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Abstract
On the consumer side of the electrical grid, there are some demands with some kind
of “flexibility” in nature. Wisely exploiting these flexibilities could result in better
utilization of the available resources.
Inspired by the existence of electric appliances with flexibility on their charging
rate, we study the problem of optimally serving a set of “Malleable RectangularShape” energy requirements in a finite time interval. That is each demand must be
supplied continuously with a constant intensity and duration bounded by left- and
right-malleability constraints. At each moment of time, the total power consumption
of the grid is the sum of all the consumption rates of the demands being supplied at
that moment. First, we assume that the malleability constraints are the same for all
demands. Then, we identify the lower bound on the optimal value of the power peak.
We extend our study by considering stochastic malleability constraints, where each
demand has its own constraint pair. In this case, we also include a convex cost of
power consumption in our treatment. In each case, we propose an on-line scheduling
algorithm, which is asymptotically optimal with respect to the given cost criteria.
As another type of flexible demands, we address the problem of controlling a
charging station of Plug-in Hybrid Electric Vehicles (PHEVs), assuming they can tolerate rejection of their energy request. We introduce a model for a charging station,
in which PHEVs are charged either directly from the electrical grid or from a local
storage unit deployed for each class of customers. The control actions to be determined by the charging station operator are as follows: the probability of blocking
new arrivals, the rate of charging each local storage unit, the proportion of cars being
served by each local storage unit and eventually the proportion of the available power
from the grid to be assigned to each class of customers. We will show how to find a
control policy minimizing the utilization cost of the charging station.
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Chapter 1

Introduction
Smart grid [1] is introduced to improve the overall performance of the existing
electrical grid. It uses embedded measuring and controlling systems along with “Information Technology”, to obtain the real time information about the state of the
whole system and its numerous components. It uses this information to control the
whole power grid by sending a variety of commands to some of the available facilities
and services. Using these monitoring and control facilities, smart grid continually
minimizes its operational costs and enhances the overall utility of the grid. Besides,
it detects and diagnoses possible anomalies. It mitigates the effects of possible failures
by avoiding them from spreading over the system and providing some tools for fast
recovery.
Smart grid is expected to be a network of distributed and interconnected smart
“MicroGrids” [2]. MicroGrids are clusters of electrical loads and local Distributed
Generators (DG). They serve a variety of local electrical loads mainly by using their
own DGs. DGs are micro-sources that mainly use renewable and intermittent energy
resources like wind and sun. Each of these smart MicroGrids performs pervasive
monitoring and control over its network (loads and sources). Furthermore, they
incorporate a communication infrastructure to exchange data and commands with
each other and the grid, in order to reliably meet their demands and optimize the
utility of themselves and the whole electrical grid. These MicroGrids can operate
whether they are connected to or isolated from each other and/or the electrical grid,
which results in improving the reliability and Quality of Service by avoiding massive
blackouts.
The classical electrical grid is, however, “Top-Down” oriented. There are some
large power “generation” plants (power utilities) feeding into the power grid. These
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power plants are usually located far from urban areas. They transmit their produced
electrical power via “transmission” lines toward the demand side and finally deliver
the electrical power to their consumers via “distribution” system. The power utility always tries to provide maximum reliability by delivering requested demands by
their customers. However, the electrical grid is “unidirectional”, that is the utility
doesn’t have “real-time” information from demand side. Therefore, in order to assure
maximum reliability, it is “over-engineered” to meet the maximum anticipated peak
demand throughout its network. So, there are some reserve power supplies, which are
only being used during peak hours and are out of service for the rest of the times. The
problem is that these peak demands are not so frequent and only happen for limited
durations of time. For example, about 20% of generation capacity exists only to meet
the peak demands, so this capacity only is being used 5% of the time [3]. It causes
the considerable waste of assets and capitals. Besides, these supplementary power
supplies are generally produced from expensive natural non-sustainable resources, i.e.
fossil fuels. Using these kinds of resources results in increasing the CO2 emissions
and hence, increasing the electrical grid’s total carbon footprint [4], [5].
Currently, we are facing the steadily rising demand for electrical power. Moreover,
the increase in the number of the Plug-in [Hybrid] Electric Vehicles (PEVs/PHEVs)
in the market, will increase the demand for electrical power even more. For example,
during charging hours of PHEVs, the average household load is expected to be doubled
[6]. This rise in demand along with limited capacity of the existing electrical grid, both
in generation and transmission systems, results in decreasing the Quality of Service.
More importantly, it will reduce the reliability of the grid, because it increases the
probability of power failures due to sudden surges in electrical demand. This could
impose a significant cost to the economy. As an example, in US, it is estimated that
outages cost more than $100 billion annually [7].

1.1

Research Motivations

To address the main issues of the classical grid, smart grid was introduced. However,
with respect to value, size and geographical diversity of the existing electrical grid, it
is not possible to drastically replace it with a smart grid. Instead, moving toward a
smart grid is a gradual process starting by modernizing the current grid, optimizing its
efficiency and finally making it more intelligent. Considering the fact that about 90%
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Figure 1.1: A typical daily load curve in an electrical grid. For example, this curve
is computed based on the power consumption in France Power distribution
network on February 4, 2016. [8].

of all disturbance and power outages are caused from issues in distribution system [3],
it makes reasonable to start this process by changing and optimizing the consumption
pattern in the distribution system. Indeed, without changing and improving the
current “blind” consumption pattern on the demand side, we cannot stop wasting the
assets and resources in the electrical grid. A consumption profile is the aggregation of
individual end users’ load profiles. For example, Figures 1.1 [8] and 1.2 [9] illustrate
a typical daily load profile in an electrical grid. As we can see in these figures, during
peak hours (e.g. 6 - 8 p.m. in Figure 1.1), the consumption rate is much higher than
that of during off-peak hours (e.g. 3 - 6 a.m. in Figure 1.1). Then, as it is shown in
Figure 1.2, it imposes the power utility to provide some reserve power supply to meet
the demands during peak times and as we mentioned earlier it causes a considerable
waste of assets in an electrical grid. On the other hand, if we can shape this load
profile and make it more “even”, we will be able to better utilize these supplementary
power supplies and hence improve the efficiency of the assets in electrical grid.
In order to shape the load profile of the grid, the utility needs an infrastructure
to exchange information and commands with its different components. So, it will be
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Figure 1.2: Electric Reliability Council of Texas (ERCOT) system load profile on
August 27, 1990. This figure illustrates a typical commitment of generation
assets. The reserve power supply is about 5.9 GW during peak hours [9].
able to perform more thorough and effective monitoring and control on the demand
side. Advanced Metering Infrastructure (AMI) [10] was introduced to the electrical
market to meet this requirement. It measures, analyzes and stores the energy usage
data of electrical demands. Moreover, it sends necessary information to the utility
operator and receives and performs a wide variety of commands from controller units.
As a result, utilities are able to obtain the information from all over the grid and then
by using this information, they will be able to devise and implement optimal control
strategies and policies at demand side to enhance overall efficiency and utility of the
grid.
Generally, the set of all efforts at the consumption side aiming at enhancing the
efficiency and utilization of the power grid, is called “Demand Side Management
(DSM)” [11]. It ranges from changing old and inefficient facilities to devising and
deploying complex and sophisticated load management strategies. Demand Side
Management does not necessarily decrease the total energy consumption. Instead,
it mainly focuses on “shifting” some consumption demands from peak times to “offpeak” times. This load shifting will flatten the consumption profile of the system as
much as possible. It then decreases the need for extra supplementary power supplies
during peak hours and consequently enhances the utilization of the total power grid.
Dynamic Pricing is one of the most popular tools being used in this respect [12, 13].
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As an example, in Time of Use (TOU) schemes [14], utility set different tariffs for
power consumption in different times of the day.
However, due to limited flexibility of consumers and also with respect to actual
requirements, users don’t respond to energy prices that much and show only a minor
shift in their consumptions behaviour [15]. Therefore, to optimize the utilization and
minimize the operational cost of the grid, we need to perform more complex and
sophisticated control schemes than just working with prices. This can be done by
designing and deploying smart scheduling policies for serving the demands on the
consumers’ side.

1.2
1.2.1

Research Overview and Contributions
Demand Side Management

As we discussed earlier, one of the first and at the same time, most important steps
toward enhancing the efficiency of the grid is changing the consumption pattern by
deploying appropriate scheduling policies on the demand side of the grid. In designing
such policies, we should take into account different natural and logistical constraints
and limitations of different elements in the grid. It should be considered that most
of these characteristics and constraints are “stochastic” in nature. Considering these
parameters, will enable us to devise proper scheduling policies satisfying our optimization objectives. Our main contributions in this regard are as follows:
• In Chapters 3 and 4, we consider the problem of supplying electricity to a set of
(large number of) customers in a smart-grid framework. Then we propose a new
model for the demand side of the grid, as a set of “Malleable Rectangular-Shape”
energy requirements. It means that each energy requirement has to be supplied
without interruption in its service duration with a constant power intensity.
In addition, its service duration is bounded by left- and right-malleability constraints, which are given system parameters. This model is motivated by the
existence of electric appliances with flexibility on the charging rate. This model
itself is novel in the smart grid literature. We will relate this model to the Strip
Packing problem [16] with some modifications.
• In Chapter 3, we address the problem of scheduling electrical demands with
fixed malleability constraints, where malleability constraint pairs are the same

CHAPTER 1. INTRODUCTION

6

for all demands. Having the objective of minimizing the power peak as the
cost, we first identify the lower bound on the optimal value of the power peak
for all possible malleable constraint pairs. Then, we will propose a linear time
algorithm that is asymptotically optimal.
• In Chapter 4, we extend the problem of scheduling malleable electrical demands,
by letting each demand have its own malleability constraints (as an opposite
to the unique pair in Chapter 3). In particular, we consider an asymptotic
setting with a large number of relatively small energy demands. Such a setting
enables us to include a convex cost in the treatment. Therefore, the objective
will be finding a scheduling policy minimizing the power peak and the operational convex cost of the system while satisfying all the demands. Using an
asymptotic analysis of stochastic demands, we will introduce the proper tight
lower bounds for both types of costs in the system. Then, we will propose
an on-line scheduling algorithm for demands with stochastic energy demands
and stochastic malleability constraints and show that the presented algorithm
is asymptotically optimal and has fully linear running time.

1.2.2

Optimal Charging Station Strategy

Due to public concerns about greenhouse emissions and high gasoline prices, Plug-in
[Hybrid] Electric Vehicles (PEVs/PHEVs) are becoming more and more attractive for
both consumers and industries. It is expected that PEVs will take 62% US market
share of new car sales by the year 2050 [17]. This interest in PEVs is mainly due
to high gasoline prices and public concerns about greenhouse emissions. In addition,
by introducing Vehicle to Grid (V2G), it has been shown that in parking times,
the electrical energy stored in PEVs, can be used as distributed energy resources to
serve the rest of the electrical grid and alleviate the peak load on the grid [18, 19].
Besides, the stored energy in PEVs can be used to enhance the reliability of micro
grid networks, especially the ones using intermittent energy resources such as wind
turbines, resulting in improving the QoS and stability of the micro grid network
[20, 21].
In practice, the introduction of PEVs remains challenging. In particular, with
respect to the size of the batteries deployed in PEVs, charging relatively large number
of PEVs at the same time will impose a big stress on both the power generation
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and the distribution system [22]. For example, in [23] and [24], it is shown that
simultaneous charging of only 5% of all PEVs will require additional 5GW of electrical
power by 2018 in the VACAR (Virginia - North Carolina- South Carolina) region.
It will decrease the efficiency of the grid, and instead increase the need for extra
supplementary power supplies during peak hours, which are mainly produced from
non-green resources, such as fossil fuels. This contradicts one of the main purposes
of using PEVs, i.e. decreasing the amount of greenhouse emissions by reducing the
consumption of fossil fuels. To decrease the peak demand, different “Demand Side
Management (DSM)” [11] techniques are deployed. Without necessarily decreasing
the total energy consumption, DSM “shifts” some consumption demands from peak
times to “off-peak” times to flatten the consumption profile of the system as much
as possible and consequently enhances the utilization of the total power grid. DSM
uses different schemes to influence the consumption pattern. Among them are some
pricing schemes to encourage consumers to change their consumption behaviour in
order to enhance the utility of the whole electrical grid. Time of Use (TOU) scheme
is one of the most popular of such pricing schemes. In TOU scheme, different tariffs
for the electrical power unit are set in different times of a day. For example, in Double
Tariff scheme, which is very popular in the electricity market, consumers pay more
per power unit during day-time in weekdays than during night-times and weekends.
In order to have better connection between the electricity prices and real-time
situation of the grid, “Real-Time Pricing” (RTP) scheme has been introduced. In RTP
scheme, the price of an electrical power unit is continuously updated with respect to
the state of the grid at each time instance and sent to the consumers in real-time
practically without delay [25]. Using RTP scheme, a utility can set the prices based
on the state of the power generation, consumption rate and grid congestion at each
time instance.
In some researches, the problem of charging PEVs and their impact on the electrical grid is studied by considering only residential (mostly night-time) charging.
In [26] and [27], dynamic pricing being used as incentives to encourage the EV users
to schedule charging and discharging their PEVs in order to reduce their cost and
at the same time flatten the load curve of the grid. In [28], both centralized and
decentralized models are used to mitigate the impact of residential charging on peak
load of the grid. Unfortunately, due to limited flexibility of consumers, they don’t
respond to energy prices as much and show only a minor shift in their consumption
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patterns [15]. Therefore, in addition to offering these types of incentives, we need
to develop more complex and sophisticated control policies resulting in better overall
performance of the electrical grid.
Relying only on residential charging cannot even fully address the charging requirements of PEVs (See Chapter 2, Section 2.3). For example, by deploying only
night-time charging, an average size PEV needs a battery with a capacity of 40 miles
per full charge; this necessitates the deployment of relatively big and expensive batteries for PEVs. Using charging stations decreases this value to 13 miles per full
charge [29]. It then decreases the size of the battery and consequently reduces PEV
prices in the market and makes it more competitive with internal combustion engine vehicles. It has been shown that ease of recharging PEVs is a major factor for
consumers for buying electric cars [30]. So, deploying public PEV charging stations
facilitates the use of PEVs and consequently enhances their place in the market. The
same as gas stations, these charging stations should be easily accessible for consumers
in both urban and non-urban areas. However, due to longer charging process of PEVs,
gas stations cannot be used for both PEVs and internal combustion engine vehicles
at the same time [31]. Therefore, we have to design and deploy PEV specific charging
facilities, which could satisfy the special requirements of both PEVs and the modern smart grid. In particular, a charging station should deploy a suitable scheduling
policy for serving PEVs. Especially, these policies should take into account different
objectives such as: the overall efficiency and reliability of the grid, users’ satisfaction
(QoS), and eventually the long term profit of deploying the charging station.
As part of this thesis, we will consider the problem of finding an optimal control
policy for a charging station of PEVs. Our main contributions are as follows:
• In Chapter 5, we address the problem of serving PEVs in a charging station
using a local storage energy unit with finite capacity. In particular, we take into
account the price fluctuations for electrical power by considering a Real-Time
Pricing scheme. Our goal is to find a control policy minimizing the operational
cost of the charging station, while considering the stability of the grid and
Quality of Service. So, we first model the charging station as a continuous time
Markov Decision Process with three control actions at each state: whether to
accept or block the arriving demands, determining the charging rate of the local
storage unit and deciding on the number of demands being served by the storage
unit. This model enables us to use some well-known mathematical techniques in
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this field, especially Dynamic Programming Techniques, which are widely used
in Network Optimization problems. Then we prove the existence of a stationary
and bang-bang optimal policy minimizing a discounted cost over an infinite time
horizon. Eventually, we extend our results and determine the optimal policy
minimizing the infinite horizon average cost.
• In Chapter 6, we extend the problem introduced in Chapter 5, by letting the
arriving PEVs belong to different classes of batteries and hence have different
charging rates. Similar to the single-class scenario, the charging station is modeled as continuous-time Markov Decision Process. A controller of a charging
station should again continuously decide about: whether to accept or block an
arriving customer, how much of the energy demands should be met using the
local storage units, and what should be the charging rate of each local storage
unit. In addition to these control actions, the controller has to decide how to
split the available power from the grid between different classes of PEVs. We
will first derive the resulted optimization problem for the cases where splitting decision is made offline, i.e. before serving the PEVs starts. Then, we go
further and present the formulation for the optimization problem for real-time
splitting of the available power form the grid; that is splitting decisions are
made continuously while serving the customers.

1.2.3

Published and Submitted Papers

Based on the work done in this thesis, the following papers have been published or
submitted:
• Journal papers:
– M. M. Karbasioun, I. Lambadaris, G. Shaikhet, and E. Kranakis, “Optimal Controlling of Charging Stations for Heterogeneous Electric Vehicles”,
Submitted to the journal of Computer Communications, 2018 [32].
– M. M. Karbasioun, G. Shaikhet, I. Lambadaris, and E. Kranakis, “Asymptotically Optimal Scheduling of Random Malleable Demands in Smart
Grid,” The journal on Discrete Mathematics, Algorithms and Applications
(DMAA), vol. 10, no. 2, 2018 [33].
• Conference Papers:
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– M. M. Karbasioun, I. Lambadaris, G. Shaikhet, and E. Kranakis, “Optimal charging strategies for electrical vehicles under real time pricing,” in
IEEE International Conference on Smart Grid Communications (SmartGridComm), pp. 746-751, IEEE, 2014 [34].
– M. Karbasioun, G. Shaikhet, E. Kranakis, and I. Lambadaris, “Power strip
packing of malleable demands in smart grid,” in IEEE International Conference on Communications (ICC), Budapest, Hungary, 2013 [35].
– G. Shaikhet, M. Karbasioun, E. Kranakis, and I. Lambadaris, “Asymptotic
convex optimization for packing random malleable demands in smart grid,”
in IEEE International Conference on Communications (ICC), Budapest,
Hungary, 2013 [36].

1.3

Thesis Organization

The rest of the thesis is organized as follows:
• In Chapter 2, a literature review as well as research background is presented.
Especially, we will review some major studies in Demand Side Management,
Strip Packing Problem and Charging Station Control.
• In Chapter 3, we are introducing the problem of supplying electricity to
“Rectangular-Shape” demands with stochastic energy requirements and fixed
malleability constraint pair. Then, we will introduce a linear time algorithm
that minimizes the power peak and is asymptotically optimal.
• In Chapter 4, we consider an asymptotic setting with a large number of relatively
small energy demands. In the new introduced setting, each demand will have
its own stochastic scheduling constraints. Furthermore, we will include a convex
cost as the cost criteria for evaluating the performance of the grid operator. We
will finish the chapter by introducing an asymptotically optimal algorithm with
respect to both types of costs, i.e. power peak and the total convex cost.
• In Chapter 5, we will study the problem of optimally controlling a charging
station of PHEVs in which PHEVs are charged either directly from the electrical
grid or from a local storage unit. First, we model the charging station as a

CHAPTER 1. INTRODUCTION

11

continuous time Markov Decision Process. Then after introducing a proper
cost function, we will show how to find the optimal policy.
• In Chapter 6, we extend the problem introduced in Chapter 5, by letting the
arriving PEVs belong to different classes of batteries and hence have different
charging rates. In this case, the charging station will deploy a local storage unit
for each class of customers. We start our analyses by presenting the resulted
mathematical model, then we will show how to find the corresponding optimal
policies for controlling the charging station. In particular, in addition to all
control actions mentioned in Chapter 5, the controller has to decide how to
split the available power from the grid between different classes of customers.
We find optimal policies in two distinct scenarios: In the first scenario, the
splitting decision is made off-line; that is before serving the customer starts. In
the second scenario, we formulate and solve the optimization problem for RealTime splitting of the available power from the grid between different classes of
PHEVs, i.e. while serving the demands.
• In Chapter 7, we will summarize the works discussed in this thesis and highlight
the next steps for future works.

