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Abstract 

We study various combinatorial and geometric problems that have applications in 

ad hoc wireless networks. Prom a combinatorial point of view, we are particularly 

interested in dominating set and coloring problems. We study the impact of solving 

these problems in a distributed manner on unit disk graphs. We also discuss the 

importance for the nodes in the network to know their location in the plane. More 

specifically, we provide algorithms that take advantage of the geometric properties of 

the model without knowing the actual geometry of a given instance. 

From a geometric point of view, we are interested in computing graphs that ap

proximate shortest paths in geometric networks. Such a graph is called a spanner. 

The geometric networks under consideration include unit disk graphs, complete k-

partite graphs and complete graphs on additively weighted point sets. For each of 

these three types of graphs, we provide algorithms that compute spanners that have 

a linear number of edges and a constant spanning ratio. The spanner we propose for 

unit disk graphs has bounded out-degree and, when applied to complete graphs, ad

mits a local routing strategy. The spanner we propose for complete fc-partite graphs 

has a spanning ratio of at most 5 + e, while 3 — e is a lower bound for any solution to 

that problem. For additively weighted point sets, we study two spanners. One has 

a spanning ratio of (1 + e) and the other has constant spanning ratio and admits a 

plane embedding. 

Finally, we are interested in the problem of computing geometric spanners under 

the combinatorial constraint that the output graph must have bounded chromatic 

number k. When k = 2,3,4, we provide algorithms that are optimal in the sense that 

the upper bound on the spanning ratio of the output graph is also a lower bound 

for any given algorithm computing a spanner with the given chromatic numbers. We 

also give upper and lower bounds for greater values of k. Additionally, we consider an 

on-line variant of the problem where the points are given one after another, and the 

color of a point must be assigned at the moment when the point is given; thus, later 

on, the color of a point cannot be changed. This makes the problem more difficult. 

Consequently, the bounds are higher, but still tight for k = 2, 3,4. 

VI 
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Chapter 1 

Introduction 

An important difference between wired and wireless networks is that in the latter, 

the physical location of the communicating entities have a direct influence on the 

possibility to establish a direct link one with another. When direct communication 

is possible, the distance between the communicating entities also has an influence on 

the quality and the cost of a communication. Over the years, these observations led 

researchers to study geometric properties of wireless networks. When communicating 

nodes are simply described as points in the plane, then the term geometric network 

or geometric graph is used in the literature [65]. Unless otherwise specified, in this 

thesis, a geometric graph is a graph whose vertices are points in the plane and whose 

edges are straight line segments weighted by their length. Geometric graphs need not 

be complete graphs. An important case of geometric graph that is not complete is 

the unit disk graph. 

A unit disk graph is a (generally unweighted) graph that admits a representation 

where nodes are points in the plane and edges join two points whose distance is at 

most one unit. In wireless ad hoc networks, communicating nodes are sometimes 

assumed to have the same communication range. For analysis purposes, the range 

can be normalized to one unit. For this reason, unit disk graphs have been used since 

the early 80's [42] to model wireless ad hoc networks. For example, the minimum col

oring problem has been used to address frequency assignment [42] and the minimum 

connected dominating set problem has been used to address routing [6, 27, 87]. 

In 1990, Clark et al. [21] showed that several NP-complete problems, including 

minimum coloring and minimum (connected) dominating set, remain NP-complete 

in the special case of unit disk graphs. An exception to that is the problem of 

finding the size of a largest clique, which can be solved in polynomial time. Five 

years later, Marathe et al. [61] gave heuristics to find constant approximations to 
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several combinatorial problems on unit disk graphs, including minimum coloring and 

minimum (connected) dominating set. 

In 1998, Breu and Kirkpatrick [16] showed that determining if an abstract (un

weighted) graph is a unit disk graph is a NP-hard problem, which implies that finding 

a unit disk graph representation is also NP-hard. This difficulty has led to the de

velopment of two varieties of algorithms on unit disk graphs depending on how the 

graphs are represented. If the unit disk graph representation is given (i.e. nodes 

are points in the plane and edges join pairs of points whose distance is at most one 

unit), then this situation is referred to as location-aware since each node is aware of 

its geometric location. On the other hand, if one is given an abstract unit disk graph 

(i.e. a valid representation exists but is not given), then this situation is referred to 

as location-oblivious. Location-oblivious algorithms are desirable because they can be 

implemented without the use of a GPS (Global Positioning System). Also in 1998, 

Hunt et al. [44] provided location-aware polynomial time approximation schemes to 

solve the maximum independent set problem, the minimum vertex cover problem, and 

the minimum dominating set problem. No polynomial time approximation schemes 

have been proposed to address these problems in a location-oblivious manner. On 

the other hand, in 2003, Raghavan and Spinrad [72] showed that the location-aware 

algorithm proposed by Clark et al. [21] to solve the maximum clique problem can be 

adapted to the location-oblivious setup. Therefore, although it is clearly useful to 

know the location of the nodes, there is no clear result about how necessary it is. 

Approximation algorithms are often used to address NP-hard problems, for which 

there exists no known polynomial time algorithm. However, this fact does not tell the 

whole story about approximation in computer science. For example, in the field of 

computational geometry, geometric spanners are approximating structures that have 

been widely studied (see Narasimhan and Smid [65] for a survey). A geometric span

ner is a subgraph of a geometric graph that approximates shortest paths. Geometric 

spanners are typically used to reduce the structural complexity of the original graph. 

Therefore, it is also desirable to construct geometric spanners that have significantly 

fewer edges than the original graph. 

Geometric spanners also have applications in wireless ad hoc networks [35]. They 
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are used to answer the following question: how many links can a node drop without 

introducing too much routing overhead? Most of the time, geometric spanners are 

defined as subgraphs of the complete Euclidean graph of a set of points in the plane. 

In wireless ad hoc networks, nodes are often considered as having a uniform limited 

communication range. Therefore, in order to apply theoretical results on geomet

ric spanners to wireless ad hoc networks, it is more realistic to consider geometric 

spanners that are subgraphs of the unit disk graph. 

The problem of choosing a subset of the available physical links to perform routing 

is only one of many topological problems that are encountered when designing wireless 

ad hoc networks. Other important problems are assigning roles to nodes in the 

network and assigning communication channels to nodes. As we discussed, the latter 

problem can be formalized in terms of graph coloring [42]. When Frequency Division 

Multiple Access (FDMA) is used, the term channel designates a frequency. When 

Time Division Multiple Access (TDMA) is used, the term channel designates a set of 

time slots during which a node is allowed to transmit. Since it is physically impossible 

for a node to transmit and receive at the same time [74], assigning the same time slots 

to adjacent nodes forces them to use an intermediate node to communicate with each 

other. Therefore, when there is a limited number of channels, the channel assignment 

problem involves the dropping of certain links and should be done carefully with that 

fact in mind. 

In this thesis, we address the problem of approximating geometric networks, both 

from a combinatorial and a geometric point of view. The application background we 

keep in mind is the one of wireless networks. 

1.1 Overview of Results 

The rest of this thesis is structured as follows: in Chapter 2, we address a generalized 

version of the dominating set problem: the ^-dominating set problem. We provide a 

location-oblivious distributed ^-dominating set algorithm whose output size is guar

anteed to be at most six times the size of a minimum one when the input graph is 

a unit disk graph. Our algorithm works in an incremental manner, i.e. it constructs 

a monotone family of dominating sets D\ C D 2 . . . C £>$... C Dfc such that each 
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D{ is an i-dominating set. We also show that there exist cases where our algorithm 

can construct a fc-dominating set whose size is five times the size of a minimum one. 

These results were presented at OPODIS 2006 [23] and an extended version has been 

accepted to the International Journal of Ad Hoc & Sensor Wireless Networks [24]. 

In Chapter 3, we provide a unit disk graph coloring algorithm that is 1) distributed 

2) location-oblivious and 3) has a provable worst-case performance ratio of 3 (i.e. the 

number of colors used by the algorithm is at most 3 times the chromatic number of 

the graph). Prior to our work, no algorithm existed that had all these three prop

erties simultaneously, leaving the door open to an apparent tradeoff. Our algorithm 

allows to conclude that no such tradeoff is necessary. These results were presented at 

SIROCCO 2007 [22]. 

In Chapter 4, we introduce a new spanner of the unit disk graph. It is a directed 

graph where each node is guaranteed to have at most six outgoing edges. The current 

best upper bound on the out-degree of the nodes of a spanner of the unit disk graph 

is 9. The spanner we introduce also has a nice property when comes time to use it in 

an ad hoc network: it allows local routing when applied to a complete graph. This 

means that once the graph is constructed, it is sufficient to know the coordinates of 

the destination node in order to deliver a message. Moreover, the path that will be 

used to forward the message is guaranteed to be at most a constant times longer than 

the Euclidean distance between the originator of the message and its destination. 

These results were presented at WADS 2007 [11]. 

In Chapter 5, given an integer k > 2, we consider the problem of computing the 

smallest real number t(k) such that for each set P of points in the plane, there exists 

a t(/c)-spanner for P that has chromatic number at most k. We prove that t(2) = 3, 

*(3) = 2, t(4) = y/2, and give upper and lower bounds on t(k) for k > 4. We also 

show that for any e > 0, there exists a (1 + e)£(fc)-spanner for P that has 0( |P | ) 

edges and chromatic number at most k. Finally, we consider an on-line variant of the 

problem where the points of P are given one after another, and the color of a point 

must be assigned at the moment the point is given. In this setting, we prove that 

t(2) = 3, t(3) = 1 + \ / 3 , *(4) = 1 + y/2, and give upper and lower bounds on t(k) for 

k > 4. These results were presented at WAOA 2007 [10]. 



5 

In Chapter 6, we consider a variant of the problem studied in Chapter 5 where the 

&;-partition is given and we want to compute a spanner of the complete fc-partite graph 

K induced by that partition. We present two algorithms for this problem. The first 

algorithm computes a (5 + e)-spanner of K with 0(n) edges in O(nlogn) time. The 

second algorithm computes a (3 4- e)-spanner of K with 0(n logn) edges in 0(nlogn) 

time. The latter result is optimal: We show that for any 2 < k < n — ©(\Azlogn), 

spanners with 0(n log n) edges and spanning ratio less than 3 do not exist for all 

complete fc-partite geometric graphs. These results were presented at LATIN 2008 [9]. 

In Chapter 7, we study the problem of computing geometric spanners for (addi-

tively) weighted point sets. A weighted point set is a set of pairs (p, r) where p is a 

point in the plane and r is a real number. The distance between two points (pi,Ti) 

and (pj,rj) is defined as \piPj\ — u — Vj. We show that in the case where all r̂  are 

positive numbers and \ptPj\ > rj + Tj for all i,j (in which case the points can be seen 

as non-intersecting disks in the plane), a variant of the Yao graph is a (1 + e)-spanner 

that has a linear number of edges. We also show that the Additively Weighted Delau-

nay graph (the face-dual of the Additively Weighted Voronoi diagram) has constant 

spanning ratio. The straight line embedding of the Additively Weighted Delaunay 

graph may not be a plane graph. We show how to compute a plane embedding that 

also has a constant spanning ratio. These results will be presented at SWAT 2008 [8]. 

file://�(/Azlogn


Chapter 2 

Incremental Construction of ^-Dominating Sets 

2.1 Introduction 

Constructing and maintaining a structure that allows nodes to communicate with 

each other is one of the main challenges of ad hoc and sensor networks (see [2] for a 

survey). A dominating set of a graph is a subset of its nodes where each node of the 

graph is either in the dominating set or has at least one neighbor in the dominating 

set. Nodes in a dominating set can be used in ad hoc and sensor networks to perform 

routing by acting as gateways [6, 27, 87]. In sensor networks, dominating sets also help 

the sensing task itself. Since nodes located close to each other sense similar values, 

only a dominating set of the nodes is needed to monitor an area. Moscibroda and 

Wattenhofer [64] showed how this helps prolonging the network's lifetime by turning 

off the nodes that are not in the dominating set, thereby extending the battery life 

of these nodes. 

Sensor networks typically contain more nodes and each node has less memory than 

in general ad hoc networks [1]. Therefore, it is important to design algorithms with low 

memory complexity. One way to achieve this goal is to design distributed algorithms 

whose memory complexity is only a function of the size of a node's neighborhood as 

opposed to the total number of nodes. 

Sensor nodes are also more error-prone than nodes in general ad hoc networks [1]. 

They have limited energy resources and need to be periodically redeployed by adding 

new nodes to the network. The fact that they are error-prone calls for fault-tolerance 

in the design of algorithms for such networks. In algorithms using dominating sets, 

several authors [26, 55, 90] proposed to address fault-tolerance by using ^-dominating 

sets. In the literature, there are several different definitions of a ^-dominating set. 

Each different definition presents its own computational challenges. To avoid any 

misunderstanding, we define what we mean by a ^-dominating set in this thesis. 

6 
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Definition 2.1 A fc-dominating set of a graph is a subset S of its nodes where each 

node of the graph is either in S or is adjacent to at least k nodes in S. 

We address the problem of distributively constructing fo-dominating sets of unit 

disk graphs. Unit disk graphs are structures that are used to model wireless net

works [42]. Kuhn et al. [55] introduced the idea of exploiting clique properties to 

construct a ^-dominating set from a 1-dominating set. The performance ratio of a 

fc-dominating set algorithm is defined as the ratio of the size of the ^-dominating set 

it produces over the size of an optimal (minimum) fc-dominating set. Kuhn et al. [55] 

claim that their algorithm has an expected performance ratio of 0(1) for unit disk 

graphs. 

We generalize dominating set algorithms based on the idea of maximal indepen

dent sets [6, 61, 84] to obtain ^-dominating sets. A subset of the nodes of a graph is 

said to be independent if it does not contain two adjacent nodes. It is maximal if it 

does not have a proper independent superset. A maximal independent set is also a 

dominating set. Our algorithm is distributed and, on unit-disk graphs, has a deter

ministic performance ratio of six. It is also location-oblivious. This means that nodes 

do not need to know their coordinate in the plane. In addition, it constructs the 

^-dominating set incrementally. More specifically, it constructs a monotone family of 

dominating sets D\ C £)2 . . . C £) j . . . C Dfe such that each Dj is an i-dominating set. 

Incremental construction of fc-dominating sets is helpful when redeploying sensor net

works. When sensor nodes in the ^-dominating set run out of batteries or experience 

failure for diverse reasons, the ^-dominating set has to be reconstructed. With an 

incremental algorithm, reconstruction of a fc-dominating set can be done by keeping 

the current dominators. 

The problem of computing a ^-dominating set of a unit disk graph in a distributed 

manner has been previously addressed by Kuhn et al. [55] and Dai and Wu [26]. 

We present a comparison of these algorithms with our proposed algorithm where we 

highlight the strengths and weaknesses of each approach. Our comparison is restricted 

solely to the above mentioned problem as we note that the algorithms proposed by 

Dai and Wu [26] address other variants (such as the case where the ^-dominating set 

needs to be ^-connected) that are not discussed in our comparison. 
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The algorithm presented in [55] needs to compute a 1-dominating set that plays a 

crucial role. Should nodes in that 1-dominating set fail (i.e. run out of energy during 

the execution of the algorithm), the whole algorithm could fail. Such a failure is likely 

to happen when reconstructing the /^-dominating set after network redeployment. In 

such a situation, it may happen that nodes from the original 1-dominating set have 

drained their battery. Our algorithm does not require any node to play such a central 

role. The algorithm presented in [26] elects all nodes at the same time. It does not 

allow the incremental augmentation of a j-dominating set to a fc-dominating set with 

k > j . Our algorithm has this capability (i.e. it provides an explicit incremental 

construction). The algorithm presented in [55] has an expected performance ratio, 

and the one in [26] offers probabilistic guarantees both on the performance ratio 

and the correctness of the output. Our algorithm is guaranteed to produce a k-

dominating set with a deterministic performance ratio of at most six. Finally, the 

algorithm presented in [55] requires nodes to either know their geographic position or 

be able to modify their communication range as the algorithm runs. Our algorithm 

is location-oblivious and does not have any requirement on the ability to dynamically 

modify the communication range. 

The rest of this chapter is organized as follows: in Section 2.2, we review related 

work on the dominating set problem in the context of unit disk graphs. In Section 2.3, 

we present our algorithm. In Section 2.4, we analyze the performance ratio of our 

algorithm. In Section 2.5, we compare our algorithm with the one proposed by Kuhn 

et al. [55]. In Section 2.6, we present some simulation results. We draw conclusions 

in Section 2.7. 

2.2 Related Work 

2.2.1 Dominating Set 

A subset S of the nodes of a graph G is dominating Q if every node of G is either 

in S or has at least one neighbor in S. When S is dominating G, we also say 

that S is a dominating set of G. The dominating set problem consists of finding a 

dominating set of minimum size. It is a special case of the set-cover problem [47]. 



9 

In the set-cover problem, the input is a set of sets S, and the output is a smallest 

subset S' of S such that the union of the sets in S' is the same as the union of the 

sets in S. Set-cover is one of the first problems that have been shown to be NP-

complete [47]. The dominating set problem itself has been shown to be NP-complete 

by a reduction from the vertex-cover problem. The performance ratio of a dominating 

set (or a set-cover) approximation algorithm is defined as the ratio of the size of the 

dominating set it produces over the size of a minimum one. Johnson [45] proposed 

a greedy approximation algorithm for the set-cover problem. Its performance ratio 

is i?(max{|5| : S G S}), where H is the harmonic function1. When applied to an 

instance of the dominating set problem, its performance ratio is then H(A + 1), where 

A is the maximum degree in the graph. 

For unit disk graphs, the dominating set problem is also NP-complete [21, 62]. For 

this problem, Marathe et al. [61] gave a simple approximation algorithm that achieves 

a performance ratio of five. It is based on the concept of maximal independent set. A 

subset S of the nodes of a graph G is said to be independent if it does not contain two 

adjacent nodes. It is maximal if it does not have a proper independent superset. A 

maximal independent set is also a dominating set. Since a node in a unit disk graph 

has at most five neighbors that are independent of each other, a simple amortized 

analysis allows to conclude that in a unit disk graph, a maximal independent has at 

most five times the size of a minimum dominating set. The main advantage of that 

approximation algorithm is that it is easily implementable in a distributed manner [6]. 

2.2.2 ^-Dominating Set 

Several authors [26, 55, 90] proposed to address fault-tolerance in clustering algo

rithms by ensuring that every node that is not an aggregation point is within range 

of at least k aggregation points. In other words, they proposed to use a ^-dominating 

set of the network. The ^-dominating set problem [26, 55, 64] is a variant of the 

dominating set problem. A subset S of the nodes of a graph G is ^-dominating if 

every node of G is either in S or has at least k neighbors in S. A node is said to be k-

dominated by S if it is either in S or has at least k neighbors in S. The ^-dominating 
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set problem, as addressed in this thesis, is formally defined as follows: 

Problem 2.2 Given a graph G, find a k-dominating set ofG whose size is minimum. 

Other variants of this problem are the A;-tuple dominating set problem [50], distance-

k dominating set problem [56], max A>cover problem [31] and connected dominating 

set problem [41]. In the A;-tuple dominating set problem, the goal is to find a subset 

S of the nodes of a graph G such that every node of G has at least k neighbors in 

S. In contrast to the ^-dominating set problem, the constraint of being fc-dominated 

is on all nodes of G as opposed to only nodes in G \ S. While the ^-dominating set 

problem always has a solution, the fc-tuple dominating set problem has a solution if 

and only if every node has degree at least k — 1. In the distance-A; dominating set 

problem, the goal is to find a subset S of the nodes of a graph G such that every node 

of G is either in S or is at at most k hops away from a node in S. In the max fc-cover 

problem, the goal is to find a subset of size k of S that covers the maximum number 

of nodes. In the connected dominating set problem, one needs to find a dominating 

set that is also connected. 

Note that there is often confusion between the distance-A; dominating set problem 

and the ^-dominating set problem. In the literature, both problems have been referred 

to as the /c-dominating set problem [56, 64]. To add to the confusion, a ^-dominating 

set has also been defined as a dominating set of size k [3]. The /c-dominating set 

problem discussed in this chapter has also been referred to as the k-fold dominating 

set problem [55]. 

A p-claw free graph is a graph that does not have a K\iP (the complete bipartite 

graph having one node on one side and p nodes on the other side) as an induced 

subgraph. For example, unit disk graphs are 6-claw free graphs. For p-claw free 

graphs, Klasing and Laforest [50] proposed an approximation algorithm for the k-

tuple dominating set problem. Their approximation algorithm works in two phases. 

In the first phase, they construct k disjoint maximal independent sets. This gives a 

^-dominating set. In the second phase, they select additional dominators in order to 

ensure that nodes in the fc-dominating set are also ^-dominated. They showed that 

the approximation ratio of their algorithm is at most ^-^(A: — 1 + | ) . 
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Work on the fc-dominating set problem includes results from Dai and Wu [26], 

Moscibroda and Wattenhofer [64] and Kuhn et al. [55]. Dai and Wu [26] proposed 

three different algorithms. The first one is randomized and gives a ^-connected2 k-

dominating set with high probability. The second algorithm is another generalization 

of Wu et al. [89]. It is deterministic and is proven to always give a ^-connected 

fc-dominating set should one exist. In both cases, the decision is based on local or 

fc-local information, which means that a node needs to be aware of the nodes that are 

within k hops. The third algorithm proceeds as follows: first, each node randomly and 

independently picks a color from 1 to £;. This partitions the graph into k subgraphs. 

Second, an existing connected dominating set algorithm is applied on each color. 

Moscibroda and Wattenhofer [64] addressed the problem of finding k disjoint 

dominating sets (the union of which makes a ^-dominating set). Their algorithms are 

based on coloring schemes. Note that the problem they addressed is slightly different 

since the parameter k is not given as input. Instead, they find the largest k such that 

it is possible to find k disjoint dominating sets. 

Kuhn et al. [55] proposed two algorithms. The first one is for general graphs and 

uses a distributed rounding scheme. The second one is for unit disk graphs and works 

in two phases. The first phase reuses an algorithm by Gao et al. [34] to construct a 

1-dominating set. In the second phase, the 1-dominators select the other dominators. 

The authors give a proof that the expected performance ratio of their algorithm 

is 0(1). 

2.2.3 Connected Dominating Set 

To compute a minimum connected dominating set is NP-complete [47], even for unit 

disk graphs [21]. Guha and Khuller [41] gave the first approximation algorithms 

for the connected dominating set problem on general graphs. They proposed three 

greedy algorithms. Two algorithms are based on growing a tree. The third algorithm 

consists of growing a forest. The algorithms have a performance ratio of O(logn), 

where n is the number of nodes in the graph. Das and Bharghavan [27] implemented 

these global algorithms in a distributed framework. 

2 A graph is k-connected if it remains connected after the removal of any k — 1 nodes. 
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1 

Figure 2.1: Performance ratio of | for the algorithm presented in [88]. 

Wu and Li [87] introduced a local algorithm based on the notion of a replacement 

path: / / all of your neighbors form a clique, then do not elect yourself as a dominator. 

Otherwise, elect yourself as a dominator. Wan et al. [84] showed that the worst case 

performance ratio of that algorithm is at least | . Figure 2.1 depicts the worst case. 

Nodes 1 to 5 and 6 to 10 form two cliques, and nodes with the same y-coordinate 

are connected. In this graph, there is a connected dominating set of size two (nodes 

1 and 6), but the execution of the algorithm of Wu and Li would elect every node 

as a dominator. On the other hand, by their construction, two nodes are guaranteed 

to be connected by a path of dominators with a minimum number of hops [87]. Wu 

and Li [88] further improved their algorithm by observing that if a node u has two 

connected neighbors v and w such that the neighborhood of u is included in the 

union of the neighborhoods of v and w, and if the identifier of u is smaller than 

the identifiers of v and w, then u should not be elected as a dominator. The proof 

in [84] can be adjusted to show that the worst case performance ratio in that case 

is at least n/4. Again in Figure 2.1, all the black nodes get elected while only two 

nodes suffice. Instead of using only two connected neighbors, Dai and Wu [25] then 

proposed the use a replacement path of length at most k. They called this improved 

version of the algorithm Rule k. Hansen and Schmutz [43] analyzed the expected size 

of the connected dominating set produced by Rule k. The Rule k algorithm has been 

further generalized by Wu and Dai [86] in the form of a generic coverage condition. 

The generic coverage condition is the following: / / for any two of your neighbors v 

and w, there exists a replacement path between v and w such that all nodes on that 

path have identifiers higher than yours, then do not elect yourself as a dominator. 

Otherwise, elect yourself as a dominator. It is more general than Rule k because 

there is no bound on the size of the replacement path and nodes on the replacement 

ion 
9 ^ 

8*^ 

7^ 
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path need not be neighbors of node u. Finally, Stojmenovic et al. [79] proposed to 

improve the algorithm presented in [87] by giving some priority to nodes having higher 

degree. 

Another stream of research in connected dominating sets uses the notion of inde

pendent set. Marathe et al. [61] pointed out that using maximal independent sets in 

unit disk graphs provides a simple way to approximate a minimum dominating set 

within a factor of five. Alzoubi et al. [6] and Wan et al. [84] showed that a similar 

strategy leads to a performance ratio of 8 in the case of connected dominating sets. 

Cardei et al. [19] obtained similar results. Li et al. [59, 60] successively reduced the 

performance ratio to 5.8 + In 4 and 4.8 + In 5, respectively. 

2.3 Incremental Algorithm 

Alzoubi et al. [6] and Wan et al. [84] addressed the construction of a connected dom

inating set. Their algorithm consists of two phases. The first phase constructs a 

maximal independent set. A maximal independent set is also a dominating set. In 

this section, we generalize the first phase of the algorithm presented in [6, 84] to 

obtain a ^-dominating set. Our generalization augments a (k — l)-dominating set 

in order to obtain a ^-dominating set. More specifically, we construct a monotone 

^-dominating family. 

Definition 2.3 A /c-dominating family is a sequence Dx, D2,..., Dk of subsets of 

nodes of a graph such that for all i = 1,2,... ,k, Di is an i-dominating set. A 

k-dominating family is monotone provided that the sequence of dominating sets is 

monotonically increasing under inclusion, i.e. Dx C D2 C • • • C D^. 

The key idea of our algorithm is to first produce a 1-dominating set by construct

ing a maximal independent set. Then, we build a maximal independent set of the 

nodes that are not 2-dominated. Adding this set to the 1-dominating set gives a 

2-dominating set. We repeat the procedure until we have a ^-dominating set. The 

construction of each dominating set is similar to the approach in [6, 84]. 

We now present our algorithm in detail. We assume that every node has a unique 

identifier. In an initialization phase, each node sends its identifier to its immediate 
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Algorithm 2.1: DOMINATING SET (id, N, k) 
Input: id, a node identifier 
N, a list containing the identifiers of the neighbors of node id 
k, the required number of dominators for a non-dominating node 
Output: dominator, a Boolean indicating whether the node id is a dominator 

or not 
Local Variables: round, the current round 
candidate, a lookup table indicating whether or not a node n is a candidate to 
be a dominator in round r (all initial values are true) 
domcount, a lookup table counting the number of dominating neighbors for 
each round (all initial values are zero) 

1 dominator <— false; 
2 round <— 1; 
3 if id < min(iV) then 
4 dominator <— true; 
5 s e n d JOIN (id, 1); 
6 exit; 
7 end 
8 while round < k do 
9 receive message; 

10 if message is GiVE-up(n, r) then 
n | candidate[n, r] «— false; 
12 end 
13 if message is JOiN(n, r) then 
14 for i = r to k do 
is candidate[n,i] <— false; 
16 domcount[i] <— domcount[i] + 1; 
17 end 
18 while domcount[round] > round do 
19 send GIVE-UP (id, round); 
20 round <— round + 1; 
21 end 
22 end 
23 if round < k and id < min{n G N \ candidate[n, round] = true} t h e n 
24 dominator <— true; 
25 s e n d JOiN(id,round); 
26 round <— fc + 1; 
27 exit; 
28 end 
29 end 
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l 1 

Figure 2.2: Marking Process Example for k = 1 (above) and k = 2 and 3 (below). 

neighbors. After initialization, two types of messages are used: JOlN(id, i) and GIVE-

up(id, i), where id is the identifier of the sending node and i = 1 , . . . ,k identifies 

a round. These messages are only sent to immediate neighbors. The JOiN(id, i) 

message means that for j = i,..., k, the sender joins the j-dominating set. A node 

sending the JOlN(id, i) message is said to be marked in round i. The GiVE-UP(z<i, i) 

message means that the sender is excluded of the ^-dominating set. After transmitting 

a JOIN message (lines 5 and 25), the sender remains silent. A node is said to be a 

candidate for round i if it is not part of the (i— l)-dominating set and it has never sent 

the GWE-VP(id, i) message (line 19). Following the completion of the initialization 
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phase, every node that has a lower identifier than that of all its immediate neighbors 

sends the JOIN (id, 1) message (line 5). The rest of the algorithm is message driven. 

Algorithm 2.1 specifies how each node should behave. Note that different nodes may 

simultaneously execute in different rounds. 

Figure 2.2 illustrates the marking process for k = 1, 2 and 3. Nodes in black are 

dominators. Nodes in grey are ^-dominated. Nodes in white are not fc-dominated. 

For k = 1, nodes 1, 2, 3 and 5 have the smallest identifier among their O-dominated 

neighbors and thus declare themselves dominators. Initially, node 10 can not declare 

itself a dominator because of nodes 7, 8 and 9. However, after node 2 has declared 

itself a dominator, nodes 7, 8 and 9 become 1-dominated. Node 10 is then allowed to 

declare itself a dominator. The same reasoning applies to node 14. The 1-dominating 

set is then {1,2,3,5,10,14}. For k = 2, there is only one new dominator, node 15. 

