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Abstract

This thesis explores theoretical and practical aspects of iterative decoding algo

rithms when they are implemented on analog continuous-time platforms. Analog con

tinuous-time iterative decoding was proposed a few years ago to improve the 

power/speed ratio of decoder chips that decode capacity achieving codes. It was com

monly believed that replacing discrete-time processing modules with analog circuits 

would not change the dynamics of the iterative decoder. On the contrary, we show that 

not only does continuous-time iterative decoding have different dynamics, but also its 

error correcting performance can surpass that of conventional iterative decoders. We also 

present a simple model for ideal continuous-time iterative decoding.

As a direct consequence of our study on the dynamics of analog decoders, we 

show that by looking at the decoding as a numerical problem and using advanced nu

merical techniques, we are able to improve the convergence rate and decoding perform

ance of iterative decoding algorithms.

Furthermore, we devise novel processing modules for implementing affordable 

high-speed analog min-sum iterative decoders by using strongly inverted CMOS transis

tors. This is favorable because previously reported analog decoders were either BiCMOS 

or weakly inverted CMOS designs. The former could be fast but is rather expensive and 

the latter would be low-power but it is not fast enough for many applications. Our design 

is modular and the main blocks are constructed based on current mirrors and virtually any 

accurate current mirror can be used as the main block in our design. As an example, we 

show how the building modules can be designed in deep submicron CMOS technologies.

iv
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We also present an appropriate design methodology for implementing high-degree blocks 

that can drastically reduce silicon area and power consumption.

To prove the functionality of the proposed circuits, an analog min-sum iterative 

decoder chip for a (32,8) regular LDPC code was designed and fabricated in 0.18pm 

CMOS technology. This chip is the first analog min-sum iterative decoder. Also, it is the 

first functional analog iterative decoder for an LDPC code and is the fastest reported ana

log CMOS iterative decoder. Measurement results not only show that the proposed cir

cuits are functional but also confirm the validity of our proposed model for ideal analog 

decoding. In fact, when noise in the channel is dominant compared to the imperfections 

in the analog iterative decoder, the simulation results based on our proposed model are 

close to the measurement results.
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dx/dy derivative of x  with respect to y
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Z iteration index
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r0 output impedance of a transistor

R received vector from the channel

t time

t transpose

T processing delay

V a variable node

V voltage (electronic context)
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Veff effective voltage
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T time constant (scalar or a diagonal matrix based on context)
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o standard deviation
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Chapter 1

Introduction

In this chapter, main objectives and contributions of this thesis are explained in 

brief. This chapter is started by looking at the early days of coding theory and microelec

tronics. This is to show the importance of implementing iterative decoding algorithms in 

analog VLSI, which is a new and rather non-conventional application for analog circuits 

and at the same time is an obvious deviation from conventional discrete-time iterative 

decoding. We notice how implementation complexity changed the fate of coding and de

layed its progress. We also explain how complexity issues could further postpone the de

ployment of the best known codes in many applications and how analog iterative decod

ing could be helpful in mitigating the implementation complexity.

1.1 Background and Historical Perspective

In July 1948, researchers at Bell Labs unveiled the birth of a twin that soon 

changed the face of the world. The invention of the first transistor [1] and Shannon’s 

mathematical theory of communication [2] were both made public for the first time in 

July 1948. During the coming years the importance of these two scientific achievements

1
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have been realized and their impacts have been so great that they considerably changed 

our life style and we still expect more to come. Among all research work that was carried 

out in the 20th century, these two bodies of work were so amazing that we can put their 

names on this century and call it the era of microelectronics or the information technol

ogy age.

Modem information theory, the foundation of which was laid by Shannon’s epoch 

making paper [2], revolutionized communication and storage systems. Shannon formal

ized the concept of information and proved that for an unreliable channel, there exists a 

number, called the capacity of the channel, such that reliable data transmission is only 

possible for rates not greater than this number. In the same paper. Shannon introduced the 

concept of codes as ensembles of vectors that are to be transmitted. He also proved the 

existence of capacity achieving codes. However, he did not show explicitly how these 

codes can be designed, encoded, and decoded and the ongoing endeavor for designing 

good codes with efficient encoding and decoding algorithms has kept researchers in the 

coding community busy from then on. In 1962, Gallager invented low-density parity- 

check (LDPC) codes in his thesis, along with an elegant iterative decoding scheme [3]. 

Despite being promising, soon after their invention, LDPC codes were largely forgotten 

mainly because the proposed decoding algorithm was too complex for the computational 

resources that were available at that time. Thirty four years later when these codes were 

reinvented by MacKay and Neal [4] thanks to microelectronics, information theory’s twin 

sister, digital computers were so powerful that it became easy to use simulation to verify 

the error correcting performance of these codes. In fact, by means of computer simula

tions it was confirmed that LDPC codes and turbo codes decoded by iterative decoding

2
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show record-breaking error correcting performance and can practically achieve the Shan

non limit [5]-[6].

The invention of the transistors revolutionized the computation and signal proc

essing. These small inexpensive low-power active devices soon replaced vacuum tubes in 

many applications and as Moore predicted in his well-known paper [7] the advantages of 

integration and miniaturizing the circuits brought about a proliferation of electronics. In

terest in digital circuits was dramatically increased by the introduction of very large scale 

integration (VLSI) systems. In digital circuits a transistor could be simply modeled by a 

switch that is either open or closed and designers are less concerned about the dynamics 

of the transistors. This makes the design process considerably simple. Digital circuits 

could be very robust and their performance would not deteriorate easily by common fab

rication-induced problems such as transistor mismatch. However, fabrication imperfec

tions can lead to serious ambiguities about the real geometrical and physical characteris

tics of the transistors inside a chip.

Thanks to the affordability of digital VLSI chips and the maturity of the digital 

signal processing algorithms and numerical techniques, the realm of computations has 

long ago been conquered by digital computers, and analog computers have been aban

doned. Analog computers were used to solve computationally demanding problems such 

as complex nonlinear time-variant partial differential equations by directly mapping the 

problem onto a circuit and observing its time response [8 ]. In the 1980s many experts 

predicted the demise of analog circuits, and later many researchers believed that the ana

log circuit realm would ultimately become limited to analog-to-digital converters (ADC)
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and digital-to-analog converters (DAC) that translate naturally occurring analog signals 

into bits and vice versa [9].

Currently digital circuit design is quite prosperous in terms of available expertise 

and tools. Virtually any complex algorithm with arbitrarily high degree of accuracy can 

be implemented by digital circuits and in the future, digital circuits will become more and 

more prevalent. However, this statement does not imply that for any signal processing 

application, a digital approach can come up with an efficient solution. When a massively 

parallel algorithm, such as an artificial neural network, is to be implemented, the digital 

approach becomes inefficient. In an artificial neural network numerous processing units 

with medium accuracy are required and these processing units are highly interconnected. 

For these types of algorithms digital implementation could be prohibitively costly in 

terms of power and silicon area consumption. While quite a few power-friendly and area- 

friendly approaches are known in a digital approach, these improvements are often 

achieved at the expense of speed and ultimately they fail to improve the speed/power ra

tio significantly [1 0 ].

Research works on biological neural networks revealed that the human brain, 

which is the most wonderful and powerful known processor, is composed of relatively 

simple neurons that are not very accurate but are massively interconnected. This observa

tion motivated researchers to devise bio-inspired neural networks and it was soon found 

that implementation of neural networks provides a unique opportunity for utilizing analog 

processing modules that, similar to neurons, are not that accurate but could be more effi

cient in terms of power, speed, and area consumption. Mead's pioneering work on analog 

retina and cochlea proved the functionality of these bio-inspired analog VLSI processors

4
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[11]. Mead, a leading researcher in semiconductor physics and design of analog and digi

tal circuits, proposed the idea of focusing on strategies which exploit the characteristics 

of transistor physics directly for computation. His motto was “MOSFET nonlinearities 

are a feature to be celebrated and utilized, rather than lamented” [11]. While not all of 

Mead’s dreams for analog neural networks have yet come true [12], many amazing ana

log circuits have been designed based on his idea and analog neural network chips are 

used in many applications [13]. More recently, it was shown that analog computing su

persedes digital computing in computational power [14], Furthermore, Mead’s approach 

had a great influence on the design of analog iterative decoders [15] that are studied 

throughout this thesis.

1.2 Thesis Objectives

At the present time channel coding is an indispensable part of any communication 

system and is used to improve the reliability of data transmission or to provide better 

power and bandwidth efficiency in a wide range of applications from chip-to-chip com

munications on a small printed circuit board [16] to deep space missions [17]. It is there

fore of great interest to efficiently implement the capacity achieving codes and tailor suit

able encoders and decoders for these wide range of applications. Implementing decoders 

is quite challenging as it is associated with observing the received message at the output 

of the channel, which is the noise-corrupted version of the transmitted message and then 

making a decision in favor of the most likely transmitted message among a huge number 

of possible choices.

Iterative decoding algorithms are used for decoding LDPC codes and turbo codes 

that are the best known coding schemes. Though these decoding algorithms are subopti-

5
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mal, for long codes their performance is very close to the optimum decoding. In iterative 

decoding, numerous processing nodes are required and these nodes iteratively exchange 

information with each other during the decoding process. Conventional digital approach 

can be used for implementing these decoders, but similar to the artificial neural network 

case, power and silicon area consumption could be too high for many applications. As an 

example, in [18] a digital iterative decoder chip is presented that consumes 0.7W and its 

die area is 52.5 mm2 and consequently is not suitable for many applications. Furthermore, 

the digital approach could generate a lot of switching noise that can be harmful for noise 

sensitive circuits such as low noise amplifiers.

While analog iterative decoders could consume less power and silicon area and 

generate lower noise and have a better speed/power ratio, no one has provided any theo

retical evidence that iterative decoding that is defined and expressed in discrete-time do

main remains functional when it is implemented on a continuous-time platform. In this 

thesis, we attempt to formulate this problem and investigate the dynamics of continuous

time iterative decoding and compare its performance with the conventional discrete-time 

iterative decoding.

We also noted that none of the previously reported analog iterative decoders use 

favorable standard CMOS technology in the strong inversion biasing condition. Either 

they use non-standard technologies such as BiCMOS technology [19]-[24] or they use 

favorable CMOS technology but not in strong inversion biasing condition [25]-[29]. 

While the former approach has the advantage of higher speed, it could increase the fabri

cation cost. The latter approach has the advantage of extremely low power consumption 

but it is more suitable for low speed applications. In this thesis, we present our proposed

6
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CMOS circuits in strong inversion biasing condition that are suitable for high-speed low- 

cost applications [30]-[33].

1.3 Thesis Overview

The present thesis is divided into eight chapters. In this chapter we gave some in

troductory comments on the history and trend of microelectronics and coding. We also 

explained our motivation for implementing and analyzing the performance of analog it

erative decoders. In Chapter 2, we present a short review of coding theory and introduce 

iterative decoding algorithms and LDPC codes, which are our main focus throughout this 

thesis. In Chapter 3 the dynamics of continuous-time iterative decoding is investigated 

and it will be shown that analog decoding can supersede conventional iterative decoding 

in performance. In Chapter 4, after a short review of the methods that use BiCMOS and 

weakly inverted CMOS for designing analog iterative decoders, we present a design 

methodology based on strongly inverted CMOS circuits for implementing min-sum ana

log iterative decoders. In Chapter 5, we present efficient ways for implementing process

ing nodes with high degrees. Chapter 6  is devoted to implementation issues of the pro

posed analog decoder when more advanced fabrication technologies with reduced power 

supply voltages are used. In Chapter 7, we present the measurement results for a proof- 

of-concept analog min-sum iterative decoder chip for a (32,8) regular LDPC code. We 

conclude this thesis by a summary of the achieved goals and possible future works.

1.4 Thesis Contributions

- A novel analysis for the dynamics of analog iterative decoding is presented.

7
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It is shown that ideal analog continuous-time iterative decoding is superior in 

performance to conventional discrete-time iterative decoding.

- By proposing simple modifications, the error correcting performance of the 

best known iterative decoding algorithms are improved.

- It is shown that many proposed variants of iterative decoding algorithms have 

better decoding performance because they apply more appropriate numerical 

techniques to the fixed-point problem of iterative decoding.

- A modular design methodology is proposed for designing affordable high

speed CMOS analog min-sum iterative decoders.

- A proof-of-concept analog min-sum iterative decoder chip for a (32.8.10) 

regular LDPC code is designed, fabricated, and tested. It is the fastest reported 

CMOS analog iterative decoder and it is the first reported analog min-sum it

erative decoder chip. Also, it is the first analog decoder chip for an LDPC 

code.

- Novel circuits for implementing decoders with high-degree nodes are pro

posed.

- A general approach for converting current mirrors into current-mode maxi

mum winner-take-all circuits is presented. As an example a novel low-voltage 

CMOS maximum winner-take-all circuit is designed.

8
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Chapter 2

Iterative Decoding and LDPC 

Codes

In this chapter the basic concepts of coding theory are introduced. This short in

troduction provides necessary theoretical background for following the next chapters. 

Brevity and simplicity of the discussions are our main concern here and therefore, discus

sions will be more conceptual rather than mathematical. There are quite a few good text

books on coding theory that can be referred to for further information on the theoretical 

aspects, see for instance [34],

2.1 A Glimpse at Coding

One of the main goals of communication and storage systems is to duplicate a 

given message at another venue or time. In a digital system, the message consists of a 

number of symbols that are selected from an alphabet For binary systems which are of 

concern here, “0” and “ 1" are the only elements of the alphabet Unfortunately, noise can 

degrade the performance of communication and storage systems and it is likely that some 

of the symbols are estimated in error. If the symbols are independent, no error in the re

trieved message can be detected.

9
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An efficient source of information tries to remove any existing correlation among 

the symbols forming the message in order to minimize the number of symbols. This proc

ess is called source coding or data compression. However, in order to detect and correct 

errors in the retrieved message from a noisy channel, symbols should be related to each 

other and preferably in a simple way that can be tested easily. This would pave the way 

for error detection and ultimately would increase the reliability of the system. Therefore, 

the symbols are made correlated in an intentional and controlled manner by adding re

dundancy to the original message. This process is called channel coding.

Figure 2-1 illustrates how in a simple communication system that utilizes channel 

coding, an encoder at the transmitter side adds redundancy to the original message and 

increases the number of bits from 4 to 8 . These introduced bits, called parity bits, help the 

decoder to detect and correct an error that has occurred. In this example if we represent 

the original message by row vector m  and represent the output of the encoder by row vec

tor c which is called a codeword, then we can write:

m = [m1 m2 m3 m4],

c =  [ci c2 c3 c4 c5 c6 C-j c8].

The relationship between m  and c can be defined by the following equations:

10
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Figure 2-1 A simple communication system that uses channel coding.
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where “+” represents the binary addition that is equivalent to an XOR operation. It is 

more convenient to write (2 - 1 ) in matrix form as follows:

c = m G. <2-2>

In (2-2). G is a matrix and is called generator matrix and maps any message word onto a 

codeword. It is simple to verify that the generator matrix in our example is given by:

G =

1 0 0 0 1 1 0 1 
0  1 0  0  1 0  1 1  

0 0 1 0 0 1 1 1 
0 0 0 1 1 1 1 0

This example shows a simple linear block code that assigns an 8 -bit codeword to 

each 4-bit message. In coding theory it is common to refer to this code as an (8.4) linear 

block code. Because the original message directly appears in the codeword, this code is 

said to be in systematic form. It is worth noting that in this example, only 4/8 of bits of 

each codeword are useful for carrying information and since we are transmitting the par- 

ity-bits, the actual (information) transmission rate would be 4/8 of the coded scheme; this 

ratio is called the rate of the code. In fact we could have 28 distinct cases for an 8 -bit

12
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word, but we only have 2  defined codewords, this is because there is a one-to-one rela

tionship between each message and its corresponding codeword as is clear from (2 -2 ).

It is easy to show that the following equations relate bits in the codewords that are 

defined based on (2 - 1).

Cj — C| C*y H" C4 

C6 = C1 + C 3 + C 4

c7 = c2 + c3 + c4 

c8= cx + c, + c3

(2-3)

or equivalently:

cx + c2 + c4 + c5 = 0  

c, +c3 + c4 +c6 = 0

C2 +  C3 +  C4 +  c 7 =  0

c ,+ c 2 +c 3 +c 8 = 0

(2-4)

This set of equations is called parity-check equations and any codeword satisfies 

these equations. This is the criterion that is often used at the receiver to determine if the 

received word is a codeword or not. Equation (2-4) can be expressed in matrix form as 

follows:

H £ x =0 ,

or

c .H x =0. (2-5)

Here H  is called the parity-check matrix and for the example in hand it is equal to:

13
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1 1 0  1 1 0  0  0  

1 0 1 1 0 1 0 0  
” 0 1 1 1 0 0 1 0 ’

1 1 1 0 0 0 0 1

The parity-check matrix completely defines a linear block code. Each row in H  

shows which bits are checked by a given parity-check equation and each column shows 

in which parity-check equations, a given bit is involved. Thus, parity-check equations 

show, on the one hand, how a given bit carries information about other bits and could 

have an influence on them and on the other hand, which other bits carry information 

about that specific bit. Iterative decoding that is introduced in the next section is best ex

plained based on this simple observation.

The number of nonzero elements of a codeword is called the Hamming weight of 

that codeword. The Hamming distance between two codewords is defined as the number 

of locations in which the two codewords differ. The minimum distance of a code is de

fined as the smallest Hamming distance between two different codewords in the code. 

For our simple block code, Hamming distance is equal to 4.

A linear block code can be graphically represented by a Tanner graph [35] that is 

a bipartite graph in which one set of nodes, the variable nodes (symbol nodes, bit nodes), 

corresponds to the code information symbols and the other set of nodes, the check nodes, 

corresponds to the set of parity-check equations. An edge connects the j-th variable node 

and the i-th check node if a “1” is located at position (/,/) of H. Figure 2-2 shows the 

Tanner graph of our simple block code. The Tanner graph is not the only way that a code 

can be represented and there are also other ways for graphically representing codes, see 

for example [36].

14
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Figure 2-2 Tanner graph of an (8,4) linear block code. Variable nodes and check 

nodes are shown by circles and squares, respectively.

An LDPC code [3] is a linear block code that has a sparse parity-check matrix. 

LDPC codes are divided into two basic categories; regular LDPC codes and irregular 

LDPC codes. In regular LDPC codes, the parity-check matrix contains a small fixed 

number of ones in each column and another small fixed number of ones in each row. In 

contrast, irregular LDPC codes have different number of ones in their columns or rows. 

LDPC codes are among the best known channel codes and as explained earlier in the first 

chapter, these codes were almost forgotten for more than three decades because their ex

cellent performance was not realized due to limited available computational resources.

2.2 A Glimpse at Decoding

Decoding is a complex decision-making problem. As an example, for a 

(1008,504) code, the decoder should choose the most likely transmitted codeword from 

among 2 504 possible codewords, this shows how complex the decoding process could be. 

A decoder based on the observed word at the charmer s output and by prior knowledge 

about the coding scheme and probably some information about statistical behavior of the

15
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information source and noise in the channel, tries to estimate the transmitted codeword. 

The optimum decision-making rule is based on choosing the codeword with the largest a 

posteriori probability and is called maximum a posteriori probability (MAP) decision 

rule. This means that after the received word has been observed, the most probable 

codeword is chosen. A decoder that utilizes the MAP decision rule can minimize the 

probability of error and to do so it needs to know the a priori probability of each code

word. If codewords are equally likely to be transmitted, it is possible to simplify the MAP 

decision rule and instead of maximizing the a posteriori probability, the decoder can 

maximize the likelihood function. This simplified decision-making rule is called maxi

mum likelihood (ML) decision rule.

In a digital communication system, since noise in the channel deteriorates the 

transmitted signal, the channel output is no longer in digital form and usually takes real 

values. A simple approach is to compare the demodulated received signal with a thresh

old and decide in favor of one or zero. In this method the decoder receives the channel 

output after the decision is made. This approach does not distinguish between a strong 

signal and a weak marginal signal as long as they are both on the same side of the thresh

old. This method is called hard-decision decoding. Hard-decision decoding is used in the 

case for the decoder shown in Figure 2-1. Hard-decision decoding simplifies the decod

ing by dealing with bits instead of real numbers but it is at the expense of discarding 

some important information about the received signal and ultimately this reduction in in

formation would increase the error rate. In hard-decision decoding a code with minimum 

distance dmi„ is (dmin-l)-error-detecting and [(dmin-l)/2]-error-correcting. For example, a
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code with dmjn =10 can detect all error patterns of Hamming weights up to 9, and can 

correct all error patterns of Hamming weights not exceeding 4.

The case when decision-making is exclusively left to the decoder is called soft- 

decision decoding. This means that the channel output is not compared with a threshold 

and the decoder instead of a bit, receives a real number that indicates, implicitly or ex

plicitly, the probability of being a zero or a one. In this thesis we only deal with soft- 

decision decoding.

It is often intractable to apply optimal decoding for practical applications and its 

complexity is unaffordable [37]. In the next section iterative decoding algorithms, which 

are affordable but suboptimal are introduced. The complexity of iterative decoders in

creases almost linearly by the block length. Turbo codes and LDPC codes can approach 

the channel capacity under these decoding schemes.

2.2.1 Fundamentals of Iterative Decoding

As explained earlier in this chapter, the encoder adds redundancy to the transmit

ted word and makes the bits in a codeword correlated. Parity-check equations show how 

bits are related to each other in a codeword. The decoder knows the relationships among 

the transmitted bits and tries to detect and possibly correct any errors in the received 

word. In order to see how iterative decoding works, consider the (8,4) block code that 

was introduced earlier by (2-1) and was graphically represented by the Tanner graph in 

Figure 2-2. Assume p t and q, are defined as:

p (c i = Q \ y , ) = P n  (2‘6)

P(c, =1| y i) = l ~ P i = q i-

17
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Where c\ is the i-th bit of the codeword, yi is the channel output corresponding to c\, and 

P(“a” | “£”) is defined as the conditional probability of event “a” given that event “A” has 

been observed.

Then recalling (2-3), c$ is related to o , c2, and c4 through the following equation: 

c5 =c ,+c 2 +c4. (2-7)

Therefore, to make a decision about c$ only based on prior information about yi, y2, and

>•4, the following equation can be written:

P(c5 = 0 \ y l, y 2 , y 4) = P(cl =0  ,c2 = 0,c4 = 0 | y 1,y2,;̂ ;4)+
i>(c1 = l,c2 = l,c4 = 0 1 yi,y 2 ,y4)+
P(c, =l ,c 2 = 0 ,c4 = l | y 1,y 2 ,y4)+

p (ci = ° > c 2 = = 1 1 y\^yz~y i )•

The process of estimating cs based on the information about yi.y i. andy4- is illustrated in 

Figure 2-3 which is a simplified version of the Tanner graph of Figure 2-2.

