sturm–Liouville problem,
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(1.1) and (1.2), belonging to distinct eigenvalues λ1 and λ2 respectively; then

(wφ1, φ2) =

∫ b

a

w(x)φ1(x)φ2(x) dx = 0. (2.25)

Proof. Let φ1 and φ2 be eigenfunctions of (1.1) with eigenvalues λ1 and λ2 then,

L[φ1] = λ1wφ1

and

L[φ2] = λ2wφ2

changing u with φ1 and v with φ2 in equation (2.20) and using the previous two

equations above, we get

(λ1wφ1, φ2)− (φ1, λ2wφ2) = 0

Then using equation (2.18), we get

(λ1 − λ2)
∫ b

a

w(x)φ1(x)φ2(x) dx = 0.

Since, by the hypothesis of the theorem, λ1 and λ2 are distinct (λ1 6= λ2) then∫ b
a
w(x)φ1(x)φ2(x) dx = 0 and the theorem is proved.

The relation (2.20) also acts as a starting point of the following two theorems.

Theorem 2.2.3. For the Sturm-Liouville problem (1.1), (1.2) to each eigenvalue,

λi, there is only one linearly independent eigenfunction that belongs to it; in other

words, all the eigenvalues are simple. Furthermore, the eigenvalues form an infinite
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increasing sequence, and can be arranged in order of increasing magnitude such that

λ1 < λ2 < ... < λn < ... with lim
x→∞

λn =∞.

and the eigenfunctions yn(x) corresponding to the eigenvalue λn has exactly n − 1

zeros in the open interval (a, b).

The proof of this theorem can be found in [3].

Now we give an example to illustrate the properties of the eigenvalues and eigen-

functions of the Sturm-Liouville problem stated above.

Example 2.2.2. Consider the basic Sturm-Liouville equation

y′′ + λy = 0 (2.26)

with the separated boundary conditions

y(0) = 0, y(π) = 0, (2.27)

The general solution is given by

y(x) = c1 cos (
√
λx) + c2 sin (

√
λx)

with λ > 0. If λ ≤ 0 then c1 = c2 = 0 and the system will have only the trivial

solution. Now, the first boundary condition indicates c1 = 0, and the second condition

implies

c2 sin (
√
λπ) = 0.
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Since we cannot get an eigenfunction if c2 = 0, then we must have

sin (
√
λπ) = 0 =⇒

√
λπ = nπ

Therefore, the eigenvalues are λn = n2 with the corresponding eigenfunctions yn(x) =

sinnx, where (n = 1, 2, . . . ).

Clearly, the eigenvalues are real and can be ordered in a way such that λ1 < λ2 <

· · · and λn → ∞ as n → ∞. In addition, the eigenfunctions are orthogonal with

respect to the weight function, w(x) = 1, and satisfy the relation

∫ 1

0

ym(x)yn(x) dx =

∫ 1

0

sinmx sinnx dx = 0, m 6= n.

Finally, only a single linearly independent eigenfunction, yn corresponds to each eigen-

value λn.

The final property that we will go over in this section is about the possibility of

expressing a function as a series of eigenfunctions of the Sturm-Liouville problem.

Theorem 2.2.4. For the Sturm-Liouville problem (1.1) and (1.2), the eigenfunctions,

yn form a complete orthogonal set of functions on the interval (a,b) with respect to

the weighted inner product

(v, u) =

∫ b

a

w(x)v(x)u(x)dx.

That is, any suitable function f(x) can be expressed as a series of eigenfunctions, yn,
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over (a, b) by using Fourier series,

f(x) =
∞∑
n=0

cnyn(x), where cn =
(f, yn)

(yn, yn)
(2.28)

and the cn are the Fourier coefficients.

A proof of the above theorem can be found in [7].
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Chapter 3

The Prüfer Substitution

3.1 The Prüfer Substitution

The Prüfer substitution is a useful method in the study of the solutions of the second

order differential equations of the form

[P (x)y′(x)]′ +Q(x)y(x) = 0; a < x < b (3.1)

where P (x) > 0 is continuous and differentiable and Q(x) is continuous. An inter-

esting question that arises in the study of such equation is, how many zeros does the

solutions of (3.1) have over (a, b)? To answer the question, we begin by applying to

(3.1) the Prüfer substitution defined by

P (x)y′(x) = r(x) cos θ(x) (3.2a)

y(x) = r(x) sin θ(x) (3.2b)
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where r(x) is called the amplitude and θ(x) is called the phase variable. These two

dependent variables are defined by

r2 = y2 + P 2y′
2

(3.3)

and

θ = arctan(
y

Py′
)⇐⇒ cot θ =

Py′

y
(3.4)

If r = 0, then by (3.2a), y(x) = 0 = y′(x) and by the uniqueness theorem of second

order linear differential equations, (3.1) has at most one solution which is, in this

case, the trivial solution. In (3.3) we take r to be a non-negative variable so that, for

any nontrivial solution of (3.1), the function r(x) is always positive.

Now we want to find a system of differential equations for the Prüfer phase and

amplitude functions, θ(x) and r(x), that is equivalent to equation (3.1). We begin by

differentiating (3.4) to get

− csc2 θ
dθ

dx
=

(Py′)′ · y − y′(Py′)
y2

=
(Py′)′

y
− Py′2

y2
.

