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Abstract 

In this thesis, we study initial-value problems describing wave propagation in two-

dimensional geophysical flows. We consider two different problems; Rossby waves on 

a horizontal plane and internal gravity waves on a vertical plane. In each case, we 

consider waves that are periodic and sinusoidal in both space directions; allowing us 

to use the techniques of Fourier analysis. Firstly, we solve the linear problem and find 

the solutions to be periodic. Linearization is justified as long as the wave amplitude 

is small enough. Next, we solve the weakly nonlinear problem using asymptotic 

approximations. We look for a solution in powers of the small amplitude parameter. 

The leading order solutions are the linear solutions already derived. The nonlinear 

terms are found to be products of the leading order terms, giving rise to higher 

wavenumber components. We investigate the development of these components which 

represents a transfer of wave energy to smaller scales. 
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Chapter 1 

Introduction 

1.1 Waves in Fluids 

Fluid mechanics is the branch of science that governs fluid flows. A fluid is a substance 

that does not have a preferred shape and deforms, or flows, continuously when shear 

stress is applied. Shear stress is a force that is applied parallel to one of the faces 

of an object. A fluid may be further classified as either a liquid or a gas. While a 

gas expands to fill the container it occupies, a liquid merely takes on the shape of its 

container but does not fill it. Waves commonly occur in fluids. A wave is a moving 

oscillation that transports information between two points in space and time, without 

carrying matter along. Waves transfer energy from one point to another. They are 

generated due to the existence of a restoring force balanced with an inertial force. 

The restoring force acts to bring the system back to its original state while the inertial 

force extends the system past this undisturbed state. 

Large-scale fluids in nature- the Earth's atmosphere or oceans, for example- are 

referred to as geophysical fluids. There are various types of waves within such flu

ids. These include surface gravity waves, internal gravity waves, and Rossby waves. 

Surface gravity waves are most common in everyday life and occur at the surface of 

a liquid with gravity acting as the restoring force. These waves are observed at the 
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surface of oceans, rivers, and at beaches. Internal gravity waves occur in the interior 

of a density-stratified fluid as a result of upward buoyancy forces and the restoring 

force of gravity. Lastly, Rossby waves (or planetary waves) result from the effects of 

the Earth's rotation, or the Coriolis force. These types of waves were first described 

in the Earth's atmosphere by the Swedish meteorologist Carl-Gustaf Rossby in 1939. 

There are various properties that make waves interesting to study. For instance, 

waves propagate in space and time, can have large or small amplitudes, they some

times break when their amplitude is too large, and they can reflect at boundaries. 

Furthermore, in the atmosphere and ocean, interactions between waves and the back

ground fluid flow can have profound effects on the general circulation. This can in turn 

affect global weather and climate conditions. Thus, it is important to understand the 

mechanics involved in wave generation, propagation, and evolution because it gives 

us a deeper understanding of the natural phenomena surrounding our everyday lives. 

Waves in fluids can be studied mathematically by representing the waves as pertur

bations to a basic background state and modelling the fluid flow using the governing 

equations for fluid dynamics which are based on the principles of conservation of 

mass, momentum, and energy. If the wave amplitude is sufficiently small relative to 

the magnitude of the background flow, we can linearize the equations. We can some

times make further simplifications to the equations based on the particular problem 

or configuration we wish to study. Wave phenomena are highly nonlinear in general 

but for small amplitudes we can obtain some insight by studying relatively simple 

weakly nonlinear models. By introducing a small parameter, s (e « 1), usually re

lated to the wave amplitude and taking the limit as the parameter approaches zero, 

we obtain a linear problem. We can solve this problem exactly or find an asymptotic 

solution which is valid in the particular regime of interest. We then obtain a nonlinear 

correction to the linear solution in powers of the small parameter. 

In linear mathematical studies, we often assume the waves to be sinusoidal in at 

least one of the space coordinates and/or in time. This assumption allows us to make 

use of the techniques of Fourier analysis, such as Fourier series or Fourier transforms. 
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As an illustration, the function cos(kx + ly + mz — cut) represents a sinusoidal wave in 

three-dimensional space with rectangular coordinates x, y, z and time t. Here, A:, /, m 

are the wavenumbers and k = (&, /, m) is the wavenumber vector. The wavelengths 

are ^ , ji and ^ , respectively, u represents the frequency of the waves and the 

period of oscillation is ^ . It is more convenient to write the above cosine function as 

ei(kx+iy+mx-cjt) _^_ e-i(kx+iy+mx-u;t) ̂  b e c a u s e ft -ls easier to work with complex functions 

especially when taking products. 

Nonlinear or weakly nonlinear problems involve products of different sinusoidal 

functions. For example, two waves elklX+ c.c. (complex conjugate) and elk2X+ c.c, 

with wavenumbers ki and /c2, respectively, interact to give el^kl+k2^x + e^kl~k2^x'+ c.c. 

Thus, the wavenumbers are sums and differences of the original two wavenumbers. 

Also, interactions of a wave elkx + e~lkx (with wavenumber k) with itself results in a 

zero wavenumber component as well as higher "harmonics" such as ±2fc, ±3fc, and 

so on. The higher wavenumber components have shorter wavelengths. Therefore, 

wave-wave interactions give rise to small-scale disturbances within the fluid flow. 

In this study, we make use of the techniques of Fourier analysis and weakly non

linear analysis to examine wave interactions and the development of higher harmonics 

in some specific geophysical flow configurations. In particular, internal gravity waves 

in a Boussinesq flow and Rossby waves on a /?-plane. In a Boussinesq flow, the den

sity variations are neglected in all terms except those involving gravity, in a vertical 

plane, whereas a /?-plane takes into account the effects of the Coriolis force on a 

rectangular strip in a two-dimensional plane tangent to the Earth's surface. These 

are both two-dimensional problems which, when linearized and under certain simpli

fications, are tractable to some degree of analysis. These two-dimensional problems 

describe a simple set-up for studying Rossby waves and internal gravity waves sep

arately. A three-dimensional configuration would allow both types of waves to be 

studied together. Topics such as interactions between the two types of waves could 

be considered. Howevever, such a configuration would be too complicated to allow 

for analytical solutions but could be studied using numerical methods. 
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We are interested in analyzing how the waves evolve with time and how higher 

wavenumber components develop. We consider a specific initial-value problem in 

which the waves are generated by a spatially sinusoidal forcing function at initial 

time and propagate forward in time. In particular, we consider the following initial 

condition 

ij)(X) y, 0) = 2[cos(kx) + cos{ly) + cos{kx + ly) + cos(kx — ly)\ (1.1) 

where ip(x,y,t) is the perturbation (wave) to some fluid variable. One could work 

with velocity components, pressure, or density, but in our study i\) represents the 

streamfunction which we define in Section 2.1. The function given in (1.1) can be 

decomposed into Fourier modes and written as 

exkx + exly + ei{kx+ly) + ei(kx-ly) + QQ ^ 

This gives rise to the following eight wavenumbers 

k = (k, 0), (0,0, (*, 0, (*, -I), (-k, 0), (0, -I), (-k, - 0 , (-*, 0 

In a linear problem with the initial condition given in (1.1), the above eight wavenum

bers are the only ones that will be present, for all time. On the other hand, in a nonlin

ear problem, other wavenumbers will be generated, such as (±2fc, 0), (0, ±2/), (±2fc, ±2/) 

and so on. In a weakly nonlinear problem defined in terms of a small parameter, e 

say, which defines the wave amplitude, the 0(1) problem will only have the initial 

wavenumbers but higher wavenumbers will be generated at 0(e). In this study, we 

work out the solutions of both the 0(1) and the 0(e) problems and thus obtain an 

approximate asymptotic solution. Our study shows the cascade of wave energy in 

wavenumber space from large scales (small wavenumbers) to smaller scales (higher 

wavenumbers). 

The development of small-scale features in a fluid flow is of interest to atmospheric 

and oceanographic scientists and meterologists to study and predict the behaviour of 

the atmosphere and ocean using large-scale general circulation models. Small-scale 
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Figure 1.1: Plot showing the original eight wavenumbers 

features arising from wave interactions are often unresolved by the models because 

they are smaller than or of the order of magnitude of the grid spacing of the mod

els. For example, the drag force resulting from internal gravity wave interactions is 

represented in large-scale models by so-called gravity wave drag parameterizations. 

Analytical studies of simplified configurations involving wave interactions can be help

ful in improving these parameterizations. 

1.2 Overview of t he Thesis 

An overview of the thesis is as follows. The background information, key definitions, 

and standard fluid dynamics derivations are found in the appendices at the end of the 

thesis. Appendix A contains basic asymptotics definitions and notation. Appendix 
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B outlines some of the notation used throughout the thesis. In Appendix C, the 

governing equations of fluid dynamics based on the principles of conservation of mass, 

momentum and energy are derived. In Appendix D, one will find a brief discussion 

on dispersion relations followed by details concerning the specific dispersion relations 

for both the /?-plane and Boussinesq problems. 

The thesis begins with a chapter devoted to geophysical fluid dynamics in which 

the conservation law equations from Appendix C act as the starting point. In this 

chapter (Chapter 2), the reader will learn what distinguishes geophysical fluids from 

other types of fluids and will be taken through the assumptions made under the 

Boussinesq approximation. Furthermore, the reader will see how the Boussinesq 

approximation can be applied to the conservation law equations. The concept of a 

streamfunction, a crucial component of our study, is also described in this chapter. 

Once the set of Boussinesq equations are obtained, we discuss how the Coriolis force 

alters these equations. By expanding the Coriolis parameter, / , as a Taylor series, 

we begin our derivation of the /?-plane equation. Chapter 2 ends with the barotropic 

vorticity equation, the starting point for our study. 

Chapter 3 marks the beginning of the description of my master's research. Since 

the barotropic vorticity equation from Chapter 2 is in terms of dimensional quanti

ties, we begin Chapter 3 with a discussion of how to nondimensionalize this equation. 

Having a dimensionless equation is of importance when we introduce a small pa

rameter, £, to guarantee that the terms multiplied by e are in fact small relative 

to the other terms. We then linearize this dimensionless equation by expressing the 

total streamfunction, \I/, as the sum of the background or mean streamfunction and 

a small perturbation to the streamfunction. The resulting equation models the per

turbed problem. To obtain insight into the behaviour of this equation, we take a 

Fourier transform to turn the PDE into a system of ODEs, which is easier to work 

with. The system of ODEs has the form ^ = AX + ef(X). Firstly, we truncate the 

Fourier spectrum to only include wavenumbers of ±1,0 and then we solve the linear 

problem when e = 0 by applying a specific initial condition. The linear solutions are 
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found to be exponential functions of t with complex exponents. Most of the solutions 

are periodic in time as given by the disperion relations derived in Appendix D, and 

they contain exponentially decaying factors. We then use perturbation theory to solve 

the nonlinear problem. We conclude the chapter by analyzing how wavenumbers of 

±2 alter the nonlinear analysis of the previous section. 

Chapter 4 adopts similar techniques to those used in Chapter 3 but this time for 

the Boussinesq problem. Using the assumptions made under the Boussinesq approxi

mation, we follow a standard derivation to come up with two equations; one modelling 

how \I/ changes with time and one demonstrating how T, the temperature, changes 

with time. These equations are coupled, meaning that the ^ equation depends on T 

and vice versa. Then, following the procedure described by Saltzman [11] we express 

T as the sum of an average in the x direction and a departure from T. We also 

express the total streamfunction as the sum of the background streamfunction and a 

small perturbation from the streamfunction, just as we did for the /?-plane problem. 

After some manipulation, we end up with two perturbed equations for the Boussinesq 

problem. Once again, we perform a Fourier transform to convert the PDEs to ODEs 

and we truncate the spectrum to include wavenumbers of ±1,0 only. Since there 

are two sets of coupled ODEs, this problem is more difficult than the Rossby wave 

problem. We then go on to solve the linear problem and use perturbation theory to 

solve the nonlinear problem. The chapter concludes with a brief discussion on the 

effects of higher wavenumbers to the nonlinear problem. 



Chapter 2 

Geophysical Fluid Dynamics 

In this chapter, we will describe how the rotation of the Earth- as well as vertical den

sity stratification- affects fluid dynamical systems, closely following the information 

in Chapter 14 of Kundu and Cohen [9]. This is a standard procedure which can be 

found in any book on geophysical fluid dynamics, such as Holton [8] or Pedlosky [10]. 

Our starting point will be the equations that describe the conservation of mass, mo

mentum and energy in a fluid. More precisely, equations (C.ll), (C.43), and (C.54), 

which are derived in Appendix C. 

Geophysical fluid dynamics (GFD) concerns fluid motion in the Earth's atmo

sphere and ocean. To study GFD, we take into account the effects of density strat

ification (layering) in the fluid and the effects of the Earth's rotation. The natural 

coordinate system for studying the motion of the atmosphere and the ocean is a co

ordinate frame that rotates with the Earth. This gives rise to the Coriolis force. The 

density stratification within a given medium gives rise to the buoyancy force, which is 

represented in terms involving the acceleration due to gravity, #, in the equations of 

motion. These conditions distinguish geophysical fluid dynamics from other branches 

of fluid dynamics. As we shall see in the sections that follow, the equations of mo

tion are very much the same as what we have derived in the appendices but with an 

additional term added to take into account the Coriolis force. 

8 
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2.1 The Boussinesq Approximation 

In 1903, Boussinesq proposed that under certain conditions we may neglect the density 

changes in a fluid in all terms except the gravitational ones (where the density, p, 

is multiplied by g) (see [4]). A formal discussion of the conditions under which 

the Boussinesq approximation hold is given by Spiegel and Veronis [12]. Under the 

Boussinesq approximation, the following assumptions are made: 

1. The variation of the density, p, in space and time is small relative to the overall 

magnitude of the density, ie. |^f | <^ \p\ and so we set - ^ ^ 0. 

2. The variation of the density in the vertical direction, |^, is small. 

3. The fluid is almost incompressible, ie. the variation of the density with pressure 

is small and we set |£ « 0. 
op 

4. The properties of the fluid such as the viscosity, heat conductivity, and heat 

capacity at constant volume or pressure are approximately constant through

out the fluid, so we set the viscosity coefficient, /i, the thermal conductivity 

coefficient, K, the heat capacity at constant volume, Cv, and the heat capacity 

at constant pressure, Cp, to a constant and we neglect the viscous dissipation. 

In this section, we will explore how the Boussinesq approximation simplifies the 

three governing equations of motion (continuity equation, momentum equation, and 

thermal energy equation). 

We begin with the continuity equation (C.ll). Under the Boussinesq approxima

tion, we assume that 

p Dt 

(by assumption 1) and we let p be a constant. Thus, the continuity equation 

I Dp ^ _ „ 
pDt 
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becomes 

V-u = 0 (2.1) 

under the Boussinesq approximation. Equation (2.1) is said to be in incompressible 

form. An alternate form of (2.1) is 

du dv dw 
dx dy dz 

In two dimensions, (2.1) becomes 

du dv _ 
dx dy 

This enables us to define a streamfunction, I/J, by 

g-£— <"> 
This is valid since 

du dv d (dijj\ d /—difj\ 
dx dy dx \dy J dy \ dx J 

Equivalently, we could define the streamfunction as 

dip dip 

dy ' dx 

Before progressing further, we will introduce the concept of a streamline. At any 

moment in time and at every point in a fluid flow, there is a velocity vector with 

a definite direction and magnitude. Streamlines are instantaneous curves that are 

everywhere tangent to the velocity vectors at any given time. In other words, they 

are tangent to the direction field. For unsteady flows, the velocity changes with time 

and so the streamline pattern also changes with time. Let ds = (dx, dy, dz) be an 

element of arc length along a streamline and let u — (u, v, w) be the local velocity 

vector. Then, 
dx = dy = dz 
U V w 

along a streamline. So, in two dimensions, (2.5) becomes 

dx dy 
u v 
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and thus 

udy — vdx = 0 

Now, in terms of streamfunctions, we have 

dx dy 

Or, equivalently, 

dtp —dtp 
dy dx 

dip, , dip 
—dx + —dy = 0 
ox ay 

which implies that dip = 0 along a streamline. We now calculate ^ by dividing the 

above expression by dx. 
dip dip dip dy 

dx dx dy dx 

Thus, ^ = 0. Similarly, ^ = 0. Thus, we conclude that ip is constant along a 

streamline. As a result, the instantaneous streamlines in a fluid flow are given by the 

curves where ip = C, where C is a constant. In other words, they are the level curves 

of the streamfunction. Different values of C result in different streamlines. 

Consider an arbitrary line element dx in a fluid flow, where dx = (dx, dy). Now 

consider two streamlines given by x and x + dx. A natural question that arises is 

'what is the volume rate of flow across the line segment joining the two streamlines?' 

Firstly, the volume rate of flow in the ^-direction is vdx and — udy in the x-direction. 

Thus, the total rate of flow is 

vdx + (—udy) = —-T—dx — — dy = —dip 
du dy 

Since the volume rate of flow must be a positive value, dip < 0. Therefore, the sign 

of ip is such that facing the direction of fluid motion ip increases to the left. 

The streamfunction is useful for plotting streamlines but can also be used to 

simplify the equations of motion. For example, consider the following momentum 

equation 
du du d2 

u 
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Now, define a streamfunction, ip, such that 

lPy = U, ~lpX = V 

Then, the above momentum equation simplifies to 

tyytyyx ~ tyxtyyy ~ Vtyyyy 

an equation in terms of a single unknown parameter. 

We now study how the Boussinesq approximation simplifies the momentum equa

tion. Recall from equation (C.41) in Appendix C that the momentum equation is 

given by 

Du% dp 

dxr 
+ P9i + 

_d_ 

dx, 

du% du, 
\p (V • u) 8l3 

Kdx3 dx%J 3 ' 

Under the Boussinesq approximation, we treat p as a constant (by assumption 4) 

which means that we can take p outside of the derviative in the above equation to 

give 

Du% dp 
P~Dt ~ ~~dx% 

which simplifies to 

+ P9i + P 
d (du% 

+ 
d f du 

Dur dp 

dx3 \dxj J dxj \dxz 

1 d 

2 d 

3dx3 
(V • u) Sv 

+ pgi + fj, v 2 "' + i^ ( v " J ) 
Dt dx% 

Now, because of the incompressible continuity equation (2.1), V • u = 0, the above 

equation simplifies to 
Du __ _ 2 

p— = -Vp + pg + pV u (2.6) 

We consider a static reference state in which the density is p0 everywhere and the 

pressure is po(z), so that 

fdp0 dp0 dp0\ ( dp0\ ( . 

Now, write p and p in terms of reference variables to give 

P = Po(z)+p'(x,y,z,t) 

P = po + p'(x,y,z,t) 
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and assume that po 3> p', po ^> p'. Substituting this information into (2.6) gives 

Du 
(po + p') jjj; = -Vpo - Vp' + p0g + p'g + pV2u 

which simplifies to 
Du 

(Po + P')-Jx= -W + P'9 + PV2« 

?-$+vV2u 
Po 

since Vpo z 

where 

= pog. Dividing by p0 gives 

1 

In the above equation, 

I Po, 
\ Du 

1 ~bl~ 

V 

I 

Po 

- JL 
Po 

• < 1 

(2.7) 

(2.8) 

Po 

so we can neglect it. It represents a small correction to the inertia term ^ | . However, 

this ratio also appears in the buoyancy term 2-g. This term is very important and 

cannot be neglected because, in particular, these density changes are the driving force 

behind convective motion when a fluid is heated. Therefore, we are able to neglect 

density variations in the momentum equation except in terms where p is multiplied by 

g. The resulting simplified momentum equation under the Bossinesq approximation 

is thus 

^ = - - W + ^-9 + ^2u (2.9) 
Dt po Po 

Lastly, we describe how the Boussinesq approximation applies to the thermal 

energy equation. Recall from equation (C.54) in Appendix C that the thermal energy 

equation is 
De 

p— = -\7-g-p(V-u) + <f> 

Although V-u = 0 under the Bossinesq approximation for the continuity equation, we 

are not justified in doing this for the thermal energy equation since the term p( V • u) 

is not negligible compared to the other terms. The term p(V • u) is only negligible 

for fluids that are completely incompressible. 
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Prom the continuity equation and assumption 1, we know that 

p Dt 

then, 

since 

-p{V-u) = ^ ^ - ( % \ ^ (2.10) 
yy ' pDt p\dTJpDt y ' 

Dp _ dp Dp dp DT 

Dt dp Dt dT Dt 

and we neglect the |£ ^ term using the third Boussinesq assumption. 

