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ABSTRACT 

~ 

Senescence evolves because natural selection is less sensitive to late life than to early life. 

Hamilton formalized this as the sensitivities of fitness to small additive changes to age-specific 

mortality or fecundity; his framework has since been extended to alternative ecological and 

genetic assumptions. However, such forces of selection only explicitly model evolution in the 

short term; in the long term, as life histories evolve, their forces of selection evolve too. 

This thesis investigates long-term evolution of senescence by deriving conditions a 

population must satisfy in order to be in evolutionary equilibrium. It considers two models: a 

mutation-selection balance model; and an optimality model with a same-age log mortality cost 

of fecundity. The derived conditions are discussed, and heuristically compared to two species: 

Soay sheep, which senesce, and desert tortoises, which don’t. Other, intermediate theoretical 

results are also given, including the force of selection on proportional hazards in stationary 

populations. 
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If a genetical disaster … happens late enough in individual life, 

its consequences may be completely unimportant. … 

A relatively small advantage conferred early in the life of an 

individual may outweigh a catastrophic disadvantage withheld 

until later. … 

… my proposals can hardly be said to add up to a self-sufficient 

theory. If we concede that the force of natural selection is rather 

exactly weighted by the ages of the animals on which it operates, it 

is still far from easy to see in detail how senescence has become 

shaped into its distinctive pattern—the early onset and slow 

progressive fulfilment that the curve of the force of mortality so 

conspicuously reveals … 

– P. B. Medawar (1952) 

 

To what extent and in exactly what way life schedules will be 

moulded by natural selection depends on what sort of genetical 

variation is available. 

– W. D. Hamilton (1966)
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1. INTRODUCTION: DEMOGRAPHY AND EVOLUTION OF SENESCENCE1 

~ 

This thesis contributes to the evolutionary theory of SENESCENCE, or “aging,” using the tools 

of the theory of LIFE HISTORY EVOLUTION (Rose, 1991; Stearns, 1992; Fabian & Flatt, 2011; 

2012).2 Life history traits are those traits that are most directly connected to demography and 

Darwinian fitness: survival and reproduction, and their pattern across the life span. This thesis 

therefore defines senescence in terms of increasing mortality over the lifespan, rather than any 

particular physiological change (Medawar, 1955). Not all species senesce, but many do: an 80-

year-old freshwater hydra is no more likely to die within the next week or year than a 20-year-

old freshwater hydra, thus hydra do not senesce; an 80-year-old human is more likely to die 

within the next week or year than a 20-year-old human, thus humans do senesce (Finch, 1990; 

Jones et al., 2014; Fig. 1). This thesis also defines REPRODUCTIVE SENESCENCE as a decrease in 

reproductive output with age—with the caveat that this definition may require modification 

for species, such as humans and whales, whose menopause may be an adaptation to shift from 

giving birth to increased care for existing children and grandchildren (cf. Hawkes et al., 1998). 

 
1 Parts of this introductory chapter, especially on (st)age-specific selection forces, are adapted from (Bahry, 2022a). 
Data for Figs. 1,2, 3a, and 5 available at https://doi.org/10.5281/zenodo.7069070; adapted from (Jones et al., 2014). 

2 Note that “senescence,” the deleterious aspects of aging in general, should never be used as a synonym of CELLULAR 

SENESCENCE, one particular inflammatory, postmitotic cellular state. Unfortunately, from the moment of the discovery 
of the latter (Hayflick & Moorhead, 1961), this rule has often been broken (e.g. Campisi et al., 2019, Fig. 1), creating 
confusion. For instance, it led Sinclair and LaPlante (2019, p. 152) to conflate George C. Williams’ general antagonistic 
pleiotropy theory for the evolution of senescence (1957) with Judith Campisi’s specific, tumour-suppression version 
of the theory applied to the evolution of cellular senescence (2013). 
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An AGE-STRUCTURED LIFE HISTORY can be modeled in continuous or discrete time. For 

continuous time, the basic quantities are AGE (𝑥); the SURVIVAL FUNCTION, or “survivorship,” 

a newborn’s probability of surviving to at least 𝑥 (𝑙𝑥); and age-specific FECUNDITY RATE, the 

expected instantaneous rate of production of daughters by individuals aged 𝑥 (𝑏𝑥). These can 

also be used to derive other quantities, such as life expectancy (𝑒0 = ∫ 𝑙𝑥) (Table 1). The FORCE 

