
Removing Redundancy in Interconnect 

Simulation using Domain Decomposition 

Techniques 

by 

Velnamby Ambalavanar 

A thesis submitted to the 

Faculty of Graduate Studies and Research 

in partial fulfillment of the requirements for the degree of 

Master of Applied Science 

Ottawa-Carleton Institute for Electrical Engineering 

Department of Electronics 

Faculty of Engineering 

Carleton University 

Ottawa, Canada 

May 2008 

(c) Velnamby Ambalavanar, 2008 



1*1 Library and 
Archives Canada 

Published Heritage 
Branch 

395 Wellington Street 
Ottawa ON K1A0N4 
Canada 

Bibliotheque et 
Archives Canada 

Direction du 
Patrimoine de I'edition 

395, rue Wellington 
Ottawa ON K1A0N4 
Canada 

Your file Votre reference 
ISBN: 978-0-494-40630-4 
Our file Notre reference 
ISBN: 978-0-494-40630-4 

NOTICE: 
The author has granted a non
exclusive license allowing Library 
and Archives Canada to reproduce, 
publish, archive, preserve, conserve, 
communicate to the public by 
telecommunication or on the Internet, 
loan, distribute and sell theses 
worldwide, for commercial or non
commercial purposes, in microform, 
paper, electronic and/or any other 
formats. 

AVIS: 
L'auteur a accorde une licence non exclusive 
permettant a la Bibliotheque et Archives 
Canada de reproduire, publier, archiver, 
sauvegarder, conserver, transmettre au public 
par telecommunication ou par Plntemet, prefer, 
distribuer et vendre des theses partout dans 
le monde, a des fins commerciales ou autres, 
sur support microforme, papier, electronique 
et/ou autres formats. 

The author retains copyright 
ownership and moral rights in 
this thesis. Neither the thesis 
nor substantial extracts from it 
may be printed or otherwise 
reproduced without the author's 
permission. 

L'auteur conserve la propriete du droit d'auteur 
et des droits moraux qui protege cette these. 
Ni la these ni des extraits substantiels de 
celle-ci ne doivent etre imprimes ou autrement 
reproduits sans son autorisation. 

In compliance with the Canadian 
Privacy Act some supporting 
forms may have been removed 
from this thesis. 

Conformement a la loi canadienne 
sur la protection de la vie privee, 
quelques formulaires secondaires 
ont ete enleves de cette these. 

While these forms may be included 
in the document page count, 
their removal does not represent 
any loss of content from the 
thesis. 

Canada 

Bien que ces formulaires 
aient inclus dans la pagination, 
il n'y aura aucun contenu manquant. 



Abstract 

A new, accurate and efficient coupled interconnect simulation algorithm is presented 

in this Thesis. This algorithm eliminates redundancies present in simulation of inter

connect networks by exploiting the repetitive nature of segments in the conventional 

method with the aid of domain decomposition techniques. The proposed algorithm 

does not perform any approximations and hence, it provides exact solution of con

ventional lumped segmentation method, but with less computational effort. This 

algorithm was tested on practical interconnect networks and a considerable speed-up 

was obtained. 
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Chapter 1 

Introduction 

1.1 Background and Motivation 

Advances in VLSI technology toward more complex designs, higher operating frequen

cies, sharper rise times, smaller device sizes, low power consumption, and increased 

integration of analog circuits with digital blocks has made signal integrity analysis a 

challenging task. The ever increasing demand for high-speed applications has made 

high frequency effects in transmission line (See Fig. 1.1) such as delay, reflections, 

crosstalk, and attenuation previously neglected during circuit analysis, to become 

prominent [1]. Therefore, if these effects are not predicted at early design stages, 

they can severely degrade system performance. Generally, simulation of intercon

nect networks involves solving large systems of equations and therefore, the cost of 

simulation becomes prohibitively CPU expensive. 

In high frequency applications, length of interconnects becomes a significant portion 

of the minimum wavelength of interest. This gives rise to signal distorting effects that 

1 
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do not exist at lower frequencies. Therefore, an interconnect can no longer be treated 

as a short-circuit at higher frequencies; rather, it exhibits distributed impedance 

effects. As a result, the interconnect electrically isolates the driver from the receivers 

and therefore, the receivers can no longer be considered as direct loads of the driver. 

The impedance of the interconnect becomes the load for the driver and also the 

input impedance to the receivers. This causes the transmission line effects such as 

reflections, overshoot, undershoot, and crosstalk. 

If high speed interconnect effects are neglected at early design stages, they can cause 

logic glitches that render a fabricated digital circuit inoperable. Extra iterations in 

design cycle are costly and delays the time-to-market. Therefore, accurate simulation 

of high-speed interconnect effects becomes extremely important. 

Interconnect behavior is accurately captured in frequency domain using Telegra-
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pher's equations. These equations however do not have a direct representation in the 

time domain. On the other hand, nonlinear components such as drivers and receivers 

present in the network can only be represented in the time domain. As a result, 

accurate interconnect simulation leads to a mixed frequency-time problem [1]. In 

order to circumvent this issue, interconnects are often discretized using segmentation 

techniques [2] such that they can be represented in time-domain and simulated along 

with other nonlinear components. However, this leads to large systems of equations 

the simulation of which is CPU expensive [2-5]. 

In literature, several interconnect simulation algorithms [1-11] have been proposed 

in order to address the above-mentioned issue. Some of these methods [6-8] have 

proposed alternate ways of discretizing the interconnect network to bring down the 

computation cost by trading-off on the accuracy of the interconnect network. Other 

methods involve model-order-reduction methods [9-11], that mathematically project 

the interconnect network into a reduced subspace to obtain a reduced-macromodel. 

The simulation of the macromodel so obtained is usually much faster than the orig

inal network. However, it has to be noted that the response obtained form the 

macromodel is an approximation of the original network. In addition, model-order-

reduction methods suffer from a degradation in efficiency with an increase in the 

number of ports [12]. 

In this thesis, a technique is proposed to achieve considerable speed-up in the sim

ulation of interconnect networks without sacrificing the accuracy of the system of 

equations obtained through discretization techniques. This is achieved by exploiting 

the repetitive nature of segments present in the discretized interconnect equations 

through application of longitudinal partitioning in conjunction with domain decom-
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position techniques [13-17]. This results in a considerable speed up in the simulation 

of coupled interconnect networks with no loss in numerical accuracy. 

1.2 Contributions 

The work performed in this Thesis contributes to the knowledge of high-speed inter

connect simulation by providing an efficient technique to achieve the exact solution 

of conventional lumped segmentation method [18]. Specifically, the proposed method 

addresses the main problem with the conventional method, which is high CPU cost 

due to solving large linear system of equations. The main contributions of this Thesis 

are as follows. 

1. A new partitioning approach for multiconductor transmission lines is provided 

such that it forms identical partitions along the direction of signal propagation, 

while minimizing coupling between formed partitions. 

2. An efficient technique for the simulation of high-speed interconnects is pro

posed which eliminates redundant partitions in the simulation process with 

the aid of domain decomposition methods and gives considerable speed-up 

compared to the conventional method. 

3. Detailed implementation techniques are provided in order to perform efficient 

nonlinear transient simulation algorithm using proposed method. 

4. An approach to estimate optimal number of identical partitions (domains) 

that need to be formed in order to achieve maximum possible speed-up for the 

proposed method is presented. 
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1.3 Organization of the Thesis 

This thesis is organized as follows. Chapter 2 presents a background about simula

tion of high-speed interconnects. In this chapter, a review of high-speed interconnect 

issues, formulation of distributed transmission line equations, macromodeling ap

proaches, and formulation of network equations is provided. In Chapter 3, a new 

efficient algorithm to remove redundancy in the simulation of interconnect networks 

is presented with numerical examples. Chapter 4 presents detailed implementation 

techniques for the proposed algorithm. In Chapter 5, an approach to estimate the op

timal number of domains in order to achieve maximum possible speed-up is discussed. 

Finally, the conclussions and future work are presented in Chapter 6. 



Chapter 2 

Simulation of High-Speed 

Interconnect Networks 

As discussed in the introduction, interconnect effects become critical in high-speed 

electrical systems. Predicting these effects accurately is essential for avoiding ad

ditional cost in manufacturing and delays in the design cycle. This chapter reviews 

some of the important aspects of high-speed interconnects along with their simulation 

issues. 

2.1 Overview of High Speed Interconnect Issues 

One of the main aspects of the high-speed interconnects is that the time taken by 

the propagating signal between its end points cannot be neglected. The length of the 

interconnect is the primary factor influencing the delay of the interconnect. Signal 

propagation time is directly proportional to the length of the interconnect. Signal 

integrity problems start to arise when the propagation time becomes close enough 

6 
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to the rise/fall time of the propagating signal. As the signal makes rapid transitions 

between its high and low voltage levels, impedance of the interconnect becomes load 

for the driver and input impedance to the receivers. This leads to various transmis

sion line effects such as delay, reflections, attenuation, and crosstalk. In high-speed 

1 

0.8 

f 0.6 
o> 
3 
~5 
> 0.4 

0.2 

0 
0 0.2 0.4 0.6 0.8 1 1.2 0 2 4 6 8 10 

Time(ns) Frequency(GHz) 

Figure 2.1: Frequency response of a trapezoidal pulse 

circuits, sharper rise/fall times add high frequency content to the propagating signal. 

Fig. 2.1 illustrates the frequency spectrum of a trapezoidal pulse with 0.1 ns rise/fall 

time. It can be observed from the graph that the signal energy is spread up to several 

GHz. 

At low frequencies, an interconnect behaves effectively as a short circuit. However, 

at high frequencies, the same interconnect exhibits inductive/capacitive effects. An 

interconnect is called electrically short [1] if, at the highest operating frequency of 

interest, the interconnect length is physically shorter than approximately one-tenth 

of the wavelength. Otherwise, the interconnect is referred to as electrically long 

[2,3]. Electrically short interconnects can be represented by lumped models whereas 

electrically long interconnects need distributed or full-wave models. 
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As it can be seen from Fig. 2.1, the energy spectrum of a trapezoidal pulse is spread 

over an infinite frequency range. However, most of the signal energy is concentrated 

near the low frequency region and decreases rapidly with the increase in frequency. 