For k = 3, the new dominators are nodes 4, 7, 11 and 18. 

2.4 Theoretical Properties 

In this section, we review the theoretical properties of our algorithm. We first show 

that our algorithm computes a valid ^-dominating set and a monotone ^-dominating 

family. Then, we analyze the worst case performance ratio of our algorithm. In the 

latter part, we follow the general idea of Kuhn et al. [55]. More precisely, we first 

show that no unit disk can contain more than a given number of dominators (i.e. 5k). 

Then, we use properties of ^-dominating sets to show that this leads to a constant 

performance ratio. 

Proposition 2.4 For all nodes v, the value of the round variable eventually reaches 

k + 1. 

Proof: Suppose there are nodes for which this is not true, and let v be the node that 

has minimum identifier among those having minimum value of round when no more 

messages are sent. Let i < k be the value of round for v at this moment. This means 

that v has not sent a JO!N(id, i) message. Consequently, it must have a neighbor u 

with a smaller identifier that is still a candidate for round i (line 23). Since u is still a 

candidate for round i, the value of its round variable is at most i. But this contradicts 
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the fact that v has minimum identifier among the nodes having minimum value of 

round. Therefore, the value of round eventually reaches k + 1 for all nodes v. • 

Proposition 2.5 Let Si (i < k) be the set of nodes that are marked in rounds j = 

1 , . . . , i of Algorithm 2.1. Then Si is an i-dominating set. 

Proof: Suppose a node v is not i-dominated by Si after round i. By Proposition 2.4, 

the value of round for v is eventually at least i. The value of round for v is updated 

either at line 20 or line 26. If it is updated in line 26, then v € Si which is a con

tradiction. Therefore, the only place it can be updated is in line 20. However, this 

implies that domcount[i] has value at least i, which is only true if v has received at 

least i JOlN(n, r) messages with r <i. This means there are at least i nodes that are 

adjacent to v and have been marked in a round with index at most i (i.e. there are 

at most i nodes in Si that are adjacent to v), which is a contradiction. • 

In order to claim that Algorithm 2.1 produces a monotone ^-dominating family, 

we also have to show the monotonicity property. 

Proposition 2.6 For i = 1 , . . . , k, let Si be defined as above. Then for all i = 

0 , . . . , k — 1, Si C Si+i. 

Proof: Let n e Si. It has been marked in a round j < i < i + 1. By construction 

of iSj+i, we have n e Si+i. • 

For unit disk graphs, there is an upper bound on the cardinality of the ^-dominating 

set computed by Algorithm 2.1. We first need to show that at each round, the elected 

nodes form an independent set. 

Proposition 2.7 In any given round, the nodes marked by Algorithm 2.1 form an 

independent set. 

Proof: Suppose that in a given round, two adjacent nodes v\ and v2 declare them

selves dominators. Without loss of generality, suppose V\ has a lower identifier than 
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t>2. This means that as long as Vi did not send a give-up message, v<i cannot elect 

itself a dominator. But since v\ never sends such a message (a node cannot both send 

a give-up message and a join message), v^ can never declare itself a dominator. This 

means that two adjacent nodes cannot declare themselves dominators in the same 

round. • 

For k = 1, on unit disk graphs, we can use the above property to show that the 

set of marked nodes is not larger than five times the size of an optimal dominating 

set [61]. For k > 1, it is not the case that the set of elected nodes is independent. 

Proposition 2.8 Let G = (V, E) be a unit disk graph, C be a unit disk and S C V 

be the set of nodes marked by Algorithm 2.1. Then IS* D C| < bk. 

Proof: By Proposition 2.7, S is the union of k independent sets. Since a unit disk 

cannot contain more than 5 independent nodes [61], S(~)C cannot contain more than 

bk nodes. • 

Proposition 2.9 Let G = (V, E) be a graph, S a subset of V, t an integer and 

OPTk = {^i,... ,v\0pTk\} o,n optimal k-dominating set of G. If \S\ > t\OPTk\, then 

there is at least one node v G OPTk such that \N(v) D S\ > k(t — 1), where N(v) is 

the set formed by v and its neighbors. 

Proof: Let S' be S\OPTk. Since |5 ' | > \S\ - \OPTk\ > t\OPTk\ - \OPTk\, we have 

|5 ' | > (t - l)|0PT fe | . For each vt G OPTk, define St as Nfa) n S'. Since each node 

in S' is adjacent to at least k nodes in OPTk, we have that 

optk 

J2\Si\>k\S'\>k(t-l)\OPTk\ 
i=l 

Therefore, by the pigeonhole principle, one of the Si contains more than k(t — 1) 

nodes. The result follows from the fact that Si C N(vi) n S. • 

The two last propositions allow to prove the following: 
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Theorem 2.10 Let G = (V, E) be a unit disk graph, S CV the set of nodes marked 

by Algorithm 2.1 and OPTk an optimal k-dominating set. Then \S\ < 6\OPTk\ (i.e. 

the performance ratio is at most six). During the execution of the algorithm, each 

node sends at most k messages on each link, each one having size 0(logk + logn). 

Proof: Suppose |5 | > Q\OPTk\- By Proposition 2.9, there is at least one node 

v G V such that \N(v) C\S\> 5k. But this contradicts Proposition 2.8, and therefore 

|5| < 6\OPTk\. 

In each of the k rounds, a node either remains silent or broadcasts one message 

(either a JOiN(zd, i) or a GiVE-UP(id, i)). Therefore, during the execution of the whole 

algorithm, it sends at most k messages on each link. Each message only carries a type, 

a round identifier and a node identifier. Thus, the size of a message is bounded by 

the sum of the size of the greatest node identifier and the size of the greatest round 

identifier, which is 0(log k + log n). • 

As stated before, for k = 1 it is known that no independent set can be larger than 

five times the size of an optimal dominating set [61]. We then have a leap from five 

to six when we generalize the maximal independent set algorithm for dominating sets 

to ^-dominating sets. At first sight, it may be surprising but the leap actually comes 

directly from the definition of a ^-dominating set: the only nodes that need to have 

at least k neighbors in the dominating set are the ones that are not in the dominating 

set. Nodes that are in the fc-dominating set do not need to have k neighbors in the 

dominating set. 

As we see in the next section, it is that property that motivates our concerns 

regarding the proof of Kuhn et al. [55] of the performance ratio of their algorithm. 

We now show that for any k, there exist graphs for which our algorithm has a 

performance ratio of five. It is an open question whether or not it is possible to bridge 

the gap between five and six. First, we need the following lemma: 

Lemma 2.11 Let A ABC be an isosceles triangle such that ZBAC = Z.ACB = 4>, 

p be a point located on the line AB such that A is between p and B, and q be a point 

located on the line CB such that C is between q and B. Then \pq\ > \AC\. 
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Figure 2.3: Lemma 2.11. 

Proof: If \pB\ = \qB\, then ApBq is similar to AABC, and \pB\ > \AB\ implies 

\pq\ > \AC\. Suppose now that \pB\ < \qB\, and let q' be the point located on 

the line CB such that C is between q' and B and \q'B\ = \pB\. By the first case, 

\pq'\ > \AC\. Now, since AABC is isosceles, <j> < | , and since Zpg'g = 7r — <fi, we 

have that Zpg'g > | . Therefore, Zpg'g is the largest angle of Apq'q, meaning that its 

opposite side, pq, is the largest side. In particular, we have \pq\ > \pq'\ > \AC\. The 

case where \pB\ > \qB\ is equivalent. • 

Proposition 2.12 The worst case performance ratio of Algorithm 2.1 is at least five. 

Proof: For k = 1 and n = 6, place five nodes equally spaced on the boundary of 

a disk of radius 1, and place a node in the center of that disk. Since the disk has 

radius 1, the center node shares an edge with all the other nodes. Also, since the 

distance between every pair of nodes on the circle is at least 2 s i n | > 1, there is no 

other edge in the unit disk graph. In the remainder of the proof, this basic structure 

is referred to as a star, the node placed in the center of the disk is referred to as 

the center of the star (pictured as squares) and the five nodes on the boundary of 

the circle are referred to as the branches of the star (pictured as filled circles). The 

center node forms a dominating set of the star. However, if the center happens to 

have an identifier higher than the ones of the branches, all branches are marked as 

dominators, leading to a performance ratio of five. 
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Figure 2.4: Lower bound of five for Algorithm 2.1. 

Figure 2.4 depicts the interconnection of several stars. We show how to construct 

examples of size 14 + 8m, for any given m (in Figure 2.4, m = 1). The construction 

goes as follows: place m + 2 stars along the a>axis such that their center is placed at 

^-coordinates 0 ,3 ,6 , . . . , 3(ra + 1) and no branch lies on the cc-axis. Since the circles 

in which the stars are inscribed are at distance at least 1 from each other, the only 

edges of the graph are the ones linking the star branches to their respective center. To 

connect the graph, add nodes on the intersection of the disks with the rr-axis. These 

nodes are referred to as bridging nodes (pictured as hollow circles). Since the centers 

of two consecutive stars are at distance 3 from each other, the two bridging nodes 

between them are at distance 1 from each other. Therefore, there is an edge between 

two bridging nodes located between the centers of two consecutive stars, making the 

whole graph connected. To see how a performance ratio of five can be reached, notice 

that the star centers form a dominating set of size m + 2. However, since the set of all 

branches form an independent set, these nodes may be marked as dominators. This 

situations leads to a dominating set of size 5(ra + 2), which gives a performance ratio 

of five. 

For k > 1, Figure 2.5 shows a generalization of the star structure. The goal is to 

map each node of the star to a set of k nodes such that: 

1. nodes mapped to the center share an edge with every other node and 

2. nodes mapped to a branch only share edges with nodes mapped to the center 

and nodes mapped to the same branch. 

In order to achieve this, draw a regular pentagon having side length of 1. Let C be 

the inscribing circle of that pentagon and r = 2 A , , be the radius of C. Now, let C\ 

and Ci respectively be the circles having the same center as C and radii r\ = ^y1 and 
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;.pi 

Figure 2.5: Widget for k > 1. 

Ti = r + ri . For each node ^ of the pentagon (i from 1 to 5), let Sj be the half-line 

from the center of C through i>j. Now, let p be a point located inside d, and pi and 

P2 be two points located on S; and Sj (i ^ j), between C2 and C. Then, Lemma 2.11 

tells us that 

bi,P2| > \vi,v2\ > 1 

and from the triangle inequality, we have 

b , P i | < r i + r 2 = 2 ( - ^ ) + r = l. 

Similarly, \p,P2\ < 1. The construction we need is then the following: place k points 

inside C\ and k points on every Sj between C and C%. We call the result of that 

construction a generalized star. The points located inside C\ form a fc-dominating 

set, but the algorithm may mark all nodes located on the Sj's. Since there are 5k 

such points, the performance ratio is five in that case. To construct a lower bound 

example with k > 1 for large n, we link the generalized stars in a way similar to the 

case k = 1. • 
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2.5 Comparison with Kuhn et al.'s algorithm 

To the best of our knowledge, only Kuhn et al. [55] proposed an algorithm producing 

a ^-dominating set with probability 1. However, their performance ratio is not deter

ministic. In this section, we compare their algorithm with ours. The most important 

property in [55] about the proposed algorithm is Lemma 5.6, which states that in a 

disk of radius | , their algorithm elects at most 0(k) leaders in the expected case. In 

the deterministic case, our algorithm elects at most k leaders. 

Proposition 2.13 Let G = (V, E) be a unit disk graph, C a disk of radius | and 

S QV the set of nodes marked by Algorithm 2.1. Then \S D C\ < k. 

Proof: The proof goes the same way as for Proposition 2.8. By Proposition 2.7, S is 

the union of k independent sets. Since the maximum number of independent nodes 

a unit disk can contain is 1, S DC can not contain more than k nodes. • 

n nodes 

— 1 nodes 

1 3 i 5 3 
2 4 4 2 

Figure 2.6: Counter-example to the proof of Theorem 5.7 of [55]. 

Kuhn et al. [55] actually showed that the performance ratio of the proposed al

gorithm is 0(1). However, their proof uses the fact that, in order to ^-dominate the 

nodes in a disk C of radius \, every optimal ^-dominating set must elect at least k 

dominators in a disk of radius | having the same center as C. However, this is not 
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always the case. Figure 2.6 shows how to construct a counter-example for any k > 2 

(on the figure, k = 7). Black nodes are the dominators and white nodes are the 

non-dominators. The node at | is only there to make the network connected. The 

only node in C is 7-dominated but only two of the n + 2 nodes in D are selected as 

dominators. We believe their theorem is still correct. However, we did not investigate 

how to adjust their proof in order to account for the above situation. 

2.6 Simulation Results 

We generalized an existing independent set-based algorithm [6, 61, 84] in order to 

incrementally construct a ^-dominating set. We chose to generalize this specific al

gorithm because it is distributed and has constant performance ratio. By simulation, 

we compare our algorithm with fc-generalized versions of other available algorithms. 

Stojmenovic et al. [79] suggested the following heuristic to improve the independent 

set algorithm of [6, 61, 84]: instead of ordering the nodes according to their identifier, 

order them by their degree first and then by their identifier. Higher priority is granted 

to nodes having higher degree. The performance ratio is still at most five, but the 

case of Figure 2.4 is avoided. However, it has not been proven that the worst-case 

performance ratio is strictly smaller than five when using this heuristic. For the k-

dominating set problem, it is not desirable to favor higher degree nodes. The reason 

is that nodes having degree less than k cannot have k dominating neighbors, so they 

must necessarily be in the ^-dominating set. 

Selecting nodes of higher degree is the same idea that is behind the greedy set-

cover algorithm. The greedy set-cover algorithm first favors nodes that dominate 

the largest number of nodes not yet dominated. Although this is a global selection 

criterion, it still has to be examined. At first sight, since it does not have constant 

performance ratio (recall that it is H(A + 1), where A is the maximum degree of 

a node in the network and H is the harmonic function), one would believe that it 

would not perform as well as our algorithm. However, it turns out that in order to 

have H(A + 1) > 5, we need A to be at least 82, and to reach six, we need A to 

be at least 225. If we assume that it is not likely to have nodes having that many 

neighbors, this algorithm still deserves attention. 
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In this section, we discuss simulation results comparing Algorithm 2.1 with k-

generalized versions of both the algorithm presented in [79] and the greedy algorithm. 

We also compare it with the greedy construction of a maximal independent set. The 

^-generalized versions of these algorithms work the same way we generalized the 

maximal independent set algorithm: for k = 1, we run the standard algorithm on 

all nodes. For k > 2, we run the standard algorithm on nodes that are not yet 

fc-dominated. We ran our simulations 200 times for networks of 200 nodes. Nodes 

have been placed on a unit square and their x and y-coordinates have been chosen 

following a uniform distribution. We chose a communication range such that with 

high probability, the network is connected. According to Penrose [70, 71], for any 

integer k > 0 and real constant c, if the nodes have identical radius r given by the 

formula: 
/in n + k In In n + ln(fc!) + c 

V nir 

then the network is [k + l)-connected with probability e~~e ° as n goes to infinity. For 

n = 200, choosing k = 1 and c = 5, we then obtain that for a radius of r « 0.138, the 

network is 2-connected with probability 0.99. 

Figure 2.7 shows the simulation results we obtained. The 95% confidence interval 

for these values is ±0.67 node. The algorithm that performs the best is the one that 

greedily constructs an independent set (greedy-independent). Not far behind is the 

greedy algorithm. It is worth noting that even if those algorithms perform slightly 

better, they are not distributed. This is because the greedy choice of the next node 

to be marked is based on a global criterion. For the two distributed algorithms, it is 

interesting to note that the one using the ordered pair degree-id (degree-independent) 

only performs better for small values of k (5 and less). For k > 5, it is the one simply 

based on identifiers (independent) that performs better. 

Unfortunately, Figure 2.7 does not show the optimal solution. Since the dominat

ing set problem is NP-complete, only exponential time algorithms are known to solve 

the problem exactly. Therefore, only small instances of the problem can be simulated. 

Figure 2.8 compares the same algorithms with the optimal solution for a network of 

35 nodes. We ran over 200 simulation cases. The 95% confidence interval for these 

values is ±0.28 node. Figure 2.9 shows the average performance ratio we obtained 
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% 
to 

s 

1 2 3 4 5 6 7 8 9 10 
k 

alg / k 
greedy 
ind 
gr-ind 
deg-ind 

1 
26.03 
31.72 
26.07 
29.26 

2 
47.17 
54.49 
47.17 
50.82 

3 
67.3 
73.36 
66.5 
69.49 

4 
86.69 
90.1 
85.03 
86.46 

5 
105.01 
104.46 
101.54 
101.76 

6 
122.39 
117.87 
117.09 
116.43 

7 
138.29 
130.27 
131.34 
129.82 

8 
152.32 
141.59 
143.91 
141.73 

9 
164.32 
151.92 
154.76 
152.85 

10 
174.21 
161.33 
164.16 
162.62 

Figure 2.7: Average dominating set size for 200 nodes. 

for each algorithm. For small values of k, the two global greedy algorithms are the 

best, followed by the distributed algorithm granting priority to high degree nodes. 

The algorithm simply based on identifiers performs the worst. However, as k grows, 

the results change completely. The algorithm simply based on identifiers becomes the 

best, and the basic greedy algorithm becomes the worst. The algorithm constructing 

independent sets by granting priority to high degree nodes performs slightly better 

than the greedy construction of an independent set. 

2.7 Conclusion 

In this chapter, we introduced a new algorithm to address the fc-dominating set prob

lem. Our algorithm has a deterministic performance ratio of six. The previously best 

algorithm had an expected performance ratio of 0(k) for an unspecified constant [55]. 

We showed that the size of the fc-dominating set our algorithm produces may be five 

times bigger than the optimal one. However, it is an open issue whether or not the gap 
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between five and six can be closed. The expected performance ratio is also unknown. 

Simulation results showed that in some cases, the A;-generalized version of the 

greedy dominating set algorithm performs better than ours. However, besides their 

worst-case performance ratio, another important difference between the greedy dom

inating set algorithm and ours is that the former is global while ours is distributed. 

As discussed in the introduction, distributed algorithms are often desirable in the 

context of ad hoc networking. 

One potential drawback of our algorithm is that in the worst case, it may need a 

linear number of communication rounds to terminate. The algorithms proposed by 

Dai and Wu [26] and Kuhn et al. [55] have the advantage of being local, which means 

that the number of communication rounds is bounded by a constant. However, our 

worst case behavior is an artifact of location-obliviousness. As pointed out by Urrutia 

[82], a general framework exists to convert distributed algorithms on unit disk graphs 

(such as ours) into local algorithms by imposing a hexagonal tiling of the plane and 

solving the problem independently in each hexagonal tile. Since the number of hops 

between any pair of nodes within a tile is bounded by a constant, this process leads 

to a local algorithm that runs in a constant number of rounds in the worst case. Note 

that the resulting algorithm is location-aware. Following the idea of Urrutia [82], 

since a hexagonal tiling is three-colorable, the performance ratio of our algorithm 

within this local framework is at most 3 x 6 = 18 in the worst case. 

We believe that differences between the performance of global, distributed and 

local algorithms is an interesting avenue of research. Important work in that field has 

been done by Kuhn [52] and Kuhn et al. [53, 54]. 



Chapter 3 

Location-Oblivious Distributed Coloring 

3.1 Introduction 

In 1998, Breu and Kirkpatrick [16] showed that determining if an abstract graph 

is a unit disk graph is an NP-hard problem, which implies that finding a unit disk 

graph representation is also NP-hard. This difficulty has led to the development of 

two varieties of algorithms on unit disk graphs depending on how the graphs are 

represented. If the unit disk graph representation is given (i.e. nodes are points in 

the plane and edges join pairs of points whose distance is at most one unit), then 

this situation is referred to as location-aware since each node is aware of its geometric 

location. On the other hand, if one is given an abstract unit disk graph (i.e. a valid 

representation exists but is not given), then this situation is referred to as location-

oblivious. Location-oblivious algorithms are desirable in the wireless setting because 

they can be implemented without the use of a GPS (Global Positioning System). 

Also in 1998, Hunt et al. [44] provided location-aware polynomial time approximation 

schemes to solve the maximum independent set problem, the minimum vertex cover 

problem, and the minimum dominating set problem. In 2003, Raghavan and Spinrad 

[72] showed that the location-aware algorithm proposed by Clark et al. [21] to solve 

the maximum clique problem can be adapted to the location-oblivious setup. In 2004, 

Nieberg and Hurink [66] proposed a location-oblivious polynomial time approximation 

scheme for the dominating set problem on unit disk graphs. In general, although it 

is clearly useful to know the location of the nodes, there is no clear result about how 

necessary it is. 

A coloring of a graph G is a function c mapping vertices of G to a set of colors 

(which can be thought of as a set of integers) such that adjacent vertices are assigned 

different colors. The graph coloring problem is to find a coloring which uses the 

minimum number of colors. The minimum number of colors needed to color a graph 

29 
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G is called its chromatic number and is denoted by x(G). It has been pointed out 

by Hale [42] that the problem of assigning different frequencies to nodes which are 

within communication range from each other can be formalized as a graph coloring 

problem. Algorithms using a small number of colors are desirable because they allow 

the use of fewer frequencies. However, the graph coloring problem is NP-complete [47], 

even for unit disk graphs [36]. 

The performance ratio of a coloring algorithm is defined as the ratio of the number 

of colors it uses over the chromatic number of the input graph. Approximation 

algorithms have been proposed to address the unit disk graph coloring problem (see 

Erlebach and Fiala [30] for a survey), but there exists no coloring algorithm that is 

1. distributed, 

2. location-oblivious, and 

3. has a performance ratio of three. 

In this chapter, we introduce the first unit disk graph coloring algorithm that has all 

these three properties. 

A standard approach used in the context of coloring graphs is the sequential 

coloring algorithm. The sequential coloring algorithm is the algorithm that colors 

the nodes of a graph in an arbitrary order, assigning to each node the lowest color 

that has not been assigned to one of its neighbors. Tsai et al. [81] gave a constructive 

proof that for any k > 2, there exists a unit disk graph G such that x(G) ~ k a n d 

for which the sequential coloring algorithm may use as much as Ak — 3 colors. This 

means that for any e > 0, there exists a unit disk graph for which the worst-case 

performance ratio of the sequential coloring algorithm is at least 4 — e. Therefore, 

algorithms having a performance ratio of three outperform the sequential coloring 

algorithm in the worst-case. 

The rest of this chapter is organized as follows: In Section 3.2, we review related 

work on coloring unit disk graphs. In Section 3.3, we give our coloring algorithm. 

We prove its termination, correctness and performance properties in Section 3.4. 

In Section 3.5, we give new lower bounds on the worst-case performance ratio of 

sequential coloring of unit disk graphs. In Section 3.6, using simulation, we compare 
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the average performance ratio of our algorithm with other algorithms. In Section 3.7, 

we discuss some optimization techniques we used to speed-up the simulation. We 

conclude in Section 3.8. 

3.2 Related Work 

A sequential coloring algorithm takes a graph as input, computes some ordering on 

the nodes, and greedily assigns colors to nodes according to that order. The greedy 

algorithm assigns to each node the lowest color that has not been assigned to any of 

its neighbors. We denote the maximum degree of a graph G by A(G), and the size of 

the largest clique in G (the clique number of G) by UJ(G). Since the number of colors 

used by a sequential coloring algorithm cannot exceed A(G) + 1, x(G) < A(G) + 1. 

On the other hand, since no two nodes in a clique can have the same color, we have 

that x(Gf) > u(G). For unit disk graphs, Marathe et al. [61] pointed out the following 

relation: A(G) < 6u>(G) — 6. This implies that all sequential unit disk graph coloring 

algorithms have a performance ratio of at most six. In fact, a minor adjustment of 

that proof shows that the performance ratio is no greater than five [30]. 

What distinguishes sequential coloring algorithms from each other is the order in 

which they color the nodes. When an arbitrary order is used, we simply refer to it as 

the sequential coloring algorithm. For graphs embedded in the plane, the lexicographic 

ordering is the one induced by the (x, y) coordinates of the nodes (nodes with smaller 

x-coordinate are colored first, with ties broken according to the ^/-coordinate). For the 

case of unit disk graphs, Peeters [69] showed that the lexicographical ordering achieves 

a performance ratio of three. Note that this approach can be easily implemented in 

a distributed manner provided the nodes are aware of their location. 

The smallest-last coloring algorithm [63] computes the following ordering over the 

nodes of a graph G: a node v of minimum degree is colored last (ties are broken 

arbitrarily). The rest of the ordering is computed recursively on the graph G \ {v}. 

For an ordering < of the nodes of a graph G, we introduce the following notation: 
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sequential 
lexicographic 
smallest-last 

distributed 

yes 
yes 
no 

location 
oblivious 

yes 
no 
yes 

worst-case 
perf. ratio 

5 
3 
3 

Table 3.1: Summary of Unit Disk Graph Coloring Algorithms Properties. 

1. Gv is the subgraph of G induced by all nodes u of G where u < v; 

2. deg(u, Gv) is the degree of node u in Gv; 

3. span(<) is the maximum value of deg(v, Gv) according to the order <. 

Sequentially coloring the nodes of a graph according to < leads to a coloring using at 

most span(<) + l colors. Lexicographical orderings have span no greater than 3u(G) — 

3. Matula and Beck [63] showed that the smallest-last ordering has minimum span. 

As pointed out by Graf et al. [36], this implies that the smallest-last coloring algorithm 

achieves a performance ratio of at most three over unit disk graphs. However, this 

algorithm is not distributed. For a more extensive survey on unit disk graph coloring, 

see Erlebach and Fiala [30]. 

Table 5.1 summarizes properties of unit disk graph coloring algorithms. As one 

can see, there seems to be a trade-off between being distributed, location-oblivious, 

and having a worst-case performance ratio of three. In this chapter, we show that 

in fact, no such trade-off exists by providing a location-oblivious distributed coloring 

algorithm that has a performance ratio of three. 

3.3 Location-Oblivious Distributed Algorithm 

Before giving the details of our algorithm, we first remind the reader why it is the 

case that for all unit disk graphs G, the following relation holds: 

A(G) < 6u(G) - 6. 

To see this, divide the neighborhood of a node u in six sectors as shown in Figure 3.1. 

Since each sector has diameter one, the nodes located within each sector, including 
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The nodes located within each sector, 
including u, form a clique. 

Figure 3.1: The neighborhood of a node does not contain more than 6a;(G) — 6 nodes. 

u, form a clique. Therefore, u has at most 6co(G) — 6 neighbors. As we mentioned 

in Section 3.2, since any coloring must use at least u(G) colors, this implies that any-

sequential coloring algorithm has a performance ratio of at most six over unit disk 

graphs. 

Lexicographic coloring achieves a performance ratio of three because for every 

node u, no more than 3a;(G) — 3 neighbors of u choose their color before u. The key 

of our algorithm is to show how to compute an ordering that has this property in a 

distributed manner when the nodes do not know their position in the plane (i.e. in a 

location-oblivious manner). The main observation is the following: in every unit disk 

graph G, there is at least one node that has at most 3a;(G) — 3 neighbors. 

We denote by u(u) the size of a largest clique in which node u belongs. If the 

neighborhood of a node u has size at most 3a;(u) — 3, we say that it has the small 

neighborhood property. Lexicographic coloring exploits the fact that the leftmost node 

has this property. In fact, all nodes on the convex hull of the nodes also have this 

property. Since the size of a maximum clique in a unit disk graph can be computed 

in polynomial time, even without the unit disk representation [72], each node can 

locally determine whether or not it has the small neighborhood property. Notice that 

since u(u) < OJ(G) for every node u, if a node has the small neighborhood property, 

then it also has at most 3a; (G) — 3 neighbors. 

The intuition behind our algorithm is the following: in order to reach a perfor

mance ratio of three, nodes having the small neighborhood property can pick their 

colors after their neighbors. We then remove all these nodes (i.e., those with the 

small neighborhood property) from the graph, recursively color the remaining sub

graph, put the removed nodes back in, and then sequentially color them. Recursion is 
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Algorithm 3.1: RankingPhase(id, Gid) 

Input: id, a node identifier 

N, a list containing the identifiers of the neighbors of node id 

Gid, the subgraph of G induced by N 

Output: ranks, a table containing the neighbors ranks (all initial values are 

zero) 

1 max ..clique <— u{Gid); 

2 while {u £ N : rank[u] = 0} 7̂  0 do 

3 

4 

5 

6 

7 

8 

9 

10 

if rank[id] = 0 and \{u G N : rank[u] = 0}| < 3 * max-clique — 3 then 

ranks[id] <— max{u G N : ranks[u]} + 1; 

send RANK(id, ranks[id\); 

end 

else 

receive RANK(M, r); 

ranks[u] <— r; 

end 

11 end 

guaranteed to make progress because there are always nodes having the small neigh

borhood property. What remains to be shown is how this can be done in a distributed 

manner. 

The distributed algorithm works in two phases. In the first phase, the nodes 

establish a local order by each selecting a rank. The ranks, together with the identifier, 

determine the local order in which they decide their color. The second phase is the 

actual coloring. 

The underlying idea of the ranking algorithm is the following: we want to make 

sure that for every node u of a unit disk graph G, no more than 3a; (u) — 3 < 3u(G) — 3 

nodes pick their color before u. In order to ensure this, each node u collects the 

connectivity information of its distance one neighborhood and computes LJ(U). 