OF MORTALITY, also called the HAZARD RATE, is a measure of age-specific instantaneous risk of 

death, defined as the relative rate of decrease of the survival function: 

𝜇𝑥 = −
𝑙′

𝑥

𝑙𝑥

(1) 

Thus a species senesces if its force of mortality 𝜇𝑥 increases with age 𝑥. Note that 𝜇𝑥 is not a 

probability; it has a dimension of rate (“per second,” “per year,” etc.) and has no upper bound. 

Figure 1. (a) Humans, fruit flies, and Soay sheep senesce: older individuals are more vulnerable and less fecund. (b) Hydra do not 
senesce. (c) Desert tortoises negatively senesce. Survivorship is 𝑙𝑋; fecundity is 𝑚𝑋; mortality is �̅�𝑋. Based on (Jones et al., 2014). 
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Table 1. Basic age-structured life history quantities. 

Symbol Quantity Relationships 

Continuous time    

𝑥 Age.  

𝑙𝑥 Survival function. A newborn’s probability surviving to at least 𝑥.  

𝑏𝑥  
Fecundity rate. An individual’s instantaneous rate of production of 
daughters at age 𝑥. 

 

𝜇𝑥  
Force of mortality / Hazard rate. An individual’s instantaneous age-
specific risk of death; the instantaneous relative rate of decrease of 
the survival function. 

𝜇𝑥 = −
𝑙′𝑥

𝑙𝑥
 

Discrete time*   

𝑋 
Age-interval. Individuals born entering 𝑋 = 0 at age 𝑥 = 0 but not 
censused until entering 𝑋 = 1 at age 𝑥 = 1. 

For unit intervals ∆𝑥 = 1, at the 
beginning of an interval, 𝑋 = 𝑥 

𝑙𝑋 
Survival function. A newborn’s probability of surviving to at least the 
beginning of 𝑋. 

 

𝑚𝑋 
Interval fecundity. The number of daughters an individual entering 
𝑋 is about to produce. 

 

𝐹𝑋 
Effective fecundity. The number, of the daughters that an individual 
entering 𝑋 is about to produce, who will survive the interval to be 
censused. 

𝐹𝑋 = 𝑚𝑋𝑝0 

𝑝𝑋 
Age-specific survival probability. The probability, for an individual 
entering 𝑋, of surviving the interval to enter 𝑋 + 1. 

𝑝𝑋 =
𝑙𝑋+1

𝑙𝑋
 

𝑞𝑋 
Age-specific probability of death. The probability, for an individual 
entering  𝑋, of dying within the interval. 

𝑞𝑋 =
𝑙𝑋 − 𝑙𝑋+1

𝑙𝑋
 

�̅�𝑋 
Interval average force of mortality. The average instantaneous force 
of mortality over age-interval 𝑋 (age 𝑥 to  age 𝑥 + 1), multiplied by 
interval length to make it dimensionless. 

�̅�𝑋 ≈ − ln 𝑝𝑋 

*For discrete time, this table and this thesis assume a birth-pulse population, with a pre-birth census, and age-intervals indexed 
from 0. Thus individuals are born entering 𝑋 = 0 aged 𝑥 = 0, but not censused until entering 𝑋 = 1 aged 𝑥 = 1. Alternative 
assumptions entail different relationships; for instance, a post-birth census would require effective fecundity be defined as 𝐹𝑋 =
𝑝𝑋𝑚𝑋. In birth-flow populations, all discrete-time equations are approximate. For more detail see (Caswell, 1989, pp. 8–15). 
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Discrete time requires conventions and simplifying assumptions (Caswell, 1989, pp. 8–

