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Abstract 

The purpose of this study was to investigate select numerical methods that demon

strate good performance in solving PDEs that couple diffusion and reaction terms. 

These types of equations have numerous fields of application such as environmental 

studies, biology, chemistry, medicine, and ecology. Our aim was to investigate and 

develop accurate and efficient approaches which compare favourably to other appli

cable methods. In particular, we investigated and adapted a relatively new class of 

methods based on rational polynomials. Namely. Pade time stepping (PTS), which 

is highly stable for the purposes of the present application and is associated with 

lower computational costs. Furthermore, PTS was optimized for our study to focus 

on reaction diffusion equations. Due to the rational form of PTS method, a local 

error control threshold (LECT) was proposed. Numerical runs were conducted to 

obtain the optimal LECT. In addition, new schemes based on both PTS and splitting 

methods were established. 

Based on the results, we found PTS alone and combined via splitting with other 

approaches provided favourable performance in certain and wide ranging parameter 

regimes. 
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Chapter 1 

Introduction and Literature 

Review 

In this work, we discuss numerical methods for solving partial differential equations 

coupling diffusion and reaction terms. The simple form of a reaction diffusion equation 

is the following 

•ut(t, x) — a uxx(t, x) + /(«), (1.0.1) 

where u is an order-parameter field, e.g., population density, chemical concentration, 

magnetization, which depends on space x and time t. The order-parameter may be 

either scalar or vector, depending on the number of variables that describe the physical 

system. The order-parameter evolves in time due to a local reaction, described by the 

nonlinear term /(«)> hi conjunction with spatial diffusion. The coefficient a can be a 

diagonal matrix or in some cases a full matrix to account for so-called cross-diffusion 

terms. In most cases, however, a can be a scalar where the amount of diffusion is the 

same in all coordinate directions, or it could be dependent on time and space a(t, x). 

These reaction diffusion equations appear in many types of real life problems. 

In this chapter, we provide a motivation, basic definitions, and space-time dis

cretizations. Then, time integration methods for ODEs are illustrated. In the ensuing 
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2 

chapters, splitting methods, stabilized Runge Kutta methods, and schemes that solve 

the linear part exactly (ELP) will be discussed. Finally, numerical examples are pre

sented. 

According to the relevant literature, other numerical methods that solve reaction 

diffusion eqxiations exist. One of these methods is the spectral method (SM). which 

is good for wave problems. Precisely, it works well for constant coefficient, simple 

boundary conditions, and regular domains. Another method is finite the element 

method (FEM), an appropriate method to handle complicated geometries, which is 

not the case with our study. In general, FEM is less easy to code, though some 

packages are available. The finite difference method (FDM), which is simple and easy 

to implement, is another way to solve numerically PDEs. It is also good for simple 

domains. Often, FDM is the fastest way to get a feel for a problem. For useful 

references in this field see, [34, 41, 46, 47, 75, 80, 81]. 

For an introduction to fast solvers for large systems of ODEs, see [63, 74], More

over, if the underlying system of mathematical equations is singular, then the nu

merical method must be chosen or designed to deal with the singularities, see [40]. 

However, since singularities will not arise for reaction diffusion equations in general 

the numerical approaches used here are exclusively FDMs. 

1.0.1 Motivation 

Applications of the reaction diffusion equations are numerous. They have been in

volved and used to simulate a variety of different phenomena, from environmental 

studies [54, 55], biology [23, 37, 54, 55, 51], chemistry [54, 55, 44, 62, 66, 82, 79], 

medicine [33, 50, 54, 55, 51], ecology [48, 61, 54, 55], and epidemiology [16, 17]. 

Many reaction diffusion equations that have been studied in the literature differ in 

their reaction terms. Such examples are the Fisher model in population genetics 

[58, 59, 91], the Kolmogorov Petrovskii Piskunov (KPP) planar model for the evolu
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tion of advantageous genes [42, 91], Turing's continuous model of morphogenesis [82], 

Maginu model of morphogenesis [49], FitzHugh's model (Nagumo) of the propagation 

of voltage impulse through a nerve axon [3], Brusselator's model for the Belousov 

Zhabotinskv reaction (BZR) [28, 83], bistable transmission lines [56], wave system in 

plane Poiseuille flow [71], Gierer Meinhardt [53], generating waves by wind [10] and 

also in the modelling of fire spread [29]. 

A simple example for reaction diffusion equation is the Gray-Scott model which 

involves two chemical species, with concentrations u and v. The equations are 

where D\, D2. 7 and k are constants. The following example of (1.0.2) was described 

in [60]. Two spatial dimensions were considered with 0 < x.y < 2.5 and a homoge

neous Neumann condition was imposed to both u and v. The initial value is 

Also, the parameters were taken as Dx  — 8 x 10~5, D} = 4 x 10~5, 7 = 0.024 and 

k — 0.06. We noticed here that D\ and D2 are small, which will lead to a stiff problem 

(it will be defined in the preliminaries section). Figure 1.1, copied from [39], shows 

the evolution of the u-component by contour lines in the x, y-plane at different times. 

So, as t gets larger the number of spots will increase and the size will change. These 

modifications are basically due to diffusion and reaction terms. 

1.0.2 Preliminaries 

First, to study numerically these PDEs, we need to convert the PDE to ODEs using 

spatial discretization. Thus, we need some basic definitions for numerical methods of 

u t  — D\/\u — uv2 + 7(1 — u), 

v t  — D2AV + uv2 — (7  +  k)v, (1.0.2) 

u(x, y, 0) = l — 2v{x,y,0), 

\ sin2(47rar) sin2(47n/), if 1 < x, y < 1.5, 

0, elsewhere. 
(1.0.3) 
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Figure 1.1: Time evolution (t'-component) in the Gray-Scott model. 
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ODEs. Consider the initial value problem 

w t(t) = F(t,w(t)), t > 0, w(0) = wo, (1.0.4) 

where w(t) € Rm. Let us first use forward Euler's (FE) method, which is the simplest 

numerical method, to approximate that system which gives 

uV/+ i  = wn + hF(tr i,  t-n — n = 0,1 .2 , . . . ,  (1 .0 .5 )  

where wn = w(tn) and h is a time step. 

Let |j • |j be a vector norm and consider a time interval [0,T], For K0 > 0, let 

C = {(< ,  v) E R x r: 0 < t < T, II?; - «;0|| < #o}. 

Definition 1.0.1 If a function F(t, v) satisfies the condition 

||.F(t v) — F(t, i')|| < Z-||i5 — z;|| for all (t, v), (t, v) £ C, (1.0.6) 

then, it satisfies a Lipschitz condition and we call L the Lipschitz constant. 

If F is continuous on C then (1.0.4) has a solution on some interval [0, T*} where 

71* > 0. Moreover, if F is continuous on C and satisfies the Lipschitz condition then 

the solution is unique. Considering the scalar case, to obtain an error with Euler's 

method, we insert the exact solution values in the scheme to get 

w(tn+1)  =  w{tn) + hF(tn, w(t n ) )  +  hpn. (1.0.7) 

Definition 1.0.2 (Truncation error) This quantity 

w(tn+i) - w(tn) 
Pn = ^ F(tn, W (tn)) 

is called the (local) truncation error. 

From first-order Taylor series expansions the truncation error could be simplified to 

be 

pn = ^hw"(tn)+0(h2), 

provided that w is 3 times continuously differentiable on [0,T}. 
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Definition 1.0.3 (Discretization error) This quantity 

C,i ti-(tri) "-'11 

is called the (global) discretization error. 

It is easy to find a bound for en using the Lipschitz condition. 

Definition 1.0.4 (Consistency) We say the scheme is consistent if en —> 0 as 

h -> 0. 

If we have the following 

max ||ti>„ - w(tn)j| < 0{hp) 
» = [  o , f ]  

as h —> 0 we say the scheme is of order p. 

Definition 1.0.5 (Stability) We say the scheme is stable if wn, where n = j-, re

mains bounded as h -> 0. 

Let us apply the forward Euler (1.0.5) to the test equation w'(t) = Xw(t) to get 

wn+1 = wn + A hwn = (1 + z)wn = R(z)wn, 

where 2 = Ah. Here we use R(z) to represent the stability polynomial of the FE 

method. Also, the set of points that satisfies this condition |/?(^)| < 1 is called 

the stability region and it is denoted by «S, i.e., S = {^: j/2(^)| < 1}. We will be 

considering different kinds of numerical stability. 

Definition 1.0.6 (A-stable) If the stability region of an ODE method contains the 

left half-plane C~ = {z E C: Re z < 0}, then the system is A-stable. 

Definition 1.0.7 (strongly A-stable) If the method is A-stable and |-R(—oo)| < 1. 

then it is strongly A-stable. 
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Definition 1.0.8 (L-stable) If the method i-s A-stable and |/?(oc)| = 0, then it is 

L-stable. 

Both strongly A-stable and L-stable methods are recommended for parabolic PDE's 

and stiff chemical systems [39]. 

Definition 1.0.9 (Convergence) We say the scheme is convergent if 

max 11wn — w(tn) || —» 0 as h —» 0. 
«=[<>,£] 

where T is the final time. 

Stiff Problem The phenomenon of stiffness has no closed definition in the liter

ature, however, many attempts have been made, for more details and examples see 

[35, 46, 47]. One character of a stiff problem is it contains widely varying time scales, 

i.e., some components of the solution grow or decay much more rapidly than others. 

Due to this, in general, it is found that implicit methods perform better than explicit 

ones. A typical definition of stiffness you might find in the literature is based on the 

ratio of the smallest and largest real parts of eigenvalues of the associated linearized 

systems. This is usually coupled with the assumption that no real parts are positive. 

The larger that ratio the stiffer the problem. 

1.0.3 Spatial Discretizations 

To study numerical methods for time-dependent. PDEs, we consider the discretiza

tion of the spatial operator A separately from the temporal operator When we 

discretize the spatial operator on a chosen grid, the PDE becomes a system of ODEs. 

This is called a semi-discrete system. Here, we consider the simple spatial discretiza

tions of a diffusion problem on a uniform grid fi/> = xi, X2, • • •, xm with grid points 

xj = jh and mesh width h = ~-t. We have wj(t) ~ u(xj,t) on this spatial grid. 
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Consider the constant coefficient diffusion equation 

u t  = OiUxx, (1.0.8) 

with a > 0, and assume periodicity u(x ± l,f) = -u(x, t) in space. Now the spatial 

derivative can be approximated by the difference formula 

^ (f/.(.r - h) - 2u(x) + u(x + /?.)) = uxx  + 0(h2). (1.0.9) 
nz 

Using this second-order formula on the uniform spatial grid Qh will lead to the second-

order centred discretization 

w 'j = p («0--x(0 - 2wj(t) + w j+i(t)), j = 1 , ..., m , (1.0.10) 

where W o ( t )  =  w r n ( t )  and wm+\(t) — iv\(t) from the periodicity condition. Equation 

(1.0.10) can be written as the following ODE system 

w'(t) = A w(t), 

where w = (u-'i,..., wrn)T, A is given by 

-2 1 1 

1- 2 1 . . .  : 

A = - :  • •  • •  - •  :  
h 2  . . . .  

:  . . .  1  -2  1  

1 1 -2 

and w(0) is the given initial value. We notice here that A is symmetric and thus has 

real eigenvalues. This gives a finite difference spatial discretization scheme, which is 

still time-continuous. Therefore, we need a time-stepping scheme to discretize the 

problem with respect to time to get a fully discrete system. This question will be 

discussed shortly. 
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Fourier Analysis One good tool to analyze a finite difference scheme is the discrete 

Fourier decomposition. For more details see, for example, [74. 75, 81]. Periodicity 

conditions will be considered for test purposes. Recall the Fourier modes have the 

following forms 

0 k ( x )  =  e 2 * i k x .  k e Z .  

Here the discrete Fourier modes are 

(pk = l), <f>k(x2), .  • • ,  (Plc ( X m ) ) 1  e C, ke Z. 

Now, consider the initial value problem 

m 
w'(t) = Aw(t), w(0) = ak0k, 

k= 1 

where A is an m x rn circulant matrix which has the form 

(1.0.11) 

A = 

Co C I  

Cm — 1 Q) Cl 

Cm-1 

(1.0.12) 

:  . . .  Cm—l Co Cl 

Cl • • • • • • ^m-1 Q) 

This circulant matrix arises when periodic PDE problems with constant coefficients 

are discretized and has the property A(pk — \k<t>k where 

TO— 1 

A» 
J=0 

Through some calculations, the solution of (1.0.11) may be expressed as 

m 
w(f) = ^2otkeXkt<i>k. (1.0.13) 

k= 1 

If we have w(0) — <pk as the initial condition, then 

U ' j  ( t )  =  e X k t e 2 n i k x j .  (1.0.14) 
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By substituting <j>k in (1.0.10), we find that 

O A 
Ak — (cos(27tkh) — 1) — sin2(7xkh), k = 1 m. (1.0.15) 

hr h-

We notice that the eigenvalues, A*., are negative and real, and thus we have j|eL4|j < 1. 

1.0.4 Time Stepping for PDEs 

In the previous subsection, the spatial discretization of our problem leads to a semi-

discrete system of ODEs. Here, we discuss the method of lines (MOL) approach, 

which is basically a time stepping method. One reason to use the MOL approach 

is that many well-developed ODE methods exist. Assume we have a PDE problem 

that has u(.r, t) as a solution. Then, discretizing in space 011 Qh yields a semi-discrete 

system 

w'(t) — F(t,w(t)), 0 <t<T, w(0) given, (1.0.16) 

with w(t) = («!j(0)Jli *= an(l m is the number of grid points. Now, in order to 

get a full discrete approximation, we apply a suitable ODE method. For example, 

applying the 0-met hod to (1.0.16) with step size r for tn — JIT, n — 1,2,..., yields 

wn+1 =wn + r( 1 - 8)F(tn, wn) + T0F(tn+1, 'wn+l). (1.0.17) 

Here, wn = («-/'')j=i € RTO denotes the fully discrete numerical solution at time 

tn. Additional stepping methods are discussed in coming sections. For more on 

time stepping, see [13, 39, 47, 65, 72]. If we know that, the spatial discretization is 

convergent of order pi, i.e. ||Uh(#) — u'(t)|| < C\hpi, and the time stepping method is 

convergent of order p2, i.e. ||w(£n) ~~ ^nll < C2TP2, then we can find the error bound 

||«h(<n) - M'nll < ||Uft(*n) ~ «>(fn)|| + ||?X!(i„) - tt?n|| < CXhPX + C2 T P 2 .  (1.0.18) 

For the stability, a restriction on the temporal step size r in terms of the mesh width 

h is imposed. In the numerical literature, this restriction is called the Courant 

Friedrichs Lewy (CFL) condition and is associated with all explicit schemes. 
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1.1 Time Integration Method 

In this section, we will introduce some methods which are good for the temporal 

discretization of PDEs. As discussed, after discretizing the space variable of a PDE, 

we will have a system of ODEs. In order to deal with this system we generally need 

a numerical method. There are two common classes of methods for solving initial 

value problems for systems of ODEs numerically, Runge Kutta and linear multistep 

methods. For more details see [39, 67, 13, 72, 81]. 

We consider the general form of an initial value problem for a system of ODEs, 

with given F: ix Rm —» Rm and w0  € Rm. The exact solution w(t)  will be approx

imated at the points tn = nr, n = 0,1,2,... with r > 0 being the step size. The 

numerical  approximations are denoted by wn  ~ w(tn) .  

1.1.1 Runge—Kutta Methods 

Runge Kutta methods are one-step methods. That means that they step forward 

from computed approximations wn at time tn to new approximations wn+1 at the 

forward times £n+1 using only wn as input. One-step methods have several advantages 

over multistep methods. One of these is that they are self-starting, which means that 

from the initial data wQ the method can be applied immediately whereas multistep 

methods require other methods to be used initially. 

The general form of a Runge Kutta method is 

w ' (T)  = )) ,  t  > 0, iu(0) = WQ , (i.I.I) 

S 

Wn+l 
i=1 

s 

(1.1.2) 
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with i  = 1, . . . .  x and wn i  ~ w(tn  + c,t) where the integer s is called the number of 

stages. Here ay, 6* are coefficients defining the particular method and c» = Y^av-
j= i  

The method is called explicit if a0 = 0 for j  > i ,  because the internal approxima

tion wni can be computed one after another from an explicit relation. Otherwise, the 

method is called implicit due to the fact that the vjnt must be retrieved from a system 

of linear or nonlinear algebraic relations. The Runge Kutta method is represented 

by the Butcher array 

C\ au . 

Cs asi . .. ass 

bi • • 6, 

c A 

bT  

The coefficients a,j , hi,  c t  from (1.1.2) will determine the order of the method. 

For example, the following array 

0 0 0 

1 1 0 

1 1 
2 2 

will provide us with two stages, which in fact is the second-order explicit trapezoidal 

rule 
1 1 

(1.1.3) wn + 1  = wn  + \rF(tn ,  wn)  + \ tF (tn  + r,  wn  + tF(t . r , ,  wn))  
2 ' "  '  "" ' l /  '  2  

For implicit RK, we can see this 

1 1 

1 

which will produce the backward Euler method 

WN + 1  = WN  + TF(tN +I,WN+I).  (1.1.4) 
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Accuracy 

In general, the global error, at the fixed time point is the difference between the 

exact w(tx) and the approximation u?.y. Clearly, the global error at tN must, depend 

on errors present in all preceding approximations w„ (1 < n < N — 1). So, the global 

error can be interpreted as being built up from local errors. 

The Stability Analysis 

Let us consider the scalar complex equation 

w t( t) = A w(t) ,  (1.1.5) 

where A G C with negative real part. We will study the stability behaviour of nu

merical ODE methods using this test equation. Applying (1.1.2) to the test equation 

and letting z — rA, we get 

wn + i  = R(z)wn ,  

where 

i?(2) = l + 3 + ̂ 2 + ... + i-s, (1.1.6) 

is the stability function of the explicit RK method for p = s < 4. 

We notice from from Figure 1.2 that the stability region of explicit RK methods, 

associated with this stability function (1.1.6), generally gets bigger as s gets bigger. 

When we solve a stiff system, the order of the error can be reduced compared to 

what the classical theory predicts. This phenomenon is called the order reduction, 

though, it is difficult to be detected in practical computations. In general, any explicit 

or implicit RK method of order p > 3 and stage order q < p — 1 may suffer from 

order reduction to the level q + 1. In addition to implicit RK methods, Roseubrock 

Methods are RK type (one-step) methods suitable for stiff autonomous ODEs, see 
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3 

2 

0 

-2 

-3 
- 4  - 3  - 2 - 1  O  1  

Real (oil) 

Figure 1.2: Stability regions (interior of the closed curves) for the explicit 
first-order Runge-Kutta (RK1), second-order Runge Kutta (RK2), third-
order Runge Kutta (RK3), and fourth-order Runge Kutta (RK4). 

1.1.2 Linear Multistep Methods 

Linear multistep methods (LMM) differ from RK methods in that they use additional 

past results from past times. A linear k-step is method defined by 

k k  
ajWn+j = T 0jF {tn + j ,Wn+j),  71 = 0.1,  . . .  .  (1.1.7) 

j  =0 j  =0 

where ct, and fl j  are constants defining the method. Thus, to compute wn + k ,  we use 

the k past values wn, ..., , wn+k-1- Given an initial value, we need to generate other 

starting values by, for example, RK or using a linear one-step method to find wx. then 

a linear two-step method for and so on. If 1% — 0, then the method is explicit, 

otherwise it is implicit. 
k 

Scaling is used to set = 1 or dj = 1. The linear k-step has some compu-
j=o 

tational advantages over one-step s-stage RK method. For example, in the case of 

explicit methods one instance of F needs to be evaluated versus s in RK methods. 

Ulvt 
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Also, we have to consider the difficulty that (1.1.7) needs k starting values for the 

first step. 

