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P R E FA C E

This thesis is in ”integrated article format” in which each chapter is based on published
papers, conference proceedings, or papers awaiting publication.

• Chapter 2 considers competitive online local routing on the Delaunay triangula-
tion. These results appeared in the proceedings of the European Symposium on
Algorithms (ESA 18)[1].

• Chapter 3 considers competitive online local routing on the Θ4-graph. These results
appeared in the proceedings of the Symposium on Discrete Algorithms (SODA
19)[2].

• Chapter 4 improves the spanning ratio of the convex hull of points on a sphere. This
was part of a result published in the Journal of Computational Geometry (JoCG) [3].

• Chapter 5 improves the spanning ratio of the Θ5-graph. It is awaiting publication.
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1
I N T R O D U C T I O N

1.1 navigation on geometric graphs

Graph navigation is a field with many real world applications, from road networks to
computer networks. In this thesis we consider geometric graphs, and examine properties
of these graphs that are relevant to navigation. Formally, a Euclidean geometric graph
G = (P, E) is a set P of points embedded in the plane (otherwise known as vertices), and
a set E of edges, where each edge is a pair of points (u, v) ∈ E, where u, v ∈ P, and the
weight of an edge (u, v) is the Euclidean distance |uv|. When referring to navigation on
G, we are particularly interested in the ability to find a short path between two arbitrary
vertices of P consisting of the edges of E.

When we have complete knowledge of a graph G, it is straightforward to compute the
shortest path between two vertices s and t. We can, for example, use Dijkstra’s algorithm.
However, depending on the construction of the graph, the shortest path may not be very
short, in particular in relation to the Euclidean distance between s and t. If our graph is
the complete graph, then the shortest path is always the shortest distance possible. But
complete graphs are not always economical or practical. A spanning graph H of G is a
graph H = (P, E′), where E′ ⊆ E, and for every edge e = (u, v) in E there is a path from
u to v in H. H is a t-spanner of G if there is a constant t ≥ 1 such that for any edge (u, v)
in E the shortest path from u to v in H not longer than t|uv|. If we do not specify the
graph that H is a subgraph of, then we assume that the spanning ratio t is with respect
to the complete graph. The constant t is also referred to as the stretch factor of a graph.
In part in this thesis we examine geometric graphs with a constant spanning ratio and
analyze these graphs in order to improve the known bounds on their spanning ratio.

There are cases where complete knowledge of the graph is not a given. For example,
when routing messages in a distributed system, unknown changes could have occurred
since the last message was sent out. We say we are routing in the online setting if initially
we do not have global knowledge of the graph. Making things even more challenging,
bandwidth or other limitations may bound the allowable size of forwarded messages.
If the size bound is a constant, then accumulating global information of the graph in
a single message is not possible. An online routing algorithm is called k-local routing
if, at each step, forwarding decisions are made using only knowledge of the current
vertex location, the location of its k-hop neighbouring vertices, and a constant amount
of additional information. If we do not specify k and instead refer only to local routing,
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1.2 classes of geometric graphs considered 6

we are referring to 1-local routing. A memoryless routing algorithm uses only knowledge
of the current vertex u, the k-hop neighbourhood Nk(u) of u, and the destination vertex
t. For a routing algorithm A and a given graph G from a class G of graphs, let PA

G (s, t)
be the path found by A from s to t. The routing ratio of a local online routing algorithm
A on G is the minimum value c such that |PA

G (s, t)| ≤ c · |st| for all G ∈ G and all pairs
s and t in G. When c is a constant, such an algorithm is called competitive on the class
G. Note that the routing ratio on a class of graphs G is an upper bound on the spanning
ratio of G, since the routing ratio proves the existence of a bounded-length path.

In the next section we introduce the different classes of geometric graphs we analyze
in this proposal. In the following section we go over some of the previous work related
to these problems. The next three sections give some high level details of the results
obtained thus far. The final section details the results we will pursue next.

1.2 classes of geometric graphs considered

1.2.1 Θk-Graphs and Yk-Graphs

Yao-k-graphs (Yk-graphs) and Θ-graphs have nearly identical construction. The major
difference is in the distance metric used to determine edges. We will first give the details
of Θk-graph construction.

Let k ≥ 3 be an integer and for each i with 0 ≤ i < k, let Ri be the ray emanating from
the origin that makes a counter-clockwise angle of 2πi/k with the negative y-axis. For
each i with 0 ≤ i ≤ k, let Ci be the cone consisting of all points in the plane that are on or
between the rays Ri and Ri+1. The Θk-graph of a given set P of points is the directed
graph that is obtained in the following way. The vertex set is the set P. Each vertex v
has at most k outgoing edges: For each i with 0 ≤ i < k, let Cv

i be the cone obtained by
translating Ci such that its apex is at v. If Cv

i contains at least one point of P \ {v}, then
let wi be such a point whose perpendicular projection onto the bisector of Cv

i is closest
to v (where closest refers to the Euclidean distance). Then the Θk-graph contains the
directed edge (v, wi). See Figure 1.1a for an example with k = 4.

For Yk-graphs, the cones surrounding each vertex have the same construction as the
Θk-graph. But for each cone Cv

i , 0 ≤ i < k, we let wi be the point in Cv
i closest to v using

the Euclidean distance metric. Then the Yk-graph contains the edge (v, wi). See Fig. 1.1b
for an example with k = 4.
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Figure 1.1

1.2.2 Delaunay Graphs

The L2-Delaunay graph is geometric graph constructed by identifying all triples of points
(x, y, z) such that a circle with x, y, and z on the boundary does not contain any vertex in
its interior. Such triples of points are said to be locally Delaunay. They are then connected
by edges to form a triangle. Once all such triples are connected we have the Delaunay
graph or Delaunay triangulation.

In general, a Delaunay graph can be constructed using any convex geometric shape
to define a distance metric. To construct these Delaunay graphs, the convex shape is
translated and scaled until its boundary intersects three vertices and contain no other
vertices in the interior. This triple of vertices is then connected by edges to form a triangle.
Repeating this process for all triples gives us a Delaunay graph of an arbitrary distance
metric.

We can also generalize these constructions to 3 dimensions. In the L2-Delaunay
triangulation, we would therefore consider a sphere through 4 vertices, and if this sphere
was empty of vertices in the interior, we would connect these vertices in a simplex
(tetrahedron). This process can also be done with other convex shapes in 3 dimensions.
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(a) How the L2-Delaunay graph selects
edges. Blue circle is through 3 points that
are locally Delaunay. Red circle indicates 3

points that are not locally Delaunay.

(b) How the L∞-Delaunay graph selects
edges. Blue square is through 3 points that
are locally Delaunay. Red square indicates 3

points that are not locally Delaunay.

1.3 previous work

Tables 1.1 and 1.2 give an overview of the relevant results. Geometric spanners were
first introduced by Chew [15]. He examined the quality that Delaunay graphs have of
providing “short” paths between vertices. He proved that between any pair of vertices
there is a path in the graph at most

√
10 times the Euclidean distance. This was also

the first local routing algorithm for Delaunay graphs, which Bonichon et al. [5] later
generalized to the L2-Delaunay graph.

Chew [16] showed that TD-Delaunay graphs, that is, Delaunay graphs where the
convex shape defining the distance metric is an equilateral triangle, are 2-spanners. This
graph was later shown to be identical to the half-θ6-graph by Bonichon et. al[6].

The L2-Delaunay graph was first proven a spanner by Dobkin et al.[19], who showed
an upper bound on the spanning ratio of ≈ 5.08. This subsequently improved to 2.42 by
Keil and Gutwin[22], and then to 1.998 by Xia[27]. Notably, this is the only known plane
geometric graph with points not in convex position that has a spanning ratio of less than
2. In 3 dimensions, Bose et al.[25] showed that the convex hull of points on a sphere are a
spanner with a spanning ratio of 3π(π/2 + 1)/2 by exploiting properties related to the
L2-Delaunay triangulation in the plane.

Yao-graphs were introduced independently by Flinchbaugh and Jones[20] and Yao[29].
Yao showed that Y8 is a supergraph of the minimum spanning tree. Althöfer[1] was
the first to show their spanning properties, proving that for every spanning ratio t > 1,
there exists a k such that Yk is a t-spanner. Bose et al.[11] showed that for k > 8 and
θ = 2π/k, Yk has a spanning ratio of at most 1/(cos θ − sin θ), which was later improved
to 1/(1 − 2 sin(θ/2)) for k > 6 by Bose et. al[9]. Barba et al.[3] improved this to
1/(1− 2 sin(3θ/8)) for any odd k ≥ 5.
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Table 1.1: Upper and lower bounds for the spanning ratio of Yk- and Θk-graphs.

Yao Lower Bound Upper Bound
2,3 ∞[23] Not a spanner[23]
4 Open ≈ 54.62[18]
5 2.87[3] 2 +

√
3 ≈ 3.74[3]

6 2[3] 5.8[3]
θ Lower Bound Upper Bound

2,3 ∞[24] Not a spanner[24]
4 7[2] 17 (this proposal)
5 ≈ 3.798[14] ≈ 9.96[14]
6 2[6] 2[6]

Table 1.2: The spanning ratio of Delaunay graphs.

Metric Lower Bound Upper Bound
L1, L∞ (Square) ≈ 2.61[7] ≈ 2.61[7] (tight)

TD (Equilateral triangles) 2[16] 2[16]
L2 (Circles) 1.5932[28] 1.998[27]
Rectangles Open Open

Θ-graphs were introduced by Keil and Gutwin[21, 22] and Clarkson[17] as an alterna-
tive to Yao-graphs since they were easier to compute. A spanning ratio of 1/(cos θ− sin θ)
is proven in both articles. Ruppert and Seidel[26] improved this to 1/(1− 2 sin(θ/2)).

Chew’s[15] paper on the spanning ratio of the L1-Delaunay triangulation is also a
local routing algorithm on that same graph. Thus it simultaneously provides a bound on
the routing ratio of the L1-Delaunay triangulation of

√
10.

Bose and Morin[12] show that there are no 1-local memoryless routing algorithms
that will work on any arbitrary graph. This implies that we must pair routing algorithms
with particular classes of geometric graphs in order to route competitively. For example,
in greedy routing, the message at vertex x moves to the neighbour y of x such that the
distance |yt| is minimized, i.e., the neighbour of x that is closest to t. In Figures 1.3a
and 1.3b we see examples of graphs where greedy routing cycles between two and three
vertices respectively. However, greedy routing will always find the destination on the
L2-Delaunay triangulation. They also give a competitive routing algorithm for the L2-
Delaunay triangulation. However, they show that there is no competitive online routing
algorithm under the Euclidean distance metric in arbitrary triangulations.

Bose and Morin[13] provide a competitive local routing algorithm that works on trian-
gulations that have the diamond property. This includes such graphs as the L2-Delaunay
triangulation, the greedy triangulation, and the minimum weight triangulation. A paper
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Figure 1.3

by Bonichon et. al[8] showed that we could route competitively on the L2-Delaunay
triangulation with a routing ratio of around 5.9, using a generalization of Chew’s[15]
algorithm. This was the best known routing ratio for L2-Delaunay triangulations until
a paper by Bonichon et. al [4] (outlined in this thesis) found a new algorithm with a
routing ratio of 3.56, which is currently the best known. Bose et. al[10] show that the
half-θ6 graph, which is identical to the TD-Delaunay graph, has a routing ratio of 5/

√
3,

and this is shown to be tight. Since the spanning ratio of this graph is 2, local routing
cannot guarantee finding the shortest path, and we see a separation between routing and
spanning ratios in this graph.

For Yk- and Θk-graphs, there is a simple routing algorithm called cone-routing that
is competitive for k ≥ 7. To route from a vertex s to a vertex t, let Cs

i be the cone of s
that contains t. We forward the packet from s to its neighbour in Cs

i . Let θ = 2π/k, then
for k ≥ 7 cone routing gives a routing ratio of 1/(1− 2 sin(θ/2)). Cone routing also has
the advantage of that each vertex needs only store the location of at most k neighbours,
since we only forward packet’s to the ”closest” vertex in each cone. However, for k < 7,
cone-routing does not necessarily give a competitive path.
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2
I M P R O V E D R O U T I N G O N T H E D E L AU N AY T R I A N G U L AT I O N

ABSTRACT

A geometric graph G = (P, E) is a set of points in the plane and edges between pairs
of points, where the weight of an edge is equal to the Euclidean distance between
its two endpoints. In local routing we find a path through G from a source vertex
s to a destination vertex t, using only knowledge of the current vertex, its incident
edges, and the locations of s and t. We present an algorithm for local routing on the
Delaunay triangulation, and show that it finds a path between a source vertex s and a
target vertex t that is not longer than 3.56|st|, improving the previous bound of 5.9|st|.

This chapter appeared in the proceedings of the European Symposium on Algorithms
(ESA 2018) [7] and was presented there.

2.1 introduction

A Euclidean geometric graph G = (P, E) is a set P of points embedded in the plane, and
a set E of edges, where each e ∈ E is a pair of points (u, v) in P, and the weight of e is the
Euclidean distance |uv|.

A local routing algorithm A is an algorithm that routes a packet through the geometric
graph G from a source vertex s to a target vertex t using only knowledge of the locations
of s and t, as well as the location of the current vertex and its adjacent vertices. Let P〈s, t〉
be the path found in G from s to t using A. The routing ratio of A for any two points s and
t in the geometric graph G is the ratio of the length of P〈s, t〉 to the Euclidean distance
from s to t. An algorithm A has a routing ratio c for a class of geometric graphs G, if, for
any two vertices s and t in G ∈ G, |P〈s, t〉| ≤ c · |st|.

A graph G = (P, E) is a c-spanner if for any pair of points u and v in P the shortest
path in G not longer than c|uv|. The value c is referred to as the stretch factor or spanning
ratio of G. The stretch factor of G is thus a lower bound on the routing ratio of G for any
routing algorithm A, and the routing ratio is an upper bound on the spanning ratio of G.
Geometric spanners are described in detail in the book by Narasimhan and Smid [13].

A notable geometric graph is the Delaunay triangulation. Given a set P of points in the
plane, we construct the Delaunay triangulation of P as follows. For each triple (p, q, r)

14



2.1 introduction 15

of points in P, let C be the circle through p, q, and r. If there are no points of P in
the interior of C, then we connect p, q, and r by edges to form a triangle. Though we
did consider degenerate cases in the formation of these techniques and analysis, their
inclusion ultimately adds nothing to the core anlysis. Thus in this paper we assume that
P is in general position: no 3 points are colinear and no 4 points are cocircular. This
allows us to focus on what is significant and new in our analysis, and avoid tedious
specification of edge cases.

The Delaunay triangulation was first proven to be a spanner by Dobkin et al. [11], who
showed an upper bound of 5.08 on the spanning ratio. This was subsequently improved
to 2.42 by Keil and Gutwin [12], and then to 1.998 by Xia [14]. Xia and Zhang proved
later that there exist Delaunay triangulations with spanning ratio greater than 1.59 [15].

Bose and Morin [6] explored some of the theoretical limitations of routing, and
provided some of the first deterministic routing algorithms with constant routing ratio
on the Delaunay triangulation. They denoted the spanning ratio found by Dobkin et
al. [11] as cd f s ≈ 5.08. They showed that it is possible to locally route on the Delaunay
triangulation with a routing ratio of 9 · cd f s ≈ 45.749. Bose et al. [4] further improved
this bound to ≈ 15.479. Then, Bonichon et al. [2] showed that we can locally route on
the Delaunay triangulation with a routing ratio of at most 5.9. In the same paper it
was shown the routing ratio of any deterministic local algorithm is at least 1.70 for the
Delaunay triangulation.

Table 2.1: Spanning and Routing Ratios of Delaunay Triangulations. Tight results are shown in
bold.

Graph Spanning Ratio Routing Ratio
TD-Delaunay 2 [9] 5/

√
3 ≈ 2.89 [5]

L1 and L∞-Delaunay
√

4 + 2
√

2 ≈ 2.61 [3]
√

10 ≈ 3.16 [8]
Hexagon-Delaunay 2 [10]
L2-Delaunay 1.998 [14] 3.56 (this paper)

Efforts to evaluate spanning ratio and routing ratio have been made for Delaunay
triangulations defined on other metrics. We can define these metrics by taking a convex
shape and translating and scaling it until it intersects three vertices but contains no
points of P in its interior. When we use a circle we obtain the L2, or classical Delaunay
triangulation. When the metric is not specified (as in the rest of this paper), then we are
referring to the L2-Delaunay triangulation. The L1-Delaunay triangulation uses an axis
aligned square, while the L∞-Delaunay triangulation uses a square tipped at 45 degrees.
By rotating the point set 45 degrees, it is easy to show the L1 and L∞ triangulations
are equivalent. Bonichon et al. [3] showed that the L1 and L∞ Delaunay triangulations
are

√
4 + 2

√
2 ≈ 2.61-spanners, and they showed that this bound was tight. On this
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triangulation, Chew [8] proposed a routing algorithm with routing ratio
√

10. Moreover,
the routing ratio of any deterministic local algorithm is at least 2.70 for this class of
graph [1]. The TD-Delaunay triangulation is constructed using an equilateral triangle.
Chew [9] showed that they are 2-spanners and Bose et al. [5] proposed a routing algorithm
of routing ratio

√
5/3 ≈ 2.89 and they show that this ratio is the best possible. Recently

Dennis, Perkovic and Duru [10] showed that the stretch factor of Hexagon-Delaunay
triangulation is 2 and this is tight.

In this paper we present a local routing algorithm, called MixedChordArc, for the
L2-Delaunay triangulation, with a routing ratio of 3.56. This improves the current best
routing ratio of 5.9 [1]. Table 2.1 shows our result in the context of spanning and routing
ratios of other Delaunay triangulations.

In Section 2.2 we define a local algorithm that achieves this routing ratio. In Section 2.3
we prove the result for a special case, called balanced configurations. In Section 2.4 we
extend the technique presented in Section 2.3 to prove the main result in the general case.
In Section 2.5 we present our conclusions and our ideas for future directions for this line
of research.

2.2 the mixedchordarc algorithm

Let P be a finite set of points in the plane, and let DT(P) be the Delaunay triangulation
of P. We want to route a packet between two vertices of P along edges of DT(P) using
only local knowledge and knowledge of our start and destination vertices.

Let s and t be the start and terminal vertices respectively, and assume, without loss of
generality, that s and t are on the x-axis with s to the left of t. Consider two triangles T
and T′ that have non-empty intersections with st. We say that T is to the left of T′, and T′

is to the right of T, if a walk from s to t along st intersects T before T′.
Let C be a circle that intersects st. We denote by tC the rightmost point of C on st. Let

u and v be two points on C. We denote by AC(u, v) the clockwise arc of C from u to v,
and by BC(u, v) the counter-clockwise arc of C from u to v. We denote the length of a
geometric structure S by |S|.

Let p 6= t be the vertex representing the current location of the packet. Let T be the
rightmost triangle with p as a vertex that has a non-empty intersection with st. Let a 6= p
be the vertex of T that is above st, and let b 6= p be the vertex of T that is below st. Let
C be the circumcircle of T. We assume s to be above st, and we assume t to be on the
opposite side of st from the current vertex. This ensures that when t is a neighbour of the
current vertex, the algorithm will forward the packet directly to t.

Here is the algorithm MixedChordArc. First assume that p = s. If |AC(s, tC)| ≤
|BC(s, tC)|, set p = a, otherwise set p = b. See Fig. 2.1a. If p 6= s, we repeat the following
until p = t.
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tC
p, s

a

b

C

(a) From p = s, the blue arc
is shorter than the red arc,
so we forward to a.

p
a

b

tC

C

(b) From p, the blue path is
shorter than the red path, so
we forward to a.

p

tC

a

b
C

(c) From p, the blue path is
shorter than the red path, so
we forward to a.

Figure 2.1: Illustrating one step of the algorithm.

Algorithm MixedChordArc:

1. If p is above st:

(a) If |AC(p, tC)| ≤ |pb|+ |BC(b, tC)|, set p = a

(b) Else set p = b.

2. If p is below st:

(a) If |BC(p, tC)| ≤ |pa|+ |AC(a, tC)|, set p = b

(b) Else set p = a.

The possible choices are illustrated in Fig. 2.1. Let P〈s, t〉 = (s = p0, p1, ..., pn = t) be
the sequence of vertices produced by the algorithm. In this paper we prove the following
theorem.

Theorem 2.2.1. The MixedChordArc Algorithm finds a path P〈s, t〉 from s to t whose length
|P〈s, t〉| is not more than µ|st|, where µ =

√
2

1−sin(1) < 3.56.

We present a complete trace of the algorithm in Fig. 2.9a of Appendix 2.6. In the
remaining figures of Appendix 2.6, we illustrate the proof of Theorem 2.2.1 on a complete
example.

If the points are arranged in a specific way, the path produced by our algorithm is
a balanced configuration. A balanced configuration is a construction that is effective in
demonstrating our analysis technique, but would likely not be seen in practice, since the
construction is very specific. It can be thought of as a worst case configuration. In Section
2.3 we define what a balanced configuration is, and analyze the length of P〈s, t〉 for this
specific case. Then, in Section 2.4, we generalize the balanced configuration technique so
that we can analyze the length of P〈s, t〉 in the general case.
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q0, p0,
t0, s

p1, a1

C1

C2
C3

C4

p2, a2

p3, a3, q4

b1, b2, b3, q1, q2, q3

b4, p4

a4
q5

b5, p5,
t5, t

t1 t2
t3

t4

C5
a5

Figure 2.2: Sequence of circles in a balanced configuration and the path in blue. The dotted circles
are circumcircles of triangles intersected by st but not in T .

2.3 bounding |P〈s, t〉| in a balanced configuration

Let us consider a path P〈s, t〉 of vertices such that p0 = s, pn = t and pi−1pi is an edge of
the rightmost triangle Ti of pi−1 that has a non-empty intersection with st. Let ai and bi
be the other two vertices of Ti, where ai is above st, and bi is below st. Thus pi = ai or
pi = bi. Let s = p0 = a0 = b0 and let t = pn = an = bn. Let Ci be the circumcircle of Ti, let
ri be its radius and let ci be its center. Let C0 be the circle centered at s with radius r0 = 0.
Let T = (T1, T2, ..., Tn), and let C = (C0, C1, ..., Cn) be the sequence of circles starting at
C0, followed by the circumcircles of T . Note that the vertex of Ti that is on the opposite
side of st to pi−1 may not be at the intersection of Ci−1 and Ci. Thus we define a second
intersection point of Ci−1 and Ci as follows (pi−1 being one intersection point). If pi−1
is above st, then qi is the lowest intersection of Ci and Ci−1. If pi−1 is below st, let qi be
the highest intersection of Ci−1 and Ci. Observe that if Ti and Ti−1 share an edge, then
qi is the vertex of Ti on the opposite side of st from pi−1. See Fig. 2.2. To simplify the
notation, we write ti instead of tCi , and we write Ai(u, v) and Bi(u, v) instead of ACi(u, v)
and BCi(u, v), respectively.