Chapter 2

Background and Related Works
Wisely designing and implementing a scheduling policy plays a crucial role in Demand
Side Management (DSM) [7]. The main goal of DSM is enhancing the efficiency and
Quality of Services in the grid network while reducing the total cost of using the
(limited) resources of the grid. This is usually done by smart exploitation of some
statistical characteristics of (stochastic) demands and then shaping the load profile
of the system as much as the natural or logistical constraints permit. Scheduling
policies use different schemes to influence the consumption pattern, and consequently
minimize the operating cost of the grid. In Section 2.1, we will review these efforts.
Different techniques are being used to model the demand side of the smart grid.
In Chapters 3-4, we modelled electrical energy requirements as “rectangular” shape
demands, meaning that each demand has to be supplied without interruption with a
constant power intensity during the time been served. The resulted setting resembles
a so-called Strip Packing Problem. In Section 2.2, after introducing Strip Packing
Problem, we will review major works in this area. Then we will consider some efforts
in smart grid literature using Strip Packing in their models.
Eventually with the expected presence of Plug-in [Hybrid] Electric Vehicles
(PEVs/PHEVs) to the market, designing and deploying suitable charging stations
with proper scheduling schemes is a vital part in Demand Side Management (Especially due to the fact that charging a large number of PHEVs at the same time, will
push the peak demand in the electrical grid [6]). Several efforts aimed at designing
and deploying efficient charging stations, will be reviewed in Section 2.3, which are
the most related works to our study in Chapter 5.
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Demand Side Management

Generally, the set of all efforts at the consumption side aiming at enhancing the
efficiency and utilization of the power grid, is called “Demand Side Management
(DSM)” [11]. It ranges from changing old and inefficient facilities to devising and
deploying complex and sophisticated load management strategies. Demand Side
management does not necessarily decrease the total energy consumption. Instead
it mainly focuses on “shifting” some consumption demands from peak times to “offpeak” times [13, 37]. This load shifting will flatten the consumption profile of the
system as much as possible. It then decreases the need for extra supplementary
power supplies during peak hours and consequently enhances the utilization of the
whole power grid.
Demand side management deploys different schemes to influence consumption
pattern. For example, in Direct Load Control (DLC) [38] schemes, the utility can
directly control the energy consumption rate of some loads on the customer side. On
the other hand, in Demand Response (DR) [39], utilities don’t directly control the
demands. Instead the utility sends some signals and information an incentives to the
users to encourage them to shift and reschedule their demands and/or change their
consumption patterns. Dynamic Pricing is one of the most popular schemes being
used in this respect [12, 13, 27]. As an example, in Time of Use (TOU) schemes [14],
utility set different tariffs for power consumption in different times of the day. Among
TOU schemes, Double Tariff is very popular in electrical market, where consumers
pay more per power unit during day-time in weekdays than during night-times and
weekends. In most of TOU schemes, the rates of electrical power for different times of
the day are usually assumed to be set at the beginning of the season and remain fixed
during that season. However, in some TOU schemes, the prices are fluctuating more
frequently, and the prices of using electricity in different times in a day are sent to the
users at least a day ahead. In order to have better connection between the electricity
prices and real-time situation of the grid, “Real-Time Pricing” (RTP) scheme has been
introduced [25]. In RTP scheme, the price of an electrical power unit is continuously
updated with respect to the state of the grid at each time instance and sent to the
consumers in real time practically without delay. In RTP the granularity of prices,
i.e. the time where retail electricity prices remain unchanged, is about an hour in
most cases, which is much smaller than that of in TOU scheme, which is about 8
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hour [25]. However due to limited flexibility of consumers and also with respect to
physical world requirements, users don’t respond to energy prices that much and show
only a minor shift in their consumptions behaviour [15]. Therefore, to optimize the
utilization and minimize the operational cost of the grid, we need to perform more
complex and sophisticated control schemes than just working with prices.
Almost in all DSM schemes, the main goal is minimizing the total cost of using
the (limited) resources of that network and hence enhancing the efficiency of the
grid [12,27,40,41]. While in many studies, such as [12, 27,37,41], the Peak to Average
Ratio (PAR) of the energy consumption rate is considered as the cost criteria for
the grid, others are also taking into account the total convex cost of using the grid
resources [40,42–44]. Even though these two costs are somehow related to each other,
they are not the same. The cost of consuming the energy is considered to be a
convex function of instantaneous total power consumption due to the fact that each
additional unit of power needed to serve demands is more expensive as the total
power demand increases [44]. This is because the supplementary power for serving
the demands when the consumption rate is high, is generally produced from expensive
natural non-sustainable resources e.g. fossil fuels.
To achieve the goal of minimizing the cost of the grid, researchers are deploying different techniques and approaches. In [44–47] centralized control policies are
deployed to minimize the cost of the grid, where [26, 40, 42, 43, 48] chose distributed
algorithm to achieve the same goal. In [42] and [43], demands are assumed to be deterministic and known in advance for controllers, while many studies consider stochastic
demands and/or suppliers in their setting [20,21,44,45]. For example, in [44] and [45],
some queueing analyses alongside Dynamic Programming techniques are being used
to devise on-line scheduling schemes for the random arriving demands with flexibility
of delaying the start of their service. Specially in [44], by using a threshold policy,
they proposed an asymptotic scheduling policy to minimize the total convex cost of
the consumed power in the system. In their setting the running time of the system
is assumed to be infinite as well as the acceptable delay for starting the serving of
each demand. In [49], it is assumed that demands have different stochastic power
requirements and durations and then authors try to propose an on-line energy storage control policy that minimizes long-term average convex operational cost of the
grid, in the presence of a storage unit. Using game theory, in [40, 42, 43] authors
propose a distributed algorithm for serving the deterministic demands. In [40], it was
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assumed that multiple energy suppliers being available and then they considered two
non-cooperative games, the one on supplier side and another one on the demand side.
In [42] and [43], assuming a central energy supplier, the game on customer side was
studied. Especially in their model, the power network consists of demands each with
its own energy demand and with its own minimum and maximum acceptable power
level that should be scheduled in their own requested time intervals. The primary
goal of their algorithm is reducing the total convex cost of the network, while they
still show that their algorithm can be used to reduce the PAR in the network. The
problem in [42] is off-line Scheduling of deterministic demands, since complete knowledge of the demands, such as number of demands and the amount of energy needed
by each of them are known in advance. Other scenarios can happen when the complete knowledge of the demands is not available and we may need to perform on-line
scheduling. For example, in [46] authors try to find algorithms for different levels of
knowledge about the demands such as arrival times, durations and power intensities.
Again, the goal is reducing the total convex cost of the power consumption in the
system.
In the sequel, in Chapter 3, considering Peak to Average Ratio (PAR) cost criteria,
we will pursue the goal of minimizing the maximum total consumption rate in a grid.
Then in Chapter 4, in addition to PAR cost criteria, we will include the total convex
cost of the grid in our analyses. In general, in both Chapters 3 and 4, we will propose
some centralized scheduling policies, which flatten the consumption rate of the grid, as
much as possible, and consequently minimize the total cost of the grid. Eventually in
Chapter 5, after introducing a model for a charging station of PEVs, we are proposing
a control policy minimizing the operational cost of the charging station. In particular,
we assume that the price of the electrical power unit is determined by a Real-Time
Pricing scheme, where the price of the electrical power is continuously being updated
with respect to the state of the grid at each time instance. Furthermore, we will
isolate the fluctuations in the total energy consumption rate of the proposed charging
station from the grid, by imposing the assumption that the electrical power drawn
from the grid by the charging station is bounded. Eventually, we will employ a local
energy storage unit, to serve PHEVs in hi-demand time periods, and get charged in
low-demand ones.
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scheduling of random malleable demands

To design efficient scheduling policies for an electrical grid, we first need to have an
appropriate model to represent the grid. In this model, we should take into account
physical and statistical characteristics as well as inherent and logistical constraints
and limitations of different components of the electrical grid. Most of these characteristics and constraints are “stochastic” in nature. Taking advantage of such statistical
characteristics, we will be able to come up with satisfactory models and then develop
appropriate scheduling policies to control and modify the load profile of the system,
with respect to our desires.
In Chapters 3 and 4, we consider a problem of supplying electricity to a set
of (large number of) customers in a smart-grid framework. In these Chapters, we
model the demand side of the grid, as a set of “Malleable Rectangular-Shape” energy
requirements. By “rectangular-shape” demands, we mean each energy requirement
Ai , in N = {Ai , i = 1, ..., n} ∈ Rn+ , requires a certain amount of electrical energy and
has to be supplied without interruption in some interval [τi , τi + si ] with a constant
i = 1, ..., n. In addition,
power intensity di = Asii , assuming 0 ≤ τi ≤ τi + si ≤ 1,
each demand is “Malleable”; that is, the energy requirement Ai , has to be served with
possible service time duration si , between the malleability constraint pair `i and ri ,
which are given system parameters (`i ≤ ri ) (Figure 2.1). In particular, a controller
has to determine a scheduling policy π = {(τi , si ), i = 1, .., n}, so that for each i:
• The demand Ai is being supplied on [τi , τi + si ] ⊂ [0, 1], with a constant power
Ai /si ,
• Its duration si satisfies: `i ≤ si ≤ ri ,

i = 1, ..., n.

Then at each moment of time, the total energy consumption rate (i.e, total power
P (t)) of the grid is the sum of all consumption rates of the demands being supplied
at that moment.

2.2.1

Strip Packingproblem and the related literature

Our setting resembles a so-called strip-packing problem [16, 50, 51]. Indeed, by viewing the demands as rectangles, we want to pack them with their side si parallel to
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Figure 2.1: Malleable rectangular Shape Energy Demand representation.
horizontal axis in a rectangular bin of width [0, 1] × Popt where an optimal height Popt
is unknown. The problem is known to be NP complete (see [52]) and therefore an
optimal height cannot always be computed in polynomial time.
Strip packing problem (also called two-dimensional strip packing) is a variant
of the bin-packing problem [53, 54] in which rectangles are packed into a strip of
width 1 and infinite height in a way that rectangles don’t overlap each other [52].
Strip packing has been extensively explored in the literature, where some heuristics
[16, 51, 55–60], as well as polynomial approximations [50, 61, 62] for Strip Packing
problem were proposed. ( [52] and [63] are presenting a good survey of some of
the important works in this area). The objective in many works related to Strip
Packing is minimizing the maximum height of the packing in the strip, i.e. minimizing
the H, where H = Hmax = maxt∈[0,1] {H(t)}. More precisely, for a given set of
demands, N , let Hopt (N ) denote the optimum solutions of Strip Packing problem
and H(N ) denote the output of the algorithm H. The absolute performance ratio
of H, also known as worst case ratio, is defined as supN H(N )/Hopt (N ) and the
asymptotic performance ratio of H (also known as asymptotic worst-case ratio)is
defined as limHopt (N )→∞ supN H(N )/Hopt (N ) (used for the cases where we are dealing
with large numbers of demands). The value of the demands can be considered as
random values with a certain distribution or as deterministic values. The performance
of a scheduling policy in both cases can be measured by worst case analyses [64]. For
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stochastic demands, average case analyses [65] is also being used.
Scheduling algorithms in Strip Packing are mainly divided into two categories, online and off-line algorithms. An algorithm is called on-line, when demands arrive one
by one and then a demand Ai is scheduled without knowledge of next demands, i.e.
Ai+1 , · · · An [53], while off-line algorithms need the information of all the demands.
For off-line scheduling problem, most commonly referred work is [50] which has an
asymptotic worst case performance ratio (1 + ) while its running time is polynomial
in both n (the number of demands) and (1/) (Algorithms with such running times,
are known as “Fully” polynomial algorithms). On the other hand [66] proposes an online scheduling policy with the same performance ratio for on-line problem while the
running time is just linear in the number of demands, n and worse than exponential
in (1/).
The most related works in strip packing literature to our work are [66] and [67].
In [67], authors generalize the setting of [50] to find an off-line scheduling policy
for Malleable Tasks where each task could use different number of resources (e.g.
processor, memories, ...) which can also alternate their service times. The same
as [50], the proposed algorithm is fully polynomial and has an asymptotic worst case
performance ratio (1 + ). In [66], authors propose an on-line scheduling policy for
malleable demands where demands can be lengthened while their areas remain fixed.
In their setting the height of each rectangular demand is below bounded by its initial
height but does not have upper bound for the heights of the rectangles. The values
of demands (their width and heights) are unknown but deterministic. The main
drawback of this algorithm is the running time in term of (1/), which is worse than
exponential.
The scheduling problem in this paper (which is called Power Strip Packing (PSP)
in the sequel) is different from strip packing problem (we call it Traditional Strip
Packing (TSP)) in some aspects. In TSP, as shown earlier, the height H π (t) at any
time t, for a scheduling policy π = {(τi , si ), i = 1, .., n}, is defined as the uppermost
boundary of scheduled rectangles at time t, while in PSP the height of the strip packing
at time t or equivalently the total electrical power, P (t), of the grid is obtained from
Equation (2.1), as follows:
π

P (t) =

n 
X
Ai
i=1

si


· 1{τi ≤t≤τi +si } , 0 ≤ t ≤ 1.

(2.1)
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Figure 2.2: Different interpretations of power and height in PSP and TSP. For
simplicity the height of each rectangle is assumed to be 1. In PSP: P (t1 ) = 5
and P (t2 ) = 3 where in TSP H(t1 ) = H(t2 ) = 5.
and consequently,
π
Pmax
= max {P π (t)},

(2.2)

t∈[0,1]

This difference arises from the nature of the electric power, in which the overall
height (i.e. power) at any given time is just the sum of the scheduled (i.e. active)
demands (See Figure 2.2). Naturally, P π (t) ≤ H π (t) for any policy π and consequently
π
π
. Another difference which also arises from the nature of power demands,
≤ Hmax
Pmax
is that demands can overlap each other and then the amount of consumed power at
each time is the sum of all scheduled demands at that time. In the next chapters, we
will show that our algorithms and analyses are applicable for both Traditional Strip
Packing and Power Strip Packing problems.
There are some studies in Smart Grid literature, in which similar models are
being used for representing the energy requirements in the grid. For example, in [44]
and [45], demands are considered as rectangles with given service durations, si , and
power demands, di . Besides, they are assumed to be flexible with respect to delaying
the start of their service. Then using a threshold policy, an asymptotic scheduling
policy is proposed to minimize the total convex cost of the consumed power in the
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system. Especially in their final setting the running time of the system is assumed
to be infinite as well as the acceptable delay for starting the serving of each demand.
In [49], each demand is assumed to get served with a constant random power intensity
for a random duration of time. Considering this model, an on-line energy storage
control policy is devised, which minimizes long-term average convex operational cost
of the grid, in the presence of a storage unit. In [46], demands are assumed as
rectangles with given service times si and power intensity di , but flexible start time
τi . Then after showing that in general finding the optimal solution is NP hard, they
tried to find some approximations for optimal policy in the presence of different levels
of knowledge about the demands such as durations and power intensities. Eventually
in [68–71], a set of rectangular-shape electrical demands are considered, where for each
demand the power intensity and service duration is known in advance. In addition,
by having the flexibility of delaying the starting time of the service, it is assumed
that all demands have the same earliest start time and deadline for receiving their
energy requirement. In particular, authors considered two main situations, where
demands are assumed to be preemptive and non-preemptive. Then with the objective
of minimizing the peak power, they proposed scheduling policies using integer linear
programming, as well as next-fit decreasing height heuristic [16] and then compared
the results for preemptive and non-preemptive cases.
In Chapters 3, we will explore the problem of scheduling rectangular-shape electrical demands in a finite interval [0, 1], while considering fix malleability constraint
pair (`, r) for the time duration of serving each demands. In our setting we assume
that the demands are non-preemptive, i.e. it has to be be supplied without interruption in their service interval. Eventually we will propose a linear time algorithm
minimizing the power peak and show that this algorithm is asymptotically optimal.
Then in Chapter 4, we will extend the Power Strip Packing problem by assuming each
demand has its own malleable constraint pair, (`i , ri ). In particular, in this Chapter,
we will consider an asymptotic setting with a large number of relatively small energy demands. Furthermore, we will include the total convex cost in our treatment.
Therefore, the objective will be finding a scheduling policy minimizing the power peak
and/or the operational convex cost of the system while satisfying all the demands.
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Optimal Controlling of Charging Stations for
Electrical Vehicles

Plug-in [Hybrid] Electric Vehicles (PHEVs/PEVs) have attracted the interest of both
industry and consumers. It is expected that PEVs will take 50% market share of new
car sales by the year 2050 [72]. The estimate for US market is even higher and is
expected to be 62% [17]. This interest in PEVs is mainly due to high gasoline prices
and public concerns about greenhouse emissions. In addition, by introducing Vehicle
to Grid (V2G), it has been shown that in parking times, the electrical energy stored
in PEVs, can be used as distributed energy resources to serve the rest of the electrical
grid and alleviate the peak load on the grid [18, 19]. Besides, the stored energy in
PEVs can be used to enhance the reliability of micro grids networks, especially the
ones using intermittent energy resources such as wind turbines, resulting in improving
the QoS and stability of the micro grid network [20, 21].
In particular, with respect to the size of the batteries deployed in EVs, charging
relatively large number of EVs at the same time will impose a big stress on both
the power generation and the distribution system [22]. For example, in [23] and [24],
it is shown that simultaneous charging of only 5% of all EVs will require additional
5GW of electrical power by 2018 in the VACAR (Virginia - North Carolina- South
Carolina) region. It will decrease the efficiency of the grid, and instead increase the
need for extra supplementary power supplies during peak hours, which are mainly
produced from non-green resources, such as fossil fuels. This contradicts one of the
main purpose of using EVs, i.e. decreasing the amount of greenhouse emissions by
reducing the consumption of fossil fuels. In some studies, it is tried to address this
issue, considering only residential (mostly night-time) charging. In [26] and [27],
dynamic pricing being used as incentives to encourage the PEV users, to schedule
charging and discharging their PEVs in order to reduce their cost and at the same
time flatten the load curve of the grid. Also in [28], both centralized and decentralized
models are being used to mitigate the effect of residential charging on peak load of
the grid.
However, only considering residential charging cannot solve the problem of charging PEVs. For example, by deploying only night-time charging, an average size PEV
needs a battery with a capacity of 40 miles per full charge; this necessitates the deployment of relatively big and expensive batteries for PEVs. However, using charging
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stations will decrease this value to 13 miles per full charge [29], which will decrease
the size of the battery and consequently reduce PEV prices in the market and make
it more competitive with internal combustion engine vehicles. It has been shown that
ease of recharging PEVs is a major factor for consumers for buying electric cars [30].
So, deploying public PEV charging stations will facilitate the use of PEVs and hence
enhance their place in the market. The same as gas stations, these charging stations
should be easily accessible for consumers in both urban and non-urban areas. However due to longer charging process of PEVs, gas stations cannot be used for both
PEVs and internal combustion engine vehicles, at the same time [31]. Therefore,
we have to design and deploy PEV specific charging facilities, which address PEVs
and modern smart grid requirements. One of the main considerations in deploying a
charging station is having a suitable scheduling policy for serving PEVs. Especially
these policies should take into account different objectives, such as grid efficiency and
reliability, user satisfaction and QoS, and eventually and essentially charging station
profit.
In Chapters 5 and 6, we will address the problem of serving PEVs in a charging
station. In particular, we model the charging station as a continuous time Markov
Decision Process(MDP). Then we will propose a control policy minimizing the operational cost of the charging station, while considering the stability of the grid and
Quality of Service. In the sequel, we first provide some technical background with
respect to Markov Decision Processes and then will review some of the most relevant
studies to our research, which is presented in Chapters 5 and 6.

2.3.1

Markov Decision Processes

2.3.1.1

Definitions

Markov decision processes(MDPs) are models for sequential decision-making when
outcomes are uncertain. It helps us to model a decision making problem in cases
where outcomes are partly random and partly under the control of a decision maker.
The controls will be applied at transition instances so that an appropriate cost is optimized. (That is the reason, MDPs are sometimes called stochastic control processes.).
The Markov decision process model mainly consists of states, actions, decision epochs,
transition probabilities and costs. If transitions happen (and consequently, decisions
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are made) at discrete time intervals, the process is called discrete-time Markov Decision Process. However, in continuous-time Markov Decision Processes, transitions can
happen (and decisions can be made) at any time. We denote, discrete-time Markov
Decision Process by {Xk : k ≥ 0}, k ∈ N and continuous-time Markov Decision
Processes by {Xt : t ≥ 0}, t ∈ R+ . In any case, the stochastic process takes its
value either from a finite set (e.g. {1, 2, ..., n}) or a infinite but countable set (e.g.
{1, 2, 3, ...} ≡ N), which is called the state space (We denote the state space by X ).
In the sequel, unless stated otherwise, we assume that the Markov Process is discretetime. At any given time epoch k, when the system is in state X, the decision maker
chooses an action uX,k from a certain action set that may depend on the observed
state 1 . We denote the action set in state X by ΩX . Similar to the state space X, the
action sets ΩX may be finite, countable infinite, non-countable but compact or more
general. The set of all decision rules z = {uX,k : uX,k ∈ ΩX : X ∈ X , k ≥ 0} is called
a control policy. For any given state of the system and the chosen action at any time
epoch, an immediate cost is incurred by the system. In general, this cost may depend
on the decision time epoch, the state of the process and the chosen action, but not on
the history of the process. The controllers apply the actions at transition instances
so that an appropriate cost is optimized over the control horizon, which is the entire
time interval at which the system has to be controlled. This horizon may be finite,
infinite or of a random length.
A Markov decision process is indeed an extension of Markov chains with the
addition of actions and costs. The state transitions in a Markov chain (and a Markov
Decision Process) satisfy the “Markov property”. It means that at any time epoch
k ≥ 0, the state at the next time epoch depends on the decision time epoch k, the
state of the system at that time epoch Xk and the chosen action uX,k and not on the
history of the process. That is:
P (Xk+1 = X 0 Xk = X, uX,k = u, Xk−1 = X 00 , uX 00 ,k−1 = u00 , ..., X0 = X 0 , uX 0 ,0 = u0 )
=P (Xk+1 = X 0 Xk = X, uX,k = u)

(2.3)

Equation (2.3) states that the future state of the system only depends on its current
state and the current action, and is conditionally independent of all previous states
1

Note that in this study, we study the Markov Decision Process under the complete observation
assumption, i.e. the decision maker observes that the system is in state X, iff the system is actually
in state X.
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and actions. That is the reason Markov property is also called memoryless property.
If the transitions also depend on the decision time epoch k, then the process is called
non-stationary. Otherwise, it is stationary. Therefore, in a stationary Markov Process,
all the actions are chosen according to a stationary policy z = {uX : uX ∈ ΩX : X ∈
X }, i.e. all the actions only depend on the state of the system at each time epoch.
For each stationary policy z, the “one-step” transitions in the resulted Markov Chain
{Xkz : k ≥ 0} are fully described by a “one-step” transition probability matrix:


Pz := PXz i ,X j

{X i ,X j ∈X ,}

(2.4)

where:
PXz i ,X j = P (Xk+1 = X j Xk = X i , uX i ,k = uX i )

(2.5)

for all k ∈ {0, 1, 2, ...}, where uX i for any X i ∈ X is determined according to the
control policy z. Pz is a stochastic matrix; that means Pz is a square matrix of size
|X | × |X |, with its elements, PXz i ,X j , satisfying the following properties:
PXz i ,X j ≥ 0,
|X |
X

PXz i ,X j = 1,

(2.6)

j=1

for all i, j ∈ {1, · · · , |X |}. For any integer number n ≥ 1, the “n-step” transition
matrix Pz,n is as follows:
P

z,n



z,n

:= PX i ,X j


{X i ,X j ∈X }

(2.7)

where:
PXz,n
= P (Xk+n = X j Xk = X i , uX i ,k = uX i )
i ,X j

(2.8)

for all k ∈ {0, 1, 2, ...}, where uX i for any X i ∈ X is determined according to the
control policy z. Using Chapman-Kolmogorov Equation [73], for stationary Markov
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Processes, results in the following equations:
PXz,n+m
=
i ,X j

X

P z,n
P z,m
i
k
k
X ,X

(2.9)

X ,X j

X k ∈X

for all n, m ∈ {1, 2, ...} and all X i , X j ∈ X . Equation (2.9) results in:
Pz,n+m = Pz,n × Pz,m
2.3.1.2

(2.10)

Stationary Distribution

In a Markov Chain, states are classified according to some properties. In the sequel,
we will introduce some of them, which we are going to use them later on in subsequent
chapters.
2.3.1.2.1

Irreducibility

For any two states X i , X j ∈ X , we say state X j is accessible from state X i if:
PXni ,X j > 0;

for some n ≥ 0;

(2.11)

If X i is accessible from state X j and X j is accessible from state X i , we say X i and
X j communicate with each other and are in the same class, where a class is a subset
of states in which all states can communicate with each other. The state space of a
Markov chain is divided either into some disjoint classes or contains only one class.
For the latter case, the Markov chain is called irreducible.
2.3.1.2.2

