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We give a topological approach for the study of the algebraic-
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ucts and HNN extensions. We also prove that a stable action 
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complex which decomposes G. 
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1 Introduction 

The main theme of the thesis is the interaction between group theory and topology. 
In the mathematical literature, often the connections between algebraic properties 
of finitely generated groups and topological and geometric properties of spaces on 
which these groups act is the theory of the fundamental group. In the thesis 
we show several ways in which topological methods help one discover algebraic 
properties of groups. 

First, we consider fundamental groups of graphs of groups. These groups are 
built from vertex groups and edge groups, according to certain rules, and this 
information allows one to obtain nice topological spaces associated with G and its 
subgroups. We show that if a group G is decomposed into a graph of groups, then 
topological methods provide quite a bit of information about algebraic properties 
of G and of its finitely generated subgroups. We deal with these topics in Section 
2. 

Section 3 is dedicated to the Rips theory of isometric groups actions on real trees 
(or R-trees). It was noticed long ago that the dynamics of group actions on nice 
spaces reflects algebraic properties of groups. Simplicial trees are one instance of 
a nice class of spaces. A simplicial tree is an infinite graph without circuits (in the 
usual graph-theoretical meaning), made into a metric space by giving each edge 
the unit length. Bass-Serre theory deals with analyzing the algebraic structure 
of groups acting by automorphisms on simplicial trees. The theory relates group 
actions on trees with decomposing groups into graphs of groups. 

There have been several generalizations of Bass-Serre theory. One is the theory 
of complexes of groups that provides a higher-dimensional generalization of Bass-
Serre theory. The notion of a graph of groups is replaced by that of a complex of 
groups, where groups are assigned to each cell in a simplicial complex, together 
with monomorphisms between these groups corresponding to face inclusions (these 
monomorphisms are required to satisfy certain compatibility conditions). One can 
then define an analog of the fundamental group of a graph of groups for a complex 
of groups. 

Another generalization of Bass-Serre theory is Rips theory: real trees include 
simplicial trees as a particular case. The theory was developed largely in the 1990s, 
where the work of Eliyahu Rips on the structure theory of stable group actions 
on R-trees played a key role. This structure theory assigns to a stable isometric 
action of a finitely presented group G a class of complexes of that action by a stable 
action of G on a K-tree and hence a decomposition of G in the sense of Bass-Serre 
theory. Rips theory arises naturally in several contexts in geometric topology: for 
instance as boundary points of the Teichmuller space, as Gromov-Hausdorff limits 
of Kleinian group actions, and so on. However, the Rips theory is more than that; 
it inspires some deep mathematics, for example the use of Rips machine provides 
substantial shortcuts in modern proofs of Thurston's Hyperbolization Theorem 
(a certain compactness theorem for sequences of representations). The use of 
Rips theory is a key tool in the work of Sela on solving the isomorphism problem 
for (torsion-free) word-hyperbolic groups, Sela's version of the JSJ-decomposition 
theory and the work of Sela on the Tarski Conjecture for free groups and the theory 
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of limit groups. And we still cannot see the end of its further developement, even 
now a sizable amount of significant results related to it already accumulate in the 
literature. 

2 Amalgamated Free Products and HNN Exten
sions 

In this section, we assume that a map from a topological space to another topo
logical space is continuous; we also assume that all spaces are path-connected and 
locally path-connected unless otherwise stated. 

We first start with the definitions of amalgamated free products and HNN exten
sions. Then elaborate Grushko's theorem (Theorem 2.3). Corollary 2.1 says that 
for any group, we can construct a 2-dimensional CW-complex with its fundamental 
group isomorphic to the given group. By using this, we construct 2-dimensional 
CW-complexes of a free product of G\ and G^ G = G\ * G-i and free group F. 
Throughout the epimorphism <p : F -» G, we have the decomposition Flf F2 of F 
such that ifi(Fi) = Gi for i — 1,2. 

The theory of covering spaces and covering complexes is a major tool of topological 
methods used in combinatorial group theory. We have the Kurosh's subgroup 
theorem for subgroups of free products (Theorem 2.4). Due to Serre [Ser03], we 
introduce terminologies of a graph of spaces, a total space and a graph of groups 
and then re-prove the normal form theorem. See Theorem 2.1, 2.2 and Proposition 
2.4. Finally, we have Theorem 2.6 and 2.8 : 

Given a fundamental group G of a graph of groups and its subgroup H, H is again 
a fundamental of groups of a graph of groups, where the vertex groups of H are 
subgroups of conjugates of the vertex group of G and the edge groups of H are 
subgroups of conjugates of the edge group of G. Moreover, vertices and edges are 
corresponding to some double cosets. 

As applications of Theorem 2.6 and 2.8, we give an example to show that non-
finitely generated groups cannot be expressed as a free product of freely indecom
posable subgroups; and prove that any countable group can be embedded in a 
2-generator group (Theorem 2.9). 

2.1 Some basic definitions 

Let us recall the basic properties of the fundamental group of a topological space. 
All details are mainly discussed in [Mas67], [Hat02], and [MunOO]. 

FACT 2.1 ([MunOO] Theorem 52.1 and 58.3) For any topological space X and 
a base point x € X, we have a fundamental group of X based at x denoted by 
iri(X,x). A path from x toy induces a group isomorphism TT\ (X, x) —• 7Ti (X, y). A 
map f : X —> Y with f(x) = y induces a group homomorphism 7rx(/) : TTI(X, X) —» 
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ni(Y,y) where Tti(f) is a functor of f. If X is a deformation retract ofY or vice 
versa, then 7Ti(X) = ^ ( F ) . 

F A C T 2.2 Let p : X —> X be a surjective map. If every point x of X has a 
neighborhood U, and p"l(U) can be written as the union of disjoint open sets V„ 
in X for each u which the restriction of p to Vu is a homeomorphism of Vu onto 
U, then (X,p) is a covering space of X and the following holds : 

(1) ([Mas67j Lemma 2.1) If A is a subspace of X, and A is a component of 
p~1(A), then (A,p\^) is a covering space of A. 

(2) ([Mas67] Theorem 4-1) (X,p) induces a monomorphism 7Ti(p) : IT\(X,XQ) —* 

(3) ([Mas67] Theorem 5.1) Suppose given a covering map p : (X, io) —> (X,XQ) 

and a map f : (Y, y0) —*• (X, XQ). Then a lift f : (Y, y0) —> (X, x0) off exists 
if and only if'iri(f)(iri(Y,yo)) is a subgroup ofTri(p)(TTi(X,Xo)). 

(4) ([Hat02] Proposition 1.34) Given a covering space (X,p) of X and a map 
f : Y —> X with two lifts f\,fi'.Y—*X that agree at one point of Y, then 
ifY is connected, these two lifts must agree on all ofY. 

FACT 2.3 (Seifert-van Kampen's Theorem) Let X be the union of two open 
subsets Xi andXi having intersection XQ. IfxE XQ, the images of the two groups 
it\(X\,x) and itx{X2,x) in iri(X,x), under the homomorphisms induced by inclu
sion, generate the latter group. Now, let G be a group, and let / i : TTI(XI,X) —+ G 
and fi : iri(X2,x) —» G be homomorphisms. Letii,i2,ji,J2 be the homomorphisms 
indicated in the following diagram, each induced by inclusion. 

TTI(X0,X) 

ici(Xltx) 

•tri(X2,x) 

(1) ([MunOO] Theorem 70.1) If fi ° i\ = /? °i2, then there is a unique homo-
morphism $ : 7Ti (X, x) —• G such that $ o j± = / j and $ o j 2 = fi • 

(2) ([MunOO} Corollary 70.3) If XQ is simply connected, then TTI(X,X) is the free 
product of the groups TTI(XI,X) and iri(X2,x) with respect to the homomor
phisms ji : 7Ti(Xi,x) —* TTI(X,X) and J2 : iti{X2,x) —* TTI(X,X). 

(3) ([MunOO] Corollary 70-4)If X% is simply connected, then ji : TTI(XI,X) —> 
7Ti (X, x) is an epimorphism, and its kernel is the smallest normal subgroup 
ofiTi{Xi,x) containing the image ii{Tr\{Xo,x)). 
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EXAMPLE 2.1 Let X be a space such that X — A\J B, AC\B = {x}, and A and 
B are each homeomorphic to a circle Sl. X may be visualized as a curve shaped 
like a figure "8". See Figure 1. 

A B 

•CO' 
Figure 1: Figure "8 r 

Note that A and B are not open subsets of X. However, we should construct 
two path connected open subsets X\ and X2 of X and apply Seifert-van Kampen's 
Theorem (2) above to determine the structure of TVI(X,X). Choose points a G A 
and b € B such that a ^ x and b 7̂  x. Let X\ — X \ {b}, and let X2 = X \ {a}. 
Then XiU-X^ = X and XQ — X\C\X-z = X\{a, b} is contractible to x. Hence, XQ is 
simply connected. Therefore, we can conclude that n-i (X, x) = TTI(XI, x)*7Ti(X2, x). 
But A and B are deformation retracts of X\ and X2, respectively. So 7Ti(A, X) = 
•ni{Xx,x) and-!r1(B,x)^Wi(X2,x). Thus, iri{X,x) 2S 7n(i4,a;)*7ri(B,a;) = Z * Z . 
Moreover, ir-i (X, x) is a free group on generators t\,. 12 the classes of the circles. 

REMARK 2.1 It follows that X is called the wedge sum A V B which is the 
quotient of the disjoint union A U B obtained by identifying OQ € A and bg € B to 
a single point. More generally one could form the wedge sum \JV Xv of an arbitrary 
collection of spaces Xv by starting with the disjoint union [_\u X„ and identifying 
points x„ € Xv to a single point. Thus for wedge sum \Ju Si of circles, 7r1(Yl/ Si) 
is a free group, the free product of copies of Z, one for each circle Si. 

It is true more generally that the fundamental group of any connected graph is 
free. (The definition of a graph will be introduced when the coming terminology 
CW-complex is given.) 

We now construct a space by the following procedure: 

1. Start with a discrete set X°, whose points are regarded as 0-cells. 

2. Inductively, form the n-skeleton Xn from Xn~l by attaching n-cells e" via 
maps fu : Sn~l —* Xn~l. This means that Xn is the quotient space of 
the disjoint union Xn~l \_ju D" of Xn~1 with a collection of n-disks under 
the identifications x ~ fv{x) for x G dD™. (Dn is the unit closed disk or 
ball in R" and c?D™ = Sn~l the boundary of the n-disk.) Thus as a set, 
Xn = Xn~l \_\u e" where each e" is an open n-disk. 

3. One can either stop this inductive process at a finite stage, setting X = Xn 

for some n < 00, or one can continue infinitely many times, setting X = 
U n Xn- In the latter case X is given the weak topology: A set A C X is 
open (or closed) if and only if A D Xn is open (or closed) in Xn for each n. 
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DEFINITION 2.1 A space X constructed in this way is called a CW-complex or 
cell complex. If X = Xn for some n, then X is said to be finite-dimensional, 
and the smallest such n is the dimension of X, the maximum dimension of cells 
of X. A 1-dimensional CW-complex X = X1 is what is called a graph. It consists 
of vertices (the 0-cells) to which edges (the l-cells) are attached. The two ends of 
an edge can be attached to the same vertex. A subcomplex of a CW-complex X 
is a closed subspace A C X that is a union of cells of X. Since A is closed, the 
map f'v : D " —>• X of each cell in A has image contained in A, and in particular 
the image of the attaching map fv : Sn~l —> Xn~x of each cell in A is contained 
in A, so A itself is a CW-complex. 

The following two facts are assumed with CW-complexes. One is analogous to 
Seifert-van Kampen's Theorem but with CW-complexes; the other is not true for 
spaces in general. 

F A C T 2.4 (Seifert-van Kampen's Theorem for CW-complexes [Mas67] 
Lemma 4-2) Let X be a CW-complex, X\ and X2 be connected subcomplexes of 
X and let X = X\ U X2. Assume that there exists a non-empty tree T which is 
a subcomplex of the 1-dimensional X1 such that Xi D X2 = T. Then, for any 
vertex v £ T, iti(X,v) = -K\{XI,V) *ni(X2,v) with respect to the homomorphisms 
nitii) '• 7 r iP^j 'y) -* ""lpfjt;) induced by the inclusion maps ji : Xi —• X for 
i = 1,2. 

DEFINITION 2.2 Let (Xi,pi) and (X2,P2) be covering spaces of X. A homo-
morphism of (X\,pi) into (X2,P2) is a continous map ip : X\ —> X2 such that 
the following diagram is commutative: 

X\ >• X2 

X 
X 

A homomorphism tp of (Xi,p\) into (X2,P2) is called an isomorphism if there 
exists a homomorphism (p of (^2,^2) into (Xi,p\) such that both compositions 
(pi/) and i/;<p are identity maps. Two covering spaces are said to be isomorphic 
if there exists an isomorphism of one onto the other. An automorphism is an 
isomorphism of a covering space onto itself; it may or may not be the identity 
map. 

R E M A R K 2.2 The composition of two homomorphisms is again a homomorphism, 
and that, if (X,p) is a covering space of X, then the identity map X —>• X is a 
homomorphism. 

Automorphisms of covering spaces are usually called covering transformations 
or deck transformations. Note that a homomorphism of covering spaces is an 
isomorphism if and only if it is a homeomorphism in the usual sense. The set of 
all automorphisms of a covering space (X,p) of X is obviously a group under the 
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operation of composing maps. We shall use the notation Aut(X) to denote this 
group. 

By using covering transformations, we have the following fact : 

FACT 2.5 ([CGKZ98] Theorem 1.3.4) Let X,X' be CW-complexes. For any 
subgroup H of ni(X,x) there is a covering space {X',p : X' —> X) such that 
7r1(p)(7r1(A",i')) = H, forx' 6 p-\x). 

We shall be interested in 2-dimensional CW-complexes, analyzing how the fun
damental group is affected by attaching 2-cells. Suppose we attach a collection 
of 2-cells el to a space X -via maps fv-S1—* X, producing a space Y. Choose 
a fixed, closed path <p : I —*• Sl which represents an element of the fundamental 
group ir\(Sl, (1,0)); i.e., the path (p goes around the circle Sl exactly once. For 
each el, let av denote the closed path represented by the composed map fvip. 
Choose a base point x € X; and for each el, a path class /?„ in X with x as 
initial point and /„(1,0) as terminal point. Then, j„ = {5va.v{5~x is an element of 
7Ti(X,x). 

PROPOSITION 2.1 ([Hat02J Proposition 1.26) The inclusion map I < - » y induces 
the epimorphism -K\{X,x) onto ni(Y, X), and the kernel N is the smallest normal 
subgroup containing the set {7,,}. Thus, Ki(Y,X) = TTI(X,X)/N. 

P R O O F . Let us expand Y to a larger space Z that deformation retracts onto 
Y and is more convenient for applying Seifert-van Kampen's Theorem (3). The 
space Z is obtained from Y by attaching rectangular strips S„ = 1x1, with / x {0} 
attached along /?„, {1} x / attached along an arc in el, and {0} x I of the different 
strips identified together. / x {1} of the strips are not attached to anything, and 
this allows us to deformation retract Z onto Y. Thus, iti(Y,x) = -K\{Z,x). See 
Figure 2. 

Figure 2: The CW-complex Z 

In each cell el choose a point y„ not in the arc along which S„ is attached. Let 
X\ = Z\ \}v{yv}

 and let X2 = Z \ X. Then X\ deformation retracts onto X, 
and X2 is contractible. So, 7r1(Xi,x) = ^(X,a;) and X2 is simply connected. 
Seifert-van Kampen's Theorem (3) yields that TTI(Z, X) is isomorphic to the quo
tient of iri(X},x) by the normal subgroup generated by 21(^1(^0 = X\ n X2,a;)). 
Hence, ni(Y,X) is isomorphic to the quotient of T^I{X,X) by the normal subgroup 
generated by i'i(7Ti(Xo, X)). 
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It remains only to show that TT](XQ, X) is generated by the loops 7„, or rather 
by loops in XQ nomotopic to these loops. Note that XQ = \JV Av where Av = 
-^o\U/i^j/eM *s °Pen> a n d that f)uAv — ix} which is simple connected. Seifert-van 
Kampen's Theorem (2) gives that -K]{XQ,X) = IX,*7ri(j4„,x). Since Au deforma
tion retracts onto a circle in e2, \ {yu}, we obtain -K\(Av,x) = Z generated by a 
loop homotopic to 7,,, and the result follows. D 

EXAMPLE 2.2 We compute the fundamental group of 1-hole torus Y. The 1-
skeleton X1 is a wedge sum of two circles with one 0-cell x, two l-cells , and 
with fundamental group free on two generators a and b by Remark 2.1. Y is a 
CW-complex that is obtained from X1 by attaching one 2-cell, as shown in Figure 
3. The 2-cell is attached along the loop given by the commutator [a, b]. Therefore, 

Figure 3: The 1-hole torus 

ixi{Y,x) — (a,b ;[a,b]) where (si ;rj) is called the presentation of 7Ti(Y,x) and 
denotes the group with generators Si and relators Tj. 