Therefore, a maximum frequency fmax can be set such that neglecting the spectrum 

above fmax will not significantly alter the overall signal shape. For practical purpose, 

relationship between the maximum frequency of interest (/mox) and the rise/fall time 

of the signal (tr) can be expressed as [19-22], 

fmax ~ —. • (2-1) 

In some cases, the limit can be more conservatively set as fmax ~ l/tr [22]. 

2.2 High-speed Interconnect Effects 

2.2.1 Propagation Delay 

Propagation delay (T^) is the time taken by the signal to travel from one end of a 

transmission line to the other. It depends on the physical properties of the trans

mission line: length, cross section, and relative permittivity and permeability of the 

dielectric material used. For a uniform transmission line immersed in a homogeneous 

medium with pure TEM mode propagation, the pure delay can be given by, 

Td = dy/JIe = dVLC (2.2) 

where, 
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• d: length of transmission line 

• ^,e: permeability and permittivity of the surrounding medium 

• L,C: per-unit-length inductance and capacitance of the transmission line. 

In addition to the pure delay, there will be an additional delay in rise time at the 

receiver end called rise-time degradation where the rise time at the receiver end (tR) 

is larger than the rise time at the source end (tr) [19,23]. 

2.2.2 Reflection 

Reflection in interconnects occurs due to discontinuity in characteristic impedance in 

the signal path. Characteristic impedance changes when the signal traverses through 

interconnects existing at various levels of design hierarchy: on-chip, packaging struc

tures, multi-chip modules, printed circuit boards, back-planes and cables. Impedance 

mismatch between characteristic impedance of the transmission line and source/ter

minating impedances also causes reflection. Signal reflection affects the smoothness of 

the signal by causing ringing, overshoots, and undershoots. These effects can severely 

distort signal propagation at higher frequencies. 

2.2.3 Crosstalk 

Crosstalk refers to the coupling of electromagnetic energy into adjacent conductors 

through mutual inductance and mutual capacitance. The coupled energy causes noise 

voltage-currents in the victim line. This may lead to unnecessary switching and 

system malfunctioning. Crosstalk becomes a major problem in the current technology 

due to the high-density and closely laid interconnects. 
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2.2.4 Attenuation 

Attenuation in interconnects occurs due to the resistance of the interconnect (ohmic 

losses) and dielectric losses (conductance losses). Attenuation causes reduction in 

signal strength and therefore, if the attenuation is very high, the propagating signal 

may not retain the specified logic levels at the receiver end. 

The resistance of interconnects is increasing due to increased scaling of wire cross-

sections in today's VLSI industry. At higher frequencies, uneven current distributions 

in the interconnects characterized as skin, edge, and proximity effects add more ohmic 

losses [2,24-26]. The skin effect refers to the tendency of the current to concentrate 

near the surface of the conductor; edge effect refers to the tendency of the current to 

concentrate near the sharp edges of the conductor; and proximity effect refers to the 

tendency of the returning current through ground plane to concentrate close to the 

signal conductors. 

Dielectric losses occur due to the leakage current through imperfect dielectric ma

terial. The dielectric loss is proportional to the loss tangent of the given dielectric 

material. 

2.3 High-Speed Interconnect Models 

In order to accurately predict the aforementioned high-speed interconnect effects, a 

complete description of the dynamics of the electromagnetic field guided through the 

interconnects becomes necessary. If the interconnect's largest dimension is electrically 

small when compared to the minimum wavelength of interest, the electromagnetic 

effects can be lumped into circuit elements and the resulting network can be simulated 
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using lumped circuit theory [2]. 

When the length of the interconnect becomes electrically long, so called transmission-

line formulation is used to represent the line as a distributed parameter structure 

along the structure axis [2]. In order to use the transmission-line formulation, the 

cross-sectional dimensions must be electrically small. The fundamental assumption of 

the transmission-line formulation is that the field structure surrounding the conduc

tors obeys a Transverse Electromagnetic (TEM) mode [2]. In TEM mode, the electric 

and magnetic fields are perpendicular to the direction of propagation, but there is 

no field component in the direction of propagation. Electrically large cross-sectional 

dimensions and inhomogeneities in practical wiring configuration give rise to other 

higher-order modes of propagation [1,2,27]. In reality, the electromagnetic fields in 

multiconductor guiding structures are never exactly of the TEM type [28]. However, 

for parallel lines wherein the cross-sectional dimensions are much less than the wave

length, solution of the transmission-line formulation gives significant contribution to 

the overall fields and resulting terminal voltages and currents [2,28]. This is referred 

to as the quasi-TEM approximation [2]. 

Another important and inherent assumption in the transmission-line formulation is 

that the sum of the line currents at any cross section (transverse section) of the line is 

zero [2]. The only currents considered in the transmission-line formulation are called 

differential mode currents [28]. Differential mode currents are equal in magnitude at 

the same cross-section and are oppositely directed. The other currents, which are 

equal in magnitude at the same cross-section but have same directions, are called 

common mode currents [2,28,29]. Common mode currents cannot be predicted by 

transmission-line formulation. 
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The transmission line equations based on quasi-TEM approximation are character

ized by distributed R, L, C, G per unit length (p.u.l) parameters [2] and discussed 

in detail in Sec. 2.4. 

A complete solution for the multiconductor structures which have non-TEM modes 

can be obtained with so-called full-wave solution of Maxwell equations. However 

performing full-wave solutions is extremely CPU expensive. Models such as partial 

element equivalent circuit (PEEC) models [30-33] have been developed for these cases. 

However, since they result in very large lumped equivalent circuits, they are also CPU 

intensive. 

2.4 Distributed Transmission Line Equations 

Transmission line characteristics are in general described by Telegrapher's equations. 

Consider the transmission line system shown in Fig. 2.2(a). Telegrapher's equations 

for such a structure can be derived by discretizing the line into infinitesimal sections 

(see Fig. 2.2(b)) of length Ax, assuming uniform p.u.l. parameters of resistance (R), 

inductance (L), conductance (G), and capacitance (C). Each section then includes a 

resistance RAx, inductance LAx, conductance GAx, and capacitance CAx. Using 

Kirchhoff's current and voltage laws for the infinitesimal section described above, and 

taking the limit Ax —> 0 one can derive the Telegrapher's equations to be 

d d 
•7r-v(x, t) = -Ri(x, t) - L—i(x, t) (2.3a) 
ox at 

| U ( x , t) = -Gv(x, t) - C~v(x, t). (2.3b) 
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i(0,t) 

v(0,t) • v{d,t) 

ground 

x = 0 x x + Ax x = d 

(a) A transmission line system 

*(*'£) LAx i?Ax 

Ax 

i(x + A x , £) 

u(x 4- Aa;, t) 

(b) An infinitesimal section of the transmission line 

Figure 2.2: Single transmission line system 
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Taking the Laplace transform of (2.3) gives 

d 

V(x,s) = -(R + sL)I{x,s) = -ZI{x,s) (2.4a) 
CJJb 

I{x,s) = -(G + sC)V(x,s) = -YV(x,s) (2.4b) 
(JJb 

where, Z and Y represent the p.u.l. impedance and admittance of the transmission 

line, given by 

Z=R+sL (2.5a) 

Y = G + sC. (2.5b) 

In the case of a multi-conductor transmission line (MTL) system with N coupled 

conductors (see Fig. 2.3), per-unit-length parameters (R, L, G, C) become matrices 

and voltage-current variables become vectors represented by v and i, respectively. 

Noting these changes, (2.3) can be written as, 

d ~ ~ d 
—v(x, t) — — Hi(x, t) — L—i(x, t) (2.6a) 
ox at 

—i(x, t) = -Gv(x, t) - C-v(x, t). (2.6b) 

Taking the Laplace transform of (2.6) gives 

S-V(x, s) = - ( R + st)I(ar, s) = -ZI(x, s) (2.7a) 
\JJtJ 

—I(x,s) = ~(G + sC)V(x,s) = -YV(x,s) (2.7b) 
CJJb 

where Z and Y represent the p.u.l. impedance and admittance of the transmission 

file:///JJtJ
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vi(0,t) • 

v2(0,t) -

*i(0,t) 

i2(0,t) 

• I I I 

ii{x,t) 

vi{x,t) 

i2{x,t) 

h(d,t) 

i2(d,t) 

• l • 

vi(d,t) 

v2{d,t) 

iN(0,t) 

vN{0,t) p-

ground 

x = 0 

v2{x,t) 

%N{d,t) 

p- vN(d,t) 

x = d 

Figure 2.3: A multi-conductor transmission line system 

line, given by 

Z = R + sL 

Y = G + sC 

(2.8a) 

(2.8b) 

Equations in (2.7) can be formulated [1,10] as, 

d_ 
dx 

V(x,s) 

I{x,s) 

D : 

E = 

(D + sE) 

0 - R 

- G 0 

0 - L 

- C 0 

V(x,s) 

I(x,s) 
(2.9a) 

(2.9b) 

(2.9c) 
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Using the terminal conditions, the solution of (2.9) can be written as, 

V(d, s) 

I(d,s) 

2.5 General Formulation of Network Equations 

The modified nodal analysis (MNA) formulation for a general network 4> containing an 

arbitrary number of lumped components, interconnects, and non-linear components 

can be expressed as [34,35] 

Cpx^ + G^ + F ^ ) + Y, BJn(t) = b^t) (2.11) 
7 T = 1 

where, 

• Xcj, G 9 ^ is the vector of node voltage waveforms appended by independent 

voltage source currents, linear inductor currents, nonlinear capacitor charges, 

nonlinear inductor flux waveforms and currents and voltages due to nonlinear 

components; 

• C ^ G !>ftTVxra'A a n d G ^ G sft™4>x™<6 a r e constant matrices describing the lumped 

memory and memoryless elements of the network, respectively; 

• b<p{t) G 9?n* is a vector with entries determined by independent voltage/current 

sources; 

• F^Xcf,) G 3Rn* is a function describing nonlinear elements of the circuit; 

• ricj, is the total number of variables in the MNA formulation, and n^ is the total 

number of ports in the interconnect subnetwork ir; 

_ jr>+sE)d V(0, s) 

1(0, s) 
(2.10) 
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• D,,- = [dij] with elements d^j G {0,1} where i G {1, 2 , . . . , n<^}, j G {1 ,2 , . . . , n^} 

with a maximum of one non-zero in each row or column, is a selector matrix that 

maps in(t) G 3£n7r, the vector of currents entering the interconnect subnetwork 

7T, into node space IR™̂  of the network 0; 

• Nt is the total number of distributed coupled interconnect sets. 