We say that a pair of consecutive circles Ci−1 and Ci is balanced if |Ai(pi−1, ti)| =
|pi−1qi| + |Bi(qi, ti)| when pi−1 is above st, and if |Bi(pi−1, ti)| = |pi−1qi| + |Ai(qi, ti)|
when pi−1 is below st. A path P〈s, t〉 on a point set P is a balanced configuration when
Ci−1 and Ci are balanced for all 1 ≤ i ≤ n.
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2.3.1 Analysis Technique

To analyze the length of P〈s, t〉 we will analyze each individual step of the algorithm from
pi−1 to pi, and ”charge” the length |pi−1pi| to fixed lengths of st, and find an upper bound
on the ratio of |pi−1pi| to these fixed lengths. To do this in a smooth and accurate manner
we introduce certain potentials, based on the circumcircles of the Delaunay triangles, that
help this ratio from spiking. The balanced configuration represents a worst case and
allows us to consider only one specific configuration.

Lemma 2.3.1. Let Ci−1 and Ci be arbitrary circles of C, where 1 ≤ i ≤ n. Then

1. |pi−1bi|+ |Bi(bi, ti)| ≤ |pi−1qi|+ |Bi(qi, ti)| when pi−1 is above st, and

2. |pi−1ai|+ |Ai(ai, ti)| ≤ |pi−1qi|+ |Ai(qi, ti)| when pi−1 is below st.

Proof. By the triangle inequality we have |pi−1bi| ≤ |pi−1qi|+ |Bi(qi, bi)|, from which 1

follows. Case 2 is symmetric.

For the rest of this section, we assume that P〈s, t〉 is a balanced configuration. Consider
the case when pi−1 is above st (the case when pi−1 is below st is symmetric). If qi = bi
then |Ai(pi−1, ti)| = |pi−1bi|+ |Bi(bi, ti)|, and the algorithm proceeds to ai. If qi 6= bi,
observe that |pi−1bi| ≤ |pi−1qi|+ |Bi(qi, bi)| by the triangle inequality (see circles C4 and
C5 in Fig. 2.2). Thus we have |pi−1bi|+ |Bi(bi, ti)| < |pi−1qi|+ |Bi(qi, ti)| = |Ai(pi−1, ti)|,
and the algorithm proceeds to bi. Thus a balanced configuration allows for steps that
cross st and steps that do not cross st. It also allows us to use |Ai(pi−1, ti)| as an upper
bound on |pi−1bi|+ |Bi(bi, ti)| in the case where pi−1pi crosses st.

Let x(v) and y(v) be the x and y-coordinates of a point v, respectively. Let si be a
point on st such that x(si) = x(ti)− 2ri. We define the following potential function that
we use to bound the length of P〈s, t〉.

Definition 2.3.2. If pi−1 is above st, then

Φ(Ci−1, Ci) = |Ai(pi−1, ti)| − |Ai−1(pi−1ti−1)| − λ|si−1si| − (µ− λ)|ti−1ti|.

Otherwise, if pi−1 is below st, then

Φ(Ci−1, Ci) = |Bi(pi−1, ti)| − |Bi−1(pi−1ti−1)| − λ|si−1si| − (µ− λ)|ti−1ti|,

where λ =
(

1+sin(1)
cos(1) − π/2− 1

)
/2 ≈ 0.42 (see (2.18) in Lemma 2.8.4, Appendix 2.8.2.3)

and µ =
√

2
1−sin(1) < 3.56 (see (2.17) in Lemma 2.8.3, Appendix 2.8.2.3).
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s, s0,
s1, t0

p1

C1

C2
C3

C4

p2

p4

p5, tt1 t2
t3

t4

C5

s2 s3
s4

s5

D1

D2

D3

D4

p3

Figure 2.3: Potential functions of a balanced configuration.

See Fig. 2.2 and 2.3 for a complete example and an illustration of the potential
functions. See Fig. 2.4 for an illustration of Φ(Ci−1, Ci). Three lemmas are used to
prove Theorem 2.2.1 for balanced configurations. The proof of Lemma 2.3.3 is found in
Section 2.3.3 while the proof of Lemma 2.3.4 is in Section 2.3.2.

Lemma 2.3.3. Given a pair of balanced circles Ci−1 and Ci,

Φ(Ci−1, Ci) ≤ 0.

Lemma 2.3.4. For any balanced configuration P〈s, t〉, ∑n
i=1 |si−1si| ≤ |st|.

Lemma 2.3.5. For any C, ∑n
i=1 |ti−1ti| ≤ |st|.

Proof. We have t0 = s and tn = t. We claim that x(ti−1) < x(ti) for all 1 ≤ i ≤ n. If
this is true, the lemma follows. We prove the claim by contradiction. Assume that
x(ti−1) ≥ x(ti). If qi is to the same side of st as pi−1, then Ci−1 must contain the vertex of
Ti on the opposite side of st. If qi is on the opposite side of st as pi−1, then Ci−1 contains
the vertex of Ti on the same side of st as pi−1. Both cases contradict the construction of a
Delaunay triangulation.

Lemma 2.3.6. For 1 ≤ i ≤ n, if pi−1 is above st, then

1. (a) |Ai(pi−1, ti)| > |pi−1pi|+ |Ai(pi, ti)| if pi is above st, and

(b) |Ai(pi−1, ti)| > |pi−1pi|+ |Bi(pi, ti)| if pi is below st

otherwise pi−1 is below st and
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2. (a) |Bi(pi−1, ti)| > |pi−1pi|+ |Bi(pi, ti)| if pi is below st, and

(b) |Bi(pi−1, ti)| > |pi−1pi|+ |Ai(pi, ti)| if pi is above st.

Proof. Case 1a is because |Ai(pi−1, pi)| > |pi−1pi|, and Case 1b is because if pi is below
st, then the algorithm chose to cross st, which implies 1b. Case 2 is symmetric.

Theorem 2.2.1 follows from Lemmas 2.3.3, 2.3.4, 2.3.5, and 2.3.6:

Proof. We first analyze the case when pi−1 is above st. Recall that in this case, Φ(Ci−1, Ci)
is defined as

Φ(Ci−1, Ci) = |Ai(pi−1, ti)| − |Ai−1(pi−1ti−1)| − λ|si−1si| − (µ− λ)|ti−1ti|.

If pi is above st (same side of st as pi−1), then |Ai(pi−1, ti)| > |pi−1pi|+ |Ai(pi, ti)| by
Lemma 2.3.6. In this case, let Di = Ai(pi, ti). If pi is below st, then |Ai(pi−1, ti)| >
|pi−1pi|+ |Bi(pi, ti)| by Lemma 2.3.6. In this case, let Di = Bi(pi, ti). In both cases we
have |Ai(pi−1, ti)| > |pi−1pi|+ |Di|.

Let Φ′(Ci−1, Ci) be the function defined by

Φ′(Ci−1, Ci) = |pi−1pi|+ |Di| − |Di−1| − λ|si−1si| − (µ− λ)|ti−1ti|.

Observe that Φ′(Ci−1, Ci) ≤ Φ(Ci−1, Ci). Lemma 2.3.3 tells us that Φ(Ci−1, Ci) ≤ 0,
thus Φ′(Ci−1, Ci) ≤ 0. When pi−1 is below st, a symmetric proof again shows us that
Φ′(Ci−1, Ci) ≤ 0. Recall that p0 = t0 = s, and pn = tn = t, which means |D0| = |Dn| = 0.
Therefore we have

n

∑
i=1

Φ′(Ci−1, Ci) ≤ 0

from which we get:
n

∑
i=1

(|pi−1pi|+ |Di| − |Di−1|) ≤
n

∑
i=1

(λ|si−1si|+ (µ− λ)|ti−1ti|)

|P〈s, t〉| − |D0|+ |Dn| ≤ (λ + µ− λ)|st| (2.1)
|P〈s, t〉| ≤ µ|st|.

The right hand side of (2.1) is due to Lemmas 2.3.4 and 2.3.5.

Lemma 2.3.4 is discussed in the next section. Lemma 2.3.3 is discussed in Section
2.3.3.
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pi−1

Ci−1 Ci

Di−1

Ai(pi−1, ti)

qi

ti−1 ti
sisi−1

Figure 2.4: Φ(Ci−1, Ci).

2.3.2 Proof of Lemma 2.3.4

Lemma 2.3.4 uses the following supporting result:

Lemma 2.3.7. Let Ci−1 and Ci be balanced. Let si−1 be the point on st where x(si−1) =
x(ti−1)− 2ri−1 and let si be the point on st where x(si) = x(ti)− 2ri. Then x(si−1) ≤ x(si).

Proof. See Fig. 2.5. Let ui−1 be the point on Ci−1 that is diametrically opposed to ti−1
and let ui be the point on Ci that is diametrically opposed to ti. We will show the
case when pi−1 is above st; the case when it is below st is symmetric. Since Ci−1 and
Ci are balanced, we have that |Ai(pi−1, ti)| = |pi−1qi| + |Bi(qi, ti)| which implies that
|Ai(pi−1, ti)| ≤ πri and |Bi(qi, ti)| ≤ πri. Since |Ai(ui, ti)| = |Bi(ui, ti)| = πri, ui is not
on the open interval Ai(pi−1, ti) or Bi(qi, ti), which implies that either ui is to the left of
pi−1qi, or ui = pi−1 = qi, which implies that ui is on or inside Ci−1.

Let Oi be the circle centered at ti with radius |tiui| = 2ri. Thus Oi and Ci are tangent
at ui, and Oi intersects st at si. Let Oi−1 be the circle centered at ti−1 with radius 2ri−1.
Thus Oi−1 and Ci−1 are tangent at ui−1, and Oi−1 intersects st at si−1.

We prove the lemma by contradiction, thus assume that x(si) < x(si−1). In the proof
of Lemma 2.3.5, we showed that x(ti) > x(ti−1). Therefore, it must be that Oi−1 is in
the interior of Oi, and thus they do not intersect. Since ui is on or inside Ci−1, and
Oi intersects ui, Oi must intersect Ci−1. But Ci−1 is contained in Oi−1 except for the
point ui−1, and Oi−1 is contained in Oi, and thus Oi cannot intersect Ci−1, which is a
contradiction. See Fig. 2.5.

We can now prove Lemma 2.3.4:

Proof of Lemma 2.3.4. Follows from Lemma 2.3.7 and the fact that x(s0) = x(s) and
x(sn) < x(t).
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s t

Ci

ti

ui

pi−1

qi

Ci−1

sisi−1

ti−1

OiOi−1

ui−1

Figure 2.5: Oi must intersect Oi−1 if Ci−1 and Ci are path balanced, which implies that x(si−1) ≤
x(si).

2.3.3 Proof of Lemma 2.3.3

To show that Φ(Ci−1, Ci) ≤ 0 when Ci−1 and Ci are balanced, we set up the following
coordinate system. We show the proof for the case when pi−1 is above st; the case when
pi−1 is below st is symmetric. Let ci−1 and ci lie along the x-axis, and let pi−1 and qi lie
along the y-axis. See Fig. 2.6. Lemma 2.3.3 follows from the following two lemmas:

Lemma 2.3.8. When Ci−1 and Ci are balanced, if y(ti−1) ≤ 0, then Φ(Ci−1, Ci) ≤ 0.

Lemma 2.3.9. When Ci−1 and Ci are balanced, if y(ti−1) > 0, then Φ(Ci−1, Ci) ≤ 0.

The main tool to prove these two lemmas is the following transformation, which is
similar to a transformation used by Xia [14].

Transformation 2.3.10. Fix pi−1 and qi, and translate ci to the left along the x-axis until
ci = ci−1. Moreover keep Ci−1 unchanged and maintain Ci as the circle with center ci with pi−1
on its boundary.

Observe that, after we have completed Transformation 2.3.10, we have Ci = Ci−1 and
thus Φ(Ci−1, Ci) = 0. If we can show that Φ(Ci−1, Ci) is increasing while x(ci) decreases,
then it must be that Φ(Ci−1, Ci) ≤ 0 before Transformation 2.3.10. Thus we wish to find
the change in Φ(Ci−1, Ci) with respect to the change in x(ci) during Transformation 2.3.10.
Formally:
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Ci−1

Ci

st

Di−1

pi−1

qi

si

si−1 ci−1 ci

ti−1

ti

Ai(pi−1, ti)

Figure 2.6: Coordinate system for analyzing Φ(Ci−1, Ci).

Lemma 2.3.11. If dΦ(Ci−1,Ci)
dx(ci)

≤ 0 during Transformation 2.3.10, then Φ(Ci−1, Ci) ≤ 0.

Proof. At the end of Transformation 2.3.10 we have that Φ(Ci−1, Ci) = 0. If dΦ(Ci−1,Ci)
dx(ci)

≤ 0
then Φ(Ci−1, Ci) is not decreasing during Transformation 2.3.10, and thus Φ(Ci−1, Ci) ≤ 0
before Transformation 2.3.10.

The analysis of this function is similar to Xia’s approach[14]. Full details of this
analysis and the proofs for Lemmas 2.3.8 and 2.3.9 can be found in Appendix 2.8.

2.4 bounding P〈s, t〉 in the general case

In Section 2.3, we proved Theorem 2.2.1 for the case when the path produced by our
algorithm results in a balanced configuration. In this section, we prove Theorem 2.2.1 for
the general case. Given a sequence C of circles that intersect st, no series of transformations
were found that could achieve a balanced configuration, while simultaneously providing
a provable upper bound on the length of |pi−1, pi|. However, we were able to find two
sequences of circles to substitute for C. To represent each Ci in C, we have a potential
circle CP

i and a bounding circle CB
i . Like Ci, both CP

i and CB
i have ti as their rightmost

intersection with st. However, Ci intersects both pi and pi−1, while CB
i is only required to

intersect pi−1, and CP
i is only required to intersect pi. If we look at a bounding circle CB

i
and the previous potential circle CP

i−1, which intersect at pi−1, they are balanced, and we
can thus apply the function Φ(CP

i−1, CB
i ) to relate the lengths of the arcs of these circles to

|st|. Finally, when analyzed properly, they provide an upper bound on the length |pi pi−1|.
Formally, let CP

0 be the circle centered at s = p0 with radius rP
0 = 0, and let CP

n
be the circle centered at t with radius rP

n = 0. Assuming we have defined CP
i−1, we

will define CB
i and CP

i . If pi−1 is above st, let CB
i be the circle through pi−1 and ti for

which |ACB
i
(pi−1, ti)| = |pi−1q′i|+ |BCB

i
(q′i, ti)|, where q′i is the bottommost intersection
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of CP
i−1 and CB

i . If pi−1 is below st, let CB
i be the circle through pi−1 and ti for which

|BCB
i
(pi−1, ti)| = |pi−1q′i|+ |ACB

i
(q′i, ti)|, where q′i is the topmost intersection of CP

i−1 and

CB
i . That is, CP

i−1 and CB
i are balanced. Let rB

i be the radius of CB
i . The potential circle CP

i
is the circle through pi, whose rightmost intersection with st is ti, and whose radius is
given by rP

i = min{ri, rB
i } (with the exception of rP

n = 0). Let sP
i be the point on st with

x(sP
i ) = x(ti)− 2rP

i , and let sB
i be the point on st with x(sB

i ) = x(ti)− 2rB
i .

To simplify notation, for points u and v on CP
i , instead of writing ACP

i
(u, v) and

BCP
i
(u, v) to indicate clockwise and counter-clockwise arcs of CP

i from u to v, respectively,

we write AP
i (u, v) and BP

i (u, v). Likewise, for points u and v on CB
i , instead of writing

ACB
i
(u, v) and BCB

i
(u, v), we write AB

i (u, v) and BB
i (u, v).

See Figs. 2.7a and 2.7 for an example of the initial sequences T and C and the resulting
bounding and potential arcs that we are interested in. See Appendix 2.6 for a series of
diagrams walking through a complete example.

Since CP
i−1 and CB

i are balanced, Φ can be extended to CP
i−1 and CB

i , and thus we have

Φ(CP
i−1, CB

i ) = |AB
i (pi−1, ti)| − |AP

i−1(pi−1, ti−1)| − λ|sP
i−1sB

i | − µ|ti−1ti|

when pi−1 is above st and

Φ(CP
i−1, CB

i ) = |BB
i (pi−1, ti)| − |BP

i−1(pi−1, ti−1)| − λ|sP
i−1sB

i | − µ|ti−1ti|

when pi−1 is below st. Lemma 2.3.3 tells us that Φ(CP
i−1, CB

i ) ≤ 0. To prove Theorem 2.2.1
in the general case, it is sufficient to prove the following two lemmas. Lemma 2.4.1 is a
generalization of Lemma 2.3.4, whereas Lemma 2.4.2 is a generalization of Lemma 2.3.6.

Lemma 2.4.1. ∑n
i=1 |sP

i−1sB
i | ≤ |st|.

Proof. Since CP
i−1 and CB

i are balanced, Lemma 2.3.7 tells us that x(sP
i−1) ≤ x(sB

i ). We
know that x(sP

i ) = x(ti)− 2rP
i and x(sB

i ) = x(ti)− 2rB
i , thus the fact that rP

i = min{ri, rB
i }

implies that x(sB
i ) ≤ x(sP

i ). Thus |sP
i−1sB

i | ≤ |sP
i−1sP

i |, and it is sufficient to show that
∑n

i=1 |sP
i−1sP

i | ≤ |st|. The fact that x(sP
i−1) ≤ x(sB

i ) implies that x(sP
i−1) ≤ x(sP

i ), and CP
0 is

the circle centered at s with radius 0, and thus sP
0 = s. Since x(sP

n) ≤ x(t), this completes
the proof.

Due to space constraints, the following lemma will be proved in Appendix 2.7.

Lemma 2.4.2. For 1 ≤ i ≤ n, if pi−1 is above st, then

1. (a) |AB
i (pi−1, ti)| ≥ |pi−1pi|+ |AP

i (pi, ti)| if pi is above st, and

(b) |AB
i (pi−1, ti)| ≥ |pi−1pi|+ |BP

i (pi, ti)| if pi is below st

otherwise pi−1 is below st and
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s t

(a) The triangles and the respective circumcircles of a Delaunay triangulation intersected by st, as
well as the path P〈s, t〉 found by the algorithm.

t, p6, t6
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p4
p5

s, p0

AB
1 (p0, t1)

AB
2 (p1, t2) AB

3 (p2, t3)

BB
4 (p3, t4)
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5 (p4, t5)

BB
6 (p5, t6)

DP
1

DP
2

DP
3

DP
4

DP
5

t1 t2
t3

t4 t5

(b) The complete set of bounding arcs and potential arcs.

Figure 2.7: The construction of the potential circles and bounding circles in the general case.
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CP
i−1

Ci−1 Cipi−1

bi

ti

ai, pi

ti−1

(a) Ci−1, Ci, and CP
i−1.

Notice that rP
i−1 > ri−1.

CP
i−1

Ci−1
Ci

CB
i

pi−1

bi q′i

ti

ai, pi

(b) CB
i and its intersection

with CP
i−1.

CB
i

pi−1

q′i

ti

AP
i (pi, ti)

AB
i (pi−1, ti)

CP
i

ai, pi

CP
i−1

(c) |AB
i (pi−1, ti)| <

|pi−1, pi|+ |AP
i (pi, ti)|.

Figure 2.8: The reasoning behind rP
i = min{ri, rB

i }. In this diagram, rP
i > ri, and we show why

it is detrimental to our analysis. Notice that |AB
i (pi−1, ti)| < |pi−1, pi|+ |AP

i (pi, ti)|. Thus the arc
AB

i (pi−1, ti) of the bounding circle is not long enough to pay for |pi−1, pi|+ |AP
i (pi, ti)| .

2. (a) |BB
i (pi−1, ti)| ≥ |pi−1pi|+ |BP

i (pi, ti)| if pi is below st, and

(b) |BB
i (pi−1, ti)| ≥ |pi−1pi|+ |AP

i (pi, ti)| if pi is above st.

Theorem 2.2.1 follows from Lemmas 2.3.3, 2.3.5, 2.4.1, and 2.4.2.

Proof of Theorem 2.2.1. If pi is above st, let DP
i = AP

i (pi, ti). If pi is below st, let DP
i =

BP
i (pi, ti). Let Φ′(CP

i−1, CB
i ) = |pi−1pi|+ |DP

i | − |DP
i−1| − λ|sP

i−1sB
i | − (µ− λ)|ti−1ti|. Lem-

mas 2.4.2 and 2.3.3 imply that Φ′(CP
i−1, CB

i ) ≤ Φ(CP
i−1, CB

i ) ≤ 0. Using Φ′(CP
i−1, CB

i ) we
get:

n

∑
i=1

Φ′(Ci−1, Ci) ≤ 0

n

∑
i=1

(
|pi−1pi|+ |DP

i | − |DP
i−1|

)
≤

n

∑
i=1

(λ|sP
i−1sB

i |+ (µ− λ)|ti−1ti|)

|P〈s, t〉| − |DP
0 |+ |DP

n | ≤ (λ + µ− λ)|st| (2.2)
|P〈s, t〉| ≤ µ|st|.

Line (2.2) follows from Lemmas 2.3.5 and 2.4.1.

We give some insight into the selection of rP
i . Assume that pi−1 is above st (when pi−1

is below st the explanation is symmetric).
The purpose of |AB

i (pi−1, ti)| is to bound |pi−1pi| + |AP
i (pi, ti)|, as expressed in

Lemma 2.8. This lemma is also the reason for selecting the radius of CP
i as rP

i =
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min{ri, rB
i }. It would be simpler to let rP

i = rB
i , since then we would have sP

i = sB
i .

However, if we allow rP
i > ri, it can happen that the arc |AB

i+1(pi, ti+1)| on the next
bounding circle is not large enough to cover |pi pi+1|+ |AP

i+1(pi+1, ti+1)|. See Fig. 2.8.
Thus Lemma 2.4.2 would not hold. To account for this, we ensure that CP

i has radius at
most ri.

2.5 conclusion and future work

Consider the algorithm presented in Section 2.2, along with two variations. To keep the
algorithms simple, assume we are at a vertex p above st. Otherwise all assumptions are
the same as in Section 2.2.

A) BestChord: If |pa|+ |AC(a, tC)| ≤ |pb|+ |AC(b, tC)| then p = a else p = b.
B) MixedChordArc: If |AC(p, tC)| ≤ |pb|+ |AC(b, tC)| then p = a else p = b.
C) MinArc: If |AC(p, tC)| ≤ πr then p = a else p = b.

The algorithm presented in this paper is MixedChordArc. Following the techniques
used in [1] we are able to show that the routing ratio of MinArc is between 3.14 and 3.96.
Since the routing ratio of 3.56 of MixedChordArc is better, we do not present the details
of MinArc.

We suspect that BestChord is an improvement on MixedChordArc. It seems plausible
that we can modify the proofs presented in this paper to obtain the same upper bound
for BestChord as for MixedChordArc, but for now that remains unverified. Whether
or not BestChord is asymptotically superior to MixedChordArc, or whether they are
asymptotically the same is still unknown.

Although we have improved the upper bound of the routing ratio on the L2-Delaunay
triangulation, it is not clear how tight our analysis is. The upper bound on the analysis is
where our potential function is the weakest. A more clever potential function could lower
the routing ratio using a comparable analysis. Or perhaps one of the algorithms above
would respond to a completely different style of analysis.

