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Abstract: Graphs are topological objects called 1-dimensional CW com-
plexes, and their fundamental groups are free groups. More generally, any
group can be represented by a 2-dimensional CW complex, which is a graph
with discs glued along the boundaries of closed paths corresponding to rela-
tions in the group. These objects can be studied from the topological view-
point of covering space theory, introduced by John R. Stallings, which allows
us to visualize groups and determine their subgroup structure. Alternatively,
graphs can be studied from a combinatorial point of view, developed by Ilya
Kapovich and Alexei Myasnikov, which provides simple algorithms that an-
swer questions about free groups. We give an exposition of both approaches
and demonstrate how they are used to answer questions about subgroups of
free groups and free products.
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1 Introduction

John Robert Stallings introduced the idea of studying finitely generated
free groups as fundamental groups of graphs in his seminal paper Topology
of Finite Graphs [1]. Stallings develops a theory of coverings of graphs,
“almost completely analogous to the topological theory of covering spaces”
[1, page 555]. A groundbreaking concept introduced by Stallings are core
graphs, which are “connected, directed and edge-labeled graphs in one-to-
one correspondence with the (conjugacy classes of) subgroups of a given f.g.
(finitely generated) free group.” [10, page 1]

The topological approach to the study of fundamental groups of graphs
(more generally, CW complexes) allows us to visualize groups and their sub-
groups and prove results about the structure of various classes of groups. Two
applications of this approach can be found in Theorem 9.6 and Theorem 9.7.

On the other hand, Ilya Kapovich and Alexei Myasnikov cite Stallings’
work in Stallings Foldings and Subgroups of Free Groups [4], with the aim to
“recast the ideas of Stallings’ work in a more combinatorial guise and apply
them more systematically to the subgroup structure of free groups” [4, page
609]. The advantage of this approach is that it allows us to easily answer al-
gorithmic questions about subgroups of free groups, such as deciding whether
a finitely generated subgroup H ⊆ F is a finite index normal subgroup of F
(as we will see in Theorem 7.12).

Stallings’ paper ignited an immense body of research, applying his ideas
to various different classes of groups. In Reading Off Kurosh Decompositions
[8], L. Markus-Epstein expands the combinatorial approach of Kapovich and
Myasnikov to solving algorithmic problems about free products. The main
result in [8, Theorem 6.4, page 13] proposes an algorithm to “read off” the
subgroup decomposition of a subgroup of a free product from its subgroup
graph (a “nice” graph whose fundamental group is that subgroup — we refer
to this throughout the paper as “the Stallings graph”).

Even more recently, Jordi Delgado and Enric Ventura apply this ap-
proach to the study of direct products of finitely generated free and abelian
groups in Stallings automata for free-times-abelian groups: intersections and
index [9]. In Core Surfaces [10], Michael Magee and Doron Puder generalize
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Stallings’ theory of core graphs to fundamental groups of surfaces (usually
2-dimensional CW complexes) and their subgroups. The application of this
theory to so many different classes of groups suggests a rich opportunity for
further research in group theory.

The reader will observe that we occasionally state the same result with
two different proofs, or two definitions of two seemingly different objects,
which we later show to be the same thing. The goal of this approach is to
compare and contrast the topological approach in [1] and the combinatorial
approach in [4], and how these two different viewpoints of the same theory
are fundamentally connected.

We explore applications of the theory developed in [1] and [4], which al-
lows us to write relatively easy constructive proofs of classical results in group
theory. Notable examples include “free groups of countable rank are resid-
ually finite” (Corollary 8.5), the Kurosh Subgroup Theorem (Theorem 9.6),
and “free products of finitely many finite groups are virtually free” (Theo-
rem 9.7).

Summary of the paper:

In Section 2, we introduce CW complexes, which are inductively defined
topological spaces that we deal with throughout the paper. We define the
fundamental group for general topological spaces, and examine the funda-
mental groups of 1-dimensional CW complexes (graphs), which are free. We
conclude with an algorithm that allows us to represent any group as the
fundamental group of a 2-dimensional CW complex.

In Section 3, we define covering spaces for general topological spaces, and
demonstrate the connection between covering spaces of a topological space
X and subgroups of the fundamental group of X. We explore quotients
of simply connected spaces by properly discontinuous group actions, and
discover that the fundamental group of the quotient space is isomorphic
to the group acting on the original space (Theorem 3.12). We conclude
by mentioning the Galois correspondence for covering spaces, a connection
which is described in much greater detail in [2].

In Section 4, we define the language of an X-digraph (a “graph with
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decorations”, introduced in [4]), which is the combinatorial analogue of the
fundamental group. We develop some preliminary tools before demonstrating
why exactly these objects are analogous (Proposition 4.10). Proposition 4.4
and Proposition 4.10 are original results.

In Section 5, we apply the results of Section 3 to free groups. We define
the Cayley graph, and show that the Cayley graph of a free group F (X)
with basis X is an infinite simply connected tree, from which we can retrieve
covering spaces of the wedge of |X| circles corresponding to any subgroup of
F .

In Section 6, we introduce the Stallings graph of a subgroup H of a
free group F (X) (called the “subgroup graph” in [4]), which is a canoni-
cal X-digraph “without redundancies” (Stallings’ core graph in [1]) whose
language/fundamental group at a given base vertex is H. We present two
alternate definitions of the Stallings graph and show why they are the same.
The motivation behind this section was asking how the Stallings graph de-
fined in [4] could be obtained in a purely topological manner.

In Section 7, we explore normal subgroups of free groups and their cor-
responding covering spaces. We discover that the quotient space of a Cayley
graph of a free group F (X) under a normal subgroup H is a core graph, and
present two distinct proofs of this result using various tools. We conclude
with an algorithm in Theorem 7.12 that decides whether a finitely generated
subgroup of a finitely generated free group is a finite index normal subgroup.

In Section 8, we prove that free groups of countable rank are residually
finite using all the tools developed so far. The construction in the proof of
Proposition 8.4 is original.

In Section 9, we extend some of the theory we have developed for free
groups to general groups. We apply everything we have learned to prove two
classical results, the Kurosh Subgroup Theorem (Theorem 9.6) and the fact
that a finite free product of finite groups is virtually free (Theorem 9.7). The
construction in the proof of Theorem 9.7 is original.
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2 The Topology and Fundamental Group of

CW complexes

Definition 2.1 An n-dimensional CW complex is a topological space con-
structed inductively as follows:

1) A 0-dimensional CW complex is a set of one or more points en-
dowed with the discrete topology.

2) Take a disjoint union of a 0-dimensional CW complex together with
one or more copies of the unit interval [0, 1], each endowed with the subspace
topology inherited from the usual topology on R. For each copy of [0, 1], there
is a map that glues its boundary to elements of the 0-dimensional complex.
The space obtained after the gluing is called a 1-dimensional CW com-
plex, and it is endowed with the quotient topology induced by these gluing
maps.

3) Take a disjoint union of an (n − 1)-dimensional CW complex with
one or more copies of the closed n-dimensional ball, each endowed with the
subspace topology inherited from the usual topology on Rn. For each copy of
the n-dimensional ball, there is a map that glues its boundary (the (n − 1)-
dimensional sphere) to the (n − 1)-dimensional CW complex. The space
obtained after the gluing is called an n-dimensional CW complex, and it
is endowed with the quotient topology induced by these gluing maps.

When we construct a n-dimensional CW complex Xn, we obtain an in-
clusion X0 ⊂ X1 ⊂ X2 ⊂ · · · ⊂ Xn, where each Xk is the corresponding
k-dimensional CW complex from which Xn is constructed. For 0 ≤ k < n,
we call Xk the k-skeleton of Xn.

When we think of a graph, we can consider the vertex set of the graph
as a 0-dimensional CW complex, and the edges of the graph as copies of
the unit interval. Each edge is glued to at most two vertices at its boundary.
Therefore, graphs can be thought of as 1-dimensional CW complexes endowed
with the above topology.
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Let us use this definition to characterize the open sets of a graph Γ. Let
V Γ be its set of vertices, and let EΓ be its set of edges. Consider the gluing
map:

f : V Γ
∐

EΓ→ Γ

which identifies vertices with the endpoints of the edges ei ∈ EΓ, where each
ei is homeomorphic to [0, 1] and equipped with the subspace topology in R.
By Definition 2.1, the topology on Γ is the set of subsets U ⊂ Γ such that
f−1(U) is open. Informally, we examine the components of f−1(U) and ask
whether each component is an open subset of its respective edge (interval)
or vertex (point). Let us take a look at an example:

Figure 1: An open set in a 1-dimensional CW complex

Let Γ be the above graph, and let U be the subset outlined in red. To
determine whether U is open in Γ, we look at the components of the preimage
of U under the gluing map, pictured below:

5



Figure 2: The preimage of an open set in a 1-dimensional CW complex under
the gluing map

Each component of f−1(U) is open - indeed, equipped with the subspace
topology of [0, 1] ⊂ R, each component can be realized as an intersection
of an open interval in R with ei for i = 1, 2, 4. Furthermore, the vertex v1

is obviously open in V Γ, since all subsets are open in the discrete topology.
Therefore U is open in Γ.

Definition 2.2 Let X be a topological space. A path in X is a continuous
function p : [0, 1] → X. A closed path is a path p such that p(0) = p(1).
A reduced path is a path p that is locally injective, i.e. for every t ∈ [0, 1]
there exists a neighborhood U of t such that p|U is injective. We say X is
path-connected if given a pair of points x, y, there exists a path connecting
the two points, i.e. a path p with p(0) = x and p(1) = y.

Definition 2.3 Let X be a topological space and let p, q be two paths sharing
endpoints (so p(0) = q(0) and p(1) = q(1)). A homotopy of the paths p, q
is a family of functions {ft : [0, 1]→ X | t ∈ [0, 1]} such that:

� f0 = p, f1 = q
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� The endpoints ft(0) = p(0) = q(0) and ft(1) = p(1) = q(1) are inde-
pendent of t

� The associated map F : [0, 1]2 → X defined by F (s, t) := ft(s) is
continuous

Two paths with the same endpoints are called homotopic if there exists
a homotopy between them.

We say p is nullhomotopic if it is homotopic to a constant path.

A homotopy class of paths, denoted [p], is the collection of all paths
homotopic to the representative path p. (A proof that homotopy of paths
defines an equivalence relation can be found in [2, Proposition 1.2, page 26].)

Informally, two paths are homotopic if they can be continuously deformed
into one another.

Figure 3: A homotopy between paths p and q. The dotted lines represent
the family of functions ft.
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Definition 2.4 Let X be a topological space, and let x ∈ X be a point. The
fundamental group of X at x — denoted π1(X, x) — is the set of all
homotopy classes of closed paths at the point x, endowed with the binary
operation of concatenation of paths.

More precisely, if p, q : [0, 1] → X are two closed paths at x, we define a
new path:

p ∗ q :=

{
p(2t), 0 ≤ t ≤ 1/2,

q(2t− 1), 1/2 ≤ t ≤ 1

This yields a well-defined binary operation on the homotopy classes [p] ∗
[q] := [p ∗ q]. [2, Proposition 1.3, page 26]

The identity element is the constant path [e] where e(t) = x ∀t ∈ [0, 1],
and inverses are given by [p]−1 := [p−1] where p−1(t) := p(1− t). A rigorous
proof that [p ∗ p−1] = [p−1 ∗ p] = [e] can be found starting on page 27 in [2].

Fact: The fundamental group of S1 is Z [2, Theorem 1.7, page 29]. Each
positive integer n ∈ Z is represented by a path that travels the entire circle
clockwise n times, and its inverse is represented by the path that travels the
circle n times counterclockwise.

Example: Consider the following 1-dimensional CW complex:
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Figure 4: A 1-dimensional CW complex with 5 vertices and 5 edges.

We consider two distinct closed paths at the vertex v1. The first path, p,
is highlighted in orange, whereas the second path p′ is highlighted in green:

p goes from v1 to v2 to v3 to v4, then back to v3 to v5 to v1, whereas p′ only
goes from v1 to v2 to v3 to v5 to v1. We can describe p in the following way:
we subdivide [0, 1] into 6 intervals and define p on each one:

9



p([0, 1
6
]) = (v1, v2)

p([1
6
, 2

6
]) = (v2, v3)

p([2
6
, 3

6
]) = (v3, v5)

p([3
6
, 4

6
]) = (v5, v3)

p([4
6
, 5

6
]) = (v3, v5)

p([5
6
, 1]) = (v5, v1)

where p is any map that traverses each edge monotonically (such a map
always exists since edges are homeomorphic to intervals). Define the path p′

as follows:

p′(t) :=

{
v3, t ∈ [2

6
, 4

6
],

p(t), otherwise

Then p is homotopic to p′ given by the following family of functions:

ft(s) :=

{
(1− t)p(s) + tv3, t ∈ [2

6
, 4

6
],

p(s), otherwise

It is not hard to see that f0 = p, f1 = p′, and F (s, t) := ft(s) is continuous.

Lemma 2.5 Let X be a path-connected topological space, and let x, y ∈ X.
Then π1(X, x) ∼= π1(X, y).

Proof: Since X is path-connected, there exists a path q such that q(0) =
x and q(1) = y. Define φ : π1(X, x)→ π1(X, y) by φ([α]) := [q−1αq].

First, we show φ is a homomorphism. Let [α], [γ] ∈ π1(X, x). Then:

φ([αγ]) = [q−1αγq] = [q−1αqq−1γq] = [q−1αq][q−1γq] = φ([α])φ([γ])

We claim that the mapping σ : π1(X, y)→ π1(X, x) given by σ([α]) = [qαq−1]
is the inverse of φ:
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(φ ◦ σ)([α]) = φ([qαq−1]) = [q−1qαq−1q] = [α] X

(σ ◦ φ)([α]) = σ([q−1αq]) = [qq−1αqq−1] = [α]X

Since σ is a left and right inverse of φ, we conclude that φ is an isomorphism.
�

When we talk about the fundamental group of a path-connected space, we
will occasionally write π1(X) ∼= G (without reference to basepoints) in cases
where we are only interested in the isomorphism class of the fundamental
group.

The notion of homotopy of paths generalizes to continuous functions be-
tween topological spaces:

Definition 2.6 Let X and Y be topological spaces, and let f0, f1 : X → Y
be two continuous functions. We say f is homotopic to g if there exists
a family of maps {ft : X → Y | t ∈ [0, 1]} such that the associated map
F : X × [0, 1]→ Y given by F (x, t) := ft(x) is continuous.

We say X and Y are homotopy equivalent if there exist continuous
functions f : X → Y and g : Y → X such that the compositions f ◦ g and
g ◦ f are homotopic to the identity maps on X and Y , respectively.

We say X is contractible if it is homotopy equivalent to a point in X.

Definition 2.7 A 1-dimensional CW complex T is called a tree if it is con-
tractible. A subset T ⊂ Γ is a maximal tree of Γ if T is a tree containing
every vertex of Γ.

Proposition 2.8 ([2, Proposition 1A.1, page 84]) Every connected graph
contains a maximal tree, and furthermore every subtree of the graph is con-
tained in a maximal tree. (This result relies on the axiom of choice.)

Fact: Let Γ be a 1-dimensional CW complex, and let T ⊆ Γ be a maximal
tree. Then the quotient map Γ → Γ/T that collapses T to a point is a

11



homotopy equivalence, and π1(Γ) ∼= π1(Γ/T ). These facts are proven in
detail in [2, Proposition 0.19, page 16] and [2, Proposition 1.18, page 37].

We now proceed with the main results of this section:

Theorem 2.9 Let Γ be a path-connected 1-dimensional CW complex, v ∈ Γ
a vertex, and T a maximal tree of Γ. Let k be the number of edges not
contained in T . Then π1(Γ, v) is a free group on k generators.

