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Abstract

A popular manufacturing technique is casting, where liquid is poured into a cast and 

the cast is removed once the liquid has hardened. We consider clamshell casting in 
two and three dimensions where the cast consists of two parts and is removed by 
rotation from the boundary of the object to be manufactured.

In two and three dimensions, the cast is modeled by a simple polygon and a 
polyhedron, respectively. Given a cast and a center or axis of rotation, we determine 
whether there exists a partitioning of the cast into two parts, such that both parts 
can be removed by opposite rotations without colliding with the interior of the object 

to be manufactured or the cast. Furthermore, an algorithm is presented to find all 
the centers or axes of rotation that allow a cast partitioning as described above.

iii
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Chapter 1

Introduction

Ubi materia, ibi geometria.
(Wherever there is matter there is also geometry.)

J o h a n n e s  K e p l e r

1.1 M otivation

Casting is an old and popular manufacturing technique, where liquid is poured into 

an open volume bounded by cast parts and the cast is removed once the liquid has 
hardened. Removing the cast from the manufactured object does not result in break
ing the cast and hence, identical objects can be produced. Casting has a long history; 

the first sand casts were used to produce weapons made of copper about 6000 years 
ago [19], The oldest known casting that still exists today is a frog out of copper 

that was produced around 3200 B.C. [37] (see Figure 1.1). Throughout the course 
of history, humans developed skills to use various materials and methods for casting. 
An elephant out of bronze cast in two parts is shown in Figure 1.1.

The development of casting as a manufacturing technique had a significant in

fluence on raising living standards in history, because casting made it possible to 
manufacture affordable stoves and cars for virtually everybody. According to Simp
son [37], casting is still one of the most commonly used manufacturing processes 
today. In fact, there exist product components, such as car engine blocks, that can

1
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CHAPTER 1. INTRODUCTION 2

I
(a)

Figure 1.1: Figure (a): Copper frog cast around 3200 B.C. Figure (b): Bronze ele
phant cast around 1122 to 255 B.C. Figures out of Simpson’s book [37].

only be manufactured through casting.
Casting is a complex manufacturing process and introduces various problems that 

are subject to research. These problems include, but are not limited to, the functional 
design of the casting process, where one considers the shape of the cast, the gate, and 
the feeding systems, thermodynamic effects and shrinkage during the solidification 
process, and fluid effects when the mold is filled. In this thesis, only the shape of the 

cast is considered. A given cast must be removable from the manufactured object 
without breaking the object or the cast. Only if this condition holds can the object 

be manufactured and the cast reused for mass production. However, it is only one 
preliminary step to determine whether the object is castable; physically casting the 

object involves the physical considerations stated above. An extensive overview of 
problems related to the casting process can be found in the book by Creese [19].

In the context of manufacturing, the term casting usually refers only to metal cast
ing. Hence, producing plastic parts by pouring liquid into a cast is not included into 
casting in that context. The reason is that there are significant differences between 
the two manufacturing processes when shrinkage, fluid effects and thermodynamic
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CHAPTER 1. INTRODUCTION 3

effects are considered. However, the geometric aspects of the two manufacturing 
processes are identical. Therefore, in computational geometry casting refers to any 
manufacturing process where liquid is poured into a cast and the cast is removed once 
the liquid has hardened. Hence, the results in this thesis can be applied to various 
areas including metal casting, producing plastic objects using a mold, or chocolate 
bunny production.

1.2 P roblem  Statem en t

In this thesis, the geometric aspects of clamshell casting are considered in two and 
three dimensions. The following two paragraphs explain what we mean by clamshell 
casting in both two and three dimensions.

In two dimensions, assume that we wish to manufacture an object modeled by 
a simple polygon P  with n vertices. Let the boundary of P  be the cast of P. An 
illustration can be found in Figure 1.2(a). Two problems are addressed. First, given 
a center of rotation r in the plane, determine whether there exists a partitioning 

of the cast into exactly two connected parts, such that one part can be rotated 
clockwise around r and the other part can be rotated counterclockwise around r 
without colliding with the interior of P. We present an algorithm to solve this problem 
with running time 0(n). Second, two algorithms are presented to find all the points 

in the plane that allow a cast partitioning as described above for convex and simple 
polygons, respectively. The running time of the algorithm for convex polygons is 
0(n). For simple polygons with reflex vertices, the algorithm takes time 0 (n 2). We 
provide an Q(n2) lower bound thereby proving the optimality of the algorithm.

In three dimensions, assume that we wish to manufacture an object modeled by a 
polyhedron P  with combinatorial complexity n. Let the boundary of P  be the cast of 

P. An illustration can be found in Figure 1.2(b). Two problems are addressed. First, 
given a line of rotation I in space, we determine whether there exists a partitioning of 
the cast into exactly two connected parts, such that one part can be rotated clockwise 
around I and the other part can be rotated counterclockwise around I without colliding 
with the interior of P  or the cast. We present an algorithm to solve this problem with
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CHAPTER 1. INTRODUCTION 4

S '

( a )

/

Figure 1.2: Figure (a): The polygon P  is partitioned into exactly two connected chains, 
such that the solid chain can be rotated clockwise around r and the dashed chain can 
be rotated counterclockwise around r without intersecting the interior of P. Figure
(b): The polyhedron P  is partitioned into exactly two connected parts, such that the 
shaded part can be rotated clockwise around I and the white part can be rotated coun
terclockwise around I without intersecting the interior of P.

running time O (nlogn). If we restrict the problem further and determine whether 

such a partitioning is possible when no reflex edge or face of P  is perpendicular to I, 
the algorithm runs in 0{n) time.

Second, an algorithm is presented to find all the lines in space that allow a cast 
partitioning as described above. The algorithm’s running time is 0 (n 4 logn). Again, 

we can restrict the problem further and find all the lines in space that allow a cast 
partitioning as described above, such that no reflex edge or face of P  is perpendicular 
to I. In this case, the algorithm’s running time is 0 (n Aa{n )), where a(n) is the inverse 
Ackermann function. Alternatively, P  can be preprocessed in 0 (n 4+e) expected time 
into a data structure of size 0 (n 4+e), such that for any given line I, we can decide in 

O(logn) time if Z is a valid casting line.

1.3 R elated  W ork

The problem of determining whether a given object modeled by a polygon in two 

dimensions or a polyhedron in three dimensions, respectively, can be manufactured
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CHAPTER 1. INTRODUCTION 5

using the casting process is a well-studied problem in computational geometry. In 
fact, the problem is discussed in Chapter 4 of the textbook by de Berg et al. [21]. The 
following overview of related problems is not extensive. For a detailed discussion of 

problems related to manufacturing processes considered in computational geometry, 
the reader is referred to Bose [5], Bose and Toussaint [9], and the Handbook of Discrete 

and Computational Geometry [24],
This thesis is concerned with rotational casting problems in two and three dimen

sions, where the object to be manufactured is modeled by a polygon or polyhedron, 
respectively. The cast consists of exactly two parts and is removed using a rotation 

around a point in the plane or a line in space, respectively. To my knowledge, this 
problem has not been considered in the past, but has been stated as an open prob
lem in different publications [5,6,35]. However, the analogous translational casting 

problem, where the two parts of the cast are removed using a translation has been 
studied extensively in both two and three dimensions [1,2,6,26,35].

It is important to study the geometric setting of rotational casting problems, 

since molds designed for rotational casting are permanent molds [19]. That is, molds 
designed for rotational casting are not destroyed by the casting process and are reused 
for mass production. The rotational casts studied in this thesis consist of two cast 
parts that are attached by a hinge. This hinge is the main reason why the molds 
can be reused for mass production, since it is easy to align the two cast pieces when 

closing the cast. Note that molds designed for translational casting do not have this 
feature. Therefore, molds designed for translational casting are usually consumable 
molds that are destroyed by the casting process [19].

There exists a close relationship between rotational casting and translational cast
ing. Let P  denote a polygon in 2-dimensional space and let r  denote the center of 

rotation used to rotationally cast P. Assume that P  and r  are given in a polar co
ordinate system with origin r. In polar coordinates, every point is described by an 
angle 0 and the distance d from the origin. Transform the coordinate system into 
a cartesian coordinate system, such that the x-axis describes the angle 4> and the 
y-axis describes the distance d. Considering this transformed system between x = 0 
and x = 2tt shows the transformed polar coordinate system. Every point of the cast
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CHAPTER 1. INTRODUCTION 6

of P  moves along a straight line when the cast is removed. This means that rota
tional casting becomes translational casting. It remains to analyze the shape of the 
transformed polygon P. Without loss of generality (since everything can be rotated), 
assume that P  does not contain vertical edges. Furthermore, assume that r is not 

contained in the interior of P, since otherwise, P  could not be cast using r as center 
of rotation. The transformation of an edge e of P  is in essence a curve describing the 
distance of points on the edge to the origin. The distance from an edge to a point is 

non-linear and cannot be described using an algebraic curve, but trigonometric func
tions are necessary [4]. Since r  is not contained in the interior of P , the transformed 
polygon P  is topologically equivalent to P  and its boundary consists of piecewise 
non-algebraic curves. Considering rotational casting of a polygon P  is equivalent to 

considering translational casting of the transformed polygon P.
The above relationship between rotational casting and translational casting ex

tends to three dimensions. Let P  denote a polyhedron and let I denote the axis of 
rotation. Assume that P  and I are given in a cylindrical coordinate system with I 
as 2-axis. Transform the coordinate system into a cartesian coordinate system, such 
that the x-axis describes the angle <f>, the y-axis describes the distance d, and the z- 
axis stays fixed. This yields the transformed polyhedron P  bounded by non-algebraic 
surface patches. Furthermore, rotations around I correspond to translations in the 
transformed coordinate system. Hence, the following result can be extended: Consid
ering rotational casting of a polyhedron P  is equivalent to considering translational 

casting of the transformed polyhedron P.
To my knowledge, this close relationship between rotational casting and trans

lational casting has not previously been mentioned or used to obtain algorithms to 
rotationally cast polygons or polyhedra. None of the algorithms surveyed in the fol
lowing can easily be extended to handle translational castability of 2-dimensional 
objects bounded by piecewise non-algebraic curves or 3-dimensional objects bounded 

by non-algebraic surface patches.
In two dimensions, Rosenbloom and Rappaport [35] consider an object modeled 

by a simple polygon with n vertices and they define the cast of this object as the 
boundary of the polygon. Their algorithms solve two related problems. The first
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CHAPTER 1. INTRODUCTION 7

algorithm determines in time 0 (n ) whether the cast can be partitioned into exactly 

two pieces, such that each piece can be removed from the manufactured object by 
translation without breaking the object or the cast. To solve this problem, an im
portant link between castability and monotonicity of a simple polygon is established. 
The algorithm that solves this problem uses the algorithm developed by Preparata 

and Supowit [34] that determines in 0(ri) time whether a polygon with n  vertices is 
monotone. The second algorithm determines in time 0 (n  log n) whether the cast can 

be partitioned into two pieces by cutting the cast along a line, such that both pieces 
can be removed from the manufactured object by translation without breaking the 

object or the cast. If this is possible, the object can be manufactured in the following 
way: the cast is cut into two pieces and the two pieces are put on their sides and 
filled with liquid. Once the liquid has hardened, the cast is removed by translation 
and the two manufactured pieces are glued together. This method of manufacturing 

an object is called sand-casting.
Different approaches exist to examine the three-dimensional version of the casting 

problem, where the object to be manufactured is modeled by a polyhedron in space 
with combinatorial complexity n and the polyhedron’s boundary is used as cast. As 

mentioned above, these approaches are closely related to rotational clamshell casting. 
Ahn et al. [2] determine whether the cast can be partitioned into exactly two pieces, 

such that both pieces can be removed from the manufactured object by translations 
in opposite directions without breaking the object or the cast. They consider two 

problems: the first problem is to decide whether a given object is castable with 
respect to a given cast removal direction and the second problem is to find a valid 

removal direction for a given object in case that one exists. Ahn et al. give sufficient 
and necessary conditions for translational castability of objects bounded by algebraic 
surface patches that meet along algebraic curves. However, algorithms to determine 
castability only work for polyhedra. For a polyhedron of combinatorial complexity 

n, they present algorithms to solve the first problem in 0 (n  log n) time and to solve 
the second problem in 0 (n 4) expected time. They also show that their algorithm 
cannot be easily extended to allow arbitrary cast removal directions, i.e. non-opposite 
directions. Note that the algorithm provided by Ahn et al. solves a three-dimensional
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CHAPTER 1. INTRODUCTION 8

version of the first problem considered by Rosenbloom and Rappaport. Before Ahn et 
al. found an analytic solution to this problem, Hui and Tan [26] developed a heuristic 

method to solve the problem. They choose candidate removal directions heuristically 
and test for a sample of points located on the boundary of the polyhedron whether 
the points can be removed in that direction. Ahn et al. [1] solve the two above- 
mentioned problems using randomized algorithms in a setting, where the direction 
for cast removal is uncertain. This setting is important in practice, since the control 
of the casting machinery is imperfect.

Note that the 3-dimensional problems considered in this thesis are closely related 
to the problems considered by Ahn et al. in [2]. The 3-dimensional decision problem 
for translational casting considered by Ahn et al. corresponds to the 3-dimensional 
decision problem addressed in this thesis. The problem of determining all the valid 
removal directions considered by Ahn et al. corresponds to the problem of determining 
all valid casting lines in space addressed in this thesis. Since Ahn et al. propose 
algorithms that handle opposite cast removal only, the space of solutions is the space of 

all possible directions, i.e. the unit sphere of directions, and therefore 2-dimensional. 
The problem considered in this thesis considers full lines. Hence the space of all 
solutions is the space of all possible lines in 3D and is therefore 4-dimensional [33]. 
Note that despite these two additional degrees of freedom, the algorithms presented 

in this thesis are only slightly less efficient than the algorithms proposed by Ahn et 
al.

Bose et al. [6] consider an object modeled by a simple polyhedron with n vertices 
and use the polyhedron’s boundary as cast. They determine whether the cast can be 
partitioned into two pieces by a plane, such that both pieces can be removed from 
the manufactured object by translation without breaking the object or the cast. If 

this is the case, the object can be manufactured by sand casting. A simple algorithm 
to decide whether a simple polyhedron with n  vertices can be manufactured by sand 
casting running in time 0 (n 2logn) is provided. The running time of the algorithm 
can be improved to 0 (n ? +li), for any fixed e > 0, by using complicated data structures. 
Furthermore, the running time of the algorithm becomes 0 [n 2) in case that the cast 
removal directions are opposite directions. Note that the algorithm provided by
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CHAPTER 1. INTRODUCTION 9

Bose et al. solves a three-dimensional version of the second problem considered by 
Rosenbloom and Rappaport.

In computational geometry, other problems related to the casting process are 
subject to research. For instance, when a polyhedral shape is manufactured through 
casting, the cast has at least one hole called a filling hole through which molten 

liquid is poured into the cast. Furthermore, the cast may contain additional holes 
called venting holes that allow the air initially contained in the cast to escape as the 

cast is filled with liquid. Venting holes are crucial to eliminate surface defects and 
the number of venting holes depends on the orientation of the cast. Bose et al. [12] 

describe an algorithm running in time 0 (n 2) that computes the orientation of the 
cast, modeled by a polyhedron with n  vertices, that minimizes the number of venting 
holes required to eliminate surface defects. More efficient algorithms to solve the 
problem are presented for special classes of polyhedra. The two-dimensional version 

of this problem is addressed by Bose and Toussaint [10] and Fekete and Mitchell [22],

1.4 Sum m ary o f R esu lts and T hesis O rganization

Chapter 2 discusses the two-dimensional clamshell casting problem. Two problems 
are addressed: finding a partitioning of the cast based on a given point of rotation 
and finding all of the points in the plane that allow a valid partitioning of the cast. 

A preliminary version of Chapter 2 was published by Bose et al. [8]. Table 1.1 
summarizes the results presented in Chapter 2.

Chapter 3 discusses the three-dimensional clamshell casting problem. Two prob
lems are addressed: finding a partitioning of the cast based on a given line of rotation 

and finding all of the lines in space that allow a valid partitioning of the cast. A pre
liminary version of Chapter 3 was published by Bose et al. [7]. Table 1.2 summarizes 

the results presented in Chapter 3.
Finally, Chapter 4 concludes and gives ideas for future work.
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Convex Polygon Simple Polygon
Decision Problem 0(n)  time 

0 (n ) space
0 (n )  time 
0 ( n ) space

Reporting all valid 
centers of rotation

0{n) time 
0 (n ) space

0 (n 2) time 
0 (n 2) space

Preprocessing polygon 
for queries

0 (n ) preprocessing time 
0(n)  space 
O(logn) query time

0 (n 2) preprocessing time 
0 (n 2) space 
O(logn) query time

Table 1.1: Summary of the results for two-dimensional clamshell casting.

Robust Castability General Castability
Decision Problem O(n) time 

0 {n ) space
O (nlogn) time 
0{n) space

Reporting all valid 
casting lines

0 (n 4a(n)) time 
0 (n 4) space

0 (n 4 log n) time 
0 (n 4) space

Preprocessing 
polyhedron 
for queries

0 (n 4+e) preprocessing time 
0 (n 4+e) space 
O(logn) query time

0 (n 4+e) preprocessing time 
0 (n 4+e) space 
O(logn) query time

Table 1.2: Summary of the results for three-dimensional clamshell casting.
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Chapter 2

Rotational Casting in Two 
Dim ensions

The world is continuous, but the mind is discrete.

