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Abstract 

This study has two major objectives: (1) to study the effect of non-singular T-stress (or 

constraint) variations on crack tip opening angle (CTOA) of pipeline steels using 

modified boundary layer (MBL), and (2) to simulate ductile crack propagation in pipeline 

steels using drop weight tear test (DWTT) and comparing these FE simulations with 

experimental results. Three sets of materials: (1) TH steel, Tvergaard and Hutchinson 

(1992), (2) C2 steel or X70 steel, and (3) C4 steel or X100 steel are used in this work. TH 

steel, C2 steel and C4 steel are modeled using four, three and six traction-separation (TS) 

laws respectively.  The surface based cohesive zone modeling is used for the models of 

TH steel and C2 steel, while models of C4 steel are computed using element based 

cohesive modeling. In this work, we use following three models to study the ductile crack 

growth: (1) small scale yielding (SSY), (2) MBL, and (3) DWTT. All finite element 

simulations are conducted in the FE program ABAQUS-6.11. 

From the results of MBL of all three steels, it was concluded that the effect of T-stress on 

CTOA is negligible. The extracted steady state CTOA from SSY and DWTT of TH steel 

(TH_1-TH_4) were ranged from 1.5° − 5.6° and 1.6° − 5° respectively, that showed good 

agreement among these two specimens.  From DWTT simulations of C2 and C4 steel, the 

values of the obtained CTOA of C2_2 steel and C4_3 steel were 11.9° and 9.3° 

respectively. To validate the DWTT results of C2 and C4 steel, the CTOA results were 

compared with the experimental results. The values of experimental CTOA of DWTT for 

C2 and C4 steel were 12.4° and 10.4° respectively (S-SSM). The numerical CTOA of 

SSY and DWTT were in good agreement with the experimental data. Reasonable 
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agreements were also achieved when comparing the load vs. load-line displacement 

curves between experiments and simulations for C2 and C4 steels. 
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Chapter 1  

Introduction 

 

Damage and failure tolerance analysis plays a major role for the health and life prediction 

of oil and gas transmitting pipelines. The common cause of the failure of the pipelines 

can be internal and external surface flaws, manufacturing defects, weld cracks, lack of 

fusion, blunt corrosion, fatigue, stress corrosion cracking, dents and weld seams, high 

stresses due to internal pressure of fluid, etc. (Ruggieri & Dotta, 2011). Therefore, the 

safety operations have become necessary to avoid costly leaks and ruptures of the 

material. To prevent structure from all these failures, the pressurized pipelines are made 

from high strength and high toughness steels like X70 and X100. In high toughness steel, 

it shows significant amount of ductility before a crack starts to propagate and the crack 

grows in a stable manner before it completely fails. Recently, deformation based 

engineering methodology, crack tip opening angle (CTOA) is widely used to study stable 

crack extension in ductile material. 

The CTOA is considered as a material property to measure the toughness of the material.  

For tougher material, higher CTOA is required to propagate the crack. After showing the 

significant ductility, the crack starts to grow at significant CTOA in high toughness steel, 

this CTOA is called critical crack tip opening angle(CTOAc). The critical crack tip 

opening angle (CTOAc) is higher in the beginning, which will drop down quickly along 
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the crack growth to a steady state CTOA (Rice & Sorensen, 1978 and Newman, et al., 

2003). 

To investigate the failure behavior of axially flawed pipelines, the full scale burst test 

should be performed, that is very expensive. Thus, the specimen is machined from the 

full thickness flattened pipe section and CTOA are measured from this machined 

specimen.  The CTOA measured from machined specimens like the modified double 

cantilever beam (MDCB), compact tension test, single edge notched specimen in tension 

(SENT), drop weight tear test (DWTT) and modified DWTT (M-DWTT) are 

transformable to full pipeline geometry (Horsley, 2003). Even though, the CTOA can be 

measured experimentally using different techniques, the two techniques: Optical Method 

and Simplified Single-Specimen Method (S-SSM) were used by Xu, et al., (2010b) to 

measure the CTOA of DWTT specimen of high strength steels: C2 (X70) and C4 (X100). 

The schematic of DWTT specimen is illustrated in Figure 1.1. 

 The focus of this study is to determine CTOA of the high strength steel using cohesive 

zone model (CZM) technique. The main purpose of cohesive zone models is to analyze 

fracture and failure mechanics of an engineering structure (De Borst, 2003). The cohesive 

zone model is inserted in front of the crack tip in a form of discretize line (surface based 

CZM) and discretize elements (element based CZM) in models of the present thesis. The 

traction-separation relationship is also introduced to analyze the degrading mechanism of 

a fracture process zone. The shape of the traction-separation (TS) law plays a dominant 

role in the propagation of a crack and numerical stability as well. 

Every TS law has different peak traction and fracture energy. To analyze the effect of 

these various TS laws on the crack growth resistance curve and also on CTOA, the small 
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scale yielding models are examined. The plastic zone size of small scale yielding is very 

small as compared with the dimension of the model. Thus, the small scale yielding can 

still be analyzed by linear elastic fracture mechanics near the crack tip (De Borst, 2003). 

In addition, the effect of T-stress (constraint) on the crack tip opening angle (CTOA) and 

the crack growth resistance curves (R-curves) are studied. The T-stress is applied on the 

modified boundary layer model using the William series. Numerically, the modified 

boundary layer (MBL) can be described as a state of stress near the crack tip. In other 

words, the MBL is a new numerical generation of small scale yielding model with 

varying level of remote boundary conditions to study stationary and propagating cracks in 

ductile/brittle fracture (Larsson & Carlsson, 1973). In the William series, MBL is the 

combination of the singular and non-singular stress terms as: 

σij =
KI

(2πr)1/2 fij(θ) + Tij0 + higher order terms                  (1.1) 

where, KI is the stress intensity factor of mode I, r and θ are the polar co-ordinates, fij is 

the normalized universal function of angle theta. The first term of the Equation 1.1 will 

be singular as r → 0 near the crack tip. The second term, T-stress (tension or 

compression) is known as the non-singular stress of HRR field, which is acting parallel to 

the crack plane. 

After calibrating a crack growth resistance curve (R-curve) and CTOA from SSY and 

MBL, the drop weight tear tests (DWTT) are simulated. The load vs. load line 

displacement (LLD) plots and crack length vs. LLD are produced from numerical 

analysis to evaluate the crack growth. The numerical load vs. LLD curves are compared 

with the experimental load vs. LLD provided by Xu (2010a, 2013) for C2 steel and C4 

steel. The CTOA data is also generated from a FE simulation of DWTT. The CTOA data 
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of DWTT specimens are compared with the experimental CTOA data obtained by Xu  et 

al., (2010b) and also with CTOA data measured for small scale yielding (SSY) model. 

Three high strength and high toughness steels are used in this work. The first material is 

ideal steel, which is known as TH steel as it was introduced by Tvergaard and Hutchinson 

(1992). The other two steels are commercial pipe steels: C2 (X70) and C4 (X100), these 

two steels were characterized by Xu, et al., (2010b). As each TS law has different peak 

traction and fracture energy values, several TS laws are introduced for all three steels. 

Four, three and six Traction-Separation laws are used for TH steel, C2 steel and C4 steel 

respectively. All the FE simulation are conducted using FE program ABAQUS/Standard-

6.11 simultaneously ABAQUS/Explicit-6.11.  

 

1.1 Thesis Objectives 

The main aim of this thesis is to find CTOA through FE simulations and to examine the 

effect of constraint (T-stress) on CTOA.  As explained above, three steels: TH, C2 and 

C4 were used. Three different models: SSY, MBL, DWTT were simulated using CZM 

with various TS laws. 

The objectives of the thesis work are summarized as follows: 

1. FE analysis of small scale yielding (SSY) model, modified boundary layer 

(MBL) model and drop weight tear test (DWTT) specimen for TH steel, C2 

steel and C4 steel. 

2. Establish the surface based cohesive zone model and element based cohesive 

zone model to study the damage and failure mechanism. 
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3. Study the effect of T-stress (or constraint) on crack tip opening angle (CTOA) 

and crack growth resistance curve (R-curve). 

4. Comparison of the simulated load vs. LLD curves of DWTT for C2 and C4 

steels with experimental load vs. LLD. 

5. Comparison between experimental CTOA results and the numerical CTOA 

results obtained from SSY and DWTT for C2 and C4 steels. 

 

1.2 Outline of Thesis 

The basic introduction, objectives and outline of the thesis are described in Chapter 1. 

Chapter 2 reviews the literature regarding the measurement techniques of CTOA, effect 

of T-stress (constraint), mechanism of cohesive zone modeling (CZM) and different 

numerical schemes (implicit and explicit). Chapter 3 describes the implementation of 

surface based cohesive zone modeling on the small scale yielding (SSY) model, modified 

boundary layer (MBL) model, drop weight tear test (DWTT) specimen and single edge 

notched specimen in tension (SENT) of TH steel. The validation of surface based 

cohesive model is described in Chapter 3 by comparing it with the element based 

cohesive model of Tvergaard & Hutchinson (1992). In Chapter 4, the FE models of SSY, 

MBL and DWWT of C2 steel are produced using the same procedures described in 

Chapter 3, but the material properties and TS laws are different for C2 steel. The 

numerical results of DWTT for C2 steel; load vs. LLD and CTOA results  are compared 

with experimental results provided by Xu, et al., (2010a,2010b). All models in Chapter 3 

and Chapter 4 are analyzed in ABAQUS/Standard-6.11. Chapter 5 gives the detailed 

investigation of C4 steel. The unit cell model, SSY model, MBL model and DWTT 
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model for C4 steel are studied for six different TS laws of element based cohesive zone 

model. Same as Chapter 4, the load vs. LLD curve and CTOA of C4 steel are compared 

with the experimental load vs. LLD and CTOA provided by Xu, et al., (2010b,2013).  

Chapter 6 summaries the conclusions and recommendations for future work. 
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Figure 1.1: Schematic of drop-weight tear test (DWTT)



 

8 

 

 

Chapter 2  

Literature Review and Background 

 

Recently, the deformation based engineering methodology is used to study the stable 

crack extension in ductile materials. The J-integral, resistance (R) curve, crack tip 

opening displacement (CTOD) and crack tip opening angle (CTOA) are taken in to 

consideration on deformation based techniques (Ruggieri & Dotta, 2011). Among these 

techniques, CTOA is widely used to characterize the fully plastic fracture (Darcis, et al., 

2008). In this chapter, the introduction of CTOA and the numerical and experimental 

techniques to calibrate CTOA will be explained.  

In this chapter, an overview of cohesive zone modeling for pipeline steel will also be 

summarized. The cohesive zone modeling is a technique to study the crack propagation 

and CTOA. The T-stress (or constraint) and its effect on stress field at crack tip will also 

be illustrated. 

 

2.1 Overview of Cohesive Zone Modeling for Pipe-line Steel 

Enormous investigations have been done on the development of cracks in ductile and 

brittle fracture of solids. In Linear Elastic Fracture Mechanics (LEFM), the crack field is 

characterized by many terms like stress intensity factor, energy release rate or fracture 

energy, fracture toughness etc. The strain energy release rate is directly proportional to 

path dependent J-integral (𝒢 = Jc) when cracks start to propagate in non-linear elastic 
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material (Li & Chandra, 2003). Hence, the role of J-integral becomes dominant. 

However, in most engineering materials, 𝒢 = Jc criterion is satisfied until the crack starts 

to grow, after that strain energy release rate (𝒢) increases along the crack length. In this 

situation cohesive zone modeling is widely used to analyze crack propagation. The CZM 

is useful for ductile crack propagation by avoiding the singularity at the crack tip and it is 

easy to implement in numerical methods of finite element analysis for non-linear study of 

large metallic structure.   

Dugdale studied the problem of steel sheets containing slits (Dugdale, 1960). He 

investigated the extent of yielding ahead of the slit as a function of applied loading. From 

his experiment, he measured the plastic zone length at different values of applied tensile 

stress at different locations of slits. The main vision of his work was to study localized 

inelasticity of the material using the strip yield model. 

The concept of CZM was proposed by Barenblatt (1962), which is based on the Griffith’s 

theory of fracture. To analyse finite strength of brittle material was the aim of 

Barenblatt’s work. He also proved that the cohesive stress distribution is higher at the 

crack tip but decreases rapidly away from the crack tip. The CZM was based on two 

hypotheses: (1) the length over which the cohesive forces act is small compared to the 

crack size, and (2) the distribution of displacements over the cohesive zone region is 

independent of material and boundary conditions.  

In early research on CZM, the size of cohesive zone was smaller than crack size and 

geometry of the specimen (Rice, 1968).  The application of CZM in the finite element 

analysis to model failure in concrete was addressed by Hillerborg, et al., (1976) and 

Petersson (1981). Further, the CZM was implemented for metallic materials to study 
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fracture behavior by many researchers such as Needleman (1987); Tvergaard & 

Hutchinson (1992,1994); Tijssens (2000); Siegmund & Brocks (2000); Deshpande, et al. 

(2003); Cornec, et al. (2003); Dunbar (2011); Carpinteri, et al. (2012). The CZM was also 

employed in composites, fiber metal laminates and weld specimen by Harper & Hallett 

(2010), Yamaguchi, et al. (2009) and Yang (2006) respectively. 

The traction-separation laws of CZM play major roles in studying the fracture process 

zone. The shapes of the cohesive zone laws vary according to traction-separation laws. 

Several traction-separation laws are summarized in Figure 2.1, (Zerbst, et al., 2009). As 

shown in Figure 2.1, three parameters are used to define traction-separation laws: (1) the 

maximum cohesive strength  tn
0  or σ̂ , (2) the final separation δn

f  or δc , and (3) the work 

done for separation (fracture energy,Γ0). 

The cohesive zone models are widely used to study the small scale yielding (SSY) of 

different materials to examine the failure phenomenon. The SSY is used to study the 

linear elastic crack problem of elastic-plastic material (Tvergaard & Hutchinson, 1992), 

(Trädegård, et al., 1998). The size of the plastic zone is determined for various 

configurations of SSY analysis using different traction-separation laws. The trapezoidal 

TS law was used for SSY modeling by Tvergaard & Hutchinson (1992) to study the 

crack growth resistance in TH steel (TH steel is ideal steel, which was introduced by 

Tvergaard & Hutchinson). SSY without T-stress (constraint) is often referred as 

“standard small scale yielding” (Ding & Wang, 2012).  

T-stress is the non-singular stress term acting parallel to the crack plane of elastic-plastic 

crack tip fields. Tvergaard & Hutchinson (1994) also investigated T-stress (constraint) 

effect on crack growth resistance of SSY. The effect of constraint on SSY is also known 
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as modified boundary layer (MBL). The typical representation of MBL is shown in 

Figure 2.2.   

 Dunbar (2011) used the bilinear TS law to produce SSY model of TH steel and C2 (X70) 

steels to analyze the crack growth resistance and crack tip opening angle (CTOA). The 

element based cohesive zone modeling is used in the models of Tvergaard & Hutchinson 

(1992,1994), Dunbar (2011).   

There are different methods available to measure the fracture toughness of the steel like 

the Charpy V-notch impact test, the Izod impact test, drop weight tear test (DWTT) etc. 

The size of specimens of the Charpy test and the Izod test are comparatively smaller than 

DWTT specimen (Anderson, 2011) and therefore the length of fracture ligament is not 

long enough to reach steady state fracture (Dunbar, 2011). Thus, the DWTT method is 

suitable to allocate the fracture behavior to real pipe lines application, (Zerbst, et al., 

1995), (Erdelen-Peppler, et al., 2014). Figure 2.3 illustrates a typical DWTT specimen. 

The different models of DWTT for pipeline steels were analyzed by many authors, which 

are described below: 

 The finite element simulations of two dimensional DWTT of TH steel and X70 steel 

were carried out by Dunbar (2011) in the FE solver ABAQUS/Explicit. Four sets and 

three sets of bilinear TS laws were used for TH steel and X70 steel respectively. The 

recorded data of load vs. load line displacement (LLD) plot and CTOA were compared to 

the experimental data. The ratio of cohesive strength and yield strength (σ̂ σy⁄ ) was 

assumed between 3 to 4 for both TH and X70 steel. The fracture energies for TH steel 

and X70 steel were ranged from 12 to 16 MPa∙mm and 30 to 35 MPa∙mm respectively.  
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The numerical method to simulate the high speed fractures of pipeline steel X70 (C2) 

using three dimensional DWTT model was proposed by Shim, et al. (2013). The quasi-

static FE simulation was done by Shim, et al. in ABAQUS/Implicit. The load vs. LLD 

plot, load vs. crack-mouth opening displacement (CMOD) plot and CTOA in FE 

simulations were compared with experimental data. The main goal of his work was to 

reproduce experimental data using the appropriate parameters of the TS law proposed by 

Cornec, et al., (2003). The parameters of the TS law to define element based cohesive 

behavior were: the maximum cohesive strength to yield strength ratio ( σ̂ σy) = 1.6⁄  and 

fracture energy (Γ0) = 437.817 MPa∙mm. In the analysis of Dunbar (2011) and Shim, et 

al., (2013), the element based cohesive models were used for DWTT. 