For a perfect gas, for which p = pRT and Cp — Cv = R, we have 

_ _ p Dp -pV-u = y--£-
p Dt 
pD_ / p \ 
pDt \RT) 

_ pp D (\ 
~ ~pRDt \f 

pp f-l\ DT 

pR \T2J Dt 
-pRTpRT DT 

RpT2 Dt 
r, DT 

H Dt 
DT 

Note that we have made use of (2.10) with p replaced with - ^ . 

The energy equation then becomes 

De ^ - ,„ „ x DT i , _ = _ V . , - ( C P - C . ) p — + <*, 

Now, for a perfect gas, e = CVT and Cp = (Jf;)v Substituting these expressions into 

the above equation gives 

^ DT „ ^ , _ „ , DT ± 
C v p - ^ = - V • g - (Cp - Cv)p— + <f> 



15 

After simplifying, we obtain 

CPp^ = -V-g + <j> (2.11) 

Note that if the pS7 • u term had been dropped from the energy equation, the Cp in 

equation (2.11) would be replaced with CY. 

Under the Boussinesq approximation, the viscous dissipation of energy, (p, is neg

ligible. Now, assume that g satisfies Fourier's law of heat conduction, meaning that 

Then, (2.11) becomes 
DT 

Cpp— = -V(-WT) = kV2T 

Finally, dividing by Cpp yields 

DT 
~Dt 

where 

K 

is the thermal diffusivity. 

In summary, the Boussinesq approximation applies if the flow speed is much less 

than the speed of sound, propagation of sound waves is not considered, the vertical 

scale of the fluid flow is not too large, and the temperature differences within the 

fluid are small. We are justified in treating the density term as a constant in both the 

continuity and momentum equations except in the gravity terms. The properties of 

a fluid, such as p, k, Cp, and Cv are also treated as constants under the Boussinesq 

approximation. Neglecting Coriolis forces, the following set of equations correspond 

to the Boussinesq approximation 

= KS72T 

CPP 

(2.12) 

(2.13) 
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V - u = 0 
Du 1 dp 
Dt po dx 
Dv 1 dp 
Dt po dy 

Dw 1 dp pg 

Po dz po 

= KV2T 

Dt 
DT 

+ uV2u 

+ uV2v 

+ uV2w 

(2.14) 

Dt 

Under the Boussinesq approximation, the density and temperature are related by 

a linear relation given by 

P = Po l - i - ( T - T o ) 
^0 

(2.15) 

where p0 and T0 are the reference density and temperature, respectively. To prove 

this, we note that for a perfect gas p satisfies 

We then write p and T in terms of their reference states as 

p = p0 + p', T = T0 + r 

Multiplying p and T together gives 

(po + p')(T0 + T') = Po+P' 
R 

Now, after linearizing around the reference states, we obtain 

p0T0 + p0T' + p'T0 + p'T' = ^ + ^ 

After simplifying, we find an expression for pf: 

1 

and thus 

p = -^PoT' 

p-p0 = -^p0(T-T0) 
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Finally, 

p = Po l - ^ ( T - T o ) i o 

Thus, under the Boussinesq approximation, the density, p, and the temperature, T, 

are related by a linear expression. This means that the temperature equation in (2.14) 

can be written equivalently in terms of p as 

^ = «V2p (2.16) 

2.2 The Coriolis Force 

The Coriolis force deflects a moving object when viewed from a rotating frame of 

reference, such as the Earth. More specifically, the Coriolis force deflects particles 

to the right of its intended path in the northern hemisphere and to the left in the 

southern hemisphere. The Coriolis force is proportional to the speed of rotation of 

the Earth and acts in a direction that is perpendicular to the rotation axis and to the 

velocity of Earth within the rotating frame. 

Let us begin by regarding the atmosphere or ocean as a thin layer on a rotating 

sphere. The depth scale of flow, H, is on the order of magnitude of a few kilometers, 

whereas the horizontal scale, L, is on the order of magnitude of a few hundred or 

even thousand kilometers. In other words, H « L. Let U and W be the horizontal 

and vertical velocities, respectively. Then, after scaling, the continuity equation, 

ux+vy + wz = 0 

becomes 
U U W „ 
L+I+H=° 

So, in order for ^ and ^ to balance, we must have 

U W W H , 
— ~ — =>. — ~ — <^i 
L H U L 

Thus, W < U. 
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In order to study large-scale geophysical flows, we need to use spherical coordi

nates. However, if the horizontal length scale, L, is much smaller than the radius 

of the Earth (« 6371 km), we can ignore the curvature of the Earth and use a local 

Cartesian system on a tangent plane. In doing so, we have essentially taken a thin 

strip of the Earth and, if we were to cut it open and stretch it out, we would have 

a rectangular domain. In this Cartesian system, x is the longitude which increases 

eastward, y is the latitude which increases northward, and z is the height, or altitude, 

which increases upward. The velocity components corresponding to this system are 

u, v, and w, respectively. 

The Earth rotates at a rate of 

ft = ^ = 0.73 x ID" V 1 

day 

around the polar axis in a counterclockwise direction when looking down at the north 

pole. In the local coordinate system (x,y,z), the components of the Earth's angular 

velocity, ft, are 

ft = (0, |ft|cos0, |ft|sin0) = (0, ft cos 0, ft sin 0) 

where ft = |ft| and 0 is the latitude. The x coordinate of ft is zero since the x-axis is 

oriented into the plane of the page and ft does not have a component in this direction. 

We now want to find a way to represent the Coriolis force in terms of the angular 

velocity. We consider a frame of reference (xi,X2^Xs) rotating at a uniform angular 

velocity ft with respect to a fixed frame (Xi,X2,Xs). In our case, (XI,X2J#3) = 

(x,y,z), the local coordinate system, and (X\,X<2,Xz) is a fixed external frame. Let 

P be a vector in the rotating frame. Thus, 

P = P{ix + P2i2 + P3h 

where i\, i2, and 3̂ are the unit vectors in the rotating frame. To a fixed observer in 

the fixed frame, the unit vectors ii, i2, and i% change with time. To this observer, 

dP\ d / ~ , , \ , eLPi , dP2 - dP3 . „ d«i . D di2 . D di3 

it) =dtyPlH+p^+p^)=Hir+^-dT+l^+p^+p^+P3ii 
/ F 
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where the subscript F signifies the fixed frame. On the other hand, to a rotating 

observer, 

_ - dPi <, dfy i dP3 

dt dt dt 
R 

where the subscript R signifies the rotating frame. Thus, 

The extra terms appear in the rate of change for the fixed observer and not the 

rotating observer because the rotating observer moves along with the rotataing frame 

and would not notice the unit vector changing and thus j | = 0 in the rotating frame. 

We would now like to define the rates of change ^ in terms of ft since ^ does not 

give insight into how the angle changes with time. We note that in time dt, each unit 

vector i traces a cone with radius sin a, where a is the constant angle between i and 

ft. Suppose that in time dt the tip of the unit vector travels at an angle of d6 along 

the circumference of the base of the cone. If the unit vector is i at intitial time t and 

i + di at time t + dt, then the magnitude of di is the arc length. We recall that 

arc length = rdO 

so 

di = sin ad6 

Thus, 
di d9 
— = sin a— 
dt dt 

But, 

since it is the rate of change of the angle with time. Therefore, 

Y = \Vt\ sina = \Vt\\i\ sina (2.18) 
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The direction of J* is perpendicular to the plane containing ft and i. We recall from 

the definition of the cross product that 

a xb = \a\\b\ sin0n 

—* —* 
where 0 is the angle between a and b and n is perpendicular to a and b. Thus, 

f = & x h (2-19) 

for each j = 1, 2, 3. Now, returning to (2.17) and replacing -jj- with (2.19), we obtain 

+ ft x P (2.20) 
F \ / R 

We are now interested in obtaining an expression for the acceleration in the fixed 

frame when viewed from within the fixed frame. The velocity vector is u = ^ . 
—* 

Now, set P = f, the position vector of a point within the rotating frame. Replacing 

the velocity vector in (2.20) and differentiating with respect to t gives the following 

equation 

uF = uR + Q x f (2.21) 

If we differentiate u with respect to t, we obtain the acceleration, ^ . Replacing P 

with up in (2.20) we obtain the following acceleration equation 

' d u F \ (duF\ - _ . , . 

3 r ) , - ( - 5 - ) J , + n x u ' (222) 

The term (^jf)F represents the acceleration in the fixed frame as seen from the fixed 

frame whereas the term (^jf)R represents the acceleration in the fixed frame as seen 

from the rotating frame. We now wish to obtain an acceleration equation in which 

the right hand side depends completely on terms from within the rotating frame. To 

do so, we substitute (2.21) into (2.22) to obtain the following 

dF = aR + 2ft x uR + ft x (ft x r) (2.23) 

where aF = (^jf) F, SR = ( ^ f )^, and (^)R = UR. In the above equation, aF is t 
—* 

acceleration in the fixed frame, aR is the acceleration in the rotating frame, 2ft x uR 

the 

is 
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called the Coriolis acceleration, and ft x (ft x f) is called the centripetal acceleration. 

By definition of the cross product, the Coriolos acceleration acts in a direction that 

is perpendicular to the plane containing ft and u. Using trigonometry and making 

use of 

A x (B x C) = (A • C)B - (A • B)C 

one can show that the centripetal acceleration simplifies to — |ft|2,R where R is the 

vector that is perpendicular to the axis of rotation. Furthermore, it acts vertically 

since — |ft|2.R acts in a direction opposite to R. 

From now on, we will drop the subscripts because we have expressed the accelera

tion in the fixed frame in terms of components in the rotating frame. In other words, 

from here onwards we have replaced uR with u and aR with a. Moreover, the terms 

within the rotating frame are what we can actually see and measure on Earth and 

the terms within the fixed frame are of no use to us. 

We are now able to return to the equations of motion. Under the Boussinesq 

approximation, recall from (2.9) that the momentum equation was 

Du __ _ 2 

po— = -Vp + pg + pV u 

as was deduced earlier in equation (2.9). We replace 

Du 
pom 

with 

p0(^ + 2tixu-\ti\2R) 

by making use of (2.23). Thus, the momentum equation under the Boussinesq ap

proximation becomes 

-=£ + 2Q X U - \Q\2R = V p + UV2U + —Newtonian 
Dt po Po 

We often absorb the centripetal force into the gravitational force term so that the 

effective gravity force is equal to the sum of the Newtonian gravity and the centripetal 
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force. In doing so, we obtain 

^ - -—Vp + vV2u -2Vlxu + —g (2.24) 
Dt po Po 

where 

9 — ^Newtonian + |f t | R 

We will now define the Coriolis acceleration in terms of a Coriolis parameter, / , 

which will be derived shortly. Recall that 

ft = (0, ft cos 0, ft sin 0) 

where 0 is the latitude, and u = (u,v,w). Thus, the Coriolis acceleration, 2ft x u, 

becomes 

2(wQ cos 0 — vQ sin 0, lift sin 0, —uQ cos 0) 

when taking the cross product of ft and u. We require w « v since we showed 

that W « U at the beginning of this chapter. Thus, wcosO « vsm6. Then, the 

Coriolis acceleration is given by the following 

[-(2ft sin 9)v, (2ft sin 9)u, - (2ft cos 0)u] (2.25) 

In general, the vertical component of the Coriolis acceleration, — 2Q cos 6u, is negligi

ble compared with the dominant terms in the vertical equation of motion, in particular 
m and j - ^ , as was discussed in the Boussinesq analysis of the previous section. As 

a result, the Coriolis acceleration is approximated by 

(-fv,fu,0) (2.26) 

where 

/ = 2ftsin0 (2.27) 

is called the planetary vorticity or the Coriolis parameter. The sign of / changes 

depending on its location, for instance, / > 0 in the northern regions and / < 0 
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in the southern regions. After applying the approximated Coriolis acceleration, the 

momentum equation of motion from (2.24) becomes 

Du I dp __Q 

Dt po ox 

% _ _i.£ + I / V » » - / « (2-28) 
Dt po dy 

Dw 1 dp 2 gp 
Dt po dz po 

There are further approximations that can be made with respect to the Coriolis 

acceleration. We will briefly discuss two such approximations which lead to the f-plane 

model and the (3-plane model. Both approximations are for flows on a horizontal plane 

and only involve the u and v equations in (2.28). In both cases the density, po, is 

constant. The Coriolis force is the Coriolis acceleration multiplied by the constant 

density, p0. 

The Coriolis parameter, / = 2ft sin 0, varies with the latitude 0. If the length and 

time scales are small enough we can treat / as a constant, say f = f0. This is called 

the f-plane model. 

A more accurate approximation involves expanding / using a Taylor series about 

a central latitude, 0O and approximating / by a linear function of y. More specifically, 

f = fo + fiy 

where /3 = (f-)e0 — a constant, and f0 is also a constant. This is called the /3-plane 

model. 

2.3 Derivation of the /?-Plane Equation 

In this section, we will derive the /?-plane equation which will be the starting point 

for this thesis project. 

We begin with the governing equations of motion from Appendix C for a two-

dimensional fluid in a horizontal plane defined by rectangular coordinates x and y. 
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Under these conditions, u — (u,v), g — (0,0), and p = p(x,y,t). As we saw earlier, 

under the Boussinesq approximation, the continuity equation becomes V • it = 0, and 

in two dimensions is 

ux + vy = 0 (2.29) 

The Boussinesq approximation and Coriolis force applied to the momentum equation 

lead to the following set of equations 

du du du 1 dp „ 9 

-~r+uir+v— = -f- + vV2u + fv 2.30 
at ox dy podx 
dv dv dv 1 dp ~ n /««.x 
— + u— + v— = / + uV2v - fu 2.31 
ot ox oy po oy 

where v = -^ and the definition of jj± from Appendix B has been applied. Notice 

that the above two equations do not have a gravitational term since the only non

zero gravity component is in the z direction. Finally, the Boussinesq approximation 

applied to the energy equation yields the following equation 
dT dT dT _ . , _ N 

SF + " & + " ^ = K V T <2'32> 
We now make the /?-plane approximation, where f = fo + Py, and substitute this 

into equations (2.30) and (2.31). We proceed by differentiating equation (2.30) with 

respect to y which gives 

d (du\ d (du\ d (' du\ _ Id (dp\ d ( 2 dv dv 

dy\dt) dy\dx) dy \dyJ pody\dx) dy °dy dy 

(2.33) 

Similarly, differentiating equation (2.31) with respect to x yields 

d (dv\ t d (dv\ t d (dv\ 1 d (dpx x d / 2 N £ du 0 du dx \dt) dx \dx) dx \dyJ podx dy dx dx dx 
(2.34) 

We now define a streamfunction \I/ such that 

u = -^y, v = ^!x (2.35) 

After subtracting (2.34) from (2.33) and making use of (2.35) we obtain 

- V 2 ^ + ttx— (V2*) - * y — (V 2^) + 0*x - vV4V = 0 (2.36) 
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We have also made use of the fact that we can change the order of differentiation for 

the streamfunction because it is a continuous function. The quantity 

V 2 ^ = Vxx + Vyy = vx-uy (2.37) 

is called the vorticity, where \I/ = ^(x,y,t) is the total streamfunction. Equation 

(2.36) is called the barotropic vorticity equation. A fluid is said to be barotropic 

if the pressure is a function of density only and density is a function of pressure 

only, meaning that surfaces of constant pressure are also surfaces of constant density. 

A two-dimensional fluid on a horizontal plane (with no vertical variations) is, by 

definition, barotropic. 



Chapter 3 

Initial Value Problem for Rossby 

Waves on a /?-Plane 

Now that we have derived all of the governing equations of motion as well as other 

fundamental approximations from the field of fluid dynamics, we are able to begin 

our problem. 

Our first problem of interest involves Rossby waves (or planetary waves) on a 

/3-plane. Rossby waves are very important in large-scale meteorological applications. 

They are generated as a result of the variation of the Coriolis force with latitude. 

These types of waves are important to study because they give us insight into climate 

changes and patterns in both the atmosphere and ocean. 

3.1 Nondimensionalization 

In our discussion of fluids thus far, we have assumed that the properties of a fluid are 

measured in terms of pre-defined units, such as m, s, K, etc. We require that all of 

the terms, variables, and parameters in a given equation have the same dimensions. 

To do so, we use nondimensionalization, a technique which involves introducing new 

dimensionless variables into a given equation. Nondimensionalization allows us to 

26 
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compare different problems that may have different physical scales. For example, we 

could compare flows with different length scales, flow speeds, or fluid properties after 

nondimensionalizing. Following nondimensionalization, two very different problems 

may be dynamically similar and if we solve one problem we can predict the outcome 

of the other problem without solving it directly. Flows are dynamically similar if their 

nondimensional parameters are equal. 

In this section, we describe the process of nondimensionalization applied to the 

barotropic vorticity equation (2.36) which describes how Rossby waves propagate on 

a /?-plane. 

Let x, y represent displacement defined in a two-dimensional Cartesian coordinate 

system in a horizontal plane, t represent time, u, v represent the x and y components 

of the velocity, respectively, p represent density, p represent pressure, and g represent 

acceleration. Also, let Lx and Ly represent typical length scales in the x and y 

directions, respectively. Lastly, let U and V represent typical velocity scales in the x 

and y directions, respectively, and T represent a typical time scale. 

We consider equation (2.36) written in terms of dimensional quantities which we 

denote with asterisks (for convenience, we did not include asterisks in the derivation 

of equation (2.36) in the previous Chapter) 

r\ r\ r\ 

_ v * 2 ^ * + ^ * — (V*2**) - #* —- (V*2^*) + /?**!>* - z/*V*4\I/* = 0 (3.1) 
KJL KJy \jju 

where V*2 = -£-& + ^ 2 is the dimensional Laplacian operator. We note that each 

term in this equation has units of s~2 and thus the dimensional planetary vorticity 

gradient, /?*, and dimensional viscosity coefficient, u*, must have units of m_1«s_1 and 

m2s~l, respectively in order to satisfy this. 

Following the notation used by Campbell and Maslowe [5], we define the corre-
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sponding nondimensional variables and parameters (without asterisks) by 

_ x* _ y* _ t* _ Ut* 

LX Ly 1 Lx 

u* \I>* 3* 
»=U *=W O-S (3'2) 

v* 
v=v 

where B = ŷ -, V — -r^, \& represents the total streamfunction and (5 is the gradient 

of planetary vorticity in the ^-direction. Also, Lx and Ly are typical length scales 

in the x (east-west) and y (north-south) directions, respectively. In configurations 

with waves, Lx and Ly are generally assumed to be of the order of magnitude of the 

wavelengths in the x and y directions. We note that B and V are determined from the 

nondimensionalization process. From the above set of equations, we conclude that 

the nondimensional variable is a ratio of the dimensional variable and the reference 

variable. 

Derivatives with respect to the nondimensional variables are related to their di

mensional counterparts by 

(3.3) 

After making the appropriate substitutions from (3.2) and (3.3), we arrive at the 

following equation 

U2LV d ( 1 d2 1 d2 \ T U2LV T d ( 1 d2 I d 2 . 

d U d 
dt* ~ Lx dt 

d 1 d 
dy* Ly dy 

d 1 d 
dx* Lx dx 

Lx dt\L2dx2 L2dy2J Lx
 xdy\L2dx2 L2dy2 

iPLn 

fid2 1 d2 \ ( 1 d2 1 d2 \ 

To simplify the above equation, we divide by 7^77. In doing so, we arrive at the 

dimensionless barotropic vorticity equation 

^ V 2 * + * * | - (V2*) - %^ (V2*) + P*x - 1/V4^ = 0 (3.5) 
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where the nondimensional Laplacian operator is defined as 

rP- d2 

v2 - sh+h (3-6) 
L2 

where S = yf is the aspect ratio which gives a measure of the magnitude of the 

length scale in the x direction to the length scale in the y direction. In our study, 

we will consider the case where 6 ~ 0(1) and thus set S = 1, meaning that Lx = 

Ly. In practice in geophysical flows, wavelengths in the north-south direction are 

generally shorter than in the east-west direction, so Ly <C Lx. In that case, 6 could 

be considered a small parameter for the purpose of asymptotics. The limit S —• 0 is 

called the long wave limit. By setting 8 = 0 or 6 <C 1, we neglect, or reduce, some of 

the variation in the x direction. Here we allow 6 ~ 0(1), assuming that variations in 

the x direction are as important as in the y direction. 

