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Abstract 

 

Several experimental studies have found that a rolling element bearing service life can be 

typically divided into three phases: normal operation, gradual degradation, and accelerated 

degradation. Although extensive studies have been carried out on bearing life prediction, 

most of these studies focus only on life prediction in the accelerated degradation phase. 

Many studies in the literature show that Oil Debris Monitors (ODMs) have excellent 

potential in bearing condition monitoring. Yet, only a handful of studies explore its 

potential for Remaining Useful Life (RUL) prediction of bearings. Therefore, in this thesis, 

an intelligent bearing health management system is presented that primarily uses the 

information from the ODMs. The system contains two major modules namely, fault phase 

diagnosis and RUL prediction. Firstly, the fault phase diagnosis module is a data-driven 

tool based on an ensemble method of K-Nearest Neighbors and Random Forest classifiers. 

This diagnosis tool uses multi-sensor data along with three novel degradation indicators 

based on wear debris characteristic information. Secondly, the RUL prediction module is 

a model-based tool where a physics-based multi-phase degradation model along with a 

novel Particle Filter (PF) technique is utilized. Almost all model-based RUL prediction 

studies use a single monotonic degradation model to represent the bearing degradation 

process however, these models are not suitable for long-term predictions. Therefore, a 

multi-phase bearing degradation model is developed using the Gaussian process and 

Weibull distribution functions. Furthermore, since multi-phase bearing RUL prediction 

involves sudden trend changes in degradation data, standard PF algorithms are not capable 

of adapting to the trend changes. Therefore, an Enhanced Adaptive PF algorithm is 

proposed to tackle the primary issues of PF algorithms. The validity of the proposed 

methodology is demonstrated using five bearing spall propagation experiments.  
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Chapter  1: Introduction 

1.1 Overview 

Prognostics and Health Management (PHM) systems primarily deal with real-time fault 

diagnosis and prediction of the future state of machinery based on its historical data. It 

incorporates several engineering disciplines such as sensing technologies, signal 

processing, failure physics, machine learning, modern statistics, and reliability engineering 

[1]. Fault diagnosis is a process of determining the presence of defects, identifying their 

locations, and estimating the failure phase. Whereas, future state prediction is a process of 

forecasting the remaining useful life (RUL) of machinery [2].  

Rolling element bearings are very critical parts of rotating machines and they are 

used in a variety of applications. They are complex systems that consists of two rings and 

a set of rolling elements rotating in the races between the two rings. The rolling elements 

can be spherical balls, cylindrical rollers, needles, or barrel rollers. These elements are 

enclosed in a cage that provides equal spacing and prevents inter-element contact [4]. Once 

a bearing fails, failure of other adjacent components and machines are accelerated, and 

additionally may lead to increased downtime and high maintenance costs of the machinery. 

As shown in Fig. 1.1, the entire bearing service life can be typically divided into three 

phases: normal operation, gradual degradation, and accelerated degradation [5, 6, 7]. 

Although extensive studies have been carried out on bearing RUL prediction, most of these 

studies focus only on the final phase,i.e., the accelerated degradation phase [8, 7, 2]. 

Whereas, not much work has been carried out associated with long-term and multi-phase 

RUL prediction.  
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Fig. 1.1 Phases of degradation illustrated using the debris counts from oil debris monitors [3]. 

Some studies have shown that the characteristics (like size, and concentration) of 

the wear debris released into the lubricant are directly related to the fault severity in the 

machines [9, 10]. Hence, wear debris analysis has an immense potential to develop 

effective indicators for the health state of rotating machinery [11]. Inductive wear debris 

sensors or Oil Debris Monitors (ODMs) are widely used in the industry to detect the 

characteristics of these wear debris particles. ODMs are inductive devices that can detect 

the passage of debris particles through a magnetic field. The disruption to the magnetic 

field caused by the passage of the debris particle is processed to provide information about 

the approximate size and mass of the debris particles [12]. Over time, the ODM counts the 

number of debris particles and archives the information related to each debris particle. Fig. 

1.1, shows that the debris counts released from bearing can be effectively used to 

differentiate the fault phases. Despite the excellent potential of ODMs in PHM systems of 

rotating machinery, very few studies explore its potential for RUL prediction [13]. 

Therefore, this study focuses on developing an intelligent PHM system for rolling 

element bearings that mainly uses the information from the ODMs for the long-term and 

multi-phase RUL prediction. The primary aim of this study is to perform the RUL 

prediction beginning from the gradual degradation phase (Phase 1) till the bearing failure. 
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1.2 Literature Survey and Motivation  

This section introduces the theory and motivation behind the techniques proposed in this 

study while discussing the state-of-the-art solutions available in the literature. 

1.2.1 Bearing Degradation Indicators from Wear Debris Analysis 

For fault diagnosis of bearings, data-driven methods have been widely investigated [14, 

15]. Data-driven methods attempt to perform the fault diagnosis of a machine using its 

historical data in machine learning techniques. These data-driven methods generally 

contain the following steps: (1) data acquisition, (2) construction of degradation indicators, 

(3) model training, and (4) estimation. Among these steps, constructing degradation 

indicators is the most important step because the accuracy of the fault diagnosis is directly 

related to the performance of these degradation indicators. In literature, synthesized 

degradation indicators are getting much attention not only in bearing PHM but also in 

battery PHM [16]. However, the main difference between battery and bearing PHM is that 

the health status of rechargeable lithium-ion batteries can be quantified and described by 

the battery capacity. However, for bearings, it is rare to discover a simple and direct health 

indicator to track the current health condition [17]. 

In general, for bearings, an ideal degradation indicator must be both monotonic and 

trendable. Monotonicity refers to a continuously increasing or decreasing trend of an 

indicator while the fault severity increases. Whereas, trendability represents the degree to 

which the indicator could be described by some functional form [19]. In reality, every 

bearing follows a unique degradation trajectory because bearing failure is a stochastic 

process. Fig. 1.2 depicts the evolution of a degradation indicator for various bearings. 

Fig. 1.2 (a) shows the indicators that have high monotonicity and trendability. While Fig. 

1.2 (b) shows the indicators that have low monotonicity and trendability. Typically, non-

monotonous degradation indicators fail to represent a machine’s health state and they 

impair the performance of both fault diagnosis and RUL prediction process. In the data-

driven fault diagnosis methods, these non-monotonous indicators are not very useful for 

training the machine learning models. Therefore, it is extremely important to construct 

degradation indicators that are both monotonous and trendable.  
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Fig. 1.2 (a) Examples of monotonic and trendable indicators, (b) examples of non-monotonic and 

non-trendable indicators [18]. 

In the literature, a lot of interest has been devoted to vibration-based degradation 

indicators. Specifically, frequency domain and time-frequency domain vibration-based 

indicators are preferred because, in theory, the bearing characteristic frequencies allow the 

fault signals to be separated from heavy background noises and other unwanted 

components in the frequency domain. More importantly, because vibration accelerometers 

are affordable and easily available. However, it is a difficult task to construct an ideal 

degradation indicator because of the stochastic nature of vibration signals. It requires 

complex signal processing methods to construct meaningful indicators [19]. Furthermore, 

vibration-based indicators have been used in several fault diagnoses and RUL prediction, 

but, many studies show that they are not very effective for long-term RUL prediction. 

Therefore, some studies suggest that it is preferable to use other sensors, such as thermal 

and ODMs [17, 20]. 

ODMs have some distinguished advantages compared to vibration-based sensors 

because they have a strong relationship to wear surface profile, long persistence of 

information, and strong anti-interference capacity [21]. As discussed earlier, ODMs 

measure and quantify the debris particles lost from the bearings. Thus, the wear debris 

information archived by the ODM has a direct relationship with the defect severity. 

Therefore, ODMs have a very good potential to represent the true degradation of the 

bearings and can it is useful in developing a physically meaningful indicator for the life of 

mechanical equipment. Further, ODM's strong anti-interference capacity greatly reduces 
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the probability of generating false alarms and thereby does not cause any complications for 

the maintenance crew. Although ODMs are comparatively more expensive than vibration 

accelerometers, their return-on-investment is better for heavy industrial machinery. Due to 

these reasons, using wear debris to investigate the health conditions of machines has 

attracted attention since the 1950s. And online debris monitoring has been applied in 

commercial engines, fighter engines, helicopter gearboxes, and wind turbines to increase 

system reliability and reduce maintenance costs [21]. However, very few studies, in the 

literature, have explored its potential for developing degradation indicators. 

Paula Dempsey et al., conducted a series of experiments in [20, 22, 23, 24] using 

ODMs to monitor the wear of bearings and gears in real-time. They used the accumulated 

number (total count) of debris particles and/or the total mass of debris particles released as 

the degradation indicators. In [24], they proved that both of these indicators are directly 

proportional to the damaged area on the friction pairs. Additionally, in [20], they showed 

that the mass of debris particles, used as the indicator is comparable to using vibration-

based indicators for condition monitoring of critical machines. 

Further, in [25], a positive feedback-based wear process mechanism is used to 

develop a degradation model which captures the nonlinear relationship between debris 

generation rate and surface roughness. The rate of change of the total debris counts along 

with the total count is proposed as an indicator of mechanical failure while the peak of 

generation rate is used as the threshold for RUL prediction. In this study,  the statistical 

characteristics of the debris particle distribution are explored to construct bearing 

degradation indicators.  

1.2.2 Fault Phase Diagnosis using Ensemble Method 

Bearing fault diagnosis is an essential part of a PHM system and has been widely studied 

for several years using signal processing approaches, and more recently using machine 

learning methods [26, 27]. Bearing fault diagnosis can be primarily used for three purposes: 

fault detection, phase estimation, and defect location estimation. Fault detection assesses 

whether the device is in an abnormal condition or a nominal condition, i.e., the bearing 

does or does not have a defect. After fault detection, assessing the appropriate fault phase 
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is necessary to deploy the relevant degradation models. Further, defect location estimation 

is performed to determine where exactly the defect has emerged; in the case of rolling 

element bearings, it is performed to know whether the defect is in the inner race, outer race, 

or on the rolling element [28]. No matter the purpose of the fault diagnosis, the steps for 

data-driven fault diagnosis methods remain the same (data acquisition, construction of 

degradation indicators, model training, and estimation). In this study, a data-driven fault 

diagnosis tool is developed that focuses exclusively on fault phase estimation. 

Fault phase diagnosis is used to determine the initiation of various fault phases in 

the bearing degradation. For example, fault phase diagnosis can be used to identify whether 

the bearing is in the gradual degradation or accelerated degradation phase at any given time 

instant during its operation. Accurate fault phase diagnosis can be used to notify the 

operator about scheduling various maintenance activities; whereas in some cases, the 

operators may choose to prolong the machine operation by adjusting the operating 

conditions based on the fault phase. In this study, the results from the fault phase diagnosis 

are used for deploying and adjusting the degradation models in different fault phases. 

In [29], a fault diagnosis method is proposed which performs both fault phase 

diagnosis and defect location estimation. The proposed method used empirical mode 

decomposition, linear discriminate analysis, and principal component analysis to extract 

relevant features from vibration data and used them to train a simplified fuzzy adaptive 

resonance theory map neural network. In [30], a fault-phase diagnosis method is proposed 

using piezoelectric sensors and convolutional neural networks to detect the healthy and 

various stages of damages in aluminum structures. The method achieves high accuracy 

even with very little data for training. 

Estimating the correct time to begin the RUL prediction of the machine is an 

important part of bearing prognostics studies. The appropriate time to begin the RUL 

prediction is defined as the first prediction time (FPT) [31]. In the simple bearing 

degradation process in Fig. 1.3, two fault phases are shown, i.e., I: the normal operation 

(no fault initiation) and II: the accelerated degradation phase. The degradation index 

remains stable in Phase I, which means that the bearing is healthy. Once a fault is initiated, 
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the bearing enters the accelerated degradation phase (Phase II), where the magnitude of the 

degradation index increases rapidly. Typically, in Phase I, PHM systems are designed only 

to monitor the health state and once a fault is detected, the RUL predicting process is 

triggered [32]. The time when the PHM system is triggered to start RUL prediction, is the 

FPT, as shown in Fig. 1.3. 

 

Fig. 1.3 Estimation of FPT in a simple two-phase degradation process [31]. 

It is important to select an appropriate FPT for all the model-based prediction 

techniques, so that the prediction algorithms like Kalman filters, Particle Filters (PFs), and 

Bayesian filters can perform accurately. If an inappropriate FPT value is chosen, 

interference noises (occurring during the phase transition) could be included in the 

prediction process or critical data may be excluded from the prediction process. In both 

cases, RUL prediction accuracy is affected negatively. The most appropriate FPT should 

be the time of fault initiation. However, detecting the fault occurrence is a very difficult 

task, because incipient faults of a bearing often occur randomly and the fault characteristics 

which show the fault initiation are very weak [26, 31]. 

Several studies in literature, subjectively select the FPT, whereas some studies use 

alarms for estimating the FPT. Engineering norm ISO 10816 and the approach based on 

the longest time constant of a machine and statistical properties of a candidate baseline are 

some of the reported techniques for setting the alarm. In these approaches, alarm limits are 
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set based on the statistical properties of a large number of mechanics operating in similar 

conditions [33, 34]. However, these alarm-based methods are not very accurate in 

identifying the FPT when the operating conditions of the system are changed.  

In [31], a simple statistical FPT selection approach is proposed based on the 

standard deviation of the kurtosis of the vibration signature, where once the kurtosis crosses 

the three-standard deviation interval, it is considered as the FPT. The same approach has 

been adopted in [35]. A similar approach is proposed in [36], where a two-standard 

deviation interval of the kurtosis is used to select the FPT.  

So far, many studies suggest using information from multiple types of sensors for 

the detection and diagnosis of bearing defects [29]. These sensors can be broadly classified 

as acoustic, temperature, wear debris detection, and vibration analysis. As discussed 

earlier, vibration analysis is the most used method in the field as the accelerometers are 

affordable and easily available. In acoustic emission, the measurement of transient sound 

waves emanating from bearing due to rapid local stress redistributions is obtained and 

analyzed for acoustic signal properties. Further, temperature, pressure, and current are 

monitored to detect the changes in bearing conditions. In the training step of a data-driven 

fault diagnosis, the information from these sensors is used as features for training the 

machine learning models. 

The most effective set of features should only be used for training to get a higher 

diagnostic accuracy [37]. Therefore, a feature selection step is introduced to eliminate 

noisy, redundant, or irrelevant features before training the machine learning models. It also 

helps in considerably reducing the training time by reducing the number of features [38]. 

In many studies, feature selection has been considered as a dimensionality reduction 

problem where techniques such as Principal Component Analysis, Multidimensional 

Scaling, Factor Analysis, Projection Pursuit, and other techniques are used. These types of 

methods commonly generate dummy features with lower dimensions than the original set, 

however, these reduced features set lack physical significance and meaning [39].  

Thus, to overcome the issues with dimensionality reduction, feature ranking 

methods such as Fisher score, ReliefF algorithm, Wilcoxon rank, Gain ratio, Memetic 
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feature selection, Chi-square, and Information gain have been used in the literature to select 

appropriate features and improve precision in bearing fault diagnosis [40, 38].  

In the last decade, various machine learning techniques have been employed in fault 

diagnosis studies. Machine learning techniques like support vector machine (SVM), 

Extreme Learning Machine, Random Forest (RF), and K-Nearest Neighbor (KNN) have 

obtained good performance as classification techniques. Compared with extreme learning 

machines, SVM has better classification ability for small datasets. However, SVM also has 

certain limitations which have severely restricted its development in the fault diagnosis 

field [41]. Whereas, KNN and RFs have performed well and have been used in several 

studies for fault diagnosis of bearings [42, 43, 44, 45].  

RF classification method was proposed by Breiman in 2001 [46], based on the 

concept of the bagging and regression tree techniques. Compared with the traditional 

decision tree algorithm, RF has manifested robust classification performance in solving 

high-dimensional and small-sample problems [39]. Additionally, the RF algorithm has also 

inherited the high interpretability of the tree-based models [41]. The KNN is a simple and 

efficient classification algorithm and it has been studied extensively in many practical 

applications. The KNN method has very few hyper-parameters that need to be selected; it 

is highly effective for statistical pattern recognition [45].  

Although these techniques have good classification capability, the performance of 

these techniques can be improved significantly using ensemble learning strategies. This is 

highly sought after in the case of critical applications with limited failure dataset. Ensemble 

learning is also known as a multi-classifier system or committee-based learning system. It 

uses multiple base classifiers to obtain better classification performance [47]. There are 

several widely-used ensemble strategies, such as majority voting, Bayes optimal classifier, 

bootstrap aggregating (bagging), boosting, stacking, winner-take-all, and other user-

defined strategies [48]. In this study, more ensemble-based data-driven techniques are 

explored to perform fault phase diagnosis and FPT selection. 
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1.2.3 Adaptive Particle Filtering for Model-Based RUL Prediction  

One primary aim of a PHM system is to predict the degradation evolution of mechanical 

equipment based on current and historical operational data. Developing an industry-viable 

PHM system is a challenging task because the mechanical systems are complex in design 

and they typically have non-linear degradation patterns. Compared to the offline 

degradation prediction methods, online (or inline) methods are more useful in the industry 

since they can be implemented directly on the real-time health conditions of the system in 

service [49, 50]. 

In general, the modern bearing prognostic approaches are categorized into data-

driven approaches and model-based approaches [51, 52, 53, 2]. Data-driven methods 

attempt to predict the degradation process of a machine from historical data using machine 

learning techniques. These methods rely on the assumption that the statistical 

characteristics of data are relatively consistent. Therefore, the prediction accuracy of data-

driven methods depends not only on the quantity but also on the quality of the historical 

data [52, 2]. One of the major drawbacks of the data-driven approach is that it is typically 

difficult to collect the required amount of good quality failure data. Because firstly, 

industrial machines will not be allowed to run into failure conditions due to the lethal 

consequences. Secondly, almost all mechanical failures occur slowly, sometimes taking 

months or even years, which makes it uneconomic to collect failure data [54]. On the other 

hand, the model-based approach typically uses a physics-based model to describe the 

degradation of the bearings. The Paris crack growth model [55], Forman’s crack growth 

model [56], and spall progression model [57] are some of the well-accepted physics-based 

models for bearing degradation. In the model-based approach, the primary aim is to 

estimate the model parameters from the real-time measured degradation data of the system. 

Although in theory, model-based approaches have several advantages, data-driven 

approaches are preferred in recent times; this is because the available algorithms used in 

the existing model-based methods are not very efficient in accurately estimating the model 

parameters, as they are too sensitive to noise levels and temporary fluctuations in the 

measured degradation data [54]. Therefore, there is a need to improve the efficiency of the 

existing algorithms used in model-based approaches.  
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Some of the most used algorithms in model-based methods are Bayesian framework 

methods [58, 59], Kalman filters [60], and PFs [52, 5]. In particular, the PF method is 

considered the most useful for nonlinear degradation systems [51, 2]. PF can be explained 

as a numerical approximation method to achieve Bayesian inference using the sequential 

Monte Carlo method. It uses a set of numbers and their associated weights (known as 

particles) representing probability densities to tackle nonlinear and non-Gaussian 

behaviour in the dynamics of a physical system [61]. PFs, in general, has four steps: state 

estimation, weight estimation, particle resampling, and model parameter estimation.  