From (3.1) and (3.4) we can see that Q(x) = (Py′)′

y
and cot2 θ = Py′2

y2
. So, by substi-

tuting in the above equation we get

− csc2 θ
dθ

dx
= −Q(x)− cot2 θ

P (x)
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Finally, multiplying both sides by − sin2 θ we obtain the first order differential equa-

tion of the Prüfer phase function

dθ

dx
= Q(x) sin2 θ +

cos2 θ

P (x)
= F (x, θ) (3.5)

Similarly, we differentiate (3.3) to obtain

2r
dr

dx
= 2 (Py′) · (Py′)′ + 2yy′

= 2 (r cos θ) (−Qy) + 2 (r sin θ) y′

= −2Q r2 cos θ sin θ +
2r2 sin θ cos θ

P

and by simplifying, we get the following differential equation of the amplitude function

r.

dr

dx
=

[
1

P (x)
−Q(x)

]
r(x) sin θ cos θ =

1

2

[
1

P (x)
−Q(x)

]
r(x) sin 2θ (3.6)

We call equation (3.5) together with (3.6) the Prüfer system associated with the

differential equation (3.1), and it is solved with initial conditions given by

y(a) = r(a) cos θ, y′(a) =
r(a) cos θ

P (a)
over [a, b].

Solving the Prüfer system is equivalent to solving the differential equation (3.1).

That is, when suitable initial conditions are imposed, all nontrivial solutions of the

system, (3.5) and (3.6), give a unique solution to (3.1) and vice versa. The following

theorem supports the previous statement.
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Theorem 3.1.1. Suppose that equations (3.1), (3.5) and (3.6) are valid. Then:

(i) If θ and r are solutions for (3.5) and (3.6) respectively, then a solution of (3.1)

is given by y = r sin θ; and Py′ = r cos θ.

(ii) If y is a nontrivial solution to (3.1), then there exists solutions θ and r of (3.5)

and (3.6) respectively with r(x) 6= 0 for x ∈ [a, b] such that y = r(x) sin θ and

Py′ = r(x) cos θ.

Proof. We will only prove the first part. For the proof of (ii) we refer the reader to

[20].

To prove (i), let θ(x) and r(x) be solutions of (3.5) and (3.6) respectively, then we

want to show that the expressions y = r(x) sin θ and P (x)y′ = r(x) cos θ satisfy (3.1).

Differentiating the latter expression and using (3.5), (3.6) we get

(Py′)′ = r′ cos θ − r sin θ · θ′

=

[(
1

P
−Q

)
r sin θ cos θ

]
cos θ − r sin θ

[
Q sin2 θ +

1

P
cos2 θ

]
= r sin θ

[
−Q

(
cos2 θ + sin2 θ

)]
= −Q r sin θ = −Qy

=⇒ (Py′)′ = −Qy

it is now clear that equation (3.1) is satisfied and this completes the proof of (i).

What is useful about the Prüfer system is that the differential equation (3.5) is of

first order and, as mentioned in [3], it satisfies a Lipschitz condition with Lipschitz

constant, L, where,

L = sup
a<x<b

∣∣∣∣∂F∂θ
∣∣∣∣ ≤ sup

a<x<b
|Q(x)|+ sup

a<x<b

1

|P (x)|
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In any closed interval where Q and P are continuous, the constant L is finite. Since F

is a continuous function of the independent variables x, θ and it satisfies a Lipschitz

condition in [a, b] then, by the uniqueness theorem, the differential equation (3.5) has

a unique solution θ(x) that satisfies any initial condition θ(a) = γ, provided that Q

and P are continuous at a.

Once θ(x) is found, equation (3.6) of the Prüfer system becomes a separable first

order differential equation in r, x alone, not containing any other dependent variable.

Therefore, we can obtain a solution r(x) to (3.6) as the following

∫ x

a

dr

r
=

1

2

∫ x

a

[
1

P (s)
−Q(s)

]
sin 2θ ds

=⇒ exp (ln r(x)− ln (r(a)) = exp

(
1

2

∫ x

a

[
1

P (s)
−Q(s)

]
sin 2θ ds

)
=⇒ r = K exp

(
1

2

∫ x

a

[
1

P (s)
−Q(s)

]
sin 2θ ds

)

where K = r(a). Clearly, the Prüfer system, (3.5) and (3.6), depends on two initial

conditions; the initial phase θ(a) = γ and the initial amplitude r(a) = K. Changes

in K only multiply the solution y(x) of (3.1) by a constant factor. Therefore, finding

the locations of the zeros of any solution y can be done by focusing on the differential

equation (3.5) only.

For any solution y(x) of (3.1), the zeros of the solution appear when y = 0 = r sin θ.

That is, when θ(x) = nπ, (n = 0, 1, . . . ), in other words, at all values of x such that

sin θ(x) = 0. Obviously, at these points cos2 θ(x) = 1, which means dθ
dx

= 1
P (x)

> 0

and so θ(x) is increasing. The geometric interpretation is that, as x varies over [a, b],

the planar curve defined by (P (x)y′(x), y(x)) associated with a solution y(x) of (3.1)

touches the horizontal Py′-axis only when y(x) = 0 or when θ = nπ, and this only
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counterclockwise as x increases.

In general, we know from calculus that a function has a maximum or minimum

at a point when the tangent curve at that point is horizontal, the derivative is zero.

Following the same approach and the fact that for a solution y(x) of (3.1) we have

0 = P (x)y′(x) = r cos θ =⇒ cos θ = 0 and sin2 θ = 1, then y(x) can have a maximum

(or minimum) at the values of x where θ(x) = (n + 1
2
)π. However, at these points

equation (3.5) indicates that

dθ

dx
= Q(x) sin2

(
(n+

1

2
)π

)
+

cos2
(
(n+ 1

2
)π
)

P (x)
= Q(x) > 0

Assuming Q(x) > 0. As a result, θ(x) touches the line θ = (n+ 1
2
)π only once; because

if it touches it twice, say, there must be a maximum or a minimum somewhere in

between so the graph will look something like Fig 3.1(a) which means if θ(x) has to

touch θ = (n + 1
2
)π a second time, then the slope will be negative there as shown in

Fig 3.1(b) and this contradicts with the inequality dθ
dx

= Q > 0. This concludes the

proof of the following lemma.