3.2 Fourier Analysis 

Our analysis begins with the nondimensional barotropic vorticity equation (3.5) from 

the previous section. Equation (3.5) can be linearized by expressing the total stream-

function, \I/, as the sum of the background or mean streamfunction and a small 

perturbation (wave) of the streamfunction which is assumed to be periodic in both x 

and y. In other words, 

*(x, y, t) = ijj(y) + eijj(x, y, t) (3.7) 

where e « 1. Let ip(y) = —uy, where u is a constant. Thus, the background or 

mean velocity is (u, 0). We now substitute (3.7) into the dimensionless barotropic 

vorticity equation (3.5) where ip(y) is replaced with — uy. After dividing by e, which 

is justified since e ^ 0, we obtain the following equation for the perturbed problem 

—V2iP + UV2IJJX + pijjx - i /VV + e(ipx\/
2i/jy - ipyS72ipx) = 0 (3.8) 

As e —> 0, the above problem becomes linear. Linearization is justified since e << 1, 

meaning that the wave amplitude is small relative to the magnitude of the mean flow. 
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Before proceeding any further, we will define and describe our problem more 

precisely. We consider (3.8) (in nondimensional variables and parameters) in the 

domain 0 < x < 2 7 r , 0 < y < 2 7 r , t > 0 . We also assume that we have periodic 

boundary conditions, meaning that ^(0, y, t) = I/J(2TT, y, t) and ip(x, 0, t) = ip(x, 2ix, t), 

and we also have periodic boundary conditions on the first derivatives of ip. We specify 

an initial condition at t = 0, such as 

ip(x, y, 0) = A\ cos x + A2 cos y + A3 cos(x + y) + A± cos(x — y) (3.9) 

which is a periodic function of x and y. Here Ai,A2, A3, A4 are constants. Thus, the 

initial wave energy corresponds to wavenumbers of k = (k,l) = (±1,0), (0, ±1), ±(1,1), ±(1, —1) 

We begin our analysis by taking a discrete Fourier Transform of the perturbed 

equation (3.8) (a PDE). In other words, we express ^ a s a double Fourier series, 

00 00 

#r,y,t)= Yl E HkMe^^ (3.10) 
k=—00 /=—00 

where k and / are the wave numbers in the x and y directions, respectively. The 

complex Fourier coefficients, i\), are given by 

4>(k,l,t) = —J j ^(x,y,t)e-^x+l^dxdy (3.11) 

The notation used here follows that of Haberman [7], but similar Fourier analysis 

arguments can be found in any text on Partial Differential Equations. 

Taking a Fourier Transform of the linear terms in equation (3.8) is straightforward; 

however, when taking a Fourier Transform of the nonlinear terms, we must use a 

convolution. The Fourier Transform of a product of two functions, F and G, is 

defined to be 

JP(F -G) = ^2^2P(k-k,l- l)G(k,I) (3.12) 
k I 

where T represents the discrete Fourier Transform. 

For example, 

T(i\)xV
2i\)y) = Y^ J2 *(k ~ k)(k2 + P)4>(k -k,l- l)iP(k, I) 

k T 
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where F = ipx, G = V2ipy, F{$x) = ikij) = F, and ^ ( V 2 ^ , ) = -il(k2 + l2)^ = G. 

Taking a Fourier Transform of (3.8) gives the following ordinary differential equa

tion 

j^(M,*) = -uik + 
ipk 

u(k2 +12) 4>(k,l,t) 

k2 + l2 

k2 + l2 

J2J2$k ~ Z*X*2 + P)Tp(k -k,l- l,t)4>(k, l,t) 
k I 

(3.13) 

where (k,l) ^ (0,0). Note that ^(0,0,t) = 0 so we can omit it henceforth. If 

we substitute (k,l) = (0,0) into (3.13), we find that 0 = 0 which does not tell us 

anything. However, if we return to the original u and v equations in (2.30) and (2.31) 

then take a Fourier Transform and set (k, I) = (0,0), we obtain 

^ ( 0 , 0 , * ) = 0 and ^ (0 ,0 ,* ) = 0 

Thus, u and v are both constant. Furthermore, since the initial condition specified 

in (3.9) gives ^(0, 0, 0) = 0, both u and v are zero and will remain zero indefinitely. 

Therefore, ip(0,0,t) = 0. 

We also require that 

4>(k,-l) = j,*(-k,l) 

$(-k,-i) = r(k,i) 

(3.14) 

where ip* is the complex conjugate of ip. These conditions are necessary because the 

Fourier coefficients, ip, are complex-valued but ip is required to be real and thus the 

coefficients corresponding to negative k and I values should be complex conjugates of 

the corresponding positive k and / values. 

For the special case when e = 0, equation (3.8) is linear and no new wavenumbers 

can be generated besides k, I = —1,0 and 1. If e ^ 0 but e <C 1, we can represent ip 

as a perturbation series: 

iP ~ V(0) + eiPm + 0(e2) 
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The 0(1) term is the linear solution comprising of the original wavenumbers. Higher 

wavenumbers appear at 0(e). We consider the linear, 0(1), problem first, then the 

weakly nonlinear problem which incorporates both 0(1) and 0(e) terms and truncate 

the spectrum to only consider the original wavenumber values of ±1 and 0. We then 

include the full spectrum of wavenumbers present at 0(e). 

Truncation of the Fourier spectrum to the original wavenumbers produces the 

following eight differential equations 

-^( l ,0 , t ) = (-iu + ip-u)^(l,0,t) + e[tP(l,l,t)^(0,-l,t) 

- ^ ( 1 , - 1 , #(0,1,*)] 

- ^ ( 0 , 1 , t) = -u^(0^,t) + e[^(l,0,t)^(-l,l,t)-^(l,l,t)^P(-l,0,t)} 

J^(l, M) = (-iu + ±ip-2v)i>(l,l,t) 

J^(l,-1,0 = (-iu + ±i/3-2u)ij>(l,-l,t) (3.15) 

-^( -1 ,0 , i) = (iu-iP-u)ij>(-l,0,t)+e$(Otl,t)ii>(-l,-l,t) 

# ( 0 , - 1 , #(-1,1,*)] 

-V>(0, -1 , t) = -W>(0, -1 , t) + # ( 1 , -1 , # ( - i , o, t) - # , 0, # ( - 1 , -1 , t)] 

J ^ ( - l , - l , t) = (iu-^ip-2u)i,(-l,-l,t) 

J^ ( - l , l , * ) = (iu-^ip-2u)^(-l,l,t) 

Notice that the first, second, fifth and sixth equations are nonlinear while the others 

are linear. This means that the components corresponding to wavenumbers of (±1,0) 

and (0, ±1) are affected by the other wavenumber components, while the components 

corresponding to wavenumbers of ±(1,1) and ±(1, —1) evolve independently. 
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To simplify our notation let 

4>(i,o,t) = x^t) 4>(o,i,t) = x2(t) 

rj>(l,l,t) = X3(t) j>(l,-l,t) = X4(t) 

</>(-l,0, *) = X5(t) ^(0, - 1 , *) = X6(t) (3.16) 

<K-1, - 1 , t) = X7(t) ^ ( - 1 , 1 , *) = X8(t) 

Making use of (3.14), we obtain the following conjugate relations 

<K-i, - l , t) = r(i, i, o ^(- i , o, t) = r(i, o, o (3.i7) 

^(0,-1,0 = ^(0,1,*) ^( i , - i ,o = ^ ( - i , i , 0 

As a result, 

^(-1,0,0 = r(i,o,t) = x5(t) 

^ ( 0 , - 1 , 0 = ^*(o , i ,o = *6(0 

^ ( - 1 , - 1 , 0 = ^*(1,1,0 = ^7 (0 (3.18) 

^(-i,i,0 = ^*(i,-i,o = x8(0 

Substituting (3.16) into (3.15) and making use of (3.17) and (3.18) gives the following 

simplified set of differential equations 

^-Xx = (-iu + i(3-u)X1 + e[X3X6-X4X2} 
at 

jX2 = -vXt + eiXtXs-XsXs] 

jtX4 = (-iu + ^ip - 2v j X4 (3.19) 

^-X5 = (iu-i(3-v)X5 + e[X2X7-X6X8] 
at 

^-X6 = -vXe + elXiXs-XiXj] 
at 

7tx> = (w-^-^Jf, 

±X. = («-itf-2*U 
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We note that the last four equations are indeed the complex conjugates of the first 

four equations. By setting e = 0, the above differential equations can be written as a 

linear system of the form 
dX 
dt 

= AX 

where 

X = 

A = 

h) \x2 

\x3 

w 
f —iu + i(3 — v 

0 

0 

\ 0 

0 

—V 

0 

0 

0 

0 

—iu + \if3 -

0 

-2v 

0 

0 

0 

\ 

(3.20) 

(3.21) 

—iu + \i(3 — 2v , 

Notice that for the linear system we only need the first four equations of (3.19) since 

the linear part of these equations only depend on Xx, X2, X3, and X4. Similarly, we 

can write (3.19) as a system of nonlinear equations which has the form 

dx 
dt = AX + ef(X) (3.22) 
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where 

X = 

A = 

/PO = 

X2 

X3 

x4 

x5 

X6 

X7 

w 
/ — iu+if3—v 0 

' O - i / 

(3.23) 

V 
' X%X§ — X4X2 * 

XiXg — X3X5 

0 

0 

X2X7 — XQX$ 

X4X5 — X\Xj 

0 

0 

0 -iu+\i/5-2v 

0 0 
0 0 
0 0 
0 0 
0 0 

0 
0 
0 

-iu+±i/3-2v 
0 
0 
0 
0 

iu—i/3—v 0 
0 -v 
0 
0 0 

0 %u-\%&-1v 

\ 

1/3-21; ) 

For the nonlinear system, we require X\ through X$ since the first four equations in 

(3.19) do not depend solely on X\ through X 4 as in the linear case. 

We will now determine the fixed point (s) of both the linear and nonlinear systems 

defined above. But first, we will introduce the notion of a fixed point. A fixed point 

occurs when the first derivative with respect to t is zero. In other words, a fixed point 

occurs when the velocity is zero. If f(x*) = 0, then x* is a fixed point. For the linear 
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case, by setting the derivatives of X\ through X4 to zero we obtain 

X\ = X2 = X% = X4 = 0 

Thus, the only fixed point is the origin. Similarly, for the nonlinear case, the only 

fixed point is at the origin, given by 

X\ = X2 = X% = X4 = X5 = XQ = X? = Xg = 0 

This origin refers to the state of zero wave amplitude which is obviously an equilibrium 

solution. In other words, if the wave amplitude is zero initially then it will remain 

zero for all time. 

3.3 Solution of the Linear /3-Plane Problem 

We will now find the general solution of the linear system (3.20) where X and A are 

defined by (3.21). These linear equations have the form 

±X, = (a, + ib,)X, (3.24) 

where a, and b0 are constants and j = 1,.., 4. We can thus use the separable method 

to solve the differential equations. As a result, the solutions are of the form 

X3 = Xjffle^e*'* (3.25) 

where X3(0) is determined from the initial condition. Accordingly, the general solu

tion of (3.20) is 

Xi = X1(0)e- , / te l (-"+/J) t (3.26) 

X2 = X2(Q>)e-vt (3.27) 

X3 = X 3 (0 )e - 2 t V(- G + ^) f (3.28) 

X4 = X ^ O ^ - ^ V H ^ ) * (3.29) 
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The solutions are periodic due to the elb^ term and they have a component of expo

nential decay from the e^1 term. Thus, as t —> oo the solutions oscillate indefinitely 

in space and the amplitude approaches zero. We could have also found the dispersion 

relation of the linear part of (3.8) to find the general solution, as outlined in Appendix 

D. 

Let us consider a specified initial condition for the perturbed PDE (3.8) and 

assume that we have periodic boundary conditions in both the x and y directions, 

namely 

ip(x, y, 0) = 2[cos k0x + cos l0y + cos(k0x + loy) + cos(k0x — l0y)] (3.30) 

at t = 0. For simplicity, let k0 = 1 and IQ = 1. A contour plot of this function in x-y 

space is shown in Figure 3.1 along with contour plots of each of its components. 

The intial condition can be rewritten using the complex exponential definition of 

the cosine function to give 

iP(x, y, 0) = elx + eiy + el{x+y) + el{x~y) + c.c. (3.31) 

where c.c. stands for complex conjugate. The term elx corresponds to ^(1,0) = X\ 

since k = 1 and I = 0. Similarly, the term eiy corresponds to ip(0,1) = X2 since k = 0 

and / = 1. Accordingly, el^x+y>} corresponds to ip(l, 1) = X3 since k = I = 1 and the 

term e~l^x+y^ corresponds to ip(—1, —1) = X7 since k = I = —1. Thus, 

^ ( O H l , Vj = l,..,8 

since the coefficients (or amplitude) of elx, eiy, el<<x+y\ el^xy\ and the complex conju

gates are all 1. 

With the initial condition (3.31), the solution of the linearized equation is given 

by 

^(1,0) = X! = e-«V(-e+0)* (3.32) 

^(0,1) = X2 = e~vt (3.33) 

^(1,1) = X3 = e-Mei-*HP)t (3.34) 

V>(1,-1) = X4 = e-2ute<-u+ipy (3.35) 
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Each Fourier mode of the solution oscillates with time according to e~luJt where u is 

the complex frequency given by the dispersion relation (D.6) in Appendix D. In the 

above four equations, UJ has the form UJ = \2~iv, where A2 is real. Since the imaginary 

part of uo is negative, each Fourier mode includes an exponentially decaying factor 

of e~vt or e~2vt which represents the effect of the viscosity. In an inviscid problem 

(v = 0) the amplitude of the solution remains at a constant value of 1 for all time. 

For the wavenumber component (0,1), the real part of the frequency is zero and so 

there are no oscillations in time. The special parameter configurations (3 = u and 

P = 2u give solutions with only one or two oscillatory components. For example, 

if (3 = u, only X3 and X4 will be oscillatory while Xi and X2 will be comprised of 

exponentially decaying factors only. 

3.4 Solution of the Nonlinear /3-Plane Problem 

We now look to solve the nonlinear system (3.22) where X, A, and f(X) are defined in 

(3.23). To do so, we will use perturbation theory. Perturbation theory uses iterations 

for obtaining approximate solutions to problems involving a small parameter, e, in our 

case. The goal is to decompose a difficult problem into an infinite number of relatively 

easy ones. We begin by assuming that the solution of our system of differential 

equations is in the form of a perturbation series in powers of e and we compute 

the coefficients of the series. We then sum the series to obtain the solution of our 

original problem. In practice, we take only the first few terms of the series to obtain 

an approximate solution which is asymptotic to the exact solution for £ «C 1. The 

notation used here follows that of Bender and Orszag [3]. 

Firstly, we substitute 

X3(t) ~ X^(t) + eXf\t) + 0(e2) (3.36) 

into (3.19), where X^(t) (n > 0) are the coefficients of the perturbation series. 

The equations for j = 3,4, 7,8 are linear so their exact solutions are given by the 

file:///2~iv
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solutions found in the previous section ((3.34), (3.35)) where X7 and X$ are the 

complex conjugates of X3 and X4, respectively. For these four j values, the terms at 

0(e) and higher are all zero. Thus, we only need to carry out the substitution (3.36) 

for j = 1, 2, 5 and 6. 

The solutions for j = 3,4, 7 and 8 are 

X3(t) = e-2vtj(-u+\(3)t Q.W) 

XA(t) = e " 2 l V H + ^ ) * (3.38) 

X7(t) = e-
2-tez(u-^)t ^ 3 9 ) 

X8(t) = e-
2ute<u-^y (3.40) 

since X3(0) = 1 according to the initial condition (3.31). The equations for j = 

1, 2, 5, 6 are nonlinear, so for these j values there will be nonzero terms at 0(e) and 

higher. 

To obtain an approximate solution, we will find the first two coefficients, XJ ' and 

X^\ To find Xf] we look at the zeroth-order problem; that is, at 0(e°) = 0(1). At 

0(1), the equations for j = 1, 2, 5 and 6 are linear and of the form 

±X?> = C,X?> (3.41) 

where C3 is a complex constant. The solution is of the form 

X<-0)(t) = ec>t (3.42) 

since the initial condition specified earlier gives X^°^(0) = 1. In particular, the solu

tions at 0(1) are 

Xf\t) = e-"e*(-«+M (3.43) 

X?\t) = e~ut (3.44) 

Xi°\t) = e - V ^ - f l * (3.45) 

X£\t) = e~ut (3.46) 
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which are the linear solutions we found in the previous section (and their complex 

conjugates). 

Next, we look at the 0(e) problem to determine Xlj . At 0(e), the equations for 

j = 1, 2, 5 and 6 are nonlinear and of the form 

4 ^ 7
( 1 ) - cnX^ = products of X7

(0) functions (3.47) 

dt J J J 

where a\ is a complex constant that depends on j . For convenience, we have left out 

the subscript j on d\. Since X^ are the exponential functions we found at 0(1), the 

above equation becomes 

4 ^ 7
( 1 ) - aiXi1} = ea2tea3t - e^e^ (3.48) 

dt J J 

where 02,0%, a4 and a5 are complex constants. This is a linear equation with respect to 

Xj and can thus be solved using any known method used to solve linear differential 

equations. Finding an integrating factor, I(t), is one approach that will be used here. 

The integrating factor is 

I(t) = e~ait (3.49) 

After multiplying both sides of equation (3.47) by I(t), then integrating and simpli

fying, we arrive at the following solution 

Y(1)(t) = ( ) e
( a 2 + a s ) t - ( ) e(a4+a5)t + Deait (3.50) 

J \a2 + a3-aij \a± + as-aij 

where D is a constant that is obtained after applying the initial condition X^ (0) = 0. 

The constant D is of the form 

7 T7 V (3.51) 
[0,2 + a3 - aij(a4 + a5 - a j 

Accordingly, the solutions for j = 1, 2, 5 and 6 are 

Xj1}(£) = 0 (3.52) 

X{2](t) = Ae-3"te<^)t-A*e-3ute-l&)t + Be-ut (3.53) 

X£\t) = 0 (3.54) 

X{
6
1](t) = A*e-3^e't^p)t-Ae-3^et^p)t + B*e-,/t (3.55) 
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where A = I _2 * i ) , B = I Al/2
l+iQ2)? ^* a n d B* a r e the complex conjugates of A 

and B, respectively. Note that the 0(e) solutions for ^(1,0, t) and ip(—1,0, i) are 

both zero. Making use of (3.36), we obtain the approximate solutions of X3(t) when 

j = 1, 2,5 and 6. They are 

Xx(t) ~ e ^ V ^ + ^ + O^2) (3.56) 

X2(t) ~ e~vt + e Ue-^e^y - A"e~3vie'1^)1 + Be-"] + 0(e2) (3.57) 

X5(t) ~ e-vtel^-p)t + 0(e2) (3.58) 

X6(t) ~ e"^ + £ [A*e"3^<K>< - Ae^^^^ (3.59) 

So in the end we have found that at 0(e) the only nonzero contributions result from 

the wavenumbers (0,1) and (0, —1). In particular, from the terms that are periodic in 

the y direction but independent of x. For the wavenumber (0,1), the 0(e) term arises 

from products of Xi,X8,X3 and X5. In other words, from interactions between the 

pairs of wavenumbers (1,0) and (—1,1), and (1,1) and (—1,0). For the wavenumber 

(0, —1), the O(e) term arises from products of X 4 ,X 5 ,Xi and X7; thus interactions 

between the pairs of wavenumbers (1,-1) and (—1,0), and (1,0) and (—1,-1). This is 

shown schematically in Figure 3.2. Arrows are used to demonstrate the interactions 

which generate the O(e) term. A star represents wavenumbers with nonzero O(e) 

terms while an open circle represents wavenumbers with no O(e) terms. 