Recurrence

For any state X ∈ X , we define:
fX = P Xk = X, for some k ≥ 1

X0 = X)

(2.12)

If fX = 1, then state X is called recurrent. Otherwise, it is called transient. This
property states that for a given recurrent state X, if X0 = X, then with probability
1 the Markov Chain will revisit this state. In addition, a state X is called positive
recurrent if starting from state X, the expected time until the process returns to this
state is finite. If the state space X is finite, all recurrent states are positive recurrent.
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Periodicity

For a given state X ∈ X , define:
k
SX = {k : PX,X
> 0, k ≥ 1}

(2.13)

Let dX be the largest common denominator of the elements of SX . If dX > 1, then
state X is called periodic. Otherwise, state X is called aperiodic.
2.3.1.2.4

Ergodicity and Stationary Distribution

Positive recurrent and aperiodic states are called ergodic. Let {Xk : k ≥ 0}, k ∈ N
be an irreducible ergodic markov chain. Then, it can be shown that ( [73]) for any
two states X 0 , X ∈ X :
lim PXn0 ,X

n→∞

(2.14)

exists and is independent of X 0 . Denote by π(X) = limn→∞ PXn0 ,X , then π =
{π(X), X ∈ X } is the unique non-negative solution of:
π(X) =

X

π(X 0 )PX 0 ,X

X 0 ∈X

X

π(X) = 1

(2.15)

X∈X

That is the steady state probability distribution π = {π(X) :
[74], and is the solution of π = πP subject to π · 1 = 1.
2.3.1.3

X ∈ X } exists [73]-

Minimizing the infinite horizon Average Cost

In Chapters 5 and 6, we introduce a model for a charging station of Electrical Vehicles
(EVs). Our ultimate objective is to find a control policy minimizing the utilization
cost of the charging station over an infinite time horizon.
Based on the assumptions presented in Chapters 5 and 6, the presented optimization problem can be modelled as a Continuos-time Markov Decision Process (MDP).
Following standard practice in Markov Decision Processes, we will introduce a finite
horizon δ-discounted cost problem and find its optimal control policy. Then the optimal policy of the infinite horizon problem can be derived as a limit of the optimal
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policies of a sequence of δ-discounted problems [75]. Let δ be the discount rate. Then
given the initial state is X and the time horizon is {t : t > 0}, Jδt (X), the minimum
expected total δ-discounted cost is defined as follows:
Jδt (X)

=

min EzX
z∈Z

t

Z

e

−δτ


C(Xτ , uX,τ )dτ

(2.16)

0

Where C(Xτ , uX,τ )dτ is the cost incurred by the system at time τ for the duration
of dτ , when the system remains at state X and the chosen action is uX,τ . So, the
infinite horizon optimal δ-discounted expected cost is:
δ

J (X) =

min EzX
z∈Z

∞

Z

e

−δτ


C(Xτ , uX,τ )dτ

(2.17)

0

If there exists a policy z∗ , resulting in Jδ (X), this policy is called the optimal δdiscounted expected cost policy. This optimal policy satisfies the following optimality
condition [76]:
Jδt+dt (X) = min

uX,0 ∈Ω

+e−δdt dt(

X



C(X, uX,0 )dt

P(Xdt = X 0 |X0 = X, uX,0 )Jδt (X 0 ))}

(2.18)

X 0 ∈X

If the optimal policy is stationary, the optimal action for each state is independent of
t and only depends on the state of the system, X. So we have:
z∗ = {u∗X,t = u∗X :

X ∈ X,

t}

(2.19)

To find the optimal policy, we first relate the continuous time Markov chain
{Xt : t ≥ 0} to a suitable discrete time Markov chain. Then, we find the corresponding cost function and transition probabilities for the resulting discrete time
Markov chain. Eventually, we will apply them to the corresponding discrete time
dynamic programming equations to find the optimal action for each state and hence
the optimal policy.

2.3.2

Related Literature

The most related works to our problem appears in the following studies:

CHAPTER 2. BACKGROUND AND RELATED WORKS

28

The model introduced in Chapters 5 and 6 is an extension of the one introduced
in [72,79,80]. In these studies, a model for a charging station of EVs is presented. The
main goal in [72] is to determine the proper size of the storage unit by comparing the
simulation results of the charging station model for different sizes of the storage unit.
The simulation results mainly focus on the average cost and the blocking probability
of the station. In [79] and [80], the charging station model is extended to address
charging of different classes of EVs, where EVs are classified with respect to their
deployed batteries. This model is used in [79] to find out when to choose an energy
storage with higher capacity over the one with a higher power rating and vice versa.
Eventually, this model is used in [80] to find the optimal placing of a network of
charging stations in an urban area. However, as it mentioned, in all of these works,
only heuristic policies are deployed by each charging station, without trying to find
optimal policies minimizing the operational cost of a charging station.
In [77], using Genetic Algorithm, an optimization policy is proposed in which authors considered different limitations in the systems, such as load on transformations,
voltage limits and parking availability patterns. They showed using the proposed policy will result in reducing peak load and increasing the long-term utilization of power
system elements. In [78], in the proposed charging scheduling policy, a routine-aware
method is used in deciding whether a demanding PEV should be accepted or rejected
in order to increase the charging station long-term benefit.
In [49], a discrete time Markov Decision Process (MDP) model for serving electrical
demands is presented. In this model, it is assumed that the electrical demands can be
fulfilled either by using the electrical supply from the grid or by drawing power from
a local storage unit. In this model the demands arrive to the system according to
a Poisson process, with identical but independent exponentially distributed random
service times. In this model demands may not be blocked, but they can be delayed.
The cost function is assumed to be a fixed convex function of consumed electrical
power over the time. The goal in [49] is finding a control policy which minimizes the
infinite horizon average cost of the system. Eventually an MDP problem is solved
asymptotically for large storage capacity values.
In [81], authors introduce a model of serving electrical demands using power from
either the grid or a local storage unit. The total amount of demands and the total
available power from the grid is assumed to be bounded as well as the capacity of the
storage unit. However, since the total electricity demand is assumed to be less than
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the available power from the grid, there are no blocked demands. The resulting model
follows a discrete time MDP and the goal is to minimize the expected total discounted
cost of serving demands. In [13], a dynamic programming based scheduling policy
for a data center equipped with a local storage unit is devised. Taking into account
the stochastic arrivals of network tasks, as well as characteristics of storage unit, the
proposed policy will result in reducing the overall cost of the data center.
In Chapter 5, we will present a model for a charging station using a local storage
energy unit with finite capacity. Then we will propose a control policy minimizing
the operational cost of the charging station. In designing the scheduling policy, we
will consider Real-Time Pricing scheme, in which the price of the electrical power is
continuously being updated with respect to the state of the grid at each time instance.
We model the charging station as a continuous time Markov Decision Process with
three control actions: the probability of blocking new arrivals, the rate of charging
the battery and the proportion of cars being served by the battery. Then by using
dynamic programming, we will derive the optimal policy minimizing both discounted
and average cost over an infinite time horizon.

2.4

Summary

In this chapter, we gave an overview of the background of our major works, and reviewed some of most related works in those areas. Especially we introduced Demand
Side Management(DSM) and showed major works aiming at reducing either power
peak or total convex cost of the grid. Then with respect to the model proposed in
Chapters 3 and 4, Strip Packing Problem and major works in this area were investigated. In particular, we showed the differences between traditional Strip Packing,
and the one we used to model the electrical demands. Eventually after emphasizing on the importance of deploying proper scheduling policies in charging stations of
PHEVs, we reviewed some of the most related studies, aiming at designing scheduling
policies minimizing the cost of charging stations.

Chapter 3

Power Strip Packing of Malleable Demands
In this chapter, we consider a problem of supplying electricity to a set of customers
in a smart-grid framework. Each customer requires a certain amount of electrical
energy which has to be supplied during the time interval [0, 1]. We assume that each
demand has to be supplied without interruption, with possible duration between `
and r, which are given system parameters (` ≤ r). At each moment of time, the power
of the grid is the sum of all the consumption rates for the demands being supplied
at that moment. Our goal is to find an assignment that minimizes the power peak
- maximal power over [0, 1] - while satisfying all the demands. To do this first we
find the lower bound of the optimal power peak, for all possible values of malleability
constraint pairs. We show that the problem depends on whether or not the pair `, r
belongs to a “Coverable” region G. If it does - then an optimal assignment almost
perfectly “fills” the rectangle time × power = [0, 1] × [0, A] with A being the sum
of all the energy demands - thus achieving an optimal power peak A. Conversely,
if `, r do not belong to G, we identify the lower bound A > A on the optimal value
of power peak and introduce a linear time algorithm that almost perfectly arranges
all the demands in a rectangle [0, A/A] × [0, A] and show that it is asymptotically
optimal.

3.1

Model

Consider a set N = {1, 2, ..., n} of energy demands {Ai , i ∈ N }, needed to be scheduled in a finite time interval [0, 1]. We assume that only “rectangular” shape of
scheduling is permitted, meaning that each demand i ∈ N has to be supplied without interruption in some interval [τi , τi + si ] with a constant power intensity di = Asii .
30
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Obviously,
0 ≤ τi ≤ τi + si ≤ 1,

i ∈ N.

(3.1)

In addition to (3.1), we impose a demand malleability constraint. That is, we assume
the power system has parameters ` and r with 0 ≤ ` ≤ r ≤ 1 so that
` ≤ si ≤ r,

i ∈ N.

(3.2)

This is motivated by existence of electric appliances with flexibility on the charging
rate. As a special application, we may think of a MicroGrid or a PEV parking lot with
charging facilities where all customers either are known a priori or should register in
advances.
A set of pairs π = {(τi , si ), i ∈ N }, satisfying (3.1)–(3.2) for given parameters
(`, r), will be called a scheduling policy. Let Π = Π(`,r) be a set of all policies. For a
policy π ∈ Π, we define its maximal power as
π
= max {P π (t)},
Pmax

(3.3)

t∈[0,1]

where, for (τi , si ) ∈ π,
π

P (t) =

n 
X
Ai
i=1

si


· 1{τi ≤t≤τi +si } , 0 ≤ t ≤ 1.

We are interested in finding a scheduling that minimizes the peak to average ratio in
the power grid, i.e. in finding
π
Popt = inf Pmax
.
π∈Π

(3.4)

Note that Popt , although it is not stated explicitly, depends on the parameters ` and
r.
Our setting resembles a so-called strip-packing problem [16] and [50]. Indeed by
viewing the demands as rectangles, we want to pack them with their side si parallel
to horizontal axis in a rectangular bin of width [0, 1] × Popt where an optimal height
Popt is unknown. The problem is known to be NP complete (see [52]) and therefore
an optimal height cannot always be computed in polynomial time.
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Figure 3.1: Different interpretations of power and height in PSP and TSP. For
simplicity the height of each rectangle is assumed to be 1. In PSP: P (t1 ) = 5
and P (t2 ) = 3 where in TSP H(t1 ) = H(t2 ) = 5.
In the traditional strip packing (TSP) problem, however, the height at any time t
(H (t)) for a scheduling policy π is defined as the uppermost boundary of scheduled
rectangles at time t, while in our model (Power Strip Packing - PSP) the height of the
strip packing is obtained from Equation (3.3). This difference arises from the nature
of the electric power, in which the overall height (i.e. power) at any given time is the
sum of the scheduled (i.e. active) demands (See Figure 3.1). Naturally, for any policy
π
π
π, P π (t) ≤ H π (t) at any time t and hence Pmax
≤ Hmax
.
π

3.2

Main results

We start with some preparatory work. Let ` and r be fixed. A real number w > 0 is
called Coverable, if it can be represented as an integer combination of numbers from
the interval [`, r]. That is, if there exist an integer number q and a set of positive real
P
values: s1 , ..., sq ∈ [`, r] such that qi=1 si = w.
Lemma 1 A value w is coverable if and only if

w
r

≤

w
.
`
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Figure 3.2: Coverable region vs. Non-Coverable region. The Coverable region is
shown with shadow.

The proof is given in Appendix A.
 
Lemma 1 implies that the point w = 1 is coverable iff 1r ≤ 1` . Define a Coverable region to be the set of all pairs (`, r) that makes w = 1 a coverable point (see
Fig. 3.2):
G = {(`, r), ` ≤ r and 1 is coverable}.
For any value w, we define its largest coverable point w∗ , w∗ (w) as:
w∗ , sup{v : v ≤ w, such that v is coverable}

Lemma 2 If w is not coverable, then w∗ (w) = r ·

w
r

.

The proof is given in Appendix B.
Using Lemma 2, if (`, r) ∈
/ G and Z = 1, then Z ∗ , Z ∗ (1) = r · b 1r c. We are ready
to state the main result of this chapter.
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Theorem 1 Let A =

Pn

i=1


Ai . Then Popt ∈ A, A +

A
A= A

Z∗

Amax
`
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, where

, if (`, r) ∈ G,
(3.5)
, if (`, r) ∈
/ G.

As the number of demands n grows, the value of A grows as well, thus making the


relatively tight (relative to A). Therefore, every scheduling
interval A, A + Amax
`
π
belongs to that interval, will be considered
policy π, whose corresponding value Pmax
asymptotically optimal. In the last section two of such policies will be introduced.

3.3

Lower bound of Popt

Theorem 1 will be proved in two main steps, each dealing with lower and upper
bounds respectively. Here we start our analyses by discussing about the lower bound.
Lemma 3
Popt ≥ A.

(3.6)

Proof.The Inequality (3.6) is obvious for (`, r) ∈ G (making Z ∗ = 1 and A = A).
Therefore, in what follows we assume (`, r) ∈
/ G and hence Z ∗ < 1. To prove Lemma
3, we use the concept of the Fractional Strip Packing (FSP) [82], according to which
it is allowed to perform horizontal cutting to each rectangle (si , di ) in order to get a
P i
set of equal width rectangles {(si , di1 ), (si , di2 ), . . . , (si , diQi )} such that Q
j=1 dij = di
for all i = 1, . . . , n. Then, instead of packing the original set {(si , di ) i = 1, . . . , n}
of rectangles, a packing of a newly obtained set is performed.
Assume a certain set N of demands is given. For any FSP policy θ, (that includes
θ
θ
both assigning (si , di ), i ∈ N , as well as cutting), let Pmax
and Hmax
denote the
maximal achieved heights, calculated according to power and traditional strip packing
F
F
respectively. And let also Popt
and Hopt
denote the FSP optimal values for power and
F
F
traditional strip packing. Clearly, A ≤ Popt
≤ Hopt
and also

F
A ≤ Popt
≤ Popt ,

(3.7)

F
A ≤ Hopt
≤ Hopt .

(3.8)
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A
F
Next we will show that Z∗
≤ Popt
, which, combined with (3.7), proves Lemma 3.
Assume an arbitrary scheduling policy π ∈ Π(`,r) is given. Cut each demand (si , di ) horizontally to get the new set of very short height rectangles N 0 =
{(si , di1 ), (si , di2 ), . . . , (si , diQi )} such that dij = δ ∀i, j where δ is an infinitesimal
positive real value. Now we try to pack these narrow rectangles in a strip of width 1
as follows: Let call an FSP policy θ∗ as filling when there will not remain space to
put any new rectangle with any arbitrary width si (` ≤ si ≤ r) in each of its rows, i.e.
the sum of all gaps in each row is always less than `. (maybe except for the last row).
(Θ∗ is the set of all possible fillings θ∗ ). Now, to pack all the narrow rectangle with a
filling, we start with the first narrow rectangle and put it in the first row and then try
to fill this row with subsequent narrow rectangles. After filling a row, we continue
with filling subsequent rows until all the narrow rectangles will be scheduled.

Lemma 4
∗

F
θ
Popt
= min
Pmax
∗
∗
θ ∈Θ

(3.9)

The proof is given in Appendix C. So, with respect to Equation (3.9), in the sequel
A
F
we just consider fillings θ∗ ∈ Θ∗ .
≤ Popt
to show that Z∗
From Lemma 2, we know that in each row we cannot cover the time axis more
than Z ∗ , then the maximum height (i.e. the upper boundary of the top row) cannot
be less than ZA∗ , otherwise the total area will be less than A. Combining this fact
with Inequality (3.8) results in:
A
F
≤ Hopt
≤ Hopt
Z∗

(3.10)

It proves Lemma 3 for TSP, but to prove this Lemma for PSP we should take into
account all possible gaps in each row. Because, as mentioned before, the way of
computing the maximum height in PSP is different from TSP. Indeed in PSP in calculating the height or more precisely the total power at each time, only the active
demands at that time will be considered and gaps are not taken into account (Equation (3.3) and Figure 3.1). Also, note that by filling each row arbitrarily, these gaps
can split in more than just one part in a row and may happen in different places of
the time axis for different rows. Lemma 5 tells that in any arbitrary filling there will
be exactly K0 = b 1r c rectangles in each row and then in Lemma 6 it will be shown
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that for any arbitrary filling, there will be exactly K0 equal length and identically
placed “gap-free” interval in each row. Therefore, for each filling θ∗ , the resulted Pmax
F
F
here is indeed equal to Hmax and consequently Popt
= Hopt
. Eventually, using Lemma
4 together with (3.10) proves Lemma 3 for PSP.
Lemma 5 In any filling θ∗ for a set of narrow rectangles of arbitrary widths si (s.t.
` ≤ si ≤ r), exactly K0 = b 1r c = b 1` c narrow rectangles are needed (This may not
apply for the last row which may contain less rectangles).
The proof is given in Appendix D.
Lemma 6 Under the same conditions as in Lemma 5, each row will contain K0
identical (i.e. equal length and identically placed) intervals, (1 − (K0 − i + 1) · ` , i · `)
for all i = 1, . . . , K0 , which cannot contain any gaps (maybe except for the last row).
Proof. Assume that we are trying to put K0 arbitrary width narrow rectangles in
a row. Now assume that we want to put the ith rectangle in this row. The largest
value for the starting time of ith narrow rectangle, i.e. τi , occurs when all the narrow
rectangles starting after τi , including ith rectangle itself, have the same width `. Also,
all possible gaps happen before τi . Then, the length of the remaining time after τi is:
(K0 − (i − 1)) · ` and hence the largest value for τi is as follows:
τi,largest = 1 − (K0 − (i − 1)) · `
On the other hand, the smallest value for the finishing time of this rectangle, i.e.
fi = τi + si , happens only when this rectangle and all of the previous (i − 1) narrow
rectangles have the same width ` and no gap placed in the time axis until after the
fi . Then the smallest value for fi is:
fi,smallest = i · `
Therefore, ith narrow rectangle starts at most at time τi,largest and remains active at
least until fi,smallest . Then we conclude that the ith narrow rectangle (and only this
one) is definitely active during the following time interval (1 − (K0 − i + 1) · `, i · `)
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with the length:
i · ` − (1 − (K0 − i + 1) · `)
 
1
=(K0 + 1) · ` − 1 =
·`−1>0
`
Therefore, we have K0 = b 1r c = b 1` c active intervals with equal non-zero length
(K0 + 1) · ` − 1.
Note that, it is impossible for a demand to be completely placed in the interval
between two consecutive active intervals, because the length of such an interval is
1 − K0 · ` which is less than ` (because 1 < d 1` e = (K0 + 1) · `).
Corollary 1 In ith active interval of any filling θ∗ (Lemma 6), when filling each row
with narrow rectangles, definitely the ith narrow rectangle in that row is scheduled and
the ith narrow rectangle is the only one which can be scheduled in this interval (maybe
except for the last row).
Using Lemma 6, we conclude that in FSP when filling the rows with any arbitrary
placement and with any arbitrary width (si ) for narrow rectangles, there will be
θ∗
exactly K0 gap-free identical intervals in every row. Therefore the Pmax
is exactly
θ∗
the same as Hmax which is the sum of the heights of all the rows.
θ∗
. For example if
Note that no one can change FSP above and get the lower Pmax
θ∗
one tries to decrease the Pmax by just one level, it needs to remove at least K0 narrow
rectangles from different gap-free intervals, either from one row or K0 different rows
(corollary 1). Then, these narrow rectangles will form at least one new row which
θ∗
then only can keep the total height the same as before and cannot decrease the Pmax
.
θ∗
So, Pmax above is in fact the minimum among all possible fillings and hence using
F
Equation (3.9) in Lemma 4, it is equal to Popt
.
From Lemma 2, we know that in a filling of narrow rectangles, in each row we
cannot cover the time axis more than Z ∗ = r · b 1r c, then the maximum height (i.e.
the upper boundary of the top row) cannot be less than ZA∗ , otherwise the total area
F
will be less than A. Therefore we have: ZA∗ ≤ Popt
≤ Popt which proves Lemma 3.
In the next section we will use a simple linear time algorithm, in which we try to
keep the P (t) (and hence Pmax ) around ZA∗ . Using this algorithm, we will show that
the Popt ≤ A + Amax
which proves the upper bound of Theorem 1 and at the same
`
time, it proves that this algorithm is asymptotically optimal.
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Algorithm

From Lemma 1, we know that t = 1 is coverable if and only if d 1r e ≤ 1` . Based on this
fact, in the sequel, we will introduce different cases and in each case, we will find a
proper policy which results in acceptable Pmax .

3.4.1

Ideal Cases

First, assume that ` ≤ 1 and r = 1 (So 1 is coverable). In this case we have an
optimal policy π ∗ as follows: stretch the width of each demand to the whole time
interval [0, 1], and then piling the demands up on top of each other. Another ideal
case is when we have ` ≤ AAi ≤ r, i = 1, · · · , n. In this case in optimal policy π ∗ , we
P
P
have: si = AAi , therefore since ni=1 si = ni=1 AAi = 1, 1 is coverable. So in this case,
we can simply stretch each intensity to A as Ai = AAi × A and place the demands side
by side. In both cases we have P (t) = A for all t ∈ [0, 1] and hence:
∗

π
Pmax
=A≤A+

Amax
`

(3.11)

So, for ideal cases, we can pack the demands in a strip of height A and because
A ≤ Popt ≤ Hopt , the output in this case is absolutely optimal.