Furthermore, the lower bound on MixedChordArc is still the same as the lower bound
on routing on the L2-Delaunay triangulation in general, which is approximately 1.70
[1]. So it seems there is still much room for improvement. The question remains, what
other algorithms or analysis can we use to improve the routing ratio of the Delaunay
triangulation? And given that the upper and lower bounds on the spanning ratio of the
L2-Delaunay triangulation are 1.998 [14] and 1.5932 [15] respectively, is there a separation
of the spanning and routing ratios of the Delaunay triangulation?
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s t

(a) T , C, and P〈s, t〉.

ts, p0, q
′
0 t1

p1

AB
1 (p0, t1)

BB
1 (q′0, t1)

CP
0

(b) CP
0 and CB

1 are balanced.

Figure 2.9: Initial configuration and construction of CB
1 given CP

0 .

2.6 a trace of mixedchordarc and an illustration of the proof of

theorem 2 .2 .1

In these figures we illustrate the proof of Theorem 2.2.1.
Figure 2.9a illustrates the triangles and their respective circumcircles of the Delaunay

triangulation intersected by st, as well as the path P〈s, t〉. In figure 2.9b, recall that CP
0 is

the circle centered at s with radius rP
0 = 0. We see that CB

1 is the circle through ti that is
balanced with respect to CP

0 , i.e., |AB
1 (p0, t1)| = |BB

1 (b
′
1 = p0, t1)| = πrB

1 .
In Figure 2.10a we see CP

1 through p1 and t1 with radius rP
1 = rB

1 < r1. In this
example it is clear that |AB

1 (p0, t1)| ≥ |p0p1|+ |AP
1 (p1, t1)| since they are both convex and

AB
1 (p0, t1) contains p0p1 +AP

1 (p1, t1).
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tt1

p1

AB
1 (p0, t1)

s, s1, p0

AP
1 (p1, t1)

CP
1

(a) CP
1 with radius rp

1 = rB
1 .

Figure 2.10

In Figure 2.11a, CB
2 is balanced with respect to CP

1 , that is, |AB
2 (p1, t2)| = |p1q′2| +

|BB
2 (q
′
2, t2)|. If Figure 2.11b we show the placement of CP

2 .
In Figure 2.11c, CB

3 is balanced with CP
2 , but note that this time rB

3 > r3. Thus in Figure
2.12a, we note that rP

3 = r3 < rB
3 , and therefore CP

3 = C3.
In Figure 2.12b, CB

4 is balanced with CP
3 , with p3 is under st, thus |BB

4 (p3, t4)| = |p4q′4|+
|AB

4 (q
′
4, t4)|. In Figure 2.12c, p3p4 and AP

4 (p4, t4) are not convex. Thus |BB
4 (p3, t4)| =

|p3q′4|+ |AB
4 (q
′
4, t4)| ≥ |p3p4|+ |AP

4 (p4, t4)| is proven by other means. See Appendix 2.7.
In Figures 2.13a and 2.13b, the path of p4q′5 and BB

5 (q
′
5, t5) does not contain the

path of p4p5 and BP
5 (p5, t5), thus we cannot use a simple proof to show |AB

5 (p4, t5)| =
|p4q′5|+ |BB

5 (q
′
5, t5)| ≥ |p4p5|+ |BP

5 (p5, t5)|. See Appendix 2.7.
In Figure 2.13c, note that p5 = q′6. Thus CB

6 being balanced with CP
5 implies that

|AB
6 (p5, t6)| = |BB

6 (p5 = q′6, t6)|. Since p6 = t, CP
6 is the circle centered at t with radius

rP
6 = 0, and thus degenerate.

In Figure 2.14a, we see the arcs in Φ(CP
i−1, CB

i ), for all 0 < i ≤ 6. For example,
Φ(CP

1 , CB
2 ) = |AB

2 (p1, t2)| −DP
1 − λ|sP

1 sB
2 | − (Φ− λ)|t1t2|.
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Figure 2.11
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3 = r3, and thus CP
3 = C3.
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Figure 2.13
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(b) P〈s, t〉 and all the potential circles.

t, p6, t6

p1

p2

p3

p4
p5

s, p0

AB
1 (p0, t1)

AB
2 (p1, t2) AB

3 (p2, t3)

BB
4 (p3, t4)

AB
5 (p4, t5)

BB
6 (p5, t6)

DP
1

DP
2

DP
3

DP
4

DP
5

t1 t2
t3

t4 t5

(c) The thick blue and green arcs are all the arcs considered when summing over Φ(CP
i−1, CB

i ), for
1 ≤ i ≤ n.

Figure 2.14



2.7 proof of lemma 2 .4 .2 35

pi−1

C

ti−1 ti

C ′′

q

C ′
pi−1

C
ti−1

ti

C ′′
C ′

q

Figure 2.15: Lemma 2.7.1. PS (Ci−1, Ci) is longest when Ci = C′i , that is Ci−1 and Ci are balanced.

2.7 proof of lemma 2 .4 .2

We will prove part 1 of Lemma 2.4.2; the proof of part 2 is symmetric. Thus we assume
that pi−1 is above st. Let C be any circle with pi−1 and ti−1 on its boundary. Let C′ be any
circle with pi−1 and ti on its boundary. Let q be the lowest intersection point of C and C′.

Of the following two paths from pi−1 to ti, |pi−1q|+ |BC′(q, ti)| and |AC′(pi−1, ti)|, let
PS(C, C′) be the shorter and let PL(C, C′) be the longer. If the paths have equal length
label both paths PS(C, C′).

Lemma 2.7.1. Let C be a fixed circle with pi−1 and ti−1 on its boundary. Of all circles C′ with
pi−1 and ti on its boundary, |PS(C, C′)| is maximized when C and C′ are balanced.

Proof. Note that PS(C, C′) and PL(C, C′) are both convex. We prove the lemma by
contradiction. Let C′ be the circle through pi−1 and ti such that C and C′ are balanced.
Let C′′ be a circle through pi−1 and ti such that |PS(C, C′′)| > |PS(C, C′)|. Since C′ and
C′′ intersect in pi−1 and ti, the part of C′ on one side of pi−1ti is contained in C′′, and
the part of C′ to the other side of pi−1ti contains C′′. Consider the path PS(C, C′) to the
side of pi−1ti where C′ contains C′′. Observe that PS(C, C′) is convex and either contains
PS(C, C′′) or PL(C, C′′). In either case, |PS(C, C′)| > |PS(C, C′′)|, a contradiction. See
Fig. 2.15.

Recall that in this section, pi−1 is assumed to be above st. Therefore qi denotes the
lowest intersection point of Ci−1 and Ci. Let q̂i be the lowest intersection point of CP

i−1
and Ci. Then we have the following lemma.

Lemma 2.7.2. |pi−1qi|+ |Bi(qi, ti)| ≤ |pi−1q̂i|+ |Bi(q̂i, ti)|.
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Proof. Let li be the leftmost intersection of Ci with st. We know qi is on the opposite side
of st as pi−1. If q̂i is on the same side of st as pi−1, then it must be on the arc Bi(pi−1, li)
(by construction), thus qi is on Bi(q̂i, ti), and the lemma is true by the triangle inequality.

Assume that q̂i is below st. If rP
i−1 = ri−1, then CP

i−1 = Ci−1 and q̂i = qi, from which
the inequality becomes trivial. Assume that rP

i−1 = min{ri−1, rB
i−1} = rB

i−1 < ri−1.
Since CP

i−1 and Ci−1 intersect pi−1 and ti−1, and since rP
i−1 < ri−1, the convex hull of

AP
i−1(pi−1, ti−1) contains the convex hull of Ai−1(pi−1, ti−1). That means that the part

of CP
i−1 to the left of pi−1ti−1 is contained in Ci−1. Therefore qi is on Bi(q̂i, ti), and thus

|pi−1qi| < |pi−1q̂i|+ |Bi(q̂i, qi)| by the triangle inequality, which implies the lemma.

Lemma 2.7.3. |pi−1pi|+ |Di| ≤ |PS(Ci−1, Ci)| ≤ |PS(CP
i−1, Ci)| ≤ |AB

i (pi−1, ti)|.

Proof. For the first inequality, we consider two cases: Either pi is above st, or pi is
below st. If pi is above st, then the path does not cross st, therefore |pi−1pi|+ |Di| =
|pi−1pi|+ |Ai(pi, ti)| < |Ai(pi−1, ti)| = |PS(Ci−1, Ci)| by the triangle inequality. If pi is
below st, then the path does cross st, therefore |pi−1pi|+ |Di| = |pi−1pi|+ |Bi(pi, ti)| ≤
min{|Ai(pi−1, ti)|, |pi−1qi|+ |Bi(qi, ti)|} = |PS(Ci−1, Ci)| by the triangle inequality.

By Lemma 2.7.2, we have

|PS(Ci−1, Ci)| = min{|Ai(pi−1, ti)|, |pi−1qi|+ |Bi(qi, ti)|}
≤ min{|Ai(pi−1, ti)|, |pi−1q̂i|+ |Bi(q̂i, ti)|}
= |PS(CP

i−1, Ci)|.

For the last inequality, |PS(CP
i−1, Ci)| is equal to the smallest of |pi−1q̂i|+ |Bi(q̂i, ti)| and

|Ai(pi−1, ti)|. Therefore, |PS(CP
i−1, Ci)| ≤ |PS(CP

i−1, CB
i )| = |AB

i (pi−1, ti)| by Lemma 2.7.1,
since CP

i−1 and CB
i are balanced. This proves the lemma.

Proof of Lemma 2.4.2. Assume that pi−1 is above st. We have to prove that

|AB
i (pi−1, ti)| ≥ |pi−1pi|+ |DP

i |. (2.3)

If rP
i = ri < rB

i , then CP
i = Ci, and the right-hand side of (2.3) is equal to |pi−1pi|+ |Di|.

Lemma 2.4.2 then follows from Lemma 2.7.3. Otherwise rP
i = min{ri, rB

i } = rB
i < ri. We

consider two cases:

1. |Ai(pi−1, ti)| < πri and

2. |Ai(pi−1, ti)| > πri.

Note that if |Ai(pi−1, ti)| = πri, then ri is the smallest radius of any circle through
pi−1 and ti, and thus rB

i ≥ ri. Thus these two cases cover all possibilities.
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Observation 2.7.4. We have the following two inequalities

|pi−1ti| > |piti| and (2.4)
|Ai(pi−1, ti)| ≥ |pi−1pi|+ |Di|. (2.5)

Given a circle C and two points u and v on C, let ΓC(u, v) be the shorter of the two
arcs AC(u, v) and BC(u, v). For a given radius r, let

Z(r) = |ΓC(pi−1, ti)| − |pi−1pi| − |ΓC′(pi, ti)|,

where C (respectively C′) is any circle with radius r, and with pi−1 (respectively pi) and ti
on its boundary1. Since rP

i = rB
i , we need to show that Z(rP

i ) ≥ 0.
Let us consider Case 1. Observe that in Z(ri), C = C′ = Ci since pi−1, pi, and ti all

belong to Ci. Therefore, by (2.5) and the definition of Di, we have Z(ri) ≥ 0. Thus, if
we can prove that Z(r) never decreases as r goes from ri down to rP

i = rB
i , we are done.

Hence, we want to show that dZ(r)
dr ≤ 0. In other words, we want to show

d|ΓC(pi−1, ti)|
dr

≤ d|ΓC′(pi, ti)|
dr

. (2.6)

Let α be the angle at the center of C subtended by ΓC(pi−1, ti), and let β be the
angle at the center of C′ subtended by ΓC′(pi, ti). By (2.4) we have α > β. Note that
|ΓC(pi−1, ti)| = αr, and |ΓC′(pi, ti)| = βr. Since they are both linear in r, if we prove

dα

dr
≤ dβ

dr
, (2.7)

we have proven (2.6). We have sin(α/2) = |pi−1ti|
2r , thus α = 2 arcsin

(
|pi−1ti|

2r

)
. Therefore

dα

dr
= − |pi−1ti|

2

√
1−

(
|pi−1ti|

2r

)2
≤

by(2.4)
− |piti|

2

√
1−

(
|piti|

2r

)2
=

dβ

dr
,

which proves Case 1.
Let us consider Case 2. Since |Ai(pi−1, ti)| > πri, it must be that |pi−1bi|+ |Bi(bi, ti)| <

|Ai(pi−1, ti)|, and the algorithm crossed st at pi−1 (and thus pi = bi). Note that πri >
|Bi(pi−1, ti)| > |pi−1bi| + |Bi(bi, ti)| = |pi−1pi| + |Di|. Thus |Bi(pi−1, ti)| − |pi−1pi| −
|Bi(pi, ti)| = Z(ri) ≥ 0, and we apply the same argument as above to show that Z(rP

i ) ≥
0.

1 Notice that Z(r) is defined for all r ≥ |pi−1ti|/2.
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2.8 proofs of lemmas 2 .3 .8 and 2 .3 .9 - analyzing Φ(Ci−1 , Ci )

In this section, we want to prove Lemmas 2.3.8 and 2.3.9. In other words, we wish to
show Φ(Ci−1, Ci) ≤ 0, where

Φ(Ci−1, Ci) =|Ai(pi−1, ti)| − |Ai−1(pi−1, ti)| − λ|si−1si| − (µ− λ)|ti−1ti| (2.8)
when pi−1 is above st, and

Φ(Ci−1, Ci) =|Bi(pi−1, ti)| − |Bi−1(pi−1, ti)| − λ|si−1si| − (µ− λ)|ti−1ti| (2.9)
when pi−1 is below st.

Since these two cases are symmetric, for the remainder of the proof, we assume that pi−1
is above st, thus we focus on proving (5.1a).

We can rewrite −λ|si−1si| as

−λ|si−1si| = −λ(x(si)− x(si−1))

= −λ(x(ti)− 2ri − x(ti−1) + 2ri−1)

= −λ|ti−1ti| − 2λ(ri−1 − ri).

Thus we can rewrite Φ(Ci−1, Ci) as

Φ(Ci−1, Ci) = |Ai(pi−1, ti)| − |Ai−1(pi−1, ti−1)| − 2λ(ri−1 − ri)− µ|ti−1ti|.

Recall that Lemmas 2.3.8 and 2.3.9 were introduced in Section 2.3.3, where we assumed
that ci−1 and ci lie on the x-axis, with x(ci) > x(ci−1), and pi−1 and qi lie on the y-axis.
Therefore x(pi−1) = x(qi) = 0.

The following lemma is a useful result.

Lemma 2.8.1. Let us fix Ci−1, Ci, pi−1 and ti. Consider all line segments st such that ti is on st,
st intersects Ci−1, and ci−1 is on or above st. Among all such line segments st, Φ(Ci−1, Ci) is
maximized when ci−1 is on st.

Proof. Consider the case where ci−1 is above st. We rotate st until it contains ci−1 and
observe the changes in Φ(Ci−1, Ci).

During the rotation of st, ri−1, ri, and ti remain fixed, whereas ti−1 is changing. Note
that |ti−1ti| is minimized when st contains ci−1. Thus −µ|ti−1ti| is increasing. We also
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Ci−1

Ci

st
Ai−1(pi−1, ti−1)

pi−1

qi

si

si−1
ci−1 ci

ti−1
ti

Ai(pi−1, ti)

α
βγ

Figure 2.16: ci−1 and ci lie on the x-axis, and (pi−1, qi) lies along the y-axis.

note that −|Ai−1(pi−1, ti−1)| is increasing, while |Ai(pi−1, ti)| remains constant. Thus, for
all cases where ci−1 is on or above st, Φ(Ci−1, Ci) is maximized when ci−1 is on st.

Thus, for the rest of the proof, we assume that ci−1 is either on or below st.
Let α (respectively β) be the angle (respectively the signed angle) defined by the line

segment ci pi−1 (respectively citi) and the x-axis such that |Ai(pi−1, ti)| = (α + β)ri (refer
to Fig. 2.16). Thus 0 ≤ α ≤ π and −α ≤ β ≤ α. Let γ be the signed angle between the
x-axis and st such that −π/2 < γ < π/2. Observe that −π/2 < β− γ < π/2.

First, recall the definition of Transformation 2.3.10. As we apply Transformation 2.3.10,
we update the values of α, β, and γ. Observe that, after we have completed Transforma-
tion 2.3.10, we have Ci = Ci−1 and thus Φ(Ci−1, Ci) = 0. If we can show that Φ(Ci−1, Ci)
was increasing while x(ci) decreased, then it must be that Φ(Ci−1, Ci) ≤ 0 before Transfor-
mation 2.3.10. Thus we wish to find the change in Φ(Ci−1, Ci) with respect to the change
in x(ci) during Transformation 2.3.10. Therefore we wish to calculate the derivative of
Φ(Ci−1, Ci) with respect to x(ci).

We define a function τ(α, β, γ) = dΦ(Ci−1,Ci)
dx(ci)

. Thus if we show τ(α, β, γ) ≤ 0, we can
apply Lemma 2.3.11 and we are done.

However, this does not always work, as we sometimes encounter degenerate cases
where dΦ(Ci−1,Ci)

dx(ci)
> 0 at some point during Transformation 2.3.10. For the cases when

this happens, we use a different argument to show that, before applying Transformation
2.3.10, when Ci−1 and Ci are balanced, Φ(Ci−1, Ci) ≤ 0.

Thus we use a combination of Lemma 2.3.11, intermediate circles, and geometric
proofs to show that Φ(Ci−1, Ci) ≤ 0 in all cases when Ci−1 and Ci are balanced.

In Appendix 2.8.1 we compute τ(α, β, γ) = dΦ(Ci−1,Ci)
dx(ci)

. In Appendix 2.8.2 we simplify
and analyze this function. In Appendix 2.8.3 we identify the different cases we need to
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α

β

ci−1

Ci−1

Ci

ti

pi−1

qi

ci

ti−1

st

Figure 2.17: Transformation 2.3.10. We fix pi−1 and qi and translate ci towards ci−1.

consider to prove Lemmas 2.3.8 and 2.3.9, and then apply the appropriate techniques to
prove them.

2.8.1 Analyzing dΦ(Ci−1,Ci)
dx(ci)

We compute dΦ(Ci−1,Ci)
dx(ci)

piece by piece. Note that x(ci) = −ri cos α and y(pi−1) = ri sin α.

dri

dx(ci)
=

d
√

x(ci)2 + y(pi−1)2

dx(ci)
=

x(ci)√
x(ci)2 + y(pi−1)2

=
x(ci)

ri
= − cos α (2.10)

dα

dx(ci)
=

d(π/2 + arctan( x(ci)
y(pi−1)

))

dx(ci)
=

y(pi−1)

x(ci)2 + y(pi−1)2 =
y(pi−1)

r2
i

=
sin α

ri

d(αri)

dx(ci)
= α

dri

dx(ci)
+ ri

dα

dx(ci)
= sin α− α cos α

To calculate d|ti−1ti|
dx(ci)

and dβ
dx(ci)

we need the total chain rule, or total derivative. We
consider |ti−1ti| as a function of x(ci) and ri. However, ri is also a function of x(ci). Thus
we can express the change in |ti−1ti| with respect to the change in x(ci) as:

d|ti−1ti|
dx(ci)

=
∂|ti−1ti|
∂x(ci)

dx(ci)

dx(ci)
+

∂|ti−1ti|
∂ri

dri

dx(ci)
=

∂|ti−1ti|
∂x(ci)

+
∂|ti−1ti|

∂ri

dri

dx(ci)
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Geometrically, ∂x(ci) represents translating ci along the x-axis while fixing the radius
ri. ∂ri represents changing the radius ri of Ci, while keeping x(ci) fixed. See Fig. 2.18.
However, the change in ri is dependent on x(ci), hence we multiply by dri

dx(ci)
.

The partial derivatives ∂|ti−1ti|
∂x(ci)

and ∂|ti−1ti|
∂ri

can be individually determined using simple

geometry. We determine dβ
dx(ci)

using the same technique.

2.8.1.1 Calculating d|ti−1ti|
dx(ci)

In Fig. 2.20a we examine the geometry of ∂|ti−1ti|
∂x(ci)

. Applying the sine rule yields

sin(π/2 + β− γ)

∂x(ci)
=

sin(π/2− β)

∂|ti−1ti|
∂|ti−1ti|
∂x(ci)

=
sin(π/2− β)

sin(π/2 + β− γ)
=

cos β

cos(β− γ)

In Fig. 2.19b we examine the geometry of ∂|ti−1ti|
∂ri

. Applying the sine rule yields

sin(π/2− β + γ)

∂ri
=

sin(π/2)
∂|ti−1ti|

∂|ti−1ti|
∂ri

=
1

sin(π/2 + β− γ)
=

1
cos(β− γ)

.
From (2.10) we have dri

dx(ci)
= − cos α. Thus

d|ti−1ti|
dx(ci)

=
∂|ti−1ti|
∂x(ci)

+
∂|ti−1ti|

∂ri

dri

dx(ci)

=
cos β

cos(β− γ)
− 1

cos(β− γ)
cos α

=
cos β− cos α

cos(β− γ)
. (2.11)

2.8.1.2 Calculating
dβ

dx(ci)

The total derivative of dβ
dx(ci)

is
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pi−1

qi

Ci

cici−1

st

ti

βγ
α

(a) Initial orientation of Ci−1 and Ci.

pi−1

qi

Ci

cici−1

st

ti

βγ
α

Ci−1

(b) The change in x(ci) represents moving ci while fixing pi−1 and qi.

Figure 2.18
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βγ
α

pi−1

qi

Ci

cici−1

st

ti

Ci−1

(a) In this case, ∂|ti−1ti |
∂ri

is obtained by fixing x(ci) and decreasing ri.

βγ
α

pi−1

qi

Ci

cici−1

st

ti

Ci−1

(b) ∂|ti−1ti |
∂x(ci)

is found by moving ci while fixing ri.



2.8 proofs of lemmas 2 .3 .8 and 2 .3 .9 - analyzing Φ(Ci−1, Ci) 44

Ci

∂|ti−1ti|

∂ri

γ
β π/2− β + γ

β − γ

ti

(a)
∂|ti−1ti|

∂ri
.

ti

Ci

∂Xci

∂|ti−1ti|

γ

β

π/2− β

π/2 + β − γ

(b)
∂|ti−1ti|
∂x(ci)

.
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ti

Ci

∂Xci

γ
π/2− β

π/2 + β − γ

β

(∂β)ri

(a) The change in βri with x(ci). Note when γ < β, the change in βri with respect to x(ci) is
positive.

ti

Ci

γ

−(∂β)ri

π/2− β

π/2− β + γ

β
β − γ

∂ri

(b) The change in βri with ri. Note when γ < β, the change in βri with respect to ri is negative.
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dβ

dx(ci)
=

∂β

∂x(ci)

dx(ci)

dx(ci)
+

∂β

∂ri

dri

dx(ci)
=

∂β

∂x(ci)
+

∂β

∂ri

dri

dx(ci)

Fig. 2.21a shows the geometry of ∂β
∂x(ci

). Applying the sine rule yields

(∂β)ri

sin γ
=

∂x(ci)

sin(π/2 + β− γ)
(2.12)

∂β

∂x(ci)
=

sin γ

ri cos(β− γ)
. (2.13)

Fig. 2.21b shows the geometry of ∂β
∂x(ri)

. Applying the sine rule yields

sin(π/2− β + γ)

∂x(ri)
=

sin(β− γ)

−(∂β)ri

(∂β)ri

∂x(ri)
= − sin(β− γ)

sin(π/2 + β− γ)

∂β

∂x(ri)
= − sin(β− γ)

cos(β− γ)ri
. (2.14)

Thus the total derivative is:

dβ

dx(ci)
=

∂β

∂x(ci)
+

∂β

∂x(ri)

dri

dx(ci)

=
sin γ

cos(β− γ)ri
− sin(β− γ)

cos(β− γ)ri
(− cos α)

=
sin γ + cos α sin(β− γ)

cos(β− γ)ri

The change in βri with x(ci) is

d(βri)

dx(ci)
=

sin γ + cos α sin(β− γ)

cos(β− γ)ri
ri − β cos α

=
sin γ + cos α sin(β− γ)

cos(β− γ)
− β cos α.
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Thus

d|Ai(pi−1, ti)|
dx(ci)

=
d(α + β)ri

dx(ci)

= sin α− α cos α +
cos α sin(β− γ) + sin γ

cos(β− γ)
− β cos α

= sin α− (α + β) cos α +
cos α sin(β− γ) + sin γ

cos(β− γ)
.

