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Abstract 

In this thesis, we focus on the development of a GIS system, called Intelligent Map 

Agent system (IMA). We implemented the system framework, designed and imple

mented several system services, and designed efficient algorithms for the services. 

The main focus of the IMA is to provide access to services, which require the usage 

of spatial data and spatial information, to mobile users regardless of their location. 

The IMA achieves this via Services Oriented Architectures [8] which supports a dis

tributed set of services instead of a single monolithic spatial information system. The 

IMA system can accommodate a large number of mobile users and services, which 

may be distributed across a wide geographical area. The services, as well as users, are 

represented by agents using JADE/LEAP technologies. The first part of the thesis 

is dedicated to the IMA system including a description of its architecture design and 

implementation. In the second part, we present algorithmic solutions to two services, 

intended for the IMA system. These are: (i) meeting scheduling services and (ii) 

shortest path services. The services are using data having temporal and geometrical 

constraints. 

We present an algorithmic solution to one variation of the meeting scheduler 

service, where each participant (traveling in Euclidean space) is associated with a 

meeting schedule, and the problem is to find a location and a time where all the 

participants can meet for the longest possible duration. For this problem, we present 

two algorithms, a geometric algorithm has an O(nlogn) execution time (participants 

travel at the same speed) and a linear programming algorithm with an 0(ri) ex

pected time (participants may travel at different speeds). When no new meeting can 
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be scheduled among all the participants, we give an 0(n4) algorithm to find the max

imum number of participants. We also consider the case that all participants travel 

in a road network (graph). 

We also present an algorithmic solution to one variation of the shortest path 

service, which is to compute a shortest path among a set of growing disc obstacles. 

For the case where the disc radii grow at the same constant speed, our algorithm runs 

in 0(n2\ogn) time, which improves upon an O(n3logn) time solution. When the 

discs grow at different speeds, we are able to compute a shortest path in 0(n3 log n) 

time. 
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Chapter 1 

Introduction 

1.1 Motivation 

A Geographic Information System (GIS) [53] is a computer system capable of inte

grating, storing, editing, analyzing, sharing, and displaying geographically-referenced 

information. 

GIS technology is widely used by businesses, governments and individuals. Over 

the years, through augmentation of functionality, these systems grew in scope and 

have become powerful tools for operational planning and decision making. However, 

the systems have been monolithic and as such are often cumbersome, hard to use 

and to customize. Frequently, it takes several years to deploy them (including data 

integration), and requires large amounts of computing resources. To meet today's 

demands posed by a dynamic, mobile, and fast moving environment, new ideas must 

be developed. 

Ubiquitous computing is an important concept proposed by Weiser [117] in the 

early 1990s. Through ubiquitous computing, people are connected everywhere, at 

any time using embedded and hidden devices. Now, after more than a decade of 

research and development, ubiquitous computing becomes possible: (i) The growth 

in communication capabilities, especially in the wireless domain, enables better ac

cess to information, data, as well as easy and independent interaction between people 

1 
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CHAPTER 1. INTRODUCTION 2 

within and outside their community and geographic vicinity, (ii) The size of elec

tronic devices has been reduced, and even more functionality has been integrated 

into a single device. Most new devices, including cellular phones, are capable of cap

turing, transmitting and receiving digital data (including images and video) as well 

as traditional voice data (for telephone calls), (in) The cost of electronic devices, 

e.g., mobile phones and PDAs, as well as communication network access/usage fees 

has been constantly decreasing. GIS technology has adapted to these trends, and 

the traditional usage of maps and GIS has been extended to real-time and seamless 

access and/or usage of spatial information. Examples are: one uses an Internet map

ping program (such as GoogleMap or MapQuest) to seek directions, or one uses a 

navigation system in a car instead of maps. As a result, GIS is becoming an integral 

part of our lives, and our dependency on spatial data and spatial data manipulation 

is growing, as well as the demand for spatially referenced services. 

The intelligent map agents system (IMA), proposed here, uses agent technolo

gies to introduce new, generalized concepts for working with spatial and geographic 

data. It aims at creating a mobile user-centric ubiquitous environment where users 

can access, use and manipulate spatial data explicitly as well as implicitly, e.g., by 

requesting services requiring spatial data. User interaction with, or within, the sys

tem is facilitated through agents. An intelligent map agent is a software agent [84], 

situated in a system that consists of users, geographic data, networks, possible other 

agents, data sources, and distributed geographic services, all of which are ready to 

serve the user by taking into account the user's needs and state. Thus, the objective 

of our work on the IMA system is to develop a framework which permits the prolifera

tion of geographic data within our society through seamless connection, collaboration 

between users, and interaction with distributed geographic services and data centres. 

This is achieved by moving away from monolithic geographic information systems 

into a lightweight environment where users can access and select data, functionality 

and visualization according to their needs. The research focuses on design and im

plementation of the framework of the IMA system, and providing efficient algorithms 
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CHAPTER 1. INTRODUCTION 3 

for the services in the framework (or similar services). 

We focus on two services: a meeting scheduler service and a shortest path service. 

The meeting scheduler service aims to schedule a new meeting among a group of 

people distributed in different locations. Traditional meeting scheduler service, for 

example, the palm computer, only considers time. However, the time spent on travel

ling to and from the new meeting location has effect on the determination of the new 

meeting location. Thus, the novelty of the meeting scheduler service is scheduling a 

new meeting based on time and location information. We provided the first meeting 

scheduler algorithms with spatial and temporal information. 

As we know, computing an optimal path in a geometric domain is a fundamental 

problem in computational geometry, having many applications in robotics, GIS, wire 

routing etc. [79]. The computation of optimal paths has been studied in GIS mainly 

for road networks (see De Floriani et al. [37]). For example, one of the applications 

is a routing problem: delivering packages to and from different locations, with time 

restriction. Each path to be traveled should be as short as possible to cut down on 

the cost of distribution. Another example is that an optimal path construction is 

applied to some emergency systems such as 911 fire alarms. These systems require 

that the computation of an optimal path be almost 1-3 seconds. Furthermore, during 

travel, the next path of the vehicles should be calculated in time. The shortest path 

service in our IMA system aims at providing the minimum traveled path in a spatial 

environment, for example, in a road network, or on a terrain, between start and end 

locations. We study a shortest path problem which can be applied in the following 

scenario: evacuating residents rapidly from one location to a safe place while passing 

through several locations on fire, where, the fire expands outwards fast (modeled by 

growing discs). To be concise, the problem we studied is seeking a shortest path 

among growing discs for a point robot. 

The research related to the two services in the IMA system are introduced sepa

rately in the next section. 
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1.2 Summary of thesis results 

In this section, we summarize the results obtained in this thesis. The thesis is divided 

into two parts. The first part is dedicated to the IMA system including a description of 

its architecture design and implementation. In the second part, we present algorithmic 

solutions to two services which can be used as services within the IMA system. These 

are: (i) meeting scheduling services, aiming at scheduling a new meeting among a set 

of participants, based on temporal-spatial information, and (ii) shortest path services, 

specifically dealing with finding a shortest path among obstacles which are growing 

discs, and a constant speed on the shortest path is considered. Next, we discuss the 

results of each chapter in detail. 

1.2.1 IMA system architecture design and implementation 

The main focus of the IMA is to provide access to services, which require the usage of 

spatial data and spatial information, for mobile users regardless of their location. The 

IMA achieves this via an open architecture which supports a distributed set of services 

instead of a single monolithic spatial information system. The open architecture can 

accommodate a large number of mobile users and services which may be distributed 

across a wide geographical area. With respect to this, the key component of the 

IMA is its services oriented technology. The system adapts the Services Oriented 

Architectures (SOA) [8]. SOA has three parties: a provider, a broker, and a requester. 

A provider offers a business service(s) whose implementation is not directly visible 

to the requester. A requester is a consumer of services. It learns from the broker 

the information structure that it has to send and receive from the provider and what 

protocol to use to access that service. A broker is a match maker where providers 

publish their services, and where requesters discover the services. 

The services, described in the following section, as well as users, are facilitated by 

agents using JADE/LEAP technologies. We choose the JADE agent technology, for 

the following reasons: (1) to remedy the deficiencies of mobile users' communication 

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission. 



CHAPTER 1. INTRODUCTION 5 

and computation abilities, (2) to reduce the users' burden on multitasking perfor

mance, (3) to improve the scalability of services: the system needs to provide more 

services, and each service assists more users, (4) to support communication fault tol

erance: an agent deals with the situation when the connection between a mobile user 

and the system is broken, (5) to improve the inter-operability of users, regardless of 

the devices and environment the users are operating in. The IMA system has three 

basic tiers: user, functionality service and data service tiers. The design & develop

ment of each tier, is guided by particular design principles. For example, for the user 

tier, we design a context manager to maintain each user's personal information. For 

the functionality service tier, we use the broker provided by JADE agent to register 

the users and publish the services, and use service worker agents to improve the scal

ability of the services. The data service tier is responsible for the connection with 

geographic data centers. 

The IMA system development is a collaborative effort of a group of researchers 

[42, 43, 44, 83]. I took over the responsibility for building the framework of the IMA 

system in 2004. I have achieved the following: 

1. Built the framework based on an incomplete Master's thesis (by Hongsheng 

Liu): redesigned the user interfaces, and the interface between service domain 

and resource domain. 

2. Achieved a distributed system, i.e., the services and the users are located in a 

distributed environment: applied JADE's mechanism of distributed system into 

the IMA system. 

3. Tested the framework by incorporating a simplified meeting scheduler service, 

which in turn calls for a shortest path service (Dijkstra's shortest path algorithm 

is applied): fulfilled the meeting scheduler user and service agents, and modified 

the shortest path interface in C. 

This work has been described in [43]. 
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1.2.2 IMA system services 

According to the definition given in [11], software as a service is a software application 

delivery model where a software vendor develops a web-native software application 

and hosts and operates (either independently or through a third-party) the application 

for use by its customers over the Internet. The IMA system design enables a large 

number of services to be offered simultaneously. A simple example is the meeting 

scheduler service, which in turn calls for a shortest path service. Both services are 

related to theoretical problems in Computational Geometry. We designed efficient 

algorithms for solving these problems which are introduced next. 

1.2.2.1 Algorithms for meeting scheduler services 

Meeting scheduling services aid users to schedule a new meeting among them sat

isfying particular objectives. In this work, we study the problem where a group of 

people, each associated with their own meeting calendars, would like to find a meet

ing location with largest meeting time that can fit into each participant's schedule. 

More specifically, a set of n participants, each participant Pi has a previous meeting 

Ml(l,ti,t2) and a subsequent meeting , h), where, I is the meeting location, 

ti is the meeting starting time, and t2 is the meeting ending time. The problem is 

to schedule a new meeting M*(l,ti,t2) with the longest duration (max 11i2 — ti||), 

such that the new meeting can be added to each participant's schedule, without 

violating the participant's original meeting schedule. I.e., the latest participant ar

riving at the new meeting location M*(l) should be at time t\ after his/her previous 

meeting, and the earliest participant leaving M*(l) should be at time 12 such that 

he/she can arrive at his/her subsequent meeting location on time. The novelty of 

the meeting scheduler service is that not only time is considered, as in current com

mercial products, but also geographic locations. By taking into consideration both 

time and space limitations of the users, we distinguishes our problem from the cur

rent practice of scheduling meetings based only on time limitations of its participants 

[17, 28, 48, 54, 100, 101, 107, 109, 116]. We offer several algorithms to tackle the 
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meeting scheduler problem. The first algorithm provides a geometrical solution to 

the problem based on geometrical properties. The second algorithm, uses linear pro

gramming techniques. The third algorithm focuses on the case when no new meeting 

can be scheduled for all of the participants, i.e., violations exist. For that problem 

instance, we find a new meeting location allowing the maximal number of partici

pants to take part in. Finally, we briefly consider a graph-based model and derive 

the computational complexity of finding the optimal meeting time/location based on 

this model. 

This work resulted in the conference papers [18] and [62], and a journal paper [19]. 

1.2.2.2 Algorithms for shortest paths services 

Shortest path services are fundamental services provided by the IMA system. In 

this thesis, we propose an algorithmic solution which will lead to a dynamic shortest 

path service. This research investigates the problem of finding a shortest path among 

moving obstacles, and the moving directions of the obstacles are uncertain. The 

obstacles are thus modelled as growing discs. More specifically, given a set of n discs 

in the plane, the goal is to find a collision free shortest path, for a point robot with a 

steady speed VR starting from a source point s and ending at a destination point g. 

In [114, 115], van den Berg and Overmars studied the dynamic shortest path problem 

when all discs grow at the same speed. They provide a solution with 0(n3logn) 

running time, where, n is the number of discs. We improved the bound by a factor 

of n to 0(n2 log n) [70]. When the discs grow at various speeds, there is no time 

complexity applied in their algorithm. We give an 0(n3\ogn) time algorithm for 

that [71]. 

1.3 Organization 

This thesis is organized as follows: Chapter 2 reviews the related literature. Chapter 3 

focuses on the IMA system architecture and its implementation. Chapter 4 presents 

algorithms related to the meeting scheduler service. Chapter 5 describes the dynamic 

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission. 



CHAPTER 1. INTRODUCTION 

shortest path algorithms. Conclusions and future work are listed in Chapter 6. 
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Chapter 2 

Background 

This chapter gives an overview of existing results in the areas of research we address. 

Section 2.1 discusses previous work related to our applied work on the IMA system. 

Section 2.2 discusses existing results related to our more theoretical research. For 

the meeting scheduler service in the IMA system, the related theoretical research is 

presented in Chapter 4. The theoretical research on the special shortest path problem 

as related to our shortest path service is presented in Chapter 5. 

2.1 Related applied work 

2.1.1 Agent technologies 

A software agent is software which can act autonomously or semi-autonomously in 

order to accomplish a task on behalf of a user. Software agents do not operate on their 

own, rather, they operate in an agent platform. A popular and still growing agent 

platform is JADE (Java Agent DEvelopment Framework). We cite [39]: "JADE is 

a software framework fully implemented in Java. It simplifies the implementation of 

multi-agent systems through a middle-ware that complies with the FIPA (Foundation 

of Intelligent Physical Agent) specifications and through a set of graphical tools that 

supports debugging and deployment phases. The agent platform can be distributed 

across machines (which not even need to share the same OS) and the configuration can 

be controlled via a remote GUI. The configuration can be even changed at run-time 

9 
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by moving agents from one machine to another one, as and when required". Other 

agent platforms include TACOMA [56] and Aglets [64]. TACOMA (Troms And COr-

nell Moving Agents) is a lightweight distributed computing middleware platform. It 

provides a secure message passing mechanism and a simple framework for implement

ing application specific message handlers. It is a generic toolkit for building closed 

distributed communication infrastructures. Aglets is a Java-based mobile agent plat

form and library that eases the development of agent-based applications. All agent 

platforms support mobile agents. 

Agents can be pro-active or reactive, static or dynamic, and/or mobile. Agent 

technology has been used in different areas, for example, searching for the cheapest 

flights to a destination or locating a restaurant that is closest to the user. 

2.1.2 Systems using agent technologies 

Agent research took its origins from collaborative agents, which appear in Distrib

uted AI and Multi-Agent Systems. Agents negotiate in order to resolve conflicts 

(e.g., meeting time). Some agents collaborate to integrate information. Agents wrap 

around legacy systems ("glue" to interconnect them), and provide solutions to inher

ently distributed problems, e.g., air traffic control and telecommunications network 

management. Strong forms for collaborative agents are: Georgeff's BDI (Beliefs-

Desires-Intention) in the distributed Multi-Agent Reasoning System (dMARS) [33], 

and Shoham's AOP (Agent-Oriented Programming) in modal logic [68]. 

Research in [35] focuses on developing an agent-enhanced Work flow Management 

System (WfMS), called JBees, where the functional work associated with running a 

WfMS has been partitioned among various collaborating agents that are interacting 

with each other by following standard agent communication protocols (FIPA). 

Moraitis et al. [81] combine the Gaia methodology [119] and the JADE develop

ment environment in order to implement a real multi-agent system (MAS). It focuses 

on the functionalities of the services, while exploiting existing web services of differ

ent service providers. The Gaia methodology is an attempt to define a complete and 
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general methodology that is specifically tailored to the analysis and design of MASs. 

By applying the Gaia methodology, the real multi-agent systems are composed of a 

number of autonomous interactive agents and each agent plays one or more specific 

roles. Gaia defines the structure of a MAS in terms of a role model. The model 

identifies the roles that agents have to play within the MAS and the interaction pro

tocols between the different roles. An agent based system with focus on automated 

generalization has been described in [63]. 

Several other research groups are investigating the usage of agent technologies in 

conjunction with geographic data. However, these systems are special purpose sys

tems each of which targets a particular application. As far as we know, the project: 

CReation of User-friendly Mobile services PErsonalised for Tourism (CRUMPET) 

[65, 97, 105, 120], seems to be one of the first system employing agent technology for 

implementation, validation and trial on GIS applications. The apparent objective of 

CRUMPET is the creation of user-friendly mobile services personalized for tourism, 

and using agent technology for fast creation of robust, scalable and seamless access to 

nomadic services. The CRUMPET project took the use of geographical information 

technology one step further by developing an integrated, spatially enriched informa

tion architecture through the intensive use of distributed intelligent agent technology 

based on the FIPA standard. Some of the key technologies used in CRUMPET are 

intelligent agent technology, embedded devices technologies (PDAs, Mobile phones), 

UML, XML and Java. The CRUMPET research work tackled the problems as fol

lows: Using a handheld device, tourists can check out an array of information such 

as their nearest Italian restaurant, or the time of public transport in another city by 

using a digital map of that city. GPS is used to establish the user's position. While 

similar electronic services such as digital tour planners or restaurant guides are now 

on the market, they are not linked together. With the CRUMPET system, a central 

database has been established allowing all these services to be integrated into a sin

gle working network. Users, independently of their location, can access information 

elsewhere on the network. The CRUMPET project claims that the agent platform is 
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suitable for the Universal Mobile Telecommunications System (UMTS) and for local 

wireless networks (W-LAN). 

Another research framework is the Deep Map Project [72]. Its objective was to 

develop a digital personal mobile tourist guide using GIS, databases, natural language 

processing, intelligent user interfaces and knowledge representation, conducted in 

EML (Europe Media Lab), which can be seen as pre-work to the CRUMPET project. 

The Monads Research Project [78] has implemented an agent-based architec

ture providing adaptive services. It addresses the problem associated with adapting 

land line software applications for wireless networks, namely variations in Quality-of-

Service (QoS). The research project studies the short-term predictability of available 

QoS, enabling applications to adjust their behavior dynamically to the forthcoming 

QoS. The results presented indicate that intelligent agents can learn the key char

acteristics quite quickly, including tempo-spatial variations of available QoS, so that 

reasonable predictions of available QoS in the near future are possible. 

2.1.3 Software architectures 

The architecture we adopted in the IMA system is the Service Oriented Architecture 

(SOA) [8]. This architecture has service providers and service consumers within 

a distributed computing network, and focuses on the basis for interaction between 

components on those same defined services, i.e., service requests, service responses, 

or service exceptions. SOA is widely used by the Web Services. A web service is a 

SOA with at least the following additional constraints: 

1. interfaces must be based on Internet protocols such as HTTP, FTP, and SMTP. 

2. except for binary data attachment, messages must be in XML. 

SOAP-WSDL (Service Oriented Architecture Protocol - Web Service Definition 

Language) standard for "publishing, finding and binding" services of W3C (World 

Wide Web Consortium) [29] is the most popular web service. 
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OpenGIS Web Service (OWS) Architecture [69] is a common architectural frame

work for the design and implementation of Open Distributed Processing applications 

based on a Web Services platform. It defines a framework of guiding concepts, ter

minology, fundamental patterns and organizing principles for implementation and 

deployment. It establishes common interfaces, exchange protocols, and services that 

can be utilized by any application, to enable interoperation between instances of Web 

Services. 

OpenGIS Location Service (OpenLS) architecture provides five core services: (1) 

a Directory Service provides access to an online directory for a specific location, (2) a 

Gateway Service finds the position of a known mobile terminal, (3) a Location Utility 

Service provides a transformation between the description of a location to a point 

with Cartesian coordinates, (4) a Map Portrayal Service displays a map and (5) a 

Route Service for a travel route. 

OpenGIS Web Map Service (WMS) [108] architecture defines a simple interface 

for web based mapping applications. The WMS protocol is based on a simple query 

syntax for posting a request for the desired registered layers and region of a map 

to the map server, which returns a map as a standard image (GIF, PNG or other 

format). Accompanied with the returned maps, the detailed information of a feature 

at a location will be provided. Any client can access maps from any map server. 

Location Based Services (LBS) are capable of providing real time data through 

different kinds of positioning methods by embedding the technology for mobile users. 

The standard specifications in providing an LBS service are OpenLS, WMS, and other 

standards from OpenGIS Consortium (OGC), e.g., GML, an XML-version specifica

tion of the OpenGIS for vector-based map content (geographic features) for GIS. By 

following the specification recommended by OGC, data sharing, data analysis and 

manipulation can be enhanced. 
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Figure 2.1: (a): Voronoi diagram of a set of points (b) order-2 Voronoi diagram of 
the set of points (c) order-3 Voronoi diagram of the set of points (d) furthest Voronoi 
diagram of the set of points 

2.2 Related geometric concepts and algorithms 

In this section, literature related to the theoretical research is reviewed and back

ground algorithms are introduced. 

2.2.1 Voronoi diagrams 

Due to the large number of their applications, Voronoi diagrams have received con

siderable attention from researchers not only in the area of computational geometry, 
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but also from areas like crystallography, biology or economics. In this section, we first 

briefly introduce those Voronoi diagrams which are related to our research. Then, we 

present the details of their construction algorithms. 

1. Nearest Voronoi diagram of a set of points 

The Voronoi diagram of a set of n distinct sites (points) in a plane is a partition 

of the plane into convex polygons, such that each polygon contains exactly one 

generating site and every point in a given polygon is closer to its generating site 

than to any other. To be precisely, consider a point set F = {pi, ...,pn}. The 

Euclidean distance from a point q to a site Pi is defined as: d(q,Pi) = \\q — Pi\\-

The Voronoi cell of pi) VPil is defined as: 

VPi = {qe 5R2|Vj,d(pi, q) < d(pj,q)}. 

This Voronoi diagram is referred to as nearest neighbor Voronoi diagram, order-

1 Voronoi diagram, or Dirichlet tessellation [12], where, the cells are called 

Dirichlet regions, or Thiessen polygons. Shamos and Hoey [110] first introduced 

the planar Voronoi diagram and presented how to construct it in 0(n\ogn) time 

by divide-and-conquer. Fortune [38] gave an 0(n\ogn) algorithm to construct 

a Voronoi diagram by sweeping line technique. 

2. Furthest Voronoi diagram and Order-A; Voronoi diagram of a set of points 

Contrary to the nearest neighbor Voronoi diagrams, if every point in a convex 

polygon is further from its generating site than from any other site, i.e., the 

Voronoi cell of pi} V1H, is defined as: 

VPi = {ge ®?\Vj>d{phq) > d(pj,q)}, 

then this Voronoi diagram is called furthest Voronoi diagram (FVD). 

If every point in a convex polygon is closer to the same k sites, and each convex 

polygon has k sites corresponding to it, then this Voronoi diagram is called 

Order-fc Voronoi diagram [67, 102, 106]. Refer to Figure 2.1 for the nearest 
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Voronoi diagram, order-2 Voronoi diagram, order-3 Voronoi diagram and the 

furthest Voronoi diagram for the same set of points. 

Furthest Voronoi diagrams and order-/c Voronoi diagrams are useful for certain 

optimization problems, such as minimizing the maximum distance and facility 

location problem etc. [3, 7, 10, 21, 52, 77, 85, 86, 87, 88, 89, 91, 95, 96]. For 

example, Aronov et al. [10] applied the furthest Voronoi diagram on a terrain 

to find a location p which minimizes the maximum distance to the sites on the 

terrain. The terrain is composed of n triangles. The distance is measured by the 

Euclidean shortest path distance along the surface of the terrain. The terrain 

is extended to a polyhedron similar to a box, such that the terrain is restricted 

to the top and bottom surface of the box, and the shortest path between two 

points on the terrain is located on the two surfaces. They compute the furthest 

Voronoi diagram of the set of sites on the polyhedron, and point p is either in 

a Voronoi edge or is a Voronoi vertex of the furthest Voronoi diagram. 

3. Variations of the Voronoi diagrams 

Various other generalizations of the original concept of Voronoi diagram have 

been studied since the 1970s, including variations of the distance metric, e.g., 

Euclidean distance metric, L\ and Lrx, metric, shortest path metric [93], Haus-

dorff metric [92] and power function [13] etc.; and Voronoi diagrams in higher di

mensions [34], The sites can be points (weighted or unweighted), discs (spheres), 

curves, segments and polygons, etc.. The prolific references can be found in 

[14, 16, 90] and a Ph.D thesis of Gavrilova [41], who studied Voronoi diagram 

for circles and spheres, and Voronoi diagram in Euclidean, power, and (Man

hattan) metrics. 

4. Abstract nearest and furthest Voronoi diagrams in 2-d 

These Voronoi diagrams were studied in [60, 61, 76], respectively. Klein [60] 

provided a universal tool (divide-and-conquer approach) that can be used to 

compute all types of concrete Voronoi diagrams whose bisector curves have the 
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following three properties [61]: 

(a) The bisector of every two sites is homeomorphic to an open interval (0,1), 

(b) The bisector between every two sites divides the plane into three disjoint 

sets, i.e., the points on the bisector also belong to a set, 

(c) The intersection of two bisectors consists of finite connected components. 

As stated in [16], the approach in [60] does not apply to the points with mul

tiplicative weights, since the bisector curves can be closed, rather than homeo

morphic to a line. 

Mehlhorn et al. [76] presented a more general way to compute all abstract 

furthest Voronoi diagrams by a randomized incremental approach. 

Next, we emphasize on the additively and/or multiplicatively weighted Voronoi 

diagrams which are applied in our research. 

2.2.1.1 Additively weighted Voronoi diagrams 

Consider a point set O = {oi, ...,on} in Euclidean space. For each point o; e O, there 

is a weight fj associated with it. The additively weighted distance from a point p to 

a point site Oi is defined as: d(p,Oi) = \\p — Oi\\ — n. Additively weighted Voronoi 

cells are defined as Voronoi cells in a nearest Voronoi diagram. 

The additively weighted Voronoi diagram for the set of points with additive 

weights in O, is the union of the additively weighted Voronoi cells V0i, refer to Fig

ure 2.3 (a). It is the same as the one for a disc set C = {C^Oi^n}, 1 < i < n} in 

fft2, where, o» is the center and r; is the radius of Ci. The reason is as follows. The 

distance function from a point p € to C\ is d(p, Ci) = \\p — Oi\\ — Ti, which is the 

same as the distance function from p to point oz with weight r\. Furthermore, suppose 

that all the discs in C expand at the same speed v, i.e., the growing speed of each 

disc is v. For a point p which has the same distance to Ci and to Cj, the function is: 

d(p, Ci) = \\p — Oi\ \ — Ti — vt = d,(p, Cj) = \\p-Oj\\ —Tj — vt. This function is the 
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Figure 2.2: When an edge e in (a) is flipped, the topology is changed to e' in (6). 

same as the function \\p — 0i\ \ — Ti = \\p — Oj || — fj. Therefore, we have the following 

property: 

Property 2.1. The additively weighted Voronoi diagram for the discs in a set C; is 

the same as the Voronoi diagram constructed for the discs in C starting to grow at 

the same speed and at the same time. 

In an additively weighted Voronoi diagram, an edge is generally a hyperbolic arc 

or a line segment. Sharir [112] first dealt with the construction of the Voronoi diagram 

for a set of discs. He built the Voronoi diagram for a set of n discs in O (n log2 n) 

time by a divide-and-conquer algorithm, and proposed as open problem to improve 

the time complexity to O (n log «) time. Currently, a number of algorithms construct 

additively weighted Voronoi diagrams in 0(nlogn) time [6, 57, 58, 94, 118], by using 

the popular methods: incremental, sweep line, divide-and-conquer and edge-flipping 

methods etc.. For example, Kim et al. [58] compute a Voronoi diagram for discs 

contained in a large circle, by computing the Voronoi diagram of the set of the inner 

disc centers first, then by edge-flip (see Figure 2.2 for an example) operations on this 

Voronoi diagram computed so far, the final Voronoi diagram is obtained. Weringh 

[118] constructs the Voronoi diagram for a set of discs by divide-and-conquer. 
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\ 

Figure 2.3: (a): Voronoi diagram of a set of discs (b) furthest Voronoi diagram of a 
set of discs 

2.2.1.2 Multiplicatively weighted Voronoi diagrams 

Consider a point set P = {pi,...,pn}. For each point Pi e P, there is a weight Wi 

associated with it. The multiplicatively weighted distance from a point q to a site pi 

is defined as: d(q,p(i)) = l/w(i)\\q — p(i)\\- Multiplicatively weighted Voronoi cells 

are defined the same way as Voronoi cells in a nearest Voronoi diagram. 

The Voronoi diagram for the points with multiplicatively weights is called mul

tiplicatively weighted Voronoi diagram [15, 104], As shown in [15, 51], the bisector 

between two weighted point sites in a multiplicatively weighted Voronoi diagram is a 

circle, or a line segment, and the Voronoi region(s) of a site can be non-connected and 

non-convex. Aurenhammer and Edelsbrunner gave an 0(?72) algorithm to construct 

a multiplicatively weighted Voronoi diagram for a set of weighted points [15]. They 

projected the bisectors (circles) between a point site, say p, and the other point sites 
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onto a 3-dimensional sphere. The projection forms a convex polyhedron, and the 

XY-plane where the bisectors are originally located was geometrically transformed 

to a sphere. Thus, for site p, its Voronoi region can be computed in 0(n) time, by 

computing the intersection of the convex polyhedron with the sphere corresponding 

to the XY —plane. The Voronoi diagram can consist of 0(n2) faces, edges and ver

tices. The total time complexity of the Voronoi diagram construction is 0(n2). The 

multiplicative weighted Voronoi diagram computed in [104] is quite different from 

Aurenhammer and Edelsbrunner's. The distance from a multiplicatively weighted 

site to a point in the Voronoi region of the site is measured along a shortest path 

lying entirely within the Voronoi region. 

2.2.1.3 Additively, multiplicatively weighted Voronoi diagrams 

Consider disc set C in Jft2. Each disc Q(oi,ri) € C, has an associated weight Wi. A 

Voronoi diagram of the disc set is called additively multiplicatively weighted Voronoi 

diagram, or compoundly weighted Voronoi diagram [90]. An edge in a compound 

weighted Voronoi diagram is a Descartes oval [31], a line, a hyperbola, or a circle. 

The Descartes oval is explained next. The bisector between two discs Q e C and 

Cj € C is denoted by J{CiyCj). Let p be a point on J(Ci,Cj). J(Ci,Cj) can be 

obtained via the following equation: 

\ \ p - Q i W  -  n  =  \ \ p - Q j \ \  -  r j  

W i  W j  

lb - O i \ \  - — \ \ p  -  O j \ \  =  W j r i  -  W i T j  
W j  

Let h  =  h  >  0, and let k  —  W j T i  —  W i r j ,  k  <  0, or k  = 0, or k  >  0. Then, the 

equation becomes 

\ \ p  -  O i \ \  -  h \ \ p  -  O j \ \  = k, (2.1) 

which is named as Descartes oval [31], studied in [22, 50]. Also refer to Figure 2.4. 

Applications of additively multiplicatively weighted Voronoi diagram, for example, 
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-14 

Figure 2.4: An example of the bisector J(Ci,Cj) with function ||p—0i\\ — ^f:\\p—0j\\ = 

WjTi — Wirj, p € J(Ci,Cj). ^ — 1.5, ||Oi — Oj|| = 10, the numbers on the curves 
represent the possible values of w^Tj — w^i. 

can be found in [22, 50, 82], However, to our best knowledge, we have not found any 

algorithm to compute this Voronoi diagram efficiently with time complexity analysis. 

In the following sections, we will focus on furthest Voronoi diagrams for discs, 

refer to Figure 2.3 (b). As the computations are related to cones, we introduce the 

cone intersections first. Many authors have studied the additively weighted furthest 

Voronoi diagrams, we mainly refer to Rappaport [99] and Mehlhorn et al. [76] in the 

next section. 

2.2.1.4 Furthest Voronoi diagram of a set of discs, cone intersection, and 

minimum spanning circle 

1. Cone intersection and furthest Voronoi diagram of a set of discs 

Consider a disc set C of size n in 3?2, C^o^ri) e C, 1 < i < n. Define a set of n 

cones in 5?3, '€ = {cone\ , cone2-.... conen}, where, t is the third dimension. For each 

conei G , there is a disc Ci 6 C corresponding to it. 

conei = {(p,t) G 3ft3|p e = ||p - o»|| - n} (2.2) 
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\ 

Figure 2.5: Two cones intersect with a hyperbola in 3-d. Two discs are formed by 
cutting the cones with a horizontal plane. The projection of the hyperbola onto K2 

is a Voronoi edge between the two discs. 