3.4.2

Near Ideal Cases

In this case t = 1 is coverable and hence Z ∗ = 1. Then we perform scheduling policy
π as follows: Simply divide the time interval [0, 1] into K0 = d 1r e non-overlapping time
slots with equal length S0 = K10 and since in this case, we have d 1r e ≤ 1` ( Lemma 1),
we are sure that ` ≤ S0 ≤ r.
Now, we can start with the first demand and put it in the first slot and continue
this until the height of that slot becomes greater than or equal to the threshold value,
A, then continue by putting the next demand in the next slot and doing the same
procedure until all of the demands have been packed. Therefore, the height of each
slot is at most A + ASmax
. So, in this case we have:
0
π
Pmax
≤A+

Amax
Amax
≤A+
S0
`

(3.12)

CHAPTER 3. POWER STRIP PACKING OF MALLEABLE DEMANDS

3.4.3

39

Non-Ideal Cases

In this case t = 1 is NOT coverable. So, the constraints on ` and r are as follows:

0<`<r<1

and

 
1
1
>
r
`

These conditions imply that b 1r c = b 1` c. Using Lemma 2, we have: Z ∗ = r · b 1r c < 1.
In this case, the chosen policy π is as follows: We simply divide the time interval
[0, Z ∗ ] into K0 = b 1r c non-overlapping time slots with equal length r and leave the
remaining part of the time interval, i.e. [Z ∗ , 1] unscheduled. Now, we can use the
same approach used in Subsection 3.4.2, while here si = S0 = r, i = 1, . . . , n and
K0 = b 1r c and also the threshold value is ZA∗ . Then in this case we have:
π
Pmax
≤

Amax
Amax
A
+
≤A+
∗
Z
r
`

(3.13)

Algorithm 1 Power Strip Packing algorithm
1. INPUT `,r, Demands Ai i = 1, . . . , n
2. OUTPUT Pmax ,Hmax and Scheduling policy
Pn
3. A = i=1 Ai , Amin = mini {Ai }, Amax = maxi {Ai }
4. if (r ≥ 1) or (` ≤ Amin
≤ Amax
≤ r) then
A
A
5.
Perform Ideal Scheduling (Subsection 3.4.1)
6.
Pmax = Hmax = A
7. else
8.
if {d 1r e ≤ 1` } then K0 = d 1r e and S0 = K10 and Z ∗ = 1
9.
else K0 = b 1r c and S0 = r and Z ∗ = r · b 1r c
10.
T hreshold = ZA∗
11.
Fill each slot until its height exceeds the T hreshold, then continue with next
slot
12.
Pmax = Hmax = maxj {height of j-th slot , j = 1, . . . , K0 }
13. end if
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Proof of Theorem 1

Proof. Lemma 3 showed that A ≤ Popt , which proves the lower bound part of
Theorem 1. In addition, in Section 3.4, for each set of demands N with pair (`, r) resulting in ideal, near-ideal, non-ideal cases, we introduced a policy π with performance
Amax
π
Pmax
≤A+
which results in:
`
Popt ≤ A +

Amax
`

(3.14)

which proves the upper bound part of Theorem 1. Therefore combining inequalities


(3.6) and (3.14) gives us: Popt ∈ A, A + Amax
which proves Theorem 1.
`

3.6

Computational Results

Algorithm 1, which is called “Power Strip Packing ” algorithm, summarizes all the
steps of packing the demands. Clearly, the running time of this algorithm is linear
in n, the number of demands. As we discussed in Section 3.4, we showed for this
algorithm we have:
P SP
Pmax
≤A+

Amax
Amax
≤ Popt +
`
`

(3.15)

In obtaining the last inequality in (3.15), we used Inequality (3.6) in Lemma 3. So,
as it was mentioned in Chapter 2, Subsection 2.2, it corresponds to asymptotic performance ratio being exactly 1. Therefore, this algorithm is asymptotically optimal
for all different cases. Furthermore, as we can see in Algorithm 1, this algorithm is
linear time.
We can achieve better performance in terms of flatter P (t) for t ∈ [0, 1] and get
lower Pmax , albeit at the expense of increasing the number of operations. For example,
the greedy algorithm works by ordering the demands by non-increasing areas (Ai ) and
select si = S0 for i = 1, · · · , n exactly the same as that of in PSP Algorithm 1 (and
i
). Then start with the first (i.e. largest) demand and put it in a slot
hence di = A
S0
with minimum total height and continue this for subsequent demands until packing
all of the demands. Note that when greedy algorithm place a new demand in a slot,
it is not possible that the height of every slot being greater than ZA∗ , otherwise the
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Figure 3.3: Performance of the algorithms for Near-Ideal case with respect to Peak
criteria for different number of demands, where malleability constraint pair is
in the coverable region G (` = 0.35714 and r = 0.75758), that is Z ∗ = 1.

total area ZA∗ × Z ∗ exceeds A, the sum of the demands. Therefore the height of each
slot is at most ZA∗ + ASmax
. So, the inequalities (3.12) and (3.13) are still valid and
0
hence it is also asymptotically optimal. However, the running time is O(n2 ).
Figures 3.3 and 3.4 illustrate the outputs of the presented algorithms (Algorithm
1 and the greedy algorithm) for different values of |N |, the number of demands, in
near ideal cases and non-ideal cases respectively. In these figures, the demands, i.e.
Ai ’s, are independent and identically uniformly distributed in the interval [0, `]. For
each value of |N |, each of the algorithms is performed 30 times and then the mean
value is depicted as the corresponding Pmax of each algorithm. Furthermore, for some
values of |N | the corresponding 0.95% confidence intervals are shown in these figures.
As it can be seen from these figures, in both cases, with or without ordering
always we have: Pmax ≤ ZA∗ + Amax
. However, as we can see in these figures, ordering
`
can improve the performance of the algorithm albeit at the expense of increasing the
number of operations.
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Figure 3.4: Performance of the algorithms for Non-Ideal case with respect to Peak
criteria for different number of demands, where malleability constraint pair is
NOT in the coverable region G (` = 0.3571 and r = 0.43103), that is Z ∗ < 1.

3.7

Summary

In this chapter, considering a problem of supplying electricity to malleable demands,
we introduced Power Strip Packing (PSP) problem. We assumed that each energy
demand has to be supplied during the finite time interval [0, 1], without interruption,
with possible duration between ` and r. We aimed at finding an assignment that
minimizes the power peak - maximal power over [0, 1] - while satisfying all the demands. Therefore, after finding the lower bound of optimal power peak, we showed
that using a linear time algorithm will result in asymptotically optimal performance.
In the next chapter, we will extend this problem by letting each demand have its own
malleability constraints pair.

Chapter 4

Asymptotic Convex Optimization for
Packing Random Malleable Demands
In this chapter, we extend the problem of scheduling malleable electric demands,
which we studied in the previous chapter. Here, we consider an asymptotic setting
with a large number of relatively small energy demands. Such a setting provides
several major generalizations over the previous chapter. Firstly, each demand i ∈ N
will now have its own scheduling constraints (`i , ri ), as an opposite to a unique pair
(`, r) from (3.2) - thus replacing the condition (3.2) by the following more generic
condition:
` i ≤ si ≤ ri ,

i ∈ N.

(4.1)

Secondly, the triples (Ai , `i , ri ), i ∈ N will become random i.i.d. vectors, with a
certain distribution of random pairs (`i , ri ), where Ai is the amount of energy, while `i
and ri are respectively, the left and right constraints on the length of the time period,
during which Ai has to be supplied without interruption. Moreover, we will also be
able to include a convex cost in the treatment. Therefore the objective will be finding
a scheduling policy minimizing the power peak - maximal power over [0, 1] - and/or the
operational convex cost of the system while satisfying all the demands. The problem
becomes very complicated as the number n of demands increases. To address this
issue, we consider an asymptotic approach, in which the average amount of energy in
each demand is inversely proportional to n, thus keeping the total scheduled amount
stable.
The main contributions in this chapter can be summarized as follows:
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Figure 4.1: An example of a Malleable Rectangular-Shape energy demand, with
energy requirement Ai and malleability constraints (`i , ri ). In this example,
this energy demand is served in two different ways: (τi , si ) and (τi , s0i ). The
service times si and s0i satisfy 0 < `i ≤ s0i < si ≤ ri ≤ 1.
We propose a new model to represent a grid composed of electrical “rectangularshape” demands with stochastic malleability constraints; that is the service duration
of each demand has to satisfy given malleability constraints. We will consider a
very wide range of probability distributions of malleability constraints and energy
requirements in our settings. For this general setting, we will propose a linear-time
scheduling policy. We will show that it is asymptotically optimal with respect to two
cost criteria: the maximum power and the total convex cost of power consumption.
Eventually, we will extend our approach for cases of demand scheduling in an arbitrary
length time horizon, in which demands are arriving randomly during the scheduling
horizon.
In this chapter, first we introduce lower bounds for both types of costs and then
introduce a scheduling algorithm, asymptotically optimal in the sense that its cost
converges to a corresponding lower bound almost surely, as n increases to infinity.
Moreover, the algorithm is on-line (each demand is scheduled at the time its parameters become known) and has fully linear running time.

4.1

Model

Here we are proposing our model for an electrical grid composed of n “Malleable
Rectangular-Shape” energy demands. This model is inspired by considering a MicroGrid [2] or a charging facility for Plug-in Hybrid Electric Vehicles (PHEVs), where
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energy requirements are known and present prior to the beginning of scheduling all
these requirements. In our model, a set of n energy demands needs to be scheduled
in the interval [0, 1] in such a way that: 1) Each demand has to be supplied without
interruption, and with constant intensity; 2) The duration of its supply must satisfy
left and right constraints, called malleability constraints. Each demand comes with
its own malleability constraints.
Thus, the main component of our model is a set of random triples {(Ai , `i , ri ), i =
1, ..., n}, where Ai ∈ R+ represents the amount of energy of ith demand and the pair
(`i , ri ) - the malleability constraints for ith demand (0 < `i ≤ ri ≤ 1).
The objective of the controller is to optimally (in a certain sense, to be specified
later) schedule the demands while respecting the malleability constraints. Formally let
τi be the starting time of serving the ith demand, and si be its duration of service. The
objective of the controller is to determine a scheduling policy π = {(τi , si ), i = 1, .., n},
(Figure 4.1), such that:
• The demand Ai is being supplied during time interval [τi , τi + si ] ⊂ [0, 1], at a
constant power level Ai /si ,
• Its service duration, si , has to satisfy given left and right malleability constraints
{(`i , ri ), i = 1, ..., n} as follows:
` i ≤ si ≤ ri ,

i = 1, ..., n.

(4.2)

The triples of demands and constraints {(Ai , `i , ri ), i = 1, ..., n} are assumed to be
random vectors, independently and identically distributed based on some probability
distribution, to be discussed in Section 4.2.1.
Taking into account the malleability for electrical demands, is mainly motivated by
the presence of multi-rate chargeable electrical devices. In such devices, charging rates
are variable, whereas the energy requirements are fixed. For example, slow and fast
charging options are available in many electrical devices. Drawing different electrical current amounts(Amps), and consequently different power consumption(Watts),
results in different charging time(Seconds) to meet the energy requirement(Jules) of
the electrical device. As another example, we could mention heating devices such as
microwaves. In these devices, by changing the heat level, which is directly proportional to the power consumption, we could lengthen or shorten the duration of the

CHAPTER 4. ASYMPTOTIC CONVEX OPTIMIZATION

46

heating process. These are examples of devices with the option of consuming specific
amounts of energy with different possible rates and consequently durations.
At each time instance, the power consumption of the grid is the sum of all the
power consumption of the demands being served at that moment. Then for a policy
π,
P

π,n

(t) =

n 
X
Ai

si

i=1


· 1{τi ≤t≤τi +si }

(4.3)

is the total power consumption of the system at time t ∈ [0, 1]. We are interested in
the optimization problems with respect to two different cost functions, namely, the
maximum power cost
π,n
Pmax
= max {P π,n (t)}

(4.4)

t∈[0,1]

and the total convex cost of power consumption, defined, for a given convex function
h, as
C

π,n

Z

1

=



h P π,n (t) dt

(4.5)

t=0

Even though these two costs are related to each other, they are not exactly the same.
In fact, each additional power unit needed to serve demands becomes more expensive
as the total power demand increases [83]. Therefore, the cost of power consumption
is being considered as a convex function of instantaneous energy consumption rate.
Our goal is to design scheduling policies minimizing the operational cost of a given
electrical grid, with respect to these two cost criteria.

4.2

Cost Optimization. The Main Result

With respect to our assumptions in Section 4.1, we are interested to find a scheduling
π,n
policy π, minimizing operational costs Pmax
and C π,n (Equations (4.4) and (4.5) respectively). An optimal (in any sense) scheduling of the demands is generally known
to be NP complete (see [52]) and therefore cannot always be determined in polynomial time. In what follows we consider an asymptotic approach, in which the number
n of the demands is large, and the sizes of demands are inversely proportional to n.
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(The size of a demand is represented by the area of the rectangle characterizing the
demand).
Practical cases may correspond to charging facilities for Plug-in Hybrid Electric
Vehicles (PHEVs) or a MicroGrid with a significantly large amount of relatively much
smaller demands.

4.2.1

Asymptotic Setting on a Grid

Assumption 1 Let {ξi , i = 1, ..., n} be a sequence of i.i.d. random variables with
α := E(ξi ) < ∞ and V ar(ξi ) < ∞. Then for the demand size distribution, we
d
assume Ai = ξi /qn , where {qn } is an increasing sequence, satisfying n/qn → λ as
n → ∞, for some λ ∈ (0, ∞).
In other words qn is a scaling parameter of order n. Essentially it means we have
n demands, each one of order ( n1 ).
The next assumption addresses the distribution of the malleability constraints.
Let d ∈ N be given and define Ωd , the set of all possible values for malleability
constraint pair (`i , ri ), as follows:

Ωd =

γ β
,
d d




: γ, β ∈ {1, ..., d}, γ ≤ β .

(4.6)

In [36], we considered a special case, where the pairs of malleability constraints, (`i , ri ),
are independently and identically distributed with a uniform distribution in Ωd . We
extend this assumption by considering more general conditions for the distribution of
malleability constraint pairs, (`i , ri ).
Assumption 2 The random pairs {(`i , ri )}, i ∈ {1, .., n} are independently and identically distributed in Ωd according to the following law:
• The value of the right constraint ri is assumed to have an arbitrary discrete

distribution in d1 , d2 , ..., 1 , with:


k
pk := Prob ri =
d


.

(4.7)
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• given ri = k/d, the left constraint `i is uniformly distributed in
is for k 0 ≤ k:
k0
k
Prob `i ≤
ri =
d
d


4.2.2


=

k0
.
k

1
d

, ..., kd , that

(4.8)

Optimal Policy

Let Π be the set of all possible scheduling policies, defined in Section 4.1. For a policy
π ∈ Π, let
P

π,n

(t) =

n 
X
Ai

si

i=1


· 1{τi ≤t≤τi +si }

(4.9)

be the total power demand for the system at time t ∈ [0, 1]. In the sequel, we are
interested in the optimization problems of scheduling the demands with respect to
two cost criteria described by Equations (4.4) and (4.5). Their corresponding optimal
values are computed as follows:
n
Popt

n
Copt

= inf

π∈Π

π,n
Pmax

= inf C

π,n

π∈Π


= inf

π∈Π

Z

max {P


(t)} ,

(4.10)

 
(t) dt .

(4.11)

t∈[0,1]

1

= inf

π∈Π

π,n



h P

π,n

t=0

Define
LnP =

n
X

Ai

and LnC = h

i=1

n
X

!
Ai

.

(4.12)

i=1

n
n
It is easy to see that the above quantities provide the lower bounds for Popt
and Copt
respectively. It can be easily seen that:

n
Popt

≥

n
X
i=1

Ai = LnP

(4.13)
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since all demands are scheduled in [0, 1]. For the second bound, we use Jensen’s
inequality [84]:
Z

1



h P

π,n

1

Z



(t) dt ≥ h

P

t=0

π,n


(t)dt

(4.14)

t=0

to get
n
Copt
≥h

1

Z

P π,n (t)dt


=h

t=0

n
X

!
= LnC .

Ai

(4.15)

i=1

From the Law of Large Numbers and Assumption 1:
n
X

Ai =

i=1

n
X
ξi
→ λα a.s. n → ∞,
q
n
i=1

(4.16)

and therefore:

Ln → λα
P
Ln → h(λα)

a.s. n → ∞,

(4.17)

C

We are ready to state the main result of the section.
Theorem 2 Given Assumptions 1, 2 (Subsection 4.2.1) hold. Algorithm 2 (the Covering policy v∗ ) is asymptotically optimal, in the sense that the costs (4.10), (4.11)
approach their respective lower bounds (4.12)

a.s.

lim

n→∞

Z
a.s.

4.2.3

max {P

(t)} −

t∈[0,1]

1

lim

n→∞

v∗ ,n



h P

v∗ ,n



LnP

(t) dt −



LnC

=0

(4.18)


=0

(4.19)

t=0

Discussion of the Algorithm

The main idea of the Algorithm 2 is to approximately achieve the same total power
intensity throughout the interval [0, 1]. For each ri = k/d, the time interval [0, 1] is
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Algorithm 2 Covering policy v∗
1. INPUT (Ai , `i , ri ) where (`i , ri ) ∈ Ωd and i = 1, . . . , n
2. OUTPUT Scheduling parameters (τi , si )
3. for i = 1 → n and k = 1 → d do
4.
if ri = kd then
mod (d,k)

5.
if `i ≤
, md then
d
6.
with probability kd :
7.
set si = md , τi = 1 − si
8.
9.
with probability (1 − kd ):
10.
set si = ri ,
11.
τi ∈ {0, kd , · · · , (b kd c − 1) kd } with equal probability
12.
else
13.
set si = ri ,
14.
τi ∈ {0, kd , · · · , (b kd c − 1) kd } with equal probability
15.
end if
16.
end if
17. end for

divided into dd/ke time slots. Out of them, bd/kc slots will have equal width k/d;
if mod (d, k) 6= 0 the last time slot will have width modd (d,k) . Subsequently, all the
demands with ri = k/d are distributed into these time slots in such a manner that
the total power intensity is approximately the same among all the slots. The next
section provides a detailed proof.
Figures 4.2 and 4.3 illustrate the scheduling of malleable demands using the covering policy v∗ for d = 8. In particular, Figure 4.2 illustrates the scheduling of demands
with their right malleability constraint equal to 83 . As illustrated in this figure, six
demands with ri = 83 are scheduled in each slot of width si = ri = 38 , while the power
intensity of each of these demands is kd = 83 times its energy demand, Ai . On the other
hand, since mod (8, 3) 6= 0, the width of the last slot is equal to modd (d,k) = 28 . Then
in this slot, the intensity of each demand is modd (d,k) = 28 times its energy demand Ai .
In this figure, four demands with ri = 38 will be scheduled in this slot. Consequently,
the total power intensity in each of these time slots will be kept close to the one in
the other slots. In the presence of a large number of demands, on average, we expect
that 38 of demands with ri = 83 to be scheduled in each slot of width si = ri = 83 and
mod (d,k)
= 28 of them in the slot of width modd (d,k) = 82 . Note that Assumption 2
d
(Equation 4.8) assures us that there are enough demands to be scheduled in the last
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3
Figure 4.2: Applying the covering policy v∗ for d = 8 and ri = .
8

slot. According to this assumption, for demands with ri = 38 , around m
= 32 of them
k
have left malleability constraint satisfying the condition `i ≤ 28 (while only md = 28
of them are needed to be scheduled in the slot with its width equal to 82 ). Figure
4.3 illustrates the output of the covering policy v∗ for all possible values of ri where
ri = k8 , k = 1, · · · , d, and d = 8.

4.2.4

Proof of Theorem 2

We will show the a.s. convergence
max P v

∗,

n

0≤t≤1

(t) − λα → 0,

a.s. n → ∞,

(4.20)

Then Theorem 2 will follow directly from (4.17) and (4.20) and the continuity of
convex function h(.).
To show (4.20) we start by decomposing the set of all scheduled demands into
d × dd/ke disjoint groups: for 1 ≤ k ≤ d, 1 ≤ j ≤ dd/ke
Qnk,j



k
k
.
= i ∈ {1, .., n} : ri = , τi = (j − 1)
d
d

(4.21)

That is Qnk,j is the set of demands with ri = kd , scheduled in the time interval [(j −
1) kd , min(j kd , 1)]. Let
n
Pk,j
=

X Ai
,
si
i∈Qn
k,j

1 ≤ j ≤ dd/ke .

(4.22)
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Figure 4.3: Applying the covering policy v∗ for scheduling the demands with different right malleability constraints ri . Each sub-figure illustrates the scheduling of
demands with their right malleability constraints equal to k8 , where k = 1, · · · , d,
and d = 8.
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represent the total power consumption of demands in Qnk,j .
Lemma 7 For 1 ≤ k ≤ d, 1 ≤ j ≤ dd/ke
n
Pk,j
→ pk λα

a.s. n → ∞

(4.23)

Proof.According to the definition of the covering policy v∗ (Algorithm 2), for 1 ≤
j ≤ bd/kc:
Prob i ∈ Qnk,j

= pk

m
k





k
1−
d



1

m 1
d + 1 −
d
k
k
k


!

(4.24)
m
1 
k
= pk ,
= pk  d  1 −
d
d
k
using d = kbd/kc + m. The factor m/k appears in (4.24) as a result of Assumption
2 in Subsection 4.2.1). Similarly, if m 6= 0, we have


m k
m
Prob i ∈ Qnk,d d e = pk
= pk .
k
k d
d

(4.25)

From the Law of Large Numbers,
 k

p ,


 k d

|Qnk,j |
→

n


p m ,
k
d

1 ≤ j ≤ bd/kc
a.s. n → ∞,

(4.26)

j = dd/ke

According to the description of Algorithm 2,

si =




k/d,



i ∈ Qnk,j , 1 ≤ j ≤ bd/kc




 m/d,

i ∈ Qnk,dd/ke

(4.27)
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Combining (4.26) - (4.27), Assumptions 1 and 2 (Section 4.2.1), we have:

n
→
Pk,j




|Qnk,j |



n

n
qn






X
ξi 
 1
n
|Qk,j | i∈Qn si
k,j

→ pk λ α

a.s. n → ∞,

(4.28)

yielding Lemma 7.
Now introduce Qnk ,
a group Qnk :

S

Pkn (t)

1≤j≤dd/ke

Qnk,j and let Pkn (t) be a total power demand over

X  Ai

=

si

i∈Qn
k


· 1{τi ≤t≤τi +si } , 0 ≤ t ≤ 1

(4.29)

Then for the total cost function (4.9),
Pv

∗ ,n

(t) =

X

Pkn (t).

(4.30)

k

According to Algorithm 2, each Pkn (t) is piecewise constant, with dd/ke possible values
(4.22):

Pkn (t) =



Pn ,


 k,j



P n

k,dd/ke ,

(j − 1)

k
k
≤t<j ,
d
d

1 ≤ j ≤ bd/kc
(4.31)

1−

m
≤ t ≤ 1,
d

m 6= 0.

