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A bstract

Adjoint sensitivity analysis is a widely-used technique to evaluate few circuit responses 

with respect to many circuit parameters. Existing adjoint sensitivity analysis for cir

cuits containing lossy multiconductor transmission lines (MTL) is dependent on the 

details of the specific macromodel being used for MTL. In this thesis, a generalized 

algorithm based on the variational approach is developed for the first-order time- 

domain adjoint sensitivity analysis of lossy MTLs with respect to electrical and/or 

physical parameters. Also, a novel second-order adjoint sensitivity analysis algorithm 

based on the variational approach is developed for the circuits containing distributed 

MTL circuits in both frequency and time-domains. While the proposed algorithms 

inherit all the advantages of the adjoint sensitivity analysis, they are independent of 

the specifics of the MTL macromodel used. In addition, the application of the pro

posed second-order sensitivity analysis algorithm for delay optimization is presented. 

Several numerical examples are presented to demonstrate the validity and accuracy 

of the proposed algorithms.
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C hapter 1 

Introduction

1.1 Background and m otivation

The continually increasing operating frequencies and sharper edge rates coupled with 

the higher density/complexity of modern integrated circuits and microwave applica

tions have made interconnect analysis and optimization a challenging task. Effects 

such as reflections, crosstalk, and propagation delays associated with the intercon

nects have become critical factors, and improperly designed interconnects can result 

in increased signal delay, ringing, and inadvertent false switching [1]. Interconnec

tions are ubiquitous, being present at various levels of the design hierarchy such as 

on-chip, packaging structures, multichip modules (MCMs), printed circuit boards 

(PCBs), and backplanes. At higher frequencies, lumped interconnect models become



inadequate and distributed multi-conductor transmission line (MTL) models based 

on Telegrapher’s equations become necessary.

Interconnects play an important role in determining the performance of modern 

multi-function designs. These performance metrics include operating frequency, den

sity, power-consumption and area. For example, shortening interconnects can reduce 

the problem of delay and reflections while providing for higher density. However, a 

higher density can lead to excessive crosstalk between adjacent interconnects. De

signers must make proper trade-offs, often between conflicting design requirements, 

to obtain the best possible performance. Therefore, efficient and accurate sensitivity 

analysis of circuit response w.r.t. interconnect parameters becomes significantly im

portant in identifying the critical design components in tolerance assignments and in 

optimizing the overall interconnect performance [2-11].

Sensitivity analysis of circuits in terms of first-order derivatives (or sensitivities) 

can be found in the literature [2-13]. [3] presents a new algorithm for direct sensitivity 

analysis of transmission fine circuits modeled using the Matrix Rational Approxima

tion [14] and subsequently expanded its scope in [4] to include delay based MTL 

macromodels. Recently, a generic method for direct sensitivity analysis of distributed 

interconnects independent of the details of the macromodel used [5] was proposed. 

Using direct sensitivity analysis [2-5], the sensitivity of all the outputs w.r.t. a  single 

parameter can be obtained. However, designers are typically interested in knowing
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the sensitivity of a particular output w.r.t. several parameters. In this case, direct 

sensitivity approach becomes computationally expensive as the number of solutions 

required increases with the number of parameters.

To address this difficulty, adjoint sensitivity analysis [12] was first introduced for 

lumped circuits by Director and Rohrer, based on Tellegen’s theorem [15] [16]. Using 

the adjoint analysis [12], sensitivities of a single output w.r.t. all parameters of interest 

can be evaluated at once, providing more practical and significant computational 

advantages. Also, an alternate method based on variational approach can be found 

for adjoint sensitivity analysis of lumped circuits [7], [13] and for the special case of 

single lossless transmission fine macromodels [8].

In gradient based optimization, it is important not only to evaluate the first- 

order sensitivities but also the second-order sensitivities to  speed-up the nonlinear 

optimization iterations [17]. To achieve this speed-up, the second-order time-domain 

adjoint sensitivity analysis based on Tellegen’s theorem [15] [16] for a linear circuit 

(excluding multiconductor transmission lines) was developed in [17].

One application of the sensitivity analysis is in delay optimization. Several sen

sitivity based (gradient based) delay optimization approaches are available in liter

ature [17], [18] for circuits containing transmission lines. Among them [17] uses the 

lumped approximation whereas [18] uses the moment matching model. It has been 

demonstrated in [17] that the second-order sensitivity is desirable in gradient-based



4

delay optimization for the nonlinear optimization iterations.

Next section presents the list of contributions of this thesis.

1.2 Contributions

The objective of this thesis is to develop an efficient algorithm to evaluate first and 

second-order sensitivities of circuits including distributed transmission line in time- 

domain. In this thesis, an efficient algorithm based on variational approach for adjoint 

sensitivity analysis of multiconductor transmission line circuits is presented. An im

portant additional advantage of the proposed algorithm is that its formulation is 

independent of the specifics of the MTL macromodel used (i.e., the proposed method 

can be adopted in conjunction with a wide variety of MTL macromodels that are 

available in the literature; without requiring to re-derive the constituting sensitiv

ity relations for each case). The specific contributions made in this thesis are listed 

below.

1. For a non-linear circuit including MTL, an analytic formulation of the ad

joint circuit equations and first-order sensitivity equations are derived in the 

time domain (chapter 4) [19].

2. For a linear circuit including MTL, an analytic formulation of the adjoint 

circuit equations and second-order sensitivity equations are derived in the
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frequency domain (chapter 5).

3. For a non-linear circuit including MTL, an analytic formulation of the ad

joint circuit equations and second-order sensitivity equations are derived in 

the time domain (chapter 6).

4. A new equation for evaluating the second-order sensitivity of delay is pro

posed (chapter 7). Furthermore, the application of the second-order fre

quency domain adjoint sensitivity of MTL in evaluating the sensitivities of 

delay is introduced.

1.3 Organization o f th e thesis

This thesis is organized as follows. Chapter 2 provides a review of sensitivity analysis 

algorithms with emphasis on formulation of circuit and objective (or cost) function. 

Chapter 3 provides a review of first-order time-domain adjoint sensitivity analysis for 

nonlinear circuits. Chapter 4 presents the details of the proposed first-order time- 

domain adjoint sensitivity analysis including distributed transmission lines. Chapter 5 

presents the details of the proposed second-order frequeney-domain adjoint sensitivity 

analysis including distributed transmission fines. Chapter 6 presents the details of the 

proposed second-order time-domain adjoint sensitivity analysis including distributed 

transmission lines. Chapter 7 presents the details of the proposed second-order delay 

sensitivity analysis in time-domain for linear circuit. Chapter 8 provides the con-



elusions and several possible future research work that can be undertaken from the 

concepts that are developed in this thesis.



C hapter 2 

R eview  of sen sitiv ity  analysis 

algorithm s

In many situation, designers must make proper trade-offs, often between conflicting 

design requirements, to obtain the best possible performance. Therefore, efficient 

and accurate sensitivity analysis of circuit response w.r.t. circuit parameters becomes 

significantly important in identifying the critical design components in tolerance as

signments and in optimizing the overall circuit performance. For example, in gradient 

based optimizations, sensitivities of an objective (or cost) function are required to 

speed-up the nonlinear optimization iterations [17]. In this chapter, the review of 

sensitivity analysis algorithms are presented.

The remainder of this chapter is arranged as follows. In Section 2.1, a formulation
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of circuit equations is provided. Section 2.2 shows the formulation of the objective 

function. Sections 2.3 and 2.4 review sensitivity approaches using perturbation and 

direct sensitivity techniques.

2.1 Formulation o f circuit equations

Consider a general circuit consisting of linear and nonlinear components. The corre

sponding modified nodal analysis (MNA) equations [3] can be written in the time- 

domain as

+  Gx(f) +  f(x(t)) =  b(() (2.1)

where

•  x(£) G SRnxl is the vector of unknowns corresponding to node voltages, 

independent and dependent voltage source currents, and inductor currents; 

b(£) G 5ftn x l is an input vector with entries determined by the independent 

current and voltage sources; f(x(£)) G 5Rnxl is a vector related to nonlinear 

elements and n is the total number of MNA variables;

•  G, C G 5RnXn are constant matrices describing the lumped memory-less and 

memory elements, respectively.

In optimization algorithms, the objective function is required using x(£) of (2.1).



2.2 Formulation o f the objective function

Consider the MNA equation (2.1) and an objective function W(t) whose value is to 

be optimized at time t = T  as given by

W ( T ) =  [  w (x ( t ) , \ )d t  
Jo

(2 .2)

where w(x.(t), A) is a scalar function and A is a vector of N\  parameters of a circuit 

given by [13]

Ai A2 . . .  Ajva (2.3)

In order to perform the required optimization, we need the sensitivity (or deriva

tive) of the objective function, which can be obtained by differentiating (2.2) w.r.t. a 

particular parameter Xm as

dW(T)
d\m - / ( [

dw(x(t),  A) 
dx

z  (<) +
dw(x(t)

dXm
dt (2.4)

where m  G {1, • • • , N\},  and

z (t)
dx(t)
dXm (2.5)

is the sensitivity vector of circuit variables w.r.t. a parameter A*
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Several techniques are available to evaluate z(i) [20] [5]. The technique based 

on perturbation is reviewed in Section 2.3. In Section 2.4, a details of the direct 

sensitivity analysis technique are reviewed.

2.3 Perturbation technique

The first-order derivative of x(Am) can be approximated by a forward difference ap

proximation given by [20]

Z(t) =  =  x(Am +  /> )-x (A m) +  Q{h) (2 g)
O'/Ayyj th

or a centered difference approximation given by

Z(t) = = ?(*m + h ) - x ( A m - h )  +  (2 7)
UAm 2*1%

where h > 0 is a small value and the big O notation refers to  the order of error in the 

approximation.

Similarly, (2.7) can be extended to second-order and given here for completion, 

which will be used in chapters 5 and 6. The second-order derivatives of x(Am, An) can 

be approximated by a centered difference approximation given by
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d2x(Am, An) ^  
dXmdXn

3c(Am “I” h"> Xn A:) x(Am -I- h, Xn k) 

x(Am h, Xn +  fc) +  x(Am h, Xn fc)

4 hk
(2 .8)

and

d2x(Am, An) . x(Am +  h, Xn) 2x(Am, An) +  x(Am h, An)
dX*m h.2

(2.9)

where A: >  0 is a small value. The next section reviews the direct sensitivity analysis 

technique to evaluate z (t).

2.4 Direct sensitivity analysis technique

Using the direct sensitivity approach [5], z(t) in (2.4) can be obtained by differenti

ating (2.1) as follows:

+  G z ^  +  I h c " =  (2 ' 10^

where



As can be seen from (2.10) and (2.11), evaluating z (t) w.r.t. N \  variables requires 

the solution of (2.10) and (2.11) N \  times, making the process computationally expen

sive. In order to address this difficulty, the adjoint sensitivity analysis was proposed 

in the literature [12] [13]. The next chapter provides a review of adjoint sensitivity 

analysis.
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Chapter 3 

R eview  o f adjoint sen sitiv ity  

analysis algorithm s

Using direct sensitivity analysis [2-5], the sensitivity of all the outputs w.r.t. a single 

parameter can be obtained. However, designers are typically interested in knowing 

the sensitivity of a particular output w.r.t. several parameters. In this case, the direct 

sensitivity approach becomes computationally expensive as the number of solutions 

required increases with the number of parameters.

To address this difficulty, adjoint sensitivity analysis [12] was first introduced for 

lumped circuits by Director and Rohrer, based on Tellegen’s theorem [15] [16]. Using 

the adjoint analysis [12], sensitivities of a single output w.r.t. all parameters of interest 

can be evaluated at once, providing more practical and significant computational
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advantages. Also, an alternate method based on variational approach can be found 

for adjoint sensitivity analysis [13].

To perform the optimization, we need the derivative of the objective function 

which can be obtained by using adjoint sensitivity analysis and is reviewed in 

this chapter.

The rest of this chapter is arranged as follows. Section 3.1 reviews an adjoint 

sensitivity analysis based on Tellegen’s theorem [12]. Section 3.2 reviews an adjoint 

sensitivity analysis based on variational approach [13].

3.1 Adjoint sensitiv ity  analysis based on T ellegen’s 

theorem

Consider two circuits, which are topologically same [12]. Let VB(t) and be the 

voltage and current, respectively, of a branch in first circuit. Let ^ b (j ) and 4>b {j ) be 

the voltage and current, respectively, of the same branch in second circuit. Assuming 

the first circuit as an original circuit, the second circuit will become an adjoint circuit 

later on. Symbol t is defined as the time scale of the original circuit. Similarly, r  is 

defined as the time scale of the adjoint circuit.

Using Tellegen’s theorem [15] [16], the product of current and voltages becomes
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=  0 (3.1)

(r  )*«(*) =  0 (3.2)
B

where t and r  are the arbitrary time points for the original and adjoint circuits,

respectively. For small variations in the original circuit we get

^ 2  [v*(0  +  *ub(*)] M T) =  0 (3.3)

V. M r ) [*b ( 0  +  SiB(t)} = 0 (3.4)
B

where SvB(t) and SiB(t) denote a small change in voltage and current, respectively. 

Substituting (3.1) in (3.3) gives

' ^ 2 ^ B{t)4>B(r) =  0 (3.5)
B

Similarly, substituting (3.2) in (3.4) gives

y ^^B{r)8iB{t) =  0 (3.6)
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Adding (3.5) and (3.6) yields

Y .  [$vB(t)<f>B(T) -  i>B(r)6iB(t)] = 0 (3.7)
B

Expanding and integrating (3.7) w.r.t. t from 0 to T yields

fJo
]P (<5vv(t)<£y(r) -  ipv (T)Siv ( t ) ) +
, V

'Y^{8vI(t)<}>i{T) -  ^/(r)5i/(t))+
/

'Y^{6vR{t)4>R{r) -  ipR{T)8iR(t))+
R

]> (̂<ft>c(0<Mr) -  il>c(T)Sic (t))+
c

^ V L ( t ) M r )  ~  ipL(r)5iL(t))+
L

y  (<5vjvk(0 ^ « ( T) — ^iV«(r )^*Af«(0)
NR

dt = 0 (3.8)

where V,  / ,  R, C, L  and N R  denote the branch containing voltage source, current 

source, resistor, capacitor, inductor and nonlinear resistor, respectively. An illustra

tion of these branches is shown in Fig. 3.1.

Next, taking first-order Taylor series expansion of the objective function (2.2) 

gives,



Figure 3.1: Illustration of branches in a circuit

dW{T)dW (T)
(3.9)

The goal of the adjoint sensitivity analysis technique based on Tellegen’s theorem is

to bring (3.8) into the form of (3.9).

Next two sections review the sensitivities of W ( T ) w.r.t. linear and nonlinear 

components.

3.1.1 Derivation o f  sen sitiv ities w .r.t. linear com ponents

Consider the capacitor terms (fourth summation) in (3.8). To simplify the analysis, 

consider only one capacitor and drop the subscript C. Then we have the integral

Assuming, the charge q(t) on a capacitor is a function (g) of capacitance C  and 

voltage v(t), which can be written as

(3.10)
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q(t) =g(C,v(t))  =  Cv(t) 

Taking the first-order Taylor series expansion of (3.11) gives

Simplifying (3.12) yields

6q(t) =  v{t)5C +  C8v(t)

Then, differentiating (3.13) w.r.t. t yields

m  = ^ 6C + C ^ p -at at

Substituting (3.14) into (3.10) gives

£  ^w(O0(r) -  i p ( r ) ^ ^ - 8 C  -  dtdt

Doing integration by parts on the third term in (3.15) gives

(3.11)

(3.12)

(3.13)

(3.14)

(3.15)

J  j^(T) +  S v ( t )d t -  J  <f( -  i { T ) C 6 v ( t ) \ l  (3.16)
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Recall, the goal is to convert (3.8) into the form of (3.9). Therefore, all terms except 

SC and <fo(0) terms need to vanish.

Let r  =  T  — t and therefore, ^  =  — 1. Then first integrand of (3.16) becomes

A < - \ , d$(.T) dTn  / ,
+  = ^ T) ~  ~ d T c  (317)

Note that, if we chose 4>{r) =  then the first integral in (3.16) will vanish. In

other words, a capacitor in the original circuit is replaced by the same capacitor in 

the adjoint circuit. Rewriting (3.16) gives

rT ■ 1(711 I I
dt -  0 (0 )CSv(T) + xl>{T)C6v{0) (3.18)■/ r T)dv^ s cdt

Also, if we chose the initial condition of capacitor, -0(0), of the adjoint circuit to be 

zero, then the middle term in (3.18) will vanish. Rewriting (3.18) gives

T i m  ii /. i
dt + i>{T)CSv{ 0) (3.19)

I

Following the above process for all the capacitors gives

lo ■5C, +  ['M r)C]<fec (0 )) (3.20)

Using a similar technique as described above, every inductor and resistor in the
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original circuit can be replaced by the same inductor and resistor in the adjoint circuit. 

