
Receiver Design for Signals in Non-G aussian  
Noise: Applications to  Sym m etric A lpha-Stable  

and M iddleton’s Class-A N oise M odels

by

Tarik Sayed Shehata Mohamed Saleh, B. Sc, M. Sc.

A thesis submitted to the Faculty of Graduate and Postdoctoral Affairs

in partial fulfillment of the requirements for the degree of 

D octor o f Philosophy in E lectrical and C om puter Engineering

Ottawa-Carleton Institute for Electrical and Computer Engineering (OCIECE) 

Department of Systems and Computer Engineering 

Carleton University 

Ottawa, Ontario, Canada, K1S 5B6

June 2012

Copyright ©2012- Tarik Saleh



1+1
Library and Archives 
Canada

Published Heritage 
Branch

Bibliotheque et 
Archives Canada

Direction du 
Patrimoine de I'edition

395 Wellington Street 
Ottawa ON K1A0N4 
Canada

395, rue Wellington 
Ottawa ON K1A 0N4 
Canada

Your file Votre reference 

ISBN: 978-0-494-93688-7

Our file Notre reference 
ISBN: 978-0-494-93688-7

NOTICE:

The author has granted a non
exclusive license allowing Library and 
Archives Canada to reproduce, 
publish, archive, preserve, conserve, 
communicate to the public by 
telecommunication or on the Internet, 
loan, distrbute and sell theses 
worldwide, for commercial or non
commercial purposes, in microform, 
paper, electronic and/or any other 
formats.

AVIS:

L'auteur a accorde une licence non exclusive 
permettant a la Bibliotheque et Archives 
Canada de reproduire, publier, archiver, 
sauvegarder, conserver, transmettre au public 
par telecommunication ou par I'lnternet, preter, 
distribuer et vendre des theses partout dans le 
monde, a des fins commerciales ou autres, sur 
support microforme, papier, electronique et/ou 
autres formats.

The author retains copyright 
ownership and moral rights in this 
thesis. Neither the thesis nor 
substantial extracts from it may be 
printed or otherwise reproduced 
without the author's permission.

L'auteur conserve la propriete du droit d'auteur 
et des droits moraux qui protege cette these. Ni 
la these ni des extraits substantiels de celle-ci 
ne doivent etre imprimes ou autrement 
reproduits sans son autorisation.

In compliance with the Canadian 
Privacy Act some supporting forms 
may have been removed from this 
thesis.

While these forms may be included 
in the document page count, their 
removal does not represent any loss 
of content from the thesis.

Conformement a la loi canadienne sur la 
protection de la vie privee, quelques 
formulaires secondaires ont ete enleves de 
cette these.

Bien que ces formulaires aient inclus dans 
la pagination, il n'y aura aucun contenu 
manquant.

Canada



A bstract

Non-Gaussian impulsive noise has been used to model different noise sources in many

communication systems, such as multiple access interference, man-made electromag

netic noise, car ignition and mechanical switching and many others. There have been 

different statistical distributions proposed to model such impulsive noise such as the 

Gaussian mixture distribution, Middleton’s Class A noise model, and the symmetric 

alpha stable distribution. However, the optimal receivers designed for channels based 

on these distributions are very complex. In this thesis, we discuss the problem of 

designing robust low complexity receivers with near-optimal performance for signals 

in symmetric alpha stable noise. The research results are also applied to Class A 

noise.

In the detection part, we analyze the behavior of the optimal detector by using the 

optimal decision regions framework. Based on this framework, we have proposed a 

novel method to significantly improve the performance of simple suboptimal detectors; 

however, there are some limitations when the dimension of the decision regions be

comes higher than 2. Another framework which is based on the optimal log-likelihood 

ratio is proposed to give a generalized approach to design simple suboptimal detectors 

with near-optimal performance by using a piecewise linear approximation of the log 

likelihood ratio. The proposed framework has been also applied to design effective 

yet simple signal combiner for signals in multipath fading channel.

In the decoding part, we use the optimal LLR as a unified metric to propose



a simple approach to justify and design low complexity suboptimal decoders. The 

proposed approach has been used to design suboptimal Viterbi and MAP decoders 

which give near optimal performance with low complexity. The proposed approach 

can also be used with other types of codes such as turbo and LDPC codes.

Moreover, the proposed LLR-based framework can be used to design simple re

ceivers with different complex non-Gaussian models. In this thesis, we show that the 

LLR-based framework can be used with the case of the Middleton’s Class A noise 

model to design a low-complexity detector and a simple Viterbi decoder as examples 

of the generality of the proposed framework.
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Chapter 1

Introduction

1.1 M otivation

The Gaussian distribution has long been used as the default model for the ther

mal noise at the receiver of communication systems. It is statistically supported by 

the central limit theorem and it is justified by the physical properties of the noise. 

Nevertheless, measurements of the ambient noise in many physical channels show a 

non-Gaussian behavior. Experimental measurements in outdoor and indoor mobile 

radio channels as well as digital subscriber loop (DSL) systems show the impulsive 

nature of the ambient noise due to man-made electromagnetic interference as well as 

natural noise [1-6]. Car ignition and electo-mechanical switching are also shown to 

produce impulsive interference in a wide frequency band [7]. Moreover, multiple access 

interference in some wireless and ultra wideband (UWB) networks is characterized 

by impulsive non-Gaussian models [8-11]. Impulsive noise also appears in acoustic 

underwater channels [12-14], power line channels [15] and radar/sea clutter [16,17].

It has been shown that the non-Gaussian noise that appears in different com

munication channels is heavy-tail in nature and is best described by a heavy-tailed 

statistical distribution with an algebraic tail rather than the exponential tail distribu

tions such as the Gaussian model [4,18]. There are many heavy-tailed distributions

1



tha t have been used to model non-Gaussian noise such as the Gaussian mixture [19], 

the Middleton class A noise model [18] and the symmetric alpha-stable (SaS) distri

bution [8].

1.2 N on-G aussian Im pulsive M odels

1.2.1 T he G aussian M ixture M odel

The Gaussian mixture (GM) densities have been used to model a variety of non- 

Gaussian noise environments [19,20]. Its probability density function is given by the 

weighted sum of N  Gaussian probability density functions as

where c, are the weights and fa(x: fa, of) is the Gaussian probability density function 

(pdf) with mean fa and variance erf. This model is quite general and can be used 

to approximate different symmetric, zero-mean densities such as the Laplacian dis

tribution [21] and the SaS distribution [22]. Also, the Middleton class A noise model 

directly follows a GM density function with an infinite number of components.

A popular GM model is the two component e—mixture model:

where 0 < e < l , 0 < f c < l .  The second component, with a larger variance, models 

the impulsive noise with a probability of occurrence equal to e. The e—mixture 

model has been used as a mathematically tractable model for impulsive noise in 

many communication channels [23-26].

N

( 1 .1)
i= l

f x ( x )  = (1 -  e)fG(x-,0,k<r2) + efG{x;0,a2) ( 1.2 )

2



1.2.2 T he M iddleton  Class A M odel

Middleton has developed three statistical-physical noise models, known as the class A, 

B and C models [18,27]. These noise classes provide a broad, canonical description of 

many non-Gaussian noise processes for electromagnetic and acoustic environments. 

The three classes, A, B and C, are characterized by the relative bandwidth of the 

noise and the receiver. The pdf of Class A noise is a mixture of an infinite number 

of Gaussian distributions,

OO

J a {x )  =  ^ / G(rr;0 ,^ ff2) (1.3)
n = 0

where =  (n/A  +  Tp)/(1 -I- Tp). The pdf is described by three parameters, A >  0, 

a 2 > 0 and Tp >  0 which describe the intensity with which impulsive events occur, 

the power of the noise and the ratio of the powers of the Gaussian and non-Gaussian 

components, respectively. Middleton’s Class A model has been used to model the 

electromagnetic interference in different communication systems [10,28].

1.2.3 The Sym m etric A lpha-Stable M odel

The symmetric alpha-stable (SaS) distribution, with symmetric pdf, describes a broad 

class of impulsive random variables with heavy tailed distributions [8]. The SaS distri

bution has been used to model many impulsive noise sources using different analytical 

and empirical methodologies. The distribution has no closed form expression except 

for special cases when a  =  1 (Cauchy distribution) and a  =  2 (Gaussian distribution), 

so it is best described using its characteristic function

<j>x{u) =  e"7|w|“ (1.4)

3



where a  measures the thickness of the tail of the distribution and 7  measures the 

spread of the distribution around its center. The probability density function is

The SaS distribution is strictly a theoretical model as it possesses unrealistic 

properties such as infinite variance. However, it has been shown that this model is 

able to capture, to a great extent, the impulsive behavior of many physical noise 

sources. Moreover, the SaS model has attractive theoretical motivations such as the 

stability property and the support of the generalized limit theorem. The stability 

property means that a linear combination of SaS random variables results in a SaS 

random variable with different distribution parameters.

For the aforementioned reasons, the SaS distribution has been widely used to 

model impulsive noise in many different applications, including communication sys

tems. In [29], the SaS distribution has been used to model the multiple access inter

ference in direct sequence spread spectrum (DS-SS) networks. In [30,31], it was shown 

that the aggregate interference, which results from wireless terminals distributed in 

a plane according to a Poisson point process, can be modeled with the SaS distri

bution. Also, in [9], a mathematical framework based on the SaS distribution has 

been used to characterize the interference in many wireless networks such as cogni

tive radio and UWB networks. Moreover, the SaS model has been used to model 

co-channel interference [28]. In [11], it was shown that the SaS distribution closely 

fits the distribution of the multiple access interference in UWB networks. Recently, 

in [32], the SaS distribution has been proposed to model the multiple access inter

ference in ad hoc UWB networks. In [33], the SaS model has been used in modeling 

interference in cooperative transmission in UWB relays. In [34], the SaS random pro

cess has been used to model the UWB channel impulse response a t 60 GHz. Also, the

(1.5)
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SaS model has shown to be a close fit for the measured electromagnetic interference 

(EMI) generated by the clocks and buses in laptop and desktop computer environ

ments [10]. In [6] a study of the impact of the EMI from household appliances on 

digital subscriber loop systems shows that the amplitude probability density function 

of the interference measured over the ADSL1 spectrum is well modeled by the SaS 

distribution.

In radar applications, the SaS distribution has been used to model the forest 

clutter observed in the UWB radar imagery [16]. Also, in [17], it has been shown 

that signal detection algorithms, based on the SaS model and applied to real radar 

sea-clutter data, give better performance than those based on the Gaussian model. 

In [35], the speckling effects on the synthetic aperture radar images have been modeled 

with the SaS distribution.

Moreover, the SaS distribution has been used to model heavy tail random pro

cesses in image processing and biomedical applications. In [36,37] it has been shown 

that modeling the data in image watermarking using the SaS distribution gives bet

ter probability of detection in the discrete cosine transform domain than using the 

Gaussian distribution. In [38], the SaS has been used to model the wavelet coef

ficients used in image fusion. Also, for target tracking, in [39], it has been shown 

that modeling of the background fixed objects using the SaS distribution gives better 

probability of detection of the moving target. Moreover, in [40], it has been shown 

that the frequency spectra of brain magnetic resonance images exhibit non-Gaussian 

heavy tail behavior and it is better to use the SaS model than the Gaussian model. 

In [41,42], the SaS distribution has been used to model the wavelet coefficients of 

ultrasonic images. In [43], the SaS distribution has been used to model non-Gaussian 

background noise in the evoked potentials that are used to quantify the neurological 

system properties.
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1.3 Research O bjectives

When designing a receiver for signals corrupted by additive noise, an optimal receiver 

is one tha t minimizes the probability of error. The design of such a receiver must 

necessarily take into consideration the pdf of the noise. When the noise is Gaussian, 

the optimal receiver can be simplified to  a form with very low complexity. However, 

when the noise is non-Gaussian, it is not always possible to simplify the receiver 

while maintaining optimality, so suboptimal yet practical alternatives are considered 

instead.

The main objective of the proposed work is to design low complexity receivers with 

near-optimal performance for signals corrupted by non-Gaussian impulsive noise. In 

particular, the symmetric alpha stable (SaS) model has been chosen because of its 

close fit for impulsive noise. The proposed work is concerned with the detection and 

the decoding functions of the receiver. Moreover, the research results have been also 

used to design simple suboptimal receivers for signals in Middleton’s Class A noise.

1.3.1 D etection

The optimal maximum likelihood detector for signals in SaS noise requires complex 

computations, which imposes a challenge in practical implementations. Many subop

timal detectors have been proposed, however, there is always a trade-off between the 

complexity and the performance. Suboptimal detectors with affordable complexity 

have poor performance compared to the optimal one. Also, there is no methodol

ogy or framework that can be used to explain the performance of these detectors. 

In this research, we propose a different approach to design low complexity subop

timal detectors by analyzing the behavior of the optimal detector when processing 

the received samples. The proposed analysis is used to improve the performance of 

the existent detectors and develop a new low cost near-optimal detector based on a
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simple piecewise linear approximation of the optimal log-likelihood ratio (LLR).

1.3.2 D ecoding

The design of an optimal decoder for signals that have been encoded with an error 

correcting code and transmitted over a SaS noise channel is a complex task because of 

the lack of a closed form expression of the SaS noise pdf. Decoders tha t are designed 

based on a Gaussian assumption give poor performance. Many suboptimal designs 

for different decoders, such as the Viterbi and MAP decoders, have been proposed in 

the literature. These decoders use simple nonlinearities to enhance the performance 

of the conventional decoders which are optimized for Gaussian noise. However, their 

performance is still far from optimal. Moreover, many suboptimal decoders depend 

on ad hoc methods to enhance the performance. In this thesis, we propose a different 

approach to design different suboptimal decoders by using a simple approximation 

of the optimal LLR which results in near-optimal performance with low complexity. 

The proposed approach is applied to the Viterbi and MAP decoders, but it can also 

be used with other types of decoders such as the turbo, LDPC and BICM decoders.

1.3.3 A pplication  to  th e  C lass A  N oise M odel

The proposed LLR-based framework has been used with the SaS noise to design 

low-complexity detectors and decoders. In the last part of the thesis, we show the 

generality of the research results by using the proposed LLR-based method to de

sign suboptimal detectors and decoders for the case where the non-Gaussian noise 

is modeled as Middleton Class A. The resultant detector and Viterbi decoder give 

near-optimal performance with low complexity.
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1.4 Research Contributions o f the Thesis

The research contributions of this thesis fall within two areas: detector design for 

uncoded communication systems and decoder design for systems that employ error 

correcting codes. W ith regards to detector design, the main contributions of the 

thesis are:

1. A novel framework based on decision regions is proposed to analyze the be

haviour of optimal and suboptimal detectors. Application of this framework 

has provided considerable insight into why some suboptimal detectors work 

well while others do not. This insight in turn  led to the design of two novel 

simple suboptimal detectors with near-optimal performance.

2. To overcome some limitations of the decision-region-based framework for de

tector design, we proposed an alternative approach based on analysis of the 

LLR of the received samples. A very simple detector based on using a piece- 

wise linear approximation to the optimal LLR is proposed. This novel detector 

yields performance nearly indistinguishable from the optimal detector over a 

wide range of operating conditions.

In addition to these two main contributions, several other contributions of this 

thesis are:

1. The adaptive soft limiter detector is proposed tha t is extremely simple and 

works very well when the number of samples per symbol, N ,  is large and a  

has moderate to high values.

2. A piecewise linear detector is proposed, which approximates the optimal deci

sion regions by simple linear segments and gives near-optimal performance for 

the case when N  — 2.

3. As an application to the LLR-based method, the PWL-LLR diversity combiner 

is proposed, which is a robust simple suboptimal detector tha t can be used with
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any value of a  and N  for the case when multiple receive antennas are used 

with fading channel.

4. To emphasize the generality of the LLR-based approach to detector design, 

the technique is applied to designing a detector for signals corrupted by Class 

A noise. A simple piecewise linear approximation to the LLR is presented and 

the resulting detector is extremely effective.

W ith regards to decoder design, the contributions of the thesis include:

1. A new approach for decoder design by using the LLR-based framework is 

proposed. PWL-LLR Viterbi and MAP decoder are proposed to achieve near- 

optimal performance with low complexity.

2. The proposed LLR-based method is used with Class A noise which results in 

a PWL-LLR detector and a PWL-LLR Viterbi decoder.

3. A dual-absolute branch metric for simple Viterbi decoding in SaS noise is 

proposed by using the LLR-approach (implicit use of LLR).

Parts of this thesis appear in the following publications:

T. Shehata Saleh, I. M arsland, and M. El-Tanany, “Suboptim al detectors for alpha-stable 
noise: Simplifying design and improving performance,” Accepted to IE E E  Transaction on Commu
nications, February 2012.

T. S. Shehata, I. M arsland, and M. El-Tanany, “A Simplified LLR-Based Detector for Sig
nals in Cl ass-A Noise,” Accepted to IE E E  Vehicular Technology Conference, Fall 2012.

T. Shehata Saleh, I.  M arsland, and M. El-Tanany, “A simplified LLR-based Viterbi decoder
for convolutional codes in symmetric alpha-stable noise,” Accepted to the Canadian Conference on 
Electrical and Computer Engineering (CCECE-2012), February 2012.

T. S. Shehata, I. Marsland, and M. El-Tanany, “A low-complexity near-optim al MAP de
coder for convolutional codes in symmetric alpha-stable noise,” Accepted to the Canadian 
Conference on Electrical and Computer Engineering (CCECE-2012), February 2012.

T. S. Shehata, I. Marsland, and M. El-Tanany, “A low-complexity near-optimal Viterbi de
coder for convolutional codes in Class A noise,” Accepted to the Canadian Conference on Electrical 
and Computer Engineering, Feb. 2012.