Applying Lemma 7 to (4.30)–(4.31), yields (4.20), thus concluding Theorem 2.
Theorem 2 implies that the asymptotic costs of applying the covering policy v∗
(Algorithm 2) converge a.s. to LnP and LnC (Equation (4.12)), which are the lower
n
n
bounds for Popt
and Copt
(Equations (4.10) and (4.11)) respectively. It means that
∗
the covering policy v is asymptotically optimal with respect to both cost criteria for
maximum power (Equation (4.10)) and the total convex cost of power consumption
(Equation (4.11)).
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Generalization of the “uniformity” assumption

We have shown the asymptotic optimality of the covering policy v∗ under the assumption that given the value of the (arbitrarily distributed) right constraint r = k/d, the
left constraint ` is distributed uniformly on {1/d, ..., k/d} (Equation (4.8)). This uniformity requirement can be further relaxed, allowing any distribution that satisfies:


m
k
Prob ` ≤
r=
d
d


≥

m
,
d

m , mod(d, k)

(4.32)

(since m < d, the above inequality clearly includes (4.8)). The corresponding scheduling algorithm will be very similar to Algorithm 2, except for lines 6 and 9, where one
should substitute probabilities k/d and (1−k/d) with new proper values. The asymptotic optimality (4.18), (4.19) of a modified algorithm can be carried out in an almost
identical way. Details are omitted due to space restriction.

4.2.6

Fixed Malleability Constraints

In Chapter 3, we studied the problem of scheduling electrical demands with fixed
malleability constraints. There, our assumption was: (`i , ri ) ≡ (`, r), with a pair
(`, r) fixed. So for fixed malleability constraints, the relation (4.2) now reads as
` ≤ si ≤ r,

i ∈ {1, .., n}.

(4.33)

Since the constraints are fixed, the grid Ωd (Section 4.2.1), is replaced by its continuous
counterpart Ω:
Ω = {(`, r) : 0 < ` ≤ r ≤ 1}.

(4.34)

In Chapter 3, for all possible values of (`, r), we showed that how to find an asymptotically optimal policy minimizing the power peak. Now in this Chapter, we are going
to show how to apply the asymptotic analyses presented in this chapter, for electrical
demands with fixed malleability constraints. In particular, we will find the cases,
where we could find a policy minimizing the total convex cost, or more precisely, a
scheduling policy whose asymptotic performance is the same as the covering policy
v∗ from Section 4.1 - i.e. it satisfies the relation (4.20), (which leads to Theorem 2
(Equations (4.18) and (4.19))).
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Full coverage of [0, 1]: Characterization

To derive an asymptotic optimal policy for scheduling demands with fixed constraints,
we need to find out how to maximally cover the time interval [0, 1] (with no overlapping). To do so, we use some of the definitions and results presented in the previous
chapter.
In Chapter 3, we called a real number w > 0 as coverable, if it can be represented
as an integer combination of numbers from the interval [`, r]. That is, if there exists
an integer number q and a set of positive real values: s1 , ..., sq ∈ [`, r] such that
Pq
i=1 si = w. Then we showed that, a value w is coverable if and only if:
dw/re ≤ w/`

(4.35)

It implies that the point w = 1 is coverable if and only if:
d1/re ≤ 1/`.

(4.36)

Then, we defined a coverable region G to be the set of all pairs (`, r) satisfying
(4.36) (see Fig. 3.2):
G = {(`, r), ` ≤ r and 1 is coverable}.

(4.37)

Intuitively, for (`, r) ∈ G, we are able to divide the entire interval [0, 1] into K0 =
d1/re non-overlapping time slots with equal length S0 = 1/K0 . In this case we have
1/r ≤ d1/re ≤ 1/`, as well as ` ≤ S0 ≤ r which follows due to (4.36). Consequently,
we will set the service time of all the demands as S0 , i.e. si = S0 , i = 1, . . . , n. The
next theorem summarizes these points.
Theorem 3 Let Assumption 1 hold and let (`, r) ∈ G. The following covering policy
v∗ is asymptotically optimal, in the sense of (4.18) - (4.19).
Proof of Theorem 3. Decompose the set of all (scheduled by Algorithm 3) demands
into a union of disjoints Qnj , j = 1, · · · , K0 = d1/re according to
Qnj = {i ∈ {1, .., n} : τi = (j − 1)S0 } .

(4.38)

The scheduling of Algorithm 3 guarantees that the power intensity function P n (t)
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Algorithm 3 The covering policy v∗ for coverable fixed malleability constraints
1. INPUT (Ai , `, r) where (`, r) ∈ G and i = 1, . . . , n
2. OUTPUT Scheduling parameters (τi , si )
3. K0 = d1/re, S0 = 1/K0
4. for i = 1 → n do
5.
set si = S0
6.
τi ∈ {0, S0 , · · · , (K0 − 1)S0 } with equal probability
7. end for
from (4.9) is piecewise constant, with K0 = d1/re possible values. Therefore, for each
1 ≤ j ≤ K0
P n (t) = Pjn =

X Ai
,
S
0
n
i∈Q

(j − 1)S0 ≤t < jS0

(4.39)

j

For a proof, it would be enough to show that P n satisfies (4.20). Indeed, for j =
1, · · · , K0 = d1/re, due to Line 6 of the algorithm,

Prob i ∈ Qnj =

1
1
=
= S0 .
d1/re
K0

(4.40)

Therefore, using the Law of Large Numbers,
|Qnj |
→ S0
n

a.s. n → ∞,

(4.41)

Since si = S0 for all i ∈ {1, · · · , n}, we combine (4.41) with the assumptions of the
theorem to get
Pjn →



|Qnj |
n

 

n
qn






X
ξi 
 1
n
|Qj | i∈Qn S0
j

→λα

a.s. n → ∞,

(4.42)

concluding the proof.
In Subsection 4.2.5, we explained that Inequality (4.32) is a ’“sufficient” condition
on the distribution of malleability constraint pairs (`i , ri ) to cover the entire time
interval [0, 1] and consequently use Covering Policy v∗ . Based on that discussion, we
only need to become sure that there is statically enough number of demands to be
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put in the last time slot for each value of the right-malleability constraint. For fixed
malleability constraints, this implies that the value of ` should be less than the size of
the last time slot. So, we are sure that we are able to put any of the demands in the
last time slot of size m , mod (1, r) = 1 − rb 1r c, if necessary. Therefore, for fixed
malleability constraints the equivalent condition to Inequality (4.32) is as follows:
1
` ≤ 1 − rb c
r

(4.43)

The same as Inequality (4.32) for stochastic malleability constraints, Inequality
(4.43) is a “sufficient” condition for applying the covering policy for fixed malleability
constraints. However, Inequality (4.36) is a “necessary and sufficient” condition for
fix malleability constraint pair (`, r) to cover the entire time interval [0, 1].
Remark 1 The “necessary and sufficient” condition in Inequality (4.36) encompasses
the “sufficient” condition in Inequality (4.43), that is:
1
` ≤ 1 − rb c
r

=⇒

1
1
d e ≤
r
`

(4.44)

Proof. Assume (`, r) ∈
/ G. Since ` ≤ r, we have: b 1r c = b 1` c, which results in the
following inequality:
1
1
` > 1 − `b c ≥ 1 − rb c
`
r

(4.45)

Comparing the above result with Inequality (4.43), proves Remark 1 (Statement
(4.44)). Note that Inequality (4.43) is not equivalent to Inequality (4.36). For example
given (`, r) = (0.4, 0.9), d 1r e ≤ 1` , but ` > 1 − rb 1r c.
Remark 1 implies that if malleability constraint pair (`, r) does not fit into Condition (4.36), it does not fit into Condition (4.43) as well (not the other way around).
On the other hand, if a given (`, r) satisfies Inequality (4.43), it also satisfies Inequality (4.36). Therefore, for a given (`, r), we only need to check whether it satisfies
d 1r e ≤ 1` or not. Then for all pairs (`, r) ∈ G, we will use Covering policy in Algorithm
3, which is asymptotically optimal for both maximal power and convex costs.
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Partial coverage of [0, 1]: Optimality of maximum Power

In the previous subsection, for fixed malleability constraints, we showed that how
to use the necessary and sufficient condition in Inequality (4.36) to cover the entire
time interval [0, 1] and then use the asymptotically optimal scheduling in Algorithm
3. On the other hand, as it is shown in Chapter 3, for the values of (`, r) ∈
/ G,
we are not able to cover the entire time interval [0, 1] and we cannot use Covering
Policy v∗ minimizing both power peak and total convex cost criteria. However, as
discussed in Section 3.2 (Theorem 1), even for the values of (`, r) ∈
/ G, we are still
able to introduce asymptotically optimal scheduling policy with respect to maximum
power cost criteria from (4.10). Here, we are going to use the results of Section 3.2
(Theorem 1) and apply the asymptotic analyses performed in this Chapter, to prove
this. Again, we are going to use some definitions and results from Chapter 3.
Assume w is not coverable, that is dw/re > w/`, (see Lemma 1). Define its largest
coverable point w∗ = w∗ (w) as:
w∗ = sup{v : v < w, such that v is coverable.}
Then in Lemma 2, we showed that: If w is not coverable, then w∗ (w) = r bw/rc.
We denoted by Z ∗ , the largest coverable point for w = 1. Using Lemma 2, if (`, r) ∈
/ G,
then Z ∗ = Z ∗ (1) = rb1/rc.
P
/ G.
Then, we introduced Lemma 1, stating that: Let A = ni=1 Ai and (`, r) ∈
Then for the maximum power function from (4.10),
n
Popt
≥

A
Z∗

(4.46)

Since Z ∗ < 1, this lemma gives us a tighter lower bound than (4.13). Therefore,
when (`, r) ∈
/ G, we can schedule all the demands on [0, Z ∗ ] using a very intuitive
policy: divide [0, Z ∗ ] into K0 = b1/rc non-overlapping time slots with equal length
r and leave the remaining part of the time interval, i.e. [Z ∗ , 1] uncovered. This is
formalized in Algorithm 4.
Theorem 4 Let Assumption 1 hold and let (`, r) ∈
/ G. Then:
n
Popt
→

λα
,
Z∗

a.s. n → ∞,

(4.47)
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Algorithm 4 Modified covering policy v∗ for non-coverable fixed malleability constraints
1.
2.
3.
4.
5.
6.

INPUT (Ai , `, r) where (`, r) ∈
/ G and i = 1, . . . , n
OUTPUT Scheduling parameters (τi , si )
for i = 1 → n do
set si = r
τi ∈ {0, r, · · · , (b1/rc − 1)r} with equal probability
end for

Proof of Theorem 4: decompose the set of all scheduled demands into a unit of
disjoint sets Qnj , j = 1, · · · , b1/rc, as follows:
Qnj = {i ∈ {1, .., n} : τi = (j − 1)r}

(4.48)

The resulting power intensity function P n (t) from (4.9) is piecewise constant, with
b1/rc possible values. In particular, for 1 ≤ j ≤ b1/rc, we have:
P n (t) = Pjn =

X Ai
,
r
n
i∈Q

(j − 1)r ≤ t < jr.

(4.49)

j

The result (4.47) will follow once we show that
Pjn →

λα
,
Z∗

a.s. n → ∞,

(4.50)

for all 1 ≤ j ≤ b1/rc. Indeed, for such j, using Algorithm 4, (Line 5), we have:

Prob i ∈ Qnj =

1
.
b1/rc

(4.51)

After that, using the Law of Large Numbers
|Qnj |
1
→
,
n
b1/rc

a.s. n → ∞,

(4.52)
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Recall Z ∗ = r b1/rc. Combining (4.52) with Assumption 1,

Pjn →




|Qnj |
n



n
qn






X
ξi 
 1
n
|Qj | i∈Qn r
j

→

λα
,
Z∗

a.s. n → ∞,

(4.53)

for all j, yielding (4.47).

4.3

Computational Results for Covering Policy

Our study is the first one taking into account malleability in the scheduling problem
of rectangular-shape electrical demands (Chapter 2). In other studies, considering
Strip Packing Problem of rectangular-shape electrical demands, such as [68–71] the
following generated data sets are being used: Mumford-Valenzuela [85], Hopper and
Turton [58], Burke [86] and especially Pedro and Guillermo Sanchez [87] Benchmarks.
Unfortunately, demand malleability has not been addressed in these existing data sets.
However, we expect that by the presence of more flexible-rate chargeable devices,
even some real data sets would be accessible. In those data sets, the values of energy
requirements, as well as malleability constraint will follow some distributions.
In this section, in order to examine our proposed policies, we will generate some
data sets with respect to our assumptions in Subsection 4.2.1, which are rewritten in
Table 4.1. Then we will illustrate the output of Covering policy for different scenarios
discussed so far. In our numerical experiments, we examined covering policy for
different values of the number n of demands. Using the notation from Section 4.1, we
d
assume λ = 1 and qn = n. Also for energy demand values, we assume that Ai = ξ/qn ,
where ξi ’s are i.i.d Exponential random variables with mean α = 10. To evaluate
the performance of covering policy we consider two cost criteria defined in Section
π
4.1: “maximum power”, Pmax
(Equation (4.10)) and “Total Convex Cost” of power
π
consumption, C (Equation (4.11)).
First, we assume that malleability constraints (`i , ri ), i = 1, · · · , n, are i.i.d. random vectors, uniform in Ωd .In addition, to examine the effect of choosing different values of d, we examine the Covering policy v∗ for different values of d. Figures 4.4, 4.5, 4.6 and 4.7 illustrate the outputs of policy v∗ in Algorithm 2, for
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Table 4.1: The summary of the Assumptions in Subsection 4.2.1
Assumption

The Assumption Summary

Assumption 1

Let {ξi , i = 1, ..., n} be a sequence of i.i.d. random variables
with α := E(ξi ) < ∞ and V ar(ξi ) < ∞. Then for the
demand size distribution, we assume :
d

Ai = ξi /qn ,
where {qn } is an increasing sequence, satisfying:
n/qn → λ

Assumption 2

as n → ∞, for some λ ∈ (0, ∞).
The random pairs {(`i , ri )}, i ∈ {1, .., n} are independently
and identically distributed in Ωd according to the following
law:
• The value of the right constraint ri is assumed to have
an arbitrary discrete distribution in d1 , d2 , ..., 1 , with:


k
pk := Prob ri =
.
d
• given ri = k/d,
 1 thek left constraint 0`i is uniformly distributed in d , ..., d , that is for k ≤ k:


k
k0
k0
ri =
Prob `i ≤
= .
d
d
k

n ∈ {500, 1000, 1500, · · · , 10000}, when d = 3, d = 9, d = 20 and d = 100 respectively. By looking into these figures, we can see that for all different values of d,
both peak power and the total convex costs eventually converges to their optimal
values. However, for smaller values of d, which is equivalent to some bigger number
of demands in each time slot, the convergence happens relatively faster. Moreover,
to see the performance of the Covering policy v∗ in the presence of bigger numbers
of demands, we have done the same practice for n ∈ {500, 5500, 10500, · · · , 100000}.
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Figure 4.4: Performance of the covering policy v∗ in Algorithm 2 with respect to
both cost criteria: maximum power and the total convex cost of power consumption, where malleability constraint pairs are i.i.d random vectors in Ωd ,
with d = 3 and n ∈ {500, 1000, 1500, · · · , 10000}.

Figures 4.8, 4.9, 4.10 and 4.11 illustrate the resulted outputs.
In the second scenario, we consider fixed malleability constraints (Section 4.2.6),
1
1
where (`, r) = ( 3.8
, 2.32
). Such constraints satisfy the necessary and sufficient condition in Inequality (4.36), i.e. (`, r) ∈ G. So in this case, we are able to cover the entire
interval [0, 1] and perform covering policy in Algorithm 3. The outputs of Algorithm
2 are illustrated in Figure 4.12, for different values of n. Finally we consider a case
where malleability constraint pair (`, r) is fixed but does not belong to the coverable
1
1
region G (Equation (4.37) and Figure 3.2). In particular, we let (`, r) = ( 2.8
, 2.32
).
As we can see, (`, r) does not satisfy Inequality (4.36). In this case, as we discussed
in Subsection 4.2.6.2, even though we are not able to cover the entire interval [0, 1],
using policy from Algorithm 4, the maximum power cost Pmax is still asymptotically
optimal. Figure 4.13 illustrates the outputs of policy v∗ in Algorithm 4, for different
values of n.
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Figure 4.5: Performance of the covering policy v∗ in Algorithm 2 with respect to
both cost criteria: maximum power and the total convex cost of power consumption, where malleability constraint pairs are i.i.d random vectors in Ωd ,
with d = 9 and n ∈ {500, 1000, 1500, · · · , 10000}.
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Figure 4.6: Performance of the covering policy v∗ in Algorithm 2 with respect to
both cost criteria: maximum power and the total convex cost of power consumption, where malleability constraint pairs are i.i.d random vectors in Ωd ,
with d = 20 and n ∈ {500, 1000, 1500, · · · , 10000}.
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Figure 4.7: Performance of the covering policy v∗ in Algorithm 2 with respect to
both cost criteria: maximum power and the total convex cost of power consumption, where malleability constraint pairs are i.i.d random vectors in Ωd ,
with d = 100 and n ∈ {500, 1000, 1500, · · · , 10000}.
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Figure 4.8: Performance of the covering policy v∗ in Algorithm 2 with respect to
both cost criteria: maximum power and the total convex cost of power consumption, where malleability constraint pairs are i.i.d random vectors in Ωd , ,
with d = 3 and n ∈ {500, 5500, 10500, · · · , 100000}.
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Figure 4.9: Performance of the covering policy v∗ in Algorithm 2 with respect to
both cost criteria: maximum power and the total convex cost of power consumption, where malleability constraint pairs are i.i.d random vectors in Ωd ,
with d = 9 and n ∈ {500, 5500, 10500, · · · , 100000}.
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Figure 4.10: Performance of the covering policy v∗ in Algorithm 2 with respect to
both cost criteria: maximum power and the total convex cost of power consumption, where malleability constraint pairs are i.i.d random vectors in Ωd ,
with d = 20 and n ∈ {500, 5500, 10500, · · · , 100000}.
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Figure 4.11: Performance of the covering policy v∗ in Algorithm 2 with respect to
both cost criteria: maximum power and the total convex cost of power consumption, where malleability constraint pairs are i.i.d random vectors in Ωd ,
with d = 100 and n ∈ {500, 5500, 10500, · · · , 100000}.
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Figure 4.12: Performance of the covering policy v∗ in Algorithm 3 with respect to
both cost criteria: maximum power and the total convex cost of power consumption, where malleability constraint pair is fixed and is in the coverable
region G, that is Z ∗ = 1.
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Figure 4.13: Performance of the covering policy v∗ in Algorithm 4 with respect
to Peak criteria, where malleability constraint pair is fixed, but is not in the
coverable region G, that is Z ∗ < 1.

As it is illustrated in all the figures, the performance of the covering policy gets
better as the number of demands increases, which is consistent with our asymptotic
analysis.

4.4

Sequential Application of Covering Policy

So far, we studied the problem of optimal scheduling of malleable power demands
where all demands are available before scheduling starts. In this section, we will show
how to deploy the proposed policies when demands are arriving randomly during an
arbitrary length time horizon. We assume that the finite scheduling horizon is [0, T ],
with integer 1 < T < ∞. This time horizon is divided into intervals of unit length.
All demands arriving in an interval have to be scheduled in the next interval (see
Figure 4.14). Demands being scheduled in the first interval are the ones arriving
before scheduling starts. The resulted scheme is considered as a version of the moving
horizon control paradigm.
For each j, j = 1, · · · , T , the number of demands to be scheduled in each time
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Figure 4.14: Applying the covering policy for scheduling demands in time interval
[0, T ]. Demands are arriving in different time intervals of unit length and have
be to be scheduled in the next time interval. The dotted horizontal line shows
the average power consumption.
interval [j − 1, j] is given by a random variable nj , where nj ’s are i.i.d Poisson random
P
variables with average n̄. We seek a scheduling policy π = {(τi , si ), i = 1, .., Tj=1 nj },
such that:
• The demand Ai , which has arrived in time interval [j − 2, j − 1], j = 2, · · · , T
or before t = 0 for j = 1, is being supplied with a constant power Ai /si on
[τi , τi + si ] ⊂ [j − 1, j]:
• Its duration si satisfies the malleability constraint
` i ≤ si ≤ ri ,

i ≥ 1,

(4.54)

with {(`i , ri )}i≥1 random, satisfying Assumption 2.
Asymptotic regime: We assume n̄ → ∞; that is, as before, we assume the number
of power demands to be large. Following (and somewhat simplifying) Assumption
1 of Section 4.2.1, we assume that energy demands, Ai ’s, i = 1, 2, · · · are given as:
d ξi · λ
Ai =
, where ξ1 , ξ2 , ξ3 , ... are i.i.d. random variables with α := E(ξi ) < ∞ and
n̄
V ar(ξi ) < ∞; that is the size of each demand is inversely proportional to n̄, the
average number of demands in each time interval. Assumption 2 of Section 4.2.1
remains the same.
P
Let N = Tj=1 nj be a random variable describing the total number of demands.
Similarly to (4.9), for a policy π, the total power consumption of the system at time
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t ∈ [0, T ] is:
π

P (t) =

N 
X
Ai
i=1

si


· 1{τi ≤t≤τi +si }

(4.55)

Similarly to Equation (4.9), Equation (4.55) (as well as Equations (4.56) – (4.60))
depends on n̄, but for the clarity of presentation, the superscript n̄ is omitted. Analogously to (4.10) and (4.11), we seek the optimal values of two cost functions: the
maximum power and total convex cost of power consumption:


π

= inf max {P (t)} ,
π∈Π t∈[0,T ]
Z T 
 
π
π
= inf C = inf
h P (t) dt ,

Popt = inf

π∈Π

Copt



π
Pmax

π∈Π

π∈Π

(4.56)
(4.57)

t=0

which have the following lower bounds (see (4.13) – (4.15)):
N
1X
e
LP =
Ai ,
T i=1

N
1X
Ai
T i=1

eC = T · h
L

!
,

(4.58)

where LC is obtained using Jensen’s inequality as follows:
Z

T



π



h P (t) dt ≥ T · h
t=0



1
T

T

Z

π



P (t)dt

(4.59)

t=0

eP as follows:
Using the Asymptotic regime introduced in this Section, we rewrite L
 
N
X
1
ξ
·
λ
N
i
eP =
L
=
·λ·
T i=1 n̄
n̄T

N
1 X
ξi
N i=1

!
.

