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Abstract

Current literature suggests that large spatial gradients of thermophysical properties,
which occur in the vicinity of the pseudo-critical thermodynamic state, may result in
significant variations in forced-convection heat transfer rates. Specifically, these property
gradients induce inertia- and buoyancy-driven flow phenomena that may enhance or
deteriorate the turbulence-dominated heat convection process. Understanding of these
inertia/buoyancy-driven mechanisms has not been sufficiently established to date.
Consequently, the full set of dynamic similarity parameters remains to be identified.
Through direct numerical simulations of turbulent boundary layers and channel flows, the
present study investigates the characteristics of the flow structures of turbulence in heated
flows of supercritical water under buoyant and non-buoyant conditions.

In the absence of buoyancy forces, notable reductions in the density and viscosity in
close proximity of the heated wall are observed to promote an increase in the wall shear
stress, with resultant loss of coherence of the new near-wall flow structures. This leads to
the dominance of larger-scale structures in the wall-normal thermal mixing process that
comes at the expense of the smaller-scale thermal mixing, and yields a net reduction in
the overall thermal mixing.

Under the influence of wall-normal gravitational acceleration, the wall-normal density
gradients are noted to enhance ejection motions due to baroclinic vorticity generation on
the lower wall of the channel, thus providing additional wall-normal thermal mixing.
iii

Along the upper wall, the same mechanism generates streamwise vorticity of the
opposing sense, causing a net reduction in thermal mixing. In the case of downstreamoriented gravitational acceleration, baroclinic vorticity generation driven by spanwise
density gradients causes additional wall-normal thermal mixing by promoting largerscale ejection and sweep motions.

Based on the results of the foregoing direct numerical simulations and complemented by
relevant information in the published literature, dynamic similarity criteria for heated
flows of supercritical fluids are proposed. Particular consideration is given to the
influence of spatial gradients in density in the form of baroclinic forces on such flows.
The proposed similarity criteria are successfully validated using data from multiple
working fluids, and are used as a basis for a new criterion for the onset of deteriorated
heat transfer.
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Preface

This thesis is produced in an integrated, article-based, format as defined in Section 12.4
of the 2017-2018 General Regulations of the Carleton University Department of
Graduate Studies. It consists of the following journal articles that are published.

1. Azih, C. Brinkerhoff, J.R., & Yaras, M.I., 2012, ‗Direct numerical simulation of
convective heat transfer in a zero-pressure-gradient boundary-layer with
supercritical water‘, Journal of Thermal Science, 21, pp.49-59.
This article received a best paper designation at the 10th International Symposium
on Experimental Computational Aerothermodynamics of Internal Flows in
Brussels, Belgium.
2. Azih, C. & Yaras, M.I., 2018, ‗Effects of spatial gradients in thermophysical
properties on the topology of turbulence in heated channel flow of supercritical
fluids‘, Physics of Fluids, 30(1), p.015108, 23 pages.
This article was declared by the journal editors to be one of the top articles in
Physics of Fluids, and was accordingly designated as a featured article.
3. Azih, C. & Yaras, M.I., 2017, ‗Similarity criteria for modelling mixed-convection
heat transfer in ducted flows of supercritical fluids‘, Journal of Heat Transfer,
139(12), p.122501, 13 pages.

The first chapter of the thesis provides a brief technical background targeted to nonexpert readers in the fields of turbulent flows and related heat transfer mechanisms. The
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second chapter provides an introduction to the thesis manuscript. Chapter 3 outlines the
thesis objectives. Chapters 4, 5, and 6 are respective reprints of the articles enumerated
above and are followed by Chapter 7, which summarizes the contributions of the
individual papers to addressing the objectives of the thesis.

The first and third papers that comprise this thesis are copyrighted material and
permissions to reprint these documents are provided in Appendix D. The second article is
an open access article for which broad publishing and distribution rights remain with the
American Institute of Physics (AIP). Readers who wish to cite sections of this thesis are
encouraged to cite the papers.

For consistency of format and terminology throughout the thesis manuscript, several
modifications have been made to the journal articles integrated into the manuscript. The
papers have been re-set from their respective journal-specific formats to the thesis format.
The conclusion and reference sections from each of the journal articles have been
amalgamated into unified conclusion and reference sections of the thesis manuscript, and
citations have been reformatted to match the Harvard citation style. A unified
nomenclature section is provided and symbols in individual articles are modified to suit.
The labels of the test cases in the first journal article have been changed to be consistent
with that of the second article. The Nusselt number correlation in the first article has also
been changed to be consistent with the more relevant version used in a later work of the
author‘s research group (Dave et al., 2013). The last section in the first article, which

vi

provides hypotheses on boundary layer instabilities in the flow of supercritical fluids, is
not included as it has been more thoroughly discussed in the second article.

The author of this thesis, Chukwudi Azih, was principally involved in conceptualization,
conducting the analyses, interpreting the data, and preparing material for the listed
journal articles. The co-authors in the above-enumerated articles served in supervisory
capacities for the research performed in the respective articles. Professor Metin I. Yaras
was involved in conceptualization of the methodology for the research. He also provided
technical guidance and supervision of the research, and reviewed the manuscripts. In the
first article, Joshua R. Brinkerhoff was involved in supervising the numerical set-up and
execution of the simulations as well as reviewing the manuscript.
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1 Chapter: Outline and Background
It has long been established that the heat transfer characteristics for flows of fluids at the
supercritical thermodynamic state may significantly deviate from established patterns for
flows of single-phase subcritical fluids. The present work strives to reconcile the fluid
dynamics that yields these heat transfer characteristics. Readers who are subject-matter
experts on the fluid mechanics and forced-convection heat transfer characteristics of
turbulent flows may proceed to the general introduction presented in Chapter 2, as the
literature reviews presented in Chapters 4, 5, and 6 would provide sufficient background.
The remainder of the present chapter provides introductory information on the
supercritical thermodynamic state, reviews the present understanding of fluid flow and
convection heat transfer, and provides a framework for the rest of the thesis manuscript in
the context of these topics. Chapter 2 provides a general introduction to the research topic
of the present study supported by a brief review of the relevant literature. The objective
of the thesis is outlined in Chapter 3. Chapters 4, 5, and 6 detail the approaches, analyses,
and results that address the objectives of the thesis. In keeping with the integrated thesis
format, these chapters are respectively based on the following articles:
1. Azih, C. Brinkerhoff, J.R. & Yaras, M.I., 2012, ‗Direct numerical simulation of
convective heat transfer in a zero-pressure-gradient boundary-layer with
supercritical water‘, Journal of Thermal Science, 21, pp.49-59.
This article received a best paper designation at the 10th International Symposium
on Experimental Computational Aerothermodynamics of Internal Flows held in
Brussels, Belgium.
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2. Azih, C. & Yaras, M.I., 2018, ‗Effects of spatial gradients in thermophysical
properties on the topology of turbulence in heated channel flow of supercritical
fluids‘, Physics of Fluids, 30(1), p.015108, 23 pages.
This article was declared by the journal editors to be one of the top articles in
Physics of Fluids, and was accordingly designated as a featured article.
3. Azih, C. & Yaras, M.I., 2017, ‗Similarity criteria for modelling mixed-convection
heat transfer in ducted flows of supercritical fluids‘, Journal of Heat Transfer,
139(12), p.122501, 13 pages.
Chapter 7 provides a summary of the key conclusions drawn from the present work and
how the objectives set out in Chapter 3 have been addressed. Recommendations of
potential areas for further research effort are also presented in this chapter.

1.1

The Supercritical Thermodynamic State

Conventionally, the supercritical thermodynamic state is constrained by temperatures and
pressures of T > Tc and p > pc, respectively. Here, the subscript c indicates that properties
are evaluated at the thermodynamic critical state. However, the temperature criterion that
defines the supercritical state is often dismissed for heat transfer studies (Pioro & Duffy,
2005); this convention is adopted in the present study. A key feature of the supercritical
state is the presence of a pseudo-critical state, defined by the temperature at which the
specific heat, Cp, is at its maximum value for a given pressure; this state is hereafter
denoted by the subscript pc. Figure 1-1(a) illustrates the distribution of Cp in state space
for water. In this figure, the global maximum in Cp represents the critical state. For a
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given isobar, the local maxima in Cp observed for supercritical (p > pc) and subcritical
(p < pc) states represent the pseudo-critical and two-phase states of water, respectively.
Two notable characteristics particular to supercritical fluids are that: there is no
equilibrium condition where liquid and gaseous fluid phases simultaneously exist; and, in
the vicinity of the pseudo-critical state, the thermophysical properties of the fluid vary
significantly with small variations in temperature, as illustrated in Figure 1-1(b). It is in
the vicinity of the pseudo-critical state that unique flow and heat transfer characteristics
are observed.

Figure 1-1: (a) Plot of specific heat for water, Tc = 373.95 C, pc = 22.064 MPa
(reproduced from Wagner & Kruse (1997)); (b) Fluid properties of water at 24 MPa in
the vicinity of the pseudo-critical state (density - ρ, viscosity - μ, thermal conductivity - k,
and specific heat - Cp, of water.

1.2

Background on Fluid Mechanics and Heat Transfer

The fluid mechanics and heat transfer of incompressible unheated wall-bounded flows of
Newtonian working fluids through simple geometries is well established, and is covered
with sufficient detail in many texts (e.g. Schlichting & Gersten (2000) and White (1991)).
In the interest of preserving its focus, this document provides only a brief background on
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fundamental fluid mechanics and heat transfer topics that are of high relevance to the
present study. Readers are encouraged to consult one of the referenced texts should they
require a more thorough treatment of these topics.
1.2.1

Fluid Flows within Wall-Bounded Geometries

Generally, flow systems feature transport mechanisms that temporally drive them
towards a state of spatial uniformity. For example, a system exhibiting spatial gradients
in density, temperature, and velocity, may respectively feature transports of mass,
thermal energy, and momentum, such that the system tends towards a more spatiallyuniform distribution of the relevant parameters. In flows that have velocity gradients,
momentum transport, via diffusion, occurs as a result of shear forces; thus, such flows are
denoted as shear flows. Wall-bounded shear flows, which have one or more solid
surfaces that define the flow geometry, can be categorized into internal and external
flows. External flows are semi-bounded by walls; for example, flow over a flat surface or
an airfoil. In contrast, internal flows are fully bounded by walls, such as flows within
ducts. At the wall, a no-slip condition exists such that the fluid is stationary relative to the
wall. With increasing distance from the wall, the local fluid velocity is less affected by
the presence of the wall and may be more strongly influenced by other forces acting
within the flow. This may create flow topology where appreciable velocity gradients, and
hence shear forces, exist in a near-wall region of the flow. This region is ascribed as a
wall-bounded shear layer or hydrodynamic boundary layer, which is characterized by
length-scales representing distances from the wall. These length scales are denoted as
boundary layer thicknesses, δ. A shear flow may become unstable and permit spatial and
temporal growth of prevailing disturbances, causing the flow to transition from a laminar
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state with orderly and well organized streamlines to a turbulent state featuring more
complex and transient flow patterns. The stability of a shear flow is often primarily
characterized by the ratio of inertial to shear (or viscous) forces, which is expressed
through the Reynolds number, Re:
𝑅𝑒 =

𝜌𝑢𝑟𝑒𝑓 𝐿𝑟𝑒𝑓
𝜇

1-1

where ρ is the fluid density, u is the fluid velocity, L is a relevant length scale, μ is the
fluid dynamic viscosity, and the subscript ref indicates a characteristic/reference value for
the flow. Linear stability analyses of wall-bounded shear flows reveal a critical Reynolds
number above which disturbances in the shear flow are amplified, yielding transition of
the flow from a laminar state to a turbulent state (Kachanov, 1994). As opposed to
laminar flows, where wall-normal transport of mass, momentum, and energy are realized
primarily through molecular diffusion, transport of these parameters in turbulent flows
occurs primarily through advection mechanisms. As a consequence, heat transfer rates
are greatly affected by whether the flow is laminar or turbulent.
1.2.2

Forced Convection Heat Transfer in Wall-Bounded Flows

In this subsection the forced convection heat transfer characteristics for flows of singlephase subcritical fluids is reviewed to establish a baseline for the discussions presented in
subsequent chapters.

At the wall, the fluid temperature matches that of the wall. As wall proximity decreases
temperature approaches the bulk-fluid/free-stream temperature. In heated flows, this
topology imposes a thermal boundary layer region in like manner to the hydrodynamic
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boundary layer. The ratio of the scales of these boundary layers may be characterized by
the Prandtl number, Pr, which represents a ratio of momentum- and thermal-diffusion
rates, and is expressed as:
𝑃𝑟 =

𝜇 𝐶𝑝
𝜈
𝜇/𝜌
=
=
𝛼 𝑘/(𝜌 𝐶𝑝 )
𝑘

1-2

Here, ν is the kinematic viscosity (momentum diffusivity), α is the thermal diffusivity,
and k is the thermal conductivity. A convection heat transfer coefficient (H), defined as
the ratio of the surface heat flux to the temperature difference between the wall and the
bulk fluid, may be used to characterize the rate of heat transfer. The H value may be nondimensionalized in the form of the Nusselt number, Nu, expressed as:
𝑁𝑢 =

𝐻 𝐿𝑟𝑒𝑓
𝑘

1-3

Turbulent wall-bounded flows typically have Nu values that are several orders of
magnitude higher than those of equivalent laminar flows (Rohsenow et al., 1998), which
reflects the dominant contribution of advection mechanisms to wall-normal heat transfer.
The Nu value for single-phase turbulent ducted flows of subcritical fluids may be
computed using the Dittus-Boelter correlation, expressed by Equation 1-4, with
𝑐0 = 0.023, n1 = 0.8, n2 = 0.4 and F = 1 (Winterton, 1998).
𝑁𝑢 = 𝑐0 𝑅𝑒 𝑛1 𝑃𝑟 𝑛2 𝐹

1-4

Here, c0, n1, and n2 are empirically derived constants, and F is an empirically-derived
function. In Equation 1-4, Re and Pr are evaluated at bulk-fluid conditions, and the length
scale used to evaluate Re is the hydraulic diameter, dh.
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If the heat transfer rate is sufficiently high to impose significant spatial gradients of
temperature, variations in the thermophysical properties may affect the fluid dynamics
such that the Dittus-Boelter equation no longer adequately captures the heat transfer rate.
For example, Sieder & Tate propose a correction function, F = (μb/μw)0.14, to account for
significant changes in dynamic viscosity with temperature, where subscripts w and b
indicate wall and bulk-fluid conditions, respectively (Sleicher & Rouse, 1975). Flows of
supercritical fluids may feature significant changes in thermophysical properties with
relatively small changes in temperature. This could lead to spatial gradients of the
thermophysical properties that are orders of magnitude higher than those observed in
subcritical fluid flows such that correlations in the form of Equation 1-4 fail to adequately
capture the heat transfer characteristics. This inadequacy is observed to be due to changes
in the physical mechanisms that drive the local turbulence (Bae et al., 2005).

1.3

Physical Mechanisms that Drive Turbulent Flows and Heat Transfer

It was mentioned that advection due to turbulence motions causes increased rates of heat
transfer in turbulent flows when compared to a laminar scenario. In this section, the
topology of turbulence is discussed from the perspective of transition from laminar to
turbulent flow regimes. This will provide a platform for a discussion of the present
understanding of physical mechanisms that drive fully-turbulent flows through wallbounded geometries as per the introductory subsections in Chapters 4 and 5.
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Transition to turbulence is a complex process that continues to be actively investigated as
it has an impact on numerous engineering processes. For the purposes of this review,
investigations for flows over zero-pressure-gradient boundary layers (ZPGBL) and
ducted flows of uniform cross-section are considered. Also, only aspects of this subject
that are deemed to be of direct significance to the statistically-steady fully-turbulent wallbounded shear layer are focused on in this review. Under these conditions, the flow
developments observed in these two geometries are sufficiently similar that they can be
addressed simultaneously (Schlichting & Gersten, 2000). Any notable differences due to
geometrical effects will be highlighted where necessary.
1.3.1

Laminar-to-Turbulent Flow Transition in Unheated Flows

Flow at a laminar state may permit spatial and temporal growth of disturbances if the
local Reynolds number exceeds the critical Reynolds number (Recrit) of the flow. The
growth and development of these disturbances provide a framework for transition to
turbulence. In flow environments with low disturbance levels, transition occurs through
linear amplification of two-dimensional (2D) Tollmien-Schlichting waves (T-S waves)
that develop via a viscous-instability mode as illustrated in Figure 1-2. As the T-S waves
amplify and convect downstream, a secondary instability yields a non-linear growth
phase which manifests in the form of spanwise-waviness of the streamwise-grouped
spanwise vorticity (Kachanov, 1994). The self-induced effects of this vorticity topology
result in lift-up away from the wall to form three-dimensional (3D) Λ-shaped vortices as
schematically depicted in Figure 1-2 (Klebanoff & Tidstrom, 1959). These vortices
eventually develop into turbulent spots through self and mutual induction, replication,
and 3D non-linear interactions with the base flow. Amalgamation of several instances of
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the turbulent spots results in a fully-turbulent flow containing self-sustaining vortical
flow structures.

Figure 1-2: Schematic of laminar-to turbulent transition from small disturbances over a
flat surface. Adapted from Schlichting & Gersten (2000).
Besides the sequences of event described in the foregoing, alternative mechanisms for
transition to turbulence may occur. For example, Rayleigh (1879) showed the presence of
an inflectional velocity profile in a boundary layer to be a sufficient condition for flow
instability in a 2D inviscid mode. The 2D inviscid instability causes the shear layer to roll
up into discrete vortices oriented normal to the 2D plane (Drazin, 2002). Accordingly,
should an inflectional profile spawn in the streamwise/wall-normal plane of a wallbounded flow, streamwise grouping of spanwise vorticity may occur due to this inviscidinstability mode, which then roll up into Λ-shaped vortices. A different route to transition
may also occur in flows with high disturbance levels, for example, flows with elevated
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free-stream turbulence. In such flows, 3D instability modes develop nearly
instantaneously, bypassing the 2D phases of transition; thus, this mode is denoted bypass
transition (Wu & Moin, 2009, Brinkerhoff & Yaras, 2015).

The disturbances that initiate the laminar-to-turbulent transition process may originate
from several sources, e.g. free-stream turbulence, surface roughness, surface vibration, or
acoustic sources. Regardless of the nature and strength of the initial disturbance that
triggers transition or the route that the flow takes to transition, given sufficient
development, the flow reaches a fully-turbulent state that is independent of the triggering
disturbance(s) (Fathali et al., 2007). In the ZPGBL, the resulting fully-turbulent flow is
statistically homogeneous in the temporal and spanwise coordinates, whereas, for ducted
flows statistical homogeneity occurs in the temporal, streamwise, and spanwise
coordinates. Notwithstanding these differences, the flow structures of turbulence are
observed to develop in a similar fashion in ZPGBL and ducted flows (Robinson, 1991).
1.3.2

Effect of Heat Transfer on Laminar-to-Turbulent Flow Transition

Spatial gradients of temperature may affect the process of transition to turbulence through
associated spatial gradients of the fluid properties. Particular focus has been directed
towards studying the effects of such gradients on the linear-growth phase of transition,
which is governed by the fourth-order differential Orr-Sommerfeld equation for flows
without such spatial gradients (Schlichting & Gersten, 2000). Wazzan et al. (1972)
numerically investigated the effect of wall-normal gradients of dynamic viscosity, μ, on
the stability of a ZPGBL, using water as the working fluid and in the absence of
buoyancy forces. Their study was conducted at atmospheric pressure over a temperature
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range of 1°C to 90°C. They modified the Orr-Sommerfeld equation to account for spatial
gradients in μ. Wazzan et al.‘s (1972) analysis imposed two-dimensional perturbations on
the base flow, which can be more effective in initiating transition than three-dimensional
disturbances (Schafer et al., 1995). They observed that when μ decreases with wall
proximity, the net effect was to reduce Recrit. This wall-normal viscosity profile has been
demonstrated analytically to enforce an inflection point in the wall-normal profile of the
streamwise velocity component (Schlichting & Gersten (2000)), which is inviscidunstable as previously discussed. Schafer et al. (1995) studied the effects of small
temperature-induced variations in ρ, μ, k, and Cp on the boundary layer stability in the
absence of buoyancy forces. The methodology involved supplementing modified OrrSommerfeld equations with a linearized thermal energy equation to capture the
development of the disturbance energy. These authors observed that the contributions of
variations of the hydrodynamic parameters (ρ and μ) on the stability of the hydrodynamic
boundary layer significantly outweigh those of the thermal parameters (k and Cp) by
several orders of magnitude. Their observation on the effect of dynamic viscosity
compared favourably with those of Wazzan et al. (1972). Additionally, Schafer et al.
(1995) observed that when ρ decreased as the wall was approached the flow was
stabilized. Their study was extended by Ozgen (2004) to include flows with large
gradients of the thermophysical properties. His computations involved solving the OrrSommerfeld equations modified to allow for large gradients in μ and ρ. Based on his
results, Ozgen (2004) argued that in the absence of gravitational acceleration, the
kinematic viscosity, ν = μ/ρ, would have a dominant influence on the stability of the flow.
The wall-normal distribution of ν was observed to have a three-fold effect on the stability
11

of the boundary layer. First, it may impose an inflection point in the velocity profile of
the boundary layer, as per the observations of Wazzan et al. (1972) and Schafer et al.
(1995), which is inviscid-unstable. Also, it acts to diffuse vorticity created in high-shear
regions near the wall, and thus contributes to destabilization of the flow. Finally, the
kinematic viscosity also promotes the dissipation of kinetic energy of disturbances, which
has a stabilizing influence on the flow. The net stabilizing/destabilizing effect is
determined by the dominant of these three modes which may be unique to each profile of
velocity and wall-normal kinematic viscosity gradient. When the spatial gradients in the
thermophysical properties are small, their effect on the topology of the fully-turbulent
state is observed to also be small. On the other hand, larger spatial gradients of the
thermophysical properties have been observed to significantly influence the topology of
turbulence (Bae et al., 2005).
1.3.3

Coherent Structures of Turbulence

A primary hairpin vortex may form in close proximity to the wall through streamwise
grouping and subsequent roll-up of spanwise vorticity driven by inviscid and/or viscous
flow instabilities (Kachanov, 1994). From experiments and simulations of turbulent
spots, multiple mechanisms have been observed by which a mature hairpin vortex may
create secondary hairpin vortices. Zhou et al. (1999) and Singer & Joslin (1994) noted
that mutual induction by the streamwise legs of the hairpin vortex causes motion away
from the wall, and yields stretching of the vortex in the streamwise direction under action
of the background shear. These authors proposed that a secondary vortex is formed
between the legs of a parent vortex through a combination of self-induced motions due to
the presence of the wall, the local curvature of the vortex-core centreline, and the inviscid
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instability of the separated shear layer that forms behind the primary/parent vortex as
indicated in Figure 1-3. Likewise, the secondary hairpin vortex may create a tertiary
hairpin vortex through the same mechanism, and so on. This sequence of hairpin-vortex
generation produces a group of streamwise-aligned vortices denoted as a wavepacket
(Adrian et al. 2000). A sample wavepacket observed in the DNS results of Zhou et al.
(1999) is illustrated in Figure 1-4, where a disturbance is allowed to develop in a
background flow representative of the mean streamwise velocity of a fully-turbulent
channel flow. Schröder et al. (2008, 2004) and Bernard et al. (1993) suggest an
alternative mechanism for the formation of secondary hairpin vortices which results in
them straddling the legs of the parent hairpin vortex. As indicated in Figure 1-3, the
topology and orientation of vorticity of the hairpin vortex is such that fluid is transported

Figure 1-3: Schematic of a hairpin vortex showing regeneration mechanisms (adapted
from Brinkerhoff (2014))
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Figure 1-4: Visualization of a wavepacket of hairpin vortices adapted from the DNS
study of Zhou et al. (1999); PHV – primary hairpin vortex; SHV – secondary hairpin
vortex; THV – tertiary hairpin vortex; and DHV – downstream hairpin vortex, typically
absent in fully-turbulent flows.
away from the wall (ejection) between the legs of the vortex, and transferred towards the
wall (sweep) on the outboard sides of the legs. Due to the mean shear imposed on the
flow by the presence of the wall, these ejection and sweep motions give rise to localized
streamwise-aligned regions of streamwise momentum excess and deficit that are termed
high- and low-speed streaks, respectively. Secondary instability of these streaks provides
a route for generation of secondary hairpin vortices. The streamwise velocity profile in
close vicinity of the high- and low-speed streaks is inflectional in the spanwise and wallnormal directions, and may result in localized inviscid instabilities of the streak, which
respectively manifest in two modes: an asymmetric sinuous mode occurs in the form of
streamwise-periodic oscillations of the streaks in the streamwise/spanwise plane, while a
symmetric varicose instability occurs in the form of streamwise-periodic widening and
narrowing of the streak (Andersson et al., 2001; Skote et al., 2002). In particular, the
varicose instability mode is noted to yield streamwise-periodic accumulation of wall
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normal vorticity, as per Figure 1-3, which roll up into discrete wall-normal vortices.
(Skote et al. 2002, Brinkerhoff & Yaras, 2015).

The rolled-up vortices deform around the neighbouring leg of the parent vortex and form
a wavepacket of streamwise-aligned vortices that straddle the leg of the parent vortex.
(Schröder et al., 2008; Bernard et al., 1993). The hairpin vortices in such wavepackets are
created almost simultaneously, unlike those in the alternate mechanism where new
hairpin vortices appear to be created sequentially. Notably, the foregoing studies on the
regeneration mechanisms of hairpin vortices have been mostly limited to young turbulent
spots with only a few generations of hairpin vortices. In fully-turbulent flows, secondary
hairpin vortices have to compete with existing vortices, thus one regeneration mechanism
may be favoured over the other. Brinkerhoff & Yaras (2014) studied the regeneration
mechanisms of hairpin vortices in a mature turbulent spot that contained more than four
generations of hairpin vortices. The authors observed that when the legs of the parent
hairpin vortices are more closely spaced in the spanwise direction, the secondary hairpin
vortices form between the legs of the primary hairpin vortices, whereas parent hairpin
vortices with larger spanwise spacing between their legs spawn secondary vortices
straddling the legs of the parent vortices. The dense population of vortices in fullyturbulent flows may preferentially promote the development of hairpin vortices having
narrower spacing between their respective legs and thus preferentially promote the
creation of secondary hairpin vortices in sequence behind the primary hairpin vortex
(Adrian et al., 2000; Tomkins & Adrian, 2003).
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Within a wavepacket, the older, and hence taller, vortices extend to regions of higher
velocity in the boundary layer, and therefore tend to convect downstream at higher speeds
than the younger vortices. As such, streamwise interaction of neighbouring hairpin
vortices within a wavepacket is rare (Adrian et al., 2000; Tomkins & Adrian, 2003). On
the other hand, complex interactions are observed between wavepackets and their hairpin
vortices, which are primarily promoted by the spanwise growth and spanwise meandering
of the wavepackets, and by the streamwise interaction of wavepackets due to their
varying convective speeds. For example, the adjacent legs of spanwise-interacting hairpin
vortices may break down into smaller vortical structures owing to their opposite
directions of rotation while the heads may merge to form a hairpin vortex of greater
spanwise extent (Adrian et al., 2000; Tomkins & Adrian, 2003). Tomkins & Adrian
(2003) propose that as the heads of these vortices merge, the low speed streaks associated
with the wavepackets of the merging vortices also merge and form a single low-speed
streak with a larger spanwise width. These authors noted that most of the near-wall lowspeed streaks, observed through their Particle Image Velocimetry (PIV) measurements in
a fully-turbulent boundary layer, had begun to undergo this merging process by a wallnormal height of y+ = 100. Here, the ―+‖ superscript denotes wall units, i.e. normalization
by wall variables, νw and uτ = (τw/ρw)0.5, where, uτ are is denoted as the friction velocity
and τ is the shear stress. The resultant flow topology is one of multiple generations of
wavepackets whereby smaller wavepackets near the wall exist within larger wavepackets
residing farther away from the wall, which in turn exist within even larger wavepackets
as illustrated in Figure 1-5 (Adrian et al., 2000). The number of generations of
wavepackets is determined by the friction Reynolds number of the flow, Reτ ≈ δ/δν, which
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compares the scale of the larger coherent structures, δ, to that of the smaller near-wall
structures, δν = νw/uτ. Interacting wavepackets are typically neither in perfect spanwise
alignment nor contain the same number of hairpin vortices. Thus, merged wavepackets
tend to contain fewer hairpin vortices than the younger generation wavepackets (Tomkins
& Adrian, 2003; Adrian, 2007). As the number of incidences of vortex interactions
increases, the population of fragmented vortices in the boundary layer also increases, thus
making visualization of coherent motions more difficult with increasing Reynolds
number (Adrian et al., 2007; Jimenez et al., 2010). However, in close vicinity of the wall
where the population of fragmented vortices is relatively smaller, a readily and
consistently observed feature in low-, moderate-, and high-Reynolds-number flows is the
spanwise-alternating regions of streamwise-elongated low- and high-speed streaks
induced by first generation of wavepackets (Marusic et al., 2010). The mean spanwise
spacing of the hairpin vortices and their associated low-speed streaks of Δz+ ≈ 100±20

Figure 1-5: Schematic of nested hairpin vortex packets growing up from the wall (Adrian
et al., 2000).
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corresponds to the wavelength of perturbations that yields the highest growth rate in the
kinetic energy of the perturbations over a period not greater than the local eddy-turnover
time, and represents a balance of viscous dissipation and the kinetic energy of the
transient wall-normal motions (Baig & Chernyshenko, 2004; Buttler & Farrell, 1993).
The cumulative ejection of low-speed fluid as a wavepacket convects in the streamwise
direction creates the low-speed streaks having lengths ranging from 400 to 1500 wall
units depending on the number of vortices in the wavepacket (Brinkerhoff & Yaras,
2015; Panton, 2001; Smits & Delo, 2001; Adrian et al 2000; Zhao et al., 1999). The
propensity of a hairpin vortex to spawn new vortices, and the frequency at which it does
so, is determined by the local shear conditions and disturbance amplitudes that gave rise
to its formation (Smits & Delo, 2001; Adrian et al 2000; Zhao et al., 1999; Tomkins &
Adrian, 2003, Schlatter et al., 2009). As previously stated, the vortices of oldergeneration wavepackets residing farther away from the wall convect faster in the
streamwise direction and may overtake their near-wall younger counterparts, yielding
another avenue for vortex interaction that may involve cut, connect, and pairing
processes. Due to the numerous modes of vortex interactions in fully-turbulent shear
layers, hairpin vortices with one leg having significantly stronger coherence than the
other are predominant (Panton, 2001; Adrian et al., 2000; Smits & Delo, 2000; Zhou et
al., 1999). For brevity, all configurations of the hairpin-like vortical structure (symmetric,
asymmetric, horseshoe, lambda, etc.) will be identified herein as a hairpin vortex, and
where necessary distinctions will be made. It is worth mentioning that for all
configurations of the hairpin vortex, the fundamental vortex dynamics does not appear to
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significantly deviate from that described above (Panton, 2001; Smits & Delo, 2000;
Adrian et al., 2000; Zhou et al., 1999).

The foregoing description of the development of hairpin vortices has not distinguished
between turbulent ZPGBL and channel flows. Near the wall, the topology of the hairpin
vortices develops similarly in ZPGBL and channel flows, but as the hairpin vortices
move farther away from the wall their development begins to differ between these flows
(Hoyas & Jimenez, 2006; Tompkins & Adrian, 2003). Unlike turbulent channel flows,
the flow in ZPGBL is notably intermittent at wall-normal heights above 0.5δ, containing
a mix of large-scale regions of rotational and potential flow (Jimenez et al., 2010). The
lack of Reynolds stresses in the potential regions leaves pressure fluctuations as the
primary means to homogenize the differences in the streamwise velocities between the
slower rotational and faster potential regions (Jimenez et al., 2010). The instantaneous
strain rates due to these pressure fluctuations are effective in redistributing kinetic energy
amongst the various components of turbulence motions, thus inducing comparatively
stronger transverse velocity fluctuations while reducing the streamwise velocity
fluctuations for the y > 0.5δ region (Jimenez et al., 2010). Thus, in this outer region, the
hairpin vortices are observed to meander in the spanwise direction to a larger extent in
ZPGBL flows than in channel flows (Monty et al., 2009). As a consequence, the
wavepackets of hairpin vortices are typically observed to break down in ZPGBL flows
once they extend beyond y+ ≈ 200, and for sufficiently high values of Reynolds number,
any apparent coherence of such vortices is lost for y/δ > 0.3. In contrast, coherence in
wavepackets is typically observed at up to 70% of the channel half-height. As a result,
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the larger-scale vortices in channel flows have streamwise dimensions as large as ~ 25δ
compared to ~ 6δ in boundary-layer flows (Jimenez et al., 2010, Monty et al., 2009),
where for channel flow, δ represents the channel half-height.

1.4

Computational Methods for Fluid Mechanics and Heat Transfer

Computational analyses are an alternative to experiments for cases where detailed
modelling of thermalhydraulics is sought. The main limitations of computational analyses
are typically associated with assumptions inherent in the formulation and discretization of
the governing equations, and the time penalty that must be paid to achieve increased
levels of fidelity of the computational results. Furthermore, uncertainties may also be
introduced into computational analyses through estimates of the flow state at the
computational boundaries, and assumptions on the initial state of the flow. Additional
uncertainties may be introduced via the finite spacings in the spatial grid mapped into the
computational domain and the finite time duration (timestep) used. Notwithstanding,
great success in modelling turbulent flows has been demonstrated through computational
methods. Three prominent computational methods for modelling complex wall-bounded
turbulent flows are: statistical turbulence modelling; Large Eddy Simulation (LES); and
Direct Numerical Simulations (DNS) (Moin & Mahesh, 1998).
1.4.1

Statistical Modelling of Turbulence

Statistical modelling of flow turbulence involves manipulation of the governing equations
to solve for an ensemble-averaged flow field. Readers less familiar with the subject may
refer to turbulence modelling texts (such as that of Wilcox, 2006) for detailed derivations
20

and discussions of these models. The Reynolds Averaged Navier Stokes (RANS)
equations, which are the most commonly applied statistical turbulence modelling
equations for engineering applications, come about by decomposing the velocity field,
𝑢𝑖 𝑥𝑗 , 𝑡 , into a time-averaged component, 𝑢𝑖 𝑥𝑗 , 𝑡 , and fluctuation component, 𝑢𝑖′ 𝑥𝑗 , 𝑡 ,

as shown in tensor notation in Equation 1-5.
𝑢𝑖 𝑥𝑗 , 𝑡 = 𝑢𝑖 𝑥𝑗 , 𝑡 + 𝑢𝑖′ 𝑥𝑗 , 𝑡

1-5

Here, uj is the j Cartesian component of velocity; xj is the j component of Cartesian
spatial coordinate; and t is the time coordinate. By combining Equation 1-5 with the
governing equations for the instantaneous flow field (i.e. Navier-Stokes equations), a set
of equations for the components of the mean velocity can be obtained. This set of
equations for the mean velocity field is the RANS equations, and recovers the same form
as the Navier-Stokes equations, but with additional terms. These additional terms,
identified as Reynolds stresses, originate from the fluctuating velocity field, and may be
interpreted as stresses imposed on the mean fluid motion by the fluctuating motions. To
close the set of equations, the RANS equations require an additional model that evaluates
the Reynolds stresses. This additional model is denoted turbulence closure and may be
categorized into zero-equation, one-equation, two-equation, and Reynolds stress models
(RSM). The zero-, one- and two-equation models incorporate the Boussinesq hypothesis
in their formulations, which presumes the turbulent mixing to be locally isotropic, and
presumes dominance of the production and dissipation mechanisms in the turbulence
energy budgets. Given these assumptions, the Reynolds stresses can be related to the
mean strain rate using the eddy viscosity, νt, as the proportionality constant as per
Equation 1-6.
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−𝑢𝑖 𝑢𝑗 = 𝜈𝑡

𝜕𝑢𝑖 𝜕𝑢𝑗
2
+
− 𝐾/𝜌 𝛿𝑖𝑗
𝜕𝑥𝑗 𝜕𝑥𝑖
3

1-6

Where K is the turbulence kinetic energy (TKE), 𝐾 = 0.5𝜌𝑢′𝑖 𝑢′𝑖 and δij is Kronecker delta.