Lemma 3.1.1. Let y(x) be any nontrivial solution of (3.1) and let α1 and α2 be two

consecutive zeros of y. If Q(x) > 0, then there exists a unique x0 ∈ (α1, α2) such that

y(x0) is a maximum (or minimum).
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Figure 3.1: (a) Sketch of a solution y(x) with more than one maximum/minimum
values between two successive zeros (α1 and α2). (b) The graph of θ(x)
that shows the corresponding values of the maximum/minimum points of
(a).

We now consider the Prüfer system associated with the regular Sturm-Liouville

system, (1.1)-(1.2), by setting P (x) = p(x) and Q(x) = λw(x) − q(x). Therefore,

equations (3.5) and (3.6) become

dθ

dx
= ( λw(x)− q(x) ) sin2 θ +

1

p(x)
cos2 θ (3.7)

dr

dx
=

[
1

p(x)
− ( λw(x) + q(x) ) r sin θ cos θ

]
(3.8)

where p(x) > 0 and w(x) > 0 for all x ∈ [a, b].

For any solution of the regular Sturm-Liouville equation (1.1), a zero is a point

x0 at which θ(x0, λ) = nπ where θ(x, λ) is the solution of (3.7) satisfying the initial
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condition θ(a, λ) = γ for any λ.

In the case where we have different values of αi and βj in the boundary condition

(1.2), the initial and endpoint conditions on the phase function will be changed based

on the Prüfer relation (3.4) as follows:

θ(a, λ) = arctan

(
−β0
α0p(a)

)
= γ

and eigenvalues λ will be defined as solutions of

θ(b, λ) = arctan

(
−β1
α1p(b)

)
+ nπ

where n is an integer.

A fundamental result in the study of Sturm-Liouville theory is the Sturm com-

parison theorem, [12], which we go over next.

Theorem 3.1.2 (Sturm Comparison Theorem). Let Pi, Pj, Qi and Qj (j > i)

be real valued continuous functions on x ∈ [a, b] and let

[Pi(x)y′i(x)]′ +Qi(x)yi(x) = 0

[Pj(x)y′j(x)]′ +Qj(x)yj(x) = 0

where 0 ≤ Pj(x) ≤ Pi(x) and Qi(x) ≤ Qj(x), and yi, yj are non-trivial solutions

for the first and second differential equations respectively. Let α1 and α2 be two

consecutive zeros of yi, then there exists x0 ∈ (α1, α2) such that yj(x0) = 0, except

when yi(x) = cyj(x). The latter implies that Pi(x) = Pj(x) and Qi(x) = Qj(x), except

possibly when Qi(x) = Qj(x) = 0.
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For the proof of the Sturm comparison theorem see [7].

The Sturm comparison theorem above says, if the conditions on the coefficient

functions P and Q above are satisfied, then between any two zeros of yi there is at

least one zero of yj except when yi is a constant multiple of yj. An application on

this would be a Sturm-Liouville system with different eigenvalues λn and in which

Pj = Pi = p and Qn = λnw − q. Therefore, by assuming w > 0 and λj > λi the

theorem makes a comparison between the corresponding different eigenfunctions. As

a result, the zeros of the eigenfunction corresponding to λj lie between the zeros of

the eigenfunction corresponding to λi. We say yλj oscillates more frequently than yλi .

Example 3.1.1. The eigenvalues of the Sturm-Liouville problem

y′′ + λy = 0 y(0) = y(π) = 0,

are λn = (n+ 1)2 and the eigenfunctions are yn = sin((n+ 1)x), where n = 0, 1, 2, . . .

(see example (2.2.2)). The Sturm comparison theorem then tells us that y0 has

only two zeros at the endpoints, and y1 has an additional zero that lies between the

endpoints. In the same manner, y2 has a zero situated between each zero of y1 and so

on. Thus, as the eigenvalue increases the corresponding eigenfunction oscillates more

frequently. For illustration, the eigenfunctions of the first four eigenvalues are shown

in Figure 3.2.
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Figure 3.2: Illustration of example on Sturm comparison theorem: first four eigen-
functions of y′′ + λy = 0
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Chapter 4

Methodology

Finding the eigenvalues of Sturm-Liouville problems is a major area of interest in

mathematics and its applications. It’s not always possible to find the analytical so-

lution of eigenvalue problems. However, some numerical methods can be of great

applicability and provide efficient approximations. In this chapter, we discuss the

Prüfer based shooting method and the algorithm we use to approximate the eigen-

values of regular Sturm-Liouville problems with Dirichlet boundary conditions, i.e.,

fixed end boundary conditions.

4.1 Shooting Method

The shooting method is a method for reducing a boundary value problem to an initial

value problem and solving it. The differential equation is solved as an initial value

problem for a set of trial values of λ that are modified until the boundary conditions

at both ends can be met at the same time, so that at such λ we obtain an eigenvalue.

The simplest shooting approach is done by choosing an initial condition that satisfies

one of the boundary conditions and then shooting (by varying λ) from that endpoint

until the solution vanishes at the other end-point, i.e., that new value of λ is the
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eigenvalue.