The existing studies in the PHM field for machine fault prognosis focus on directly 

applying the standard PF for RUL prediction in the final phase, i.e., accelerated degradation 

phase of the bearings. These PFs are generally not viable for real-time prediction because, 

they tend to fail in scenarios where there is high noise, varying operating conditions, 

sudden trend changes, anomalous regions, and other multi-source uncertainties in the 

measured degradation data [62]. To avoid encountering these issues, some studies 

developed efficient and monotonic health indicators which are smooth and do not have 

anomalies or fluctuations [63, 2], whereas other studies tend to develop techniques that 

help to avoid the fluctuations and phase change regions [7, 64, 34]. Therefore, almost all 

research works start the remaining useful life prediction only after the accelerated 

degradation phase begins [7]. Hence, there is a need to improve the existing PF algorithms 

so that they can directly be applied for real-time degradation prediction. 

The applications of the PFs on machine fault diagnosis and prognosis have been 

extensively seen in the literature [2, 5-7, 13, 31, 51-53]. However, the main drawback of 

the standard PF algorithms is that they cannot adapt to the trend changes and fluctuations 

originating in the degradation data [65]. This limitation can be attributed to three problems 

in the PF algorithms: 1) particle degeneracy, 2) particle impoverishment and 3) initial range 

dependency. Particle degeneracy is a phenomenon in PFs where the weights of the particles 

converge to a few particles while other particles will have insignificant weights. Thereby, 

a large amount of the computational cost is allocated to updating the particles whose 

contribution to the model parameter estimation is almost negligible [66]. Particle 

impoverishment is the loss of particle diversity due to the recursive application of the 
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resampling step in PF [67, 68]. Initial range dependence is seen in almost all the PF 

algorithms in the literature because PFs are completely dependent on the initial range of 

model parameter estimates which are defined during the initialization of the PF. This is an 

important issue to be tackled because the range of values for the model parameters 

throughout the test is not accurately known in many practical applications. There are 

several methods proposed in the literature that deal with improving the particle degeneracy 

and particle impoverishment problem of the PF algorithm, however very few studies in the 

literature focus on solving the problem of initial range dependence.  

In [69], a methodology is proposed that consists of drawing samples uniformly from 

a random measure. This is the basis of the sequential importance sampling method which 

is currently used in standard PFs. More efficient resampling methods named stratified 

resampling [70], systematic resampling [71], and residual resampling [72] have been 

proposed to solve the particle degeneracy problem; however, they are shown to increase 

the severity of particle impoverishment problem [73]. In [74], enhanced PF is proposed to 

tackle the particle impoverishment problem by introducing a new importance density 

function. Where a normal distribution based on the state estimation is used in the 

importance density function to estimate weights of the particles. A similar normality 

approximation of the distribution has been explored in the class of the Gaussian PFs in [75, 

76, 77] which proved to work well for nonlinear applications. However, the particle 

diversity maintained in these methods is adequate only to adapt to small fluctuations in the 

degradation data.  

There are few adaptive PF techniques also proposed in the literature that try to 

address the problems in PFs. The first adaptive PF was proposed in [78] and it uses the 

Kullback–Leibler distance to approximate the error in the state prediction. This method 

allows choosing the number of particles based on the uncertainty of state estimate. The 

adaptive PF in [79] utilizes an adaptive sampling scheme to estimate the required number 

of particles at the subsequent time step. The adaptive PF proposed in [65] uses a statistical 

measure to improve the propagation function for error estimation, whereas a variable bin 

function is explored in [66]. However, these adaptive PF techniques have focused largely 

on adaptively estimating the number of particles used in each time step rather than on the 



 13 

range of the particles. In addition, they have high computational costs because they 

determine the number of particles using multiple resampling processes at each time step. 

In [80] adaptive PF is explored in the PHM field. It uses a self-evaluation method to detect 

low-weight particles. Then an adaptive weight adjustment technique is used to find the 

high-likelihood region on the posterior PDF using a dynamic feedback approach. However, 

this adaptive PF addresses only the issue of particle degeneracy and has not been tested in 

scenarios with adverse trend changes in the degradation data. Thus, more work needs to be 

performed to improve the PFs to adaptively find the range of model parameters in the case 

of adverse trend changes and noisy degradation data.  

1.2.4 Multi-Phase Degradation Model for Long-Term RUL Prediction  

Model-based prognostic approaches typically use a single physics-based degradation 

model to characterize the entire service life of the bearings. As described earlier, the Paris 

crack growth model, Forman crack growth model, and spall progression model are some 

of the accepted physics-based models for bearing degradation. These models work well in 

scenarios where the degradation trend is monotonic. However, in most cases, the 

degradation trend of bearings has a lot of magnitude variations due to the stochastic nature 

of bearing spall progression. Therefore, some studies use stochastic models such as the 

Wiener model, Inverse Gaussian model, and Gamma process model to characterize the 

entire bearing service life [81]. The main advantage of these stochastic models is that they 

can be modified to characterize the non-monotonic degradation processes of bearings. 

Therefore, they have been successfully used for RUL prediction studies in the literature 

[82, 83, 84, 85, 86]. 

However, the approximation that the entire service life of bearings can be 

characterized by a single degradation model has led to restricted accuracy and robustness 

for long-term RUL prediction [5]. Therefore, in [5], more than one degradation model is 

used where one model corresponds to each degradation phase of bearing. For example, a 

linear model is used for the gradual degradation phase and an exponential model is used 

for the accelerated degradation phase. Even though the results have shown good long-term 
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multi-phase prediction, the accuracy of the method completely depends on the algorithm 

rather than on the degradation model.  

 Therefore, to deal with this issue, attempts have been made to develop a single 

degradation model which can accommodate the multi-phase degradation process. In [87], 

a two-phase degradation process model was developed and applied to the degradation 

index of plasma display panels. They proposed a hierarchical Bayesian change-point 

regression model to fit the two-phase degradation patterns and estimate the RUL of the 

population. Further in [88], a multi-phase degradation model with jumps based on the 

Wiener process is formulated and RUL estimation is demonstrated on gyroscopes. A model 

identification method with off-line and on-line parts based on an expectation-maximization 

algorithm and Bayesian rule is proposed. Subsequently in [89], a similar, multi-phase 

degradation model with jumps based on the Wiener process is developed, where the drift 

and the diffusion parameter of each phase are treated as hyperparameters, and they are 

estimated based on the expectation-maximization algorithm. Apart from the Wiener 

process models, no other degradation model has been considered for multi-phase 

degradation processes so far.  

The Gaussian process model is an example of a probabilistic non-parametric model 

that provides information about prediction uncertainties that are difficult to evaluate in 

nonlinear parametric models [90]. Initially, it was used in the prediction of immunological 

diseases [91]. Later, it was adapted for use in predictive control process studies in [90]. 

However, no study has considered a Gaussian process model for a multi-phase degradation 

application. Most importantly, so far, no multi-phase degradation models have been 

proposed specifically for bearing RUL estimation. Therefore, more work needs to be 

performed in this aspect.  

1.3 Objectives 

To tackle the aforementioned issues, this thesis presents an intelligent PHM system that 

performs both fault-phase diagnosis and long-term multi-phase RUL prediction of rolling 

element bearings. The study primarily uses the information obtained from ODMs. The 

PHM system, shown in Fig. 1.4, broadly contains two sub-systems, the fault phase 
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diagnosis and the RUL prediction, and these sub-systems further have internal modules. 

The output of the fault-phase diagnosis is used to activate and update the RUL prediction 

process. Since the bearing phase change is a stochastic event, in the gradual degradation 

phase (Phase 1), the RUL prediction gives a probabilistic range, using an upper and lower 

limit, for the bearing remaining life. Whereas in Phase 2, the degradation model is updated 

and the mean RUL is obtained. The contributions of this work are summarized below: 

1. Three novel bearing degradation indicators are proposed using the wear debris 

characteristics obtained from ODMs. 

2. A data-driven fault phase diagnostics method has been developed using an 

ensemble of KNN and RF classifiers. 

3. An enhanced adaptive PF algorithm is proposed to address the initial range 

dependency problem of the standard PF. This adaptive PF is used for real-time 

model parameter estimation even if there are high fluctuations and trend changes 

in the measured degradation data. 

4. A novel physics-based degradation model is proposed based on the mixture of the 

Gaussian process and Weibull failure rate models. The proposed model accurately 

characterizes the multi-phase degradation of the bearings.  
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Fig. 1.4 Schematic of the intelligent PHM system. 
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1.4 Experimental setup 

The schematic of the experimental setup employed in this research is shown in Fig.1.5. The 

experimental bearing is driven by a 10-𝑘𝑊 motor and a lubrication oil is sent into the 

bearing housing to lubricate, clean, and cool the bearing. A supply pump on the outlet of 

the main tank helps to pressurize and supply the lubricant oil to the bearing housing. The 

lubricant is filtered by a 1 𝜇𝑚  cartridge filter downstream of the supply pump. The 

temperature, pressure, and flow rate of the lubricant are monitored before the filtered oil 

enters the bearing housing. 

 

Fig. 1.5 Schematic of the experimental setup. 

The motor used in this experiment allows us to monitor its torque and rotational 

speed. The bearing housing contains the experimental bearing; the outer race temperature 

and the vibration signature are captured using a temperature sensor and accelerometer 
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placed on the bearing housing. Additionally, a shaft support structure is available to reduce 

the lateral motion of the motor shaft. The vibration signature of the support structure is also 

monitored using Accelerometer 2 to detect if the failing experimental bearing induces any 

external vibration. Both the vibration accelerometers have a very high sampling frequency 

of 48KHz. The axial and radial load can be varied on the experimental bearing by means 

of pneumatic load cylinders. Two strain gauge load sensors are used to measure both axial 

and radial loads on the bearing. 

In the downstream of the bearing housing, firstly, a temperature sensor is used to 

monitor the temperature change of the lubricant. Next, a 1/4-inch diameter ODM is placed 

to detect and quantify the debris particles released from the experimental bearing. Next, an 

intermediate tank is placed to increase the oil flow rate and to satisfy the flow rate 

requirements of the ODM. The scavenge pump in the outlet of the intermediate tank re-

pressurizes the lubricant and sends it further downstream. Another ODM with a 3/4-inch 

diameter is available downstream of the intermediate tank to detect the debris particles. 

The ODMs used in this setup have different sensing ranges; and they are MetalSCANs 

manufactured by Gastops Ltd. ODM 1 has a sensing range from 65 to 350 𝜇𝑚𝑠, while the 

sensed mass ranges from 1 to 190 𝜇𝑔𝑚𝑠 for ferrous particles. Meanwhile, ODM 2 can 

sense debris particles from 250 to 1000 𝜇𝑚𝑠, while the sensed mass ranges from 90 to 

4400 𝜇𝑔𝑚𝑠 for ferrous particles. Both of these ODMs categorize every debris particle into 

one of the 16 bins. A detailed explanation about the working of the ODMs is presented in 

Section 2.1. Finally, the contaminated oil is passed through a 25 𝜇𝑚𝑠 cartridge filter before 

sending it to the main tank. Since the primary focus of this study is to validate the effectivity 

of the ODMs for RUL prediction, both the vibration accelerometers are used only to 

calculate the Root Mean Square (RMS) values of the vibration signatures. Overall, all the 

sensors were used to capture the data at one-second intervals. 

A total of five run-to-failure bearing spall propagation tests were conducted on SKF 

7208 BEP roller bearings. Before beginning the experiments, localized defects are initiated 

on the inner race of the bearings as a number of minor dents using wire electrical discharge 

machining. The spalls are allowed to propagate inside the bearing housing and the wear 

debris along with the vibration are monitored till the bearing fails. The motor speed, axial 
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and radial loads are varied intermittently during these five tests. The tests were concluded 

if the vibration RMS amplitude (ODM 1) increases more than 14; or if the spall length 

exceeded 2 times the rolling element length. 

1.5 Thesis Outline 

Chapter 2 presents a detailed explanation of the working and application of the inductive 

ODMs and also proposes three novel degradation indicators extracted from the information 

archived by the ODMs. Two of the indicators are derived from the statistical features of 

the debris particle distribution. Whereas, the third indicator is based on change-point 

analysis technology. The validity of these degradation indicators is demonstrated using the 

experimental data. 

 In Chapter 3 a data-driven fault diagnosis technique is presented which helps in 

instantaneously detecting the fault phase of the bearing spall propagation. This technique 

uses multi-sensor information to train two machine learning classifiers and further uses an 

ensemble method to integrate the classification of both the classifiers to obtain better 

accuracy. The validity of the technique is demonstrated using the data from three spall 

propagation experiments to train the classifiers and the rest of the two experiments for 

testing.  

 An enhanced adaptive PF is proposed in Chapter 4 which attempts to solve the 

initial range dependency problem of the standard PF. The superiority of the proposed 

enhanced adaptive PF over the standard PF and the Bayesian method is demonstrated using 

a series of simulated experiments.  

 Subsequently, in Chapter 5, a multi-phase degradation model using a mixture of 

Gaussian process and Weibull model is proposed to characterize the bearing degradation. 

The assumptions and the validations of the proposed model are explained in detail. 

 In Chapter 6, the subsystems and the modules in the proposed intelligent PHM 

system are explained in detail. Further, long-term multi-phase RUL prediction is performed 

on the experimental data to validate the proposed PHM system. The results of the accurate 

RUL prediction on two experimental tests are shown. 

 Finally, Chapter 7 presents the concluding remarks and highlights the main 

contributions of the work.   



 20 

Chapter  2: Bearing Degradation Indicators from Wear Debris Analysis 

2.1 Overview 

Constructing degradation indicators is the most important step in data-driven fault 

diagnosis techniques. Due to the stochastic nature of bearing degradation, it is very difficult 

to obtain ideal degradation indicators which are both monotonic and trendable [19]. Some 

studies suggest that it is preferable to investigate wear debris analysis as the ODMs have 

some distinguished advantages compared to thermal and acoustic sensors because they 

have a strong relationship to wear surface profile, long persistence of information, and 

strong anti-interference capacity [21]. Studies reported in [22, 23, 24, 20] used the 

accumulated number (total count) of debris particles and/or the total mass of debris 

particles as the degradation indicators. Further, in [25], an indicator is developed using both 

the total mass of debris particles and the rate of debris mass generation for RUL prediction. 

Although these indicators accurately represent the overall degradation of the bearing, these 

indicators do not consider the detailed characteristic information of the wear debris 

particles. 

Change points are defined as the time instants where a significant increase in the 

amplitude or rate of the degradation index is witnessed. Identifying the change points in 

the bearing degradation index will help to disclose important information about the actual 

degradation of the bearing. Previous works in [18], [92], and [93] demonstrated the 

effectivity of change point detection methods for efficient bearing condition monitoring. 

In this Chapter, we firstly discuss the working and application of ODMs in bearing 

condition monitoring. Later, we explore the wear debris characteristics obtained from the 

information archived by the ODMs. Finally, we use a novel Regression-based Online 

Change Point Detection (ROCD) technique to construct a wear debris-based bearing 

degradation indicator. 
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2.2 Wear Debris Analysis 

2.2.1 Operating Principle of ODMs 

ODMs or inductive wear debris sensors, shown in Fig. 2.1, are flow-through devices that 

are installed anywhere between the bearing oil return lines and the oil filter, allowing the 

contaminated oil flow to pass through it. It detects the passage of metallic debris particles 

through a magnetic field that surrounds the bore of the sensor. The sensor operates by 

monitoring the magnetic field; once there is a signal disruption caused by the passage of 

the debris particle, it is detected and then processed to provide information about the type, 

size, and mass of the particle [12]. A typical ODM consists of two balanced magnetic field 

coils and a central sensing coil through which the lubricant along with the debris particles 

flow, as shown in Fig. 2.2.  

 

 

Fig. 2.1 Illustration of ODMs from Gastops (MetalSCAN™ 1000) [94]. 
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Fig. 2.2 Cross-section of typical ODM when no debris particle is detected [12].  

The two field coils are oppositely wound and they are supplied with a high-

frequency AC voltage that induces opposed magnetic fields. Therefore, there exists a 

balanced magnetic field at any point inside the sensor because the alternating magnetic 

field from both field coils cancels each other. In the stable state, i.e., without any debris 

particle present, no signal is induced into the sensing coil, as shown in Fig 2.2. However, 

when a debris particle passes through the sensor it disturbs the magnetic field and induces 

an output signal in the sensing coil, as shown in Fig. 2.3 [12, 95]. The amplitude and phase 

of the output signature are used to identify the size and nature of the debris particle. The 

amplitude of the signal is proportional to the mass of the particle for ferromagnetic metals 

and to the surface area of the particle for conductive non-ferromagnetic metals.  
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Fig. 2.3 Cross-section of typical ODM when in an unbalanced state [12].  

 

As shown in Fig. 2.4, the phase of the signal for nonferromagnetic metals is 

opposite to that of ferromagnetic metals; this allows us to make a distinction between the 

types of debris particles. Additionally, signal conditioning using a threshold algorithm is 

used to categorize the debris particles based on the particle’s size. Multiple size categories 

can be configured which allows the tracking of the distribution of debris size. The ODM 

used in this study categorizes each debris particle into one of sixteen bins. The minimum 

size particle detectable by the ODM depends on the sensor bore size [96].  
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Fig. 2.4 ODM output signal examples [22].  

2.2.2 Bearing Condition Monitoring using ODM  

ODMs are used for bearing condition monitoring based upon the contention that a failing 

bearing generates sufficient and detectable quantities of debris that are washed downstream 

of the bearing into the lubricating oil system. In some circumstances, it is possible that 

some debris may not make it all the way to the ODM due to the internal architecture of the 

lubrication system. In practice, however, it has been found that the quantity of “trapped’ 

debris is a very small fraction of the total debris that is found in the ODM [96].  

A study in [96] demonstrated, with a series of experiments, that ODM data, such as 

size and quantity, have a direct correlation to the severity of damage of the bearings. Fig. 

2.5 contains data from one of the bearing spall propagation tests conducted in this work. It 

shows how debris particles are distributed in the various bins from 1 to 16. These bins are 

classified based on the average size and mass of the debris particles. Apart from bearings, 

ODMs have also been applied to areas such as aviation [96], wind turbines [95, 97], and 

general industrial engines. 



 25 

 

Fig. 2.5 ODM debris counts data from a spall propagation test binned as per the average bin size (in 

micro meters/𝝁𝒎𝒔) and mass (in micro grams/𝝁𝒈𝒎𝒔). 

 

2.3 Wear Debris Characteristics 

Many studies in literature, found that various wear debris characteristic features such as 

concentration (number of debris particles), size, morphology, and composition, relate 

directly to the severity of the faults in mechanical equipment [21]. For instance, [22, 24] 

show that both debris concentration and size increase while defect size increases; and hence 

concentration and size directly correlate to fault severity and wear generation rate [98]. 

Further in [99], debris size relates to different types of wear mechanisms. Meanwhile, in 

[100], it is shown that debris morphology also depends on the wear mechanism of the 

mechanical equipment. Finally, in [101, 102], the relationship between debris generation 

rate and wear severity is summarized as shown in Fig. 2.6.  
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Fig. 2.6 Relationship between debris generation and fault severity [21]. 

As discussed earlier debris characteristics such as size and concentration can be 

efficiently monitored using the commercially available ODMs. However, monitoring the 

characteristics such as morphology and composition of the debris released from the 

bearings is still a challenge as the methods to monitor these characteristics require optical 

microscopy, and scanning electron microscopy. These monitoring methods are not 

affordable in the real-time working environment of the machines. 

Fig. 2.6 summarizes that the size and concentration of the debris particles vary as 

the machine degrades from benign wear to catastrophic failure. Moreover, as the fault 

severity increases the mean size of the wear debris increases. However, Fig. 2.6 is only an 

idealized distribution (i.e. not based on actual data) and is not common to all types of 

mechanical equipment. Despite this being identified as an idealized distribution, this plot 

has been reproduced many times without much scrutiny [12]. In general, the main insight 

from this distribution makes us understand that there is a complicated relationship between 

debris characteristic features (size and concentration) and fault severity. In the case of the 

bearings, the real distribution depends a lot on the types of bearing, material, loads, and 

location of defect (outer/inner race).  
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In the literature, so far, no study has tried to use a relationship between the debris 

characteristic other than concentration for condition monitoring of equipment. Therefore, 

in this study, the statistical relationship between wear debris characteristics is used for 

condition monitoring and found that it helps distinguish bearing fault severity. 