Proof: Let Γ/T be the new graph obtained by collapsing the maximal
tree T to the point v. By the above fact, π1(Γ, v) ∼= π1(Γ/T, v). Notice
further that since T contains every vertex in Γ, the new graph Γ′ only has
one vertex. In particular, Γ/T comprises of k loops joined at v, each loop
homeomorphic to S1. We know that the fundamental group of S ′ is Z, and
by the Seifert-Van Kampen theorem [2, page 43] we get that π1(Γ′, v) is the
free product of k copies of Z, as desired. �

Theorem 2.10 ([6, Theorem 3.1, page 214]) Let Γ be a path-connected
n-dimensional CW complex, and let v ∈ Γ be a vertex. Then π1(Γ, v) =
π1(Γ2, v). In particular, attaching balls of dimension greater than 2 does not
affect the fundamental group of the complex.

Theorem 2.11 ([2, Corollary 1.28, page 52]) If G is a group with pre-
sentation 〈S | R〉, we can construct a 2-dimensional CW complex with fun-
damental group G as follows:

� A base vertex v

� A loop at v for each generator s ∈ S

� A disc glued along its boundary to the closed path labelled r for each
relator r ∈ R

Theorem 2.11 gives us a representation of any group as a 2-dimensional
CW complex (usually called the presentation complex).
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3 Group Actions and Covering Spaces

Definition 3.1 A covering space of a topological space X is a space X̃
together with a continuous surjection p : X̃ → X such that, for every x ∈ X,
there exists an open neighborhood U of x such that p−1(U) is a union of

disjoint open sets in X̃, each of which is homeomorphic to U under p. We call
U an elementary neighborhood of x. We sometimes denote a covering
space of X as the pair (X̃, p).

Example: Consider the map p : R→ S1 defined by:

p(x) := (cos(2πx), sin(2πx))

(Here, we consider S1 as the unit circle centered at the origin in the coordinate
(x, y)-plane.) This is clearly a continuous surjection. Furthermore, R can be
partitioned into intervals [i, i+1) for i ∈ Z such that p([i, i+1)) = S1. Then,
given any point in S1, we can choose a sufficiently small neighborhood of the
point such that its preimage under p is a disjoint union of open sets in each
of the intervals [i, i+ 1):

Figure 5: A covering map from the real line to S1.
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Alternatively, we can “coil” the real line into an infinite helix. This allows
us to imagine the map p : R→ S1 as a projection of the helix onto the circle:

Figure 6: The same covering map from the real line to S1, better visualized
as a helix projecting onto a circle.

Lemma 3.2 (Path lifting property of covering spaces) Let (X̃, p) be
a covering space of a topological space X. Suppose α : [0, 1] → X is a path
in X starting at x (so α(0) = x). Then for any x̃ ∈ p−1(x), there exists a

UNIQUE path α̃ : [0, 1]→ X̃ starting at x̃ (so α̃(0) = x̃) such that p◦ α̃ = α.
We say that the path α lifts to the path α̃.

Proof: Consider the image α([0, 1]) ⊂ X of the path α. Let {Ui} be an
open cover of α([0, 1]) by elementary neighborhoods. Since α([0, 1]) is a con-
tinuous image of a compact set, it too is compact, therefore {Ui} has a finite
subcover {U1, . . . , Un}. We can then define a finite open cover {I1, . . . , In}
of the interval [0, 1] by Ij := α−1(Uj) = {t ∈ [0, 1] | α(t) ∈ Uj}.

Choose x̃ ∈ p−1(x). For each Uj, the component of p−1(Uj) containing

x̃, call it Ũj, is homeomorphic to Uj under the map p. Then the image

14



α([0, 1])∩Uj of the path α in U maps bijectively to p−1(α([0, 1])∩Uj) in Ũj.
For t ∈ Ij, define α̃(t) := p|−1

Ũj
(α(t)). Repeating for each j = 1, . . . , n defines

a path α̃ : [0, 1]→ X̃ such that p ◦ α̃ = α, as desired. �

Figure 7: Illustration of the proof of the path-lifting property of covering
spaces.

Example: Let α be a path in S1 starting at (1, 0). Under the map
p : R→ S1 given by p(x) = (cos(2πx), sin(2πx)), the preimage p−1((1, 0)) is
simply Z ⊂ R. Lemma 3.2 says that given any integer k ∈ Z, there exists a
unique path α̃ such that α̃(0) = k and p ◦ α̃ = α:

15



Figure 8: The lifting of a path in S1 to a path in R starting at a given integer.

Lemma 3.2 generalizes to the homotopy lifting property [2, Proposi-
tion 1.30, page 60], which essentially says that these lifts preserve homotopy
classes as well. In other words, a homotopy class of paths at x ∈ X lift to a
unique homotopy class of paths at x̃ ∈ X̃.

Corollary 3.3 Let (X̃, p) be a covering space of a topological space X, and

let x̃ ∈ X̃. Then the induced group homomorphism p∗ : π1(X̃, x̃)→ π1(X, p(x̃))
(defined by γ 7→ p ◦ γ) is injective.

Proof: Suppose γ : [0, 1] → X̃ is a path and p∗(γ) is homotopic to
the identity path, which is just the constant function [0, 1] → X mapping
t 7→ p(x̃). By the path+homotopy lifting property ( 3.2 and comments
below), this path lifts uniquely to a homotopy between γ and the identity
path at x̃, so [γ] = [e]. �
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Example: π1(R) = {1}, and π1(S1) = Z. Therefore the induced map
p∗ : π1(R) → π1(S1) (p being the map defined above Figure 8) is trivially
injective.

Theorem 3.3 is a crucial result for us. By the First Isomorphism Theorem,
we have that π1(X̃, x̃) is isomorphic to its image under p∗, which gives that

π1(X̃, x̃) is isomorphic to a subgroup of π1(X, x). This suggests a possible
correspondence between subgroups of π1(X, x) and covering spaces of X.
More on this later.

Corollary 3.4 Let (X̃, p) be a path-connected covering space of a topological

space X with π1(X, x) = G, and let x̃1, x̃2 ∈ p−1(x). Then p∗π1(X̃, x̃1) is

conjugate to p∗π1(X̃, x̃2) in G.

Proof: Let q : [0, 1] → X̃ be a path with q(0) = x̃1 and q(1) = x̃2. By

Lemma 2.5, π1(X̃, x̃1) ∼= π1(X̃, x̃2) by the mapping [α] 7→ [q−1αq]. Since
x̃1, x̃2 ∈ p−1(x), the images of the path q under p is a loop at x, which is an

element of G. Altogether, we have p∗π1(X̃, x̃1) = [p ◦ q]−1p∗π1(X̃, x̃2)[p ◦ q].
�

Example: Consider the point (1, 0) in S1, and let m < n be any
two distinct integers in its preimage in R (under the map mentioned be-
low Lemma 3.2). Define the path q : [0, 1]→ R by q(t) := (1− t)m+ tn. The
image of the path q under p is the closed path at (1, 0) that rotates around the
circle n−m times in the counterclockwise direction, and π1(R,m) (which is
trivial!) is conjugate to π1(R, n) by [p◦ q] ∈ π1(S1, (1, 0)), which corresponds
to the element n−m in Z.

Definition 3.5 Let p : X̃ → X be a path-connected covering space of a path-
connected topological space X. For any x ∈ X, we say |p−1(x)| is the number

of sheets of the covering space X̃. If n = |p−1(x)|, we call X̃ an n-sheeted
covering of X.

Implicit in this definition is the claim that the number of sheets is inde-
pendent of the choice of x ∈ X. Define Xk := {x ∈ X | |p−1(x)| = k}. We
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claim Xk is open for each k ∈ N∪ {∞}. Indeed, for any x ∈ Xk, there exists
an elementary neighborhood U containing x. By definition of elementary
neighborhoods, p−1(U) is a collection of disjoint neighborhoods in X̃, each
homeomorphic to U , and disjointness gives us that |p−1(U)| = |p−1(x)| = k.
For any other x′ ∈ U , U is also an elementary neighborhood of x′, which
gives that |p−1(x′)| = |p−1(U)| = k. This gives that U ⊂ Xk, hence Xk is
open.

Next, we have X =
⋃∞
k=0Xk, i.e. X written as a countable union of

disjoint open sets. Since X is path-connected (and hence connected [3, The-
orem 53, page 86]), we have that each Xk except for one must be empty. In
other words, there is some n ∈ N ∪ {∞} such that X = Xn, as desired.

Example: We saw that the covering of S1 by R has infinitely many
sheets. We can obtain an n-sheeted covering of S1 by restricting the map
x 7→ (cos(2πx), sin(2πx)) to the interval [0, n]/ ∼, where ∼ identifies the
points 0 ∼ n. Then any point in S1 will only have n preimages, one in each
subinterval [i, i + 1) for i = 0, . . . , n − 1. We illustrate this example below
with n = 3:

Figure 9: A 3-sheeted covering of S1.
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Proposition 3.6 ([2, Proposition 1.32, page 61]) The number of sheets

of a covering space X̃ → X with X, X̃ path-connected equals the index of the
subgroup p∗π1(X̃) in π1(X).

Proof: Let g be a loop in X based at a point x0, and let g̃ be its lift to X̃
starting at some x̃0 ∈ p−1(x0). Note that our choice of x̃0 is arbitrary, since X̃
is path-connected and changing the base point of the fundamental group in
a path-connected space is equivalent to conjugating the fundamental group,
which does not change the index. A product h·g with [h] ∈ H := p∗π1(X̃, x̃0)

has the lift h̃ · g̃ ending at the same point as g̃, since h̃ is a loop. Define
a function Φ from cosets H[g] to p−1(x0) by sending H[g] to g̃(1). Path-

connectedness of X̃ implies that Φ is surjective, since x̃0 can be joined to
any point in p−1(x0) by a path g̃ projecting to a loop g at x0. Now, if

Φ(H[g1]) = Φ(H[g2]), then g1 · g−1
2 lifts to a loop in X̃ based at x̃0, so

[g1][g2]−1 ∈ H =⇒ H[g1] = H[g2]. �

Example: Take the previous example of the 3-sheeted covering of S1 by
[0, 3], with 0 ∼ 3. The induced map p∗ : π1([0, 3]/ ∼) → π1(S1) is a group
isomorphism from the subgroup 〈3〉 ⊂ Z to Z defined by 3k 7→ k. Proposi-
tion 3.6 tells us that H := 〈3〉 is an index 3 subgroup of Z, which is indeed
the case, for Z admits a partition by the cosets H, 1 +H, 2 +H.

Definition 3.7 Let X be a topological space, and let G be a group. We say
that G acts continuously on X if for all nontrivial g in G, there exists a
map ρ(g) : X → X such that:

� The map ρ(g) is a homeomorphism,

� ρ(gh) = ρ(g) ◦ ρ(h).

In other words, G acts continuously on X if there exists a group homo-
morphism ρ : G→ Homeo(X).

A continuous group action ρ is said to be properly discontinuous if
∀x ∈ X, ∃ an open set U containing x such that U∩ρ(g)(U) = ∅ ∀g 6= 1 ∈ G.
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Proposition 3.8 Let X be a topological space, and let G be a group acting
continuously on X. This action defines an equivalence relation on X, where
the equivalence classes are given by orbits under the action of G, i.e. x ∼
ρ(g)(x) ∀g ∈ G. We denote by X/G the set of equivalence classes under the
action of G.

Proof: We check that ∼ is reflexive, symmetric, and transitive. Let
x, y, z ∈ X:

� x ∼ ρ(1)(x) = x by Definition 3.7. X

� If x ∼ y, then y = ρ(g)(x) for some g ∈ G, and we have ρ(g)−1(y) =
ρ(g−1)(y) = x =⇒ y ∼ ρ(g−1)(y) = x. X

� If x ∼ y and y ∼ z, then there are g, h ∈ G such that y = ρ(g)(x) and
z = ρ(h)(y). We have z = ρ(h)(ρ(g)(x)) = ρ(hg)(x) =⇒ x ∼ z. �

Definition 3.9 Let X be a topological space, and let ∼ be an equivalence
relation on X. Let X/ ∼ be the set of equivalence classes in X under the
relation ∼. The quotient space of X under ∼ is the quotient set X/ ∼
equipped with the quotient topology, which is comprised of subsets U ⊆
X/ ∼ such that their preimage under the quotient map q : X → X/ ∼, x 7→
[x] is open.

Now that we have defined a topology on a set of equivalence classes under
an equivalence relation, we can talk about the connection between continuous
group actions and covering spaces:

Theorem 3.10 ([7, Lecture 7.06]) Suppose ρ is a properly discontinuous
action of a group G on a topological space X. Then the quotient map q :
X → X/G is a covering map.

20



Proof: When X/G is equipped with the topology from Definition 3.9,
q is automatically continuous, and it is also clearly a surjection. It remains
only to demonstrate the property of elementary neighborhoods.

Fix a point [x] ∈ X/G, and let x ∈ q−1([x]). Since ρ is properly discontin-
uous, there exists an open set U containing x such that U ∩ ρ(g)(U) = ∅ for
all nontrivial g in G. Furthermore, q(U) is open because its preimage under
q is just the disjoint union of open sets

∐
g∈G ρ(g)(U). (In fact, this shows

that q is an open map, as U could have been any open set, and an arbitrary
union of open sets is open.)

By Definition 3.7, ρ(g)(U) is homeomorphic to U for every g ∈ G. It
remains to show that U is homeomorphic to the image q(U). We know
q|U : U → q(U) is continuous and surjective. If q(a) = q(b) for a, b ∈ U , then
ρ(g)(a) = b for some g ∈ G, which gives that ρ(g)(U) ∩ U 6= ∅, thus g = 1
and a = b =⇒ q|U is injective. Since the restriction of q on U is an open
continuous bijection, we conclude that U is homeomorphic to q(U). �

Example: We define a continuous group action ρ of the additive group
(Z,+) on R: for any n ∈ Z, we define map ρ(n) : R→ R that sends x 7→ x+n:

� ρ(n) is a homeomorphism for any n ∈ Z. X

� For any x ∈ R, ρ(m + n)(x) = x + m + n = (x + n) + m = (ρ(m) ◦
ρ(n))(x).X

� For any x ∈ R, ρ(0) is the identity map x 7→ x+ 0 = x. X

Thus the action satisfies Definition 3.7. The equivalence classes under
this action will be given by classes [x] with representatives x ∈ [0, 1). We
can think of the quotient space R/Z as the interval [0, 1] with the endpoints
identified, since [0] = [1]. Thus R/Z can be thought of as S1, and as we
know from Section 2, π1(S1) = Z. Furthermore, one can easily check that
this action satisfies the hypotheses of Theorem 3.10, which gives us an explicit
covering map R→ S1.
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This example sparks a fundamental question: whenever a group G acts
properly discontinuously on a space X, is it always true that π1(X/G) = G?
The answer is yes, provided X has a trivial fundamental group.

Definition 3.11 Let X be a path-connected topological space. We say X is
simply connected if π1(X) is trivial.

A simply connected covering space is called a universal covering space.

Example: R is a universal covering of S1.

Theorem 3.12 ([7, Lecture 7.07]) Suppose X is a simply connected space,
and let ρ be a properly discontinuous action of a group G on X. Let q : X →
X/G be the quotient map induced by the action of G. Then, given a base
point [x0] ∈ X/G, we have π1(X/G, [x0]) ∼= G.

Proof: From Theorem 3.10, we know that q is a covering map. By
definition of the fundamental group, π1(X/G, [x0]) is the set of homotopy
classes of paths in X/G starting and ending at [x0]. Let γ be such a path.
Lemma 3.2 tell us that we can lift γ to a UNIQUE path γ̃ in X starting at
the class representative x0.

We claim that γ̃ is a path starting at x0 and ending at another point
in the fiber q−1([x0]). Indeed, Lemma 3.2 gives that q ◦ γ̃ = γ, and so
(q ◦ γ̃)(1) = γ(1) = [x0] =⇒ γ̃(1) ∈ q−1([x0]), as desired.

Since lifts are unique, we can identify γ with the endpoint of its lift at
x0, which we showed belongs to the fiber q−1([x0]). Observe further that
q−1([x0]) = {x ∈ X | q(x) = [x0]} = {ρ(g)(x0) | g ∈ G}, by definition of
the quotient map q. This gives rise to a natural bijection between points
ρ(g)(x0) ∈ q−1([x0]) and elements g ∈ G.