T. S. Shehata, I. M arsland, and M. El-Tanany, “Near optimal Viterbi decoders for convolu
tional codes in symmetric alpha-stable noise,” in IE E E  Vehicular Technology Conference, Fall
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2010. V T C ’10. Sept. 2010.

T. S. Shehata, I. M arsland, and M. El-Tanany, “A novel framework for signal detection in 
alpha-stable interference,” in IEEE Vehicular Technology Conference, Spring 2010. V T C ’10. May 
2010 .

T. S. Shehata, I. Marsland, and M. El-Tanany, “A low complexity piecewise suboptim al de
tector for signals in alpha-stable interference,” in IE E E  Vehicular Technology Conference, Spring 
2010. V T C ’10. M ay 2010.

One more journal paper is currently being w ritten, and another is planned.

1.5 Thesis Organization

In Chapter 2, a background on the SaS distribution and its characteristics is pre

sented. In Chapter 3, a survey on the optimal and suboptimal detectors for signals 

in SaS noise is presented. In Chapter 4, the decision regions-based framework is 

proposed, which is used to design the adaptive soft-limiter and the piecewise lin

ear detector. In Chapter 5, the LLR-based method is proposed, which is used to 

design the PWL-LLR detector and the PWL-LLR diversity combiner. In Chapter 

6 , a survey on the optimal and suboptimal decoders for coded signals in SaS noise 

is presented. In Chapter 7, a new approach for decoder design using the proposed 

LLR-based framework is proposed, which is used to design PWL-LLR Viterbi and 

PWL-LLR MAP decoders. In Chapter 8 , the LLR-based method is extended to the 

case of Class A model which is used to design PWL-LLR detector and PWL-LLR 

Viterbi decoder. In Chapter 9, the conclusion and the future work are presented.
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Chapter 2

Sym m etric A lpha-Stable: A M odel for 

Im pulsive N oise

The stable laws and stable random processes have been intensively discussed in the 

literature [44-46]. In this chapter, we give a background on the SaS distribution and 

some of its properties that will be useful for the continuity of the context.

2.1 Properties of the A lpha-Stable D istribution

One of the properties of the a —stable distribution is th a t there is no closed form 

expression for the probability density function, except for special cases where a  = 1 

(Cauchy distribution) and a  — 2 (Gaussian distribution). Instead, the a —stable 

distribution is described by its characteristic function:

=  exp {j&ui -  7 M q (1 -  j/3sgn(u))6(u},a))} (2 .1)

where



and
1 oj > 0

sgn(w) =  0 to =  0 . (2.3)

— 1 u  < 0

The stable distribution is completely defined by four parameters: a , 7 , <5 and 

/3, where a  £ (0 , 2] is the characteristic exponent, which measures the thickness of 

the distribution’s tail (a small value of a  implies considerable probability mass in 

the tails, such that it is likely to have noise values far from the distribution’s cen

ter); 7  >  0 is the noise dispersion, which measures the distribution’s spread around 

its center; £ [—1, + 1] is the symmetry parameter which controls the skewness of 

the stable distribution about the location parameter, S. When /? =  ±1, the stable 

distribution is called totally skewed, and when fi — 0 , the distribution becomes sym

metric around <5. In this case, the distribution is called symmetric a —stable (SaS). 

For SaS distributions, <5 represents the mean when 1 < a  <  2 and the median when 

0 < a  <  1. Because of the symmetry of the non-Gaussian noise in many applications, 

we consider the class of symmetric a —stable with zero location parameter ((5 =  0). 

The characteristic function of the zero-mean SaS distribution reduces to

The pdf of the SaS distribution, f a(x), is given by the inverse Fourier transform 

of (2.4). Although no closed form expression is known for the resulting pdf, it can be 

evaluated numerically. Figure 2.1 shows the probability density function for different 

values of a . It can be shown that the SaS distribution is smooth and has a bell 

shape like the Gaussian distribution, however, it has heavier tails than the Gaussian 

distribution (a =  2) as shown in Figure 2 .2 . Different random realizations of a white 

SaS process for different values of a  are shown in Figure 2.3.

4>x{w) — e (2.4)
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F ig u re  2.3: Realizations of symmetric a —stable processes for different values of a, 
with 7  =  1.

We will use the notation X  ~  Sa(5,7 ) to represent the SaS random variable 

(RV) X  with location parameter 5, noise dispersion 7 , and characteristic exponent 

a . Som e p ro p e rtie s  o f SaS  ran d o m  variab les  [8]

1. Let X  = X \  +  X 2 , where X \  ~  S'q(<5i , 7 i) and X 2  ~  Sa(<)2 , 7 2 ) be independent
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SaS RVs. Then, X  ~  Sa(8i +  52,7 i +  72)-

2. If X  ~  5a (5,7) and let h be a real number. Then h X  ~  Sa(h8, |/i|a7).

3. If X  ~  5q(0,7) and a  7  ̂ 2, then

lim P r p f  > x) ~  “
c—>00 2

(2.5)

where
a  =  1

(2 .6 )

and T(-) is the Gamma function. This property describes the polynomial

asymptotic behavior of the decaying of the a —stable distribution. For the 

Gaussian case (a =  2), the asymptotic behavior of the tail is exponential [47]

where a 2 =  27 is the variance of X .

2.2 D efinition of Signal-to-N oise R atio in The  

C ontext o f SaS  N oise

The SaS random variable possess a finite absolute moment only for orders less than 

a; i.e.,

This property implies that the power of the SaS process becomes infinite because it

ratio becomes meaningless. Two common approaches exist to measure the strength

2 y/nax
(2.7)

J5 [ |X |P] <  0 0  if f  p < a , 0 < a < 2 . (2 .8 )

depends on the second order moment of the SaS RV, so the standard signal to noise
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of the SaS random process and consequently the signal-to-noise ratio.

•  T he signal power to  noise dispersion ratio

The dispersion of the noise distribution, which is a measure of the spread around 

the center, is used as an indicator for the random process strength [10] [48]. The 

signal to noise dispersion ratio is defined as:

where Es is the received energy per symbol and 7  is the noise dispersion. The 

scale factor of 4 is used such tha t the SNDR reduces to jjf- when a  — 2 (Gaussian 

noise) where the noise variance is defined as 2 7 .

•  The geom etric signal power to  geom etric noise power ratio

The geometric signal power was proposed in [49] as a better indicator of the 

strength of the heavy-tail processes. It is based on the geometric mean:

and it was proven that S q is a power indicator tha t can be used to describe 

and compare the strength of different processes. The geometric signal-to-noise 

ratio (GSNR) is defined as [49]:

where Cg = ec '  «  1.78 is the exponential of Euler’s constant and S q is the

factor is used such tha t the GSNR reduces to the standard SNR in case of 

a  =  2 (Gaussian noise).

SNDR = ^ (2.9)

S 0(X) = e£[log|x|) (2 .10)

GSNR (2 . 11 )

1
geometric power of a SaS random variable, where So = Cg 7 ®. The scale
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In this thesis, we use the geometric signal power to geometric noise power ratio 

(GSNR) to measure the relative signal to noise strength.

2.3 System  M odel

In this thesis, we use the same channel model used in [10,48,50,51]. A sequence of 

BPSK symbols {s, € {±A}} is transmitted, and N  independent samples per symbol 

are collected at the receiver, such as when oversampling is used [8,22,48,50] or when 

N  independent multipath channels or multiple receive antennas are used [8 ,22] or 

when bit repetition is used [32]. The received samples are modeled as

r ik =  S i + n ik k = I , ..., JV (2.12)

where, for each i, {n*,} are N  independent SaS noise samples collected during the 

symbol duration T. We will use the assumption of the collecting N  independent 

samples per symbol particularly in Chapters 3, 4 and 5 where the detector analysis 

is proposed. In Chapters 6 , we will use only one sample per symbol (N  = 1).
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Chapter 3

Signal D etection  in S aS  Noise: 

Background and Literature R eview

3.1 Introduction

In this chapter, we give a comprehensive background on the detector design for binary 

signals in SaS noise. We review the optimal and several suboptimal detectors in 

the literature such as the Cauchy detector, the Myriad filter, the Gaussian (linear) 

detector, the soft limiter (SL) detector, the locally optimal Baysian (LOB) detector 

and the sign correlator (SC) detector. The performance of the suboptimal detectors 

is compared with that of the optimal one in terms of the probability of bit error (Pc). 

The conclusion drawn from the performance comparison leads to some important 

questions which drive the main contributions of the detection part of the thesis. 

We use the channel model presented in Section 2.3 where the received samples are 

modeled as:

îfc =  St T  Tlik k =  1,..., N  (3-1)

where, for each i , s* 6  {=h4} and {riik} are N  independent SaS noise samples per 

received symbol. For simplicity, we will drop the index i and consider the samples 

received within the interval of only one symbol.
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3.2 Optim al M axim um  Likelihood D etector

The optimal maximum likelihood (ML) detector computes the following test statistic 

for a received symbol:

where s0 is the hypothesis that s — —A  was transmitted, and si is the hypothesis 

tha t s =  +A  was transmitted. The ML detector is impractical because it requires 

complex computations such as numerical integration or DFT operation to calculate 

the probability density function for each received sample.

C om plexity o f th e test statistic:

•  TV log operations.

•  TV Division operations.

•  2TV L-point-FFT operations.

•  Knowledge of a , 7 , and A.

For a single FFT operation, a tight lower bound of the number of real multipli

cations is OL, where L  is the number of the point of the FFT operation, and the 

number of real addition is L\og2L  [52].

The implementation of the log operation is usually approximated by Taylor series

(3-3)

which requires Y ^t= 2  multiplications and one summation.
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3.3 Suboptim al D etectors

3.3.1 Cauchy D etector

The ML optimal detector can be simplified assuming a = 1 in (3.2), which results in 

the Cauchy detector. For the case when a  =  1, the probability density function has 

a closed form expression

The test statistic for the Cauchy detector is

The Cauchy detector has been used as a suboptimal detector for all values of a  

because of its robust performance against a  [8,50], but it is still complex because of 

the need to calculate the log. However, there is no clear explanation for the robustness 

of the Cauchy detector. In [53], it was reported that the performance gain, which the 

Cauchy detector has over many suboptimal detectors, is due to the dependence of 

the test statistics on the noise dispersion 7 ; however, this justification was not proven 

and also it does not depend on clear criteria to justify the performance. 

C om plexity o f the test statistic:

•  N  log operations.

•  N  division operations.

•  2N  multiplications.

•  2N  additions.

•  Knowledge of 7 , and A.

‘C auchy (3.5)
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3.3.2 M yriad F ilter

The test statistic of the myriad filter is

N rK2 + (rk + A )2
^M yriad. —  ^   ̂ l o g  

k = l
K2 +  (rk -  A )2

(3.6)

where k is the linearity parameter of the myriad filter. It can be seen tha t the test 

statistic of the myriad filter is similar to tha t of the Cauchy detector except for k , 

which is function of 7  and a. The linearity parameter, k , is used to adapt the myriad 

filter to give better performance for different values of a. By fitting experimental 

data, k was proposed in [54] to be

<3-7>

which reduces to 7  when a  =  1. However, the myriad filter is still complex, and it 

also depends on the robustness of the Cauchy detector which still has no justification.

3.3 .3  G aussian D etector

As the simplest suboptimal solution, the ML detector is simplified assuming a  =  2 

in (3.2) (i.e., the noise is assumed to be Gaussian) [8,50]. The resultant detector is 

the conventional Gaussian (linear) detector with the following test statistic:

N

^ G a u ss  ~  ^  ( 6 - 8 )

k=1

However, the Gaussian detector gives poor performance compared to the optimal one 

when a  <2. Also, there is no adequate justification for the performance degradation 

of the Gaussian detector compared to the performance robustness of the Cauchy 

detector even when a  approaches 2 .
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C om plexity o f the test statistic:

• 1 Summation.

3.3.4 Soft Lim iter (SL) D etector

n A ~ n N

2
k= \

A 1 Decisk>n

n
■ 1

Figure 3.1: Block diagram of the soft limiter detector

As an attem pt to improve the performance of the Gaussian detector, a soft limiter 

(SL) detector was introduced [8,31,48,50], in which a clipping device is used to clip 

the received samples to a certain threshold, 77, before the Gaussian detector as shown 

in Figure 3.1. The use of the clipping device was motivated because it increases 

the GSNR at the input of the Gaussian detector [50]. However, as will be shown 

later, this is not the reason why the SL detector usually improves the performance 

over the Gaussian detector. Also, arbitrary fixed threshold values were used [50]. 

In [31] and [48], it was argued that the optimal threshold value should minimize 

the probability of error. However, no clear method to calculate the threshold was 

provided, and the probability of error was calculated assuming a locally optimal 

nonlinearity was applied to the received samples, even though the limiter does not 

even crudely approximate the locally optimal nonlinearity.

C om plexity o f th e test statistic:

•  1 Summation.

•  1 comparator.
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3.3.5 Locally O ptim al B ayesian (LO B) D etector

Decision
g O')

F ig u re  3.2: Block diagram of the locally optimal detector

The locally optimal Bayesian (LOB) detector is another type of suboptimal detector 

which uses the locally optimal detection criteria [55] to design an optimal nonlinearity 

that is applied to the received signal before the Gaussian detector [48] as shown in 

Figure 3.2. In [55], it was shown that the optimal Bayesian detector can be approxi

mated by the locally optimal nonlinearity for the case of weak signals. By rewriting 

the test statistic of the optimal detector in (3.2),

N

>*ML =  ^ 2  l 0 S  _  j 4 )1 ~  l 0 S  +  ^ )1 >  ( 3 ‘9 )
fc= l

a Taylor series expansion can be applied for log [f(x — it)] about u — 0, which results 

in

A m l = £ ( A -  ( -A)) 3LO(n)  +  i  j r  (A 2 -  ( - / I 2))
fc= l fc=1

(3.10)

where Qlo{x ) is the locally optimal nonlinearity [55],

9 l o  M  =  (3.11)
J a { x )

In the case of vanishing signal strength, it can be shown that the optimal Baysian 

detector can be approximated by using the first term of the Taylor series which is the 

locally optimal nonlinearity, so A to  =  Ylk=i9Lo{fk)- However, the locally optimal 

nonlinearity depends on the probability density function and its first derivative, and

a n )
fa in )

a lo (rk) +
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Figure 3.3: Locally optimal nonlinearity with a  =  1, 7  =  1.

therefore it is complex to implement. Many approximations to the locally optimal 

nonlinearity were proposed such as the hole puncher detector [48] which uses a simple 

linear approximation as shown in Figure 3.3. Other nonlinear approximations were 

also used, such as the Gaussian-tailed nonlinearity [51,56], and the finite Gaussian 

mixture [22]. However, the main limitation of using the locally optimal detector is 

tha t it depends on the locally optimal detection criteria which is valid for weak signals 

only. So, the performance is expected to be good at low GSNR values only.

3.3 .6  Sign C orrelator (SC ) D etector

The sign correlator (SC) was introduced in [55] as the locally optimal detector for 

Laplacian (double exponential) noise with pdf

f ( x )  = a > 0. (3.12)
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The test statistic is
N

Asc =  s§n(r *) (3.13)

where
1 x  > 0

sgn(a:) =  0 x  = 0 (3.14)

— 1 x  < 0

The SC detector was used as a simple nonparametric detector for signals in non- 

Gaussian noise in general. It gives surprisingly good performance compared to the 

optimal one, when N  is odd or large as will be explained later.

C om plexity o f the test statistic:

•  1 Summation.

•  1 comparator.

Although these suboptimal detectors give different levels of performance, there 

has been very little explanation for why their performance differs. That is, there 

is no clear definition of what properties a good suboptimal detector should possess, 

which makes it difficult to design better detectors, other than by trial-and-error.

3.4 Perform ance Com parison and Discussion

3.4.1 Verification o f Sim ulation

Due to the lack of a closed form analytic solution for the BER of the optimum 

detector, and before we proceed with different simulation setup, we reproduced the 

simulation results published in [50] to verify our simulation settings. We reproduced 

the performance of the optimal detector with N  = 10 for different values of 7 . In 

Figure 3.4, it can be shown that the simulation result is similar to tha t published
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F ig u re  3.4: BER for the optimal detector for different 7  (with N  = 10). Reproduced 
results from [50], Figure 5-a.

3.4.2 Sim ulation Setup

To compare the performance, the probability of error (Pe) of the optimal and subop

timal detectors is evaluated by simulation for the cases when a  — 1, 1.3, 1.5, 1.7 and 

1.9 with different number of samples per symbol TV — 2 ,3 ,4 ,5  and 10. Because the 

noise variance is not defined for values of a  < 2 , the geometric signal-to-noise ratio 

(GSNR), (jji  j ,  is used (as shown in (2.11)), where Es =  N A 2 is the transm itted
2 2 2

energy per symbol, and S 2 = Cg 7 ° is the geometric power of the SaS random vari

able and Cg «  1.78 is the exponential of Euler’s constant [49]. During the simulation, 

7  has a fixed value while A  is changed with different values of GSNR. The receiver 

is assumed to collect N  independent samples per symbol. To calculate an accurate 

Pe, up to 4 x 105 frames with 250 bits each are transmitted, and the simulation is

1 Figure 5-a in reference [50]
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stopped when the number of bit errors reaches 104 or Pe < 10 5 is achieved.

3.4.3 Perform ance o f th e  O ptim al D etector

Figures 3.5 to 3.9 show the performance of the optimal detector with different values 

of a  and N.  It can be shown that for a given value of a , Pe decreases when N  

increases. Figures 3.10 to 3.13 show how the performance is changing with a  for 

a given value of N. In general, for higher values of GSNR, Pe decreases when a 

increases.