Example 4.1.1. The eigenvalue problem y′′ + λy = 0 with boundary conditions

y(0) = y(π) = 0 can be solved and the eigenvalues are given by λ = k2 where

k = 1, 2, 3, ... with eigenfunction y(x, λ) = sin(
√
λ x). Here the ‘target’ values are

determined by the boundary condition at b = π. When λ is an eigenvalue, the value

of y equals the target, y(π, λ) = 0. The shooting process of this example is shown in

Figure 4.1. We notice that at π there is a zero of the first eigenfunction (see (a) in

Figure 4.1) and as λ increases, that zero is moving to the left and it’s coming inside

the interval [0, π]. At the same time, outside of π there is another zero, say z∗, but

we don’t see it. Eventually, z∗ will appear and it will keep moving to the left until it

hits π (see (b), (c) and (d) in Figure 4.1) and that λ will be the next eigenvalue.
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Figure 4.1: Illustration of the movement of zeros of the eigenfunctions as the value of
λ increase: different eigenfunctions of y′′ + λy = 0

In general, the zeros of the eigenfunctions of Sturm-Liouville problem move to

the left as the value of λ increases. To prove that, let x(λ) = 0 then y(x(λ), λ) = 0.

Taking the derivative of the last equation using chain rule for two variables we get

dy(x(λ), λ)

dλ
=
∂y(x(λ), λ)

∂x

dx(λ)

dλ
+
∂y(x(λ), λ)

∂λ
= 0. (4.1)

We denote

∂y(x(λ), λ)

∂λ
= yλ(x, λ) and

∂y(x(λ), λ)

∂x
= y′(x, λ),
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then equation (4.1) can be written as

dx

dλ
= − yλ(x.λ)

y′(x, λ)2
y′(x, λ). (4.2)

Since y(x, λ) is a solution of the Sturm-Liouville equation (1.1) then

y′′(x, λ) + (λw(x)− q(x))y(x, λ) = 0, (4.3)

where we assumed p(x) = 1 for simplicity. Now, differentiating both sides of the

above equation with respect to λ we get

y′′λ(x, λ) + w(x)y(x, λ) + (λw(x)− q(x))yλ(x, λ) = 0. (4.4)

Multiplying (4.3) by yλ(x, λ) and (4.4) by −y(x, λ) then adding them together, gives

y′′(x, λ) yλ(x, λ) + (λw(x)− q(x))y(x, λ)yλ(x, λ)− y′′(x, λ)y(x, λ)

−w(x)y2(x, λ)− (λw(x)− q(x))yλ(x, λ)y(x, λ) = 0

=⇒ y′′(x, λ)yλ(x, y)− y′′λ(x, λ)y(x, λ) = wy2. (4.5)

Adding y′λ(x, λ)y′(x, λ)− y′λ(x, λ)y′(x, λ) and rearranging the terms yields

d

dx
[y′(x, λ)yλ(x, λ)− y′λ(x, λ)y(x, λ)] = wy2(x, λ). (4.6)
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Integrating (4.6) over [0, x(λ)] we get

y′(x(λ), λ)yλ(x(λ), λ)− y′λ(x(λ), λ)y(x(λ), λ)

− y(0, λ)yλ(0, λ)− y′λ(0, λ)y(0, λ) =

∫ x(λ)

0

w(x)y2dx.

Since y(x(λ), λ) = y(0, λ) = 0, the expression above becomes

y′(x(λ), λ)yλ(x(λ), λ) =

∫ x(λ)

0

wy2dx (4.7)

Finally, substituting (4.7) in (4.2) we get

∂x

∂λ
= − 1

y′(x(λ), λ)2

∫ x(λ)

0

y2(x(λ), λ). (4.8)

Clearly, the right hand side of equation (4.8) is negative which means x(λ) is a

decreasing function. In other words, the zeros move to the left as λ increases.

Shooting methods usually do not determine the index of the eigenvalue. How-

ever, for Sturm-Liouville problems, this difficulty can be avoided by the Prüfer based

shooting method. According to [12], The Prüfer shooting technique first appeared

in a 1923 paper [18] by H. Prüfer. Moreover, this method has been implemented by

Bailey, Gordon and Shampine in the SLEIGN code [2] (and its successor SLEIGN2

[1]).
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4.2 Prüfer Based Shooting Algorithm

We are interested in estimating the eigenvalues of the regular Sturm-Liouville system:

[p(x)y′]′ + [λw(x)− q(x)]y = 0 (4.9)

with Dirichlet boundary conditions

y(a) = y(b) = 0 (4.10)

where p, p′, q and w are continuous and p(x), w(x) > 0 for all x ∈ (a, b). To keep

things simple we focus on intervals where a = 0, however if that is not the case we

can transform any Dirichlet problem on [a, b] into a corresponding problem on [0, 1]

by means of a change of independent variable as follows:

Let y(x) = z(t) where t = x−a
b−a , x is the original variable (a ≤ x ≤ b), and t is the

new variable (0 ≤ t ≤ 1). Then,

y′(x) = z
′
(t)

dt

dx
= z

′
(t)

1

b− a

and the new corresponding Sturm-Liouville problem is

(p(x)
z
′
(t)

b− a
)
′
+ (λw(x)− q(x))z(t) = 0

z(0) = z(1) = 0,

where x = t(b− a) + a and now the differentiation is with respect to t in the previous

equation.
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From Chapter 3, we know that finding the eigenvalues of the Sturm-Liouville

system (4.9)-(4.10) can be achieved by solving the initial value problem

dθ

dx
= (λw(x)− q(x)) sin2 θ +

1

p(x)
cos2 θ

θ(a, λ) = 0.