A node u having a total number of neighbors less than or equal to 3u(u) — 3 (i.e. 

having the small neighborhood property) selects rank one and informs its neighbors 



35 

Algorithm 3.2: ColoringPhase(id, N, ranks) 

Input: id, a node identifier 

N, a list containing the identifiers of the neighbors of node id 

ranks, a table containing the neighbors' ranks 

Output: colors, a table containing the nodes colors (initial values are all 0) 

I while {u £ N : colors[u] = 0} ^ 0 do 

2 

3 

4 

5 

6 

7 

8 

9 

10 

11 

12 

if colors[id] = 0 and 

//if the node has not yet chosen its color and, in its neighborhood, it has 

//maximum rank among the nodes that have not yet chosen their color 

{u € N : colors[u] = 0 and (ranks[id],id) < (ranks[u],u)} = 0 then 

colors[id] <— min{i > 0 : {u G N : colors[u] = i} = 0}; 

send coLOR(id, colors[id]); 

end 

else 

receive COLOR(M, c); 

colors[u] <— c; 

end 

13 end 

of its decision. A node u having more than 3u(u) — 3 neighbors must wait. Ranking 

information from neighbors is recorded in a table. When the number of neighbors of 

a node u with undetermined rank becomes less than or equal to 3a;(u) — 3, node u 

takes a rank that is one more than the maximum rank among its neighbors. Node u 

then informs its neighbors about its decision. This process continues until all nodes 

have chosen their rank. Algorithm 3.1 gives the details of the ranking phase. 

When all neighbors have chosen their ranks, a node may start the coloring phase. 

Note that two neighbors may have chosen the same rank. Locally, nodes then choose 

their color according to the order induced by the pair (rank, id). Nodes with higher 

rank pick their color first, and ties are broken according to their identifier. Algo

rithm 3.2 gives the details of the coloring phase. 
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We now prove the termination and correctness of our algorithm. We also show that 

it has a performance ratio of at most three. 

Proposition 3.1 After Algorithm 3.1 terminates, all nodes have selected a rank. 

Proof: Suppose after Algorithm 3.1 terminates, there is a set of nodes S of G that 

have not yet chosen their rank. This means that every node u e S has more than 

Zu){u) — 3 neighbors that have not yet chosen their rank (i.e. that are in S). In par

ticular, this is true for a node v that is on the convex hull of S. Also, since v is on the 

convex hull of S, all of its neighbors that are in S are located on a half-plane whose 

boundary passes through v. Thus, v cannot have more than 3u(v) — 3 neighbors in 

S, which is a contradiction. Therefore, when no more messages are being sent, all 

nodes have chosen their ranks. • 

Proposition 3.2 Algorithm 3.2 produces a valid coloring. 

Proof: First of all, Algorithm 3.2 terminates. The reason for this is that, among the 

nodes that have not yet chosen their color, there is always a node that is a global 

maximum according to the ordered pair {rank, id). In particular, this node is a local 

maximum that picks its color. Also, no two neighbors can pick their color at the 

same time. This is because the ordered pair (rank, id) induces a total order on the 

nodes. Therefore, of two neighbor nodes that have not picked their color, at most one 

of them can satisfy the condition on line 5. Finally, no two neighbors can pick the 

same color. This is because the second one only picks a color that is still available 

(line 7). D 

Lemma 3.3 For a node u of a unit disk graph G, let h(u) denote the number of 

neighbors of u with higher rank than the rank of u. Then \h[u)\ < 3u(u) — 3. 

Proof: In Algorithm 3.1, a node u chooses its rank only when fewer than 3a;(u) — 3 

of its neighbors have undetermined rank (line 3). Also, when u chooses its rank, it 
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chooses it such that it is greater than all ranks that have been chosen in its neigh

borhood. Therefore, only less than 3a;(u) — 3 nodes could potentially choose rank 

greater than the one chosen by u. D 

Proposition 3.4 Using the order computed by Algorithm 3.1, the color chosen by a 

node u in Algorithm 3.2 is less than or equal to 3UJ(U) — 2. 

Proof: In the neighborhood of u, only nodes with rank greater than u can choose 

their color before u. By Lemma 3.3, there are no more than ZOJ{U) — 3 such nodes. 

Therefore, the color chosen by u is no greater than 3a; (M) — 2. • 

Theorem 3.5 Using the order computed by Algorithm 3.1, the number of colors used 

by Algorithm 3.2 to color a unit disk graph G is no greater than three times the optimal. 

During the execution of these algorithms, each node sends exactly two messages on 

each link, each one having size O(logn). 

Proof: By Proposition 3.4, all nodes u are assigned color at most 3u>(u) — 2 < 

3o;(G) — 2. The performance ratio follows from the fact that at least UJ(G) colors 

are needed to color G. In Algorithm 3.1, each node broadcasts exactly one RANK 

message. In Algorithm 3.2 each node broadcasts exactly one COLOR message. This is 

why each node sends exactly two messages on each link. Each message only carries a 

type, the rank or color of the sender, as well as its identifier. The number of different 

ranks and colors is bounded by the number of nodes. Therefore, the size of a message 

is bounded by the size of the greatest identifier, which is O(logn). • 

3.5 Lower Bounds 

We now give new lower bounds on the worst-case performance ratio of the sequential 

coloring algorithm for unit disk graphs. To prove a lower bound of b, we have to 

show that there exists a unit disk graph G for which there exists an ordering < of the 
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nodes such that the number of colors used by the sequential coloring algorithm is at 

least b • x{G). The construction of such a unit disk graph proceeds as follows: first, 

decide what the chromatic number of the graph will be. Then, at least one node must 

pick color b-x(G). In order to ensure this, it must have at least b-x(G) — 1 neighbors, 

picking all colors ranging from 1 to b • x(G) — 1. The construction of the graph then 

continues recursively in order to force these nodes to pick these colors. To force the 

sequential algorithm to use many colors, one needs to construct a graph with nodes 

of high degree. The difficulty lies in increasing the degree of nodes without increasing 

the chromatic number of the graph. 

The currently greatest lower bound is 4 — e, given by Tsai et al. [81]. They gave 

a constructive proof that for any k > 2, there exists a unit disk graph G such that 

x(G) = k and for which the sequential coloring algorithm may use as much as 4k — 3 

colors. 

A case where a performance ratio of three can be reached is shown in Figure 3.2. 

This graph is bipartite (no two dashed nodes touch each other, and no two solid 

nodes touch each other). Hence, it can be colored with two colors. However, it is also 

possible to order the nodes in such a way that the sequential coloring algorithm uses 

six colors. In order to do this, first take all disks with label 1 in an arbitrary order. 

Since they form an independent set, the sequential coloring algorithm assigns color 1 

to all of them. Then, take all disks with label 2. Since they form an independent 

set and each of them touches a disk with label 1, the sequential coloring algorithm 

assigns them color 2. Repeat this procedure until the only disk with label 6 has been 

colored with color 6. Using this ordering, the sequential coloring algorithm then uses 

six colors whereas only two colors are necessary, which means that in that case, it 

achieves a performance ratio of three. Table 3.4 (page 46) gives the exact positions of 

the points generating the unit disk graph of Figure 3.2. Column seq gives the colors 

assigned by the sequential coloring algorithm, while column opt gives an optimal 

coloring of the graph. Thus, since the graph shown in Figure 3.2 is triangle-free, we 

have the following: 

Proposition 3.6 For triangle-free unit disk graphs, the worst-case performance ratio 

of the sequential coloring algorithm is at least three. 
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Figure 3.2: Lower Bound of 3. 

The above result was also shown by Tsai et al. [81]. They had a different con

struction using 29 disks, whereas the construction presented here uses 22 disks. The 

reason why it is interesting to restrict the preceding proposition to triangle-free unit 

disk graphs is that the bound is tight for that class of graphs, as shown below. The 

following result was also proved by Tsai et al. [81]. Here, we present an alternate 

proof. 

Proposition 3.7 For triangle-free unit disk graphs, the worst-case performance ratio 

of the sequential coloring is at most three. 

Proof: Suppose that there exists a node u of a unit disk graph G such that the 

color attributed to u by the sequential coloring algorithm is 7. This means that u 

has degree at least 6. Since no node of a unit disk graph can have more than five 

independent neighbors [61], at least two of these six neighbors, say v and w, are neigh

bors of each other. Therefore, v, w and u form a triangle, and G is not triangle-free. • 

For graphs that are not necessarily triangle-free, we show a worst-case lower bound 

of 10/3. For unit disk graphs having chromatic number at most four, this lower 

bound is greater than the one obtained by Tsai et al. [81] since their construction for 

x(G) — 4 gives a lower bound of 13/4. Our construction is depicted in Figure 3.3. As 

one can see, this graph can be colored using only three colors (solid, dashed and dotted 
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Figure 3.3: Lower Bound of 10/3. 
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nodes form a 3-partition of the graph). However, there exists an ordering of the nodes 

such that sequentially coloring the graph in that order uses ten colors, leading to a 

performance ratio of 10/3. In order to force the sequential coloring algorithm to use 

ten colors, the solid bold node that has degree nine is colored last. Its nine neighbors 

are forced to take all colors ranging from one to nine thereby forcing color ten on the 

solid bold node. The coloring of its neighbors is forced in a similar fashion. Exact 

location of the points are given in Table 3.5 (page 47), as well as the three-partition of 

that graph. Nodes are listed in the order that the sequential coloring algorithm needs 

to use in order to use ten colors. The existence of this graph allows us to conclude 

the following: 

Proposition 3.8 For unit disk graphs having chromatic number at most four, the 

worst-case performance ratio of the sequential coloring algorithm is at least 10/3. 

The existence of lower bounds greater than three confirms that there exist cases 

where it is worth making the effort to compute an ordering that is guaranteed to 

achieve a performance ratio of three. However, as we see from our simulations, when 

nodes are randomly and uniformly placed in a unit square, all strategies are equally 

good on average. 

3.6 Simulation Results 

In the preceding section, we saw that it is fairly complicated to build an exam

ple where the sequential coloring algorithm achieves a performance ratio worse than 

three. Here, using simulation, we compare the coloring algorithm introduced in this 

chapter with other existing coloring algorithms. Using a fixed radius of 0.05, we first 

randomly generated 400 unit disk graphs of 200 nodes each. Nodes have been placed 

on a unit square and their x and y-coordinates have been chosen following a uni

form distribution. We also generated unit disk graphs having up to 2000 nodes, by 

incrementally adding 100 nodes to each of the 400 unit disk graphs. 

We then colored each of these unit disk graphs using five different coloring algo

rithms. Using the heuristic described in the next section, we also computed a lower 

bound on the size of the maximum clique for each of these unit disk graphs. In order 
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to optimize the running time of the simulation, the same heuristic has also been used 

to simulate the three-cliques-last coloring algorithm (the algorithm introduced in this 

chapter). 

The five coloring algorithms we used are the following: sequential (nodes are col

ored in the order induced by their identifier), three-cliques-last, lexicographic (nodes 

are colored from left to right), smallest-last (nodes of small degree are colored last) 

and largest-first (nodes of large degree are colored first). 

The difference between smallest-last and largest-first is the following: in smallest-

last, a node u with minimum degree in a graph G is colored last, and the order in 

which the other nodes are colored is computed recursively on the graph G \ {u}. In 

largest-first, a node u with maximum degree is colored first, and the order in which 

the other nodes are colored is computed recursively on the same graph. Although the 

largest-first ordering is easier to compute in a distributed manner, it is not known 

whether it provides a better upper bound than five on the performance ratio on unit 

disk graphs. Smallest-last ordering, on the other hand, is non-trivial to compute 

in a distributed manner but is known to provide an upper bound of three on the 

performance ratio when coloring unit disk graphs. 

Figure 3.4 shows the simulation results we obtained. It displays the average num

ber of colors used by each algorithm as a function of the number of nodes in the 

graph. It also plots the average estimated value of the size of a maximum clique. As 

explained in the next section, this estimated value is a lower bound on the actual 

size of a maximum clique. Therefore, it is also a lower bound on the chromatic num

ber. Table 3.3 (page 46) gives the exact values of our simulation results. The 95% 

confidence interval is ±0.12. 

The first observation that can be made by looking at the simulation results is 

that the algorithm we proposed in this chapter (three-cliques-last) provides almost 

no significant improvement over sequential coloring. In fact, the difference between 

values obtained for the two algorithms is less than the width of the 95% confidence 

interval. However, this does not really mean that our algorithm performs badly. What 

it really means is that sequential coloring performs better than expected. Looking at 

Table 3.3, we can see that the ratio of the average number of colors used over maximum 
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Figure 3.4: Simulation Results. 

clique size is always below 1.17. This means that the sequential coloring algorithm 

performs quite well although the only known upper bound on the performance ratio 

is five. 

Also, it is not surprising to see that the algorithm that performed the best is 

the smallest-last coloring. As discussed in Section 3.2, smallest-last ordering attains 

minimum span. Since the span of an ordering provides an upper bound on the number 

of colors that are used, smallest-last coloring can be expected to provide good results. 

What is really interesting is to see is that largest-first coloring provided better 

results than both three-cliques-last and lexicographic. There is no known proof that 

largest-first has a performance ratio better than five, and still it performs better 

than algorithms that have an upper bound of three on the performance ratio. Since 

largest-first is distributed, location-oblivious and simpler to implement than three-

cliques-last, looking at the simulation results allows us to conclude that it is preferable 

to use largest-first even though there is no proof that it performs better. 

•X' J i t " .£T" , -« ' 

r Sequential and Three-Cliques-Last — 
Lexicographic ----*-
Largest-First *--

Smallest-Last & • • 
Largest Clique Size —-»--
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nodes 

100 
200 
300 
400 
500 

% 

0.9999 
0.9996 

0.9991 

0.9987 
0.9982 

nodes 

600 
700 
800 
900 
1000 

% 

0.9977 

0.9976 
0.9975 

0.9971 
0.9971 

nodes 

1100 

1200 

1300 
1400 
1500 

% 

0.9968 

0.9966 
0.9964 

0.9962 

0.9960 

nodes 

1600 

1700 
1800 

1900 
2000 

% 

0.9957 

0.9953 
0.9950 

0.9946 
0.9943 

Table 3.2: Percentages of nodes u such that |iV(/u)| < 3C(u) — 3. 

3.7 Simulation Optimization 

Since computing the maximum clique in the neighborhood of a node can be quite 

time consuming for simulation purposes, we used some heuristics to compute a lower 

bound on the size of a largest clique. The main idea of our heuristic is the following: 

the size of the largest clique is the maximum number of nodes contained in a subset 

of the plane whose diameter is at most one. Since the geometric shape maximizing 

an area of fixed diameter is the circle, it is reasonable to hope that the maximum 

number of nodes contained in a disk of radius one is a good approximation of the size 

of a maximum clique. Since it is sufficient to look at disks having two nodes on their 

boundaries, there are only 2Q) such disks to look at. Since counting the number 

of nodes in such a disk can be done in linear time, the maximum number of points 

contained in a disk of radius one can be computed in time 0(n3). 

For a node u, let C(u) be the maximum number of nodes contained in a disk of 

radius one that also contains u, u(u) be the size of a maximum clique containing u, and 

N(u) be the set containing u and its neighbors. The heuristic we used is the following: 

if |iV(w)| < 3C(w) — 3, then use C(u) as an estimate for u>(u). Otherwise, compute the 

exact value of u>(u). Using this estimate instead of computing the exact value of a;(it) 

does not affect the simulation results. If a node u is such that |iV(u)| < 3C(u) — 3, 

then it is also the case that |iV(it)| < 3a;(w) — 3 and therefore it is assigned rank one 

in Algorithm 3.1 anyway. 

Table 3.2 shows the proportion of nodes u that were such that |iV(w)| < 3C(tt) — 3. 

The 95% confidence interval is ±0.0002. The first observation to be made is that the 

heuristic allowed us to accelerate the simulation in more than 99% of the cases. This 
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means that it was worth using the heuristic. The second observation to be made 

is that the percentages diminish as the graph becomes denser. This makes sense, 

because the area of a disk of diameter one is only 1/4 the area of the unit disk around 

a node. 

The most important observation to be made is that all nodes such that |iV(u)| < 

3C(u) — 3 are assigned rank one in Algorithm 3.1. Therefore, Table 3.2 also gives 

a lower bound on the proportion of nodes that are assigned rank one. Since this 

proportion is always higher than 99%, the order used by Algorithm 3.2 in the second 

phase is almost the same as the one used by the sequential algorithm, and this gives 

an intuition of why the simulation results are so similar for these two algorithms. 

3.8 Conclusion 

We presented the first distributed location-oblivious coloring algorithm that achieves 

a performance ratio of three on unit disk graphs. However, simulation results showed 

that this algorithm does not provide a significant improvement over the algorithm that 

sequentially colors the nodes in an arbitrary order. Simulation results also showed 

that, in the average case, largest-first (which is also distributed and location-oblivious) 

performs better than the algorithm we proposed. It also performs better than lexi

cographic coloring, which also has a worst-case performance ratio of at most three. 

However, no one has shown whether largest-first has a better worst-case performance 

ratio than five. In fact, it is also an open question whether coloring the nodes of a 

unit disk graph in an arbitrary order can, in the worst case, use less than five or more 

than four times the minimum number of colors that are necessary. 
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nodes 
100 
200 
300 
400 
500 
600 
700 
800 
900 
1000 
1100 
1200 
1300 
1400 
1500 
1600 
1700 
1800 
1900 
2000 

lgst-cl 
3.275 
4.4 
5.305 
6.04 
6.7825 
7.44 
8.0025 
8.6125 
9.1375 
9.695 
10.2325 
10.7325 
11.1875 
11.6375 
12.1 
12.6475 
13.0225 
13.445 
13.8225 
14.25 

sml-last 
3.31 
4.46 
5.4175 
6.1625 
6.9 
7.5975 
8.1725 
8.815 
9.3575 
9.9075 
10.4975 
10.97 
11.45 
11.96 
12.46 
12.965 
13.3725 
13.815 
14.205 
14.61 

lgst-first 
3.31 
4.4725 
5.4375 
6.2025 
6.9625 
7.6825 
8.2975 
8.9425 
9.5525 
10.085 
10.7 
11.21 
11.7275 
12.23 
12.815 
13.3975 
13.76 
14.28 
14.73 
15.235 

lex 
3.345 
4.5525 
5.575 
6.3825 
7.2 
7.9425 
8.6875 
9.355 
9.97 
10.5625 
11.1675 
11.7675 
12.3025 
12.8875 
13.4 
14.0175 
14.4625 
14.925 
15.4725 
15.9675 

seq 
3.3775 
4.56 
5.675 
6.4825 
7.375 
8.145 
8.8925 
9.5575 
10.27 
10.825 
11.4875 
12.1575 
12.7075 
13.35 
13.9 
14.4925 
15.0675 
15.595 
16.1575 
16.6225 

3-cl-last 
3.3775 
4.56 
5.675 
6.4825 
7.375 
8.145 
8.8925 
9.56 
10.27 
10.8225 
11.4925 
12.1575 
12.705 
13.3525 
13.8975 
14.5025 
15.0725 
15.5875 
16.155 
16.6325 

Table 3.3: Coloring Simulation Results. 

seq 
1 
1 
1 
1 
1 
1 
1 
1 

opt 
1 
1 
1 
1 
1 
2 
2 
2 

X 

12910 
13570 
5130 
8110 
8830 
10575 
14035 
4365 

y 
3765 
9955 
7870 
2977 
8725 
10570 
6615 
3850 

seq 
1 
2 
2 
2 
2 
2 
3 

opt 
2 
1 
1 
2 
2 
2 
1 

X 

9460 
10360 
5730 
12535 
6790 
7965 
11065 

y 
4875 
5190 
5295 
8560 
1575 
8100 
8905 

seq 
3 
3 
3 
4 
4 
5 
6 

opt 
1 
2 
2 
1 
2 
1 
2 

X 

5775 
11935 
6165 
12100 
7105 
8215 
10072 

y 
2970 
5190 
6555 
6910 
4470 
6160 
7104 

Table 3.4: Sequential Coloring Lower bound of 3 (radius = 2168). 



seq 
1 
1 
1 
1 
1 
1 
1 
1 
1 
1 
1 
1 
1 
1 
1 
1 
1 
1 
1 
1 
1 
2 
2 
2 
2 
2 
2 
2 
2 
2 
2 
2 
2 

opt 
1 
1 
1 
1 
1 
1 
1 
2 
2 
2 
2 
2 
2 
2 
3 
3 
3 
3 
3 
3 
3 
1 
1 
1 
1 
1 
1 
1 
2 
2 
2 
2 
2 

X 

10154 
10428 
3293 
6057 
7942 
9814 
9943 
13717 
14087 
1831 
4737 
6257 
8160 
8652 
11249 
12298 
12601 
13222 
4904 
5075 
8044 
12023 
2048 
3577 
5142 
6586 
9636 
9767 
11127 
11550 
13015 
14171 
4330 

y 
14461 
2425 
1290 
13660 
1209 
6022 
7968 
3696 
9128 
7075 
10801 
3913 
7126 
12511 
4475 
11575 
936 
6370 
5544 
8610 
10751 
10094 
8734 
6765 
10620 
4865 
11642 
4171 
250 
5714 
1641 
6687 
1582 

seq 
2 
2 
2 
2 
2 
2 
3 
3 
3 
3 
3 
3 
3 
3 
3 
3 
3 
3 
3 
3 
4 
4 
4 
4 
4 
4 
4 
4 
4 
4 
4 
5 
5 

opt 
2 
2 
3 
3 
3 
3 
1 
1 
1 
1 
1 
2 
2 
2 
2 
3 
3 
3 
3 
3 
1 
1 
1 
2 
2 
2 
3 
3 
3 
3 
3 
2 
2 

X 

6773 
6825 
11310 
4726 
7915 
9584 
11500 
11511 
12490 
6429 
7920 
10091 
3651 
5037 
9430 
14277 
4124 
6289 
7367 
9718 
13113 
5295 
6811 
10507 
5351 
9011 
10253 
12577 
3471 
6447 
9804 
10792 
5177 

y 
8419 
12147 
13269 
14069 
1738 
7993 
11905 
6890 
2455 
6703 
11967 
4570 
8807 
12966 
8462 
8193 
2140 
10084 
3809 
931 
8044 
2621 
8534 
13161 
5546 
2275 
9712 
2834 
7387 
12048 
6144 
2852 
7384 

seq 
5 
5 
5 
5 
5 
6 
6 
6 
6 
6 
7 
7 
7 
8 
8 
9 
10 

opt 
2 
2 
3 
3 
3 
1 
1 
1 
2 
2 
2 
3 
3 
1 
2 
3 
1 

X 

6825 
6905 
11474 
7130 
9849 
5026 
7004 
7964 
10927 
9981 
8797 
6515 
9337 
9463 
8330 
7946 
8270 

y 
10271 
2140 
7463 
5679 
11523 
8021 
10370 
3530 
10465 
6703 
10439 
7422 
3827 
9783 
5298 
8853 
7085 

Table 3.5: Sequential Coloring Lower bound of 3.3 (radius = 1812). 



Chapter 4 

Towards Half-Space Proximal 

4.1 Introduction 

A graph G whose vertices are points in M.d and edges are segments weighted by their 

length is a geometric graph. A geometric graph G is a ^-spanner (for t > 1) when 

the weight of the shortest path in G between any pair of points p, q does not exceed 

t' \Pl\ where \pq\ is the Euclidean distance between p and q. Any path from p to q in 

G whose length does not exceed t • \pq\ is a i-spanning path. The smallest constant t 

having this property is the spanning ratio of the graph. A t-spanning path from p to 

q is strong if the length of every edge in the path is at most \pq\. 

Geometric spanners have applications in wireless ad hoc networks [35]. They are 

used to answer the following question: how many links can a node drop without 

introducing too much routing overhead? The graph G is a strong t-spanner if there 

is a strong ^-spanning path between every pair of vertices. For wireless networks 

where nodes have a uniform communication range, it is consequently desirable to use 

strong spanners because they guarantee the existence of paths that are not too long 

compared to the shortest path in the complete communication graph. When using a 

spanner that is not strong, it is possible that a spanning path contains an edge that 

is longer than the edge being approximated. If such an edge is also longer than the 

node's maximum communication range, then the spanning path cannot be used to 

route a message. 

Another property of geometric spanners that is sometimes desirable is the exis

tence of a local routing strategy. Locally finding a ^-spanning path means that all 

the information a point p who wishes to send a message to a point q has is its own 

position, the position of its neighbors and the position of q [15]. 

The spanning properties of various geometric graphs have been studied extensively 

in the literature (see the book by Narasimhan and Smid [65] for a comprehensive 

48 
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survey on the topic). We are particularly interested in spanners that are defined by 

some proximity measure or emptiness criterion (see for example Bose et al. [12]). The 

work presented in this chapter was initiated by Chavez et al. [20] who introduced a 

new geometric graph called Half-Space Proximal (HSP). Given a set P of n points 

in the plane, the HSP graph is constructed as follows: the Q) edges of the complete 

graph on P are considered for insertion in increasing order of length. There is an 

(oriented) edge from p to q if there is no point r such that: (1) \pr\ < \pq\, (2) (p, r) 

is an edge of HSP and (3) q is closer to r than to p. 

The authors show that this graph has maximum out-degree1 at most 6. The 

authors also claim that HSP has a spanning ratio2 of 2ir + 1 and that this bound 

is tight3. Unfortunately, we found statements made in their proofs for the latter 

two claims to be erroneous or incomplete as we outline in Section 4.4. However, in 

reviewing their experimental results as well as running some of our own, although 

their proofs are incomplete, we felt that the claimed results might be correct. Our 

attempts at finding a correct proof to their claims was the starting point of this work. 

Although we have been unable to find a correct proof of their claims, we introduce a 

family of directed geometric graphs that approach HSP asymptotically and possess 

several other interesting characteristics outlined below. 

In this chapter, we define a family of graphs denoted as Ge
x graph. This is a family 

of directed geometric graphs dependent on the parameters A and 9, where | < A < 1 

and 0 < 6 < | . We show that this family of graphs has bounded out-degree, and is a 

strong i-spanner, where both the out-degree and t depend on A and 0. Furthermore, 

graphs in this family admit local routing algorithms that find strong t-spanning paths. 

Finally, we show that all strong ^-spanners are also spanners of the unit-disk graph, 

which are often used to model ad hoc wireless networks. 

The remainder of this chapter is organized as follows: in Section 4.2, we review 

related work on geometric spanners. In Section 4.3, we introduce the Ge
x graph 

and prove its main theoretical properties. In Section 4.4, we compare the Ge
x graph 

to the HSP. In Section 4.5, we show that the G6
X graph is a strong t-spanner and, 

t h e o r e m 1 in [20] 
2Theorem 2 in [20] 
3 Construction in Figure 2 in [20] 
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consequently, a spanner of the unit disk graph. In Section 4.6, we present simulation 

results about the Ge
x graph. We conclude in Section 4.7. 

4.2 Related Work 

Well known examples of geometric i-spanners include the Yao graph [91], the 9-

graph [75], graphs based on the Well-Separated Pair Decomposition (WSPD) [18], 

and the Delaunay graph [48]. The WSPD is reviewed in Chapter 6 and the Delaunay 

graph is reviewed in Chapter 7. 

Let 9 be an angle such that 2ir/9 = k, where k is an integer. The Yao graph 

with angle 9 is defined as follows. For every point p, partition the plane into k cones 

CP ) i , . . . , CPtk of angle 9 and apex p. Then, there is an oriented edge from p to q if 

and only if q is the nearest point to p in some cone Cp>j. The Yao graph is sometimes 

confused with the 0-graph, although they are different graphs. The first phase of the 

construction of the 0-graph using k cones with angle 9 and apex p is identical to the 

construction of the 0-graph. This may be the root of the confusion. However, there is 

an oriented edge from p to q in the 9-graph if and only if q has the shortest projection 

on the bisector of the cone containing q. 

On Yao graphs [91], the spanning ratio is at most l/(cos# — sin#) provided that 

9 < 7r/4. This means that the maximum out-degree of a node in the Yao graph is at 

least nine. To find a ^-spanning path in the Yao graph, one simply has to choose as 

a next step the edge that lies in the same cone as the destination. Bose et al. [14] 

showed that the Yao graph is a strong t-spanner. 

On ^-graphs, the spanning ratio is at most 1/(1 — 2 sin | ) [75]. For a fixed angle 

9, this is better than for Yao graphs. Also, the bound holds for 9 < 7r/3, thus for this 

range of 9, the maximum out-degree is seven. However, the 0-graph is not a strong 

^-spanner. 

Bose et al. [14] showed that the Delaunay graph is also a strong ^-spanner, where 

t = 27r/(3cos(7r/6)). However, the problem of locally finding a good ^-spanning path 

in the Delaunay graph is difficult. Bose and Morin [15] showed how this can be 

achieved, but there is a price to pay: the proven constant blows up to 9 (^^7 r ) + f ~ 

47.32. 
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More recently, Chavez et al. [20] introduced a new graph called Half-Space Prox

imal (HSP). Given a set P of n points in the plane, the HSP graph is constructed 

as follows: the (™) edges of the complete graph on P are considered for insertion in 

increasing order of length. There is an (oriented) edge from p to q if there is no point 

r such that: 

1. \pr\ < \pq\, 

2. (p, r) is an edge of HSP and 

3. q is closer to r than to p. 

The HSP graph can also be constructed from a unit disk graph. In that case, only 

the edges of the unit disk graph are considered for insertion. The HSP graph has 

maximum out-degree at most six. In [20], the authors present proofs that HSP has 

spanning ratio at most 2TT + 1 and that this bound is tight. In both cases, as we 

discuss in Section 4.4, there was insufficient detail in the proofs for us to reconstruct 

the arguments. Also, the authors did not provide a way to locally find a ^-spanning 

path in HSP. In this chapter, we introduce a new family of strong parametric spanners 

that converge to HSP. These graphs also admit a routing strategy that allows to 

locally find a ^-spanning path. Depending on the parameter values that are chosen, 

the out-degree of a node can be at most six. 