D a v id  M u m f o r d

This chapter discusses the two-dimensional clamshell casting problem. Section
2.1 introduces the notation and preliminaries used throughout the chapter, Section
2.2 discusses the problem of finding a partitioning of the cast based on a given point 
of rotation, and Section 2.3 discusses the problem of finding all of the points in the 

plane that allow a valid partitioning of the cast.

2.1 Prelim inaries

Let P  be a simple polygon in the plane with n vertices and let in t(P )  and dP  denote 
the interior and boundary of P, respectively, so that P = in t(P )U dP . The boundary 

is also called the cast of P. The edges of P  are oriented counterclockwise so that 
int(P ) is located to their left. Parallel adjacent edges are not allowed, since this 
can be easily avoided by merging the two adjacent parallel edges. The aim is to 
rotationally remove the cast of P  in two pieces. We specify below precisely what this 
means.

11
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D efinition  2.1.1. Let r and p be points in the plane. Denote the circular arc with 

center r and angle a starting a tp  winding in clockwise (cw) or counterclockwise (ccw) 
direction by cwarc(r,p,a) or ccwarc(r,p,a) respectively. An edge e of P  is removable 
in cw orientation with respect to r  if

3 a > 0 such that V p on e : cwarc(r,p, a) fl in t(P ) = 0 

and removable in ccw orientation with respect to r if

3 a > 0 such that V p on e : ccwarc(r,p, a) fl in t(P ) = 0.

Then, we call the cw or ccw orientation a valid orientation for cast removal for e 
with respect to r respectively, and we call r a valid center of rotation for e. Figure 2.1 
illustrates the definition of removability for edges.

Figure 2.1: The edges e\ and e2 are removable in cw orientation with angle a  and 
ccw orientation with angle (5 with respect to r respectively.

D efinition 2.1.2. Let r be a point in the plane. A polygon P  is rotationally castable 
with respect to r, if dP  can be partitioned into exactly two connected chains, such 

that all edges of one chain are removable in cw orientation with respect to r and all 
edges of the other chain are removable in ccw orientation with respect to r.

This implies that there exists an angle a, such that both chains can be rotated by 
angle a  in cw or ccw orientation with respect to r, respectively, without colliding with 

each other. Note that the partitioning of the chain is not necessarily at vertices of P.
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CHAPTER 2. ROTATIONAL CASTING IN TWO DIMENSIONS 13

Henceforth, unless specifically stated otherwise, by castable, we will mean rotationally 

castable. We now outline a key property that characterizes all locations from which 
an edge is removable.

For an edge e G d P  with incident vertices a and b, let n e(a) denote the line
perpendicular to e passing through a. The line ne(a) divides the plane into two half

planes and the open half plane containing b is denoted by n f(a )  and the open half 
plane that does not contain b is denoted by n~(a). The supporting line 1(e) of e 
divides the plane into two half planes. Denote the open half plane located to the left 
of e when traversing P  in ccw orientation by l+(e) and the open half plane located 

to the right of e when traversing P  in ccw orientation by l~(e), see Figure 2.2. The
closure of an open set S  is denoted by d (S ) .

l+(e
1(e)

l-(e)

ne (b) 

n+(b)
ne(b)

P

n+(a)

nP [a)

ne(a)

Figure 2.2: The half planes associated with an edge e.

Lemma 2.1.3. Let e be an edge of P  and denote the two vertices incident to e in 

ccw order by a and b. For the orientation for cast removal o f e, the following four  

cases are possible:
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1. The edge e is removable from the cast using a cw rotation around r, i f  and only 

i f  r G cl{n~{a)).

2. The edge e is removable from the cast using a ccw rotation around r, i f  and only 

i f r E  cl(n~(b)).

3. The edge e needs to be partitioned into two parts at the orthogonal projection 

of r on e in order to be removed, i f  and only i f  r G n f(a )  fl nf(b)  fl cl(l~(e)). 

One part of e is removable using a ccw rotation and the other one using a cw 

rotation around r. Let r* be the orthogonal projection of r on e. Denote the 

edge with incident vertices a and r* by e\ and the edge with incident vertices r* 

and b by e2 respectively. The edge ei is removable using a ccw rotation around 

r and e2 is removable using a cw rotation around r.

4. The edge e is not removable from the cast, i f  and only i f r  G n f  (a)C\nf (b)Dl+ (e).

Proof. Consider that every point p of e moves on cwarcfr, p, a) or ccwarcfr, p. a) 

when rotated by an angle a  around r. Denote the vector from p to r by pr and the 

vector pr rotated in ccw orientation by 90° by p rL. The tangent of cwarc(r,p, a) or 
ccwarc(r,p,a) is p r1' or —p r± , respectively, for any point p. Denote by g the line 
passing through p in direction pr1 and denote by g+(p) the closed half plane bounded 
by g containing r. The two arcs cwarc(r,p, a) and ccwarc(r,p ,a) are contained in

g + (p)-
Let p  be an arbitrary point in the interior of e. There exists an open disk d with 

positive radius centered at p with the property that exactly half of d is contained in 
in t(P )  and exactly half of d is contained in the exterior of P. Denote the ray starting 
at p propagating in direction p r1 by q+ and denote the ray starting at p propagating 
in direction —pr± by q~.

Let r G cl{n~(a)) and let p be an arbitrary point in the interior of e. The inter
section d fl q+ is located completely outside of in t(P ).  Hence, p can move by a small 
amount along pf"1 without penetrating in t(P).  Since cwarc(r,p, a) C g+{p) and since 
pr± is the tangent of cwarc(r,p, a) in p, small movements of p along cwarc(r,p , a) 

are possible without penetrating in t(P). Hence, 3 a > 0 such that V p on e :
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cwarc(r ,p ,a ) fl in t(P ) = 0 . The intersection d fl q~ is completely contained in 
in t(P )  U {p} and hence, p cannot move infinitesimally along —p rx without pene
trating in t(P).  Since infinitesimal movements along —pr± correspond to infinites

imal movements along ccwarc(r,p,a), there is no a  > 0 such that V p on e : 
ccwarc(r,p, a) fl in t(P ) = 0 . Hence, e is only removable using a cw rotation around 

r  if r G cl{n~(a)).

Let r  G cl(n~(b)) and let p be an arbitrary point in the interior of e. The in

tersection d fl q~ is located completely outside of int(P). Hence, p can move by 
a small amount along —pr± without penetrating int(P). Since ccwarc(r,p, a) C 
g+(p) and since — pr± is the tangent of ccwarc(r,p,a) in p, small movements of 
p along ccwarc(r,p,a) are possible without penetrating int(P). Hence, 3 a > 

0 such that V p on e : ccwarc(r,p, a) fl int(P) = 0. The intersection d fl q+ is 
completely contained in int(P) U {p} and hence, p cannot move infinitesimally along 
prj~ without penetrating int(P). Since infinitesimal movements along prL corre
spond to infinitesimal movements along cwarc(r,p,a), there is no a > 0 such that 

V p on e : cwarc(r,p, a) fl int(P) = 0. Hence, e is only removable using a ccw rotation 
around r  if r  G cl(n~(b)).

If r G n^{a) fl n f(b )  fl cl(l~(e)), e is divided into two edges at the orthogonal 
projection r* of r on e. Denote the edge with incident vertices a and r* by e\ and 

the edge with incident vertices r* and b by e2 respectively. As r G cl(n~ (r*)) and 
r G cl(n~ (r*)), e\ is only removable using a ccw rotation around r  and 62 is only 
removable using a cw rotation around r.

If r  G n+(a) fl n+(6) fl £+(e), the orthogonal projection r* of r  on e cannot 
be rotationally removed from the cast. This means, there is no a > 0 such that 
cwarc(r,r*,a) fM nt(P)  =  0 or ccwarc(r,r*,a) fM nt(P) = 0 respectively. Therefore, 

e is not removable with respect to r.
This determines the removability of e depending on the location of r  in the plane. 

Hence, the four statements of Lemma 2.1.3 follow directly. □
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2.2 D ecision  P roblem

In this section, we address the question of whether a polygon is castable with respect 

to a given point of rotation and present an algorithm that solves the problem in linear 
time.

Assume that a polygon P  and a center of rotation r are given. The aim is to 
determine whether P  is castable with respect to r. If P  is castable with respect to r 

then the two points on dP, where the cast is cut, need to be found.

Definition 2.2.1. A  near point c with respect to r is defined as c E d P  with the 

property that a sufficiently small neighborhood of c on d P  is completely outside of 

the open disk centered at r and passing through c. This means there exists a disk b 

centered at c with a positive radius, such that all points q £ (dP  fl b) \  {c} are outside 

of the closed disk centered at r and passing through c.

Hence, if c is not a vertex, c is the orthogonal projection of r  on an edge of P. 

Therefore, c locally minimizes the distance between the cast and the center of rotation 

r.

Definition 2.2.2. A  far point /  with respect to r  is defined as f  E d P  with the 

property that a sufficiently small neighborhood of f  on d P  is completely contained in  

the closed disk centered at r and passing through f . This means there exists a disk 

b centered at f  with a positive radius, such that all points q £ d P  fl b are completely 

contained in the closed disk centered at r and passing through f .

The point /  is always a vertex of P  that locally maximizes the distance between 
the cast and the center of rotation r.

Definition 2.2.3. Let p £ d P  be a vertex of P  or a point in the interior of an edge 

of P. I f  p is located in the interior of an edge e, split the edge into two edges at p. 

The valid orientation for  cast removal with respect to r is said to change at p i f  one 

of the edges incident to p is removable in cw orientation and the other edge incident 

to p is removable in ccw orientation with respect to r.
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Lemma 2.2.4. The valid orientation for cast removal with respect to r changes at a 

point p E d P  if  and only i f  p is either a near point or a far  point with respect to r.

Proof. The proof consists of two parts. First, we show that the valid orientation for 
cast removal with respect to r  changes at p  E d P  if p is a near point or a far point with 

respect to r. At a far point / ,  an arbitrarily small neighborhood of /  is completely 
contained in the closed disk induced by the circle b centered at r  passing through / .  
Hence, there is a smaller circle concentric to b that passes through two points on d P  

located in an arbitrarily small neighborhood of / .  As this circle intersects the polygon 
twice, one intersection point penetrates in t(P )  when rotated by an arbitrarily small 

angle in cw orientation with respect to r and the other intersection point penetrates 
in t(P)  when rotated by an arbitrarily small angle in ccw orientation with respect to 

r .  Hence, it is not possible to remove the cast in the same orientation. Hence, the 
valid orientation for cast removal changes at / .  The proof is similar for near points 
where b is enlarged by a small amount. Again, the two intersection points of the 
enlarged circle with the polygon can only be removed in different orientations with 

respect to r .

Second, the valid orientation for cast removal with respect to r changes at no 

other point but a near point or a far point. Assume that the valid orientation for cast 
removal with respect to r changes at p E d P  with p neither a far point nor a near 
point. Hence, the circle b centered at r  passing through p properly intersects P  at 
p, since p neither locally maximizes nor locally minimizes the distance between d P  

and r .  If p is not a vertex of P, but situated in the interior of an edge e of dP, e is 
split into two edges at p. Otherwise, p is a vertex of P  and there exist exactly two 
edges adjacent to p. Therefore, the point p has two adjacent edges. As P  is a simple 
polygon, locally it is located completely to the left of the boundary defined by the two 

edges adjacent to p. Hence, the valid orientation for cast removal with respect to r 

does not change at p, which contradicts the initial assumption. Therefore, p must be 

either a near point or a far point for the valid direction of cast removal with respect 

to r to change. □

Theorem  2.2.5. Given a center of rotation r, a polygon P  is castable with respect
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to r if and only if there exists exactly one near point c with respect to r and exactly 

one far point f  with respect to r on dP.

Proof. The proof consists of two parts. First, we show that P  is castable with respect 

to r if there exists exactly one near point c and exactly one far point /  with respect to 
r. If there exists exactly one near point c and exactly one far point /  with respect to 
r, the point c minimizes the distance between dP  and r and /  maximizes the distance 

between dP  and r. Hence, P  is completely contained in the closed annulus defined 
by the two concentric circles centered at r and passing through c and /  respectively. 
The valid orientation for cast removal with respect to r can only change at c and 
/  (Lemma 2.2.4). Therefore, one part of the polygon can be removed using a cw 
rotation and the other part can be removed using a ccw rotation if P  is cut at c and 

/ •

Second, if P  is castable with respect to r  then there exists exactly one far point 
and exactly one near point with respect to r. A castable polygon with respect to r 
consists of two cast parts, i.e. there are exactly two points on dP  where the orientation 
of cast removal with respect to r changes. By Lemma 2.2.4, this implies that there 

are exactly two near or far points on dP. The extreme value theorem implies that 
there is always at least one local minimum and one local maximum with respect to 
the distance from r to dP  [28, Chapter 3]. Therefore, there must exist at least one 
near point and one far point £ dP  with respect to r. Hence, there is exactly one near 
point and one far point with respect to r on a castable polygon with respect to r. □

Theorem 2.2.5 allows us to determine whether a polygon is castable given a center 
point r by testing how many points p £ dP  are local extrema with respect to the 
distance between p and r. The polygon is castable if and only if there is exactly one 
maximum and one minimum. To do this test efficiently, we establish the following 
observation:

O bservation  2.2.6. For a simple polygon P  and a point r in the plane, the number of 
points c £ d P  that locally minimize the distance between dP  and r equals the number 
of points f  £ dP that locally maximize the distance between dP and r.
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Observation 2.2.6 holds because P  is a simple closed polygon. Hence, the function 
describing the distance from r  to d P  is continuous and there is always a local minimum 
between two local maxima and vice versa for continuous functions [28, Chapter 3].

Hence, it is sufficient to consider local maxima to decide whether a polygon is 
castable given a center point r. As each far point must be a vertex of P, one can 

test for multiple local maxima by traversing the polygon’s vertices p  and computing 
the distances between p  and r. Furthermore, it is required to compute the minimal 

distance from r  to each edge of P. The reason is that two consecutive vertices of P  

can both locally maximize the distance between r and dP. This takes linear time.

Theorem 2.2.7. Given a polygon P  with n  vertices and a center o f rotation r in the 

plane, we can test in 0 ( n ) time whether P  is castable with respect to r.

2.3 D eterm in ing all valid regions for cast rem oval

In this section, the aim is to find all points r in the plane, such that a given polygon 
is castable with respect to r.

Definition 2.3.1. The set of all points r in the plane with the property that P  is 

castable with respect to r is the valid region for cast removal of P. The complement 

of the valid region is the invalid region for cast removal of P.

The aim is to determine the valid region in the plane for a given polygon P  by 
partitioning the plane into valid and invalid region for cast removal. Once a query 
point r is given, it is possible to determine whether r is a valid center of rotation for P  

by determining whether r is contained in a valid or an invalid region for cast removal. 
We will see that convex polygons have a valid region that differs significantly from 
the valid region of non-convex simple polygons.

2.3.1 C onvex p o lygons

In this section, we consider convex polygons and show that it is possible to find the 

valid region for cast removal in linear time. The plane is partitioned into valid and
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invalid regions for cast removal by constructing the envelope of an arrangement of 

half lines.
Lemma 2.1.3 implies that every edge e with incident vertices a and b given in 

ccw order on d P  splits the plane into regions of different valid orientations for cast 
removal, see Figure 2.3.

ccw

b

U I . V 'K  l i lXHOX e cw /  ccw

a

cw

Figure 2.3: A n edge splits the plane into regions of different valid orientations for  
cast removal

Definition 2.3.2. Let e be an edge of P  and denote the two vertices incident to e in 

ccw order by a and b. The open strip n f(a )  fl n f(b)  H l+(e) is called the black region 
of e.

Note that the black region does not contain any valid centers of rotation r  for 

which e is castable (see Lemma 2.1.3, case 4).

Lemma 2.3.3. For a convex polygon P , in t(P ) is contained in the union of the black 

regions of the edges of P.

Proof. Every point q G in t(P )  has at least one near point c E d P  with respect to q. 

As P  is convex and as q G in t(P), c is the orthogonal projection of q on an edge e 
and not a vertex of P. Hence, q is contained in the black region of e. □

Lemma 2.3.4. A convex polygon P  is castable with respect to a center of rotation r 

i f  and only i f  r is not contained in the union of all black regions of edges of P.
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Proof. This proof consists of two parts. First, a convex polygon is not castable with 

respect to r if r is contained in the union of all black regions of edges of P. If r  is 
contained in the union of all black regions, it is contained in the black region of at 
least one edge e. The edge e is therefore not removable with respect to r (Lemma 
2.1.3).

The second part is that P  is castable with respect to r  if r is not contained in 
the union of all black regions of edges of P. Assume, r is outside of the union of 
the black regions, and P  is not castable. Theorem 2.2.5 and the Extreme Value 
Theorem [28, Chapter 3] imply that there are at least two far points with respect to 

r. Denote the two far points by f i  and / 2. Two cases can occur: either r  <G in t(P )  

or r ^  in t(P). If r  £ in t(P),  Lemma 2.3.3 ensures that P  is contained in the black 
region of at least one edge. Hence, r £ in t(P )  must hold. The following description 
is illustrated in Figure 2.4. Since r ^  in t(P ),  it is possible to compute two tangents 

from r  to dP. Denote the two vertices where the tangents touch d P  by t,\ and i2, 
respectively. If a tangent touches d P  in more than one vertex, choose the vertex 
closest to r  as t\  or t2, respectively. The two tangents decompose d P  into two chains, 
the lower chain contained in the triangle T  with vertices f i , t 2, and r and the upper 
chain not contained in T. Since P  is convex, no far point of P  with respect to r  can 
be on the lower chain. Hence, both f \  and / 2 are on the upper chain. There are two 

near points on d P  with respect to r, one on each chain connecting f i  and / 2. Since 
both f i  and / 2 are on the upper chain, there must be a near point c\ with respect to 

r  on the upper chain between f i  and / 2 (see Observation 2.2.6). Since P  is convex 
and ci is on the upper chain, Ci cannot be a vertex of P. Hence, C\ is the orthogonal 

projection of r onto an edge e of P. Since e is on the upper chain and r projects 
orthogonally onto e, r is located to the left of e. Therefore r  E n f(a )  Fl nf(b)  fl l+(e), 

where a and b denote the vertices incident to e. This means, r  is contained in the 
black region of e. But this contradicts the initial assumption that r  is not contained 

in the union of black regions of edges of P. Hence, P  is only castable with respect to 
r if r is outside of the union of black regions of edges of P. □

Lemma 2.3.5. The valid region for cast removal of a convex polygon P  consists only 

of unbounded regions in the plane.
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upper chain

lower chain

Figure 2.4: The center r is located in the black region of the edge containing c\.