I.e., if we cut the cones at a horizontal plane t = 0, then we obtain the circle set, 

C = {Ci, C2, ...Cn}- Conei is an upwardly directed cone in Jft3. with a vertical axis 

t (time), apex Oi , and an interior angle of 90°. Cones may be viewed as bivariate 

functions on ;ft2. In Chapter 4, cones are used to model the motion of participants 

with a known steady travel speed, but unknown travel directions. I.e., for a point 

(p,t) on a conei, P is a point that the participant can reach at time t. In Chapter 5, 

these cones model discs growing at the same speed. Le., for a point (p, t) on a conei, 

p is a point on the disc C»(oi, r») at time t. 

We define the lower envelope of — {conei\Ci <6 C. 1 < i < a}, as the surface 

composed of that portion of each cone that lies below all other cones. From the defin

ition of conei (Equation 2.2), it is evident that this lower envelope projects vertically 

onto V(C) (the Voronoi diagram for the disc set C) onto $ft2. In Equation 2.2, intu

itively, a smaller t means a smaller distance to the corresponding disc C\ in Sift2. Refer 

to Figure 2.5. Similarly, we can define the upper envelope of c€ — {cone,,\Ci e €, 

1 < i < n}. The projection of the upper envelope of the cones corresponds to the fur

thest Voronoi diagram for the discs in C. This can also be explained by the following 

observation. 

Let E > 0 be a constant and let Ci be the disc that results from intersecting cone 

conei with the plane H that is parallel to, and of height t — E above the XK-plane. 
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Figure 2.6: H is a plane parallel to XY plane with height E. disc Ci — // fi conei. 

Refer to Figure 2.6. The radius of Ci, is r = E + r^, as the cone has a 90° opening 

angle. Let q be a point in the XY-plane, and let z be the point on H that lies 

vertically above q. Then the distance from 2: to disc Cj, that is, to its boundary, 

equals ||oj — g|| — r = ||c>i — q\\ — E — n. On the other hand, conei intersects the 

vertical line through q at time \\oi — q\\ — r + E = j |o,: — q\ \ — These two values 

differ only by E, which is the same for all the cones. Therefore, consider the distances 

from a point p to the cones, where, the distances are the lengths of the vertical lines 

from p to the surfaces of the cones. If conei is furthest to p, then the corresponding 

disc Ci is furthest to p among all the discs in C. 

Also observe that the value of constant E is not relevant. A change to E would 

cause all disks Ci to shrink or grow by the same amount—it would not alter the 

Voronoi diagram. Therefore, different disc sets are obtained when the cones are cut 

at different horizontal planes, and the furthest Voronoi diagram for each of those disc 

sets remains the same. 

Consider the furthest Voronoi diagram for the discs in C. Each Ci e C, produces 

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission. 



CHAPTER 2. BACKGROUND 24 

(a) (b) (c) 

Figure 2.7: The dashed discs are the determining discs of the minimum spanning 
circle (MSG) g of the set of discs, (a): Two determining discs a and b. The center of 
a, b and g are on a line. (b) Three determining discs a, d, and e. (c): When the radii 
of the discs grow at the same speed, discs a, d and e intersect at a common point p, 
and all other discs include p. 

one connected Voronoi region, containing all points p for which Cj is the furthest disc 

in {Ci, C2,..., Cra}. The region of Cj can be empty, which happens if, and only if, 

Cj contains another disk Cj. This follows because Cj would be further away from 

each point p of the plane than Cj is. Two adjacent regions, of discs Cj and Cj, are 

separated by a hyperbolic arc, called a Voronoi edge, which consists of all points in 

the plane for which Cj and Cj are the furthest discs. Three or more such Voronoi 

edges meet at a Voronoi vertex. 

2. Minimum, spanning circle 

The minimum spanning circle (MSC) C(o, r), r > 0, for a set of discs C, is defined 

as a circle with the smallest radius, that intersects each disc in C, where, o is the 

center of C, and r its radius. Note that containment is also intersection. When the 

discs have a common intersection, we define that there is no MSC for them. Refer 

to Figure 2.8 (a). C(o,r) is determined either by two or by three discs. If two discs 

Ci(oi,ri) and C2(o2,r2) determine C(o,r), then 0, 0\ and o2 are on a straight line, 

f~i + r*2 + 2r = |c»i021- I.e., the two determining discs C\ and C2 are outside MSC and 
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(a) Q>) 

Figure 2.8: (a) No minimal spanning circle of Ci, Ci and C%. (b) The minimum 
spanning circle C of three circles Ci, C2 and 63. 

tangent to MSC. Similarly, if three discs Ci(oi, n), C2(o2, r2) and 63(03, r,s) determine 

C(o, r), then discs Cj, C2 and C3 are outside MSC and tangent to MSC. Each disc 

in a disc set that determines the center of the minimum spanning circle is called a 

determining disc. Refer to Figure 2.7 for an illustration. When the discs in C start to 

expand at the same speed, then the center of the MSC is the only intersection point 

of all the discs at a moment. 

The center of the MSC of a set of discs can be computed in 0(n) expected time, 

where n is the number of discs, by using Megiddo's linear programming algorithm 

[75]. However, Megiddo's algorithm is suitable only for discs in general position. In 

particular, it does not solve the case when the minimum spanning circle (MSC) is 

fully included in an input disc, refer to Figure 2.8 (b). The minimum spanning circle 

C(o,r) for the disc set C satisfies the following equation: 

\\o - Oi\ \ + n < r. 

In the case illustrated in Figure 2.8, the above formula cannot be applied. If we 

eliminate this case, then we can use [75] to compute the center of MSC for the disc set. 

Megiddo's algorithm works in the following way. First, generate the equation con

straints for the problem in order to eliminate variables. The underlying optimization 
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problem is the following: 

(minimize r 

subject to ||o — 0^11 + Ti < r(i = 1,2,n) 

The inequalities can be written as: ||o — Oj||2 < (r — r,;)2, and then let 

f i ( o , r )  = ||o||2 - 2{ o i ) T o +  ||oi||2 - r2 + 2n r  - r2, /»(o,r) < 0. 

Although the functions f i ( o , r ) ,  1 <  i <  n  are not linear, they all have the 

same nonlinear terms, ||o||2 and — r2. Thus, the equation fi{o,r) = fj{o,r) defines a 

hyperplane 

Ha = {(o, r) : 2(oj - oy)To - 2(n - r,-)r = |M|2 - ||oj||2 - r• + r2}. 

Then, compute the extreme value (o', r') located on the hyperplanes, and go on 

with finding one side of the hyperplane such that a possible smaller value of r may 

exist in this side. Such a side may be found by solving a linear programming problem 

(o — Ok)Th < 0 for a direction h of movement from o', where, | |o' — Ok\\ + — r'. With 

the movement, ||o—Oi|| +r» is decreasing. Then, set r = max{||o(e) — Oi|| +fj}, where, 

o(e) = o' + ch and e > 0. At least the first linear piece of r indicates a direction of 

improvement and the correct side to go. It is clear that through the linear constraints, 

the dimension is reduced. In a fixed dimension, the search technique discards, in linear 

time, a fixed fraction of the constraints and hence the entire procedure runs in linear 

time. 

In fact, Megiddo's algorithm is quite complicated in our case. It is related to linear 

programming in 3-dimensions, and a recursion on this computation. Comparatively, 

Megiddo's solution does not work well practically. 

3. Relationships among furthest Voronoi diagram of a set of discs, cone 

arrangement, and minimum spanning circle 

There are strong relationships between furthest Voronoi diagram of a set of discs, 

cones arrangement, and minimum spanning circle of the set of discs, summarized in 

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission. 



CHAPTER 2. BACKGROUND 27 

Lemma 2.1. Rappaport [99] showed how they are related to each other, and how they 

are computed by a method based on computing the convex hull of the set of discs. 

His algorithms will be applied in our algorithms in Chapter 4. 

Lemma 2.1. (1) The lowest intersection point of the set of cones, is the center of 

the minimum, spanning circle(MSC) of the discs obtained by cutting the cones at a 

horizontal plane. 

(2) The center of the MSC is determined by one of three cases. If a disc is enclosed 

in all other discs, then the center of the MSC is the center of the disc. Otherwise, the 

center is determined either by two or by three discs. Only the two or three discs are 

outside the MSC and tangent to MSC, if the sites are discs. If the determining discs 

are point discs, then they are located on the boundary of the MSC. 

(3) The center of the MSC is either located on a Voronoi edge of the furthest 

Voronoi diagram of the set of discs, or is a Voronoi vertex in the furthest Voronoi 

diagram. 

2.2.1.5 Algorithm to compute the furthest Voronoi diagram of a set of 

discs 

Rappaport [98] showed that the furthest Voronoi diagram (FVD) for a set of discs 

can be computed from a set of axis parallel cones. Let time t be the third dimension. 

The intersection of the set of cones with the plane z = t is a set of discs at t. The 

volume produced by the intersection of the cones themselves is convex and unbounded. 

Rappaport showed that each vertex of the FVD is an intersection point of the convex 

body projected on the horizontal plane. We briefly summarize his solution for the 

intersection of the set of cones (6', the minimum spanning circle of the set of discs in 

C, and the diameter of the set of discs in C. 

Let the apex of conei € ^ (1 < i < n) be Oi, and Oj is located at plane z = ti. 

Let convex body P be the intersection of the set of cones. Suppose that a point g, 

which is the highest among all intersection points of three cones (i.e., g is located on 

each of the three cones), of the convex body P is known in advance. We will come 
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Figure 2.9: (a) : The intersection of three cones conei, cone2 and cone3. (6) : The 
discs obtained by cutting the cones at the time plane t. The intersection of the discs 
are three arcs aj, a2 and a3. 
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back to the computation of g later. Let the horizontal plane passing through point 

g be at t = tg. This plane cuts the cones yielding a set of discs as in C, possibly 

with different radii, denoted by C(tg) = {C\(tg), C2(lg),Cn(tg)}. The center of 

Gi(tg) E C(tg) is 0^ Its radius is = tg - U, (1 < i < n). The intersection of the 

discs is represented by a set of arcs $ = {cij,<22....,am}(rn < n) listed in clockwise 

order which belong to the discs in C(tg). Refer to Figure 2.9 for an example. The 

set of arcs is also the intersection of the set of cones with the plane t — tg. For 

convenience, we use coneaj( 1 < j < m) to represent the cone corresponding to the 

arc aj G $. The relationship between coneaj and arc aj is as the follows: Plane 

tg cuts coneaj to a disc, and arc aj is part of the disc located in the intersection 

area of the set of discs C(tg). Iteratively, we find an arc a G $ (|$j > 3), whose 

predecessor and successor are pre(a) G $ and suc(a) G respectively, with the 

highest intersection point q(a) = conea D conepre(a) H conesuc(a)- Then, delete arc a 

from fl>. that is: $ = $ — {a}. The last computed intersection point p = q(a) located 

at the horizontal plane z = tp maybe the center of the minimum spanning circle for 

the set of discs in C(tp), if the minimum spanning circle is determined by three discs. 

If the minimum spanning circle is determined by two discs, then we can compute the 

diameter of the set of discs, which will be introduced briefly later. Then the center 

of the minimum spanning circle is the center of the diameter. 

The remaining problem is to define the highest intersection point g of the convex 

body of the set of cones. Rappaport [99] used the concept stabbing line in the disc 

set C(ta) to solve this problem. The discs in G(ia) are the intersection of the set of 

cones with the plane t = ta. A stabbing line is a directed edge, tangent to two discs 

in C(ta), the left side of the tangent line contains only the two tangent discs, and 

the right side of the tangent line contains or intersects all other discs in C(ta). Refer 

to Figure 2.10. The regions which are composed of the discs on the left side of each 

stabbing line are called stabbing regions. Thus, there is a set of discs in the stabbing 

regions. The highest intersection point g is computed by detecting the circumcircle 

of every three neighboring discs in the stabbing regions of the disc set C(ta), and 
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Figure 2.10: The stabbing lines for a set of discs. The stabbing region is composed 
of bold discs. The bold discs determine the stabbing lines. 

the center of the circumcircle with the maximal radius is g. Similar to the minimum 

spanning circle of a disc set, the circumcircle has the minimum radius, and is tangent 

to the three neighboring discs and intersect all other discs in C(ta). 

How to compute the stabbing region for the set of discs in C(t0)? Let Cj be a 

disc in the set C(ta) with the largest radius. We then reduce the radius of each disc 

Ck in C(ta) by rj, i.e., \\rk — r, ||. The discs on the convex hull of the set of discs with 

new radius, are the discs in the stabbing regions. He employed a divide and conquer 

paradigm to compute the convex hull of a set of discs. (An incremental algorithm to 

find the convex hull of discs in O(nlogn) time can be found in [32]). 

Now we show how to compute the diameter of a set of discs based on the convex 

hull of the discs. In [110], Shamos and Hoey used a rotating line to determine the 

diameter of a set of points, started with computing the convex hull of the set of points. 

Similarly, Rappaport used a rotating line parallel to each stabbing line to determine 

the diameter of the discs in C(tp), recall that p is the lowest point on the convex body 

P.  

We summarize the result from Rappaport [99] (also see Mehlhorn et al. [76] for 
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the furthest Voronoi diagram) as follows. 

Theorem 2.1. The furthest site Voronoi diagram of n discs contains 0(n) many 

edges and vertices. It has the graph structure of a tree, since all of its faces are 

unbounded. The furthest site Voronoi diagram of n discs, and the minimum spanning 

circle of the set of discs can be computed in 0{n log n) time. 

Next, we present one application of furthest Voronoi diagrams which is closely 

related to our research. 

2.2.1.6 Weighted farthest color Voronoi diagram on trees and graphs 

Another variant of the Voronoi diagram is of particular interest to applications in 

location planning.  I t  is  called weighted furthest  color Voronoi diagram (WFCVDQ) 

and was studied by Hurtado et al. [49]. We apply their results in Chapter 4. 

There are two key words in the weighted furthest color Voronoi diagram. One is 

the weighted, the other is the colored variant. For the weighted variant, each site 

is assigned a weight factor, so as to model each site's importance (this variant is 

known as multiplicatively weighted Voronoi diagram). The colored variant applies to 

a situation where each of the n sites represents one of k different types of facilities, 

like schools, shopping malls, hospitals, etc.. A person choosing a new residence might 

want to have one representative of each type as close by as possible. The problem 

can be solved by means of the furthest color Voronoi diagram [1]. For each type i 

of utility, 1 < i < k, there is a set Si containing the locations of all utilities of that 

type. Each site is colored by type. Then, the cost function to be minimized can be 

formulated as: 

c(x) = max mind(s,:r), 
1 <i<k s€Si x ' 

where, d(s,x) = ||s — x|| is the distance between s and x. For each point x of the 

plane, let c(i,x) denote the closest site of color i. Then, x belongs to the region of 

the site among c(l,x),.... c(k, x) that is furthest away from x. The new residence is 

at the place which minimizes the cost c(x). Refer to the example in Figure 2.11. 
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Figure 2.11: Cited figure in [1]. The furthest color Voronoi diagram for three colors 
and seven sites. The doubly connected unbounded area belongs to the site in the 
middle while the dark (resp. light) shaded areas belong to the closest dark (resp. 
light) sites (following the arrows). 

By combining both the weighted and colored variant, Hurtado et al. [49] computed 

the weighted furthest color Voronoi diagram on a geometric graph (or tree): let n 

point sites be situated on the vertices or edges of a graph G over e edges. Each site 

is assigned a multiplicative weight and a color. The weighted furthest color Voronoi 

diagram of the n point sites is the division of the graph G, such that each point x of 

G belongs to a Voronoi cell of site s, where, s is the closest among all the sites which 

have the furthest color to x. Refer to Figure 2.12 for an impression of the diagram. 

Theorem 2.2. [49] The weighted farthest color Voronoi diagram of n points of k 

colors on a graph G = (V, E) with |F| = m and \E\ — e can be computed in 

0(ena(k) log k + n log n + nm log TO) time, where a(k) is the inverse of Ackermann's 

function. 

The computation starts with an edge in G. Consider first the case that all sites 

having the same color. The weighted Voronoi diagram on an edge of G {WVDQ) is 
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(a) 

• P ; Q : s 

1 —**— P q s 

Figure 2.12: (a): Weighted distance functions of sites p ,  q  and s .  The W V D  on 
a line is equivalent to the projection of the lower envelope of the weighted distance 
functions. (6): The weighted Voronoi regions on the edges (edges are bold). They are 
determined by different sites. The dashed lines are the lower envelope of the weighted 
distance functions, (c): When s is processed, r, p and q have been processed as they 
have less weights. The distance function of s is blocked by p and q's. 
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equivalent to the lower envelope of the weighted distance functions f :  f  —  ± w - d ( x ,  s ) ,  

where x is a point on the edge of G, and w is the weight of site s. The distance function 

/ starts at site s with slopes w and —w, refer to Figure 2.12 (a). The weighted Voronoi 

regions are WVR(pi) = {x £ G\wi-d(x,pi) < Wj-d(xrpj)Vj i}, where, Pi andPj are 

d i f f e r e n t  s i t e s .  T h e  V o r o n o i  r e g i o n  o f  a  s i t e  m a y  n o t  b e  c o n n e c t e d ,  s e e  F i g u r e  2 . 1 2  ( a ) .  

In Figure 2.12 (b), the regions on the five edges of G are determined by different sites. 

The single color weighted Voronoi diagram WVDG on graph G can be computed in 

0(e + m\ogm + logn) time by using an incremental approach. The sites are sorted 

by their weights in increasing order. For the ith site. Si, a single source Dijkstra on 

the graph is executed, until the distance function of Sj "hits" the distance function 

of another inserted site with lower weight. Refer to Figure 2.12 (c), sites r, p and q 

have been inserted before s is processed. This step can be done in 0(e + to log m) 

time. Also, O(logn) is needed to locate Si in G, and 0(e) time for the deletion of old 

bisectors while inserting Si. 

Therefore, for all colors, the weighted color Voronoi diagram WCVDQ can be 

computed in overall time: 

+ mlogm + logrii)) = 0(en + nlogn + nm log TO). 
i 

On a single edge, the lower envelope of the weighted distance functions of color % is 

a piece-wise linear function, with complexity 0(ni) as used above. There are totally 

0(en) piece-wise linear functions in G. The lower envelope of k color piece-wise 

linear functions can be computed in 0(ena(k) log k) time, by Sharir and Agarwal 

[2]. The weighted furthest color Voronoi diagram WFCVDQ is equivalent to the 

upper envelope of the k single color lower envelopes of weighted distance functions in 

WVDG• Thus, the time complexity as stated in Theorem 2.2 is obtained. 

2.2.2 Shortest paths among growing discs 

This section introduces previous work on the problem of finding a shortest path among 

growing discs, presented in van den Berg and Overmars [115]. Refer to Figure 2.13 for 
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tangent 

^ spiral 

tangent s 

o 
Figure 2.13: A shortest path from s to g among the set of growing discs. It is 
composed of two tangent segments and a spiral segment. At the time when the spiral 
reaches tangent point g, disc C becomes the dashed disc. 

an example. We build and extend upon [115] in the development of our algorithms 

discussed in Chapter 5. 

Van den Berg and Overmars presented an 0(n3\ogn) algorithm for computing a 

shortest path from a point s to a point g in the plane amidst growing discs. The discs 

represent obstacles and grow at the same speed. A point robot moves from s to g 

along the collision-free shortest path at a steady speed. The set of growing discs is 

defined as = {Ci(oh n(t)), C2(o2, r2{t)), ...yCn(on, rn{t))}. 

Since the discs grow at the same speed, they can be modelled by cones, whose 

apices are located at the centers of the discs, and open angles are 90°. If the cones 

are cut at a horizontal plane with time t = T0, when the point robot starts from s, 
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a set of discs Ci(T0) G (I < i < n) is obtained. It is shown that the shortest 

path from s to g for the robot is composed of straight line segments and logarithmic 

spiral segments. Each straight line segment, called tangent, is tangent to two cones. 

Each logarithmic spiral segment is on the surface of a cone. A graph G is constructed 

and then a shortest path from s to g is found by applying Dijkstra's shortest path 

algorithm on G. 

The graph G is called a directed state transition graph by LaValle [66], which is 

a natural tool to solve path planning problems. Generally speaking, the initial state 

and goal set are designated as special vertices (nodes) in the graph. A directed edge 

from a node a to another node b exists in the graph G if and only if there exists 

an action from a to b. The directed state transition graph is revealed incrementally 

through the application of actions, instead of being fully specified in advance. Thus, 

searching for a shortest path from s to g among the growing discs in the plane can 

be interpreted as a search in G. 

Let the growing speed of each obstacle disc be 1, and let the speed of the robot 

be VR, VR > 1. The nodes and edges of graph G are defined below. For two cones, 

theoretically, there are an infinite number of tangents between them with slope 

The endpoints of the tangents on the starting cone form a continuous curve called 

departure curve. Each departure curve is cut by n — 1 cones thus defining 0(n) 

intervals. Each interval is a node in the graph G, thus there are totally 0(n2) intervals 

on a cone. For each interval, only the collision free path that arrives at the interval 

earliest is kept. An edge of the graph G is either a collision free tangent line segment 

between two cones, or a piece of spiral segment between two neighboring departure 

curves on a cone. Imagine that a piece of a spiral curve on cone C\ starting from a 

point p € C\. With time advancing, the spiral will intersect the departure curves on 

Ci one by one. A valid interval on a departure curve has two out edges, one goes to 

the next departure curve on C\, the other is a tangent line segment with an endpoint 

located on some cone Ci, possibly followed by a spiral curve on Ci, and reaches a 

departure curve interval on Ci. To compute the edges in G, a brute force algorithm is 
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used. The arrangement of the cones and the departure curves are computed, and then 

a trapezoidal map for the arrangement is built. The sides of a trapezoid are departure 

curves, and the top and bottom edges of the trapezoids are spiral segments. Also, 

by computing the arrangement of the cones, it can be tested whether there exists 

a collision free tangent path between two cones or not. Detecting the collision free 

spiral paths from each node w to its neighboring nodes in G which are located on 

the same cone, can be done by querying the trapezoidal map of the arrangement of 

the departure curves in 0(\ogn) time for each node. This is done by performing a 

point location query in the trapezoidal map to locate the arriving point p, and then 

inside the corresponding trapezoid to compute which departure curve will be met by 

a spiral passing through p. There are 0(n3) nodes and 0(«3) edges in the graph G. 

Thus, by applying Dijkstra's shortest path algorithm, an 0(n3\ogn) time complexity 

is obtained. 

2.2.3 3SUM-hard problems 

This section introduces 3SUM-hard problems presented by Gajentaan and Overmars 

[40] . There are many problems in computational geometry for which the best known 

algorithms take time @(n2) in the worst case while the known lower bounds on the 

problems are substantially small. Among them, there are a large class of problems 

that are proved at least as difficult as the following 3SUM problem: 

Definition 2.1. Base problem — 3SUM problem: Given a set ofn integers, are there 

three elements of S that sum up to 0? 

The base problem is called 3SUM-hard, as the best known algorithm for it takes 

Q(n2) time. Gajentaan and Overmars proved a class of problems to be 3SUM-hard 

problems in [40] by reducing the base problem to the set of problems. 

Definition 2.2. Given two problems PR1 and PR2, we say that PRl is f (n)-solvable 

using PR2 iff every instance of PRl of size n can be solved using a constant number 
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of instances of PR2 of at most linear size and 0{f{n)) additional time. Denote this 

as PRl PR2. 

If PRl<^.f(n)PR2 and PR2<^f(rl)PRl, we say that PRl and PR2 are f(n)-equivalent, 

denoted as PRl ==/(«) PR2. 

Lemma 2.2. Let PRl <^C/(n) PR2. Let f(n) and g(n) be polynomials. If PR2 can 

b e  s o l v e d  i n  0 ( g ( n ) )  t i m e  a n d  f ( n )  =  0 ( g ( n ) ) ,  t h e n  P R l  c a n  b e  s o l v e d  i n  0 ( g ( n ) )  

time. Reversely, if Q(g(n)) is a lower bound for PRl and f(n) = o(g(n)), then, 

Q(g(n)) is also a lower bound for PR2. 

Definition 2.3. A problem PR is called SSUM-hard if and only if SSUM is f (re

solvable using PR, where, f(n) = o(n2). 

3SUM problem can be reduced directly to the following 3SUM' problem: 

3SUM' problem: Given three sets of integers A , B and C of total size n, are there 

a e A, b € B and ceC with a + b = c? 3SUM'== n 3SUM 

GEOMBASE problem: Given s set of n points with integer coordinates on three 

horizontal lines y = 0, y = 1, and y = 2, determine whether there exists a non-

horizontal line containing three of the points. GEOMBASE—= n 3SUM' 

Two steps are needed to reduce problem PRl to PR2: 

1. Construct instances from PRl to PR2. 

2. PRl is satisfied if and only if PR2 is satisfied. 

For example, to prove that 3SUM'<?Cn GEOMBASE, for each element a 6 A 

create poin t  ( a, 0) on line y = 0; for each element b € B, create point (6,2) on y — 2, 

and create point (c/2,1) on y — 1 for each element c e C. Then, a + b -- c if and only 

if (a,0), (6,2) and (c/2,1) are collinear. GEOMBASE<^Cn 3SUM' is proved exactly 

in the reverse way. Refer to Figure 2.14. 

The set of problems proved to be 3SUM-hard in [40] are: (1) incidence problems, 

e.g., given a set of lines in the plane, are there three that pass through the same 

point? (2) separator problems, e.g., given a set of (non-intersecting, axis-parallel) 
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y= 1 

y = 0 

y  =  2 

Figure 2.14: An example of GEOMBASE. 

line Segments, is there a line that separates them into two non-empty subsets? (3) 

covering problems, e.g., given a set of (infinite) strips in the plane, do they fully 

cover a given rectangle? (4) visibility problems, e.g., given a set of axis-parallel line 

segments in the plane and one particular horizontal segment s, determine whether 

there is a point on s can be seen from oo? and (5) motion planning problems, e.g., 

given a set of (non-intersecting, axis-parallel) line segment obstacles in the plane, and 

a rod, can the rod be moved, allowing translation and rotation, from a given source 

to a given destination without colliding with the obstacles? 

Because the base problem can be reduced to all of these problems, none of the 

problems can be solved in o(n2) time unless a subquadratic solution exists for the 

base problem. However, this does not mean that all problems are equivalent, like 

/VP-complete problem. It only says that the problems are at least as hard as the 

base problem. Also, being 3SUM-hard does not mean that a subquadratic solution 

is impossible. One better first try to solve the base problem faster. 
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IMA System 

This chapter introduces the IMA system. The architecture is introduced first, and 

then the details of the implementation are given. The architecture of IMA was de

signed by the IMA research group, and the prototype implementation of the frame

work was started by Hongsheng Liu. A more detailed description of the IMA system 

can be found in [43]. 

3.1 Intelligent map agents architecture 

The objective of the IMA is to develop a framework which permits the proliferation 

of geographic data within our society through seamless connection, collaboration be

tween users, and interaction with distributed geographic services and data centres. In 

Section 3.1.1, we give a high level overview of the IMA architecture. Then, in Section 

3.1.2, we describe the IMA components. We address interaction and collaboration in 

Sections 3.1.3. 

3.1.1 Architecture overview 

The IMA architecture is user-centric and is designed to support the user interaction 

patterns. It is structured to serve the user community regardless of each user's lo

cation. Depending on the needs, it supports a variety of user activities (see Section 

40 
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Figure 3.1: The IMA architecture is user-centric. As such the IMA is aimed at 
providing each user with personal set of functionality capabilities, interaction patterns 
and visualization. 
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3.2.2). Each user is represented by one or more intelligent map agents that can co

operate so that they meet user demands and/or take action upon requests. Figure 

3.1 illustrates the IMA's user-centric architecture. These agents consult the user's 

personal contextual information in order to complete user tasks. The map agents 

draw on three types of resources and/or services: 

• User Domain 

The user is mobile and can employ a variety of mobile devices to interact with 

the surrounding environment. Because the user is always connected, the inter

action is continuous. The map agents interact with the users mainly during 

collaboration where the agents attempt to coordinate work or complete a task 

that requires input from more than one user. An important aspect of the map 

agents is its ability to obtain information about the user with minimal or no 

interaction with the user. The user's contexts provide private physical and/or 

behavioural information about the user, e.g., driving habits, color blindness. 

This private data can be later on used in providing proper services to the user 

or when interacting with other map agents. 

• Functional Services 

The functionality services are a set of services which are ready to provide so

lutions to requests by an agent or conduct work on behalf of an agent. The 

functional services are not constrained by a number, or to a particular family, 

of functions. The aim is to augment the number and types of available ser

vices. The services are located in a variety of locations and are operating in a 

heterogeneous environment. 

• Data Services 

The data services are a distributed set of resources comprised mainly of data 

centres, which provide the intelligent map agents and thus users with access to 

required data. The data centres serve as a source for different data (spatial and 
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User Tier 

Route planning Meeting Scheduler 

Functionality Service Tier 

Ski Routing Meeting Scheduler Shortest Path 

Data Services Tier 

Spatial Data Non-Spatial Data Hierarchical Data 

Figure 3.2: The IMA consists of three main tiers: user tier, services tier and data 
resources tier. Although the IMA permits each tier to interact with any other tier, it 
is envisioned that users will access the resource tier via the services tier. Note, that 
services can act as users and thus access other services to accomplish their task(s). 

non spatial) as well as a repository for acquired or manipulated data. (Again, 

data centres may provide different data, e.g., of varying quality, accuracy, res

olution, or access speed. The map agent will make the appropriate selection 

based on the need specified by the service and the interaction pattern/history 

of its user.) 

A layered view of the IMA architecture is depicted in Figure 3.2. The data centres 

are the basis for all required activities and interactions. Therefore, they form the 

foundation of the hierarchy. The functionality services layers include the intelligent 
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map agents. Similarly to the data centres, the different services reside in a variety of 

physical locations. The top layer is the mobile user which interacts with any of the 

layers. 

3.1.2 System components 

The IMA project is an agent-based framework designed to support a large number of 

concurrent users and services. Each of the components plays a particular role within 

the framework. The main components as shown in Figure 3.3-3.4 are described next: 

• User 

The user is any entity requiring spatial services from the IMA. Thus, a user can 

either be a human or a software system. It is envisioned that, in most cases, 

users will be humans. A human user is characterized to be mobile and to carry 

a small device capable of (wireless) communication with its environment. 

• IMA Personal Agent (PA) 

The IMA personal agent operates on behalf of the user in order to accomplish a 

task as requested by the user. The personal agent acts as a liaison between the 

user and the services. This frees the user to work on other tasks. As a result 

each user may have instantiated several concurrent personal agents. 

• Context Manager (CM) 

The context manager represents private and intimate knowledge about the user. 

The context manager allows the IMA personal agent to obtain information 

about the user (e.g., the user's driving habits) and to direct services (e.g., a 

shortest path service) on how to compute a shortest path using the user's pref

erences. Context awareness is not dealt with in the current IMA system. 

• Directory Facility Broker (DFB) 

The Directory Facility Broker (DFB) is at the heart of the IMA services. It 

contains all required information about available services and how to reach 
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Figure 3.3: The figure illustrates the main components of the IMA and gives a pos
sible snapshot of the IMA during operation. The double ended arrows represent 
communication between components (a Service Access Point, a Service Worker, and 
a Resource Provider are represented by SAP, SW and RP respectively). 
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Figure 3.4: The figure shows an example of an invocation sequence of service and 
interaction between the components. The solid double ended arrows represent ongoing 
communication between components while dashed double ended arrows represent 
temporary invocation which occurs during invocation of the different services and 
applications (a Service Access Point, a Service Worker, and a Resource Provider are 
represented by SAP, SW and RP respectively). 
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them. The DFB can be viewed as a yellow page book listing all services available 

to IMA users and describing how to evoke those. Each new service registers 

itself with the DFB and by doing so advertises its availability to potential and 

existing users. 

• Service Access Point (SAP) 

A Service Access Point (SAP) represents a service that is available in the IMA. 

The SAP of a service acts as an initial mediator between a personal user agent 

and a requested service. As such, once a request for a particular service is sent to 

the DFB, the DFB invokes a SAP. The SAP negotiates with the user's personal 

agent and, upon receiving the required information, it invokes a service worker 

to complete the task. 

• Service Worker (SW) 

A Service Worker (SW) provides the requested functionality for which the ser

vice has been invoked. A SW is invoked by the corresponding SAP to provide 

a service to a particular user. As a result, there can be several SWs for each 

registered service. 