Given the two paragraphs above, we claim that the mapping π1(X/G)→
G that sends classes of loops at [x0] to the group element corresponding to
the endpoint of the lift of the loop at x0 is an isomorphism of groups.
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We first show that φ is a bijection. To do so, it suffices to show that two
closed paths at [x0] in X/G are homotopic if and only if their lifts at x0 have
the same endpoints in q−1([x0]).

Let γ1, γ2 be closed paths in X/G at [x0], and suppose their lifts γ̃1, γ̃2

starting at x0 ∈ X have the same endpoint ρ(g)(x0) for some g ∈ G. Then
the product γ̃1γ̃2

−1 is a closed path in X at x0, which is nullhomotopic by
assumption of X being simply connected. By uniqueness of inverses, there
exists a homotopy F between γ̃1 and γ̃2 =⇒ q ◦ F is a homotopy between
q ◦ γ̃1 = γ1 and q ◦ γ̃2 = γ2, as desired.

For the other direction, suppose γ1, γ2 are homotopic closed paths in X/G
at [x0]. By the homotopy lifting property of covering spaces [2, page 60], there
exists a unique homotopy between the unique lifts γ̃1, γ̃2 starting at x0 in X,
thus they must have the same endpoints, as desired.

This shows the mapping φ : π1(X/G, [x0]) → G is a bijection. It re-
mains to show that φ is a group homomorphism. Let γ1, γ2 be two closed
paths at [x0] in X/G whose lifts at x0 have endpoints ρ(g), ρ(h) for some
g, h ∈ G, respectively. We can think of γ1 as being identified with the
change x0 7→ ρ(g)(x0) and γ2 with x0 7→ ρ(h)(x0). Note that since the
lift of γ1 at x0 changes x0 to ρ(g)(x0), its lift at ρ(h)(x0) changes ρ(h)(x0)
to (ρ(g) ◦ ρ(h))(x0) = ρ(gh)(x0), by Definition 3.7. In particular, the lift
of the product γ1γ2 at x0 will have endpoint ρ(gh)(x0), which gives that
φ(γ1γ2) = φ(γ1)φ(γ2), as desired. Thus φ is a bijective group homomorphism
between π1(X/G, [x0]) and G. �

Theorem 3.12, Theorem 3.3, and Lemma 2.5 tell us the following: if X
is a path-connected space with π1(X) ∼= G, path-connected covering spaces
of X give us subgroups of G. In particular, the “largest” covering of X, if
such a thing exists, would be the universal cover, which corresponds to the
smallest subgroup (the trivial subgroup). Furthermore, if a universal cover
for X exists, any intermediate subgroup H ⊂ G corresponds to a covering
space XH of X with π1(XH) ∼= H. XH can be obtained as a quotient space

under a properly discontinuous action of H on the universal cover X̃.
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Altogether, we claim that the chain of subgroups {1} ⊂ H ⊂ G corre-

sponds to a chain of path-connected covering spaces X̃ → XH → X. Indeed,
we have XH = X̃/H and X = X̃/G. The map p : X̃ → XH sends points
to their equivalence classes under the orbit of the action of H, and the map
q : X̃ → X sends points to their equivalence classes under the orbit of the
action of G. But the quotient map p′ : XH → XH/G also sends points to the
same classes under the orbit of the action of G, which gives that XH/G = X
- in other words, the following diagram commutes:

XH

X̃ X

p′p

q

This gives us something that resembles a Galois correspondence for cov-
ering spaces.

Example: We saw that R is a universal cover for S1, and that S1 can be
obtained as the quotient under the continuous group action of π1(S1) = Z
on R. Given any subgroup H := 〈k〉 ⊂ Z, we can modify the action of Z by
restricting it to elements of H, i.e. ρ of H on R by ρ(n) : R → R sending
x 7→ x + n for all n ∈ H. The equivalence classes under this action will be
given by classes [x] with representatives x ∈ [0, k), and the space R/H will
be the interval [0, k] with endpoints identified, i.e. [0] = [k]. This is exactly
our k-sheeted covering of S1 that we discussed earlier in this section:
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Figure 10: The chain of covering spaces R → [0, k]/ ∼ → S1 corresponding
to the chain of subgroups {1} ⊂ 〈k〉 ⊂ Z.

We saw in Section 2 that any group G has a representation as a CW
complex. In particular, the free group on n generators can be represented
by a wedge of n circles (the quotient of a disjoint union of n circles by the
equivalence relation that identifies exactly one point from each circle — we
denote this wedge as

∧n
i=1 S

1), whose fundamental group is the free group
itself. In the following sections, we will explicitly construct a universal cover
for the wedge of n circles, which allows us to completely classify subgroups
of free groups as covering spaces of

∧n
i=1 S

1.
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4 X-digraphs, Language, and the Fundamen-

tal Group

Notation: A graph is a 1-dimensional CW complex Γ. We denote V Γ
as the set of vertices and EΓ as the set of edges.

To capture all the information we need in our study of groups as CW
complexes, we need to introduce some extra “decorations” to our ordinary
graphs:

Definition 4.1 Let X = {x1, . . . , xn} be a finite alphabet. Let Γ = (V,E) be
a graph. Under the following conditions, we say that Γ is a X-labeled directed
graph (or an X-digraph for short):

The edges in an X-digraph are called directed edges (i.e. edges with
an orientation). We say o(e) := v1 is the origin of e and t(e) := v2 is the
terminus of e. On the edge e, we draw an arrow pointing from o(e) to t(e).
We assign to e a label x from the alphabet X, and we denote this label as
µ(e) := x. If o(e) = t(e), we say e is a loop.

Furthermore, for every e ∈ E, we introduce an inverse edge e−1, de-
fined as o(e−1) = t(e), t(e−1) = o(e), and µ(e−1) = µ(e)−1, where X−1 :=
{x−1

1 , . . . , x−1
n } is a set of formal inverses of letters in X. The arrow points

from t(e−1) to o(e−1). Let E−1 denote the set of inverse edges. We introduce
a new edge set EΓ := E ∪ E−1, and the vertex set V Γ := V remains the
same. We have (e−1)−1 = e ∀e ∈ EΓ and (x−1)−1 = x ∀x ∈ X.

Consider the following example:
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Figure 11: An X-digraph on the alphabet X = {a, b}.

The edge e1 := (v1, v2) has label a (µ(e1) = a), origin v1 (o(e1) = v1),
and terminus v2 (t(e1) = v2). Its inverse e−1

1 is the ordered pair (v2, v1), so
o(e−1

1 ) = v2, t(e−1
1 ) = v1, and µ(e−1

1 ) = a−1. The edge starting and ending at
v5 on the bottom right is a loop with label b.

Whenever |X| > 1, we will usually give each letter a distinct color for
ease of readability.

Definition 4.2 Let X = {x1, . . . , xn}, and let Γ be an X-digraph. Let
(e1, e2, . . . , en) be a sequence of edges in EΓ such that t(ei) = o(ei+1) for
each i (i.e. each consecutive edge is connected to the previous one). We say
that p := e1, . . . , en is an edgepath in Γ. We write the label of the path as a
concatenation of the labels of the edges in the path, i.e. µ(p) = µ(e1) . . . µ(en).

If o(e1) = t(en), we say p is a closed edgepath.

If ei 6= e−1
i+1 for every 1 ≤ i < n, we say p is a reduced edgepath. In

other words, no edge in the path gets traversed twice in a row.

We say the length of p is the number of edges in p, denoted |p|. A
path of length zero consists of one vertex (which we will denote p = v given
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v ∈ V Γ) and is called a trivial edgepath.

Minor technicality: we say that two edgepaths as in Definition 4.2 are
equal if they are comprised of the same sequence of edges, whereas two paths
as in Definition 2.2 are equal if they agree on every point in [0, 1]. For
example, consider two non-constant paths p, q : [0, 1]→ Γ with p(t) = q(t2) -
their images certainly contain the same edges, but they do not agree at every
point. This discrepancy will not cause us any issues in the main result of this
section, which is the last time we will make this distinction between “paths”
and “edgepaths”.

We want to make the case that every path, as given in Definition 2.2, is
homotopic to an edgepath. Let p be a path in a 1-dimensional CW complex
Γ. For p to be an edgepath, it needs to satisfy one of the following two
conditions:

� p is constant

� [0, 1] has a partition of closed subintervals [0, 1] =
⋃n
i=1[ai, ai+1] such

that each restriction pi := p|[ai,ai+1] monotonically traverses some edge
ei in Γ.

Edgepaths are much “nicer” to deal with when conceptualizing the funda-
mental group, as it allows us to take advantage of the labeling of edgepaths to
describe group elements. We will see this in more detail later in this section.

Lemma 4.3 Let X = {x1, . . . , xn} be an alphabet, Γ an X-digraph, and
let p, q : [0, 1] → Γ be two closed, reduced edgepaths at a vertex v. If p is
homotopic to q, then the images p([0, 1]) = q([0, 1]) are equal.

Proof: Suppose p is homotopic to q. By Definition 2.3, there exists a
family of functions {ft : [0, 1] → Γ | t ∈ [0, 1]} and a continuous function
F : [0, 1]2 → Γ with F (s, t) = ft(s), f0 = p, f1 = q, and ft(0) = ft(1) = v for
any t ∈ [0, 1].

We examine how each side of the square [0, 1]2 under F maps into Γ:
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� F (0, t) = ft(0) = p(0) = q(0) = v

� F (s, 1) = f1(s) = q(s)

� F (1, t) = ft(1) = p(1) = q(1) = v

� F (s, 0) = f0(s) = p(s)

In other words, the image of the vertical sides is the vertex v, the image
of the top horizontal side is the image of q, and the image of the bottom
horizontal side is the image of p. In particular, part of the image of F bounds
a disc, which is impossible unless p([0, 1]) = q([0, 1]), since F is continuous
and would have to “break” this boundary to be a homotopy between p and
q. �

Figure 12: The image of the boundary of [0, 1]2 under a homotopy F between
two distinct, closed, reduced edgepaths in an X-digraph. Notice that the
image bounds a disc (the triangle in the top right corner).

Proposition 4.4 Let X = {x1, . . . , xn} be an alphabet, Γ an X-digraph, and
let p : [0, 1] → Γ be a closed path. Then there exists a unique closed reduced
edgepath p′ homotopic to p.
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Proof: (Existence) If p is constant, we are done, so suppose not. Firstly,
we claim the image p([0, 1]) contains finitely many vertices. Since [0, 1] is
compact and p is continuous, the image p([0, 1]) is also compact [3, Theorem
39, page 80]. Furthermore, p([0, 1]) admits an open covering by the interior
of each edge together with a sufficiently small neighborhood of each vertex
containing no other vertices. Since p([0, 1]) is compact, this open cover has
a finite subcover, and hence finitely many vertices.

List the vertices of Γ as V Γ = {v1, . . . , vk}. For each vi ∈ V Γ, let Ui be
a neighborhood of vi that doesn’t contain any other vertex vj for vi 6= vj.
Note that the singleton set {vi} is closed in Γ, and so p−1(vi) is a closed,
bounded subset of [0, 1] ⊂ R, which is compact by the Heine-Borel theorem.
Furthermore, p−1(Ui) is an open covering of the compact set p−1(vi), which
admits a finite subcover by disjoint open intervals. Choose a point of p−1(vi)
from each one of these intervals. The only restriction we have is that if i = 1,
we choose 0 from the interval containing it, and for i = k, we choose 1 from
the interval containing it. Repeating this process for each vertex in V Γ, we
collect and arrange all of these elements into a finite set {a1, . . . , an} such
that 0 = a1 < · · · < an = 1, and p(aj) ∈ V Γ for every 1 ≤ j ≤ n.

The above paragraph gives us a partition of [0, 1] into finitely many inter-
vals {[ai, ai+1] | 1 ≤ i < n, a1 = 0, an = 1} such that p maps the endpoint
of each interval to a vertex. Define component functions pi := p|[ai,ai+1] for
each i ∈ {1, . . . , n}. We desire to obtain an edgepath of the form pictured
below:
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Figure 13: A closed, reduced edgepath in an X-digraph Γ as a function
[0, 1]→ Γ.

Suppose first there is a component pi such that the image pi([ai, ai+1]) is
not a full edge. Since each aj is a vertex and thus an endpoint of an edge,
by continuity of p we necessarily have pi(ai) = pi(ai+1). Define the family of
functions:

fi,t(s) :=

{
(1− t)pi(s) + tpi(ai) s ∈ [ai, ai+1],

p(s) otherwise

For any t, notice that fi,t is continuous, as its piecewise components are
continuous and they agree on the endpoints of [ai, ai+1]. This family of func-
tions gives rise to a homotopy that continuously deforms pi to the constant
path at the vertex pi(ai). We repeat this for each component whose image is
not a full edge:
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Figure 14: The first case of the proof of Proposition 4.4.

Next, suppose pi is a component such that the image pi([ai, ai+1]) is
an edge (possibly a loop!). By definition of a 1-dimensional CW complex,
pi([ai, ai+1)) ∼= [0, 1) ∼= [ai, ai+1). Let φ : [ai, ai+1) → pi([ai, ai+1)) be a
monotone homeomorphism. Then the following family of functions is a ho-
motopy between pi and the function fi,1 that traverses the edge pi([ai, ai+1))
monotonically:

fi,t(s) :=

{
(1− t)pi(s) + tφ(s) s ∈ [ai, ai+1),

p(s) otherwise

We repeat this for every component of p that is not monotone.

Finally, suppose there are components pi, pi+1 such that pi([ai, ai+1]) =
pi+1([ai+1, ai+2]). Then pi+1 is simply the inverse of pi, which gives that their
composition is homotopic to the identity path at vertex pi(ai).

Performing all the above homotopies yields the desired edgepath p′. To
show that p′ is reduced, consider any point x ∈ p′([0, 1]). If x is the interior
of an edge, p′ is locally injective at x since it traverses edges monotonically.
If x is a vertex, p′ is locally injective at x since we constructed p′ to not
“backtrack” on its edges. Thus p′ is reduced.
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(Uniqueness) Lemma 4.3. �

From now on, unless explicitly stated otherwise, every closed path men-
tioned will be an edgepath. Proposition 4.4 justifies the use of these terms
interchangeably.

Definition 4.2 introduces the labeling of paths. Informally, we can think
of the labeling as follows: if we travel an edge in the direction the arrow is
pointing, we simply read off the label of the edge. If we travel in the opposite
direction of the arrow, we read off the formal inverse of the edge’s label.

Looking back at our first example, consider the path p1 = (v1, v2)(v2, v5)(v5, v5)
highlighted in orange:

Figure 15: The labeling of paths in an {a, b}-digraph.

The label of p1 is µ(p1) = µ(v1, v2)µ(v2, v5)µ(v5, v5) = aab. Notice that
p1 is a reduced path, as no edge gets traversed twice in a row.

Now consider the path p2 = (v3, v2)(v2, v4):
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Notice that (v2, v4) is the inverse of the edge (v4, v2), and therefore its label
is µ(v4, v2)−1 = b−1. Thus the label of the path p2 is µ(p2) = µ(v3, v2)µ(v2, v4) =
bb−1.

Definition 4.5 Let Γ be an X-digraph. We say that Γ is folded if for each
vertex v ∈ V Γ and each letter a ∈ X, there is at most one edge in Γ with
origin v and label a, and there is at most one edge with terminus v and label
a.

Definition 4.6 Let X be an alphabet, and let X−1 be the set of formal
inverses of letters in X (i.e. for each x ∈ X, there is a formal inverse
x−1 ∈ X−1). We say a word w := xε1xε2 . . . xεk (xεj ∈ X∪X−1 ∀ j) is freely
reduced if w has no subsequences of the form xix

−1
i for some xi ∈ X.

Lemma 4.7 Let Γ be a folded X-digraph. Then a path p is reduced ⇐⇒
its label µ(p) is freely reduced.