Then the corresponding equations related to inductors and resistors can be written

as

dt
5L+[-<j>L{T)L}5iL{ 0) } (3.21)

and

R 0
5R , (3.22)

respectively.

Substituting r  =  T  — t and comparing equations (3.20), (3.21) and (3.22) with 

the form in (3.9) yields

dW(T)
dC =  -  f T M T - t )

Jo
dvc (t) 

dt
dt (3.23)

d\V(T)
dL

= r M T ~ t )
Jo

diL(t) 
dt

dt (3.24)

(3.25)
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dW (T)
dvc {0) M T ) C (3.26)

dW(T)  
diL(0)

(3.27)

The sensitivity of an objective function w.r.t. each component and initial condition 

can be found by using closed-form relations (3.23) to (3.27) [12] [17]. For example, the 

sensitivity w.r.t. a capacitance C  at a time point T  is given in terms of an integration 

of the voltage ipci?) across the capacitor in the adjoint circuit and the derivative of the 

voltage vc (t) across the capacitor in the original circuit. Moreover, the sensitivity 

w.r.t. an initial condition related to a capacitor in the original circuit is given by

In the next section, the derivation of sensitivities w.r.t. nonlinear components is 

presented.

3.1.2 Derivation o f  sen sitiv ities w .r.t. nonlinear com ponents

Consider a nonlinear resistor in Fig. 3.2, whose current iNR(t) is given as

(3.26).

iNRit) = g (ia(t), vb(t), vNR(t), A) (3.28)

where VNR(t) is the voltage across its own branch, ia{t) is the external branch current,
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vb(t) is the external voltage difference and A is the parameter. Taking the first-order 

Taylor series expansion of (3.28) gives

+ + s S ) * * * ® + ^  <3 '29)

Using Tellegen’s theorem on three branches in Fig. 3.2 yields

/  [(<fr>a(£)0aCr) -  ^a(r)Sia(t))+
Jo

(Svb(t)4>b(r) -  ipb(r)6ib(t))+

{SvNR(t)^NR(r) — iI>n r (t  )££#/*(£))] dt (3.30)

Since va(t) and ib(t) are always zero, Sva(t) =  0 and Sib(t) =  0. Substituting these in 

(3.30) gives

f  [~iPa(T)Sia(t) + 8vb(t)4>b(r)-\- 
J 0

(8vNR(t)<j>HR(T) — iPn r {t )<5i/vft(0)] ̂  (3.31)

Substituting (3.29) in (3.31) yields



* N R (t)  4 /
Q 4 ,  «t> 0

va(t)=0

n ( t )

;b(t)=0

Figure 3.2: Illustrative example of a nonlinear resistor

- 0 a (r) -

dg(t)
n 6ia(t)+

\ M t )  - 0 nr(t ) dvb
Svb(t)+

4>n r { t )  — i}>n r ( t ) - - --- - 1 (5 u y v f l( i )+

—'iPn r (t )

dVNR

I 2]")* (3.32)

Recall, the goal is to convert (3.8) into the form of (3.9). Therefore, we have to get 

rid of other terms except the SX term. To achieve this, let us choose,
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1>a(T) =  -i>NR{T)
dg(t)
dia (3.33)

4>b{r) =  ^ h r (t ) ~ § ! ~  (3 -3 4 )

<Pn r (t ) =  tPn r (t ) ^    (3.35)
ovnr

Equation (3.33) means that if in the original circuit a nonlinear resistor is dependent 

on an external branch current then in the adjoint circuit a  voltage controlled voltage 

source is added in that branch (see Fig. 3.3). Equation (3.34) means that if in the 

original circuit a nonlinear resistor is dependent on an external node voltage difference 

then in the adjoint circuit a voltage controlled current source is added between those 

nodes. Similarly, (3.35) means a nonlinear resistor in the original circuit is replaced 

by voltage controlled current source in the adjoint circuit.

Once the simulation of the original and the adjoint circuit are done, the sensitivity

of an objective function w.r.t. A of nonlinear resistor can be found by using



25

= 2 . _  „ „

It is to be noted that without loss of generality, (3.33) to (3.36) can be used even if 

a nonlinear resistor is dependent on multiple currents, voltages and parameters.

The next section presents the derivation of sources for an adjoint circuit.

3.1.3 Derivation o f sources for an adjoint circuit

By substituting the sensitivity equations (3.23), (3.24), (3.25) and (3.36) into (3.8) 

and by ignoring the initial condition terms ((3.26) and (3.27)) to simplify the analysis, 

we get
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) / \  ,  .

V’n rC O  x /
^ a ( l )

4 - ^ ( 1 )

•y'b(T) 

^ b ( t )

Figure 3.3: Adjoint branches corresponding to Fig. 3.2

r ^ 2(5vv (t)<t>v (T) -  il>v(T)Siv (t))+
V

^(fo//(t)</>/(r) -  ip/(r )£ i/(f))+
/

X](^(r)*«(t)5-R)+
R

dt =  0 (3.37)

Assuming the sources vv(£) and i/(£) remains unperturbed in the original circuit 

results in
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S w ( t )  =  0; Si^t)  =  0 (3.38)

Substituting (3.38) in (3.37) gives

^2ipv(T)8iv(t)fJo

fJo

f [ E  - M r ) ^ C

fJo

rJo

dt =

E diL(t) 
dt

< P l ( t ) 5 L

dt+ 

dt+ 

dt-1-

dt

(3.39)

Next, by assuming w in (2.2) is a function of currents through all the voltage 

sources and voltages across all the current sources gives

(3.40)
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Taking the first-order Taylor series expansion of (2.2) with (3.40) results in

w m - j f
dw(t) 
dvr

dt (3.41)

Setting the RHS of (3.41) equal to the LHS of (3.39) results in

5W{T)  =

i :

j :

rJ  0

/
JO

R

L c

E diL(t)
dt

dt

dt+ 

dt-I- 

dt-1-

NR
dt

(3.42)

which is in the same form as (3.9). Using the RHS of (3.41), the LHS of (3.39) and 

t  = T  — t ,  the voltage and current sources in an adjoint circuit become
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(3.43)

(3.44)

In the next section, the properties of an adjoint circuit are discussed.

3.1.4 Properties o f an adjoint circuit

If the original circuit contains a nonlinear resistor, then it is replaced by a voltage

controlled current source in the adjoint circuit given by (3.35). Substituting t = T —r  

in (3.35) gives

Equation (3.45) signifies three properties of the adjoint circuit:

1- <I>n r (t ) is a linear function of iPn r (t )- Therefore, every nonlinear component 

in the original circuit is replaced by a linear component in adjoint circuit. 

Therefore, the adjoint circuit is always a linear system.

2. The gain is a function of time r ,  which makes the adjoint circuit a time-

f c s W  =  M r ) 9 ^  T)VVnR
(3.45)
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varying system.

3. If the sensitivity at a time point T  is required, then the adjoint system is 

valid only from time 0 to T.

Therefore, if there is a nonlinear component in the original circuit, then the adjoint 

circuit will be a Linear-Time-Varying system. It is to be noted that if the sensitivity 

at another time point T  is required, then the adjoint system is valid from 0 to T,  

such that

</>n r ( t )  =  iPn r ( t ) (3 -46)

In this section, the adjoint sensitivity analysis based on Tellegen’s theorem was 

reviewed. In the next section, the adjoint sensitivity analysis based on the variational 

approach is reviewed.

3.2 Adjoint sensitivity analysis based on variational 

approach

The variational approach has been presented in the literature [13] as an alternative 

approach for adjoint sensitivity analysis. Using the variational approach [13], we
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define an auxiliary variable £a(r) e  3F?"x l. Multiplying (2.10) by ( t )  and integrating 

w.r.t. t € [0, T] gives

/«/o c dz^) +  G z^  +  ^ j^ z ( t )  -  j Am(f)
dx.

dt =  0 (3.47)

Substituting t  = T  — t  in (3.47) and using integration by parts, we get

/Jo

t  r

z(t)dt =  —̂ o(r )Cz(t)|o +  f  C(T)jxm{t)dt
Jo

(3.48)

It is to be noted that, contrary to (2.10) and (2.11), (3.48) allows us to avoid calcu

lating z(£) explicitly. This is possible if £a(r) can be found such that (using (3.48) 

and (2.4)):

dC ( T) r  . dw(x(t), A)
rfr +  4*M G  +  4»( r ) - a T  =  S   (3'49)

where £ 0 ( t )  is referred to as the adjoint MNA variable vector [21]. Taking the trans

pose of both sides and substituting t =  T  — r  in (3.49) gives
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ldU T)
dr +  G*€a(r) +

d f ( T - t ) 
dx U r )

dw(T — t ) 
dx

t  e  [0, T] (3.50)

Next, the solution of (3.50) is not unique until the initial conditions are defined, 

which can be obtained by substituting (3.48) in (2.4)

=  - £ ( 0 ) C z (T)  + £  (T)Cz(O) +  £  « 'M jK.(t)dt + £

(3.51)

To avoid calculating z(T) explicitly, £a(0) is selected to be equal to zero. This im

plies that, an adjoint system is simulated forward-in-time, from 0 to T,  with initial 

conditions set to zero (i.e. £^(0) =  0).

The sensitivity function in (3.51) can be obtained in terms of the solution of the 

original system (2.1) and the corresponding adjoint equation (3.50) as

e ( r )C z (0 )  +  £ ( ‘a ( r ) i +  £  dW{f £ X)<tt  (3.52)

where z(0) is found from the DC analysis of the original system (2.1) as
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G x.dc +  f(x-d c ) — b(0) (3.53)

3.3 Comparison betw een Tellegen’s theorem -based  

and variational approaches

If Xm is a capacitance, then j Am(<) in (2.11) becomes

dC{t) dx(t)
Jc(i) -  -H c~ * I T  (3 54)

and the middle term of the RHS in (3.52) becomes

Jq & (T)jc(t)dt = ~  i ’c i j )  x ^ ~ ~ dt (3.55)

where iPc (t ) and vc(t) can be found by simulating the adjoint and original systems, 

respectively. Substituting t  = T  — t in (3.55) gives

dW(T) f T dvc {t)
dC

which is the same as (3.23) from Tellegen’s approach

J  i P c ( T - t ) x ^ S - d t  (3.56)
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If Am is an initial voltage on a capacitor, then the first term of the RHS in (3.52) 

becomes

£(T)C*(0) =  = M T )  X c (3.57)

which is the same as (3.26) from Tellegen’s approach.

If Am is a parameter of a nonlinear resistor, then j Am(t) in (2.11) becomes

j i ( t )  =  ~ i ! j r  ( 3 6 8 )

Assuming the current (g(t)) through a nonlinear resistor is a function of the parameter 

A, then the middle term of the RHS in (3.52) becomes

£a(r )jA(t)dt = ~  n r (t ) x ^ ^ - d t  (3.59)

where and can be found by simulating the adjoint and original systems,

respectively. Substituting r  =  T  — t  in (3.59) gives

(3.60)
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which is the same as (3.36) from Tellegen’s approach.

Using this comparison, it is clear that the two approaches are equivalent. It is to 

be noted that in subsequent chapters the variational approach is used.
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Chapter 4

Proposed variational approach  

based first-order adjoint sen sitiv ity  

analysis in tim e dom ain for 

networks w ith  M TLs

In this chapter, an efficient algorithm based on variational approach for adjoint sensi

tivity analysis of multiconductor transmission line circuits is presented ( [6] describes 

a brief conceptual description of the related work based on Tellegen’s theorem). An 

important additional advantage of the proposed algorithm is that its formulation is 

independent of the specifics of the MTL macromodel used (i.e., the proposed method
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can be adopted in conjunction with a wide variety of MTL macromodels that are 

available in the literature; without requiring to re-derive the constituting sensitivity 

relations for each case).

The rest of this chapter is organized as follows. In Section 4.1, a formulation of 

circuit equations is provided. The proposed adjoint method based on variational ap

proach is described in Section 4.2. The application of the proposed approach in terms 

of numerical examples is demonstrated in Section 4.3 and conclusions are presented 

in Section 4.4.

4.1 Formulation o f circuit equations

Consider a general circuit consisting of [3] linear and nonlinear components and dis

tributed transmission lines. The corresponding modified nodal analysis (MNA) equa

tions can be written in the time-domain as

C ~dt ~ + +  S  * x (£) +  f(x (£)) = b (£) C4-1)
k=l

where

a k(t) = D fcy fc(*)D£ (4.2)

and
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• x(t) £ 5ftnXl is the vector of unknowns corresponding to node voltages, 

independent and dependent voltage source currents, and inductor currents; 

b(£) £ 9f?nxl is an input vector with entries determined by the independent 

current and voltage sources; f(x(<)) £ 5ftnxl is a  vector related to nonlinear 

elements and n is the total number of MNA variables;

•  G, C £ 5ft"xn are constant matrices describing the lumped memory-less and 

memory elements, respectively;

•  Dfc =  [dij], di j £ {0,1} is a selector matrix that maps the vector of terminal 

currents i*(t) entering the transmission line k into the nodal space of the 

circuit, where i £ {1, • • • , n} , j  £  {1, • • • , 2Nk}, Nk is number of coupled 

lines in the kth transmission line and N t is the total number of distributed 

transmission lines in the circuit;

•  yjfc(0 ^ 9£2JV*x2JV* is the time-domain admittance matrix of the kth transmis

sion line, where i*(£) and v fc(£) £  $t;2Nkx 1 are the vectors corresponding to 

terminal currents and voltages, respectively; v*(t) =  D^x(i) and denotes 

the convolution operator.

The distributed elements are typically best represented in the Laplace domain 

and do not have a direct representation in time-domain. In order to overcome this 

problem, several time-domain macromodels have been proposed in the literature, 

such as MoC (which does not guarantee passivity [22] [23]), MRA (which guarantees
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passivity [14]) and DEPACT (which provides delay extraction along with guaranteed 

passivity [24]).

For evaluating sensitivities of circuit responses, the conventional direct sensitivity 

approach is based on differentiating (4.1) w.r.t. a specific parameter Am. One of the 

major challenges with the direct sensitivity approach is that if the circuit contains N \  

number of parameters then to evaluate circuit sensitivities, perturbed set of equations 

have to be solved N\  times, which can become prohibitively CPU expensive.

To address this problem, the adjoint sensitivity concept for lumped circuits was 

introduced in [12]. The initial derivation of an adjoint sensitivity [12] was based on 

Tellegen’s theorem [15], [16]. The main advantage of using the adjoint sensitivity 

approach is that the sensitivity w.r.t. all the parameters of interest can be found by 

simulating only two systems: original and adjoint. Also, an alternate method based 

on variational approach can be found for adjoint sensitivity analysis of lumped circuits 

[7], [13] and for the special case of single lossless transmission line macromodels [8].

The main focus of this chapter is to extend the adjoint approach for time-domain 

sensitivity analysis of general lossy MTL networks. The new method is based on the 

variational approach and the related details are given in the subsequent sections.
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4.2 Developm ent o f th e  proposed adjoint sensi

tiv ity  concept for distributed m ulticonductor  

transm ission lines

In this section, details of the proposed time-domain adjoint sensitivity analysis for 

circuits including the general case of distributed MTL networks are given.

4.2.1 Problem  form ulation

Using the direct sensitivity approach [5], z (t) in (2.4) is obtained by differentiating

(4.1) as follows:

+  G z (t) +  f > z »  +  £  |at (i) .  z (()] = j ^ t )  (4-3)
f c = l

where

h j t )  =
db(t) _  dC chcjt) _  dG  
dXm d\m dt dXm

x(t) E
k=l

daLk(t)
dXm

*x(t ) m
dXm

(4.4)

As can be seen from (4.3) and (4.4), evaluating z (t) w.r.t. Nx variables requires the
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solution of (4.3) and (4.4) N\  times, making the process computationally expensive.

ity approach for circuits including distributed transmission line interconnect networks.

4.2.2 Proposed adjoint sen sitiv ity  approach for d istrib uted

transm ission line interconnects

Using the variational approach [13], we define an auxiliary variable £ 0 ( t )  e  5Rnxl. 

Multiplying (4.3) by (t)  and integrating w.r.t. t G [0, T ] gives

In order to address this difficulty, the next section provides a new adjoint sensitiv-

Substituting r  =  T  — t in (4.5) and using integration by parts, we get

(4.6)

It is to be noted that, contrary to (4.3) and (4.4), (4.6) allows us to avoid calculating 

z (t) explicitly. This is possible if £a(r ) can he found such that (using (4.6) and (2.4)):
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+ £(r)G  + ( U r m  + E  K (r) .  - M ]  = (4.7)
f c = l

where £0(t) is referred to as the adjoint MNA variable vector [21]. Taking the trans

pose of both sides and substituting t — T  — r  in (4.7) gives

where

+ G*€.(r) +dr 
N t

+  £ [ D fĉ ( r ) ]  =
fc=i

~df(T -  r) 
d x

dw(T  — r)  
dx

L(.t )

r e [0 ,T ] (4.8)

=  yU T) * ^ ( t) (4.9)

= DU.(y) (410)

It is to be noted that ipk(T) and </>fc(r) are the terminal voltage and current vectors 

of the kth transmission line in the adjoint system, respectively.

