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Abstract 

 
Relational reasoning involves evaluating relations between representations. Spatial 

relational reasoning problems have long been used in psychology to study deductive inference 

abilities. Research incorporating such tasks has resulted in findings of a variety of effects and 

reasons as to why some problems are more difficult than others. 

Computational accounts of the relational reasoning of spatial information offer valuable 

insights, such as how individuals may construct a mental model to infer conclusions and why 

some cognitive strategies might be preferred over others. However, many of these accounts 

either fail to incorporate or remain general to the impact of other factors affecting the difficulty 

of these reasoning problems, such as the effects of working memory errors.  

This thesis aims to investigate how the different types of memory errors of omission and 

commission may be computationally modelled to provide a theoretically unifying account of 

qualitatively different cognitive reasoning processes and quantitatively different accuracy rates 

on experimental measurements of spatial relational reasoning problems. Our models demonstrate 

that modelling memory errors of omission and commission in Python ACT-R based on PRISM 

theory produces a similar negative relationship of a decrease in accuracy rates with each increase 

of premise and dimensionality complexity per question as found in the relational reasoning 

experimental literature.   

Our results highlight the need for future modelling to consider individual differences in 

participant micro-strategy preferences, how reasoning processes may be affected by different 

memory errors, and how future measures may be constructed to better address raised concerns.  
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Ch 1) Introduction 

 
Relational reasoning involves evaluating relations between representations. One effective 

method of psychological research that has investigated how humans reason about relations of 

spatial information has been by examining how inferences are made from syllogistic deductions 

(Hunter, 1957; de Soto et al., 1965; Johnson-Laird, & Bryne, 1991; Cortes et al., 2021). 

Relational reasoning problems are lab-based tasks that require participants to evaluate a set of 

given premises and then generate or verify a conclusion that logically follows. For example, in 

an n-term series task, the first premise could be "A is above B", with the second premise being 

"C is below B", and the conclusions to be inferred would be "from the perspective of A, what 

direction is C?” (below).  

This thesis aims to investigate how the different types of memory errors of omission and 

commission may be computationally modelled to provide a theoretically unifying account of 

qualitatively different cognitive reasoning processes and quantitatively different accuracy rates 

on experimental measurements of spatial relational reasoning problems. Four models were 

constructed based on four questions of varying complexity taken from the Multidimensional 

Relational Reasoning Task (MRRT) (Cortes et al., 2021). To establish optimal parameter settings 

four variations of each model were also examined, resulting in four models based on four 

questions of the MRRT, with four variations per model. 

Our models demonstrate that modelling memory errors of omission and commission in 

Python ACT-R based on PRISM theory produces a similar negative relationship of a decrease in 

accuracy rates with each increase of premise and dimensionality complexity per question as 

found in the relational reasoning experimental literature.   
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A prominent set of related theories that have explored how individuals represent and 

reason about such relational problems has been theories of how the mind constructs and 

facilitates the use of mental models (Held et al., 2006). Mental model theory (MMT) (Johnson-

Laird 1983; 1991; 2001) argues that humans leverage their visuospatial faculties to construct 

mental models of the essential information provided by the premises, which can then be used to 

infer a conclusion. While many mental models are constructed based on amodal spatial relations 

for spatial inferences, spatial properties can also be used to reason about non-spatial relations by 

representing non-spatial relations such as "cleaner than" in a spatial format. 

Several factors have been identified that influence individuals’ difficulty reasoning over 

these spatial relationships. For example, a commonly cited factor that has been found to 

influence the difficulty of mental model construction is whether a set of premises leads to a 

determinate problem in which only one conclusion can be drawn or an indeterminate problem in 

which the premises can lead to multiple correct inferences (Bryne & Johnson-Laird, 1989). 

While many of these difficulty factors have been identified over decades of research, 

surprisingly, it has only been recently that these properties have been investigated within the 

same set of stimuli. Cortes et al. (2021) conducted a study that employed the Multidimensional 

Relational Reasoning Task (MRRT), a task that measures error rates and response times on 

relational reasoning stimuli that systematically vary in six different ways: number of premises 

(two or three), number of dimensions per premise (one or two), relational type (spatial or non-

spatial), solution (true, false, or indeterminate), premise order (continuous or discontinuous), and 

conclusion phrasing ("A first" or "A second"). Using a mixed-effects framework, the primary 

finding of Cortes et al. (2021) was that those reasoning problems containing a greater number of 

premises and dimensions led to greater task difficulty as measured through response times and 
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accuracy rates. The Multidimensional Relational Reasoning Task (MRRT) and related normative 

data on the task difficulty of each problem can be found at ( https://osf.io/qfvp2/ ). Models built 

for this thesis will be based on specific questions of the MRRT.   

While classic mental model theory (MMT) provides a framework for understanding 

human spatial reasoning, it makes general assumptions about how mental models are constructed 

and what makes some reasoning problems more difficult than others. Typically, reasons for the 

difficulty of a problem are explained by the number of viable alternative mental models and 

demands placed on working memory required to solve the problem. Related theories such as the 

preferred model theory (Knauff, Rauh, & Scheller, 1995; Jahn et al., 2008; Ragni, & Knauff, 

2013; Ragni, Brand & Riesterer, 2021) attempt to explain how human cognition is biased toward 

constructing specific mental models over others and the implications that come from these 

preferences. In preferred inferences in reasoning with spatial mental models (PRISM), Ragni 

and Knauff (2013) present an implementation of preferred model theory through a computational 

model simulating how such mental models are cognitively constructed, inspected, and varied to 

make inferences for relational reasoning problems. The difficulty of a relational reasoning 

problem, according to PRISM, can be measured by moves of their theoretical spatial focus. 

While PRISM provides a more detailed computational account for how individuals 

construct and use mental models over classical mental model theory, like mental model theory, it 

remains general and underspecified with its assumptions towards other pertinent components of 

human cognition such as working memory. One way this shortcoming may be alleviated is by 

using cognitive architectures such as ACT-R, which are intended to be unifying theories of 

cognition that computationally implement theories of human memory to replicate data found 

primarily in experimental cognitive psychology studies. The PRISM model is a good candidate 

https://osf.io/qfvp2/
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for the continuation of modelling relational reasoning as its predecessor spatial reasoning with 

models (SRM) (Knauf, et al., 2005; Ragni, & Knauff 2008) has previously been successfully 

implemented in ACT-R without the need for an architectural extension (Boeddinghaus et al., 

2006).  

Implementing computational theories such as PRISM/SRM in a cognitive architecture 

such as ACT-R allows for more comprehensive, unified, and detailed accounts of how a theory 

of mental models may be used by the human mind. Previous work implementing SRM into 

ACT-R (Boeddinghaus et al., 2006) primarily explored the construction and inspection of mental 

models through response times garnered by production times of the ACT-R models. In this 

thesis, the effects of ACT-R theory are presented instead on accuracy rates by constructing four 

models of relational reasoning problems of varying complexity. These four ACT-R models vary 

in the number of premises and dimensions per problem and seek to replicate the negative 

relationship found in Cortes et al. (2021) of an increase in the mentioned properties correlating 

with a decrease in accuracy rates. 

Ch 2) Literature Review 

 

2.1) Theories of Mental Models 
 

One of the most prominent theories for understanding how individuals reach inferences 

about spatial relations through deductive reasoning is mental model theory (MMT) (Johnson-

Laird 1980; 1983; 1989; 1991; 1998; 2001; 2006; 2010; 2013; Johnson-Laird & Bryne, 1991; 

Tversky, 1993). The origin of mental model theory, however, goes as far back to work done in 

the logic of diagrammatic accounts of reasoning by Charles Sanders Pierce (Peirce, 1931-1958, 

vol. 4), as well as to Kenneth Craik's writings of the human nervous system as a calculating 
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machine capable of modelling its external environment (1943). See Johnson-Laird (2004) for a 

history of mental models with examples of other scientists who anticipated such a theory. 

A mental model is "an internal model of the state of affairs that the premises describe" 

(Johnson-Laird, & Byrne, 1991, p.35). According to mental model theory, the information 

provided by premises is not held onto in the working memory of the reasoner's mind as separate 

pieces of information, but rather, humans primarily leverage their visuospatial faculties to 

construct an integrated representation, i.e., a mental model in working memory of information 

presented in a reasoning problem which can be used to infer conclusions. 

According to mental model theory, human reasoning consists of three distinct stages: 

comprehension, description, and validation. At the model comprehension phase, an integrated 

unified mental model is generated based on the situation described by the premises, with 

reasoners drawing on relevant general knowledge of language, semantics, perception, tacit world 

knowledge, etc. The second phase of model description is named as such because it is conceived 

as a stage in which the parsimonious model is examined to check a putative conclusion or 

relations that were not explicitly stated (Johnson-Laird, & Byrne, 1991, p. 35). Finally, a 

conclusion is generated or validated at the model validation phase based on the previously 

constructed model. In this final validation phase, however, according to the classical 

interpretation of mental model theory, reasoners attempt to find alternative models of the 

presented premises which may contradict the conclusion as false. Reasoners will iterate through 

each phase if such a contradiction is found until all possible models are generated and examined. 