3.5 Higher Wavenumber Terms for the Nonlinear 

/3-Plane Problem 

Now, instead of truncating the Fourier spectrum at k, I = ±1 , suppose we extend the 

spectrum to k, I — ±2. In doing so, we will have more convolution terms to consider 

and the number of differential equations in (3.19) jumps from eight to twenty four. 

As a result, there will be more terms at 0(e) in the perturbation series which will in 

turn give a more accurate solution to the /?-plane problem. 
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Just as we did before, we will now define Xg through X24 in terms of I/J. 

4>(2,o,t) 

4>(l,2,t) 

</>(2,2,£) 

^ ( 2 , - l , t ) 

^ ( - 2 , 0 , 0 

H-l,-2,t) 

4>(-2,-2,t) 

^(-2,1,*) 

= X9(t) 

= Xn(t) 

= X13(t) 

= X15(t) 

= x17(t) 

= X19(t) 

= X2l(t) 

= X23(t) 

</>(0,2,t) 

</>(2,M) 

^ ( l , - 2 , t ) 

t/>(2,-2,*) 

^ (0 , -2 , t ) 

4(-2,-l,t) 

j>{-l,2,t) 

1>{-2,2,t) 

= xl0(t) 

= xl2{t) 

= x14(t) 

= X16(t) 

= x18(t) 

= x20(t) 

= X22(t) 

= X24(t) 

(3.60) 

Furthermore, similar to the conjugate relations defined in (3.17), we have the following 

additional relations 

^ (2 , -1 ) = ^* ( -2 , l ) 

V>(2,-2) = ^*(-2,2) 

^ (1 , -2 ) = ^ * ( - l , 2 ) 

^ ( - 2 , - 2 ) = ^*(2,2) 

<K-2,0) = ^*(2,0) 

</>(-l,-2) = ^*(l,2) 

< K - 2 , - l ) = ^*(2,l) 

V)(0,-2) = ^*(0,2) 

(3.61) 

By substituting (3.60) and (3.61) into (3.13), we obtain the set of twenty four differ

ential equations that result when truncating the Fourier spectrum at k, I = ±2. 
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—Xi = {-iu + ip-v)X± 
at 

+£[X3X6 — X4X2 + 3X7X12 — 3XgXi5 + 6X13X19 — 6X16X22 

+ 2 X n X i 8 — 2X10X14] 

-77X2 = —1̂ X2 + e[XiXg — X3X5 + 3X4X22 — 3X7X11 + 6X15X24 — 6X13X20 
at 

+2X9X23 — 2X12X17] 

d_ 

It X 3 = ( - m + ^ - 2 i / ) x 3 + | [ 4 X 6 X n - 4 X 5 X 1 2 + 4X4X10-4X3X9] 

: (-iu + ^iP - 2v\ X 4 + I [4X5X15 - 4X2Xi4 + 4X 7 X 9 - 4X3Xi8] 
dx 
JtXi 

—X 5 = (iu -ip - u)X5 

-\-e[X2X7 — XeXs + 3X3X20 — 3X4X23 + 6X11X21 — 6X14X24 

+2X10X19 — 2X18X22] 

—X6 = — VXQ + £[X4X§ — X1X7 + 3XsXi4 — 3X3X19 + 6X16X23 — 6X12X21 

at 

+2X15X17 - 2X9X20] (3.62) 

d_ 

~dt 
dx 
JtXi 

X7 = (iu-^ip- 2v) X 7 + I [4X2Xi9 - 4X1X20 + 4X 8 Xi 8 - 4X4Xi7] 

: (iu - ^ip - 2v) X 8 + £-[4XiX23 - 4X 6X 2 2 + 4X3X17 - 4X7X10] 

: (-2iu + ^ip - 4v) X 9 + £-[16Xi8Xi3 - 16XioXi6 + 8X 6 Xi 2 - 8X2Xi5] 
dt 

^ X i o = -4z/Xio + 7[8X2 2Xi - 8X5X11 + 16X9X24 - 16X13X17] 
dt 4 

jtXu = (-iu + ^ip - 5v) X n + |[6X1X10 - X 2 X 3 + 4X 9 X 2 2 - 9X8Xi2 

-MX5X13] 
dx 
It12 

(-2iu + 2-ip - 5u j X12 + | [ X i X 3 + 9 X 4 X n - 4XioXi5 - 6X 2 X 9 

+14X6Xi3] 
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dx -
Jtxl3 -
dx -
Itxu -

dx -
Jt15 -

dx -
Jtle -
dx -
Jt17 -
dx -
It18 -dx -
Jtxl9 -

dx -
Jtx20 -

dx -
JX21 -
dx -
JX22 -

dx -
JX2Z -

dx -
JX2A -

(-2iu + ^iP - 81A X13 + | [8X1X11 - 8X2X12] 

(-iu + li/? - 5iA X14 + | [X 6 X 4 + 2XiXi8 + 14X5Xi6 + 9X7X15 

-4X19X9] 

(-2iu + ^ip - 5u) Xi5 + |[4Xi8X1 2 + 6X6X9 - 14X2Xi6 - 9X3Xi4 

-X 4 Xi] 

(-2iu + ^ip - 8v) Xi6 + |[8X6Xi5 - 8X1X14] 

hiu - ^ip - AiA X17 + |[16Xi0X2i - 16Xi8X24 + 8X2X20 - 8X6X23] 

-4i/Xi8 +
 £- [16Xi7Xi6 - 16X9X21 + 8X5X14 - 8X1X19] (3.63) 

(iu - ^ip - 5uj Xi9 + | [6X5Xi8 - X7X6 + 4X14X17 - 9X4X20 

-14XiX2i] 

(2iu - ^ip - 5v\ X20 + | [X 7 X 5 + 9X8Xi9 - 4Xi8X23 - 6X6Xi7 

+14X2X2i] 
/ 1 \ 

hiu - -ip - 81s) X21 + |[8X5X19 - 8X6X20] 

(iu - lip - 5u) X22 + | [X 8 X 2 - 6X5X10 + 14XiX24 + 9X3X23 
\ 5 / 5 

- 4 X n X i 7 ] 

( 2iu - \ip - 5u) X23 + |[4X10X20 + 6X2Xi7 - 14X6X24 - 9X7X22 
\ 0 / 0 

-x8x5] 

(2m - ^ip - 8v) X24 + |[8X2X2 3 - 8X5X22] 

As before, we seek solutions for each X3 in (3.62) and (3.63) as a perturbation 

series in powers of e. The initial condition is still (3.31) which means that X^(0) = 1 

for j = 1,...,8 and X^(0) = 0 for j = 9,...,24. Thus, at leading order, X^0)(t) = 

0 V j = 9, ...,24 and the solutions for j — 1,...,8 are the same as those derived in 

Section 3.4 (see (3.43), (3.44), (3.37), (3.38), (3.45), (3.46), (3.39), and (3.40)). 

At 0(e), we have equations that are of the form (3.47) for X3. In the equations 
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corresponding to j — 1,..., 8, all of the terms on the right-hand side involve products 

of the X^'s with j = 9, ...,24 and thus are zero. The only nonzero terms are the 

ones involving products of the X / s with j = 1,...,8. These terms are the same as 

those that appeared in Section 3.4 and thus the 0(e) solutions for j — 1,..., 8 remain 

unchanged. For the equations in (3.62) and (3.63) corresponding to j = 9,..., 24, the 

only nonzero terms on the right-hand side of (3.47) result from j values of 11,12,14,15 

and their complex conjugates 19, 20, 22, 23. For j = 9,10,13,16,17,18, 21, 24, at 0(e) 

the equations are of the form 

~dt"3 X,(1) = g3X™ (3.64) 

where g3 is a complex constant, with a corresponding solution of X0(t) = 0 after 

applying the initial condition X.,(1)(0) = 0. For j = 11,12,14,15,19,20,22,23, at 

0(e) the equations are of the form 

-f X,(1)(t) - diX,(1) = Cie
d2ted3t (3.65) 

where di,d2, d$ are complex constants that depend on j and C\ is a real constant also 

dependent on j . Once again, the j subscripts have been omitted for convenience. To 

solve the above differential equation, we will use the integrating factor method just 

as before. The integrating factor is 

I(t) = e~
dlt (3.66) 

After multiplying (3.65) by I(t), integrating and simplifying, we obtain the following 

solution 

Xf\t) = Af
3e

{d2+d3)t + M3e
dlt (3.67) 

where A'3 = I d _S1_d ) and M3 = —A'3 is the constant obtained by applying the initial 

condition X(1)(0) = 0. Consequently, the solutions for j = 11,12,14,15,19,20, 22, 23 
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are 

where 

X[\\t) = -C'e-3 v te ,(- f i +^) t + Me- i We ,(- f i +^) t 

X$(t) = C'e-Zvie<-2^y + Me-^e'^s")' 

X<J>(*) = C ' e -3^« ( -«+ | ^ + M e - ^ e . ( - « + ^ ) t 

Xi(
5'(t) = -C"e- 3 r f e , ( - M + ^) ' + Me-^e ' l - 2 6 ^" ) ' (3.68) 

Xj^ i ) = - s ' e - ^ e ^ 0 - ^ ) * + M e - ^ e ' l 8 - ^ ) ' 

xg\t) = B"e-3ute<2u-^> + Me-5l"eI(2fi-I/3)( 

X$(t ) = ^ " V ^ ^ l ' + M e - 5 ^ ' ^ ^ ) ' 

x£>(i) = -5"e-3" ie t(2s-i 'J) t + Me-5,/tei(2s-|/3)( 

C" = -7 ^ — r C" * 
(lOi/ + |i/?) (IOI/ + ^i/?) 

5 ' = 7 ^ 7 T 5 " = 7 ^ T ^ A (3-69) 

Note that with v ^ 0, the terms in (3.68) approach zero faster than the leading order 

terms Xj ' for j = 1,...,8 because of the presence of e~Zvt and e~hvt. Also, higher 

wavenumber terms, k, I > 2, do not appear until higher order in e, so for e <C 1 

the terms we have worked out give a good approximation to the exact solution with 

error ~ 0(e2). The wavenumber components that are nonzero at 0(e) are illustrated 

with a sketch in Figure 3.3. A square represents the original eight wavenumbers, a 

star represents the wavenumbers which have nonzero terms at 0(e), and no label 

marker represents a wavenumber with no 0(e) terms. 
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(a) (b) 

(c) (d) 

Figure 3.1: (a) Contour Plot of the initial condition for the /3-plane problem: f(x, y) = 

2[cos(x + y) + cosx + cosy + cos(:r — y)]. The initial condition for the Boussinesq 

problem is the same except / = f(x, z). (b) Contour plot of f(x, y) — cos(x + y) (c) 

Contour plot of f(x,y) — cos(x — y) (d) Contour plot of f(x, y) = cosx + cosy 



48 

(0,1) 

( 0 , - 1 ) 6 4 

Figure 3.2: Plot showing how 0(e) terms are generated for the original eight 

wavenumbers in the /3-plane problem. Of these eight wavenumbers, the only ones 

that give nonzero contributions at 0(e) are the wavenumbers (0,1) and (0,-1) which 

are denoted by stars. The (0,1) component is generated by interactions between the 

0(1) components corresponding to (-1,1), (1,1), (-1,0), and (1,0) as shown by the ar

rows. Similarly, the (0,-1) component is generated by interactions between the 0(1) 

components corresponding to (1,-1), (-1,0), (1,0), and (-1,-1). The numerical labels 

correspond to the numbering of the wavenumbers. For instance, 1 represents X\. The 

0(e) terms for the ip (X) equations are the same for the Boussinesq problem so this 

figure applies to that problem as well. 
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Figure 3.3: Plot showing which components are nonzero at 0(e) for the higher order 

wavenumber problem for the /?-plane case. The nonzero components are denoted 

by stars, the original eight wavenumber components are denoted with a square, and 

the components with no contribution at 0(e) are not given a label marker. The 

numerical labels correspond to the numbering of the wavenumbers. For instance, 

22 represents X22- This diagram can also be used for the ip (X) equations in the 

Boussinesq problem. 



Chapter 4 

Initial Value Problem for Gravity 

Waves in a Boussinesq Fluid 

4.1 Fourier Analysis for the Boussinesq Problem 

The other problem studied here is that of internal gravity waves (or buoyancy waves) 

in a two-dimensional Boussinesq fluid. Atmospheric gravity waves exist when the 

atmosphere is stratified in such a way that when a fluid is displaced vertically it will 

experience buoyancy oscillations, since the buoyancy force is the restoring force that 

generates gravity waves. In the ocean, where low- density water lies above high-

density water, internal gravity waves propagate along the boundary. This problem is 

of particular importance in the context of atmospheric and oceanic modelling given 

the fact that, in the real atmosphere and ocean, gravity waves are small-scale (wave

lengths generally < 100 kilometers) compared with Rossby waves (wavelengths on 

the planetary scale of thousands of kilometers). Thus, it is more difficult to simulate 

gravity waves in large-scale models. 

We begin our analysis of the Boussinesq problem by deriving equations for the 

perturbed problem following a process similar to that used for the /?-plane configura

tion. As before, we begin with the governing equations of motion from Appendix C 

50 
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and Chapter 2 for a two-dimensional fluid in rectangular coordinates, but this time 

we use x and z instead of x and y. Under these conditions, u — (u,w), g = (0, — g), 

and p = p(x,z,t). As we saw in previous chapters, the continuity equation becomes 

V • u = 0 under the Boussinesq approximation and in two dimensions is 

ux + wz = 0 (4.1) 

The Boussinesq approximation applied to the momentum equation leads to the fol

lowing set of equations 

du du du 1 dp ^ 9 , A x — + U—+W— = -f + vV2u 4.2 
dt dx dz po dx 

dw dw dw 1 dp pa „ 9 , A x — +u— +w— = -^-^- + vV2w 4.3 
dt dx dz po dz po 

where v = JL. Notice this time that the w equation has a gravity term, whereas 

in the /?-plane problem there weren't any gravitational terms. Now, applying the 

Boussinesq approximation to the energy equation generates the following equation 

dT dT dT ,, , . 

!H+UTX+WTZ=KVT ( 4 ' 4 ) 

Analogous to what we did for the Rossby wave equations (2.30) and (2.31) in Chapter 

3, we differentiate equation (4.2) with respect to z and equation (4.3) with respect to 

x, which generates the following equations 

d (du\ ( d (du\ t d (du\ 1 d (dp\ x d 2 

Tz\&ruTz\&r™TzXfiz) = - ^ U J + ^ ( V M ) (4-5) 

d_fdw\ JL(^\ —f—\ - -LJLf^l] _]_JL( 
dx\dt J dx \dxJ dx\dz) Podx \dzj podx 

+"£(Vau;) (4.6) 

We now define a streamfunction \& such that 

u = -Vz, w = Vx (4.7) 

Subtracting equation (4.5) from equation (4.6) and applying the streamfunction (4.7) 

produces the following equation 

- V 2 * + <bxVHz - #2V2tfx + ±px - i/V4* = 0 (4.8) 
at po 
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We can write px in terms of T since under the Boussinesq approximation there is a 

linear relation between p and T (see 2.15). This means that gf = J r i x ' where ^ is 

a constant which can either be set to 1 or be absorbed into po. As a result, equation 

(4.8) becomes 

— V 2 ^ + tfxV
2ttz - tf.V2^ + ±TX - vV^ = 0 (4.9) 

dt po 

We then apply the streamfunction to equation (4.4) as follows 

dT 
— + VXTZ - VZTX - KV2T = 0 (4.10) 

We consider equations (4.9) and (4.10) (in nondimensional variables and param

eters) in the domain where 0 < x < 2TT, 0 < z < 2TT, and t > 0. The process of 

nondimensionalization is analogous to that described in Chapter 3. We make use of 

reference length scales LX, Lz, a reference velocity U, a reference time scale jf-, a 

reference streamfunction LZU, a reference value for the temperature, and reference 

values of the dimensional viscosity and heat conduction constants. In the nondimen-

sionalized equations, the Laplacian operator is 
T2 r)2 r)2 

V2 = ^ ^ - + ^ - (4.11) 
L2dx2^ dz2 K ' 

and as before we can define 5 = jf; the square of the aspect ratio, and consider the 

case when 8=1. 

We introduce a temperature perturbation by following the notation of Saltzman 

[11], we let 

T(x, z, t) = T(z, t) + eT'(x, z, t) (4.12) 

where T(z,t) is an average in the x-direction, T'(x,z,t) is a departure from T, and 

e « 1. In addition, T(z, t) can be expanded as a linear variation between the upper 

and lower boundaries and a departure from the linear variation as follows 

AT 
T(z, t) = T(0, t) - —z + eT"(z, t) (4.13) 

H 
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where AT = T(0)-T(H), H is the height of the fluid, T(0, t) - ^-z is the linear vari

ation between the boundaries, and T"(z, t) is the departure from the linear variation. 

After applying (4.13) to (4.12), we obtain the following expression for T(x, z, t) 

AT 
T(x, z, t) = T(0, t) - —z + eT"(z, t) + eT'(x, z, t) (4.14) 

H 

We now let 

6(x, z, t) = T " 0 , t) + T'(x, z, t) 

and replace this in (4.14) to obtain 

AT 
T(x, z, t) = T(0, t) - —z + e9(x, z, t) (4.15) 

H 

Similar to what we did in the /?-plane problem, we let 

*(x, z, t) = ip(z) + eip(x, z, t) (4.16) 

where ip(z) = —uz and u is called the mean velocity and is constant. Also, e « 1. 

Substituting (4.15) and (4.16) into (4.9) generates the first perturbed equation 

- V V + uV2iPx + ±0X - i/VV + e(iPxV
2iPz - iPzV

2iPx) = 0 (4.17) 
dt po 

Likewise, substituting (4.15) and (4.16) into (4.10) generates the second perturbed 

equation 
dO AT 

~di ~ ~H^X + u6x" ^v^ + e^x9z" ^zdx) = ° ^4'18^ 
We have now derived two equations (4.17) and (4.18), which describe the evolution 

of the streamfunction and temperature perturbations. We will proceed to solve these 

equations using similar procedures to those outlined in the /?-plane problem. 

Note that the two PDEs (4.17) and (4.18) are coupled; in (4.17) there is a term 

involving 9X and in (4.18) there is a term involving ipx as well as nonlinear terms 

involving products of ip and 9 derivatives. Saltzman's procedure for introducing 

the temperature perturbation results in constants *- and — ̂  multiplying 9X and 

ipx in equations (4.17) and (4.18). Thus, both equations have constant coefficients 
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throughout which simplifies the process of taking Fourier transforms in both x and y 

directions. 

We consider (4.17) and (4.18) in the rectangular domain 0 < x < 2n, 0 < z < 2TT 

with periodic boundary conditions at x = 0, 2TT and z = 0, 2TT, and we specify the 

following initial conditions which generate Fourier modes with wavenumber pairs 

(k,m) = (±1,0),(0,±1),±(1,1),±(1,-1). 

ip(x,z,0) = 2[cos x + cos z + cos(x + z) + cos(x — z)} (4.19) 

9(x,z, 0) — 2[cosx + cos 2: + cos(x + z) + cos(x — z)\ (4.20) 

We now perform a Fourier decomposition of both ip and 9 to transform the per

turbed equations (4.17) and (4.18) into ODEs. We define the inverse Fourier Trans

form of ip and 9 as follows 

00 00 

ip(x,z,t) = Yl Yl i>(k,m,t)el{kx+mz) (4.21) 
k=—oo m=—oo 

oo oo 

9(x,z,t) = J2 J2 Hk,m,t)el{kx+mz) (4.22) 
k=—oo m=—oo 

where k and TO are the wave numbers in the x and z directions, respectively. The 

complex Fourier coefficients rp and 9 are defined by (3.11) with I replaced with TO 

and y replaced with z. Taking a Fourier Transform of equation (4.17) produces the 

following ODE 

^-ip(k, TO, t) = -[iuk + v(k2 + m2)]ip(k, TO, t) + -—f -9(k, TO, t) (4.23) 
at po(kz + mz) 

k2 + m2 2_] /_A^2 + m2)(mk — mk)ip(k — k,m — m, t)ip(k, TO, t) 

. k rh 

where (k, TO) ̂  (0,0). We have made use of the convolution defined in (3.12) to obtain 

(4.23). Equivalently, taking a Fourier Transform of (4.18) leads to the following ODE 

d - AT -
~^-9(k, TO, t) = i——kip(k, TO, t) — [iuk + K,(k2 + m2)]9(k, TO, t) 
dt H 

+e Z^J Z^j(m^ ~ m ^ ) ^ ( ^ ~ k,m — m, t)9(k, TO, t) 
k rn 

, (k, m) ^ ( 0 , 0 ) (4.24) 
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As we did before, we truncate the spectrum and only allow values of —1, 1 and 0 for 

k, TO, k, and TO. Using similar arguments as before in the /?-plane problem, we note 

that both ip(0, 0, t) = 0 and $(0, 0, t) = 0. Truncation of the Fourier spectrum leads 

to the following eight differential equations for ip. 