Next, (4.9) can be written in the Laplace domain as
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**(5) =  Yl(s )9k (a )  (4.11)

where Y*(s) is the Laplace transform of y*.(r). The adjoint system is defined by (4.8) 

and (4.11). However, the solution of (4.8) is not unique until the initial conditions 

are defined, which can be obtained by substituting (4.6) in (2.4)

=  -  £ (0 )C z(T ) +  Ci(T)Cz(0) +  £

(4.12)

To avoid calculating z(T) explicitly, £„(()) is selected to be equal to zero. This im

plies that, an adjoint system is simulated forward-in-time, from 0 to T,  with initial 

conditions set to zero (i.e. £^(0) =  0).

The sensitivity function in (4.12) can be obtained in terms of the solution of the 

original system (4.1) and the corresponding adjoint equations (4.8) -(4.11) as

=  £ (T )C z(0 ) +  £ (4.13)
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where z(0) is found from the DC analysis of the original system (4.1) as

N t

G xoc +  f(xDc) +  5 ^  [A k(s =  0)xDC] =  b(0) (4.14)
fc=i

where Afc(s) is the Laplace transform of a*(t).

If Am is an electrical or physical parameter of the kth transmission line, then j(t) 

in (4.4) becomes

and the middle term of the RHS in (4.13) becomes

(4.16)

where ^[ ( r )  and vjt(t) can be found by simulating the adjoint and original systems, 

respectively.

Next, the details of evaluation of in (4.16) in a closed-form is given in the 

following section.
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4.2.3 Evaluation o f th e sen sitiv ity  o f th e  MTL ad m ittan ce  

m atrix

Consider the kth transmission line containing N k coupled lines with R*(s), L*(s), 

Gfc(s), Cfc(s) e  ?ftNkXNk as per-unit-length (p.u.l.) resistance, inductance, conduc

tance and capacitance matrices, respectively. The p.u.l. parameters can be constant 

or frequency-dependent. The corresponding p.u.l. impedance Zk(s) and admittance 

Ofc (5 ) matrices of the MTL network are given by [10]

Zfc(s) =  Rfc(s) +  sLfe(s) (4.17)

^fc(s) — Gfc(s) +  sC k(s) (4.18)

The frequency-domain admittance matrix Y k(s) of the MTL [10] is given by

Y k(s)Vk(s) = I k(s) (4.19)

Y  k(s)
SqiEiS,,1 S9E2St, 1 

S ^ a S ; 1 S^ExS;1
(4.20)

S , =  Z ^ S y T . (4.21)



Ei(s) and E 2(s) are diagonal matrices defined as

f i  +  6-2tiD 'i
E ,(s) =  diag p  , i  =  1...AT* j

E,(») =  eTlP-,i =  l-JV i|

where D  is the length of the transmission line and

r =

7 !  0 . . .  0

0  7 2  . . .  0

0  0  . . .  j N k

with t i being the ith eigenvalue of the and

S„
■ ■ ■  & N k

is the corresponding eigenvector matrix related by

(7?u-z*nfe)^  = o.

(4.22)

(4.23)

(4.24)

(4.25)

(4.26)

Next, (4.20) can be rewritten as
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Yfc
S„ 0 

0 S„

S, 0

0 S0
Ej E/2

E2 Ei

Differentiating (4.27) w.r.t. Am gives

dYk
sv 0

0 Sv

dS„
dXm

0

0

a s ,
dXrr

+

S, 0

0 sa

8Ei 9E2 
0Am

5E2. 3Ei 
Âm dAm

-  Yk

Ei E 2

E2 Ei

as^ o 
axm u

0 is* u axm

(4.27)

(4.28)

To proceed further with the evaluation of in (4.28), individual derivatives,

namely, J ^ ,  J ^ ,  and | j ^  are required and are evaluated as follows.

C .l)  Evaluation of as,
OXrr,

Differentiating (4.21) gives

„ as, as. „ ar az.
Zfc- r̂— — ^T-  +  ----- ttt—s 9 (4.29)dXm o \ m dXm dXm

Differentiating (4.26) w.r.t. Am gives



0ft d(Zknk) _ Zo M  = 0 
dxm0i + l idxm dxm & k kaxm

Normalizing the magnitude of f3{ and differentiating w.r.t. Am gives

Next, equations (4.30) and (4.31) can be written in a matrix form as

7?u-z*nfc (3,
i

d & kftk )  p

ft o #7? 
d \  m 0

Using (4.25) and (4.32), can be evaluated.

can be obtained by using (4.17), (4.24), (4.25) and (4.32) in (4.29).

C.2) Evaluation of and

(4.30)

(4.31)

(4.32)

Differentiating (4.22) and (4.23) w.r.t. Am results in
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5E2
dXm

=  d ia g r  <f2(&D+7î )(e'7,D+e1,D)l
( e -7i£> _

(4.34)

Using (4.32), (4.33) and (4.34), IP1- and IP2- can be evaluated.

4.2.4 Evaluation o f th e  sen sitiv ity  o f th e  objective function

The sensitivity of the admittance matrix can be evaluated by substituting

(4.30)-(4.34) into (4.28).

Next, using the sensitivity of the admittance matrix and (4.16), the sensitivity of 

the objective function (4.13) is computed as follows:

^ 2 2  =  4> (r)c z(o) +  £  +  £  9v>ig {£ X )dt C4-35)

where

<J« =  r ~ l { X V* (»)} (4.36)

Vfc(s) =  ^ { v t (())

T {  } and ^ ’“1{ } denote the FFT and IFFT operators, respectively.

(4.37)
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4.2.5 Sum m ary o f th e com putational steps

A summary of the computational steps for the proposed adjoint sensitivity analysis 

are given below:

•  Step 1 : Simulate the original circuit (4.1) from t  =  0 to t  =  T  to get x(£).

•  Step 2: Replace all the nonlinear elements in the original circuit with linear

time-varying elements . The independent sources for adjoint circuit

are evaluated using • Simulate the adjoint circuit equations (4.8)

to (4.11) from r  =  0 to t  =  T  with zero initial conditions to get £(r).

•  Step 3: Use x(i) from Step 1, £(r) from Step 2 and (4.13) to find the 

sensitivity of the objective function (2.4).

It is to be noted that, the concept of self-adjoint can also be used in case the 

circuit under-consideration consists entirely of lossless transmission lines [25], [26]. 

However, practical high-speed interconnect circuits contain lossy transmission fines 

in addition to active and nonlinear components. Moreover, in many cases, the p.u.l. 

parameters of the transmission fines can be frequency dependent.

The proposed approach can be easily adapted to the case of TLs with frequency- 

dependent (FD) p.u.l. parameters. This can be accomplished by representing the 

p.u.l. FD parameters by rational functions using techniques such as vectorfit [27], 

[28], [29] and subsequently synthesizing them as lumped equivalent circuits.
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4.2.6 Com parison w ith  perturbation  and direct sen sitiv ity

analysis techniques

In this section, a brief discussion of the computational cost of the proposed technique 

versus the perturbation [11] and direct [2-5] based sensitivity techniques is given. 

Using the perturbation technique (2.6), the MNA equations described by (4.1) and

(4.2) are solved at each time point twice corresponding to the nominal and perturbed 

value of the parameter under consideration. Hence, for N \  parameters, the main 

computational cost for the perturbation technique is

Np
Cp =  (N\  +  1) [Nnr(Clu  +  Cf/ b )\ (4.38)

»=i

where Np is the number of time points, N ^ R is the number of Newton-Raphson 

iterations at the time point tif Cl,u and Cf/ b are the computational times for LU 

decomposition and forward-backward substitutions, respectively.

Using the direct sensitivity approach, (4.1) and (4.3) can be solved simultaneously 

avoiding the need for an additional LU decomposition at each time point while solving

(4.3). However, an extra forward-backward substitution is needed at every time 

point for each parameter under consideration. Hence, for N\  parameters, the main 

computational cost using the direct approach is
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Np

Cd = Y ,  W t n i C u f  +  CF/B)\ +  {N\Np)Cf/B (4.39)
i = l

Similarly, the adjoint approach requires the solution of (4.1) and (4.8). How

ever, in contrast to the direct approach where (4.3) is parameter-dependent, (4.8) 

is independent of any specific parameter. As a result, (4.8) needs to be solved only 

once independent of the number of parameters. Hence, for N\  parameters, the main 

computational cost using the adjoint approach is

Np

Ca  =  ^2) [Nn r (Clu +  C f /b ) ]  +  NpCp/B +  N\Cj, (4.40)
i = l

if the LU factors are stored while solving (4.1); otherwise

if.
+  C f / b  )] +  N p { C l u  +  C f / b )

i=i

+  N xCj, (4.41)

where Cj is the computational cost associated with evaluating the numerical integra

tion in (4.13). In the computational results presented in the next section, we used
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(4.41) to avoid the additional memory required to store the LU factors.

In addition to extending all the advantages of the adjoint sensitivity analysis 

approach to distributed transmission lines, the proposed method is generic and is 

compatible with any MTL macromodel.

4.3 Num erical exam ples

In this section, four numerical examples are presented to demonstrate the validity 

and accuracy of the proposed method. Here, Examples 1 and 2 demonstrate the 

validity and accuracy of the proposed method. Example-3 illustrates the adoption 

of the proposed algorithm in an optimization problem. Example-4 illustrates the 

computational savings using the proposed algorithm. In all the examples a relative 

sensitivity is defined as a change in the objective function due to  1 % change in the 

parameter as

4.3.1 Exam ple 1

The circuit considered in this experiment is shown in Fig. 4.1 [11]. It contains 

three lossy coupled transmission lines numbered by subcircuits 1 , 2  and 3. The
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lengths of the transmission lines in the subcircuits 1, 2 and 3 are 0.2m, 0.5m and 

0.3m, respectively. The electrical parameters of the TL #1 are L x =  600n H /m ,  

Ci = 1 nF/m ,  R x = l f l / m  and Gx = 5mS/m.  The parameters of TL # 2  are:

600 50 

50 600
n H /m

Ro =
2.25 0.225 

0.225 2.25
n / m

1.2 - 0.11

- 0.11  1.2
n F /m

Go
7.5 0

0 7.5
m S / m

The parameters of TL # 3  are:

La —

1 0 .1 1 0.03 0

0 .1 1 1 0 .1 1 0.03

0.03 0 .1 1 1 0 .1 1

0 0.03 0 .1 1 1

jxH/m
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1.5 -0.17 -0.03 0

■0.07 1.5 -0 .07 -0.03

-0.03 -0.07 1.5 -0.07

0 -0.03 -0 .07 1.5

3.5 0.35 0.035 0

r 3 =
0.35 3.5 0.35 0.035

0.035 0.35 3.5 0.35

0 0.035 0.35 3.5

1 0 1 0 .1 0

1 1 0 1 0 .1
G 3 = m S /

0 .1 1 1 0 1

0 0 .1 1 1 0

The applied voltage is a trapezoidal pulse with rise and fall time of Ins, a pulse 

width of 7ns and a magnitude of 2 V. All nonlinear resistors follow I  =  V 3 relation. 

The output response and the relative sensitivity are computed for the voltage at node
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Voat in Fig. 4.1. The voltage response at node Vout is shown in Fig. 4.2. The corre

sponding adjoint circuit is shown in Fig. 4.3. The time-domain relative sensitivities 

w.r.t. lumped resistor R i, of TL # 1  and C^3,3̂ of TL #3 were computed using 

the proposed method. A comparison of the relative sensitivity obtained using the 

proposed approach and the direct approach [5] are shown in Figs. 4.4, 4.5 and 4.6. 

As seen, the results from both the approaches match accurately.

4.3.2 Exam ple 2

In this experiment, a nonlinear circuit is considered (Fig. 4.7), containing a lossy 

coupled transmission line with a length of 0.05m. The physical parameters of the 

transmission line are shown in Fig. 4.8.

The applied voltage is a trapezoidal pulse with rise and fall time of 0.5ns, a 

pulse width of 2ns and a magnitude of 5V. The nonlinear resistors follow the relation 

h  =  kiV? and I2 = where hi =  k2 = 1 x 10-3. The output response and the 

relative sensitivity are computed for the voltage at node Vactive in Fig. 4.7. The voltage 

responses at nodes Vactive and Victim are shown in Figs. 4.9 and 4.10, respectively. 

The corresponding adjoint circuit is shown in Fig. 4.11. The time-domain relative 

sensitivity of Vvictirn w.r.t. different parameters are computed using the proposed 

approach and are compared with the direct approach [5] in Figs. 4.12 and 4.13.

It can be seen that both the approaches match reasonably well. The observed mi-
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TL #2 25 n 5 nH TL #3

25 £J 5 nH
w w a o f t ,

25 Q 5 nH
—W V -\flQ8 b

out

Figure 4.1: Circuit containing three lossy coupled transmission lines (Example 1 )

nor deviation is due to the numerical tolerance settings for integrating the differential 

equations (4.3) and (4.4) and in calculating the convolution integrals (4.13) tha t are 

associated with the two approaches under consideration.

To observe the effect of the degree of nonlinearity on the accuracy of the proposed 

method, the relationship for the I 2 was changed to I 2 — and the experiment was 

repeated. Even for this case, as shown in Fig. 4.14, the computed relative sensitivities 

from both the direct and proposed approaches were in good agreement.

4.3.3 Exam ple 3

The nonlinear circuit considered in this example is shown in Fig. 4.15 containing a 

lossy coupled transmission line with a length of 0.05m. The physical parameters of 

the transmission line are shown in Fig. 4.8.

The applied voltage is a trapezoidal pulse with rise and fall time of 0.5ns, a
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0.18

0.16

0.14

0.12

0.1

0.08
ZJ

> °
^  0.06

0.04

0.02

0.02
0 10 20 255 15 30 35 40 45

Time (nSec)

Figure 4.2: Transient response of the circuit shown in Fig. 4.1 a t node Vout

pulse width of 2ns and a magnitude of 5V. The nonlinear resistor follows the relation 

h  — where ki = I x  10-3.

Objective function considered is the average power dissipated by the load Z L,
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TL #2 25 Q 5 nH TL #3
VA—\£££&L>

25
75 Q 10 nH

TL #1 
10 nH 10 nH 25 Q 5 nH

2pF-r- 
25 O 5 nH 4-

—W v—'SGGSL'

Figure 4.3: Adjoint circuit corresponding to Fig. 4.1 with an impulse source 5(t )

r4ns

PDiss(4ns) =  —  j  [wo(0 * * (0 ] d t  (4 -4 3 )

The power dissipated by the load in the original circuit is 35.05raW. The corre

sponding proposed adjoint circuit is shown in Fig. 4.16. The result of the proposed 

adjoint approach is compared with that from the perturbation method. The relative 

sensitivity w.r.t. the physical parameters w, t and s are shown in Table 4.1, which 

further validates the accuracy of the proposed method.

4.3.4 Exam ple 4

To demonstrate the efficiency of the proposed method, a relatively large circuit con

sisting of 3626 lumped components (resistors, inductors and capacitors) and a TL
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0.2

0.1

l-o,
| -0.2 
">
'% -0.3  c<D
® -0.4  
>
ro
O -0.5

- 0.6

-0.7  Direct
*  Proposed Method

- 0.8
400 5 20 25 30 35 4510 15

Time (nSec)

Figure 4.4: Relative sensitivity of the output voltage V^t  w.r.t. R\  of Fig. 4.1

network is considered. For sensitivity calculations we selected at random 200 param

eters corresponding to lumped components and 4 p.u.l. parameters corresponding to 

TL network.

The computational cost comparison using proposed adjoint sensitivity with direct 

and perturbation techniques is given in Table 4.2.
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0.5

-0.5

-1.5

-2

« -2.5

-3.5  Direct
*  Proposed Method

350 5 10 15 20 25 30 40 45
Time (nSec)

Figure 4.5: Relative sensitivity of the output voltage V^t  w.r.t. Rj1’1̂ of TL #1  of 
Fig. 4.1

4.4 Conclusions

A generalized approach for first-order time-domain adjoint sensitivity analysis of lossy 

distributed MTLs in the presence of nonlinear terminations is described. The method 

is based on the variational approach and enables sensitivity analysis of interconnect 

structures w.r.t. both electrical and physical parameters while providing significant
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0.01

0.008

0.006

£  0.004

£
0.002

>
w c<D

CO
©> - 0.002
ro
a)CT -0.004

-0.006

-0.008  Direct
*  Proposed Method

- 0.01
35 40 4520 25

Time (nSec)

/q q\
Figure 4.6: Relative sensitivity of the output voltage V^t  w.r.t. C3 of TL # 3  of 
Fig. 4.1

computational cost advantages. While the new approach provides all the advantages 

of an adjoint sensitivity analysis, its formulation is independent of the specifics of the 

MTL macromodel used. This makes the proposed method applicable to a wide variety 

of macromodels available in the literature. The proposed approach can also be easily 

extended to include the case of frequency-dependent per-unit length parameters.
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50Q

v » 6
TL #1

V !