Proof. Note that Lemma 2.3.4 implies that the complement of the union of the black 
regions of edges of a convex polygon P  is the valid region for cast removal of P. 

Assume there exists a point r  in a bounded region such that P  is castable with 
respect to r .  Then, r is contained in a region bounded by the black regions of at 
least two edges ei and e2 of P  and the convex polygonal chain h connecting ei and e2 
that has r to its left, see Figure 2.5. Let pi and p2 be the vertices ei D h and e2 fl h. 

The vertices pi and p2 minimize the distance from r  to e\ and e2 respectively. As 
the function describing the distance from r to d P  is continuous and as P  is simply 
connected, there exists at least one near point c with respect to r on h. As r  is 
located to the left of h and as h is convex, c is located in the interior of an edge e 

with incident vertices a and b. Hence, r  E n f(a )  fl nf(b)  fl l+(e), i.e. r is contained 
in the black region of e. This contradicts the initial assumption and proves that the 

valid region of P  consists only of unbounded regions in the plane. □

Based on Lemma 2.3.4 and Lemma 2.3.5, we compute the boundary of the union 
of all black regions of edges of P. For this, the notion of an envelope of n  lines is 

defined.

D efinition 2.3.6. A set of n lines in the plane induces a subdivision S  of the plane.
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Figure 2.5: Location of a point r in a bounded region.

The envelope of the n lines is the polygon formed by the bounded edges of all the 

unbounded regions of S  [27].
Similarly, a convex polygon P  and the half lines bounding the black regions of its 

edges induce a subdivision S  of the plane. Parallel half lines with the same orientation 
intersect at infinity and are therefore considered to be bounded edges. The polygon 
formed by the bounded edges of all the unbounded regions of S  is called the envelope 
of the arrangement induced by P.

Lemma 2.3.5 implies that all valid regions of P  are contained in the complement 

of the envelope of the arrangement induced by P.

Theorem  2.3.7. Given a convex polygon P  with n vertices, a description of the valid 

region for cast removal of P  has 0 ( n ) size and can be computed in 0(n) time.

Proof. Using the algorithm of Keil [27], it is possible to compute the envelope of an 
arrangement of n lines in 0 (n) time given that the lines are sorted according to their 

slope. This algorithm can be modified to find the union of all black regions of edges of 
P  by defining an arrangement consisting of the half lines that bound black regions of 

edges. In this arrangement, the left and the right envelopes are computed, and their 
union corresponds to the union of all black regions of P. The modified algorithm 
first splits the polygon at the two points with minimum and maximum //-coordinate. 
The right envelope is computed by starting at the lowest point of the polygon and 

traversing it in clockwise order up to the highest point. For each edge e we traverse,
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denote the half line in the direction of the inner normal of e passing through the first 
vertex of e encountered during the traversal by Z, and the half line in the direction of 
the inner normal of e passing through the second vertex of e encountered during the 

traversal by I*, 1 <  i < s, s < n. See Figure 2.6. Denote by Bi the convex polygonal 
chain bounding the region below the half lines L to li} 1 <  i < s, and by Als the 

convex polygonal chain bounding the region above the lines Z*+1 to I*, 0 < i < s — 1. 
Concatenate A 0, for 1 <  i < s — 1 the boundary of AiOBi, B s, and in case that A q and 

B s are disjoint the part of P  used to compute the right envelope. For a visualization 
of the result of this right envelope, refer to Figure 2.6.

To compute the left envelope, traverse the polygon in ccw direction starting at 
the lowest point and ending at the highest point. Define Zj and I*, 1 < i < s, s < n 

as above for every edge of P. Computing Aj and Bi in the same way as before 
and concatenating A 0, for 1 < i < s — 1 the boundary of A t Cl Bi, B s, and in case 
that A q and B s are disjoint the part of P  used to compute the left envelope yields 
the left envelope. Note that the only difference between this algorithm and Keil’s 

algorithm is the use of two different sets of lines Z* and I* to compute Bi and A l. 
respectively. Hence, only minor changes in Keil’s algorithm are required to perform 

these computations. As there are 2n  half lines already sorted by slope, this algorithm 

takes 0 (n) time.

Figure 2.6: Result of the right envelope algorithm (shown in bold)

Two planar regions are created, and if we imagine that parallel lines intersect 
at infinity, the two regions are simply connected planar polygons. The algorithm
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by Finke and Hinrichs [23], that computes the overlay of simply connected planar 

subdivisions in time linear in the size of the output, is used to compute the union of 
those two regions. The algorithm assumes that the two subdivisions are given in quad 
view data structure and changes that structure in a way that the result represents 
the overlay of the two regions.

The size of the two envelopes Ei  and E 2 is linear in the number n of vertices of 
the polygon P, because it can be computed using Keil’s algorithm in 0 (n )  time. As 
both envelopes ordered in clockwise order are given, one can construct a quad view 
data structure in linear time. The time required for Finke and Hinrichs’s algorithm 

is 0 (n +  k), where n  is the combined size of the two polygons to be overlayed and k  is 
the number of intersection points of Ei  and E 2. Lemma 2.3.5 guarantees that there 

are no unbounded valid regions in the overlay of Ei  and E 2. Hence, when an edge of 
Ei  intersects an edge of E 2, only one of the edges can have further intersection points 
with Ei  or E 2 respectively. Therefore, the number of intersection points of Ei  and E 2 

is 0 (n )  resulting in an 0 (n )  time algorithm. In the resulting subdivision, any region 
labeled as unbounded is a valid region of P.

The combination of the two algorithms allows to find the valid region for centers 
of rotations for cast removal in 0 (n )  time where n is the number of vertices of P. □

Corollary 2.3.8. A convex polygon P  with n  vertices can be preprocessed in 0 (n )  

time, such that for any given point r, we can decide in O(logn) time if  P  is castable 

with respect to r.

Proof. Theorem 2.3.7 allows to find the valid region for cast removal of P  in 0 (n )  

time. Hence, in 0 (n )  time, the plane is preprocessed, such that every face of the 

planar subdivision induced by black regions of P  is labeled as a valid or invalid 
region.

For any query point r, after 0 (n )  preprocessing time, it is possible to determine 
the face of the arrangement containing r  in time 0(log n) [29]. Once the face is known, 
we can determine in constant time whether that face is contained in the union of the 
black regions of P, i.e. whether r  is a valid center of rotation. □
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2.3 .2  S im ple p o lygon s

In this section, we consider simple (not necessarily convex) polygons with n vertices 

and show that it is possible to find the valid region for cast removal in 0 {n2) time. 
If the aim is to report the valid region, this time bound is worst case optimal.

Let r be a point in the plane. If the valid orientation for cast removal of a simple 

polygon P  changes with respect to r  at a reflex vertex v E dP, v penetrates int(P)  
when rotated infinitesimally around r with arbitrary orientation. This yields the 
following observation:

Observation 2.3.9. A rotationally castable polygon P  with respect to r cannot be 
divided at one of its reflex vertices v unless the center of rotation r is v. Hence, v 
cannot be a far point with respect to r and v can only be a near point with respect to 

r if r =  v.

Definition 2.3.10. Let v be a vertex of P  and denote the two edges adjacent to v by 

e\ and 6 2 - The near cone of v is defined as cl(n~ (v) fl n~ (v)) and denoted by NC(y).

The near cone of v is the set of all points l e R 2 with the property that v is a 
near point with respect to X ,  see Figure 2.7.

Definition 2.3.11. Let v be a vertex of P and denote the two edges adjacent to v by 

e\ and e -̂ The far cone of v is defined as rif (v) fl n f  (v) and denoted by FC (v).

The far cone of v is the set of all points I s l 2 with the property that v is a far 
point with respect to X ,  see Figure 2.7.

Definition 2.3.12. The black region of a reflex vertex v is (N C (v ) U F C (v )) \  {u}.

Note that Observation 2.3.9 ensures that the black region of v does not contain 

any valid centers of rotation r  that allow v to be removed from the cast.

Lemma 2.3.13. For a simple polygon P, int(P) is contained in the union of the 

black regions of the edges and the reflex vertices of P.
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T
l K ' i l l '  f O I K ’ '

/

far cone

Figure 2.7: The near cone and the far  cone of v.

Proof. Every point p  E in t(P )  has at least one near point c E d P  with respect to p. 

If c is the orthogonal projection of p on the interior of an edge e, p is contained in 

the black region of e. Otherwise, c is a reflex vertex and p is contained in the black 

region of c. □

Lemma 2.3.14. A simple polygon P  is castable with respect to a center of rotation 

r i f  and only i f  r is not contained in the union of all black regions of edges and reflex 

vertices of P.

Proof This proof consists of two parts. First, a simple polygon is not castable with 
respect to r  if r  is contained in the union of all black regions of edges and reflex 
vertices of P. If r  is contained in the union of all black regions, it is either contained 

in the black region of at least one edge e or in the black region of at least one reflex 
vertex v. Hence, either e or v cannot be removed from the cast.

Second, a simple polygon is always castable if r  is not contained in the union 
of black regions of its edges and reflex vertices. Assume that P  is not castable with 

respect to r  and that r is not contained in the union of black regions of edges and reflex 
vertices of P . Hence, there are at least two far points f l  and f l  on d P  with respect 

to r, see Theorem 2.2.5 and the Extreme Value Theorem [28, Chapter 3]. Note that
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neither f i  nor f 2 can be a reflex vertex as r is not contained in the black region of any 
reflex vertex. Two situations are possible: either r  G int(P)  or r ^  int(P). Lemma 
2.3.13 ensures that r  ^  int(P)  as any point q G int(P)  is contained in the union of 

the black regions of the edges and reflex vertices of P. The following description is 
illustrated in Figure 2.8. Denote the far point with smallest distance to r by f \ .  If 
this far point is not unique, choose an arbitrary far point with smallest distance to 
r. Denote the circle centered at r  passing through f i  by c. In a local neighborhood 

of f i ,  dP  is contained in the interior of c. However, since f 2 is a far point on OP 
with respect to r with greater or equal distance from r  than f i ,  dP  intersects c in 

at least one point not equal to f \ .  Find the first point qi of dP  that intersects c 
when starting at f i  and walking along dP  in ccw orientation. The polygonal chain 

starting at f i  and ending at qi splits c into two regions. If r  is contained in the 
region of c located to the left of the polygonal chain starting at f i  and ending at qi, 
we call the polygonal chain an upper chain. Otherwise, find the first point q2 of dP  
that intersects c when starting at f i  and walking along dP  in cw orientation. By 

the Jordan Curve Theorem [32, Chapter 1], the polygonal chain starting at q2 and 
ending at f i  must be completely contained in the region of c located to the left of the 
polygonal chain starting at f \  and ending at q\. Furthermore, int(P)  is contained 
in the region bounded by the polygonal chain starting at q2 and ending at f i  and 

by the polygonal chain starting at f i  and ending at q\ . Hence, r is contained in the 
region of c located to the left of the polygonal chain starting at q2 and ending at 
f i .  Denote the polygonal chain starting at q2 and ending at f i  by upper chain. The 
points f i ,q i ,  and q2 are points that maximize the distance from the two polygonal 
chains considered above to r. Hence, by Observation 2.2.6 there exists a near point 
Ci on the upper chain. Since r  is located in the region of c located to the left of the 

upper chain, Ci cannot be a convex vertex. Hence, ci is either located on an edge e 
of P  or Ci is a reflex vertex of P. If ci is located on an edge e, Ci is the orthogonal 
projection of r on e and therefore, r is contained in the black region of e. Otherwise, 
Ci is a reflex vertex that is a near point and therefore, r  is contained in the black 
region of Ci. Hence, r is either contained in the black region of the reflex vertex ci 
or in the black region of the edge e. But this contradicts the initial assumption that

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



CHAPTER 2. ROTATIONAL CASTING IN TWO DIMENSIONS 29

r is not contained in the union of all black regions of edges and reflex vertices of P. 

Hence, P  is only castable with respect to r if r is outside of the union of the black 

regions of the edges and reflex vertices of P. □

fi

c
int(P)

Figure 2.8: The center r is located in the black region of the reflex vertex c\.

Theorem 2.3.15. Given a simple polygon P  with n vertices, a description of the 

valid region for cast removal of P  has 0 ( n 2) size and can be computed in 0 ( n 2) time.

Proof. We preprocess the plane by constructing the full arrangement A  of the (full) 

lines bounding the black regions of edges and reflex vertices. A doubly-connected 
edge list of the arrangement of n  lines has complexity 0 (n2) and can be constructed 
in 0 (n 2) time. See [21, Chapter 8]. Once A  is constructed, each face needs to be 
labeled as valid or invalid region for cast removal. For this purpose, a boolean value 
is associated with every edge e and reflex vertex v of P  that indicates whether the 
current location is contained in the black region of e or v respectively. We start at an 

arbitrary face /  of A  and test for each edge and reflex vertex of P  whether it causes 
/  to be invalid. After testing, we set the boolean value of each edge and reflex vertex 
appropriately and compute the number b of edges and reflex vertices that cause /  to 
be invalid. Clearly, /  is valid if and only if b = 0. This computation takes 0{n )  time 

as every edge and reflex vertex of P  needs to be considered. Next, A  is traversed in
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depth-first order on the graph induced by the vertices and the edges of A. Each time, 

an edge of A  is crossed, we update both the boolean value of the edge or reflex 
vertex of P  that induces &a and the counter b. This way, every face of A  is labeled 
in constant time per face. The edge ('a and its incident vertices are valid regions for 
cast removal if and only if one or more of e^’s adjacent faces is a valid region for cast 

removal. Hence, A  can be labeled in 0 ( n 2) time. □

Corollary 2.3.16. A simple polygon P  with n vertices can be preprocessed in 0 ( n 2) 

time, such that for any query point r, we can decide in O(logn) time i f  P  is castable 

with respect to r.

Proof. Theorem 2.3.15 allows to find the valid region for cast removal of P  in 0 { n 2) 

time. Hence, the plane is preprocessed, such that every face of the planar subdivision 
induced by black regions of P  is labeled as valid or invalid region in time 0 { n 2).

For any query point r, after 0 ( n 2) preprocessing time, it is possible to determine 

the face of the arrangement containing r in time 0(log n) [29]. Once the face is 
known, the label of the face can be retrieved in constant time. Hence, determining 
whether r  is a valid center of rotation for P  takes O(logn) time. □

We now examine the complexity of the valid region for centers of rotation. In the 
best case, i.e. in the case of a convex polygon, the number of valid regions for cast 

removal is 0 (n ) .  The number of valid regions cannot be uj{n2) as the complexity of 
an arrangement induced by 0 ( n ) lines is 0 ( n 2). Next we show that there exists a 

class of simple polygons where the number of valid regions is Q(n2). This implies that 
the 0 {n2) time bound is worst case optimal if the aim is to report all valid regions 

of cast removal for a simple polygon. We now outline the construction of the lower 
bound.

We construct a simple polygon P  consisting of n  =  3s — 1 vertices located on two 
different polygonal chains. Let s vertices of P  be evenly distributed on the upper half 

of the unit circle. The coordinates of those vertices are

(cos((i -  !)</>i), sin((i -  1)</>i)) , i = 1, . . . ,  s,
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where 0i = Hence, the vertices form a convex polygonal chain c\. All valid 

regions induced by C\ are cones whose apexes a are on the unit circle and opening 

angle see Figure 2.9.

■ITT —

BLACK
REGION

VALID
REGION

BLACK
REGION

Figure 2.9: Approximation of half circle

The second polygonal chain c2 consists of 2s — 1 vertices. Let s vertices of c2 be 
evenly distributed on the arc of the circle with center (—1,0) and radius 1 starting

at and ending at The coordinates of those vertices are

- -  +  COS Y  +  (i -  1)02
'3tt

sin | —  +  ( 1  -  1)02 i = 1, . . .  ,s,

where 02 =  16̂ _ ^ . Denote the vertices by v \ , . . .  ,vs and note that Uj is not located 
in the interior of the unit disk for i = 1, ,s.  Define the vertices Vo, us+i as

5 +  ^ ) , Si n ( f - « » ) )  • ( - )  +  c o s ( f  +  S0 ) , s m ( | S02
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respectively. Let s — 1 vertices of c2 be defined as the intersections of the line passing 

through i and with the line passing through and vi+2 , where i = 1 , . . . ,  s — 1. 
These vertices are located on a circle. The polygonal chain c2 consists of s — 2 reflex, 
s — 1 convex, and 2 boundary vertices. Note that c2 consists of sides of isosceles 
triangles, i.e. all the edges have the same length, see Figure 2.10. Valid regions 

bounded by part of c2 and two parallel half lines occur.