2.3.1 Wear Debris Characteristics of Experimental Data 

As discussed earlier, ODMs quantify the debris particles by categorizing them into specific 

bins based on the size of the particles. Fig. 2.7 shows the debris counts in their respective 

bins at different time instances of an actual bearing spall propagation test. The curve in 

these plots shows a fitted distribution of the particle counts for each of the time instances. 

In general, we see that, as the fault severity increases (i.e., from plots with time 100 to 600 

minutes), the shape of the fitted distribution changes a lot. For example, the fitted 

distribution at 600 minutes is starkly different from 100 minutes.  

 

Fig. 2.7 Evolution of the debris distribution as the fault severity increases. 
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Meanwhile, Fig. 2.8 shows a 3D plot where the fitted distribution varies during the 

entire spall propagation test. The fitted distribution in this 3D plot is the particle density 

distribution instead of the count distribution. The spall propagation test shown in this 3D 

plot has a degradation phase change from gradual degradation to accelerated degradation 

around 350 minutes, after which the debris concentration of the smaller particles (bins 1 to 

6) increases rapidly. Meanwhile, soon after the accelerated degradation phase begins, the 

debris concentration of the larger particles (bin 15 and 16) also increases after 400 minutes. 

This increase in the larger particles manifests as the double bell curve (see the plot from 

400 minutes to 650 minutes). 

 

 

Fig. 2.8 Variation in the debris distribution as the fault severity increases. 

 

 



 29 

2.3.2 Degradation Indicators Based on Wear Debris Characteristics 

In this study, the aforementioned variations in the debris count distribution are quantified 

to generate monotonic and trendable degradation indicators. Calculating the statistical 

moments of these distributions has been identified, in this study, as an effective and 

simplest method to monitor the variations of the debris count distribution. Therefore, the 

skewness and standard deviation of the debris counts distribution are utilized as the two 

degradation indicators based on the wear debris characteristics. The other two standard 

statistical moments, mean and kurtosis, of the distribution, give redundant information. The 

process to calculate the standard deviation and skewness from the information available 

from the ODMs is described below: 

1) Generate bin sizes list: 

• Generate a bin sizes list that represents the bin sizes of all the debris particles 

using the particle counts information from the ODM. 

• For example, consider the debris counts information of time 100 minutes in 

Fig. 2.7, we see that there are a total of 120 debris particles of different sizes 

with 32 particles of Bin 1, 23 particles of Bin 2, 13 particles of Bin 3 and so 

on. Therefore, a bin sizes list is generated at time 100 minutes which will 

contain a total of 120 individual bin sizes instances, such that, there are 32 

instances of Bin 1, 23 instances of Bin 2, and 13 instances of Bin 3 and so 

on. Similarly, at time 200 minutes the bin sizes list will contain 221 

individual bin sizes such that there are 67 instances of Bin 1, 43 instances 

of Bin 2 and so on. This bin sizes list will be generated at every time instant 

and used for calculating the standard deviation and skewness of the debris 

size distribution.  

2) Calculate standard deviation and skewness:  

• The standard deviation of the debris distribution (𝜎𝐷𝑖𝑠𝑡) is calculated as: 

𝜎𝐷𝑖𝑠𝑡  =  √
∑(𝑥𝑖 − 𝜇)2

𝑇𝑁
 (2.1) 
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Where 𝑥𝑖 are each individual element of the bin sizes list and 𝜇 is the mean 

and  𝑇𝑁 is the total number of elements of the bin sizes list. 

• Meanwhile, the skewness of the debris distribution (𝑆𝐷𝑖𝑠𝑡) is calculated as: 

𝑆𝐷𝑖𝑠𝑡  =  
∑(𝑥𝑖 − 𝜇)3

(𝑁 − 1)𝜎𝐷𝑖𝑠𝑡
3
 (2.2) 

The standard deviation and skewness indicators of one of the spall propagation tests 

are displayed in Fig. 2.9 corresponding to the total cumulative debris counts. As can be 

seen, both of these indicators are monotonic and trendable. We see that the standard 

deviation indicator linearly reduces in the gradual degradation phase. This is because 

smaller debris particles are released from the bearing during this phase which leads to the 

increase of debris concentration of the smaller particles bins (Bins 1 to 4). When the bearing 

approaches failure bigger particles tend to release more from the bearing which accelerated 

the failure. This can be recognized by the flattening standard deviation indicator in the 

accelerated degradation phase. These same changes to the releasing debris particles 

manifest as the increasing trend of the skewness indicator during the gradual degradation 

phase. Whereas the skewness indicator also flattens out when the bearing approaches 

failure during the accelerated degradation phase. 
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Fig. 2.9  Standard deviation and skewness indicators from the debris counts distribution. 

 

2.4 Online Change Point Detection for Degradation Indicator 

Bearing degradation is a stochastic process and it involves an elevated level of uncertainty. 

Typically, these uncertainties manifest in sudden trend changes and/or amplitude variations 

in the degradation index. The time instants when these sudden trend changes occur are 

defined as change points [103]. “Online” change point detection, refers to the processing 

and identification of the change points from the degradation index in real-time data.  

Identifying the exact time when these change points occur in the bearing degradation index 
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will help to reveal important information about the actual failure of the bearing and can be 

used to schedule maintenance activities [92]. Therefore, online changepoint detection 

techniques are used to monitor the real-time data and detect the change points in the data. 

Previous works in [18], [92], and [93] demonstrated the effectivity of change point 

detection methods for efficient bearing condition monitoring. In [92], a methodology is 

proposed for the online detection of the health status of bearings into various damage stages 

for naturally progressing defects. It uses the Z-statistic score, based on Mahalanobis 

distance, to detect the shift in the status of bearing health via Chebyshev's inequality. 

Similarly, in [93], an algorithm based on Chebyshev's inequality is applied to the Jensen 

Rényi divergence-based degradation index to identify the change points. These change 

points are further used to remove outliers and also for fault classification as possible 

locations where specific defect initiation could have taken place. Further, in [18], a 

combination of change point detection and K-means clustering is used for feature selection 

in the data-driven RUL estimation algorithms. 

In this study, a novel change point detection technique based on linear and 

polynomial regression is developed and presented in Appendix A. The performance of the 

proposed ROCD technique is validated by comparing it with one of the most accepted 

techniques named the Bayesian online changepoint detection technique. Unlike the other 

change point detection algorithms, the proposed ROCD needs only one hyperparameter to 

be preassigned which is the length of the sliding window. The ROCD method outputs an 

error product that has a high amplitude at the change points whereas, in the rest of the 

locations, the error product remains very low. 

2.4.1 ROCD based Degradation Indicator 

The primary aim of this section is to generate a monotonic and trendable degradation 

feature that can be used for data-driven fault diagnosis. However, the error product 

obtained from the ROCD method cannot be used as a degradation indicator because of two 

issues: the rapid decrease in the values and also the non-monotonous change. Therefore, a 

https://www.sciencedirect.com/topics/engineering/chebyshev-inequality
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cumulative summation of the error product is used to obtain a monotonous degradation 

indicator.  

To validate the proposed method, the ROCD based degradation indicator is 

extracted from one of the spall propagation experiments. The ODM cumulative counts are 

used as the degradation index and a 20 minutes sliding window is selected. The ROCD 

indicator presented in Fig. 2.10 shows that the error product accurately highlights the 

locations where abnormalities occur in the ODM total cumulative debris counts. Further, 

the cumulative summation of the error product is the monotonous ROCD based 

degradation indicator. The indicator effectively highlights the time instants where the phase 

changes occur and this contributes a lot in training the machine learning classifiers for fault 

phase diagnosis.  

 

Fig. 2.10 ROCD based degradation indicator with 20 minutes sliding window identifies the areas 

where bearing degradation occurs. 
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2.5 Summary 

Three novel degradation indicators based on ODM data are proposed in this chapter. The 

first two indicators leverage the relationship between the wear debris characteristics and 

the defect severity. Whereas the third degradation indicator is based on the ROCD method 

proposed in Appendix A. The proposed indicators are validated on an experimental spall 

propagation test and they satisfy the requirement of monotonicity and trendability. 

Moreover, they also reveal important information about the bearing degradation and its 

phase changes. The three proposed degradation indicators along with other multi-sensor 

indexes will be further used in Chapter 3 to develop a data-driven fault phase diagnosis 

tool.  
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Chapter  3: Fault Phase Diagnosis using Ensemble of Random Forest 

and K- Nearest Neighbors  

3.1 Overview  

As described earlier, the bearing degradation process can be divided into three phases 

namely: no-fault, gradual degradation, and accelerated degradation, and in this dissertation, 

these three phases are denoted as Phase 0, Phase 1, and Phase 2 respectively. Although the 

degradation indicators proposed in Chapter 3 perform well in identifying the phase 

changes, it is still difficult to rely only on these indicators for accurate estimation. 

Therefore, in this section, a data-driven fault phase diagnosis technique is developed using 

the multi-sensor data available from the experimental setup. 

Fault phase diagnosis is used to determine the initiation of various fault phases in 

the bearing degradation. For example, fault phase diagnosis can be used to identify whether 

the bearing is in the gradual degradation or accelerated degradation phase at any given time 

instant during its operation. Accurate fault phase diagnosis can be used, in some cases, to 

prolong the machine operation by adjusting the operating conditions based on the fault 

phase. In this study, we will use the results from the fault phase diagnosis to select an 

appropriate FPT for the model-based prediction technique and also for refining and 

updating the multi-phase degradation models. 

Out of all the degradation indicators and features available only the most effective 

set of features should be used for training the data-driven models to obtain a higher 

diagnostic accuracy [37]. Therefore, multiple feature selection methods are employed in 

this study, to eliminate noisy, redundant, or irrelevant features before using them for 

training. Although several machine learning techniques have been employed in fault 

diagnosis studies, KNN and RFs have performed very well and have been used in several 

studies for fault diagnosis of bearings [42, 43, 44, 45]. 

RF classification method was proposed by Breiman in 2001 [46], based on the 

concept of the bagging technique, classification, and regression tree techniques. Compared 

with the traditional decision tree algorithm, RF has manifested robust classification 
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performance in solving high-dimensional and small-sample problems [39]. Additionally, 

the RF algorithm has also inherited the high interpretability of the tree-based models [41]. 

The KNN is a simple and efficient classification algorithm and it has been studied 

extensively in many practical applications. The KNN method has very few hyper-

parameters that need to be selected; it is highly effective for statistical pattern recognition 

[45].  

Although these techniques have good classification capability, the performance of 

these techniques can be improved using ensemble learning strategies. This is highly sought 

after in scenarios that have fewer training datasets. Therefore, a simple but effective 

ensemble strategy named the weighted average method is used to obtain better performance 

in fault phase diagnosis. The proposed technique uses both RF and KNN algorithms 

simultaneously to estimate the fault phase of the bearing degradation and the probabilities 

are combined to get the final phase estimation.  

 

3.2 Classifiers 

3.2.1 K-Nearest Neighbors (KNN) 

KNN is a conventional non-parametric classification algorithm that uses a training dataset 

as the basis for the classification of test samples. In general, to classify an unknown test 

sample represented as a point in the feature space, the KNN algorithm evaluates the 

distances between the test sample point and other points in the training data set. Typically, 

the Euclidean distance is used as the distance metric. Then, it assigns the point to the class 

among its 𝐾 nearest neighbors (where 𝐾 is an integer) [104].  

Given a training set 𝐷(𝑥, 𝑦) (where 𝑥 represents, the samples and 𝑦 its respective classes) 

and a test sample 𝑧 = (𝑥′, 𝑦′),  the algorithm calculates the distance between 𝑧 and all 

training samples, (𝑥, 𝑦)  ∈  𝐷, to get a list of nearest neighbors. The class assignment for 

𝑦′ corresponding to test sample 𝑥′ will be based on a majority vote of the classes of its 

nearest neighbors. For example, consider * is a test sample point in the feature space and 

the rest of the points are the training points with two different classes, as shown in Fig. 3.1. 
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If 𝐾 = 5, we can delineate the nearest 5 training samples within the shown radius. Thus, 

we can classify the test sample point as the small circle class because the number of circles 

is more than the squares. However, if we reduce 𝐾 such that 𝐾 = 1, then the training 

samples will reduce and we will classify the test sample point as the square class. 

 

Fig. 3.1 Example of KNN classification [104]. 

The key point when using KNN is the choice of the distance metric and the value 

of 𝐾 . Since we generally have a high number of features in the feature vector, the 

classification problem is addressed in a high-dimensional space. Thus, a simple Euclidean 

distance metric will not be appropriate [104]. Therefore, in the KNN algorithms, with a 

high number of feature vectors, a Minkowski distance metric is used. It is a distance 

measurement between two points in 𝑛 dimensional real space. The generalized Minkowski 

distance is given as: 

𝐷 =  [∑ |𝑆𝑖 − 𝑥𝑖
′|𝑝

𝑛

𝑖=1

]

1/𝑝

 (3.1) 

  

Where 𝑛 is the number of feature vectors, 𝑆 is the training sample point, 𝑝 is the order of 

the norm. When 𝑝 = 1, the Minkowski distance is equal to Manhattan distance, and when 

p=2, it is equal to Euclidean distance. The appropriate value for 𝑝 can be optimized during 

the KNN algorithm optimization step. 

Meanwhile, the choice of 𝐾 is also very critical, if it is very small the classifier can 

be very sensitive to noise, on the other hand, if it is very large it might group many 
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neighboring samples belonging to several different classes. Therefore, a more sophisticated 

approach is used for class labeling; it is based on weighting the contribution of each 

neighboring sample as a function of the distance from the test sample point which needs to 

be classified. The weighting can be done such that each neighboring sample is assigned a 

weight factor which is a function of the inverse distance, such that the weights will be 

higher for the nearest neighbor. 

𝜔𝑖  =  
1

|𝑆𝑖 − 𝑥𝑖
′|𝑝

 (3.2) 

Where, 𝜔𝑖 is the weight of an individual neighbor.  

 

3.2.2 Random Forest (RF) 

RF is one of the most used classifiers based on multiple sets of decision trees generated 

from the training dataset. In this algorithm, the training dataset is divided into a number of 

random subsets. These subsets are used to make individual decision trees. This combines 

the ideas of bagging and the random selection of features; further, it helps to reduce 

variance and overfitting problems seen in other algorithms [39]. The train data subsets, 

which were selected to create the trees, are known as in-the-bag observations and the 

remaining data are out-of-bag observations [46]. Once a test sample vector (out-of-bag 

observation) is provided to the trained random forest algorithm, each decision tree gives a 

particular class output. The final class is chosen based on counting the majority of votes 

from the response of each decision tree.  

To train the random forest algorithm, we need to initially determine the number of 

decision trees, and the attributes to form each decision tree, like the maximum depth and 

the number of samples in the subset to form the decision trees. Both parameters are 

optimized during the training step of the proposed methodology. 
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3.3 Feature Selection Techniques 

Feature selection can be defined as a process that chooses a minimum subset of available 

features from the original set of N features. It optimizes the feature space and eliminates 

redundant and uninformative features. Feature selection is a fundamental problem in many 

areas like forecasting, classification, bioinformatics, and object recognition or modeling of 

complex technological processes. In many practical applications, only a subset of features 

is usually relevant to the machine learning task at hand [105, 106]. Several methods are 

proposed for optimal feature selection in the literature. They are generally classified into 

statistical and entropy-based methods. The purpose of these methods is to discard irrelevant 

or redundant features from a given feature vector that do not effectively contribute to the 

learning. Several studies recommend utilizing more than one feature selection method to 

find the optimal subset of features because a single feature selection method sometimes 

might not be the efficient feature ranking method for the current application [106]. In this 

study, we have used three methods for feature selection namely: Variance thresholding, 

Information gain, and Chi-square test. These three methods are briefly described below: 

Variance thresholding is a statistical feature selection method and it is used to 

identify and eliminate the features which have no/very less variability. To perform variance 

thresholding, first, find the statistical variance of all the feature vectors in the training 

dataset and eliminate the features with the very low variance. 

3.3.1 Information Gain 

Entropy, which is generally used in information theory, is the foundation of the Information 

Gain (𝐼𝐺) ranking method. It characterizes the purity of an arbitrary collection of samples. 

Entropy is considered a measure of the system’s unpredictability. The entropy (𝐻) of a 

dataset 𝑌 is given as: 

𝐻 (𝑌) =  − ∑ 𝑝(𝑦)log (𝑝(𝑦))

𝑦∈𝑌

 (3.3) 

where 𝑝(𝑦) is the marginal probability of the random variable 𝑦 in the dataset 𝑌.  
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First, the observed values of 𝑌 in the dataset are partitioned according to the values 

of a second feature 𝑋. If the entropy of 𝑌 with respect to the partitions is less than the 

entropy of 𝑌 prior to partitioning, then there exists a relationship between features 𝑌 and 

𝑋. The entropy of 𝑌 after observing 𝑋 is then: 

𝐻 (𝑌|𝑋) =  − ∑ 𝑝(𝑥) ∑ 𝑝(𝑦|𝑥)log (𝑝(𝑦))

𝑦∈𝑌𝑥∈𝑋

 (3.4) 

where 𝑝(𝑦|𝑥) is the conditional probability of 𝑦 given 𝑥.  

Since entropy is a metric that allows quantifying the amount of impurity in a 

dataset, we can define an information gain (𝐼𝐺) measure reflecting additional information 

about 𝑌 provided by 𝑋 that represents the amount by which the entropy of 𝑌 decreases 

[107].  

𝐼𝐺 =  𝐻 (𝑌)  −  𝐻 (𝑌|𝑋)  =  𝐻 (𝑋)  −  𝐻 (𝑋|𝑌) (3.5) 

When the information gain method is applied to the feature set, the 𝐼𝐺 measure is 

obtained for every single feature (𝑋) set with respect to the training labels (𝑌). The 𝐼𝐺 

values are considered as the contribution of each feature to the training label. 

3.3.2 Chi-Squared Test 

The Chi-square test is another commonly used method in statistics to test the independence 

of two events. It evaluates the contribution of a feature set by computing the value of the 

chi-squared ( 𝑋2 ) statistic with respect to the given observation class. Initially, an 

assumption that the two features are completely independent is considered, and it is tested 

by the chi-squared formula: 

𝑋2  =  ∑
(𝑂𝑖 − 𝐸𝑖)

2

𝐸𝑖

𝑘

𝑖=1

 (3.6) 
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where, 𝑂𝑖  is the observed frequency of the class 𝑖 , and 𝐸𝑖  is the expected (theoretical) 

frequency of the class 𝑖 . Greater the value of 𝑋2 , the greater the dependence of the 

observation features to the class.  

When the Chi-square test is applied to the feature set, 𝑋2 is obtained for every 

single feature (𝑋) set with respect to the training labels (𝑌). The 𝑋2 vales are considered as 

the contribution of each feature to the training label. 

3.3.3 Evaluation Metrics 

In machine learning, the performance of classification models is generally quantified using 

evaluation metrics namely, accuracy, precision, sensitivity, and 𝐹-score [32]. Accuracy is 

a very simple metric which computes the fraction of the number of correct predictions to 

the total number of predictions. Intuitions formed based on the simple accuracy metric can 

give misleading information especially in datasets with imbalanced class distributions. 

Therefore, precision, sensitivity, and 𝐹-score will be used as the evaluation metrics in this 

study. A brief description of these performance metrics is given in this section.  