The change in (ri−1 − ri) with respect to x(ci) is

d(ri−1 − ri)

dx(ci)
=

dri−1

dx(ci)
− dri

dx(ci)
(2.15)

= cos α. (2.16)

Thus the change in Φ(Ci−1, Ci) with respect to the change in x(ci) is given by

dΦ(Ci−1, Ci)

dx(ci)

=
d(|Ai(pi−1, ti)| − |Ai−1(pi−1, ti−1)| − 2λ(ri−1 − ri)− µ|ti−1ti|)

dx(ci)

=
d(α + β)ri

dx(ci)
− d2λ(ri−1 − ri)

dx(ci)
− dµ|ti−1ti|

dx(ci)

= sin α− (α + β) cos α +
cos α sin(β− γ) + sin γ

cos(β− γ)
− 2λ cos α− µ

(
cos β− cos α

cos(β− γ)

)
= sin α− (α + β + 2λ) cos α +

cos α sin(β− γ) + sin γ

cos(β− γ)
− µ

(
cos β− cos α

cos(β− γ)

)

2.8.2 Simplifying dΦ(Ci−1,Ci)
dx(ci)

Define a function:

τ(α, β, γ) = sin α− (α + β + 2λ) cos α +
cos α sin(β− γ) + sin γ

cos(β− γ)
− µ

(
cos β− cos α

cos(β− γ)

)
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In this section our goal is to find values of α, β, and γ for which τ(α, β, γ) ≤ 0.
We study each parameter separately, and then conclude. In Section 2.8.2.1 we analyze
τ(α, β, γ) with respect to γ. In Section 2.8.2.2 we analyze τ(α, β, γ) with respect to β.
Finally, in Section 2.8.2.3 we analyze τ(α, β, γ) with respect to α.

2.8.2.1 Maximizing τ(α, β, γ) With Respect to γ.

To find the value of γ that maximizes τ(α, β, γ), we find dτ(α,β,γ)
dγ .

dτ(α, β, γ)

dγ
=
− cos α + cos γ cos(β− γ)− sin γ sin(β− γ) + µ sin(β− γ)(cos β− cos α)

cos2(β− γ)

=
cos β− cos α + µ sin(β− γ)(cos β− cos α)

cos2(β− γ)

=
(1 + µ sin(β− γ))(cos β− cos α)

cos2(β− γ)

To maximize τ(α, β, γ), let γ∗ be the value for which (1 + µ sin(β− γ∗)) = 0, in other
words, γ∗ = β − arcsin(−1/µ). The ranges of α, β, and γ give us that cos β−cos α

cos2(β−γ)
≥ 0.

Therefore dτ(α,β,γ)
dγ = 0 when γ = γ∗, and it is positive when γ < γ∗ and it is negative

when γ > γ∗. Thus τ(α, β, γ) ≤ τ(α, β, γ∗) for all 0 ≤ α ≤ π and −α ≤ β ≤ α.
We can rewrite τ(α, β, γ∗) as:

τ(α, β, γ∗)

= cos(β− γ∗)(sin α− (α + β + 2λ) cos α) + cos α sin(β− γ∗) + sin γ∗ − µ(cos β− cos α)

=
√

1− (1/µ)2(sin α− (α + β + 2λ) cos α)− cos α

µ
+ sin

(
β− arcsin

(
−1
µ

))
− µ(cos β− cos α)

=
√

1− (1/µ)2(sin α− (α + β + 2λ) cos α)− cos α

µ
+ sin β

√
1− (1/µ)2 +

cos β

µ
− µ(cos β− cos α)

=
√

1− (1/µ)2(sin α + sin β− (α + β + 2λ) cos α)−
(

µ− 1
µ

)
(cos β− cos α).

Let A =
√

1− (1/µ)2 =

√
1 + sin(1)√

2
and let B =

(
µ− 1

µ

)
= A

(
1 + sin(1)

cos(1)

)
. Then

we have
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τ(α, β, γ∗) =A(sin α + sin β− (α + β + 2λ) cos α)− B(cos β− cos α).

2.8.2.2 Maximizing τ(α, β, γ∗) With Respect to β.

To see how τ(α, β, γ∗) behaves with respect to β, we calculate:

dτ(α, β, γ∗)

dβ
= A(cos β− cos α) + B(sin β).

We can now prove the following lemma.

Lemma 2.8.2. For a fixed α, τ(α, β, γ∗), as a function of β, is unimodal and τ(α, β, γ∗) ≤
max{τ(α,−α, γ∗), τ(α, α, γ∗)}.

Proof. The expression A(cos β− cos α) is always positive, since |β| ≤ α. Moreover B(sin β)

has the same sign as β. Thus
dτ(α, β, γ∗)

dβ
is convex in β, which means it is maximized at

the lowest and highest values of β, i.e., τ(α, β, γ∗) ≤ max{τ(α,−α, γ∗), τ(α, α, γ∗)}.

2.8.2.3 τ(α, sin α, γ∗) ≤ 0

In this section we prove the following lemma.

Lemma 2.8.3. τ(α, sin α, γ∗) ≤ τ(π/2, sin(π/2), γ∗) = 0, for all 0 ≤ α ≤ π.

First we prove the equality. When α = π/2, we have

τ(π/2, sin(π/2), γ∗) = A(1 + sin(1))− B cos(1) = 0. (2.17)

Note that we obtain the value µ by letting A =
√

1− (1/µ)2 and B =
(

µ− 1
µ

)
and

then solving (2.17) for µ.
Now we show that τ(α, sin α, γ∗) ≤ τ(π/2, sin(π/2), γ∗). Observe that τ(α, sin α, γ∗)

is a function of a single variable α. We find the derivative of τ(α, sin α, γ∗) with respect to

α. Let η =
dτ(α, sin α, γ∗)

dα
. Then

η =
d

dα
A(sin α + sin(sin α)− (α + sin α + 2λ) cos α)− B(cos(sin α)− cos α)

=A(cos(sin α) cos α− cos2 α + (α + sin α + 2λ) sin α) + B(sin(sin α) cos α− sin α).
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Let η1 = cos α(A(cos(sin α)− cos α)) and let η2 = A(α+ sin α+ 2λ) sin α+ B sin(sin α) cos α−
B sin α. Thus η = η1 + η2. Note that η1 > 0 when 0 ≤ α < π/2, η1 = 0 when α = π/2,
and η1 < 0 when π/2 < α ≤ π. We wish to show that η2 exhibits the same behaviour. To
this end, we define the function:

η′2 = A(α + sin α + 2λ) sin α + B sin(1) sin α cos α− B sin α.

Lemma 2.8.4. The function η′2 > 0 for 0 ≤ α < π/2, η′2 = 0 when α = π/2, and η′2 < 0 when
π/2 < α ≤ π.

Proof. Let η3 =
η′2

sin α
= A(α + sin α + 2λ) + B sin(1) cos α − B. We take the second

derivative of η3 with respect to α.

d2η3

dα2 =
d2

dα2 A(α + sin α + 2λ) + B sin(1) cos α− B

=
d

dα
A(1 + cos α)− B sin(1) sin α)

= −A sin α− B sin(1) cos α.

For 0 ≤ α ≤ π/2,
d2η3

dα2 < 0. For π/2 < α ≤ π, the first term is increasing until it
reaches 0 at α = π. The second term becomes positive and increases until it’s maximized

at α = π. Thus
d2η3

dα2 is negative followed by positive, which implies that η3 is concave

followed by convex. At α = 0 we have A(α + sin α + 2λ) + B sin(1) cos α− B = 2Aλ +
B(sin(1)− 1) > 0.28 which is positive. At α = π we have A(π + 2λ)− B(sin(1) + 1) <

−2.20 which is negative. This, together with the fact that
d2η3

dα2 is concave followed by
convex implies that η3 intersects the x-axis in only one place. We know sin α = 0 when
α = 0 and when α = π, and sin α > 0 when 0 < α < π. Since η′2 = η3 sin α, η′2 = 0 when
α = 0 or π. Thus η′2 intersects the x-axis at 0, π, and one other place.

When α = π/2, we have
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η′2 = A(α + sin α + 2λ) sin α + B sin(1) sin α cos α− B sin α

= A(π/2 + 1 + 2λ)− B (2.18)

= A
(

π/2 + 1 + 2
(

1 + sin(1)
cos(1)

− π/2− 1
)

/2
)
− A

(
1 + sin(1)

cos(1)

)
= A

(
1 + sin(1)

cos(1)

)
− A

(
1 + sin(1)

cos(1)

)
= 0.

Note that (2.18) is where we obtain the value for λ.
The function η′2 is η2 with the term cos α sin(sin α) replaced by the term cos α sin(1) sin α.

To relate η′2 to η2 we show the following:

Lemma 2.8.5. cos α sin(1) sin α ≤ cos α sin(sin α) for 0 ≤ α ≤ π/2, and cos α sin(1) sin α ≥
cos α sin(sin α) for all π/2 < α ≤ π.

Proof. To prove the claim, let θ = sin α. Since cos α is positive for 0 ≤ α < π/2, and
negative for π/2 < α ≤ π, proving Lemma 2.8.5 is equivalent to proving θ sin(1) ≤ sin θ,
for all 0 ≤ θ ≤ 1. We note that θ sin(1) is a linear function with a slope of sin(1), while
sin θ is a convex function in the given interval. They intersect at θ = 0 and θ = 1, and
sin θ contains θ sin(1) from 0 ≤ θ ≤ 1. Thus θ sin(1) ≤ sin θ, for all 0 ≤ θ ≤ 1.

As a consequence we get the following corollaries:

Corollary 2.8.6. η′2 ≤ η2 for all 0 ≤ α < π/2 and η′2 ≥ η2 for all π/2 < α ≤ π, and η′2 = η2
for all α = π/2

which leads to

Corollary 2.8.7. The function η2 > 0 when 0 ≤ α < π/2, η2 = 0 when α = π/2, and η2 < 0
when π/2 < α ≤ π.

Note that η1 = 0 when α = 0 and π/2, is positive when 0 < α < π/2, and negative for
π/2 < α ≤ π. This implies that η = 0 when α = 0 and π/2, is positive for 0 < α < π/2,
and negative for π/2 < α ≤ π. This implies that τ(α, sin α, γ∗) is maximized when
α = π/2.

We can now prove Lemma 2.8.3.
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Proof of Lemma 2.8.3. Corollary 2.8.7 implies that τ(α, sin α, γ∗) is maximized when α =
π/2. Thus

τ(α, sin α, γ∗) ≤ τ(π/2, 1, γ∗) =
√

1− (1/µ)2(1 + sin(1))−
(

µ− 1
µ

)
cos(1) ≤ 0 (2.19)

for λ =
(

1+sin(1)
cos(1) − π/2− 1

)
/2 ≈ 0.42 and µ =

√
2

1−sin(1) < 3.56.

2.8.3 Proofs of Lemmas 2.3.8 and 2.3.9

Recall that τ(α, β, γ∗) is unimodal with respect to β (refer to Lemma 2.8.2). We now
simplify it further.

Lemma 2.8.8. For 0 ≤ β ≤ sin α, τ(α, β, γ∗) ≤ τ(α, sin α, γ∗).

Proof. Recall that

dτ(α, β, γ∗)

dβ
= A(cos β− cos α) + B(sin β). (2.20)

Note that
dτ(α, β, γ∗)

dβ
> 0 when β is positive. Thus we have that τ(α, β, γ) ≤

τ(α, sin α, γ∗).

In order to enumerate all the cases we need to consider to prove Φ(Ci−1, Ci) ≤ 0, we
distinguish between starting conditions and events. Given circles Ci−1 and Ci, starting
conditions refer to the locations of Ci−1, Ci, and st before applying Transformation 2.3.10.
By extension, this includes the value of y(ti−1) and the angles α, β, and γ. Recall that as
we apply Transformation 2.3.10, we update α, β, γ, as well as the lengths of the arcs of
Ci−1 and the position of ti. Thus an event refers to an angle entering, exiting, or staying
within some range, or any other condition that occurs during the transformation.

2.8.3.1 Proof of Lemma 2.3.8

Lemma 2.3.8 assumes that y(ti−1) ≤ 0. Proving Lemma 2.3.8 is equivalent to proving the
following two lemmas.

Lemma 2.8.9. Consider any starting condition where Ci−1 and Ci are such that y(ti−1) ≤ 0 and
0 ≤ α ≤ π/2. Then Φ(Ci−1, Ci) ≤ 0.
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pi−1

qi

Ci

cici−1

st

vi, ti

γ

Figure 2.22: The gray dots represent the path of vi.

Lemma 2.8.10. Consider any starting condition where Ci−1 and Ci are such that y(ti−1) ≤ 0
and π/2 < α ≤ π. Then Φ(Ci−1, Ci) ≤ 0.

Observe that Ci and Ci−1 being balanced implies the starting condition y(ti) < 0,
which implies that during Transformation 2.3.10, the event β < 0 does not occur. We
need the following lemma to prove Lemma 2.8.9.

Lemma 2.8.11. Consider any starting condition where Ci−1 and Ci are such that α ≤ π/2 and
β ≤ sin α. Then, during Transformation 2.3.10, β ≤ sin α.

Proof. Let vi be the point on Ci where |Ai(pi−1, vi)| = |pi−1qi|+ |Bi(qi, vi)|. We show that
vi does not go above st during Transformation 2.3.10, which implies the lemma.

Since ci−1 is on or below st, the slope of st is negative. Let ei be the rightmost
(East-most) point of Ci. Let β′ = ∠(viciei). During Transformation 2.3.10, since β′ri =
|Ai(ei, vi)| = |pi−1qi|/2 is constant, but ri is increasing and β′ is decreasing (Ai(ei, vi) is
getting flatter), vi moves downwards. Since vi is below ci, vi moves left as ci moves left.
Thus the path of vi (from left to right) maintains a positive slope. Since st has a negative
slope, and vi intersects st initially (that is, vi = ti), this implies that vi cannot go above st
during Transformation 2.3.10. See Fig. 2.22.

We can now prove Lemma 2.8.9.

Proof of Lemma 2.8.9. The proof follows from Lemmas 2.8.11, 2.8.3 and 2.3.11.
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Note that, given the starting conditions of Lemma 2.8.10, if the event β > sin α does
not occur, then Lemmas 2.8.3 and 2.3.11 imply Lemma 2.8.10. In the following lemma,
we identify a starting condition for which β > sin α never occurs during Transformation
2.3.10.

Lemma 2.8.12. Let wi be the leftmost (West-most) point of Ci. Consider any starting condition
where Ci−1 and Ci are such that α > π/2, β ≤ sin α and st is on or above wi. Then during
Transformation 2.3.10, β ≤ sin α.

Proof. Note that β = sin α if and only if βri = ri sin α = |pi−1qi|/2. Since |pi−1qi|/2 stays
constant during Transformation 2.3.10, and βri ≤ ri sin α = |pi−1qi|/2 before Transfor-
mation 2.3.10, it is enough to show that βri is decreasing during Transformation 2.3.10

while α > π/2. If α ≤ π/2 during the transformation, we apply Lemma 2.8.11. Let CK
be any intermediate circle through pi−1 and qi during Transformation 2.3.10. Fixing ti, if
we increase γ, β on CK will decrease. Thus the greatest value for β on CK is when γ is
minimized. Since we assume that wi is on or below st, it is enough to show that βri is
increasing during Transformation 2.3.10 when st is on wi. Recall that

dβri

dx(ci)
=

cos α sin(β− γ) + sin γ

cos(β− γ)
− β cos α. (2.21)

Since α > π/2 and β > 0, we have −β cos α > 0. Also recall that −π/2 ≤ β− γ ≤
π/2, thus cos(β− γ) > 0. Therefore to show that

dβri

dx(ci)
is non-negative, it is sufficient

to show that sin γ ≥ sin(β− γ), or γ ≥ β/2 (since γ ≤ π/2). This is true when wi is on
or below st, as required.

This leads to the following Corollary.

Corollary 2.8.13. Consider any starting condition where Ci−1 and Ci are such that α > π/2
and ci−1 is inside Ci. Then during Transformation 2.3.10, β ≤ sin α.

It remains to prove Lemma 2.8.10 when the event β > sin α occurs. Since Ci−1 and Ci
are balanced, one of the starting conditions is β = sin α. Recall that ci−1 is assumed to be
on or below st. Corollary 2.8.13 tells us we can assume ci−1 is outside of Ci. We look at
two cases with the following starting conditions.

α > π/2, ci−1 is outside of Ci and ri ≥ ri−1 (refer to Lemma 2.8.14).
α > π/2, ci−1 is outside of Ci and ri < ri−1 (refer to Lemma 2.8.15).

Lemma 2.8.14. Consider any starting condition where Ci−1 and Ci are such that α > π/2, ci−1
is outside of Ci, and ri ≥ ri−1. Then Φ(Ci−1, Ci) ≤ 0.
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Figure 2.23: Lemma 2.8.14

Proof. See Fig. 2.23. Let CQ be a circle through pi−1 and qi with radius rQ = |pi−1qi|/2.
First we show that sQ is between si−1 and si on st. Let ui be the intersection of Ci and the
line through ti and ci, where ui 6= ti. Lemma 2.3.7 tells us that sQ is between si−1 and si on
st, if uk and ui are left of pi−1qi, which is true if |y(tQ)| ≤ y(pi−1) and |y(ti)| ≤ y(pi−1).
Since ci−1 is on or below st, the slope of st is negative, and since y(ti−1) ≤ 0, we have
|y(tQ)| < |y(ti)|. We have y(pi−1) = ri sin α, and |y(ti)| = ri sin(sin α) ≤ ri sin α = y(pi−1)
when α ≤ π/2, and thus sQ is between si−1 and si on st.

Thus we have Φ(Ci−1, Ci) = Φ(Ci−1, CQ) + Φ(CQ, Ci), and it is sufficient to prove that
Φ(Ci−1, CQ) ≤ 0 and Φ(CQ, Ci) ≤ 0.

If st is below cQ, then Φ(CQ, Ci) is increased when st goes through cQ, so we assume
that cQ is on or below st. We apply Transformation 2.3.10 to Ci and CQ. Since y(ti−1) ≤ 0,
and y(ti) ≤ 0, we have y(tQ) ≤ 0, and thus β ≥ 0 during Transformation 2.3.10. Since cQ
is inside Ci, Corollary 2.8.13 tells us that β ≤ sin α during Transformation 2.3.10. Together
with the fact that τ(α, β, γ) ≤ 0 when 0 ≤ β ≤ sin α, this implies that Φ(CQ, Ci) ≤ 0 by
Lemma 2.3.11.

We now apply Transformation 2.3.10 to Ci−1 and CQ. Since α = π/2 before Trans-
formation 2.3.10, Lemma 2.8.11 tells us that β ≤ sin α during Transformation 2.3.10 if
β ≤ sin α initially. Proving that initially we have β ≤ sin α is equivalent to proving that
tQ is above vQ, or equivalently, that vQ is below st.

Let CK be a circle through pi−1 and qi such that tK is between ti−1 and ti. Notice that
CK is any intermediate circle encountered during Transformation 2.3.10. If we fix ti, then
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β is maximized on CK when γ is minimized. Since we assume ci−1 is on or below st, we
conclude γ is minimized when st intersects ci−1. To minimize γ further we move ci−1 as
far left as it can go, i.e., to the point where ri = ri−1. Thus it is sufficient to show vQ is
below st when ri = ri−1.

Let p′i−1 and q′i be the points on Ci that mirror pi−1 and qi in the vertical line through
ci. Note that the line segment ci−1q′i is below the line segment ci−1ti, which is part of st.
Thus, showing that vQ is below ci−1q′i shows that vQ is below st.

We begin by showing that if vQ is below ci−1q′i when ri = ri−1 and ci−1 intersects Ci,
then vQ is below ci−1q′i for any ci−1 outside of Ci where ri = ri−1.

See Fig. 2.24. Note that x(qi)− x(ci−1) = x(ci)− x(qi) = x(q′i)− x(ci), thus 2(x(qi)−
x(ci−1)) = x(q′i)− x(qi). Thus one third of ci−1q′i is to the left of pi−1qi, while two thirds
of ci−1q′i is to the right. Since y(ci−1) and y(q′i) are constant, this implies that as ci−1q′i
grows it pivots at the intersection of itself and pi−1qi. Thus vQ being under ci−1q′i when
ci−1 and Ci intersect implies that it is always under ci−1q′i. Thus it is enough to show that
vQ is under ci−1q′i when ci−1 intersects Ci.

See Figs. 2.25 and 2.26. Assume that ri = ri−1 = 1, which implies that rQ = sin(π/3),
and |ci−1cQ| = 1/2. Note that when Transformation 2.3.10 gets to 2CQ, we have α = π/2,
thus we need to prove that β ≤ sin α = 1. Let t′Q be the intersection of ci−1q′i and CQ.
Since ci−1q′i lies under st, and ∠(t′QcQci) > β, it is sufficient to show that ∠(t′QcQci) < 1.

Let θ = ∠(cQt′Qci−1), and note that ∠(q′ici−1cQ) = π/6. We can find θ using the sine

rule. Thus sin θ =
sin(π/6)

2 sin(π/3)
, and θ < 0.3. We see that ∠(t′QcQci) = θ + π/6 < 0.82 < 1,

as required.

Lemma 2.8.15. If ri < ri−1, α > π/2 and ci−1 is outside of Ci, then Φ(Ci−1, Ci) ≤ 0.

Proof. Let CP be the circle with radius ri through pi−1 and qi such that CP 6= Ci. Notice
that CP is one of the intermediate circles encountered during Transformation 2.3.10. See
Fig. 2.27. We have Φ(Ci−1, Ci) = Φ(Ci−1, CP) +Φ(CP, Ci), and thus it is sufficient to prove
that Φ(Ci−1, CP) ≤ 0 and Φ(CP, Ci) ≤ 0. We do this by applying Transformation 2.3.10 to
Ci and CP, and then to CP and Ci−1.

Since rP = ri, we have Φ(CP, Ci) ≤ 0 by Lemma 2.8.14. Since we assumed that ci−1
is on or below st, we know that st has a negative slope. Thus y(tP) > y(ti), which
implies that 2β as defined by CP is less than β as defined by Ci. Thus when applying
Transformation 2.3.10 to CP and Ci−1, we know that 0 ≤ β < sin α by Lemma 2.8.11, and
thus Φ(Ci−1, CP) ≤ 0 by Lemma 2.3.11.