15): this thesis assumes newborns are born entering age class 0, and birth-pulse populations 

with a pre-birth census (all births at the beginning of the interval). With these assumptions 

the basic quantities are AGE INTERVAL (𝑋); the SURVIVAL FUNCTION, a newborn’s probability 

of surviving to at least the beginning of interval 𝑋 (𝑙𝑋); and age-specific INTERVAL FECUNDITY, 

the expected number of daughters an individual entering 𝑋 is about to produce (𝑚𝑋). Other 

traits of interest can again be derived, such as average lifespan (𝑒0 ≈ ∑ 𝑙𝑋); age-specific survival 

probability, the probability an individual entering 𝑋 will survive to 𝑋 + 1 (𝑝𝑋 = 𝑙𝑋+1 𝑙𝑋⁄ ); and  

Figure 2. The same life history data from Figure 1, but with survivorship, fecundity, and the force of mortality on logarithmic axes. 
The modern Japanese human mortality curve shows the pattern noticed by Benjamin Gompertz (1825): approximately exponential 
growth throughout adult life, which appears on a semilog plot as an approximately straight line; the “Gompertz equation” models 
mortality as growing exponentially from birth to death, though actual juvenile mortality is usually higher. 
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age-specific probability of death, the probability she won’t (𝑞𝑋 = 1 − 𝑝𝑋) (Table 1). What I 

call the INTERVAL AVERAGE FORCE OF MORTALITY relates to age-specific survival probability as: 

�̅�𝑋 = − ln 𝑝𝑋 (2) 

i.e. as 𝑝𝑋 = 𝑒−�̅�𝑋 . Again, this is not a probability, and has no upper bound. Strictly, however, 

note that for notational tidiness this definition multiplies the true average of the instantaneous 

force of mortality, by unit interval length ∆𝑥 = 1, thus dropping the dimension and unit. 3,4,5  

 
3Empirically, the age-specific life-history traits can be estimated from the birth and death statistics of a population, 
if we are willing to assume that its members are identical in their probabilities of reproduction and death. 

A COHORT STUDY follows a cohort of, for instance, 𝑁0 = 1000 newborn Drosophila from birth, keeping track 
of the number 𝑁𝑥  still alive at each age 𝑥 (or the number 𝑁𝑋 still alive at each age class 𝑋, if it is censused at discrete 
intervals); the fraction of the original cohort still alive at each age estimates the survival function (𝑙𝑥 ≈ 𝑁𝑥 𝑁0⁄ ). For 
long-lived species a cohort study may be impractical. Thus a CROSS-SECTIONAL STUDY twice visits a population of, say, 
Galápagos tortoises, measuring individuals’ ages by counting growth rings on their shell scutes (but cf. Wilson, 2003); 
counts the number 𝑛𝑋,𝑡 alive in each age class 𝑋 at time 𝑡; and counts the number 𝑛𝑋+1,𝑡+1 alive in each of the 

subsequent age classes at the next time 𝑡 + 1; the ratios of the latter to the former counts estimate the age-specific 

survival probabilities (𝑝𝑋 ≈ 𝑛𝑋+1,𝑡+1 𝑛𝑋,𝑡⁄ ), which can be used to derive a survival function as (𝑙𝑋 = 𝑝0𝑝1𝑝2 … 𝑝𝑋−1). 

Similarly, dividing the number of offspring born to all individuals aged 𝑥 (or in age-class 𝑋) by the number aged 𝑥 (or 
in age-class 𝑋), whether in a cohort or a cross-sectional study, estimates the age-specific fecundities of individuals. 

The tortoise example is illustrative and hypothetical. If 𝑝𝑥  and 𝑝𝑋 are constant over time, cohort and cross-
sectional studies will yield the same results; if not, they will differ. For instance, a human 𝑙𝑋 curve derived from 𝑝𝑋 
values estimated in a cross sectional study of Leningrad in 1943–1944 would differ from one estimated from a cohort 
study of Leningrad begun in 1943, due to starvation from the siege. Similarly, 𝑏𝑥  and 𝑚𝑋 also might vary over time. 

