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Abstract

This thesis proposes a novel algorithm for use in reinforcement learning problems

where a stochastic time delay is present in an agent’s reinforcement signal. In these

problems, the agent does not necessarily receive a reinforcement immediately after the

action that caused it. We relax previous constraints in the literature by assuming that

rewards may arrive to the agent out of order or may even overlap with one another.

The algorithm combines Q-learning and hypothesis testing to enable the agent to

learn about the delay itself. A proof of convergence is provided. The algorithm is

tested in a grid-world simulator in MATLAB, the Webots mobile-robot simulator,

and in an experiment with a real e-Puck mobile robot. In each of these test beds,

the algorithm is compared to Watkins’ Q-learning, of which it is an extension. In all

cases, the novel algorithm outperforms Q-learning in situations where reinforcements

are variably delayed.
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Chapter 1

Introduction

The human brain is the most adaptive and capable learning machine ever found. From

the time we are born, each of us is bombarded with new situations and experiences.

Somehow, our brains can control our behaviour so that we survive in a complex world

by classifying stimuli, detecting patterns, and learning from the world around us. The

dream of artificial intelligence is to build a machine which is as adept at dealing with

a changing world as we humans. To this end, we can draw inspiration from the brains

and nervous systems of humans and other life all around us.

Robots and other agents often employ manually generated kinematic or dynamic

physical models which define the robots’ bodies and parts of the external world [1].

Before we enter a new situation, we do not conjure up a mathematical model to

predict what will happen to us. Instead, we produce a mental model of the situation

on the fly. This is vital because new situations do not always warn us before they

present themselves. We are interested in constructing machines which can generate

their own models using information which they extract from the environment as they

explore.

Reinforcement learning is one method to create internal models in novel situa-

tions. It is clear that, for our brains, at least some of our learning takes the form of

reinforcement learning. That is, the brain can learn which behaviours are useful or

1
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inappropriate based on feedback from the environment. This feedback may be in the

form of a stimulus which causes pleasure or pain; hunger or satiety. There are many

feelings, emotions and drives which serve to reinforce different behaviours in life. De-

signers have drawn inspiration from this biological scheme in order to create a similar

form of learning for our machines which we call machine reinforcement learning.

Machine reinforcement learning (RL) is a form of unsupervised machine learning.

Unlike in forms of supervised learning, an unsupervised agent need not receive correct

input/output pairs to facilitate its adaptation. Thus, to an extent, RL allows the

agent to design its own behaviour without supervision. This property is especially

useful when an agent’s desired behaviour is difficult to explicitly engineer [2]. Instead,

RL permits a designer to specify the properties of a behaviour (such as speed or

smoothness) rather than explicitly defining the behaviour itself. In this way, the

agent is given the capacity to explore its environment and invent emergent behaviours

which fulfill the designer’s constraints but which may not have been obvious [3]. It is

also possible to embed a priori knowledge in the machine’s initialization to provide a

head start to the learning [4].

In most RL machines, it is assumed that the environment provides reinforcement

immediately after a behaviour. This is to say that there is no time delay between an

action and its respective reward. The agent acts, is rewarded or punished, and learns.

Repeat. This assumption is fine in many applications. In particular, Q-learning is

one RL technique which is used for myriad purposes, such as: multi-robot domains

[5]; human-robot collaboration [6]; structure facade parsing [7]; robot navigation [8];

service discovery for wireless ad-hoc networks [9]; network traffic signal control [10];

nonplayer character decision making in video games [11]; computational modelling of

electricity markets [12]; and dynamic pricing in electronic retail markets [13]. In these

applications it is commonly assumed that the agent receives reinforcements (herein

called rewards) instantaneously.
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In some applications, this may not be the case. Instead, it is possible that the

rewards be delayed in time. Such a delay has many possible causes. It may be due to

unpredictable network latency as in an ad-hoc network or perhaps available sensors are

of a poor quality. Also, in a swarm of robots, the reinforcements might be calculated

in distributed fashion using the information from a subset of the full group. No

matter the cause, problems of variable delay seem likely to appear more frequently as

further work is done on decentralized control methods and swarm robotics. Consider

the delay possibilities, for example, in ad-hoc networks between members of a flying

unmanned aerial vehicle swarm [14]. Depending on which members are included in

the calculation, the result may be variably delayed. We focus on the application of

mobile robotics because delay problems of this kind could arise due to the complexity

of the field. However, variable delay problems exist elsewhere as well.

If reinforcement signals are delayed by a constant amount, the problem can be

dealt with because we can still be certain that if, for example, the delay is five time

steps, the reinforcement was caused by the behaviour five time steps in the past. In

this case, we need to remember more of our past actions than in an undelayed case.

When we consider our own lives, we recall situations when feedback was variably

delayed in time. We may try a series of new things in response to a new situation.

Later, we receive a positive result. We are not sure which of our actions actually

caused the desirable outcome because the time delay is not constant. It is more

difficult for us to assign responsibility to our actions the more variable the time delay.

Although we seem to learn better when there is immediate or even constantly delayed

feedback, we are still able to learn, albeit slower, when there is a variable delay.

The question of this thesis is: how can a machine learn in the presence of variable

reinforcement time delays?

Superstition may be thought of as a side effect of delayed feedback which demon-

strates that our learning can be partially inhibited by variable time delays. It also
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provides hints at how we might design a machine for this problem. Consider a base-

ball player who wins ten games in a row. Before each game, the player slept well,

trained vigorously, and wore her lucky shoes. Many people will conclude that the

shoes are indeed graced by Lady Luck, and continue to wear them for future baseball

games, just in case.

The wide existence of superstitions in human culture suggests that when the

results of our actions are unclear, our method of assigning blame is prone to error

if we do not later verify these superstitions empirically. Intuitively, perhaps any

machine learning method which deals with variable time delays should be able to

form superstitions as we do, if only just to be able to rule them out later. This is the

foundation of the novel multiple hypothesis testing method proposed herein.

1.1 Thesis Statement

Using multiple-model Q-learning as presented in this thesis, an agent can adapt to

an environment with a variable time-delayed reinforcement signal by learning about

the statistics of the delay. We assume that the time delay is Poissonian.

1.2 Motivation

This thesis will consider a situation where a machine reinforcement learning agent

suffers from Poissonian time delays in its reinforcement signal. That is, all reinforce-

ments will be delayed in time by a Poissonian random variable.

Variable delays of this kind have been considered in the literature, but there has

been an assumption that the reinforcements can neither overlap nor arrive to the

agent out of order [15]. In this thesis, that assumption is removed.

As a potential solution, this thesis will propose using multiple models of Q-learning
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in parallel to allow a learning agent to create superstitious estimates of the mean time

delay and then test these hypotheses over time to eventually learn about the time

delay itself so that it can be incorporated to reduce errors in credit assignment.

Such a method could find use in applications which involve heavy network latency

(jitter), as this may introduce variable time delays [15]. In applications where control

is decentralized, like in mobile robot swarms, reinforcement signals may depend on

other robots in the swarm and thus there could be a delay for any one robot to receive

its reinforcement signal.

1.3 Contributions

The contributions of this thesis are:

• a novel method of reinforcement learning to better handle Poissonian reinforce-

ment delays;

• a proof of convergence for the novel method based on that of Q-learning as

proposed in [16].

• in support of these:

– a demonstration and exploration of aspects of the problem in a simulated

grid-world environment,

– line-following simulations of the novel method to observe its behaviour

during learning, explore its convergence and demonstrate performance im-

provement relative to a simulated Q-learning agent;

– real-world line-following experiments implementing the novel method to

further demonstrate its improved performance relative to a Q-learning im-

plementation; and
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1.4 Organization

Chapter 2 will briefly survey reinforcement learning techniques and methods from

the literature for dealing with variable time delays in an agent’s reinforcement signal.

Chapter 3 will present the notation and definitions which will be used to describe the

problem throughout the thesis. The chapter will contain the formal presentation of the

problem of a Poissonian-delayed reinforcement signal in the context of a reinforcement

learning scheme and describe the problem in the general sense before presenting the

novel method itself. Chapter 4 will contain the theoretical results of this thesis.

Chapter 5 will express the problem in the specific case of a line-following mobile

robot. This chapter will contain grid world simulation results, as well as simulation

and experimental results pertaining to the line-following application. Finally, Chapter

6 will provide concluding remarks, summarize the contributions of this thesis, and

propose related areas for future work.



Chapter 2

Background

This chapter contains a brief summary of reinforcement learning techniques in the

literature, including methods for dealing with time delays in an agent’s reinforcement

signal.

2.1 What is Reinforcement Learning?

Reinforcement learning (RL) encompasses the set of optimization problems where an

agent must learn to behave appropriately through trial-and-error in an incompletely-

known environment [17]. Approaches to solve these problems typically have the agent

explore a space of possible strategies and receive feedback based on the decisions it

makes. The agent then uses this feedback to create a useful policy, or perhaps even

an optimal policy [2,3]. RL techniques are based on how animals (including humans)

learn, which means behaving in such a way as to seek rewards and avoid punishments.

For example, consider a man playing Chess. With reference to Figure 2.1, the man

is the agent and the Chess board is the environment. The arrangement of the pieces

on the board represents the state of the game. Each turn, the man considers the

state of the game and decides which move to make. In RL, his move would be called

an action. If he is to win, the man must generate a strategy to map game states to

7
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useful actions so that he can capture enemy pieces, and eventually, the enemy king.

The mapping of states to actions is called a policy in RL. After each action, the game

proceeds to a new state because the pieces have moved. Some moves are useful and

others are not. If his action was a good one, he may capture an opponent’s piece. If

not, the action may have led him into his opponent’s trap. Over time, the man is able

to learn to improve at the game of chess by trying different strategies and observing

the outcomes of the games and the individual plays. This observation of the results

of actions is what we call feedback. For example, if the game proceeds to a point

where the man has checkmated his opponent, then the feedback from this state is

very valuable because the game is won. On the other hand, a game state that causes

the man to lose his queen is a very negative event. In Chess, an RL agent would

aim to learn how to win by trying different actions and strategies. The agent would

keep track of the feedback it received while performing different strategies, perhaps

in a table or some other representation. Over time, the RL agent would use what

it has learned in the past to play better and better, until eventually, it has learned

intelligent moves for many situations.

RL is closely tied to other domains, like the theory of optimal control, dynamic

programming, stochastic programming, and optimal stopping. Whereas optimal con-

trol seeks to optimize a cost function based on a precise model of the system to be

controlled, RL differs in that it does not assume to have perfect knowledge of a model

for the system. This is an advantage in applications where it is difficult to produce a

precise model or approximations must be made. RL can function even if it only has

data received from its interactions with the environment [2].

RL is related to dynamic programming because both seek to divide and conquer

complex problems. RL techniques define problems in terms of state and action spaces,

as in the Chess example. These notions allow the problem of how to learn about the

environment to be broken down into small steps which are taken many times. For
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Figure 2.1: The general reinforcement learning model

example, Chess is a very complex game, but it can be simplified by considering one

move at a time and making assumptions about all of the moves thereafter. This allows

the RL agent to solve a simple problem of what to do immediately, as in dynamic

programming, rather than having to brute-force a full-game strategy before the match

has begun.

RL techniques attempt to estimate the value of performing an action in some

given state. For example, an RL agent would try to assess the value of taking the

queen, given that the board is in a particular state. RL is related to stochastic

programming because these valuations are estimates. Estimates should be considered

stochastic because they may be based on future uncertainty. Even if the man captures

a knight in Chess while the game is in a particular state, different opponents may

respond differently to his action. The reward for having taken that action is therefore

stochastic in nature.

In a way, RL agents are trying to solve optimal stopping problems. The theory of

optimal stopping addresses the problem of when to perform some action to maximize

future expected reward or minimize future expected cost. This optimization is most
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readily thought of financially. Business must make decisions which maximize future

earnings and minimize future costs.

There are two main groups of algorithms which seek to solve RL problems. The

first group involves exploring a set of behaviours to find one which is well-suited to

the agent’s environment. Some examples of these techniques are genetic algorithms,

genetic programming, simulated annealing, and multi-agent neural nets [18–20]. The

second group exploits statistical techniques and dynamic programming (DP) to in-

crementally estimate the value of certain actions when the agent finds itself in various

states in its environment. The novel algorithm proposed in this thesis is of the second

variety.

In either case, the algorithm must have some measure of performance that it can

learn from. For example, in the genetic algorithm, solution candidates receive a fitness

score. Similarly, in dynamic programming techniques, there is usually a reward or

punishment signal (called a reinforcement signal) which gives information about the

quality or usefulness of a relevant action or outcome. Note that in these two examples,

the fitness scores or rewards can be used to compare the solutions to one another,

but they do not provide any information about the optimal solution. The agent can

only know if it has improved or not, but it does not know the perfect answer. This

means that the designer does not necessarily need to know what the perfect answer

is either.

2.1.1 RL compared to other forms of learning

It is useful to understand how RL differs from other forms of machine learning. In

supervised learning methods, the designer must present data to demonstrate correct

choices in different situations [2]. These may be correct input/output pairs, such as

in an artificial neural network, or even a demonstration of a useful strategy, such as in

learning from demonstration [21]. In many of these probably-approximately-correct
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(PAC) approaches there is a period of training where the agent may make mistakes

as it discerns patterns from its data and then there is a period of testing where its

performance is evaluated against an independent data set to gauge how well the agent

has generalized [22]. The PAC framework is so named because the agent seeks to do

as well as possible during testing, but generalization is rarely perfect.

RL methods are unsupervised methods which means that they do not require

correct input/output pairs during learning. In other words, when the agent performs

an action it is not told what the ‘best’ action would have been. RL actions are

evaluated by a reinforcement signal, but nothing more. An unsupervised method is

so named because the agent can be thought of as having no supervision. There is no

supervisor to tell the agent what it should have done. Instead, the agent must look at

the result of its behaviour. In contrast, in a supervised method, the agent has a kind

of supervisor to tell it what the optimal action should have been in every situation.