10°

GSNR (dB)

F ig u re  3.5: BER for the optimal detector for different N  (with a  = 1).
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F ig u re  3.9: BER for the optimal detector for different N  (with a  =  1.9).
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3.4.4 Perform ance o f th e Suboptim al D etectors

The performance of various suboptimal detectors has been evaluated by means of 

extensive computer simulation for a  =  1,1.3,1.5,1.7 and 1.9 and for N  =  2,3,4, 5 

and 10. In this section, we will highlight the most important observations.

Figure 3.14 shows the performance of several suboptimal detectors for the case 

when a = 1.5 and N  = 4. We can see that both the Cauchy and myriad filter detectors 

perform very well, nearly matching the performance of the optimal detector. The 

Gaussian detector, on the other hand, performs quite poorly, with the performance 

degradation increasing with GSNR. The LOB detector performs slightly better than 

the Gaussian detector at low GSNR, but performs worse as the GSNR increases. This 

is expected due to the vanishing signal strength assumption at the LOB detector. 

The sign correlator (SC), however, gives significantly better performance than the 

Gaussian detector, but is nonetheless noticeably worse than the optimal detector.

o  O p tim um  
□ C auchy
* M yriad  
a SC
♦ LOB 
o  G auss

i-i

, - 2

Pim
-3

i - 5

G SN R  (dB)

F ig u re  3.14: Performance comparison of suboptimal detectors with a  =  1.5, JV =  4.
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Similar results hold when a  is increased to a  =  1.9, as shown in Figure 3.15, al

though some differences between the performance of the optimal, Cauchy, and myriad 

detectors are apparent. In particular, the Cauchy detector is clearly suboptimal at 

low GSNR, while the same is true for the myriad filter at high GSNR.

o  O ptim um  
o  Cauchy
* M yriad 
a  SC
♦ LOB
o G aussian

1-1

1 - 2

PSWm

1-4

1-5

G SN R  (dB)

F ig u re  3.15: Performance comparison of suboptimal detectors with a  =  1.9, N  = 4.

Figure 3.16 shows the performance of the SL detector compared to the Gaussian 

and optimal detectors. To compare the performance of the SL detector with different 

values of the threshold, we fix A  = 1 and vary 7  according to the GSNR. It can 

be seen that the soft limiter (SL) detector, with the arbitrary fixed threshold value 

of 77 =  30 as proposed in [50], gives almost no performance improvement over the 

Gaussian detector. When the SL detector is used with smaller values, it gives different 

performance gains compared to the Gaussian detector. Although we believe that 

it is meaningless to choose these or any other fixed values, up to the best of our 

knowledge, no clear way to set the threshold has been proposed in the literature. We 

have observed that, at any given value of the threshold, the SL detector shows better
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performance at a certain value of GSNR, A  and/or 7 . So, the threshold value can 

be set along with other system parameters to give better or worse performance. As 

a result, there is no fixed value of the threshold tha t would give a fair performance 

comparison. We therefore prefer to use the value tha t has been already proposed in 

the literature. In this thesis, we will show how to choose a  more accurate threshold 

value.
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F ig u re  3.16: Performance of SL detector with different threshold values with a  =
1.5, N  = 4.

In general, for all values of N  and for all a  < 2, the Gaussian detector performs 

much worse than the optimal detector. The LOB detector also performs poorly, except 

at very low GSNR when a  < 1.5. The sign correlator is much better, except when 

N  =  2. Its performance improves as N  increases, and is better when N  is odd than 

even. This is because there is no possibility of any ambiguity in the majority decision 

rule when N  is odd. The Cauchy detector and myriad filter both perform well, with 

the myriad filter having the advantage at low GSNR while the Cauchy detector is 

better at high GSNR. Except as noted above, there is very little in the published
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literature to explain the differences in the performance of these suboptimal detectors, 

and one of the objectives of this thesis is to provide a framework for analyzing these 

detectors to provide appropriate explanations, as will be presented in Chapter 4.

3.4.5 Sum m ary

The optimal ML detector for signals in SaS noise is impractical due to its complexity. 

There are feasible simple suboptimal detectors, however, there is no methodology for 

designing and improving these suboptimal detectors. For example, it was found by 

observation tha t the Cauchy detector has robust performance for different values of 

a, which is better than many suboptimal detectors; however, there is no justification 

for its robustness. When simple detectors are needed, the Gaussian (linear) detector 

was chosen with a pre-processing device to shape the received signal by eliminating 

the impulses in the received samples to improve the Gaussian detector performance. 

However, the pre-processing device was designed based on the locally optimal non- 

linearity which is based on a limited and inaccurate criterion. Moreover, instead of 

using design criteria that consider the underlying noise statistics, this way of design 

forces the received signal to have a Gaussian-like distribution just to use the Gaussian 

detector, which is not necessarily a good way of design.

In the next chapter, a new methodology for suboptimal detector design is pro

posed. This methodology depends on understanding the behavior of the optimal 

detector by analyzing its decision regions. The proposed analysis gives insight on the 

optimal processing of the received samples and the effect of the noise impulses on 

the optimal decisions. The proposed methodology succeeds in justifying the perfor

mance of several suboptimal detectors and it also gives a way to improve the existent 

suboptimal detectors and develop new low-cost detectors as well.

35



Chapter 4

O ptim al D ecision Regions: A Framework 

to  D esign Suboptim al D etectors for 

Signals in So:S N oise

4.1 Introduction

In this chapter, we present the main contribution of the thesis on the detection of 

signals in SoS noise. Firstly, we propose to use the optimal decision regions to study 

the behavior of the optimal detector which gives insight into the effect of the noise 

impulses on the optimal decisions. Based on this analysis, accurate justification for 

the performance of several suboptimal detectors is proposed. Secondly, an adaptive 

suboptimal detector is introduced as a direct application of using the proposed anal

ysis to improve the soft limiter detector. Finally, a more generic simple suboptimal 

detector is proposed based on a linear piecewise approximation of the log-likelihood 

ratio of the received samples which gives robust near-optimal performance at low 

complexity.
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4.2 Optim al Decision Regions

In this section, we propose to analyze the decision regions of the optimal detector to 

understand the effect of the noise impulses on the optimal decisions. The received 

samples are modeled as

where the transm itted symbol is s € {±A} and {n*} are N  independent SaS noise 

samples per symbol.

When N  = 1, it can be shown th a t the optimal ML detector reduces to the 

Gaussian detector. However, when N  > 1, the ML detector behaves differently while 

the Gaussian detector has poor performance as shown in Chapter 3. The behavior 

of the optimal detector is analyzed when N  = 2, which gives tractable analysis and 

explains the effect of the noise impulses on the optimal decisions. In the proposed 

analysis, the optimal decision boundaries are calculated which will be used to justify 

and improve the performance of many suboptimal detectors.

To calculate the decision regions, the optimal decision boundaries are calculated 

by equating the conditional joint pdf  s as follows:

For the case of the Cauchy distribution (a =  1), the decision boundaries can be 

obtained analytically given the Cauchy pdf [8]:

rk = s + n k k = 1 ,..., N (4.1)

/a (r i,r2|s =  -;4) =  f a(ru r2\s =  +A) (4.2)

(4.3)
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By substituting (4.3) into (4.2), the decision boundaries can be solved as

r 2 — - r \  (4.4a)
-y.2 I a 2

r 2 =  - 1 - - - - - -  (4.4b)
r 1

The optimal decision regions are illustrated in Figure 4.1 for a  =  1. As shown in the 

figure, the SaS optimal detector has disjoint decision regions which result from the 

heavy tail effect of the noise distribution. The reason behind those disjoint decision 

regions can be explained by showing the joint probability density function of the 

received samples, / Q(ri, r 2). Figures 4.2 and 4.3 show the joint conditional probability 

density function for Cauchy and Gaussian distributions, a  =  1 and 2, respectively. 

Also, in Figures 4.4 and 4.5, both Cauchy and Gaussian joint conditional probability 

density functions are shown on log scale to better illustrate the heavy tail effect on 

the decision region.
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Figure 4.2: Gaussian joint conditional probability density functions.

Figure 4.3: Cauchy joint conditional probability density functions.
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Figure 4.4: Gaussian joint conditional probability density functions on log scale.

Figure 4.5: Cauchy joint conditional probability density functions on log scale.

It can be observed tha t if the noise in one of the received samples is an impulse, 

it is most likely tha t it will be detected correctly, even if the impulse has a sign 

opposite to that of the transm itted symbol. For different values of a , Figure 4.6 

shows the optimal decision boundaries (found numerically) in the lower part of the 

fourth quadrant only, evaluated at different values of GSNR1. As shown in the figure, 

Rn this figure 7  is fixed a t 1 and A  is adjusted according to  the GSNR.
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Figure 4.6: Optimal curved decision boundaries.

the optimal decision boundaries for a  ^  1 shares the linear boundary in (4.4a) and the 

curved boundaries become close to the case when a  =  1 as the GSNR increases. So, 

at higher GSNR, the curved boundaries for different values of a  can be approximated 

by (4.4b).

4.3 Perform ance Justification o f the Existing D e

tectors

By comparing the decision regions for the suboptimal detectors with those of the 

optimal detector, we gain considerable insight into the behavior of the suboptimal 

detectors when processing the received samples. This helps justify the performance 

of several suboptimal detectors and provides a way to improve them.
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4.3.1 G aussian D etector

This detector has one linear decision boundary, as given by (4.4a). As shown in 

Fig. 4.1, there are wide decision regions where the Gaussian detector makes different 

decisions from the optimal one. The difference in the decision results from the dif

ference between the heavy-tail and Gaussian noise models. Furthermore, when the 

noise has a heavy tail, there is a high probability that the received samples will fall 

in these erroneous decision regions. Therefore, the Gaussian detector’s performance 

is expected to be much worse than the optimal one, even for values of a  near 2.

4.3.2 Soft Lim iter D etector

This detector clips the received samples to a certain threshold then it applies the 

Gaussian detector. The motivation behind the clipping of the received signal is men

tioned in [50] as the signal to noise ratio will be improved and therefore the detectors 

performance will be improved as well. However, based on the proposed analysis in 

this section, we provide a better explanation for the benefit of the soft limiter in terms 

of the resultant decision region. A more detailed discussion is introduced in section 

4.4 to justify and improve the performance of the SL detector.

4.3 .3  Cauchy D etector

By observing the optimal decision boundaries in Fig. 4.6, it can be seen tha t the 

optimal boundaries for all values of a  have the same linear boundary and different, 

but similar, curved boundaries. Therefore, the decision boundary for the Cauchy 

detector can be considered as a better fit to  the optimal boundaries (for any value 

of a) than the other suboptimal detectors. Therefore, this observation justifies the 

robust performance of the Cauchy detector for different values of a. and the advantage 

it has over many suboptimal detectors.
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4.3 .4  M yriad F ilter

The decision boundaries of the myriad filter, for the case when a  = 1, are:

r 2 =  - r i  (4.5a)

r2 =  _ * ! + £  (4 .5b)
n

where k  = 7 “ Note that k  =  7  when a  = 1. So, it can be shown that, the

myriad filter tries to fit its decision boundaries to  the optimal boundaries by using 

the Cauchy boundaries with variable noise dispersion n. Therefore, the performance 

of the myriad filter is almost equal to that of the Cauchy detector when a  approaches

one and it is slightly better than the Cauchy detector for higher values of a  where k

succeeds in fitting the optimum decision boundaries more closely. It is worth noting 

tha t the performance of the myriad filter is limited by the accuracy of the shape of 

the Cauchy detector boundaries which form the curve fitting process. Also, there 

is no optimized way to calculate k . By using the proposed analysis, a better way 

to optimize « to closely fit the optimum boundaries for different values of a  can be 

suggested.

4.3.5 Locally O ptim um  Baysian  D etector

The decision boundaries of this detector, for the case when a  =  1, are:

r 2  = - n  (4.6a)

7^r 2 = -----  (4.6b)

It can be shown that the boundaries of the locally optimal Baysian detector approxi

mate the optimal decision boundaries for the case when a  =  1 for low GSNR values.
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4.3.6 Sign Correlator D etector

The decision boundaries of this detector is straight forward as it depends on the 

majority rule, see (3.13),

7-j =  0 i = l , 2 , - - -N ,  (4.7)

which results in 2N equal decision regions. For simplicity, when N  = 2, the sign 

correlator detector has the same decision as the optimal one in the first and third 

quadrant. However, in the second and the fourth quadrant, where sgn(ri) +  sgn(r2) =  

0, it flips a coin, i.e., Pe = 0.5, which explains the poor performance of the sign 

correlator detector when N  = 2. In general, when N  is even, the sign detector flips 

a coin in the regions where sgn(rj) =  0 which explains the worse performance of 

the sign correlator detector relative to the optimal one for the case when N  is even 

compared to the case when N  is odd.

4.4 Proposed Simplified Near-O ptim al D etectors

Based on the optimal decision regions, two simplified suboptimal detectors are pro

posed to give near-optimal performance with low complexity. The proposed detectors 

are designed in a way to have decision regions with closer fit to the optimal decision 

regions while maintaining low-complexity. First, we improve the performance of the 

soft limiter detector by using an adaptive threshold which tunes the decision regions 

in order to closely approximate the optimal decision regions. Another suboptimal 

detector, the piecewise linear detector, has been proposed to have decision regions 

with better fit to the optimal ones. In this section, we present those detectors and 

the limitations of the proposed design.
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4.4.1 Soft Lim iter D etector  w ith  an A daptive Threshold

Due to its simplicity, the soft limiter detector is appealing in practical implemen

tations. It simply uses a clipping device at the input of the Gaussian detector, so 

it adds almost no complexity to the conventional Gaussian detector. However, its 

performance is far from the optimal. The threshold value is the main parameter that 

affects the performance of the soft limiter detector. For a  given GSNR, A  and/or 

7 , setting the threshold too high results in what is essentially a Gaussian detector, 

whereas, setting the threshold too low results in what is essentially a sign correlator. 

In [50], arbitrary fixed threshold values were used. In [31] and [48], it was argued 

that the optimal threshold value should minimize the probability of error. However, 

no clear method to calculate the threshold was provided, and the probability of er

ror was calculated assuming tha t a locally optimal nonlinearity was applied to the 

received samples, even though the limiter does not even crudely approximate the 

locally optimal nonlinearity. In this section, we investigate the soft limiter detector 

behavior in more detail. This investigation shows the effect of the threshold value on 

the detector performance. Then, an adaptive threshold is proposed to improve the 

detector’s performance. Unlike the fixed threshold, the proposed threshold depends 

on the signal level.

4.4.1.1 Soft Lim iter D etector A nalysis

Due to symmetry, only the fourth quadrant in the decision region plane will be ana

lyzed. In this quadrant, the decision regions for the soft limiter and Gaussian detectors 

are illustrated in Fig. 4.7 where the soft limiter detector uses a threshold value r}. It 

can be seen that the limiter and Gaussian detectors give the same decision when the 

received sample falls in region Ri  and Ri\  they differ only in regions R 3  and R4. The 

soft limiter clips all points in these regions to (7 7 ,—7 7) , which is on the linear boundary.
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Figure 4.7: Comparison between the decision regions of the soft limiter (L) , Gaus
sian detectors (G).

By assuming any point on the boundary is selected randomly by means of a coin toss, 

samples that fall in these regions will be detected as s = +A  half the time and as 

s =  —A  half the time, so the probability of error for the limiter detector will be 0.5 

when the sample falls in these regions. On the other hand, the Gaussian detector 

will always choose s - —A  for region and s =  + A  for region R A. But, according 

to Figure 4.1, the optimal detector decides in favour of s =  +A  when the received 

sample falls in region R 3, which means Pr{s — +A\rh r 2} > Pr{s — —A\r \ , r 2} in 

this region, so Pr{s  =  - M |r i , r 2} >  0.5. Therefore the probability of error for the 

Gaussian detector is greater than 0.5 when the sample falls in Rs (and, by similar 

reasoning, in RA). As a result, the soft limiter detector is less likely than the Gaussian 

detector to make an error if the received samples fall within R$. This detector be

havior explains the performance improvement tha t the soft limiter detector has over 

the Gaussian detector.
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4.4.1.2 A daptive Soft Lim iter (ASL) D etector

To improve the performance of the soft limiter detector, an approximate value of the 

threshold may be chosen such that the regions R 3  and R4 are as large as possible 

without introducing errors in the other decision regions. By inspecting the decision 

regions in Fig. 4.7, it can be shown th a t setting the threshold value at the intersection 

of the decision boundaries, rj0, achieves the largest decision region, i?3, without af

fecting the other decision regions. This threshold can be calculated analytically when 

a  =  1 and N  — 2 to be r] 0  = yf'y2  + A 2  which assumes tha t the noise dispersion, 7 , 

is known to the receiver.

Because of the complex analysis of the decision boundaries for N  > 2, we used 

simulation BER results for different values of rj to calculate the optimal value of the 

threshold. The results show that the optimal threshold is upper bounded by r)0. Also, 

this threshold can be further simplified for large GSNR values to be r] 0  = A. The 

simulation results show that this threshold can be used as a  good approximation for 

the case when a  /  1 with different values of N.

4.4 .1 .3  Sim ulation R esults and discussion

The performance, in terms of the probability of error, of the soft limiter detector that 

uses the proposed adaptive threshold (ASL) is evaluated by simulation.Based on the 

proposed analysis, the simulation results compare the performance of the Gaussian, 

SL detector with fixed threshold, adaptive soft limiter, and optimal detectors. The 

fixed SL detector uses a fixed threshold of 7/ =  30 as used in [50], whereas the adaptive 

soft limiter uses ij = r)0.

Figure 4.8 shows the performance when a  = 1.5 and N  = 2. It can be seen 

that the performance of the fixed SL and the Gaussian detector are almost the same. 