Proof of Lemma 2.8.10. The proof follows from Lemmas 2.8.14 and 2.8.15.
2 Recall that, as we apply Transformation 2.3.10, we update the values of α, β, and γ.
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Figure 2.26: Since β < 1 = sin α on circle CQ, vQ is below st.
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Figure 2.27: The case where α > π/2 and ri−1 > ri.

2.8.3.2 Proof of Lemma 2.3.9

First observe the following.

Lemma 2.8.16. For 0 ≤ α ≤ π/2, τ(α,−α, γ∗) ≤ 0.

Proof.

τ(α,−α, γ∗) = A(sin α + sin(−α)− (α− α + 2λ) cos α)− B(cos(−α)− cos α)

= −2λ cos α

≤ 0.

We now break Lemma 2.3.9 into the two lemmas.

Lemma 2.8.17. Consider any starting condition where Ci−1 and Ci are such that y(ti−1) > 0
and 0 ≤ α ≤ π/2. Then Φ(Ci−1, Ci) ≤ 0.

Proof. We know τ(α, β, γ∗) is unimodal with respect to β by Lemma 2.8.2. The starting
condition 0 ≤ α ≤ π/2 together with Lemma 2.8.11 imply that −α ≤ β ≤ sin α. Thus the
proof follows from Lemmas 2.8.16, 2.8.3, and 2.3.11.

We are thus left to prove the following lemma in order to prove Lemma 2.8.10. Note
that in this case, instead of working on τ(α, β, γ∗), we use a geometric proof.
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Lemma 2.8.18. Consider any starting condition where Ci−1 and Ci are such that y(ti−1) > 0
and π/2 < α ≤ π. Then Φ(Ci−1, Ci) ≤ 0.

Proof. If ci−1 is left of pi−1qi, then let CQ be a circle through pi−1 and qi with diameter
|pi−1bi|. Otherwise let CQ = Ci−1. We will show that Φ(Ci−1, Ci) ≤ Φ(Ci−1, CQ) +
Φ(CQ, Ci) ≤ 0.

Note that since ti−1 is inside Ci, and y(ti−1) > 0, Lemma 2.8.12 implies that β as
defined by CQ

3 is less than sin α, where α as defined by CQ is π/2. Lemma 2.8.12 implies
the event β ≤ sin α. This implies that Φ(Ci−1, CQ) ≤ 0 by Lemmas 2.8.3, 2.8.16 and 2.3.11.
Thus we need only show that Φ(CQ, Ci) ≤ 0. Note that if y(tQ) ≤ 0, then Φ(CQ, Ci) ≤ 0
by Lemma 2.3.8. Thus we assume that y(tQ) > 0.

To show Φ(CQ, Ci) ≤ 0 in this case we will show three inequalities.

|Ai(pi−1, ti)| ≤ π/2|pi−1ti|, (2.22)

|AQ(pi−1, tQ)|+ µ|tQti| ≥
µ sin(1) + 1
sin(1) + 1

|pi−1ti|, (2.23)

2(ri − rQ) ≤ |pi−1ti|. (2.24)

See Fig. 2.28. Assuming (2.22), (2.23), and (2.24) are true, we substitute these values
into Φ(CQ, Ci) and get

Φ(CQ, Ci) =|Ai(pi−1, ti)| − |AQ(pi−1, tQ)| − 2λ(rQ − ri)− µ|tQti|

≤
(

π/2 + 1 + λ− (µ− 1) sin(1)
sin(1) + 1

)
|pi−1ti|

≤
(

π/2 + λ− µ sin(1) + 1
sin(1) + 1

)
|pi−1ti|

≤ (2− 2.16)|pi−1ti|
≤ 0.

Inequality (2.22) is satisfied whenever |Ai(pi−1, ti)| = |pi−1qi|+ |Bi(qi, ti)|, which is
always the case initially when Ci−1 and Ci are balanced.

For inequality (2.23), note that |AQ(pi−1, tQ)| ≥ |pi−1tQ|, and |pi−1tQ| + |tQti| ≥
|pi−1ti| by the triangle inequality. Thus it remains to show that |tQti| ≥ |pi−1ti| sin(1)

sin(1)+1 .
Recall that y(tQ) > 0. If we increase y(tQ), observe that |tQti| also increases. Notice

that the minimum value of |tQti| is when tQ corresponds to the intersection of st and the
x-axis. Thus for the minimum value of |tQti|, we will assume that y(tQ) = 0.

3 Recall that, as we apply Transformation 2.3.10, we update the values of α, β, and γ.
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Figure 2.28: Φ(CQ, Ci) ≤ 0 when y(tQ) > 0.

Recall that li is the leftmost intersection of Ci and st, and ei is the rightmost point of Ci.
If |y(ti)| ≥ |y(li)|, then y(tQ) = 0 implies that |tQti| ≥ ri ≥ |pi−1ti|/2 ≥ |pi−1ti| sin(1)

sin(1)+1
as required. So assume that |y(ti)| < |y(li)|, which implies that ci is below st, and thus
below liti, which is a segment of st. Observe that since pi−1 is a vertex, it is above
st. Since ci is below liti, but pi−1ti is above liti, this implies that |liti| ≥ |pi−1ti|. This
means that it is sufficient to prove |tQti| ≥ |liti| sin(1)

sin(1)+1 . Note that |tQti| is the part
of |liti| below the x-axis. Thus |tQti|/|liti| = |y(ti)|/(|y(li)|+ |y(ti)|). This expression
is minimized when |y(ti)|/|y(li)| is smallest. Also |y(li)| is largest when li = pi−1.
Note that |y(pi−1)| = ri sin α, and that |y(ti)| = ri sin(sin α). Thus |y(ti)|/|y(li)| =
sin(sin α)/ sin α, which is minimized when α = π/2. This implies that |y(ti)|/(|y(li)|+
|y(ti)|) = |tQti|/|liti| ≥ sin(1)/(sin(π/2) + sin(1)) = sin(1)/(sin(1) + 1). Thus |tQti| ≥
|liti| sin(1)

sin(1)+1 ≥ |pi−1ti| sin(1)
sin(1)+1 as required.

Let us now prove (2.24). Observe that ci is right of |pi−1qi|, which is right of |pi−1wi|.
Together with the fact that |pi−1qi| and |pi−1wi| are both chords of Ci, then |pi−1wi| <
|pi−1qi|. Moreover, ci is below pi−1ti, which is below pi−1ei. Together with the fact that
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|pi−1ti| and |pi−1ei| are both chords of Ci, then |pi−1ei| ≤ |pi−1ti|. Finally, since pi−1 and
qi both lie on CQ, then |pi−1qi| ≤ 2rQ. Thus we have

2ri = |wiei|
≤ |pi−1ei|+ |pi−1wi| by the triangle inequality,
≤ |pi−1ei|+ |pi−1qi|
≤ |pi−1ti|+ 2rQ,

from which we have 2(ri − rQ) ≤ |pi−1ti|, as required.
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3
O N T H E S PA N N I N G A N D R O U T I N G R AT I O O F T H E TA - F O U R

ABSTRACT

We present a routing algorithm for the Θ4-graph that computes a path between any
two vertices s and t having length at most 17 times the Euclidean distance between
s and t. To compute this path, at each step, the algorithm only uses knowledge of
the location of the current vertex, its (at most four) outgoing edges, the destination
vertex, and one additional bit of information in order to determine the next edge to
follow. This provides the first known online, local, competitive routing algorithm
with constant routing ratio for the Θ4-graph, as well as improving the best known
upper bound on the spanning ratio of these graphs from 237 to 17. We also show that
without this additional bit of information, the routing ratio increases to

√
290 ≈ 17.03.

This chapter appeared in the proceedings of the Symposium of Discrete Algorithms
(SODA19) [6] and was presented there.

3.1 introduction

Finding a path in a graph is a fundamental problem in computer science. Typically,
algorithms that compute paths in graphs have at their disposal knowledge of the whole
graph. The problem of finding a path in a graph is more difficult in the online setting,
when the routing algorithm must explore the graph as it attempts to find a path. Moreover,
the situation is even more challenging if the routing algorithm only has a constant amount
of working memory, i.e. it can only remember a constant size subgraph of the portion of
the graph it has explored. Specifically, an online routing algorithm attempting to find
a path from one vertex to another is called local if at each step, the only information
it can use to make its forwarding decision is the location of the current vertex and its
neighbouring vertices, plus a constant amount of additional information.

For a routing algorithm A and a given graph G from a class G of graphs, let PA
G (s, t)

be the path found by A from s to t. The class of graphs we focus on are a subclass of
weighted geometric graphs. A weighted geometric graph G = (P, E) consists of a set
P of points in the plane and a set E of (directed or undirected) edges between pairs of
points, where the weight of an edge (p, q) is equal to the Euclidean distance L2(p, q)
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between its endpoints (i.e., distance in the L2-metric). For a pair of vertices s and t in
P, let PG(s, t) be the shortest path from s to t in G, and let L2(PG(s, t)) be the length of
PG(s, t) with respect to the L2-metric. The spanning ratio of a graph G is the minimum
value c such that L2(PG(s, t)) ≤ c · L2(s, t) over all pairs of points s and t in G. A graph
is called a c-spanner, or just a spanner, if its spanning ratio is at most some constant c.
The routing ratio of a local online routing algorithm A on G is the maximum value c′

such that L2(PA
G (s, t)) ≤ c′ · L2(s, t) for all G ∈ G and all pairs s and t in G. When c′ is a

constant, such an algorithm is called competitive on the class G. Note that the routing ratio
on a class of graphs G is an upper bound on the spanning ratio of G, since the routing
ratio proves the existence of a bounded-length path.

3.1.1 Θ-graphs

Let k ≥ 3 be an integer and for each i with 0 ≤ i < k, let Ri be the ray emanating from
the origin that makes an angle of 2πi/k with the negative y-axis. Let Rk = R0. The
Θk-graph of a given set P of points is the directed graph that is obtained in the following
way. The vertex set is the set P. Each vertex v has at most k outgoing edges: For each
i with 0 ≤ i < k, let Rv

i be the ray emanating from v parallel to Ri. Let Cv
i be the cone

consisting of all points in the plane that are strictly between the rays Rv
i and Rv

i+1 or
on Rv

i+1. If Cv
i contains at least one point of P \ {v}, then let wi be such a point whose

perpendicular projection onto the bisector of Cv
i is closest to v (where closest refers to the

Euclidean distance). Then the Θk-graph contains the directed edge (v, wi). See Figure 3.1
for an example with k = 4.

Θk-graphs were introduced simultaneously by Keil and Gutwin[18, 19], and Clarkson[17].
Both papers gave a spanning ratio of 1/(cos θ − sin θ), where θ = 2π/k is the angle de-
fined by the cones. Observe this gives a constant spanning ratio for k ≥ 9. Ruppert and
Seidel[23] improved this to 1/(1− 2 sin(θ/2)), which applies to Θk-graphs with k ≥ 7.
Bose et al. [7] give a tight bound of 2 for k = 6. In the same paper are the current best
bounds on the spanning ratio of a large range of values of k. For k = 5, Bose et al. [12]
showed a spanning ratio of ≈ 9.96, and a lower bound of ≈ 3.78. For k = 4, Barba et
al. [1] showed a spanning ratio of ≈ 237, with a lower bound of 7. For k = 3, [21] showed
that there is no constant c for which Θ3 is a c-spanner.

3.1.2 Local Routing

Local Routing has been studied extensively in variants of the Delaunay graph as well as
Θk-graphs (see [11, 5, 20, 15, 16, 9, 22, 14, 13]). There is an intimate connection between
Θk-graphs and variants of the Delaunay triangulation. For example, the existence of an
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Figure 3.1: Neighbours of v in the Θ4-graph.

edge in a Θk-graph implies the existence of an empty triangle containing the edge (refer
to Fig. 3.1). In a Delaunay triangulation, the existence of an edge implies the existence
of an empty disk containing the edge (or some empty convex shape when considering
variants of the Delaunay graph). Moreover, the Delaunay graph where the empty convex
shape is an equilateral triangle (this is often referred to as the TD-Delaunay graph [4]) is
a subgraph of the Θ6-graph.

Chew [15] proved that the L1-Delaunay graph has bounded spanning ratio by provid-
ing a local routing algorithm whose routing ratio is at most

√
10. Bose and Morin[10]

provide a competitive local routing algorithm that works on triangulations that have
the diamond property. This includes such graphs as the L2-Delaunay triangulation, the
greedy triangulation, and the minimum weight triangulation. Bose and Morin[11] show
that there are no routing algorithms that will work on any arbitrary graph. This im-
plies that we must pair routing algorithms with particular classes of geometric graphs
in order to route competitively. They also provide the first deterministic competitive
routing algorithm on the L2-Delaunay graphs. Bonichon et al. [3] showed that we could
route competitively on the L2-Delaunay triangulation with a routing ratio of around 5.9,
using a generalization of Chew’s [15] algorithm. This was the best known routing ratio
for L2-Delaunay triangulations until Bonichon et al. [2] gave a new algorithm with a
routing ratio of 3.56, which is currently the best known. Bose et al. [8] show that the
half-θ6 graph, which is identical to the TD-Delaunay graph, has a routing ratio of 5/

√
3,

and this is shown to be tight. Since the spanning ratio of this graph is 2, local routing
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cannot guarantee finding the shortest path, and we see a separation between routing and
spanning ratios in this graph.

For Θk-graphs, there is a simple routing algorithm called cone-routing that is competi-
tive for k ≥ 7. To route from a vertex s to a vertex t, let Cs

i be the cone of s that contains t.
We forward the packet from s to its neighbour in Cs

i . Let θ = 2π/k, then for k ≥ 7 cone
routing gives a routing ratio of 1/(1− 2 sin(θ/2)). Cone routing also has the advantage
of only utilizing outgoing edges, so each vertex needs only to store the location of at most
k neighbours. For k < 7, cone-routing does not necessarily give a short path, however, for
k = 6, Bose et al. [8] show that a different local online routing algorithm gives a routing
ratio of 2. There are currently no known competitive routing algorithms for k = 5 and
k = 4.

3.1.3 Our Results

In this paper we improve the upper bound of the spanning ratio of Θ4 from 237 to 17.
We do this by providing a local online routing algorithm with a routing ratio of at most
17. This is the first local routing algorithm on Θk-graphs for k = 4, bringing us one step
closer to obtaining competitive routing strategies on all Θk-graphs with k > 3. At the
time of the writing of this paper, k = 5 is all that remains. This algorithm is a modified
version of cone routing, where, instead of always taking the edge in the cone that contains
the destination, we sometimes take a step in an orthogonal cone. The algorithm is simple,
and only uses knowledge of the destination vertex, the current vertex v, the neighbours
of v, and one bit of additional information. If we forgo that bit of information, then
the routing ratio increases to

√
290 ≈ 17.03. Additionally, like cone-routing, we route

using only outgoing edges, so each vertex only needs to store the location of its at most
4 outgoing neighbours. For the remainder of the paper, all edges (u, v) are considered
directed outgoing edges from u to v, and when we refer to the neighbour v of a vertex u
in a cone Cu

i , we are referring to the outgoing edge (u, v) of u.
The rest of the paper is organized as follows. Section 3.2 gives the details of the

routing algorithm that is used to navigate the Θ4-graph. In Section 3.3 we analyze the
length of the path found by the algorithm, and show an upper bound of 17 on the routing
ratio. In Section 3.4 we give an example of a path that shows this approach cannot do
any better than a routing ratio of 17. In Section 3.5 we show how routing with only
knowledge of the destination vertex increases the routing ratio to

√
290 ≈ 17.03. Section

3.6 concludes the paper and gives some directions for future work.
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Figure 3.2: Vertices u1, u2, u3, and u4 are all clean with respect to `−t .

3.2 algorithm

In this section, we present our 17-competitive local online routing algorithm on Θ4-graphs.
Before doing so, we introduce some concepts. Let t be an arbitrary point in the plane,
and let `−t be the line through t with slope −1. Similarly let `+t be the line through t with
slope 1. We refer to these as the diagonals of t. Examples can be seen in Figs. 3.2, 3.3,
and 3.4. To ease our analysis and avoid tedious tie-breaking, we make a general position
assumption that no two vertices have the same x- or y-coordinates, and no two vertices
lie on a common diagonal. Let t and u be arbitrary vertices and consider a diagonal of
t. Without loss of generality, we consider the diagonal `−t . Let Ru

i and Ru
i+1 be the rays

emanating from u that intersect `−t . Recall that Ru
i and Ru

i+1 delineate the cone Cu
i . Let

the triangle T(u, `−t ) be the intersection of the halfplane of `−t containing u and the cone
Cu

1 . If T(u, `−t ) is empty of vertices, then we say that u is clean with respect to `−t . See
Fig. 3.2. If the diagonal is clear from the context, we say that u is clean. If u is not clean
with respect to `−t , then let v be the vertex in T(u, `−t ) for which (u, v) is an edge in the
Θ4-graph. We will refer to following the edge from u to v as taking a sweeping step towards
`−t . (See Fig. 3.3.) Let i be the index such that the vertex t is in the cone Cu

i . Let v be the
vertex in Cu

i for which (u, v) is an edge in the Θ4-graph. We will refer to following the
edge from u to v as taking a greedy step towards t. (See Fig. 3.4.)

We now define the algorithm. Let s be the source vertex and t the target vertex. We
assume that t lies at the point (0, 0). We choose a diagonal as follows: if s ∈ Ct

0 ∪ Ct
2,

we choose `−t , otherwise we choose `+t . Intuitively we choose the diagonal ”closer” to s.
Without loss of generality, assume that s is in Ct

2 under `−t , thus we choose `−t . Let v be
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Figure 3.3: A sweeping step towards `−t .
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Figure 3.4: A greedy step towards t.
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Figure 3.5: Canonical triangles and cleaned triangles. Blue lines are greedy steps towards t, red
lines are sweeping steps towards `−t .

the current vertex. Then the algorithm is:

Algorithm 1: The Greedy/Sweep Algorithm on Θ4

v = s; . v is the current vertex
while v 6= t do

if v is not clean with respect to `−t then
take a sweeping step towards `−t ;

else
take a greedy step towards t;

end
end

Observe that our algorithm requires knowledge of the current vertex v, its 4 outgoing
edges, the destination vertex t, and one additional bit of information (signifying the
chosen diagonal of t) in order to route to t. See Fig. 3.5 for an example of a path from s
to t computed by Algorithm 1.
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Figure 3.6: The bounding triangles. Blue lines are greedy steps towards t, red lines are sweeping
steps towards `−t .

3.3 analysis

In this section, we prove that our routing algorithm terminates and that it has a routing
ratio of 17. Without loss of generality, we assume that s is in Ct

2 under `−t . Thus `−t is the
closest diagonal of t to s. For two arbitrary points u and v, let dx(u, v) and dy(u, v) be
the distance between them along the x-axis and y-axis respectively. Let L1(u, v) be the L1
distance between u and v (i.e., L1(u, v) = dx(u, v) + dy(u, v)), and let L∞(u, v) be the L∞
distance from u to v (i.e., L∞(u, v) = max{dx(u, v), dy(u, v)}). To simplify our analysis,
most of our intermediate measurements will be in the L1-metric. In the final analysis
we will express the length in the L2-metric. Let P(s, t) be the sequence of directed edges
produced by our algorithm. For vertices u and v in P(s, t), with u occurring before v, let
P〈u, v〉 be the subpath of P(s, t) from u to v.

We divide the area around t into quadrants. The Northern quadrant is the area above `−t
and `+t , while the Southern quadrant is the area below `−t and `+t . The Western quadrant
is the area to the left of `−t and `+t , while the Eastern quadrant is the area to the right of
`−t and `+t .

We note the following about the path found by the algorithm:

Lemma 3.3.1. Let u and v be two consecutive vertices on P(s, t). Then L∞(u, t) > L∞(v, t).
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Proof. Let u be a vertex in the Western quadrant. Observe that through rotations or
flips along a diagonal of t, this can be generalized to any quadrant and routing with
respect to either diagonal. Since u is below `−t and above `+t , L∞(u, t) = dx(u, t). If v
is in the Western quadrant, observe that for both a greedy step and a sweeping step,
dx(u, t) > dx(v, t), which implies that L∞(u, t) > L∞(v, t), as required.

Assume v is not in the Western quadrant. For v to be in the Eastern quadrant, (u, v)
must cross both diagonals of t. Observe that a greedy step does not cross `+t , while
a sweeping step does not cross `−t . Thus v can only be in the Northern or Southern
quadrant, and L∞(v, t) = dy(v, t). Observe that if v is in the Southern quadrant, then (u, v)
was a sweeping step, and if v is in the Northern quadrant, then (u, v) was a greedy step.
In both cases, dy(u, t) > dy(v, t). Thus L∞(u, t) = dx(u, t) > dy(u, t) > dy(v, t) = L∞(v, t),
as required. See Figs. 3.3 and 3.4. �

This leads to the following corollary.

Corollary 3.3.2. The algorithm terminates, i.e., it reaches t.

Note that when the current vertex v is in Ct
3 or Ct

1, a greedy step towards t and a
sweeping step towards `−t are the same. However, by our definition of clean, this step
is defined as a sweeping step. Let ((p1, q1), (p2, q2), ..., (pm−1, qm−1)) be the sequence of
edges produced by greedy steps of the algorithm, with t = pm. We refer to the path
from a vertex pi to a vertex pi+1, for 1 ≤ i < m as a phase fi of the algorithm. That
is, a phase consists of a single greedy step followed by a (possibly empty) sequence of
sweeping steps. Note that the first phase is preceded by a (possibly empty) sequence of
sweeping steps from s to p1. Let L2( fi) represent the length of phase fi. Then observe
that P(s, t) = P〈s, p1〉+ ∑m−1

i=1 fi, where the + operator on paths is concatenation of the
paths. Note that if each vertex on P〈u, v〉 is in the same cone i, 0 ≤ i ≤ 3 of all preceding
vertices, then P〈u, v〉 is x- and y-monotone, and L2(P〈u, v〉) ≤ L1(u, v). This implies that
L2(P〈qi, pi+1〉) ≤ L1(qi, pi+1), for all 1 ≤ i < m− 1.

Let v be the neighbour of an arbitrary vertex u in the cone Cu
i . Let the canonical triangle

Tuv be the triangle formed by the boundaries of Cu
i and the line through v perpendicular

to the bisector of Cu
i . Note that Tuv is empty of vertices in its interior. See Fig. 3.4.

Definition 3.3.3. Consider the edge (pi, qi) of fi. If pi is in the Northern or Southern quadrant,
then let L be the horizontal line through pi, otherwise L is the vertical line through pi. Let the
bounding triangle Ti be the triangle formed by the lines `−t , L, and `+qi

. See Figs. 3.7, 3.8, and
3.9.

Lemma 3.3.4. The bounding triangle Ti is empty of vertices.

Proof. Since (pi, qi) is a greedy step, pi is clean with respect to `−t , and T(pi, `−t ) and Tpiqi

are both empty of vertices. Observe that Ti lies completely in one of the half-planes of `−t .
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Figure 3.7: Tpiqi does not intersect `−t .
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Figure 3.8: Tpiqi intersects `−t , and qi lies on Ti.