Thus, the supervised agent can measure how right or wrong it was compared to the

optimal, while the unsupervised agent can only measure its performance relative to

its own past performance. As a result, the agent must be able to learn to find the

best actions from the feedback it receives from its many suboptimal actions during

learning. Because unsupervised agents cannot compare to the optimal, they must

continuously explore in hopes of reaching an optimal policy or in some cases, a PAC

policy. In the latter case, we are satisfied with a policy which is ε-close to optimal

with probability 1−δ [23]. These parameters are necessary to specify because without

knowledge of the optimal, it is possible for an unsupervised agent to become convinced

that it has found the optimal only because it is the best policy so far, not because it

is truly optimal.
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2.1.2 How does Reinforcement Learning Work?

In RL, an agent’s goal is to maximize the reward it receives over some period of time.

In classical RL, problems are often modelled as Markov Decision Processes (MDPs).

These are defined by a state set S and an action set A. The decision maker can

perform an action a ∈ A to move from state s ∈ S to state s′ ∈ S with probability

P (s, a, s′). Finally, actions in A can incur rewards from the reward set R(s, a, s′).

We can express these MDPs as a 4-tuple (S,A, P (s, a, s′), R(s, a, s′)) [2, 3]. In the

Chess example, the state-space S refers to the huge number of possible arrangements

of pieces on the board. Any particular arrangement is the current state s. After a

player makes a move a from the set of possible moves A, the state changes to s′, a

new arrangement which is still in the set S. The reward or value for making a move

depends on how the board was arranged before the move, what the move was, and

how the board looks afterwards, so the reward is a function of (s, a, s′).

A finite MDP can be described by a 5-tuple (S,A, P,R, γ) where γ is an added

discount factor. The discount factor is introduced so that immediate rewards are

some amount more valuable than future rewards in the same way that money today

is preferable to an equal amount of money tomorrow. A discount factor closer to one

makes the agent far-sighted, while a discount factor close to zero makes the agent

short-sighted. In this way, the discount factor can be used to give the agent some

personality.

The state transitions in an MDP can be said to have the Markov property, which

means that only the current state s is needed to inform the policy. In Chess, this can

be interpreted to mean that our strategy at any point of the game depends only on the

current arrangement of the board. Past arrangements are not important. When we

introduce reward delays into the system, knowledge of the current state s is no longer

sufficient because we cannot be certain as to which past state caused the rewards. If
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a dog receives a treat five minutes after it performs the corresponding trick, the dog

must be able to remember up to five minutes in the past to be able to properly learn

from the reward. If not, the credit for the treat will be assigned to something else

which was not the real cause.

2.1.3 Methods of Reinforcement Learning

Value functions are one set of RL methods. This approach uses the Bellman Prin-

ciple of Optimality. Regardless of the agent’s initial state s and action a, all further

decisions must be optimal from the state s′ which resulted from state-action pair

(s, a). Value function approaches refer to the value of a state V (s) or to the value of

a state-action pair Q(s, a). This can be thought of as the value of being in s or the

value of being in s and performing action a, respectively. The notion is useful because

it respects the Markov property, meaning that the agent can act while considering

only its current state [2].

In the game of Chess, V (s) would refer to the value of being in the game state s.

For example, a state where we were about to take the opponent’s queen would be a

valuable one, but if we were about to lose our queen, the state would be undesirable.

Either way, the value assumes that we are going to act optimally after being in such

a position. If we know the value of all states of the game, we will always make moves

that will place us in the most valuable following state s′. Similarly, Q(s, a) would

refer to the value of being in state s and making move a and then acting optimally

thereafter. This is the value of choosing to take the queen or lose our queen when in

a board arrangement where this is possible. After the action is taken, we only choose

the most valuable actions from then on.

When the value of a state-action pair Q(s, a) is known, the agent can easily select

the most valuable action a∗ from a set of actions which are possible in state s by

finding the maximum value. It has been shown that if an agent always selects the
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most valuable action a∗ it will lead to an optimal, deterministic policy [2]. This means

that the agent will have maximized its future rewards.

In discrete problems Q is often represented as a lookup table. Consider the simple

example in Table 2.1 where the possible states are sunny and rainy and the possible

actions are drive or bike. In this example, if it is sunny, we will prefer to bike because

Q(Sunny,Bike) > Q(Sunny,Drive). If it is rainy outside, we will choose to drive

because Q(Rainy,Drive) > Q(Rainy,Bike). Once an accurate Q-table is generated,

the agent can easily make decisions by comparing values based on the observed state.

Table 2.1: Simple Q-table - Rain or Shine

Actions

States Drive Bike

Sunny 2 5

Rainy 1 -3

In continuous spaces function approximation is used to avoid a dimensionally com-

plex discrete space [2]. This means that instead of having a look-up table, as in Table

2.1, we would have a function which depends on the state and action values. In this

thesis, we have chosen an application which can be discretized so that the focus can

be on the novel learning algorithm rather than the choice of function approximator.

There are three main sets of RL algorithms which all aim to estimate the true value

of the environment. The true value can be thought of as a point which we hope that

the algorithm will converge to. We denote them as either V ∗(s) or Q∗(s, a). The three

algorithm sets are called dynamic programming-based optimal control approaches,

rollout-based Monte Carlo methods, and temporal difference methods [2].

Dynamic programming methods need models of the transition probabilities

P (s, a, s′) and the reward function in order to calculate the value function. These
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methods seek to solve many simpler subproblems of the main problem and then com-

bine these results to form a model and solution for the main problem. Models may

be learned either through policy iteration or value iteration and need not be provided

beforehand.

To reach an optimal policy and learn the value function, the dynamic programming

methods begin with an arbitrary policy, (1) evaluate the current policy, and then (2)

improve it. These two steps are repeated until the value function converges. The

value function then represents the true value of the states or state-action pairs and the

agent can make decisions with confidence, assuming that the underlying environment

has not changed during learning (e.g. that the Chess board and rules of Chess are

stationary) [2]. An example of dynamic programming is an inefficient algorithm to

calculate the nth term of the Fibonacci sequence F (n). Such an algorithm would

recursively calculate F (n) by calculating F (n− 1) + F (n− 2), which would have to

calculate the additional values of F (n − 3) and F (n − 4), and so on until reaching

F (1) and F (0). The bigger problem of calculating F (5) is thus broken down into

several smaller problems.

Monte Carlo methods are different in that they estimate the value function by

sampling the environment. An advantage of Monte Carlo techniques is that they

do not require an explicit transition function. The current policy is tested on the

environment and the rates of different transitions are recorded and then these are

used in the estimation of the value function [2]. As the number of samples increases,

the Monte Carlo method’s model better approximates the environment.

Temporal difference methods sample the environment and employ differences be-

tween old estimates and new estimates of the value function, which is called the

temporal error. An advantage of these approaches is that they need not wait until

the end of an episode to have an available estimate of the agent’s return, unlike in



16

Monte Carlo methods. Instead, they await only the following time step. The distinc-

tion is important because the ‘end’ of an ongoing task may be difficult to define [24].

Temporal difference methods combine ideas from Monte Carlo and dynamic program-

ming methods in that they sample the environment according to a policy but also

update estimates using past estimates. The novel algorithm proposed in this thesis

is an extension of existing temporal difference methods.

Sutton introduced TD(λ) algorithms which are examples of temporal difference

methods. The λ in this algorithm differs from the λ to be used in the remainder of

this thesis. These algorithms iteratively estimate the values of states V (s) as:

Vk+1(s) = Vk(s) + α(r + γVk(s
′)− Vk(s))e(s) (2.1)

where r is the reward, e(s) is the eligibility of state s, V (s) is the value of the current

state, V (s′) is the value of the next state s′, γ is a discount factor, 0 ≤ α ≤ 1 is the

learning rate, and 0 ≤ λ ≤ 1 is the trace decay parameter where:

e(s) =
t∑

k=1

(λγ)t−kδs,sk ,where δs,sk =


1 if s = sk

0 otherwise

In this way, states are assigned eligibility for credit for a reinforcement based on

how frequently and recently they were visited in the past. TD(0) is a special case

where eligibility traces are not used. A state which has been visited very recently and

frequently in the past will receive a higher eligibility. Consider the Chess example.

If a player captures the queen, then the board arrangement (state) that allowed him

to make the capture should receive the credit. However, the previous states that

led to the current state are also important for the play. Instead of assigning credit

for the reward to the current state alone, we can assign credit into the past as well.
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If λ = 0.9 it means that we give full credit to the current state, 90% credit to the

previous state, λ2 = 81% credit to the state before that, and so on. States that were

part of the ‘team’ that led to the reward are all eligible for credit. As a result, a

sequence of historical states all become more valuable to the agent. In some cases,

these eligibility traces can quicken convergence [25,26].

Watkins’ Q-learning is a natural extension of the TD(0) algorithm [27,28]. It can

also be extended to include a form of eligibility traces, as in TD(λ) [29]. Q-learning

differs from TD(λ) in that it seeks to evaluate state-actions pairs Q(s, a) rather than

just states themselves V (s). The Q-learning algorithm updates its estimates as:

Qk+1(s, a) = Qk(s, a)

+ α[r + γmax
a
Qk(s

′, a)−Qk(s, a)] (2.2)

The form of Equation (2.2) is very similar to that of TD(λ) in Equation (2.1).

The main difference is that instead of using only the value of the next state V (s′),

Q-learning uses the value of the best action for state s′, that is, the maximum value

for s′.

This thesis uses an expanded version of Q-learning to handle stochastically time-

delayed rewards. To that end, we seek to expand Q-learning to include a delay-

estimate dimension so that the algorithm can gauge the value of state-action-delay

triplets. Q-learning is described further in detail in Chapter 3.

Because unsupervised algorithms are not presented with optimal answers, a major

concern in RL problems is how an agent should balance exploration and exploitation.

The more an agent explores its environment, the more likely it is to find the best

sources of reinforcement. However, when an agent chooses to explore new behaviours,

it must accept that it will not receive reinforcement for exploiting its best-so-far
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behaviours. Explore too much and many actions will be of low quality. Explore too

little and many better possibilities will remain unknown. To maximize reinforcement

in the long-term, the agent must have a smart procedure for balancing exploration

and exploitation. There are several common techniques.

The first technique is a greedy strategy. In this strategy, the agent always selects

the action which it expects to be the most valuable. A drawback of this method is

that the agent is prone to becoming trapped in exploiting a suboptimal behaviour

because it does not explore and never learns of the existence of superior behaviours.

A modification to the greedy strategy is to instil optimism in the agent. To do so,

we initialize the agent with artificially high prior expectations about its environment.

As a result, the agent is repeatedly disappointed by its choice of behaviour which

causes it to explore and try new ones, optimistically expecting them to be better. The

more optimistic the agent, the lower the chance of insufficient exploration. For exam-

ple, let us say that the weather is sunny and the agent chooses to drive. The agent

discovers that the value of doing this is 2. If we had initialized the Q-table to zero (not

optimistic), and the agent acts greedily, then Q(Sunny,Drive) > Q(Sunny,Bike)

even though the true value of biking is higher for the sunny state. When it is sunny,

the agent is now stuck in a sub-optimal behaviour of driving while sunny because it

has never tried biking when it is sunny. Now, instead, consider an initialized Q-table

as in Table 2.2. Even if we determine that driving while sunny has a value of 2, we

still optimistically expect that biking will be better. If we act greedily, we will try

biking because we have not tried it yet and are optimistic about it. We may find that

it is better or worse, but at least now we have more information about the different

actions. Now that both actions are explored, we can greedily choose the best action

when it is sunny. This technique has been widely used in [30].

Another method to encourage exploration is called ε-Greedy exploration. In this

strategy, the agent acts randomly with probability ε. Otherwise, it acts greedily.
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Table 2.2: Optimistic Q-values

Actions

States Drive Bike

Sunny 10 10

Rainy 10 10

Table 2.3: True Q-values

Actions

States Drive Bike

Sunny 2 5

Rainy 1 -3

This may encourage us to try to bike for example, even if we currently think that it

is better to drive. For example, we may set ε = 0.05, which means that the agent

will choose actions randomly 5% of the time. It is not necessary to keep ε constant.

Sometimes, it can be beneficial to decrease epsilon as learning progresses. Intuitively,

the agent should explore more when it is in an unfamiliar domain and explore less

as it has learned more about the environment. This parallels the way that humans

learn. Small children and teenagers are often much more curious (and reckless) than

older people. We can tune the ε value to give some personality to the learning agent.

Simulations and experiments in this thesis use optimistic exploration combined with

ε-Greedy exploration.

There are more complicated and intelligent methods for exploring too. In addition

to using the expectation of value represented in the Q-table, the agent may include

additional statistics in its decision. For example, the agent may calculate a value-

variance for its potential decisions and select its behaviour based on some confidence

measure. In this way, it can explore in a way that increases its confidence about

its expectations in the environment [17]. In terms of our example, if we have tried
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driving when it is raining many times, the variance of our estimate of its value will

be relatively lower than that of biking if we have rarely biked while raining. We may

force the agent to choose higher variance (lower certainty) actions to improve our

estimates for those possibilities and encourage exploration. This technique allows the

agent to minimize the uncertainty of its Q-table.

2.1.4 Generalizing in large environments

In more complex problems, it may become necessary to generalize the state-space

when the resulting table would be too massive. In these cases, there are preferable

methods to represent the environment instead of a table, as is often done in Q-learning

or TD(λ). For example, Tesauro used backpropagation as a function approximator

for the value of the myriad states in backgammon [31]. There are many other function

approximator techniques which might be used to estimate the value function when

the number of states is very high or the problem is continuous. Decision trees [32]

and variable resolution dynamic programming [33] are just two examples of such

techniques. These techniques can permit the designer to abstract the state-space

into something more manageable or intuitive. For example, in Chess, instead of

representing every possible board combination as a separate state, we may group

similar board arrangements into sets to reduce the number of possible states. We

might also invent some function which measures the opportunity or risk of the current

board arrangement and have that as a state in the problem. In this situation, the

agent might learn to behave aggressively when the board is full of opportunity and

conservatively when the board is full of risk without having to enumerate tremendous

number of possible board combinations.

Similarly, it can also be useful to generalize about large action space. Some works

in the literature employ neural networks to map action-sets to Q-values [34,35]. The

neural networks classify actions so that we need only map states to the smaller number
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of classes of actions, rather than the many actions themselves. In other work, some

have used the Fourier basis for similar purposes [36]. Action space generalization can

be thought of like abstraction in programming. Instead of working with individual

assembly instructions, it can be perfectly suitable in many applications to consider

C instructions, which are sets of many assembly instructions. In this way, the agent

(or the programmer in programming) does not need to worry about as many small

details or possibilities. Instead, the agent can consider a smaller number of sets of

actions or even a function representing some continuous action, like a voltage level.