BLACK REGION

BLACK''--
REGION

VALID REGION

VALID REGION BLACKS
REGION

Figure 2.10: Polygonal chain

The two polygonal chains Ci and c2 can now be connected by two edges. This 
does not introduce further reflex vertices to P, but only two black regions of the new 
edges. Those black regions have no influence on further considerations. Each of the 

black regions induced by reflex vertices on c2 induces a bounded valid region when 
intersecting the valid region induced by vertices located on the arc of C\ starting at 

and ending at | .  Hence, there are at least (s — 2)|_§J bounded valid regions. As 
n =  3s — 1, there are =  f2(n2) bounded valid regions. Hence, the number of

valid regions for cast removal of a simple polygon is Q(n2). An example with s =  10 
is shown in Figure 2.11.
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(a ) (b)

Figure 2.11: Example with s = 10. (a) shows the polygon, (b) shows an enlargement 
of the polygonal chain c .̂
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Chapter 3

R otational Casting in Three 
Dim ensions

Every dimension is special.

J e f f  L a g a r ia s

In this chapter, the results of the previous chapter are extended to solve rotational 
castability of 3-dimensional objects modeled by polyhedra. Although the conceptual 
approach used in this chapter is the same as in two dimensions, the methods to solve 
the problem are more complex.

Section 3.1 introduces the notation and preliminaries used throughout the chapter, 
Section 3.2 discusses the problem of finding a partitioning of the cast based on a given 

line of rotation, and Section 3.3 discusses the problem of finding all of the lines in 
space that allow a valid partitioning of the cast.

3.1 Prelim inaries

Define a polyhedron P  of arbitrary genus as a closed, compact, connected subset of 

M3 bounded by a finite number of piecewise linear surface. Let int(P)  and d P  denote 
the interior and boundary of P, respectively, so that P = int(P)  U dP. The boundary 

is also called the cast of P. Two faces are adjacent if they share at least one edge.

34
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Parallel adjacent faces are not allowed, since this can be easily avoided by merging 
pairs of adjacent parallel faces. Let n  denote the combinatorial complexity of P 1. As 
in the 2-dimensional problem, the aim is to rotationally remove the cast of P  in two 

pieces.

Definition 3.1.1. Let I be a directed line in 3-dimensional space. Consider the plane 
7r perpendicular to I passing through a point p of P. Denote the intersection point of 
7T and I by l'(p). A face f  of P  is called removable in cw orientation with respect to 

I if
3 a > 0 such that V p e  int ( f )  : cwarc(l'(p),p, a) n  int(P) = 0 

and removable in ccw orientation with respect to I if

3 a  > 0 such that V p E int ( f )  : ccwarc(V(jp),p, a) fi int(P) = 0 .

The cw and ccw orientation is measured with respect to the orientation of line I.

The cw or ccw orientation is then called a valid orientation for cast removal for 
f  with respect to I respectively, and I is called a valid casting line for / .

Definition 3.1.2. Let I be a directed line in 3-dimensional space. A polyhedron P  
is rotationally castable with respect to I, if dP  can be partitioned into exactly two 

non-empty connected subsets Pi and P2 , such that all faces of Pi are removable in 
cw orientation with respect to I, all faces of P2 are removable in ccw orientation with 

respect to I,

3 a > 0  such that V p on Pi : cwarc(l'(p),p, a) fl int(P 2 ) = 0,

and
3 a  > 0 such that V p on P2 : ccwarc{l'(p) , p, a) fl int(Pi) = 0 .

The last two conditions of the definition ensure that the two subsets Pi and P2 

(which partition the boundary of P) do not obstruct each other’s rotational paths. 
Figure 3.1 shows part of a polyhedron that is decomposed into Pi and P2 . Although

xLet E,  F,  and V  denote the number of edges, faces, and vertices of P  respectively. Then 
n =  E +  F +  V.
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d P  can be decomposed into Pi and P2, such that Pi is removable in cw orienta

tion and P‘2 is removable in ccw orientation, the two components cannot be rotated 
infinitesimally, because they obstruct each other. In the following, the notations ro
tationally castable and castable are used interchangeably. Note that the partitioning 
of the polyhedron is not necessarily at edges of P.

Pi
/  V

/
/

/
/

/
/

/

/
\ /

/
/

/
/

p2

Figure 3.1: Two different views of P  are shown along with the partitioning of P. The 
components Pi and P2 obstruct each other’s rotational paths.

Let p E d P  be a point incident to k reflex edges ei51 <  i < k and s faces 

fi, 1 < i < s. Denote the direction of e* by d{ef) and the inner normal of f i  by n(fi).

Definition 3.1.3. Let I be a directed line in 3-dimensional space in direction I. A 

polyhedron P  is robustly castable with respect to I, i f  P  is rotationally castable with 

respect to I,

\/p E d P  : d{ef) ■ I 0, V 1 < i < k,

and

Vp E d P  : n(fi)  x I 0, V 1 < j  < s,

where • denotes the dot product of two vectors and x denotes the cross product o f two 

vectors.

The last two conditions of the definition ensure that no face or reflex edge of P  is 
perpendicular to I.

If P  is robustly castable with respect to I, we say I is a valid robust casting line 

for P . The definition implies that P  is robustly castable with respect to a line I if
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P  is castable with respect to I and no reflex edge or face of P  is perpendicular to

I. However, there can still exist a point of dP  that slides along the boundary of P  
when the cast parts are removed. This is the case when the orthogonal projection of 
I on a removable face of P  splits the face into two parts, see Lemma 3.2.2. Hence, 
the definition does not correspond to the intuitive definition of robust, where the 

limited precision of the casting machinery used to manufacture an object is taken into 
account. Therefore, the definition of robust castability does not imply that surface 
defects are less likely to occur in robust casting than in general casting. Although the 
definition of robust castability does not offer this advantage, it ensures that algorithms 
to determine robust castability of a polyhedron are more efficient than algorithms to 

determine general castability of a polyhedron.
The following sections discuss both the robust casting process and the general 

casting process.

3.2 D ecision  P roblem

In this section, we address the problem of determining whether a polyhedron P  with 
combinatorial complexity n  is castable with respect to a given line of rotation and 
present an algorithm that solves the problem in 0 ( n  logn) time. In case we want to 

determine if P  is robustly castable, the algorithm’s running time becomes 0{n).

Let P  be a polyhedron and let I be a line in space. The problem can be decomposed 
into three subproblems: determining the valid orientation for cast removal for all 
faces of P  with respect to I, checking whether all the faces removable in cw and 

ccw orientation with respect to I form a connected set, and testing whether the two 
components can be rotated by a small amount around I without colliding.

3.2 .1  R ob u st ro ta tion a l castin g

This section presents an algorithm to test whether a polyhedron P  is robustly castable 

with respect to a line I in space in 0 (n) time.
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D eterm ining the valid orientation of a face

In this section, we solve the problem of determining the valid orientation with respect 

to a line I of every face of a polyhedron P  with combinatorial complexity n in 0 {n )  

time. Denote the position vector of a point p by p.

Definition 3.2.1. Let f  be a face of P  and denote its inner normal by n. Define the 

open unbounded prism S ( f )  = {p + tn  : p e  f  and i e R } ,  Denote S +( f ) =  {p + tn  : 

p e  f  and t > 0} and S ~(/)  =  {p +  tn  : p G f  and t < 0}, see Figure 3.2.

S~(f)

Figure 3.2: The prisms S +( f )  and S  ( /) .

In a first step, the algorithm determines whether any reflex edge or face of P  

is perpendicular to the given line I. This test takes constant time per reflex edge 
or face, respectively, and therefore 0{n )  total time. If any reflex edge or face of 
P  is perpendicular to I, P  is not robustly castable with respect to I, by definition. 
Otherwise, we determine the valid orientation for cast removal for each face of P. In 

the following, we can therefore assume that no reflex edge or face of P  is perpendicular 

to I.
The following lemma, which is a 3-dimensional version of Lemma 2.1.3, charac

terizes all locations from which a face is removable.
Let /  be a face of P  with inner normal n  and let I be a line in direction I with

n x  I o.

If I fl S ( f )  = 0, compute a point p  e d f  that minimizes the Euclidean distance 
between d f  and I. If p is not unique, the set of points on d f  with minimal distance 

from I are located on an edge of d f  parallel to I and an arbitrary point p of that set
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is picked. Denote by r  the plane with normal n x I passing through p and by p* the 
point p translated by n  x I. Denote the open half space induced by r  containing p* 

by r + and the open half space induced by r  not containing p* by t ~ .

Lemma 3.2.2. For the orientation for cast removal of f , the following four cases are 

possible:

1. The face f  is removable from the cast using only a cw orientation around I, if

and only if I fl S ( f)  =  0 and I G cl{r~).

2. The face f  is removable from the cast using only a ccw orientation around I, if

and only if I n  S ( f )  =  0 and I G cl(r+).

3. The face f  needs to be partitioned into two or more parts along the orthogonal 
projection of I on f  in order to be removed, if and only if I fl S +( f ) =  0 and 
I fl S ~ ( f ) 7  ̂ 0. One or more parts of f  are removable using a ccw rotation and 

the other ones using a cw rotation around I.

4- The face f  is not removable from the cast, if and only if I fl S +( f ) ^  0.

Proof. Consider the plane i t  perpendicular to I passing through a point p of P. De

note the intersection point of i t  and I by l'(p). Every point p G in t( f )  moves on
cwarc(l'(p),p,a) or ccwarc(l'(p),p,a) when rotated by an angle a  around I. As in

—^

the proof of Lemma 2.1.3, denote the vector from p to l'(p) by pl'ijp) and the vector 
I x pl'{p) by pl'{p)±. The tangent of cwarc(l'(p),p,a) or ccwarc(l'(p),p, a) is pl^p)1- 
or —pl'(p)'L, respectively, for any point p. Denote by u the plane passing through 
p with normal vector pl'ip) and denote by v+ the open half space bounded by v 
containing I'. The two arcs cwarc(l'(p),p,a) and ccwarc(l'(p),p,a) are contained in 

cl{y+).
Let p be an arbitrary point in the interior of / .  There exists an open ball b with 

positive radius centered at p with the property that exactly half of b is contained 
in int(P) and exactly half of b is contained in the exterior of P. Denote the ray 
starting at p propagating in direction p l fp )1 by q+ and denote the ray starting at p 

propagating in direction —pl^p)1 by q~.
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Assume th a t I D S ( f )  =  0 and I G d {r  ), and let p be an arbitrary  point in

the interior of / .  The intersection b D q+ is located completely outside of int(P).
Hence, p can move by a small amount along pl'(p) w ithout penetrating int(P).
Since cwarc(l'(p),p,a) C d ( v +) and since pF(p)1 is the tangent of cwarc(r,p,a)
in p, small movements of p along cwarc(l'(p),p,a) are possible w ithout penetrating

int(P). Hence, 3 a  > 0 such that V p G in t ( f )  : cwarc(l'(p),p,a) O int(P) =  0. The

intersection b fl q~ is completely contained in int(P) U {p} and hence, p cannot move
—  ̂ .

infinitesimally along —pl'{p) without penetrating int(P). Since infinitesimal move

ments along —pl'ip)1 correspond to infinitesimal movements along ccwarc(l'(p),p, a ) , 

there is no a >  0 such th a t V p G  in t( f)  : ccwarc(l'(p),p, a) D int(P) =  0. Hence, /  

is only removable using a cw orientation around 1.
Assume that I fl S ( f )  =  0 and I G c /(r+), and let p be an arbitrary point in the 

interior of / .  The intersection b n  q~ is located completely outside of in t(P). Hence, 

p  can move by a small amount along —pl'(p)± without penetrating in t(P ).  Since 
ccwarc(l'(p),p,a) C g+(p) and since — pl/(p)± is the tangent of ccwarc(l'(p),p ,a) in 
p, small movements of p along ccwarc(l'(p),p,a) are possible without penetrating 

in t(P). Hence, 3 a  > 0 such that V pG  i n t ( f )  : ccwarc(l'(p),p, a) D in t(P ) = 0. The 
intersection b fl q+ is completely contained in in t(P)  U {//} and hence, p  cannot move 
infinitesimally along pl'(p)± without penetrating in t(P). Since infinitesimal move
ments along pl'(p)± correspond to infinitesimal movements along cwarc(l'(p),p,a), 

there is no a  > 0 such that V pG  i nt ( f )  : cwarc(l'(p),p , a) fl in t(P ) = 0. Hence, /  is 
only removable using a ccw orientation around I.

If I fl S +( f ) =  0 and I fl S ~ ( f)  ^  0, /  is divided into two or more faces along the 

perpendicular projection V  of I on /  by inserting one or more edges e. Denote the 

set of faces contained in cl(r~) by Tf and the set of faces contained in d { r +) by F2. 
For arbitrary f i  G F\ and f 2 G F2, the points on e globally minimize the distance 

between d f i , d f 2 and I respectively. Hence, _/j is removable using a cw orientation 

around I and f 2 is removable using a ccw orientation around I. Note th a t F\ and F2 
contain exactly one face each for every convex face / .

If l n S +(f )  -f- 0, consider an arbitrary point p located on the orthogonal projection 

of I on / .  The point p cannot be rotationally removed from the cast, i.e. there is no
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a  >  0 such th a t cwarc(l'{p),p,a) fl int(P) =  0 or ccwarc(l'(p),p, a )  fl int(P) =  0. 

Therefore, /  is not removable with respect to  I.
This determines the removability of /  depending on the location of I .  Hence, the 

four statements of Lemma 3.2.2 follow directly. □

Lemma 3.2.2 classifies all faces of P  into four categories. In linear time, all the 

faces of P  can be categorized. If any face of P  is not removable w ith respect to I, P  

is not castable with respect to I. Otherwise, the aim is to  determine if the boundary 

of P  can be decomposed into two connected sets. In particular, the faces of P  th a t 

need to  be split (faces of type 3 in Lemma 3.2.2) need to be examined more carefully 

as outlined in the following lemma.

L em m a 3.2.3. Let P  be a polyhedron with combinatorial complexity n and let I be 
a line in space. All the faces f  of P  with I D S +(f) — 0 and I fl S ~ ( f ) 0 can be
partitioned along the orthogonal projection of I on f  and the resulting new faces can 

be labeled as removable in cw or ccw orientation with respect to I respectively in 0 (n )  
time.

Proof. Consider a single face /  with I fl S +(f )  = 0 and I fl S~( f )  ^  0. Lemma 3.2.2 
states that /  needs to be partitioned along the orthogonal projection of I on / .  If we 
denote the number of vertices of /  by r, /  is partitioned into 0(r)  faces, because every 

edge of /  is split at most once. Assume that /  is stored using a doubly-connected 
edge list. The s < r points on df ,  where /  needs to be split can be found ordered 
by their appearance on /  in O(r)  time by traversing the edges of /  [21, Chapter 2]. 
Using the algorithm by Hoffmann et al. [25], it is possible to order the points with 
respect to their appearance on the projected line in time O(r). Denote the points 
on d f , where /  needs to be split ordered with respect to their appearance on the 

projected line by q i , . . .  ,qs. Note that s is even, because every edge that is added to 
/  has two endpoints and no two new edges share a vertex. Adding the edges with 
endpoints q± and q2, (fe and q$, . . . ,  qs- i  and qs partitions /  along the orthogonal 
projection of /  on L Once the new edges and their intersection points with /  are 

known, it takes time 0(m )  to insert the new edge into the doubly-connected edge
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list, where m  is the number of edges adjacent to the new edge [21, Chapter 2], In the 

worst case, 0(r)  = 0 (n )  and 0 (m ) = 0(n).
Next, we analyze the running time for splitting all of the faces /  with l n S +(f)  = 0 

and I fl S ~ (f)  7  ̂ 0 of P. Since every edge e of P  has two adjacent faces, e needs to be 
split at most twice. This ensures that the total number of new edges is 0(n). Also, 
the total number of edges adjacent to the new edges is 2n =  0(n).  The reason for this 
is that each original edge of P  is adjacent to at most two new edges. Hence, all of the 

faces can be split in 0{n)  total time. Each of the newly created faces can be labeled 
as removable in cw or ccw orientation with respect to I, respectively, in constant time. 
Therefore, it takes 0(n)  time to partition all the faces of P  with I fl S +( f ) = 0 and 
I fl S~ ( /)  7  ̂ 0 and to find the valid orientation with respect to I for each of the newly 

created faces. □

This yields the conclusion that all the faces of a polyhedron P  with combinatorial 
complexity n can be labeled as removable in cw, ccw, or no orientation with respect 
to a line of rotation I in 0(n)  total time.

Testing C onnectivity

Given a polyhedron P  and a line I in space, all the faces of P  can be labeled as 
removable in cw, ccw, or no orientation using the methods presented in the previous 
section. If any of P ’s faces is not removable with respect to I, P  is not robustly castable 
with respect to I. Otherwise, it is crucial to test whether all the faces removable in cw 

or ccw orientation with respect to I form connected sets, respectively. The following 
lemma allows this test in linear time:

Lemma 3.2.4. Let P  be a polyhedron and let I be a line in space. Given a partitioning 
o fdP  into two sets Pi and P2 , such that all faces of Pi are removable in cw orientation 

with respect to I and all faces of P2 are removable in ccw orientation with respect to 
I, we can determine whether Pi and P2 are connected respectively in time 0{n).