• Resource Provider (RP) 

A Resource Provider (RP) provides access to resources within the environment. 

The resources can vary between one another. In most cases we envision that 

the resources will be data centres which contain geographic data - vector data, 

and raster data. 

Not all of the main components of the IMA, which are depicted in Figure 3.3, 

exist in the system at all times. Some of the components are invoked as and when 

required. We demonstrate this concept by presenting an invocation sequence as well as 

a communication interaction between components. In this scenario, Useri would like 

to meet User-z in the office of UserWe present the interaction and the invocation 

in a sequence of messages in Figure 3.4. Each of the steps is numbered on the 
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arrows. Dashed double arrows represent temporary communication which is used 

during invocation, while solid double arrows represent communication lines between 

the components. 

1 Useri instructs its Personal Agent (PA\) to find the location for the office of User2 

and how to reach it. 

2 PA\ contacts the Directory Facility Broker (DFB) to find a service which can 

provide a route between two addresses. 

3 The DFB finds a service (shortest path service) and returns a "link" to the Service 

Access Point (SAPi) of the shortest path service. 

4 PAi contacts this SA l\ requesting services from it. 

5 SAPi creates a Service Worker (SWi) which will provide a shortest path service to 

PAt. 

6 SWi contacts PA1 and indicates that it is ready to provide its services. 

7 PAi contacts PA2 (the personal agent of User2) to determine the office location of 

User2. 

8 PA2 sends the office location of User2 to PA\. 

9 PAi contacts the Context Manager of Useri (CMi) to obtain the driving habits of 

Useri. 

10 CM\ provides the driving habits of Useri to PA\. 

11 PAi forwards the locations of Useri and User2 as well as the driving habits of 

Useri to SWi. 

12 SWi contacts the Resource Provider (RPi) in order to retrieve the required data. 

13 RPi returns the required data. 
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14 SW\ computes the required route between Useri and the office of ?/,ser2 taking 

into consideration the driving habits of Useri and sends the route to PAi. 

15 PAi sends the route to Useri who can now travel to meet User2-

The IMA architecture is aimed at supporting a large number of concurrent users 

and services which are mobile or are distributed across a large geographical region. 

Therefore, it is designed to operate in a distributed environment which addresses 

local as well as global needs. In order to accomplish distributed operations the IMA 

is designed as a federated environment. Each cluster of the IMA, as depicted in 

Figure 3.3, consists of a large number of components (concurrent users, concurrent 

services, etc.) all of which are registered with a particular DFB. The federated clusters 

of the IMA are interconnected via the DFBs. Namely, the DFBs are connected to 

each other as seen in Figure 3.5. Thus, when a service is requested by a user, all 

interconnected DFBs are being searched until the desired service is obtained. 

3.1.3 Interaction and collaboration 

Interactions and/or collaborations between users are important and integral parts of 

the IMA architecture. Interaction occurs when one user requests information from 

another user to complete a particular task. For example, in delivery and courier 

services, courier "John", may contact courier "Jack" to find a phone number of a 

customer. Jack is not impacted by the request made by John. Each of them works 

independently in order to complete the overall task of the courier company (which is 

to deliver all parcels). The IMA is aimed at supporting a higher level of interaction 

- interdependence collaboration. In interdependence collaboration, users must work 

together and coordinate their activities in order to accomplish the task. In this form of 

collaboration, all users synchronize their efforts and activities, otherwise they will fail. 

In such collaboration the usage of user context is at times essential for the success of 

the collaboration. The context may vary from private user context to location based 

context. For example, in Search and Rescue (S&R), the S&R parties must coordinate 
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Figure 3.5: The IMA can operate in a distributed environment. Although, users are 
handled by a single IMA cluster (depicted in Figure 3.3), they have access to all 
services via a federated network of IMA clusters. The figure shows an example of a 
three federated IMA clusters which are located across Canada (Halifax, Ottawa, and 
Vancouver). The three clusters are connected to each other via the IMA DFB. Note 
that the services registered at the various locations would typically be different. 

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission. 



CHAPTER 3. IMA SYSTEM 51 

their efforts. Otherwise, they may not know what other parties are doing and thus 

search regions that were already covered, or worse, miss some regions entirely. Other 

examples are forest fire fighting, epidemic fighting, and traffic management. 

3.2 IMA implementation and applications 

This section presents the current state of the IMA. It describes the implementation 

of the system and the currently available services. 

3.2.1 IMA implementation 

The IMA project is based on the agent framework JADE/LEAP. JADE simplifies 

the development of multi-agent applications that comply with the latest FIPA 2000 

specifications. JADE is implemented in Java and has no further dependency on third-

party software. A JADE/LEAP platform consists of a single main container and zero 

or more peripheral containers. A container is the run-time environment in which 

agents operate. While appearing as a single entity to the outside world, a JADE 

agent platform can be distributed over several hosts. The main container provides 

life cycle management for agents in the platform, as well as yellow pages services that 

allow agents to search for other agents and to inspect the services that they offer. 

All containers share a distributed, TCP/IP-based, Agent Communication Channel 

(ACC). Agents communicate by exchanging messages in the Agent Communication 

Language (ACL). Agents can also migrate or clone themselves to other hosts of the 

platform, regardless of the OS. 

The implementation of the IMA assumes that its components are deployed on 

heterogenous physical devices in terms of capabilities and that all devices are able 

to communicate via wired or wireless networks. The physical devices are tailored 

to the needs of each of the different tiers (see Figure 3.2). The devices of the user 

tier are assumed to be PDAs or cellular phone with weak computation power and 

low communication bandwidth (though the system is designed to also handle other 

devices including e.g., PCs). A Java/LEAP runtime environment is used to provide 

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission. 



CHAPTER 3. IMA SYSTEM 52 

an interface protocol with the functional services tier. Since the main purpose of the 

components in this tier is to interact with the user, the components and the graphical 

user interface were implemented in Java to enable easy migration from one platform 

to another. 

The functional services tier is the tier where services can be searched and/or 

invoked by users, as well as executed in order to perform a requested task. In this 

tier, the IMA employs a federated clusters of the JADE's containers. The IMA uses 

JADE's directory facilitator as the yellow pages tool (DFB) for users searching for 

services. The services, in this tier, do not have to be deployed on an IMA cluster (or a 

host) or in the JADE's main container. When a service is ready to provide services to 

users it registers itself with the DFB. When a service is located on a remote platform, 

it is is configured for that platform. Upon termination, a service agent de-registers 

from the DFB. In the IMA implementation we also use the federated DFB as a white 

pages tool to find other users in the IMA. Thus, when an IMA PA agent starts, it 

registers itself with the DFB. 

A Service Access Point (SAP) is used for service registration and service access 

while a Service Worker (SW) provides the actual service to the user. Each SAP cor

responds to one service/application, and it registers with the JADE DFB. Different 

linking schemes between a user and a service worker were used in the IMA imple

mentation. The SAP either creates a dynamic service worker, which terminates once 

the task is completed, or points to a static service worker. A service worker can 

either work for one user, e.g., the dynamic map agent, or for a group of users, e.g., 

the meeting scheduler agent. A service worker may need, in order to complete its 

task, computational back-end resources from several resource providers. Depending 

on the program languages used on the back-end servers, a variety of communication 

technologies such as RMI, CORBA, JNI, or HOP can be used. 

Scalability is an essential element of the IMA and thus was addressed in the 

implementation in two ways: (i) Workload monitoring - here the workload is being 

continuously monitored and when a SAP is about to invoked a new service worker or 
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to assign work to an existing service, it examines the work-load and then determines 

where to new server worker should be invoked or to which service the work should be 

redirected. For example, it can launch a new dynamic service worker on a machine 

with a small load or on one machine with more resources such as memory, (ii) 

Concurrent query execution - here the IMA static service provide services to multiple 

queries concurrently where each query is serviced by a powerful machine. 

3.2.2 Services 

The architecture of the IMA has been designed as a service-oriented architecture. It 

is essentially a collection of services. These services communicate with each other. 

The communication can involve either simple data passing or it could involve two or 

more services coordinating some activity. Some means of connecting services to each 

other is needed. 

The current IMA system provides several services: 

1. Shortest path in a road network The shortest path service is a prototype 

for a variety of network related algorithms. Currently, in the IMA it provides 

basic measures of shortest cost paths where the cost can vary from distance to 

travel time. 

2. Meeting Scheduler 

The meeting scheduler is a service which explores different ways for coordinating 

a meeting between users see e.g., [62]. The service determines time, duration 

and location for a new meeting consulting the currently scheduled meetings 

(including time and location) of each user participating in the meeting. 

3. Personalized navigation 

This service addresses the preferences of user navigation. It provides the user 

with several navigational options. The navigational options provided by the 

service allow the user to choose between different map presentations schemes 

which best suites the user at that time [44]. 
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Figure 3.6: The figure shows a set up of a meeting scheduling application. The set 
up mimics a real-life distributed users and services which are registered with the IMA 
clusters (locations are across Canada). The arrows between the components represent 
the registration and knowledge relationships between the components. 
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Next we present a sample application that we developed to test and validate our 

approach. The application chosen is a meeting scheduling application. This appli

cation schedules a new meeting among several users and finds the users' paths to 

the meeting location. The meeting application invokes an IMA service: meeting 

scheduler. The meeting scheduler, in turn acting as an IMA agent, invokes a short

est path service. In this example, we simulated a setting in which the services are 

located across Canada (see Figure 3.6). Two IMA clusters are used. Each cluster 

is deployed on a SUN server/Unix (one representing an IMA cluster in Ottawa and 

one in Halifax). Next we used a meeting scheduler service which resides in Toronto. 

The meeting scheduler is deployed on an Intel/Windows platform and it is registered 

with the IMA cluster in Ottawa. A shortest path service is deployed on a paral

lel computer (Beowulf computer/Linux platform) and it simulates a service in St. 

John's Newfoundland. The shortest path service is registered with the IMA cluster, 

in Halifax. The purpose of using mixed platforms is to test and demonstrate that 

the IMA can operate and support a heterogeneous environment. Lastly, we employed 

three users for this application. The users are either mobile (using wireless commu

nication) or stationary users (using wired communication). Users John and Jack are 

connected to the IMA cluster in Ottawa, while user Linda is connected to the IMA 

cluster in Halifax. 

The snapshot in Figure 3.7 shows the state of the IMA after the users, and the 

services have registered with the IMA system. Note that corresponding agents have 

registered with the JADE platforms (local and remote). The service provider of the 

meeting scheduler is denoted as scheduIerAP, which is the service access point. 

Linda, who is stationed in Halifax decided that she would like to meet with John 

and Jack during her visit to Ottawa. Therefore, she uses the IMA to coordinate a 

meeting with her two colleagues. Linda is required to complete the information about 

the meeting (see Figure 3.8) including meeting duration, date and invited persons. 

Once Linda had entered the information about the new meeting, Linda's agent in the 

IMA agents is taking over and schedules the meeting. The interaction between the 
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Figure 3.7: This snapshot shows the status of the users and services after the users 
and services have registered with the IMA system. 
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Figure 3.10: The figure presents the dynamic agents representing users and services 
that are produced during the processing of a service in the IMA system. After the 
service requests have been fulfilled, the dynamic agents will be deleted by the IMA. 
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Picking a meeting place. loft click mouse 

Figure 3.11: Each user receives a map with the new meeting location and two shortest 
paths. The first path, shown in red, is the path from the current meeting to the new 
meeting location. The second path, shown in blue, is the path from the new meeting 
location to the next meeting location. (Note, the blue path travels along the river 
until it can cross the Rideau river at a bridge.) 
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different IMA components and users is depicted in Figure 3.9. For brevity we omitted 

the interaction step with the service access points (SAPs). 

The snapshot in Figure 3.10 shows the state of the IMA system during the opera

tion of scheduling the meeting between Linda and her colleagues. The dynamic agents 

representing Linda, John, Jack and meeting scheduler service during the scheduling 

are shown (e.g., Linda's agent is: Linda_Meeting_scheduler@134.117.27.195:1099/JADE, 

and the scheduler is: scheduler0@134.117.27.193;2099/JADE). Note that the life cy

cle of these dynamic agents is short. Once, they completed the task of scheduling the 

meeting they will terminate and only the agents representing Linda, John, Jack and 

the service will remain active. 

Once the meeting scheduler completed its work, each of the users is presented with 

the relevant information about the schedule. A new meeting with subject, time and 

date is entered in each participating user schedule. In addition, each user receives a 

map depicting the meeting location and two paths (Figure 3.11): (i) a path to the 

meeting location, and, (ii) a path from the meeting location. 

3.3 Conclusions and future directions 

After a two/three decade-long flurry of activities in designing and developing diverse 

approaches to storing, handling and manipulating of geographic and spatial data, in 

recent years some convergence, consolidation of GIS development and systems can 

be witnessed. The emergence of mobile devices, technologies and communication 

infrastructure as well as dramatically altered behaviour, expectations and demands 

by users are again posing new and exciting challenges for GIS developers. The work 

described in this chapter is intended as our contribution to identifying and addressing 

some of these challenges. Here, we have identified, stated and analyzed factors driving 

system design and development; these are categorized by users, services and user com

munity/interaction. We captured/addressed these factors in our system design. We 

proposed, designed, developed and discussed our prototype system, its components 

and features including context handling, interaction and collaboration. To test and 
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validate our approach, we have designed and demonstrated a shortest path service and 

a collaborative meeting scheduler. Representing users via agents appears to be vital 

to free users from having to carry out unnecessary tasks, allowing users to function 

effectively and efficiently and to increase system reliability. Furthermore, it removes 

some of the difficulties encountered by devices having varying communication and 

computation capabilities. JADE/LEAP is a reasonable choice for an agent platform. 

The yellow-page like approach (Directory Facility Broker) for services is somewhat 

restrictive in JADE, but provides a workable solution. Providing tailored responses 

to individual users through usage and managing of user context could well prove to 

be a key factor in determining user acceptance of mobile GIS. 

We believe that our approach provides a sound basis for future work in this area. 

Further work requires expanding system functionality, context storing and handling, 

security and privacy, and service offering. Subsequently, exhaustive testing of the 

system, its new services, quality of services and scalability issues is required. 
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Chapter 4 

Algorithms on Meeting Scheduling 

This chapter focuses on geometric algorithms for meeting scheduling problems. We 

aim at finding a new meeting location with the longest meeting duration among all 

the participants based on the time and spatial constraints. If no new meeting can 

be scheduled, then we compute a new meeting location with maximal participants 

instead. 

4.1 Introduction 

Consider the following problem: A set of persons, called participants, would like 

to schedule a meeting. The participants are located at different sites and would 

like to find a common point for the meeting to be held. These sites are rather far 

from each other, so that the travel times to the meeting point are important. In 

a geometric model, travel distances between locations can be measured using the 

Euclidean distance in the plane. In a graph-based model one could assume that 

travellers use a transportation network that combines road, railway, and air line 

connections. 

Participants have individual schedules which specify: the earliest possible time 

they can leave their current location and the latest possible time they can arrive at 

their next location. We wish to solve the problem of finding all meeting points so 

that the time available for all participants to meet is maximized. 

63 
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Our general objective for this researeh is to derive efficient algorithms for solving 

general meeting scheduling problems, to find approximate solutions, where appropri

ate, to implement our solutions, and to integrate them into applications that allow 

Users who are connected over a network to schedule meetings. Most current meeting 

scheduling systems take into consideration only time and not location/geometry, see 

e.g., [17, 48, 107, 109]. There are projects or algorithms other than meeting schedul

ing dealing with both spatial and temporal information [4, 24, 45, 47]. The systems in 

[28, 54] apply distributed meeting scheduling algorithms. Rasmussen and Trick [100] 

define the timetable constrained distance minimization problem, which is a sports 

scheduling problem applicable for tournaments where the total travel distance must 

be minimized. They use integer programming and constraint programming formula

tion for the problem. Integer programming is also applied by Wang et al. [116] for 

scheduling meeting among students and teachers in universities. For another schedul

ing approach to school meetings (between teachers and parents), Rinaldi et al. [101] 

set weights and build directed graphs based on the time slots, then they find shortest 

paths in the resulting graphs. 

Some meeting scheduling systems allow as input a list of possible meeting loca

tions and they then select, from that list, one location based on different optimization 

criteria (such as time to meeting or cost of meeting). Examples of such work include: 

[5, 103], and our intelligent map agent system (IMA) [43] introduced in Chapter 3 

which contains a service for this meeting scheduling problem. However, The algo

rithms used in this work ([5, 43, 103]) are relatively simple; they repeatedly execute 

a minimum cost algorithm for each of the preselected locations and then selects the 

best option. Here, we are dealing with the more complex problem instance, where we 

are not given preselected locations, but rather have to compute an optimal location 

which could be anywhere on the plane. 
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4.2 Organization 

This chapter is organized as follows. In Section 4.3, we give a formal definition of the 

general meeting scheduling problem. In Section 4.4, we assume that a new meeting 

can always be scheduled for the set of participants. The participants can travel 

to their meeting location along straight paths in the Euclidean plane at the same 

speed. Two algorithms for finding a new meeting location with longest duration are 

presented. One algorithm is purely geometric, and the other one is applying linear 

programming. The geometric approach is studied in Section 4.4.1. We analyze the 

structure of the problem, and show how to use tools from computational geometry 

in order to efficiently compute an optimal solution. In Section 4.4.2, the solution via 

LP-type programming is sketched 1. It uses the concept of LP-type problems and 

leads to a randomized algorithm with expected running time 0(n). The solution to 

the case where the participants travel at different speeds is illustrated at the end of 

this section. Section 4,5 assumes that no new meeting can be scheduled for the set of 

participants at the same speed. It presents a solution to the following problem: how 

to compute a new meeting location I, such that the maximum number of participants 

can join in the meeting at I? In Section 4.6, a graph-based model is considered, where 

connections are provided by some geometric network in the plane. Participants have 

individual speeds, and participants come in groups subject to the condition that only 

one member of each group must attend the meeting. The techniques applied in this 

part build on work by Klein et al. [49]. As an application, this meeting scheduler 

problem is solved in the graph-based model. This section also assumes that a new 

meeting can be scheduled for all the participants. Finally, we mention some directions 

for further research in Section 4.7. 
1Work on the meeting scheduler problem was carried in external collaboration with R. Klein 

and F. Berger, University of Bonn. Their main contribution was on the graph model and LP-type 
programming (the latter one was published in [18]). 
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4.3 General problem definition 

Assume that each participant's meeting schedule MS is represented as a sequence of 

meetings (Mi, M2,Mk). Each meeting Mj, 1 < j < k, is represented as a triple 

Mj(l, t,t), where I e $ft2 is the meeting location, iand t denote the starting and ending 

times, respectively, for the meeting. The duration of the meeting Mj is t — t > 0. 

Define Mj(f) = /, for each f e {I, t,t}. If no ambiguity arises, Mj is used instead 

of f). Travel distances between meeting locations I and I' are measured by 

some distance measure d ( l , l ' ) ,  and s  is the individual travelling speed of the given 

participant. 

Observe that individual speeds can be used to model the importance of the par

ticipants. In fact, a low speed may be assigned to a participant of high status, in 

order to ensure that his/her way to the meeting point will be short. 

A participant's meeting schedule (Mi, M2,..., Mk) is valid if it satisfies the follow

ing condition for all j, where 1 < j < k: 

Mj (£ )  +  <  M j + i ( t ) .  

I.e., the sum of the previous meeting ending time and the travel time spent 

from the previous meeting location to the subsequent meeting location should not 

exceed the subsequent meeting starting time. Now consider a set of participants 

{Pi, P'2,.... Pn}- each Pi, 1 < i < n, has an associated meeting schedule M;. The 

participant set has a valid meeting schedule if each Mj, 1 < i < n, is valid. 

To schedule a meeting for participants {Pi, P%,..., Pn} means to find a triple 

M*(l,i, t) so that after insertion of M* into each Mi, a valid meeting schedule for 

the entire set of participants is obtained. To schedule a meeting M*(l,i,F) of longest 

dura t i on  means  t ha t  f o r  any  o the r  s c he du l e d  mee t i ng  M(l , t , t ) ,  M*( t )  — M*( t )  >  

M(f)-M(i). 
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4.4 Euclidean meeting scheduling 

In this section we consider the problem of fitting another meeting into the schedules 

of participants whose calendars are already rather full. Not only does this problem 

frequently occur, its practical solution can be rather cumbersome if more than very 

few people are involved. We study a situation where all participants can travel at the 

same, constant speed s in the plane (various speed case is briefly sketched in the LP 

solution in Section 4.4.2.2). Since the precise value of s is not critical, we may as well 

assume that s = 1 holds. Then, the time it takes to travel from location I to location 

I' is given by the Euclidean distance ||Z — Z'||. (In Section 4.6 graph-based models are 

studied that allow for individual speeds and for more realistic distance measures.) 

We can simplify the general notations given in the previous section in the following 

way. From each participant's schedule, we compute the intervals when the participant 

is free. Then, from those intervals, we find common intervals that are free for all 

the participants. In this chapter, we focus on one common free interval. In each 

participant's schedule, the meeting before this common free interval is called the 

previous meeting, and the meeting after the interval is called the subsequent meeting. 

Let the zth participant Pi has the previous meeting at location Z?re = M\{1) that 

f i n i she s  a t  t ime  =  M \( J ) .  His /he r  subsequen t  mee t i ng  s t a r t s  a t  t ime  i | u b  =  M^i t )  

at location i|ub = Mg(/). 

We want to schedule a meeting of longest possible duration in between the previous 

and subsequent meetings of all participants (or report that no such meeting is possible, 

under the time constraints given). To solve our problem, we have to find a location 

I such that the time interval between the arrival of the last participants from their 

previous meetings at time 

t 1  = ^ ( t r  + \ \ i r -m  (4.1) 
1 <%<n 

and the departure of the first participants to their subsequent meetings at time 

«2 =  mm(irb-!|/rb - i | | )  (4 .2)  
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is maximized. 

The possible locations participant Pi can reach, once his/her previous meeting has 

ended, are given by a system of discs, where each disc is centered at If3 and starts 

expanding at time tfe. It is quite natural to introduce time T as a third coordinate, 

in  addi t ion  to  the  spa t ia l  coordina tes  X,Y tha t  descr ibe  the  loca t ion  I  = ( IXJY)-

The expanding disc then forms a vertical cone PRE* of opening angle2 90° whose 

bottommost point is its apex (/^, liy,tfe). 

Similarly, the points in XYT-space from which participant Pi can reach in time 

his/her next meeting are given by the vertical cone SUB* whose uppermost point 

is its apex at (/|^, Is-y-, ^ub); this can be verified easily by imagining time running 

backwards. Refer to Figure 4.1. 

Let 

PRE := ntiPREi and SUB := n^SUB*. 

The intersection 

F:= PRE n SUB 

consists of all points (lx,W,t) such that all participants can meet at location I at 

time t. Hence, we call F the set of feasible points. Observe that F might be empty, 

if time constraints do not permit to squeeze in another meeting (the case of empty F 

is processed in Section 4.5). Otherwise, being an intersection of cones, F is a convex 

set whose boundary consists of conic surface patches. 

A meeting at I is possible from time t\. to t2 if, and only if, the vertical line segment 

with endpoints (lx,h,h) and {IxiWM) is fully contained in the set F (refer to the 

vertical line in Figure 4.1 (a)). Consequently, the solution to our problem is given by 

the vertical line segment of maximum length that is contained in F. 

We would like to mention that the usage of cones, that has led to such a nice geo

metric formulation, is a well-known technique in computational geometry; see, e. g., 

Aurenhammer and Klein [16]. Cones have independently been used by Homsby and 

2For an arbitrary travelling speed s, the cone's angle equals 2 arctan s. 
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Figure 4.1: (a): Two vertical cones PREi^ of opening angle 90° with the projection 
of apex on the XY plane /^2

e- PRE = PRE\ fl PRE2. A vertical line through I 
intersects PREi and PRE2. (b): Two vertical cones SUB1)2 of opening angle 90° 
with the projection of apex on the XY plane SUB = SUBi D SUB2- (c) An 
example of three cones intersect. 
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Egenhofer [47] to model movement of objects or individuals over multiple granulari

ties. 

In the following, we present the geometric solution first, and then, is the LP 

solution. 

4.4.1 Geometric model 

Our main result in this section is an algorithm that does this in time 0(n log n) and 

uses only basic tools from computational geometry, so that it could be implemented 

in a practical setting. 

Let us imagine the discs that start expanding from the previous meeting locations 

lfe at time i?re. After a while, each point of the plane is covered by all expanding 

discs. The first point, I', covered by all expanding discs at some time t' is the location 

of the earliest meeting possible. Clearly, TO' {l'x ,l'Y, t') is the bottommost point of 

the convex set PRE. 

Similarly, let I" denote the last point covered by all discs shrinking towards their 

centers /fub, and let t" be the latest time where I" is still covered. Then I" is the location 

of the latest meeting possible, that must be over at time t", and TO" (l"x, ly,t") is 

the topmost point of the set SUB. 

If the intersection F of PRE with SUB is not empty then it contains both points, 

TO' and to", because all cones have identical slopes. Thus, our problem is nicely solved 

if I' = I" holds: the meeting at I' from t' to t" is the longest one the participants can 

have. 

But in general, neither TO' nor to" needs to be an endpoint of the longest vertical 

line segment contained in F we are interested in. That is, neither I' nor I" needs to 

be an optimum meeting place. 

4.4.1.1 Applying the furthest Voronoi diagrams of discs 

In order to compute the longest vertical line segment contained in F we shall make 

use of the Voronoi diagram introduced in Section 2.2.1. 
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For a potential meeting location, I, it is most interesting to know which participant 

Pj would be the last to arrive there (because the meeting cannot start before). If we 

draw a vertical line through I from T = +00 downwards, the first cone intersected by 

this line belongs to Pj, For example in Figure 4.1 (a), the boundary of the intersection 

region PRE is composed of two patches from PREi and PRE2, respectively, separated 

by a hyperbolic curve. PRE2 is further from I than PREi. More generally, imagine 

that cone PREi is opaquely colored by color i. If we look from T — +00 downwards 

on the arrangement of cones PRE;, we see the decomposition of the boundary of the 

set PRE into multiply colored surface patches. For all locations I vertically below a 

patch of color j, participant Pj would be the last to arrive at I. 

The projection onto the XY -plane of this patch decomposition is a furthest site 

Voronoi diagram of discs, see the details in Section 2.2.1.4. The set of discs Cj are 

obtained by intersecting each cone PREj with plane II that is parallel to the XY -

plane. Refer to Figure 2.6, participant Pj is the last one to arrive at I if, and only 

if, Cj is the disc furthest away from z, where z is the projection of I onto H. After 

projecting all discs G'j.onto the XF-plane, the disc furthest from I corresponds to the 

participant arriving last. 

So, let us denote by Vpie the furthest site Voronoi diagram we have obtained by 

projecting the patched boundary of PRE downwards onto the XY-plane. Refer to 

Figure 2.3 (6). According to Theorem 2.1 in Section 2.2.1, the location I' of the earliest 

possible meeting is either a Voronoi vertex or an interior Voronoi edge point of Vpie, 

since at least two participants will be the last to arrive there. That all regions in the 

furthest Voronoi diagram of discs are unbounded is a consequence of the following 

stronger observation. 

Lemma 4.1. Let I be a point in the region of disc Ci with center Oi in the furthest site 

Voronoi diagram Vpre. Then a ray p starting in I with direction Oil is fully contained 

in the region of Ci. 

Proof. Let w denote the point of Ci closest to I. Since I belongs to the region of Ci, 

the disc centered at I that passes through w contains, or intersects, all other discs Cj. 
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Figure 4.2: Illustrating the proof of Lemma 4.1. 

Then the same must hold for each point p on ray p, as the radius of the disc centered 

at p is bigger than the one of the disc centered at I, and w is located on both discs, 

the disc centered at I is enclosed by the disc centered at p. Thus, p is contained in 

the region of Cj. (Refer to Figure 4.2.) • 

After computing Vpr" in time 0(n log n), by Theorem 2.1, the point m' of lowest 

T-coordinate in PRE can be easily determined. To this end, we simply visit each 

Voronoi region (resp. edge, and vertex) of VpTe and compute the lowest point of the 

surface patch (resp. edge, and vertex) in PRE that lies above it. Since each of these 

features is of constant algebraic degree, this can be achieved in time proportional to 

the number of regions, edges, and vertices, i. e., in time 0(n). Observe that we could 

even construct the boundary of the set PRE in XYT-space in linear time, by simply 

gluing together all features visited; but there is no need to do so. We can also apply 

Rappaport's algorithm introduced in Section 2.2.1.4 to compute m!. 

Obviously, the same arguments apply to the furthest Voronoi diagram Vsuh asso

ciated with the cones SUB;, 1 < i < n. Now we are ready to compute a meeting of 

longest possible duration. 
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4.4.1.2 Computing the longest vertical segment 

The simplest approach to computing the longest vertical line segment in F would be 

to superimpose the projections Vpre and Vsuh of PRE and SUB, respectively, and to 

inspect each of the sub-faces of the resulting decomposition for the longest vertical 

segment. Unfortunately, there could be a quadratic number of them. To keep our 

algorithm efficient, we shall restrict our search by applying the sweep technique. 

Imagine an XY-parallel plane //' sweeping upwards through the set PRE, starting 

from its bottommost point mf. The intersection 

W' := if n PRE 

is a convex shape bounded by circular arcs. Let S' denote the projection of W' onto 

the XY-plane. Within the Voronoi region of disc Ci in the furthest site Voronoi 

diagram Vpre, shape S' consists of a circular arc concentric with C\; this is the disc 

expanding from the participant that would arrive last in this region. 

As plane //' moves upwards, S' expands, from I', over Vpre, encircling a subtree 

at each time. Refer to Figure 4.3. Similarly, we have a convex shape 

W" := H" n SUB 

resulting from a top-down sweep of SUB, whose projection S" expands from I" over 

the diagramVsub. 

Now let us assume that the longest possible meeting corresponds to the vertical 

line segment with endpoints mi = {lx,W,~bi) on PRE and m2 = 2) on SUB. 

At time ti, shape W' passes through mi, while W" passes m2 at time h- With W' 

and W" in this configuration the following lemma holds. 

Lemma 4.2. The sets S' and S" have a common touching point at the optimum 

meeting location I. 

Proof. Suppose that the boundaries of S' and S" crossed each other at I (instead of 

merely touching). S' is obtained at time t, and S" is obtained at time t'. Then before 
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Figure 4.3: Shape S' expanding over the furthest site Voronoi diagram. In the Voronoi 
cell Vc5 of the disc C5, the arc on the boundary of S' belongs to the dashed disc 
expanded from disc C5. 

S' and S" cross, they must have a common touching point. This can only happens 

when S' and S" have smaller shapes. I.e., when S' is obtained at time ti < t, and 

S" is obtained at time t[ > t1, S' and S" have a common touching point p. Thus, a 

longer vertical segment with length — — i at point p can be found in F, which 

leads a contradiction. • 

Since the optimum meeting location I is a point where S' and S" touch, we can 

conceptually proceed as follows. We move both planes IV and H" upwards, so that 

W' expands and W" shrinks, in such a way that S' and S" always touch in a point I. 

For each I, determine the length of the vertical line segment L over I in F, and report 

the maximum segment thus obtained. 

Fortunately, we need not test every touch point, I. As long as I lies within the 

same circular arcs of S' and S", respectively, the endpoints of L are determined by 

the same cones PRE, and SUBfc, whose center points If and l™b axe co-linear with I, 

so that the length of L does not change. 
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Similarly, as long as / is a common endpoint of two neighboring arcs of S' and an 

interior arc point of S", the lower endpoint of L moves along the intersection of two 

cones PREj and PREj, that lies over a Voronoi edge of Vpre. while the upper endpoint 

of L is determined by some cone SUBfc. Since the intersection curve is of constant 

algebraic degree, we can compute in constant time the maximum length attained by 

segment L over this period. 

The simultaneous motion of the planes II', H" can be split into phases during 

which the status (relative location) of touch point I does not change on either set 

S',S". I.e., I is either (a) an interior arc point, or (6) a common end point of two 

arcs, or (c) a common intersection points of four arcs, two of which belong to S', 

and the other two belong to S". Case (c) happens when I passes through a point 

where two Voronoi edges of Vpre and Vsnh cross. For each phase we can, in constant 

computing time, determine the maximum length of vertical segment L. The following 

statement is crucial. 

Lemma 4.3. There are only 0(n) many phases. 

Proof. There are three types of events that can cause the status of touch point I 

to change. A type 1 event happens when a circular arc appears on, or disappears 

from the boundary of one of the sets Sf, S". This occurs whenever the boundary of 

a set passes through a Voronoi vertex of vPre or Vsu^. Since both sets move in a 

mono tonic way, each vertex gets passed only once. By Lemma 2.1, there are only 

0(n) vertices. 