The Order Conditions 

We will use the same notations as in RI< section. Consider the following 

f c - i  f c - i  

ajwn + j  + a kw*+ k  = 0jF(tn + j ,wn + j)  + Td kF{tn + j ,w*+ k) .  (1.1.8) 
j=o j=0 

The LMM is consistent of order p ,  if the local error satisfies 

=0(r"+1) (1.1.9) 

and F is sufficiently differentiable. Then the global error would be 0(TP) .  It is found, 

see [39], that the method has order p iff it satisfies the order conditions 

k k k  
a j f  = i  ̂ 2  f o r  '  =  1 . 2 , . . .  ,p .  (1.1.10) 

j=0 j= 0 j=0 

For example, Adams methods are characterized by 

= 1, (ifc-i = —1. OLj = 0 (0 < j  < k — 2) 

with 3j chosen such that the order is optimal. Adams Bashforth method (from [47]) 

of order k = 2, which is explicit, 

3 1 
wn+2 - u'n+i = -r Fn+i - - rFn, (1.1.11) 

where F t  = F(ti ,Wi) .  For implicit Adams methods, the Adams Moulton method 

(from [47]) of order k -f 1 = 3 is 

5 8 1 
wn+2 - wn+1 = J2tFti+2 + \2tFti+1 ~ 12rFn' (1-1.12) 

In this implicit case, predictor-corrector ideas are applied. First, a predicted value 

wn+k is computed by an explicit k-step method; then, we insert the value in the 

right-hand side of the implicit fc-step method. 

Eai = 0' 
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(a) Euler (b) Backward Euler 

(c) Trapezoid (d) Midpoint 

Figure 1.3: Stability regions for Euler, Backward Euler, trapezoidal, and 
midpoint methods. 

In addition to these examples, there are other LMMs which have good stability 

properties when stiff problems are considered. One class of such methods is the 

backward differentiation formula (BDF). A BDF method is implicit and is defined by 

Stability Analysis 

First, let, us introduce some examples of LMM in Figure 1.3 with their stability 

regions. It can be noticed in Figure 1.3 that both the backward Euler and the trape

zoidal rule are unconditionally stable, i.e. A-stable. 

Now, recall some properties of the scalar linear equation 

0k  = 1, 8j = 0 (0 < j  < k — 1),  (1.1.13) 

with a-j chosen such that the order is k. The 2-stcp BDF is 

3 1 
XW»+2 - 2wn+l + ~U'n  = TFn+ 2. (1.1.14) 

k 
(1.1.15) 
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where 7j G C. Define the characteristic polynomial, which helps to study the be

haviour of { «'„}, a,s 
k 

= (LL16) 
j= 0 

Let us denote the zeros of 7r(c) by Zj, z2, .... 2*. Thus, wn is a linear combination 

of Z{. The characteristic polynomial satisfies the root condition if 

|~t| < 1 for all i ,  and \z , \  < 1 if Z{ is not simple. (1.1.17) 

With a selection of {a,-} and {Bj},  the first and second characteristic polynomials 

fc  k 

P(z) = YlaizJ °(z) = J2P-izj- (1-1.18) 
j= 0 ,/=0 

will be used for discussing the stability. If the LMM is implicit then the polynomials p 

and a have degree exactly k. If a has degree < k the formula is explicit. So, specifying 

p and a is equivalent to specifying the LMM by its coefficients. For example, Euler 

has p(z) — z — 1 and a(z) = 1, and the trapezoidal rule has p(z) = z — 1 and 

a(z) = |(z + 1) and so on. 

Zero Stability We discuss zero stability, which is a minimum condition for a 

method to be useful. Letting F = 0 in (1.1.7), then we have 

k 
T:  CtjWn+j = 0,  71 =  0 ,1 . . . . ,  (1.1.19)  
j= 0 

with p(z)  as the characteristic polynomial. We say that a LMM is zero-stable if 

p(z) satisfies the root condition (1.1.17). For example, consider the two-step explicit 

method 

Wn+2 -  (1 + a0)wn+i + QQwn  = -  ao)rFn + 1  -  ̂(1  + a0)rFn .  

With Q0 = —5 we get order 3, 

2 

p(z)  = ctjZ-i  = —5 + 4 z + z2 ,  
j=o 
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which implies that z x  = 1 and z-2  = —5 and the method does not satisfy the root 

condition. Therefore, this method is not zero-stable. 

Stability Region Consider the scalar test equation w'(t)  — Xw(t) ,  where A € C. 

so our LMM would be 

k 
y^(Qj -  Zdj)wn + j  = 0,  n — 0,1, . . . ,  (1 .1 .20)  
j=o 

where Z  = T X .  It has the characteristic polynomial 

k 
Xz{z)  = p{z)  -  Za(z)  = -  Zpj)z3 .  (1.1.21) 

j=0 

Letting S denote the stability region, it is clear that 

Z € S 7TZ satisfies the root condition. 

On the boundary of S one root of TTZ has modulus 1. Since NZ{~) = 0 iff Z  —  ,  

then any point in the boundary would be of this form 

p(e i 0)  
Z = = 0 < 0 < 2TT. (1.1.22) 

a{e l G)  ~  ~ K  '  

The stability regions of the explicit Adams Bashforth (AB). implicit Adams 

Moulton (AM), and backward differentiation formulas (BDF) are given in Figures 

1.4, 1.5, and 1.6, respectively. 

It can be noticed that the stability region of AB is small and becomes smaller as 

the order increases. Also, in the case of AM, we get a bounded region which is not 

desirable for implicit methods and is therefore not as advantageous for stiff problems. 

On the other hand, BDF shows a good unbounded stability region (see Figure 1.6). 

A-Stability First, one of the desirable properties for stiff problems is the A-stability 

property. A linear multistep method is called .4-stable if its stability region satisfies 

S D {z  € C: Re z < 0 or z = — oo} ,  
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0.8 

0.6 

0.4 
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AB3 ABl AB2 [m (7.) 0 

-0.2 

-0.4 

-0.6 

-0.8 

-2 -1.5 -0.5 0.5 

Figure 1.4: Boundaries of stability regions (interior) for 1-step Adams 
Bashforth (ABl), 2-step Adams Bashforth (AB2), and 3-step Adams 
Bashforth (AB3). 

AM3 AM4 
Im (z) o 

-3 

-7 -4 -3 -2 —6 -5 

Figure 1.5: Boundaries of stability regions (interior) for 2-step Adams-
Moulton (AM3) and 3-step Adams Moulton (AM4). 
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IM ( z )  0 

-2 

-6 
- 1  0 1 2 3 4 5 6 7 8  

R*: (z) 

Figure 1.6: Boundaries of stability regions (exterior) for 1-step backward 
differentiation formula (BDFl), 2-step backward differentiation formula 
(BDF2), and 3-step backward differentiation formula (BDF3). 

where € = CU oo. For LMM, it is convenient to include 2 = —oc. There are fewer 

A-stable LMMs than in the RK case. 

Another property that could be introduced here is v4(a)-stability, with angles 

a G [0, |?r]. For 2 — rel<t> with r > 0, <p G (— n, 7r], let arg(z) = (6. Thus, a method is 

said to be .4(e*)-stable if 

S D  {zeC: 2 = 0,oo or | arg(—z ) \  < a} . 

The angle a will be read from the negative real axis. For example, in Figure 1.6, 

a = | for k = 1,2 but a = ^ < | for k = 3. From [39], we have the following table 

k 1 2 3 4 5 6 7 

a 7T 
2 

7T 
2 

43tt 
90 

73tt 
180 

bin 
180 

717T 
180 not zero-stable 

BDF1 
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1.1.3 Comparisons 

The RK methods are self-starting while the LMMs need to generate starting values 

using other schemes. On the other hand, RK schemes suffer from order reduction. 

Computationally, the cost of function evaluation in the LMM is much less than in 

RK. This is because in the case of the RK, we have to compute at fractional times 

(off-step points), while in the case of the LMM, we use already known points. From 

a stability point of view, in both cases, we have a number of implicit schemes where 

the stability region is unbounded. However, using an ,4-stable implicit RK or LMM 

scheme may not be as efficient as we need for our reaction diffusion equation, since 

the eigenvalues axe near the negative real axis. Therefore, having an explicit scheme, 

such as the stabilized Runge Kutta can reduce computational costs. This will be 

discussed in Section 3. 

1.2 Splitting Methods 

Applying one integration formula to the different parts of the reaction diffusion equa

tions is generally inefficient. For example, using a single implicit integration formula 

for the whole problem will lead to a large nonlinear algebraic system. The idea be

hind splitting is to break down a complicated problem into smaller parts and then 

treating each part with a suitable integration formula. For more details see, for in

stance, [39, 6-5]. We will introduce briefly three classes of splitting methods: locally 

one-dimensional (LOD), alternating direction implicit (ADI), and implicit-explicit. 

(IMEX) methods. 

1.2.1 Operator Splitting 

We focus on concepts rather than on actual methods. Also we will consider the linear 

case; the nonlinear case can be treated the same way. 
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First-Order Splitting 

Consider a linear constant coefficient homogeneous ODE system 

i t /  = Aw(t) ,  T > 0. u.'(0) = WQ . (1.2.1) 

Its solution may be formally written as 

w(tn+ i)  =e r Aw(t„).  (1.2.2) 

Now, suppose A = Ai + A2  and r = fn+1 — tn .  Then, instead of solving (1.2.1), we 

can solve the two subproblems 

«>«(*) = Arw*(t)  

for tn  < t < tn + i  with w*(tn)  = wn  to get w*(tn +1), and 

wt*(t)  = A2w**(t)  

for tn  < t < tn+i with iu**(tn)  = w*(tn+1), starting from wn  and take u!
n+i = w**(tn+i) 

to complete the splitting integration step. With this, an error term arises, and the 

truncation error will satisfy 

Pn = ~(ET A  -  e r A*eT AL)w(tn)  = \T[AU A2 \w(tn)  + 0(T2) ,  (1.2.3) 
r z 

with [ylj, A2] = ,4],42 — AiAi being the commutator of Ai and A2 .  If A\ and A2  

commute, we have 

gA'ipAx __ pAz+Ai _  ̂ A 

and it leaves no splitting error. In general, it cannot be assumed that Ai and A2 

commute. Thus, we discuss the splitting method error. The leading term O(r) in 

(1.2.3) dominates the higher-order terms which requires [Ai, A2]w(tn) = 0(1). In 

general, there is freedom in the selection of a suitable numerical ODE integration 
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method to deal with the sub-step problem, but unavoidably the integration error and 

splitting error accumulate. For stability, if 

||er"4fc|| < 1 

then 

11 'U'n+ i l l  — I I  U-'n 11 •  

In general, if the sub-steps are stable then the splitting will be stable as well. 

The last example can be generalized to multi-components. If we have A = 

Ai + A2 + /I;;, then the first-order splitting will be 

w(tn + 1)  = e r MeT A 2e r Mw(tn) .  (1.2.4) 

Second-Order Splitting 

There is a proposed splitting method called Strang splitting [73] based on symmetry. 

It is represented by 

W n + 1  = (eiT A le* r A 2)(e*T MesT A l)wn  = e*T A leT A 2e* r A lwn .  (1.2.5) 

The truncation error is 

Pn = 24r2([^i' [^l!^]] + 2[.42, [Ai ,  A2^\) iv ( tn +^)  + 0(r4 ) .  (1.2.6) 

In general, higher-order splitting methods have been discussed for linear operators 

[39]. The idea of splitting can be applied not only if Ax and Ai are constant matrices, 

but also for general operators. So the commutator in the case of the operators f\ and 

/2 would be 

[fuh](u)  = f[(u)f2(u)  -  f'2{u)f i{u\  

where the primes denote derivatives with respect to u.  
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Reaction Diffusion Splitting 

Consider the system 

ut = ID(u) + /R(M),  (1 .2 .7)  

where JD{U) — «Aii. and JR(U)  — F(U).  This splitting will have some advantages 

such as offering means for parallel computing. For [/d- //?](") = 0. we need 

/i>(u)/r(u) = «A/H(«) 

and 

/fl(«)/o(«) = /«(«)(ftAti) 

to be equal, and hence, diffusion commutes with reaction if / is linear in u and 

independent of x. This condition will not be satisfied in a real problem where the 

react ion term is  nonlinear .  But  if  F(u) = Lu + / («) ,  where L is  independent  of  x,  

then the truncation error for first-order splitting will be 

Pn =  ̂ [aA(/(«))  -  f ' (u)(aAu)](tn)  + 0(r2) .  

1.2.2 Locally One-Dimensional (LOD) Methods 

Now, rather than solving a couple of large systems obtained from temporal discretiza

tion for all unknowns on the grid simultaneously, we could replace the fully coupled 

single time steps with a sequence of steps. Each step is coupled in only one space 

direction. This splitting becomes effectively one-dimensional. For this reason, the 

method is known as locally one-dimensional (LOD) and will be discussed in coming 

sections. For more details see [39, 80]. 

LOD-Backward Euler (LOD-BE) Method 

Consider the nonlinear semi-discrete ODE system w'{t)  — F(t ,w(t))  in Mm and apply 

the multiple splitting 

F(t ,  ?;)  = Fi(t ,  v)  + F2( t ,  v)  H b  F s( t ,  v) .  
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Combining first-order splitting with first-order backward Euler method for all frac

tional (non-integer) steps gives the LOD-BE method 

I'o = i t 'n ,  

V i  =  V i - 1  +  T F i{t n + i , V i ) ,  i=l , . . . , s ,  

Wn+1 = v s ,  (1.2.8) 

where t'i,.... vs_i are internal vectors for the step from tn  to tn + x .  The order of 

consistency will depend on the ODE problem. 

LOD-Crank-Nicolson (LOD-CN) Methods 

Combining first-order splitting with the second-order implicit trapezoidal rule (Crank 

Nicolson) method for all fractional steps gives the LOD-CN method, 

t'O = U'n, 

Vi =  Vi- i  + ̂ rFi(tn  + Ci_ir, Vi- i )  +  ̂ TFi(tn  + CiT,  v {) ,  i  = 

W n +1 =  V a .  (1.2.9) 

Since the v t  are not consistent approximations to the exact solution, we can choose 

arbitrary c s snch as c0 = 0, c, = 1, and Cj = |. This method has first-order 

consistency. 

The Trapezoidal Splitting Method 

Now, consider a half step with FE followed by a half step with BE, which will lead 

to the implicit trapezoidal rule. By using this splitting, we have the Trapezoidal 

Splitting, 

vo = u>n, 

Vi = Vi-i + ^TFi(t„,Vi-i), i = 1,.... s, 
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l -s+ i  ^ 's+(  — 1  i t^n+l i  ^ 's+ i ) ;  ^  ^  S. 

(1.2.10) 

where ^ (1 < i < 2s — 1) are internal quantities without physical relevance. In the 

ODE sense, method (1.2.10) has order two. 

1.2.3 Alternating Direction Implicit (ADI) Methods 

The alternating direction implicit (ADI) methods are the second most well-known 

splitting methods. We will introduce two ADI methods, the Peaceman Rachford 

method and the Douglas method. For more details see [25, 84], 

The Peaceman-Rachford Method 

Consider the ODE system w'(t)  — F(t ,  w(t))  with the two-term splitting 

F(t ,v)  = F l( t ,v)  + F2( t1v),  

so the Peaceman-Rachford method is 

This method does not have a natural extension to more than two F-components. 

Here, both Fx and F2 will be used in both stages and the alternate implicit use of Fx 

and F'2 leads to the name of the method. 

The Douglas Method 

The Douglas ADI method is better than the PR ADI method in dealing with multi-

component splitting of F. Suppose 

«'n+l 

F(t ,  v)  -  F0( t ,  v)  + F x(£,  v)  + -- .  + F s( t  v) ,  (1.2.12) 
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and assume that F0 is non-stiff or mildy stiff and all other Ft can be stiff. Then we 

have 

V 0  =  W n + T F ( t n , W n ) ,  

Vi =  Vi-1 + 0T(Fi (tn+1, i,'() - U'n)), * = 1 s, 

•u;n+i = t's. (1.2.13) 

If 9 = 1 then the method is of order one. Also, the method would be of order two if 

0 = \ and Fo — 0. One property of (1.2.13) is all internal vectors V{ are consistent 

approximations to w(tn+1). For a problem with large boundary conditions, Douglas 

method performs better than LOD methods. 

Finally, comparing the Douglas method to the LOD-CN and trapezoidal, the 

Douglas method performs better and has second order of convergence, see [39]. Also, 

the Douglas method does not suffer from order reduction. On the other hand, in the 

case s > 3, extra care needs to be taken when dealing with Douglas method. 

1.2.4 Implicit-Explicit (IMEX) Methods 

We will discuss splitting methods with an improved treatment of the explicit terms 

in this section. These methods involve a mixture of implicit and explicit schemes, 

for example, using an explicit scheme such as the second-order Adams Bashforth 

formula to advance the nonlinear part of the problem and an implicit scheme like 

the second-order Adams Moulton formula, to advance the linear part. We consider 

here the one-step IMEX-0 and the IMEX multistep methods. Also, the IMEX-RK, a 

recently developed scheme will be introduced. IMEX schemes are still the subject of 

active research, see, for example [4, 43, 68. 57, 70, 85]. 
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The IMEX-0 Method 

Let us introduce the idea through the one-step IMEX-0. Consider the semi-discrete 

system 

where F0  takes care of the non-stiff term and F\ takes care of the stiff term. The 

simplest IMEX method, which is a combination between an explicit Euler method 

and an A-stable implicit 0-method, is the following: 

Wn+l = WN  + rF0( tn ,  U'r,  )  + (1 -  19)rFi(tn ,  wn)  + O tF i  ( tn+i , Wn + l) , (1.2.15) 

where 0 > The temporal truncation error is 

As we said, FQ will represent the discretization of the non-stiff term so the smoothness 

of w will imply the smoothness of F0. independently of boundary conditions or mesh 

widths h. For this reason, the truncation error of this method is better than with 

those splittings with fractional (non-integer) steps. We should, however, be careful 

when examining the stability. 

Stability Consider the scalar complex test equation 

where \ j  € C with Zj = rXj,  j  = 0,1. Applying (1.2.15) to this equation, we get 

u: '( t )  = F(t ,  w(t))  = F0( t ,w(t))  + Fi( t , iw(*)) ,  (1.2.14) 

Pn = T-1(u»(tn+1) - w ( tn ) )  -  (1 -  9)F(tn ,  w(tn))  

-  0F(tn +1,  w(tn + 1))  + 6(FQ ( tn +1,  w ( tn+1))  -  Fo(tn,  w(t-n)))  

= Q -  o] rw"(tn)  + <9rFo(#n ,  w ( t n ) )  + 0(T2) .  

u/(t)  = A 0w(t)  + (1.2.16) 

Wn +1 = R(z0 ,z i )w r u  

with 

(1.2.17) 
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and we need to have \R(z0 .  2])| < 1. 

First, if we insist oil A-stability with respect to the implicit part, we will consider the 

set 

T>o = {^o G C: the IMEX scheme is stable for any G C~ } 

as the stability region. To plot the stability region, consider z\  — i t  where t  G M and 

i = v/-!- So z0 = ZQ +iyo G Vo iff 

(29 — 1 ) t2  + 2(9 — l)yot  — (2x0  + xl  + yl)  > 0, for all feE, 

which is equivalent to 

(2^-1) + + 2"°)2 — 1' for 0 >-. 
e2 

These are equations of an ellipse, see the left part of Figure 1.7 for the plot of the 

boundaries of regions T>0. If 9 — 1, we recover the stability region of the explicit Euler 

method and by reducing 9 to be we get the negative line [—2,0]. 

Or, if we insist on using the full stability region of the explicit method, then we 

have the set 

T>i = {z x  e C: the IMEX scheme is stable for any z0  such that |1 + ZQ \ < 1}. 

We should have J|1 + z0 \  + (1  — 0)zi \  < |1  — 9z\ | .  

Thus, we find that G T>\ iff 

i  +  l ( i - t f )s i |<  \ i - e Z l y  

See the right part of Figure 1.7 for the plot of the boundaries of region T>x. 

When 9 — 1  the IMEX method would be seen as a time splitting method where 

we first solve w'(t) = F0(t,w(t)) with forw-ard Euler on [tn,tn+1] and then solve 

w'(t) = Fi(t,w(t)) with backward Euler. 
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Figure 1.7: Boundaries of regions V0 (left) and T>\ (right) for 0 — 0.5,1. 

The IMEX Multistep Methods 

Now we discuss generalizations of the ^-method in order to have a higher-order accu

racy. These generalizations are the IMEX Multistep Methods. Consider the implicit 

linear A;-step method of order p 

k k  
^  ] GjlVn+j =  T ^  ̂  f l j (Fb(tn+ji  u 'n+j)  + -Fx(tn+ j , ?/''„+;)) (1.2.18) 
J—0 , ;=0 

where F0  and F\ are the separation terms. The F0-terms can be simplified by applying 

the extrapolation formula 

fc-i 
F0( tn + k ,w(tn + k))  = Y2xiFo(TN+j,w(Tn+j))  + 0(T").  

j= o 

Thus, (1.2.18) becomes 

k k-1 k 
^  ] Qtjwn+j =  T ^  ̂  Pj  Fq(tn+j> U'n+j) + T ^  ̂  $jF\ {t .n+j, Wn+j), (1.2.19) 
j=0 J=0 j=0 
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with 8* = 3j + f ikl j -  With o{i)  = Fo(t ,  «•'(£)), the local truncation error can be 

written as 

where the constants C\ and C2  are determined by the method. So the IMEX method 

(1.2.19) has order r = min{p,q}, where p is the order of the implicit linear multistep 

method and q is the order of the extrapolation formula. It can be noticed that this 

scheme will not suffer from order reduction since the error is not influenced by the 

Lipschitz constants in F0 and Fy. 