-^(1,0, t) = (-iu-u)^(l,0,t) + ^d(l,0,t) 
at po 

+<#(i, i, t)^(o, - l , t) - ^(i, - l , t)4>(o, i,t)] 

j ^ ( 0 , U ) = -u^(0^,t) + e[^(l,0,t)iP(-l,l,t)-7P(l,l,t)7P(-l,0,t)} 

-^(1,1, t) = (-iu-2u)iP(l,l,t) + ^-J(l,l,t) 

-V)(l,-M) = (-iu-2u)^(l,-l,t) + ̂ -6(l,-l,t) (4.25) 

-J(-l,0,t) = (iu-v)i>(-l,0,t)-l-?-6(-l,0,t) 
at po 

+e$(0, 1, t)4>(-l, - 1 , t) - ^(0, - 1 , t)i>(-l, 1, t)} 

-</>(0, -1,t) = -i4(0, -l,t) + e[^(l, -1,t)j>(-l, 0, t) - TP(1, 0, t)4>(-l, -1, t)} 

-TJ>(-l,-l,t) = (iu-2u)i)(-l,-l,t) - ^J(-l,-l,t) 

-<K-1,M) = (iu-2u)^(-l,l,t) - ^-J(-l,l,t) 

Note as before, the first, second, fifth and sixth equations are nonlinear and the others 

are linear. Also, the second equation does not have a 9 term in the linear part of the 

equation. Now let 

6(l,0,t) = Y1(t) 0(O,l,t) = Y2(t) 

0(1,1, t) = Y3(t) 0(1, - 1 , t) = YA(t) (4.26) 

9(-l,0,t) = Y5(t) 6(0,-l,t) = Y6(t) 

§(-l,-l,t) = Y7(t) §(-l,l,t) = Y8(t) 

Making use of (3.14) with ip replaced with 9, we obtain the following conjugate 
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relations 

0 ( - l , - 1 , t) = 0*(1,1, t) 0 ( - l , 0, t) = 0*(1,0, t) (4.27) 

0(o,-i , t) = 0*(o,i,t) e(i,-i,t) = e*(-i,i,t) 

As a result, 

0(-i,o,*) = 0*(i,o,*) = y5(*) 

0(0, -i,t) = e*(o,i,t) = Y6(t) 

e(-i,-i,t) = e*(i,i,t) = Y7(t) (4.28) 

6(-l,l,t) = 8*(l,-l,t) = Y8(t) 

where 9* is the complex conjugate of 9. Now making use of (4.26), (4.27), (4.28), 

(3.16) and the conjugate relations in (3.17) and (3.18), we arrive at the following 

differential equations written in terms of X3 and Y3, where j = 1,..., 8. 

^ X i = (-iu-u)X1 + l^-Y1 + e[X3X6-X4X2] 
dt po 

^-X2 = -vX2 + e[X1Xs-X3XB] 
dt 

±x, = ( -«-a , )* + |Ly , 

-~XA = (-iu-2u)X4 + ^-Y4 (4.29) 
dt 2po 

^-X5 = (iu-v)X5-
l-2-Y5 + e[X2X7-X6X8} 

at po 

^-X6 = - i /X 6 + 4 * 4 * 5 - * i * 7 ] dt 

jx7 = («-2^7-^y7 

jfxs = («-2^)x8-^y8 

Note that the last four equations are the complex conjugates of the first four. Sim

ilarly, truncation of the Fourier spectrum leads to the following eight differential 

equations for 9. 
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d - AT -
-0(1,0 , t) = i—</>(l,0, t) - (iu + K)0(1, 0, t) 

+e[^(l, - 1 , t)0(0,1, t) - t/>(l,1, 00(0, - 1 , 0 + ^(0, - 1 , t)6(l, 1, t) 

-V)(O,U)0(l,-U)] 

-0 (0 ,1 ,0 = -«0(0,1,0 

+^(i,i,i)0(-i,o,t) + ^(i,o,t)0(-i,i,t)-v.(-i,i,t)0(i,o,i) 
-^(-l ,O,t)0(l , l , t )] 

d - AT ~ 
- 0 ( 1 , 1 , 0 = i - ^ ( l , 1, <) - (i« + 2K)0(1, 1,0 

+e$( l , 0 ,00(0,1,0" ^(0,1,0<?(i, 0,0] 
«9 - AT -
- 0 ( 1 , - 1 , 0 = i—^(1, - 1 , 0 - (*« + 2«)0(1, - 1 , 0 

+e$(0, -1,t)0(l,0,0 - ^(1,0, t)0(0, -1 ,0] 
d - AT -
- 0 ( - l , O , O = - i — ^ ( - 1 , 0 , 0 - ( -m + K)0(-l,O,O (4.30) 

+4^(0, i,t)(9(-i, - i , o + <K-i, i,0^(o, - i , 0 - ^(o, - i , O 0 ( - i , M) 

-^ ( - i , - i ,O0(o , i ,O] 

- 0 ( 0 , - 1 , 0 = -«0(o, - 1 , 0 

+£[^(-1,-1,00(1,0,0 + ^ - 1 , 0 , 0 0 ( 1 , - 1 , 0 - ^ ( i , - i , O 0 ( - i , o , O 

-t/;(l,O,O0(-l,-l,O] 
d - AT -
- 0 ( - l , - 1 , 0 = - z - j ^ K - 1 , "1 ,0 - (-*« + 2 K ) 0 ( - 1 , - 1 , 0 

+ e $ ( - i , o , 00(0, - 1 , 0 - ^(o, - i , O0(-i, o, 0] 
d - AT -
- 0 ( - l , 1,0 = -ijj-M-1,1,0" i-iu + 2K)9(-1, 1,0 

+£$(o, i, O0(-i, o, 0 - ^ ( - i , o, 00(0, i, 0] 

Note that in contrast to the ip equations all of the 9 equations are nonlinear. As a 

result, the Boussinesq problem is more complicated and very different qualitatively 

than the /?-plane problem. Also note that the second and sixth equations do not have 

a ip term in the linear part of the equation. Now, rewriting the above equations in 
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terms of X, and Y0 generates the following set of differential equations 

7 A rp 

jYx = i—Xl-(iu + K)Y1+e[X4Y2-X2Y4 + X6Y3-X3Y6] 

jY2 = -KY2 + £[X3Y5-X5Y3 + X1Y8-X8Y1] 

jY3 = i^X3-(iu + 2K)Y3 + e[X1Y2-X2Y1] 

jY4 = i^X4-(iu + 2K)Y4 + e[X6Y1-X1Y6] (4.31) 
7 A T 1 

jY5 = -i—X5-(-iu + K)Y5 + e[X2Y7-X7Y2 + X8Y6-X6Y8] 

^-Y = _ /,y6 + e [ x 7 y 1 - x 1 y 7 + X5F4-x4y5] 
dt 
jY7 = -i^X7-(-iu + 2K)Y7 + e[X5Y6-X6Y5] 

A A T"1 

jY8 = -i—X8-(-iu + 2K)Ys + e[X2Y5-X5Y2] 

4.2 Solution of the Linear Boussinesq Problem 

In this section, we will find the solution of the linear Boussinesq problem just as we 

did for the /5-plane problem. To do so, we set e = 0 in (4.29) and (4.31). Note that, in 

doing so, the first four equations for both j^X3 and j^Y3 only depend on Xx through 

X4 and Y\ through Y4. Thus, we only need to find the solution for these equations 

since the last four equations are the complex conjugates of these first four equations. 

Now, the linearized equations are of the form 

(4.32) 

(4.33) 
at 

for j = 1, 3, 4 and of the form 

d 
(4.34) 

(4.35) 

Jtx> -

±Y = 
dt 3 

dt 3 

±Y 
dt 3 

PJXJ + qjYj 

rj-^-J "T" s3*] 

= PJXJ 

= SJ^3 
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for j = 2, where p3,q3,r3, s3 are complex-valued constants. The above two equations 

(4.34) and (4.35) have the following exponential solutions 

X2(t) = e~vt (4.36) 

Y2(t) = e~Kt (4.37) 

Note that the initial conditions X2(0) = 1 and ^ ( 0 ) = 1 were applied to obtain the 

above solutions. 

For j = 1,3,4, the corresponding X3 and Y3 equations are coupled and thus each 

pair can be written as a system as follows 

±ZJ(t) = AZJ (4.38) 

where 

3 * and A = I P q I (4.39) 

To determine the solution of the system defined above, we need to find both the eigen

values and eigenvectors. Note that we have dropped the j subscripts for simplicity. 

The general solution is of the form 

Z3 (t) = Cii7ieA+t + C2v2e
x't (4.40) 

where C\ and C2 are the constants to be determined after applying the initial condi

tions, A+ and A_ are the eigenvalues, and v\ and v2 are the eigenvectors. Recall that 

the characteristic polynomial is 

A2 - tr(A)\ + det(A) = 0 (4.41) 

where tr(A) is the trace and det(A) is the determinant of the matrix A. In our case, 

tr(A) =p + s and det(A) = ps - qr (4.42) 

Thus, our characteristic polynomial is 

\2-(p + s)X + (ps -qr) = 0 (4.43) 
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which has roots, or eigenvalues, of the form 

A ± = p + s±^(p-sy + 4qr ^ 

To find the eigenvectors, we search for a vector v that satisfies 

(A - XI)v = 0 (4.45) 

Let us consider A+ from (4.44). Then, we want to find ^i = I that satisfies the 

W 
following equation 

p-s-^(p-s)i+4qr \ f Wi\ A) 
2 

-p+s-V(p-^+4«r ) \WJ \o 
(4.46) 

By choosing w\ = 2q, we find that w2 = —p + s + ->/(p — s)2 + Aqr. Thus, 

vi = ( ! ! | (4.47) 
-p + s + y/(p - s)2 + Aqr j 

Similarly, we find that V2 has the following form 

V2 = | ? ! | (4.48) 
-p + s— y/(p - s)2 + Aqr 

Now, after substituting the eigenvalues and eigenvectors into (4.40), applying the 

(A 
initial condition Z(0) = I , and a bit of algebraic manipulation, we find the w 
constants to be 

Ci = p-8 + y/(p-8)* + 4qr + 2q ^ 4 Q ) 

4qV(P ~ s)2 + 41r 

C2 = -P + s + V(P-s)2 + ^ - 2 q 

4Qy/(p ~ s)2 + 4qr 

For simplicity, we will define x to be 



61 

Putting all of this together, we arrive at the solution to the initial value problem 

Zj(t) = ^[giei^y + g^^y] (4.52) 

/ 2q(p-s + x + 2q) \ ( 2q(-p + s + X ~ 2q) 
where gx = I , g2 = 

\(P ~ s + X + 2q)(-p + s + x)J \(-p + s + X-2q)(-p + s- X), 
Now that we have found the solution for arbitrary values of p, q, r, and s, we can 

easily find the solutions for j = 1,3,4. The eigenvalues are 

-2iu -V-K± J(K - v)2 - ^g-
Af = V ~ ^ ~ (4-53) 

l ± _ .,, .. ... I,.. . , , 9AT 

Xf = -iu-v - K± A / ( « - v)2 - Y^J (4-54) 

, , .. .. , /,._ . , , 9&T AJ = -iu- v - K± \\(K - v)2 - -—— (4.55) 
2po-ti 

and the corresponding solutions are 

Zi(t) = gz&ert* + U2eW] (4.56) 

Z3(t) = g4[U3e^)* + u4eW] (4.57) 

Z4(t) = g^Use^* + tf4e
(A< >*] (4.58) 
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where 

93 

tfi = 

Uo = 

g* 

u3 = 

u4 = 

Po 

Aig^(K - v)2 - 4gAT 
PoH 

U(«-" + >/(«-') ,-^ + lf) 

.("-« +>/(«-«')'-^:-If) ("-« + V(«-")'-^). 
Po 

gAT 
2 p 0 # 

Aig^J(K - v)2 -

| . ( y - B + > / (» -J ) . -^ - jL ) 
4 f i / - AC+ w(« - i/)2 gAT 

2p0H 

and A^, A^, A J are given by (4.53), (4.54), (4.55). Note that these exponents ((4.53)-

(4.55)) could also have been obtained from the dispersion relation (D.14) derived 

in Appendix D. In the absence of viscosity and heat conduction (v = 0, K = 0), 

the solutions are periodic in time with constant amplitude. On the other hand, 

nonzero v and K result in exponential decay. The constant s—^- = N2 gives a measure 

of the extent of the stratification of the fluid; where N is called the Brunt- Vdisdld 

frequency, or buoyancy frequency. In other words, it gives a measure of how rapidly the 

density and temperature decrease with height. If (K — v)2 < 4(fc^/^2x3, the viscosity 

and heat conduction act to lengthen the period of the oscillation. Conversely, if 

(K, — v)2 > 4/fc£+^2)3» then there is an additional exponentially growing or decaying 

factor. 
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4.3 Solution of the Nonlinear Boussinesq Problem 

In a similar manner to the technique used to solve the nonlinear /?-plane problem, we 

will use perturbation theory to find the solution of the nonlinear Boussinesq problem. 

However, this problem is more complex and we have three different cases to consider. 

Firstly, we will consider j values of 1 and 5, when both the X3's and Y3's are nonlinear. 

Secondly, we will look at j values of 2 and 6, when the X3 and Y3 equations are 

uncoupled. Lastly, we will consider j = 3,4, 7, 8, where the X3's are linear while the 

Y3's are nonlinear. 

We begin by substituting (3.36) and 

Y3(t) ~ Y3
{0)(t) + eY3

{1)(t) + 0(e2) (4.59) 

into (4.29) and (4.31) for j = 1, 5. At 0(1) the solutions are simply the linear solutions 

that we worked out in the previous section. For j = 1, the solution Z1 is given by 

(4.56). Since X5 is the complex conjugate of X\ and Y5 is the complex conjugate of 

- (x.\ 
Yi, the solution Z&(t) = is the complex conjugate of Z\. w 

At 0(e), the equations for j = 1, 5 are of the form 

±X?\t) = PjX^ + q3Y^ + h(t) (4.60) 

±Y,w(t) = r3X^ + a3Y,w + f2(t) (4.61) 

where fi(t) is a nonlinear function (dependent on j) of the X^ (k ^ j) solutions 

found at 0(1) and f2(t) is a nonlinear function (dependent on j) of the X^ ' and Y^ 

(k 7̂  j) solutions found at 0(1). The above two equations can be written as a system 

in the following way 

jtZ = AZ + f(t) (4.62) 

where 

Z= I"' I a n d A = \P Q\ a n d / = I ' M (4.63) 
r s 
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The j subscripts have been dropped once again for simplicity. Now, to solve the 

nonlinear system (4.62), we make use of the following theorem which is stated and 

proved in many ODE books, such as Walter [13] (p. 193): 

Theorem 4.3.1. The initial value problem 

^-Z = AZ + f(t), Z(t0) = Z0 (4.64) 
dt 

(A constant) has the solution 

Z(t) = e^-^Zo + / eA(*"s)f(s)ds (4.65) 
Jt0 

where $(t) = eA^~to>) is the fundamental matrix with $(*o) = I-

Since our initial conditions are X^ ' (0) = 0 and ly ' (0) = 0, to = 0 and Z0 — 

in our case. By applying the above theorem, we find that 

Z(t) = f eA^-s)f(s)ds (4.66) 

Jo 

Thus, in order to find the solution of this nonlinear problem, we must find the fun

damental matrix. Since we have already worked out the eigenvalues and eigenvectors 

for the linearized Boussinesq problem, we will find the fundamental matrix by making 

use of the following property 

eAt = ^(t)^~1(0) (4.67) 

Making use of the eigenvalues and eigenvectors found in (4.44), (4.47), and (4.48), we 

find $(t) to be 

*(«) = [j^* J2e{x-)t) (4.68) 

( 2q \ ( 2q \ 
where j i = I J, j 2 = I • Finally, replacing r with 0, making 

\-p + q + xj \-p + s - Xj 
use of (4.67) and (4.51), and simplifying, we obtain the fundamental matrix 

At " I eAt = 
MX 

2q(-p+s-x)e(x+)t+2q(p-s-x)e(x >* - ^ e ^ ^ ^ V e ^ >* 

( -p+s+x) ( -p+s-x)e ( A + ) t +(-p+s-x) (p-s -x )e ( A _ ) * -2g(-p+s+x)e ( A + ) t+2g(-p+s-x)e(A~) t 

(4.69) 
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To avoid complicated expressions, we will simply state the values of p, q, r, s for 

.7 = 1,5 and note that the fundamental matrices satisfy (4.69). 

p — —iu — v q = i— r = i—^r s = —iu — K (4.70) 
Po H 

9 AT _ 
p — iu — v q — —i— r = — i——- s = iu — K (4.71) 

Po H 

where (4.70) corresponds to j = 1 and (4.71) to j — 5. 

The solutions of this nonlinear problem for j = 1, 5 satisfy (4.66) with the following 

/ vectors 

(4.72) 

Thus, there are no terms at 0(e) for j values of 1 and 5. 

Next we consider the second case; when j = 2,6. For these two j values, r = q = 0, 

so equations (4.60) and (4.61) are uncoupled and we can thus work out their solutions 

separately. At 0(1), the solutions are once again the linear solutions derived in the 

previous section. More precisely, the solutions for X2 and Y2 are (4.36) and (4.37) 

respectively. Since both the X6 and YQ equations have the same linear part as X2 

and Y2, respectively, their solutions are the same as in (4.36) and (4.37) with j — 2 

replaced with j = 6. At 0(e) the equations for X3 and Y3 are of the form 

4 ^ 7
( 1 ) - aiX (1 ) = products of X (0) functions (4.73) 

dt 
d_ 
Jt 
- ^ ( 1 ) - ctiY3

w = products of xf> and Y® functions (4.74) 

analogous to the nonlinear /3-plane equation (3.47). Since the nonlinear X2 and Xe 

equations for the Boussinesq problem are the same as those in the /?-plane problem, 

the solutions for X2 ' and X$ ' are given by (3.53) and (3.55), respectively. Following 

the integrating factor method outlined in section 3.4, the solution of equation (4.74) 
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becomes 

ci + c2 — OL\ J \ c3 + c4 — Qi 
v(D(t) = ^ ) e^-Ha)* _ ( ^ ) e<«+«)« ( 4 7 5 ) 

+ ( ^ ^ e(<*+«)* - ( ^ ^ e ^ * ) ' + £>e«i* 
\c5 + c6-aij \c7 + c8-aij 

where ci, ...,c8 and ni, ...,714 are the complex constants (all dependent on jf) arising 

from the linear exponential solutions of the previous section (see equations (4.56)-

(4.58)), and D satisfies 

D = ( =? ) - ( 2! ) + ( * ) - ( * ) (4.76) 

Note that we do not explicitly determine the solution for Y2 or Y6 to avoid writing 

lengthy, complicated solutions. For this case, since both the X and Y solutions are 

nonzero, both contribute terms at 0(e). 