Proof. To test whether all the faces of Pi and P2 form connected sets, consider two 
undirected graphs: graph G\ induced by the faces in Pi and graph G-i induced by
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the faces in P2. Next, a depth-first search [18, Chapter 22] is performed on G\ and 

C ‘2 respectively. The faces in Pi and P2 are connected, respectively, if and only if the 
depth-first forests of Gy and G2 consist of exactly one tree each. This implies that 
non-connected polyhedra are not castable with respect to any line. The running time 
for this algorithm is in the order of the sum of all the edges and vertices of the two 

undirected graphs, and hence 0(n).  □

T esting Collisions

The results presented in the two previous sections allow to test whether a polyhedron 
P  can be partitioned into two connected sets Pi and P2, such that all faces of Pi 
are removable in cw orientation with respect to I and all faces of P2 are removable 
in ccw orientation with respect to I. If d P  cannot be partitioned this way then P  is 

not robustly castable with respect to I. Otherwise, it remains to test whether Pi can 
be rotated by an arbitrarily small angle in cw orientation with respect to I without 
colliding with P2 and whether P2 can be rotated by an arbitrarily small angle in 
ccw orientation with respect to I without colliding with Pi. The definition of robust 

castability of P  implies that P  is robustly castable if and only if the rotations are 
possible.

L em m a 3.2.5. Let P  be a polyhedron and let I be a line in space. Given a partitioning 
of dP  into two connected sets Pi and P2, such that all faces of Pi are removable in 
cw orientation with respect to I and all faces of P2 are removable in ccw orientation 
with respect to I, we can test whether

3 a > 0 such that V q on Py : cwarc(l'(q), q, a) fl int(P2) =  0 

or equivalently

3 a > 0 such that V q on P2 : ccwarc(l’(q), q, a) 0  m t(Pi) =  0 

in time 0(n).

Proof. Each edge contained in the set of cycles C  consisting of edges and vertices 

of P  that separates Pi from P2 can be found in linear time by testing for each edge
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of P  whether it is adjacent to both a face removable in cw orientation with respect 
to I and a face removable in ccw orientation with respect to I. The statement of 
Lemma 3.2.5 is true if and only if every point in C  can rotate by an arbitrarily small 
angle in cw (respectively ccw) orientation with respect to I without penetrating P2 

(respectively Pi). As C  consists of non intersecting simple polygonal cycles on P, 
it is sufficient to test all the vertices of C. Denote the intersection of the plane w 
perpendicular to I passing through a vertex p of C with I by l'(p). Rotations of p 

with respect to I in 3-dimensional space correspond to rotations of p with respect to 
l'(p) in 7r. Lemma 2.2.4 of Chapter 2 ensures that p can be rotated by an arbitrarily 

small angle in arbitrary orientation with respect to l'(p) if and only if p is a near or a 
far point with respect to l'(p) and p is not a reflex vertex in 7r. Hence, C  can rotate 
by an arbitrarily small angle in cw (respectively ccw) orientation with respect to I 
without penetrating P2 (respectively Pi), if every vertex p of C  is a near or far point 
with respect to l'(p) and is not a reflex vertex in tt.

The aim is to test for every point p of C  whether it either locally minimizes or 

maximizes the distance between dP  fl 7r and l'{p) and is not a reflex vertex in n. 
Note that p is incident to two edges in C, because C is a set of non-intersecting 
simply closed cycles on P. Hence, testing whether p is a local extremum requires 
intersecting 7r with the four faces adjacent to the two edges of C  adjacent to p. We 

can test whether p minimizes or maximizes the distance to l'(p) by computing the 
distances from p and p ’s two neighboring vertices in 7r to l'{p). If p is closer to l'(p) 
than its two neighboring vertices, it locally minimizes the distance between dPOir and 
l'{p). If p is further from l'(p) than its two neighboring vertices, it locally maximizes 

the distance between dP  fl 7r and l'(p). Hence, testing whether one vertex p of C  can 
rotate by an arbitrarily small angle in cw (respectively ccw) orientation with respect 

to I without penetrating in t(P2) (respectively int{P\)) takes constant time. As C  has 
0(n)  vertices, testing whether Pi and P2 collide takes 0(n)  time. □

This yields the following result:

T heorem  3.2.6. Given a polyhedron P  with combinatorial complexity n and a line 
of rotation I in 3-dimensional space, it is possible to determine whether P  is robustly
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castable with respect to I in time 0(n ).

3.2 .2  G eneral ro ta tio n a l castin g

This section presents an algorithm to test whether a polyhedron P  is castable with 

respect to a line I in space in 0 (n  log n) time.

D eterm ining the valid orientation of a face

In this section, we solve the problem of determining the valid orientation with re
spect to a line I of every face of a polyhedron P  with combinatorial complexity n in 

0 (n  log n) time.
Consider the notation of Lemma 3.2.2 in Section 3.2.1. In the case of general 

castability of P, it is possible that a face f  of P  with inner normal n  is perpendicular 
to the given line I.

Observation 3.2.7. Let f  be a face of P  with inner normal n  and let I be a line
—*

in direction I. I f  I CI S ( f )  = 0 and n x I = 0, f  is removable in both cw and ccw 
orientation with respect to I.

Proof The idea of the proof is similar to the proof of Lemma 3.2.2. Consider the

supporting plane 7r of / .  Denote the intersection point of 7r and I by l'(p). Every
point p of f  moves on cwarc(l'(p),p, a) or ccwarc(l'(p),p, a) when rotated by an

angle a  around I. As in the proof of Lemma 3.2.2, denote the vector from p to
—* .

l'{p) by pl'(p) and the vector I x pl'(p) by pl'{p) . The tangent of cwarc(l!(p),p,a) 
or ccwarc(l'(p),p, a) is pl'(p)± or —pl>(p)± , respectively, for any point p. Denote 
by v  the plane passing through p with normal vector pl'(p) and denote by u+ the 
open half space bounded by v  containing I ' . The two arcs cwarc(l'(p),p,a) and 
ccwarc(l'(p),p,a) are contained in cl(u+).

Let p be an arbitrary point in the interior of / .  There exists an open ball b with 
positive radius centered at p with the property that exactly half of b is contained 
in int(P) and exactly half of b is contained in the exterior of P. Denote the ray 
starting at p propagating in direction pl/(p)j~ by q+ and denote the ray starting at p 
propagating in direction —pl'(p)-*- by q~.
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Let I fl S( f )  =  0, let I be parallel to n, and let p be an arbitrary point in 

the interior of / .  Both the intersection b fl q+ and the intersection b fl q~ are a 

subset of dP  and hence, completely outside of int(P). Hence, p can move by a 

small amount along both  pl^p)1 and —pi'(p)'L without penetrating int(P). There

fore, 3 a > 0 such that V p on f  : cwarc(l'(p),p,a) fl int(P)  =  0 and 3 a >
0 such that V p on f  : ccwarc(l'(p),p, a) fl int(P) =  0. Hence, /  is removable using 

both a cw and a ccw rotation around I. □

As in Section 3.2.1, it is possible to label all the faces of P  th a t are not perpen

dicular to I as removable in cw, ccw, or no orientation in 0(n)  time. It remains to 

split the faces w ith I C\S(f)  =  0 and n x I =  0 and assign unique valid orientations to 

the newly created faces if possible. The face /  can be partitioned into two (possibly 

empty) sets of faces F1 and F2, such th a t all the faces adjacent to  /  removable in 

cw orientation with respect to I are adjacent to faces in F \  and all the faces adjacent 

to /  removable in ccw orientation w ith respect to I are adjacent to faces in F2. The 

definition of castability of a polyhedron implies th a t /  is only removable with respect 

to I if there exists a partitioning of /  into Fj and F2 with the following two properties: 

Fi does not intersect F2 when rotated by an arbitrarily small angle in cw orientation 

with respect to I and F2 does not intersect Fi when rotated  by an arbitrarily small 

angle in ccw orientation with respect to I. Such a partitioning is called a valid parti
tioning of f .  The definition of castability implies th a t P  is not castable with respect 

to I if no valid partitioning of /  exists. Then, we say th a t /  is not removable with 

respect to 1.
If I passes through a hole of a face /  perpendicular to I ,  there are two possible 

cases: lC\dP ^  0 and i DdP =  0. If l f )dP ^  0, at least one of the faces of P  intersects

1 and is therefore not removable with respect to I. If I fl dP  =  0, the boundary of the 

hole of P  tha t contains I cannot be removed without penetrating int(P). This yields 

the following observation:

O bservation  3.2.8. Let P be a polyhedron with combinatorial complexity n, let f  be 
a face of P  and let I be a line perpendicular to f . I f  I passes through a hole of f ,  P  
is not castable with respect to I.
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Lemma 3.2.9. Let P  be a polyhedron with combinatorial complexity n and let I be a 

line in direction I. For all faces f  of P  with inner normal n, I fl S( f )  = 0, and I is 
parallel to ft, we can find a valid partitioning or report that f  is not removable with 
respect to I in total time 0 (n  log n).

Proof Consider a single face /  with inner normal ft, I fl S( f )  — 0, and I is parallel 

to n. As /  is located in a plane orthogonal to I and as no two adjacent faces of P  
are parallel, we know the valid orientation for cast removal with respect to I for every 

face adjacent to / .  An edge of /  is considered removable in cw (respectively ccw) 
orientation with respect to I if it is incident to a face adjacent to /  removable in 
cw (respectively ccw) orientation with respect to I. Since the valid orientations with 
respect to I of all the faces adjacent to /  are known, every edge of /  can be labeled 

as removable in cw or ccw orientation with respect to I, respectively, in constant time 
per edge. The aim is to partition /  into two or more components Fi and F2 , such that 
all the edges of /  removable in cw orientation with respect to I are only incident to 
Fi and all the edges removable in ccw orientation with respect to I are only incident 

to F2.
Denote the set of edges of /  removable in cw orientation with respect to I by 

C W ( /)  and the set of edges of /  removable in ccw orientation with respect to I by 
CCW( f ) .  Define cwai(p) >  0 as the maximal angle by which p can be rotated in 

cw orientation with respect to I without penetrating the exterior of / .  Let cwa2 > 0 
be an arbitrarily small positive angle. Define cwa(p) = max(ctucti(p), cwaf) and note 
that cwa(p) > 0. Let I' denote the point I fl t v , where t v  is the supporting plane of / .

Claim 3.2.10. There exists a valid partitioning of f  if and only if

(cwarc(l',p,cwa(p)) \  {p}) C\ CCW(f )  = 0 V p G CW( f ) .

The proof of this claim is left until later.
Next, we present an algorithm to decide whether (cwarc(l; ,p,cwa(p)) \  {p}) fl 

C C W( f )  =  0 V p G C W ( f )  for a given face /  and analyze its running time. Each 

edge of /  is labeled as removable in cw or ccw orientation with respect to I respectively.
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The aim is to test whether any point p on an edge removable in cw orientation with 

respect to I intersects an edge removable in ccw orientation with respect to I when 
rotated by cwa(p) in cw orientation with respect to I. To conduct this test, /  is 
represented in a fixed polar coordinate system, where I' is the origin and where the 
polar axis is not perpendicular to any edge of /  and does not intersect / .  If it is 
impossible to represent /  that way, then P  is not castable with respect to I, because 

the initial assumption ensures that V ^  int ( f )  and Observation 3.2.8 shows that P  is 
not castable with respect to i if I passes through a hole of / .  In polar coordinates, every 
point is described by an angle </> and the distance d from the origin. Transform the 
coordinate system into a cartesian coordinate system, such that the x-axis describes 
the angle <p and the y-axis describes the distance d. Considering this transformed 
system between x  =  0 and x  =  2n shows the transformed polar coordinate system. 

The polygon /  is transformed into / .  Since the positive polar axis does not intersect 
/ ,  /  and /  are topologically equivalent. The vertices of /  are points and the edges of 
/  are transformed line segments. The transformation of a line I is in essence a curve 
describing the distance of points on the line to the origin. The distance of points 
on I to the origin has exactly one minimum and consists of two strictly monotone 

pieces with monotone derivatives. Hence, there exists a pair (d0, </>0) that denotes the 
minimum distance from the line to the origin and the distance increases symmetrically 

as <p increases or decreases, respectively. This yields that edges of /  have one global 
minimum and consist of at most two strictly monotone pieces. Furthermore, each 

edge e of /  was split before (while splitting faces of type 4 in Lemma 3.2.2) at the 
perpendicular projection of I' on e. This corresponds to splitting each edge e of /  

at the global minimum. Hence, every edge of /  is a strictly monotone curve with 
monotone derivative. Two edges of /  only intersect in vertices of / .  Each edge e has 
constant description size.

In the cartesian coordinate system, rotations in cw (respectively ccw) orientation 

with respect to V correspond to translations in direction of the negative (respectively 
positive) x-axis. It is possible to determine whether /  is removable with respect to I 
by enlarging a circle in the polar coordinate system. This corresponds to sweeping a 
line in y-diroction in the cartesian plane. Let each edge e of /  be labeled as removable
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in cw or ccw orientation with respect to I respectively and let e have a label indicating 
whether i nt ( f )  is located to the left or to the right side of e. Let the sweep line status 
of the plane sweep algorithm contain the edges of /  that are currently intersected by 

the sweep line and let the event queue contain all the vertices of / .  At every event 
point of the plane sweep algorithm, an edge of /  is either inserted to or removed 
from the sweep line status. If this insertion or removal, respectively, yields one of the 
following two situations, the algorithm reports that /  is not removable with respect 

to I.

1. An edge el removable in cw orientation with respect to I is located immediately 
to the right of an edge e2 removable in ccw orientation with respect to I and 
int ( f )  is located to the left of efi.

2. An edge el removable in cw orientation with respect to I is located immediately 
to the right of an edge e2 removable in ccw orientation with respect to I, int ( f )  

is located to the right of el, and e~i and e2 share a vertex.

If none of the above two situations occurs during the plane sweep, the algorithm 

reports that /  is removable with respect to I.
The proof of correctness of this algorithm consists of two parts. The first part, 

/  is not removable with respect to I if the algorithm finds one of the two above 
mentioned situations is easy to see. It remains to prove that /  is removable with 
respect to I if none of the above mentioned situations occur. We prove this by 
contradiction and assume that /  is not removable with respect to I although the 

two situations did not occur. Hence, 3 p E CW( f ) ,  such that (cwarc{V,p, cwa(p)) \  
{p}) fl C C W( f )  7  ̂ 0. Since the transformation from f  to f  maintains the distance 
from I', 3 p E C W ( f ), such that (cwarc{l',p, cwa(p)) \  {p}) fl C C W ( f )  ^  0. Let 
the point q =  (cwarc(V, p, cwa(p)) \  {p}) fl C C W (/). Since every edge of /  is strictly 
monotone and has a monotone derivative, p and q are located on distinct edges e! and 
e2 of /  respectively. Two situations are possible. First, cwa(p) is the cw angle that 
p is rotated by prior to leaving the interior of / .  Assume without loss of generality 
that there is no edge between el and e~2. This assumption is valid, because if there is
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an edge between ef and e2, we can find an edge e f  with the desired property. Hence, 

is located immediately to the right of e2 and int ( f )  is located to the left of ej. 
This corresponds to the first situation mentioned above and therefore contradicts the 
assumption. Second, cwa(p) is an arbitrarily small angle, i.e. int ( f )  is located to the 
right of the edge ef and the distance between ef and e~2 is arbitrarily small. Hence, ef 

and e~2 share a vertex. This corresponds to the second situation mentioned above and 
therefore contradicts the assumption and proves the correctness of the algorithm.

For a face with s vertices, labeling all of the edges as removable in cw or ccw
orientation with respect to I and transforming f  to f  takes time O(s).  The plane

sweep algorithm takes time O (slogs) [21, Chapter 2]. Since no two adjacent faces of
P  are parallel, every vertex of P  is part of at most one face perpendicular to I. Hence,
it takes 0 ( n logn) total time to test all of P ’s faces with inner normal n, lC\S(f) — 0, 

—̂
and I is parallel to ft. □

It remains to prove Claim 3.2.10:

Proof. The proof of this statement consists of two parts. First, we prove that /  is not 
removable with respect to I it 3 p G CW( f ) ,  such that (cwarc(l',p, cwa(p)) \  {p}) fl 
CC W( f )  0. From the definition of cwa(p), we know that (cwarc(l',p,cwa(p)) \  
{p}) Cl d f  is a single point q. The assumption ensures that q G CCW( f ) .  If 

(.cwarc(l', p, cwa(p)) \  ({p} U {g}) is completely contained in the exterior of P, cwa(p) 
is an arbitrarily small angle. But this implies that p cannot be rotated by an ar

bitrarily small angle in cw orientation with respect to I without hitting a point of 
CCW( f ) .  The definition of castability implies that /  is not removable. Otherwise, 

(cwarc(l',p, cwa(p))\ ({p}U{q})  G int (f ) .  Since p and q need to be removed in oppo
site orientations with respect to I, we find at least one point p* G cwarc{V,p, cwa(p)), 
where the valid orientation with respect to I changes from cw to ccw when traversing 

cwarcif',p, cwa(p)) starting at p. As the traversal from p to q is a rotation in cw 
orientation around V, p* penetrates P2 (respectively Pi) when rotated infinitesimally 
in cw (respectively ccw) orientation with respect to I. Therefore, /  is not removable 
with respect to I.
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The second part we prove is that there exists a valid partitioning of /  if

(cwarc(l',p, cwa(p)) \  {p}) fl C C W( f )  =  0 V p G CW( f ) .