The terminal behavior of the interconnect subnetwork TV containing distributed 

interconnects can be written in the frequency-domain as 

Iv(s) = Yv(s)Vv(s) = Y^BlX^s) (2.12) 

where Y,r(s) is the y-parameter matrix of subnetwork 7r, V,r(s) is the vector of termi

nal voltage nodes that connect the subnetwork 7r to the network 4>. In(s) and X^s) 

are the Laplace transform of i^t) and x^(t) respectively. The y-parameters of an 

interconnect can be obtained from the hybrid parameters given by (2.10). 

The major difficulty in simulating high speed interconnects is that distributed 

transmission line equations are best represented in frequency domain; the exponen

tial matrix e^D+sE^ in (2.10) cannot be represented directly in time-domain. On 

the other hand, nonlinear components can only be represented in time-domain as in 

(2.11). Therefore, interconnect simulation with nonlinear components is referred to 

in literature as the mixed frequency-time problem. In order to address this problem, 

distributed transmission lines equations are approximated and transformed into a 

set of ordinary differential equations in time domain. These equations can then be 

simulated using nonlinear time-domain simulators such as SPICE [1]. In literature, 

several time domain models or so-called macromodels [1-11] have been proposed in 
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order to address the above-mentioned issue. 

Time domain interconnect models are obtained through techniques such as dis

cretization techniques and method of characteristics. Discretization techniques pro

vide some form of discretization of the Telegrapher's equations in order to obtain a 

time domain interconnect stamp in the form of ordinary differential equations. The 

method of characteristics [36-38] on the other hand transforms the Telegrapher's 

equations into ordinary differential equations using time-delayed controlled sources. 

Method of characteristics remains most practical for lossless lines, while discretization 

techniques are acceptable for general case. 

Methods such as conventional lumped segmentation [2], Chebyshev polynomials 

[39], compact finite-difference based approximation [8,22], transfer function approx

imation [40], and matrix rational approximation [41-43] fall under the category of 

discretization methods. The discretization methods typically lead to large circuit ma

trices, rendering the methods CPU inefficient. In order to address this issue, model-

reduction techniques such as Asymptotic Waveform Evaluation (AWE) [9], Complex 

Frequency Hopping (CFH) [10], Passive Reduced-order Interconnect Macromodel-

ing Algorithm (PRIMA) [11], Pade Via Lanczos (PVL) [44,45] have been proposed 

in literature. The model-reduction techniques bring down the computational cost by 

approximating the original discretized system with reduced order model that captures 

only fewer poles closer to the imaginary axis. 

Combining both method of characteristics and matrix rational approximation, 

another macromodeling approach called Delay Extraction-Based Passive Compact 

Transmission-Line Macromodeling Algorithm (DEPACT) has been proposed in [46]. 

DEPACT provides a passive delay extraction macromodel based on the modified Lie 
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product to efficiently model long low-loss lines. However, as the losses of the line 

increase, a higher order Lie product approximation is required in order to provide 

accurate results [47]. 

Recently, for efficient simulation of large number of coupled lines, an approach 

based on transverse partitioning and waveform relaxation has been proposed in [48]. 

In this approach, a relaxation-based algorithm is used to iterate between individual 

transmission lines until convergence is obtained. It has to be noted that this is an 

iterative approach and convergence might not be guaranteed when there is strong 

coupling between lines. 

2.6 Conventional Lumped Segmentation 

The conventional approach for discrete modeling of distributed interconnects is to 

divide the transmission line into several segments of Ax, chosen to be small fraction 

of the minimum wavelength of interest [1,2,20]. Then each segment is replaced by 

lumped circuit elements. 

In this method, partial differential equations in (2.6) are approximated by the 

following difference equations [2]. 

d 
vk+1(t) - vk(t) « - R A x ik(t) - LAx —ik(t) (2.13a) 

ik+1(t) - ife(i) « - G A x vk(t) - CAx ^Wfe(t) (2.13b) 

where 

• k = l,2...K 
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• Ax = d/K 

• K - number of segments 

• d - length of interconnect 

• Ax « A. 

Equation (2.13) can be implemented by lumped equivalent circuits composed of re

sistors, inductors, and capacitors as shown in Fig. 2.4. 

v(0, t) v(d,t) 

ground 

v(x,t) 

x = 0 

«(£i*I LAx RAx 
WWV MM 

x x + Ax x = d 

i(x + Ax, t) 

v{x + Ax, i) 

Ax 

Figure 2.4: Lumped Segmentation 

Ideally, if Ax —»• 0, then the solution will be identical to the solution of Telegrapher's 

equations. However, because of limited computational resources, only a finite number 

of lumped segments can be used. A general rule of thumb is given by [1] to predict 

number of lumped segments (K): 

K> 
lOrrf 

(2.14) 

where r = VLC is the p.u.l delay of the line, and tr is the rise time of the propagating 

signal. 
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The main advantage of this method is that the lumped components can be read

ily incorporated into any of the various circuit simulators such as SPICE [2]. Also 

passivity of the macromodel is always preserved since all components of the model 

are passive elements. As a fundamental approach, this method has been extensively 

referenced in the literature [20,43,49-53] for comparison with other macromodeling 

techniques. However, if the frequency of interest is very high or the interconnect is 

electrically long, then many lumped segments are required. This will lead to large 

circuit matrices, rendering the method inefficient. 

2.6.1 Simulation of Interconnects Discretized with Lumped 

Segments 

Once all the interconnect subnetworks are discretized using lumped elements as given 

by Fig. 2.4, the resulting network will only contain lumped passive elements, source 

elements, and non-linear elements. Then by incorporating all these elements using 

lumped circuit theory, time domain ordinary differential equation can be formulated 

as follows: 

Cx + Gx + F(x) = b(t) (2.15) 

where, 

• x e 9ftnS b(t) e r , C e SRn'xnS G e Rn'xni, and F(x) e W1' are expanded by 

incorporating newly generated lumped components (due to the discretization 

of interconnect subnetworks IT = 1 . . . Nt ) with the existing x^, b^, C^, G^, 

and F^(x^) in (2.11) respectively; 

• nt » n$. 
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In order to compute the solution of the above nonlinear algebraic differential equa

tion numerically, numerical integration techniques need to be applied and therefore, 

the equation can be transformed into a set of nonlinear algebraic difference equations 

in the form: 

(G + ^C\ xk+1 + F(xk+1) - R{xk) = 0 (2.16) 

where h is the step size used in the simulation, and xk is the vector of unknowns at 

the k-th. time point. The constant A and the function R(xk) are dependent on the 

chosen numerical integration formula. The solution to the original system of equations 

is obtained by performing Newton iterations on (2.16) and it can be formulated as 

follows 

MAx = <f> (2.17) 

where, 

M = G + ^ + - ^ - (2.18) 
h dxk+1 

<P=\G+^pJ xk+l + F(xk+l) - R(xk). (2.19) 

The size of the Jacobian matrix M, is extremely large as it arises from discretization 

of interconnects in the network. In order to obtain the solution, LU decompositions 

on M need to be performed for each Newton-Raphson iteration. Performing LU 

decompositions on such a large matrix several times is computationally intensive. 

Especially in the case where operating frequencies are very high, the simulation time 

becomes worse since the transmission line must be discretized very finely in order to 

obtain accurate results. 
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The proposed method avoids the necessity to solve large linear system by elimi

nating redundancies present in simulation of interconnect networks by exploiting the 

repetitive nature of lumped segments with the aid of domain decomposition tech

niques. Hence, it gives considerable speed-up without approximating the solution of 

(2.17). Details of this method are given in Chapter 3. 

There are efficient macromodeling techniques proposed in literature [9,11,36-38, 

44,45] that do not require solving large linear system of equations. However, in these 

methods, accuracy or passivity is compromised in order to obtain fast results. Brief 

overview of some of those methods (method of characteristics and model-reduction 

techniques) and issues relating to them are given in the next section. 

2.7 Efficient Macromodel ing Approaches 

Efficient methods were proposed in the literature to address simulation issues of inter

connect networks using a brute-force lumped segmentation technique. While bringing 

down the CPU cost of simulating interconnect networks these methods typically com

promise on the accuracy of the response and on some cases even end up generating 

non-passive networks. Interconnect networks are passive in nature and any macro-

model representing them should also be passive. Passivity [1,7,11,43,54-57] is an 

important property, because stable but not passive macromodels can lead to unstable 

systems when connected to other passive systems. The loss of passivity can be a 

serious problem because transient simulation of non-passive networks may result in 

artificial oscillations. Issues relating with two broad macromodelling approaches are 

discussed in detail in the following subsections. 
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2.7.1 Method of Characteristics 

Method of characteristics [36-38] transforms partial differential equations of transmis

sion lines into ordinary differential equations with the aid of time-delayed controlled 

sources. 

The frequency domain solution of (2.3) for a single transmission line can be ex

pressed [37] as, 

h 

h 

1 

£o(l ,-2yd) 

1 + e'2lA -2e~7 d 

-2e-"<d 1 + e'2'1'1 

Vi 

V2 

1=y/(R + sL)(G + sC) 

Z0 = 
R + sL 

G + sC 

(2.20a) 

(2.20b) 

(2.20c) 

where 7 is the propagation constant, Z0 is the characteristic impedance, Vi and I\ 

are the terminal voltage and current at the near end of the line, V2 and I2 are the 

terminal voltage and current at the far end of the line. By re-arranging the terms in 

equation (2.20) the following expressions are obtained 

Vi = ZQh + e^d[2V2 - e^d(Z0h + Vi)] 

V2 = Z0I2 + e~7d[2Vi - e^d{Z0I2 + V2)]. 