This performance is expected because the threshold value that controls the decision
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regions R 3  and R 4  in Figure 4.7, is much higher than A. So, these regions are located 

far from the center of the joint distribution of the received samples, which decreases 

the advantage that the SL detector has over the Gaussian detector. As can be seen, 

the ASL detector gives a slight gain over the fixed limiter, although its performance 

is still far from optimal, because region R 3  is large.

The advantage of the adaptive soft limiter is more pronounced when N  is larger, 

as shown in Figure 4.9 and 4.10 for N  — 10 and a  =  1.5 and 1.9. The ASL detector 

provides performance tha t is nearly identical to that of the optimal detector, whereas 

the Gaussian and fixed threshold SL detectors are very ineffective. Although the SC 

gives better performance than the Gaussian one, it is still behind the optimal by about 

2 dB. When N  is odd, the SC detector is close to the proposed ASL detector. Even the 

Cauchy detector, whose complexity becomes impractical as N  increases, suffers from 

degraded performance for large a. This indicates that the soft limiter detector with 

the proposed adaptive threshold can achieve very good performance, even approaching 

the optimal detector in some cases, at almost no additional complexity over the 

conventional Gaussian detector.
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To help explain why the performance of the adaptive soft limiter improves so much 

as N  increases, it is instructive to imagine the ambiguous decision regions where the 

adaptive limiter randomly makes its decision (that is, consider the region equivalent 

to Z?3 and iZ4, but in iV-space). These regions only occur when N  is even. As N  

increases, these regions cover a decreasing fraction of the signal space. Assuming for 

the moment that the threshold is tj = 0 (as for the sign correlator), then the ambiguous 

region covers |  of the signal space when N  = 2 but only of the space when N  =  4, 

and ® / 2 "  in general. Furthermore, a larger number of large impulses are needed 

for the received sample to fall in these regions as N  increases, so the likelihood of this 

occuring decreases. It should be noted that this only partially explains the reduction 

in the gap between the adaptive limiter and the optimal detector as N  increases. 

When N  is odd, small gains are also evident as N  increases, but the reasons are 

less clear. It is likely not so much that the decision regions of the adaptive limiter 

more closely match those of the optimal detector as N  increases but rather tha t the
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received samples are less likely to fall in areas where the regions differ.

4.4.2 L ow -C om plexity P iecew ise D etector

In this section, we consider the design of a suboptimal detector for the case where 

only two independent samples are available at the receiver (N  =  2). This case is 

practically appealing when it is justified by the use of two antennas at the receiver. 

Although the simple adaptive soft limiter detector proposed in the previous section 

has almost 2 dB gain over the Gaussian detector, it is still far from the optimal 

performance as can be seen in Figure 4.8. Also, although the Cauchy detector has 

near-optimal performance, it is more complex. Based on the framework proposed in 

this chapter, we propose a low complexity piecewise detector that approximates the 

decision boundaries of the optimal detector using linear segments. The performance 

of the proposed piecewise detector approaches the optimal one for different values 

of a  with much less complexity compared to the optimal ML detector. Also, by 

using the proposed framework, the performance of the optimal and the proposed 

detectors can be evaluated analytically which was not attainable in the past. Based 

on the analysis of the optimal decision regions, we propose a new suboptimal detector 

that linearly approximate the optimal decision boundaries shown in Figure 4.1. In 

this detector, the curved boundaries in (4.4b) are approximated by using piecewise 

symmetric linear segments passing through the boundaries cross point (± a 0, =faQ) as 

shown in Figure 4.11. Due to symmetry, the fourth quadrant is considered where, for 

0 <  r i <  a0  the linear segment is

r 2 =  m r x -  (m +  l)a 0 (4.8)

where a0  =  y / y 2 +  A2 and m is the slope of the segment. The linear segment crosses 

the boundary (4.4b) in two points (do, — aQ) and (*■£, —a0 m ). When m  =  1, the line in
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(4.8) is a tangent to the boundary a t the point (a0, —a0), while at m  > 1 and m < 1, 

the line forms the two segments shown in Figure 4.11. As can be seen, the accuracy 

of the linear approximation in (4.8) depends on the slope m. We propose to choose m  

such tha t the excess probability of error, /3, is minimized. The excess probability of 

error is defined as the difference between the probability of bit error of the piecewise 

and optimal detectors. By comparing the decision regions in which both the optimal 

and the piecewise detector have different decisions, the excess probability of error, /?, 

is reduced to:

^  =  2 x J J  Aa{ri ,r 2 )dr 2 drl +  J J  A.a( r u r 2 )dr 2 dr 1

. R\ R7

(4.9)

where

Aa{ru r2) = f a(ru r2\s = +A) -  / Q( r i , r 2|s = - A )  

and i?i : { n  =  0 —»■ ^ , r 2  =  —̂  —> —rj}  and R 2  : {ri =  ^  —> a0 , r 2  = —r\ . f i tn y '
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F ig u re  4.12: The excess probability of error (0) evaluated at GSNR =  0,1,...,40  
dB with a  =  1.

It is difficult to minimize 0  analytically, so instead it is evaluated numerically. 

Figure 4.12 shows 0  at different values of the GSNR. The optimal slope, niopt, can 

be calculated numerically for different values of 7  and GSNR and stored in memory. 

It would also be fitted linearly with GSNR. However, Figure 4.12 shows that the 

difference between the excess probability of error, 0 , when m  — 1 and m  = rriopt is 

small enough to use m  = 1 as a simple good approximation of the optimal slope, 

bearing in mind tha t the excess probability of error is usually small compared to the 

total probability of error.

4 .4 .2 .1 P erfo rm an ce  E v a lu a tio n  a n d  S im u lation  R esu lts

In this section, the performance of the optimal, the Gaussian and the piecewise de

tectors will be evaluated analytically in the case when a  — 1.

O p tim u m  D e tec to r

By using the decision regions in Figure 4.1, the conditional probability of correct

H
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decision can be evaluated as follows:

Pcl-A = J J  f a (r i ,r2\s = - A ) d r 2dri
z

a0 —ri
= 2x J  J  f a(ri , r2\s = - A )  dr2dri +

(4.10)

r2 = _ _ a

2 x J  J  f a (ru r2\s = - A ) d r 2 dri+
r i = a 0 T2—~ r \
0 0

J  J  f a(r i , r2\s = - A ) d r 2 dri
n =  —OO V 2 ~  — OO

where a0 =  ^J^ 2  + A 2  and fa{r i , r2\s = —A)  is the conditional joint distribution of 

the received samples. For the case when a  =  1,

f a ( r i , r 2\8 =  - A )  =  ^ H
7r2 ^  7 2 +  (77 +  A )2'

(4.11)

Assuming that the transm itted symbols are equally likely, the average probability of 

error is:

Pe = 1 -  (PchA) (4.12)

The double integral in (4.10) can be reduced to a single integral, which can be simply 

evaluated numerically, by applying the following identity:

6 /2 P 2 )

J  J  f a ( f i , r 2\s — —A) dr2 dr\
ri= a  T 2 = /i (r i )  

b
X  [  
n 2  J

tan 1 A+h(ri) — tan 1 A + / i ( n )
[  7 J 7

7  [72 +  (ri +  A)2}
dr 1 . (4.13)
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Gaussian D etector

The probability of correct decision for the Gaussian detector can be calculated ana

lytically by changing the decision boundaries in (4.10):

Then, the probability of error can be calculated using (4.12).

Piecew ise D etector

To evaluate the performance of the piecewise detector, the decision regions in Fig

ure 4.11 are used to construct the integration limits of the joint probability density 

function in (4.10). So the conditional probability of correct decision of the piecewise 

detector is:

z

r i = 0  T i = — oo 
0 0

(4.14)

r j = 0

< ! + £ ) « .  m r i  —( m + l ) a 0

fa ( r i , r2\s = - A ) d r 2 drx+
t i=a0 T2=—n 

0oo

2 x

n=(l+£)a0 r2=-ri 
0 0

(4.15)
T \  —  — OO V 2  — — 0 0
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The performance of the piecewise detector is compared to the optimal and Gaus

sian detectors and validated by simulation results represented next.

Sim ulation R esults and D iscussion

To evaluate the performance of the proposed detector, the probability of error of the 

optimal and suboptimal piecewise detector is evaluated by simulation for the case 

when a  =  0.7, 1, 1.5 and 1.9. The simulation setup is the same as used in Chapter 

3. The simulation results validate the analytic performance of the piecewise detector 

in case when a  =  1, and demonstrate, the performance when a ^  1.

Figure 4.13 shows the performance of the piecewise detector with m  =  1 and 

m  =  rriopt when a = 1. It can be seen tha t the performance of the proposed piecewise 

detector approaches the optimal one with much less complexity. Also, when m  =  1 is 

used, the performance of the piecewise detector is only 0.2 dB less than the optimal 

one at a BER of 4 x 10-3 . When m  — rriopt is used, the performance of the piecewise 

detector becomes closer to the optimal performance because it has the minimum 

excess probability of error, which is consistent with the analysis in Section 4.4.2.1.

Although the proposed piecewise detector is designed for the case when a  =  1, 

it shows robust performance for different values of a . Figure 4.14 and Figure 4.15 

show the near optimal performance of the proposed detector for a = 0.7 and 1.5, re

spectively. Figure 4.16 shows the performance when a  =  1.9. It can be seen that the 

performance of the piecewise detector approaches the optimal performance at higher 

GSNR, however, it is almost 1 dB less tha t the optimal at lower GSNR. This perfor

mance is expected because, at higher GSNR, the optimal decision boundaries when 

a  approaches 2 become closer to the case when a  = 1, as shown in Figure 4.6, so the 

optimal boundaries can be well approximated by (4.4). However, this approximation 

becomes loose at lower values of GSNR, which results in performance degradation of 

the piecewise detector. This small degradation could be improved by adjusting the 

piecewise detector parameters such as the cross point, a0 , and the slope m  to give a
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better approximation of the optimal boundaries when a  ^  1, if so desired.

Finally, it is worth reiterating tha t this proposed technique is only applicable to 

the case when N  = 2. It is difficult to generalize the technique for N  > 2 because 

the decision regions become more complex. Figure 4.17 and 4.18 show the optimal 

decision regions for N  — 3. It can be seen tha t how difficult it is to approximate the 

decision boundaries in the three-dimensional case.

- i

o Optimum 
* Piecewise (m =  1) 
a  Piecewise (m =  m opt) 
□ Gaussian

i - 4

GSNR (dB)

F ig u re  4.13: Analytical and simulated probability of error with a = 1. Analytic: 
solid lines, simulations: markers only.
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F ig u re  4.14: Performance comparison with a  =  0.7.
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F ig u re  4.15: Performance comparison with a  = 1.5.
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4.16: Performance comparison with a = 1.9.
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F ig u re  4.18: A cross section in the optimal decision regions for N  =  3 and a  — 1.

4.5 Conclusion

A new framework is proposed to analyze the behavior of the optimal and subopti- 

mal signal detectors in SaS noise. The proposed framework calculates the optimal 

decision regions and compares them to those of the suboptimal detectors. Based on 

this analysis, an accurate justification of the structure and the performance of sev

eral suboptimal detectors is presented. This analysis has been used to propose the 

adaptive soft limiter detector which gives near optimal performance for large N  with 

low-complexity. Also, a piecewise linear detector has been proposed to give near- 

optimal performance for the case when N  = 2. However, it is difficult to generalize 

the piecewise detector for N  > 2 because the optimal decision regions become more 

challenging to approximate. In the next chapter, we will present a simple general 

approach that can be used to design simple near-optimal detectors for any value of 

N  and a. This approach can be also used to design several elements in the receiver 

such as the diversity combiner and different types of decoders.
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Chapter 5

Log-likelihood Ratios: A G eneralized  

Framework to  D esign Suboptim al 

D etectors for Signals in SckS N oise

5.1 Introduction

In the previous chapter, we proposed the adaptive soft limiter (ASL) with near- 

optimal performance for large N  which suggests th a t the ASL detector may approxi

mate the optimal decision regions. However, for lower values of N,  the ASL detector 

gives little performance improvement over the Gaussian detector, which is a result of 

an inaccurate approximation of the optimal decision regions. A piecewise linear de

tector was also proposed for the case when N  = 2 with performance almost the same 

as the optimal one with low complexity. It seems that approximating the optimal 

decision boundaries is a good way to achieve near-optimal performance; however, it 

is too difficult to generalize the piecewise approximation method for N  > 2 due to 

the increasing complexity of the optimal decision regions.

In this chapter, we propose to apply a piecewise linear approximation to the
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optimal log-likelihood ratios of the received samples

n iL i  U r k -  A)
n£Li fa(rk +  A)

L L R  = log { (5 .1)

N

Y , L L R o pt(rk) (5.2)
*=i

where

=  (5-3)

Now, instead of approximating multi-dimensional decision boundaries, the problem 

reduces to only approximating LLRopt(rk) which is a one-dimensional function.

Another motivation behind the proposal of approximating the optimal LLR is the 

use of the locally optimal detector. As shown in Section 4.3.5, the optimal Bayesian 

detector, which implements the optimal likelihood ratios in (3.2), has been approx

imated by the locally optimal detector under the assumption of weak signals [55]. 

Moreover, the locally optimal detector has been approximated by many other simple 

nonlinearities to overcome the complexity of the locally optimal nonlinearity. In this 

thesis, we choose to directly approximate the optimal nonlinearity, which is simply 

the optimal log-likelihood ratios (LLRs). In this way, we get rid of one stage of ap

proximation. On one hand, the use of the approximated LLRs will not be limited by 

the weak signal assumption. On the other hand, the optimal LLRs is another way 

to represent the optimal decision boundaries. So, by using a good approximation of 

the optimal LLRs, we provide a simple way to  get a good fit of the optimal decision 

regions for any values of N,  which will be reflected on the detector’s performance.
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5.2 P iecew ise Linear LLR A pproxim ation

Figures 5.1 to 5.4 show the optimal LLR for different values of a  at a given value of 

GSNR. Also, Figures 5.5 to 5.9 show how the optimal LLR changes with GSNR at a 

given value of a. When a = 2 (the Gaussian case), the optimal LLR is linear; however, 

when a  <  2, the optimal LLR behaves differently, as it goes to zero when r  —» oo,

due to the heavy tail of the noise distribution. This behavior can be explained by the

decaying property of the distribution’s tail. As shown in (2.5) and (2.7), for a  < 2, 

the tail decays polynomially with a rate much slower than that of the exponentially 

decaying tail for the case when a  = 2. The slow decay of the distribution tail results 

in a little difference between the nominator and denominator of the likelihood ratio, 

which becomes almost equal when r  -» oo. Also, it can be shown in the figures tha t 

when the tail becomes heavy, i.e., the rate of the tail decay is slow (e.g. polynomial), 

the LLR tends to go to zero. However, when the rate of the tail decay is fast (e.g. 

exponential), the LLR tends to go to infinity. The optimal LLR has a closed form 

expression only when a  =  2 and a  =  1 as follows

2 A
LLRGaussi't'k) = ‘̂ 2'̂ ’fci (5-4)

LLRcaucHv(rk) =  log (5.5)

63



5

4

3 

2 

1 

0

- 1  

- 2  

- 3  

- 4  

- 5
- 1 5  - 1 0  - 5  0 5 10 15

r

Figure 5.1: Optimal LLR with GSNR =  0 dB.
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F ig u re  5.2: Optimal LLR with GSNR =  5 dB.
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Figure 5.3: Optimal LLR with GSNR — 10 dB.
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Figure 5.4: Optimal LLR with GSNR =  15 dB.
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Figure 5.5: Optimal LLR for different values of GSNR with a  =  1.
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F ig u re  5.6: Optimal LLR for different values of GSNR with a  =  1.3.

66



10 

8 

6 

4 

2 

0  

- 2  

- 4  

- 6  

- 8  

- 1 0
- 3 - 2 - 1 0  1 2 3

r

Figure 5.7: Optimal LLR for different values of GSNR with a  — 1.5.
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Figure 5.8: Optimal LLR for different values of GSNR with a  =  1.7.
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F ig u re  5.9: Optimal LLR for different values of GSNR with a  =  1.9.
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We propose to approximate the optimal LLR by using simple piecewise linear 

segments. Due to the antisymmetry of the LLR, we consider only the positive range 

of the received signal, r, which is divided into three regions according to the rate of 

the change of the optimal LLR. The proposed piecewise linear LLR (PWL-LLR), as 

shown in Figure 5.10, is completely defined by two coordinate-points (a, c) and (ft, d) 

as follows,

■rk rk < a

LLRpwL^k)  =  < c +  m (r — a) a < r k <b  

d rk > b

(5.6)

where m  =  and a, b, c and d axe the fitting parameters which are optimized by 

minimizing the mean square error (MSE) of the fitting as follows

o, b,c,d — arg min
' roc
/  [LLR 0 pt(r) -  L L R PWL( r f  f ( r )  dr 

.Jo
(5.7)
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where / ( r )  is the pdf of the received samples,

/ ( r ) =  / ( r |s  =  A)p(s =  A) +  f ( r \ s  = -A )p {s  = -^4). (5.8)

and LLRopt and LLRpwl are given in (5.3) and (5.6), respectively. It is mathem at

ically difficult to minimize the MSE in (5.7) due to the complexity of LLRopt(r). 

However, we propose to use a simple yet efficient approximation of the fitting param

eters a and c. First, we use the pair (a,c) to be the peak of the optimal LLR. Then, 

we calculate the conditionally optimal values of 6 and d (conditioned on a =  d and 

c =  c) by minimizing the MSE in (5.7) numerically.

 P W L - L L R

 O p t - L L R

- d

—c

- b  ~ a  a b
r

F ig u re  5.10: The piecewise linear LLR (PWL-LLR).