A type 2 event occurs when I moves to the endpoint of its circular arc, or vice 

versa. Refer to Figure 4.4 (a). More specifically, suppose that I was a common 

endpoint of the arc of cone PREi with the neighboring arc of cone PREj in S', and 

has just moved to the interior part of the arc of cone PREi. Assume that I is an 

interior point of the arc of cone SUBk in S". 

Since the arcs of PREi and SUBk have a common tangent at I, the points 

lfTG,l, lfu^ are collinear. The point I lies in the Voronoi region of SUBk in Vsv^. By 

Lemma 4.1, the center point lfre of PREt is also contained in this Voronoi region. 
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Thus, the event in I is caused by a triplet of cones {PREi, PREj, SUBk), where 

1. PREi, PRE j have a common Voronoi edge in V'P re  that intersects the line 

segment lfrel£u^ in I, and 

2, lf re  lies in the furthest site Voronoi region of SUBk in V sub . 

The Voronoi edge of PREi , PREj in Vwc  can intersect the line segment lfT€lk
u^ 

in at most two points. Therefore, each such triplet can cause 0(1) events. But there 

is only a linear number of triplets that have properties 1 and 2, because VPre has 

only a linear number of Voronoi edges, by Theorem 2.1, and SUBk is determined by 

if™ in V™b. 

A type 3 event is a complement of type 2 event It occurs at the intersection point 

of two Voronoi edges, one from VPre, and the other one from Vsub. When the touch 

point I, which is an interior point of the arc of SUBk in S", moves along the Voronoi 

edge e between two cones PREi and PREj in VPre, towards the tangent point q of 

PREi and SUBk. But I can not reach q, as q is not located inside the Voronoi cell of 

SUBk in Vsub. The touch point I along e stops at the common endpoint of the arc 

of SUBk with its neighboring arc of cone SUBh in Vsub, i.e., SUBk and SUBh share 

a Voronoi edge in VsuObviously, the four cones cause one event. • 

Now we can state our first main result. 

Theorem 4.1. We can compute a meeting of longest duration (or determine that no 

meeting is possible) for a set of n participants in time 0(n logn). 

Proof. By Theorem 2.1, the Voronoi diagrams Vpre and Vsuh can be constructed in 

time O(nlogn). Next, we sort the Voronoi vertices by the order in which they are hit 

by the sets S' and S". respectively. Then we determine the T-coordinate for plane H" 

such that S" touches the location I' of the earliest possible meeting, and determine 

the circular arc of S" that touches I'. Also, we compute which arc of S' will make the 

contact, as S' now starts expanding from V. This preprocessing step can be found 

in Algorithm 2. Using the sorted vertex lists we can correctly process all events of 

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission. 



CHAPTER 4. ALGORITHMS ON MEETING SCHEDULING 77 

common tangent 

SUB, 

1/ 

(a) (b) 

Figure 4.4: (a): Touching point I moves from the Voronoi edge between PREi and 
PREj to the interior of the arc of PREi. The arc of PREi is tangent to the arc of 
SUBk at I. The dotted curves are the Voronoi edges between the left (resp., right) two 
discs, respectively. The Voronoi edge between PREi and PREj intersects lfreljiu^ 
in I. (b): A type 3 event. 

type 1 and, thus, maintain the boundary structure of S' and S". This step is in 

Algorithm 3. From the description of touching circular arcs and their neighbors we 

can predict when a type 2 event or type 3 event will occur that ends the current phase. 

This is presented in Algorithm 4. For each phase, we determine the maximum vertical 

segment, and output the maximum. This can be done in time 0(n) (Lemma 4.3). • 

The pseudo code of our algorithm for computing a new meeting location with 

longest duration for a set of participants is given in Algorithm 1. The preprocessing 

step is described in Algorithm 2, while the handling of different events of the sweep 

is shown in Algorithms 3 and 4. 

A much more detailed algorithm is shown in Algorithm 5. 

Figure 4.5 is an execution trace example of the algorithms. Two Voronoi diagrams 

VPre and Vsv'b. and point mf is the bottommost point, and m" is the topmost point. 

The optimal meeting location with the longest duration is on the Voronoi edge of C6 

and CV in (a). The circular arc of 67 in S" passes through m! in (b). S' is empty at 
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Algorithm 1 Compute the new meeting point with the longest duration 

Input: Cone set {PREi,..., PREnj and {SUBX,..., SUBn}. PRE := fl f=1PREi, 
SUB := C\™=lSUBt and F := PRE n SUB. The apex angle of PREt 

(resp. SUBi) is f, and the bottommost (resp. topmost) point is its apex 

((lire)x,{lirC)Y,tfre) (resp. ((lfub)x,(liUb)Y,tiuh)). 

Output: point I, maximize a vertical line segment L e F, where I is the projection 
point of L on the X-Y plane. 

1: execute Algorithm 2 to obtain the two sets of arcs L\ and L2, one from PRE and 
the other one from SUB. 

2: while Li 7^ 0 /*L2 holds the arcs from SUB */ do 
3: if at the current moment, a type 2 or type 3 event happens then 
4: execute Algorithm 4. 
5: if a type 1 event is included inside a type 2 or type 3 event /*a type 1 event 

happens when or before a type 2 or type 3 event ends*/ then 
6: execute Algorithm 3. 
7: end if 
8: end if 
9: end while 

10: from the computed meeting locations, find the meeting location with the longest 
duration. 

Algorithm 2 Preprocessing Steps 

1: construct the Voronoi diagrams VPre and Vsub, respectively 
2: compute the bottommost point m'{l'XilY,t') of PRE and the topmost point 

m"(l'x,ly,t") of SUB, respectively 
3: sort the Voronoi vertices in increasing order of height (projected back in 3-d) in 

the Voronoi diagram of VPre and Vsub, respectively 
4: let the circular arcs of SUB cut by the plane at time t' be S". Put the arcs of S" 

into a linked list L2. Let the arc of SUBk pass through I'. Let SUBh — 0. 
5: determine the discs PREi and/or PREj, whose arcs will touch the arc of SUBk 

at time t' + e, where e is a sufficient small value. Let the circular arcs of PRE cut 
by the plane at time t' + e be S'. Put the arcs of S' into a linked list L\. 
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Algorithm 3 Processing type 1 events 

1: if point p is a vertex in PRE /*p is currently being processed*/ then 
2: insert arc of PREr into L\, where, PREi, PREr and PREj determine p, and 

the arcs of PREi, PREr and PREj are consecutive neighbors in S'. 
3: else if point p is a vertex in SUB /*p is currently being processed*/ then 
4: delete the corresponding arc SUBW from L2> where, SUBk, SUBW and SUBh 

determine p, and the arcs of SUBk, SUBW and SUBh are consecutive neighbors 
in S". 

5: end if 

Algorithm 4 Processing type 2 and type 3 events 

1: if S' fi S" is a point, determined by two neighboring arcs in S', and one arc in 
S" at the current moment, or determined by two neighboring arcs in S", and one 
arc in S' then 

2: compute the meeting location with the minimum meeting duration from the 
current moment to the moment when the determining arcs in either S' or S" or 
both change. The meeting location is determined by two corresponding circles 
from S', and one circle from S", or two circles from S", and one from S', or by 
the intersection point of two circles in S', and two circles in S". 

3: else if S' fi S" is a point, determined by one arc in S', and one arc in S" at the 
current moment /*the touching point is a tangent point of two arcs*/ then 

4: compute the meeting location with the minimum meeting duration from the 
current moment to the moment when the determining arc in either S' or S" or 
both changes. The meeting location is determined by one corresponding circle 
from S', and one circle from S". 

5: end if 
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'*0 C-i 

(«) 

Figure 4.5: (a) The trace of the touching points of S' and S". The new meeting point 
is located on a Voronoi edge. The left Voronoi diagram is V,pre, and the right Voronoi 
diagram is Vsub. (b) The trace starts from the earliest meeting point m'. (c) The 
trace along a Voronoi edge from Vpre. (d) The trace is determined by two circles, one 
from Vpre. and one from Vsub. (e) The trace along a Voronoi edge from Vsub, and 
ends at the latest meeting point m". 
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Algorithm 5 Compute the new meeting point with the longest duration 

1: construct the Voronoi diagrams VPre and Vsu^, respectively 
2: compute the bottommost point m'(l'x,l'Y,t') of PRE and the highest point m"(l'x, ly, t") of 

SUB, respectively 
3: sort the Voronoi vertices in increasing order of height (projected back in 3-d) in the Voronoi 

diagram of VP r e  and V su^, respectively 
4: let the circular arcs of SUB cut by the plane at time t' be S". Put the arcs of S" into a linked 

list Li. Let the arc of SUBk passes through I'. Let SUBh — 0-
5; determine the discs PREi and/or PREj, whose arcs will touch the arc of SUBk  at time t' + e, 

where e is a very small value. Let the circular arcs of PRE cut by the plane at time t' + c: be 
S'. Put the arcs of S' into a linked list L\. Let the disc be PREi such that I'I" pass through 
the Voronoi cell of PREi. 

6: while Lj ^ 0 do 
7: if both PREi and PREj exist and SUB h — 0, or both SUBk and SUBh exist and PREj = 0 

/""candidate I is on the Voronoi edge e of PREi and PREj, or on the Voronoi edge of SUBk 
and SUBh*J /*we only focus on the first case, the second case is in symmetry*/ then 

8: /*candidate I is also an interior point on the arc of SUBk*/ let the endpoint of Voronoi 

edge e further away from I' be p. Let the intersection point of e with be q, refer 
to Figure 4.4 (b) 

9: if q € c /*the endpoint p of e is after q along e*/ then 
10: if q is in the Voronoi cell of SUBk /*as q is also located in the Voronoi cell of PREi, the 

candidate I is a tangent point of SUBk and PREi*/ then 
11: compute the meeting location I and duration 11 determined by PREi, PREj and SUBk, 

put < I,11 > in a set A 
12: else 
13: compute the intersection point I of e and the Voronoi edge between SUBk  and SUBh, 

where, the arc of SUBh is the neighboring arc of SUBk in La, refer to Figure 4.4 (b). 
Compute the meeting duration 11 at I and put <1,11 > in A 

14: end if 
15: else 
16: /*the endpoint p of e is before q, a type 1 event*/ compute the meeting location I and 

duration 11 determined by PREi, PREj and SUBk, put <1,11 > in A 
17: insert arc of PREr into L\, where, PREi. PREr and PREj determine p, and the arcs 

of PREi, PREr  and PREj are consecutive neighbors 
18: end if 
19: else if PREj = 0 and SUBh = 0 then 
20: /*candidate I is a tangent point between PREi and SUBk*/ compute the meeting location 

I and duration 11 determined by PREi and SUBk, put < 1,11 > in A 
21: end if 
22: if /*dealing with type 1 events*/ the height of a Voronoi vertex is smaller than the time t of 

the current candidate I and the corresponding arc is not processed then 
23: insert the corresponding arc into Li, or delete the corresponding arc from L2, depending 

on the location of the Voronoi vertex. 
24: end if 
25: determine the arc PREi and/or its neighboring arc PREj in L\, that will touch the arc of 

SUBk and/or its neighboring arc SUBh at time t + e in L2. 
26: end while 
27: from set A, find the meeting location I with the longest duration 11. 
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the beginning. The touching points are along the Voronoi edge between C\ and C2 

in (c). Then, as S' expands, and S" shrinks, the touching points are determined by 

Ci and C-j in (d). After that, the touching points are along the Voronoi edge between 

Ce, and C7 in (e). The circular arc of C\ in S' passes through the touching points, 

and finally the topmost point TO". 

4.4.2 Linear programming model 

This section summarizes how to use the framework of the solution to linear pro

gramming type (LP-type) problems [113] to solve our problem. This work is mainly 

contributed by our co-authors R. Klein and F. Berger, and was published in [18]. 

4.4.2.1 Participants travel at the same speed 

Let the new meeting location be x. Equation 4.1 can be rewritten as: 

S { x )  = max (ife + ||/fe — x||), (4.3) 
1 <i<n 

and Equation 4.2 can be rewritten as: 

E ( x )  =  min (tfb - ||/|ub - a;||). (4.4) 
1 <i<n 

Let f  ( x )  =  E ( x )  —  S ( x ) .  The objective is to obtain x  that can maximize f i x ) .  

Our problem belongs to LP-type maximization problems [73]. The solution to 

these problems can be obtained by applying the abstract framework of Sharir and 

Welzl [113]. The LP-type problem is written as (//, w), where, w is the function which 

needs to obtain the maximal value (w(H)) for, and H is a set of constraints. In our 

problem, H is the set of participants, i.e., PREi fi SUBi. Without confusion, from 

here, we let M = {PREn fi SUBi,..., PREn fl SUBn}, H — M. The function w is: 

w(M) = (f(x),S(x)), which will be explained later. 

To prove that our problem belongs to an LP-type problem, the following two 

axioms must hold: 
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1. Axiom 1: For any Q ,  G  with Q  C G  C M ,  w ( Q )  >  w ( G ) .  

2. Axiom 2: For any Q  C G  C  M  with w ( Q )  =  w ( G )  and any h  G M ,  u;(GU{/i}) < 

w ( G )  i m p l i e s  t h a t  w ( Q  U  { h } )  <  w ( Q ) .  

For Axiom2, intuitively, suppose that a subset Q C M of participants has a 

longest stick L' inside the convex body formed by the corresponding cones, and a 

subset G C M (Q C G) of participants has a longest stick L". Also suppose that 

||L'|| = |\L"\\. After a pair of cones are added into G, if the length of the longest stick 

for G is shortened, then due to the insertion of the pair of cones, the longest stick for 

Q must also be shortened. 

The computation of the longest stick following the framework is simple. There 

are three primitive operations, starting with the computation of the initial basis. A 

b a s i s  B  i s  a  s e t  o f  c o n s t r a i n t s  w i t h  w ( B ' )  >  w ( B )  f o r  a l l  p r o p e r  s u b s e t s  B '  o f  B .  

A basis for a subset G of M is a basis B C G with w(B) = w(G). The maximum 

cardinality of any basis is called the dimension of (H,w). We say that a constraint 

h G H violates a set G if w(G U {/;}) < w(G). In our case, the dimension of the basis 

is proved to be four by applying Helly's Theorem [46], which will be shown later. 

1. Initial basis: in the beginning, compute the length of the longest stick from 

basis Bq. Any participant can be used as initial basis. w(B0) < oo. 

2. Violation test: given a basis B, and a pair of cones of a participant, which 

is a new constraint h, decide whether the pair of cones violate B, i.e., their 

participation changes the length of the longest stick computed so far. 

3. Basis change: after Violation test, return new basis for B  U { h } .  

There are 0 ( n )  participants, and the computation of the length of the longest stick 

from the initial basis is 0(1) by applying the geometric algorithm in Section 4.4.1. 

Each violation test and basis change can be done in 0(1) time. 

Theorem 4.2. The new meeting location with longest duration for n participants can 

be computed in 0(n) expected time. 
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Zf6 = (l,2) ^ = (5,2) 
tf> = 3 ts

3
ub = 7 

r = (o, i) lf>b = (6,1) 
tr=o j-sub 

r l  —  

z r=( i , o )  r - (5 ,o )  
= o tr=4 

Figure 4.6: Axiom 2 does not hold for the participants Mi, M2, M3, if we use a: (—> /(a?) 
as objective function. For the sets Q := {-Mi}, G := {Mi,M2} and h : Af3, we 
o b t a i n  w ( Q )  =  w ( G )  =  1  a n d  w ( G  U  { / i } )  <  w ( G ) ,  b u t  1  =  w ( Q  U  { / i } )  =  w ( Q ) .  

So far we associate the LP-type problem with ours. Next, we will present the proof 

that our problem belongs to LP-type problem by correctly selecting the function w. 

If we simply consider the set of participants M (i.e., cones) as the set of constraints 

and the function w = /(x), then Axiom 2 does not hold, and thus not an LP-type 

problem. Figure 4.6 shows a situation where Axiom 2 does not hold. Our goal is to 

prove that the problem becomes an LP-type problem if we lexicographically maximize 

(f,S) instead of just maximizing /, i.e., w(M) = (f(x),S(x)). Lexicographically 

m a x i m i z e  ( / ,  S )  m e a n s ,  f o r  t w o  p a i r s  a n d  ( f ( y ) , S ( y ) ) ,  ( f ( x ) , S ( x ) )  <  

( f ( y ) , S { y ) )  if and only if /(«) < /(y)> or f ( x )  =  f { y )  and S ( x ) < S ( y ) .  The first 

inequality only focuses on /, while the second inequality implies that / obtains its 

maximum in more than one point. So, We have to analyze the second situation first, 

t h e n  s e e  i f  A x i o m  2  h o l d s  f o r  w  —  ( f , S ) .  

Lemma 4.4. \ S ( x i )  —  S f a ) \  —  ||^i — holds, if both locations xi,x2 maximize f. 

Proof. Consider points (xi, «S(:ri)), (x2, Sfa)), (x\,E(xi)) and ( x 2  , E ( x 2 ) )  on the 

convex body F. Since the set of feasible points F is convex, the line segment Bs from 

(xiy S(xi)) to (:i-2, S(x2)) is completely contained in F. Analogously, the line segment 

Be from (xi, E(xi)) to (x2,E(x2)) is in F. 

If ( l , t )  e  B s  were an inner point of F ,  we could schedule a meeting at I  of 

longer duration than at Xi- But this would be a contradiction to x\ maximizing /, 
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(x2, E{x2)) 

(x2,S(x 2)) 

{ x u E { x i ) )  

{xhS{xi)) 

Figure 4.7: This is a 3-d figure. The four vertices are located on the convex body F 
intersected by the set of cones. Every vertical segment of maximum length contained 
in this parallelogram corresponds to a meeting of longest duration. 

so B s  C d F  holds. There must be some cone P R E j  whose boundary contains Bs-

Otherwise, the line segment Bs could intersect every cone's boundary in at most 2 

points. Finally, Bs C dPREj implies that Bs is a line segment of slope 1. • 

Lemma 4.5. The locations maximizing f form a line segment. 

Proof. We have to show that every 3 locations maximizing / are collinear. Let 

%i,x2,x3 denote locations maximizing /, such that S(xi) < 5Y(.x2) < S(xs). By 

L e m m a  4 . 4 ,  w e  c o n c l u d e  | | r c 3  —  x i | |  =  S ( x s )  —  S ( x \ )  —  S ( x z )  —  S ( x 2 )  +  S ( x 2 )  —  S ( x i )  =  

11^3 — X2W + 11.x"2 — X'i ||. So, the triangle inequality holds with equality, which means 

that X\,X2iXz are collinear. • 

Lemma 4.6. The maximum meeting duration is determined by at most 2 participants, 

if f obtains its maximum in more than one point. 

Proof. Let x\ and ;x2 denote distinct points where / obtains its maximum and let 

Bs,Be and PREj be defined as in the proof of Lemma 4.4. An analogous argument 

to the one showing that Bs C dPREj leads to the fact that there is a downward cone 
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SUBk such that Be C dSUBk. The optimum meeting duration T is obtained for a 

subset of the line segment lfrel%u^. But even a 2-participant-meeting just of Mj and 

Mk has maximum duration T. If j = k, which is also possible, the maximum meeting 

duration is determined by only one participant. • 

Lemma 4.7. There is a unique location x, which lexicographically maximizes (/(x), S(x)). 

Proof. We define C := {x G R2 : ||/fe - ,x|j < tf'h - tfe - /(/fe)}, which is a 

disc. This implies f(x) < f(lp{e) for all x G M2 \ C. Due to the compactness of 

C and the continuity of /|c, the function f\c obtains its maximum T on C. Since 

T > /(/f6) > f{x) for all x e R2 \ C, T is also the maximum of / on I2. The 

continuous function 5|/-i(r) obtains its maximum t on the compact set f~l(T). Due 

t o  L e m m a  4 . 4 ,  t h e r e  c a n  b e  a t  m o s t  o n e  p o i n t  x ,  s u c h  t h a t  f i x )  =  T  a n d  S ( x )  =  t .  

Hence the optimum point is unique. • 

So far, we have built the uniqueness of the function of w. Next, we need to prove 

our problem is indeed an LP-type problem. The proof is based on the two Axioms in 

the LP-type framework. 

Theorem 4.3. To find the optimum meeting for a set of participants is an LP-type 

problem. 

Proof. Clearly, a meeting, which is possible for a set of participants G, G c M, is 

also possible for every subset of G. Thus Axiom 1 holds. 

For M' C M, recall M is the set of participants, let OPTm 1  be the lexicographi

c a l l y  o p t i m u m  p a i r  ( f ( x ) ,  S ( x ) )  f o r  a  m e e t i n g  o f  a l l  p a r t i c i p a n t s  i n  M ' .  L e t  f \ M > { x )  

denote the maximum duration for a meeting at location x of all participants in M'. 

Let x(M') denote the unique location where the optimum meeting is held. We as

sume OPTq = OPTG and OPTgu{h} < OPTG for Q c G C M, h € M. Accord

ing to Lemma 4.7, every point different from x(Q) leads to a solution worse than 

O P T q  =  O P T q  f o r  t h e  p a r t i c i p a n t s  i n  Q .  H e n c e ,  e v e r y  p o i n t  d i f f e r e n t  f r o m  x ( Q )  

leads also for the participants in G to a solution worse than OPTq = OPTq• Thus 
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x( Q )  =  x ( G ) .  The inequality OPT Gu{h} < OPT G  means that participant h  cannot 

stay at the location x(G) for the whole time interval E(x(G))]. But, this 

also means that he cannot stay the whole time interval at x(Q) as Q C G, and we 

conclude OPTqU{hy < OPTq, thus Axiom 2 holds. • 

Now, we have to look at the dimension of the problem. The proof that the 

dimension of the problem is at most 4 uses Helly's theorem. A similar argument 

using Helly's theorem for a related question concerning the weighted Euclidean 1-

center problem is described by Megiddo [74]. 

Theorem 4.4 (Helly's Theorem [46]). Let C\,..., Cn be convex sets in Rd, n > d+1. 

Suppose that the intersection of every d + 1 of these sets is nonempty. Then the 

intersection of all the Ci is nonempty. 

Theorem 4.5. The dimension of the meeting scheduling problem is at most 4. 

Proof. This proof is by contradiction. Let us assume that B — {Mi, , Mh} is a 

basis and b — \ B \ >  4  holds (i.e., B  =  { P R E \  fl S U B \ , . . . ,  P R E b  n SUBb}). First we 

prove that for every 4-element subset W C B. the minimum value /' among all the 

fw obtained for all possibilities of W. is also the maximum length / of the vertical line 

segments contained in the set of feasible points FB, where, fw is the maximum length 

of a vertical segment in the intersection of the cones in W, and Fb is the convex body 

intersected by the cones in B. Note that, by the assumption that there is a solution 

with f(x) > 0, the intersection of the sets in W is nonempty for every W. Clearly, f is 

an upper bound on the length / of the longest stick contained in Fb- TO obtain / = /', 

we have to show that / > /'. Let SUB'ik denote the vertical cone with apex angle f 

whose uppermost point is its apex ({ljiu^)x, — /') for 1 < k < b. We ob

serve that all sets in {PRE\ Pi SUB\,..., PRE^n SUB'b} are convex and, by definition 

of /', the intersection of every 4 of them is nonempty. By Helly's theorem, this implies 

that the intersection of all sets in {PRE{ fl SUB[,..., PREb fl SUB'b} is nonempty. 

But a point in this intersection corresponds to a vertical line segment of length at 
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least f  in the intersection of the original cones {PREi,.. . ,  PREb, S U B i , . . . ,  S U B b } .  

This means, that / > f and together with / < /' we conclude that / = f holds. 

Since 4-element of B can have the same longest length as the one B has, let 

V C B denote a 4-element subset of B such that f\y and /|b obtain the same 

maximum value. Next, we need to get a contradiction with the assumption of B 

being the base. First we consider the case that f\v obtains its maximum in only one 

point, say x*. This point must be the optimum meeting point for V as well as for B. 

But in this case ,S|y(.xt) = 5|^(.x*) holds, which means OPTv = OPTB and we get 

contradiction to B being a basis. 

Second, we consider the case that f \ v  obtains its maximum in more than one 

point. By Lemma 4.6, there is a subset Z C V of at most 2 participants such that 

f\z, f\v, and thus /[#, obtain the same maximum value. Let xz denote the optimum 

meeting location for the participants in Z and xb the optimum meeting location for 

the participants in B. If xz = Xb, same as above, we get a contradiction, and we are 

done. 

So, now we have x z  ̂  xb , and f \ z ,  f \ v  and f \ n  obtain the same maximum value 

at both xz and xB. By Lemma 4.5, the participants in Z can schedule meetings of 

maximum duration only in locations on the line through xb and xz- This means, 

we can  res t r ic t  our  examinat ion  to  the  p lane  conta in ing  the  ver t ica l  segments  a t  xb  

and xz- Figure 4.8 shows the curves resulting from intersecting this plane with the 

downward cones corresponding to participants in B \ Z. Since all participants in 

B can reach xb at S\Z{xb), they can also reach xz at S\Z{xb) + ||xz — Xb\\, which 

equals Sz{xz) by Lemma 4.4. Hence, the upward cones corresponding to participants 

of B\Z are not important for Figure 4.8. I.e, if we draw a vertical line from xb, 

then the intersection points of the vertical line and all the upward cones in B\Z are 

lower  than  (xb ,  SZ(xb)) -

The optimality of xb , i.e., by assumption that B is the basis but Z is not, ensures 

that there is a downward cone PRE^ which contains the point {XB, E\Z(XB)) on its 

boundary and prevents improving the solution by moving from xb into the direction 
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( x z ,E \ z {x z ) )  

' ( x z , S \ z ( x z ) )  

{XB,E\Z{XB))  

( x B , S \ z ( x B ) )  

Figure 4.8: The longest meeting duration that is possible for the participants in Z 
is the same as for the participants in B. The dotted curves correspond to downward 
c o n e s  i n  B \ Z .  

of Xz- We conclude, that the optimum meeting for the at most 3 participants in 

Z U { Mi;j} is as good as for all participants in B, which is a contradiction to B being 

a basis. • 

While Theorem 4.5 provides an upper bound on the dimension of the meeting 

scheduling problem, Figure 4.9 shows an example that the dimension is at least 4. 

4.4.2.2 Allowing participants to travel at different speeds 

Now, let us assume that the ith participant Mi travels at speed Q;, where 0 < < oo. 

Then the definition of Equation 4.3, which expresses the time of the arrival of the 

last participants at some location x has to be changed to 

The function E in Equation 4.4 has to be changed accordingly. 

For the geometric interpretation of the problem, the set of feasible points can still 

be described as the intersection of upward and downwards cones. The only difference 

to the unit speed case is that the apex angle of the cones belonging to participant 

S ( x )  : =  max (tfT6 + -^||l\ 
!<»<n y Cli 
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tf = -2  ,ty* = 2 

= lg?b = (0,1) 

*r ='!"* = (1,1) 
= 0,t|"i> = 4 

if = if* = (0,0) 
«fe = 0,tfi' = 4 

;pre = /j»6 = (ll0) 
= -2, tf* = 2 

Figure 4.9: Set of 4 participants {Mi, Ma, M3,M4} and their way to the optimum 
meeting location. The start of their optimum meeting is determined by participants 
Mi and M3, while the end is determined by M2 and M4. Removing any participant 
enables a meeting with longer duration. If one, for example, removes participant 
Mi, the optimum meeting location becomes (1,1) and the duration of the optimum 
meeting increases by y/2, — 1. 

traveling at speed on becomes 2 arctan(aj). Due to the different speeds, the projection 

of the cones in PRE on the X Y-plane is an additively multiplicatively weighted 

furthest site Voronoi diagram of circles. We do not know whether our 0{n log n) 

algorithm presented in [62] can be generalized to this case. But it is important for 

the LP-approach that it is still possible to find the optimum meeting location for 

at most 5 participants in time 0(1) by inspecting every cell of the overlay of the 

Voronoi diagrams belonging to the projections of the cones in PRE and SUB on the 

XY-plane. 

Another problem for generalizing our results to participants traveling at different 

speeds is that Lemma 4.4 is no longer true. The following lemma serves as a substitute. 

Lemma 4.8. If x 1 7^ X2 and both locations xi,x% maximize f, then S(x 1) ^  S ( x 2 ) ,  

even if participants travel at different speeds. 
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(;x B,E \z (xb))  

(•X B , S \ z { x B ) )  

( x z ,E \ z ( x z ) )  

(%z ,S \ z (xz ) )  

Figure 4.10: The longest meeting duration that is possible for the participants in 
Z is the same as for the participants in B. The dotted curves d\, d-2 correspond to 
downward upward cones in B\Z, while the dotted curve U\ corresponds to an upward 
cone. 

Proof. As shown in the proof of Lemma 4.4, the line segment from (xi,5'(xi)) to 

(x2,S(v2)) is completely contained in the boundary of a cone, which implies that it 

has slope >0. • 

For the proof of Lemma 4.7, the only necessary change is to replace the use of 

Lemma 4.4 by the use of Lemma 4.8. The proof of Lemma 4.6 as well as of Lemma 

4.5 directly translate to our generalized problem setting. There is also a minor change 

with respect to the proof of Theorem 4.5 and Figure 4.8. Now, with the cones having 

different angles, even upward cones can prevent us from improving the solution, see 

Fig. 4.10. Finally, we conclude with the generalized result. 

Theorem 4.6. We can compute a meeting of longest duration (or determine that no 

meeting is possible) for n participants traveling at different speeds in expected time 

0 { n ) .  
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4.5 Maximizing the number of participants in Euclid

ean space 

When no new meeting can be scheduled for the set of n participants, i.e., F = 0, we 

want to find the maximal number of participants that can schedule a new meeting 

with a meeting time > 0. Still, all the participants travel at the same speed. 

Recall that each participant's time dependent location corresponds to an upper 

cone and a lower cone, and each cone has an opening angle 90°. This problem can be 

solved in a brute force way by sweeping the horizontal plane (time plane) H through 

the two sets of cones — upper cones and lower cones. Each time plane cuts the cones 

into two sets of circles. Then, at each time plane, we find the maximal number of 

participants that contribute to a common intersection area of the two sets of circles, 

and the final maximal number of participants in all the time planes is the result. 

In order to use the sweep plane technique, we have to find the event points (planes), 

i.e., the time events, when the upper and lower cones are cut. Suppose that we have 

the final maximal number of participants K, 2 < K < n. Since the K participants 

can schedule a new meeting, there is an intersection area of the K upper cones and K 

lower cones corresponding to the K participants. Let the upper cones and the lower 

cones intersect in a convex body P. In the degenerate case, the convex body may be 

a single point. 

Lemma 4.9. If p is a point that maximizes the number of participants, then there 

exists a meeting point q, such that (1) q is the lowest point on the convex body P; (2) 

q is a meeting point for the same set of participants (q could be p). 

Proof. As the convex body P = (fllower cones ) fl (flupper cones) -/- 0, and each cone 

has an opening angle 90°, there must be a lowest point in P. Since p G P, all the 

points in P are determined by the same participants as p. Thus, the lowest point 

must be determined by the same participants as p as well. • 

The following lemma is based on the fact that the upper and lower cones have the 
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same opening angle 90°. 

Lemma 4.10. The lowest point lowp of the intersection of the K lower cones and 

the highest point highq of the intersection of the K upper cones are the lowest and 

highest point of the convex body P, respectively. 

The computation and relationship of the smallest enclosing circle of a set of sites, 

and the arrangement of a set of cones have been introduced in Lemma 2.1. Besides 

Theorem 2.1, there is also a property of the MEC of a set of points related to the 

furthest Voronoi diagram. 

Property 4.1. Each vertex of the furthest Voronoi diagram for an n point set is 

determined by three points, and the circle passing through the three points covers all 

the n points. The MEC of the points is the circle with the smallest radius. 

The following lemma presents the three cases for the lowest (highest) point on the 

convex body P. 

Lemma 4.11. Point lowp (highq) is determined by the lower cones (upper cones) as 

per one of the following three cases: 

1. One of the apices of the lower (upper) cones; 

2. The lowest (highest) intersection point of two lower cones (upper cones); 

3. The intersection point of three lower cones (upper cones). 

Proof. By Lemma 4.10, the lowest point of the convex body must be the lowest 

intersection point of the set of lower cones. By Lemma 2.1, the lowest intersection 

point is the center of the MEC of the set of circle sites obtained by cutting the 

lower cones at a horizontal plane. There are three cases for the center of MEC. 

Correspondingly, there are three cases for the location of the lowest intersection point 

of the set of lower cones. • 
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Algorithm 6 Finding-Maximal-Participants 

Input: Cone set { P R E h . . . ,  P R E n }  and {SUBh..., SUBn). PRE := Of=lPREi, 
SUB := r\l_lSUBl and F := PRE n SUB. The apex angle of PREi 
(resp. SUBi) is f, and the bottommost (resp. topmost) point is its apex 

((i?re)x,(i?">,f?re) (resp. ((if6)x, ( l? u b )y , t?"l>) ) .  