COROLLARY 2.1 ([Hat02] Corollary 1.28) For every group G, there is a 2-dimensional 
CW-complex K with KX{K)^G. 

P R O O F . Choose a presentation G = (s, ; r , ) . This exists since every group is 
a quotient of a free group, so the s^'s can be taken the generators of this free 
group with the r/s generators of the kernel of the map from the free group to G. 
Now construct a CW-complex K from \Ji S} by attaching 2-cells e | by the loops 
specified by r^. • 

According to the following proposition, adding cells of dimension > 2 does not 
affect 7Ti, as we see on applying Seifert-van Kampen's Theorem again. So all 
interest lies in how the 2-cells are attached. 

PROPOSITION 2.2 ([Mas67] Theorem 3.1) If the inclusion map of X into Y where 
Y is obtained from the space X by adjunction of cells of dimension > 2, then it 
induces an isomorphism ofiri(X,x) onto iti(Y,x). 

FACT 2.6 ([Mas67] Lemma 8.1) Let 7 be a loop which wraps around dD2 exactly 
once. Let X be a space. A map f : dD2 —> X can be extended to a map f':D2—> 
X if and only if the hop f o 7 is nulhomotopic. 

We can use Corollary 2.1 and Fact above to prove the following proposition : 
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PROPOSITION 2.3 ([SW79J Lemma 1.5) For any homomorphism <p: iri(X2,x) —• 
TTI(Y, y) where X2 is a 2-dimensional CW-complex and Y is any space, there is a 
map a : X2 —• Y with iri(a) = <£>. 

Let's recall some properties of free groups. A rank of a group is the minimal 
number of generators of that group. 

FACT 2.7 Let Fm and Fn be free groups of rank m and n respectively. Then 
Fm = Fn if and only ifm = n. 

FACT 2.8 (Universal property of free groups) G is a group generated by S. 
Then G is freely generated by S if and only if G has the following universal prop
erty: given a group H and a mapping (f>: S —> H, there is a unique homomorphism 
4>: G —s- H extending <f>. 

2.2 Definitions of amalgamated free products and HNN 
extensions 

Let A, B and C be groups. Suppose that we have the following pushout diagrams 
in the category of groups : 

C G C \A G 
C*2 

" 2 ^ 

B 

DEFINITION 2.3 If the maps ai and ct2 are injective, the universal group G is 
called the free product of A and B amalgamated along C, denoted by A*cB; 
for the second case, G is call HNN extension (Higman-Neumann-Neumann) 
and denoted by A*c- If C is the trivial group, then A*c B is denoted by A* B 
and is called the free product of A and B. 

Let us recall the traditional combinatorial definitions for A *c B and A*c which 
are defined by presentation of groups. 

A*CB = (A*B; ai(c) = 02(c), c € C>; A*c = {A, t ; t^a^t = a2{c),c € C) 

where t is called the stable letter. Definition 2.3 is equivalent to the combinatorial 
one. A sequence of elements c\, c2, • • • , c„ (n > 0) is called reduced in A*c B if 

1. Cj € A or B for all i; 

2. Cj, c,+i belong to distinct factors; 
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3. if n > 1, then no Q is in ot\(C) of A or a2(C) of 5 ; and 

4. if n = 1, then C\ ^ 1. 

A sequence of elements go-,t£\gi,tf2, • •• ,t£n,gn (n > 0) is reduced in A*c with 
# € .A and e, € {±1} if it has no occurences of t~x,gi,t with #, € ai(C) and 
£, gj,t~l with £7 € 0̂ 2 (C) next to each other. A normal form of A*cB is a reduced 
sequence in A *c B. A normal form of A*c is a sequence go, t£l, glt t£2, • • • , t£n,gn 

(n > 0) where 

1. go is an arbitrary element of A; 

2. if Si = —1, then gt is a representative of a (right) coset of ati(C) in A; 

3. if £j = + 1 , then gi is a representative of a coset of 012(C) in A; and 

4. there is no consecutive subsequence If, l,t~e. 

THEOREM 2.1 (The Normal Form Theorem for HNN Extensions) The 
map A —> A*c ? s injective: every element is represented by a unique reduced word. 

THEOREM 2.2 (The Normal Form Theorem for Free Products with Amal
gamation) The maps A—*A*cB,B—*A*cB are injective: every element 
may be represented by a unique reduced word. 

The combinatorial proofs of these two normal form theorems are given by [LS77]. 
The topological proof of the factors embed are given later. 

2.3 Grushko's theorem 

THEOREM 2.3 (Grushko's theroem) Let F be a finitely generated free groups, 
let G\ and G2 be finitely presented groups, let G — G\ * G2 and let <p : F —> G be 
an epimorphism. Then there are subgroups Fi and F2 of F such that F = F\ * F2 

and tp(Fi) = Gi for i = 1,2. 

To start the proof, we first construct a topological view of the epimorphism </? : 

Consider G. Let Xi denote a 2-dimensional CW-complex, with a single vertex Xi 
such that iri(Xi,Xi) = G, for i = 1,2. Such Xi and X2 exist by Corollary 2.1. 
Note that X\ and X2 are pairwise disjoint. Let v be a point not belonging to any 
of Xi or X2; join v to the vertex X; by an edge e, for i — 1,2. Let X denote the 
union of X\, X2, e\, e2, and the vertex v; give X the weak topology. Then X 
is a connected 2-dimensional CW-complex with a base point v, and ffi(X,v) = 
TTX(XI U e\ U v, v) * 7ri(A"2 U e2 U v, v) by Fact 2.4. Since (Xi, Xi) is a deformation 
retract of (Xi U ej U v, v) fori = 1,2, we obtain that •Ki(Xi,Xi) = •Ki(Xi\JeiUv, v). 
$o,irl{X,v)^G1*G2. 
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Consider F. Let {sj. • • • , sn} be a basis for F. As we did in Remark 2.1, we have a 
connected 1-dimensional CW-complex Y with a base point vo, and TTI(Y,V0) = F , 
i.e., the wedge of n circles. Now, consider epimorphism <p : F —* G. For each 
i = 1,2, • • • , n, let ip(si) be written in the normal form in G = G\ *Gi by Theorem 
2.2, i.e., <p(si) = CjC2- • -Ck where Cj is either in G\ or G^ and c,-,c,-+1 belong to 
distinct factors. For each Sj, divide S1 into A; segments by k vertices. Denote these 
segments in order by W\, • • • , Wk- For each s i ; define a map fi:S

1—*Xso that 
fi\wj is a closed path in X\ or X2 representing Cj, j = 1, • • • , k. Let K denote 
the union of Y with those new vertices in each S1. Therefore, K is a connected 
1-dimensional CW-complex with TTI(K,VQ) — F as iri(K,V0) = ^ ( X 1 , ^ ) . 

REMARK 2.3 The maps fi : S1 —* X determine a map f : K —*• X because of the 
pasting lemma. Thus, f induces the homomorphism K\{f) : ni(K,Vo) —> ni(X,v). 
We will say that f represents ip if there is an isomorphism ofTTi(K,Vo) with F 
such that the diagram below commutes 

in(K,v0) ~ • F 

Let Ki denote the subcomplex of K consisting of all vertices and all edges W 
such that f\w in Xi U e* U v for i = 1,2. Note that K\ U K2 = K and Ki is not 
necessarily connected. If both K\ and K2 were connected and we apply Fact 2.4, 
it seems that we could get the result. Unfortunately, K\ D Ki = Y° is the set of 
all vertices of K which is not a connected set, i.e., V0 is not a tree for now. 

In order to apply Fact 2.4, we are going to construct a connected 2-dimensional 
CW-complex K' such that 

(1) K' contains K as a deformation retract; 

(2) a map f : K' —* X extends / ; 

(3) K[ U K'2 = K' where K\ is connected containing Ki and f'(Kl) C X, for 
i = 1,2 and; 

(4) K[ D K\ is a tree. 

(1) and (2) imply that T\(K',VQ) = F and / ' represents (p. Applying Fact 2.4, 
in view of (3) and (4), we have TTI(K',VO) = ^ ( i ^ u o ) *^\{K'2,VQ). Take Fj = 
7Ti(/^,v0) for i = 1,2. Also, ni(f')(Fi) C G( as f'{K'-) C Xi\ since / ' represents 
ip, we have <p(Fi) C G*. On the other hand, for every g € Gi, we have the image 
of g in G because Theorem 2.2 gives that G^ —* G is injective; we identify g with 
its the image in G; now for every g in G, there is s £ F such that (p(s) = p 
because tp : F —• G is surjective; thus we have <£>(Fj) D Gj. All thogether, we have 
ip(Fi) = Gi for i = 1,2. Therefore, the theorem will be proved. 
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Now, the question is whether such a 2-dimensional CW-complex K' satisfying 
properties (1) - (4) always exists. We could use the following lemma to answer 
this question. 

LEMMA 2.1 Let K be a CW-complex and f : K —>• X a map representing epi-
morphism cp : F —> G be as above. Assume that K\,K2 C K are such that 
K = K\ U K2 and K\ D K2 is a forest with a components. If a > 2, then there is 
a CW-complex K1 satisfying the following properties: 

(1') K1 contains K as a deformation retract; 

(2') a map fl : K1 —> X extends f; 

(3') K{ U K\ = K1 where K} D K and fx{K}) C Xt for i = 1,2 and; 

(4') K\ D K\ is a forest with a — 1 components. 

PROOF. Choose two distinct components A and B of K\ D K2; let L be a path 
in K from A to B. Note that f\A = / | B = v. Hence, / o L is a loop in X. As 
7Ti(/) : ni(K) -* TTI(X) is surjective, there is a loop 7 in if base at 1,(0) such 
that / o 7 is homotopic to the loop / o L in X. Let g\ and g2 be elements in G 
corresponding to / o 7 and f o Lin X. Then ^f1^ = 1 in G. Let Z = 7_ 1L. Then 
l i s a path in K joining A to B and s o / o l i s a contractible loop in X. 

We can express I as a union of subpaths l\, • - • , /„ such that the end points of l{ 
lie in K\ D AT2 and / o ̂  is a loop in Xj or X2. Moreover, we can suppose that the 
maps f oli alternate between Xx and X2. We say that l = l\- • -ln has length n. 

Let gi denote the homotopy class of / o / , in 7Ti(X, V). Suppose that some k has the 
two properties that gt is trivial and that the end points of k lie in one component 
of K\V[K2. Then we can change I to I' by removing U and replacing it with a path 
l\ in K\ D ̂ "2 which joins the endpoints of k. Clearly, I' has length less that n. By 
repeating this process, we can re-arrange that / has no subpaths U with these two 
properties. 

Now consider I = l\ • • • lT m K and 1 = g\ • • • gT in TT\(X,V) where r < n. Since 
^ ( X , v) = G = Gi*G2 and the < ŝ lie alternately in Gi and G2, we must have some 
gi is trivial by Theorem 2.2. The corresponding k joining distinct components of 
Ki fl K2 and has f ol^ contractible in X. 

We now construct a space Kl from K by attaching a 1-cell e1 to the boundary of 
U and then attaching a 2-cell e2 to e1 U k. We would like to extend / : K —* X to 
a map f1 : K1 -* X by / ^ e 1 ) = v and / ^ e 2 ) in Xi or X2, however, fl~ (v) does 
not meet the interior of the 2-cell e2. Note that we have this extension f1 because 
foli contractible to v in X and the definiton of f1 and then by applying Fact 2.6. 
So, the property (2') is proved. Observe that Kl D K\ = {K\ D K2) U e1 which is 
a forest with a - 1 components; it is (4'). Clearly, we have (1') and (3'). D 

We can now complete the proof of Grushko's theorem. If K\ Pi K2 is disconnected, 
we can apply Lemma above to conclude that there is K1 satisfying the properties 
(1') - (4'). If K\ fl K\ is not connected, we repeat this process to obtain a new 
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CW-complex K2, and so on. This process must stop at a finite number of steps, 
because there were only a finite number of components in K\ n K2 • Thus, if K\ D K2 

has n + 1 components, after n steps we obtain a CW-complex Kn satisfying all 
the properties (1) - (4). Let K' = Kn, K[ = K? for i = 1,2, and / ' = fn. This 
proves Grushko's theorem. 

We shall illustrate that such a construction is always possible in a particular case. 

EXAMPLE 2.3 Let F = (x,y ; - ) ; and let G — G\ * Gi where Gi = (a ;o2 = 1) 
and G2 = {b ; 63 = 1). Define tp : F —> G by x *-* aba and y 1—• 06. As we can 
check, (p is an epimorphism. 

The space K in this example is the union of two circles based at VQ, one divided 
into two segmetns, and the other divided into three segments. See Figure 4-

Figure 4: The CW-complex K 

As we can see that K\ — {01,02,03} and K2 = {61,62}- Note that K<L is discon
nected and K\C\K.2 = {VQ,V\,V2,V$} which is not a tree yet. Thus, we use Lemma 
2.1 to obtain K1 first by adjoining the edges e\ and the 2-cells e\. Let L = a]"102 
be a path in K joining two distinct components v\ to v2 • Here, keep in mind that 
we have to find a path I in K joining v\ to v2 such that f o I is contractible in X. 
Hence, li = aj"1fl2 o,s a~1a =1 in TTI(X,V), attaching e\ to the boundary ofli from 
v\ to V2, and attaching e\ to e\ U l\, as shown in Figure 5. 

Figure 5: The CW-complex Kx 
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Now, we obtain that K{ = {e\, a3}, K\ — {61,62} and K\ D K\ = {e}, vo,v3}. 
Repeat this process by using Lemma 2.1. Let l2 = af1^"1 joining {^1,̂ 2} to V3 
and I3 = b^elbi joining {vi,v2,V3} to VQ. Then we obtain the CW-complex K', 
shown in Figure 6, is two pieces that must be glued together along the line t>oi>3 
because it is hard to draw two of them in one plane. 

Figure 6: The CW-complex K' 

Hence, we have K[ = {el,e2} and K2 = {el}; and f'(Kl) = Xi for i = 1,2. 
Note that K[ U K2 = K' and K[ D K2 = {e\,e\,e\} which is a tree. So, by 
Fact 2.4, we have ITI(K',VQ) = TTI(K'VV0) * TTI(K2,VO). But from Lemma 2.1, we 
have that K is a deformation retract K'; so 7Ti(K,v0) = •K\{K',VQ). All together, 
F =* KX{K, v0) ^ TTiiKi, v0) * n(K^ v0). 

Grushko's theorem implies a subtle result about generators of G. 

COROLLARY 2.2 IfG = Gi* G2, then rk(G) = rk(Gx) + rk(G2) where rk(G) 
denotes the rank of G. 

PROOF. If r = rk(G), then there exists a free group F with rk(F) = r and an 
epimorphism ip : F —* G such that F = Fi * F2 and <p(Fi) = Gi for i = 1,2. Thus, 
rk(Fi) > rk{Gi). Hence, r > rk(Gi) + rk(G2). On the other hand, G = {GUG2) 
implies that r < rk{Gr) 4- rk(G2). Therefore, r = rfc((?i) + rk(G2). U 

The following corollary follows from Corollary 2.2. 

COROLLARY 2.3 If G is a finitely generated group, then G = fULi *^» for some 
n, where each Gi is freely indecomposable (i.e., Gi = A * B implies A or B is 
trivial). 

2.4 Applications of covering complexes 

We use the theory of covering complexes in topological methods to study the 
algebraic structure of subgroups of free products, amalgamated free products and 
HNN extension. 
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2.4.1 Kurosh ' s t h e o r e m for subgroups of free p r o d u c t s 

Let us consider the special case of amalgamated free product : the free product. 

Assume that G is the free product of G\ and G2. It is natural to ask whether 
every subgroup H of G is of this type. The well-known theorem of Kurosh uses 
the theory of covering spaces to describe subgroups of free products. 

T H E O R E M 2.4 (Kurosh's subgroup theorem) If H is a subgroup ofG = G\* 
G<i, then H = F * {Y[,,*HV), where F is a free group and Hu are subgroups of 
conjugates of G\ or Gi-

PROOF. AS before, we construct a CW-complex X with fundamental group G 
by taking 2-dimensional CW-complexes Xi,X2 with iri(Xi,Xi) = d and joining 
v to Xi by an edge e* for i = 1,2. Then •n\{X, v) = G\* Gi by Fact 2.4. 

Since H is a subgroup of G, there is a covering space {X,p) such that H = 
Ki(p)(iri(X,v)) f o r v € P - 1 ( u ) °y Fact 2-5- N o t e that for each i = 1,2, p_1(Xi) = 
{Xij ;j = 1,2, • • •} where (Xij,p\x.) is a covering space of Xi by Fact 2.2 (1). 