In many sports, these sets of actions are called plays. It is easier for humans to

learn about plays rather than learn all the actions within the plays. The drawback is

that whenever an agent is given an action space that is a generalization, it must by

definition exclude some specifics which may or may not be useful. For example, if the

game of Chess is abstracted so that the state of the game is represented by classes

of board arrangements, then some information about the actual board arrangement

must be lost. We can only hope that the lost information was unimportant.

The choice of function approximator for generalization is important. Sutton rec-

ommended the use of sparse-coarse-coded function approximators (CMACs) [26] be-

cause other global function approximators were found to void the guarantee that value

function updates would never increase error [37]. The careful selection of function

approximator can guarantee convergence, but not always optimal convergence [38].

To avoid these concerns, we use a table representation in the simulations and exper-

iments contained in this thesis so that the focus remains on the novel algorithm and

not on the choice of function approximator.

If generalization is not appropriate, some large state spaces can be dealt with

hierarchically. In this way, they are broken into several smaller learning problems to

increase computational efficiency. Some techniques use a gating function to choose

between available behaviours, each of which maps environment states into low-level
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actions [39,40]. For example, we might implement a subsumption architecture into a

Chess-playing agent to make a hierarchy of behaviours. At a lower level, the agent

would avoid situations where its own valuable pieces are placed in immediate danger,

while at a higher level, the agent might seek ways to trap its opponent, using the

lower-level ability to avoid danger to itself.

Finally, as is done in this thesis, we may instead choose to discretize the space to

make it more manageable, while still facilitating rapid learning and quality perfor-

mance. In some applications, it may be necessary to specifically discretize by hand,

as in [41,42]. In others, the discretization may be created in the form of meta-actions

which are intelligent combinations of more basic actions [43] or may be learned from

data [44] itself. As an example, Chapter 5 details how the line-following problem used

in this thesis is discretized.

2.2 Challenges of Robotics Applications

This thesis will use robotics applications to evaluate RL techniques. This is a par-

ticularly challenging application area for several reasons and, as a result, provides

a robust test bed for algorithms. First, it can be difficult or expensive to provide

real-world experience to a RL robot because of the need for repair, manual resets

and slow execution speed of each episode. For example, a flying robot may routinely

crash during learning and incur costly repair bills [2]. In the case of our line-following

robot, manual resets are required during training when the robot loses sight of its

track for too long.

2.2.1 Simulated-Policy Transfer

Simulations may be used instead, but because many robotic applications take place in

continuous spaces, we must decide an appropriate resolution at which to discretize the
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problem. As well, simulation modelling errors may doom the simulation to succeed.

This is to say that the simulation may be too simple or unrealistic in ways that are

difficult to notice, but which allow the simulated robot to perform well when in reality,

the robot will fail. To make matters worse, robotic systems are often cursed with high

dimensionality and real-world samples can be fraught with noise and errors, which

may make it more difficult for an agent to measure its state or accurately judge its

rewards. Even if a robot is able to construct a useful policy, the policy may become

inadequate over time if the dynamics of the robot change due to environmental factors

or wear. The transfer of simulation-learned policies to real-world test beds can be

problematic in applications where instability is more likely, such as in a pole-balancing

robot [2]. These factors combine to make robotic applications robust test beds for

algorithms.

2.2.2 Reward Function Design

It can also be problematic to design an appropriate reward function to encourage

the desired behaviour, although this is usually simpler than explicitly programming a

behaviour [2]. It is important to design a reward that leads to success but also defines

elegance for the task. For example, we may want an agent to succeed at the game of

Chess, but a binary win/lose reward function would provide sparse information for

learning. Instead, we would like the agent to be able to learn about the most elegant

ways to win. The agent can be imbued with a notion of elegance through well-designed

reward functions (reward-shaping) [45] or through inverse reinforcement learning, a

technique which crafts a reward function after examining expert demonstrations of

the task to be learned [46]. For example, we might design a reward function for Chess

based on the strategies of a master Chess player.
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2.3 Delays

Real-world robotic systems can encounter delays. These delays can be present in

their sensors or in the case of robotic swarms, the delay may results from commu-

nications between members of the swarm. When these delays interfere with the RL

agent’s learning, the problem can become difficult. In particular, variable time delays

can make it difficult for the robot to decide which actions were responsible for the

reinforcements which it has received. Learning will fail if noise and lag cause bad

behaviours to be inadvertently rewarded and good behaviours to be punished. Time

delays may be constant or variable and they are the focus of this thesis.

2.3.1 Constant delay

There is work in the literature which addresses the problem of constantly delayed

reinforcements. It has been shown that such a problem can be reduced to an undelayed

problem by expanding the state space of the MDP [15,47]. In other words, the agent

must remember enough of its past actions to be able to assign responsibility despite

the time delay. For example, assume that a dog performs tricks, but does not receive

a treat until a time delay of five minutes has elapsed. Instead of storing only the

dog’s current state, we might remember the entire last five minutes of the dog’s state.

The additional memory would ensure that the treat can be properly assigned to the

trick which earned it. With the state-space augmented in this way, the problem can

be treated as an undelayed one.

In the general delay case, we can imagine a finite MDP where there is a state

observation delay sd, an action delay ad, and a reward delay rd [47]. Let us define

this finite MDP as an 8-tuple (S,A, P,R, sd, ad, rd, γ) where sd, ad, rd ≥ 0 are integers

which represent the number of time steps that the state observations, actions and

rewards are delayed. In other words, we cannot observe which state we have moved
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Figure 2.2: The general reinforcement learning model with reward delay

to for sd time steps, we cannot perform the action a until ad time-steps have elapsed,

and all rewards are delayed rd time steps after they were caused.

In this thesis, we will focus on the case where only a reward delay rd is present.

In the constant delay case, if we assume that sd = ad = 0 and rd 6= 0, then we

can model the problem as a constant-delayed MDP (CDMDP) which is defined by a

6-tuple (S,A, P,R, γ, rd) where rd ≥ 0 is an integer which is introduced to represent

the number of time steps between when the agent was in state s and when it received

reward r for having performed action a while in state s, rd time steps ago. In the

special case of undelayed RL, rd = 0 means that rewards are received immediately

after they are caused [47].

To deal with this constant delay, if rd is known, we can assign credit for rewards

into the past, rather than assigning credit to the last state to be visited. In this way,

we shift the Markov property backwards in time to include the state at st−rd . The

result of this state-expansion is that the CDMDP can be reduced to an equivalent

MDP [47].
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2.3.2 Variable delay

There is also work in the literature dealing with variable time delay for states, actions,

and rewards, but it comes with some assumptions which we will seek to relax. If it is

assumed that the number of steps between successive reinforcements is a non-negative

random variable, and the costs are collected in the proper order, then it is also possible

to reduce this stochastic delayed MDP (SDMDP) to a standard undelayed MDP [15].

To reduce the problem in this fashion, it is necessary to assume that costs are collected

in the proper order. For example, the reward from (s1, a1) will certainly be collected

before the reward from (s2, a2). Because the order is respected, we can assign credit

for the rewards with certainty. For example, we move through state-action pairs

(s1, a1), (s2, a2), (s3, a3) and eventually receive rewards 5, 3, 9. We know that (s1, a1)

caused the reward of 5, (s2, a2) caused the reward of 3, and (s3, a3) caused the reward

of 9. A cost structure is made to keep track of the rewards which have been induced

but not yet received, and when they are detected, they are assigned properly and

removed from the cost structure.

In this thesis, we will relax the assumption that rewards arrive in the proper order,

meaning that rewards are permitted to arrive in random order or even overlap with

one another. In the case of overlapping, the rewards are summed and received as

one combined reward. In the case where a time step contains no reward, the agent

receives a reward of zero.

To extend the concept of a SDMDP, consider a variably delayed Markov decision

process (VDMDP) which is characterized by (S,A, P,R, γ, d) where d is a random

variable representing the number of time steps the reward is delayed away from its

cause. This delay may be described by a stochastic distribution. For example, d

may be Gaussian or Poissonian. For causality, assume that d ≥ 0. Without loss

of generality, in simulations and experiments in this thesis, we will assume that the
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delay is Poissonian. Finally, we assume that the agent will have no additional prior

knowledge of the time delay other than a maximum cut-off, i.e. d ≤ dmax.

Because we do not assume that the rewards will necessarily arrive in the proper

order, credit cannot be assigned properly with certainty. Instead, the agent must learn

about the delay itself and seek to assign credit correctly with the highest probability

attainable under the delay distribution.



Chapter 3

Problem Formulation

This chapter will describe the problem to be investigated and introduce the notation

which will be used in the remainder of this thesis. Next, we will present the general

solution and explain how it applies to the line-following robot application.

3.1 The Problem

We have a problem which can be modelled with a finite Markov Decision Process.

We represent the MDP with a 5-tuple (S,A, P,R, γ) where S is the set of states

within the environment, A is the set of actions the agent may choose, and P maps

S × A × S 7→ [0, 1] which is the probability that taking action a ∈ A while in state

s ∈ S will lead to state s′ ∈ S. R is defined as the reward signal which maps

(S,A) 7→ R and γ is the discount factor to be applied to future rewards. Our goal is

to allow an agent to develop a control policy which will perform well by some measure

suitable to the application.

To illustrate these ideas, imagine a casino. There are many games at the casino

which a gambler might choose to play. We can consider the gambler’s current game

to be the state. Each game has several actions the gambler can choose. Depending

on the game and the action chosen, (s, a), he will receive a random reward. The

28
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average reward he can expect to receive from each action in each game differs. Over

time, if the gambler had enough money to lose, it would be possible to find patterns

and determine which game had the best payout, or lowest rate of loss in the case

of a casino! Slot machines are a very simple example of a possible game, where the

gambler merely pulls the handle and hopes for the best. On the other hand, a game

like poker is more complex in terms of its state and action spaces. Fundamentally,

the gambler is trying to generate a model of the casino, which, in general, is called

the environment. If the casino can be explored fully and all games are thoroughly

tested, then the gambler can create an optimal policy. In other words, the gambler

can learn which games to play to maximize his expected profit. In this case, we hope

that the gambler would learn to leave the casino!

3.1.1 Reinforcement Learning

Given that our goal is to model the environment accurately enough to be able to

produce a control policy, we must select a technique to do so. One possibility is that

we may use reinforcement learning (RL) to allow the agent to produce the control

policy π : S 7→ A as it explores the environment. This policy maps the states to

appropriate actions so as to maximize a value function, which is the expectation of

future cumulative discounted rewards, given by:

V π(s) = R(s) + γ
∑
s′

P (s, π(s), s′)V π(s′) (3.1)

where 0 < γ < 1. This can be thought of as the expected utility of being in state s and

following policy π(s) thereafter [47]. In the context of the casino, this equation can be

interpreted to mean that the value of playing a particular game s is estimated as the

immediate payout (reward) plus the estimated value of continuing to play that game

afterwards, discounted by some factor γ. If the discount factor is set to zero, then
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the gambler does not consider the future, he only considers the immediate payout. If

the discount factor is closer to one, then the future becomes more important to the

gambler.

In some applications, performing an action a in state s moves the agent to a

different state s′. In the casino example, playing one game does not somehow force

the gambler to change to a different game. The gambler may play the same game

indefinitely or switch games at will. In any case, the expected future value of a state

depends on the probability of the agent actually reaching it. This is the meaning of

the summation term.

In a casino, the reward scheme is already present in the rules of the games. How-

ever, in most applications, we must design the reward scheme in accordance with

the goals of the application. For example, the rules of the casino are designed so as

to make all gamblers lose money over time, but not too quickly, or else they would

become frustrated and refuse to play. If a reward function focused on profit, the op-

timal policy would be to stay home. Instead, if a reward function focused on fun, the

optimal policy would be different. In this way, the reward function is similar to the

values of a human. Humans with different values behave differently from one another

in the same situation. If we want an agent to behave a certain way, then we must

imbue it with the proper values.

Now that we have defined the type of problem to be solved, we will use Q-learning

to allow the agent to explore the environment and to learn over time. Q-learning is

an example of an RL algorithm which could be used to solve the RL problem. In

tabular Q-learning, the agent updates a table Q with entries Q(s, a). When the agent

transitions from state s at time t to new state s′ at time (t+ 1), having taken action
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a at time t, the table is updated according to:

Qk+1(s, a) = Qk(s, a)

+ α[rt + γmax
a
Qk(s

′, a)−Qk(s, a)] (3.2)

where 0 ≤ α < 1 is a learning rate and rt is a reward [3]. The learning rate determines

how important new information is to the estimate. A small value means that the new

information will change the estimate only slightly, while a high value will alter it

a great deal. This algorithm is known to converge if we assume that rewards are

bounded |rt| ≤ R, and the learning rate is restricted such that 0 ≤ α < 1 and
∞∑
i=1

αi(s,a) =∞,
∞∑
i=1

[αi(s,a)]
2 <∞,∀s, a [28].

The intuitive meaning of a Q-value is different from that in Equation (3.1). The

Q-table has an extra dimension to consider. Instead of referring to the estimated

value of a state, we refer to the estimated value of performing an action a in a state s.

For example, this means that instead of referring to the value of the game Roulette

itself, we can refer to the value of performing different actions on the Roulette table,

as seen in Figure 3.1. One possible action would be to bet on even numbers. In

Roulette, the outcome is random so we expect to have nearly 50% chance of winning

(not 50% because of the zero and double-zero). The payout (reward) for this action

is 1 to 1, meaning that we would receive a payout equal to the wager, in case of

success, and nothing, in case of failure. As the Q-table is updated, it learns the value

of wagering on even and converges to the true value of doing so, which we expect to

be worse than the value of staying home.