In contrast, RSM directly model the transport of each component of Reynolds through
algebraic or differential transport equations. Each Reynolds stress transport equation
consists of a production, dissipation, and spatial transport terms for which only the
production term is closed and the remaining terms have to be modelled. Dissipation is
usually modelled with the assumption that the dissipative eddies are small enough that
they can be assumed to be isotropic. The diffusion of Reynolds stresses due to
interactions between the pressure and strain fields is modelled to transfer energy from the
Reynolds shear stress components to the Reynolds normal stress components such that
these normal stresses become more isotropic. These models require the empirical
calibration of several coefficients.
1.4.2

Large Eddy Simulation

The intent of the Large Eddy Simulation (LES) methods is to model (explicitly or
implicitly) the smaller-scale motions while directly computing the larger-scale motions
that are more affected by the geometry of the wall boundaries that defines the flow path
(Tanehill et al., 1997). This is implemented by applying a low-pass spatial and temporal
filter to the Navier-Stokes equations. The model applied to the filtered scales is referred
to as the sub-grid scale (SGS) model. The LES method is founded on hypothesis that
turbulent flows contain a spectrum of eddies of varying length and velocity scales, and
that below certain threshold length and velocity scales the larger-scale geometrical
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features that define the flow path have negligible effect on the development of the eddies.
Eddies with scales below these threshold scales are expected to be primarily dissipative,
thus, the primary function of SGS model is to provide the correct rate of dissipation. It
then follows that the development of eddies confined by these threshold scales may be
characterized via a universal model (Stanislas, 2008). This hypothesis is in-line with
Kolmogorov‘s work published in Russian in 1941 and later translated to English
(Kolmogorov, 1991), where he demonstrated that the smallest eddies are primarily
dissipative, and scale on the kinematic viscosity and rate of dissipation of TKE as per
Equation 1-7.
𝜂 = 𝜈 3 𝜀 −1
𝑢𝜂 = 𝜈𝜀

0.25

0.25

1-7
1-8

Where η is the Kolmogorov length scale, ε is the specific rate of dissipation of turbulence
kinetic energy, and uη is the Kolmogorov velocity scale. In wall-bounded turbulent flows,
the minimum value of η typically occurs at the wall and is estimated by Equation 1-9
(Stanislas et al 2008).
𝜂𝑤 = 2𝑣/𝑢𝜏 = 2𝛿𝑣
𝑢𝜏 = 𝜏𝑤 /𝜌

1.4.3

0.5

1-9
1-10

Direct Numerical Simulation

Direct Numerical Simulations (DNS) involve numerically solving the governing
equations without the use of turbulence closure. For this technique to be accurate, the
spatial and temporal computational grids must be sufficiently fine to capture the smallest
spatial and temporal scales relevant to the flow dynamics. These scales are in the order of
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η and Kolmogorov time scale, tη = η/uη = (ν/ε)0.5 (Moin & Mahesh, 1998). The spatial and
temporal extents of the computation must also be sufficiently large to capture the largest
energy containing scales. For example, for ducted flows, the largest scales are in the
order of x~25δ, y~2δ, z~δ, and t~15ρ δ/‹u›, in the streamwise, wall-normal, spanwise, and
temporal coordinates, respectively (Chin et al. 2010; Tompkins & Adrian 2003; Elsinga
& Marusic, 2010). Here δ is taken as one half of the hydraulic diameter and the angled
brackets indicate a value that is time and area-averaged over the spanwise/wall-normal
plane. The ratio of the largest to smallest scales increases with Re2.9 (Pope, 2000), thus
DNS is computationally expensive for simulations of flows of moderate to high Reynolds
number.
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2 Chapter: Introduction and Literature Review
2.1

Motivation

The Generation-IV International Forum (GIF) is an international endeavour that
identified six nuclear energy systems with the potential for enhanced safety, efficiency,
reliability, and proliferation resistance in comparison to current generation-III nuclear
energy systems (GIF, 2009). The potential for attaining improved thermal efficiency in a
Rankine cycle though notable increase in the temperature of the heat source provides
rationale for further investigation of the SuperCritical Water-cooled Reactor (SCWR)
concept, which is one of the nuclear energy systems identified by the GIF. As with other
water-cooled nuclear reactors, thermal energy is transferred from the nuclear fuel to the
primary coolant as it flows through the fuel channels, where the primary coolant for the
SCWR is water at the supercritical thermodynamic state. For pure substances, this
thermodynamic state is attained with sufficient increase in fluid temperature and pressure.
Canada is invested in the development of the SCWR concept for which thermalhydraulics
and safety, materials and chemistry, and design and integration were identified as key
areas for fundamental research (Khartabil & Leung, 2009). The work reported in this
thesis is driven by the research requirements for thermalhydraulics (hydrodynamics and
heat transfer) of the primary coolant which is at the supercritical thermodynamic state.

Extensive literature surveys on thermalhydraulics experiments for flows of fluids at the
supercritical thermodynamic state were presented by Duffey & Pioro (2005), Pioro &
Duffey (2005), and Pioroa et al., (2004). Such fluids are hereafter referred to as
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supercritical fluids. These experiments revealed that under certain conditions the heat
transfer characteristics of heated flows of supercritical fluids deviated significantly from
that of subcritical fluids (e.g. Swenson et al., 1965; Yamagata et al., 1972; Fewster,
1976). Understanding and categorizing the mechanisms that yield such deviation in heat
transfer characteristics is the motivation for the present study.

2.2
2.2.1

Literature Review
Forced Convection Heat Transfer to Flows of Supercritical Fluids

Heat transfer to the coolant flowing through the fuel channels of the SCWR is expected
to fall under the turbulent forced convection mode, based on correlations calibrated using
subcritical single-phase fluids as per Figure 2-1 (Hofmeister et al., 2007, Metaias &
Eckert, 1968). In this figure, the Rayleigh number, Ra, quantifies the degree to which
buoyancy affects the flow, and is defined as:
𝑅𝑎 =

𝑔 𝛽 𝑇𝑤 − 𝑇𝑏 𝐿3𝑟𝑒𝑓
𝜈𝛼

2-1

where g is the rate of gravitational acceleration, β is the volumetric expansion coefficient,
T is the static temperature, L is a length scale, ν is the momentum diffusivity (kinematic
viscosity), α is the thermal diffusivity, and the subscripts w and b refer to wall and bulkfluid conditions, respectively. Excellent surveys of heat transfer experiments performed
with ducted flows of various supercritical working fluids were performed by Pioro and
co-workers (Duffy & Pioro, 2005, Pioro & Duffy, 2005; Piorob et al. 2004). The
experimental studies in these reviews and additional studies occurring later than or
considered outside the scope of the reviews, are listed in Section 2.2.5 for tubular flows
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with upstream-, downstream-, and wall-normal-oriented gravitational acceleration. Such
studies have indicated that near the pseudo-critical state, denoted by the subscript pc, the
heat transfer characteristics for flows of supercritical fluids significantly deviate from
established patterns for heated flows of single-phase subcritical fluids as per Figure 2-1.
Figure 2-2 depicts the ratio of measured heat transfer coefficients (H) to those calculated
via the Dittus-Boelter correlation as per Equation 1-4, at a static pressure of p = 25 MPa,

Figure 2-1: Convection heat transfer modes for ducted flows of single-phase subcritical
fluid (Metaias & Eckert, 1968); proposed SCWR operating conditions highlighted
(Hofmeister et al., 2007).
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Figure 2-2: Ratio of measured heat transfer coefficient to heat transfer coefficient
calculated based the Dittus-Boelter correlation with water as the working fluid (Cheng &
Schulenberg, 2001).
and mass flux of G= 1100 kg/m2s with water as the working fluid. Regions where H is
either significantly over- or under-predicted by the Dittus-Boelter correlation are evident,
and are respectively denoted deteriorated heat transfer (DHT) or improved heat transfer
(IHT). Over the past two decades, heat-transfer research with supercritical fluids has
focused on predicting the conditions that are conducive to phenomena that lead to heat
transfer variations (e.g. Jackson et al., 2011; McEligot & Jackson, 2004; Hall & Jackson,
1969), and the magnitude of such variations (Jackson, 2011; Mokry et al., 2011).
However, the onset of DHT and IHT is not accurately predicted over ranges of conditions
with different fluids, and the heat-transfer models do not accurately predict the H values.
Deviations in heat transfer characteristics near the pseudo-critical state may stem from
the modified state of turbulence driven by buoyancy and inertia phenomena that are
imposed by spatial gradients of thermophysical properties (McEligot & Jackson, 2004).
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The limited direct numerical simulations (DNS) preformed on supercritical flows support
this hypothesis (Bae et al., 2008, 2005).

Correlations to predict the Nusselt number (Nu), which is a non-dimensional heat transfer
coefficient, have been proposed for heat transfer in ducted flows of supercritical fluids
based on semi-empirical methods. Majority of these correlations modify the empirically
derived function ―F‖ in Equation 1-4 (Piorob et al., 2004). Other common modifications
involve calculating the Reynolds number (Re) and Prandtl number (Pr) using
thermophysical fluid properties evaluated at the heated-wall temperature or an average
temperature between the wall and the bulk-fluid. However, these correlations remain
inadequate under DHT conditions (Mokry et al., 2011; Piorob et al., 2004,).

Despite the large body of experimental data available, the semi-empirical methods
discussed in the foregoing have not demonstrated a wide range of success. Among these
bodies of work, there is a paucity of experimental research with sufficiently refined
spatial or temporal resolution to capture the turbulence characteristics of heated ducted
flows of supercritical fluids. Such data could facilitate a more in-depth analysis of the
fundamental mechanisms driving DHT and IHT. The paucity of such data is largely due
to limitations of measurement techniques under the elevated pressures, temperatures, and
corrosive environments associated with the supercritical state. Detailed flow
measurements in a vertically-oriented circular duct with carbon dioxide, CO2, as the
working fluid were obtained by Kurganov & Kaptilnyi (1993) at comparable Reynolds
numbers to that of the SCWR (see Figure 2-1). The inflow pressure was p/pc = 1.22,
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which is somewhat higher than that expected for the SCWR (p/pc = 1.13), where the
subscript c indicates the thermodynamic critical state. This higher non-dimensional
pressure yields a flow environment with comparatively milder spatial-gradients of the
fluid properties. In their experiment setup, total and static pressure measurements were
obtained with a pitot tube and axially distributed static pressure taps, respectively.
Temperature measurements were obtained with Type-K thermocouples mounted near the
0.1 mm opening of the pitot tube. Flow velocities were derived from the total and static
pressure measurements. These authors noted particular difficulties in obtaining reliable
pressure and temperature measurements in close vicinity to the wall, especially in regions
experiencing DHT. Accordingly, they reported up to 40% uncertainty for their
temperature and velocity data. In flows with upstream-oriented gravitational acceleration,
they observed an ―M‖-shaped wall-normal profile of the time-averaged streamwise
component of velocity, u̅, at locations just downstream of DHT as shown in Figure 2-3.
Here, the overbar refers to averages taken along statistically-homogeneous coordinates
and y is the wall-normal coordinate. This ―M‖-shaped velocity profile was attributed to
inertial/buoyancy-induced near-wall acceleration effects from the local decrease in
density and dynamic viscosity as the near-wall temperature increases due to wall heating.
In the flow with downstream-oriented gravitational acceleration, the authors noted higher
shear stresses near the heated surface compared to subcritical-fluid flows. Another feature
of note in this flow was low frequency fluctuations detected in the instantaneous
streamwise velocity field near the core of the flow. The authors postulated that these
fluctuations indicate the presence of very large scale turbulent flow structures in the
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measured flow region. These flow structures could not be further explored due to
limitations on the spatial and temporal resolution of the measured data.

Figure 2-3: Wall-normal distribution of streamwise velocity profile from experimental
data of Kurganov & Kaptilnyi‘s (1993).
Computational analyses are an alternative to experiments for cases where detailed
modelling of thermalhydraulics is sought. Three prominent computational methods for
modelling complex wall-bounded turbulent flows are: Reynolds Averaged Navier-Stokes
(RANS) Simulations; Large Eddy Simulation (LES); and Direct Numerical Simulations
(DNS) (Moin & Mahesh, 1998). Application of these methods to heated flows of
supercritical fluids is discussed in the subsequent sections with the assumption that the
reader has sufficient background knowledge on these methods and on the governing
equations of fluid flow, which are respectively discussed in detail in Section 1.4 and
Appendix B.1.
2.2.2

Statistical Turbulence Modelling of Flows of Supercritical Fluids

Several researchers have studied heat transfer in ducted flows of supercritical fluids using
RANS turbulence closures, which include one- and two-equation turbulence closures as
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well as Reynolds stress models (RSM). Limited success has been achieved in modelling
heat transfer involving supercritical fluids using zero-, one-, and two-equation turbulence
closure (Bazargan & Mohseni, 2012; Zhang et al. 2011, and Hea et al. 2008). The works
of Bazargan & Mohseni (2012), Lei et al. (2012), Heb et al. (2008,) and van der Kraan et
al. (2005), are recent RANS efforts in modelling heat transfer in supercritical fluids using
the two-equation low-Re k-ε turbulence closure model. The k-ε model captures the
Reynolds stress by semi-empirically modelling eddies as having a velocity scale
proportional to the local turbulence kinetic energy (K) and having a length scale
proportional to the local rate of dissipation of K (ε). When modelling heat transfer in
flows of supercritical fluids, some success has been obtained by re-calibrating the
coefficients in the k-ε formulation of the turbulence closure. However, this success was
limited to datasets that were very similar to those used for the semi-empirical
recalibration process. Other two-equation closure models, such as the k-ω model, where
ω is the specific dissipation rate of turbulence, have proven equally unsuccessful as
general models for heated flows of supercritical fluid (Jaromin & Anglart, 2013). The
observed limitations of zero-, one-, and two-equation turbulence closures are expected
since the Boussinesq hypothesis is inherent in their formulation. This hypothesis
presumes the turbulent mixing to be locally isotropic and dominance of the production
and dissipation mechanisms in the turbulence budget, which are not supported by the
direct numerical simulations of Dave et al. (2013) and Bae et al. (2008) as will be
highlighted in Section 2.2.4.
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Turbulence in regions of DHT and IHT is known to be significantly altered through
observations of notably reduced turbulent motions under conditions of DHT and vice
versa for IHT (Bae et al., 2008). The sharp changes in the topology of the flow turbulence
under such conditions indicate that the assumption of dominance of the rates of
production and dissipation of turbulence in the zero-, one-, and two-equation models, is
violated. These assumptions are abandoned in the formulation of the Reynolds Stress
Models (RSM), therefore, more favourable outcomes are expected when RSM models are
used for heated flows of supercritical fluids. Indeed, Zhang et al. (2011) confirm this to
be the case through comparison of results obtained from a variety of two-equation models
and a RSM against published experimental data. Although both the RSM and twoequation turbulence closure were deemed less than adequate by the authors, the RSM was
observed to notably outperform the two-equation turbulence closure in predicting the
location of DHT and magnitude of the wall temperature excursions under DHT
conditions. For example, the RSM of Zhang et al. (2011) featured the ―M‖ shaped
velocity profile under similar conditions to the experiments of Kurganov & Kaptilnyi
(1993). Further improvement to RSM may be achieved through optimization of the
values of the empirical coefficients in these models. However, this is contingent on
obtaining datasets with sufficient detail to facilitate extraction of the relevant turbulence
quantities in flows of supercritical fluids. Such datasets are currently not available.

Heated flows of supercritical fluids feature notable regions of DHT and IHT where local
buoyancy and inertial forces become non-negligible due to gradients in the
thermophysical properties. The RANS equations are derived with the assumption that
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temporal and spatial variations in the density and dynamic viscosity remain insignificant,
which is therefore not representative of heated flows of supercritical fluids (Favre, 1965).
Versions of the turbulence closure that include a buoyancy production term have been
derived, for example by Rodi (1980). In contrast, the contributions of fluctuating
viscosity to the turbulence transport equations have been largely neglected. To
incorporate the effects of variations of these thermophysical properties, compressible
RANS or the Favre-Averaged Navier Stokes (FANS) equations may be solved as an
alternative. The FANS equations are similar in derivation to the RANS equations
(Section 1.4.1) with the exception that the density-weighted time-averaged velocity 𝑢𝑖
replaces the time-averaged velocity as indicated in Einstein notation in the following
equation.
𝑢𝑖 𝑥𝑗 , 𝑡 = 𝑢𝑖 𝑥𝑗 , 𝑡 + 𝑢𝑖′′ 𝑥𝑗 , 𝑡

2-2

Here, xj is the j component of Cartesian spatial coordinate, ui is the i Cartesian component
of velocity, t is the time coordinate, the ~ superscript indicates the density weighted timeaveraged value, and the '' superscript is used to indicate fluctuation components based on
this averaged value. An exception to this denotation is applied to the heat transfer
parameter, Q, where the '' superscript indicates an area flux. To the author's knowledge,
FANS simulations have not been performed for flows of supercritical fluids, which is
likely due to the scarcity of well-established FANS-based turbulence closures.
2.2.3

Large-Eddy Simulation of Flows of Supercritical Fluids

Very few LES studies have been conducted for heated flows of supercritical fluids.
Niceno & Sharabi (2013) performed LES on flows of a supercritical fluid with upstream
and downstream-oriented gravitational acceleration using a methodology that applied the
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Wall-Adapting Local Eddy (WALE) viscosity sub-grid model for flow length scales less
than ~12η, where η represents the Kolmogorov length scale. Their simulation conditions
were selected to coincide with the conditions of the experimental data of Pis‘menny et al.
(2006). They observed better performance of the LES in predicting DHT trends in
comparison to RANS simulations of comparable flow conditions. Figure 2-4 shows their
results for conditions conducive to DHT. The time-mean streamwise temperature
distribution at the wall agreed fairly well with experimental data. The streamwise
location (x) of the onset of DHT was predicted to occur x/dh ≈10 downstream of the
measured location, and the streamwise range of locations undergoing DHT was slightly
under-predicted. However, the magnitude of temperature excursion at the wall in regions

Figure 2-4: Comparison of LES results (Niceno & Sharabi, 2013) with experimental data
(Pis‘menny et al. 2006).
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undergoing DHT agreed favourably with experimental data. The notably good
performance of this particular LES may be in part due to its well refined spatial grid
resolution. It is noted that majority of the most intense dissipative eddies have a spatial
scale that ranges from 6η to 15η (Tanahshi et al., 2004; Moin & Mahseh, 1998).
Accordingly, the spatial grid resolution of ~12η employed by Niceno & Sharabi (2013) is
comparable to those of DNS studies. Niceno & Sharabi (2013) observed an ―M‖-shape
profile of u̅ in like manner to the experiments of Kurganov & Kaptilnyi (1993) in regions
where DHT was observed. They noted localized regions where the rate of turbulence
production due to the buoyancy force exceeded that due to the shear force and suggested
that this is linked to the resultant ―M‖-shape profile of u̅. However, the physical
mechanisms leading to such flow physics was unaddressed.
2.2.4

Direct Numerical Simulation of Flows of Supercritical Fluids

DNS of heated pipe flows of supercritical CO2 in flow configurations of upstream- and
downstream-oriented gravitational acceleration was performed by Bae et al. (2005), and
likewise for an annular pipe geometry by Bae et al. (2008) using identical numerical
schemes. These simulations were reviewed by Yoo (2013). The findings in these studies
were sufficiently similar that the following discussion is apt to both studies. To ease the
computational requirements of their DNS, Bae et al. (2005) elected to omit certain terms
from the energy-conservation equation. These omissions effectively neglect the
conversion of mechanical energy to internal energy by viscous stresses, and neglect the
contributions of changes in the local static pressure on the local internal energy of the
fluid. These assumptions are commonly applied to low-Mach-number subcritical-fluid
flows (Lele, 1994),

but their validity for supercritical-fluid flows remains
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unsubstantiated. The simulations were performed for Reδ = 5,900, which is two orders of
magnitude lower than that of the experiments of Kurganov & Kaptilnyi (1993). Where
Reδ is the Reynolds number computed with δ as the characteristic length scale. It is noted
that this reduced Re value causes their simulations to correspond to mixed convection
regimes as per Figure 2-1 (Metaias & Eckert, 1964). Bae et al.‘s (2005) computations
with upstream-oriented gravitational acceleration featured the ―M‖-shaped profile of u̅
that was also observed in the experiments of Kurganov & Kaptilnyi (1993). Bae et al.
(2005) focused their efforts on analyzing the statistical flow fields, particularly the
turbulence budgets. Expectedly, they observed that their results were more effectively
represented by Favre-averaged parameters. Bae et al. (2005) noticed similar trends to that
of the LES study of Niceno & Sharabi (2013), whereby the dominant turbulence
production in upward flow was buoyancy induced production. However, unlike that of
the LES of Niceno & Sharabi (2013), Bae et al.'s (2008) downward-flow simulation also
featured significant buoyancy-induced production of turbulence. Since these two authors
perform their simulations at different Ra and Re values, reasons for the observed
discrepancy cannot be conclusively stated. In Bae et al.'s (2005) simulation, deteriorated
heat transfer was suggested to be driven by the relative contributions of the rate of
buoyancy-induced production of turbulence

−𝑔𝜌′𝑢′

and that of the mean-shear

induced production of turbulence −𝜌𝑢"𝑣" 𝜕𝑢/𝜕𝑥 to the overall turbulence production
rate. Here, 𝑣 represents the wall-normal component of velocity. Of note, the so-called
buoyancy production term −𝑔𝜌′𝑢′

may be positive or negative and therefore may

enhance or dissipate turbulence. Bae et al. (2005) note that the buoyancy-induced
production of turbulence supplemented shear production of turbulence in flows with
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downstream-oriented gravitational acceleration. Conversely, in flows with upstreamoriented gravitational acceleration, the buoyancy-induced production counteracted
production of K due to shear in the regions where DHT was observed. Downstream of the
DHT region, they observed that the region where buoyancy force begins to supplement
the shear forces in the production of turbulence was coincident with the appearance of the
―M‖-shaped wall-normal profile of u̅. Therefore, suggesting that the appearance of the
―M‖-shaped velocity profile results in the recovery of heat transfer from a deteriorated
state by means of increased production of turbulent motions.

From a physics standpoint, Bae et al. (2005, 2008) attributed DHT to a reduction in the
strength and number of turbulence flow structures in the near-wall region of the flow.
They viewed these flow structures by plotting iso-surfaces of vorticity. However, direct
links between the statistical flow field and the instantaneous flow field were not provided.
Such a linkage could be used to conjure a physical explanation for the mitigation of the
near-wall turbulent flow structures as the heat transfer from the wall assumes a
deteriorated state. This would be especially relevant since such flow structures are known
to significantly contribute to turbulent hydrodynamic and thermal mixing (Wu & Moin,
2010; Adrian et al. 2000; Kasagi & Shikazono, 1995). More recent direct numerical
simulations, such as those performed by Nemati et al. (2015, 2016) and Peeters et al.
(2016), are discussed in detail in Section 5.1.2.
2.2.5

Summary of Literature Review on Heat Transfer in Supercritical Fluids

There are knowledge gaps in present understanding of the phenomena that drive DHT
and IHT in heated flows of supercritical fluids. One such gap pertains to the physical
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mechanisms that lead to flow and heat transfer phenomena that drive DHT and IHT.
Once developed, this understanding could facilitate the development of more successful
models for heat transfer in such flows. Direct numerical simulations are noted to be well
suited for developing an understanding of the detailed turbulence structure of such flows
in scenarios where detailed flow measurements are difficult to obtain.

Table 2-1 to Table 2-4 summarize the experiments done on heated flows of supercritical
fluid, with H2O, CO2, He, and R134a working fluids. Table 2-5 lists computational
efforts geared towards modelling heated-supercritical fluid flows.
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Table 2-1: Selected experimental heat transfer studies with supercritical water flowing in
tubes.
Author
Gravitational
d
G
𝑄𝑤"
2
(Source, if different)
acceleration
(mm)
(kg/m s)
(kW/m2)
Ackermann (1970)
Upstream
9.5 to
406 to 1220
157 to 1260
24.4
Alekseev et al. (1976)
Upstream
10.4
380
350 to 470
(Pioro & Duffey, 2005)
Domin (1963)
Wall-normal
2 to 5
723 to 1010
725 to 910
(Hall et al. 1967)
Herkerath (1970)
Upstream
10
1500
600 to 1000
Krau et al. (2008)
Kirillov et al. (1986)
Upstream
10.0
203 to 1503
141 to 726
(Pioro & Duffey, 2005)
Krasyakova et al. (1977)
Downstream
20.0
1000
460 to 1160
(Pioro & Duffey, 2005)
Lee & Haller (1974)
Upstream
38.1
1672
252 to 1101
(Pioro & Duffey, 2005)
Shitsman (1963)
Upstream
8
430
280 to 340
Schmidt (1959)
(Hall et al. 1967)
Vikhrev et al. (1967)
(Pioro & Duffey, 2005)
Vikrev & Lokshin (1964)
(Hall et al. 1967)
Watts (2009)
Yamagata et al. (1972)
Yu et al. (2013)
Zhang et al. (2012)

Wall-normal

5

610

820 to 910

Upstream

20.4

495to 1400

570 to 1160

Wall-normal

8

699

Upstream,
downstream
Upward,
wall-normal
Upward,
wall-normal
Upward

32.2 to
25.4
10.0,
7.5
26.0

400 to
1000
127 to 617
1183 to 1830

233 to 930

600

200 to 300

597 to 2021

773

10

175 to 250
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Table 2-2: Selected experimental heat transfer studies with supercritical carbon dioxide
flowing in tubes.
Author
Gravitational d
G
𝑄𝑤"
2
(Source, if different)
acceleration
(mm)
(kg/m s)
(kW/m2)
Adebiyi & Hall (1969)
Wall-normal 22.1
200 to 393
5 to 26
Bourke et al. (1969)
Bae et al. (2010)

Upstream,
Downstream
Upstream

22.8

311 to 1234

17 to 270

400 to 1200

29 to 70

289 to 636

50 to 68

784 to 1000

18 to 161

Fewster (1976)
(Duffey & Pioro, 2005)
Gupta et al. (2013)

Upward
Upward

4.4,
6.3, 9.0
5.0,
19.0
8

Jiang et al. (2008)

Upward

0.03

432

12 to 311

Kim & Kim (2011)

Upstream,
downstream
Upward

4.5

233 to 874

53 to 216

2.0

315

39 to 52

8

3250

384 to 1011

6.4

1012 to 2713

138 to 210

Song et al. (2008)

Upstream,
downstream,
wall-normal
Upward,
downward
Upward

4.4,9.0

400 to 1200

30 to 50

Weinberg (1972)
(Duffey & Pioro, 2005)
Zahlan et al. (2015)

Upstream,
downstream
Upstream

19

437

30 to 50

8, 22

197 to 2027

5.1 to 436

Li et al. (2010)
Petukhov et al. (1983)
Shiralkar & Griffith (1968)
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Table 2-3: Selected experimental heat transfer studies with supercritical helium flowing
in tubes.
Author
Orientation
d
G
𝑄𝑤"
2
(Source, if different)
(mm)
(kg/m s)
(kW/m2)
Bogachev et al. (1984)
Upward,
1.8
47
0.6 to 1.3
downward
Brassington & Carins
Upward
18.0
48 to 98
0.4 to 1.5
(1977)
Giarratano & Jones (1975)
Downward
2.1
72
0.2 to 4,0
Giarratano et al. (1971)

Upward

2.1

62 to 524

1.2 to 8.4

Table 2-4: Selected experimental heat transfer studies with supercritical R134a flowing in
tubes.
Author
Orientation
d
G
𝑄𝑤"
2
(Source, if different)
(mm)
(kg/m s)
(kW/m2)
Kang & Chang (2009)
Upward
9.4
600
10 to 60
Zhang (2014)

Upstream

7.6

600 to 2000

20 to 100
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Table 2-5: Selected numerical studies on heat transfer in ducted flows of supercritical
fluids.
Author
Numerical scheme
Grid resolution (inflow conditions)
(turbulence models)
Streamwise Wall-normal Spanwise
Δx+
Δy+ or Δr+
Δz+ or
(min, max)
rΔθ+
Bae et al. (2005)
DNS
14.5
(0.18,5.34)
9.14
Bae et al. (2008)

DNS

18.9

(0.22,—)

7.18

Cheng et al. (2007)

RANS
(k-ε and k-ω model)
RANS
(k-ε model)
RANS
(k-ε model)
RANS
(SST k-ω model)
RANS
(k-ε and RSM model)
RANS
(k-ε model)
RANS
(SST k-ω model)
RANS
(k-ε model)
RANS
(k-ε model)
LES
(WALE model)

—

(1,—)

—

—

(0.5,—)

—

—

(0.5,—)

—

>100

(0.5,—)

—

—

(1.25,—)

—

—

(0.1,—)

—

—

(<1,—)

—

—

(0.1,—)

—

—

(—,—)

—

70

(0.09,20)

9

He et al. (2005)
Heb et al. (2008)
Jaromin & Anglart
(2013)
Kao et al., (2010)
Koshizuka et al.
(1995)
Li et al (2011)
Lei et al (2012)
Mohseni &
Bazargan, (2012)
Niceno ad Sharabi
(2013)

RSM: Reynolds Stress Model; SST: Shear-Stress Transport; WALE: Wall-Adapting Local Eddy-viscosity
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3 Chapter: Thesis Objectives
Although the present research was initiated to support design efforts for the SCWR, its
application spans the numerous engineering processes that use heated flows of
supercritical fluids. The currently operational supercritical fossil-fuel power plants and
the supercritical carbon dioxide power cycle are good examples of such engineering
processes. The studies discussed in the preceding chapter indicate that although heat
transfer to flows of supercritical fluids is actively studied, the physical mechanisms that
drive the unique heat transfer characteristics of such flows are still not well understood.
Accordingly, the objectives of the present study are:
1. To develop an understanding of the physical mechanisms through which heat
transfer in flows of supercritical fluids deviate from the established physical
mechanisms for single-phase flows of subcritical fluids.
2. To develop a set of dynamic similarity criteria that is based on the physical
understanding of the flow.
To date, it cannot be conclusively stated whether the phenomena that drive the unique
heat transfer characteristics observed in flows of supercritical fluids affect only a limited
range of spatial scales of turbulence. Therefore, direct numerical simulations are
employed in the present study, where the unfiltered governing equations are solved on a
highly refined temporal and spatial grid.
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4 Chapter: Direct Numerical Simulation of Convective Heat Transfer
in a Zero-Pressure-Gradient Boundary Layer with Supercritical Water
In this Chapter, the development of coherent flow structures in a zero-pressure-gradient
boundary layer is investigated in the absence of buoyancy forces, where the working fluid
is water in the supercritical thermodynamic state. The aim of the work discussed in this
chapter is to confirm the adequacy of the computational method in capturing the unique
characteristics of heat transfer in flows of supercritical fluids and highlight deviations
observed between these characteristics and those of subcritical single-phase fluids.

Citation: Azih, C., Brinkerhoff, J.R., & Yaras, M.I., 2012, ‗Direct numerical simulation
of convective heat transfer in a zero-pressure-gradient boundary-layer with
supercritical water‘, Journal of Thermal Science, 21, pp.49-59.

4.1

Introduction

Research attention has recently shifted to understanding the thermal hydraulic behaviour
of fluids in the supercritical thermodynamic state, as the lack of phase change and other
unique thermodynamic characteristics offer the possibility of improved heat transfer. This
new-found interest is fuelled by research and development of the SuperCritical Watercooled Reactor (SCWR) and represents a second wave of interest in the use of
supercritical fluids for thermodynamic power cycles. Several heat transfer experiments of
turbulent duct flow with supercritical fluids were conducted between the 1950s and 1980s
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for fossil-fuel-based power plants (Pioro & Duffy, 2004). These early experiments
showed that Nusselt number correlations developed for subcritical working fluids can be
both under- and over-predictive when the working fluid is in the supercritical
thermodynamic state. When the Nusselt number is over-predicted, the heat transfer
regime is referred to as ―deteriorated heat transfer‖ (DHT). Conversely, instances where
the Nusselt number is under-predicted is referred to as ―improved heat transfer‖ (IHT),
and cases in which the Nusselt number is within the accuracy of the subcritical-fluid
based predictions is referred to as ―normal heat transfer‖ (NHT) (Piorob et al., 2004)
Although these variations in heat transfer rates were observed decades ago, the
underlying physical mechanisms remain poorly understood, casting doubt on the
generality of empirical correlations that have been proposed to capture the DHT and IHT
cases.

To date, most experimental research has focused on upward-flow in vertical tubes.
Correlations for downward-flow in vertical tubes and flow in horizontal tubes are scarce,
and to the author‘s knowledge, no published data exists for boundary-layer flows. The
most common empirical methods for characterizing the onset of DHT for flows within
vertical tubing give a wide range of predictions in terms of heat-flux to mass flux ratios.
From experiments that used water with upward flow, DHT (most likely due to buoyancy
phenomena) is observed to occur when Q w / G  1.1 kJ/kg, where Q w is the wall heat flux
and G is the mass flux, and IHT occurs at lower values of Q w / G (Piorob et al., 2004). In
contrast, a fundamental analysis by McEligot & Jackson (2004) on heat transfer in both
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vertical and horizontal orientations suggests that DHT may occur through a combination
of near-wall fluid acceleration, buoyancy effects, and wall-normal fluid-property
variation, with the dominant mechanism being determined by the specific flow
environment.

In turbulent shear flows, coherent flow structures play a critical role in mass and energy
transfer through mixing and hence have a dominant effect on the convective heat transfer
coefficient (Buschmann et al. 2009). A study of these coherent flow structures of
turbulence via experimental methods has proven difficult due to the elevated pressures
and temperatures typically associated with the supercritical thermodynamic state of
substances (e.g., for water T > 373.9ºC and p > 22.06 MPa, respectively). Direct
numerical simulations (DNS) provide an effective alternative to experimental techniques
for the investigation of the role of coherent flow structures in the convective heat-transfer
trends observed in supercritical fluids. DNS involves solving the governing equations for
fluid flows with a computational grid sufficiently refined to capture all of the spatial and
temporal scales of the flow phenomena, such that semi-empirical models are not needed
to aid in closure of the governing equations that are filtered in some sense. The present
study uses DNS to study the development and interaction of coherent flow structures of
turbulence in a zero-pressure-gradient boundary layer with supercritical water as the
working fluid under the IHT and NHT conditions. The computational method used to
undertake the numerical study and the validation of this computational method are
discussed in detail followed by a discussion of the results obtained from the simulations
corresponding to the IHT and NHT conditions.
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4.2

Computational Method

4.2.1

Test Cases

Three direct numerical simulations of the flow development of a zero-pressure-gradient
boundary layer on a flat surface are performed. The working fluid in one simulation is air
at standard sea-level conditions (FP_Q0). The results of this simulation are used to
validate the numerical approach and to serve as a baseline case for comparing the results
of the remaining two simulations that use water above the thermodynamic critical
pressure as the working fluid. In the simulations involving supercritical water, the inflow
pressure and temperature are p/pc = 1.085 and T/Tpc = 0.968, respectively, and a wallnormal temperature gradient is imposed on the flow field by means of a spatially-uniform
heat flux applied to the test surface. The heat flux is selected to provide an IHT
environment (FP_Q0.4) and an NHT environment (FP_Q0.6). Relevant parameters for
these test cases are shown in Table 4-1, where G is the spatial average of the mass flux
within the boundary layer, and the boundary layer thickness (δ) is defined by

Table 4-1: Test cases for turbulent flow over a flat surface.
Case
Working Thermodynamic
𝑄𝑤" /𝐺
fluid

state

𝑅𝑒𝜏

𝑝

= 𝑢𝜏 𝛿𝜈 /𝜈

(MPa)

0

250

0

(kJ/kg)

FP_Q0

Air

Subcritical

FP_Q0.4

Water

Supercritical

0.4

250

24

FP_Q0.6

Water

Supercritical

0.6

250

24
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u̅(δ) = 0.99u∞, where u̅ is the time-mean streamwise velocity and u∞ is the free-stream
velocity.

All three test cases are simulated to a friction Reynolds number of Reτ = 250 which
corresponds to a boundary-layer-thickness Reynolds number of Reδ = 7000, where uτ is
the friction velocity, and ν is the kinematic viscosity at the wall. In the ongoing
preliminary design of nuclear reactors utilizing supercritical water to cool the fuel rods,
the inlet-flow Reynolds number of water is estimated to be Reδ ~O(105) (Duffy & Pioro,
2005). Smith & Metzler (1983) have shown that the near-wall region of the boundary
layer maintains a similar structure for O(103) < Reδ < O(106). As forced- convective heat
transfer is primarily affected by the flow development in the near-wall region, the similar
structure of the near-wall flow over such a large Reynolds number range implies that
similar physical mechanisms occur in SCWR as in the present simulations.
4.2.2

Computational Domain

The computational domain used to carry out the studies is shown in Figure 4-1 and
contains a region of interest in which data is analyzed. To capture all the relevant flow
structures in both the inner and outer regions of the boundary layer, the computational
domain must be large enough to contain the largest wavelength of turbulence phenomena
expected in the flow field. Flow structures with streamwise lengths of up to 20δ have
been observed in the outer part of the boundary layer (Hutchins & Marusic 2007).
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Figure 4-1: Schematic of the computational domain for the turbulent flat-surface cases;
x-scale/y-scale = 2.5, x-scale/z-scale = 1.
Therefore the streamwise length of the computational domain of 3.7δ is not sufficient for
detailed study of the outer part of the boundary layer. However this streamwise length is
shown by Moin & Mahesh (1998), and Jimenez & Moin (1991) to be sufficient for
analysis of turbulence energy budgets and other turbulence statistics in the inner region of
the boundary layer (y+ < 40). Here, the + Superscript denotes normalization by the
viscous length scale, δν = ν /uτ, and the friction velocity, uτ = (τw/ρ)0.5, where τw is the shear
stress at the wall, and ρ is the fluid density; the values of ν and ρ in the evaluation of uτ
and δν are taken at the wall.