We now consider the final case; when j = 3,4,7,8. Once again, at 0(1) the 

solutions are simply the linear solutions derived in the previous section, where Z7 

and Z8 are the complex conjugates of Z3 and Z4, respectively. At 0(e), the equations 

are of the following form 

|A*>(I) = P,xf+q,Yi» (4.77) 

^ " ( t ) = r,X<'» + s,Y,m + /(<) (4.78) 

where f(t) is a nonlinear function (dependent on j) of the X^ and 1& (k ^ j) solutions 

found at 0(1). As before, this can be written as the same system in (4.62) and (4.63) 

M 
with / replaced with I _ I. Once again, the fundamental matrices satisfy (4.69) with w 
the following p, q, r, s values (where the j subscripts have been omitted) 

- n -9 AT 
p = — iu — 2v q = i-— r = % 

p = IU — 2v q = —i-— r = — i 

H 
AT 

s = —iu — 2K 

s = iu — 2K, 

(4.79) 

(4.80) 
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where (4.79) corresponds to j = 3 and j = 4, and (4.80) to j = 7 and j = 8. The 

complete solution of this nonlinear problem also satisfies (4.66) with the following / 

vectors 

for j = 3 : / = 

for j = 4 : / = 

for j = 7: / = ( \ ) (4.81) 

for j = 8 : / = 

where bx,..., b% are products of exponential solutions found at leading order (in Section 

4.2). We note that each bi,...,bg contains a factor of either e~vt or e~Kt, another 

element that distinguishes this case from the first one (where the / vectors were the 

zero vector). Also, the first component of / is zero, while the second component is 

nonzero, meaning that for these four j values of 3,4,7,8, it is only the 9 or Y equations 

that contribute nonzero components at 0(e). 

In summary, for the I/J or X equations the only terms that arise at 0(e) corre

spond to j values of 2 and 6, or wavenumbers of (0,1) and (0,-1). These were the 

same wavenumbers that produced nonzero terms at 0(e) for the /3-plane problem. 

Thus, Figure 3.2 can also be used to illustrate how terms are generated at 0(e) for 

the X equations of the Boussinesq problem, where a star represents a wavenumber 

with nonzero terms at 0(e) while an open circle represents a wavenumber with no 

contribution at 0(e). In contrast, for the 9 or Y equations there are additional terms 

that arise at 0(e). As before, j values of 2 and 6 produce nonzero terms at 0(e) as 

well as j values of 3,4,7,8. The generation of these 0(e) terms is shown schematically 

in Figure 4.1. Once again, a star represents a wavenumber with nonzero terms at 

0(e), while an open circle represents a wavenumber with no terms at 0(e). 



(-1,1) 
8 

(-1,0) 
5 

(-1,-1) 
7 ( 0 , - 1 ) 6 4 

Figure 4.1: Plot showing how 0(e) terms are generated for the original eight 

wavenumbers in the Y equations for the Boussinesq problem. Of these eight wavenum

bers, the following have nonzero contributions at 0(e): (0,1), (1,1), (1,-1), (0,-1), 

(-1,-1) and (-1,1), which are denoted by stars. Arrows are used to demonstrate how 

the wavenumbers interact to produce the terms at 0(e). The numerical labels corre

spond to the numbering of the wavenumbers. For instance, 1 represents Y\. 

4.4 Higher Wavenumber Terms for the Nonlinear 

Boussinesq Problem 

Analogous to what we did for the /3-plane problem, we will extend the Fourier spec

trum to include modes of ±2. In doing so, the number of equations for the gravity 

wave problem increases from sixteen to fourty eight. 
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We begin by denning Yg, ...,Y24 in terms of 9 as follows 

0(2,0,*) 

0(1,2, t) 

0(2, 2,*) 

0(2,-1,0 

0(-2,O,i) 

9(-l,-2,t) 

9(-2,-2,t) 

9(-2,l,t) 

= x9(t) 

= Xu(t) 

= x13(t) 

= X15(t) 

= X17(t) 

= X19(t) 

= X21(t) 

= X23(t) 

0(0,2, t) 

0(2,1,*) 

0(1,-2,*) 

0(2,-2,*) 

0(0,-2,*) 

0(-2,- l ,*) 

0(-l,2,*) 

0(-2,2,*) 

= xw(t) 

= x12(t) 

= xl4(t) 

= X16(t) 

= x18(t) 

= x20(t) 

= X22(t) 

= X24(t) 

(4.82) 

Xg, ...,X24 satisfy the equations defined in the Rossby wave problem (3.60). Also, the 

typical conjugate relations hold true in this problem as well. 

By making the appropriate substitutions from this section into the ODEs for i\) 

and 9, (4.23) and (4.24), respectively, we generate the following twenty four equations 

for ip. 
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^-Xi = (-iu-^Xx + i-^-Y! 
dt po 

+£[X3Xg — X4X2 + 3X7X12 — 3XgXi5 + 6X13X19 — 6X15X22 

+2X11X18 — 2X10X14] 

—7X2 = — ̂ X2 + £[XiXg — X3X5 + 3X4X22 — 3X7X11 + 6X15X24 
dt 

—6X13X20 + 2X9X23 — 2X12X17] 

^ X 3 = ( - m - 2 i / ) X 3 + i - ^ - y 3 + J [ 4 X 6 X i i - 4 X 5 X 1 2 + 4X4X10-4X3X9] 
at 2po 2 

^-X4 = (-iu- 2v)X4 + i^-Y4 + S- [4X5Xi5 - 4X2Xi4 + 4X7X9 - 4X3Xi8] 
at 2po 2 

^-X5 = (iu-v)X5-i^-Ys 
at po 

+£1X2X7 — X$Xg + 3X3X20 ~~ 3X4X23 + 6X11X21 — 6X14X24 

+2X10X19 - 2Xi8X22] (4.83) 

—X6 = — ̂ Xg + 61X4X5 — X1X7 + 3XgXi4 — 3X3X19 + 6X15X23 — 6X12X21 
at 

+2X15X17 — 2X9X20] 

^ X 7 = {iu - 2v)X7 - i^L-Y, + I [4X2Xi9 - 4X1X20 + 4X 8 Xi 8 - 4X4Xi7] 

^ X 8 = (iu - 2u)X8 - i^-Y8 + £- [4XiX23 - 4X 6 X 2 2 + 4X 3 Xi 7 - 4X7X1 0] 
at 2po 2 

^ X 9 = ( - 2 m - 4 i / ) X 9 + z / - F 9 + f [ 1 6 X i 8 X i 3 - 1 6 X i 0 X i 6 + 8X 6 X 1 2 -8X2X15] 
at 2po 4 

^ X 1 0 = -4i /Xio + ^[8X22X1-8X5X11 + 16X9X24-16X13X17] 
dt 4 

^ X n = (-iu-5v)Xn+i-?-Yn + l[6X1X10 - X 2 X 3 + 4 X 9 X 2 2 - 9 X 8 X i 2 
at opo 0 

-14x5X13] 

^ X i 2 = (-2iu - 5i/)Xi2 + ip-Y12 + § [X1X3 + 9X4X11 - 4X10X15 - 6X 2 X 9 
at opo 5 

+14X6Xi3] 
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^ X i 3 = (-2iu-8u)X13 + i^-Y13 + ^[8X1Xll-SX2X12} 

^ X 1 4 = (-iu- 5z/)Xi4 + izr-Y14 + | [X 6 X 4 + 2XiXi8 + 14X5Xi6 + 9X7Xi5 
dt 5p0 5 

-4Xi9X9] 

^ X i 5 = (-2itZ-5i/)Xi5 + i | ^ -y i 5 + f[4Xi8Xi2 + 6X 6 X9-14X 2 Xi 6 -9X3X 1 4 at opo 5 
- x 4 X i ] 

^ X i 6 = (-2iu -8f/)Xi6 + z ^ - r i 6 + | [ 8 X 6 X i 5 - 8X1X14] 

^ X i 7 = ( 2 m - 4 i / ) X i 7 - i - ^ - r i 7 + 7[16Xi0X2i-16Xi8X24 + 8X2X20-8X6X2 3] 
at 2po 4 

^ X i s = -4^X18 + ^16X17X16-16X9X21+8X5X14-8X1X19] (4.84) 
at 4 
^ X i 9 = (m - 5u)X19 -i^-Yl9 + ^ [6X5X18 - X7X6 + 4Xi4Xi7 - 9X4X20 
dt 5p0 5 

-14XiX2i] 

^ X 2 0 = (2iu - 5i/)X20 - ip-Y20 + I[X7X5 + 9X8Xi9 - 4Xi8X23 - 6X6Xi7 dt opo 5 
+HX2X21] 

^ X 2 1 = (2iu -Su)X21-i-2-Y21 + §[8X5X19-8X5X20] 
dt 4p0 8 

^ X 2 2 = (iu-hv)X22-i-?-Y22+
£-[XsX2- 6X5X10 + WX1X24 + 9X3X23 

tt£ 0/9o 0 

-4XuXi 7 ] 

^ X 2 3 = (2m - 5 ^ X 2 3 - i | ^ - y 2 3 + |[4XioX2o +6X2X17-14X6X2 4-9X7X22 
at opo 5 

-x8x5] 

^ X 2 4 = (2iu - 8 z / ) X 2 4 - z / - r 2 4 + f [8X2X23- 8X5X22] 
at 4po o 

We also have twenty four equations for 9, in terms of Y. These equations are 

omitted because they are long and complicated. However, they follow the same 

pattern as the Y3 equations for j = 1,..., 8 in (4.31) with similar nonlinear components 

as in the above X3 equations. 

At 0(1), for j = 1,...,8, we have the same solutions that were derived in the 

previous two sections. On the other hand, for j = 9, ...,24, at 0(1) the equations 
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have the following form 

llf-r^f+^lf (4.85) 

where Pj,q3,rj, s3 are complex constants. The general solution of (4.85) is 

X ( 0 ) \ 
> = Amex+t + Arfie^ (4.86) 

where Ai,A2 are constants dependent on j found after applying the initial condition. 

Note that this equation has the same form as equations (4.56)-(4.58). However, the 

initial condition is X] '(0) = 0 = Yy (0) for this scenario. Thus, A\ = A2 = 0 and 

therefore x j 0 ) - Y}0) = 0 for j = 9,..., 24. 

At 0(e) for j = 1,..., 8, the equations for XJ ^ and Y^ are the same as in Section 

4.1 given by (4.29) and thus the solutions are also the same. At 0(e) for j = 9,..., 24, 

half of the nonlinear components are zero because they also involve products of X: ' 

and Yj with j values of 9, ...,24. The following eight j values produce nonzero 

products for both the X^(1) and Y^l) equations: j = 11,12,14,15,19,20,22,23. For 

the remaining eight j values, the solutions will be zero at 0(e). These are the same 

j values that produced nonzero terms at 0(e) for the Rossby wave problem for j = 

9, ...,24. 



Chapter 5 

Conclusions 

This concludes our study of initial-value problems describing wave propagation in 

two-dimensional geophysical flows. We considered two different problems: Rossby 

waves on a horizontal /?-plane and internal gravity waves on a vertical plane for a 

Boussinesq fluid. The /?-plane took into account the effects of the Coriolis force on a 

rectangular strip in two dimensions, while in a Boussinesq fluid the density variations 

were neglected in all terms except those involving gravity. In both problems, we 

considered waves that were sinusoidal and periodic in both space directions. This 

enabled us to use the techniques of Fourier analysis; in particular, to express our 

perturbations using a Fourier series representation and then take a Fourier transform 

to convert the PDEs to a system of ODEs. We began our analysis by solving the 

linear problems which produced periodic solutions. We were justified in allowing 

linearization so long as the wave amplitude was small enough. We then went on to 

solve the nonlinear problems using asymptotic analysis techniques. In doing so, we 

searched for solutions in powers of the small amplitude parameter. The leading order 

solutions were found to be the solutions already developed in the linear problem. 

The nonlinear terms were found to be products of the leading order terms. This 

produced higher wavenumber components which represented a transfer of wave energy 

to smaller scales. Lastly, we examined the development of these higher harmonics and 
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the impact they had on the previously derived nonlinear solutions. 

This study was of importance because of its relevance to atmospheric modelling 

and oceanographic studies. Without the Earth's atmosphere and oceans, life on our 

planet would not exist. By studying both Rossby waves and internal gravity waves, 

we gain insight into the behaviour of waves in both the atmosphere and ocean. This 

information can then be used to predict global weather and climate conditions. It is 

thus important to understand the mechanics behind wave generation, propagation, 

interaction, and evolution because it gives us a deeper understanding and appreciation 

of the natural phenomenon involved in our lives. 

Chapter 3 was devoted to the study of Rossby waves on a /?-plane. After nondi-

mensionalizing, using Fourier analysis, and truncating the Fourier spectrum to include 

only the original 8 wavenumbers of (1,0), (0,1), (1,1), (1, - 1 ) , (-1,0), (0, - 1 ) , ( - 1 , - 1 ) , 

and (—1,1), we produced a system of 8 differential equations where the last 4 equa

tions were the complex conjugates of the first 4. At this stage, we noticed that the 

equations for Xi ,X 2 ,X 5 ,X 6 were nonlinear, while the equations for X3 ,X4,X7 ,X8 

were strictly linear. This meant that the wavenumbers (±1,0) and (0, ±1) were af

fected by the other wavenumber components, whereas the components with wavenum

bers of ±(1,1) and ±(1, —1) progressed independently. 

We then went on to solve the linear /?-plane problem. Only Xi,..., X4 were needed 

to fully describe the linear problem as X5,..., X8 were the complex conjugates of the 

first four X's. The solutions for Xi, X3, X4 were composed of both a periodic element 

and an element of exponential decay, while X2 was found to have only an element of 

exponential decay (since the real part of the frequency was zero). This decay resulted 

from the viscosity term. If we had an inviscid problem (v = 0), then the amplitude 

of the solutions would remain at a constant value of 1 for all time. For Xi ,X 3 ,X 4 , 

as t —> 00, the solutions oscillate indefinitely in space and the amplitude approaches 

zero. These solutions could have also been derived using the dispersion relations 

described in Appendix D. 

Next we solved the nonlinear /3-plane problem using the perturbation series tech-
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nique. This time, we needed all eight X equations to fully describe the nonlinear 

problem. The X3 equations for j = 3,4, 7, 8 were linear and thus their exact solutions 

were given by the linear solutions derived in section 3.3. As a result, for these four 

j values, the terms at 0(e) and higher are zero. Therefore, we were only required to 

carry out the perturbation method for j = 1,2,5,6. At leading order, we found the 

same linear exponential solutions that were derived in Section 3.3 (and their complex 

conjugates). At 0(e), we found that the only nonzero contributions resulted from 

wavenumbers of (0,1) and (0, —1). For the wavenumber (0,1), the 0(e) term arose 

from interactions between the following pairs of wavenumbers: (1,0) and (—1,1), 

and (1,1) and (—1,0), while the 0(£) term for the wavenumber (0,-1) developed 

from interactions between wavenumber pairs of (1,-1) and (—1,0), and (1,0) and 

Lastly, we considered the effects of extending the Fourier spectrum to ±2 for the 

Rossby wave problem. In doing so, the number of differential equations increased from 

eight to twenty four, giving us a more accurate solution of the /3-plane problem. We 

employed perturbation methods once again in order to solve this problem. At leading 

order, we found X3 = 0 for all new j values (j = 9,..., 24), and, for j = 1,..., 8, the 

solutions were the same as those from the previous nonlinear section (section 3.4). At 

O(e), for j = 1, ...,8, the solutions once again remained unaltered from the previous 

nonlinear solutions. For j = 9,..., 24, at 0(e), many of the terms were zero because 

they involved products of the leading order X / s for j = 9,..., 24, which were all zero. 

The only nonzero contributions at 0(e) came from j values of 11,12,14,15,19,20,22,23 

and these solutions were found to approach zero faster than those of the original 

wavenumber problem. 

Chapter 4 described our second problem; internal gravity waves in a Boussinesq 

fluid. This problem started in the same way as the /?-plane problem did. We dis

cussed nondimensionalization, took Fourier transforms, and truncated the spectrum 

to include only the original eight wavenumbers. However, this problem was more 

difficult because there were two sets of coupled differential equations to work with. 
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Thus, for the original wavenumber problem, instead of having eight equations, we 

had sixteen: eight for X3 and eight for Y3. The same four X3 equations as in the 

Rossby wave problem were nonlinear for the Boussinesq problem (j = 1, 2, 5, 6). On 

the other hand, all of the Y3 equations were nonlinear. 

As before, we solved the linear Boussinesq problem first. Similar to the Rossby 

problem, we found that the solutions for j = 1, 3,4 involved both exponential decay 

and oscillatory components, while the solution for j — 2 only contained an expone-

tially decaying factor. Once again, in the absence of viscosity and heat conduction, 

the solutions for j = 1,3,4 remain periodic in time with constant amplitude, while 

nonzero u and K, result in components of exponential decay. 

Next we tackled the nonlinear Boussinesq problem using similar techniques to 

those applied to the /?-plane problem. We had three different cases to consider: 

firstly, when both the X / s and Y3's were coupled and nonlinear (j = 1,5), secondly, 

when both the X / s and l^'s were uncoupled and nonlinear (j = 2,6), and lastly, 

when the X7's and Y '̂s were coupled where the X3 equations were linear while the 

Y3 equations were nonlinear (j = 3,4,7,8). For all three cases, at leading order, 

the solutions were once again the linear solutions developed in the previous section 

(Section 4.2). For the first case, at 0(e), there were no contributions at 0(e). For 

the second case, the nonzero contributions came from j = 2,6 for both the X and Y 

components, corresponding to wavenumbers of (0,1) and (0, -1) ; the same nonzero 

contributors as in the Rossby problem. For the third and final case, at 0(e), there 

were nonzero contributions that arose from the Y components corresponding to j 

values of 3,4,7,8; a factor that distinguishes the Boussinesq problem from the /?-plane 

problem. 

Lastly, we extended the Fourier spectrum to ±2 for the gravity wave problem 

which increased the number of equations from sixteen to fourty eight. At leading 

order, for j = 1, ...,8, the solutions from the previous nonlinear section (section 4.3) 

remained unchanged, whereas for j = 9,..., 24 both X3 and Y3 were found to be zero 

upon applying the initial condition. At 0(e), for j = 1,..., 8, the solutions once again 
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remained the same from the previous section. For j = 9,..., 24, at 0(e), half of the 

nonlinear components were found to be zero because they involved products of the 

leading order X3 and 1 '̂s which were zero. The only eight j values that produced 

nonzero terms at 0(e) for j — 9, ...,24 were 11,12,14,15,19,20,22,23; the same eight j 

values that gave rise to nonzero terms for the /?-plane problem. 

In summary, for both the Rossby wave problem and the internal gravity wave prob

lem, at leading order we found linear solutions for the original forced wavenumbers 

of 0, ±1 . These solutions were exponential functions of t with complex exponents. 

These solutions were periodic in t for j values of 1,3,4, as given by the dispersion rela

tions derived in Appendix D. The exponentially decaying factors resulted due to the 

viscosity and/or heat conduction (as in the Boussinesq case). At 0(£), some of the 

forced wavenumber components had 0(e) corrections due to the interactions of other 

wavenumber components, while others did not since they were unaltered by other 

wavenumbers. Higher wavenumber components with k,l,m = ±2 also developed at 

0(£) for certain wavenumber pairs. 

This study could be extended by considering the following possible future topics. 

Firstly, if S <C 1, then there would be two small parameters to consider, S and e. 

Asymptotic methods could be used to solve this problem. Secondly, if e ~ 0(1), the 

problem would become fully nonlinear and no longer be considered weakly nonlinear. 