Because of the lack of a closed form expression of the optimal LLR, there is no 

analytical expression to calculate the peak of the LLR for the case when a  /  1. So, 

we use the fitting of the numerically calculated a and c to get a simple formula to
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calculate a as a linear function of a  and c as a quadratic function of a  as follows

d =  a id  +  ao (5.9)

where

01 =  0.775194 V’“2'43491/ln(10) (5.10)

a0 -  0.993484 -  0.758831 ^ " 2-54349/ln(10)

and

c =  c2 a 2  + ci a  +  Co (5-11)

where

c2 =  (3.46366 -  8.48571e-4 ip) (5.12)

Cl =  (-8.43602 +  0.130997 ip)

Co =  (8.43171 +  0.0974844^)

and ip is the GSNR in a linear scale as defined in 2.11. Figures 5.11 and 5.12 shows 

the numerically calculated and the approximated values of a and c, respectively. The 

conditional optimal value b and d are obtained by numerically minimizing the MSE in 

(5.7) conditioned on a =  a and c =  c. Figures 5.13 to 5.16 shows b and d, normalized 

to b and c, respectively, for different values of a  and GSNR. It can be seen that the

optimal values of b and d can be easily approximated linearly as a function of a  for

different values of GSNR.
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F ig u re  5.12: Exact and approximate values of c.
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F ig u re  5.13: Optimal values of b for different values of a.
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F ig u re  5.14: Optimal values of d for different values of a.
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F ig u re  5.16: Optimal values of d for different values of GSNR.

5.2.1 A  Sim plified A pproxim ation  o f th e PW L-LL R  Param 

eters

In the previous section, we have used linear and quadratic fitting to get close approx

imations to the values of optimal parameters of the PWL-LLR. To further simplify 

the calculations of those parameters, we choose to use the coordinates of the peak

GSNR=20 dl
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of the Cauchy LLR as an approximation of (a, c), as can be seen in Figures 5.1 to 

5.4. Also, from Figure 5.11, we can see that the exact values of the parameter a with 

different values of a  are close to the value of a when a  =  1 for moderate and high 

values of GSNR.

From Figure 5.13, we can see tha t when the GSNR increases, b gets closes to a 

such that a < b < 4a. Note that when b =  a, the PWL-LLR becomes similar to the 

nonlinearity used by the proposed adaptive soft-limiter (ASL) detector. Simulation 

results show no significant difference when using b = 2a and b = 3a.

For the values of c and d, we use the Cauchy LLR formula to calculate their values 

given a and b, respectively. So, the PWL-LLR parameters are calculated as follows:

a = v V  +  A 2  (5.13)
_ , 7 2 +  (a +  A ) 2

c = lo§ ~ n ~ ( — i n7 2  + (a — A ) 1

b =  2a

72 +  (b +  A ) 2d =  log
7 2 +  (6 -  A ) 2

C o m p lex ity  o f th e  te s t  s ta tis tic

To calculate the test statistic accroding to 5.6, we need

•  2N  multiplications.

•  2N  additions.

• 2N  comparators.

The parameters of the PWL-LLR, m  and c, depend only on 7  and A  which are 

assumed to be constant and known to the receiver. Those parameters need

•  1 log operations.

•  1 additions.

•  2 multiplications.

•  2 divisions.
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5.2.2 D ecision  B oundaries o f PW L-LLR  D etector

To justify the performance of the PWL-LLR detector, the decision regions of the 

proposed detector are compared with the optimal ones. For simplicity, and as a proof 

of concept, we will present the case when N  = 2. The PWL-LLR decision boundaries 

can be calculated analytically for the case when N  = 2. Figure 5.17 shows the decision 

boundaries of the PWL-LLR detector which closely fit the optimal ones. Furthermore, 

the decision boundaries of the PWL-LLR are consistent with the boundaries of the 

piecewise detector proposed in Chapter 4, except fot the hard limiter boundaries 

which results from the approximation of the optimal LLR by a constant value, d.

Also, Figure 5.18 shows the decision regions of the PWL-LLR detector with N  = 3, 

which closely approximate the optimal decision regions shown in Figure 4.17. So, the 

proposed PWL-LLR detector provides a general way of designing simple suboptimal 

detectors for any value of N.

- 2

- 4

- 6

-10

n

F ig u re  5.17: Decision boundaries of the PWL-LLR detector compared to the opti
mal ones with a  =  1, N  =  2. Solid: Optimal, Dashed: PWL_LLR.
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F ig u re  5.18: Decision regions of the PWL-LLR with a =  1 and N  =  3.

5.2.3 Perform ance E valuation  o f th e  PW L-LLR  D etector

The performance of the PWL-LLR detector is compared to the ASL, the Cauchy, and 

the optimal detectors for different values of a  and N  with the same simulation setup 

as in section 3.4.2.
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F ig u re  5.19: Performance comparison of the PWL-LLR detector with a  =  1, N  — 2.

Figure 5.19 shows the performance of the PWL-LLR detector when a  =  1 (where 

Cauchy detector is the optimal) and N  =  2. As can be seen in the figure, the PWL- 

LLR gives near-optimal performance due to the close fit of the optimal LLR and 

consequently the optimal decision regions, especially for low values of N  where the 

ASL detector performs poorly compared to the optimal.

Figure 5.20 shows the performance of the PWL-LLR detector when a  — 1 and 

N  =  10. It can be shown that, for higher values of N,  the PWL-LLR detector still 

gives near-optimal performance. However, there is a slight performance degradation 

at low GSNR due to the inaccurate fit of the optimal LLR. Moreover, this slight 

performance degradation becomes noticeable when N  increases because, at higher 

values of N,  the effective GSNR per sample is less than the GSNR by 101ogi0 N  

which explains the slight degradation in the performance with N  = 10 at low GSNR, 

as shown in Figure 5.20.

o Optimum
♦ PWL-LLR
• ASL
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F ig u re  5.20: Performance comparison of the PWL-LLR detector with a = 1, N  = 
10.

In Figures 5.21 and 5.22, it can be seen that the PWL-LLR detector gives near- 

optimal performance for different values of a  where a  — 1.5 and a  =  1.9, respectively, 

with N  — 4. In Figure 5.21, the PWL-LLR detector gives indistinguishable perfor

mance from optimal, while the ASL detector is around 4 dB behind the optimal at 

BER =  10-5 when a  = 1.5. When a  =  1.9, the PWL-LLR detector is still better than 

the ASL detector which is around 0.5 dB from the optimal, as shown in Figure 5.22.
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F ig u re  5.21: Performance comparison of the PWL-LLR detector with a  =  1.5, 
N  =  4.
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F ig u re  5.22: Performance comparison of the PWL-LLR detector with a  
N  = 4.

1.9,
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In the above figures, we can see th a t the PWL-LLR has almost consistent perfor

mance compared to the ASL detector which gives near-optimal performance only with 

high values of a  and moderate to high values of N.  On the other hand, the PWL-LLR 

gives almost the same performance as Cauchy detector with less complexity.

5.3 The PW L-LLR D iversity Combiner for Fading 

Channels

The proposed LLR-based framework can also be extended to design a near-optimal 

diversity combiner for signals in SaS noise with fading channels and multiple re

ceive antenna. A few suboptimal detectors have been proposed for fading channels, 

however, their performance is far from optimal. Also, they use different ad hoc sim

plifications with no clear justification. In this section, we will review some of these 

existing suboptimal detectors. We will also propose the PWL-LLR diversity com

biner which gives near-optimal performance with low complexity compared to the 

other detectors. To evaluate the performance, we will use multiple receive antennas 

with uncorrelated fading on each antenna. The received signal is modeled as follows

rk = hkSi + n k k — l , . . . , N  (5-14)

where {hk} is the channel amplitude modeled with Rayleigh distribution with mean 

a \P k  anc  ̂variance ^ a 2, where a 1  =  ^ and N  is the number of the receive antennas, 

and s € {±A} is the transmitted BPSK symbol. In this thesis, we assume that the 

amplitude of the channel coefficients, {hk}, are known to the receiver.
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5.3.1 O ptim al and Suboptim al D etectors for Fading C han

nels

M axim um  Likelihood D etector

The optimal ML detector (the optimal combiner) computes the following test statis

tics for a received symbol:

where so is the hypothesis tha t s =  —A  was transmitted, and si is the hypothesis 

that s =  +A  was transmitted.

M axim um  R atio Combiner (M RC)

To simplify the design of the optimal combiner, the maximum ratio combiner, which 

is the optimal combiner for the case when the noise is Gaussian, has been used as a 

benchmark for the performance of a simple combiner as in [57,58] with test statistics

T he O ptim al Linear Combiner (OLC)

The optimal linear combiner has been derived in [57] to calculate the optimal weights 

tha t a linear combiner can use with SccS noise, however, it is limited to the case when 

1 < a  < 2. The test statistics are

(5.15)

N

(5.16)

N

(5.17)
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where {wk} are the optimal linear combiner weights given by

wk = sgn(hk)\hk\o-i (5.18)

T h e  S ign C o rre la to r  (SC) D e tec to r

The sign correlator detector, which is known in many references as post detection 

combining (PDC), has been used in [58] with test statistics

N
^SC =  '*Tsgn(hkrk) (5.19)

k=1

T h e  A sy m p to tic a lly  O p tim a l (A O ) D e tec to r

The asymptotically optimal detector has been proposed in [58] as a simplified subop

timal combiner which has a closed form expression of the test statistics

Â  = X > s !? T t 4!- (5-20)^  Ffc +  hkA\it=i

5.3.2 T he PW L-LLR  D iversity  C om biner

In this section, we propose to use the PWL-LLR to design a near-optimal diversity 

combiner with low complexity compared to other suboptimal combiners. As explained 

in Section 5.2.1, the PWL-LLR is completely defined by two coordinate points (a, c)

82



and (c, d) which are defined for optimal detection in frequency-flat fading channels as

dk = V V  +  (hkA )2 (5.21)

bk — 2 a*

However, since (5.21) needs to be calculated every k, we propose a more simple 

approximation with lower complexity. For higher GSNR, the PWL-LLR parameters 

can be approximated as follows:

Approximating dk as a constant fraction of Cfc comes from Figure 5.12.

5.3 .3  Perform ance C om parison

The performance of the PWL-LLR combiner with parameters in (5.21) and (5.22) 

is compared with that of the MRC, OLC, SC, AO and the optimal detectors when 

a  =  1.1, 1.5 and 1.8 and N  =  4 and 8.

From Figures 5.23 and 5.24 We can see that the MRC combiner, which is the 

optimal for the Gaussian noise, behaves poorly compared to the optimal combiner. 

It has relatively better performance when a  approaches 2 (the optimality point of 

the MRC), however it is still far from the optimal. The OLC, in most cases, has

dk — hkA (5.22)

bk — 2 a*

dk =  0.2 cfc
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F ig u re  5.23: Performance comparison of the PWL-LLR combiner with a = 1.1, 
I V -  4.

performance almost equal to that of the MRC; nevertheless, it has slight improvement 

over the MRC when a  approaches 1 (high impulsive noise) but it is still far from 

the optimal. The sign correlator gives better performance than the MRC when a  

approaches 1. When a  increases, the SC needs higher GSNR to show improvement 

over the MRC. The performance difference between the SC and the MRC becomes 

larger with low values of a  and N  due to the poor performance of the MRC and better 

performance of the SC in high impulsive noise. However, the SC has performance far 

from optimal.

The asymptotically optimal combiner (AO) gives the best performance among the 

above mentioned combiners due to it ability to approximate the heavy-tail behavior of 

the SaS noise pdf. The test statistics of the AO combiner depends on a simplification 

of the asymptotic approximation of the decay rate of the pdf tail which results in a 

better approximation of the optimal test statistics than the mentioned suboptimal 

combiners. It can be seen that the AO combiner has a better performance when a
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F ig u re  5.24: Performance comparison of the PWL-LLR combiner with a = 1.8, 
N  = 4.

approaches 1 and lower N  (around 1.7-2 dB off the optimal), however, it starts to  

degrade when a  increases.
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1.8 ,

Finally, the proposed PWL-LLR® combiner with parameters in (5.21) shows ro

bust superior near-optimal performance compared to the other suboptimal combiners. 

As shown in Figures 5.23, 5.24 and 5.25, the performance of the PWL-LLR combiner 

is closer to the optimal with low values of a  and N.  When a  increases, its perfor

mance becomes around 0.1 dB off the optimal when N  = 4 and around 0.2 dB when 

N  = 8, as shown in Figure 5.25, which is much less than the degradation of the per

formance of the AO combiner. Also, it can be seen that the PWL-LLR® combiner 

with the simplified parameters as in (5.22) gives near optimal performance with high 

GSNR, however, the performance degrades with low GSNR values and higher BER. 

This degradation is due to the high GSNR assumption which is used to approximate 

the PWL-LLR parameters in (5.22). For N  = 4, typically, the performance of the 

PWL-LLR® is off the optimal by around 0.75 dB at BER=10-2 and a  =  1.1 and is 

almost near the optimal at BER=10-5. The performance gap increases when a  in

creases, but it keeps consistent performance by approaching the optimal when GSNR
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is higher and BER is around 10~5.

In summary, we can see that, near-optimal performance has been achieved by using 

the PWL-LLR combiner. By simplifying the calculations of the LLR parameters, the 

performance degrades with low GSNR and high BER regions for higher values of a , 

yet it is still better than many other suboptimal combiners in this regions. Moreover, 

the performance of the proposed combiner with simplified parameters gives near- 

optimal performance in the high GSNR and low BER region for different values of a  

and N.

5.4 Conclusion

In this section, we conclude this part of the thesis which contributes to the detection 

of signals in SaS noise. In this chapter, we proposed a simple yet generalized method 

based on the optimal log-likelihood ratios to design low-complexity suboptimal detec

tors with near-optimal performance for signals in SaS noise. The proposed method 

overcomes the limitations of the previous framework based on the optimal decision 

regions. As a result, we proposed the piecewise linear LLR (PWL-LLR) detector 

which simply approximates the optimal LLR using linear segments. The proposed 

PWL-LLR detector, which implicitly approximates the optimal decision boundaries, 

gives indistinguishable performance from the optimal detector with low complexity 

for all reasonable values of a  and N . The PWL-LLR has been also used with the 

frequency-flat fading multipath channel as a simple suboptimal combiner. It gives su

perior near-optimal performance compared to different suboptimal combiners in the 

literature with low complexity. Moreover, a PWL-LLR combiner has been proposed 

with simplified parameters to save more on the calculations.

The proposed LLR-based method has been shown to be an effective tool to design 

low-complexity near-optimal detectors for signals in SaS noise. In the next chapter,
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we will show how to use the PWL-LLR approximation to design low-complexity 

decoders for coded signals in SaS noise with near-optimal performance.



Chapter 6

Log-likelihood Ratios: A M ethod to  

D esign Suboptim al D ecoders for Signals 

in So:S N oise

6.1 Introduction

The optimal decoder for coded signals in SaS noise is impractical due to its complex

ity. A few attem pts have been made to design simple suboptimal decoders, however, 

they depend on ad hoc approximations and they do not reach the optimal perfor

mance [59,60]. In this chapter, we will give a background and literature review of 

the decoder design for signals in SaS noise. Also, we will use the log-likelihood-based 

framework as a general approach to design simple suboptimal decoders for signals in 

SaS noise.

6.2 Literature R eview

In this section, we will give a background and literature review of the decoder design 

for signals in SaS noise. The Viterbi and MAP decoding algorithms for convolutional 

codes in SaS noise are discussed. The traditional Viterbi and MAP decoders, which
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have a branch metric optimized for Gaussian noise, perform poorly in symmetric ct- 

stable noise. Since the optimal maximum likelihood branch metric is impractically 

complex, many suboptimal decoders have been proposed in the literature, and these 

are described here.

6.2.1 V iterb i D ecod ing  in S a S  N oise

The optimal maximum likelihood (ML) branch metric (BM) for the Viterbi decoder 

in SaS noise requires heavy computations due to the lack of a closed form expression 

for the probability density function, which requires an inverse Fourier transform to 

calculate [8]. Therefore, several suboptimal branch metrics have been proposed in the 

literature. The conventional Euclidean-norm (Gaussian) branch metric (Gauss-BM), 

which is optimal when a  =  2 (the Gaussian case), is the least complex, however, it 

performs poorly when a  is smaller.

Other simple suboptimal branch metrics use a p—norm nonlinearity which is con

sidered a robust cost function in the presence of SaS noise [8]. For further simpli

fication, the 1-norm (p = 1) branch metric, which is the absolute value, has been 

used in [59] as a low-complexity method to improve the performance of the Viterbi 

algorithm. Although this absolute branch metric (Abs-BM) gives better performance 

than the Gauss-BM, it is not robust against a  as the performance becomes worse 

when a  approaches 1. Also, the Abs-BM and other suboptimal metrics are heuristic 

approaches which have no adequate explanation for why they have such performance. 

Moreover, there is no clear methodology of designing a suboptimal Viterbi decoder 

other than ad-hoc methods.

6 .2 .1 . 1  O ptim al and Suboptim al V iterbi D ecoders

At time instant i, a group of kc message bits are applied to a rate Rc = kc/ n c 

convolutional encoder. The resulting n c code bits are mapped to BPSK symbols which
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are transm itted over the additive white SaS noise channel. The received symbols are

r i , j  =  C i , j  +  ( 6 - 1 )

where Cij E {±A} is the BPSK symbol corresponding to the j th code bit (j E 

{1,2, ...,n c}) produced at time i, and {ntJ } are independent SaS noise samples. The 

average transm itted energy per message bit is E\, =  A 2 / R c.

6.2.1.1.1 M L V ite rb i D eco d er The Viterbi algorithm can be used to perform 

the optimal maximum likelihood (ML) sequence decoding of the received samples. 

The ML branch metric (ML-BM) of the Viterbi algorithm at the i th time instant is:

n c

Vml = - '5 2  lo g /a fa jlc jj)  (6.2)
j=l

where f a (r%j\cij) is the conditional probability density function (pdf) of the received 

sample conditioned on the transm itted code bit. For simplicity, we will drop the time 

index, i, since the following analysis is applied to any time instant.