Output: the maximal number of participants that can schedule a new meeting with 
duration > 0. 

1: /*Event points:*/ compute the intersection points of every two lower cones 
2: compute the intersection points of every three lower cones 
3: for each event point computed above and each apex of the lower cones do 
4: count the number of matching circle pairs cut by the time plane at the height 

of the event point that enclose the event point 
5: end for 
6: output the maximal number computed in above step 

Recall that the maximal number of participants is K, and the K upper cones and 

K lower cones belonging to the K participants intersect at the convex body P. Then, 

the lowest (highest) point of P is determined by one of the cases in Lemma 4.11. 

If we compute all the lowest intersection points of every two cones, and the inter

section points of every three cones, then the lowest (highest) point lowp (highq) of P 

must belong to one of the intersection points or the apices of the lower (upper) cones. 

Also, if we cut the cones at a horizontal plane at the position of lowp, then all of the 

K upper circles obtained must include lowp. What remains is to find the maximal 

value K. Thus, we obtain the following brute force algorithm to find the maximal 

number of participants K. In the algorithm, a matching circle pair is defined as a 

pair of circles obtained by cutting the lower and upper cone of a participant at a 

horizontal plane. Similarly, a matching cone pair is the lower and upper cone of a 

participant. 

Lemma 4.12. Algorithm 6 can be executed in 0(n4) time. 

Proof. There are, in total 0(n3) event points. For each event point, counting the 

number of pairs of circles enclosing the event point takes 0(n) time. • 
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Can we improve upon this? We next show that our problem is a 3SUM-hard 

problem through the following problem (3SUM-hard problems are introduced in Sec

tion 2.2.3). Boris and Har-Peled [9] studied the maximum depth problem in a disc 

set, where, maximum depth of a point is the largest number of discs covering it. They 

establish the following lemma: 

Lemma 4.13. [9] Determining a point of maximum depth in an arrangement of n 

discs is SSUM-hard. 

In the proof they showed that the POINT-ON-3-LINES problem, (i.e., given a 

set of lines in the plane, are there three that pass through the same point?), can be 

reduced to determining a point of maximum depth in an arrangement of n discs. By 

that argument, computing the depth in 0{n2) time exactly appears difficult. 

Lemma 4.14. Finding the maximal number of participants traveling at the same 

speed that can schedule a new meeting with a meeting time > 0, is SSUM-hard. 

Proof. We reduce the problem in Lemma 4.13 to the problem of finding maximal 

number of participants problem, and thus can prove that our problem is 3SUM-hard. 

Consider constructing a set of cones from the n discs in set A. The n discs are 

located at time plane H. For a disc C € A, there is one upper cone and one lower 

cone corresponding to it. The apices of the upper and lower cones are located at the 

center of C, and have the same vertical distance to H. The interior angle of each cone 

is 90°. In this setting, a point p which has the maximum depth K in the arrangement 

of the n discs exists, if and only if point p is included in the upper and lower cones 

built from the discs which cover p. • 

It is clear that a significant gap exists between n2 and our result n4. It would be 

interesting to see if a better algorithm exists. 

Another interesting question is the following: Given a set of n participants and a 

parameter k, find a meeting point which maximizes the duration for a meeting of at 

least n — k participants. For example, we could think of a situation where half the 
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participants have a quorum. An optimum meeting for all except k participants can 

be found by inspecting the optimum meeting point for every subset of 4 participants 

(according to Theorem 4.5), but we would like to find a fast algorithm. However, 

according to the following lemma, a subquadratic solution in the full range of k 

seems unlikely. 

Lemma 4.15. Given a set of n participants and a parameter k, finding a meeting 

point which maximizes the duration for a meeting of at least k participants is a 3SUM-

hard problem. 

Proof. According to Matousek [73], the problem of finding the smallest circle enclosing 

at least q points of a set of n points in the plane, is 3SUM-hard. We show that our 

problem is finding the smallest circle enclosing at least q points of a set of n 

points in the plane, see the definition of <§SC given in Section 2.2.3. 

Let our problem be B, and let the problem of finding the smallest circle enclosing 

at least k points of a set of n points in the plane be A. For each element a € A, we 

construct a cone conea and cone'a, where, conea (resp. cone'a) is an upwardly (resp. 

downwardly) directed cone in $ft3, with apex a (resp. a'), and with an interior angle 

of 90°. All the apices of the upward cones are located at the same plane L, and 

the apices of the downward cones are located at the same plane L' which is above 

L. Point a' and a are located on a vertical line. Each participant corresponds to a 

cone conea and cone'a. We claim that a meeting point p maximizes the duration for a 

meeting of at least k participants, if and only if p is the center of the smallest circle 

enclosing at least k points of the set of n points, where, these k points are the apices 

of the set of k cones corresponding to the k participants. 

Proof of "only if part": We claim that the lowest point p of the intersection of the k 

upward cones maximizes the duration for a meeting of k participants. This is because 

p', the highest intersection point of the k downward cones, is on the same vertical 

line as p. So, p and p' determine the meeting location with the longest duration. By 

Lemma 2.1, p is the center of the smallest circle enclosing the k apices. 

The proof of "if part" is similar. • 
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4.6 Meeting scheduling in a transportation net

work 

The geometric model we considered in Section 4.4 can be modified in many ways. For 

example, in a graph-based model, one could assume that travelers use a transportation 

network that combines highway, railway, and air line connections. In this section, we 

can consider a situation where 

• participants do not move as the crow flies; instead, they travel along the edges 

of a given geometric network in the plane 

• both the participants' original locations and the meeting locations can be arbi

trary points on some edges of the network 

• each participant has an individual weight; it can be used in modeling the indi

vidual importance or the traveling speed of each participant 

• participants come in different groups; for the meeting, only one member out of 

each group is required 

In other words, let the geometric network be a graph G. Let the n participants 

belong to k different groups. Let each participant have an individual weight. Also, 

one participant in a group is needed for the new meeting. We want to find a new 

meeting location with the longest duration for the k representatives. 

In this situation, the distance between two locations in the network is given by the 

minimum Euclidean length of a connecting path in the network. We use weighted fur

thest color Voronoi diagrams on graphs to solve the problem, where, a color represents 

a group. Given a candidate location I on the network, such a diagram tells us which 

one, among those k group representatives that have shortest travel time to I within 

their groups, would be the latest to arrive there. The resulting Voronoi regions are 

bounded by marks on the network's edges. I.e., the weighted furthest color Voronoi 

diagram on the graph G for the n weighted participants in the k groups is a division 
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Algorithm 7 Computing a new meeting location with the longest duration in a 
graph model 

1: construct the two weighted furthest color Voronoi diagrams, where the sites are 
the previous meeting locations and the subsequent meeting locations of the par
ticipants with individual weights and within different groups, respectively 

2: overlay the two Voronoi diagrams 
3: for each edge on the overlay do 
4: compute a meeting location with the longest duration 
5: end for 
6: find the new meeting location with the longest duration among all the computed 

meeting locations 

of the edges of G. such that each piece on an edge belongs to a participant. See 

Hurtado et al. [49] for the details. Refer to Figure 2.11 for a furthest color Voronoi 

diagram in the plane, and Figure 2.12 for the weighted Voronoi diagram on a line for 

three sites. Both of the two figures are introduced in Section 2.2.1.4. 

Since each participant has a previous meeting location and a subsequent meeting 

location, similar to the geometric setting, correspondingly there are two weighted 

furthest color Voronoi diagrams for the participants. We overlay them, and then on 

each edge of the overlay, we compute a meeting location with the longest duration. 

Then, we pick the one with the longest meeting duration. In the following, a denotes 

the extremely slowly growing inverse Ackermann function, that can be considered as 

a constant for practical purposes. 

Theorem 4.7. Let G denote a geometric network of m vertices and e edges in the 

plane. Suppose that there are k groups of in total, n participants with individual 

traveling speeds. Then, using Algorithm 1, a meeting of longest possible duration can 

be scheduled in time 0(ena(k)logk + nlogn + nralogra). 

Proof. We analyze Algorithm 7. When superimposing the two diagrams, their com

plexities simply add up, as they are on the geometric network. In one pass over all 

edge segments thus obtained, we can compute the optimum solution. Since we can 

construct the Voronoi diagrams in time 0(ena(k) logk + nlogn + amlogrri), using 

Theorem 8 of Hurtado et al. [49], our result is proven. • 
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4.7 Conclusion 

We conclude that the meeting scheduling problem, as stated here, can be solved in 

0(nlogn) time by an algorithm that is based on geometrical observations and by an 

expected linear-time randomized algorithm within the LP-type framework. 

Many interesting questions are still under investigation. For example we want to 

generalize our results to other metrics. Another question is whether a deterministic 

linear-time algorithm for LP-type problems can be applied to our problem. In princi

ple such an algorithm has been described by Chazelle and Matousek [73], but it needs 

more restrictive assumptions than the algorithm by Sharir and Welzl we have used 

in this chapter. 
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Chapter 5 

Shortest Paths among Growing 
Discs 

In this chapter, we design efficient algorithms for one of the shortest path applications: 

finding a shortest path for a robot among a set of obstacles, where, the obstacles are 

growing discs. The robot travels at a steady speed, and the discs grow either at the 

same speed or at various speeds. We state the solution to the problem in Euclidean 

metric. 

5.1 Introduction 

A well-studied and fundamental problem in computational geometry is the determi

nation of shortest paths (see e.g., [80] for a survey). It finds applications in a number 

of key areas such as robotics, GIS, graphics, computer games, and VLSI design. In 

robotics, the problem arises in the context of planning collision-free motions for a 

robot operating in an environment containing obstacles. An important algorithmic 

challenge arises when the obstacles themselves move, as is the case in dynamic envi

ronments. This challenge is increased further, if the obstacle motion is unpredictable. 

A recently introduced model [114, 115], presents a first step to incorporate such 

unpredictability in path planning. The unpredictability of obstacle locations is mod

eled by discs growing over time at some (maximum) speed. The velocity by which 

100 
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the discs grow is assumed to be a constant and to be less than the maximum velocity 

of the robot. Assume that the robot's speed exceeds that of a disc and that the robot 

comes in contact with that disc during its motion. Then, when the robot arrives at 

the disc, the disc will act as an obstacle and the robot is unable to leave the disc as 

it grows. If all disc speeds exceed that of the robot, then, the robot must reach the 

target as fast as possible by following a straight line from the starting point s to the 

target point g. This can be detected in O(n) time, by checking if g is covered by any 

growing disc at the time when the robot arrives at g. In case some discs, say set Di, 

have smaller speeds than that of the robot, and the remaining discs D2 = 2 — D\ 

have equal or large speeds than that of the robot, we solve the problem for D1; and 

subsequently apply the above test for D2. Under the condition that the velocity of 

the robot is bigger than the one of any disc, solutions are typically given in configu

ration space, where a circular robot shrinks to a point and obstacles are augmented 

appropriately by the radius of the robot [30]. One is therefore interested in finding 

shortest paths which are guaranteed to be collision-free for a point robot operating 

in an unpredictable environment. 

We state the following geometric problem, called shortest path among growing 

discs (SPAGD) to be addressed in this chapter: given a point robot R, moving at 

a maximum velocity VR, and a set of discs 3 = {C0, Ci,.... CN} in Euclidean space, 

where the radius of each disc CI grows at speed VI, with V; < VR, find a shortest 

path from a start location s to a goal location g for the robot that avoids the growing 

discs. When discs are growing at the same speed (same-speed discs), the SPAGD 

problem is written as C-SPAGD, and V-SPAGD when discs are growing at different 

speeds (various-speed discs). This SPAGD problem was introduced by van den Berg 

and Overmars [114, 115], and was motivated in the context of motion planning in 

virtual environments such as commercial video games. They presented an O(n3 log n) 

solution for the case when discs grow at the same speed. They stated an algorithm but 

did not derive the time complexity for the case when discs grow at different speeds. 

In this chapter we present an 0(n2 log n) algorithm for the C-SPAGD problem. 
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Our algorithm thus improves upon the previous known result by a factor of n. We 

achieve our result by deriving some geometric insights into shortest paths among 

growing discs and, as tools, using a circular sweep technique and additively weighted 

Voronoi diagrams. With various-speed discs, our algorithm has 0(n3 log n) time 

complexity. In [59], an 0(n2logn) algorithm to find a shortest path from s to g 

among a set of discs is presented where the discs are static. Our solution for the 

growing disc at the same speed problem instance therefore matches the complexity 

derived for the simpler static (fixed disc) case [26]. 

Section 5.2 presents preliminaries, Section 5.3 outlines our algorithms, Section 5,4 

presents the preprocessing step, and the key algorithms are described in Sections 5.5 

and 5.6. Section 5.7 briefly introduces another key part in the overall algorithm. We 

conclude with Section 5.9. 

5.2 Preliminaries 

In this section, we introduce some terminology beginning with a formal definition 

for the shortest path among growing discs problem. 

Let 3 = {C0, Ci,..., Cn} be a set of discs, where, each disc Ci E 3 is represented 

by a center o», radius r^t). and speed V*, denoted by Ci(t)=(oi,ri(t),Vi). Each disc 

grows as a function of time t. The radius of Ci at time t is r;(i) = r»(To) + Vit, where, 

fj(T0) is the radius of <7,(To), and T0 is the starting time. A path 7r is a function 

[ta,tb] —» where n(tx) denotes the location of the robot R, at time tx, and R is 

located at ir(ta) = a and reaches ir(tb) = b at time tb• A point tt(tx) is collision-free 

with respect to 3 at time tx if tt(tx) fl (IJILi Gi(tx) — 0 (J"=i Ci(tx)) = 0, where, 8A 

represents the boundary of object A. A path 7r from n(ta) to 7r(tft) is collision-free 

if every point ir(tx) on 7r is collision-free at time tx, where tx E [ta,tb\- The problem 

of finding a shortest collision-free path from a start location s, ir(ts), to a goal 

location g, TT(tg), in M2 is to find a collision-free path 7r: [ts, tg] —> M2 which minimizes 

| tg — t.s|. We assume that the robot starts from s at time ts = T0. 
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Since the discs grow over time, it is easily seen that the robot should always move 

at maximal velocity. Thus, given a path and a starting time, one can determine the 

arrival time for any point on the path. The segments on the robot's path are time 

encapsulated, but, for ease of notation, the time parameter t is omitted when no 

ambiguity arises. 

To solve the problem, van den Berg and Overmars [114, 115] use a 3-dimentional 

model where the x and y axes describe the location and the z axis represents time. 

Cones are used to represent the change in obstacles over time. Any shortest path 

from s to g for the robot is composed of alternating straight line segments of slope 

^ which are tangent to pairs of cones and logarithmic spiral segments which lie on 

the surface of each individual cone. 

We solve the problem in 2-d thereby avoiding 3-dimensional geometric objects, 

operations and primitives. We look at tangents between growing discs, and spiral 

segments around discs instead of cones. A tangent line segment I, also called tangent, 

between two discs Ci(tp) and Cj(tq) is a line segment pq (p G dCi(lp),q G dCj(tq)), 

such that pq _L Oip, pq _L Ojq, and \pq\ = VR(tq — tp). The direction of I is from p to q. 

A tangent l(~ pq) from p G C\ to q G Cj that is collision free during time [tp,tq] 

with respect to other growing discs is called a valid tangent. The formal definition is 

given below. 

Definition 5.1. Valid tangent: Let I be a tangent from Ci G 3 to Cj G 3>. For a 

disc Ck G S>, k ^ i and k ^ j, let pk G I be the point closest to the center Ok of Ck 

among all the points on I. Tangent I is called a valid tangent, if (Ck{tPk) — 8Ck(tPk)) fl 

Pk = 0, where tPk is the robot's arrival time atpk-

There is a relationship between the endpoints of a valid tangent and the Voronoi 

diagram of the discs in 3. It is well known that the Voronoi diagram of a set of 

discs does not change when discs are allowed to grow [90]. The Voronoi diagram of 

same-speed discs is called additively weighted Voronoi diagram. The Voronoi diagram 

of various-speed discs is called additively, multiplicatively weighted Voronoi diagram. 

Let Vci be the Voronoi cell of Cj. 
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cM 'Ci& 

Figure 5.1: Right-right, right-left, left-right, left-left tangents from disc Cj(T0) to disc 
Cj, which is originally Cj(T0). 

Lemma 5.1. Let I be a valid tangent from Ci to Cj. Then the tangent point of I on 

Ci (resp. Cj) is located inside Vc4 (resp. Vcd). 

Proof Let I be tangent to disc Ci (resp. Cj) at point p. Since I is valid, point p is 

not inside any disc Ck other than Ci (resp. Cj). I.e., p is closer to Ci (resp. Cj) than 

to Ck, or p has the same distance to Ci (resp. Cj) as to Ck, where, p is located on 

the Voronoi edge between VGi (resp. VGj) and Vch- • 

Note that when we say that point p is located inside VGi, P is either inside the 

Voronoi cell of Ci, or p is located on a Voronoi edge of Vc,. 

There are four types of tangents between a pair of discs Ci and Cj. These are: 

right-right, right-left, left-right, and left-left tangents, denoted by (t), ^j(t), l%{t), 

and llij(t), respectively. Knowing that these are time-encapsulated, we often use 

the short forms llj, /[J, 1^. and Ifj, refer to Figure 5.1. The right-right and right-

left tangents axe reflections of left-left and left-right tangents. Therefore, properties 

derived for the right-right and right-left tangents are also applicable to left-left and 

left-right tangents. 

A departure curve for a particular tangent is the trace, over time, of the tangent's 

endpoints that are located on the starting disc as the disc grows. Similarly, an arrival 

curve for a tangent is the trace of the tangent's endpoints on the growing arrival disc. 

Refer to Figure 5.3 illustrating the right-right departure curve when the discs grow 
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Q) 

TO w 

Figure 5.2: For the proof of Lemma 5.2. Disc Ci and Cj grow at the same speed. 
Tangent (To) and IJJ(t) with t > To. 

at the same speed. We denote the departure curve of the right-right tangent llj as 

DCillj) and DC(lfj) for the right-left departure curve. When no ambiguity arises, 

we use DC(kj) to represent either DC(llj), or DC(/,[J), or both. We also denote the 

right-right arrival curve as ACQlJ) and AC(lrl) for the right-left arrival curve. 

Assume for the following discussion, a polar coordinate system with coordinate 

axes: time, T, and angle, 0. (Actually polar coordinates are typically radius and 

angle. In our case, we define that the speed of the starting disc equals to time, 

therefore, the change in radius of the disc is precisely the change in time.) When 

discs grow at different speeds, DC(l\j) and DC(lrt) (resp. AC(iJJ) and D.C(V^)), are 

sine curves [115]. When discs grow at the same speed, DC(Z[j) (resp. AC(llj)) is 

a sine curve, while DC (IJJ) (resp. AC(1%)) is a straight line. This is stated in the 

following lemma. 

Lemma 5.2. Let disc Ci and Cj have equal growing speed Vj = Vj. Then, for any 

t > To, llj(t) || llj(T0), and DC(llJ) is a straight line. 

Proof. Let the two discs be C j(T0) = ( o j , f j , V ^ )  and Cj(T0)  = (Oj,rj ,Vj),  VI = Vj.  

Refer to Figure 5.2, /[J(T0) is tangent to Ci at point p, and tangent to Cj at point 

q. For a tangent ZJJ(i), t > T0, is tangent to Ci at point pt, and tangent to Cj 
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at point qt. Oipt  -L /|J(£), Ojqf  _L /£•"(£). From Oj, draw Ojp" J_ Oipt. Ojp" || ^J(£), and 

\°jp"\ = We have: 

10,0j\2 = [r, +f + Krjl/Va - (n + f)]2 + 1(3? 

Solving this for |Z|J), we obtain: 

±V(vr + l)\°i°i? - vr(xj - n)2 - (tj - n) 
\ J r r  I  rij I iS 1 V£ + 1 

and |l\j | is a constant. From o^, draw Ojp' _L otp. The line segment Ojp' || /[J (7'0), 

and |oyp'| = |/[j(T0)|. Since |?[j| is a constant, \ofp"\ = |ojp'|. But there is only one 

right triangle OipOj, with p located on Oip. and \pOj\ = |/[J|. Point p', p" and p are the 

same point. Thus, Oj, p and pt  are co-linear. Therefore, (t) || ^J(T0) and DC(llf) 

is a straight line. • 

For a pair of discs Ci and Cj, a valid buffer is an interval I on DC(lij) such that 

for any point p e /, kj(tv) is a valid tangent, where, tp is the starting time of kj at 

point p. Refer to Figure 5.3. We will use time interval [ta,tb], called life span, or the 

geometric description [a, b] to represent a segment on DC(kj), where, a and b are the 

two endpoints of the segment. 

Corollary 5.1. A valid buffer [ti, ̂ 2] € DC(kj) must be located inside Vc{- The 

ending point oflij(t) with t\ <t < £2, must be located inside Vcr 

Proof. According to Lemma 5.1, the two endpoints of the valid hj must be located 

inside Vc,t  and VCj• Since hj(t) is valid, £ € [£1, ^2]? the valid buffer [£1,£2] £ DC(kj) 

must be located inside Vq, and the ending point of Uj{t) must be located inside 

VCj. • 

Lemma 5.3. Let I be a valid tangent from Ci to Cj at time ti. Let Tp, Tp > ti, 

be the earliest time that DC(l) intersects the boundary of Vci;  and Tp>, Tp> > ti, be 

the earliest starting time of I such that the ending point of l(Tp>) is on an edge of 

Vcy Then, a valid buffer [U, tr] G DC (I) exists, where, tr < min{Tp, Tp>}, refer to 

Figure 5.3. 
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valid buffer on Z)C(Zy) 

Figure 5.3: The Voronoi diagram of a set of discs growing at the same speed. DC(llJ), 
AC(llj) and tangent /[J (To)- Tangent intersects Vq with p. Tangent llj(Tp) 
intersects Vcj  with point q. p G DC^), p' G DC(ZJJ), q G AC(l^). The bold 
segment on DC (/[J) is the valid buffer on 00(1^), determined by disc CR. 
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(a) (6) 

Figure 5.4: Tangent I  from Ci to Cj. (a) Ck projects on I ,  and Ck and Cy are lower 
than Cj along I. (b) Ck and Cr are two right-blocks of I. Cf is the left-closest-block 
of I. 

Proof. According to Corollary 5.1, the endpoints of l(t), t € \ti,tr] must be located 

inside Vc, and Vcr Tangent l(tr) either intersects an edge of Vq or Vc3 . • 

We also need the following definitions in the next sections. 

The tangents originating from Ci are sorted by angles in counterclockwise (CCW) 

order. These angles are between the horizontal line passing through the center of Ci 

(Oi) in direction +oo and each tangent in CCW order. The tangent points on Ci have 

the same order as the order of the tangents. Define slope as the angle of a tangent. 

Around C,, starting from direction +oo, in CCW order, the slopes of the tangents 

increase. 

Considering the tangents originating from C*. Let I be a valid tangent from Ci to 

Cj. Refer to Figure 5.4. We say that disc Ck projects on I, if there exists a point 

p, p e I, and OkP -L l We say that Ck is lower than Cj along I if: (1) Ck projects 

on I, or (2) the projection point is not on /, but it is closer (has shorter distance) to 
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the starting point of I than to the ending point of I. Otherwise, Ck is higher than Cj 

along I. (When the projection point is the ending point of I, which is a trivial case, 

we use the term "not higher" or "not lower" according to the context in the later 

sections.) We say that C\ is a left-block (resp. right-block)  of I ,  if  Ck projects on I  

and slope(lH) > slope{l) (resp. slopeiT^) < slope(l)). Ck is the left-closest-block of 

/. if Ck is a left-block of I, and has the smallest slope among all the right-right 

tangents of discs that are left-blocks of I. Similarly, Ck is the right-closest-block of I, if 

Ck is a right-block of I, and l fk has the biggest slope among all the right-left tangents 

of discs that are right-blocks of I. 

5.2.1 Departure curves computation 

In this section, we establish an important property of departure curves for which we 

need to derive some formulas first .  Let C% = (oi,r l(i) .  Vi) and Cj — (Oj ,T j(t) ,Vj) 

be two discs which may grow at different speeds. To simply the computation of 

departure curves, we normalize V to be 1 and consider the cases when Vj > 1 and 

Vj < 1, respectively. When Vj = 1, the computation is simpler, and is presented at 

the end of this section. 

First we will show that: 

Lemma 5.4. When discs grow at different speeds, DC{V£) (resp. DCQlj)) exists for 

a particular time range. 

Proof. Let t be the starting time of IJJ, and t be the time spent by the robot on /[J. 

Refer to Figure 5.5 (a). Let \0i0j\ -- s. We intend to compute a range for the variable 

i  on DC{ll r j) .  

s2 — VI + VJ(t + t) r i-t\2 + (VRt)2 

Solving this equation, we obtain: 

_ A(t) ± y/D(i) 
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fCj •ipj) ry\ 

m 
1^1 

Qi: (O t ,r„V9 ; Oi: (Ot,n,v<) 

Figure 5.5: Two discs Ci and Cj, with || = s. The speeds of Cj, Cj and the robot 
are VI(— 1), Vj, and VR, respectively. The robot starts to travel from C* to Cj along 
the bold tangents at time t. In (a) the bold tangent is a right-right tangent, and in 
(b), it is a right-left tangent. 

where, 

A(i) =-Vj[(Vj - i)i + (Tj - n)] 

D(t) = -WVj - 1)2P - 2V|(Vy - l)(r, -  n ) <  +  « a ( V ?  +  V ®  -  V2(rj -  r , ) 2  

For a right-right tangent from Ci to Cj, the following inequalities must be satisfied: 

(5.1) 
D(t) > 0 (1) 

t> 0 (2) 

Solving Equation 5.1, and because t > 0, for the starting time t of l\J, it holds: 

A  /  '^VZ+Vf-Vnirj-n) f  0 / * V  - S y /VZ+Vf-Vstrj-n) 
(a) ^ - - W-1) (b){ WW 

when t > 0 and Vj > 1 1 when t > 0 and Vj < 1 

(5.2) 

We therefore obtain a time range for DC (/[[)• Similarly, we can obtain a time 

range for a right-left departure curve (this is also suitable for the case when Vi — Vj). 
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Figure 5.6: The logarithmic spiral around a growing disc which grows at speed 1. 
The speed of the spiral is VR. A point on the spiral is specified as (r(t),Q(T)), and 

• 

So far, we have shown that when Vj > Vi and Vj < Vi, DC{l\j) (resp. DC(l^)) 

is a continuous curve with respect to time. We also extend the departure curve 

computation of van den Berg and Overmars, and obtain the formulas of jDC(/[J) and 

DC(llj) in the polar coordinate system. The details of the computation are presented 

in Section A.2. 

Let Ci be centered at (0,0), with radius 0 and speed 1, and Cj be centered at 

(a, b), with radius rj and speed Vj, Vj ^ 1. The trace of the robot travelling around 

disc Ci at speed Vr is a logarithmic spiral. The equation of spiral is represented in the 

polar coordinates (r(t),@(t)), with parameter t, refer to Figure 5.6 for an example. 

We have: r(t) = t. For the Q(t), we have: 

r(t) = t. 

The details of the computation are in Section A.l in Appendix A. 

(5.3) 

y/x'(t)2 + y'(t)2 = V r 

j x(t) = r(t) cos @(t) 

{ y(t) = r(t)sm@(t) 

(5.4) 

(5.5) 
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ew==±\af^iog i  + e0  

r(t) = t 

The ± in Equation 5.6 indicates the spiral is counterclockwise (+), or clockwise 

(—) around the growing disc. 0o is the starting angle of the spiral. The growing disc 

Ci can be represented by two parameters time T and 0: 

Ci{T,0) —• {Tcos0,Tsin0,T} 

Considering the CCW spirals around Ci. Each of the spirals is uniquely defined 

by the initial angle 0o- Each point (T, 0) on the growing disc Ci has a unique spiral 

that goes through that point. This spiral can be found by solving 0(T) = © for 0O. 

0(t) = JV£ - llogt + 0O 

e0 =  - ^ y | - i i o g r  +  e 

Hence, the spiral through (T, 0) is described in Euclidean coordinate 

x{t) = tcos(^/vf^\ogt - ̂ /vf^T\ogt + e) 

y(t) = t sin(VV| - 1 log t - ̂ /Vg - 1 log t + 0) 

If we walk along this spiral, we can depart for another disc C j ,  if the straight line 

segment tangent to this spiral is tangent to Cj as well. The straight line segment I 

tangent to the spiral at point (T, 0) is represented by: 

l (i) = { x ( T )  +  ( t  -  T ) x ' ( T ) , y ( T )  +  ( t  -  T ) y ' ( T ) }  

l(t) = {Tcose - (t - T)Jvl - 1 sine.Tsine + (t - T)^Vl - 1 cos6} (5.8) 

The tangent l ( t )  must be tangent to disc Cj = (Oj,rj,Vj), in order for point (T, 0) 

to be on a departure curve DC(kj). The function of Cj is: 

C j  :  ( x  -  a ) 2  +  ( y  -  b ) 2  =  ( V j t  + r^)2, where, Oj = (a, b). 
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We fill the above equation by substituting x — lx(t) and y = ly(t) in Equation 5.8, 

and solve for t. We get a solution of the following form: 

ti,i = A(T, 0) ± a/D(T, 0) 

When D(T, 0) = 0,1 is tangent to Cj. By solving D( T ,  0) — 0 for T ,  we obtain 

the functions of the departure curves. (The arrival time on Cj is given by A(T, 0).) 

The functions of the departure curves are as the following (see Section A.2 for the 

details): 

A = Va2 + b2, sin a = j, cos a = \ /c g\ 

E = l v  *  /  7  | , c o 3 / ?  =  v  j  '  , s i n / ?  =  1 v/v^t(vy-i) h m m J S  

and 

i=ae sm(6 +  a  +  / ) )  +  v^^h r ,  

i4 = Va2 + 62,sina = ^,coso; = ^ (5 10) 

|V/^W^R in/? = V3EI 

In case V = V}, i.e., Vj = 1, we obtain Z)C(^J) : 

t > 0 

a cos 0 + b sin 6 + r$ = 0 , 

sin(0 + A + 0) > 0, where, A = \/a2 + b2, B = VR, cos (3 = 1 /VR, sin/? = 
(5.11) 

which implies thalDC'f^J) is a straight line, where t is increasing and 9 is a 

constant. We also obstain DC{lr^) : 

t> 0 

t — A cos 0 + 5 sin# + C, where, A = = 6(Vfl ^1°^" 1, C = ^piy 
(5.12) 
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In the following, we use DC(Uj) to represent the portion on DC(lij) where /y 

exists. 

Property 5.1. Let Ci and Cj in @ grow either at different speeds or at the same 

speed. Then, DC(kj) is a monotone function both in polar coordinate time T and 

angle 0. Let Ck be a third disc in <3>. If DC(lij) and DC(kk) intersect each other, 

then they either have one common intersection point, or have identical functions. 

Proof. By Lemma 5.4, each departure curve exists in a time range. By Equations 5.9, 

5.10, 5.11, 5.12, and the fact that time t increases, DC(kj) is therefore monotone. 

When DC(Uj) and DC(Uk) have one segment in common, the two functions are the 

same. This is because that the departure curves are sine curves, and each of them has 

a  p e r i o d  2 i r .  S u p p o s e  t h a t  t h e  t w o  f u n c t i o n s  a r e  d i f f e r e n t .  L e t  t h e  f u n c t i o n  o f  D C ( U j )  

be t\ = A\Ex sin(0 + a!i +/?i) +ci = a\ sin# + 6i cos 9 + ci, and the function of DC(lik) 

be t2 = A2E2 sin(9 + a2 + 02) + c2 = a2 sin# + b2 cos# + c2, where, ai, &i, a2, b2, c\ and 

c2 are constants. We take the negative value of t for DC(lik), then simply overlay 

the two functions. We obtain a new sine curve function as: £3 = as sin(# + 7) + C3. 

We claim that this curve intersects with the 0-axis only once, as the three functions 

have the same sin(0) part, and the period of each of them is 27r. • 

In this chapter, we assume that no two departure curves have the same function. 

Otherwise, we can always break the tie by processing them one by one. 