If Tpiqi does not intersect `−t , then Tpiqi ⊆ Ti and T(pi, `−t ) * Ti. See Fig. 3.7. If Tpiqi does
intersect `−t , then observe that T(pi, `−t ) ⊆ Ti and Tpiqi * Ti. In this case, qi can be on the
same side of `−t as pi, and thus lie on Ti (Fig. 3.8), or it can be on the opposite side of `−t ,
and not lie on Ti (Fig. 3.9). In all cases observe that Ti ⊆ Tpiqi ∪ T(pi, `−t ), and thus Ti is
empty of vertices. �

Notice that a bounding triangle Ti cannot be on both sides of `−t by construction, and
cannot be on both sides of `+t since that would imply that t is within Tpiqi . This implies
that a bounding triangle Ti can only intersect the interior of a single quadrant.

Lemma 3.3.1 has strong implications about the positions of bounding triangles relative
to one another in the same quadrant. For a vertex p, let p be the intersection of `−t and
`+p .

Lemma 3.3.5. If Ti and Tj are two bounding triangles in the same quadrant, then pjqj and piqi
are disjoint segments lying along `−t .

Proof. Without loss of generality, assume that i < j. Note that for a point v lying on
`−t , L1(v, t) =

√
2 · L2(v, t). That is, the L1- and L2-distances are proportional. Then
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Figure 3.9: Tpiqi intersects `−t , and qi does not lie on Ti.

Lemma 3.3.5 is true if L1(pi, t) > L1(qi, t) > L1(pj, t) > L1(qj, t) is true. Assume without
loss of generality Ti and Tj are in the Western quadrant. See Fig. 3.10. Note that
L1(pi, t)− L1(qi, t) = L1(pi, qi) = L1(pi, qi), since qi is in the same cone of pi as t. Thus
L1(pi, t) > L1(qi, t) and L1(pj, t) > L1(qj, t) are true. It remains to show L1(qi, t) >

L1(pj, t). Lemma 3.3.1 implies L∞(pi, t) > L∞(pj, t), and both points are in the Western
quadrant (by the definition of bounding triangle), thus pj cannot be left of pi. This, and
the fact that Ti is empty, implies pj must be below `+qi

, which implies `+pj
is below `+qi

,
which implies L1(qi, t) > L1(pj, t). �

Fig. 3.10 shows two consecutive bounding triangles in the Western quadrant, and the
associated segments piqi and pi+1qi+1.

Let p′1 be the vertical projection of p1 onto `−t . Then the following inequality is true.

Corollary 3.3.6. ∑m−1
i=1 L1(pi, qi) ≤ 4 · L1(p′1, t).

Proof. Lemma 3.3.1 implies that L1(p′1, t) > L1(pi, t) for all 1 ≤ i ≤ m− 1. This combined
with Lemma 3.3.5 and the fact that there are four quadrants implies the lemma. �

Lemma 3.3.7. L2( fi) ≤ L1(pi, qi) + L1(qi, pi+1).

Proof. This follows from the fact that (pi, qi) is an edge, and P〈qi, pi+1〉 is x- and y-
monotone. �

Each of the bounding triangles Ti are associated with the segment piqi and the
phase fi. A natural approach is to try and bound the length of the phase L2( fi) to the
length of the segment piqi. This does not quite work. However, by using a potential
function we are able to make it work. We define the potential function Φ(pi, pi+1) =
L1(pi, qi) + L1(qi, pi+1)− L1(pi, pi) for all 1 ≤ i < m− 1.

Lemma 3.3.8. Φ(pi, pi+1) ≤ 2 · L1(pi, qi).
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Proof. Without loss of generality, assume that qi is in the Western quadrant. Since greedy
steps can only originate in Ct

2 and Ct
0, and a greedy step cannot cross `+t , pi is in Ct

2 in
either the Western or Northern quadrant (Figs. 3.10 and 3.11 respectively). Let vi be the
bottommost point of Tpiqi . Since vi is on `+qi

, we have vi = qi. Since both pi and pi are on `+pi
,

and both vi and vi are on `+vi
, we have L1(pi, vi) = L1(pi, vi) = L1(pi, qi). Thus it is enough

to prove that Φ(pi, pi+1) ≤ 2 · L1(pi, vi). Observe that L1(pi, vi) + L1(vi, qi) ≥ L1(pi, qi) by
the triangle inequality.

If pi is in the Western quadrant, we have that L1(vi, pi) = L1(vi, pi) + L1(pi, pi) and
L1(vi, pi+1) = L1(vi, qi) + L1(qi, pi+1). Since both pi and pi+1 lie in Cvi

1 on `−t , we have
L1(vi, pi) = L1(vi, pi+1). Thus

Φ(pi, pi+1) = L1(pi, qi) + L1(qi, pi+1)− L1(pi, pi)

≤ L1(pi, vi) + L1(vi, pi+1)− L1(pi, pi)

= L1(pi, vi) + L1(vi, pi)− L1(pi, pi)

= 2 · L1(pi, vi)

as required. Otherwise pi is in the Northern quadrant. Observe that pi and pi+1 are
both in Cvi

1 , but pi is above `−t while pi+1 is on it, thus L1(pi, vi) > L1(vi, pi+1). Thus

Φ(pi, pi+1) = L1(pi, qi) + L1(qi, pi+1)− L1(pi, pi)

≤ L1(pi, vi) + L1(vi, pi+1)

≤ 2 · L1(pi, vi)

as required. �

We can now prove the main theorem.

Theorem 3.3.9. The path produced by Algorithm 1 has length at most 17 · L2(s, t).

Proof. Recall that t = pm. Thus L1(pm, pm) = 0, and

m−1

∑
i=1

(L1(pi+1, pi+1)− L1(pi, pi)) = −L1(p1, p1). (3.1)

Since p1 is in Cs
1, and p1 is in Cp1

1 , we have that p1 is in Cs
1. Since we assume that `−t is

the closest diagonal to s, that gives us

L1(s, p1) ≤ L∞(s, t) ≤ L2(s, t). (3.2)
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Additinally, since p′1 is a point on `−t , we have L1(p′1, t) = 2L∞(p′1, t). Observe that
L∞(s, t) > L∞(p1, t) = L∞(p′1, t), thus L1(p′1, t) ≤ 2L∞(s, t), and L∞(s, t) ≤ L2(s, t). That
gives us

L1(p′1, t) ≤ 2 · L∞(s, t) ≤ 2 · L2(s, t). (3.3)

Thus L2(P(s, t)) is equal to

L2(P〈s, p1〉) +
m−1

∑
i=1

L2( fi)

≤L1(s, p1) +
m−1

∑
i=1

(L1(pi, qi) + L1(qi, pi+1)) (Lemma 3.3.7)

=L1(s, p1) + L1(p1, p1)− L1(p1, p1)

+
m−1

∑
i=1

(L1(pi, qi) + L1(qi, pi+1))

=L1(s, p1) +
m−1

∑
i=1

(L1(pi+1, pi+1)− L1(pi, pi))

+
m−1

∑
i=1

(L1(pi, qi) + L1(qi, pi+1)) (by (3.1))

=L1(s, p1) +
m−1

∑
i=1

(L1(pi, qi) + L1(qi, pi+1)− L1(pi, pi))

=L1(s, p1) +
m−1

∑
i=1

Φ(pi, pi+1)

≤L1(s, p1) + 2
m−1

∑
i=1

L1(pi, qi) (Lemma 3.3.8)

≤L1(s, p1) + 8 · L1(p′1, t) (Corollary 3.3.6)
≤L2(s, t) + 16 · L2(s, t) (by (3.2) and (3.3))
≤17 · L2(s, t)

as required. �

3.4 lower bound

In this section, we show that our analysis of the routing ratio of Algorithm 1 is tight: We
will construct a set of points, together with two vertices s and t, such that the routing
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Figure 3.12: The path from s to pd. Blue lines are greedy steps, red are sweeping steps towards `−t .
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ratio of Algorithm 1 is arbitrarily close to 17. The construction is illustrated in Figs. 3.12,
3.13, 3.14, and 3.15. We forgo our general position assumption in order to make the
demonstration of the lower bound simpler. For this particular example, if a vertex is
on the boundary between two cones or two quadrants, we say that that vertex is in the
counter-clockwise of the two cones or quadrants. Let ε > 0 be an arbitrarily small number.
Let 1 < a < b < c < d < e be (not necessarily consecutive) integers.

Let t be at coordinates (0, 0). Let s be at coordinates (0, 1). Vertex p1 is at (−1 +
ε, 1). See Fig. 3.12. There is a sequence of vertices directly left of s at coordinates
(−ε, 1), (−2ε, 1), (−3ε, 1)..., (−1 + ε, 1) = p1. This implies that s is not clean, so we take
sweeping steps along this sequence of vertices (red dashed line) until we reach p1. The
path from s to p1 has length (1− ε).

Directly below p1 (and thus in Cp1
0 ) there is a sequence of vertices at coordinates

(−1 + ε, 1− ε), (−1 + ε, 1− 2ε), ..., (−1 + ε, ε) = pa, all of which are clean. Since p1 is
clean with respect to `−t , we take greedy steps along this sequence to pa (blue dashed
line). Directly below pa is vertex qa = (−1 + ε,−1 + 2ε). Vertex pa is clean, so the next
greedy step takes us to qa (blue edge). The path from p1 to qa has length 2− 2ε.

To the right of qa is a sequence of vertices at coordinates (−1 + 2ε,−1 + 2ε), (−1 +
3ε,−1 + 2ε), ..., (1− 3ε,−1 + 2ε) = pb. The path from qa to pb has length 2− 4ε.

There is a sequence of vertices directly above pb at coordinates (1− 3ε,−1 + 3ε), (1−
3ε,−1 + 4ε), ..., (1− 3ε,−ε) = pc, all of which are clean. Thus we proceed along these
vertice in a sequence of greedy steps from pb to pc (blue dashed path). From pc we take a
greedy step to qc = (1− 3ε, 1− 4ε) (blue edge). The path from pb to qc has length 2− 6ε.

There is a sequence of vertices left of qc at coordinates (1− 4ε, 1− 4ε), (1− 5ε, 1−
4ε), ..., (−1 + 5ε, 1− 4ε) = pd. The path from qc to pd has length 2− 8ε.

In Fig. 3.13 we take a greedy step from pd to qd = (−1 + 5ε,−1 + 5.5ε) (blue edge).
This edge has length 2− 9.5ε.

To the right of qd is a sequence of vertices at coordinates (−1 + 6ε,−1 + 5.5ε), (−1 +
7ε,−1 + 5.5ε), ..., (1− 6ε,−1 + 5.5ε) = pe. The path from qd to pe has length 2− 11.5ε.

In Fig. 3.14 we take a greedy step from pe to qe = (1− 6.5ε, 1− 7ε) (blue edge). The
edge (pe, qe) has length 2− 12.5ε.

In Figs. 3.15 and 3.16 there are a sequence of vertices at (1− 7ε, 1− 7ε), (1− 7ε +
ε′, 1− 7.5ε), (1− 7.5ε, 1− 7.5ε), (1− 7.5ε + ε′, 1− 8ε)...(0, 0) = t. We will define ε′ in a
moment. A sequence of clearing steps takes us from qe to t along these vertices. Let δ + 1
be the number of horizontal edges in this sequence, and let γ be the number of edges with
a vertical component. Let ε′ = ε/δ. Observe that dx(qe, t) = 1− 6.5ε = (δ + 1) · ε/2. The
first horizontal edge has length ε/2, and the remaining δ horizontal edges have length
ε/2− ε′. Thus the total length of the horizontal edges is 1− 6.5ε− δε′ = 1− 6.5ε− ε =
1− 7.5ε.
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Figure 3.16: Details of the final path from qe to t.

Observe that dy(qe, t) = 1− 7ε = γ · ε/2. Each of the γ vertical edges has length
> ε/2, since their vertical distance is ε/2 and they are skewed from vertical, thus the
total length of the vertical steps is at least 1− 7ε. Thus the path from qe to t has length at
least 2− 14.5ε.

The total length of these paths is at least L2(s, p1)+ L2(p1, qa)+ L2(qa, pb)+ L2(pb, qc)+
L2(qc, pd) + L2(pd, qd) + L2(qd, pe) + L2(pe, qe) + dx(qe, t)− ε+ dy(qe, t) = 1− ε+ 2− 2ε+
2− 4ε + 2− 6ε + 2− 8ε + 2− 9.5ε + 2− 11.5ε + 2− 12.5ε + 2− 14.5ε = 17− 69ε. Since
L2(s, t) = 1, by letting ε tend to 0 we can make the path arbitrarily close to 17 · L2(s, t).

3.5 removing the diagonal-bit

The algorithm, as presented in Section 3.2 uses one single bit to remember the diagonal of
the destination t that is closest to the start vertex s. In this section, we show that without
this single bit, the routing ratio increases to

√
290 < 17.03.

We modify Algorithm 1 by always using the same diagonal, say `−t . The changes that
have to be made in the analysis are Inequality (3.2), which becomes

L1(s, p1) ≤ dy(s, t) + L∞(s, t), (3.4)
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and Inequality (3.3), which becomes

L1(p′1, t) ≤ 2 · L∞(s, t). (3.5)

If we replace (3.4) and (3.5) by (3.2) and (3.3) respectively in our proof of Theorem
4.2 we get L2(P〈s, t〉) ≤ dy(s, t) + 17 · L∞(s, t). Let γ = (dy(s, t) + 17 · L∞(s, t))/L2(s, t).
The routing ratio is thus the maximum of γ. Let u be the point at (dx(s), dy(t)), and
let θ = ∠uts. We can rewrite γ as sin θ + 17 · cos θ =

√
172 + 12 · sin(θ + arctan(17)) for

0 ≤ θ ≤ π/4. This is maximized at θ = arctan( 1
17) with a value of

√
290. Thus we have

the following theorem.

Theorem 3.5.1. With no bits of memory, and using a fixed diagonal `−t , Algorithm 1 outputs a
path from s to t with length at most

√
290 · L2(s, t).

If we refer to the lower bound proof in Section 3.4, we can adjust it to this new bound
by moving s to the right until st forms an angle of arctan( 1

17) with the positive y-axis.
Thus, in this case, we can get arbitrarily close to

√
290.

3.6 conclusion

We have presented a simple online local routing algorithm for Θ4-graphs that achieves a
routing ratio of 17 using knowledge of the destination and one bit of information, and√

290 < 17.03 using only knowledge of the destination. Although we have presented the
first such algorithm on Θ4-graphs and also improved the spanning ratio of Θ4-graphs
from 237 down to 17, we conjecture that this upper bound both on the routing ratio
and spanning ratio is not tight. Given that 7 [1] is the best known lower bound for the
spanning ratio of Θ4, the actual spanning ratio remains unknown.
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4
T H E S PA N N I N G R AT I O O F C O N V E X P O LY H E D R A W H O S E
V E RT I C E S A R E O N A S P H E R E

ABSTRACT

Let PC be a convex simplicial polyhedron in R3. Let the skeleton of PC, denoted
skel(PC), be the graph whose vertex and edge sets are equal to the vertex and edge
sets of PC, respectively. Xia has shown that the Delaunay triangulation in R2 is a
1.998-spanner of the complete graph. We make use of this result to prove that, if the
vertices of PC are on a sphere, then the skeleton of PC is a 0.999π-spanner.

This chapter is part of a paper that appeared in the Journal of Computational Geome-
try [5].

A geometric graph G in Euclidean space is a set of points S and a set of edges E
consisting of pairs of points of S. Let |pq| be the Euclidean distance between points p and
q, and let |uv| then be the weight of an edge uv of E. A graph G is a t-spanner, or just
spanner, if there exists a constant t such that, for every pair of points p and q in S, there
is a path PG(p, q) whose length |PG(p, q)| is at most t · |pq|. The value t is also known as
the spanning ratio of G.

If we restrict the points of S to the plane, then a well-known t-spanner of S is the
Delaunay triangulation. The Delaunay triangulation was first proven to be spanner by
Dobkin et al. [2], who showed it had a spanning ratio of (1 +

√
5)π/2 ≈ 5.08. This was

improved to 4π
√

3/9 ≈ 2.42 by Keil and Gutwin[3], before Xia[6] showed the current
upper bound on the spanning ratio of 1.998.

If we restrict the points of S to the surface of a sphere, then let PC be the convex
simplicial polyhedron, i.e., all faces are triangles, whose vertices are the points of S. Let
the skeleton of PC, denoted skel(PC), be the graph whose vertex and edge sets are equal to
the vertex and edge sets of PC. Brown[1] was the first to observe that the polyhedron PC
has the same combinatorial structure as the spherical Delaunay triangulation of S. Using
this observation and Dobkin et al.’s [2] result, Bose et al. [4] showed that skel(PC) is a
spanner with a spanning ratio of 3π(π/2 + 1)/2 < 12.12.

In this paper we improve the spanning ratio skel(PC) to 0.999 · π < 3.14. Our proof
relies on a result by Xia [6] that gives the best known spanning ratio of the Delaunay
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LD(pq)

Figure 4.1: A chain of disks.

triangulation. In Section 4.1 we first present the main ideas behind Xia’s [6] result. In
Section 4.2 we show how we can use Xia’s result to show an upper bound on the spanning
ratio of skel(PC) when vertices are on a sphere. In Section 5.6 we give the conclusion
along with open problems.

4.1 chains of disks

One of the strengths of Xia’s [6] is a well chosen model. In particular, he finds the
spanning ratio of a chain of disks, and this provides an upper bound on the spanning
ratio of the Delaunay triangulation. Let D = (D1, D2, ...Dk) be a sequence of disks in R2,
where k ≥ 2. For 2 ≤ i ≤ k, let Γi−1

i = Di−1 ∩ ∂Di, that is, the part of the boundary of Di

that is contained in Di−1, and for 1 ≤ i < k, let Γi+1
i = Di+1 ∩ ∂Di, that is, the part of the

boundary of Di that is contained in Di+1. Then D is called a chain of disks if

1. for 1 ≤ i < k, the circles ∂Di and ∂Di+1 intersect in exactly one or two points, and

2. for each 1 < i < k, arcs Γi−1
i and Γi+1

i share at most a single point.

See Fig. 4.1.
For a given curve J, let |J| denote the length of J. For two points u and v, let |uv|

denote the Euclidean distance from u to v.
Let p be a point on ∂D1 not in D2 and let q be a point on ∂Dk not in Dk−1. For

1 ≤ i < k, let di be the center of disk Di, and let ai and bi be the intersections of ∂Di
and ∂Di+1, where ai = bi if the two circles are tangent, otherwise ai is to the left of
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Figure 4.2: Illustration of notation.

the line through di and di+1 and bi is to the right. Let a0 = b0 = p and ak = bk = q.
Let LD(pq) be the shortest directed polyline from p to q that intersects each (possibly
degenerate) segment a0b0, a1b1, ..., akbk in order. For each i, 1 < i ≤ k, let Ai be the
clockwise arc of Di from ai−1 to ai, and let Bi be the counter-clockwise arc of Di from
bi−1 to bi. Let E = {A1, A2, ..., Ak} ∪ {B1, B2, ..., Bk} ∪ {{a1, b1}, {a2, b2}, ..., {ak−1, bk−1}}
be a set of edges, and let P = {p, a1, a2, ..., ak−1, b1, b2, ...bk−1, q} be a set of vertices. Let
G(P, E) be the graph formed using the vertices of P and the edges of E. Let PG(p, q) be
the shortest path from p to q on the graph G(P, E). The following theorem, taken from
the paper by Xia [6] on the spanning ratio of the L2-Delauany triangulation, is central to
our result.

Theorem 4.1.1. |PG(p, q)| ≤ 1.998 · |LD(pq)|.

Given two vertices u and v in a Delaunay triangulation, the circumcircles of the
triangles intersected by uv form a chain of disks. Xia [6] presents the upper bound on the
spanning ratio of the L2-Delaunay triangulation as a corollary to this theorem.

4.2 main theorem

Given two vertices p and q in skel(PC), we define the following notation.

• Let Hpqs be the plane through p, q, and s.

• Let Apq be the shorter of the two arcs of Hpqs ∩ S from p to q.

• Let Wpq be the polygon in Hpqs enclosed by Apq and pq.

• Let T = (T1, T2, ...Tk) be the triangles of PC intersected by Wpq.
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Figure 4.3: T unfolded into the plane into T ′.

• Let L(PC) = PC ∩Wpq (thus T ∩ L(PC) = L(PC)).

• Let T ′ be T unfolded into the plane along its edges, where p′ and q′ are the degree
2 vertices of T′1 and T′k respectively.

See Figs. 4.2 and 4.3. The following two lemmas are used to prove the main theorem.

Lemma 4.2.1. Let D(T ′) = (D′1, D′2, ..., D′k) be the circumcircles of T ′. Then D(T ′) forms a
chain of disks.

Recall that LD(T ′)(p′q′) is the shortest polyline such that LD(T ′)(p′q′) ∩ D(T ′) =
LD(T ′)(p′q′).

Lemma 4.2.2.
|LD(T ′)(p′q′)| ≤ |L(PC)| ≤ |Apq| ≤ π/2|pq|

Proof. L(PC) represents a geodesic path contained in T . Recall that LD(T )(pq) repre-
sents the shortest geodesic path contained in T , and thus |LD(T )(pq)| ≤ |L(PC)|, and
|LD(T )(pq)| = |LD(T ′)(p′q′)|, which proves the first inequality. The second inequality
is true because L(PC) and Apq lie in the same plane Hpqs, both are convex curves and
L(PC) lies within Apq. The last inequality is true because Apq is the shorter arc of the
circle Hpqs ∩ S .

Lemmas 4.2.1, 4.2.2, and Theorem 4.1.1 imply the main theorem.

Theorem 4.2.3. |Pskel(PC)
(p, q)| ≤ 1.998 · |LD(T ′)(p′q′)| ≤ 0.999 · π · |pq|.

It remains to prove Lemma 4.2.1. To prove this requires the following two lemmas.
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Figure 4.4: Proof of Lemma 4.2.5.

Lemma 4.2.4. Let i be an integer for 1 ≤ i ≤ k. Then PC and s are in the same halfspace of the
plane through Ti of PC.

Proof. The fact that Apq is the shorter of the two arcs of Hpqs ∩ S implies that s lies in the
opposite half-plane of the line through p and q as Wpq. Let ei = Ti ∩Wpq. Thus ei and
s are in opposite half-planes of the line through p and q, which implies that p, q, s are
in the same half-plane of the line supporting ei. This implies PC ∩ Hpqs and s are in the
same half-plane of the line supporting ei, which implies the lemma.

Lemma 4.2.5. Let i be an integer with 1 ≤ i < k and let w be the vertex of Ti+1 that is not a
vertex of Ti. Consider the vertex w′ of the unfolded triangle T′i+1 that corresponds to w. Then w′

is not in the circumdisk D′i of the unfolded triangle T′i .

Proof. Let Ti = 4uvq and let Ti+1 = 4uvw, thus uv is the edge shared by Ti and Ti+1.
We will unfold Ti+1 into the plane Huvq supporting Ti. We will call the resulting triangle
Ti+1 = 4uvw, where w corresponds to w. Observe that if w is outside of Di, then w′ is
outside of D′i , and we are done. Further observe that Di = Huvq ∩ S, thus if w is outside
of Di it must be outside of S. So we will show that w is outside of S.