N t f FM —
Ij 5KQ-

3 T 1 P F  y 2

^ a c t iv e  

0.01 pF

2 5KQ-
X

Vvictim  
0.01 pF

Figure 4.7: Circuit containing a lossy coupled transmission line (Example 2)

£r=4.5, tan S=1x1(T3
w = 0.381 cm 
s = f.f43 cm 
t = 35.6 pm 
h = f.794 cm

Figure 4.8: Physical parameters of lossy coupled transmission lines of Fig. 4.7

TalDie 4.1: Sensitivit1Y of dissipated power
R elative  Sens. P e r tu rb a tio n

(W att)

A djo in t

(W att)

R elative D ifference

S? 3.65E-06 3.28E-06 10.18%

sy 4.85E-07 4.78E-07 1.34%
S W 1.83E-06 1.80E-06 2.02%
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active

>
X3
C
CO

c
> “

-2
0 1 2 43 5 6 7 8

Time (nSec)

Figure 4.9: Transient response of the circuit shown in Fig. 4.7 at nodes Vin and Vactive

Table 4.2: Computational cost comparison for Example 4
M ethod C P U  T im e (Sec) S peed-up

Perturbation 246 1

Direct Sensitivity 21.2 11.6

Proposed Adjoint Sensitivity 2.51 98
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0.2

0.15

0.1

0.05
CO

£ 0
E
I -0.05

- 0.1

-0.15

0.2

-0.25
0 1 2 3 5 64 7 8

Time (nSec)

Figure 4.10: Transient response of the circuit shown in Fig. 4.7 at node Vvictim
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50Q

TL #1

W \

nripp 
*<$>

5KQ

X
0.01 pF

< h Lfid)

T1pF 5KQ X !0.01pFV$)

Figure 4.11: Adjoint circuit corresponding Fig. 4.7 with an impulse source S(t )
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 Direct
* Proposed Method0.8

0.6

0.4

0.2

- 0.2

0.4 -

- 0.6

0.8

0 1 2 3 4 5 6 7 8
Time (nSec)

Figure 4.12: Relative sensitivity of output voltage V^dim w.r.t. k2 for circuit in Fig.
4.7
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1.5
 Direct
* Proposed Method

1

0.5

0

-0.5

1
0 1 2 3 4 5 6 7 8

Time (nSec)

Figure 4.13: Relative sensitivity of output voltage Vvictim w.r.t. width, w, of TL in
Fig. 4.7
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0.4
 Direct
* Proposed Method0.3

0.2

0.1

- 0.1

- 0.2

-0.3

-0.4

-0.5

Time (nSec)

Figure 4.14: Relative sensitivity of output voltage Victim w.r.t. k2 for circuit in Fig.
4.7 and / 2 =
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100Q

T {  100Q
I T c ,  I

100Q

Figure 4.15: Circuit containing a lossy coupled transmission line (Example 3)

100Q
Va(T-T)

IaT-T)

Figure 4.16: Adjoint circuit corresponding to Fig. 4.15
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C hapter 5

P roposed  variational approach  

based second-order adjoint 

sen sitiv ity  analysis for netw orks 

w ith  M TLs in frequency dom ain

Sensitivity analysis in frequency domain is often required in gradient based optimiza

tions [30] [31] [32] [33], in evaluating group delay sensitivities [34], noise analysis [35] 

and many other applications [21]. The first-order frequency-domain adjoint sensitiv

ity analysis based on Tellegen’s theorem for a linear lumped circuit was introduced by 

Rohrer [30]. In gradient based optimization problems, it was not only important to
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get first-order sensitivities but also second-order sensitivities [31]. To achieve this, [30] 

was extended to second order in [31]. It was further extended to  include two-port 

transmission fines in [32].

Also, an alternate method for adjoint sensitivity analysis was introduced by Branin 

[35]. The first-order frequency-domain adjoint sensitivity analysis based on Branin’s 

method [35] for circuits including lossy multiconductor transmission fines was de

scribed in [33] [34]. In this chapter, the second-order frequency-domain adjoint sen

sitivity based on the variational approach [13] for a linear circuit containing lossy 

multiconductor transmission fines is presented.

The rest of this chapter is arranged as follows. Section 5.1 formulates the circuit 

equation in frequency domain. Section 5.2 presents the development of the proposed 

second-order adjoint sensitivity analysis in frequency domain. Section 5.3 presents 

numerical examples validating the proposed method.

5.1 Formulation o f circuit equations

Consider a general circuit consisting of linear components and distributed transmis

sion fines. The corresponding modified nodal analysis (MNA) equations [33] in fre

quency domain can be written as

M (s)X (s) =  B(s) (5.1)
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where

and

Nt
M (s) =  sC  +  G  +  ^ A fc(s) (5.2)

it=i

A  *(*) =  D*Y*(s)D£ (5.3)

X(5) € Cnxl is the vector of unknowns corresponding to  node voltages, 

independent and dependent voltage source currents, and inductor currents; 

B(«) G Cnxl is an input vector with entries determined by the independent 

current and voltage sources and n is the total number of MNA variables;

G, C  € 3f?nxra are constant matrices describing the lumped memory-less and 

memory elements, respectively;

Dfc =  [djj], dij g  {0,1} is a selector matrix which maps the vector of termi

nal currents I k(s) entering the transmission line k, into the nodal space of 

the circuit, where i e  {1, • • • , ra}, j  G {1, • • * , 2Nk}, Nk is number of coupled 

lines in the kth transmission line and N t is the total number of distributed 

transmission lines in the circuit;

Y k(s) 6 C2NkX2Nk is the Laplace-domain admittance matrix of the kth trans

mission line, where Ijt(s) and Y k(s) G C 2NkXl are the corresponding termi-
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nal currents and voltages, respectively, related by Ife(s) =  Yjfc(s)V*(s) and 

V .(») =  DfcX(s).

The next section presents the development of second-order adjoint sensitivity in 

the frequency domain.

5.2 D evelopm ent o f the proposed second-order ad

joint sensitivity in th e  frequency dom ain

This section is organized as follows. Problem formulation is given in Section 5.2.1. 

Development of the first-order adjoint sensitivity is presented in Section 5.2.2. It is 

further extended to second-order adjoint sensitivity in Section 5.2.3. The second-order 

sensitivity of the MTL admittance matrix is presented in Section 5.2.4.

5.2.1 Problem  form ulation

Consider (5.1) and an objective function W(s) whose value is to be optimized at 

frequency s as given by

W(s) = w(X(s) ,  A) (5.4)

where w(K(s), A) is a scalar function and A €E %llxNx is a vector of N \  parameters of
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a circuit given by

Ai  A2 . . .  A (5.5)

To perform optimization [21], we need the derivative of W(s),  which can be obtained 

by differentiating (5.4) w.r.t. a particular circuit parameter Am as

dW(s)
dXm

where m € {1, • • • , N\},  and

dw(X.(s), A)
ax Z j( s )+

0w(X(a),A)
d \ m

(5.6)

Zi(s)
dX(s)
dXm

(5.7)

is the sensitivity vector of circuit variables w.r.t. a parameter Am.

Using the direct sensitivity approach, Zi(s) is obtained by differentiating (5.1)

w.r.t. Am as

M (.)Z 1( « ) = J Am(») (5.8)

where



As can be seen from (5.8) and (5.9), evaluating Z i(s) w.r.t. N\  variables requires the 

solution of (5.8) and (5.9) Nx times, making the process computationally expensive.

In the subsequent of this chapter, development of the proposed second-order sen

sitivity analysis in the frequency-domain for networks including transmission lines is 

described. The new method is based on the variational approach [13]. In Section 5.2.2 

variational approach for first-order sensitivity analysis for networks including trans

mission lines is described. Subsequently, this is extended for second-order sensitivity 

analysis for networks including transmission fines is described in Section 5.2.3.

5.2.2 Variational approach based first-order adjoint sen sitiv 

ity  analysis for d istributed  transm ission line intercon

nects in th e frequency dom ain

Using the variational approach [13], we define an auxiliary variable S Q(s) € C nxl. 

Multiplying (5.8) by S ‘ (s) gives
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[S*(*)M(«)] Zj W  =  H‘ (5)JAra(s) (5.10)

It is to be noted that, contrary to (5.8) and (5.9), (5.10) allows us to avoid calculating 

Zj(s) explicitly. This is possible if S a(s) can be found such that (using (5.10) and 

(5.6)):

B* (s)M(s) =
dw(X(s), A) 

d X
(5.11)

where S a(s) is referred to as the ath adjoint MNA variable vector [21]. Taking the 

transpose of both sides in (5.11) gives

M £(s)Ea(s) = 'dw(X(s) ,\ ) '
d X

(5.12)

Next, substituting (5.10) in (5.6) gives

(5.13)
Term 1

Once the original (5.1) and adjoint (5.12) systems are simulated, the sensitivity of an
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objective function w.r.t. Am (5.13) can be found by using X(s) and 3 „(s). It is to be 

noted that in the direct sensitivity approach, (5.8) is dependent on a parameter Am 

whereas in the adjoint sensitivity approach, (5.12) is independent of the parameter 

Am. Therefore, (5.8) has to be solved N \  times whereas (5.12) has to be solved only 

once. If Am is the electrical or physical parameter of the k th transmission line, then 

J a ^ s )  in (5.9) becomes

J a " (s )  =  - ^ r x ( s )  (5 1 4 )

and (5.13) becomes

8W(s) ,8A»W aw(X(»),.X)

„ _ W ( . )1. ^ W V .( .)  +  ^ ^  (5.15)

where ^£(s) e  C2Nkx 1 is the vector of terminal voltages across the kth transmission 

line in the ath adjoint circuit.

This section described the first-order adjoint sensitivity for distributed transmis

sion lines using the variational approach. The variational approach can also be used 

to extend adjoint sensitivity to second order. The next section provides its extension
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for second-order adjoint sensitivity analysis for circuits including distributed trans

mission line interconnect networks.

5.2.3 Variational approach based second-order adjoint sensi

tiv ity  analysis for d istributed  transm ission line inter

connects in frequency dom ain

In gradient optimization problems, it was not only important to get first-order sen

sitivity but also second-order sensitivity [31]. The second-order sensitivity of W (s), 

can be obtained by either differentiating (5.6) [21] [36] or (5.13) [37] w.r.t. a particular 

circuit parameter An. Differentiating (5.13) w.r.t. An gives

d2W{s) _  35*(s) 
dXmdXn ~  dXn

v........... v
Term 22 Term 3

d2w(X(s), A)52ta(X(s), A)
(5.16)

where n € {1, • • • , N^} and

Z A . )  =  (5.17)

is the sensitivity vector of circuit variables w.r.t. a  parameter An. It is to be noted
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that [37] presents a special case of the objective function (5.4) where W (s) is the 

linear function of X(s). Here, a more generic objective function is considered. From 

now onwards to simplify presentation u;(X(s), A) will be represented as w.

Next, Term 2 of the RHS in (5.16) requires the derivative of the ath adjoint 

variable, , which can be obtained by differentiating (5.11) w.r.t. An as

n^M (s) t d2w d2w 
dXn ^  d \ n 2^ d X 2 dX8Xn  ̂ ^

Equation (5.18) can be used to evaluate explicitly, which is computationally

expensive. In order to avoid evaluating explicitly, the variational approach can 

be used. Using the variational approach, we define an auxiliary variable S 6(s) 6 Cnxl . 

Multiplying (5.18) by S&(s) gives

( . ) * ( . )  =  - S . (S) ^ f ) 2 l(s) +  Z ‘ ( s ) ^ S l ( s )  +  ^ S i ( s )  (6.19)

It is to be noted that, contrary to (5.18), (5.19) allows us to  avoid calculating 

explicitly. This is possible if Sfc(s) can be found such that (using (5.19) and Term 2 

in (5.16)):
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M ( s ) B b( s ) = 3 Xm(s) (5.20)

where E ^s) is the bth adjoint MNA variable.

Term, 3 of the RHS in (5.16) also requires , which can be obtained by

differentiating (5.9) w.r.t. An as

_  d2B(a) _  dM(s)  _  d2M(s)  
d \ n dXmd \ n dXm 2{ } dXmdXn ) ( )

Substituting (5.19) and (5.21) for Term 2 and Term 3 of the RHS in (5.16) results 

in

d2W (s) _ t 9M (s) „  . d2w _
axmdxn ~  - - (s)^ a T ^ (s) + dXdÂ “6̂ + 

aK }dxmdxn aK } dxmd x n K ^  dxmdxn
, f = t d 2w _  wt dM(s)  [ d2w 1 j
\ “6ax2 “a 5Am + dxmdx\) ^ ) ( )

V "
Term 4

Term ^ of the RHS in (5.22) requires the value of Z2(s). Using the direct sensi
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tivity approach, Z2(s) is obtained by differentiating (5.1) w.r.t. An as

M ( s )Z 2(s ) =  J a„ (s ) (5 .23)

where

Ja” ( s ) = i « r  -  ^ H r x (s )  (5'24)

Equation (5.23) can be used to evaluate Z2(s) explicitly, which is computationally 

expensive. In order to avoid evaluating Z2(s) explicitly, the variational approach can 

be used. Using the variational approach, we define an auxiliary variable S c(s) € Cnxl. 

Multiplying (5.23) by 3*(s) gives

S ‘(s)M (s)Z2(s) =  B*(*)J ̂ ( s )  (5.25)

It is to be noted that, contrary to (5.23) and (5.24), (5.25) allows us to avoid calcu

lating Z2(s) explicitly. This is possible if Hc(s) can be found such that (using (5.25) 

and Term 4 of the RHS in (5.22)):
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- t ,  v * / r /  \ d2w
dXmdX (5.26)

where Hc(s) is referred to as the cth adjoint MNA variable vector. Taking the trans

pose of both sides in (5.11) gives

■Kitti \— / \ ®2w ~  dM *(s)_
s s r -

H  4- “ a \
d2w 

dXmdX (5.27)

Next, substituting (5.25) with (5.24) in (5.22) gives

92W{s) „ t . . d M ( s ) „  . . d2w _  . .
9 \ n d X n  “‘,̂  + axaAn“‘̂ +

n , 3*B(s) _  = ,
’dxmd\n ’a\m0\n ' 1 d\md\n

+ 2 ‘ (S) ^  -  s f r ) ^ ^ X ( » )  (5 .28)

If Am and An are an electrical or physical parameter of k th transmission line, then

(5.28) becomes
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[*»(»)]' w  +
&W(8)
dXmdX n

- [ * : « ] •  8 *»

SA„ dXdXn

dXmdXn dXmdXn dXmdXn

(5.29)

where ^fc(s), ^jb(s) and 4*t (s) e  C2NkXl axe the terminal voltages across the k th 

transmission line in ath, bth and ct/l adjoint systems, respectively.

Next, the details of evaluation of in (5.29) in a closed-form axe given in

the following section. The details of evaluation of in a closed-form are already 

given in Section 4.2.3.

5.2.4 Evaluation o f th e second-order sensitiv ity  o f th e  M TL  

adm ittance m atrix

Differentiating (4.28) w.r.t. An results in [34]

S„ 0 OXmOXn
d2Y k

dXmdX„

Ei E2

+

0 S . 0 d2S a
dXm&Xn E 2  E i
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a s ,
aAm 0

a E i
dxn j

f
1

+

a s ,
dXn 0

0
a s ,
3A m

i
d

1 1

0
a s ,
3A „_

i- 1 r- -1

3Ei
dXm

3E
3A,

d'Ei 9Ei 
dXm dXjr,

+

sg 0

0 s0

a2Ei 3 2E 2
d \ m & ^ n  & * X m d X n

0 2E 2 3 2E i

d XmdXn dXmdXn

d Y k
d \ n

dS„ 
dXm

0

0

a s , ,
dX„,

Y k

a 2s „
dXfndX-n 0

d2sv
dXmdXn

d Y k
d\m

dSv a
axn u

0 OB*u a An

(5.30)

The first-order derivatives, J ^ ,  ff^- and | j ^ ,  can be found by using the al

gorithm given in Section 4.2.3. To proceed further with the evaluation of gx^dxl *n

(5.30), individual derivatives (namely dx ^ \ n > dxj*d\ n» a>laAn an<̂  a fla in ) are required 

and are evaluated as follows.