Choose a maximal tree Ty in X^. Let Y denote the union of all the trees Tij 
together with all the edges p - 1 ( e i ) f° r a u * an<^ J- Then Y is a connected 1-
dimensional CW-complex. Let T be a maximal tree in Y such that T contains 
each of the T^. Observe that T always exist because we can construct a new graph 
y from Y by shrinking each of the trees T^ to a vertex Vij\ let q : Y —• Y' denote 
the natural map; choose a maximal tree V in Y', and then let T = q~l(T'). 

Now, note that X = Y U ({Jij(xij U T)) and Y n (\Jij(xiJ u T)) = T- F»ct 2.4 
inductively shows that -Ki{X,v) = 7Ti(y,t;) * {\\ij*^i{Xij U T,v)). But Y is a 
connected graph. Remark 2.1 tells us that TTI(Y,V) is a free group F. Since any 
tree is contractible, we obtain that Xy is a deformation retract of X^ U T for each 
i,j. Thus, ir\(Xtv) =F* fl^ *7r1(Ay,xij-)) for % € X^. 

Let Xy join to v by a path in X. We see that 7r1(p)(7r1(Xy, ii)) is a conjugate of a 
subgroup of G\ or G2. Since 7ri(p)(-Ki(X,v)) = / / , we have the Kurosh's subgroup 
result. • 

COROLLARY 2.4 If H is a subgroup of a free group, then H is free. 

COROLLARY 2.5 If H is freely indecomposable and not infinite cyclic, and if H 
is a subgroup of G\ * Gi, then H lies in a conjugate of G\ or G^. 

PROOF. By the Kurosh's subgroup theorem, we know that H = F * iJ\„*Hv). 
But H is freely indecomposable; so F or Y[„ *H„ is trivial. Suppose that Y[„ *HU 

is trivial. H = F is freely indecomposable implies that H = F is infinite cyclic. It 
is a contradiction. Hence, H = Y\u *H„. Again, since H is freely indecomposable, 
we have H = H„ for some v. • 
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LEMMA 2.2 IfG = G\ *(?2 and ifwGiW 1f~)Gi is non-trivial, then i = 1, w £ G\ 
and so wGiw~^ D G,\ = G\. 

PROOF. Note that Gi is non-trivial. Then there is a non-trivial g £ G\ such 
that wgw~x £ Gi. Without loss of generality, we can write w = w'a where a £ Gi 
and w' is a reduced word in G ending in G2. Thus, wgw'1 = (xi/a)g(w'a)~r = 
u/(aga~1)w'''1 = w'g'w'~x where g' is a non-trivial element in G\. But w'g'w1'1 £ 
Gj. w'g'w'"1 does not lie in G2; otherwise, it contradicts to a non-trivial g' £ Gi. 
Then vJg'w'~x £ Gi and so «/ is a trivial element in G. Thus tt; £ Gi. Further, 
u/Giu>_1 D Gi = G\ H G, is non-trivial which implies that i = 1. • 

T H E O R E M 2.5 IfG is a finitely generated group, then G = 1711=1 **-** for some n, 
where each Gt is freely indecomposable. If also G = I l L i *^» = TlT=i *Hj where 
each Gi and Hj is non-trivial and freely indecomposable, then m = n and , by 
re-ordering, we have Gi = Hi for each i. Further, for each i with Gi not infinite 
cyclic, we have Gi conjugate to Hi. 

P R O O F . The first sentence is just Corollary 2.3 stated again. 

Suppose that G = YL7=i *^» =
 TILJLI *Hj where each Gi and Hj is non-trivial and 

freely indecomposable. If each Gi is infinite cyclic, then G is a free group with rank 
n and so each Hj is free by Corollary 2.4. As Hj is freely indecomposable, it must 
be infinite cyclic. Then IX^=i *Hj ls a ^ e e group with rank m. It follows easily by 
Fact 2.7 that m = n. Otherwise, we can re-order the Gi's so that G\, • • • ,GT are 
not infinite cyclic and G>+i, • • • > Gn are infinite cyclic. 

Note that Gi is a subgroup of n*Li *Hj- Corollary 2.5 tells us that uGitC1 C H3 

for some u £ G and some s £ {1, • • - ,m}. By re-ordering the Hj's, we have 
uG\U~l C Hi. Thus, Hi is not infinite cyclic. Similarly, as Hi is a subgroup of 
H7=i *^»> Corollary 2.5 again shows that vHiv'1 c Gt for some v £ G and some 
t £ {1, • • • , n} . Hence, we have wGiw'1 C Gt> where w = vu. Now by applying 
Lemma 2.2, we have t = 1 and w £ G\; so Gi = wGiw'1 C vHxv~l C Gi. 
Therefore, i / i is conjugate to Gi in G. It follows that Gi = i^i. 

Repeat this process for G2,--- ,G r to show that Gj is conjugate to Hi, and so 
d ^ Hi fori = l , - , r . 

Now consider 

Gr+i*---*Gn^G/(Gi*---Gr)^G/(Hi*---Hr) = Hr+i*---*Hm. 

Since G r + i * • • • * Gn is free and Hk is a subgroup of Gr+i * • • - * G„ for k £ 
{r 4- 1, • • • , m } , we have each Hk is free by Corollary 2.4; and since each Hk is 
freely indecomposable, it must be infinite cyclic. Thus, Hr+i * ••• * Hm is free. 
Therefore, by Fact 2.7, we have the rank of Gr+i * • • • * Gn is equal to the rank of 
Hr+i * • • • * Hm. It follows that m — n. • 

REMARK 2.4 If G is an non-finitely generated group, then the second part of the
orem, the uniqueness result clearly still holds for finitely manym andn. However, 
for the first part, the theorem fails. We will see a counter-example in Section 2.4-5-
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2.4.2 Graphs of spaces and graphs of groups 

We introduce the terminology, due to Serre, of a graph of groups to describe the 
structure in amalgamated free products. 

As we mentioned in the section of Grushko's Theorem, a graph means a 1-
dimensional CW-cornplex; however, it doesn't have orientations on these 1-cell 
edges. In order to avoid these inconvenience, we first introduce the idea of an 
abstract graph. Basically, it has twice as many edges as a graph. 

DEFINITION 2.4 An abstract graph T consists of a set V(T), a set E(T) and 
two maps E(T) -* V(T) x V(r ) denoted by e >-> (o(e),i(e)) and E(T) ->• E(T) 
denoted by e t—• e which statisfy the following condition: for each e G E(T) we 
have e = e, e ^ e and o(e) = t(e). 

An element v G V(r ) is called a vertex of T; an element e G E(T) is called an 
(oriented) edge, and e is called the inverse edge. The vertex o(e) = t(e) is 
called the origin of e, and the vertex t(e) = o(e) is called the terminus of e. An 
orientation of a graph T is a choice of one edge out of each pair {e, e}. 

EXAMPLE 2.4 In practice an abstract graph is often represented by a diagram, 
using the following convention: a point marked on the diagram corresponds to a 
vertex of the abstract graph, and a line joining two marked points corresponds to 
a, set of edges of the form {e, e}. For example, the abstract graph Ti having 2 
vertices v\, v? and 2 edges e, e with V\ = o{e), v<i = 4(e); and the abstract graph T2 
having 1 vertex v and 2 edges e, e with v = o(e), v = t(e) which are represented 
by the following diagrams. 

•vxm *vi vl ){e,e} 

Now we can connect an abstract graph with group theory. 

DEFINITION 2.5 A graph of groups (G,T) consists of an abstract graph r 
(which will always be assumed to be connected), a group Gv for each v G V( r ) , 
and a group Ge for each e G -E^r), together with a monomorphism Ge —• Gt(e) 
denoted by a i—• ae; one requires in addition that G& = Ge. 

EXAMPLE 2.5 According to Example 2.4, we then have a graph of groups (Gi, Ti) 
which consists of three groups GVl, G^ and Ge = G$ and two monomorphisms 
Ge —* GVl and Ge —» GV2 for Ti; a graph of groups ( G ^ , ^ ) which consists of 
two groups Gv and Ge = Ge and two monomorphisms Ge —»• Gv for T2- See the 
following diagrams. 

Ge = Ge /^~~\ 
GV1» *GV2 GVL )Ge = Ge 
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DEFINITION 2.6 A graph of spaces (X, F) consists of an abstract graph F, 
a topological space Xv for each v € ^ ( r ) , and a topological space Xe for each 
e G E(F), with Xs = Xe, and an inclusion map Xe —> Xt(ey 

Given a (X, F), we can define a total space Xr as the quotient of the union of 
{Xv:v 6 V( r )} and {Xe x I\e € E(F)} by the equivalence relations defined as 
follows : Xexl —> XgXl by (x. t) i-> (x, 1 - 1 ) , Xe x {0} —» X0(e) by (x, 0) »-» o(e) 
and Xe x {1} —>• Xt(e) by (x, 1) H-> t(e). 

REMARK 2.5 A map f : X —*Y of CW-complexes which maps the n-skeleton of 
X into the n-skeleton of Y for alln, i.e., f{Xn) C Yn for alln, is called a cellular 
map. The cellular approximation theorem says that every CW-complexes 
map is homotopic to a celluar map (See [Hat02] Theorem 4-8). For convenience, 
we will assume that the spaces are CW-complexes and maps are cellular. 

DEFINITION 2.7 The fundamental group of the total space Xr is called the fun
damental group 7Ti(G,F) of the graph (G,F) of groups. 

E X A M P L E 2.6 Let us consider the case in Example 2.5. Find'the fundamental 
groups of the graph of groups. 

For the graph of groups (Gi,Fi), let XVi be a 2-dimensional CW-complex with 
the fundamental group Gn, let XV2 be a 2-dimensional CW-complex with the 
fundamental group GV2, and let Xe — Xe be a 2-dimensional CW-complex with 
the fundamental group Ge. Given two monomorphisms ipi : Ge —• GVl and 
<P2 : Ge t-* GV2, Proposition 2.3 yields that there are two maps ax : Xe —• XVl 

and oti : Xe —> XV2 with 7TI(Q;J) = (pi for i = 1,2. Thus, we have a graph of spaces 
(X\, Ti). Now we have a total space Xrx by taking Xn, X^ and Xe x I, identifing 
Xe x I with Xs x / , and gluing Xe x {i — 1} to XVi using a8 for i = 1,2. Hence, 
7Ti(Xri) = GVI *Ge GV2 by Definition 2.3; and so ^i{Gi,Fi) = GV1 *ce GV2. 

Similarly, for the graph of groups (G2, T2), take a 2-dimensional CW-complex Xv 

with fundamental group Gv and a 2-dimensional CW-complex Xe with fundamental 
group Ge to form a graph of spaces ( A ^ , ^ ) . We obtain a total space Xr2 from 
Xv and Xe x I by identifing Xe x I with Xs x / , and gluing Xe x {i} to Xv for 
i = 0,l. Thus, m(G2, T2) S Gv*Ge. 

REMARK 2.6 The fundamental group TTI(G,F) of the graph of groups doesn't de
pend on the choice of a graph of spaces (X, F). Given (G,F), as the procedure 
stated in the above example, we obtain (X,F), Xp, and iri(Xr). Now we can 
attach cells of dimension > 3 to each Xv and Xe to obtain CW-complexes Kv, 
Ke; and note that the map Xe —>• Xt(e) extends to a map Ke —• Kt(e). Thus 
(K, F) is a new graph of spaces; its total space Kp is obtained from Xr by adding 
cells of dimension > 3. However, TTi(Xr) = ir\(Kr) by Proposition 2.2. So 
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2.4.3 Normal form theo rem revisited 

Let's recall the normal form theorems 2.1 and 2.2. We now can use a graph of 
groups to emphasise the statement of the factors embed and prove it as promised 
before. We first introduce aspherical space and prove a lemma. 

DEFINITION 2.8 An aspherical space is a topological space whose universal 
cover is contractible. 

LEMMA 2.3 If (K, T) is a graph of aspherical spaces, then the total space Kf is 
aspherical. 

PROOF. Given aspherical spaces Kvo, KVl and Ke, we shall construct the uni
versal covering space A T —* Kr and show that Kr is contractible. It will follow 
then that Kr is aspherical. 

Fact 2.2 (1) implies that K? is a collection of connected universal covering spaces 
of Kvo and KV1 and a collection of connected universal covering spaces of Ke x / , 
by gluing a universal covering space of Ke x {i} to a universal covering space KVi 

fori = 0 ,1 . 

Note that LQ = Kvo U ({Jore\=V0 Ke x I) is aspherical since KVQ is a deformation 
retract of LQ, hence the universal covering LQ of LQ is a deformation retract of 
the universal covering of Kvo and so LQ is contractible. Similarly, we have an 
aspherical space Lx = KVl U (\Jt(e)=vi Kex !)• 

We construct the universal covering space Ap of Kr- It will be the union of of 
an increasing sequence of spaces K0 C K\ C K2 C • • •. Let K0 be the universal 
covering of L0. We build Kx form K0 by attaching the universal covering Li of L\, 
identified along Kexl for each copy of L\. Now we repeat the process to construct 
K2 from K\ by attaching KQ and identifing along Ke x I; and construct K3 from 
K2 by attaching the universal covering L\ and identifing along Ke x I. In the 
same way, we construct Kn+\ from Kn for n > 0, and then we set K? = (Jra Kn. 

Note that Kn is a deformation retract of Kn+i as the construction above. It follows 
that Kr is contractible since we can deformation retract Kn+\ onto Kn, and until 
we got KQ which is contractible to a point. 

The natural projection p : Kr —*• Kr clearly gives that (Kr,p) is the universal 
covering space of Kr- Therefore, Kr is aspherical. • 

PROPOSITION 2.4 If (G,T) is a graph of groups, each map Gv —> n\{G, T) is 
infective. 

P R O O F . Given (G, F), as in Remark 2.6 we can construct a graph of aspheri
cal spaces (K, T) and the total space A*r- By the previous lemma, we obtain an 
aspherical total space Kr- Inclusion maps KVi —* K? for i = 0,1 induce homo-
morphisms iCi(KVi) —* wi(Kr). 
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We need to show that iti(KVi) -* iri(Kr) is injective. Suppose that 7 represents 
an element of iri(KVi) and is nulhomotopic in K?. We can lift 7 to 7 in the 
universal covering K\- by Fact 2.2 (3). From the construction of previous lemma; 
7 is contained in one of the copies of the universal cover of KVi, and so 7 is 
nulhomotopic in this universal cover. Hence 7 is nulhomotopic in KVi. • 

2.4.4 Subg roups of amalgamated free p r o d u c t s and H N N extensions 

Let us consider the structure of subgroups of amalgamated free products now. 

T H E O R E M 2.6 IfG — GVl *GeGv2 orGv*Ge and if H is a subgroup ofG, then H is 
the fundamental group of a graph of groups, where the vertex groups are subgroups 
of conjugates of GVx orG^ and the edge groups are subgroups of conjugates ofGe. 

PROOF. We construct the total space for G = GV1 *G, GV2. Let XVl be a 
2-dimensional CW-complex with the fundamental group GVl, let X^ be a 2-
dimensional CW-complex with the fundamental group Gv%, and let Xe = Xe be a 
2-dimensional CW-complex with the fundamental group Ge. Given two monomor-
phisms ip 1 : Ge —> GVl and <£>2 : Ge t-* GV2, Proposition 2.3 yields that there are 
two maps ai : Xe —• XVl and a% : Xe —> XV2 with 7Ti(aj) = ifi for i = 1,2. Thus, 
we have a graph of spaces (X, T). Now we have a total space Xr by taking XVl, 
XV2 and Xe x / , identifing Xe x I with Xg x / , and gluing Xe x {i — 1} to XVi 

using ^ for i = 1,2. Hence, iri(Xr) = GVl *<?e GVi by Definition 2.3. 

Since H is a subgroup of G, we have a covering space (Xr,p) of Ap such that 
H = TTi(p)(TTi(Xr,*)) by Fact 2.5. Fact 2.2 (1) yields that Xp is constructed 
from a collection of connected covering spaces of XVl and X^ and a collection of 
connected covering spaces of Xe x / , by gluing a covering space of Xe x {i — 1} to 
a covering space XVi for i = 1,2. 

Xp looks like a graph T with a space at each vertex and a space x / along each 
edge. If r was a tree, then H would be a multiple amalgamated free product where 
each amalgamation is of type GVl *GC GV2 but not Gv*ae- In general, T is a tree 
with extra edges attached, and then H is a multiple amalgamated free product 
together with HNN extensions, i.e., H is the fundamental group of a graph of 
groups. 

As in the proof of Kurosh's subgroup theorem, fix a base point of Xr- We then 
see that every vertex groups or edge groups is a conjugate of some subgroup of 
GVi for i = 1,2 or Ge, respectively. 

Similarly, we obtain the statement for Gv*ce- O 

REMARK 2.7 One corollary of this result is Kurosh's subgroup theorem. Simiply 
by setting the edge group Ge to trivial, we obtain that the general case F is a tree 
T with extra edges attached; and so H = F * (J\u *H„) where F is a free group 
whose generators correspond to the edges ofT\T and the vertext groups Hv are 
subgroups of conjugates of GVl or GV2. 
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DEFINITION 2 .9/1 group G splits over a subgroup Ge if G = Gv*oe or G = 
GVl *ae GV2 with GVl # Ge ^ GV2. If G splits over some subgroup, we say that G 
is splittable. 