(4.11)

Since from Prüfer transformation we know that y
p(x)y′

= tan θ, then the boundary

condition y(b) = 0 is satisfied when we have a value of λ such that tan θ(b, λ) = 0 or

θ(b, λ) = nπ and this λ is an eigenvalue. The previous idea with the fact that the

eigenvalues of a regular Sturm-Liouville problem are in an ascending order allow us to

find the eigenvalue of a specific index. (Recall that the index is the number of zeros -

1 of an eigenfunction inside (a, b), see Theorem 2.2.3) That is, the first eigenvalue is

the λ that satisfies (4.11) and θ(b, λ) = π and the nth eigenvalue is the λ that satisfies

(4.11) and θ(b, λ) = nπ ... etc.

The Prüfer based shooting method corresponds to numerically approximating the

solutions of θ(b, λ) for a set of values of λ until a multiple of π is obtained, then

repeating the process until all eigenvalues are found. The question that comes up

now, is how to find an initial guess for the value of λ to start with? According to

Brown-Hinton, [5], and Krein, [11], for the Sturm-Liouville equation y′′+λw(x)y = 0

with q(x) = 0 the following a priori bounds hold for λn:

4n2

(b− a)
∫ b
a
w dx

≤ λn ≤
π2Hn2(∫ b
a
w dx

)2 (4.12)

whereH ≥ w(x) and n = 1, 2, . . . . The bound in (4.12) only works for Sturm-Liouville

equations where p(x) = 1 and q(x) = 0. However, for the case where p(x) 6= 1 we can
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transform it by changing the independent variable as follows:

Let y(x) = z(t) where t = f(x). Then finding the derivative using the Chain Rule

we get

y′ = z
′
(t)

dt

dx
= z

′
(t)f

′
(x).

Substituting the previous equation in (4.9) gives

(p(x)f
′
(x)z

′
(t))

′
+ (λw(x)− q(x))z = 0.

Therefore, to make p(x) = 1 we need f
′
(x) = 1

p(x)
. Integrating both sides over [a, x]

we get t = f(x) =
∫ x
a

1
p(s)

ds.

This change of variable converts (4.9) to

z
′′

+ (λw(x)− q(x))p(x)z(t) = 0

z(0) = z(b∗) = 0

where z′ = dz
dt

and x = f−1(t) is the inverse of the map t = f(x).

Other bounds on the eigenvalues of the Sturm-Liouville system (4.9)-(4.10) es-

tablished were by Breuer and Gottlieb are considered in the following theorems (see

[4]):

Theorem 4.2.1. Let:

1. λn be the nth eigenvalue of the Sturm-Liouville system (4.9)-(4.10),

2. f(x) be any continuous function on [a, b] such that 0 ≤ f(x) ≤ p(x),

3. c be any constant satisfying c ≥ w(x)f(x), x ∈ [a, b],
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4. and let

m = min
x∈[a,b]

(
q(x)

w(x)

)
.

Then a lower bound on the eigenvalue is given by

λn ≥
n2π2

c
[∫ b

a
1

f(x)
dx
]2 +m.

where n = 1, 2, ...

Similarly,

Theorem 4.2.2. Let:

1. λn be the nth eigenvalue of the Sturm-Liouville system (4.9)-(4.10),

2. F (x) any continuous function no [a, b] such that F (x) ≥ p(x),

3. C any constant satisfying C ≤ w(x)F (x),

4. and

M = max
x∈[a,b]

(
q(x)

w(x)

)
.

Then an upper bound on the eigenvalue is given by

λn ≤
n2π2

C
[∫ b

a
1

f(x)
dx
]2 +M.

where n = 1,2, ...

For more details and the proofs of Theorems 4.2.1 and 4.2.2, see [4].
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After finding the upper and lower bounds on the eigenvalue, approximating the

eigenvalue is accomplished by finding the mid point between the upper and lower

bounds and comparing the approximations of θ at these points. If the eigenvalue

is still not found, we approximate θ at slightly bigger and smaller points than the

mid point to decide in which subinterval the eigenvalue is in. Then, through a finite

number of steps while repeating the same process, the value of λ such that θ(b, λ) ≈ nπ

to the required degree of accuracy is the eigenvalue.

Finally, before we end this chapter, we summarize the steps of the algorithm

we use to estimate the eigenvalues or the regular Sturm-Liouville problem (4.9) and

(4.10).

4.3 Algorithm

• Step 1: Let b1 and b2 be the lower and upper bounds found using (4.12) or by

Theorems 4.2.1 and 4.2.2, and bmid = b1+b2
2

.

• Step 2: Use Runge-Kutta method of order four to approximate θ(b, b1), θ(b, b2)

and θ(b, bmid). Then stop if any of the approximations is an eigenvalue to the

desired degree of accuracy (up to 10−11), otherwise go to step 3.

• Step 3: If the eigenvalue is in [b1, bmid], let b2 = bmid and bmid = b1+bmid
2

.

otherwise, let b1 = bmid and bmid = bmid+b2
2

. Then go to step 2.

• Step 4: Change the eigenvalue index and go to step 1 until all the required

eigenvalues are found.
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Chapter 5

Applications and Results

5.1 Python

Python is a programming language that is used globally for different purposes. The

Python language was designed and developed by Guido van Rossum and the Python

Software Foundation in 1991, [19]. It is considered one of the simplest and easy to

use languages due to it’s simple syntax. In addition to it being free and accessible to

everyone, it’s constantly improving. One of the powerful features of Python is that

it supports libraries such as SymPy which are useful when dealing with numerical

calculations and mathematical operations. SymPy is a symbolic mathematics package

for Python. Its goal is to become a full-featured computer algebra system while

keeping the code as basic as possible to make it understandable and extendable, [14].