This would result in the development of more higher wavenumbers and would require 

numerical methods to solve it. With the initial conditions and the periodic boundary 

conditions used in our study, the waves generated were sinusoidal functions of both 

space variables. However, observations of Rossby waves and internal gravity waves in 

the atmosphere and ocean show that they generally take the form of spatially localized 

wave packets (see [5] for more details). In mathematical terms, a wave packet could 

be modelled by using a spatially localized initial condition by multiplying each of the 

cosines in (1.1) by a Gaussian function, e_/x x or e - / i y , for instance. Note that as 

x, y —• ±oo, the Gaussian functions approach zero. We would choose p to be a small 

parameter so that the wave packet "envelope" would vary slowly compared with the 
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wavelength of oscillation. This problem is a multi-scale problem and would require 

a continuous Fourier integral transform instead of a Fourier series to be solved. We 

would look for solutions in powers of the small parameters p and e (and possibly S as 

mentioned above). The solutions we derived in this study would correspond to the 

limit of p —> 0 and thus could be used as a starting point for such analyses. Lastly, 

one could consider a full three-dimensional problem in which both Rossby waves and 

internal gravity waves are allowed to interact with one another. This problem would 

also require numerics in order to be solved. The approximate solutions we have 

derived for our simplified two-dimensional problem can give some guidance as to how 

to proceed in finding the solution of any of these more complicated problems. 



Appendix A 

Asymptotics Definitions 

In this Appendix, we present some typical definitions from the field of asymptotics. 

These definitions can be found in any text concerning the study of asymptotics and 

we will follow the notation used in Bender and Orszag [3]. 

Definition A.0.1. The notation f(x) <C g(x) as x —> Xo means 

lim44=0 
x-^x0 g[x) 

where the symbol "<̂ C" stands for 'much smaller than'. 

Definition A.0.2. The notation f(x) ~ g(x) (as x —> x0) means f(x) — g(x) <C g(x) 

or 

limm-9(x) = 0 
X->XQ g(x) 

or, equivalently, 

x^x0 g[x) 

where the symbol "~" means asymptotic to or similar to. 

Note that if f(x) ~ g(x) as x —» x0, then g(x) ~ f(x) as x —> x0. Also, if f(x) <C g(x), 

then g(x) ^> f(x). 
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Definition A.0.3. In general, we say that f(x) ~ 0(g(x)) as x —> x0 if l i nx^^ ^Hr 

is bounded, meaning that 

lim M = A 
x^xo g(x) 

where 0 < \A\ < oo. We say "f(x) is at most of order g(x) a s x ^ x0" or "f(x) is 

' 0 ' of g(x) a s x ^ x0. 

Definition A.0.4. We say that f(x) ~ o(g(x)) as x —> x0 if 

lim 4 4 = 0 
x^x0 g(x) 

We say uf(x) is 'o' of g(x) a s x ^ x0. 

Definition A.0.5. The power series Y^=oan(x ~ x^)n ls s a ^ *° ^ e asymptotic to 

the function y(x) as x —> Xo, written as 

oo 

y(x) ~ X^ an(x ~ x°^n as x ~* x° 
n=0 

if 
TV 

y(x) — >J an(x — x0)n ^ (x — Xo)^ as x —> x0 for everyA^ 
n=0 

or, equivalent ly, 

AT 

y(x) - ^2 an(x ~ xo)n ~ UM(X - x0)
M as x -^ Xo 

n=0 

where aM is the first non-zero coefficient after a^. 

Definition A.0.6. A perturbation series is a series in powers of a small parameter, 

such as £, for instance. In other words, a series of the form 

oo 

y(e) = ^anen 

71=0 

where the an are functions of the independent variables. This series could be divergent 

as n —• oo. £ must be chosen such that when e = 0, the problem is solvable. 



Appendix B 

Notation 

In this section, we will present the notation that will be used throughout this paper. 

The notation closely follows that of Kundu and Cohen [9]. 

B.l Einstein Summation Convention 

Let x = (xi,X2,X3), where the components of x are x% with i = 1,2,3. Define the 

coordinate axes by X\, x2, and x3 (analogous to x, y, and z). We then define the 

rotated coordinate axes by x[, x'2, and x's. Let C%3 be the cosine of the angle between 

x% and x'3. C\2 is the angle between X\ and x'2, for instance. Note that C%3 ^ C3%. 

Using geometry, one can show that 

(B.l) 

(A 
x2 

\A) 
= 

Oil 021 O31 

012 022 O32 

y013 O23 033 J 

(Xi) 
x2 

\xz) 

We can write (B.l) in a more compact way as 

3 

x3 = y ^ xzUi3 (B.2) 

Note that, on the right-hand side of (B.2), the index i appears twice and the sum

mation is carried out over all values of this repeated index. The index j appears on 
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both sides of the equation and it is called the free index. We now introduce a sim-

plifed notation called the Einstein summation convention. This convention says that 

whenever an index appears twice in a term, a summation over the repeated index is 

implied. Thus, (B.2) can be written as 

X3 = Xi>^i>3 V^'^) 

Using this notation, the multiplication of two matrices, A and B, where A = A%3 and 

B = B%3, is given by P%3 = A^B^- Since the index k is repeated, a summation over 

k is implied. 

B.2 Derivatives with respect to time 

There are two different ways to describe fluid motion, using the Eulerian or the 

Lagrangian description. For the Eulerian description, we consider what happens at a 

given spatial position, x. The independent variables are x = (xi,x2 ,x3) and t. The 

dependent variables, or flow variables, are functions of x and t, F(x, t). On the other 

hand, for the Lagrangian description, we follow the motion of each individual fluid 

particle and assign each particle with a label, a, which is taken to be the position 

vector of the particle's location at t = 0. In this situation, the independent variables 

are a and t and the dependent variables are functions of a and t. Velocity, v(a,t), 

is an example of a dependent or flow variable. At a given point, the position vector 

is f = f(a, t) which is a dependent variable, unlike x in the Eulerian case. For our 

purposes, we will use the Eulerian description. 

In the Lagrangian description, 4^ denotes the total rate of change of a quantity 

F(a,t) as seen by a moving fluid particle with label a. On the other hand, in the 

Eulerian description, ^ represents the local rate of change of a quantity F(x, t) at 

a point x. To measure the total rate of change following a moving fluid particle, we 

consider a fluid property, 

F(x, t) = F(a, t) 
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at the same position and time given by the above two descriptions. We will assume 

that the time and length scales are the same in both descriptions. The position vector 

of the particle at time t is given by x = f(a, t). Thus, 

F(x,t) = F(r(a,t)) 

Now, by differentiating and applying the chain rule, we find that the rate of change 

following a particle is given by 

OF ^ dr 
h V F 

dt dt 

where ^ represents the local rate of change and V F • |^ represents the rate of change p.. I V / p i V / O V / l l D O U11V/ -LW^/GLJ. 1U/UV/ WJ. \^J.J.CtJ.Xg)Vy OLJ.XVJ. V A o . 

dr 
dt 

for the particle itself. Since ^ = u, the above expression becomes 

This is called the material derivative or particle derivative and is denoted by -^. 



Appendix C 

Conservation Laws 

C.l Introduction 

In this appendix, we present a derivation of the governing equations of fluid dynamics, 

which form the starting point for our study. The derivations are standard and can be 

found in any fluid dynamics text (such as Acheson [1], Holton [8], or Pedlosky [10]). 

We will follow the fluid dynamics text of Kundu and Cohen [9]. 

The study of fluid dynamics is governed by the laws of conservation of mass, 

momentum and energy. These laws can be stated in one of two forms; differential 

form or integral form. Differential form is applicable at a point, and integral form is 

applicable to an extended region. In integral form, the laws relate to either a fixed 

volume, V, or a material volume, V. A fixed volume is fixed in space and consists 

of different fluid particles while a material volume consists of the same fluid particles 

and the bonding surface moves with the fluid. This chapter provides the necessary 

groundwork needed before moving on to our specific problem. 
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C.2 Time Derivatives of Volume Integrals 

In the next few sections, as we begin to derive the conservation laws, it will become 

important to compute time derivatives of volume integrals. In order to do so, we 

must apply Leibniz's Theorem. 

Consider the following time derivative of a volume integral 

' « / V ( 
Tl FdV 

where F = F(x, t) is a tensor of any order, and V(t) is any region (fixed or moving). 

Leibniz's theorem allows us to compute the above integral. In general, we assume 

that the surfaces of the volume are moving with the same velocity. 

In one dimension, suppose that the region V is bounded by the lines x — a and 

x = b. Furthermore, suppose that the lines are moving. Then, a = a(t) and b = b(t). 

Leibniz's theorem states that 

d rb^ Cb BF db da 

x(t) 

assuming a, b and F are continuous. Leibniz's theorem can be generalized to higher 

dimensions as follows 

d_ 
dt 

-f F(x,t)dV= [ ^dV+ [ FuA-dA (C.2) 
-JV(t) JV{t) a t JA{t) 

where UA is the velocity of the boundary and A(t) is the surface of V(t). For a fixed 

volume, V, UA = 0 and thus equation (C.2) becomes 

±JvF(*SW - fy%4V (C.3) 

For a material volume, V, the boundary moves with the fluid, so UA = u, where u is 

the fluid velocity. Equation (C.2) then becomes 

D_ 
Dt 

f F(x, t)dV = f ^dV + f Fu-dA (C.4) 
JV Jv Ot J A 
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Equation (C.4) is called Reynold's Transport Theorem. 

C.3 Conservation of Mass and the Continuity Equa

tion 

In this section, we will derive the continuity equation in two different ways; both 

express the principle of conservation of mass. 

We will begin by considering a fixed volume, V, in space. The total mass inside 

this volume is given by the following volume integral 

I pdV 
'V 

where p is the density. The rate of increase of mass inside V is represented by 

The right-hand side of equation (C.5) holds true due to Leibniz's theorem (C.3) with 

F = p and assuming that p is continuous. Conservation of mass tells us that the rate 

of increase of mass inside V must be balanced by the rate of mass flow out of V. We 

must now come up with an expression to represent the rate of mass flow out of the 

volume V. 
—* 

Let dA = ndA represent an outer element on the surface A of V, where n is the 

unit vector normal to the surface of all area elements. Let u = ^ be the velocity 

of the fluid, where I is the displacement of the fluid. In the time interval dt, the 
—* 

displacement of fluid is dl and the volume of fluid flowing through the element dA is 

dl - ndA 

Thus, the mass flowing through dA in time dt is given by 

—* 
pdl • ndA 
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So, the mass flowing through dA in unit time is 

p— - ndA = pu • ndA 
dt 

And so, the outward flux through dA is given by 

pu • dA 

Now, the rate of mass flow out of V can be expressed as the surface integral of the 

outward flux through dA 

f pu-dA (C.6) 
J A 

According to the principle of conservation of mass, we now have 

LaiiV=-lrdA (a7) 

We must now transform the surface integral on the right hand side of (C.7) into a 

volume integral using Gauss' Divergence Theorem which states that the flux of a 

vector field out of a closed surface is equal to the integral of the divergence of that 

vector field over the volume enclosed by the surface. In other words 

/ (V • F)dV = [ F-dA (C.8) 
Jv JdV 

Thus, applying (C.8) to (C.7) with F = pu we have 

Hence, 

(^ + V • (pu)] dV = 0 (C.9) I fv\dt j 

The above relation holds for any volume and this is only possible if the integrand 

vanishes at every point. As a result, 

ft+V-(pu) = 0 (CIO) 
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Equation (C.IO) is called the continuity equation, which represents the differential 

form of the law of conservation of mass. We can express (C.IO) in a different form as 

follows. By applying the gradient product rule we can rewrite V • (pu) as 

pV • u + u • Vp 

Thus, (C.IO) becomes 

-£+$• Vp + pV-£ = 0 

The above expression is equivalent to 

Dp 

which then becomes 

i ^ + V . « = 0 (C.11) 

after dividing through by p. The derivative ^ in the above equation is called the rate 

of change of density following a fluid particle. This derivative can be nonzero due to 

changes in pressure, temperature or fluid properties. A fluid is called incompressible 

if its density does not change with pressure. In our case, we will assume that 

pDt 

After making this approximation, equation (C.ll) becomes 

V-u = 0 (C.12) 

Equation (C.12) is the incompressible form of the continuity equation (C.ll). 

C.4 Conservation of Momementum 

In this section, we will derive the conservation of momentum equations through the 

use of Cauchy's equation as well as the Navier-Stokes equations. 
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Consider the motion of an infinitesimal fluid element of fixed mass, with volume 

dV. Newton's second law states that the net force F on the element is equal to its 

mass times its acceleration. In other words, the rate of change of the total momentum 

of the element. In mathematical notation, this can be expressed as 

where M = mu. So, 

* * DM 

F = ma, or F = ——-
Dt 

F = m—-
Dt 

and thus, 
- Du 

HDt 

C.4.1 Forces that Act on a Fluid; Normal and Shear Stresses 

Before we proceed any further, it is important to discuss the types of forces that act 

on a fluid. 

There are three main types of forces that act on a fluid: body forces, surface 

forces, and line forces. Body forces arise from the medium being placed in a force 

field (gravitational, magnetic, electrostatic, etc.) with no physical contact. Surface 

forces are exerted on an area element by the surroundings through direct contact. 

Surface forces can be resolved into normal and tangential components; 

F=(Fn,Fs) 

where Fn is the normal component to the area and Fs is the tangential component 

to the area. Lastly, line forces are surface tension forces that act along a line and 

appear at the interface between two liquids or between a liquid and a gas. They do 

not appear in equations of motion; they only appear in the boundary conditions. 

Now, consider an element of area dA in a fluid with force dF. Then 

dF = (dFn,dFs) 
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The normal and shear stress (force per unit area) on the element are 

dFn , dFs 
Tn = lAandTs = lA 

respectively. 

The stress at a point in a material requires nine components for complete spec

ification, since two directions are involved in its description. One direction specifies 

the orientation of the surface and the other direction specifies the direction of the 

force. Let r%3 denote the j -component of the force on a surface whose outward normal 

points in the i-direction, and i, j = 1,2,3. 

For a point on the surface with normal vector h — (ni, n2, n3), the stress has nine 

components and can be written as a matrix as follows 

TU n 2 Ti3 

721 T22 T2 3 

y 3 i T32 7 3 3 / 

Now, suppose we have a general two-dimensional element (not necessarily rectan

gular). We want to determine the components of the stress on the hypotenuse (side 

AC), h = (7&1, n2) is the normal vector to side AC with 

n\ — cos#i, n2 = cos#2 

Firstly, however, we need to find the force on side AC, which we will denote by 

F = (FUF2) 

where Fi is the force in the x\ direction and F2 is the force in the x2 direction. For 

forces in the X\ direction to balance, we must have 

F\ = rndx2 + T2\dxi (C.13) 

Similarly, for forces to balance in the x2 direction, we must have 

F2 = T12dx2 + r22rfxi (C14) 
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Force per unit area is given by the following expressions 

/_ £-(/„/»_ (fi, S) 
Fi dx2 dxi 

h = y = rn-T" + r 2 1^T" as as as 

Now, using trigonometry, we have 

dx2 A a dx1 
cos 0i — —— and cos#2 = ——, 

ds ds 

so (C.15) becomes 

(C.15) 

/ l = Til COS #i + T2i COS 92 = TnTli + T2i7l2 

Similarly, 

J2 = Tl2 COS di + T22 COS 02 = T^Ui + T22U2 

Now, putting (C.16) and (C.17) together gives 

Tn T2i \ / nx 

J\i i~22J \n2j 

(C.16) 

(C.17) 

(C.18) 

which has the form / = r • n. In other words, the force per unit area on the surface 

is equal to the stress tensor, r times the direction of the orientation of the surface. 

In (C.18), the diagonal elements of the stress tensor r are the normal stresses 

(TII and r22) which act in the directions n\ and n2 respectively. On the other hand, 

the non-diagonal elements are the tangential (shear) stresses (ri2 and r2i) which are 

perpendicular to n\ and n2 respectively. 

We can extend the above discussion to higher dimensions as well. In three dimen

sions, the equivalent version of (C.18) is 

Til T2i T31 

T\2 T22 T 3 2 

\T\Z T23 TssJ 

h) 
n2 

w 
(C.19) 
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C.4.2 Cauchy's Equation of Motion 

Now that we have investigated normal and shear stresses, we can derive Cauchy's 

equation of motion. 
—* 

Consider a material volume V. Newton's second law, F = ma, states that the rate 

of change of momentum is equal to the sum of the body and surface forces throughout 

the fluid. We do not need to consider internal stresses within the fluid at this time. 

The rate of change of momentum is represented by the following expression 

DtJv 
putdV (C.20) 

v 
Now, using Liebnitz's Theorem (C.l), (C.20) becomes 

Du. I v Dt 
dV (C.21) 

We will now decompose (C.21) into the sum of the body forces and the surface forces. 

Thus, (C.21) becomes 

/ pgtdV+ / rl3dA3 (C.22) 

where the first integral represents the body force and the second integral represents 

the surface force. Also, g is the body force per unit mass and so pg is the body force 
^̂  —* 

per unit volume. The surface force on area element dA is 

—* 
dAh • r = dA- r 

since h-r is the force per unit area on the surface (C.18). We must now transform the 

surface integral in (C.22) into a volume integral using Gauss ' Divergence Theorem as 

follows 

Subst i tut ing this volume integral into (C.22) gives 

Du% dr%3, l ^ - ^ - w , ) d v = o (a23) 
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Since (C.23) must hold for any volume, the integrand must vanish at every point. 

Hence, 
Du, 

P9i + 
drt, 

Dt r*c dx3 

The above equation (C.24) is Cauchy's equation of motion. 

(C.24) 

J%3 

C.4.3 Newtonian Fluids 

A fluid at rest only has normal components of stress acting on the surface and the 

stress does not depend on the orientation of that surface. This means that r%3 = 0 

for each i ^ j . Thus, the only nonzero stresses arise when i = j . Therefore, r%3 is 

proportional to the Kronecker delta which is defined as 

1 if i = j 

0 tti^j 

and can be expressed in tensor form as 

d o (A 
0 1 0 

V° ° V 
We write 

for a fluid at rest, where p is the thermodynamic pressure. 

For a moving fluid, however, there are additional components of stress due to 

viscosity that we must consider. Thus, in this case, we write the stress as 

*%j P®ij i u%3 (C.25) 

where o%3 is the stress due to viscosity (this includes shear stresses). We will now take 

an in-depth look at the general form of the tensor o%3. 

Processes of internal friction (viscosity) result when different fluid particles move 

with different velocities in which there is a relative motion between various parts of 

the fluid. Thus, o%3 must depend on | ^ , ^ ^ ; space derivatives of the velocity. 
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If the velocity gradients are small, we assume that the effects of viscosity result 

only from the first derivatives and ignore higher derivatives. Hence, a%3 depends only 

on | ^ . We further assume that a%3 is a linear function of | ^ . Now, since viscosity 

results from fluid particles moving with different velocities, o%3 = 0 for u = C, where 

C is a constant. Thus, a%3 — 0 for | ^ = 0. As a result, there can be no terms in a%3 

that are independent of | ^ . So, we say that a%3 is proportional to dx 

du% ^ - > Y ^ ®u% 
dx~3

 = ^^dx~3 

dUn For each i, j , we can write the tensor ^ as 

du, du, du, 
+ 

l 
+ 2 

du, du, 
(C.26) 

TIC 

dx3 2 \dx3 dx%) 2 \dx3 dx 

where \ (|^ + -^-) is the symmetric part and \ f | ^ — -^ j is the antisymmet 

part. 

We also note that a%3 = 0 when the entire fluid is in uniform motion, meaning that 

all particles of the fluid are rotating at the same speed. When a fluid is in uniform 

rotation, 

i j k 

ti = Q x x = ftx fi2 Q3 

Xi x2 x3 

where Q is the angular velocity. From the previous equation, we have 

Ui = Q 2 x 3 - fi3x2 

U2 = - ^ 1 X 3 + Q3X1 

u3 = QiX2 - fi2Xi 

(C.27) 

(C.28) 

Using (C.28), we can show that 

du3 du% du3 dux 

^~ + n = °' and ^~ x ox3 ox% ox3 oxl 

du\ 

^0 

For example, for i = 1, j = 2, g = - f i 3 and §** = fi3. Thus, fe + g f = 0 but 

la-1 — lx2 ^ 0- This means that for a fluid in uniform motion the symmetric part 
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of the tensor Ĵ p is zero when the antisymmetric part is nonzero. Since o%3 is also 

zero for a fluid in uniform motion, the only possibility is that a%3 depends only on 

the symmetric part. Thus, when the fluid is in uniform rotation (when o%3 = 0), a%3 

only depends on the symmetric part of the tensor defined in (C.26) and not on the 

antisymmetric part. 