5.2.2 Nearest-block disc problem 

In this section, we present a pre-processing step which is required for Section 5.6. The 

discs in S grow at the same speed. Suppose that we are given all tangents originating 

at a common disc, say Co. Let L — pq be tangent to C0 at point p G C0, such that 

L || loi{ti), and |^i(^i)| = \L\, h > T0. Refer to Figure 5.7. The tangent ^(£1) has 

the following property: the ending point w of ^(^1) is located inside Ve-. We call 

L the supporting tangent of l^(t 1), written as (L,lr^(t\)). Assume that L is always 

valid. We aim to compute the nearest-block CR for (L, CR is a right-block of 
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Figure 5.7: L is tangent to C0, p e C0, Oiq _L L. The ending point w of lolih) is 

located inside Vci, where \&i )| = \L\. The dotted curves are Voronoi edges. The 
dashed disc is centered at w, and is tangent to Ci. 
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L, and CR is either (1) a left-block of l$(T0), or (2) an obstacle on loliTo). It is easy 

to see that the nearest-block CR for (L, loi(ti)) can be obtained by walking along the 

tangents around Co from L in CW order. But this may not be efficient. For each 

valid 1&(T0), we compute its left-closest-block C/. This can be computed in 0(n log n) 

time by adapting the solution to all-nearest-smaller-value problem described in [20]. 

Based on this, in 0(log n) time, we can detect if CR exists for (L, In case /[,-

in the pair (L, )) is invalid at time To, we find the valid CCW neighbor lr0lu of Iq\ 

instead, with $lope(lQU) > slope(lq|). We compute the left-closest-block C/ of Iq\ with 

slope(lof) > slope(lol
u). Thus, we can always treat in the pair (L, as being 

valid at T0. In the following, when we talk about IQ%, IQ[ and the CCW/CW order, 

the order is understood to be around Co. 

We consider all valid tangents around C0. Let B be the set of valid right-right 

tangents around Co- Without loss of generality, assume that /qi £ B has minimum 

length among all tangents in B. In CW order around Co, for each l^, compute IQ-, 

where, Cj is a left-closest-block of 1^. A stack S is used during the computation. At 

any time, the stack holds the right-right tangents, from lr
0\ to lr

0'rn. Tangent lr
0
r
rn is the 

top element in current S. For any l"k € S, 2 < k < rn, Ck~i is the left-closest-block of 

IqI (providing that Ck-i is a left-block of l"k). (Note, for simpler illustration, we just 

give indices 1 to TO to the tangents in the stack S in order. In reality, the tangents 

may have different indices.) The procedure is as follows. First, Iq\ is pushed onto 

the stack, which has minimum length among all tangents in B. If C2, where, ^ is 

the CW neighbor of Iq[, is not lower than Ci along l[JJ, then push lrJ2 onto S, and so 

on. If at some moment, Ci is lower than Gm along lr
0
r
m, then pop lr

0
r
m off. This step is 

repeated until Iq- is pushed onto S. As all valid tangents are processed in CW order, 

a valid Iq\ may be processed at a moment. We treat it in the same way as processing a 

valid right-right tangent, but without pushing onto S. (The left-closest-block of 

is disc CM, providing that CM projects on IQ\, where, lr
0

r
m is the top element in current 

S.) We then compute CR for (L, lr
0
li(t\)) in the current stack S, and the details of this 

step are introduced later. The algorithm is presented in Algorithm 8. 
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'i 

( a )  

Figure 5.8: (a): si ope (1^) > slope{$£), and Cj is lower than Ci along (b): 
slopeiJlj) < slope(1^). and Cj is lower than Ci along /g£. (c): slope(1$) < slope(l[%), 
and Cj is higher than Ci along l'^. 

Lemma 5.5. Let S be the current stack in Algorithm 8 during the process ofltfj. If 

the left-closest-block Cf of 1'^ exists, then I'QJ € S. 

Proof. We first claim that once a tangent l"h is popped off the stack S while processing 

a valid tangent loi, Ch is not the left-closest-block Cj of any 1'^ processed later, where, 

slope(Ify < slope(l0i). 

Without loss of generality, we assume that loi = IQ\ (when lw = IQI , analogous ar

gument can be applied). To simplify the proof, assume that no two tangents have the 

same slope. Let the tangents popped off from the stack be A = {£om> ^o[m-i)' •••> 1} 

in order, m> k, when processing a valid l^l, h E {TO,TO— 1,..., k}. Then, slope(lrJh) > 

sloped, as lrQh is processed before There are several possible cases for the loca

tion of a valid with slope(lT
Q

lj) < slope(IQ\). Refer to Figure 5.8. 

(1): slope(l r
0

lj) > si ope (IQI), and Cj is lower than Cj along l?Q\. Since Q is lower 

t h a n  C h  a l o n g  l r
Q

r
h ,  C j  m u s t  b e  l o w e r  t h a n  C h  a l o n g  l r

Q
r

h ,  C h ^  C f .  

(2): sloped) < slope(l^), and Cj is lower than Ci along No matter if l^ is 

valid or invalid, by the same argument as made in Case (1), Cj must be lower than 
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Ch. 

(3): sloped) < sloped), and CJ is higher than CI along l^. If l^ is valid, then 

C\ = Cf (Ci 7^ Ch). If IqI is invalid, then there exists a disc CZ) with slopeil^) < 

slope(lr
Q

r
z) < slope(l^l), an(i is lower than CI along lr

Q\y with valid IQ
t
z. Thus, before 

processing the valid Itfj, l'0r
z must have been processed. By the same argument as in 

C a s e  ( 1 ) ,  C z  m u s t  b e  l o w e r  t h a n  C h .  C z  =  C f .  

Let B be a list of tangents popped off the stack S during 1^ is processed. For any 

I' 6 B, the disc corresponding to I' is not the left-closest-block of 1^, as otherwise, 

V would have been kept in S. Combining the above with the claim made at the 

beginning of the proof, the lemma is derived. • 

We obtain the right-right tangents in stack S after processing each IQ \ .  NOW we 

compute the nearest-block CR for (L,lS'(ii)) using the information in S. We search 

the tangents in S for the CW neighbor of L, say € S, with SLOPE^^TO)) < 

sloped) < slope(L). 

Lemma 5.6. If the nearest-block CR for (L, )) exists, then CR is in the current 

stack S right after processing 1$-, and CR = CV, where, lr
Q

r
v is the CW neighbor of L 

in S. 

Proof. We claim that if lr
Ql exists, and CV projects on L, then C\, — CR. Otherwise, 

CR = %. 

The case when CV does not exist is easy. If CV exists, LR
0'V E S is angularly closer 

to L in CW order than any other tangents in the current stack S. If CV projects on 

L, by the definition of CR, CV is CR for (L, l^tti)). If CV does not project on L, then 

CH does not project on L. where, lr
Q

r
h g S, and slope(lq') < slope(lr

Q
r
h) < slope(lr

Q
r
v). 

This is because the ending point w of is located inside Vq • Since |ig(«.)i = lii, 

L || 4(h), |OIW — RI(T0)| > \wq\. No disc in % is inside disc C centered at w, with 

radius |OiW — ri(T0)\. The disc corresponding to a tangent in S which is higher than 

CH along l"h is outside C and above ozq. Refer to Figure 5.7. Furthermore, since 

OIQ ± L, the discs corresponding to the tangents which are popped off S, are above 

Oiq. Thus, CR = 0. Therefore, once CR exists, CR = CV. • 
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Lemma 5.7. For all (L,loi(ii)) e L, the nearest-block CR can be computed in 

0(nlogn + |L|logn) time in total by Algorithm 8. 

Proof. First we establish the correctness of Algorithm 8. By Lemma 5.5, stack S holds 

the valid right-right tangents in CW order with the following property: for every two 

neighboring tangents, say, and (̂h-i) 111  ̂Ch-i is the left-closest-block of lrQh. S 

is built by Steps 4-9. By definition of CR, CR for (L, fo'Ci )) exists only between L 

and Iq\{To) in CW order. Since after processing stack S holds all tangents which 

have the above relationship, by Lemma 5.6, if CR exists, then lrJR is in S. Steps 10-12 

compute CR for (L, lr
0[(t\)) according to Lemma 5.6. 

Next we give the time complexity analysis. Each valid tangent is pushed onto 

and popped off the stack at most once. Since there are O(n) tangents, sorting the 

tangents takes 0(n log n) time. Searching the tangents in S for lrJv E S in Step 11 

takes C(log n) time. The number of the nearest-blocks to be computed is |L|. • 

5.3 An overview of our approach 

Our approach to solving the SPAGD problem is based on constructing a graph which, 

during run-time, contains all information required to solve the problem. In contrast to 

[114, 115] though, our graph has substantially fewer vertices and edges, for the same-

speed case. We first describe the graph construction of van den Berg and Overmars. 

In their cone-based approach, a cone in 3-dimension represents a disc growing over 

time, where, time is the third dimension. Each departure curve is cut by at most n— 1 

cones thus defining 0(n) intervals. For each interval, only the collision free path that 

arrives at the interval earliest is kept. Each interval becomes a node in a graph G. 

Each node is incident to two edges: a collision free tangent between two cones (possibly 

followed by a spiral), and a spiral between two neighbouring departure curves on a 

cone. The edges in G are obtained by computing the arrangement of the cones and 

the departure curves, and the trapezoidal map (i.e., the sides of the trapezoids are 

spirals, and the top and bottom edges are departure curves) for the arrangement. 
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There are 0(n3) nodes and 0(n3) edges in the graph G, thus applying Dijkstra's 

algorithm they obtain an 0(n3 log n) solution. 

Our technique is based on the observation that the projection of the intersection 

of the set of cones, is a Voronoi diagram of a set of discs in 2-d. By using the Voronoi 

diagram, we avoid the computation costs of the arrangement of the set of cones. For 

a departure curve, we compute its valid buffer(s) which has the property that any 

shortest path passing through a departure curve must pass through a valid buffer. 

We efficiently pre-compute the valid buffers on each departure curve. By employing 

valid buffers, we can decrease the number of nodes and edges in the graph G to 0(n2), 

and thus are able to reduce the existing 0(n3 log n) solution to 0{n2 logra), for the 

same-speed discs case. With the various-speed discs, we can still construct the graph 

G, with 0(n3) nodes and edges. The main steps of our algorithm are presented in 

Algorithm 9. 

Since the spirals computation is the same as the ones of van den Berg and Overmas, 

we omit it here. We focus on the computation of valid buffers. Recall that there are 

four types of tangents between any two discs. We will describe the computation 

of valid buffers on right-right and right-left departure curves (left-right and left-left 

departure curves are handled analogously). 

We call C0 the disc which contains the starting points of the tangents. Around 

disc Co, we compute the arrangement of the departure curves in polar coordinates. 

Each departure curve is part of a sine curve, composed of the starting points of a 

right-right (resp. right-left) tangent from disc Co, to disc Cj, at different time t. Each 

departure curve is monotone, and every two departure curves can intersect at most 

once. After computing the arrangement of the departure curves, the valid buffers on a 

departure curve are determined either (1), by the intersection points on the departure 

curve in the arrangement, or (2), by the Voronoi edges which cut the departure curve, 

or (3), by the Voronoi edges which cut the corresponding arrival curve. Thus, at each 

time-sorted intersection point q on the departure curve, we test whether the tangent 

is valid or not with starting point q. If q is valid, then a valid buffer exists around q. 
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By Lemma 5.3, at any time, the Voronoi edges play a role in determining the valid 

buffers. With the same-speed discs, we do not check each intersection point on a 

departure curve. We stop the valid buffer computation on a departure curve segment 

[t 1,1-2} at a crucial time, say tq, such that after tq, there is no valid tangent with 

starting point located on [t\, t2\ • Thus, there are less event points on each departure 

curve in the same speed case. 

Each valid buffer corresponds to a tangent portion in E2. How are the valid buffers 

used during running Dijkstra shortest path algorithm? It is adapted from van den 

Berg and Overmars' variation of Dijkstra's algorithm. The following is the outline of 

running Dijkstra's algorithm. The details are presented in Section 5.8. 

Starting from s, following a tangent (possibly followed by a spiral), we pick the 

departure curve 11 on a disc C at which the robot has arrived earlier. There are two 

edges originating from the arriving point p at time tp, p £ /x: one is a piece of spiral 

ending at the next departure curve on C, if the piece of spiral is totally located inside 

the Voronoi cell of C; one is a tangent (possibly followed by a spiral) ending at a 

departure curve on another disc C', if /./ is associated with a valid buffer, and tp is 

inside the buffer. An arriving time is associated with the new departure curve reached 

so far. Each time, the node (departure curve) which is arrived earliest is picked, and 

so on. To compute the next departure curve on C reached by a spiral, or the next 

departure curve on C' reached by a spiral on C' following a tangent between C and 

C", we apply the step of locating the arriving point in a trapezoid stated in [115], 

summarized in Section 2.2.2. The trapezoid is built upon the arrangement of the 

departure curves on C, or C'. The tangents originate from the points on the valid 

buffers we compute. With the same-speed discs, we use valid buffers instead of the 

departure curves when computing the arrangement of the departure curves. 

In summary, the C-SPAGD problem can be solved in 0(n2 log n) time, and the 

V-SPAGD problem can be solved in 0(n3 log n) time, where, n is the number of discs. 

We will prove this statement in the remainder of this chapter. 
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cAOjSi) 

Co(0o,ro) 

( a )  (b) 

IQ\ is located between and Figure 5.9: (a) slope(l) < slope (1^). (b) Tangent I 
Iq- in CCW order, Cj is lower than Cj along 1,1 is invalid. The growth of the discs is 
not shown in the figure. 

5.4 Valid tangent computation 

In this section, we present our algorithm for computing all valid tangents originating 

from a particular disc C0, when discs grow at the same speed. We then repeat the 

same procedure for all other discs in the set °/j. We aim to compute all valid tangents 

around Co in 0(n\ogn) time. (For the various-speed case, we check the validity of a 

tangent with respect to all other discs in 3$, and thus, the valid tangents around Co 

can be computed in 0(n2) time.) 

Lemma 5.8. Let Co, Ci and Cj be three distinct discs in $>. Let l(t), be a right-right, 

or a right-left tangent from C0 to Ci} with starting time t. Disc Cj has no effect on 

the validity of l(t) if slope{lr
0

rj{t)) > slope(l(t)), or slope{T0
lj(t)) < slope(l(t)). If lit) 

is located between l^it) and lr
0'j (/,) in CCW order, where Cj is lower than Ci along 

l(t), then l(t) is invalid. 
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Proof. For simplicity of presentation, we omit t in the proof. We prove that disc Cj 

has no effect on the validity of I in the case of si ope (1^) > slope(l). The case of 

slopeUoj) < slopeil) can be proved similarly. Refer to Figure 5.9 (a), I is to the right 

of lHy. Without loss of generality, let I = l'^. If slope(1^) = slope(l), then the robot 

will touch Cj at point p at time tp, where p is the projection of Oj on I. Therefore, 

when sloped) > slope(l), there is no intersection point between Cj and I at time tp. 

By Definition 5.1, Cj has no effect on the validity of I. When I is located between l"j 

and lrQj in CCW order, and Cj is lower than Ci along I, tangent I must intersect disc 

Cj. Refer to Figure 5.9 (b). • 

Note that Lemma 5.8 can also be applied to the case when the discs grow at 

different speeds. 

Next, we present Algorithm 10 which computes all valid tangents. We compute 

all tangents from Co to each disc and sort them in angular order around Co. For 

simplicity, we can assume that no two tangents have the same slope. Otherwise, we 

break ties by using their lengths as secondary key. The input is the set of tangents, 

stored in a balanced binary tree according to their slopes. The output is the set of all 

valid tangents. First we assume that Co is a point, |^| == ]Zq||. Since ro - 0 when Co 

is a point, \l^\2 + (fj + UoII/Vr)2 = \oiO0\2. This is also the equation for |Z$|. Then 

we generalize our arguments and algorithms to the case that Co is a disc. We divide 

the plane into four quadrants around C0 (if a tangent happens to be a boundary edge 

of a quadrant, then the validity of the tangent can be detected by checking if the 

tangent intersects the discs). We consider the discs in each quadrant in increasing 

order of length of the tangents. Let Ci be the disc under consideration. We remove 

all tangents that lie between and Iq\, and also decide the validity of an<l l-m-

In the following, Lemmas 5.9 and 5.10 establish the correctness and time com

plexity of Algorithm 10, respectively. 

Lemma 5.9. Algorithm 10 computes the valid tangents around Co correctly. 

Proof. Algorithm 10 maintains the following loop invariant: 
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Let T be the current tree when processing tangent loi (loi = 1<h or 'oi = loi)- After 

loi is processed, the tangents in T satisfy the following properties: (1) all tangents in 

T have lengths > |/oi|, (2) CI has no effect on the validity of the tangents in T, (3) V 

contains /0;, if ki was not deleted in the previous events, and the tangent point on Cj 

is located in Vq. 

At the beginning, all tangents in T are sorted with respect to slope. 

Next, we show that each iteration maintains the loop invariant. (1) The tangents 

whose lengths are less than |/0j| have been processed and have been removed from 

the current tree T. (2) Draw a circle C centered at oo, with radius \/\loi\ (ro = 0). 

Any tangent I in the current T, whose ending point p ^ C, and for which slope(lq-) < 

slope(l) < slope(lo\), must intersect Cj. This is because that all the points on the 

current sweeping circle that are located between and Iq\ in CCW order are located 

inside Ci, and I passes through one of those points. Hence, I is invalid. After Step 

6, the tangents whose validity are affected by Ci have been deleted. (3) If loi was 

not deleted before, then the examined event discs are not obstacle discs on loi, by 

Lemma 5.8. We have to prove that if the tangent point on Cj is located in Vct, 

then the other event discs after processing l0i, are not obstacle discs on l0i. We 

claim that the projections of the other discs Cj, which are not processed yet, with 

slope(lrQj) < slope(l0i) < slopeare not on l0i. Let C be the current sweeping 

circle passing through the end point q of loi. Then, Oj, the end points of ^ and 

are all located out of C. Thus, the projection of Oj is not on kSl, and q is the closest 

point among all the points on ku to o3. Since q is located in Vc\, by Definition 5.1, 

loi is valid. The valid tangents are put in IJ in Step 8. 

Finally, when Q -- 0, all tangents have been processed, and L' holds all the valid 

tangents. • 

Lemma 5.10. Algorithm 10 computes all valid tangents originating from point disc 

Co at time TQ in O(nlogn) time. 

Proof. There are 0(n) events in total in Step 3. At each event, searching and inserting 

the two tangents take O(logn) time in Step 5. Each tangent is inserted once, and 
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c 

a 

Figure 5.10: Sweep circle C passes through event point p, which is the end point of 
Iq\. C fl Ci = {p. q}. Segment I is tangent to C0, |/| = d, with endpoint q. Sweep 
circle C' passes through the ending point of 

Algorithm 10 employs a radial sweep, centered at Oo,  with radius \Jr\ \\IqI\ = 

We call the circle sweep circle. The sweep events are the tangents from C0 to 

Ci. When Co is a disc, every disc now has two tangent events associated with, with 

lengths \IqI\ and I'SS, respectively. We claim that |Zq£| > l^oil- This is because that 

\& = \o0Oi\2 - |ro + ri|2, and |ZgJ|2 = |oo0j|2 - |r0 - rj|2. Let the sweep circles be C 

and C' at the two tangents events, refer to Figure 5.10. Let A be the set of tangents, 

whose slopes are between sloped) and slope(lo\). It is possible that the end points 

of some tangents in A are located in C' — C. Thus, Step 5 and Step 6 cannot be 

applied directly. We need to find and insert a segment /, which is tangent to C0, 

between and IQ\ in CCW order, such that I is the right-left tangent paired with IQ1-, 

and is the right-right tangent paired with IQ\. In this way, if there are tangent events 
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located in C' — C, then after sweeping circle C, those tangent events can be captured 

by sweeping the circle passing through them. The segment 1 is determined as follows: 

Let d be the minimum of \Iq-\ and which is if«i- Let Ci(tp) be the disc 

when the robot arrives at the tangent point on Cj along 1^. Let q be the other 

intersection point of Ci(tp) and C. Recall that C is the circle centered at oq. with 

radius \Jr\ + \lr
0\\2- The segment I is tangent to Co, with the other endpoint q, and 

|J| = d. 

Lemma 5.11. All tangents that are located between and I (resp. between I and 

IqJ in CCW order, with lengths > \IqI\ (resp. > \l^\), are invalid. 

Proof. The proof follows the proof of loop invariant (2) in Lemma 5.9. • 

Algorithm 10 needs to be changed to accommodate I. Each disc has two tangent 

events. Tangent I for each disc is inserted into the binary search tree. By Lemma 5.11, 
A A 

Step 5 is changed to locate the two tangents I and (resp. ZqI and I) in the binary 

tree. There are in total 2n tangent events in the binary search tree. All other steps 

in Algorithm 10 are not changed. Hence, we obtain the following theorem: 

Theorem 5.1. When discs in S1 grow at the same speed, by applying Algorithm 10, 

all valid tangents around disc Co at time T0 can be computed in O(n log n) time. 

5.5 Valid buffer computation for various-speed discs 

In this section, we provide an algorithm that computes valid buffers on the right-left 

and right-right departure curves, with various-speed discs. We focus on computing 

valid buffers on the right-left and right-right departure curves around disc Co, and 

then repeat this for each disc in The computation has two main steps. The first 

step computes the arrangement of the departure curves, refer to Figure 5.11 for an 

arrangement. The second step computes valid buffers on the segments defined by 

every two consecutive intersection points on a departure curve. Recall that as appro

priate for the discussion, we use the starting time tx of tangent loi(tx) to represent 
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Figure 5.11: An arrangement of the departure curves on disc Co is illustrated in the 
polar coordinate system, with the various-speed discs. The vertical line is DC(l\£), 
with Vo = Vi. The rests are right-left or right-right departure curves, each of which 
is part of a sine curve. 

point x on DC{l0i). We define the validity changing point x of loi on DC(loi) as: 

at time tx — e, l0i is invalid, and at time tx + e, l0i becomes valid, and vice versa, 

where, e > 0 is sufficiently small. The intersection points and the valid buffers have 

the following properties. Unless specified, otherwise, all the departure curves are 

represented using polar coordinates. 

Property 5.2. Point q is a common point on DC(loi) fl DC(loj), if and only if Co, 

Ci and Cj are co-tangent to loi(tq). 

Proof. Refer to Figure 5.12. <=: Point q is the starting point of two tangents 

loi(tq) and loj(tq), respectively. Since q is the tangent point on Co, loi(tq) _L ooq, and 

loj(tq) _L o0q. Thus, loi(tq) and loj(tq) are co-linear. 

=>: Since Co, Ci and Cj are co-tangent, Point q is a tangent point of loi and loj 

on Co- Thus, point q is on DC(lo%) and DC(loj). • 
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Figure 5.12: For the proof of Property 5.2. The intersection point q of two departure 
curves using Cartesian coordinates. DC(loi)C\DC(loj)  = q. Tangent loi(tq)  and loj(tg)  
are co-linear. 

Corollary 5.2. Let p and q be two consecutive intersection points on DC(l0i), with 

tq > tp. Then no disc Cj exists, such that Co, Cj and Cj are co-tangent at time t, 

where, tp <t <tq. 

Proof. Otherwise, there is a third intersection point w corresponding to time t be

tween p and q, by Property 5.2. • 

We define q*(0,j, i) DC(l0j) n DC(l0i), where, Co, Cj and Ci are co-tangent to 

loi(tq), with Ci higher than Cj along /0i. 

Lemma 5.12. Lettq be an intersection point ofDC(loi) and DC(loj) • Lett+ = tq+e, 

andt~ = tq—e. (1) If tq corresponds to q*(0,i,j), then, Cj has no effect on the validity 

of loiitq). (2) If tq corresponds to q*(0,j,i), and disc Cj is an obstacle on loi(t~), 
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then Cj is not an obstacle on loi(tq); if Cj is not an obstacle on Uh(tq), then Cj is 

an obstacle on loi(tq). 

Proof. By Property 5.2, q is a common point on DC(loj)r\DC(l0 i) .  (1) Let the ending 

point of l0i be w. Since the tangent point on Cj is higher than the tangent point on Ci 

along loi(tq), wC\Cj = 0. Thus, for a sufficient small e, Cj has no effect on the validity 

of loi(tg). This is also true for the same-speed discs. (2) Since Cj is an obstacle on 

loi(t~), by Lemma 5.8, holds si ope (1^(1^ ) ) < slope(loi(t~)) < slope(lolj{t~)). Since 

q is a point in DC(loj) D DC(kH), slope(l0j(tq)) = slope(loi(tq)). After time tq, the 

order of the two tangents, hj and l0i ,  on Co changes. This is because that DC(loi)  

and DC(loj) can only intersect once, by Property 5.1. By Lemma 5.8, Cj is not an 

obstacle on loi(tq ). A similar argument can be applied for the next statement of (2), 

which is also true for the same-speed discs. • 

Corollary 5.3. Let point q be a validity changing point ofloi on DC(loi).  Then, q is 

either (1) q*(0,j, i) with some Cj, or (2) a point on a Voronoi edge of Co, or (3) the 

starting point of loi(tq), such that the point Ci d loi{tq) is on a Voronoi edge of Ci. 

Proof. By Lemma 5,12, the validity of l0i changes when Co, Cj and Ci are co-tangent 

to loi(tq). Thus, q is an intersection point of two departure curves. By Lemma 5.1, 

the Voronoi edges of C0 and Ci may change the validity of l0i. • 

We define that point q is determined by a Voronoi edge of C0, q g DC(l0i), as: 

q is located on a Voronoi edge of Cq. We also define that a point q G DC(l0i) is 

determined, by a Voronoi edge of Ci as: the end point of lo%{tq) on Ci is located on a 

Voronoi edge of C\. 

5.5.1 Algorithms 

Based on Corollary 5.1 and Corollary 5.3, we are now able to state Algorithm 11. 

By Corollary 5.1, every point in a valid buffer on DC(loi) must be located inside 

Vc0. Furthermore, the corresponding arriving points on C\ of l0i must be located 
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inside Vcv Based on Corollary 5.1, we elaborate Step 4 of Algorithm 11 next, and 

present Algorithm 12. 

Lemma 5.13. Algorithm 12 computes valid buffers correctly, 

Proof. We consider a departure curve DC(lo i) .  In Step 1, the obstacle discs in S? 

for loi(To) are placed into M. We do this by projecting each disc center onto 

and then compute the time needed for the robot to reach the projection point. After 

that we check if the projection point is located inside the disc. When |M| = 0, /ch 

is valid. By Corollary 5.3, the event points are (i) in S0i, (ii) determined by the 

Voronoi edges of Co and of Ci. All the event points are stored in Q and time sorted. 

Steps 4-17 work on every two neighboring event points. Time tp denotes the previous 

event, and tq the current event. If at a previous event point p, no disc is in the middle 

set M, then a valid buffer [tp,tx] is defined. The time of the next intersection point 

of two departure curves, or as determined by Lemma 5.3, is tx. The disc Cj, which 

determines the valid buffer, is put in M. This is performed in Steps 6-8. Steps 10-15 

deal with the case when loi(tp) is invalid according to Lemma 5.12: (1) if Cj G M, 

then Cj is deleted from M; (2) if Cj ^ M, then it is placed into M. Thus, all the discs 

which may change the validity of l0i, according to Corollary 5.3 are processed. • 

5.5.2 Time complexity analysis 

In order to establish the time complexity analysis of Algorithm 12, we need to intro

duce some knowledge first. 

5.5.2.1 Plane sweep 

The plane sweep technique is applied to the arrangement of departure curves. The 

general plane sweep algorithm, refer to [111], (also see [36] and [55],) is stated as 

follows: Let S be a set of planar objects for which we want to solve a given problem 

using a plane sweep. We sweep a line SL over the elements of S in some specified 

direction. During the sweep, we dynamically maintain (information based on) the 

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission. 



CHAPTER 5. SHORTEST PATHS AMONG GROWING DISCS 131 

co 

Figure 5.13: An example of 0(n2) in
tersection points in the arrangement of 
the departure curves around disc C0. 
The speed of each disc Ci in the mid
dle is vi —* 0. Vr —> oo. The speeds 
of other discs Cj, Vj = V0. V0 is big 
enough such that each Ci will touch lrJj 
once at different times without inter
secting other cis. Imagining that the 
discs grow at the given speeds. For a 
specific Cj in the figure, l"j is paral
lel to each other at different times, as 
Vo — Vj. Since discs Ci grows at a 
very small speed, may be tangent 
to a Ci from the left side of Ci, and 
then is tangent to ci from the right 
side of Cj. 
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intersection SL \ S, which is a one-dimensional scene, and, simultaneously, compute 

the desired information for parts of the set S. For any position of the sweep line 

SL, let SSL be the set of elements of S that intersect SL. These elements are 

maintained in a Y -structure, which depends on the problem to be solved. For many 

applications, the elements of SSL are maintained sorted with respect in ^-coordinates 

of their intersections with the sweep line, and the Y -structure is kept as a balanced 

binary search tree storing SSL according to this order. The Y-structure changes if 

1. the sweep line encounters an element of S. In that case, it is inserted (together 

with certain information) into the Y-structure, 

2. the sweep line encounters the rightmost part of an element of S. In that case, 

it is deleted together with certain information from the Y -structure, or, 

3. the relative order of the elements of SSL on the sweep line changes. In that case, 

elements together with the information are interchanged in the Y- structure. 

The positions of the sweep line where the Y-structure changes are called the event 

points of the sweep. At the start of the sweep algorithm, certain transition points are 

known already. The remaining event points are discovered during the sweep itself. In 

order to maintain these event points, a dynamic data structure, called the X-structure 

is needed. This structure must support the following operations. 

1. Insertion of a new event point. 

2. Delete-min, i.e., find and delete the event point with minimum x- coordinate, 

which is the next event point of the sweep algorithm. 

3. In some applications, it is able to delete an arbitrary event point. 

In many applications, the X-structure is a balanced binary search tree or just a 

linked list or array, containing the event points sorted by their ^-coordinates. 

According to Property 5.1, the departure curves of the various-speed discs have 

functions of sine curves, and are monotone both in polar coordinate time T and 
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angle 0. Two departure curves can intersect only once. Thus, we can apply plane 

sweep technique to compute the arrangement of the departure curves in the polar 

coordinate system as follows: The plane sweep is the along the T direction in the 

polar coordinate system. Two balanced binary search trees are needed: one is called 

T data structure, the other one is called 0 data structure. At the beginning, the 

sweep line is located at T = 0. The departure curves are installed in the 0 data 

structure, according to their 0 values at T = 0. The starting and ending points 

of the departure curves are the event points. All the event points are stored in the 

T data structure, according to their X values. At each event point, compute the 

intersection points of the corresponding departure curve and its two neighbors in the 

T data structure. The intersection points are also event points. At each event point, 

update the two data structures, e.g., insert or delete the corresponding departure 

curve in the 0 data structure, or exchange the order of two neighboring departure 

curves in the 0 data structure. Report the intersection event points. 

5.5.2.2 Multiplicatively additively weighted Voronoi diagram 

When discs grow at different speeds, the Voronoi diagram is called multiplicatively 

additively weighted Voronoi diagram. It is well known that this Voronoi diagram 

is the same as projecting the intersection of a set of cones onto the X-Y plane, see 

[90]. The cones are obtained as follows: for each disc Ci € $>, conei is constructed 

with apex located at the center of C\, and open angle 2 arc tan Vj. At time t = 0, the 

cones are cut to the discs in A Voronoi edge is a Descartes oval [31], a line, a 

hyperbola, or a circle. For details, see Section 2.2.1,3. As far as we know, there exists 

no efficient algorithm for computing this Voronoi diagram. We provide an 0(n3) 

algorithm in Algorithm 13 by the incremental construction of the multiplicatively 

additively weighted Voronoi diagram on the cones. 

Lemma 5.14. Algorithm 13 computes the multiplicatively additively weighted Voronoi 

diagram of a set of various-speed discs in 0(nA) time. 

Proof. The algorithm computes the Voronoi cell of each disc one by one. For each 
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coneo 

cone 1 

in 3-d 

v0 

proje cted in 2 -d 

Figure 5.14: cone0 intersects conei and cone2 with two Descartes curves. Project the 
Descartes curves onto the x-y plane. It forms the Voronoi cell VQ for the corresponding 
disc Co, V\ for C\, and V% for C2. 

Figure 5.15: Doubly connected edge list data structure for a polygon with holes. 
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cone-i. other cones Cj intersect it one by one sequentially. For Ci and any other conej, 

the region that is closer to the corresponding disc Ci of conei (the lower envelope 

of the arrangement of the cones defines the Voronoi diagram. See the details in 

Section 2.2.1.4) is computed in Step 3. After computing the intersections of the 

regions in Step 5, the regions for conei are stored in Vi, and Vi is the Voronoi cell of 

Ci. Refer to Figure 5.14. 

We claim that the Voronoi cell of Ci can be computed in 0(n2) time, by using 

the doubly connected edge list data structure {DCEL, see [30] for a reference), refer 

to Figure 5.15 for an example. In our case, the boundary of a polygon is composed 

of curves, and a hole in the polygon may be enclosed by a curve, i.e., a circle or 

a Descartes curve. In this case, we can add one vertex on the curve if needed. 