Stability results for IMEX methods are not easy to find, even for the simple test 

equation (1.2.16). Some examples have been discussed, particularly when p = q = 2. 

For example, when we use the explicit midpoint (Leap-Frog) method for the explicit 

part and the trapezoidal rule (Crank Nicolson) for the implicit part, we have the 

IMEX-CNLF 

wn+1 -  Wn-1 = 2rF ( )( tn ,  wn)  + TFi{tn+i,Wn+\)  + rFi(tn- i ,wn-1), 

where the stability region of the explicit method is [—i, /] and the implicit method is 

.4-stable. 

The IMEX-RK Method 

Several authors have already studied properties of IMEX-RK schemes for general 

PDEs. Recently in [43, 85], the IMEX-RK Method was thoroughly studied for the 

case of reaction diffusion equations. 

1 x 
p = - XI (Qiu'"+> - T> 

j=o 

Cn^w^itn)  + C20 k7*<t>q( t„)  + 0(tp + 1)  + 0(r9+1), (1.2.20) 
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Let us consider a pair of two Runge-Kutta methods defined by the arrays 

0 0 0 0 0 0 0 0 

c2 «21 0-22 0 0 «21 0 0 0 

C3 Q31 032 «33 C3 «31 «32 0 

cs a S i  ®s,s—1 &SS ®S.S—1 0 

bi 62 bs 6l 62 bs—x b s  

with a — ]Cj=i a i j  = X)j=i ®0'> for z = 1, s.  The left formula determines a 

diagonally implicit (semi-implicit) Runge Kutta method and the right formula is an 

explicit Runge Kutta method. Consider this semi-discrete system 

w'(t)  = Fi(t ,  w(t))  + F2( t ,  w(t)) ,  (1.2.21) 

where F\ takes care of the stiff term and F2  takes care of the non-stiff term. By 

applying the left formula to F± and the right formula to F2. we obtain the following 

scheme for the problem: 

i  i—1 

"W = Wn +  T  53 C l i r F l ( l " +  C 1 T -  W "J )  +  T 53 VijF 2 ( tn  +  CjT,  w n j ) ,  
i=1 j=1 

s s  
W n +l  =  w n  + r 6jFi(fn  + CiT,  IV T U )  + T ̂  biF 2 ( t n  + CiT,  W-ni). (1.2.22) 

4=1 t=l 

The IMEX Euler scheme is the simplest example of a combination of implicit and 

explicit Euler methods 

0 0 0 0 0 0 

1 0 1 1 1 0 

0  1  1 0  

In this case, scheme (1.2.22) reduces to 

tf n+i = wn  + rF1( tn + 1 ,wn +1) + rF2{tn ,  wn) .  (1.2.23) 
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Stability Consider the scalar test equation 

u t  — A u(t)  + i iu(t) .  (1.2.24) 

where both A and j j .  are real numbers associated with the particular structure of 

reaction diffusion equations. An application of the IMEX scheme (1.2.22) to the test 

equation yields 

Un  = une + rXAUn +  rf . iAUn ,  

un+i = un + rXb1 Un + r/j,brUn, (1.2.25) 

where e = [1,..., 1]T and Un  € Cs. By Cramer's rule, this implies 

utl+i = R(a, p)un, a = rA,  3 = r/x, (1.2.26) 

where R(a,p)  is defined by 

1l(c.  0)  = tetV-aA - i>A + a ire + 0pe)^ 
v  "  '  det( /  — aA) v  '  

In our case, the As are real and we assume the /.* is reed too. To find the boundaries 

of the stability region, we will plot the curves 

det (I — aA — 8 A + abTe + fitFe) — det (I  — aA) = 0, 

det(/ — aA — 0A + abTe + fibfe) + det (/ — aA) = 0. 

For example, for the IMEX Euler scheme (1.2.23), 

1 — a  

and the stability boundaries will satisfy 

2 + 0 - a = 0, 

/3 + a = 0. 
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Figure 1.8: Stability regions (shaded) of IMEX Euler where a = rX and 
, 5  =  T f X .  

From Figure 1.8, we observe that the IMEX Euler scheme generates a stable 

solution even for very large r. Other competitive IMEX RK schemes have been 

constructed, see [43]. However, these schemes need to be tested to determine if they 

are useful for practical reaction diffusion problems. 

1.2.5 Comparisons 

We have discussed three classes of splitting methods, namely, LOD, ADI, and IMEX. 

Each one of these has different subclasses. The LOD-BE is good for parabolic prob

lems and does not suffer from order reduction as does LOD-CN. The second class 

is the ADI methods. In contrast to the LOD methods, the intermediate stages of 

ADI methods yield approximations that are consistent with the full problem. On 

the other hand, the stability analysis of the ADI is more complicated than with the 

LOD. Also, one ADI method is restricted to two components, which is the ADI-PR. 
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The Douglas method is the other ADI method, which deals with more than two com

ponents and is unconditionally stable for the case of two components. It is to be 

preferred if the boundary conditions are important. Thirdly, the IMEX-0 method, 

the IMEX-multistep methods, and the IMEX-RK methods were discussed. Dealing 

with these mixtures will result in some CFL condition restrictions. In general, as in 

[38], the stability properties, when applying splitting methods to stiff systems, are 

quite poor. 

1.3 Stabilized Runge—Kutta Methods 

As we know, explicit methods are inefficient for stiff problems due to a strict sta

bility condition. On the other hand, implicit methods tend to be very costly due 

to the associated algebraic system which need to be solved at each step. This was 

the motivation to find explicit methods with good stability properties. Such meth

ods include stabilized explicit RK methods. These methods are based on explicit 

Runge Kutta methods with extended stability domain along the negative real axis. 

Here we introduce Runge Kutta Cliebyshev (RKC) method and briefly introduce 

Orthogonal-Runge Kutta Cliebyshev (ROCK) method. These methods are suitable 

only for problems writh real eigenvalues such as the discretizations of heat equations. 

Therefore, these methods are good candidates for the study of reaction diffusion equa

tions. The detail of stability and convergence analysis can be founded in [39, 47, 86], 

but a brief overview is presented here. 

The Runge-Kutta-Chebyshev (RKC) Family 

A RKC method is an .s-stage RK method designed for the explicit integration of stiff 

systems of ODEs originating from spatial discretization of PDEs. When we apply any 

explicit RK method to the test equation u'(t) = Au(t) (A < 0), the stability will be 

determined by i ts  real  s tabi l i ty boundary /3,  where [—3,0] C S = {z E C: | /?(^)|  < 
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1}. The stability region S is determined by the stability polynomial 

P(z)  = 7o + 7 \Z + "y^2  + • • •  +  ̂ sz s .  

We need 70 = 71 = 1 to get 1st order consistency. Our goal is to choose the coefficient 

fi in order that S contains the interval [—j3,0] of the negative real axis with 8 as large 

as possible. 

First-order stability polynomials The optimal stability polynomial, which pro

vides maximum j3 for given s, was obtained in [39] to be 

P,(z)  = T,  (1  + £)  , ,3= 2s 2 .  (1 .3 .1)  

which is the shifted Chebyshev polynomial of the first kind. Recall the Chebyshev 

polynomial Ts is defined by the relation Ts(x) = cos(.s cos_1(x)). x £ [—1,1], or for 

2 G C by 

T0(z)  = 1,  

Ti{z)  = 

T j ( z )  =  2 z T j - i ( z )  — Tj-2(z) ,  2 < j < s.  

Also, T s(x)  can be written as 

where (a), is defined as (a)0 — 1 and (a) ,  — a(a + 1)... (a + i  — 1) for a G K, i  > 1.  

For example,  one can find that  when s = 2,  

P2(z)  = 1 + z+ iz2 ,  

and when s = 5. 

0 / x , 4 2 28 3 16 4 16 
P6(z)  = l  + z+ —z2  + —-z3  + ——-z4  + 

25 3125 78125 9765625 

In Figure 1.9, the stability region S was plotted for P2 and P5. We notice that in 

Figure 1.9, when s = 5, p = 2 x 52 = 50 which matches the choice in (1.3.1). 
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Figure 1.9: Stability regions of the first-order shifted Chebyshev polynomials 
P2 and P5. 

Second-order Stability Polynomials Since the first-order accuracy is often too 

low. we look for a higher order. For second-order consistency, we consider 

R(z)  = 1 + 2 + ^z2  + t323 -| 1- 7S2S, (1.3.3) 

where the free constant 7,; is chosen to obtain j3 as large as possible. Also, we can 

say that R(z) approximates ez for z —>• 0, i.e., R(z) = ez + 0(z3). One suitable 

polynomial was derived, in [8], as 

b'W = 5 +  3? +  (5-3?) t"( 1  +  ̂ ) '  Ht* 2 - 1 ) -  < 1 A 4> 

Also, the coefficients of the stability polynomial B s  are found to be 

1 
I2 -  2' 

i  =  3 - - S '  

For example, one can find that, when s = 2. 

B2(Z)  = l  + z + 
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Figure 1.10: Stability regions of the second-order shifted Chebvshev polyno
mials Bo and B5 .  

and when s = 5, 

1 
Bb(z)  = 1 +  Z  +  - Z -  + —z6 + —z + 

2 80 160 6400 

In Figure 1.10, the stability region S was plotted for B2  and B5 .  Also, here we notice 

that in Figure 1.10, when s = 5, 8 « |(52 — 1) = 16. 

Damped stability polynomials Note the stability regions in Figures 1.9 and 1.10 

have nodal points where instability may result from a small imaginary perturbation 

on z. Therefore, it is very useful to introduce damping in order to avoid instability. 

Thus, the previous polynomials can be modified by introducing a little damping. One 

choice for damped polynomial, made by Guillou and Lago [31], is 

r> t  \  _ TAFAO+UiZ) __ TS(LOQ) N  Q  ^ 
P ' ( z )  T,(uo) '  ^  t;(uo)-  (  3 - j )  

The parameter co'0 > 1 is called the damping paiameter and the parameter cc'i will 

be chosen such that for any UJQ, we have Ps'(0) = 1 implying first-order consistency. 
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P s ( z )  now alternates between T~ 1 (UJ 0) and —T~ L (u,'0) for 2 € [—,/?. 0] and the stability 

interval is determined by the relation —ujq < u/0 + w\z < ojq, which gives 3 = 2w0/wi. 

A convenient choice for the damping parameter ujq is u0 = 1 + e/.s2, where t is a 

smal l  pos i t ive  number .  Then,  by  us ing  the  der iva t ive  va lues  T'J l )  =  s 2  and T"{  1)  = 

|s2(s2 — 1), wre get 

T.M ^ rs(l) + (a;0 + l)T^(wo) = 1 + e, 

and also 

B = ̂  
U>1 

_ 2^0?^ (U;Q) 

T s(U!O)  

»  ( 2 - | e )« 2 -  (1-3 .6)  

A suitable choice for e is 0.05. So. j3  = (2 — | x 0.05)s2 « 1.93s2 which yields about 

5% damping since T~l 1 — e with only a very small decrease in the stability interval. 

This is shown in Figure 1.11. 

For the 2nd-order polynomial, let 

B s ( z )  — a  . +  bT s {ujQ +  u>i  z ) ,  (1.3.7) 

where a, b,  u 0 ,  and u) X  are determined by the condition |BS(2)| < 1 — e, z  € [—/?, 0], 

i.e., 

a +  b =  1 — €,  a  >  0 .  c j q  — oj i0  — —1, 

and the consistency conditions 

B,(0) = a + 6r8(M)) = l, B' a (0)=ho 1 r B (u o )  =  l ,  #'(0) = bu2X'(cv0) = 1. 

From these conditions, we have 

B 3 {Z)  =  1 + (^S( W O +  W\Z)  — T 9 (UJ 0 ) )  , (1.3.8) 



1.3. Stabilized Runge-Kutta Methods 40 

3 
-- undamped 
— damped 

2 

N 0 
£ 

-1 

-2 

- 9 - 8 - 7 - 6 - 5 - 4 - 3 - 2  - 1  0 
Re (z) 

Figure 1.11: Stability regions of the first-order shifted Chebyshev polynomials 
P2 in the damped and undamped cases. 

where W i = T' S (WO)/ (T"(WQ)) .  Now, using Ts'(l) = s2, T"(  1) = |.<r(,s2 — 1), and 

T'"(l) = hs2(8* ~ 1)^s2 ~ 4)' then 

By choosing e = we get approximately 5% damping in the interior of the stability 

interval and a reduction in the stability boundary of about 2% compared to the 

undamped case (e = 0). 

Integration formulas Now by building a suitable stability polynomial, we can 

construct the Runge Kutta formulas using these polynomials. But, one needs to be 

careful about what is happening internally. Consider the explicit RK 

W n 0 = W n ,  

(1.3.9) 

W'r>+1 — "Vis ? 
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Figure 1.12: Stability regions of the first-order and the second-order shifted 
Chebyshev polynomials P5 and B5 damped cases. 

and the perturbation 

w n  o =  w n ,  
j-i 

w, n j  U'n +  T a j kF( t n  + C k T,  W n k )  +  r j ,  j  =  1,  .  .  .  ,  S ,  (1.3.10) 
k—0 

where r; is the local perturbation at the j th .  step, which can be the rounded-off error. 

Consider the linear system 

w ' ( t )  = Aw + g( t ) ,  0 < t  <  T ,  iu(0) = WQ, 

and apply the perturbed scheme to this system. Using the notation en  = wn  — w„ 

and enj = wnj — wnj, we have 

e n . i  =  Rj(rA)en  + y £2Q j k (TA)r j ,  1 < j  <  <?,  (1.3.11) 
fc=i 
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where RJ(TA ) is a matrix polynomial of degree j  and QJ K (RA)  is a matrix polynomial 

of degree j — k, and 

C-n+1 
s  

= R{r  A )e n  + Q sJ{ tA ) r j .  (1.3.12) 
j = i  

The polynomials in (1.3.12) are called internal stability polynomials. If the matrix 

A is normal, then 

S 

Ikn+ill < max|i?(^)|||eri|| + VmaxIQ^-^lllrjll, (1.3.13) 
Z — T A  '  Z  =  T \  

3=1 

where A represents the eigenvalues of A.  Moreover, if |i?(~)| < 1 then we have 

stability, although these conditions will not guarantee internal stability. To avoid 

internal instability, a family of methods was derived in [36]. The idea is to control 

the stability polynomials QSJ as 2 approaches the stability region and to determine 

the formulas such that all Rj in (1.3.11) are defined by the three-term Chebyshev 

recursion (1.3.2) and share the same stability region. So, the ansatz is made that all 

Rj (1 < j < sj are of the form 

Rj — iij + bjTj(u}Q 4- u) \z ) ,  dj = 1 — bjTj(u,'o), (1.3.14) 

where R s ( z )  =  R(z ), which means that ujq , u \, and b s  are defined as before. There

fore, bj only needs to be defined for 1 < j < s. Define R$(z) = a0 + b0 = 1 and make 

use of the three-term Chebyshev recursion (1.3.2) and Rj(0) = 1, to get 

Ro(z)  =  1, Ri(z )  =  1 + h z ,  

Rj{z)  = (1 - f . i j  -  vj)Ro +  VjRj- i  + VjRj-2  +  i i j zRj -y  + ̂ j zRo.  where 2 < j  <  s ,  

1 2bjU>o —bj  „  2bjU>i  _  _  
l i x  = b x u)  1, f i j  = ——, v j  = - , Hj =  — , = —ii j - i f i j .  (1.3.15) 

bj -1 Oj-2  0./-1 

Based on these relations, we can introduce RKC for the nonlinear problem w'  =  

F{t, w{t)) by associating Rj with the intermediate approximation wnj and the occur

rence of 2 with a function evaluation. For example, if j = 1, to extract the first step 
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of the scheme from the stability polynomial R\ , we put 

w'n+l Rl(z )w n  
= (1 -+• [Xiz )w n  — W n  -(- f J i \ZW n Q = 1V U  + f l \T t n o-

By doing the same for all j's, the RKC would be as follows 

«Vto — 11 

w„ i  =  w n  +/. i i rFno.  

W n j  (1 — f- l j  -f" f l jU-Ti . j  - l  "4" VjW n  j ^2  f l j tF„ j_ J + ' j jTh n Q ,  

•w n + i  = w n a ,  2 <j<s.  (1.3.16) 

The function F n k  denotes F(t„  + CkT.w n k) .  Therefore, (1.3.16) is similar to (1.3.9). 

Note that, at this point, bj (1 < j < s) remain undefined. We will introduce selection 

criteria for bj based on the desired order. For a first-order damped polynomial, to 

obtain (1.3.5) from the general form (1.3.14), a little work shows that bj should be 

bj = T.-(Lor J = (1.3.17) 

We notice that Rj(z )  — e c ^ z  + 0{z 2 ) ,  with 

c _ u , .  . \ _ ^s(^o) T^o)  j 2 

Cj - -——r 

where 1 < j  <  s  — 1 and c s  = 1. For a second-order damped polynomial to obtain 

(1.3.8) from the general form (1.3.14), one of the choices for bj would be 

T' - 'M 
b j  =  (T j (u  0 ) ) 2 '  ^  =  2 "" ' 5 '  (1-3 .18)  

and we pick bo = bi  = fe. We also notice that Rj(z )  — e C j Z  + 0(z 3 )  with 

7>„) T/M _ f - 1 

where 2 < j  <  s  — 1 and c s  = 1. These choices will define the parameters needed for 

applying stability polynomials of orders 1 and 2. 
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Internal stability As we said before, to avoid internal instability we have to pay 

attention to the polynomials Qjk- Bv using (1.3.11), (1.3.15) and (1.3.16), one will 

find out that the polynomials Qjk satisfy 

Qjk(z)  =  2-^— (o>0 + ̂ lz )Qj- l .k ( z )  ~  7~~Qj- '2 .k (z ) -
Oj- i  Oj-2  

QkM = i. 

Qk+i ,k(z )  — 2  +  (o?o +  u- ' i z ) ,  1  <  k  < s  — 2 k  + 2 < j  <  s ,  
h  

Q s  —  l , s —  l("i) Qs,s("^) 1' 

Q».g- i ( z )  — 2—— (o;o + co\z ) .  (1.3.19) 
"s- l  

It follows that bJ 1 Qjk(z)  satisfies the recursion for the shifted Cliebyshev polynomial 

of the second kind, due to the factor 2 occurring in the definition of the second starting 

value. Then, we will have the following equation 

Q s j  = -r-Us- j i^o  + j  — 0,. . . ,  s ,  (1.3.20) 

where U,{z)  is the ith Chebvshev polynomial of the second kind. For 2: E [—/3,0], it 

can be shown that 

|Qs j ( -z ) |  5: -g-{s  — j  +  1)(1 + Oe) ,  j  = 1,.... s, (1.3.21) 

where C is a constant independent of s .  So, if A is negative definite and the stability 

condi t ion  rA G [—;3,0]  (A €  cr ( / l ) )  i s  sa t i s f ied ,  where  cr(A)  i s  the  spec t ra l  rad ius  of  A,  

the error bound will be 

||en+i|| < ||e„|| + ^2 ~r(s ~ 3 + + Ce)llr./ll- (1.3.22) 
.;=1 j 

By considering both cases with and without damping for RKCl and RKC2, the bound 

(1.3.22) can be simplified to 

3  

| | ^7 i+l  | |  <  INnl l  +C^( .S  — j  +  l) | |? j | | ,  
1 
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< ||en|| + ^s(s + l)Cmax ||r\||, (1.3.23) 
2  j  

where C is again a constant independent of s .  A , and r. Therefore, within one 

integration step the accumulation of internal perturbations such as round off errors 

is independent of the spectrum of A as long as rA G [—/3,0]. 