Figure 2-3 A simplified version of the Tanner graph of Figure 2-2, shows 

how messages are passed in iterative decoding.
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P(c5 = l | J i ^ 2 ^ 4 ) = -p(ci = lc 2 = 0 ,cA = 0 \ y x,y 2 ,y4)+
P(q = 0,c2 =l ,c 4 = 0 |  ^ , ^ 2 ,^ 4 )+
P(c, = 0,c2 = 0,c4 = 11 y x,y2,yA)+
P(cx = l,c 2  = l,c4 = 11 y 1?y2 ,y4)

By assuming independency we get:

fP(c5 = 0 |y ,,j/2,;;4) = /?i/ ? 2 /? 4 +qlg2 p 4  +qxp 2 qA+Pxq2U
[P(c5 = 1 1y x,y 2 ,yA) = qxP2 Pi+ PtfiP* +P\Pz^ 4  + 4 itf2 ? 4  " <'2' 8')

Or equivalently:

(P(c5 = 0 1 ^  o>2 ,y4 ) - P ( c 5 =11 J i ,y 2 ^ 4 )) = (P i-^ iX p 2 - ^ 2 X^4 - ^ )  (2‘9)

However, y$ also has some information about C5 and to get the best estimation about cs it

should also be taken into account

JP(c5 = 0 |y , ,y 2 ,j/4 ,y5) = P(c5 = 0 | y 5 ,{y,,y2 ,y4})
[P(c5 = \ \ y x,y 2 ,yA,y 5) = P(cs = 1|

By applying Bayes rule, and representing the probability density function by f .  we have:

/U'5»U'l»P2»P4W 
/ ( y 5 1 c5 = 0 , {y,,y2 .y 4 })/(c5 = 0 , f a ,y 2 ,y4})

/(y51
However, for a memoryless channel it is clear that if we know the transmitted bit (C5), the 

corresponding received signal (ys) will only depend on channel noise and therefore we 

have:

f ( y 5 1 c5 = 0 ,{y„y2 ,y4})= f ( y 5 \ c5 = 0 )

and consequently:
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PIC, = 01 1 c7 ° ^  = 01 <*•*•»»
/b s  I 

_ /b s^ s  = oM^s = o 1 b p J w J )  
p i c s =o)/0;5 I b p ^ ’^}) 

_ p ( c $  = 0 1 y s ) p (c 5 =  0 1 { y i r y 2 , y 4 } ) f M  
p (c5 = 0 ) /(y s i b i O ^ } )

= ̂ p(cs = 0 | 7 s)p(cs = 0 | ^ P^ 2 ,y4) 

Where y is a constant value. Similarly we can write:

p(.c5 = 11 = rp(c s = 11 ys)p(cs = 11 y^y^y*)*

and thus

\P(c5 = 0 \ y v y 2 , y 4 , y 5) = y(p5 .P(c5 = 0 | ^ , j / 2 ,j;4))

[ P(cs = 11 y l,y 2 , y 4 , y 5) = r{<l5 - p ( c 5 = 1 I Pl> ̂ 2 * J^)) ’

or equivalently:

(2-10)

In f p jc5 = 0 1 PpP2 »3;4 ^ 5 ) 
P(c5 = \ \ y Xty 2 ,yA,y s) _

= In E l '
\ ^ 5  J

+ ln P(cs = 0171,^2^4)
=  1 t 3̂ 1 - J^2 - >’4 )

(2-11)

Equations (2-9) and (2-11) show how by taking y\, yi, y*,, and ys into considera

tion, we can obtain an estimation about C5 (let us call itc5). However, if we use all the

channel outputs and do not restrict ourselves to y\, yz~ 7 4 , and >-5 then c5 can be best esti

mated. This means that to get a better estimation about C5, we need better c, ,c2, and c4 

(estimations of c\, ci, and C 4), that comes from the rest of parity-check equations. To keep 

the independency assumption valid, when we are concerned about c5, we do not use (2-7)

for updatingcx,c2, and c4. Unfortunately, the assumption of independency is violated 

anyway for this code, because c, ,c2, and c4 become dependent on each other through 

other parity-check equations. This can be simply verified based on the presence of closed
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loops of edges (cycles) in the graphical representation of the code in Figure 2-2. There 

are quite a few cycles in Figure 2-2 and Figure 2-4 shows a cycle of length six.

If the graphical representation of the code was cycle-free, then it would be possi

ble to maximize the information that we can get about each bit of the transmitted code

word (ci, C2 , —, c$), and our approach would be optimal. However, because of the cycles 

this approach is suboptimum.

This simple example shows the fundamental operations in a powerful decoding 

method that is based on passing beliefs through the graph and is often called belief 

propagation algorithm. Later in this section we formally introduce this decoding algo

rithm. Belief propagation algorithm is also known as “sum-product decoding algorithm” 

because of the multiplication and summation operations used in (2-8) and (2-10). This 

algorithm was originally proposed by Gallager [3], and was further developed by Tanner 

[35]. It has also been invented and used independently in the artificial intelligence com

munity [38], and was studied in details in [39] and its optimality when applied to realiza

tions with cycle-free Tanner graphs was shown. It is possible to slightly modify belief 

propagation to improve its performance on graphs with cycles [40].

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.
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Figure 2-4 A closed loop of six edges, which is called a cycle of length six.
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In its conventional expression, belief propagation is performed in the discrete

time domain. As we will see later, one of the contributions of this thesis is in changing 

this common belief and showing that not only is the discrete-time approach not essential, 

but it could also degrade the error correcting performance of the decoder for the graphs 

with cycles.

In its discrete-time expression, in the /-th round of the belief propagation decod

ing algorithm (/>0), the outgoing messages of the variable node set V  ( p (y \ c and q y \c )

and the outgoing messages of the check node set C (PcLv and Qc^v) are computed 

based on (2-12) and (2-13), respectively. Equations (2-12) and (2-13) can be shown to be 

generalized form of (2-11) and (2-9). For the variable node set V. p v and qv are defined

similar to (2-6). p (y \ c ? QvLc •> PcLv > and QcLv similarly represent outgoing messages 

in the probability domain.

In pS L c '  
4 \ C

= l n ^ + y  In
C'eJVVMC}

_ ( M )  \VC->V C2 -1 2 )

{pcLv -  <3cLv) = n ipr-+c ~ ̂ r->c )* (2-13)
r€Vc\{̂ >

where N c  is the set of variable nodes incident to the check node set C, and N y  is the set of 

check nodes incident to the variable node set V. It is also assumed:

(2-14)
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It is possible to significantly simplify (2-13) by noting that:

<1

Therefore:

qr-+c\ -  r  “  4r->c\) ■
r e.vc\{H €AcV;

(2-15)

Then the operation in the check nodes can be approximately expressed by:

r e.vc\!̂ } ) q ^ c V (2-16)

where the sign function is defined as follows:

1 x  =  0 
s ( g ? i ( x )  =  <| *  x?£0 (2-17)

(2-16) can be further simplified as follows:

In 1 7  sign 
yvevc\{y}

f  f„V) ^  Pv-+cIn
a(,)V Q v ’- yC JJ

mmreATc\{K) Inr p ^ l c ) (2-18)

This is because when(p-q)  e (—1,1), we have:

= sign{p-q).sign
f  f  \ \
In U

v. v 9 JJ

and In is a monotonically increasing function of (p -  q) and despite using different

forms for representing the messages, the min function selects the same variable node in
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(2-16) and (2-18). This can be simply verified by finding the derivative of In

respect to ( p - q )  as follows:

r P *In
V v.9)

d ( p - q )  1 - { p - q f
> 0 .

For a binary random variable “x”, we define log-likelihood ratio of “x” as:

A W = l n f e i ° > )  
U ( * = d J

Then we can rewrite (2-12) and (2-18) as:

r p } with

mvLc = mv +
( / - i )

C'e.VK\{C}
(2-19)

mW -  
c->k ~ <KM)- (2-20)

Where m(J^b is the message, in the log-likelihood ratio domain, that node “a” 

sends to node "Zr in the /-th round of the algorithm (l>0). Also, mv is the initial weight 

of the variable node V  in log-likelihood ratio domain that is computed based on pv and

qv .

An iterative decoding algorithm that implements (2-19) for the variable nodes and 

implements (2-20) for the check nodes, is called min-sum decoding algorithm [39]. It is 

observed that when the variable nodes and the check nodes communicate with each other 

in the log-likelihood ratio domain, the only operations are addition and finding the mini

mum. As we will see later, multiplication of signs in (2-20) can also be regarded as a bi-
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nary addition of sign bits and implemented by simple binary adders (XOR gates). Other 

common names for min-sum are “max-sum”, “max-product”, and “max-log-map” [41].

In the min-sum decoding algorithm, the check nodes overestimate the messages, 

as shown in (2-15). This could degrade the performance of min-sum iterative decoding by 

a few tenths of a dB. However, there are simple modifications that can be applied to this 

decoding algorithm in order to improve its error correcting performance [41]-[43].

In belief-propagation and min-sum decoding algorithms, the output of each vari

able node in the /-th iteration is calculated by the following equation:

variable node V . The decoding process is stopped, as soon as the decoder converges to a 

codeword, that is, when hard-decision assignment for the outputs of the variable nodes 

satisfies all the parity-check equations. If the decoder fails to converge to a codeword, the 

decoding process would continue up to a given number of iterations.

2.3 Conclusion

In this chapter, very basic concepts of coding and iterative decoding were re

viewed. In particular channel and source coding, block codes, parity-check and generator 

matrices, Hamming distance, Hamming weight, minimum distance, hard and soft decod

ing, regular and irregular LDPC codes were introduced. The theory behind iterative de

coding was conceptually explained and the basic operations in belief propagation and 

min-sum decoding algorithms were derived through a simple example. This short chapter

(2-21)
C'eAV

M\P represents the soft estimation of the transmitted bit corresponding to the
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provides enough theoretical background on coding for following the next chapters of this 

thesis.
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Chapter 3

Dynamics of Analog Iterative De

coding

In this chapter, we show that conventional iterative decoding can be formulated 

as a fixed-point problem solved iteratively by the successive substitution (SS) method. 

Then we investigate the dynamics of a continuous-time (asynchronous) analog imple

mentation of iterative decoding, and show that it can be approximated as the application 

of the well-known successive relaxation (SR) method for solving the fixed-point prob

lem. We observe that SR with the optimal relaxation factor can considerably improve the 

error rate performance of iterative decoding for short low-density parity-check (LDPC) 

codes compared to SS. Our simulation results for the application of SR to belief propaga

tion (sum-product) and min-sum algorithms demonstrate improvements of up to about 0.7 

dB over the standard SS for randomly constructed LDPC codes. The improvement in per

formance increases with the maximum number of iterations and by accordingly reducing 

the relaxation factor. The asymptotic result, corresponding to infinite maximum number 

of iterations and infinitesimal relaxation factor represents the steady-state performance of 

analog iterative decoding. This means that under ideal circumstances continuous-time
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(asynchronous) analog decoders can outperform their discrete-time (synchronous) digital 

counterparts by a large margin. Our results also indicate that with the assumption of a 

truncated Gaussian distribution for the random delays among computational modules, the 

error rate performance of analog decoder, particularly in steady-state, is rather independ

ent of the variance of the distribution. The proposed simple model for analog decoding, 

and the associated performance curves, can be used as an “ideal analog decoder” bench

mark for performance evaluation of analog decoding circuits. We also use the proposed 

model for studying throughput and convergence speed in analog decoders.

3.1 Introduction

Recently, iterative decoding methods have attracted much interest because they 

can be used for decoding the best known coding schemes such as turbo codes and low- 

density parity-check (LDPC) codes. The need for floating point computations and the it

erative nature of these algorithms have motivated some very recent research on their ana

log electronic implementation [19]-[33]. The main motivation for performing iterative 

decoding in the analog domain instead of conventional digital circuits is to improve and 

to minimize the power/speed ratio and area consumption in VLSI chips. Also, analog 

circuits generate less noise compared to conventional digital circuits and therefore are 

attractive when one has to use a decoder in the proximity of certain noise sensitive cir

cuits such as low noise amplifiers. In this chapter, we demonstrate yet another, less ex

pected, advantage for analog decoding, i.e., an intrinsically better performance.

Analog signal processing has been greatly influenced by C. A. Mead’s interesting 

idea of exploiting semiconductor physics and transistor characteristics for performing 

analog computations in artificial neural networks [11]. While biological neural networks 

are essentially continuous-time and asynchronous, conventional iterative decoders are not
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[39]. In practice, these algorithms have been conventionally implemented by digital syn

chronous circuits where a clock signal provides global timing among circuit elements and 

computational modules. In simulations also, the assumption of synchronization among 

different modules is always made, making the results only applicable to synchronous cir

cuits. So far, to the best of our knowledge, no theoretical analysis for the dynamics of 

continuous-time asynchronous analog iterative decoding has been provided. For the sake 

of brevity, in the rest of this thesis, we will use the term “analog decoding” and “digital 

decoding” to refer to “continuous-time asynchronous analog iterative decoding,” and 

“discrete-time synchronous iterative decoding,” respectively.

Despite the missing theory for the dynamics of iterative decoding on asynchro

nous machines, proof-of-concept analog decoder chips for very short codes have already 

been designed and fabricated [19]-[33]. In [19], Hagenauer et al. designed analog decod

ers for a tail-biting convolutional code, and a turbo codes with (7,4) Hamming codes as 

component codes. They also solved the system of nonlinear differential equations corre

sponding to analog decoding circuits using Runge-Kutta method and reported BER 

curves that were slightly inferior to the conventional discrete-time simulation results. 

Solving the differential equations however appeared to be very time consuming and lim

ited the simulations to only simple codes[19]-[20]. In [21]-[23] the fabrication of maxi

mum a posteriori (MAP) decoders for short tail-biting convolutional codes were reported. 

In [25], the authors have implemented one stage of the alpha metric computation of Bahl- 

Cocke-Jelinek-Raviv (BCJR) algorithm for an 8 -state convolutional code. In [20], [26], 

and [29] implementation of turbo decoders with interleaver lengths 16, 16, and 40 have 

been respectively reported. In [27], a MAP decoder for the (8,4) Hamming code has been 

fabricated. The design of an analog decoder for convolutional duo-binary codes for the 

DVB-RCS standard was presented in [24]. In [30]-[33], we proposed analog circuits for 

implementation of min-sum (MS) decoding algorithm.
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While in [21] and [22], the authors have reported measured performance for their 

chips which closely followed the simulated bit error rate (BER), in [26]-[29] a degrada

tion is observed compared to the simulated BER. In all these references, simulated BER 

curves were obtained based on discrete-time synchronous model. In [19] and [20], in ad

dition to discrete-time simulations, the authors also provided continuous-time simulation 

results for analog decoding circuits which closely followed the measured and discrete

time simulated BER curves. In [28], the authors proposed a discrete-time model for ana

log turbo decoding. To perform this, they approximated the operation of each computa

tional module by a linear first-order filter. They then included mismatch in this model 

and observe 0.3-0.5 dB degradation compared to the conventional synchronous decoding. 

This brought the mismatched curves in the close vicinity of the measured BER for analog 

decoding. For turbo codes, [20] and [24] provided examples where analog decoding 

slightly (by about 0.1 dB) outperformed digital decoding with finite number of iterations.

In this chapter, we provide a framework for the analysis of analog iterative decod

ing of LDPC codes, and show that the dynamics of analog decoding is in fact different 

than that of digital decoding. For this, the dynamics of analog decoding is modeled by a 

system of first-order non-linear differential equations. This system can then be solved 

numerically. We show that, under certain conditions, by applying forward Euler method 

to the system of differential equations, analog decoding can be approximated as the ap

plication of the well-known successive relaxation (SR) method [44]-[46] to the fixed- 

point problem of iterative decoding. The approximation error tends to zero as the relaxa

tion factor p approaches zero. The value of (3 plays an important role in the performance 

and complexity of the SR method. The set of recursive equations resulting from the ap

plication of SR to the fixed-point problem of iterative decoding provides a general 

framework which embodies not only analog decoding (|3—*• 0), but also digital decoding 

based on flooding (parallel) schedule [39]. The latter corresponds to the application of the

30

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



well-known successive substitution (SS) [44] to the fixed-point problem of iterative de

coding and is a special case of SR when p=l.

We demonstrate that the error rate performance of SR improves by increasing the 

maximum number of iterations N and by correspondingly reducing p. The optimal value 

of p, corresponding to minimum BER, appears to be always less than one. In the limit, as 

N—*• oo and (3—► 0, the performance of SR asymptotically tends to the steady-state per

formance of analog decoding. Our simulation results indicate that this asymptotic per

formance is considerably better than the performance at P = 1, which corresponds to con

ventional digital decoding. For the tested LDPC codes, up to about 0.7 dB improvement 

for belief propagation (BP) [39] is observed. This improvement in performance is due to 

better convergence rate (larger percentage of convergence to correct codewords) for ana

log decoding. Our results also show that under the assumption of symmetric truncated 

Gaussian distribution for the delays between the computational modules of an analog de

coder, the error rate performance, especially in steady-state, is independent of the vari

ance of the delay distribution.

Adopting alternative numerical methods to improve convergence in iterative de

coding of turbo codes was proposed in [47] and was also studied in [48]. In [48], the au

thors identified turbo decoding as fixed point iteration and examined alternative numeri

cal methods including SR for solving the corresponding fixed-point problem. The final 

conclusion of [48], however was that for turbo codes the conventional SS is the superior 

choice in most situations. This is in clear contrast with our results for LDPC codes, where 

SR in particular provides considerable improvement over SS for both BP and MS algo

rithms. On the same theme of research, in the past few years and mainly in the context of 

short LDPC codes, there have been many attempts to improve the performance of itera

tive decoding algorithms [40]-[43]. We have noted that many of these proposed methods 

can be interpreted as the application of different iterative numerical methods for solving 

the fixed-point problem in hand. For instance, in [40]-[43], variants of “damped substitu-
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tion method” [48] have been used for improving the performance of MS and BP algo

rithms.

In addition to showing that analog decoding can outperform digital decoding, one 

of the main contributions of this work is to provide a new benchmark, as “ideal” analog 

decoding, for the performance of analog decoding circuits. This would replace the con

ventional benchmark of discrete-time synchronous decoding.

In this work, we are mainly concerned about the statistical behavior of decoders in 

general and their error probabilities in particular. As we will see later in this chapter, by 

using SR method many important aspects of analog decoders can be studied. This in

cludes throughput and statistical convergence speed in analog decoders. Nevertheless, the 

proposed model can be used to analyze analog decoders for given instances of received 

values at the output of the channel. Such analysis includes transient and steady-state re

sponses of the decoder, and can be used to efficiently study the behavior of an analog de

coder once an estimate of the delay distribution between variable and check modules is 

available. Our simple model of analog decoding can also be used in designing decoders. 

As our proposed model is much simpler than the circuit-based model for analog decod

ing, it will significantly speed up any analysis or design process, and can be used even 

when the complexity of circuit simulation is prohibitive.

SR method can also be implemented on a synchronous discrete-time platform. For 

smaller values of p, the resulting improvement over the conventional SS would be at the 

expense of larger average number of iterations for convergence.

The organization of this chapter is as follows: in Section 3.2, we represent itera

tive decoding as a fixed-point problem, and explain how conventional iterative decoding 

is equivalent to the application of the so-called successive substitution method to the 

fixed-point problem. Section 3.3 is on analog implementation of iterative decoding. We 

propose our simple model for analog decoding and the corresponding set of first-order 

differential equations in this section. In Section 3.4, we use the model of Section 3.3 to
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analyze the dynamics of analog decoding by numerically solving the differential equa

tions. We demonstrate the accuracy of the model by comparing its results to those ob

tained by circuit simulations for a small decoder. We also explain how the application of 

forward Euler to the system of differential equations is equivalent to the application of 

the so-called successive relaxation method to the fixed-point problem of iterative decod

ing. In Section 3.5, we present our simulation results and conclude among other things 

that analog decoding can outperform conventional digital decoding for short LDPC 

codes. Section 3.6 is devoted to concluding remarks.

3.2 Iterative Decoding

Iterative decoding can be considered as an iterative numerical method for solving 

the complex problem of decoding by finding the most probable transmitted codeword or 

bit, based on the observation of channel outputs, noise and channel characteristics, and 

the structure of the code. For the sake of simplicity, we consider binary (njc) linear block 

codes. As we saw in Chapter 2, the codes can be represented by “Tanner graphs” [35], 

which are constructed based on parity-check equations defining the code. There are two 

sets of nodes in a Tanner graph: 1) variable nodes (VAR) representing code bits, and 2) 

check nodes (CHK) representing parity-check equations. Suppose that the Tanner graph 

has e edges, and that the iterative algorithm, which for example could be BP or MS, has 

converged to a solution. Also denote the incoming and outgoing messages to and from 

CHK nodes by column vectors X  and Y, respectively. These vectors have length e. We 

then have:

(VAR: f(Y ,R )  = X
[CHK: g(X) = Y ’ (3_1)

or equivalently,
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f ( g (  X),R)= h(X ,R)  = X , (3-2)

where /  and g  represent variable node and check node operations, respectively, and R is

the received vector and has length n. Operations /  and g  are determined by the decoding

algorithm, the type of messages, and channel characteristics [39]. Equation (3-2) is a 

fixed-point problem [44] as the h function maps X  to itself.

Ideally, we would like the iterative algorithm to converge to a fixed-point X, and 

the hard-decision assignment corresponding to X  to be the most likely transmitted code

word or to correspond to the bit-level maximum a posteriori (MAP) decoding. Although 

this is the case for cycle-free graphs, for graphs with cycles, which inevitably appear in 

representing good codes, this may not be the case [39]. In practice, in many cases, as 

soon as the hard-decision assignment at variable nodes is a codeword, the iterative algo

rithm is stopped. Interestingly, this results in very good performance for practical codes. 

In fact, one can think of iterative decoding as finding a solution for (3-2) based on itera

tive numerical methods. In particular, for the most commonly used flooding or parallel 

schedule [39] that was shown earlier in Chapter 2, iterative decoding can be expressed by 

the following iterative formula which is based on the application of the well-known suc

cessive substitution method (Successive substitution is also referred to in the literature as 

“successive approximation,” “nonlinear Richardson iteration,” “fixed-point iteration,” or 

“Picard iteration.”)[44] to (3-2):

X M =h(Xl ,R) (3-3)

where I is the iteration number. Flooding schedule can be easily implemented on a syn

chronous discrete-time machine where the global timing for message-passing is fully 

controlled by a clock signal. In this case, messages are passed from VAR nodes to CHK
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nodes, and subsequently from CHK nodes to VAR nodes in a synchronized iterative fash

ion. There are however many advantages in implementing iterative algorithms on asyn

chronous machines using continuous-time analog VLSI [19]-[33] that will be studied in 

more detail in Chapter 4. In brief, these advantages include higher speed and lower power 

consumption and lower fabrication area. Also, analog circuits generate less noise com

pared to conventional digital circuits and therefore are attractive when one has to use a 

decoder in the proximity of certain noise sensitive circuits such as low noise amplifiers. 

In the following section, we discuss the dynamics of continuous-time analog iterative de

coding.

3.3 Analog Implementation of Iterative Decoding

The dynamics of iterative decoding on continuous-time (asynchronous) machines 

is different than that of conventional discrete-time (synchronous) ones. In particular, it is 

fair to say that an analog decoder, even if it is designed based on a flooding schedule 

framework, may no longer support the (synchronized) flooding schedule as different 

computational modules may have different processing delays, and as the output of each 

module (before settling down to its steady-state value) is immediately propagated through 

the edges of the graph and is applied to the input of the next module in the absence of 

global synchronization. Asynchronous propagation of the messages is prone to further 

deviate the decoding process from synchronous decoding due to different propagation 

delays among different pairs of VAR and CHK modules. This effect is particularly pro

found for large circuits with a large range of delays among different modules. Even if we 

assume that the processing and propagation delays are the same, our analysis indicates 

that continuous-time analog decoding will still have a different behavior compared to 

conventional discrete-time decoding.
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Assuming that we use analog circuits to implement iterative decoding in a parallel 

scheduling framework, we can approximate the dynamics of the system by the following 

differential equations:

J rxX(t) = f (Y ( t  -  Tx), R) -  X(t)  (3-4)
1 r>Y(t) = g (X ( t -T y) ) -Y ( t )

where rx and ry are exc diagonal matrices which contain different time constants, repre

senting different propagation delays affecting the corresponding X, and Yj variables, re

spectively. This model is derived based on Figure 3-1 where the propagation delay due to 

interconnections between the nodes, corresponding to the edges of the Tanner graph, as 

well as the resistive and capacitive loads of the nodes are simplified and modeled by 

lumped capacitors and resistors based on Elmore’s delay approximation [10]. Processing 

delays or dead-time of the nodes, which indicate the lagging time of the outputs with re

spect to the inputs, have also been taken into account and represented by column vectors 

Tx = (TXx,...,TX' )l and Ty = ( 7 ^ Ty ) \  Vectors X ( t - T y) and Y ( t -T x) in (3-4) are de

fined as (Xx( t-T y) ^ X e( t-T y ))x and(Jfx(t -  T^),...,Ye(t - TXf ))x , respectively. In gen

eral, processing delay can be different for nodes of different type (CHK or VAR) or nodes 

with the same type but different degrees.