When the projection of the intersection of two cones is a Descartes oval, at most four 

intersection points of two Descartes ovals (imagine the projections of two egg-like 

objects intersecting, also refer to Equation 2.1) are generated. Thus, there are 0(n2) 

intersection points in the arrangement of the regions in Step 5. The intersection 

points can be computed by plane sweep. By using a DCEL data structure, Vi can be 

computed in 0(n2) time, as the plane sweep takes 0(n log n + k) time [27], where, 

k is the number of the intersection points, and n is the number of the vertices in 

the polygons. In our case, the number of vertices in the polygons in total cannot 

exceed 0(n), as there are 0(1) vertices on two cones intersection (two endpoints of a 

hyperbola or a point on a close curve). Therefore, for all the discs, the Voronoi cells 

are computed in 0(n3) time. • 

5.5.2.3 Time complexity 

Theorem 5.2. Algorithm 12 computes valid buffers in 0(rf log n) time. 

Proof. By Lemma 5.14, the additively multiplicatively weighted Voronoi diagram for 

the set of discs can be computed in 0(n3 log n) time by the incremental method. 

For each C0, Step 1 takes ()(n2) time, as each disc is intersected by l0i once. 

By Property 5.1, every two departure curves intersect at most once (in case when 
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DC(loi) and DC(loj) have the same function, we can duplicate them, and treat them 

separately), the arrangement of departure curves can be computed in 0(nlogn + k) 

time, by applying general plane sweep technique along T direction into our polar 

coordinate system introduced in Section 5.5.2.1, where, k is bounded by 0(v2). Refer 

to Figure 5.13 for an example. 

Each disc may change the validity of /0» at most once, therefore, the number of 

intersection points in Soi associated with DC(loi) is 0(n). Thus, there are in total 

0(n2) event points to be considered in Step 2. Initially, the tangents around CQ are 

stored in a balanced binary tree according to their slopes. When inserting or deleting 

a disc in M, the slope of its corresponding tangent always keeps the original value. 

Thus, each deletion and insertion of a disc in M takes 0(\ogn) time. Therefore, Step 

6, 10 and 12 will each take O(Iogn). The time complexity is thus proven. • 

5.6 Valid buffer computation for same-speed discs 

In this section, we discuss the problem instance of same-speed discs. We show how to 

compute valid buffers over the previous solution in 0(n2 log n) time. We achieve an 

0(n) factor improvement due to the following facts: (a) the arrangement of partial 

departure curves around a disc C0 can be computed in 0(nlog n) time, (6) for a 

valid /-(To), there is one valid buffer on its departure curve (no valid buffer exists 

when IqI(Tq) is invalid), (c) an invalid igCTo) may become valid at some time t T0 

(refer to Figure 5.16). There are at most O(deg(Vc0) + degiVci)) valid buffers on 

DC(4), where, deg(Vc0) and degCV'cj is the number of Voronoi edges of C0 and CI, 

respectively, and (d) the right-left valid buffers can be computed in 0(n2 logn) time. 

We first show which disc may determine a right-right valid buffer and a right-left 

valid buffer. Then, we show when a disc Cj changes the validity of tangent I at time 

tq, under what condition, Cj is also an obstacle disc on l(t) with t> tq. 

Lemma 5.15. Consider q*(0,j,i). (1): If l0i = IqI, then loj can only be Iqj. (2): If 

hi = Iq\> then Iqj can be either or l"j. 
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m 

buffer candidates on DC(l^)  

Figure 5.16: An invalid right-left tangent becomes valid again. l^iTo) is invalid, while 
is valid, (a) lo\(To) is invalid because of Cj. (b) The departure curve on Co. The 

buffer candidates on the departure curve are located inside Vc0 .  

Proof. (1) By contradiction. If l0j = 1^. then by Lemma 5.2, Co, Cj and Ci are 

co-tangent to loi(t), for any t > tq. DC(loi) and DC(l0j) are co-linear, contradicting 

that q = DC(loi) H DC(loj). (2) By Property 5.1, both DC(Iqj) and DC (I can 

intersect DC(l£•) in a point. • 

Lemma 5.16. Given a point q*(0,j,i). If Cj projects on loi(ti), ti > tq, then Cj is 

an obstacle disc on loi(ti). 

Proof. Assume that ku = ll\. By Corollary 5.3, Cj is an obstacle disc on ^0\{tq + e), 

sloped) < si ope (l^) < slope(l^) at time tq + e. We have to prove that the slope 

relationship is satisfied at any time tq < t < i\. Since the discs grow at the same speed, 

lr
Q

rj{t) || lorj(tq), and || for t > tq. Thus, the CCW angle formed by l^(t) 

and loi(t), and the CCW angle formed by 1^(1) and I'^U) is getting larger with t and i 

increasing, respectively. For the latter case, the robot arrives at the same Ci following 

lo\(t) and /"(£), respectively. Therefore, we obtain slape[V^(t)) < slope(lli(t)). Also 

slope(loi(t)) < slope(lQj(t)), as ^(t) || llji{tq) for the same-speed discs. Since Cj 
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projects on the order of the projection points of C0 and Cj on does not 

change at different t. Therefore, Cj is an obstacle disc on /g-(ti). A similar argument 

can be made for the case when loi = 1^. • 

Define minimum segment as a segment on DC(UH) with the following prop

erty: all the points on [ti, /2I are located inside Vc0, and the corresponding arrival 

curve of is located inside VCi• Furthermore, t\ and /,2 are determined either by 

a Voronoi edge of Co or a Voronoi edge of Cj, or t\ = TQ. 

Lemma 5.17. Let £ DC(l0i) be a minimum segment. (1) When /oi(ti) is valid, 

there is exactly one valid buffer on (2) Whenloi(ti) is invalid, no valid buffer 

on [ti,t2] exists. 

Proof. (1): Suppose by contradiction that there are at least two valid buffers [/-1, £3] 

and [t'i, on [ti, I2], t\ > t.3. Every /oi (£), t G (Mi)> is invalid. By Corollary 5.3, 

a disc Cj whose departure curve intersects DC(l0i), changes the validity of loi(ts). 

Let Cj be an obstacle disc on loi(h + e). We claim that Cj projects on loi{h)- This 

follows because by Lemma 5.2, if l0i = then + e) II This also holds 

if loi = IQ\. Otherwise, a time i G [ti, ta] exists, such that for t < t, Cj projects on 

l-oi(t'2) j and for t> t, Cj does not project on Zoi(^2)- Then, oo and Oj are co-linear with 

the point qL e DC (15|) corresponding to t. By Lemma 5.16, C, is an obstacle disc on 

and Cj covers qi- Thus qt is closer to Cj than to C0, and qt is not located inside 

Vc0, which is a contradiction. By Lemma 5.16, Cj is an obstacle disc on kn{t) for any 

t 3  <t< t 2 .  

(2): Let Cj be the obstacle disc on /oi(ti), where, C, is neither a Voronoi neighbor 

of C0 nor a Voronoi neighbor of Cj. A similar argument as above shows that there is 

no valid buffer on [ii, 1,2} • • 

For each segment ^1,^2], Lemmas 5.16 and 5.17 show that if we know that lo i ( t i )  

is valid, and tq is the minimum time on [t1; t2], such that C0, Cj and Cj are co-tangent 

to loi(tg), then we will show in the remainder of this section how to obtain a valid 

buffer  [t i , tq] E [ t i , t 2 ] .  
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Figure 5.17: For the proof of Lemma 5.18 (2). Assume that DC(l^) intersects the 
Voronoi edge between Co and Cj with p and q. 

Next we estimate the number of segments 

Lemma 5.18. For the same-speed discs, (1) ADC(Lq|) has O(deg(Vc0))+O(deg(Vo i)) 

minimum segments, (2) a DC(IQI) has at most one minimum segment, (3) there are 

in total 0(n2) minimum segments on DC{lij), for all Ci,Cj G 

Proof. As definition, the minimum segments must be located inside Vc0, and the cor

responding arrival curve must be located inside Vq. (1) The departure curve of IqI may 

intersect Vc0 in at most deg(Vc0) segments. Similarly, for the arrival curve, at most 

deg^Ci) segments are located inside Vcv Thus, in total, O(deg(Vc0)) + 0(deg(Vc i)) 

segments on the departure curve are located inside Vc0, and the corresponding seg

ments on the arrival curve are located inside VCi . 

(2) By Lemma 5.2, DC(IQI) a straight line passing through the center of Co-

We claim that DC{IQI) intersects Vc0 in one segment. Suppose by contradiction that 

DC(1Z) intersects Vc0  in two segments. Let DC(IQI) pass through Vcj, where, Cj 

is a Voronoi neighbor of Co, and p and q be two intersection points on the Voronoi 

edges of Cj. Let p be the ending point of a segment, q be the starting point of 

another segment on DC{7q[), and tq > tp. Let q' G DC(lg-) be another point with 

tq' > tq. Refer to Figure 5.17. By triangle inequality, ||pCj|| + \\pq'\\ > ||g'Q||, where, 

||pCj|| = \\poj\ \ — rj, and ||g'Cj|| = \\q'oj\ \ — rj. Since ||pCo|| = ||pCy||, q' has shorter 

distance to Cj than to Co. Thus, no point on DC(Lq[) after tq is located inside Vcv 

This results a contradiction. Since the arrival curve on Ci is a straight line, it has the 
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same property as the departure curve, and it intersects Vn, in one segment. Thus, 

DC(IqI) has at most one minimum segment. 

(3) By the first statement, there are at most Evcie^vcJe^(de#(Vci)+rfeg(Vc,.,))'W = 

0(n2) minimum segments on the right-left departure curves. By the second statement, 

there are at most 0(n2) minimum segments on the right-right departure curves. • 

Based on the geometric locations of the minimum segments with respect to the 

Voronoi neighbors of C0, we divide the discs in 3> into deg(Vc0) groups. For each 

minimum segment [ii,^] £ DC {1(a), > T0, we find a Voronoi neighbor Ci of C0, 

such that Ci is a right-block of Zoi(£i), and is the lowest Voronoi neighbor of C0 along 

loi(t\). Imagine that we rotate the positive ir-axis around Oq to oooi, then the group 

of discs, say D, includes all the discs Cj which are located in the North-East, North-

West, and South-West quadrants around oo, where OoOi is the x-axis. This division 

guarantees that the discs which project on loi(T0) but do not project on loi{ti) are out 

of consideration when computing a valid buffer on [ti, t2] £ DC(l0i). Also, all discs 

which may have an effect on the valid buffer computation on [ti, £2] are in D. Next, 

we focus on the discs in D. 

So, we have two tasks when computing a valid buffer on [ti, i2] € DC(l&i): (1) for 

each minimum segment [£1^2], compute the validity of loi{t\), (2) compute q*(0,j,i) 

with some Cj, tq E [ti,t2], and the validity of l(u(t\) changes after tq. 

We pick a disc as C0. Suppose that all minimum segments [t 1, ^2] £ DC {loi) ,  for 

all CI € *3}, are placed into a list S associated with Co. 

Since it is not easy to efficiently detect the validity of tx > T0, for all C» € B, 

we construct a right-right tangent L. called supporting tangent for /q-(/o), which is 

tangent to Cq{%), and is parallel to with length l^oK^i) I - Refer to Figure 5.7 in 

Section 5.2.2. The validity of a supporting tangent is comparatively easier to compute, 

as it is determined by the discs from only one side of the supporting tangent, while 

for a right-left tangent, the discs on both sides of it should be considered. Also, the 

property that a right-right tangent I at different times is parallel to each other helps 

to reduce the computation. Define L(t) (L at time t) as: L(t) is tangent to C0(£), 
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and is parallel to L, \L(t)\ = \L\. We will show that it is easier to detect the validity 

of L(ti), because the validity of L(ti) is determined only by two crucial discs. L(ti) 

and ) have the following relationship. 

Lemma 5.19. The validity of tangent lol(ti) can be obtained from computing the 

validity of L(ti). 

Proof The tangent L at time t\ is exactly the tangent * D 

The validity of L(T0) is computed when executing Algorithm 10, where, L is a 

right-right tangent with length Suppose that L is valid at time To. Then, 

the disc projects on L, which changes the validity of L at time tq, is an obstacle disc 

on loi(ti)} if tq < ti, according to Lemma 5.16. We call a disc CJ supporting disc for 

loi(TQ), such that DC(I'QI) PI DC{L'0lj) = q*(0, J, i), and tq is the minimum time among 

all DC(!$J) n DC(L$) ± 0, CITCJ £ B. 

Lemma 5.20. Considering the discs in B for Let the supporting tangent L 

o//5|(ti) be valid at time TQ. Let L and IQR be co-linear at time tq, where, CR is the 

nearest-block for (L,l^(ti)) (as defined in Section 5.2.2). Let IqKTq) and Iqj{Tq) be 

co-linear at time tW; where, Cj is the supporting disc of IQ^TQ). Tangent &I) is 

valid if and only ifti < min{tq,tw}. 

Proof. According to the definition of nearest-block, IQR is right-block of L, CR projects 

on L, CR is a left-block of ©To), or an obstacle on IQI(TO). <=: By Lemma 5.15, 

the validity of is determined by a left-block disc and a right-block disc. By 

Lemma 5.16, CR is an obstacle disc on L after time tq. Also by the definition of B, 

CJ is higher than Co along fSiTO, thus, CJ is an obstacle disc on IQ\ after time tw. 

Therefore, if &i) is valid, then t\ < min{tq,tw}. 

=>: The right-blocks of L can be divided into three groups. Group A includes 

all the left-blocks of IOKTQ), group B includes all the discs intersecting L^(T0), and 

group C includes all the right-blocks of IQKTO). We first claim that if CR £ A and 

CR B, then A = 0 and B = 0, according to the definition of CR for (L, /^(ti)). 
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Thus, the discs in C change the validity of L(£i), therefore, in this case, the statement, 

if t\ < min-ft^, £w} then V^il]) is valid, is true. Second we claim that if CR £ A or 

CR € B, then tq < t\. This is because that slope(l%) < slope(L) = slope(l^(ti)), and 

CR is an obstacle when the robot arrives at CI along L(t\). Since in this case tq < £1, 

it has no effect on the statement. Overall, the statement is true. • 

By Lemma 5.20, we know that either CR or CJ determines the validity of 

How to compute CR? When the supporting tangent L of &>) is valid, according to 

Lemma 5.7, we can obtain CR for L. CJ, which determines g*(0, J,i), for /J- can be 

obtained from the arrangement of the right-left departure curves around C0. 

So far we have shown the discs determining the validity of Z5'(£i). Suppose that 

®(i) is valid, then we have to compute the time tq € [£i, £2] when the validity of ^(£1) 

changes. This is the second task, which is carried out by computing the arrangement 

of the minimum segments in S associated with Co. Suppose that at time tq, Co, Cj 

and Ci are co-tangent to loi(tq), tq £ [£1, £2]. Then, according to Lemma 5.17, we can 

ignore the intersection points on the portion [£^,£2], even if loi(l\) is invalid. This 

can be controlled during the execution of the Bentley-Ottmann sweepline algorithm 

for the intersection points. At each intersection point q, we test if a Cj exists which 

will become an obstacle after tq. In that case, we will delete the remaining portion 

\t,g, £2] in the arrangement. If C0, Ci and Cj are co-tangent to loj(tq), then we can 

delete the part £ > tq on the minimum segment in DC(loj), as loj{tq + e) becomes 

invalid because of disc Ci. Finally, we record the intersection points on each [£1, £2] 

together with their corresponding time. The arrangement of the right-left departure 

curves can be computed in the same way in order to obtain Cj efficiently. But in 

this computation, we use the disc set D associated with [£1, £2] instead of as P 

eliminates the disc Cj £ 3) for loi(T0), but this Cj £ does not project on ^(£1). 

Summarizing, Algorithm 14 computes all valid buffers for same-speed discs. 

Note, the buffer computation on DC(lo i) = DC(Iq-) is considerably easier, since 

there is at most one valid buffer on DC (I"-). By Lemma 5.18, follows that if CI £ %>. 

and IqI{Tq) is invalid, no valid buffer exists on DC(IqI). But for consistency of the 
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algorithm, we process them in the same way as the right-left departure curves. 

Lemma 5.21. The arrangement of the partial departure curves of the same-speed 

discs in can be computed in 0(n2 log n) time. The total number of the intersection 

points in the arrangement is 0(n2). 

Proof. Each disc in *3 takes the place of Co exactly once. The arrangement of the 

partial departure curves around C0 can be computed in 0{n log n+k) time by applying 

the Bentley-Ottmann sweepline paradigm. Since at each intersection point during the 

execution of the sweepline algorithm, one departure curve is deleted, in total k — O(n) 

intersection points are obtained. The arrangement of the partial departure curves is 

computed twice. Once is applied to the discs in %>, and once is applied to each 

group of discs B: the discs in 3 are divided into deg(Vc0) groups. Thus, there are 

Hvae^idegCVci)) • n — 0(n2) intersection points in total. The computation takes 

ZvCiegidegiVoJ) -nlogn = 0(n2logn) time. • 

Theorem 5.3. By applying Algorithm 14, the valid buffers on all the departure curves 

of the same-speed discs in 3$ can be computed in 0(n2 log n) time. 

Proof First we establish the correctness. Each disc in takes the place of Co exactly 

once. Step 4 computes the validity changing point q on each segment [£1, £2] by 

computing the arrangement of the segments. Step 5 divides the segments into several 

groups. Each group has a corresponding set of discs in S>. The related discs around 

Co are deleted from 2#, if they project on la(t), i < £1, but do not project on loi(ti). 

We deal with each group of discs separately. Step 7 computes the arrangement of 

the right-left departure curves for the discs in a group O in order to obtain Cj. For 

each minimum segment [£1, £2] associated with O, we take [T0, £2] as the departure 

curve, and we take the parts of all other departure curves that are located inside 

Vc0. This is because that for Iq\, Ci e B, q*(0, J, i) may happen at tq < t\. Cj e O. 

Cj is captured in Step 13. Steps 8-15 compute the validity of ^(£1), according to 

Lemma 5.19. According to Lemma 5.17, once ©<•) is valid, a valid buffer exists on 

[£i, £2] • This is done in Steps 17-21. 
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Next is the time complexity analysis. The arrangement of the departure curves can 

be computed in 0(n2 logn) time by Lemma 5.21. There are 0(n2) intersection points 

in total. By Lemma 5.18, there are 0(n2) minimum segments, and by Lemma 5.17, 

there are 0(n2) valid buffers. By Theorem 5.1, all valid tangents are detected in 

0(n2logn) time. By Lemma 5.7, CR for all valid Ls are computed in 0(n2logn) 

time as there are 0(n2) minimum segments. Steps 13 and 19 take 0(1) time. Thus, 

the 0(n2 logn) time complexity of Algorithm 14 is derived. • 

5.7 Detecting the validity of a spiral 

As in [115], by computing the arrangement of the departure curves, and then building 

a trapezoidal map, we find the next departure curve that a spiral will meet on the 

same disc efficiently. However, when discs grow at the same speed, we compute the 

arrangement of the valid buffers on the departure curves instead. This is because a 

node (departure curve) is useful only when a valid tangent exists on this departure 

curve. For a spiral, it can continue around a disc after arriving at a point on a 

departure curve on the disc. When running Dijkstra's shortest path algorithm, the 

arriving point p(ti,9o) on a departure curve on a disc, say C, is known. Point p is 

represented by (ti,9o) in polar coordinates on C (suppose that C is a point at time 

T0). The spiral function is given [115], where, the speed of disc C is 1, and the speed 

of the robot is VR\ 

9{t) = yVj - 1 log t + B0, 

By performing point location, p is found in a cell of the trapezoidal map built 

upon the arrangement of the departure curves around Co, and the next departure 

curve of the spiral passing through p is known in the cell. The Euclidean coordinates 

of the spiral passing through point p(ti,90) is given by: 
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f x(t) =  tc o s ( l o g t - - 1 iog^1 + #o 

1 y(t). = t sin(A/V| - 1) log t - ̂JVI - 1 log ti + dQ 

Let the arrival time of the spiral to the next departure curve be t2. The functions 

of the Voronoi edges of Co also have x and y variables in Cartesian coordinates. If 

the spiral does not intersect the corresponding Voronoi edge of Co in [t\,t2\, then 

the spiral is valid. Otherwise, this spiral is invalid. Note, the above computation is 

applicable to any spiral from the arriving point p(ti,9o) to the next departure curve 

on a disc, no matter p is on a departure curve or not. This step is the same for 

variant-speed discs as for same-speed discs. 

5.8 Executing Dijkstra's shortest path 

We now apply a variant of Dijkstra's shortest path algorithm on the graph G con

structed in Algorithm 9. The nodes in the graph are the departure curves around 

each disc. For the same-speed case, the nodes are the valid departure curves. There 

are two kinds of edges: one is spirals around discs. Each spiral is the portion between 

two neighboring departure curves on a disc. The other edge is a tangent portion 

possibly followed by a spiral starting from the ending point of the tangent on a disc 

to the next departure curve on the same disc. The tangent portion e of an edge exists 

iff e has a life span. 

When executing Dijkstra's shortest path algorithm, at some time t, for the tangent 

portion e of an edge, only t is in e's life span that Dijkstra's algorithm can consider. 

Section 5.7 shows how the validity of a spiral is computed. If Dijkstra's algorithm 

encounters an edge with the life span of its tangent portion expired, we delete it from 

the heap. If a spiral is invalid, then we delete the corresponding edge from the heap. 

Also, for each node, we always keep the smallest time associated with the node. 

We now summarize this chapter with the main Theorem: 

Theorem 5.4. The C-SPAGD problem can be solved in 0(n2\ogn) time, and the 
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V-SPAGD problem can be solved in 0(n3 logn) time, where, n is the number of discs. 

Proof. By Theorem 5.3, with the same-speed discs in ty, there are 0(n2) valid buffers 

on the departure curves, and the valid buffers can be computed in 0(n2 logn) time. 

The graph has 0(n2) nodes corresponding to departure curves (valid buffers), and 

0(n2) edges corresponding to the spirals and relevant valid tangents. Thus, using 

Dijkstra's algorithm on the edges, i.e., tangents that have expiry time and spirals, 

as illustrated above, a shortest path can be determined in 0(n2\ogn) time. By 

Theorem 5.2, with the various-speed discs, the valid buffers can be computed in 

0(n3 log n) time. The graph has 0(n3) nodes and edges. Thus, a shortest path can 

be found in 0(n3 logn) time. • 

5.9 Conclusions 

The result of this chapter is an 0(n2 log n) time algorithm to compute a collision-free 

shortest path between two points among a set of n discs growing at the same speed, 

thus improved the original result by van den Berg and Overmars, and matches the 

known bound for the more restricted case when all discs are static. When the discs 

grow at different speeds, our algorithm runs in 0(n3logn) time. Overall, we predict 

a possible future path for the robot between every two discs at the time when the 

robot starts. One benefit of our algorithms is, once we have the buffer (possible future 

path), then we can plan a shortest path for the robot starting at any time from any 

location s to any location g among a set of discs, without re-computing the possible 

future paths due to the change of the starting/ending location and starting time. It 

is interesting to see how to modify our algorithms to predict when there will not be 

a shortest path to reach g for the robot anymore. Such that it may help to solve 

the decision problem efficiently: does there exist a path from s to g. For example, 

a group of discs may connect to each other at time i, and the robot happens to be 

located inside the connected region. Thus, if the connected region can be detected 

in advance together with the time that it will happen, then we can terminate the 
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computation. Another problem coming along is if there is a path from s to g, then 

efficiently compute the path by an approximation solution. A more realistic problem 

is that the obstacles are truly dynamic. The discs emerge and disappear in the plane 

at different times, or even shrink and expand dynamically. Then in this discs set, we 

can reconsider the problems on finding a path (shortest) from s to g. 
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Algorithm 8 Computing CR for (L,^(ii)) 

Input: A list of valid right-right and right-left tangents originating at Co for 
a l l  d i s c s  i n  3 > ,  s t o r e d  i n  d e c r e a s i n g  o r d e r  o f  s l o p e .  A  l i s t  L  o f  p a i r s  ( L ,  
stored in decreasing order of slope(lfo(ti)) 

Output: nearest-block CR for each (L, E L 

1: Let e ^ have the smallest length among all the valid right-right tangents. 
Push IQ\ onto a stack S. Start from IQ\, in decreasing order of slope of the tangents 
in J?f 

2: for each tangent / E Jz? in order, let I be tangent to Ci do 
3: while S ^ 0 do 
4: Compute the projection point p of ot onto the top element lT0

r
m E S 

5: if p E lor
m then 

pop off lrQm from S 
else if CI is higher than CM along LR

0
R
M /*Eliminate the case where Cj is 

lower than Co along lrQm*/ then 
8: if I = IQI then 
9: push IQ\ onto S 

10: else if (L,l(t1)) € L /*l — IQ\*/ then 
11: compute CR for (L, l(ti)) 
12: end if 
13: exit while loop 
14: else 
15: exit while loop 
16: end if 
17: end while 
18: end for 
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Algorithm 9 Computing a shortest path for a robot traveling among growing discs 

Input: Disc set G 9ft2. Each CI € ^ has a speed V*. The speed of the robot is VR. 
The discs are various-speed or same-speed. Start location s and goal location 

9-

Output: a shortest path from s to g 

1: compute departure curves on each disc Ci e ^ (see Section 5.2.1). The departure 
curves are the nodes of graph G (implicitly) 

2: compute valid buffers on the departure curves (see Section 5.5 and Section 5.6). 
The valid buffers define the tangent portions of the edges in graph G 

3: /*run Dijkstra's shortest path algorithm on the implicit graph G on-the-fly 
E\ { spirals between two neighbouring departure curves} 
E2 := {tangents + spirals} */ 
An edge of G is either in Ex, a spiral between two neighboring departure curves 
on a disc, or in E2, a tangent determined by a valid buffer, possibly followed by 
a spiral from the ending point of the tangent on a disc to the next neighboring 
departure curve on the same disc. The edges are revealed at run time, processed 
by the following two steps 

4: during running Dijkstra, according to the arriving point p on disc Ci, check the 
validity of the spiral (CW or CCW, either in Ex or E2) from p to the next 
departure curve on Ci (see Section 5.7) 

5: if during running Dijkstra, the arriving point p is on a valid departure curve 
then 

6: p is the starting point of a tangent portion in E2 

7: end if 
8: find time-minimal shortest path from s to g in G. 
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Algorithm 10 Computing valid tangents around C0 

Input: A set of right-right and right-left tangents originating at Co in a quadrant 
(w.l.o.g assume that it is North-West quadrant). Radius of disc Co is 0 (ro = 0). 

Output: A set L' of valid tangents. 

1: Initialize a min-heap Q, which stores all tangents with length as key. 
2: Construct a balanced binary search tree T, which stores all the tangents in in

creasing order of slope. 
3: while Q ^ 0 do 
4: Let Ci be the corresponding disc having the tangent with the minimum length 

in Q 
5: locate the two tangents IqI and Iq{ in T. Let A be the set of tangents in T whose 

slope is between sloped) and slope^V^). 
6: delete all tangents in A. 
7: if (resp. IQ\) is not deleted before, and the tangent point on C; is located in 

the Voronoi cell of Ci then 
8: L':=L'\JM (resp. L':= L' (J{$}) 
9: end if 

10: delete and from the tree. 
11: end while 

Algorithm 11 Computing valid buffers 

Input: A set of discs in All right-right and right-left departure curves around 
C0: VQ e 9, DC (IqI) and DC(lr

Q\) 

Output: Valid buffers on each DC (IQI) and DC(IQD 

1: compute the arrangement of the departure curves DC(l0i) around C0, VC* e St, 
where, DC(l0i) represents DC(IQ^) and DC(IQ^ 

2: associate a list Soi with DC(loi), where, Soi represents SQI and SQ[ accordingly, 
and Soi holds all the time sorted intersection points (with corresponding time) in 
the arrangement on DC(loi). The point corresponding to time T0 on DC(l0i) is 
also stored in Sq^. 

3: for every two consecutive intersection points p, q G Sot in order do 
4: compute valid buffers \l'v, t'q) on DC(1(H ) ,  with [l'p, t'q] C [tp,tq]. 
5: end for 
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Algorithm 12 Computing valid buffers with various-speed discs 

Input: The arrangement of DC{1 and DC(IQ\), VC* <= The set SQI (SQI) asso
ciated with DC(IM) (resp. DC(llS)) stores the time-sorted intersection points 
on DC(l$) (resp. DC(l$)) 

Output: Valid buffers on each DC(L%L) and DC(IQ,•) 

1: compute the obstacle discs in for 1^1 (TQ) (resp. tt(TO)), put the obstacle discs 
into M. Let tp  — TQ 

2: for each DC (LOT) do 
3: let Q' = each event point on DC(loi)  determined by Voronoi edge of Co 

and of CI, Q = SOI U Q' 
4: while Q / 0, extract the point q G Q with minimum time do 

if LRQTI{TP) (resp. LRQI(TP)) is valid, i.e., |M| = 0 then 
[tp,tq] is a valid buffer on DC (IQI) (resp. DC(L^)) 
if q is an event point defined in Corollary 5.3, let Cj be the disc which 
determines q /*except the event points q : (0, i,j) in So**/ then 

M = MU {Cj}. Set tp  = tq ,  and set loi(tp)  (resp. )) to be invalid 
end if 

else if q is an event point defined in Corollary 5.3, let CJ be the disc which 
determines q /*loi(tp) is invalid, i.e., |M| ^ 0*/ then 

9 
10 

11 
12 

13 
14 
15 
16 

17 
18 

if Cj € M then 
M = M — {Cj}, set tP = tq 

else 
M = M U {Cj}, set tp = tg 

end if 
end if 

end while 
end for 
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Algorithm 13 multiplicatively additively weighted Voronoi diagram 

Input: The set of cones corresponding to the set of discs in (For each disc 
Ci G S>, conei is constructed with apex located at the center of Ci, and open 
angle 2 arc tan V. At time t = 0, the cones are cut to the discs in St.) 

Output: The Voronoi diagram of the set of discs 

1: for each conei, 1 < i <n do 
2: for each conej, j ^ i, j e [1, n\ do 
3: compute projij = proj(conei n conej) 
4: end for 
5: compute V. as the intersections of all regions projij j*Vi is the Voronoi cell of 

the corresponding disc C*/ 
6; end for 
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Algorithm 14 Computing valid buffers of the same-speed discs 

Input: A set of same-speed discs in All right-right and right-left departure 
curves around C0: for all CI £ DC (I%•) and DC(L$-) 

Output: Valid buffers on each DC(IqD and DC(Iq\) 

1: for each disc in let the disc be Co do 
2: compute the validity of the tangents around C0 at time T0 

3: compute the minimum segments on all departure curves around Co. Put the 
minimum segments in S. 

4: efficiently compute the arrangement of the minimum segments /*obtaining the 
point which determines the maximum time value on a valid buffer*/ 

5: divide the discs in ® around C0 into deg(Vc0) groups, each minimum segment 
in S has a group of discs associated with, t\ > To 

6: for each group of discs, say B do 
7: efficiently compute the arrangement of the right-left departure curves 
8: for each minimum segment [li, l2\ £ S associated with O do 
9: compute the validity of L, L || /oi(^i)> W = Uol(^i)l> e by applying 

Algorithm 10 /^building L for loKh)*/ 
10: end for 
11: compute CR for all valid L, by applying Algorithm 8 /*obtaining the disc 

CR*/ 
12: for each valid L do 
13: find the intersection point q*(0,J,i) on [to, /:2| £ DC(7q') computed in 

Step 7 /*obtaining the disc CJ*/ 
14: compute the validity of ) according to CR and CJ by Lemma 5.19 
15: end for 
16: end for 
17: for each Cj £ St do 
18: if loj(ti) is valid, t\ > T0 then 
19: compute the valid buffer on [l\, t2\ £ DC(l0J) 
20: end if 
21: end for 
22: end for 
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Chapter 6 

Summary and Future Work 

This thesis focuses on building the architecture and framework of the ubiquitous IMA 

system, and designing efficient algorithms related to two services in the IMA system. 

The work in the IMA system is a fundamental step towards building a realistic user-

centric mobile system which provides services related to geometric data. The work 

in the algorithms design would yield a host of related interesting questions likely to 

stimulate other researchers. 

The IMA framework, in which mobile users can get access to a wide and ever 

extending range of services, is implemented in a distributed environment. Each user 

is represented by some personal agents that can communicate between themselves, 

allowing them to help users who need to cooperate for a purpose or anther. By 

experiment, we have shown that the architecture is able to support a wide range 

of services to connected mobile users, including services that facilitate collaboration 

between users. 

The IMA architecture is geared towards mobile users and addresses a growing 

need for mobile infrastructure. It differentiates itself from other existing systems in 

two aspects: collaboration (co-working), and customization and personalization. The 

collaboration and co-working, is aimed at providing an architecture where users can 

interact with each other in order to accomplish a task. The most important aspect of 

the architecture (related to this point) is that it enables users to be mobile and able to 

participate in the task irrespective of their location. This aspect has been solved here. 