 

The FE dynamic analysis of the three dimensional DWTT of commercial pipeline steel 

X100 (C4) was done by Cerrone, et al., (2014) using ABAQUS/Implicit. The load-time 

plot was compared with the experimental results. The Park-Paulino-Roesler (PPR) based 

cohesive zone model was used along the predefined crack path of DWTT specimen. The 

cohesive parameters for TS law were found using recommendations from the work of 

Scheider, et al., (2006). The range of cohesive strength(σ̂) was (2 − 3) ∙ σy and fracture 

energy approximated as 240 MPa∙mm and 1400 MPa∙mm. 

 In this thesis work surface based cohesive zone model will be used to analyse the crack 

growth resistance and CTOA in the SSY model of TH steel and C2 (X70) steel. In 

addition, the effect of T-stress on CTOA and the crack growth resistance will be studied. 
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The surface based cohesive model will be used in this work for the FE simulation of 

DWTT of TH and C2(X70) steels. Finally, the full investigation of X100 (C4) steel will 

be done using experimental data provided by Xu (2010b, 2013), CANMET MTL. 

 

2.2 Crack Tip Opening Angle 
 

The crack tip opening angle can be used to describe stable crack extension. The value of 

CTOA becomes almost constant for the stable crack propagation in steady state (Wang & 

Shuai, 2012). Usually, CTOA is the geometric angle that the two separated fractured 

surfaces form in correspondence to the virtual crack tip (Salvini & Mannucci, 2003) but 

also it can be identified in following different ways as below (Zerbst, et al., 2009) : 

In Figure 2.6: a, the surfaces are straight and the angle between them is the CTOA. In 

reality these faces are not straight. These crack fronts faces are curved that depends on 

loading condition and geometry of the component. Hence, Figure 2.6: b represents the 

standard definition of the crack tip opening angle. This angle is measured at distance “d” 

behind from the current crack tip. The value of “d” has been chosen as 1 mm according to 

ASTM standards for both experimental determination and structural assessment. Figure 

2.6: c illustrates the zig-zag pattern of the two faces. Thus, at every step Ψi will be the 

angle enclosed by lines L1  and L2. The points on upper and lower faces are chosen in the 

range of 0.5mm to 1.5 mm behind from the current crack tip and after that the average 

has been taken of these measured angles Ψi between those points to determine CTOA.  

The CTOA is commonly used as a measuring parameter of fracture toughness of oil-gas 

pipeline steel (Wang & Shuai, 2012). The measurement of CTOA using modified double 

cantilever beam (MDCB) for high strength pipeline steels was addressed by Darcis, et al., 
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(2008) and Xu, et al., (2010b). The DWTT specimen was also used to determine CTOA 

of oil-gas transmission pipeline steels by Rudland, et al., (2003) and  Xu, et al., 

(2010,2011). Additionally, the measurement of CTOA for compact tension (CT) 

specimen was accomplished by Jadhav & Maiti (2010). 

 

2.2.1 Calibration of CTOA from Experimental data 

There have been many methods developed to measure the CTOA from the experimental 

set up to characterize crack propagation in material. Within the present section, there are 

mainly two methods discussed here: the optical method and simplified single specimen 

method. 

 

Optical Method 

The optical method is a commonly used surface based method to evaluate CTOA. The 

same procedure is followed as discussed in Section 2.2, Figure 2.6: c for the optical 

method. High speed camera monitoring is required to capture the images of DWTT (Xu 

et al., 2008).  

Moreover, the optical method is not suitable for pipe mill test on account of it is time 

consuming to analyse images and it will not give the values of CTOA throughout the 

thickness (Xu et al., 2013). Additionally, the CTOA measured from the optical method is 

higher than the CTOA measured from the S-SSM method. As in the optical method, the 

CTOA is measured on surface only while in S-SSM, the crack tunnelling effect of the 

three dimensional specimen is considered. 
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Simplified Single-Specimen Method (S-SSM) 

The simplified single-specimen method was presented by Xu, et al., (2007). To evaluate 

CTOA, the single-specimen method of Martinelli and Venzi (1996) was simplified by 

Xu, et al., (2007). In this method, the CTOA is calibrated from load vs. load line 

displacement (LLD) curve of DWTT. The example of load vs. LLD is presented in 

Figure 2.4 (Xu, et al., 2007). The CTOA from S-SSM can be calculated as follow:  

CTOA =
8rp

ξ

180

π
      (°)                                                 (2.1) 

where, rp is the rotation factor and  ξ is the slope of Ln (P/Pmax) vs. (Y − Ymax) S⁄  . 

Here,  Pmax and Ymax represent the maximum values of force and force-line displacement 

and S is the span between the anvil contact points. The values of rp are recommended 

0.57 and 0.54 for high strength steel and low strength steel respectively (Xu, et al., 2007, 

2009). As shown in Figure 2.5 (Xu et al, 2007), the slope (ξ) of  Ln (P/Pmax) vs. 

(Y − Ymax) S⁄  is generally determined in the steady state region corresponds to         

Ln (P/Pmax) values between -0.51 and -1.21 (Xu, et al., 2009). 

The crack tip opening angles (CTOA) were measured using the optical method and the 

simplified single-specimen method for C2 steel as well as C4 steel by Xu, et al., (2010b).  

These measured CTOA from DWTT will be compared with the CTOA obtained from the 

FE simulations of DWTT for C2 and C4 steels. 

 

2.3 T-stress (constraint) Effect 
 

The T-stress is used widely in fracture mechanics nowadays. For HRR field, mainly J-

integral is the governing parameter to define the stress/strain field around crack tip under 

high constraint conditions. Despite for low constraint, J-integral will lose its all control on 
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crack tip stress/strain field eventually and also it will swerve from HRR field as well. 

Hence, it has become necessary to introduce other parameters along with J-integral to 

identify stress/strain field near crack tip. A two-parameter methodology was introduced 

to overcome this problem. First parameter is known as CTOD, which measures the 

degree of crack tip deformation and the other parameter is characterized as T-stress, 

which will depict the degree of crack tip constraint or in other words, it enumerates the 

level of deviation of stress/strain field from HRR field, (Wang, 2009). The T-stress is a 

non-singular stress which acts parallel to crack plane on elastic plastic crack tip field. 

Zero and positive T-stress is J-dominance while negative T-stress is loss of J-dominance 

(Tvergaard & Hutchinson, 1994). 

An asymptotic expansion of the stresses about the crack tip can be given by the William 

series expansion as (Du & Hancock, 1991), 

σij = Aij(θ)r−
1

2 + Bij(θ) + Cij(θ)r
1

2 + ⋯                                      (2.2) 

As shown from the Equation 2.2, it has been observed that the stress field will become 

dominant in the first term of the series as stress distribution will become singular at the 

crack tip. But the stress will be non-singular in the finite second term of the series. This 

uniaxial stress is known as the T-stress which is acting parallel to the crack plane. Thus, 

the remote traction under plane strain condition can be given by,  

[
σ11 σ12

σ21 σ22
] =

KI

√2πr
[
f11(θ) f12(θ)

f21(θ) f22(θ)
] + [

T 0
0 0

]                              (2.3) 

where, KI is stress intensity factor of mode I,r and θ are the polar coordinates as shown in 

Figure 2.2, T is the T-stress and fij is the normalized universal function of angle theta. 
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The plastic zone size at the crack tip is very affected by T-stress in fracture or fatigue of 

the cracked structure. The positive T-stress develops more constraints at the crack tip, as 

a result it will reduce the size of the plastic zone. While the negative T-stress develops 

less constraint, thus it will increase the size of the plastic zone. 

 

The stress field near the crack tip can be given as (Nazarali & Wang, 2011) : 

σ11 =
KI

√2πr
cos (

θ

2
) [1 − sin (

θ

2
) sin (

3θ

2
)] + T                                   (2.4) 

σ22 =
KI

√2πr
cos (

θ

2
) [1 + sin (

θ

2
) sin (

3θ

2
)]                                       (2.5) 

The normalized T-stress (ty) with respect to yield stress (σy) can be given by, 

ty =
T

σy
                                                                            (2.6) 

The hydrostatic triaxiality stress state near the crack tip field is influenced by the sign and 

magnitude of the T-stress (Toshio & Parks, 1992). The negative T-stress will reduce the 

crack tip triaxiality while the positive T-stress will magnify the crack tip triaxiality. The 

T-stress relies on loading conditions, geometry and relative length of crack. Thus, single 

edge notched specimen in Tension (SENT) is the example of the negative T-stress 

whereas DWTT is illustrative of positive T-stress. 

Hence, the T-stress effect on CTOA as well as on crack growth resistance curves of small 

scale yielding models and modified boundary layer models will be studied for TH steel, 

C2 steel and C4 steel. 
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2.4 Cohesive Zone Modeling 
 

2.4.1 Role of Micromechanics in Cohesive Zone Modeling 

 

The pre-defined crack path can be predicted due to physical behavior of micro-void 

nucleation, growth and coalescence in a material (Li & Chandra, 2003). The role of the 

cohesive zone model at the crack tip can be described by a typical crack tip process zone 

as illustrated in Figure 2.7. It can be seen from the Figure 2.7 that the process zone is the 

part of the active plastic zone, which has been correlated with the typical traction-

separation law. The area under the TS curve is known as energy release rate (Γ0). The 

Figure 2.7 is mainly divided in two parts and three correspondence points A, B and C. 

Point C represents that the separation has not occurred yet. Thus the value of 

displacement is “zero” at point C and it is characterized as the crack tip.  At point B, the 

material starts to damage and can take maximum stress. The point A is described as the 

point where the maximum displacement takes place in between two surfaces of the 

material. In other words, it is the point at which the material will not be able to take more 

traction and hence the value of traction is “zero” at this point. The material is completely 

damaged at point A.  

 

2.4.2 Traction-Separation Based Modeling in ABAQUS 

 

It is possible to introduce cohesive behavior in ABAQUS. The constitutive behavior of 

the cohesive elements can be defined in three different ways; (1) continuum-based 

modeling, (2) traction-separation based modeling, and (3) modeling of gaskets and 

laterally unconstrained adhesive patches. Among all, traction-separation based modeling 
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would be used for situations where the interface between two parts can be considered to 

have zero thickness. While modeling the crack propagation along the known crack path, 

the traction-separation based modeling used with almost zero thickness of cohesive 

behavior, which is controlled by damage variable D, (ABAQUS User’s manual- 6.11). 

There are different shapes of Traction-Separation used depending on application and 

methodology of researchers. In this thesis, mainly two TS laws named bilinear and 

exponential are used for the FE simulations.  

In ABAQUS for cohesive behavior, the TS based modeling assumes initially linear 

elastic behavior followed by the initiation and evolution of damage (ABAQUS User’s 

manual- 6.11). 

 

Linear Elastic Traction-Separation Behavior 

The initial elastic behavior can be defined as, 

t = {

tn

ts

tt

} = [
Knn Kns Knt

Kns Kss Kst

Knt Kst Ktt

] {

εn

εs

εt

} = Kε                                           ( 2.7) 

where, t is the nominal traction stress vector, K is the stiffness matrix, ε is the nominal 

strain vector and the subscripts n, s, t indicate normal, shear and tangential direction 

respectively. The nominal strains can be defined as, 

εi =
δi

T0
, i = n, s, t                                                         (2.8) 

where, δi is the element separation and T0 is the original thickness of the cohesive 

element. The default value of T0 is taken 1, (ABAQUS User’s manual- 6.11). 

In present work,Knn,Kss, Ktt are defined while Kns , Knt , Kst are taken zero using 

uncoupled traction-separation laws and mode I crack growth in two dimensional FE 



 

20 

 

simulations. The value of Knn is taken 10,000,000 MPa in most of the TS laws (Dunbar, 

2011). The values of  Kss  and Ktt are equal to Knn 2(1 + ν)⁄ , where Poisson’s ratio ν is 

equal to 0.3. Hence, Kss  and Ktt are 3,846,154 MPa for most TS laws in this work. 

Each failure mechanism consists of three criteria: (1) damage initiation, (2) damage 

evolution, and (3) maximum degradation and element removal. 

 

Damage Initiation  

The degradation of the material starts at the point when the stress or strain reaches the 

user defined damage initiation criterion. There are four different damage initiation criteria 

available in ABAQUS. They are known as the maximum nominal stress criterion 

(MAXS), the maximum nominal strain criterion (MAXE), the quadratic nominal stress 

criterion (QUADS) and the quadratic nominal strain criterion (QUADE), (ABAQUS 

User’s manual- 6.11). The maximum nominal stress criterion (MAXS) is used in this 

thesis, in which damage is assumed to begin when the maximum nominal stress ratio 

reaches to 1. This can be illustrated as, 

max {
〈tn〉

tn
0  ,

ts

ts
0  ,

tt

tt
0} = 1                                                            (2.9) 

where, the Macaulay’s bracket 〈tn〉 indicates that the damage will not be initiated by a 

pure compressive stress. 

The nominal stress tn
0 is chosen in between the range of (3-4)∙ σy, (Dunbar, 2011) and 

(Tvergaard & Hutchinson, 1992). The values of shear strength (ts
0, tt

0) are set to 0.75∙ tn
0 

as shear strength is approximately ¾ of yield strength. The values of ts
0, tt

0 will not affect 

the model as all models are under mode I opening and loading , which will occur due to  

tn
0  only. 
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Damage Evolution  

As shown in Figure 2.8 and Figure 2.9, the degradation of the material begins once it 

reaches the damage initiation criterion. A scalar damage variable (D) represents the 

damage mechanism of the material. The stress components are influenced by the damage 

as follow, 

tn = {
(1 − D)tn̅ ,          tn̅ ≥ 0                                                                    

 tn̅ ,   otherwise (no damage to compressive stiffness)
                 (2.10) 

ts = (1 − D)ts̅                                                                                                               (2.11) 

tt = (1 − D)t t̅                                                                                                               (2.12) 

where, tn̅, tS̅ and 𝑡�̅� are the stress components predicted by the elastic traction-separation 

behavior for the current strains without damage. For mode I opening and from the 

Equations 2.7, 2.8 and 2.10, it can be written as, 

tn = (1 − D)Knnδn
max                                                (2.13)  

where, δn
max  is the maximum value of the effective displacement attained during the 

loading history. The damage scalar D will start to grow from  δn
0  and will increase 

eventually with δn
max and will reach a maximum value of 1 at δn

f . The scalar damage 

variable can be defined as, 

For bilinear damage evolution (ABAQUS User’s manual- 6.11), 

D =
δn

f  (δn
max− δn

0 )

δn
max (δn

f − δn
0 )

                                                               (2.14) 

For exponential damage evolution (Ren & Ru, 2013), 

D = 1 −
δn

0

δn
max ∙ [1 − (

δn
max−δn

0

δn
f − δn

0 )
α

]                                                  (2.15) 

where, δn
f  is the effective displacement at complete failure, δn

0  is the effective 

displacement at damage initiation and α is a non-dimensional material parameter that 

defines the rate of damage evolution. 
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The fracture energy is equal to the area under the traction-separation curve. The fracture 

toughness of the cohesive zone model in terms of fracture energy can be expressed to 

represent the traction-separation law as: 

For bilinear damage evolution, from Figure 2.8, 

Gc = Γ0= 
1

2
tn

0δn
f                                                              (2.16) 

For exponential damage evolution, from Figure 2.9, 

Gc = Γ0 = ∫ tndδ
δn

f

0
= (1 −

1

α+1
) Knnδn

0δn
f + (

1

α+1
−

1

2
) Knnδn

0 2
                     (2.17) 

If α is inserted as 1 in Equation 2.17, then from Equation 2.17 and 2.16, it can be written 

that, 

Γ0bilinear
= Γ0exponential

                                                    (2.18) 

Thus, the maximum separation can be found as, 

δn
f =

2Γ0

tn
0                                                              (2.19) 

Both types of damage evolution; bilinear and exponential are applied to FE models in 

present work to solve convergence issues, despite mathematically it can be concluded 

from Equation 2.18 that the fracture energies (Γ0) for bilinear and exponential are same. 

The fracture energy (Γ0) and maximum separation (δn
f ) are calculated from Equation 

2.16 and 2.19 respectively for bilinear and exponential TS evolution respectively. 