6 .2 .1 .1 .2  G au ssian  V ite rb i D eco d er The ML branch metric requires complex 

computations to calculate the conditional pdf which makes the ML Viterbi algorithm 

impractical. As a suboptimal solution, the ML-BM is simplified assuming a  =  2 in 

(6.2) (i.e., the noise is assumed to be Gaussian) [59]. The resultant branch metric is 

the Euclidean metric (Gauss-BM):

n c

I^Gauss ^  ' (j~j Cj) . (6-3)
J=1

However, the Viterbi decoder with the Gauss-BM gives poor performance compared 

to the optimal one when a  <  2.
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6 .2 .1.1.3 A bsolute-B ranch M etric V iterbi D ecoder To improve the decoder 

performance and maintain affordable complexity, the 1-norm branch metric was pro

posed in [59] as follows:
nc

HAbs = ^ \ r j -  C j \  (6.4)
j=l

Instead of using the Euclidean distance, the 1-norm branch metric uses the absolute 

value1, and gives performance close to the Viterbi decoder with ML-BM when a  is 

high (a  > 1.5). Also, the computational complexity of the Abs-BM is much lower 

than that of the ML-BM. However, the performance of the Abs-BM degrades when 

a  gets smaller and approaches 1. Moreover, the use of the absolute value is based on 

a heuristic approach which is motivated by the robustness of the 1-norm nonlinearity 

in non-Gaussian noise [61,62]. There is no adequate explanation why the Abs-BM 

is better than the Gauss-BM and why it has near optimal performance for a certain 

range of a  but has much worse performance in another range.

Also, we will use the Cauchy and the Hamming branch metrics to compare with 

the Abs-BM where Cauchy-BM is

Tic
f^C auchy  ^   ̂ 4" { f j  Cj) )  ( ® '5 )

j =1

and Hamming-BM is
nc

^ H a m m in g ,i ^   ̂f  j  ©  Cj ( 6 . ( ))

j=1

where © denotes the exclusive-OR.

6.2.1.2 Perform ance Evaluation

As a performance comparison, the probability of bit error (Pb) of the Viterbi decoder 

with optimal and suboptimal branch metrics is evaluated by simulation for the case

1 We will refer to  the 1-norm branch metric as Abs-BM.
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when a  =  1 and 1.7. Because the noise variance is not defined for values of a  < 2, 

the geometric signal-to-noise ratio (GSNR), “  , is used (as shown in (2.11)),
_ 2  ^ 2

where Es = A 2 is the transm itted energy per symbol, and S'2 =  Cg 73  is the 

geometric power of the SaS ranclom variable and Cg ~  1.78 is the exponential of Eu

ler’s constant [49]. A 1/2 rate convolutional code is used with generator polynomials 

(561)8 and (753)8- To calculate an accurate Pb, up to 106 frames with 400 bits each 

are transmitted, and the simulation is stopped when the number of bit errors reaches 

104 or Pb < 10-5 is achieved.
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F ig u re  6.1: BER of the Viterbi decoder with different BMs with a = 1.

Figures 6.1 and 6.2 show the BER of different suboptimal Viterbi decoders in SaS 

with a  =  1 and a  =  1.7 . It can be shown that the Viterbi decoder with the conven

tional Gauss-BM gives poor performance compared to the ML-BM. Even the hard 

decision Viterbi decoder with the Hamming branch metric (Ham-BM) gives better 

performance than the Gauss-BM, due to the removal of the effect of the impulses by 

using the hard decision at the input of the decoder. However, the performance is still

Optimum
Abs
Hamming
Gauss
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far from optimal.
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Figure 6.2: BER of the Viterbi decoder with different BMs with a  =  1.7.

On the other hand, the Abs-BM gives better performance than the Gauss-BM 

and the Ham-BM (about 1 dB behind the performance using optimal ML-BM when 

a = 1.7), however, the performance is worse with lower values of a  (around 4 dB 

behind the performance using ML-BM when a  =  1). Although these results suggest 

tha t Abs-BM is a good suboptimal branch metric, particularly for high a, there is 

no clear justification for why this is the case, or why Gauss-BM performs so poorly. 

In this thesis, we will show how to justify and explain the performance of different 

suboptimal branch metrics and also how to design low complexity suboptimal Viterbi 

decoders with near optimal performance.

6.2.2 M A P  D ecoding in S a S  N oise

The MAP decoder is used to perform minimum bit error probability decoding of 

convolutional codes [63]. Also, it is used as a constituent soft output decoder in
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concatenated convolutional codes such as turbo codes. A considerable amount of 

research has been done on the design and implementation of the MAP decoder in 

Gaussian noise, however, there is little work related to the design of simple MAP 

decoders in SaS noise. In this section, we will give some background on different 

suboptimal MAP decoders for convolutional codes in SaS noise and evaluate their 

performance.

6 .2.2.1 O ptim al and Suboptim al M A P  D ecoder

To avoid problems with numerical instability, the MAP decoder is typically imple

mented in the log domain, using the log-MAP algorithm [64,65]. The optimal branch 

metrics are the same as for the Viterbi algorithm, except for a reversal of the sign, 

namely
Tic

^ML = ' ^2^og fa{rij \cij). (6.7)
j=1

For the case when a  =  2, the Gaussian branch metrics

^ G a u s s  =  ~ 2 ^ 2  ^  ^ ~  Cj )  ( 6 - 8 )

j = l

where a 2  is the equivalent Gaussian noise variance, are optimal, but are suboptimal 

and perform poorly when a  < 2. To improve the performance of the Gaussian log- 

MAP decoder, a nonlinear preprocessor was used in [60] to  filter the impulses in the 

received samples, however, the resultant performance is still far from optimal.

Another suboptimal solution is to use the branch metric with a  =  1 (i.e., the noise 

is assumed to be Cauchy). The resultant branch metric is

T ic

XCauchy  =  -  ^  ^  +  f a  “  Cj f ) ' (6-9)
j = 1

The log-MAP decoder with Cauchy branch metric shows near optimal performance
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for a wide range of a , however, it still needs complex computations.

Another simple suboptimal technique uses the Huber nonlinearity, which is used 

as a robust cost function in the presence of impulsive noise [66], to design a simple 

suboptimal MAP decoder with branch metric [67,68]

where h > 0 is a cutoff parameter to tune the robustness of the nonlinearity.

The Huber nonlinearity uses the least square estimator (which is equivalent to 

the Gaussian soft detector) for residuals smaller than h, however, it uses the least 

absolute or L\  norm with the tails values. The log-MAP decoder with the Huber BM 

gives better performance than the Gaussian log-MAP decoder, however, it starts to 

get worse when a  approaches 1. Moreover, the use of the absolute value in the Huber 

BM is based on a heuristic approach which is motivated by the robustness of the 

1-norm nonlinearity in non-Gaussian noise. Also, it does not consider the statistics 

of the SaS noise, instead, it uses only the heavy tail nature of the noise.

6 .2.2.2 Perform ance Evaluation

As a performance comparison, the probability of bit error (Pb) of the log-MAP decoder 

with optimal and suboptimal branch metrics is evaluated by simulation for the case 

when a  =  1 and 1.7. Because the noise variance is not defined for values of a  <  2, 

the geometric signal-to-noise ratio is used instead to define the SNR as

1H uber
1

(6 . 10)

where p(x) is the Huber nonlinearity,

(6 .11)
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where Ea = A 2  is the transm itted energy per symbol, R c is the code rate, and
2_ 2  2

s i  = c f  7  a is the geometric power of the SaS random variable where Cg ~  1.78 is 

the exponential of the Euler constant [49]. A |  rate recursive systematic convolutional 

code is used with generator polynomials (53,75)8- When simulating the decoder with 

Huber nonlinearity, h =  37 is used [67]. To calculate an accurate Pe, up to 106 frames 

with 400 message bits each are transmitted, and the simulation is stopped when the 

number of bit errors reaches 104.
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F ig u re  6.3: BER of the MAP decoder with different BMs with a  =  1.

Figures 6.3 and 6.4 show that the BER of the MAP decoder with different branch 

metrics. The MAP decoder with the Gaussian BM gives poor performance compared 

to the MAP decoder with the optimal BM because of the heavy tail characteristic for 

noise with a  <  2. On the other hand, the MAP decoder with Cauchy BM shows near- 

optimal performance for different values of a , however, there is no clear explanation 

why the Cauchy MAP decoder gives tha t performance. Also, its APPs need more 

computations than the Gaussian MAP decoder.
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F ig u re  6.4: BER of the MAP decoder with different BMs with a  = 1.7.

The MAP decoder with Huber BM, which uses a hybrid nonlinearity as in (6.11), 

gives better performance than the Gauss BM with affordable complexity especially 

with higher values of a. For higher values of the received samples, the Huber non- 

linearity uses the absolute norm to estimate the distance between the received and 

the transmitted code symbol which gives more robust estimation in non-Gaussian 

channels. However, the resultant performance still behind the optimal one especially 

when a  approaches 1. Moreover, the use of the Huber nonlinearity does not depend 

on any optimal or suboptimal criteria to minimize the probability of bit error.

6.2 .3  Sum m ary

Since the optimal decoder is complex, many suboptimal solutions have bee presented 

in the literature. In this section, we presented a survey on different approaches 

to design low complexity decoders for coded signals in SaS noise. In particular, 

we considered the design of suboptimal Viterbi and MAP decoders. Most of the
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solutions starts from the Gaussian implementation of the decoder and try  to adapt 

the decoder to accommodate the impulsive nature of the SaS noise. However, this 

adaptation does not meet a clear optimality or sub-optimality criteria to design the 

simplified decoder. For example, the absolute value metric has been used instead 

of the Euclidean metric (for Gaussian case) because the 1-norm nonlinearity shows 

robust performance as a cost function in non-Gaussian impulsive noise. Indeed, it 

gives better performance than the Gaussian decoder; however the performance is 

not robust against a  and it is still behind the optimal. Moreover, it is difficult to 

use the same motivation behind the use of the 1-norm nonlinearity to improve the 

performance because it is a heuristic approach. Another example is the use of Huber 

nonlinearity instead of the Euclidean distance in case of the MAP decoder, which is 

also motivated by the robustness of the Huber nonlinearity as a cost function in the 

estimation of unknown parameters in non-Gaussian noise. The new nonlinearity gives 

also better performance than the Gaussian decoder but it is still behind the optimal. 

However, there is no clear explanation on why the performance improved and how 

we can extend on this approach to gain more improvement and robustness.

In the next section, we will show how to use the LLR-framework to justify and 

explain the performance of any suboptimal decoder and how to use the LLR as a 

unified metric to  design simple suboptimal decoder. Furthermore, we will use the 

PWL-LLR proposed in Chapter 5 to design simple near-optimal decoders which follow 

clear approach to design and justify.
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6.3 Design N ear-O ptim al Decoders using the  

LLR-Based Framework

In this section, we will extend the use of the LLR-framework to design low-complexity 

suboptimal decoders with near-optimal performance by using simple design approach. 

It will be shown that the performance of different types of decoders depends mainly 

on the LLR of the received signal even if the decoding algorithm does not use the 

LLR explicitly as in the case of Viterbi decoder. As a result, we propose a simple 

design approach in which the suboptimal decoding algorithm should use, explicitly or 

implicitly, the closest simple approximation of the LLR. Therefore, the performance 

of the suboptimal decoder will be as close to the optimal performance as the LLR 

approximation to the optimal LLR. By using the proposed design approach with the 

Viterbi decoder, we propose a simple branch metric which improves the performance 

of the decoder compared to the Abs-BM-based Viterbi decoder. The proposed decoder 

uses an approximated LLR which is used implicitly in the branch metric. Moreover, 

by using the LLR explicitly in the Viterbi decoding algorithm, we are able to propose 

a simplified metric based on the PWL-LLR which closely approximates the optimal 

LLR. Therefore, the proposed PWL-LLR-based branch metric results in near-optimal 

performance with low complexity. The PWL-LLR branch metric has been also used 

with the MAP decoder which gives near-optimal performance compared to the MAP 

decoder with the Huber nonlinearity. The performance of the Viterbi and MAP 

decoders has been evaluated by simulation to verify the effectiveness of the proposed 

approach.
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6.3.1 P roposed  Suboptim al V iterb i D ecoder

In this section, we will show how to use the proposed approach with the Viterbi 

decoder to understand and justify the performance of the decoder with the Abs- 

BM compared to the Gaussian one. Also, by using the LLR-based framework, we will 

propose a simplified branch metric, DAbs-BM, which implicitly uses an approximated 

suboptimal LLR. So, we can gain performance improvement compared to the Abs-BM 

by using better approximation of the optimal LLR. Moreover, we will propose a new 

branch metric which explicitly uses the PWL-LLR to give near-optimal performance 

at low complexity.

6 .3 .1 . 1  Perform ance Justification o f th e  O ptim al and Suboptim al V iterbi 

A lgorithm s using th e  LLR-Framework

In general, for any two merging paths in the trellis diagram, the Viterbi algorithm 

selects as survivor the path tha t has the largest cumulative path metric. The cu

mulative path metric for hypothetical path p, up to and including the kth branch, 

is
k  T ic

A t(p) =  -  EE l ° g / « ( r i j |c i j ( p ) )  (6.12)
i= l j= 1

where {cij(p)} are the transm itted BPSK symbols for path p. If the correct path, pc, 

merges with an incorrect path, px, at time k, the correct path will be pruned (i.e. a 

decoding error will occur) if /3k(px) < Pk(pc), which is equivalent to

Tic

Because convolutional codes are linear, the probability of error does not depend on 

the transmitted codeword, so without loss of generality and to simplify the analysis, 

we can assume that the all-zero codeword is transmitted (i.e., Cij(pc) =  — A  V*j).
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As such, the probability of error depends on the log likelihood ratios (LLR) of the 

received samples,

L L lW r ) =  log ^ : ^ . (6-14)

By comparing LLRopt with the corresponding LLRs where the suboptimal branch 

metrics are used, it is possible to draw useful conclusions about the relative perfor

mance of the systems.

For the case when the Abs-BM is used, it can be shown that Abs-BM is a result 

of approximating the pdf of the SaS noise by a Laplacian pdf:

f ( x )  = De~BM (6.15)

where D and B are constant that depend on the noise variance and ensure unit 

area under the curve f ( x ) .  The corresponding Laplacian LLR2 (Abs-LLR) can be 

calculated as follows:

LLRAba(r) = B[\r + A \ - \ r - A \ } .  (6.16)

For the case when the Gaussian (Euclidean) branch metric (Gauss-BM), which results 

from approximating the SaS noise by a Gaussian pdf, the Gauss-LLR is:

LLRcau3s(r) =  Cr  (6.17)

where C  is a function of the noise variance. Note th a t the multiplicative scale fac

tors in (6.16) and (6.17) have no effect on the Viterbi algorithm as they result in 

multiplicative factors tha t will cancel out in the decision rule in (6.13).

To explain the behavior of the Viterbi algorithm with the optimal and suboptimal

2We will refer to  the Laplacian LLR by Abs-LLR to be consistent with the notation of the 
absolute branch metric Abs-BM.
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F ig u re  6.5: Optimal and suboptimal LLRs with a  =  1.3 and GSNR =  5 dB.

branch metrics, Figure 6.5 compares the Opt-LLR with Gauss-LLR, Abs-LLR and 

DAbs-LLR3. To give a fair comparison, the scale factors, B  and C, are optimized by 

minimizing the mean square error (MSE) of the fitting so that the Gauss-LLR and 

Abs-LLR have the best fit with the Opt-LLR. The MSE of the LLR fitting is

/
OO

[LLRopt{r) -  L L R sub0 pt(r ) } 2  f ( r )  dr (6.18)
•OO

where / ( r )  is the pdf of the received samples,

f (r ) =  f ( r \c =  A)p(c = A) + f( r \c  =  -A)p{c  -  - A ) .  (6.19)

As can be seen in the figure, the Abs-LLR has a better fit to the Opt-LLR than 

the Gauss-LLR. Table 6.1 shows the normalized minimum MSE (MMSE) for the 

fitting of the Gauss-LLR and the Abs-LLR. The MMSE is evaluated numerically for

3The DAbs-LLR will be introduced in the next section.
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different values of a  at 5 dB. It can be seen that the Gauss-LLR has, in general, a 

significantly larger MMSE than the other LLRs, which explains the poor performance 

of the Viterbi decoder with Gauss-BM compared to the Opt-BM and Abs-BM, as 

shown in Section 6.2.1.2. On the other hand, the Abs-LLR has much lower MMSE 

than tha t of the Gauss-LLR. Also, as shown in the table, the MMSE of the Abs-LLR 

increases when a  decreases which explains the performance degradation of the 

Viterbi decoder with the Abs-BM with smaller values of a.

Table 6.1: Normalized MSE between the suboptimal and optimal LLR with GSNR 
=  5 dB.

a Gauss-LLR Abs-LLR DAbs-LLR

1.1 0.5521 0.0646 0.0165

1.2 0.5480 0.0583 0.0154

1.3 0.5412 0.0527 0.0146

1.4 0.5296 0.0470 0.0142

1.5 0.5120 0.0426 0.0139

1.6 0.4903 0.0375 0.0135

1.7 0.4616 0.0324 0.0131

1.8 0.4253 0.0263 0.0121

1.9 0.3760 0.0190 0.0107

6.3.1.2 T h e  D u a l A b so lu te  B ra n ch  M etric : Im p lic it U se o f LL R

In the previous section, we started by the branch metric to understand how implicitly 

it uses an approximate version of the LLR. In this section, we will start by introducing 

a better fit of the LLR, then, the corresponding branch metrics will be calculated 

which reflect the LLR approximation. The resultant branch metric shows performance 

improvement over the Abs-BM especially when a  approaches 1.
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It can be seen in Figure 6.5 tha t the Abs-LLR has a good fit with the Opt-LLR

when the received samples are small, however, it deviates from the optimal for larger 

values of r , which have a non-negligible probability of occurrence due to the heavy 

tail of the SoS noise. To improve the performance and while keeping the branch 

metric simple, we propose the use of a dual absolute LLR (DAbs-LLR), also shown 

in Figure 6.5, which uses a flat line to better fit the tail portion of the optimal LLR. 