If such a contradictory alternative model cannot be found, the conclusion is considered true 

(Johnson-Laird & Bryne, 1991). Therefore, the difficulty of a problem, according to classic 
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mental model theory, is dependent on the amount of all possible alternative models and the 

demands placed on the working memory of the individual.  

In contrast to the mental model theory, related theories such as the preferred model 

theory (Knauff et al., 1995; Jahn et al., 2008;  Ragni & Knauff, 2013; Ragni, Brand & Riesterer, 

2021) argue that people only construct a single mental model in most situations and remain 

almost blind to other interpretations unless explicitly told to acknowledge alternatives. In 

preferred model theory, the three stages of comprehension, description, and validation are 

renamed to better characterise what occurs in each respective stage as model generation, 

inspection, and variation phases (Ragni & Knauff, 2013).  

Another radical departure from the mental model theory that the preferred model theory 

puts forth is that reasoners are biased towards specific solutions for reasoning problems. 

Variations of models are only conducted as local transformations, in contrast to the generation of 

a whole new model and are typically undertaken during indeterminate problems in which 

approaches such as the fff-strategy (first free fit) or ff-strategy (first fit) are often employed - both 

of which will be elaborated on in the next section. 

Although the mental model theory has developed since its inception when Johnson-Laird 

attempted to present a unified approach to comprehension and reasoning over mental models 

(1980; 1983), what has remained consistent through the years are three fundamental axiom-like 

assumptions that mental model theory rests on (Johnson-Laird, 2006; 2010). First, an essential 

characteristic of each mental model is that they represent a single possibility that is common to a 

distinct set of possibilities. Second, models are iconic insofar as they can be so that the structure 

of a representation corresponds to the structure of what it represents. As (Johnson-Laird 1998, 

p447) puts it, “Like a diagram (Maxwell, 1911) or an architect's model, the parts of the model 
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correspond to the relevant parts of what it represents, and the structural relations between the 

parts of the model are analogous to the structural relations in the world". Finally, mental models 

are constructed only to represent information about what is considered valid or possible at the 

time; this is referred to as the principle of truth (Johnson-Laird, 2013). This is not to say that 

mental models cannot represent what might be false and temporarily assumed to be true, such as 

in the case of counterfactuals. Instead, the reason why the negation of a premise is not 

represented in mental models is argued as a consequence of how the mind operates to represent 

as little information as possible to reduce the cognitive load on working memory, i.e., the 

principle of economy (Johnson-Laird, 2006, p.112). So mental models, according to the principle 

of truth, represent a proposition in the premise only when the proposition is true in possibility 

unless something exceptional occurs to overrule it. 

While many psychologists agree that mental model theory is one of the most preferred 

frameworks to explain spatial relational reasoning, it is not without its critics, as it was initially 

developed to stand in contrast to a competing theory of mental logic. The traditional theory of 

mental logic argues that the human ability to reason depends on an implicit mental logic that uses 

formal rules of inference much like those in logical calculus and related areas. The hypotheses of 

the mental logic theory argue that deductive reasoning from premises entails using formal rules 

to infer a valid conclusion much akin to a proof analogous to explicit proofs in logic. Mental 

logic theory preserves the logical form of premises for the reasoning task and supports the use of 

formal rules to provide a valid conclusion. Johnson-Laird (2010), in contrast, argues multiple 

distinct weaknesses of mental logic theory, such as the problem of being able to recover a logical 

form of assertions, that valid conclusions arrived at in human reasoning are not monotonical with 

an increasing number of premises, and that manipulations of content can often affect an 
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individual's choices of which cases refute general hypotheses. While the theory of mental logic 

predates mental model theory (Beth & Piaget, 1966; Braine, 1978), it has continued to have 

supporters (Rips 1994; Braine & O’Brien, 1998; O'Brien 2010). See Ragni, and Knauff (2008) 

and Van der Henst (2002) for a comparison of the two theories. 

A final important point to be mentioned is that mental model theory is not equivalent to 

theories of propositional representations (Pylyshyn 1981; 2001; 2002; 2003) or mental imagery 

(Kosslyn 1980; 1994; Kosslyn et al., 2006; Pearson, & Kosslyn, 2015). Johnson-Laird (1998, p. 

463) argues that thinking is dependent on propositional representations that capture the meaning 

of premises and that they are used to construct mental models that generate an integrated 

representation capturing the meaning of the premises. Mental model representations are abstract, 

amodal, and purely conceptual, whereas visual mental images are primarily understood as how 

something looks from a particular point of view. Instead, Knauff & Johnson-Laird (2002) present 

the visual-imagery-impedance hypothesis, which argues that relations that elicit visual images 

containing details irrelevant to an inference, such as mental images, may actually impede the 

process of reasoning. One of the primary ways mental model theories have been empirically 

tested has been through the use of relational reasoning problems, the subject of the following 

section.   

2.2) Relational Reasoning Problems 
 

Relational reasoning problems are lab-based assessments that have long been employed 

to test the deductive inferences of participants in psychology experiments (Hunter, 1957; de Soto 

et al., 1965; Huttenlocher, 1968; Johnson-Laird, 1972; Bryne & Johnson-Laird, 1989). In 

relational reasoning problems, participants are presented with a series of premises, typically two 

to four, and are requested to either generate or verify a conclusion that logically follows to 
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complete the task. Research on relational reasoning problems has identified several distinct ways 

these problems may vary to produce their own unique effects on the difficulty of the problem as 

measured through accuracy rates or response times. A summary follows, along with examples of 

common variations found throughout the literature. 

The first significant distinction between relational reasoning problems is spatial or non-

spatial relation types between premises. This thesis will focus on spatial reasoning problems; 

however, this distinction is important since empirical data on how visual and spatial mental 

representations interact and relate to one another leaves much unresolved, with the subject 

remaining a topic of debate (Schultheis et al., 2007). Due to the nature of mental models, it is 

argued that abstract notions such as "nicer than" or "better than" may be represented in a spatial-

analogical manner. Empirical evidence has supported the association of mental model reasoning 

as correlated with activation in the parietal lobe, an area associated with several spatially related 

cognitive processes (Goel & Dolan, 2001). In contrast, more visual relations such as "cleaner 

than" or "dryer than" in reasoning tasks have been found to lead to increased activation in early 

visual cortex areas (Knauff et al., 2003), and have been argued, as mentioned in the previous 

section, to even at times hinder the reasoning process itself (Knauff & Johnson-Laird, 2002). 

Sima et al. (2013) used head-mounted eye-tracking instruments to investigate the differences 

between spatial and visual mental representations and found significant eye movements along 

with spatial relations only when participants were asked to employ a visual mental representation 

but not when a spatial mental representation was expected of being used. 
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Relation Type: Spatial 

A is above B 

C is below B 

Is A below B? (True/False) 

 

Relation Type: Non-Spatial 

A is cleaner than B 

C is less clean than B 

Is A cleaner than C? (True/False) 

 

The inclusion of additional premises and dimensions per problem has been found to be 

one of the major increases in a problem's difficulty. This decrease in accuracy rates or increase in 

response time is often credited to an increase in working memory demand due to additional 

premises and the number of relational dimensions per premise necessitating the construction of 

more complex mental models to be reasoned over (Goodwin, & Johnson-Laird, 2005; Johnson-

Laird, 1989). A recent study conducted by Cortes et al. (2021), whose Multidimensional 

Relational Reasoning Task will be used to construct the models used for this thesis, 

demonstrated an interaction effect between problems with a greater number of premises and 

dimensions leading to greater task difficulty. The ACT-R models built in this thesis will vary on 

the number of premises and dimensions to compare accuracy rates, matching the combination of 

premises and dimensions as illustrated below.  
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Relation Type: 2 Premises & 1 Dimension 

A is cleaner than B 

A is less clean than C 

Conclusion: B is less clean than C? (True/False) 

 

Relation Type: 2 Premises & 2 Dimension 

A is more organised and less helpful than B 

A is less organised and less helpful than C 

Conclusion: A is less organised and less helpful than C? (True/False) 

 

Relation Type: 3 Premises & 1 Dimension 

A is above B 

C is below B 

D is above A 

Conclusion: D is above C? (True/False) 

 

Relation Type: 3 Premises & 2 Dimensions 

A is above and to the left of B 

B is below and to the left of C 

C is above and to the left of D 

Conclusion: A is above and to the left of D? (True/False) 

 

Another common way a relational problem may be altered to affect construction and 

inspection difficulty is the order in which premises are presented in a continuous, semi-

continuous, or discontinuous manner. In a continuous and semi-continuous order, it is possible to 

integrate the information from the first two premises into one single model. However, when 

presented with a discontinuous premise order, one must wait for later premises such as the third 
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or fourth to integrate all information into a single model. Ehrlich and Johnson-Laird (1982) 

found that in four-term series problems, discontinuous premise orders produced a significant 

amount more error rates (60% errors) compared to continuous (37% errors) and semi-continuous 

(39% errors) premise orders, which were very similar to one another.  