 

Damage Stabilization 

Usually, the softening behavior and stiffness degradation of the material models causes 

the convergence difficulties. These convergence difficulties can be overcome using the 

viscous regularization of the constitutive equations. The viscous regularization improves 

the convergence issues of delamination and debonding problems mainly in 
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ABAQUS/Standard, (ABAQUS User’s manual- 6.11). The viscous regularization 

produces the tangent stiffness matrix of the softening material to be positive for 

sufficiently small time increments which will help in convergence problem without 

affecting the results. The damage behavior of the viscous material for traction-separation 

laws can be assigned as, 

tn = (1 − Dυ)tn̅                                                                  (2.20) 

where, Dυ is the viscous stiffness degradation variable. 

The procedure of viscous regularization can be expressed by the evolution equation as, 

Dυ̇ =
1

μ
(D − Dυ)                                                             (2. 21) 

where, μ is the viscosity parameter representing the relaxation time of the viscous system, 

D is the degradation variable evaluated in the inviscid model.  

Generally, the smaller value of viscosity parameter than the characteristic time increment 

helps to improve the numerical convergence of FE model. Thus, the value of viscosity 

parameter is selected 10−5 while the value of the characteristic time increment is chosen 

0.01. 

 

TS laws and EPFM 

The Traction-Separation law and Elastic-Plastic fracture mechanics (EPFM) can be 

correlated to find critical stress intensity factor as, (Dunbar, 2011): 

K0 = √
EΓ0

(1−ν2)
                                                  (2.22) 

where, K0 is the critical stress intensity factor, E is Young’s modulus, 𝜈 is Poisson’s ratio 

and  Γ0 is the fracture energy. 
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The fracture energy for bilinear TS law and exponential TS law (with α = 1) can be 

calculated as: 

Γ0 =
1

2
σ̂δc                                                      (2.23) 

By inserting Equation 2.23 in Equation 2.22, the critical stress intensity factor can be 

calculated by equation (2.24) and this will begin the crack propagation, 

K0 = √
E∙σ̂∙δc

2∙(1−ν2)
                                                  (2.24) 

 

 

2.4.3  Element Based CZM and Surface Based CZM 

 

Element Based Cohesive Zone Modeling 

There are two dimensional as well as three dimensional cohesive elements library 

available in ABAQUS-Standard/Explicit. The element called COH2D4 (a 4-node two 

dimensional cohesive element) is appropriate to model two dimensional crack growth. 

The typical representation of element based CZM is illustrated in Figure 2.10. The 

cohesive elements are tied with surrounding structures using surface-to-surface tie 

constraint, thus the three different parts will act as a one part. The surrounding structures’ 

surfaces are selected as master surfaces, which are in contact with cohesive elements. The 

top and bottom surfaces of cohesive elements are kept as slave surfaces due to their softer 

material and finer mesh discretization, (ABAQUS User’s manual- 6.11). Hence, the crack 

will grow further once the cohesive elements degradation and removal takes place. 
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Surface Based Cohesive Zone Modeling 

In surface based CZM, the cohesive elements are not required. As cohesive behavior is 

introduced using contact interaction (ABAQUS/CAE interaction module) rather than 

using cohesive elements. The cohesive behavior is established in between the two parts of 

the surrounding material. As shown in Figure 2.11, the bottom surface of the top part and 

the top surface of the bottom surface are chosen as the master surface and slave surface 

respectively for surface-to-surface contact. Using contact interaction and tie constraint 

the two parts will act as a one part. The surfaces can be selected either way because of the 

similarity of mesh discretization and material. Therefore, the cracks will propagate 

further once the load carrying capacity of surfaces vanishes, which is more realistic than 

element based CZM.  

In this thesis, the element based CZM is used for the models of C4 steel and the surface 

based CZM is used for the models of TH steel and C2 steel.  

 

2.5 Cohesive Zone Model Mechanism  

In this topic, the cohesive zone modeling for the simulation of crack propagation has 

been described. As shown in the Figure 2.12, the cohesive zone is situated behind the 

virtual crack tip. The stress distribution is applied in terms of load (F) on each node 

laying under the cohesive zone. The stress is maximum at the virtual crack tip, where the 

resistance to the separation of crack flanks is maximum. The stress reduces to zero at the 

distance (∆). The delta (∆) represents the size of the fracture process zone. The stress 

distribution can be defined in terms of power law of the half crack flank opening (V) and 

evolutionary parameter (α) as, (Salvini & Mannucci, 2003) : 
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{
V = V0(1 − α𝑘)

α =
σC

σC0

                                            (2.25) 

The parameter α is the ratio of the actual stress (σC)and the higher stress(σC0) that keeps 

the flanks closed immediately ahead of the virtual crack tip and 𝑘 is the non-dimensional 

parameter. 

The energy dissipated in the fracture process zone (∆) can be calculated by, 

dED

da
= 2B ∫ [σc(x)

dV(x)

da
] dx

∆

0
                                              (2.26) 

where, B is the specimen thickness, V is the half opening of crack flank, σc is the 

cohesive strength,a is the crack size and x is the distance from the crack tip. Hence, work 

of fracture with respect to specimen thickness can be expressed as, (Salvini & Mannucci, 

2003): 

wf =
1

B

dED

da
=

2

B∆
F0V0

k

k+1
                                                   (2.27) 

where, F0 and V0 are the actual force and actual half opening of crack flanks respectively. 

Now, the crack tip opening angle can be given mathematically from Figure 2.12 as, 

CTOA =
lim

x → 0− {2arctan [
1

2

d

da
CTOD(x)]}                               (2.28) 

where, CTOD is the half crack tip opening displacement, which is also known as V(x). 

Therefore, Equation 2.27 can be represented as, 

wf =
2

B∆
F0V0

k

k+1
=

F0

B∆
∆tg (

CTOA

2
) ≈ σ0∆CTOA                           (2.29) 

where, the value of parameter 𝑘 is generally assumed 1, (Salvini & Mannucci, 2003) , 𝜎0 

is the effective flow stress of the material. 

To calculate the work of fracture from Equation 2.29, σ0 is taken as the averaged value of 

yield strength and tensile strength. The size of fracture process zone ∆ can be calibrated 

by the numerical analysis of DWTT doing several trials, until a good relation occurs with 



 

27 

 

the Load vs. LLD curve. The correlation of ∆ or δ with fracture energy can be found in 

Section 2.3.2, Equation 2.19. The CTOA can be found experimentally as well as 

numerically as explained in Section 2.2.  

 

2.6 Explicit and Implicit Numerical Method 

The finite element problem can be solved using two types of numerical approaches; (1) 

implicit numerical scheme, and (2) explicit numerical scheme. The most commonly used 

Newton-Raphson method and central difference method are adopted by default in 

ABAQUS/Standard (implicit) and ABAQUS/Explicit, respectively among all numerical 

schemes.  

 

Implicit Method 

The implicit scheme works upon the Newton-Raphson method. The Newton-Raphson 

method is an iterative process as shown in Figure 2.13, (Ivanco, 2011). The iterations are 

done by trial and error until it reaches the closest value of the applied boundary 

conditions (Force). The updated value of the displacement in Figure 2.13 can be found by 

equation,   

di+1 = di + ∆di                                                      (2.30) 

where, di+1 is the displacement at i+1 iteration, di is the displacement at i iteration and 

∆di is the difference between these two iterations.  

The implicit methods are more appropriate for static analysis, where displacement is not a 

function of time. The implicit method is accurate but it consumes more computational 

time in order to solve the inversion of large stiffness matrices (McHugh, 2007). 
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Explicit Method 

The explicit method is based on the central difference method and does not suffer from 

the convergence problem as it is not iterative. The explicit method is suitable for dynamic 

analysis, as displacement is a function of time. The velocity and acceleration will come 

into consideration since the displacement is a function of the time. Thus, the solution of 

displacement is based on the equation, (McHugh, 2007); 

ḋ
i+

1

2

= ḋ
i−

1

2

+
∆ti+1+∆ti

2
d̈i                                           (2.31) 

di+1 = di + ∆ti+1ḋ
i+

1

2

                                                     (2.32) 

where, ḋ is a velocity and d̈ is an acceleration. The subscript (i) represents the increment 

numbers and i ±
1

2
 indicates the value of variables midway between the variables. 

Although the explicit process is designed for the dynamic analysis, the explicit method is 

widely used for non-linear quasi static analysis. 

ABAQUS/Standard (implicit) is used for TH steel and C2 steel. The analysis of high 

strength C4 steel is done using ABAQUS/Explicit to avoid numerical convergence issues.  
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Figure 2.1: Cohesive Zone models: various separation laws, (Zerbst, et al., 2009) : (a) 

Dugdale (1960); (b) Barenblatt (1962); Hillerborg et al. (1976),brittle materials; (c) 

Needlemen (1987); Tvergaard  (1990),ductile materials,polynomial equations; (d) Rose et 

al. (1981);Needleman (1990),exponential equation; (e) Tvergaard and Hutchinson (1992), 

trapezoidal law; (f) Scheider (2000). 

 

Figure 2.2: Modified boundary layer (MBL) model, (Ding & Wang, 2012) 
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Figure 2.3: Full specimen of drop-weight tear test (DWTT), (Xu et al., 2011) 

 

Figure 2.4: Load vs. load-line displacement plots of shallow-notched DWTT specimens, 

(Xu, et al., 2007) 

 

Figure 2.5: Plots of Ln(P Pi⁄ ) vs. (y − yi) S⁄  relations and data range for determination of 

the  Slope, (Xu, et al., 2007) 
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Figure 2.6: Definitions of the crack tip opening angle (CTOA), (Zerbst, et al., 2009) 

 

Figure 2.7: Embedded cohesive process zone and typical traction-separation (TS) curve, 

(Li & Chandra, 2003). 
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Figure 2.8: Typical bilinear traction-separation response (ABAQUS User’s manual- 6.11) 

 

 

 

 

 
(a)                                                                              (b) 

Figure 2.9:  (a) Exponential TS law (b) Traction stresses as a function of separation with 

different  α , (Ren & Ru, 2013) 
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Figure 2.10: Typical element based cohesive zone model-independent meshes with tie 

constraints, (ABAQUS User’s manual - 6.11) 

 

 

 
 

Figure 2.11: Typical surface based cohesive zone model-contact interaction with tie 

constraint, (ABAQUS User’s manual - 6.11) 
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Figure 2.12:  Simplified scheme of cohesive zone model, (Salvini & Mannucci, 2003) 

 

Figure 2.13: Standard Newton-Raphson (NR) method, (Ivanco, 2011) 
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Chapter 3  
 

FE Simulation of Ductile Crack Propagation in TH Steel 
 

 

Computational analysis is performed on high strength, high toughness TH steel. TH steel 

was introduced by Tvergaard and Hutchinson in 1992 (Tvergaard & Hutchinson, 1992). 

The TH steel has a yield strength of 600 MPa, a Young’s modulus of 200,000 MPa and a 

Poisson’s ratio of 0.3. The true stress-strain data of TH steel can be found from Figure 

3.1. 

In this chapter, numerical solutions of small scale yielding (SSY) model, modified 

boundary layer (MBL) model, drop weight tear test (DWTT) and single edge notched 

specimen in tension (SENT) have been obtained with the finite element program 

ABAQUS/Standard -6.11-2. Each model has been studied for four sets of TH steels: 

TH_1, TH_2, TH_3 and TH_4. The four sets of TH steel are different from each other in 

terms of fracture toughness and peak traction as shown in Table 3.3 and Figure 3.2. 

Results of crack growths characteristics and CTOA are obtained for different specimens. 

 

3.1 FE Simulation of Small Scale Yielding Model 

In spite of the small scale yielding model is controlled by stress intensity, the material 

still behaves in a linear elastic way at the crack tip. Hence, in the small scale yielding 

model, the size of the plastic zone region needs to be small enough compared with the 
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dimension of the model to study the elastic dominated region by LEFM (linear elastic 

fracture mechanics). 

The crack growth resistance curves and crack tip opening angle (CTOA) are plotted from 

FE simulation of SSY. The crack growth resistance curves are compared with the results 

presented by Tvergaard & Hutchinson (1992). 

 

3.1.1 Geometry 

The mode Ι crack model of the small scale yielding is generated using commercial finite 

element program ABAQUS/Standard-6.11-2. As illustrated in Figure 3.3, the top semi-

circle is produced with radius 200 mm. The bottom semi-circle was imposed by mirroring 

the top half to design the whole model. A Cartesian co-ordinate system, X-Y, is selected 

and the crack tip of the model is chosen at the origin of the co-ordinate system. The 

bottom-right surface of the top semi-circle and top-right surface of the bottom semi-circle 

are partitioned to introduce cohesive behavior. These surfaces are both situated at greater 

than and equal to zero on the X-axis and zero on the Y-axis.  

 

3.1.2 Material Properties  

The values of yield strength, Young’s Modulus and Poisson’s ratio of TH steel are 600 

MPa, 200,000 MPa and 0.3 respectively. The stress-plastic strain data are provided in 

Table 3.1 (Dunbar, 2011), the values of which are used in ABAQUS/Standard.  
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3.1.3 Step Time Definition 

The quasi-static implicit model is set for static, using a general time step for the time 

period of 1 second. The geometric non-linearity (Nlgeom) option is used to model the 

non-linearity accurately. The maximum number of increments is specified to 2000.  The 

initial time increment is assigned to 0.01, the minimum time increment to 1 × 𝑒−8 and 

the maximum time increment to 0.01. 

 

3.1.4 Mesh Design 

The mesh design for the whole model is shown in Figure 3.4 and Figure 3.5. The crack 

tip is enclosed by the uniform square elements of size ∆0. From trial and error, a size of 

∆0 is assigned as 0.05mm×0.05mm, as the calculated R-curves were found to converge at 

this value of ∆0 . A rectangular region around the crack tip has a total length of B0 =

360∆0 and height of about H0 = 40∆0  as demonstrated in Figure 3.5. The model was 

meshed with the help of the three different meshing techniques. The structured (quad-

dominated) technique was used to generate the mesh nearer to the crack tip and sweep 

(quad-dominated) away from the crack tip. The free (quad) meshing technique was used 

to connect the gap between rectangular structured technique and circular swept technique. 

The outer edge of the whole circle was divided into 72 equal parts to introduce nodes at 

five degree intervals. Thus, the whole model consisted of 183,980 CPE4R elements (a 

four node bilinear plane strain quadrilateral elements with reduced integration and 

hourglass control) and 184,552 nodes. 
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3.1.5 Contact Interaction 

The interaction property and interaction contact are produced to introduce a contact pair 

for surface based cohesive behavior as shown in Figure 3.6. The simulations are carried 

out for the four types of TH steel: TH_1, TH_2, TH_3, and TH_4. Cohesive parameters 

for all four sets of TH steel are in Table 3.2 and Figure 3.2 to introduce bilinear TS law in 

ABAQUS/Standard (Dunbar, 2011).  

The cohesive parameters are introduced in the interaction properties’ contact type 

module. The uncoupled stiffness coefficients (Knn, Kss, Ktt) are employed and initiated at 

Knn = Kss = Ktt = 0 as the model is evaluated for opening crack separation mode I. The 

maximum nominal stress criterion and fracture energy criterion are picked for damage 

initiation and damage evolution respectively. A value of viscosity coefficient is set equal 

to 10−5 for stabilization. The ratio of maximum traction and yield strength i.e. σ̂ σy⁄  are 

taken as 3, 3.5, 3.6 and 3.75 respectively for materials, TH_1, TH_2, TH_3 and TH_4. 

The fracture energies for all four models are 12.15 MPa∙mm, 14.175 MPa∙mm, 14.58 

MPa∙mm and 15.1875 MPa∙mm respectively. 

The surface-to-surface contact is used from the interaction module to tie master surface 

(bottom-right surface of a top semi-circle) and the slave surface (top-right surface of 

bottom semi-circle). 

From the mesh, slave nodes (top-right nodes of bottom semi-circle) are selected and 

small sliding is picked in sliding formulation in interaction module in ABAQUS/Standard 

to model crack growth. 
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3.1.6 Loading Conditions 

To apply the desired stress intensity, the outer edge of the circle is divided into 72 parts. 

Stress intensity is applied in terms of displacement in X-direction and Y-direction at each 

five degree node by using the following equations, 

ux =
Kr

2μ
√

r

2π
cos (

θ

2
) [k − 1 + 2sin2 (

θ

2
)]                                        (3.1)                                                                                   

uy =
Kr

2μ
√

r

2π
sin (

θ

2
) [k + 1 − 2cos2 (

θ

2
)]                                       (3.2)                                                                                 

where, Kr is the maximum far-field stress intensity factor, μ is the shear modulus, equals 

[E 2(1 + ν)]⁄ , r is the radius of the semicircle and θ is the measured counter clockwise 

angle, k = 3 − 4ν, ν is the Poisson’s ratio.  

The value of Kr is chosen 5 ∙ K0
TH_4 (Dunbar, 2011).  As shown in Figure 3.7, if a model 

is symmetric along the X-axis, displacement in X-direction (ux) would be the same for 

the regions 0° to 180° and 180° to  360°. Nevertheless, uy will be equal and opposite in 

signs in both regions as from the Equation 3.2, as “sine” is an odd function. 