In the HSP, the construction path from p to q is defined as follows: if there is an 

edge (p, q), then the path is the edge (p,q). Else, then let r be the nearest node to 

p such that there is an edge (p, r) and q is closer to r than to p. In that case, the 

construction path from p to q is the edge (p, r) followed by the construction path 

from r to q. In [20], it is unclear whether the construction path is also a spanning 

path. Because it is a simple routing strategy, it is desirable for construction paths 

to be also spanning paths. In the next section, we introduce a variation of the HSP 

having the property that the construction path is also a spanning path. 

4.3 The family Ge
x of graphs 

In this section, we define the Ge
x graph and prove that it is a strong t-spanner of 

bounded out-degree. We first introduce some notation. Let P be a set of points in 
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the plane, 0 < 9 < \ and \ < X < 1. 

Definition 4.1 The 9-cone(p,r) is the cone of angle 29 with apex p and having the 

line through p and r as bisector. 

Definition 4.2 The A-half-plane(p, r) is the half-plane containing r and having as 

boundary the hyperplane perpendicular to pf and intersecting pf at distance ^\-\pr\ 

from p. 

Definition 4.3 The destruction region ofr with respect to p, denoted K(p, r), is the 

intersection of the 9-cone(p,r) and the X-half-plane(p,r) (see Figure 4-1)-

Definition 4.4 The directed graph Ge
x{P) is computed as follows. For every point 

p £ P, do the following: 

1. Let N(p) be the set P \ {p}. 

2. Let r be the closest point to p in N(p) (ties on the distances are broken arbi

trarily). 

3. Add the edge (p,r) to G{(P). 

4- For all q in K(p, r), remove q from N(p) 

(i.e., N(p) <- N(p)\{K(p,r)nP)). 

Note that for each q deleted in this step, r is the destroyer of the edge (p, q). 

5. If N(p) is not empty go to 2. 

Remark 4.5 The directed graph Ge
x(P) is the graph having P as nodes and there is 

an edge (p, q) G Ge
x(P) iff there is no point r G P, such that 

1. \pr\ < \pq\, 

2. (p,r) is an edge of G6
X{P) and 

3. qeK(p,r). 
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A-half-planev • r 

K(p,r) 

Figure 4.1: The destruction region of r with respect to p. 

4.3.1 Location of Destroyers 

What prevents the directed edge (p, q) from existing in Ge
x1 It is the existence of one 

point acting as a destroyer. Given two points p, q, where can a point lie such that 

it acts as the destroyer of the edge (p, #)? In this subsection, we describe the region 

containing the points r such that q G K(p,r). This region is denoted K(p,q). In 

other words, K(p, q) is the description of all the locations of possible destroyers of an 

edge (p,q). 

Figure 4.2: The location of a point r destroying the edge (p, q). 

Proposition 4.6 Let R(p, q, A) be the intersection of the disks C\ centered at p with 

radius \pq\ and C2 centered at c = p + X(q — p) with radius X\pq\. If q £ K(p,r) and 

\pr\ < \pq\, then r € R(p,q,X). 

Proof: If r destroyed (p, q), then \pr\ < \pq\. Therefore, r is in C\. To complete the 

proof, we need to show that r is in C^- We begin by considering the case when q lies 

on the line / which is the boundary of A-half-plane(p, r) (see Figure 4.2). Let Si be 
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the midpoint of pf, ti the intersection of I with pf and d the intersection of pq with 

the bisector of pf. Since the triangles Aptiq and Apsic' are similar, this implies that 

Therefore, d = c, which implies that \cr\ = \cp\ thereby proving that r is on the 

boundary of Ci-

In the case when q is not on I, then we have \pd\ < \pc\ and r lies on a circle 

centered at d going through p. Therefore, r is contained in C2, which completes the 

proof. • 

The following proposition follows directly from the definition of K(p, r). 

Proposition 4.7 If q €. K(p,r), then Zqpr < 9. 

Combining Proposition 4.6 and Proposition 4.7, we get: 

Proposition 4.8 Let K(p,q) be the intersection of R{p,q,\) with the 6-cone{jp,q). 

If q G K(p,r) and \pr\ < \pq\, then r G K(p,q). 

4.3.2 Spanning Ratio 

Theorem 4.9 For 0 < 9 < f and \ < X < 1, the G{ graph is a strong t-spanner, 

With t = 77—vT a • 
{l—X)cos6 

Proof: Let P be a set of points in the plane, p,q G P and da{p,q) be the length 

of the shortest path from p to q in G°x (P). We show by induction on the rank of the 

distance \pq\ that da(p,q) < t\pq\. 

Base case: If p and q form a closest pair, then the edge (p, q) is in Ge
x(P) by defini

tion. Therefore, da{p,q) = \pq\ < t\pq\. 

Inductive case: If the edge (p, q) is in Ge
x{P), then da{p,q) = \pq\ < t\pq\ as 

required. We now address the case when (p, q) is not in Ge
x{P). By Proposition 4.8, 
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\\pq\ X\pq\ 

Case 2.1 Case 2.2 

Figure 4.3: Cases for the proof of Theorem 4.9. 

there must be a point r G K(p, q) n P that is destroying (p, q) and that the edge 

(p, r) is in Ge
x(P). Since r e K(p, q) and |pr| < |pg|, we have that \rq\ < \pq\. By the 

inductive hypothesis, we have do(r,q) < t\rq\. 

Let z be the intersection of the boundaries of the disks C\ and C2 defined in 

Proposition 4.6. We assume, without loss of generality, that c is the origin and that 

points p, q are on the x-axis with p to the left of q as depicted in Figure 4.3. The 

remainder of the proof addresses two cases, depending on whether or not rx < zx (the 

notation px denotes the x-coordinate of a point p). 

Case 1: rx < zx. Let v G K(p,q) be the point with the same x-coordinate as 

r and having the greatest ^-coordinate. In other words, v is the highest point in 

K(p, q) that is strictly above r. We have: 

dG(p,q) < \pr\+dG(r,q) 

< \pr\+t\rq\ (ind. hyp.) 

< \pv\ +t\vq\. 
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Now, let a = Z.vpq < 9 We express \pv\ and \vq\ as a function of cos a. Consider the 

triangle A(pvc) and note that |t>c| = \pc\ by construction. 

M cos a = ——.—r 
2X\pq\ 

\pv\ = 2X\pq\cosa 

and from the law of cosines, we have: 

\VQ\2 = \PV\2 + \PQ\2 ~ 2\pv\\pq\ cos a 

= 4A2|pg|2 cos2 a + \pq\2 - 4\\pq\2 cos2 a 

= b?|2(4A2 cos2 a - 4A cos2 a + 1) 

which implies that: 

^G(P, <z) < 2A|pg| cos a + £|pg|-\/4A2 cos2 a — 4A cos2 a + 1 

= |pg | (2A cos a + i\/4A2 cos2 a — 4A cos2 a + 1). 

Therefore, we have to show that: 

t > 2A cos a + t\/4A2 cos2 a — 4A cos2 a + 1, which can be rewritten as 

2A cos a 
t > 

1 — V4A2 cos2 a — 4A cos2 a + l 

and since a < 0 < ir/2 implies cos# < cos a, by straightforward algebraic manipula

tion we have that: 

1 2A cos a 
> ( 1 - A ) cos a 1 - V4A2 cos2 a - 4A cos2 a + l 

Case 2: rx > zx. Let /? = Zzpq. We first compute the value of cos/?. Prom the 

definition of C\ and C2, we have 

4 + 4 = A M 
and 
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Therefore, since px = — \\pq\, we have zx = ' P 9 ' ^ A — which implies 

o X\pq\ + *» , , 1-2A2 1 

We need to consider two subcases, depending on whether or not (3 < 9. 

Case 2.1: (3 < 8. In this case, we have: 

da{p,q) < \pr\+dG(r,q) 

< \pr\ + t\rq\ (ind. hyp.) 

= N+*M 

By the law of cosines, we have: 

1 
N 2 = \pq\2(2-j-) 

which implies: 

dG{p,q) < \pq\+t\pq\j2-j. 

Therefore, we have to show that: 

1 
t > 

Since (3 < 9, we have cos (3 > cos 9, and then: 

1 
t = 

> 

(l-X)cos9 
1 

( l -A)cos /? 
1 

(1-A)(1/2A) 
2A 

1 - A 

> i iff (A - l )2 > 0 



58 

Case 2.2: 8 > 9. By the law of cosines we have: 

da(p,q) < |pg |+* |pg |V2-2cos0 

which means that 

1 - \ / 2 - 2 c o s 0 

But -—> * > 7T—rl—s since 8 > 9 implies cos# > i . This completes the 
l-\/2-2cos0 — (1—A)cos0 r- jr- 2A c 

last case of the induction step. Note that the resulting ^-spanning paths found in this 

inductive proof are strong since both \pr\ and \rq\ are shorter than \pq\. D 

Notice that the definition of the Ge
x graph extends to Rd for any d > 2. In 

that case, the cone in Definition 4.1 is a d-dimensional cone and the half-plane in 

Definition 4.2 is a d-dimensional half-space. Moreover, the statement and the proof 

of Theorem 4.9 are exactly the same: let P be a set of points in Ed, p and q be 

two points in P. If the edge (p, q) is in Ge
x, then we are done. Otherwise, there is 

a point r G P that is destroying the edge (p,q). Let II be a two-dimensional plane 

that contains p, q and r. The proof of the inductive step of Theorem 4.9 applies in 

II. Therefore, we have the following corollary: 

Corollary 4.10 For 0 < 9 < f, \ < A < 1 and d > 2, the G6
X graph of a set of 

points in M.d is a strong t-spanner, with t = /1_yjcose-

The above proof provides a simple local routing algorithm. A routing algorithm 

is considered local provided that the only information used to make a decision is the 

1-neighborhood of the current node as well as the location of the destination (see [15] 

for a detailed description of the model). The routing algorithm proceeds as follows. 

To find a path from p to q, if the edge (p, q) is in Ge
x(P), then take the edge. If the 

edge (p, q) is not in Ge
x(P), then take an edge (p, r) where r is a destroyer of the 

edge (p, q). Recall that r is a destroyer of the edge (p, q) if r G K(p, q). This can be 

computed solely with the positions of p, q and r. Therefore, determining which of the 

neighbors of p in Ge
x(P) destroyed the edge (p, q) is a local computation. 
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Figure 4.4: The Ge
x graph has bounded out-degree. 

4.3.3 Bounded Out-Degree 

Theorem 4.11 The out-degree of a node in the Ge
x graph defined on points in the 

plane is at most |_27r/ min(#, arccos ^ ) J . 

Proof: Let (p, r) and (p, s) be two edges of the Ge
x graph. Without loss of generality, 

\pr\ < \ps\. Let I be the line perpendicular to pf through p + ^ ( r — p). Then either 

Zspr > 9 or s lies on the same side of I as p. In the latter case, the angle Zspr is 

at least arccos ^ (see Figure 4.4). The angle /.spr is then at least min(0, arccos ^ ) , 

which means that p has at most [2-K/ min(0, arccos ^ ) J outgoing edges. • 

Corollary 4.12 If 8 > ir/3 and X > 2 c o s I / 7 ^ then the out-degree of a node in the 

Ge
x graph defined on points in the plane is at most six. 

In higher dimensions, the statement of Theorem 4.11 also holds, except that the 

expression for the bounded degree depends not only on A and 9, but also on the di

mension. The key observation that has to be made is that the angle between two edges 

that are outgoing from a same point still form an angle of at least min(0, arccos ^ ) . 

Therefore, Theorem 4.13 provides an upper bound on the out-degree of a node in the 

Ge
x graph defined on points in Rd. 
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Figure 4.5: Counter-example to the proof of Theorem 2 of [20]. 

Theorem 4.13 4 Let d>2 be an integer constant, let <f> be a real number such that 

0 < <j) < -K, and let P be a set of points in M.d \ {0}, such that angle(g, r) > 4> for any 

two distinct points q and r in P. The size of P is 0 ( l / 0 d _ 1 ) . 

Corollary 4.14 The out-degree of a node in the G°x graph defined on points in M.d is 

at most 0(l/(j)d~l), where <f> — min(#, arccos ^ ) . 

4.4 Half-Space Proximal 

In this section, we review inconsistencies within statements of the proof of the upper 

and lower bounds of HSP given in Chavez et al. [20]. 

In the proof of the upper bound (Theorem 2 of Chavez et al. [20]), claim 4 states 

that in HSP, for every pair of nodes u and v, if (u, v) is not an edge of HSP and no 

neighbor of u is adjacent to v, then there is a path u = u0, «i, «2 , . . . , v>k+i = v such 

that for every i, 0 < i < k — 1, the nodes are either in clockwise or anticlockwise 

order around v. However, as stated, this is not true. A counter-example to this claim 

is shown in Figure 4.5. There is a unique path from u to v, namely uuiU2v, but 

this path is neither clockwise nor counter-clockwise around v. We believe that this 

situation may exist in the worst case. However, a characterization of the worst case 

situation must be given and it must be proven that the worst case situation has the 

claimed property. 

Another property to note is that the shortest path between two points in HSP 

is not necessarily a strong path. Figure 4.6 shows an example where the shortest 

path from pi to p2 (depicted in bold) is not strong since it contains the edge (P6P2), 

which is longer than \pip2\- Also, this path is not monotone in the direction p~ip~2. 

Furthermore, the unique path from p\ to p2 that is getting closer to p2 in each step 
4Theorem 5.3.1 of [65], where 0 is the origin and angle(g,r) is the angle between q and r with 

the origin as apex. 

file:///pip2/-
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Pu 

Pl2 Pll 

Figure 4.6: The shortest path from pi to p2 is not strong (the HSP for these points 
consists of the solid and the dashed edges). 

(depicted in dashed line segments) has spanning ratio of at least 4.5. The HSP for 

these points consists of the solid and the dashed edges. Even though Chavez et al. do 

not state how to locally find a strong spanning path, Figure 4.6 shows the difficulty of 

this problem when using HSP. The precise location of each point is given in Table 4.4. 

For the lower bound, the authors also claim that the spanning ratio of HSP can 

be arbitrarily close to 2n + 1. However, the proof they provide to support that claim 

is a construction depicted in Figure 4.7 (reproduced from [20]). The solid edges are 

point 

Pi 
V2 
Pz 
PA 

Pb 
Pe 
P7 

x-Coor. 

333 
804 
371 
360 
291 
312 
311 

y-Coor. 

435 
432 
579 
275 
423 
376 
280 

point 

Ps 
P9 
Pio 
Pu 
Pu 
Pl3 
Pu 

x-Coor. 

297 
413 
351 
407 
370 
431 
415 

y-Coor. 

569 
206 
209 
630 
627 
193 
191 

Table 4.1: Precise location of the points in Figure 4.6. 
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Figure 4.7: The illustration of the lower bound on the spanning ratio of [20]. 

in HSP, and the dashed edges are not in HSP. The claim is that the path from u 

to v can have length arbitrarily close to (27r + l)|m;|. Although this may be true 

for the path that they highlight, this path is not the only path from u to v in HSP. 

The authors neglected the presence of the edge (uiUk) in their construction, which 

provides a shortcut that makes the distance between u and v much less than 2\uv\. 

For a lower bound, every path from u to v must have length at least (2ir + 1)|MU|. 

One of the main reasons we believe the claims made in Chavez et al. [20] may be 

true is that in the simulations, all the graphs have small spanning ratio. In fact, the 

spanning ratio seems to be even smaller than 2TT + 1. However, at this point, no proof 

that HSP is a constant spanner is known. We provide a lower bound of 3 — e on the 

spanning ratio of HSP as depicted in the construction below. 

Proposition 4.15 For every e > 0, the HSP graph has spanning ratio at least 3 — e. 

Proof: Consider the set of 6 points as in Figure 4.8, put 5 = e/6. The length of the 

path between p and q via a and b is equal to the length of the path between p and 

q via c and d. The length of both of these paths is 3 — 65. Since the shortest path 

between p and q in the HSP graph is one of the above paths, the spanning ratio is 

3 - 65 = 3 - e. • 
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1 - 2 5 

Figure 4.8: Example of a 6 nodes HSP with a spanning ratio of 3 — e. The solid edges 
are in HSP. 

4.5 Unit Disk Graph Spanners 

In Section 4.3, we showed that the Ge
x graph of a set of points in the plane is a strong 

t-spanner of the complete graph of these points, for a constant t = (1-A)cose- We 

show in this section that strong i-spanners are also spanners of the unit disk graph. 

That is, the length of the shortest path between a pair of points in the graph resulting 

from the intersection of a strong t-spanner with the unit disk graph is not more than 

t times the length of the shortest path in the unit disk graph. Before proceeding, we 

need to introduce some notation. 

For simplicity of exposition, we assume that given a set P of points in the plane, 

no two pairs of points are at equal distance from each other. The complete geometric 

graph defined on a set P of points, denoted C(P), is the graph whose node set is P 

and whose edge set is P x P, with each edge having its weight equal to the Euclidian 

distance between its nodes. Let e\,..., etn\ be the edges of C(P) sorted according to 

their lengths L i , . . . , Lrn\. For % = 1 . . . (2), we denote by Ci(P) the geometric graph 

consisting of all edges whose length is no more than Lj. In general, for any graph G 

whose node set is V, we define Gi as G n Ci(V). Let UDG(P) be the unit disk graph 

of P, which is the graph whose node set is P and with edges between pairs of nodes 

whose distance is not more than one. Note that UDG(P) = Ci{P) for some i. We 

now show the relationship between strong t-spanners and unit disk graphs. 

Proposition 4.16 If S is a strong t-spanner of C(P), then for all i = 1 . . . Q) and 
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all j = 1...%, Si contains a t-spanning path linking the nodes of ej — (pjqj). 

Proof: Consider a strong t-spanner path in S between Pj and qj. Each edge on this 

path has length at most \pjqj\ = Lj < Lj. Therefore, each edge is in S*. O 

Proposition 4.17 If S is a strong t-spanner of C(P), then for all i = 1 . . . ("), Si 

is a t-spanner ofCi(P). 

Proof: Let a and b be any two points such that dci(p)(a,b) is finite. We need 

to show that in Si there exists a path whose length is at most t • dci(p)((i,b). Let 
a = ViiVii • • • iPk — b be a shortest path in Ci(P) between a and b. Hence: 

fc-i 

dci(P){a,b) = J2\pjpj+1\ 
3=1 

Now, by Proposition 4.16, for each edge (pj,pj+i) there is a path in Si between pj 

and pj+i whose length is at most t • \pjPj+i\. Therefore: 

fe-i fc-i 

dSi{P)(a,b) <J2f' \PiP3+i\ = fYl \PJPJ+I\ = * - dCi(P)(a,b) 
3=1 3=1 

which means that in Si, there exists a path whose length is at most t • dct(p)(a, b). • 

Corollary 4.18 If S is a strong t-spanner of C(P), then S D UDG(P) is a strong 

t-spanner of\JDG(P). 

Proof: Just notice that UDG = Cj for some i and the result follows from Proposi

tion 4.17. • 

Thus, we showed sufficient conditions for a graph to be a spanner of the unit disk 

graph. We now show that these conditions are also necessary. 

Proposition 4.19 If S is a subgraph ofC(P) such that for all i = 1 . . . (2), Si is a 

t-spanner of Ci(P), then S is a strong t-spanner of C(P). 
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Figure 4.9: The 0-graph is not a strong t-spanner. 

Proof: Let a, b be any pair of points chosen in P. We have to show that in S, there 

is a path between a and b such that: 

1. its length is at most t • \ab\ and 

2. every edge on the path has length at most \ab\. 

Let ej = (a, b). We know that Si is a ^-spanner of Ci(P). Since Cj(F) contains e,, 

rfc.(p)(a, 6) = |a6|. Hence, there is a path in Si (and therefore in 5) whose length is 

at most t • dci(p)(a,b) = t\ab\. Also, since it is in Si, all of its edges have length at 

most Li = \ab\. • 

The two last results, together, allow us to determine whether or not given families 

of geometric graphs are also spanners of the unit disk graph. First, since the Ge
x 

graph is a strong t-spanner, we already know that it is also a spanner of the unit disk 

graph. Second, Bose et al. [14] showed that the Yao graph [91] and the Delaunay 

triangulation are strong t-spanners. Therefore, these graphs are also spanners of the 

unit disk graph. Third, the 0-graph [48] is not always a spanner of the unit disk 

graph. The reason for that is that in a cone, the edge you chose may not be the 

shortest edge. Hence, the path from a point p to a point q may contain edges whose 

length is greater than \pq\ (see Figure 4.9). Using Proposition 4.19, we thus know 

that the intersection of the #-graph with the unit disk graph may not be a spanner of 

the unit disk graph. Indeed, the intersection of the #-graph with the unit disk graph 

may not even be connected. 
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In Section 4.3, we provided worst-case analysis of the spanning ratio of the Ge
x graph. 

Using simulation, we now provide estimates of the average spanning ratio of the Ge
x 

graph. Using a uniform distribution, we generated 200 sets of 200 points each and 

computed the spanning ratio for A ranging from 0.5 to 1 and 9 ranging from 5° to 

90° (for 9 = 0°, the spanning ratio is exactly 1). For each graph, we then computed 

the spanning ratio and the local routing ratio. The spanning ratio is defined as the 

maximum, over all pair of points (p, q), of the length of the shortest path from p to q 

in the Ge
x graph divided by \pq\. The local routing ratio is defined as the maximum, 

over all pair of points (p, q), of the length of the path produced by using a local 

routing strategy in the Ge
x graph divided by \pq\. The local routing strategy we used 

is the following: at each step, send the message to the neighbor that destroyed q. We 

also tried the strategy that consists in choosing the neighbor that is the nearest to q, 

and the results we obtained were the same. 

Figure 4.10 and Table 4.2 show the results we obtained for the spanning ratio. 

Figure 4.11 and Table 4.3 show the results we obtained for the local routing ratio. 

For the spanning ratio, the 95% confidence interval for these values is ±0.0319. For 

the local routing ratio, the 95% confidence interval is ±0.0735. 

One interesting conclusion we can draw from these results is that for the spanning 

ratio, 9 has a more decisive influence than A. Figure 4.12 shows the simulation results 

for the cases where A = 0.75. We see that even though both ratios generally increase 

when 6 increases, the spanning ratio varies between 1.07 and 2.21 (107% variation), 

while the local routing ratio only varies between 2.33 and 2.77 (19% variation). For 

the local routing ratio, it is the other way around. It is A that has a more decisive 

influence. Figure 4.13 shows the influence of A when 9 = 45°. In that case, the local 

routing ratio varies between 1.72 and 4.55 (165% variation), while the spanning ratio 

only varies between 1.52 and 1.81 (19% variation). 
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4.7 Conclusion 

While trying to find a valid proof for the spanning ratio of the Half-Space Proximal 

graph, we found a new family of parametric strong spanners that admit a local routing 

strategy. To prove that the Half-Space Proximal graph has a constant spanning ratio 

is still an open problem. 
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Figure 4.10: Spanning Ratio for A = 0.5 to 1 and 9 = 5° to 90c 

e\x 
5 
10 
15 
20 
25 
30 
35 
40 
45 
50 
55 
60 
65 
70 
75 
80 
85 
90 

0.5 
1.07 
1.14 

1.20 

1.26 
1.31 
1.36 
1.41 

1.46 
1.52 
1.56 

1.59 
1.61 
1.65 
1.66 
1.66 
1.67 

1.66 
1.67 

0.55 

1.07 
1.15 

1.23 
1.31 

1.40 
1.45 
1.50 
1.57 
1.60 
1.65 
1.69 
1.72 

1.75 
1.77 
1.77 
1.79 
1.78 
1.78 

0.60 

1.07 
1.15 

1.23 

1.31 
1.40 
1.49 
1.58 
1.64 

1.71 
1.75 

1.80 
1.83 
1.86 
1.88 
1.88 
1.88 

1.89 
1.89 

0.65 

1.07 
1.15 

1.23 

1.31 
1.39 
1.48 
1.58 
1.69 
1.78 
1.82 

1.89 
1.94 
1.95 

1.99 
2.00 
1.99 
2.00 
2.00 

0.70 

1.07 
1.15 

1.23 

1.31 
1.40 
1.48 
1.58 
1.69 
1.81 
1.90 

1.96 
2.05 
2.05 
2.09 
2.09 
2.10 

2.10 
2.09 

0.75 

1.07 
1.15 

1.23 

1.31 
1.40 
1.48 
1.58 
1.70 
1.81 
1.94 
2.02 

2.10 
2.14 

2.16 
2.18 
2.20 
2.19 
2.21 

0.80 

1.07 
1.15 

1.23 

1.31 
1.39 
1.48 
1.59 
1.71 
1.81 
1.95 
2.06 
2.15 
2.20 
2.24 
2.26 
2.27 

2.27 
2.26 

0.85 

1.07 
1.15 

1.23 

1.31 
1.40 
1.48 
1.58 
1.70 
1.81 
1.95 
2.11 
2.21 

2.28 
2.29 
2.34 
2.36 
2.35 

2.33 

0.90 

1.07 
1.15 
1.23 

1.31 
1.40 
1.48 
1.58 
1.70 
1.80 
1.95 
2.10 
2.22 

2.31 
2.36 
2.39 
2.42 

2.42 
2.41 

0.95 

1.07 
1.15 
1.23 

1.31 
1.39 

1.48 
1.58 
1.68 
1.81 
1.94 

2.09 
2.25 
2.34 
2.42 
2.45 
2.47 

2.47 
2.46 

1 
1.07 
1.15 

1.23 

1.31 
1.39 

1.48 
1.59 
1.69 
1.81 
1.95 
2.09 

2.25 
2.39 

2.46 
2.50 
2.52 

2.51 
2.54 

Table 4.2: Spanning Ratio for A = 0.5 to 1 and 9 = 5° to 90°. 



Figure 4.11: Local Routing Ratio for A = 0.5 to 1 and 9 = 5° to 90°. 

e\x 
5 
10 
15 
20 
25 
30 
35 
40 
45 
50 
55 
60 
65 
70 
75 
80 
85 
90 

0.5 
1.08 
1.15 
1.23 
1.31 

1.39 
1.48 
1.56 
1.64 
1.72 

1.81 
1.90 

1.99 
2.08 

2.15 
2.18 
2.20 
2.22 
2.21 

0.55 

1.22 

1.27 
1.35 

1.43 

1.51 
1.59 
1.68 
1.76 
1.84 
1.92 

2.01 
2.10 
2.18 

2.23 
2.26 
2.28 
2.27 
2.27 

0.60 

1.41 

1.45 
1.51 
1.59 

1.66 
1.74 
1.82 
1.90 
1.99 
2.07 
2.17 

2.23 
2.29 

2.33 
2.34 

2.36 
2.36 
2.34 

0.65 

1.65 
1.70 
1.75 

1.81 
1.87 
1.92 

2.00 
2.08 
2.15 
2.25 

2.33 
2.37 
2.44 

2.45 
2.46 
2.44 
2.47 
2.45 

0.70 

1.97 
2.01 
2.04 

2.07 
2.12 

2.17 
2.23 
2.29 

2.37 
2.45 
2.51 

2.55 
2.58 

2.60 
2.60 
2.58 
2.58 
2.57 

0.75 

2.33 
2.36 
2.38 
2.40 

2.43 
2.48 
2.50 
2.56 
2.61 
2.66 
2.73 

2.77 
2.77 

2.77 
2.75 
2.74 

2.70 
2.72 

0.80 

2.72 

2.76 
2.76 

2.77 
2.79 
2.80 
2.83 
2.87 
2.92 
2.95 

2.98 

3.00 
3.01 

3.00 
2.94 

2.91 
2.87 
2.88 

0.85 

3.17 
3.21 
3.21 
3.21 

3.17 
3.21 

3.23 
3.23 
3.24 
3.30 
3.31 

3.31 
3.28 

3.26 
3.19 
3.13 
3.05 
3.05 

0.90 

3.68 
3.70 
3.72 

3.67 
3.65 
3.63 
3.60 
3.65 
3.69 
3.67 

3.66 

3.65 
3.61 

3.59 
3.46 
3.37 
3.32 
3.22 

0.95 

4.22 

4.23 
4.27 
4.22 

4.13 
4.19 
4.14 
4.07 
4.06 
4.10 

4.08 
4.03 

3.96 
3.92 
3.80 
3.67 
3.55 
3.47 

1 
4.92 

4.90 
4.90 
4.84 

4.73 
4.66 
4.60 
4.58 
4.55 
4.58 
4.50 

4.45 
4.40 

4.31 
4.24 

4.08 
3.87 
3.76 

Table 4.3: Local Routing Ratio for A = 0.5 to 1 and 9 = 5° to 90°. 
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Chapter 5 

Geometric Spanners With Small Chromatic Number 

5.1 Introduction 

In a recent paper, Raman and Chebrolu [74] proposed a new protocol, called 2P, al

lowing to address rural Internet connectivity in a low-cost manner using off-the-shelf 

802.11 hardware. Since their infrastructure uses several directional antennae at one 

node rather than one single omnidirectional antenna, simultaneous communications 

are possible at one node. However, due to restrictions inherent in the 802.11 stan

dard, backbone nodes have to communicate with each other using a single channel. 

While simultaneous transmissions and simultaneous receptions are possible, it is not 

physically possible for one node to both transmit and receive at the same time [74]. 

Therefore, backbone nodes have to alternate between the send and receive states (see 

Figure 5.1). This forces the backbone to be a bipartite graph, i.e., to have chromatic 

number two. 