The disadvantage in using SymPy is that it does not allow for the input of functions

that don’t have computable anti-derivative, for example functions such as e−x
2
.
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5.2 The Code

The purpose of the code is to find specific eigenvalues of a regular second order

Sturm-Liouville problem defined on a finite interval using the algorithm mentioned

in Chapter 4.

5.2.1 Functions

The code consists of several functions that are called in the main part of the program.

We list few of these functions and a brief description for each.

The syntax,

dtheta(x, theta, lambda):

takes in a real number x, a value of theta, and the current trial value of lambda as

an input and approximates the solution of the differential equation in (4.11). Before

running the code, the user must modify this function and enter the required coefficient

functions p(x), q(x) and w(x). This lowers the run time of the code, since it’s not

possible for Python to read mathematical expressions directly from the user. We shall

mention that the coefficient functions must be entered using Python syntax. The

following table contains some popular math equations and their syntax in Python:
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Table 5.1: Python syntax of some mathematical functions and symbols

Mathematical Functions Python Syntax Mathematical Constants Python Syntax

ex math.exp(x) π math.pi√
(x) math.sqrt(x) e math.e

ln(x) math.log(x) ∞ math.inf

sin(x) math.sin(x)

As, seen in the table above, most functions are called from the math library in

Python. For the syntax of other math functions, see [8]. The syntax,

rungeKutta(a, theta0, b, h, lambda):

takes five parameters as input:

-) a and b - the end points of the Sturm-Liouville problem,

-) theta0 - the value of the initial condition θ(a, λ) of the initial value problem

(4.11),

-) h - the value of the step size, or the number of iterations of the Runge-Kutta

method,

-) lambda - the trial value of λ.

The function approximates the value of θ(b, λ) of the initial value problem (4.11)

using the method of Runge-Kutta of order four. Hereafter, we fix the step size of

the Runge-Kutta method (h) to be 0.000001. After a good amount of testing with
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different examples we’ve found that this choice provides good estimates for large

eigenvalues within a reasonable running time for the code.

lowerBound(eigvInd):

Takes one input:

-) eigvInd: the index of the current trial eigenvalue,

and returns a lower bound for that eigenvalue using Theorems 4.2.1 or 4.12.

upperBound(eigvInd):

Similar to lowerBound, but gives an upper bound for the eigenvalue with the specified

index using Theorems 4.2.2 and 4.12.

5.2.2 Description

To keep things simple we deal with Sturm-Liouville problems with endpoint a = 0

only. As we pointed out, every finite interval [a, b] can be mapped into [0, 1], so

there is no loss of generality in doing this. Thus, if a is nonzero, then the program

will use the transformation mentioned in Chapter 4 to transform the problem into a

corresponding problem over [0, 1] and provide the transformed coefficient functions

p(x), w(x) and q(x) to the user. Therefore, at the beginning of the code, the user is

asked to enter the index of the required eigenvalue, and the endpoints a and b. Then

the user will enter the coefficient functions or the new transformed functions, using

Python syntax, in the ’dtheta’ function.

After all the inputs are entered, the lower bound (b1) and upper bound (b2) are

calculated. The way this is done depends on the value of the coefficient function
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p(x). If p(x) = 1 the bounds in Theorem 4.12 will be used, otherwise the bounds in

Theorems 4.2.1 and 4.2.2 will be considered. We also calculate the midpoint between

the bounds for later use, bM = b1+b2
2

.

Now, we see if the midpoint is an eigenvalue by checking the condition

∣∣∣∣ eigenvalue index−
(
θapp(b, bM)

π

)∣∣∣∣ < 1× 10−11 (5.1)

where ‘eigenvalue index’ is the current index of the eigenvalue and θapp(b, bM) is the

approximation of the theta function using “rungeKutta” at the midpoint. If bM is not

an eigenvalue, then we need to figure out on which side of bM we find the eigenvalue.

Therefore, we see which of the points bM − 10j or bM + 10j is closer to the eigenvalue.

If the former is closer to the eigenvalue then we let b2 = bM and we consider the

interval [b1, bM ]. Otherwise, we let b1 = bM and the new interval becomes [bM , b2].

We note that the value of j in bM−10j and bM +10j is affected by the accuracy of the

Runge-Kutta method. For very large values of lambda, the“rungeKutta” function

becomes less accurate and might give the same approximation for bM ± 10j. This can

be avoided by using a higher step size h, however this can cause other problems such

as slowing down the code. Therefore, we solve this issue by adjusting the value of j

as λ increases.

Now, since we have a new smaller interval that we know the eigenvalue is in

we repeat the process above until we find the midpoint that satisfies the equation

(5.1). That midpoint is the required eigenvalue. Then we increase the index of the

eigenvalue by one to find the next eigenvalue, until all the requested eigenvalues are

found.
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5.3 Applications

We consider three types of examples to test our code.

1) Cauchy Euler differential equation

Subject to some assumptions we describe below, any Cauchy-Euler differential equa-

tion of the form

Ax2y′′ +Bxy′ + Cλy = 0 (5.2)

with A 6= 0, can be transformed into Sturm-Liouville form using the integrating

factor, which we obtain from (2.12):

µ =
e
∫

Bx
Ax2

dx

Ax2
=

1

Ax2
e
B
A

lnx =
x
B
A
−2

A
.

This gives the Sturm-Liouville problem

(
x
B
A y′
)′

+
λC

A
x
B
A
−2y = 0

y(0) = y(b) = 0.