(2.21a) 

(2.21b) 

Expression (2.21) can be rewritten as 

Vi - Z0h = Wx 

V2 - Z0I2 = W2 

(2.22a) 

(2.22b) 
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where 

Wl = e^d[2V2 - e-^(Z0h + Vi)] (2.23a) 

W2 = e-vtpVi - e-^(Z0I2 + V2)]. (2.23b) 

Using (2.21) and (2.23), a recursive relation for W\ and W2 can be obtained as 

Wx = e^d[2V2 - W2] (2.24a) 

W2 = e-^Vx - Wi]. (2.24b) 

If the transmission line is lossless, 7 and Z0 are reduced to 

7 = sVW (2.25a) 

Z0 = y | . (2.25b) 

Here 7 is purely imaginary and Z0 is a real constant. Therefore, using inverse Laplace 

transform, the frequency domain expression (2.24) can be analytically converted into 

time domain as, 

Wl(t + T) = 2v2(t) - w2(t) (2.26a) 

w2(t + r) = 2vi(t) - wi{t). (2.26b) 

where 

r = dVLC (2.27) 
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Equation (2.26) can be easily be incorporated into nonlinear circuit simulators with 

the aid of time-delayed controlled sources. 

For lossy lines, the propagation constant is not purely imaginary and, hence, can

not be replaced by a pure delay. In that case, analytical expressions for wi(t) and 

w2(t) cannot be directly obtained in time domain. Therefore, this method is being 

more practical for lossless lines. In order to handle lossy lines, classical method of 

characteristics can be extended through Pade synthesis [37]. In case of coupled lines, 

this method can be applied through decoupling of multi-conductor transmission line 

equations [2]. 

The main disadvantage of method of characteristics is that the resulting macro-

models are not guaranteed to be passive [1]. 

2.7.2 Model-Reduction Techniques 

Interconnect networks generally tend to have a large number of poles spread over a 

wide frequency range. Model-reduction techniques approximate the original system 

with a reduced order model that captures few poles that are closer to the imagi

nary axis, called dominant poles, which preserve the dominant characteristics of the 

system. Model-reduction methods can be classified into two categories: 1) explicit 

moment-matching methods (such as AWE [9], CFH [10]) 2) implicit moment-matching 

methods (such as PVL [44,45], PRIMA [11]). Explicit methods, which are based on 

Pade approximation, can generally find fewer than ten poles [1] due to ill-conditioning 

associated with the moment-matrix. Also these methods do not guarantee passivity 

of the reduced macromodel. Implicit methods obtain reduced macromodel based on 

Krylov-subspace techniques and congruent transformation. They construct reduced-
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model based on the extraction of leading eigenvalues (those with largest magnitude) 

of a given system. 

Despite implicit moment-matching methods overcoming issues with explicit meth

ods, it has to be noted that the response obtained form the macromodel is still an 

approximation of the original network. In addition, model-reduction methods suffer 

from a degradation in efficiency with an increase in the number of ports [12]. As the 

operating frequency increases, number of poles need to be captured must be increased 

too. However, increasing number of poles need to be captured in turn increases the 

computational cost significantly in case of coupled lines. Also, number of poles re

quired to obtain an accurate response within the frequency of interest cannot be 

determined as a priori. Therefore, if the efficiency is of concern, then the accuracy 

cannot be guaranteed, and vice-versa. 

Typically, techniques such as those mentioned above eliminate an implicit redun

dancy present in interconnect networks while trading-off on accuracy and/or passivity 

of the system. The next chapter presents a technique that takes advantage of the re

dundancy present in interconnect networks without affecting either the accuracy of 

passivity of the system. 



Chapter 3 

Proposed Interconnect Simulation 

Method 

The proposed technique partitions the interconnect longitudinally into several do

mains and solves the system of equations using domain decomposition techniques. 

By exploiting the repetitive nature of lumped segments, redundancy in simulation of 

interconnect networks is removed and hence, computational cost of direct solution of 

(2.17) is reduced. Sec. 3.1 explains the partitioning approach for interconnect net

works that minimizes coupling between these domains. Background information of 

domain decomposition technique that used to solve the system of equations is pre

sented in Sec. 3.2. In Sec. 3.4, an approach to remove the redundancy in simulation 

of interconnect networks is presented. 

28 
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3.1 Circuit Partitioning 

In order to reduce the computational cost of a direct solution of (2.17), the coupled 

interconnect network discretized with lumped segments is initially partitioned longi

tudinally into n domains as shown in Fig. 3.1. The length of partitions 2 . . . n — 1 are 

kept to be equal. 

Domain 1 -*-- •Domains 2...n-l- Domain n 

Figure 3.1: Longitudinal partitioning of an interconnect 

From Fig. 3.1 it can be observed that domains 2 . . . n — 1 are identical for uniform 

coupled interconnect networks. The proposed method exploits this observation by 

selecting any one domain out of identical domains 2 . . . n — 1 along with the first 

and last partitions (domains 1 and n) to simulate the interconnect network leading 

to a considerable speedup. Such a strategy can be mathematically achieved through 

domain decomposition methods as illustrated in the rest of this section. 

When solving through a partitioning approach such as domain decomposition 

method, the important aspect that affects the efficiency of the applied method is 

that the number of coupling variables or interface variables between partitions. The 

larger the number of interface variables, the lesser the efficiency that can be achieved 

through approaches like domain decomposition method. Arbitrary partitioning could 

lead to a large number of interface variables. Therefore partitions have to be formed 
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such that interface variables are minimized. 

Since the transmission line formulation (Chapter 2) is always under the assumption 

of quasi-TEM mode propagation [2], there is negligible coupling in the direction of 

propagation due to the assumption of negligible E and H field components in the 

direction of propagation. Therefore, longitudinal partitioning approach, utilized by 

the proposed method, results in forming partitions with minimal interface variables. 

For example, segment 1 of the first line in Fig. 3.2, has coupling with the first 

segment of the second line. However, there is relatively less coupling between segment 

1 and segment 2 or segment 3. In general, there is negligible coupling between i-th 

and j - th segments of the interconnect network, where i ^ j . Therefore, in this 

partitioning approach the coupling effects are encapsulated within each domain. 

line 1 

line 2 

line 3 

line 4 

segment N 

coupling 

Figure 3.2: Longitudinal partitioning and coupling between each discretized segment 
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3.2 Simulation of Discretized Interconnects using 

Domain Decomposition 

Domain decomposition in the context of linear algebra refers to the process of split

ting a large linear system into smaller problems on sub-domains in order to obtain 

the solution of the linear system by solving the sub-domains individually [13,58,59]. 

Domain decomposition is typically used for parallel processing applications in litera

ture [13-16,58,60,61]. 

In domain decomposition theory, variables can be classified into two categories: (1) 

interior variables coupled only with variables belonging to a specific sub-domain; (2) 

interface variables located on the boundaries between neighboring sub-domains and 

coupled with interior variables of neighboring sub-domains as well as other interface 

variables [15,60]. Fig. 3.3 illustrates the classification of MNA variables (interface 

variables circled) according to domain decomposition theory for a small circuit. 

By separating variables in A.x into interior and interface variables, (2.17) can be 

rewritten as [15], 

Mi 

Qi 

M 2 

Q2 • 

P i 

P 2 

• • M , 

Aasi 

Ax2 

Axn+1 

= 

</>! 

<t>2 

. ^n+l . 

(3.1) 

where 

• M ; G sft™«Xn< i s a sparse matrix representing equations of the i-th domain, 

• P j G Sft"*xn<7, Q . £ sftrivxni a r e S p a r s e matrices representing interactions between 
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1 1 1 1 
Domain 1 • Domain 2 • Domain 3 • 

Interior variables: 
Domain 1: Vin, V\, Vi, i\, h 
Domain 2: V4, h, I4 
Domain 3: VQ, vmt, h, h 

Interface variables: v$, v& 

Figure 3.3: Example of classification of MNA variables according to domain decom
position theory-

interior variables of domain i and interface variables, 

• M.z G sftn°xn° is a sparse matrix representing coupling between interface vari

ables, 

• Axi G !ftra< is the vector of variables of the z-th domain, 

• Axn+\ G 3ftn,T is the vector containing interface variables, 

• (f)i is the right hand side of (2.17) corresponding to the i-th domain, 

• 0n+i is the right hand side of (2.17) corresponding to interface variables, 

• rii is the size of each domain, 

• na is the size of the interface matrix. 

From (3.1), the interior variables can be expressed as 

Axi = Mr\(t)i-PiAxn+1); i = l...n (3.2) 
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Using (3.2) and (3.1), 

SAx n + 1 = cf)n+l - J2(QM71(l>i) (3.3) 
i = l 

where 

s = Mz - ^(QMi'Pi). (3.4) 
i = i 

S is called the Schur complement matrix. Solving (3.3) for Accn+i evaluates the 

interface variables. These interface variables are substituted in (3.2) to evaluate ACEJ 

for each domain which is also the solution of the original interconnect network. 

The Fig. 3.4 - 3.5 illustrate an example of sparsity patterns for M, which was ob

tained with a two transmission line network discretized with 10 lumped segments/line, 

with natural and domain decomposed node ordering respectively. 

Figure 3.4: Sparsity pattern of M with natural node ordering. 

In Sec. 3.4, a way of taking advantage of the fact that domains 2 . . . n — 1 are 
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% 

JSfc 
^ 

J8fc 
* f c 

^ 
0 10 20 30 40 50 60 

nz = 229 

Figure 3.5: Sparsity pattern of M with domain decomposed ordering (6 domains), 

identical to obtain a speed-up is presented. 