The spanwise extent of the largest coherent flow structures in the boundary layer are of
O(δ), and take the form of streamwise-aligned wave-packets of hairpin-like vortical
structures in the outer region of the boundary layer. These structures form through
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spanwise merging of near-wall vortex loops that have a spanwise spacing of Δz+ ≈ 100
(Panton, 2001; Osterlund et al., 2003; Tompkins & Adrian, 2003). To accurately capture
the structures in the inner part of the boundary layer, a computational-domain span
greater than 220 wall units must be used (Jimenez & Moin, 1991). Accordingly, the span
of the region of interest is sized to 310 wall units. The region of interest in the
computational domain has streamwise, spanwise and wall-normal dimensions of
Δx = 3.7δ, Δz = δ, and Δy = 1.7δ, respectively. The wall-normal height is more than
sufficient to resolve the instantaneous heights of the coherent flow structures expected in
the turbulent boundary layer (White 1991, Pope, 2000). For the test cases involving heat
transfer, the Prandtl number remains greater than unity; thus, the thermal boundary layer
is contained within the velocity boundary layer, hence remains within the region of
interest.
4.2.3

Boundary and Initial Conditions

A no-slip boundary condition is applied to the lower wall of the computational domain
while zero wall-normal velocity and shear stress are applied to the upper wall. The heat
flux values at the no-slip boundary are specified according to the values in Table 4-1. The
flow is developed from a spatially uniform initial condition using streamwise and
spanwise periodic boundaries such that the solution variables (pressure, velocities and
temperature) are mapped between corresponding nodes on the periodic faces. Since no
inflow and outflow boundary conditions are specified, the mass flow rate through the
domain is specified through the initial condition. The domain is initialized with a
spatially-uniform velocity of 1.6 m/s in the subcritical case and 0.013 m/s in the
supercritical cases. The temperature and pressure fields of the supercritical-fluid test
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cases are initialized with spatially uniform values of 633 K and 24 MPa, respectively. To
isolate the heat-transfer variation mechanisms that result from local property gradients
from those mechanisms related to buoyant interactions within the flow, no body forces
are specified.

As the simulation progresses, the temporal boundary-layer growth matches the Blasius
prediction of the laminar boundary layer until transition to turbulence takes place. To
ensure that the flow is turbulent at the target Reynolds number, disturbances are
introduced into the flow by way of a mass source/sink pair located in close proximity to
the no-slip boundary. The mass source disturbance is introduced at a momentumthickness Reynolds number (𝑅𝑒𝛿 2 = 𝑢∞ 𝛿2 /𝜈𝑤 ) of 450, where the momentum thickness,
δ2, is defined as:
∞

𝛿2 =
0

𝜌𝑢(𝑦)
𝑢(𝑦)
1−
𝜌∞ 𝑢∞
𝑢∞

𝑑𝑦

4-1

The source strength is specified through the mass flow rate, and injects fluid into the
domain at a wall-normal velocity equal to 10% of the free-stream velocity. The






2
disturbance, introduced for a duration t  t  u   4.5 for all test cases, is centred

between the streamwise and spanwise boundaries.
4.2.4

Spatial and Temporal Grids

A structured grid consisting of hexahedral volumes is mapped onto the computational
domain shown in Figure 4-1 and consists of a region with high spatial resolution
surrounded by a region in which the spatial resolution is gradually coarsened with
distance from the finely resolved region. The finely resolved region (labelled as the
52

region of interest in Figure 4-1) is populated by 417, 135, and 96 nodes in the
streamwise, wall-normal, and spanwise directions, respectively. Outside this region, the
node spacing is increased at a constant rate of 12% until the boundaries of the
computational domain are reached. To simulate the cases presented in Table 4-1, the
spatial and temporal grids must be sufficiently refined to capture the smallest spatial and
temporal scales in the flow, which are on the order of the Kolmogorov length and time
scales given by Equation 4-2 and 4-3, respectively.
𝜂 = 𝜈 3 𝜀 −1
𝑡𝜂 =

𝜈
𝜀

0.25

4-2

0.5

4-3

Where ε is the rate of turbulence kinetic energy dissipation. For wall-bounded turbulent
shear layers, the Kolmogorov length scale is on the order of the viscous length scale,
typically reaching a minimum value of η+ ≈ 2 close to the no-slip boundary (Kim et al.,
1987; Stanislas et al., 2008). Thus, the nodes are distributed such that the average spacing
in the region of interest yields values of Δx+ = 3 and Δz+ = 3, corresponding to
approximately 1.5 times the Kolmogorov length scale at the target Reynolds number. At
this Reynolds number, the y+ value of the first node from the no-slip boundary is 0.85.
Close to the wall, 0 < y+ < 30, the wall-normal node spacing is increased linearly from the
value at the wall to a value that corresponds to the Kolmogorov length scale in the loglaw region, which is approximated by:
𝜂+ = 𝜅 𝑦 +

0.25

4-4

where κ=0.41 is the von-Karman constant boundary (Kim et al., 1987; Stanislas et al.,
2008). Above the log-law region, the node spacing is kept constant until 1.7δ is reached,
53

after which the node spacing is increased at a rate of 12% until the free-slip ceiling is
reached. The wall-normal node distribution is shown in Figure 4-2.

In the cases with supercritical water as the working fluid, the node spacing is adjusted in
the wall-normal direction to capture variations in the thermal field according to:
Δ𝑦𝑡𝑒𝑟𝑚𝑎𝑙 = Δ𝑦𝑣𝑒𝑙𝑜𝑐𝑖𝑡𝑦 𝑃𝑟

−1/3
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where Δythermal is the node spacing requirement for the thermal boundary layer and
Δyvelocity is the node spacing requirement for the hydrodynamic boundary layer (RedjemSaad et al., 2007; Kong et al., 2000).

Figure 4-2: Node spacing in the wall-normal direction for the flat-surface cases.
For wall-bounded turbulence, a timestep of Δt+ < 0.2,where a value of 0.2 corresponds to
a tenth of the Kolmogorov time scale, is required to capture the temporal development of
turbulence structures (Friedrich et al., 2001). Besides capturing the flow physics, the
temporal resolution must also be selected to ensure numerical stability. In the present
study, a constant timestep value of Δt+ = 0.12 is used for the subcritical fluid case and a
54

value of Δt+ = 0.013 is used for the supercritical-fluid test cases to ensure numerical
stability.
4.2.5

Solution Method

The commercial computational-fluid-dynamics software package ANSYS CFX®
(Version 12) is used to perform the simulations in the present study. The solver
discretizes the conservation form of the mass, momentum and energy equations
(Appendix B.1) using an element-based finite-volume technique, which is documented in
the ANSYS CFX-solver theory guide (ANSYS, 2009). The governing equations are
discretized using central differencing for the spatial derivatives and second-order
backwards Euler scheme for the temporal derivatives. Closure of the governing equations
is achieved using the equation of state for the working fluid. The thermodynamic state of
air is modelled by the ideal gas law with a constant specific heat value of
Cp = 1.0044 kJ/kg K. The International Association for the Properties of Water and Steam
(IAPWS) equations of state are used to model the thermodynamic state of water above
the thermodynamic critical pressure (IAPWS, 2008; IAPWS, 2009). The IAPWS
formulations are utilized by the solver by means of look-up tables specified through
pressure and temperature inputs. To prevent extrapolation of property data, the pressure
and temperature ranges utilized in the current study correspond to over four times the
expected variations in these properties estimated from similar numerical and
experimental studies (Brinkerhoff & Yaras, 2014; McAuliffe & Yaras, 2007). The
property table is generated with temperature and pressure increments of ΔT = 0.2 K and
Δp = 0.08 MPa, which was determined to be suitable to provide values for all relevant
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thermodynamic properties through linear interpolation with an accuracy that is equivalent
to the uncertainty associated with the IAPWS equations of state.

Solution convergence of the discretized algebraic equations is obtained using up to eight
outer loop iterations per timestep, and residuals are declared as converged when the
normalized root-mean-square (rms) residuals (ANSYS, 2009) of the governing equations
are reduced to less than 10-5. The simulations are run in parallel using 20 Intel® L5410
Xeon® CPUs, and take approximately 11,000 CPU hours (42,000 timesteps) for FP_Q0,
and 26,000 CPU hours (120,000 timesteps) for the FP_Q0.4 and FP_Q0.6. The
simulation duration, for the FP_Q0, FP_Q0.4, and FP_Q0.6 is 4800, 1625, and 1300
wall units, respectively.

4.3
4.3.1

Results and Discussion
Validation of Numerical Approach

Validation of the computational approach for the turbulent flat-surface cases is
accomplished by comparing the results of FP_Q0, which simulates unheated air flow
over a flat surface at standard sea-level conditions, to statistical turbulence properties of
corresponding turbulent boundary layers from literature. For the turbulent flat-surface
cases, the streamwise-periodic boundaries cause the temporal development of the
boundary-layer to occur in a spatially-uniform manner. Therefore, the temporal statistics
for a given wall-normal location are obtained through a spatial average of 30,000 points
in the corresponding wall-normal plane within the region of interest.
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The mean velocity profile, mean turbulence kinetic energy budgets and root-mean-square
streamwise velocity fluctuation at the target Reynolds number are presented in
Figure 4-3. Figure 4-3(a) shows excellent agreement in the predicted mean velocity
profile for y+ < 50 when compared to the DNS of Wu & Moin (2009), who simulated the
ZPGBL without streamwise-periodic boundaries, and used disturbances introduced into
the free-stream (rather than near the wall) to trigger transition to turbulent flow. Adequate
agreement is also achieved in the outer part of the boundary layer, with a deviation of less
than 10% in the mean velocity profile. The limitation in the accuracy of the outer part of
the boundary was mentioned in Section 4.2.2, and is due to the streamwise length of the
computational domain being insufficient to fully capture turbulence in the outer region of
the boundary layer, where turbulence structures of larger spatial and temporal scales
dominate. Figure 4-3(c) shows that in the inner part of the boundary layer, the turbulence
kinetic energy production rate P+, and dissipation rate ε+ are similar to the results of
Spalart (1988). In both simulations, the peak P+ value occurs at y+≈11 with a value
P+ = 0.27±0.01. Similar agreement is also achieved for the root-mean-square streamwise
+
velocity fluctuation, 𝑢′𝑟𝑚𝑠
, (Shown in Figure 4-3(b)), as well as other statistical
+
turbulence properties. The quantity 𝑢′+
𝑟𝑚𝑠 is maximum at y ≈ 13 which is consistent with

the results of Spalart (1988).
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Figure 4-3: (a) Mean velocity profiles; (b) Root-mean-square of the streamwise velocity
fluctuation (c) Mean rate of turbulence kinetic energy production and dissipation. FP_Q0
(𝑅𝑒𝛿 2 = 900), Spalart (𝑅𝑒𝛿 2 = 1410), Wu & Moin (𝑅𝑒𝛿 2 = 900).
As heat transfer is dominated by near-wall flow turbulence activities, it is of critical
importance that the near-wall flow structures be accurately resolved by the numerical
method (Buschmann et al., 2009). The near-wall region of the boundary layer is
dominated by hairpin-like vortical structures and high- and low-speed streaks. The
streaks are created by streamwise-oriented vortices, such as the legs of the hairpin-like
vortical structures, the induced velocities of which yield a wall-normal momentum
exchange and thus regions of momentum excess or deficit (i.e. streaks) [25-27]. These
coherent flow structures are visualized in Figure 4-4 through iso-surfaces of the second
invariant of the velocity-gradient tensor, q+ = 0.01. These iso-surfaces reveal hairpin-like
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Figure 4-4: Iso-surface of the second invariant of the velocity-gradient tensor, q+ = 0.01,
for FP_Q0, coloured by wall-normal height; 𝑅𝑒𝛿 2 = 930.
vortical structures as the dominant flow structure populating the outer part of the
boundary layer, which agrees with the observations in published literature (Wu & Moin,
2009; Adrian et al., 2000; Head & Bandyopadhyay, 1981). Colouring the iso-surfaces by
y/δ demonstrates that these coherent structures extend to the edge of the boundary layer.
The streamwise spacing of these hairpin-like structures is shown at 𝑅𝑒𝛿 2 = 390 in
Figure 4-5 through contours of the spanwise component of vorticity (ω). The streamwise
spacing between individual structures is observed to be 140-180 wall units and the
structures reach wall-normal heights of up to 300 wall units, which is consistent with
published literature at similar Reynolds numbers (Camussi & Felice, 2006; Adrian et al.,
2000; Zhou et al., 1999). In addition, the spanwise spacing of near-wall streaks has an
average value of 103 wall units, obtained via analysis of the power spectral density of the
fluctuation component of streamwise velocity PSDu'. This spacing is consistent with
published results of Δz+≈100 (Panton, 2001). The favourable agreement between the
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results of the FP_Q0 case with results from several published works validates the
numerical approach used for the analysis of the ZPGBL, especially in the inner part of the
boundary layer (y+ < 50).

Figure 4-5: Hairpin-like structures viewed via contours of instantaneous z-vorticity at
plane z / δ = 1.5; 𝑅𝑒𝛿 2 = 930.
4.3.2

Effect of Supercritical Thermodynamic State on Heat Transfer

Cases FP_Q0.4 and FP_Q0.6 simulate the flow of water at a static pressure greater than
the thermodynamic critical pressure of water with heat flux values of 𝑄𝑤" /𝐺 = 0.42 and
𝑄𝑤" /𝐺 = 0.60, respectively specified at the no-slip boundary. The wall heat fluxes and
mass flow within the boundary layer in these cases correspond to environments where
IHT is predicted at the target Reynolds number (Pioro & Duffy, 2005). Since the baseline
case (FP_Q0) is not heated, it is of interest to establish the Nusselt number values (Nu)
for these conditions that are predicted by semi-empirical correlations ―calibrated‖ for
subcritical single-phase thermodynamic states. One such correlation uses the ReynoldsColburn analogy (Equation 4-6) to express Nu as a function of Prandtl number (Pr) and
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Reynolds number (Re) (Holman, 2002); Another correlation by Churchill (1976) takes
into account the Nusselt number as a function of the transition location (Equation 4-7).
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Here, φu is the value of φ evaluated at the streamwise location where transition is
completed (Churchill, 1976), and the subscript f indicates that thermophysical property
values are evaluated at the film temperature, Tf = (Tw+Tb)/2. Equation 4-6, and 4-7
respectively predict a Nu value of 415 and 450 for the lower wall-heat-flux case and
predict 386 and 431 for the higher wall-heat-flux case. These Nu values are indicated in
Table 4-2.

Table 4-2: Nusselt numbers for the cases with supercritical water as the working fluid.
Nu (Equation 4-6)
Nu (Equation 4-7)
Nu (DNS)
FP_Q0.4

415

450
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FP_Q0.6

386

431

421

In the lower wall-heat-flux case, the Nu value is 22% and 16% higher than the values
predicted by Equation 4-6 and Equation 4-7, respectively. Conversely, in the higher wallheat-flux case, the Nu value is 9% lower and 2% higher than the values predicted by
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Equation 4-6 and Equation 4-7, respectively. The heat transfer in the former case clearly
corresponds to a condition of IHT, and the 9% difference for the latter case is only
slightly greater than the uncertainty of the value predicted by Equation 4-6, which
indicates that the effects of mechanisms that drive IHT are being mitigated.

In heated flows of Reynolds numbers similar to the present study, in which the fluid
remains in the subcritical thermodynamic state, temperature is observed to act as a
passive scalar, i.e. the temperature field does not appear to affect the kinematics of the
flow (Kong et al. 2000; Wu & Moin, 2010). Inspection of a single wave-packet, observed
through z-vorticity contours as shown in Figure 4-6, reveals strong similarity in the larger
structures between the heated cases in the vicinity of 100 < y+ < 300, both in streamwise
and wall-normal spacing. However, closer to the wall (y+ < 60) while the contours of zvorticity remain attached to the wall in the lower wall-heat-flux case, the case with the
higher wall-heat-flux exhibits a different behaviour wherein discrete regions of z-vorticity
are observed to break-off from the no-slip surface. As the only difference between these
cases is the wall heat flux, this observation suggests that the temperature field has an
influence on the kinematics of the flow when the working fluid is in the supercritical
thermodynamic state.

As discussed in Section 4.3.1, the near-wall region of the boundary layer is populated by
low- and high-speed streamwise streaks. Figure 4-7 plots contours of instantaneous
streamwise velocity fluctuation in the near-wall region for the cases with heated walls,
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Figure 4-6: Contours of z-vorticity for the heated turbulent flat-surface cases Reτ = 250.

Figure 4-7: Streaks viewed through iso-contours of the instantaneous streamwise
perturbation velocity component; turbulent flat-surface cases. Reτ = 250.
with a ―traffic-light‖ colour scheme that indicates low-speed streaks with amber
colouring and high-speed streaks with green colouring. The plots in Figure 4-7 are
generated using data from the same instance in time and spanwise/wall-normal plane
from the two heated-wall cases such that the development of the coherent structures of
turbulence can be directly contrasted between the two plots. It is observed that in the
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higher-wall heat flux case the near-wall low-speed streaks appear weaker than those of
the other case. These streaks are formed by the downwash motion on the outboard sides
of hairpin vortices, and this downwash motion enhances thermal mixing by transporting
colder fluid towards the heated wall. Thus, it is likely that the mechanisms cause the
degradation of the low-speed streaks are also responsible for mitigating the effects of
phenomena that lead to IHT. Such changes in the small-scale turbulent mixing may also
affect the large-scale coherent flow structures in the outer region of the turbulent
boundary layer. This is shown in Figure 4-8 through plots of iso-contours of the second
invariant of the velocity-gradient tensor. Hairpin-like structures are observed in the outer
boundary layer, although they do not retain much of their coherence in comparison to the
baseline case illustrated in Figure 4-4.

Figure 4-8: Iso-surfaces of the second invariant of the velocity-gradient tensor, q+ = 0.01,
coloured by wall-normal height; a) Case FP_Q0.4, b) Case FP_Q0.6.
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5 Chapter: Effects of spatial gradients in thermophysical properties
on the topology of turbulence in heated channel flow of supercritical
fluids
In the previous chapter, it is demonstrated that the development of coherent structures of
turbulence may differ in heated flows of fluids at the supercritical thermodynamic state,
when compared to single-phase subcritical fluids. These differences may have an effect
on the heat transfer rate. A study was performed, documented in Appendix A, to compare
the relative contributions of laminar (molecular-diffusion) driven phenomena and
turbulence-driven phenomena on heat transfer in flows of supercritical fluid. The study
shows the effects of changes in the flow turbulence on the heat transfer rate to be an order
of magnitude higher than the laminar-driven effects. Building on the study in
Appendix A, this chapter details the topology of turbulence in heated channel flows of
supercritical fluids.
Citation: Azih, C. & Yaras, M.I., 2018, ‗Effects of spatial gradients in thermophysical
properties on the topology of turbulence in heated channel flow of supercritical
fluids‘, Physics of Fluids, p.015108, 30(1).

5.1

Introduction

It is well established that heating fluids at a state above the thermodynamic critical
pressure in environments where turbulent forced convection is expected to govern the
flow development yields heat transfer rates that may deviate significantly from rates
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predicted with empirical correlations calibrated for subcritical fluids (Pioro & Duffy,
2005; Duffy & Pioro, 2005). Deteriorated heat transfer (DHT) is said to occur when the
heat transfer rate is significantly lower than the predicted value for wall-temperaturecontrolled conditions, or the wall temperature is significantly higher than the predicted
value for wall-heat-flux-controlled conditions. Conversely, improved or enhanced heat
transfer (IHT) occurs when the heat transfer rate is higher than predicted, or the wall
temperature is lower than predicted. These deviations in heat transfer rates often occur
near the pseudo-critical state of the fluid, where the thermophysical properties have
significant temperature dependence as illustrated in Figure 5-1. The pseudo-critical state
is defined by the temperature at which the isobaric specific heat, Cp, is at its maximum
value for a given pressure. The critical and pseudo-critical states are hereafter identified
by the subscripts c and pc, respectively.

Over the past few decades, heat-transfer research with supercritical fluids has focused on
predicting the conditions that are conducive to phenomena that lead to heat transfer

Figure 5-1: Temperature dependence of density, ρ, dynamic viscosity, μ, thermal
conductivity, k, and isobaric specific heat, Cp, of water in the vicinity of the pseudocritical state.
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variations (McEligot & Jackson, 2004; Jackson, 2013; Piorob et al., 2004) and the
magnitude of such variations (Mokry et al., 2011; Shitsman, 1973). However, the onset of
DHT and IHT is not predicted accurately over ranges of flow and thermal conditions with
different fluids, and the heat-transfer models do not accurately predict the temperature of
the heated wall under DHT. Experiments geared towards characterizing the underlying
phenomena that drive DHT and IHT have been limited due to the complexity of such
setups for working fluids at the supercritical state. The physical phenomena that drive the
self-sustaining turbulent state of single-phase subcritical wall-bounded flows have
become more evident in recent times through advancements in flow measurement
techniques, and in particular through the availability of DNS data (Panton, 2001; Smits &
Delo, 2001; Adrian et al. 2000). These datasets reveal that self-replicating vortices
resembling the shape of a hairpin, illustrated in Figure 5-2, are the dominant coherent
structures in turbulent flows, and much of the characteristics of such flows can be
explained in terms of the creation, growth, mutual interaction, and eventual degradation
of these flow structures (Wu & Moin, 2009; Adrian et al. 2000).
5.1.1

Turbulence in Single-Phase Subcritical Wall-Bounded Flows

A primary hairpin vortex may form in close proximity to the wall through streamwise
grouping and subsequent roll-up of spanwise vorticity driven by inviscid and/or viscous
flow instabilities (Kachanov, 1994). As indicated in Figure 5-2, the topology, orientation,
and sense of rotation of vorticity of the hairpin vortex is such that fluid is transported
away from the wall (ejection) between the legs of the vortex, and transferred towards the
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Figure 5-2: Schematic of a hairpin vortex in wall-bounded shear layers and its induced
motions (adapted from Brinkerhoff (2014)).
wall (sweep) on the outboard sides of the legs. Due to the mean shear imposed on the
flow by the presence of the wall, these ejection and sweep motions give rise to localized
streamwise-aligned regions of streamwise momentum excess and deficit that are termed
high- and low-speed streaks, respectively. Multiple mechanisms have been observed by
which a mature hairpin vortex may create secondary hairpin vortices The mechanisms
either involve inviscid instability of the separated shear layer that forms behind the
primary/parent vortex (e.g. Singer and Joslin, 1994; Zhou et al. 1999) or instability of
accumulated wall-normal vorticity on the outboard side of the hairpin vortices (e.g.
Bernard et al. 1993; Schroder et al., 2004, 2008). Intricate details on the development of
these instabilities to form hairpin vortices are discussed in Section 1.3.3. Through the
same mechanism, the secondary hairpin vortex may create a tertiary hairpin vortex, and
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so on. This sequence of hairpin-vortex generation produces a group of approximatelystreamwise-aligned vortices denoted as a wavepacket (Adrian et al., 2000).

Within a wavepacket, the older, and hence taller, vortices extend to regions of higher
velocity in the boundary layer, and therefore tend to convect downstream at higher speeds
than the younger vortices. As such, streamwise interaction of neighbouring hairpin
vortices within a wavepacket is rare (Adrian et al., 2000; Tomkins & Adrian, 2003). On
the other hand, complex interactions are observed between wavepackets and their
respective hairpin vortices, which are promoted by the spanwise growth and spanwise
meandering of the wavepackets, and by the streamwise interaction of wavepackets due to
their varying convective speeds. For example, the adjacent legs of spanwise-interacting
hairpin vortices may break down into smaller vortical structures owing to their opposite
directions of rotation while the heads may merge to form a hairpin vortex of greater
spanwise extent (Adrian et al., 2000; Tomkins & Adrian, 2003). Tomkins & Adrian
(2003) observe that as the heads of these vortices merge, the low speed streaks associated
with the wavepackets of the merging vortices also merge and form a single low-speed
streak with a larger spanwise width. These authors noted that most of the near-wall lowspeed streaks, observed through their Particle Image Velocimetry (PIV) measurements in
a fully-turbulent boundary layer, had begun to undergo this merging process by y+ = 100.
The resultant flow topology is one of multiple generations of wavepackets whereby
smaller wavepackets near the wall exist within larger wavepackets residing farther away
from the wall, which in turn exist within even larger wavepackets (Adrian et al., 2000).
The number of generations of wavepackets is determined by the friction Reynolds
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number of the flow, Reτ ≈ δ/δν, which compares the scale of the larger coherent structures,
δ, to that of the smaller near-wall, δν = νw/uτ. As the number of incidences of vortex
interaction increases, the population of fragmented vortices in the boundary layer also
increases, thus making visualization of coherent motions more difficult with increasing
Reynolds number. (Adrian et al., 2007; Jimenez et al., 2010). However, in close vicinity
of the wall where the population of fragmented vortices is relatively smaller, a readily
and consistently observed feature in low-, moderate-, and high-Reynolds-number flows is
the spanwise-alternating regions of streamwise-elongated low- and high-speed streaks
induced by first generation of wavepackets (Marusic et al., 2010). The mean spanwise
spacing of the hairpin vortices of this first generation wavepackets and their associated
low-speed streaks is Δz+ ≈ 100±20. This spanwise spacing corresponds to the wavelength
of perturbations that yields the highest growth rate in the kinetic energy of the
perturbations over a period not greater than the local eddy-turnover time, and represents a
balance of viscous dissipation and the kinetic energy of the transient wall-normal motions
(Baig & Chernyshenko, 2004; Buttler & Farrell, 1993).
5.1.2

Turbulence in Heated Flows of Supercritical Fluids

Alterations to the above-described turbulence dynamics in a wall-bounded heated forcedconvection environment where the working fluid is at the supercritical state is the subject
of the present study. DNS studies on heat transfer in flows of supercritical fluids has been
performed by Azih et al. (2012), Reinink and Yaras (2015), and Bae et al. (2005, 2008),
Nemati et al. (2015, 2016), Peeters et al. (2016), and Zonta et al. (2012a, 2012b). Insight
into the mechanisms through which such flows are affected by spatial gradients of the
thermophysical properties may be attained by investigating the development of the
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coherent structures of turbulence, as well as investigating statistical turbulence quantities
(Corino and Brodkey, 1969). Through analysis of mean velocities, temperatures,
Reynolds stresses, and turbulence intensities, Zonta et al. (2012a) noted that the density
effects dominated those of other thermophysical properties for Reτ > 180. This
observation is consistent with other studies of heated flows of supercritical fluids
(Reinink and Yaras, 2015; Peeters et al., 2016).

IHT is typically observed in flows with comparatively low values of heat flux where
density gradients are expected to be milder. Azih et al. (2012). Reinink and Yaras (2015)
observed the development of turbulence along a heated wall at fluid temperatures just
above the pseudo-critical temperature under flow conditions that yielded IHT. They
observed notable wall-normal and spanwise density gradients existing in the vicinity of
the inviscid unstable shear layers along the perimeter of near-wall low-speed streaks.
These density gradients promote vorticity generation via the baroclinic instability
mechanism which accelerates the inviscid instability mechanisms that lead to roll-up of
the shear layer to form secondary vortices. A consequence of this accelerated roll-up is
that coherent vortical structures are created at a faster rate and higher frequency, hence
reducing the time-scale of development of small-scale turbulent motions that dictate the
spanwise wavelength of the perturbations attaining optimum growth rate. Thus,
wavepackets of hairpin vortices were observed with reduced streamwise and spanwise
spacing, which enhanced heat transfer through increased wall-normal thermal mixing.
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When the flow is heated such that spatial gradients of density become much larger, the
intensity of turbulence may deteriorate in close vicinity of the wall (Zonta et al., 2012b).
Analysis of the root-mean-square (rms) of the streamwise component of the perturbation
velocity and the wall-normal profiles of turbulence kinetic energy reveal that in the
absence of buoyancy forces, turbulent motions are initially attenuated at the onset of
heating and then slowly recover farther downstream (Nemati et al., 2015; Bae et al.,
2008) The rates of attenuation/recovery of turbulence may be enhanced or slowed down
by the presence of buoyancy forces. Upon heating in vicinity of the pseudo-critical state,
near-wall flow acceleration due to significant volumetric expansion occurs in the wallnormal region where viscous dissipation dominates thus increasing the strain rate.
Conversely, slightly farther away from the wall where production of turbulence kinetic
energy dominates, the mean strain rate decreases thus resulting in relatively lower
production rates compared to the dissipation rate of turbulence kinetic energy (Nemati et
al. 2015, 2016; Zonta et al., 2012b). The attenuation of turbulence is supplemented in
upward flow where the orientation of gravitational acceleration is such that the
streamwise convection of lower-density low-speed streaks is less opposed by the
buoyancy force than that of the surrounding higher-density high-speed fluid (Bae et al.,
2005; Bae et al., 2008). Furthermore, local flow acceleration and wall-normal/spanwise
density gradients in the vicinity of these streaks are demonstrated to counteract the
generation of streamwise vorticity, which comprise the primary component of vorticity in
the legs of hairpin vortices associated with these streaks. (Peeters et al., 2016). These
phenomena reduce the intensity of the shear layer between the low- and high-speed
streaks in the streamwise/spanwise plane, the instability of which is integral to the
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regeneration cycle of turbulence as previously discussed. As turbulence recovers from the
deteriorated state, ejection of high-speed fluid is noted to be prevalent (Bae et al., 2008),
which is contrary to the ejection of low-speed fluid that dominates constant property
flows. Also, Instances of smaller-scale structures that form in the shear layer between
lower-temperature high-speed and higher-temperature low-speed streaks have been
observed. (Nemati et al., 2016). These structures may play a role in the recovery of
turbulence as they may be associated with accelerated roll-up of the shear layer via the
baroclinic instability mechanism as per the observations of Reinink and Yaras (2015). In
heated downward flows buoyancy forces are observed to destabilize the flow, which is
evident as increased contributions of the buoyancy terms to the overall rate of turbulent
kinetic energy production (Nemati et al., 2016) Thus, buoyancy forces act to enhance
heat transfer in such flows.

The forgoing description of fluid flow and heat transfer at the supercritical state has not
distinguished between studies with isothermal walls (Nemati et al., 2015; Zonta et al.,
2012a‘; Zonta et al., 2012b) and those with iso-heat-flux walls (Reinink and Yaras.,
2015; Azih et al., 2012; Bae et al., 2008; Bae et al., 2005). Nemati et al. (2016) show that
for heat transfer in vicinity of the pseudo-critical state, a significant increase in wallnormal heat transfer due to turbulence advection occurs for iso-heat-flux walls in
comparison to iso-thermal walls.

DNS studies of fully turbulent flows of supercritical fluid to date have focused on
interpretation of averaged flow quantities which have not been sufficient to definitively
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shed light into the flow‘s physical structure. The present study identifies physical
mechanisms through which the unique phenomena in heated flows of supercritical fluid
occur and consequently identifies fluid and flow conditions that are conducive to these
phenomena.

5.2
5.2.1

Computational Method
Test Cases

Five direct numerical simulations that capture the development of the water flow field
within a channel of rectilinear geometry are performed at an inflow Reynolds number of
12,000 based on the channel hydraulic diameter, mass flow rate, and bulk-fluid viscosity.
The friction Reynolds number at the inflow boundary has a value of Reτ = δ/δν = 225,
where δ is the channel half-height. The parameters that uniquely define each simulation
are listed in Table 5-1. In the first simulation, named Q0_g0_ϕfxd, the flow is developed
without heated walls and in the absence of buoyancy forces to a fully-developed
statistically-steady turbulent state at a thermodynamic state defined by pressure and

Table 5-1: Simulation parameters for turbulent channel flow cases.
Name of case
Varied fluid
Qw'' / G Buoyancy Acceleration
(kJ/kg)
Q0_g0_ϕfxd
Q3_g0_ϕfxd
Q3_g0_ϕvar
Q3_gy_ϕvar
Q3_gx_ϕvar

0
3.0
3.0
3.0
3.0

parameter
7
0
Bo×10
0
0
32
32

parameter
0Ac×107
0
9.8
9.8
9.8
0.6

properties
None
None
All
All
All

Direction of
gravitational
N/A
acceleration
N/A
N/A
Wall-normal (-y)
Downstream (+x)
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temperature values of p/pc = 1.085 and T/Tpc = 0.983, respectively. For water, the critical
values of pressure and temperature are, pc = 22.06 MPa and Tpc = 654.4 K. The results of
this simulation provide the initial flow field from which the subsequent four simulations
are developed. In these four simulations the channel walls are uniformly heated such that
the wall heat-flux ( Qw ) to channel mass flux (G) ratio has a value of 3 kJ/kg, yielding
wall-temperature values ranging from Tw < Tpc to Tw > Tpc along the length of the channel.
In the simulation named Q3_g0_ϕfxd, the fluid thermophysical properties are fixed at
values corresponding to the thermodynamic state of the Q0_g0_ϕfxd simulation, and are
therefore independent of the local changes in temperature and pressure. For the remaining
three simulations, namely Q3_g0_ϕvar, Q3_gy_ϕvar and Q3_gx_ϕvar, the fluid
properties are allowed to vary in accordance with the International Association for the
Properties of Water and Steam (IAPWS) equations of state (IAPWS, 2009) Buoyancy
forces are absent in the simulation named Q3_g0_ϕvar. For the simulation named
Q3_gy_ϕvar, the gravitational acceleration is oriented in the wall-normal direction, while
for the simulation named Q3_gx_ϕvar it is oriented in the downstream direction. Also
tabulated in Table 5-1 are an acceleration parameter (Ac), and a buoyancy parameter
(Bo), serving as reference indicators for the onset of significant inertia-induced and
buoyancy-induced turbulence phenomena, respectively (McEligot & Jackson, 2004).
These parameters are expressed as:
𝛽𝑏 𝑄𝑤′′
1
𝐴𝑐 = 4
𝐺 𝐶𝑝,𝑏 𝑅𝑒𝑑 𝑃𝑟𝑏0.4
𝐵𝑜 =

𝑅𝑎
𝑃𝑟𝑏1.8

𝑅𝑒𝑑3.425

5-1

5-2
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and the Rayleigh number is defined as:
𝑔𝛽𝑏 𝑇𝑤 − 𝑇𝑏 𝑑3 𝑃𝑟
𝑅𝑎 =
𝜈𝑏2

5-3

where g is the gravitational acceleration; β is the volumetric expansion coefficient; μ is
the dynamic viscosity; G is the channel mass flux; Pr is the Prandtl number; dh is the
hydraulic diameter; and, 𝑅𝑒𝑑 is the Reynolds number based on the hydraulic diameter,
bulk-fluid dynamic viscosity, and channel mass flux. The subscripts b and w indicate that
the properties are evaluated at the bulk-fluid and heated-wall conditions, respectively.
The heated-wall temperature is estimated from the expression calibrated for heat transfer
in flows of subcritical single-phase fluids with negligible buoyancy effects:
𝑄𝑤′′ 𝑑
𝑇𝑤 = 43
+ 𝑇𝑏
𝑘𝑏 𝑅𝑒𝑑0.8 𝑃𝑟𝑏0.4

5-4

where the bulk fluid temperature, Tb, is obtained based on the pressure and streamwiselocal bulk fluid enthalpy (McEligot & Jackson, 2004). Based on heat transfer data with
subcritical fluids, forced convection heat transfer is expected for Ra < 2×109 at the inflow
Reynolds number of the present study; otherwise, mixed convection heat transfer is
expected (Metaias & Eckert, 1964). A gravitational acceleration value of 9.81×10-3 m/s2
is specified to yield Ra = 7×108 such that forced convection heat transfer is the predicted
heat-transfer mode for the present studies. For heat transfer with supercritical fluids, nonnegligible buoyancy- and inertia-induced phenomena are expected for Bo > 6×107 and
Ac > 9.5×107, respectively (McEligot & Jackson, 2004). The values of Bo and Ac
tabulated in Table 5-1 are evaluated at the pseudo-critical state and suggest that nonnegligible inertial effects are expected in the cases where the fluid properties are varied,
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and non-negligible buoyancy effects are expected in the cases with gravitational
acceleration.
5.2.2

Computational Domains

Schematics of the computational domains used for the cases listed in Table 5-1 are
presented in Figure 5-3. Figure 5-3 (a) shows the computational domain for the
Q0_g0_ϕfxd case and Figure 5-3 (b) shows the computational domain for the remaining
cases. To facilitate comparison of the setup parameters for the computational domains
and the results of these cases, two methods are employed for data normalization. The first
method of normalization involving wall variables is indicated with a ―+‖ superscript;
unless otherwise specified, streamwise-local wall variables are used. The second method
of normalization is indicated by the ―δ‖ subscript, and reflects normalization based on
larger-scale variables. These larger-scale variables are the channel half-height, δ, the
time-mean of the streamwise-local area-averaged x-component of velocity, <u>, and the

Figure 5-3: Computational domains: a) domain for generating initial conditions for
heated-wall simulations; b) domain for channel flow with heated walls.
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time-mean streamwise-local centreline temperature. The streamwise-local area and time
average of a quantity ϕ is denoted by angled brackets, <ϕ>, and is obtained over the
selected spanwise/wall-normal plane that is bounded by the y = 0 and y = δ.

The half-height of the channel is set to a value of δ = 22.7 mm. Chin et al. (2010) show
that, at the friction Reynolds number of the present study, a domain length greater than
25δ is required to capture all scales of coherent flow structures of turbulence within a
channel. The validity of using shorter domains and hence not resolving the largest scales
is discussed in detail by Jimenez et al. (1999, 1991). For a given streamwise length of the
computational domain, the wall-normal height within which the coherent flow structures
of turbulence are accurately resolved corresponds with the largest wall-normal distance at
which two-point correlations of the streamwise perturbation velocity component decrease
to a zero value within half the streamwise length of the computational domain (Chin et al.
2010, Jimenez & Moin, 1991). Here the perturbation velocity field is obtained by
subtracting the time-mean velocity field from the instantaneous velocity field. Analysis of
two-point correlations of the streamwise perturbation velocity component (Ru'u') reveals
that the streamwise extent of the computational domain for the simulations is sufficient to
accurately capture the development of the coherent flow structures developing below a
wall-normal distance of yδ = 0.60 as indicated for the Q3_g0_ϕvar case in Figure 5-4. The
streamwise extent of the computational domain is deemed sufficient for the present study
as several authors have observed that heated turbulent flows with supercritical working
fluids are dominantly affected by near-wall flow phenomena (Azih et al., 2012; Bae et al.,
2008; Li et al., 2007; Bae et al., 2005). To ensure that the coherent flow structures are self
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sustaining, the span of the computational domain must adhere to Lz+>220 (Jimenez &
Moin, 1991). The domain span of Δz+ > 740 (Δz = 3.2δ) for the present study is therefore
quite conservative.