5.2.4.1) Evaluation o f

Differentiating (4.32) w.r.t. An results in
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7?U  -  Z kf l k f t 82Pi
dXmOXn

1
O■*j •«*i

8* 7?
8 x maxn

a2(zkn k) R d(zkn k)d& 
axmdxn P i 1 axm axn

0

8y? TT d (zkn k) ap,
axn ^  3An SAn

dp\
8Xn 0

dp i
8Xm

8\m _

Using (4.25), (4.32) and (5.31), gx„axn can be evaluated.

(5.31)

d2Sn5.2.4.2) Evaluation o f dxmaxn 

Differentiating (4.29) w.r.t. An results in

d2sq _ a2s„ asv dr dsv dr
kdXmdXn dXmdXn dXm dXn dXn dXm

d2T _  d ZkdS ,  __ dZk dSg
vdXmdXn dXm dXn dXn dXm



87

Using (4.24), (4.25), (5.31) and (5.32), can be evaluated.

5.2.4.3) Evaluation o f  and g g fx .

Differentiating (4.33) and (4.34) w.r.t. An results in

d2Ei
dXmdXn diag <

-4
(hi — 2liTrii) e 2yiD ( l  — e 2̂ D) 

—4 (lirrii) e~4yiD

(1 _  e-27^ ) 3

a 2E 2
dXmdXn

diag <

ki (e~2yiD -  e2liD)

—lirrii (e~7iD — e7iD)2

+2 (liTm) (e~7iD +  e*D)2 

(e~7iD — e^Df

where

(5.33)

(5.34)
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k ^ 7i D  ^  dD dl i  dD  
dXmdXn d\m d \ n dXn dXm (5.35)

(5.36)

(5.37)

d2D
(5.38)dXmdXn

Using (4.32), (5.31) and (5.33)-(5.38), and can evaluated, respec

tively.

The next section summarizes the steps required for sensitivity analysis w.r.t. all 

the parameters of a circuit.

5.2.5 Sum m ary o f th e com putational step s

tivity analysis of networks including MTLs in frequency domain is given below:

•  Step 1 : Simulate the original system (5.1) to get X(s).

•  Step 2: Simulate the ath adjoint system (5.12) to get H„(s).

•  Step 3: The first-order sensitivity can be found by using X (s) from Step 1

and 3 a(s) from Step 2 in (5.13).

•  Step 4- Simulate the bth adjoint system (5.20) to get 2 fc(s).

A summary of the computational steps for the proposed second-order adjoint sensi-
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•  Step 5: Simulate the cth adjoint system (5.27) to get S c(s).

•  Step 6: The second-order sensitivity can be found by using X (s) from Step 

1, S a(s) from Step 2, S 6(s) from Step 4 and S c(s) from Step 5 in (5.28).

The next section presents an algorithm to evaluate sensitivity w.r.t. all the pa

rameters of a circuit.

5.2.6 Evaluation o f a H essian m atrix

The pseudocode for the first-order sensitivity analysis w.r.t. all the parameters of a 

circuit is given in Algorithm 5.1.

A lgorithm  5.1 Calculate first-order sensitivity of an objective function 
l: Solve: M (s)X (s) =  B(s)
2: Solve: M t(s)Ha(s) =  [^ y ] ‘
3: for m  =  1 to  N \  do 
4: Solve: J U » )  =  -  § £ ?
5: Solve: =  S S W J U s )  +
6: end  for
7: re tu rn  First-order vector consisting of first-order sensitivities

The pseudocode for the second-order sensitivity analysis w.r.t. all the parameters of 

a circuit is given in Algorithm 5.2.

5.2.7 Com parison w ith  th e  perturbation  technique

In this section, a brief discussion of the computational cost of the proposed technique 

versus the perturbation-based [11] sensitivity techniques is given.
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Algorithm 5.2 Calculate second-order sensitivity of an objective function
1 Solve: M (s)X(s) =  B(s)
2 Solve: M ‘(5)E0(s) =  N f ^ l '
3 for m  —  1 to  N \  do
4 Solve: J U s )  -  W  ~  S g *
5 Solve:

Solve: M (s)H6(s) =  J Am(s)6
d2w 1 *

3AmdX J7 Solve: M ‘(s)Sc(s) =  +
8 for n =  1 to N \  do
9 Solve: a U &  (5-28)

10 end for
11 end for
12 return Hessian matrix consisting of second-order sensitivities

Using the perturbation techniques (2.7), the MNA equations described by (5.1) are 

solved at each frequency point twice corresponding to the two perturbed values of the 

parameter under consideration. Hence, for N\  parameters, the main computational 

cost for the perturbation technique for the first-order sensitivities is

CFP°  =  (2N\)NP [CLU +  CF/B\ (5.39)

where Np is the number of frequency points, CBu and Cf/ b are the computational 

times for LU decomposition and forward-backward substitutions, respectively.

Using the perturbation techniques in (2.8), the MNA equations described by (5.1) 

are solved at each frequency point four times corresponding to the four perturbed
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systems. Using the perturbation techniques in (2.9), the MNA equations described 

by (5.1) are solved at each frequency point three times corresponding to the two 

perturbed systems and the original system. Hence, for N\  parameters, the main 

computational cost of evaluating the Hessian matrix using the perturbation technique 

is

tS 0 ,0  f  f —Diagonal , SO, Diagonal (5.40)

where the costs for evaluating the off-diagonal and diagonal elements in Hessian ma

trix are

c SO,OS,-DiaŜ  =  4(JV,  _  ^  + (5.41)
1 = 1

and

c s o , D =  (2Nx +  1} [cw  + C F/B] , (5.42)
1= 1

respectively.
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Similarly, the evaluation of first-order sensitivities using the adjoint approach re

quires the solution of (5.1) and (5.12). Hence, for Nx parameters, the main compu

tational cost using the adjoint approach is

where C f °  is the computational cost associated with evaluating the product in (5.13).

The evaluation of second-order sensitivities using the adjoint approach requires the 

solution of (5.1), (5.12) and Nx sets of (5.20) and (5.27). Hence, for Nx parameters, 

the main computational cost for evaluating Hessian matrix using the adjoint approach 

is [32]

Cfa °  = 2NP [CLU + CF/B] + NxC f ° (5.43)

Cs°  =  (2 +  2NX)NP [CLU + CF/B\ +  N xCf° (5.44)

where C f °  is the computational cost associated with evaluating the product in (5.28).
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5.3 Num erical exam ples

In this section, three examples are shown to demonstrate the validity and accuracy 

of the proposed method. Example-1 provides the illustrative steps of the method de

scribed in Section 5.2.5. Example-2 presents the comparison of the proposed method 

with exact sensitivities. Example-3 presents the comparison of the proposed method 

with the perturbation method.

5.3.1 Exam ple 1

This example provides the illustrative steps of the new algorithm developed in this 

chapter and also it analytically proves the validity of the proposed method. Consider 

the circuit shown in Fig. 5.1 with the admittance of the single transmission line as

Yu  Y12
Y{s)  = (5.45)

>21  > 22

Further, consider the voltage at node 2 of the circuit as an objective function given

by

W (s ) =  V2(s) = f |‘X(s) (5.46)

where



Figure 5.1: Circuit containing a single transmission line (Example 1)

X(s) =
V2

and

(5.47)

rj =
0

1

Step 1

The original system is defined as

Gg + y„

I
M>7 7»n

X(s) =
Y21 Gl + Y22 0

The solution is given as

(5.48)

(5.49)
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Vr _________— [>22  +  Gl\  Ijn_________

— [>11 +  G g] [Y22 +  G l ] +  >21 >12
(5.50)

Vo
IinY2l

[Yu + Gg] [>22 + G l] + >21 >12 (5.51)

Step 2

Using (5.12), the sources for the ath adjoint system is given by

d w (X (s ) , \ )
d X

■ 1 0 -

0 1 0 1
0 1

dw(X(s), X) 
d X

The ath adjoint system is defined as

(5.52)

(5.53)

Gg +  Yu >21 H? —
0

a. i G l + >22
^ fl

1

(5.54)

where
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(5.55)

The ath adjoint circuit with a unit current source is shown in Fig. 5.2. The solution

is given as

-Y,21

—̂21^12 + (iii + Gg) {Y22 + G l)
(5.56)

r 2 =
(Tn + Gg)

—Y2\Yi2 + (T11 + Gg) {Y22 + G l)
(5.57)

First-order sensitiv ity

The first-order sensitivity of V2 can be found in two ways: Direct and Adjoint. Di

rectly differentiating (5.51) w.r.t. >21 results in

dV2 - I i n ( Y n + G g)(Y22 +  GL)
dYzi  [— (yn -f- Gg) (Y22 +  G l )  +  i 2 i i i 2 ]2

Using (5.13) of the adjoint approach, the first-order sensitivity becomes

(5.58)

dYo Yil21
(5.59)

where



Figure 5.2: Adjoint Circuit corresponding to  Fig. 5.1

21

0

V t

Using (5.56) and (5.51) in (5.59) results in

dW(s)
dY.21

=  r 2v i =
- / i n  (Yn +  Gg) (y22 +  Gl)

[— (I'll + Gg) (̂ 22 + G l ) + Yi\Y\J[*

(5.60)

(5.61)

which is the same as (5.58) of the direct approach. This validates the proposed first- 

order sensitivity approach. For second-order sensitivity further steps are required, 

which are given next.

Step 3

The bth adjoint system is defined as
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Gg + Vll Y u 0

S 6 = Jy2i =... 
1

G l 4 - >22 Vi

where

T h e solu tion  is given as

—6

VXYX12

-YtiYu +  (Yn +  Gg) (Y22 +  GL)

.6 V i(X i i+ G g)
2 —>2lTl2 +  (Til +  Gg) (>22 +  G l )

Step 4

T h e cth adjoint system  is defined as

Gg + >11

1

>
7

t #1 — •—*c —
>12 G l + >22 0

(5.62)

(5.63)

(5.64)

(5.65)

(5.66)

where
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i ’t

The solution is given as

(5.67)

-^2° (>22 +  GL)
—^2 1 ^1 2  +  (>n +  Gg) (Y22 + Gl)

(5.68)

WYl2
•Y21Y12 + (Tii + Gg) (Y22 + Gl)

(5.69)

Step 5

Let the second parameter be defined as

A2 = Gg (5.70)

The second-order sensitivity of V2 can be found in two ways: Direct and Adjoint. 

Directly differentiating (5.58) w.r.t. Gg results in

d2V2 Iin (Y22 + G l )  [T21T12 + (Yn + Gg) (Y22 + G l ) \
dY2xdGg [—Y2iY\ 2 +  (Yu + Gg) (?22 + ̂ i)]"

(5.71)

Using (5.28) of the adjoint approach, the second-order sensitivity becomes
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hn (>22 + Gl ) [Y21Y12 +  (Yn + Gg) (Y22 + GL)\ 
[—121̂ 12 + 0*11 + Gg) (Y22 +  Gl,)]3

(5.72)

which is the same as (5.71) of the direct approach. This validates the proposed 

second-order sensitivity approach.

In this example, it is analytically proved that the adjoint approach in the frequency- 

domain matches with the direct approach.

5.3.2 Exam ple 2

The circuit considered in this example is a low-pass filter as shown in Fig. 5.3. The 

output response for the voltage at node Vom is shown in Fig. 5.4. The objective 

function is defined as

The frequency-domain sensitivity of W (s) w.r.t. different parameters are com

puted using the proposed approach and are compared with the exact values in Figs.

5.5 and 5.6 and a good agreement is observed among them.

(5.73)
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Figure 5.3: Circuit containing a low-pass filter (Example 2)

Exact
Simulation

,-10

.-12
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Figure 5.4: Frequency response of the circuit shown in Fig. 5.3 at node 14ui
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Figure 5.5: Magnitude of second-order sensitivity of for circuit in Fig. 5.3

5.3.3 Exam ple 3

The circuit considered in this experiment is shown in Fig. 5.7 [11]. It contains 

three lossy coupled transmission lines numbered by subcircuits 1, 2 and 3. The 

lengths of the transmission lines in the subcircuits 1, 2 and 3 are 0.2m, 0.5m and 

0.3m, respectively. The electrical parameters of the TL #1 are L\  =  600n H /m ,
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Figure 5.6: Magnitude of second-order sensitivity of 8 for circuit in Fig. 5.3 

C\ = InF/m, R\ — l f t / m  and G\ = 5m S/m .  The parameters of TL # 2  are:
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Lo =

Ro

600 50 

50 600

2.25 0.225 

0.225 2.25

nH/m

Q/m

The parameters of TL #3  are:

C 2 =
1.2 - 0 .1 1

- 0 .1 1  1.2

7.5 0

0 7.5

nF/m

mS/m

1 0.11 0.03 0

0.11 1 0.11 0.03

0.03 0.11 1 0.11

0 0.03 0.11 1

f iH/m

Co =

1.5 -0 .17  -0 .03  0

-0.07 1.5 -0 .07  -0.03

-0.03 -0 .07  1.5 -0.07

0 -0 .03  -0 .07  1.5

nF/m
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r 3 =

3.5 0.35 0.035 0

0.35 3.5 0.35 0.035

0.035 0.35 3.5 0.35

0 0.035 0.35 3.5

Q/m

10 1 0.1 0

1 10 1 0.1

0.1 1 10 1

0 0.1 1 10

m S / m

The applied voltage has a magnitude of IV. The output response and the sensi

tivities are computed for the voltage at node Vout shown in Fig. 5.7. The voltage 

response at node Vmit is shown in Fig. 5.8. The second-order sensitivities w.r.t. the 

lumped components (i?i, Cx) and the distributed parameters of TL #1 , G^1’̂

of TL #1  and R ^ ’1̂ of TL #3) were computed using the proposed method. A com

parison of the sensitivity obtained using the proposed approach and the perturbation 

approach (1% of each in (2.8)) are shown in Figs. 5.9, 5.10, 5.11, 5.12, 5.13, 5.14, 

5.15 and 5.16. The results from both of the approaches match accurately.



M
ag

ni
tu

de

106

TL #2 25 Q 5 nH ,...1^#3
AAAr-vflQQ̂

25
75 Q 10 nH

TL #1 
10 nH 10 nH 25 Q 5 nH

2 pF—r— 
25 Q 5 nH
V\A/

2 p F - j _

out

Figure 5.7: Circuit containing three lossy coupled transmission lines (Example 3)
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Figure 5.8: Frequency response of the circuit shown in Fig. 5.7 a t node Vaux
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Figure 5.10: Imaginary part of second-order sensitivity of the output voltage
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Figure 5.11: Real part of second-order sensitivity of the output voltage V^t
w.r.t. R ^ ’1̂  of TL #1 and R i of Fig. 5.7
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w.r.t. J*£u )  of TL #1 and ^  of Fig. 5.7
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Figure 5.13: Real part of second-order sensitivity of the output voltage V^t
w.r.t. and of TL #1  of Fig. 5.7



I m
ag 

Pa
rt

112

0 .0 4
  Pertubation
* Proposed

0 .0 3

0.02

0.01
r- ir

- 0.01

- 0.02

-0 .0 3

-0 .0 4
0 2 4 6 8 10

Freq (Hz)

Figure 5.14: Imaginary part of second-order sensitivity of the output voltage
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Figure 5.15: Real part of second-order sensitivity of the output voltage V^t
w.r.t. R iu )  of TL #1  and R%'1) of TL # 3  of Fig. 5.7
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Chapter 6

Proposed variational approach  

based second-order adjoint 

sensitiv ity  analysis for networks 

w ith  M TLs in tim e dom ain

In chapter 4, an efficient algorithm for the first-order time-domain adjoint sensitivity 

analysis of multiconductor transmission fines embedded in a nonlinear circuit was 

given. In gradient based optimization, it is important not only to evaluate the first- 

order sensitivities but also the second-order sensitivities to  speed-up the nonlinear 

optimization iterations [17]. For this purpose, the second-order time-domain adjoint
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sensitivity analysis based on Tellegen’s theorem [15] [16] for a linear circuit (exclud

ing multiconductor transmission lines) was developed in [17]. In this chapter, a  new 

method based on variational approach [13] for second-order time-domain adjoint sen

sitivity analysis of multiconductor transmission lines embedded in a nonlinear circuit 

is presented.

The rest of this chapter is organized as follows. In Section 6.1, a formulation of 

circuit equations is provided. Section 6.2 presents the proposed second-order adjoint 

sensitivity analysis technique based on the variational approach. Section 6.3 compares 

the proposed technique with the frequency-domain technique given in chapter 5 . 

Section 6.4 provides numerical examples to demonstrate the validity of the proposed 

approach.