3.3 Analysis of Transient Simulation with Domain 

Decomposition 

When domain decomposition is applied for an interconnect network, the matrices 

involved in MNA equations can be written in the same form of (3.1) as, 

G = 

G i 

G2 

G 

G 

PI 

P2 

G q i Gq 2 G2 

(3.5a) 
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Q 

c2 

c 
c 

PI 

P2 

^ q i ^ q 2 C2 

(3.5b) 

F(x) = 
F2(x) 

Fn+i{x) 

(3.5c) 

dF(x) 
dx 

dxi 

dFn+1 

Qx\ 

8F2 

9X2 

9F„+i 
8X2 

d F i 
dXn+l 

dF2 

dxn+i 

] 

dFn+i 
dXn+l 

(3.5d) 

Then the domain decomposition equation in (3.1), can be expanded in the form of 

(2.18) as, 

Mi = Gi + 
AC, dF; 

h + 
P< = GP i +

 A C p i 

M , 

Ga,+ 

h 
AC q* 

h 

+ 

+ 
G, + ^ + 

dxi 
dFj 

dxn+x 

dFn+1 

dxi 
dFn+1 

h dx n+l 

(3.6a) 

(3.6b) 

(3.6c) 

(3.6d) 

In a typical driver-interconnect-receiver signal integrity analysis, the nonlinear el

ements are found in the driver and receiver components only. When applying the 

proposed partitioning technique, the driver components are contained within first 
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domain and the receiver components are contained within last domain. As a result, 

the nonlinear functions can be found only in the first and last domains. Therefore, 

the nonlinear functions for other domains as well as interface domain become zero as 

given by, 

J \ ( a ; ) = 0 ; i = 2 . . . (n - 1), (n + 1). (3.7) 

Also, the nonlinear functions representing first and last domains have dependency 

only with their local domain interior variables and interface variables. This can be 

expressed as, 

Fx(x) = F i (x i , xn+1) (3.8a) 

Fn(x) = Fn(xn, xn+i). (3.8b) 

Using (3.7) and (3.8), the expressions (3.5c) and (3.5d) can be written as, 

(3.9a) 

(3.9b) 

*•(«) = 

dFi(xi ) 
dxi 

Fi(x1,xn+i) 

0 

0 

0 

dxn+1 

0 
dF(x) 

dx 
9Fn 8Fn 
dxn dXn+1 

0 0 
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Using (3.9), (3.6) can be simplified for all domains except first and last as given by 

AC-
Mi = G* + - ^ (3.10a) 

AC 
P . = GPi + -j* (3.10b) 

AC 
Qi = GQi + —^ (3- 10c) 

AC 
M , = GZ + - ^ (3.10d) 

where 

i = 2,...,n — l. 

The formulation (3.10a) yields certain advantages over traditional simulation strate

gies. In transient simulation, the step size, h, between any two time points, t = £*. 

and t = tk+i, will remain constant throughout all Newton iterations until the solu

tion, x(tk+i), converges. Also, the matrices Gj and Q will remain constant during 

simulation. Therefore, the LU decompositions (for Mj_ 1) for the domains 2 , . . . , n — 1 

need to be performed only during the first Newton iteration; for the subsequent it

erations M i - 1 will not change for i = 2 , . . . ,n — 1. Only Mi and M n will change 

with subsequent iterations due to the presence of nonlinearities. However, since the 

size of Mi and M n is small, performing LU decompositions for them is not very 

CPU expensive. On the other hand, traditional simulation requires performing LU 

decompositions for the large matrix, M, for each iteration in a given time point. In 

some cases, where several Newton iterations required for a specific time point, the 

proposed method could save a considerable amount of CPU time compared to the 

traditional simulation. 
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The proposed method can save a significant amount of CPU time in the case of 

having a constant step size throughout the transient simulation. From (3.10a), when 

h remains constant, M$ will also remain constant for i = 2 , . . . , n — 1 since Gj and 

Q are constant. Therefore, it is sufficient to perform only one LU decomposition for 

M 2 , . . . , Mn_i at the beginning of the transient simulation program. Then during the 

time marching and Newton iteration process, we need to perform LU decompositions 

for Mi and M„ alone. Therefore, if an appropriate constant step size can be chosen 

for a given interconnect simulation problem, then the proposed method will be con

siderably efficient. On the other hand, in traditional simulation, keeping h constant 

will not lead to any improvements since variation of the Jacobian term, d^', will 

change M during each Newton iteration and hence, LU decomposition for the large 

matrix must be performed for each iteration. 

In addition, further computational speed-up can be obtained as detailed in the 

following subsection. 

3.4 Removing Redundancy in Simulation of Inter

connect Networks 

When the proposed partitioning technique is applied, partitions excluding first and 

last will not contain any additional active or passive components. Therefore, given 

that the physical dimensions of domains 2 . . . n — 1 are kept to be equal, and their p.u.l 

parameters are uniform, it can be proved that the domains 2 . . . n — 1 are identical to 
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each other. Therefore, it can be written as, 

G2 = G3 = . . . = Gn_1 (3.11a) 

C2 = C3 = . . . = Cn_i. (3.11b) 

Using (3.11) and (3.10a), we have, 

M 2 = M 3 = . . . = Mra_!. (3.12) 

Therefore, without loss of generality, substituting M 2 for Mj,z = 3 . . . n — 1, 

(3.2)-(3.4) become 

Mi
1(<j>i-PiAxn+1) i = l,n 

Axi = \ (3.13) 
M a 1 ^ - PiAa;n+i) i = 2...n-l 

n - l 

SAa;n+1 = 0 n + 1 - Q i M ^ V i - ^ ( Q i M ^ i ) - Q n M ^ (3.14) 

%=2 

n - l 

S = M , - QM^Vx - ^ ( Q i M j ' P i ) - QnM-1^. (3.15) 
i=2 

The above formulation shows that only three small LU decompositions of the do

main matrices (Mjj"1, M^1 , and M"1) need to be performed to obtain the solution as 

opposed to large LU decomposition on M for traditional method. LU decomposition 

of domains, 3 . . .n — 1, becomes redundant and is removed from the computational 

process. By removing this redundancy the proposed algorithm achieves a consider

able speed-up over traditional methods. The solution obtained using the proposed 
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method has the same numerical accuracy as (2.17). 

This method can be parallelized since it is based on domain decomposition method; 

it has to be noted that domain decomposition methods were originally used for parallel 

processing. Parallelization techniques can be similar to the techniques provided in 

literature [14-16,61] for parallel circuit simulation. 

Numerical results are presented in the next section that demonstrate the accuracy 

and efficiency of the proposed method. 

3.5 Numerical Results 

A nonlinear simulator with the proposed algorithm has been implemented in C using 

UMFPACK 4.6 (matrix solving package) [62,63]. Pseudocode of the implementa

tion and further implementation techniques are given in Chapter 4. The numerical 

examples are simulated in the following environment: 

• CPU: AMD Athlon 64-bit (2.2 GHz) 

• Memory: 1.0 GB 

• Operating System: Linux 

3.5.1 Example 1 

A network consisting of two coupled lines connected to an active load as shown in 

Fig. 3.6 is analyzed using the proposed technique. The simulation is performed for 

two different cases of number of lumped segments: (1) 120 (2) 1200. The time domain 

response of a trapezoidal input pulse with 0.05 ns rise/fall time, 0.9 ns pulsewidth, 

and a 2 ns period are shown in Figs. 3.7 - 3.8. The results obtained from this 
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Length = 2cm 

R = 

C = 

54.98 0 
0 333.7 

Cl/cm L = 

1.79926 
0.06759 

0.06759 
2.14866 pF/cm G = 

14.024 
11.186 

0 0 
0 0 

11.186 
14.1697 

S/cm 

D»-

nH/cm 

Vout 

Figure 3.6: Two coupled interconnect network for Example 1 

Lumped segments 

120 
1200 

Size 

728 
7208 

CPU Time 
Traditional Proposed 

3.11 
35.23 

0.62 
4.51 

Speed-up 

5.01 
7.81 

Table 3.1: Computational results for Example 1 using variable step-size 

method are exactly equal to the results obtained from the traditional simulation of 

the interconnect network. 

The CPU time results and the speed-up obtained are shown in Table 3.1 - 3.2 

for variable and constant step size cases respectively. For variable step size, an op

timal speed-up of 5.0 and 7.8 were obtained with 15 and 40 intermediate domains 

respectively for the two cases (120 and 1200) considered. For constant step size, an 

optimal speed-up of 7.9 and 9.8 were obtained with 4 and 20 intermediate domains 

respectively for the two cases. 

3.5.2 Example 2 

In this example, a lossless nine transmission line network from [64] is connected to an 

active load as shown in Fig. 3.9. Two cases of interconnect length (d) were considered: 
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(a) Far end - signal line 

(b) Vout 

Figure 3.7: Time-domain response of interconnect network in Example 1 with 120 
lumped segments 
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(a) Near end - victim line 

^ 0.1 

3 4 
Time (ns) 

(b) Far end - victim line 

Figure 3.8: Time-domain response of interconnect network in Example 1 with 1200 
lumped segments 
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Lumped segments 

120 
1200 

Size 

728 
7208 

CPU Time 
Traditional Proposed 

3.10 
35.02 

0.39 
3.56 

Speed-up 

7.95 
9.84 

Table 3.2: Computational results for Example 1 using constant step-size 

Length = d 
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Figure 3.9: Nine coupled interconnect network from [64] for Example 2 
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d(cm) 

5 
15 

Size 

2171 
6491 

CPU Time 
Traditional Proposed 

14.96 
47.02 

4.77 
11.13 

Speed-up 

3.14 
4.22 

Table 3.3: Computational results for Example 2 using variable step-size 

d(cm) 

5 
15 

Size 

2171 
6491 

CPU Time 
Traditional Proposed 

14.81 
46.53 

2.50 
6.32 

Speed-up 

5.92 
7.36 

Table 3.4: Computational results for Example 2 using constant step-size 

(1) d = 5cm (120 lumped segments)(2) d = 15cm (360 lumped segments). The 

time domain response of a trapezoidal input pulse with 0.05 ns rise/fall time, 0.9 ns 

pulsewidth, and a 2 ns period are shown in Figs. 3.10 - 3.13. The CPU time results 

and the speed-up obtained are shown in Table 3.3 - 3.4 for variable and constant 

step size cases respectively. For variable step size, an optimal speed-up of 3.1 and 

4.2 were obtained with 20 and 30 intermediate domains respectively for the two cases 

considered. For constant step size, an optimal speed-up of 5.9 and 7.4 were obtained 

with three and eight intermediate domains respectively for the two cases. 