Convergence Consider a semi-discrete linear PDE problem of type 

^" f c(0 = F( t ,  u k ( t ) )  +  a/,(0, 0 < t  <  T ,  (1.3.24) 

where Uh(tn) is the exact solution of the PDE restricted to a space grid and Q /,(t) the 

local space truncation error on this grid. Let e n  = ( ( u f , . ( t n )  — u ( t n ) )  -I- ( u ( t n )  — w n ) )  — 

Uh(tn) — wn be the global error on this grid and r3- (1 < j < s) the stage truncation 

errors obtained by substituting iif, into the RKC method (1.3.16) with parameters 

from (1.3.15). That is, 

U h { tn  + CIT )  =  U h ( t n )  + FXT FQ +  TI ,  

U h ( t n  + C,T)  =  (1 -  LLJ -  VJU h { t n )  + HJU h ( t n  + C J-1 T )  + VJU h ( t n  + Cj — 2 T)  

+£ t j TF j_ i  +  %t F 0  + r j ,  j  — 2,.... s .  (1.3.25) 

since this equation can be seen as a perturbed RKC method. Thus, bounds for the 

global error can be obtained by estimating rj and using internal stability results. Let 

us illustrate this for the undamped (e = 0) first-order scheme RKC1 defined by 

h  = Hj = 2, = 7j = 0, 2 < j < s .  (1.3.26) 
& s  

Let Uh  € C2[0, T] .  From (1.3.25) and the Taylor series expansion of u/£ and u ' h  at the 

intermediate step points tn + (see the details in [86]), it follows that 

r j  =  T 2 p j  + rp , j a h ( t n  + c j ^ l T) ,  j  =  l , . . . , s ,  (1.3.27) 

where the remainder terms p j  are given by 

2 (2) /1 \ 
Pi = 2ClUh (<n)> 
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p j  =  \ {c 3  -  +  \ ( c j - 2  ~  C j _ i ) 2 - u i 2 , ( < , ) ,  j  =  2 , . . . , s ,  (1.3.28) 

with t„  denoting some point in [£n,*„+i]. From c j  = j 2 / s 2 ,  we have 

c,j - Cj-1 = s 2 (2 j  -  1)  <  2s  \  j = 1 , . . . .  s .  (1.3.29) 

Thus, we have the following bounds for 

T max ||uh
(2)(t)|| + - max ||afc(t)i| 

t-nS'Stn+l £ t n S ' S ' n - f l  2 t n < t < t n + i  

Inserting these bounds into (1.3.23) and adding up yields 

-n|| < C ( r max ||«fc^(t)|| + max ||a/t(^)|| j , n — 1 ,2 , . . .  ,nr  < T ,  (1.3.31) 

where C is a constant independent of s ,  A ,  and T.  Therefore, irrespective of s  or 

T(T(A), the RKCl scheme is convergent. A similar result for RKC2 can be found in 

The Orthogonal-Runge-Kutta-Chebyshev (ROCK) Family 

The ROCK methods have been recently proposed and have a common property with 

RKC methods which use stable two-step (three-term) recurrence formulas for internal 

stability. On the other hand, the ROCK methods have an extended stability interval 

and are not given in a closed form. The construction of ROCK is very lengthy. Up to 

now, there are two types of ROCK methods of order two and order four. For details 

we refer to [2, 7}. However, some of the details of the analytical results are not known 

[39]. Thus, ROCK is not as established as RKC, and needs to be further developed. 

1.3.1 Comparisons 

Both RKC and ROCK methods are suitable for reaction diffusion equation types when 

dealing with negative real eigenvalues. Also, they make use of three-term recurrence 

formulas for the construction of stability polynomials. Moreover, the stability interval 

0<f<T o<t<r 

[86]. 
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in both schemes depends on the square of the number of stages. The ROCK methods 

are not given in closed form. The internal stability in the case of RKC is well studied. 

This is not the ease with the ROCK due to its recent, derivation. From the stability 

point view, 13s in RKC2 behaves like 8S « 0.65s2. If we increase the number of stages 

s we get a larger stability domain. However, this will involve additional computation 

of extra variables. So in the end, determining which scheme is most efficient varies 

on a case by case basis. 

1.4 ELP Schemes for Stiff Systems 

We consider a number of time-discretization schemes for solving stiff reaction dif

fusion systems. These methods solve exactly the linear part (ELP schemes) of the 

resulting ODEs from spacial discretization of reaction diffusion systems. Due to the 

inefficiency of integration factor (IF) [22, 57] and exponential time differencing (ETD) 

[24, 26, 27] methods when applied to stiff reaction diffusion equations, many semi-

implicit schemes were developed. In these schemes, the linear diffusion will be treated 

exactly and explicitly, and the nonlinear reactions implicitly. A remarkable feature is 

the decoupling between the exact evaluation of the diffusion terms and the implicit 

treatment of the nonlinear reaction terms. We will introduce an implicit integration 

factor Scheme (IIF), an exponential time differencing Scheme (ETD), and a few com

binations between IIF and ETD. Also, modifications for each scheme are mentioned. 

Consider the reaction diffusion system 

OIL 
— — aAu + F(u) ,  (1-4.1) 
at. 

where u € Rm, the diffusion matrix a € Mmxm. and the reaction term F{u)  G Km. By 

discretizing the space variables of (1.4.1), we have the following semi-discrete ODEs 

u t  — Cu + (1.4.2) 
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and let N denote the number of spatial grid points for the approximation of the 

Laplacian. Then u(t) G RiVxm and C is an Nm x Nrn matrix. For example, in a 

one-dimensional system with one diffusion term, C is a tri-diagonal matrix when a 

second-order central difference is used. 

1.4.1 Implicit Integration Factor (IIF) 

Let us consider a scalar case of the semi-discrete system (1.4.2) of the form 

where c is a constant representing the diffusion and / is a nonlinear function repre

senting the reaction. Multiplying (1.4.3) by the integration factor erct and integrating 

the equation over one time step from tn to tn+1 — tn + h, we obtain 

Now we approximate the integrand e-crf (u( t n  + r)). In order to get r-th order 

accuracy, we use an (r — l)-th degree Lagrange polynomial, p(r), with interpolation 

points at tn+i,tn,.... tn+2-r> where n > r — 2. Then, we have 

lit = cu + f(u) :  t  >  0 ,  u(0)  =  Wo,  (1.4.3) 

(1.4.4) 

r - 2  r -2  

where 0 < r  < h.  (1.4.5) 

Then integrate the polynomial p(r)  with respect to r to get 

+ h | an+i/(wn+i) + (1.4.6) 

with an+i, an, an-i, • • •, an~r+2 defined as 

, ( i + l ) c h  

(1.4.7) 
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where —1 < i  <  r  — 2. Denoting u n  the approximation of -u(#„) and f n  the approxi

mation of f(u(tn)), the second-order scheme IIF2 (r = 2) has the form 

u n + 1  = e c h  +  ̂ / (« n )^  +  | / (u n + i ) ,  (1 .4 .8 )  

or simply 

_ <-h ,  f  ,  h e ' H  t  V-n+1 — e  U n  + ̂ fn+l  H 

with local truncation error 

-^ (c 2 f„- -2c f '„  + f"„)h 3 -

Here we see one of the important features of the scheme, that is, Q„+I is independent 

of ech, which will lead us to the following convenient form 

u n + i  =  ha n + i f (u n + i )  + known quantities. 

Also, IIF schemes do not involve any calculation of c~~ l ,  which in case of higher 

dimension represents the inverse of a matrix. On the other hand, one of the weaknesses 

of the scheme is the presence of c in the error. This means that if we have a large c, 

we will have a large error. 

For stability, applying (1.4.8) to u t  — —qu +  du with q > 0 and then substituting 

uTl — e"10 into the resulting equation, we obtain 

^ + * Aew 

or simply 

A = 2 
e i 0  — e~ q h  

'  p—qh _|_ giO '  

where A — dh has a real part Ar and imaginary part Aj. Therefore, the equations for 

A,, and Aj are 
2(1 - e~2qh) 

A r 

A, 

(1 — e~ q h ) 2  + 2(1-1- cosd)e~ q h '  

4 (sin 6)e~ q h  

(1 - e~qh) 2  + 2(1  +  cos0)e~ q h '  
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-2 -1 0123456789 
Re (dh) 

Figure 1.13: Stability regions (exterior of the closed curves) for the second 
order IIF with qh = 0.5, 1, 2. 

Since q > 0, we have Ar > 0 for 0 < 0 < 2TT. Then, IIF2 is yl-stable since the stability 

region includes the complex plane for all A with Ar < 0. The stability regions wore 

plotted in Figure 1.13 for different values of qh. It can be noticed that as q approaches 

0  the  s tab i l i ty  reg ion  coinc ides  wi th  the  domain  A r  < 0,  whereas  in  the  l imi t  as  q 

approaches oo. the stability region approaches the entire complex plane excluding the 

point (2,0). For IIF3, as in [57], the scheme is no longer A-stable. Compared to EIF 

methods and other ETD schemes, the IIF method has excellent stability properties 

and the second-order IIF (IIF2) is unconditionally stable [22, 57]. 

1.4.2 Exponential Time Differencing (ETD) Scheme 

ETD schemes are particularly well suited to Fourier spectral methods, which tend to 

have diagonal linear parts. For deriving the an ETD scheme, we consider as before 

(1.4.3) and then multiplying with an integration factor and integrating from tn to 
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t n + 1 ,  we will have 

rh 
u( t n + i )  =  u( t n )e c h  + e c h  /  e^ f (u( t n  + r))dr .  (1.4.9) 

J o 

In the derivation of ETD schemes, the integrand is approximated first through 

interpolation polynomials of the function f(u(tn + T)) where we leave e~CT unchanged. 

The simplest approximation to the integral in (1.4.9) is that / is constant (/ = 

fn + O(h)) between tn and £n+1. Then, (1.4.9) becomes the ETD1 scheme which is 

given by 
f (pch _ 1 \ 

u n + 1 -  e c h u n  + M: 1 (1.4.10) 
c 

which has a local truncation error K2 f j2. It is seen that for small |c| (1.4.10) will 

approach the forward Euler method. Now we use higher order approximation for /. 

Let us use 

f = f n  +  T  ( / W ~ / W ~ 1 )  +  0 { h 2 ) .  

So, the ETD2 scheme would be 

ch , t (1 +/ic)ec'1 - 1 - 2/ic -e c h  + 1 4- he  M  .  1 1 X  
u n+i  —  e  UJI  + fn  T~2 ^ f n -1 r~5 ? (1.4.11) 

hx  he  

which has a local truncation error of -5/I3/"/12. Also, we can use interpolation points 

to get an implicit scheme, which gives a much larger stability region for stiff reactions 

compared to the explicit ETD (IETD2) schemes. For example, as in [57], the second 

order implicit ETD scheme is of the form 

pch  _  1  p ch  _  1 

u n + 1  = e c h u n  + / r t+ i—— + /„——. (1 .4 .12)  

Explicit and implicit ETD schemes for high order have been derived in [11] and 

a more straightforward derivation of the explicit methods, based on a polynomial 

approximation of the integrand in (1.4.9), was introduced in [24]. Therefore, the 

general form of ETD of order m is 

s—1 m , x 

un+1 = e c J l u n  + fe ^ g m  y^(-l)fc (  ̂  j f n _ k ,  (1.4.13) 
m=0 fc=0 ^ ^ 
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where g 0  = - 1  and 

Em 9k _ 1 
fc—0 m-f l—h \  r\  

(jm+1 = j , m > 0. 
ch  

For the stability of ETD2. we consider the nonlinear autonomous ODE 

u t  = cu + f (u) ,  

and use the test equation 

u t  = at  + A u,  

where both c and A are complex. Thus, the stability region for these methods is four 

dimensional. Some cases have been discussed for different values of c and A. For 

example, in [11], A is complex and c is real or both c and A are purely imaginary. 

Here, we introduce the case where both c and A are real. Applying ETD2 (1.4.11) to 

the test equation, we get 

y 2 r 2  -  {y 2 e y  + z[(l + y)e v  — 1 -  2y]}r  +  x(e y  — 1  -  y)  =  0, (1.4.14) 

where r = u n +i/u n ,  x  =  A/?., and y  =  ch.  The stability boundaries, when |r| — 1, are 

the lines 

x  + y =  0 

and 
x _ -y 2 ( l  +  e y )  

ye y  + 2e y  — 2 — 3 y  

The stability region is plotted in the x ,y  plane in Figure 1.14. Now, let us introduce 

an alternate way of presenting the stability regions that can be shown in the complex 

plane. Using the same notation as in the last section, where we apply the scheme 

to ut = —qu + du with q > 0, and then substituting un = ein6 into the resulting 

equation, we obtain 

A = -qh-
e m  

1 -  2e i G '  
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Figure 1.14: Stability regions (shaded) in the x ,  y  plane for Exponential Time 
Differencing. 

where X ~  dh has real part Ar and imaginary part A*. Therefore, the equations for 

cos 26 — 2 cos 0 
X R  and XI are 

K 

Xi  

-qh  

-qh  

5 — 4 cos 0 

sin 20 — 2 sin 0 

5 — 4 cos 0 

The stability regions are plotted in Figure 1.15 for different values of qh.  More results 

for the stability of ETD are discussed in [24, 26, 27]. In addition, exponential time 

differencing Runge-Kutta (ETDRK) [24, 45] methods are a set of ETD methods 

based on Runge-Kutta time-stepping. ETDRK can be carried out efficiently if c (in 

the case of a matrix) is easily diagonalizable. 

1.4.3 Comparisons 

The difference between IIF and ETD schemes is that the ETD schemes are obtained 

when f(u(tn + r)) is approximated, whereas the IIF method is obtained when the 
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Figure 1.15: Stability regions (interior of the closed curves) for second-order 
ETD. 

whole integrand e~ C T f (u( t n  + r)) is approximated. Both schemes share the feature 

of decoupling between the' exact evaluation of the diffusion terms and implicit treat

ment of the nonlinear reaction terms. Moreover, they require the calculation of the 

exponential matrix ech, which is nontrivial when c is non-diagonal. However this cal

culation would only be required once. The IIF schemes do not involve any calculation 

of cr1. On the other hand, when the matrix c has one or more zero eigenvalues, the 

method ETD can not be used. From a stability point of view. Figures 1.13 and 1.15 

show that IIF2 is far superior to the ETD2 in both cases, whether |c| is small or 

large. Moreover, the IIF2 scheme is unconditionally stable. Nevertheless, the errors 

in IIF are greater than those of ETD by a factor of order c2. Finally, one can choose 

the suitable scheme based on the type of spacial discretization with effect on c, the 

stiffness of the system, and the required accuracy. 
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1.5 Numerical Examples of Nagumo Reaction Dif

fusion Equation 

In this section, we test some of the schemes illustrated in previous sections and 

compare them from different perspectives. We introduce different schemes where 

each one represents a different class. Such classes include multistep methods, splitting 

methods. RK stabilized methods, and ELP methods of order two. 

We consider a common nonlinear reaction diffusion example which is the Nagumo 

equation 

u t  -  au x x  + R(u -  ai) (a 2  -  u)(u  - a3), (1.5.1) 

with a Gaussian initial condition. To provide more comparison details, different values 

of the diffusion and reaction coefficients are examined. 

In the first case, non-stiff diffusion and non-stiff reaction coefficients are consid

ered. As shown in Figure 1.16, Taylor2 and the RK class, RK2 and RKC2, demon

strated the best results from the error and computational time sides. Both AB2 and 

CNAB2 provided good performance, despite the fact that they had a high computa

tional time. 

The second case consists of the stiff diffusion case a with non-stiff reaction term 

which is presented in Figure 1.17. Figure 1.17 shows the extended stability for RKC2 

compared to RK2. However RK2 is faster than RKC2. Also, CNAB2, AB2, and 

ETD2 performed similarly. From the computational side, ETD2 is the most expensive 

since it involves matrix inversion. 

Finally, third case, where the diffusion coefficient is non-stiff and the reaction 

term is stiff, is shown in Figure 1.18. This case is similar to the non-stiff case. Thus 

similar conclusions can be stated here. Likewise, the resulting Figure 1.19, when 

both operators are stiff, is similar to Figure 1.17. These similarities in performance 

are due to the chosen parameter values in the example that make the reaction term 



1.5. Numerical Examples of Nagumo Reaction Diffusion Equation 56 
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Time step 
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Figure 1.16: Solving Nagumo equation with a Gaussian initial condition and 
= 1. R — 1, t0 = 0, tf = 0.1, dx = 0.05, (i\ — 0, a-2 = 0.1, a3 = 10. 

Time step 
104 10w 

Computational time 

Figure 1.17: Solving Nagumo equation with a Gaussian initial condition and 
^2 = 2000, R = 1, tQ = 0, tf = 0.1, dx = 0.05, d = 0, a2 = 0.1, a3 = 10. 
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10" 10" 
Time step 

10* 10" 

Computational time 

Figure 1.18: Solving Nagumo equation with a Gaussian initial condition and 
^ = 1, jR == 10, /Q = 0, tf — 0.1. dx = 0.05, cii — 0, o2 = 0.1, a3 = 10. 

less dominant than the diffusion operator. 

1.6 Summary and Conclusion 

In this chapter, we studied numerical methods for reaction diffusion equations. We 

started by introducing basic definitions and preliminaries. Then, a large number of 

approaches were discussed. 

In the first section of this chapter, the well-known RK family was discussed. Also, 

the linear multistep methods (LMM) were presented. Splitting methods, LOD, ADI, 

and IMEX were briefly introduced in Section 1/2. A recently developed method, the 

stabilized RK method, was introduced in Section 1.3. In Section 1.4, new modified 

schemes, ELP methods, were presented. These methods include exponential time 

differencing (ETD) and integration factor (IF) schemes. Lastly, in Section 1.5, a 

common model, the Nagumo equation, was used to test the performance of these 

numerical methods. Different types of stiffness for this equation were solved. For 



1.6. Summary and Conclusion 58 
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Time step 
10 10 
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Figure 1.19: Solving Nagumo equation with a Gaussian initial condition and 
O 

dX* = 2000, R = 10, t Q  = 0, t f  = 0.1, dx  = 0.05, c t i  - 0, a2 = 0.1, o3 = 10. 

cases with stiff diffusion, stiff reaction, or both, RK'2 shows good performance. 

Based on the analysis in this chapter and the numerical examples we suggest, that 

in general, both RK and RKC show a better performance for both stiff or non-stiff 

regimes. Splitting methods are good, however, they have high computational cost. In 

addition, both ETD and IIF are very expensive since both involve matrix inversion. In 

conclusion, the RK family is the most suitable for solving reaction diffusion equations, 

combined possibly with splitting methods. 

We now turn to a class of schemes that is simpler and less expensive per time-step 

than other explicit schemes, namely one-dimensional Pade approximations, which 

make use of rational functions. This approach was first developed in [5], where 

amongst other examples the Fisher equation was studied with different schemes. Two 

Pade time stepping (PTS) schemes performed much better than RK4 and RKC2 in 

the presence of Fourier spectral discretization. This suggests that studying our reac

tion diffusion equation with PTS schemes and then implementing these schemes in 
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the stiff regime may lead to efficient solvers. Also, we will search for modifications 

to PTS schemes that can provide better performance for our problem. Therefore, 

discussion, analysis, and modification of the PTS scheme will be investigated in the 

following chapters. 

Finally, the main contributions of my thesis are summarized here: 

• we demonstrated the need for control of PTS, 

• we determined a local error control threshold for the PTS scheme, 

• we established and compared three approaches based on PTS scheme, and 

• we developed schemes based on splitting methods which provide a good balance 

of stability and efficiency. 



Chapter 2 

Pade Time Stepping (PTS) on the 

Diffusion Operator 

As discussed in the previous chapter, it can be advantageous to solve the linear dif

fusion operator with an implicit scheme given the availability of unbounded stability 

region. However, such an approach is computationally costly. This factor also served 

as motivation to develop an explicit scheme which is highly stable for the purposes 

of the present experiment, and is associated with lower computational costs since it 

is explicit. Pade time stepping (PTS), described in [5], provides such a scheme. It is 

based on Pade approximation (see [9]) for time stepping each component of an ODE 

system. 

This chapter introduces PTS, particularly for the diffusion operator. Some of 

the difficulties which arise when applying PTS as well as approaches to resolve them 

are also discussed. First, PTS is introduced and a small-dimension case is analyzed. 

Then, a number of PTS approaches are modified and tested. Finally, results are 

presented especially for strongly diffusive problems. 