3.3.3.1 Precision 

Precision can be described as the proportion of the specific class estimations that are 

actually true. It is given by: 

𝑃𝑟𝑒𝑐𝑖𝑠𝑖𝑜𝑛 =  
𝑇𝑃

𝑇𝑃 + 𝐹𝑃
 (3.7) 

where 𝑇𝑃  (true positive) indicates the number of correctly classified samples that are 

actually correct, and 𝐹𝑃  (false positive) is the number of classified samples that are 

actually incorrect. 

3.3.3.2 Sensitivity: 

Sensitivity, also known as recall, can be described as the proportion of specific class 

estimations that are estimated correctly. It is mathematically defined as follows: 
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𝑆𝑒𝑛𝑠𝑖𝑡𝑖𝑣𝑖𝑡𝑦 =  
𝑇𝑃

𝑇𝑃 + 𝐹𝑁
 (3.8) 

where 𝐹𝑁 (false negative) indicates the number of incorrectly classified samples that were 

actually correct. 

3.3.3.3 𝑭-score: 

𝐹 score, also known as 𝐹1 measure, is a way to combine the precision and sensitivity of 

the classification. Mathematically, it is the harmonic mean of both precision and sensitivity. 

𝐹 𝑠𝑐𝑜𝑟𝑒 =  
2 ∗ 𝑃𝑟𝑒𝑐𝑖𝑠𝑖𝑜𝑛 ∗ 𝑆𝑒𝑛𝑠𝑖𝑡𝑖𝑣𝑖𝑡𝑦

𝑃𝑟𝑒𝑐𝑖𝑠𝑖𝑜𝑛 + 𝑆𝑒𝑛𝑠𝑖𝑡𝑖𝑣𝑖𝑡𝑦
 (3.9) 

In multi-class classification problems, a weighted 𝐹 score is used where the weights will be 

the number of instances the individual class is observed in the training set. 

 

3.4 Proposed Framework 

In this section, the detailed steps used for training the classification models and using the 

ensemble learning strategy to accurately estimate the bearing fault phase are postulated. 

The proposed framework is divided into two sub-processes in the first process, the feature 

extraction, selection, and training of the classification models are performed. In the second 

process, the fault phase diagnosis using the weighted average ensemble technique on the 

real-time data is performed.  

3.4.1 Training the Classification Models 

The first sub-process, training the classification models, is summarized in Fig. 3.2 and the 

steps are explained below in detail. 
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Feature Extraction: 

In this step, a training dataset is formed from the bearing spall propagation experiments 

performed on the experimental setup, described in Section 1.4. The training set should 

contain the entire data of a full spall propagation test. For example, if 5 run-to-failure 

experiments are performed, the entire data of three experiments from beginning to failure 

should be used to form the training dataset. The division of the training and testing dataset 

as mentioned above is very important to avoid information leakage. The steps are explained 

below in detail: 

• The available raw data from all the available sensors like, ODMs, accelerometers, 

temperature, pressure, and load, etc., sensors are acquired as the training dataset. 

• The degradation indicators described in Chapter 2 are extracted from the acquired 

ODM data and are used as features for training the classification models.  

• A feature vector is formed with all the available multi-sensor information along 

with the extracted degradation features.  

 

Fig. 3.2 The step-by-step process for training the classifiers. 

Feature Selection: 

In this step, we use three feature selection methods on the training dataset to select the most 

appropriate feature vectors for the classification models. 

• Perform preliminary feature selection using variance thresholding by eliminating 

the features with zero or nearly zero variance. 
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• Perform feature ranking using Information Gain and Chi-square test and obtain the 

ranks of individual features. 

• Sort the features as per the ranks and select the bottom 1/3rd features from both 

feature ranking methods. Find the feature vectors which are common in the bottom 

1/3rd ranked features and eliminate them from further processing. 

• Count the number of available features as 𝐹𝑛. Further, form the feature vector with 

the remaining features for training the classification models. 

Model Training: 

In this step, the optimized hyper-parameters of both the classification models are calculated 

and the leave-one-out cross-validation technique is used on the training dataset. 

• The feature vectors in the training dataset are used to train and optimize the KNN 

and RF models individually. 

• KNN optimization hyper-parameters and range for optimization: 

o 𝑝 value of Minkowski distance: range - 1 to 5 

o 𝐾 value (No. of nearest neighbors): range - 1 to 50 

• Random forest optimization hyper-parameters and range for optimization 

o Number of decision trees (𝑛𝑡𝑟𝑒𝑒𝑠): range - 100 to 3000 with a step of 100 

o Maximum depth of each tree: range - 5 to 𝐹𝑛 (number of features used after 

feature selection) 

• Perform a grid search optimization with 5-fold cross-validation and the 

optimization metric as 𝐹 -score. Where every combination of hyper-parameters is 

trained and the hyper-parameter combination which gives the highest 𝐹-score is 

selected as the optimized hyperparameters. 

• Train both KNN and RF classification models with the optimized hyper-parameter 

combination. 

• Perform leave-one-out cross-validation on the training dataset and obtain the 𝐹 

scores of each validation. The leave-one-out cross-validation method uses all the 

samples except one to train the classification model and uses the left-out samples 

for testing the trained model. For example, if data from three spall propagation 
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experiments are used, then the data from two full experiments are used to train the 

classification model and the one left out will be tested by the trained classification 

model. Similarly, this is performed for all the possible combinations and the 𝐹-

score for each combination is recorded. 

• The mean 𝐹-score from the cross-validation using the KNN classification model 

will be used as the weight for the KNN classifier in the weighted ensemble 

technique. Similarly, the mean 𝐹 -score from the cross-validation using the RF 

classification model will be used as the weight for the RF classifier. 

3.4.2 Fault Phase Diagnosis 

In this step, the feature vectors are extracted from the real-time testing data acquired from 

the experimental setup are used for fault phase diagnosis using the ensemble technique. 

The process is summarized in Fig. 3.3 and is explained below in detail. 

Feature Extraction: 

• The relevant raw data from all the available sensors like, ODMs, accelerometers, 

temperature, pressure, and load, etc., sensors are acquired. 

• The required features chosen in the feature selection process are extracted from the 

acquired data. 

• A feature vector is formed with all the relevant features. 

 

Fig. 3.3 The step-by-step process to implement fault phase diagnosis on the real-time data. 
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Fault Phase Estimation: 

In this step, the probabilities are estimated for the testing dataset from both the classifiers 

and the weighted average ensemble technique is used to get the fault phase estimate. 

• The 𝐹-scores obtained from both models in the leave-one-out cross-validation step 

are used as the weights for the respective model. 

• Simultaneously, perform fault phase classification on the testing dataset and obtain 

the probabilities for each phase from both classifiers.  

• Apply the weighted average ensemble technique to the probabilities as follows: 

o Multiply the estimated probabilities with the respective weight of the 

classifier. Find the weighted average of the probabilities for each fault class 

and assign the phase with the highest probability as the estimated fault 

phase. 

o For example, consider that the weight of the KNN classifier is 0.75 and the 

probability estimates are 0.1, 0.7, 0.45 for Phase 0, Phase 1, and Phase 2 

respectively. Meanwhile, the weight of the RF classifier is 0.65 and the 

probability estimates are 0.3, 0.6, 0.35 for Phase 0, Phase 1, and Phase 2 

respectively. First, multiply the weight of the KNN classifier by its 

probabilities, similarly multiply the weight of the RF classifier by its 

probabilities. Then find the weighted average of the probabilities which 

gives the ensembled probabilities as 0.135, 0.457, 0.282 for Phase 0, Phase 

1, and Phase 2 respectively. Therefore, in this example, the fault phase 

estimated by the weighted average ensemble technique would be phase 1. 

3.5 Demonstration on Experimental Data 

In this section, datasets from five bearing accelerated spall propagation experiments are 

used to validate the proposed fault phase diagnosis technique. As discussed, a total of 5 

bearing spall propagation experiments have been performed on the experimental setup 

described in Section 1.4. The full data from three experiments are used for training the 

classifiers. Subsequently, data from two experiments are used for testing the performance 

of the proposed ensemble technique. 
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3.5.1 Data Acquisition and Feature Extraction 

Information from multiple sensors is used as the feature vector in this proposed 

methodology. As described in Section 1.4, two ODMs are used with varying sensitivity 

ranging from 65 to 1000 µ𝑚𝑠  to obtain the relevant wear debris particle information. 

Further, two vibration accelerometers, three temperature sensors, a torque meter, a flowrate 

meter, two oil pressure sensors, two load sensors, along with the motor speed are used in 

this study. Since the primary agenda of this thesis is to examine the performance of the 

ODMs in bearing PHM, only the RMS values of the vibration signature are obtained from 

the two vibration accelerometers. Therefore, no frequency domain or time-frequency 

domain features are extracted in this study. All the features along with their data cleaning 

and processing steps are mentioned in Table 3.1.  

 

Table 3.1 List of features along with the processing steps. 

Sensor 
Feature 

Label 
Feature Processing 

ODM 1 (65 to 

350 µ𝑚𝑠) 

F_ODM1_01 Cumulative debris 

particle counts 

Raw data from the sensor 

F_ODM1_02 Approximate mass lost The weighted sum of the debris 

counts and the average bin masses 

F_ODM1_03 Debris count 

generation rate 

The difference of cumulative 

debris counts between two 

consecutive time instances. 

F_ODM1_04 The skewness of debris 

distribution indicator 

Process described in Chapter 2 
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F_ODM1_05 The standard deviation 

of the debris 

distribution indicator 

Process described in Chapter 2 

F_ODM1_06 ROCD indicator Process described in Chapter 2 

ODM 2 (250 to 

1000 µ𝑚𝑠) 

F_ODM2_01 Cumulative debris 

particle counts 

Raw data from the sensor 

F_ODM2_02 Approximate mass lost The weighted sum of the debris 

counts and the average bin masses 

F_ODM2_03 Debris count 

generation rate 

The difference of cumulative 

debris counts between two 

consecutive time instances. 

F_ODM2_04 The skewness of debris 

distribution indicator 

Process described in Chapter 2 

F_ODM2_05 The standard deviation 

of the debris 

distribution indicator 

Process described in Chapter 2 

F_ODM2_06 ROCD indicator Process described in Chapter 2 

Accelerometer 

F_Vib_1 Outer race vibration  RMS value of 1-second vibration 

signature 

F_Vib_2 Support vibration 

(placed on the support 

structure of the shaft) 

RMS value of 1-second vibration 

signature 

Temperature 

F_Temp_1 Bearing housing 

temperature difference 

Difference between outlet 

temperature and inlet temperature 

of the bearing housing 
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F_Temp_2 Outlet temperature Raw data 

F_Temp_3 Race temperature Raw data 

Speed F_Speed Motor speed in RPM Raw data 

Torque meter F_Torque Motor torque Raw data 

Load 

F_Load_1 Axial load on the 

bearing 

Raw data 

F_Load_2 Radial load on the 

bearing 

Raw data 

Pressure F_Pressure Inlet oil pressure Raw data 

Flowrate 
F_Flow Oil flowrate Exponential moving average for a 

span of 15 minutes 

 

 

3.5.2 Feature Selection 

Applying the variance threshold method to the training feature dataset shows that the 

feature ‘F_Vib_2’, i.e., support structure vibration, has very low variability. Therefore, 

‘F_Vib_2’ feature is eliminated from the feature set. Further, the information gain method 

and chi-square test are applied on the feature vector, the feature ranking from both the 

methods are shown in Fig. 3.4. 

The features are arranged in ascending order as per their contribution and the 1/3rd 

of least informative features from the available feature vectors are highlighted. The “*” 

symbol marks the common features in the highlighted features. Since these features have 

very little contribution to the fault phase labels, these features will be eliminated from 
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further processing. Therefore, features namely, 'F_Flow', 'F_Pressure', 'F_Vib_1', 

'F_Torque' are eliminated from the feature vector. We can also see that all the indicators 

from ODM contribute a lot to the fault phase diagnosis. 

 

 

Fig. 3.4 Feature ranking from both the methods arranged in ascending order and the bottom 1/3rd 

features are highlighted. 

 

3.5.3 Training Classifiers and Optimization 

The training dataset is formed with the remaining 17 features to train and optimize the 

classification models. A grid search technique is utilized for finding the most optimum 

hyper-parameters for the models with 𝐹-score as the evaluation metric. The grid search is 

an exhaustive search technique where all the possible combinations of hyper-parameters 
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are evaluated. The best combination with the highest evaluation metric is chosen as the 

optimized hyper-parameter.  

The KNN classifier is optimized for 𝑝 value and 𝐾 value while the RF classifier is 

optimized for the number of decision trees (𝑛𝑡𝑟𝑒𝑒𝑠) and the maximum depth of each tree. 

The optimized hyperparameters obtained for KNN are: 𝑝  value =1.5 and the 𝐾 = 3 

whereas, the optimized hyperparameters for RF are: 𝑛𝑡𝑟𝑒𝑒𝑠 = 1250 and maximum depth 

=15.  The pre-optimized and post-optimized classifiers are used for leave-one-out cross-

validation and the results are shown in Fig. 3.5. As can be seen, there is a significant 

improvement in the performance of both the classifiers after the hyperparameter 

optimization. The optimized KNN classifier obtains a mean 𝐹-score of 0.696 and the 

optimized RF classifier obtains an 𝐹-score of 0.791. Therefore, the ensemble technique 

weights obtained from the training and optimization process are 0.696 and 0.791 for the 

KNN classifier and RF classifier respectively. Further, the entire training dataset is used to 

train both the classifiers for the testing process. 

 

Fig. 3.5 Comparison of the evaluation metrics on the validation experiments 
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3.5.4 Testing the Ensemble Technique 

The performance of the proposed methodology is validated on the testing dataset with two 

full experiments performed on the experimental setup. The trained and optimized KNN 

and RF classifiers are used individually in this process. As described in the earlier section, 

the chosen features are obtained and a feature vector is formed for the fault phase diagnosis. 

The probabilities estimated by the classifiers are multiplied by their respective weights. 

Finally, the weighted average ensemble technique is used to estimate the fault phases of 

the testing dataset.  

Fig. 3.6 and Fig. 3.7 show the fault phase diagnosis results of the two experiments 

used for testing the proposed methodology. Both figures show the phase estimation either 

0, 1, or 2 indicating the no-fault initiation phase, gradual degradation phase, and accelerated 

degradation phase of the bearing respectively. The corresponding debris counts released 

from the bearing are also shown for the perspective. As we can see, the phase estimation 

from both the classifiers has a lot of false alarms; however, the ensemble technique helps 

to combine the estimations of both the classifiers to provide a better diagnosis and reduces 

the false alarms.  
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Fig. 3.6 Fault phase diagnosis of the spall propagation experiment 4. 
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Fig. 3.7 Fault phase diagnosis of the spall propagation experiment 5. 
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3.6 Summary 

A data-driven fault phase diagnosis technique based on an ensemble of KNN and RF 

classifiers is developed in this chapter. The technique is used to estimate the appropriate 

bearing degradation phase (no-fault, gradual degradation, and accelerated degradation 

phase). Multi-sensor information including the degradation indicators developed in 

Chapter 2 is used in the feature vector. However, only the relevant features are chosen for 

training the classifiers using feature selection methods namely, variance thresholding, 

information gain, and chi-square test. Further, the classifiers are optimized and the leave-

one-out cross-validation technique is used to calculate the 𝐹-scores individually for each 

classifier. These 𝐹 -scores are used as the weights for the respective classifier in the 

weighted average ensemble method. Finally, the proposed technique is validated using 

experimental data where two full spall propagation experiments are used for training the 

classifiers and 2 are used for testing.  
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Chapter  4: Adaptive Particle Filter for Real-Time Degradation 

Prediction  

4.1 Overview 

PFs are extensively utilized for model parameter estimation and degradation prediction in 

PHM systems. However, three potential issues limit the use of PFs in online systems for 

real-time degradation prediction. They are particle degeneracy, particle impoverishment, 

and initial range dependency. Although many studies substantially discuss the first two 

issues, very few consider the issue of initial range dependency. Several existing PF 

algorithms are completely dependent on the range of the initial estimates of the model 

parameters and they perform inaccurately when the real model parameters are outside the 

expected initial range. Moreover, in several practical applications, the range of the model 

parameters is not always known. Hence, this is a serious issue that hinders the efficiency 

of the PFs in estimating the model parameters when there are unforeseen trend changes in 

the real-time data. Therefore, in this chapter, we propose an enhanced adaptive particle 

filtering technique that is independent of the initial particle range and can accurately adapt 

to adverse trend changes in real-time data. The viability of this proposed technique for real-

time degradation prediction is validated using a series of simulation tests. 

 

4.2 Particle Filtering for Prognostics 

4.2.1 Principle of Particle Filtering 

In PHM we deal with the prognosis of the health state of dynamic systems. Typically, the 

health states cannot be measured directly using the available sensors in the machine. 

Therefore, we develop health indicators that represent the health state of these dynamic 

systems with respect to time. In the Bayesian statistical learning framework, the evolution 

of the system health state is described using a state-space model (𝑓), which is known as the 

degradation model or system model. These degradation models are based on the underlying 

physics of the mechanical system. Paris law, Wiener-process model, and several others are 
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used as degradation models in the literature [8, 62, 63, 108]. These degradation models 

include few unknown model parameters (Φ𝑡) which are to be estimated using the real-time 

acquired data from the sensors. The estimation of these model parameters is the primary 

purpose of the PF algorithm.  

Given a discrete-time, model parameter estimation ( Φ𝑡 ) problem, the non-

measurable health state is represented using the degradation model (𝑓) expressed in (4.1). 

Since the system health state cannot be measured directly, we introduce a measurement 

model (ℎ) which relates the measured sensor values to the health state as expressed in (4.2). 

𝑌𝑡 = 𝑓(𝜆𝑡−1, Φ𝑡, 𝜈𝑡) (4.1) 

𝑍𝑡 = ℎ(𝜆𝑡, 𝜔𝑡) (4.2) 

Where 𝑡 is the time index, 𝑌𝑡 is the system health state, Φ𝑡 is a vector of unknown model 

parameters, 𝑍𝑡  is the measured data. 𝜈𝑡  and 𝜔𝑡  are the noise in the health state and 

measurements respectively. The probability density function (𝑝𝑑𝑓) of the health state (𝑌𝑡) 

is recursively estimated based on the measurement data (𝑍𝑡). If 𝑌𝑡 has an initial density 

𝑝(𝑌0), the transition 𝑝𝑑𝑓 can be represented by 𝑝(𝑌𝑡|𝑌𝑡−1). The health state 𝑝𝑑𝑓 at time 

𝑡 − 1  is obtained from the measurement model as 𝑝(𝑌𝑡−1|𝑍1:𝑡−1) . Assuming that the 

transition 𝑝𝑑𝑓 is available, the prior 𝑝𝑑𝑓 𝑝(𝑌𝑡|𝑍1:𝑡−1) of the state at time step 𝑡 can be 

estimated using the Chapman-Kolmogorov equation: 

𝑝(𝑌𝑡|𝑍1:𝑡−1) = ∫ 𝑝(𝑌𝑡|𝑌𝑡−1)𝑝(𝑌𝑡−1|𝑍1:𝑡−1)𝑑𝑌𝑡−1 (4.3) 

Consequently, when new measurement data is available, it is used to update the 

prior 𝑝𝑑𝑓 to generate a posterior 𝑝𝑑𝑓 using the Bayes theorem: 

𝑝(𝑌𝑡|𝑍1:𝑡) =
𝑝(𝑍𝑡|𝑌𝑡)𝑝(𝑌𝑡|𝑍1:𝑡−1)

𝑝(𝑍𝑡|𝑍1:𝑡−1)
 (4.4) 

 Similar methodology involving Bayes theorem is utilized in other statistical 

learning frameworks also, such as the Kalman Filter and Bayesian Method [59]. The 

recursive propagation of the posterior  𝑝𝑑𝑓 is only a conceptual solution because it requires 
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the evaluation of complex high-dimensional integrals. To solve this numerically, the PF 

algorithm approximates the posterior 𝑝𝑑𝑓  using a set of 𝑁  number of particles and a 

sampling algorithm. A few of the most used sampling algorithms are discussed below.  