EXAMPLE 2.7 1-hole torus group (a, b ; [a, b]} is isomorphic to (a)*(a) since 

(a)*(a) — (ajt ;t~lati(a)t = 0:2(0)) = (a,t ;t~1at = a). 

Hence, 1-hole torus group is splittable. 

There is another corollary of this theorem which is analogous to Corollary 2.5 in 
the case of free products. 

COROLLARY 2.6 IfG = GV1 *ce Gv? orG = GV*GC and if H is a finitely generated 
non-splittable subgroup of G, then H lies in a conjugate of GVl or GV2, or of Gv. 

P R O O F . Prom the theorem, we obtain that H is a fundamental group of graph 
(H, T) of groups. As H is finitely generated, there are finitely many generators 
representing finitely many loops in T; and so there is a finite subgraph T' of T such 
that 7Ti (H, V) = H. But H is non-splittable. This implies that one of the vertex 
groups is equal to H. The result follows. D 

REMARK 2.8 If we consider non-finitely generated non-splittable subgroup H, H 
may not lie in a conjugate of GVl or GV2. 

For example, consider G = Z*z = (a,t; t~xat = a2) and its subgroup H = 
(tnat~nVn € Z; t~xat = a2). Note that H is non-finitely generated. 

Claim that H is non-splittable. 

Indeed, H is isomorphic to dyadic rationals { ^ ; a e Z , f t 6 Z + U { 0 } } by tnat~n i-» 
2Ĵ J- for all n € Z. Suppose the isomorphism is given that 

H = Hv*„, = (S, t'; R, t'-l
ai{He)t' = a2(He)) 

where Hv — (S; R). For convenience, where we have two injections c*i and »2 of 
He into Hv, we identify He withct\{He). Then ct2{He) = t'~lHet'. Since the image 
of t' in dyadic rationals commutes with all other elements in dyadic rationals, we 
have a2(He) = He and so H = {S, f; R). Moreover, t' € S since t'S = St' G R. 
Hence, H = Hv and so contradicts to the splittability of H. Now suppose that 
H = HVl *He HV2

 wtth Hvi ¥" He ¥" HV2. For sx € HVl \ He and s2 € HV2 \ He, we 
have S1S2 7̂  S2S1, which contradicts to the images of Si and s2 in dyadic rationals 
commute. 

Obviously, H cannot be contained in a conjugate ofL. 

Now, let us focus on the covering spaces and fix some notations. Let X be a con
nected CW-complex based at xo with fundamental group G, let H be a subgroup 
of G, and let (X,p) be the corresponding connected covering space (CW-complex) 
of X based at XQ such that Tri(p)(ni(X,xo)) = H as stated in Fact 2.5. 
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LEMMA 2.4 There is a natural bijection <f>: H\G —• p 1(x0), where H\G denotes 
the quotient of G under the action of H by left multiplication. 

PROOF. Given g € G, let / be a loop in (X, Xo) representing g; and let / be a 
lift of I starting at xo- Now, define a map <f>: G —• p~l(xo) by g i-» 1(1). This is 
well-defined because given g\ and g<z in G with g\ = g2, we have that the lift k of 
a loop U representing g, for i = 1,2 are path nomotopic and Zi(l) = h(l)-

The map (j> is surjective. For given y € p~1(x0), there is a path / from £Q to y since 
A- is path connected. Thus, p o / is a loop in (X,Xo) since p o Z(0) = P(XQ) = XQ 
and p o 1(1) = p(y) = XQ. Since p o / represents some g in G, we have <p(g) = y. 

Using the same notions in the first paragraph, if (f>(g\) = <f>(g2), then /i(l) = fe(l) 
and so lil^1 is a loop in (X,XQ). Thus, po (hl^1) represents an element h in 
H. Hence, gig?1 = h; so g\ = hg-i. Conversely, if g\ — hg^, then /i(l) = ^(1) 
as the lift of a loop representing h is a loop in (X, x0). Thus, we deduce that 
0(5i) = $(92)• Therefore, (j)(g\) = (̂fife) if and only if g\ = hg<z and so <j> induces 
4>: H/G —* p~i(xo) is a bijection. D 

LEMMA 2.5 If H is a normal subgroup of G, then G/H acts on X by automor
phisms. 

PROOF. Let g e G and let y G p~1(x0) be the end point determined by g. Then 
iri(p)(iri(X,y)) = g~xHg = H because H is normal in G. So, iri(p)(ni(X,xo)) = 
7Ti(p)(7Ti(X, y)). Fact 2.2 (3) and definiton of covering transformations show that 
there is an automorphism tpg : (X,x0) —> (X, y) such that tpg(xo) = y. 

Define a mapping p : G —• -Aui(A') by g >-> ipg. We want to show that p is a 
homomorphism of groups. One need only show that tpgi92(xo) = ipgi o ipg2(xo) by 
Fact 2.2 (4). Let k be a loop in (X, XQ) representing <& and let k be a lift of k in 
(X, xo) for i = 1,2. Thus, there is an automorphism ^S i : (X, XQ) —* (X, yi) such 
that ip9i(xo) = y% for i = 1,2. Then iife lifts to li(i>gx(h)), which is a path from x0 

to ipgi(y2) = V's! ° i;g2(^o)- Therefore, p is homomorphism. Note that the kernel 
of p is J7, so that we have an action of G/H on X. D 

R E M A R K 2.9 77ie quotient of X by the action of G/H has a natural projection 
ir to X and IT is a covering map. Also, for each x £ X, 7r_1(x) is a single point 
as TT~1(XO) is a single point. Hence, IT is a homeomorphism. 

Now, we can use two lemmas above to learn more about subgroups of free products 
and subgroups of amalgamated free prodcuts. 

THEOREM 2.7 If G = A* B where A, B are non-trivial and H is a finitely gen
erated, normal subgroup of G, then H is trivial or has finite index in G. 

P R O O F . We suppose that H has infinite index in G and will prove that H must 
be trivial. As Theorem 2.6 described, we know that H is the fundamental group 
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of a graph (H, T) of groups, where the edge groups are trivial and the vertex 
groups H„ are subgroups of conjugates of A or B. If T is a maximal tree in T, 
then Remark 2.7 gives that H = F * (fj^ *H„) where F is a free group whose 
generators correspond to the edges of Y \ T. H is normal in G yields that G/H 
acts on T by Lemma 2.5. 

As H has infinite index in G, we have infinitely many representives in G/H that act 
on T. For any two distinct representatives gi and g% in G/H, we have that g^g^1 

does not belong in H (otherwise, g\ = g2), and so </>(<7i) ^ (j>{g2) by Lemma 2.4. 
Hence, T has infinitely many edges. But H = F * (]"I„ *HV) is finitely generated; 
we deduce that T \ T is finite and finitely many of finitely generated vertex groups 
H^s are non-trivial. Hence, H is the fundamental group of some connected finite 
subgraph r* of T. 

Let E be an edge of T \ F'. Then removing E from V gives two subgraphs Fi and 
T2 and one of these has trivial fundamental group. Thus every edge of T has this 
property by the transitive action of G/H on the edges of I \ So we do not have 
r \ T and hence T is a tree. Note that we must have at most one vertex group 
can be non-trivial; otherwise, if two or more vertex groups are non-trivial, then 
removing E which joins one non-trivial vertex group, gives that two subgraphs Ti 
and T2 with two non-trivial fundamental groups. 

Hence, H is contained in a conjugate of A or B. Since H is normal in G, we have 
H is contained in the intersection of all conjugates of A or of B. But A fl b~xAb 
is trivial for any non-trivial element b € B. Therefore, H is trivial. • 

REMARK 2.10 In the amalgamated free product G = A *c B or A*c, it is not 
necessary that we have an analogous result. For example, 

G = (a, b; [a, b}) *{a=c) (c, d; [c, d]) 

where H — (a) is a normal subgroup ofG; note that G = F 2 x Z and so \G : H\ = 
00 . 

Let's recall Theorem 2.6. Our next result is to give a more precise structure 
theorem for subgroups of amalgamated free products. 

As before, let (X, x0) be a connected covering space of (X, x0) corresponding to 
H with the projection p : (X, XQ) —• (X, XQ) where H = 7r1(p)(7r1(X,Xo)) is a 
subgroup of G = ^(Jf, x0). Let Y be a subcomplex of X which contains x0, such 
that inclusion j : (Y,x0) —• (X, x0) induces a monomorphism ni(j) : 7Ti(F,x0) —• 
7Ti(X,a;o). We denote the image group iri(j)(iri(Y,xo)) = A and identify TTI(Y,XO) 

with A. 

LEMMA 2.6 There is a natural bijection 6 between the double cosets HgA and the 
components ofp~1(Y) in X. 

PROOF. Let i be the inclusion map of p~1(xo) into p~x{Y). Recall Lemma 2.4 
where <t>: G -» p-l{x0). We define 0 : G -> p~l{Y) by 6 = i o 0. 
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8 is surjective. Let C be a component of p~l{Y). Then (C,p\c) is a covering space 
of Y by Fact 2.2 (1); and C must contain y € p~1\c(xo). As <f> is surjective, we 
obtain that there is g € G such that ^»(y) = y. Thus, #(#) = i(0(<?)) —Kv) e C-

Suppose that 9(g{) and #(#2) lie in the same component C oip~x(Y). Then k is a 
path starting at ar0 in C representing # in 7ri(X,zo) for i = 1,2. Since C is path 
connected, #(51) and 9{g2) can be joined a path / in C of p~1(Y). Thus, p o l i s a 
loop in (y, xo) representing a £ A. So, by projecting a loop I1II21 of C into X, we 
see that giag^1 G # , so that 52 = hgta for some h £ H. Conversely, if 52 = hgia 
for some h £ H and a 6 i , then lifting to X tells us that 9(g\) and 0(52) can be 
joined by a path / in p~1(Y), where / is a lift of a. 

Therefore, the result follows. D 

LEMMA 2.7 Let g £ G,y = <f>(g) £ p - 1(zo) and let C be the component ofp~1(Y) 
which contains y. Let X be a loop in X representing g and let I be the lift of A 
which goes from XQ to y. Then TTI(P)(TTI(C, i0)) = H n gAg'1, where we define 
TTI{C,XQ) by using the path I. 

P R O O F . Since it\(p){ni(C,y)) C Tti(Y,xQ) = A, we have IT\(P)(ICI(C,XQ)) C 
gAg-1. As7r1(p)(7r1(C,50)) C 7ri(p)(7n(X,z0)) = H, we obtain •K\{p){^\{C,x0)) C 
HhgAg-\ 

Conversely, let j3 = gag'1 be an element of H n gAg~l, where a 6 A Let // be a 
loop in Y representing a. Then A/xA-1 is a loop in X representing /?. Since @ £ H, 
we have that A//A-1 lifts to a loop in X. Thus, A lifts to / and A - 1 lifts to / - 1 and 
so XfiX~l lifts to lml~x where m is some loop in p~x(Y) based at y. Hence, 0 lies 
in 7Ti(p)(7Ti(C7,fo))-

All together, we have shown that 7ri(p)(7rx(C,£o)) = H DgAg~l as required. D 

We now can state a more precise version of the subgroup theorem. 

T H E O R E M 2.8 (Subgroup Theorem) If H is a subgroup of G — A*c (or 
A*cB), then H is the fundamental group of a graph {H,T) of groups. The vertices 
of T correspond to the double cosets HgA (and HgB), and the corresponding 
groups are HtlgAg'1 (and H C\gBg~l). The edges ofY correspond to the double 
cosets HgC and the corresponding groups are H D gCg~*. 

P R O O F . Theorem 2.6 proved that H is the fundamental group of a graph of 
groups. Previous two lemmas give the rest of results. D 

REMARK 2.11 In general, if G is any graph of groups, i.e., G = Ylv*c„Av, then 
we have a corresponding result of subgroup theorem for subgroups H of G. It 
follows from the same lemmas. 

COROLLARY 2.7 If G = Gi*c G2, then either gG\g~x n Gi is a subgroup of a 
conjugate of C, ori = \ and g £ Gi, so that gGig~l D G% = G\. 
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P R O O F . Note that gG\g~l Ddis a subgroup of G. Let H = gG\g~l D d . Then 
H is the fundamental group of a graph (H, T) of groups. Let the vertices v\, v2 of 
T corresponding to the double cosets HgG\ and HGi. Then they have associated 
groups H fl gG^g~x = H and H (~)Gi = H, respectively. 

If fi and V2 are distinct vertices of T, choose a path in F joining them. As each 
of the groups associated to v\, v2, namely Hi, H2, is an isomorphism with H, we 
see that each vertext and edge of this path has associated group H and they are 
not identical. Otherwise, if we take any proper subgroup C of H, then we have 
a relation ai(C) — 012(C) in Hi *c H2 and so Hi *c H% is not isomorphic to H. 
Thus, H is the group associated to some edge and so lies in a conjugate of C. 

If vi = V2, then HgGi = HGi. This implies i — 1; otherwise it contradicts to 
Hgm 7̂  Hn it m £ Gi\ oti(C) and n £ G2 \ 012(C). Hence, HgGi = HGi and so 
g £ Gi and the result is proved. • 

COROLLARY 2.8 / / a group G = A * B, A ^ {1} ^ B, and if g = [51,52] is an 
non-trivial element of A, then gi and g% lie in A. 

PROOF. Let H be the subgroup of G generated by gi,g2- The subgroup theorem 
implies that H — (Hf\A) *C, for some subgroup C of H. We need to show that 
He A. 

Note that g £ Hf\A. Suppose that H is not a subset of A. Then C is an non-trivial 
subgroup of H. Corollary 2.2 gives that 2 = rk(H) = rk(H D A) + rk(C) and so 
Hf]A and C are cyclic. Hence the abelianization homomorphism H —• H/[H, H] 
injects H(~)A and C. Thus the abelian subgroup HDA of H implies g = [51,52] = 1 
in H D A. This contradicts the fact that 5 is an non-trivial element in H fl A 
Hence H must be contained in A. • 

2.4.5 Applications of subgroup theorem 

Recall Theorem 2.5 and Remark 2.4. We give the promised example of an non-
finitely generated group G which fails to satisfy the first part of Theorem 2.5. 

EXAMPLE 2.8 The non-finitely generated group 

G= (a0,ai,a2,--- ,&i,&2,--- ;On~i = [ a n , M ) V n ^ x) 

cannot be expressed as a free product of freely indecomposable subgroups. 

P R O O F . First, observe that 

G' = ( o i , 61) *d (02 ,6 2 ) *c2 • • • . 

where each factor group is free of rank 2, each Cj is infinite cyclic, the embedding 
Ci —• (ai,bi) sends a generator to a* and the other embedding Ci —> (ai+\,bi+\) 
sends the same generator to [a,i+i,bi+i\. Clearly, G' C G. But note that each 
a,i,bi lies in G' for i > 1 and that ao = [ai,&i] € G'. Thus, G = G' and so G 
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can be expressed as an amalgamated free products. Moreover, each a* in G is an 
non-trivial element as aj,6j is non-trivial for i > 1 and ao = [ai,&i] is non-trivial. 

Next, let 

G" = (a , .a 2 , - - - ,bi,b2,b3, ••• ;a„_i = [an,6„J,Vra > 2). 

Clearly, G" C G. However, we observe that each a%,bi lies in G" for i > 1 and 
that a0 = [ai, &i] G G". Thus, (7 = G". Since 

G" = (&!> * (o,,a2, ••• ,62,63, • •• ;ar,-i = [anAl.Vn > 2) ^ Z * G, 

we have G = Z * G. If G can be expressed as a free product of finite number of 
freely indecomposable factors, it will contradict to the second part of Theorem 2.5. 
Thus, the only other possibility is that G can be expressed as a free product of 
infinite number of freely indecomposable factors. However this also is impossible 
as shown below. 

Suppose that G = G\ * G2 * •••, where each G» is freely indecomposable and 
non-trivial. Consider the element OQ of G. For some n, ao must lie in Gi * • • • * Gn, 
which we denote by A. Thus, G = A*B with A and B non-trivial and ao G A; and 
hence ax, b\ lie in A by Corollary 2.8. As a\ G A, we obtain that a^ and 62 lie in 
A as well by the same corollary. By repreating this argument, we see that G C A. 
But Ac G implies G = A. Hence, B is trivial, contradicting the hypothesis that 
B is non-trivial. D 

We finish this section by proving the famous embedding theorem of Higman and 
Neumann which states that any countable group can be embedded in a 2-generator 
group. 

THEOREM 2.9 IfG is a countable group, then G can be embedded in a 2-generator 
group. 

P R O O F . Let x\, x2, • • • , be a generating set for G. We embed G in G\ = G * Z 
by the identity mapping. Let t be a generator of Z, and write yo = t, y» = xtf. 
Then G\ is generated by j/o, Vi, • • • and each yi has infinite order. 