The backbone creation algorithm of Raman and Chebrolu [74] outputs a tree, 

which is obviously bipartite. However, the tree structure presents the following dis

advantage: it is possible that the path that a message has to follow is much longer 

than the distance (either Euclidean or in terms of hops) between the originating node 

and its destination. For example, in Figure 5.1, a message routed from node 1 to 

node 3 has to go through nodes 2 and 4, whereas a direct link between 1 and 3 could 

be added while still satisfying the bipartition requirement. 

Note that the physical constraint preventing nodes to simultaneously receive and 

transmit can be met even if the graph is not bipartite. In fact, any graph with 

chromatic number k would meet this requirement: all one has to do is to prevent two 

nodes that have different colors from transmitting simultaneously. A degenerate case 

is when each node has its own color, in which case at most one node can transmit 

at any given moment. This is undesirable, since the amount of time during which a 

71 
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s: send 
r: receive 
• client nodes 

(_) backbone nodes 

Figure 5.1: The two possible states of the backbone nodes. 

node can transmit decreases as the size of the network increases. 

For these reasons, it is desirable to have geometric graphs that have both small 

chromatic number and small spanning ratio. In this chapter, we consider the problem 

of computing t-spanners whose chromatic number is at most k, for some given value 

of k. The goal is to minimize the value of t over all finite sets P of points in the plane. 

We call a spanner whose chromatic number is at most k a k- chromatic spanner. 

Problem 5.1 Given an integer k > 2, let t(k) be the infimum of all real numbers 

t with the property that for every finite set P of points in the plane, a k-chromatic 

t-spanner for P exists. Determine the value oft(k). 

Observe that in the definition of t(k), there is no requirement on the number 

of edges of the chromatic spanner. This is not a restriction, because, as shown by 

Gudmundsson et al. [39], any i-spanner for P contains a subgraph with 0(n) edges 

which is a ((1 + e)t)-spanner for P. 

We show how to obtain a 2-chromatic 3-spanner for any point set P, thus showing 

that i(2) < 3. We also give an example of a point set P such that any 2-chromatic 

graph with vertex set P has spanning ratio at least three. Thus, we have t(2) = 3. 

Next, we show how to compute a 3-chromatic 2-spanner of any point set P, thereby 

proving that i(3) < 2. We also show, by means of an example, that t(3) > 2. Thus, 

we obtain that t(3) = 2. For k = 4, we show how to compute a 4-chromatic y/2-

spanner of any point set P; thus t(4) < \/2. Again by means of an example, we also 
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number of colors 
k 
2 
3 
4 
k 

t(k) (off-line) 
lower bound 

3 
2 

V2 
1 /cos^ j 

upper bound 
3 
2 

V2 
l + 2 s i n 2 ( ^ 

f(fc) (on-line) 
lower bound 

3 
1 + V3 
1 + V2 
1/cosf 

upper bound 
3 

1 + V3 
l + \/2 

1 + 2 sin f 

Table 5.1: Summary of our results. 

show that t(4) > y/2. Therefore, we have i(4) = \/2. 

For k > 4, we are not able to obtain the exact value of t(k). Inspired by the 

ordered Q-graph of Bose et al. [15], we show that t(k) < 1 + 2sin 2{k-\)' We also show 

that the vertex set of the regular (k + l)-gon gives t(k) > 1/cos ^ - . 

In the second part of the chapter, we consider an on-line variant of the problem 

where the points of P are given one after another, and the color of a point must be 

assigned at the moment when the point is given; thus, later on, the color of a point 

cannot be changed. This makes the problem more difficult. Consequently, the bounds 

are higher, but still tight for k = 2,3,4. All our bounds are summarized in Table 5.1. 

Problem 5.2 Given an integer k > 2, let t'(k) be the infimum of all real numbers 

t with the property that for every finite set P of points in the plane, which is given 

on-line, a k-chromatic t-spanner for P exists. Determine the value oft'(k). 

A simple variant of the ordered ©-graph shows that t'(k) < 1 + 2 sin(7r/A;). Thus, 

we have 1/(2) < 3, t'(3) < 1 + \/3 and t'(4) < 1 + y/2. Since t'(2) > t(2) = 3, it follows 

that t'(2) = 3. We also give examples showing that t'(3) > 1 + V% and t'(4) > 1 + y/2. 

We finally show that, for k > 5, t'{k) > 1/ cos | . 

The rest of this chapter is organized as follows: in Section 5.2, we define the 

^-ellipse property and show its relationship to our problem. In Section 5.3, we give 

upper and lower bounds for the off-line problem (Problem 5.1). In Section 5.4, we give 

give upper and lower bounds for the on-line problem (Problem 5.2). In Section 5.5, we 

present simulation results. We conclude in Section 5.6. In Table 5.1, we summarize 

our results. 



5.2 The t-Ellipse Property 
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In this section, we show that Problem 5.1, i.e., determining the smallest value of t such 

that a fc-chromatic t-spanner exists for any point set P, is equivalent to minimizing 

the value of t such that any point set can be colored using k colors in a way that 

satisfies the so-called t-ellipse property. 

Definition 5.3 (t-ellipse property) Let k > 2 be an integer, let P be a finite set 

of points in the plane and let c : P —» {l,...,k} be a k-coloring of P. We say 

that the coloring c satisfies the t-ellipse property if, for each pair of distinct points 

p and q in P with c(p) = c(q), there exists a point r G P such that c(r) ^ c(p) and 

\pr\ + \rq\ <t\pq\. 

Thus, if p and q have the same color, then the ellipse {x 6 E2 : \px\ + \xq\ < t\pq\} 

contains a point r of P whose color is different from that of p and q. 

Proposition 5.4 Let k > 2, let P be a set of points in the plane, and let G be a 

k-chromatic t-spanner of P with k-coloring c. Then c satisfies the t-ellipse property. 

Proof: Let p, q G P be two points with c(p) = c(q). Since G is a t-spanner, there 

exists a ^-spanning path n in G from p to q. Let r be the point on II that is adjacent 

to p. Since the length of II is at most t\pq\, we note that \pr\ + \rq\ is at most t\pq\. 

Since the edge (p, r) is in G, it follows that c(p) ^ c(r). Therefore, c satisfies the 

t-ellipse property. • 

Proposition 5.5 Let k > 2, let P be a set of points in the plane, and let c : P —> 

{ 1 , . . . , k} be a k-coloring of P that satisfies the t-ellipse property. Then, there exists 

a k-chromatic t-spanner of P. 

Proof: Let KC(P) be the complete fc-partite graph with vertex set P in which there 

is an edge between two points p and q if and only if c(p) ^ c(q). By definition, KC(P) 

is A;-colorable. We show that KC(P) is a t-spanner of P. Let p and q be two distinct 

points of P such that (p, q) is not an edge in KC(P). This means that c(p) — c(q). 
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Since c has the ^-ellipse property, there exists a point r in P such that c(r) ^ c(p) 

and \pr\ + |rg| < t|pg|. Since c{r) ^ c(p) (and consequently, c(r) ^ c(q)), the edges 

(p,r) and (r,g) are both in KC(P). This means that (p,r,q) is a ^-spanner path in 

KC(P) between p and q. • 

From this point on, unless specified otherwise, we define the spanning ratio of a 

A;-coloring of a point set to be the spanning ratio of the complete fc-partite graph 

induced by this coloring. By Propositions 5.4 and 5.5, the problem of determining 

t(k) is equivalent to determining the minimum spanning ratio of any fc-coloring of 

any point set. 

We conclude this section by showing why it is sufficient to focus on the coloring 

problem without worrying about the number of edges in the spanner. The following 

theorem is due to Gudmundsson et al. [39]; its proof is based on the well-separated 

pair decomposition of Callahan and Kosaraju [18]. 

Theorem 5.6 [39] Let e > 0 and t > 1 be constants, let P be a set ofn points in the 

plane, and let G be a t-spanner of P. There exists a subgraph G' of G, such that G' 

is a ((1 + e)t)-spanner of P and G' has 0(n) edges. 

Proposition 5.7 Let k > 2, let P be a set of n points in the plane, and let c : 

P —> { 1 , . . . , k) be a k-coloring of P that satisfies the t-ellipse property. Then, for 

any constant e > 0, there exists a k-chromatic ((1 + e)t)-spanner of P that has 0(n) 

edges. 

Proof: By Proposition 5.5, there exists a Achromatic ^-spanner G of P. By Theo

rem 5.6, G contains a subgraph G' with 0(n) edges, such that G' is a ((l+e)£)-spanner 

of P. Since G is fc-chromatic, G' is ^-chromatic as well. • 

5.3 Upper and lower bounds on t(k) 

The structure of this section is as follows: For k = 2,3, and 4, we give coloring 

algorithms whose outputs have bounded spanning ratio. Then, we show that these 
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spanning ratios are tight by providing point sets for which no coloring algorithm can 

achieve a better spanning ratio. Then we present our upper and lower bounds for 

t(k), when k > 4. 

We now give the coloring algorithm for k = 2. 

Algorithm 5.1: Offline 2 Colors 
Input: P , a set of points in the plane 

Output: c, a 2-coloring of P 

I Compute a Euclidean minimum spanning tree T of P; 

2 c <— a 2-coloring of T; 

Proposition 5.8 For any point set P, the 2-coloring computed by Algorithm 5.1 has 

spanning ratio at most 3. Thus, we have t{2) < 3. 

Proof: It is sufficient to show that the 2-coloring c computed by Algorithm 5.1 has 

the 3-ellipse property. Let p and q be two distinct points in P such that c(p) = c(q). 

Observe that (p, q) is not an edge in the minimum spanning tree T. Let r be the 

nearest neighbor of p. Since the edge (p, r) is in T, we have r ^ q and c(r) ^ c(p). 

Since r is closer to p than q, we have 

\pr\ + \rq\ < \pr\ + \rp\ + \pq\ - 2\pr\ + \pq\ < 2\pq\ + \pq\ - 3|pg|. 

• 

Proposition 5.9 For every e > 0, there exists a point set P such that every 2-

coloring of P has spanning ratio at least 3 — e. Thus, we have t{2) > 3. 

Proof: Let n be an odd integer, and let P — {pi,... ,pn} be the set of vertices 

of a regular n-gon given in counter-clockwise order. Let c be an arbitrary 2-coloring 

of P . By the pigeonhole principle, there are two points in P which are adjacent on 

the n-gon and that have the same color. We may assume without loss of generality 

that these two points are p\ and p2. Also, we may assume that |pip2| = 1 (see Fig

ure 5.2). Let t be any real number such that c satisfies the t-ellipse property. Then 
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Figure 5.2: Lower bound of 3 — e for k = 2. 

IJPIP3I+1 < t. But \p\Pz\ = 2 sin((n—2)n/2n), which tends to 2 as n goes to infinity. • 

We now consider the case when k = 3. Our strategy is to construct a graph such 

that any coloring of that graph has the 2-ellipse property. We then show that this 

graph is 3-colorable. 

Lemma 5.10 The graph G computed by Algorithm 5.2 is triangle-free. 

Proof: Assume that G contains a triangle with vertices p, q, and r. We may 

assume without loss of generality that (p, r) was the last edge of this triangle that 

was considered by the algorithm. This means that (p, r) is the longest edge of the 

triangle. When ej = (p,r) — (pi,qi) in line 4, G already contains the edge (p, q). 

Since \pip\ + \pqi\ = \pp\ + \pr\ < 2\pr\ and \ptq\ + \qqt\ = \pq\ + \qr\ < 2\pr\, the edge 

(p, r) is not added to G. This is a contradiction and, therefore, G is triangle-free. • 

Proposition 5.11 The graph G computed by Algorithm 5.2 is plane. 

Proof: Assume that G contains two crossing edges (p, q) and (s, t). We may assume 

without loss of generality that s = (—1,0), t = (1,0), and the pair (s, t) has a larger 

index than (p, q) after the pairs have been sorted in line 2. Thus, we have \pq\ < \st\. 

When ej = (s,t) = (pi,qi) in line 4, G already contains the edge (p, q). Let E be the 

ellipse whose boundary is determined by the set of points e where \se\ + \et\ = 2\st\ 

file:///p/Pz/
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Algorithm 5.2: Offline 3 Colors 

Input: P, a set of n points in the plane 

Output: c, a 3-coloring of P, and 

G, a 3-chromatic graph whose vertex set is P 

1 Let G be the graph with vertex set P and whose edge set is empty; 

2 Let e i , . . . , e/n\ be the pairs of points of P in sorted order of their distances; 

3 for i = 1 to (2) do 

4 Let a = (Pi,qi); 

5 if G contains no edge {p,q) where \pip\ + \pqi\ < 2\piqi\ and 

\Piq\ + \qq%\ < 2|pift| then 

add the edge e$ to G; 

end 

8 end 

9 //assertion: G is 3-colorable (see Lemma 5.12) ; 

10 c <— a 3-coloring of G; 

£ :={ (x ,y ) : ^ + ^ = l } j 0 y 3 ) (0.V3) 

(-2,0) (2,0) 

(0.-V3) 

Figure 5.3: Proof of Lemma 5.11 

\h=£) 

(2,0) 
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(see Figure 5.3, left). If both p and q are outside E, then \pq\ > \st\ (since we assume 

that (p, q) and (s, t) are crossing). If both p and q are inside E, then it follows from 

step 5 of the algorithm that the edge (s, t) is not added to G. Therefore, exactly one 

point of {p, q} is inside E. 

Without loss of generality, p is inside E, q is outside E, the pair (p, t) has a smaller 

index than the pair (p, s) after the pairs have been sorted in line 2, and p is below 

the x-axis. We show below that the ellipse F whose boundary is the set of points / 

such that \pf\ + \ft\ = 2\pt\ is completely contained inside E. Thus, since E does 

not contain any edge (besides (s,i)), the same is true for F. It follows that the edge 

(p, t) is added to G, thus preventing the insertion of the edge (s, t) because the edge 

(p, t) is easily seen to have smaller index than (s,t). 

It remains to prove that the ellipse F is contained in the ellipse E. The proof 

considers four cases, depending on the location of p (see Figure 5.3, right). 

Case A: [0 < px < 1 and —3/4 < py < 0] We show that for any point e on E, we 

have \pe\ + \et\ > 2\pt\. Note that we only need to check the case when e is below the 

x-axis and either py = —3/4 or px = 0. We consider these two cases separately. 

If py = —3/4, let a = px. In this case, we have 

|pe| + |et |-2|p£| = yj{a - exf + (3/4 + ey)
2 + ^J{ex - If + e*- 2y/(a - l )2 + 9/16. 

Since ey = —y/(l2 — 3e2)/2, the above expression is completely determined by a and 

ex. Elementary algebraic transformations (verified with Maple) show that it always 

evaluates to a positive value when ex varies from -2 to 2 and a varies from 0 to 1. 

If px = 0, let b = py. We have 

\pe\ + \et\ - 2\pt\ = ^el + (b - eyf + ^{ex - If + e2, - 2 V l T ^ . 

As in the previous case, when ex varies from -2 to 2 and b varies from 0 to -3/4, 

elementary algebraic manipulations (which we verified with Maple) show that the 

above expression evaluates to a positive number. 

Case B: [0 < px < 1 and py < —3/4] In this case, we show that \pq\ > \st\. Let a 

be the x-coordinate of p, let p' be the point (a, —3/4), and let q' be the intersection 

of the line I through t and p' with the ellipse E. Since \pq\ > \p'q'\, it is sufficient to 
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show that \p'q'\ > \st\ = 2. The line I is given by the equation 

_ 3(g - 1) 
y-MT^ry 

Since E is given by the equation 3a;2 + Ay2 = 12, the intersection between E and I is 

given by: 

4(1 - a) V + 3(x - l )2 - 16(1 - a)2 = 0. 

For a fixed value of a, let x(a) be the largest root of the above polynomial, and let 

y(a) be the ^/-coordinate of I at x = x(a). Then 

|pV| = y/(x(a) - af + (y(a) + 3/4)*. 

When a varies from 0 to 1, this expression always evaluates to strictly more than 2. 

Case C: \px > 1 and |pt| < 1/2] In this case, the ellipse F is completely contained 

in the circle H centered at t whose radius is 3/2. Since H is contained in E, F is also 

contained in E. 

Case D: \px > 1 and \pt\ > 1/2] We separate this case into two subcases, depend

ing on whether q has a positive or negative x-coordinate. If it is positive, then the 

part of pq that is above the 2>axis has length at least 3/2 and the part of pq that is 

below the x-axis has length more than 1/2, which means that \pq\ > 2 — \st\. If the 

^-coordinate of q is negative but greater than — 1, then the same reasoning applies. 

If the x-coordinate of q is smaller than —1, then the projection of pq on the z-axis is 

larger than 2, which means that \pq\ > 2 = \st\. • 

Lemma 5.12 The graph G computed by Algorithm 5.2 is 3-colorable. 

Proof: By Lemmas 5.10 and Lemma 5.11, G is plane and triangle-free. It is known 

that such a graph is 3-colorable; see [37],[80]. • 

Proposition 5.13 For any point set P, the 3-coloring of P computed by Algorithm 5.2 

has spanning ratio at most 2. Thus, we have t(3) < 2. 
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Proof: It is sufficient to show that the 3-coloring c produced by Algorithm 5.2 has 

the 2-ellipse property. Let p and q be points in P such that c(p) = c(q). Let E be the 

ellipse whose boundary is the set of points e such that \pe\ + \eq\ = 2\pq\. Since (p, q) 

is not an edge in G, G must contain an edge (s, t) whose two endpoints are inside E. 

Since c(s) 7̂  c(t), at least one of s and £ has a different color than p and q. Without 

loss of generality, s is that point. Since s is inside E, we have that |ps|+|sg| < 2|pg|. • 

Figure 5.4: Lower bound of 2 — e for k = 3. 

Proposition 5.14 For every e > 0, there exists a point set P such that every 3-

coloring of P has spanning ratio at least 2 — e. Thus, we have t(3) > 2. 

Proof: Let n be an odd integer, and let P = {pi , . . . ,pn , qi,..., gn} where the p*'s 

are the vertices of a regular n-gon given in counter-clockwise order, and the q^s are 

such that the triangles T* = (qi,Pi,Pi+i) are equilateral with interior lying outside the 

n-gon (indices are taken modulo n); see Figure 5.4. Now consider the set of triangles 

T = {Ti,...,Tn,Ui,...,Un}, where Ui = (gi-i,Pi,g»). A simple parity argument 

shows that, for any 3-coloring of P, there is at least one triangle of T that has two 

vertices u and v that are assigned the same color. If this triangle is a TJ, then the 

spanning ratio between u and v is at least 2. If this triangle is a C/j, then the spanning 

ratio between u and v is at least l/sin((n + 6)n/6n), which tends to 2 as n goes to 

infinity. • 
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Figure 5.5: Upper bound of \f2 for k = A. 

Next, we consider the case when k = 4. For this case, we simply use the Delaunay 

triangulation to find a 4-coloring. We then show that this coloring satisfies the y/2-

ellipse property. 

Algorithm 5.3: Offline 4 Colors 
Input: P, a set of points in the plane 

Output: c, a 4-coloring of P 

I Compute the Delaunay triangulation D of P; 

2 c <— a 4-coloring of D; 

Proposition 5.15 For any point set P, the 4-coloring of P computed by Algorithm 5.3 

has spanning ratio at most \ /2. Thus, we have t(4) < \ /2. 

Proof: It is sufficient to show that the coloring c computed by Algorithm 5.3 has 

the \/2-ellipse property. Let p and q be points of P such that c(p) = c(q). Since 

(p, q) is not an edge in the Delaunay triangulation, the circle C whose diameter is pq 

contains at least one point of P. For a point r inside C, let D(r) be the circle through 

p and r whose center is on pq (see Figure 5.5). Let r0 be the point inside C such that 

D(r0) has minimum diameter. Then, D(r0) is an empty circle with p and r0 on its 

boundary, which means that (p, ro) is a Delaunay edge. Therefore, c(ro) ^ c(p), and 

since r0 is inside C, we have |pr0| + \r0q\ < y/2\pq\. D 

Proposition 5.16 For every e > 0, there exists a point set P such that every 4-

coloring of P has spanning ratio at least y/2 — e. Thus, we have t{A) > y/2. 
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v 

Figure 5.6: Lower bound of y/2 — e for k = 4. 

Proof: Let n be an odd integer, and let P = {pi,... ,pn, q\,..., qn}, where the 

Pi's are the vertices of a regular n-gon, the q^s are the vertices of a larger regular 

n-gon with the same center, and \qiPi\ — \piP%+i\ for all i; refer to Figure 5.6. Let 

Qi be the quadrilateral (pi,j?j+i,gi+i,<fc)- A simple parity argument shows that for 

any 4-coloring of P, there is at least one Qi that has two vertices u and v that 

are assigned the same color. The spanning ratio between u and v is then at least 

1/ sin((n + 2)7r/4n), which tends to A/2 when n goes to infinity. • 

Our general algorithm for values k > 4 uses ideas from the ordered O-graph of 

Bose et al. [15]. We take advantage of the fact that we are in an off-line context, so 

that we can sort the points according to their ^-coordinates. We process the points 

one by one from the lowest to the highest, splitting the half-plane below the current 

point p being processed into k — l cones of angle 7r/(fc — 1) and having their apex at p. 

For each such cone Cj, we take the point Tj in Cj that is closest to p. Then we assign 

p a color that has not been assigned to any of the r / s . The fact that this algorithm 

uses at most k colors is straightforward, since there are at most k — l such r,-. 

Proposition 5.17 For k > 4, we have t(k) < 1 + 2sin(7r/(2A; - 2)). 

Proof: Let p and q be points of P such that c(p) — c(q). We may assume without 

loss of generality that qy < py. Let c be the cone with apex at p that contains q in 
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Algorithm 5.4: Offline k Colors 
Input: P, a set of points in the plane 

Output: c, a A;-coloring of P 

1 Let pi,...,pn be the points of P sorted in non-decreasing order of 

^-coordinates; 

2 for i = 1 to n do 

partition the half-plane below pi into fc — 1 cones of angle 9 = it/(k — 1) 

and apex pf, 

for each cone c,-, let rj be the point in c,- that is closest to p{; 

c(pi) <- min{Z > 0 : Vr ,̂ c(r i) ^ i}; 

end 

Figure 5.7: Upper bound of 1 + 2sin(7r/(2A; - 2)) for k > 4. 

line 4 of Algorithm 5.4, let r be the nearest neighbor of p in c, let r' be the intersection 

between the ray emanating from p through r and the circle centered at p with radius 

\pq\, and let a = Z.rpq (see Figure 5.7). Then, 

\pr\-\-\rq\ < \pr\ + \rr'\ + \r'q\ = |pg| + |r'g| = |pg|+2sin-|pg| < (l+2sin _ )\pq\. 

It follows that the coloring computed by Algorithm 5.4 has the (1 + 2 sin(7r/(2A; — 2))-

ellipse property. The result follows from the fact that c(r) ^ c(p) and that Algo

rithm 5.4 uses at most k colors. • 

Lemma 5.18 Let p, q, r be three distinct vertices of a regular (k + l)-gon. Then the 

ratio (\pr\ + \rq\)/\pq\ is at least l / c o s ( ^ - ) and this value is achieved when p, r, and 

q are consecutive vertices. 

file:///pr/-/-/rq/
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} Pi+1 

\ - ' 

Figure 5.8: Illustration of the proof of Lemma 5.18. 

Proof: For fixed p and q, the ratio (\pr\ + |rg|)/|pg| is minimized when r is adjacent 

to either p or q. In that case, the angle a = Zqpr — ir/(k + 1). We show that for a 

fixed point p and three consecutive vertices pj_i,Pi and pi+\ of the regular (k + l)-gon 

such that \ppi-i\ < \ppi\ < \ppi+i\ (see Figure 5.8) the ratio (|pPi-i| + \Pi-iPi\)/\pPi\ 

is smaller than (\ppi\ + \PiPi+i\)/\pPi+i\ and the result follows. 

Without loss of generality, Pi-i,Pi and pi+\ are in clockwise order. Let p-_x and p\ 

be the rotation of p,_i and pi around p by a clockwise angle of a. Also, let p* be the 

intersection of ppi with the parallel line to PiPi+i through p\. Triangle pp\p\ is similar 

to triangle ppipi+i. Therefore, 

(\pPi\ + \PiPi+i\)/\PPi+i\ = (\PP*\ + \P*p'i\)/\PP'i\ 

= (Wi-il + lPi-iPil + lpMD/Wil 

> (\pp'i-i\ + Wi-M/\pPi\ 

= (\m-i\ + \Pi-iPi\)/\ppil 

Therefore, the ratio (|pPi-i| + |pj-iPi|)/|pPi| is minimized whenpj_! is adjacent top. D 

Proposition 5.19 For k > 4, we have t(k) > l / c o s ( ^ - ) . 

Proof: Let P = {p\,... ,Pk+i} be the vertex set of a regular (k + l)-gon. By 

Lemma 5.18, for any three distinct points p, q, and r in P, the ratio (\pr\ + \rq\)/\pq\ 
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is at least l / c o s ( ^ ) and this value is achieved when p, r, and q are consecutive 

vertices. 

By the pigeonhole principle, any A;-coloring of P has to assign the same color to 

at least two points, say p and q. By the argument above, the spanning ratio between 

p and q is at least l / c o s ( ^ - ) . • 

The constructions we showed in this section use a quadratic number of edges 

since we consider the complete A;-partite graph induced by the coloring of the points. 

To reduce this to a linear number of edges we apply Proposition 5.7, which slightly 

increases the spanning ratio, giving us the following: 

Theorem 5.20 The following are true: 

1. For any point set P in the plane, the complete k-partite graph induced by the 

k-coloring of P computed by the above algorithms has a spanning ratio at most 

3, 2, y/2, and 1 + 2 sin 2(k+i) for k = 2, k = 3, k = A, k > A, respectively. 

2. For any e > 0, there exist point sets such that no coloring algorithm can compute 

a k-coloring that has the t-ellipse property for t smaller than 3 — e, 2 — e, \J2 — e, 

and 1/ cos -^ for k = 2, k = 3, k — A, k> A, respectively. 

3. Thus, we have t(2) = 3, t(3) = 2, t(A) = y/2, and 1 + 2 sin ^-^ > t(k) > 

1/ cos ^ for k > A. 

4- It is possible to obtain a ((1 + e)t(k))-spanner that has 0(\P\) edges, from the 

coloring computed by the above algorithms. 

5.4 Upper and lower bounds on t'(k) 

Recall that in the on-line setting, the algorithm receives the points of P one at a time 

and assigns a color to a point as soon as it receives it. It cannot change the color of a 

point after this assignment. Naturally, this setting is more difficult which is reflected 

by higher bounds for t'(3) and t'(A). However, we are still able to give the exact 

value of t'(k) for k = 2,3,4 and provide upper and lower bounds when k > A. In the 
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online setting, we actually provide a general algorithm that is the same for all values 

of k > 2. Although it is similar to Algorithm 5.4, there are at least two important 

differences. First, since we are in an on-line setting, we cannot process the points 

in the order of their ^/-coordinates. Therefore, we have to use cones with an angle 

greater than n/(k — 1). If we choose the cones a priori as we do in Algorithm 5.4, 

we obtain cones whose angle is 2ir/(k — 1). However, by aligning the cones' bisectors 

on the points that are chosen to be neighbors, we can get a slightly better spanning 

ratio, since in this case, the angle is reduced to 2ir/k. 

Algorithm 5.5: Online k Colors 
Input: P, an arbitrarily ordered list of points in the plane 

Output: c, a fc-coloring of P 

l Let pi,... ,pn be the points of P in the given order; 

2 for i = l to n do 

3 

4 

5 

6 

7 

8 

9 

10 

11 

12 

13 

14 

15 

Pi < - { P I , . . . , P » - I } ; 

3 * - 0 ; 

while Pi ± 0 do 

j ' ^ j ' + i; 

Tj <— a nearest neighbor of Pi in Pf, 

Pi^Pi\{rj}; 

for each q € Pi do 

if Z.qpiTj < 2ir/k then 

Pi<-Pt\ to; 
end 

end 

end 

c (Pi) <- min-{7 > 0 | VVj, c(rj) ^ I}; 

16 end 

Proposition 5.21 For k > 2, Algorithm 5.5 computes a k-coloring that has the 

t-ellipse property for t = 1 + 2sin(7r/fc). Thus, we have t'(k) < 1 + 2sin(7r/A;). 
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Pi Ph P3 P9 P2 
(c) 

Figure 5.9: Online lower bound of 1 + y/?> for k = 3. 

Proof: Algorithm 5.5 produces a A;-coloring, because each pi selects at most k — 1 

points Tj. If there were more than k — 1 such points, then two of them would form 

an angle of 2ir/k or less around pi. However, this situation cannot occur because 

of lines 10 and 11. The proof on the spanning ratio is identical to the one given in 

Lemma 5.17. • ' 

Corollary 5.22 We have t'(2) < 3, t'{3) < 1 + \/3 and f(4) < 1 + y/2. 

Since an off-line lower bound also provides an on-line lower bound, we have t'{2) > 

t(2) = 3. It follows that t'(2) = 3. We now prove that Algorithm 5.5 is also optimal 

for k = 3 and 4. 

Proposition 5.23 Let A be an arbitrary on-line coloring algorithm that guarantees 

a 3-coloring that has the t-ellipse property. Then its spanning ratio, t, is at least 

1 + V3. 
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Pa = (0,2). P4 = (2,2) 

Pa = (0,0) Pa = (2,0) pa = (4,0) 

Figure 5.10: Online lower bound of 1 + \/2 for k = 4. 

Proof: The proof is by an adversarial argument, where the adversary forces a 

spanning ratio of at least 1 + \/2>. The main objective of the adversary is to force 

A to assign different colors to the vertices of an equilateral triangle. Then, the next 

point is placed in the center of this triangle (see Figure 5.9(a)). This results in a 

spanning ratio of 1 + \/3. 