Equation (3-4) expresses the dynamics of continuous-time analog iterative decod

ing by a pair of interrelated first-order nonlinear differential equations. If the analog de

coder converges to a fixed-point then the left-hand side of these equations becomes zero 

and vectors X ( t - T v) and Y ( t-T x) converge to fixed vectors X  and Y which are inde

pendent of t, Tx and Ty. In this case, equations in (3-4) reduce to (3-1) and thus to (3-2).
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Figure 3-1 A model for continuous-time analog iterative decoding.

Equation (3-4) in general is very difficult to solve. To simplify the analysis, we 

ignore processing delays compared to propagation delays (Tx= Ty-  0). This may be justi

fied for practical analog decoders which are comprised of many low-degree processing 

modules and long interconnections between these modules. To further simplify the prob

lem, we simplify the model in Figure 3-1 and replace it with the model in Figure 3-2 

which is based on the application of Elmore’s delay approximation [10] to represent the 

total round-trip delay in one iteration. The pair of equations in (3-4) will then reduce to 

the following first-order differential equation.

z i( i)  = f(g(X(tj) ,R )-X(.t)  (3-5)
= K X ( . t \R ) -X ( t )

We will demonstrate in the next section through an example that this significantly 

simplified model still provides a close approximation for the behavior of analog decod

ing.
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f(g(X(t)),R)

W S - V<

Figure 3-2 A simplified model for continuous-time analog iterative decoding.

In this chapter, we consider belief propagation in the likelihood ratio (LR) domain 

and min-sum algorithm in the log-likelihood ratio (LLR) domain. For these algorithms, 

function h(.) in (3-5) corresponds to the following VAR and CHK operations, respectively 

(The operations are shown for only two inputs. For larger number of inputs, a cascade of 

two-input blocks will produce the output):

BP in LR domain:

General form of the messages: A.(p.q) = —
q

VAR: = ^

(Ao is the initial message from the channel)

CHK:
Al +A2
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MS in LLR domain:

General form of the messages: A(p,q) = In

VAR: / (A 0,A 1?A2) = A0 +Aj + A,

(Ao is the initial message from the channel)

CHK: g(A1?A2) = 5/gn(A1A2)min(|A1|?|A2|)

In the above equations, p  and q are the probabilities of a bit being 0 or 1, respec

tively, and sign function is defined by (2-17). Furthermore, with a slight abuse of nota

tions, we have used /  and g  to also denote the variable and check node operations for 

nodes with two inputs in addition to the notation in (3-1).

3.4 Dynamics of Analog Decoding

For a given nonlinear function h(.). it is usually not possible to solve the initial- 

value problem (3-5) analytically. Numerical methods should then be used instead. In this 

work, we assume that before applying the initial values corresponding to the received 

vector R to the decoder, the decoder is in the steady-state corresponding to uniform a pri

ori probabilities, i.e., X((T) = 0 and -T(0') = 1, in LLR and LR domains, respectively, 

where 0 and 1 are the all-zero and all-one vectors, respectively. This is the same assump

tion that was made in (2-14). We also assume that at time t = 0, the initial values corre

sponding to the received vector R are applied to the decoder. These initial values imme

diately appear on the edges at the output of VAR nodes and correspond to X(0+).
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There are several numerical methods that can be used to solve (3-5), each with 

different stability, accuracy and complexity. In the following, we use forward and back

ward Euler methods [45], [49]. These methods are respectively described by the follow

ing equations:

X(t + At) = X(t) + A/r-1 (h(X(t).R)-X(tj)  (3-6)

X(t + At) = X(t) + Atr~l {h(X(t + At), R) -  X(t + A/)) (3-7)

where X(t+At) and X(t) are the estimates of A"(.) at time instants t+At and / (for a small 

value of At), respectively.

The method of forward Euler (equation (3-6)) is an explicit integration method 

that simply estimates X((+At) as a function of X(t) and is particularly attractive for its 

simple implementation. However, forward Euler as well as any other conventional ex

plicit integration method is prone to stability problems and requires a sufficiently small 

time-step (At) in order to remain stable (Dahlquist's first barrier theorem) [50]. Backward 

Euler, on the other hand is one of the linear implicit integration methods that are abso

lutely stable (Dahlquist's second barrier theorem) [50]. The downside of backward Euler 

however is its high complexity. For example, in equation (3-7), for finding an estimate of 

X(t+At) a nonlinear equation needs to be solved. This is the price that is paid for using 

larger time-steps and better robustness and accuracy compared to forward Euler.

To demonstrate that Figure 3-2 provides a good model for analog iterative decod

ing, we use it to find the time response of (analog) min-sum algorithm applied to the 

Tanner graph of Figure 3-3. This Tanner graph, which belongs to the (7,4) Hamming 

code, was also used in [31] to demonstrate the functionality of the designed circuits for 

VAR and CHK modules in that paper.
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Figure 3-3 A Tanner graph for (7,4) Hamming code.

Using the exact same input vector as the one used in [31] (R = (1, 2,0.5,1, 2, 2, - 

1.7)1), we apply backward Euler method of (3-7) to solve the differential equation (3-5) 

while function h(.) is replaced by the combination of VAR and CHK operations for min- 

sum algorithm in the LLR domain, given in the previous section. We have also applied 

higher order linear multi-step numerical integration methods to this problem and the re

sults are close to those obtained by backward Euler method. In our simulations, we have 

assumed that all the edges have the same time constant, which is estimated to be equal to 

x = 20nsec. This estimate is based on the circuits in the next chapters of this thesis and 

also in [32]-[33], [51], which are much faster than earlier versions reported in [31], In 

Figure 3-4 and Figure 3-5, we have shown the LLR values corresponding to the seven 

VAR nodes of the Tanner graph. For each node, this is the sum of all the incoming LLRs 

and the initial value of the node. These outputs are denoted by “O” and shown by thicker 

lines. For comparison, in Figure 3-4 and Figure 3-5, we have also given similar curves 

denoted by “o” obtained by circuit simulation using Cadence Spectre tools and based on 

the circuits that are presented later for implementing check nodes and variable nodes in 

Chapter 4 and Chapter 5, respectively. As one can see the two sets of curves are close in 

general, especially for steady-state responses.
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Figure 3-4 Outputs of MS analog decoder based on circuit simulation (Oj) and the 

simple model of Figure 3-2 (O j);  i: outputs 1-3.
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0.5

® -0.5

-1.5

- 2.
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time (nS)

Figure 3-5 Outputs of MS analog decoder based on circuit simulation (oj) and the 

simple model of Figure 3-2 (O j); i: outputs 4-7.
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Similarly, we obtained the outputs of the MS decoder for the (7,4) Hamming code 

and by starting from the same initial conditions as those used in [31] (Note that in [31], 

X(0') ^ 0). Again, although the circuits of [31] are very different than those proposed in 

this thesis, the obtained curves are close to those obtained by circuit simulation and pre

sented in Figures 7, 8 and 9 of [31]. This is an evidence for the universality of the model 

introduced in Figure 3-2 and equation (3-5), i.e., for any analog decoder, as long as the 

processing function h, initial values R, and matrix t  of time constants are known, one can 

use (3-5) to obtain a good approximation for the output signals of the decoder. Our ex

amples show that for the tested MS analog decoders these approximations are close to 

circuit simulations.

It should be noted that the curves in Figure 3-4 and Figure 3-5 and also the curves 

in [31] are obtained by performing circuit simulation on a circuit with a few thousand 

short-channel MOS transistors. This is while, using our model, the simulation is greatly 

simplified and is reduced to solving only a first-order differential equation with 12 vari

ables (e=12). Clearly, our simple model, which is mostly circuit-independent, is not ca

pable of incorporating the precise characteristics of different circuit elements and is thus 

less accurate in predicting the actual behavior of an analog decoder integrated circuit. 

Nonetheless, our model can serve as a simple tool for analyzing “ideal" continuous-time 

analog decoding and can be used to provide an estimate of the behavior of practical ana

log decoders including important characteristics such as speed of convergence.

We also applied the forward Euler method of (3-6) to the same example, and ob

served that as long as we choose At small enough, the results are close to those obtained 

by backward Euler (While there does not seem to exist any general result for the stability 

of forward Euler when applied to nonlinear differential equations, our experiments with 

this algorithm for solving (3-5) indicates that choosing At/v «  0.1 results in time re

sponses close to those obtained by At/r = 0.1). The application of forward Euler to (3-5)
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is interesting not only because it is arguably the simplest numerical method that can be 

used to solve (3-5), but also since in the discrete-time domain it reduces to the following 

recursive equation

X M = X, +At .T - \h (X „ R )-X l), (3-8)

which as we will see shortly, will in turn reduce to a well-known iterative method for 

solving the fixed-point problem of (3-2). In (3-8), X(t+At) and X{t) of (3-6) are replaced 

by Xi-ri and Xi, respectively. As At and thus the diagonal elements of Af.r7 go to zero. 

Equation (3-8) provides a better estimate of the solution to (3-5). In particular, as At goes 

to zero and as the number of iterations goes to infinity, we obtain the steady-state re

sponse of an analog decoder.

Here, we would like to emphasize that (3-8) can also be used as an iterative algo

rithm on a synchronous discrete-time platform. For this scenario, we only consider the 

case where all the diagonal elements of matrix Af.r7 are equal (Note that as we will see in 

the next section, the assumption of equal time constants has insignificant effect on the 

statistical steady-state response of (3-8)). We use the notation P to denote this common 

value. Equation (3-8), can then be rewritten as:

X M = X l +f i (KXl, R ) - X l), (3-9)

which is equivalent to a well-known iterative method for solving the fixed-point problem 

of (3-2). This method is referred to as successive relaxation (SR) [44]-[46], and is an al

ternate to the successive substitution (SS) method, described by (3-3). Parameter (3 is 

called “relaxation factor.” For p=l, SR reduces to SS.

In the literature, SR is often used to iteratively solve systems of linear equations 

[44]-[46]. Parameter P is then optimized to maximize the speed of convergence. The op-
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timal value of p, which is often difficult to determine, appears to be between 1 and 2 [45]. 

In fact, in some literature, the term “overrelaxation” is reserved only for P > 1, and 0 < P 

< 1 is referred to as “underrelaxation” [46]. While overrelaxation helps with the speed of 

convergence for the cases where convergence is guaranteed, underrelaxation is often used 

for nonlinear equations to help with increasing the chance of convergence [46]. Thus, in 

(3-9) as p tends to zero, we not only obtain a better estimate of analog decoding, but also 

expect to improve the chance of convergence for SR.

One should note that, in this work, we are mainly interested in the convergence 

properties of SR from a statistical point of view, i.e., when vector R changes randomly. 

To be more precise, we are interested in the statistics on how often SR can find the 

transmitted codeword or the transmitted bit correctly; or equivalently, what the average 

probability of error for SR is.

Finally, we would like to make the remark that when the propagation delay is the 

dominant delay factor in an analog iterative decoder, the same approach taken to derive 

(3-8) and (3-9) from (3-5) can also be used to derive the SR version of (3-4). This can be 

simply verified by rewriting (3-4) as follows:

Oexcand Iexe are e*e zero and identity matrices, respectively. While in this case, the num-

where r. r ■, . and

ber of differential equations is twice that of (3-5), we have not observed noticeable

change compared to the results obtained by the simpler model of (3-5).
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3.5 Simulation Results

We perform simulations on an optimized irregular (1268,456) LDPC code [52] 

and a regular (504,252) code [53] over an additive white Gaussian noise channel with 

BPSK modulation. In our simulations, we stop iterations as soon as a codeword is de

tected or when a maximum number of iterations is reached. We have investigated the per

formance of each code for both belief propagation (BP) and min-sum (MS) algorithms. 

BP and MS simulations are performed in LR and LLR domains, respectively. For all the 

reported results, we have either 200 codeword errors per simulation point or 108 code

words have been simulated. In the following, we analyze the performance of SR algo

rithm and analog decoding by first simulating (3-8) for different delay distributions, and 

then by focusing more on the constant delay scenario to compare the error correcting per

formance of SR and SS methods. We also use SR method for studying throughput and 

convergence speed in analog decoders with constant and different delay distributions.

3.5.1 Effect of Delay Distribution

To study the effect of the delay distribution on the error correcting performance of 

the decoder, we use (3-8) for updating the messages. For delay distributions of the edges 

we assume symmetric truncated Gaussian distribution in the interval [rmin , tmax], where 

Train = 10 At and Tmax=100 Tmj„. The first constraint is enforced to ensure a good accuracy 

for the forward Euler algorithm, while the second constraint is derived based on the 

lengths of wires in a practical layout for an LDPC decoder [18] (note that the delay is 

proportional to the square of the wire length [10]). We consider Gaussian distributions 

with 4 different variances. The normalized values of standard deviations are selected as
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dA t  = 0,19.8, 198 and 1980. The first value (c = 0) corresponds to fixed delay for all the 

edges, while the last value results in an almost uniform distribution of delays in the inter

val.

Figure 3-6 shows the bit error rate (BER) and word error rate (WER) curves of 

BP applied to (1268,456) code for the four delay distributions and three different values 

of N, the maximum number of iterations, i.e., N=200, 1000, 5000. The curves for 

N=10,000 has also been obtained but are close to those for N=5000 and thus are not re

ported.

LĴ â VtfFR for
WER fo r N=1000;

10 * ►

1 0 '\ V

IER for N=1000

^  WER for N=5000
© 10'

8ERforN=5000

-7

1.2 1.3 1.4 1.5 1.6 1.7 1.8 1.9
EB/N0 [dB]

Figure 3-6 Effect of different delay distributions on BP error rate of an irregular

(1268,456) LDPC code. N is the maximum number of iterations.

(a/At =0: *__», dAt =19.8 : ‘__ 0% dAt =198 ,and dAt =1980: « _ * ’ )

Figure 3-7 provides similar results for the (504,252) code. These results indicate

that in general the performance of analog decoder improves with increasing N which is

equivalent to increasing the processing time of the decoder. This performance improve-
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ment however saturates and reaches a steady-state when the processing time is large 

enough. Our results show that when enough time is given to the decoder to settle down in 

its steady-state performance, this performance is almost independent of the delay distri

bution.

W ERforN=200 :

WER for N=WER for N:

10*1

BER for N=5000 BEl BER for N:
to2<5
CL

O
UJ

10‘5
1.5 2.5

Figure 3-7 Effect of different delay distributions on BP error rate of a regular 

(504,252) LDPC code. N is the maximum number of iterations.

(a/A/ =0: , a/At =19.8 : ‘___0% of At =198 : ’ , and o/A/=1980: )

It can be seen in both Figure 3-6 and Figure 3-7, for N=5000, the four curves cor

responding to different values of a  practically coincide for both BER and WER. Even for 

smaller values of N, the effect of a  on performance is rather small. Similar observations 

are made for MS algorithm.

It is worth mentioning that one should not interpret the above results as the inde

pendence of the response of analog decoding from delay distribution. Firstly, it is easy to 

show that the response of the decoder (even the steady-state response) to particular in-
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stances of input vector R would change depending on the delay distribution. So the above 

results are valid in a statistical context. Secondly, the results are obtained based on the 

assumption of truncated Gaussian distribution for delays. One may be able to find other, 

probably less realistic, delay distributions where the statistical behavior of the decoder 

(including its steady-state behavior) would be different than the one described above.

3.5.2 Comparison between SR and SS Methods

In this part, we consider SR based on (3-9) for updating the messages. To com

pare the performance of iterative decoding based on SR (which represents the perform

ance of continuous-time analog iterative decoding when (3 is small) with that of conven

tional SS method (which reflects the performance of digital decoding), in Figure 3-8, we 

show the BER curves of (1268,456) code decoded by relaxed BP (SR applied to BP, SR- 

BP) versus the relaxation factor P for different Eb/No values.

There are two sets of curves in Figure 3-8, corresponding to maximum number of 

iterations N equal to 200 and 10,000. It can be seen that for a large range of P < 1, SR 

provides improvement over successive substitution (P=l), and that the improvement in 

general is increased by reducing P and increasing N.

The performance for N=10,000 and P=0.05 can be considered as a good approxi

mation for the steady-state performance of the continuous-time analog implementation of 

BP decoder. The BER and WER curves for this case are presented in Figure 3-9 along 

with the curves for SS (discrete-time synchronous BP decoding based on flooding, SS- 

BP). The maximum number of iterations for SS is also chosen to be N = 10,000. As can 

be seen, SR outperforms SS by up to 0.5 dB.
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Figure 3-8 BER curves of (1268,456) LDPC code versus the relaxation factor p for 

N=200 ( ) and 10,000 ( ___ ) and different Eb/No values, decoded by SR-BP.
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Figure 3-9 BER ( ___) and WER ( _ .  _ )  curves for (1268,456) code, decoded by SR-

BP (N=10,000 and p = 0.05) ( 0), and SS-BP (N=10,000) (o)
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From Figure 3-8, one can see that for SR, the performance gap between N= 10,000 

and N=200 is very small over the range of 0.1 < p < 1, which includes p=l (SS). Over 

this range, one can then obtain close to the full potential of SR by selecting N = 200. 

Figure 3-10 shows the average number of iterations vs. P for relaxed BP with N=10,000 

at different Eb/No values. As can be seen, the average number of iterations remains almost 

unchanged over the range of 0.3 < P < 1 and increases by decreasing P below 0.3. This 

indicates that there is a complexity cost associated with the better performance of SR on a 

synchronous discrete-time platform only for smaller values of p. For continuous-time de

coding, iterations disappear and are replaced by (or are translated to) the processing time 

of the decoder.

From Figure 3-8, one can see that for N=200. the performance begins to degrade 

when P is reduced below 0.1. This can be explained based on the results on the conver

gence rate of the algorithm. As can be seen in Figure 3-10, by decreasing p below a cer

tain range, the algorithm requires on average more iteration to converge to a solution. 

Limiting the maximum number of iterations to a small value, such as 200. would then 

reduce the convergence instances for the algorithm and hence increases the error prob

ability.

At this point, to better position the improvement obtained by SR, we compare it 

with the result of [54] (BP + order-1 with maximum of 50 iterations), which for this code 

improves over conventional BP with flooding by about 0.3 dB at BER=10'6 [55]. This is 

about 0.2 dB less than the improvement that SR provides over conventional BP, still with 

SR having much less complexity compared to the algorithm of [54],

Results of relaxed BP for (504,252) code follow the same trends as those for

(1268,456) code. BER and WER curves for relaxed BP with N=10,000 and P = 0.05 are 

given in Figure 3-11 along with the curves for conventional BP. At low error rates, re

laxed BP outperforms conventional BP by about 0.7dB.

51

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



250

200

150

®  100

0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9
Relaxation Factor (8)

Figure 3-10 Average number of iterations vs. p at different Eb/No values for 

(1268,456) LDPC code (N=10,000), decoded by SR-BP.
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Figure 3-11 BER ( ___) and WER ( )  curves for (504,252) LDPC code SR-BP

(N=10,000 and p = 0.05) (0), and SS-BP (N=10,000)(o)

52

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



Trends similar to those observed for the application of SR to BP are also observed 

for MS with SR. The BER results of (1268,456) code for relaxed MS with N=200 and 

10,000 vs. p are given in Figure 3-12 for different values of Eb/No. As can be seen, the 

performance difference between N=200 and 10,000 is much larger than the correspond

ing difference for BP in Figure 3-12. This is consistent with the fact that MS usually re

quires a larger number of iterations compared to BP for convergence (compare Figure 

3-13 with Figure 3-10). It is only over the range of 0.9 < P < 1 that the performance gap 

between N=200 and N=10,000 is rather small and thus close to the full potential of the 

algorithm can be achieved by selecting N = 200. As Figure 3-12 shows, over this range 

the average number of iterations is in fact reduced by decreasing p. Figure 3-12 also 

shows that the optimal value of p, which minimizes BER, is a decreasing function of N. 

Similar to BP; the trend seems to indicate that as N tends to infinity, optimal P tends to 

zero. This optimal asymptotic solution corresponds to the steady-state performance of 

continuous-time analog decoding. The same trends are observed for the application of 

relaxed MS to (504,252) code. Figure 3-14 and Figure 3-15 show the BER and WER 

curves of both codes for relaxed MS with optimal P when N=10,000. For comparison, the 

curves for conventional MS with flooding are also given. As can be seen, improvements 

of about 0.5 dB are achievable at large Eb/N0 values. This improvement in decoding per

formance occurs by decreasing the average number of iterations for convergence on a 

synchronous discrete-time platform.
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Figure 3-12 BER curves of (1268,456) LDPC code versus the relaxation factor p for 

N=200 ( )  and 10,000 ( ___ ) and different Eb/No values, decoded by SR-MS.
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Figure 3-13 Average number of iterations vs. p at different Eb/No values for 

(1268,456) LDPC code (N=10,000) decoded by SR-MS.
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Figure 3-14 BER ( ___ ) and WER ( _ .  _ ) curves for (1268,456) code, decoded by

SR-MS (N=10,000 and p = 03) (0), and SS-MS (N=10,000) (o).
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Figure 3-15 BER ( ___) and WER ( ) curves for (504,252) LDPC code SR-MS

(N=10,000 and p = 0.4) ( 0), and SS-MS (N=10,000) (o).

55

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



It is important to note that in our simulations all the errors were detectable, and 

the performance improvement of SR over SS at a given Eb/No is due to the higher rate of 

convergence to the right codewords.

3.5.3 Convergence Speed and Throughput of Analog Decoders

In this part, the SR method is used for studying the convergence speed of analog 

decoders and the relationship between the throughput and error correcting performance of 

analog decoders is investigated. Also, it is shown that average settling time in an analog 

decoder is a function of code, decoding algorithm, and the average time constant of the 

decoders’ interconnections. This method can be used for selecting suitable codes and de

coding algorithms for implementing analog decoders. Furthermore, it can be used for 

predicting the throughput of an analog decoder during the design process, if the average 

time constant is known.

To realize the importance of this study, it should be noted that it is impractical to 

determine error correcting performance of an analog iterative decoder for different 

throughputs by means of transistor level simulations as such simulations require extraor

dinary computational power [56]. In [57] the importance sampling method was used for 

reducing the simulation complexity for estimating the error correcting performance of an 

analog decoder. Using this method, transistor level simulations are performed for a few 

hundred cases instead of millions, required normally. But even this small number of cases 

could be affordable only for small codes. At the same time simulation results based on 

conventional discrete-time decoding can not be applied, because analog decoding is per

formed in the continuous-time domain and has different dynamics. In fact, it has been 

hard or even impossible to design an analog iterative decoder for a specific application,
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because there was no way of estimating the ultimate throughput and error correcting per

formance of an analog decoder chip before fabricating and testing it. Even for a fabri

cated chip, it was not easy to choose the most appropriate decoding time and making a 

suitable tradeoff between the throughput and error correcting performance. Furthermore, 

it was not known which parameters could change throughput of an analog decoder and if 

there is any way to increase the throughput by proper selection of the code and the decod

ing algorithm.

In the following, we analyze the average settling time of analog decoders by first 

simulating (3-6) when all the time constants (delays) are equal, and then we investigate 

the effect of having different distributions for time constants.