60 
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2.1 Pade Time Stepping (PTS) 

This section provides a brief review of PTS scheme. For full details refer to [5]. The 

[N/M]-Pade approximation of a function u = u(t) is defined as a rational function 

of polynomials in t with numerator degree N, denominator degree M, and which 

matches the Taylor series up to order N + M. Consider the following ODE system 

u t ( t ,  x )  =  f (u( t ,  x ) ,  u x ( t .  x ) ,  t ,  x ) ,  (2-1.1) 

which encompasses both ODEs and PDEs using the method of lines. Here x  € [a, 6]; 

t i  — ih  i s  the  I t h  t ime-s tep  and  x j  = a + jdx  i s  the  j l h space-s tep  where  i , j  =  

0 ,1 ,2 ,  Def ine  u j ( t i )  — u(x t ,  t l ) .  Assuming we have the following form for the 

Taylor series approximation 

u j ( t i  +  h)  <jq{U)h q ,  (2.1.2) 
g 

representing the j - th component of the solution vector u ,  where CQ(^ )  =  

c[(ti) = (»J(^))j, (ti) = -—' • • • • Then the Pade approximation to the Taylor 

series (2.1.2) would be 

[WW = + + + (2,L3) 

1 + b>{ u h +  + • •  •  +  

To find the coefficients a3Qty. . . . .affi and , we need to solve a system of 

equations which results from equating (2.1.2) and (2.1.3). This can be done uniquely 

and directly. For full details, see [9]. Numerically, a major problem with this formula 

occurs when the denominator is close to zero because of round-off and loss of precision. 

However, from a theoretical point of view this is not a problem since the limit formally 
. . .  v  ,  < j ; t i + a i , t i h + ~ + a ' ^ i h N  

exists, i.e. hm|£)|_+o 
I +b 1 { t i h+-+b$ i hM 

=  l im^ .^ .^o)  {CQ (U)  +  4(U)h  + • •  •  +  c J
N + M ( t i )h N + M  + 0(h N + M ) ) ,  which leads 

to a finite number. This issue was discussed in [5] with certain ad-hoc controls being 

proposed. 
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We will study this issue in more detail and propose other more general remedies 

in Section 2.4. One of the proposed approaches is to use a Taylor series of the same 

order when the norm of the denominator is less than a certain number. The other 

approaches are based on PTS itself but with some modifications. 

2.2 Applying PTS[1/1] to the Heat Equation 

Consider the simple heat equation in one dimension 

ut — uxx. (2.2.1) 

Applying the centred difference of order 2 on the spatial variable we obtain the system 

=  ~(u j + l  -  2u j  + u j ~ 1 ) .  (2 .2 .2 )  
dx~ 

The second-order Taylor recurrence to (2.2.2) will be 

"i+i = 4(U)  + (Ĵ  + (4(U))  ) > (2-2-3) 

where 

c o ( * ; )  =  u 3 i -

cjfe) = u\+l — 2v% + 

4 ( t t )  =  ^  ( « r 2  -  4^ + 1  + G-u i  -  - iu i " 1  + u(~ 2 )  .  

Using (2.1.3) with N = M — 1, we get PTS[1/1] 

1 + 1  l  +  b i ( t i )L  '  

where L = Equating both equations (2.2.3) and (2.2.4), we obtain the values of 

the coefficients aJ
Q(ti), a{(ti) and b^(U). Then, the recurrence for PTS[1/1] has the 

following form 

® 1 c j (U)  
<1 = — z£r • <2-2-5) 

1 + -%^-L 
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which can be easily implemented numerically. 

This equation will produce a non-linear time stepping scheme with, as we will 

see, good stability criteria compared to explicit schemes. From a theoretical stand

point, the denominator being close to zero will not pose any difficulties. However, for 

calculations in finite precision, there will be a potential for significant error. 

2.3 Analysis of PTS[1/1] for Small Dimension 

For the sake of simplicity, consider the three-component case j  — 3. The PDE is 

discretized by 3 points in x with functions u1^), «2(t), and us(t). Clearly, in the 

context of the PDE, this will represent an overly coarse representation. However, it 

also offers a simple case to investigate the properties of PTS. 

Instead of u1, u 2 ,  and u z ,  we use the variables x ,  y ,  and 2. Then, the first 

iteration (2.2.5) of PTS[l/l] can be written as 

F(x, y, z) 

( F l ( x , y , z ^  

F 2 (x ,  y ,  z )  

\F $ ( x , y , z ) J  

x y — 2 x 2 + ( x 2 + y 2 — 2 x y - ^ x z ) L  ^  

y — 2 x + ( - \ z + 2 y - Z x ) L  

z y - 2 y 2 + x y +  ( x 2 + y 2 + z 2 — 2 y z + 2 x z — 2 x y ) L  
z — 2 y + x + ( 2 z — 3 y + 2 x ) L  

z y - 2 z 2  +  ( z 2 + y 2 - 2 z y - \ x z ) L  

\ 

(2.3.1) 

7 y-2z+(-^+2y~3z)L  

Assume we have the initial condition (x ,  y ,  z )  =  (Xx ,  \ y ,  Az) where (x ,  y ,  z )  €  f l  

for a scalar A. Note that it can be easily seen that 

F(s, y ,  z )  =  F(Ax, Ay, Az )  = AF(x, y ,  z ) .  

The same will happen when multiple steps of PTS[1/1] are considered, i.e., 

F( . . . (F(x,y,*))) = F  ( . . .  (F(Ax,  Ay,  Az) ) )  =  F  ( . . .  A (F(x ,  y ,  z ) ) )  =  . . .  

= AF ( . . .  (F( i ,  y .  5 ) ) ) .  

Therefore, due to this scale invariance, in the present test it is sufficient to consider 

the initial condition on the unit sphere. = {(rr, y, z) : (x2 + y2 + z2)* = 1}. 
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To understand the behaviour of PTS[1/1] in a three-component case, the problem 

is transformed from a three dimensional to a spherical coordinate representation which 

helps study the schemes over a wider domain of initial conditions. By letting » = 

(x,-y,z) — (cossin 0cos0, sin 0sin0), where 0 < 6 < tt and 0 < 6 < 2tt, we consider 

the initial condition on the unit sphere. Figure 2.1 confirms that F{9, q) is bounded 

away from the points of singularity, but it also shows that there is some substantial 

numerical error which arises near these points. It will be demonstrated that these 

peaks are associated with the singularities of each component. 

It is necessary to identify the denominator of each component: 

Dx =  y — 2x  +  ̂ -^z  + 2y  — 3x^ j  L ,  

D'2 = z — 2y •+ x + (2z — 3y  + 2x)L ,  (2.3.2) 

D:i = y- 2 z + + 2y - L. 

Rewriting these formulas using polar representation and equating them to zero, and 

then solving for o, we get 

,  ,  /  2+3L 
(pjOi = arctan 

cos 9 — (L /2)  sin 9 + (2L)  cos 9 J '  

-2^ \ 
©D, = arctan ——-— — .—-——— J, (2.3.3) 

\sm 9 — 2 cos 9 + 1 + (2 L) sm 9 — (3 L) cos 9 J  

(L/2) 
0£)3 = arctan 

cos 9 — 2 sin 9 — (3L)  sin 9 + (2L)  cos 9 )  

Based on this, Figure 2.2 presents the predicted location of the zeros which coincide 

with the location of the peaks in Figure 2.1. Therefore, this confirms that the nu

merical artifact seen in Figure 2.1 is due to a vanishing denominator. This issue can 

be illustrated by paying direct attention to the floating point representation [1]. It 

simply arises when two close numbers are subtracted. 

Without loss of generality, we focus on one component; the second component 

F2. Figure 2.3 describes in more detail the singularities as a function of <p, when 

9 = 2, and shows the number and width of these peaks. 
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Figure 2 
when L 

!.l: First iteration of the PTS[1/1] scheme in F, in the <p and 9-space 
= 0.5. 
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Figure 2.2: Singularities of each component in the <£>, 0-space when L = 0.5. 
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Figure 2.3: Norm of the second component of F as a function of (p when 
9 = 2. 
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Thus, in order to have a convergent scheme, these peaks need to be truncated by 

using a different scheme, not just at the point of singularity, but in the neighbourhood 

around the singularity. Therefore, it is crucial to choose a threshold to remove these 

peaks. We will call this threshold c. This is equivalent to considering a band of 

curves around the singularities of width proportional to e as shown in Figure 2.5. 

Determining an appropriate value for e is now a key question to consider. 

An important property of these peaks is that as h gets smaller, their locations 

change and their widths get narrower. From (2.3.2), 

Or using spherical coordinates, 

D{6,6.  h)  — sin <j> sin 0—2 sin cj> cos 6 + 2 cos (f> + (2 sin (p sin 6 — 3 sin <j) cos 9 + 2 cos <j>) h. 

Assume 6 = 0 for simplicity. A singularity exists at <j>* when h = h* that is, 

If the width of this peak is 26", then the boundaries of the band are defined by 

—2 sin (<jf — 6) + 2 cos (0* — <5) + (—3sin (<f>* — 5) + 2 cos (<f>* — S)) h* = e. 

Solving for S, and simplifying, leads to 

D(x,  y,  z , t i )  =  z — 2y +  x + (2z — 3y +  2x)h.  

0, h*) = 0. 

D{6* — 5,0,  h*)  =  e, 

which could be written as 

<p* + 7r — arcsin 
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§ 2 2 

0.2 0.6 0.7 0.9 
Time Step 

Figure 2.4: Width of peaks S as function of time step when 9 = 0. 

where <j>* = arctan from equation (2.3.3). The width of peaks. S, is an increas

ing function with respect to the time step, h, i.e., <5 gets smaller as h goes to zero. 

This property is shown in Figure 2.4. 

In terms of changing singularity locations, consider a singularity at (j) = <pi when 

h, — hi and a singularity at 0 = fa when h = ft2. We want to show that ^ <2>2 

when fi2 ^ h\. Assume the contrary, that ©, = 02- Using equation (2.3.3) leads to 

2 hi _ 2 h2  

1 + 3/ii 1 3/i2 

which implies h2  = hi, which is a contradiction. Hence, the location of these peaks 

changes as h changes. 

2.4 Approaches to Control PTS[1/1] 

Given the existence of singularities, this section introduces a few controls. Some 

approaches are established in order to control the error(s) resulting from having a 

small denominator. For the bulk of the iterations these approaches use PTS[1/1] 

when the magnitude of the denominator is greater than a threshold. Otherwise, they 

apply some other approach such as Taylor, PTS[0/2], or PTS[1/1] with a smaller time 
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2nd component f =0 

2nd component E = 1 
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/ •t; 
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8 

Figure 2.5: e-bands around zeros of denominator of the second component 
in 6 and the 0-space when L = 0.25. 

step. 

For simplicity consider the system of ODEs 

x t  = ~2x + y, 

y t  — z — 2y + x, 

In addition, assume (.r0, yo, -^o) is of magnitude one and gives a zero in at least one de

nominator of the components when the first iteration of PTS[1/1] is performed. This 

system will be used as a model for the present study. These types of initial conditions 

guarantee that the worst case scenario is encountered during the computation. As we 

will see. the determination of the threshold depends on the stiffness of the operator. 

To begin, we will consider the non-stiff case. The case where the value of ^ is large 

will be discussed in the last section. 

z + y (2.4.1) 
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Local Error Control Threshold (LECT) e* 

A threshold e* is needed when the denominator is close to zero to prevent local error 

growth. Another scheme of order two can be used instead of PTS[1/1] when the 

condition 

is met. This threshold, e*, will be called the local error control threshold (LECT). 

From the theoretical formulation of local error for Taylor and PTS, we have 

This justifies the need for the optimal LECT, e*, to be greater than or equals to one 

to insure that the local error will not grow. Then, the numerical runs may be used 

to define optimal values of thresholds that give accurate results. 

This approach was initially used in [5] to solve some examples of ODEs and PDEs. 

However, in this section, additional information about LECT is introduced. We start 

with the first iteration of the PTS[1/1] scheme and then monitor the denominators of 

each component. Whenever the norm of the denominator is less than e*. then Taylor 

of order two is applied to that component. The optimal value of LECT, e*, will be 

discussed further in the chapter; for now, we use e* = 1.2 unless otherwise stated. A 

major concern for this approach is the percentage of step where Taylor is used when 

Taylor is unstable. Additionally, it is relevant to consider how many such steps are 

in sequence? 

2.4.1 PTS[l/l]Xaylor Approach Taylor 
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Local Error (Consistency) of the PTS[l/l]Taylor Approach 

First, recall the theoretical local error of second-order Taylor is 

LEr„y lor  = Cth* + Oih4). 

The theoretical local error of PTS[1/1] can be extracted to be 

c3 /*3 + 0(h4); (2.4.2) 

for each component. When we apply the first iteration of this approach, we use 

Taylor only once in the second component, since we chose an initial condition such 

that the second component has a singularity. Figure 2.6 shows the truncation of the 

spurious error resulting from using e* = 1.2 for initial conditions generated by <p and 

6* = 2 where all have initial singularities at the second component. Even though 

Taylor was used once only in one component, we see a significant improvement in 

the overall error. In addition. Figure 2.7 indicates that we are getting the right order 

of accuracy, which is order three. Therefore, in general, the theoretical local error 

formula for PTS[l/l]Tayk)r should be a combination of LETavto, and LE^/i], depending 

on the number of singularities. 

Global Error (Stability) of the PTSfl/l]^^ Approach 

The stability of the PTS[l/l]Tiiyloi. approach will depend on the choice of LECT e*. 

Thus, a few tests are required. First, the factors that affect the choice of epsilon axe 

considered. Secondly, the value of the optimum LECT e* is discussed. 

LECT, e*, for the PTS[l/l]TayIor Approach In the early stages of this work, we 

were expecting e* to be around 10"16 due to the standard double precision round-off 

errors. However, this turned out to be incorrect; the value of LECT e* needs to be 

much bigger than this number. 
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Figure 2.6: The first iteration of the PTS[l/l]Taytor approach in ® and error 
space, h = 0.9. e = 1. 
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^Theo.PTS^ 

Theo. Taylor 

g 10" 

-j 

Time Step 

Figure 2.7: Theoretical and numerical local errors of one step of the 
PTS[l/l]Tayior approach versus time step h, e = 1.2 . 

Secondly, one of the properties of the optimal LECT is its independence on the 

length of the run. Figure 2.8 presents different plots with respect to different time 

steps. For example, when h = 0.5, all Tflnal plots behave qualitatively the same when 

e* £ (0.33,1.094). Generally speaking, this suggests that for each h there is an interval 

of e* where the outcomes are the same. 

The decision making process for the right value of LECT, e*, will be based on 

three steps. The first step is to find the lower bound for e* that will eventually reduce 

the effect of division by zero. The second step is to find the upper bound that will 

control and limit the use of Taylor. The last step is to study the interval of e and then 

try to reduce that interval to obtain the optimal LECT t*. We started by testing 

small values of e such as 10~16. Figure 2.9 shows a lower bound of roughly 10"1 . 

Testing large values of t will lead to an upper bound for e* which is 2, see Figure 2.10. 

So far, the optimal LECT e* € (0.1,2) is recognized, though it would be difficult to 

find it explicitly. For this purpose this study will focus on the interval where Taylor 
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Figure 2.8: Plot of e versus relative error for different time step h .  
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Figure 2.9: Lower bound of LECT, e*. for the PTS[l/l]Taylor approach when 
different values of e are tested, Tf = 50. 
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Figure 2.10: Upper bound of LECT, e*. for the PTS[l/l]Taylor approach when 
different values of e are tested, Tf = 50. 
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Figure 2.11: Plot of time step h  versus relative error for various values of e, 
7) = 50. 

is unstable, i.e., h  £ (0.5,1) in our example. 

As shown in Figure 2.11 and Figure 2.12, there are sharp transitions in t and 

h, which made the search for optimal LECT, e*, difficult. However, in most runs we 

were using selections from neighbouring e*. which had excellent results. Therefore, 

we determined to set LECT, e*, for PTS[l/l]Taylor at 1.2. Figure 2.13 shows that there 

is a big improvement of the PTS[l/l]TayIor approach on the error side, especially when 

the Taylor scheme is unstable. However, some of the results in our scheme may lead 

to instability. For example, at the instant h — 0.7264, that is indicated in Figure 2.14, 

a bad result for the PTS[l/l]Tavlor is observed. Table 2.1 presents one factor of that 

error, which is mostly due to the use of Taylor in sequence; in total, 27% of Taylor 

was used. 

This sequential use of Taylor can be controlled in two ways, either by reducing 

the value of e or by tracking the sequence of steps when Taylor is used. Reducing the 

threshold t to solve the issue was briefly mentioned before. Afterwards, we introduced 
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Figure '2.12: Plot of relative error versus e for various values of time step h, 
tf = 50. 
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Figure 2.13: Plot of time step h versus relative error; full iteration, Tf 
9 = 2 and e* = 1.2. 

= 40, 
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location (iteration number) of Taylor used 

lsf component 

2 nd component 

3rd component 

3, 4, 5, 6, 7, 11, 12, 13, 14, 15, 16, 17, 18, 19, 25, 29, 35, 49, 53, 59, 65 

1, 9, 16, 21, 22, 23, 27, 31, 37, 45, 51, 57, 63 

5, 6, 7, 8, 9, 10, 11, 12, 13, 14, 18, 19, 20, 21, 25, 29, 35, 49, 53, 59, 65 

Table 2.1: The location (iteration number) of Taylor used of PTS[l/l]Taylol. 
at h — 0.7264. 

a modification to the PTS[l/l]Taylor approach to control for the use of Taylor. 

Modified PTS[l/l]Taylor Approach 

This part of the chapter presents a possible modification of our approach to prevent 

using Taylor in sequence. As shown in Algorithm 2.4.1, two thresholds, ei and t-i, are 

needed, ci is applied when PTS is used in the previous step and e2 whenever Taylor 

is used in the previous iteration, and where e2 "C ei. 

Algorithm 2.4.1 Modified PTSfl/l]^.^. 

c = 0 

for i — 1 : n 

if (|D,| < cx & c = 0); then apply Taylor & c = 1 

elseif (|Di| < t2 & c = 1); then apply Taylor & c = 1 

otherwise apply PTS & c = 0 

end 

By using Algorithm 2.4.1 with thresholds t\ = 1.2 and ti = 10~2, we see changes 

of sequence use of Taylor in Table 2.2. In addition, only 9% of Taylor was used. Figure 

2.14 shows an improvement by the modified scheme over the regular approach. The 

modified PTS change the jumps behaviour to a flat mode. Another advantage of this 
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location (iteration number) of Taylor used 

l,s' component 

2nd component 

3rd component 

1, 6, 8, 13, 15, 29, 31 

1, 4, 28, 32 

1, 4, 7, 10, 11, 30, 34 

Table 2.2: The location (iteration number) of Taylor used of the modified 
PTS[l/l]TayIm. at h = 0.7264. 
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Figure 2.14: Plot of the relative error versus time step h  of modified 
PTS[l/l]Tay!or. 
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Figure 2.15: Plot of the percentage of Taylor used of the modified 
PTS[l/l]Taylor VCrSUS k. 

modification is that the percentage of Taylor used is reduced approximately by half 

as shown in Figure 2.15. 

In the previous subsection, we demonstrated the use of Taylor to control the main 

scheme. In this subsection, we will apply a different approximation from the same 

second order PTS family, namely PTS[0/2], 

PTS[0/2] can also be used whenever PTS[1/1] needs to be controlled. This 

approach will be named the PTS[ 1 /1] [0/2] approach. First, from equation (2.1.3) with 

N — 0, M = 2, in terms of the Taylor coefficients CQ, CI and C2, PTS[0/2] is 

If. for example, C\ — 0, PTS[1/1] suffers, since un+i = c0 = un, while PTS[0/2] 

2.4.2 PTS[1/1][O/2] Approach 

PTS [0/2] ( h )  (2.4.3) 
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does not suffer since we make use of c2, i.e., un+i = ci_^c2jt2• This is a compelling 

reason to use PTS[0/2], Prior to applying this scheme, it is necessary to clarify the 

mathematical relation between the singularity of different types of PTS schemes. The 

denominators of PTS[1/1] could be written in term of c's and time step h as 

Thus, a singularity exists at h = From equation (2.4.3), we have the formula of 

the denominator of PTS[2/0] which is simply 

Substitute ft = ^ into equation (2.4.5) to test for a common singularity. Conse

quently, 

This leads to the following condition 

Two solutions: () = (§, x) an<^ (^2:^2) = f) are obtained. In fact, these 

two points represent two unimportant cases when c-o = = C2 — 0. These points 

correspond to fixed points of the ODE. As mentioned earlier, we demonstrated that 

there will not be an intersection between the singularities of PTS[1/1] and PTS[0/2] 

besides the trivial fixed points. Figure 2.16 presents this result for some types of PTS 

schemes. 

Assuming we are not at a fixed point, for the PTS[1/1][0/2] approach, if PTS[1/1] 

has a singularity, then PTS [0/2] does not have one. Hence, it is a good choice to con

trol PTS[1/1]. In addition, we could use another mixture of PTS schemes depending 

on the order needed. 