Consider Figure 5.9(b), where the points are numbered by the order of insertion. 

Up to symmetry, there is only one way to assign colors to points p\ to pe such that 

t < 1 + \/3 (e.g., c(pi) = red,c(p2) = blue,c(p3) = red,c{pA) = green,c(p5) = 

green, C(PQ) = green). The key property is that the points P4,p$ and p6 must be 

assigned the same color that is different from the colors assigned to the first three 

points. If any of these conditions is violated, then the spanning ratio is at least 1 + V3. 

Next, consider Figure 5.9(c), where the point set of Figure 5.9(b) is reproduced 

twice. Consider triangles A(p3,p5,p7), A(p3 ,p9 ,pn) and A(p3,p7,pu) after the in

sertion of P H . At least one of these triangles has to be assigned three different colors, 

otherwise, the spanning ratio would already be 1 + \ / 3 . Assume w.l.o.g. that triangle 

A(p3,p7,pu) is assigned three different colors then by the insertion of point P12 in 

the center of the triangle, we force a spanning ratio of 1 + \/3> as required. D 

Proposition 5.24 Let A be an arbitrary on-line coloring algorithm that guarantees 

a 4-coloring that has the t-ellipse property. Then the spanning ratio, t is at least 

1 + V2. 



90 

Proof: Consider the point set depicted in Figure 5.10. A must assign different col

ors to P3,P4,p$ and p6, otherwise the spanning ratio is already greater than 1 + \/2. 

Upon introduction of p-j, A must assign it the same color as one of P3,P4,ps or p$. 

The spanning ratio between pi and that point is 1 + \[2. • 

Proposition 5.25 Let A be an arbitrary on-line coloring algorithm that guarantees 

a k-coloring that has the t-ellipse property. Then the spanning ratio, t, is at least 

l/cos(f). 

Proof: Let P = {pi , . . . ,pfc, q}, where the p,' are the vertices of a regular A;-gon K 

and q is the center of the circumcircle of K. If, after processing pi to pk, A assigned 

the same color to two points, then as in Lemma 5.19, the spanning ratio is at least 

l / cos ( | ) . Otherwise, all pi are assigned different colors. When q is introduced, the 

color A assigns to it has already been assigned to some other point p. In that case, 

the spanning ratio for the edge (q,p) is 1 + 4sin(7r/2A;) > l / cos ( | ) . • 

The constructions we showed in this section use a quadratic number of edges 

since we consider the complete A;-partite graph induced by the coloring of the points. 

To reduce this to a linear number of edges we apply Proposition 5.7, which slightly 

increases the spanning ratio, giving us the following: 

Theorem 5.26 The following are true: 

1. For any sequence P of points in the plane, the complete k-partite graph induced 

by the on-line k-coloring of P computed by the above algorithms has a spanning 

ratio at most 3, 1 + \/3, 1 + y/2, and 1 + 2 sin | for k = 2, k — 3, k = A, k > A, 

respectively. 

2. For any e > 0, there exist point sets such that no on-line coloring algorithm can 

compute an on-line k-coloring that has the t-ellipse property for t smaller than 

3 - e, 1 + A/3 - e, 1 + \/2 - e, and 1/ cos f for k = 2, k = 3, k = 4, k > A, 

respectively. 
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3. Thus, we have t'(2) = 3, f(3) = 1 + \ / 3 , t'{A) = 1 + y/2, and 1 + 2sinf > 

£'(&) > 1/ cos I fork > 4. 

^. /£ is possible to obtain a ((1 + e)t'(k))-spanner that has 0(\P\) edges, from the 

coloring computed by the above algorithms. 

5.5 Simulation Results 

Using simulation, we now provide estimates of the average spanning ratio of the 

colorings produced by Algorithm 5.4 and Algorithm 5.5. Using a uniform distribution, 

we generated 200 sets of 50 points and 200 sets of 200 points. For each point set, we 

computed the spanning ratio for k ranging from 2 to 10. Figure 5.11 and Figure 5.12 

show the results we obtained for the spanning ratio. The 95% confidence interval for 

these values is ±0.0365. 

The general behavior of the average case performance ratio of these algorithms 

is not much different than what can be expected from the worst case analysis. In 

particular, the off-line algorithm performs significantly better than the on-line algo

rithm. Also, in both cases, as k increases, the spanning ratio reduction becomes less 

and less important. Another interesting observation is that for k large enough (k > 6 

for 50 points and k > 3 for 200 points), the average case spanning ratio of the on-line 

algorithm is worse than the worst case spanning ratio of the off-line algorithm. 

For k — 2, 3 and 4, in the off-line case, we used the algorithm for general values 

of k. It is interesting to notice that for k = 4, the average spanning ratio obtained 

using Algorithm 5.4 is greater than the worst case spanning ratio obtained using 

Algorithm 5.3. However, Algorithm 5.3 is less practical, since we have to compute a 

4-coloring of a planar graph. 

5.6 Conclusion 

In this chapter, we investigated the problem of computing a spanner of a point set that 

has chromatic number k. To the best of our knowledge, this problem has not been 

considered before. For small values of k (k < 4), we provided tight upper and lower 

bounds on the smallest possible spanning ratio of such spanners. For larger values of 



92 

a 
DC 

CO 

Online Upper Bound 
Offline Upper Bound 

Online 
Offline 

8 9 10 

k 
2 
3 
4 
5 
6 
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8 
9 
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offline online 
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1.1384 1.3765 

Figure 5.11: Simulation results for 50 nodes using Algorithm 5.4 and Algorithm 5.5. 
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1.1945 1.4677 

Figure 5.12: Simulation results for 200 nodes using Algorithm 5.4 and Algorithm 5.5. 
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k, we provided general upper and lower bounds which, unfortunately, are not tight. 

Our construction algorithms show how to color a point set with k colors such that the 

complete fc-partite graph induced by this coloring has the stated spanning ratio. The 

number of edges in these graphs can be reduced from quadratic to linear with a slight 

increase in the spanning ratio by applying the general technique of Gudmundsson et 

al. [39]. An interesting open problem in this setting of the problem is to find tight 

upper and lower bounds when k > 4. 

We also considered an on-line variant of this problem where the points are pre

sented sequentially and our algorithm assigns a color to each point upon reception 

such that the complete ^-partite graph induced by the coloring is a constant spanner. 

Again, for small values of k (k < 4), we provided tight upper and lower bounds on the 

smallest possible spanning ratio of such spanners and for k > 4, we provided general 

upper and lower bounds that are not tight. A linear-sized spanner can be constructed 

after all the points have been colored by applying the technique of Gudmundsson et 

al. [39]. However, in this case, our algorithm for computing the linear-sized constant 

spanner is not on-line. Therefore, there are two open problems in the on-line setting. 

First, to close the gap between the upper and lower bound for k > 4. Second, provide 

an on-line algorithm that computes the linear-sized constant spanner. 



Chapter 6 

Spanners of Complete fc-Partite Graphs 

6.1 Introduction 

In the previous chapter, we considered the problem of constructing spanners of point 

sets that have 0(n) edges and chromatic number at most k. We computed a spanner 

of the complete graph and our algorithms had the freedom to choose a "good" k-

partition of the vertices. In this chapter, we consider a variant of this problem where 

the A;-partition is given and we want to compute a spanner of the complete k-partite 

graph. Notice that in this chapter, the definition of spanner that we use is more 

general since we want to compute a spanner of a complete fc-partite graph as opposed 

to a complete graph. 

Let S be a set of n points in Rd. A geometric graph with vertex set S is an undi

rected graph H whose edges are line segments pq that are weighted by the Euclidean 

distance \pq\ between p and q. Notice that H is not necessarily a complete graph. 

For any two points p and q in S1, we denote by dff(p, q) the length of a shortest path 

in H between p and q. For a real number t > 1, a subgraph G of H is said to be a 

t-spanner of H, if dc{p, q) < t • dn{p, q) for all points p and q in S. The smallest t 

for which this property holds is called the spanning ratio of G. Thus, a subgraph G 

of H with spanning ratio t approximates the Q) pairwise shortest-path lengths in H 

within a factor of t. If H is the complete geometric graph with vertex set S1, then G 

is also called a t-spanner of the point set S. 

In the literature, most of the work on constructing geometric spanners is for the 

case where H is the complete graph. It is well known that for any set S of n points in 

Rd and for any real constant e > 0, there exists a (l-(-e)-spanner of S containing 0(n) 

edges. Moreover, such spanners can be computed in 0(n log n) time; see Salowe [76] 

and Vaidya [83]. For a detailed overview of results on spanners for point sets, see the 

book by Narasimhan and Smid [65]. 

94 
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For spanners of arbitrary geometric graphs, much less is known. Althofer et al. [4] 

showed that for any t > 1, every weighted graph H with n vertices contains a subgraph 

with 0(n1+2/(*-1)) edges, that is a t-spanner of H. Observe that this result holds for 

any weighted graph; in particular, it is valid for any geometric graph. For geometric 

graphs, a lower bound was given by Gudmundsson and Smid [40]: They proved that 

for every real number t with 1 < t < | log n, there exists a geometric graph H with 

n vertices, such that every t-spanner of H contains Q(n1+1^) edges. Thus, if we are 

looking for spanners with 0(n) edges of arbitrary geometric graphs, then the best 

spanning ratio we can obtain is 6(logn). 

In this chapter, we consider the case when the input graph is a complete fc-partite 

geometric graph. Let S be a set of n points in Rd, and let S be partitioned into 

subsets C\, C2, . . . , Cfc. Let ifci...cfc denote the complete k-partite graph on S. This 

graph has S as its vertex set and two points p and q are connected by an edge (of 

length \pq\) if and only if p and q are in different subsets of the partition. The problem 

we address is defined as follows: 

Problem 6.1 Let k > 2 be an integer, let S be a set of n points in M.d, and let S 

be partitioned into k subsets Ci, C2, . . . , Cfc. Compute a t-spanner of the complete 

k-partite graph Kcx...ck that has a "small" number of edges and whose spanning ratio 

t is "small". 

The main contribution of this chapter is to present an algorithm that computes 

such a t-spanner with 0(n) edges in 0(n log n) time, where t = 5-fe for any constant 

e > 0. We also show that if one is willing to use O(nlogn) edges, then our algorithm 

adapts easily to reach a spanning ratio of t = 3 + e. Finally, we show that the latter 

result is optimal: For any k with 2 < k < n — Q(y/n\ogri), spanners with O(nlogn) 

edges and spanning ratio less than 3 do not exist for all complete ^-partite geometric 

graphs. 

The rest of this chapter is organized as follows. In Section 6.2, we review the 

properties of the Well-Separated Pair Decomposition (WSPD) that we use in our 

algorithm. In Section 6.3, we provide an algorithm that solves the problem of con

structing a spanner of the complete fc-partite graph. In Section 6.4, we show that the 
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spanner constructed by this algorithm has 0(n) edges and that its spanning ratio is 

bounded from above by a constant that depends only on the dimension d. In Sec

tion 6.5, we show how a simple modification to our algorithm improves the spanning 

ratio to 5 + e while still having 0(n) edges. In Section 6.6, we show how to achieve 

a spanning ratio of 3 + e using 0(n log n) edges. We also prove that the latter result 

is optimal. We conclude in Section 6.7. 

6.2 The Well-Separated Pair Decomposition 

In this section, we review the crucial properties of the Well-Separated Pair Decom

position (WSPD) of Callahan and Kosaraju [18] that we use for our construction. 

The reader familiar with the WSPD may go directly to Section 6.3. Our presentation 

follows the one in Narasimhan and Smid [65]. Intuitively, a WSPD is a partition of 

the edges of a complete geometric graph such that all edges that are grouped together 

are approximately equal. To give a formal definition of the WSPD, we first need to 

define what it means for two sets to be well-separated. 

Definition 6.2 Let S be a set of points in Rd. The bounding box fl(S) of S is the 

smallest axes-parallel hyperrectangle that contains S. 

Definition 6.3 Let X and Y be two sets of points in M.d and let s > 0 be a real 

number. We say that X and Y are well-separated with respect to s if there exist two 

balls B\ and B2 such that 

1. Bi and B2 have the same radius, say p, 

2. B\ contains the bounding box of X, 

3. B2 contains the bounding box ofY, and 

4- the distance mm{\xy\ : x G Bx,y € B2} between B\ and B2 is at least sp. 

Definition 6.4 Let S be a set of points in M.d and let s > 0 be a real number. A 

well-separated pair decomposition (WSPD) of S with separation constant s is a set 

of unordered pairs of subsets of S that 
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1. are well-separated with respect to s, and 

2. for any two distinct points p,q G S there is a unique pair {X, Y} in the WSPD 

with p G X and q G V. 

Lemma 6.5 (Lemma 9.1.2 in [65]) Let s > 0 be a real number and let X and Y 

be two point sets that are well-separated with respect to s. 

1- UP,P',P" eX andqeY, then \p'p"\ < (2/s)\pq\. 

2. Ifp,p' G X and q,q' G Y, then \p'q'\ < (1 + i/s)\pq\. 

The first part of this lemma states that distances within one set are "small" com

pared to distances between pairs of points having one endpoint in each set. The second 

part states that all pairs of points having one endpoint in each set have approximately 

the "same" distance. 

Callahan and Kosaraju [17] showed how to construct a i-spanner of S from a 

WSPD: All one has to do is pick from each pair {X, Y} an arbitrary edge (p, q) 

with p G X and q £ Y. Using induction on the rank of the length of the edges in 

the complete graph K$, it can be shown that, when s > 4, this process leads to a 

((s + 4)/(s — 4))-spanner. Thus, by choosing s to be a sufficiently large constant, the 

spanning ratio can be made arbitrarily close to 1. 

In order to compute a spanner of S that has a linear number of edges, one needs 

a WSPD that has a linear number of pairs. Callahan and Kosaraju [18] showed that 

a WSPD with a linear number of pairs always exists and can be computed in time 

0(n log n). Their algorithm uses a split-tree, which we define below. 

Definition 6.6 Let S be a non-empty set of points in M.d. The split-tree of S is 

defined as follows: if S contains only one point, then the split-tree is a single node 

that stores that point. Otherwise, the split-tree has a root that stores the bounding box 

f3(S) of S, as well as an arbitrary point of S called the representative of S denoted 

by rep(S). Split /3(S) into two hyperrectangles by cutting its longest interval into two 

equal parts, and let S\ and S2 be the subsets of S contained in the two hyperrectangles. 

The root of the split-tree of S has two sub-trees, which are recursively defined split-

trees of Si and S^. 
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The precise way Callahan and Kosaraju used the split-tree to compute a WSPD 

with a linear number of pairs is of no importance to us. The only important aspect 

we need to retain is that each pair is uniquely determined by a pair of nodes in the 

tree. More precisely, for each well-separated pair {X, Y} in the WSPD that is output 

by their algorithm, there are unique internal nodes u and v in the split-tree such that 

the sets Su and Sv of points stored at the leaves of the subtrees rooted at u and v are 

precisely the sets X and Y. Since there is such a unique correspondence, we denote 

pairs in the WSPD by {Su, Sv}, meaning that u and v are the nodes corresponding 

to the sets X = Su and Y = Sv. Also, although the WSPD of a point set is not 

unique, when we talk about the WSPD, we mean the WSPD that is computed by 

the algorithm of Callahan and Kosaraju. 

Before we present our algorithm, we state the following lemmas that we use to 

analyze our algorithm in Section 6.4. If R is an axes-parallel hyperrectangle in Rd, 

then we use Lmax(R) to denote the length of a longest side of R. 

Lemma 6.7 (Lemma 9.5.3 in [65]) Let u be a node in the split-tree and let u' be 

a node in the subtree of u such that the path between them contains at least d edges. 

Then 

Lmax(f3(Su>)) < - • Lmax((3(Su)). 

Lemma 6.8 (Lemma 11.3.1 in [65]) Let {Su, Sv} be a pair in the WSPD, let £ be 

the distance between the centers of (3(SU) and (3{SV), and let TT(U) be the parent of u 

in the split-tree. Then 
2£ 

Lmax{P(S^u))) > —=-——-. 
Vd(s + 4) 

6.3 A First Algorithm 

We now show how the WSPD can be used to address the problem of computing a 

spanner of a complete A;-partite graph. In this section, we introduce an algorithm 

that outputs a graph with constant spanning ratio and 0(n) edges. The analysis of 

this algorithm is presented in Section 6.4. In Section 6.5, we show how this algorithm 

can be improved to achieve a spanning ratio of 5 + e. 
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The input set S C Md is the disjoint union of k sets C\, C 2 , . . . , C&. We say that 

the elements of Cc have "color" c. The graph if = Kcx,..ck is the complete fc-partite 

geometric graph. 

Definition 6.9 Let T be the split-tree of S that is used to compute the WSPD of S. 

1. For any node u in T, we denote by Su the set of all points in the subtree rooted 

at u. 

2. We define MWSPD to be the subset of the WSPD obtained by removing all pairs 

{Su, Sv} for which all points of Su U Sv have the same color. 

3. A node u inT is called multichromatic if there exist points p and q in Su and 

a node v in T, such that p and q have different colors and {Su, Sv} is in the 

MWSPD. 

4- A node u inT is called a c-node if all points of Su have color c and there exists 

a node v inT such that {Su,Sv} is in the MWSPD. 

5. A c-node u inT is called a c-root if it does not have a proper ancestor that is 

a c-node in T. 

6. A c-node u inT is called a c-leaf if it has no descendent c-node. 

7. A c-node v! in T is called a c-child of a c-node u inT if u' is in the subtree 

rooted at u and there is no c-node on the path between u and u'. 

8. A c-node u inT is called a c-parent of a c-node u' in T if u' is a c-child of u. 

9. For each color c and for each c-node u in T, rep(Su) denotes a fixed arbitrary 

point in Su. 

10. For each multichromatic node u in T, rep(Su) and rep'(Su) denote two fixed 

arbitrary points in Su that have different colors. 

11. The distance between two sets Sv and Sw, denoted by dist(Sv, Sw), is defined to 

be the distance between the centers of their bounding boxes. 



100 

Both sets are multichromatic. 

i ~ i 

At least one set only contains points of only one color 
but not all points are of the same color. 

Figure 6.1: The two cases of Algorithm 6.1. 
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Figure 6.2: Handling a c-node. 

12. Let u be a c-node in T. Consider all pairs {Sv, Sw} in the MWSPD, where v is 

a c-node on the path in T from u to the root (this path includes u). Let {Sv, Sw} 

be such a pair for which dist(Sv, Sw) is minimum. We define cl(Su) to be the 

set Oyj. 

Algorithm 6.1 computes a spanner of a complete A;-partite geometric graph K = 

Kci...ck- The intuition behind this algorithm is the following. First, the algorithm 

computes the WSPD. Then, it considers each pair {Su, Sv} of the MWSPD, and 

decides whether or not it adds an edge between Su and Sv. The outcome of this 

decision is based on the following two cases, illustrated in Figures 6.1 and 6.2. 
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Algorithm 6.1: Computing a sparse subgraph of Kd...ck whose spanning ratio 
is bounded by a constant. 

Input: A set S of points in W1, which is partitioned into k subsets C i , . . . , Ck-
Output: A spanner G = (S, E) of the complete A;-partite graph Kcx...ck-

1 compute the split-tree T of S; 
2 using T, compute the WSPD with respect to a separation constant s > 0; 
3 using the WSPD, compute the MWSPD; 

5 for each color c in {1 ,2 , . . . , k} do 
for each c-root u in T do 

for each c-leaf v! in the subtree of u do 
for each p G Su> do 

if rep(cl(S'u')) does not have color c 
then add (p,vep(c\(Sui))) to E; 
else add (p,vep'(c[(Su>))) to E; 

end 
end 
for each c-node u' that is in the subtree of u (including u) do 

if rep(cl(»$v)) does not have color c 
then add (rep(6'u/),rep(cl(S'u/))) to E; 
else add (rep(5'u'),rep,(cl(S'u/))) to E; 
for each pair {Su>, Sv,} in the MWSPD do 

if rep^, /) does not have color c 
then add (vep(Sui),vep(Sv>)) to E\ 
else add (rep(5u'),rep/(5v/)) to E; 

end 
for each c-child u" of u' do 

if rep(cl(»Sv)) does not have color c 
then add (rep(5,

u«),rep(cl(<S'u/))) to E; 
else add (rep(«S„//),rep'(cl(Su/))) to E; 

end 
end 

end 
30 end 
31 for each {Su, Sv} in the MWSPD for which both u and v are multichromatic 

do 
if rep(Su) and rep(Sv) have distinct colors 
then add (vep(Su),xep(Sv)) to E; 
else add (rep(iS'u),rep'(5„)) to E; 

35 end 
36 return the graph G = (S, E) 
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Case 1: Both Su and Sv are multichromatic. In this case, the algorithm adds one 

edge between Su and Sv to the spanner; see lines 33-34. Observe that the two vertices 

of this edge do not have the same color. This edge allows to approximate each edge 

(p, q) of K, where p G Su, q 6 Sv, and p and q have different colors. 

Case 2: All points in Su are of the same color c (i.e., u is a c-node). In this case, 

an edge is added between rep(5'u) and a representative of Sv whose color is not c; see 

lines 20-21. In order to approximate each edge of K having one vertex (of color c) 

in Su and the other vertex (of a different color) in Sv, more edges have to be added. 

This is done in such a way that our final graph contains a "short" path between every 

point p of Su and the representative rep(Su) of Su. Observe that this path must 

contain points whose color is not equal to c; thus, these points are not in Su. One 

way to achieve this is to add an edge between each point of Su and a representative 

of cl^u) whose color is not c; we call this construction a star. However, since the 

subtree rooted at u may contain other c-nodes, many edges may be added for each 

point in Su, which could possibly lead to a quadratic number of edges in the final 

graph. To guarantee that the algorithm does not add too many edges, it introduces 

a star only if it is a c-leaf; see lines 8-12. If u is not a c-leaf (i.e., u is an internal 

c-node), the algorithm only adds one edge between rep(5'u) and a representative of 

cl(<Su) whose color is not c; see lines 16-17. Then, the algorithm links each c-node u" 

that is not a c-root to its c-parent v!. This is done through an edge between xep(Su») 

and a representative of c l ^ / ) whose color is not c; see lines 25-26. This second case 

is illustrated in Figure 6.2. 

6.4 Analysis of Algorithm 6.1 

Lemma 6.10 The graph G computed by Algorithm 6.1 has 0(151) edges. 

Proof: For each color c and for each c-leaf u'', the algorithm adds \SU>\ edges to G in 

lines 10-11. Since the sets SU', where v! ranges over all c-leaves and c ranges over all 

colors, are pairwise disjoint, the total number of edges that are added in lines 10-11 

is 0(|fif|). 

The total number of edges that are added in lines 20-21 and 33-34 is at most the 
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number of pairs in the MWSPD. Since the WSPD contains 0(151) pairs (see [18]), 

the same upper bound holds for the number of edges added in lines 20-21 and 33-34. 

The total number of edges that are added in lines 16-17 and 25-26 is at most 

twice the number of nodes in the split-tree, which is 0(151). • 

Lemma 6.11 Let G be the graph computed by Algorithm 6.1. Let p and q be two 

points of S with different colors, and let {Su, Sv} be the pair in the MWSPD for 

which p E Su and q 6 Sv. Assume that u is a c-node for some color c. Then there is 

a path in G between p and rep(Su) whose length is at most t'\pq\, where 

t' = 4Vd{nd+l)(l+4/s)3, 

H log (\/d(l + 4/s)) + 1, 

and s is the separation constant of the WSPD. 

Proof: Let w be the c-leaf such that p G Sw, and let w = w0,..., Wk = u be the 

sequence of c-nodes that are on the path in T from w to u. 

Recall from Definition 6.9 that each set SWi, 0 < i < k, has a representative 

rep(5TO.) (of color c) associated with it. Also, recall the definition of the sets c\(SWi), 

0 < i < k; see Definition 6.9. If cl(5w.) is a c'-node for some color c', then this set has 

one representative rep(cl(5TOJ) associated with it. Otherwise, c\(SWi) is multichro-

matic and this set has two representatives rep(cl(5Wi)) and rep'(cl(5Wi)) of different 

colors associated with it. We may assume without loss of generality that, for all 

0 < i < k, the color of rep(cl(5Wi)) is not equal to c. 

Let II be the path 

p -> rep(cl(5tU0)) -> rep(5W0) 

-* rep(cl(5li,1)) -> rep(5„,1) 

-> rep(cl(5wJ) -> rep(5Wfc) = rep(5u). 

The first edge on this path, i.e., (p, rep(cl(5Wo))), is added to the graph G in lines 

10-11 of the algorithm. The edges (rep(cl(5U)i)),rep(5tUi)), 0 < i < k, are added to G 
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in lines 16-17. Finally, the edges (rep(5Wi_1),rep(cl(5'Wi))), 1 < i < k, are added to 

G in lines 25-26. It follows that II is a path in G between p and rep(5,
u). We show 

that the length of II is at most f\pq\. 

Let i be an integer with 0 < i < k. Recall the definition of c^S^J; see Defini

tion 6.9: We consider all pairs {Sx, Sy} in the MWSPD, where a; is a c-node on the 

path in T from Wi to the root, and pick the pair for which dist(5':E, Sy) is minimum. 

We denote the pair picked by (SXi, Syi). Thus, %i is a c-node on the path in T from 

Wi to the root, {SXi, Syi} is a pair in the MWSPD, and cl(SWi) = Syv We define 

U = dist(S,
iB4,5w). 

Consider the first edge (p,xep(c\(SWo))) on the path II. Since p G SWo C SXo and 

rep(cl(5Wo)) e Syo, it follows from Lemma 6.5 that 

\p, rep(cl(5W0))| < (1 + 4/s) • dis t(^0 , Syo) = (1 + A/s)lQ. 

Let 0 < i < k and consider the edge (rep(cl(5Wi)),rep(<S'Wj)) on II. Since vep(Sm) G 

Swi ^ SXi and rep(cl(S'Wi)) G SVi, it follows from Lemma 6.5 that 

|rep(cl(SwJ), rep(5Wi)| < (1 + 4/s) • dist(SXi, Sm) = (1 + 4 / s ) 4 (6.1) 

Let 1 < i < k and consider the edge (rep(SWi_1), rep(cl(5'tUi))) on II. Since rep(5'u,i_1) G 

'S'wi-i Q Sxi and rep(cl(5'U).)) G Syi, it follows from Lemma 6.5 that 

|rep(^i_1),rep(cl((SWi))| < (I + 4/s) • dist(SXi,Syi) = (1 + 4 / s ) 4 

Thus, the length of the path II is at most 

k 

»=0 

Therefore, it is sufficient to prove that 

k 

Y^Zi< 2Vd(fid+ 1)(1 + 4/s)2|pg|. 

It follows from the definition of cl(5u) = c\(SWk) that 

4 = dist(SXk, Syk) < dist(S„, Sv). 
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Since, by Lemma 6.5, dist(S'u, Sv) < (1 + A/s)\pq\, it follows that 

4 < ( l + 4 / s ) | p g | . (6.2) 

Thus, it is sufficient to prove that 

k 

^£i<2Vd(fxd+l)(l + 4/s)ek. (6.3) 
i=0 

If k = 0, then (6.3) obviously holds. Assume from now on that k > 1. For each % 

with 0 < i < k, we define 

a>i = Lmax(p(SWi)), 

i.e., aj is the length of a longest side of the bounding box of SWi. 

Let 0 < i < k. It follows from Lemma 6.5 that 

Since tOj is in the subtree of x^ we have Lmax((3(SWi)) < Lmax((3(SXi)). Thus, we have 

at < -£i forQ<i<k. (6.4) 
s 

Lemma 6.7 states that 

&i < 7;ai+d for 0 < i < k — d. (6-5) 

Let 0 < i < k — 1. Since Wi is a c-node, there is a node w[ such that {SWi, Sw'} is a 

pair in the MWSPD. Then it follows from the definition of cl(SWi) that 

£i = d i s t ^ , S^) < dist(S'Wi, S^). 

By applying Lemma 6.8, we obtain 

dist^^S^/) < Lmax(PiS^))) 

Vd{s + 4) 
2 

V^(s + 4) 

^ o i'max(/5('S'roi+1)) 

Thus, we have 

4 < ^ 0
+ ^ Oi+i for 0 < i < fc - 1. (6.6) 
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First assume that 1 < k < fid. Let 0 < i < k — 1. By using (6.6), the fact that 

the sequence ao, a\,..., a^ is non-decreasing, and (6.4), we obtain 

ft < ^ ± ^ «,« < ^ ± ^ * < Vrfd + 4/S)4. 

Therefore, 

^ ^ < A;Vd(l + 4 / s )4 + 4 < (k + 1)Vd(l + 4 / s )4 < (/id + 1)Vd(l + 4 / s )4 , 

which is less than the right-hand side in (6.3). 

It remains to consider the case when k > fid. Let i > 0 and j > 0 be integers such 

that i + 1 + jd < k. By applying (6.6) once, (6.5) j times, and (6.4) once, we obtain 

, ^ yfd(s + 4) ^ yfd(s + 4) (1 
ti < ^ : ai+1 < ' ai+i+jd < Vd{l + 4/s) ( - j ii+i+jd-

2 2 V2, 

For j = fj,= \log(Vd(l + 4/s))] + 1, this implies that, for 0 < i < A; — 1 — fid, 

ii < \ei+1+fld. (6.7) 

By re-arranging the terms in the summation in (6.3), we obtain 

k lid [{k-ty/itid+l)} 

z2^i = z2 z2 4-h-io«i+i)-
i=0 h=0 j=0 

Let j be such that 0 < j < [(k — h)/(fid+ 1)J. By applying (6.7) j times, we obtain 

/ l V 
4-/i-j( / id+l) — ( o ) ^k-h-

It follows that 

[(k-h)/(nd+l)i 

/ ,, t-k-h-j(iid+l) < ^ , ( ~ j 4 - / i — 24-/t-
j=0 j=0 

Thus, we have 
k fid 

5><2^4-/>. 
j=0 / i=0 
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By applying (6.6), the fact that the sequence ao, a i , . . . , a^ is non-decreasing, followed 

by (6.4), we obtain, for 0 < i < k — 1 and 1 < j < k — i, 

Vd(s + A) \fd(s + A) n,_ „ , , „ 
U < \ ' Oi+i < - ^ " ai+j < V^(l + */s)ei+j. 