 

3.2 FE Simulation of Modified Boundary Layer Model 

T-stress is applied on the small scale yielding model with the help of the William series 

expansion. 

The crack growth resistance curves and CTOA are recorded from FE simulation to 

analyze the effect of T-stress on modified boundary layer (MBL) model. 

The geometry, material properties, step time definition, mesh design and contact 

interaction are the same as discussed in Section 3.1.1 to Section 3.1.5. Only boundary 
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conditions of the model will be changed due to addition of T-stress effect in the William 

series. 

 

3.2.1 Loading Conditions  

Far field displacement field is applied on the MBL model. The remote boundary 

conditions are a combination of stress intensity factor as well as T-stress. The desired 

displacements in X-direction and Y-direction at each five degree node are given by using 

the following equations, 

ux =
Kr

2μ
√

r

2π
cos (

θ

2
) [k − 1 + 2sin2 (

θ

2
)] +

1−ν

2
Tr cos θ                     (3.3)                                                         

uy =
Kr

2μ
√

r

2π
sin (

θ

2
) [k + 1 − 2cos2 (

θ

2
)] +

(−ν)

2
Tr sin θ                     (3.4)                                                                 

where, 𝐾𝑟 is the maximum far-field stress intensity factor, 𝜇 is the shear modulus, equals 

[E 2(1 + ν)]⁄ , 𝑟 is the radius of the semicircle and 𝜃 is the measured counter clockwise 

angle, k = 3 − 4ν, ν is the Poisson’s ratio, and T is the non-singular stress acting parallel 

to the crack plane. 

To propagate the crack through cohesive layers, the value of Kr is chosen 10 ∙ K0
TH_4. The 

numerical simulations are conducted for various normalized T-stress values i.e. T σy⁄ =

−0.5, +0.5, −0.8, +0.8, −1, +1. 

 

3.3 FE Simulation of Drop-Weight Tear Test (DWTT) 

The two dimensional, elastic-plastic finite element model of drop weight tear test of TH 

steel is analysed with ABAQUS/Standard-6.11-2. 

The load vs. LLD, CTOA data and ∆𝑎 vs. LLD are plotted to study the crack growth. 
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3.3.1  Geometry 

The two dimensional drop weight tear test model is demonstrated in Figure 3.8. A finite 

element analysis program ABAQUS/Standard 6.11-2 is used to produce the FEA model. 

The top half part is created first and the bottom half part was drawn with the help of the 

mirror tool to create the full model. The Cartesian coordinate system is used and it is 

symmetric along the X-axis. The width, height and thickness of the model are 76 mm, 

305 mm and 13.7 mm respectively. The thickness of the model will be taken in to 

consideration only in the calculation part as this is the two dimensional model. The span 

between two ‘anvils’ is 254 mm. The crack tip is introduced on the middle line at the 15 

mm from the origin. The two sets of two edges are created beyond the crack tip. The one 

edge (bottom edge of the top part) is tied with another edge (top edge of the bottom part) 

with the help of surface-to-surface tie constraint in the interaction module.   

 

3.3.2  Material Properties 

The TH steel with yield strength of 600 MPa, Young’s modulus value of 200,000 MPa 

and Poisson’s ratio of 0.3 is used. The stress –plastic strain data are found in Table 3.1. 

 

3.3.3 Step Time Definition 

The quasi-static implicit model is set for static, using a general time step for the time 

period of 1 second. The geometric non-linearity (Nlgeom) option is kept on. The 

maximum number of increments is specified to 20000.  The initial time increment is 

assigned to 0.01, the minimum time increment to 1 × 𝑒−8 and the maximum time 

increment to 0.01. 
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3.3.4 Mesh Design 

The mesh of the full model is illustrated in Figure 3.9.  Two different mesh techniques 

are used to generate the mesh of the model. The structured mesh technique with element 

shape quad dominated is used for the area near crack tip. The free mesh technique with 

element shape quad and advancing front algorithm is applied on the rest of the model. 

The size of the element is 0.05mm×0.05mm near the crack tip area and the approximate 

global element size of the model is 5 mm. The mesh is again refined at the ‘anvils’ along 

the 6 mm of length. Thus, the model comprised total number of 176,143 linear 

quadrilateral elements of type CPE4R (a four node bilinear plane strain quadrilateral 

elements with reduced integration and hourglass control) and 177,806 nodes. 

 

3.3.5 Contact Interaction 

The same steps are followed as in Section 3.1.5 for contact interaction. 

 

3.3.6 Loading Conditions 

The 2D elastic-plastic drop-weight tear test specimen with boundary conditions is 

illustrated in Figure 3.10. The ‘anvils’ are designed along the length of 6 mm on both side 

of the model. The ‘anvils’ are fixed from displacing and rotating in X-direction. Node A 

is fixed in Y-direction as well to prevent rigid body motion of the model in global co-

ordinate system. A ramped displacement field is applied from the ‘tup’. The span of the 

‘tup’ is selected along 24 mm. The ramped displacement of amount 1.5 mm, 2.5 mm, 6 

mm and 10 mm are employed for TH_1, TH_2, TH_3 and TH_4 material respectively. 
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3.4 FE Simulation of Single Edge Notched Specimen in Tension (SENT) 

The FE simulation of single edge notched specimen in tension (SENT) for TH_1, TH_2 

and TH_3 is carried out with ABAQUS/Standard-6.11-2. The FE model of TH_4 was not 

converged due to numerical instabilities. 

The main purpose of this section is to determine the CTOA of SENT and compare it with 

the CTOA of DWTT specimen. 

 

3.4.1 Geometry 

The geometry and cartesian coordinate system of 2D plane strain SENT are illustrated in 

Figure 3.11. The model is divided into two halves to introduce surface based cohesive 

behavior. Both parts are the same in dimensions as the model is symmetric along the X-

axis. The ratio of height to width (H/W) and relative crack length (a/W) are 5 and 0.1974 

respectively. Hence, the total length (2H) of the specimen and initial crack length of the 

model are 760 mm and 15 mm respectively. The two halves of the model are tied a with 

surface-to-surface tie constraint.  

 

3.4.2 Material Properties 

The same material properties as used for SSY, MBL and DWTT are used here for SENT, 

i.e. the values of yield strength, young’s modulus and Poisson’s ratio of TH steel are 600 

MPa, 200,000 MPa and 0.3 respectively. The stress-plastic strain data are provided in 

Table 3.1, (Dunbar, 2011) . 
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3.4.3 Mesh Design 

Figure 3.12 demonstrates the typical 2D mesh of the SENT. Mainly two mesh techniques 

are used to mesh the SENT. The structured mesh technique (quad dominated) is used 

around the crack tip and the free mesh technique (quad dominated) is applied for the rest 

of the model. The mesh is refined around the crack tip keeping element size 

0.05mm×0.05mm.The element size for the rest of the model is 2mm×2mm. The element 

type CPE4R (a four node bilinear plane strain quadrilateral elements with reduced 

integration and hourglass control) is employed for the full model. 

 

3.4.4 Step Time Definition and Contact Interaction 

Same number of increments and increment size as for SSY (Section 3.1.3) are used for 

the SENT. The cohesive and damage properties for TH_1, TH_2 and TH_3 are provided 

in Table 3.2. The cohesive and damage properties of TH_1 and TH_2 are the same as in 

Table 3.2. Nevertheless, the elastic moduli or in other words the stiffness of the TH_3 

material is reduced to propagate crack little far. As TH_3 is tougher than TH_1 and 

TH_2, it was difficult to grow the crack. Therefore, after trials of different combinations 

of cohesive and damage parameters, the final values of  Knn, Kss, Ktt are chosen 

1,000,000 MPa, 384,615 MPa and 384,615 MPa respectively for TH_3 material. The 

remaining cohesive parameters for TH_3 are same as listed in Table 3.2. The rest of the 

settings for the contact interaction properties are the same as explained in Section 3.1.5. 
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3.4.5 Loading Conditions 

The loading conditions of 2D mode I plane strain SENT is displayed in Figure 3.13. The 

uniaxial remote tensile loading is applied on model. The remote displacement field of 6 

mm is implemented along the width on both upper and lower side of the model. The 

displacement is applied on nodes rather than edge to avoid distortion of mesh. The node 

A is constrained from displacing in X-direction and Y-direction to avoid rigid body 

motion in global coordinate system. 

 

3.5 Results and Discussion  

3.5.1 Small Scale Yielding Model 

Four sets of TH steel are characterized by different values of  σ̂ σy⁄ . The values of σ̂ σy⁄  

are 3, 3.5, 3.6 and 3.75 for TH_1, TH_2, TH_3 and TH_4 respectively. The surface based 

cohesive behavior is introduced between two surfaces as shown in Figure 3.6. The 

bilinear traction-separation law is used throughout all simulations.   

 

Crack Growth Resistance Curves (R-curves) 

The normalized crack growth resistance curve is plotted as shown in Figure 3.14. As 

discussed later in Chapter 5, Section 5.5.2, applied far field stress intensity (Kr) is 

normalized by critical stress intensity (K0) , and crack extension (∆a) is normalized by 

plastic zone size (R0). The displacement in the X-direction at node 0° is recorded for 

several intervals of time steps. The applied stress intensity (Kr)  is then found by 

inserting recorded displacement in Equation 3.1. The critical stress intensity (K0)  and 

plastic zone size (R0) can be found from Equation 5.7 and Equation 5.8. The calculated 
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values of 𝐾0 and 𝑅0 can be found in Table 3.3. The crack extension (∆a) is the travelling 

of the original crack tip to the current crack tip. The two surfaces are separated behind the 

current crack tip. These surfaces will be detached from each other when it reaches the 

critical displacement of δc=0.0135 mm and maximum traction (σ̂) becomes zero for 

further crack growth. Hence, the crack extension (∆a) is measured by calculating the 

distance between the original crack tip and the current crack tip.  

In Figure 3.14, the resulting curves from Tvergaard & Hutchinson (1992) and numerical 

results of Kr K0⁄  and ∆a R0⁄  are plotted as well. It can be seen from Figure 3.14 that the 

numerical plot shows good agreement with the plot of Tvergaard & Hutchinson (1992). 

The trend of R-curves of all four materials attains crack growth in initiation and then 

enters into a stable growth state. The plastic zone size (R0) is higher for high toughness 

material as shown in Table 3.3. Therefore, the R-curve for TH_4 material is steepest as 

depicted in Figure 3.14. 

 

Crack Tip Opening Angle (CTOA) 

As discussed in Section 2.2, the crack tip opening angle (CTOA) is measured from 1 mm 

behind the current crack tip, refer to Figure 3.15. The current crack tip is the meeting 

point of two separated surfaces which have diminished their load carrying capacity. The 

CTOA is calculated using following equation, 

CTOA = tan−1 CTOD

1
                                                     (3.5)                                   

The crack tip opening displacement (CTOD) is the vertical distance between two 

separated surfaces. The CTOD is measured 1mm behind the current crack tip. To find the 

steady state CTOA, the trend lines are fitted on the CTOA results using  a power law fit 
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in Tecplot 360 2011 (post-processing simulation results plot tool). Figure 3.16 shows that 

the CTOA is greater for the tougher material. Hence, TH_1 has the smallest steady state 

CTOA 1.56° and TH_4 has the highest steady state CTOA 5.65°. The CTOA of TH_2 

and TH_3 are 3.30° and  4.16° respectively. 

CTOA of SSY models are compared with the DWTT model for all four sets of TH steel 

later. 

 

3.5.2 Modified Boundary Layer Model 

The plane strain FE simulation of modified boundary layer model has been analysed. The 

stress intensity (Kr) and T-stress are applied in terms of displacement field in boundary 

conditions. All four sets of TH steel, TH_1, TH_2, TH_3 and TH_4 are studied for 

different values of normalized T-stress. The various values of 𝑇 𝜎𝑦⁄  are taken as 

±0.5, ±0.8 and ± 1. The bilinear traction-separation laws are used same as small scale 

yielding model. The R-curve plot and CTOA data are studied to identify the effect of T-

stress on modified boundary layer model. The same procedures, explained in Section 

3.5.1, are followed to predict R-curves and CTOA data. 

 

Crack Growth Resistance Curves (R-curves)   

The normalized crack growth resistance curves for TH_1, TH_2, TH_3 and TH_4 for 

𝑇 𝜎𝑦 = ±0.5, ±0.8, ±1⁄  are plotted in Figures 3.18, 3.20, 3.22 and 3.24. It can be 

investigated that negative T-stress affect significantly to resistance curves. It can be 

observed from Figures 3.18, 3.20, 3.22 and 3.24, that 𝑇 𝜎𝑦 < 0⁄  is differed significantly 

from T=0 (SSY) but T σy⁄ > 0 differ slightly from T=0 (SSY). 
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The negative T-stress will increase the plastic zone size and hence the crack growth 

resistance curve (Tvergaard & Hutchinson, 1994). Thus, the steepest curves for     

T σy⁄ = −1 become gradually less steep for T σy⁄ = −0.8 and − 0.5. It was previously 

observed by Du & Hancock (1991) that there is a high constraint condition near the crack 

tip stress for positive T-stress and less constraint condition for negative T-stress. It makes 

sense, as a highly constrained condition will prevent growth of the plastic zone. Hence, 

the crack will grow with the smaller size of the plastic zone, since the R-curves of 

T σy⁄ > 0 are closer to ideal small scale yielding (T=0) R-curves. The trend of R-curves 

for negative and zero T-stress are same as found in Figure 3.17 (Tvergaard & 

Hutchinson, 1994). 

 

Crack Tip Opening Angle (CTOA) 

The crack tip opening angles of TH_1, TH_2, TH_3 and TH_4 steels with 

 T σy ⁄ = ±0.5 ± 0.8 , ±1 are measured. The CTOA is calculated as mentioned in Section 

3.5.1. The CTOA are plotted in Figures 3.19, 3.21, 3.23 and 3.25. 

 In all cases, it can be seen that the CTOA are all most same for   T σy⁄ < 0, T=0 and 

T σy⁄ > 0 for four sets of TH steel. Therefore, the steady state values of CTOA for 

TH_1, TH_2 TH_3 and TH_4 are 1.56°, 3.30°, 4.16° and 5.65° respectively.  

 

3.5.3 Drop-Weight Tear Test 

The elastic-plastic 2D FE model of the drop weight tear test contains surface based 

cohesive behavior. The same bilinear traction-separation laws are used as in small scale 
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yielding model for TH_1, TH_2, TH_3 and TH_4. The amount of applied displacement 

of all four materials is explained in Section 3.3.6 over a time period of 1 second. 

 

Load vs. Load Line Displacement (Load vs. LLD) 

The obtained curves of Load vs. LLD are shown in Figure 3.26.  The load at each 

displacement is calculated as explained later in Chapter 5, Section 5.5.4. The maximum 

load bearing capacity can be predicted from the cohesive strength and how long this load 

can be carried is predicted from fracture energy. The higher the fracture energy, the 

longer the specimen endures the impact of load (Cerrone, et al., 2014). Thus, material 

TH_4 has the highest load carrying capacity in comparison with the remaining three 

materials: TH_1, TH_2 and TH_3. The tougher material can experience more load. The 

maximum load sustained by TH_1, TH_2, TH_3 and TH_4 are 67.5 kN, 158.9 kN,   

191.8 kN and 205.6 kN respectively. 

 

Crack Tip Opening Angle (CTOA) 

The crack tip opening angle is calculated using same procedure mentioned in Section 

3.5.1. The CTOA data for TH_1, TH_2, TH_3 and TH_4 are plotted in Figure 3.27.  

Figure 3.27 shows that the range of the steady state CTOA of DWTT agrees well with the 

steady state CTOA of small scale yielding model. The steady state CTOA of DWTT of 

TH_1, TH_2, TH_3 and TH_4 are 1.6°, 2.6°, 3.2°, 5.16°respectively, which are quite 

similar range with CTOA of SSY as described in Section 3.5.1 that  1.56°, 3.30°,  4.16° 

and 5.65° respectively. 
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Crack Growth Rate (∆𝒂 vs. LLD)  

The plot of ∆𝑎 vs. LLD is presented in Figure 3.28. It can be seen from Figure 3.28 that 

the crack grows all the way through 56 mm for all four materials. The crack develops 

faster for TH_1, TH_2, and TH_3 in comparison with TH_4. Hence it can be stated that   

TH_1, TH_2 and TH_3 are more brittle and TH_4 will break in a ductile manner as it is 

the toughest material among all four sets of TH steel. 

 

3.5.4 Single Edge Notched Specimen in Tension (SENT) 

The CTOA are calculated from the FE simulation of 2D mode I SENT. The CTOA are 

calculated by following the same procedure as explained in Section 3.5.1.  