3.5.3 Example 3 

In this example, a network comprised of two and nine transmission lines, with p.u.l 

parameters given in example 1 and 2 respectively, are connected as in Fig. 3.14. All 

the nine transmission line portions have an equal length of 2.5 cm and each portion 

was discretized with 60 lumped segments, while all two transmission line portions have 
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£ 4 

- Traditional simulation 
• Proposed method 

(a) Far end - signal line 

(b) Vout 

Figure 3.10: Time-domain response of Example 2 [d = 5cm) for far-end of signal line 
and Vout 
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Figure 3.11: Time-domain response of Example 2 (d 
victim line and far-end of last line 

= 5cm) for near-end of first 



48 

2 4 

i; 
0 

-1 

- 2 

r 

-r j - i - i • t i * 

- - - • Proposed method 
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Figure 3.12: Time-domain response of Example 2 (d = 15cm) for far-end of signal 
line and Vout 
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Figure 3.13: Time-domain response of Example 2 (d — 15cm) for near-end of first 
victim line and far-end of last line 
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2.5cm 2.5cm 

O.lpF 

Figure 3.14: Interconnect network comprised two and nine transmission lines for 
Example 3 

an equal length of 0.4 cm and each portion was discretized with 20 lumped segments. 

The time domain response of a trapezoidal input pulse with 0.05 ns rise/fall time, 0.9 

ns pulsewidth, and a 2 ns period are shown in Figs. 3.15—3.16. The computational 

results are given in Table 3.5. For variable step size, an optimal speed-up of 3.7 

was obtained with six domains for a nine transmission line portion and two domains 

for a two transmission line portion (total of 34 intermediate domains). For constant 

step size, an optimal speed-up of 6.9 was obtained with a single domain for a nine 

transmission line portion and a single domain for a two transmission line portion 

(total of 11 intermediate domains). 
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>, 

- Traditional Simulation 
• Proposed method 

00 ^i 

(b)K out 

Figure 3.15: Time-domain response for Example 3 (Vi and Vout) 
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- Traditional Simulation 
• Proposed method 

(a) V2 

- Traditional Simulation 
• Proposed method 

(b)V3 

Figure 3.16: Time-domain response for Example 3 (V-j and V3) 
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Step-size 

variable 
constant 

Size 

4251 
4251 

CPU': 
Traditional 

35.71 
35.26 

rime 
Proposed 

9.60 
5.07 

Speed-up 

3.72 
6.95 

Table 3.5: Computational results for Example 3 



Chapter 4 

Implementation Techniques for the 

Proposed Method 

The main contribution of the proposed method from Chapter 3 is the reduction in 

the cost of LU decomposition for the large Jacobian matrix. However, there are in

herent computational overheads such as as additions, multiplications, multi-column 

forward/backward substitutions, and solving interface variables present in the do

main decomposition method. Particularly, many of these overheads are involved in 

the computation of Schur complement matrix S, as given by (3.15). If these opera

tions are performed in a general way (i.e., without exploiting any special properties of 

the matrices involved), a considerable speed-up cannot be achieved. In this chapter, 

such efficient techniques for these operations are presented with details in Sec. 4.1. 

In Sec. 4.2, detail implementation procedure of a non-linear transient simulation al

gorithm using proposed method is presented using a pseudocode. 

54 
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4.1 Efficient Computation of Schur Complement 

Matrix 

The Schur complement expression (3.15) is re-expressed as, 

n - l 

S = M, - Q i M ^ P i - ^ ( Q i M j 1 ^ ) - QnM-'Pn. (4.1) 
t=2 

Exploiting the uniformity of transmission line structures allows us to get rid of 

computations of matrices Q j M ^ P j for i = 3 . . . n—1. It only requires one to calculate 

QjM^Pj for j = 1,2, n. This saves many forward/backward substitution and thus, 

it helps to improve the speed-up. The supporting mathematical details are presented 

in Sec. 4.1.1. 

The non-zero entries of the matrix S can be divided into block matrices using a 

specific pattern such that many of these block matrices are always identical to each 

other. Then S can be obtained by computing only the fewer unique block matrices. 

The details are given in Sec. 4.1.2. 

4.1.1 Avoiding Computation of Matrices Q^M^Pj 

The matrices Pj represent interaction from the interface variables to the system of 

equations of domain i. The matrices Qj represent interaction from i-th domain inte

rior variables to the system of equations of interface variables. First and last domains 

couple with only N (number of coupled lines) interface variables, while the inter

mediate domains couple with 2JV interface variables. When the node numbering is 
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Domain 2 

V, -- 7/, 

4 AAAA 6 

- Domain 3 

1 / ^ X T ^ 3 AAAA 5, •" ^t^N^^^ "• 

7A....2 
4 A A A A ? , 

V, 

/ ' /// /// ' //> /// ' /V/ 

Interface node (labled with Z) 

Figure 4.1: Node numbering approach 

performed as given by Fig. 4.1, the non-zeros of P; where i = 2 . . . n — 1 are banded 

within any 2N contiguous columns and the non-zeros of Qi are banded within any 2N 

contiguous rows. Since the domains 2 . . . n — 1 are identical in a uniform transmission 

line, their interactions from/to interface variables are also identical. As a result, the 

non-zero portions of P^ and Qj for % = 3 . . . n — 1 can be expressed in terms of P2 

and Q2 respectively as follows, 

P i [ l , . . . , r i ; o , . . . , 6 ] = P 2 [ l , . . . , r i ; 1,...,2JV] 

Qi[a,...,b; l , . . . ,C i] = Q 2 [ l , . . . ,2 iV; l , . . . ,C i] 

a=l + (i- 2)N 

b = iN 

(4.2a) 

(4.2b) 

(4.2c) 

(4.2d) 

where, 

• rj = number of rows of Pj = q = number of columns of Qj = rank of Mj 

• i = 3 . . .n — 1. 
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Matrices M ^ P j are obtained by forward/backward substitution of the LU factors 

of M 2 with Pj. The nonzero portions of M ^ P j , which are also banded within 2iV 

contiguous columns, can be written in terms of M2~
1P2 as, 

( M 2 - 1 P i ) [ l ) . . , r i ; a 1 . . . ) 6 ] = (M 2 - 1 P 2 ) [ l , . . . , r i ; 1,...,2N}. (4.3) 

It can be noted that the forward/backward substitutions are required only for the 

first 2N columns of P2 matrix. 

Now the products Q j M ^ P j can be obtained by calculating only Q2M2~1P2 since 

the non-zero portion (which is a block matrix with a size of 2N x 27V) of these matrices 

are identical. The non-zero block matrix is defined as V and can be expressed as, 

T = (Q2M2"1P2)[l , . . . , 2/V ; 1 , . . . , 2N] = (QMT^i)^, • • •, b ; a , . . . , b] (4.4) 

where T is the only non-zero block found in the matrices Q j M ^ P ; for i = 2... n — 1. 

Shifting both rows and columns of non-zeros of Q2M2"1P2 by N(i — 2) gives the 

product Q j M ^ P j for i = 3 . . . n — 1. Fig. 4.2 illustrates the sparsity pattern of the 

sample matrices Q2M2
_1P2, Q s M ^ P s , and Q9M2"1P9 for a five transmission line 

circuit with 10 domains. 

It should be noted that if the uniformity of coupled transmission lines is not ex

ploited, then one has to perform additional 2N x (n — 3) column forward/backward 

substations in order to obtain M ^ P j for i = 3 . . . n — 1. This will consume a signifi

cant amount of CPU time. 
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Figure 4.2: Sparsity pattern of QjM2
 1Pj matrices (i — 2,5,9) 

4.1.2 Computation of Non-Zero Block Matrices Found in S 

In Schur complement matrix calculation in (4.1), the M.z represents the coupling be

tween interface variables themselves. Interface variables are found on the boundary of 

neighboring domains. Let MCT be the matrix that represents the coupling relationship 

between a set of interface nodes on a given boundary for a uniform multi-conductor 

transmission line. Due to the uniformity of transmission lines, relationship MCT is 

found on all boundaries as given by Fig. 4.3. Therefore, the M^ matrix, which rep

resents the coupling relationship between all interface variables themselves can be 

expressed in terms of M a ( M a repeats along the diagonal of ~MZ ) and it is given by 

M„ 

M 2 (4.5) 

M a 
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where, 

M , = M*[l + {i- 1)N, ...,iN;l + (i- 1)N, ...,iN] i = l...n-l. 

Fig. 4.4 shows the sparsity pattern of M.z obtained for nine coupled transmission lines 

with 10 domains. 

Mn 

(A 
't^* 

X 

* 

X A 
X X 

^r 

* " 

X 

* 

U 
Figure 4.3: Interaction relationship for set of interface nodes lying on any given 
boundary 

Figure 4.4: Sparsity pattern of ~MZ matrix 
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Using (4.4) and (4.5), (4.1) can be written as, 

* i - r 1 2 

—T21 ^ 2 - r ^ 

—r21 \i/2 — ri2 

- r 2 1 * 3 

where 

= r 

(4.6) 

Tn r12 

r2i r22 

* 1 = MCT-(Q1Mr1Pi)[l,...,iV; 1,...,N]-Tn 

* 2 = MCT - r n - r22 

* 3 = Ma - (QnM.-l¥n)[na -N + \,...,na\na-N + \,...,n0]-Tn 

na — number of interface variables — N(n — 1). 

This formulation avoids performing additions for all non-zero entries of the matrices 

involved in (4.1). Only the non-zero entries of N x N block matrices, \Pi, Vl/2, ^ 3 , 

—r12, and — r 2 i need to be found by performing addition; rest of the non-zeros 

are repeated as in (4.6). This slightly reduces the total number of floating point 

operations involved in the simulation. Fig. 4.5 illustrates the sparsity pattern of 

S such that portions of non-zeros obtained by performing addition and portions of 

non-zeros repeated according to (4.6) can be identified visually. 
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^ H - Computed Blocks fc^q - Repeated Blocks 

Figure 4.5: Computed and shifted non-zeros of S 

4.2 Implementation Procedure of the Proposed 

Method 

The serial implementation of the proposed method involves the following major steps: 

1. Ordering for Mi, M2 , Mn and S. 

2. LU decomposition for M1? M2 , M n 

3. Forward/backward substitutions for Mj1PJ- for j = 1,2, n 

4. Matrix multiplications to obtain Q j M ^ P j for j = 1, 2, n 

5. Computation of Schur complement matrix S 

6. Computation of v = cf)n+1 - QM^fa - E ^ Q i M j Vi ) - Q n M " 1 ^ ( v -

RHS of (3.14)) 

7. LU decomposition of S 

8. Forward/backward substitution to obtain Accn+i = S~1v (solving interface 

variables) 

9. Solving interior variables, AcCj, using (3.13). However, for solving interior 
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variables for the domains 3 . . . n—1, M 2
1 P2 can be used by shifting its columns 

appropriately as given by Sec. 4.1.1 to obtain M ^ P j for i — 3 . . . n — 1 . 