The difficulty of integrating objects within a mental model of differing premise orders to 

increase mean error rates from continuous, semi-continuous, to discontinuous (Knauff et al., 

1998; Najasmic et al., 2011) is referred to as the Continuity Effect or Order of Premises Effect. 

Discontinuous premise orders are believed to be more difficult due to the construction of 

multiple models, which need to merge into a unified mental model or a unified sub-set of all 

constructed models. All ACT-R models in this thesis will adopt a continuous premise order to 

ensure equivalent conditions between groups. 

Premise Order: Continuous 

A is Left of B 

B is left of C  

C is Left of D 

 

Premise Order: Semi-continuous 

B is left of C  

C is left D 

A is left of B 

 

Premise Order: Discontinuous 

C is left of D 

A is left of B 

B is left of C 
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The investigation of the effects of premise order gives rise to a related inquiry into the 

effect of the order of objects within each premise or conclusion. This area has been extensively 

studied in research on syllogistic reasoning and has come to be referred to as the Figural Bias 

Effect, also referred to as the Order of Terms Effect. Consider the spatial relational of "A is to the 

left of B" and "B is left of C", there exist four possible ways, or "figures", that allow 

reformulating this sequence using the same binary relations (left/right) leading to the same 

spatial arrangement. "A is to the left of B" is equivalent and would lead to the same figure 

produced as "B is to the right of A". Therefore, another manipulation which may be performed 

on a spatial relational reasoning task is the order by which objects of a premise or conclusion are 

presented. This differs from the order of premises manipulation mentioned above, as in the order 

of terms effect manipulation, the premise order remains the same between conditions, but the 

order of objects presented in the premises or conclusion to be verified are manipulated and often 

reversed. 

Conclusion Phrasing: A first 

Adrian (A) is below Brian (B) 

Brian (B) is below Caleb (C) 

Conclusion: Adrian (A) is below Caleb (C) 

 

Conclusion Phrasing: A last 

Adrian (A) is below Brian (B) 

Brian (B) is below Caleb (C) 

Conclusion: Caleb (C) is above Adrian (A) 
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With the possibility of multiple figures being equally valid in responses and producing 

the same mental models, the question arises as to what order objects of a figure are preferred 

when generating a conclusion? An experiment conducted by Johnson-Laird and Bara (1984) 

found that given the two different types of non-spatial relation problems, as shown below, when 

participants are asked to generate conclusions regarding the relation between A and C, type 1 

syllogisms elicit more conclusions of form A-relation-C, while conclusions of type 2 syllogisms 

elicit conclusions of type C-relation-A. 

Type 1 

A is related to B 

B is related to C 

What is the relation between A and C? 

 

Type 2 

B is related to A 

C is related to B 

What is the relation between A and C? 

 

Johnson-Laird and Bara (1984) argue that type two problems are more difficult because 

to integrate all information into a unified model, object B needs to be brought into the middle of 

the model. This is not the case when compared to relations of problem type one, which saves 

cognitive resources as the information provided repeats with a term already encountered as the 

first term of the second premise.  

At least regarding syllogisms of spatial reasoning, Knauff et al. (1998) found no general 

bias for A-C relations, but rather a figural bias conclusion of the reverse order C - A was 

preferred making up 62.8% of all conclusions. The reason for such contradictory results, Knauff 
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et al. (1998) explain, is the cognitive processes that inspect a constructed mental model - 

primarily due to the facilitation of a spatial focus that begins on the last object inserted during the 

construction phase. Therefore, cognitive effort is saved by starting on object C as the reference 

object, and then locating object A, resulting in a conclusion phrasing of C - A.  

A final important distinction that needs to be made for relational reasoning is between 

determinate and indeterminate problems. So far, all the above examples have been determinate 

problems in which there is only one constructed model that is logically valid. Indeterminate 

problems rather have led researchers to argue for the existence of a preference effect of 

indeterminate problems in which differing mental models may be constructed based on the same 

premises. For example, given the premises "A is to the left of B" and "C is to the right of A" 

leads to two possible figures: "A-B-C" or the equally valid model of "A-C-B". The difference 

between these two constructions demonstrates two separate micro-strategies, the first figure 

being constructed via the first free fit (fff) strategy in which the spatial focus inserts a token at 

the first position that fits with the premise, and the second figure being constructed according to 

the free fit (ff) strategy which inserts “C” between the two other tokens of “A” and “B”.  

The preferred model theory argues that when individuals encounter such indeterminate 

problems, they construct preferred mental models that are biased toward specific reasoning 

strategies (Knauff et al., 1995; Ragni & Knauff, 2013). These preferences and possible variations 

will be covered more in the following section. 

2.3) Computational Models of Spatial Reasoning 
 

 Spatial and visual properties are often intertwined in mental representations, and so the 

field of computational imagery is conceptualised as incorporating both of these properties 

through the ability to represent, retrieve, and reason about such information (Glasgow & 
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Papadias, 1992). Many visuospatial reasoning accounts employ various types of representations; 

some of these attempts are implemented within cognitive architectures, while others are not, but 

many fall within the categories of propositional structures (Jahn, 2003), array-based structures 

(Ragni, & Knauff, 2008), diagrammatic reasoning (Chandrasekaran, 2004) or image-based 

reasoning (Bertel et al., 2006). 

 The concern of this thesis, however, exclusively deals with spatial representations of 

which there have been multiple attempts to simulate and provide computational accounts of 

human memory and reasoning - see Madl et al., (2015) for a review. One popular method with 

which computational accounts of spatial reasoning have been conceptualised is array-based 

representations (Glasgow & Papadias, 1992; Hummel & Holyoak, 2001, 2005; Kunda et al., 

2013; Tabachneck-Schijf et al., 1997). Array theory is the mathematics of nested, rectangularly 

arranged data objects (More, 1979) and will be the primary form of representation for 

constructing the models of this thesis. 

While mental model theory continues to be one of the most preferred frameworks for 

understanding human spatial reasoning, the theory itself makes quite general claims and 

assumptions about what makes some reasoning problems more difficult than others. The 

previously mentioned PRISM is one example of an attempt to model relational reasoning 

problems as more computationally explicit. PRISM is a computational description (Ragni & 

Knauff, 2013) of the preferred mental model theory which can be implemented (Ragni et al., 

2021) to simulate and explain how preferences are found in the construction, inspection, and 

variation phases of human reasoning with mental models. Two descriptions can broadly 

characterise the construction and inspection phases of PRISM models. First, spatial working 

memory contains representations of objects from premises as tokens with their relations 
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conceptualised within a two-dimensional spatial array. Second, all operations of the reasoning 

process on this spatial array are considered to be moves of a spatial focus of which conclusions 

may either be generated or verified. 

PRISM is a successor to spatial reasoning by models (SRM) (Ragni & Knauff, 2008; 

Ragni et al., 2005). The differences between SRM and PRISM predominantly reside in the final 

third stage of variation, which is primarily intended for problems of indetermination. Since our 

models will focus on determinate reasoning problems to keep consistency between them, this 

final stage will not need to be fully implemented in our models. This is not of concern since, as 

Ragni and Knauff (2013, p. 568) claim, the model variation phase only rarely takes place and is a 

major departure from the classical mental model theory. The following explanation of the 

construction and inspection phases of mental models holds true for both the operations of PRISM 

and SRM but will be primarily referred to by the former going forward. 

PRISM reasons via binary relations with each binary relation provided by a premise 

defined as a triple (X, r, Y) in which X is the to be located object (LO), r is the binary relation, 

and Y is the relatum, or reference object (RO) (Miller, & Johnson-Laird, 1976). In logic, a 

relatum is the second or one of the succeeding terms of a logical relation. Given a premise such 

as "The car is left of the hydrant”, it is argued (Oberauer & Wilhelm, 2000; Logan, 1994) that the 

relatum, hydrant, functions as a reference frame that we use to locate the object car. PRISM 

follows this same line of reasoning with the exception of the first premise provided in a 

reasoning task where the theory assumes that individuals prefer to change the roles of the 

reference object and to be located object in favour of incremental model construction - a 

phenomenon demonstrated by (Oberauer and Wilhelm, 2000). Suppose a premise is encountered 

where the reference object as the second object has not been encountered, but the to be located 
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object has as the first object in a premise. In that case, PRISM will place its focus on what has 

already been inserted in the model. 