3.1.2 Introducing Variable Delays

In general, we cannot assume that the agent will receive rewards immediately after

performing an action. Instead, let us consider that all rewards are delayed by a
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Figure 3.1: A Roulette table

random number of time steps d : Pois(λ) where:

Pois(d;λ) =
λd

d!
e−λ (3.3)

That is, d is Poisson distributed with expected value and variance λ. In this case,

if we use Q-learning without modification, we will be assigning credit to the wrong

state-action pairs with probability 1 − Pois(0;λ). Note that as λ grows, so does

the likelihood of error. In Roulette, this would mean that we would not receive our

payout until after d rounds had occurred. It would be difficult for us to know which

wager had caused which payout if we did not know about the statistics of the delay

beforehand. Figure 3.2 provides an example of the delay distribution when λ = 5.

The vertical axis of this plot represents the outcome of a numerical experiment and

is not a probability measure.
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Figure 3.2: Delay distribution when λ = 5
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3.2 Multiple Model Q-Learning

To address the situation where a variable delay is present in the reward signal, we

propose an algorithm called Multiple Model Q-learning. Since it is possible to use RL

to teach an agent about which states and actions are most valuable, it should also be

possible to use RL to teach the agent about the statistics of the reward delay so that

a valuable estimate of the delay can be determined.

Let λ̂ be an estimate of the true mean and variance λ. We seek to modify Q-

learning in a way that allows it to learn about the most valuable delay estimate λ̂,

which may tend towards the true value of λ.

To implement this idea, we will insert parallel Q-tables to be updated simulta-

neously. In Q-learning, the Q-table inherently assumes that the agent is receiving

its rewards immediately, i.e. that λ = 0. When λ can take on other values, we can

maintain parallel Q-tables which inherently assumes other possible values as well.

Theoretically, the Poisson distribution has no maximum value and so we must clip

it in practice to maintain a reasonable number of parallel Q-tables. To that end, let

λ̂max be the designer-estimated maximum feasible value of λ. We do not expect the

delay to be larger than this value. Even if it rarely exceeds this value, it will have

negligible impact on the algorithm. We will now add the new learning dimension to

the Q-table. Let us refer to entries in the new Q-table as:

Q(s, a, λ̂) (3.4)

where s is the state, a is the action, and 0 ≤ λ̂ ≤ λ̂max is the delay estimate. This new

definition will allow the agent to do hypothesis testing as inspired by multiple-model

control [48]. This means that the agent will consider several estimates of the delay

simultaneously and automatically switch to the estimate which is most useful in every

iteration.
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Thus, the action-space is augmented with a set of delay estimates, Λ, which con-

tains |Λ| = λ̂max + 1 estimates for the mean reward time delay, increasing the size

of the action-space to A × |Λ|. This assumes that we use an estimate resolution of

one time-step, which is arbitrary. For each state, the agent must now select both an

action and a delay estimate. The parallel Q-tables can be visualized as in Figure 3.3.

In each time step, a candidate model is selected and its Q-table is made active for de-

cision making during that time step. The dashed lines indicate inactive models which

are still updated based on decisions made by the active model. In short, the active

table drives behaviour, but inactive tables are still updated based on this behaviour.

Consider again the Roulette table of Figure 3.1. The gambler does not know about

the statistics of the payout delay beforehand. Upon making a wager, the gambler must

wait a mean of λ rounds to receive the outcome of that wager. If he nevertheless places

wagers each round, he will have a delayed stream of outcomes queued to arrive in

the future. They may arrive out of order or even overlap. Consider the example in

Table 3.1. Wagers #1 and #3 have their outcomes overlap when received in round

#3. Also, the result of wager #2 is not known until after the result of wager #3 is

already received. We must develop a strategy to assign the payouts to the proper

wagers, otherwise our estimates Q(s, a) will be fraught with problems because they

are based on the false assumption that the payout is immediate.

Table 3.1: Roulette delay example

Outcome Win Lose Win Lose Lose Lose Win Win

Round Wagered 1 2 3 4 5 6 7 8

Delay 2 5 0 6 10 4 5 5

Round Received 3 7 3 10 15 10 12 13

First, to begin to learn about the delay, the agent selects the most valuable time
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Figure 3.3: Activation of a candidate model in multiple model Q-Learning
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delay estimate λ̂∗ where:

λ̂∗ = arg max
λ̂

Q(s, a, λ̂) (3.5)

and then assumes that this estimate is correct. Then, as is normal in Q-learning, the

agent selects the most valuable action according to:

a∗ = arg max
a
Q(s, a, λ̂∗) (3.6)

given that the agent is currently in state s under the assumption that λ = λ̂∗. The

agent then performs action a∗ and arrives at state s′. A reward is produced, but the

agent will not receive this reward until the stochastic delay has elapsed.

During this time step t, a reward is received which may be the sum of several

rewards (caused by several actions), a single reward (caused by one action) or no

rewards at all (a reward of zero). Overlap is possible as a result of the relaxation of

the assumption that the rewards are delivered in proper order. For example, a reward

may be delayed by six time steps and then the next reward is delayed by five time

steps. In five time steps, the agent would receive the sum of the two rewards.

Since we do not know the true value of the mean delay, we assign credit according

to all estimates simultaneously. To do so, the agent cycles through all |Λ| estimate

models and assigns the reward at time step t to the state-action pair at time step

t− λ̂ such that:

Qk+1(st−λ̂, at−λ̂, λ̂) = Qk(st−λ̂, at−λ̂, λ̂)

+ α

[
rt + γmax

λ̂,a
Qk(s

′
t−λ̂, a, λ̂)

]
− α

[
Qk(st−λ̂, at−λ̂, λ̂)

]
(3.7)
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where λ̂ is the λ̂th model of |Λ| total models. To summarize, the agent acts according

to the best delay estimate, but updates all delay estimates based on the outcome.

Each update is independent and so these computations can be done in parallel to

speed up the algorithm. In this way, the agent repeatedly evaluates |Λ| different

estimates at once even though it cannot act according to them all simultaneously.

The agent then chooses the next best candidate estimate model λ̂∗ and the cycle

continues until sufficient exploration of the environment is achieved. For example,

when the agent is updating Q(s, a, 2), it is inherently assuming that the delay is

equal to two time steps. All credit is thus assigned to the state-action pair two time

steps in the past because if the delay is actually two time steps, then this state-action

pair must be the cause.

Over time, some estimates will prove to be much more valuable than others. This

is because for each value of λ̂, there is a Q-table Q(s, a). Each of these Q-tables

assumes that the reward delay is constant and equal to λ̂. In an undelayed case, it is

assumed that rewards arrive immediately and so credit can be assigned with certainty

to the proper cause. With a variable delay, it is no longer possible to assign credit

properly 100% of the time. Instead, we must settle for some mistakes and strive to

minimize the chance of them occurring because assigning credit under the assumption

that λ = λ̂ will only be correct a fraction of the time equal to:

Pois(λ̂;λ) =
λλ̂

λ̂!
e−λ (3.8)

We therefore attempt to assume a constant delay which minimizes the chance of

incorrect assignment. The Q-tables which assume poor delay estimates will produce

behaviour that is undesirable because the policy will be misinformed. Over time, this

low quality behaviour will cause the poor delay estimate to have a lower estimated

value. Eventually, when the value falls too low, a new estimate will be used to
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determine behaviour instead. This process continues until the delay estimates have

been sufficiently explored and the most valuable estimate has been found.

For example, if the mean delay is λ = 5, but we repeatedly place Roulette wagers

based on the assumption that the delay is a constant twelve time steps, then our

value estimates for different Roulette actions will be poorly informed and inaccurate.

Instead, if we select a delay estimate closer to five, we will be assigning the payouts to

the correct actions correctly more frequently, although we will still be incorrect some

fraction of the time. Thus, given the same amount of information, our policy will

never be as useful as the policy which could be created in the undelayed case, where

no assignment errors are made. However, we should expect to create a better policy

than Q-learning would if a delay is present because Q-learning does not have the

capability of adjusting its fundamental assumption that rewards arrive immediately.

We now understand how the delay estimates are treated, but how do we actually

select actions? When the agent acts, it must select an action from one of the parallel

Q-tables, as in Figure 3.3. To select an action, the agent must first choose an active

delay estimate λ̂, as described above. Then, the action is chosen from this Q-table

as is normally done in Q-learning. Once the agent has an active table, it behaves

as though this is the only table, although it still updates the inactive tables with

the results of its behaviour. Over time, different tables become active as the agent

explores the delay estimate space.

Algorithm 1 contains the full algorithm in pseudo-code. As discussed in Chapter

2, optimistic initialization and ε-greedy are techniques often used in Q-learning to

balance the exploration and exploitation of the environment.

Let us trace the algorithm using a simple Roulette example. Assume that a

gambler’s only options are to bet even or to bet on #13. We are only playing Roulette,

so the state is always the same. We can create a 1 × 2 Q-table to represent these

options. Assume also that we always wager $1. We begin by setting λ̂max = 2 because
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Algorithm 1 - Multiple Model Q-Learning

Set λ̂max

Initialize state-action memory of sufficient length
Initialize α, γ (e.g. α = 0.1, γ = 0.9)
Initialize Q(s, a, λ̂) arbitrarily (e.g. optimistic initialization)
for episode do

Initialize s
repeat

select λ̂∗ using policy from Q (e.g. ε-greedy)
select a∗ using policy from Q assuming λ̂∗ is correct (e.g. ε-greedy)
execute action a∗

observe rt and s′

for λ̂ from 0 to λ̂max do

Qk+1(st−λ̂, at−λ̂, λ̂)← (1− α)Qk(st−λ̂, at−λ̂, λ̂)

+ α

[
rt + γ max

λ̂,a
Qk(s

′
t−λ̂, a, λ̂)

]
end for
s← s′

until s is terminal or behaviour is acceptable
end for
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we are confident that the delay will never be larger than two. This allows for three

possible delay estimates, so our table has dimension 1 × 2 × 3. To assign credit two

steps into the past, we must have a memory of the current state and action, as is

normal in Q-learning, plus a memory of the previous two states and actions. We then

set typical values α = 0.1 and γ = 0.9. Next, we choose to initialize the Q-table

optimistically. We set all values to 50 because we think that this value is too high

and will encourage exploration.

Table 3.2: Initial Roulette Q-table

λ̂ = 0 λ̂ = 1 λ̂ = 2

Even 13 Even 13 Even 13

Roulette 50.00 50.00 50.00 50.00 50.00 50.00

Now we begin the first Roulette round. We randomly choose λ̂∗ = 1 because all

Q-values are set to 50, as in Table 3.2. Now we go to Q-table Q(s, a, 1) and select

an action ε-greedily. It is a tie, so we choose action one randomly. We place a $1

wager on even. The payout happens to be delayed by two time steps. Our immediate

payout is zero, because we do not know the result of our first wager yet. We update

the Q-table to be as Table 3.3. Only Q(s, a, 0) can be updated because previous

actions do not exist.

Table 3.3: Roulette Q-table after round 1

λ̂ = 0 λ̂ = 1 λ̂ = 2

Even 13 Even 13 Even 13

Roulette 49.50 50.00 50.00 50.00 50.00 50.00

The second Roulette round begins. Say that we end up with λ̂∗ = 1, a∗ = 2. We

place a bet on #13. The payout of this wager happens to be delayed by zero time

steps, and so we receive it immediately. We won and received a payout of $35. We

update the Q-table to be as Table 3.4.
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Table 3.4: Roulette Q-table after round 2

λ̂ = 0 λ̂ = 1 λ̂ = 2

Even 13 Even 13 Even 13

Roulette 49.50 53.00 53.00 50.00 50.00 50.00

For λ̂ = 0, we assign the payout to the wager on #13. For λ̂ = 1, we assign the

payout to the wager on even. We cannot update λ̂ = 2 yet because of insufficient

history. Notice that the update for λ̂ = 1 did not use the new max value (53)

generated by the update of λ̂ = 0. This is so that the calculations can be done in

parallel. If not done in parallel, the most up-to-date values can be used without

problem.

Round three begins. So far, the Q-table estimates that the best delay estimate is

either ˆλ = 0 or λ̂ = 1 because they contain actions with values of 53. Let us say that

the policy chooses λ̂∗ = 1, a = 1. We place a $1 wager on even because this is the

best action according to the Q-table with delay estimate λ̂∗. The outcome is delayed

by one time step. However, we receive the outcome from our round 1 wager. We lost,

and receive −$1. The Q-table is updated to be as Table 3.5.

Table 3.5: Roulette Q-table after round 3

λ̂ = 0 λ̂ = 1 λ̂ = 2

Even 13 Even 13 Even 13

Roulette 49.22 53.00 53.00 49.67 49.67 50.00

First, λ̂ = 0 is updated, which assumes that the round 3 wager on even caused the

present payout of −$1. Next, λ̂ = 1 is updated, which assumes that the round 2 wager

on #13 caused the current payout. Finally, λ̂ = 2 is updated, which assumes that the

round 1 wager on even caused the current payout. The update process continues like

this until the Q-table converges to reflect a best estimate of the value of the actions.

Of course, this would take many iterations.



Chapter 4

Theoretical Results

This section contains the theoretical results of this thesis which include a proof of

convergence for the multiple-model Q-learning algorithm.

4.1 Convergence

We will use a convergence theorem found in [16] to prove convergence for multiple

model Q-learning in similar fashion as has been done for Q-learning. In that work, the

author provided a more general proof of convergence for Q-learning, as was originally

shown to converge in [28]. Q-learning has also been shown to converge in [49]. The

present proof will show convergence in the stochastic sense because Q-learning is

inherently a stochastic approximation based on the expected value of state-action

pairs within a particular environment. To parallel the proof in [16], we will refer to

the minimization of costs instead of the maximization of rewards during the proof.

This is simply the dual problem.

To begin, we reiterate the model for the RL problem which is to be solved by the

multiple model Q-learning algorithm. Consider a Markov decision problem defined

on finite state space S. For every state s ∈ S, there is a finite set A(s) of possible

control actions and a set of nonnegative scalars pss′(a), a ∈ A(S), s′ ∈ S, such that

43
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s′∈S

pss′(a) = 1 for all a ∈ A(s). The scalar pss′(a) is interpreted as the probability

of a transition to s′, given that the current state is s and control a is applied. Also,

for every state s and control a, there is a random variable r(t) which represents the

one-stage cost at time step t, which may be caused by the overlap of any number of

past state-action pairs. This cost is then delayed by an amount d which is Poisson

distributed with mean and variance λ. We assume that the variance of r(t) is finite

for every s and a ∈ A(s). Finally, we maintain a current delay estimate λ̂ from the

set of delay estimates Λ.