Proof: Write p = e1e2 . . . en with ei ∈ EΓ, and suppose µ(p) is not freely
reduced. Then there exists a subsequence eiei+1 such that µ(ei) = µ(ei+1)−1.
If ei 6= e−1

i+1, then we have two distinct edges ei, ei+1 with the same label
and same origin/terminus, which contradicts the fact that Γ is folded. Thus
ei = e−1

i+1, and p is not reduced.
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Now, if p is not reduced, then ei = e−1
i+1 for some i =⇒ µ(ei) =

µ(ei+1)−1 =⇒ µ(p) = µ(e1)µ(e2) . . . µ(en) is not freely reduced. �

This combinatorial interpretation of paths in X-digraphs allows us to
understand their fundamental group in a very nice way, which [4] refers to
as the “language of an X-digraph”:

Definition 4.8 ([4, page 614]) Let Γ be a folded X-digraph and let v be a
vertex of Γ. We define the language of Γ with respect to v to be:

L(Γ, v) = {µ(p) | p is a reduced path in Γ from v to v}

where µ(p) is the freely reduced label of the path p.

Lemma 4.9 ([4, page 615]) L(Γ, v) is a subgroup of F (X).

Proof: Let µ(p1), µ(p2) ∈ L(Γ, v). The concatenation of paths p1p2 is
a path in Γ from v to v which may or may not be reduced. Let p be the
reduced edgepath obtained from p1p2 by performing all possible reductions
(i.e. eliminating all consecutive edges ei, ei+1 with ei+1 = e−1

i ). Then the
label µ(p) is obtained from the word µ(p1)µ(p2) by performing several free
reductions, and µ(p) ∈ L(Γ, v) since p is reduced. Thus L(Γ, v) is closed
under the operation of F (X).

It is not hard to see that the inverse of a reduced path is still reduced,
and the trivial path with label 1 is also reduced. �

Proposition 4.10 For a folded X-digraph Γ and a vertex v, we have L(Γ, v) ∼=
π1(Γ, v).

Proof: We first claim the mapping φ : L(Γ, v) → π1(Γ, v) that maps
µ(p) to [p] is a bijection. Given a reduced (edge)path p = e1e2 . . . en in Γ, its
label, which is an element of L(Γ, v), represents the homotopy class of the
path p : [0, 1] → Γ, where each component p([ i−1

n
, i
n
]) = ei is monotone for
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i = 1, . . . , n. Conversely, given a path p : [0, 1] → Γ, p is homotopic to a
unique reduced edgepath by Proposition 4.4.

It remains to show that φ is a group isomorphism. Let µ(p1), µ(p2) ∈
L(Γ, v). Then the product of µ(p1) and µ(p2) in L(Γ, v) is the label of the
reduced path p obtained from performing all path reductions of p1p2. By
Proposition 4.4, p is the unique closed reduced edgepath homotopic to the
path p1p2. We have:

φ(µ(p1)µ(p2)) = φ(µ(p)) = [p] = [p1p2] = [p1][p2] = φ(µ(p1))φ(µ(p2)). �

From now on, we will use the language and fundamental group inter-
changeably, unless explicitly stated otherwise.
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5 Cayley Graphs as a Universal Cover

We turn our attention to groups, which, given a generating set S, have a
very convenient description as an S-digraph:

Definition 5.1 Let G be a group with presentation G = 〈S | R〉. The Cay-
ley graph of G with respect to S is an S-digraph ∆ constructed as
follows:

1) A vertex vg labelled g for each g ∈ G.

2) For every vertex vg ∈ V∆ and every s ∈ S, a UNIQUE directed edge
labelled s with origin vg and terminus vgs.

Note that Cayley graphs are not unique. A Cayley graph depends on
the chosen generating set S. Two Cayley graphs with respect to different
generating sets of the same group may look drastically different.

Cayley graphs are easy to draw for sufficiently small finite groups. For
example, consider D3 = 〈r, s | r3 = s2 = e, rs = sr−1〉 and Z4 = 〈x | x4 = e〉.
Below you will find the respective Cayley graphs of these groups with respect
to the given generating sets. We invite the reader to check that Lemma 4.7
and Lemma 5.2 hold for these two graphs:

Figure 16: The Cayley graphs of D3 = 〈r, s | r3 = s2 = e, rs = sr−1〉 and
Z4 = 〈x | x4 = e〉.
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However, in this thesis, our main focus will be on free groups. Consider
the free group F (X) with basis X. If |X| < ∞, then the valence of each
vertex of the Cayley graph ∆ with respect to X is 2|X|. Indeed, by Defini-
tion 5.1, every vertex of ∆ will have one incoming and one outgoing edge for
each generator xi ∈ X.

Lemma 5.2 Let G = 〈S | R〉, where |S| = n ≥ 1 and s 6= 1 for all s ∈ S.
Then the Cayley graph ∆ of G with respect to S is a folded S-digraph with
no loops. Furthermore, if p is a closed path in ∆ at vertex v, then the freely
reduced word µ(p) ∈ G is the identity element.

Proof: We first show ∆ is folded. Suppose there exist edges e, e′ ∈ E∆
such that µ(e) = µ(e′). WLOG assume o(e) = o(e′) = vg for some g ∈ G (the
proof is almost identical when we assume t(e) = t(e′)). Write t(e) = vge and
t(f) = vge′ for some ge, ge′ ∈ G. By construction of ∆ (Definition 5.1), we
get ge = gs and ge′ = gs =⇒ ge = ge′ =⇒ vge = vge′ =⇒ t(e) = t(e′). We
have o(e) = o(e′) and t(e) = t(e′). By uniqueness in part 2) of Definition 5.1,
we conclude that e = e′. Thus ∆ is folded.

Next, suppose there is a loop e ∈ E∆, i.e. o(e) = t(e). Write o(e) = vg
for some g ∈ G and µ(e) = s for some s ∈ S. By Definition 5.1, we have that
vg = vgs =⇒ g = gs =⇒ s = 1, which contradicts our assumption that
s 6= 1 ∀s ∈ S. Thus ∆ has no loops.

Finally, suppose p is a closed path in ∆. Write p = e1e2 . . . en and for
each 1 ≤ i < n, write o(ei) = vgi and t(ei) = vgi+1

for some gi ∈ G. Since p
is closed, we have t(en) = o(e1) =⇒ vgn+1 = v1. By Definition 5.1, each ei
has a label µ(ei) = xεi for some xεi ∈ S, and as a consequence, we have that
gi+1 = gixεi for some xεi ∈ X and 1 ≤ i < n. In other words:

gn+1 = gnxεn = gn−1xεn−1xεn = · · · = g1xε1xε2 . . . xεn

But since vgn+1 = vg1 , we have that gn+1 = g1. So:
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g1 = g1xε1xε2 . . . xεn =⇒ xε1xε2 . . . xεn = 1

But the left hand side is just the label µ(p) = µ(e1)µ(e2) . . . µ(en) in G,
as desired. �

Proposition 5.3 Let F (X) be the free group with basis X. Then the Cay-
ley graph ∆ with respect to X is simply connected. In particular, ∆ is the
universal cover for the wedge of |X| circles.

Proof: Any closed path p in ∆ is homotopic to a a unique reduced
edgepath p′ with freely reduced label µ(p′). Lemma 5.2 tells us that µ(p′) =
1 in F (X). Since there are no relations between elements of a basis of a
free group, µ(p′) must be the identity in L(∆) as well, and it follows from
Proposition 4.10 that p′ is the identity path and p is nullhomotopic. �

From the theory we developed in Section 3, given a subgroup H of a free
group F (X), if we can define a properly discontinuous group action of H on
the Cayley graph ∆ with respect to X, then we will obtain a covering of the
wedge of |X| circles whose fundamental group is H.

In fact, every group G = 〈S | R〉 has a natural continuous group action on
its Cayley graph ∆ with respect to S by left multiplication. More precisely,
for every g ∈ G and every vertex vh ∈ V∆, we define the action g · vh := vgh:

� Fix vh ∈ V∆. Then e · vh = veh = vh

� Fix elements g, g′ ∈ G and vertex vh ∈ V∆. Then g ·(g′ ·vh) = g ·vg′h =
vgg′h, and (gg′) · vh = vgg′h.

Since edges in a Cayley graph are defined as pairs of vertices, this action
naturally extends to the edges of ∆. Suppose we have an edge e with o(e) =
vh1 and t(e) = vh2 . We claim that vgh1 is connected to vgh2 by an edge e′
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with o(e′) = vgh1 and t(e′) = vgh2 . Indeed, by definition of the Cayley graph,
if vh1 is connected to vh2 , then there is a letter xi in the basis of X such that
h2 = h1xi. Multiplying on the left by g implies that gh2 = (gh1)xi, which
gives that there exists an edge labeled xi with origin vgh1 and terminus vgh2 ,
as desired.

We define the action g · (vh1 , vh2) := (vgh1 , vgh2). Altogether, this action
gives us a homeomorphism from ∆ to itself that simply “shifts” vertices and
edges by an element g. Thus · is a continuous group action on ∆.

Consider orbits under this action. For any vh ∈ V∆, we have G · vh :=
{g · vh | g ∈ G}. We claim that there is only one orbit. Indeed, fix a vertex
vh ∈ V∆, and let vh′ be any other vertex. Write g = h′h−1. Then we have
g · vh = vgh = vh′(h−1h) = vh′ , as desired. In other words, this group action is
vertex-transitive.

In the same way that G acts on ∆, any subgroup H ⊂ G acts on ∆
as well. In this case, the action may not be transitive, since we can not
guarantee that h′h−1 ∈ H.

Proposition 3.8 tell us that this is indeed an equivalence relation. Two
vertices are equivalent if and only if they belong to the same orbit of the
action ·. We denote the equivalence class of a vertex vg as [vg].

There is a natural bijection between equivalence classes under the action
of H, and right cosets of H in G, given by the mapping:

[vg] 7→ Hg

Indeed, by definition, [vg] is the orbit H ·vg = {h·vg | h ∈ H} = {vhg | h ∈
G}, and the latter set of vertices in the Cayley graph is in bijection with
{hg | h ∈ H} = Hg by Definition 5.1.

Definition 5.4 Let H ⊂ G be a subgroup acting on the Cayley graph ∆ of G
with respect to some generating set. The quotient graph ∆/ ∼ (which we
will call ∆H for brevity) is a graph with a vertex v′g for every equivalence class
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[vg]. Furthermore, for every two classes [vg], [vh], if there exists a directed
edge in ∆ with origin in the class [vg] and terminus in the class [vh], then we
draw a directed edge with origin v′g and terminus v′h, represented by the edge
class ([vg], [vh]).

Another way to interpret this definition is as follows: given an element
g ∈ F , the quotient graph ∆H has a vertex vHg for every distinct coset Hg.
Furthermore, if there is an edge between elements of cosets Hg and Hg′, then
we draw a representative edge class connecting vertices vHg and vHg′ .

We have the Cayley graph itself, which is just the quotient graph ∆1

under the action of trivial subgroup, and we have the wedge of |X| circles,
which corresponds to the quotient graph ∆F under the action of the entire
group. Thus for intermediate subgroups 1 ⊂ H ⊂ F (X) we have the chain
of covering maps ∆1 → ∆H → ∆F .

Example: Let us consider the free group on two letters F := F ({a, b}).
Using Definition 5.1, we draw part of its infinite Cayley graph ∆ below:

Figure 17: The Cayley graph of the free group on two generators F ({a, b}).
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Take the cyclic subgroup H := 〈a〉 ⊂ F . We examine the action of H on
the Cayley graph ∆ by left multiplication. Firstly, the class [v1] contains vak
for all k ∈ Z. Next, take any vertex vg with g 6= 1. If g has an initial word ak

for some k ∈ Z, then g ∼ a−kg. Thus we have an equivalence class [vb±1g]. In
general, we can see that the class representatives are given by reduced words
in F that start with the letter b±1.

Let us examine the class of [v1]. We claim that this is the only class
where there exists an edge from an element in the class to itself. Clearly,
there is an edge labelled a with origin ak and terminus ak+1 for any k ∈ Z.
Now take b±1g for any g ∈ F . Any edge starting or ending at the vertex vb±1g

will be connected to a vertex vb±1gl for some letter l ∈ {a, a−1, b, b−1}, and the
classes [b±1g] and [b±1gl] are distinct, since 6 ∃k ∈ Z such that akb±1g = b±1gl.

With these considerations in mind, the resulting quotient graph ∆H will
look like this:

Figure 18: The quotient graph of the Cayley graph of F ({a, b}) under the
action of the cyclic subgroup H = 〈a〉.
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Keep in mind that the vertices represent equivalence classes under the
action of H, not elements of F . For the sake of brevity, we labelled the
vertices by the “most obvious” class representative.

Note that this is still an {a, b}-regular graph. The fundamental group
of this graph is infinite cyclic, which gives us π1(∆H , vH) ∼= H, confirming
our result from Theorem 3.12. Furthermore, every closed loop based at the
vertex vH will have label a±1, and thus any string of such labels is an element
of the cyclic group 〈a〉 = H, which gives that L(∆H , vH) = H, confirming
our result from Proposition 4.10 as well.

Given a free group F and a subgroup H ⊂ F , we provide an alternate
proof that π1(∆H , vH) = L(∆H , vH) = H.

Theorem 5.5 Let F be a finitely generated free group, H a subgroup of F ,
and let ∆ be the Cayley graph of F with respect to a basis X = {x1, . . . , xn}.
Then π1(∆H , vH) = L(∆H , vH) = H.

Proof: Consider any closed path at vH . We label this closed path by
reading off the label of each directed edge in the path. Call this label w =
s1s2 . . . sm, si ∈ X ∪X−1. Then the corresponding vertices on this path are
vH , vHs1 , vHs1s2 , . . . , vHs1s2...sm = vHw = vH , since the path is closed. But this
means that the cosets H and Hw are equal, thus w ∈ H. This demonstrates
π1(∆H , vH) ⊂ H.

Now, let w ∈ H. Write w = s1 . . . sm as above. Starting at vertex vH ,
follow the path along the vertices vH , vHs1 , . . . , vHs1...sm . If vHs1...sm 6= vH ,
then we would have that H 6= Hs1 . . . sm =⇒ s1 . . . sm = w /∈ H, which is a
contradiction. Thus H ⊂ π1(∆H , vH). Together with Proposition 4.10 gives
the result. �

To summarize:

Corollary 5.6 Let F be a finitely generated free group, H a subgroup of F ,
and let ∆ be the Cayley graph of F with respect to a basis X = {x1, . . . , xn}.
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Then ∆ is a universal covering for the wedge of n circles ∆F . Furthermore,
any subgroup H ⊂ F yields a covering space ∆H of ∆F .

Proof: Observe that ∆F = ∆/F . Hence, both ∆ and ∆H are covering
spaces of ∆F , by Theorem 3.10. ∆ is a universal covering because π1(∆) =
{1}, by Proposition 5.3. �

This concludes what we promised at the end of Section 3 — namely, that
any subgroup H of a free group can be retrieved via a continuous group
action of H on its Cayley graph.
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6 The Stallings Graph

Recall the quotient graph from Figure 18 (i.e. the graph ∆H with H =
〈a〉 ⊂ F ({a, b}) ):

Although this graph is of some use (its fundamental group at the vertex
vH is equal to H), it also contains a lot of “redundant” information. Namely,
there is an infinite tree “hanging off” the vertex vH which contributes nothing
to the fundamental group of the graph. This consideration motivates the
following definitions.

Definition 6.1 ([4, page 617]) Let Γ be an X-digraph, and let v be a ver-
tex of Γ. Then the core of Γ at v is defined as:

Core(Γ, v) :=
⋃
{p | where p is a reduced path in Γ from v to v}
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In other words, Core(Γ, v) is the subgraph of Γ whose edges are contained
in some reduced path from v to v. Given a base vertex v, we say an X-digraph
Γ is a core graph with respect to v if Γ = Core(Γ, v).

Note: the core of a graph at a given vertex is necessarily path-connected.

Consider the following very simple example. This graph is core with
respect to u, but it is not core with respect to v. Indeed, any path at v
containing the edge (u, v) would not be reduced, as it would cross (u, v)
twice.

Figure 19: An {a, b}-digraph that is also a core graph.