At the beginning of the construction phase of a reasoning problem, PRISM's spatial focus 

begins at the coordinate position (0,0) and has four possible directions in which it can be moved. 

These operations of directional movement are right, left, forward, and backward, as well as a 

possible no-move operation. When reading a premise, PRISM distinguishes between four types; 

see figure 1 for the logic of the construction phase of PRISM. 

Type 1-Initial premise: this is the first premise encountered in a reasoning problem and 

provides the starting point of a model’s construction. 

Type 2-One-new-token-premise: a type 2 premise consists of two tokens, of which one 

token has already appeared in a previous premise and has already been inserted into the model. 

To account for the difference between determinate and indeterminate problems, Type 2 premises 

may either be of type 2d (determinate) or type 2i (indeterminate). If a 2d premise is encountered, 

a token is placed at the appropriate coordinate. However, suppose a type 2i premise is 

encountered where there is more than one possible position that agrees with the spatial relation. 

In that case, the preferred model theory follows the first-free-fit principle, as well as annotates 

that coordinate for later inspection and variation phases. 

Type 3-Two-new-tokens-premise: in a type 3 premise, both the reference object and to be 

located object have not yet been encountered. This type of premise, which is found in 

discontinuous type premise orders, necessitates the construction of separate models which do not 

have any tokens in common but are often merged into a single model in the following premise. 

Type 4 -Connecting-sub-models-premise: a type 4 premise often follows a type 3 premise 

and occurs when a token appears that connects two separate models. 
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Figure 1. 

Control Structure Logic of PRISMS Construction Phase 

Note. The model construction phase in PRISM which inserts tokens into mental models 

according to different types of premises. Reprinted from “A Theory and a Computational Model 

of Spatial Reasoning With Preferred Mental Models”, by M. Ragni and M. Knauff, 2013, 

Psychological Review, 120 (3), p. 568. Copyright 2013 by the American Psychological 

Association 
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To better elucidate the construction phase of PRISM, consider the following three 

premises one-dimension relational reasoning problem: 

 

A is to the left of B 

C is to the right of B 

D is to the right of A 

 

At the beginning of a reasoning problem, PRISM is in its construction phase with the 

spatial focus beginning at coordinate (0,0) and receives a premise of type 1.  Since this is a type 

1 premise, PRISM inserts the first token of the first premise (A) at coordinate cell (0,0). Using 

object A as the reference object, the spatial focus moves one cell to the right and inserts object B 

as the to be located object at cell (1,0). The "parser", which is not part of PRISM theory, assumes 

the meaning of premises as already understood and reads the next premise, which is of type 2d. 

Since the spatial focus is already on object B, this is used as the reference object, and the spatial 

focus moves one step to the right and inserts a token for object C at coordinates (2,0). The final 

premise is then read by the parser, "D is to the right of A".  

PRISM is based on a theory of preferred models and so constructs a single model to 

reason over. Since this final premise would be of type 2i, though, it would first require the spatial 

focus to locate object A as the reference object, with the spatial focus performing a series of 

move left operations. Now that the spatial focus is on the coordinate (0,0) with object A found, it 

proceeds to integrate the rest of the premise into the mental model by first moving one step to the 

right. Since moving one step right, lands the spatial focus on object B, it performs its first free fit 

(fff) strategy and writes an annotation of the sort "D is right of B" on object B so as to use it if 

model variation would ever be needed. The spatial focus now continues to move one more step 
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right to the right, landing on object C at cell (2,0), which is also annotated. The spatial focus 

moves one more step to the right and finally encounters an empty cell to which object D is 

inserted at cell (3,0). 

Now that the model has been constructed, if PRISM was required to verify the conclusion 

"A is to the left of D", it would enter its second phase of inspection. After construction, the 

spatial focus is on object D at coordinate (3,0), which now serves as the inspection phases' 

starting point. Using D as a reference object, PRISM begins shifting its spatial focus 

incrementally one step to the left until object A is located. Once object A is located, PRISM 

verifies the conclusion as true - if object A is not located, it is verified as false.  

If PRISM were required to build a variation of the constructed model in the case of a type 

2i premise example, PRISM would start inspection in a similar way at the last point it entertained 

during its construction phase. If an annotation is processed at the beginning or at any time while 

shifting coordinates, PRISM signals that an alternative model may exist and applies a principle 

of minimal change so that the varied set of models after the variation is as similar as possible to 

the initial preferred model through local transformations. What this entails is an insertion of D  

between A and B so as to be in accordance with the first fit (ff) strategy, thereby producing the 

model “A – D – B – C”, which importantly may still verify the conclusion, “A is to the left of 

D”, as true. 

A large motivation behind PRISM is its theoretical contribution to mental model theory 

through providing a computational account of which micro-strategies are preferred for how 

mental models are constructed, inspected, and varied as found in empirical data. In the standard 

account of mental model theory, the difficulty of a problem is assessed by the number of 

alternative models which are possible, so that the more models an individual must consider, the 
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higher the load on working memory. In contrast, because PRISM's spatial array functions as its 

spatial working memory, it offers the accumulated number of necessary spatial focus operations, 

which follow a principle of minimal directional change, as a measure of the difficulty of an 

inference. Despite these measures of difficulty, much like how mental model theory remains 

general as to the computational implementation of mental model reasoning, many computational 

accounts of spatial reasoning leave much to be desired in terms of how working memory 

interacts with mental models. One way in which working memory effects may be tested on 

mental models is through cognitive architectures.   

A cognitive architecture that has successfully implemented PRISM’s predecessor, spatial 

reasoning by models (SRM), has been ACT-R (Boeddinghaus et al., 2006). This ACT-R 

implementation was able to model several effects of spatial reasoning, such as the premise order 

effect and the difficulty of indeterminate problems with complexity predicted through processing 

times. However, while these processing times take longer for more difficult problems, they were 

still far below empirical findings. The models built for this thesis will be based on this previous 

work but will focus on another form of evaluation, accuracy rates of relational reasoning 

problems. Boeddinghaus et al. (2006) touched on accuracy rates by explaining that alternative 

models might be more difficult due to the decay of ACT-R chunks in the variation phase of 

reasoning. However, the models for this thesis will focus on only determinate problems and so 

will not require a variation phase. 

2.4) ACT-R Cognitive Architecture 
 

Cognitive architectures belong to a research paradigm conducted within the field of 

artificial intelligence, which seeks to provide a unified theory of cognition to better model the 

human mind (Lieto et al.,2018; Kotseruba & Tsotsos, 2020). The concept of cognitive 
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architectures originated from work on unified theories of cognition, which argued that the 

behavioural sciences, through their methodologies, have largely remained fragmented and unable 

to reassemble into a well integrated theory of the mind (Newell 1973; 1982; 1990; Anderson 

2004).  ACT-R is one of the first computationally functional implemented cognitive architectures 

and continues to be one of the most popularly used (Anderson 1983, 1990, 2004, 2007; Anderson 

& Lebiere, 1998). The ACT-R cognitive architecture will be used in this thesis to model the 

spatial relational reasoning tasks examined in the next section.  

The history of ACT-R originally began with the Human Associative Memory (HAM) 

model of memory, in which information processing operated through a series of buffers that 

encoded information from outside stimuli into useful chunks (Anderson & Bower, 1973). ACT-R 

has evolved over the years, but its core theory has largely remained stable from iteration to 

iteration and is currently on its seventh edition with ACT-R 7. See Ritter et al. (2019) for history 

and summary of ACT-R. 

ACT-R is often considered to be a hybrid architecture in that it incorporates symbolic as 

well as sub-symbolic representations in its operations. At the core of ACT-R is a modular theory 

of mind. A theoretical module in this context will be understood as some cognitive faculty that is 

particularly ascribed to a particular brain region or network. 

There are five core modules to ACT-R. The central production system module stores all 

the productions required to model a task and operates via productions in a 'match-select-fire' or 

"if-then” fashion. The Declarative Memory Module is intended to store and retrieve information 

in the form of symbolic chunks which are affected by sub-symbolic parameters. This hybrid 

architectural nature of ACT-R allows us to better model declarative memory phenomena through 

threshold, decay, and partial matching parameters. Over the years, ACT-R researchers have 
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identified a particular set of “canonical” parameter values that should be used when constructing 

models (Stewart & West, 2007). The rate of memory chunk decay and productions firing at 50ms 

for example are some of the most well established of these parameter values and should only be 

altered with justified reason. There are however other parameters such as latency, activation 

noise, partial matching, and threshold which are allowed to vary more from model to model. Our 

models for this thesis will only alter the threshold parameter with an increase for each move of 

the PRISM spatial focus.  