Figure 5-4: Two-point correlations of the streamwise component of fluctuation velocity
for the non-buoyant variable-property case.

5.2.3

Boundary and Initial Conditions

The boundary and initial conditions for the Q0_g0_ϕfxd simulation are described first as
this case provides inflow and initialization data for the remaining cases. The Q0_g0_ϕfxd
simulation is developed to a statistically-steady state by the use of streamwise periodic
boundaries starting from a turbulent initial condition. This initial turbulent flow field,
which serves to accelerate convergence to a statistically steady solution, is obtained from
the simulation with air as the working fluid described in Chapter 4, where a turbulent
boundary layer over an unheated flat surface was simulated using streamwise periodic
boundaries. Streamwise periodic boundaries cause the temporal development of the
boundary layer over the flat wall to occur in a spatially uniform manner. The flow field at
Reτ = 225 from this flat-wall simulation is mapped into the Q0_g0_ϕfxd simulation in δnormalized Cartesian space. The mapped velocity field is periodically repeated in the
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streamwise direction until the outlet boundary of the Q0_g0_ϕfxd is reached. All
components of the velocity field from the flat-wall simulation is rescaled using a globally
uniform scaling factor to ensure consistency with the area-averaged mass flux of
7.94 kg/(s m2) of the Q0_g0_ϕfxd simulation. At the streamwise-periodic boundaries of
the Q0_g0_ϕfxd simulation only, the velocities are matched between corresponding nodes
of the two boundaries. The mass flux is allowed to vary over the streamwise-periodic
interface but is constrained to have an area-averaged value of 7.94 kg/(s m2). The cases
with heated walls are initialized with a flow field corresponding to the final timestep of
the Q0_g0_ϕfxd simulation. Inflow velocity data for these simulations are sequentially
extracted in a temporally continuous manner from the Q0_g0_ϕfxd and the Q3_g0_ϕfxd
simulation. The initial set of inflow data is obtained for a duration of one through-flow
time from the Q0_g0_ϕfxd simulation at the plane defined by xδ = 9. The subsequent set
of inflow velocity data is extracted from the plane corresponding to xδ = 9 in the
Q3_g0_ϕfxd simulation, for which the temperature and velocity fields are decoupled, thus
ensuring the temporal continuity of the inflow velocity field supplied to the heated cases.
For all cases, spanwise periodic boundaries are applied in a manner such that all of the
primitive variables are mapped between corresponding nodes of this periodic interface. A
no-slip boundary condition is applied on the y = 0 and y = 2δ walls of the channel,
respectively denoted as the lower wall and upper wall henceforth. At the inflow plane of
the cases with heated walls, a time-independent and spatially-uniform temperature of
T/Tpc = 0.983 is specified. For the cases where the thermophysical properties of the fluid
are varied, this approximation for the inflow temperature introduces artificial conditions
in the near-wall sections of the computational domain in close vicinity of the inflow
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plane. A simulation was run at the conditions of the Q3_g0_ϕvar case but with the heated
wall placed 0.5δ downstream of the inflow boundary. This simulation showed that the
effect of the artificial conditions of the present setup is to induce larger temperature
gradients (~6% increase) and more rapid acceleration of the near-wall fluid (~17%
increase) at the onset of heating of the fluid. However, the development of the coherent
structures were observed to be almost identical in both cases, the difference being the
slightly faster evolution of the fluid dynamics in the case with the heated wall
commencing at the inflow plane. Likewise, Bae et al. (2005) showed the downstream
effects of this inflow approximation on their computed flow field to be insignificant by
comparing their computed results to experiments that used heated gas flows that featured
large spatial variations of the gas properties. At the outflow boundary, a static pressure
value of p/pc = 1.085 is kept temporally constant in an area-averaged sense. To eliminate
artificial effects of this outflow boundary condition on the flow turbulence information
gleaned from the simulation, this boundary is placed 2.3δ downstream from the region of
interest. The adequacy of the 2.3δ streamwise distance between the outflow boundary and
the region of interest is addressed in Section 5.3. A spatially uniform wall heat flux value
of 25 kW/m2 is specified at the no-slip walls of the cases with heated walls, thus yielding
a wall heat-flux to channel mass-flux ratio of 3 kJ/kg.
5.2.4

Spatial and Temporal Grids

Structured grids with hexahedral cells are mapped onto the computational domains
shown in Figure 5-3. The node distributions must be selected such that they capture the
smallest eddies in the flow which scale on the Kolmogorov length scale, η (Friedrich et
al., 2001). Indeed, the turbulence kinetic energy dissipation occurs through smaller-scale
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eddies with length scales of 6η to 15η (Tanahashi et al., 2004; Moin & Mahesh, 1998).
The smallest thermal scales, represented by the Batchelor length scale (ηθ = η Pr-0.5), are
expected to be smaller than η since the magnitude of the Prandtl number exceeds unity in
the present simulations (1.67 < Pr < 11.2). The grid spacings normalized by the viscous
length scale and Batchelor length scale are provided in Table 5-2 and Table 5-3.

Table 5-2: Node spacings corresponding to the maximum value in vicinity of the wall.
Name of case
Δx+
Δy+
Δz+
Δx/ ηθ
Δy/ηθ
Δz/ηθ
Q0_g0_ϕfxd

5.0

0.25

4.0

-

-

-

Q3_g0_ϕfxd

5.0

0.12

4.0

8.4

0.22

6.7

Q3_g0_ϕvar

9.5

0.22

7.6

15.9

0.37

12.8

Q3_gy_ϕvar (lower wall)

10.1

0.24

8.0

16.8

0.40

13.4

Q3_gy_ϕvar (upper wall)

5.5

0.13

4.4

9.2

0.42

7.4

Q3_gx_ϕvar

10.1

0.24

8.0

16.8

0.16

13.5

Table 5-3: Range of wall-normal node spacings for computational domains.
Name of case
Δy+(min - max)
Δy/ηθ +(min - max)
Q0_g0_ϕfxd

0.25 - 3.06

-

Q3_g0_ϕfxd

0.12 - 3.02

0.22 - 6.10

Q3_g0_ϕvar

0.22 - 5.62

0.37 - 8.13

Q3_gy_ϕvar (lower wall)

0.24 - 6.13

0.40 - 8.33

Q3_gy_ϕvar (upper wall)

0.13 - 3.33

0.42 - 7.53

Q3_gx_ϕvar

0.24 - 6.13

0.16 - 8.80
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For the Q0_g0_ϕfxd case, the first node off the wall is located at y+ = 0.25, and the wallnormal node spacing is increased at a constant rate between 0 < y+ < 20, such that 17
nodes are placed below y+ = 10. In the range of 20 < y+ < 150, the node spacing follows
Δy+ = (0.41y+)1/4,which corresponds to the Kolmogorov length scale in the log-law region
of wall-bounded turbulent shear layers.42 In the range of y+ > 150 and y ≤ δ, the node
spacing is increased at a rate of 10%. For the cases with heated walls, the wall-normal
node distribution is modified such that the first node off the wall is located at a y+ value
of 0.12, and the wall-normal node spacing is increased at a rate to place 23 nodes below
y+ = 10. The computational domains have 417 and 118 nodes in the streamwise spanwise
directions. The computational domain with heated walls has 139 wall-normal nodes and
the unheated computational domain has 133 wall-normal nodes. These spatial grids are
comparable to those used in the studies of Bae et al. (2005) and Nemati et al. (2015).

A timestep size of Δt+ < 0.2 is required to accurately capture the temporal development of
coherent flow structures in wall-bounded turbulent shear layers; t+ is the time normalized
by the viscous time scale, ν/(uτ)2 (Freidrich, 2001; Kong et al., 2000). A constant timestep
value of Δt += 0.013 is specified for the present cases. This choice of timestep is dictated
by the numerical stability of the computational algorithm which is affected by the
substantial spatial gradients in the thermophysical properties.
5.2.5

Governing Equation and Solution Method

The dimensional strong-conservation-law forms of the governing equations are given in
tensor notation in Equation 5-5 to 5-7.
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𝜕𝜌
𝜕
+
𝜌𝑢𝑗 = 0
𝜕𝑡 𝜕𝑥𝑗

5-5

𝜕
𝜕
𝜕𝑝 𝜕𝜏𝑖𝑗
𝜌𝑢𝑗 +
𝜌𝑢𝑗 𝑢𝑖 = −
+
+ 𝜌𝑔𝑖
𝜕𝑡
𝜕𝑥𝑗
𝜕𝑥𝑖 𝜕𝑥𝑗

5-6

𝜕
𝜕
𝜕𝑝
𝜕
𝜕𝑇
𝜕
𝜌0 +
𝜌𝑢𝑗 0 =
+
𝑘
+
𝑢 𝜏 + 𝜌𝑢𝑖 𝑔𝑖
𝜕𝑡
𝜕𝑥𝑗
𝜕𝑡 𝜕𝑥𝑗
𝜕𝑥𝑗
𝜕𝑥𝑗 𝑖 𝑖𝑗

5-7

In these equations, ρ is the working-fluid density; uj is the j Cartesian component of
velocity; xj is the j component of Cartesian spatial coordinate; p is the static pressure; τij is
the ij component of the viscous stress tensor; h0 is the total enthalpy; k is the thermal
conductivity; and, T is the static temperature. The fluid is modelled as a Newtonian fluid
such that the components of the viscous stress tensor relate to the strain rates through:
𝜏𝑖𝑗 = 𝜇

𝜕𝑢𝑖 𝜕𝑢𝑗 2 𝜕𝑢𝑘
+
−
𝛿
𝜕𝑥𝑗 𝜕𝑥𝑖 3 𝜕𝑥𝑘 𝑖𝑗

5-8

where μ is the dynamic viscosity and δij is Kronecker delta. Inherent in the formulation of
Equations 5-6 to 5-8 is Stokes‘ hypothesis which effectively ignores the contribution of
the bulk viscosity on the flow development. For wall-bounded turbulent flows, Cramer &
Bahmani (2014) demonstrate that this hypothesis is only valid if the ratio of the bulk
viscosity to dynamic viscosity is less than (Reδ)0.5. Given the p/pc value of 1.085 for the
present study, the maximum value of the ratio of bulk viscosity to wall dynamic viscosity
is approximately 50, and occurs at the pseudo-critical state. (Hasan & Farouk, 2012).
This value is about half of (Reδ)0.5, therefore it is expected that the effects of bulk
viscosity are negligible under the conditions of the present study.

The commercial software package ANSYS CFX® (Version 12) is used to perform the
simulations. Using a finite volume technique, the solver discretizes the integral
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formulation of the governing equations with an equivalent of second-order centred
differencing of the spatial derivatives and second-order backward-Euler differencing of
the temporal derivatives (ANSYS, 2009). Relevant thermophysical properties are
obtained via bilinear interpolation of the tabularized IAPWS equations of state for water
(IAPWS, 2009), which are indexed by temperature and pressure. Solution convergence of
the discretized equations at each timestep is obtained with outer iteration loops serving to
converge the coefficients of the linearized governing equations and inner iteration loops
facilitating the solution of these equations through W-type algebraic multigrid cycles
(ANSYS, 2009). Six grid levels are used in the multigrid cycle. A single solution sweep
is performed for each grid level during the restriction legs of the multigrid cycle, and
three solution sweeps are performed for each grid level during the prolongation legs. The
solution is obtained with one inner-loop iteration per outer-loop iteration, and multiple
outer-loop iterations per timestep. For each timestep, the solution is declared as
converged when the rms of the normalized residuals of the governing equations are
reduced to less than 10-5, and this is realized with up to five outer-loop iterations per
timestep. With the same computational algorithm as that of the present study, the studies
of Brinkerhoff & Yaras (2014), Dave et al. (2013), and Reinink & Yaras (2015) indicate
that a satisfactory level of convergence is achieved with rms residuals less than 10-5.

The simulations were partitioned and executed on 20 Intel™ L5410 Xeon processors.
Approximately 1300 viscous time units (100,000 timesteps) are required to reach a
statistically-steady state for the Q0_g0_ϕfxd simulation after which one through flow
time is simulated to provide inflow data for the cases with heated walls. For the purposes
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of quantifying the duration of the simulations, the viscous time units are evaluated at the
inflow boundary. Statistically-steady state was deemed achieved when the mean values of
the streamwise velocity and the turbulence kinetic energy computed at xδ = 9 using the
last 25 viscous time units (2,000 timesteps) converged within ±1%. Using the velocity
field at t+ = 1300 of the Q0_g0_ϕfxd case as an initial condition, approximately 200
viscous time units (15,000 timesteps) are required to reach a statistically-steady state for
the Q3_g0_ϕfxd case, after which 500 viscous time units (40,000 timesteps) are
computed for flow analysis. For the Q3_g0_ϕvar, Q3_gy_ϕvar, and Q3_gx_ϕvar cases,
300 viscous time units (25,000 timesteps) are required to reach a statistically-steady state
from the same initial conditions, and then 400 viscous time units (30,000 timesteps) are
computed for flow analysis. Statistically-steady data from 30,000 timesteps is sufficient
to obtain reliable flow statistics and provide enough instances of flow structure
development to characterize the flow dynamics of each of the computed cases.

5.3

Validation of Computational Method

In Figure 5-5, the distributions of mean velocity, rms perturbation velocity components,
turbulence production and dissipation rates, and temperature of the Q3_g0_ϕfxd case are
compared to turbulent channel flow data available in the published literature. Here, the
mean identified with an overbar refers to averages taken along statistically-homogeneous
coordinates, which are the temporal and spanwise coordinates in the present study. Time-
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Figure 5-5: Mean flow properties evaluated at xδ = 9 for the turbulent channel cases: a)
streamwise velocity component; b) root-mean-square of perturbation velocity
components; c) specific rates of turbulence kinetic energy production (P+) and dissipation
(ε+); d) temperature.
averages are obtained with an interval corresponding to every 50th timestep over the
duration of the statistical-steady data and spanwise-averages are obtained using all
available spanwise nodes for the corresponding timestep. For all of the heated-wall cases,
the budgets of turbulence kinetic energy were observed to vary by less than 1% between
values calculated using every 50th timestep and those calculated with every timestep. The
perturbation component of the velocity extracted from the velocity field using the
Reynolds-averaging method is indicated by the (') superscript, and using the Favreaveraging method is indicated by the (") superscript. Abe et al. (2001) observed excellent
agreement between two DNS datasets obtained using second-order and fourth-order finite
difference schemes for spatial discretization, with a grid resolution of Δx+ ≈ 9 and Δz+ ≈ 5
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for both discretization schemes. Abe et al.'s (2001) results shown in Figure 5-5
correspond to computations with the second-order scheme. Kim et al. (1987) solved the
governing equations using a spectral method based on Fourier series in the streamwise
and spanwise directions and Chebychev polynomial expansions in the wall-normal
direction with a grid resolution of Δx+ ≈ 12 and Δz+ ≈ 7. Identical time advancement
schemes were used by Abe et al. (2001) and Kim et al. (1987), which consisted of the
second-order Crank-Nicolson method for implicit terms and the fourth- order AdamsBashforth method for explicit terms. The statistical turbulence properties of the
Q3_g0_ϕfxd case compare very favourably with the DNS data of Abe et al. (2001) and
Kim et al. (1987), especially for y+ < 60. Favourable agreement is also noted when results
of the Q3_g0_ϕfxd case are compared with the hot-film experimental data of Eckelmann
(1974), as illustrated in Figure 5-5(b). Further validation of the computational method is
realized by comparing the computed distribution of mean temperature at a plane defined
by xδ = 9 to the results of Kawamura et al.(1998), and is shown in Figure 5-5(d).
Kawamura et al. (1998) studied the effect of the Prandtl number value on turbulent
forced-convection heat transfer in a channel flow with Reτ = 180 using a numerical
scheme identical to that of Abe et al. (2001). In Figure 5-5(d), the normalized



temperature, 𝜃 + = 𝑇𝑤 − 𝑇 /𝑇𝜏 is used to define the ordinate, where T  Q w /  wC p ,wu



is the friction temperature. Figure 5-5(d) depicts favourable agreement in the inner part of
the shear layer between the results of Q3_g0_ϕfxd case for which Pr = 1.67 and
Kawamura et al.'s (1998) case corresponding to a Pr = 1.5. The fuller temperature profile
in the outer part of the shear layer for the Q3_g0_ϕfxd case when compared to Kawamura
et al.'s (1998) Pr = 1.5 case is expected due to the comparatively higher Reynolds number
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and Prandtl number of the Q3_g0_ϕfxd case52 (Kawamura et al., 1998; Kadar, 1981) as
well as the fact that the heated cases of the present study are not thermally fully
developed.

5.4

Results and Discussion

To provide a baseline for comparison to published studies (Peeters et al., 2016; Nemati et
al., 2016; Nemati et al., 2015; Bae et al., 2008, 2005), the wall-normal profiles of the
mean density and dynamic viscosity as well as those of the rms of the perturbation
density and dynamic viscosity are presented in Figure 5-6. The wall-normal gradient of

Figure 5-6: Wall-normal profile of density and viscosity at xδ = 9: a) mean density; b)
mean viscosity; c) rms perturbation density; d) rms perturbation viscosity.
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the mean density and dynamic viscosity are higher in the near-wall region of the present
study than those of the referenced published studies. Likewise, the peaks of the nondimensionalized rms perturbation density and dynamic viscosity of the present study are
notably higher than those of Peeters et al. (2016) who report a peak value of
approximately 0.16 and 0.15, respectively, for their simulated cases. Flood-plots of
thermophysical properties are shown in Figure 5-7 for the non-buoyant variable-property
case. The contour illustrated with a solid line represents a constant-temperature contour at
a value of T/Tpc = 0.99. The strong similarity in the dynamic viscosity and density fields is
consistent with the observations of Peeters et al. (2016) and is expected as per the similar
temperature dependence of these two properties depicted in Figure 5-1. The spatial
variation of thermal conductivity is small compared to those of dynamic viscosity,
density, and the specific heat. Figure 5-7 indicates that the temperature contour plotted is
a reasonable demarcation for the regions of high spatial variations of thermophysical
properties.

As discussed in Section 5.1, the dominant coherent flow patterns in the near-wall region
of turbulent channel flows are low- and high-speed streamwise-oriented velocity streaks,
which are induced by wavepackets of hairpin vortices, having a mean spanwise spacing
of Δz+ = 100±20 (Smits & Delo, 2001). The wall-normal perturbation velocity
component, v", is strongly influenced by the ejection and sweep motions that lead to the
formation of streaks. Accordingly, in the present study, the mean spanwise wavelength of
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Figure 5-7: Flood-plots of the thermophysical properties in the non-buoyant variableproperty case at xδ = 9.
the streaks at a given streamwise location is obtained as the time-mean of the spanwise
wavelength of the peak power spectral density (PSD) of v" denoted by PSD _ v"_ 1 . Unless
otherwise specified, wavelength analyses are performed at y+ = 15, which is in the range
of wall-normal proximity where the production rate of turbulence kinetic energy is
maximum. The values of PSD _ v"_ 1 at xδ = 9 are presented in Table 5-4 together with a
secondary wavelength, PSD _ v"_ 2 , which is the time-mean of the spanwise wavelength of
the second highest peak in PSD values of v". For the heated-wall, fixed-property case, the
mean spanwise spacing of the streaks (Δz+ = 97±3, Δzδ = 0.44±0.00) is within the range of
values quoted in the published literature (Smits & Delo, 2001). The quoted uncertainty in
these spacing values represents the standard error of the mean. The results for the cases in
which the thermophysical properties are allowed to vary suggest the presence of
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competing turbulence structures in the near-wall region. This is deduced from the
similarity of the PSD amplitudes associated with the first and second most dominant
spanwise wavelength for these cases when compared to the heated-wall, fixed-property
case. Analysis of near-wall coherent flow structures is presented next to provide insight
into the mechanisms that result in the trends indicated in Table 5-4.
5.4.1

Coherent Flow Structures in the Absence of Spatial Variations in

Thermophysical Properties
This section discusses the development of coherent flow structures in the absence of
spatial variations in thermophysical properties as per the results of the heated-wall, fixedproperty simulation. The discussions provided herein reinforce the well-established
dynamics of the coherent structures of turbulence in such flows, reviewed in Section 5.1,
and will serve as a baseline for the remaining cases where the thermophysical properties

Table 5-4: Spanwise wavelength of the dominant coherent flow structures at y+ = 15,
xδ = 9. 1 — most dominant wavelength; 2 — 2nd most dominant wavelength.
Case
PSD _ v"_ 2
PSD _ v"_ 1
PSD(PSD _ v"_1 )
Δz+ (zδ)

Δz+ (zδ)

PSD(PSD _ v"_ 2 )

Q3_g0_ϕfxd

97 (0.44)

195 (0.88)

42.1

Q3_g0_ϕvar

111 (0.35)

381 (1.20)

1.4

Q3_gy_ϕvar (lower wall)

95 (0.25)

257 (0.61)

1.2

Q3_gy_ϕvar (upper wall)

97 (0.51)

201 (1.07)

2.0

Q3_gx_ϕvar

113 (0.40)

240 (0.59)

1.7
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are allowed to vary in the absence of a buoyancy force, and under wall-normal-oriented
and downstream-oriented gravitational acceleration.

The near-wall low-speed streaks in the fixed-property case may be visualized through
iso-surfaces of the instantaneous streamwise perturbation velocity, u"+, as illustrated in
Figure 5-8(a) for the lower wall. The iso-surface level in this figure is selected to
correspond to the peak value of the rms of u"+. Figure 5-8(b) plots iso-surfaces of the
wall-normal turbulent heat flux, (v''T')+ = 1 × 10-4, where a positive value of v'' indicates
fluid motion away from the wall. The plotted iso-surface value corresponds to the peak
value of the mean of (v''T')+ in the heated-wall, fixed-property case. Kasagi & Shikazono
(1995) show that turbulent motions that lead to the preferential upwash of highertemperature fluid away from the heated wall (hot-fluid ejection), and/or downwash of
lower-temperature fluid towards the heated wall (cold-fluid sweep) most significantly
contribute to the production of wall-normal turbulent heat flux, and thus enhancement of
heat transfer. Through comparison of the topologies of the iso-surfaces plotted in
Figure 5-8(a) and (b), motions that generate the low-speed streaks are shown to
preferentially eject higher-temperature fluid away from the wall. Likewise, the highspeed streaks were confirmed to coincide with the cold-fluid sweep regions in this figure.

The plots in Figure 5-9 facilitate a quantitative analysis of the streak topology observed in
Figure 5-8. In Figure 5-9(a), several high- and low-speed streaks are shown at three
spanwise/wall-normal planes via flood-plots of the streamwise perturbation velocity
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Figure 5-8: Streaks in the heated-wall, fixed-property case: a) low-speed streaks
visualized through iso-surfaces of the instantaneous streamwise component of
perturbation velocity (u"+ = -0.3) coloured by wall-normal height; b) low- and high-speed
streaks visualized through iso-surfaces of (v''T')+ = 1×10-4.

Figure 5-9: Velocity streaks in the heated-wall, fixed-property case identified by: a)
flood-plots of the instantaneous streamwise component of perturbation velocity, u"+; b-c)
wall-normal distribution of PSD _ v"_ 1 , normalized by δν (b) and δ (c).
94

component, and with a ―traffic-light‖ colour scheme that indicates low-speed streaks with
amber colouring and high-speed streaks with green colouring. The range for the floodplots is selected to correspond to the peak value of the rms of u''+. Complementing the
observations in Figure 5-8, this solid-line contour illustrates that ejection motions
typically result in higher-temperature fluid being ejected away from the wall and sweep
motions typically result in lower-temperature fluid being transported towards the wall. To
capture the distribution of length scales of the coherent flow structures more
quantitatively, Figure 5-9(b,c) shows the wall-normal distribution of  PSD _ v"_ 1 . The region
below a y+ value of 0.5 is omitted from the analysis, for the PSD values of v" in this
region are too small for the value of PSD _ v"_ 1 to be informative. At a given time and
wall-normal location, PSD _ v"_ 1 represents the spanwise wavelength of the strongest
coherent flow structure. Plateau regions in the wall-normal profile of PSD _ v"_ 1 indicate
regions in which flow structures of certain sizes dominate. Figure 5-9(b) indicates the
dominant flow structures to be near-wall and outer-region flow structures with mean
spanwise wavelengths of Δz+ = 95±4 and 195±10, dominating the ranges y+ ≈ 1 to 12 and
y+ ≈ 70 to 150, respectively. Between these two plateaus, both the near-wall and outerregion flow structures have non-negligible influence on the flow field with the PSD _ v"_ 1
value reflecting the relative dominance of each flow structure. The fact that the spacing
of the outer-region streaks is approximately twice that of the near-wall streaks suggests
spanwise merging of near-wall vortical structures associated with the near-wall streaks as
a plausible mechanism for the formation of the outer shear layer streaks, as per the
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description in Section 5.1 (Adrian et al., 2000; Tomkins & Adrian, 2003; Brinkerhoff &
Yaras, 2014).
5.4.2

Effects of Spatial Gradients in Thermophysical Properties on the Coherent

Flow Structures of Turbulence in the Absence of Buoyancy Forces
This section discusses the development of turbulence in a channel flow of supercritical
water that is heated from a uniform inflow temperature of T/Tpc = 0.98. The turbulence
field introduced through the inflow boundary originates from a statistically steady
turbulent flow field discussed in Sections 5.2.3. and 5.4.1. This inflow effectively
represents an unheated upstream portion of the turbulent channel flow.

For constant property flows, it was noted in the previous section that the spanwise
spacing between adjacent near-wall streaks and the associated hairpin vortices scales on
the viscous length scale, expressed as:
𝛿𝜈 =

𝜈
=
𝑢𝜏

𝜈
𝜕𝑢 𝜕𝑦

0.5
𝑤

5-9

In Figure 5-10(a), the magnitude of the viscous length scale for the flow with variable
thermophysical properties is observed to be notably smaller than with fixed
thermophysical properties. As per Equation 5-9, the sharp decrease in the viscous length
scale observed in the streamwise range of xδ < 0.5, where T̅w < Tpc, occurs due to the
increase in the strain rate at the wall while there is minimal variation of kinematic
viscosity for this temperature range, as per Figure 5-11. The increase in strain rate is due
to near-wall streamwise acceleration driven by local decreases in dynamic viscosity and

96

Figure 5-10: Comparison of streamwise distribution of the viscous length scale for flows
with fixed and variable thermophysical properties in the absence of buoyancy forces.

Figure 5-11: Temperature dependence of density, dynamic viscosity, and kinematic
viscosity in the vicinity of the pseudo-critical state.
density with increasing wall temperature in the range of T < Tpc, also depicted in
Figure 5-11. For T > Tpc there is a notable increase in kinematic viscosity with increasing
temperature, yielding the rapid increase in viscous length scale immediately downstream
of T̅w = Tpc. The generation and growth of turbulence structures in this region of reduced
viscous length scales is discussed next, followed by discussions of their interactions with
the turbulence structures convecting from the unheated upstream flow.
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5.4.2.1

Flow Development near the Inflow Plane

Figure 5-12 plots iso-contours of the second invariant of the velocity gradient tensor, q, to
visualize the wavepackets in the upstream region of the fixed-property and variableproperty cases. The value of q plotted is selected to most vividly highlight the hairpin
vortices of interest. Data in the region surrounding these clusters of flow structures has
been removed to enhance clarity of the plots. Hairpin vortices in near-wall wavepackets
that convect from the upstream domain are labelled with uppercase letters. In the
variable-property case, these vortices interact with the wavepackets of vortices generated
through the baroclinic mechanism, as will be described later on, which extend up to
yδ = 0.1 and are labelled with lowercase letters. This interaction generally results in some
loss of coherence of the hairpin vortices in both of the mutually-interacting wavepackets.
For example, in Figure 5-12(b) the encircled regions of the streamwise legs of the hairpin

Figure 5-12: Iso-contours of the second invariant of the velocity gradient tensor (q+=0.01
based on inflow wall variables) coloured by wall-normal height for: a) heated-wall, fixed
property case; b) non-buoyant, variable-property case.
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vortices labelled F2 and F3 are observed to be broken up by a smaller near-wall
wavepacket emerging from underneath it. Likewise, the head of the encircled near-wall
hairpin vortex located at zδ = 2 and xδ = 0.8, is broken up. To assist in visualizing the
formation of the smaller near-wall wavepackets, Figure 5-13 illustrates the development
of the flow in the region 0 < xδ < 1.5, which is the region of reduced viscous length scales,
at zδ = 1.7. The fixed-property case is shown in part (a) of this figure for comparison,
where spanwise vorticity with a clockwise sense of rotation is taken as negative. An
outline of the wavepacket of hairpin vortices that convected from the upstream domain is
superimposed on the vorticity field, as traced from the iso-contours of q plotted in
Figure 5-12. The wavepackets denoted by the H label in Figure 5-13 are not clearly
visible in the iso-contour plots of Figure 5-12 as they as they are developing underneath
the wavepackets of vortices denoted by the F label. The regions of more intense negative
spanwise vorticity above these outlined vortices are consistent with the flow field around
a hairpin vortex summarized in Figure 5-2, whereby such regions of negative shear are
created when the ejection of low-speed fluid between the legs of the hairpin vortex
encounters the faster moving fluid above the vortex. Notable differences between the
vorticity fields of the two cases are apparent, beginning very close to the wall at the onset
of heating of the fluid. In this region of the flow with variable thermophysical properties,
illustrated in Figure 5-13 (b), positive vorticity is observed in close proximity to the wall.
This vorticity is generated via the baroclinic mechanism which manifests when fluid
particles are accelerated through a region with cross-stream density gradients. Such

vorticity is oriented in the direction of the cross product of the acceleration vector, a , and
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Figure 5-13: Flow development in the streamwise region where T̅w is in the vicinity of the
pseudo-critical temperature, observed through flood-plots of spanwise vorticity (ωz) and
velocity vectors in the: a) heated-wall, fixed-property case; b) non-buoyant, variableproperty case.
the density gradient, ∇ρ, as schematically illustrated in one of the insets of
Figure 5-13 (b) for fluid particles accelerated from point ―A‖ to point ―B‖ (Jiang & Luo,
2000; Sreenivas & Prasad, 2000). The velocity vectors in the magnified view of this near100

wall region reveal notable streamwise acceleration of the near-wall fluid that yields the
baroclinic vorticity. This acceleration is due to volumetric expansion of this fluid and
reduced resistance to flow as per the temperature-induced decrease in density and
dynamic viscosity. An illustration of the spatial distribution of density and dynamic
viscosity is shown in Figure 5-14. The magnified image of the near-wall shear layer in
Figure 5-13 (b) shows that generation of positive vorticity in close vicinity of the wall via
the baroclinic mechanism imposes an inflection point on the velocity profile at the wallnormal location between this region of positive vorticity region and the region of
negative vorticity father away from the wall. This velocity profile is inviscid unstable,
which accelerates streamwise grouping of spanwise vorticity that rolls up to form hairpin
vortices. The accelerated roll-up of the near-wall shear layer to form hairpin vortices is
evident through the vortices labelled h2-1, h2-2, and h2-3 in Figure 5-13 (b) that roll-up
from the negative vorticity shear layer above the H2 hairpin vortex. This observation is

Figure 5-14: Flow development in the streamwise region where T̅w is in the vicinity of the
pseudo-critical temperature, observed through flood-plots of density and dynamic
viscosity.
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consistent with those of Reinink & Yaras (2015), who show that baroclinic vorticity
generation in the vicinity of an inviscid-unstable shear layer accelerates the perturbation
growth rate that leads to roll-up of the shear layer. As per Figure 5-14, the rolled-up
vorticity transports lower-density, higher-temperature fluid farther away from the wall,
thereby locally enhancing the wall-normal transfer of mass and thermal energy.

The flow dynamics may be further investigated by examining the budgets of vorticity, ω,
expressed by Equation 5-10:
𝜕𝑢𝑗 𝜖𝑖𝑗𝑘 𝜕𝜌 𝜕𝑝
𝐷𝜔𝑖
𝜕𝑢𝑖
𝜕 1 𝜕𝜏𝑘𝑚
= 𝜔𝑗
−𝜔𝑖
+ 2
+ 𝜖𝑖𝑗𝑘
𝐷𝑡
𝜕𝑥𝑗
𝜕𝑥𝑗
𝜌 𝜕𝑥𝑗 𝜕𝑥𝑘
𝜕𝑥𝑗 𝜌 𝜕𝑥𝑚
𝑃𝜔 ,𝑠𝑡𝑟𝑒𝑡𝑐  𝑃𝜔 ,𝑒𝑥𝑝𝑎𝑛𝑑

𝑃𝜔 ,𝑏𝑎𝑟𝑜𝑐𝑙𝑖𝑛𝑖𝑐
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𝑃𝜔 ,𝑣𝑖𝑠𝑐𝑜𝑢𝑠 _𝑑𝑖𝑓𝑓𝑢𝑠𝑖𝑜𝑛

The first term on the right-hand side represents local changes in the vorticity field due to
stretching and tilting of vorticity. This term is known to dominate vortex dynamics in
constant-property turbulent flows. In variable-density turbulent flows the local vorticity
field may be significantly affected by local fluid expansion and local production of
baroclinic torque represented by the second and third terms in Equation 5-10,
respectively. The negative sign preceding Pω,expand indicates that localized fluid expansion
(∂uj/∂xj > 0) acts to decrease the local magnitude of vorticity. The ratio of the rms of the
baroclinic torque and local expansion to that of the stretching/tilting term in the budget of
the streamwise component of vorticity is plotted in Figure 5-15 at various streamwise
locations. The streamwise component of vorticity is presented here as it dominantly
contributes to ejection and sweep motions. The magnitudes of (Pω,baroclinic/Pω,stretch)x and
(Pω,expand/Pω,stretch)x are notably higher than unity near the wall, which indicates that
effects of baroclinic vorticity generation and local fluid expansion dominate those of
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vortex stretching and tilting on the local vorticity field. Indeed, in very close vicinity of
the wall, effects of fluid expansion are observed to be most dominant especially in close
proximity to the onset of heating at xδ = 0. This effect manifests as a local reduction in the
magnitude of streamwise vorticity with streamwise distance from the onset of heating and
occurs through redistribution of local vorticity by thermal expansion of the fluid.
However slightly farther away from the wall while remaining below yδ = 0.05, baroclinic
vorticity generation mechanisms dominate as also observed in Figure 5-13(b).
Downstream of xδ = 1.5, the near-wall effects of baroclinic vorticity generation and local
fluid expansion on the local vorticity field become of comparable magnitudes. In this
streamwise region, as the baroclinic-generated near-wall hairpin vortices convect
downstream, they extend away from the wall due to self-induction. Eventually, these
hairpin vortices begin to interact with older generations of near-wall hairpin vortices,
which are created in the upstream domain and have convected to the same streamwise
location. The following section present additional information on this interaction.

Figure 5-15: Ratio of the rms budgets of local rates of change of streamwise component
of vorticity: (Pω,baroclinic,rms/Pω,stretch,rms)x (solid line); (Pω,expand,rms/Pω,stretch,rms)x (dashed
line).
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5.4.2.2

Interaction between Near-Wall Wavepackets

Flood-plots

of

the

streamwise

component

of

perturbation

velocity

over

a

streamwise/spanwise plane are shown in Figure 5-16 with the low-speed streaks
associated with hairpin vortices created in the unheated upstream domain labelled with
uppercase letters. This figure further illustrates the breakdown of wavepackets of hairpin
vortices into smaller scales, observed as the degradation of their associated streamwiseoriented streaks beginning before xδ = 1. This degradation interrupts the self-sustenance
of turbulence that occurs through the well-established mechanics where the shear layer
surrounding such streaks, created by the ejection and sweep motions of wavepackets of
hairpin vortices is inviscid-unstable, leading to grouping of vorticity to form subsequent
hairpin vortices as discussed in Section 5.1. Thus for the variable- property case, nearwall wavepackets of streamwise-aligned hairpin vortices are rarely observed in the region
of xδ > 4 and the corresponding near-wall streaks induced by the hairpin vortices are no
longer elongated in the streamwise direction. Although the lower- and higher-speed fluid
regions downstream of xδ ≈ 1 no longer bear the topology of spanwise-periodic and
streamwise-elongated fluid regions, they are respectively identified as low- and highspeed streaks herein to maintain consistency in terminology. To assist in performing a
more quantitative analysis, Figure 5-17 visualizes low- and high-speed streaks for the
non-buoyant, variable-property case through profiles of PSD _ v"_ 1 normalized by the
viscous length and velocity scales. The aforementioned destructive interaction between
near-wall hairpin vortices is evident in these figures as a decrease in PSD _ v"_ 1 with
increased wall-normal distance, observed between 5 < y+ < 50 and 8 < y+ < 30 at xδ = 1.5
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and xδ = 6, respectively. The fluid dynamics that drives the regeneration of turbulence
downstream of the region of destructive interactions is discussed next.

Figure 5-16. Flow development visualized through flood-plots of the streamwise
component of perturbation velocity for: a) the heated-wall, fixed-property case; b) the
non-buoyant, variable-property case.