We prove this explicitly by assigning a unique valid orientation with respect to I 
to every point q G / ,  such that no cw point of /  penetrates F2 when rotated by 
an arbitrarily small angle in cw orientation with respect to I and no ccw point of 
/  penetrates F\ when rotated by an arbitrarily small angle in ccw orientation with 

respect to I. Consider an arbitrary point p G CW( f ) .  Since (cwarc(V,p, cwa(p)) \  

{p}) n C C W ( f )  = 0 V p G CW( f ) ,  every point q on (cwarc(l',p,cwa(p))) can rotate 
by an arbitrarily small angle in cw orientation with respect to I without hitting a point 
of C C W (/). Hence, we label every point q G int ( f )  with 3 p G C W ( /) , such that q G 

cwarc(l',p,cwa(p)) as removable in cw orientation with respect to I. Every point 

q G int(P)  with q $  cwarc(l',p,cwa(p)) V p G C W ( f ) can leave int ( f )  by a ccw 
rotation with respect to I without intersecting CW( f ) .  Every point q G dP  with 

q ^  cwarc(l',p, cwa(p)) V p G C W ( f ) can rotate by an arbitrarily small angle in ccw 
rotation with respect to I without intersecting CW( f ) .  Hence, we label every point 
q G /  with q £  cwarc(V,p,cwa(p)) V p G C W ( f )  as removable in ccw orientation 
with respect to I. Since the two sets F\ =  {q \ 3 p G CW( f ) ,  such that q G 

cwarc(l' ,p, cwa(p))} and F2 =  {q \ q 0  cwarc(l',p,cwa(p)) V p G C W ( f ) }  have the 
properties that Fi fl F2 = 0 and /  =  F\ U F2, a valid partitioning of /  was found. 
Note that the set of faces forming Fi and F2) respectively, consists of faces bounded 
by edges of /  and circular arcs with center point I'. □

This yields the conclusion that all the faces of a polyhedron P  with combinatorial 
complexity n can be labeled as removable in cw, ccw, or no orientation with respect 
to a line of rotation I in space in 0 ( n  log n) total time.

Testing C onnectivity

As in Section 3.2.1, it remains to test whether all the faces of P  that are removable 

in cw orientation with respect to I and all the faces of P  that are removable in 
ccw orientation with respect to I form connected sets, respectively. In the preceding
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section, an algorithm is presented to partition and label all of P ’s faces. Hence, 
Lemma 3.2.4 still holds for the general casting problem.

T esting Collisions

The results presented in the two previous sections allow to test whether a polyhedron 

P  can be partitioned into two connected sets <9Pi and dpi, such that all faces of dP\ 
are removable in cw orientation with respect to I and all faces of dP2 are removable 

in ccw orientation with respect to I. As in Section 3.2.1, it remains to test whether 
dP\ can be rotated by an arbitrarily small angle in cw orientation with respect to I 
without colliding with dP2  and whether dP2 can be rotated by an arbitrarily small 
angle in ccw orientation with respect to I without colliding with dP\. Lemma 3.2.5 
presented in Section 3.2.1 presents an algorithm that performs this test in 0{n)  time. 

This yields the following result:

T heorem  3.2.11. Given a polyhedron P  with combinatorial complexity n and a line 
of rotation I in 3-dimensional space, it is possible to determine whether P  is castable 

with respect to I in time 0 (n  log n).

3.3 D eterm in ing all valid casting lines

In this section, we solve the problem of finding all lines I in 3-dimensional space, such 
that a given polyhedron is (robustly) castable with respect to I. Two aspects of the 
same problem are considered: reporting a representative for each class of combinato- 
rially distinct (robust) valid casting lines for a given polyhedron and preprocessing P  
such that, for any given query line I, we can efficiently determine if P  is (robustly) 
castable with respect to I. Two lines l\ and l2 are combinatorially distinct if the valid 

casting line G with respect to P  cannot continuously be moved to l2 without changing 
the type of removability (see Lemma 3.2.2) of any face of P.

Section 3.3.1 discusses the problem of determining all robust valid casting lines 
for a polyhedron. Section 3.3.2 discusses the problem of determining all valid casting 
lines for a polyhedron.
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3.3 .1  R o b u st ro ta tion a l castin g

In this section, we solve the problem of finding all lines I in 3-dimensional space, such 

that a given polyhedron is robustly castable with respect to I.
Recall that a polyhedron P  is not robustly castable with respect to a line I with 

the property that some face or reflex edge of P  is contained in a plane perpendicular 
to I. Hence, this section only considers lines I, such that no face or reflex edge of P  
is perpendicular to I.

The 3-dimensional casting problem can be reduced to the 2-dimensional version 

discussed in Chapter 2. Consider an arbitrary plane 7r orthogonal to I and compute 
the set P' =  7rnP. The intersection consists of sets of polygons, as P  is a polyhedron. 
Hence, the castability of P' with respect to the point V =  7r fl I € M2 can be analyzed 
using the methods of Chapter 2. As P' consists of a set of polygons, P' is castable 

with respect to I1 if and only if all of the polygons in P' are castable with respect 
to V. If a set of polygons forms a polygon with holes, P  is not robustly castable 

with respect to I, because the polygon forming the hole cannot be removed without 
penetrating int(P).

As P  is a polyhedron, the boundary dP  is an orientable surface. The proof of 
Lemma 3.2.4 states that P  is not castable if dP  is not connected. Hence, we assume 

in the following that dP  is a connected orientable surface in M3.

D efin ition  3.3.1. The genus g of a connected orientable surface S  £ R3 is the 
maximum number of cuttings along closed simple curves without disconnecting S.

D efin ition  3.3.2. A handle is a subset of a manifold that is topologically equivalent 
to a ball.

The genus of a connected orientable surface S  equals the number of handles of S. 
A hole in S  exists if there exists a continuous loop L that cannot be homotopically 
deformed onto a point within the surface S. For each handle of S, there exists a hole 

in S, such that the corresponding loop L  is partially located on the handle.

L em m a 3.3.3. A polyhedron P  E M3 is robustly castable with respect to a line of 
rotation I if and only if every cross section P' of P  with a plane n perpendicular to I 

is castable with respect to the point V = ir fl I.
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Proof. The proof consists of two parts. First, P  is not robustly castable with respect 
to I if any cross section P' is not castable with respect to V because the rotation of 
dP  around I includes the rotation of every possible dP' around V.

Proving that P  is robustly castable with respect to I if every cross section P' is 

castable with respect to V requires showing that the near and far points of dP' form 
connected chains that partition dP  into exactly two connected sets. It follows then 
that all the faces of one component are removable in cw orientation with respect to 

I and all the faces of the other component are removable in ccw orientation with 
respect to I. Since the partitioning of dP  is at near and far points that are not reflex 
vertices, Lemma 3.2.5 ensures that no collisions occur.

To examine the location of near and far points of dP', the plane n perpendicular 
to I is swept over P  in direction I. When tt is swept over P, V does not move and P' 
changes continuously. Hence, the near and far points of dP' with respect to I' move 

continuously along edges of dP  and orthogonal projections of I on faces of dP. This 
implies that vertices of dP  and the start and end points of the orthogonal projections 
of I on faces of dP  are the only event points of the sweep algorithm. The output of 
the plane sweep is a set of circular lists representing cycles on dP  formed by near 

and far points of dP' with respect to V. The circular lists contain event points of the 
sweep algorithm ordered by their appearance on the cycle. During the plane sweep, a 
set of lists L that represent parts of circular lists is updated. When referring to event 
points of the plane sweep, only event points that were not swept yet are considered.

First, assume that only one event point occurs per cross section. The following 
events can occur at an event point v of the plane sweep:

1. In P', a new polygon occurs as isolated vertex v. Hence, v is both a near and a 
far point with respect to V. A new list that represents part of a circular list is 

created and added to the set L. It contains the event point adjacent to v with 
minimal distance from I (a near point with respect to /'), v, and the event point 
adjacent to v with maximal distance from I (a far point with respect to /') in 
that order.

2. In P', an existing polygon disappears as isolated vertex v. Hence, v is both a
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near and a far point with respect to I'. The event point v is already contained 

in one list of L as first point and in one (possibly the same) list of L  as last 
point. If v is contained in two different lists, the lists are joined. Otherwise, the 
list of L containing v as both first and last point is stored as circular list.

3. In P', an existing polygon splits into two polygons. The two polygons have the 
common vertex v, and therefore, v is both a near and a far point with respect 

to I'. A new list that represents part of a circular list is created and added to 
the set L. It contains the event point adjacent to v with minimal distance from 
I, v, and the event point adjacent to v with maximal distance from I in that 
order.

4. In P', two polygons merge into one. The two polygons have the common vertex 
v, and therefore, v is both a near and a far point with respect to I'. The event 
point v is already contained in one list of L  as first point and in one (possibly 

the same) list of L as last point. If v is contained in two different lists, the lists 
are joined. Otherwise, the list of L  containing v as both first and last point is 

stored as circular list.

5. No topological changes occur in the cross section and the event point v is not 
contained in any list of L. Hence, v is neither a near nor a far point with respect 
to I' and no updates are required.

6. No topological changes occur in the cross section and the event point v is con
tained in a list of L as first or last point respectively. If v is the first point, v 
is a near point with respect to V. The event point adjacent to v with minimal 
distance from I is added to the list of L containing v at the front. If v is the 

last point, v is a far point with respect to I1. The event point adjacent to v with 
maximal distance from I is added to the list of L containing v at the tail.

Note that although twelve topological changes can occur when a plane is swept over 
a polyhedron (see [11]), only the first four above are relevant as polygons with holes 
are not castable.
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If a cross section contains more than one event point, the event points can simply 

be treated in sequential order, because no two event points are on one face or edge 
of P. As the set of circular lists L returned by the plane sweep represents chains of 
near and far points of dP' with respect to I', dP  is partitioned along L. Hence, it 
remains to show that L  partitions dP  into exactly two connected sets. We prove this 
by induction on the genus g of dP.

Base case: There are no split or merge vertices. A simple polyhedron P  (i.e. 

g = 0) is robustly castable with respect to I if every cross section P' is castable with 
respect to I'. The plane sweep returns one simply connected cycle. We prove this by 

induction on the number of split and merge event points (event points of type 3 and

4).

•  Base case: The first event point is of type 1 and creates one list that represents 
part of a circular list. As long as only event points of type 5 and 6 occur, no 

new lists are created. As there are no merge event points, it is impossible that 
further event points of type 1 occur. Hence, the only topological change that 
will occur when the last event point is swept is of type 2. This results in one 
circular list representing a simply connected cycle on dP. As dP  has genus 0, 

any simply connected cycle partitions dP  into exactly two connected sets.

• Induction step: Given that the plane sweep algorithm returns one circular list if 
k topological changes of type 3 or 4 occur during the plane sweep, we show that 

the plane sweep algorithm returns one circular list if k +  1 topological changes 
of type 3 or 4 occur during the plane sweep. If the k +  Is* topological change 
is a split, a new list L^ is created. After the split, the two new polygons in P ’ 
disappear in event points of type 2. Note that they cannot merge again as P  
is simply connected. When the first of the two new polygons in P' disappears 
in an event point of type 2, L & joins another list of L. The initial assumption 
implies that this list is eventually the only remaining list that will be returned 

as circular list. If the k +  1st topological change is a merge, a new polygon 
occurs as an isolated vertex at an event point of type 1 creating a new list Lf.. 
When this new polygon merges with another polygon, L joins another list of
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L. The initial assumption implies that this list is eventually the only remaining 
list that will be returned as circular list. Hence, the sweep algorithm always 

returns one simply connected circular list for a polyhedron of genus 0.

Induction step: Given that a polyhedron Pg with genus g is robustly castable 
with respect to I if every cross section Pg is castable with respect to I', we show that 

a polyhedron Pg+i with genus g + 1 is robustly castable with respect to I if every 
cross section Pg+1 is castable with respect to I'. Adding a handle to the castable 
polyhedron Pg yields Pg+\. Hence, only event points incident to the hole adjacent to 
the newly created handle are relevant. The first event point that occurs is of type 
3, i.e. a new list Lg is created. As long as only event points of type 5 and 6 occur, 
no new lists are created. It is impossible that an event point of type 1 or 2 occurs 

incident to a hole. If multiple event points of type 3 occur, the polygons in Pg+i can 
therefore only merge again. Hence, one simply connected circular list representing a 
cycle on dPg+1 is returned when the sweep plane passed the hole. As all of the event 
points are incident to the hole adjacent to the newly created handle, the cycle does 

not intersect any of the existing cycles. Hence, Pg+i is partitioned into exactly two 
connected sets by the points in L, and is therefore robustly castable with respect to 
I. It remains to prove that by adding a handle to Pg, every possible polyhedron Pg+i 
of genus g + 1 can be created. The Principal Theorem of surface topology [36, §39] 

states that two closed orientable surfaces are topologically equivalent if and only if 
they have the same genus. Hence, any polyhedron of genus g + 1 is topologically 

equivalent to Pg+i and can therefore be created by adding a handle to Pg. □

In analogy to the 2-dimensional casting problem discussed in Chapter 2, it is 
possible to define black regions. For a polyhedron, black regions exist for faces, reflex 

edges, and reflex vertices.

D efinition  3.3.4. For a face f  of P, the black region of /  is defined as S +(f).

Note that there is no valid casting line for /  that properly intersects the black 
region of /  (see Lemma 3.2.2). Figure 3.2 shows the black region of / .
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D efinition 3.3.5. Let e be a reflex edge of P  and denote the inner normals of its 

two adjacent faces by n[ and 7T2 . Define the near wedge of e as S +(e) =  {p +  tpni +  

£2^2 : P £ cl{e) and t i , t 2 >  0} and the far wedge of e as S~(e) = {p + tin ! +  
t2ri2 ■ p G cl(e) and t i , t 2 < 0}. The black region of a reflex edge e is defined as 
(S+(e)US~(e) ) \ e .

D efinition 3.3.6. A vertex v of P  is a reflex vertex of P if  and only if all of v ’s 
adjacent edges are reflex edges of P. Let v be a reflex vertex of P  and denote the 
inner normals of its r adjacent faces by n[ , . . . , r i r . Define the near cone of v as 

S +(v) = {v +  Y^i=i '■ ti > 0 V i =  1, . . . ,  r} and the far cone of v as S~(v)  =  
{n +  ̂ [ =1 tflii : L < 0 V i = 1 , . . . ,  r}. The black region of a reflex vertex v is defined 

as S +(v) U S~(v).

Figure 3.3 illustrates the black region of a reflex edge and of a reflex vertex.

S+{v

S~(vS~(e

Figure 3.3: Left: The near and far wedge of e. Right: The near and far cone ofv.

The black regions of faces, reflex edges, and reflex vertices of P  are the black 

regions induced by P.

Lem m a 3.3.7. A polyhedron P  is robustly castable with respect to a line of rotation 
I, if and only if I does not intersect any of the black regions induced by P.
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Proof. The proof consists of two parts. First, we prove that P  is not robustly castable 

with respect to I if I intersects any of the black regions induced by P. If I intersects

P  is not castable with respect to 1. If I intersects the black region of a reflex edge e 
of P, there exists a point q on e that locally minimizes or maximizes the Euclidean 

distance from dP  to I. If I is parallel to e, this is true for every point on e. Consider 
the intersection of P  with the plane 7r perpendicular to I passing through q. In the 

cross-section, q is a reflex vertex that has extremal distance to 7r fl Z. Hence, t v  Pi I is 
contained in the two-dimensional black region of q. Lemmata 2.3.14 and 3.3.3 ensure 

that P  is not robustly castable with respect to I. If I intersects the black region 
induced by a reflex vertex v of P, v locally minimizes or maximizes the Euclidean 

distance from dP  to I. W ith an argument similar to the one we used for reflex edges, 
we can then show that P  is not robustly castable with respect to I.

Second, we prove that P  is robustly castable with respect to I if I does not intersect 

the union of black regions induced by P. We prove this by contradiction and assume 
that I does not intersect the union of black regions induced by P  and that P  is not 
robustly castable with respect to I. Since P  is not robustly castable with respect 
to I, Lemma 3.3.3 ensures that there exists a cross section of P  with a plane 7r 
perpendicular to I that is not castable with respect to 7r fl I. Hence, there exists a 

cross section, such that t t  fl I is contained in the 2-dimensional black region of the 
cross section. Three cases are possible:

1. The point I' = irOl is contained in the black region of an edge f  = irDf,  where
—^

/  is a face of P  with normal n not parallel to the direction I of I. Denote the 
perpendicular projection of I' on i n t ( f >) by q. Since the normal vector of / '  is 
the projection of ft onto the plane t t , there exists a t > 0, such that

the black region induced by a face /  of P, I fl S +( f ) ^  0 and Lemma 3.2.2 states that

Consider the point I* with

T =  I1 + =  q +  tn.
l - l
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Clearly, I* G I, as V reaches I* by being moved in direction I only. Since q G / ,  I* 
is also contained in the black region of / .  This contradicts the initial assumption.

2 . The point V =  7r Cl I is contained in the black region of a reflex vertex e' = i: fl e, 

where e is a reflex edge of P. Since 7rne is a vertex, none of the two faces adjacent 
to e is perpendicular to I. Denote the normal vectors of e’s two adjacent faces by 

nI and n 2 respectively. There exist two constants t \ , t 2 with t i , t 2 > 0 , t i t 2 7  ̂ 0 
or t i , t 2 < 0 , such that

is also contained in the black region of e. This contradicts the initial assumption.

3. The point V =  7rflZ is contained in the black region of a reflex vertex v' = nCv ,  
where v is a reflex vertex of P. Since v' is a reflex vertex, 7r intersects exactly 

two of u’s adjacent faces and neither of those faces is perpendicular to I. Hence, 
a proof similar to the previous proof shows that I intersects the black region of 
v. This contradicts the initial assumption.