(4.60)

P
With our assumptions on nj ’s, N = Tj=1 nj is a Poisson random variable with mean
N
n̄T . So as n̄ → ∞, ( n̄T
) → 1. Eventually using the Law of Large Numbers results in:

L
eP → λα
L
e → T · h(λα)

a.s. n̄ → ∞,

(4.61)

C

So, essentially, we can use the covering policy v∗ to schedule demands in each unit
interval, expecting to achieve asymptotically optimal performance - that is, the costs
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(4.56)-(4.57) are converging to (λα) and T · h(λα) respectively.
We conclude the Section with the following numerical experiment. Let T = 8, and
assume that the number of demands in different time intervals, nj ’s, are i.i.d Poisson
random variable with mean n̄. We consider ξi ’s as i.i.d Exponential random variables
d
with α = 10. We let λ = 1. So for energy demands we will have: Ai = ξi /n̄. We also
assume that malleability constraints (`i , ri ), i ≥ 1, are random vectors independently
and identically distributed in Ωd , with d = 9.
∗

Normalized Convex Cost: C v /

Normalized Convex Cost

1.4

2
1
P
T . h( T1 N
i=1 Ai )

1.35

Number of Slots = 8

1.3

Number of Slots = 1

1.25
1.2
1.15
1.1
1.05
1

0

500

1000

1500

2000

2500

3000

Average Arrivals in Each Time Interval (n)

Figure 4.15: Long-Term performance of the covering policy v∗ with respect to total
operational convex cost. Malleability constraint pairs are i.i.d uniform random
vectors in Ωd . The whole scheduling time interval is [0, 8].
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Figure 4.16: Long-Term performance of the covering policy v∗ with respect to Peak
criteria. Malleability constraint pairs are i.i.d uniform random vectors in Ωd .
The whole scheduling time interval is [0, 8].
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Figures 4.15 and 4.16 illustrate the outputs of the policy v∗ in Algorithm 2, for
different values of n̄. In these figures, we compared the performance of the policy in
two different scenarios: The first scenario is the same as what we discussed in this
Section. We apply the covering policy to schedule the demands, which arrived in the
previous time slot. For the second scenario, we use the same setting we had in Section
4.3. That is, we assume that all the demands are already available at the time 0 and
can be scheduled in the entire [0, T ] ( as long as 0 ≤ τi < τi + si ≤ T ). In this case,
we can simply normalize the “time axes” values, with respect to T = 8 and then use
the policy in Algorithm 2. Similarly to Section 4.3, we used h(x) = x4 for a convex
cost. As the parameter n̄ increases, Figure 4.15 demonstrate that the performance of
the first scenario approaches that of the second scenario. This behaviour is consistent
with the asymptotic analysis.

4.5

Summary

We considered a problem of scheduling “flexible” electrical power demands in the smart
grid. Our model consists of a large number of stochastic energy requirements, needed
to be scheduled in a finite time interval [0, 1]. For each demand, we defined the left and
right malleability constraints `i and ri on the length of the time period, during which
the demand has to be supplied without interruption. The malleability constraint
pairs {(`i , ri )}, i ∈ {1, .., n} are assumed to be random vectors, independently and
identically distributed based on some distribution. Especially the right constraint ri
was assumed to have any arbitrary distribution. Having the objective of minimizing
the maximum power and the total convex cost of power consumption in a smart grid,
we proposed a linear-time scheduling policy and showed its asymptotic optimality
with respect to both cost functions. At the end, we showed how to use the proposed
scheduling policies for long-term scenarios. We verified our analyses by presenting
the outcomes of some computational experiments.
As an extension to this study, we may consider the optimization problem in cases
where an electrical grid carries flexible and non-flexible demands, i.e. some demands
are not malleable and/or cannot tolerate delay in receiving their service. Furthermore,
we may take into account the pre-emptive scheduling, where a scheduler is able to
pause/stop the service of a demand. As another important extension, we may consider
scenarios where the objective is real-time serving the arriving demands with different
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stochastic characteristics such as energy requirements, malleability constraints and
the acceptable delay to receive the service.

Chapter 5

Optimal Controlling of Charging Stations for
Electrical Vehicles under Real Time Pricing
In this chapter, we address the problem of controlling a charging station of Electric
Vehicles (EVs). We first introduce a model for the charging station, in which EVs
are charged either directly from the electrical grid or from a local storage unit. We
assume that the price of the electrical power unit is determined by a Real-Time
Pricing scheme, in which, the price of the electrical power is continuously updated
with respect to the state of the grid at each time instance. Our goal is to find a control
policy minimizing the utilization cost of the charging station. To do so, we model the
charging station as a continuous time Markov Decision Process. The control actions
to be determined by the charging station operator are as follows: the probability of
blocking new arrivals, the rate of charging the local storage unit and the proportion
of cars being served by the local storage unit. By using dynamic programming, we
prove the existence of the optimal policy minimizing a discounted cost over an infinite
time horizon. We also show that it is stationary and bang-bang, i.e. the admissible
action set in the optimal policy assumes only the extreme values in the action set.
Eventually, we will define the infinite horizon average cost and then we will show how
to find the average cost optimal policy from a discounted cost optimal policy.

5.1

Charging Station Model: Overall View

In this chapter, we are proposing a model for a charging station of EVs. This model is
an extension of the ones presented in [72, 79, 80]. In particular, in [72, 79, 80], authors
simply use some heuristic policies, without trying to find the optimal policies. Here,
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Electrical
Grid

Local Energy Storage

Figure 5.1: The overall view of the proposed charging station

we extend the problem, by precisely define the control actions. Then we will show how
to derive the optimal policy minimizing the long-term cost of deploying the charging
station. The overall picture of the proposed model will be presented here, then the
detailed mathematical model will be discussed in the next Section.
One of the main objectives of the proposed model is to isolate the peak demands
from the electrical grid. As we mentioned earlier, charging a large number of EVs
at the same time, will push the peak demand in the electrical grid. To address
this concern, the amount of the electrical power drawn from the grid is limited to a
predetermined value. This value is usually determined as part of a contract between
station and grid operators. Based on such contracts, charging station operators agree
to a limited power level in return for lower prices. On the other hand, the grid is
benefited by having by better estimate of its demands. Consequently having these
kinds of contracts will decrease the cost of utilizing the charging stations and increase
the overall efficiency of the grid [88, 89].
To be able to better serve the stochastic charging demands, a local energy storage
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is deployed in the station. It can be used to meet the excessive demands during rush
hours and consequently smooth the total stochastic energy requirement profile of the
station. On the other hand, if possible, any unused power from the grid will be used
to charge this local storage unit.
The total available power from the grid is descritized and split into S equal slots.
It means that using the total available power from the grid can be used to charge
up to S EVs at the same time. Similarly, a local storage unit can accommodate up
to R EVs, if it is fully charged. Figure 5.1, shows an overall view of the introduced
charging station.
The total available power from the grid and from the local storage units is used
to serve the arriving demands. If at any time, the total demand exceeds this total
available power, the arriving customers will be blocked. Blocking these customers
will effectively isolate the peak demands from the electrical grid. The rate of the
customers being blocked at the station could be used as a metric to evaluate the level
of QoS of the charging station.
Eventually, to take into account different states of the electrical grid, we assume
the price the price of each unit of electrical power (reflecting the state of the grid at
that moment) is fluctuating during the day according to some rates. These prices are
sent to the station in real time without delay. In computing the cost of utilizing the
station, we will consider these price fluctuations.

5.2

Charging Station Model: Mathematical details

In the previous section, we introduced a model for a charging station of EVs. Here,
we explain this model with mathematical details.

5.2.1

System primitives

We assume vehicles arriving to a charging station, each carrying a certain charging
demand. The arrivals are assumed to be Poisson with rate λ. Even for EVs equipped
with the same type of battery, they could come with different battery size and/or
different energy demands. Therefore, we assume that the demands are independently
and identically distributed (i.i.d) exponential random variables with rate µ (As mentioned in Section 5.1, the electrical power is quantized by the number of cars being
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charged.). 1
The charging station can draw the electrical power either directly from the grid or
from a local storage facility (a battery). At any time, the grid is able to charge at most
S cars. By level of the battery, we mean the number of cars that can be simultaneously
charged from the battery at a given time. The level fluctuates between 0, indicating
that the battery is empty, and R (the capacity of the battery) - the battery is fully
charged. Both S and R are fixed/given deterministic parameters of the model. Let
i = i(t) denote the number of cars in the charging station at time t and j = j(t) be
the level of the battery at time t. The station cannot have more than S + j cars being
charged at any given time, which is regulated by blocking the newly arrived cars. This
implies
0≤j≤R

and

0≤i≤S+j

(5.1)

At any given time, a car can be served either by the grid or the battery. Letting iS and
iR represent the number of cars being charged by the grid and battery respectively,
we have
0 ≤ iS ≤ S

and

0 ≤ iR ≤ j

and iR + iS = i

(5.2)

If iS < S, at some point of time, the remaining S − iS unused power units of the
grid could be used to charge the battery, if it is not fully charged, i.e. j < R. The
charging time of each level of battery when using a unit of electrical power is a random
variable exponentially distributed with rate µ, which is independent of charging times
of other levels of battery and also independent of charging times of EVs. Therefore,
we assume that the charging times of each EV and each level of battery are i.i.d
exponential random variables with the same rate µ. If the battery is being charged
using (S − iS ) units from the power grid, the charging rate of each level of battery is
equal to: min((S − iS ), SP R ) · µ, where SP R is the power rating of the battery. In the
sequel, to simplify our notations, without loss of generality, we assume that S ≤ SP R .
So, in case of charging the battery using (S − iS ) units of power, the charging rate of
each level of battery is: (S − iS )µ.
1
The Markovian/memoryless assumptions for the arrival and demands distributions, although
may not be entirely realistic, they will nevertheless enable us to model our problem as a Markov
Decision Process (MDP); this would not be possible for general arrival and demand distributions.
We believe this approach may provide useful intuition to similar practical problems.
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Figure 5.2: The out-flow of the state g, i, j in the charging station

The state of the charging station at each time t, is determined by a threedimensional vector X = (g, i, j), with i and j are defined as above. An additional
variable g denotes the price of each unit of electrical power in the grid, supporting
our assumption about RTP scheme for pricing. In particular, we assume that that
g ∈ G, where G, the power unit price set, is a finite discrete set composed of all
possible values of g. Furthermore, assume that the time the grid remains in each of
P
the states from G is an exponential random variable with rate rg = g0 6=g rgg0 , where
rgg0 is the rate of going from a state of price g to one of price g 0 . We assume that new
updated prices are sent to the station using a high-speed connection without delay.
Therefore, at each time t, the state of the system, X, belongs to the state space:
X = {(g, i, j) : g ∈ G, 0 ≤ j ≤ R, 0 ≤ i ≤ S + j}

(5.3)

The size of X is equal to the output of the following equation:
|X | =

S+j
R X
XX
g∈G j=0 i=0

1

(5.4)
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Introducing controls

The purpose of this section is to introduce controls, i.e., represent our model as a
controlled Markov Process. At each time t, and state of the system X = (g, i, j),
we introduce a control vector uX,t = (γX,t , iR X,t , αX,t ) in the following manner. The
controls will be applied at transition instances so that an appropriate cost (to be
introduced) is optimized.
The control variable γX,t ∈ [0, 1] represents the probability of blocking arriving
cars from entering the charging station. In particular, upon arrival of a new car the
controller accepts this car with probability (1 − γX,t ). Clearly, when i = S + j, the
system does not have enough power to accept any new arrivals and the controller will
block all new arriving cars. So, in these cases, we set γX,t ≡ 1.
The second control variable αX,t ∈ [0, 1] represents the proportion of available
grid power to be used for charging the battery. In particular, when there are (S − iS )
power grid units available, the battery charge rate will be equal to αX,t (S − iS )µ.
Clearly, when j = R, the battery is fully charged already, in which case we assume
αX,t ≡ 0.
The last control variable , iR X,t serves to split the cars being charged in the station
between the grid and the battery. When the number of cars being charged in the
system is i, the action of the controller is to determine iR and iS , with respect to the
conditions in Equation (5.2). Note that when entering a new state X, the controller
decides on the values of iR and iS independent of their values in previous states.
In other words, there is no restriction to assign a car previously being charged by
the grid, to be charged by the battery and vice versa. The value of of iR is bounded
according to the following criteria: We have min(iR ) = (i−S)+ = max(0, i−S), which
is equivalent to sending all the cars being charged to the grid, with the remaining
cars to be charged by the battery. On the other hand max(iR ) = min(i, j), which is
equivalent to sending cars being charged to the battery up to its charging level. The
remaining cars will be charged by the grid. Therefore: iR ∈ {(i − S)+ , ..., min(i, j)}.
Note that when i = 0 or j = 0, we have iR X,t ≡ 0 and iS X,t ≡ i.
Hence, for the control vector uX,t , we have: uX,t = (γX,t , iR X,t , αX,t ) ∈ ΩX,t , where:
ΩX,t = [0, 1] × {(i − S)+ , ..., min(i, j)} × [0, 1]

(5.5)

In the sequel, for simplicity in our notation, we denote ΩX,t by Ω. Figure 5.2 illustrates
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the transition diagram in the resulted Markov process. These rates form the generator
matrix Q. The resulting controlled Markov process has a finite state-space (X ).

5.3

Optimal Control Policy

We now need to introduce an instantaneous cost function for our model. Given the
state at time t is Xt = (g, i, j) and the selected action vector is uX,t = (γX,t , iR X,t , αX,t ).
We define the operational grid cost incurred by the charging station during the time
interval [t, t + dt], as follows:
Ct1 (X, uX,t )dt = (giS X,t + gαX,t (S − iS X,t ) − VX i)dt
where VX is the revenue obtained by the charging station per unit time from each EV
being charged at the station. As we see in the equation above, its value depends on
the state. For example, it could vary as the price of each unit of electrical power (g)
varies.
In addition, we are interested in taking into account the quality of service offered
by the station, in terms of the number of blocked EVs. Let Cbl be the cost incurred per
each blocked EV. Then the corresponding blocking cost in the time interval [t, t + dt]
is:
Ct2 (X, uX,t )dt = CblX λX γX,t dt

(5.6)

Both Cbl and λ are state dependent. For example, the rate of arrivals, λ, could change
when the price of each unit of electrical power (g) changes (So, it would reflect different
rates of arrivals during rush/peak hours versus the rest of the day). Similarly, Cbl
could be different for different value of g. Also, it could be different for cases where
blocking happens due to the lack of resources, i.e. when i = S + j, or it happens
because of a controller’s decision. In the sequel, to simplify our notations, without
loss of generality, we drop the index X for Cbl and λ.
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Combining these two costs results in the following equation:
Ct (X, uX,t )dt = (Ct1 (X, uX,t ) + Ct2 (X, uX,t ))dt
= (g · iS X,t + g · αX,t · (S − iS X,t )
− VX · i + Cbl λγX,t )dt

(5.7)

This cost function is stationary and independent of the time. So at each time t, we
can write:
Ct (X, uX,t )dt = C(X, uX,t )dt

(5.8)

A control policy is a set of decision rules z = {uX,t = (γX,t , iR X,t , αX,t ) ∈ Ω :
X ∈ X , t}. Denote by Z the set of all policies. We are interested in finding a policy
minimizing the average incurred cost during the operating time of the system. In the
sequel, we assume that the system operates over an infinite horizon time [0, ∞).
Based on the previous definitions, our problem can be modelled as a Markov
Decision Process (MDP). Following standard practice in Markov Decision Processes,
we will introduce a finite horizon δ-discounted cost problem and find its optimal
control policy. Then the optimal policy of the infinite horizon problem can be derived
as a limit of the optimal policies of a sequence of δ-discounted problems [75]. Let δ be
the discount rate. Then given the initial state is X and the time horizon is {t : t > 0},
Jδt (X), the minimum expected total δ-discounted cost is defined as follows:
Jδt (X)

=

min EzX
z∈Z

t

Z

e

−δτ


C(Xτ , uX,τ )dτ

(5.9)

0

So the infinite horizon optimal δ-discounted expected cost is:
δ

J (X) =

min EzX
z∈Z

∞

Z

e

−δτ


C(Xτ , uX,τ )dτ

(5.10)

0

If there exists a policy z∗ , resulting in Jδ (X), this policy is called the optimal δdiscounted expected cost policy. This optimal policy satisfies the following optimality
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condition [76]:
Jδt+dt (X) = min

uX,0 ∈Ω

+e−δdt dt(

X



C(X, uX,0 )dt

P(Xdt = X 0 |X0 = X, uX,0 )Jδt (X 0 ))}

(5.11)

X 0 ∈X

Lemma 8 For the cost function defined in (5.7), the optimal policy z∗ with respect
to equation (5.10) exists and it is stationary.
Proof.The state space X is finite and the resulting Markov chain (Figure 5.2) is
irreducible. In addition, since we assumed that S and R are finite values, (Section
5.2), the transition rates are finite and all of these transition rates are independent
of time. Moreover from Equation (5.8), we know that the cost function C(X, uX,t )
is independent of time. Therefore, the optimal policy exists and it is stationary [75];
that is at time t, when the state of the system is Xt = X, the optimal action exists,
is independent of t and only depends on the state of the system, X. So we have:
z∗ = {u∗X,t = u∗X :

5.3.1

X ∈ X,

t}

(5.12)

Deriving the Optimal Policy

So far, it has been shown the optimal policy exists and it is stationary. In this
subsection, we show how to find the optimal policy. To do so, we first relate the
continuous time Markov chain {Xt : t ≥ 0} to a suitable discrete time Markov
chain. Then, we find the corresponding cost function and transition probabilities
for the resulting discrete time Markov chain. Eventually, we will apply them to
the corresponding discrete time dynamic programming equations to find the optimal
action for each state and hence the optimal policy.
By using the method of “uniformization” [74], we can relate the continuous time
Markov chain {Xt : t ≥ 0} to a suitable discrete time chain {Xk : k ≥ 0}. To do
so, first we define the “total event rate” as follows:
ρ = λ + (S + R)µ +

X
g∈G

rg

(5.13)

CHAPTER 5. CHARGING STATION CONTROL

83

Let 0 = t0 < t1 < t2 < · · · < tn < · · · be the transition epochs with respect to possible
transitions defined in the original Markov Chain shown in Figure 5.2. By suitably
introducing “dummy” transitions, it follows that the inter-transition intervals are i.i.d
exponential random variables with rate ρ. Then, it can be shown
R [74] that for a policy

t
z
z ∈ Z, the δ-discounted expected cost up to time tn , i.e.: EX 0 n e−δτ C(Xτ , uX,τ )dτ
is equal to a cost:
EzX

n−1
X

!
β k Cd (Xk , uX,k )

(5.14)

k=0

where {Xk : k ≥ 0} is the discrete time Markov chain obtained from {Xt : t ≥ 0} by
using the uniformization technique, such that Xk , Xtk . Equivalently uX,k , uX,tk is
the action at k-th transition, where the discrete time Markov chain is at the state X.
ρ
< 1. Finally, Cd (Xk , uX,k ) is the discrete
Furthermore, in equation (5.14), β ,
ρ+δ
version of C(Xτ , uX,τ ) and defined as follows:
Cd (Xk , uX,k ) = g iS X,k + g αX,k (S − iS X,k )
− VX iX + λ γX,k Cbl

(5.15)

The expectation in (5.14) is taken with respect to the probability distribution associated to the discrete time Markov chain {Xk : k ≥ 0}, when the control policy z is
used. The resulted transition probabilities are as follows:


Pz Xk+1 = (g 0 , i0 , j 0 )|Xk = (g, i, j), uX,k = (γ, iR , α) · ρ



λ(1 − γ) · 1{i<S+j}
g 0 = g, i0 = i + 1, j 0 = j






rgg0
g 0 6= g, i0 = i
, j0 = j




i µ1
g 0 = g, i0 = i − 1, j 0 = j − 1
{ij>0}
R
=


iS µ1{i>0}
g 0 = g, i0 = i − 1, j 0 = j






α(S − iS )µ · 1{j<R}
g 0 = g, i0 = i + 1, j 0 = j




ρ − ρ0
g 0 = g, i0 = i
, j0 = j

(5.16)
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Where
ρ0 = λ (1 − γ) · 1{i<S+j} +

X

rgg0 + iR µ1{ij>0}

g 0 6=g

+ iS µ1{i>0} + α(S − iS )µ · 1{j<R}

(5.17)

For each initial state X ∈ X , we can define the n-step optimal β-discounted expected

Pn−1 k
cost as follows: Jβn (X) = minz∈Z EzX
k=0 β Cd (Xk , uX,k ) . Then, the infinite horizon optimal β-discounted expected cost is defined as follows:
Jβ (X) = min EzX
z∈Z

∞
X

!
β k Cd (Xk , uX,k )

(5.18)

k=0

Since the state space X is finite, it can be shown [75] that limn→∞ Jβn (X) = Jβ (X).
Furthermore, the optimal policy exists and it is stationary.
Theorem 5 In the optimal policy z∗ , the set of all admissible actions for u∗X has the
form A = {0, 1} × {(i − S)+ , min(i, j)} × {0, 1}. In other words, the optimal policy
actions attain the extreme values in their corresponding sets. Such policies are known
as bang-bang policies.
To prove Theorem 5, we first derive the dynamic programming equations for
discrete Markov chain X and perform the necessary minimization with respect to γ,
iR and α.
Proof.The optimal policy is obtained from the discrete time formulation of the dynamic programming equation [74], as follows:
Jβk+1 (X) = min

uX,0 ∈Ω

+β(

X



Cd (X, uX,0 )

(5.19)

P(X1 = X 0 |X0 = X, uX,0 )Jβk (X 0 ) )}

X 0 ∈X

Where uX,0 denotes the chosen action at k = 0, while the the system is in initial
state X. However, since the optimal policy is stationary, for each X ∈ X we have:
uX,0 = uX . Now, we can expand Equation (5.19), using uX = (γX , iR X , αX ). For
simplicity in our notations, in the following equations, we replace (γX , iR X , αX ) with
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(γ, iR , α). Performing some easy algebra results in:
Jβk+1 (X) =
min {λγ(Cbl −

γ∈[0,1]