 The third module, the intentional module sometimes referred to as the imaginal module, 

is intended to hold the current mental representation of a problem as well as to maintain a chunk 

for context-relevant information in service of the intentional task goal. The last two modules are 

the vision and motor modules, which make up a perceptual-motor system intended to encode and 

manipulate an environment. Communication between these modules is facilitated through the 

exchange of "chunks" of information (i.e., attribute-value matrices) through buffers of each 

module. The contents of the chunks held in the buffers collectively make up the working 

memory of the agent. 

In every ACT-R model, there are generally two major theoretical commitments, the first 

being the architectural theory being implemented which was just discussed - a pattern matching 

production system which operated via chunk-based storage and communication through a 

network of buffers. The second theoretical commitment of an ACT-R model is then how the 

knowledge represented within the architecture drives the agent with ACT-R containing the 

capabilities to alter this knowledge over time by means of different utility learning methods. 

PRISM theory can contribute to this second theoretical commitment well and serves as the 

primary theory of knowledge representation for our ACT-R models.  
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In general, there are three major ways to analyze how well an ACT-R agent models 

human data of a task: response times, error rates, and learning rates. Two commonly reported 

memory errors in experimental psychology are those of omission, failures to remember, and 

errors of commission, in which a participant performs an incorrect or additional action. ACT-R 

allows us to model both of these types of errors (Kelly et al., 2000; Lebiere, et al., 1994) and, in 

doing so, provides us with an avenue for examining the effects of different memory errors on 

accuracy rates of relational reasoning problems. This thesis develops on previous attempts to 

model spatial relational reasoning through modelling the effects of different working memory 

errors on accuracy rates for relational reasoning problems through the construction of four ACT-

R models. These four ACT-R models will provide accuracy rates of four determinate, 

continuous-premise ordered relational reasoning problems taken from the Multidimensional 

Relational Reasoning Task (Cortes et al., 2021).   

Ch 3) Methodology & Models Built 
 

3.1) Overview 
 

 Four Python ACT-R models of spatial relational reasoning were created based on 

preferred inferences in reasoning with spatial mental models (PRISM) (Boeddinghaus et al., 

2006; Ragni & Knauff, 2013; Ragni et al., 2021). Each model is based on a single question taken 

from the Multidimensional Relational Reasoning Task (MRRT) Cortes et al., (2021). Since there 

are only four conditions of premise and dimension complexity in the MRRT, two premises one 

dimension, two premises two dimensions, three premises one dimensions, and three premises 

two dimensions, only four determinate and continuous questions were determined to be 

sufficient to model the complexity conditions. For each one of the four models, however, four 
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variations were also run, increasing the ACT-R threshold parameter per move of PRISM’s 

theoretical spatial focus to better investigate optimal parameter settings. In summary, this means 

four ACT-R models based on four questions of the MRRT, with four variations per model. 

 These four Python ACT-R models and each of their four variations demonstrate that 

differing memory errors of omission and commission due to increased working memory 

demands can produce a similar relationship of accuracy rates between spatial relational reasoning 

problems of varying complexity, as found in Cortes et al. (2021).  

3.2) Multidimensional Relational Reasoning Task (MRRT) 

 
 Despite multiple studies having found different stimulus properties of relational 

reasoning problems to affect the difficulty between problem variations, it has only been recently 

that a study has investigated a collection of the different spatial properties on the same set of 

stimuli. The following section is a review of Cortes et al. (2021) as the study provides the 

relational reasoning problems that are to be modelled. Cortes et al., (2021) data and materials can 

be found at the Open Science Framework: https://osf.io/qfvp2/ . 

Cortes et al. (2021) present the Multidimensional Relational Reasoning Task (MRRT), a 

task that consists of 90 reasoning problems that vary stimulus properties within a single set of 

relational reasoning problems. These varied stimuli properties of the MRRT are a number of 

premises (2 or 3), a number of dimensions (1 or 2), relation type (spatial or non-spatial), solution 

(true, false, or indeterminate), premise order (continuous or discontinuous), and conclusion 

phrasing (“A first” or “A second”). Each problem presented to the participants either consisted of 

two or three premises and a conclusion which was intended to be verified with "True" if 

participants believed the conclusion was a consequence of the previous premises or a "False" if 

they believed the conclusion did not follow the premises or if the solution was indeterminate. 

https://osf.io/qfvp2/
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Participants were instructed to solve each problem in their head without the assistance of 

a pen and paper, use of their fingers, or any other external aid. Participants solved the problems 

in three separate blocks, each separated by three-minute breaks. One objective of this study was 

to be one of the first to provide normative reaction time data on these varying problems and 

therefore permitted unlimited time for answering. Cortes et al. (2021) utilised a three-form 

design (Graham et al., 1996; 2006), such that 90 problems were divided into four different sets of 

22-23 problems (X, A, B, C), with each set having the same number of problem types. All 

groups completed the X set of problems and then each of the three groups completed two of the 

three A, B, or C sets, with each participant completing a total of 67 problems. Group 1 (N= 105) 

completed X, A, B; Group 2 (N = 102) completed X, A, C; and Group 3 (N=103) completed 

X,B,C. Therefore, each problem was completed by at least 200 participants, with the X set being 

completed by all 310 participants. 

To assess the differences between stimulus properties on reaction time and correct 

accuracy of conclusion performance, Cortes et al. (2021) conducted a series of mixed-effects 

models. The first model assessed accuracy rates through a mixed-effects logistical regression, 

while response time was assessed through a second model via a mixed-effects linear regression 

model. The data analysed by Cortes et al. (2021) examined both multiple stimulus properties in 

relation to and controlling for each other. What was found lined up well with previous literature 

findings on relational reasoning. The higher the number of both premises (two or three) and 

dimensions (one or two) had a large effect on both accuracy and reaction time. The number of 

dimensions and premises for both spatial and non-spatial problems was additionally found to 

have an interaction effect with Cortes et al. (2021, p. 6), explaining that the necessitation of 

creating more complex models may increase working memory load – see Figure 2. Analyses 
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revealed problems with non-spatial relations were found to be more difficult than problems with 

spatial relations and indeterminate problems were found to be associated with lower accuracy 

rates.  Regarding premise order or conclusion phrasing, no effects were found on accuracy or 

reaction times.  

Figure 2. 

Cortes et al., (2021) Predicted Marginal Means from Dimension X Premise Interaction. 

 

Note. Predicted marginal means of Dimension X Premise interaction results from mixed-effects 

models. Reprinted from “What Makes Mental Modeling Difficult? Normative Data for the 

Multidimensional Relational Reasoning Task”, by R. Cortes et al., 2021, Frontiers in 

Psychology, p. 7. Copyright 2021 by the Frontiers in Psychology 

 

3.3) A Python ACT-R Implementation of PRISM 
 

 PRISM is an implementation of the preferred mental model theory and is intended to 

simulate human performance on spatial reasoning tasks (Ragni, & Knauff, 2013; Ragni et al., 
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2021). The constructed ACT-R models are based on PRISM's construction phase and inspection 

phase, which conceptualizes spatial memory representations as two-dimensional arrays. All 

operations and reasoning processes conducted on this spatial array are facilitated by and 

considered to be moves of a spatial focus identical to its predecessor spatial reasoning by models 

(SRM) (Knauff et al., 2005). This thesis will focus on determinate, continuous problems to 

model results from Cortes et al. (2021), so PRISM’s third stage of variation will not need to be 

fully implemented. 

Mental models are constructed based on information found in premises and through 

actions of the spatial focus. The spatial focus may move in the four directions of left, right, 

above, and below, in addition to a no move operator, and is responsible for the insertion of 

objects found in premises in the appropriate cell of an array. These spatial arrays are then 

inspected by the spatial focus to validate or generate a conclusion based on the relations between 

objects. Each binary relation provided by a premise is defined as a triple (X, r, Y) in which X is 

the referent or to be located object (LO), r is the binary relation, and Y is the relatum, or 

reference object (RO). (Miller, & Johnson-Laird, 1976). 

To examine the effects of a theory of working memory on relational reasoning problems, 

PRISM's first two phases are implemented in cognitive architecture ACT-R. Specifically, these 

models are constructed in Python ACT-R (Stewart & West, 2007), the use of which highlights an 

important distinction between theory and implementation. Python ACT-R uses similar formulas 

and modular organisation as regular ACT-R version 7 but has the benefit of operating with a 

more current and commonly taught programming language - Python rather than the traditional 

LISP. 
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To implement the construction and inspection phases of PRISM in ACT-R, a similar 

strategy will be adopted as in Boeddinghaus et al. (2006), where PRISMS’ spatial focus is 

instantiated as a buffer with slots-value pairs for the name of the token object it is currently on in 

the array, the direction the spatial focus points to, and the position values of that location. When 

a token object is placed at a location, a new chunk of information is created and stored in the 

declarative memory module with slots for the object’s name, its position values, and a slot for 

annotations primarily used in problems of indeterminacy. 