(5.3)

To solve (5.2), first we find the roots of the auxiliary equation Ar2 + (B − A)r +

Cλ = 0 using

−(B − A)±
√

(B − A)2 − 4ACλ

2A

Now we have three cases:

If (B −A)2 − 4ACλ = 0 =⇒ λ = (B−A)2

4AC

then we have a repeated root and y = c1x
r + c2x

r lnx. The initial conditions y(0) =

y(b) = 0 =⇒ c1 = c2 = 0.
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If (B −A)2 − 4ACλ > 0

then we have two distinctive roots and y = c1x
r1 + c2x

r2 . The initial condition

y(0) = 0 =⇒ c2 = −c1 and y(b) = 0 =⇒ c1(b
r1 − br2) = 0 which means c1 must be

zero and c1 = c2 = 0.

If (B −A)2 − 4ACλ < 0

then we have two complex roots

r1, r2 =
−(B − A)± i

√
4ACλ− (B − A)2

2A

and

y = c1x
−(B−A)

2A cos

(
lnx

√
4ACλ− (B − A)2

2A

)

+c2x
−(B−A)

2A sin

(
lnx

√
4ACλ−(B−A)2

2A

)
.

The initial condition y(0) = 0 =⇒ c1 = 0 and

y(b) = 0 =⇒ c2(b)
−(B−A)

2A sin

(
ln b

√
4ACλ− (B − A)2

2A

)
= 0

=⇒ ln b

√
4ACλ− (B − A)2

2A
= nπ

Therefore, depending on the values of A,B and C the exact eigenvalues of (5.3)

can be found using

λn =
A

C

(
nπ

ln(b)

)2

+
(B − A)2

4AC

where n = 1, 2, 3, ... and this is what we compare our results with.
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Example 5.3.1. The Sturm-Liouville problem

(
x3y′

)′
+ λxy = 0

y(1) = y(2) = 0

(5.4)

where p(x) = x3, q(x) = 0 and w(x) = x. The exact eigenvalues are found using

λn =

(
nπ

ln(2)

)2

+ 1 (5.5)

where n = 1, 2, .... The following table shows our results in comparison with the exact

eigenvalues.

Table 5.2: Results for (x3y′)
′
+ λxy = 0

Eigenvalue λE λapp |λE − λapp|
λ1 21.5422884552238204 21.542288453647416 1.57640438E-9
λ2 83.1691538208952815 83.16915379367498 2.72203015E-8
λ3 185.880596097014384 185.88059607306548 2.3948904E-8
λ4 329.676615283581126 329.67661525267465 3.0906476E-8
λ5 514.55721138059551 514.5572113332132 4.738231E-8
λ6 740.522384388057534 740.5223842910474 9.7010134E-8
λ7 1007.5721343059672 1007.5721340827452 2.23222E-7
λ8 1315.70646113432451 1315.7064607278817 4.0644281E-7
λ9 1664.92536487312945 1664.925364517351 3.5577845E-7
λ10 2055.22884552238204 2055.228845123768 3.9861404E-7

* λapp is the eigenvalue approximated using the code and λE is the exact
value found using (5.5)

Example 5.3.2. The Sturm-Liouville problem

y′′ +
2(λ− 3)

x2
y′ = 0

y(1) = y(2) = 0

(5.6)
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here p(x) = 1, q(x) = 6
x2

and w(x) = 2
x2

. The exact eigenvalues are found using

λn =
1

2

(
nπ

ln(2)

)2

+
25

8
(5.7)

The following table shows our results in comparison with the exact eigenvalues.

Table 5.3: Results for y′′ + 2(λ−3)
x2

y′ = 0

Eigenvalue λE λapp |λE − λapp|
λ1 13.3961442276119102 13.396144227122626 4.892842E-10
λ2 44.2095769104476408 44.20957690903869 1.4089508E-9
λ3 95.5652980485071917 95.56529804801622 4.909717E-10
λ4 167.463307641790563 167.46330763974368 2.046883E-9
λ5 259.903605690297755 259.9036056812922 9.005555E-9
λ6 372.886192194028767 372.8861921895017 4.527067E-9
λ7 506.411067152983599 506.4110671356507 1.7332899E-8
λ8 660.478230567162252 660.4782305600497 7.112552E-9
λ9 835.087682436564726 835.0876824081897 2.8375026E-8
λ10 1030.23942276119102 1030.2394227438144 1.737662E-8

* λapp is the eigenvalue approximated using the code and λE is the exact
value found using (5.7)

2) Second Order Homogeneous Differential Equation

Any constant coefficient second order homogeneous differential equation of the form

A1y
′′ +B1y

′ + Cλy = 0 (5.8)

with A1 6= 0, can be transformed into Sturm-Liouville normal form using the inte-

grating factor obtained from (2.12),

µ =
e
∫ B1
A1
dx

A1

=
e
B1
A1
x

A1
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and this gives the Sturm-Liouville problem

(
e
B1
A1
x
y′
)′

+ C1e
B1
A1 λy = 0,

y(0) = y(b) = 0.

(5.9)

The differential equation (5.8) can be solved by following the same approach use with

the Cauchy Euler problem. Therefore, the eigenvalues of (5.9) can be found using:

λn =
A1

C1

(nπ
b

)2
+

B2
1

4AC

where n = 1, 2, 3, ...