Since every possible case yields a contradiction, the initial statement is proven to be 
true. □

Consider all the planes bounding black regions of faces, reflex edges, and reflex 

vertices of P. The black region of a face /  of P  is bounded by deg(f)  planes and 
can be expressed using deg(f) lines perpendicular to /  passing through vertices of 
/ .  The black region of a reflex edge e of P  can be expressed using five lines: four
lines perpendicular to the adjacent faces of e passing through the vertices of e and the 
supporting line of e. Finally, the black region of a reflex vertex v of P  can be expressed 

using deg(v) lines perpendicular to the faces adjacent to v passing through v. Hence,

Consider the point I* with

Clearly, I* G L as V reaches I* by being moved in direction I only. Since e' G e, 1*
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the arrangement A  in M3 containing for every face f  of P  the lines perpendicular 

to /  passing through vertices of /  and the supporting lines of the reflex edges of 
P  describes all of P ’s black regions. The arrangement A  contains 0 (n )  lines, since 

Yl'feP de9 (f)  = where E  is the number of edges of P. Two distinct lines g i,g2 € A  
are in the same equivalence class o f A  if and only if it is possible to move g\ to g2 

without crossing any of the lines forming A. If g1 does not cross any of the lines 
forming A  during the transformation, it cannot enter or leave any of the black regions 

induced by P. Assume that g\ and c/2 are in the same equivalence class of A. Lemma 
3.3.7 ensures that g2 is a valid casting line for P  if and only if g\ is a valid casting 

line for P.

Reporting all valid casting lines

In this section, we find and report a representative for each class of combinatorially 

distinct valid robust casting lines for a given polyhedron P  with combinatorial com
plexity n in time 0 ( n 4a(n)), where a (n ) is the inverse Ackermann function. The 
main idea used in this section is the fact that a line I in space is a valid robust casting 
line for P  if and only if I does not intersect any black region induced by P , see Lemma 

3.3.7.

Theorem  3.3.8. Given a polyhedron P  with combinatorial complexity n, it is possible 

to report all o f the valid robust casting lines for P  in M3 in time 0 (n 4a(n)), where 

a(n) is the inverse Ackermann function.

Proof To report all of the valid casting lines for P  in M3, we construct the arrange

ment A  of the lines defined as intersections of the planes bounding black regions 
induced by P. Every cell of A  corresponds to exactly one equivalence class of A. 

Therefore, it is possible to label each cell c of A  as an equivalence class of valid or in
valid casting lines for P. Finally, a representing line for each equivalence class labeled 

as valid is reported.
The arrangement A  of O(n) lines is constructed using a method by McKenna and 

O’Rourke [30,31]. They represent k  lines in M3 using four parameters per line and 
construct 0 ( k 2) planar arrangements of hyperbolas in 0 ( k 2a (k )) time each. They
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show that the arrangement has complexity 0(/c4) and can be constructed in time 

0 ( k Aa(k)). The arrangement is represented as a graph G, where every line touching 
four of the k given lines or parallel to one of the k given lines and touching two of 
the remaining k  — 1 given lines is represented as a node of G. Using this method, A  

has complexity 0 (nA) and can be constructed in time 0 (nAa(n)).

Once A  and G have been constructed, every face of G needs to be labeled as valid 
or invalid. For this purpose, a boolean value is associated with every face / ,  reflex 

edge e, and reflex vertex v of P  that indicates whether the current equivalence class 
of lines intersects the black region of / ,  e, or v respectively. We start at an arbitrary 

face fa  of G and test for each face, reflex edge, and reflex vertex of P  whether it 
causes the equivalence class of lines represented by f a  to be invalid. After testing, 
we set the boolean value of each face, reflex edge, and reflex vertex appropriately and 
compute the number b of faces, reflex edges, and reflex vertices that cause fa  to be 
invalid. Clearly, fa  is valid if and only if b = 0. This computation takes 0 (n )  time 
as every face, reflex edge, and reflex vertex of P  needs to be considered. Next, G  is 

traversed in depth-first order. Each time, an edge 6 q of G is crossed, we update the 
boolean values of the face, the reflex edge, and the reflex vertex of P  that induce ec 

and the counter b. This way, every face of G is labeled in constant time a piece. The 
edge e,G and its incident nodes represent valid casting lines of P  if and only if one or 

more of cy/s adjacent faces is labeled valid. Hence, all of the equivalence classes of 
A  can be labeled in time 0 { n A) and it is possible to report a representative for each 
class of combinatorially distinct valid casting lines for P  in time 0 ( n Aa(n)). □

After computing A  and G in 0 ( n Aa (n )) preprocessing time, it is possible to per
form line location in A, i.e. answer the question whether a given line I is a valid 

robust casting line for P. However, this query takes 0 ( n ) time [31]. Note that it is 
possible to report whether P  is robustly castable with respect to a line I in time 0(ri) 

without preprocessing using Theorem 3.2.6. Therefore, a query time of O(logn) is 
preferable. Hence, we use another approach to preprocess space for fast line location.
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Preprocessing space for fast line location

In this section, we preprocess the polyhedron P  in 0 (n 4+e) expected time in a way 
that allows to answer whether a query line is a valid casting line for P  in time 0(log n), 
where e is an arbitrarily small positive constant.

Using the same main idea as above, consider all the planes bounding black regions 
of faces, reflex edges, and reflex vertices of P  and their 0(n)  intersecting lines. The 
arrangement of the lines is now represented in a way that allows fast queries.

For this purpose, each line is represented using Pliicker coordinates, proposed in 

1868 by Pliicker [33]. In Pliicker space, an oriented 3-dimensional line is described 
as a point called Pliicker point in oriented projective 5-dimensional space using six 
coordinates. Dually, each line can also be represented as a hyperplane called Pliicker 
hyperplane in oriented projective 5-dimensional space. For two lines I and g, the 
Pliicker point of I is located on the Pliicker hyperplane of g if and only if I and g 
intersect and vice versa. That way, intersection tests of lines are linearized at the 

cost of operating in projective 5-dimensional space.

Consider a line I passing through the two points p =  {pXiPyiPz,Pw) and q =  
{.Qx,Qy,Qz,Qw)  given in homogeneous space. The Pliicker coordinates of the Pliicker 
point corresponding to I are [h ,h , l 2 , h, h, h] and the Pliicker coefficients of the 

Pliicker hyperplane corresponding to I are [h, —h, I3 , U, ~ h ,h ]  with Iq =  pxqy — 

PyQxi h PxQz PzQxi h PyQz PzQyi h PxQw PwQxi h  PyQ.w PwQyi  and
h PzQw PwQz-

Note that the vector ln = [i0, — h , h \ T is the cross product p x q, which is the 
normal vector of the plane passing through the line I and the origin. Furthermore,

—* Tthe vector E = [ Z 3 , 1 4 , Z 5 ]  is the difference vector p — q, which is the direction of the 
oriented line I.

The coordinates [ lo ,h ,h ,h ,h ,  h] specify a line in Pliicker space if and only if

Eh  ~  h h  +  h h  = 0. (3-1)

This implies that not every set of 6-dimensional coordinates corresponds to a line in 
3-dimensional space. In fact, in Pliicker space, the set of all the lines corresponds to 

a 4-dimensional hypersurface.
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Two lines I and g intersect if and only if

Io95 ~  h9± +  hhz +  h § 2  ~  hdi +  hgo = 0. (3-2)

If the Pliicker point of I is not located on the Pliicker hyperplane of g, the sign of 
Equation (3.2) indicates the orientation of I in relation to g.

A survey on Pliicker coordinates can be found in Stolfi’s book [38, Chapter 19]. 

Chazelle et al. [14,15] applied Pliicker coordinates in Computational Geometry to 
represent arrangements of lines in space. However, as they are only interested in 
small parts of the full arrangement, such as the envelope of the arrangement or single 
cells of the arrangement, they do not construct the full arrangement of lines in space.

Theorem  3.3.9. A polyhedron P  with combinatorial complexity n can be preprocessed 

in 0 (ni+e) expected time into a data structure of size 0 (n 4+e) such that for any given 
line I, we can decide in O(logn) time if  P  is robustly castable with respect to I, where 
e is an arbitrarily small positive constant.

Proof In a first step, all of the faces of P  are triangulated. Since each face f  of P  
is a possibly non-simple polygon, finding the constrained Delaunay triangulation and 
ignoring edges in the exterior of /  yields a triangulation of / .  Chew [16] and Wang 
and Schubert [40] independently proposed methods to find the constrained Delaunay 

triangulation of k vertices in time O(klogk).  Since each edge has exactly two adja
cent faces, it requires total time 0 {n  logn) to triangulate all of P ’s faces. Since the 
triangulation adds 0 (k) new edges to each face, the combinatorial complexity of the 
triangulated polyhedron is 0 {n).

The black regions of the triangular faces of P  are defined in analogy to the black 
regions of faces of P  before the triangulation. Let parallel lines intersect at infinity 
and augment the boundary of the black regions induced by P  by vertices at infinity 
in every direction. The black region of a face of P  is now bounded by four triangles. 
Furthermore, the black region of a reflex edge of P  is bounded by eight triangles and 
the black region of a reflex vertex of P  is bounded by s triangles, where s equals twice 
the degree of the vertex.

Observe that any line intersecting the black region induced by P  must intersect the 

boundary of the black region induced by P, since none of the black regions induced by
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faces, reflex edges, and reflex vertices of P  are unbounded along a line. As explained 

above, the boundary of the black region induced by P  can be represented by 0 ( n ) 
triangles.

The question of whether a given query line intersects the black region induced 
by P  is equivalent to the question of whether the query line intersects any of the 

bounding triangles of the black regions induced by P. Note that this problem is 
similar to the ray shooting problem arising in computer graphics, where a query ray 

is shot into a scene containing a set of triangles and the aim is to report the first 
triangle of the set hit by the query ray. However, our problem is easier than ray 

shooting, because we are only interested in knowing whether the query line intersects 
any of the triangles bounding the black regions induced by P.

For each of the 0 ( n ) edges of bounding triangles of the black region induced by P, 

the supporting lines are represented as hyperplanes in Pliicker space. We then follow 
the approach proposed by de Berg et al. [20] to answer whether a given query line 
intersects any of the bounding triangles of the black region induced by P. Aronov et 

al. [3] showed that the complexity of the intersection of the arrangement of n  Pliicker 
hyperplanes in projective 5-dimensional space with the Pliicker quadric expressed in 
Equation (3.1) is 0 ( n 4 log n). Since we know that every query line is represented by a 
point inside the Pliicker quadric, it suffices to consider the arrangement of hyperplanes 

representing supporting lines of triangles in the zone of the Pliicker quadric. De Berg 
et al. use the randomized approach by Clarkson [17] to construct this 4-dimensional 

arrangement. Denote by H  the set of hyperplanes representing supporting lines of 
triangles bounding the black regions induced by P. Let R  C  H  be a sample of size 

0 ( r ) with the property that any cell of the triangulated arrangement in projective 5- 
dimensional space is intersected by at most ^ log r  hyperplanes of R. Clarkson proved 
that such a sample can be obtained in 0 (nr5) expected time by sampling repeatedly 
until the condition is met. A tree is built recursively as follows. The root of the tree is 

the arrangement A (R ) induced by R  in the zone of the Pliicker quadric. Each of the 
0 ( r 4 log r) children of the root corresponds to a cell of A (R ). If for a child of the root, 
there exists a triangle that is intersected by any line represented by a Pliicker point 
in that cell, the child is labeled as invalid region and the recursion stops. Otherwise,
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the cell is recursively split and labeled. De Berg et al. [20] show that, by choosing 
r appropriately, the expected time and total space requirement to build this tree is 
0 (n 4+€), where e is an arbitrarily small positive constant.

A given query line is represented as a point in Pliicker space and point location is 

performed in the tree. When a leaf is reached, the label of the leaf reports whether 
the line intersects any of the triangles bounding the black region induced by P. Since 
a search in the tree requires 0(log n) time and the label can be read in constant time, 

the query time of the algorithm is O(logn). □

3.3 .2  G eneral ro ta tion a l castin g

In this section, we solve the problem of finding all lines I in 3-dimensional space, such 
that a given polyhedron P  is castable with respect to I. Since the situation is identical 

to the situation in Section 3.3.1 if lines perpendicular to a face or an edge of P  are 
neglected, this section focuses on lines perpendicular to a face or an edge of P.

As in Section 3.3.1, consider a plane 7r perpendicular to the line of rotation I and 
intersect tt with P. The intersection P' = irH P  consists of proper intersections, edges 
of P  and faces of P. If a cross section P' does not contain any faces perpendicular to 
P , P ' can still be examined as before. Recall that if P ' contains a face of P , we need 

to test whether that face is removable with respect to V. The test can be performed 
using Lemma 3.2.9. Hence, Lemma 3.3.3 can be changed to the following:

Lemma 3.3.10. A polyhedron P  in M3 is castable with respect to a line of rotation I 

if  and only if every cross section P ' o f P  with a plane w perpendicular to I consists 

of castable and removable polygons with respect to I' = ir 0  I.

Proof. The main part of this Lemma was proven in the proof of Lemma 3.3.3. Hence, 
only faces perpendicular to I are discussed here. The proof of Lemma 3.2.9 shows 
that P  is not castable if any face perpendicular to P  is not removable with respect to 
I. Hence, P  is not castable with respect to I if any of the cross sections P' contains 
a polygon that is not castable or not removable with respect to I1.

Next, we show that P  is castable with respect to I if every cross section P' consists 

of castable and removable polygons with respect to I'. The same approach as in the
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proof of Lemma 3.3.3 is used and only faces perpendicular to I are discussed. If a 

cross section contains a face /  perpendicular to I, we know that there exists a valid 
partitioning of / .  If a new polygon occurs in P' as face / ,  treat the face like a vertex 
of type 1. If an existing polygon disappears in P' as face / ,  treat the face like a 
vertex of type 2. If an existing polygon splits into two or more polygons in P ', /  

contains holes. Every arc contributing to a valid partitioning of /  (see Lemma 3.2.9) 
that connects two holes of /  is treated as a vertex of type 3. Arcs connecting to the 
outer face of /  are treated as vertices of type 6. If two or more polygons merge into 
one in P', f  contains holes. Every arc contributing to a valid partitioning of /  that 

connects two holes of /  is treated as a vertex of type 4. Arcs connecting to the outer 
face of /  are treated as vertices of type 6. In each of the cases, the set of edges and 

arcs yielding a valid partitioning of /  can be treated in sequential order. Hence, every 
case can be represented as a vertex of type 1 to 6. Therefore, the proof of Lemma 
3.3.3 holds even when the line of rotation is perpendicular to a face or reflex edge of 
P . □

After introducing lines perpendicular to a face or edge of P , Lemma 3.3.7 does 

not hold any more. There are two reasons for this. First, there exist situations where 
P  is castable with respect to I although I intersects black regions induced by P. As 
this cannot happen when faces and edges orthogonal to I are neglected (see Lemma 
3.3.7), only those two situations need to be considered. If I intersects the black region 
of a face /  perpendicular to I, f  is not removable with respect to I (see Lemma 

3.2.2). Hence, P  is not castable with respect to I. If I intersects the near wedge of 
a reflex edge e perpendicular to I, consider the cross-section of P  with the plane 7r 
perpendicular to I containing e. The point I1 =  I fl tt is contained in the 2D black 
region of e. Hence, Lemma 3.3.3 implies that P  is not castable with respect to I. 
However, if I only intersects the far wedge of a reflex edge e of P  perpendicular to I, 
P  is castable with respect to I, because e can be split on the perpendicular projection 
of I on e and one part of e is removable in cw orientation with respect to I and the 

other part of e is removable in ccw orientation with respect to I. Second, there exist 
lines of rotation I, such that I does not intersect any of the black regions induced by 

P  and P  is not castable with respect to 1. This can only occur, if P  contains a face

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



CHAPTER 3. ROTATIONAL CASTING IN THREE DIMENSIONS 68

perpendicular to I that is not removable with respect to I (see Lemma 3.3.7). An 
example where a face perpendicular to I prevents P  from being castable although I 
does not intersect any of the black regions induced by P  is shown in Figure 3.4.

Figure 3.4: Example of polyhedron P  that is not castable with respect to I although I 
does not intersect the black regions induced by P . Figure shows perspective view and 
front view.

Hence, Lemma 3.3.7 can be restated the following way:

Lemma 3.3.11. Let P  be a polyhedron and let I be a line in space. The polyhedron 

P  is castable with respect to I i f  I does not intersect any of the black regions induced 

by P  and i f  every face o f P  perpendicular to I is removable with respect to I. I f  I 

intersects the black region induced by any face of P, the black region induced by any 

reflex vertex of P , or the near wedge o f any reflex edge of P , P  is not castable with 

respect to I.

In analogy to Section 3.3.1, the aim is now to construct an arrangement A  with 
the property that every equivalence class of A  represents exactly one class of com- 

binatorially distinct lines. To achieve this, the arrangement A  used in Section 3.3.1 
needs to be augmented to handle lines perpendicular to reflex edges and faces of P.

P

I
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R eporting all valid casting lines

In this section, we modify the results of Section 3.3.1 to find and report a representa
tive for each class of combinatorially distinct valid casting lines for a given polyhedron 

P  in time 0 (n 4logn).

Theorem 3.3.12. Given a polyhedron P  with combinatorial complexity n, it is pos

sible to report all o f the valid casting lines for P  in R3 in time 0 (n 4 log n).

Proof In Section 3.3.1, the arrangement A  represented by the graph G introduced 
by McKenna and O’Rourke [31] is constructed to represent all the classes of combina
torially distinct lines in space. The lines that are not perpendicular to a reflex edge 

or face of P  can still be categorized and labeled using this technique. However, the 
arrangement needs to be extended to handle lines perpendicular to reflex edges and 

faces of P.