6.1 Formulation o f circuit equations

Consider a general circuit consisting of linear and nonlinear components and dis

tributed transmission lines. The corresponding modified nodal analysis (MNA) equa

tions [3] can be written in the time-domain as

+  Gx(i) +  a*(t) * x(t) +  f(x(t)) = b (t) (6.1)
k=1

where



ajfc(i) =  D ty t (t)D{ (6 .2)

x(£) G 3?"xl is the vector of unknowns corresponding to  node voltages, 

independent and dependent voltage source currents, and inductor currents; 

b(£) G 3?nxl is an input vector with entries determined by the independent 

current and voltage sources; f(x(£)) G 3?nxl is a vector related to nonhnear 

elements and n is the total number of MNA variables;

G, C G 9?nxn are constant matrices describing the lumped memory-less and 

memory elements, respectively;

D k =  G {0,1} is a selector matrix that maps the vector of terminal

currents i*(£) entering the transmission line k  into the nodal space of the 

circuit, where i G {1, - • ■ ,n}  , j  G {1, • • • ,2N k}, Nk is number of coupled 

lines in the kth transmission line and N t is the total number of distributed 

transmission lines in the circuit;

yk(t) G 3?2iV*x2Ar* is the time-domain admittance matrix of the k th transmis

sion line, where i*(t) and v fc(£) G 5ft2JVfcXl are the vectors corresponding to 

terminal currents and voltages, respectively; , of k th transmission line. It is 

to be noted that I*(s) is the Laplace transform of i*(£). Vfc(£) =  D^x(£) and
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V  denotes the convolution operator.

The main focus of this chapter is to develop a  variational approach based method 

for adjoint analysis of networks including MTLs with second-order sensitivities. The 

related details are given in the subsequent sections.

6.2 D evelopm ent o f th e proposed second-order ad

joint sensitiv ity  concept for distributed trans

m ission lines

In this section, details of the proposed second-order adjoint sensitivity analysis for 

circuits including distributed transmission line networks are given.

6.2.1 Problem  form ulation

Consider (6.1) and an objective function W (t) whose value is to be optimized at time 

t =  T  w.r.t. circuit parameters A as given by

W ( T ) =  f  w(x{t),X)dt  (6.3)
Jo

where u>(x(t), A) is a scalar function [13] and A € 5R1xNa is a vector of Nx parameters 

of a  circuit given by
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^  Ai A2 -.. Ajva (6*^)

To perform the required optimization, we need the sensitivity of the objective 

function where m  € {1, ■ • • , N\}.  The next section provides a review of the

first-order adjoint sensitivity approach, which is needed to evaluate

6.2.2 R eview  o f first-order adjoint sensitivity approach for 

distributed transm ission line interconnects

It was shown in chapter 4 that the adjoint system corresponding the (6.1) is given as

where

+  G ‘£0(t) +r t^aC [) 
dr

fc=l

df(T  -  r)
&K

dw(T — t ) 
dx.

L ( t )  

r  G [0,71 (6.5)

=  y i (r)  * ^ ( r ) (6 .6)

(6.7)
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with £a(r) is referred to as the ath adjoint MNA variable vector; V , S t(T )  and <f>k(T) 

are the terminal voltage and current vectors of the kth transmission Une in the ath 

adjoint system, respectively. In the Laplace-domain, (6.6) becomes

#2(5) =  Y i(5 )« 2 W  (6.8)

Next, the sensitivity ftmction can be obtained in terms of the solution of

the original system (6.1) and the corresponding adjoint equations (6.5) to (6.8) as

C(.T)Czt (0) + £ ( U r ) j ^ ( t ) d t  + ^ ^ d t  (6.9)

where

db(t) dC dx(t) dG
dXm

N t
d \ m dt

x(t)

-Efc=i

da. k(t) 
dXm

x(t)

dXm
m
dXm

(6.10)

In the following section, details of the proposed second-order adjoint sensitivity 

analysis approach are given.
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6.2.3 Proposed second-order adjoint sensitiv ity  approach for

distributed transm ission  line interconnects

In this section, development of the proposed second-order adjoint sensitivity of non

linear circuits containing MTL using the variational approach [13] is presented. 

Differentiating (6.9) w.r.t. a particular circuit parameter An gives

dPWiT) d £ ( T ) „
—  =  d A T C z i(0 )+ *“( r ) aA;Zi(0)+dXmdXn

rT

«“(r)cw +/  dW ^ t ) i t + 1

dw(t)
jJo dXm & X.

z2(<) +

^Am(0
OXn 

d2w(t) 
dXmdXn

d t

d t (6.11)

where

(6-12)

is the sensitivity vector of circuit variables w.r.t. a  parameter An, with n €  {1, • • • , N\}.

To simplify the analysis, it is assumed that the initial-condition parameters are 

not under consideration. This assumption allows us to avoid evaluating sensitivities 

of the DC solution [21]. Using this assumption zj(0) =  0, which allows us to avoid 

evaluating explicitly. Rewriting (6.11) with zj(0) =  0 gives
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d2W(T)
dXmdX

" V
Term 1

■■ V “
Term 2

+
I

T f dw(t) d2w(t)
[dAmdx Z2 (t) + dXmdXn

dt (6.13)

Next, taking the transpose of both sides and substituting r  = T  — t into (6.5)

gives

dr^ - C  +  £ ( t ) G  +

dw(t) 
dx

Nt
+ E K w , a * w i = (6.14)

Term 1 of the RHS in (6.13) requires the derivative , which can be obtained by 

differentiating (6.14) w.r.t. An as

a2£  (r)c  + 9^M g  + d%t) + £
dXndr dXr, dXn dx k=l

dC(r)
dXn

* a fc(r)

=  u*(r) -  z l ( t ) p (T )  +  z\{t)
d 2w ( t )

dx? (6.15)

where
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u *(r) = # . 0 0 d c  ^ { r )dG
dr dXn d \ n

N t

E
fc= 1

ea(r)
d&k(i~y

dXn +

C ( r )

d2w(t) 
dxdXn ’

d2f(t)
dxdXn

(6.16)

P (0 5x
(6.17)

and

^  =  [ci(t).c2(<).-” .c»(t)] (6.18)

As can be seen from (6.15) and (6.16), evaluating w.r.t. iV\ variables requires 

the solution of (6.15) and (6.16) N \  times, making the process computationally expen

sive. In order to avoid evaluating explicitly, we adopt the variational approach. 

Using the variational approach [13], we define an auxiliary variable £b(t) €  5Rnxl. 

Multiplying (6.15) by ££(t) and integrating w.r.t. t  € [0,T] gives
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Substituting r =

r
Jo [ d \ ni

C +  ov ' G +  dr dXn dXn dx

k=l dXn i{t)dt =  f  u‘(r)4(t)cif 
Jo

- J o  Z2(*)p(T)£6(*)<ft +  z l2{t)^ J p - ib{t)dt (6.19)

r — t  in (6.19) and using integration by parts, we get

f T d&(r)
Jo dXn

N,

c  +  G €„(i) +dt d x

fc=i

T
dt =  f  u*(r)^6(t)ctt 

Jo

f  4 (t)p(r)$b(t)dt + f zl(tj  ̂sZ£L$b(t)dt 
Jo Jo

, aeKo),
dAn ■ce6( r )

id2w(t)  
d x 2

d&{T)
dXn c m (6.20)

Avoiding the calculation of (6.15) is possible if £b(t) can be found such that (using

(6.20) and Term 1 in (6.13)):
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where

Nt
+ Y i  [D^J(<)1 = iK.it) t e  [0,T] (6.21)

k=l

= DU>(<) (6.23)

and £b(t) is referred to as the bth adjoint MNA variable vector [21]. It is to be 

noted that ipbk(t) and are the terminal voltage and current vectors of the k th 

transmission line in the bth adjoint system, respectively.

Next, using the symmetry of y fc(i), (6.22) can be written in the Laplace domain

as

* bk(s) =  Y fc(s)** (S) (6.24)

The bth adjoint system is defined by (6.21) and (6.24). However, the solution of (6.21)
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is not unique until the initial conditions are defined. To avoid calculating in

(6.20) explicitly, ££(0) is selected to be equal to zero. This implies that, the bth adjoint 

system is simulated forward-in-time, from 0 to T, with initial conditions set to zero 

(i.e. ££(0) =  0). in (6.20) is zero since £a(0) is zero in the ath adjoint system.

Using (6.21) and (6.20), Term 1 of RHS in (6.13) becomes

J0 =  J0 n t (T)^b(t)dt

Term 1

~  Jo ^ ® p (T^ b® dt + J0 d J P £b(t)dt (6.25)

Term 2 of the RHS in (6.13) also requires which can be obtained by

differentiating (6.10) w.r.t. An as

dXn
=r(t) dC  dz2(f) dG

Nt

E
*=i

d \ m dt 
dak(t) 
dXm

dXr

z 2(t)

z 2(t)

dH(t) 
dXmd x z 2(t) (6.26)

where
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r (t)
d2b(t) _  d2C  dx(t) _  SPG 

dXmdXn dXmdXn dt dXmdXn 
Nt r *2- 1 SPi{t)

■x(i)

d2a.k(t) 
dXmdXn

* x(f)
dXmdXn

Substituting (6.26) in Term 2 of the RHS in (6.13) becomes

(6.27)

j f  4“(r)% r dt=j f  *»(T)r(t)*

+ [
Term 2

SC dz2{t) _  OG 
dXm dt dXm

+ f  t'air) 
Jo

N t

fc=1

~dak(t)
dXm

* z2(t)
d2i(t)

dXmdx

z 2(t)

z 2(t)

dt

dt (6.28)

Substituting (6.25) and (6.28) for the Term 1 and Term 2 of RHS in (6.13), respec

tively, and using integration by parts with t = T  — r , Z2(0) =  0 and £a(0) =  0 results

in
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d2W(T)
dXmdXn =  [  u *(r )£*(0<ft +  /  £a(r )r (*)d*

7 0  JO

<6-29)

d2u/(t)

V 1

Term 3

where

e ‘M  =  - « i ( T  -  t )p '(t )

, d ^ w f T - r )
H t ( T - T ) — ------

_ < ( r )  3C  _  t 8G  
d r  3A„ ; 5A„

Wt

E
k=1

*
da fc(r) 

dAm

^ ( T - r )  d2< T - r )
dX m & X dXmdx (6.30)

It is to be noted that if Am is the electrical or physical parameter of a transmission 

line then the fifth term of the RHS in (6.30) requires the convolution operation, where 

£a(r) is defined from r  =  0 to r  =  T  and can be evaluated by using IFFT on 

the closed-form of , which is given in the Section 4.2.3.

Term 3 of the RHS in (6.29) requires the value of z2(t). Using the direct sensitivity 

approach, z 2(t) is obtained by differentiating (6.1) w.r.t. An as
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c ^ r + G z 2 < f)+ i * * 1® + S  [»*(*) * z’W] = k w  (6.31)
k=1

where

i.,.)  ,_3b(t) dx{t) dG  
v / — m  a \ a \dXn d \ n dt dXn* ^

(6.32)

Equation (6.31) can be used to  evaluate z2(i) explicitly, which is computationally 

expensive because the N \  set of equations have to solved. In order to avoid eval

uating z2(t) explicitly, the variational approach is adopted. Using the variational 

approach, we define an auxiliary variable £c(r) € 5Rnxl. Multiplying (6.31) by £*(r) 

and integrating w.r.t. t € [0, T] gives

(6.33)

Substituting r  =  T  — t in (6.33) and using integration by parts, we get
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n dr dx
Nt

+ J 2  K w * 8*]
Jk=l

z2(t)dt =  f  £‘(r)k(i)dt 
Jo

£(0)C z(T ) -  e‘ (T)Cz(0) (6.34)

Avoiding the calculation of (6.31) is possible if £c(r) can be found such that (using

(6.34) and Term 3 in RHS of (6.29)):

^ ‘ (T)-C  +  £ (T )G  +  £ ( T ) ? fW
dr dx.

Nt

+ 5 Z K ( r ) * afe] = e‘(T) (6.35)
*=i

where £c(r) is referred to as the cth adjoint MNA variable vector [21]. Taking the 

transpose of both sides and substituting t =  T  — t  in (6.35) gives

+ X) [D*^(r)]= e(r) r 6 [°> Ti
k - 1

(c (r)

(6.36)
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where

4> K t ) =  y U r )  * r j> l(r )  (6.37)

^ ( r )  =  D U .M  (6.38)

and £c(r) is referred to as the cth adjoint MNA variable vector [21]. It is to be 

noted that ^ ( r )  and 0£(r) are the terminal voltage and current vectors of the kth 

transmission line in the cth adjoint system, respectively.

Next, using the symmetry of y*(t), (6.37) can be written in the Laplace domain

as

* ck(s) = Y k(s)*U s)  (6.39)

The cth adjoint system is defined by (6.36) and (6.39). However, the solution of (6.36) 

is not unique until the initial conditions are defined. To avoid calculating Z2 (T) in

(6.34) explicitly, £‘(0) is selected to be equal to zero. This implies that, the cth adjoint 

system is simulated forward-in-time, from 0 to T, with initial conditions set to zero

(i.e. £*(0) =  0). Z2(0) in (6.34) is zero since x(0) is zero in the original system. Using
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(6.35) and (6.34), Term 3 of RHS of (6.29) becomes

dXmdXT
= f u t(r)£b(t)dt + f  £ta(T)r(t)dt

'n  J o  JO

f T Z ( T ) u m +  fJ o  Jo
+ dXmdXn

dt (6.40)

If Am and An are the electrical or physical parameters of the kth transmission line 

then (6.40) becomes

d2W(T)
dXmdXn

t d y k ( r )  *
- 1  K>1

Jo

-  f T mr)\
Jo

dXmdXn

dyk(t)

dt

* v fc(t) dt (6.41)

The details of evaluation of anc* (6.41) in a closed-form aret?A«» * #An 

given in the Sections 4.2.3 and 5.2.4.
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6.2.4 Proposed sen sitiv ity  analysis w .r.t. a  physical param e

ter

When studying the sensitivity of distributed networks, the derivative of the admit

tance matrix w.r.t. physical parameters (such as width and spacing of conductors) is 

required. In the case where Am represents a physical parameter of an interconnect, 

the derivative of the admittance matrix, using the chain rule can be obtained as

d Y k(s)
dXm

N k N k

EE
p=l 9=1 dR (P'9) dXr dL[p’q} dXr

d Y k(s) dG<*’q)(s) + d Y k(s)dC ?’q\ s )
dG{p'q) dXr, d c {p'q) dXr

(6.42)

where the superscripts p, q € {1, • • • , Nk} are matrix indexes. The second-order can 

be found by differentiating (6.42) w.r.t. another physical parameter An as

d2Y k(s) 
dXmdXn

N k N k

=EE
p=l 9=1

d Y k{s) d2R {p'q\ s )  
d R ^ ’q) dXmdXn

| d Y k(s)d*L<*’q)(s) +  d Y k{s)d2G ^ ’q){s)
dL%'q) dXmdXn dG^'g) 9XmdXn 

d Y ^ & C ^ j s )  
dCjf’q) dXmdXn

(6.43)
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6.2.5 Evaluation o f th e sen sitiv ity  o f th e  objective function

Next, using the first and second-order sensitivities of the admittance matrix and 

(6.41), the sensitivity of the objective function (6.40) is computed as follows:

where

& W {T)
d \m d \n

Tf  b/’k(T)}t x <h(0*Jo

f  Ŵ )]1 x <12(0 *  -  /  X q s ( f ) d t  (6.44)
Jo Jo

*»(»)} (6-45)

(6.48)
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V fc( s )= .F { v fc(t)} (6.49)

F {  } and Jc~x{ } denote the FFT and IFFT operators, respectively.

6.2.6 Sum m ary o f the com putational step s

A summary of the computational steps for the proposed second-order adjoint sensi

tivity analysis is given below:

• Step 1 : Simulate the original circuit (6.1) from t  =  0 to t =  T  to get x(i).

•  Step 2: Replace all the nonlinear elements in original circuit with linear

time-varying elements • The independent sources for the ath ad-
t

Simulate the ath adjoint circuitjoint circuit are evaluated using T)

equations (6.5) to (6.8) from r  =  0 to r  =  T  with zero initial conditions to 

get €a(r).

Step 3: Use x(t) from Step 1, £a(r) from Step 2 and (6.9) to find the first- 

order sensitivity of the objective function if required.

Step 4 '■ Replace all the nonlinear elements in the original circuit with linear 

time-varying elements The independent sources for the bth adjoint

circuit are evaluated using jAm(t). Simulate the bth adjoint circuit equations

(6.21) to (6.24) from t =  0 to t = T  with zero initial conditions to get £b(t).
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• Step 5: Replace all the nonlinear elements in original circuit with linear 

time-varying elements • The independent sources for the cth adjoint

circuit are evaluated using e(r) of (6.30). Simulate the cth adjoint circuit 

equations (6.36) to (6.39) from r  =  0 to  r  =  T  with zero initial conditions 

to get £c(t).