To maintain similar construction and inspection processes across models, our PRISM 

ACT-R agents will use 14 different production types for each relational reasoning problem held 

in a second buffer, a goal-focus buffer.  Productions used to facilitate the reasoning process 

include 'read_premise' and 'read_conclusion', which stand-in for a required semantic parser that 

is not part of ACT-R or PRISM theory. PRISM's five-movement types are represented by the 

productions: 'move_above', 'move_'below, 'move_right', 'move_left', and 'move_none'. To 

interact with the declarative memory module, productions 'request_name' and 'recall_name' 

allow for a branching of solutions depending on if a memory error occurred. Therefore, the 

productions of 'recall_correct', recall_omission', and 'recall_commission' are included to provide 

better clarity for the modeller and clarify what solution is being implemented. The final 

production that then produces an answer is referred to as 'confirm_conclusion'.  

3.4) Models Built 

 
 This thesis seeks to model memory errors that may occur in varying spatial relational 

reasoning problems to examine what effect these errors of omission and commission may have 

on reasoning processes and accuracy rates. To do so, four models were constructed to attempt to 

model the decrease in accuracy rates due to the interaction effect of increased premises and 
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dimensions found in Cortes et al. (2021). Four questions were selected from the Multi-

Dimensional Reasoning Task to model such interaction effects that differed in the number of 

premises and dimensions. To preserve consistency outside the manipulated variables of the 

number of premises and dimensions, all problems are determinate and have a continuous premise 

order. These four relational reasoning questions of the multi-dimensional reasoning task are 

illustrated below.  

Question: 6 (Two Premise, One Dimension) 

P1) Edward is to the left of Derek.  

P2) Derek is to the left of Travis. 

C) EDWARD IS TO THE LEFT OF TRAVIS. (solution = True) 

 

Question: 36 (Two Premise, Two Dimension) 

P1) Edward is below and to the left of Derek.  

P2) Derek is below and to the left of Travis. 

C) EDWARD IS BELOW AND TO THE LEFT OF TRAVIS. (solution = True) 

 

Question: 21 (Three Premise, One Dimension) 

P1) Edward is to the left of Derek. 

P2) Derek is to the left of Travis. 

P3) Travis is to the left of Brian. 

C) EDWARD IS TO THE LEFT OF BRIAN. (solution = True) 

 

Question: 66 (Three Premise, Two Dimension) 

P1) Edward is below and to the left of Derek. 

P2) Derek is below and to the left of Travis. 

P3) Travis is below and to the left of Brian. 

C) EDWARD IS BELOW AND TO THE LEFT OF BRIAN. (solution = True) 
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All ACT-R models for this thesis will begin their construction phases at default 

parameter settings, these are:  production_time = 0.05, production_sd=0.01, latency=0.05, 

threshold=0.3, maximum_time=10.0, finst_size=0, finst_time=3.0, noise=0.3, base_noise=0.3, 

partial matching strength =0.0, partial matching limit = 0.0, DM spread_strength=1. Four 

variations of each spatial relational reasoning problem will be run for 16 model variations. The 

first variation will run all four relational reasoning problems (2P1D, 2P2P, 3P1D, and 3P2D) 

beginning at default parameter settings and will not alter them during the running of the models. 

The three subsequent variations will increase the threshold parameter setting of the ACT-R agent 

by 0.1, 0.2, or 0.3 for each move of the spatial focus. According to PRISM theory, the 

accumulated number of movements required by the spatial focus can serve as a proxy 

measurement for the difficulty of a problem. Therefore, the reason for this increase in threshold 

is to model the increased stress on the memory system of the cognitive agent due to working 

memory load in accordance with PRISM theory of movements of the spatial focus as a 

measurement for a problem’s difficulty.  

 These models, therefore, argue for an existing relationship between the difficulty of a 

problem as a function of movements of the spatial focus and an increase in the threshold 

parameter. Threshold increases were chosen to increase with moves of the spatial focus as it best 

reflects the increase in errors of omission that comes with increased demand on working memory 

and is one of the more theoretically justifiable parameters to be manipulated in ACT-R models as 

compared to decay rates and production times which are often argued as remaining constant. 

Additionally, partial matching strength was set to the minimum of 0.0 since there is no 

theoretical reason in these models as to why one position or object may be biased for an error of 

commission compared to the others found in the mental model. To give a better understanding, 



MODELLING ACCURACY RATES OF SPATIAL RELATIONAL REASONING  37 
 

the following illustrates how question 66 of the multidimensional relational reasoning task would 

be processed in our ACT-R model with a constant threshold increase of 0.2 per move of the 

spatial focus.  

To begin the construction phase, the goal_buffer is set to the first production, 

‘read_premise’, fires, and prints "Edward is to the left of Derek". The goal_buffer then processes 

the production 'insert_edward', and the spatial_focus buffer, which resides at location (0,0), 

inserts Edward, thereby creating a declarative memory chunk in the form object: Edward, 

location: 0,0, annotation: na. Now that Edward has been placed in the array, the production 

'move_right' moves the spatial focus over one step at coordinates (1,0). Production 'insert_derek' 

then inserts token object Derek at its current coordinates and creates a chunk in declarative 

memory in the same fashion as Edward. The second premise of "Derek is to the left of Travis” is 

then processed in the same way. The spatial focus at this time is still on Derek, and so fires a 

'move_right' production followed by an 'insert_travis' production, along with a declarative 

memory addition at coordinate (2,0) to conclude the construction phase. 

With Travis functioning as the reference object, the to be located object of Edward must 

now be remembered, and so a 'request_edward' production fires to request the token's location 

from declarative memory. Every declarative memory request introduces a branching of logic as 

to what the next possible production may be. In these ACT-R models, there exist three 

possibilities after a declarative memory request is made. The first possibility is that Edward’s 

location is correctly recalled. The second possibility is a memory error of omission occurs in 

which Edward's location cannot be remembered. The third possibility is a memory error of 

commission in which Edward's location is misremembered for another - in this case; it would be 

Brain's since the spatial focus is still on Trevor. Because the spatial focus must move left from 
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Trevor’s position (2,0), all objects within the array left of the spatial focus are candidates for the 

declarative memory retrieval. How the construction phase is concluded based on which possible 

outcome occurs will now be covered.  

If the declarative memory request is successful, a 'recall_correct' production would fire 

printing Edwards location of (0,0). The spatial focus now moves towards coordinate (0,0) 

through the firing of two 'move_left' production sequences until Edward is found. Once the 

spatial focus is on Edward, a 'confirm_conclusion' production validates the conclusion as "True, 

Edward is Left of Travis!". 

The second possibility that may occur after a declarative memory request is a memory 

error of omission by a "recall_omission" production. Now what happens after the agent realizes 

they cannot remember is difficult to ascertain. In the multidimensional relational reasoning task, 

because one of the goals of Cortes et al. (2021) was to provide normalized data reaction time 

across varied stimulus properties, participants were allowed unlimited time per problem. This 

serves as problematic for our models as participants could have implemented a wide variety of 

strategies to overcome such an error of omission. Because the current literature lacks theories as 

to what happens in instances of memory errors of omission during relational reasoning problems, 

it was decided that during the inspection phase, if such memory errors were to occur, all possible 

subsequent productions involving conclusions would have an equal chance of being selected, so 

in the case of a choosing a conclusion this results in a random equal chance of selecting a true or 

false verification. 

The third possibility that may occur instead of a successful memory request or memory 

error of omission is a memory error of commission in which the ACT-R agent would believe that 

Edward's location is incorrectly Brian's at coordinate (1,0). Therefore, beginning with a 
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'recall_comission' production, the ACT-R agent prints "Edward is at location (1,0)". This is then 

followed by the productions of 'move_left' and 'confirm_conclusion', which interestingly results 

in true conclusion verification despite the incorrect location of the to be located object. The 

occurrence of a memory error of commission, yet still inferring a correct conclusion, highlights 

an overlooked problem in the literature of how different memory errors may result in different 

responses or solutions. In the case of our example, this issue is especially pertinent and possibly 

problematic, as our models also predict that current accuracy rates of spatial relational reasoning 

problems may be overinflated due to false positives due to errors of commission.  

Future work may be conducted to create types of relational reasoning problems to 

delineate between the types of memory errors which may occur during the reasoning process. 

For example, a reasoning problem’s conclusion that requires the spatial focus to be moved to the 

middle of the mental model in establishing a reference object may allow for errors of 

commission to be identified depending on the position of the to be located object. 