The matrix multiplications or additions in general are performed selectively on 

corresponding non-zero entries of the matrices. Since the matrices are sparse, these 

operations consume relatively less amount of CPU time compared to the time spent 

for LU and FB. 

The serial implementation of the non-linear transient simulation using proposed 

method is given below as a pseudocode. 

Initialize : Gj , G P i , G q i , Gz , Q , CPi , C q i ,CZ where i = l,2,n; 
Define global: M» , P; , Q; ,M Z , S , S i , S„ , L, , U; , R*; 
Initialize sparsity pattern of M j , S ; 

s p a r s e - o r d e r i n g ("Mj); 
sparse-ordering (S); 

/* DC Solution * / 
M 2 = G 2 ; 
P 2 = G P 2 ; 
Qi = Gq j ; 
M z = G z ; 

prepare_Schur (); 

Initial guess: Xy. = xok > fe = l . . . n + l ; 

do /* Newton iteration */ 

M a = G 1 + f£; 

P — d 4- -JL^»- • * n — < J p „ "I" Qx ra+1 

Calculate : 4>k! /* ri9ht hand side vectors */ 

updateSchur (); 
Axk = Solve (); 
Xk = xk + Axk; 

} while (isConverged (Axk , <t>k(xk)) = false) 

A Transient Solution */ 
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h = ho; 
t = h; 

if (constant.step-size) 

{ 
/* X depends on numerical integration */ 
M 2 = G2 + £ C 2 ; 
P2 = G P 2 + 7jCP 2 ; 
Qi = Gq< + s C q i ; 
M z = G* + ±CZ ; 

} 
prepare.Schur (); 

do /* for each time point */ 
{ 

if(variable-step.size) « same as cons tant s tep s ize i f loop » 

do /* Newton iteration */ 

{ 
M1 = G l + A C l + | | x ; 

9»n + l ' P i - G P l + 7^CP1 • 

P « = G P „ + hCPn + dx„+1 ' 

« same as i a s t four steps of DC Newton iteration code » 

} while (is Con verged (Aaifc , (pk(x^)) = false) 

if ( variable-stepsize) update: h; 
t = t + h; 

} while (t<tend) 

return; 

/* Fill non-zero blocks due to intermediate domains */ 
function prepare.Schur () 
{ 

[ L 2 , U 2 j = LU(M2); 

for i = 1:2N /* 2N column FB substitution */ 

{ 
R-2 [:,i] = FB.Substitution(L2, U2 , P2[:,i]); 

} 

T = —(Q2[l : 2iV, :])R2 ; / * Matrix multiplication */ 

/* Break T into sub—matrices as follows */ 
TA = T[l : N, 1 : N]; 
T s = T[l : N, N + 1 : 2JV] ; 
T c = T[N + 1:2N,1: N]; 
TD = T[AT + 1 : 27V, N + 1 : 2N]; 



/ * Define */ 
MCT = M 2 [ 1 : JV,1: N}; 
Si = MCT + TA ; 
S„ = MCT + T D ; 
TV = M,, + TA + TD ; 

/* Prepare S such that: */ 

Si T B 

S = 
T C TCT 

} 

/ * Fill non-zero blocks due to non—linear domains (first 
function updates () 

{ 
[ L i , U i ] =LU (Mi); 
[Ln,Vn] = LU(Mn); 

n„ = num b e r . o f . i n t e r f a c e . v a r i a b i e s ; 

for i = 1:N /* N column FB substitution */ 

{ 

} 

R i / : , i J = F B . S u b s t i t u t i o n fLi , U i , Pi[:,i]); 
k = n„ - N + i; 
R „ [ : , i j = FB-Substitution(Ln, U „ , P„[:,k]); 

} 

T i = - r Q i f l : J V , : i ) R i ; 
T n = -CQ„ ln„-N+l:na ,:])Un; 
S[1:N,1:N] = S i + T i ; 
S[n„-N+l:n„ ^a-N+l:^] = S„ -f T „ ; 

f u n c t i o n Solve (<f>k) where k= l...n + l 

{ 
na = number-of-interface-variables; 
v = 0 n + i ; 

for i = l:n /* RHS of (3.14) * / 

{ 
i i — l ,7i 

2 i = 2 . . . n - l 
A; = 1,2 

nCT — JV + 1 fc = n 
r i Pl = i n 

_ f Pi + J V - 1 fc = l , n 
P2 ~ I Pi + 2AT - 1 fc = 2 
Ui = F B . s u b s t i t u t i o n (L/ t , Ufc , <fo,); 
« = w - ( Q f c [ p i : p 2 , : ] ) « i ; 
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/* Solve interface variables */ 
[Ls, U3] = LU(S); 
Ax n+i = FBsubstitution (La , U s , v); 

/* Solve interior variables */ 
for i = l:n 

{ 
« define k and p2 same as in above for loop » 

{ 1 fc = l 

n<7 — N + 1 k = n 
l + {i-2)N k = 2 

Vi = Rfc(Ax„+ i [pi :p2]); 

Axi =vi-yi; 
} 
return Ax, , for i = 1.. .n + 1; 

} 

This algorithm can be easily extended to handle interconnect trees comprised of 

several uniform transmission lines as in Fig. 3.14. 



Chapter 5 

Estimation of Optimal Number of 

Domains 

The efficiency of the proposed method heavily depends on the number of domains 

selected. If very few number of domains are selected, it will lead to large sub-domain 

matrices; hence, the full potential of removing redundancy cannot be realized. On the 

other hand, having higher number of domains will lead to higher number of interface 

variables; as number of interface variables are increased, CPU time to solve them (as 

in (3.14)) will also increase. Fig. 5.1 shows the CPU time for the main operations 

involved in the proposed method as number of domains are varied. From this plot, it 

can be easily understood that choosing an appropriate number of domains is essential 

to obtain optimal results. In this chapter, a practical way to estimate the optimal 

number of domains for a given number of coupled lines is formulated. 
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Figure 5.1: Effects of number of domains in the CPU time for DD operations 

5.1 Estimation of Optimal Domains for Variable 

Step Size 

For the traditional method, at a specific time point in the transient simulation, at least 

two Newton iterations need to be performed per time point. Therefore, at least two 

LU decompositions and two FB substitutions must be performed. For the proposed 

algorithm, apart from the one time ordering of sub-domain matrices, and matrix 

additions and multiplications (since these are performed selectively on corresponding 

non-zero entries), the following main operations need to be performed per time point: 

• 3 LU decompositions (for first, second, and last domains) 

• N column FB substitutions for the first and last domains, and 2N column FB 

substitutions for the second domain (for (3.15)), where N is the number of 

; 

\ 

.... . . . . 
* FB for sub-domain matrices 

Solving interface variables 

-
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coupled lines. 

• FB substitutions for n sub-domain matrices (as in (3.14)) 

• LU decomposition for S 

• FB substitution to solve the interface variables. 

For additional iterations due to the change in non-linear derivatives in the Jacobian 

matrix, following operations need to be performed: 

• 2 LU decompositions for the first and last domain 

• N column FB substitutions for the first and last domain (for (3.15)) 

• FB substitutions for n sub-domain matrices (as in (3.14)) 

• LU decomposition for S 

• FB substitution to solve the interface variables. 

Here the CPU time for LU and FB for the first and last domain can be neglected 

since sizes of these matrices are very small compared to the size of the second domain. 

Therefore an expression for approximate speed-up of the proposed method in solving 

linear system can be given as follows: 

j TcPu{I(LUiarge + FBiarge)} 
svscd iiv ^ —̂̂  — 

Tcpu{LUsmau + 2 • N • FBsmau +1 • v • FBsmau + I(LUachur + FBschur)} 

(5.1) 

where 

• / : average number of Newton iterations per time point 

• v = n — 2: number of intermediate domains. 

The CPU time of LU and FB can be estimated by formulating a mathematical 

expression such that the coefficients of the expression can be obtained by performing 
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a least square fitting on the obtained CPU time data. Here the CPU time for LU 

decomposition and FB substitution are fitted to the form C,nia and £n^ respectively, 

where ni is size of the original matrix. The CPU time of matrix solution was exper

imented with sparse matrix package UMFPACK 4.6 [62,63] in a system with AMD 

64-bit 2.2 GHz processor, 1 GB RAM, and Linux operating system. The coefficients 

for the CPU time of LU and FB of the large matrix M are given in Table 5.1. 

Coupled lines (N) 

1 
2 
3 
4 
5 
6 
7 
8 
9 
10 
12 
15 
20 
25 
30 

LU 

c 
1.0126 x 10~6 

1.1833 x 10~6 

1.2201 x 10-6 

1.4684 x 10~6 

1.6045 x 10~6 

1.8144 x 10~6 

2.0553 x 10"6 

2.5013 x 10~6 

3.1846 x 10~6 

3.4623 x 10"6 

4.2327 x 10-6 

4.5878 x 10~6 

6.5168 x 10~6 

6.7327 x 10~6 

7.0609 x 10~6 

a 
1.0574 
1.0962 

1.0971 

1.0867 
1.0825 
1.0744 

1.0642 

1.0505 

1.0307 

1.0256 
1.0117 
1.0155 
1.0038 
1.0090 
1.0161 

FB 

1.0821 x 10"7 

1.9235 x 10~7 

2.0532 x 10-7 

2.1277 x 10~7 

2.2639 x 10-7 

2.4385 x lO-7 

2.7673 x 10"7 

3.0097 x lO"7 

3.3830 x lO"7 

3.6965 x lO"7 

3.9408 x lO"7 

4.8460 x 10"7 

6.2796 x lO"7 

7.1693 x 10"7 

9.9345 x 10-7 

P 
1.0273 
1.0786 
1.0803 

1.0885 
1.0915 
1.0896 

1.0927 
1.0933 

1.0968 
1.1062 

1.1106 
1.1093 
1.1159 
1.1207 
1.1213 

Table 5.1: CPU time coefficients of large sparse matrix 

Since the sub-domain matrices, M» have similar sparsity pattern of the large M 

matrix, their CPU coefficients (s and £s are approximately equal to the coefficients 

of the large matrix £ and £ respectively; this approximate equivalence has also been 

verified experimentally. Therefore, for the sake of simplicity, the CPU time involved 

in sub-domain matrices can also be estimated using (ns
a and ^nj3 for LU and FB 
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respectively, where ns is the number of variables of domain 2. 