Assume without loss of generality that uv is parallel to the z-axis. Let C be the
cross section of S that goes through w and is orthogonal to uv. Let u′, v′, q′, and s′ be
the orthogonal projections of u, v, q, and s respectively onto the plane supporting C.
Observe that u′ = v′, and we will henceforth refer to it as u′. Let Cu′w be the circle in
the plane supporting C centered at u′ that goes through w. Thus w is the point on Cu′w



4.3 conclusion 90

that intersects the line through u′ and q′ such that |wu′| < |wq′|. See Fig. 4.4b. Let e be
the point on Cu′ that intersects the line through u′ and s′ that is contained in the angle
∠wu′q′ > π. Lemma 4.2.4 implies that s′ lies in ∠wu′q′ < π, thus |eu′| < |es′| and e lies
outside of C, otherwise all of Cu′ lies inside C, which is a contradiction since C and Cu′

intersect at w. Thus w lies on the arc of Cu′ between w and e that lies outside of C, which
implies that w lies outside of S, as required.

We can now prove Lemma 4.2.1.

proof of Lemma 4.2.1. Lemma 4.2.5 implies that, for triangles T′i and T′i+1, that q′ is outside
of D′i+1 and w′ is outside of D′i , and thus T′i and T′i+1 are locally Delaunay. This implies
that all consecutive pairs of triangles of T ′ are locally Delaunay, which implies that D(T ′)
is a chain of disks.

4.3 conclusion

The strength of this approach is a result of the flexibility of the model of the chain of
disks provided by Xia[6]. It provides a convenient black box that we were able to build a
solution around. It remains to be seen if it could be used in other scenarios.

An interesting result presented in the same paper[5] is the fact that, if the vertices
of S are nudged even slightly off of S2, then skel(PC) is no longer a spanner, even if the
points are arranged in an annulus, which allows us to bound the ratio of a geodesic arc
between two points to the Euclidean distance between two points. However, we note that
the Delaunay triangulation of points in space is a tetrahedralization, the convex hull of
which corresponds to skel(PC), but now has additional Delaunay edges inside of PC. Is it
possible that, for points S in convex position in an annulus, the Delaunay triangulation
is a spanner? That is, do the inner edges always provide a short path, even if the outer
edges do not?
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5
I M P R O V E D S PA N N I N G R AT I O O N T H E TA - F I V E

ABSTRACT

We show an upper bound on the spanning ratio of the Θ5-graph of 5.70, improving
the previous best upper bound of 9.96 by Bose et al. [4]. The key to this improvement
is a proof by induction based on Euclidean distances, rather than sizes of the canonical
triangles. This requires the analysis of single variable functions, but results in a finer
grained analysis overall, bringing the spanning ratio closer to the lower bound of
3.798.

This chapter is a paper being prepared for publication.

5.1 introduction

A geometric graph G is a graph whose vertex set is a set of points P in the plane and
whose edge set is a set of edges E consisting of pairs of points in P where the weight of
an edge uv in E is equal to the Euclidean distance |uv| between u and v. A Θk-graph is a
geometric graph built in the following way. Around each node v we define k equal angled
cones. In each cone, we connect v to their nearest neighbour (we shall define nearest later).
Such graphs arise naturally in settings like wireless networks, where signals to anyone
but your nearest neighbour are likely to be drowned out by interference. Navigating short
paths in these types of graphs are also important since signal strength fades quadratically
with distance, and thus power requirements are proportional to the distance the signal
has to travel squared. This makes many short hops economically superior to one large
hop, even if the total resulting distance is longer. Informally the spanning ratio of a graph
is an upper bound on the length of the shortest path between two points in a graph. In
this paper we analyze the Θ5-graph, which is a graph built by dividing the area around
a node into 5 equal angled cones and connecting to the ”closest” neighbour in each
cone. Using simple geometric observations and techniques, we improve the bound on the
spanning ratio from 9.96 [4] to 5.70.

Let k ≥ 3 be an integer. To construct a Θk-graph we do the following. For each i with
0 ≤ i < k, let Ri be the ray emanating from the origin that makes an angle of 2πi/k with
the negative y-axis. Let Rk = R0. The Θk-graph of a given set P of points is the directed
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a2π/5

(a)

a

(b)

Figure 5.1: The area around a is divided into cones with angle 2π/5. The top cone in 5.1a
illustrates the measurement of ”closest” by the distance of the perpendicular projection onto the
bisector from a.

graph that is obtained in the following way. The vertex set is the set P. Each vertex v
has at most k outgoing edges: For each i with 0 ≤ i < k, let Rv

i be the ray emanating
from v parallel to Ri. Let Cv

i be the cone consisting of all points in the plane that are
strictly between the rays Rv

i and Rv
i+1 or on Rv

i+1. If Cv
i contains at least one point of

P \ {v}, then let wi be the closest such point to v, where we define ”closest” as the point
who perpendicular projection onto the bisector of Cv

i is closest to v in Euclidean distance.
Then the Θk-graph contains the directed edge vwi. While using directed edges makes our
construction more illuminating, in the final Θ5-graph all edges are considered undirected.

Θk-graphs were introduced simultaneously by Keil and Gutwin[6, 7], and Clarkson[5].
Both papers gave a spanning ratio of 1/(cos θ − sin θ), where θ = 2π/k is the angle
defined by the cones. Observe this gives a constant spanning ratio for k ≥ 9. Ruppert
and Seidel[9] improved this to 1/(1− 2 sin(θ/2)), which applies to Θk-graphs with k ≥ 7.
Bose et al. [3] give a tight bound of 2 for k = 6. In the same paper are the current best
bounds on the spanning ratio of a large range of values of k. For k = 5, Bose et al. [4]
showed a spanning ratio of ≈ 9.96, and a lower bound of ≈ 3.78. For k = 4, Bose et
al. [2] showed a spanning ratio of 17, while Barba et al. [1] gave a lower bound on the
spanning ratio of 7. For k = 3, El Molla[8] showed that there is no constant c for which
Θ3 is a c-spanner. In this paper we study the spanning ratio of Θ5 by looking at two
arbitrary vertices, a and b, and showing that there must exist a short path between them
using induction on the rank of the Euclidean distance |ab| among all pairs of points in
P. We show that the shortest path P〈a, b〉 has length at most K|ab|, where K = 5.70.
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Figure 5.2

We organize the rest of the paper as follows. In Section 5.2 we introduce concepts and
notation, and give some assumptions about the positions of a and b that do not reduce
the generality of our arguments. In Section 5.3 we introduce two generic arguments that
can then be applied to the Θ5-graph. In Section 5.4 we use the generic arguments from
Section 5.3 to solve all but a small handful of cases. The remaining cases are solved using
similar methods, and we show a spanning ratio of K = 6.16. In Section 5.5 we observe
that only a single case requires |P〈a, b〉| ≤ K · |ab| for K = 6.16. We analyze this case in
detail to show that |P〈a, b〉| ≤ K · |ab| for K ≥ 5.70. In Section 5.6 we discuss possible
directions for future work.

5.2 preliminaries

Angles are considered counter-clockwise unless otherwise stated. Let P be a set of points
in general position, that is, all distances between pairs of points is unique. Consider two
vertices a and b of P. We define the canonical triangle Tab to be the triangle bounded by
the sides of the cone of a that contains b and the line through b perpendicular to the
bisector of that cone. Note that any pair of vertices a and b has two canonical triangles,
Tab and Tba. Without loss of generality assume that b is in Ca

2. Let ` be the leftmost point
of Tab and let r be the rightmost point of Tab. Let m be the midpoint of `r. Note that a
must be in Cb

4 or Cb
5; since the cases are symmetric we consider the case where a is in

Cb
4. Thus b is to the right of m. Let rm be the intersection of `r and the bisector of ∠ram,

and let `m be the intersection of `r and the bisector of ∠(ma`). Let `′ and r′ be the left
and right endpoints of Tba respectively. Let m′ be the midpoint of `′r′, and let r′m and
`′m be the intersections of `′r′ and the bisector of ∠`′bm′ and ∠(m′br′) respectively. See
Fig. 5.2a. Let α = ∠bam and let α′ = ∠abm′. Note that α + α′ = π/5 since α and α′ are
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(a) Two examples for the position of s.
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α

(b) The triangles T`
ab and Tr

ab.

Figure 5.3

alternate interior angles. Thus either α ≤ π/10 or α′ ≤ π/10. Without loss of generality,
we assume α ≤ π/10. Let c be the closest neighbour to a in Ca

0, and let d be the closest
neighbour to b in Cb

2. See Fig. 5.2b.
To prove the spanning ratio of Θ5, we do a proof by induction on the rank of the

Euclidean distance between two vertices. To prove the base case we need the following
two geometric lemmas.

Lemma 5.2.1. Let T be a triangle 4pqr with points in counter-clockwise order, and without loss
of generality assume that |pq| ≤ |pr|. Then for all points s inside T , |ps| ≤ |pr|.

Proof. Let s′ be the intersection of the line through ps onto qr, thus |ps| ≤ |ps′| and it
is enough to show that |ps′| ≤ |pr|. See Fig. 5.3a. If ∠rs′p ≥ π/2, then |ps′| ≤ |pr|
since |pr| is the longest side of 4pqr. Otherwise ∠ps′q > π/2, which implies that
|ps′| < |pq| ≤ |pr|.

Lemma 5.2.2. Let a and b be the closest pair of points in P. Then the Θ5-graph of P contains the
edge ab.

Proof. To show this we divide Tab into two triangles by separating Tab along ab into the
left triangle T`

ab and the right triangle Tr
ab. See Fig. 5.3b. We then show that for all α, ab is

not the shortest edge in T`
ab, and ab is not the shortest edge in Tr

ab. Assuming this is true,
Lemma 5.2.1 then implies that for every point p in Tab, either |pa| ≤ |ab| or |pb| ≤ |ab|.
Since a and b are the closest pair of points in P, there are no other points of P in Tab, and
thus ab is an edge in the Θ5-graph of P.

Observe that π/10 ≤ ∠rab ≤ π/5, and ∠arb = 3π/10, and π/2 ≤ ∠abr ≤ 3π/5.
That means ∠rab < ∠arb < ∠abr, and the sine law implies that ab is not the shortest edge
in the triangle Tr

ab. To the left of ab observe that ∠a`b = 3π/10, 2π/5 ≤ ∠`ba ≤ π/2,
and π/5 ≤ ∠ba` ≤ 3π/10. Thus ∠ba` ≤ ∠a`b < ∠`ba and the sine law implies ab is not
the shortest edge in the triangle T`

ab.
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For a set P of points, we show that the spanning ratio of Θ5-graph of P is at most K
using a proof by induction on the rank of the Euclidean distance between pairs of points
in P. To simplify notation, instead of saying ”Θ5-graph of P” we will simply say Θ5.
Recall that P〈a, b〉 denotes the shortest path between points a and b in Θ5. The base case
is when a and b are the closest pair of points in P. Then Lemma 5.2.2 implies that ab is
an edge in Θ5, and thus |P〈a, b〉| ≤ K|ab| holds for any K ≥ 1. Otherwise we assume
that ab is not an edge of Θ5, and for every pair of points a′ and b′ in P where |a′b′| < |ab|,
the shortest path P〈a′, b′〉 from a′ to b′ has length at most |P〈a′, b′〉| ≤ K · |a′b′|, for some
K ≥ 1. Our goal then is to find the minimum value of K for which our inductive argument
will hold. We assume ab is not an edge in Θ5, otherwise we are done by choosing any
K ≥ 1. Recall that c is the closest point to a in Ca

2 and d is the closest point to b in Cb
4.

There are three possible paths we will examine, depending on the particular arrangement
of a, b, c, and d. They are

(1) ac + P〈c, b〉.

(2) bd + P〈d, a〉.

(3) ac + P〈c, d〉+ db.

Below are three sets of constraints. Given the points a, b, c and d we will find a
minimum value for K ≥ 1 that satisfies at least one of the following inequalities.

(A) |ac|+ K · |cb| ≤ K · |ab|.

(B) |bd|+ K · |ba| ≤ K · |ab|.

(C) |ac|+ |bd|+ K · |cd| ≤ K · |ab|.

Observe that in all three cases, if we can show the expression holds then our inductive
argument follows. For instance, if we prove (A) holds for some value K, the implication
is that |cb| < |ab|, thus |P〈c, b〉| ≤ K · |cb| by the inductive hypothesis. Thus we can
combine (1)-(3) with (A)-(C) as follows.

(a) |P〈a, b〉| ≤ |ac|+ |P〈c, b〉| ≤ |ac|+ K · |cb| ≤ K · |ab|.

(b) |P〈a, b〉| ≤ |bd|+ |P〈d, a〉| ≤ |bd|+ K · |ba| ≤ K · |ab|.

(c) |P〈a, b〉| ≤ |ac|+ |P〈c, d〉|+ |bd| ≤ |ac|+ |bd|+ K · |cd| ≤ K · |ab|.
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Thus for any given arrangement of vertices we prove that at least one of (A), (B), or (C)
holds true for some value K, and find the smallest value for which this is true. Our proof
relies mainly on case analysis, but some of these cases have similar structure. We extract
these similar arguments into a pair of geometric lemmas in Section 5.3. These geometric
lemmas, along with additional arguments, are then applied to different arrangements of
a, b, c, and d in Section 5.4. For all but one case in Section 5.4 we can show at least one of
(a), (b), or (c) holds true for K ≥ 5.70, but the last case requires K ≥ 6.31. We can reduce
this down to K ≥ 5.70, but due to the complexity of this last case, we dedicate Section 5.5
to this proof.

5.3 general triangles T1 and T2

In this section we introduce two triangles on which we will prove the inequalites (A) and
(B).

Lemma 5.3.1. Consider a triangle T1 = 4(s, v, u) with interior angles (π
5 , π

2 , 3π
10 ). Let t be a

point on uv. Then |sw|+ K|wt| ≤ K|st| for any K ≥ 5.70.

Proof. Let Φ = |sw| + K|wt| − K|st|. Showing Φ ≤ 0 is equivalent to showing |sw| +
K|wt| ≤ K|st|. Without loss of generality, orient 4svu so that s and v share a vertical
line with s below v, and v and u share a horizontal line with u left of v. Let wr be the
horizontal projection of w onto st, and let w` be the horizontal projection of w onto su.
See Fig. 5.4a. We have |wwr|+ |wrt| ≥ |wt| by the triangle inequality. We also have that
∠sww` ≥ π/2, which implies that sw` is the longest edge in triangle sww`, and thus
|sw`| ≥ |sw|. Since w is on w`wr, we have |w`wr| ≥ |wwr|. Thus

Φ = |sw|+ K|wt| − K|st|
≤ |sw`|+ K(|wwr|+ |wrt|)− K(|swr|+ |wrt|)
≤ |sw`|+ K|w`wr| − K|swr|.

Now observe as we decrease θ, that |swr| decreases while |w`wr| increases and |sw`|
stays constant. That means that Φ is maximized when θ = 0, which is when wr lies on sv.
Thus assume that wr lies on sv and let |swr| = 1. In order to show Φ ≤ 0, we can use the
sine law, and it is sufficient to show

Φ =|sw`|+ K|w`wr| − K|swr|

≤ 1
cos(π/5)

+ K(tan(π/5)− 1) ≤ 0.
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(b) T2 has angles ( 3π
10 , 3π

10 , 2π
5 ).

Figure 5.4: T1 and T2.

We solve for K and get

K > 4.53 >
1

cos(π/5)(1− tan(π/5))
.

Thus Φ ≤ 0 for any K ≥ 5.70, as required.

Lemma 5.3.2. Let T2 = 4(s, v, u) be a triangle with interior angles (3π
10 , 3π

10 , 2π
5 ). Let t be a

point on uv such that 0 ≤ ∠vst ≤ π/10, where ∠vst is the interior angle of 4(s, v, t). Then
|sw|+ K|wt| ≤ K|st| for K ≥ 5.70.

Proof. Let Φ = |sw| + K|wt| − K|st|. Showing Φ ≤ 0 is equivalent to showing |sw| +
K|wt| ≤ K|st|. If ∠vsw ≤ π/5, then let t′ be the orthogonal projection of t onto sv. Let
u′ be the point on the line through t and t′ such that ∠t′su′ = π/5. Observe that 4t′su′

corresponds to T1 of Lemma 5.3.1 and it contains w. See Fig. 5.5a. Thus Lemma 5.3.1
tells us Φ ≤ 0 for any K ≥ 5.70. Otherwise we assume ∠vsw > π/5. Without loss of
generality, orient 4svu so that s and v share a vertical line with s below v, and v and u
share a horizontal line. Let wr be the horizontal projection of w onto st, and let w` be the
horizontal projection of w onto su. See Fig. 5.4b. We have |ww′|+ |w′t| ≥ |wt| by the
triangle inequality. We also have that ∠sww` ≥ π/2, which implies that sw` is the longest
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(b) Proving |sw`|+ K|w`wr| ≤ K|swr|

Figure 5.5: Analyzing T2.

edge in triangle sww`, and thus |sw`| ≥ |sw|. Since w is on w`wr, we have |w`wr| ≥ |wwr|.
Thus

Φ = |sw|+ K|wt| − K|st|
≤ |sw`|+ K(|wwr|+ |wrt|)− K(|swr|+ |wrt|)
≤ |sw`|+ K|w`wr| − K|swr|.

Let Φ′ = |sw`|+ K|w`wr| − K|swr|. To show Φ′ ≤ 0 we can use the sine law and write
Φ′ in terms of θ as follows (see Fig. 5.5b).

Φ′ = sin
(

3π

10
+ θ

)
+ K sin

(
3π

10
− θ

)
− K sin

(
2π

5

)
.

We take the derivative of Φ′ with respect to θ and we get

dΦ′

dθ
= cos

(
3π

10
+ θ

)
− K cos

(
3π

10
− θ

)
which is negative for K ≥ 1. Thus for K ≥ 1, Φ′ is decreasing in θ for 0 ≤ θ ≤ π/10, and
is thus maximized when θ = 0. Which means
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Figure 5.6: Points (a, r, m) correspond to the
triangle T1 with angles (π

5 , π
2 , 3π

10 ) as denoted
by the blue triangle. Let t = b and w = c,
and θ = α, thus 0 ≤ θ ≤ π/10.

a

bm

c

θ

p
r′

`
q

rm
r

Figure 5.7: Points (a, q, p) correspond to the
triangle T2 with angles ( 3π

10 , 2π
5 , 3π

10 ) as de-
noted by the blue triangle. Let t = b and
w = c, and θ = π

10 − α, which falls in the
range of 0 ≤ ∠vsu ≤ π/10.

Φ′ ≤ sin
(

3π

10

)
+ K sin

(
3π

10

)
− K sin

(
2π

5

)
and thus Φ ≤ Φ′ ≤ 0 when

K ≥ 5.70 >
sin
(3π

10

)
sin
(2π

5

)
− sin

(3π
10

) .

5.4 analysis of |P〈a, b〉|

We give a breakdown of the cases we will analyze. If c or d are right of ab, we can apply
T1 and Lemma 5.3.1 to show the existence of a short path from a to b. When both c and d
are left of ab, we consider the following cases. First we consider the possible positions of
c, and bound the length of the path ac⊕P〈c, b〉.

1. c is in the intersection of Tab and Tba.

2. c is above Tba but right of P5.

Otherwise c must be above Tba and in P5. Assuming that this is the case, we analyze
the length of the path bd⊕P〈d, a〉 given the following positions of d.

1. d is below br′m.
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2. d is above br′m but right of P5.

Otherwise both both c and d are in P5 and we analyze the length of the path ac⊕ bd⊕
P〈c, d〉. Lemma 5.4.11 gives us a bound on the spanning ratio of K ≥ 6.16 using a simple
proof. However, using a more technical analysis, we can obtain K ≥ 5.70 when c and d
are in P5. This is proven in Lemma 5.5.4 in Section 5.5.

Lemma 5.4.1. If c is right of ab, then |P〈a, b〉| ≤ K|ab| for K ≥ 5.70.

Proof. Observe that 4(a, r, m) has interior angles (π
5 , 3π

10 , π
2 ) at the points (a, r, m) respec-

tively. If we let points (s, t, w, u, v) = (a, b, c, r, m) then they correspond to the triangle T1
from Lemma 5.3.1, and thus |ac|+ K|cb| ≤ K|ab| for any K ≥ 5.70. Then our inductive
hypothesis and Lemma 5.3.1 imply that there is a path from a to b with length

|P〈a, b〉| ≤ |ac|+ |P〈c, b〉| ≤ |ac|+ K|cb| ≤ K|ab|.

See Fig. 5.6.

Lemma 5.4.2. If c is left of ab and within Tab ∪ Tba, then |P〈a, b〉| ≤ K|ab| for K ≥ 5.70.

Proof. Let p be the intersection of br′ and a`, and let q be the intersection of the lines
through r′b and arm. Observe that 0 ≤ ∠rmab ≤ π/10, thus ∠rmab has the same range
as ∠vst from T2 in Lemma 5.3.2. If we let points (s, t, w, u, v) = (a, b, c, p, q), then these
points correspond to the triangle T2, and thus |ac|+K|cb| ≤ K|ab| for K ≥ 5.70 by Lemma
5.3.2. Then our inductive hypothesis and Lemma 5.3.2 imply that there is a path from a
to b with length

|P〈a, b〉| ≤ |ac|+ |P〈c, b〉| ≤ |ac|+ K|cb| ≤ K|ab|.

See Fig. 5.7.

a

bm

`′m

c

`′

θ

a

Tba

r′

d

Figure 5.8: Transformation 5.4.3. Note
θ = π/10− α.

To proceed further we require a transformation
that will allow us to fix the angle α to α = π/10.

Transformation 5.4.3. We fix b, c, d, and Tba, and
translate a along r′`′ until a = `′m.

Observe this transformation changes the values
of |ac| and |ab|, but not |bd|, |cd|, or |cb|. The trans-
formation also changes the value of |ad|, but we
do not use it in any case that requires analysis of
this value. Thus applying Transformation 5.4.3 is
functionally equivalent to assuming α = π/10.

We will show the following.
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Lemma 5.4.4. Let Φ = |ac| −K|ab|. Under Transformation 5.4.3, Φ is maximized when a = `′m.

Proof. See Fig.5.8. Let θ = ∠`′mba, and observe that θ = π/10− α. Recall that Transfor-
mation 5.4.3 fixes Tba. Let Φ′ = |a`′m|+ |`′mc| − K|ab|. Since |a`′m|+ |`′mc| ≥ |ac| by the
triangle inequality, Φ′ ≥ Φ, and observe when θ = 0, that Φ = Φ′. We will show that Φ′

decreases in θ, which proves both Φ and Φ′ are maximized when θ = 0. Using sine law,
and letting |a`′m| = 1, we can express Φ′ as a function of θ. We get

dΦ′

dθ
=

d
dθ

(
sin θ − K sin(3π

5 )

sin(2π
5 − θ)

)

=
cos θ sin(2π

5 − θ) + cos(2π
5 − θ)(sin θ − K sin(3π

5 ))

sin2(2π
5 − θ)

=
sin(2π

5 )− cos(2π
5 − θ)K sin(3π

5 )

sin2(2π
5 − θ)

.

Observe sin2(2π
5 − θ) is positive, and the numerator of dΦ′

dθ is maximized when θ = 0.
Since sin(2π

5 )− cos(2π
5 )K sin(3π

5 ) < 0, dΦ′
dθ ≤ 0, and Φ is decreasing in θ and maximized

when θ = 0, which is when α = π/10.

We use Transformation 5.4.3 and Lemma 5.4.4 in the next lemma, which also requires
this definition.