•D[i/i] CO — l + (2.4.4) 

(2.4.5) 

cf = c0c2. (2.4.6) 
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Figure 2.16: Plot of singularities of different classes of PTS in the 0, 0-space. 

Local Error (Consistency) of the PTS[l/lj[0/2] Approach 

We recall first. LEp^i/!] in (2.4.2) and then will clarify the theoretical local error of 

PTS[0/2]. Expanding and simplifying the rational expression 

PTS[0/2\ := ,,, N 

1 + ("S) h + (4?) I'2 

= co + eft + r,2h2 + (2c°c'g-g') ft3 + O(h'): (2.4.7) 

Therefore, 

LEm] = (2C°C'2"'C') I'3  + 0(h4). (2.4.8) 

Figure 2.17 shows the improvement as a result of applying PTS[0/2] 011 PTS[1/1]. 

In addition, Figure 2.18 indicates that we are getting close to the right order of accu

racy, which is order three. Finally, the theoretical local eiTor formula for PTS [1 /1] [0/2] 

would be a combination of ££[1/1] and LEpj2], depending on the number of singular

ities. 
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Figure 2.17: Plot of the first iteration of the PTS[1/1] [0/2] approach in the 6 
and error space, 9 — 2, h — 0.9. and e* = 1. 
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fro Step 

Figure 2.18: The first iteration of the PTS[1 /l]ro/2] approach in the time step 
and error space. 

Global Error (Stability) of the PTS[1 /1][0/2] Approach 

For the purposes of the full scheme, we need to define the optimal LECT, e*. for the 

PTS [1 /1] fo/2] approach, which will produce the new stable scheme for this study. 

LECT, e* of the PTS[1 /l][0/2j Approach 

As discussed previously, it is necessary to track the optimal LECT, e*. for PTS[1 /l][o/2j• 

Figure 2.19 shows that the scheme for this study required t* to be in (0.91.1.0). Set

ting e* = 1, as shown in Figure 2.19, produces a good result. It can be noticed the 

bad result for e — 1.1 as h —> 0. 

2.4.3 PTS[l/l](j) Approach 

Since the location of singularities depends on the time step h, this provides another 

way in which the error can be controlled. We apply a j step of PTS[1/1] instead of 

applying the full time step where s — 1, 2,.... We will call this PTS[l/l](|). First, 

the applicability of this approach is discussed. Recall the denominator of PTS[1/1] 

D [1/1] CO 
£2 
Cl 

h. 
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Figure 2.19: Searching for the optimal value of the LECT for PTS[l/l][0/2] 
approach,  Tf — 50 and 9 = 2.  

If the condition. — e* 's satisfied, the denominator of the first iteration of 

PTS[1/1](^) can be written as 

The singularity of PTS[1/1] exists at h* = The new approach denominator at h* 

will be 

For further clarification, see Figure 2.20 where we have only two points of intersection, 

namely (#i,<^i) = (f. and (02; <^2) = ("y, f), when s = 2.3,4 are considered, as 

in the previous approach. 

Therefore, we are certain that the new approach does not have a singularity at 

the first iteration. Unfortunately, it may have one in the second iteration since c0, 

ci, and Co will be updated. To solve this issue, we suggest to use a bigger s instead. 

This will reduce the possibility of singularities at that time step. 

PTS[1/1](—) 
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Figure 2.20: PTS[1/1] at different time steps, |, | and | in the <f> and #-space. 

If D (|) = e, which implies ^ = (1 — e)|. Therefore, 

Hence, the case s = 4 corresponds to a bigger threshold than the case s = 2, i.e., 

e 4-1. According to our runs, using j(s = 4) is sufficient to remove such singularity, 

see Figure 2.21, while using |(s = 2) it still suffers from the singularities. For this 

reason, we may continue reducing the time step as needed, although this could be 

costly. Therefore, we set a limit, allowing it to use up to |. In the few cases where ~ 

cannot be of benefit, other approaches can be used. 

Local Error (Consistency) of the PTS[1/1](|) Approach 

Recall, first, the LE[ i/ij (2.4.2). The local error for the PTSfl/I](-j) approach will be 

a result from substituting ^ (2.4.2) s times 

(2.4.9) 
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,0.416 

Figure '2.21: The first iteration of the PTS[1/1] approach at |(s = 4) and 
|(.s = 4) in the 6 and error space, 6 = 2, e* — 1, and h — 0.9. 

where c\j, c.2j, c^j are computed at time ti+j/a. Then, the theoretical error formula 

for PTS[1/1](£) will be a combination of and LE^y^h^, depending on the 

number of singularities. 

In addition, Figure 2.21 shows the local error result of the half step control on 

PTS[1/1]. It was not that very useful since parts of the peaks still exist. Using 

on the other hand, solves the issue for this specific case of h and 9. Figure 2.22 also 

indicates that the right order of accuracy, i.e., order three, is achieved. 
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Tim Step 

Figure 2.22: The first iteration of the PTS[1/1](|) approach in o and error 
space. 

Global Error (Stability) of the PTS[1/1](^) Approach 

This part, of the chapter explains the use of the full scheme to obtain an optimal 

LECT, e*, for the PTS[1/1](^) approach which, in turn, will establish our new stable 

scheme. It is difficult to study the value of the threshold for general s, therefore we 

limit ourself to the cases s = 2 and 3 = 4. 

LECT, e*, of the PTS[1/1](J) Approach 

As previously discussed in relation to e, the optimal LECT, e*, is close to one but each 

approach leads to slightly different values. When searching for the optimal LECT, e*, 

for PTS[1/1](|), as shown in Figure 2.23, we can say that our scheme requires e* to be 

in (0.95,1.3). If we use a small time step control, say we find LECT gets smaller, 

which can be seen in Figure 2.24. However, there is an important factor that needs 

to be considered; the percentage of | substep used in the approach. This is mainly 

a computational issue because using | substeps involves a higher time cost, which 

needs to be accounted for. Taking this into consideration, the interval for optimality 

is found to be e 6 (0.95,1). Figure 2.25 presents percentages of used substeps for 

each epsilon. Indeed, we set e* = 1 for PTS[1/1](|) which, as seen in Figure 2.24, 
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Figure 2.23: Different values of e for the PTS[1/1](|) approach, with 9 = 2, 
Tf = 50. and s = 2. 
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Figure 2.24: Different values of e for the PTS[1/1](|) approach, with 6 = 2, 
Tf — 50, and s = 4. 
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Figure '2.25: Plot of relative error versus percentage of h/4 substep used for 
different values of e for PTS[1/1](|) approach, Q — 2, 7) = 50, and s — 4. 

yields the best performance amongst the ones considered. 

2.5 Large Systems of ODEs 

A small dimension case was discussed previously, we now turn to the the performance 

of different approaches of PTS[1/1] when a heat operator with a specific initial con

dition is considered. The comprehensive comparison for PTS[1/1] approaches with 

other competitive ones will be discussed in Chapter 4 when the reaction diffusion 

equation is solved. First, solving a large system of ODEs with PTS[1/1] approaches 

is studied. Secondly, the diffusion problem is considered and a modification for LECT 

is discussed. Finally, supporting examples are presented. 
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2.5.1 Solving ODEs with PTS[1/1] Approaches 

We test the PTS[1/1] approaches on the full spatial discretization of a heat equation 

with zero boundary condition. Consider this ODE system 

u(*)t = Au(if), u(0) = u0; (2.5.1) 

where u € and 

- 2  

1 

0 

0 

1 

1 

0 1 
m x rri 

We test the performance of PTS[1/1] with the three new approaches on (2.5.1) with a 

large number of components and random initial conditions. We pick m = 5000 and 75 

random initial conditions with ||uo|| < 1. Figure 2.26 shows good results for PTS[1/1] 

approaches, similar to the three component case solved in the previous section. It 

can also be noticed that the pure PTS[1/1] has a stability problem at h = 0.7 where 

a singularity exists. 

On the other hand, we found that overall, the PTS[l/l]Tayior, PTS[1/1] [0/2j and, 

PTS[l/l](j) (s — 4) approaches have an excellent performance particularly for bigger 

time steps. This valuable property is greatly needed in many applications, i.e., with 

stiff problems. They also provide reasonable results for small step size. Consequently, 

this example supports the application of the new PTS approaches for the diffusion 

equation. 

2.5.2 Solving the Full Diffusion Operator by PTS 

Moving to the full PDE problem, the new technique discussed above will be applied 

to solve the diffusion equation in one dimension. We consider problem (1.0.1), when 
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Figure 2.26: Plot of relative error versus time step h for ODEs (2.5.1), 5000 
component and 75 random I.Cs. 

f ( x i )  = 0, that is 

•ut = auxx(x,t) (2.5.2) 

in the region — l < x < l ,  subject, to the initial condition 

u ( x , t0) = exp (-x2) 

where t0  = 0 with zero spatial boundary conditions. As is well known, the analytic 

solution is 
1 ( -x2 \ 

li t.X, t) = . : exp I • : . 
\/l + 4 Oct \ \/l + 4 at J 

Using spatial discretization, (2.5.2) becomes similar to (2.5.1) with coefficient matrix, 

(^j) A, instead of A. We study a wide range of stiff problems by varying a and fixing 

both dx and h. 

Due to the good performance of PTS[l/l]Tilvlor over PTS[1 /l] [0/2], shown in Figure 

2.26, and the expected computational cost for the PTS[1/1] (|) approach, we limit 

PTS[1/1] 

PTSt1/1Wi.2 

PTS[1/1](h/4) e=1 

Taylor 

0.40 0.45 0 60 0.65 0 70 0 75 0.80 0 85 0.90 0.95 .35 0.50 0.55 

Time Step 
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L (a *h/dx2) 

Figure 2.27: Plot of relative error versus stiff factor L for diffusion equation, 
Tf = 0.002. 

ourselves here to PTS[l/l]Tay!or. One critical criteria of PTS[1/1] exists when c\ = 0 

and c2 7^ 0. Recalling the PTS[1/1] scheme, we have 

CoCi + (c? -  cQc2) L 
"ft 4-1 r Ci -  c2L 

This means that when Ci = 0 and c2  ^ 0 either we do not have an improvement or sim

ply a fixed point exist, i.e., un+1 = Co = un. Therefore, our numerical scheme should 

avoid this instance by applying Taylor instead of PTS. The appropriate condition is 

discussed below. 

A LECT Modification for PTS[l/l]TayIor 

Here we search for the optimal value for LECT, e*, for the full diffusion problem 

(2.5.2). Figure 2.27 shows the performance of our scheme with different choices of e. 

It is clear that t* — y/2 is the best choice. Indeed, the transition between two numbers 

close to \/2 appeals in Figure 2.28, which shows how sensitive is the dependence. In 
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Figure 2.28: Plot of relative error versus number of iteration N for diffusion 
equation, Tf = .002 and L = 0.5888. 

the previous section, when we set e* to be 1.2, we were unable to notice the fixed point 

behaviour as we did in the present example. Returning to our previous discussion, 

assuming a fixed point u* exists at component j and iteration number n, then R* = ̂  

is a fixed ratio that leads to slow movement. This behaviour is demonstrated in Figure 

2.29 by a dashed line. Following a number of trials, a second condition is required: if 

^ < 10~6, apply Taylor; this is clarified in Algorithm 2.5.1. The chosen threshold, 

10~~6, was selected based on many trials. The second condition is important when 

\D\ > e and we are close to a fixed point. 

Algorithm 2.5.1 PTS[l/l]Taylor for the diffusion part. 

for i = 1 : n 

if (|D,| < d) OR 

otherwise apply PTS 

end 

Cli 
c0i 

< e2 ) ; then apply Taylor 
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Figure 2.29: Plot of \D\ versus number of iteration N for diffusion equation, 
TF = 0.002. 

Algorithm 2.4.1 and Algorithm 2.5.1 differ mainly in the second conditions. The 

second condition in Algorithm 2.4.1 was based on reducing the number of Taylor 

used, while the second condition, in Algorithm 2.5.1, avoids the fixed point behaviour. 

In general, having a fixed point means we will not move, and thus, Taylor is used 

in sequence. Therefore, the second condition in both algorithms addresses the same 

issue. However, due to the number of conditions on each algorithm, the computational 

cost of Algorithm 2.5.1 is less than the computational cost of Algorithm 2.4.1. Good 

performance is observed when Algorithm 2.5.1 is applied with — \/2 and e-2 = 10~6. 

2.5.3 Examples and Comparison 

We numerically solve both stiff and non-stiff heat equations with well-chosen schemes 

of second order, such as Crank-Nicholson - Adam Bashforth (CNAB), Adam-Bashforth 

7 = 3/4 (ABg), RK2, RKC2, and the new PTS[l/l]-,Xvlor approach. 
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Figure 2.30: Plot of relative error versus computational time for diffusion 
equation with a Gaussian initial condition and to = 0, tf = V, x £ [—20.20], 
dx — 0.005. = 1, non-stiff case. 

Non-stiff Case of Diffusion Equation 

First, the non-stiff case when ^ = 1, is solved. Figure 2.30 shows that PTS[l/l]Taylor 

provides a good level of accuracy with much less computational time. This suggests 

an advantage over other approaches in such cases. 

Stiff Case of Diffusion Equation 

Now the stiff case, when ^ is very large, is introduced. Figure 2.31 illustrates good 

performance for the new scheme. The PTS[l/l]TavIor approach produces a relative error 

of 10~1,5 in 10~2 seconds where no other scheme gives a comparable result. In addition, 

for higher accuracy, the PTS[l/l]Tayior approach provides a relative error of 10"11 in 

half of the computation time of the explicit RK2 and it is also 230 times faster than 

the implicit Crank Nicholson Adams Bashforth scheme. In conclusion, the proposed 

scheme, PTS[1/1], shows good performance especially for strongly diffusive equations. 
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2.6 Summary 

In this chapter, the diffusion operator was solved by the PTS[1/1] scheme. A large 

number of initial conditions was considered in the analysis. The PTS[1/1] showed 

better results, although some controls need to be imposed in order to account for 

possible singularities. We introduced the local error control threshold (LECT) and 

then different approaches were studied, namely Taylor, PTS[0/2] and PTS[1/1] (j). 

First, the cases when c0 = ci = c2 = 0 were discussed. The PTS[l/l]TayU>r, 

PTS[1/1][0/2j and PTS[1/1] (|) approaches are not applicable in these instances, i.e., 

fixed points. The value of LECT, e*, for PTS[1 /l][0/2j and PTS[1/1] (£) is set up 

to be 1. Both the PTS[1/1][0/2] and PTS[1/1] (|) approaches are not completely 

understood and they need more detailed analysis. However, based on some examples, 

PTS[l/l]Taylor perform better than PTS(l/l][0/2j and it is computationally faster than 

PTS[1/1] (J). 
The PTS[l/l]Taylor is studied and a modified approach is considered with new 

condition shown in Algorithm 2.4.1. Thirdly, the case when ^ is very large number, 

is investigated. The optimal LECT is e* = \/2 for the PTS[l/l]Taylor approach. Since 

the value of cx needed to be checked accordingly, a criteria is updated in the approach 

as in Algorithm 2.5.1. 

Finally, the PTS[l/l]Tayiar approach is well-studied here for diffusion equations. 

The PTS[l/l]Tavlor approach has good performance, especially when bigger time steps 

are used. Lastly, the PTS[1/1] approach in general offers a favourable alternative 

to other explicit and implicit schemes in the context of a linear diffusion problem. 

The performance for general nonlinear and reaction diffusion type problems will be 

discussed in the following chapters. 
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Figure 2.31: Plot of relative error verstis computational time for the diffusion 
equation with a Gaussian initial condition and t0 = 0. ^ = l;,xG [—20, 20], 
dx = 0.005. = 800, stiff case. 



Chapter 3 

Pade Time Stepping (PTS) on 

Scalar Autonomous Differential 

Equations 

In the previous chapter, the new PTS[1/1] approaches showed excellent performances 

when the heat operator was considered. Now, we consider their performance on non

linear ODEs. In most applications, the reaction term in the studied model (1.0.1) 

is simply a polynomial in u [54, 55]. Therefore, we consider scalar autonomous dif

ferential equations. This chapter discusses solving such equations with the PTS[1/1] 

scheme. First, the application of PTS[1/1] to these equations is introduced, pay

ing particular attention to the existence of singularities. A general stability analysis 

for the PTS[1/1] scheme is provided for logistic and more general equations. Both 

stiff and non-stiff cases are considered. Also, the use of the previous controls for 

PTS[1/1] is investigated. The presented approaches, PTS[l/l]Tttylor, PTS[l/l][0/2], 

and PTS[1/1] (^), behave very well when non-stiff logistic equations are considered. 

The case of stiff logistic equation is also analyzed. Supporting examples are presented 

to show the performance of PTS[1/1] compared to explicit schemes. 

99 
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3.1 PTS[1/1] and its Singularities 

Consider this differential equation 

u t  = f(u); (3.1.1) 

where u ( t o )  is a given initial condition. By considering a polynomial f ( u )  =  atu +  

a2ir + • • • + anun\ a wide range of nonlinear reaction terms are covered, such as 

Fisher [20], Nagumo [21], etc. It is important to identify the type and locations of 

singularities when PTS[1/1] is applied, as well as the ways to control them. 

The solution to equation (3.1.1) by PTS[1/1] can be written in terms of the 

Taylor coefficients as 

U j  + [~(l/2)/»('U,)u,; + f ( U j ) }  h  

l + HiW.Mih ' (,i ' 

A singularity exists at h = where , fu(u) — ai  + 2a2uH l- nanun_1. Therefore 

a necessary condition is fu(ui) > 0, in order for a singularity to exist. 

From an application point of view [55], most models are of degree three or less. 

Consider this general term as in [30], 

f ( u )  —  u  (/U +  8 u  — 7w2) ; (3.1.3) 

for real numbers //. 0, and 7. For example, for fj, = 1, 0 = —1, and 7 = 0 the reaction 

term of the Fisher equation would be obtained. For /x = 1, = 0. and 7 = 1 the 

reaction term of Nagumo equation is found. Using PTS[1/1] to solve (3.1.1) with 

f(u) as in (3.1.3), the iterated solution would be 

„ - ~ C1/2)"* + 7u f )h to 1 A) 
1+1 1 - (1/2) (ji + 2Pm - 37u?) ft' 1 ' ' ' 

A singularity of (3.1.4) exists at h — t^ i e  c a s e  °f ( /^ = 1? = —1, 

and 7 = 0), h — , no singularity exists if ttj > Some cases of (3.1.4) will be 



3.2. Stability Analysis 101 

introduced here to clarify the expected deficiency of the pure PTS[1/1]. For example, 

for 7 = 0 in (3.1.3), there exists a singularity at, some h for some real numbers p. and 

d. Another example, when 8 = 0 in (3.1.3), there exists a singularity at some point 

of h if both fj, and 7 have the same sign. Therefore, the same approaches discussed 

previously in Chapter 2 are needed to control these singularities. 

I11 order to illustrate the application of the PTS[l/l]Tayi„r, PTS[1/1] [0/2] - and 

PTS[1/1](|) approaches, the simplest form of the Ricatti ODE [90]. i.e., the logistic 

ODE (3.1.1) 

f (u) — Ru{ 1 — u) (3.1.5) 

is considered ((3.1.3) with // = 7 = 1). For this ODE, the exact solution is 

=  u0  + (1 — u0)  exp(-Rt) '  

where u(0) = Uq is the initial condition. Applying the values of fi and 7 to (3.1.4), 

the solution using PTS[l/l] would be 

Ui + \Rhui 
Ui+1 = l - i d - 2 . H ) R h -  ( 3 X 7 )  

The singularity exists at h — (or v* = 7^~2). This example is used for the 

stability analysis in the next section. 

3.2 Stability Analysis 

Consider the logistic equation (3.1.5) with R = 1. The first iteration of PTS[1/1] will 

be 
(2 + h) uQ  (  x  

~ (2 — h) + 2/m0 ~ l("0, )l'°" 

The n t h  iteration will be 

(2 + h) uq 
UI 

(2 — h) + 2hu0  
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u2 = 

i'3 

(2 + h,)2  uq 

(2 — h)2  + 8hu0  

(2 + h)3  UQ 

(2 -  hf + (24 h + 2 /i3) i/.0 

(2 + /?•)" mq 

(2 - /;)" + n2nhuo + 
= An{u0 :h)u0 ,  

+ 2hn i iQ 

(3.2.1) 

/here An(u0 :h) -  ( 2_; t )»+».gtS-+2KNUI) is the growth factor. 