In addition, let t be a discrete time variable which acts as an index for updates.

x(t) is the value of the vector x at time t and xi(t) is the ith component of x. We

represent the set of time indices at which xi is updated as T i. This implies that:

xi(t+ 1) = xi(t) t /∈ T i (4.1)

which means that the element i of vector x is unchanged at any time index not

contained in T i. For example, entry x1 may have been updated only at times t =

1, 3, 4, 7, ... during learning. It is therefore possible that some components of x have

been updated more recently than others. In other words, at time t, we may not have

relevant experience to update all entries at once. Only a single state-action pair is

used at any instant.

Next, we define a form for the update equation which facilitates learning:

xi = xi + αi(t)(Fi(x
i(t))− xi + wi) (4.2)

Note that αi(t) is a stepsize parameter in [0, 1], wi(t) is a noise term, and F (x) is

a mapping from Rn to itself. The value of αi(t) determines how important each

successive update is. A low value means that the value of xi(t) will change little,
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while a high value will cause the present update to have more impact. Thus, we can

control the relative impact of new experience. xi(t) represents a vector of components

of x, which may or may not be outdated. It can be expressed as:

xi(t) = [x1(τ i1(t)), ..., xn(τ in(t))], t ∈ T i, (4.3)

where each τ ij(t) is an index which is either a current or historical update index such

that 0 ≤ τ ij(t) ≤ t. For example, if t = 6, then we might have τ i1(6) = 4, which means

that we are using the old value of x1 from the update at t = 4, even if there was a

newer update at t = 5. This is all to illustrate that it is permissible to use outdated

information in the updates. A special case is when all τ ij(t) = t ∀ i, j, and t. In this

scenario, xi(t) = x(t), which means that the current values of x(t) are being used to

calculate Fi(x
i(t)). When this is true, the update equation only relies on the current

value of x(t) and need not remember any further past values to calculate x(t+ 1).

We aim to prove that the Q-table converges to a fixed point. That is, the entries

Qsλ̂a ∀ s, λ̂, s all converge to a final Q-table, Q∗. In this proof, we are using the

general vector x to refer to the information stored in what might be a Q-table. We

now introduce the theorem to be used for convergence, which states that there are

four necessary assumptions for an update equation of the proposed form to cause

convergence. We will then present these assumptions, before demonstrating that

they are satisfied by multiple model Q-learning.

Theorem If the following four assumptions are true, and if the algorithm updates

the vector x using the stochastic approximation structure xi = xi+α(Fi(x
i)−xi+wi),

then x(t) converges to x∗ with probability 1 [16].

The first assumption states that as our time index t approaches infinity, all time

indices used to generate xi(t) will also approach infinity. Although information can

be outdated, this means that any old information will eventually be replaced in the



46

update equation. In other words, there is some point where all old information will

cease to be used.

Assumption 1 For any i and j, lim
t→∞

τ ij(t) =∞, with probability 1.

The second assumption uses the notation F(t), referring to the history of the

algorithm up to just before x(t + 1) is computed. If something is said to be F(t)-

measurable, it means that it can be entirely determined by the history referred to

by F(t). The assumption defines the amount of history required to determine the

different parameters in the update equation and defines the statistics of the noise

term wi(t). The assumption implies that it is possible to decide whether to update

some component xi at time t based on the history up to that point. Later, we will

show how, point by point, multiple model Q-learning satisfies this assumption.

Assumption 2 Any random variables are defined within a probability space (Ω,F , P )

and there exists an increasing sequence [F(t)]∞t=0 of subfields of F such that:

a) x(0) is F(0)-measurable;

b) For every i and t, wi(t) is F(t+ 1)-measurable;

c) For every i, j, and t, αi(t) and τ ij(t) are

F(t)-measurable.

d) For every i and t, we have E[wi(t)|F(t)] = 0;

e) and there exist (deterministic) constants A and B such that

E[w2
i (t)] ≤ A+B max

j
max
τ≤t
|xj(τ)|2 ∀i, t

The third assumption is a standard stepsize condition for stochastic convergence.

It places restrictions on the choice of learning parameter. Typically, this parameter
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is set so that it decreases and tends to zero over time. This embodies the idea that

experience should be more important when the learning agent has less accumulated

knowledge and less important when the agent has become accustomed to the envi-

ronment. Intuitively, the value of α should never go to zero (learning should never

cease) but α must not be too large and should generally decrease over time, although

it is not necessary to decrease monotonically.

Assumption 3 For every s,

∞∑
t=0

αs(t) =∞, w.p.1. (4.4)

There exists some (deterministic) constant C such that for every s,

∞∑
t=0

α2
s(t) ≤ C, w.p.1. (4.5)

The final assumption places conditions on F , the choice of mapping. Later, we will

define F in terms of multiple model Q-learning. Basically, we are forcing F to be a

contraction mapping.

Assumption 4 Defining the norm || · ||v on Rn as

||x||v = max
i

|xi|
|vi|

(4.6)

there exists a vector x∗ ∈ Rn, a positive vector v, and a scalar γ ∈ [0, 1), such that

||F (x)− x∗||v ≤ γ||x− x∗||v ∀x ∈ Rn (4.7)

We begin by defining the dynamic programming operator T : R|S| 7→ R|S|, with

components Ts. Let
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Ts(V ) = min
λ̂∈Λ,a∈A(s)

(
E[r(sa)d ] + γ

∑
s′∈S

pss′(a)Vs′

)
(4.8)

where Vs is an estimate of the value of state s.

In general, it is known that if γ < 1, then T is a contraction with respect to the

norm || · ||∞, with V ∗ being its unique fixed point. E(r(sa)d) is the expected value of

cost generated by the state action pair (s, a) d time steps ago.

Remark 1 Multiple model Q-learning is a modification of Q-learning, which is itself

a modification of the Bellman equation V ∗ = T (V ∗) [16].

When costs are used instead of rewards, multiple model Q-learning updates according

to:

Qsλ̂a(t+ 1) = Qsλ̂a(t) + αsλ̂a(t)
[
r(sa)d

]
+ αsλ̂a(t)

[
γ min
λ̂′∈Λ,a′∈A(S(s,a))

Q(S(s,a),λ̂′,a′)(t)

]
− αsλ̂a(t) [Qsλ̂a(t)] (4.9)

where r(sa)d is the cost generated by the state-action pair which occurred at time step

(t− d). However, we are assuming that this cost was generated at time step (t− λ̂).

When we know that λ = 0, then d = 0, as is assumed in Q-learning, this update

equation becomes the special case:

Qsa(t+ 1) = Qsa(t) + αsa(t) [r(t)]

+ αsa(t)

[
γ min
a′∈A(S(s,a))

QS(s,a),a′(t)−Qsa(t)

]
(4.10)

where S(s, a) is a random successor state which is equal to s′ with probability pss′(a).
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This is the case where we can assign the costs with certainty because we know the

delay with certainty. When λ 6= 0, this will not be the case. Equation (4.10) has

already been shown to converge in [16]. We must extend the proof to prove the

convergence of Equation (4.9).

Theorem Qsλ̂a(t) converges to Q∗
sλ̂a

with probability 1.

Proof We must now show that multiple model Q-learning, defined by Equation (4.9),

takes on the form:

xi(t+ 1) = xi(t) + αi(t) (Fi(xi(t))− xi(t) + wi(t))

t ∈ T i (4.11)

where F is a mapping from Rn into itself with components Fi ≡ Fsλ̂a and that it

satisfies the four assumptions. The subscript sλ̂a is simply a more compact notation

for entry (s, λ̂, a) in the table. We first define:

Fsλ̂a(Q) = E[r(sa)d(t)] + γE

[
min

λ̂′∈Λ,a′∈A(S(s,a))
QS(s,a),λ̂′,a′

]
(4.12)

and because pss′(a) is the probability of moving from state s to successor state s′ after

having taken action a, we can write the expected minimum Q value by summing over

all possible successor states:

E

[
min

λ̂′∈Λ,a′∈A(S(s,a))
QS(s,a),λ̂′,a′

]
=
∑
s′∈S

pss′(a) min
λ̂′∈Λ,a′∈A(s′)

Qs′λ̂′a′

Now we have defined the mapping F . We have designed F in this way because

it must be a contraction mapping with fixed point Q∗. Note that if a vector Q∗ is
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a fixed point of the mapping F , i.e. F (Q∗) = Q∗, then the vector with components

Vs = min
λ̂∈Λ,a∈A(s)

Qsλ̂a is a fixed point of T because, from Equation (4.8):

Ts(V ) = min
λ̂∈Λ,a∈A(s)

(
E[r(sa)d ] + γ

∑
s′∈S

pss′(a)Vs′

)

= min
λ̂∈Λ,a∈A(s)

E[r(sa)d ]

+ min
λ̂∈Λ,a∈A(s)

(
γ
∑
s′∈S

pss′(a) min
λ̂∈Λ,a∈A(s)

Qsλ̂a

)

= min
λ̂∈Λ,a∈A(s)

F (Qsλ̂a)

= min
λ̂∈Λ,a∈A(s)

Qsλ̂a

= V

After substituting the definition of F from Equation (4.12) into Equation (4.9),

we can now rewrite the update equation, (4.9) as:

Qsλ̂a(t+ 1) = Qsλ̂a(t)

+ αsλ̂a(t) [Fsλ̂a (Qsλ̂a(t))]

+ αsλ̂a(t) [−Qsλ̂a(t) + wsλ̂a(t)] (4.13)

We defined F to suit our needs. Next, we define the noise term w so that F +w =
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r(sa)d + γ min
λ̂′∈Λ,a′∈A(S(s,a))

Q(S(s,a),λ̂′,a′)(t), as in Equation (4.9).

wsλ̂a(t) = r(sa)d(t)− E[r(sa)d(t)]

+ γ min
λ̂′∈Λ,a′∈A(S(s,a))

Q(S(s,a),λ̂′,a′)(t)

− γE
[

min
λ̂′∈Λ,a′∈A(S(s,a))

Q(S(s,a),λ̂′,a′)(t)|F(t)

]
(4.14)

The expectation is with respect to S(s, a). When we substitute the definitions of F

and w into Equation (4.13), we arrive back at Equation (4.9). However, we can now

express the update equation in the desired form from Equation (4.11) because we have

defined F and w.

Using these definitions, the next step is to show that the convergence theorem’s

four assumptions are satisfied.

Assumption 1 is satisfied because there is no maximum time index. Because

we have theoretically infinite time to perform updates, we can eventually discard all

outdated information. As t → ∞, all τ ij(t) = ∞ for any i and j. Intuitively, this

means that we eventually only use time indices which are not less than the time index

of the update itself. In other words, no information being used in the update equation

is out of date. The choice of data to be used for performing the update is up to the

designer, and so we can be sure to satisfy this assumption. The notion of τ ij(t) 6= t

only allows us to use outdated information in the updates, but it does not require that

we do so. We may use outdated information to perform the updates for an arbitrary

length of time, as long as we eventually cease to do so for all elements in the Q-table.

Assumption 2 contains several parts. Part (a) is automatically valid because

if x(0) is initialized, it is F(0)-measurable. Part (b) is also valid because wsλ̂a(t) is

defined only using values which are F(t)-measurable, as in Equation (4.14). Part

(c) can be satisfied because the values αi(t) and τ ij(t) are F-measurable, since they
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are entirely specified by us and so we allow the needed values to be generated before

updating the components which require them. For example, we can choose the learning

rate α on the fly, but we do not need to know information from the future to do so. To

satisfy part (d) we can show that the expected value of the noise term is zero. From

Equation (4.14), and for every state s and time index t:

E[wsλ̂a(t)|F(t)] = E[r(sa)d(t)]− E[r(sa)d(t)]

+ γE

[
min

λ̂′∈Λ,a′∈A(S(s,a))
Q(S(s,a),λ̂′,a′)(t)|F(t)

]
− γE

[
min

λ̂′∈Λ,a′∈A(S(s,a))
Q(S(s,a),λ̂′,a′)(t)|F(t)

]
= 0

Finally, part (e) requires that the conditional variance E[w2
i (t)] be bounded by A +

B max
s′∈S

max
λ̂′∈Λ

max
a′∈A(S(s,a))

max
τ≤t
|Qs′λ̂′a′(τ)|2 ∀s, λ̂, a, t. From Equation (4.14), and taking

one term at a time, we will now compute a bound for E[w2
sλ̂a(t)
|F(t)]. We already know

that E[wsλ̂a] = 0, so we can compute the variance as Var(wsλ̂a|F(t)) = E[(wsλ̂a −

0)2] = E[w2
sλ̂a

].

If we let

a = r(sa)d(t)− E[r(sa)d(t)] (4.15)

b = γ min
λ̂′∈Λ,a′∈A(S(s,a))

Q(S(s,a),λ̂′,a′)(t)

− γE
[

min
λ̂′∈Λ,a′∈A(S(s,a))

Q(S(s,a),λ̂′,a′)(t)|F(t)

]
(4.16)

and, referring to Equation (4.14), we calculate E[w2
sλ̂a

] to be E[a2 +ab+ b2]. The first

term, E[a2] is the variance of the cost function, Var[r(sa)d(t)]. The third term is the



53

variance of the minimization term, γ min
λ̂′∈Λ,a′∈A(S(s,a))

Q(S(s,a),λ̂′,a′)(t). We know that the

maximum value of the variance of the minimization term must be no higher than

B = max
s′∈S

max
λ̂′∈Λ

max
a′∈A(S(s,a))

max
τ≤t
|Qs′λ̂′a′ |

2(τ)

because this is the square of the largest Q-value that has ever been in the table up to

time t.

The second term is the expected value of the product (ab). We expand this term.

For brevity, let r = r(sa)d(t) and Q = γ min
λ̂′∈Λ,a′∈A(S(s,a))

Q(S(s,a),λ̂′,a′)(t).

E[ab] = E[(r − E[r])(Q− E[Q])]

= E[rQ− rE[Q]− E[r]Q+ E[r]E[Q]]

= E[rQ]− E[rE[Q]] + E[r]E[Q]− E[E[r]Q]

but the second and third term are equivalent and cancel. We are left with

E[ab] = E[rQ]− E[E[r]Q]

= E[rQ]− E[r]E[Q]

If r and Q are independent, then this also reduces to zero because E[rQ] = E[r]E[Q].