Ch 4) Results  

 
Four ACT-R models were created to replicate the findings in Cortes et al. (2021) of 

decreased accuracy rates in spatial relational reasoning for more complex conditions of increased 

premises and dimension problems. All models began with the same default parameter values; 

however, four variations of these models were also run for a total of 16 models - four models 

based on four questions of the MRRT, with four variations per model. The first set of variations 

were run with no alteration of parameters; the subsequent three variations each increased the 

parameter of threshold either by 0.1, 0.2, or 0.3 for each move of the spatial focus. This increase 

in threshold was done with each move of the spatial focus so as to be in accordance with PRISM 
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theory’s of use of accumulated moves of the spatial focus as being a measurement of task 

difficult. In doing so, our ACT-R models attempt to demonstrate the stress of increased working 

memory load on the cognitive agent and the subsequent memory errors that would occur as a 

consequence.  

For each relational reasoning problem (2P1D, 2P2D, 3P1D, 3P2D), each model variation 

was run equivalent to the number of participants in Cortes et al.’s (2021) X condition (n=310), 

which gave an average proportion of accuracy per model. To determine 95% confidence 

intervals, an n=30 was collected per model, requiring 9,300 iterations per model variation, for a 

total of 37,200 iterations per relational reasoning problem condition. A student’s t-distribution 

was then used to determine confidence intervals.  

All relational reasoning problems of our first set of ACT-R models with a 0.0 threshold 

increase per move of spatial focus produced similar results. At a threshold increase of 0.0 

relational problems produced the following accuracy rates: 2P1D (n=30, M=94.24, SD=1.43. 

CI=0.53), 2P2D (n=30, M=92.59, SD=1.39, CI=0.52), 3P1D (n=30. M=97.34, SD=0.93, 

CI=0.35), 3P2D (n=30, M=95.17, SD=1.19, CI=0.44) - see figure 3. 
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Figure 3 

Accuracy Rates for ACT-R Models with Threshold Increase Set to 0.0 

 

Note. ACT-R models with a threshold increase of 0.0 per move of the spatial focus.  

 At first glance, these results seem quite surprising, with three premise problems having a 

higher degree of accuracy. However, with a change of the Y-axis to a broader range of 50% to 

100% accuracy rates, it becomes evident that these models all perform similarly to one another 

and produce a little correlation between moves of the spatial focus and accuracy rates – see 

Figure 4 and Figure 5. 
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Figure 4 

Accuracy Rates of ACT-R Models with Threshold Increase Set to 0.0 with Expanded Y-Axis 

 

 

Note. ACT-R models with a threshold increase of 0.0 per move of the spatial focus and an 

expanded Y-axis. 
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Figure 5 

 

Correlation of Accuracy Rates and Total Moves of Spatial Focus with Threshold Increase Set to  

0.0 

 

Note. Y-axis is the accuracy rate of ACT-R models with a threshold increase of 0.0 per move of 

the spatial focus. The X-axis is the total moves of spatial focus per problem placed in ascending 

order of moves of the spatial focus.  

 

A potential reason for the similar output of these models might be, as Boeddinghaus et al. 

(2006) mentioned, that default ACT-R mechanisms may be too fast for such complex spatial 

reasoning tasks, especially since there is no simulation of the reading and interpretation of the 

premises. Due to this issue of speed of the models, not enough time may have passed, so that 

ACT-R’s decay parameter has an impact on chunks not being able to reach the required 

threshold for a correct memory recall, thereby leading to an increase in errors of omission.  

Cortes et al. (2021) reported average reaction times in seconds per stimulus property, and 

these were two premise problems (M=27.56, SD=15.18), three premise problems (M=41.21, 

SD=25.88), one-dimension problems (M=30.77, SD=19.15), and two-dimension problems (M= 

22.48, SD=22.48). Like in Boeddinghaus et al. (2006), our models replicated more complex 
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questions containing more dimensions and premises, resulting in longer processing times. 

However, these were drastically below empirical reaction times. Our ACT-R models with a 

threshold increase at 0.0 resulted in the following mean production times in seconds: 2P1D 

(M=0.628), 2P2D (M=0.796), 3P1D (M=0.813), 3P2D (M=1.087). The subsequent models 

attempt to account for and make up for these equivalent accuracy rates this with a systematic 

increase of threshold parameter per move of the spatial focus to reflect increased working 

memory demand.  

As the threshold increase manipulation is implemented, an immediate effect is seen in 

decreased accuracy rates corresponding to moves of the spatial focus. At a threshold increase of 

0.1 per move of the spatial focus, relational problems produced the following accuracy rates: 

2P1D (n=30, M=90.34, SD=1.63 CI=0.61), 2P2D (n=30, M=82.18, SD=2.37, CI=0.88), 3P1D 

(n=30. M=91.19 , SD=1.76, CI=0.66), 3P2D (n=30, M=79.43, SD=2.45, CI=0.91). These results 

do not match participant data, see Figure 6, but do begin showing a correlation between 

decreased accuracy rates and increased moves of the spatial focus, see Figure 7. 
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Figure 6  

Accuracy Rates Comparison of ACT-R Models and MRRT results with Threshold Increase Set to 

0.1  

 

Note. Accuracy rates of ACT-R models with a threshold increase of 0.1 per move of the spatial 

focus along with MRRT results of predicted marginal means of dimension x premise reported by 

Cortes et al. (2021). 

50

55

60

65

70

75

80

85

90

95

100

One-Dimension
Relations

Two-Dimension
Relations

A
cc

u
ra

cy Two Prem ACT-R

Three Prem ACT-R

Two Prem MMRT

Three Prem MMRT



MODELLING ACCURACY RATES OF SPATIAL RELATIONAL REASONING  46 
 

Figure 7.  

Correlation of ACT-R Models Accuracy Rates and Total Moves of Spatial Focus with Threshold 

Increase Set to 0.1 

 

Note. Y-axis is the accuracy rate of ACT-R models with a threshold increase of 0.1 per move of 

the spatial focus. The X-axis is the total moves of spatial focus per problem placed in ascending 

order of moves of the spatial focus. 

 

 

At a threshold increase of 0.2 per move of the spatial focus, relational problems produced 

the following accuracy rates: 2P1D (n=30, M=84.89, SD=1.98 CI=0.74), 2P2D (n=30, M=68.74, 

SD=2.37, CI=0.88), 3P1D (n=30. M=83.07 , SD=2.67, CI=1.0), 3P2D (n=30, M=60.07, 

SD=3.35, CI=1.25). Models approach closer to participant data trends, see Figure 8, and 

correlation between decreased accuracy rates and increased moves of the spatial focus continues, 

see Figure 9. 

 

 

50

55

60

65

70

75

80

85

90

95

100

2P1D (2) 3P1D (3) 2P2D (4) 3P2D (6)

A
cc

u
ra

cy

Moves of Spatial Focus



MODELLING ACCURACY RATES OF SPATIAL RELATIONAL REASONING  47 
 

Figure 8 

Accuracy Rates Comparison of ACT-R Models and MRRT results with Threshold Increase Set to 

0.2 

 

 

Note. Accuracy rates of ACT-R models with a threshold increase of 0.2 per move of the spatial 

focus along with MRRT results of predicted marginal means of dimension x premise reported by 

Cortes et al. (2021). 
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Figure 9 

 

Correlation of Accuracy Rates and Total Moves of Spatial Focus with Threshold Increase Set to 

0.2 

 

 

Note. Y-axis is the accuracy rates of ACT-R models with a threshold increase of 0.2 per move of 

the spatial focus. The X-axis is the total moves of spatial focus per problem placed in ascending 

order of moves of the spatial focus. 

 

At a threshold increase of 0.3 per move of the spatial focus, relational problems produced 

the following accuracy rates: 2P1D (n=30, M=78.86, SD=2.40 CI=0.90), 2P2D (n=30, M=59.21, 

SD=2.27, CI=0.85), 3P1D (n=30. M=71.75 , SD=2.42, CI=0.91), 3P2D (n=30, M=53.02, 

SD=3.02, CI=1.13). A fifth variation was not created because that would entail a more than 

doubling of default parameters per move of the spatial focus. However, compared to the other 

variations of the models produced, a threshold increase of 0.3 per move of the spatial focus 

provides the closest fit to human data, see Figure 10, and continues to show a correlation 

between decreased accuracy rates and increased moves of the spatial focus continues, see Figure 

11. 
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Figure 10. 

Accuracy Rates Comparison of ACT-R Models and MRRT results with Threshold Increase Set to 

0.3 

 

Note. Accuracy rates of ACT-R models with a threshold increase of 0.3 per move of the spatial 

focus along with MRRT results of predicted marginal means of dimension x premise reported by 

Cortes et al. (2021). 
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Figure 11.  