We simulate (3-6) for two different relaxation factors, and choose a small time 

step to improve the accuracy of the analysis. In Figure 3-16, word error rate curves of an 

analog BP decoder versus maximum decoding time are presented for (1268,456) LDPC 

code. Similar curves for (504,252) LDPC code are shown in Figure 3-17. These figures 

show that as the relaxation factor decreases, error correcting performance improves, 

which is in agreement with previous observation in this chapter. Also, it is shown that by 

increasing the maximum decoding time, at first word error rate performance improves 

very fast, but gradually the rate of improvement decreases, and finally the WER curve 

saturates and it slowly converges to its asymptotic value. In other words, these figures 

illustrates how throughput and error correcting performance of the analog BP decoders 

are related to each other and how by improving one of them, the other one will decline. 

BER curves have similar trends and thus are not reported.
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Figure 3-16 WER versus decoding time for (1268,456) LDPC code, decoded by SR-

BP decoder with constant delay.
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Figure 3-17 WER versus decoding time for (504,252) LDPC code, decoded by SR-

BP decoder with constant delay.
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A rather fuzzy choice for assigning the maximum decoding time for the analog 

decoder, can be considered as the time when WER curve is about to converge to its as

ymptotic value. In Figure 3-16 it is observed that for the (1268,456) LDPC code after 

about 2 0 t, the decoding process can be stopped and the loss in the coding gain will be 

insignificant. Figure 3-17 shows that for the (504,252) LDPC code the decoding process 

can be terminated earlier and only at about 10t. Therefore, the throughput of the analog 

BP decoder for the (1268,456) code and the (504,252) code will be equal to 

1268/20x=6.34/x (b/s) and 504/1 0t=5.04/t (b/s), respectively. This shows that if time 

constants are the same, the throughput for the (1268,456) code is more than that of the

(504.252) code. However, from a practical point of view, a larger decoder consumes 

more silicon area and the capacitive and the resistive effects of the interconnections will 

be higher and therefore the time constants are larger. This implies that the ultimate 

throughput of the decoder for the (1268,456) code can be even less than that of the

(504.252) code. Figure 3-18 and Figure 3-19 show similar curves when an analog MS 

decoder is used. Interestingly, the slope of the WER curves is higher in the saturation re

gion compared to the simulation results for BP analog decoders. Also, the MS decoder 

settles slower on average compared to what was observed for the analog BP decoder.

To study the throughput of analog decoders with randomly distributed time con

stants, we use (3-6) for an analog BP decoder and assume the same distribution of time 

constants as in section 3.5.1. Figure 3-20 and Figure 3-21 show WER curves for this sce

nario for (1268,456) LDPC code and (504,252) LDPC code and illustrate that for differ

ent delay distributions the difference among average settling times is insignificant and by 

increasing the maximum decoding time, this difference becomes smaller.
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Figure 3-18 WER versus decoding time for (1268,456) LDPC code, decoded by SR-

MS decoder with constant delay.

- 1

E 10-   P=0.1.Eb/No=1dB
- -  p=0.1,Eb/N0=2dB
  p=0-1.Eb/N0=3dB
  P=0.4.Eb/N0=1dB

p=0AEb/NQ=2dB 
  P=0.4,E /N =3dBu

300 500200 400100
Time (x)

Figure 3-19 WER versus decoding time for (504,252) LDPC code, decoded by SR-

MS decoder with constant delay.
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Figure 3-21 WER versus decoding time for (504,252) LDPC code, decoded by analog

BP decoders with random delays.
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3.6 Conclusion

In this chapter, we modeled continuous-time asynchronous analog iterative decod

ing by a set of first-order differential equations. Using this model, we approximated ana

log decoding as the numerical method of “successive relaxation” applied to the fixed- 

point problem of iterative decoding. We then showed that successive relaxation provides 

considerable performance improvement over the conventional numerical approach of 

successive substitution (associated with conventional iterative decoding on a discrete

time synchronous machine). For the tested LDPC codes, improvements up to 0.7dB in 

Eb/No for a given BER are observed. The improvement increases, and the approximation 

error for the estimation of the performance of analog decoding decreases, as the maxi

mum number of iterations tends to infinity and as the relaxation factor goes to zero. This 

means that analog decoding can not only increase the ratio of speed to power consump

tion but also provide a better performance compared to conventional digital decoding.

Our results show that the performance of analog decoding, particularly in steady- 

state, is rather independent of the distribution of delays among the computational mod

ules. This is based on the assumption of truncated Gaussian distribution for delays.

In our discussions, we assumed that the analog circuits are ideal in the sense that 

they have no mismatch and enjoy unlimited accuracy and dynamic range. One important 

contribution of this work is thus to provide an “ideal” analog decoding benchmark. One 

can then compare the measured performance of analog decoders against this benchmark, 

instead of the commonly used synchronous discrete-time benchmark.

In addition to the analysis of analog decoding, our work also suggests a general 

framework for improving iterative decoding algorithms on graphs with cycles. On such 

graphs successive substitution does not necessarily converge to the optimal maximum a 

posteriori or maximum-likelihood solution and the application of successive relaxation

62

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



with p < 1 on a synchronous discrete-time platform can improve the performance. Our 

results of successive relaxation for the tested codes indicate that for a given maximum 

number of iterations, choices of P < 1 exist that improve the performance of conventional 

iterative decoding (P = 1) with smaller or almost the same average number of iterations. 

As an example, for the tested (1268,456) code and belief propagation in LR domain with 

N=200, by selecting P = 0.6, about 0.4dB improvement in Eb/No at BER of about 1CT6 is 

obtained with about the same average number of iterations. For the same code with min- 

sum in LLR domain and N = 200, the choice of P = 0.9 results in about 0.35 dB im

provement in Eb/No at BER of about 10'5 with the average number of iterations reduced 

by a factor of about 1.2.

Furthermore, we investigated the relationship between throughput and error cor

recting performance of an analog decoder. A simple method for making a tradeoff be

tween throughput and error correcting performance was introduced and it was shown that 

delay distribution has insignificant effect on the average settling time of analog decoders. 

Also, it was shown that settling behavior is a function of both the code and the decoding 

algorithm. This approach introduces a new method for predicting throughput of analog 

decoders during the design process, if the average time constant of the analog decoder is 

known. Average time constant can be estimated by circuit simulation in a low signal to 

noise ratio for a relatively small number of cases. Also, this study can be used for selec

tion of suitable codes for analog decoders.
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Chapter 4

Analog Min-Sum Iterative Decoder

In this chapter we focus on implementation issues of iterative decoders. We start 

this chapter by investigating pros and cons of using an analog platform for implementing 

iterative decoders. Then after a short review of the previously reported analog iterative 

decoders, a current-mode approach is presented for implementing basic building blocks 

of an analog iterative decoder. The decoder is based on the so-called min-sum algorithm 

and can be used to decode powerful coding schemes such as low-density parity-check 

(LDPC) codes and turbo codes. The proposed circuits can be implemented by standard 

CMOS technology, which means lower fabrication cost or faster circuits compared to 

previously reported analog iterative decoders that are based on BiCMOS or subthreshold 

CMOS technology, respectively.

4.1 Analog or Digital?

As we saw earlier in this thesis, iterative decoding algorithms can be used for de

coding the best known channel coding schemes. We also saw how LDPC codes were for

gotten for over 30 years because of their decoding complexity. Needless to say, these ca-
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parity achieving codes can not be widely deployed in communication and storage sys

tems unless the existing problems in hardware implementation are addressed properly.

In iterative decoding, numerous processing modules perform floating-point com

putations simultaneously and communicate with each other based on the graphical repre

sentation of the code. Fortunately, the parity-check matrix for LDPC codes is sparse by 

definition and the number of edges is only a few times larger than the block length. The 

number of real physical interconnections is however, at least two times higher than the 

number of edges in the Tanner graph representation of the code. This is because physical 

interconnections are unilateral but edges in the graph are bilateral and conduct belief 

messages in two directions. The number of interconnections in a conventional digital ap

proach would be multiplied by the number of bits used to represent each message. As an 

example, in [18] for a (1024, 512) irregular LDPC code that has 3328 edges in its Tanner 

graph, each message is represented by four bits and consequently 26624 physical inter

connections have been used. This huge number of interconnections generates a huge ca

pacitive load especially because on average, the length of each interconnection in the re

ported digital decoder chip is 3mm. Interconnections consumed 50% of this 52mm2 chip, 

which was fabricated in 0.16pm five-layer metal CMOS technology. In low signal to 

noise ratios (SNR=0dB) when more errors are likely to happen, the average number of 

iterations is high. This increases the switching activity [10] of the decoder and power 

consumption will be about 2W. This is while in higher signal to noise ratios (SNR=3dB) 

and for the same throughput, the switching activity significantly decreases and the power 

consumption is reduced to 0.69W. The coded throughput for this chip was reported 

lGbps (data throughput 500Mbps) and the loss of coding gain due to limited accuracy in
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the processing modules has been about 0.2dB. It is worth noting that by hardware shar

ing. it is possible to substantially reduce the area and power consumption in a digital ap

proach, but it would be at the expense of lowering the throughput. In this method, a small 

number of processing modules are implemented and a control unit utilizes these process

ing modules sequentially for updating a fraction of stored messages in each clock pulse. 

Sharing the processing modules reduces that overall throughput but it could be more af

fordable compared to a fully-parallel decoder chip. For example in [58] a digital recon- 

figurable decoder chip was fabricated in a 0.18pm six-layer metal CMOS technology that 

has an active area of 9mm2. This decoder chip can be configured for different 3GPP ser

vice combinations that include different bit rates for data and voice communication. The 

power consumption is 0.29W when turbo decoding a 2Mb/s data stream with ten itera

tions per block. Rate of the code is 1/3 and its constraint length is 4.

The analog approach can be more favorable in terms of the number of the physi

cal interconnections because each massage can be represented by a current or a voltage in 

a wire in single-ended signaling. For differential signaling (when a message is repre

sented by the difference of two voltages or currents), we need only two wires per mes

sage. Since voltage swing in an analog approach is smaller than that of a digital approach, 

dynamic power consumption per interconnection could be smaller. As the number of in

terconnections, average length of interconnection, and the power consumption in each 

interconnection could be smaller in an analog approach, we conclude power consumption 

and area consumption in the wiring could be considerably lower than a digital approach. 

Also in the absence of a clock signal which normally charges a huge capacitive load in 

each clock pulse, more power is saved.
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In [18] seven million transistors have been utilized for implementing the check 

nodes and the variable nodes. These nodes have been significantly simplified by limiting 

the resolution of the messages and replacing complex computational blocks by simple 

look-up table operations that were implemented by combinational circuits. If higher reso

lution is needed, then we would need a few times more transistors. At each clock edge, 

many transistors switch and subsequently an impulsive current is drawn from the power 

supply or injected into the ground [10]. In addition to consuming power, this impulsive 

current could generate lots of noise and disturbance in the chip. As an example, one of 

the noise generating mechanisms in digital circuits is illustrated in Figure 4-1 for a simple 

NOT gate where the limited slope of the input signal keeps both n-type and p-type MOS 

transistors on and causes the power supply and ground to be short circuited for a short 

period of time [10].

This could generate lots of noise on the supply rails. These disturbances can deteriorate 

performance of noise sensitive blocks that are widely used in the receivers [9].

In an analog approach, transistors are not biased as simple switches and by using 

their characteristics, we may be able to implement a function with substantially fewer

X  Short Circuit Current

>

Figure 4-1 Short circuit current in a simple NOT gate.
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transistors. To achieve this goal, we should exploit analog circuits and efficiently imple

ment the required operations. As we will see later in this chapter, the Gilbert differential 

multiplier [59] was first found to be very useful for implementing belief propagation al

gorithm and we will show how minimum winner-take-all circuits and current mirrors 

would pave the way for efficiently implementing the min-sum decoding algorithm. These 

modules consume less power and area compared to their digital counterparts. As a simple 

example, a 4-input adder in an analog circuit can be simply designed by four current 

sources connected to each other as shown in Figure 4-2. This adder can be implemented 

with no more than a few tens of transistors. However, we need tens to hundreds of tran

sistors, depending on the number of bits per message, for a 4-input digital adder shown in 

Figure 4-3. It is interesting to note that while the number of inputs in the analog adder can 

be increased easily, for the digital approach, in addition to an increase in the number of 

transistors, it would increase the latency of the adder and makes it slower as we need to 

use more layers of adders. Nevertheless, one should not overestimate the saving in silicon 

area because transistors in digital circuits are often smaller.

A*B*C*D

Figure 4-2 A simple 4-input current-mode analog adder.
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Figure 4-3 A Simple 4-input digital adder can be realized by three two-input full

adders.

Analog circuits generate less noise and we do not observe impulsive short circuit 

currents similar to those that exist in conventional digital circuits. This is one of the ad

vantages of the analog approach that has not been exploited fully. However, in a system- 

on-chip or highly integrated communication systems, this feature is greatly welcomed.

As shown in the previous chapter, analog decoders enjoy better dynamics and if 

imperfections and mismatch problems do not degrade the precision of the computational 

modules, we can observe better error correcting performance. It is however, possible for 

digital decoders to mimic the dynamics of analog decoders, but as shown earlier, it can 

increase the average number of iterations required for convergence to the correct code

word and ultimately decreases the throughput.

The fact that in the absence of any controlling signal, the state of an analog de

coder naturally moves towards the most likely transmitted codeword in most cases and
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ultimately supersedes the error correcting performance of conventional discrete-time de

coders, looks very similar to the movement in the steepest descent direction that happens 

in nature, as shown by a simple example in Figure 4-4. In the discrete-time domain, due 

to large step-size in a discrete-time trajectory, the right fixed-point could be missed and 

ultimately the chance of convergence to the correct solution can be smaller. This is a very 

important observation that could have great impacts beyond coding theory as iterative 

methods in general and belief propagation in particular, have many applications in differ

ent fields [60].

Figure 4-4 A ball naturally rolls in the direction with the greatest downhill gradient.

While the above advantages motivate research work on the theory and implemen

tation of analog iterative decoders, there are many challenges yet to overcome. Design 

and implementation of digital circuits is rather straightforward and their behavior is more 

predictable. Digital circuits have proven in practice to be very reliable and robust For 

instance, when we compare the area and power consumption or number of the transistors 

in 4-input adders in Figure 4-2 and Figure 4-3, we should also note that for the analog 

adder, the accuracy could change easily for different current levels and the performance 

might significantly change with temperature variations or fabrication imperfections. The
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digital adder however is not that sensitive to these parameters. On the other hand, numer

ous design tools, cell libraries, and testing facilities are available that help the designers 

to map any complicated algorithm onto digital gates and fabricate integrated circuits with 

high chance of success.

At the present, however analog design is performed manually and it is very time 

consuming and error prone. After all, analog circuits have not been traditionally used for 

highly integrated circuits and even the models are not accurate enough to provide very 

reliable simulation results. In [15], [56], and [61] the problem of layout design automa

tion for large analog iterative decoders has been addressed. Without design automation, it 

is not possible to design and implement analog decoder chips for codes that are large 

enough to be used in real industrial applications.

Also, as the error correcting performance of a decoder should be verified statisti

cally for a large number of inputs, the design process could be very difficult. In fact, it is 

not practical to use circuit simulators to verify how changing a parameter could change 

the ultimate error correcting performance of the decoder. In analog circuits, it is possible 

to improve the accuracy of the processing modules but generally it comes at some cost 

and it is necessary to make a trade off among the parameters that are involved. However, 

transistor level simulation even for one test could take several days and it is impossible to 

run accurate transistor level simulation for millions of cases to be able to obtain the BER 

curve of the decoder. Without any transistor level simulation for predicting the BER 

curve, we often have no choice but to do a blind optimization. For instance in the fabri

cated analog decoder chips, designers have made different assumptions for the transistor 

sizing, often without solid justification or supporting simulation. There have been some
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attempts to estimate the performance of analog iterative decoders by the importance sam

pling method [57], this method allows a reduction in the number of required simulation 

points from millions to a few hundred. However, even for a small decoder simulation 

takes too much time and for example for a (32,8) LDPC code that has been implemented 

by about 18,800 transistors, simulating one case takes about 30 hours and doing simula

tion for a few hundred cases is still unaffordable. In contrast, in a digital approach after 

deciding on the number of bits for representing the messages and the number of bits in 

computational modules, high-level simulation can predict the performance very fast, even 

for very large decoders.

Dealing with mismatch problem is known to be problematic for analog chips in 

general and analog iterative decoders in particular. While we might be able to improve 

matching locally by proper transistor sizing and by being cautious in layout design, for a 

large analog chip, the global matching could be poor. The effect of mismatch on the per

formance of analog iterative decoders was first studied in [62] and later followed by [56], 

[26], and [28]. More recently in [63] for codes with infinite length the asymptotic effect 

of transistor mismatch was studied. All these studies confirm that mismatch can degrade 

the performance of analog iterative decoders. In [26] it was shown that if both global and 

local mismatch are present, longer codes would be more susceptible to mismatch and a 

flattening effect in error ceiling is observed. Other studies predict a few tenths of a dB 

degradation in the error correcting performance of the decoder for typical mismatch val

ues [28], [56], [62], and [63],

Testability is another problem that should be addressed before the mass produc

tion of analog decoders can become a reality. This could be a big problem because itera-
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tive decoders are relatively fault tolerant and a faulty chip can only be detected by ob

serving degradation in its error rate curves. This is because an iterative decoder can re

main functional even if a few interconnections are missing or some transistors are slower 

than required. Therefore to verify the functionality of a decoder chip and see if it meets 

the desirable specifications (in terms of error rate curves at a particular throughput), its 

error correcting performance should be tested statistically. However, performing statisti

cal tests for a large number of decoder chips could be costly. In the digital approach it is 

possible to generate suitable test patterns to detect any malfunction in the chip. Testing 

can even be performed by particular on-chip circuits.

It is quite advantageous if the received information from the channel can be stored 

in analog memories. This will save power and limit further degradation in the received 

information. However, numerous high speed sample and hold (S/H) blocks would be 

necessary [64]. Also making non-volatile analog memories could make the design more 

difficult [65]. In the absence of analog memories, we need to convert input signals into 

digital form by means of ADC to store the information on digital memories and later use 

digital-to-analog converters (DAC) to regenerate the received information in analog 

form. This deteriorates the quality of the received word by introducing more errors.

In brief, there are many advantages in implementing iterative decoding by analog 

continuous-time circuits, however this is a challenging and ambitious goal and there are 

many hurdles yet to overcome. In the next section, we look at the previously reported 

analog decoders. While there has been a significant amount of work on implementing 

analog channel decoders in general, and specially on analog Viterbi decoder [66]-[69] ,
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we limit our discussion to belief propagation and min-sum iterative decoding algorithms 

that can be used for decoding capacity achieving codes.

4.2 Belief Propagation Analog Iterative Decoders

Recalling (2-8) and (2-10), BP requires basic operations of addition and multipli

cation of real numbers. If we assume messages are represented in the probability domain 

then outgoing message (Z) of a check node for only two incoming messages X and Y can 

be calculated similar to (2-8) as follows [60]:

\P(Z = 0 1 X rY) = p xPy + qx qY 
[P(Z = 11 X ,Y) = qx p Y + p x qY (4-1)

Or

(P(Z = 0 \X ,r ) - P ( Z = l \X ,r j )  = ( p x - q x )(py - q r )  (4-2)

Similarly based on (2-10) the outgoing message (Z) of a variable node for only two in

coming messages X and Y can be obtained by:

tP(z=oix.r>=r(j,xpr)
\p(z = \\x,Y) = r(qxq,) (4_3)

Where y is the normalization factor and can be defined as follows:

1r = ---------------- •
P x P y +<Jx <1y

In [15], (4-1) and (4-3) have been used for introducing soft XOR and soft AND 

gates, respectively. These two-input soft gates are shown in Figure 4-5. In soft AND 

gates, normalization factor y has been ignored, and as we will see later normalization is 

automatically performed in the proposed circuits and it is possible to ignore this normali-
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zation factor as long as outputs of soft AND gates are connected to other soft gates or are 

interpreted carefully.

Px

1x

\P r

[iv

©
Pz ~ PxPy +  Ixly  
1z — PxPy +  1.x Py

Px
1.x

00
J Py 
\lr

Pz -  PxPy 
1z = l.xly

(b)

Figure 4-5 Soft gates: (a) Soft XOR gate, (b) Soft AND gate.

Soft gates with more than two inputs can be simply constructed by properly cas

cading these two-input gates. For instance a 5-input soft XOR is shown in Figure 4-6. In 

general, for implementing an N-input soft gate, we need N-l two-input soft gates. These 

gates can be used for implementing check nodes and variable nodes of any degrees. It is 

worth noting that a check node of degree six can be implemented by six 5-input soft XOR 

gates. This is because each of the edges should be updated separately based on the mes

sages that the check node has received from the variable nodes. Equation (4-2) shows that 

a differential multiplier can be used for implementing a soft XOR. If we discard two 

terms in (4-1), we can also implement the soft AND gate. As we will see later in this sec

tion, a Gilbert differential multiplier [59] can be used for implementing both of these soft 

gates.

M
Itil

Out

Figure 4-6 A 5-input soft XOR.
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A basic building block in the Gilbert differential multiplier is shown in Figure 

4-7. As we see in the following, this block splits the fixed current I  into two currents that 

are proportional to p  and q. In Figure 4-7, we have:

^ £ , + ^ £>= ^ £ ,+ ^ £ . .  C4-*)

where VBe is the base-emitter voltage. But for bipolar transistors, the following equation 

holds:

Ic - I s (4-5)

where Ic is the collector current, Is is a constant current with typical values between 10'14- 

10‘16A, Vce is the collector-emitter voltage, VA is the Early voltage with typical values 

between 15-100V, and Vn  is the thermal voltage and is equal to 26mV at room tempera

ture [70]-[71]. We can write:

Ir = h e y” . (4-6)

When Vce is much smaller than the Early voltage. By substituting (4-6) in (4-4), we get:

p l  q l

Figure 4-7 A modified emitter coupled circuit acts as a pq splitter.
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By ignoring the base currents, we can write:

(4-8)

Consequently, we have:

(4-9)

This shows that circuit in Figure 4-7 approximately splits I  between O2 and O3 propor

tional to p  and q, respectively. We thus call this circuit a pq splitter. It is worth noting that 

even if the input currents p  and q have not already been normalized, the output currents 

will still be proportionally divided corresponding to their normalized values. This is the 

reason why the normalization factor in soft AND gates can be ignored and why we do not 

force current sources to be equal to one. Figure 4-8 shows a symbol for a pq splitter.

Figure 4-9 shows how by using pq splitters, we can implement soft XOR and soft 

AND gates defined in Figure 4-5. In a soft XOR gate, currents from different branches 

are simply added together based on KirchofFs current law. It is easy to recognize that the 

soft XOR gate is the well-known Gilbert differential multiplier that has numerous appli

cations in electronic circuits [70]-[71]. Soft AND gate can also be considered as a simpli

fied Gilbert multiplier.
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Figure 4-8 Symbol of a pq splitter.

Py P y  — Py—

Px—Px— \ /

(a) <b)

Figure 4-9 Soft gates implementation based on pq splitter: (a) Soft XOR gate, (b)

Soft AND gate.
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This approach for implementing belief propagation was first used by Hagenauer

[19]-[21], [72]-[79] and Loeliger [23], [62], [80]-[85]. While there are minor differences

rent-mode, both approaches use variants of the Gilbert differential multiplier. In their 

original forms, these circuits are suitable when bipolar junction transistors (BJT) are used 

and the transistor characteristic is described by (4-6).

Bipolar technology is suitable for high-speed applications, but it makes the fabri

cation process expensive and circuits consume more area compared to CMOS circuits. 