Figure 5-17: Streaky structures in the non-buoyant, variable-property case identified by:
a) flood-plots of the instantaneous streamwise component of perturbation velocity, u"+; bc) wall-normal distribution of PSD _ v"_ 1 , normalized by δν (b) and δ (c).
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5.4.2.3

Regeneration of Organized Near-Wall Coherent Structures of Turbulence

For the fixed-property case, it was noted through the temperature contours in Figure 5-9
that ejection motions typically result in higher-temperature low-speed streaks being
ejected away from the wall and vice versa for sweep motions, and these motions have a
spanwise wavelength of Δz+ = 95±4 near the wall. The plateaus in the profile of PSD _ v"_ 1
for the variable property case, shown in Figure 5-17(b), indicate dominant near-wall flow
structures with a mean spanwise wavelength of Δz+ ≈ 111±6 (Δzδ ≈ 0.35±0.02), which is
similar to that of the fixed-property case. However, the temperature contours in
Figure 5-17(a) indicate regions in which higher-temperature high-speed streaks are
ejected away from the wall. These higher-temperature high-speed streaks will be
demonstrated to be linked to populations of spanwise-aligned hairpin vortices, which
dominate the near-wall flow in the region of xδ > 4. Based on observations in more than
25 instances of the ejection motions that comprise of high-speed streaks being ejected
away from the wall, the sequence of events leading to their formation is illustrated
schematically in Figure 5-18. Prior to the ejection motion, a pocket of fluid having a bulk
temperature less than the pseudo-critical temperature is induced towards the wall by
downwash on the outboard side of the legs of a hairpin vortex; this forms a high-density
high-speed streak shown in Figure 5-18(a). If this high-speed streak is sufficiently close
to the wall, through the effect of heating at the wall its local temperature may reach or
exceed the pseudo-critical, Tpc, temperature (Figure 5-18(b)). The acceleration that results
from the decrease of density with increased temperature is primarily in the streamwise
and wall-normal directions. As a consequence, the strain rate of the shear layer that
envelops the high-speed streak increases, thereby intensifying the streamwise and wall106

normal components of vorticity in this shear layer. The wall-normal vorticity shear layers
are unstable via an inviscid instability mechanism, producing streamwise grouping of
wall-normal vorticity near the downstream end of the streak (Brinkerhoff & Yaras, 2014).
Above this streak, an inflectional velocity profile is generated in a manner similar to that
discussed for the region near the inflow plane in Section 5.4.2.1, promoting streamwise
grouping of spanwise vorticity. This grouping of vorticity eventually yields a hairpin
vortex that envelops the high-speed streak as shown in Figure 5-18(c). The ensuing
upwash between the legs of the newly created hairpin vortex ejects the highertemperature high-speed streak away from the wall. As illustrated in Figure 5-18(d–f), the

Figure 5-18. Illustration of the generation of high-speed fluid ejection motions along the
wall of the non-buoyant, variable-property case: a-c) formation of a single hairpin vortex
enveloping a high-speed streak; d–f) formation of a pair of hairpin vortices enveloping
the downstream end of a high-speed streak.
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acceleration at the downstream end of the high-speed streak may occur in a spatially nonuniform manner such that two distinct regions of high-speed flow coexist at the
downstream end of the streak. In such instances, a pair of hairpin vortices is formed
which eventually merge to form a single hairpin vortex enveloping the downstream end
of the high-speed streak. The flow development depicted in Figure 5-18 is similar to the
mechanism that drives the lateral growth of a turbulent spot developing over a flat wall in
the absence of thermal effects described by Brinkerhoff & Yaras (2014).

The fluid dynamics leading to the ejection of high-speed fluid away from the wall is
visible in the instantaneous streamwise velocity and wall-normal vorticity (ωy) fields
displayed in Figure 5-19. The range of ωy in the flood-plots is selected to highlight the
flow features of interest. This figure is generated using data from the lower channel wall
of the case with wall-normal gravitational acceleration, and it will be shown later that the
buoyancy force in that case act to intensify the coherent motions that prevail when the
flow develops in the absence this force, thus enhancing the visibility of the underlying
flow dynamics. A high-speed streak induced by an existing near-wall hairpin vortex is
visible near the wall and is labelled A in Figure 5-19 at t+ = 0 and z+ ≈ 850. In this figure,
t = 0 is taken as the instance when the high-speed streak of interest forms near the wall
and tδ is time normalized by δ/‹u›. This high-speed streak develops via the mechanism
illustrated in Figure 5-18(d–f). The pair of near-wall hairpin vortices that develop at the
downstream end of the high-speed streak are visible in Figure 5-19(b) as near-wall
alternating regions of negative and positive wall-normal vorticity. The -ωy legs of each
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these hairpin vortices are respectively labelled a1 and a2 in Figure 5-19(b) at t+ = 13. By
t+ = 22, these near-wall hairpin vortices begin to interact, merging to form a single hairpin
vortex of larger spanwise extent. Once this hairpin vortex is sufficiently mature, the
upwash between its legs ejects the high-speed fluid in the streak farther away from the
wall. An example of this ejection is labelled A at t+ = 32 in Figure 5-19. At xδ = 9, largerscale structures dominate the flow in the region y+ > 30 (yδ > 0.09) as illustrated in
Figure 5-17(b,c). This wall-normal region of dominance for the larger-scale structures is
greater than that for the fixed-property case of y+ > 70 (yδ > 0.3) illustrated in
Figure 5-9(b,c). The greater wall- normal region of dominance may prevail at this
streamwise location because the regeneration of near-wall coherent structures of

Figure 5-19. Instantaneous velocity and vorticity flood-plots for the lower wall of the
case with wall-normal gravitational acceleration: a) low- and high-speed streaks
visualized through flood-plots of instantaneous streamwise perturbation velocity
component; b) flood-plots of instantaneous wall-normal component of vorticity.
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turbulence is still confined to y+ < 30. It is likely that given sufficient streamwise
development of the flow downstream of the region in which loss in coherence of nearwall hairpin vortices occurred, a turbulent state would be recovered whereby generations
of wavepackets of streamwise-aligned self-replicating hairpin vortices dominate the flow.
5.4.2.4

Deterioration and Enhancement of Heat Transfer

Although it is recognized that the momentum and temperature fields are strongly coupled
in the variable-property cases of the present study, particular focus is placed on the
temperature field in this section to highlight the manner in which the foregoing
discussions on the flow dynamics promote deterioration or enhancement of heat transfer.
Figure 5-20, illustrates the wall-normal profile of the wall-normal temperature gradient at
xδ = 9 for the non-buoyant cases. Here, Tδ indicates temperature normalized by the mean
centerline temperature. In place of the Nusselt number, the local wall-normal temperature
gradient is chosen as an indicator of the wall-normal heat transfer rate because it better
facilitates the understanding of localized heat transfer variations that are tied to changes
in the development of coherent flow structures of turbulence within the shear layer. In the
variable-property case, regions are observed where the wall-normal temperature gradient
has values that exceed that of the fixed-property case, and other regions where the
opposite is true. Heat transfer from the wall to the fluid layer adjacent to the wall occurs
through thermal conduction, governed by Fourier‘s law of heat conduction. As expected,
the case with variable thermophysical properties has a higher wall-normal temperature
gradient at the wall due to the relatively lower values of thermal conductivity at the wall,
as per Figure 5-1. With increasing distance from the wall, thermal mixing induced by the
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near-wall hairpin vortices in the region of turbulence regeneration causes the temperature
gradient to reduce at a rate such that the wall-normal temperature gradient is lower than
that of the heated-wall, fixed-property case in this region. The lack of streamwise
elongation of these iso-surfaces of (v''T')+, in Figure 5-21 when compared to the fixedproperty case is expected due to the aforementioned destructive interaction between near-

Figure 5-20. Wall-normal profile of the wall-normal temperature gradient for the nonbuoyant cases at xδ = 9 plotted against: a) y+; b) yδ.

Figure 5-21. Iso-surfaces of (v''T')+ = 1×10-4 for: a) the heated-wall, fixed property case;
b) non-buoyant, variable-property case.
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wall hairpin vortices leading to the absence of wavepackets of streamwise-aligned hairpin
vortices, as per the discussion in Section 5.1
5.4.3

Effect of Spatial Gradients in Thermophysical Properties on the Coherent

Structures of Turbulence in the Presence of Buoyancy Forces
This section discusses the mechanisms through which a prevailing buoyancy force affects
the fluid dynamics and heat transfer discussed for the non-buoyant, variable-property
case in Section 5.4.2. The flow development in three scenarios is investigated, namely:
along the lower channel wall of the case with wall-normal gravitational acceleration;
along the upper channel wall of the case with wall-normal gravitational acceleration; and,
along the walls of the case with downstream-oriented gravitational acceleration.
5.4.3.1

Flow Development along the Lower Wall of the Case with Wall-Normal

Gravitational Acceleration
Figure 5-22 shows the streamwise distribution of the viscous length scale for the fixedproperty case, the non-buoyant, variable-property case, and the lower wall of the case
with wall-normal gravitational acceleration. The minimum values of the viscous length
scale for the latter two cases are noted to be close in value. Downstream of this minimum,
the viscous length scale for the buoyant case rises to a magnitude that is 28% lower than
the value for the non-buoyant, variable-property case. As will be shown, the buoyancy
force enhances the wall-normal mixing due to turbulence, which yields fuller profiles of
time-mean streamwise velocity, thus resulting in higher wall values of streamwise
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Figure 5-22: Streamwise distribution of the normalized viscous length scale for the
heated-wall, fixed-property case, non-buoyant, variable-property case, and the lower wall
of the case with wall-normal gravitational acceleration.
velocity gradients, and hence lower viscous length scales. In Figure 5-23(a), the high- and
low-speed streaks prevailing at 1.5δ streamwise distance from the onset of wall heating
are observed to develop in a manner similar to those described in Section 5.4.2. for the
non-buoyant, variable-property case. The near-wall streaks created in this region have a
mean spanwise spacing of Δz+ = 95±8 (Δzδ = 0.25±0.02). Along with a narrower spanwise
spacing, these streaks are observed to have higher streamwise perturbation velocity
magnitudes than those in the non-buoyant, variable-property case, as indicated by the
relatively darker amber colouring of the low-speed streaks at xδ = 1.5 in Figure 5-23(a)
compared to those in Figure 5-17(a). The elevated magnitudes of streamwise perturbation
velocity originate from generation of vorticity via the baroclinic mechanism which is
visualized in Figure 5-24 through a schematic of the topology of streaks that form around
a hairpin vortex. This schematic is constructed through observations of over 20 instances
of such vortices, and the streaks are coloured by the sign of wall-normal perturbation
velocity component so that the schematic illustrates both conventional hairpin vortices
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Figure 5-23: Velocity streaks along the lower wall of the channel in the presence of wallnormal gravitational acceleration identified by: a) flood-plots of the instantaneous
streamwise component of perturbation velocity, u"+; b-c) wall-normal distribution of
 PSD _ v"_ 1 , normalized by δν (b) and δ (c).

described in Section 5.4.1 and hairpin vortices that eject high-speed streaks as described
in Section 5.4.2.3. The orientation of the gravitational acceleration vector is such that
lower-density, higher-temperature fluid regions have a net buoyancy force in the +y
direction. Thus, higher-temperature streaks that form due to ejection between the legs of
the hairpin vortices are affected by a net buoyancy force in the +y direction. This flow
topology is visualized through the density field in Figure 5-25 where the hairpin vortices
appear in the form of small islands of low density fluid surrounded by regions of higher
density fluid. Figure 5-24 highlights the generation of streamwise vorticity through the
baroclinic mechanism (Figure 5-13(b)) driven by the wall-normal acceleration of these
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Figure 5-24: Illustration of the generation of vorticity through the baroclinic instability
mechanism along the lower channel wall.

Figure 5-25: Flood-plots of density near the lower wall where the encircled regions are
areas occupied by hairpin vortices.
streaks due to the buoyancy force as per spanwise density gradients prevailing near the
legs of the hairpin vortex. Consequently, the streamwise component of vorticity in the
legs of the hairpin vortices is more intense in comparison to that of the non- buoyant,
variable-property case. The more intense streamwise vorticity, in turn, yields ejection
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motions of higher intensity. Notably, the ejected high-speed streaks, described for the
non-buoyant, variable property case as per Figure 5-18 propagate to higher wall-normal
distances in the present case as highlighted at xδ = 9 in Fig. 16(a) compared to those in
Figure 5-17(a).

With reference to Equation 5-10, Figure 5-26 shows wall-normal profiles of
(Pω,baroclinic,rms/Pω,stretch,rms)x and (Pω,expand,rms/Pω,stretch,rms)x for the lower wall of the case
with wall-normal gravitational acceleration and for the non-buoyant variable-property
case. The baroclinic torque and local expansion of the fluid dominate vortex
stretching/tilting in the near-wall region of both cases. Between the two cases, the relative
contribution of the baroclinic torque is observed to be more dominant near the lower wall
of the case with wall-normal gravitational acceleration. Flood-plots of local instantaneous
streamwise vorticity production through the baroclinic mechanism are shown in
Figure 5-27 for both cases along with contours of positive wall-normal perturbation
velocity. The levels of the floods and contours are respectively chosen to highlight the
regions where the magnitudes of these parameters are highest. Along the lower wall of
the case with wall-normal oriented vorticity, the strongest ejection events are bordered by
positive production of streamwise vorticity on the side with larger values of +z and vice
versa on the opposite side. This topology is consistent with the discussion of the
schematic illustration of the hairpin vortex in Figure 5-24. In the case without buoyancy
forces, the foregoing topology of fluid ejection and the related baroclinic vorticity
production does not appear to be as prominent.
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Figure 5-26. Ratio of the rms budgets of local rates of change of streamwise component
of vorticity at xδ = 9: a) Lower wall of the case with wall-normal gravitational
acceleration; b) the non-buoyant, variable-property case.

Figure 5-27. Flood plots of the production of vorticity via the baroclinic mechanism at
xδ = 9 for the lower wall of the case with wall-normal gravitational acceleration and for
the non-buoyant variable-property case.
As per the more intense ejection motions of higher-temperature fluid driven by the
mechanism described in the foregoing, the iso-surfaces of (v''T')+ = 1×10-4 for the lower
wall of the case with wall-normal gravitational acceleration, shown in Figure 5-28,
indicate larger regions of hot-fluid ejections. In comparison to the non-buoyant, variableproperty case, these motions further enhance heat transfer, and thus yield lower values of
the wall-normal temperature gradients as illustrated in Figure 5-29. This observation
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Figure 5-28: Iso-surfaces of (v''T')+ = 1×10-4 for: a) the non-buoyant, variable-property
case; b) the lower wall of the case with wall-normal gravitational acceleration.

Figure 5-29: Wall-normal profile of the wall-normal temperature gradient for the nonbuoyant cases, and the lower wall of the case with wall-normal gravitational acceleration
at xδ = 9 plotted against: a) y+; b) yδ.
indicates that the net effect of buoyancy-driven instabilities, under the present flow
conditions with wall-normal gravitational acceleration, is an enhancement of heat transfer
from the lower-wall of the channel.
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5.4.3.2

Flow Development along the Upper Wall of the Case with Wall-Normal

Gravitational Acceleration
The streamwise distribution of viscous length scale on the upper wall of the case with
wall-normal gravitational acceleration is shown in Figure 5-30, along with the fixedproperty case and the non-buoyant, variable-property case. Wall-normal acceleration is
observed to notably increase the viscous length scales along the upper channel wall. As
will be shown, the prevailing buoyancy force reduces wall-normal turbulent mixing,
yielding a less full velocity profile of the mean streamwise velocity, resulting in lower
wall-shear, and hence higher viscous length scales. Figure 5-31 illustrates the distribution
of velocity streaks along the upper wall of the case with wall-normal gravitational
acceleration. Since the magnitude of δ is the same for all of the test cases, the δnormalized length scales follow the same trends as their respective absolute dimensions.
Thus, the flood-plots in Figure 5-31(a) indicate that the near-wall streaks at xδ = 1.5 are
spaced farther apart in absolute dimensions (Δzδ = 0.51±0.04) than in the upstream

Figure 5-30: Streamwise distribution of the normalized viscous length scale for the
heated-wall, fixed-property case, the non-buoyant, variable-property case, and the upper
wall of the case with wall-normal gravitational acceleration.
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Figure 5-31: Velocity streaks on the upper wall of the channel in the presence of wallnormal gravitational acceleration identified by: a) flood-plots of the instantaneous
streamwise component of perturbation velocity, u"+; b-c) wall-normal distribution of
 PSD _ v"_ 1 , normalized by δν (b) and δ (c).

domain (Δzδ = 0.44±0.02). However, the streaks in both cases have a mean spanwise
spacing of Δz+ ≈ 100. To illustrate the mechanism by which the near-wall streaks along
the upper wall under the influence of wall-normal gravitational acceleration maintain a
mean spanwise spacing of Δz+ ≈ 100±7 while increasing in absolute spanwise spacing,
the streaks are visualized in Figure 5-32 through flood-plots of the streamwise component
of perturbation velocity in the streamwise/spanwise plane. As the streaks propagate from
the unheated upstream domain onto the heated wall, the streaks most closely spaced
together in the spanwise direction are observed to merge. For example, at a selected
instance in time, tδ = t0, the low-speed streaks labelled A and B in Figure 5-32 begin to
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Figure 5-32: Distribution of velocity streaks along the upper wall of the case with wallnormal gravitational acceleration visualized through flood-plots of the streamwise
component of perturbation velocity.
merge together to form a single low-speed streak labelled AB at tδ = t0+0.6. Streaks at this
stage of development and their corresponding wavepackets would not yet undergo
spanwise merging in the fixed-property case. In Figure 5-32, downstream of xδ = 2.0 the
near-wall streaks are observed to quickly breakdown into smaller scales for the same
reasons discussed for the non-buoyant, variable-property case in Section 5.4.2.2. The
topology of streaks that form around near-wall hairpin vortices along the upper wall is
illustrated in Figure 5-33 from observations of over 10 instances of such vortices. The
gravitational acceleration vector is oriented in the -y direction, thus high-temperature
streaks created by ejection motions have a buoyancy force acting on these streaks in the
+y direction. The wall-normal acceleration due to the prevailing buoyancy force occurs in
the vicinity of spanwise density gradients near the legs of the hairpin vortices to produce
streamwise vorticity via the baroclinic mechanism, indicated in Figure 5-33. This
vorticity has a sense of rotation opposite to the streamwise component of vorticity in the
legs of the hairpin vortices, thus opposing the ejection and sweep motions on the inboard
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Figure 5-33: Illustration of the generation of vorticity through the baroclinic instability
mechanism along the upper wall of the case with wall-normal oriented gravitational
acceleration.
and outboard sides of the hairpin vortices. Opposition to these motions reduces their
intensity in comparison to those in the non-buoyant, variable-property case. It was noted
in Section 5.1 that the streamwise-elongated near- wall streaks are induced by the
ejection and sweep motions in the vicinity of wavepackets of hairpin vortices, and that
the shear layer surrounding these streaks is inviscid unstable, leading to grouping of
vorticity to form subsequent hairpin vortices. It was also noted in Section 5.4.2.3 that
regeneration of turbulence occurred when sweep motions on the outboard sides of a
hairpin vortex induced secondary hairpin vortices on the outboard sides of the primary
hairpin vortex. Accordingly, the generation of baroclinic vorticity along the upper wall of
the case with wall-normal gravitational acceleration suppresses the mechanisms by which
the near-wall hairpin vortices generate streaks and secondary hairpin vortices, and hence
reduces the overall turbulent mixing.
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Figure 5-34: Iso-surfaces of (v''T')+ = 1×10-4 for: a) the non-buoyant, variable-property
case; b) the upper wall of the case with wall-normal gravitational acceleration.

Figure 5-35: Wall-normal profile of the wall-normal temperature gradient for the nonbuoyant cases, and the upper wall of the case with wall-normal gravitational acceleration
at xδ = 9 plotted against: a) y+; b) yδ.
The reduction in turbulent mixing due to the buoyancy force along the upper wall
expectedly also yields reduced degrees of thermal mixing as visualized through isosurfaces of (v''T')+ = 1×10-4, shown in Figure 5-34. These iso-surfaces reveal smaller
regions of hot-fluid ejection and cold-fluid sweep motions when compared to the nonbuoyant, variable-property case. Likewise, the wall-normal profile of the wall-normal
temperature gradient at xδ = 9, shown in Figure 5-35, depicts overall higher wall-normal
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temperature gradients than those in the non-buoyant, variable-property case. Therefore,
the net effect of buoyancy-driven instabilities, under the present flow conditions and
wall-normal acceleration, is to deteriorate the heat transfer mechanisms along the upperwall of the channel.
5.4.3.3

Flow Development in the Case with Downstream-Oriented Gravitational

Acceleration
Figure 5-36 shows the streamwise distribution of viscous length scales for the heatedwall, fixed-property case, the lower wall of the case with wall-normal gravitational
acceleration, and the case with downstream-oriented gravitational acceleration. The
distribution of viscous length scales for the latter two cases are similar, suggesting
similarity in the spatial scales of the coherent structures of turbulence in these two cases.
Indeed, in Figure 5-37(a) the streaks that reside within 2δ streamwise distance of the
onset of wall heating are observed to have a similar spatial distribution to those depicted
in Figure 5-23(a) for the lower wall of the case with wall-normal gravitational
acceleration. However, the differences in the profiles of

 PSD _ v"_ 1

between

Figure 5-37(b,c) and Figure 5-23(b,c) suggest some variations in the development of the
hairpin vortices and associated streaks of these two cases. The topology of the streaks
that form around a hairpin vortex is constructed in Figure 5-38 through observation of
over 20 instances of such vortices in the case with downstream-oriented gravitational
acceleration. The gravitational acceleration vector is oriented in the +x direction, thus,
lower-density streaks will have a net buoyancy force acting on them in the -x direction.
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Figure 5-36: Streamwise distribution of the normalized viscous length scale for the
heated-wall, fixed-property case, the lower wall of the case with wall-normal
gravitational acceleration, and the case with downstream-oriented gravitational
acceleration.

Figure 5-37: Velocity streaks in the case with downstream-oriented gravitational
acceleration identified by: a) flood-plots of the instantaneous streamwise perturbation
velocity component, u"+; b-c) wall-normal distribution of  PSD _ v "_ 1 , normalized by δν (b)
and δ (c).
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Accordingly, as illustrated in Figure 5-38, the lower-density fluid between the legs of the
hairpin vortex is decelerated in the streamwise direction. This deceleration and the
spanwise density gradients near the legs of the hairpin vortex produce additional wallnormal vorticity via the baroclinic mechanism (Figure 5-13(b)) which is of the same
sense of rotation as the prevailing wall-normal vorticity of these legs. The wall-normal
vorticity is reoriented by the local mean strain rate such that it develops a streamwise
component. Thus, the wall-normal and streamwise components of vorticity in the legs of
the hairpin vortices are more intense in the case with downstream-oriented gravitational
acceleration compared to those of the non-buoyant, variable-property case. The increased
intensity of wall-normal vorticity component in the legs of the hairpin vortex decelerates
the fluid residing underneath the head of the vortex in the streamwise direction,
schematically depicted in Figure 5-38(b). This streamwise deceleration and the wallnormal density gradient near the head of the hairpin vortex produce spanwise vorticity
again, via the baroclinic mechanism, with the same sense of rotation as the vorticity
prevailing in the head of the hairpin vortex. The resultant more intense spanwise vorticity
intensifies the sweep motion downstream of the hairpin vortex. This sweep motion
transports colder fluid towards the wall. The budgets of streamwise vorticity (not shown),
as per Equation 5-10, have a similar distributions and magnitudes to those shown in
Figure 5-26 for the lower wall of the case with wall-normal gravitational acceleration.
Several instances of the enhanced sweep motions are visible as blue-coloured iso-
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Figure 5-38: Illustration of the generation of vorticity through the baroclinic mechanism
in a channel with downstream-oriented gravitational acceleration.

Figure 5-39: Iso-surfaces of (v''T')+ = 1×10-4 for: a) the non-buoyant, variable-property
case; b) the case with downstream-oriented gravitational acceleration.
surfaces in Figure 5-39, which shows iso-surfaces of (v''T')+ = 1×10-4 for the non-buoyant,
variable-property case, and the case with downstream-oriented gravitational acceleration.
Notably, the wall-variable-based normalization of these iso- surfaces highlights the
structures that most contribute to wall-normal thermal mixing in each case. It is observed
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for the latter case in this figure that larger-scale cold-fluid sweeps and hot-fluid ejections,
occurring in close vicinity of one another, most significantly contribute to thermal mixing
of the flow. These motions are the aforementioned sweep and ejection motions
augmented by baroclinic vorticity generation respectively occurring downstream of the
head and between the legs of the near-wall hairpin vortices, as illustrated in Figure 5-38.
Since these motions enhance thermal mixing, the wall-normal profile of the wall-normal
temperature gradient, shown in Figure 5-40 expectedly indicates lower temperature
gradients in comparison to the non-buoyant, variable-property case. Thus, the net effect
of buoyancy-driven instabilities, under the present flow conditions, is an enhancement of
heat transfer mechanisms in the case with downstream-oriented gravitational
acceleration.

Figure 5-40: Wall-normal profile of the wall-normal temperature gradient for the nonbuoyant cases, and the case with downstream-oriented gravitational acceleration at xδ = 9
plotted against: a) y+; b) yδ.
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6 Chapter: Similarity Criteria for Modelling Mixed-Convection Heat
transfer in Ducted Flows of Supercritical Fluids
In the previous two chapters it was demonstrated that spatial gradients of density and
dynamic viscosity for flows of supercritical working fluids affect the coherent structures
of turbulence, thus affecting thermal mixing of the flow in comparison to flows of
subcritical single-phase fluids. In this chapter, a set of dynamic and state-space similarity
criteria is developed for ducted flows of supercritical fluids. These criteria are validated
with experimental data from published literature.
Citation: Azih, C. & Yaras, M.I., 2017, ‗Similarity criteria for modelling mixedconvection heat transfer in ducted flows of supercritical fluids‘, Journal of Heat
Transfer, 139(12), p.122501.

6.1

Introduction

A key subject of interest for technologies that use fluids at the supercritical
thermodynamic state is the development of prediction methods that capture the thermalhydraulics at this state (De Rosa et al., 2011; Pioro & Duffy, 2005). In particular, the heat
transfer behaviour of such fluids is of interest near the pseudo-critical state, which is a
state where the specific heat value is maximized for a given pressure. In the vicinity of
the pseudo-critical state, the thermophysical properties of the fluid change significantly
with small changes in temperature. It is near this state that the characteristics of heat
transfer in supercritical fluids are observed to differ from those of subcritical single-phase
129

fluids. Development of correlations to reliably predict rates of convection heat transfer
requires knowledge of the full set of the relevant similarity criteria. Knowledge of these
criteria is also required to relate the convection heat transfer rates measured in setups
with dissimilar working fluids. Identification of the similarity criteria in the latter context
is often referred to as fluid-to-fluid modelling (Ambrosini, 2011; Piorob et al., 2004).
6.1.1

Dynamic Similarity Criteria for Heat Transfer in Supercritical Fluids

Heat transfer involving working fluids in the supercritical state features the well known
phenomena of deteriorated heat transfer (DHT) and improved heat transfer (IHT),
whereby the values of the convection heat transfer coefficient are respectively lower and
higher by a notable margin than values predicted for subcritical single-phase fluids at
equivalent flow conditions. The present understanding of the thermalhydraulics that lead
to DHT and IHT is largely based on direct numerical simulations performed using simple
geometries. These studies have established that DHT and IHT phenomena originate
primarily from changes in the structure of turbulence under the action of inertial and/or
buoyancy forces that stem from spatial gradients in the thermophysical properties of the
fluid (Reinink & Yaras, 2015; Dave et al., 2013; Bae et al., 2008). Although correlations
calibrated using subcritical single-phase fluids may indicate a forced-convection heat
transfer mode for flows exhibiting DHT and IHT phenomena, the mixed-convection heat
transfer mode better represents such flows; as such flows may feature both inertial and
buoyancy-driven phenomena (Jackson et al. 2011; Metaias & Eckert, 1964).
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Non-dimensional forms of the mass, momentum, and energy conservation equations that
are

applicable

to

the

mixed-convection

heat

transfer

mode

are

given

in

Equations 6-1 to 6-3, respectively. These equations are derived in Appendices C.1 to C.4.
𝜕𝜌∗
𝜕
+
𝜌∗ 𝑢𝑗∗ = 0
𝜕𝑡 ∗ 𝜕𝑥𝑗∗

6-1

𝜕
𝜕
𝜕𝑝∗ 𝜕𝜏𝑖𝑗∗
∗ ∗
∗ ∗ ∗
𝜌 𝑢𝑗 + ∗ 𝜌 𝑢𝑗 𝑢𝑖 = − ∗ + ∗ + 𝜌∗ 𝑅𝑖𝑖
𝜕𝑡 ∗
𝜕𝑥𝑗
𝜕𝑥𝑗
𝜕𝑥𝑗

6-2

𝜕
𝜕
𝜕
1 𝑘 ∗ 𝜕∗
∗ ∗
∗ ∗ ∗
𝜌

+
𝜌
𝑢

=
𝑗
𝜕𝑡 ∗
𝜕𝑥𝑗∗
𝜕𝑥𝑗∗ 𝑅𝑒 𝑃𝑟 𝐶𝑝∗ 𝜕𝑥𝑗∗

6-3

where:
𝜏𝑖𝑗∗ =

𝜇∗ 𝜕𝑢𝑖∗ 𝜕𝑢𝑗∗ 2 𝜕𝑢𝑛
+
−
𝛿
𝑅𝑒 𝜕𝑥𝑗∗ 𝜕𝑥𝑖∗ 3 𝜕𝑥𝑛 𝑖𝑗

𝑅𝑒 = 𝜌𝑟𝑒𝑓 𝑢𝑟𝑒𝑓 𝐿𝑟𝑒𝑓 /𝜇𝑟𝑒𝑓
2
𝑅𝑖 = 𝐿𝑟𝑒𝑓 /𝑢𝑟𝑒𝑓

𝑃𝑟 = 𝜇𝑟𝑒𝑓 𝐶𝑝,𝑟𝑒𝑓 /𝑘𝑟𝑒𝑓

6-4
6-5
6-6
6-7

In these equations, τij is the ij component of the viscous stress tensor; h is the static
enthalpy. The * superscript indicates a non-dimensional form of a parameter, with the
reference length (Lref) and velocity (uref) scales and reference thermodynamic properties
(ρref, μref, kref, and Cp,ref) used for this non-dimensionalization. Two main assumptions are
employed in the formulation of Equation 6-3, namely that heat transfer occurs through a
constant-pressure process and that the contribution of viscous dissipation to the energy
balance is negligible. Based on Equation 6-1 to 6-7, it can be surmised that in heated
flows which feature significant inertia- and buoyancy-driven phenomena, for a specific
state-space distribution of thermodynamic state variables ρ*, µ*, Cp*, k*, h*, and p*, the
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Reynolds (Re), Richardson (Ri), and Prandtl (Pr) numbers should be sufficient to
establish dynamic similarity.

Dynamic similarity criteria for mixed-convection heat transfer in supercritical fluids were
proposed by Ambrosini (2011), Cheng et al. (2011) which were subsequently updated by
Zahlan et al. (2014) and Jackson and co-workers (Jackson, 2011; McEligot & Jackson,
2004; Jackson & Hall,1979). Some of the parameters that make up these similarity
criteria are common with those proposed for hydrodynamic instability of such flows, with
the pioneering work of Zuber (1966), the works of Chatoorgoon (2013, 2008) and those
of Ambrosini (2011, 2008) being several examples. Ambrosini (2011) proposed Re, Ri,
and the Peclet number, Pe = Re Pr, as the dynamic similarity criteria, noting that Pe
appears in the non-dimensional energy conservation equation. Cheng et al. (2011)
proposed Re, Ri, and Pr as the set of dynamic similarity criteria. In particular, Cheng et
al. [11] proposed Re Prn as a scaling parameter, where n = 0.42 is based on coefficients of
the Dittus-Boelter equation (Winterton, 1998). Zahlan et al. (2014) recognized that
empirical Nusselt number correlations developed for heat transfer in flows of
supercritical fluids have optimal coefficients that differ from the Dittus-Boelter values.
Accordingly, these authors proposed an alternate value of n = 0.63. Both Ambrosini
(2011) and Cheng et al. (2011) proposed an additional similarity criterion in the form of a
non-dimensional wall heat transfer rate, Q*, obtained from the heat transfer boundary
condition at the wall. This boundary condition equates the heat flux from the wall to the
conductive heat flow through the fluid at the wall. If the enthalpy is non-dimensionalized
by a reference enthalpy given as href = Cp,ref /βref, then:
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1 𝜕∗
− ∗
𝐶𝑝,𝑤 𝜕𝑦 ∗

𝑤

𝑄𝑤" 𝐿𝑟𝑒𝑓 𝛽𝑟𝑒𝑓
=
𝑘𝑤
𝑄∗

6-8

where, y is the wall-normal Cartesian spatial coordinate, the " superscript indicates that
the property value is evaluated per unit area, and the · accent indicates time rate.
Alternative forms of Q* can be defined; for example, with a reference enthalpy defined as
href = Cp,ref Tref :
1 𝜕∗
− ∗
𝐶𝑝,𝑤 𝜕𝑦 ∗

𝑤

𝑄𝑤" 𝐿𝑟𝑒𝑓
=
𝑘𝑤 𝑇𝑟𝑒𝑓

6-9

𝑄∗

where T is the temperature. For ideal gases, Equations 6-8 and 6-9 are equivalent since
βref = 1/Tref; however, βref and 1/Tref may differ by up to three orders of magnitude for
supercritical fluids. Several expressions that quantify the non-dimensional wall heat
transfer rate in supercritical fluids have been proposed in the published literature and are
tabulated in Table 6-1. In the table, m is the fluid mass and dh is the hydraulic diameter of
the flow path. The expression of Q* proposed by McEligot & Jackson (2004) is obtained
by dividing Equation 6-8 by Pe. Ambrosini's (2011) expression of Q* is obtained by
multiplying Equation 6-8 with the ratio of the wall-heat-transfer surface area to the flow
area and dividing by Pe. The Q* expression by Cheng et al. (2011) is obtained from
Equation 6-9 with Tref = Tpc - Tc, and that of Jackson & Hall (1979) is obtained from
Equation 6-9 with Tref = Tb. The version of Q* presented by Jackson (2011) is in the form
of Equation 6-8. In addition to the respective Q* values tabulated in Table 6-1, Jackson
and co-workers (Jackson, 2011; McEligot & Jackson, 2004; Jackson & Hall, 1979)
suggested Re, Pr, and Gr as the dynamic similarity parameters for mixed-convection heat
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Table 6-1: Non-dimensional expressions for wall heat transfer.
Dimensionless wall heat transfer rate (Q*)

Author

𝑄𝑤 𝛽𝑝𝑐
𝑚𝐶𝑝,𝑝𝑐

Ambrosini (2011)

𝑄𝑤" 𝑑

Cheng et al. (2011)

𝑘𝑏 𝑇𝑝𝑐 − 𝑇𝑐
𝑄𝑤" 𝛽𝑏 𝑑
𝑘𝑏

Jackson (2011)

Jackson & Hall (1979)

𝑄𝑤" 𝑑
𝑘𝑏 𝑇𝑏

McEligot & Jackson (2004)

𝑄𝑤" 𝛽𝑏
𝐺𝐶𝑝,𝑏

transfer in supercritical fluids. Gr is the Grashof number defined as:
2
𝐺𝑟 = 𝑔𝛽𝑟𝑒𝑓 ∆𝑇𝑟𝑒𝑓 𝐿3𝑟𝑒𝑓 /𝜈𝑟𝑒𝑓

6-10

where, ΔTref = T - Tref. Gr is one of the relevant similarity criteria for free-convection
flows, driven primarily by buoyancy forces. A modified Richardson number is
conventionally derived based on the Grashof number:
𝑅𝑖 ′ = 𝐺𝑟/𝑅𝑒 2 = 𝑅𝑖 𝛽𝑟𝑒𝑓 ∆𝑇𝑟𝑒𝑓

6.1.2

6-11

State-Space Similarity Criteria for Supercritical Fluids

To establish similarity in state space, p* = p/pc is generally selected as one of two
independent state-space parameters. For the second independent state-space parameter,
Jackson and Hall (1979) proposed T* = T/Tc and Bogachev et al. (1984) proposed T/Tpc as
the

non-dimensional

temperature.

Cheng

et

al.