•  Step 6: Use x(t) from Step 1, £a(r) from Step 2, £b(t) from Step 4, £c(r ) 

from Step 5 and (6.40) to find the second-order sensitivity of the objective 

function.

The proposed approach can be easily adapted to the case of TLs with frequency- 

dependent (FD) p.u.l. parameters. This can be accomplished by representing the 

p.u.l. FD parameters by rational functions using techniques such as vectorfit [27], 

[28], [29] and subsequently synthesizing them as lumped equivalent circuits.

6.2.7 Evaluation o f a  H essian m atrix

The pseudocodes for the first and second-order (Hessian matrix) adjoint sensitivity 

analysis w.r.t. all the parameters of a circuit are given in Algorithms 6.1 and 6.2, 

respectively.
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A lgorithm  6.1 Calculation of the first-order sensitivity for the objective function 
1: Solve: Step 1 for x(t)
2: Solve: Step 2 for £a(r)
3: for m  =  1 to  N \  do
4: Solve: Step 3 for
5: end  for
6: re tu rn  Vector consisting of first-order derivatives

A lgorithm  6.2 Calculation of the second-order sensitivity for the objective function
1 Solve: Step 1 for x(£)
2 Solve: Step 2 for £a(r)
3 for m  =  1 to  N \  do
4 Solve: Step 4 for £b(£)
5 Solve: Step 5 for £c(r)
6 for n =  1 to  N \  do
7 Solve: Step 6 for g ^ g ^
8 end  for
9 end  for

10 re tu rn  Hessian matrix consisting of second-order sensitivities

6.2.8 Com parison w ith  th e  direct sensitivity analysis tech 

nique

In this section, a brief discussion of the computational cost of the proposed technique 

versus the direct [2-5] sensitivity technique is given.

Using the direct sensitivity approach, (6.1) and (4.3) can be solved simultaneously 

avoiding the need for an additional LU decomposition at each time point while solving 

(4.3). However, an extra forward-backward substitution is needed at every time 

point for each parameter under consideration. Hence, for N \  parameters, the main 

computational cost in evaluating first-order sensitivity using the direct approach is
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Np

CD° =  E  W fR iC uu  +  CF/B)] +  NXNPCF/B (6.50)
i=l

Similarly, the adjoint approach requires the solution of (6.1) and (6.5). However, 

in contrast to the direct approach where (4.3) is parameter-dependent, (6.5) is inde

pendent of any specific parameter. As a result, (6.5) needs to be solved only once 

independent of the number of parameters. Hence, for N x parameters, the main com

putational cost in evaluating first-order sensitivity, assuming LU factors are stored 

while solving (6.1), is

Np

c a °  =  £  + Cp,B)] +  NpCf/ b  + NxC f ° ,  (6.51)
i=l

where C f °  is the computational cost associated with evaluating the numerical inte

gration in (6.9). Therefore, in evaluating the first-order sensitivity for N x parameters, 

the computational cost of using adjoint approach in (6.51) is Nx times less than using 

the direct approach in (6.50).

Next, using the direct sensitivity approach, the main computational cost in eval

uating the Hessian matrix (obtained by differentiating (2.4) and (4.3)) is
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NP
C SD°  =  Y ,  [N n r ( C l u  + CF/B)\ +  {Nx + N l)N pCF/B (6.52)

»=i

Similarly, using the adjoint approach approach, evaluating Hessian matrix requires 

the solution of (6.1), (6.5) and N \  sets of (6.21) and (6.36). Hence, for N \  parameters, 

the main computational cost for evaluating Hessian matrix, assuming the LU factors 

are stored while solving (6.1), is

NP
C SA°  =  Y  [n 'nr ( C l u  + CF/B)} +  (1 +  2N\)NpCF/B + N * C f°  (6.53)

t=i

where C f°  is the computational cost associated with evaluating the numerical integra

tion in (6.40). Therefore, in evaluating the second-order sensitivity for N \  parameters, 

the computational cost of using adjoint approach in (6.53) is N\ times less than using 

the direct approach in (6.52).

In addition to extending all the advantages of the adjoint sensitivity analysis 

approach to distributed transmission lines, the proposed method is generic and is 

compatible with any MTL macromodel.
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6.3 Comparison w ith  second-order frequency-dom ain  

sensitivity analysis

In this section, it is shown that for linear circuits and the special case of objective 

function, the Steps given in 5.2.5 are equivalent to 6.2.6.

6.3.1 Problem  form ulation

Consider a special case of (6.1) without nonlinear components. The corresponding

modified nodal analysis (MNA) equations [3] can be written in the time-domain as

C ~ d t^  +  G x ^  +  =  b W (6-54)
Jt=i

where

a  k(t) = D*y*(t)D£ (6.55)

Assuming the initial condition of (6.54) as zero b(0) =  0. Taking Laplace transform 

of (6.54) and (6.55) gives

M (s)X (s) =  B(s) (6.56)

where
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N t

M{s) = sC  + G + ^ 2  A k(s) (6.57)
fc=i

and B(s) is the Laplace-domain representation of b (t).

Next, consider the voltage va(t) a t a node of a circuit in time-domain as

v o ( t ) =  ) (6.58)

where tj =  Vi,i £ {0,1} is a selector vector that selects a row from the MNA 

vector x(<) of (6.54). In the Laplace-domain, this is

V0{s) = T7‘X(s) (6.59)

where X(s) and V0(s) are the Laplace-domain representation of x(i) and v0(t), re

spectively. V0(s) can be written as

V0(s) = C{v0{t)} (6.60)

Differentiating (6.60) w.r.t. a particular parameter Am yields

dV0\
dXT < * » >

Similarly, differentiating (6.61) w.r.t. another parameter An gives
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S’K.W
dXjndK

The next section shows that Laplace transforms of , d\^d\n > which are eval

uated using steps given in Section 6.2.6, are equivalent to -gĵ , ’ which are

evaluated using steps given in Section 5.2.5.

6.3.2 Special case o f an objective function

Consider (6.58) and a special case of an objective function W(t) whose value is to be 

optimized at time t =  T  as given by

W ( T ) = v 0(T )=  f  u>(x(t),A)<ft (6.63)
Jo

where

A) =  6(T — t)rfl-x.(t) (6.64)

Further, consider the special case of an objective function in ffequency-domain given 

by

W(s) =  V0(s) =  w(X(s), A) =  r fX (s ) (6.65)
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Differentiating (6.64) and (6.65) w.r.t. the MNA variables in time and frequency 

domain gives

^  =  S(T  -  t )r f  (6.66)

and

dw(S) _  (agX  =  V , (6.67)

respectively.

Step 1

Tim e-dom ain

The original system given by (6.54) is simulated in time domain from 0 to oo. 

F requency-dom ain

The original system given by (6.56) is simulated in frequency domain from 0 to oo.

It is to be noted that (6.56) is the Laplace transform of (6.54). Hence, (6.56) and

(6.54) are equivalent.
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Step 2

Time-domain

The ath adjoint system corresponding to (6.54) is calculated by substituting (6.66) in 

(6.5) as

C* — +  G ^ a(r) +  ^  a£(r) *  £a(r) =  5 ( t ) t) t  6 [0, oo] (6.68)
T fc=i

Frequency-domain

The ath adjoint system corresponding to (6.56) is calculated by substituting (6.67) in

(5.12) as

M t(s)Sa(s) =  rf (6.69)

It is to be noted that (6.69) is the Laplace transform of (6.68). Hence, (6.69) and 

(6.68) are equivalent.

Step 3

In this step, the first-order sensitivity is evaluated.
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Time-domain

Using x(0) =  0 and f(t) =  0 in (6.9), the first-order sensitivity in the time domain is 

given by

d W «  ( •  .  i tR 7m
=  (6TO)

Frequency-domain

Using (5.13), the first-order sensitivity in the objective function in given by

=  S i(* )J U » )  (6:71)

It is to be noted that (6.71) is the Laplace transform of (6.70). Hence, (6.71) and 

(6.70) are equivalent.

Step 4 

Time-domain

The bth adjoint system corresponding to (6.54) is calculated by substituting f(t) = 0 

in (6.21) as
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c ^ i r + G 4 t ( i ) + £  =  jA»(() *e  [°- °°) <6-72)
fc=i

Frequency-dom ain

The bth adjoint system corresponding to  (6.56) is given by

M (S)S t (S) = J A„ (S) (6.73)

It is to be noted that (6.73) is the Laplace transform of (6.72). Hence, (6.73) and 

(6.72) are equivalent.

Step 5 

T im e-dom ain

The cth adjoint system corresponding to  (6.54) is solved by substituting f(t) =  0 in

(6.21) as

c ‘^  +  g ' ^ ( t)  +  E  T e  1°. °°1 («-74)fc=l
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where

1 ' d-T 8Xm ’dXn f-;k=ld K C M
dak( r ) ' 

d\m
(6.75)

Frequency-domain

The c adjoint system corresponding to (6.56) is given by

M ‘(S) 3 C(S) =  (6.76)

It is to be noted that (6.76) is the Laplace transform of (6.74). Hence, (6.76) and 

(6.74) are equivalent.

Step 6

In this step the second-order sensitivity is evaluated.

Time-domain

Using f(t) =  0 in (6.40) gives the second-order sensitivity of the objective function as
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where

r(t)

and

^ ( * )  _ u*t £  
d \ md \n  *

+ C a * r

+ £ * k

u*(r)
, < ( T ) d C  

dr dXn

Nt d a f j y f  
dXn

d2b(t) _  d2C dx{t) _  d2G  
dXmdXn dXmdXn dt dXmdXn

Nt

m  - E
fc=i

' d2ak(t) 
dXmdXn

* x(£)

k(i) =
db(i) dC dx.(t) dG
dAn dXn dt dXn

N t

E
*=i

dak(t) 
dXn

* x(t)

(6.77)

(6.78)

(6.79)

(6.80)
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Frequency-domain

Using (5.28), the second-order sensitivity of the objective function is given by

(6 .81)

It is to be noted that (6.81) is the Laplace transform of (6.77). Hence, (6.81) and 

(6.77) are equivalent.

As seen in Step 3 and 6, the first and second-order sensitivities are equivalent, 

which validates (6.61) and (6.62). Therefore, it has been proved that, for linear 

circuits and a special case of objective function, the steps given in 5.2.5 are equivalent 

to 6.2.6.

6.4 Num erical exam ples

In this section, two numerical examples are presented to demonstrate the validity and 

accuracy of the proposed method. Here the Examples 1 and 2 correspond to the case 

of nonlinear and linear circuits, respectively.

* w (*) _
dXmdXn } dXn }

+ S “ ( s ) l ^ r  _  S “ ( s ) i r a 3r x ( s )C/AyyjC/Ajj
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6.4.1 Exam ple 1

The circuit considered in this experiment is similar to the circuit given in Fig. 4.15 

of Section 4.3.3.

The result of the proposed second-order adjoint approach is compared with that 

from the perturbation method. The second-order sensitivity w.r.t. the lumped pa

rameters Ri, i?3 , Ci and a nonlinear parameter k\ are shown in Table 6.1, which 

further validates the accuracy of the proposed method.

Ta )le 6.1: Second-order sensitivity of dissipated power

Sensitiv ity

% C hange in 

P a ram e te r P e r tu rb a tio n

M eth o d

P roposed

M ethod

R ela tive

D ifferenceAi a2
d2W(T)
dRldRs 1.0% 0.1% 2.710E-07 2.712E-07 0.10%
d2W(T) 
d RidCi 0.1% 0.5% -3.899E+06 -3.899E+06 0.00%
a2w(T) 
dR\ dk\ 5.0% 0.1% 1.371E-03 1.363E-03 -0.57%

6.4.2 Exam ple 2

The circuit considered in this experiment is shown in Fig. 6.1 [11]. It contains three 

lossy coupled transmission lines numbered by subcircuits 1, 2 and 3. The details of 

these transmission lines are given in Section 5.3.3.

The applied voltage is a  trapezoidal pulse with rise and fall time of Ins, a pulse 

width of 7ns and a magnitude of 2V. Objective function considered is the average
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power dissipated by the load Zl ,

1 />45ns

Pd»ss(45n s) =  4 5 ^  y (6-82)

The voltage response at node Va is shown in Fig. 6.2. The result of the proposed 

adjoint approach is compared with that from the perturbation method. The first 

and second-order sensitivities are evaluated w.r.t. the lumped (Ri, C\) and electrical 

parameters (Rj1,1*, of TL# 1  and C^3’3̂  of TL#3). The first and second-

order sensitivities are shown in Tables 6.2 and 6.3, respectively.

Table 6.2: First-order sensitivity of dissipated power
% C hange in P e r tu rb a tio n P roposed R ela tive

Sensitiv ity P a ram e te r M eth o d M ethod D ifference
dW (T)

dCi 0 .1 % 7.609E+04 7.230E+04 -5.24%
8W (T)

dR i 0 .1 % -2.254E-06 -2.250E-06 -0.16%
dW (T)
ac{3,3) 1 .0 % -1.300E+04 -1.308E+04 0.60%
dW (T)
d R ? '1’

5.0% -8.517E-07 -8.670E-07 1.76%



Va 
(v

ol
ts

)

152

TL #2 25 0  5nH TL #3

TL #1
25 0  5 nH

25 Q 5 nH
—WV—sfiQQfi/

50 0

5 0 0

la  lzL<  V «

5 0 0

Figure 6.1: Circuit containing three lossy coupled transmission lines (Example 2)
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Figure 6.2: Transient response of the circuit shown in Fig. 6.1 at node Va
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Ta )le 6.3: Second-order sensitivity of dissipated power

Sensitiv ity

% C hange in  

P a ra m e te r P e r tu rb a tio n

M eth o d

Proposed

M ethod

R ela tive

D ifferenceAi a 2
d 2W (T )  
d R idC i 1.0% 50.0% -1.561E+03 -1.448E+03 -7.79%
a 2w (T )

d R 1d c{3'3)
1.0% 5.0% 2.855E+02 2.858E+02 0.09%

a2w (T )
d R id R ? ’1)

0.1% 50.0% 1.902E-08 1.901E-08 -0.07%
a2w { j )

dR idG ]1’1'
1.0% 10.0% 1.061E-05 1.059E-05 -0.20%

a2w(T)
dR Y '^a C x

5.0% 5.0% -1.660E+03 -1.659E+03 -0.08%
a2w (T )  

dR.SL'1) a c (3'3)
5.0% 1.0% 1.157E+02 1.157E+02 -0.01%

a2w (T ) 1.0% 10.0% -3.094E+02 -3.139E+02 1.45%
a2w (T )

dG(,1'l)a c{3'3)
10.0% 10.0% 7.771E+04 7.808E+04 0.47%
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Chapter 7 

Proposed second-order sen sitiv ity  

for delay optim ization

In this chapter, an important application of the second-order sensitivity analysis 

developed in this thesis for delay optimization in high-speed circuits is presented. It 

is to be noted that, due to the high-frequencies and rigid timing requirements, delay 

optimization in signal paths of modern high-speed VLSI and microwave circuits is 

becoming increasingly important.

Several sensitivity-based (gradient-based) delay optimization approaches can be 

found in literature [17], [18] for circuits containing transmission lines. Among them 

[17] uses the lumped approximation whereas [18] uses the moment matching model. 

It has been demonstrated in [17] that the second-order sensitivity is desirable in
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gradient-based delay optimization for the nonlinear optimization iterations.

In this chapter, a new equation for evaluating the second-order sensitivity of delay 

is proposed and validated with examples. Furthermore, the application of the second- 

order frequency-domain adjoint sensitivity analysis of MTL (Chapter 5) in evaluating 

the sensitivities of delay is introduced.

The rest of this chapter is organized as follows. Section 7.1 presents a  formulation 

of the delay optimization equation, which requires sensitivities of a delay. Section 

7.2 provides the proposed second-order sensitivity of a delay. Section 7.3 presents 

the proposed second-order sensitivity computation for linear circuits with embedded 

delays. Section 7.4 demonstrates the application of the proposed approach in terms 

of examples.