Static power consumption in base-emitter junction in bipolar transistors can also increase 

the static power consumption. To handle these problems for large analog decoders in [79] 

hardware sharing was proposed. Soon, it was found that by using subthreshold (weak 

inversion biasing) CMOS Gilbert multipliers it is possible to implement belief propaga

tion with CMOS circuits[15], [25]-[29], [85]. A CMOS design is more favorable because 

it is more affordable and consumes less area. Specifically, subthreshold MOS can be used 

in extremely low power applications at relatively low frequencies and has been used for 

quite a while for designing analog artificial neural networks (see, e.g., [9], [11], [70],

The operation of a subthreshold MOSFET can be described by the following 

equation:

where Id is the drain current, Vcs is the gate-source voltage, Vbs is bulk-source voltage, 

VDs is drain-source voltage, Vn  is the thermal voltage, I0 is a constant, W is transistor 

width and L is its length, and k is a technology-dependent positive parameter [87]. In sub

in their proposed circuits and the former approach is voltage-mode and the latter is cur-

[86]-[88] ).

(4-10)
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threshold MOSFET, Vcs would not exceed the threshold voltage and virtually the 

MOSFET is off and drain current is very small. If bulk and substrate are short circuited 

and Vos is large enough then we can simplify (4-10) and get the following equation, 

which is very similar to (4-6).

This means that soft XOR and soft AND gates can be implemented by using subthreshold 

MOS transistors very similar to what was proposed for BJTs.

Interestingly, we found that linear Y-fed optical directional couplers can be used 

for implementing very high speed electro-optical pq splitters [89]. [90]. This shows the 

feasibility of implementing very high-speed soft XOR and soft AND gates and ultimately 

very fast BP decoders. Although based on the current state of integration in electro- 

optical devices, this approach is very expensive; it could be used in ultra-fast optical links 

or in the future when these high speed devices become more affordable.

We end this section by mentioning that soft XOR and soft AND gates are the only 

required processing modules for implementing belief propagation algorithm for an LDPC 

code. For turbo codes however we need analog interleavers as well [91]. As this thesis 

has targeted the implementation of LDPC codes, we will not discuss the implementation 

issues of interleavers.

4.3 Min-Sum Analog Iterative Decoder

In the previous section we saw that belief propagation (BP), which is the best 

known iterative decoding algorithm, can be implemented by analog BiCMOS or sub

threshold CMOS circuits. BiCMOS circuits are costly and subthreshold circuits are rather
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slow. To make high-speed analog iterative decoders more affordable, in this section, we 

show it is possible to use CMOS circuits for implementing high-speed analog iterative 

decoders. To do so, we focus on the implementation of the min-sum iterative decoding 

algorithm (MS) with favorable CMOS circuits in the strong inversion biasing condition. 

This means MOS transistors are completely turned on and therefore can be quite fast. For 

many codes, the performance of MS is slightly (a few tenths of a dB) worse than that of 

BP and as we observed in Chapter 3 it needs more iterations to settle down compared to 

BP. However, it has lower complexity, and unlike BP, does not require an estimate of 

noise power in the channel [41]. It has also been shown that MS is more robust against 

quantization noise than BP [41]. Moreover, there are simple modifications of MS that can 

perform very close to BP [41]-[43].

In addition, all modules in the previous designs are based on soft XOR and soft 

AND gates that are modified versions of the Gilbert multiplier, and therefore each block 

can only have two inputs. Modules with more than two inputs can then be constructed by 

cascading the two-input soft gates [15]. This increases the latency of the circuit. In the 

proposed circuits however, modules with larger number of inputs can be fabricated easily 

and increasing the number of inputs does not increase the delay as much.

In the rest of the section, we first explain the basic operation and structure of an 

MS decoder. We then propose current-mode CMOS circuits for implementing the com

putational modules of MS.

4.3.1 Basic Operations & Message Representation

Recalling Tanner graphs and operations in variable nodes and check nodes in the 

MS decoding algorithm from Chapter 2, we should implement equations (2-19), (2-20),

81

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



and (2-21), if messages are represented in the log-likelihood ratio domain. These equa

tions are rewritten to facilitate referring to them, as follows:

As can be seen in these equations, in order to implement the required operations 

in MS, we have to deal with the messages, their magnitudes, and their signs separately. 

We have plenty of options for representing messages and an analog value in a circuit can 

be represented by a current or a voltage, either single-ended or differentially or even by 

means of its absolute value and its sign and each has its own advantages and drawbacks.

The current-mode approach is often more attractive because of its speed and dy

namic range. However, some operations fit more easily into voltage-mode circuits, for 

instance by wiring, we can apply the output of a voltage source into a few different cir

cuits, but for duplicating the output of a current source, we need current mirror. In con

trast, in current-mode approach, adding signals is much easier, as shown in Figure 4-2.

Differential signaling is preferable because it is more robust against common

mode noise and global mismatch, but needs twice as many interconnections. In iterative 

decoding the congestion problems are already severe because of numerous interconnec

tions and so it is preferable to avoid making the routing problem more complicated. The 

differential approach would also double the capacitive load and increases area and power

(4-12)
C'eAVMC]

nun (4-13)

(4-14)
C’eNy
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consumption. On the other hand, single-ended approaches can be vulnerable against noise 

and mismatch. Furthermore, representing bipolar signals can be difficult. Figure 4-10 

shows that when local mismatch is negligible, it is possible to mitigate global mismatch 

effects. Suppose we want to regenerate an input current I, in another location in the chip 

and ideally all our transistors have the same width and length. To do so we consider two 

scenarios: in Figure 4-10 (a) the input current is duplicated locally and is sent to the de

sired location in form of a single-ended current, where it is duplicated and used. In this 

scenario, global mismatch would not deteriorate the accuracy of our chip, though the size

W W
of the transistors could be different because of the global mismatch (— * — ). In Figure

L L

4-10 (b), the second scenario is illustrated when instead of a single-ended current; the 

corresponding single-ended voltage is conducted to the desired location in the chip. Be

cause of the global mismatch transistors would not have the same size and the transferred 

single-ended voltage would be translated to /'current instead of I.

ffr p Jfr
L' L»1| i'll

I7

w_
L

w
I

W_
L

(a) (b)

Figure 4-10 If transistors are locally matched, (a) in single-ended current-mode ap

proach global mismatch is tolerated, (b) in single-ended voltage-mode approach

global mismatch is not tolerated.
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Representing signals by their magnitude and sign brings the digital signal path in 

close proximity of the analog signal path and ultimately increases the degradation due to 

noise. Also, if magnitude is represented by a voltage similar to Figure 4-10 (b), it could 

be sensitive to global mismatch. It also doubles the number of interconnections and can 

increase area and power consumption similar to the differential method.

In our proposed circuits, inside the variable nodes and for node-to-node intercon

nections, we use the single-ended current-mode approach, but in the check nodes we lo

cally represent messages by their sign bit and absolute values. In this way, we can con

siderably simplify the necessary modules.

4.3.2 Implementation of Variable Nodes (Basic Modules)

In a variable node, incoming messages (extrinsic information) are added to the re

ceived information (intrinsic information) from the channel to generate the variable 

node's outputs. Messages are represented in the form of currents and can be either posi

tive or negative. As mentioned in the previous section, in order to reduce the number of 

interconnections, we use the single-ended approach.

We define polarity of a current based on its direction. If it is drawn from power 

supply or p-type MOS transistors, we consider it negative and if it is going into ground or 

to n-type MOS transistors, we consider it a positive current. This definition is illustrated 

in Figure 4-11.
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Figure 4-11 Definition of polarity for currents: (a) a positive current, (b) a negative

One of the most frequently used blocks in current-mode circuits are current mir

rors or current conveyers [70]. Based on the above definition for polarity of currents, a 

current mirror duplicates the magnitude of the input current but flips its sign. Figure 4-12 

shows how we represent current mirrors [70]. It is worth noting that n-type current mir

rors can be used for positive currents and p-type current mirrors can be used for negative 

currents. Since our messages can be positive or negative, we need both types of current 

mirrors in our circuits. We call this combination a current buffer.

Figure 4-12 Current mirrors’ symbol representations (a) n-type, (b) p-type.

current

1:1

1:1

(a) (b)
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Figure 4-13 shows how a current buffer can duplicate positive and negative cur

rents. This figure also shows that a leakage current ( h e a k )  flows when we construct a cur

rent buffer in this way. While this leakage current does not degrade the accuracy of our 

current buffer in ideal case, it increases power consumption. Static power consumption 

( P i e a k )  because of this leakage current in the current buffer is equal to:

P lc a k  -  -  X h e a k  X ^ d d  > (4-15)

where is the supply voltage. To minimize this leakage current and reduce power con

sumption, suitable p-type and n-type current mirrors should be used that can not be on at 

the same time for the given supply voltage.

A .=ki

1:1

r

I  te a k h e a k

> t >

^  1:1 J

v = - w

r

1:1

h e a k h e a k

\  t \ *

V

<

1:1

£
Jy

T
(b)(*)

Figure 4-13 Current buffer regardless of the direction of the input current, dupli

cates it at the output with flipped sign (a) n-type current mirror is active, (b) p-type

current mirror is active.
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Though leakage current increases static power consumption, it should be noted 

that leakage keeps transistors in both current mirrors out of the cutoff region when the 

input current is zero and therefore increases the speed of operation and improves linear

ity. This is because a completely turned off transistor is too slow and nonlinear. Further

more, when linearity and speed of the current buffer are important, one way is to always 

keep transistors in saturation and this can be done if leakage current is set to be larger 

than the maximum input current.

To see how a variable node is implemented by using current buffers, we consider 

variable node #1 in Figure 2-2, which is a degree three node and computes its outgoing 

messages based on the following equations that are derived based on (4-13).

m vx̂ c x = m Vi +  m c2̂ v x + m c ^ v x

m vi-+c2 =  m Vj +  m c x->vx + m c ^ v x

m vx̂ c .

5II + m cx->vx + m c2->vx

v = m vx +  m r'-i ->vx +  m c2-*vx +  m ci -±vx

Figure 4-14 shows the required circuits for implementing the above equations. In 

this figure, current buffers with the same input current share their input-section. A current 

buffer has at lease two basic sections, an input-section that samples the input current and 

an output-section that duplicates the input current. By using multiple output-sections, it is 

possible to reproduce multiple replicas of the input current. This can slightly increase the 

capacitive load of a current mirror, as the output stages are connected in parallel. How

ever, this would slightly reduce the speed if the number of connected output stages is 

small.

87

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



mv

m,

m,

mv

m,Q->V,

m,

r < tn

^ y

r ^ t y

* d p -

K ^ )-|

r $ y

y h y

* 4 ^

r &>i*4>

mv

i4 hm vx̂ c x m Cx->Vx

m,c4-r,

mv

y & y

*̂ y
m

™Cx-+vx

i; -vc4

m,rc.-*r.

m,c ,-* v x

y t y

y p -

4 >i
Kjj>J
r<th

4 h
L< 4

y h y

* ^ y

c & h4-
*4

r<K-cjjb-

4 v ,4^

Figure 4-14 Circuits for implementing variable node #1 in Figure 2-2. Buffers with 

the same input current share their input-section.
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In Figure 4-14, the final output is M ,,, which is a current, however, in many ap

plications we prefer having the corresponding sign bit to know the estimated transmitted 

bit. NOT circuits can translate the sign of M v̂ to a bit, as shown in Figure 4-15.

It is important to note that since is an analog signal, the voltage at the input of

the NOT gate might not get close enough to the rail voltages and this can increase leak

age current in the NOT gate and subsequently increase the power consumption. This is an 

important problem because this bit is often one of the chip's outputs and a huge capaci

tive load should be driven and we need a large NOT gate that could have even higher 

leakage current. To mitigate this problem, instead of using one large NOT gate, we would 

use a few cascaded NOT gates. Starting from the smallest NOT gate with the lowest 

leakage; we gradually increase the gate's size up to a desirable NOT gate with suitable 

size [10]. Also, it is more desirable if the output voltage of the current buffers could get 

as close as possible to the rail voltages to limit the leakage current in the NOT gate.

Figure 4-15 NOT gates can be used for detecting the sign of MVx: (a) Mv is positive,

(b) MVx is negative.

(a) (b)
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Finally, we should mention that precision, area, power consumption, and speed of 

the variable nodes depend mainly on the current buffers and consequently on the current 

mirrors that have been utilized. A better current mirror makes a better variable node. In 

the next section, we present how the modules that were introduced in this section can be 

implemented by MOS transistors.

4.3.3 Implementation of Variable Nodes (Transistor Level)

The problem of designing variable nodes was reduced to design of current mirrors 

in the previous section. The overall performance of the variable nodes would then depend 

on the current mirrors that we have used. There are quite a few different current mirror 

circuits with different performances and we can choose one that best fits our particular 

application [9], [70]. However, in modem fabrication technologies we have to properly 

address the problem of transistors’ low output impedance and their reduced supply volt

ages. While the former reduces the accuracy of the current mirrors in general, the latter 

restrict the swing voltage and ultimately limits the dynamic range. In this chapter, we 

consider 0.18pm, 1.8V CMOS technology. For this fabrication technology, we use two 

different cascode current mirrors that are shown in Figure 4-16 and Figure 4-17.

Figure 4-16 shows a classic cascode current mirror with boosted output imped

ance. If r0 is the output impedance of one transistor, the output impedance of this current 

mirror is proportional to gmr02. where gm is the transistors transconductance. The mini

mum voltage at the output of this current mirror is Vr+ 2Vejr where Vj is the threshold 

voltage and Veg  is the effective voltage and is defined as the difference between gate- 

source voltage and threshold voltage for a given drain current, that is the minimum drain- 

source voltage to keep the transistor in the saturation region (constant current region).
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The voltage at the input is equal to 2VT+ 2Vejf [70]. This voltage requirement might not 

be tolerated in many applications as it could significantly limit the dynamic range. But 

this current mirror is simple and is self-biased and does not need any external biasing cir

cuitry.

Figure 4-17 shows a high-swing cascode current mirror that not only has high 

output impedance but also has lower voltage requirements at its input and output termi

nals. While its output impedance is approximately given by gmr02. the voltage require

ment at its input is VT+ F^and at the output it is only 2Vejrax the maximum allowed cur

rent. The acceptable range for Vejrin this current mirror is given by:

V - V
V - I V  < V  < ■■■hias -bias ~VT — V tff — ^ > (4-17)

h .
I

1 4't

u j

1out

Figure 4-16 An n-type low-swing self-biased cascode current mirror.

VT+V«

1 in

i

V bias\ H

1 I L

' 1

LL

Figure 4-17 An n-type high-swing cascode current mirror.
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This inequality is simply derived based on the necessary conditions for biasing the input 

transistors in saturation. It should be noted that if V(,ias is greater than 2 Vr, then input cur

rent must be adjusted to be greater than the limit as defined by (4-17). Figure 4-18 shows 

p-type versions of the cascode current mirrors that were introduced in Figure 4-16 and 

Figure 4-17. Furthermore, Figure 4-19 and Figure 4-20 show simulation results for corre

sponding current buffers when Wp=2[im, W„=l pm, Lp=0A\im, and Z,„=lpm. It is impor

tant to note that because of the lower mobility of holes than electrons, the output imped

ance of p-type transistors is higher than n-type transistors and therefore, we use larger 

W/L for p-type transistors for equal output impedance.

Figure 4-21 shows how by using the self-biased cascode current mirrors shown in 

Figure 4-16 and Figure 4-18, and the proposed structure for a variable node in Figure 

4-14, we can implement variable node #1 in Figure 2-2. The threshold voltage of the 

NOT gate was set at 0.9 volts. In the output section of the variable node, we use larger 

transistors to be able to drive the long interconnections that are connected to check nodes. 

Performance of this node is close to ideal as shown for one output in Figure 4-22. In this 

figure, it is assumed that all inputs are equal triangular current sources with peak currents 

of 4pA and -4pA. Figure 4-23 shows the corresponding sign bits.

(a) (b)

Figure 4-18 p-type cascode current mirror (a) self-biased low-swing, (b) high-swing.
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Figure 4-19 Input and output currents in a low-swing current buffer based on 

Figure 4-16 and Figure 4-18 (a).
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Figure 4-20 Input and output currents in a high-swing current buffer based on 

Figure 4-17 and Figure 4-18 (b). Vu* is equal to 0.9 V.
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Figure 4-21 Transistor level implementation of variable node #1 in Figure 2-2.
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Figure 4-22 Comparison between /wr_*c obtained by transistor level simulation for

the variable node in Figure 4-21 and an ideal variable node.
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Figure 4-23 Comparison between sgn(MVi) obtained by transistor level simulation

for the variable node in Figure 4-21 and an ideal variable node.
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4.3.4 Implementation of Check nodes (Basic Modules)

Operations in check nodes are rather complex compared to what we had for vari

able nodes. In this section, the basic modules for implementing check nodes are pre

sented. As an example, we focus on implementation of check node #1 in Figure 2-2 

which is a node of degree 4. The operation in a check node is given by (4-13) and Figure 

4-24 shows the necessary modules for implementing this node. First in the block labeled 

sign & magnitude extractor module, for all incoming messages sign and magnitude are 

separated. Then the magnitude of each outgoing message to each variable node is com

puted by finding the minimum value among the magnitudes of all the received messages 

from other variable nodes that are connected to the check node through edges in the Tan

ner graph representation of the code. This operation is performed in the minimum winner- 

take-all (min WTA) module. The sign of the outgoing message to each variable node is 

obtained by multiplying the sign of the messages that have been received from other vari

able nodes; this operation is performed in the Sign module. Then the sign & magnitude 

combiner module combines the computed signs and magnitudes and generates the outgo

ing messages. Each module in Figure 4-24 consists of a few simpler modules.

Sign
Module

Minimum
WTA

Module
Sign&

Magnitude

Combiner
Module

Sign&
Magnitude

Extractor
Module

Figure 4-24 Basic modules in the check node #1 in Figure 2-2.
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Figure 4-25 shows more details about the structure of the check node. In this fig

ure digital interconnections are shown by dashed lines. Sign & magnitude extractor mod

ule consists of four simpler modules, each has one input and two outputs and splits the 

input signal into its sign and absolute value and we call it RTAS (real to absolute value 

and sign converter) module.

XOR

XOR

XOR

XOR

ASTR

m in WTA

RTAS

RTAS

m in WTA

RTAS

m in WTA

RTAS

ASTR

ASTR

Figure 4-25 A closer look at the modules in the check node #1 in Figure 2-2.
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It is worth mentioning that while in equation (2-17), the sign function could return 

-1 or 1; in hardware implementation it is simpler to work with a sign bit that represents 

the polarity of the message. For negative number the sign bit is set to be 1 and for non

negative numbers it is set to be 0. In this way, instead of multiplying the signs, we can 

XOR the sign bits. Consequently, the sign module consists of four 3-input XOR gates. 

The min WTA module consists of four 3-input minimum winner-take-all circuits. In a 

min WTA circuit, the minimum input appears at the output. The sign & magnitude com

biner module consists of four ASTR (absolute value and sign to real converter) modules 

that combine the sign bit and absolute value and generate real numbers.

4.3.5 Implementation of RTAS Modules

Figure 4-26 shows how an RTAS module works. It is worth noting that leakage 

current similar to what was explained for variable nodes also exists in the current buffers 

and wastes power but ideally does not degrade the accuracy of the RTAS module. In or

der to implement this module we can simply substitute current mirrors in Figure 4-26 

with full transistor level circuits. However, it is necessary to make sure that current mir

rors are biased properly and there is enough room for voltage swing. In the check node, 

we typically use the high-swing cascode current mirror that was introduced earlier and 

shown in Figure 4-17 and Figure 4-18 (b).

A circuit for implementing RTAS module in 0.18pm CMOS technology is given 

in Figure 4-27. In this figure, the sign bit extractor has been simplified and the output that 

represents absolute value is a voltage instead of a current. We did this in order to simplify 

the interconnections among the modules inside the check node. As it was shown in 

Figure 4-25, the output of the RTAS module should be sent to a few min WTA modules
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that are located in close proximity to the RTAS module. Therefore, we conduct the output 

current to a diode-connected circuit that works as the RTAS output stage and generates a 

biasing voltage for the high-swing current mirrors inside the min WTA modules. In this 

figure, V„ is a fixed biasing voltage for high-swing cascode current mirrors.

-< &

J ~~out

(a)

Tc.

(b)

Sign

Figure 4-26 An RTAS module, (a) current rectifier, (b) sign extractor.

4.3.6 Implementation of Min WTA Modules

Winner-take-all circuits consist of a few cells that are competing with each other 

and each cell tries to duplicate its input at the output. The idea of duplicating a signal im

plies that there should be some kind of mirroring in the circuit. As we will see later in this 

thesis this idea can be exploited and we can devise maximum or minimum winner-take- 

all circuits by using current mirrors and suitable feedback circuits. As we will see later, it 

is easier to implement current-mode max WTA. However, it is not difficult to convert a 

current-mode max WTA to a min WTA circuit Figure 4-28 shows how by subtracting 

input currents from a sufficiently large reference current (Ire/ )  a cuirent-mode max WTA 

can be converted to a min WTA circuit
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Figure 4-27 A circuit for implementing RTAS module.
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Figure 4-28 A current-mode max WTA can be converted to a min WTA. 7re/ is  a 

fixed and sufficiently large reference current. Im, Im2, and I-ms are input currents.

Figure 4-29 shows a well-known max WTA circuit [92]. In this figure I  m2,

and I,„3 , which are three input currents are applied to the drain terminals of 0 S(u, Qsq), 

and 0S(3) transistors that are identical and have large output impedances. These three tran

sistors share the same gate-source voltage. This shared voltage is determined by the 

amount of current that is provided for the diode-connected transistor Oj through transis

tors Q/fi), 0/(2), and 0/(3). To explain how this circuit works, first we assume input currents 

are equal and are greater than zero, we also assume initially that the voltage drop on Ojis 

almost zero. Consequently, drain currents for QS(ij, Qspj, and 0 S(3j transistors would be 

smaller than input currents. This would increase drain-source voltages of QS(ij, Qsp), and 

Os® transistors and therefore gate voltage of 0/(ih O/ai, and 0 /(3) transistors would in

crease, this would however increases the injected current and voltage drop across Qd in

creases and consequently the drain currents in QS(i), Qs(2), and Qsp) transistors go up. This
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feedback increases the shared gate-source voltage up to a balancing point. If for any rea

son this shared voltage goes higher than what it should be, drain currents in QS(i), Qsdh 

and Os(3) transistors become more than input currents and their drain voltage would drop 

and reduces the injected current and therefore reduces the voltage drop on the diode- 

connected Od transistor. This negative feedback establishes a suitable gate voltage that 

can be used for regenerating the input current in the drain of the Q0 transistor which is 

identical with the QS(i). Qsq and QS(y transistors. If input currents are not equal, in a 

similar way the maximum input current that generates the maximum input voltage keeps 

the feedback path closed and establishes a suitable voltage for the gate of 0 0 to regener

ate itself at the output. However, the shared gate-source voltage forces Osaj, Osq and 

Os(3) transistors to have the same drain currents, and those transistors, which can not af

ford that much current would ultimately leave saturation and are biased in triode. This 

however reduces their drain voltage and consequently their corresponding O/q transistors 

will be turned off and they can not contribute in keeping the feedback functional. It is 

worth noting that if the Od transistor is identical with the 0 o transistor, the overall cur

rents in the O/o), O/q), and 0/(3) transistors will also be equal to the winner current. In 

Figure 4-30 and Figure 4-31, circuit simulations for this WTA are given. For all transis

tors H7I=l|im/lpm.

l o u t l  — m a X {A<il n i l  I  m l

ml

• / ( 3 )  -^OK/I —  m a X { ^ i u l 5 ^ i < i 2 » ^ l i C7<»

&(3)-J(l)

Figure 4-29 A 3-input current-mode maximum WTA circuit.
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Figure 4-30 Simulated input and output currents of the WTA circuit in Figure 4-29.
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Figure 4-31 Simulated voltages in the WTA circuit in Figure 4-29, corresponding 

input currents are shown in Figure 4-30.
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As explained earlier, current mode max WTA circuits can be easily converted to 

min WTA circuits. Figure 4-32 shows how a min WTA circuit can be constructed based 

on max WTA in Figure 4-29. To do this we have first subtracted the input currents from a 

reference constant current (7re/), which should always be greater than the minimum input 

current. In fact, it is easy to show that if an input current is greater than Ire/, it can not win 

the competition and regenerate itself at the output cell. The modified input currents are 

conducted to the max WTA circuit given in Figure 4-29 and the maximum input current 

is reproduced at the output. By subtracting the output of max WTA circuit from Ire/  the 

minimum input current is obtained.