Informally, we can think of this as “snipping off the trees hanging from
the base point”. This terminology allows for a much simpler description of
the graph ∆H without forfeiting any relevant information about π1(∆H , vH).
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Since trees have vertices of valence 1, we extend this idea to the following
proposition:

Proposition 6.2 Let Γ be a connected, finite X-digraph. Then Γ is a core
graph with respect to a base vertex v ⇐⇒ Γ contains no vertices of valence
1 (except perhaps v).

Proof: Suppose first that Γ contains a vertex u 6= v of valence 1. Consider
any closed path at v containing u. Since u has valence 1, any such path cannot
be reduced. Thus Γ is not core with respect to v.

Now, suppose there are no non-base vertices of valence 1 in Γ. Then every
vertex has valence ≥ 2. Given any edge or vertex in Γ, by finiteness of Γ
we can algorithmically construct a reduced closed path at v containing the
given edge or vertex, as follows:

� Choose a vertex u ∈ Γ, u 6= v (this process is almost identical when we
choose an edge instead of a vertex).

� Since Γ is connected, there exists a reduced path p = e1e2 . . . en with
o(e1) = v and t(en) = u.

� Since u 6= v, u has valence ≥ 2. We may then choose a vertex w ∈ Γ
such that w 6= o(en).

� There exists a reduced path q = f1f2 . . . fm with o(f1) = u, t(f1) = w,
and t(fm) = v.

� The concatenated path p′ = e1e2 . . . enf1 . . . fm is a closed, reduced path
at the vertex v.

Thus Γ = Core(Γ, v). �

Definition 6.3 Let F be a finitely generated free group, H a subgroup of F ,
and let ∆ be the Cayley graph of F with respect to a basis X = {x1, . . . , xn}.
We say that the graph Core(∆H , vH) is the Stallings graph of H with
respect to X, which we will denote Γ(H).
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In contexts where the choice of generating set X is clear, we will simply
refer to this as “the Stallings graph of H”.

Looking back at our example in Figure 18, below is the core graph of that
graph (in other words, the Stallings graph of subgroup H = 〈a〉 ⊂ F ({a, b}):

Figure 20: The Stallings graph of the subgroup 〈a〉 ⊂ F ({a, b}).

This gives a much simpler, much more convenient description of the fun-
damental group of the quotient graph. Even more, this allows us to associate
to any subgroup H of a free group its corresponding Stallings graph Γ(H)
— which we will later show is unique.

In [4], an alternate definition is given of the Stallings graph — although
it is not given the same name, they are indeed the same object:

Definition 6.4 Let H be a subgroup of a free group F with basis X. Suppose
Γ(H) is a connected, folded X-digraph which is a core graph with respect to
some vertex v and L(Γ(H), v) = H, we say it is the Stallings graph of H
with respect to X.

We will justify at the end of this section why Definition 6.3 and Defini-
tion 6.4 are equivalent. For now, we have two proposed ways to obtain a
Stallings graph. We fix a set of generators for F . The first method is to
take the core of the quotient of the Cayley graph by H. The second method
is to draw the Stallings graph directly by drawing a vertex, a loop for each
generator of H, and folding the resulting graph.
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An algorithm for folding a graph can roughly be described as follows:
every time our graph has two edges e, e′ with the same origin (resp. terminus),
we create a new X-digraph by identifying their termini (resp. origins) and
identifying e with e′. This process described in full detail in [4, Definition
2.4, page 612].

We claim that both methods will produce the same graph (up to an
isomorphism of graphs). First, an example to illustrate this correspondence.

Example: Let F be the free group on generators X = {a, b}, and let H
be the subgroup 〈a2, ba〉.

Our first, simpler approach is to simply draw the Stallings graph from
scratch. Given the two generators a2, ba, we draw a wedge of two circles
labelled accordingly:

Figure 21: An {a, b}-digraph whose language at the base vertex is the sub-
group 〈a2, ba〉 ⊂ F ({a, b}).

Notice that the graph in Figure 21 is not folded - there are two edges
with label a that share the same terminus. To perform a folding, we “glue”
the origins of these two edges. The resulting graph is given below:
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Figure 22: The Stallings graph of the subgroup 〈a2, ba〉 ⊂ F ({a, b}), accord-
ing to Definition 6.4.

No more foldings can be performed, so we are done.

Now let us take the Cayley graph approach. We have the Cayley graph
∆ of F given in Figure 17. We consider the action of H on ∆. The resulting
quotient graph ∆H will have vertices corresponding to right cosets Hg for
g ∈ F . Let us examine the distinct cosets:

H = H

Hb = H(ba)−1b = Ha−1b−1b = Ha−1 = Ha2a−1 = Ha

Since Hba = H, we have an arrow labelled a from Hb to H. Similarly,
Hb = Ha gives an arrow labelled a as well as an arrow labelled b, both from
H to Hb. The resulting quotient graph is given below:
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Figure 23: The quotient graph of the Cayley graph of F ({a, b}) under the
action of the subgroup H = 〈a2, ba〉.

How do we know this is the correct Cayley graph? Because every vertex
has valence 4 and locally resembles the behavior of vertices in ∆. And, after
“snipping off the trees”, we are left with the core of the graph:

Figure 24: The Stallings graph of the subgroup 〈a2, ba〉 ⊂ F ({a, b}) according
to Definition 6.3.

Notice that the graphs in Figure 22 and Figure 24 are isomorphic as
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{a, b}-digraphs. The languages at the base vertices 1 and vH are exactly the
group H.

We conclude by formalizing the observations made in this section.

Lemma 6.5 Suppose Γ′ is a subgraph of some X-digraph Γ. If Γ is folded,
then so is Γ′.

Proof: If Γ′ has two edges with the same origin/terminus and same label,
then Γ is also not folded, because Γ′ ⊂ Γ. �

Corollary 6.6 Let F be a free group on generators X = {x1, x2, . . . }, H a
subgroup of F , and ∆H the quotient graph induced by the action of H on ∆.
Then Core (∆H , vH) is folded.

Proof : Suppose first there are two edges e, e′ in ∆H such that o(e) =
o(e′) = vHg, for some g ∈ F , and suppose further that both e and e′ are
labelled xi for some i. Write t(e) = vHg1 , t(e

′) = vHg2 . Since there are
edges labelled xi from Hg to each of Hg1, Hg2 respectively, we have that
Hgxi = Hg1 and Hgxi = Hg2, which implies Hg1 = Hg2, and thus e = e′.
For the second case where e, e′ share the same label and same terminus, we
repeat the proof with x−1

i in place of xi. Since Core(∆H , vH) ⊂ ∆H by
definition, we conclude the result from Lemma 6.5. �

We have been referring to Stallings graphs as the Stallings graph of H.
This suggests that these graphs may be unique. The following lemma demon-
strates this is true:

Lemma 6.7 Let H be a subgroup of a finitely generated free group F (X).
Then the Stallings graph of H is unique. In other words, suppose Γ and Γ′

are two connected, folded X-digraphs such that for some base vertices v ∈ Γ,
v′ ∈ Γ′, we have L(Γ, v) = L(Γ′, v′) = H. Then Γ is isomorphic to Γ′ as an
X-digraph.
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Proof: This is Theorem 5.2 of [4]. In fact, even more is true — the
isomorphism f is unique. �

We conclude with the main result of this section:

Proposition 6.8 Definition 6.3 and Definition 6.4 describe the same object.

Proof: Core (∆H , vH) is a connected, folded (Corollary 6.6), X-digraph
which is core with respect to vH and L(Core (∆H , vH)) = H. �
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7 Normal Subgroups

Let F be a finitely generated free group, and H / F a normal subgroup.
We investigate whether ∆H has any special properties when H is normal.
Before the more general case, let us form a hypothesis by examining a specific
example:

Lemma 7.1 Let F = F ({a, b}) and let H = 〈S〉 ⊂ F , where S = {akba−k | k ∈
Z}. Then H is a normal subgroup of F .

Proof: Since S is a generating set for H, it suffices to show that for any
w ∈ F and s ∈ S, that wsw−1 ∈ H. Fix s = akba−k ∈ S. We proceed by
induction on the word length of w:

Base case: |w| = 1. Then w ∈ {a±1, b±1}. If w = a±1, we have wsw−1 =
a±1akba−ka∓1. If the sign is positive, we get wsw−1 = aakba−ka−1 = ak+1ba−(k+1) ∈
H, and similarly if the sign is negative, wsw−1 = a−1akba−ka = ak−1ba−(k−1) ∈
H.

If w ∈ b±1, then we are already done, as w ∈ H, s ∈ H =⇒ wsw−1 ∈ H.
X

Inductive step: Suppose the hypothesis holds true for words of length
< n. Let |w| = n. We can write w = uw′v, where u, v ∈ {a±1, b±1} and
|w′| = n − 2. With this in mind, we have wsw−1 = (uw′v)s(uw′v)−1 =
uw′vsv−1w′−1u−1 = u

(
(w′v)s(w′v)−1

)
u−1. But (w′v)s(w′v)−1 ∈ H by the

induction hypothesis, since |w′v| = n− 1 < n.

Since (w′v)s(w′v)−1 ∈ H and S generatesH, we can write (w′v)s(w′v)−1 =
ak1bε1a−k1ak2bε2a−k2 . . . akmbεma−km , for some ki ∈ Z and εj ∈ {±1}. Then
we have:

wsw−1 = u
(
ak1bε1a−k1ak2bε2a−k2 . . . akmbεma−km

)
u−1 =

= (uak1bε1a−k1u−1)(uak2bε2a−k2u−1) . . . (uakmbεma−kmu−1)
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and hence the result follows, by applying the base case argument to each
subword uakibεia−kiu−1.

Now if we take an arbitrary h ∈ H and w ∈ F , we write h = sε11 . . . s
εm
m

for si ∈ S, εj ∈ {±1}, and:

whw−1 = wsε11 . . . s
εm
m w−1 = (wsε11 w

−1)(wsε22 w
−1) . . . (wsεmm w−1)

which is a product of elements in H by the above proof, hence also in H. �

We now examine the Stallings graph of the normal subgroup H.

Firstly, let g ∈ F . We handle 3 cases:

Case 1: g = 1. Then Hg = H.

Case 2: g 6= 1 and g has initial subword bn for 0 6= n ∈ Z, i.e. g = bnw
for some w ∈ F that is either the empty word or begins with a±1. In this
case, Hg = Hbnw = Hw since b ∈ H. Therefore, without loss of generality,
we can assume Case 3.

Case 3: g 6= 1 and g has initial subword an for n ∈ Z, i.e. g = anw for
some w ∈ F that is either the empty word or begins with b±1. In this case,
we have Hg = Hanw = ana−nHanw = anHw, since H is normal in F .

We repeat the process from the above two cases. If w 6= 1, we examine
the initial string of w. If w = bmw′ for some m ∈ Z, w′ ∈ F , we have
Hw = Hw′, and if w = amw′, we have Hw = Hamw′ = amHw′. If we repeat
this process again with Hw′ and all subsequent subwords, we eventually get
Hg = akH = Hak for some k ∈ Z.

In particular, this shows that the only possible cosets are Hai for i ∈ Z.
Now suppose Hai = Haj for i 6= j. WLOG suppose i > j. Then Hai−j =
H ⇐⇒ ai−j ∈ H. We claim that H cannot contain any nontrivial power of
a. Indeed, since H is generated by conjugates of the form akba−k, we would
have to write ai−j as some product of these conjugates and their inverses.
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But any such product must contain the letter b. Therefore, the cosets Hak

are distinct for each k ∈ Z, thus the only vertices of the quotient graph are
vHak for k ∈ Z.

We now examine the edges. For every k ∈ Z, there is an edge labelled
a starting at Hak and ending at Hak+1. This is because ak ∈ Hak and
ak+1 ∈ Hak+1, and thus aka = ak+1. Furthermore, there is an edge labelled
b starting and ending at Hak. This is because ak ∈ Hak and akb ∈ Hak

(akb = akba−kak and akba−k ∈ H since H is normal). The resulting graph is
shown below:

Figure 25: The Stallings graph of the normal subgroup H = 〈S〉 ⊂ F ({a, b}),
where S = {akba−k | k ∈ Z}.

Notice that this is already a core graph with respect to any vertex, for
there is always a nontrivial path from any vertex to itself (for example, a
loop labelled b). Thus, Figure 25 is the Stallings graph of H. This particular
example shows that the Stallings graph is not necessarily finite.

By definition of normality, for any g ∈ F , Hg = (gHg−1)g = gH. In
particular, since the vertices of the Stallings graph represent right cosets of
its respective subgroup, the number of vertices in the Stallings graph is equal
to the index of H in F .

Going back to our example, we determined that the right cosets of H are
of the form Hak for k ∈ Z. Using the correspondence from the preceding
paragraph, we conclude that the left cosets are akH for k ∈ Z. In particular,
if we take ak to be a representative for each coset, we see that F/H ∼= 〈a〉 ∼= Z.
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What happens when F/H acts on ∆H? Examine Figure 25 at the top of
the page. Every vertex is part of the same orbit under the action of F/H.
Therefore, we are left with one vertex, with an edge labelled b from the vertex
to itself, and an edge labelled a from the vertex to itself:

Figure 26: The quotient of the graph in Figure 25 under the action of the
quotient group F/H ∼= 〈a〉.

In other words, we obtain the wedge of two circles ∆F . This is a curious
result. Figure 26 is exactly the same graph obtained when the entire group
F acts on its own Cayley graph. The question arises: does this happen in
general? The answer is surprisingly yes.

Proposition 7.2 Let F be a free group, H a normal subgroup of F , and ∆
be the Cayley graph of F with respect to basis X = {x1, x2, . . . }. Let ∆H

be the quotient graph of ∆ under the action of H. Then the quotient graph
of ∆H under the action of the quotient group F/H is a wedge of (possibly
infinitely many) circles, one for each generator xi ∈ X.

Proof: Denote ∆∗ to be the quotient graph of ∆H under the action of
F/H. As observed in Section 3, the vertices of ∆H correspond to right cosets
of H. Since H is normal, there is a 1 − 1 correspondence between left and
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right cosets, namely Hg ˜7→ gH. We claim there is only one orbit under
the action of F/H on ∆H . Indeed, fix a vertex vHg, and let vHg′ be any
other vertex. These vertices correspond to the right cosets Hg, Hg′ for some
g, g′ ∈ F respectively, which are equal to the elements gH, g′H ∈ F/H.
Then we have that:

(g′g−1H) ∗ gH = g′H

where g′g−1H is indeed an element of F/H. In other words, the group action
of F/H on ∆H is transitive. Therefore ∆∗ has only one vertex, call it v.

It remains to examine the edges of ∆∗. Let xi ∈ X be any generator of
F . If xi ∈ H, then there is a loop labelled xi at the vertex vH in the graph
∆H . If xi /∈ H, then there is an edge labelled xi from the vertex vH to the
vertex vHxi in the graph ∆H . In either case, there exists an edge labelled xi
connecting two vertices in the graph ∆H , which gives us a loop labelled xi
at the vertex v in ∆∗. Thus ∆∗ = ∆F . �

It turns out that the quotient graph ∆H has some very special properties
when the subgroup H acting on ∆ is normal. But first, we need to introduce
a couple definitions:

Definition 7.3 ([2, page 67]) Let X̃1, X̃2 be covering spaces of a topo-
logical space X with covering maps p1, p2 respectively. An isomorphism
between X̃1 and X̃2 is a homeomorphism f : X̃1 → X̃2 such that p1 = p2f .

Moreover, if X̃1 = X̃2 := X̃ and p1 = p2 := p, then we call f a deck
transformation of the covering space (X̃, p). The deck transformations of

a covering space form a group under composition, which we denote G(X̃).