The computed CTOA are plotted along with the CTOA of DWTT in Figure 3.29, Figure 

3.30 and Figure 3.31. It can be anticipated that the trend of CTOA are similar for both 

SENT as well as DWTT. The crack is not propagated as far as DWTT due to numerical 

convergence problem in software. The crack did not propagate at all for material TH_4 

due to numerical instability after a number of trial and error. It can be observed that the 

CTOA of SENT of TH_1, TH_2 and TH_3 will converge with the CTOA of DWTT of 

all three materials if crack is able to propagate further more. The crack is extended until 

7.3 mm, 7.25 mm and 4.85 mm for TH_1, TH_2 and TH_3 material respectively. 

Generally, the SENT represents negative T-stress and DWTT model characterises 

positive T-stress. But from the results, it can be predicted that, there are no significant 

changes of CTOA owing to the T-stress. 
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3.6 Conclusions 

The main purpose of this chapter was to evaluate the T-stress effect on CTOA. The four 

different models of TH steel; SSY, MBL, DWTT and SENT are studied for four sets of 

TH steel: TH_1, TH_2, TH_3 and TH_4. 

It can be observed that resistance curves of small scale yielding model for TH_1, TH_2, 

TH_3 and TH_4 agree well with published results of Tvergaard & Hutchinson (1992). 

The crack tip opening angles (CTOA) of SSY are high for high toughness material and 

low for low toughness material. Thus, TH_4 has the highest steady state CTOA and 

TH_1 has the lowest steady state CTOA. 

The behavior (trends) of resistance curves (R-curves) of MBL match well with the 

published results by Tvergaard & Hutchinson (1994). The CTOA with positive and 

negative T-stress, i.e. T σy⁄ = ±0.5, ±0.8, ±1 do not differ significantly along with 

CTOA of SSY for all four sets of material of TH steel. In all, it has been concluded that 

the effect of T-stress on CTOA is negligible. 

The computed results of DWTT for Load vs. LLD, ∆𝑎 vs. CTOA and LLD vs. ∆a are 

plotted for TH_1, TH_2, TH_3 and TH_4. The CTOA results of DWTT shows good 

agreement with the CTOA of SSY. 

Lastly, the CTOA of SENT are comparable with CTOA of DWTT. Even though the 

positive T-stress is observed in DWTT and SENT experiences negative T-stress, the 

CTOA of both cases are not dependent on T-stress. The simulation of SENT is not 

converged due to numerical issues. 
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In conclusion, all FE simulations of models SSY, MBL, DWTT and SENT of TH steel 

give quite promising results. The viscosity coefficient (damage stabilization factor) of 

value 10−5 plays a major role for numerical convergence of the solution. 
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Stress(MPa) Plastic strain Stress(MPa) Plastic strain 

600 0 910 0.190206919 

610 0.000539216 920 0.212519725 

620 0.001164143 930 0.237125475 

630 0.001886684 940 0.264231277 

640 0.002720164 950 0.294060429 

650 0.003679475 960 0.326853488 

660 0.004781227 970 0.362869405 

670 0.006043921 980 0.402386711 

680 0.007488126 990 0.445704781 

690 0.009136673 1000 0.493145151 

700 0.011014872 1010 0.545052911 

710 0.013150733 1020 0.60179817 

720 0.015575209 1030 0.663777594 

730 0.018322462 1040 0.731416024 

740 0.02143014 1050 0.80516817 

750 0.024939677 1060 0.8855204 

760 0.028896621 1070 0.972992606 

770 0.03335097 1080 1.068140168 

780 0.038357548 1090 1.171556007 

790 0.043976393 1100 1.283872744 

800 0.05027318 1110 1.405764953 

810 0.057319668 1120 1.537951527 

820 0.065194174 1130 1.681198149 

830 0.073982086 1140 1.836319877 

840 0.083776396 1150 2.004183852 

850 0.094678281 1160 2.185712122 

860 0.106797705 1170 2.381884595 

870 0.120254072 1180 2.593742129 

880 0.135176909 1190 2.822389747 

890 0.151706591 1200 3.069 

900 0.169995117 
  

 

Table 3.1: Stress vs. plastic strain data –TH steel (input in ABAQUS)) 
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TH Steel 

Material MaxS Damage (MPa) 

Fracture 

Energy 

𝚪𝟎 

(MPa∙mm) 

Elastic Moduli (MPa) 
Viscosity 

Coefficient 

 

 
Normal 

1st 2nd Linear 𝐊𝐧𝐧 𝐊𝐬𝐬 𝐊𝐭𝐭  

TH_1 1800 1350 1350 12.15 10000000 3846150 3846150 10−5 

TH_2 2100 1575 1575 14.175 10000000 3846150 3846150 10−5 

TH_3 2160 1620 1620 14.58 10000000 3846150 3846150 10−5 

TH_4 2250 1687.5 1687.5 15.1875 10000000 3846150 3846150 10−5 

 

Table 3.2: Cohesive properties of four sets of TH steel 

 

Material �̂� 𝛔𝐲⁄  
𝚪𝟎  

(MPa∙mm) 

𝛅𝐜 

(mm) 

𝐊𝟎 

(𝐌𝐏𝐚 ∙ √𝐦𝐦) 

𝐑𝟎 

(𝐦𝐦) 

TH_1 3 12.15 0.0135 1634.1 0.787 

TH_2 3.5 14.175 0.0135 1765 0.918 

TH_3 3.6 14.58 0.0135 1790.1 0.944 

TH_4 3.75 15.188 0.0135 1827 0.984 

 

Table 3.3: Model parameters - TH steel
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Figure 3.1: True stress-strain curve – TH steel, (Dunbar, 2011) 

 

 

Figure 3.2: Bilinear traction-separation laws – TH steel
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Figure 3.3: Geometry of SSY and MBL model –TH steel 
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Figure 3.4: Mesh design –SSY and MBL model – TH steel 
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Figure 3.5: Mesh design near crack tip – SSY and MBL model – TH steel 
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Figure 3.6: Contact interaction – surface based cohesive behavior-SSY and MBL model-              

TH steel 
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Figure 3.7: Loading conditions- SSY and MBL model-TH steel 
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Figure 3.8: Geometry of DWTT specimen - TH steel 
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Figure 3.9: Mesh design of DWTT specimen - TH steel 
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Figure 3.10: Loading conditions of DWTT specimen - TH Steel 
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Figure 3.11: Geometry of single edge notched specimen in tension (SENT) - TH Steel 
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Figure 3.12: Mesh design of SENT- TH steel 

 



 

66 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Figure 3.13: Loading conditions of SENT - TH steel 
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Figure 3.14: Normalized resistance curves of SSY models - TH steel 
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Figure 3.15: Measuring CTOA from FE results 

 

 

Figure 3.16: CTOA data- SSY model- TH steel 
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Figure 3.17: Normalized resistance curves - MBL model 

( σ̂ σy = 2.4, σy E⁄ = 0.003 and N = 0.1)⁄ , (Tvergaard & Hutchinson, 1994)
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Figure 3.18: Normalized resistance curves - MBL model - TH_1 steel 

 

Figure 3.19: CTOA data –MBL model – TH_1 steel 
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Figure 3.20: Normalized resistance curves –MBL model – TH_2 steel 

 

Figure 3.21: CTOA data –MBL model – TH_2 steel 
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Figure 3.22: Normalized resistance curves –MBL model – TH_3 steel 

 

Figure 3.23: CTOA data –MBL model – TH_3 steel 
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Figure 3.24: Normalized resistance curves –MBL model – TH_4 steel 

 

Figure 3.25: CTOA data –MBL model – TH_4 steel 
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Figure 3.26: Load vs. LLD – DWTT – TH steel 

 

Figure 3.27: CTOA data – DWTT – TH steel 
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Figure 3.28:  ∆a vs. LLD – DWTT- TH steel 

 

Figure 3.29: CTOA comparison (SENT and DWTT) – TH_1 steel 
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Figure 3.30: CTOA comparison (SENT and DWTT) – TH_2 steel 

 

Figure 3.31: CTOA comparison (SENT and DWTT) – TH_3 steel 
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Chapter 4  
 

FE Simulation of Ductile Crack Propagation in C2 Steel 
 

 

The C2 steel is identified as one of the high strength and high toughness steels. The real 

pipeline steel C2 was indicated by Xu, et al., (2010a,2011), that is recognised as X70 in 

the present generation. The C2 steel has a yield strength, a Young’s modulus and a 

Poisson’s ratio of 576 MPa, 195,400 MPa and 0.3, respectively. The plastic stress-strain 

data are provided in Table 4.1, which were summarized by Xu (2010a, CANMET-MTL). 

 

In this chapter, the finite element analysis is conducted for three plane strain models; 

small scale yielding (SSY), modified boundary layer (MBL) and drop weight tear test 

(DWTT). The exponential traction-separation law is used to study fracture and damage 

behavior of all three models. All computational analysis is done with the help of the finite 

element program –ABAQUS/Standard (6.11-2). 

 

4.1 FE Simulation of the Small Scale Yielding Model 

The geometry, step time definition, mesh design and contact interaction of mode I SSY 

are same as the described in Chapter 3, Sections 3.1.1, 3.1.3, 3.1.4, 3.1.5. The material 

properties, cohesive behavior and loading conditions will be changed for C2 steel.   

The values of yield strength, Young’s Modulus and Poisson’s ratio of C2 steel are 576 

MPa, 195,400 MPa and 0.3 respectively. The stress-plastic strain data are provided in 
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Table 4.1 (Xu, CANMET-MTL, 2010a), the values of which are used in 

ABAQUS/Standard. In Figure 4.1, the true stress-strain curve of C2 steel is presented. 

The exponential traction-separation laws as input in contact interaction can be found from  

Table 4.2. The SSY model is analysed for three different C2 steels; C2_1, C2_2 and 

C2_3. The values of σ̂ σy⁄  and fracture energy(Γ0) for the surface based cohesive 

behavior are selected by taking reference of work done by Dunbar (2011). Hence, the 

values of maximum traction �̂� for C2_1, C2_2 and C2_3 are 3.2σy, 3.3σy and 3.4σy 

respectively. The fracture energies are 27.427 MPa∙mm, 28.284 MPa∙mm and 29.141 

MPa∙mm for C2_1, C2_2 and C2_3, respectively. The critical displacement (δc) is 

calculated from the Equation 2.19. Figure 4.2 illustrates the three exponential TS laws of 

C2 steel with the rate of damage evolution (α)=1. 

The far field displacements in X and Y direction are calculated as explained in Section 

3.1.6. To propagate the crack through cohesive layers, the value of Kr is chosen    

 ~16.8 ∙ K0
C2_3.  

The crack growth resistance curve and crack tip opening angle (CTOA) are plotted from 

FE simulation of SSY. The CTOA of SSY is compared with the CTOA of DWTT.  

 

4.2 FE Simulation of the Modified Boundary Layer Model 

Refer to Section 3.2 for more details of the MBL model. The MBL is studied for the 

material C2_1 and C2_2. As explained in Section 4.1, refer to Table 4.2 for cohesive 

behavior of C2_1 and C2_2. Both materials are examined for different normalized T-

stress; 𝑇 𝜎𝑦 = ±0.5, ±0.8 and ± 1.⁄  The boundary conditions are found as mentioned in 
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Section 3.2.1. To propagate the crack through cohesive layers, the value of Kr is 

chosen ~33.6 ∙ 𝐾0
𝐶2_3. 

The crack growth resistance curves (R-curves) and CTOA data are generated from FE 

simulations of MBL to review the T-stress effect. 

 

4.3 FE Simulation of the Drop-Weight Tear Test 

The same steps as explained in Section 3.3 are followed for the geometry, step time 

definition, mesh design and contact interaction of C2_1 and C2_2 material. The material 

properties and cohesive properties are the same as described in Section 4.1. The 

displacement field of 20 mm is applied from the ‘tup’ over the span of 24 mm.  

The load vs. LLD is plotted from the simulation and it is compared with the experimental 

load vs. LLD provided by Xu (2010a, CANMET-MTL). The load vs. LLD was corrected 

for compliance by Dunbar (2011). The CTOA is also calculated and this calculated 

CTOA is then compared with the measured experimental CTOA by Xu, et al., (2010b). 

The crack growth rate ∆𝑎 vs. LLD is plotted to see how long the crack grows. 

 

4.4 Results and Discussion 

4.4.1 Small Scale Yielding Model 

Crack Growth Resistance Curves 

The FE analysis is obtained for three sets of material; C2_1, C2_2 and C2_3. The model 

parameters like σ̂ σy⁄ , Γ0, R0. K0 are found in Table 4.3. The crack length (∆a) is 

normalized by plastic zone size (R0) and applied far field stress intensity (Kr) is 



 

80 

 

normalized by critical stress intensity (K0) as described in Section 3.5.1. The values of 

Kr K0 ⁄ and  ∆a R0⁄  are plotted in Figure 4.3.  

Figure 4.3 shows that the cohesive elements with higher toughness have higher crack 

resistance. Therefore, the toughest material C2_3 has the steepest resistance curve and 

C2_2 and C2_1 have less steep than C2_3. 

 

Crack Tip Opening Angles (CTOA) 

The CTOA is calculated following the same procedure used in Section 3.5.1 and power 

law fit trend lines are fitted on CTOA results (Tecplot). It can be seen from Figure 4.4 

that the material C2_1, C2_2 and C2_3 have CTOA of values 8.3°, 14.64° and 20.42° 

respectively, which means the material with higher fracture energy acquire higher CTOA. 

Thus, the values of CTOA decreases from C2_3 to C2_1. 

 

4.4.2 Modified Boundary Layer Model 

Crack Growth Resistance Curves 

The R-curves for two materials C2_1 and C2_2 are obtained for cases of the normalized 

T-stress(T σy⁄ ) values ±0.5, ±0.8 and ±1. The R-curves of MBL for C2_1 and C2_2 are 

plotted with the condition (T σy = 0⁄ ) in Figure 4.5 and Figure 4.7 respectively. Both 

Figure 4.5 and Figure 4.7 indicate that there are no significant changes in R-curves with 

negative T-stress and positive T-stress. The R-curves of positive normalized T-stress 

having values +0.5, +0.8 and +1 are almost same. The R-curve with the normalized T-

stress -1 is steepest among all the R-curves. 
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Crack Tip Opening Angle (CTOA) 

Figure 4.6 and Figure 4.8 depict the plot of CTOA vs. ∆a.  The CTOA of C2_1 and C2_2 

are not varying for negative and positive T-stress. 

 

4.4.3 Drop-Weight Tear Test 

The finite element analysis of DWTT specimen for C2_1 and C2_2 are performed. The 

numerical analysis of C2_3 was aborted due to numerical convergence issues in FE 

solver ABAQUS/Standard 6.11-2.  

The numerical load vs. LLD plot is compared with the experimental load vs. LLD of C2 

steel in Figure 4.9. The experimental DWTT specimen test was conducted by Xu (2010a) 

and it was corrected for compliance by Dunbar (2011). The CTOA obtained from DWTT 

simulation are compared with the CTOA of SSY. The comparisons also made between 

numerical CTOA and experimental CTOA provided by Xu, et al., (2010b). 

 

Load vs. Load Line Displacement curves 

The obtained data of load vs. LLD are plotted in Figure 4.9 with the experimental data. 

The Figure 4.9 shows that neither of the two simulations is able to reach the maximum 

load of the experimental data. However, the elastic portion of the both material are same 

until the crack starts to propagate. The C2_1 material is capable of reaching the 

maximum applied displacement of 20 mm. But the C2_2 material is not able to attain the 

maximum applied displacement due to numerical instability of the solver. 
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Crack Tip Opening Angle 

Figure 4.10 presents the steady state values of CTOA of C2_1 and C2_2 as 6.9°  and  

11.9° respectively. The experimental measured CTOA values of C2 steel are 18.5° using 

the optical method and 12.4° using the simplified single-specimen method. Therefore, it 

can be noticed that the CTOA value of C2_2 DWTT agrees reasonably well with 

experimental observations for C2 material. 

In addition, the CTOA of SSY models of C2_1and C2_2 are 8.3°, 14.64° respectively, 

which are closer to CTOA of DWTT of C2_1 and C2_2 steels. 

 

Crack Growth Rate  

The crack length ∆a and LLD data as a crack growth rate are plotted in Figure 4.11 for 

C2_1 and C2_2. By analyzing the Figure 4.11, it is found that the crack begins to grow at 

0.2 mm and 0.15 mm for C2_1 and C2_2 respectively. The crack attains the length of 

57.35 mm and 30.5 mm for C2_1 and C2_2 respectively when the simulations were 

aborted. 

At applied displacement of 15 mm, the crack reaches to 43.85 mm and 30.5 mm for C2_1 

and C2_2 respectively, which means that the material with less fracture energy 

propagates fast as compare with the material having high fracture energy. 