However Schur complement matrix, S, is not sparse like the original or sub-domain 

matrices. As seen in Fig. 4.5, a block of non-zeros are found along the diagonal of S. 

The Table 5.2 shows the coefficients of LU and FB time involved in solving interface 

variable (as in (3.14)) such that the CPU time for LU and FB can be estimated with 

(an®a and £ana^a respectively, where na is number of interface variables. 

Coupled lines (N) 

1 
2 
3 
4 

5 
6 
7 
8 
9 

10 
12 
15 
20 
25 
30 

LU 

1.9697 x 10~e 

2.4973 x 10~6 

2.7937 x 10~6 

2.8836 x 10~6 

2.9265 x 10-6 

2.9939 x 10-6 

3.1473 x lO-6 

3.3990 x 10-6 

3.5528 x 10~6 

3.7509 x lO-6 

3.8708 x 10~6 

4.1942 x lO"6 

4.6245 x 10'6 

5.1096 x 10'6 

5.8714 x 10~6 

Ota-

1.0010 
1.0132 
1.0184 
1.0201 
1.0254 

1.0369 
1.0451 
1.0508 
1.0617 

1.0710 
1.0839 
1.1027 

1.1170 
1.1262 

1.1287 

FB 

1.1952 x lO"7 

1.5672 x 10"7 

1.8390 x 10~7 

2.0257 x 10~7 

2.3728 x 10"7 

2.5985 x 10~7 

2.8863 x lO-7 

3.2908 x 10"7 

3.5280 x 10~7 

3.9322 x lO"7 

4.3093 x lO"7 

5.7847 x lO"7 

6.9368 x lO"7 

8.2262 x 10"7 

9.8016 x lO"7 

Pa 
1.0189 
1.1027 
1.1039 
1.1056 

1.1107 

1.1153 
1.1182 

1.1238 
1.1245 

1.1253 
1.1260 
1.1285 

1.1337 
1.1370 
1.1381 

Table 5.2: CPU time coefficients of Schur Complement matrix 

Using the coefficients, the approximate speed-up expression given in (5.1), a speed

up function, g, can be formulated as follows 

HCnf + ZntP) 
(5.2) 
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For an interconnect discretized with RLGC lumped components, n/, ns and na can 

be expressed (by neglecting the size of MNA variables from driver and receiver for 

ni) as follows: 

m « ZNK + N (5.3a) 

ns = ^ ^ - N (5.3b) 

nCT = N(v + 1) (5.3c) 

where K is the number of lumped segments. 

For a specific interconnect problem, N and K" are always predetermined values. 

Therefore, the function g can be considered as a function of number of intermediate 

domains, u, if the average number of Newton iterations per time point, / , can be 

predicted. Then the optimal number of domains can be obtained by solving g'{y) — 0. 

However any value of v is not acceptable since the number of lumped segments, K, 

must be divisible by u in order to form identical partitions. Therefore, the feasible 

optimal number of domains, u0, need to satisfy the following conditions. 

g'{y0)<g'{vk), Vi/fc K<EN; K\uk; voevk) (5.4) 

It should be noted that the speed-up discussed in this section is the speed-up in 

CPU time solely dedicated to the matrix solving time in transient simulation. It does 

not take into account other CPU consuming factors in the transient simulation such 

as convergence check, step size determination, etc. 
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Also, it should be noted that the CPU coefficients listed in the tables will vary 

from system to system. For example, the CPU proportional constant value, £, will 

decrease if the CPU speed is higher. However the overall estimated speed-up graph for 

the function g(v) will not change drastically from system to system. Therefore, the 

optimal domains obtained with these coefficients will probably be suitable for any 

system running the interconnect problem according to the proposed method given 

that the system will be using UMFPACK 4.6 for matrix solving. 

5.1.1 Results 

Optimal domains estimated using (5.2) are compared with actual results for 2, 10, 

and 25 transmission line circuits. Table 5.3 shows the comparison. Here I is set to 

2 and K = 120. Figs. 5.2 - 5.4 show estimated speed-up and the actual speed-up 

obtained for these transmission line examples. 

N 
2 
10 
25 

Exact solution of g'(v) = 0 
15.6833 
24.6910 
34.5382 

Feasible solution (u0) 
15 
24 
30 

Actual optimal domains 
15 
24 
30 

Table 5.3: Comparison of optimal domains 

Fig. 5.5 shows estimated speed-up at six different K (number of lumped segments) 

values for the two transmission line circuit, where / is set to 2. Since ni/K > ns/K, 

the speed-up function, g{y), increases for higher K values as it can be observed from 

the plot. 

Fig. 5.6 shows the estimated speed-up for the two transmission line circuit at four 

different / values ranging from 2 to 4. 
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Figure 5.2: Estimated and actual speed-up for two transmission line for the variable 
step size case 

3.5 

3 

°- 2.5 

0) 9 
Q . *• 

CO 

1.5 

1 

0.5 

0 
10 20 30 40 

Number of Domains 

/ * 
/* 

/* 
/* 

-1 

* * * 
* 

* 
- Estimated . 

Actual 

. 

#T 
1 

r 

-

50 60 

Figure 5.3: Estimated and actual speed-up for 10 transmission line for the variable 
step size case 
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Figure 5.4: Estimated and actual speed-up for 25 transmission line for the variable 
step size case 
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Figure 5.5: Estimated speed-up for two transmission line at six different number of 
lumped segments (K) for the variable step size case 
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Figure 5.6: Estimated speed-up for two transmission line at four different I values 
for the variable step size case 

5.2 Estimation of Optimal Domains for Constant 

Step Size 

In contrast to the variable step size algorithm, in the constant step size algorithm, 

LU decomposition and FB substitution involved with M 2 are performed as one time 

operations. Neglecting the CPU time for these one-time operations, the approximate 

speed-up expression for the constant step size can be written as, 

speed — up 
TcPu{LUiarge + FBiarge} 

Tcpu{y • FBsmau + LUschur + FBschur} 
(5.5) 

Then the speed-up function, gc, using the same CPU coefficients listed in Sec. 5.1 
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can be formulated as 
(nf + £nf 

(5.6) 

The procedure for finding optimal domains is same as that for variable step size case 

5.2.1 Results 

Table 5.4 shows the comparison optimal domains for 2, 10, and 25 transmission line 

circuits. 

N 
2 
10 
25 

Exact solution of g'c(u) = 0 
3.2899 
5.2378 
6.5482 

Feasible solution (u0) 
3 
5 
6 

Actual optimal domains 
3 
5 
6 

Table 5.4: Comparison of optimal domains obtained for constant step size 

Figs. 5.7 - 5.9 show estimated and the actual speed-up for these transmission line 

examples with K = 120 and 1 = 2. It can be noted from the graphs that unlike 

the variable step size case, the optimal speed-up is achieved with fewer number of 

domains. Since the one-time LU decomposition cost of M 2 is neglected, the interface 

variable solving becomes an important factor to affect the speed-up. As a result, 

fewer domains give optimal results. 

Fig. 5.10 shows estimated speed-up at six different K values for the two transmission 

line circuit. 
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Figure 5.9: Estimated and actual speed-up for 25 transmission line for the constant 
step size case 
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Figure 5.10: Estimated speed-up for two transmission line at six different number of 
lumped segments (K) for the constant step size case 



Chapter 6 

Conclusions and Future Work 

6.1 Summary 

In this Thesis, a novel efficient high-speed interconnect simulation algorithm is pre

sented. Efficiency in simulation was obtained by removing inherent redundancies in 

interconnect networks through the application of longitudinal partitioning coupled 

with domain decomposition techniques. Considerable speedup was observed using 

the proposed method without any loss in numerical accuracy. It was also proved 

that further speed-up can be obtained by using constant step size throughout the 

transient simulation. In addition, several implementation techniques were provided 

to enhance efficiency of the proposed algorithm. Finally, the effects of number of 

domains on CPU time for the proposed method was discussed and an approach to 

determine optimal number of domains was presented. 

The main advantages of the proposed method can be summarized as follows: 

79 
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1. Provides all the advantages that of the conventional lumped segmentation 

method: conservation of passivity, better accuracy, versatility in performing 

nonlinear transient simulation by incorporating any type of active or passive 

components to the interconnect analysis, etc. 

2. Compared to the conventional method, it provides better efficiency in simula

tion by removing redundancies in interconnect networks. 

3. Further speed-up can be achieved by performing non-linear transient simula

tion with a constant step size. 

4. The algorithm can be easily parallelized since it is based on domain decompo

sition method. 

6.2 Future Work 

The following future research directions are proposed: 

1. Implementation of parallel version of the algorithm: Since the algorithm is 

based on domain decomposition method, parallel processing algorithm can be 

readily implemented. The partitioning approach, which gives lower number of 

interface variables, will lead to efficient inter-process communication between 

multiple processors. The parallel processing can handle non-uniform transmis

sion lines as well since each domain can be processed by a separate processor. 

2. Simulation of frequency dependent transmission lines: Frequency dependent 

transmission lines can be discretized using lumped circuit elements by perform

ing circuit synthesis of frequency dependent p.u.l impedance and admittance 

transfer functions as proposed in literature [65-69]. After it is discretized us-
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ing lumped components, the simulation using proposed method is no different 

from the case of frequency independent p.u.l parameters. In fact, a better 

speed-up can be expected when compared to the conventional method since 

the resulting complex network will lead to larger matrices. 

3. Other areas of application: In addition to interconnect simulation, the strategy, 

forming identical partitions and removing redundancies using domain decom

position method, can be applied to several possible areas such as simulation of 

large power grids discretized with lumped components and thermal networks. 
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