Definition 7.4 ([2, page 70]) Let X̃ be a covering space for a topological

space X with covering map p : X̃ → X. We say the covering space X̃ is
normal if for each x ∈ X and each pair x̃, x̃′ ∈ p−1(x), there exists a deck

transformation f : X̃ → X̃ such that f(x̃) = x̃′.
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As one might expect from the name, the notion of a normal covering is
intimately connected to the normality of its fundamental group:

Proposition 7.5 ([2, page 71]) Let p : (X̃, x̃0)→ (X, x0) be a path-connected
covering space of the path-connected, locally path-connected space X, and let
H be the subgroup p∗(π1(X̃, x̃0)) ⊂ π1(X, x0). Then:

a) This covering space is normal iff H is a normal subgroup of π1(X, x0).

b) G(X̃) is isomorphic to the quotient N(H)/H, where N(H) is the nor-
malizer of H in π1(X, x0).

In particular, G(X̃) is isomorphic to π1(X, x0)/H if X̃ is a normal cov-

ering. Hence for the universal cover X̃ → X, we have G(X̃) ∼= π1(X).

Proof: From Corollary 3.4, we know that changing the basepoint x̃0 ∈
p−1(x0) to x̃1 ∈ p−1(x0) corresponds to conjugating H by an element [γ] ∈
π1(X, x0), where γ lifts to a path γ̃ from x̃0 to x̃1. Thus, [γ] is in the

normalizer N(H) := {g ∈ G | gHg−1 = H} if and only if p∗(π1(X̃, x̃0)) =

p∗(π1(X̃, x̃1)), which by the lifting criterion [2, Proposition 1.33, page 61] is
equivalent to the existence of a deck transformation taking x̃0 to x̃1. Hence,
X̃ is a normal covering space if and only if N(H) = π1(X, x0), that is, if and
only if H ⊂ π1(X, x0) is a normal subgroup.

Define ϕ : N(H) → G(X̃) sending [γ] to the deck transformation τ
taking x̃0 to x̃1, in the notation above. Then ϕ is a homomorphism, for if γ′

is another loop corresponding to the deck transformation τ ′ taking x̃0 to x̃1
′,

then γ ∗ γ′ lifts to γ̃ ∗ (τ(γ̃′)), a path from x̃0 to τ(x̃1
′) = ττ ′(x̃0), so ττ ′ is

a deck transformation corresponding to [γ][γ′]. By the preceding paragraph,

ϕ is surjective. Its kernel consists of classes [γ] lifting to loops in X̃. These

are exactly the elements of p∗(π1(X̃, x̃0)) = H. �

The graph in Figure 25 was a normal covering of the wedge of two circles,
and its group of deck transformations was isomorphic to Z. Let us consider
another example, this time where our normal subgroup is finitely generated.
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Example: Consider S3 with the generating set 〈(123), (12)〉. Let us write
a = (123), b = (12) and draw the Cayley graph of S3 with respect to this
given generating set (red arrows represent a, blue arrows represent b):

Figure 27: The Cayley graph of S3 with respect to the generators (123) and
(12).

Let v be the vertex labelled e. We have this {a, b}-digraph, call it Γ.
We know that the fundamental groups of graphs are free groups. We can
then consider the fundamental group π1(Γ, v) = L(Γ, v), and [4, Lemma 6.1,
page 625] gives an algorithm for finding a basis for L(Γ, v). We first pick a
maximal tree T ⊂ Γ. Given an edge e ∈ E(Γ−T ), we construct the following
closed path at v: take the unique path inside T from v to o(e), then take e,
then take the unique path from t(e) to v inside T . The label of this path
will be a reduced word in F ({a, b}), and all such labels will be a basis for H.
Pictured below (the maximal tree T is highlighted in orange):
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Figure 28: A maximal tree in the Cayley graph of S3 with respect to gener-
ators (123) and (12).

The reader is invited to verify that, given this choice of T , the resulting
group will be the rank 7 subgroup given by:

H = 〈a3, b2, a−1b2a, baba, abab−1, a−1b−1ab−1a−1, ab2a−1〉 ⊂ F ({a, b})

By the universal property of free groups, there exists a homomorphism
f : F ({a, b})→ S3 such that f(a) = (123), f(b) = (12). Since f is surjective,
by the first isomorphism theorem:

S3
∼= F ({a, b})/ ker(f)
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We claim that ker(f) = H. Firstly, every element of H is represented
by a closed path at e in the Cayley graph of S3, which corresponds to the
identity element — this shows H ⊂ ker(f). Now suppose g /∈ H. We can
write g = s1s2 . . . sn, with each si ∈ {a±1, b±1}. Since the graph above is
{a, b}-regular, we can trace a path p starting at v with label g. Since g /∈ H,
p cannot be closed, thus it will end at some vertex u 6= v, which corresponds
to a nontrivial element in the Cayley graph of S3. In particular, the element
g does not get mapped to the identity in S3, thus g /∈ ker(f).

This gives rise to the following question — given a normal subgroup H
of a free group F , is it always the case that the quotient graph ∆H is a core
graph? With some extra hypotheses concerning the ranks of F and H, we
will show that this is indeed the case.

Throughout this paper, we have dealt with two distinct approaches to
questions about free groups. We have the topological approach, which deals
primarily with covering spaces, and we have the combinatorial approach,
which is more graph-theoretic in nature. To demonstrate the effectiveness of
these two approaches, we will use them separately to justify the same claim
made in the preceding paragraph.

We begin with the combinatorial approach:

Proposition 7.6 Let F be a finitely generated free group with basis X =
{x1, x2, . . . xn}, and let H be a finitely generated normal subgroup of F . Let
∆ be the Cayley graph of F with respect to X, and ∆H be the quotient graph
of ∆ under the action of H. Then every vertex of Core(∆H) has valence 2n.

Proof: Let H = 〈h1, . . . , hk〉 be a list of generators for H. We construct
a bouquet of k circles centered at a base vertex v, each labeled as one of
the generators of H - call this X-digraph Γ. We proceed to perform a finite
number of foldings, as described in the comments under Definition 6.4. We
obtain a folded graph Γ∗ such that L(Γ∗, v) = H. Observe that Γ∗ is a
connected, folded, X-digraph which is core (Proposition 6.2) with respect to
v with fundamental group H. By Definition 6.4, Γ∗ is the Stallings graph
of H with respect to X, and Theorem 6.7 tells us that Γ∗ ∼= Core(∆H) are
isomorphic as X-digraphs.
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Since isomorphisms of X-digraphs preserve valence, it suffices to show
that every vertex of Γ∗ has valence 2n. We first show this for the base vertex
v. Let g be any nontrivial reduced word in H. Pick a positive integer M
such that, after reductions, the word xMi gx

−M
i is nontrivial and begins with

the letter xi. Note that this M always exists. Indeed, if g begins with xi,
pick M = 0. Otherwise, we can pick an M large enough such that after
reductions, xMi gx

−M
i begins with xi — for example, let M = |g| + 1 (the

word length of g plus one). Since H is normal, we have that xMi gx
−M
i ∈ H.

Furthermore, since L(Γ∗, v) = H, there exists a closed path at v with the
label xMi gx

−M
i . In particular, v is incident with an edge e with label xi and

o(e) = v.

We repeat the same process, but instead we pick a positive integer L such
that, after reductions, the word x−Li gxLi is nontrivial and begins with x−1

i .
The choice of L is almost identical to the choice of M . Again, we have that
x−Li gxLi ∈ H, which yields a closed path at v with the label x−Li gxLi . In
particular, v is incident with an edge e′ with label xi and t(e) = v. Pictured
below:

Figure 29: Illustration of part of the proof of Proposition 7.6.
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These two constructions contribute 2 to the valence of v for each generator
xi of F (including the case where xi labels a loop at v). Repeating for each
generator gives that v has valence of at least 2n. We claim that the valence
of v cannot be higher than 2n. Indeed, by definition of an X-digraph, each
edge of Γ∗ must be labelled xi for some i. If we introduced a (2n + 1)th

edge incident to v, then we would either have 2 edges labelled xi with the
same origin v, or 2 edges labelled xi with the same terminus v. Either case
contradicts the fact that Γ∗ is folded.

It remains to justify this for an arbitrary vertex. Let u be any other vertex
of Γ∗. Let g be any element of H. Since L(Γ∗, v) = H and H is normal,
Corollary 3.4 and Theorem 5.5 give that L(Γ∗, u) is a conjugate of H in F ,
which is just H. To conclude that u has valence 2n, we simply repeat the
first part of this proof for u instead of v. �

Corollary 7.7 Under the hypotheses of Proposition 7.6, ∆H is a core graph
with respect to any choice of base point.

Proof: Firstly, since H is normal, Corollary 3.4 gives that the funda-
mental group of ∆H is the same at any given basepoint. In particular, if ∆H

is core with respect to one base point, it is core with respect to every one,
since every reduced closed path at one point corresponds to a conjugate of
that path at the other point.

By contradiction, suppose ∆H 6= Core(∆H). Then ∆H contains some
edge e not contained in Core(∆H), where µ(e) = xi for some i. Since ∆H

is connected, e is incident to some vertex of Core(∆H), which contradicts
the fact that ∆H is folded (Corollary 6.6). Indeed, since Proposition 7.6
demonstrates that every vertex of Core(∆H) has valence 2n, any new edge
connected to Core(∆H) with a label in X will introduce a possible folding.
�

As promised, we offer a topological proof of the same result:
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Proposition 7.8 Let F be a finitely generated free group with basis X =
{x1, x2, . . . xn}, and let H be a finitely generated normal subgroup of F . Let
∆ be the Cayley graph of F with respect to some generating set X, and ∆H be
the quotient graph of ∆ under the action of H. Then ∆H has finitely many
vertices.

Proof: From Theorem 3.10, we know that ∆H is a covering space for ∆F .
It remains to show that ∆H has only finitely many sheets - in other words, if
p : ∆H → ∆F is the quotient mapping, we need to show that |p−1(v)| <∞,
where v is the unique vertex of ∆F .

Let T be a maximal tree of ∆H . Then |E(∆H − T )| = rank(H) < ∞
[2, Proposition 1A.2, page 84], by assumption of H being finitely generated.
Define the sets:

V0 = {ṽ ∈ V (∆H) | ṽ is incident to an edge in E(∆H − T )}

Vi = {ṽ ∈ V (∆H) | d(ṽ, ṽ′) = i for some ṽ′ ∈ V0}

where d is the word metric on ∆H (d(x, y) being the length of the shortest
path between vertices x, y). Note that since F is finitely generated, |Vi| <∞
for all i and the valence of each vertex is globally bounded by 2n.

Let g ∈ H be any nontrivial reduced word, and suppose |g| = k for
some k ∈ Z+. Then there exists a closed path q at the vertex v in ∆F such
that µ(q) = g, and furthermore for any vertex ṽ ∈ ∆H , this path lifts to
a unique path q̃ at ṽ in ∆H such that pq̃ = q (Lemma 3.2). Furthermore,
since the induced map p∗ : π1(∆H , ṽ) → π1(∆F , v) is injective, the label of
the path q̃ is also g and its length is also k. Write q̃ = [e1, e2, . . . , ek] where
o(e1) = t(ek) = ṽ, g = µ(e1) . . . µ(ek), and the ei are distinct, consecutive
edges.

By contradiction, suppose |p−1(v)| = ∞. Then Vi is nonempty for every
i ∈ Z+. Let ṽ′ be any vertex in Vk+1. Since H is a normal subgroup,
Proposition 7.5 gives that ∆H is a normal covering for ∆F . In particular,
given the vertices ṽ, ṽ′, there exists a deck transformation f : ∆H → ∆H
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such that f(ṽ) = ṽ′. Then f(q̃) is a closed path at ṽ′. But since ṽ′ ∈ Vk+1

and f(q̃) has length k, the path f(q̃) does not touch any edge in E(∆H −T ).
Thus f(q̃) is a path contained entirely in the tree T .

We have that the path f q̃ = [f(e1), . . . , f(ek)] is a closed path at f(ṽ) = ṽ′

within the tree T . By definition of a tree, any closed path must backtrack
— more precisely, there exists 1 ≤ i ≤ k such that f(ei) = f(ei+1). But
ei 6= ei+1, which contradicts the fact that f is injective. Thus |p−1(v)| <∞.
�

Figure 30: Illustration of the proof by contradiction in Proposition 7.8. The
black edges represent a maximal tree T , and the red edges represent E(∆H−
T ). Here |g| = 3, and so ṽ′ is at least distance 4 from any of the red edges,
meaning any loop of length 3 based at this vertex is in the tree T .

Corollary 7.9 Under the hypotheses of Proposition 7.8, ∆H is a core graph.

Proof: Let T be a maximal tree of ∆H , and suppose T ∩ Core(∆H)C is
nonempty. Since T is a maximal tree, it contains every vertex of ∆H . Let
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T ′ be any connected component of T ∩ Core(∆H)C . Then the closure T ′

intersects T at exactly one vertex (otherwise we would have a circuit in T ),
call this vertex u. T ′ is a finite subtree of T , and by properties of trees, T ′

has at least two vertices of valence 1. One of these vertices is u, so there is
at least one other vertex in ∆H of valence 1, which contradicts the fact that
every vertex of ∆H has valence 2n. �

To conclude this section, we prove two classical results about free groups
using the tools developed in this thesis:

Corollary 7.10 Let H be a finitely generated normal subgroup of a finitely
generated free group F . Then H has finite index.

Proof: Let ∆ be the Cayley graph of F with respect to some basis
{x1, . . . , xn}, and construct ∆H as usual. In Proposition 7.8, we showed that
∆H is finite. Each vertex of ∆H represents a right coset of H, and there are
only finitely many of them. Thus [F : H] <∞. �

Corollary 7.11 Under the hypotheses of Corollary 7.10, the quotient group
F/H is finite. �

One advantage of the combinatorial approach is that it provides us very
efficient algorithms to decide properties of groups. Here is an example:

Theorem 7.12 ([4, Theorem 8.14, page 642]) There is an algorithm that,
given a finite basis X of a free group F and finitely many freely reduced words
h1, . . . , hm ∈ F , determines whether or not H = 〈h1, . . . , hm〉 is a normal
subgroup of finite index in F .

Proof: We construct the Stallings graph Γ(H) of H, as described in the
beginning of the proof of Proposition 7.6. Call the base vertex 1H .

We claim that H is normal in F if and only if the following conditions
are satisfied:

1. The graph Γ(H) is X-regular (i.e. every vertex has valence |X|)
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2. For any vertex v of Γ(H), L(Γ(H), v) = L(Γ(H), 1H) = H.

First, suppose conditions 1 and 2 are satisfied. Let g ∈ F be an arbitrary
freely reduced word. Since Γ(H) is folded and X-regular, there exists a
unique path p in Γ(H) with origin 1H and label g. Let v be the terminal vertex
of p. Corollary 3.4 + Theorem 5.5 gives that L(Γ(H), v) = gHg−1 = H, by
condition 2. Since g was arbitrary, we conclude that H is normal.

Conversely, suppose H is normal in F . Proposition 7.6 gives us that Γ(H)
is X-regular, satisfying condition 1. Let v be any vertex in Γ(H), and let g
be the freely reduced label of the unique path from 1H to v. We have that
L(Γ(H), v) = gHg−1 = H, by normality of H. Since v was arbitrary, we
conclude that Γ(H) satisfies condition 2.

Finally, we present the algorithm. We construct Γ(H) in finitely many
steps and determine whether it is X-regular. If not, then H has infinite index.
If it is X-regular, we list the vertices of Γ(H). [4, Theorem 5.2, page 624] + [4,
Lemma 4.2, page 621] asserts that L(Γ, 1H) = L(Γ, v) ⇐⇒ (Γ(H), 1H) and
(Γ(H), v) are isomorphic as based X-digraphs (in other words, there exists an
orientation and label preserving graph isomorphism π : Γ(H) → Γ(H) such
that π(1H) = v). We check this for each vertex v to arrive at a conclusion.
�

Example: Consider the subgroup H = 〈b2, ba, ba−1〉 ⊂ F ({a, b}). We
construct the Stallings graph Γ(H) by drawing a wedge of 3 circles, each
labelled by a generator of H (as usual, red arrows stand for the letter a, and
blue arrows stand for the letter b):
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Figure 31: Folding an {a, b}-digraph.