+

min

β
1{i<S+j} (Jβk (g, i + 1, j) − Jβk (g, i, j)) )}
ρ

iR ∈{(i−S)+ ,··· ,min(i,j)}, α∈[0,1]

iS (g +

{

βµ
1{i>0} (Jβk (g, i − 1, j) − Jβk (g, i, j))
ρ

βµ
1{ij>0} (Jβk (g, i − 1, j − 1) − Jβk (g, i, j))
ρ
βµ
+α(S − iS )(g +
1{j<R} (Jβk (g, i, j + 1) − Jβk (g, i, j)))}
ρ

+iR

+ terms not depending on (γ, iR , α)

(5.20)

Equation (5.20) shows that the optimal choice for γ doesn’t depend on α and iR .
Also, we know that if i = S + j, then γ ≡ 1. So, when i < S + j, the optimal choice
for γ is obtained as follows:

γ=


0

(Cbl ρ − β(Jβk (g, i + 1, j) − Jβk (g, i, j)) ) ≥ 0

1

(Cbl ρ − β(Jβk (g, i + 1, j) − Jβk (g, i, j)) ) < 0

(5.21)

To find the optimal choices for α and iR , we should consider the second part of
the Equation (5.20). First assume that i · j = 0. Then as it is discussed in Section 5.2,
iR = 0 and iS = i. Also, we know that if j = R, then α ≡ 0. From Equation (5.2),
we have: (S − iS ) ≥ 0, independent of our choice for iR . Therefore, when i · j = 0
and j < R, by using Equation (5.20), the optimal choice for α is as follows:

α=


0

(gρ + βµ(Jβk (g, i, j + 1) − Jβk (g, i, j) ) ) ≥ 0

1

(gρ + βµ(Jβk (g, i, j + 1) − Jβk (g, i, j) ) ) < 0

(5.22)

Now, consider a case when i > 0 and j = R. Hence α ≡ 0. Consequently, by using
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Equation (5.20), the optimal choice for iR is as follows:

iR =




(i − S)+









−gρ + βµJβk (g, i − 1, j − 1)
− βµJβk (g, i − 1, j) ≥ 0
(5.23)






min(i, j) −gρ + βµJβk (g, i − 1, j − 1)





− βµJβk (g, i − 1, j) < 0
The most general case happens when i · j > 0 and j < R. In this case, Equation
(5.20) becomes as follows:

Jβk+1 (X) = min{
iR ,α

βµ β
(Jk (g, i − 1, j − 1) − Jβk (g, i − 1, j))
ρ
βµ β
(Jk (g, i, j + 1) − Jβk (g, i, j))) }
+α(S − iS )(g +
ρ
iR (−g +

+ terms not depending on (iR , α)

(5.24)

As we can see in Equation (5.24), only the second term depends on α. Now since
(S − iS ) ≥ 0 (Equation (5.2)), in order to minimize the RHS of Equation (5.24) with
βµ
respect to α, we should minimize the following expression: α(S−iS )(g+ (Jβk (g, i, j+
ρ
β
1) − Jk (g, i, j))), which results in using the same criteria as Equation (5.22). Now, if
the criteria in Equation (5.22) result in α = 0, Equation (5.24) becomes as follows:
Jβk+1 (X) = min{
iR

iR (−g +

βµ β
(Jk (g, i − 1, j − 1) − Jβk (g, i − 1, j))
ρ

+ terms not depending on (iR )

(5.25)

Equation (5.25) tells us that using the same criteria as Equation (5.23) gives us the
optimal value of iR , which minimizes Equation (5.24). On the other hand, if using the
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criteria in Equation (5.22) results in α = 1, then Equation (5.24) becomes as follows:
Jβk+1 (X) =
min{iR
iR

+

βµ β
(Jk (g, i − 1, j − 1) − Jβk (g, i − 1, j)
ρ

Jβk (g, i, j + 1) − Jβk (g, i, j))) }

+ terms not depending on (iR , α)

(5.26)

Therefore, when i · j > 0 and j < R, if using criteria in Equation (5.22) results in
α = 1, to find the optimal choice for iR , we should use the following criteria:

iR =




(i − S)+









(Jβk (g, i − 1, j − 1) − Jβk (g, i − 1, j)
+Jβk (g, i, j + 1) − Jβk (g, i, j))) ≥ 0
(5.27)






min(i, j) (Jβk (g, i − 1, j − 1) − Jβk (g, i − 1, j)





+Jβk (g, i, j + 1) − Jβk (g, i, j))) < 0
Equations (5.21), (5.22), (5.23) and (5.27) show that for every state X ∈ X , there
exists a set of admissible actions AX , as follows:
AX = {0, 1} × {(i − S)+ , min(i, j)} × {0, 1}

(5.28)

such that uX = (γX , iR X , αX ) ∈ AX (Similarly to what we did for Ω, for simplicity
in our notation, in the sequel, we denote AX by A). Denote by Z A , the set of all
admissible policies. Then, for each zA ∈ Z A , including z∗ , we have: zA = {uX ∈ A :
X ∈ X }. Therefore, instead of initial action set Ω (Equation (5.5)), we are sure that
the actions in the optimal policy belong to a much smaller set A, which is indeed the
boundaries of the initial set. In the literature, such policies are called “bang-bang”
policies. So, z∗ exists and is a bang-bang policy.
Using dynamic programming equation (5.20) iteratively along with the criteria in
optimal policy in Section 5.3, we will find the infinite horizon optimal β-discounted
expected cost Jβ (X) and its corresponding optimal policy z∗ ∈ ZA , with finite number
of iterations [74].
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Expected total β-discounted cost

Cd (X, uX ) (Equation (5.15)) is the cost of the discrete-time Markov chain {Xk : k ≥
0}, when it is in the state X ∈ X and action uX,k is determined by stationary policy
z. The β-discounted expected cost of a stationary and time-invariant policy z, when
the initial state is X ∈ X , is computed as follows:
Jβz (X)

=

EzX

∞
X

!
k

β Cd (Xk , uX,k )

(5.29)

k=0

Define the column vectors Jβz and Cz of size |X |, where their elements are Jβz (X) and
Cd (X, uX ) respectively. In [74](Page 43, Chapter 4), it is shown that for a stationary
policy z, the set of |X | linear equations:
(I|X | − βPz )Jβz = Cz

(5.30)

has a unique solution. It assures us that for a stationary policy z and for each
state X ∈ X , the Equation (5.29) will definitely converge to a unique value. So for
each stationary and time-invariant policy z, including the optimal policy z∗ , we can
compute the expected total β-discounted cost as follows:
Jβz (X) = EzX Jβz (X)

(5.31)

The Expectation in Equation (5.31) is computed with respect to a given initial distribution X. Therefore, to compute the expected total β-discounted cost of a stationary
and time-invariant policy z, instead of using Equation (5.29), we can use linear Equation (5.30) along with Equation (5.31). In Subsection 5.3.4, we compare the expected
total β-discounted cost of the optimal policy z∗ with that of certain other policies.

5.3.3

Minimizing the infinite horizon Average Cost

For each stationary policy z = {uX ∈ Ω : X ∈ X }, where we have uX,t = uX for
each X ∈ X , its equivalent stationary discrete time Markov chain (Section 5.3) is
irreducible. Moreover, since the state space X is finite (Section 5.2), it is positive
recurrent and hence ergodic [73]. Therefore, the steady state probability distribution
π = {π(X) : X ∈ X } exists [73]- [74], and is the solution of π = πP subject to
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π · 1 = 1, where P is the transition probability matrix for the resulting discrete time
Markov chain {Xkz : k ≥ 0} and 1 is a column vector of size |X | (Equation (5.4)) with
all elements equal to 1. Similarly, for the optimal policy z∗ = {u∗X ∈ A : X ∈ X }
in Section 5.3, by finding each action vector u∗X for each state X ∈ X , the transition
∗
probability matrix Pz in (5.16) is fully determined.
For each policy z, the average cost per unit time incurred by the discrete Markov
chain {Xkz : k ≥ 0} is calculated as follows:
N −1

1 zX
J(z) = lim
E
Cd (Xk , uX,k )
N →∞ N
k=0

(5.32)

where uX,k is determined by the policy z. Since the Markov chain is ergodic, for the
average cost per unit time in Equation (5.32), we get:
J(z) = Ez Cd (X, uX )

(5.33)

In [74], it is shown that for the corresponding continuous time Markov Decision
Processes, {Xt : t > 0}, we have:
1
lim Ez
T →∞ T

T

Z

C(Xt , uX,t )dt = J(z)

(5.34)

0

Furthermore, it is shown that as β → 1, the optimal β-discounted expected cost
policy z∗β , is then average cost optimal. Therefore the optimal average cost value is:
∗

J∗ = lim Ezβ Cd (X, uX )
β→1

(5.35)

where the expectation in (5.35) is taken with respect to the stationary probability
distribution associated to the discrete time Markov chain {Xk∗ : k ≥ 0} obtained from
the optimal policy z∗β with transition probabilities obtained from Equation (5.16).

5.3.4

Numerical Examples

In this Section, we first show the action-set in an optimal policy derived based on
the recursive Equation (5.19) along with Equations (5.21), (5.22), (5.23) and (5.27)
(All are rewritten in Table 5.1). Then, we will illustrate the final cost/revenue of
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Table 5.1: The summary of all Optimal Action Criteria
Conrol Action

Criteria
(

Blocking Probability

The proportion of the
available grid power
to be used for charging the Battery

The proportion of the
cars to be served by
the Battery

γ=

(
α=

0
1

(Cbl ρ − β(Jβk (g, i + 1, j) − Jβk (g, i, j)) ) ≥ 0
(Cbl ρ − β(Jβk (g, i + 1, j) − Jβk (g, i, j)) ) < 0

0
1

(gρ + βµ(Jβk (g, i, j + 1) − Jβk (g, i, j) ) ) ≥ 0
(gρ + βµ(Jβk (g, i, j + 1) − Jβk (g, i, j) ) ) < 0

• If α = 0:

+

(i − S)





iR =



min(i, j)




• If α = 1:


(i − S)+






iR =



min(i, j)





−gρ + βµJβk (g, i − 1, j − 1)
− βµJβk (g, i − 1, j) ≥ 0
−gρ + βµJβk (g, i − 1, j − 1)
− βµJβk (g, i − 1, j) < 0

(Jβk (g, i − 1, j − 1) − Jβk (g, i − 1, j)
+Jβk (g, i, j + 1) − Jβk (g, i, j))) ≥ 0
(Jβk (g, i − 1, j − 1) − Jβk (g, i − 1, j)
+Jβk (g, i, j + 1) − Jβk (g, i, j))) < 0

deploying such policy. The parameters of the charging station are given as follows:
S = 6, R = 6, λ = 12, µ = 3, V = 5.5 and Cbl = 0.05. In addition, the given power
unit price set is: G = {3, 5, 10}. All of these unit prices are assumed to have the
same mean times, e.g. 8 hours in a day, and equal transition probabilities to all other
unit prices, i.e. 12 in our setting. Therefore the transition rate between different unit
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Figure 5.3: γ in optimal policy z ∗ obtained from dynamic programming equations,
where (o) and (∗) correspond to γ = 0 and γ = 1 respectively

1
prices is as follows: rgg0 =
for all g 6= g 0 . Also it is assumed that β = 0.9999.
16
Figures 5.3, 5.4 and 5.5 illustrate the values of γ, αX and iR respectively in the
optimal policy obtained from dynamic programming equations (5.20), using the criteria in optimal policy in Section 5.3. Generally, these figures give us some intuition
about the optimal action for each state in the optimal policy. For example, we expect
that for X = (g, i, j) and X 0 = (g 0 , i0 , j 0 ), if αX = 1 (or iR X = (i − S)+ ), it is more
likely that αX 0 = 1 (or iR X 0 = (i0 − S)+ ), if:
• i = i0 , j = j 0 and g 0 < g.
• g = g 0 , i = i0 and j 0 < j.
• g = g 0 , j = j 0 and i0 > i.
On the other hand, we expect that, if γX = 1, it is more likely that γX 0 = 1, if:
• i = i0 , j = j 0 and g 0 > g.
• g = g 0 , i = i0 and j 0 < j.
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Figure 5.4: α in optimal policy z ∗ obtained from dynamic programming equations,
where (o) and (∗) correspond to α = 0 and α = 1 respectively
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Figure 5.5: iR in optimal policy z ∗ obtained from dynamic programming equations,
where (o) and (∗) correspond to (i − S)+ and min(i, j) respectively
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Figure 5.6: The Discounted Utility U(z) = −J(z) per unit time for optimal policy
is compared to heuristic policies “Grid-First” and “Storage-First” for different
values of λ, where VX is constant.

• g = g 0 , j = j 0 and i0 > i.
Finally, in Figures 5.6, 5.7, 5.8 and 5.9, the output of the optimal policy in Section
5.3, is compared to two heuristic stationary policies for different values of λ. These
heuristic policies are called “Grid-First” and “Storage-First” policies and defined and
used in [80]. In both of these policies, α ≡ 1 for all states. Also in both of them, new
arrivals will be blocked, i.e. γ = 1, only if there is not any available resource to serve
the arriving demands; that is: iX = S + jX . The only difference is in splitting the
customers between grid and the local storage unit; i.e. determining iR . In Grid-First,
customers will be served by the storage unit, only if all available S power units from
the grid are being used by other customers. Therefore: iR = (i − S)+ . In contrast, in
Storage-First policy, customers are by default served by the local storage unit, unless
the number of demands is greater than the battery level ( i > j). So, in Storage-First
policy, we have: iR = min(i, j).
In these figures, the average Utility U per unit time is illustrated: U(z) = −J(z)
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Figure 5.7: The Discounted Utility U(z) = −J(z) per unit time for optimal policy
is compared to heuristic policies “Grid-First” and “Storage-First” for different
values of λ, where VX is variable.
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Figure 5.8: The average Utility U(z) = −J(z) per unit time for optimal policy
is compared to heuristic policies “Grid-First” and “Storage-First” for different
values of λ, where VX is constant.
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Figure 5.9: The average Utility U(z) = −J(z) per unit time for optimal policy
is compared to heuristic policies “Grid-First” and “Storage-First” for different
values of λ, where VX is variable.
where J(z) is computed with respect to Equation (5.34) for each of these policies,
including the optimal policy z ∗ . In these figures, the parameters of the charging
station are almost the same as the ones given at the beginning of this Subsection.
One exception is that to evaluate the expected β-discounted utility, in Figures 5.6
and 5.7, it is assumed that: β = 0.9. Besides, in Figures 5.6 and 5.8, VX , the revenue
per unit time from each EV being charged, is assumed to be constant VX ≡ 5.5.
Whereas, in Figures 5.7 and 5.9, VX is assumed to be variable and is 0.25% more than
g, the price of each unit of electrical power drawn from the grid at each moment, i.e.
VX = 1.25 · gX .
In Figures 5.6 and 5.7, the expected total β-discounted cost/utility (Section 5.3.2)
is evaluated. Since this cost depends on the initial state, in order to compare the
output of different policies, we assume that the initial state is uniformly distributed
in state space X . Then, after computing the β-discounted expected cost Jβz (X)
(Equation (5.29)), we perform the averaging based on this assumption. On the other
hand, in Figures 5.8 and 5.9 , the long term average cost (Section 5.3.3) of the above
policies are computed and compared with each other.
We can see in these figures, the output of the optimal policy z ∗ dominates that
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of other policies, which is consistent with our analyses in this Section. In particular,
these figures show that for lower arrival rates of EVs, we should expect bigger differences between the output of the optimal policy and that of the other two heuristic
policies.

5.4

Summary

We considered the problem of optimally controlling a charging station of EVs. To
isolate the peak demands from the electrical grid, we assumed that the amount of
electrical power drawn from the grid is limited to a predetermined value. Then, to
be able to better serve the stochastic charging demands, some local energy storage
units are deployed in the station. They can be used to meet the excessive demands
during rush hours and consequently smooth the total stochastic energy requirement
profile of the station. On the other hand, if possible, any unused power from the grid
will be used to charge these local storage units.
As a result, the charging station is modeled as continuous-time Markov Decision
Process. In particular, the controller of the charging station should continuously
decide about: whether to accept or block an arriving customer, how much of the
energy demands should be met using the local storage units, and what should be the
charging rate of each local storage unit. We proved the the existence of a stationary
and bang-bang optimal policy minimizing the infinite horizon average cost.

Chapter 6

Optimal Controlling of Charging Stations for
Heterogeneous Electric Vehicles
In this chapter, we extend the problem of controlling a charging station of Electric
Vehicles (EVs) by considering different classes of EVs with respect to the type of
the battery they are equipped with. In this case, the charging station will deploy a
local storage unit for each class of customers. We start our analyses by presenting
the resulted mathematical model, then we will show how to find the corresponding
optimal policies for controlling the charging station. In particular, in addition to all
control actions mentioned in the previous chapter, the controller has to decide how to
split the available power from the grid between different classes of customers. We find
optimal policies in two distinct scenarios: In the first scenario, the splitting decision
is made off-line; that is before serving the customer starts. In the second scenario, we
formulate and solve the optimization problem for Real-Time splitting of the available
power from the grid between different classes of EVs, i.e. while serving the demands.
We conclude the chapter by comparing the performance of the proposed policies with
that of some known heuristic policies studied in the literature.

6.1

Charging Station Model: Overall View

In Chapter 5, we studied the problem of charging EVs, all equipped with the same
type of battery. Here, we extend our analyses by taking into account different classes
of EVs. We will conclude the chapter by presenting some numerical results.
Different types of EVs could deploy different types of batteries. Denote by µ, the
rate of charging each EV or one level of a storage unit. There are two main factors
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affecting the final charging rate of a storage unit or battery: The power rating (SP R )
and the efficiency (η). The latter one is the proportion of the stored energy over the
total amount of energy used in charging the storage unit or battery. The power rating
(SP R ), is the maximum acceptable electrical power level to be used in charging the
storage unit. If Ŝ units of power (Ŝ ≤ SP R ) is used to charge the storage unit or
battery, the final rate is equal to Ŝ · η · µ. In the sequel, for EVs, it is assumed that
SP R = 1. In contrast, we assume that local storage units have higher power ratings
(SP R ≥ 1).
In our setting, EVs are classified with respect to their battery types, i.e. based on
the average charging rate of their batteries. For simplicity in our notations, for each
class of batteries, we merged the efficiency parameter (η) into charging rate µ and
denote it by µc , representing the charging rate of EVs in the cth class of customers. For
each class of EVs, we use a separate local storage unit to be used to serve the EVs of
the same class. However, for the available power from the grid, it is the responsibility
of the charging station operator to decide how to split this power between different
classes of customers (Will be discussed later in more details). The rest of the model
is the same as the one introduced in Chapter 5, Section 5.1. In the next section, we
explain the model with mathematical details.

6.2

Controlling the Charging Station with MultiClass of customers

Denote by c ∈ {1, ..., C}, the cth class of EVs. As we discussed in Section 6.1, different
classes of EVs are differentiated based on their charging rate µ (Indeed, for each class
of batteries, we merged the efficiency parameter (η) into charging rate µ and denote
the final result by µc ). So, the charging times of EVs of each class are i.i.d exponential
random variables with rate µc . In addition, customers of each class are arriving to
the station according to a Poisson process with rate λc . Besides, the arrivals of EVs
from different classes are assumed to be independent of each other.
The same as Sections 5.1 and 5.2, we assume that the station is drawing at most
S units of power from the grid. Besides, to better serve the customers, for each class
of them, the charging station is equipped with a local storage unit of the same type.
For example, if a station is serving two classes of fast charging and slow charging EVs,
then it is deployed with two separate storage units of size R1 and R2 . The available
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Figure 6.1: The out-flow of the state X = (g, i1 , j 1 , ..., iC , j C ) in the charging station
serving different classes of EVs

energy in each of these storage units is only being used by EVs of the same class.
However, it is up to the controller how to split the available S units of power from
the grid between different classes of customers. Denote by S c , the total units of power
P
c
from the grid that the controller assigns to EVs of class c. We have: S = C
c=1 S .
Each of these S c units of electrical power are then used to either directly charge EVs
of cth class or charge the cth storage unit at the station. The rest of our definitions
and assumptions are similar to those presented in Sections 5.1 and 5.2, except that
here we are dealing with multiple classes of customers.
The resulted problem represents a Markov Decision Process (MDP). Figure 6.1
illustrates the transition diagram in the resulted Markov process. As it is shown in
this figure, the state of the charging station at each time t ≥ 0 is determined by a
(2C + 1)-dimensional vector X = (g, i1 , j 1 , ..., iC , j C ), where X ∈ X , and X is the
state space of the resulted Markov Process. Following the definitions in Section 5.2,
the state parameters, g and , ic , j c (c = 1, ..., C) are defined as follows: g denotes the
price of each unit of electrical power in the grid at time t. ic denotes the number of
EVs of class c being served at the station and j c denotes the level of the storage unit
dedicated to EVs of class c. Therefore, with respect to these definitions, at each time
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t when the system is at state X, the conditions in Equations (5.1) and (5.2) become
as follows (for clarity, we drop the indexes X and t from the parameters):
0 ≤ j c ≤ Rc

and

0 ≤ ic ≤ S c + j c

0 ≤ iS c ≤ S c

and

0 ≤ iR c ≤ j c

(6.1)

iR c + iS c = ic
Now, according to the definitions in this section, and the ones in Subsection 5.2.2,
the control vector at each time t and state X is defined as a (4C)-dimensional vector
1
1
1
C
C
C
c
c
uX,t = (SX,t
, γX,t
, iR 1X,t , αX,t
, · · · , SX,t
, γX,t
, iR C
, αX,t
). Control actions γX,t
, iR cX,t , αX,t
X,t
(c = 1, ..., C) are defined similar to their correspondents in Subsection 5.2.2. The
c
control actions SX,t
, c = 1, · · · , C are defined as the total units of power from the
grid that the controller assigns to each class c, such that:
S=

C
X

c
SX,t

(6.2)

c=1
c
SX,t
≥ 0,

c = 1, · · · , C

Similar to Section 5.3, we define the instantaneous cost function of utilizing the
charging station. Given the state at time t is Xt = (g, i1 , j 1 , ..., iC , j C ) and the
C
C
C
1
1
1
), the in, iR C
, αX,t
, γX,t
, · · · , SX,t
, iR 1X,t , αX,t
, γX,t
selected action vector is uX,t = (SX,t
X,t
stantaneous cost function is defined as follows:

Ct (X, uX,t )dt =
C 
X

c
c
g · iS cX,t + g · αX,t
· (SX,t
− iS cX,t )

c=1


c
dt
− VX · ic + Cblc · λc · γX,t

(6.3)