(2011)

demonstrated
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dimensionalization using characteristic values at the pseudo-critical state rather than the
critical state to be more suitable for establishing similarity in state space through
comparison of the state-space distributions of ρ, µ, Cp, and k for water, carbon dioxide
(CO2), and refrigerant R134a. These authors also proposed a temperature ratio, defined as
(T-Tpc)/(Tpc-Tc), as an alternative to T/Tpc or T/Tc. However, this temperature ratio is
singular at the critical state and sensitive to small uncertainties in the state variables near
the critical state Zahlan et al. (2014). Based on literature on boiling heat transfer,
Ambrosini (2011) proposed a non-dimensional enthalpy, defined as h* = (h-hpc)(βpc/Cp,pc),
in place of a non-dimensional temperature, arguing that enthalpy is the relevant
independent criterion for flows where the variation in Cp with T is not negligible.
6.1.3

Validation of Similarity Criteria for Heat Transfer in Supercritical Fluids

Dynamic similarity criteria and state-space similarity criteria may be used to develop
fluid-to-fluid models. Validation of these models for mixed-convection heat transfer in
supercritical fluids is hampered due to lack of datasets having values of the similarity
criteria that are consistent for multiple working fluids. To circumvent this difficulty,
Jackson (2011) and McEligot & Jackson (2004) established criteria for the onset of
significant buoyancy- and inertia-induced heat-transfer phenomena for ducted flows of
supercritical fluids. These criteria were established through semi-empirical methods with
data from experiments that used air at atmospheric pressure. Jackson (2011) proposed
that buoyancy forces become significant when:
𝐺𝑟𝑏
3.425
𝑅𝑒𝑏
𝑃𝑟𝑏0.8

> 2 × 10−7

6-12
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and acceleration effects due to volumetric expansion of the near-wall fluid become
significant when:
𝑄∗
𝑅𝑒𝑏1.625 𝑃𝑟𝑏

> 2 × 10−6

6-13

where, Q* is the non-dimensional wall heat transfer rate proposed by Jackson (2011) as
listed in Table 6-1. Jackson (2011) proposed that the characteristic properties in the
formulations of Re, Gr, and Pr be evaluated at bulk-fluid conditions as denoted by the
subscript b in Equations 6-12 and 6-13. For the criteria expressed by Equations 6-12 and
6-13 Jackson (2011) showed that the measured heat transfer coefficients significantly
differ from those predicted by correlations calibrated for subcritical single-phase fluids.
The data used for this comparison consisted of sets of supercritical CO2 channel flow data
obtained over an inlet Reynolds number range of 2,900 to 10,600 at a fixed nondimensional pressure of p/pc = 1.16. Cheng et al. (2011) used their similarity criteria
consisting of Re, Ri, Pr, and Q*, with characteristic values evaluated at the bulk flow
conditions, to transform data obtained with CO2 working fluid to water-equivalent
conditions. These authors then assessed how adequately the transformed data was
modelled by the heat-transfer correlation of Bishop et al. (1964) developed for water at
the supercritical state. Despite the moderate success achieved using this method, its
applicability is limited by the well known limitations of Bishop et al.'s (1964) heattransfer correlation in predicting DHT and IHT trends (Piorob et al. 2004). Ambrosini et
al. (2011, 2008) assessed the validity of their proposed set of dynamic similarity criteria,
namely Re, Ri, Pe, and Q*, by numerically solving the RANS equations with a low-Re k-ε
turbulence closure for heated pipe flow. The reference velocity was taken as the inflow
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velocity, the reference density was selected as the pseudo-critical density, and all other
reference values were evaluated at the bulk-fluid state. The fluids used in the
computational analyses were CO2, refrigerant R23, ammonia (NH3), and water. Based on
these computations, Ambrosini (2011) noted significant discrepancies in the nondimensional heat transfer rates presented via the Nusselt number. The analysis was
subsequently improved through more optimal values of the coefficients in the RANS
based formulation as pertains to heat transfer in flows of supercritical fluids (Ambrosini,
2008). However, discrepancies are still expected in such formulations since the
Boussinesq hypothesis is inherent in the formulation of zero-, one-, and two-equation
turbulence closures. This hypothesis presumes the turbulent mixing to be locally isotropic
and dominance of the production and dissipation mechanisms in the turbulence budget
which are not supported by the observations of Bae et al. (2008), Azih et al. (2012) based
on direct numerical simulations of heated duct flows of supercritical fluids.

The foregoing suggests that more research is needed on identifying the dynamic
similarity criteria and state-space similarity criteria affecting mixed-convection heat
transfer in supercritical fluids. The present study proposes a set of similarity criteria for
mixed-convection heat transfer in supercritical fluids established through our current
understanding of flow dynamics and convection heat transfer at this thermodynamic state.
A fluid-to-fluid model is proposed based on these similarity criteria and validated using
published experimental data.
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6.2

Dynamic Similarity Parameters for Heat Transfer in Supercritical Fluids

In the following paragraphs, the dynamic similarity criteria that are deemed to fully
define the dynamics of mixed-convection heat transfer in supercritical fluids are
discussed from a physical standpoint to assist in making judicious choices for evaluating
the reference parameters that make up their mathematical expressions.

The Reynolds number represents the ratio of inertial to viscous forces. The inertial force
per unit area may be defined as GI u I , and the viscous force per unit area can be
expressed as  u L . Accordingly:
𝑅𝑒 =

𝐺𝐼 𝑢𝐼
𝜇 𝑑𝑢 𝑑𝐿

𝜇

6-14(a)

Letting
𝜕𝑢/𝜕𝐿

𝜇

≈ ∆𝑢/∆𝐿

𝜇

= 𝑢𝜇 /𝐿𝜇

6-14(b)

results in:
𝑅𝑒 ≈

𝐺𝐼 𝐿𝜇 𝑢𝐼
𝜇 𝑢𝜇

6-14(c)

where the subscripts I and μ indicate reference parameters characteristic of inertial and
viscous forces, respectively. For example, the flow length scale selected to quantify Lμ
must be relevant to viscous effects in the flow. The velocity ratio, uI / uµ, may be omitted
from Equation 6-14(c) if uI is proportional to uµ for the subject class of flows, yielding:
𝑅𝑒 ∝

𝐺𝐼 𝐿𝜇
𝜇

6-14(d)

For example, the friction velocity in a fully developed pipe flow, 𝑢𝜇 ≡ 𝑢𝜏 = 𝜏𝑤 /𝜌𝑤

0.5

,

can be expressed in terms of the bulk-fluid mean axial velocity, 𝑢𝐼 ≡ 𝑢𝑏 , through the
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Colebrook correlation (Colebrook & White, 1937). In heated flows of supercritical
working fluids, local flow acceleration near the heated surface is driven primarily by the
rapid decrease in density with increasing temperature near the pseudo-critical state of the
working fluid (Reinink & Yaras, 2015; Jackson, 2011). Thus, in applying
Equation 6-14(c) to heat transfer in supercritical fluids, the net contribution of near-wall
acceleration should be adequately accounted for.

The Richardson number represents the ratio of buoyancy to inertial forces. The buoyancy
force per unit volume (fB) can be quantified by:
𝑓𝐵 = 𝜌𝐵 − 𝜌 𝑔

6-15

where the subscript B denotes a relevant reference parameter for the buoyancy force.
From the definition of the volumetric expansion coefficient:
𝛽𝐵 = −

1 ∂𝜌
𝜌𝐵 ∂𝑇

≈−
p B

1 ∆𝜌
𝜌𝐵 ∆𝑇

≈−
B

1 𝜌 − 𝜌𝐵
𝜌𝐵 𝑇 − 𝑇𝐵

6-16

Although this approximation is only valid for small changes in density with temperature
change, it will be shown in the validation exercise in Section 6.5 that the relevant flow
physics is captured despite this simplifying approximation. Hence, from Equations 6-15
and 6-16,
𝑓𝐵 = 𝑔𝜌𝐵 𝛽𝐵 ∆𝑇𝐵

6-17(a)

∆𝑇𝐵 = 𝑇 − 𝑇𝐵

6-17(b)

where

The inertial force per unit volume may be expressed as GI u I / LI . Thus, the Richardson
number can be written as:
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𝑅𝑖 ′ ≡

𝑓𝐵 𝑔𝜌𝐵 𝛽𝐵 ∆𝑇𝐵 𝑔𝐿𝐼
𝜌𝐵
∝
=
𝛽𝐵 ∆𝑇𝐵
𝑓𝐼
𝐺𝐼 𝑢𝐼 /𝐿𝜇
𝑢𝐼
𝐺𝐼

6-18(a)

Letting
𝑢𝐼 ∝ 𝐺𝐼 /𝜌𝐼

6-18(b)

results in:
𝑅𝑖 ′ ∝

𝑔𝐿𝐼
𝛽𝐵 ∆𝑇𝐵
𝜌𝐵 𝜌𝐼

𝐺𝐼2 /

6-18(c)

For flows heated at the wall, the temperature potential (ΔTB) is conventionally taken as
Tw - Tb; however, Tw is typically only known if the detailed flow field is known. Fourier's
law of heat conduction may be used to approximate ΔTB:
𝑄𝑤" = −𝑘𝑤 ∂𝑇/ ∂𝐿 = 𝑘𝑤 ∆𝑇𝑘 /𝐿𝑘

6-19

The k subscript indicates a reference parameter characteristic of conduction heat transfer,
and these parameters are selected in a manner that is consistent with the definition of the
Nusselt Number, Nu, which will be used to validate the fluid-to-fluid model that is
developed in Section 6.4 based on the similarity parameters developed in the present
section. The Nusselt number represents the ratio of the wall-normal convection to wallnormal conduction heat transfer rates. The wall-normal convection heat transfer rate is
expressed as:
"
𝑄𝑤,𝑐𝑜𝑛𝑣
= 𝐻 𝑇𝑤 − 𝑇𝑏 = 𝐻 ∆𝑇𝐵

6-20

where H is the convection heat transfer coefficient. The wall-normal conduction heat
transfer rate is expressed by Equation 6-19, therefore:
𝑁𝑢 =

𝐻 ∆𝑇𝐵
𝐻 𝐿𝑘 ∆𝑇𝐵
=
𝑘𝑤 ∆𝑇𝑘 /𝐿𝑘
𝑘𝑤 ∆𝑇𝑘

6-21
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To recover the conventional form of the Nusselt number, ΔTB and ΔTk need to be
assumed to have comparable magnitudes. However, heat transfer experiments with
supercritical fluids reveal significant changes in Nusselt number driven by changes in the
wall heat flux, suggesting that the mechanisms of conduction and convection heat
transfer may be highly uncorrelated such that ΔTB and ΔTk may be significantly
dissimilar. Notwithstanding, it will be shown in the validation exercise in Section 6.5 that
the relevant flow physics is captured despite this simplifying assumption. Noting
Equation 6-19, with ΔTB substituted for ΔTk, the Richardson number stated in
Equation 6-18(c) can be rewritten as:
𝑅𝑖 ′ =

𝜌𝐵 𝜌𝐼 𝑔𝐿𝑘 𝐿𝐼 𝛽𝐵 𝑄𝑤"
𝑘𝑤
𝐺𝐼2

6-22

The Prandtl number, Pr, represents the ratio of the momentum and thermal diffusion
rates:
𝑃𝑟 =

𝜈
𝜇/𝜌
𝜇
=
=
𝛼
𝑘/(𝜌 𝐶𝑝 ) 𝑘/𝐶𝑝

6-23

where ν is the kinematic viscosity (i.e. momentum diffusivity) and α is the thermal
diffusivity. Notably, k and Cp should both be evaluated at the same thermodynamic state
for Pr to be most effective as a similarity criterion.

The Q* non-dimensional parameter captures the rate of heating of the fluid at the wall.
Under steady-state, steady-flow conditions this rate of heating is equal to the heat
transferred to the bulk fluid along the flow path. The rate of heating of the bulk fluid
along the flow path is expressed as:
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𝑄 = 𝑚 𝑜𝑢𝑡 ,𝑏 − 𝑖𝑛 ,𝑏

6-24

Here the subscripts in and out respectively denote conditions at the beginning and end of
the flow path being considered. Equation 6-24 shows that the rate of heating along the
flow path per unit mass is equal to the change in bulk-fluid enthalpy. To define a nondimensional enthalpy, it is noted that inertial and buoyancy-driven phenomena observed
in flows of supercritical fluids are particularly affected by spatial gradients of density
(Reinink, & Yaras, 2015; Jackson, 2011; Bae et al., 2008). Accordingly, an expression
for the non-dimensional enthalpy, h*, is derived in a manner that includes ∂ρ/∂h as
follows:
∗ = −

1
𝜌𝑟𝑒𝑓

𝜕𝜌
𝜕

𝑝 𝑟𝑒𝑓

 − 𝑟𝑒𝑓

6-25(a)

The expression of Equation 6-25(a) is formulated noting that enthalpy data of substances
are published with respect to reference enthalpy values that are not consistent among all
datasets or relevant to heat transfer in flows of supercritical fluids. Thus, the enthalpy
value is quantified relative to a suitable reference enthalpy value, href. It follows from
Equation 6-25(a) that:
∗ = −

1
𝜌𝑟𝑒𝑓

𝜕𝜌
𝜕𝑇

𝑝 𝑟𝑒𝑓

𝛽 𝑟𝑒𝑓

∗ =

𝜕𝑇
𝜕

𝑝 𝑟𝑒𝑓
1

 − 𝑟𝑒𝑓

6-25(b)

𝐶𝑝 ,𝑟𝑒𝑓

𝛽𝑟𝑒𝑓
 − 𝑟𝑒𝑓
𝐶𝑝,𝑟𝑒𝑓

6-25(c)

Then, the non-dimensional streamwise change in the enthalpy of the fluid as a result of
heating at the wall can be expressed as:
∗
∗
𝑜𝑢𝑡
− 𝑖𝑛
= 𝛽𝑟𝑒𝑓 /𝐶𝑝,𝑟𝑒𝑓 𝑜𝑢𝑡 ,𝑏 − 𝑖𝑛 ,𝑏

6-26(a)
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Noting the thermal energy balance given in Equation 6-24, it follows that:
∗
∗
𝑜𝑢𝑡
− 𝑖𝑛
= 𝛽𝑟𝑒𝑓 /𝐶𝑝,𝑟𝑒𝑓 𝑄 /𝑚

6-26(b)

Without loss of generality, Equation 6-26(b) can be multiplied by a geometric similarity
criterion, which requires similarity in the ratio of the flow area to heat-transfer area,
yielding a non-dimensional wall heat transfer rate, Q*:
𝑄 ∗ = 𝛽𝑟𝑒𝑓 /𝐶𝑝,𝑟𝑒𝑓 𝑄𝑤" /𝐺

6.3

6-27

Similarity Criteria for the State-Space Distribution of Thermophysical

Properties at the Supercritical State
To develop similarity criteria that define the fluid in state space, the thermophysical
properties that appear in the governing equations for fluid flow, given by
Equations 6-1 to 6-3, are analyzed. These properties are: density – ρ; dynamic viscosity –
μ; isobaric specific heat – Cp; and, the thermal conductivity – k. Non-dimensional
pressure and enthalpy can be used as the two independent state variables to uniquely
define the state of a pure fluid. The non-dimensional enthalpy is expressed as shown in
Equation 6-25(c). To determine the reference values appearing in this equation, it is noted
that the unique thermodynamic states relevant to fluids at supercritical pressures are the
critical state and the pseudo-critical state. Through comparison of the state-space
distributions of ρ, µ, Cp, and k for water, carbon dioxide (CO2), and refrigerant R134a,
Cheng et al. (2011) demonstrated that the pseudo-critical state better characterizes the
thermodynamic state of the fluid than the critical state. They noted that nondimensionalization using the critical state as the reference state resulted in differences in
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both the trends and magnitude of the state-space distributions of ρ, µ, Cp, and k amongst
the analyzed fluids, whereas choosing the pseudo-critical state as the reference state only
yielded differences in magnitude of these properties. Accordingly, Equation 6-25(c) can
be written as:
∗ =

𝛽𝑝𝑐
 − 𝑝𝑐
𝐶𝑝,𝑝𝑐

6-28

The properties ρ, µ, Cp, and k are similarly non-dimensionalized with reference values at
the pseudo-critical state:
𝜌∗ =

𝜌
𝜌𝑝𝑐

6-29(a)

𝜇∗ =

𝜇
𝜇𝑝𝑐

6-29(b)

𝐶𝑝∗ =

𝐶𝑝
𝐶𝑝,𝑝𝑐

6-29(c)

𝑘∗ =

𝑘
𝑘𝑝𝑐

6-29(d)

Although the non-dimensional pressure and enthalpy are sufficient for defining the fluid
in state space, for reference purposes, a non-dimensional temperature may be derived
from the definition of Cp* given as:
𝐶𝑝
𝜕∗
= 𝐶𝑝∗ ≡
𝐶𝑝,𝑝𝑐
𝜕𝑇 ∗

6-30(a)

Then, using the definition of h* as stated in Equation 6-28:
𝜕 𝑇∗ =

𝐶𝑝,𝑝𝑐
𝛽𝑝𝑐
𝜕
 − 𝑝𝑐
𝐶𝑝
𝐶𝑝,𝑝𝑐

= 𝛽𝑝𝑐

1
∂  − 𝑝𝑐
𝐶𝑝

6-30(b)

= 𝛽𝑝𝑐 ∂ 𝑇 − 𝑝𝑐 /𝐶𝑝

Integrating Equation 6-30(b) yields:
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𝑇 ∗ = 𝛽𝑝𝑐 𝑇 − 𝑝𝑐 /𝐶𝑝

6-30(c)

for which the integration constant has been set to a value of zero to ensure that T* = 0
corresponds to h* = 0. The dependencies of ρ*, µ*, k*, and Cp* on the non-dimensional
enthalpy, h*, are illustrated for water, carbon dioxide, helium, and R134a in Figure 6-1 to
Figure 6-4. The ordinates in these figures are shown in log-scale to facilitate an order of
magnitude comparison of the analyzed fluids. The critical temperature and pressure for
these fluids are listed in Table 6-2. The state-space distributions of ρ* shown in
Figure 5-3 indicate favourable agreement between the fluids for several pressure ratios,
p/pc. In Figure 6-2, favourable agreement is also observed for the μ* state-space
distributions of R134a and carbon dioxide and likewise for the distributions for water and
helium when p/pc ≥ 1.13. The trends for the variation of k* with h*, shown in Figure 6-3,
are similar for water, carbon dioxide, and R134a. For p/pc ≤ 1.13, k* is observed to
decrease with h* until h* = -0.3 above which an increase in k* prevails until the pseudocritical state, followed by a sharp decrease in k*. Conversely, no significant variation of k*
with h* is noted for helium in the h* < hpc region. The state-space distributions of Cp*,

Table 6-2: The critical pressure and temperature of fluids commonly used in heat transfer
studies involving supercritical thermophysical states.
Fluid
Critical pressure, Pc, (MPa)
Critical temperature, Tc, (K)
Water (H2O)

22.064

647.10

Carbon dioxide (CO2)

7.380

304.19

Helium (He)

0.224

4.99

R134a (CH2FCF3)

4.059

374.21
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Figure 6-1: Variation of ρ* with h* for water, carbon dioxide, helium, and R134a in the
vicinity of the pseudo-critical state. Data obtained from the NIST Standard Reference
Database (Lemmon, 2011).

Figure 6-2: Variation of µ* with h* for water, carbon dioxide, helium, and R134a in the
vicinity of the pseudo-critical state. Data obtained from the NIST Standard Reference
Database (Lemmon, 2011).
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Figure 6-3: Variation of k* with h* for water, carbon dioxide, helium, and R134a in the
vicinity of the pseudo-critical state. Data obtained from the NIST Standard Reference
Database (Lemmon, 2011).

Figure 6-4: Variation of Cp* with h* for water, carbon dioxide, helium, and R134a in the
vicinity of the pseudo-critical state. Data obtained from the NIST Standard Reference
Database (Lemmon, 2011).
shown in Figure 6-4, are most similar for water and carbon dioxide, particularly in the
h* > hpc region. These distributions for helium are observed to deviate most significantly
from the other three fluids in the h* < hpc region. Overall, the dependencies of ρ*, µ*, k*,
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and Cp* on h* for the four analyzed fluids indicates that the behaviour of helium is most
dissimilar from the remaining three fluids. Figure 6-5 compares the state-space
distributions of ρ, µ, Cp, and k for water, carbon dioxide, helium, and R134a at p/pc = 1.13
using several independent non-dimensional parameters, namely: h* = βpc/Cp,pc)(h - hpc) as
proposed in the present study; T/Tpc proposed by Bogachev et al. (1984), and
(T - Tpc)/(Tpc - Tc) proposed by Cheng et al. (2011). It is readily observed from

Figure 6-5: State-space distribution of thermophysical properties based on three nondimensional independent state-space parameters: (a) h* = (βpc/Cp,pc) (h - hpc); (b) T/Tpc; (c)
(T - Tpc)/(Tpc - Tc). Data obtained from the NIST Standard Reference Database (Lemmon,
2011).
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this figure that T/Tpc performs less favourably than h* and (T - Tpc)/(Tpc - Tc) in
establishing similarity in state space. Advantages of h* over (T - Tpc)/(Tpc - Tc) are noted in
the state-space distributions of density, observed through the more favourable agreement
of the density distribution for helium with those of the remaining three fluids. As
previously stated, variations in the value of density is of particular interest for mixedconvection heat transfer in supercritical fluids. It is also reemphasized that the
temperature ratio, (T - Tpc)/(Tpc - Tc), is singular at the critical state and sensitive to small
uncertainties in the state variables near the critical state.

The variation of the Prandtl number with h* is illustrated in Figure 6-6. Amongst the four
analyzed fluids, the variations of Pr with h* of carbon dioxide and R134a are particularly
in good agreement with each other. It is also noted from Figure 6-6 that for p/pc ≥ 1.13 the

Figure 6-6: Variation of Pr with h* for water, carbon dioxide, helium, and R134a. Data
obtained from the NIST Standard Reference Database (Lemmon, 2011).
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distributions of Pr for water and helium compare favourably. In subcritical single-phase
flows, differences in the Pr distributions are known to yield differences in the heat
transfer characteristics. For example, a difference in the value of Pr by a factor of 10
between two cases of convection heat transfer would yield a difference in the magnitude
of Nu by a factor of ~2 (Winterton, 1998). However, it will be demonstrated in
Section 6.5 that IHT and DHT conditions can be consistently predicted for ducted flows
of supercritical fluids despite the differences in Pr distributions for the four analyzed
fluids observed in Figure 6-6.

6.4

Similarity Criteria for Mixed-Convection Heat Transfer in Ducted Flows of

Supercritical Fluids
Based on the discussions presented in Sections 6.2 and 6.3, a set of similarity criteria to
support a fluid-to-fluid model is proposed for mixed-convection heat transfer in ducted
flows of supercritical fluids. The duct geometry is selected based on the availability of
sufficient experimental data to adequately validate the proposed model. As per
Equations 6-26b and 6-27, Q* represents the change in h* along the flow path of the
heated duct. Therefore, for separate setups with different working fluids, if the fluids are
sufficiently similar in state space based on the analyses presented in Section 6.3, for a
given inflow value of h* and p* = p/pc , then the distribution of state variables ρ*, µ*, Cp*
and k* along the flow path would be similar provided that Q* is matched between the
setups. To ensure consistency with the analyses in Section 6.3, the Q* expression in
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Equation 6-27 is rewritten with the pseudo-critical state taken as the reference state of the
fluid, such that:
𝑄 ∗ = 𝛽𝑝𝑐 /𝐶𝑝,𝑝𝑐 𝑄𝑤" /𝐺

6-31

As per the discussion in Section 6.2 Re, Ri', and Pr must also be distributed similarly
along the flow path in the subject setups. Similarity in the Pr value is ensured once
similarity is realized for the thermophysical parameters by matching hin* , pin* , and Q*
between the two setups. Similarity in the distributions of Re and Ri' is satisfied if their
respective values are similar at the inflow and evolve in a similar manner along the flow
path. These streamwise evolutions of Re and Ri' from their respective inflow values are
governed by the distributions of the thermophysical properties along the flow path, the
similarity of which are established by matching Q* and the inflow values of h* and p*.
Thus, for a model setup and prototype setup involving ducted flow of supercritical fluids,
respectively indicated by the subscripts M and P, the proposed similarity criteria
involving ducted flow of supercritical fluids comprises of the following parameters:
∗
𝑝𝑖𝑛

𝑀

∗
= 𝑝𝑖𝑛

𝑃

∗
𝑖𝑛

𝑀

∗
= 𝑖𝑛

𝑃

𝑅𝑒𝑖𝑛

𝑀

= 𝑅𝑒𝑖𝑛

𝑃

′
𝑅𝑖𝑖𝑛

𝑀

′
= 𝑅𝑖𝑖𝑛

𝑃

𝑄∗

𝑀

= 𝑄∗

6-32

𝑃

where,
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∗
𝑝𝑖𝑛
=

∗
𝑖𝑛
=

𝑝𝑖𝑛
𝑝𝑐

𝛽𝑝𝑐
 − 𝑝𝑐
𝐶𝑝,𝑝𝑐 𝑖𝑛

𝑅𝑒𝑖𝑛 =

𝑅𝑖 ′ =

𝐺 𝑑
𝜇𝑖𝑛

6-33

2
𝜌𝑖𝑛
𝑔𝑑2 𝛽𝑖𝑛 𝑄𝑤"
𝐺2
𝑘𝑖𝑛

𝑄 ∗ = 𝛽𝑝𝑐 /𝐶𝑝,𝑝𝑐 𝑄𝑤" /𝐺

Equation 6-14(d) is adopted as the expression for the Reynolds number, where the
velocity ratio (uI /uµ) appearing in the definition of the Reynolds number in
Equation 6-14(d) is omitted. The use of Equation 6-14(d) is justified since this velocity
ratio is expected to be similar once similarity in the non-dimensional thermophysical
parameters and in Q* is ensured. The similarity in this velocity ratio also justifies
conversion of the proportionality to an equality in Equation 6-14(d). The proportionality
in the expression of the Richardson number in Equation 6-22 arises from the definitions
of the reference densities in Equations 6-15 and 6-18(b). The inflow density is selected as
the reference density to ensure a value of zero for the buoyancy force prior to heating the
flow, as per Equation 6-15. Once similarity in the inflow state and rate of heating are
*

*

established by matching hin , p in , and Q* the proportionality constant is expected to be
similar for the model and prototype setups and can thus be omitted from the expression
for Ri' based on Equation 6-22. The hydraulic diameter, dh, is specified as the reference
length scale for Rein and Ri'in, and is well established as a relevant length scale for
mixed-convection heat transfer in ducted flows (Sobhan & Garimella, 2001).
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6.5

Validation of the Similarity Criteria for Heat Transfer in Supercritical Fluids

To validate the similarity criteria presented in Equation 6-32, heat transfer data was
compiled from published literature for ducted flows of water, carbon dioxide, helium, and
R134a. The data compiled comprise of flows with upstream (upward flow), downstream
(downward

flow),

and

wall-normal

(horizontal

flow)

orientated

gravitational

accelerations, respectively tabulated in Table 6-3 to Table 6-5. From the readily available
data, only datasets with sufficient information to calculate the parameters in
Equation 6-32, and sufficient heated lengths to characterize the IHT and DHT signatures
were analyzed. These signatures, discussed in Section 2.2, were evident in the
distributions of the wall temperature and Nusselt number along the flow path. Here, the
Nusselt number is computed through the expression in Equation 6-21, with the
assumptions that ΔTB and ΔTk are of comparable magnitude and kw can be approximated
by kb. The latter assumption is a necessary simplification since the value of kw cannot be
reliably estimated a priori for heat transfer in flows of supercritical fluids, and ensures
consistency with the published categorization of flows exhibiting IHT and DHT
phenomena.
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Table 6-3: Values of the similarity criteria for ducted flows with upstream-oriented
gravitational acceleration.
Author
hin*
(Source, if different
Fluid
p*
Rein
Ri'in
Q*
from Author)
Ackerman (1970)

H2O

1.03
to 1.41

-0.8
to -2.9

3.0E4
to 1.5E5

1.3E-1
to 3.5E1

6.5E-4
to 1.8E-3

Alekseev et al. (1976)
(Pioro & Duffey,
2005)

H2O

1.11

-1.4

4.3E4

7.2E0
to 9.7E0

1.6E-3
to 2.1E-3

Herkerath (1970)
Krau et al. (2008)

H2O

1.02

-0.8

1.9E5

1.6E-1
to 1.1E0

5.84E-4
to 9.14E4

H2O

1.09

-1.2
to -0.9

2.4E4
to 2.1E5

1.1E0
to 1.8E1

4.8E-4
to 1.3E-3

1.3E1
to 4.1E1

Kirillov et al. (1986)
(Pioro & Duffey,
2005)
Lee & Haller (1974)
(Pioro & Duffey,
2005)

8.0E-4
to 1.2E-3

H2O

1.09

-1.7

2.0E5
to 6.1E5

Shitsman (1963)

H2O

1.05
to 1.15

-1.2
to -0.9

4.1E4
to 1.6E5

9.8E-1
4.4E0

9.0E-4
to 2.1E-3

Vikhrev et al. (1967)
(Pioro & Duffey,
2005)

H2O

1.2

-3.0

2.1E4
to 6.5E4

4.8E-1
to 2.4E0

8.0E-4
to 1.8E-3

Watts (2009)

H2O

1.13

-2.5

2.1E4
to 8.4E4

1.1E1
to 1.6E2

8.4E4
to 3.3E3

Yamagata et al.
(1972)

H2O

1.02
to 1.33

-1.8
to -1.4

1.1E5
to 1.3E5

3.5E-1
to 1.4E0

3.0E-4
to 1.3E-3

Yu et al. (2013)

H2O

1.04

-1.8

1.5E5

8.3E0
to 1.2E1

5.8E-4
to 8.6E-4

Zhang et al. (2012)

H2O

1.04
to 1.13

-1.3
to -1.2

6.6E4
to 2.4E5

1.1E0
to 6.3E0

1.1E-3
to 2.2E-3

Bourke et al. (1969)

CO2

1.01

-0.8
to -0.4

8.6E4
to 5.2E5

1.3E1
to 1.5E2

4.9E-4
to 2.8E-3
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Author
(Source, if different
from Author)

Fluid

Bae et al. (2010)

p*

hin*

Rein

Ri'in

Q*

CO2

1.05
to 1.10

-1.1

1.7E4
to 3.5E4

3.1E-1
to 4.0E0

6.2E-4
to 1.5E-3

Fewster (1976)
(Duffey & Pioro,
2005)

CO2

1.03

-0.7
to -0.4

4.2E4
to 1.0E5

1.2E0
to 1.4E2

6.7E-4
8.6E-4

Gupta et al. (2013)

CO2

1.04
to 1.19

-0.4
to -0.6

1.1 E5

7.5e-1
to 8.9E-1

1.9E-4
2.3E-4

Jiang et al. (2008)

CO2

1.17

-0.5

2.0E3

1.9E-3
to 1.9E-2

2.2E-4
to 2.2E-3

Kim & Kim (2011)

CO2

1.02
to 1.23

-0.5
to -0.3

1.7E4
to 8.1E4

2.6E0
to 1.3E1

8.8E-4
to 2.9E-3

Li et al. (2010)

CO2

1.19

-0.7

9.0E3

3.9E-1
to 7.6E-1

1.0E-3
to1.3E-3

Petukhov et al. (1983)

CO2

1.04
to 1.12

-1.0
to 0.47

2.66E5
to 4.57E5

5.3E-1
to 2.9E0

9.1E-4
to 2.2E-3

Shiralkar & Griffith
(1968)

CO2

1.03

-0.9
to -0.5

1.1E5
to 1.9E5

2.2E-1
to 3.5E0

8.7E-4
to 1.1E-3

Song et al. (2008)

CO2

1.10

-1.1
to -0.4

1.7E4
to 2.2E5

1.6E-1
to 1.1E1

3.5E-4
to 1.1E-3

Weinberg (1972)
(Duffey & Pioro,
2005)

CO2

1.03

-0.7

1.1E5

1.8E1
to 3.1E1

9.6E-4

Bogachev et al.
(1984)

He

1.10

-0.8

2.4E4

1.3E0
to 2.6E0

8.2E-4
to 1.7E-3

Brassington & Carins
(1977)

He

1.02
to 1.41

-0.5
-0.7

2.3E5
to 5.4E5

2.0E1
to 1.6E2

2.4E-4
to 1.1E-3

Giarratano et al.
(1971)

He

1.41
to 1.85

-0.7
to -0.3

3.8E4
to 3.0E5

3.9E-2
to 1.5E1

1.7E-4
to 8.9E-4
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Author
(Source, if different
from Author)

p*

hin*

Rein

Ri'in

Kang & Chang (2009) R134a

1.06

-1.8

3.7E4

5.3E-1
to3.2E0

2.5E-4
to1.5E-3

Zhang (2014)

1.06

-1.3
to -0.4

3.94E4
to 2.7E5

9.5E-1
to 7.4E0

4.0E-4
to 1.2E3

Fluid

R134a

Q*

Table 6-4: Values of the similarity criteria for ducted flows with downstream-oriented
gravitational acceleration.
Author
hin*
(Source, if different
Fluid
p*
Rein
Ri'in
Q*
from Author)
Krasyakova et al.
2.5E0
7.7E-4
(1977) (Pioro &
H2O
1.11
-2.2
1.4E5
to 4.4E0 to 2.0E-3
Duffey, 2005)
2.6E4
3.1E0
4.7E-4
Watts (2009)
H2O
1.13
-2.5
to
to 3.1E1 to 1.5E-3
8.6E4
Bourke et al. (1969)

2.1E1
to 2.7E1

1.5E-3
to 1.9E-3

2.7E0
to 1.1E1

1.7E-3
to 2.1E-3

7.9E-1
to 3.0E0

9.5E-4
to 2.6E-3

5.1E-1
to 8.9E-1

8.2E-4
to 1.1E-3

1.1E5

1.8E1
to 3.7E1

9.6E-4
to 1.7E-3

-0.8

2.4E4

2.1E0
to 2.6E0

1.1E-3
to 1.7E-3

-0.8
to -0.4

4.2E4
to
4.4E4

4.2E-1
to 5.2E0

2.5E-4
to 3.5E-3

CO2

1.01

-0.8

Kim & Kim (2011)

CO2

1.01
to 1.10

-0.5
to -0.4

Petukhov et al. (1983)

CO2

1.04
to 1.12

Shiralkar & Griffith
(1968)

CO2

1.03

-0.9

Weinberg (1972)
(Duffey & Pioro, 2005)

CO2

1.03

-0.7

Bogachev et al. (1984)

He

1.10
1.10

Giarratano & Jones
(1975)

He

-0.5
to -0.7

3.4E5
4.9E4
to
1.9E5
3.5E5
to
4.8E5
1.1E5
to
1.4E5
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Table 6-5: Values of the similarity criteria for ducted flows with wall-normal-oriented
gravitational acceleration.
Author
hin*
(Source, if different
Fluid
p*
Rein
Ri'in
Q*
from Author)
1.7E3
2.0E-1
1.4E-3
Domin (1963)
1.05
-0.9
to 6.9E4 to 1.8E1 to 1.8E-3
H2O
(Hall et al. 1967)
to 1.15 to 1.2
Schmidt (1959)
(Hall et al. 1967)

4.2E4
H2O

1.15

Vikrev & Lokshin
(1964)
(Hall et al. 1967)

H2O

1.15

Yamagata et al. (1972)

H2O

1.11

-0.9

1.5E0
1.6E-3
to 2.5E0 to 2.2E-3

-0.9

4.4E4
1.1E5

1.7E0
1.1E1

1.15E-3
2.88E-3

-1.4

1.0E5
to 1.5E5

1.1E-1
to 9.2E-1

2.2E-4
to 1.3E-3

H2O

1.13

-1.7

1.5E5

8.2E0
5.8E-3
to 1.2E1 to 8.4E-3

Adebiyi & Hall (1969)

CO2

-0.9
to
-0.4
1.03

2.5E4
to1.1E5

5.0E0
1.1E-4
to 9.0E1 to 1.4E-3

Petukhov et al. (1983)

CO2

-0.5
1.04
to -0.7
to 1.12

3.5E5
to 4.8E5

7.9E-1
to 2.9E0

Yu et al. (2013)

9.5E-4
to 2.5E-3

The development of IHT and DHT phenomena for a given flow condition is potentially
affected by each of the similarity criteria which are listed in Equation 6-32. It is plausible
that some of these criteria are more influential in the development of IHT and DHT than
others. It has been noted in published literature that IHT and DHT phenomena are
particularly influenced by the wall-heat-flux to mass-flux ratio (Piorob et al., 2004). The
similarity criterion Q*, presented in Equation 6-31 , represents a non-dimensional form of
this ratio. Indeed, Q* is observed to be the primary similarity criterion that affects IHT
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and DHT phenomena as per Figure 6-7. This figure plots ranges of values of the
similarity criteria for the data listed in Table 6-3, and highlights the regions where the
IHT and DHT phenomena are observed. The dominance of Q* in determining the
occurrence of these phenomena is suggested through the markedly larger ranges of
respective Q* values of the regions where only IHT and only DHT are observed and the
narrower region over which both of these phenomena are observed. About 20% of the
data points analyzed are noted to fall in the overlapping region of Q* in which both
phenomena are observed, which suggests that some of the other similarity criteria may
have secondary non-negligible effects. Accordingly, the data in Table 6-3 are plotted

Figure 6-7: Values of similarity criteria for ducted flows with upstream-oriented
gravitational acceleration, as per the studies listed in Table 6-3, showing ranges for which
IHT and DHT are observed.
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against pairs of the similarity criteria to further refine the overlapping region of IHT and
DHT through observations of regions where the datasets associated with IHT and DHT
form clusters. These plots are shown in Figure 6-8 where Q* is paired with the other
similarity parameters in Equation 6-32 as well as Prin, and Grin. IHT is indicated by filled
symbols and DHT is indicated by hollow symbols. It is noted that amongst the plotted
pairs of similarity criteria, the p* and Q* pair shows the least overlap amongst clusters of
data associated with IHT and DHT, and thus most vividly captures the IHT and DHT
trends. A dashed line is plotted in Figure 6-8(a) to assist in quantifying the threshold
values for IHT and DHT phenomena. It is observed that 93% of the data representing
IHT and DHT phenomena have values of Q*/10(p*-8.58)/2.48 less than and greater than unity,
respectively. Some outliers to this observation are labelled A, B, and C in Figure 6-8(a).
Figure 6-8(b) shows that the outlier labelled A is from a dataset with a relatively low
value of inflow Richardson number which suggests that buoyancy forces in this instance
may have affected the fluid motion to a lesser degree than in the other datasets being
considered here. Datasets that cover a broader range of values for the Richardson number
would likely indicate a more dominant role of this similarity criterion in determining
conditions for IHT/DHT phenomena than what is suggested by the data listed in
Table 6-3. The outlier labelled B is part of the dataset measured by Ackerman (1970)
with water working fluid and largely falls within 10% of the threshold criterion. The
outliers labelled C occur at relatively low values of p* (p* < 1.02) where fluctuations in
the thermophysical properties of the fluid due to fluctuations in the pressure field in the
flow would be particularly significant. Figure 6-9 and Figure 6-10 assess the adequacy of
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Figure 6-8: Published data assessed against pairs of similarity criteria for ducted flows
with upstream-oriented gravitational acceleration.
p*, Ri'in , and Q* as the dominant similarity criteria for establishing conditions conducive
to IHT or DHT phenomena in ducted flows of downstream- and wall-normal-oriented
gravitational acceleration, respectively. Although these figures indicate that the proposed
similarity criteria favourably capture the DHT and IHT phenomena, the number of
datasets available is insufficient to quantify a threshold value for these phenomena to an
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Figure 6-9: Published data assessed against pairs of Q* & p* and Q* & Ri'in for ducted
flows with downstream-oriented gravitational acceleration.