4.2.2 Standard Particle Filters  

The Sequential Importance Sampling (SIS) is the most used sampling algorithm in PFs and 

has been used several times in PHM [51, 61, 74]. This SIS algorithm is used to solve the 

recursive Bayesian filtering problem via Monte Carlo simulations. This approach is also 

known as bootstrap filtering, the condensation algorithm, interacting particle 

approximations, or survival of the fittest algorithm [68]. In this method, we represent the 

posterior 𝑝𝑑𝑓  𝑝(𝑌𝑡|𝑍1:𝑡)  as a set of random sampled numbers (particles) 𝑌𝑡
𝑖  (𝑖 =

1,2,3 … . . , 𝑁) and their associated weights 𝑤𝑡
𝑖 (𝑖 = 1,2,3 … . . , 𝑁). The posterior density 

can be approximated as: 

𝑝(𝑌𝑡|𝑍1:𝑡) ≈ ∑ 𝑤𝑡
𝑖𝑝(𝑌𝑡|𝑍𝑡

𝑖)
𝑁

𝑖=1
, ∑ 𝑤𝑡

𝑖
𝑁

𝑖=1
= 1 (4.5) 

Where the weights ( 𝑤𝑡
𝑖 ) are the approximation of the probability density of the 

corresponding particles. In a nonlinear system with non-gaussian noise, the weights (𝑤𝑡
𝑖) 

of a set of 𝑁 particles can be recursively updated through the following: 

𝑤𝑡
𝑖 = 𝑤𝑡−1

𝑖
𝑝(𝑍𝑡|𝑌𝑡

𝑖)𝑝(𝑌𝑡
𝑖|𝑌𝑡−1

𝑖 )

𝑞(𝑌𝑡
𝑖|𝑌𝑡−1

𝑖 , 𝑍𝑡)
 (4.6) 

Where 𝑞(𝑌𝑡
𝑖|𝑌𝑡−1

𝑖 , 𝑍𝑡), is the importance density function and there are several ways to 

determine this function. The most common way is to select 𝑞(𝑌𝑡
𝑖|𝑌𝑡−1

𝑖 , 𝑍𝑡) = 𝑝(𝑌𝑡
𝑖|𝑌𝑡−1

𝑖 ) 

such that: 

𝑤𝑡
𝑖 ≈ 𝑤𝑡−1

𝑖 𝑝(𝑍𝑡|𝑌𝑡
𝑖) (4.7) 

In the initialization step of this PF, we need to determine the initial range of random 

particles for the individual model parameter Φ𝑡=0
𝑖 . In the SIS step, the resampling of the 

relevant particles is carried out from these initial random particles Φ𝑡=0
𝑖  based on the 
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importance weight density. Therefore, the resampling operation makes the particles with 

higher weights to be resampled again, whereas the smaller weights will be replaced with 

the particles of higher weights. As time progresses, the new particle set at time 𝑡 = 𝑘 will 

have fewer unique particles when compared to the particle set at time 𝑡 = 0. This is known 

as the particle degeneracy problem where most of the particles are just repeating copies of 

the existing higher weight particles. Due to particle degeneracy, most of the computational 

effort in the PF is spent on these repeating particles. If serious degeneracy takes place, it 

leads to loss of particle diversity called sample/particle impoverishment. As a result, the 

model parameter estimation accuracy reduces inevitably.  

There are other types of PFs reported in the literature, where the importance density 

function is varied to achieve better weight estimation. Auxiliary PF, first reported in [109], 

was introduced as a variant of the standard SIS PF. This filter can be derived by introducing 

an importance density function that uses the mean of the state estimations obtained from 

the degradation model (𝑓). The advantage of the Auxiliary PF is that it generates particles 

from the sample depending on the current measurement and are most likely to be close to 

the true state. If the process noise is small, then Auxiliary PF is often not so sensitive to 

outliers as in SIS PF, and the weights are more uniform. However, if the process noise is 

large, the Auxiliary PF degrades because it has to resample based on a poor approximation 

of the health state.  

Similarly, Regularized PF was first proposed in [110], in which the particles are 

resampled from a continuous approximation of the posterior density 𝑝(𝑍𝑡|𝑌1:𝑡
𝑖 ) and the 

posterior is approximated using a kernel function. For more details on the Regularized PF, 

readers are recommended to read [68] and [110]. The Regularized PF has a theoretic 

disadvantage in that the samples are no longer guaranteed to asymptotically approximate 

those from the posterior. In practice, when the process noise is small, the performance of 

Regularized PF is better than the SIS PF. However, in processes with adverse noise and 

trend changes, even the Regularized PFs fail to perform well.  
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All these PF algorithms have a commonality that the efficiency and accuracy of the 

model parameter estimation depend largely on three key factors: the number of particles 

(𝑁), the initial range for the model parameters, low noise in the observed health state. 

4.3 Enhanced Adaptive PF 

A primary disadvantage in the standard PF approach is that the initial particle range 

mentioned in the initialization step remains constant throughout the model parameter 

estimation process. In case that there is a phase change in the health state (as shown in Fig. 

1.1), then the PF cannot adapt to it because there will be no relevant particles in the initial 

range which accommodate the phase change. Moreover, the initial range of values for the 

unknown model parameters (Φ𝑡) are not accurately known in many practical applications 

[65]. Therefore, after the phase change occurs, the parameter estimation will diverge from 

the true parameter values and continue diverging with further time steps. To overcome this 

issue, in the standard PFs, a large range of values are given as the initial estimates of the 

unknown model parameters; this compromises the fidelity of the filter. Otherwise, to 

maintain the fidelity, the number of particles is increased during the initialization, this 

adversely affects the computation requirements. To overcome these limitations, we 

propose an adaptive sampling process. In the adaptive sampling process, a new and relevant 

set of random particles are generated every new iteration to avoid particle degeneracy and 

impoverishment.  

In practice, there is no existing closed-form solution for calculating the model 

parameters from the observed data. But it is possible to utilize an approximation of the 

model parameters, hence PFs approximate the posterior distribution of the model 

parameters using various approximations. In [75], a Gaussian PF is proposed which 

approximates the posterior distributions by a single Gaussian, similar to Gaussian filters 

like the extended Kalman filter and its variants. In [76], a sum of Gaussian PF is 

demonstrated where it approximates the filtering and predictive distributions by weighted 

Gaussian mixtures. Further in [73], Ensemble Gaussian PF is proposed to improve the 

spread of particles. These studies demonstrate the effectiveness of assuming 

gaussianity/normality of the particle distribution [77]. Therefore, in our proposed enhanced 
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adaptive PF method, the posterior distribution is approximated as a single normal 

distribution, shown below: 

𝑝(𝑌𝑡|𝑍1:𝑡) ≈  𝑛(𝛩𝑡
𝑤, 𝜎) (4.8) 

Where, 𝛩𝑡
𝑤  is the mean of the distribution and 𝜎  is the standard deviation of the 

distribution. The procedure to calculate the mean is explained below in the detailed steps. 

Whereas the standard deviation is pre-assigned during the initialization for all the model 

parameters. Since we approximate the posterior distributions as a normal distribution, the 

particle resampling step, which exists in almost all PFs, becomes unnecessary. Hence, 

normal distribution not only ensures the diversity of the particle distribution but also results 

in a computational advantage. The detailed procedure of the proposed enhanced adaptive 

PF is explained below, and the flow chart is shown in Fig. 4.1.: 

1) Initialization 

a. 𝑁  initial random particles are generated within expected ranges for all the 

model parameters. 

b. Expected standard deviations (𝜎𝑖)  for all model parameters (Φ𝑖)  are 

initialized. 

c. Set time step 𝑡 = 𝑡 + 1 

2) State Estimation: 

a. Obtain the 𝑁 health state estimates 𝑌𝑡
𝑗=1,2,…,𝑁

 using the degradation (𝑓) and 

measurement models (ℎ).  

b. Median of the 𝑁 states (𝑌𝑡
𝑀𝑒𝑑) is considered as the state estimate for 𝑡. 

c. Once the measured health state ( 𝑆𝑡 ) is available, a residual ratio (𝜖 ) is 

calculated as: 

𝜖 = 𝑎𝑏𝑠(
𝑆𝑡−𝑌𝑡

𝑀𝑒𝑑

𝑆𝑡
) 

3) Likelihood Estimation: 

a. Estimate the maximum likelihood and assign them as weights. Assuming the 

state-space model follows a gaussian distribution, the weights can be calculated 

as:  



 62 

𝑤𝑡
𝑖  =

1

√2𝜋𝜈2
𝑒

[−
(𝑆𝑡−𝑌𝑡

𝑀𝑒𝑑)
2

2𝜈2 ]

 

where 𝜈 represents the health state or process noise: 

b. Calculate the weighted average (𝛩𝑖
𝑤) of the distribution of the particles using 

the estimated weights 𝑤𝑡
𝑖. 

𝛩𝑖
𝑤 =

∑ 𝑤𝑡
𝑖𝑝(𝑌𝑡−1|𝑍𝑡−1

𝑖 )𝑁
𝑗=1

∑ 𝑤𝑡
𝑖𝑁

𝑗=1

 

If: 𝝐 < 0.5 (No trend change detected) 

Residual Ratio (𝜖) is a user-defined variable based on the application. 

4) Adaptive Sampling: 

a. The 𝑁 particles for all the model parameters are replaced with 𝑁 new particles 

within a normal distribution 𝑛(𝛩𝑖
𝑤, 𝜎𝑖)  with mean as the respective model 

parameter’s weighted average (𝛩𝑖
𝑤) and the preassigned standard deviation (𝜎𝑖).  

Else If: 𝝐 > 0.5 (Trend change detected) 

5) Extended Adaptive Sampling: 

While: 𝜖 > 0.5 (PF Estimation of the same observation is continued till the residual 

ratio reduces below 0.5) 

a. The 𝑁 particles for all the model parameters are replaced with 𝑁 new particles 

within a normal distribution 𝑛(𝛩𝑖
𝑤, 𝑟𝜎𝑖) with mean as the respective model 

parameter weighted average (𝛩𝑖
𝑤) and the standard deviation  (𝑟𝜎𝑖). Where 𝑟 

is the spread factor defined by the user; such that 𝑟 > 1. Larger 𝑟 generates a 

bigger range of particles for the model parameters so that, the PF can adapt 

quickly to the trend change. In this paper spread factor 𝑟 = 2. 

b. The process goes back to step 2) State Estimation 

End while 

6) Model Parameter Smoothing and Estimation: 
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a. The exponential moving average of the particles from time 𝑡 − 1, 𝑡 − 2, 𝑡 −

3 …  is the resultant model parameter estimate (Φ𝑡) at time instant 𝑡 

7) Next Observation: 

a. Once new measurement data is available, the progress goes back to step 2) 

State Estimation for the next observation step 𝑡 =  𝑡 + 1. 

 The likelihood-based importance density functions are discussed in the literature 

where the weights of the particles are approximated directly as the likelihood estimate [68]. 

Also in practice, the posterior is closer in similarity to the likelihood than to the prior. Using 

a better approximation based on the likelihood, rather than the prior, is shown to improve 

state estimation. Therefore, we use the maximum likelihood directly as the weights in our 

enhanced adaptive PF. Next, in the adaptive sampling process, new particles are generated 

with every new time step as a normal distribution. The normal distribution ensures that a 

large number of particles exist around the region of high likelihood while a low number of 

particles exist around the region of low likelihoods. This sampling process is different from 

the standard PFs because in the standard PFs the low weight particles are replaced with 

repeating higher weight particles but it does not generate newer particles outside the initial 

range.  

 Whenever a trend change is detected, i.e., the residual ratio is more than the 

prescribed value (𝜖 > 0.5), the extended adaptive sampling process is activated. In general, 

when trend change occurs the model parameters (Φ𝑡) of the degradation model (𝑓) change 

drastically. For instance, the relatively lower values of the model parameters in the gradual 

degradation phase increase to higher values in the accelerated degradation phase. In such 

scenarios, the range of the particle distribution needs to be increased and out-of-range 

particles should be generated so that the model parameters can adapt to the trend change. 

The theoretical working of the extended adaptive sampling process is illustrated in Fig. 4.3. 
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Fig. 4.1 Flow chart of the proposed enhanced adaptive particle filter. 

 

Initialization: 
Number of particles (𝑁) & 

standard deviations (𝜎
𝑖
) of 

each model parameter 

State Estimate: 
Calculate the 𝑁 state 

estimates (𝑌𝑡
𝑖=1,2,…,𝑁) and 

find the residual ratio (𝜖) 

𝑡 = 𝑡 + 1 𝑡 = 𝑡 

Yes No 

Stop 

Start 

Likelihood Estimate: 
Assign the likelihood as 

weights for all 
corresponding 𝑁 particles. 

Calculate the weighted 
mean of each model 

parameter (𝛩
𝑖
𝑤) 

Adaptive Sampling 
Replace the particle 

distribution with a set of 𝑁 
new particles in a normal 

distribution 𝑛(𝛩𝑖
𝑤 , 𝜎𝑖) 

Extended Adaptive Sampling 
Replace the 𝑁 particles with a 
normal distribution 𝑛(𝛩𝑖

𝑤 , 𝑟𝜎𝑖) 
Where 𝑟 > 1, higher 𝑟 value leads 
to faster adapting to trend change 

𝜖<0.5 

Model Parameter Smoothing and 
Estimation 

The exponential moving average 
of the particles from time 𝑡 −

1, 𝑡 − 2, 𝑡 − 3 …   is the resultant 

model parameter estimate 𝛷𝑡  
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 Consider that a trend change occurred from gradual degradation phase to 

accelerated degradation phase and model parameter value changed drastically from 

𝛷𝑡−1 = 2 to 𝛷𝑡 = 8. As can be seen in Fig. 4.2, the required new value of 𝛷𝑡  is not 

contained in the particle distribution 𝑝(𝑌𝑡−1|𝑍1:𝑡−1) at time step 𝑡 − 1. This results in state 

estimate diverging from the actual observation causing the residual ratio (𝜖) to increase 

beyond the prescribed value (𝜖 > 0.5). Therefore, the extended adaptive sampling process 

gets activated. In general, this process recursively loops through the same time step until 

the particle distribution converges to the new model parameter value (𝛷𝑡). Where, the 

corresponding weights obtained from the likelihood estimation step, are used to move the 

particle distribution towards the direction of the required value of 𝛷𝑡. As seen in Loop 1, 

the mean of the particle distribution moves towards the region of higher weights meanwhile 

the spread of the particle distribution is increased using the spread factor (𝑟). Wider spread 

can be used to achieve quicker convergence (i.e., in fewer loops). To widen the spread of 

the particle distribution, the preassigned standard deviation is increased by 𝑟 times. Hence, 

as described in step 5 (extended adaptive sampling), new particle distribution is 

𝑛(𝛩𝑖
𝑤, 𝑟𝜎𝑖), where, 𝑟 is the spread factor such that 𝑟>1. 

 Further, in Loop 2 the weights of the particles obtained in Loop 1 are used to move 

the particle distribution again towards the higher weight region. Such recursive loops are 

performed in the extended adaptive sampling process until the required value of 𝛷𝑡  is 

within the particle distribution. Once the required value is finally within the particle 

distribution range, the residual ratio reduces below the prescribed value (𝜖 < 0.5), and the 

extended adaptive sampling process stops. Finally, once the particle distribution converges 

to the required value, the spread of the particle distribution is reduced and the new particle 

distribution is 𝑝(𝑌𝑡|𝑍1:𝑡) = 𝑛(𝛩𝑡
𝑤, 𝜎𝑖), as shown in Fig. 4.2. This reduced spread after 

convergence creates enough particles around the new model parameter (𝛷𝑡 = 8) while 

maintaining a diversity of the particles for future time steps. 
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Fig. 4.2 Illustration of the extended adaptive sampling process. 

 

 Finally, the smoothing step reduces the fluctuations in the model parameter 

estimates and helps in obtaining consistent model parameter values. The enhanced adaptive 

PF algorithm has high fidelity in model parameter estimation and has lower computational 

requirements compared to the standard PF. The standard PF would take a significantly 

larger number of particles with a larger range to attain comparative results.  

 

4.4 Model-based Prognostics with Enhanced Adaptive Particle Filter 

4.4.1 Model-based Prognostics 

In model-based prognostics, the degradation of a bearing or a mechanical system is 

expressed using a degradation model. The degradation model is also known as the system 
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model, is a function of the elapsed time and model parameters. In this section, we develop 

the degradation model using the Paris-Erdogan model. Paris-Erdogan model, also known 

as Paris law, is a widely used degradation model for bearings and gear system prognostics 

[55]. Paris law is originally expressed as: 

𝑑𝑥

𝑑𝑛
= 𝑐[𝛥𝑘]𝛾  (4.9) 

and: 

𝛥𝑘 = 𝜔√𝑥 

 

(4.10) 

Where 𝑥 represents the semi-crack length, 𝑛 is the number of stress cycles, and 𝑐, 𝛾 and 𝜔 

are material constants, these values are determined by the experimental tests. 𝛥𝑘 is the 

amplitude of the stress intensity factor and it is proportional to the square root of 𝑥. 

 For applications in PHM, the equations (4.9) and (4.10) are transformed into a 

convenient form where the three model parameters, i.e., 𝑐, 𝛾, and 𝜔 are condensed to two 

model parameters 𝛼 and 𝛽, such that: 

𝑑𝑥

𝑑𝑡
= 𝛼𝑥𝛽 (4.11) 

Where, 𝛼 = 𝑐𝜔𝛾  and 𝛽 =
𝛾

2⁄  and the number of stress cycles, 𝑛 , is replaced by the 

elapsed time, 𝑡, of the experiment. 

 Therefore, the equation (4.11) is rewritten to form the state-space model as:  

𝑥𝑘+1 = 𝑥𝑘 + 𝛼𝑘𝑥𝑘
𝛽𝑘𝛥𝑡 

 

(4.12) 

Where, 𝑥𝑘 represents the system health state at the time 𝑡𝑘 and 𝛥𝑡 = 𝑡𝑘+1 − 𝑡𝑘. The model 

parameters 𝛼𝑘 and 𝛽𝑘 are the variables which are to be estimated using the progressing 

system state. However, during the bearing life cycle, the bearing goes through various 

phases of degradation like gradual degradation and accelerated degradation. Throughout 
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these phases, the values of the model parameters (𝛼 and 𝛽) vary drastically especially 

during the phase change periods. PFs are one of the most used techniques in literature to 

estimate these model parameters based on the available data [8]. In several papers, the 

standard PFs produce good estimates, but these estimates are typically only for the final 

phase of bearing degradation, i.e., the accelerated degradation phase, whereas the proposed 

enhanced adaptive PF performs well during the bearing degradation phases as well as 

during the phase change periods.  

4.4.2 Developing a Simulated Bearing Health State 

In this section, the working of the enhanced adaptive PF is illustrated by comparing it with 

a standard PF (PF with Sequential Importance Sampling). For this purpose, the bearing 

health state is simulated using the degradation model presented in (4.12). The health state, 

shown in Fig. 4.3, is simulated such that it contains two degradation phases and an 

anomalous region where the signal amplitude is irregular. The degradation model in (4.12) 

has two model variables alpha (𝛼) and beta (𝛽). In this simulation, model parameter 𝛽 is 

kept constant such that 𝛽 =  0.5. Whereas the model parameter 𝛼 is varied for both the 

phases of degradation such that  𝛼1 = 0.15 in the first phase and 𝛼2 = 0.5 for the second 

phase. 