4 This thesis assumes constant age-specific mortality and fecundity over time (Stearns, 2000, p. 477). It also models 
only females and their daughters, both to avoid double-counting offspring as both their mothers’ and their fathers’, 
and because females are often rate-limiting for population growth (Stearns, 1992, p. 21). An alternative would be to 
count individuals as “half” an offspring to each of their parents; the present convention is only appropriate if there 
is no paternal care, and sexual reproduction (e.g. sex ratio evolution, sexual selection) is not itself the object of study. 

5I.e., equation (2) takes the true average force of mortality over the interval, multiplying it by interval length to make 
it dimensionless; if ∆𝑥 = 1 this simply drops the unit. True average force of mortality over interval (𝑥, 𝑥 + ∆𝑥) is 

1

∆𝑥
∫ 𝜇𝑦𝑑𝑦

𝑥+∆𝑥

𝑦=𝑥

 

Multiplying this by the interval length ∆𝑥 yields 

�̅�𝑋 = (
1

∆𝑥
∫ 𝜇𝑦𝑑𝑦

𝑥+∆𝑥

𝑦=𝑥

) ∆𝑥 = ∫ 𝜇𝑦𝑑𝑦
𝑥+∆𝑥

𝑦=𝑥

 



6 
 

With 𝜇𝑥 and �̅�𝑋 in hand, we can now quantitatively measure and model senescence. 

Figure 1 showed, for a variety of species, empirically-estimated curves for survivorship 𝑙𝑋, 

interval average force of mortality �̅�𝑋, and age-specific interval fecundity 𝑚𝑋, based on the 

supplementary data of (Jones et al., 2014). Figure 2 plots the same curves semi-logarithmically. 

For modern Japanese human data, it can be seen that after a period of higher juvenile 

mortality, �̅�𝑋 falls to a minimum around age 10 before increasing approximately exponentially 

through adulthood, which appears on the semilog plot as an approximately straight line. This 

kind of pattern was first noticed by the actuary Benjamin Gompertz (1825), leading to the 

exponential GOMPERTZ EQUATION being the most widely-cited mortality model (Finch, 1990): 

𝜇𝑥 = 𝐴 ∙ 𝑒𝐺𝑥 (3) 

where 𝐴 is modeled “initial mortality” (𝜇0 if true 𝜇𝑥 grew exponentially from birth, but not if 

true infant mortality is high); 𝑒 ≈ 2.72 is Euler’s number; and 𝐺 is the Gompertz parameter.6,7 

 
6 The Gompertz equation can also be given in logarithmic form, as an equation for straight line (ln 𝜇𝑥 = ln 𝐴 + 𝐺𝑥). 

Sometimes an age-independent mortality component is added as well, becoming the GOMPERTZ-MAKEHAM EQUATION 
(𝜇𝑥 = 𝐴 ∙ 𝑒𝐺𝑥 + 𝑀) (Finch, 1990; cf. Makeham, 1867). Unfortunately there is no simple linear form of the Gompertz-
Makeham equation; however, if (or for age ranges where) 𝐴 ∙ 𝑒𝐺𝑥 ≫ 𝑀, then 𝜇𝑥 appears approximately exponential 
with age; if (or for age ranges where) 𝐴 ∙ 𝑒𝐺𝑥 ≪ 𝑀, then 𝜇𝑥 appears approximately constant with age. Another model 
sometimes used is the power-growth WEIBULL EQUATION, which appears as a straight line on log-log plots. 

7 Note that the Gompertz equation is intended to describe the growth of 𝜇𝑥 with age in adult humans and potentially 
other species; it is not intended to describe the growth of age-specific interval probability of death 𝑞𝑋 with age. It is 
an empirical question whether 𝜇𝑥 grows exponentially indefinitely; 𝑞𝑋 could not possibly do so; indeed, if 𝜇𝑥 grows 
exponentially, as in Gompertz’ model, then 𝑞𝑋 would artefactually decelerate as it approaches its upper bound of 1; 
and even if 𝑞𝑋 grows exponentially until hitting the ceiling for one choice of interval length, it will not for a different 
choice (Gavrilov & Gavrilova, 2011). Unfortunately, two textbooks misdescribe the Gompertz equation in terms of 
𝑞𝑋 (Arking, 2018; MacDonald, 2019; Arking also mis-writes the equation otherwise, as 𝑞𝑥 = [𝑞0]𝑒𝑥); and even some 
technical papers appear to use 𝑞𝑋 to study mortality deceleration (e.g. Carey et al., 1992, footnote 1). 
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For intuition, this can be converted to MORTALITY RATE DOUBLING TIME, 𝑀𝑅𝐷𝑇 = ln 2 𝐺⁄ ; for 

adult humans, mortality doubles with roughly every eight years of age (Finch, 1990, p. 23).8 