 

4.5 Conclusions 

The two dimensional mode I finite element analysis has been conducted for three models 

of C2 steel; SSY, MBL and DWTT. The SSY model has been studied for three sets of 
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material; C2_1, C2_2 and C2_3. The two models, MBL and DWTT, have been analysed 

for two sets of C2 steel; C2_1 and C2_2. 

By examining R-curves of the SSY models, it can be seen that the material with higher 

fracture energy and toughness can tolerate high amount of load and hence it has the 

highest crack resisting energy and CTOA. 

From the R-curves and CTOA of MBL, it can be evaluated that the R-curves are not 

fluctuating significantly for the positive T-stress as well as negative T-stress. The effect 

of T-stress is not significant on CTOA for different levels of T σy⁄ = ±0.5, ±0.8, ±1. 

The load vs. LLD data from FE simulation of DWTT for C2_1 and C2_2 were compared 

with the experimental data provided by Xu (2010a, CANMET-MTL). The computed 

curves are unable to reproduce the experimental curve. The steady state CTOA (11.9°) of 

C2_2 steel matches reasonably well with the experimental CTOA (12.4°) measured using 

the S-SSM method published by Xu, et al., (2010b). 

In all, by several trial and error of computational analysis, the exponential traction-

separation law chosen for surface based cohesive behavior in this chapter plays a good 

role to simulate ductile crack propagation for high toughness C2 steel. The viscosity 

coefficient 10−4 helps to protect zig zag crack propagation.  
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Stress 

(MPa) 
Plastic 

strain  
Stress 

(MPa) 
Plastic 

strain  
Stress 

(MPa) 
Plastic 

strain  
Stress 

(MPa) 
Plastic 

strain 
Stress 

(MPa) 
Plastic 

strain  
576 0 681.6 0.06691 988.4 0.3176 1402 0.6554 1815.4 0.9933 

579.6 0.00193 684.1 0.0689 1001 0.3275 1414 0.6654 1827.6 1.0033 
583.1 0.00392 686.5 0.07089 1013 0.3374 1426 0.6753 1839.7 1.0132 
586.7 0.0059 688.9 0.07287 1025 0.3474 1438 0.6852 1851.9 1.0231 
590.3 0.00788 691.4 0.07486 1037 0.3573 1451 0.6952 1864.1 1.0331 
593.8 0.00986 693.8 0.07685 1049 0.3672 1463 0.7051 1876.2 1.043 
597.4 0.01184 692.2 0.07884 1061 0.3772 1475 0.7151 1888.4 1.0529 
601 0.01382 698.6 0.08082 1074 0.3871 1487 0.725 1900.5 1.0629 

604.5 0.01581 701.1 0.08281 1086 0.3971 1499 0.7349 1912.7 1.0728 
608.1 0.01779 703.5 0.0848 1098 0.407 1511 0.7449 1924.9 1.0828 
611.7 0.01977 705.9 0.08679 1110 0.4169 1524 0.7548 1937 1.0927 
615.2 0.02175 708.6 0.08898 1122 0.4269 1536 0.7647 1949.2 1.1026 
618.8 0.02373 720.8 0.09892 1134 0.4368 1548 0.7747 1961.4 1.1126 
622.4 0.02571 733 0.10885 1147 0.4467 1560 0.7846 1973.5 1.1225 
625.9 0.0277 745.1 0.11879 1159 0.4567 1572 0.7946 1985.7 1.1324 
629.5 0.02968 757.3 0.12873 1171 0.4666 1584 0.8045 1997.8 1.1424 
633.1 0.03166 769.4 0.13867 1183 0.4766 1597 0.8144 2010 1.1523 
636.6 0.03364 781.6 0.1486 1195 0.4865 1609 0.8244 2022.2 1.1623 
640.2 0.03562 793.8 0.15854 1207 0.4964 1621 0.8343 2034.3 1.1722 
643.8 0.03761 805.9 0.16848 1220 0.5064 1633 0.8443 2046.5 1.1821 
647.3 0.03959 818.1 0.17842 1232 0.5163 1645 0.8542 2058.7 1.1921 
650 0.04107 830.3 0.18835 1244 0.5262 1657 0.8641 2070.8 1.202 

652.4 0.04306 842.4 0.19829 1256 0.5362 1670 0.8741 2083 1.2119 
654.9 0.04505 854.6 0.20823 1268 0.5461 1682 0.884 2095.1 1.2219 
657.3 0.04704 866.7 0.21817 1280 0.5561 1694 0.8939 2107.3 1.2318 
659.7 0.04902 878.9 0.22811 1292 0.566 1706 0.9039 2119.5 1.2418 
662.2 0.05101 891.1 0.23804 1305 0.5759 1718 0.9138 2131.6 1.2517 
664.6 0.053 903.2 0.24798 1317 0.5859 1730 0.9238     
667 0.05499 915.4 0.25792 1329 0.5958 1742 0.9337     

669.5 0.05697 927.6 0.26786 1341 0.6057 1755 0.9436     
671.9 0.05896 939.7 0.27779 1353 0.6157 1767 0.9536     
674.3 0.06095 951.9 0.28773 1365 0.6256 1779 0.9635     
676.8 0.06294 964 0.29767 1378 0.6356 1791 0.9734     
679.2 0.06492 976.2 0.30761 1390 0.6455 1803 0.9834     

 

Table 4.1: Stress vs. plastic strain data – C2 steel (input in ABAQUS)
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C2  Steel 

Material MaxS Damage (MPa) 

Critical 

displacement 

(𝛅𝐜, 𝐦𝐦) 

𝜶 Elastic Moduli (MPa) V.C. 

 Normal 1st 2nd Exponential  𝐊𝐧𝐧 𝐊𝐬𝐬 𝐊𝐭𝐭  

C2_1 1843.2 1382.4 1843.2 0.02976 1 10000000 3846154 3846154 10−4 

C2_2 1900.8 1425.6 1425.6 0.02976 1 10000000 3846154 3846154 10−4 

C2_3 1958.4 1958.4 1958.4 0.02976 1 10000000 3846154 3816154 10−4 

 

Table 4.2: Cohesive properties of three sets of C2 steel 

 

Material �̂� 𝛔𝐲⁄  
𝚪𝟎  

(MPa∙mm) 

𝛅𝐜 

(mm) 

𝐊𝟎 

(𝐌𝐏𝐚 ∙ √𝐦𝐦) 

𝐑𝟎 

(𝐦𝐦) 

C2_1 3.2 27.427 0.02976 2426.78 1.8834 

C2_2 3.3 28.284 0.02976 2464.40 1.9423 

C2_3 3.4 29.141 0.02976 2501.46 2.0011 

 

Table 4.3: Model parameters – C2 Steel 
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Figure 4.1: True stress-strain curve – C2 steel, (Dunbar, 2011) 

 

 

Figure 4.2: Exponential traction-separation laws (𝛼 = 1)– C2 steel 
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Figure 4.3: Normalized resistance curves of SSY models – C2 steel 

 

Figure 4.4: CTOA data- SSY model- C2 Steel 
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Figure 4.5: Normalized resistance curves –MBL model – C2_1 steel 

 

Figure 4.6: CTOA data –MBL model – C2_1 steel 
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Figure 4.7: Normalized resistance curves –MBL model – C2_2 steel 

 

Figure 4.8: CTOA data –MBL model – C2_2 steel 
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Figure 4.9: Load vs. LLD – DWTT – C2 steel 
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Figure 4.10: CTOA data – DWTT – C2 steel 

 

Figure 4.11: ∆a vs. LLD – DWTT- C2 steel 
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Chapter 5  
 

FE Simulation of Ductile Crack Propagation in C4 Steel 
 

 

In this chapter, the full investigation of C4 steel is done. C4 or X100 steel is the high 

strength pipeline steel with a yield strength of 805 MPa and Young’s modulus of  

203,223 MPa. The metallurgical characterization (chemical composition) and mechanical 

properties (average transverse tensile and Charpy properties) have been demonstrated in 

Table 5.1 and Table 5.2, (Xu, et al., 2010b). The true stress-strain curve can be found in 

Figure 5.3. The stress-plastic strain data used as input for ABAQUS is shown in Table 

5.3. The true stress –strain curve data as well as stress-plastic strain data were provided 

by Xu (2013, CANMET-MTL). 

Cohesive Properties 

As explained in Chapter 2, mainly two kinds of traction-separation laws i.e. bilinear and 

exponential are used in this chapter. The different combinations of  σ̂ σy⁄ , fracture energy 

and critical displacement are listed in Table 5.4 and Table 5.5. Six types of cohesive 

materials namely C4_A, C4_B, C4_C, C4_1, C4_2 and C4_3 are used. Six TS laws; 

three bilinear and three exponential are shown in Figure 5.1 and  

Figure 5.2. 
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The focus of this chapter is mainly on the unit cell model, small scale yielding model, 

modified boundary layer model and drop weight tear test model to analyze the fracture 

and damage behavior of C4 steel. All finite element analyses have been performed using 

ABAQUS 6.11-2. 

 

5.1 Unit Cell Model 

Before running the simulation of the SSY, MBL and DWTT, the bilinear behavior of the 

one cohesive element is checked. 

The finite element implementation of a single cohesive element is carried out in 

ABAQUS/Standard 6.11-2 to evaluate the TS behavior of cohesive element. 

From Figure 5.4, it can be observed that the length of the element is 0.02 mm and the 

width is 0.02 mm. The thickness of the element is automatically chosen to be 1 mm. The 

element is fixed in the Y-direction at the bottom surface and the left bottom node is fixed 

in X-direction. The magnitude of the applied ramped displacement is 0.012 mm. In step 

time definition, the static analysis is done by keeping the maximum number of increment 

100 and increment size of time step is 0.01. The cohesive properties of six sets of C4 

steel are imported from Table 5.4 and Table 5.5. A four node two dimensional cohesive 

element COH2D4 is used for the mesh design. It can be seen from Table 5.4 that the 

value of σ̂ σy⁄  are chosen in between 3 to 3.5 as suggested in work by  Tvergaard & 

Hutchinson (1992) and Dunbar (2011) for high strength pipeline steel. 
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5.2 FE Simulation of Small Scale Yielding Model 

The focus of this topic is the prediction of the crack growth resistance curve as well as 

measurement of the CTOA. 

 

5.2.1  Geometry 

Figure 5.5 represents the half model of the modified boundary layer of mode I (i.e. 

Opening) crack propagation. Owing to the symmetry of the model, only a half model is 

examined. The model is symmetric about the X-axis. The radius (r) of the model is      

200 mm. It can be seen from Figure 5.6 that crack tip is introduced at the center of the 

model (i.e.x = y = 0 mm). The size (∆0) of the smallest elastic-plastic plane strain 

element is 0.1mm×0.1mm. The length of cohesive zone, lcoh is 90∆0 as illustrated in 

Figure 5.6. The surface-to-surface tie constraint is adopted to assemble semicircle and 

cohesive zone.  

 

5.2.2  Material Properties 

The C4 steel has a Young’s modulus of 203,223 MPa and Poisson’s ratio of 0.3. The 

stress-plastic strain data for the input in ABAQUS can be found in Table 5.3 (Xu, 2013). 

The SSY is studied for C4_A, C4_B and C4_C. Cohesive parameters for these three C4 

steel have been found in Table 5.4, to introduce bilinear TS law in ABAQUS 6.11-

2/Explicit. Only half of the total fracture energy is inserted due to symmetry of model. 

Equation 2.16, is used for calculation of the fracture energy. The value of the critical 

displacement (δc) is taken 0.012 mm (for the half model) from trial and error of unit cell 

model. The mass density is kept 7.85 × 10−6 kg mm3⁄  for high strength steel. 
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5.2.3 Mesh Design 

As illustrated in Figure 5.8 and Figure 5.9, the model is developed using cohesive 

elements as well as plane strain elements. The size of cohesive elements is         

0.02mm× 0.02mm, while the size of plane strain elements near the crack tip is 

0.1mm×0.1mm. As a consequence one plane strain element is connected with 5 cohesive 

elements. In all, the model comprises 450 COH2D4 elements (a four node two 

dimensional element) and 23712 CPE4R elements (a four node bilinear plane strain 

quadrilateral, reduced integration, hourglass control). The maximum degradation is set 

equal to 1 for COH2D4 elements. The model consists of 17 concentric semi circles and 

each semi-circle is divided in 36 parts. 

The cohesive segment and the region near the crack tip are meshed with the help of 

structured (quad) mesh technique however a sweep mesh technique (quad dominated) is 

applied away from the crack tip. The free mesh technique (quad, advancing front) is 

employed for the transition from structured mesh to sweep mesh. 

 

5.2.4 Step Definition and Output 

The dynamic, explicit method was selected to simulate the model. The time period of 1 

second is exerted for monotonic increasing displacement. The Nlgeom is kept on to 

account the non-linearity of the geometry at each increment of the time. In the field an 

output frequency of 0.0001 seconds is chosen to record the results. The variables SDEG 

(scalar stiffness degradation) and STATUS (1 for active element and 0 for inactive 

element) are toggled on for the removal of cohesive element after reaching the maximum 

degradation point. Rather than those, more variables such as, strains (E, PE), stresses 
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(misses, misses max), displacement (U) and force (RF) are also requested to write output 

database files. 

 

5.2.5 Loading Conditions 

To apply the desired stress intensity, the outer edge of the circle is divided into 36 parts. 

The nodes are 5° apart. The nodes are numbered as 0° at outer right corner of the half 

model, travel counter clock wise, 180° at outer left corner of the model as shown in 

Figure 5.7. The stress intensity factor is applied in terms of displacement in X-direction 

and Y-direction at each five degree node by using the following equations, 

ux =
Kr

2μ
√

r

2π
cos (

θ

2
) [k − 1 + 2sin2 (

θ

2
)]                                    (5.1)                                                      

uy =
Kr

2μ
√

r

2π
sin (

θ

2
) [k + 1 − 2cos2 (

θ

2
)]                                   (5.2)                                              

where, Kr is the maximum far-field stress intensity factor, μ is the shear modulus, equals 

[E 2(1 + ν)]⁄ , r is the radius of the semicircle and θ is the measured counter clockwise 

angle, k = 3 − 4ν, ν is the Poisson’s ratio. Three cases: C4_A, C4_B, C4_C are studied 

are studied for small scale yielding model (normalized T-stress=0).  

The applied value of Kr is kept ~37.8 ∙ K0
C4_C, to propagate the crack through cohesive 

layers. The ramp amplitude is defined as at time zero, the amplitude (displacement) is 

zero and at time 1 second, the amplitude is 1.Which means at the completion of 1 second, 

full displacement will be applied to the model. 
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5.3 FE Simulation of Modified Boundary Layer Model 

The modified boundary layer model has been analysed only for C4_A material. The steps 

of geometry, material properties, mesh design, step definition and output are same as 

discussed in Section 5.2.1, 5.2.2, 5.2.3 and 5.2.4 respectively. 

5.3.1 Loading Conditions 

The displacement control boundary conditions is calculated using the following 

equations, 

ux =
Kr

2μ
√

r

2π
cos (

θ

2
) [k − 1 + 2sin2 (

θ

2
)] +

1−ν

2
Tr cos θ                  (5.3)                                                    

uy =
Kr

2μ
√

r

2π
sin (

θ

2
) [k + 1 − 2cos2 (

θ

2
)] +

(−ν)

2
Tr sin θ                  (5.4)                                           

where, Kr is the maximum far-field stress intensity factor, μ is the shear modulus, equals 

[E 2(1 + ν)]⁄ , r is the radius of the semicircle and θ is the measured counter clockwise 

angle, 𝑘 = 3 − 4𝜈, ν is the Poisson’s ratio, T is the non-singular stress acting parallel to 

the crack plane.  

The applied value of Kr is selected ~39 ∙ K0
C4_A. The resultant displacements at each node 

have been calculated for the normalized T-stress (T σy⁄ ) values 0,±0.5,±0.8 and ±1 for 

C4_A steel. 

 

5.4 Drop-Weight Tear Test Model-Experimental and Numerical    

Analysis 

The drop weight tear test is also known as a three point bend specimen or single edge 

notched bend specimen. The DWTT is widely used to evaluate toughness and fracture 

mode (i.e. transition from ductile to brittle) of high strength pipeline steels. In this topic, 
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experimental and finite element analysis have been described along with the data 

collection of load-displacement data, crack tip opening angle (CTOA) and crack 

propagation rate. 

 

5.4.1 Experimental Set up and Data Collection of DWTT 

The quasi-static DWTT test of X100 (C4) steel was conducted by Xu (2013). The test set 

up is shown in Figure 5.10. The specimen is machined from the full thickness flattened 

pipe section. The simply supported beam has a base of ‘anvils’ and load is applied 

gradually at the center of the beam from ‘tup’. The ramp rate of the tup is 3 mm/min as 

the test is displacement control. The data collection rate of the testing machine is 4 pts. / 

sec. The beam is 305 mm in length, 76.2 mm in width and 13.7 mm in depth. The span 

between the two anvils is 250.4 mm and original notch depth 14.5 mm.  