 The anomalous region of the bearing health state spans from 80 𝑠𝑒𝑐 to 120 𝑠𝑒𝑐 

where the signal amplitude is reduced by 30%. A trend change is seeded representing the 

initiation of accelerated degradation phase after 𝑡 =  150 𝑠𝑒𝑐. Finally, a nominal white 

gaussian noise is added to the simulated bearing health state such that the signal to noise 

ratio (𝑆𝑁𝑅𝑑𝐵)  = 45 dB. Signal to noise ratio (SNR) is defined as the ratio of signal power 

to the noise power (lower the SNR ratio, higher the noise power). 

𝑆𝑁𝑅𝑑𝐵 = 10𝑙𝑜𝑔10 (
𝑃𝑆𝑖𝑔𝑛𝑎𝑙

𝑃𝑁𝑜𝑖𝑠𝑒
), 𝑃 = 𝐸[𝑆𝑡=1,2…

2] 

 

(4.13) 

Where, 𝑃𝑆𝑖𝑔𝑛𝑎𝑙 is the signal power, 𝑃𝑁𝑜𝑖𝑠𝑒 is the noise power and 𝐸 is the expected value 

in our case, power is given by the mean of the squared value of the signal. 
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Fig. 4.3 Simulated bearing health state. 

 

4.4.3 Initializing particle filter  

The PF is initialized in between the anomalous region, i.e., at 𝑡 = 110 𝑠𝑒𝑐. Therefore, the 

health state from 0 to 110 𝑠𝑒𝑐 is used to get an initial estimate of 𝛼 using the LSE curve 

fitting method. As shown in Fig. 4.4, the curve fitting method estimates 𝛼 = 0.116. Both 

the standard PF and enhanced adaptive PF are initialized such that 𝛼 will follow a uniform 

distribution where the initial estimate (𝛼 = 0.116) is the mean of the distribution. The 

standard PF is initialized with 10000 particles whereas, the enhanced is initialized with 

only 1000 particles. The results of the state estimation and the model parameter estimation 

are shown in Section 4.4.4. 
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Fig. 4.4 Particle filter initialization and estimation of initial α using Least Square Error (LSE) curve 

fitting. 

 

4.4.4 Model Parameter Estimation  

4.4.4.1 Particle Filter with SIS  

Fig. 4.5 (a) shows the result of the state estimation and Fig 4.5 (b) shows the corresponding 

range and the mean of the model parameter (α). 

 

Fig. 4.5 Standard PF: (a) State estimation and inadaptability to trend change (b) Particle range 

reduction and particle impoverishment. 



 71 

 The initial range for the model parameter 𝛼 (at 𝑡 =  110 𝑠𝑒𝑐) is between -0.4 and 

0.6. With every time step, the SIS replaces the low-weight particles with the high-weight 

particles. Therefore, in Fig. 4.5 (b). we can clearly see the range of the particles reducing 

with time because the SIS replaces the values in the extremes of the range (low weight) 

with values of higher weight. This replacement of the particles gradually reduces the 

number of unique particles causing severe particle degeneracy. Therefore, by 𝑡 =

 120 𝑠𝑒𝑐, the range of the particles reduces dramatically as many particles are already 

replaced with high-weight particles. After 𝑡 = 125 𝑠𝑒𝑐  there are less than 10 unique 

particles left from the initial 10000 unique particles. This is known as a severe case of 

particle impoverishment. Meanwhile, the state estimation could not adapt to the sudden 

change at time 𝑡 =  120 𝑠𝑒𝑐.  The state estimation is well off the real value till 𝑡 =

150 𝑠𝑒𝑐. Further, when the phase change takes place, the PF cannot adapt itself to the new 

trend. The model parameter estimation of the standard PF is also incorrect as the mean of 

the range of the model parameter 𝛼, in Fig. 4.5 (b). is around 0.3, while the true 𝛼 is 0.15. 

4.4.4.2 Enhanced Adaptive PF 

Fig. 4.6 (a) shows the result of the state estimation and 4.6 (b) shows the corresponding 

range and the mean model parameter (𝛼) estimated using the enhanced adaptive PF.  
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Fig. 4.6 Enhanced adaptive PF: (a) Accurate state estimation (b) Particle range adapting to the 

sudden changes. 

 In the enhanced adaptive PF, the initial range of the model parameter 𝛼 is between 

-0.2 and 0.48. With every time step, the adaptive sampling algorithm generates newer 

particles such that the particles follow a normal distribution with the mean obtained using 

the likelihood estimation step (in Section 4.3). This makes sure that there will be more 

relevant particles closer to the actual value of the model parameter and fewer particles 

farther from it. Since there are more unique particles near the actual parameter value, the 

fidelity of the enhanced adaptive PF is very good even while using fewer particles 

compared to the standard PF. We can see that the state estimation and the model parameter 

estimation are both very accurate using this method. At 𝑡 = 120 𝑠𝑒𝑐, the extended adaptive 

sampling will be activated and it generates particles outside the normal range of particles, 

as shown in Fig. 4.6 (b), so that the extreme changes in the health state can also be adapted. 

Therefore, we see the range of the model parameter 𝛼  varying dramatically, but soon 

coming back to the actual value in the next 10 seconds. From 𝑡 = 150 𝑠𝑒𝑐 , the state 

estimation adapts to the trend change accurately meanwhile, the model parameter can be 

observed adapting to the correct value quickly. Hence, with these results, we can show that 
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the enhanced adaptive PF resolves all three main problems of the standard PFs (i.e., particle 

degeneracy, particle impoverishment, and initial range dependency). 

 

4.4.5 Effect of Noise on Model Parameter Estimation 

In this section, we evaluate the performance of the enhanced adaptive PF in model 

parameter estimation when the noise in the health state is increased gradually. Additionally, 

the performance of enhanced adaptive PF is compared with an efficient Bayesian-based 

prognostics algorithm using MCMC (Monte Carlo Markov Chain) sampling which is 

known for good noise tolerance [59]. For this evaluation, a simulated health state is 

generated using the state-space model in (4.12), in which there are two degradation phases. 

The first phase has 𝛼 = 0.15 representing gradual degradation and the second phase has 

𝛼 = 0.5 representing accelerated degradation of the bearing. Finally, noise is added to the 

simulated health state. Noise power is gradually increased in steps (see Fig. 4.7), where the 

𝑆𝑁𝑅𝑑𝐵 ranges from 45 dB to 30 dB (reducing 𝑆𝑁𝑅𝑑𝐵 means increasing noise). Root Mean 

Square Error (RMSE) between the true value of model parameter 𝛼 and the estimated 𝛼 is 

used as the metric to compare the performance of both techniques. 

 As shown in Fig. 4.7, the 𝛼 estimation of enhanced adaptive PF is very accurate 

compared to the efficient Bayesian-based prognostics algorithm for the health states with 

medium to high noise, i.e., 𝑆𝑁𝑅𝑑𝐵 = 45, 43, 41, 39 & 37. However, the ability to estimate 

the model parameter drastically decreases for very high noise, i.e., for 

𝑆𝑁𝑅𝑑𝐵  35, 33 & 30. This is due to the fact that the amplitudes of the system health states 

fluctuate a lot for very high noise states. Therefore, the likelihood estimation performed on 

these fluctuating health states causes inaccuracies in model parameter estimation. 

However, the estimations using enhanced adaptive PF are reasonably smoother without 

high oscillations compared to the Bayesian method. In both the methods, the majority of 

this error in parameter estimation is caused in the period immediately after the phase 

change (150 𝑠𝑒𝑐).  
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Fig. 4.7 Comparing the model parameter estimations using enhanced adaptive PF and Bayesian 

method with MCMC sampling. 
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 The bar graph in Fig. 4.8 compares the RMSE values between the true 𝛼  and 

estimated 𝛼  for both methods. We can see that model parameter estimation using the 

enhanced adaptive PF is comparatively more accurate than the Bayesian-based method for 

the medium and high noise states (𝑆𝑁𝑅𝑑𝐵 = 45, 43, 41, 39 & 37). Whereas, in the states 

with very high noise (𝑆𝑁𝑅𝑑𝐵 35, 33 & 30), the errors in the model parameter estimation of 

both the methods are high. The RMSE of the Bayesian-based prognostics algorithm 

increases gradually with increasing 𝑆𝑁𝑅𝑑𝐵. Whereas, the RMSE of the enhanced adaptive 

PF is fairly stable in the medium to high noise states but drastically increases in the very 

high noise states. 

 

Fig. 4.8. Comparing the RMSE between enhanced adaptive PF and Bayesian method with MCMC 

sampling. 
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4.5 Summary 

The proposed enhanced adaptive PF technique addresses the issues of particle degeneracy, 

particle impoverishment, and initial range dependence. In this technique, an adaptive 

sampling process is introduced which approximates the particle distribution as a normal 

distribution. Whereas the particle weights are approximated directly as the maximum 

likelihood estimate of the distribution. This helps in generating more relevant particles 

around the required model parameter value while maintaining diversity in the particle 

distribution. The normal distribution approximation eliminates the particle resampling 

step, which exists in almost all PF techniques, and therefore reduces the computational 

requirement. A residual ratio is used to activate the extended adaptive sampling process 

when adverse trend changes are detected. This extended adaptive sampling process 

generates out-of-range particles and recursively converges to the required model parameter 

values in the same time step to adapt to the adverse trend change. The working of the 

proposed technique is illustrated using simulated data with phase changes. Further, a noise 

sensitivity study is performed where the accuracy in model parameter estimation is tested 

with increasing levels of noise in the simulated data. The technique shows good accuracy 

in model parameter estimation and degradation prediction even in case of adverse trend 

changes in the degradation data.  

 Therefore, the proposed enhanced adaptive PF technique is used for the real-time 

multi-phase degradation prediction and RUL estimation in this intelligent PHM system.  
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Chapter  5: A Multi-Phase Degradation Model based on Mixture of 

Gaussian Process and Weibull Functions 

5.1 Overview 

Model-based prognostic approaches typically use a single physics-based degradation 

model to characterize the entire service life of the bearings even though the service life has 

more than one degradation phase. The approximation that the entire service life of bearings 

can be characterized by a single degradation model will lead to restricted robustness of the 

long-term RUL prediction process [5]. In other words, these types of approximations will 

work well only for short-term RUL prediction. Therefore, in [5], more than one degradation 

model is used where one model corresponds to each degradation phase of bearing. For 

example, a linear model is used for the gradual degradation phase and an exponential model 

is used for the accelerated degradation phase. Even though the results have shown good 

long-term prediction, the accuracy of the method completely depends on the algorithm 

rather than on the degradation model.  

Therefore, to deal with this issue, attempts have been made to develop degradation 

models that accommodate the multi-phase degradation process of the mechanical 

equipment. In [87], [88], and [89], multi-phase degradation models based on the Wiener 

process are developed and applied to plasma panels and gyroscopes. Apart from the Wiener 

process models, no other degradation model has been considered for multi-phase 

degradation processes so far. More importantly, till now, no multi-phase degradation 

models have been proposed for bearing RUL estimation. Therefore, in this chapter, a multi-

phase degradation model is developed which characterizes the overall degradation of the 

bearings. 

Gaussian process models are well suited to various nonlinear dynamic systems with 

high fluctuations and sudden trend changes. The Gaussian process model approach to curve 

fitting was first introduced in [111] and was later compared to other non-linear models in 

[112], which led to the rapid expansion of research into Gaussian process models [113]. In 

the statistic and machine learning community, Gaussian models are widely utilized in 
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classification, and regression problems. The Gaussian process model is an example of a 

probabilistic model that provides information about prediction uncertainties that are 

difficult to evaluate in nonlinear parametric models [90]. The Gaussian process is typically 

defined by the mean and the variance. This is best suited in machine learning because it 

has fewer hyper-parameters to estimate [114]. It was used in the prediction of 

immunological diseases in [91], and is later adapted for use in predictive control process 

studies in [90].  

 In the literature, Weibull distribution has been effectively shown to approximate 

the bearing degradation process. In [63], the bearing vibration was approximated using the 

Weibull failure rate function and accurate RUL prediction was obtained. Further in [115], 

a Weibull accelerated failure time regression model was presented for bearings working 

under multiple operating conditions for the RUL prediction. In [116], a log-linear Weibull 

distribution-based method was presented to estimate the RUL of bearings.  

 Therefore, in this study, a mixture of the Gaussian process and Weibull failure rate 

model is considered to characterize the multi-phase degradation of rolling element 

bearings.  

 

5.2 Phase Transition Mass of the Bearings 

The experimental study in [117], identifies that the spall propagation always happens in 

two phases after fault initiation, i.e., gradual degradation and accelerated degradation. In 

2005, US Air Force Research Laboratories conducted bearing tests with seeded defects 

where ODMs were used to monitor the debris quantity and generation rates [118]. It 

identified a strong relationship between mass lost from the bearings and the degradation 

phase change. Fig. 5.1 summarizes the study in [118], which shows the mass lost from 

several 52100 steel bearings which were conducted at different operating conditions. Even 

though so many operating condition variations exist, all the bearings undergo the phase 

change from gradual degradation to accelerated degradation phase around 60 𝑚𝑔 
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(irrespective of the operating condition). This “critical mass loss” varies for different 

bearings based on the geometry and materials. 

 

 

Fig. 5.1 Bearing mass loss trend curves for bearings from life endurance tests [118]. 

The article in [117] is one of the three-part series from Lewis Rosado; it investigates 

the rolling contact fatigue initiation and spall propagation characteristics of bearing with 

three different materials, namely, AISI 52100, VIM-VAR AISI M50, and VIM-VAR 

M50NiL steels. Fig. 5.2, shows the bearing mass lost from bearing spall progression tests 

conducted at a constant operating condition. Where we can see that the phase change occurs 

when the mass lost is between 15 to 40 𝑚𝑔. More specifically, the critical mass lost from 

bearings of similar material is closer to each other. For example, the M50NIL bearings 

have a phase change near 40 𝑚𝑔, whereas AISI 52100 bearings around 15 𝑚𝑔. However, 

it can be seen that the rate of spall propagation is different for every individual bearing 

even of the same material.    
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Fig. 5.2 Bearing mass loss trend curves for bearings from life endurance tests. All at 2.41 GPa [117]. 

Therefore, in this study, the “critical mass loss” value for the bearing is denoted as 

phase transition mass. The phase transition mass of individual bearing can be identified 

from the spall propagation tests. In reality, the phase transition mass is around a range of 

values because of the stochastic nature of bearing degradation and the limitation of ODMs 

in accurately calculating the mass lost from the bearings. The range of phase transition 

masses for the bearings from the spall propagation experiments is calculated and is used in 

this study to construct the multi-phase degradation model.  

 

5.3 Multi-Phase Degradation Model 

5.3.1 Sum of Gaussians  

In this study, the bearing debris mass generation rate is approximated using the sum of two 

Gaussian functions. Each Gaussian represents the debris mass generation rate of one 

degradation phase. In other words, one Gaussian function approximates the debris 

generation rate of the entire Phase 1 and another Gaussian approximates the debris 
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generation rate of the entire Phase 2. As shown in Fig. 5.3, the debris mass generation rate 

during the gradual degradation phase is approximated using the Phase 1 gaussian with a 

smaller height. Similarly, the debris mass generation rate of the accelerated degradation 

phase is approximated using the Phase 2 (taller) gaussian. We also see in Fig 5.3, that this 

contention fits one of the spall propagation experiments very well such that both 

degradation phases are distinguishable.  

 

Fig. 5.3 Approximation of the debris generation rate using the sum of Gaussians (magnitude of 

gaussian exaggerated for clarity). 

A three-parameter Gaussian is used in this model instead of the two parameters to 

effectively approximate the degradation index. Therefore, as per the contention the debris 

mass generation rate during the bearing spalling can be given as: 

𝐺(𝑡) = ∑ ℎ𝑛𝑒𝑥𝑝 [−
(𝑡 − 𝜇𝑛)

√2𝜎𝑛

]

22

𝑛=1

 

 

(5.1) 
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𝐺(𝑡) = ℎ1𝑒𝑥𝑝 [−
(𝑡 − 𝜇1)

√2𝜎1

]

2

+   ℎ2𝑒𝑥𝑝 [−
(𝑡 − 𝜇2)

√2𝜎2

]

2

 (5.2) 

Where 𝑡 is the time, the subscript 𝑛 denotes the degradation phase, i. e., 𝑛 =  1 for the 

gradual degradation phase and 𝑛 = 2 for the accelerated degradation phase. ℎ is the height, 

𝜇 is the mean, 𝜎 is the standard deviation of the Gaussian.  

As shown in Fig. 5.3, the physical meaning of the height ℎ represents the maximum 

debris mass generation rate of each phase and the mean 𝜇 corresponding to the time at 

which the maximum debris generation rate occurs. Whereas the standard deviation 𝜎 

represents a fraction of the duration of each phase. As can be seen, 𝜎  is directly 

proportional to the total duration of the phase. 

This sum of Gaussian model gives us 6 unknown model parameters which need to 

be deduced from the degradation data. However, we can use geometrical, physical and 

empirical relations from previous bearing spall propagation tests to reduce the number of 

unknown model parameters. 

5.3.2 Modified Weibull Failure Rate  

As described earlier, the Weibull Distribution has been found to reliably reflect the fatigue 

strength and fatigue life of mechanical components and it has been used as a failure model 

to analyze the reliability and maintainability of different mechanical systems. In several 

studies, Weibull distribution’s failure rate function is fruitfully used to represent the 

evolution of the bearing failure. In [115], a bearing degradation model is developed using 

the Weibull failure rate function; it provides good RUL estimation even under multiple 

operating conditions. In [63], the Weibull distribution’s failure rate function is used to 

approximate the vibration response of the bearing and it helps in representing the bearing 

degradation even during the high fluctuation zones. The probability density function and 

failure rate function of the Weibull distribution are shown in (5.3) and (5.4) respectively. 

𝑓(𝑡, 𝜌, 𝜂, 𝛾) =
𝜌

𝜂
(

𝑡 − 𝛾

𝜂
)

𝜌−1

exp (− (
𝑡 − 𝛾

𝜂
)

𝜌

) (5.3) 
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𝜆(𝑡, 𝜌, 𝜂, 𝛾) =
𝜌

𝜂
(

𝑡 − 𝛾

𝜂
)

𝜌−1

 (5.4) 

Where 𝑓 is the probability density function, 𝜆 is the failure rate function, 𝑡 is the time 

instant, 𝜌  is the shape parameter, 𝜂  is the scale parameter and 𝛾  is the time position 

parameter. The time position parameter 𝛾 determines the position at which the failure rate 

begins; commonly the time position parameter is set to be zero [63]. Therefore, it can be 

positively assumed that the Weibull failure rate function approximates the overall growth 

of the debris generation rate of the bearings. 

In this study, the three-parameter Weibull failure rate function (𝜆), is modified to a 

two-parameter form such that, 𝛾 = 0 and 𝛼 = 𝜂𝜌/𝜌 and 𝛽 = 𝜌 − 1, as shown in (5.5). 

𝜆(𝑡, 𝛼, 𝛽) =
𝑡𝛽

𝛼
 (5.5) 

This influence of the new shape parameter 𝛽 on the modified Weibull distribution’s failure 

rate function is shown in Fig. 5.4. The shape parameter 𝛽 > 0 represents an increasing 

failure rate, 𝛽 < 0 represents a decreasing failure rate and 𝛽 = 0 represents a constant 

failure rate. Whereas the scale parameter (𝛼) influences the rate of evolution, i.e., higher 

𝛼 leads to faster evolution of 𝜆. 