Now let G2 = (Gut0,ti,--- \tilyiU = y i + 1 ) . Then G2 = ((Gi*c,)*ci)- •• and 
hence Gi C G2 by Theorem 2.1. Note that G2 is now generated by a set 
2/0,*o,2i>• • • • Since Gj is normal in G2 and {toGx,tiGi, •• •} maps to a free group 
F by the ^Gi ' s to a basis for F, the map extends to a unique homomorphism 
G2/G1 to F. Fact 2.8 gives that G2/G1 is freely generated by toGi,t2Gi, •• -. 
Hence, the subgroup K of G2 generated by the ij's is free and has the U's as a 
basis. We can embed K in a free group of rank two. To see this we observe that 
if Kx = (K,b;b-Hib = ti+1), then Ki = K*K - (t0,b;-) and so K C Kx by 
Theorem 2.1. 

We let G3 = G2 *K K\. Again, G2 C G3 by Theorem 2.1 and G3 is generated by 
yo, to and b where the embedding ct\ is the identity mapping and a2 maps to to to 
and U to 6 for i > 1. Finally, let H be the subgroup of G3 generated by j / 0 and b. 
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Since H C\ G2 = (yo) and H C\K\ = (b) are infinite cyclic and H D K is trivial, the 
subgroup theorem gives that H D H C\G2 *HDK H C\K\ = (yo, b; —). Conversely, 
H n gG2g~x C H n G2, H n S # i 5 _ 1 C # n A^ and # n gKg'1 is trivial for any 
g € G3; the subgroup theorem yields that H C H C\ G2 *H<~\K H C\ K\. Hence, 
H = (yo, b; —), i.e., the subgroup H of G3 is free of rank two. 

So we can construct £4 = G$*H where our two embeddings of H in G3 are ct\ the 
identity mapping and a2 maps yo to b and b to to- Thus, G4 = (G3, s; s~lyos = 
b, s~1bs — t0). Then G4 is generated by y0 and s which completes the proof the 
embedding theorem. • 

3 Rips Theory 

In this section, we study the group actions on an M-trees. Let T be an R-tree, and 
let G be a finitely presented group acting on T. Then this action corresponds to 
a 2-dimensional CW-complex Y which consists of rectangles called bands that are 
attached to a graph along the edges called bases. Y is called the union of bands. 
Proposition 3.3 ensures that Y can be divided into a union of subcomplexes of 
simplicial and pure type. Further, we could add a finite number of 2-cells to Y. 
Then Y becomes to a band complex X. Theorem 3.1 constructs a band complex 
X which G acts on and is corresponding to the action G on T. We say that X 
resolves the action. 

The Rips machine transform each pure component into three types : surface, toral 
and thin. Each of them carries the important information about the decomposition 
of G. See Proposition 3.9, 3.10 and 3.11. 

Theorem 3.2 says that X has a total space decomposition, with the action of the 
fundamental group of each vertex space on T either pure or trivial, and the action 
of the fundamental group of each edge space trivial. This theorem completes our 
main result Theorem 3.4 : 

If the action ofGonT is pure, then G satisfies one of the following : surface case, 
1 —• K —• G —* ni(0) —*• 1, where K is the kernel of the action of G onT and O 
is Y with some 2-cells attached; toral case, T is a line and 1—*K—*G—*A—*1, 
where K is the kernel of the action of G onT and A is a subgroup of Isom(M.); 
thin case, G splits over a subgroup that fixes an arc of T. 

If the action of G onT is not pure, then G splits (as an amalgamated free product 
or HNN extension) over a subgroup E which has a short exact sequence 1 —> KE —>• 
E —> C —* 1, where KE fixes an arc in T and C is either finite or cyclic. The 
subgroup E fixes a point in T. 

3.1 Some basic notions 

Let (X, dx), (Y, dy) be metric spaces. Recall that a map h : X —• Y is an isometry 
if h is surjective and dx(x, y) = dy(h(x), h(y)) for all x,y in X; (X, dx) and (Y, dy) 
are isometric if there is an isometry h : X —• Y. A geodesic joining x to y in X is 
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a map a : I —• X from the unit interval [0,1] of R to X such that a(0) = x and 
o(l) = y and dx(ot(a),a(b)) = \a — b\ for all a, b in / ; (X,dx) is called a geodesic 
metric space if every two points in X are joined by a geodesic. 

DEFINITION 3.1 An R-tree is a geodesic metric space in which any two points 
are joined by a unique arc that is geodesic. 

We could think of R-trees as 0-hyperbolic spaces. 

EXAMPLE 3.1 Let X = R2 be the set of pairs of real numbers x = (x\,X2). The 
SNCF metric dsNCF(x,y) on X is defined as follows. Let L be the straight line 
passing through x and O = (0,0). If the point y belongs to L, then 

dsNCF(x,y) = d(x,y) = y/\xi - 2 / i | 2 + | x 2 - j / 2 | 2 -

If y does not belong to L, then 

dSNCF{x, y) - d(x, O) + d(0, y). 

Note that (X, dsNCF) is a geodesic metric space (see [Lec07] Example 18). 

We have an R-£ree T marked by bold lines in the following figure : 

y 

Figure 7: The example of R-tree T in (X,dsNCF)-

DEFINITION 3.2 Let G be a finitely generated group. A M.-tree T on which G acts 
is called a G-tree. The action G onT is trivial if there exists a point of T fixed 
by all of G. Otherwise it is non-trivial. A G-tree is minimal if it contains no 
any proper G-invariant substrees. 

For any isometry h of a tree T, define the translation length of h by 

1(h) = min{d(x, h(x)); x € T } . 

If h fixes a point in T so that 1(h) = 0, then h is called elliptic; if 1(h) > 0, then 
h is called hyperbolic. Every hyperbolic element h has a unique axis : 

Axis(h) = {xe T; d(x, h(x)) = 1(h) > 0} ^ 0 , 

whereas an elliptic element h has a fixed point set Fix(h). See [WU04] Lemma 
2.2. 
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PROPOSITION 3.1 ([WU04J Proposition 4-1) If G is a finitely generated group 
acting non-trivially on an M.-tree T, then T contains a unique minimal G-invariant 
subtree, which is a countable union of axes. 

PROOF. We first show that G contains a hyperbolic element. Let h\, • • • hn be a 
finite generating set for G, and suppose that all hi are elliptic. Then either every 
pair of generators has intersecting fixed point sets or some pair hi, hj has disjoint 
fixed point set. In the first case, the action G on T is trivial contradiciting to the 
non-trivial action. Thus, we only have the second case, in which hihj is hyperbolic 
element. 

Let TQ be the subspace of T defined as the union of the axes of all hyperbolic 
elements of G. Then TG is connected, because if a pair of hyperbolic elements 
has axes which do not intersect then their product is hyperbolic with an axis 
intersecting both of theirs. 

Finally, TG is itself G-invariant, since hAxis^) = Axis{hrfh~l) for hyperbolic 7 
and arbitrary he G. D 

If G acts on T and S is a subtree of T, denote by Fixc(S) the subgroup of G whose 
elements fix S pointwise. A subtree of T is nondegenerate if it is not a point. 

DEFINITION 3.3 A nondegenerate subtree SofTis stable if for every nonde
generate subtree S' of S, Fixc(S') = FixciS). A non-trivial action of G onT is 
called stable if every nondegenerate subtree of T contains a stable subtree. 

PROPOSITION 3.2 ([KapOl] Example 12.4) IfT is a G-tree and Si,S2 are stable 
subtrees with Si D S2 nondegenerate, then SiU S2 is stable. In particular, every 
stable subtree is contained in a unique maximal stable subtree. 

P R O O F . Let S = SiliS2. Suppose that 5 is not stable. Then there is S' C 5 
such that Fixc(S') ^ FixG(S). Let g e G be an element in FixG(S') \ FixG{S). 
Without loss of generality, we can assume that g does not lie in FixG{Si). 

Since S\ is stable, we conclude that Si (1 S' C Si is either empty or is a single 
point. Thus, S' C 52- Since S2 is stable, we have g G Fixc(S2). Hence, g G 
Fixc(Si D S2) \ Fixa{Si). However, the stability of Si implies that Si (1 S2 is 
either empty or a single point, which contradicts our assumptions. D 

LEMMA 3.1 Let h be an isometry of an R-tree T, and let J be a nondegenerate arc 
in T. If h induces a nontrivial orientation-preserving partial isometry h : s —> s' 
for s,s' C J PI Axis(h), then h is hyperbolic and its axis contains s U s'. 

P R O O F . Let m and n be the midpoints of s and s' = h(s), respectively. Connect 
m,n by the geodesic a C J DAxis(h). Then h(a) Da = {n}, h~l(a) ("1 a = {m}. 
Therefore, (Jn h

n(a) = Axis(h) is a /i-invariant geodesic in T. D 
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3.2 Resolving R-trees 

3.2.1 Bands and the i r unions 

DEFINITION 3.4 A band B is a product b x I where b is a closed interval and I 
is the unit interval. 

There is a canonical reflection 6g : B —• B given by 5B{s,t) = (s, 1 — t). The 
closed interval b is identified with b x {0}, which is called the bottom of B; and 
b x {1} is called the top of B. The closed intervals b and b* = Seib) are called 
bases of B. Note that b and b* are bottom and top of B respectively. The form 
{s} x I where s G b is called a vertical fiber, subsets of a vertical fiber are called 
vertical, and subsets contained in sets of the form b x {t} are called horizontal. 

b* 

B 

{s}.l b 

Figure 8: The band B = bxl 

EXAMPLE 3.2 The band B = b x I with two bases b and b* is shown in Figure 8. 
Bold lines are horizontal b x {t} and a vertical fiber {s} x I. 

DEFINITION 3.5 Let T be a real graph, i.e., a 1-dimensional CW-complexT where 
each edge is identified with an interval in R and has an orientation. Let B be a 
finite collection of bands, and for each base b let / j : b —> T and fa : b* —> T 
be isometric embeddings such that the images of the interior of b and b* miss the 
vertices of T. Then a union of bands is the quotient space 

r = ru]j5, 
BeB 

where we identify points of bases with their images in T under /(, and fa. We 
require that each point of T belong to the image of at least one base. 

EXAMPLE 3.3 Figure 9 gives an example of a union of bands Y = TuBiUB2UB3 
where T is marked by bold lines. 

A band B = b x I is an annulus if /& = fa o 5B- It is a Mobius band if /& = 
fa o rB o SB, where rB is reflection in the vertical line dividing B in half. See 
Figure 10. 

DEFINITION 3.6 The weight of a base b, denoted w(b), is defined as follows: 
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Figure 9: A union of bands Y 

Figure 10: An annulus and a Mobius band 

1. if B is an annulus, we let w(b) = 0; 

2. if B is a Mobius bar 

3. otherwise, w(b) = 1. 

2. if B is a Mobius band, we let w(b) = \; 

The weight of a point z € T, denoted w(z), is the sum of weights of the bases 
containing z. A block is the closure of a component of the union of the interiors 
of bases in T. The complexity a{^) of a block 7 equals 

max{0, -2 + ̂ 3 w(W-
bey 

The complexity of a union of bands cr(Y) is the sum of the complexity of its blocks. 

EXAMPLE 3.4 In Example 3.3, w{bi) = w{b2) = w(b3) = 1, w(z) = w(bi) + 
w(b2)+w(b3) = 3, one of blocks 7 is &1U&2U&3, ando-(i) = max{0, -2+1 + 1+1} = 
1. Note thata{Y) = 1. 

Consider the following figure. w(z) = | + 1 anda(y) = max{0, — 2 + ̂  + ^ + 1} = 0. 

Figure 11: A block 7 containing two bases. 
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A union of bands Y has a natural length metric induced by the metrics on the 
bands and V. A leaf of Y is an equivalence class generated by the equivalence 
relation : x ~ y if x, y belong to a vertical fiber of a band. Thus each leaf is a 
union of vertical fibers in bands. A subset of Y is called vertical if it lies within a 
single leaf, and horizontal if it is contained in T or is contained in a single band 
and is horizontal in that band. 

EXAMPLE 3.5 Again, in Example 3.3, we have two leaves L\ and L2 marked by 
bold lines in the following figure. 

b. & 

L> b,* 

Figure 12: Leaves of Y 

We can define a transversal measure on a union of bands Y. For a band B, let 
7T: B —* b be the projection to the first factor. A path a in B is transversal if no a 
is injective; in this case define fj,(a) to be the length of ir o a. If the image of a is 
a vertical of B, we let fi(a) = 0. Now let a be a path in Y. Suppose that we have 
a finite subdivision of I into subintervals Ij such that for each j , the restriction 
a\Ij is either transversal or vertical in some band. Then we define the transversal 
measure /z(a) = J^ . (i(a\Ij). 

REMARK 3.1 As above discussion, we conclude that the decomposition ofY into 
leaves carries a natural transversal measure. 

3.2.2 Dynamical decomposition of unions of bands 

Let S and S' in Y be horizontal subsets and let p be a path in a leaf of Y. 

DEFINITION 3.7 5 pushes into S' along the path p if there is a homotopy H 
S x I —*Y such that 

1. H(z, 0) = z for each z€S, H(S, 1) C S'; 

2. H(S,t) is horizontal for each t € I; 

3. H{z x / ) lies in a leaf of Y for each z e 5 ; 
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4- there is a point z0 E S such that H(zo,t) = p(t), t E I. 

We say that S pushes onto S' along the path p if it pushes into S' along the path 
p and H(S, 1) = S". The homotopy H is called pushing. 

The horizontal e-neighbourhood of a point z E Y, denoted N(z, e), is the horizontal 
set of points within e of z. 

DEFINITION 3.8 A subset ZofY is called pushing-saturated if given a leaf L 
ofY, a pathp : 1'•—* L andp(0) = z E Z has N(z,e) for some e > 0 which pushes 
along p, it follows that p(\) E Z. 

Given a point z E Y, define P{z) as the collection of points y E Y such that 
N(z, e) for some e > 0 pushes onto N(y, e) along a path p : I —> a leaf of Y 
connects z to y. Thus y € P(z) if and only if z 6 P(y). Note that P(z) is the 
minimal pushing-saturated subset of Y containing z. In particular, Z C Y is 
pushing-saturated if and only if Z D P(z) for each z € z. 

DEFINITION 3.9 A leaf containing a proper pushing-saturated subset is singular; 
otherwise, it is non-singular. A compact pushing-saturated proper subset of a 
leaf is called a fault. 

EXAMPLE 3.6 The union of bands shown in Example 3.5 has one non-singular 
leaf L\ and one singular leaf Li because it contains a proper pushing-saturated 
subset Z\ from p(0) = 63 D L2 to p(l) = b3 D L2 where the homotopy is H(s, t) = 
(1 — t)s + ts. It has three faults because L2 contains three compact proper and 
pushing-saturated subsets Z\, Z2 from p(0) = 63 D L2 to p(l) = b\ n L2, and Z3 
from p(0) = 63 n L2 to p(l) = b\ n L2. 

Note that each leaf of Y is pushing-saturated. We give a necessary condition for 
singularity of a leaf L of Y, i.e., for a leaf L of Y to contain a proper pushing-
saturated subset (see Figure 13): Either 

1. the leaf L contains a cut point there is a point z E LDF that locally separates 
the union of T and those bands that contain z, or 

2. the leaf L contains a dead end, i.e., a point z E L HT such that z is an 
endpoint of a base b and an interior point of a base b'. 

Cut points or dead ends are called critical points of L. Hence, each singular leaf 
contains a critical point. 

DEFINITION 3.10 A union of bands Y is simplicial if every leaf of Y is compact; 
it is minimal if every pushing-saturated subset is dense in Y. 
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" ) 
Ba 

B* 

z 

Figure 13: Critical points of leaves 

Let L be a compact non-singular leaf in Y. Then all nearby leaves are also com
pact and non-singular. Let U{L) be the maximal connected neighbourhood of L 
consisting of compact non-singular leaves. We call that U(L) is a simiplicial com
ponent of Y. The boundary of U(L) must consist of singular leaves, which contain 
a fault. Let U be the union of all such U(L). Choose a maximal connected M of 
Y\U. Then M is not simplicial and is called a minimal component of Y. The 
reason to define like this becomes clear when the following proposition is proven. 

PROPOSITION 3.3 Each union of bands contains only finitely many singular leaves 
and finitely many faults. Suppose Y contains no faults at all. Then Y splits into 
a disjoint union of components 

(1) each component of Y is either minimal or simplicial; 

(2) each simplicial component is an interval bundle over a leaf. 

PROOF. Since critical points only appear in the corners of bands, and Y only has 
finitely many corners as it has finitely many bands, we have that there are only 
finitely many critical points. Since each singular leaf contains a critical point, there 
are finitely many singular leaves. On the other hand, since a fault is a compact 
proper pushing-saturated subset of a leaf, it is contained in a compact singular 
leaf. Hence, Y has finitely many faults as we only have finitely many singular 
leaves. 

Let Z, be a compact non-singualr leaf, and let U{L) a the simplicial component of 
Y. Then clearly it is an interval bundle over L. This proves (2). 