Example 5.3.3. The Sturm-Liouville problem

(exy′)
′
+ λexy = 0

y(0) = y(1) = 0

(5.10)

here p(x) = ex, q(x) = 0 and w(x) = ex. The exact eigenvalues are found using

λn = (nπ)2 +
1

4
(5.11)

The following table shows our results in comparison with the exact eigenvalues.
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Table 5.4: Results for (exy′)
′
+ λexy = 0

Eigenvalue λE λapp |λE − λapp|
λ1 10.1196044010893586 10.119604401031783 5.75756E-11
λ2 39.7284176043574345 39.728417602083134 2.2743005E-9
λ3 89.0764396098042276 89.07643960815449 1.6497376E-9
λ4 158.163670417429738 158.1636704101426 7.287138E-9
λ5 246.990110027233965 246.99011002149808 5.735885E-9
λ6 355.55575843921691 355.55575839893993 4.027698E-8
λ7 483.860615653378572 483.86061560376487 4.9613702E-8
λ8 631.904681669718952 631.9046816198936 4.9825352E-8
λ9 799.687956488238048 799.6879564487638 3.9474248E-8
λ10 987.210440108935862 987.2104399443352 1.64600662E-7

* λapp is the eigenvalue approximated using the code and λE is the exact
value found using (5.11)

Example 5.3.4. The Sturm-Liouville problem

(exy′)
′
+ (λex + 20ex)y = 0

y(0) = y(1) = 0

(5.12)

here p(x) = ex, q(x) = −20ex and w(x) = ex. The exact eigenvalues are found using

λn = (nπ)2 − 79

4
(5.13)

The following table shows our results in comparison with the exact eigenvalues.
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Table 5.5: Results for (exy′)
′
+ (λex + 20ex)y = 0

Eigenvalue λE λapp |λE − λapp|
λ1 -9.88039559891064138 -9.880395598968214 5.757262E-11
λ2 19.7284176043574345 19.728417602083113 2.2743215E-9
λ3 69.0764396098042276 69.07643960815446 1.6497676E-9
λ4 138.163670417429738 138.1636704101426 7.287138E-9
λ5 226.990110027233965 226.99011002149808 5.735885E-9
λ6 335.55575843921691 335.55575839893993 4.027698E-8
λ7 463.860615653378572 463.86061560376487 4.9613702E-8
λ8 611.904681669718952 611.9046816198936 4.9825352E-8
λ9 779.687956488238048 779.6879564387384 4.9499648E-8
λ10 967.210440108935862 967.2104400326614 7.6274462E-8

* λapp is the eigenvalue approximated using the code and λE is the exact
value found using (5.13)

3) Airy Equation

The equation

y′′ − xy = 0

is called the Airy equation and it has applications in quantum mechanics and op-

tics. There is no exact solution for this problem, however it can be solved using

mathematical software such as Matlab, Maple or Wolfram Mathematica.

Example 5.3.5. The Airy equation is a Sturm-Liouville problem of the form,

y′′ − λxy = 0

y(0) = y(1) = 0.

(5.14)

Here p(x) = 1, q(x) = 0 and w(x) = x. The following table shows our results in

comparison with the results found using Wolfram Mathematica.
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Table 5.6: Results for y′′ − λxy = 0

Eigenvalue λM λapp |λM − λapp|
λ1 18.956265591373203 18.956265591032395 3.40808E-10
λ2 81.88658337813662 81.88658337519038 2.94624E-9
λ3 189.22093329303374 189.22093327983274 1.3201E-8
λ4 340.9669590647526 340.96695904672333 1.802927E-8
λ5 537.1257454350938 537.1257454005948 3.4499E-8
λ6 777.6975694239662 777.6975694003081 2.36581E-8
λ7 1062.6825270308009 1062.682526956226 7.45749E-8
λ8 1392.0806585113041 1392.0806584443976 6.69065E-8
λ9 1765.8919831156077 1765.8919830272616 8.83461E-8
λ10 2184.116510979998 2184.116510892023 8.7975E-8

* λapp is the eigenvalue approximated using the code and λM is the
eigenvalue found using Mathematica
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Chapter 6

Conclusion

In this thesis we studied the Sturm-Liouville problem and the properties of it’s eigen-

values and eigenfunctions. We have seen how the Sturm-Liouville equation appeared

in the context of solving the Heat Diffusion problem using the method of separation of

variables. Moreover, we showed that the eigenvalues of the Sturm-Liouville problem

are simple and can be arranged in order of increasing magnitude. In addition, we

talked about the orthogonality of the eigenfunctions and the possibility of expressing

an arbitrary function as an infinite series of eigenfunctions. Then we considered the

Prüfer transformation and saw how it can be used to convert the Sturm-Liouville

problem into a system of two first order differential equations ( dθ
dx

and dr
dx

). This helps

in finding the eigenvalues since the solution of the dθ
dx

equation at an eigenvalue must

be a multiple of π. Therefore, finding the nth eigenvalue corresponds to finding the

value of λ such that the solution to θ(b, λ) = nπ, and this is the main idea of the

Prüfer based shooting method discussed in Chapter 4.

Finally, we implemented the Algorithm discussed in Chapter 4 into a Python code

and gave different examples with the results in Chapter 5. We were able to find fairly

accurate results for different examples and this tells us that our algorithm indeed
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works. However, with higher eigenvalues the results become less accurate and this is

mainly because the Runge-Kutta method becomes less accurate when dealing with

big numbers. One way to avoid this is by increasing the step size of the Runge-

Kutta method, but this will require more time for the code to run. In this thesis

we only considered the regular Sturm-Liouville problem with the Dirichlet boundary

conditions

y(a) = y(b) = 0

where the endpoints a and b are real.

For future work, the code can be improved to handle a bigger scope of Sturm-

Liouville problems. For example, singular problems where the coefficient functions

are not necessarily positive or continuous. Also, problems where the endpoints are of

different types or problems with coupled boundary conditions, and so on.
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