If they are not independent, then it still provides a deterministic upper bound A. Thus,

we can be sure to bound the variance of the noise term by summing the following four
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terms.

E[w2
sλ̂a

(t)|F(t)] ≤ Var[r(sa)d(t)]

+ E

[
r(sa)d(t)γ min

λ̂′∈Λ,a′∈A(S(s,a))
Q(S(s,a),λ̂′,a′)(t)

]
− E

[
r(sa)d(t)

]
E

[
γ min
λ̂′∈Λ,a′∈A(S(s,a))

Q(S(s,a),λ̂′,a′)(t)

]
+ max

s′∈S
max
λ̂′∈Λ

max
a′∈A(S(s,a))

max
τ≤t
|Qs′λ̂′a′|

2(τ)

Therefore, Assumption 2 is fulfilled.

Assumption 3 is fulfilled because we may specify appropriate values for αs(t).

This is a design parameter and is completely in our control.

Assumption 4 is straightforward to fulfil when γ < 1. From Equation (4.12):

||Fsλ̂a(Q)− Fsλ̂a(Q
′)||∞ ≤ γ min

s∈S,λ̂∈Λ,a∈A(s′)
||Qsλ̂a −Q

′
sλ̂a
||∞ (4.17)

∀Q,Q′

Substituting Equation (4.12), and examining the left-hand side of Equation (4.17):

LHS = ‖E
[
r(sa)d(t)

]
+ γE

[
min

λ̂′∈Λ,a′∈A(S(s,a))
Q(S(s,a),λ̂′,a′)(t)

]
− E[r(sa)d(t)]− γE

[
min

λ̂′∈Λ,a′∈A(S(s,a))
Q′

(S(s,a),λ̂′,a′)
(t)

]
‖∞

= γ

∥∥∥∥E [ min
λ̂′∈Λ,a′∈A(S(s,a))

Q(S(s,a),λ̂′,a′)(t)

]
− E

[
min

λ̂′∈Λ,a′∈A(S(s,a))
Q′

(S(s,a),λ̂′,a′)
(t)

]∥∥∥∥
∞

On the left-hand side, we have a maximum of a minimum, and on the right-hand side,

we have a minimum of a maximum. Therefore, the left-hand side is always less than
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or equal to the right-hand side value of

RHS = γ min
s∈S,λ̂∈Λ,a∈A(s′)

‖Qsλ̂a −Q
′
sλ̂a
‖∞ (4.18)

The mapping F was initially designed to be a contraction mapping, with respect to

the maximum norm ‖ · ‖∞, and so this satisfies assumption 4.

The four assumptions in Theorem 1 are satisfied. Therefore, the Q-table Qsλ̂a(t)

converges to the fixed point Q∗
sλ̂a

with probability 1.

�



Chapter 5

Simulation and Experimental Results

In this chapter, we will present both simulated and experimental results. These tests

will show that the problem of stochastic delayed reinforcements can inhibit learning,

even in simple environments. As well, we will show that multiple model Q-learning is

able to significantly improve performance by reducing the effect of the reinforcement

delay. We demonstrate its efficacy in grid world simulations, Webots simulations, and

real world environments.

5.1 Grid world simulations

In this section, we conduct simulations in which we place an agent in a simple grid

world environment to examine the effects of introducing variable reward delay into

its learning algorithm. Figure 5.1 contains an example of a 3 × 3 grid world. Note

that the start position is arbitrary. In this environment, the agent receives rewards of

zero for all moves unless it comes into contact with a wall, where it receives a reward

of −1. If the agent reaches the reward state in the top left, it receives a reward of

+10 and is warped to the bottom right-most state.

We now provide an example of a possible path that the agent might follow during

a run. Say that the agent begins in the bottom-right corner (this is arbitrary). It

56
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then has four possible actions (up, right, down, left). If the agent moves down or

right, it bumps into the wall and generates a reward of −1. When a wall is bumped,

the agent remains in the same state to avoid leaving the grid world. This reward is

then delayed by some amount d which is Poisson distributed such that:

Pois(d;λ) =
λd

d!
e−λ (5.1)

where λ is the mean and variance of the distribution. If it hit the wall, the agent

is now still in the bottom-right corner. Otherwise, it has moved up or left to the

next square (state). The next state, in turn, generates its reward (which is zero for

a non-wall) and the agent progresses until it reaches the top-left corner. When the

agent chooses any action in the top-left corner, it is transported to the bottom-right

corner to begin again and a reward of +10 is generated, and then delayed in time

by d time steps. The path that optimizes the reward is any path composed of up

actions and left actions which deliver the agent to the reward state in the top-left.

In the 3 x 3 grid world, the minimum amount of steps to reach the reward state and

return to the bottom-left is five. For example, the agent might choose (left, left, up,

up, any) or (left, up, up, left, any).

The larger grid worlds used in this section work in the same way except that they

contain more empty space within their walls, meaning that it is easier for the agent

to become lost. They are of sizes 5 × 5 and 9 × 9. In these grid worlds, we will

explore the effects of varying mean delays, varying world sizes, and experiment with

credit assignment techniques for the purpose of building up to proposed solution to

the delayed reinforcement problem.

To use Q-learning in these grid worlds, the agent must have a Q-table to update.

The Q-tables are easy to discretize in a grid world scenario. For example, in a 3 x 3

grid world, there are nine possible states and four possible actions in each state
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Figure 5.1: The 3 x 3 grid world

(diagonal movement is not allowed). This yields a 9 x 4 Q-table. The 5 x 5 and

9 x 9 grid worlds would have Q-tables of dimension 25 x 4 and 81 x 4, respectively.

The Q-table dimensions grow quickly as the environment increases in size. Q-learning

updates the Q-table once per time step according to

Qk+1(s, a) = Qk(s, a) + α
[
rt + γ max

a
Qk(s

′, a)−Qk(s, a)
]

(5.2)

Notice that it is implicitly assumed that the reward delay is zero because credit for

the reward rt is being assigned to the Q-table entry representing the estimated value

of the state-action pair (s, a).

To explore the effects of this implicit assumption, we will first examine what

effect a larger delay size has on the agent’s performance. We measure performance by
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recording the agent’s average reward throughout the simulation. Next, the average

reward results for different delays are normalized using the performance of Q-learning

in an undelayed environment. In other words, the normalized average reward rn,i is

given by:

rn,i =
rdelay,i

rundelayed,i

(5.3)

where rdelay,i is the average reward obtained by the agent suffering from a reinforce-

ment delay in world i and rundelayed,i is the average reward obtained by the agent

without a reinforcement delay in world i. For example, if the undelayed Q-learning

agent achieved an average reward of 2, and the delayed Q-learning agent earned an

average reward of only 1, then the normalized average reward is equal to 0.5.

Figure 5.2 shows the relative performance of a Q-learning agent subject to varying

mean delays in a 3 × 3 grid world. The x-axis represents the iteration index of the

simulation, which, in this case, ran for 150k time steps. This is enough updates to

allow the performance to settle. The agent updated its Q-table once per time step.

Observe that larger values of λ, i.e. larger mean and more varied delays, cause the

agent’s performance to worsen, all else being equal. This is because there is more lag

and jitter in the system. Since the agent is using Q-learning, it is assuming that the

delay is zero at all times, and so the probability of the agent assigning credit properly

is lower when the mean delay is higher.

Next, we will examine the effect that the environment size has on performance.

Generally, we expect that performance will worsen when the environment size in-

creases because there is a lower probability that the agent will assign credit correctly

by mere luck. When there are more possible state-action pairs, it is less likely that

the correct cause of the reward will be selected. In the grid world, there is only one

correct cause, and it becomes crowded out by the extra options present in a larger

environment.
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Figure 5.2: 3 x 3 grid world - Effect of increasing the mean delay

To test this notion, simulations were conducted in 3 x 3, 5 x 5, and 9 x 9 grid

worlds. Each simulation contains 250k time steps, which is enough to allow the

performance to settle. Figures 5.3-5.5 demonstrate that a larger grid world lowers the

normalized performance of the agents even when the delays are equal. In each case,

the agent in the smaller grid worlds is able to learn more in the same amount of time,

although performance is still inferior to that of the undelayed Q-learning agent.

Although delay inhibits performance, as we can see in Figures 5.3-5.5, the nor-

malized average reward does not fall to zero in the 3 x 3 and 5 x 5 grid worlds. This

is because the agent can still assign credit properly some of the time by chance, espe-

cially in a smaller environment such as these. Some learning takes place as a result,

but such luck cannot be counted on in larger environments and is made worse with
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Figure 5.3: Normalized average reward in various environment sizes for λ = 5
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Figure 5.4: Normalized average reward in various environment sizes for λ = 50
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Figure 5.5: Normalized average reward in various environment sizes for λ = 150
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larger mean delays. For example, in the 9 x 9 grid world, the performance fell to 0%

of the undelayed performance. This means that the agent almost never reached the

reward state at all. Instead, it became lost wandering through the grid world’s zero

reward states.

From these simulations, we can conclude that the stochastic reinforcement delay

problem is not trivial and cannot be solved by using traditional Q-learning. In real-

world applications, state spaces are often much larger than the simple grid worlds

we study above. If Q-learning is already inhibited in the grid world, then we cannot

expect that it will do well without modification when tested in a real application when

a stochastic delay is present. For larger delays, it becomes even more troublesome to

use Q-learning.

In the above simulations, the agent was having trouble assigning credit properly.

What is the best way to remedy these errors? Assume temporarily that the mean

reward delay is known beforehand to be λ and the agent decides to attribute any

rewards to the actions that are most likely to be responsible. This means that the

agent will assume that the cause of any reward is the state-action pair which occurred

λ time steps in the past because this is the peak of the Poisson distribution. In other

words, the agent maximizes the probability of correct assignment by assuming a

constant delay of λ because

arg max
d

λd

d!
e−λ = λ (5.4)

For example, when λ = 5, the agent should assume that credit belongs to the state-

action pair five time steps in the past.

When this is assumed, Q-learning performs significantly better because credit is

assigned properly more frequently. Figure 5.6 shows the performance of 31 Q-learning

agents. Each agent assumes that the delay is λ + i where i is the estimate error in
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units of time steps. For example, if we assume that the mean delay is λ̂ = 27 when

it is actually λ = 17, this corresponds to a delay estimate error of i = 10 on the

x-axis. We measure the normalized performance of each of the 31 agents and plot

them against their delay estimate error. Each agent was given 150k iterations to

learn. The reported performance in Figure 5.6 is the average of these ten epochs for

each agent. The true mean delay was λ = 17 and the simulation was done in the 9 x 9

grid world. The peak of the curve has a slight performance dip, and this is likely due

to the stochastic nature of the exercise.

Notice that the performance curve takes on the shape of a Poisson distribution

approximately centred around the true mean delay, λ. When the agent assumes that

the mean delay is λ + i, the estimate strays farther from the most probable state-

action cause and the agent’s performance tends to worsen. The estimates which are

closest to the truth reach a performance which is 60% of the optimal, undelayed

performance.

Although this method of assuming a constant delay produces fairly good, albeit

sub-optimal performance, we cannot necessarily assume that the agent is aware of

the time delay statistics beforehand. Therefore, we design multiple model Q-learning

in a way that it can learn about the delay statistics on-line.

5.1.1 Multiple Model Q-Learning in the Grid World

Here we will compare the performance of multiple model Q-learning to that of single

model Q-learning. Comparisons are conducted in the 9 × 9 grid world test bed, as

shown in Figure 5.7. We will number the states as in Figure 5.8 for easy reference.

To facilitate more learning than in Q-learning during simulation, the highest fea-

sible delay estimate parameter in multiple model Q-learning, λ̂max is set to 50 time

steps. The true value, λ, is set to 13, although the agent does not know this before-

hand. Thus, this maximum estimate is chosen so that we can be fairly sure that the
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Figure 5.6: 9 x 9 grid world - Performance after 150k iterations for errors in the
delay estimate i = λ̂− λ



67

Figure 5.7: The 9 x 9 grid world
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Figure 5.8: The 9 x 9 grid world - state numbering
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true delay is significantly less than the agent’s maximum estimate. The agent does

not know the true delay beforehand, and so the maximum must be set in a way that

is likely to exceed the true value. This defines the maximum number of parallel esti-

mate models which must be maintained. For example, if the true delay were λ = 20,

but we chose a maximum estimate of λ̂max = 15, then it would not be possible for

the agent to consider λ = 20 as a possible delay, although it could come fairly close.

The grid world has 81 states, 4 actions per state, and we allow 50 estimate models.

The multiple model Q-table therefore has dimension 81 x 4 x 50. The table should be

thought of as 50 parallel Q-tables of size 81 x 4. Each of the 50 parallel tables has an

implicit assumption about the time delay. For example, the first table assumes that

the time delay is always zero. The second table, assumes that the delay is always

one, etc.

Figure 5.9 shows the improved performance from using the multiple model Q-

learning algorithm in a 9× 9 grid world. The simulation was run for one million time

steps. The multiple model Q-learning method achieves a near-optimal performance,

although it is not perfect because of the forced exploration chance, ε. The undelayed

Q-learning policy is able to reach the reward state in 17 time steps, as does the

multiple model Q-learning policy, but sometimes it is forced to explore. Why is the

optimal policy such that it takes 17 time steps to reach the reward state and return

to the start? This is the number of actions required to move from the bottom-right

corner to the top-left corner and collect the reward in the 9 x 9 grid world if diagonal

moves are not allowed. In comparison, single model Q-learning under delay has

difficulty finding the reward state from the delayed reward signal. Instead, it learned

to eventually avoid the walls (-1 reward), but did so by following a loop in the centre

of the grid world (0 reward).

As the agent explores and learns, it is generating a policy. When learning is

finished, the agent has travelled through the states and explored the environment,
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Figure 5.9: Relative performance of multiple model Q-learning vs single model
Q-learning in the 9× 9 grid world with random delays present
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as in Figure 5.10. This figure shows how often the agent visited each state during

learning. We can see that it visited the states along the diagonal most frequently, as

this is the shortest path to the reward state which also avoids from the penalizing

walls.