Correlation of Accuracy Rates and Total Moves of Spatial Focus with Threshold set to 0.3 

 

Note. Y-axis is the accuracy rates of ACT-R models with a threshold increase of 0.3 per move of 

the spatial focus. The X-axis is the total moves of spatial focus per problem placed in ascending 

order of moves of the spatial focus. 

 

For question six of the MMRT (2P1D), Cortes et al. (2021) reported an average accuracy 

rate of M=83.5. Continuous and discontinuous determinate spatial problems of two premises and 

one dimension produced an overall average of M=82.62 and a range of 73.56% - 90.97% 

accuracy. Both our models run at 0.3 threshold increase (M=78.86), and 0.2 threshold increase 

(M=84.89) were within the range of empirical data. Both continuous and discontinuous premise 

orders of determinate problem averages are used here for a comparative range of values despite 

our models only being of determinate continuous problems since Cortes et al. (2021) reported 

that there was no effect found for premise order. Additionally, the MRRT only contains a small 

number of continuous spatial relational reasoning problems: one for 2P1D, two for 2P2D, two 

for 3P1D, and five for 3P2D. 
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For question 36 of the MRRT (2P2D), Cortes et al. (2021) reported an average accuracy 

rate of M=81.25. Continuous and discontinuous determinate spatial problems of two premises 

and two dimensions produced an overall average of M=74.86 and a range of 64.88% - 81.25% 

accuracy. Our models running at a 0.3 threshold increase (M=59.21) did not fall within this 

aforementioned range of values, but our models running at a 0.2 threshold increase (M=68.74) 

were within the range of empirical data suggesting that a better threshold increase for modelling 

empirical data in Python ACT-R may be somewhere between 0.2 and 0.3. 

For question twenty-one of the MMRT (3P1D), Cortes et al. (2021) reported an average 

accuracy rate of M=79.03. Continuous and discontinuous determinate spatial problems of three 

premises and one dimension produced an overall average of M=76.99 and a range of 67.63% - 

84.84% accuracy. Our models running at a 0.3 threshold increase (M=71.75) and 0.2 threshold 

increase (M=83.07) both fell within the empirical accuracy rates. Notice, however, how close in 

value the accumulated averages of Cortes et al (2021) two premise two-dimension problems 

(M=74.86) are to three premise one-dimension problems (M=79.03).  

For question sixty-six of the MRRT (3P2D), Cortes et al. (2021) reported an average 

accuracy rate of M=73.91. Continuous and discontinuous determinate spatial problems of three 

premises and two dimensions produced an overall average of M=68.21% and a range of 58.39% 

- 75.16% accuracy. Our models running at a 0.3 threshold increase (M=53.02) did not fall within 

this empirical range, but our models running at a 0.2 threshold increase did (M=60.07).  

While our ACT-R models were able to produce accuracy rates that fell within the ranges 

of empirical participant data and were able to model the difference in accuracy found in Cortes et 

al. (2021), especially in the most complex conditions of three premise-two-dimension problems 

compared to the least complex two premise-one dimension problems, our models primarily did 
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this through means of dimensions. The reliance on increased dimensions resulting in increased 

moves of a spatial focus to model the difficulty of relational reasoning problems is in accordance 

with PRISMS use of accumulated moves of the spatial focus as a proxy for difficulty 

measurement. However, it falls short at modelling the impact of premise increase for the 

interaction effect reported by Cortes et al. (2021). These discrepancies are not surprising given 

how fast our models process each problem, so that the effect ACT-R’s theory of memory decay 

may have on errors of omission is very weak. Future work may explore how to better model the 

effects of premise understanding, something which PRISM theory offloads to an assumed 

“semantic parser”.  

Ch 5) Discussion 
 

This thesis sought to investigate how the different types of memory errors of omission 

and commission may be computationally modelled to provide a theoretically unifying account of 

qualitatively different cognitive reasoning processes and quantitatively different accuracy rates 

on experimental measurements of spatial relational reasoning problems. 

Four ACT-R models were created, each based on a different question of complexity from 

the multidimensional relational reasoning task (MRRT) (Cortes et al., 2021). Preferred inference 

in reasoning with spatial mental models (PRISM) was used to facilitate the organization and 

representation of knowledge used by these ACT-R models. Four additional variations per model 

were also analyzed to determine a good fit for a systematic threshold parameter increase based 

on PRISM’s measurement of problem difficulty - the accumulated moves of a spatial focus.  

Our ACT-R model’s results replicated similar trends found in the empirical participant 

data provided by Cortes et al (2021) of a negative relationship between accuracy rates and 

increased premise and dimensions complexity conditions per spatial relational reasoning 
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problem. Accuracy rates were found to decrease with each increase of premises and 

dimensionality complexity. 

In doing so, this thesis was successful in demonstrating how different memory errors of 

omission and commission for spatial relational reasoning problems due to increased working 

memory demands may lead to qualitatively different cognitive reasoning processes and 

quantitatively different accuracy rates. Our models argue for a possible existing relationship for 

the difficulty of a problem as a function of movements of a cognitive spatial focus and an 

increase of the threshold required to be passed for a successful declarative memory recall.  

Modelling of empirical results primarily based on moves of a spatial focus, however, did 

show to be limited in capturing the effects of additional premises. Due to 50-millisecond 

production firings of our current ACT-R models, it may be that premises were processed too 

quickly to model participant data and consequently did not have much of an impact on accuracy 

rates by means of ACT-R’s theory of memory decay. Future work may seek how to better 

simulate the reading and interpretation of premises for spatial relational reasoning problems to 

better model such tasks, something which is not part of PRISM theory which takes as assumed 

knowledge and delegates such tasks to a separate semantic parser. Additionally, the dependency 

on a strictly additive increase in threshold parameter based on moves of a spatial focus may be 

considered problematic.    

This thesis attempted to demonstrate findings not by highlighting the significant 

differences between conditions, as is often done in hypothesis testing and experimental 

psychology, but rather attempts to argue for a significant sameness between our computational 

models and participant data based on specific theories of cognitive architectures and spatial 

reasoning. While our models are largely assessed through similar trends demonstrated on 
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graphical representations and ranges of accuracy rates per condition, more advanced methods for 

tests of equivalency for cognitive modelling exist that future work may incorporate, see West & 

Stewart (2010). The investigation conducted for this thesis did however also reveal several other 

worthwhile insights into cognitive modelling of relational reasoning problems and how current 

experiment measures may be improved.  

The most pertinent concern in this thesis regarding current methods of measuring spatial 

relational reasoning problems is that they do not account for how differences in working memory 

error types may lead to qualitatively different reasoning processes. In particular, our models 

demonstrated how errors of commission may lead to false positives when the conclusion to be 

verified begins at the last location an object was inserted, and that location is edge bound in the 

mental model - something which all spatial questions of the MRRT contained. This is especially 

problematic when assessing accuracy rates in aggregate participant responses, an old criticism 

demonstrating the importance of identifying individual differences in micros strategies and 

memory errors (Newell, 1973).  

The incorporation of individual differences in modelling has become a forefront issue 

with current work in computational cognitive modelling (Ragni, Brand & Riesterer, 2021), 

arguing that future models should focus more on predicting any individuals’ behaviour. Preferred 

model theory and PRISM touch on individual differences in the construction and variation stages 

of mental model reasoning by use of either the first fit strategy or first-free-fit strategy of object 

placement. However, as our models demonstrate, current theories remain unsatisfactory as to 

what occurs after an error of omission occurs in which an agent can not recall a piece of 

information. When such an error occurs, participants may either begin the problem anew, guess 
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true or false – such as in the case with our models, or incorporate a different micro-strategy 

entirely.  

 Future experimental work may be altered to address such concerns presented. For 

example, Cortes et al. (2021) allotted participants as much time required to solve each problem 

of the MRRT; this could be considered problematic as participants could have implemented a 

multitude of various strategies or number of attempts to solve each problem until they believed 

they had achieved the correct answer. Ways in which future work may gain a better 

understanding of individual differences may be through talk aloud protocols, the presentation of 

premises one at a time, and the inclusion of questions addressing errors of commission which, as 

previously stated, current measures do not delineate between these errors and may have an 

inflated accuracy rate due to false positives. A future manipulation of spatial relational reasoning 

questions may be constructed, which requires the reference object of a mental model to be 

shifted away from the edge-bound position of the object last inserted so as to increase the 

likelihood of an error of commission delineating between an incorrect response and a false 

positive due to the conclusion required to be generated or verified.  
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Appendix 
 

Appendix A: Python ACT-R Model for Two Premises-One Dimension Problem 
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Appendix B: Python ACT-R Model for Two Premises-Two Dimension Problem 
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Appendix C: Python ACT-R Model for Three Premises-One Dimension Problem 
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Appendix D: Python ACT-R Model for Three Premises-Two Dimension Problem 
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