The proposed LLR can be considered as a result of using two different Laplacian pdfs 

to fit the center and tail regions of the SaS pdf, so, the proposed LLR is called a dual 

absolute LLR (DAbs-LLR)4. It is given by

where B\  and B 2  axe scale factors tha t are optimized to  achieve the MMSE fit to 

the optimum LLR in each region and p is a threshold value defining the boundary

between the regions.

The proposed DAbs-BM is simply two different Abs-BMs scaled and shifted differ

ently. The optimal scale and shift values, B\, B 2  and p, are found by minimizing 

the MSE. It is mathematically difficult to minimize the MSE because it requires the

4To be consistent w ith the Abs-LLR.

LLRjDAfcs(r')
Bi(\r  +  A| — |r  — A|) |r| < p 

B 2(\r + p\ — |r  — p\) \r\> p
(6 .20)

The proposed dual absolute LLR results in a new branch metric which is called a 

dual Abs-BM (DAbs-BM) as follows:

A4DAbs — ^  lJ‘{ r j \ c j )  

i=i
(6 .21)

where

(6 .22)
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computation of the pdf of the SaS noise, which has no closed form. We propose to 

use a simple yet efficient approximation of the threshold p to be 2 A,  where A  is the 

amplitude of the transm itted BPSK symbol. So, we allow the first piece of the DAbs- 

LLR to span a range of —2A  to 2A  which is a good approximation tha t captures the 

low and moderate values of the received samples, as shown in Figure 6.5. Then, the 

second piece of the Dual-LLR deals with the impulses in the received samples. For 

further simplification, it can be shown th a t the performance of the Viterbi algorithm 

depends only on the ratio B 2 / B 1 if we take J5i as a scale factor out of the branch 

metric in (6.21). Figure 6.6 shows the ratio B2/B 1 tha t minimizes the MSE, versus 

the GSNR, for different values of a . As an approximation, we use a single linear fit 

for all values of a  to calculate the ratio B 2 / B 1 as a function of the GSNR.

0.5

0.4

0.2  a = l

a  =  1.7
0.1

GSNR (dB)

F ig u re  6.6: The ratio of the optimal scale factors B 2 / B 1 .

6.3.1.2.1 P e rfo rm an ce  E v a lu a tio n  a n d  S im u la tio n  R esu lts  The perfor

mance of the Viterbi decoder with the proposed dual absolute branch metric (DAbs- 

BM) is evaluated by simulation with the same setup as in Section 6.2.1.2.
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F ig u re  6.7: BER of the Viterbi decoder with DAbs BM and a = 1.

The performance of the DAbs-BM is evaluated using the approximate threshold, 

p = 2A and the approximate scale factor ratio B i fB \  tha t linearly fits the optimal 

one shown in Figure 6.6. Figures 6.7 to 6.9 show the BER of the Viterbi decoder 

with the proposed branch metric compared to the Abs-BM and Gauss-BM proposed 

in [59] for different values of a.
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GSNR (dB)

F ig u re  6.8: BER of the Viterbi decoder with DAbs BM and a = 1.5.

It can be seen that the performance of the DAbs-BM has a gain over the per

formance of the Abs-BM for different values of a, especially when a  =  1 where it 

has a gain of 2 dB over the Abs-BM as shown in Figure 6.7. This performance gain 

is expected because the DAbs-LLR has a better fit to the optimum LLR than that 

of the Abs-BM. As shown in Table 6.1, the MMSE of the DAbs-LLR is, in general, 

lower than the Abs-LLR especially for lower values of a. However, it still increases 

when a  decreases. So, this relatively low MMSE explains the performance gain of 

the Viterbi decoder with DAbs-BM over the Abs-BM for low values of a . However, 

the performance of the DAbs-BM degrades when a  increases as shown in Figure 6.9 

where a  =  1.7.
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F ig u re  6.9: BER of the Viterbi decoder with DAbs BM and a  =  1.7.

6 .3 .1 .3  T h e  P W L -L L R  B ran ch  M etric

Now, we have shown that the performance of the Viterbi algorithm depends on the 

LLR of the received symbols. So, we proposed to use the PWL-LLR approximation, 

which has been introduced in Chapter 5, to approximate the optimal LLR. Also, we 

rewrite the branch metric as a function of the LLR, therefore, the proposed branch 

metric needs simple calculation as it depends on linear segments only.

To rewrite the ML branch metric as a function of the LLR, we consider the 

following: at a given state, for any two merging paths, Pi and P2, at time instant k  

with cumulative path metrics and respectively, we assuming tha t the

survivor path is P\ with cumulative metric so the following decision should

hold

Pi* ^  +  Pi > $ 2  ^  +  P2 (6.23)
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By substituting ^  by (6.2),

p(k-\) -  ^ l o g / Q(rfcii|cfV) > /3(2 ~ 1] ~ Y ^ l o g f a{rk<j\ 4 j )  (6-24)
j=1 j=l

where cfb and are the code symbols of the trellis branches emerging from path 

Pi and P2  at time k. receptively.

By adding the constant ]T)"=i fa(rk,j\ck,j =  —1) to both sides, the decision rule 

becomes

0 i ~ l) +  & >  +  A  (6-25)

where
Tic

V l l r  =  -  L L R -(r j )  ( 6 -2 6 )

j = i | c ? = ± i

and the superscript 1,2 indicates the branch corresponding to the path  Pi and P2 , 

respectively, and the summation is over all values of j  with a code bit value of Cj = 1 

in the corresponding branch. Therefore, by using 6.26, we are able to calculate the 

branch metric as a function of the LLR only. At this point, we propose to use the 

simple piecewise linear approximation of the optimal LLR, PWL-LLR, to calculate 

the branch metric used in the Viterbi algorithm. The resulting branch metric is

Tic

» llr = -  PW L-LLRfo) (6.27)
j= l |c < ? = ± l

where the PWL-LLR is introduced in (5.6). The proposed Viterbi algorithm with 

PWL-LLR-based branch metric is shown to give near optimal performance with less 

computation complexity compared to the optimal one.

6.3.1.3.1 Perform ance Evaluation and Sim ulation R esu lts The perfor

mance of the Viterbi decoder with the PWL-LLR is evaluated by simulation with

110



the same setup as in Section 6.2.1.2.

10°

i-i

- 2

1-3
Optimum
PWL-LLR
Abs
Hamming
Gauss

, - 4

0 105 15
GSNR (dB)

F ig u re  6.10: BER of the Viterbi decoder with PWL-LLR and a  =  1.

The performance of the proposed PWL-LLR Viterbi decoder is compared with 

that of the Viterbi decoder with DAbs-BM and Abs-BM. Figures 6.10 , 6.11, and 

6.12 show the BER of the Viterbi decoder with different values of a. It can be 

shown that the Viterbi decoder with PWL-LLR BM gives near optimal performance 

compared to the Abs-BM especially for values of a  approaching 1. The reason for th a t 

performance difference is expected because the PWL-LLR branch metric is based on 

a more accurate approximation of the optimal LLR. Also both the PWL-LLR-BM 

and the DAbs-BM have comparable computation complexity. However the PWL- 

LLR-BM depends on four fitting parameters, a, b, c and d, as shown in Section 5.2.
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F ig u re  6.11: BER of the Viterbi decoder with PWL-LLR and a  =  1.5.
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F ig u re  6.12: BER of the Viterbi decoder with PWL-LLR and a  =  1.7.
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6.3 .2  P roposed  Suboptim al M A P  D ecoder

As shown in Section 6.2.2, there axe several suboptimal MAP decoders with different 

computation complexity and performance. The least complex one is the Gaussian 

MAP decoder with poor performance. The Cauchy MAP decoder gives near-optimal 

performance with more computation complexity. The MAP decoder with the Huber 

nonlinearity gives better performance than  the conventional MAP decoder with Gauss 

BM, and also, it has less computation complexity than that of the MAP decoder 

with Cauchy BM. In this section, we will use the LLR-based framework to design 

low-complexity MAP decoders by using the PWL-LLR approximation explicitly in 

the MAP algorithm.

6.3.2.1 L og-M A P D ecoder B ased on PW L-LLR

To avoid numerical instability, we will consider the design of the log-MAP algorithm

which performs its calculations based on the channel LLR for each received sample,

ry , given by

-■ 'og ^

where jLLRopt(ri;?) is the optimal LLR which depends on the likelihood function 

fa{fij\cij = ± A )  which is the conditional probability density function ry  given cy . It 

can be shown that the Gaussian MAP algorithm uses

2 A
LLRcaussirij) =  — r y (6.29)o

where er2 is the equivalent Gaussian noise variance. Similarly, the Cauchy MAP 

algorithm uses

L L R c ^ ( n M i )  =  log l 22 +A >i+_ AL , (6.30)
7 ' ITy A)
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and the MAP algorithm with the Huber nonlinearity uses

Tij | < h — A

L L  Ft Huber (X ij ) (6.31)
h — A  < |ry | < h +  A

By comparing the optimal and suboptimal LLRs, it is possible to draw useful

behavior of the MAP algorithm with the optimal and suboptimal LLRs, Figure 6.13 

shows the optimal LLR for a given value of a  and compares it to the Cauchy, Huber 

and Gaussian LLRs. As can be shown from the figure, the Gaussian LLR gives a 

good approximation to the optimal LLR when r  is small, however, it over-estimates 

the optimal LLR for higher values of r  which have a relatively high probability of 

occurrence in a heavy tail noise like SaS noise. This inaccurate fit explains the poor 

performance of the MAP decoder with Gaussian LLR. The Huber LLR gives a better, 

yet still inaccurate, fit of the tail region of the LLR due to  the use of the absolute 

norm in tha t region which results in approximating the optimal LLR with a constant 

line. This approximate fit explains the performance gain of using the Huber LLR 

compared to the Gaussian LLR. Finally, it can be shown that the LLR with a  =  1, 

which is the Cauchy LLR, has a close fit to the optimal LLR with different values 

of a , which explains the near-optimal performance of the MAP decoder with Cauchy

conclusions about the relative performance of the log-MAP decoder. To explain the

LLR.
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F ig u re  6.13: Comparison between the optimal and different suboptimal LLRs.

Motivated by the effect of the dependency of the MAP algorithm on the LLR only, 

we propose to use the PWL-LLR, which is a simple piecewise linear approximation 

of the optimal LLR proposed in Chapter 5, with the MAP algorithm to get better 

performance with low complexity.

The fitting parameters of the PWL-LLR in (5.6) can be simply calculated on-line 

for different GSNR values or even calculated off-line and stored in a look-up table. 

As such, the computation complexity of the MAP algorithm using the PWL-LLR has 

less complexity than the optimal and the Cauchy LLRs.

6.3.2.2 P e rfo rm an ce  E v a lu a tio n

The performance of the MAP decoder with the proposed PWL-LLR is evaluated by 

simulation with the same setup as in Section 6.2.2.2. The MAP decoder is imple

mented in the log domain by using the log-MAP algorithm.
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F ig u re  6.14: BER of the MAP decoder with PWL-LLR and a  = 1.

Figures 6.14, 6.15, and 6.16 show the performance of the MAP decoder with the 

proposed PWL-LLR compared to the optimal, Gaussian and Huber LLRs for different 

values of a. It can be shown that the MAP decoder with PWL LLR has near-optimal 

performance for different values of a , which is around 2 dB (when a  =  1.5) and 6 dB 

(when a = 1) better than the performance with the Huber LLR. This performance 

gain is due to the closer fit the PWL-LLR has compared to the other suboptimal 

LLRs.
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F ig u re  6.15: BER of the MAP decoder with PWL-LLR and a  =  1.5.
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F ig u re  6.16: BER of the MAP decoder with PWL-LLR and a  =  1.7.
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6.4 Conclusion

In this chapter, we have shown that the LLR-based framework can be used to jus

tify and explain the performance of different suboptimal algorithms for Viterbi and 

MAP decoders. The performance of both decoders mainly depends on how the de

coding algorithms approximate, implicitly or explicitly, the optimal LLR. Based on 

this conclusion we proposed a simple unified approach to design suboptimal decoders 

for coded signals in SaS noise. In the proposed approach, the suboptimal decoding 

algorithm should reflect a good approximation of the optimal LLR implicitly or ex

plicitly in the calculations of the algorithm. The closer the LLR approximation is, 

the closer the performance of the suboptimal decoder to the optimal. For example, 

in case of the Viterbi decoder, we propose the dual-absolute LLR (DAbs-LLR) which 

has better fit compared to the Abs-LLR. The resultant DAbs-BM gives better perfor

mance than tha t of the Abs-BM. Moreover, when we used the PWL-LLR explicitly in 

the branch metric calculation, the Viterbi decoder with the PWL-LLR branch metric 

gives near-optimal performance with low complexity.

The same approach has been used with the MAP decoder. The resultant PWL- 

LLR suboptimal MAP decoder shows near-optimal performance with low complexity 

compared to the Huber-based decoder and the optimal one. Finally, the proposed 

approach gives a clear way to design suboptimal decoders by using the simplest and 

the closest approximation to the optimal LLR. Also, there is alway a trade-off between 

the LLR approximation and the simplicity of the decoder. Moreover, the proposed 

LLR-based approach can be applied to any other decoders as long as their performance 

depends on the LLR such as turbo, BICM and LDPC decoders.
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Chapter 7

LLR-Based Framework: A pplications to  

D etector and D ecoder D esign for Signals 

in M iddleton’s Class A noise

7.1 Introduction

In this chapter, we will extend the use of the proposed LLR-based framework to de

sign the detector and the Viterbi decoder for signals in Middelton’s Class A noise. 

Middleton’s Class A noise model [69,70] is one of the statistical distributions used to 

model the man-made interference and the impulsive noise in different systems such 

as cognitive radio networks [71] and power line communication systems [72]. The 

optimal detector and decoder are complex due to the highly non-linear probability 

density function of the noise [73]. There are several approaches to design simple 

suboptimal receivers which vary in complexity and performance. The conventional 

Gaussian detector has been used as a simple suboptimal detector [73]. It gives near 

optimal performance with relatively higher values of the SNR, however, the perfor

mance deteriorates for moderate and low SNR values. The locally optimal Baysian
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detector has been proposed in [73] which uses the locally optimal criterion assum

ing weak signal reception [55]. The locally optimal detector depends on the Taylor 

expansion of the optimal test statistics and neglects the higher terms by using the 

assumption of weak signals. This detector gives better performance than the Gaus

sian one, however, it adds more complexity and it is still limited by the weak signal 

assumption which limits its performance at higher values of SNR. Other approaches 

use simplified forms of the probability density function (pdf) of the noise such as the 

use of a truncated series of the pdf as in [74]. In this chapter, we will design the 

PWL-LLR for the Class A noise and use it to design a simple near-optimal detector. 

For the decoder design, we chose to use the Viterbi decoder with the PWL-LLR as an 

example to extend the proposed approach for decoder design in Chapter 7 to different 

non-Gaussian noise models.

7.2 D etector D esign

7.2.1 System  M odel

We will use the same system model as explained in 2.3 where a BPSK symbol s E 

{dz\/E }  is transmitted, and N  independent samples per symbol are collected at the 

receiver. The received samples are modeled as

rk = s + n k k = l , . . . , N  (7.1)

where {n*} are N  independent Middleton’s Class A noise samples. Since the Class A 

noise has finite power (i.e. finite noise variance), the conventional front-end receiver 

which uses the matched filter or the correlator is assumed to collect the received 

samples from the continuous received waveform at the input of the receiver. In this 

section, we will design a PWL-LLR with simple parameters to be used in the detector

120



2

0

- 2

- 4

- 6

- 8

- 1 0

-1 2

-  A  =  0 . 1

.  A  n m

-  - A  =  0 . 0 0 1

1
1

I " ........ ] ........ 7
•

I

tft
\
H

1

1

1

I

1

1 I

. .  J  .  _ -  -

- 5 - 4 - 3 - 2 - 1 0  1 2 3 4 5
x

F ig u re  7.1: The pdf of the Class A noise on a log scale with T =  0.1.

and the decoding design. The probability density function of Middleton’s Class A 

noise model is given by

Sa t {x ) =

-AA ri 1

771=0 ml \ j 2 ixa\
exp

x
(7.2)

where
2 2IX +  T°m = ° fqrf ’ (7.3)

and A  is the impulsive index. When A is large, the impulsive noise will be continuous 

which leads the Class A noise to  become Gaussian. T =  cr^/erf is the Gaussian to 

interference noise power ratio with the Gaussian noise power Cq and the interference 

noise power a] and a 2  =  4- <rf is the total noise power. Figures 7.1 to 7.4 show

the pdf of the Class A noise with different values of A  and T plotted on a log scale.
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Figure 7.4: The pdf of the Class A noise on a log scale with A  = 0.01.

7.2.2 O ptim al and Suboptim al D etectors  

T he O ptim al M axim um  Likelihood D etector

The optimal maximum likelihood (ML) detector has been analyzed in [73] by using 

the following test statistics for a received symbol:

complex computations.