There are two possible foldings. We choose to fold the two leftmost edges
with origin 1H and label b:

This time, there is only one possible folding, as there are only two edges
with the same origin 1H and same label b:

Figure 32: The Stallings graph of H = 〈b2, ba, ba−1〉 ⊂ F ({a, b}).
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Figure 32 is our desired folded {a, b}-regular digraph Γ(H) with L(Γ(H), 1H) =
H. To perform the algorithm outlined in Theorem 7.12, it only remains to
check that (Γ(H), 1H) is isomorphic to (Γ(H), v) as a based {a, b}-digraph.
Indeed, let π : (Γ(H), 1H) → (Γ(H), v) be the mapping π(1H) = v, π(e1) =
e2, and π(e3) = e4. π is clearly an orientation and label preserving bijection
of Γ(H) sending 1H to v. Therefore, H is normal in F ({a, b}).
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8 Properties of Free Groups

Definition 8.1 Let G be a group. We say that G is residually finite if
for every 1 6= g ∈ G, there exists a group homomorphism φ : G→ G′, where
G′ is a finite group and φ(g) 6= 1.

Examples:

� (Z,+) is residually finite. Given any nonzero k ∈ Z, the natural group
homomorphism φ : Z → Zk+1 is a homomorphism to a finite group
where φ(k) 6= id.

� Every finite group is residually finite, as seen by taking the identity
automorphism.

� A direct product of residually finite groups is residually finite. Let A,B
be residually finite groups, and let (a, b) ∈ A × B be a non-identity
element of A×B. Then at least one of a and b is not the identity in A
and B respectively. WLOG assume a 6= 1A. There exists a finite group
GA and a homomorphism φA : A→ GA such that φA(a) 6= 1GA . Then
the homomorphism ψ : A×B → GA×{1} given by ψ(g, h) = (φA(g), 1)
maps (a, b) to a non-identity element of the finite group GA × {1}.

Before the main result of this section, a couple intermediary lemmas:

Lemma 8.2 Let H,K be finite index subgroups of a group G. Then [G :
H ∩K] ≤ [G : H][G : K].

More generally, for a finite intersection of subgroups
⋂n
i=1Hi, where [G :

Hi] <∞ for each i, we have [G :
⋂n
i=1Hi] ≤

∏n
i=1[G : Hi].

Proof: Since H ∩K ⊂ H ⊂ G, by the multiplicative property of index
[5, Proposition 2.8.14, page 58] we have [G : H ∩K] = [G : K][K : H ∩K].

We claim that [K : H ∩ K] = [KH : H]. There is a natural bijection
between left cosets of H ∩K in K and left cosets of H in KH defined by the
map:
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g(H ∩K) 7→ gH

Surjective: Take any coset gH, where g ∈ KH, i.e. there exist k ∈ K,
h ∈ H such that g = kh. Then gH = khH = kH, and the coset k(H ∩K)
of H ∩K in K maps to gH. X

Well-defined + injective: Let g, h ∈ K. We have g(H ∩K) = h(H ∩
K) ⇐⇒ h−1g(H ∩K) = H ∩K ⇐⇒ h−1g ∈ H ∩K ⇐⇒ h−1g ∈ H ⇐⇒
h−1gH = H ⇐⇒ gH = hH. X

Altogether we have:

[G : H ∩K] = [G : K][K : H ∩K] = [G : K][KH : H] ≤ [G : K][G : H]

The last inequality follows from the fact that KH ⊂ G, and so there are
at least as many cosets of H in G as there are cosets of H in the smaller set
KH.

The general case follows by simple induction. �

Lemma 8.3 Let H be a finite index subgroup of a group G. Then there
exists a normal subgroup N / G of finite index.

Proof: Suppose [G : H] = n <∞. Choose a set S := {g1H, . . . , gnH} of
representatives for the left cosets of H in G. We claim that N =

⋂n
i=1 giHg

−1
i

is our desired subgroup of finite index.

Consider the group action φ of G on S defined by the operation g ∗giH =
ggiH. We claim that ker(φ) = N . By definition:

ker(φ) = {g ∈ G | ∀giH ∈ S , ggiH = giH}

=
n⋂
i=1

{g ∈ G | ggiH = giH}

(
=

n⋂
i=1

Stab(giH)

)
(1)
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=
n⋂
i=1

{g ∈ G | g−1
i ggi ∈ H}

=
n⋂
i=1

{g ∈ G | g ∈ giHg−1
i }

=
n⋂
i=1

giHg
−1
i = N

The kernel of the group action φ is normal, as it is equivalent to the kernel
of the induced group homomorphism φ∗ : G → Sym(S). This shows N is
normal.

It only remains to show that [G : N ] <∞. By Lemma 8.2:

[G : N ] = [G :
n⋂
i=1

giHg
−1
i ] ≤

n∏
i=1

[G : giHg
−1
i ] (2)

Thus it is enough to show that [G : giHg
−1
i ] < ∞ for all i. Fix i, and

consider the orbit of the coset giH under φ:

Orb(giH) = {ggiH | g ∈ G}

For any gjH ∈ G, notice that gig
−1
j ∗ gjH = giH. Thus φ is a transitive

group action. By the Orbit-Stabilizer theorem, we have:

|Orb(giH)| = |Orb(H)| = n = [G : Stab(giH)] = [G : giHg
−1
i ] , by (1)

Together with (2), this gives [G : N ] ≤ nn <∞, as desired. �

Proposition 8.4 The rank 2 free group F ({a, b}) is residually finite.
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Proof: We define a metric d on the Cayley graph ∆ of F2 with respect
to the basis {a, b}, as follows: the closure of each edge is assigned a length
of 1, and the distance between two points is the length of the shortest path
connecting them. We check that d satisfies the definition of a metric:

� For any x ∈ ∆, d(x, x) = 0 X

� If x 6= y ∈ ∆, then d(x, y) > 0 X

� d(x, y) is the length of the shortest path connecting x and y, which is
also the shortest path connecting y and x, giving d(x, y) = d(y, x) X

� For x, y, z ∈ ∆, because d(x, z) is the shortest path connecting x and
z, the path connecting x to y and then y to z is at least as long as the
former path, giving d(x, z) ≤ d(x, y) + d(y, z) X

In particular, if we restrict d to the vertices of ∆, we obtain the word
metric.

For n ≥ 1, define ∆n = {x ∈ ∆ | d(x, v1) ≤ n}, where v1 is the vertex
representing the identity element of F2. By an inductive argument, it is easy
to see that ∆n has 4 · 3n−1 vertices of valence 1. Indeed, ∆1 is simply a cross
centered at v1 with 4 vertices of valence one. ∆2 will introduce 3 new vertices
to each one of these 4 vertices, giving 4 ∗ 3 new vertices of valence 1. Each
occurence of ∆n adds an extra 3 vertices for each vertex of valence 1, giving
the desired formula.
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Figure 33: The constructions described in the proof of Proposition 8.4.

From each ∆n, we construct an {a, b}-regular graph as follows. Define
the following sets:

S+
a,n = {v ∈ V∆n | v = o(e) for some e ∈ E∆n such that µ(e) = a and v has valence 1}

S−a,n = {v ∈ V∆n | v = t(e) for some e ∈ E∆n such that µ(e) = a and v has valence 1 }

S+
b,n = {v ∈ V∆n | v = o(e) for some e ∈ E∆n such that µ(e) = b and v has valence 1 }

S−b,n = {v ∈ V∆n | v = t(e) for some e ∈ E∆n such that µ(e) = b and v has valence 1 }
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By symmetry of ∆n, it is easy to see that |S+
a,n| = |S−a,n| = |S+

b,n| = |S
−
b,n| =

3n−1. Define bijections fa : S+
a,n → S−a,n and fb : S+

b,n → S−b,n by simply pairing
vertices with each other. Given a vertex v ∈ S+

a,n, we introduce three directed
edges e1, e2, e3 that satisfy the following:

o(e1) = t(e2) = t(e3) = v

t(e1) = o(e2) = o(e3) = fa(v)

µ(e1) = µ(e3) = b;µ(e2) = a

Similarly, given a vertex u ∈ S+
b,n, we introduce three directed edges

e′1, e
′
2, e
′
3 satisfying the following:

o(e′1) = t(e′2) = t(e′3) = u

t(e′1) = o(e′2) = o(e′3) = fb(u)

µ(e′1) = µ(e′3) = a;µ(e′2) = b

Both cases pictured below:
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Figure 34: The addition of edges to the graphs ∆n described in the proof of
Proposition 8.4.
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Repeating this construction for every valence 1 vertex of ∆n yields a new
graph ∆∗n. Note that by construction, ∆∗n is an {a, b}-regular graph.

Figure 35: The {a, b}-regular graph ∆∗1, as described in the proof of Propo-
sition 8.4.

Write Hn := π1(∆∗n, v1). I first claim that Hn is finitely generated. Indeed,
∆n is a maximal tree of ∆∗n that misses exactly the new edges we introduced
to ∆n. Recall that ∆n has 4 · 3n−1 vertices, and we introduced 3 new edges
for each pair of vertices. Therefore, the maximal tree ∆n inside ∆∗n misses
exactly 3·4·3n−1

2
= 2 · 3n edges. Therefore, by [2, Proposition 1A.2, page 84],

we have rank(Hn) = 2 · 3n.

Let us find a basis for Hn. For any edge e ∈ ∆∗n−∆n, we take the label of
the unique path through ∆n from v1 to o(e), e, and the unique path through
∆n from t(e) to v1. By the way we defined ∆n, such a path will have length
n+1+n = 2n+1, since each vertex incident to an edge in ∆∗n−∆n has exactly
distance n from v1. Therefore we have a basis for Hn = 〈g1, g2, . . . , g2·3n〉,
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and |gi| = 2n+ 1 for each i.

We claim that for any 1 ≤ i, j ≤ 2 · 3n and k,m ∈ Z, we have |gki glj| ≥
2n+ 1.

As above, for some edge e ∈ ∆∗n−∆n, there exists a unique path p from v1

to o(e) and a unique path q from t(e) to v1, and gi = µ(p)µ(e)µ(q). Similarly,
there is some edge e′ and unique paths p′ from v1 to o(e′), q′ from t(e′) to v1

such that gj = µ(p′)µ(e′)µ(q′). First note:

|g2
i | = |µ(p)µ(e)µ(q)µ(p)µ(e)µ(q)| ≥ |µ(p)µ(e)2µ(q)| = 2n+ 2 ≥ 2n+ 1

For general positive k, we would have:

|gki | ≥ |µ(p)µ(e)kµ(q)| = 2n+ k ≥ 2n+ 1

The argument is identical for negative k, just with inverses everywhere.
Now:

|gki gmj | ≥ |µ(p)µ(e)kµ(q)µ(p′)µ(e′)mµ(q′)|

Since e, e′ are positively oriented edges, we have that µ(e), µ(e′) ∈ {a, b}.
In particular, it can not be the case that µ(e) = µ(e′)−1. Therefore the worst
possible case is µ(q) = µ(p′)−1, in which case:

|gki gmj | ≥ |µ(p)µ(e)kµ(e′)mµ(q′)| = 2n+ k +m ≥ 2n+ 1

as desired.

With this information, We claim that the minimum word length in Hn is
2n + 1. Let g be a nontrivial reduced word in Hn. Given our basis for Hn,
we can write:

g = gε11j
gε22j

. . . gεkkj
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where each gij ∈ {g1, . . . , g2·3n} and each εi 6= 0. Note that k ≥ 1 as g is
nontrivial. By the preceding argument, we have |g| ≥ 2n+ 1.

Finally, we prove the claim. Fix an element g ∈ F2 with reduced word
length n. Then g /∈ Hn, since every nontrivial word in Hn has length at least
2n + 1. Construct the normal subgroup of finite index N from Lemma 4.
Notice that N is nontrivial, since the trivial subgroup has infinite index in
F2. Furthermore, we have N ≤ Hn, and g /∈ Hn =⇒ g /∈ N . The quotient
group F2/N is finite since [F2 : N ] < ∞. Take the canonical mapping
φ : F2 → F2/N . Since g /∈ N , we have φ(g) 6= 1, as desired. �

Corollary 8.5 The free group of countable rank is residually finite.

Proof: We know that the free group F of countable rank embeds into F2.
(An example of this is the subgroup H of F2 in Section 7, Figure 25, which is a
subgroup of countably infinite rank.) Let f : F → F2 be such an embedding,
and let g ∈ F be a nontrivial element. If |f(g)| = n, construct the subgroup
Hn as in Proposition 8.4, and construct the respective normal subgroup N
as in Lemma 8.3. This gives our desired homomorphism φ ◦ f : F → F2/N .
Indeed, f(g) 6= 1, as f is injective, and φ(f(g)) 6= 1, as f(g) /∈ N . �
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9 Cayley Complexes

In Definition 5.1, we introduced the Cayley graph of a group with respect
to a generating set. The Cayley graph serves us very well for free groups,
because free groups have no relations — in a sense, a Cayley graph of a free
group gives us all the necessary information about the group. However, for
any group G = 〈S | R〉, the Cayley graph of G with respect to S does not
tell us anything about R. Therefore, our motivation for the following section
is to introduce a more general analogue of the Cayley graph which contains
information about the relations of the group as well.

Definition 9.1 Let G be a group with presentation G = 〈S | R〉. The Cayley
complex ∆2 of G is defined as follows:

1) ∆2 is a 2-dimensional CW complex.

2) The 0-cell and 1-cells of ∆2 form the Cayley graph ∆ of G with respect
to S.

3) For each g ∈ G and r ∈ R, there is a 2-cell eg,r glued to ∆ starting at
g with the closed path labelled r as its boundary.

Proposition 9.2 Let G = 〈S | R〉 be a group, and ∆2 the Cayley complex
of G with respect to the given presentation. Then ∆2 is simply connected.

Proof: Let p be a closed path at any vertex v. Since disks are simply
connected, any segment of p that travels along a disk may be contracted to
the 1-skeleton of ∆2. Therefore WLOG, we may assume p is part of the
1-skeleton of ∆2, which is exactly the Cayley graph of G with respect to S.
By Lemma 5.2, the label of the representative edgepath p′ of p is the identity
in G, which means µ(p′) is in the normal closure 〈〈R〉〉. In other words:

µ(p′) = g−1
1 rε11 g1 . . . g

−1
n rεnn gn

with n ≥ 0, εi = ±1, ri ∈ R, gi ∈ F (S).
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We claim p′ is nullhomotopic. Indeed, each segment of p′ with label rε1i
has a disc attached to it, thus p′ is homotopic to the closed path at v with
label g−1

1 g1 . . . g
−1
n gn, which is obviously nullhomotopic. Thus π1(∆2) = {1}.

�

In Section 3, we discussed continuous group actions on topological spaces.
Since the Cayley graph of a group G = 〈S | R〉 is a subset of its Cayley
complex, we can extend the group action of a subgroup H ≤ G on the Cayley
graph to the Cayley complex by defining its action on the disks eg,r. More
precisely, an element h ∈ H acts on the disc eg,r by the map eg,r 7→ ehg,r. Note
that this is still a free action, since eg,r = ehg,r ⇐⇒ g = hg ⇐⇒ h = 1.
When considering the equivalence relation induced by this action, we identity
two discs with each other if they belong to the same orbit. This corresponds
to discs eHg,r for right cosets Hg of H.

Note that the Cayley complex of G = 〈S | R〉 is the universal cover of
the presentation complex introduced in Theorem 2.11. The Cayley complex
is simply connected, and moreover the presentation complex is exactly the
quotient space obtained under the action of the entire group G on its Cay-
ley complex. Indeed, the 1-skeleton of the presentation complex is just the
bouquet of |S| circles, obtained from the action of F (S) on the 1-skeleton of
the Cayley complex, and the equivalence classes of disks under the action of
G will be glued along the boundary of each relator.

Given the action defined in the paragraph above, as a consequence of
Theorem 3.12, we have the following result:

Corollary 9.3 Let G be a finitely generated group with presentation G =
〈S | R〉, and let H ⊂ G be a subgroup. Let ∆2

H be the quotient complex under
the action of H on ∆2 defined above. Then π1(∆2

H , vH) ∼= H.