We will first discuss how to augment the arrangement to represent lines perpen
dicular to reflex edges of P. Recall that for any line perpendicular to a reflex edge 

of P, the far wedge of the reflex edge does not induce a black region. Hence, we 
need to insert all of the lines in space that are perpendicular to an edge of P  into the 
arrangement A. The aim is to insert nodes into G, such that any time a line g that 
is not perpendicular to an edge e of P  is moved continuously until g is perpendicular 

to e, a node of G is passed. McKenna and O’Rourke [31] prove that a line restricted 
to intersect three skew lines has one degree of freedom. This degree of freedom can 
be used to move the line until it is perpendicular to e, unless every line touching the 
three skew lines is perpendicular to e. Consider a line touching three of the lines 
in the arrangement A. If every line touching the three skew lines is perpendicular 

to e, no node is inserted to G. The reason is that G already contains nodes that 
ensure that any time a line g that is not perpendicular to e is moved continuously 
until g is perpendicular to e, a node of G is passed. If there exists a line touching 
the three skew lines that is not perpendicular to e, the line touching the three skew 

lines perpendicular to e is inserted as node in G. For three given skew lines and an 
edge e, this line can be found in constant time, since every line touching three skew 

lines has one degree of freedom. To insert all of these nodes in G, the edges of G are
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traversed in depth-first order. An edge of G describes lines that are touching three 
skew lines. For each edge of G, find the 0 (n )  nodes describing a line touching three 
skew lines and perpendicular to an edge e of P. This requires 0 (n )  time. Then, sort 
the nodes according to their appearance on the edge in O (nlogn) time and insert 
them in order. It takes O (n logn) time to insert the new nodes for one edge of G. 

Since G has 0 (n 3) edges, the total time to construct this arrangement is 0 ( n 4 logn).
This arrangement needs to be augmented further to handle lines perpendicular to 

faces of P  correctly. Lemma 3.3.11 implies that for any line I perpendicular to a face 
/  of P, P  is only castable if /  is removable with respect to I. For each face /  of P, 

the arrangement A  contains at least three lines perpendicular to /  that bound the 
black region of / .  Furthermore, the arrangement A  contains every line touching four 

given lines or touching three given lines, where the third line is touched at infinity. 
Hence, G already contains all the nodes that represent lines perpendicular to faces of 
P.

It remains to label the faces of the new graph G we constructed. To label every 
face of G, traverse G in depth-first order. We store all the counters explained in 
Section 3.3.1 and an additional counter c of the number of far wedges of reflex edges 
perpendicular to lines in fo  that intersect the lines in fa- This counter can be updated 
in constant time, if we store three boolean values with each reflex edge e: one value 

indicating whether the current line is in the near wedge of e, one value indicating 
whether the current line is in the far wedge of e, and one value indicating whether the 
current line is perpendicular to e. Furthermore, we store a boolean variable indicating 
whether the lines in fa  are perpendicular to a face /  of P. If the lines represented 

by fa  are not perpendicular to any face of P, simply proceed as in Section 3.3.1. 
Initialize the counters once in 0 (n )  time and update them in constant time per face. 
After subtracting c from the total number of black regions for fo,  we label f a  as valid 
if and only if the total number of black regions equals zero. If the lines represented 
by fo  are perpendicular to a face /  of P, it is required to test whether /  is removable 
with respect to the lines represented by fo- For this purpose, we need to construct 
a planar arrangement for each face of P. Then, if the total number of black regions 

computed before equals zero, we need to look in the planar arrangement whether /
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is removable with respect to I.
For each set of faces F  of P  with /  e  F  has inner normal ±n, we construct 

a planar arrangement that subdivides a plane 7r with inner normal ft into points 
I' = I fl 7T that are intersections of lines I in direction ft, such that each /  £ F  is 
removable with respect to I and points V =  I fl 7r that are intersections of lines I 
in direction ft, such that 3f  E F  that is not removable with respect to I. Hence, 
every point I' in the plane 7r represents the line I perpendicular to 7r that intersects 
7r in I1. To subdivide 7r into valid and invalid regions, several steps are required. 
First, the 0 ( n ) lines bounding black regions of P  are projected to ir. The planar 

arrangement has complexity 0 { n 2). Every face of this arrangement can be labeled 
as black or non-black region, respectively, in 0 (n2) time by walking through the 

arrangement and maintaining a counter of all intersected black regions using a similar 
technique as explained in Theorem 3.3.8. For every face of the arrangement labeled 
non-black, we need to test for each /  £ F  whether /  is removable with respect to lines 
represented by that face. Let p\ and p2 denote two arbitrary points inside the same 

face labeled as non-black of the arrangement. Since pi and p2 are in the same face 
of the arrangement, all the faces of P  have the same valid orientation with respect 
to the two lines represented by pi and p2, that is, the faces are either removable in 
cw orientation with respect to both lines, removable in ccw orientation with respect 

to both lines, or need to be split with respect to both lines. Hence, if the algorithm 
described in Lemma 3.2.9 is used to determine whether /  is removable with respect to 
the line represented by pi and p2, respectively, all the edges of /  are labeled in the same 
way in the first step. Hence, the two transformed polar planes with origins pi and p2, 
respectively, have the same structure. Although the actual distances to pi and p2 are 
different, the same sequence of monotone curves with monotone derivatives occurs 

in the transformed plane. Furthermore, if an edge is split, the actual split vertex is 
different, but the situation in the transformed plane remains the same. Therefore, /  
is removable with respect to p2 if and only if /  is removable with respect to pi. This 
implies that for each face of the arrangement labeled as non-black, we need to test 
one representative using the algorithm of Lemma 3.2.9 in 0(r  log r) time, where r  is 
the number of edges of / .  Let s denote the cardinality of F. In 0(rs  log r) time, it
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is tested whether each /  E F  is removable with respect to lines represented by one 

face of the arrangement labeled as non-black. Hence, it requires 0 ( n 2rs  log r) time 
to construct and label the arrangement for the faces F. This step needs to be done 
for each of the 0 (n )  sets of faces with codirectional inner normals. In the worst case, 
both s and r  are in the order of n. This seems to imply that the time complexity 

to construct and label the arrangements for all faces of P  is 0 (n 5logn). However, 
each face of P  is represented in exactly one planar arrangement and each edge of P  is 
shared by exactly two faces. Therefore, the sum of all the cardinalities and the sum 
of all the edges are both in the order of n. This implies that the total time complexity 
to construct and label the arrangements for all faces of P  is 0 (n 4 logn).

This implies that in 0 (n 4 log n) time, we can find and report all of the combina- 
torially distinct valid casting lines for P. □

After computing A  and G in 0 ( n A logn) preprocessing time, it is possible to 
perform line location in A, i.e. answer the question whether a given line I is a valid 

casting line for P. A  query in A  requires 0 (n )  time [31]. If the face of A  contains the 
information that I is perpendicular to a set F  of faces of P, it is necessary to query 
the arrangement induced by F  to determine whether each f  E F  is removable with 
respect to I. It is possible to determine I' = nHi  in constant time and to determine the 

face of the arrangement induced by F  that contains I' in 0(log n) time [29]. Hence, 
it takes 0 (n  +  logn) =  0 (n )  time to report whether P  is castable with respect to I. 
Note that this implies that we can report faster whether P  is castable with respect 
to I than without preprocessing (see Theorem 3.2.11). However, a query time of 
O(logn) is preferable. Hence, we use another approach to preprocess space for fast 
line location.

Preprocessing space for fast line location

In this section, we preprocess P  in expected time 0 (n 4+e) in a way that allows to 

answer whether a query line is a valid casting line for P  in time O(logn), where e is 
an arbitrarily small positive constant.

As before, consider all of the planes bounding the black regions induced by P
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and their 0 (n )  intersecting lines. Again, we use ray shooting in Pliicker space to 

determine whether the boundary of any black region is intersected by the query line. 
However, the data structures become more complex, since lines perpendicular to faces 

and reflex edges of P  need to be taken into consideration.

Theorem  3.3.13. A polyhedron P  with combinatorial complexity n can be prepro

cessed in 0 (n 4+e) expected time into a data structure o f size 0 (n 4+e) such that, fo r  

any given line I, we can decide in O(logn) time if  P  is castable with respect to I, 

where e is an arbitrarily small positive constant.

Proof. We employ three data structures to answer whether a query line I is a valid 
casting line for P. The first data structure represents the black regions induced by 
faces of P, the black regions induced by reflex vertices of P, and the far wedges 
induced by reflex edges of P. By Lemma 3.3.11, any query line intersecting the 
boundary of the black regions represented in the first data structure is an invalid 

casting line for P . Hence, we can use the same approach as in the proof of Lemma 
3.3.9 to build a data structure of size 0 (n 4+e) in expected time 0 (n 4+e) that answers 
whether I intersects any of the boundaries of black regions represented in the first 
data structure in O(logn) time. If the answer to the query reports that I intersects 

any of the black regions represented by the first data structure, I is an invalid casting 
line and we are done. Otherwise, the second data structure is queried.

The second data structure considers the far wedges of the reflex edges of P . For 
all of the far wedges of reflex edges of P  that are not perpendicular to I, de Berg 
et al.’s data structure [20] can be used as in the proof of Lemma 3.3.9 to answer 
whether I intersects the boundary of those far wedges. Recall that de Berg et al.’s 

data structure has size 0 (n 4+e) and answers queries in O(logn) time.
Each reflex edge of P  is associated with four triangles bounding the far wedge 

of that reflex edge. The direction of a reflex edge of P  can be represented as a 
point on the upper unit hemisphere of directions, because the orientation of the edge 

can be neglected. Using central projection from the upper unit hemisphere onto the 
plane 7r : z  =  1 with the origin as center of projection yields a representation of the 

directions of the reflex edges of P  in 2-dimensional Euclidean space. Note that each
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reflex edge is represented as a point in t t , which may lead to more than one reflex edge 
mapping to one point in t t . This representation has the property that directions that 

lie on a great arc of the upper unit hemisphere of directions correspond to points lying 
on a line in t t . The directions in the upper unit hemisphere perpendicular to I can be 
represented as a great arc of the upper unit hemisphere of directions or as a line I' 
in t t . Hence, all of the reflex edges of P  that are not perpendicular to I can be found 
using two half-space queries in t t  with the two open half-spaces bounded by V. The 

triangles bounding the far wedges of the reflex edges of P  that are not perpendicular 
to I can be used in de Berg et al.’s data structure [20] to answer whether I intersects 

the boundary of those far wedges.
For the second data structure, note that we have a set of O(n) points in 2- 

dimensional Euclidean space associated with four triangles each. We can therefore 
use a two-level data structure based on a cutting tree [21, Chapter 16]. A —cutting 
in the plane is a collection of pairwise disjoint planar simplices that cover the entire 
plane with the property that each simplex intersects at most j  of the n  given lines. 

A cutting tree on n  lines in the plane is recursively defined as follows: if n = 1, then 
the tree consists of a single node storing the line. Otherwise, a —cutting is found and 

for each simplex of the ^-cutting, we store a child of the current node. That child 
contains the simplex that created the child, a list of all of the lines located completely 
above the simplex, and a list of all of the lines located completely below the simplex. 
Furthermore, each child is recursively defined as the root of a cutting tree on the lines 

crossing the simplex associated with the child [21, Chapter 16]. Chazelle [13] proved 
that a ^-cutting in the plane of size 0 (r2) can be found in 0 (nr) time.

The cutting tree used in the two-level data structure stores the set H  of lines dual 
to the 2-dimensional points representing the reflex edges of P. Every node of the 
cutting tree stores a set H ' C H  of lines corresponding to a set of triangles bounding 
the far wedges of the reflex edges associated with the lines H '. These triangles are 

stored in de Berg et al.’s data structure [20]. Van Kreveld’s results [39, Theorem 5.8] 
imply that, for an appropriate choice of r, the total size of the cutting tree storing de 
Berg et al.’s data structure in each node is 0 ( n enA+e) for any e > 0. Replacing e by 
|  yields the space requirement 0 { n in A+i)  — 0 ( n A+t).
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To analyze the time requirement to build the second data structure, we use that 

a ^-cutting in the plane of size 0 ( r 2) can be found in 0 ( n r ) time [13]. We use the 
fact that by a similar analysis as the one used by van Kreveld [39, Theorem 5.8], 
this yields the following recurrence for the expected construction time P (n ) of the 
data structure: P (n ) <  Cir2P ( +  C2rC3g(n ) +  c±nr, where c i , . . .  c4 are constants 

and where g(n) =  n4+e is the expected preprocessing time required to build de Berg 
et al.’s data structure [20]. By choosing r to be a sufficiently large constant, this 
recurrence solves to 0 ( n e(n2 +  g{n)) +  n 2logn) for any e > 0. If we replace e by 
the data structure therefore requires 0 (n 4+e) expected construction time.

For a query line I, we perform two queries in that data structure. The line I' in 
7r that represents all the directions perpendicular to I is found. We query the data 

structure with both open half-spaces bounded by V. This is done by querying the 
data structure twice with the dual point of V and by reporting all of the nodes of the 
cutting tree representing only lines of H  that lie on the correct side of the dual query 
point, respectively. Then, I is represented as Pliicker point and a query is performed in 
each of the secondary structures corresponding to the reported nodes. Van Kreveld’s 

results [39, Theorem 5.8] imply that this data structure supports queries in O(logn) 
time.

If the answer to the query reports that I intersects any of the black regions rep

resented by the second data structure, I is an invalid casting line and we are done. 
Otherwise, the third data structure is queried.

The third data structure tests whether each face of P  perpendicular to the query 
line I is removable with respect to I. As in the proof of Theorem 3.3.12, for each set 
of faces F  of P  with /  G F  has inner normal ±n, we construct a planar arrangement 
that subdivides a plane with inner normal n  into points I' = I On that are intersections 

of lines I in direction ft, such that each /  £ F  is removable with respect to I and points 
V =  I 0  7T that are intersections of lines I in direction n, such that 3 /  6  F  that is 
not removable with respect to I. We know from the proof of Theorem 3.3.12 that in 
0 (n 4logn) time, we can build the planar arrangements with total space requirement 
0 (n 3) for all the sets F. For each set F, represent the directions ± n  in a dictionary 
with the property that the set F  defined by a given direction d can found in O(logn)
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time, if it exists.
Querying this data structure is slightly more complicated than in the proof of 

Theorem 3.3.12. For a query line I, query the dictionary with the direction of the 
query line to find the set of faces F  of P  perpendicular to I. If there are no faces 
perpendicular to I, I is a valid casting line for P. Otherwise, compute the intersection 
V of I with the planar arrangement associated with F  and perform point location. This 
requires O(logn) time [29]. Retrieving the label of the face of the planar arrangement 

containing V answers whether all of the faces of F  are removable with respect to I. 
Hence, querying the third data structure takes time O(logn).

Hence, the total space requirement and expected preprocessing time for the three 
data structures is 0 (n 4+e). Queries can be answered in O(logn) total time. □
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Conclusion and Future Work

The worst thing you can do to a problem is solve it completely.

D a n i e l  K l e i t m a n

We have studied the problem of clamshell casting in both two and three dimen

sions, where the boundary of the object to manufacture is piecewise linear. In two 
dimensions, an algorithm was developed to solve the problem of determining whether 

a polygon with n  vertices is castable with respect to a given point in the plane with 
running time 0 (n ). Furthermore, two algorithms were developed to report all the 
valid centers of rotation for a given polygon in the plane. The running times of the 
algorithms are 0 (n) for convex polygons and 0 (n2) for simple polygons in general 

and shown to be worst-case optimal.
In three dimensions, an algorithm was developed to solve the problem of deter

mining whether a polyhedron of arbitrary genus with combinatorial complexity n  is 
castable with respect to a given line in space with running time 0 ( n  log n). If the lines 

are restricted not to be perpendicular to a reflex edge or a face of the polyhedron, the 
algorithm’s running time becomes 0 (n ) .  Furthermore, it is possible to report all of 
the valid casting lines for a given polyhedron in space in time 0 ( n 4 log n). If the lines 
are restricted not to be perpendicular to a reflex edge or a face of the polyhedron, 
the algorithm’s running time becomes 0 ( n 4a(n)). Alternatively, the polyhedron can 
be preprocessed in 0 (n 4+e) expected time into a data structure of size 0 (n 4+e), such 

that for any given line I, we can decide in O(logn) time if £ is a valid casting line.

77
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The following interesting related problems require further research.

• The control of the physical casting machinery is imperfect. This yields to surface 
defects if the cast of the object slides along the boundary of the object. The 

algorithms presented in this thesis should therefore be extended to determine 
whether an object is castable in a way that the cast does not slide along the 
boundary of the object.

• Since many objects do not have a piecewise linear boundary, the algorithms 
should be extended to handle more general object boundaries.

•  The definition of clamshell casting used in this thesis only tests whether the 

cast of an object with piecewise linear boundary can be opened by an arbitrarily 
small angle without breaking the object or the cast. To physically manufacture 
the object, it is required that the cast can be opened by a sufficiently large 
angle to remove the object from the cast without breaking the object or the 

cast. This problem is difficult, since the object can be removed from the cast 
by an arbitrary sequence of transformations.

• In this thesis, the boundary of the object is defined to be the cast. In case 
of rotations around arbitrarily small angles, this model is sufficient. However, 

when considering larger angles of rotations, the thickness of the cast has an 
influence on the maximum angle of rotation that does not break the object or 
the cast. Hence, the cast needs to be assigned a thickness.
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