Unfortunately, for deep submicron MOS transistors, short channel effects degrade 

the accuracy of the max WTA circuit in Figure 4-29 and consequently the accuracy of the 

min WTA will be degraded too. This is due to the fact that short channel effects degrade 

the output impedance of MOS transistors [70].

ini ini

«J(3)

ref

Figure 4-32 A 3-input current-mode min WTA circuit.

In order to implement min WTA in the check nodes, we improve the output im

pedance of the transistors in Figure 4-32 , by replacing each transistor with a high-swing 

cascode pair as shown in Figure 4-33. This is similar to what we used for high-swing cur-
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rent mirrors and the transistor on the top (Osc) is biased with a fixed voltage V„ and the 

overall output impedance would be close to gmr02, where gm is the transistor’s transcon

ductance and r0 is the output impedance of each transistor. In this figure Ire/  is generated 

by Orefi and Ore/2  transistors which are biased by V/,ias and V„2 , respectively. Vm is the out

put voltage of an RTAS module and input currents I,„2 , and Iins are mirrored from 

RTAS modules and this is done by means of Omq and Q,„C(.) transistors.

In 0.18|im CMOS technology, we used 2(im/0.4pm p-type MOS transistors and 

lpm/lpm n-type MOS transistors. Also V,r. V„ 2  are set at 0.9 volts and Vbias is equal to

1.2 volts. Figure 4-34 shows simulation results for this circuit when three periodic trian

gular input currents are applied to this min WTA circuit. This figure illustrates that when 

the output follows one input the accuracy is much better than when the winner input is 

changed. This problem is often seen in WTA circuits and increases as frequency in

creases.

Q nf\bias

■scQ)

Figure 4-33 A current-mode cascode 3-input min WTA.
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Figure 4-34 Simulation results for the min WTA circuit in Figure 4-33.

43 .7  Implementation of XOR Gates

It is quite important to limit the switching noise in the check nodes by choosing a 

suitable XOR gate from a low noise logic family and one of the best choices is DCVSL 

(Differential Cascode Voltage Switch Logic) XOR gates [10]. A 2-input DCVSL XOR is 

shown in Figure 4-35. XOR gates with more inputs can be constructed by increasing the 

cascode layers or by cascading 2-input XOR gates.

Figure 4-35 A 2-input DCVSL XOR gate.
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4.3.8 Implementation of ASTR Modules

The structure of an ASTR module has been illustrated in Figure 4-36. Input cur

rent is received from the min WTA module and the sign is generated in XOR gates and 

these two are combined together to generate the outgoing message of the check node. A 

circuit for implementing the ASTR module is given in Figure 4-37. This circuit has been 

obtained by replacing all the current mirrors in Figure 4-36 by high-swing cascode cur

rent mirrors. Circuits for implementing analog switches [10] are also given. It is neces

sary to provide a mechanism to guarantee that when an analog switch is open, there is no 

leakage current at the output. To do so additional transistors (Oj and Oi) have been added 

to the analog switches. The Oi and O? transistors are turned on when the Si and Si analog 

switches are open, respectively. These extra transistors do not permit the opened gate 

terminal to remain floating but instead connect it to a suitable rail voltage and completely 

shut down the corresponding transistor.

W I

Figure 4-36 ASTR module. An analog switch is closed when the applied signal is I. 

Current mirrors with the same input current can share their input sections.
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Figure 4-37 A circuit for implementing ASTR module.

To study the accuracy of the proposed modules of a check node, we consider a 

simple case when one output in the check node should be an exact replica of an input cur

rent. This is the case when other input currents are large and binary addition of the related 

sign bits is zero. We consider two cases of interest, fast and slow variations of the input 

current and simulate the output current for each case. Corresponding simulation results 

are shown in Figure 4-38 and Figure 4-39. While Figure 4-38 shows the accuracy is 

good for low speed operation, Figure 4-39 illustrates some distortion at zero crossing for 

high speed operation of the check node. This distortion can be explained by noting that

when transistors are biased at the cutoff region, they become very slow. It means that
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when input current becomes small transistors in the active current buffer can not follow 

the input variations. Furthermore, when the polarity of the input current changes, active 

current mirrors change in RTAS and ASTR modules. This means that some current mir

rors should be turned off and some should be turned on. However, a completely turned 

off current mirror is too slow to follow fast variations of the input current. This is the rea

son why the check node’s output can not follow the input precisely.

These figures also show that when magnitude of the input current is greater than a 

limit, it will be clipped. This clipping effect happens when all input currents in Figure 

4-33 are greater that 7re/and ultimately Iref  appears at the output To increase this clipping 

limit, it is possible to increase /„ /

4.4 Conclusion

In this chapter, we considered implementation issues of iterative decoders. First 

we analyzed the pros and cons of implementing iterative decoding algorithms using ana

log VLSI. Then we presented the basic processing modules in the previously reported 

analog decoders, which are implemented by BiCMOS or weakly inverted CMOS transis

tors. Finally, we presented current-mode CMOS circuits for implementing min-sum ana

log iterative decoders. The circuits can be fabricated using standard CMOS technology. 

This means lower fabrication cost or faster circuits compared to the previously reported 

analog iterative decoders.
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Figure 4-38 Simulated low-frequency transfer response of a check node.
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Figure 4-39 Simulated high-frequency transfer response of a check node.
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Chapter 5

Min-Sum Analog Decoder with 

High-Degree Modules

In this chapter, we focus on implementation issues for high-degree variable nodes 

and check nodes in an analog min-sum iterative decoder and present new CMOS circuits 

with lower power and area consumption compared to what we presented in the previous 

chapter. To realize the significance of designing high-degree nodes, one should note that 

irregular LDPC codes have better performance than regular LDPC codes and the error 

correcting performance generally improves by increasing the maximum degree of the 

nodes. In the reported circuits for implementing belief propagation in analog VLSI, as we 

mentioned earlier, multi-input modules can be implemented by properly cascading two- 

input soft gates [15]. In the circuits that we proposed in the previous chapter for imple

menting analog min-sum iterative decoder, modules can simply have as many inputs as 

we wish and there is no need for cascading simpler modules and consequently increasing 

the latency of the circuits. However, in this chapter we show that we can further simplify 

our proposed circuits for high-degree nodes and use silicon area more efficiently.

I l l
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5.1 High-Degree Variable Nodes

In the previous chapter, we saw how by using current buffers we can implement a 

variable node. While we mainly focused on a 3-input variable node as an example, it is 

possible to use the same approach for nodes with higher degrees that often exist in the 

Tanner graph representation of many good codes. We use the number of current buffers 

and/or transistors as a measure of complexity for each design. We also distinguish be

tween input and output sections of a current buffer. This is because the input section of a 

current buffer is shared with other current buffers with the same input current. Also for 

the sake of simplicity we assume all buffers are identical. We also ignore NOT gates be

cause they would be the same for different methods.

It is simple to verify that for a variable node of degree n («>1), we need 2(«+l) 

input sections and n“+2n+2 output sections. The total number of sections is (n+2) and if 

we use cascode current mirrors similar to Figure 4-21, we need 2(w+2)2 p-type and 

2(«+2)2 n-type transistors. As an example for a variable node of degree 18, we need 800 

p-type and 800 n-type transistors.

We can significantly simplify the variable nodes by rewriting equation (4-12) as 

follows:

(5-1)

or equivalently:

m (5-2)
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This means that we should generate Mj>y) (based on (4-14)) first and then by a simple

subtraction we can generate the outgoing messages.

To see how this different interpretation of (4-12) can reduce the complexity of a 

variable node, we present necessary modules for implementing a 3-input variable node in 

Figure 5-1. The same node was studied earlier as an example and Figure 4-14 shows the 

required modules for implementing this node with the previous approach. Transistor level 

implementation of this node is illustrated in Figure 5-2 and by comparing it with the pre

vious approach that was shown in Figure 4-21, it is observed that the number of transis

tors has been reduced from 100 to 64. In this figure, we used Wp=2pm,

Zp=0.4pm, and Z„=lpm in 0.18pm CMOS technology. The threshold voltage of the NOT 

circuit was set at V4J I .

It should be noted that in the proposed method in the previous chapter, a smaller 

dynamic range is required compared to the method that is proposed in this chapter. This 

is because in a variable node the magnitude of M v could be higher than any other outgo

ing messages of the variable node simply because it has more inputs. However, in the 

former method it was not necessary to compute M r precisely and as long as the sign of

M v is correct, the variable node will be accurate. However, in the latter method it is nec

essary to compute M v precisely, otherwise all the messages will be inaccurate. Therefore 

the latter method requires higher output linearity and hence a wider dynamic range.
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Figure 5-1 Modified circuits for implementing variable node #1 in Figure 2-2. Buff

ers with the same input current share their input-section.
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Figure 5-2 Modified transistor level implementation of variable node #1 in Figure

2-2.
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In general, for implementing a variable node of degree n («>1) based on this 

modified method, we need n+ 2  input sections and 3n+2 output sections of current buff

ers and overall, 4«+4 sections are used. If we use cascode current mirrors similar to those 

presented in the previous chapter, the total number of transistors would be 16(«+1). 

When n=l, the variable node would be very simple and we only need 20 transistors to 

implement it. Figure 5-3 shows the difference between these two methods for different 

variable node degrees, and it is clear that for variable nodes with many interconnections, 

the modified approach can significantly reduce the number of required transistors. Fur

thermore, it is worth noting that while power consumption in the input and output parts of 

the variable nodes in these two methods are almost equal, the difference between the con

sumed powers in the intermediate sections could be considerably different. In the original 

method it is simple to show that the maximum current that is drawn from the power sup

ply in the intermediate section is equal to:

CeNy

Consequently, in addition to saving in area consumption, we have significantly reduced 

the power consumption without any penalty in the latency of the variable node.

^  ={n+l}mv \ + n Y ] mc->v\- (5-3)
C’cAV

However, for the modified method this current would be:

(5-4)
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Figure 5-3 Comparison between the number of transistors in the original method 

and modified method for implementing a variable node of degree n.

5.2 High-Degree Check nodes

In our original method, in a check node of degree n, we have n RTAS modules, n 

ASTR modules, n min WTA modules, and n XOR gates. While RTAS and ASTR mod

ules would not change as we increase n, the complexity of each min WTA module and 

XOR gate increases at least linearly with respect to n. This however, makes the overall 

complexity proportional to n2. If we use the circuits that were proposed in the previous 

chapter for implementing a check node of degree n, then for each min WTA circuit we 

should use, 5n-2 n-type and 2n p-type transistors that adds up to a total of ln-2 transis

tors. This means that for a check node of degree n, we would use 7n2-2n transistors in 

WTA circuits.
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For implementing XOR gates, we assume that we have cascaded 2-input XOR 

gates. Needless to say it is possible to implement DCVSL XOR gates with a couple of 

inputs and we only consider 2-input gates to simplify the discussion. Also, it is worth not

ing that DCVSL gates are generally much faster than the rest of our circuits and conse

quently cascading them would not decrease the overall speed. In order to implement an 

(n-l)-input XOR gate by cascading 2-input XOR gates, we need n-2 gates. As we need n 

XOR gates with n-1 inputs, the number of gates would be equal to 77(77-2) and therefore 

8«(w-2) transistors are required. As an example if we assume 77=20, then we need 2760 

transistors for WTA circuits and 2880 transistors for XOR modules.

XOR modules can be greatly simplified by implementing only one 77-input XOR 

gate and then XORing its output with every received sign bit to generate the correspond

ing sign bit for the outgoing message. This can be done because for any binary variables 

d\ and d.2 we have:

(dx @d2 )® d l = d2. (5-5)

Figure 5-4 shows how this simple modification would change the structure of a check 

node that was presented earlier in Figure 4-25. In this method we need only one 77-input 

XOR gate plus n 2-input XOR gates. The number of required transistors is then given by 

8(277-1) which for large n could be much smaller than what we had for the original 

method. Figure 5-5 shows the difference between these two methods for different n, the 

difference between the number of transistors in high-degree nodes could be quite signifi

cant and amount of saving in silicon area is noticeable. In the modified method as we re

duce the number of gates, the overall power consumption decreases as well. This is how

ever at the expense of further delay because of at least one extra XOR operation. How-
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ever, if n is large, we have to use many XOR gates and introduced latency due to the ad

ditional XOR could be negligible.

m,
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XOR

XOR

XOR

RTAS

RTAS

min WTA

ASTR

RTAS

min WTA

RTAS

ASTR

ASTR

ASTR

min WTA

Figure 5-4 Structure of check node #1 in Figure 2-2, with modified XOR module.
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Figure 5-5 Comparison between the number of transistors in the original method 

and modified method for implementing an XOR module of degree n.

We can further simplify check nodes by noting that min WTA modules can only 

have two possible outputs, which are either equal to the first or the second minimum in

put. Therefore, it is better to only find the first and the second minimum inputs and then 

properly connect them to the output terminals. In fact, the operation in the min WTA 

module can be simply expressed as follows:

m,(/)c->y
l*' (Hr->c |) *f\mvLc | >- min (|m ^ c |)VaNc

2 nd min (|m(/)r-+c\
(5-6)

Interestingly, by minor modifications we can convert a first max/min WTA circuit to a 

second max/min WTA circuit [93]-[94]. Figure 5-6 shows a simple second max WTA 

circuit which is the modified version of Figure 4-29.
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Figure 5-6 A simple 3-input current-mode second max WTA circuit.

The main difference between a second min/max WTA and a first min/max WTA 

is in its feedback path that has two 0/., transistors instead of one. This means that while 

in a first min/max WTA circuit at least one > was on, in a second min/max WTA at 

least two 0/t) transistors should always be on to keep the negative feedback functional. 

In a second min/max WTA circuit the feedback path, in addition to these Ofi.) transistors, 

include one O .̂) transistor, which is similar to what we already observed for the first 

min/max WTA circuits. Also while in a first min/max WTA at least one 0^.) transistor is 

always biased in saturation, in a second min/max WTA circuit at least two O .̂) transistors 

work in saturation.

To see how the second max WTA circuit in Figure 5-6 works, assume 

Im2>Imi>I,n3 and the shared gate-source voltage among Q .̂) transistors is very small and 

input currents are suddenly applied to the second max WTA circuit. The drain currents of 

Os(.) transistors will be very small and the drain voltages of the O ,̂) transistors increase. 

This increase in the voltages happens because these transistors have not been biased 

properly to accept the input currents. Since by assumption /,„? is the maximum input cur

rent, the drain voltage for the Qsq.) transistor would be the maximum drain voltage among
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Os(.) transistors. This means that 0 / 2) and O/w will have the maximum gate voltages 

among O/.) transistors. Ultimately, the gate-source voltage for 0 / 2) and 0 / 4) will be 

higher than the threshold voltage. However, for these two transistors, the drain current 

will remain equal to zero, unless 0 / 1} or 0 /5) is also turned on. This means that the drain 

voltages keep increasing until either 0 /d  or 0 / 5) turns on. Since Iinj is the second largest 

input current, 0 /d  will be turned on before 0^5). When 0 /d  is turned on, the feedback 

path is closed through 0/d , 0 / 2), and O/d- If the transistors in the max WTA circuit have 

high output impedances and the difference between the first and the second maximum 

input currents is not negligible, then the gate voltage of 0 / 2) would be very high when 

0 / d is turned on and 0 / 2) acts as a closed switch (it is likely that it is even biased in tri- 

ode region), so the first largest input current can not control the shared gate voltage 

among 0*(.) transistors. This means that we can ignore the first maximum input and there

fore the circuit reduces to a first max WTA circuit similar to what we observed earlier in 

Figure 4-29. It is worth noting that when 0 /d  is turned on, the shared gate voltage among 

O/.) transistors will be controlled and set by feedback and regenerates the second winner 

at the output. All the losers that can not afford that much current go to triode. On the 

other hand, for the first winner, drain voltage of the O/.) transistor goes up to obtain a 

higher drain current and at the same time limit the incoming current from the current 

source. It is interesting to note that if surpasses I,„2, the feedback path is closed 

through 0 /d , 0 /̂ 2), and 0 / 2) and the I,„ 2  appears at the output and when />„?- Imi~ the out

put current will be equal to
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Figure 5-7 shows circuit simulation for the second max WTA of Figure 5-6. In 

simulation, we assume all transistors are identical and have the same width and length 

sizes and 1F/I=ljam/I(im.

Figure 5-8 shows a 3-input second min WTA which has been designed based on 

first min WTA circuit in Figure 4-33. For an «-input second min WTA based on the same 

approach, we need 0.5n2+6.5w+4 transistors.

In addition to an «-input first min WTA and an w-input second min WTA, a suit

able output stage should be used for WTA module to compare each input with the first 

min and when input current is equal to the first min, it should send the second min to the 

output and otherwise the first min is sent to the output. Figure 5-9 shows the structure of 

such an output stage.

ini
in23.5
ir>3
outT

2.5

0.5

Figure 5-7 Simulation results for the second max WTA in Figure 5-6.
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Figure 5-8 A 3-input cascode second min WTA circuit

2nd min ( m.

Figure 5-9 Output stage in the modified min WTA module.

In this figure, the output consists of two components; the first min current always appears 

at the output and is added with another current, which is a function of the difference be-
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tween the second min and the corresponding input. If this difference is positive, it indi

cates that the input has been equal to the first min and the difference between the second 

min and the first min is conducted to the output and will be added to the first min to gen

erate the second min. If the difference between the second min and the corresponding in

put is not positive, this difference will not appear at the output. This means that ideally 

the only current component at the output is the first min input. Therefore, if we substitute 

ideal current mirrors in Figure 5-9, this module can switch the proper signals to the out

put. Even in a special case when a few inputs are equal to the minimum value, this circuit 

remains functional.

A circuit for implementing this block is shown in Figure 5-10. In this figure Vm is 

the output voltage of the RTAS module that corresponds to the V  variable node. The first 

and the second min inputs are found in the first min WTA and the second min WTA cir

cuits. Figure 5-11 shows how these blocks are placed and utilized in a circuit for imple

menting the check node #1 in Figure 2-2.
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Figure 5-10 Transistor level implementation of Figure 5-9.

If we use the cascode configuration similar to what we used in Figure 5-8 and 

Figure 5-10 then for implementing a min WTA module with n inputs, we need ln+5 tran

sistors for implementing an n-input first min WTA circuit, 0.5n2+6.5«+4 transistors for 

implementing an n-input second min WTA circuit, and 12+14n transistors for implement

ing WTA output stage. Therefore, the total number of transistors would be 

0.5n +27.5/H-21. This is while in the original method In -In  transistors were required. 

Figure 5-12 shows that for n>5 the modified approach requires fewer transistors and for 

larger n the difference between the modified and original approaches is quite significant.
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In addition to the smaller number of transistors which implies smaller area consumption, 

power consumption in the modified WTA module is close to 2(n+\)Iref  Vm watts which 

can be much smaller than power consumption in the original WTA module, which was 

close to n2 Iref  Vm watts. However, the modified method has the drawback of higher la

tency.

m.
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XOR

ASTR

RTAS

RTAS

ASTR

ASTR

ASTR

RTAS

RTAS
2 *d 

m in WTA

m in WTA

IVTA
Output
Stage

Figure 5-11 Structure of the check node #1 in Figure 2-2, with modified XOR mod

ule and modified WTA module.
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Figure 5-12 Comparison between the number of transistors in the original method 

and modified method for implementing a WTA module with n inputs.

5.3 Conclusion

In this chapter, we focused on implementation issues of analog min-sum iterative 

decoders, when check nodes and variable nodes with high degrees appear in the Tanner 

graph representation of the code. While it is possible to use the original approach for this 

case too, we presented circuits for implementing these nodes with smaller number of 

transistors and consequently less silicon area consumption. In addition, the proposed ap

proach reduces the power consumption considerably.
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Chapter 6

Low-Voltage Min-Sum Analog De

coder

In the previous chapters, we presented a current-mode approach for implementing 

analog min-sum iterative decoders. We extensively used current mirrors to build the 

processing modules. The only important block in our design that does not seem to work 

based on current mirrors is the min WTA module. In this chapter, we show how a cur

rent-mode min WTA circuit can be constructed by current mirrors as well.

It is important to be able to represent all the major blocks in our design by a com

bination of current mirrors because in virtually every technology, accurate current mirrors 

can be built. As an example, it is well known that design of analog circuits becomes ex

tremely difficult and tricky in modem fabrication technologies, when transistors suffer 

from short channel effects and supply voltages are small. Current mirrors are commonly 

used in analog circuits and they have numerous applications. Therefore, design of current 

mirrors has been the topic of many studies and there are quite a few current mirrors with 

low-voltage requirements and ongoing research in this area will lead to better current 

mirrors in the future. Since all the major blocks in our design are based on current mir-
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rors, our proposed analog min-sum iterative decoder could then be used wherever accu

rate current mirrors are available.

To demonstrate how a min WTA module can tolerate the reduced supply voltage, 

in this chapter we use a previously reported low-voltage current mirror to design a novel 

high-swing low-voltage current-mode max WTA circuit that can be simply converted to a 

min WTA circuit and used as a min WTA module in a check node.

6.1 Introduction

There are many designs available for Max WTA circuits (see, e.g., [92]-[99]). 

However, new CMOS fabrication technologies with shorter channel lengths and increas

ing output conductance, as well as the persistent trend towards reduced supply voltages 

have made analog design more challenging. At the same time, many of the conventional 

circuit design techniques can no longer be applied under such circumstances. It is there

fore of great interest to devise circuits with large input/output voltage swing, small volt

age requirements and improved accuracy.

For the circuits of [92]-[98], due to the short channel effects, the accuracy de

grades drastically when fabricated in more advanced CMOS technologies. Moreover, the 

proposed circuits are not high swing, and the minimum allowable voltage at the inputs 

and the output is larger than Vr+Veff, where VT is the MOSFET threshold voltage and Veg  

is the effective voltage defined as Vgs-VT [70]. In [99], good accuracy is achieved by us

ing a cascode configuration, but the voltage requirement at the inputs and at the output is 

still quite high and is equal to 2 Vr+2 Vejfand Vr+2 Veff, respectively.

In the next section, a method for designing max WTA circuits is introduced and a 

few examples are provided to show how this method can be utilized.
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6.2 Design Methodology

The winner input in a max WTA circuit is duplicated at the output, so there 

should be some similarities between a current-mode max WTA and a current mirror. 

Figure 6-1 shows building blocks of a simple current mirror. Input current is sensed in the 

input leg of the current mirror and then it is translated into suitable biasing conditions. 

Negative feedback is used to efficiently do the translation task and tune the biasing condi

tion for the input block to accept the incoming current. This biasing condition is then ap

plied to the output leg to regenerate the input cunrent. In this figure, AMP block is a high- 

gain trans-resistance amplifier that converts the difference between the input current and 

the current of the input stage to Vow voltage and could come from the output impedance 

of the input stage. Since input, amplifier, feedback, and output blocks can be in different 

forms and shapes, it is sometimes difficult to distinguish these blocks, especially because 

various blocks may overlap.

It is often possible to convert a current mirror into a current-mode max WTA cir

cuit. Figure 6-2 shows how by modifying the current mirror of Figure 6-1, a 3-input cur

rent mode max WTA circuit can be devised.

1 in + outin AMP

Mas.

feedback

Output

Stage

Input

Stage

Figure 6-1 Block diagram of a simple current mirror.
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out 1

bias
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I  ~ max(/jni, Iin2 ,1m )

biasbias

AMP

bias

feedback

feedback

feedback

Input
Stage

Input
Stage

Input
Stage

Output
Stage

Figure 6-2 A 3-input current-mode max WTA circuit that has been designed based 

on the current mirror in Figure 6-1. Diodes are assumed ideal.