Figure 6-10: Published data assessed against pairs of Q* & p* and Q* & Ri'in for ducted
flows with horizontal-oriented gravitational acceleration.
adequate degree of certainty. However, it can be deduced from Figure 6-9 that in flows
with downstream-oriented gravitational acceleration, threshold values of Q* for IHT and
DHT phenomena are about two times the threshold values with upstream-oriented
gravitational acceleration at equivalent conditions. Conversely, the available data plotted
in Figure 6-10 indicates that these threshold values are similar for wall-normal-oriented
gravitational acceleration and upstream-oriented gravitational acceleration cases.
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Evaluating the adequacy of the proposed similarity criteria in matching dependent nondimensional parameters, such as Nusselt number (Nu) distributions along the flow path,
would require sets of data having values of the similarity criteria in Equation 6-32 that
are consistent for multiple working fluids. Figure 6-11 (a) and (b) plot datasets depicting
IHT phenomena for pairs of working fluids at particular values of Q* and p*, and indicate
favourable agreement in the trends of Nu variations with h*. Notable deviation is
observed at the downstream end of Song et al.‘s (2008) CO2 data in Figure 6-11(b)
compared to Yamagata et al.‘s (1972) water data. The good agreement in Nu over a
significant part of the upstream portion of these flows suggests that the observed
discrepancy in the downstream portion may be due to flow effects induced by the
proximity of the outflow boundary. Figure 6-11(c) and (d) plot datasets depicting DHT
phenomena. The trends of Nu in Figure 6-11(c) are noted to be similar between Zhang et
al.‘s (2012) water data and Kim & Kim‘s (2011) CO2 data. However, the sharp decrease
in Nu downstream of h* = -0.5 occurs less gradually for the CO2 data which is noted to
have a lower value of p*. Likewise, the less gradual variation of Nu with h* for data with
a lower p* value is observed through comparison of Kang & Chang‘s (2009) R134a data
and Kirillov et al.‘s (1986) (from Pioro & Duffey, 2005) water data illustrated in Figure
6-11(d). These data depict similar upstream trends whereby a sharp decrease in Nu is
observed beginning at h*≈-1.0, indicating the onset of DHT. However, the decrease is
more rapid for the R134a data and the Nu magnitudes for this data are notably larger than
those of the water data in the downstream region where the flow recovers from DHT.
Both DHT and the recovery of the flow from DHT are governed by the effects of spatial
thermophysical property gradients on local flow turbulence and hence convection heat
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transfer (Azih et al., 2012; Bae et al., 2008). Thus, the more rapid streamwise rates of
change and larger magnitudes of Nu for the R134a data may be due to the relatively
lower p* values for this data, where lower p* values are expected to yield larger spatial
gradients in the thermophysical properties, as per Figure 6-1 to Figure 6-4, and thus yield
more pronounced variations in Nu.

Figure 6-11: Streamwise variation of Nusselt number for pairs of working fluids at
specific values of Q* and p* to yield: (a,b) IHT; (c,d) DHT.
The favourable categorization of IHT and DHT trends in Figure 6-7 to Figure 6-10, are
promising signs for the adequacy of the proposed similarity criteria for mixed-convection
heat transfer in supercritical fluids. Additional validation of these similarity criteria
through investigation of streamwise variations of Nusselt number and quantification of
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threshold values for IHT and DHT phenomena would require targeted experiments to be
conducted at flow states in the vicinity of the proposed threshold region between IHT and
DHT.
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7 Chapter: Conclusion and Recommendations
7.1

Conclusions

DNS are used to identify the effects of the supercritical thermodynamic state on heat
transfer in flows over flat surfaces and in channel flows. The simulations are performed
in flow environments in the presence and absence of gravitational acceleration. In one
instance the thermophysical properties are fixed to serve as a baseline for the remaining
cases where these properties are permitted to vary. The cases that investigate buoyancy
effects constitute environments with wall-normal gravitational acceleration and
downstream-oriented gravitational acceleration. For the simulated conditions, it is
observed that the inertia- and buoyancy-driven phenomena responsible for the unique
characteristics of heat transfer in supercritical fluids are linked to the effect of the spatial
gradients of the thermophysical properties on the development of hairpin vortices and
their associated low- and high-speed streaks. Spatial gradients of density in particular are
observed to play a primary role in the development of hairpin vortices through generation
of vorticity via baroclinic mechanisms. In the absence of gravitational acceleration it is
observed that baroclinic vorticity generation in the vicinity of inviscid-unstable shear
layers cause these shear layers to more readily roll-up into hairpin vortices. These hairpin
vortices are also significantly smaller in absolute streamwise and spanwise dimensions
due to a reduction in the viscous length scales when the wall temperature is near the
pseudo-critical temperature. These hairpin vortices destructively interact with hairpin
vortices from the unheated upstream domain, yielding deterioration in coherence of both
sets of hairpin vortices. Downstream of this region, low-speed streaks that are swept
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towards the wall undergo substantial streamwise acceleration due to volumetric
expansion induced by heating from the wall. The subsequently generated unstable shear
layers which spawn from this acceleration of near-wall fluid, contained wall-normal and
spanwise vorticity that roll-up to form new hairpin vortices. Higher-temperature fluid is
ejected away from the lower wall through induction between the legs of these hairpin
vortices thereby improving thermal mixing in the wall-normal region where this motion
dominates. In the case where the gravitational acceleration is oriented in the wall-normal
direction, prevailing buoyancy force along the lower and upper channel walls causes
generation of vorticity via the baroclinic mechanism with a sense of rotation that
respectively promotes and suppresses the induced motions of the legs of near-wall hairpin
vortices. The net effect is increased and reduced levels of thermal mixing along the upper
and lower channel walls, respectively. In the case with downstream-oriented gravitational
acceleration, generation of vorticity via the baroclinic mechanism driven by spanwise
density gradients in the vicinity of the legs of existing hairpin vortices supplements the
ejection of hotter fluid away from the wall. Likewise, the baroclinic instability
mechanism driven by wall-normal density gradients in the vicinity of the heads of
existing hairpin vortices supplements the sweep of colder fluid towards the wall. The net
effect of these instabilities is to enhance wall-normal thermal mixing of the flow.

Based on the foregoing understanding of the physical phenomena in heat transfer to
fluids at the supercritical thermodynamic state, a fluid-to-fluid model in the form of
dynamic similarity parameters is established. Similarity criteria in the form of nondimensional parameters were derived to characterize mixed-convection heat transfer to
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ducted flows of supercritical fluids. The relevant dynamic similarity criteria and statespace similarity criteria were derived using the current physical understanding of heat
transfer phenomena that lead to the unique heat transfer and flow characteristics of such
flows. The state-space similarity criteria, consisting of a non-dimensional enthalpy (h*)
and non-dimensional pressure (p*), were shown to outperform other state-space similarity
criteria that have been proposed in published literature. The proposed set of similarity
criteria with judicious choices of characteristic flow and fluid parameters comprised h*,
p*, Reynolds number (Re), and Richardson number (Ri‘) at the inflow, and the nondimensional heat transfer rate, Q*, at the wall. This set of similarity criteria was validated
using experimental data from published literature with four working fluids commonly
used in heat transfer studies involving supercritical thermophysical states, namely: water;
carbon dioxide; helium; and, R134a. The Q* and p* similarity criteria were demonstrated
to respectively have primary and secondary influence on the development of improved
and deteriorated heat transfer phenomena. Accordingly, based on these similarity criteria,
threshold values are established that adequately predict fluid/flow conditions conducive
to improved and deteriorated heat transfer phenomena with ~95% accuracy for the
analyzed flows with upstream-oriented gravitational acceleration. The proposed
similarity criteria was shown to be a useful tool for analysis of Nusselt number trends for
subsets of data having sufficiently similar values of these criteria.
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7.2

Recommendations for Further Study


To further refine the proposed similarity criteria, DNS may be performed using
different working fluids at equivalent conditions.



Targeted experiments near the proposed threshold value for DHT, given by
Equation 6-32, could be performed to further refine this threshold prediction.



The current study investigates flows in wall-normal- and downstream- oriented
gravitational acceleration. To complement these studies, a computation with
upward-oriented gravitational acceleration at equivalent conditions to those of the
simulations in Chapter 5 could be performed.



In the simulations of the present study, the computational domains were not of
sufficient length to capture the largest scales of turbulent motions. This meant that
only a wall-normal portion of the flow field could be fully analysed and inlet
conditions could not be chosen sufficiently far from the pseudo-critical point to
mimic experiment setups. Computations with longer domains could be performed
to better mimic experimental setups.
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Appendices

Appendix A Direct Numerical Simulations of Laminar and Turbulent ForcedConvection Heat Transfer in Channels with Supercritical Water
In this section, direct numerical simulations are used to investigate the forced-convection
heat transfer characteristics in channels without the effects of buoyancy, and with water
at supercritical thermodynamic state as the working fluid. The aim of work discussed in
this section is to report on the relative contributions of laminar- and turbulent-flow
mechanisms on IHT and DHT phenomena observed in heat transfer in supercritical
fluids. The relevant background information and literature review is presented in
Sections 2.2 and 5.1.
Citation: Azih, C., & Yaras, M.I., 2013, ‗Direct numerical simulations of laminar and
turbulent forced-convection heat transfer in channels with supercritical water‘,
The 6th International Symposium on Supercritical Water-cooled Reactors,
ISSCWR6-13033 Shenzhen, Guangdong, China, March 03-05.
A.1

Computational Methods

A.1.1 Test Cases
Two studies of heat transfer with supercritical working fluids are discussed. The first
study aims to investigate the role of wall-normal property variations in supercritical-fluid
forced-flow heat transfer in the absence of turbulent mixing. The test cases in this study
are referred to as laminar test cases. The second study consisting of turbulent test cases
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investigates the role of inertial phenomena induced by the temperature dependence of
thermophysical properties in the modification of flow turbulence, and hence in deviation
from subcritical-fluid-based heat transfer predictions. Table A-1 lists the computations
performed for the laminar test cases, which are carried out in a laminar base flow at
𝑅𝑒𝑑  ,𝑖𝑛 = 2,000 and 𝑅𝑒𝑑  ,𝑖𝑛 = 150,000. The ^ accent indicates the maximum value of a

Table A-1:

Test cases for laminar channel flow
Case
Varied fluid
𝑅𝑒𝑑  ,𝑖𝑛
𝑄𝑤" /𝐺
Properties
(kJ/kg) = 𝐺𝑑 /𝜇𝑖𝑛
L_Q0.5_ϕfxd
None
0.5
2000

𝐴𝑐
×106
0

L_Q0.1_ϕvar

All

0.1

2000

2.400

L_Q0.3_ϕvar

All

0.3

2000

7.100

L_Q0.5_ϕvar

All

0.5

2000

12.000

L_Q0.7_ϕvar

All

0.70

2000

16.800

L_Q0.03_ϕvar_HighRe

All

0.03

150,000

0.009

L_Q0.3_ϕρ

ρ

0.30

2000

7.100

L_Q0.3_ϕμ

μ

0.30

2000

0

L_Q0.3_ϕCp

Cp

0.30

2000

0

L_Q0.3_ϕk

k

0.30

2000

0

L_Q0.5_ϕρ

ρ

0.50

2000

12.000

L_Q0.5_ϕμ

μ

0.50

2000

0

L_Q0.5_ϕCp

Cp

0.50

2000

0

L_Q0.5_ϕk

k

0.50

2000

0

Constant fluid properties are evaluated at 633 K and 24 MPa
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Table A-2
Case
Q0_g0_ϕfxd

Cases for turbulent channel flow
Varied
Direction of
fluid
gravitational
properties acceleration
None
—

𝑄𝑤" /𝐺
(kJ/kg)

𝑅𝑒𝜏
= 𝑢𝜏 𝛿𝜈
/𝜈
0
225

𝐴𝑐
×106
0

Q3_g0_ϕfxd

None

—

3.0

225

0

Q3_g0_ϕvar

All

—

3.0

225

9.8

parameter, and Ac is calculated through Equation 5-1. The direct numerical simulations
of turbulent flow within a channel are performed at 𝑅𝑒𝑑  ,𝑖𝑛 = 12,000 and are listed in
Table A-2. In the first of these computations named Q0_g0_ϕfxd, the flow is developed
without heated walls to a statistically-steady turbulent state at a thermodynamic state
defined by the temperature and pressure values of T = 643 K and p = 24 MPa,
respectively. The results of this simulation serve as an initial condition for subsequent
simulations in which the channel walls are heated uniformly such that 𝑄𝑤" /𝐺 = 3 kJ/kg,
yielding a wall temperature variation from Tw < Tpc to Tw > Tpc along the length of the
channel surface, where Tpc is the temperature at the pseudo-critical point. In the second
computation, namely Q3_g0_ϕfxd, the fluid properties are fixed at values corresponding
to the thermodynamic state in the Q0_g0_ϕfxd test case. Conversely, in the third
simulation, namely Q3_g0_ϕvar, the fluid property values are evaluated in accordance
with the International Association for the Properties of Water and Steam (IAPWS)
equations of state (IAPWS, 2009), and hence accurately represent the supercritical
thermodynamic state of water.
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A.1.2 Computational Domains, Boundary Conditions and Initial Conditions
A schematic of the two-dimensional computational domain used for the laminar test cases
is presented in Figure A-1. The length of the computational domain is 3700δ, where
δ = 22.7 mm is the half-height of the channel, and is chosen to be sufficiently long such
that at the outflow boundary the bulk-fluid temperature exceeds the pseudo-critical
temperature. In the absence of buoyancy forces, the laminar channel flow is symmetric
about the centreline, therefore the wall-normal computational domain dimension is sized
to δ, and a symmetry boundary is placed on the upper surface. The fully-developed
velocity profile for an isothermal flow in an infinitely wide channel is given by:
𝑢 = 7.5 × 10−6 𝑅𝑒𝑑 

𝑦
𝑦
−
2𝛿
2𝛿

2

(𝑚/𝑠)

A-1

This velocity profile is specified at the inflow boundary and is used to initialize the
computational domain. In Equation A-1, the origin is located at the bottom surface as
illustrated in Figure A-1, and the multiplying constant, 7.5×10-6 m/s, is obtained from the
inflow state of the working fluid. The inlet temperature and pressure are 633 K and

Figure A-1: Schematic of the computational domain for the laminar cases.
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24 MPa, respectively. The flow is heated through a spatially-uniform heat flux applied at
the no-slip boundary according to the values specified in Table A-1, and heats the fluid
from an inlet bulk-fluid temperature value of T/Tpc = 0.97 to a maximum value of
T/Tpc = 1.14 for the highest heat-flux case.

The computational domains for the turbulent test cases are shown in Figure A-2;
Figure A-2(a) shows the computational domain for the Q0_g0_ϕfxd test case, and
Figure A-2(b) shows the computational domain for the Q3_g0_ϕfxd, and Q3_g0_ϕvar
test cases. The channel half-height is set to a value of δ = 22.7 mm. Heated turbulent
flows with supercritical working fluids are strongly affected by near-wall flow
phenomena (Azih et al., 2012; Bae et al., 2008; Li et al., 2007). Therefore, the
computational domain must be sufficiently long to accurately capture the transient flow

Figure A-2: Computational domains for the turbulent channel cases: (a) computational
domain for generating initial conditions for heated-wall channel flow simulations; (b)
computational domain for channel flow with heated walls.
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structures developing in the near-wall region. The two computational domains for the
turbulent-flow simulations have a streamwise length of 11.3δ, which is sufficient for
detailed study of the inner region of the boundary layer defined by y+ < 60 (Jimenez &
Moin, 1991), where the ―+‖ superscript denotes normalization by variables v and uτ, with
the thermophysical properties evaluated at the streamwise-local time-averaged wall
temperature. Here, ν is the kinematic viscosity, and uτ is the friction velocity defined as
uτ = (τw/ρ)0.5, with τw being the wall shear stress, and ρ being the density. To ensure selfsustaining turbulence in the channel, the span of the computational domain must adhere
to Δz+ > 220 (Jimenez & Moin, 1991). The domain span of Δz = 3.2δ (Δz+ > 740) is
therefore more than sufficient for this study, as it captures multiple instances of the
largest near-wall coherent flow structures which have spanwise wavelengths of Δz+≈100
(Panton, 2001). For all of the turbulent test cases, a no-slip boundary condition is applied
at the upper and lower surfaces of the channel. At the outflow boundary of the
computational domain for the Q3_g0_ϕfxd and Q3_g0_ϕvar test cases, the static pressure
is kept constant at a value of 24 MPa in an area-averaged sense. To eliminate artificial
effects of this outflow boundary condition on the flow turbulence, data within 2δ distance
from the outflow boundary is not processed for statistical analysis. To generate inflow
data and initial conditions for the turbulent test cases with heated walls, the flow is
developed in a streamwise-periodic computational domain at conditions corresponding to
the Q0_g0_ϕfxd test case, and from a turbulent initial condition obtained from a recent
direct-numerical-simulation study of the author‘s research group (Azih et al., 2012), until
it reaches a statistically-steady turbulent state. At the streamwise-periodic boundaries of
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the Q0_g0_ϕfxd test case, the velocities are mapped between corresponding nodes of the
periodic interface, and an area-averaged mass flux value of 7.94 kg/s m2 is maintained at
the interface, with a sense corresponding to the main flow direction indicated in Fig. 2(a).
Once the flow reaches a statistically-steady state, the Q0_g0_ϕfxd simulation is continued
for a duration of one through-flow time, and inflow data for the simulations with heated
walls is extracted at the plane defined by x/δ = 9. The simulations corresponding to the
turbulent test cases with heated walls are initialized with velocities corresponding to the
final timestep of the Q0_g0_ϕfxd simulation, and are run for several through-flow times;
therefore, additional inflow data is required for these test cases. To ensure temporal
continuity of the inflow velocity field, the additional inflow velocity data for the turbulent
test cases with heated walls is extracted from the Q3_g0_ϕfxd test case at the plane
defined by x/δ = 9, and a uniform temperature value of 643 K is specified at the inflow
boundary. For the turbulent test cases with heated walls, the area-averaged streamwise
velocity at the inlet plane has a value of 0.015 m/s, which is chosen to meet the target
friction Reynolds number of Reτ = uτδ/ν = 225 at the inflow boundary. A spatially-uniform
wall heat flux value is imposed at the no-slip surfaces of the Q3_g0_ϕfxd and
Q3_g0_ϕvar test cases according to the values specified in Table A-2, which heats the
flow from a spatially-uniform inlet temperature of 643 K to a wall temperature value
above the pseudo-critical temperature. Spanwise periodic boundaries are applied in all the
turbulent test cases, such that all of the primitive variables a mapped between
corresponding nodes of this periodic interface

196

A.1.3 Spatial and Temporal Grids
The structured-grid mapped onto the computational domain for the laminar test cases
consists of uniformly-spaced nodes in the streamwise direction with a spacing of
Δx+ = 28, where ν and uτ are evaluated at the inflow boundary. Although the
hydrodynamic characteristics of the laminar boundary layer do not scale on the wall
variables (ν and uτ) in the manner as in the inner region of turbulent boundary layers, this
normalization is used to facilitate comparison of the computational grid with that of the
turbulent test cases of the present study. The nodes are spaced in the wall-normal
direction such that the first node off the wall is located at y+ = 0.02, and the node spacing
is increased by 8% up to the channel centreline, located at the top of the computational
domain. A simulation was run corresponding to the conditions of L_0.7_all in Table 1,
for which the node spacing was halved in the streamwise, spanwise and wall-normal
directions, to confirm that the computational results are not sensitive to the grid.

In turbulent channel flow, the smallest eddies are expected to be in the order of the
Kolmogorov length scale, η, which is estimated by η+ = (0.41y+)1/4 in the log-law region
of a constant-property flow, and has a minimum value of η+ ≈ 2 at the wall (Stanislas et
al., 2008). The grid for the turbulent test cases is sized to be in the order of the
Kolmogorov length scale in the wall-normal direction, and has uniform streamwise and
spanwise spacings of Δx+ = 5 and Δz+ = 4, respectively; where ν and uτ are evaluated at the
inflow boundary. For the Q0_g0_ϕfxd and Q3_g0_ϕfxd test cases, the first node off the
wall is located at y+ = 0.25, and within the y+ range of 0 < y+ < 20, the wall-normal node
spacing is increased at a constant rate such that there are 17 nodes below the y+ value of
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10. For 20 < y+ < 150, the node spacing is established as per the expression for the
Kolmogorov length scale for the log-law region, and between y+ = 150 and y = δ the node
spacing is increased at a rate of 10%. In order to accurately capture the temperature field
in the Q3_g0_ϕvar test case, in the wall-normal direction the nodes are spaced closer
together by a factor of at least 𝑃𝑟 1.3 (Radjem et al., 2007). With normalization based on
the wall variables at the inlet plane, the wall-normal node distribution for the
Q3_g0_ϕvar test case is such that the first node off the wall is located at y+ = 0.12, and
within the y+ range of 0 < y+ < 20 the wall-normal node spacing is increased at a constant
rate such that there are 23 nodes below the y+ value of 10. Above y+ = 20, the node
spacing for the Q3_g0_ϕvar test case is equivalent to that of the Q3_g0_ϕfxd test case
since, in this region, the node spacing criteria used for the Q3_g0_ϕfxd test case is more
than sufficient to resolve both the velocity and temperature fields in the Q3_g0_ϕvar test
case (Friedrich et al., 2001; Radjem et al., 2007; Stanislas et al., 2008).

To accurately capture the temporal development of small-scale turbulence structures in
boundary layers, a timestep size of Δt+ < 0.2 is required (Friedrich et al., 2001, Kong et
al., 2000). For the turbulent test cases, the temporal grid is specified in the form of a
constant timestep value of 9×10-4s, which corresponds to Δt+ < 0.03, and is dictated by
numerical stability as affected by substantial spatial gradients in the thermophysical
properties of water near the pseudo-critical point.
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A.1.4 Solution Approach
For the laminar channel cases, the steady-state solution of the discretized governing
equations is obtained by marching the computation in physical time, with one inner-loop
iteration per outer-loop iteration, and one outer-loop iteration per timestep. Since the
coefficients of the linearized governing equations are not converged within each timestep,
the temporal development of the flow is not physically realistic, and the timestep merely
serves as a means of under-relaxation as the steady-state solution is computed.
Accordingly, larger timesteps may be selected to accelerate convergence to steady state.
In addition, the timestep for the laminar cases, which has a value of Δt+ = 500 based on
the wall variables at the inflow plane, is selected to be large enough to prevent the
temporal development of any instabilities in the flow; thus disturbances that would
otherwise lead to laminar-to-turbulent transition are damped (Friedrich et al. 2001; Kong
et al., 2000). The steady-state computations were deemed to have converged when the
temporal gradients vanish, with the root-mean-square of the normalized residuals
(ANSYS, 2009) of the computational solution to the governing equations reducing to less
than 10-7.

For the turbulent test cases, the transient solution is obtained with one inner-loop iteration
per outer-loop iteration, and multiple outer-loop iterations per timestep. For each
timestep, the solution is considered satisfactorily converged when the root-mean-square
of the normalized residuals of the computational solution to the governing equations are
reduced to less than 10-5. This is realized with up to five outer-loop iterations per
timestep. Approximately 100,000 time steps (1200 viscous time scales) are required to
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reach a statistically-steady state for the Q0_g0_ϕfxd simulation. Using statistically steady
results of the Q0_g0_ϕfxd test case as an initial condition, approximately 15,000 and
25,000 timesteps (200, and 300 viscous time scales based on the inflow wall variables)
are required to reach a statistically-steady state for the Q3_g0_ϕfxd, and Q3_g0_ϕvar test
cases, respectively. After statistically-steady state is achieved, 40,000 and 30,000
timesteps (500 and 400 viscous time scales based on the inflow wall variables) are
computed for the Q3_g0_ϕfxd, and Q3_g0_ϕvar test cases, respectively, and collected for
analysis.

A.2

Results and Discussion

A.2.1 Validation of Computational Method
To validate the numerical approach, results of the L_validation and Q3_g0_ϕfxd test
cases are compared to experimental, analytical and computational data available in the
published literature.

In the L_validation test case, the flow is heated from a hydrodynamic-fully-developed
isothermal inlet profile to a thermally-fully-developed profile. The streamwise-local
convection heat transfer coefficient is represented by the Nusselt number, expressed as:
𝑁𝑢𝑏 =

4𝛿𝑄𝑤"
𝑘𝑏 𝑇𝑤 − 𝑇𝑏

A-2

Here, 4δ represents the hydraulic diameter, k is the thermal conductivity, and the
subscripts w and b denote properties evaluated at the wall temperature and bulk
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temperature, respectively. The Nusselt number distribution of constant-property laminar
flow in an infinitely-wide channel was developed by Cess & Shaffer (1959), for both
thermally-developing and thermally-fully-developed flows. Their results were obtained
semi-empirically in the developing region, and a constant value of Nu = 8.235 was
obtained analytically for the fully-developed region. These published results are plotted
in Figure A-3 along with the results of the L_validation test case. The favourable
agreement confirms the accuracy of the computational method used for the laminar test
cases. The small discontinuity in the Nusselt number distribution of Cess & Shaffer
(1959), occurring at a bulk fluid enthalpy value of hb≈1770 kJ/kg, is due to slight underestimation of the thermal entrance length by their semi-empirical correlation.

Validation of the computational method used for the turbulent test cases is described in
Section 5.3

Figure A-3: Streamwise distribution on Nusselt number for fixed-fluid-property channel
flows.
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A.2.2 Effect of Wall-Normal Property Variation on Heat Transfer in Laminar
Flows
Figure A-4 shows the variation of Nusselt number with the bulk-fluid static enthalpy for
the laminar channel cases, in which the heat-flux to mass-flux ratio is varied from a value
of 0.1 kJ/kg to 0.7 kJ/kg, and all the fluid properties are varied according to the IAPWS
equation of state. In these results, regions are evident in which the Nusselt number either
exceeds or falls short of the streamwise distribution of Nusselt number based on a fully
developed flow with constant thermophysical fluid properties (Nu = 8.235). The flow
fields that have lower values of the heat- to mass-flux ratio (𝑄𝑤′′ /𝐺 ) contain regions of
improved heat transfer as indicated by higher Nu values, whereas higher values of 𝑄𝑤′′ /𝐺
result in deteriorated heat transfer. This is similar to the trends seen in turbulent forcedconvection heat transfer involving supercritical fluids (Pioro & Duffey, 2005). The
reasons for these deviations are better understood when the thermophysical properties are

Figure A-4: Nusselt number distributions for a range of various heat-flux to mass-flux
ratios in the laminar channel cases; 𝑅𝑒𝑑  = 2000.
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varied systematically, and the results of such an analysis is shown in Figure A-5. The
legend in Figure A-5 identifies the sole thermophysical property that is varied for the
corresponding case. To establish the physical mechanisms responsible for the observed
trends, the streamwise thermal resistance, Rx, is considered:
𝑅𝑥 =

∆𝑇𝑥
𝑄𝑤"

=

1
𝐺𝐴𝐶𝑝

A-3

In this equation, ΔTx is the streamwise temperature difference, and A is the flow area.
Equation A-3 shows that Cp directly affects Rx, whereas the k has no effect on Rx. Wallnormal gradients in density (ρ) and dynamic viscosity (μ) modify the velocity profile, and
hence affect the distribution of mass flux, G, thereby affecting the local value of Rx. If Rx
decreases as the wall is approached, the streamwise temperature difference at the wall
will decrease relative to that of the bulk fluid. For a given streamwise location, this has
the effect of reducing the temperature difference between the wall and the bulk fluid, and
thus increasing the value of the local Nusselt number as per Equation A-2.

The trends in Figure A-5 can be readily explained by interpreting the effect that the wallnormal gradient in the varied thermophysical property will have on the flow. The
viscosity decreases as the wall is approached, indicated through its temperature
dependence illustrated in Figure 1-1, and therefore the resistance to the fluid's inertia is
lower near the wall. This causes a net streamwise-momentum transport towards the wall,
and thus reduces the thermal resistance to streamwise heat flow near the wall.
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Figure A-5: Effects of thermophysical property variations on the Nusselt number at two
heat-flux to mass-flux ratios; 𝑅𝑒𝑑  = 2000.
Conversely, the volumetric expansion, associated with decrease in density as the wall is
approached, leads to a net mass transport away from the wall, and hence the near-wall
streamwise thermal resistance increases. In the case where only the specific heat is
varied, as the flow is heated from a temperature less than Tpc, the specific heat near the
wall increases with streamwise distance causing a reduction in the local thermal
resistance to streamwise heat flow, and hence increases the local Nusselt number in
comparison to the case of constant-property fluid. However, once the wall temperature
exceeds Tpc, the specific heat of the near-wall fluid starts to decrease with streamwise
distance, eventually decreasing below the value of the specific heat of the bulk fluid. This
results in a bulk-fluid streamwise thermal resistance that is lower than the thermal
resistance of the near-wall fluid, which in turn decreases the value of the local Nusselt
number. As the heated wall is approached, the thermal conductivity decreases due to its
temperature dependence illustrated in Figure 1-1. Since the transfer of heat through the
stationary layer of fluid adjacent to the wall is realized through conduction, for a given
wall heat flux, the reduced thermal conductivity of the working fluid at the wall yields an
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increased wall temperature. This results in a decrease in the Nusselt number value as per
Equation A-2. As noted in the trends presented in Figure A-5, this effect is significantly
larger than the effects of the wall-normal gradients in ρ, μ and Cp on the local Nusselt
number.

Van der Kraan et al. (2005) observed heat transfer trends very similar to those of the
laminar channel cases of the present study when they investigated a non-buoyant
turbulent flow at supercritical thermodynamic state through the solution of the RANS
equations with the thermophysical properties of the working fluid varied according to the
local thermodynamic state. However, the computational results of van der Kraan et al. did
not compare favourably with experimental data. This suggests possible effects of the
supercritical thermodynamic state on the turbulent mixing process that are not accounted
for by the turbulence closure utilized in the RANS computations of van der Kraan. An
analysis of the fixed-property and non-buoyant variable-property turbulent channel cases
sheds light on these effects. To enable correlation of any differences in turbulent mixing
to the differences in the computed Nusselt number values for the two simulations, the
streak spacing values are normalized δ. Table A-3 shows the spanwise streak spacing,
Nusselt number, and wall-temperature values evaluated at the plane defined by xδ = 9 and
at a wall normal location corresponding to the buffer region of the shear layer (y+ = 30).
The non-buoyant variable-property case has a 35% reduction in the Nusselt number when
compared to the fixed-property case, indicating deteriorated heat transfer (DHT). In

205

Table A-3: Nusselt number, streak spacing and wall temperature for turbulent cases
(xδ = 9).
Case
Streak spacing, Δzδ Wall temperature (K) Nusselt number
Q3_g0_ϕfxd

0.44

675.7

169

Q3_g0_ϕvar

1.20

685.7

125

forced convection turbulent flows, heat transfer is realized through a combination of
molecular heat diffusion, and heat advection due to the turbulent motions.

As per the simulation results presented in Figure A-6, a laminar flow environment with
wall-normal thermophysical property gradients comparable to that of the Q3_g0_ϕvar
turbulent case is obtained. This is realized by running a simulation at a 𝑅𝑒𝑑  = 150,000
and 𝑄𝑤" /𝐺 = 0.03, with a computational method which ensures that flow instabilities that
would otherwise lead to transition are suppressed. This simulation facilitates an analysis
of the relative contribution of molecular (laminar), and turbulent advection heat transfer
mechanisms, to the overall variation in heat transfer when the flow is in the supercritical

Figure A-6: Wall-normal gradients of thermophysical properties for various cases at a
wall temperature value of 685.7 K.
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state. For the High-Re laminar case, the Nusselt number of the laminar-flow is reduced by
25% compared to the value of a corresponding constant-property laminar flow case.
Accordingly, the molecular (laminar) thermal diffusivity in the non-buoyant variableproperty case, which accounts for 15% of the total thermal diffusivity, as calculated
through spatial averaging of thermal diffusivities in the x = 9δ plane, would be reduced by
as much as 25% (a quarter) due to spatial variations in thermophysical fluid properties.
This implies that of the observed 35% reduction in the Nusselt number in the nonbuoyant variable-property case, about a quarter of 15% (≈4%) reduction may be expected
directly due to fluid-property variations and no changes in turbulence-related mixing. The
remaining Nusselt number reduction of approximately 31% is therefore due to the effects
of thermophysical property variations on turbulent mixing. This clearly illustrates the
dominant role of turbulence phenomena in the heat transfer variations observed with
supercritical fluids. The large change in the spanwise streak spacing between the fixedproperty and non-buoyant variable-property turbulent cases suggest that there is a
substantial change in the physical topology of the flow structures of turbulence between
the two cases.
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Appendix B Numerical and Computational Method
In the present study, heated flow of supercritical fluids over flat surfaces and within
rectilinear channels are studied by numerically solving the governing equations for fluid
flow using the DNS method. DNS requires computational grids that are sufficiently
refined to capture all of the spatial and temporal scales of the relevant flow phenomena,
such that semi-empirical models are not needed to aid in closure of the governing
equations that are filtered in some sense.

This thesis is written in an integrated-thesis format, therefore, the details of the flow
conditions for the studied cases and the spatial and temporal grids employed for each case
are discussed in detail in the relevant results chapters. In this chapter, the governing
equations are first outlined, and then the discretization scheme for these governing
equations is explained. A general overview of boundary conditions and mesh generation
are presented in Sections B.3and B.4, respectively. Finally, the data reduction methods
are described.

B.1

Governing Equations of Fluid Flow

The commercial computational fluid dynamics software package ANSYS CFX®
(Version 12) is used to perform the simulations of the present study. Using a finite
volume technique, the solver discretizes the strong conservation-law form of the
governing equations given in tensor notation in Equations B-1 to B-3 (ANSYS, 2009).
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𝜕𝜌
𝜕
+
𝜌𝑢𝑗 = 0
𝜕𝑡 𝜕𝑥𝑗
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𝜕
𝜕
𝜕𝑝 𝜕𝜏𝑖𝑗
𝜌𝑢𝑗 +
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+
+ 𝜌𝑔𝑖 + 𝑀𝑖
𝜕𝑡
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𝜕𝑥𝑖 𝜕𝑥𝑗
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𝜕𝑡 𝜕𝑥𝑗
𝜕𝑥𝑗
𝜕𝑥𝑗 𝑖 𝑖𝑗
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In these equations, uj is the j component of velocity, xj is the j component of Cartesian
spatial coordinate, τij is the ij component of the viscous stress tensor, h0 is the total
enthalpy, T is the static temperature, and M represents external momentum sources. The
fluid is modelled as a Newtonian fluid such that the components of the viscous stress
tensor relate to the strain rates through:
𝜏𝑖𝑗 = 𝜇

𝜕𝑢𝑖 𝜕𝑢𝑗
+
𝜕𝑥𝑗 𝜕𝑥𝑖

B-4

Inherent in the formulation of Equations B-2 to B-4 is stokes hypothesis which
effectively ignores the contribution of the bulk viscosity on the flow development. For
wall-bounded turbulent flows, Cramer & Bahmani (2014) demonstrate that this
hypothesis is only valid if the ratio of the bulk viscosity to dynamic viscosity is less than
(Reδ)0.5. For the p/pc value of 1.085 for the simulations of the present study, the maximum
value of the ratio of bulk viscosity to wall viscosity is approximately 50, and occurs at the
pseudo-critical state (Hasan & Farouk, 2012). This value is about half of (Reδ)0.5,
therefore it is expected that the effects of bulk viscosity are negligible under the
conditions of the present study.

The governing equations are coupled with the working fluid‘s equations of state to form a
closed system of equations. When air is used as the working fluid, it is assumed that its
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thermodynamic state can be approximated by the perfect gas model with
Cp = 1.0044 kJ⁄(kg K). When water is used water as the working fluid, the International
Association for the Properties of Water and Steam (IAPWS) equations of state are
applied (IAPWS, 2009; IAPWS, 2008). The solver converts the IAPWS equation of state,
which expresses the thermodynamic properties as function of temperature and pressure,
into tables indexed by pressure and enthalpy. For each simulation, the pressure range
selected for generating the fluid-property tables span over ten times the predicted range
of pressure variations (White, 1991; Pope, 2000; Kasagi & Shikazono 1995). Similarly,
the temperature range for the tables is chosen to be at least four times the range of
temperatures expected in the flow (Piorob et al., 2004; Kasagi & Shikazono, 1995). The
tables are generated with temperature and pressure increments of ∆T ≤ 0.2 K and
∆p ≤ 0.08 MPa, respectively. The solver obtains relevant thermodynamic properties
through linear interpolation of the tabularized provides values of all with and accuracy
that is comparable to the uncertainty associated with IAPWS equations of state within the
supercritical region.