 

Fig. 5.4 Influence of 𝜷 parameter on the modified Weibull failure rate function. 
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As explained earlier, that the modified two-parameter Weibull failure rate function is 

used to represent the overall debris generation rate of bearings. Therefore, this helps us to 

deduce that the peaks of the two Gaussians can be quantified using the modified Weibull 

failure rate function, in (5.5). 

Fig. 5.5 shows the modified Weibull failure rate and the sum of Gaussians model 

(equation 5.2) fitted to the true debris generation rate of a bearing spall propagation 

experiment. We can see that the peaks of the two Gaussians, i.e., ℎ1  and ℎ2  touch the 

modified Weibull failure rate function. Therefore, the locations 𝜇1  and 𝜇2  can be 

substituted in (5.5), to get the heights of the Gaussians. 

ℎ1 =
𝜇1

𝛽

𝛼
 &  ℎ2 =

𝜇2
𝛽

𝛼
 (5.6) 

ℎ2 = ℎ1 (
𝜇2

𝜇1
)

𝛽

 (5.7) 

Further, a relation between ℎ1  and ℎ2  is generated by simplifying (5.6). This 

relation between the heights can help us eliminate one model parameter from the model in 

(5.2).  

 

Fig. 5.5 Modified Weibull failure rate approximates the overall growth of the debris generation rate. 
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5.3.3 Phase Transition Mass 

In this section, the physical significance of the phase transition mass is used to form a 

mathematical relationship between the model parameters in the sum of gaussian model. As 

discussed earlier, the phase transition mass is the cumulative mass lost from bearing after 

which the gradual degradation phase changes to the accelerated degradation phase. As per 

the initial assumption of the model, each Gaussian represents the debris generation rate of 

one entire phase. Therefore, the area under Phase 1 gaussian (gradual degradation) should 

be equivalent to the phase transition mass (𝑀𝑇) of the bearing (see Fig. 5.6). Since we know 

that 95.5% of the area under the standard Gaussian distribution is between the 2 standard 

deviations. Thus, the phase transition mass can be assumed to be approximately equal to 

the area under the Phase 1 gaussian between the 2 standard deviations. In other words, the 

area of Phase 1 gaussian between 𝜇1 − 2𝜎1 and  𝜇1 + 2𝜎1 will be approximately equal to 

the phase transition mass.  See Fig. 5.6, the bottom graph shows the debris mass generation 

rate approximated by the two Gaussians whereas, the upper graph shows the mass lost from 

the bearing as a cumulative sum of the bottom graph. Therefore, as described, the 

highlighted area under Phase 1 Gaussian is approximately equal to the phase transition 

mass. 
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Fig. 5.6 Area under Phase 1 Gaussian approximately equal to the phase transition mass. 

 

𝑀𝑇 ≅ ∫ ℎ1𝑒𝑥𝑝 [−
(𝑡 − 𝜇1)

√2𝜎1

]

2
𝜇1+2𝜎1

𝜇1−2𝜎1

𝑑𝑡 (5.8) 

Equation (5.8) is known as the gaussian integral and it is not possible to solve the 

integral using fundamentals of calculus. Although some straightforward solutions are 

available for the indefinite integral for the Gaussians, i.e., ∫ 𝑒−𝑥2
𝑑𝑥

+∞

−∞
, the integration 

between two finite limits is very difficult to evaluate. Therefore, the Gaussian Integral is 

approximated using an elemental division method. In this elemental division method, a 

finite number of elemental rectangles are used to approximate the Gaussian, as shown in 

Fig. 5.7. The precision of this approximation is directly proportional to the number of 

elemental divisions of the Gaussian [119, 120].  
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Fig. 5.7 Approximation of Gaussian integral using elemental divisions.  

Consider the ratio of the area Gaussian (in equation 5.8) to a rectangle with the 

height of the gaussian (ℎ) and the width from 𝜇1 − 2𝜎1 to 𝜇1 + 2𝜎1. Fig. 5.8 (a) shows the 

Gaussian embedded inside the rectangle. This ratio is evaluated using the elemental 

division method with the increasing number of elemental divisions of the gaussian. As we 

can see in Fig. 5.8 (b), the ratio asymptotes to a constant value as the number of divisions 

are increased. Therefore, using this ratio, the value for transition mass (𝑀𝑇 ) can be 

approximated. This value is a good approximation for any three-parameter Gaussians. 

Finally, from Fig. 5.8, we get the ratio of the area of Gaussian to the rectangle as:  

∫ ℎ1𝑒𝑥𝑝 [−
(𝑡 − 𝜇1)

√2𝜎1

]

2
𝜇1+2𝜎1

𝜇1−2𝜎1
𝑑𝑡

ℎ1 ∗ 4𝜎1
= 0.59813 

(5.9) 

𝑀𝑇 ≅2.392ℎ1𝜎1 (5.10) 
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Fig. 5.8 Approximation of Gaussian Integral. (b) Area of gaussian compared with the area of the 

rectangle. (c) Area ratio asymptotes as the number of elemental divisions increase. 

 

5.3.4 Geometric Relations 

As seen in the previous section, the approximation that the Gaussians between the two 

standard deviations distance represents one degradation phase helped us extract the 

relationship between phase transition mass and the debris generation rate. This can also be 

extended to extract further geometric relationships between the unknown model 

parameters. As shown in Fig. 5.9, the approximation leads to a transition area where both 

phases contribute to the debris generation rate when the phase transition occurs from 

gradual degradation to accelerated degradation phase. Furthermore, since both the phases 

occur subsequently after each other, we can use the geometry of the Gaussians, in Fig. 5.9, 

to form a mathematical relation between 𝜇1 and 𝜇2. 

 

𝜇2 = 𝜇1 + 2(𝜎1 + 𝜎2) (5.11) 
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Fig. 5.9 Geometric relation between 𝝁𝟏 and 𝝁𝟐. 

 

5.3.5 Empirical Relations 

Several bearing spall propagation tests in this study, which were performed under relatively 

similar operating conditions show an empirical relation between the total duration of the 

phases. We observe that the ratio of Phase 2 duration and the Phase 1 duration tends to be 

a constant value. In other words, the duration ratio of the accelerated degradation phase to 

the gradual degradation phase remains constant for similar bearings. From Fig. 5.9, the 

total duration of each phase is equal to 4𝜎, we can form an empirical relation between 𝜎1 

and 𝜎2 as shown: 

𝑇2

𝑇1
≅

𝜎2

𝜎1
= 𝜎𝑟 (5.12) 

𝜎2 = 𝜎𝑟𝜎1 (5.13) 

  

Where, 𝑇1 and 𝑇2 are the total duration of Phase 1 and Phase 2 respectively. 𝜎𝑟 is the ratio 

between both standard deviations. The value of 𝜎𝑟  can be obtained empirically from 
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previous spall propagation experiments. Chapter 6 discusses the exact empirical value for 

𝜎𝑟 for the bearing spall propagation tests performed in this study. 

5.4 Compiling the Degradation Model 

To form the final degradation model, we can use the above relations to eliminate some of 

the unknown model parameters. Therefore, by substituting (5.7), (5.10), (5.11), (5.13) in 

(5.2), we obtain the final relation for the debris generation mass as follows: 

  𝐺(𝑡) = ℎ1𝑒𝑥𝑝 [−
(𝑡 − 𝜇1)

√2𝜎1

]

2

+ 

ℎ1 [
𝜇1 + 2𝜎1(1 + 𝜎𝑟)

𝜇1
]

𝛽

𝑒𝑥𝑝 [−
(𝑡 − 𝜇1 − 2𝜎1(1 + 𝜎𝑟))

√2𝜎𝑟𝜎1

]

2

 

(5.14) 

ℎ1 =
𝑀𝑇

2.392𝜎1
 (5.15) 

 

This is the consolidated degradation model that has three unknown model 

parameters 𝛽 , 𝜎1  and 𝜇1 . Whereas, 𝑀𝑇  and 𝜎𝑟  are the phase transition mass and phase 

duration ratio respectively. Both 𝑀𝑇 and 𝜎𝑟 are constants and are unique to every bearing; 

they are obtained using the empirical relationship from the previous spall propagation 

experiments. 

Finally, the model is changed to a Markov chain form so that it can be in a 

convenient format for the enhanced adaptive PF. 

𝐶𝑚(𝑡 + 1) = 𝐶𝑚(𝑡) + ∫ 𝐺(𝑡)𝑑𝑡

𝑡+1

𝑡

 (5.16) 

Where 𝐶𝑚(𝑡) is the cumulative mass lost from the bearing at time 𝑡, and 𝐺(𝑡) is the debris 

generation rate obtained from (5.15).  
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5.5 Summary 

Although few multi-phase degradation models have been presented for non-linear 

applications, so far, no study has considered any multi-phase degradation model for rolling 

element bearings. In this chapter, we developed a multi-phase degradation model using the 

mixture of the Gaussian process model and Weibull failure rate function. The primary 

contention of this degradation model is that the debris generation rate for each bearing 

degradation phase can be approximated using a three-parameter Gaussian model. This 

contention is validated using the examples shown where the proposed model fits very well 

to the bearing spall propagation experiment. Thus, the sum of two Gaussians forms a two-

phase degradation model however, this model has 6 unknown model parameters. 

Therefore, we use a modified Weibull failure rate function to form a relationship between 

two model parameters. Further, geometric and empirical relationships between the two 

Gaussians are used to reduce the number of unknown model parameters.  

 Finally, the degradation model is reduced to only three unknown model parameters 

to be estimated. Additionally, two empirical relationships namely the phase transition mass 

and phase duration ratio are extracted from previous spall propagation experiments of the 

same bearing. This multi-phase degradation model will be used for long-term RUL 

prediction in Chapter 6. 
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Chapter  6: A PHM Framework for Long-Term and Multi-Phase RUL 

Prediction 

In this chapter, the techniques discussed so far will be compiled to create a PHM framework 

for fault phase diagnosis and long-term RUL prediction. In Chapter 3, the proposed data-

driven ensemble-based fault phase diagnosis was developed and the validity of the tool was 

proven on two bearing spall propagation experiments. The results from those fault phase 

diagnoses are used in this chapter to perform multi-phase RUL prediction on the two spall 

propagation experiments. The Multi-phase degradation model proposed in Chapter 5 will 

be used as the state-space model in the enhanced adaptive PF (proposed in Chapter 4).  

6.1 Proposed PHM Framework 

The schematic diagram shown in Fig 6.1 summarizes the proposed intelligent PHM system. 

The proposed system has two major sub-systems namely, fault phase diagnosis and RUL 

prediction, and both of these sub-systems again have internal modules. The fault phase 

diagnosis tool runs at every time instant and estimates the fault phase, i.e., the tool estimates 

whether the bearing is in Phase 0, Phase 1, or Phase 2 which represents, normal operation, 

gradual degradation, and accelerated degradation phase respectively. Whereas RUL 

prediction works only when the bearing fault phase is in Phase 1 and Phase 2. The working 

of each sub-system is detailed below: 



 93 

 

Fig. 6.1 Schematic diagram for the proposed PHM system. 
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6.1.1 Fault Phase Diagnosis 

The fault phase diagnosis tool has two internal modules namely, feature extraction and 

fault phase classification, and the detailed working of this tool is explained in detail in 

Chapter 3. This section focuses exclusively on the aspect of its application in the proposed 

PHM system.  

1. Feature Extraction: 

All the multi-sensor data from the experimental setup is collected for data cleansing and 

feature extraction at every time instant from the experimental setup. All the features 

extracted along with the cleaning processes are listed in detail in Table 3.1. However, only 

the features selected after the feature selection process will be used to form the feature 

vector. Therefore, the features with labels, 'F_Flow', 'F_Pressure', 'F_Vib_1', 'F_Vib_2', 

and 'F_Torque' are not extracted. A total of 12 features are extracted from the data of both 

the ODMs. The approximate mass lost (i.e., F_ODM2_02) is later used as the degradation 

index for the RUL prediction. 

2. Fault Phase Classification: 

Once the required features are extracted, a feature vector is formed and is used for 

classification with KNN and RF classifiers. The probabilities obtained from these 

classifiers are used by the weighted ensemble method to estimate the fault phase. If the 

estimated phase is normal operation (Phase 0), no action will be taken. When the gradual 

degradation phase (Phase 1) is estimated for the first time, then the RUL prediction process 

is activated and the degradation model is initialized. 

6.1.2 RUL Prediction 

RUL is predicted for every time instant after the bearing enters the gradual degradation 

phase. This sub-system involves two modules that relate to the degradation model and the 

degradation prediction using the enhanced adaptive PF. 

1. Degradation Model: 
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As described in Chapter 5, the Gaussian degradation model used in this study requires two 

empirical values, 𝑀𝑇  and 𝜎𝑟  (the phase transition mass and phase duration ratio 

respectively). The phase duration ratio (𝜎𝑟) is a constant obtained from the database of 

previous spall propagation tests. Whereas, the phase transition mass (𝑀𝑇) will change with 

the fault phase.  

a) Phase 1: 

When the current fault phase is Phase 1 (gradual degradation), we do not know when the 

exact phase transition will occur in the future, hence an anticipated range for 𝑀𝑇, obtained 

from the previous tests, is used. For example, if we have 5 spall propagation tests with the 

range for phase transition mass between 17𝑚𝑔 to 25𝑚𝑔, then three degradation models 

will be generated. The first model will have 𝑀𝑇 = 17𝑚𝑔 and this will give the lower 

bound of RUL prediction. The second model will have 𝑀𝑇 = 25𝑚𝑔  and it will give the 

upper bound of the RUL. Whereas the third model will have a mean value, 𝑀𝑇 = 21𝑚𝑔, 

and it will give the mean RUL prediction. Three of these models will be used individually 

and simultaneously for the RUL prediction process using the enhanced adaptive PF. 

b) Phase 2: 

When the current fault phase is Phase 2 (accelerated degradation), we now know the exact 

instant when the phase transition has occurred using the fault phase diagnosis sub-system. 

Therefore, at the time instant where Phase 2 is estimated for two consecutive times, the 

current phase transition mass 𝑀𝑇 of the bearing is calculated. Where the actual value of the 

degradation index (F_ODM1_02) is used as the phase transition mass. 

Once the value for phase transition mass 𝑀𝑇 , is calculated, it is used to update the 

degradation model. For instance, if the phase transition mass obtained is 𝑀𝑇 = 20𝑚𝑔, then 

the degradation models used earlier during Phase 1, will be discarded and the new model, 

with 𝑀𝑇 = 20𝑚𝑔 , will be used for the RUL prediction process using the enhanced 

adaptive PF. 
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2. Degradation Prediction: 

The enhanced adaptive PF proposed in Chapter 4 is used in this process for model 

parameter estimation at every time instant. The enhanced adaptive PF will estimate the 

values of the three unknown model parameters 𝛽, 𝜎1 and 𝜇1. The method to assign the 

initial ranges of the model parameters for the enhanced adaptive PF is discussed in Section 

4.4.3. At every time instant, the estimated values of the three model parameters are used 

for predicting the degradation evolution of the bearing. RUL is calculated as the total time 

difference from the current time instant to the time instant where the predicted degradation 

evolution reaches the pre-determined threshold. 

 The threshold, for the RUL prediction, physically means the maximum allowable 

cumulative mass that can be released from the bearing during its operation. This maximum 

allowable cumulative mass of the bearing, i.e., the threshold, should accurately represent 

the end of the bearing’s life. In practice, the bearing life threshold is unique to each different 

bearing not only based on its geometry and material but also on its application. For 

example, the threshold for a bearing in a very critical location of a rotating machine will 

be lower compared to the threshold of a similar bearing at a non-critical location. In [119], 

Garvey suggests a few methodologies for setting the thresholds in PHM systems and they 

are: expert judgement based, industry-standard generic limits based, statistical alarm based, 

and trend-based limits. But a number of these methods require human intervention and a 

lot of failure data of similar bearings [10]. Therefore, determining an appropriate threshold 

is a subject of further research in the field and is out of the scope of this research. In this 

study, the total accumulated mass at the end of the respective bearing accelerated failure 

experiment is used as the pre-determined threshold. 

a) Phase 1: 

During the gradual degradation phase (Phase 1), the enhanced adaptive PF will work with 

three degradation models with will translate to the upper limit, lower limit, and mean of 

the predicted RUL. For example, if one degradation model has 𝑀𝑇 = 17𝑚𝑔 and the other 

model has 𝑀𝑇 = 25𝑚𝑔, both the models will be individually used for model parameter 

estimation and degradation prediction using the enhanced adaptive PF. Where one model 
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with 𝑀𝑇 = 17𝑚𝑔 will give a lower bound for the predicted RUL and the other model with 

𝑀𝑇 = 25𝑚𝑔 will give the upper bound for the predicted RUL. Whereas the third model 

with mean, 𝑀𝑇 = 21𝑚𝑔, will give the mean RUL prediction.  

b) Phase 2: 

During the accelerated degradation process (Phase 2), only one updated degradation model 

will be used therefore, we will have only one mean RUL prediction without the upper 

bound and the lower bound. Because of the model parameter smoothing step described in 

Section 4.3, the RUL prediction using the enhanced adaptive PF will not have high 

fluctuations. 

 

6.2 Results and Discussion 

As described in Section 1.4 (experimental setup), five bearing spall propagation 

experiments were conducted with SKF 7208 BEP bearing. The data from three experiments 

are used for training the fault phase diagnosis models and to obtain the values for phase 

transition mass (𝑀𝑇) and the phase duration ratio (𝜎𝑟). The data from the rest of the two 

experiments are used for testing and validating the proposed framework. The results of the 

fault phase diagnosis sub-system are presented in Section 3.5, and in this Section, the 

performance of the multi-phase degradation model and the enhanced adaptive PF is tested 

for the RUL prediction. 

Table 6.1 shows the values of phase transition mass (𝑀𝑇) and the phase duration 

ratio (𝜎𝑟) for the experiments used for training. Therefore, the 𝑀𝑇 for the lower limit model 

will be 𝑀𝑇 = 10.47 𝑚𝑔 and for the upper limit model will be 𝑀𝑇 = 76.60 𝑚𝑔 while the 

mean value 𝑀𝑇 = 43.53 𝑚𝑔 is used for the mean RUL prediction. Whereas the duration 

ratio varies between 0.3 to 0.51, thus the mean value of all the tests (σr = 0.391) is used in 

all the degradation models.  
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Table 6.1 Database of experiments used for training 

Experiment Number Transition Mass (𝐌𝐓) Duration Ratio (𝛔𝐫) 

1 10.47 𝑚𝑔 0.5102 

2 76.60 𝑚𝑔 0.3649 

3 68.29 𝑚𝑔 0.3007 

 

6.2.1 RUL Prediction on Experiment 4 

The fault phase diagnosis ensemble method estimates that Phase 1 (gradual degradation) 

begins at 132 minutes (see Fig 3.6), thus the RUL prediction process is activated at this 

time instant. The Gaussian degradation models are initialized with the upper, lower limit, 

and mean phase transition masses. The estimated unknown model parameters by the 

enhanced adaptive PF are used for predicting the degradation evolution. The degradation 

prediction at various time instants of the experiment with the upper and lower bounds are 

shown in Fig. 6.2.  

 The fault phase diagnosis tool estimates that beginning of Phase 2 around 805 

minutes and thus the actual transition mass is calculated from the degradation index as 

MT = 32.6867mg. Further, the degradation model is updated with the calculated transition 

mass and the previous upper bound and lower bound degradation models are discarded. 