Now, we need to prove (1). Let M be a component of Y \ U, and let Z be a 
pushing-saturated subset of M. We need to show that Z is dense in M. Without 
loss of generality, we may assume that Z is contained in an infinitely long leaf 
because of the non-compact property. 

S tep 1 : We claim that there is a number 5 > 0 depending on Z such that for 
every base b, every component inb\Z has length at least 5, where Z is the closure 
ofZ. 

Since Z is an infinitely vertical pushing-saturated subset of M and Y only has 
finitely many bands, Z has to intersect some band infinitely many times. Without 
loss of generality, we can assume that Z C\ b is an infinite set. Choose 5 such that 
for x an end-point of a base c, d(x, c° C\ Z) = 0 or > 6. 

We prove this claim by contradiction. Suppose that J is a component of b \ Z 
that has length X < 5. Since the accumulation set of a pushing-saturated set is 

33 



again pushing-saturated, we conclude that for x an end-point of J , the set P(x) 
has infinitely long vertical set intersecting b infinitely many times. So, there exists 
y, z E P(x) n b that satisfy the following : 

1. d(y,z)<\; 

2. a nondegenerate subinterval [x, u] of J pushes into the interval [y, z] along a 
vertical path p connecting x to y. 

Let a:' € J be such that d(x, x') = X. Since x1 is not contained in Z, the interval 
[x, x'] does not push into [y, z] along p. The path p is a finite composition of 
vertical paths p\ * • • • *pk, each contained in a single band. Hence for some j > 1, 
[x, x'} pushes along p" = pi * • • • * Pj-\ but does not push along p' = p\ * • • • *Pj. 
(If j = 1, then we let p" be the constant path.) 

1. The point p"{x') arrived at by pushing x' along p" is not in Z; if it was, the 
interval \p"(x),p"(x')\ could be pushed into [y,z], where p"(x) is a point by 
pushing x along p". 

2. p"(x') is an end-point of a base c; otherwise, it could be continuously pushed 
along p*. 

3. 0 < d(p"(x'),p"(x)) = X < S since the entire open interval (x, x') pushes 
along p" and so its image is disjoint from Z. 

This contradicts our choice of S and hence proves the claim. 

Step 2 : Now consider bC\Z for a base b in M. Let a: be a point of the boundary of 
b D Z in b which is not an end-point of b, and let K = P{x) be a pushing-saturated 
subset. Suppose that J in 6 is an interval with end-point x such that J° fl Z = 0. 
Choose 5 depending on K given by the previous claim, and let y, z € K be such 
that : 

1. 0<d(y,z)<8; 

2. if p is a path in K connecting x to y, then p pushes a nondegenerate subin
terval [x,x'] in J into the interval [y,z\. 

Then [y, z] C K C Z. However, [x, x'\ pushes into [y, z] and (x, x'] C\Z = 0. Hence 
Z is dense in M. D 

3.2.3 Bands complexes 

Observe that a union of bands Y is homotopic to a finite connected graph T by 
collapsing the bands so iri (Y) = it\ ( r ) is a free group. Thus unions of bands do not 
perfectly resolve M-trees as desired. To get more complicated finitely presented 
groups, we have to add 2-cells to the unions of bands. 
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DEFINITION 3.11 A band complex X is a finite 2-dimensional CW-complex 
based on a union of bands Y obtained by taking Y and attaching 0-, 1-, and 2-cells 
as follows : 

1. the 1-cells of X meet Y in a subset of T; 

2. each component of the intersection of a 2-cell with T is a point; 

3. each component of the intersection of a 2-cell with a band is vertical. 

EXAMPLE 3.7 We first take a union of bands Y from Example 3.3 to form a band 
complex X. A 1-cell is in bold and one 2-cell is shaded. 

Figure 14: A band complex for Example 3.3 

Another example of a band complex for a simplex. The real graph T is in bold, the 
union of bands Y = T U B\ U Bi U B$ and the 2-cells are shaded. 

Figure 15: A band complex for simplex 

We define the leaves in a band complex X based on a union of bands Y as the 
leaves in Y. X is minimal or simplicial if Y is. The complexity cr{X) is denned 
as a(Y). 

A path a : I —+ X is said to be transversal if / can be divided into finitely many 
subintervals /,• such that for each j , either 

1. a\Ij : Ij —*Y is transversal or vertical in Y, in which case we let fi(a\Ij) be 
the transversal measure of a\Ij as defined before, or 

2. a(Jj) is contained in the closure of X \ Y, in which case fi(a\Ij) = 0. 
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This defines the transversal measure on X. 

Let G be a group and let A and D be two associated G-sets. A mapping f : A—> B 
is said to be G-equivariant if f(g • a) — g • f(a) for all g € G and all a € A. 

DEFINITION 3.12 A resolution of an action of a finitely presented group G on 
an R-tree T is a band complex X with 7Ti(X) = G and a G-equivariant map 
f : X —• T satisfying the following conditions : 

1. for each leafL in X and each component LQ of L 's lift to X, the image f(Lo) 
is a point; 

2. each base b in X and each component bo ofb's lift to X, bo can be subdivided 
into finitely many subintervals Ij such that f\Ij is an isometric embedding 
for each j . 

T H E O R E M 3.1 If a finitely presented group G acts on an R-tree then a resolution 
exists. 

PROOF. Note that there exists a 2-dimensional CW-complex X with iri(X) = G 
by Corollary 2.1. Construct a band complex structure for X and a G-equivariant 
mapping / : X —• T as follows. 

Define / on the 0-skeleton of X to be G-equivariant. Extend it to the l-skeleton by 
requiring that it is constant on small neighbourhoods of vertices and isometrically 
embeds on the rest of the edges. Finally extend it to the interior of the 2-skeleton 
in the natural manner. The case of Figure 15 illustrates that the three vertices 
have distinct images in T. Note that if all three vertices have the same image, the 
whole simplex becomes a 2-cell. D 

EXAMPLE 3.8 Let G = (a, b; [a, b]} act on an real line T with the usual metric 
such that a • 0 = x, b • 0 = y and ab-0 = ba • 0 = z. Construct a resolving band 
complex X. 

We first construct the 2 dimensional CW-complex X with the fundamental group 
G; and then construct the covering complex {X,p) of X. Now choose a G-
equivariant map f from the vertices of X to T, for instance, from / _ 1 (0 ) , f~x{x), 
f~l (y) and f~x{z) to 0, x, y and z, respectively. Thus, for each edge [/_1(0), f~1(x)], 
[ / - 1(0) , / - 1(?/)] and [ / - 1 (0 ) , / - 1 (z ) ] of X, there is a unique arc [0, x], [0,y] and 
[0,z] in T, respectively. Extend f to a map from [ /_ 1(0),/_ 1(a:)], [ / - 1(0) , /_ 1(y)] 
and [f~1(0),f~1(z)] to [0,x], [0,y] and [0,2] that is constant in a neighborhood of 
the vertices and monotone off this neighborhood. See the following figure 16. 

REMARK 3.2 The resolving band complex X constructed in theorem above is al
ways such that Y is connected and it\{Y) —• iri(X) is surjective. However, in 
general, the resolving band complex X is not minimal. 
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Figure 16: A band complex X resolves the action G on T 

Pick a band B = b x / in a union of bands Y underlying band complex X. Let 
b C a and b* C /3, where a, @ are edges of underlying real graph T. Then B 
determines an isometry KB • a —* ft whose restriction to b is equal to 8B • b —+ b*. 
If we interchange the top and bottom of the band B, we have the inverse isometry 
hB1 '• 0 —* oc. We say that kg is holonomy of B if there is a vertical path p in 
B connecting b to b*. We say that B is orientation-preserving (resp. orientation-
reversing) if its holonomy is orientation-preserving (resp. orientation-reversing). 

Let a path p : I —*• L, where L is a leaf in Y, x = p(0) G b, y = p{\) E c, 
where b, c are bases in Y, and let N(x, e) in 6 push into N(y, e') in c. Then write 
a composition p = p\ * • • • * pn of paths each of which is contained in a single 
band Bj. Thus, we can define the holonomy hp : b —> c of p as the composition 
of holonomies of the paths pj. p is orientation-preserving (resp. orientation-
reversing) if hp preserves (resp. reverses) the orientation. 

If b, c are contained in a single edge a = 0 of T and p is orientation-preserving, 
we define the translation length l(p) of p as the translation length of the isometry 
hp : a —* a. 

Now we can connect band complexes and trees by notions above. Suppose X 
resolves an action of G = it\{X) on a tree T. We assume that every edge a of T 
embeds isometrically into T and that the path p is such that b, c are contained in 
a single edge a. Define p of the path p as the composition A *p, where A is a path 
in a connecting y to x. Then an element g of G = TTI(X, X) induced by p depends 
only on p. 

REMARK 3.3 If the translation length of p is not zero, then g is a nontrivial 
element of G. In particular, let U{L) be a simplicial component of Y over some 
leaf L; if p is a loop in L based at x in edge a then the element g in TTI(U(L),X) 

corresponding top = p fixes f{x) in T; otherwise, if g• f(x) = b € T withb ^ f(x) 
then the pre-image ofb is a leaf not in U(L), a contradiction. Futhermore, if p is 
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a vertical path in an annulus, then the element in TTX (X) corrsponding to p fixes 
an arc in T. 

3.2.4 A total space decomposition 

DEFINITION 3.13 A stable G-tree T is called pure if it admits a pure resolv
ing band complex X, i.e., X is minimal, the underlying union of bands Y is 
connected, and Ki(Y) —• it\(X) is surjective. 

THEOREM 3.2 Let G be finitely presented, let T be a stable G-tree, and let the 
action be stable. Suppose that a band complex X is a resolution of an action of 
G. Let Y be the underlying union of bands of X. Assume that X has no faults. 
Then G has a graph of groups decomposition such that : 

1. the action on T of each vertex group is either trivial or pure; 

2. the action on T of each edge group is trivial. 

P R O O F . It is clear that the closure of X \ Y has a natural CW-complex structure. 
We give X the structure of a total space as follows : 

1. the vertex spaces are the components of Y and of the closure of X \ Y; 

2. the edge spaces are the components of intersection of Y and the closure of 
X \ Y. Note that each edge space is contained in a leaf of Y. 

By Proposition 3.3, each component of Y is either minimal or simplicial. If the 
component is minimal, then Remark 3.2 yields that the action of its fundamental 
group on T is pure. If the component is simplicial, then it is an interval bundle 
over a leaf by Proposition 3.3 again. Thus, any loop in that component is ho-
motopic to a loop in that leaf, and so the fundamental group of the component 
fixes a corresponding point in T by Remark 3.3; in particular, the action of its 
fundamental group on T is trivial. 

Since each edge space is contained in a leaf of Y, the action of its fundamental 
group on T is trivial by Remark 3.3. D 

3.2.5 The Kazhdan-Margulis lemma for resolutions of R-trees 

DEFINITION 3.14 Let J be a nondegenerate subarc of an edge of T with a base 
point ZQ in the interior of J. A loop a in X based at ZQ is J-short if it is a 
composition pi * X * p?,, where P\,p2 are paths in J and X is a path in a non-
singular leaf. 

In this section, we assume that X is a band complex with no faults. In the 
following two propositions, we assume that C(Y) is a minimal component of Y 

and write c(r) = rnc(r). 
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PROPOSITION 3.4 For each nondegenerate horizontal segment J of C(Y) and 
each z in C(Y). there is s such that N(z,e) pushes into J. 

PROOF. This immediately follows from the definition of minimality of C(Y); 
every pushing-saturated subset is dense in C(Y). • 

PROPOSITION 3.5 Let J be a nondegenerate subarc of an edge ofT with a base 
point ZQ in the interior of J. Then the image of TTI(C(Y)) in TT\{X) is generated 
by J-short loops. 

PROOF. Recall that Y has only finitely many singular leaves. Let 7 be a loop in 
C(Y) based at ZQ. Then 7 is homotopic to a composition of paths 

Po * Xi * pi * X2 * • • • * Xk * Pk, 

where each Pi is horizontal and each Aj is contained in a non-singular leaf. By the 
previous Proposition, each pi can be subdivided into segments pij, each of which 
pushes onto Jitj in J. Futher, it can be ensured that the end points of ptj lie in 
non-singular leaves because of the choice of finitely many singular leaves in C(Y). 
Then p^ is homotopic to a path of the form crf^ * Jitj * a^, where each of^ is 
contained in a non-singular leaf. This gives the decomposition of 7 as a product 
of J-short loops. • 

Recall that if T is a //-tree, then TH denotes the unique minimal .//-invariant 
subtree in T. 

THEOREM 3.3 Suppose that X is a band complex resloving a stable G-tree T. Let 
C(Y) be a minimal component of the underlying union of bands Y, and let H 
denote the image ofni{C(Y)) in G'= iri{X). Then TH is stable. It follows that if 
h € H fixes an arc of T then h lies in the kernel of the action of H onTn-

P R O O F . Note that H is finitely generated. Proposition 3.1 implies the existence 
of TH- Let J be an arc of C{Y) such that J maps via the resolution / : X —* T to 
an arc f{J) in a maximal stable subtree S in TH- Let A j be the set of generators 
of H consisting of 7-short loops constructed in the previous Proposition. For each 
generator g 6 Aj, g{J) is horizontal; we can divide g( J) into subarcs each of which 
pushes into J and is homotopic to a path intersecting J nondegenerately. Hence, 
g{J) D J is nondegenerate arc as J is nondegenerate; and so is g(f(J)) n f(J) by 
G-equivariance. Then g(S) fl S contains a nondegenerate arc. Note that g(S) is a 
stable subtree of TH as 5 is a stable subtree of TH- Proposition 3.2 implies that 
g(S) U S is stable. But it contradicts to the maximality of S. Hence, g(S) = S, 
i.e., S is //-invariant. However, TH is the unique minimal //-invariant subtree in 
T under the action of H; hence S = TH- Stability implies that if h € H fixes an 
arc in S, it fixes the whole S. D 

COROLLARY 3.1 Under the assumptions of theorem above, suppose that a,/3 € H 
acting as hyperbolic isometries of T. If the length of L = Axis(a) D Axis{f3) 
is greater than the sum of the translation lengths of a and (3, then Axis(a) = 
Axis{(3). 
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PROOF. Consider the commutator 7 = [a,0\. Let J be a segment in L adjacent 
to one of the end points with length(J) = length(L) — 1(a) — l(j3) > 0. Then 7 
fixes J. By the Theorem, 7 lies in the kernel of the action of H on 7#. 

Now suppose that Axis(a) ^ Axis(j3). Then there is a nondegenerate segment 
J' 6 Axis(p) \ Axis(at) which is closed to Axis(a) D Axis(0). See Figure 17. 

Axis(a) 0 Axis(P) y(J') 
1 _ — . — j — — — • Axis(a) 

ap'CJ') &S) J1 

Axis(p) 

Figure 17: j(J') 6 Axis{a) \Axis(f3). 

Hence, 7 does not fix «/', which contradicts to 7 lies in the kernel of the action H 
on Tff. The result follows. • 

3.3 The machine 

3.3.1 Moves 

Given a band complex X resolving a G-tree, there are 6 moves that transform 
from X into another one X' resolving the same action and TTI(X) = iri(X'). Let 
Y and Y' be the underlying union of bands of X and X', respectively, and let T 
and r" be the underlying real graph of Y and Y', respectively. 

Move MO : Add a 2-cell. Attach a 2-cell to X along a loop A in FU 1-skeleton 
of X such that A intersects Y in a union of finitely many vertical fibers and A is 
null-homotopic in X. See Figure 18. 

Figure 18: MO, the loop A is in bold and the added 2-cell is shaded. 

Move Ml : Add an annulus. Let J be a subarc of an edge of I\ Attach an 
annulus B to J; then attach a 2-cell along one of the vertical fibers of B. See 
Figure 19. 

Move M2 : Subdivide a band. Let B = \p, q] x I be a band in Y, let x be 
a point that lies in (p,q). Then split B down the fiber x x I. We obtain Y' by 
replacing B with the two bands B\ = [p, x\ x I and B2 — [x, g] x I. There are 
now two fibers over x, namely, a and a'. Attach a 2-cell along the loop erUa'. See 
Figure 20. 
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J 

B 

Figure 19: Ml, the subarc J is in bold and the added 2-cell is shaded. 

B 

i * ( 

p x q p x q 

Figure 20: M2, subdividing a band along the fiber. The added 2-cell is shaded. 

Move M 3 : Split a po in t . Let z be a point of T which does not lie in interior 
of any bases. However, z is a cut point and belongs to at least one base. Split 
T at z, giving the graph V. The resulting graph V has a collection of vertices 
Z = {zi, z2, • • • , zs} corresponding to z. Attach the cone Cone(Z) over Z to T', 
as a collection of 1-cells. Attach bands and cells to T'U Cone(Z) as before, to get 
a band complex X'. See Figure 21. 