The G aussian D etector

As a simple suboptimal solution, the Gaussian detector, which uses the conventional 

matched filter or the correlator, has been proposed in [73] with the following test

(7.4)

where s0 is the hypothesis tha t s =  —\/~E was transmitted, and is the hypothesis 

tha t s =  + \/E  was transmitted. The ML detector is impractical because it requires



statistics
N

^ G a u ss  =  ^   ̂ f'k -  
k= 1

(7.5)

It was shown that the Gaussian detector gives near optimal performance at a  relatively 

high SNR values and lower N  with low and moderate impulsive noise, otherwise, it 

gives poor performance compared to the optimal detector.

T he Locally O ptim al D etector

To improve the performance, another suboptimal detector has been proposed in [73] 

which depends on the locally optimal criteria for weak signal reception [55]. The 

locally optimal detector uses the following test statistics

The locally optimal detector gives better performance than  the Gaussian detector at 

lower values of SNR, however, it adds more complexity, and it is still limited by the 

weak signal assumption.

In this chapter, we propose a different approach to design low complexity detec

tors with near optimal performance. Instead of simplifying the pdf of the noise, we 

propose to simplify the optimal log likelihood ratios (LLRs) in (3.2) directly. In the 

proposed approach, the optimal LLR is divided into three different regions where lin

ear approximation can be used effectively which results in near optimal performance 

with different values of the noise parameters at low complexity approaching tha t of 

the Gaussian detector.

In this section, we will analyze the optimal LLR graphically to understand how each 

term  in the noise pdf in (7.2) contributes to the optimal LLR. There are different

(7.6)

7.2.3 PW L-LLR  D esign  for Class A  N oise
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simplifications for the pdf of class A noise, however, they result in nonlinear design 

of the detector. In this section, we will propose a simplified approximation of the 

LLR of the Class A noise, which can be used to design simple detector with linearly 

approximated test statistic. Figure 7.5 shows the optimal LLR for different values of 

A  and T at 0 dB, which is given by

where sj and s0 are the possible transm itted BPSK symbols. We can see tha t the LLR 

can be divided into three regions, a linear region, a parabolic region and a saturated 

flat region. We propose to  use a piecewise linear approximation of the optimal LLR 

(PWL-LLR) as shown in Figure 7.6. To completely define the PWL-LLR, we need 

to calculate the boundaries a, b and c.

Due to the anti-symmetry of the optimal LLR, we will consider only the right-hand 

side (r >  0). Let us define gm(x) as the m th term in (7.2),

Figure 7.7 shows log fA,r(r ~  so) and log fA,r(r  ~  s i) along with loggm(r — s0) and 

logQmir ~  si) for m  = 0,1,2. From the figure, we can draw some useful conclusions 

to understand how each term in the conditional pdf contributes to the LLR and also

In the linear region, where 0 <  r  <  a and b < r <  c , Figure 7.7 shows that the 

terms lo g g e r — s0) and lo g g e r — Si) can be used to approximate log fA,r{r ~~ so) 

and lo g /^ ,r(r — si), respectively. The optimal LLR can therefore be approximated

LLRopt =  log/A,r(r -  «i) -  log/^,r(r -  *o) (7.7)

(7.8)

to identify the boundaries of different regions and the values at each boundary.
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by

L L R iin »  log gi (r -  sx) -  log pi (r -  s0) (7-9)
2 s/E r

Also, c can be found by finding the intersection between 

log pi (r — .Si) and log g2(r — si), which is given by

V ^  + 2 k > « ( 4 £ ) (7.10)

In the parabolic region a < r  < b, the optimal LLR can be approximated by

LLRpar »  log Qo ix -  S i )  -  log pi (r -  S o ) ,  (7.11)

which results in a quadratic function of r. The maximum of the parabolic region 

occurs at r  =  r„ and is given by

7 =  log ~p~ +  2 E  2 ’ (7-12)Acr0 erf — <Tq

where ra = \Z~E{ 1  +  2AT), which can be approximated by V~E for moderate and high 

impulsive noise where AT - C l -  By equating (7.9) and (7.11), we get a and b. To 

further simplify this region, we will use a piecewise linear approximation to connect 

a —> 7  —» b as shown in Figure 7.6.

In the flat region (r >  c), the LLR is approximated by a flat line as follows:

L L R  m ^  (7.13)
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F ig u re  7.5: The optimal LLR with SNR =  0 dB.

It can be shown in Figure 7.6 tha t the proposed PWL-LLR has a simple implementa

tion using linear segments which has low complexity approaching th a t of the Gaussian 

detector in (3.8).

7.2 .4  Perform ance Evaluation and Sim ulation R esu lts

As a performance comparison, the probability of bit error (Pb) of the optimal and 

suboptimal detectors is evaluated by simulation for the case when (A, T) is (0.1,0.1) 

and (0.1,0.01). The SNR is defined as where Es =  N E  is the energy per symbol 

and N a is the noise spectral density. The receiver collects N  independent samples 

per symbol. To calculate an accurate Pb, up to 106 frames with 250 bits each are
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transmitted, and the simulation is stopped when the number of bit errors reaches 103 

or Pb <  10-4 is achieved.

Figures 7.8 and 7.9 show the performance of the proposed PWL-LLR detector 

when (A = 0.1, T =  0.1) with N  =  2 and 5, respectively. It can be shown that the 

proposed detector gives near-optimal performance compared to the Gaussian one for 

a wide range of SNR. However, the performance of the PWL-LLR deviates from the 

optimal at low values of SNR, typically for SNR< —8 dB when N  = 2 and SNR< —2 

dB when N  = 5. The reason for that degradation is that at low values of SNR, the 

noise variance per received pulse becomes larger which makes the parabolic region of 

the LLR wider. In this case, the approximation of the parabolic region with linear 

segments becomes inaccurate. On the other hand, the Gaussian detector approaches 

the optimal one for relatively high SNR values, as can be seen in Figure 7.8 when 

N  =  2.

10°

1CT1

10~3

10 - 1 0 - 8  - 6  - 4  - 2  0 2 4 6 8 10 12 14
SNR (dB)

F ig u re  7.8: Performance comparison with A =  0.1, F =  0.1 and N  =  2.
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F ig u re  7.9: Performance comparison with A  =  0.1, F =  0.1 and N  = 5.

Figures 7.10 and 7.11 show the performance of the PWL-LLR detector compared 

to the Gaussian one when (̂ 4 =  0.1, T =  0.01) with N  = 2 and 5, respectively. The 

PWL-LLR gives near-optimal performance for relatively moderate and high SNR 

values with performance degradation at low SNR, typically when SNR <  —12 dB 

when N  = 5.

In summary, the PWL-LLR detector has near optimal performance due to the 

good fit to the optimal LLR when the SNR is large enough to give a narrow parabolic 

region of the LLR. On the other hand, the proposed detector has low-complexity tha t 

is almost equal to that of the Gaussian detector because both have first-order LLRs, 

although there are multiple regions in case of the proposed detector.

■B— Gaussian 
PWL-LLR 

■e— Optimum
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F ig u re  7.10: Performance comparison with A  =  0.1, T =  0.01 and N  =  2.
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F ig u re  7.11: Performance comparison with A  =  0.1, T =  0.01 and N  — 5.
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7.3 D ecoder D esign

In this section, the design of a simplified Viterbi decoder for signals in Middleton 

Class A noise is considered. The conventional Viterbi decoder with a branch metric 

optimized for Gaussian noise, performs poorly in the Class A noise. The optimal max

imum likelihood (ML) branch metric is difficult to simplify due to the complexity of 

the probability density function of the noise. There are different alternatives to design 

low complexity Viterbi decoders which are based on simplified models of the Class 

A noise. A nonlinear preprocessor has been proposed to improve the performance of 

the Gaussian Viterbi decoder with Class A noise based on a simplified expression of 

the probability density function of the noise. In this chapter, we propose different 

approach to design the Viterbi decoder with simple linear branch metrics by using 

a simplified linear approximation of the log likelihood ratio. The proposed approach 

results in a near-optimal performance with low complexity.

7.3.1 O ptim al and Suboptim al V iterb i D ecoding

At time instant i , a group of kc message bits are applied to a rate R c = kc/ n c 

convolutional encoder. The resulting nc code bits are mapped to BPSK symbols 

which are transm itted over an additive Middleton’s Class A noise channel. The 

received samples are

T ii  =  Cij +  W ij  (7-14)

where c*,- € {±\/E£} is the BPSK symbol corresponding to the j th code bit (j £ 

{1,2,..., nc}) produced at time i, and {ic,j} are independent Class A noise samples. 

The average transm itted energy per message bit is Ef, — Ec/Rc.

The Viterbi algorithm can be used to perform the optimal maximum likelihood 

(ML) sequence decoding of the received samples. The ML branch metric (ML-BM)
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of the Viterbi algorithm at the ith time instant is:

n c

Mml =  -  X l loS ^ . r ( n j |c i j )  (7.15)
i -1

where /U .rfo jlc jj) is the conditional probability density function (pdf) of the received 

sample conditioned on the transm itted code bit. For simplicity, we will drop the time 

index, i, since the following analysis is applied to any time instant.

The ML branch metric requires complex computations to calculate the condi

tional pdf which makes the ML Viterbi algorithm impractical. The Viterbi decoder 

optimized for Gaussian noise is a simple alternative with branch metric (Gauss-BM):

n c

fl'Gauas — ^   ̂(j"j Cj) . (7.16)
j=1

However, the Viterbi decoder with the Gauss-BM gives poor performance com

pared to the optimal. To improve the decoder performance and maintain affordable 

complexity, a nonlinear preprocessor was introduced in [74] to process the received 

signal before applying the Gaussian Viterbi decoder.

In this Chapter, we propose to use a suboptimal branch metric based on the 

PWL-LLR (discussed in 7.2.3)

Tic
» L L R  =  -  Y  PW L-LLRfo) (7.17)

j = l |c ?  =  ± l

7.3.2 Perform ance o f th e PW L-LL R  V iterb i D ecoder

As a performance comparison, the probability of bit error (Pb) of the Viterbi decoder 

with optimal and suboptimal branch metrics is evaluated by simulation for the case 

when A  = 0.1 and T =  0.01. A 1/2 rate convolutional code is used with generator

polynomials (5)s and (7)g. To calculate an accurate Pb, up to 106 frames with 400 bits
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each are transmitted, and the simulation is stopped when the number of bit errors 

reaches 103 or P& <  10-6 is achieved. The performance of the proposed suboptimal 

Viterbi decoder with simplified LLR-based BM is compared with tha t of the Viterbi 

decoder with the Gaussian and the optimal branch metrics. Figure 7.12 shows tha t the 

Viterbi decoder with the proposed piecewise linear simplified LLR gives near optimal 

performance compared to the Gaussian Viterbi decoder. The proposed simplified 

LLR can be used with any value of A  and T.

10°
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ed
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Gaussian
PW L-LLR
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1-4

- 8  - 4
GSNR (dB)

F ig u re  7.12: Performance of the proposed PWL LLR Viterbi decoder with A  =  0.1 
and T =  0.01.

7.3.3 C onclusion

In this chapter, we have demonstrated the extension of the LLR-based framework 

to design simple detector and decoder for signals in Class A noise. The proposed 

PWL-LLR has linear segments with reasonable complexity compared to the Gaussian 

LLR and less complexity compared to the optimal one. The PWL-LLR detector

134



shows neax-optimal performance with low complexity compared to the Gaussian one. 

Also, the PWL-LLR Viterbi decoder gives very close performance to the optimal. It 

has been shown that the proposed framework is applicable to design low-complexity 

detectors and decoders for any non-Guassian noise other than SaS noise.

135



Chapter 8

Conclusion and Future Work

8.1 Conclusion

Motivated by the use of the symmetric alpha stable distribution to model non- 

Gaussian impulsive noise sources in many communication systems, this thesis ad

dresses the problem of designing low complexity receivers for signals in SaS noise. In 

this thesis, we consider only the design of suboptimal detectors and decoders. The 

optimal detector and decoder for signals in SaS noise are too complex because of 

the lack of a closed form expression of the probability density function of the SaS 

distribution. To design low complexity detectors or decoders, different research works 

build on the Gaussian assumption and propose to use different preprocessing devices 

to process the noise impulses due the heavy tail SaS noise. The intention is to shape 

the noise such that it looks like Gaussian and therefore, a Gaussian detector/decoder 

can be applied. Most of the effort has been done to design effective and simple 

preprocessing devices.

In this thesis, we propose two frameworks to design near-optimal detectors with 

low complexity. The first framework, proposed in Chapter 4, is based on the decision 

regions where the behavior of the optimal detector is analyzed by using the optimal 

decision regions. The proposed framework gives a solid understanding of the effect of
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the noise impulses on the optimal decisions which can be used constructively, rather 

than clipping or removing them, to get better decisions. Based on the decision- 

regions framework, an adaptive soft limiter detector is proposed. This detector gives 

superior performance tha t approaches the optimal one at almost no complexity over 

the conventional Gaussian detector for the case of large number of samples per symbol. 

Moreover, a piecewise detector, which linearly approximates the optimal decision 

regions, has been proposed to give near-optimal performance when using only two 

samples per symbol at the receiver (N  = 2) with low complexity. However, it can not 

be generalized for N  > 2 because of the increasing complexity of the optimal decision 

regions for dimensions higher than 2.

To overcome the limitations of the decision-regions framework, the second frame

work, which is based on the log-likelihood ratio (LLR), has been proposed in Chapter 

5. In the proposed framework, the suboptimal detector uses a piecewise linear (PWL) 

approximation of the one-dimensional optimal LLR. When the approximated LLR has 

a close fit with the optimal one, the resultant decoder gives near-optimal performance 

with any value of a  and N  at low complexity compared to the optimal detector. The 

PWL-LLR approximation was also used to design simple suboptimal combiner for 

signals in frequency-flat m ultipath fading channel with superior performance close to 

the optimal compared to many other combiners.

The proposed LLR-based framework has been also used to design low-complexity 

decoders for coded signals in SaS noise. We have developed a simple, yet effective 

approach to design simple decoders with near-optimal performance. In the proposed 

approach, a good approximation of the optimal LLR should be used implicitly or 

explicitly by the suboptimal decoding algorithm. The closer the LLR approximation 

is to the exact LLR, the closer the performance of the suboptimal decoder to the 

optimal performance. Based on this approach, a simplified branch metric has been
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proposed to improve the performance of the Viterbi decoder. However, the perfor

mance was still behind the optimal for lower values of a  because of the inaccurate 

approximation of the optimal LLR used by the proposed branch metric. To get ro

bust near-optimal performance, we proposed a new branch metric which uses the 

PWL-LLR explicitly. The PWL-LLR-based Viterbi decoder gives near-optimal per

formance at low complexity compared to many other solutions. Moreover, the same 

approach has been used to design PWL-LLR-based MAP decoder which also gives 

near optimal performance with low complexity due to the PWL-LLR approximation 

of the optimal LLR. The proposed methodology to design a suboptimal decoder using 

the PWL-LLR approximation can be used with different types of decoders such as 

the turbo, LDPC and BICM decoders.

Furthermore, it has been shown that the proposed framework can be easily ex

tended to design receivers for different non-Gaussian environments other than the 

SaS noise such as the Middleton’s Class A noise model. A simple PWL-LLR has 

been proposed for the case of Class A noise to design a simple suboptimal detector 

with near-optimal performance. Also, it has been used with the decoding approach 

to design a simple Viterbi decoder with performance close to  the optimal.

In summary, this thesis gives new approaches to design low complexity suboptimal 

detectors and decoders for signals in SaS noise which can be extended to other non- 

Gaussian noise models. Instead of improving the receiver optimized for the Gaussian 

noise, we use the optimal decision regions and the optimal LLR as different ways 

to understand the behavior of the optimal detector and decoder. As a result, a 

simple approximations of the LLR has been used to design suboptimal detectors and 

decoders. The proposed design approach can be applied to any non-Gaussian noise 

with distributions that result in complex receivers.
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8.2 Future Work

8.2.1 C hannel E stim ation  in S a S

Motivated by the findings of this thesis there axe several outstanding problems that 

need to be addressed to design different parts of the receiver in SaS noise. One such 

problem invokes channel estimation, which has been extensively studied, but mostly 

only for the case of Gaussian noise. Almost all the channel estimation algorithms 

depend on two main estimation techniques in the context of the statistical signal pro

cessing; the maximum likelihood (ML) parameter estimation and the minimum mean 

square error (MMSE) parameter estimation. Each technique has its own advantages 

and disadvantages in terms of the estimation accuracy and complexity. When the 

noise has a SaS distribution, there are some limitations on the use of those estima

tion techniques [8]. The ML estimation techniques become more complex because 

there is no closed form expression for the probability density function of the noise. 

On the other hand, the MMSE estimation techniques are no longer valid because 

they depend on minimizing the estimation error variance whereas the second order 

moment of SaS random variables is infinite.

To overcome the complexity of the ML estimation technique, it should be possible 

to find a unified approach similar to  the optimal decision regions and the optimal LLR 

used in the detection and decoding part, respectively, such that it can have a simple 

approximation. Also, to overcome the limitation of using the MMSE estimation 

technique, the use of fractional lower order statistics which depends on the fact that 

the SaS random variable possess a finite absolute moment for orders less than a  is 

proposed [8] [17],i.e.,

E[\X\P] <  oo if p < a  

Based on the fractional lower order statistics, we propose to develop different blind
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and pilot-based channel estimation algorithms.

Moreover, since the SaS distribution has a closed form expression for its char

acteristic function, we propose to investigate the possibility of designing estimation 

algorithms by using the characteristic function instead of using the probability density 

function.

8.2.2 LLR E stim ation

Motivated by the use of the PWL-LLR to design simple detectors and decoders for 

signals in SaS noise, we propose to directly estimate the LLR at the receiver, based 

initially on a training sequence to update with decision feedback. For different envi

ronments where the noise is non-Gaussian, especially when there is interference with 

unknown statistics, it will be helpful if the receiver has the ability to estimate the 

optimal LLR or at least estimate a linear fit of the optimal LLR.
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