It has also been much discussed whether, very late in life, mortality grows more slowly 

than exponential, or even plateaus, and if so why; this apparent phenomenon, observed in 

large cohorts of fruit flies and medflies (Carey et al., 1992; Curtsinger et al., 1992) but debated 

for humans, is known as LATE-LIFE MORTALITY DECELERATION (e.g. Mueller et al., 2011).9 

 
8 Recently, there has also been a move to re-describe life histories, including Gompertzian ones, in terms of the PACE 

AND SHAPE OF AGING (Baudisch, 2011). Pace measures have a dimension of rate or time, describing whether a life 
history is “fast” of “slow” regardless of whether it senesces; for example, a short-lived species with constant, high 
mortality has a faster life history than does a long-lived species with constant, low mortality. Shape measures are 
dimensionless, describing how “sharply” mortality increases over the lifespan, however long that might be. One pace 
measure is average lifespan; another is 95th percentile lifespan. One shape measure is the ratio of the exponential 
Gompertz parameter 𝐺 to initial mortality 𝐴; another is the ratio of 95th percentile lifespan to average lifespan. 

Species whose mortality grows at the same 𝐺 may nevertheless differ in how “sharply” they senesce, if they 
differ in 𝐴 such that they differ in the ratio 𝐺 𝐴⁄ ; conversely, some long-lived and short-lived species, with different 

𝐺 and 𝐴, may senesce equally sharply, having the same ratio 𝐺 𝐴⁄ . This framework was motivated by a hunch about 

comparative biogerontology: “How might we conclude that mice and elephants have similar aging rates and are 
different from, say, indeterminate growing fish?” (Charnov, 2014, p. 436; cf. Charnov, 1993). 

9 One hypothesis is that apparent late-life mortality deceleration is an artefact of COHORT HETEROGENEITY: if individuals 
differ in vulnerability, the more vulnerable individuals will die off earlier, leaving the less vulnerable individuals more 
represented in the remainder of the cohort (Vaupel, 2010). Another is that late-life mortality deceleration is genuine, 
and evolves due to a combination of the force of natural selection in very late life being effectively zero such that it 
can’t decrease further, and selection on alleles having PROTAGONISTIC PLEIOTROPY with beneficial effects on survival in 
both early and very late life (Mueller & Rose, 1996; Mueller et al., 2011). The RELIABILITY THEORY OF AGING AND LONGEVITY 
suggests that senescing organisms are at some level series (“weakest link”) reliability structures, whose components 
are parallel (with redundancy) reliability structures, whose sub-components are nonsenescing, so that as organisms 
age, sub-components fail and a mortality plateau occurs when redundancy is exhausted (Gavrilov & Gavrilova, 2006). 
 Note that “the reliability theory of aging and longevity” is not synonymous with RELIABILITY THEORY in general, 
referring to the mathematical tools for describing system failure in terms of part failure and how parts are organized. 
A SERIES RELIABILITY STRUCTURE is a system such that if any component fails the system fails: for instance, a chain holding 
up a block will drop the block if any link breaks. A PARALLEL RELIABILITY STRUCTURE is a system such that if all components 
fail the system fails: for instance, screws holding up a block will drop the block if all screws come loose. A hypothetical 
organism fitting the reliability theory of aging and longevity would be one made of organs, made of cells, such that 
an organ fails only when all of its cells die, and the organism dies if any organ fails. Another would be one with 
multiple redundant copies of a number of genes, with one at least of each necessary for survival. 