In Figure 6-2, the highest Vou, belongs to the maximum input current. This guaran

tees that the feedback path will be closed only for the maximum input. Thus by adjusting 

the Vbtas~ the output will be equal to the maximum input current Diodes in this figure 

make the feedback conditional. This means that only for the winner input will the feed

back path be closed. This approach can be generalized and by modifying the feedback 

block and making it conditional, a WTA circuit can be designed, even without using any 

diodes.

For implementing an /7-input max WTA circuit based on a current mirror, we use 

77 input, i7 AMP blocks, and n feedback blocks. If the output block is not overlapping with 

the feedback block, we only use one output block and properly connect it to the rest of
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the circuit. This is the case in Figure 6-2. If output and feedback blocks in the original 

current mirror are overlapping, we need n output blocks that are connected in parallel to 

each other. However, sometimes it is not necessary to completely repeat the output stages 

as some parts can be shared among n parallel output blocks. This approach will be illus

trated through a few examples and a new low-voltage cascode max WTA is designed 

based on a current mirror with these specifications.

Figure 6-3 (a) shows a well-known Wilson current mirror [71] and its basic 

blocks. In this current mirror, output and feedback blocks are overlapping. As the AMP 

block comes from the output impedance of the input stage, we no longer show it in the 

figures. If we want to construct a max WTA circuit with two inputs based on Wilson cur

rent mirror, we need two input blocks, two feedback blocks, and two output blocks and 

we should connect the output blocks in parallel as shown in Figure 6-3 (b). However, 

output and feedback blocks can share the diode-connected transistor; therefore we do not 

repeat i t  In fact, if we use two diode-connected transistors, it can be easily verified that 

the output current would be two times larger than required. In this circuit, feedback is not 

applied unconditionally and the larger input current can bias the circuit properly to stop 

the feedback from the smaller input As soon as the feedback in the loser input stops 

working, the circuit reduces to a Wilson current mirror. The max WTA in Figure 6-3 (b), 

was first proposed in [92] and in Figure 4-29 we presented a 3-input max WTA of this 

type. Figure 6-4 shows an improved Wilson current mirror and its corresponding 2-input 

max WTA. The same argument that was presented for Figure 6-3 can be applied to this 

circuit as well. The max WTA based on improved Wilson current mirror was proposed as 

a novel max WTA circuit in [99].
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output
block

(a)

o utI

(b)

Figure 6-3 (a) Wilson current mirror (b) A 2-input current-mode max WTA based

on Wilson current mirror.

feedback
block .ou t

j r
input
block

T T L

output
block

(a)

out

(b)

Figure 6-4 (a) Improved Wilson current mirror (b) A 2-input current-mode max 

WTA based on improved Wilson current mirror.
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Figure 6-5 (a) shows a simple current mirror and its building blocks. In this fig

ure, the feedback block is simply a wire connection and works unconditionally. There

fore, we should modify it and make it conditional. Based on the conditional feedbacks 

that we already saw in Figure 6-3 and Figure 6-4, we can construct the max WTA circuit 

of Figure 6-5 (b). It is worth noting that as there is no overlap between the feedback and 

output blocks, we simply use one output block in the constructed max WTA circuit. The 

constructed max WTA is yet another variant of the max WTA of [92] that was shown in 

Figure 4-29.

feedback
block

I  ini Iin2 out

output
block

(a) (b)

Figure 6-5 (a) a basic current mirror (b) A 2-input current-mode max WTA based

on basic current mirror.

Figure 6-6 shows a cascode current mirror and its corresponding max WTA cir

cuit, which has been constructed by replacing the unconditional feedback with a condi

tional feedback block. In the same way. Figure 6-7 shows how a high-swing cascode cur

rent mirror can be used for designing a high-swing cascode max WTA. We extensively 

used this max WTA circuit in the previous chapters.
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i n p u t

block
output
block

out,

(a) (b)

Figure 6-6 (a) Self- biased cascode current mirror (b) A 2-input current-mode max 

WTA based on self -biased cascode current mirror.

feedback
block out

b ia sbias

output
block

out,

(a) (b)

Figure 6-7 (a) A high-swing cascode current mirror (b) A 2-input current-mode 

max WTA based on high-swing cascode current mirror.

136

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



In the next section, we introduce a Max WTA circuit which has high accuracy, 

high swing and low input and output voltage requirements. To the best of our knowledge, 

none of the previous work in this area has addressed both the problems due to the short 

channel effects, and the low-voltage and high-swing requirements, together.

We start the design process by looking for a current mirror which satisfies our de

sired specifications, and by the approach that was introduced earlier, we convert it into a 

suitable max WTA circuit. Figure 6-8 shows a current mirror that was proposed in [100] 

and has both high accuracy and very low-voltage requirement. In this circuit feedback is 

conditional and therefore we do not modify it. In the next section, we show how a max 

WTA circuit can be constructed based on this current mirror and investigate its perform

ance and derive some conditions that should be taken into account during the design 

process.

feedback

block

output

block

Figure 6-8 A current mirror with low voltage requirements.

137

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



6.3 Circuit Description and Operation

Our design for a Max WTA circuit is shown in Figure 6-9. This circuit has m in

put currents: I,„(\), I,„a), ■■■, and Ij„(m). The output current Ioul is expected to be equal to 

Max{Iin(\), lm(m)}- Corresponding to each input, there is a cell with 3 transistors.

There is also an “output” cell (cell # m+1) with 2 transistors. Transistors with the same 

index (s, t or/) are identical. The biasing current h,as, flowing through each 0 S(.) transis

tor, is fixed. All Qsq transistors share the same gate voltage and if they operate in satura

tion, they also share the same source voltage. It is also obvious that 0,q transistors al

ways operate in triode region, since their gate-drain voltages are higher than VT.

Cell# 1 Cell# 2

A

S>

's (  1)

bias Q> bias

's (  2 )

2

i»(2)

Q t(  2^

/

Cell#m

/

d>bias

■ 'S(m)

in(m)

zr~
Qf(m)

Qt(mi

|  ̂ out

Cell# m +1
/

h,a, (\ )

as(m+l)

Figure 6-9 Proposed maximum winner-take-all circuit

As will be shown later in this section, the result of the competition of cells 1,2,..., 

m is a shared gate voltage for all Q,q and Osq transistors, which is imposed by the maxi-
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mum input current. It should be noted that the drain voltage of Qt(m+i) and that of the win

ner Qto transistor(s) are equal since the corresponding Osq transistors are biased in satu

ration and have the same drain current and consequently have the same source voltages 

(For the winner QS() transistor(s) to work in saturation, I  bias must be chosen properly as 

will be discussed later. For QS(m+ib however, this is guaranteed as it has a diode- 

connected configuration). Having the same gate, source and drain voltages, Q,(m+ij and 

the winner OtQ transistor(s) will have exactly the same drain current regardless of their 

region of operation (which is in fact triode) and regardless of how nonlinear and compli

cated the behavior of the transistors are. As a result, 0,q transistors can be built very 

small or with a high conductance to reduce the voltage requirements at the inputs and the 

output. However, to limit the mismatch problem it is better to use non-minimum transis

tors.

The shared gate voltage forces all 0,q transistors to have the same drain current 

and consequently for loser inputs, corresponding 0 S(j will have to leave the saturation 

region and operate in triode region. This will decrease the drain voltage of loser QS(j tran

sistors and will push the corresponding O/q to cutoff. Winner Ojq transistor(s) inject a 

current equal to the maximum input current to the drain of Q«m+i). In fact, a negative 

feedback is formed by QS(m+i), Qt(m+i> and the winner O/q , 0,q  and 0 S() transistors. This 

adjusts the shared gate voltage of and makes its drain current equal to hias+ I  max-

For the proposed circuit to function properly, I  bias is chosen to bias the winner Oso  

in saturation. Assuming that the k-th input is the winner, then we must have:

V g d .Q ,i t > - V T • (6- 1)

This along with
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(6-2)

results in the condition:

(6-3)

Since is always greater than VT, this condition will be satisfied if I  bias is chosen

such that:

To improve the accuracy of the circuit and to reduce the power consumption, one 

would like to decrease as much as possible. This however, decreases the speed of the 

circuit. A compromise has to be made depending on the application. One can see that the 

input voltage to the circuit of the proposed max WTA circuit can be as low as Veff Q,

which can be very small since 0 ,^  transistor can be made small with low output imped

ance. On the other hand, for the output, the minimum voltage is equal to

Also, since the circuit has a cascode configuration, the output impedance is much larger 

than that of a single-stage configuration, and can be approximated by [100]:

where ra and g are the output impedance and the transconductance of the transistors, re

spectively. Output impedance and therefore accuracy of this WTA circuit is smaller than

all the transistors were biased in saturation but here Q,(m+i) is in triode and therefore its 

output impedance is much smaller than what it could be if this transistor had been biased

(6-4)

(6-5)

the high-swing cascode WTA circuit that was shown in Figure 6-7 because in that circuit
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in saturation. However, this new WTA has much lower voltage requirement in its inputs 

and output.

6.4 Simulation Results

The proposed WTA circuit is simulated by Cadence’s Spectre simulation tool and 

0.13pm UMC (United Microelectronics Corporation) CMOS models. Mismatch as a 

common problem in all WTA circuits has been ignored. Here, we considered a max WTA 

with four inputs. The four input signals are chosen to be shifted versions of a periodic 

triangular current source, which has a period of 100ns, and varies between 0 and 50pA.

Transistor sizes of W I L  = 600nm/130nm, 600nm/300nm, and lpm/150nm, are 

chosen for 0,(j , Osq and O f  ^  transistors, respectively. We use a supply voltage of 1.2 

volts, and a bias current h ias of lOpA. At the output, the voltage is fixed at 0.3 volts to 

demonstrate the low-voltage requirement of the proposed circuit The input and output 

currents are shown in Figure 6-10. As can be seen, the output current follows the maxi

mum of the input currents very closely.

The accuracy when the output current follows one of the inputs is better than 

0.1%. This degrades to about 2% when the winner input is changed. This extra degrada

tion, referred to as “comer error” [93], is due to the transient responses of the switched 

Ofo transistors. Voltage variations for the gate of 0,(ij ( F ^ ) ,  the drain of Ot(i)

( Kh.o,m X the gate of Qj(i) ( VKfl ) are also shown in Figure 6-11. It can be seen that

the input voltage requirement for current variations from 0 to 50pA is very low and is 

less than 0.2 volts.
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Figure 6-10 Input currents and output current (  ) in the proposed max WTA.
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Figure 6-11 Voltage variations at the gate and drain of Q̂ iy transistor and at the 

gate Qfv) ( ^ a< ): — , Vg Q/w:
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It is worth emphasizing that all these results are based on the assumption that 

there is no mismatch in our circuit. Therefore, the results are too optimistic and in prac

tice we expect lower accuracy.

6.5 Conclusion

In this chapter, we presented a method for converting a current mirror into a cur

rent-mode max WTA circuit. This is important because it shows that all the modules in 

the proposed approach for designing analog min-sum iterative decoder are based on cur

rent mirrors and consequently virtually in any technology that accurate current mirrors 

are available, we can implement analog min-sum iterative decoders. As an example of the 

functionality of the proposed method, we designed a low-voltage high-swing max WTA 

circuit. The circuit can be implemented by short channel MOS transistors and yet pro

vides a reasonably high degree of accuracy. Simulations show a worst case error of less 

than 2% when there is no mismatch between transistors and/or biasing currents. Beyond 

analog decoding, this max WTA could be used in soft computing, and analog signal 

processing, in general. A Min WTA circuit can also be built based on this circuit by sub

tracting the input currents from a large reference current
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Chapter 7

An Analog Min-Sum Decoder Chip 

for a (32,8) Regular LDPC Code

In this chapter, we present the measurement results for an analog min-sum itera

tive decoder chip that has been designed and fabricated in 0.18pm CMOS technology 

based on the method proposed in this thesis. This is the first reported analog min-sum de

coder and also the first CMOS analog iterative decoder in standard biasing condition. 

Also, it is the first time that an analog decoder chip has been used for decoding an LDPC 

code.

In this chapter, first we provide some information about the (32,8) LDPC code 

that we used for designing the analog min-sum decoder. Then measurement results are 

compared with the previously reported analog decoder chips and the difference between 

measurement results and simulation results are justified by considering imperfections in 

simulations and in the fabricated chip.

7.1 Features of the (32,8) LDPC Code

To prove the functionality of the proposed method for implementing analog min- 

sum iterative decoder, we designed a (32,8) regular LDPC code, which has a rate lA . The
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Tanner graph of this code has 32 variable nodes and 24 check nodes each with degrees of 

three and four, respectively. Generator and parity-check matrices for this code are given 

in (7-1) and (7-2), respectively.

The minimum distance of this code is 10. This means that if we use hard-decision 

decoding, by means of this code at least four incorrect bits can be corrected. The Tanner 

graph representation of this code is shown in Figure 7-1. In the graphical representation 

of this code there is no cycle of length four. This Tanner graph has 96 edges and conse

quently 192 physical interconnections are required for connecting check nodes and vari

able nodes.

Figure 7-1 Tanner graph of the (32,8) regular LDPC code used for designing an

analog min-sum decoder.
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0 0 0 0 0 0 1 0 0 0 1 1 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 1 0 0 0 1
0 0 1 0 0 1 0 0 1 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 1 0
0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 1 0 0 0 0 0 1
0 0 0 0 0 0 0 0 1 0 0 0 1 1 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 1 0 0 0 0 0 0 1 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 1 0 0 0 1 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 1 0 0 1 0 0 0 0 1 0 0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 1 0 1 0 0
0 1 0 0 0 1 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 1 1 0 0 0
0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 1 0 1 0 0 0
0 1 0 0 0 0 0 0 0 0 0 0 0 1 1 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0
1 0 0 1 0 0 0 1 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 1 1 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 1 0 0 1 0 0 0 0 0 1 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 1 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 1 1 0 0 1 0 0 0
0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 0 0 0 0 0 0 0 0 0 1 1 0
1 0 0 0 0 1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 1 0 0 0 0 1 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 1 0 1 0 0 0 0 0 0 0

7.2 Implementation Issues and Measurement Results

The design methodology that was introduced earlier in this thesis was utilized for 

design and implementation of the variable nodes and check nodes. For designing variable 

nodes, we used the modified approach that was explained in Chapter 5 to reduce the 

power and area consumption. Since check nodes in this decoder have degree four, the
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original approach presented in Chapter 4 was found more advantageous and was used for 

designing the check nodes. This chip has digital inputs, and for this testing the error cor

recting performance of the chip was simplified. Each input signal is represented by up to 

6 bits. 5 bits for the magnitude and one bit for the sign bit. As we have 32 variable nodes, 

we used 5 bit address bus and 192 bits on-chip memory to store the received information 

from the channel. We used 32 5-bit current steering digital-to-analog converters to trans

late the input digital signals into 32 different current levels. Gain of the DAC modules 

can be controlled by an off-chip biasing voltage. The DACs’ output currents and the 

stored sign bits are conducted to the ASTR modules to generate bilateral currents for ap

plying to the corresponding variable nodes. The ASTR modules are also used in the 

check node module as shown in Figure 4-25.

The processing core of this analog decoder chip is 630pm by 910pm and the vari

able nodes and the check nodes roughly consume 60% of the core area. This relatively 

low utilization factor is due to brute-force manual connection of the processing nodes. 

This routing approach is far from being optimal and consumes a large area. An automatic 

router may significantly increase the utilization factor. Figure 7-2 shows the histogram of 

the interconnection lengths in this chip that looks like the distribution of interconnections 

in [18]. The average length of the interconnections in this chip is about 690pm.

Before starting the decoding and processing the received word from the channel, 

it is necessary to reset the decoder and clear up any unwanted state in the analog decoder. 

Otherwise, the decoder might stick to its initial state regardless of the input information. 

This could lead to degradation of the overall decoding performance. This phenomenon 

was observed in both [56] and [31]. To get rid of any unwanted initial state, the check’s
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outgoing interconnections are connected to the variable nodes through 96 analog switches 

that are controlled by an off-chip control signal. As there is no feedback when the 

switches are open, writing the input messages into the chip automatically clears any un

wanted memory. By closing these analog switches decoding starts.
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Figure 7-2 Histogram of the interconnection lengths.

To limit the disturbances induced by switching activities in digital gates, digital 

circuits are surrounded with well-biased guard rings. Also, separate supply and ground 

connections are used for biasing analog circuits, digital circuits, and substrate. Moreover, 

as there are not many digital gates in this circuit, and we have used low-noise DCVSL 

gates in the check nodes, switching noise in this circuit should be rather low. This de

coder has 32 digital outputs corresponding to the final decisions that are made on the 32 

variable nodes. To minimize the number of output pins, a 32:1 multiplexer is used to 

conduct the output of the selected variable node to the chip's output. This output signal is 

read and recorded in an off-chip testing module to analyze error correcting performance
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of the chip. Decoding continues until analog switches are opened. To fetch a new block 

of data, the chip is set to be in the writing mode and the on-chip memory is updated and 

all the previous steps are repeated. Figure 7-3 shows the structure of this chip.

32 x 6bits 
on-ch ip  
memory

Analog

Switches

Variable
Nodes

Check
Nodes

Modules

$ b ltS

Address

MUX

Figure 7-3 Architecture of the implemented chip.

Figure 7-4 shows the microphotograph of the fabricated analog min-sum decoder 

for the (32,8) regular LDPC code. This chip was fabricated in a 0.18pm, 6-layer metal, 

1.8V CMOS technology. 18,800 transistors were used in this chip that includes the de

coder and the digital interfaces and DAC modules. Some of the features of this chip are 

given in Table 7-1 along with the same information for previously reported analog itera

tive decoder chips. Since different codes and different technologies have been used, it is
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difficult to do a fair comparison among these chips. Also, this is important to note that 

different definitions for throughput have been used by authors and for instance in [26] 

when throughput is 13.3Mb/s, loss in coding gain at BER of 10'3 is about 1.1 dB, however 

in [27] for the reported throughputs this loss is between 0.2dB to 0.8dB and in [28] this 

loss is about 0.5dB. As it is shown later in this section, we define nominal throughput of 

the chip based on the settling behavior of the measured WER and BER curves for differ

ent decoding time. Based on this definition, loss in coding gain compared to the ideal 

digital case for our chip is about 0.3dB at a BER of 10'3. Nevertheless, among the re

ported analog CMOS decoders in this table, our chip obviously is the fastest and has the 

lowest power/speed ratio. This is mainly because transistors in our design are biased in 

strong inversion, in contrast other reported CMOS iterative decoders in Table 7-1, are 

biased in weak or medium inversion.

Error correcting performance of the fabricated decoder chip was tested statisti

cally and its functionality was verified. The best choices for DAC gain and reference cur

rents in the WTA modules in check nodes were found by exhaustive search. To obtain 

reliable measurement results, in the presence of possible asymmetry in the decoding 

process, the error correcting performance of the chip was tested by using randomly gen

erated codewords (not always all-zero codeword). Figure 7-5 shows steady-state word 

error rate curves of the chip for different number of quantization bits for the inputs. This 

figure shows that the best error correcting performance is achieved for 5-bit quantization. 

Similar trend is observed for bit error rate curves. This means that by increasing the num

ber of quantization bits from 5 to 6 some circuits start to malfunction.
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Figure 7-4 Microphotograph of the fabricated analog min-sum decoder chip.
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Table 7-1 Analog Iterative Decoder Implementations.

(18 ,9 ,5 )

T a il-b itin g

[83J

0.8pm

BiCMOS

100 2.89 50 5

BJT

(940)

p-MOS

(650)

0.5

(16 ,8 ,3 )

T a il-b itin g

[21J

0.25 pm 

BiCMOS

320 0.12 20 j o

BJT

(441)

n-MOS

(356)

0.06

T u rb o  C od e  

(len gth  16)**  

[26]
0.35 pm 

CMOS*

13.3 1.32 185 *>
J O CMOS 13.9

(8 ,4 ,4 )

T a il-b itin g

[27]
0.5 pm 

CMOS*

2

(0.02)

0.82 1

(0.016)

<•»
J O CMOS 0.5

(0.8)
T u rb o  C ode  

(length  40)**  

[291
0.35pm

CMOS*

2 4.1 10.3

(7.6)

•%
J O

( 2 )

CMOS

(26,000)

5

(3.8)
(32 ,8 ,10) 

L D P C  C ode  

T h is  w ork
0.18pm

CMOS

24 0.57 5 1.8 CMOS

(18,800)

0.2

* Biased in weak or medium inversion (Subthreshold). ** Interleaver length.

153

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



On the contrary, ideally we expect to observe some improvement in the perform

ance because quantization error decreases. As we will see later in this chapter, mismatch 

degrades the accuracy of the proposed modules in the analog decoder and when input 

currents are small or magnitudes of input currents are very close to each other, mismatch 

may cause a processing module to fail and ultimately degrades the overall decoding per

formance. This is the case when the number of quantization bits is increased for a given 

dynamic range and thus analog current corresponding to the least significant bit (LSB) 

and analog current steps become smaller. Therefore, mismatch effect becomes more sig

nificant, though quantization error decreases.

Figure 7-6 shows variation of the word error rate performance of the analog MS 

decoder chip versus decoding time for each word and Figure 7-7 shows similar curves for 

bit error rate of the chip. It is observed that by increasing the decoding time, error correct

ing performance improves, however, after about 1.3 (is (corresponding to a throughput 

equal to 24Mb/s) rate of improvement becomes small and WER and BER curves settle 

down. If the decoding process is stopped earlier, loss in the coding gain will be signifi

cant and when throughput is about 80Mb/s the performance will be comparable with the 

uncoded case. Figure 7-8 shows simulated WER curves versus decoding time for the 

(32,8) LDPC code according to the approach that was introduced earlier in Section 3.5.3. 

To make a fair comparison, SR-MS with 5-bit quantization at the input and clipping simi

lar to the chip have been used in the simulations.
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Figure 7-5 Measured steady-state WER performance of the chip for different num

ber of input quantization bits.
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Figure 7-6 Measured WER curves versus word decoding time for the analog de

coder chip.
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Figure 7-7 Measured BER curves versus word decoding time for the analog decoder

chip.
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Figure 7-8 Settling behavior based on SR-MS with 5 bits quantization at the input

and clipping similar to the chip.
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Figure 7-9 shows word error rate curves for the decoder chip corresponding with 

the 5-bit quantization at the input at 250Kb/s and 24Mb/s together with simulation results 

for optimum ML sequence decoder and MS decoder based on conventional discrete-time 

model that uses successive substitution method for updating the messages (SS-MS). Also 

in the figure, we have the simulation results for relaxed MS (SR-MS) that uses successive 

relaxation method with quantization and clipping similar to the chip. The maximum num

ber of iterations in the simulations is equal to 50.000 and optimum relaxation factor for 

SR-MS for this maximum number of iterations, was found to be about 0.8. In Figure 7-10 

similar curves for bit error rates are shown.

At low signal to noise ratios, when the noise in the channel is considerably higher 

than the imperfections in the analog decoder chip, the measured curves surpass the SS- 

MS curves and are close to SR-MS curves. Measured error rate curves at 250Kb/s are 

even slightly better than SR-MS curves. However, at high signal to noise ratios the error 

correcting performance of the chip deteriorates. At 250Kb/s when signal to noise ratio is 

7dB error correcting performance of the chip is comparable with SS-MS curves and the 

performance of the chip is about ldB better than SS-MS at BER of 10‘3. At 24Mb/s the 

performance degradation is about 0.3dB at BER of 10'3 compared to SS-MS curve. In the 

next section, we will investigate effects of imperfections in implementation and in simu

lations and try to justify the difference between the measurement results and the simula

tion results based on the ideal model for the analog MS decoder (SR-MS).
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Figure 7-9 WER performance of the chip, ML decoder, ideal MS decoder (SS-MS), 

and ideal analog MS decoder with clipping and quantization (SR-MS).
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Figure 7-10 BER performance of the chip, ML decoder, ideal MS decoder (SS-MS), 

and ideal analog MS decoder with clipping and quantization (SR-MS)
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7.3 Measurement Results versus Simulation Results

In this section, we focus on imperfections in simulations and in the analog de

coder chip and explain the main reasons of deviations of the measurement results from 

the simulation results in low and high signal to noise ratios. We also explain in more de

tails why increasing the number of quantization bits at the input from 5 bits to 6 bits dete

riorates the error correcting performance of the chip.