Definition 5.4.5. Let P5 be the regular pentagon with vertices (p0, p1, p2, p3, p4), where p2 = r′

and p3 = r′m and p4 is inside Tba. See Fig. 5.9.

Observe that P5 is fixed with respect to Tba, and that this construction puts p0 and p1
on a horizontal line with b.

Lemma 5.4.6. If c is above Tba and right of P5, then |P〈a, b〉| ≤ K|ab| for any K ≥ 5.70.

Proof. Let Φ = |ac| + K|cb| − K|ab|. We apply Transformation 5.4.3. Since c is above
Tba it must be left of b`′m, thus c remains left of ab. As a moves left, so does the left
side of Tab, which means that c remains inside Tab. Thus Lemma 5.4.4 implies that Φ is
maximized at α = π/10, thus we assume this is the case. Observe that ∠ba`m = π/5,
and ∠`mba = 2π/5 < π/2. Let q be the intersection of the line through b orthogonal to
ab and the line through a and `m. If we let (s, t, w, u, v) = (a, b, c, b, q) then these points
correspond to T1. See Fig. 5.9b. Then Lemma 5.3.1 tells us that |ac|+ K|cb| ≤ K|ab| and
thus Φ = |ac|+ K|cb| − K|ab| ≤ 0 for K ≥ 5.70.
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(a) P5 when α = 0.
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(b) P5 when α = π/10.

Figure 5.9: The two extremes of α with respect to P5.

Observe that Lemmas 5.4.1, 5.4.2, and 5.4.6 tell us that |P〈a, b〉| ≤ K|ab| for any
K ≥ 5.70 for all possible locations of c except when c is above Tba and in P5. In the
upcoming section, we therefore assume c is above Tba and in P5 and examine the possible
cases for the location of the nearest neighbour of b in Cb

2 which we have labeled d.

5.4.1 Vertex c in P5

Lemma 5.4.7. For any location of c, if d is right of ab, then |P〈a, b〉| ≤ K|ab| for K ≥ 5.70.

Proof. Let (s, t, w, u, v) = (b, a, d, m′, `′), thus these points correspond to the triangle T1.
Thus |ac|+ K|cb| ≤ K|ab| for K ≥ 5.70 by Lemma 5.3.1. Then our inductive hypothesis
and Lemma 5.3.1 imply that there is a path from a to b with length at most

|P〈a, b〉| ≤ |ac|+ |P〈c, b〉| ≤ |ac|+ K|cb| ≤ K|ab|.

See Fig. 5.10.

Lemma 5.4.8. If bd and ac cross, but d is not in P5, then |P〈a, b〉| ≤ K|ab| for any K ≥ 5.70.

Proof. See Fig. 5.11. Since ac and bd cross, d must be outside of Tab. We want to show that
d is below br′m. Assuming this is the case, then 0 ≤ ∠ab`′ ≤ π/10, and thus ∠ab`′ is in
the range of 0 ≤ ∠vsu ≤ π/10. Let points (s, t, w, u, v) = (b, a, d, r′m, `′), then these points
correspond to the triangle T2 of Lemma 5.3.2. Thus |bd|+ K|da| ≤ K|ab| for K ≥ 5.70.
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Figure 5.10: Points (b, m′, `′) correspond to
T1 (in blue) with t = a and w = d.
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Figure 5.11: We prove p4 lies in Tab, then
apply T2.

Then our inductive hypothesis and Lemma 5.3.2 imply that there is a path from b to a
with length at most

|P〈a, b〉| ≤ |bd|+ |P〈d, a〉| ≤ |bd|+ K|da| ≤ K|ab|.

We are left with showing that d is below br′m. Recall that P5 is fixed with respect to
Tba. Since d is outside of Tab and P5, if p4p0 is inside Tab, then d must be below br′m. Since
the slope of p0p4 is less than the slope of `a, it is sufficient to show that p4 is inside
Tab, or equivalently that p4 is right of a`. The rightmost possible position of a` is when
α = 0. Thus if we can prove that p4 is right of a` when α = 0, then p4 is always right
of a`. So we assume α = 0. We will show that a` intersects p3p4, which implies that
p4 is right of a`. Since α = 0, a = `′. Let f be the intersection of a` and br′m. Note
that p3p4 is a subsegment of br′m, and p3 = r′m, which we will henceforth refer to as
p3. We will show that |p3 f | < |p3p4|, which implies the lemma. Note ∠``′p3 = π/10,
thus |p3 f | = |`′p3| sin(π/10). When α = 0, |`′p3| = |p3b|, and |p3p4| = |p3p2| =
|`′p3| sin(π/10)/ sin(3π/10) > |`′p3| sin(π/10) = |p3 f |, as required.

Lemma 5.4.9. If c is above Tba and in P5, and d is left of ab, but right of am, then |P〈a, b〉| ≤
K|ab| for K ≥ 5.70.

Proof. See Fig.5.12. We will bound the length of the path |bd|+ |P〈d, a〉|. By the inductive
hypothesis, |P〈d, a〉| ≤ K|da|, and we wish to use this to show that |bd|+ K|da| ≤ K|ab|.
Let Φ = |bd|+ K|da| − K|ab|. To prove the lemma it is sufficient to show that Φ ≤ 0
when K ≥ 5.70. Let d′ be the horizontal projection of d onto ab. Let Φ1 = |bd| − K|bd′|
and Φ2 = K|da| − K|d′a|, and note that Φ = Φ1 + Φ2. Thus it is sufficient to show that
Φ1 ≤ 0 and Φ2 ≤ 0 for K ≥ 5.70.
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Figure 5.12: c is in P5 above Tba, d is right of am.
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(a) |db| − K|bd′| ≤ 0.
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bm

`′m

cP5

d

d′′ d′

(b) |ac|+ K|cd| − K|ad′| ≤ 0.

Figure 5.13: c is in P5 above Tba, d is left of am but above c.

To show Φ1 ≤ 0 we require that K ≥ |bd|
|bd′| . Observe that dy(b, d′) ≤ |bd′| and

∠d′db ≥ π/10. Thus K ≥ |bd|
dy(b,d′) ≥

1
sin(π/10) is sufficient to show that Φ1 ≤ 0. Since

1
sin(π/10) < 3.24, K ≥ 5.70 is sufficient. Also observe that ∠d′da > π/2, since d is right of
am, thus |d′a| > |da|, and Φ2 ≤ 0 for any value of K ≥ 1.

Lemma 5.4.10. If c is above Tba and in P5, and d is left of am but above c, then |P〈a, b〉| ≤ K|ab|
for K ≥ 5.70.

Proof. See Fig. 5.13. We will bound the length of the path |ac|+ |P〈c, d〉|+ |bd|. By the
inductive hypothesis, |P〈c, d〉| ≤ K|cd|, and thus we will show that |ac|+ K|cd|+ |bd| ≤
K|ab|. Let Φ = |ac| + |bd| + K|cd| − K|ab|. We will split Φ into two parts, and show
that each part is less than 0. Let d′ be the horizontal projection of d onto ab. Let
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a

b

c

d

P5

Figure 5.14: ac and bd cross and are in P5.

Φ1 = |bd| − K|bd′|, and let Φ2 = |ac|+ K|cd| − K|ad′|. Observe that Φ = Φ1 + Φ2. We
start with Φ1.

Observe that dy(b, d) = dy(b, d′) ≤ |bd′|. Thus let Φ′1 = |bd| − K · dy(b, d), and thus if
Φ′1 ≤ 0, then Φ1 ≤ 0. Let θ = ∠d′db, and observe that Φ′1 = |bd|(1− K sin θ). Note that
θ ≥ π/10, and thus K = 5.70 is sufficient to make Φ′1 ≤ 0.

Let d′′ be the horizontal projection of d onto am. Since ∠(ad′′d′) = π/2, |ad′′| ≤ |ad′|.
Since c is above Tba, ∠cdd′′ ≥ 9π/10, thus |cd′′| > |cd|. Let Φ′2 = |ac|+ K|cd′′| − K|ad′′|,
and observe that Φ2 ≤ Φ′2. Let q be the horizontal projection of d′′ onto a`. Observe
∠d′′ad′′ = 0. Let the points (s, t, w, u, v) = (a, d′′, c, d′′, q) and thus these points correspond
to T1. Thus |ac|+ K|cd′′| ≤ K|ad′′| by Lemma 5.3.1, which implies that Φ2 ≤ Φ′2 ≤ 0.

Lemma 5.4.11. If ac and bd cross and both c and d are in P5, then |P〈a, b〉| ≤ K|ab| for
K ≥ 6.16.

Proof. See Fig. 5.14. We will bound the length of the path |ac|+ |P〈c, d〉|+ |bd|. By the
inductive hypothesis |P〈c, d〉| ≤ K|cd|. Let Φ = |ac|+ |bd|+ K|cd| − K|ab|. To prove the
lemma it is enough to show that Φ ≤ 0. Under Transformation 5.4.3, Lemma 5.4.4 implies
that Φ is maximized when α = π/10, so we assume this is the case. Since c, d, and P5 are
fixed, c and d are still inside P5 after Transformation 5.4.3. Given that c and d are in P5,
the furthest apart c and d can be is if they are both on a diagonal of P5. The length of
one side of P5 is at most sin(π/10)

sin(3π/10) |ab|. That means a diagonal of P5, and thus |cd|, has

length 2 sin(3π/10) sin(π/10)
sin(3π/10) |ab| = 2 sin(π/10)|ab|. At their longest, |ac| and |bd| each

have length sin(3π/5)
sin(3π/10) |ab| by the sine rule. We now assume Φ ≤ 0 and solve for K.
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Φ ≤ 0
|ac|+ K|cd|+ |db| − K|ab| ≤ 0

|ac|+ |db|
|ab| − |cd| ≤ K

2 · sin(3π/5)
sin(3π/10) · (1− 2 · sin(π/10))

≤ K

6.16 ≤ K.

Theorem 5.4.12. |P〈a, b〉| ≤ K|ab| for K = 6.16.

Proof. Lemmas 5.4.1, 5.4.2, 5.4.6 show a path from a to b with length at most 5.70 for all
locations of c except when c is in P5 above Tba. Lemma 5.4.1 shows the bound when c is
right of ab. For c left of ab, Lemma 5.4.2 shows the bound for c ∈ Tba, and Lemma 5.4.6
shows the bound when c is above Tba but right of P5.

Lemmas 5.4.7, 5.4.9, 5.4.10, and 5.4.8 show a path from a to b with length at most 5.70
when c is in P5 above Tba but d is not in P5. Lemma 5.4.7 shows the bound when d is
right of ab. Lemma 5.4.9 shows the bound when d is left of ab but right of am. Lemma
5.4.10 shows the bound when d is left of am but still above c, that is, ac and bd don’t cross.
Lemma 5.4.8 shows the bound when ac and bd cross, but d is not in P5.

Lemma 5.4.11 shows a path from a to b with length at most 6.16 when both c and d
are in P5, which implies the theorem.

Of the lemmas cited in the proof of Theorem 5.4.12, only Lemma 5.4.11 requires a
value of K ≥ 6.16. For every other case, K ≥ 5.70 is sufficient. In the next section we will
give a lemma to substitute for Lemma 5.4.11 that gives a bound on the spanning ratio of
K ≥ 5.70.

5.5 down to K ≥ 5.70

In this section we show that we can achieve a bound on |P〈a, b〉| of K|ab| for K ≥ 5.70
even in the case where ac and bd cross and c and d are in P5. To demonstrate this requires
a careful analysis of the locations of c and d and the tradeoffs between the values of
|ac| + |bd| and K|cd|. Let Φ = |ac| + |bd| + K|cd| − K|ab|. For the rest of this section,
assume we have applied Transformation 5.4.3, and thus α = π/10 and Φ is maximized.
Since P5, c and d don’t move, both c and d are still in P5. Let c′ be the intersection of the
line through a and c and the segment p0p1, and let d′ be the intersection of the line through
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(a) Points c′ and d′ on P5.
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p2

p1, c
′

p3, d
′

p4

(b) An example of Φ2.

Figure 5.15

b and d and the segment p3p4. See Fig. 5.15a. Let Φ1 = |ac′|+ |bd′|+ K|c′d′| − K|ab|, and
let Φ2 = |ap1|+ |bp3|+ K|p1p3| − K|ab|. The following three lemmas are used to prove
the main result of this section.

Lemma 5.5.1. For K ≥ 5.70, Φ ≤ Φ1.

Lemma 5.5.2. For K ≥ 5.70, Φ1 ≤ Φ2.

Lemma 5.5.3. For K ≥ 5.70, Φ2 ≤ 0.

Proof of Lemma 5.5.3. See Fig. 5.15b for an example when c′ = p1 and d′ = p3. Without
loss of generality assume that |ab| = 1. Then using the sine rule we get |bp3| = 1,
|ap1| = sin(3π/5)

sin(3π/10) , and |p1p3| = 2 sin(3π/10) sin(π/10)
sin(3π/10) = 2 sin(π/10). Then

|ap1|+ |bp3|+ K|p1p3| − K|ab| ≤ 0
|ap1|+ |bp3|
|ab| − |p1p3|

≤ K

sin(3π/5)
sin(3π/10) + 1

1− 2 sin(π/10)
< 5.696 < K

which is true for K ≥ 5.70.

Having proven Lemma 5.5.3 and assuming Lemmas 5.5.1 and 5.5.2 are true, we can
prove the main result of this section:

Lemma 5.5.4. If ac and bd cross and both c and d are in P5, then |P〈a, b〉| ≤ K|ab| for K ≥ 5.70.
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Figure 5.16

Proof. We will bound the length of the path |ac| + |P〈c, d〉| + |bd|. The inductive hy-
pothesis tells us that |P〈c, d〉| ≤ K|cd|, and Lemmas 5.5.1, 5.5.2 and 5.5.3 tell us that
|ac|+ |bd|+ K|cd| ≤ K|ab| for K ≥ 5.70.

Observe that substituting Lemma 5.5.4 for Lemma 5.4.11 in the proof of Theorem
5.4.12 brings the spanning ratio of the Θ5-graph down to 5.70. We are left with proving
Lemmas 5.5.1 and 5.5.2. We first prove Lemma 5.5.1.

5.5.1 Lemma 5.5.1, Φ ≤ Φ1

In this section we show that |ac|+ |bd|+ K|cd| − K|ab| ≤ |ac′|+ |bd′|+ K|c′d′| − K|ab|.
See Fig. 5.16a. Let e be the intersection of ac and bd, and let e′ be the intersection of br′

and a`. Observe that ∠`e′r′ = 2π/5, and thus we can see that ∠dec ≥ 2π/5. This implies
that ∠dec cannot be the smallest angle in 4dec, since that would require ∠dec ≤ π/3.
Thus at least one of ∠dce and ∠edc is the smallest angle in 4dec. Since we have applied
Transformation 5.4.3, and can thus assume that α = π/10, the cases are symmetric. We
can therefore, without loss of generality, assume that ∠dce is the smallest angle in 4dec.

Proof of Lemma 5.5.1. Since c lies on ac′ and d lies on bd′, we have |ac| ≤ |ac′| and |bd| ≤
|bd′|, and it is sufficient to show that |cd| ≤ |c′d′|. We first show that |cd| ≤ |c′d|. Since
∠dce is the smallest angle in 4dec, ∠dce < π/3. That implies that ∠c′cd > π/2, which
implies that c′d is the longest side of triangle 4cc′d, and thus |cd| ≤ |c′d|. See Fig.5.16a.

We now show that |c′d′| ≥ |c′d|. If ∠c′dd′ ≥ π/2, then c′d′ is the longest side of
4c′dd′, and |c′d′| ≥ |c′d| and we are done. Otherwise assume ∠c′dd′ < π/2.
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Figure 5.17

The sine rule tells us that |c′d′|
sin∠c′dd′ =

|c′d|
sin∠dd′c′ . Since sin θ is an increasing function for

0 ≤ θ < π/2, showing that ∠c′dd′ ≥ ∠dd′c′ is sufficient to show |c′d′| ≥ |c′d|, as it would
imply both angles are < π/2. Observe that ∠c′dd′ ≥ ∠c′ed′ and ∠ed′c′ = ∠dd′c′, thus it
is sufficient to prove that ∠c′ed′ ≥ ∠ed′c′.

Observe that ∠ced = ∠c′ed′ ≥ 2π/5. We will now find the maximum of ∠dd′c′ =
∠ed′c′ ≤ 2π/5. Observe that if c′ moves left, ∠ed′c′ increases, thus assume c′ is at p1.
Let O(bp3c′) be the circle through b, p3, and c′ with center o. Observe that o lies on
br′. Observe that ∠r′bd′ = π/10, thus ∠r′op3 = π/5. Segment or′ makes an angle
of π/10 with the horizontal line through o. Thus od′ makes an angle of 3π/10 with
the horizontal line through o, and thus the line tangent to O(bp3c′) at p3 is the line
supporting `′r′, since `′r′ makes an angle of 3π/10 with the vertical line through `′. See
Fig. 5.16b. That implies that [p2, p3) lies outside of O(bp3c′), which means for every point
d′, ∠ed′c′ ≤ ∠ep3c′ = 2π/5, and thus ∠c′dd′ ≥ ∠dd′c′ as required.

5.5.2 Lemma 5.5.2, Φ1 ≤ Φ2

Observe that |ap1|+ |bp3|+ K|p1p3| = |ap0|+ |bp2|+ K|p0p2| when α = π/10, as Tab and
Tba are the same size and the cases are symmetric. In this section we give proof that |ac′|+
|bd′|+ K|c′d′| − K|ab| ≤ |ap1|+ |bp3|+ K|p1p3| − K|ab| = |ap0|+ |bp2|+ K|p0p2| − K|ab|.

Proof of Lemma 5.5.2. Without loss of generality, we can assume that |p1c′| ≤ |p2d′|. We
will show that Φ1 is maximized when c′ = p1 and d′ = p3. See Fig. 5.15b. Observe that
|p1p2| ≤ |c′d′| ≤ |p1p3|. Let z be a point on p2p3 that moves from p2 to p3, and observe
that |p1z| takes on every value from |p1p2| to |p2p3|. Thus there must be a point q on
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p2p3 such that |p1q| = |c′d′|. See Fig. 5.17a. We claim that |ap1|+ |bq| ≥ |ac′|+ |bd′|,
which would imply that Φ′ ≤ |ap1|+ |bq|+ K|p1q| − K|ab|.

Observe |ap1| ≥ |ac′|, since ∠p1c′a > π/2, making ap1 the longest edge in triangle
4ac′p1. We claim that q is between d′ and p2, and thus |bq| ≥ |bd′| since ∠bd′q > π/2. We
will prove by contradiction, thus assume that q is between d′ and p3. Since |p1c′| ≤ |p2d′|,
∠qd′c′ > π/2, which implies that |c′q| > |c′d′|. Also note that ∠qd′p1 > π/2, which
implies |p1q| > |c′q| > |c′d′|, a contradiction. Thus assuming that c′ = p1 and d′ = q does
not decrease Φ1.

Now, given that c′ is on p1, we will show that Φ1 ≤ |ac′|+ |bp3|+ K|c′p3|, that is,
when d′ is on p3. To do this we define another function Φ′1 = |ac′| + |d′p3| + |p3b| +
K|c′d′| − K|ab|. See Fig. 5.17b. Since |bd′| ≤ |d′p3| + |p3b| by the triangle inequality,
Φ1 ≤ Φ′1, and observe that Φ1 = Φ′1 = Φ2 when d′ = p3. We will show that Φ′1 is
maximized when d′ = p3, thus implying that Φ1 is also maximized when d′ = p3, and
Φ1 ≤ Φ2. Let θ = ∠p2p1d′. We allow d′ to move along p2p3 until d′ is on p3, and fix all
other points, and observe how Φ′1 changes with θ.

We first rewrite Φ′1 as Φ′1 = |ac′|+ |p2p3| − |p2d′|+ |p3b|+ K|c′d′| − K|ab|. Using the
sine law we get |p2d′| = sin θ

sin(2π/5−θ)
|p1p2|, and |c′d′| = sin(3π/5)

sin(2π/5−θ)
|p1p2|. All other terms

of Φ′1 have fixed values with respect to θ. Thus

dΦ′1
dθ

=
d
dθ

(
K

sin(3π/5)
sin(2π/5− θ)

|p1p2| −
sin θ

sin(2π/5− θ)
|p1p2|

)
=

K cos(2π/5− θ) sin(3π/5)− cos θ sin(2π/5− θ)− sin θ cos(2π/5− θ)

sin2(2π/5− θ)
|p1p2|

=
K cos(2π/5− θ) sin(3π/5)− sin(2π/5)

sin2(2π/5− θ)
|p1p2|. (5.1)

Observe that 0 ≤ θ ≤ 3π/10. The denominator of (5.1) is always positive. The
numerator of (5.1) is minimized at θ = 0, which for K ≥ 5.70 is positive. Thus (5.1)
is always positive for 0 ≤ θ ≤ 3π/10, thus Φ′1 is increasing in θ, and is maximized
when d′ = p3, as required. Thus Φ1 ≤ Φ′1 ≤ Φ2 = |ap1|+ |bp3|+ K|p1p3| − K|ab| as
required.

5.6 conclusion

Using a few simple geometric observations and arguments, we have lowered the spanning
ratio of Θ5 from 9.96 to 5.70, bringing us closer to the lower bound of 3.798 and thus
a tight bound. This work was originally motivated by trying to find a spanning ratio
of Θ5-graph in the constrained setting, that is, we build a Θ5 graph on a set of points
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and edges called constraints, where no edge of Θ5 can cross a constraint. This was a
surprisingly challenging undertaking, and the problem remains open. In addition the
question of whether there is an algorithm that can route competitively on the Θ5-graph
remains an open problem.
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Oba, and Jörg-Rüdiger Sack, editors, Algorithms and Data Structures - 13th International
Symposium, WADS 2013, London, ON, Canada, August 12-14, 2013. Proceedings, volume
8037 of Lecture Notes in Computer Science, pages 109–120. Springer, 2013.

[2] Prosenjit Bose, Jean-Lou De Carufel, Darryl Hill, and Michiel H. M. Smid. On the
spanning and routing ratio of theta-four. In Timothy M. Chan, editor, Proceedings of
the Thirtieth Annual ACM-SIAM Symposium on Discrete Algorithms, SODA 2019, San
Diego, California, USA, January 6-9, 2019, pages 2361–2370. SIAM, 2019.

[3] Prosenjit Bose, Jean-Lou De Carufel, Pat Morin, André van Renssen, and Sander
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6
C O N C L U S I O N

We have looked at different geometric graphs in different settings, and improved the
analysis of their geometric properties, specifically their spanning and routing ratios.
We have also come up with two simple, effective routing algorithms, and analyzed the
resulting paths for s. Despite these advancements, many areas of the spanning and
routing ratios of geometric graphs remain unexplored. It may interesting to see how
ubiquitous the Greedy/Sweep algorithm is on other Θ-graphs, or if its routing properties
extend to the cousin of the Θ-graph, the Yao-graph. Additionally, can the MinChordArc
algorithm extend to Delaunay graphs in other metrics? The L2-Delaunay triangulation is
the best known plane spanner, yet we still do not have a tight bound on the spanning ratio.
Finding that tight bound or improving the current spanning ratio remain tantalizing
prospects as well. In addition we have only scratched the surface of the spanning
properties of 3-dimensional graphs.
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