\ RA 

\ \ 

\ _ \ 

Ba 

B2 

Sz "za 
Z2 

Figure 21: M3, splitting a point. Cone(Z) is the collection of 1-cells {zz\, zz2, zz%\. 

LEMMA 3.2 By applying a finite squence of moves M2 and M3 to a band complex 
X, it ensures that X contains no faults. 

P R O O F . We recall that according to out discussion in Proposition 3.3, X has 
only finitely many faults each of which contains a critical point. 

First, we are using M2 to eliminate all dead ends. Note that this may creat cut 
points (for example in the situation of Figure 12, in L2). Then all cut points 
can be removed by M3. This will not creat dead ends. Therefore, we get a band 
complex without faults. D 

Move M 4 : Slide. Let B = bxl and C = cxlbe distinct bands in X. Suppose 
that fc(c) C fb(b). We change Y to Y' by changing fc to /6 . o 5B o /6

- 1 o fc. 
Informally, we slide the base c from 6 to b* along the band B. As a result, the 
band C in X transforms to a band C" in X'. Note that there is a homotopy 
between X and X', so TTI(X) = iri(X'). We say that b is the carrier of the slide 
and c is the carried base. See Figure 22. 
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Figure 22: M4, a slide. 

REMARK 3.4 To avoid the increase of complexity, we should slide carried base c 
that has weight 0 or ^ along B both bases of the band C in a single move. 

LEMMA 3.3 Suppose that we have a nondegenerate arc J of the underlying real 
graph T in the band complex X such that J pushes onto an arc J' in V. Then there 
is a finite sequence of moves Ml and M4 that transforms X into a band complex 
X' with underlying union of bands Y' equals Y U B, where Y is the underlying 
union of bands of X and B is a band with bases J, J'. 

P R O O F . First, we attach an annulus to J using Ml. Now keep one of bases of 
annulus attached to J. Then the push of J onto J' is actually a sequence of moves 
M4 when we slide another base of annulus onto J'. D 

The following lemma is used to descried the next Move M5 and it provides a way 
to simplify Mobius bands. 

LEMMA 3.4 Let B = b x I be a Mobius band. Let x € ft,(b). 

1. If x is the midpoint of the base, then there is a sequence of moves that B 
can be split over x to form a band of weight 1 and an annulus. 

2. If x lies in the interior of a half-base, then there is a sequence of moves that 
B can be split over x to form an annulus, a Mobius band and a band of 
weight 1. 

PROOF. In the first case, subdivide B along the fiber x x I into two weight 1 
bands by using M2. Then slide one of these bands over the other one by using 
M4, creating an annulus. See Figure 23. The second case is similar to the first 
one. • 

DEFINITION 3.15 A subarc J of a base b is free if either 

1. b has weight 1 and the interior of J does not intersect any other base of 
positive weight, or 

2. b has weight | , the interior of J does not contain the mindpoint of b, and 
the bases b, b* are the only positive weight bases that intersect the interior of 
J. 

42 



n 
Figure 23: Simplifying a Mobius band in case 1 

Move M5 : Collapsing from a free subarc. Let B = b x I be a band in Y 
and J be a free subarc of b. 

1. First, use M2 to subdivide all annuli intersect J, until a base of new creating 
annuli is contained in J. Let X\ be the resulting band complex. 

2. Next, use M4 to slide all new annuluses over B to 5B(J)- Let X2 denote the 
resulting band complex. 

3. If weight of b is 1, then collapse J x I to SB(J) UdJ x I, where dJ denotes 
the boundary of J. In the special case where an end point x of J is also an 
end point of b and the open vertical fiber x x (0,1) does not intersect any 
cells in X2, we eliminate x x (0,1). If weight of b is | , use Lemma 3.4 to 
simplify the band B over the end point or of J nearest the midpoint of b. 
Now J is contained in a weight 1 base, and we can collapse as before. This 
result is the band complex X' 

Figure 24: M5, collapsing a weight 1 band from a free subarc J 

Note that Ai and Aj are 2-cells. We call At,A2 subdivision annuli in Xi-

3.3.2 Preliminary assumptions and outline 

We start with a finitely presented group G. Let X be a band complex with 
underlying union of bands Y and real graph T. Suppose that X resolves an stable 
action G on an M-tree T. 
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We now use moves M2 and M3 to transform X into another band complex (which 
we still denote X) such that the new band complex X satisfies the following 
properties : 

A l The real graph T is the disjoint union of its edges. Each edge is a block. This 
can be achieved via move M3. 

A2 X has no faults, by Lemma 3.2. 

A3 Y is a disjoint union of components each of which is either minimal or sim-
plicial, each simplicial component is an interval bundle, followed by Lemma 
3.2 and Proposition 3.3. 

A4 HA = a x I and B = b x I are Mobius bands such that the length of a is 
greater than the length of b and a, b share midpoints, then B is equal to the 
remaining Mobius band in A by sliding arcs (from the left (resp. right) end 
point a to the left (resp. right) end point b) using Lemma 3.4. Clearly, if 
the length of a is equal to the length of 6, then B — A. 

A 5 The resolution / : X —* T embeds lifts of bases into T, where X is the 
universal cover of X. 

3.3.3 Process I 

To describe the process, we have to start with the following definitions. 

DEFINITION 3.16 1. A weight 1 base b is isolated if it is a free subarc of itself. 
Half of a weight | base b is isolated if it is a free subarc ofb. 

n (5i 
Figure 25: An isolated base and an isolated half-base, marked by the bold lines. 

2. A weight 1 base b is semi-isolated if one of its endpoints is contained in 
a free subarc of b. Half of a weight \ base b is semi-isolated if one of the 
endpoints of the half-base is contained in a free subarc. 

i — i 1 1 i V i « *-i 

Figure 26: A semi-isolated base and a semi-isolated half-base is in bold lines. 
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DEFINITION 3.17 A long band B is a sequence of weight 1 bands B\,-- ,Bn 

with the following are satisfied : 

1. the top of Bj is contained in the bottom of Bj+1 for j = 1,2, • • • , n — 1; 

2. BiDBj = 0 if \i - j \ > 1; 

3. B\ U- • -UBn intersects other bands of positive weight in a subset of the union 
of the bottom of B\ and the top of Bn. 

B3 

B* 

m
 

Figure 27: A long band B = B\ U B2 U B3) where the top and bottom of B is in 
bold. 

We can now start the machine. The Process I takes a band complex X and creates 
a new one X'. Process I is applied to a minimal component C(Y) of underlying 
union of bands Y. 

Process I Find a maximal free subarc J of a base of C{Y). Then use move M5 
to collapse from J. If there does not exsit a free subarc of a base of C(Y), then 
go to Process II. Choose J according to the following rules : 

R l If there is an isolated (half-)base, choose that for / (there might be several 
choices for J, choose one at random). 

R 2 If there does not exist any isolated (half-)bases, but there is a semi-isolated 
(half-)base, choose that for J. 

R 3 If there does not exist any isolated or semi-isolated (half-)bases, choose any 
maximal free subarc for J. 

R E M A R K 3.5 If we have a long band B = B\ U- • -UBn and J is the bottom of B\, 
then collapsing from J by move M5 is n consecutive collapses, i.e., collapse from 
J, then from the bottom of B^, etc., and finally from the bottom of Bn. These n 
operations are treated as a single move producing X'. 

LEMMA 3.5 Process I does not increase complexity. 

PROOF. Let X' be a band complex produced from a band complex X by Process 
I, and let a denote the complexity. We need to show that a(X') < cr(X). 

We first consider the case when Rl applied. Let B be the band with a bottom 
isolated (half-)base b, and let 7 be the block containing b. Then after collapse 
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TO TO 
Figure 28: Rl of Process I does not increase complexity 

from b, the block splits into two components 71,72 of positive complexity. See the 
following figure. Then after collapsing from b, we have a(j) > <r(7i) + ^(72). Note 
that if B is a Mobius band, we first use Lemma 3.4 to get a band of weight 1 and 
an annulus then collapse the weight 1 base by Process I. 

Similarly, for the case when R2 applied, the result follows. 

Now let's consider when R3 applied. Let B be the band with a bottom base 6 
containing the maximal free subarc J, and let 7 be the block containing b. Then 
after collapse from J, the block splits into two or three components depending on 
the location of 5B(J)- Without loss the generality, we assume that 7 splits into 
two components 71,72 of positive complexity and SB(J) is contained in a block 
a ¥" 7 with positive complexity. Let a' be obtained from a after collapsing from 
J. Note that a' is still a single block. See the below figure. Then after collapsing 

Process I 

Figure 29: R3 of Process I does not increase complexity 

from J, we have 

°{rt\) + ^(72) = - 3 + ^ t v ( c ) = (7(7) - 1 
cCT 

where c is a base in 7, and 

Therefore, 

a(a') < cr(a) + 1. 

c(7i) + <r(72) + <r(a') < a(j) + a{a). 

• 
The following proposition gives the result of the application of Process I. 
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PROPOSITION 3.6 Let Xo, X\, • • • be an infinite sequence of band complexes such 
that Xi+i is obtained from Xi by applying Process I for each i > 0. Then the 
following holds : 

1. The number of weight | bases does not increase. 

2. The choice of J in Rl occurs only finitely many times. 

3. There is a number N such that all bands in each Xi can be organized into at 
most N long bands. 

4- For any n, there exists a segment of length n contained in some leaf such 
that this segment is eventually collapsed. 

5. The choice of J in R3 occurs infinitely many times. 

P R O O F . 

1. This follows from Lemma 3.4. 

2. Collapse from an isolated (half-)base J in a band B will eliminate one block 
or decrease the complexity of the block containing 5B(J). (See Figure 28). 
Hence, the complexity of band complex will decrease, and so J can only be 
chosen finitely many times. 

3. Note that the choice of R l or R2 implies the number of long bands is bounded 
in the sequence of X0, X\, • • • after finitely many steps. 

Now consider only the choice of R3 applied. Let 7 be a block containing a 
free subarc in A,-. Then the number of long bands in 7 is the complexity of 
7 plus two. Note that the complexity of 7 is greater than zero. Hence, the 
number of long bands in 7 is less or equal to three times the complexity of 
7. The result follows. 

4. Define N(k) inductively for k € N. Set iV(0) = 0. Let iV(Ar + 1) be the 
least integer such that all points on free subarcs of T D X^(k) are eventually 
collapsed at stage N(k + 1). Note that this is well-defined because there are 
only finitely many maximal free subarcs at any stage. Thus, each point in 
Xo that is collapsed at stage N(n) belongs to a vertical segment of length 
at least n in X0 which has been collapsed after stage N(n) of Process I. 

5. Suppose that only R2 applied. Then the number of positive weight bands in 
Process I remains constant i). We need to show that the assumption implies 
that Process I will terminate after finitely many steps. So it contradicts to 
an infinite sequence of band complexes. 

From (4), there exist a vertical segment A of length n > 4TJ which is eventu
ally collapsed at stage N(n). Then A must intersect a band B = b x I in at 
least five distinct vertical segments. Among these five segments, we choose 
three segments A1; A2, A3 that have the following properties : 
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According to the orientation of A, Ai is the first and A3 is the last. Let x, 
be the initial point of Aj in 6. Then the paths [£1,2:2] and [2:2,0:3] must have 
the same orientation. 

Let 9 > 0 be the minimum horizontal distance that separates segments 
M) ^2) ̂ 3- Then A2 lies at least 9 from Ai or A3. At stage N(n), A is collapsed 
and only R2 applied. Thus, after stage N(n), the length of b has decreased 
by at least 9. It follows inductively that between stages N(kri) and stages 
N((k + l)n), at least one base is reduced in length by at least 9. This 
implies that eventually all bases will vanish and Process I will terminate. A 
contradiction. 

D 

3.3.4 Process II 

Now we describe Process II. Let C(Y) be a minimal component of Y, and write 
C(T) = T n C{Y). Suppose that Process I does not apply to C{Y). Then 

(*) the weight of each point z € C(T) is at least 2, i.e., w(z) > 2. 

Otherwise, z would be contained in a free subarc. 

P rocess I I We identify the components of C(F) with disjoint closed intervals in 
R. This gives C( r ) a total order. Let F be the first component of C(T) and x be 
the initial point of F. Let b be the longest positive weight base containing x. If 
possible, take b to have weight 1 (if there are several such bases, then choose one 
at random). Now produce the new band complex X' as follows : 

Operation 1 Slide over b all those positive weight bases c whose midpoint is 
moved away from x after the slide. The base b is the carrier of each of these 
slides and the base c is carried during this operation. 

Operation 2 Collapse from the maximal free initial segment J of b. Note that 
the segment J is now necessarily nondegenerate. 

If the complexity decreases, we stop Process II and go back to Process I. 

The bands b x I and ex I are said to have participated in Process II. We retain 
the name of bases b and c in X' obtained from b by collapsing the segment J and 
sliding along B, respectively. 

PROPOSITION 3.7 Suppose X' results from X via Process II. 

1. The complexity of X' is no greater than the complexity of X. 

2. If the complexity of X' equals the complexity of X, then (*) holds for X'. 
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PROOF. 

1. The collapse in Operation 2 cannot increase the complexity by Lemma 3.5 in 
Process I. But slides in Operation 1 may increase the complexity. See Figure 
below. To avoid this case, we use Operation 2 to eliminate the carrier base 

Figure 30: After sliding c along B, cr(X') is increased, 

after all those slides in Operation 1. Thus, collapsing reduces complexity 

2. Prove by a contradiction. Suppose that (*) does not hold for X'. This can 
occur if after sliding a base c along B in Operation 1 becomes a base of 
weight 0 or ~. However, in this case, complexity is reduced, contradicting 
the complexity of X is equal to the complexity of X'. See Figure 31. Let 

Figure 31: w(z) < 2 implies that a{X) < <r(X'). 

J be the maximal free subarc of a base b that is collapsed by Operation 2. 
We could have the situation : after all slides, the weight of z € 8B( J) less 
than three, so collapsing in Operation 2 would reduce the weight of z by 
one. However, this would imply that the base b of X contains a free subarc, 
in which case it must be done by Process I in X. See Figure below. 

<5J-

Process II 

n-

Figure 32: Another case for w(z) < 2. 

D 

This guarantees that the machine works properly and one of process will be ap
plied. Next, we will see some properties of Process II. 
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PROPOSITION 3.8 Let X0, X\, • • • be a sequence of band complexes such that for 
each i > 0, the complex Xi+i is obtained from Xi via Process II. Then one of 
following holds : 

1. The sequence terminates after finitely many steps. 

2. The surface case : For all sufficiently large i and each point z in Ti = 
r(Xi) which is not a end point of a base, we have w(z) = 2. 

3. The toral case : 

(a) Every base has a limiting position in T. 

(b) Some base b is a carrier and is carried infinitely many times and has 
length that does not converge to zero. 

(c) The bases b and b* have the same limiting positions. 

P R O O F . Suppose that neither 1 nor 2 occur. Then we need to show that the 
toral case occurs. Since Proposition 3.7 a(X, + i ) < cr(Xi) for all i and Process 
II will go back to Process I if o{Xi+i) < o-(Xi), we have the complexity of this 
sequence of band complexes is constant. 

(a) Recall that we identify T with a disjoint union of intervals in R. Since on 
each step of Process II we have that every base either is carried , and hence 
it moves to the positive direction in R and its length remains constant, or is 
the carrier, and thus the right end point of that base does not move and its 
length does not increase. This proves (a). 

Without loss of generality, we may assume the following : 

(i) If a band participates in Process II, it does so infinitely many times. (Oth
erwise, Process II will terminate.) 

(ii) All weights of bases remain constanst as a result of Process II. (Otherwise, 
the complexity will decrease and Process II will terminate.) 

(b) Let Di denote the total measure of the subset of points of T,- between the 
initial point and the minimal point of T which lies in a band and never 
participates. Also let 

Ti = ^,b{l(b)w(b); b is a base of Xi that eventually participates}, 

where 1(b) is the length of 6 and w(b) is the weight of b. Now set 

excess(Xj) = r̂  — 2£>j. 
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We claim that excess(Xi) > 0 and excess(X,) = excess{Xi+\). 

Indeed, the first assertion follows from (*) and the surface case does not 
apply. For the second assertion, we analyze Operation 1 and Operation 2. 
As a result of Operation 1, we slide bands over each other, and this does 
not change their weights by assumption (ii). On the other hand, during 
Operation 2, where we collapse the maximal free subarc J contained in the 
carrier d, we have excess(A"j+i) = (TJ — 2l(J)w(d)) — (2Di — 2l{J)w(d)) = 
excess(Xi). This proves the claim. 

The claim implies that there is a base b participates infinitely many times 
and its length does not converge to zero. Without loss of generality, we can 
assume that each time the base b participates, it is the carrier. Thus we 
need to show that b is carried infinitely many times. Suppose not. Then b* 
is carried finitely many times. Consider that b and b* are carried zero times. 
Then if b and b* have disjoint interiors, any base can only be carried by b 
finitely many times, contradicting Process II never terminate. Likewise, if 
B = bx I is orientation-reversing, any base can only be carried by b finitely 
many times, also a contradiction. Therefore suppose B has weight 1 and is 
orientation-preserving. Then the translation length v > 0 of B, and some 
base gets translated by v infinitely many times. This contradicts to (a). 