Therefore, the predictions from 815 minutes to 1115 minutes in Fig 6.2 only have the mean 

prediction without the upper and lower limits.  

As shown in Fig. 6.3, the RUL estimation plot of experiment 4 is very accurate. 

The predictions during Phase 1 are close to the 20% margin with the lower bound of the 

prediction inside the margin. While the RUL predictions in Phase 2, after updating the 

degradation model with the calculated phase transition mass, are very accurate and inside 

the 20% margin. 
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Fig. 6.2 Degradation predictions of experiment 4 at various time instants.  
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Fig. 6.3 RUL prediction plot for experiment 4. 

6.2.2 RUL Prediction on Experiment 5 

The fault phase diagnosis ensemble method estimates that Phase 1 begins at 85 minutes 

(see Fig 3.7), and therefore RUL prediction process is activated at that time instant. The 

Gaussian degradation models are initialized with the upper, lower limit, and mean phase 

transition masses as per Table 6.1. The estimated unknown model parameters by the 

enhanced adaptive PF are used for predicting the degradation evolution. The degradation 

prediction at various time instants of experiment 5 with the upper and lower bounds are 

shown in Fig. 6.4. The fault phase diagnosis estimates that Phase 2 begins around 415 

minutes and thus the actual transition mass is calculated from the degradation index as 

MT = 18.5878 mg . As discussed earlier, the degradation model is updated with the 

calculated transition mass and the previous upper bound and lower bound degradation 

models are discarded.   
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Fig. 6.4 Degradation predictions of experiment 5 at various time instants. 
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As shown in Fig. 6.5, the RUL estimation plot of experiment 5 is accurate during 

Phase 1 and the predictions are inside the 20% margin. During Phase 2 the predicted RUL 

is just over the 20% margin between 350 to 570 minutes of the experiment. But after 570 

minutes the predictions become accurate. These inaccurate predictions between 350 to 570 

minutes are due to the rapid burst of debris particles accumulated from the bearing around 

570 minutes. Therefore, Phase 2 degradation predictions (shown in Fig. 6.4) follow the 

degradation trends which prevailed before the 570 minutes and they do not accurately 

forecast the future trend properly. However, soon after the sudden increase in the 

accumulated mass value at 570 mins the enhanced adaptive PF adapts well and gives 

accurate degradation predictions. The degradation prediction of 582 minutes (in Fig. 6.4) 

shows the gradually adapting degradation predictions.  

 

Fig. 6.5 RUL prediction plot for experiment 5. 
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6.3 Summary 

The proposed bearing long-term RUL prediction PHM system is explained in detail and 

validated in this chapter. The proposed framework has two major sub-systems namely, 

fault phase diagnosis and RUL prediction, and both of these sub-systems have internal 

modules. The fault phase diagnosis runs at every time instant of the bearing operation and 

estimates the fault phase, i.e., Phase 0, Phase 1, or Phase 2. Whereas the RUL estimation 

process is activated as soon as Phase 1 is detected the first time. The degradation model 

initialized with the values from the database of previous experiments is used for multi-

phase RUL prediction with the enhanced adaptive PF in Phases 1 and 2. The RUL 

prediction in Phase 1 gives an upper and lower bound while in Phase 2 only the mean RUL 

prediction is available. Further, the proposed methodology is validated on two spall 

propagation experiments conducted using the experimental setup presented in Section 1.4. 

The results show that the multi-phase and long-term RUL prediction results of the proposed 

PHM system are very accurate.  
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Chapter  7: Conclusions and Future Works 

7.1 Conclusion 

The bearing service life is typically divided into three phases: normal operation, gradual 

degradation, and accelerated degradation. Although extensive studies have been carried out 

on bearing RUL prediction, most of these studies focus only on the final phase i.e., the 

accelerated degradation phase. Whereas, not much work has been carried out associated 

with long-term and multi-phase RUL prediction. Even though many studies show that the 

ODMs have an excellent potential for bearing PHM systems, very few explore its potential 

for RUL prediction. Therefore, in this thesis, an intelligent PHM system is presented for 

rolling element bearings that mainly uses the information from the ODMs. The theme of 

this dissertation is to discuss the major issues in the existing PHM systems and 

subsequently present robust solutions for these issues.  

 Firstly, to leverage the relationship between the wear debris characteristics and the 

defect severity, three novel degradation indicators are developed based on ODM data. They 

are further used in the fault phase diagnosis tool as features. Two indicators are developed 

by monitoring the statistical relation of the debris particle size distribution. Whereas the 

third degradation indicator is based on an online change point detection technique. Next, a 

data-driven fault phase diagnosis technique based on an ensemble of KNN and RF 

classifiers is developed. Multi-sensor information including the degradation indicators 

previously developed is used in the feature vector. Three feature selection methods are used 

for selecting the most relevant features. Further, the classifiers are optimized and the leave-

one-out cross-validation technique is used to calculate the 𝐹-scores which are used as the 

weights for each classifier. A weighted average ensemble method is finally used for the 

final phase estimation.  

 Secondly, to perform multi-phase RUL predictions, the model-based techniques 

need to be capable to adapt to sudden trend changes. However, the PFs used in the literature 

have three issues namely, particle degeneracy, particle impoverishment, and initial range 

dependence. Therefore, an enhanced adaptive PF algorithm is proposed to tackle these 

three problems. In this algorithm, a novel adaptive sampling process is introduced which 
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approximates the particle distribution as a normal distribution. In case of an adverse trend 

change in the degradation index, an extended adaptive sampling process is used that 

generates out-of-range particles and recursively converges to the required model parameter 

values. The superiority of the proposed technique is illustrated using simulated data and a 

noise sensitivity study. Although the enhanced adaptive PF is capable of adapting to trend 

changes, to get accurate long-term RUL prediction, the degradation model should also be 

enhanced. Many studies use a single degradation model to characterize the entire bearing 

service life, however, this is not suitable if the degradation process involves phase changes. 

Therefore, a multi-phase degradation model is developed for rolling element bearings using 

a mixture of the Gaussian process and Weibull function. The main contention of this model 

is that the debris generation rate of each degradation phase can be approximated by a three-

parameter Gaussian. Then the physical, geometric, empirical relations are used to reduce 

the number of model parameters in the degradation model.  

 Finally, the proposed intelligent PHM system compiling the developed techniques 

is presented in detail. The proposed framework has two major sub-systems namely, fault 

phase diagnosis and RUL prediction. The phase estimation of the fault phase diagnosis is 

used to activate the RUL estimation process. In the accelerated degradation phase, the 

degradation model is updated with the calculated transition. Further, the performance of 

the proposed methodology is validated on two spall propagation experiments conducted 

using the experimental setup. The results verify the multi-phase and long-term RUL 

prediction PHM system. 

7.2 Limitations and Future Works 

As demonstrated with the results, the proposed PHM system works well for bearing 

systems with minor dynamic load changes, however, industrial applications of rotating 

machines operate under systematic and large load variations. Therefore, the PHM system 

needs to be validated for bearing systems with such major changes in the loading.  Further, 

the developed multi-phase degradation model does not have the capability to incorporate 
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the effects of loading on the bearing. Therefore, this limitation shall be addressed in future 

works such that the degradation model will integrate the ability to utilize the current and 

future expected loads for RUL prediction. 

 Furthermore, the developed ensemble learning model for fault phase diagnosis 

inaccurately estimates the phases in certain scenarios. For example, in the fault phase 

estimation results of experiment 4 (see Fig. 3.6), the tool incorrectly estimates the phase 

around 1020 to 1050 minutes as Phase 1. In industrial applications, such inaccuracies will 

result in false alarms and may cause severe complications to the maintenance personnel. 

Such problems can be overcome by training the machine learning models with more and 

better-quality failure data. Additionally, future work will be conducted in developing a 

rule-based fault phase diagnosis tool that can avoid such inaccuracies. 

In addition, further research work shall be conducted in the following aspects: 

1. The proposed PHM system will be applied to other mechanical equipment with 

multi-phase degrading such as wind-turbine gearboxes. 

2. More research work will be conducted related to the noise sensitivity of the 

enhanced adaptive PF technique. 

3. The viability of the proposed PHM system will be studied in scenarios where 

the machines might have both gears and bearings in the same lubrication 

system. 

4. Deep learning classification models will be employed for future fault diagnosis 

and RUL estimation studies. 
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Appendices 

Appendix A  Regression-Based Online Change Point Detection 

A.1 Online Change Point Detection Techniques 

Bearing degradation is a stochastic process and it involves an elevated level of uncertainty. 

Typically, these uncertainties manifest in sudden trend changes in the degradation index. 

The time instant when these sudden trend changes occur is known as change points in the 

data. These change points correspond to a significant increase in the amplitude of the 

degradation index in comparison to previous reference values. Identifying the exact time 

when sudden trend changes appear in the bearing degradation index will help to disclose 

important information about the actual degradation of the bearing. The “online” change 

detection, refers to the processing and identifying the trend changes at each measurement 

point (i.e., the data is processed and the change point is detected immediately instead of 

observing trends for a longer period). 

Several supervised and unsupervised data-driven techniques have been designed, 

enhanced, and adapted for online change point detection techniques in the literature. The 

supervised techniques using Naïve Bayes, Support Vector Machines, Hidden Markov 

model, etc., have been proposed for online change point detection [121, 122]. 

Alternatively, unsupervised methods such as likelihood ratio, kernel-based methods, 

clustering, and probabilistic methods have been proposed [123, 124, 125, 103, 126]. One 

of the most used online change point detection methods is Bayesian Online Change Point 

Detection (BOCD) proposed in [103]. Compared to other methods which only consider 

pairs of consecutive samples, BOCD uses a sliding window method where the change point 

is estimated based on all previous intervals within the sliding window [103, 127]. 

This section proposes a novel methodology for online change point detection in 

degradation index or any time-series data. To verify this methodology, the working of this 

proposed technique is compared with the most famously available BOCD technique. 
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A.2 Bayesian Online Change Point Detection (BOCD) 

BOCD is a probabilistic method with the assumption that a sequence of observations may 

be divided into non-overlapping states and the data within each state 𝜌 in time series are 

independent and follow some probability distribution 𝑃(𝑥𝑡|𝜂𝜌). It estimates the posterior 

distribution by defining an auxiliary variable run-length (𝑟𝑡 ) which represents the time 

elapsed since the last change point. Given the run length at a time instant t, the run length 

at the next time point can either reset back to 0 (if a change point occurs at this time) or 

increase by 1 (if the current state continues for one more time unit). The run-length 

distribution based on Bayes’ theorem can be denoted as: 

𝑃(𝑟𝑡|𝑥1:𝑡) =  
∑ 𝑃(𝑟𝑡|𝑟𝑡−1)𝑃(𝑥𝑡|𝑟𝑡−1, 𝑥𝑡

(𝑟)
)𝑃(𝑟𝑡−1|𝑥1:𝑡−1)𝑟𝑡−1

∑ 𝑃(𝑟𝑡|𝑥1:𝑡)𝑟𝑡

 (A.1) 

Where 𝑥𝑡
(𝑟)

 indicates the set of observations in the sliding window, and  𝑃(𝑟𝑡|𝑟𝑡−1), 

𝑃(𝑥𝑡|𝑟𝑡−1, 𝑥𝑡
(𝑟)

), 𝑃(𝑟𝑡−1|𝑥1:𝑡−1) are prior, likelihood, and recursive components of the 

equation. The conditional prior is non-zero at only two outcomes (𝑟𝑡 = 0 or 𝑟𝑡 = 𝑟𝑡−1 + 1) 

and simplifies the equation. 

𝑃(𝑟𝑡|𝑟𝑡−1) =  {
𝐻(𝑟𝑡−1 + 1)              𝑖𝑓 𝑟𝑡 = 𝑟𝑡−1 + 1

1 − 𝐻(𝑟𝑡−1 + 1)      𝑖𝑓 𝑟𝑡 = 𝑟𝑡−1 + 1
0                                         𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒

  (A.2) 

  

In this equation, 𝐻(𝑥) =
𝑃(𝑥)

∑ 𝑃(𝑥)∞
𝑡=𝑟

 is a hazard function which is defined as the ratio 

of probability density over the run to the total value of probability densities. The likelihood 

term represents the probability that the most recent observation point belongs to the current 

run. After calculating the run length distribution and updating the corresponding statistics, 

change point prediction is performed by comparing probability values. If 𝑟𝑡 has the highest 

probability in the distribution, then a change point has occurred and the run length is reset 

to 𝑟𝑡  = 0. If not, the run length is incremented by one ( 𝑟𝑡  = 𝑟𝑡−1  + 1) [103, 127]. 

Implementing BOCD on online data requires us to define the hazard and the function for 
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data distribution. BOCD method is very efficient for finding the online change points if the 

magnitude variation between the points is high; however, the efficiency of BOCD is not 

good when there are small magnitude changes. 

 

A.3 Regression-based Online Change Point Detection (ROCD) 

As discussed earlier, likelihood ratio, kernel, clustering, and probabilistic-based methods 

have been proposed for online change point detection so far in the literature. However, 

regression-based methods have not been explored yet.  

Linear regression is a process in which a first-order equation (𝑌 = 𝛼1𝑋 + 𝛼2)  is 

fitted to a set of data points to describe and generalize the relationship between the 

explanatory variable (𝑋) and the observed variable (𝑌). We can use the least square 

approach or maximum likelihood estimation approach to find the most optimum fit called 

the regression line. It gives us the values for both coefficients 𝛼1 and 𝛼2. However, since 

the inevitability of the noise in physically observed variables, all the observed data points 

will have some distance from the linear regression line. This distance from the regression 

line is called residuals and it can be quantified using the Mean Square Error (MSE) metric. 

Fig. A.1 (a) shows a linear regression line fitted to a set of evolving observed data points 

and the MSE of the highlighted residuals. Consider that a trend change appears in the 

observed variable, the magnitude of the most recent observed data points will increase or 

decrease. This instant of the explanatory variable (𝑋) is known as the change point. When 

this change point occurs, as shown in Fig. A.1 (b), the residuals for the last few data points 

will increase, and as a result, the MSE will increase. Let us define the mean residual of the 

last few data points during the change point as “change point residual” for further 

explanation. 
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Fig. A.1 (a) Linear regression line fitted to the data and MSE of the residuals, (b) Residuals and MSE 

increases as when a change point occurs. 

Quadratic regression is a process of fitting a second-order equation (𝑌 = β1𝑋2 +

𝛽2𝑋 + 𝛽3) to the set of observed data points. This generalizes the relation between the 

explanatory variable (𝑋) and the observed variable (𝑌) by fitting a most optimum parabolic 

curve known as the quadratic regression curve. Similar to linear regression, the least-square 

approach or maximum likelihood estimation approach can be used to fit the regression 

curve and obtain the values for the coefficients  𝛽1, 𝛽2 and 𝛽3. Fig. A.2 (a-c) shows the 

quadratic regression curve to a set of data points with and without change points. As long 

as the data points do not have a change point, the regression curve will not have any 

curvature, i.e., the regression curve will be similar to a straight line. Further, the second-

order coefficient (𝛽1) will be close to zero (𝛽1 → 0) for quadratic regression curves that do 

not have any curvature. When there are change points in the observed variable, the value 

of the is coefficient will increase for a positive curvature (Fig. A.2 (a)), and similarly, the 

coefficient will decrease for a negative curvature (Fig. A.2 (c)).  
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Fig. A.2 (a) Quadratic regression curve with positive curvature when change point occurs, (b) 

Quadratic regression curve with very low curvature, (c) Quadratic regression curve with negative 

curvature when change point occurs. 

Although the MSE is a good metric to identify the change points in data, in practical 

applications it is susceptible to cause false triggers because of the noise in the observed 

data. Fig A.3 (a) shows the effect of varying the change point residual as a ratio of the 

noise level in the observed variable on the MSE metric. As shown noise in the data 

adversely affects the MSE metric. We get high MSE values even when the change point 

residual is not high (i. e., between -1 to 1 region). Fig. A.3 (b) shows the corresponding 

variation of 𝛽1 value as the change point residual varies linearly. As we can see the 𝛽1 

(curvature coefficient) has less variation in the region within -1 to 1 region because the 

curvature in of the quadratic regression curve is less when there is low noise. Therefore, to 

reduce the influence of the noise, we get the product of the absolute value of the second-

order coefficient (𝛽1) and the MSE metric and it will be called the “error product” for 

further discussions. The corresponding error product value for varying change point 

residual is shown in Fig. A.3 (c). As shown, the value of the error product is close to zero 

between the -1 to 1 region. This makes sure that we identify only the relevant change points 

and reduce the risk of false alarms.  
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Fig. A.3 Effect of variation in change point residual in the observed variable (𝒀)  (a) Variation of the 

MSE (b) Variation of 𝜷𝟏(curvature coeffiecient) (c) Variation of error product. 

 

A.4 ROCD Methodology 

The proposed ROCD method uses this error product to identify the change points in the 

observed degradation index. In such a case, the degradation index will be the observed 

response variable (𝑌) and the corresponding time instants will be the explanatory variable 

(𝑋). Further, we will use a sliding window to consider only the recent observed data points 

for the online change detection. The proposed ROCD method is explained in the below 

steps:  

1) Select the number of recent data points to be considered in the sliding window. 
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2) Using the LSE approach, find the linear regression line and the quadratic regression 

curve for the data points in the sliding window. 

3) Find the residuals of the observed data points from the linear regression line and 

calculate the MSE of the residuals. 

4) Calculate the second-order coefficient (𝛽1) from the quadratic regression.  

5) Calculate the error product by multiplying the MSE and the absolute value of 𝛽1.  

The proposed ROCD method is practical for many types of applications as long as the 

sliding window can meaningfully fit the linear regression line. In many applications, 

especially in bearing fault diagnosis, even though the overall trend of degradation is 

exponential, the data points in a reasonable sliding window are appropriate to be used for 

linear regression.  

A.5 Validation on Simulated Signal 

In this section, the proposed ROCD method is compared with the widely accepted BOCD 

method for online change point detection. Consider the simulated signal, shown in Fig. 

A.4, with two change points with magnitude disparity at 30 minutes and 90 minutes 

respectively.  

 

Fig. A.4 Simulated signal to validate the ROCD method. 
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Fig. A.5. shows results of the BOCD method applied on the simulated signal with 

a low hazard value and a standard Student T distribution for the observed variable. As we 

can see, that the change point probability is high at 30 minutes and hence, the run length 

becomes zero at 30 minutes. However, change point 2 at 90 minutes is not identified at all. 

Whereas the ROCD method applied with a 5 minutes sliding window comfortably 

identifies both the change points. As shown in Fig. A.6, the error product value increases 

during both the change points at 30 minutes and 90 minutes, while the error product for 

the rest of the locations is low. 

 

 

Fig. A.5 BOCD method identifies only one change point. 



 115 

 

Fig. A.6 ROCD method with 5 minutes sliding window identifies both the change points. 

A.6 Conclusion 

Several online change point detection methods have been proposed so far in the literature. 

However, these methods need a few hyper-parameters to be predetermined and these 

parameters mostly depend on the characteristics of the observed data. Moreover, in many 

practical cases, it is impossible to know the exact values of hyper-parameters that give the 

best results for the observed data. Most of the online change point detection techniques are 

based on likelihood, kernels, clustering, and probabilistic methods, but regression-based 

methods have not been explored yet. Therefore, a regression-based change point detection 

technique is developed which only requires one hyper-parameter. This technique uses both 

linear and quadratic regression to calculate an error product. The error product is a product 

of the MSE of the residuals from the linear regression line and the second-order coefficient 

of the quadratic regression curve. The value of the error product increases a representing 

the identification of a change point. The superiority of the ROCD method over the BOCD 

method is verified using a simulated signal with two change points.  
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