First, for 0 < h < 1, we notice that each ,Ai(iui_i;/i) is bounded by a constant, 

i.e.. C2+h) 

(2—h)-4-2/Juq < 3 when no singularities exist. If there is a singularity, m — h-2 
2 h ' 

then Ai = 1 + h, + which is bounded. We also need to check the previous growth 

factor when the PTS is applied, A,_i, which can be written as 

. ( ¥ )  
a: i ~  1  

Ui 

Ui -1  Ui—1 

So, 
h — 2 

2 h 

1 

"i-l 
< 

12u i—1 

which is bounded since u,;_i / 0. 

Secondly, we show the boundedness of AU(UQ- h) as N —*• oo. The critical points 

of / ln(u0;  h) are h = — 2 and 2. By checking the sign of Au(a),  we find that An(uo; h) 

is increasing in h G [0,2] and Ai(u0 :2) leads to the maximum for all i  = 1, . . . ,  n. 

lim An(u0 :1) = lim 
3n 1 

UQ ' 
(3.2.2) 

n-+cx; \1 + (3n — 1)WQ, 

Therefore, un  approaches one as n —> oo which verifies the stability property of 

the PTS[1/1] scheme. Figure 3.1 shows a good behaviour for PTS[1/1]. Figure 3.2 

introduces a case where Taylor and RK2 become unstable while PTS[1/1] maintains 

good stability criteria. 
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Figure 3.1: Plot of u(t)  versus time for non-stiff logistic equation when R = 
350, tf = 10. and u0 = 0.01 using PTS[1/1], Taylor and RK2, h = 0.01. 
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Figure 3.2: Plot of u(t)  versus time for stiff logistic equation when R = 5000, 
tf = 10, and «o = 0.01 using PTS[1/1], Taylor and RK2, h — 0.01. 
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This work can be generalized to a polynomial f (u) of degree n with real zeros. 

By considering polynomials, a large class of functions will be covered, which can be 

approximated by polynomials. A generalization of the previous work will be stated 

in the following theorem. 

Theorem 3.2.1 Let f (u) = (u — «t)(«2 — w)(o3 — u). . . («n — u) with 0 < «i < a2 < 

• • • < a„, for the nonlinear ODEs 

u t  = f(u) (3.2.3) 

and 

u t  = -f(u),  (3.2.4) 

with UQ 6 («!, a2) as initial condition. Each iteration of the PTS[1/1] scheme for 

(3.2.3 and 3.2.4) is bounded and the numerical solution un for (3.2.3 and 3.2.4) tend 

to a2 and a\, respectively, as n —> oo. 

Proof 3.2.2 Consider first equation (3.2.3). Without loss of generality, we set ax = 0. 

For u E («i, a-?), we rewrite 

f (u) = R(u)(u -  a1)(a2  -  u), 

where R(u) = (az — u) . . .  (o.„ — u) > 0. First, each A t(uo] h) is bounded away from 

the singularities. Secondly, we show the limit goes to a2 as n —>• oo. 

The maximum value for R(u) when u £ (a1} a2) is ii!max = R(ci i )  and the minimum 

value is Rmm = R(a-2). Set 

/»«(«) = Rm^f i (a2 ~ u)  

and 

/min(w) = R™„u(a2  -  u). 

We clearly have 

/min(«) < f(u) < /»«(W), 
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for all u € (ai ,  a2). A lower bound solution by PTS[1/1], solution of u t  = fm i n(u),  will 

be 
(2 + Rnnnha^y1 Uq 

I I ,  
(2 -  R,n i nha2)u  4- n2nRmJiu0  H h 21  u0 '  

Here, the limit of An(u0 :  h) will be 

, , 2 / 4" \ a-2 
l im An{u0 :  -  ) = l im = —, 

n-s-oc Rm i aa2  n->oo \^Q +  U() /  W (> 

where c„ —> 0 as ?? —» oo. 

Similarly, an upper bound solution by PTS[1/1], solution of iif — /,uax(u), will be 

written as 

__ (2 + RmXyJl(l2)n UQ 
MIL 

(2 - Rm^havY + n2"Rn u i xhu(, H 1- 2RlJina% 1u0 '  

Studying the limit of An ,  we have 

lim An{u0 \  —) = lim ( ,4 , ) = —, 
n-+oo Rm*xQ>2 n^°° y) + 1 J " Uq J U0 

where cn  —» 0 as n —> oo. In both cases, the numerical solution, un ,  is bounded by 

a,2 as n —> oo. By the sandwich theorem, the numerical solution, un ,  of u t  = /((/)  

using PTS[1/1], is bounded by a2 as n —¥ oo. This verifies the stability property of 

the PTS[1/1] scheme applied to equation (3.2.3) and completes the proof of the first 

part. 

Now. consider the second equation (3.2.4) with u0  as initial condition and 0 = 

ai < a2 < • • • < a«. For uQ G (ai,a2), equation (3.2.4) will be 

f (u) = R(u)(u -  ai)(o2 -  «), 

where R(u) < 0. By repeating the same analysis as we did for equation (3.2.3), we 

found that the numerical solution, un, of ut = —f(u) using PTS[1/1] is bounded by 

a\ as n —> oo. This completes the proof of the theorem. • 
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Figure 3.3: Plot of u(t)  versus time for nonlinear ODE using PTS[1/1], Taylor 
and RK2, «i = 0, a2 = 0.5, a-3 = 1000, h = 0.01. 

One example of a nonlinear ODE is this polynomial f (u) = (u—ai)(a2—u)(a3—u) 

with appropriate choices of o,i, a2 and a3. Figure 3.3. shows a good stability result 

for PTS[1/1]. This completes the discussion of the stability of the PTS[1/1] scheme 

for nonlinear ODEs (3.2.3) and (3.2.4). 

3.3 Local Error Control Threshold; e* 

The logistic equation (3.1.5) is considered to study PTS[1/1] controllers. For analysis 

purposes, UQ = is selected to ensure that there is at least one singularity for 

each time step h. 

First, the non-stiff case, R — 1, was studied. No strict condition on LECT, e*, 

is noticed, i.e., 10"16 < e < oo, which is expected since Taylor is working. Figure 3.4 

shows good results for the new approaches. Using the same values of the chosen e* 

previously used in Chapter 2, satisfactory outputs were obtained. That supports our 
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Figure 3.4: Plot of relative error versus time step h for the logistic equation, 
non-stiff case, to — 0, tj = 1, R = 1, uo = .01. 

choices for optimal LECT when the heat operator is analyzed. 

Secondly, the use of both PTS(l/l]Tav,or and PTS[l/l][o/2] approaches for a stiff 

case is introduced. The PT5[1/1](|) approach would also be expected to behave 

well with stiff problems, however, it would require a high computational cost. For 

this reason, we will consider the PTS[1/ l]Tayior and PTS[ 1 /1] [o/2] approaches in the 

following discussion. 

3.3.1 PTSIl/1]^ Approach for Stiff Logistic Equation 

Let us start by studying the effect of stiffness on the PTS [1/1] scheme. Consider the 

first iteration of PTS[1/1] applied to solve equation (3.1.1) with (3.1.5) 

(2 + Rh)u0  

U l  =  {2-Rh)+2Rhuo' 

Some initial conditions u0  € (0,1) will be picked. Figure 3.5 demonstrates the ex

pected convergence of PTS [1/1] scheme on a stiff problem. Basically, Ui approaches 
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Figure 3.5: First iteration of PTS[1/1] on the logistic equation with various 
initial conditions. 

1 for both stiff and non-stiff cases. It also illustrates the need for a controller for the 

PTS[1/1] scheme at the singularities. 

The PTS[l/l]Toy|or approach will be tested for different values of thresholds to 

determine the best choice for stiff logistic equation (large R). In order to ensure a 

worst case scenario, the initial condition will be forced to start at singularities, i.e., 

u0 — n}
2

l^yf-• Then, Taylor is used at least once to control PTS[1/1] at the time of the 

singularity. The following parameters are chosen: to = 0, tf = 0.1 and R = 106. A 

range of threshold between 0 and 10 was implemented. The resulting plot, Figure 

3.6, suggests e* € [10~lo,2]. This choice matches e* in Chapter 2. 

Figure 3.7 provides us with a case where Taylor is not stable, while PTS[l/l]Tav!or 

provides a bounded and convergent approximation. 
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Figure 3.6: Plot of of relative error versus time step h  for solving logistic 
equation with various epsilons using PTS[l/l]Taylor when = 0, tf = 0.1, 
and Ft = 106. 
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Figure 3.7: Plot of tt(f) versus time for nonlinear ODE using PTS[1/1], Taylor 
and PTS[l/l]^yior, , a\ — 0, a-i = 0.1, 0-3 = 1, <24 = 5, a.5 = 100, u0 = 0.001. 
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Figure 3.8: Plot of relative error versus time step h for solving stiff logistic 
equation with different epsilons using the PTS[l/l][o/2] approach when to — 0. 
tj = 0.1, a,2 = 1, and R = 106. 

3.3.2 PTS[1 /1 ] [o /2 ]  Approach for Stiff Logistic Equation 

We will repeat the same test as in the last subsection for PTS[l/l][o/2]- The same 

initial condition, uo = imposed with the same stiffness factor R — 106. Figure 

3.8 indicates PTS[l/l][o/2] is not as effective as a controller. It can be noticed how e* 

is much smaller and in particular close to 10-16. This value of LECT suggests that 

PTS[0/2] is unstable for stiff problems. 

To illustrate this further, the first iteration of PTS[0/2] scheme can be written 

as 

^ «0 /Q O 1\ 
U l  ~  2 - 2  Rh + h2R2  +  ( 2  Rh -  h2R2)u0 '  {  '  ;  

This map will be tested over an interval of stiffness factors. Figure 3.9 shows that 

the iterated solutions by the PTS[0/2] scheme become inaccurate as R gets larger, 

i.e., the denominator approaches infinity while the nominator does not. This is a 
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Figure 3.9: First iteration of PTS[0/2] on the logistic equation with various 
initial conditions. 

disadvantage of using PTS[0/2] for solving stiff ODEs by a big time step. However, 

the PTS[1/1][O/2] approach works well for mild-stiff differential equations. Figure 3.10 

clarifies the values of the LECT e* 6 (10~14,1). Therefore, a similar value for e* as 

in Chapter 2 will be set for the PTS[1 /l][o/2] approach in these cases. 

Comparison 

Both PTS[l/l]Taylor and PTSfl/1] [0/2] approaches are good solvers for non-stiff and 

mild-stiff ODEs. For this case, the LECTs are similar to the ones selected in Chapter 

2. On the other hand, for stiff ODEs, the PTS[1 /1][0/2] approach develops instability 

for large time step. Thus, PTSfl/l]Tayk>r is recommended for stiff problem with LECT 

e* = v/2. 
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Figure 3.10: Plot of relative error versus time step h  for solving mild logistic 
equation with various epsilons using the PTS[l/l][0/2] approach when to = 0, 
tf = 0.1, a,2 = 1. and R — 103. 

3.4 Summary 

In this chapter, solving the reaction of model (1.0.1) with PTS[1/1] is discussed. We 

focused mainly on the case where the reaction term, /(u), is a polynomial; however, 

t h e  c o n c l u s i o n s  a r e  a p p l i c a b l e  t o  m o r e  g e n e r a l  c h o i c e s  f o r  f ( u ) .  

This nonlinear scheme. PTS[1/1], turns out to have good stability criteria when 

reaction ODEs are solved. Some singularities exist and may be controlled by either 

Taylor, PTS[0/2] or PTS[1/1](J). 

The PTS[l/l]Tayk,r approach is recommended for the stiff case while PTS[1/1][0/2] 

is not. The optimum LEGT, e*. for all approaches are found to be e* — 0( 1), similar 

to that found for the diffusion operator in Chapter 2. 



Chapter 4 

Pade Time Stepping (PTS) on 

Reaction Diffusion (RD) Equation 

From the introductory part, we know that all explicit methods have restricted bound

ary stability regions. Hence, explicit methods are generally inefficient for solving stiff 

problems. Implicit schemes offer greater stability but they are costly in computa

tional time. One possible solution in the case of the reaction diffusion equation is to 

split the operators as discussed previously. 

In this chapter, we solve the full reaction diffusion problem with two approaches. 

The first, scheme is the direct PTS approach which shows good behaviour when both 

heat and logistic equations are considered. The second scheme uses a combination 

of PTS [1/1] and other explicit methods on each of the reaction and diffusion parts. 

This approach is especially powerful when the explicit scheme, PTS[1/1], is used to 

solve the stiff part of the reaction diffusion equation instead of an implicit scheme. 

The PTS [1/1] scheme and its singularities are analyzed before discussing the local 

error control threshold for the full reaction diffusion equation. Then, new splitting 

schemes are constructed and their stability criteria are discussed. Finally, supporting 

examples are shown in order to compare our proposed schemes with other competitive 

113 
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schemes. 

4.1 PTS[1/1] Scheme 

First, the application of PTS[1/1] to the general reaction diffusion equation is intro

duced. We then discuss singularities. Finally, the optimum value for LECT will be 

decided once the full reaction diffusion equation is solved. 

Let us first introduce some well-studied examples for the reaction diffusion equa

tion. First, we present Fitzlmgh Nagumo equation [54] with general reaction term 

u t  — aux x  + R(u — ai)(a2  — u)(u — a : i) .  (4.1.1) 

A travelling wave type solution exists corresponding to u (x •—» oo) = «i and 

u (x —> —oo) = «3. When ai = —1, a2 = 1, and a3 = 0 the Fitzlmgh Nagumo 

equation reduces to the real Newell Whitehead equation [21] 

ut = au^ + Ru( 1 - u2). 

If «! = 0, «2 = 1- and «3 = 0 the Fitzhugh Nagumo equation becomes the Huxley 

equation [21] 

u t  = aux x  4- Ru2( l  -  u). 

The Fisher equation [20] 

u t  = aux x  + R u(l — u) , (4.1.2) 

is another common example. Both models (4.1.1) and (4.1.2) are implemented in 

Section 4.3.2, with various initial conditions. 

4.1.1 Singularities of the PTS[1/1] Scheme 

Consider the general form 

u t  = aux x  + /(«),  (4.1.3) 
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with arbitrary initial and boundary conditions. Solving (4.1.3) by PTS[l/l], will lead 

to 

u-i + 
-(l/2)(a2ujJ.„+o/„„(uf )(ui)2+2o/„(u^)ui.J.+/„(itf + ( a u  L-+/('4))2 

u  u-i + a u i x + f ( u f )  

1 - (1/2) a 2 uijrXX +«/„„ (u f  )u| +'2a/„ (uf )b„ +/„ ( u {  ) f ( u { )  h  1 - (1/2) a u i x + f ( u j )  h  

(4.1.4) 

where u { r r r ,  v P x x  and are calculated at tf for the jth component. Thus we see that 

a singularity exists for the step size 

h = 2 (aujx + /(uj)) 

«2?4x.r + a f u u ( v ? ) ( u i ) 2  +  2 a f u ( u ( ) u x x  +  / U ( u ^ ) / ( w j )  

Therefore, as discussed in Chapter 2, a LECT is required where alternative 

schemes are used such as PTS[l/l]Ta>Ior, PTS[1 /1][0/2], and PTS[l/l](j). As in Chap

ter 2, a condition applicable in the neighbourhood of these singularities should be 

considered. This condition will prevent the loss of accuracy due to numerical round 

off. We refer to Chapter 2 for the location of singularities as well as for the formulation 

of local error. 

The established approaches, PTS[l/l]Taylor, PTS[l/l]j0/2], and PTS[1/1](^), are 

used to solve the Fitzhugh Naguino equation (4.1.1). The choice of thresholds are 

the same as those found in Chapter 2 and, in particular, e* = \/2. Figure 4.1 shows 

superior results for the new approaches compared to Taylor. The same behaviour 

should be expected when comparing PTS to other explicit schemes. In Chapters 

2 and 3, we found that PTS[1/1] [0/2] does not behave well with stiff equations. In 

addition, PTS[1/1](^) approaches require high computational time. As a result of 

this, we will focus 011 the PTS[l/l]Tavlnr approach in the remaining discussion. 
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Figure 4.1: Solving the FN equation (4.1.1) by PTS[l/l]Taylor, PTS[l/l][0/2] 

and PTS[1/1](|) with a Gaussian initial condition and to = 0. tf — 0.1, 
x € [—5,5], dx = 0.05, a = 1, R = 1, K = 1, «i = 0, <22 = 1, a3 = 1. 

4.1.2 The Local Error Control Threshold for the PTS[l/l]Xaylor 

Approach 

The optimum epsilon was previously discussed for both the heat equation (Chapter 

2) and the nonlinear ODEs (Chapter 3). The value of the optimum LECT, e*. for 

PTS[l/l]xayior can be tested here for the full reaction diffusion equation using Al

gorithm (2.5.1). The first condition that needs to be applied to the denominator 

is 

l -  —  h  <  € * .  
Cl 

Recall from Algorithm 2.5.1 the use of another condition that helps avoid fixed point 

behaviour. 

A wide range of thresholds [10~16,10] is used here to search for e*. Figure 4.2 

shows the best choice for e* when equation (4.1.2) is solved by the PTS[l/l]TayiOT 
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Figure 4.2: PTS[l/l]Tavl<11 approach with different thresholds when we solve 
Fisher with the Gaussian initial condition, to = 0; tf = 1; x G [—20,20]; 
dx = 0.01;  ̂= 100; R = 1. 

approach. It coincides with the previous selection of LECT, i.e., e* = y/2. This is 

justifiable since the diffusion part is generally the dominant part. 

The tested examples for this scheme and comparison will be presented in Section 

4.3 when both Fitzhugh Nagumo and Fisher equations are solved with various initial 

conditions. 

4.2 Splitting Schemes 

Operator splitting is a well-known method for time integration, a technique used 

to reduce dimension or to solve physical operators separately. As noted in Chapter 

1, splitting methods are well suited for reaction diffusion equations. Rewriting our 

reaction diffusion equation (4.1.3) as two terms, we get 

u t  = G(u) + F(u),  (4.2.1) 
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where F(u) corresponds to the non-stiff part and G(i i)  corresponds to the stiff op

erator which is mostly the diffusion operator, i.e G(u) = auxx. Then, it is expected 

that splitting the two operators using PTS[1/1] and an explicit method will result an 

efficient scheme especially when one operator is stiff while the the other is not. In 

order to get a second order accurate scheme in time, a Strang splitting method [73] is 

used. In many applications of splitting methods, an implicit scheme is used to solve 

the stiff part, which leads to a huge computational time while our proposed scheme 

does not require an implicit scheme. 

Splitting with PTS[1/1] and RK2 will lead to RK2-PTS scheme and splitting with 

PTS[1/1] and RKC2 will be called RKC2-PTS scheme. In addition, a variable step 

size Strang splitting approach is introduced which shows suitability for the reaction 

diffusion equations. 

Lastly, if the reaction term is the stiff part and the diffusion is the non-stiff term, 

we will solve the reaction with the PTS and the diffusion with either RK2 or RKC2. 

4.2.1 Splitting with PTS[1/1] and RK2 

For simplicity we make the following notation: A one step of PTS[1/1] scheme, ui+i, 

that applies to the stiff operator, G(u), is denoted by 

PTS(U i ,  h) 
U i  +  

'-(l/2)Gt(ui)ui+G(u,)2 '  /, U i  +  G(u,) 

1 + 
r-(l/2)G,(u;)l h 1 + [ G(ui) h 

A step of RK2 scheme, ui+1, to solve the non-stiff operator, F(u),  is denoted by 

RK(m, h) — Ui 4- hF m + ~F(ui 

RK2-PTS Scheme 

Considering equation (4.2.1) with Strang splitting way, we solve half step of u t  = G{u) 

by PTS[1/1], full step of ut = F(u) by RK2, and another half step of ut — G(u) by 

PTS[1/1]. Combining similar terms leads to the following scheme 
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Un 

where n is number of iteration and scheme (4.2.2) will be called RK2-PTS scheme. 

RK2-PTS Variable Step (RK2-PTSVS) Scheme 

Considering variable step sizes and leaving similar terms untouched can produce a 

different scheme. The iteration of RK2-PTSVS will be 

«r 
Ui 

The difference between RK2-PTS and RK2-PTSVS is that for RK2-PTSVS the §-

PTS steps are not combined, which leads to the variable step size. Since the basis is 

Strang method for both schemes, the resulted scheme is of second order accuracy. 