Example: Let G = Z2 ∗Z2 = 〈a, b | a2, b2〉 be the free product of Z2 with
itself. The Cayley graph of G with respect to the given generating set is given
below (where red arrows represent generator a and blue arrows represent b):
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Figure 36: The Cayley graph of the free product Z2 ∗ Z2 = 〈a, b | a2, b2〉.

However, the fundamental group of this graph is a nontrivial free group.
For the Cayley complex to serve as a universal cover for a space with funda-
mental group G, we need to glue in disks that make this fundamental group
trivial. Each vertex g is incident to a loop that corresponds to one of the
relations a2, b2. In this case:

a) If |g| is even, we glue in two hemispheres above g intersecting at the
vertex vg, one for each relation a2, b2

b) If |g| is odd, we glue in two hemispheres below g intersecting at the
vertex vg, one for each relation a2, b2

The resulting picture is given below:

Figure 37: The Cayley complex of the free product Z2 ∗ Z2 = 〈a, b | a2, b2〉.
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This is the desired Cayley complex according to Definition 9.1. It is an
infinite string of spheres, and its fundamental group is trivial.

Let us examine the action of the subgroup H = {1, a} ⊂ G on the
Cayley complex ∆2. Since H only has two elements, two vertices vg, vg′ are
equivalent ⇐⇒ g = g′ or g = ag′. If the Cayley complex were made of
paper, we could intuitively think of this as “folding” the complex in two at
vertex v1 (this is unrelated to the previous definition of folding X-digraphs).
More precisely, every coset Hg has exactly two elements, g and ag, and so we
take the vertices to the left of v1 to be the coset representatives (the words
in G that do not start with a). The resulting picture looks like this:

Figure 38: The quotient complex of the Cayley complex of the free product
Z2 ∗ Z2 = 〈a, b | a2, b2〉 under the action of the order 2 cyclic subgroup
H = 〈a〉.

The left side of the Cayley complex remains untouched, while the right
side collapses to a single loop labelled a with a disc attached along the loop
a2. Thus the only nontrivial closed path at the vertex vH has label a, which
gives us that the fundamental group at vH is {1, a} = H, exactly as desired.
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We set out to use the theory of 2-dimensional CW complexes to prove
the Kurosh subgroup theorem. But first, a preliminary lemma:

Definition 9.4 Let {Gλ | λ ∈ Λ} be an indexed collection of groups. The
free product of the groups Gλ (denoted G := ∗λGλ) is the unique group G
such that there exist injective homomorphisms iλ : Gλ → G, and given any
group H and a collection of group homomorphisms φλ : Gλ → H, there exists
a unique homomorphism φ : G→ H such that each φλ factors through φ. In
other words, the following diagram commutes:

G

{Gλ} H

∃!φ{iλ}

{φλ}

Note: A free product of free groups is again a free group. In particular, a
free product of two free groups F (X) and F (Y ) is the free group F (X

∐
Y ).

Lemma 9.5 ([6, Lemma 4.2, page 217]) Let X be a CW-complex which
is a union of a collection of path-connected subcomplexes {Aλ | λ ∈ Λ}.
Assume that there exists a non-empty tree T , which is a subcomplex of the 1-
skeleton X1 such that, for any two distinct indices λ, µ ∈ Λ, Aλ ∩ Aµ =
T . Then, for any vertex v ∈ T , the fundamental group π1(X, v) is the
free product of the groups π1(Aλ, v) with respect to the homomorphism ϕλ :
π1(Aλ, v)→ π1(X, v) induced by the inclusion maps.

Proof: First assume the case where X (and hence all the Aλ’s) is a 1-
dimensional CW complex. Choose a maximal tree T ′ containing the tree T .
Then π1(X, v) is a free group on |E(X ∩ (T ′)C)| generators by Theorem 2.9.
Furthermore, Aλ ∩ T ′ is a maximal tree in Aλ for each λ, and π1(Aλ, v) is a
free group on |E(Aλ ∩ (T ′)C)| generators. Let Sλ := {e | e ∈ E(Aλ ∩ (T ′)C)}.
For each λ ∈ Λ, we have π1(Aλ, v) ∼= F (Sλ) and π1(X, v) ∼= F (

∐
λ Sλ) =

∗λF (Sλ) = ∗λπ1(Aλ, v), as desired.
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Next, consider the case where X is 2-dimensional. By Definition 9.4,
we must prove that, given any group H and any collection of homomor-
phisms ψλ : π1(Aλ, v) → H, that there exists a unique homomorphism
σ : π1(X, v)→ H such that σ ◦ ϕλ = ψλ for all λ.

LetA1
λ andX1 denote the 1-skeletons ofAλ andX, and let jλ : π1(A1

λ, v)→
π1(A, v) and j : π1(X1, v) → π1(X, v) denote the homomorphisms induced
by the inclusions maps. Then, for each λ, the following diagram commutes:

π1(A1
λ, v) π1(Aλ, v)

ψλ−→ H

π1(X1, v) π1(X, v)

jλ

ϕ1
λ

ϕλ

j

Since we proved the result for 1-dimensional CW complexes in the first
part of the proof, by Definition 9.4 there exists a unique homomorphism
σ′ : π1(X1, v)→ H such that:

ψλ ◦ jλ = σ′ ◦ ϕ1
λ (3)

for all λ ∈ Λ.

The homomorphism j (respectively, jλ) is surjective, and the generators
of its kernel are in 1 − 1 correspondence with the 2-cells of X (respectively,
Aλ). Let e2

i be any 2-cell of X, and let γi be the corresponding generator
of the kernel of j. Choose an index λ such that e2

i ⊂ Aλ; then γi is also
a generator of the kernel of jλ. From (3) and the fact that ϕ1

λ(γi) = γi, it
follows that σ′(γi) = e. Because the 2-cell e2

i was arbitrary, it follows that
there exists a unique homomorphism σ : π1(X, v) → H such that σ′ = σj.
We have σ ◦ ϕλ = ψλ, as required by Definition 9.4. �

We turn our attention to the main results of this section:

Theorem 9.6 (Kurosh Subgroup Theorem [6, Theorem 5.1, page 219])
Let H be a subgroup of the free product G = ∗λGλ. Then H is itself a free
product, and:
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H = F ∗ (∗νHν),

where F is a free group and each Hν is conjugate in G to a subgroup of one
of the free factors Gλ.

Proof: For each λ ∈ Λ, let Xλ be a 2-dimensional CW-complex with a
single vertex vλ such that π1(Xλ, vλ) = Gλ (as seen in Theorem 2.11). Let
v0 be a point not belonging to any of the spaces Xλ. For each λ ∈ Λ, join
v0 to the vertex vλ by an edge eλ. Let X denote the union of all the spaces
Xλ, the edges eλ, and the vertex v0. Then X is a connected 2-dimensional
CW complex, and by Lemma 9.5, π1(X, v0) can be identified with the free
product G.

Let (X̃, p) be a covering space of X corresponding to the subgroup H.

Choose a vertex ṽ0 ∈ p−1(v0) such that p∗π1(X̃, ṽ0) = H. The proof will be

completed by using Lemma 9.5 to show that π1(X̃, ṽ0) is a free product of
certain subgroups.

For each λ ∈ Λ, let {X̃λµ | µ ∈ Mλ} denote the set of connected compo-

nents of p−1(Xλ). Then (X̃λµ, p|X̃λµ) is a covering space of Xλ. Each X̃λµ is

a 2-dimensional CW complex; choose a maximal tree Tλµ in the 1-skeleton of

X̃λµ. Let Y denote the following connected graph contained in the 1-skeleton

of X̃: Y shall be the union of all the trees Tλµ together with all the edges
p−1(eλ) for all λ ∈ Λ. Let T be a maximal tree in Y such that T contains
each one of the trees Tλµ (*).

We are now ready to apply Lemma 9.5 to determine the structure of
π1(X̃, ṽ0). To do this, we consider the covering of the space X̃ by the sub-

complexes Y and X̃λµ ∪ T for all pairs (λ, µ). Each of these subcomplexes
is connected, each contains the vertex ṽ0, and the intersection of any pair
of them is exactly the tree T . By Lemma 9.5, π1(X̃, ṽ0) is the free product

of the groups π1(Y, ṽ0) and π1(X̃λµ ∪ T, ṽ0). π1(Y ) is free because Y is a

1-dimensional CW complex, and X̃λµ ∪ T is homotopic to X̃λµ since trees

are nullhomotopic. Hence, π1(X̃λµ ∪ T ) ∼= π1(X̃λµ). Under the injective
homomorphism:
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p∗ : π1(X̃, ṽ0)→ π1(X, v0),

it is clear that π1(X̃λµ, ṽ0) maps onto a conjugate of a subgroup of π1(Xλ∪
eλ, v0) = Gλ; this conjugate depends on the choice of the maximal tree T . �

Lemma 9.5 can also be used to prove the fact that a free product of finitely
many finite groups is virtually free — that is, it contains a free subgroup
of finite index.

Theorem 9.7 Let G = ∗λGλ be a free product with |Λ| <∞ and |Gλ| <∞
for each λ ∈ Λ. Assume each Gλ is nontrivial. Then there exists a subgroup
H ⊂ G such that [G : H] <∞ and H is free.

Proof: Construct Xλ and X as in the beginning of Theorem 9.6 (so Xλ

is a complex with π1(Xλ, vλ) = Gλ and X is a complex with π1(X, v0) = G).

For each Xλ, let X̃λ be the universal cover of Xλ with covering map pλ. Let
nλ be the cardinality of p−1

λ (vλ) for each λ. Note that each nλ is finite -

each Gλ is a finite group, and hence the complex X̃λ, whose 1-skeleton is the
Cayley graph of Gλ, only has finitely many vertices. Furthermore, note that
nλ 6= 1 for every λ, since each Gλ is nontrivial.

We seek to construct a covering X̃ of X with π1(X̃) free. To do so, for

each λ, we take a disjoint union of
∏

µ6=λ nµ copies of X̃λ. This guarantees

that X̃ will be a
∏

λ∈Λ nλ-sheeted covering of X. After that, we take the
disjoint union of all these construction for each λ, as follows:

∐
λ∈Λ

(

∏
µ6=λ nµ∐
i=1

X̃λ)

With respect to the natural projection map p :
∐

λ∈Λ(
∐∏

µ6=λ nµ
i=1 X̃λ)→ X,

the cardinality of p−1(vλ) is
∏

λ∈Λ nλ for each λ.

We construct X̃ as follows: together with the set
∐

λ∈Λ(
∐∏

µ6=λ nµ
i=1 X̃λ), we

introduce a new set of
∏

λ∈Λ nλ vertices (these will serve as the preimages
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of v0). By construction, for each λ, the subset
∐∏

µ6=λ nµ
i=1 X̃λ has

∏
λ∈Λ nλ

vertices. We want to add edges connecting the covering spaces and vertices
such that the new space X̃ is connected but not simply connected. We outline
one possible algorithm to do so, as follows:

Since |Λ| <∞, write Λ = {1, 2, . . . , k}. We first connect all the copies of
the covering spaces and added vertices in one simple cycle: a vertex in a copy
of X̃1 connects to an added vertex p1, which connects to a vertex in a copy
of X̃2, then a different vertex in the same copy of X̃2 connects to an added
vertex p2, and so on. Once we have exhausted the added vertices, we connect
the remaining vertices in the copies of the X̃λ to the added vertices in such a
way that each added vertex has valence |Λ| = k, and furthermore each added

vertex is connected to exactly one copy of each X̃λ. This is possible because
the number of added vertices and the number of vertices in the disjoint union
of the copies of X̃λ for each λ are both

∏
λ∈Λ nλ.

This guarantees that 1) v0 has
∏

λ∈Λ nλ sheets in X̃, and 2) each added
vertex has valence |Λ|, just like v0.

By construction, the new space X̃ is a connected covering space of X,
where the covering map is the natural projection p (which projects the added

vertices onto v0). Furthermore, since each copy of X̃λ in X̃ is simply con-

nected, any segment of a path that occurs in X̃λ can be contracted to a
point. In other words, X̃ has the same (up to isomorphism) fundamental

group π1(X̃) := H as the 1-dimensional CW complex that replaces every X̃λ

in X̃ with a vertex, whose fundamental group is free by Theorem 2.9.

Finally, we have [G : H] < ∞ because X̃ is a finite disjoint union of

complexes, each of which has finitely many vertices. Altogether, p∗π1(X̃) is
a finite index free subgroup of G. �

Example: As in our first example, consider the free product of Z2 with
itself. Each copy of Z2 can be represented by a 2-dimensional CW complex
Xi with π1(Xi, vi) = Z2 for i = 1, 2:
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Figure 39: A 2-dimensional CW complex with fundamental group Z2. Note
that the disc e1,a2 , which is not pictured, is glued to the boundary of the loop
labeled a2, not a.

We construct the complex X with π1(X, v0) = Z2 ∗ Z2 as before:

Figure 40: A 2-dimensional CW complex with fundamental group Z2 ∗ Z2.
Once again, there are discs glued to the boundary of the paths that travel
each loop twice, which are not pictured.

The universal cover X̃i for each Xi is just 3-dimensional sphere, where
the covering map pi : X̃i → Xi is the quotient map of the sphere under the
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continuous group action of Z2, which is just the map identifying antipodal
points:

Figure 41: The universal cover of the complex in Figure 39.

Notice that p−1
i (vi) = 2 for i = 1, 2. We construct the covering X̃ of X

by taking the disjoint union of 2× 2 = 4 copies of S2:

Figure 42: A disjoint union of 4 copies of S2.
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As in the proof of Theorem 9.7, we introduce 2 × 2 = 4 new vertices,
and pair each vertex on the left side to exactly one vertex on the right side,
in such a way that the new construction is path-connected and not simply
connected:

Figure 43: The addition of edges and vertices to Figure 42, as outlined in
the proof of Theorem 9.7.

We obtain a connected covering space X̃ of X, whose fundamental group
is free, since each sphere is simply connected and “acts like a vertex” when
computing the fundamental group. Therefore, by Proposition 3.6, since X̃
is a 4-sheeted covering of X, we have that Z2 ∗ Z2 has a free subgroup of
index 4. In fact, it is not hard to see that π1(X̃) is the cyclic subgroup
H = 〈abab〉 ⊂ Z2 ∗ Z2, with cosets H,Ha,Hb,Hab = Hba.
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Figure 44: An example of the construction of the covering space in the proof
of Theorem 9.7, whose fundamental group is a finite index free subgroup of
the free product Z2 ∗ Z2.
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10 Conclusion

We have shown in detail the connection between the material in [1] and [4].
We have provided analogues of the definitions and core results of these papers
in both topological and combinatorial language. Moreover, we have used a
combination of tools from [4], [2], and [6] to provide constructive proofs of
classical results in group theory.

Most notably:

Theorem 7.12 uses previous results to give us an algorithm that decides
whether a given finitely generated subgroup H of a finitely generated free
group F is a finite index normal subgroup, by first constructing its Stallings
graph and then checking whether the directed graph based at the base vertex
is isomorphic to the same graph based at each one of its (finitely many)
vertices.

Proposition 8.4 demonstrates that the rank 2 free group is residually
finite, by first constructing an {a, b}-digraph whose fundamental group is a
finite index normal subgroup of F2, and then considering the mapping from
F2 to the finite quotient group F2/N . The result is generalized to the free
group of countable rank, by observing that it embeds into F2 using a figure
from an earlier section.

Theorem 9.6 gives us the exact structure of subgroups of free products
by studying the fundamental group of coverings corresponding to said sub-
groups.

Inspired by the idea in the proof of Theorem 9.6, given a finite free product
of finite groups, Theorem 9.7 demonstrates the existence of a finite index free
subgroup by constructing a covering of a complex whose fundamental group
is the aforementioned free product.

Directions of future research could include a more developed theory of
covering spaces for general groups. As we saw in Theorem 2.11, any group
with a given presentation can be represented by a 2-dimensional CW com-
plex. The idea of “core surfaces” developed in [10] opens the door to proving
results about more general classes of groups, such as finite groups, abelian
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groups, solvable groups, nilpotent groups, etc.
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