(c) If the base b has weight | , then we are done. Suppose weight of b is 1. Let i/t-
be the distance between the midpoints of b and b*. Then any base is carried 
by b in a distance Vi. Therefore, the distance Ui must tend to zero as i goes 
to infinite in Process II. 

• 

3.4 Machine Output 

Let T be an M-tree, G b e a finitely presented group acting on T. We construct a 
band complex X that resolves an action of G = TTI(X) on tree T as in Theorem 
3.1. Let Y be the underlying union bands of X and C(Y) be a minimal component 
of Y. Applying the machine to C(Y), there are three possibilities. 

DEFINITION 3.18 1. The thin case, in which eventually only Process I is 
applied. 

2. The surface case, in which eventually only Process II is applied and excess 
= 0. 

3. The toral case, in which eventually only Process II is applied and excess > 
0. 

Let Y denote the union of bands Y with the annuli removed. Given a compo
nent C(Y) of Y, write C(Y) for Y D C(Y). Let i denote the homomorphism 
i : 7r1(C(K)) -> G induced by the inclusion; and let H - i(iri(G(Y))). Let N be 
the normal subgroup normally generated by the images of the fundamental groups 
of annuli in the closure of C(Y) \ C{Y), and let 77 = H/N. 
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3.4.1 T h e surface case 

Recall that a short exact sequence of groups A, B, and C is given by two maps 
a : A —• B and /3 : B —• C and is written 

1->A-+B->C^1. 

Because it is an exact sequence, a is injective, and /? is surjective. Moreover, the 
group kernel of /3 is the image of a. Hence, the group A can be considered as a 
(normal) subgroup of B, and C is isomorphic to B/A. 

PROPOSITION 3.9 Suppose C(Y) is in the surface case. Then the following holds: 

1. For each leaf L of C(Y), the image of ni(L) in G = i^i{X) admits a map 
onto a cyclic group such that the kernel is contained in the kernel of the 
action of H on TH-

2. Suppose that X is pure. Then there is a short exact sequence 

1 - • Ker(G rxT)->G^ m(0) -> 1, 

where G rxT is the action G onT and O is Y with some 2-cells attached. 

PROOF. Because C(Y) is in the surface case, we have that only Process II is 
applied to C(Y) and excess(C(Y")) = 0 (w(z) = 2 for each point z G C(V) that is 
not a end point of a base). We may assume that there are no Mobius bands by 
Lemma 3.4. Therefore, C(Y) looks like the Figure 33. 

Figure 33: The surface case C(Y) with a non-singular leaf L\ and a singular leaf 
Li in bold. 

Let L be a leaf in C(Y). If L is non-singular leaf, then it is homeomorphic to R; if 
L is singular leaf, then it is a circle with finitely many rays attached because the 
definition of singular leaves and the our assumption X contains no faults. See the 
Figure 33 again. Hence all leaves in C(Y) have cyclic fundamental group. 

Let L be a closed vertical loop in an annulus of C(Y). Then the image of 7Ti(L) in 
G is a cyclic subgroup which fixes an arc in T by Remark 3.3, and so by Theorem 
3.3 (Kazhdan-Margulis Lemma) lies in the kernel of the action of H on TH. 

Now, let L be a general leaf in C(Y). Then TTI{L) has a normal subgroup NC\ni(L) 
which is contained in the kernel of the action on 7#; and the quotient group that 
corresponds to L n C{Y) is cyclic. This proves the first assertion. 
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Now consider the second assertion. Since X is pure, we have that X is minimal, 
C(Y) = Y, and H = G. There is a short exact sequence 

Then N = Ker(G rv T) because clearly N C Ker(H rv T#) and annuli are the 
only way in which trivial actions can happen; and H is clearly the fundamental 
group of Y with some 2-cells attached. • 

3.4.2 The toral case 

Let C{Y) be a toral component of the union of bands Y underlying the band 
complex X, and let X = X\,X2, • • • be a sequence of band complexes obtained 
by applying Process II to C(Y). By Proposition 3.8, we may assume that for 
each i the component C(Yi) has only one block. Let J denote the block of C{Y). 
Note that each base b of C{Yi) determines a partial isometry h(b) of J , which 
can be extended to an isometry of R. Thus, C(Yi) determines a finitely generated 
group Bi of isometries of R. Note that Bi = Bj for all i,j since slides correspond 
to compositions of elements and collapses of proper subarcs do not change the 
group. Denote this constant group B that is called Bass group of C(Y). Clearly, 
each element of B is either a translation or a reflection. 

LEMMA 3.6 Let B be a finitely generated group of isometries of R. 

1. Let Tj : x i—» x + tj be a sequence of translations in B \ {1} such that 
linij^ootj = 0. Then this sequence contains translation Tj, TJ such that the 
translation lengths of T, andTj is irrational, i.e., tj/tj is irrational. 

2. Let Oj be a sequence of reflections i n B \ { l } such that limj^oo0'j = cr0 where 
OQ € B. Then there exists cri,Oj,ak such that the ratio of the translation 
lengths ofcriOj and CiOk is irrational. 

LEMMA 3.7 Moves M0-M4 can be applied to transform X to a band complex 
X' such that there are two orientation-preserving bands A = a x I and A' = 
a' x / . They determine partial isometries a, a' of J such that the domain of 
the composition aa'a~l{a.')~x is a nondegenerate segment and the ratio of the 
translation lengths of a and a' is irrational. 

PROOF. By Proposition 3.8, there is a base b that is carrier and is carried in
finitely many times in the sequence Xi. Let bi denote the base in Xi corresponding 
to b. Then the sequence bi converge to a nondegenerate segment; and so the corre
sponding partial isometries /i(6j) G B of J form a converge sequence and the limit 
is the identity in the orientation-preserving case. In particular, eventually all bi 
are either orientation-preserving or orientation-reversing because of the limiting 
position of the sequence bi, so is h(bi). 
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Case I : Suppose that all h{bi) are orientation-preserving. By Lemma above, 
there are bases bi,bj such that the ratio of the translation lengths of /&(&,), h{bj) is 
irrational. Use Lemma 3.3 to attach a band A = a x I and A' — a' x I to J by 
identifying a and a" with bi and b* respectively, and identifying a' and a'* with bj 
and bj respectively. Now denote the partial isometries a, a' by the restriction of 
h(bi), h(bj) to bi, bj. Recall that the limiting position of bi and 6? is the same by 
Proposition 3.8. Thus we have 

limi-+00bi = lirrij-vxbj, Zimj_»00/i(6t) = lirrij^oohibj) = id. 

It follows that for i, j sufficiently large, the domain of the composition cta'oT1 ( a ' ) - 1 

is a nondegenerate segment. 

Case I I : Suppose that all h(bi) are orientation-reversing. Similarly, by us
ing Lemma above, we find bi,bj,bk such that the ratio of translation lengths of 
h(bi)h(bj) and h(bi)h(bk) is irrational. Choose i,j, k large enough such that 6y = 
biDbj and bik = bif)bk are nondegenerate segments. Then Bij = bijXl CbjXl = Bj 
and Bik = bik x / C bk x I = Bk. We use M2 to subdivide the bands Bj, Bk so 
that the bands Bij,Bik are bands in the new complex X'. Now use M4 to slide 
b^, bik from bi to get orientation-preserving bands A, A' such that their translation 
lengths are equal to the translation lengths of h(bi)h(bj) and h(bi)h(bk). For i,j, k 
sufficiently large, the domain of a a ' a _ 1 a ' _ 1 is a nondegenerate segment. • 

PROPOSITION 3.10 1. The group H has an invariant line in T, and there is 
a short exact sequence 

1 ^ Ker(H rx TH) -> H - A - » 1 , 

where A contains a free abelian subgroup of index 2. 

2. Let X be a leaf in C{Y), and let -K be the image ofiri(X) in H. Then we have 
the following short exact sequence 

l -> / f -*7T-+$->- l , 

where K fixes an arc in T and $ is a group of order at most 2. 

P R O O F . 

1. Let A, A' be the bands as in the previous lemma, and let a, a' denote the 
elements of H corresponding to A, A'. Let f(J) be the image of J in T 
such that a, a' are partial orientation-preserving isometries of / ( J ) . Then 
the commutator [a, a'} fixes a nondegenerate subarc of /(«/), and so fixes 
TH by Theorem 3.3. We conclude that a, a ' are hyperbolic isometries with 
the same axis L. Let F be the group generated by a, a'. Lemma 3.6 yields 
that the ratio of the translation lengths of a and a' is irrational. Thus, 
there are nontrivial translations with arbitrarily small translation lengths. 
By Proposition 3.5, H is generated by J-short elements. Let 7 be one 
of generators. We need to show that L is invariant under 7. Let s C 
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f(J) PI Axis(-y) be a subarc such that 7(s) C f{J) D Axis^) (note that 
f(J) D Axis(j) is nondegenerate because 7 is a ./-short element). 

Case I : Suppose that the partial isometry o f / ( J ) induced by 7 is orientation-
preserving. Then 7 is hyperbolic and its axis contains s U 7(5) by Lemma 
3.1. let e be the length of the smallest connected segment containing sUj(s) 
in / ( J ) . Choose w E F\ {1} with small translation length so that l(w) + 
£(7) < e. Then Corollary 3.1 yields that Axis(j) = Axis(w). Note that 
Axis(w) = L. So Axis(y) = L and thus 7 fixes L pointwise. 

Case I I : Suppose that the partial isometry of f{J) induced by 7 is reversing 
orientation. Let m and n be the midpoints of s and j(s), respectively. Let 
t denote the subinterval of 7(s) centered at n whose length is half of the 
length of s. Choose w € F \ {1} whose translation length is less than the 
length of t. Thus w' = 7W7 - 1 is a partial orientation-preserving isometry of 
f{J) mapping t into 7(s). Again by Corollary 3.1, the elements w, w' have 
the same axis L. Note that jAxis(w) = Axisdwy'1). It follows that 7 
fixes L pointwise. 

This immediately implies the short exact sequence. Since A = H/Ker(H rv 
TH) 3 (01, ot; [a. a'}), we have A contains a free abelian subgroup. Note that 
\A:(a,a>; [a,a>})\ = 2. 

2. Since TT fixes a point x in T and the preimage of x in J , we have that IT 
fixes x in L. Let IT' be the subgroup of index at most 2 in 7r that consists 
of elements preserving orientation on L. Then TT' acts trivially on L. Let 
K = IT' and $ = TT/K. This concludes the proof. 

D 

3.4.3 The thin case 

Let C(Y) be the thin case. Then we have an infinite sequence of band complexes 
-^0, Xu • • • obtained by applying Process I recursively to the minimal component 
C(Y). 

PROPOSITION 3.11 Under the above conditions, the group G splits over a sub
group that fixes an arc in T. If C(Y) has no annuli, then the decomposition is a 
free product. 

PROOF. Let An denote the set of subdivision annuli in X„. By Proposition 3.6, 
eventually there is a band Bn = bn x I that looks like Figure 34: 

Let hn = 6n x {|} be the horizontal segment in Bn, and let Ai,n, • • • , Amtn € An 
be the subdivision annuli intersecting Bn in the end points of hn. Note that A^n 

does not have to be annulus in Xn. 

If it does, then each is of the form 

QCjtn : O X I —• Aj>n C Xn 
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Bn 

Al.n 
Aj.» 

& 

Figure 34: The band Bn with subdivision annuli A\>n, A2,n, Az,n-

for otjtn a continuous map. Let TT : S1 x I —* I be projection onto / . So for 
each j , there is a collection of horizontal circles Cj>n = 7r-1(7r(aJ^(c?/i))) in S1 x / . 
We retain the notation CjiU for the homeomorphic image of Cj>n in Xn. Then 
An = hn U C\tn U • • • U Cm,n is a finite graph consisting of two bouquets of circles 
connected by an edge, and locally separates Xn. Figure 34 turns out : 

Q h" <S3 
Ci,n Ca.n C3-n 

Figure 35: The graph corresponding to Figure 34. 

So Xn can be thought of as a total space with edge space An and vertex spaces 
the closure of the components Xn \ A„. This defines a splitting of the fundamental 
group G of Xn. We need to show that the splitting is non-trivial. 

Since the generators of the fundamental groups of the circles Cj>n fix an arc in 7#, 
Theorem 3.3 implies that the edge group 7r1(An) in G fixes TH. So 7r1(A„) fixes an 
arc in T. 

If Xn \ An has only one component, G splits as an HNN-extension and we are 
done. So we may assume that Xn \ A„ has two components X'n containing bn and 
X% containing bn. Since by applying Process I further would eventually divide Bn 

into many bands and the number of long bands is bounded above, there are paths 
p': / - • X'n, p":I^ X;' and long bands B'n, B'^ such that 

1. p'(I),p"(I) are contained in non-sigular leaves L',L" respectively; 

2. L'cB'n,L"cB';; 

3. p'(I) DBn Cbni p"(I) (~l Bn C 6* each consists of two distinct points. 

Therefore, both paths have non-trivial holonomy, and so each vertex group acts 
non-trivially on T by Remark 3.3. Note that the edge group ^(A,,) fixes T by 
Theorem 3.2. Thus, the edge group is a proper subgroup of each of the vertex 
subgroups. This implies that the splitting of G is non-trivial. 

If each subdivision annuli Aj>n is not an annulus, then we can project Aj„ onto 
segments Cjitl. Then An = hn U Ci?n U • • • U Cm,n is a finite graph consisting of two 
bouquets of segments connected by an edge, and locally separates Xn. See Figure 
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Cm 

Can 

Figure 36: The graph corresponding to each subdivision annuli is not an annulus. 

36. Note that the fundamental group of An is trivial. Hence, the decomposition 
of G is a free product. • 

3.5 The decomposition theorem 

Let G be a finitely presented group with a stable action on an R-tree T. 

THEOREM 3.4 Under above conditions, the following are satisfied : 

1. If the action of G onT is pure, then G satisfies one of the following cases : 

(a) Surface case : 

l ->J f -*G->7Ti (0 ) -» l , 

where K is the kernel of the action of G onT and O is Y with some 
2-cells attached. 

(b) Toral case : T is a line and 

\-*K-+G-*A-*l, 

where K is the kernel of the action of G onT and A is a subgroup of 
IsomfR). 

(c) Thin case : G splits over a subgroup that fixes an arc of T. 

2. If the action of G on T is not pure, then G splits (as an amalgamated 
free product or HNN extension) over a subgroup E which has a short exact 
sequence 

where KE fixes an arc in T and C is either finite or cyclic. The subgroup E 
fixes a point in T. 

PROOF. We can construct a resolving band complex X by Theorem 3.1. Applying 
Lemma 3.2 to X, we may assume that X has no faults. Then we apply the Rips 
machine to each component C(Y) of the underlying union of bands Y. 

1. If the action is pure, then C(Y) is minimal. The results (a), (b) and (c) 
follows immediately from Proposition 3.9, 3.10, and 3.11, respectively. 
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2. If the action is not pure and no component of Y in the thin case, then G has 
a graph of groups decomposition that is given by a total space decomposition 
of X Theorem 3.2. Suppose that the decomposition is non-trivial. Let E 
be an edge group of the graph of groups decomposition of G. Then G splits 
over E and E fixes a point in T. Hence E is contained in the image of the 
fundamental group of some leaf in some component C(Y). 

If C(Y) is minimal (i.e., surface case or toral case, but not thin case), then 
E satisfies the assertion of the theorem by Proposition 3.9 and 3.10. 

By Proposition 3.3, we may assume that C(Y) is simplicial now. Then C(Y) 

is an /-bundle over a leaf. Consider a finite covering C(Y) of C(Y). Thus 

C(Y) is a /-bundle over a leaf with the trivial fundamental group. Then its 
fundamental group fixes an arc in T and so E = KE- It implies that C is 
finite. The result follows. 

• 

4 Conclusions 

We exploit and generalize the properties of two older group-theoretic construc
tions: free product with amalgamation and HNN extension. However, unlike the 
traditional algebraic study of these two constructions, we use the geometric lan
guage of covering theory and fundamental groups. Graphs of groups, which are 
the basic objects of this article, can be viewed as one-dimensional CW-complexes. 
By using those technique, we discover the algebraic structure of subgroups of free 
products, amalgamated free products and HNN extensions. The basic treatment 
of this section is available in the article of [SW79] and the book of [Coh78]. 

In Rips theory, we have a stable action G (finitely presented) on an R-tree T; then 
we construct a band complex X resolving the action on T. The band complex X 
breaks into a union of subcomplexes of simplicial and pure type. Applying each 
simplicial or pure component of X to the Rips machine, we have a class of band 
complexes which are easily manipulated. It turns out that the action G on T can 
be easily understood now. This section mainly follows from the articles of [KapOl] 
and [Wil03]. Another reference is given by [BF95]. 
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