 

Load vs. Load Line Displacement plot: 

The Load vs. LLD was recorded by Xu (2013, CANMET MTL). The load is recorded as 

the reaction forces at corresponding applied displacement. The displacement is the 

travelling of the top middle point of the beam. But there will be additional elongation due 

to the testing machine of the DWTT. That difference in elongation can be resolved by 

calculating load line displacement for the compliance. 

The non-dimensional load line compliance for the single edge notched specimen loaded 

in three point bending is (Anderson, 2011), 
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zLL =
ΔBE′

P
=   

S3(1−ν2)

W3
[0.25 + 0.6 (

W

S
)

2
(1 + ν)] + 1.5 (

S

W
)

2

(
a

W
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a
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)
2

[5.58 −

                           9.57 (
a

W
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a

W
)

2

− 34.94 (
a

W
)

3

+ 12.77 (
a

W
)

4

]                        (5.5)                               

where, Δ is displacement (load line displacement), B is thickness of the specimen, equals 

13.7 mm, 𝐸′ is Young’s modulus (plane strain), equals 𝐸 (1 − 𝜈2) ⁄ = 223321.978 MPa,  

P is a applied load, S is span between two anvils, equals 250.4 mm, 𝜈 is Poisson’s ratio, 

W is width of the specimen, equals 76.2 mm and ‘a’ is original notch depth, equals     

14.5 mm. By inserting all the values in Equation 5.5, the value of non-dimensional 

compliance is calculated, 

zLL = 13.058 

and hence the desired slope of the graph (m) = 234.304 kN mm⁄  and compliance is 

4.26 × 10−3 mm kN⁄ . 

As a result, the corrected load line displacement (LLD) can be given by: 

LLDcorrected = LLDmeasured −
P

Elastic Error Constant
                        (5.6) 

In Equation 5.6, the elastic error constant is taken: 

Elastic Error constant = Desired slope of the graph – measured (experimental) elastic   

slope=234.304 −  102.04 = 132.264. 

The plot and data for Load vs. LLD corrected for compliance can be found in Figure 

5.11. 

 

Crack tip opening angle (CTOA): 

As discussed in Section 2.2.1, the crack tip opening angle is measured by the optical 

method and simplified single specimen method (S-SSM). The values of measured CTOA 
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for the C4 material are 19° with optical method and 10.4° with S-SSM. These values of 

CTOA are compared with the FE simulation of DWTT later. 

5.4.2 FE Simulation of DWTT 

The non-linear finite element analysis of a single edge notched bend specimen is 

performed using ABAQUS 6.11-2/Explicit. In this section, the numerical model has been 

described by providing information regarding geometry, material properties, mesh, 

boundary/loading conditions and time steps. The FE simulation without a cohesive layer 

is executed before analysing the whole model with cohesive behavior. This plane strain 

elastic-plastic model is appraised to compare Load Vs, LLD data and CTOA to the 

experimental data provided by Xu (2013, CANMET-MTL). 

 

5.4.2.1  Geometry 

As depicted in Figure 5.12, the quasi-static DWTT model comprises the layer of the 

cohesive segment in between two halves of the model to study crack propagation. The 

model is rotated by 90°. The half model without the cohesive is 152.5 mm long, 76.2 mm 

wide and 13.7 mm deep. The length and breadth of the cohesive segment are 61.2 mm 

and 0.02 mm respectively. As a result, the span between the two anvils is 250.42 mm. 

The specimen contains a pre-crack of 15 mm in length. The flat crack is designed in order 

to avoid machined notch to simplify the mesh. All three parts of the model, two halves of 

the specimen and cohesive part are assembled together using the surface-to-surface tie 

constraint. The two edges which are connected to cohesive part chosen as master 

surfaces. Both edges of the cohesive part, top and bottom, are selected as slave surfaces 
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as cohesive segment has the finest mesh than two halves of the specimen, (ABAQUS, 

2011).  

The model has a quasi-static displacement control, not only to make model realistic but 

also to avert stress singularity at the ‘tup’, the displacement is applied along length of 

12.2 mm, as shown in Figure 5.15.To prevent the rigid body motion in X-direction, the 

model is constrained in X-direction at the support of anvils. 

 

5.4.2.2 Material Properties 

The plastic stress-strain data of C4 (X100) steel can be found in Table 5.3 along with the 

Young’s modulus, yield stress and Poisson’s ratio of 203,223 MPa, 805 MPa and 0.3 

respectively. The mass density is taken 7.85 × 10−6 kg mm3⁄ . The cohesive parameters 

for C4_1, C4_2 and C4_3 are listed in Table 5.5.  The maximum traction is 3.2σy for 

C4_1, C4_2 and C4_3. The maximum displacement (δc, at traction zero) for C4_1, C4_2, 

C4_3 are 0.021 mm, 0.024 mm and 0.026 mm. The viscosity coefficient is set equal to 

1 × 10−5 for damage stabilization of cohesive behavior. 

 

5.4.2.3  Mesh 

As illustrated in Figure 5.13 and Figure 5.14, the model is mainly prepared using two 

types of elements, CPE4R (a four node bilinear plane strain quadrilateral, reduced 

integration, hourglass control) and COH2D4 (a four node two dimensional element). The 

sweep (quad) mesh technique is used to produce the cohesive part. The element deletion 

is kept as ‘yes’ for cohesive elements. The maximum degradation and linear bulk 

viscosity are specified as 1 and 1 × 10−5 respectively for COH2D4 elements. The free 
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(quad, advancing front) mesh technique is introduced to mesh the rest of the model (two 

halves of specimen). The size of the cohesive element is slightly different from the 

modified boundary layer model due to the convergence issue. The cohesive elements are 

0.02 mm wide and 0.03 mm long. The plane strain elements, which are connected to 

cohesive layer, are 0.1mm×0.1mm in size. The mesh is more refined near the crack tip 

and along direction of crack propagation. The mesh is refined as well at the ‘tup’ and 

anvils to avoid complication in meshing and boundary condition. In all, the model 

comprises 68,991 CPE4R elements and 2040 COH2D4 elements. 

 

5.4.2.4 Step Definition and Output 

The ABAQUS 6.11-2 Dynamic, Explicit solver is used for simulation. The Nlgeom (non-

linear geometry) must be “ON” for numerical convergence or to model the non-linearity 

accurately. The rest of steps are followed as explained in Section 5.2.4. 

 

5.4.2.5 Loading Conditions 

 Figure 5.15 shows the model with applied boundary conditions. The ‘tup’ is 

approximated by applying displacement along the span of 24.02 mm. The displacement is 

gradually increased from zero to the maximum applied value. The amount of applied 

displacement is 20 mm from ‘tup’. 

The anvils are produced by selecting 6 mm each side and the movements of those nodes 

are restricted in X-direction. Hence model will act as a simply supported beam. As shown 

in Figure 5.15, node A is constrained in the Y-direction to ignore rigid body motion in the 

Z-direction. 
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All loading conditions are assigned on the set of nodes to avoid mesh distortion.  

 

5.5 Results and Discussion 

5.5.1 Unit Cell Model 

A cohesive element is able to reproduce the bilinear traction-separation law as expected 

as shown in Figure 5.16. Hence the same cohesive element size 0.02mm×0.02mm is used 

in the models of SSY and MBL. Nevertheless, the different cohesive element size, 0.02 

mm wide and 0.03 mm long is characterized for drop weight tear test (DWTT) model due 

to numerical in stability of the software. 

 

5.5.2 Small Scale Yielding Model 

As discussed in Section 5.2.5, KI, T field is imposed on small scale yielding model. The 

ideal small scale yielding models (without T-stress) are examined for σ̂ σy⁄  of 3.2, 3.3 

and 3.4 respectively or C4_A, C4_B and C4_C steels. 

 The crack growth resistance curve (R-curve) and crack tip opening angle have been 

extracted after post processing of FE simulation in ABAQUS 6.11-2/Explicit. 

 

Crack Growth Resistance Curve (R-curve)  

R-curve is a measure of fracture resistance to the extension of the crack under gradually 

applied stress intensity factor. The crack growth resistance curve is represented by 

plotting Kr Ko ⁄ vs. ∆a Ro⁄ . Where Kr and Ko are theoretical applied stress intensity factor 

and critical stress intensity factor respectively. The displacements in the X-direction at 

node 0° are recorded for different time steps. The theoretical applied stress intensity 
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factor (Kr) can be found by inserting displacement values of 0° in Equation 5.1. The 

critical stress intensity (fracture toughness) is the measure of stress intensity factor at 

which the crack starts to develop. The critical stress intensity (Ko) is calculated by, 

K0 = √
EΓ0

1−ν2
                                                                  (5.7) 

The fracture energy Γ0 can be found by using Equation 2.23. 

The cohesive elements are numbered starting from 1 at (X = 0 mm , Y = 0 mm) to 450 

at (X = 9 mm, Y = 0 mm). The length of the crack (∆a) is multiplication of the length of 

the cohesive element and cohesive element number at current crack tip. The current crack 

tip is predicted as how far the crack tip travels from original position(X = 0 mm, Y =

0 mm) of it to the current crack tip position. This travelling is evaluated by counting the 

number of totally damaged cohesive elements at current crack tip. These totally damaged 

elements are not eligible to take more traction. Therefore, load carrying capacity vanishes 

completely at critical separation(δc). Then the crack length (∆a) is normalized by the 

plastic zone size (Ro).The plastic zone size is determined by following equation: 

 R0 =
1

3π(1−ν2)

EΓ0

σy
2 =

1

3π
(

Ko

σy
)

2

                                       (5.8) 

Hence, Figure 5.17 provides data for the crack growth resistance curve. 

Figure 5.17 is the representation of the R-curves of three small scale yielding models, in 

which T-stress is zero in Equation 5.1. The bilinear traction separation laws are applied 

with σ̂ σy⁄ =3.2, 3.3, 3.4 and fracture energies (Γ0, for half model) =15.456 MPa∙mm, 

15.939 MPa∙mm and 16.422 MPa∙mm respectively. It can be observed from Figure 5.17, 

that the R-curve is steeper for high toughness material (C4_C). This indicates that more 

energy is required to initiate fracture damage for high toughness material. Hence, the 
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amount of fracture resistance decreases from the high plastic zone size (Ro) to the low 

plastic zone size. The plastic zone size (Ro) is smallest for low toughness material 

(C4_A) and so there is less restriction to crack propagation. The fracture process zone 

expands by increasing stress intensity. The R-curves show transition from fracture 

initiation and damage to steady state region. In a steady state region, normalized plastic 

zone size remains almost constant. 

 

Crack tip opening angle 

As per the International Organization for Standardization (ISO), the crack tip opening 

angle (CTOA) should be calculated at 1 mm behind the current crack tip. The crack tip is 

introduced as the node shared between the element which is removed and the node which 

is about to remove. After choosing the node which is approximately 1 mm behind the 

crack tip, the crack tip opening displacement (CTOD) was measured for that particular 

node. The trigonometry rule was followed to calculate CTOA, which can be followed by 

equation, 

CTOA = 2 ∙ tan−1 CTOD

1
                                                      (5.9)                                                                                                 

Equation 5.9 is multiplied by 2, to get the CTOA for the full model.  

Afterwards, CTOA was measured at different crack length at different interval of time 

C2_A, C2_B and C2_C. To estimate the steady state CTOA, the trendlines are plotted 

using power law fit in Tecplot. The graph of CTOA vs. ∆a is plotted in Figure 5.18. The 

measured steady states CTOA results are 12.4°, 14.18° and 17° for C4_A, C4_B and 

C4_C respectively. It can be observed that CTOA is increasing by increasing the fracture 

toughness. 
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5.5.3 Modified Boundary layer model 

 

The FE simulations of MBL models are inspected for varying level of normalized T-

stress such as 0,±0.5,±0.8 and ±1 for C4_A steel. 

The procedure to calibrate R-curve and CTOA data is same as discussed in Section 5.5.2 

for MBL of C4_A steel. 

 

Crack growth resistance curve (R-curve)  

The computed R-curves with T-stress effect are depicted in Figure 5.19. The R-curves are 

plotted for T σy⁄ = 0, negative normalized T-stress (T σy⁄ ) = -1,-0.8,-0.5 and positive 

normalized T-stress (T σy⁄ ) = +1, +0.8, +0.5. The peak traction(�̂�) in normal direction is 

taken as 3.2σy.The fracture energy (Γ0) for half model is plugged in as 15.456 MPa∙mm. 

As shown in Figure 5.19, R-curves are comparatively higher for 𝑇 𝜎𝑦⁄ < 0. In all, R-

curves with different T σy⁄  values do not differ much from each other. 

 

Crack tip opening angle 

The CTOA can be extracted for modified boundary layer models of C4_A steel with 

varying values of the normalized T-stress (T σy⁄ )values 0,±0.5,±0.8 and ±1.The peak 

traction and fracture energy are 3.2σy and 15.456 MPa∙mm respectively. The crack tip 

opening angles (CTOA) are almost the same for T σy⁄ = 0, T σy⁄ < 0, T σy⁄ > 0. (Refer 

to Figure 5.20). 
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5.5.4 Drop-Weight Tear Test (DWTT) 

The quasi-static analysis of drop-weight tear test is performed by applying monotonic 

displacement.  

 

Plane strain elastic plastic model 

As discussed in Section 5.4.2, the plane strain elastic plastic analysis without a cohesive 

layer is carried out to evaluate the trend of load vs. load line displacement (LLD). This 

computational data is compared with the experimental Load vs. LLD curve delivered by 

Xu (2013, CANMET-MTL). The experimental Load vs. LLD data are corrected for 

compliance. The load line displacements are recorded in the X-direction from the ‘tup’ at 

each step time. The reaction forces are measured in X-direction at each node of ‘anvils’. 

The summation of reaction forces is multiplied by thickness of the beam to get the total 

applied load at each time step. The thickness of the model is 13.7 mm as mentioned in 

Section 5.4.2.1.The load can be predicted by: 

P(a) = 13.7 ∙ ∑ Fx
reaction(a)anvil nodes                                              (5.10) 

The numerical data and experimental data of Load vs. LLD are plotted in Figure 5.21. 

 

Load vs. Load Line Displacement  

In Figure 5.22, the numerical results of Load vs. LLD are compared with experimental 

Load vs. Load. Three curves of computational results C4_1, C4_2 and C4_3 are plotted 

in Figure 5.22. It can be seen that trend of all three plots is in good agreement with 

experimental curve until load reaches to its maximum value. The material C4_3 has 

shown quite close consistency to experimental data. The simulation for C4_1 is aborted 
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due to numerical instability after LLD of 3 mm. The constant blunting has been showed 

for material C4_2 after LLD of 5 mm. 

 

Crack tip opening angle 

As expressed in Section 5.5.2, according to ISO, the crack tip opening angles (CTOA) are 

measured at 1 mm behind the current crack tip. The crack tip opening displacement 

(CTOD) between two surfaces of model is calibrated. Since the FE simulation is 

accomplished on full scale model of drop-weight tear test (DWTT), the crack tip opening 

angle (CTOA) is calculated using, 

CTOA = tan−1 CTOD

1
                                                       (5.11) 

Figure 5.23, depicts the plot of CTOA vs. crack length(∆a). Using Tecplot, the power 

law trendlines are plotted on CTOA results to find the steady state value of CTOA. The 

experimental CTOA, measured by optical method and S-SSM method are 19° and 10.4° 

respectively (Xu, et al., 2010b). It can be observed that the steady state crack tip opening 

angles of material C4_1 and C4_2 are ranged from 8° to 10°. The practically measured 

CTOA of C4_3 steel is 9.3°. The CTOA results show good agreement with experimental 

CTOA results. 

 

Crack Growth Rate 

From Figure 5.24, a stable ductile fracture growth can be observed for all three materials: 

C4_1, C4_2 and C4_3.The crack growth starts at first cohesive element which is 0.03 

mm long. When crack growth starts, the displacements are 0.4658 mm, 0.5177 mm and 

0.5337 mm for C4_1, C4_2 and C4_3 respectively. It can be stated that the material 
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which has high fracture energy (the tougher material) will take more amount of applied 

displacement to develop the crack from its original position. The recorded final crack 

lengths of all three materials at the end of the simulation are 9.6 mm, 14.4 mm and 44.4 

mm for C4_1, C4_2 and C4_3 respectively. A material C4_3 has shown quite good stable 

propagation until a crack length of 44.4 mm with a displacement of 15.8658 mm. 