From the above investigation, we will now define a%3 in the following way 

'- - K->4 {k+k) (a29) 

where Kljmn is a fourth order tensor with 81 components, and (C.29) is summed over 

m and n for each i, j . 

We now assume that the fluid is isotropic, meaning that it is the same at every 

point (homogeneous). Also, Kljmn is an isotropic tensor and thus its components are 

unchanged by a rotation of the frame of reference or of the coordinate system. Some 

important properties of isotropic tensors include the fact that the only second order 

isotropic tensor is 8%J (the Kronecker delta function), and all isotropic tensors of even 

order can be written as the sum of products of delta tensors (source [2]). As a result, 

the fourth order tensor K%3mn must be of the following form 

Kl3mn = ^l3Smn + pSimSjn + ^6inS3m (C.30) 

As we mentioned earlier, a%3 is symmetric. So, Kljmn is also symmetric in i and j . 

This means that Kljmn = KJimn. Now, applying the symmetry of Kljmn to equation 

(C.30) gives 

and this only holds true if p = 7. Hence, equation (C.30) becomes 

•t^ijmn = AOZ30rnn + P[Oim03n -\- Oin03m\ yKj.oL) 

The above equation (C.31) is a symmetric tensor in m and n so we can interchange 

m and n and get the same result. Thus, the equation can be simplified to 

Kijmn — ™l30mn + 2pdim03n (CoZJ 
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We are now in a position to come up with the general form of the tensor oXJ. By 

substituting (C.32) into (C.29) we get the following 

av-A°v°™2\dXn + dx 
dun\ 1 fdum dun\ 
dxm) im Jn2\dxn dxmJ 

We now replace m by i and n by j to get the following result 

dum \ / du, du 

"«-Mi£J+'w<*1 (a33) 

Note that 
dum _ y ^ dum _ du± du2 du$ _ _ 

^—^ flnr f)nr^ rinrn f)nr^ dxm ^—' dxm dx\ dx2 dx3 
m 

Now that we have a general expression for a%3, we can come up with a more 

complete expression for (C.25). Thus, the complete stress tensor is 

rv = ~p5l3 + (*(?£ + | | ) + A ^ ( V • u) (C.34) 

Let us now consider the diagonal terms of the above equation (C.34); 

c ^ fdul\ x c f dux Tu = -pon + 2/i I — 1 + AdM I — 

Since we are summing over i on both sides of this equation, the Einstein summation 

convention (B.3) can be applied. Before doing so, we note that 

AT=3 N=S 

Sit = /]Stt = } ] l = 3 
1=1 2 = 1 

and so 

rn = -3p + (2/i + 3A)V • u (C.35) 

Using equation (C.35), we can come up with an expression for the thermodynamic 

pressure; 

P = -\rn + Q/ i + A j V -u (C.36) 

Now define 
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where p is the mean or mechanical pressure. Equation (C.36) then becomes 

P = P+ ( o / i + A ) V * ^ (C-37) 

or 

P~P= I ̂  + X) V ' ^ 

The latter equation represents the difference between the thermodynamic and me

chanical pressures. 

For an incompressible fluid, V • u = 0 and so p = p. In other words, for an 

incompressible fluid, the thermodynamic and mechanical pressures are equal. The 

stress tensor for an incompressible fluid is 

dus c (du% 

dxx 

On the other hand, for compressible fluids, the pressure is given by equation (C.37) 

and p — p only when the constant 

1 ^ + A = 0 (C.38) 

This is called the Stokes' Assumption. Another way to express the Stokes' assumption 

is 

x 2 

and if we substitute this expression into equation (C.34) we get 

rx, = - ^ + ^ ( f 7 + f ^ ) - | ^ ( V - £ ) (C.39) 

r 2 , _ . . . (dux dun\ 

Fluids that obey the above equation are called Newtonian Fluids. Furthermore, a 

Newtonian fluid is one that obeys the linear Newtonian friction law, meaning that 

aXJ is a linear function of | ^ . This linear relationship is quite accurate for fluids 

such as air and water. Nevertheless, some liquids, particularly liquids in the chemical 

industry, exhibit non-Newtonian behaviour. As a result, aXJ may be a nonlinear 
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function of | ^ . Some reasons for this nonhnearity include the fact that aXJ depends 

on its history (past behaviour of the fluid) which causes the fluid to have memory-, an 

elastic property as well as a viscous property. Non-Newtonian fluids are often said to 

be viscoelastic. 

C.4.4 Navier-Stokes Equation 

All of the work in the previous section has enabled us to produce the governing 

equation for a Newtonian fluid. We do so by applying the Stokes' assumption (A = 

— §/x) to (C.34) and then substituting (C.40) into Cauchy's equation (C.24). We 

must also substitute an expression for -̂ p- into Cauchy's equation. Taking the partial 

derivative of (C.40) with respect to x3 gives 

dr* 
v 

dx3 dx3 

In the above equation, 

dp d 
dXJ + P 

du7 du, 
+ dx3 |_ \dx3 dx 

dp _ dp 
dx3

 lJ dxx 

-p (V • u) SX3 (C.40) 

and p is the viscosity coefficient. Now, making the substitutions mentioned above 

gives the following governing equation for Newtonian fluids 

Du, 
= — 4- no. A // I -\ - I - , Dt dx3 dx3 

dux duA 2 , _ . _ 
M l ^ + ^ l ~I:P(V-U)5X3 (C.41) 

Kdx3 dxx 

Equation (C.41) is a general form of the Navier-Stokes equation. The viscosity co

efficient, p, depends on the temperature of the medium. For liquids, p decreases 

with temperature, and for fluids p increases with temperature. If the temperature 

differences are small within the fluid, p can be treated as a constant and in this case 

p can be taken outside of the derivative in (C.41) as follows 
Du, dp 

Dt dx, 
+ P9i + P 

d f du 
+ 

d f du 

_dx3 \dx3 J dx3 \dx 
2 d 
3dxn 

(V-u)5X3 

Now, since the terms in the square brackets simplify to 

d2 
u, 

dxjdxj + 
d2Uj 2 d2Uj 

dxjdxi 2>dxldx0 

d2u, 1 d 
H 

dx2 3 dx, 3 

dx2 

duj 
dx, 

1 9 ,„ ^ 
+ Sdx-^-u) 
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we can further simplify (C.41) to 

Dux dp 
P~Dt ~ ~dxx 

where 

+ P9z + P (C.42) 

2 _ d2ux d2ux d2ux d2ux 
1 ~ dx2 dx2 dx\ dx\ 

is the Laplacian of ux. Equation (C.42) is a more simplified version of the Navier-

Stokes equation and represents the conservation of momentum. For incompressible 

fluids, since V • u = 0, (C.42) reduces to 

Dux dp ~ ,„ . 

<>lH=-W,+™ + ^U' (C'43) 

The above equation can also be written in vector form as follows 

Du 
P^ = -Vp + pg + pV2u (C.44) 

The above equation is the Navier-Stokes equation for an incompressible fluid. If 

viscous effects are negligible, then p = 0 and equation (C.44) reduces to 

Du 
p— = -Vp + pg (C.45) 

This is called the Euler equation. 

C.5 Conservation of Energy 

In this section, we will derive various forms of the mechanical energy equation. We will 

also discuss the first law of thermodynamics and, through the use of the mechanical 

energy equation, we will derive the thermal energy equation. 

C.5.1 Mechanical Energy Equation 

There are various types of energy to consider within a fluid. For instance, the thermal 

energy (internal energy), and mechanical energy which can be further divided into 
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kinetic and potential energy. An expression for the kinetic energy is given by 

mu2 

If we are interested in the kinetic energy per unit volume, the expression becomes 

mu[ = p^_ 
V 2 2 

and per unit mass is 

K 
2 

We can use the momentum equation (C.24) to derive an equation for the mechan

ical energy of a fluid by multiplying this equation by ux (and summing over i) as 

follows: 

pux 

Dux 

Dt puxgx + ux 

dr, 
u 

dx, 

This equation can be rewritten as 

D (1 

Dt\2 
ux = puxgx + ux dx, 

(C.46) 

This is the simplest form of the mechanical energy equation. In this equation, we 

have written u2 for ^%u%u%. 

Another form of the mechanical energy equation can be found by multiplying the 
2 

continuity equation (C.IO) by ^ - , which gives 

~2pu% 

dp d , N 

Tt + dx-,^ = 0 

Now, if we add this equation to (C.46), we get 

1(1 
dt\2 

pu2 I + 
_d_ 
dxj 

1 
^ 2 p w * = putgx + u% 

dr, 13 

dxd 

Using vector notation and defining 

r, 1 2 

as the kinetic energy per unit volume gives 

dE 
dt 

+ V- (uE) = pu-g + u-(V -T) (C.47) 
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The second term in the above equation (V • (uE)) represents the divergence of the 

kinetic energy flux uE. Flux divergence terms like this emerge in energy balances and 

it signifies the net loss at a point due to the divergence of the flux. Flux divergence 

terms are also called transport terms because they transfer quantities from one region 

to another without affecting the entire field in which they exist. 

Let us now shift our attention back to the first mechanical energy equation we de

rived in (C.46). Let us consider the term ux^- from (C.46). ux represents the velocity 

and -^r represents the net force at a point due to stress differences on opposing faces 

of an element. The force due to the differences in stress accelerates the fluid at that 

point and increases the kinetic energy. The total work done by surface forces (stress) 

on a fluid element is -£r(uxrX3) and this can be decomposed into two components: 

d drxl du% ,„ . 
= U ^ + T13-^ (C.48) dx3

 l dx3
 lJ dx3 

P a r t of the work is used to accelerate t he fluid and in t u r n increase t he kinetic energy 

\Ul~Wx~r an<^ ^ e o t ^ e r Pai"t ls u s e d to deform the element without accelerating it, 

which increases the internal energy f rXJ |^- J. 

We will now use the equation for total work to derive an alternate version of the 

mechanical energy equation. Firstly, we will rearrange (C.48) and isolate for ux^-

and then substitute this expression into (C.46) to obtain the following 

D (I 2\ d fdut\ 
PDt [?*) = ^ + dx-^ ~ T» {dx-J 

We will now substitute the expression for rtJ with Stokes' assumption applied from 

the previous section (C.40) into the above equation to obtain 

du 

dx3 

D (\ 2\ d . , f . (du, du3\ 2 „ ' 
pm {2^) =pu^+W,{u^] - r ^ + t x { d x - 3

 + dx-)-rv- u5\ 
After t he above simplifications have been applied, we get t he following equat ion 

PD\ Q W 0 =p°{t+W(WlTy) +p(v *a) ~ * (c'49) 

where 

0 = 2// 
1 (dux dun\ 1 , _ . _ n 
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Now, by defining 

E = T" 
and substituting this expression into (C.49), we obtain the following equation 

—— = pgu + — (uxrXJ) + p(\7 -u)-(f) (C.50) 

where the first term on the right-hand side of the equation represents the rate of work 

done by the body force (gravity in this case), the second term represents the total 

rate of work done by the surface force, the third term represents the rate of work 

done by volume expansion, and the last term is the rate of viscosity dissipation. 

We will now derive an alternate version of the mechanical energy equation in 

integral form by integrating (C.50) over a fixed volume, V. After we make use of the 

material derivative, (C.50) becomes 

dE d , _ _ d 
+ -^ (uxE) = pgu + -^ (uxrXJ) + p(\7 -u) - (j) 

Finally, we apply the Divergence Theorem to the above expression to obtain the 

required integral equation 

d_ 
di 

f EdV + f EudA = j pgudV + f uxrXJdA3 + / p(V • u)dV - f (j)dV (C.51) 

The first term on the left-hand side of this equation represents the rate of change of 

kinetic energy and the second term represents the rate of outflow across the boundary 

of the volume. The first term on the right-hand side of the equation represents the 

work done by body forces, the second term signifies the work done by surface forces 

because TXJdA3 is the force in the i direction and uxrXJdA3 is the scalar product of the 

force with the velocity vector, the third term is the work done by volume expansion 

and the last term represents the viscous dissipation. 

Thus far, we have derived various forms of the mechanical energy equation using 

momentum conservation. However, in fluid flows involving temperature variations, 
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we require a different principle for energy conservation that takes into account the 

thermodynamics of the problem. 

The total energy of a system is the sum of the internal energy, e, and the kinetic 

energy, E. The total energy is also called the stored energy. The internal energy per 

unit mass is given by 

e = CvT 

where Cy is the specific heat at constant volume. The kinetic energy per unit volume 

is given by 

IP pv% 
E = ^ 

u2 

and so -£ represents the kinetic energy per unit mass. 

We now consider a moving material volume, V, with surface, A. The total energy 

is given by 

/ 
p(e + -u2)dV 

The quantity e + \v?% is often called the stored energy. 

The first law of thermodynamics states that the rate of change of stored energy is 

equal to the sum of the rate of work done and the rate of heat added to the material 

volume. In other words, 

de = dQ + W 

where de is the change in internal energy, dQ is the change in heat, and W is the work 

done on the system. Now define q to be the heat flux vector per unit area. Then, the 

first law of thermodynamics can be expressed as 

D_ 
Dt 

p(e+ -u2 j dV = / pgxuxdV + / rXJuxdA3 - / qxdAx (C.52) 

The first term of the above equation represents rate of change of energy, the second 

term is the work done by body forces, the third term is the work done by surface 

forces and the last term is the heat flux through the surface. We note that the last 

term has a negative sign since the vector dA acts outward and J qdA represents the 

heat outflow. Thus, —f qdA represents the heat flux into V. 
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IAH^-l 

We now write the left-hand side of equation (C.52) as 

We are able to do this because V is a material volume. We have made use of the fact 

that 

Wtl»fdV = l^dV 

which can be derived from (C.4) (Reynolds transport theorem). On the right- hand 

side of (C.52), we change the surface integrals to volume integrals using the Divergence 

theorem and we obtain the following result 

Thus, 

PDt (e + 2*) dV = P9^ + dx~, M ~ tet
 ( C - 5 3 ) 

This is the first law of thermodynamics in differential form, which consists of both 

mechanical and thermal energy terms. The mechanical energy is composed of both 

the kinetic and potential energy terms, and p^ is the thermal energy term. 

We will now derive the thermal energy equation. We begin by subtracting the 

mechanical energy equation (C.50) (with E replaced by ^u2) from (C.53) to obtain 

De , „ . , dqx 

Now, rewriting this equation in vector form, gives the desired result: 

De 
PDt = " P ( V • *0 - V • ? + 0 (C.54) 

The first term represents the rate of change of internal energy, the second term repre

sents the rate of volume compression, the third term represents the rate of heat flux 

and the last term represents the rate of viscous dissipation. This equation is called 

the thermal energy equation or the heat equation and it tells us that the internal en

ergy increases due to the convergence of heat, volume compression and heating due 

to viscous dissipation. 



Appendix D 

Dispersion Relations 

D.l Dispersion Relations Defined 

In this Appendix, we will briefly define what a dispersion relation is, following the 

notation in Section 14.2 of Haberman [7], and then derive the dispersion relations for 

both the /?-plane and Boussinesq problems, in the subsequent sections. 

A linear dispersive system (in a two-dimensional configuration defined in terms of 

coordinates x and y) is one which admits a solution of the form 

iP(x,t) = Ae1^^-^ (D.l) 

where k and I are the wave numbers in the x and y directions, respectively, A is the 

amplitude, and UJ = cu(k, I) is the frequency. Furthermore, a dispersive system has a 

phase speed of c = (cx, cy) where 

C = ^ (D.2) 

c, = ^ (D.3) 

are the components of the phase speed in the x and y directions, respectively. The 

phase speed is not constant but depends on k and I. If the phase speed is constant, the 

solution is said to be nondispersive. We can also add to the definition of a dispersive 
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solution the fact that 

_ f du duj\ , 
\u) = T-r, -7T7 7̂  constant vector 

\dk dl J 

By substituting (D.l) into the partial differential equation that describes the evolution 

of ijj in space and time, a relation between UJ, k and I emerges. This relation is called 

a dispersion relation and has the form 

G(co,k,l) = 0 (DA) 

where the function G is determined by the equation for I/J. 

D.2 Dispersion Relation for /?-Plane Problem 

We will now find the dispersion relation of the linear part of equation (3.8). In other 

words, when e = 0. After substituting 

Jj — £ei{kx+ly-wt) 

into the linear part of (3.8) and simplifying, we obtain 

[icu(k2 + I2) - iuk(k2 + I2) + ipk - v(k2 + i^f]Ael^kx+ly-^ = 0 (D.5) 

After simplfying, we obtain the following dispersion relation 

We note that the dispersion relation can be written as 

Lj = X2 + i\i (D.7) 

where Ai and A2 are analagous to a and b defined in (3.24). The real part of UJ is 

the frequency of the wave. The imaginary part produces an exponentially decaying 

factor of eXlt = e~^k +l ) which shows that the viscosity acts to damp the amplitude 

of the wave to zero as t —> oo. Comparing 

Jj — Aei(kx+ly-vt) _ j^e-iutei{kx+ly) (D.8) 
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to the definition of the inverse Fourier transform (3.10), we see that 

^ = Ae~luJt (D.9) 

Since the X3's in (3.16) are defined in terms of ip, the dispersion relation is another 

way to find the general solution of (3.20). Take X2 for instance, where k = 0 and 

/ = 1. Then, u = —iu and thus 

ip(0,l,t) = Ae~1/t 

As a result, 

-vt X2 = Ae 

where A is the same as the constant X3(0) which is determined from the initial 

condition. 

D.3 Dispersion Relation for Boussinesq Problem 

Akin to what was done for the /?-plane problem, we will also find the dispersion 

relations for the linear part of equations (4.17) and (4.18). We begin by substituting 

^ = Aei(kx+mz-ut) a n d 0 = Bei(kx+mz-ut) ( D JQ) 

into both linear equations. After simplifying, we obtain the following two equations 

in two unknowns (A and B) 

[iu(k2 + m2) - iuk(k2 + m2) - v(k2 + m2)2]A - i^-kB = 0 (D.ll) 
Po 

AT 
[-iu + iuk + n(k2 + m2)]B - i-^-kA = 0 (D.12) 

H 

To eliminate B, for instance, we multiply (D.ll) by — i(uo—uk)+K,(k2+m2) and (D.12) 

by —i—k and ad< 

(a; — uk) results: 

by —i-^-k and add the two equations together. The following quadratic equation for 

(k2 + m2)(u - uk)2 + i(k2 + m2)2(K + U)(UJ- uk) - Kv(k2 + m2f - ^-k2 

Hp0 

A = 0 

(D.13) 
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After using the quadratic formula and a bit of algebraic manipulation, we arrive at 

the following dispersion relation for the Boussinesq problem: 

w = a , _^__ ( f c 2 + m 2 ) ± ^ WT^) (D'14) 

Once again, we note that the dispersion relations can be decomposed into the sum 

of a real and imaginary part. For the case of an inviscid and nonconducting fluid 

(u — 0, K — 0), the dispersion relation is 

yf^k 
cj = uk± ; (D.15) 

v k2 + m2 

The ratio \ ^~ is called the Brunt- Vaisala frequency or buoyancy frequency, and is 

usually denoted by N. It gives a measure of the extent of the stratification of the fluid, 

or, how rapidly the density and temperature decrease with height. The dispersion 

relation in terms of N is 

u = uk- i^±(k* + m2) ± V ^ _ _ _ 4 (D.16) 

By comparing ip and 0 in (D.10) to the inverse Fourier transforms defined in (4.22), 

we find that 

iP(k, m, t) = Ae~luJt and 6(k, m, t) = Be~luJt (D.17) 

This demonstrates that dispersion relations offer an alternative method to solve the 

linear equations (4.32) and (4.33). For example, let us consider X2 and Y2, where 

k = 0 and m = 1. Then, uo = —iu for X2 and LJ = —in for Ŷ - Thus, 

X2 = Ae~vt and Y2 = Be~Kt 

where A is the same as ^ ( 0 ) and B is the same as Y3(0), which are determined from 

the specified initial conditions. 
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