RK2-PTS versus RK2-PTSVS The direct Strang way, RK2-PTS, has less com

putational work than the new one, RK2-PTSVS. However the variables step size one 

is expected to be more accurate, particularly for stiff diffusion term. Figure 4.3 shows 

better results for the new approach (4.2.3) compared to both the Strang approach 

(4.2.2) and the pure PTS. Therefore, the new approach (4.2.3) is used instead of 

(4.2.2) in the remainder of the chapter since in most cases the diffusion is stiff. 

RK ((/ ,_! , /?) ,  

PTs(^i*_ i,hj, i = — 1, (4.2.2) 

RK (^un_i,  h j  ,  

pts{<-A)' 

= PTs(U i_4) .  

= RK (u*, h) , (4.2.3) 

= PTS 0 , i — 1,... .7*. 
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Figure 4.3: Comparison between the Strang approach (4.2.2) and the variable 
step approach (4.2.3) for solving Fisher with the Gaussian initial condition, 
f0 = 0, tf = 0.1, x € [-20,20], dx = 0.01, ^ = 5000, R = 1. 

Stability Analysis of the RK2-PTSVS Scheme 

For the purpose of stability analysis, consider the linear scalar test equation 

— A u(t)  + Bu(t) ,  w(0) = Uq, (4.2.4) 

where A and B are two real numbers. RK2-PTSVS (4.2.3), when applied to (4.2.4), 

will be 

u\ l±f  1 + Bh + 
(Bhf 

wo-

l l r  
1 + Ah 

Ah 
4 

1 +Bh + 
(Bhf 

uo-
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Figure 4.4: Plot of the boundary of the stability region of the RK2-PTSVS 
and PTS-RK2VS schemes. 

Therefore, the growth factor of the RK2-PTSVS scheme is 

i±|)2(1 +  B f t  +  ̂ £ ) ,  ( , , 5 ,  

whereas, the growth factor of the PTS-RK2VS scheme, that is RK applies first, is 

R(Ah, Bh) = ) (l + ^ • (4.2.e) 

Figure 4.4 shows a good stability boundary for the RK2-PTSVS and PTS-RK2VS 

schemes. It is clear from that stability region that it is unbounded from the left. 

We can simply say that the stability region is the left open region which is bounded 

by zero from the top and by —2 from the bottom in addition to some extra region. 

The stability region for the second case is the same except it is bounded from the 

bottom by —4. These extra parts are found when Ah gets closer to —4 and —2, 

respectively. Consequently, for Ah ~ —4, our scheme RK2-PTSVS constitutes an 

appropriate solver for a problem with a stiff reaction term. 

R(Ah, Bh) = 
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Figure 4.5: Plot of performance of RK2-PTSVS and PTS-RK2VS schemes 
when solving Fisher with the Gaussian initial condition, = 0; tj = 0.1; 
a- € [-20,20]; dx = 0.01; ^ = 2400; R = 1. 

RK2-PTSVS versus PTS-RK2VS In general, solving the stiff term first will 

improve the result. This means that, if the stiff term is the heat operator, as is most 

often the case, we use RK2-PTSVS and vice versa. The improvement, when using 

RK2-PTSVS, is due to solving the stiff operator with a finer time step. This is shown 

in Figure 4.5 where a stiff heat operator and non-stiff reaction term are considered. 

If both operators are mildly stiff, we can say that using the PTS-RK2VS scheme will 

give a quicker result. 

4.2.2 Splitting with PTS[1/1] and RKC2 

First, we use the same notation as in the last subsection. A step of a RKC2 scheme, 

Ui+1, to solve a non-stiff operator is denoted by 
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t ( ; i  — Ui +  f t i h F i Q ,  

" z j  =  ( 1  -  l i j  -  V j ) u i  +  H j U u j - 1  + V j U j j - 2 + + yiFi0, 

RKC( u j .h)  =  Ujs, 2 < j < s, 

where all parameters fij, Hj, Uj, jj are defined in Chapter 1 and the function F,^ 

d e n o t e s  F ( # j  +  c . k r ,  u ^ ) .  

RKC2-PTSVS Scheme 

Considering equation (4.2.1), we solve a half step of u t  =  G ( u )  by PTS[1/1], a full 

step of Ut — F(u) by RKC2, and another half step of uf = G(u) by PTS[1/1]. The 

following is the formulation of RKC2-PTSVS when variable step size is used 

The scheme is of second order. The same comparison between RK2-PTS and 

RK2-PTSVS can be repeated here for the RKC2-PTS and RKC2-PTSVS schemes. 

Stability Analysis of the RKC2-PTSVS Scheme 

Consider the linear scalar test equation (4.2.4) and apply RKC2-PTSVS. Similar 

RK2-PTSVS case, a single iteration of RKC2-PTSVS (4.2.7) with s - 4, will be 

uT = RKC (u*, h). (4.2.7) 

2 

2 n 

1 + Bh -\-
(B h f  2 { B h f  ( B h ) 4  

2 + 25 + 250 
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Figure 4.6: The boundary of stability region of the RKC2-PTSVS and PTS-
RKC2VS schemes. 

Therefore, the growth factor of RKC2-PTSVS scheme will be 

while the growth factor of PTS-RKC2VS is 

Figure 4.6 shows a good stability boundary for the RKC2-PTSVS scheme which 

is unbounded from the left. The stability region is essentially the open region that is 

bounded by zero from the top and by —10 from below. The stability region for the 

reverse case is the same but is bounded by —20 from the bottom. These extra parts 

exist when Ah approaches —4 and —2, respectively. This means that for Ah ~ —4, 

our scheme RKC2-PTSVS will constitute an appropriate solver for a problem with a 

stiff reaction term. The stability region of RKC2-PTS VS scheme shows a wider region 

compared to the stability region of RK2-PTSVS scheme for both cases. This justifies 
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the use of RKC'2-PTSVS scheme to solve the reaction diffusion equation when the 

reaction term is mildly stiff. 

Lastly, based on previous discussions, good performance is expected, when a 

reaction diffusion equation with stiff diffusion part is solved. The behaviour of both 

RK2-PTSVS and RKC2-PTSVS schemes are presented in the following section. 

4.3 Examples and Final Remarks 

In this section, the performance of the pure PTS[1/1], RK2-PTSVS, and RKC2-

PTSVS schemes are examined. The Fisher equation and the FitzhughNagumo equa

tions are the most common examples for the reaction diffusion equation. These two 

examples have qualitatively covered a broad class of reaction diffusion equations. In 

addition, the behaviour of the schemes with different initial conditions will be studied. 

As expected the relative stiffness of the terms will be an important consideration. 

In the following subsection, the Fisher equation will be used to study the new 

splitting schemes. This will be followed by a study of the Fitzhugh-Nagumo equation 

and a detailed discussion. 

4.3.1 Fisher Equation 

Consider the Fisher equation 

with a resolution of 8000 components. We numerically solve this equation with a 

number of competitive schemes of second order, such as Crank Nicholson-Adam 

tit = otu-xx + Ru(l —u)\ (4.3.1) 

with the Gaussian initial condition 

(4.3.2) 
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Figure 4.7: Solving Fisher equation using RK2-PTSVS and RKC2-PTSVS 
with a Gaussian initial condition and t0 = 0. £/ = 0.1; x € [—20,20], dx = 
0.005, ^2 = 1; R = 1; non-stiff case. 

Bashforth (CNAB), Adam-Bashforth 7 (ABg), RK2, and RKC2. In addition, the 

new schemes, PTS[1/1], RK2-PTSVS, and RKC2-PTSVS will be implemented. 

First, assume ^ = 1, which corresponds to a non-stiff case. Figure 4.7 indicates 

good performance for all schemes and in particular the simple explicit RK2 provides 

the best overall performance. Now, consider ^ = 5000, which means a = 0.125. 

Figure 4.8 demonstrates that all schemes are converging with order two, as expected. 

We see that CNAB2, ABg2, and RKC2 schemes perform better for large time step 

while RK2, RK2-PTSVS. and RKC2-PTSVS provides better performance for small 
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Figure 4.8: Solving Fisher equation using RK2-PTSVS and RKC2-PTSVS 
with a Gaussian initial condition and t0 = 0, tf = 0.1; x e [—20,20], dx — 
0.005, J? = 5000, R = 1, stiff case. 

time step and higher accuracy. Overall, in terms of computational expense, the RK2-

PTSVS approach appears to provide the best alternative in both regions. This is 

expected since each operators are solved by a suitable scheme. 

4.3.2 Fitzhugh-Nagumo Equation 

Now consider the nonlinear Fitzhugh Nagumo equation 

ut - auxx + R(u - ai)(a2 - u)(u - a3), (4.3.3) 
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Figure 4.9: Solving the Fitzhugh Nagumo equation = 1 and R — 1) 
with a Gaussian initial condition. 

with cii — 0, a-2 = 0.1, «3 = 10. 

We note that this nonlinearity now admits travelling wave solutions, so we will 

also consider different initial conditions. 

Gaussian Initial Condition 

First, the Fitzhugh Nagumo equation (4.3.3) with a Gaussian initial condition (4.3.2) 

is solved. We start by introducing the case of non-stiff heat and non-stiff reaction 

operators by setting ^ = 1 and R = 1. As shown in Figure 4.9, all schemes perform 

well with slightly less computational time for EK2 and PTS[1/1]. 

For the case of a stiff diffusion operator ^ = 5000 and non-stiff reaction term 

R — 1, as shown in Figure 4.10, both RK2-PTSVS and RKC2-PTSVS provide an 

acceptable error in shorter time, while, PTS[1/1] and RK2 give a better error in 

slightly longer time. For higher accuracy, PTS[1/1] and RK2 perform better. 

When -jra = 1 and R = 100, the reaction term is dominant. For RK2-PTSVS 
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Figure 4.10: Solving the Fitzhugh Nagixmo equation = 5000 and R = 1) 
with a Gaussian initial condition. 

and RKC2-PTSVS, as we said in the beginning of this section, we will solve the 

reaction term by PTS[1/1] and the diffusion by RK2 and RKC2, respectively. The 

good performance of RK2-PTSVS is seen in Figure 4.11. A small relative error in a 

fast computational time was obtained. 

The last possible case to be considered is ^ = 5000 and R = 100. Both terms 

are stiff. Figure 4.12 shows that, as expected, PTS[1/1] on the full equation offers a 

better performance than the split schemes. 

Travelling Wave Initial Condition 

The same analysis can be repeated for the Fitzhugh-Nagumo equation (4.3.3) with a 

travelling wave initial condition 

1 
(4.3.4) 

1 +exp (~£to)  +  fi2' 
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Figure 4.11: Solving the Fitzhugh Nagumo equation 
with a Gaussian initial condition. 
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Figure 4.12: Solving the Fitzhugh Nagumo equation = 5000 and R = 
100) with a Gaussian initial condition. 
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Figure 4.13: Solving the Fitzhugh Nagumo equation = 1 and R = 1) 
with a travelling" wave initial condition. 

where u (x —> — oo) = 0,3. The four previous cases are generated and presented in 

Figures 4.13, 4.14, 4.15, and 4.16, respectively. 

In the first case, when -p- = 1 and R — 1, all schemes perform well which is shown 

in Figure 4.13. However, the computational time does matter. The performance of 

RK2 and PTS[l/l] are almost the same in this case. 

In the second case, ^ = 5000 and R = 1, RK2-PTSVS and RKC2-PTSVS lead 

to 10~3 relative error in less computational time than the others. If the user requires 

a smaller error, here RK2 and PTS are the most efficient. 

For the case & = 1 and R = 100, both RK2-PTSVS and RKC2-PTSVS perform 

much better than the PTS[1/1] RK2 and RKC2. The performance of RK2-PTSVS 

here, shown in Figure 4.15, is similar to the result when a Gaussian I.C. is considered. 

The last case, — 5000 and R = 100, both operators are stiff. Figure 4.16, as 

expected, shows a very good result when PTS[1/1] is used. This support the use of 

PTS [1/1] for stiff problem, particularly when the result is required quickly. 
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Figure 4.14: Solving the Fitzhugh Nagumo equation = 5000 and R = 1) 
with a travelling wave initial condition. 
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Figure 4.15: Solving the Fitzhugh Naguino equation — 1 and R = 100) 
with a travelling wave initial condition. 
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Figure 4.16: Solving the Fitzhugh- Nagumo equation = 5000 and i? = 
100) with a travelling wave initial condition. 

Based on these tests, it suggests that the performance of the PTS based schemes 

does not depend on the initial condition. The critical factor is the stiffness of the 

term(s). 

4.3.3 Final Remarks 

In general, based on the above experiments, when a relative error in [10~2,10_1] is 

required, the PTS[1/1] scheme is able to compute the solution in a relatively short 

computational time. For a problem with a stiff diffusion and a stiff reaction term, 

PTS[1/1] is the best solver. 

For the RK2-PTSVS and RKC2-PTSVS schemes, the expected stability region 

has less restrictive CFL condition than the stability region of the RK2 and RKC2 

schemes, respectively. Moreover, the RK2-PTSVS scheme provides good performance 

when one of the operators is stiff and the other is not. 
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Heat Term Reaction Term Performance 

Case 1 non-stiff non-stiff All schemes perform well but RK2 is slightly faster 

and more accurate. 

Case 2 non-stiff stiff RK2-PTSVS is faster and more accurate. 

Case 3 stiff non-stiff For Fisher equation RK2-PTSVS and RKC2-

PTSVS schemes are faster and more accurate, 

while 

for Fitzhugh Nagumo equation, PTS(1/1] is faster 

and more accurate. 

Case 4 stiff stiff PTS[1/1] scheme is faster and more accurate. 

Table 4.1: Performances summary of the PTS[1/1], RK2-PTSVS and RKC2-
PTSVS schemes. 

A summary of the behaviours and performances of the PTS[1/1], RK2-PTSVS 

and RKC2-PTSVS schemes for all possible cases is presented in Table 4.1. 

4.4 Summary 

The reaction diffusion equation was solved by a number of Pade based schemes. 

The PTS[1/1] scheme has singularities controlled by Taylor. The selected optimum 

threshold in the previous chapters, e* close to %/2, was confirmed to be optimal here 

as well. 

New splitting schemes were constructed. They were mixtures of PTS[1/1], RK2, 

and RKC2. Strang's way of splitting was the basis for these new schemes, RK2-PTS 

and RKC2-PTS, which leads to second order methods. Another approach is using 
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variable step size in the splitting. These approaches are RK2-PTSVS and RKC2-

PTSVS. From a stability point of view, the scalar case shows good stability region 

for the RK2-PTSVS and RKC2-PTSVS schemes. Both schemes have unbounded 

stability regions. 

It was found that the performance of these schemes is independent, of the initial 

condition what matters is if the initial condition leads to singularity or not. Even 

if the stiff factor plays a big role 011 the scheme's behaviour, the PTS[1/1] scheme 

gives an acceptable result in most cases, especially for a problem with highly diffusive 

reaction diffusion equations. The RK2-PTSVS scheme is recommended for a problem 

with a non-stiff diffusion operator and a stiff reaction term. 



Chapter 5 

Conclusion and Future Directions 

Numerical methods for reaction diffusion equations of the form 

ut = a uxx + R f(u), (5.0.1) 

are studied. 

Beginning with a literature review of numerical methods in Chapter 1, our pri

mary goal was to find another scheme that would provide better performance. As 

we know, the stability region of explicit schemes are restricted by CFL conditions 

while implicit schemes can be computationally costly. These factors motivated the 

development of an explicit scheme. One which is highly stable for the purposes of 

the present application and is associated with lower computational costs because it 

is explicit. Pade time stepping (PTS) provides such a scheme. It is based on a Pade 

approximation for time stepping each component of an ODE system. We developed 

the PTS[1/1] scheme which is of order two to solve reaction diffusion equations. 

Some conclusions are summarized in the coming section. Directions for future 

work are also presented in the next coming section. 

136 
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5.1 Conclusion and Discussion 

The PTS [1 /1] is an explicit scheme based on rational approximation but it is highly 

stable. It is noted that since the scheme is in rational form, spurious singularities can 

arise in rare cases. Due to the singularities of the PTS[1/1], a local error control is 

proposed. 

In Chapter 2, we introduced the PTS[1/1] scheme for solving ODEs and PDEs. 

The purely diffusive ease when a ^ 0 and R = 0 was considered. It was shown 

that the PTS[1/1] scheme has some singularities. We controlled these singularities 

by introducing the local error control threshold (LECT) and by using a different 

scheme. The value of the LECT for each proposed approach was discussed. We 

ended up with three approaches, PTS[l/l]Taylor, PTS[l/l][o/2j5 and PTS[1/1] (£). The 

PTS[l/l]TayIor approach showed the best performance especially for strongly diffusive 

equations. A threshold e* is needed when the denominator is close to zero to prevent 

local error growth. Another scheme of order two is used instead of PTS [1/1] when 

some condition is met. Numerical runs were used to empirically determine the optimal 

LECT e*. Based on broad numerical experimentation we find that LECT, e*, is close 

to y/2, though due to the complexity of the algorithm we were unable to prove this 

formally. It is also noted that another condition was required to prevent spurious 

fixed point iteration. 

In Chapter 3, the case when a — 0 and R ^ 0 was solved by the PTS [1/1]. The 

performance of PTS[l/l]Tay,or and PTS[ 1 /1] [0/2] on a class of nonlinear equations was 

introduced. A stability character of nonlinear ODE was discussed. We showed that 

the PTS[1/1] scheme is stable for solving a large class of nonlinear ODEs. 

The full problem of reaction diffusion equations, the case when a ^ 0 and R / 0, 

was solved by PTS[1/1] in Chapter 4. In addition, new splitting schemes which used 

PTS[1/1] were modified. The use of both Strang and variable step size splitting 

schemes were studied. The stability analysis of RK2-PTSVS, PTS-RK2VS, RKC2-
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PTSVS, and PTS-RKC2VS was discussed. Different examples of reaction diffusion 

equations were tested. The results also showed a better performance for PTS[l/l]Tavloi. 

when both coefficients, a and /?. are stiff. RK2-PTSVS is preferable for some cases. 

In conclusion, a good scheme, PTS[l/l]Xaylm., was established to solve reaction 

diffusion equations. The PTS[1/1] scheme can be used to solve general ODEs. We 

found that PTS [1/1] is a good solver for reaction diffusion equations when both 

operators are stiff. The PTS-RK2VS has better performance for problems with one 

stiff operator. 

5.2 Future Directions 

This thesis suggests the possibility of applying PTS approaches in future studies, 

studies related to higher accuracy order, different controllers, splitting schemes, and 

a system of reaction diffusion equations. These future directions are briefly described 

below. 

Higher Order of PTS 

In this work, we focus on numerical methods with second-order accuracy in time. 

These methods have been well studied and have produced satisfactory results. PTS [1/1 

behaves better than some competitive schemes when reaction diffusion equations with 

two stiff operators are solved. As we defined in Chapter 2, PTS[1/1] is constructed 

by Taylor coefficients c0, Ci, and c-2- Thus, there is dependence on these coefficients. 

Thus, considering a higher order of PTS will solve the issue when some Taylor coef

ficients approach zero. For example, if PTS[2/2] scheme is considered, Co, c\, c?, C3, 

and C4 are used. However, some difficulties may arise when going to higher order, 

such as the complexity of studying and monitoring these coefficients. 
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Controllers of PTS 

As discussed before, the PTS scheme may have singularities that need to be controlled. 

For this reason, PTS[l/l]Xaylor, PTS[0/2], and PTS[1/1] (|) were used. More methods 

can be developed either from the same PTS class such as PTS[l/2] and PTS[2/1], or 

any explicit scheme such as RK2 and RKC2. In addition, we may use PTS[1/1] (^73) j 

instead of PTS[1/1] (|) where the variable term s(D) depends 011 how many sub-steps 

will resolve the singularity issue, i.e., we may have s = 2 for the first singularity and 

s = 5 for the second singularity and so on. However, in practice, we found 5 = 4 was 

sufficient for the application at hand. 

Splitting Schemes 

By splitting with RK2 and RKC2, we end up with RK2-PTS, RKC2-PTS, RK2-

PTSVS, and RKC2-PTSVS. Other types of explicit methods can be considered. In 

addition, higher-order splitting methods, which have higher computational cost, can 

be investigated. However, high computational work may lead to a better overall 

scheme in certain cases. 

Systems of Reaction Diffusion Equations 

We limited ourselves to the case of a single reaction diffusion equation. We obtained 

good results for PTS [1/1] for large scale problem and we expect it to demonstrate the 

same behaviour for two-dimensional or larger cases. On the other hand, the implicit 

scheme will suffer from inverting a non-diagonal matrix. 

In conclusion, given the potential benefits of PTS type schemes on certain classes 

of equations and in certain regimes, further study and development is warranted. 
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