If a deterministic control policy is formed using the maximally valuable entries

in the Q-table, the learning agent will behave as in Figure 5.11. In other words, for

every state s we choose the most valuable action as a∗ = arg max
a

Q(s, a, λ̂). After

the multiple model Q-tables have converged, the value of λ̂ no longer matters because

all 50 parallel Q-tables contain the same values for the states and actions which are

used in the final policy. In practice, the values are similar, but not exactly equal.

Even the table which assumes that there is no delay eventually converges to be equal

to the table with a delay estimate which was most accurate, for the states that are

used in the final solution. The Q-values of the seventeen state-action pairs used in

the deterministic policy are shown in Table 5.1. Note that the action in state one

does not matter because all actions lead to state 81 and receive the same reward of

+10. The mean values and variances in this table are taken across all delay estimate

λ̂. That is, for each state-action pair, we calculate the mean and variance of Q(s, a, λ̂)

across all λ̂.

An important point is that when Q-learning uses a Q-table with a zero delay

estimate in isolation, it will produce a poor policy due to the stochastic reward delay,

but when the Q-table is placed in parallel with other Q-tables with differing time

delay estimates, the learning will be spread across the tables. The act of updating

all models in parallel at each time step allows the different estimates to share their

learning with one another until the best estimate dominates the others and the delay

estimate value is no longer important. Formally,

|Qk(s, a
∗, λ̂)−Qk(s, a

∗, λ̂′)| → 0 as k →∞ ∀λ̂, s ∈ S∗ (5.5)
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Table 5.1: Multiple model Q-values along the optimal route after 106 iterations

State Action Mean Variance

1 3 21.38 0.72

2 4 21.35 0.73

11 1 21.38 0.73

12 4 21.36 0.72

21 1 21.34 0.71

22 4 21.30 0.72

23 4 21.26 0.73

32 1 21.27 0.78

33 4 21.41 0.79

34 4 21.49 0.79

43 1 21.55 0.79

52 1 21.57 0.79

61 1 21.55 0.79

62 4 21.54 0.79

71 1 21.53 0.79

72 4 21.53 0.73

81 1 21.43 0.72
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where S∗ is the set of all states s which are in the optimal path used by the agent

and k is the time step index. For example, if we need to travel through the states 1,

2, and 11, to behave optimally, then these are members of S∗. This means that the

entries relevant to the optimal path all converge to the same fixed point, for all states

along the optimal path, despite their different delay estimates, λ̂.

Note that in Figure 5.11, the policy is optimal, but the normalized average reward

reported in Figure 5.9 is not equal to 1. During learning, the exploration rate is still

non-zero and this forces the agent to act suboptimally some of the time. After learning

is complete, this is no longer true, and the agent does behave optimally because the

exploration rate is now zero.

Intuitively, multiple model Q-learning spreads the rewards out across all states

which are responsible for them. In the end, this causes the states in the optimal path

to have approximately the same value.

If the agent were to begin in state 81 (9,9), then it would move roughly along

the diagonal to reach the reward state. The optimal path consists of taking some

combination of the actions up and left to reach the reward state directly. Moving

along the diagonal also reduces the risk of bumping into a wall. Through the states

most visited during learning, the preferred actions tend to be up (light blue) and left

(pink). Similarly, Figure 5.12 shows the probabilistic policy formed from the same

Q-table, where the agent will move in each direction with a given probability based

on the current state, as described by the color scale. Warmer colors indicate a higher

probability of taking that action in that state.

We will now compare multiple model Q-learning to the performance of single

model Q-learning. As seen in Figure 5.9, by using the traditional Q-learning algo-

rithm, the agent does not achieve a positive reward, meaning that the agent has not

learned to reach the goal state. As well, Figure 5.13 shows that during learning,

single model Q-learning explored poorly and learned to loop around the centre of the
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Figure 5.10: How often each state is visited during learning when using multiple
model Q-learning.
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Figure 5.11: Deterministic policy formed using multiple model Q-learning
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Figure 5.12: Probabilistic policy formed using multiple model Q-learning
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grid. It may be that it has learned to avoid the walls at least, but the goal state is

never reached. This stuck result was consistent across multiple runs, and one example

is reported here. The agent’s Q-table was initialized optimistically, initialized using

ε-greedy, and set to initialized to zero, but in all of these cases, the Q-learning agent

became stuck.

Figure 5.13: How often each state visited during learning when using single model
Q-learning

Q-learning’s deterministic policy is shown in Figure 5.14. This policy is generated

in the same way as that of multiple model Q-learning, by selecting the most valuable

action for each state. No clear path emerges which would move the agent from

bottom-right to the reward state at top-left. Instead, the agent becomes stuck in a

loop in the zero reward region, but manages to avoid the walls (-1 reward).
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Figure 5.14: Deterministic policy formed from using single model Q-learning
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Figure 5.15: Probabilistic policy formed from using single model Q-learning
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Figure 5.15 is the probabilistic policy formed from Q-learning. The poor explo-

ration leads to a policy of mostly random behaviour because most of the states have

not been visited extensively. Note that warmer colors indicate more decisive behavior.

Running both policies for 1,000 iterations after learning is complete, the multiple

model Q-learning control policy achieves an average reward of 0.59 (+10 in 17 steps)

and the Q-learning policy achieves an average reward of 0.00 (it becomes stuck in a

loop). An optimal policy would achieve an average reward of +10 in 17 steps, or 0.59.

These results demonstrate that the novel method facilitates more learning than the

Q-learning method.

So far, we have shown that, in the grid world at least, multiple-model Q-learning

outperforms single-model Q-learning significantly. Multiple model Q-learning ex-

plores its environment more thoroughly, learns more from the experience that it

gathers from the exploration, and ultimately, better maximizes its reward function

by producing better behaviour.

5.2 Webots simulation - line-following robot

Now that we have explored the problem in the grid world, we will move to the

Cyberbotics’ Webots software interfaced with MATLAB. This software is used to

simulate robots in real world environments, complete with simulated physics and

realistic tasks. The software is interfaced with MATLAB for data management and

observation. In our particular application, we simulate a single e-puck mobile robot.

Its goal is to follow a racetrack as quickly as possible while being centred on the

line without any prior knowledge of the shape of the track. This is called a robot

line-following task and is analogous to a car driving along a road with the goal of

remaining centred on a solid line.
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Figure 5.16: e-Puck Mobile Robot

Figure 5.17: e-Puck Camera View

5.2.1 Problem Overview

In this application, we would like a small e-Puck mobile robot (Figure 5.16) to drive

along a racetrack. Our goal is to make the robot drive quickly while remaining centred

on the line. As an example, Figure 5.18 contains one possible racetrack and includes

the e-Puck placed on top for a comparison of size.

The robot uses its front camera to look down and detect the line just in front of

its body. The camera is initialized to see a rectangle 1 pixel high by 40 pixels wide,

as in Figure 5.17. The dark pixels represent where the line has been detected and the

light pixels represent where the line is not visible.
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Figure 5.18: An Example Racetrack



83

5.2.2 State and Action Spaces

The robot’s state s is defined based on the centre of mass of the line in its camera

view. To do this, each pixel is considered either to contain the line (1) or not (0)

and the centre of mass m of the line, as observed by the camera, is calculated and

rounded to the nearest integer as in Equation (5.6). The function f(i) is a binary

function which indicates whether or not the line is present in pixel i, i.e. f(iseen) = 1

and f(iunseen) = 0. The resulting index 1 ≤ m ≤ 40, as calculated in Equation (5.6),

is the robot’s state and refers to the pixel closest to the centre of mass of the visible

line.

m = round

(
1

40

40∑
i=1

f(i)i

)
(5.6)

For example, if the line is only visible in pixels 18 to 23, the centre of mass is 20,

rounded from 20.5. The robot’s state is therefore s = 20.

To define a discrete action space, for the e-puck, which is a differential wheeled

robot, the velocity of each wheel is restricted to an arbitrary resolution. Differential

wheeled robots can independently adjust the speed of each wheel. In this thesis, the

wheel speed is restricted to a resolution of 100 with a maximum speed of 300 on

either wheel. Therefore, the action space contains 7 actions as in Table 5.2. This

quantization is chosen so that the number of actions is just high enough to make it

possible for the robot to navigate the track, while being kept as simple as possible.

In particular, if the number of speed resolution is too low, then the robot will not be

able to turn smoothly on turns with various sharpness. This resolution was found to

be adequate for the experimental task at hand.

The experiment’s variable delay is set to be Poissonian with mean and variance

λ = 90. The delay is intentionally chosen to be a large value to demonstrate the

robustness of multiple model Q-learning. We must assume that the designer does
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Table 5.2: e-Puck Action Space

Action Left Wheel Speed Right Wheel Speed

1 0 300

2 100 300

3 200 300

4 300 300

5 300 200

6 300 100

7 300 0

not know this value beforehand. Somewhat arbitrarily, we set λ̂max = 150 as the

designer’s estimate of the maximum feasible delay in this system. This estimate must

safely exceed the true mean time delay, which we do not know beforehand.

The resulting table Q(s, a, λ̂) has the dimensions 40 × 7 × 151. Note that the

delay estimate dimension (151) can be updated entirely in parallel if the processing

hardware allows it, because these calculations are independent of one another.

Now that the state and action spaces are defined, we must construct a suitable

reward function to express our objectives to the robot. Our goal is for the robot to

move as quickly as possible while keeping the line centred in its view. If the line is

not visible to the robot at all, the robot is punished and receives a reward of r = −1.

If the line is visible, we construct the reward as:

r =
vleft + vright

2vmax

(
1− |pline − pcentre|

pcentre

)
(5.7)

where vleft and vright are the speeds of the left and right wheels, respectively, vmax

is the maximum wheel speed (300). A wheel speed of 300 means that the wheels

will make three full rotation every ten seconds. Next, pline and pcentre are the pixels

corresponding to the centre of the line and the centre of the camera, respectively. In
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particular, we set pcentre = 20, because this is the centre pixel of the camera.

The maximum reward is achieved when wheel speed is high and the line’s centre

is aligned with the camera’s centre. Although the maximum reward is 1 in this

function, the robot may receive rewards which overlap and amount to more than 1.

However, we do assume that the rewards are bounded. In practice, it is impossible

to consistently receive rewards of +1 because the robot cannot travel at full speed

forward when navigating the turns on the racetrack. It must slow one of its wheels

to turn. As a result, the maximum practical average reward is between 0.8 and 0.9.

5.2.3 Comparing adaptive and traditional techniques

To provide a baseline for comparison, a simple proportional controller was imple-

mented to make the robot follow the track. We test the controller with and without

stochastic feedback delays to make the case for the use of adaptive learning techniques

at all in this application. If a simple controller can solve the problem optimally, then

there is no need to implement a more complicated reinforcement learning technique

which we must train and which will perform suboptimally until learning is complete.

In this comparison, the performance of the proportional controllers is measured

in terms of the average reward received because this is how the performance of the

reinforcement learning schemes is typically measured as well.

The proportional controller is designed to measure the difference between the line’s

centre and the cameras centre, ∆. We then set the speed of each wheel v1 and v2

with the gain set empirically to kp = 6:

v1 = 300− kp|∆|+ kp∆ (5.8)

v2 = 300− kp|∆| − kp∆ (5.9)

When no delay is present, the proportional controller performs well, as expected,
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as we see in Figure 5.19. The controller’s final average reward is approximately 0.9

after 1700 time steps, which is practically perfect for the application. The e-Puck

follows the track nearly perfectly, centring itself on the line and moving swiftly. In

this undelayed controller, the reward is still measured and reported with a Poissonian

time delay of λ = 90, although the controller can sense the line without delay. Of

course, the controller does not take the reward signal into account in any way, so it

does not affect its performance.

Next, we introduce a Poissonian delay of λ = 90 time steps into the camera’s

observation of the line. This would be properly classified as an observation (state)

delay, but the proportional controller does not use a reward function. Delaying the

state observation, which is the only input to the reward function, is the closest analogy

to a reward delay for a proportional controller. The delay is present in the value of

∆. At time step t, the value of ∆ which is observed is delayed by a random amount

of time steps with mean and variance λ. In other words, at time step t, we expect

to be using our observation from time step t − 90. When this delay is present, the

proportional controller becomes unstable and drives wildly about the track, missing

the line most of the time and randomly finding the line a small part of the time. The

average reward of this controller is very low, at -0.6 after 1700 time steps, as shown

in Figure 5.19.

Now that we have set a high bar and a low bar, we compare multiple model

Q-learning and single model Q-learning in the same scenario. Both the multiple

model and single model Q-learners were thoroughly trained in the environment and

then the resulting Q-tables were used at the beginning of the 1700 step run seen

in Figure 5.19. This was necessary to place the four competitors on an even footing

because the reinforcement learners take far longer to reach a steady-state performance

than a proportional controller because they are adaptively learning and exploring the

environment while the proportional controller is set beforehand rather than being
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adaptively tuned.

Observe, in Figure 5.19, that Q-learning does a better job than the delayed propor-

tional controller because it has some limited capacity to learn about its environment,

although it does not perform very well. It reaches an average reward of around 0.3.

The performance of multiple model Q-learning was the best in the delayed case,

with an average reward of just over 0.6. This is the closest performance to the near-

perfect case of the undelayed proportional controller.

The main goal of this comparison is to demonstrate that in applications as noisy as

this scenario, a controller with fixed values, such as the simple proportional controller

in this example, or other PID controllers, etc. cannot function because of the massive

lag in feedback. This is the main reason that we are proposing a novel learning

algorithm. Adaptive learning algorithms such as Q-learning are much more able

to handle massive noise in feedback in the present experiment than a deterministic

optimal control scheme.

5.2.4 Comparing different learning techniques

We will now compare single model Q-learning to multiple model Q-learning more

closely, having already provided evidence that they are suitable techniques for this

type of problem, as opposed to a more traditional type of control. To make the

comparison, the Webots e-Puck was trained using single model Q-learning and then

using multiple model Q-learning. In both cases, a mean time delay of λ = 90 was

present in the reward signal and the Q-table was trained for 150k time steps. Figure

5.20 compares the performance of the two algorithms. Observe that multiple model

Q-learning was able to learn more effectively, achieving an average reward of about

0.5 versus an average reward of only 0.1 for Q-learning. Intuitively, this means that

multiple model Q-learning was able to learn more from the same information, and in

the same amount of time. Thus, we have achieved better performance from the same
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Figure 5.19: Webots - Controllers’ Performance Under Delay vs. Undelayed PID
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learning opportunity. Put another way, we can see in Figure 5.21 that the accumulated

error of multiple model Q-learning is much less than that of single model Q-learning.