This cost function is stationary and independent of the time. So, at each time t, we
can write:
Ct (X, uX,t )dt = C(X, uX,t )dt

(6.4)

A control policy is a set of decision rules z = {uX,t : X ∈ X , t}. Denote by Z, the
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set of all policies. We are interested in finding a policy which minimizing the average
incurred cost during the operating time of the system (Equations (5.33), (5.34) and
(5.35)). To find the optimal policy, we again use the method of “uniformization”
[74] and follow the same steps as the ones in Section 5.3. In particular, to find
the transition probabilities, we should rewrite Equation 5.16 for the case of having
multiple classes of EVs. The resulted transition probabilities are as follows:
P

z



0

0

Xk+1 = (g 0 , · · · , i c , j c , · · · )|


Xk = (g, · · · , ic , j c , · · · ), uX,k = (· · · , S c , γ c , iR c , αc , · · · ) · ρ


rgg0
g 0 6= g






·






·






·




0


λc (1 − γ c ) · 1{ic <S c +j c }
i c = ic + 1




0
0
 ic µ c 1 c c
i c = ic − 1, j c = j c − 1
{i j >0}
R
=
0


icS µc 1{ic >0}
i c = ic − 1




0


i c = ic + 1
αc (S c − icS )µc · 1{j c <Rc }






·






·






·




 ρ − ρ0
Xk+1 = Xk

(6.5)

Where
ρ0 =

X

rgg0

g 0 6=g

+

C
X



λc (1 − γ c ) · 1{ic <S c +j c } + icR µc 1{ic j c >0}

c=1
c

c

+ iS µ 1

{ic >0}

c

c

c

c

+ α (S − iS )µ · 1


{j c <Rc }

(6.6)

The optimal policy is obtained from the discrete time formulation of the dynamic
programming equation (Equation (5.19)). Expanding Equation (5.19) for multi-class

CHAPTER 6. CHARGING STATIONS OF HETEROGENEOUS EVS

102

of EVs, results in the following equation (For simplicity in our notations, in the
following equations, we replace (SXc , γXc , iR cX , αXc ) with (S c , γ c , iR c , αc )):
Jβk+1 (X)
min

γ c ∈[0,1]



= min

C 
nX

S

c=1

λc γ c (Cblc −

β
1{ic <S c +j c }
ρ

(Jβk (g, · · · , ic + 1, j c , · · · ) − Jβk (g, · · · , ic , j c , · · · )) )}
+

min

ic ∈{(ic −S c )+ ,··· ,min(ic ,j c )}, αc ∈[0,1]

{

R

βµc
iS (g +
1{ic >0}
ρ
c

(Jβk (g, · · · , ic − 1, j c , · · · ) − Jβk (g, · · · , ic , j c , · · · ))
βµc
1{ic j c >0}
+icR
ρ
(Jβk (g, · · · , ic − 1, j c − 1, · · · ) − Jβk (g, · · · , ic , j c , · · · ))
βµc
+αc (S c − iS c )(g +
1{j c <Rc }
ρ
o
(Jβk (g, · · · , ic , j c + 1, · · · ) − Jβk (g, · · · , ic , j c , · · · )))
+ terms not depending on (S c , γ c , icR , αc )

(6.7)

where S = (S 1 , · · · , S C ) is a C-dimensional vector with its elements are the chosen
values of S c , c ∈ {1, · · · , C}. Equation (6.7) shows that for a given vector S, the
optimal actions γ c , αc and icR are obtained with respect to the equations similar to
the ones derived in Section 5.3 for single class of customers, i.e. the Criteria in (5.21),
(5.22), (5.23) and (5.27). In the sequel, we show how to find the optimal policies
in two different scenarios with respect to splitting the power from the grid between
different classes of customers.

6.2.1

Off-line splitting of Power from the Grid

In the first scenario, we assume that the values of S c , c ∈ {1, · · · , C} are determined
before serving the EVs starts. This scenario is the same as the one, studied in [80],
in order to compare the performance of heuristic policies “Grid-First” and “StorageFirst” (Section 5.3.4). However, in [80], S c s, c = 1, · · · , C were the only control
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actions determined by the controller. In this scenario, all S c ’s remain the same for all
the states and during the whole time horizon of deploying the charging policy. That
is, if we denote by a C-dimensional vector SX,t = (S 1 , · · · , S C ), the values of control
action S c , c = 1, · · · , C at time t and state X, then, we have: S ≡ SX,t for all t ≥ 0
and X ∈ X .
The resulting optimization problem is as follows (For simplicity in notations, we
dropped the index t):
arg min J(z)

(6.8)

z

S c ≥ 0,

s.t. :

S=

C
X

Sc

c=1

0 ≤ γXc ≤ 1
0 ≤ αXc ≤ 1
max(0, icX − S c ) ≤ iR X,c ≤ min(icX , jXc )
c = 1, · · · , C
Where J(z) is the average cost of deploying the policy z per unit time and defined in
Equation (5.34).
To find the solution of this optimization problem, we first find all possible values
of the C-dimensional vector S = (S 1 , · · · , S C ). Then for each of these vectors, let
say S1 , we solve the dynamic programming Equation (6.7), using the the Criteria in
(5.21), (5.22), (5.23) and (5.27) to find the rest of control actions αXc , ic R X, , γXc for all
c ∈ {1, · · · , C} and X ∈ X . The total number of states, i.e. the size of X , for each
choice of S = (S 1 , · · · , S C ) is calculated as follows:

|X | =

X

1

1

1

+j
R SX
X


g∈G

j 1 =0 i1 =0

C

···

C

C

S +j
R
X
X


1

(6.9)

j C =0 iC =0

Eventually, for each vector S, like S1 , we find the corresponding optimal policy z∗1 ,
resulting in J(z∗1 ). Then, the ultimate optimal policy, z∗ , is the one resulting in the
minimum average cost among all of them.
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Real-Time splitting of Power from the Grid

In the previous subsection (as well as [80]), the assumption was that the splitting
the power from the grid between different classes of customers happens before serving the EVs starts and remains the same through-out the service. In this subsection, we go one step further and let the splitting decision by the controller occur
in “Real-Time”, while serving the customers. As a result, at time t when the station is at state X ∈ X , the controller has to determine all the control actions
C
1
C
C
1
1
, αX,t
) together, including the C-dimensional
, · · · , SX,t
, γX,t
, iR C
(SX,t
, γX,t
, iR 1X,t , αX,t
X,t
1
C
vector SX,t = (SX,t
, · · · , SX,t
).
The optimization problem for “Real-Time” scenario is as follows (For simplicity in
notations, we dropped the index t):
arg min J(z)
z

s.t. :

(6.10)

SXc ≥ (icX − jXc )+ ,
S=

C
X

SXc

c=1

0 ≤ γXc ≤ 1
0 ≤ αXc ≤ 1
max(0, icX − SXc ) ≤ iR X,c ≤ min(icX , jXc )
c = 1, · · · , C
Where J(z) is the average cost of deploying the policy z per unit time and defined
in Equation (5.34). Compared to “Off-line splitting” scenario, (Equation (6.8)), here
we have a new constraint on each S c , that is: S c ≥ (ic − j c )+ , where (ic − j c )+ =
max(0, ic −j c ). This new constraint assures us that at each state any EV being served
at the station will continue to receive the service.
To find the solution of the optimization problem (6.10), for each state X ∈ X ,
we first find all possible values of the C-dimensional vector S = (S 1 , · · · , S C ), with
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respect to the following constraints:
S c ≥ (ic − j c )+ ,
S=

C
X

c ∈ {1, · · · , C}

(6.11)

Sc

c=1

Then, for each of these vectors, let say S1 , we solve the dynamic programming Equation (6.7), using the the Criteria in (5.21), (5.22), (5.23) and (5.27) to find the rest
of control actions αXc , ic R X, , γXc for that state and for all c ∈ {1, · · · , C}. Then, the
ultimate optimal actions for the state X are the ones resulting in the minimum average cost among all of them. We do this for all states X ∈ X and for all iteration
of solving the dynamic programming Equation (6.7). The total number of states, i.e.
the size of X , in “Real-Time” scenario, is calculated as follows:
1

|X | =

R
X X
g∈G

C

···

j 1 =0

j C =0

(6.12)

i1 =0

S C +j C +(j 1 −i1 ) +···+(j C−1 −iC−1 )

···

i2 =0

6.2.3

1

+

+
S 2 +j 2 +(j 1 −i1 )

X

1

S +j
R
X
X

X

+

1



iC =0

Numerical Examples

In this Section, we examine the Optimal Policies of controlling a charging station
serving different classes of EVs. In our experiments, we assume that there are two
classes of EVs, slow charging (c = 1) vs. fast-charging (c = 2 = C), where the
charging rate of fast-charging “EVs” (and also their corresponding local storage unit)
is twice that of the slow-charging EVs, i.e. µ2 = 2µ1 . We assume that there are S = 6
units of available power from the grid. The two deployed local storage units (each
for each class) are with the same capacities, R1 = R2 = 3. The arrival rates of both
classes are assumed to be the same, i.e. λ1 = λ2 = λ2 , where λ is the total arrival rate
of EVs to the station, that is: λ = λ1 + λ2 . The blocking costs of EVs are assumed
to be different for each class of EVs: Cb1 = 0.05 and Cb2 = 0.1.
The rest of the parameters are as follows: The given power unit price set is:
G = {3, 5, 10}. All of these unit prices are assumed to have the same mean times, e.g.
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Figure 6.2: The average Utility U(z) = −J(z) per unit time for Real-Time and Offline splitting of Power from the Grid optimal policies are compared to heuristic
policies “Grid-First” and “Storage-First” for different values of λ, where µ1 = 1
and µ2 = 2 .
8 hours in a day, and equal transition probabilities to all other unit prices, i.e. 12 in
our setting. Therefore, the transition rate between different unit prices are as follows:
1
rgg0 =
for all g 6= g 0 . The parameter, VX , the revenue obtained by the charging
16
station per unit time from each EV being charged at the station is assumed to be
variable and is 0.25% more than g (the price of each unit of electrical power drawn
from the grid at each moment, i.e. VX = 1.25 · gX ). Eventually. in our analyses, we
assumed that: β = 0.9999. The same as Section 5.3.4, in all figures in this section, the
average Utility U per unit time is illustrated: U(z) = −J(z) where J(z) is computed
with respect to Equation (5.34) for each of these policies.
Figures 6.2 and 6.3 illustrate the the average Utilities of the optimal policies
introduced in Section 6.2 for different values of λ. In Figure 6.2, we assumed µ1 = 1,
while in Figure 6.3, µ1 = 5. Finally, in Figure 6.4, the average Utilities are computed
and compared for different total arrival rates, λ, where the charging rate of slowcharging EVs vary from 1 to 5. In all of these figures, we compare the the average

CHAPTER 6. CHARGING STATIONS OF HETEROGENEOUS EVS

107

10
5
0
-5
-10
-15
-20
-25
-30
-35

0

20

40

60

80

100

120

Figure 6.3: The average Utility U(z) = −J(z) per unit time for Real-Time and Offline splitting of Power from the Grid optimal policies are compared to heuristic
policies “Grid-First” and “Storage-First” for different values of λ, where µ1 = 5
and µ2 = 10 .
Utilities of the optimal policies with those of in heuristic policies: “Grid-First” and
“Storage-First” defined and used in [80] (Section 5.3.4).
As we expected from our analyses, the outputs of the optimal policies dominate
that of other policies. Especially, “Real-Time” splitting with optimal policy (Optimization Problem (6.10)) shows the best performance. Also, according to Figures 6.2
and 6.3, the difference between the utility of the optimal and the heuristic policies
becomes bigger for lower total arrival rates of customers. Moreover, as we can see in
Figure 6.4, this difference grows as the charging rates of EVs grow. It means that for
relatively higher charging rates of EVs, the optimal policies return better outcomes
compared to that of the heuristic policies.

6.3

Summary

We considered the problem of optimally controlling a charging station serving multiple
classes of EVs. We assumed that the charging station dedicates a distinct local
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Figure 6.4: The average Utility U(z) = −J(z) per unit time for Real-Time and Offline splitting of Power from the Grid optimal policies are compared to heuristic
policies “Grid-First” and “Storage-First” for different values of λ, where µ1 =
[1, 2, 3, 4, 5] and µ2 = 2µ1 .
storage unit to each class of customers. Similar to the single-class scenario studied
in Chapter 5, the charging station is modeled as continuous-time Markov Decision
Process. In particular, a controller of a charging station should continuously decide
about: whether to accept or block an arriving customer, how much of the energy
demands should be met using the local storage units, and what should be the charging
rate of each local storage unit. In addition to these control action, the controller has
to decide how to split the available power from the grid between different classes of
EVs. We first derived the resulted optimization problem for the cases where splitting
decision is made offline, i.e. before serving the EVs starts. Then, we went further and
derived and solved the optimization problem for real-time splitting of the available
power form the grid; that is splitting decisions are made continuously while serving the
customers. We concluded the chapter by presenting some numerical results supporting
our analyses. In particular, we compared the performance of the proposed policies
with some well-known heuristic policies.

Chapter 7

Conclusions and Suggestions for Future
Research
7.1

Conclusions

In this thesis, we studied the problem of optimal scheduling of flexible electric energy
demands in a smart-grid framework. First inspired by the existence of electric appliances with flexibility on their charging rate, we introduced a model for the demand
side of an electrical grid, as a set of “Malleable Rectangular-Shape” energy requirements. By “rectangular-shape” demand, we mean each energy requirement requires
a certain amount of electrical energy, represented as the rectangle’s area, and has to
be supplied without interruption in a finite service interval with a constant power
intensity. All of these energy requirements need to be served it a finite time interval, e.g. [0, 1]. In addition, each demand is “Malleable”; that is, it has to be served
with possible service time duration between a minimum and a maximum malleability
constraints, which are given system parameters. Then a controller has to determine
the starting time and the service duration for each and every demand, while service
durations should satisfy malleability constraints. The set of all these starting times
and the service durations are called a “scheduling policy”. At each moment of time,
the total energy consumption rate, or equivalently the total power of the grid is the
sum of all consumption rates of the demands being supplied at that moment.
In Chapter 3, we only considered fixed malleability constraints, where malleability
constraint pairs are the same for all demands. We first identified the lower bound on
the optimal value of the power peak for all possible malleable constraint pairs. Then
we introduced a linear time asymptotically optimal algorithm that is its asymptotic
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worst case performance ratio is equal to 1, i.e. the power peak will almost surely
converge to its lower bound, when the number of demand is high. Then in Chapter 4, we extended our study of scheduling malleable electric demands, by letting
each demand have its own malleability constraints and also by taking into account
a convex cost of power consumption in our evaluations. Moreover, we considered
an asymptotic setting with a large number of relatively small energy demands. We
started our analyses by presenting an asymptotic analysis of stochastic demands to
find the proper tight lower bounds for two types of costs in the system, i.e. power
peak and total convex cost. Eventually we proposed an on-line scheduling algorithm
for demands with stochastic energy demands and stochastic malleability constraints
and showed that the presented algorithm is asymptotically optimal and also has fully
linear running time.
In Chapter 5, we studied the problem of serving PHEVs in a charging station.
Here PHEVs were considered as flexible demands due to the assumption that they
can tolerate rejection of their energy request. In our model for the charging station,
we assumed that it is equipped with a local storage energy unit with finite capacity.
In particular, we included a Real-Time Pricing scheme in our treatment, in order
to address the price fluctuations for electrical power in a grid. Our goal was to
find a control policy minimizing the operational cost of the charging station, while
considering the stability of the grid and Quality of Service. So we first modelled the
charging station as a continuous time Markov Decision Process with three control
actions at each state: whether to accept or block the arriving demands, determining
the charging rate of the local storage unit and deciding on the number of demands
being served by the storage unit. Using this model, we were able to use Dynamic
Programming Techniques, which are widely used in Network Optimization problems.
We proved that a stationary and bang-bang optimal policy exists, which minimizes a
discounted cost over an infinite time horizon. Then we extended our analyses to find
an optimal policy minimizing the infinite horizon average cost.
Eventually, in Chapter 6, we considered the problem of optimally controlling a
charging station serving multiple classes of EVs. We assumed that the charging
station dedicates a distinct local storage unit to each class of customers. Similar
to the single-class scenario studied in Chapter 5, the charging station is modeled as
continuous-time Markov Decision Process. In particular, a controller of a charging
station should continuously decide about: whether to accept or block an arriving
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customer, how much of the energy demands should be met using the local storage
units, and what should be the charging rate of each local storage unit. In addition to
these control action, the controller has to decide how to split the available power from
the grid between different classes of EVs. We first derived the resulted optimization
problem for the cases where splitting decision is made offline, i.e. before serving the
EVs starts. Then, we went further and derived and solved the optimization problem
for real-time splitting of the available power form the grid; that is splitting decisions
are made continuously while serving the customers.

7.2

Future Directions

Here are some possible directions we are suggesting for the future:
• In Chapter 3, for any possible fixed malleability constraint pair, we introduced
an asymptotically optimal policy minimizing the power peak. As a future study,
someone could try to find asymptotically optimal policies with respect to the
total convex of the power consumption for cases where full coverage of the
scheduling interval [0, 1] is not possible.
• In Chapter 4, we introduced an optimal policy minimizing the cost of serving
malleable rectangular-shape demands, where malleability constraint pairs where
identically and independently distributed random variable based on some general distribution. A possible direction would be finding a policy minimizing the
convex cost of serving the demands with deterministic malleability constraint
pair.
• In Chapters 5 and 6, we studied the problem of minimizing the cost of serving
EVs in a charging station. As a possible future direction, we may consider how
to mathematically characterize the switching curve separating different regions
corresponding to each particular action in the optimal policy.
• As another extension to optimal deployment of charging stations, we may consider some different models for representing the charging times of EVs, as well
as the local storage unit. As examples, we could mention deterministic or some
bounded distributions to model the charging time of EVs.
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• In the optimization problems studied in Chapters 5 and 6, we did not address
the problem in the presence of some fault or malfunction in the station. For
example, someone could take into account:
– the probability that any of the charging stands becomes out of service
(either while it is serving a customer or it is idle).
– The probability that the local storage unit becomes partially or completely
unresponsive.
– The probability of an outage in the grid, such that the expected power
from the grid becomes unavailable.
• In the proposed models for the charging station, we did not consider any queue;
that is in cases where all available power is used to serve existing customers, any
new customer will be blocked. A possible direction will be considering either
a finite or infinite length queue and take into account its effect in calculating
the cost of deploying the charging station and consequently finding the optimal
policy.
• Instead of the Real-Time Pricing scheme considered in Chapters 5 and 6, someone could study the problem under some deterministic pricing schemes, like
double-tariff schemes, such that the price of each unit of electrical power changes
only at some known points during a day.
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Appendix A

Proof of Lemma 1 in Chapter 3
Proof. Suppose that there is a sequence sj , j = 1, ..., q satisfying ` ≤ sj ≤ r. Now
P
P
Consider the following definition: s0 , 1q qj=1 sj = qj=1 1q · sj (Clearly ` ≤ s0 ≤ r).
Then w is coverable if and only if there exist an integer value q and a real value s0
such that ` ≤ s0 ≤ r and w = q.s0 . So we have:
w
w
⇐⇒ ` ≤ ≤ r
q
q
lwm w
w
w
⇐⇒ ≤ q ≤ ⇐⇒
≤
r
`
r
`
s0 =

Therefore the sequences sj , j = 1, ..., q satisfying ` ≤ sj ≤ r exist if and only if
d wr e ≤ w` .
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Appendix B

Proof of Lemma 2 in Chapter 3
P
Proof. Instead of using qi=1 si , we just use its equivalent value q · s0 , where s0 =
Pq
1
0
∗
i=1 si . Suppose that there exists a value v = q · s such that w < v < w which
q
means q · s0 > r · b wr c(Note that q · s0 6= w because w is not coverable). We know that:
s0 ≤ r. Combining these two inequality results in: q > b wr c, which implies that:
lwm
r

≤q

(B.1)

On the other hand ` ≤ s0 , so we have q · ` ≤ q · s0 < w which results in:
q<

w
`

(B.2)

Combing the inequalities (B.1) and (B.2) results in d wr e < w` , which contradicts
the fact that w is not coverable ( Lemma 1 in Chapter 3). Therefore the closest point
to w which is also smaller than w is w∗ = r · b wr c.
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Appendix C

Proof of Lemma 4 in Chapter 3
θ
Proof. To prove Lemma 4, we will show that for any FSP policy θ with Pmax
, there
∗
∗
θ
θ
θ
. In θ, first consider an interval
exists a filling θ∗ with Pmax
such that Pmax
≤ Pmax
θ
T = [t1 , t2 ] such that P (t) = Pmax ∀t ∈ T . Now suppose there is a gap in T such that
the length of this gap is more than the length of a narrow rectangle completely placed
θ
in
in T . Then this rectangle can be put in that gap while keeping the P (t) = Pmax
T . Therefore we assume that T doesn’t contain this kind of gaps. So in θ in every
θ
interval T such that P (t) = Pmax
∀t ∈ T any rearrangement of the narrow rectangles
θ
does not increase Pmax
. Now we try to pick a rectangle scheduled in the interval T
(partly or completely) and put it in an unfilled row. This results in a new scheduling
θ0
θ
. Now we repeat this procedure for θ0 and continue doing it until
θ0 with Pmax
≤ Pmax
we get a scheduling θ∗ in which every row becomes filled (maybe except for the last
θ∗
θ
row), so θ∗ is a filling with Pmax
≤ Pmax
.
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Appendix D

Proof of Lemma 5 in Chapter 3
Proof. With respect to the conditions 0 < ` ≤ r < 1 and d 1r e > 1` , we conclude that
t = 1 is not coverable. Now define K0 = b 1r c = b 1` c. So we have: (K0 + 1) = d 1` e > 1` ,
which means: (K0 + 1) · ` > 1 and hence: 1 − K0 · ` < `. The last inequality shows
that there is no space to add even the smallest narrow rectangle (i.e. si = `) to the
point K0 · ` ≤ 1 and since ` ≤ si , K0 is the largest number of rectangles which can
fill a row and don’t exceed t = 1. On the other hand, from Lemma 2 in Chapter 3,
Z ∗ = K0 · r is the largest coverable value in [0, 1], i.e. K0 r ≤ 1 and 1 − K0 r ≤ `. Since
si ≤ r, K0 is the smallest number of rectangles which can fill a row such that there
is no space to add a new rectangle to this row. Therefore K0 is the exact number of
rectangles in each filled row.
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