7.3.1 Imperfection in Simulations

In Chapter 3, we presented a simple model for analog decoding and presented the 

dynamics of analog decoding by a set of nonlinear differential equations. Then forward 

Euler integration method was used for solving the dynamics equations and it was empha

sized that when time step tends toward zero, approximation error tends to zero and the 

solution based on this numerical technique tends towards the solution of the dynamics 

equations. This means that to simulate the asymptotic behavior of an analog decoder ide

ally the maximum number of iterations should tend towards infinity. However, in simula

tions this is not practical and there is no choice but to limit the maximum number of itera

tions and to use larger time steps. On the other hand, in Section 3.5.3 it was shown that 

when the decoding time is fixed, increasing the time step can degrade the error correcting 

performance. Therefore, the approximation error in the integration method can be partly 

responsible for the discrepancy between simulation results and measurement results for 

low signal to noise ratios. This is where measurement results are slightly better than what 

is predicated by simulation based on our simple model for analog decoding for a finite 

maximum number of iteration. In other words, this observation is consistent with the fact

159

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



that the convergence chance of the successive relaxation method could degrade when the 

relaxation factor is increased.

7.3.2 Imperfections in MS Decoder Chip: DAC Modules

DAC modules are used in this chip to facilitate statistical testing for a large num

ber of cases. However, these modules are not perfect and introduce error while translating 

digital inputs to bilateral analog currents. Figure 7-11 shows a block diagram of a DAC 

module in the MS decoder chip.

5- bit DAC

Analog
Switch

DAC• Module

Figure 7-11 Block diagram of a DAC module that consists of a 5-bit current steering

DAC and an ASTR module.

In this module, I  is a fixed biasing current corresponding to the DAC gain and bo- 

&4 are input bits representing the magnitude. The polarity is represented by the Sign bit. A

160

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



DAC module consists of a 5-bit current steering DAC and an ASTR module. The output 

of the 5-bit DAC is always positive and is applied to the ASTR module to produce an out

put current with the same magnitude and with the desired polarity. Figure 7-12 shows the 

simulated transfer response of the DAC module in the chip. This figure shows output cur

rents corresponding to the input digital values. It can be seen that output currents can 

change from -2.8pA to 2.8pA and average analog current step size is about 90nA. How

ever, each output current level is not precisely 1 LSB apart from its adjacent levels. This 

deviation of analog step sizes from 1 LSB is called “differential nonlinearity (DNL) er

ror” [70]. Figure 7-13 shows DNL error for this DAC.

Figure 7-13 shows that maximum deviation of analog step sizes from 1 LSB is 

about 0.4 LSB, which shows that the quality of this DAC circuit is not very good and 

does not linearly map received information into currents. Also, Figure 7-14 shows the 

transfer response of the utilized DAC module, when the resolution of which is reduced to 

5 bits. Figure 7-15 shows that maximum deviation of analog step sizes in this case is 

about 0.1 LSB. Figure 7-16 shows simulation results based on SR-MS for an analog de

coder with different number of quantization bits at the input. Also, analog levels and 

clipping effects are chosen similar to the decoder chip shown in Figure 7-12 and Figure 

4-38. However, it does not show any significant difference between 5-bit and 6-bit quan

tization for the input signal. Degradation in the error correcting performance starts when 

the number of quantization bits is less than 5. Thus, the nonlinearity in DAC module can 

not directly justify better measured performance for 5-bit quantization.
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Figure 7-12 Transfer response of the DAC module with 6 bits resolution.
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Figure 7-13 DNL error for the DAC module with 6 bits resolution.
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Figure 7-14 Transfer response of the DAC module with 5 bits resolution.
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Figure 7-15 DNL error for the DAC module with 5 bits resolution.
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Figure 7-16 Error correcting performance of SR-MS for different number of quan

tization level for inputs (analog levels and clipping are similar to those of the chip) 

along with error correcting performance of SR-MS without any clipping and quan

tization.

However, it is seen that analog step size for 6-bit quantization is very small. This 

implies that currents can be very small. This makes the circuit susceptible to other imper

fections as we will see in the next sections.

It is worth noting that in our simulations for quantized SR-MS and also in the 

measurements, received information from the channel has been initially clipped and is 

confined in [-(l+4a), (l+4a)] interval, where o is the standard deviation of the noise. 

This interval has been mapped to the available dynamic range of the DAC modules. As 

Figure 7-16 shows, based on this clipping, the performance of ideal SR-MS, SR-MS with 

clipping and 6-bit quantization, and SR-MS with clipping and 5-bit quantization are very 

close and are overlapping. As quantization error in this approach has not degraded the
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error correcting performance compared to ideal SR-MS, we have used this clipping with

out trying to optimize it. However, for digital implementation of SS-MS decoding algo

rithm it has been shown that if clipping interval and the number of quantization bits are 

optimized, it is possible to improve the error correcting performance of the quantized and 

clipped SS-MS and it is likely that the same behavior can be observed in SR-MS as well

[41].

7.3.3 Imperfections in MS Decoder Chip: Mismatch

In Chapter 4 we briefly discussed the mismatch problem and mentioned that mis

match is a fabrication imperfection that causes time-independent random variations in 

physical attributes of identically designed devices. It is widely recognized that mismatch 

is key to accuracy in analog circuits in general [101], [102] and it appears to be the main 

factor that limits the precision of the computational modules in analog decoders in par

ticular [15], [62], [63]. Mismatch effects are often divided into local and global varia

tions. Global variation in an integrated circuit is independent of transistor size, however, 

for local mismatch, the variation of the length (L) depends on the width (IF) of the device 

(erf oc 1/W)  and likewise the variation of W depends on the length of the device 

(cr2w oc 1/L). Parameters such as sheet resistance, doping concentration in channel, car

rier mobility, and gate oxide thickness depend on the gate area (c r  cc I I LW)  [102]. Ef

fect of mismatch on each electrical parameter, such as drain current, is studied by incor

porating mismatch in the related physical parameters. In [102] effects of mismatch on the 

performance of current mirrors, which are the basic building blocks in our MS analog 

decoder, were studied based on a comprehensive study of different fabrication technolo-
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gies. In that work, authors conclude current mirror mismatch depends strongly on L and 

not on W. It is also shown that for 0.13pm CMOS technology and 0.25pm BiCMOS 

technology current mismatch between reference current (lOpA) and output could be less 

than 1% only for large transistors. For minimum size transistors mismatch is about 24% 

in the 0.25pm BiCMOS technology and about 16% percent in the 0.13pm CMOS tech

nology. For these fabrication technologies when transistor sizes are five times greater 

than the minimum size, current mismatch is about 5%-10%. Since carrier mobility in p- 

type transistors is less than half of that in n-type transistors, mismatch effect is smaller for 

p-type transistors. Also, it is shown that mismatch increases when the reference current is 

reduced. As an example in a current mirror that uses 2 pm/2 pm n-type MOS transistors in 

a 0.13pm CMOS technology, when the reference current is reduced from lOpA to IpA, 

mismatch doubles and becomes 9%.

In the fabricated MS analog decoder in 0.18pm CMOS technology, we mainly 

used 2pm/0.4pm p-type and 1 pm/1 pm n-type MOS transistors. Also, drain currents are 

always smaller than 3.56pA and currents greater than this value are clipped in WTA 

modules. On the other hand, currents could be a fraction of IpA. Therefore, if we con

sider effect of technology scaling and reduction in the currents and transistor sizes com

pared to what has been reported in [102] for a 0.13 pm CMOS technology, it would be 

fair to assume mismatch in the processing modules in the fabricated MS decoder chip is 

between 10%-20% (0.1<a<0.2).

To verify the effect of mismatch on the error correcting performance of the ana

log decoder chip, we include mismatch in our simple model for analog decoding and 

multiply each outgoing message by a normal random variable (non-negative) with a mean
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equal to 1 and a standard deviation equal to a, which can be 0.1 or 0.2 that correspond to 

the estimated mismatch in the analog decoder chip. One hundred different cases have 

been simulated and corresponding BER and WER curves when cr =0.1 are presented in 

Figure 7-17 and simulation results for cr=0.2 are presented in Figure 7-18. Along with 

mismatch curves, we present measured error rate curves for the chip and simulation re

sults when there is no mismatch (SR-MS-5b). These curves show that in high signal to 

noise ratios, mismatch always degrades the error correcting performance; however. 

Figure 7-17 shows that there are cases that mismatch can slightly improve error correct

ing performance in low signal to noise ratios. By increasing the standard deviation, aver

age degradation in the error correcting performance is increased. A comparison between 

the measured curves with the simulated curves with mismatch implies that predicted deg

radation due to mismatch is consistent with the measurement results.

Similarly, in [62] a realistic standard deviation for mismatch in short transistors is 

estimated to be about 10% and simulation results based on successive substitution for a 

large number of BP decoding networks are presented. It is observed that mismatch can 

sometimes improve the error correcting performance in low and high signal to noise ra

tios for discrete-time decoders that use successive substitution method for updating the 

messages.

No significant change in the error rate curves is observed when number of quanti

zation bits at the input is increased from 5 bits to 6 bits as shown in Figure 7-19 and 

Figure 7-20. This shows that we can not justify the discrepancy based on our simple 

model. Nevertheless, it should be noted that the assumption of constant mismatch 

throughout the simulation, which is not precise, could have brought about this misleading
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result and by using a more complex current-dependent model for mismatch we might be 

able quantitatively justify what happens when LSB becomes small in the analog MS de

coder.
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Figure 7-17 Effect of mismatch (o=0.1) on the analog decoder. SR-MS-5b: Analog 

MS decoder with clipping and using 5-bit quantization for the inputs.

BER: SR-MS-5b
BER: Measured at 250Kb/s
BER:SR-MS-5b with mismatch (o=0.2)
WER: SR-MS-5b
WER: Measured at 25CKb/s
WER: SR-MS-5b with mismatch (o=0.2)

Figure 7-18 Effect of mismatch (o=0.2) on the analog decoder. SR-MS-5b: Analog 

MS with clipping and using 5-bit quantization for the inputs.
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Figure 7-19 Effect of mismatch (o=0.1) on the analog decoder. SR-MS-6b: Analog 

MS decoder with clipping and using 6-bit quantization for the inputs.

BER: SR-MS-5b
BER: Measured at 250Kb/s
BER:SR-MS-6b with mismatch (o=0.2)
WER: SR-MS-5b
WER: Measured at250Kb/s
WER: SR-MS-6b with mismatch (c=0.2)
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Figure 7-20 Effect of mismatch (o=0.2) on the analog decoder. SR-MS-6b:Analog 

MS decoder with clipping and using 6-bit quantization for the inputs.
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7.3.4 Imperfections in MS Decoder Chip: Leakage Current

In this section we qualitatively study effect of leakage current on current buffers 

and sign extractors and show that for small input currents the sign of the message carry

ing currents can be affected.

In the previous section we assumed that mismatch can only change the magnitude 

of a message carrying current however, mismatch effect in a current buffer can be more 

severe because of leakage current that flows in the loop for small input currents and at the 

output produces an input dependent offset current. Mismatch can unbalance leakage cur

rents at the input and the output parts of a current buffer and ultimately degrades the ac

curacy when input current is small as shown in Figure 7-21.

Figure 7-21 Unbalanced leakage currents caused by mismatch degrades the accu

racy of the current buffers: (a) input current is positive; offset can change the sign 

(b) input current is negative; offset can not change the sign.

A »,=-0-9|/| + 0.2/,

(a) (b)
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When the input current is large, the voltage drop on the active current mirror will 

be large and can completely shut down the other current mirror and therefore leakage cur

rent becomes negligible. Therefore, this phenomenon can be dominant only for small in

put currents.

Similarly for the sign extractors, if the input current is smaller than the leakage in 

the input capacitor, as illustrated in Figure 7-22, the sign of the input current can be 

wrongly detected. Both degrading effects due to leakage current can be mitigated if input 

currents are large enough. This can also partly justify why increasing the quantization bits 

from 5 bits to 6 bits at the inputs that associates with a reduction in the size of the LSB 

degrades the performance.

Figure 7-22 Degrading effect of leakage current in input capacitor of the sign ex

tractor: (a) input current is positive; leakage current can change the sign (b) input 

current is negative; leakage current does not change the sign.

7.3.5 Imperfections in MS Decoder Chip: Noise and Nonlinearities

The minimum signal level that an analog circuit can process with acceptable qual

ity is often limited by noise [9]. Inherent noise and interference noise are the main 

sources of noise in a circuit Inherent noise refers to random signals that devices generate

(a) (b)
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naturally and can not be eliminated but can be reduced through proper circuit design. In

terference noise refers to unwanted signals induced by outside world or other parts of the 

circuit and can be significantly reduced by careful circuit wiring and layout [70],

The dominant inherent noise sources in the fabricated analog decoder chip are 

flicker and thermal noise in MOS transistors and thermal noise in distributed resistors 

throughout the chip. The power spectral density of flicker noise is inversely proportional 

to the frequency and the transistor size but is not a function of biasing condition. In 

CMOS analog decoders flicker noise can be important because transistors are often small 

and the frequency of operation is not that high. The power spectral density of thermal 

noise is practically white and it is a function of resistance in the distributed resistors and 

resistance in the channel in MOS transistors [9], [70],

Switching noise in the logic gates in the fabricated chip and in the test board can 

be the main sources of interference noise in analog circuits in the fabricated MS decoder. 

Despite using guard rings around processing modules and utilizing separate supply and 

ground bond pads for biasing the substrate, logic gates, and analog circuits in the MS de

coder, the degrading effects of switching noise will be a factor due to substrate coupling 

[9], and degradation in the error correcting performance of the decoder chip can be partly 

because of this noise.

An accurate and comprehensive survey on the effects of noise on the performance 

of the analog decoder can be very complicated, mainly because of the complexity of the 

modules, size of this analog circuit, and difficulties in modeling the effect of substrate 

coupling. To simplify the case, we only study the effect of additive white Gaussian noise 

(AWGN) on the performance of the analog decoder. We consider an AWGN noise source
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for each outgoing edge and add its output to the outgoing message. We assume noise has 

zero mean and study its effect for different standard deviations (a). We use our simple 

model for SR-MS decoding with 5-bit quantization at the input and clipping similar to the 

chip. Figure 7-23 shows simulated BER curves when independent AWGN noise sources 

with five different standard deviations are considered. In these simulations, standard de

viations are comparable with 1 LSB (0.18pA) and it seems unreasonable to assume 

higher noise power for each outgoing edge. This figure shows that AWGN noise has in

significant effect on the performance of this analog decoder. The same observation is 

made for the WER curves.

10I
a=0

 o=0.05
  o=0.1
■■■■ <y=0.15 
-  -  0= 0.2

. -3

,-5

Figure 7-23 Effect of AWGN noise on the BER performance of the SR-MS-5b.

Another factor that seems important in justifying the difference between the error 

correcting performance of the ideal model and the fabricated chip is nonlinearity in the 

processing modules. A realistic model for nonlinearity can be very hard to derive and im

plement as nonlinearities are very complex to formulate and are a function of current and
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speed and a detailed study requires accurate statistical transistor level simulations, which 

is not affordable. To simplify the analysis we model the effect of nonlinearities in each 

processing module by a random variable that is added to each outgoing message and has 

a Gaussian distribution. These additive noise sources add some error to each outgoing 

message to mimic the nonlinearities. As this scenario is similar to what we used for 

studying the effects of noise, we again refer to Figure 7-23 to show minor nonlinearities 

have insignificant effect on the overall decoding performance.

7.3.6 Imperfections in MS Decoder Chip: Stopping Criterion

In Chapter 2, it was mentioned that in iterative decoding algorithms, the decoding 

process is stopped, as soon as the decoder converges to a codeword, that is, when hard- 

decision assignment for the outputs of the variable nodes satisfies all the parity-check 

equations. If the decoder fails to converge to a codeword, the decoding process would 

continue up to a given number of iterations. However, in the fabricated analog decoder 

chip, decoding time for each block of data is fixed based on the desired throughput and 

output of each variable node is sampled only at the end of the decoding time interval. In 

other words, if the decoder converges to a codeword but later abandons that codeword, in 

our analog decoder chip it is considered as a non-convergence, but in conventional simu

lations it is reported as a converged case. Requiring stability in the convergence tightens 

the definition of a successful decoding and can reduce the number of converged cases and 

ultimately degrades the error correcting performance of our analog decoder chip. Figure 

7-24 shows the difference between error correcting performance of SR-MS decoding for 

the (32,8) LDPC code when iteration number is always 50k (similar to the chip with fixed 

decoding time) and when maximum number of iteration is 50k (similar to our previous
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simulations throughout this thesis). 6-bit quantization at the input and clipping effects 

similar to the chip have been assumed in the simulations. For each signal to noise ratio at 

least 200 wrong codewords have been observed at the output of the decoder with the ex

ception of 7dB for the case with fixed number of iterations. For this simulation point only 

25 wrong codewords have been observed after running the simulations for a long period 

of time. This is because the average number of iterations at this signal to noise ratio is 

about 1.38 and fixing the iteration number at 50.000 significantly increases the simulation 

time. This figure shows that a part of the degradation in the decoding performance of the 

MS decoder chip at high signal to noise ratios can be because of the different stopping 

criterion that has been implemented.

It is possible to include specific continuous-time digital circuits, mainly consisting 

of asynchronous XOR gates, to verify if parity-check equations are satisfied in the con

tinuous-time domain and hold outputs and stop the decoding as soon as the parity-check 

equations are satisfied. In this way, the stability requirement for the convergence is re

laxed. This will increase switching noise, hence other means must be found to curb this 

extra switching noise.

7.4 Conclusion

To prove the functionality of the proposed circuits an analog min-sum iterative 

decoder chip for a (32,8) regular LDPC code was designed and fabricated in 0.18pm 

CMOS technology. Measurement results not only show that the circuit is functional but 

also confirm the validity of our proposed model for ideal analog decoding.

Also, we studied the reasons of discrepancy between simulation results and meas

urement results. Imperfection due to simulation, DAC modules, mismatch, leakage cur-

176

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



rents, nonlinearities, noise, and different stopping criterion, were studied. Mismatch was 

found to be the most important contributing factor in our chip.

By using larger transistors, it is possible to mitigate degrading effect of mismatch. 

Also by increasing the dynamic range and using larger currents for representing mes

sages, it is possible to boost signal strength and protect it from noise and minimize de

grading effect of leakage currents in the chip and improve error decoding performance of 

analog MS decoder chips.

-0 "  BER: iteration number=50k 
H$t- BER: iteration number<=50k 

WER: iteration number=50k 
-0 -  WER: iteration number<=50k

CL 10

t 1 0

Figure 7-24 Error correcting performance of SR-MS decoding (with 6-bit resolution 

and clipping similar to the chip) when number of iterations is always 50k and when 

decoding is stopped as soon as it converges to a codeword (iteration number <50k).
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Chapter 8

Concluding Remarks

In this chapter, we summarize the main contributions and results of this disserta

tion and present some ideas for further research work on analog iterative decoding.

8.1 Summary of Results

In this dissertation, we studied theoretical and practical aspects of analog iterative 

decoding. In the theoretical part, we studied the difference between the dynamics of con

ventional discrete-time and continuous-time iterative decoding. We presented a simple 

model for continuous-time decoding and showed that it is equivalent to the application of 

successive-relaxation method for solving the complex problem of decoding. In this re

gards, not only have we shown that analog decoding enjoys better dynamics, but we have 

also come up with a new iterative decoding algorithm which surpasses the performance 

of the best known iterative decoding algorithms. We also recognized quite a few methods 

that have been proposed recently for improving the performance of iterative decoding as 

the application of better numerical techniques to the fixed-point problem of iterative de-
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coding. In this way. we have gathered seemingly different and diverse methods under the 

same umbrella.

In practical aspects, we focused on min-sum decoding algorithm and devised the 

first strongly inverted CMOS analog iterative decoder, which is more affordable, com

pared to the previously reported BiCMOS analog iterative decoders and are faster than 

analog decoders that use weakly inverted CMOS transistors. Our very basic building 

blocks are a p-type and an n-type current mirror and all the different modules in our de

sign can be implemented based on these very simple blocks. This is very important be

cause it makes the design modular and significantly simplifies the design process. This 

approach can then be used wherever accurate current mirrors can be implemented. This 

includes advanced CMOS technologies with very small transistors and reduced supply 

voltages or even BiCMOS technology for very high-speed applications. We also consid

ered the case when nodes in a min-sum decoder have high degrees and designed special 

processing modules that significantly reduce the power and silicon area consumption. 

Also, a general approach was presented for converting virtually any current mirror into a 

current-mode maximum WTA circuit and as an example a novel low-voltage current

mode max WTA was designed. A proof-of-concept min-sum analog decoder chip was 

designed and fabricated in 0.18pm CMOS technology for a (32,8) LDPC code, which is 

currently the fastest CMOS analog iterative decoder and it is the first analog min-sum 

iterative decoder chip and also, it is the first analog decoder for an LDPC code. Measured 

error rate performance of this chip is close to simulation results based on our proposed 

model for an ideal analog decoder in low signal to noise ratio, where the channel noise 

dominates the imperfections in the chip. Degrading effects of imperfections are also stud-
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ied for this chip. Mismatch and limited dynamic range were found responsible for degra

dation in the performance of analog iterative decoder in high signal to noise ratios.

Also, in another direction, we showed that wherever we can implement pq split

ters (that split incoming signal proportional to — and —-—), we can implement an
p + q  p +q

analog iterative decoder based on the belief propagation decoding algorithm and having a 

Gilbert multiplier is not necessary. This observation can pave the way for implementing 

very high-speed electro-optical analog iterative decoders.

8.2 Ideas for Further Future Work

We conclude this dissertation by briefly describing a few open questions for fu

ture research work on analog decoding.

- In this thesis we expressed the dynamics of a continuous-time iterative decod

ing as a nonlinear differential equation. It would be very interesting if com

mon theoretical tools in studying nonlinear systems could be applied to this 

problem for analysing its characteristics. These could include sufficient condi

tions for convergence and stability of this problem. Also, as this system of 

equations would change according to the domain in which we represent the 

messages (i.e. LLR or LR domain), the overall performance of the decoding 

algorithms may change as well and it would be of great interest if for each de

coding algorithm the best message representation could be found.

- While the functionality of our proposed method for implementing min-sum it

erative decoder was verified in practice, the used code is too small to have any 

practical application. However, even for this small code, the analog chip is too
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large for conventional analog layout design. It is therefore, necessary to im

prove automation tools to facilitate the design process for longer and more 

practical codes.

As the fabricated chip was the first analog min-sum decoder, we made many 

assumptions that can be changed in future work. Assuming single ended mes

sage passing and using current-mode max WTA circuits are two examples of 

these assumptions. It would be interesting if differential message passing 

could be studied. In fact, it is possible to slightly modify the proposed mod

ules to work with differential messages. Also, it is possible to design voltage 

mode min WTA circuits and it is interesting to test how this could change the 

area and power consumption in the check nodes.

In this thesis, we focused on LDPC codes and Tanner graph representation of 

the block codes for performing the iterative decoding. Our motivation was to 

use the parallel structure of the decoder to achieve higher throughputs. How

ever, the proposed modules can be used for decoding turbo codes. Application 

of the proposed modules to turbo decoders could be studied in another re

search work.
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