Obviously, the inequality 4 < \fd(l+A/s)li+j also holds for j — 0. Thus, for % = k — h 

and j = h, we get 

h-h < Vd(l + 4 / s )4 for 0 < h < fid. 

It follows that 

k fid 

Y,U < 2 ] T Vd(l + 4 / s )4 = 2y/d{pd + 1)(1 + 4 / s )4 , 
i=0 ft=0 

completing the proof that (6.3) holds. • 

Lemma 6.12 Assuming that the separation constant s of the WSPD is chosen suf

ficiently large, the graph G computed by Algorithm 6.1 is a t-spanner of the complete 

k-partite graph Kcx...ck, where t = 2t' + 1 + A/s and t' is as in Lemma 6.11. 

Proof: We denote the graph Kcx...ck by K. It suffices to show that for each edge 

(p, q) of K, the graph G contains a path between p and q of length at most t\pq\. We 

prove this by induction on the lengths of the edges in K. 

Let p and q be two points of S with different colors, and let {Su, Sv} be the pair 

in the MWSPD for which p e Su and q E Sv. 

The base case is when (jp, q) is a shortest edge in K. Since s > 2, it follows 

from Lemma 6.5 that u is a c-node and v is a c'-node, for some colors c and d with 

c =̂  d. In line 20 of Algorithm 6.1, the edge (rep(S,
w),rep(5,

l))) is added to G. By 

Lemma 6.5, the length of this edge is at most (1 + A/s)\pq\. The claim follows from 

two applications of Lemma 6.11 to get from p to rep(S'„) and from rep(S'u) to q. 

In the induction step, we distinguish four cases. 

Case 1: u is a c-node and v is a c'-node, for some colors c and d with c ^ d. 

This case is identical to the base case. 
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Case 2: u is a c-node for some color c and v is a multichromatic node. 

In lines 20-21, the edge (rep(5u),rep(5't,)) or (rep(5'u),rep(S'^)) is added to G. 

We may assume without loss of generality that (rep(S'u),rep(<S'^)) is added. By 

Lemma 6.5, the length of this edge is at most (1 + A/s)\pq\. 

By Lemma 6.11, there is a path in G between p and rep(5^) whose length is at 

most t'\pq\. 

First assume that q and rep(Sv) have the same color. Let r be a point in Sv that 

has a color different from g's color. Since s > 2, it follows from Lemma 6.5 that 

\qr\ < \pq\. Thus, by induction, there is a path in G between q and r whose length 

is at most t\qr\, which, by Lemma 6.5, is at most (2t/s)\pq\. By a similar argument, 

since |r,rep(5v)| < \pq\, there is a path in G between r and rep(Sv) whose length is 

at most (2t/s)\pq\. Thus, G contains a path between q and rep(5„) of length at most 

{At/s)\pq\. If q and rep(Sv) have different colors, then, by induction, there is a path 

in G between q and ve-p(Sv) whose length is at most (2t/s)\pq\ < (4t/s)\pq\. 

Thus, the graph G contains a path between q and rep(5'„) of length at most 

(4t/s)\pq\. 

We showed that there is a path in G between p and q whose length is at most 

(t' + (l + 4/s) + 4t/s)\pq\. (6.8) 

By choosing s sufficiently large, this quantity is at most t\pq\. 

Case 3: u is a multichromatic node and v is a c-node for some color c. 

This case is symmetric to Case 2. 

Case 4: Both u and v are multichromatic nodes. 

In lines 33-34, the edge (rep(5'u),rep(S'„)) or (rep(Su), rep(S'v)) is added to G. 

We may assume without loss of generality that (rep(5'u),rep(S'„)) is added. By 

Lemma 6.5, the length of this edge is at most (1 + A/s)\pq\. 

As in Case 2, the graph G contains a path between p and rep(5u) of length at 

most {At/s)\pq\, and a path between q and rep(5„) of length at most {At/s)\pq\. 

It follows that there is a path in G between p and q whose length is at most 

((l + 4/s)+8t/s)|pg|. (6.9) 
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By choosing s sufficiently large, this quantity is at most t\pq\. D 

Lemma 6.13 The running time of Algorithm 6.1 is 0(n\ogn), where n = \S\. 

Proof: Using the results of Callahan and Kosaraju [18], the split-tree T and the 

WSPD can be computed in 0(n log n) time. The representatives of all sets Su and all 

sets cl(<Su) can be computed in 0(n) time by traversing the split-tree in post-order 

and pre-order, respectively. The time for the rest of the algorithm, i.e., lines 3-36, is 

proportional to the sum of the size of T, the number of pairs in the WSPD and the 

number of edges in the graph G. Thus, the rest of the algorithm takes 0(n) time. • 

To summarize, we showed the following: For any complete A;-partite geometric 

graph K whose vertex set has size n, Algorithm 6.1 computes a i-spanner of K having 

0(n) edges, where t is given in Lemma 6.12. The running time of this algorithm is 

0(n log n). By choosing the separation constant s sufficiently large, the spanning 

ratio t converges to 

8Vd(d -logd +d + l j + 1 . 

In the next section, we show how to modify the algorithm so that the bound in 

Lemma 6.11 is reduced, thus improving the spanning ratio. The price to pay is in the 

number of edges in G, however, it is still 0{n). 

6.5 An Improved Algorithm 

As before, we are given a set S of n points in M.d which is partitioned into k subsets 

Cx, C%, • • •, C*;. Intuitively, the way to improve the bound of Lemma 6.11 is by adding 

shortcuts along the path from each c-leaf to the c-root above it. More precisely, from 

(6.7) in the proof of Lemma 6.11, we know that if we go 1 + /id levels up in the split-

tree T, then the length of the edge along the path doubles. Thus, for each c-node in 

T, we add edges to all 25(1 +fid) c-nodes above it in T. Here, 5 is an integer constant 

that is chosen such that the best result is obtained in the improved bound. 
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Definition 6.14 Let c £ {1 ,2 , . . . , k}, and let u and v! be c-nodes in the split-tree T 

such that v! is in the subtree rooted at u. For any integer £ > 1, we say that u is £ 

levels above u', if there are exactly £ — 1 c-nodes on the path strictly between u and 

u'. We say that u' is a £-level c-child of u if u is at most £ levels above u'. 

The improved algorithm is given as Algorithm 6.2. The following lemma general

izes Lemma 6.11. 

Algorithm 6.2: Computing a sparse (5 + e)-spanner of Kc^...ck-

Input: A set S of points in Rd, which is partitioned into k subsets C i , . . . , C&, 

and a real constant 0 < e < 1. 

Output: A (5 + e)-spanner G = (S, E) of the complete A;-partite graph 

KCi...Ck-

Choose a separation constant s such that s > 12/'e and (1 + 4/s)2 < 1 + e/36 

and choose an integer constant S such that ^z r ^ 1 + e/36. 

The rest of the algorithm is the same as Algorithm 6.1, except for lines 23-27, 

which are replaced by the following: 

(^25(fid+l); 

for each £-level c-child u" of v! do 

if rep(cl(Su/)) does not have color c then add (rep(£„»), rep(cl(Sv))) to E; 

else add (rep(5u"),rep'(cl(,Sv))) to E; 

if rep(cl(£v')) does not have color c then add (rep(cl(S'u»)),rep(5'u')) to E; 

else add (rep'(cl(S,
u«)),rep(5u/)) to E; 

end 

Lemma 6.15 Let G be the graph computed by Algorithm 6.2. Let p and q be two 

points of S with different colors, and let {Su, Sv} be the pair in the MWSPD for 

which p G Su and q £ Sv. Assume that u/is a c-node for some color c. Then there is 

a path in G between p and rep(Su) whose length is at most (2 + e/3)|pg|. 

Proof: Let w be the c-leaf such that p £ Sw, and let w = wo, Wi,..., Wk = u be 

the sequence of c-nodes that are on the path in T from w to u. As in the proof of 
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Lemma 6.11, we assume without loss of generality that, for all 0 < % < k, the color 

of rep(cl(5'w.)) is not equal to c. 

Throughout the proof, we use the variables xt, yi, £i, and a*, for 0 < i < k, that 

were introduced in the proof of Lemma 6.11. 

We first assume that 0 < k < 28(pid + 1). Let II be the path 

p -+ rep(d(Sw)) -> rep(#u). 

It follows from Algorithm 6.2 that II is a path in G. Since p G Sw = SWo C SXo and 

rep(cl(5,
lu)) = rep(cl(5'Wo)) £ Syo, it follows from Lemma 6.5 that 

\p,rep(cl(Sw))| < (1 + 4/s) • dist(5ao, SJ = (1 + i/s)£0. (6.10) 

Since {Su, Sv} is one of the pairs that is considered in the definition of cl(5„,0), we 

have dist(SXo, Syo) < dist(Su,Sv). Again by Lemma 6.5, we have dist(Su,Sv) < 

(1 + 4:/s)\pq\. Thus, we showed that 

| p , r e p ( c l ( ^ ) ) | < ( l + 4 / S ) 2 N . 

By the triangle inequality, we have 

|rep(cl(S'w)),rep(S'u)| < |rep(cl(^)),p| + |p,rep(5u)|. 

Since p and rep(S'u) are both contained in Su, it follows from Lemma 6.5 that 

\p,rep(S'u)| < (2/s)\pq\. Thus, we have 

|rep(cl(£m)),rep(Su)| < (1 + A/s)2\pq\ + (2/s)\pq\. 

We showed that the length of the path II is at most 

(2(1 + 4/s)2 +2/s)\pq\, 

which is at most (2 + e/3)\pq\ by our choice of s in Algorithm 6.2. 

In the rest of the proof, we assume that k > 25(fj,d + 1). We define 

m — k mod (S(fj,d + 1)) 

and 
. k — m 

8(nd + 1) 
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We consider the sequence of c-nodes 

W = W0, WS^d+i)+m, W2S(fj,d+l)+m, W3&(txd+l)+m, • • • ,Wk — U, 

and define II to be the path 

p -»• r e p ^ l ^ ) ) - • rep(SWa0jd+1)+J 

- • rep(d{SW2S(tid+1)+J) -* rep(SW2S^d+1)+J 

-> rep(cl(5^(Md+1)+m)) -> rep((Su,36(Md+1)+rn) 

->• rep(cl(510fc)) -> rep(S,
Wfc) = rep(£u). 

It follows from Algorithm 6.2 that II is a path in G. We show that the length of this 

path is at most (2 + e/3)|pg|. 

We already showed (see (6.10)) that the length of the first edge on II satisfies 

|p,rep(cl(5W0))|<(l + 4 / S )4 . 

The length of the second edge satisfies 

|rep(cl(^0)),rep(S'^(Md+1)+ro)| < |rep(cl(^0)),p| + |p,rep(SW4(/i<M.1)+m)| 

< (1 + 4/s)£0 + \P, rep(S^ (Md+1)+J|. 

Since p and rep(Sw d+1)+ro) are both contained in Su, it follows from Lemma 6.5 that 

b>rep(^(Md+1)+J| < (2/s)\pq\. 

Thus, the length of the second edge on II satisfies 

| r ep (c l (^ J ) , r ep (^ ( M d + 1 ) + J | < (1+ A/s)£0 +(2/s)\pq\. 

Let 2 < j < m'. We saw in (6.1) in the proof of Lemma 6.11 that the length of the 

edge 

(rep(cl(,Stu.5(Md+1)+m)),rep(^.5(Md+1)+m)) 

satisfies 

|rep(cl(^.5(Md+1)+m)),rep(5^.5(Md+1)+m)| < (1 + A/s)ij5{lxd+l)+m. 
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Again, let 2 < j <m'. Since 

and 

rep(cl(oTOi(5(fid+1)+m)j £ '-'j/jĵ d+ij+m 

it follows from Lemma 6.5 that the length of the edge 

),rep(cl(5^(Md+1)+m))) 

satisfies 

|rep(S'ro(._1)5(Md+1)+m),rep(cl((Su,.5(Md+1)+m))| < (1 + A/s)ejS{ltd+1)+m. 

We showed that the length of II is at most 

( ml 

j6(iid+l)+r, 

3=2 

The definition of £0,£i,...,£k implies that this sequence is non-decreasing. Thus, 

A) < (>6(nd+i)+m and it follows that the length of II is at most 

ml 

(2/s)\pq\ + 2(l + 4/s)Y,t; 
3=1 

Recall inequality (6.7) in the proof of Lemma 6.11, which states that 

By applying this inequality S times, we obtain 

U < ( ^ J £i+$(»d+l)-
For % = jS(/j,d + 1) + m, this becomes 

tj6(nd+l)+m — ( o ) ^U+l)S(lJ-d+l)+m-

By repeatedly applying this inequality, we obtain, for h > j , 

1 \ 
(h-j)S 

Zj6(iJ,d+l)+m — ( o J ZhS^d+tf+m-
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For h = m', the latter inequality becomes 

^\ (m'-j)s 
£j6(nd+l)+m < I ~ 

It follows that 

(m'-j)S 

/ „ tj6(nd+l)+m - 2 ^ ( o ) ^k 

o - 1 j = 1 V / 

m ' - l / - , \ i<5 m ' - l 

i=0 v 

i=0 ^ 

2* 
-4-2 5 - l 

According to (6.2) in the proof of Lemma 6.11, we have 

4 < ( i + 4/s)H-

We showed that the length of the path II is at most 

2 / S + 2 ( 1 + 4 / S ) 2 ^ I ) M . 

Our choices of s and 5 (see Algorithm 6.2) imply that 2/s < e/6, (1+4/s)2 < l + e/36 

and 2^-j- < 1 + e/36. Therefore, the length of II is at most 

(e/6 + 2(1 + e/36)2) \pq\ < (2 + e/3)|pg|, 

where the latter inequality follows from our assumption that 0 < e < 1. This com

pletes the proof. • 

Lemma 6.16 Let n = \S\. The graph G computed by Algorithm 6.2 is a (5 + e)-

spanner of the complete k-partite graph Kcx...ch and the number of edges of this graph 

is 0(n). The running time of Algorithm 6.2 is O(nlogn). 
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Proof: The proof for the upper bound on the spanning ratio is similar to the one 

of Lemma 6.12. The difference is that instead of the value t' that was used in the 

proof of Lemma 6.12, we now use the value t' = 2 + e/3 of Lemma 6.15. Thus, the 

spanning ratio for the base case of the induction and for Case 1 is at most 

(1 + 4/s) + 2t' = 5 + 4/s + 2e/3, 

which is at most 5 + e, because of our choice for s in Algorithm 6.2. For Cases 2 

and 3, the spanning ratio is at most (see (6.8) in the proof of Lemma 6.12, where 

* = 5 + e) 

t' + (1 + 4/s) + At/s = 3 + e/3 + (4/s)(6 + e), 

which is at most 5 + e, again because of our choice for s. Finally, the spanning ratio 

for Case 4 is at most (see (6.9) in the proof of Lemma 6.12, where t = 5 + e) 

(1 + 4/s) + St/s = 1 + (4/s)(ll + 2e), 

which is at most 5 + e, because of our choice for s. 

The analysis for the number of edges is the same as in Lemma 6.10, except that the 

number of edges that are added to each c-node in the modified for-loop is 25({j,d +1) 

instead of one as is in Algorithm 6.1. Finally, the analysis of the running time is the 

same as in Lemma 6.13. • 

We proved the following result. 

Theorem 6.17 Let k > 2 be an integer, let S be a set of n points in Rd which is 

partitioned into k subsets Ci ,C2, . . . , C&, and let 0 < e < 1 be a real constant. In 

O(nlogn) time, we can compute a (5 + e) -spanner of the complete k-partite graph 

Kd...ck having 0(n) edges. 

6.6 Improving the Spanning Ratio 

We showed how to compute a (5 + e)-spanner with 0(n) edges of any complete it-

partite graph. In this section, we show that if we are willing to use O(nlogn) edges, 

the spanning ratio can be reduced to 3 + e. We start by showing that a spanning 

ratio less than 3, while using O(nlogn) edges, is not possible. 
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Theorem 6.18 Let c > 0 be a constant and let n and k be positive integers with 

2 < k < n — 2cy/nlogn. For every real number 0 < e < 1, there exists a complete 

k-partite geometric graph K with n vertices such that the following is true: If G is 

any subgraph of K with at most c2n log n edges, then the spanning ratio of G is at 

least 3 — e. 

Proof: Let Di, D2, and D3 be three disks of radius e/12 centered at the points 

(0,0), (1 + e/6,0), and (2 + e/3,0), respectively. We place (n - k + 2)/2 red points 

inside D\ and (n — k + 2)/2 blue points inside D2. The remaining k — 2 points are 

placed inside D3 and each of these points has a distinct color (which is not red or 

blue). Let K be the complete fc-partite geometric graph defined by these n points. 

We claim that K satisfies the claim in the theorem. 

Let G be an arbitrary subgraph of K and assume that G contains at most c2n log n 

edges. We show that the spanning ratio of G is at least 3 — e. 

Assume that G contains all red-blue edges. Then the number of edges in G is at 

least ((n — k + 2)/2)2. Since k <n — 2c\fn log n, this quantity is larger than c2n log n. 

Thus, there is a red point r and a blue point b, such that (r, b) is not an edge in G. 

The length of a shortest path in G between r and b is at least 3. Since \rb\ < 1 + e/3, 

it follows that the spanning ratio of G is at least XA,Z, which is at least 3 — e. • 

Theorem 6.19 Let k > 2 be an integer, let S be a set of n points in M.d which is 

partitioned into k subsets C i ,C 2 , . . . ,Cy., and let 0 < e < 1 be a real constant. In 

0(n log n) time, we can compute a (3 + e)-spanner of the complete k-partite graph 

Kd...ck having O(nlogn) edges. 

Proof: Consider the following variant of the WSPD. For every pair {X, Y} in the 

standard WSPD, where \X\ < \Y\, we replace this pair by the \X\ pairs {{a;},y}, 

where x ranges over all points of X. Thus, in this new WSPD, each pair contains 

at least one singleton set. Callahan and Kosaraju [18] showed that this new WSPD 

consists of 0(n log n) pairs. 

We run Algorithm 6.2 on the set 5", using this new WSPD. Let G be the graph 

that is computed by this algorithm. Observe that Lemma 6.15 still holds for G. In 
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the proof of Lemma 6.16 of the upper bound on the spanning ratio of G, we have 

to apply Lemma 6.15 only once. Therefore, the spanning ratio of G is at most 3+e. • 

6.7 Conclusion 

We showed that for every complete fc-partite geometric graph K in Rd with n vertices 

and for every constant e > 0, 

1. a (5 + e)-spanner of K having 0(n) edges can be computed in O(nlogn) time, 

2. a (3 + e)-spanner of K having 0(n logn) edges can be computed in O(nlogn) 

time. 

The latter result is optimal for 2 < k < n — Q(^nlogn), because a spanner of K 

having spanning ratio less than 3 and having 0(n log n) edges does not exist for all 

complete ^-partite geometric graphs. 

We leave open the problem of determining the best spanning ratio that can be 

obtained by using 0(n) edges. 

Future work may include verifying other properties that are known for the general 

geometric spanner problem. For example, is there a spanner of a complete A;-partite 

geometric graph that has bounded degree? Is there a spanner of a complete ^-partite 

geometric graph that is planar? From a more general point of view, it seems that 

little is known about geometric spanners of graphs other than the complete graph. 

The unit disk graph received great attention, but there are a large family of other 

graphs that also deserve attention. 



Chapter 7 

Spanners of Additively Weighted Point Sets 

7.1 Introduction 

It has been claimed (see [5, 77, 78]) that geometric spanners can be used to address the 

link selection problem in wireless networks. In most cases, however, two assumptions 

are made: 

1. nodes can be represented as points in the plane and 

2. the cost of routing a message is a function of the length of the links that are 

successively used. 

However, these assumptions do not always hold. For example, the first assumption 

does not hold in the case of wide area mesh networks, where nodes are vast areas 

such as villages [73]. The second assumption does not take into account the fact that 

some nodes may have higher energy resources or introduce more delay than others. 

In such cases, an additional cost must be taken into account for each node. The study 

of spanners of additively weighted point sets is a first step in addressing some of these 

issues. 

In this chapter, we address the problem of computing geometric spanners with 

additive constraints on the points. More precisely, we define a weighted point set as a 

set of pairs (p, r) where p is a point in the plane and r is a real number. The distance 

between two points (p*,rj) and (pj,TJ) is defined as \piPj\ — ri — ry The problem we 

address is to compute a spanner of a complete graph on a weighted point set. To the 

best of our knowledge, the problem of constructing a geometric spanner in this context 

has not been previously addressed. We show how the Yao graph can be adapted to 

compute a (1 + e)-spanner in the case where all fj are positive real numbers and 

\PiPj | > fi + Tj for all i, j (in which case the points can be seen as non-intersecting 

disks in the plane). In the same case, we also show how the Additively Weighted 
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Delaunay graph (the face-dual of the Additively Weighted Voronoi diagram) provides 

a plane spanner that has the same spanning ratio as the Delaunay graph of a set of 

points. 

The rest of this chapter is divided as follows: In Section 7.2, we review related 

work. In Section 7.3, we give a formal definition of our problem and show that it is not 

solved by a straightforward extension of the Yao graph. However, in Section 7.4, we 

show that a minor adjustment to the Yao graph allows to compute a (1 + e)-spanner. 

In Section 7.5, we develop some tools used in Section 7.6 to show that the Additively 

Weighted Delaunay graph has a constant spanning ratio. In Section 7.7, we show 

how to compute a plane embedding of the Additively Weighted Delaunay graph that 

is also a spanner. We conclude in Section 7.8. 

7.2 Related Work 

Well known examples of geometric t-spanners include the Yao graph [91], the Well-

Separated Pair Decomposition (WSPD) [18], and the Delaunay graph [48]. The Yao 

graph has been reviewed in Chapter 4, and the WSPD has been reviewed in Chapter 6. 

Given a set of points in the plane, there is an edge between p and q in the Delaunay 

graph if and only if there is an empty circle with p and q on its boundary [48]. If 

no four points are cocircular, then the Delaunay graph is a uniquely defined near-

triangulation. Otherwise, four or more co-circular points may create crossings. In 

that case, removing edges that cause crossings leads to a Delaunay triangulation. 

Since our results hold for any Delaunay triangulation, when we refer to the Delaunay 

triangulation in the case of co-circular points, we mean any Delaunay triangulation. 

Dobkin et al. [29] showed that the Delaunay triangulation has a spanning ratio of at 

most ^y^7r sa 5.08. This result was improved by Keil and Gutwin [48], who showed 

that the spanning ratio of the Delaunay triangulation is at most 27r/(3cos(7r/6)) as 

2.42. Later, Bose et al. [14] showed that the Delaunay triangulation is also a strong t-

spanner for the same constant t = 2ir/(3 cos(7r/6)). Although the exact spanning ratio 

of the Delaunay triangulation is unknown, it is conjectured that the spanning ratio 

is 7r/2. For the remainder of this chapter, we will refer to the spanning ratio of the 

Delaunay triangulation as the spanning ratio of the standard Delaunay triangulation 
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Figure 7.1: The Delaunay graph and its dual: the Voronoi diagram. 

and denote it as SP-DT. 

The Voronoi diagram [28] of a finite set of points P is a partition of the plane 

into |P | regions such that each region contains exactly those points having the same 

nearest neighbor in P. The points in P are also called sites. It is well known that the 

Voronoi diagram of a set of points is the face dual of the Delaunay graph of that set 

of points [28], i.e. two points have adjacent Voronoi regions if and only if they share 

an edge in the Delaunay graph (see Figure 7.1). 

Most of the work on computing geometric spanners is about spanners of the com

plete Euclidean graph on a set of points. Our work falls in the context of computing 

spanners for geometric graphs other than the complete Euclidean graph. Typically, 

variations of the spanner problem arise by either changing the distance function or 

removing edges from the complete graph. In Chapter 4, we showed how to compute 

spanners of the unit disk graph. Unit disk graphs can be seen as intersection graphs 

of disks of same radius in the plane. The general problem of computing spanners for 

geometric intersection graphs has been studied by Furer and Kasiviswanathan [33]. 

In Chapter 6, we showed how to compute spanners of complete A;-partite graphs. 

Another example of a graph that has been studied is the visibility graph. For a set 

P of points in the plane and a set C of non-intersecting line segments whose endpoints 

are in P, the visibility graph of P with respect to C is the geometric graph with vertex 

set P and there is an edge (p, q) if and only if the segment pq is in C or it does not 

cross any segment in C (in that case, p and q are said to be visible). A spanner of the 

visibility graph should then approximate Euclidean distances for every pair of points 

that are visible from each other. The constrained Delaunay triangulation (a variation 
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of the Delaunay triangulation) is a 2.42-spanner of the visibility graph [13]. 

In the literature, spanners that use a distance other than the Euclidean distance 

have also been proposed. For example, in a power spanner [7, 38, 58, 77], the distance 

used to measure the length of an edge is the square of the Euclidean distance between 

its two end points. This models the fact that in wireless networks, the amount of 

energy needed to send a packet is proportional to a power (not necessarily the square, 

however) of the Euclidean distance between the sender and receiver [68]. When 

reducing the latency is more important than reducing the amount of energy being 

used, a hop spanner [5], which gives an equal weight to every edge, can be used. 

In this chapter, the Additively Weighted Voronoi diagram (AW-Voronoi diagram) 

is of particular interest. Its definition is similar to that of the (standard) Voronoi 

diagram, except that each site Pi is assigned a weight which is a real number r^. 

Weights are used to define a weighted distance. More detail about how the weighted 

distance is used to define the AW-Voronoi diagram is given in Section 7.6. The 

Additively Weighted Delaunay graph (AW-Delaunay graph) is defined as the face-

dual of the AW-Voronoi diagram. Properties of the AW-Voronoi diagram and its 

dual have been studied by Lee and Drysdale [57], who showed how to compute it in 

0(nlog2 n) time. Later on, Fortune [32] showed how to compute it in 0{n\ogn) time. 

The AW-Voronoi diagram may have empty cells. For this reason, one would hope that 

it is possible to design an algorithm whose running time gets better as the number 

of empty cells increases. Karavelas and Yvinec [46] provided an 0(nT(h) + hlogti) 

time algorithm to compute the AW-Voronoi diagram where h is the number of non

empty cells and T(h) is the time to locate the nearest neighbor of a query point 

within a set of h points. Experimental results suggested an 0(nlogh) behavior. 

In 3D, the complexity of the (Additively Weighted) Voronoi diagram is 0(n2) [51]. 

Aurenhammer [7] showed how to compute it in time 0(n2) using Power Voronoi 

diagrams. Will [85] gave an 0(n2 logn) time algorithm with experimental results 

suggesting an 0(nlog2n) time behavior in the expected case. Kim et al. [49] showed 

how to obtain a running time of 0(nm), where m is the number of edges. 
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Figure 7.2: The additively weighted distance is not a metric. 

7.3 Definitions and Notation 

Definition 7.1 A set P = {(pi, r i ) , . . . , (pn, r„)} o/ ordered pairs, where each pi is a 

point in the plane and each r^ is a real number, is called a weighted point set. The 

notation pi £ P means that there exists an ordered pair (pi,/^) such that (pi,ri) £ P. 

The additive distance from a point p qL P in the plane to a point pt £ P, noted 

d(p,Pi), is defined as \ppi\ — ri} where \ppi\ is the Euclidean distance from p to Pi. 

The additive distance between two points Pi,Pj £ P, noted d(pi,pj), is defined as 

\PiPj\ —Ti — Tj, where \piPj\ is the Euclidean distance from Pi to pj. 

The problem we address in this chapter is the following: 

Problem 7.2 Let P be a weighted point set and let K(P) be the complete weighted 

graph with vertex set P and edges weighted by the additive distance between their 

endpoints. Compute a t-spanner with 0{n) edges of K(P) for a fixed constant t > 1. 

Notice that in the case where all n are positive numbers, the pairs (pi,ri) can be 

viewed as disks Di in the plane. If, for all i,j we also have d{pi,Pj) > 0, then the 

disks are disjoint. In that case, the distance d{Di,Dj) = d{pi,pj) = \piPj\ — rj — r^ 

is also equal to minjl^gjl : qi £ Di and qj £ Dj}, where the notation qi £ Di 

means \piqt\ < r^ To compute a spanner of an additively weighted point set is then 

equivalent to computing a spanner of a set of disks in the plane. From now to 

the end of this chapter, it is assumed that all rj are positive numbers and 

d(pi,pj) > 0 for all i,j. If V is a set of disks in the plane, then a spanner of V is 

a spanner of the complete graph whose vertex set is V and whose edges (Di5 Dj) are 

given weights equal to d(Di: Dj). 



123 

Figure 7.3: A straightforward generalization of the Yao graph. 

Notice also that the additive distance may not be a metric since the triangle 

inequality does not necessarily hold (see Figure 7.2). Although this may seem counter

intuitive, this makes sense in some networks, since a direct communication is not 

always easier than routing through a common neighbor. For example, in wireless 

networks, the amount of energy that is needed to transmit a message is a power of 

the Euclidean distance between the sender and the receiver. Therefore, using several 

small hops can be more energy efficient than a direct communication over one long

distance link. 