 

5.6  Conclusions 

Four models of finite element analysis are conducted for C4 pipe steel. Namely, unit cell, 

small scale yielding model, modified boundary layer model and drop-weight tear test. 

The unit cell analysis shows good agreement to produce bilinear and exponential traction-

separation behaviour for all six sets of materials; C4_A, C4_B, C4_C, C4_1, C4_2 and 

C4_3. 

It can be observed from three sets of small scale yielding model that high toughness 

material will resist crack propagation more and hence higher value of CTOA for high 

toughness material. The steady state CTOA (12.4°) for SSY model of C4_A steel is 

compared with the DWTT simulation of C4_2 steel, as both sets of materials have same 

fracture energy and peak traction but different shapes of TS law.  

In the MBL of C2_A, the resistance curves are slightly different to each other, and CTOA 

for all positive T-stress, negative T- stress and without T-stress are almost the same. 

Therefore, it can be concluded that T-stress does not much affect the CTOA. 

The DWTT simulation has different cohesive parameters than the unit cell and small 

scale yielding model due to convergence problem. After trial and error, the cohesive 

parameters have been selected for DWTT to reproduce load vs. LLD plot and CTOA 
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provided by Xu (2013, CANMET MTL). All three DWTT simulations have same ratio of 

σ̂ σy = 3.2⁄  but different critical displacement(δc). The material C4_3 is able to 

reproduce comparable load vs. LLD plot. The steady state CTOA of C4_3 is 9.3° , that is 

quite promising and comparable to experimental (S-SSM) CTOA value 10.4°  delivered 

by Xu, et al. (2010b). Furthermore, the error between the numerical CTOA results of 

DWTT for C4_2 steel and SSY model for C4_A steel is 4%. This difference is expected 

as the length of cohesive zone of SSY model is not as long as DWTT, hence the CTOA 

of SSY is not reached yet to the CTOA value of DWTT.  

In all, C4_3 material’s cohesive parameters are worth enough to reproduce experimental 

data.  
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Steel C Mn Si Al Nb Ti Cu Cr Ni 

C4 0.06 1.75 0.06 0.012 0.045 0.008 0.28 0.028 0.13 

Table 5.1a 

 

Steel P S Mo Ca Sn B N Ce V 

C4 0.036 0.036 <0.030 - - - - - <0.010 

Table 5.1b 

 

Table 5.1: Chemical composition of pipe steel C4 (X100) (wt %), (Xu et al., 2010b) 

 

 

 

Steel 

YS 

(MPa) 

UTS 

(MPa) 

Elongation 

(%) 

Area 

Reduction 

(%) 

N Y/T 

CVN 

(J) 

C4 805 853 19.7 76.3 0.050 0.94 223 

 

Table 5.2: Average transverse tensile and charpy properties of pipe steel C4 (X100), 

(Xu et al., 2010b)
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Stress 

(MPa) 

Plastic 

strain 

Stress 

(MPa) 

Plastic 

strain 

Stress 

(MPa) 

Plastic 

strain 

Stress 

(MPa) 

Plastic 

strain 

Stress 

( MPa) 

Plastic 

strain 

805.00000 0.00000 835.07951 0.00893 857.66019 0.01704 876.59876 0.02536 891.15196 0.03428 

806.83960 0.00054 835.40425 0.00916 858.16596 0.01724 877.00069 0.02558 891.41385 0.03450 

809.35842 0.00071 836.04829 0.00937 858.34044 0.01744 877.57526 0.02601 892.15205 0.03471 

810.96172 0.00090 836.49254 0.00958 859.32090 0.01765 878.85140 0.02661 892.35705 0.03494 

811.63377 0.00107 836.65749 0.00978 859.76647 0.01785 879.24279 0.02682 893.01598 0.03538 

812.37882 0.00126 837.82767 0.00998 860.64272 0.01825 879.15086 0.02703 893.27155 0.03559 

813.72953 0.00146 838.98826 0.01041 861.02243 0.01845 879.63610 0.02743 893.68409 0.03582 

814.97422 0.00169 839.27838 0.01060 861.52361 0.01864 880.76968 0.02764 894.15381 0.03604 

814.95677 0.00191 839.63950 0.01079 862.41376 0.01905 881.01690 0.02784 894.08090 0.03626 

815.12503 0.00211 840.73363 0.01098 863.06199 0.01926 881.34312 0.02806 894.68989 0.03648 

816.01887 0.00232 841.71833 0.01120 863.66821 0.01965 881.38907 0.02826 894.73329 0.03692 

816.65826 0.00253 842.45573 0.01160 864.72076 0.01985 882.32212 0.02847 895.48644 0.03714 

817.22329 0.00274 843.08577 0.01179 864.89612 0.02006 882.92022 0.02869 895.88828 0.03736 

817.93728 0.00297 843.25381 0.01199 865.19950 0.02025 883.19229 0.02892 895.68240 0.03759 

818.76970 0.00342 844.76226 0.01220 865.78014 0.02046 883.42692 0.02934 895.94049 0.03780 

819.40691 0.00363 845.13850 0.01240 866.01643 0.02065 884.02318 0.02955 896.20088 0.03802 

819.85237 0.00385 845.57634 0.01261 866.44499 0.02084 883.93766 0.02976 897.22671 0.03824 

820.63303 0.00407 846.02080 0.01282 867.16188 0.02104 885.07603 0.02997 897.29234 0.03870 

821.66890 0.00453 846.86106 0.01302 867.53653 0.02124 885.19478 0.03042 897.35155 0.03892 

822.32452 0.00476 847.76967 0.01322 867.84049 0.02143 885.38127 0.03063 897.75151 0.03914 

822.76602 0.00497 848.01817 0.01344 868.27715 0.02163 885.90584 0.03083 898.08298 0.03935 

823.48025 0.00520 848.68811 0.01383 868.64854 0.02182 886.63040 0.03104 898.62949 0.03958 

824.19653 0.00542 849.39344 0.01403 869.57088 0.02203 886.96433 0.03126 898.61771 0.03979 

825.69121 0.00587 849.68968 0.01422 869.96252 0.02225 886.88084 0.03147 898.60817 0.04001 

826.01289 0.00610 850.80040 0.01443 870.74597 0.02245 887.27632 0.03169 899.00842 0.04023 

826.52160 0.00631 851.10673 0.01463 870.79585 0.02266 887.73115 0.03189 899.48433 0.04045 

827.43810 0.00653 851.47452 0.01483 871.04161 0.02287 887.50447 0.03210 899.97372 0.04069 

828.73369 0.00698 852.11166 0.01502 871.55323 0.02306 888.72250 0.03232 900.23678 0.04091 

829.37598 0.00719 852.95422 0.01523 872.60320 0.02349 888.91603 0.03254 900.31373 0.04114 

830.08893 0.00741 853.66423 0.01543 872.91686 0.02370 889.04142 0.03276 900.57375 0.04159 

831.06265 0.00762 854.28130 0.01584 873.30042 0.02391 889.36470 0.03297 901.17209 0.04179 

831.65586 0.00785 854.99060 0.01604 873.54214 0.02411 889.83562 0.03319 901.59981 0.04204 

832.30129 0.00807 855.42205 0.01623 874.54768 0.02433 890.22733 0.03340 901.38567 0.04226 

832.82511 0.00830 855.85800 0.01643 874.91620 0.02475 890.70507 0.03363 901.58448 0.04248 

833.26220 0.00850 856.70635 0.01663 875.15598 0.02495 891.18306 0.03386 902.05435 0.04269 

834.10514 0.00872 857.28775 0.01684 875.47673 0.02516 891.03310 0.03407 902.41117 0.04294 

 

Table 5.3: Stress vs. plastic strain data- C4 steel (input in ABAQUS) 
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C4 Steel 

Material MaxS Damage (MPa) 

Fracture 

Energy 

(MPa∙mm) 

Elastic Moduli (MPa) 

 Normal 1st 2nd Linear 𝐊𝐧𝐧 𝐊𝐬𝐬 𝐊𝐭𝐭 

C4_A 2576 1932 1932 15.456 10000000 3846154 3846154 

C4_B 2656.5 1992.375 1992.375 15.939 10000000 3846154 3846154 

C4_C 2737 2052.75 2052.75 16.422 10000000 3846154 3846154 

  

Table 5.4: Cohesive properties of three sets of C4 steel (used in unit cell, SSY and MBL) 

 

C4 Steel 

Material MaxS Damage (MPa) 

Critical 

displacement 

(𝛅𝐜, 𝐦𝐦) 

𝜶 Elastic Moduli (MPa) V.C. 

 Normal 1st 2nd Exponential  𝐊𝐧𝐧 𝐊𝐬𝐬 𝐊𝐭𝐭  

C4_1 2576 1932 1932 0.021 1 10000000 3846154 3846154 10−5 

C4_2 2576 1932 1932 0.024 1 10000000 3846154 3846154 10−5 

C4_3 2576 1932 1932 0.026 1 10000000 3846154 3816154 10−5 

 

Table 5.5: Cohesive properties of three sets of C4 steel (used in unit cell and DWTT) 
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Material �̂� 𝛔𝐲⁄  
𝚪𝟎  

(MPa∙mm) 

𝛅𝐜 

(mm) 

𝐊𝟎 

(𝐌𝐏𝐚 ∙ √𝐦𝐦) 

𝐑𝟎 

(𝐦𝐦) 

TS law 

C4_A 3.2 30.912 0.024 2627.42 1.1303 

Bilinear C4_B 3.3 31.878 0.024 2668.16 1.1656 

C4_C 3.4 32.844 0.024 2708.28 1.2009 

C4_1 3.2 27.048 0.021 2457.73 0.9890 

Exponential C4_2 3.2 30.912 0.024 2627.42 1.1303 

C4_3 3.2 33.488 0.026 2734.70 1.2245 

 

Table 5.6: Model parameters – C4 steel 
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Figure 5.1: Bilinear traction-separation laws - C4 steel (used in unit cell, SSY and MBL)  

 

Figure 5.2: Exponential traction-separation laws (𝛼 = 1)- C4 steel (used in unit cell and 

DWTT) 
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Figure 5.3: True stress-strain curve – C4 steel 

 

 

 

 

 

 

 

 

 

 

Figure 5.4: Geometry and boundary condition of unit cell model - C4 steel 
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Figure 5.5: Geometry of SSY and MBL model-C4 steel 

 

 

 

Figure 5.6: Geometry of mesh near crack tip - SSY and MBL model - C4 steel 
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Figure 5.7: Boundary conditions - SSY and MBL model - C4 steel 

 

 

Figure 5.8: Mesh design - SSY and MBL model - C4 steel 
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Figure 5.9: Mesh design near crack tip - SSY and MBL model - C4 steel 
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Figure 5.10: Experimental DWTT set up-C4 steel, (Xu et al., 2010b) 

 

Figure 5.11: Experimental Load vs. LLD-corrected for compliance 
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Figure 5.12: Geometry of DWTT specimen - C4 steel 

 

Cohesive zone layer 
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Figure 5.13: Mesh design of DWTT specimen - C4 steel 
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Figure 5.14: Mesh design near crack tip of DWTT specimen - C4 steel 

 

 



 

124 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Figure 5.15: Loading conditions of DWTT specimen - C4 steel 
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Figure 5.16: Traction-separation laws of unit cell analysis - C4 steel 

 

 

 

 

 



 

126 

 

 

Figure 5.17 Normalized resistance curves of SSY models - C4 Steel 

 

Figure 5.18: CTOA data - SSY model - C4 steel 
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Figure 5.19: Normalized resistance curves –MBL model – C4_A steel 

 

Figure 5.20: CTOA data –MBL model – C4_A steel 
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Figure 5.21: Plane strain simulation and experimental data of DWTT - C4 steel 

 

Figure 5.22: Load vs. LLD – DWTT - C4 steel 
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Figure 5.23: CTOA data – DWTT - C4 steel 

 

Figure 5.24: ∆𝑎 vs. LLD – DWTT - C4 steel 



 

130 

 

 

Chapter 6  
 

Conclusions and Future Work 
 

 

This chapter summarizes the contribution of each chapter to fulfill the objectives of this 

work. Also the recommendations for future work are presented in this chapter. 

The finite element analysis using cohesive zone model was conducted to study the ductile 

crack propagation in pipeline steels. Three steels have been used throughout the analysis: 

TH steel, C2 steel and C4 steel. TH steel was introduced by Tvergaard & Hutchinson 

(1992). The other two steels, C2 steel and C4 steel were characterized by Xu in (2010b) 

and (2013) respectively. The C2 steel and C4 steel are also known as an X70 steel and 

X100 steel respectively. All finite element simulations have been computed in  

ABAQUS-6.11. 

 

6.1 Conclusions 

In Chapter 3, the damage and failure behavior of TH steel has been analyzed using the 

finite element models of small scale yielding (SSY), modified boundary layer model 

(MBL), drop-weight tear test (DWTT) and single edge notched specimen in tension 

(SENT). Four bilinear traction-separation (TS) laws have been used along the surface 

based cohesive zone modeling for all models. The crack growth resistance curves (R-

curves or Kr K0⁄  vs. ∆a R0⁄ ) of SSY have shown good agreement with the results 

published by Tvergaard & Hutchinson (1992). The R-curves of MBL for the different 
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levels of T-stress (T σy⁄ = ±0.5, ±0.8, ±1) have shown the expected trend of the plot as 

investigated by Tvergaard & Hutchinson (1994). Furthermore, it has been observed that, 

there is no significant effect of the T-stress on CTOA. The load vs. load line 

displacement (LLD) , ∆a vs. CTOA and LLD vs. ∆a have been plotted for DWTT for sets 

of TH steel (TH_1-TH_4). The CTOA of DWTT range from 1.6° − 5°, and are in close 

agreement with the CTOA measured from SSY. The steady state CTOA data has not 

been achieved for the SENT, as the simulations have not been converged due to 

numerical issues. Even though, it can be predicted from the comparison of CTOA of 

DWTT (positive T-stress) and CTOA of SENT (negative T-stress) that the CTOA is not 

dependent on T-stress. 

In Chapter 4, the same investigation as in Chapter 3 has been performed for C2 steel. For 

finite element simulations of SSY, MBL and DWTT, three TS laws have been utilized in 

surface based cohesive zone modeling. The CTOA data are not affected by  the T-stress 

effect. The R-curves have not fluctuated more for T=0, T<0 and T>0. The load vs. LLD 

plot and CTOA data have been compared to the experimental results provided by Xu, et 

al., (2010b). The curves of load vs. LLD have not been able to reproduce experimental 

results. The steady state CTOA data obtained from DWTT of C2_2 is 11.9°and the 

CTOA value measured experimentally is 12.4° (S-SSM). These two values are in good 

agreement with each other.  

In Chapter 5, the full investigation of C4 steel has been done. The unit cell analysis has 

been assessed to verify the TS laws. The element based cohesive model has been 

implemented on SSY, MBL and DWTT. A total of six TS laws have been used for 

analysis of C4 steel, three TS laws for SSY and MBL and three laws for DWTT. From 
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SSY and MBL models, it has been concluded that the T-stress does not much affect the 

CTOA and R-curves. The steady state CTOA measured from the FE analysis of DWTT 

of C4_3 steel is 9.3°, while the experimental CTOA measured by Xu (2010) of C4 steel is 

10.4° obtained from the simplified single specimen method. The CTOA value of C4_3 

DWTT agrees reasonably well with experimental result. The FE analysis of DWTT of 

C4_3 has been able to produce quite promising and comparable results to experiment 

results of load vs. LLD plot and CTOA data provided by Xu (2013).  

The simulation of ductile crack propagation using cohesive zone modeling was the aim of 

this research. The calibration of various CZM was done using different traction-

separation laws. Mainly, three models named SSY, MBL, and DWTT were used for three 

sets of materials: TH steel, C2 steel and C4 steel. The crack tip opening angles were 

obtained from all the FE simulations. In all, it is concluded from the results of three 

steels, that the effect of T-stress (or constraint) on CTOA of MBL is negligible. The 

CTOA values are transferable from SSY, MBL models to DWTT models for all steels. 

When properly calibrated, the simulated CTOA values for C2 and C4 steels show good 

agreement with experimental values for DWTT specimens. Reasonable agreements were 

also achieved when comparing the load vs. LLD curves between experiments and 

simulations. 

 

6.2 Recommendations for Future Work 

The following are the possible ways to proceed this research further: 

1. Three dimensional models of SSY, MBL and DWTT could be analyzed in order 

to improve the results and study the crack tunneling effect. 
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2. The single edge notched specimen in tension (SENT) could be implemented in 

ABAQUS/Explicit using element based cohesive modeling to simulate crack 

propagation in all three steels: TH, C2 and C4. 

3. More models of SSY and DWTT could be simulated with different values of the 

rate of damage evolution (α) of exponential TS law to study the effect of 𝛼 on R-

curves, fracture energy and CTOA. 
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