7.1 Formulation o f the delay optim ization

Consider the voltage vQ(t) at a node of a circuit as

^o(<) =  (7.1)

where rf =  [t/i.i], rjn e  {0,1} is a selector vector that selects a row from the MNA 

vector x(i). Further, consider a time delay Tj as a time point where the waveform, 

va(t), crosses some arbitrary voltage level Vrd such that
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v0(Td) = r1t^{Td) = VTd (7.2)

It is to be noted that Td is an implicit function of parameters (A) of the circuit and 

therefore, can be written as

Td — Td( \ ) (7.3)

where A e  $tlxNx is a vector of N \  parameters of a circuit given by

A = Ai A2 . . .  Anx (7.4)

Let A0 be the nominal values of a circuit. Then (7.3) can be extended using Taylor 

series around A0 to give [17]

Td(A) =  Td(K )  +  (A -  A0) a ‘ +  -(A  -  A0)‘A(A -  Ac) (7.5)

where at is a vector of first-order sensitivities and A is a Hessian matrix of second- 

order sensitivities of delay w.r.t. all the parameters of a circuit given by

a  = dTd srrA 
d \\ d\2

dTd
dXs* (7.6)

and
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A =

92Ta
"axf

d2Td
dX̂ dXi

d2Td

d2Td
dX!dX2
a2rd
~a>T

a2rd

a2rA
ax\dxNx

&ta
9X2 a Xf f .

a2r4 
* * £  j

(7.7)

d\^^d\2

respectively. An example is shown in Appendix B to validate (7.5) using a simple RC 

circuit.

Details of evaluation techniques for the first (a )  and second (A) order sensitivities 

of a delay in (7.5) are given in the following section.

7.2 Proposed second-order sensitivity o f  a delay

Differentiating (7.2) w.r.t. a particular circuit parameter Am gives [17]

dv0(Td) dTd dv0(Td) _  
dTd dXm + dXm

where m  €  {!,-•• , N\}. Rearranging (7.8) yields

(7.8)

m
dXm

dv„(t)
axm t= Td

dv0(t)
at t= Td

(7.9)

are the sensitivity of the voltage v0(t) w.r.t. Am and time t,

and at
v A j t i  ( f t

where andvÂ ti Cft

respectively. Also, and in (7.8) are

w.r.t. Am 

the values of the dArr
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time t  = Td, respectively. Using (7.9) in (7.6), the first-order sensitivity of a delay 

w.r.t. all the Nx parameters (a )  can be found.

Next, differentiating (7.8) w.r.t. a particular circuit parameter An gives

d2v0(Td) dTd dTd d2v0(Td) dTd |
dT2 d \ n dXm ' dTddXn dX, 

dv0(Td) d2Td , d2v0(Td) dTd , d2v0(Td)
+ +dTd dXmdXn dXmdTd dXn dXmdXn

where n G {1, • • • , N\}. Rearranging (7.10) yields

/

=  0 (7.10)

d 2Vo(t)
dt2 t=Td

dTd dTd , d2v0(t) 
dXn d \ m dtdXn t=Td

ard
dXm

d2Td
. d2v0(t)

( axmat
&Td 

t=Td aA"
. d2v„{t) 

dX-mdXn t—Td )

dXmdXn dv0[t)
dt t=Td

(7.11)

Using (7.11) in (7.7), the second-order sensitivity of a delay w.r.t. all the N \  parame

ters (A) can be found. It is to be noted that the formulation in (7.11) is the proposed 

second-order sensitivity of a delay, which is an extension of (28) given in [17]. An 

example is shown in Appendix C to validate (7.9) and proposed (7.11) using a simple 

RC circuit.
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7.3 Proposed second-order sensitivity com putation  

for linear circuits w ith  em bedded delays

Consider a general circuit consisting of [3] linear components and distributed trans

mission lines. The corresponding modified nodal analysis (MNA) equations can be 

written in the time-domain as

C ~ d F ^  +  G x ^  +  S  a * * =  i 7 -1 2 )
k=l

where

(7.13)

Assuming the initial condition of (7.12) as zero b(0) =  0. Taking the Laplace trans

form of (7.12) and (7.13) gives

Nt
sC +  G +  ^ D fcY fc(s)D i

k=l
X ( s )  =  B(s) (7.14)

where B(s) is the Laplace-domain representation of b(£).

Next, consider the voltage at a node as an objective function given by

V0(s) =  *|*X(a) (7.15)
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where rf =  € {0.1} is a selector vector, which selects a  row from X (s).

Then, using the steps given in Section 5.2.5, the first and second-order sensitivities 

of V0(s) w.r.t. Am and An can be found.

Next, the first (7.8) and second-order (7.11) sensitivities of delay (Td) can be 

found based on a time-domain simulation. However, for linear circuits they can also 

be found based on a frequency-domain simulation. Rewriting (7.8) gives

m  -  K{Td) (7.16)
dXn <r(Td)

where

<c(t) =  £-» j w g l j  (7.17)

a(t) =  IT 1 (.sK .(sj) (7.18)

and C~l {} is the inverse Laplace transform operator. Similarly, rewriting (7.10) yields

^  ^  (7.19)d \ mdXn a(Td)

where
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p(t) =  C 1 <
s 2 y  ( s \ » L l » L l  +  s a v <>{°) m .
* w J a A „ a \ m dx„ a \m  . ( 7  2 0 )

+ s dVo&&rlL , a*v0(s)
^  d \ m d \ n ^  dXmdXn

It is to be noted that either the numerical Laplace transform inversion [21] or the 

IFFT technique can be used to evaluate £ _1{}.

Next, the first-order sensitivity of delay w.r.t. all the parameters (a )  can be 

found using Algorithm 5.1 and (7.16). Similarly, the second-order sensitivity of delay 

w.r.t. all the parameters (A) can be found using Algorithm 5.2 and (7.19).

The next section presents various examples to  validate the proposed second-order 

sensitivity of delay in time-domain.

7.4 Num erical exam ples

In this section, three examples are presented to demonstrate the validity and accuracy 

of the proposed method. In Examples 1, the accuracy of the second-order sensitivities 

that are numerically computed using the proposed algorithm are validated against the 

analytically computed sensitivities, whereas in Examples 2 and 3, they are validated 

against the perturbation method.



162

7.4.1 Exam ple 1

In this experiment, the accuracy of the second-order sensitivities that are numerically 

computed using the proposed algorithm are validated against the analytically com

puted sensitivities. For this purpose, consider a  RC circuit shown in Fig. 7.1 with 

the input (step) voltage of IV. The output voltage is given by v0. The waveform of 

v0 crosses 0.5 v at time 0.7 x 10-4 sec as shown in Fig. 7.2.

Since this is a simple circuit, the first and second-order sensitivities of the output 

voltage in frequency-domain are found in closed-form. Then, the sensitivities of delay 

are found by using these first and second-order sensitivities in (7.16) and (7.19). Since 

this is a simple circuit, the exact values of sensitivities of the delay w.r.t. R  and C  

can be found easily as given in (A.10), (A .ll) and (A.12). Table 7.1 compares the 

values of sensitivities between the exact and proposed method.

Table 7.1: First-order delay sensitivity using exact and the proposed method (Exam
ple 1)________________________________________________________________

Sensitiv ity P roposed  M ethod E xact R elative D ifference
&t a
d R 7.018E-07 6.931E-07 1.23%
8t a
ac 70.175 69.315 1.23%

92Td
dRdC 0.704 0.693 1.56%
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Figure 7.1: EC Circuit (Example 1 and 2)
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Figure 7.2: Transient response of the circuit shown in Fig. 7.1 at node vQ (Example
1)
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7.4.2 Exam ple 2

In this experiment, the accuracy of the second-order sensitivities tha t are numerically 

computed using the proposed algorithm are validated against the conventional per

turbation method. For this purpose, consider a  RC circuit shown in Fig. 7.1 with 

a trapezoidal input pulse of amplitude of 1 v, rise and fall times of 100 fisec, and 

a pulse width of 200 usee. The output voltage is given by v0. The waveform of v0 

crosses 0.5 v  at time 0.124 msec as shown in Fig. 7.3.

The first and second-order sensitivities of the output voltage in the frequency- 

domain are found by using the steps given in Section 5.2.5. Then the sensitivities 

of delay are found by using these first and second-order sensitivities in (7.16) and 

(7.19) of the proposed method. Table 7.2 shows the first-order sensitivities using the 

proposed method and perturbation technique (10% each) in (2.7).

Table 7.2: First-order delay sensitivity using perturbation and the proposed method 
(Example 2)____________________________________________________________

Sensitiv ity P e rtu rb a tio n P roposed  M e th o d R elative D ifference
ard
8R 6.500E-07 6.519E-07 0.29%
dTd
dC 65.000 65.190 0.29%

Table 7.3 shows the second-order sensitivity of delay w.r.t. R  and C  using the

purposed method and perturbation technique (2.8).
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Figure 7.3: Transient response of the circuit shown in Fig. 7.1 at node vQ (Example 
2)

7.4.3 Exam ple 3

In this experiment, the accuracy of the second-order sensitivities th a t are numerically 

computed using the proposed algorithm are validated against the conventional per

turbation method. The circuit considered in this experiment is similar to the circuit 

given in Fig. 5.7 [11] of Section 5.3.3. In this example, the voltage source is a trape

zoidal pulse with an amplitude of 2 v, rise and fall time of 1 nsec and a pulse width
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Table 7.3: Second-order delay sensitivity using perturbation and the proposed method
% C hange in 

P a ra m e te r P e r tu rb a tio n P roposed R ela tive

Sensitiv ity R C M eth o d M ethod D ifference

aaac 50% 10% 0.700 0.694 -0.82%

of 7 nsec. The output voltage is given by va. The waveform of vQ crosses 87 m v  at 

time 30.8 nsec as shown in Fig. 7.4.

Tables 7.4 and 7.5 show the values of the first and second-order sensitivities, 

respectively, using the proposed method and perturbation technique. The percentage 

change used in Table 7.4 for all the parameters is 50%.

Table 7.4: First-order delay sensitivity using perturbation and the proposed method 
(Example 3

P e r tu rb a tio n P ro p o sed Relative

Sensitiv ity M eth o d M eth o d Difference
9Th
8R\ 5.013E-12 5.066E-12 1.03%
dTd
aci 13.700 13.710 0.07%
ard 2.000E-12 2.117E-12 5.52%
dTd 1.340E-09 1.369E-09 2.13%



167

0 .1 8

0.16

0.14

0.12
GO •4̂
o  >

0.08
3

^  0.06

0.1

0.04

0.02

- 0.02
20 25

Time (nsec)
30 40 45

Figure 7.4: Transient response of the circuit shown in Fig. 5.7 at node (Example
3)

Table 7.5: Second-order delay sensitivity using perturbation and the proposed meithod

Sensitivity

%  Change in 

Parameter Perturbation

M ethod
Proposed

M ethod

R elative
Difference

82Td 
dR \ dC\ 10% 50% -3.333E-02 -3.220E-02 -3.52%

8*Td
8R.[1-1)8 L ? ’1)

10% 10% -4.167E-06 -4.992E-06 16.53%
d2Td

8R 18 g \1,x)
50% 10% 1.333E-11 1.333E-11 -0.03%

 4 r
dR idR ]1'1’

50% 50% 2.133E-14 2.092E-14 -1.96%
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C hapter 8 

C onclusions and future work

8.1 Conclusions

A generalized approach for first and second-order time-domain adjoint sensitivity 

analysis of lossy distributed MTLs in the presence of nonlinear terminations was 

developed. The method is based on the variational approach and enables sensitiv

ity analysis of interconnect structures w.r.t. both electrical and physical parameters 

while providing significant computational cost advantages. While the new approach 

provides all the advantages of an adjoint sensitivity analysis, its formulation is in

dependent of the specifics of the MTL macromodel used. This makes the proposed 

method applicable to a wide variety of macromodels available in the literature. The 

proposed approach can also be used with frequency-dependent per-unit length par-
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rameters.

Moreover, applications such as delay optimization are presented for the second- 

order sensitivity analysis algorithms developed in this thesis. An efficient approach 

to evaluate the second-order sensitivity of delay is also described.

8.2 Future work

Several suggestions for further research based on the results of this thesis are described 

below.

1. Second-order sensitiv ity  of delay in  non linear c ircu its: An efficient 

way is required to evaluate the terms and in (7.11) for

a nonlinear circuit.

2. Sensitiv ity  of S -param eters: The sensitivity equations ((4.35) and (5.15)) 

are based on the derivative of an admittance matrix. An extension of sensi

tivity equation that can handle derivative of S-parameter matrix would be 

of significant interest.

3. N onuniform  in terconnects: Sensitivity analysis of non-uniform intercon

nects is an important area of interest [38] [39]. The methods described in 

this thesis assume uniform interconnects. An extension of these new meth

ods to handle nonuniform lines (where the p.u.l parameter vary with the
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spatial variable x ) would be of significant interest.



A ppendix A

C losed-form  equations for RC  

circuit

Consider a RC circuit shown in Fig. A .l with input (step) voltage of IV. The output 

voltage v0 is given by

vQ — 1 — (A.l)

First and second-derivatives of (A.l) w.r.t. t are
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Figure A.l: RC Circuit

(Pv0
-te*c

d t2 R 2C 2

First and second-derivatives of (A.l) w.r.t. R  and C gives

(A.3)

dv0 t
 =  —e R c ----------
OR R 2C

(A.4)

dvQ t
—  =  —e  r c --------
dC RC2 (A.5)

d2v0 t - t  t2
=  e rc ——— — e rc

dRdC R 2C2 

Differentiating (A.4) and (A.5) w.r.t. t yields

R 3C3
(A.6)

d 2V0 j z l  t jzi. 1— eRC — ■■■ ■ — e RC ■
dR dt R3C 2 R?C

(A.7)
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d 2 Va  _=! t ^ * 1  / * o\ =  eRC ------ (A.8)
dCdt R?CZ R C 2 { )

Let a delay Td be defined as the time t  at which output voltage v0 is 0.5V. Sub

stituting va = 0.5V in (A.l) and rearranging yields

Td = -R C {ln (  0.5)) (A.9)

Differentiating (A.9) w.r.t. R  and C  yields

H  =  -C(Zn(0.5)) (A.10)

=  -R (lu(0 .b))  (A. 11)

d =  -(In(0.5)) (A.12)
dRdC

(A.13)

^  =  0 (A. 14)
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A ppendix B

V alidation o f Taylor series 

expansion o f delay

Consider a EC circuit shown in Fig. A .l with input (step) voltage of IV. The param

eters A of RC circuit are

R  C (B .l)

The nominal values of RC circuit are given as

A0 = 100 le - 6 (B.2)

Using (A. 10) to (A. 14), the first derivative vector a  and Hessian matrix A becomes
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a  = dTg dTA —
dR dC - le -6(/n(0.5)) -100(Zn(0.5)) (B.3)

and

A =
a2rrf
dR*

d*Td
dRdC 0 —Zn(0.5)

• 1

—Zn(0.5) 0

Substituting (B.3) in the first-order expansion of (7.5) gives

(B.4)

Tj(A) =  69.3^ - ( R -  100)l//(Zn(0.5)) -  (C -  l/*)100(Zn(0.5)) (B.5)

Substituting (B.3) and (B.4) in the second-order expansion of (7.5) gives

T%(X) =69.3ii - { R -  100)l//(Zn(0.5)) -  (C -  l//)100(Zn(0.5))

-  (R -  100) (C -  l//)(Zn(0.5)) (B.6)

The first T }(\)  and second Tj(A) order Taylor series expansions of delay Td(R, C ) 

given in (B.5) and (B.6) are compared with exact delay given in (A.9) with different 

combinations of R  and C. The comparison is shown in Table B .l. Note that the 

second-order Taylor series expansion of (A.9) captures the whole behavior. This is 

expected because the delay in (A.9) is only the product of R and C.
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Table B.l: Comparison between exact delay and the Taylor series expansion

R C

Exact

Delay

First-Order 

Delay (T j)

Rel. Diff. 

in (T i)

2nd-Order 

Delay (7?)

R el. Diff.

in (72)
101 1-01/x 7.071E-05 7.070E-05 0.01% 7.071E-05 0.00%

110 1 .1 m 8.387E-05 8.318E-05 0.83% 8.387E-05 0.00%

99 0.99/z 6.794E-05 6.793E-05 0.01% 6.794E-05 0.00%

90 0.9 /z 5.614E-05 5.545E-05 1.23% 5.614E-05 0.00%

In this section, it has been shown that the second-order Taylor series expansion 

of delay (7.5) is valid.
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A ppendix C 

V alidation o f second-order 

sen sitiv ity  o f delay

Consider a RC circuit shown in Fig. A .l with input (step) voltage of IV. The output 

voltage v0(t) is given by (A.l). For a simple RC circuit, (A.9) to (A.14) allows us to 

find exact delay time and its first and second-order sensitivities.

Next, (7.9) allows us to find the first-order sensitivity of delay w.r.t. R. Using 

(A.2) and (A.4) at t =  Td in (7.9) gives

H  =  -C(Jn(0.5)), (C .l)

which is same as (A. 10).

Similarly, (7.11) allows us to find the second-order sensitivity w.r.t. R  and C.
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Using (A.3), (A.6), (A.7), (A.8) at t = Td with (A.10) and (A .ll) in (7.11) gives

Q2Ta
d —(ln(0.5)), (C.2)

dRdC

which is same as (A. 12).

In this section, it has been shown that the equation of second-order sensitivity of 

delay (7.11) is valid.
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