Because of the stochastic nature of the algorithms, the following result is a five-

run average to support the previous single run results. Five runs were found to

be enough to lower the standard deviation of the results to a reasonable amount.

In Figure 5.22, which is a result averaged over five runs with standard deviation

indicated, note that multiple model Q-learning significantly outperforms single model

Q-learning in the line-following task. The former receives an 5-run average reward

of about 0.55 while the latter achieves only 0.12. The standard deviation is slightly

lower for multiple model Q-learning as well. Seen from another perspective, in Figure

5.23, the novel approach accumulates significantly less error than does Q-learning.

The 5-run average accumulated error of multiple model Q-learning is only about 40%

of that of single model Q-learning, even when given the same amount of time to learn.

The accumulated error is the combined sum of all the |∆| terms across all time steps,

which represents the distance of the line’s centre from the camera’s centre during

each time step. In other words, the robot is consistently able to track the line more

closely, which is the designer-specified objective.

The improved performance is important because real-world experience is usually

expensive in machine learning applications. If the agent can be made to learn more

from less, it can learn more efficiently and effectively. The term expensive may refer

to actual cost, or it may refer to difficulty in providing the experience. For example,

in the e-Puck experiments, it was necessary to manually pick up the robot when it

became lost and reset it on the track, which was a bothersome and time consuming

activity.

This section has provided evidence to show that multiple model Q-learning can

outperform single model Q-learning in a legitimate application, despite the presence

of hefty stochastic reinforcement signal delays.
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Figure 5.20: Webots - (single run) average reward during learning (λ = 90)
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Figure 5.21: Webots - (single run) accumulated error during learning (λ = 90)
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Figure 5.22: Webots - (5 runs) average reward during learning (λ = 90)
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Figure 5.23: Webots - (5 runs) accumulated error during learning (λ = 90)
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5.3 Experimental Results

This section will further the demonstration of the performance of multiple model

Q-learning by testing the algorithm in a real experimental set-up of the simulations

discussed in the previous section.

The experiments were performed on a scale printout of the Webots racetracks using

an e-Puck mobile robot. The e-Pucks have the same sensors and reward function as

in the simulations. The robots received commands through a Bluetooth connection

with Webots linked with MATLAB. The mean reward delay was set to λ = 90 time

steps with one time step being approximately 200 ms.

We start with a comparison of single model Q-learning and multiple model Q-

learning. Single-model Q-learning was compared to multiple model Q-learning in the

presence of a delay, paralleling the comparison in the Webots simulation. Both agents

received prior training in simulation for 500,000 time steps because of the need for

automatic resets when the robot loses the track for too long. When training was

finished, the robots were placed on the track and allowed to run for 1500 time steps.

The agents were allowed to continue updating their Q-tables during the experiments

in the same way as during the simulation because the simulation is not a perfect

approximation of the experimental environment.

Figures 5.24 and 5.26 compare the average reward obtained for single model Q-

learning and multiple model Q-learning. Single model Q-learning inherently assumes

that there is no reward delay which corresponds to the first model of the multiple

model Q-learning (λ̂ = 0). As a reminder, the reward scheme allows for a minimum

average reward of -1 if the line is always missing and a maximum average reward of

+1 if the robot is moving the maximum speed exactly on the centre of the line, which

is not practically possible. The practical maximum reward is around that achieved by

the undelayed PID during simulation ( 0.9) in Figure 5.19 because the track has long
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turns and the robot cannot move full-speed forward while turning. By definition, the

average reward is a useful measure of performance because a higher reward means

that the robot is better achieving its objectives.

In the first run, multiple model Q-learning achieved an average reward of just over

0.2, while single model Q-learning obtained an average reward of only -0.2. In the

second run, we saw results of just under 0.2 and just under -0.3, respectively. In both

cases, the two algorithms performed worse in experiment than they did in simulation,

which we would expect because of additional difficulties present in the real world

which are neglected in simulations. For example, the real world has wheel slippage

on paper while the Webots simulation does not. Nevertheless, these experiments

demonstrate that, over time, multiple model Q-learning allows the robot to learn

more and thus perform better than single model Q-learning.

Put differently, Figures 5.25 and 5.27 show the error accumulated by each agent

throughout a run where the error is defined as the distance of the line’s centre from

pixel 20, the centre of the camera. Observe that single model Q-learning accumulates

error more quickly than the multiple model approach. In the first run, single-model

Q-learning accumulated about 70% more error than the multiple model method. In

the second run, single model Q-learning accumulated about 55% more error than its

multiple model counterpart.

Thus, multiple model Q-learning outperforms single model Q-learning in terms of

allowing the e-Puck to achieve the goals of the designer, which is to drive quickly while

being centred on the line when a Poissonian reward delay is present. The additional

models facilitate more learning in the agent because they allow several hypotheses

to be entertained at once. The useful estimates tend to make better decisions and

override the poor estimates. In single model Q-learning, there is only one inherent

assumption about the time delay – that it is zero.
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Figure 5.24: Comparison of Average Reward During Experiment 1
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Figure 5.25: Comparison of Accumulated Error During Experiment 1
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Figure 5.26: Comparison of Average Reward During Experiment 2
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Figure 5.27: Comparison of Accumulated Error During Experiment 2
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5.4 Discussion

In this chapter, we have presented the simulation and experimental results of this

thesis. Multiple model Q-learning builds upon Q-learning by extending the action

space to include an additional time-delay dimension of estimates. This means, as

shown in Section 4.1, that the proof of convergence can be extended as well if the

definition of value is changed to include an optimization over the new dimension of

the time delay in addition to the previous optimization of the agent’s real action

space. We are now optimizing an estimate, λ∗, and an action, a∗, whereas before

we were only optimizing an action, a∗. While Q-learning gives the agent choice over

which action to take for a particular state, multiple model Q-learning also gives the

agent the choice of a time delay estimate. Thus, the agent has an extra degree of

freedom to deal with the stochastic time delayed reinforcement signal present in this

problem. Intuitively, the agent can act superstitiously and then test its hypotheses

about the time delay using the rewards it receives and the observed state transitions.

Over time, time delay estimates which proved to be valuable are used more often and

drive the behaviour, increasing the agent’s average reward as well.

Beginning with the grid world test bed, this thesis demonstrated how variable

reward delays inhibit learning when using Q-learning. We then showed that multiple

model Q-learning could still perform, despite the interference of delay, because it is

able to learn to adapt to the delay itself.

Next, the grid world results were placed in the Webots simulator, which is a more

robust test bed, and the results were consistent with the grid world simulations.

Multiple-model Q-learning was able to learn more per unit of experience than could

Q-learning in the presence of delays. This is important because real-world training

experience can be costly.

Finally, the simulations results were tested in real-world experiments. The e-Puck
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robots were used on a real-world racetrack printout to test whether the simulated

learning could lead to real-world performance. As expected, the e-Puck experiment

was more difficult than the simulated Webots environment, but multiple model Q-

learning was still able to outperform single-model Q-learning using what it had learned

from simulation and combining it with new experience from the real world.



Chapter 6

Conclusion and Recommendations

6.1 Conclusion

As further research is done into decentralized control, such as in networks or swarms

of individual mobile robots, applications where it is not safe to assume that reinforce-

ments arrive immediately may become more common. Instead, the reinforcements

may be delayed in time due to unpredictable network latency, the need for inexpen-

sive sensors, or the need to calculate reinforcements as a decentralized swarm rather

than as an individual.

The work presented in this thesis has argued that multiple-model Q-learning is

a suitable method for problems where an agent experiences variable time delays in

its reward signal during learning. We showed that there exist applications where the

delay interferes to an extent that conventional non-learning controllers, in particular,

a simple proportional controller, do not function properly. Since a learning algorithm

is required, the novel method allows the learning agent to learn about the time delay

itself and assign its rewards accordingly to facilitate more learning than was possible

before. The simulation and experimental results in Chapter 5 have shown that a

multiple model Q-learning agent facilitates more learning than a Q-learning agent,

even when given the same amount of experience and the same amount of time for

102
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learning. These techniques permit a designer to imagine a reward function which

frees the designer to specify what behaviour the agent ought to have, rather than

having to specify how to execute the behaviour in detail. This allows for abstraction

when designing behaviours, placing the focus on higher-level questions like, “What is

it important for the agent to do?” rather than “How do we make an agent do this?”

Inspired by organisms’ capability to create superstitions, multiple model Q-

learning seeks to establish causal relationships during learning by generating and

testing cause-and-effect hypotheses about the time delay itself. The algorithm ex-

plores different possible values of the time delay in the same way that Q-learning

explores the state-action space. Like a dog seeking treats, the algorithm is able to

adapt to the delay over time to increase the probability of assigning its rewards and

punishments properly, so as to ensure that it receives more rewards in the future.

As a result, multiple model Q-learning learns more efficiently and effectively than

single model Q-learning when placed in an environment with variably delayed rein-

forcements.

6.2 Contributions

Reinforcement learning (RL) problems where reinforcements are stochastically de-

layed are important because of the growing interest in swarm robotics and decen-

tralized control. In such problems, it may be unclear how much the reinforcement

signals will suffer from delay, especially if they are not calculated independently for

each swarm member. When the lag between robots or agents, such as in an ad-hoc

network, cannot be readily predicted, it becomes necessary for the agents to be able

to adapt to the latency itself to maximize learning. As further work is done on decen-

tralized control and machine learning, this type of problem may arise more frequently.

In summary, this thesis has contributed to this area of research in the following ways:
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1. Introduction of a novel method for learning in environments where stochastic

time delays are present in an agent’s reward signal based on a formulation of the

reinforcement learning problem where variable delays are present in the reward

signal, found in section 3.1. The novel algorithm in section 3.2 extends Q-

learning and is designed to improve learning despite these delays. The algorithm

is able to function even though we have relaxed the condition found in the

literature which assumes that reinforcements must arrive in the proper order.

2. Proving the convergence of the novel multiple model Q-learning algorithm in

section 4.1, based on a proof of Q-learning in [16] with no condition on rein-

forcements arriving in the proper order.

3. The following supported these contributions:

• Demonstration of the problem, evaluation, and comparison of the novel

algorithm to Q-learning in a grid world test bed were conducted in section

5.1.

• Evaluation of multiple model Q-learning in a line-following simulation was

carried out to compare multiple-model Q-learning to Q-learning in the

Cyberbotics Webots simulator environment. The simulations were done in

the Cryberbotics’ Webots simulator engine using a simulated e-Puck on a

line-following task. The simulations demonstrated that multiple model Q-

learning outperforms traditional Q-learning, when given the same amount

of experience and time to learn. Performance was measured in terms of

the average reward achieved and the accumulated error.

• Evaluation of the performance of multiple model Q-learning in a real-world

test bed, using an e-Puck mobile robot in a line-following task, described

in Section 5.3. The experiment showed that multiple model Q-learning
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outperformed traditional Q-learning, as measured by the average reward

obtained and error accumulated during learning, despite having the same

amount of time and experience for learning. Learning was faster and of a

higher quality. Although multiple model Q-learning has additional com-

putational complexity, the parallel Q-tables can be updated in parallel

because they are independent. With additional hardware, the updates

could be done in the same amount of time as the updates in traditional

Q-learning.

6.3 Recommendations for Future Work

Due to time constraints and the scope of the thesis, several interesting research ques-

tions were not addressed in this thesis. Future work might delve into new ways of

attributing the rewards into the past to speed convergence. Further research may

investigate if function approximators work with the new time delay dimension of the

multiple models. The parallel nature of the multiple-models means that the algo-

rithm is well suited to parallelization and future work might explore effective ways of

increasing efficiency through parallelization. In addition, it may be possible to apply

eligibility traces to the time delay estimates, as has been done in both TD(λ) and

Q-Learning.

1. Eligibility Traces: Just as TD(λ) and Watkins’ Q-learning were able to use

eligibility traces to improve the speed of convergence in some cases, this may

also be possible for multiple model Q-learning. Eligibility traces could be used

in the time delay estimate dimension λ̂. In this way, delay estimate which had

been selected recently in the past could be given a share of the current reward.
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2. Parallel computation: Because the parallel Q-tables in multiple model Q-

learning are updated independently, the updates can be computed in paral-

lel. With specialized hardware, the algorithm could be optimized to update

all parallel Q-tables in the time currently taken to update one Q-table. It is

possible that there may be a more efficient order to update the tables, as the

implementations herein simply went in numerical order, rather than by order

of importance, or value, etc.

3. Reward Kernels: Instead of all parallel tables receiving the current reward

equally, a kernel could be used. For example, we might assign full credit for the

reward to the model λ̂∗ which drives behaviour, and then decrease the value of

the reward for models which are farther from λ̂∗. Models which are numerically

close to the best estimate will receive proportionally more credit as a result,

and appear more valuable and be more likely to be chosen. This might speed

convergence.

4. Different Delay Resolutions: Instead of deciding upon a resolution of one time

step for the delay estimate λ̂, we might choose some other value. This would

mean that instead of having the set of delay values Λ = (1, 2, 3, 4, ...) we might

have the values Λ = (3, 6, 9, 12, ...), for example. It is possible that a higher

resolution would facilitate just as much learning, but require less overall com-

putation because of the lesser number of parallel tables to be updated. This

would be increasingly important if the delay were extremely large.

5. Delay Statistics: We have always assumed that the delay statistics are Pois-

sonian. In some applications, it may be important to model the time delay

differently. It would be fruitful to study whether multiple model Q-learning

could also work with different delay statistics, or if it would have to be modified

in some way.
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6. Other Applications: There are many other interesting applications which have

not been tried in this thesis. Robots in swarms, reinforcement signals involving

human reactions and the associated delay times, or shoddy sensors have not

been addressed. For example, if the reinforcement signal is derived from some

indicator of human emotion, i.e. a reward is a happy human operator and

a punishment is an annoyed or angry human operator, then multiple model

Q-learning may find a use because human reaction time can be highly variable.
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