B.2

Discretization Scheme

The governing equations are discretized using an element-based finite-volume technique
with a coupled algebraic multigrid algorithm used to solve the linear system of algebraic
equations that result from the discretization scheme (ANSYS 2009). Global property
conservation is ensured by enforcing local conservation over control volumes
surrounding each node in the computational domain, while fluid-property variations
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across the surfaces of the control volumes are captured using finite-element-based shape
functions (ANSYS, 2009).
B.2.1 Finite Volume Discretization of Governing Equations
The governing and thermodynamic state equations are integrated over the control
volumes created using the mesh elements and all flow and fluid variables are stored at the
corresponding mesh node. With reference to Figure B-1, the control volumes are defined
by the element centers which are determined by the intersection of lines drawn across the
midpoints of the edges of the segments within the element. The present study utilizes
regular hexahedral elements, however, Figure B-1 illustrates the element in a twodimensional schematic for simplicity.

Figure B-1: Schematic of a two-dimensional mesh showing discretization nomenclature
(Adapted from ANSYS, 2009).
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When integrating the governing equations over the control volume, the volume integrals
involving fluid-property divergence and fluid-property gradients are converted to surface
integrals using Gauss' divergence theorem, Thus Equations B-1 to B-3 become:
𝜕
𝜕𝑡
𝜕
𝜕𝑡

𝜌𝑢𝑗 𝑑𝑉 +
𝑉

𝜕
𝜕𝑡

𝜌 𝑑𝑉 +
𝑉

𝜌𝑢𝑗 𝑢𝑖 𝑑𝑛𝑗 = −
𝑠

𝑝 𝑑𝑛𝑗 +
𝑠

𝜌0 𝑑𝑉 +
𝑉

𝜌𝑢𝑗 𝑑𝑛𝑗 = 0

B-5

𝑠

𝜏𝑖𝑗 𝑑𝑛𝑗 +
𝑠

𝜌𝑔𝑖 𝑑𝑉 +
𝑉

𝑴𝒊 𝑑𝑉
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𝑽

𝜌𝑢𝑗 0 𝑑𝑛𝑗
𝑠

B-7
𝜕
=
𝜕𝑡

𝑝 𝑑𝑉 +
𝑉

𝑠

𝜕𝑇
𝑘
𝑑𝑛𝑗 +
𝜕𝑥𝑗

𝑢𝑖 𝜏𝑖𝑗 𝑑𝑛𝑗 +
𝑠

𝜌𝑢𝑖 𝑔𝑖 𝑑𝑉
𝑉

In these equations V represents the control volume, s represents the surfaces of the
control volume and n is the outward-normal surface vector. Volume integrals are
discretized within element sectors, and the integral values for each element sector are
combined to obtain the value for the control volume. The surface integrals are discretized
about the integration points. This yields Equations B-8 to B-10 as the discretized from of
Equations B-5 to B-7.
𝑉𝑐𝑣

𝑉𝑐𝑣

∆ 𝜌𝑢𝑖
+
∆𝑡

𝑖𝑝

∆𝜌
+
∆𝑡

𝜌𝑢𝑗 ∆𝑛𝑗

𝑖𝑝

𝑖𝑝

𝑢𝑖

𝜌𝑢𝑗 ∆𝑛𝑗

𝑖𝑝

=0

+

𝜏𝑖𝑗 𝑑𝑛𝑗

B-8

𝑖𝑝

B-9
=−
𝑖𝑝

𝑝 ∆𝑛𝑖

𝑖𝑝

𝑖𝑝

𝑖𝑝

+ 𝑉𝑐𝑣 𝜌𝑔𝑖 + 𝑉𝑐𝑣 𝑀𝒊
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𝑉𝑐𝑣

∆ 𝜌0
+
∆𝑡

𝑖𝑝

𝜌𝑢𝑗 0 ∆𝑛𝑗

= 𝑉𝑐𝑣

∆𝑝
+
∆𝑡

𝑖𝑝

𝑘
𝑖𝑝

𝜕𝑇
∆𝑛
𝜕𝑥𝑗 𝑗

+
𝑖𝑝

𝑖𝑝

𝑢𝑖 𝜏𝑖𝑗 ∆𝑛𝑗

𝑖𝑝
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+ 𝑉𝑐𝑣 𝜌𝑢𝑖 𝑔𝑖

here Σip indicates summation over all the integration points within the control volume.
B.2.2 Order of Accuracy of Discretization Schemes
To avoid clutter, the terms in Equations B-8 to B-10 that still require further
specification, are treated though a representative variable, ϕ.

The discretization of the advection terms (e.g. second term in Equation B-9) is such that
the value of ϕ at the integration point must be approximated. This approximation is
implemented using nodal values from an upstream integration point, up, as follows:
𝜙𝑖𝑝 = 𝜙𝑢𝑝 +

𝜕𝜙
∙ Δ𝑥𝑖
𝜕𝑥𝑖

B-11

In Equation B-11, Δxi represents the position vector from the upstream integration point
to the evaluated integration point, the gradient term represents the local element gradient
of ϕ, thus, Equation B-11 represents the second-order accurate centered-difference
scheme. Spatial gradients are approximated using tri-linear finite element shape
functions. The nature and implementation of the shape functions are described in the
ANSYS CFX Solver Theory Guide (ANSYS, 2009).
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The solver handles diffusion terms through the standard finite element approach that
utilizes shape functions to evaluate the spatial derivatives for the diffusion terms. For
example, a derivative of ϕ in the x-spatial direction at ip is approximated by:
𝜕𝜙
𝜕𝑥

=
𝑖𝑝

𝜕𝑁𝑛
𝑛 𝜕𝑥

𝑖𝑝

𝜙𝑛
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Where N is the shape function.

Transient terms are discretized using the second-order accurate backward Euler method,
yielding:
Δ𝜙
1
=
3𝜙 𝑡 − 4𝜙 𝑡−1 + 𝜙 𝑡−2
𝜕𝑡 2∆𝑡

B-13

Where the superscripts t, t-1, and t-2 represent the current, and previous two timesteps
respectively.
B.2.3 Solution Method for the Linearized System of Equations
Application of the discretization scheme to all elements in the domain results in a
linearized system of equations that is solved using a multigrid accelerated Incomplete
Lower Upper (ILU) factorization technique. In matrix form, the linearized system of
equations can be written as:
𝐶 𝜙 = 𝑏

B-14

Where [C] is the coefficient matrix, [ϕ] is the solution vector and [b] represents
coefficients of the right-hand-side vector. To reduce the amount of arithmetic operations
and hence physical memory required to solve the above equation, the ILU factorization
technique is favoured over direct techniques, however, this comes at a price of requiring
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several iterations to approach the exact solution to Equation B-14. The iterative method is
implemented by starting with an approximate solution, [ϕn], which is corrected by [ϕc], to
yield a new solution, [ϕ n+1].
𝜙

𝑛

+ 𝜙

𝑐

= 𝜙

𝑛+1

B-15

Substitution of Equation B-15 into B-14 yields and equation for the residual, re, to the
current solution iteration.
𝐶 𝜙

𝑐

= 𝑏 − 𝐶 𝜙

𝑛

≡ 𝑟𝑒 𝑛

B-16

Iterations on Equation B-16 , referred to as inner-loop iterations, cause the correction
term to tend towards zero; thus, approaching the actual solution to the discretized set of
equations. For transient problems, a solution at a given timestep is deemed as converged
when the normalized residual re*,n , defined for the mth node, attains a sufficiently low
value as:
∗,𝑛
𝑛
𝑟𝑒𝑚
= 𝑟𝑒𝑚
/ 𝑐𝑚 ∆𝜙

B-17

here, cm is central coefficient of the discretized control volume equation, and Δϕ
represents the degree of variation of ϕ.

The ILU factorization solution technique is only efficient at reducing errors with
wavelengths on the order of the mesh spacing. Thus, a multigrid technique for which a
solution is also computed on progressively coarser meshes can significantly improve the
efficiency of the solver. The solver uses an Algebraic Multigrid technique in which
iterations are cycled between finer and coarser grids indirectly constructed by algebraic
manipulation of the system of linearized equations (Raw, 1996). In particular, the
Additive Correction Multigrid method of Hutchinson & Raithby (1986) is used to
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generate a discrete system of equations for a coarser meshes by summing the fine mesh
equations, and thus, merging multiple neighbouring control volumes to create larger
volumes. Calculations corresponding to the finer meshes more effectively reduce the
shorter wavelength errors while the longer wavelength errors are efficiently dealt with on
coarser grids. For each solution iteration, several passes between each grid level may be
used, and the number of passes is defined by the multigrid cycle. ANSYS CFX® uses
fixed W-type algebraic multigrid cycles. Six grid levels are used in the multigrid cycle. A
single solution sweep is performed for each grid level during the restriction legs of the
multigrid cycle, and three solution sweeps are performed for each grid level during the
prolongation legs. Further details on this technique can be obtained from the ANSYS
CFX® solver theory guide (ANSYS, 2009).

The solution convergence of the discretized equations at each timestep is obtained with
outer iteration loops serving to converge the coefficients of the linearized governing
equations, and inner iteration loops facilitating the solution of these equations through Wtype algebraic multigrid cycles. For steady-state problems, the solution is marched in
physical time until the transient terms approach zero. Here, one inner-loop iteration is
performed per outer-loop iteration, and one outer-loop iteration per timestep. Since the
coefficients of the linearized governing equations are not converged within each timestep,
the temporal development of the flow is not physically realistic, and the timestep merely
serves as a means of under-relaxation as the steady-state solution is computed. Therefore,
when a steady-state solution is desired, the transient terms are not included in the
normalized residual calculation described by Equation B-17. The transient solution is
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obtained with one inner-loop iteration per outer-loop iteration, and multiple outer-loop
iterations per timestep. For each timestep, the solution is considered satisfactorily
converged when the root-mean-square of the residuals of the computational solution to
the governing equations are reduced to less than a specified value.

B.3

Boundary and Initial Conditions

For the given governing equations and computational domains, the development of the
flow in space and time is determined by the applied boundary and initial conditions. In
the present study, no-slip surfaces, free-slip surfaces, surfaces with spatially-uniform heat
fluxes, adiabatic surfaces, and periodic boundaries are specified as boundary condition on
the computational domain. The solver imposes the no-slip condition by enforcing the
velocity at the nodes on the surface to be zero. At a free-slip surface, a zero value for the
wall-normal velocity and shear stress is enforced. A numerical value for the heat flux at a
given surface may be specified, with a positive value indicating thermal energy is being
transferred into the computational domain. For adiabatic surface the heat flux value is set
to zero. Periodic boundaries are used extensively in this study to reduce the
computational resources required to simulate the test cases of the present study at their
respective target Reynolds numbers. A translational periodic boundary condition may be
applied to parallel surfaces such that the primitive solution variables (pressures,
velocities, and temperatures) are mapped between corresponding nodes on the periodic
surfaces. For streamwise-homogeneous flows, a mass flow rate can be specified at the
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periodic boundary allowing the solver to eliminate the pressure from the mapped
variables.

Some caution must be applied when mapping an initial flow field to computational
domains that have streamwise-periodic boundaries. Under such conditions, the initial
conditions also serve as the effective inflow boundary condition. For flows without
streamwise-periodic boundary conditions, the initial conditions would ideally be
specified using the best approximation of the expected solution field to decreases the
likelihood of divergence of the numerical algorithm and reduce the simulation time
required to obtain an adequate solution field.

B.4

Mesh Generation

An in-house software developed by Brinkerhoff (2014) is used to generate the
computational domains and spatial grids in the present study. The software, called
PatranMeshGenerator, is written in ANSI C. It creates a structured, Cartesian grid
formatted as a Patran Neutral file, which can be imported into ANSYS CFX and other
commercial Computational Fluid Dynamics (CFD) solver. Details on the coding and
implementation of the software are recorded by Brinkerhoff (2014).

B.5

Data Reduction

This section describes the data reduction processes that were used in the present study.
The data extracted from the solution of each case constitute the components of the
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velocity field (u,v,w), the static pressure (p), and the static temperature (T). Manipulation
of this data included differentiation and integration of flow variables, averaging along
temporal and spatial coordinates, and conducting wave-number analyses.
B.5.1 Differentiation Methodology
Differentiation operations were computed using a second-order accurate scheme. The
partial derivative of a given parameter, ϕ, along a coordinate, x, at a given node defined
by the index i, is obtained by taking the derivative of a quadratic curve-fit defined using
(ϕi,xi) and two neighbouring points. When node i is not at a boundary along the given
coordinate, a centred-differencing scheme is employed:
𝜕𝜙
𝑥𝑖 − 𝑥𝑖+1
−𝑥𝑖−1 + 2𝑥𝑖 − 𝑥𝑖+1
= 𝜙𝑖−1
+ 𝜙𝑖
𝜕𝑥 𝑖
𝑥𝑖−1 − 𝑥𝑖 𝑥𝑖−1 − 𝑥𝑖+1
𝑥𝑖 − 𝑥𝑖−1 𝑥𝑖 − 𝑥𝑖+1
+ 𝜙𝑖+1

𝑥𝑖 − 𝑥𝑖−1
𝑥𝑖−1 − 𝑥𝑖+1 𝑥𝑖 − 𝑥𝑖+1
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at boundary nodes, derivatives are evaluated using the respective forward- and backwarddifferencing schemes as applicable:
𝜕𝜙
2𝑥𝑖 − 𝑥𝑖+1 − 𝑥𝑖+2
𝑥𝑖 − 𝑥𝑖+2
= 𝜙𝑖
+ 𝜙𝑖+1
𝜕𝑥 𝑖
𝑥𝑖 − 𝑥𝑖+1 𝑥𝑖 − 𝑥𝑖+2
𝑥𝑖+1 − 𝑥𝑖 𝑥𝑖+1 − 𝑥𝑖+2
+ 𝜙𝑖+2

𝑥𝑖 − 𝑥𝑖+1
𝑥𝑖 − 𝑥𝑖+2 𝑥𝑖+1 − 𝑥𝑖+2
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𝜕𝜙
2𝑥𝑖 − 𝑥𝑖−1 − 𝑥𝑖−2
𝑥𝑖 − 𝑥𝑖−2
= 𝜙𝑖
+ 𝜙𝑖−1
𝜕𝑥 𝑖
𝑥𝑖−2 − 𝑥𝑖 𝑥𝑖−1 − 𝑥𝑖
𝑥𝑖−1 − 𝑥𝑖 𝑥𝑖−1 − 𝑥𝑖−2
+ 𝜙𝑖−2

𝑥𝑖 − 𝑥𝑖−1
𝑥𝑖−2 − 𝑥𝑖−1 𝑥𝑖−2 − 𝑥𝑖

B-20
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B.5.2 Integration Methodology
The integral of a parameter, ϕ, over the time coordinate is given in Equation B-21 as an
example of the methodology used. At a spatial coordinate defined by x0, y0, z0 and for a
time duration bounded by t=t0 to t=tN, the integral of a variable ϕ is approximated as:
𝑖=𝑁−1

𝑡=𝑡 𝑁

𝜙 𝑥0 , 𝑦0 , 𝑧0 , 𝑡 𝑑𝑡 ≈
𝑡=𝑡 0

𝜙 𝑥0 , 𝑦0 , 𝑧0 , 𝑡𝑖 𝑡𝑖+1 − 𝑡𝑖
𝑖=0
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where i = 0,1,2,....N.
B.5.3 Averaging Methodology
The time average of a generic variable, ϕ, over duration bounded by t = t0 to t = tN and at a
spatial coordinate defined by x0,y0,z0 is given by:
𝜙(𝑥0 , 𝑦0 , 𝑧0 , 𝑡) =

𝑡=𝑡 𝑁
𝑡=𝑡 0

𝜙 𝑥0 , 𝑦0 , 𝑧0 , 𝑡 𝑑𝑡
𝑡=𝑡 𝑁
𝑡=𝑡 0

𝑑𝑡
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The integrations are performed using the methodology described in Section B.5.2.
Likewise, at a given instance in time, t0, the average taken along a spatial coordinate, e.g.
z over a range z0 to zN, is defined as:
𝜙(𝑥0 , 𝑦0 , 𝑧, 𝑡0 ) =

𝑧=𝑧𝑛
𝑧=𝑧0

𝜙 𝑥0 , 𝑦0 , 𝑧, 𝑡0 𝑑𝑧
𝑧=𝑧𝑁
𝑧=𝑧0

𝑑𝑧
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The Favre average of a variable is the density weighted average of the variable. For
example, this average taken over the time coordinate is given by:
𝜙(𝑥0 , 𝑦0 , 𝑧0 , 𝑡) =

𝑡=𝑡 𝑁
𝑡=𝑡 0

𝜌 𝑥0 , 𝑦0 , 𝑧0 , 𝑡 𝜙 𝑥0 , 𝑦0 , 𝑧0 , 𝑡 𝑑𝑡
𝑡=𝑡 𝑁
𝑡=𝑡 0

𝜌 𝑥0 , 𝑦0 , 𝑧0 , 𝑡 𝑑𝑡
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Likewise, over a spatial coordinate, e.g. the z coordinate, the Favre average is given by:
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𝜙(𝑥0 , 𝑦0 , 𝑧, 𝑡0 ) =

𝑧=𝑧𝑁
𝑧=𝑧0

𝜌 𝑥0 , 𝑦0 , 𝑧, 𝑡0 𝜙 𝑥0 , 𝑦0 , 𝑧, 𝑡0 𝑑𝑧
𝑧=𝑧𝑁
𝑧=𝑧0
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𝜌 𝑥0 , 𝑦0 , 𝑧, 𝑡0 𝑑𝑧

In the present study, area averages were taken along several planar surfaces. For example,
over the y-z plane the area average is defined as:
𝜙(𝑥0 , 𝑦, 𝑧, 𝑡0 ) =

𝑦=𝑦 𝑁 𝑧=𝑧𝑁
𝜙 𝑥0 , 𝑦, 𝑧, 𝑡0
𝑦=𝑦0 𝑧=𝑧0
𝑦=𝑦 𝑁 𝑧=𝑧𝑁
𝑑𝑧 𝑑𝑦
𝑦=𝑦0 𝑧=𝑧0

𝑑𝑧 𝑑𝑦
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If the averages above were obtained along at least one coordinate where the turbulence
field was not statistically homogeneous, then the average is indicated by angled brackets

‹ϕ›. The subscript, b, is reserved for averages computed to obtain bulk-fluid properties.
To obtain bulk-fluid thermophysical properties the mass-weighted area-averaged of the
enthalpy is obtained at the given streamwise location, then the relevant properties are
evaluated at this enthalpy and the area-averaged pressure. For example to obtain bulkfluid properties over a given y-z plane at a given streamwise location, x0, and a given
instance in time, t0:
𝑏 (𝑥0 , 𝑦, 𝑧, 𝑡0 ) =

𝑦=𝑦 𝑁 𝑧=𝑧𝑁
𝜌 𝑥0 , 𝑦, 𝑧, 𝑡0  𝑥0 , 𝑦, 𝑧, 𝑡0
𝑦=𝑦0 𝑧=𝑧0
𝑦=𝑦 𝑁 𝑧=𝑧𝑁
𝜌 𝑥0 , 𝑦, 𝑧, 𝑡0 𝑑𝑧 𝑑𝑦
𝑦=𝑦0 𝑧=𝑧0

𝑝𝑏 (𝑥0 , 𝑦, 𝑧, 𝑡0 ) =

𝑦=𝑦 𝑁 𝑧=𝑧𝑁
𝑝 𝑥0 , 𝑦, 𝑧, 𝑡0
𝑦=𝑦0 𝑧=𝑧0
𝑦=𝑦 𝑁 𝑧=𝑧𝑁
𝑑𝑧 𝑑𝑦
𝑦=𝑦0 𝑧=𝑧0

𝑑𝑧 𝑑𝑦
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𝑑𝑧 𝑑𝑦
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Then,
𝜙𝑏 = 𝜙 𝑏 , 𝑝𝑏

B-29

B.5.4 Spectral Analyses Methodology
Spectral analysis of the simulation results are used to identify the frequency and wave
number distributions of the kinetic energy in the turbulent motions. A fast Fourier
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transform (FFT) algorithm is used to transform time or spatial-traces of specified
variables to the spectral domain and calculate the power spectral density (PSD)
distributions within the simulation results. The FFT algorithm built into the computer
coding software Matlab® was used in the present work. This FFT algorithm is based on
the work of Cooley-Tukey (1965).
B.5.5 Vortex Identification Methodology
Lesieur et al. (2005) define coherent vortical structures of turbulence as flow regions
having a high concentration of vorticity with a low static pressure core, such that the fluid
particles rotating about the vortex are relatively balanced between centrifugal and
pressure gradient forces. Dubief & Delcayre (2000) and Lesieur et al. (2005)
mathematically demonstrate that a necessary condition for the presence of a vortex tube
with a low-pressure core is a positive value of the second invariant of the velocity
gradient tensor, denoted by q. Brinkerhoff & Yaras (2014) determined that the vortical
structures of turbulence structures are most clearly visualized when q is calculated using
the perturbation velocity flow field. In the present study, q was calculated as:
𝑞=

1 𝜕𝑢𝑖 𝜕𝑢𝑗 𝜕𝑢𝑖 𝜕𝑢𝑗
−
2 𝜕𝑥𝑖 𝜕𝑥𝑗 𝜕𝑥𝑗 𝜕𝑥𝑖
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where Einstein summation is implied over the indexed terms.
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Appendix C Derivation of Non-Dimensional Forms of the Governing Equations and
Boundary Conditions
C.1

Derivation of Non-Dimensional Continuity Equation

Conservation of mass (conservation form)
𝜕
∂
𝜌+
𝜌𝑢𝑖 = 0
𝜕𝑡
∂𝑥𝑖

C-1

let
𝑢∗ =

𝑢
𝑢𝑟𝑒𝑓

,

𝑥∗ =

𝑥
𝑥𝑟𝑒𝑓

,

𝑡∗ =

𝑡
,
𝑥𝑟𝑒𝑓 /𝑢𝑟𝑒𝑓

𝜌∗ =

𝜌
𝜌𝑟𝑒𝑓

C-2

Multiply Equation C-1 by xref/(ρref uref)
𝜌
𝜕 𝜌
∂
𝑟𝑒𝑓
+
𝑡
𝑥
𝜕
∂
𝑥𝑟𝑒𝑓
𝑥𝑟𝑒𝑓 /𝑢𝑟𝑒𝑓

𝜌

𝑢

𝜌𝑟𝑒𝑓 𝑢𝑟𝑒𝑓

=0

𝜕 ∗
𝜕
𝜌 + ∗ 𝜌∗ 𝑢𝑖∗ = 0
∗
𝜕𝑡
𝜕𝑥𝑖

C.2

C-3

C-4

Derivation of Non-Dimensional Momentum Equation

Conservation of momentum (conservation form)
𝜕
𝜕
𝜕
𝜕
𝜌𝑢𝑖 +
𝜌𝑢𝑖 𝑢𝑗 = −
𝑝+
𝜏 + 𝜌𝑔𝑖
𝜕𝑡
𝜕𝑥𝑗
𝜕𝑥𝑖
𝜕𝑥𝑗 𝑖𝑗

C-5

multiply Equation C-5 by 1/ρref
𝜕 ∗
𝜕
1 𝜕
1 𝜕
𝜌 𝑢𝑖 +
𝜌∗ 𝑢𝑖 𝑢𝑗 = −
𝑝+
𝜏 + 𝜌∗ 𝑔𝑖
𝜕𝑡
𝜕𝑥𝑗
𝜌𝑟𝑒𝑓 𝜕𝑥𝑖
𝜌𝑟𝑒𝑓 𝜕𝑥𝑗 𝑖𝑗

C-6

multiply Equation C-6 by 1/uref
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𝜕 ∗ ∗
𝜕
1
𝜕𝑝
1
𝜕
𝜌∗ 𝑔𝑖
𝜌 𝑢𝑖 +
𝜌∗ 𝑢𝑖∗ 𝑢𝑗 = −
+
𝜏𝑖𝑗 +
𝜕𝑡
𝜕𝑥𝑗
𝜌𝑟𝑒𝑓 𝑢𝑟𝑒𝑓 𝜕𝑥𝑖 𝜌𝑟𝑒𝑓 𝑢𝑟𝑒𝑓 𝜕𝑥𝑗
𝑢𝑟𝑒𝑓

C-7

multiply Equation C-7 by xref/uref and let:
𝑝∗ =

𝑝
2 ,
𝜌𝑟𝑒𝑓 𝑢𝑟𝑒𝑓

𝑅𝑖 =

𝑔𝑖 𝑥𝑟𝑒𝑓
2
𝑢𝑟𝑒𝑓

C-8

then
𝜕
𝜕
𝜕𝑝∗
𝜕
1
∗ ∗
∗ ∗ ∗
∗
𝜌
𝑢
+
𝜌
𝑢
𝑢
=
−
+
𝑖
𝑖
𝑗
∗
∗
∗
2 𝜏𝑖𝑗 + 𝜌 𝑅𝑖
𝜕𝑡 ∗
𝜕𝑥𝑗
𝜕𝑥𝑖 𝜕𝑥𝑗 𝜌𝑟𝑒𝑓 𝑢𝑟𝑒𝑓

C-9

Examining the shear force term in Equation C-9:
𝑥𝑟𝑒𝑓 𝜇𝑟𝑒𝑓
1
𝜇
𝜕𝑢𝑖 𝜕𝑢𝑗
+
×
2 𝜏𝑖𝑗 =
2
𝑥𝑟𝑒𝑓 𝜇𝑟𝑒𝑓
𝜌𝑟𝑒𝑓 𝑢𝑟𝑒𝑓
𝜌𝑟𝑒𝑓 𝑢𝑟𝑒𝑓 𝜕𝑥𝑗 𝜕𝑥𝑖

C-10

let
𝜇∗ =

𝜇
𝜇𝑟𝑒𝑓

,

𝑅𝑒 =

𝜌𝑟𝑒𝑓 𝑢𝑟𝑒𝑓 𝑥𝑟𝑒𝑓
𝜇𝑟𝑒𝑓

C-11

then
1
𝜇∗ 𝜕𝑢𝑖∗ 𝜕𝑢𝑗∗
𝜏
=
+
= 𝜏𝑖𝑗∗
𝑖𝑗
2
𝑅𝑒 𝜕𝑥𝑗∗ 𝜕𝑥𝑖∗
𝜌𝑟𝑒𝑓 𝑢𝑟𝑒𝑓

C-12

When buoyancy forces are significant, Equation C-5 may be written in the form:
𝜕𝜏𝑖𝑗
𝜕
𝜕
𝜕
𝜌𝑢𝑖 +
𝜌𝑢𝑖 𝑢𝑗 = −
𝑝 + 𝜌𝑟𝑒𝑓 𝑔𝑖 +
+ 𝜌 − 𝜌𝑟𝑒𝑓 𝑔𝑖
𝜕𝑡
𝜕𝑥𝑗
𝜕𝑥𝑖
𝜕𝑥𝑗

C-13

Applying the steps for Equations C-6 to C-9 on Equation C-13 yields:
𝜕
𝜕
∗ ∗
𝜌
𝑢
+
𝜌∗ 𝑢𝑖∗ 𝑢𝑗∗
𝑖
𝜕𝑡 ∗
𝜕𝑥𝑗∗
=−

𝑥𝑟𝑒𝑓
𝜕𝑝∗
𝜕 ∗
𝜌 − 𝜌𝑟𝑒𝑓 𝑔𝑖
∗ + 𝑅𝑖 +
∗ 𝜏𝑖𝑗 +
2
𝜕𝑥𝑖
𝜕𝑥𝑗
𝜌𝑟𝑒𝑓 𝑢𝑟𝑒𝑓

C-14

Now,
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𝛽𝑟𝑒𝑓 = −

1
𝜌𝑟𝑒𝑓

∂𝜌
∂𝑇

≈−
p ref

1
𝜌𝑟𝑒𝑓

∆𝜌
∆𝑇

≈−
ref

1 𝜌 − 𝜌𝑟𝑒𝑓
𝜌𝑟𝑒𝑓 𝑇 − 𝑇𝑟𝑒𝑓

𝜌 − 𝜌𝑟𝑒𝑓
≈ −𝛽𝑟𝑒𝑓 𝑇 − 𝑇𝑟𝑒𝑓
𝜌𝑟𝑒𝑓

C-15

Let
𝑅𝑖′ =

𝑔𝑖 𝑥𝑟𝑒𝑓
2
𝑢𝑟𝑒𝑓

𝛽𝑟𝑒𝑓 𝑇 − 𝑇𝑟𝑒𝑓

C-16

Then Equation C-14 becomes:
𝜕
𝜕
𝜕𝑝∗
𝜕 ∗
∗ ∗
∗ ∗ ∗
𝜌
𝑢
+
𝜌
𝑢
𝑢
=
−
𝜏 + 𝑅𝑖′
𝑖
𝑖 𝑗
∗
∗ + 𝑅𝑖 +
∗
𝜕𝑡
𝜕𝑥𝑗
𝜕𝑥𝑖
𝜕𝑥𝑗∗ 𝑖𝑗

C.3

C-17

Derivation of Non-Dimensional Energy Equation

Conservation of thermal energy (conservation form)
𝜕𝜏𝑖𝑗
𝜕
𝜕
𝐷𝑝
𝜕
𝜕𝑇
𝜕
𝜌 +
𝜌𝑢𝑖  =
+
𝑘
+
𝑢𝑗
𝜕𝑡
𝜕𝑥𝑗
𝑑𝑡 𝜕𝑥𝑖 𝜕𝑥𝑖
𝜕𝑥𝑗
𝜕𝑥𝑗

C-18

If it is assumed that heat transfer occurs through a thermodynamically constant-pressure
process and assumed that the contributions of viscous dissipation in the energy balance
are negligible, then Equation C-18 becomes:
𝜕
𝜕
𝜕
𝜕𝑇
𝜌 +
𝜌𝑢𝑖  =
𝑘
𝜕𝑡
𝜕𝑥𝑗
𝜕𝑥𝑖 𝜕𝑥𝑖

C-19

Multiply Equation C-19 by xref/ρref uref:
𝜕
𝜕
𝜕
𝑘
𝜕𝑇
∗
∗ ∗
𝜌

+
𝜌
𝑢

=
𝑖
∗
∗
𝜕𝑡 ∗
𝜕𝑥𝑖
𝜕𝑥𝑖 𝜌𝑟𝑒𝑓 𝑢𝑟𝑒𝑓 𝜕𝑥𝑖

C-20

multiply Equation C-20 by βref/Cp,ref, and let:
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∗ =



C-21

𝐶𝑝,𝑟𝑒𝑓 𝛽𝑟𝑒𝑓

then,
𝑘𝛽𝑟𝑒𝑓
𝜕
𝜕
𝜕
𝜕𝑇
∗ ∗
∗ ∗ ∗
𝜌

+
𝜌
𝑢

=
𝑖
∗
∗
𝜕𝑡 ∗
𝜕𝑥𝑖
𝜕𝑥𝑖 𝐶𝑝,𝑟𝑒𝑓 𝜌𝑟𝑒𝑓 𝑢𝑟𝑒𝑓 𝜕𝑥𝑖

𝑥𝑟𝑒𝑓
𝑥𝑟𝑒𝑓

𝑘𝛽𝑟𝑒𝑓
𝜕
𝜕
𝜕
𝜕𝑇
𝜌∗ ∗ + ∗ 𝜌∗ 𝑢𝑖∗ ∗ = ∗
∗
𝜕𝑡
𝜕𝑥𝑖
𝜕𝑥𝑖 𝐶𝑝,𝑟𝑒𝑓 𝜌𝑟𝑒𝑓 𝑢𝑟𝑒𝑓 𝜕𝑥𝑖∗
𝐷 𝜌 ∗ ∗
𝐷𝑡 ∗

C-22(a)

C-22(b)

given:
𝜕𝑇 =

1
𝜕 ,
𝐶𝑝

and

𝑃𝑟 =

𝜇𝑟𝑒𝑓 𝐶𝑝,𝑟𝑒𝑓
𝑘𝑟𝑒𝑓

C-23

Noting Equations C-23 and C-11, Equation C-22(b) becomes:
𝛽𝑟𝑒𝑓 𝜕
𝐷 𝜌∗ ∗
𝜕 𝑘
1
= ∗
∗
𝐷𝑡
𝜕𝑥𝑖 𝐶𝑝 𝜌𝑟𝑒𝑓 𝑢𝑟𝑒𝑓 𝑥𝑟𝑒𝑓 𝐶𝑝,𝑟𝑒𝑓 𝜕𝑥𝑖∗
𝐷 𝜌∗ ∗
𝜕 𝑘 ∗ 1 𝛽𝑟𝑒𝑓 𝜕
=
𝐷𝑡 ∗
𝜕𝑥𝑖∗ 𝐶𝑝 ∗ 𝑅𝑒 𝐶𝑝,𝑟𝑒𝑓 𝜕𝑥𝑖∗

𝜇𝑟𝑒𝑓 𝑘𝑟𝑒𝑓 𝐶𝑝,𝑟𝑒𝑓
𝜇𝑟𝑒𝑓 𝑘𝑟𝑒𝑓 𝐶𝑝,𝑟𝑒𝑓
1
𝑃𝑟

C-24(a)

C-24(b)

here
𝑘∗ =

C.4

𝑘
𝑘𝑟𝑒𝑓

,

and

𝐶𝑝∗ =

𝐶𝑝
𝐶𝑝,𝑟𝑒𝑓

C-25

Derivation of Non-Dimensional Heat Transfer Boundary Condition

At the wall, the heat transfer rate is determined by the Fourier law of conduction:
𝑄𝑤" = −𝑘𝑤

𝜕𝑇
𝜕𝑥

𝑤

C-26

Noting Equation C-23
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𝑘𝑤 𝜕
𝐶𝑝,𝑤 𝜕𝑥

𝑤

C-27(a)

𝐶𝑝,𝑤
𝜕
=−
𝑘𝑤
𝜕𝑥

𝑤

C-27(b)

𝑄𝑤" = −
𝑄𝑤"

multiply Equation C-27 by xref βref/Cp,ref:
𝑄𝑤" 𝑥𝑟𝑒𝑓 𝛽𝑟𝑒𝑓
𝜕∗
=− ∗
𝑘𝑤
𝜕𝑥

𝑤

C-28(a)

𝑄𝑤" 𝑥𝑟𝑒𝑓 𝛽𝑟𝑒𝑓
1 𝜕∗
=− ∗
𝑘𝑤
𝐶𝑝,𝑤 𝜕𝑥 ∗

𝑤

C-28(b)

∗
𝐶𝑝,𝑤

Equation C-28(b) is the form of the dimensional heat transfer rate used by Jackson, 2011.
Alternative forms can be derived, for example, if
∗
𝐶𝑒𝑛𝑔
=



C-29

𝐶𝑝,𝑟𝑒𝑓 𝑇𝑟𝑒𝑓

Then, multiply Equation C-29 by xref /(Cp,ref Tref) to get the dimensional heat transfer rate
used by Cheng et al. (2011):
𝑄𝑤" 𝑥𝑟𝑒𝑓
1 𝜕∗
=− ∗
𝑘𝑤 𝑇𝑟𝑒𝑓
𝐶𝑝,𝑤 𝜕𝑥 ∗

𝑤

C-30

To derive the version of the non-dimensional heat transfer rate by Ambrosini (2011),
Equation C-28(b) is divided by the Peclet number (Pe) and multiplied by the ratio of the
heat transfer area and the flow area:
𝑄𝑤" 𝑥𝑟𝑒𝑓 𝛽𝑟𝑒𝑓 1 𝐴𝐻𝑇
1 𝜕∗
=− ∗
𝑘𝑤
𝑃𝑒 𝐴𝐹𝑙𝑜𝑤
𝐶𝑝,𝑤 𝜕𝑥 ∗

1 𝐴𝐻𝑇
𝑤 𝑃𝑒 𝐴𝐹𝑙𝑜𝑤

𝑄𝑤" 𝑥𝑟𝑒𝑓 𝛽𝑟𝑒𝑓 1 𝐴𝐻𝑇
𝑄𝑤" 𝑥𝑟𝑒𝑓 𝛽𝑟𝑒𝑓
𝑘𝑟𝑒𝑓
𝐴𝐻𝑇
=
𝑘𝑤
𝑃𝑒 𝐴𝐹𝑙𝑜𝑤
𝑘𝑤
𝐺𝑟𝑒𝑓 𝑥𝑟𝑒𝑓 𝐶𝑝,𝑟𝑒𝑓 𝐴𝐹𝑙𝑜𝑤

C-31(a)

C-31(b)

If the wall thermal conductivity is proportional to the reference thermal conductivity
then:
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𝑄𝑤 𝛽𝑟𝑒𝑓
1 𝜕∗
∝− ∗
𝑚𝑟𝑒𝑓 𝐶𝑝,𝑟𝑒𝑓
𝐶𝑝,𝑤 𝜕𝑥 ∗

1 𝐴𝐻𝑇
𝑤 𝑃𝑒 𝐴𝐹𝑙𝑜𝑤

C-32
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