Figure 7.3 shows how the Yao graph can be generalized using the additive distance: 

for each cone, a disk keeps an outgoing edge with the closest disk whose center is 

contained in that cone. However, this graph is not a spanner. Figure 7.4 shows how 

to construct an example with six disks that has spanning ratio of (1 + e)/e for any 

e > 0. Nonetheless, in Section 7.4, we see that a minor adjustment to the Yao graph 

can be made in order to compute a (1 + e)-spanner of a set of disjoint disks that has 

0(n) edges. 
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Figure 7.4: The straightforward generalization of the Yao graph does not have con
stant spanning ratio. 

The Delaunay graph in the additively weighted setting is computable in time 

0(n log n) [32]. To the best of our knowledge, its spanning properties have not been 

previously studied. In Section 7.6, we show that it is a spanner and that its spanning 

ratio is SP-DT (i.e the same as that of the standard Delaunay graph). 

7.4 The Additively Weighted Yao Graph 

As we saw in the previous section, a straightforward generalization of the Yao graph 

fails to provide a graph with bounded spanning ratio. In this section, we show how a 

few subtle modifications to the construction, provide an approach to build a (1 + e)-

spanner. We define the modified Yao construction below. 

Definition 7.3 Let V be a finite set of disjoint disks and 9 < 0.228 be an angle such 

that 2TT/6 = k, where k is an integer. The Yao(#, V) graph is defined as follows. For 

every disk D = (p,r), partition the plane into k cones Cp^,..., Cp^ of angle 9 and 

apex p. A disk blocks a cone Cv^ provided that the disk intersects both rays of Cv^. 

Let F EV be a disk different from D with center in Cpj. Add an edge from D to F 

in Yao(9, T>) if and only if one of the two following conditions is met: 
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Figure 7.5: Illustration of the proof of Lemma 7.4. 

1. among all blocking disks that have their center in Cpj, F is the one that is the 

closest to D; 

2. among all disks that have their center in Cpj and are at a distance of at least r 

from D, F is the one that is the closest to D. 

Notice that there are two main changes. Within each cone, we now add potentially 

two edges as opposed to only one edge in the case of unweighted points. Next, in the 

second condition to add an edge, we do not add an edge to the closest disk within 

a cone but to the closest disk whose distance is at least r from the disk centered at 

the apex with radius r. We now prove that these two modifications imply that the 

resulting graph is a (1 + e)-spanner. 

Lemma 7.4 Let Pi,p2,P3 such that the angle Z.p3pip2 — a < 9 < 7r/4 and \p\Ps\ < 

\pip2\- Then \p2p3\ < \pip2\ - (cos6 - sin6>)|pip3|. 

Proof: Let p'3 be the projection of p% on the line through pi and p2 (see Figure 7.5). 

Then 

\P2Ps\ < \P2P'3\ + WsPsl 

= \PlP2\ - \P1P'3\ + b'3P3| 

= \P1P21 - \P1P31 (cos a - sin a) 

< \P1P21 - \PiPs | (cos 6 - sin 6) 

U 

Theorem 7.5 Let V be a finite set of disjoint disks and 8 < 0.228. Then Y(9,V) is 

a t-spanner ofV, where t = l/(cos20 — sin26 — 2sin(0/2)). 

file:///p/Ps/
file:///P1P2
file:///P1P3
file:///P1P2
file:///PiPs
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Figure 7.6: If D2 blocks the cone but the edge (D\, D2) is not in Yao(#, T>), then there 
exists £>3 such that d{Du D3) + d(D3, D2) < d(Du D2). 

Proof: We proceed by induction on the rank of the distances between the pairs of 

disks D\ and D2. 

Base case: The disks D\ and D2 form a closest pair. In that case, the edge 

(D\, D2) is in Yao(0, V). To see this, let r\ < r2. If D2 is blocking the cone centered 

at pi that contains it, then it is in Yao(#, V) by Case 1 of Definition 7.3. Otherwise, 

then it is at distance at least r\ from D\ and therefore it is in Yao(0, V) by Case 2 of 

Definition 7.3. 

Induction case: Let D\ = (pi,ri) and D2 = {p2-,r2). Without loss of gener

ality, r\ < r2. If the edge (Di,D2) is in Yao(0, V), then there is nothing to prove. 

Otherwise, there are two cases to consider depending on whether or not the shortest 

path from D\ to D2 in the complete graph on V is the edge (D\, D2). If the shortest 

path is not the edge {D\, D2), then all edges on the shortest path must have length 

less than d(Di, D2). By applying the induction hypothesis on each of those edges, we 

conclude that the distance from Di to D2 in Yao(#, V) is at most t times the length 

of the shortest path Di to D2 in the complete graph on T>, as required. 

We now consider the case when the edge (Di, D2): 

1. is not in Yao(#, V) and 

2. is the shortest path from Dx to D2 in the complete graph. 

Observe that the conjunction of those two facts imply that the disk D2 does not 

block the cone whose apex is p\ and contains p2: If D2 was blocking the cone, then 

since (£>i, D2) is not an edge in Yao(#, V), there must be a disk JD3 that is also blocking 

the cone and is closer to D\ than D2. However, this implies that the shortest path 

from Di to D2 in the complete graph is not the edge (Z?i, D2) (see Figure 7.6). 
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Figure 7.7: Illustration of the proof of Theorem 7.5. 

The conjunction of the three following facts: 

1. n < r2; 

2. 6 < 0.228 < sin"1 (1/3) and 

3. D2 does not block the cone, 

imply that d(Di, D2) > r\. Since (Di, D2) is not an edge, there is another disk whose 

distance is at least r that is closer to Dx. Let D3 = (p3,r3) be the closest disk to 

Di such that p3 is in the same #-cone with apex at pi as p2 and d(Di, D3) > T\. By-

definition, the edge (L>i, D3) is in Yao(#, V). Observe that d{D2,D3) < d{Di,D2). 

To see this, let a := d(Di, D2) — r\. We have that 

d(D2, D3)<a + 4ri sin(0/2) < o + 4rx sin(0.114) < a + n = d(£>i, D2). 

Let p[ be the point of D\ that is the closest to D3, p" be the point of D\ that is the 

closest to D2, p'2 be the point of D2 that is the closest to D\, and p3 be the point of D3 

that is the closest to Di (see Figure 7.7). Notice that |piP3| < \p[p'2\ and that since 

d(Di,D2) > d(Di,D3) > rx, then the angle /.p'^p'-j)^ is at most 29 < 7r/4. Therefore, 

we can apply Lemma 7.4 to conclude that 

IP2P3I < IP1P2I - (cos29 - sin2^)|p'1p3|, 

which implies that 

d(D2, D3) < d(Du D2) + \p\p'[\ - (cos26 - sin26)d(D1, D3). 
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Also, since |pipj| < 2sin(0/2)ri < 2sin(0/2)d(£>i,.D3), we have 

d(D2, D3) < d(Du D2) - (cos29 - sin29 - 2 sin(0/2))d(Di, D3). 

Finally, since d(D2, D3) < d(Di, D2), the induction hypothesis tells us that Yao(#, V) 

contains a path from D2 to D3 whose length is at most td(D2, D3). This means that 

the distance from D\ to D2 in Yao(#, V) is at most 

d(£>i, £>3) + td(D2, D3) < d(Du D3) + t(d(Du D2) - jd(D1, D3)) = td(D1, D2). 

The value 0.228 is an upper bound on the values of 0 such that t > 0. • 

Corollary 7.6 For any e > 0 and any set T> of n disjoint disks, it is possible to 

compute a (1 + e)-spanner ofV that has 0(n) edges. 

Proof: The bound on the number of edges comes from the fact that each cone 

contains at most two edges, and the spanning ratio of 1 + e comes from the fact that 

lim l/(cos 29 - sin 29-2 sin(0/2)) = 1. • 
0-i-O 

7.5 Quotient Graphs and Quotient Spanners 

The main idea in the remainder of this chapter is the following: we show how to 

compute a set of points from each A such that the (standard) Delaunay graph of 

those points is equivalent to the Additively Weighted Delaunay graph. By choosing 

the appropriate equivalence relation as well as the appropriate point set, we can then 

show that the spanning ratio of the Additively Weighted Delaunay graph is bounded 

by the spanning ratio of the standard Delaunay graph. The reduction of one graph 

to another is done by means of a quotient: 

Definition 7.7 Let Pi and P2 be non-empty sets of points in the plane. The distance 

between Pi and P2, denoted by \PiP2\, is defined as the minimum \pip2\ over all pairs 

of points such that pi 6 Pi and p2 G P2. 
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P/V Del(P)/V 

Figure 7.8: Illustration of Lemma 7.9. 

Definition 7.8 Let G = (V, E) be a geometric graph and V be a partition of V. 

The quotient graph of G by V, denoted G/V, is the graph having V as vertices and 

there is an edge (U, W) (where U and W are in V) if and only if there exists an edge 

(«, w) G E with u G U and w G W. The weight of the edge (U, W) is equal to \UW\. 

If P is a (non-weighted) point set and V is a partition of P, then the notation 

P/V designates the quotient of the complete Euclidean graph on P by V. If S is a set 

of pairwise disjoint sets of points in the plane such that P C (J <S, then the notation 

P/S designates the quotient of the complete Euclidean graph on P by the partition 

of P induced by <S. 

Lemma 7.9 Let G = (V, E) be a complete geometric graph, V be a partition of V 

and S be a t-spanner of G. Then S/V is a t-spanner of G/V. 

Proof: Let (U, W) be an edge of G/V and (it, w) be an edge of G such that 

\uw\ = \UW\. Since G is complete, the edge (it, w) is in G, and since S is a t-spanner 

of G, there is a path ip = i t i , . . . , u^ in S such that u\ = u, u^ = w and the length of 

I/J is at most i|my|. For each Ui of ip, let Ui G V be such that «» G J7j. Notice that it is 

possible that Ui = Ui+i for some i. Let \& be the subsequence of C/ = J7i,. . . , C4 = W 

that consists in those C/j such that % < k and Ui ̂  Ui+i. By definition, the sequence 
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^ is a path in S/V and it consists of at most k' < k nodes. The length of \& is at 

most 
fc'-i fc-i 

Y, \UiUi+i\ < ^ \uiUi+l\ < t\uw\ = t\UW\ 
i= l i= l 

which means that ^ is a ^-spanning path for (£/, W) in S/V. D 

7.6 The Additively Weighted Delaunay Graph 

Lee and Drysdale [57] studied a variant of the Voronoi diagram called the Additively 

Weighted Voronoi diagram, which is defined as follows: Let P be a weighted point 

set. The Additively Weighted Voronoi diagram of P is a partition of the plane into 

\P\ regions such that each region contains exactly the points in the plane having the 

same closest neighbor in P according to the additive distance. In other words, the 

Voronoi cell of a pair (pi} ?~j) contains the points p such that d(p,Pi) is minimum over 

all other pairs in P. The Additively Weighted Delaunay graph (AW-Delaunay graph) 

is defined as the face-dual of the Additively Weighted Voronoi diagram. 

Alternatively, if all r* are positive and for all i,j, we have \piPj\ > n + r,, then 

the pairs (pi,rj) can be seen as disks A of radius rj centered at Pi and d(p, Di) is 

the minimum \pq\ over all g e A- For a set V of disks in the plane, we denote the 

AW-Delaunay graph computed from V as Del(X>). When no two disks intersect, the 

AW-Delaunay graph is a natural generalization of the Delaunay graph of a set of 

points. We say that two disks A and B properly intersect if \A D B\ > 1. 

Proposition 7.10 Let V be a set of disjoint disks in the plane, and A,BET>. The 

edge (A, B) is in De^D) if and only if there is a disk C that is tangent to both A and 

B and does not properly intersect any other disk in V. 

Proof: Suppose (A, B) is in Del(X>), and let c be a point on the boundary of the 

Voronoi cells of A and B and r be the distance from c to A. Since c is equidistant 

from A and B, it is also at distance r from B. This means that the disk C centered 

at c is tangent to both A and B. This disk cannot properly intersect any other disk 

of V, since this would contradict the fact that c is in the Voronoi cells of A and B. 
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Figure 7.9: The Additively Weighted Delaunay graph compared with the Delaunay 
graph of the disks centers. 

Similarly, if there is a disk that is tangent to both A and B but does not properly 

intersect any other disk of V, then A and B are Voronoi neighbors. • 

Note that the Additively Weighted Delaunay graph is not necessarily isomorphic 

to the Delaunay graph of the centers of the disks (see Figure 7.9). When all radii 

are equal, however, the two graphs coincide. We now show that if V is a set of disks 

in the plane, then Del(X>) is a spanner of V. The intuition behind the proof is the 

following: we show the existence of a finite set of points P such that K(P)/V (where 

K(P) is the complete graph with vertex set P) is isomorphic to the complete graph 

on V and Del(P)/X> is a subgraph of Del(X>). Then, we use Lemma 7.9 to prove that 

Del(P)/V is a spanner of V, which implies that Del(X>) is a spanner of V. 

Definition 7.11 Let A,B be disjoint disks and S a set of points such that Af)S = 0 

and B D S = 0. A set of points R represents S with respect to A and B if for every 

disk F that is tangent to both A and B, we have Fr\S^$=>Fr\R=£®. If V is a 

set of disjoint disks, then a set of points 7Z represents T> if for all A,B,C£ V, there 

is a subset oflZ that represents C with respect to A and B. 

From here to the end of the proof of Lemma 7.15, unless stated otherwise, let 

1. A, B be two disjoint disks in the plane having their center on the rr-axis; 

2. D{y) be the disk that is tangent to both A and B and whose center has y-

coordinate equal to y; 
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Figure 7.10: Illustration of the proof of Lemma 7.12. 

3. y(D) be the y-coordinate of the center of a disk D; 

4. £i,£2 be the two lines that are outer-tangent to both A and B (respectively, 

from below and above); 

5. 2/i, y2 be such that y1 < y2 and D(yi) n D(y2) ^ 0; 

6. £ be the line through the intersection points of the boundaries of D(yi) and 

D(y2) (if D(yi) and D(y2) are tangent, then £ is the unique line that is tangent 

to both D(yi) and D(y2)); 

7. T(A, B) denote the region below £2, above £\ and between A and B; and 

8. l+ (l~) be the closed half-plane above (below) a non-vertical line I. 

Throughout this section, it is implicitly assumed that £>(oo) = £\ and D{—oo) = £~{. 

Lemma 7.12 Givenyx < y2 and D(y1)DD(y2) ^ 0, we have D(y1)n£+ C D(y2)r\£+ 

and D(y2)(~]£- C D{y±) n£~ (see Figure 7.10). 

Proof: Notice that either D{yx) n £+ C D(y2) D £+ or D(y2) n £+ C D(?/i) D ^+. 

Therefore, all we need to show is that {D(y2) n £+) \ {D(yi) f] £+) is not empty. Let 

Ci, C2 be the respective centers of -D(t/i) and D(y2), and p be the intersection point of 

the infinite ray from c\ through c2 with the boundary of D(yi)U D(y2). 

We show by contradiction that p is not in D(yi). If that was the case, then 

D{y2) would be completely contained in D{yi). The reason for this is that there is 
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Figure 7.11: Illustration of the proof of Lemma 7.13. 

no point of D(y2) that is farther from C\ than p. Let q be a point of D(y2). Then 

\qc\\ < \qc2\ + |c2ci| < \pc2\ + \c2c\\ = \pci\. But the fact that D{y2) is completely 

contained in D(yi) contradicts the fact that they are both tangent to A and B. 

Therefore, since p G £+, we have p G {D(y2) (~}£+) \ (-D(yi) fl£+), which imply that 

D(yi) n e+ c D ^ ) n £+. Similarly, D(y2) n r c D(yi) n r . n 

Lemma 7.13 Lei Pi,p2 be the intersection points of the boundaries of D(y\) and 

D(y2) (if D{y\) and D(y2) are tangent, thenpi —p2). Thenpi and p2 are in £2 and 

in £f (see Figure 7.11). 

Proof: Let qx, q2 be the tangency points of D(yi) with A and B and si, s2 be the 

tangency points of D{y2) with A and B. By Lemma 7.12, gi, q2 are below £ and si, s2 

are above £. Since ^ is above q\ and g2) which are in turn above £1, it follows that p\ 

and p2 are above £1. By a symmetric argument, pi and p2 are below ^2. D 

Lemma 7.14 The following are true: 

1. For allp G £2, there exists a line y = y0 such that for all disk E that is tangent 

to both A and B, if the center of E is above yo then p G E. 

2. For allp G £~{, there exists a line y = yi such that for all disk E that is tangent 

to both A and B, if the center of E is below y\ then p G E. 
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T^\ D{y) I \ 

Figure 7.12: Illustration of the proof of Lemma 7.14 (3) (first part). 

Figure 7.13: Illustration of the proof of Lemma 7.14 (3) (second part). 

3. For all p in T(A, B), there exists two lines y = yo and y = y\ such that for all 

disk E that is tangent to both A and B, p E E if and only if the center of E is 

between y0 and y\. 

Proof: For (1), the existence of y0 is guaranteed by the fact that lim^oo D(y) = l\. 

Now, let yo be such that p E D(y0) and y' > y0. Let L(yQ) and L(y') be the lunes 

respectively defined by the intersection of D(y0) and D(y') with the half-plane above 

£2. By Lemma 7.13, the two points where the boundaries of D(y0) and D(y') intersect 

are below l-i- Therefore, we have either L(y0) C L(y') or L(y') C L(yo). But since 

y' > t/o? by Lemma 7.12 we have L(y0) c L(y') and therefore p E L(y'). The proof of 

(2) is symmetric. 

For (3), the existence is easy to show. Without loss of generality, assume d(p, A) < 

d(p,B). Let D be the disk centered at p that is tangent to A and let q be the 

tangency point of A and D see Figure 7.12. Since q E T(A,B), there exists y such 

that D(y) D A = q. Since D C D(y), there exists a disk that is tangent to both A 
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Figure 7.14: The five regions for Lemma 7.15. 

Figure 7.15: Case C4 of the proof of Lemma 7.15. 

and B and contains p. 

We now show that y\ < y2 < 2/3 implies D(yi) n D(y3) C D(y2) (see Figure 7.13). 

Let £3 be the line through the intersection points of the boundaries of D(yi) and D(y2) 

and let £4 be the line through the intersection points of the boundaries of D(y2) and 

D(y3). Let p G D(yi) n D(y3). Since £4 is above £3 in D(yi) n D(yz), p is either 

above £3, below £4 or both. If p G £$, then since t/i < y2, by Lemma 7.12 we have 

that D(yi) H £j" C D(y2) n £j" and p G D{yx) n £(2/2)- Similarly, if p G £4 , then since 

2/2 < ?/3) by Lemma 7.12 we have that D(y3) D£^ C L>(y2) l~lCj~ and p G D ^ j n D ^ ) . 

In either case, p G D(y2), which completes the proof. • 

Lemma 7.15 Let C be a disk that is disjoint of both A and B. There exists a set of 

at most six points that represents C with respect to A and B. 
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Proof: Let 

d := (Cn£D\4 

c2 := (cn#)\*r 
c3 := cn£in£+ 

c4 := cnr(A,B) 
c5 -.= {cnt[r\^)\T{A,B) 

These five regions partition the disk C (see Figure 7.14). We show that for each 

region, there is a finite set of points that represents it. The cardinality of the union 

of the sets is no more than six. 

If G\ ^ 0, then let y0 be the minimum y such that D(y) intersects C\. Let 

Pi G C\ fl D(y0). By definition of yo, for any disk E that is tangent to both A and B 

and intersects Ci, we have y(E) > y0, and by Lemma 7.14, we have pi G E. 

Similarly, if C2 ^ 0, then let y\ be the maximum y such that D(y) intersects C2. 

Let p2 G C2 fl D(y1). By definition of ?/i, for any disk £ that is tangent to both A 

and B and intersects C2, we have y(-E') < yi, and by Lemma 7.14, we have p2 G £7. 

If C3 ^ 0> then let ?/o be the minimum y > 0 such that D(y) intersects C3 and 

j/i as the maximum y < 0 such that D(j/) intersects C3. Let p3 G C3 fl jD(y0) and 

P4 G C3 fl D(yi). By definition of yo, for any disk E with y(-E') > 0 that is tangent to 

both A and B and intersects C3, we have y(E) > y0, and by Lemma 7.14, we have 

p3 G -B. The same reasoning applies to P4 when y(-E) < 0. 

If CA 7̂  0, then let yo be the minimum y such that D(y) intersects C4 and yi as the 

maximum y such that D(y) intersects C4. Let p5 G C4 fl .D(?/o) and p6 G C4 fl D(yi). 

Let y* be such that C C -D(y*) (see Figure 7.15). Let E be a, disk that is tangent 

to both A and B and intersects C4. We show that y(-B) < y* ==> P5 G E (and 

similarly, t/(i?) > y* = > p6 G -E). It is sufficient to show that y" < y' < y* => 

CnD(y") C CnD(y'). Let p G D(y")nC. By Lemma 7.14, 3y0(p),2/i(p) such that V 

disk E tangent to both A and B, we have j/o(p) < y{E) < y\{p) <£> p G E. Therefore, 

the following hold: 

?/o (p) <y* < 2/i (p) 

?/o(p) < y" < Vi(p) 
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But since y" < y' < y*, we have y" < y' < y*, which imply that p e C f] D(y'). 

Finally, since C5 fl E = 0 for any disk E that is tangent to both A and B, there 

is no need to select representative points for C5. D 

Careful analysis of the proof of Lemma 7.15 allows us to observe that in fact, 

only two points are necessary to represent a disk C with respect to two other disks 

A and B. First, note that C4 ^ 0 = » C3 = 0 and C3 ^ 0 => C4 = 0. This 

reduces to four the number of points that are necessary. Also, if C\ ^ 0 and C4 ^ 0, 

then p6 is on £2 and is not required since any disk that contains it also intersects d 

and therefore contains p\. Similarly, if C2 7̂  0 and C4 ^ 0, then p5 is not required 

since any disk that contains it also intersects C2 and therefore contains p2- Therefore, 

if C4 7̂  0, then the number of points that are necessary is at most two. A similar 

argument applies to the case where C3 ^ 0. Finally, if both C3 and C\ are empty, 

then only p\ and p2 may be required. Therefore, we have the following corollary: 

Corollary 7.16 Let V be a set ofn disjoint disks. There exists a set of at most 2Q) 

points that represents V. 

Lemma 7.17 Let A and B be two disjoint disks and C be a disk intersecting both of 

them. Then there exists a disk G inside C that is tangent to both A and B. 

Proof: We show how to construct G. Let a, 6, c and r^, fs, fc respectively be the cen

ters and radii of A, B and C. Without loss of generality, assume \ac\ — re < \bc\ — rs-

Let F be the disk centered at c and having radius rp — \bc\ — T\B (see Figure 7.16). 

The disk F is tangent to B. If F is also tangent to A, then let G = F and we are 

done. Otherwise, F is properly intersecting A. In that case, let p be the tangency 
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Figure 7.17: The distance points of A and B. 

Figure 7.18: Illustration of the proof of Theorem 7.19. 

point of F and B, I be the line through b and c, and G be the disk through p having 

its center on I and tangent to A. The result follows from the fact that G is tangent 

to B and inside C. • 

Definition 7.18 Let A and B be two disks in the plane. The distance points of A and 

B are the two ends of the shortest line segment between A and B (see Figure 7.17). If 

V is a set of disjoint disks, then the set of distance points of V is the set containing 

the distance points of every pair of disks in V. 

Theorem 7.19 Let V be a set ofn disjoint disks. Then Del(X>) is a SP-DT-spanner 

of V, where SP-DTis the spanning ratio of the Delaunay triangulation of a set of 

points. 

Proof: By Corollary 7.16, let R be a set of size at most 2(") that represents V, let 

S be the set of distance points of V, and let P = R U S. Since Del(P) is a SP-DT-

spanner of P, by Lemma 7.9, we have Del(P)/X> is a SP-DT-spanner of K(P)/V, 

where K(P) is the complete graph with vertex set P. Since P contains the distance 

points of V, K(P)/V is isomorphic to the complete graph defined on V. We show 

that each edge (A, B) of Del(P)/£> is in Del(D). Let (A, B) be an edge of Del(P)/X>. 

This means that in P , there are two points a and b with a G A,b G B such that 
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Figure 7.19: Even if the embedding of the AW-Delaunay graph that consists of 
straight line segments between the centers of the disks is not necessarily a plane 
graph, it is planar. 

there is an empty circle C through a and b. By Lemma 7.17, C contains a disk G 

that is tangent to both A and B. The disk G is a witness of the presence of the edge 

(A, B) in Del(D). If that was not the case, this would mean that there exists a disk 

F eV such that G n F ^ 0. By definition of R, this implies that G n R ^ 0 and 

thus C D P 7̂  0, which contradicts the fact that C is an empty circle. Therefore, the 

edge (A, B) is in Del(P). Since Del(P)/X> is a SP-DT-spanner of V and a subgraph 

of Del(D), we conclude that Del(P) is a SP-DT-spanner of V. • 

7.7 Computing a Plane Embedding 

Note that the embedding of the AW-Delaunay graph that consists of straight line 

segments between the centers of the disks is not necessarily a plane graph (see Fig

ure 7.19). However, the Voronoi diagram of a set of disks V, denoted Vor(r>), is 

planar [67]. Since Del(X>) is the face-dual of Vor(X>), it is also planar. An important 

characteristic of the Delaunay graph of a set of points regarded as a spanner is that 

it is a plane graph. Therefore, a natural question is whether Del(X>) has a plane 

embedding that is also a spanner. 

The proof of Theorem 7.19 suggests the existence of an algorithm allowing to 

compute such an embedding: compute the Delaunay triangulation of the set P that 

contains the distance points and the representative of T>. The graph Del(P) can be 

regarded as a multigraph whose vertex set is V. Then, for each pair of disks that share 

one or more edges, just keep the shortest of those edges. This simple algorithm allows 

us to compute a plane embedding of Del(P) that is also a spanner of V. However, its 
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running time is 0(n3 log n). 

On the other hand, it is also possible to compute in time 0(n log n) a plane spanner 

of V whose spanning ratio is SP-DT2 (i.e. the square of the spanning ratio of the 

Delaunay graph of a set of points). Here is how to do this: First, compute Del(£>). 

Then, let P be the set of distance points of all pairs of disks that share an edge in 

Del(I>). Compute Del(P). Since P has size 0(n), this can be done in time O(nlogn). 

Also, Del(P) is a plane graph. As in the above paragraph, the graph Del(P) can be 

regarded as a multigraph whose vertex set is V. Again, for each pair of disks that 

share one or more edges, just keep the shortest of those edges. All that remains to 

explain is why the resulting graph is a (SP-DT2)-spanner of V. Let Di,D2 € V. 

The straight line embedding of Del(P) contains a SP-DT-spanning path between Di 

and D2. The endpoints of the edges of that path are the distance points between 

the disks. In Del(P), each of those edges is approximated within a factor of SP-DT, 

leading to a spanning ratio of SP-DT2. Therefore, we showed the following: 

Theorem 7.20 Let V be a set of n disjoint disks and SP-DTfee the spanning ratio 

of the Delaunay triangulation of a set of points. In time 0(n3 log n), it is possible 

to compute a plane SP-DT-spanner ofV, and in time 0(nlogn) ; it is possible to 

compute a plane SP-DT2-spanner ofT>. 

Whether or not it is possible to compute a plane embedding of Del(D) that is also 

a SP-DT-spanner of V in time O(nlogn) remains a open question. 

7.8 Conclusion 

In this chapter, we showed how, given a weighted point set where weights are positive 

and \piPj\ > Vi + Tj for all i ^ j , it is possible to compute a (1 + e)-spanner of that 

point set that has a linear number of edges. We also showed that the Additively 

Weighted Delaunay graph is a i-spanner of an additively weighted point set in the 

same case. The constant t is the same as for the Delaunay triangulation of a point set 

(the best current value is 2.42 [48]). We could not see how the Well-Separated Pair 

Decomposition (WSPD) can be adapted to solve that problem. The first difficulty 

resides in the fact that it is not even clear that, given a weighted point set, a WSPD 
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of that point set always exists. Other obvious open questions are whether our results 

still hold when some weights are negative or \piPj\ < n + rj for some i ^ j . Also, 

we did not verify whether our variant of the Yao graph can be computed in time 

O(nlogn). Finally, another problem that could be explored is whether it is possible 

to compute t-spanners for multiplicatively weighted point sets. 



Chapter 8 

Conclusions 

In this thesis, we explored algorithmic aspects of ad hoc wireless networks. The 

problems we addressed combined geometric and combinatorial difficulties. Even if 

the literature on the subject is incredibly vast, there are still many problems to 

be explored. We conclude with a summary of open problems that arose from our 

research. 

1. Find a dominating set algorithm for unit disk graphs that is local, location-

oblivious and has a constant deterministic performance ratio. 

2. Close the gap between the lower bound of four and the upper bound of five for 

the performance ratio of the sequential coloring algorithm for unit disk graphs. 

3. Determine whether or not the Half-Space Proximal has a constant spanning 

ratio. 

4. Compute t(k) and t'(k) for values of k greater than 4. 

5. Compute a spanner of complete A;-partite graph that is planar. 

6. For complete A;-partite graphs, either give an algorithm that computes a (3 + e)-

spanner with 0(n) edges or give a lower bound of (5 — e) for the problem. 

7. Compute a spanner of an additively weighted point set where the weights are 

negative. 

8. Compute a spanner of a multiplicatively weighted point set. 

9. Compute a plane embedding of the Additively Weighted Delaunay graph that 

has constant spanning ratio in time O(nlogra). 
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