154 
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So, the next step for the IMA system focuses on customization and personalization, 

which is aimed at different mobile users who require spatial data to accomplish their 

tasks. The main idea is not to develop a map or a spatial visualization according to 

some specification, but rather to determine which specification should be used and 

when, in order to obtain the appropriate output that is required by the user. However, 

these users do not need to continuously interact with the system and the application. 

An application should have knowledge about the user needs, habits, abilities and 

limitations. This information which is private to the user is accessed and used by 

the user's agent (the intelligent map agent) to accomplish the task with little or no 

interaction with the user. We continue to research and develop these core areas. 

To produce a service inside the IMA system requires: (1) a theoretical solution to 

the problem, (2) an implementation of the solution, (3) conversion of the implementa

tion into an integrated IMA service. If a theoretical solution to a problem underlying 

the service is not yet available, research must be carried out to find one. In our theoret

ical work, we just provide this. In particular, for the spanning growing disc problem, 

we have provided algorithms improving currently known bounds. Implementation of 

these algorithms are beyond the scope of this thesis, as they pose numerous challenges 

resulting from the fact that no multiplicatively additively weighted Voronoi diagram 

is implemented and that the computational geometry implementations would require 

the numerically stable handling of non-linear geometric primitives (such as collinear-

ity detection) and computations involved. The previous algorithms [115], were only 

implemented as a heuristics. Similarly, the meeting scheduler implementation would 

require an implementation of the additively weighted furthest Voronoi diagram, which 

is not available among others. We do however provide an implementation of a par

ticular meeting scheduler as described in [43] and have successfully provided it as a 

service. 

From the implementation view, for the future work, we can consider improving 

the complexity of the multiplicatively additively weighted Voronoi diagram in Sec

tion 5.5.2.2, and then implementing a numerical stable algorithm for the growing disc 
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problem. 

In our theoretical research, the meeting scheduler problem is finding a suitable 

place and time for a group of people to meet, given each of the participants space and 

time constraints. We offered several techniques to tackle the problem which include 

an approach in solving the proposed problem by viewing it entirely as a geometrical 

problem, or linear programming or graph problems. 

The following is a list of future research problems on the meeting scheduler 

1. Each participant has a list of meeting schedules 

Suppose that each participant has k meetings scheduled. By plane sweep, the 

longest new meeting can be computed in 0{kn2 log n) time as follows: first 

compute all valid common free time intervals, i.e, no meeting happens at any 

time in those time intervals and they are maximal. Second, for each valid 

time interval, apply the algorithm in Chapter 4 to find the longest meeting 

location and meeting duration. Third, from all new meeting durations, select 

the new meeting location with the longest meeting duration. Since there are 

O(fcn) events, i.e., the locations of the sweep planes, the total 0(kn2 logn) time 

complexity is obtained. Can one reduce this time complexity? 

2. Suppose that we obtain a longest meeting that lasts L hours. A new meeting 

lasting L" hours is however needed, with the number of participants as large as 

possible, L" > L. 

The movement of a participant can be represented by a cone-like model, which 

is composed of three parts joined together: each of the upper and lower part of 

the model is a cone whose base is an ellipse, and the middle part is a cylinder. 

The base of the cylinder is the same ellipse as the base of the cones. The ellipse 

is obtained as follows: the previous and the subsequent meeting locations, lpre 

and lsub, are the two focuses of the ellipse. Let the longest time meeting location 

which lasts L hours be p. The possible meeting locations lasting L hours must 

satisfy: flee — P"e|| + ||x — lsub\\ — ||p^re|| + ||p^M6||, which is the equation of 
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an ellipse. For a new meeting lasting L" hours, the meeting location x should 

satisfy: ||x — /pre|| + ||x — l8vh\\ < ||p/pr,e|| + ||p^u6|| — (L" — L), which means each 

participant should travel less than scheduling an L hours meeting, as L" > L. 

The problem can be solved by finding a meeting location with maximal number 

of participants in the intersection area of n cone-like models that representing 

n participants. The question is how to efficiently compute the new meeting 

location with duration L". 

3. Find a new meeting location which minimizes the average travel distance for 

the participants to travel. 

This problem is similar to the typical Fermat-Weber problem [25]. Currently, 

no exact solution to the Fermat-Weber problem is known as stated in [23]. 

The shortest path problem we tackled focuses on finding a shortest path for a 

point robot among discs growing at the various speeds or at the same speed. We 

make a significant improvement over the original results, where, the growing disks 

are modeled as cones in 3-space and the shortest path travels along a combination 

of tangents between cones and spiral curves along each cone. Our main contribution 

for this problem is to show that when the discs grow at the same speed, it is possible 

to produce a graph having 0(n2) edges, thus yields an 0(n2 log n) time complexity. 

When the discs grow at various speed, we are able to show that the graph has 0(n3) 

edges. 

In the future, we may consider a case like this: obstacles have different shapes, 

grow at a constant/different speeds, and also a steady/varying speed on the path is 

given. We may also consider computing a shortest path among the obstacles under 

different metrics. 
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Appendix A 

Computing the function of a 

departure curve 

A.l Compute time range for a departure curve 

A. 1.1 The time range for a right-right departure curve 

Refer to Figure A.l. This section computes a time range for a right-right departure 
curve when discs grow at different speeds. 

Ci : 1) 
C2 '• (02, T2, V2), V2 / 1 
T : travel time of C\ 
t: travel time of the robot, with speed V 
a = [0102I 
a2 = (r2 + V2(T + t)-n- T)2 + V2t2 

(V2 + V2)t2 + 2[(V2 - 1 )T + (r2 - ri)]v2t + [(V2 - 1 )T + (r2 - n)]2 - a2 = 0 
^ _ -v2[(y2-l)r+(r2-ri)]±v/-y2[(v2_i)i'+(r2_ri)]2+02y22+a2y2 
t — v^+f2 

When the right-right departure curve exists, t > 0. We have: 
-V2[{V2 - 1 )T + (r2 - n)] ± y/-V*[(V2 - 1  )T + (r2 - n)]2 + a2V2

2 + a2V2 > 0  
which is: 

±^]-V2[{V2 - 1 )T + (r2 - fi)]2 + a?V2 + a2V2 > V2[(V2 - 1 )T + (r2 - n)] (A.l) 

In order to satisfy inequality A.l, 
-V2[{V2 - 1 )T + (r2 - n)]2 + a2Vf + a2V2 > 0 

158 
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Figure A.l: (a) for the right-right function computation, (b) for the right-left function 
computation. 

{{V2 - 1)T + (r3 - n)]2 < -'ty 
-t,^JV2+\q < (V2 - 1 )T + (r2 - r,) < f 
There are two cases, one is V2 > 1, the other one is V2 < 1. 

and 

V2 > 1 

Wy2+V2 
V(V3-1) 

V2 < 1 

< t < V2— 1 — — 
a-^VZ+Vf-Vin-ri) 

V{V2-l) 

-a^V2+Vf-V(r2-ri) 
V(V2-1) 

(A.2) 

(A.3) *y/V*+V?-V{r2-ri) ^ T / 
V(Va-l) - -

Now, we go back to inequality A.l. There are two cases: "+" and 
+ : sJ-V2[{V2 - 1 )T + (r2 - n)]2 + a2V? + a2V2 > V2[(V2 - 1 )T + (r2 - n)] 
-V2(V2 - 1 )2T2 - 2V2(V2 - 1 )(r2 - n)T - V2{r2 - r{)2 + a2V2 + a2F2 > V2(V2 

l)2r2 + 2lf (F2 - l)(r2 - n)T + V2(r2 - n)2 

(V2 - 1 )2T2 + 2(V2 - l)(r2 - n)T(r2 - n)2 - a2 < 0 
[(V2- l)T + (r2-ri)]2-a2 < 0 
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Solving this inequality, we first obtain the following: 

V2 - 1 > 0 
m (ra—n)+a 
1 — V2-l 
rp ^ (r2-ri)-a 
1 ~ V2-l 

Because (r2 — n) + a > (r2 — ri) — a. 
qn V(r2—ri)+aV ^ rp ^ V(r2—ri)—aV 
DO' V{V2-1} — 1 — V(V2-1) 
Combining this with inequality A.2, we have: 

(A.4) 

(r2 ~ n) + a < T < (r2 - ri) a 
V2 -1 ^ (V2-l) 

From inequality A.l with prefix " + ", we obtain the second inequalities: 

V2 - 1 > 0 
rp ^ (r2-ri)+a 
1 - v2-l 

-ri)—a 

(A.5) 

(A.6) 

T > v2-i 

There is no solution in this case. We also obtain the third inequalities from A.l with 
prefix " + ": 

V2 - 1 < 0 
rp ^ (r2-n)+a 
1 ~ V2-I 
rp y (r2-ri)-a 

(A.7) 

V2- 1  

(f3-ri)—a ^ rp ^ (r2—ri)+a 
V2-l — 1 — V2-l 
Combining this inequality A.3, we have: 

(r2 - n) - a < T < (r2 ~ ri) + a 
V2-l ^ " (V2-l) 

We obtain the fourth inequalities from A.l with prefix " + ": 

V2 - 1 < 0 

(A.8) 

T > 

T < 

(r2—r i)+o 
V2-l 

(r2-n)-a 
v2-l 

(A.9) 

There is no solution in this case. 
When inequality A.l has prefix ": — : y/—V2[(V2 — 1)T + (r2 — ri)]2 + a2V2 + a2V2 > 

V2{(y2-l)T + (r2-r1)\ 
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-V2(V2 - ifT2 - 2V2(V2 - 1 )(r2 - n)T - V2(r2 - nf + a2V2 + a2V2 < V2(V2 -
1 )2T2 + 2V2

2(V2 - 1 )(r2 - ri)T + y2
2(r2 - n)2 

[(^2 - l)r + (r2 - n)l2 - a2 > 0 
Similar to inequality A.l with prefix " + ", we obtain the following fourlists of 

i n e q u a l i t i e s ,  a c c o r d i n g  t o \ 4  —  l > 0 o r l ^  —  1 < 0 :  

V2 - 1 > 0 
rp (r2-n)+o 
1  -  V-2-1 
T > (r2-n)-a 
X — V2-I 

T > (r2—rj)—a 
V2-l 

Combining this with inequality A.2,  we have: 

(7*2 - n) - a 
v 2 - l  

< T <  
a^/V2 + V2

2 - (r2 - n)y 
v(72 - 1) 

v2 — 1 > 0 
rp (r2-n)+a 
^ — v2-l 
T <T (r2-ri)-a 
1 ~ V2-I 

m (y2-ri)+a 
1 - V2-l 

Combining this with inequality A.2, we have: 

a VV2 + V? + (r2 - n)V 
V(V2 - 1) 

< T < (r2 - ri) + a 
V2-l 

i 
V2 — 1 < 0 
rp ^ (r2~ri)+a 
1  — V2-l 
p <  (r 2 - r i ) -o  

V2-l 

T < (r2—ri}—a 
V2-I 

Combining this with inequality A.3, we have: 

{r2 - ri) + a 
V2 - 1 

ay/V*+W + (r2 - r i)V 
v(v2 -1) 

(r2-n)+a 
V2-l 

rp (r2-ri)-o 
X — V2-I 

(A.10) 

(A.11) 

(A. 12) 

(A.13) 

(A.14) 

(A.15) 

(A.16) 
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nn (r2-r i)+a 
1 V2-l 

Combining this with inequality A.3, we have: 

v/^r+W-(r2-r1)l'r.r, (r2 — ri) — a 
V(V2-l) ~ ~ V2-l 

Combining A.5, A.11 and A.13, we have: 

V2 > 1 
n / nr, / ay/V*+Va

a-(r2-ri)V 
U - 1 - V(V2-1) 

Combining A.8, A.15 and A.17, we have: 

V2 < 1 
a ^ m / ay/vH\q-(r2-ri)V 
U - 1 - V(V2-1) 

A.1.2 The time range for a right-left departure curve 

(a.18) 

(A.19) 

Refer to Figure A.l (b). 
C\ : (01, n, 1) 
C2 : (o2, r2, V2), V2 7^ 1 
T : travel time of C\ 
t : travel time of the robot, with speed V 
a = I01O2I 
a2 = (r2 + V2(T + t) + n+ T)2 + V2t2 

(V2 + V2)t2 + 2[(V2 + 1 )T + (r2 + Ti)]V2t + [(V2 + 1 )T + (r2 + ri)]2 — a2 = 0 
^ -V2[(V2+l)T+(r2+n)]±v/-V2[(V2+l)r+(r2+ri)]2+a2V2

2+a2V2 

1 ~ y2
2+v2 

When the right-left departure curve exists, t > 0, we have: 

-V2[(V2 + 1 )T + (r2 + n)]2 + a2F2
2 + a2V2 > 0 (a) 

-M^2 + 1)^ + (r2 + rx)] ± V-y2[(y2 + 1 )T + (r2 + n)]2 + a2F2
2 + a2y2 > 0 (6) 

(A.20) 
Solving inequality (a), a2V^2 + a2V2 > V2[(V2 + \)T + (r2 + ri)]2 

aVV22 + V" + V(r2 + n) <T< «yv? + y2-y(r2 + r,) 
^(V2  + 1) " " V(V2 + 1) 

Solving inequality (&), 
±\/-^2[(H + 1 )T + (r2 + rO]2 + a2V2 + a2V2 > + 1)T + (r2 + rx)] 
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+ : -V2[(V2 + 1 )T + (r2 + n)}2 + a2V2 + a2V2 > V2
2[(V2 + 1 )T + (r2 + rx)]2 

(V2 + 1)2T2 + 2(F2 + 1 )(r2 + n)T + (r2 + n)2 < a2 

[{V2 + l)T + (r2 + r1)]2<a2 

a+(r2+ri) <- 71 a-(r2+ri) 
v2+l - 2 - f2+l 

Combining this with inequality A.21, we have: 

0 < T < a ~}p + ̂  (A.22) 
v2 1 

: -V2[(F2 + 1 )T + (r2  + n)]2 + a2V2
2 + a2F2 < V2[{V2 + 1)T + (r2 + n)]2 

[(F2 + l)T + (r2 + r1)]2>a2 

T > a~y^l] or T < — (no solution) 
Combining this with inequality A.21 and A. 23, we have: 

A.2 Compute the formula for a departure curve in 

various-speed case 

This computation follows van den Berg and Overmars. 
Co : (oo, r0,1) with Oo : (0,0), r0 = 0, when t = 0 
Ci : {oi, VI), Vi^ 1, and O;: (a, 6) 
T : travel time of Co 
t : time 
V: travel speed of the robot 
The equation of spiral is represented in the polar coordinates (r(i), ©'(£)), with 

parameter £, refer to Figure 5.6 for an example. r(t) = £. For the 0(£), we have: 

yv(t)2 + y'(£)2 = y 

x(£) = r(£) cos ©(£) 

y(t) — r(£) sin©(£) 

J ;r'(£) = r'(£) cos 0(£) — r (£)©'(£) sin ©(£) 

1 v'(t) — r'(t) sin + r(t)Q'(t) cos ©(£) 

x'(t)2 + y'(i)2 = r'(£)2 + r(£)2©'(£)2 = 1 + t2e'(t)2 

(A.24) 

(A.25) 

(A.26) 

(A.27) 
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Combining Equation A. 24 and A. 27, we have: 

Vv^~ y/i + t2e'(t)2 =v, i + t2e'(t)2 = v2, o'(t) = ±-

0(£) = ±v/f23ilog£ + 0o 

r(i) = t 
(A.28) 

The ± in Equation A.28 indicates the spiral is counterclockwise (+), or clockwise (—) 
around the growing disc. 0o is the starting angle of the spiral. The growing disc Co 
can be represented by two parameters time T and 0: 

C0(T, 0) —* {T cos 0, T sin 0, T} 

Considering the CCW spirals around Co- Each of the spirals is uniquely defined 
by the initial angle 0O. Each point (T, 0) on the growing disc Co has a unique spiral 
that goes through that point. This spiral can be found by solving 0(T) = 0 for 0O. 

e(t) = Vv^iiogt + e0 

0O = — VV2 — 1 log T + 0 

Hence, the spiral through (T, 0) is described in Euclidean coordinate 

x(t) — r(t) cos 0(t) = t cos Q(t) = t cos(\/^2 — 1 log t + 0o) 

y(t) = r(t) sin©(t) = t sin Q(t) = t sin(V^2 — 1 logt + 0o) 

J x(t) = t cos(vV2 — 1 log t — \/V2 — 1 log /, I 6)) 

1 y(t) = t sin(v/^2 — 1 log t — \JV2 — 1 log t + 0) 

(A.29) 

(A.30) 

If we walk along this spiral, we can depart for another disc C,:, if the straight line 
segment tangent to this spiral is tangent to C; as well. The straight line segment I 
tangent to the spiral at point (T. 0) is represented by: 

l(t) = {x(T) + (t- T)x'(T),y(T) + { t -  T)y'{T)} 

x'(t) = cos(V^2 - 1 logt - VF2 - 1 logT + 0) 

••yV2 1 sin (VV^I log t - \/F2-l log T 

x'iT) = cos0 — VV2 — 1 sin 0 
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x(T) + (t - T)x'(T) = T cos(Vl/2 - llogT - \/V2 - 1 log T + Q) + (t-T) cos 0 

-(t-T)VV2- lsin© 

= Tcos © +1 cos © — T cos 0 — (t — T)\JV2 — 1 sin 0 

= T cos © — (t — T)VV2 - 1 sin © 

j/(t) = sin(\/V2 — 1 logt — \/V2 — 1 logT + ©) 

-J. COg(v/l/2 — l logt — \/V"2 — 1 logT + 0) 
t 

y'(T) = sin 0 + \/V2 — 1 cos 0 

y(T) + (t - T)y'(T) = Tsin(v/l72~=rTlogT - v^^IlogT + 0) + (t - T) sin© 

+(t — T)\/V2 — 1 cos© 

= Tsin 0 + tsin© — Tsin© + (t — T)y/V2 — 1 cos© 

= Tsin© + (t-T)VV2 - 1 cos© 

So, 

Z(t) = {T cos 0 - (t - T)VV2- lsin0, T sin 0 + (t - T)V^2 - 1 cos 0} (A.31) 

The tangent l(t) must be tangent to disc C% = (oi, u, Vi), in order for point (T, 0) to 
be on a departure curve DC(loi). The function of C\ is: 

Ci : (x - a)2 + (y - b)2 = (V*t + r^)2, where, O; = (a, b). 

We fill the above equation by substituting x = lx(t) and y = ly(t) in Equation A.31, 
and solve for t. We get a solution of the following form: 

h,2 — A(T, Q)± D(T, 0) 

When D(T, 0) — 0. I is tangent to C\. By solving D(T. 0) = 0 for T, we obtain the 
functions of the departure curves. (The arrival time on Q is given by A(T, 0).) The 
details are as follows. 

Ci : (x — a)2 + (y — b)2 = (Vit + ri)2, put lx(t) and ly{t) in Equation A.31. 
(£ cos © — (t — T) vV2 — 1 sin 0 — a)2 + (t sin 0 + (t — T)\/V2 — 1 cos Q — b)2 — 

(V\t + ri)2 

(cos 0 — VV2 — 1 sin0)2t2 + 2(y/V2 — 1 sin© — a) (cos© — y/(V2 — l)sin©)t + 
('Ty/V2 — 1 sin 0 — a)2 + (sin© + \JV2 — 1 cos ©)2t2 — 1{\JV2 — 1 cos © + b)(sin© + 
y^v2 - 1) cos ©)t + (T VV^T cos © + 6)2 =. Vit2 + 2V1r1t + r\ 
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(V2 - V?)t2 + 2 [(y/V2 - 1 sin ©T - a) (cos 0 - y/V2 - 1 sin 6) - (y/V2 - 1 cos 0T + 
6) (sin 0 + y/W^l cos 0) - Vin]* + (T^F2^!sin 0 - a)2 + (Ty/V2 - 1 cos 0 + 6)2 -
r2 = 0 

('V2 — V2)t2 + 2[— (F2 — 1)T — (a cos© + 6 sin©) + y/V2 — l(asin0 — b cos0) — 
Viri]t + (F2 - 1)T2 + 2(by/V^~~—l cos 0 - aV^2^! sin 0)T + a2 + 62 - r? - 0 

Let A = V2 — V,2, 
B = — (V2 — 1)T — (a cos 0 + b sin 0) + y/V2 — l(a sin 0 — b cos 0) — V\T\, 
C=( V2- 1 )T2 + 2(by/W^l cos 0 - ay/W^1 sin 0)T + a2 + b2 - r2 

t _ - B ± s / m - A C  A ( T , e ) ± ^ m ? M  „ „01 
v2-vi2 v^-v? 1 ; 

Note: there should be B2 — 4AC inside. But we define B without coefficient 2 before 
it. Same as B'2 — A'C later. 

B2 = (V2 - 1 )2T2 + 2(V2 - l)[(acos0 + 6 sin©) - y/V'2 - I (asin© - bcos0) + 
V\r\}T + [(a cos 0 + b sin 0) — y/V2 — l(asin 0 — 6cos0) + Vyri]2 

AC = (V2 - l)[(V2 - 1 )T2- 2y/W^l(asin0 - bcos0)T + a2 + b2- r\] 
B2 — AC = (V2 - l)(V? - 1)T2 + 2{(V2 - l)(acos 0 + 6sin0) + (V2 - l)Vm + 

y/V2 — 1 (a sin © — b cos©) — V2y/V2 — l(asin0 — 6cos0)]T + (a cos© + 6 sin© + 
Vifi)2 + (V2 — l)(asin© — b cos©)2 — 2(acos0 + b sin© + V\ri)yfV2 — l(asin© — 
bcos©) - (V2 - VI)(a2 + b2 - r{) 

In Equation A.32, when D(T, ©) = 0, segment I is tangent to C\. D(T, 0) is an 
implicit equation for the right-right and right-left departure curve (DC(loi)). 

Solving D(T, 0) — 0, we have: 

w -  in f  -1 )  l a "" )  

where, 
A' = (V2 - 1)(V2 - 1) 
B' = (V2 -1)(a cos © + 6sin ©) - (I/2 -1)y/W^\(a sin © - b cos ©) + (V2 -1) Vin 
C" = (a cos 0 + bsin © + Pin)2 + (V2 — 1)(a sin 0 — b cos 0)2 — 2(a cos © + b sin © + 

Viri)y/V2 — l(asin© — b cos©) — (F2 — V2)(a2 + b2 — r2) 
J3'2 = (F2 — l)2(acos© + 6sin© + y1rx)2  + (F2 — 1)2(F2 — l)(asin0 —6cos0)2 — 

2(F2 — l)(Vi2 — 1)V^2 — l(acos 0 + 6 sin© + Firx)(asin© — b cos©) 
A'C = (F2 - 1)(V2 - l)(acos© + fcsin© 4- Vin)2 + (V2 - 1)2(V2 - l)(asin0 -

b cos©)2 — 2(V2 — 1)(V2 — l)VF5^T(acos © + 6 sin© + Viri)(asin© — b cos©) — 
(VI - 1)(V2 - 1)(V2 - V?)(a2 + b2- r\) 

B'2 - A'C = {V2 - V?)(V2 - l)[(acos© + 6sin© + Ifo)2 - (Vf - l)(asin© -
6 cos©)2 + (Vj2 — l)(a2 + b2 — r2)] 

Let A == y/a2 + b2, sina = cosa = 
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a cos 0 + b sin 0 — A( cos © + sin Q) = A sin(0 + a) 

a sin© — 6 cos© = A(^°+i>i sin© — cos ©) = Acos(© + a) 

B'2 - A'C' = (V? - 1)(V2 - 1)[(A sin(© + a) + Vin)2 - (Vf - 1)A2 cos2(© + a) + 
(V2 — 1 )(a2 + b2 — r2)} = (V2 — l)(V2 — 1)[A2 sin2(© + Q;) + V2r\ + 2AT4ri sin(0 + Q!) — 
F2A2 cos2(0 + a) + A2 cos2{© + a) + F2(a2 + b2 - r\) - a2 - b2 + r2] = (V2 - l)(V2 -
l)[a2 + b2 + VM + 2AVm sin(© + a) - if A2 + TfA2 sin2(© + a) + V^a2 + b2 -
r?) - a2 - b2 + rf] = (V? - 1)(F2 - l)[(AVi sin(© + a) + n)2 - if A2 + V2(a2 + b2)} = 
(V2 - 1 )(V2 - l)[AVi sin(© + a) + ri]2 = (Vf — 1)(F2 - 1)[14(acos© + 6sin©) + ri]2 

Equation A.33 can be rewritten as: 
rp _ -B'±y/B /2-A'C' 

(V2 — 1) (a cos 0+6 sin 0)—(V2 — 1)VV2—l(asin €>—6cos0)+(y2 — l)Viri . \/V2 — ly/V2 —yl
2|Vi(acosO+6sm©)+ri| 

(y2-i)(y2-i) ^ (v2-i)(v2-i) 

— b/V2 — 1 (a cos 0+6 sin ©)—(V2 —l)(osin©—6cos©)+\/V^TVirx]±-^/K2—V^|Vi(acos©+6sin ©)+fi | 

VV2-l(V2-l) 

Let 
AWT P\'\ -[\/y2—l(ac°s©+6sm©)—(l^2 —l)(asin0—6cos0)+\/V2— lV±ri] 
A v1) W )  —  -  v v 2 - i ( v 2 - i )  
a cos 0+6 sin Q | asin0—6cos0 Vj ri. a cos 0+6 sin 0+Viri j_ a sin 0—bcos0 

— V^-l h  Vv^l Vf^l ~ V2-\ r" ^/F^T 

r,f(T Pt\ _ cos ©+6 sin ©)~H*i | 
1J\1>V)= ^7^t(v2_1) 

T = A'(T, 0) + D'(T, 0) 

T = A'(T,0) - D'(T, 0) 
(A.34) 

A'(T, 0) + D'(T,0) > 0 

Vi(acos© + 6sin©) + n > 0 (A.35) 

Vi > l,orVi < 1 

A'(T, ©) + £>'(T,Q) > 0 

V\ (a cos © + b sin 0) + ri < 0 (A.36) 

V\ < l,orVi > 1 

A'(T, 0) — D'(T,B) > 0 

Fi(acos0 + 6sin©) + n > 0 (A.37) 

F > l,orVi < 1 

A'(T, ©) — D'(T, ©) > 0 

Vi(acos© + 6sin©) + n < 0 (A.38) 

Fx < l,orVi > 1 
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Solving Equality A.35, for T, 

—%/V2 —l(acos©+bsinQ+Viri)+(yl
2-l)(asine—6cosQ)+-^/y2—^[^(a os0+bsin ©)+ri] ^ _ 
y/W=l{V?-l) ~ 

Vi(acos0 +6sin0) + ri > 0 =>• 14Asin(0 + a) + ri > 0 sin(0 + a) > ^ 

V\ < 1 ,orV\ > 1 
(A.39) 

A'(T, 0) + D'(T, 0) 
a.cos©+6sin© | asin@—6eos© . V2—V\(acos@+6sin0) \/V2—V^n Vm 

~ v'-l-i h x/y23i "T" ^/v5Zx(v2_i) v4F23i(y1
2-i) v?-i 

= ~vT=i sm(Q + a) + ̂  cos(0 + a) + ~ vfi 

= sin(e + a) + ^4^ cos(0 + a) + 

Let: 
^ v^wvi-vv75^ 

n — 1 

e - j c 2  + D2-£ ,_ v o  -  ^_ 3 - t ( v ^_ i )  

cos(3 = •§, and sin/3 = ^ 

r = A£ sm(8 + a + /J) + r, 
Thus, the function of the departure curve is as the following: 

f=as s i n (»  +  a  +  f l  +  s^n  

sin(0 + a) > 

A = Va2  + b2 ,  sin a = -|,cosa = -| 
vri^/v2-y1

2-v
/v2-1 

1 
v/v2-v2-vlv^i _ 

—  I  v /y2_ 1 (y2_ 1 )  | ,COSp E  (S inP E  

Solving Equality A.36, 
A'{T, 0) + D'{T, 0) 
acos©+6sin© | asin ©—f>cos© ^/V^ — V^Vlifl cos©+fesin 0) \]V2—V±r\-\-Vir\^V2 — 1 

~~ xf-i h ^/v2^i Vv^--i{v^—i) (vj2—i) -v/y2--! 
— v^=y?via+vv^ta. fe , fe , _ v^fn+vinvv^i 

Vv2-i(v2-i) ^ ^ vv^-i cosvw +vv2-i(v"2-i) 
Let: 
^ _ ^/y2_fi2y1+v^zi 

n — 1 

vv^i' 

E = s/c* + £p = ± where, V, > 1" + ", and V, < 1" - ' 

(A.40) 
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cos j3 — jj;, and sin/3 = ^ 

T — A E sin(0 + a + /3) + 

t = AE sin(# + a + j3) — 

sin(0 + a) < 

y/yi-yf+ViVv^1! 
vv^cvf-i) 

A = y/a? + b2, sin a — 4 ,sina = -j, cos a = j 
(A.41) 

e _ ± yv-vf+viv^i 
^/f^t(v1

2-l) 
^/y2_vMA -wv^_1 

cos/3 = | ,sin/3= § 

Solving Equation A.37, which is exactly A.36 for T. 
Solving Equation A.38, which is exactly A.35 for T. 

A.3 Compute the formula for a departure curve 

with the same-speed discs 

Co : (oo, r0,1), o0 : (0,0), r0 = 0 when t = 0 

lx(t) — t  cos 0 — (t — T)\/V2 — 1 sin 0, 
ly(t) = tsin0 + (t - T)W2 - 1 cos0 into Ci, we have: 
(V2 — 1 )t2 + 2[(vV2 — lsin 0T — a) (cos 0 — \/V2 — 1 sin 0) — (\A^2 — 1 cos 0T + 

6)(sin 0+VF^Icos 0)-ri]t+(TVW^Isin 0-a)2+(rVW^Icos 0+6)2-^ = 
0 

(V2 — 1 )t2 + 2[—(F2 — 1)T — (a cos0 + 6sin0) + \/V2 — l(asin0 — b cos0) — 
ri]t + (V2 — 1)T2 + 2\/V2 — 1(6 cos 0 — a sin 0)T + a2 + b2 — r\ = 0 

Ci : (oi,ri,Vi), Vi f1, Oi : (a,6) 
T : travel time of C0 

i : time 
V: travel speed of the robot 
The function of growing disc C\ is: 
(x - a)2 + (y - b)2 = (Vit + n)2 = (t + n) 
Put the function of tangent I, 

(y2 — l)T+(a cos 8+&sinQ)—\/V2 —l(asin0—6cosQ)+ri db-y/i?2—AC 

where, 
A = V 
B = — (V2 - 1 )T — (a cos 0 + b sin 0) + \JV2 — 1 (a sin 0 — 6 cos 0) — ri 
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C = (V2 - 1 )T2 + 2VV2-l(b cos 0 - a sin0)T + a2 + b2 - t\ 
B2—AC = 2(y2-1) [a cos 0+6 sin 0+rx]T+[(a cos 0+6 sin S+rJ+VV2 — 1(6 cos©— 

asin0)]2—(V2 — l)(o2+62—r2) = 2(V2— 1) [a cos 0+6 sin ©+ri]T+(acos@+6sin©+ 
ri)2 + 2 y/V2 — l(a cos 0 + 6sin© + ri)(6cos0 — a sin©) + (V2 — 1)(62 — 62sin20 + 
a2 — a2 cos2 0 — 2ab sin © cos 0 — a2 — 62 + r2) = 2(V2 — 1) [a cos 0 + 6 sin 0 + r{\T + 
(a cos© + 6 sin© + ri)2 + 2\JV2 — l(acos© + 6sin© + ri)(6cos © — a sin©) — (V2 — 
l)(acos © + 6sin© + ri)(acos© + 6sin© — ri) = 0 

We have: 
a cos© + 6 sin© + n = 0, (A.42) 

and, when a cos © + 6 sin 0 + ri ^ 0, 

2(V2—l)T+(acos©+6sin©+ri)—2\JV2 — l(asin©—6cos ©) — (V2—1) (a cos 0+6 sin©—ri) = 0 
(A.43) 

Prom Equation A.43, we have: 
rp __ (a cos ©+6 sin ©)—2y/V2 — l(asin ©—6cos©)—(V2 — l)(acos 0+6sin©)+(V2 — l)ri+ri 

2(F2-1) 
[26\/V2 — 1—a(V2 — 1)] cos0— \b(V2—l)+2ay/V2 —1| sin ©+V2)"i 

2{V'1-l) 
_ 2b-aVv^l Q _ bVV^l+2a • , V2

ri 

~ 2v
/v^=t b 2VV^1 ' 2(^2 —1) 

Let:A = B = ^gjf-sine and C= 5^ 
T = A cos 0 + 5 sin © + C 
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