One difficulty of studying very late life is the almost unavoidably small sample sizes which occur at the “very 
late” ages to which, almost by definition, very few members of any cohort survive. Another difficulty is the empirical 
unreliability of historical age estimates, even in humans (Gavrilov & Gavrilova, 2019). 
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Biological traits can be studied at the PROXIMATE LEVEL, asking the “how” questions of 

mechanisms, and at the ULTIMATE LEVEL, asking the “why” questions of evolutionary origins 

(Mayr, 1961); for instance, to study the orange-and-black wing pattern of a Viceroy butterfly, 

a developmental biologist may want to know which gene-regulatory circuits and morphogens 

produced the stripes, while an evolutionary ecologist may want to know whether the stripes 

evolved through Batesian or Müllerian mimicry of the Monarch butterfly (Diamond, 2002). 

Of course these levels can aid and inform each other: a proximate biologist can benefit from 

knowing for what if any adaptive function the structure was naturally selected (Mayr, 1983), 

while an evolutionary biologist can benefit from knowing, in light of our understanding of 

embryological and physical constrains, what heritable phenotypic variation is likely presented 

Figure 3. (a) The proximate biology of senescence is not fully understood, but pays much attention to nine “hallmarks of aging.” 
(b) Ultimately, senescence evolves because evolution cares less about late than early life. Hallmarks reproduced from (López-Otín 
et al., 2013) with permission from Elsevier; forces of selection, scaled to generation length, estimated based on (Jones et al., 2014). 
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to natural selection’s discernment in the first place (Maynard Smith et al., 1985). One field 

integrating these levels is evolutionary developmental biology, or EVO-DEVO (Carroll, 2005). 

Senescence too can be studied both at the proximate and at the ultimate level (Fig. 3). 

The proximate biology of senescence can sometimes seem an impenetrable tangle; one review 

counted over three hundred theories of senescence (Medvedev, 1990)! It has however recently 

benefited from the HALLMARKS OF AGING10 framework, organizing known forms of age-related 

damage into approximately nine or ten categories depending on how you categorize them 

(López-Otín et al., 2013; Fig. 3a); from molecular genetic analysis of known modest longevity 

interventions in model organisms, such as the age-1 and daf-2 mutations in nematodes, the 

response to caloric restriction in many species, and drugs such as rapamycin, leading to focus 

on EVOLUTIONARILY CONSERVED NUTRIENT-SENSING PATHWAYS such as insulin-like signaling 

(Ils) and mechanistic target of rapamycin (mTOR) (Pan & Finkel, 2017; Campisi et al., 2019); 

from the discovery of the DNA methylation-based EPIGENETIC CLOCK as a BIOMARKER OF 

AGING (Horvath, 2013; Gibbs, 2014); and from the sequencing of the genomes of nonstandard 

model organisms, including long-lived species such as bats, naked mole-rats, bowhead whales, 

 
10 Andrew Steele’s excellent book Ageless (2020) uses ten categories. The nine hallmarks of López-Otín et al. (2013) 
were categorized partly by how they might be therapeutically treated: for instance, by senescent-cell-clearing drugs 
called SENOLYTICS. The hallmarks of aging framework is similar to the earlier SENS (strategies for engineered negligible 
senescence) framework, which used seven categories (de Grey & Rae, 2007). For a preliminary attempt to determine 
the order in which the hallmarks evolved, see (Lemoine, 2021). For a critique of the hallmarks of aging framework, 
recognizing its pedagogical value but doubting its completeness as an explanatory paradigm, especially compared 
to the HALLMARKS OF CANCER paradigm that inspired it (Hanahan & Weinberg, 2000), see (Gems & de Magalhães, 2021). 
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and rougheye rockfish (Austad, 2022).11 This thesis will not primarily focus on the proximate 

biology of senescence, though it will occasionally raise certain broad proximate questions such 

as whether alleles modifying interval-average force of mortality most likely do so additively, 

proportionally, or otherwise (Baudisch, 2005; Bahry, 2022a; Roper & Salguero-Gómez, 2022). 

The ultimate question of why senescence evolves in general, despite the obvious fitness 

costs of growing old and dying, was solved in the mid-twentieth century. As a reaction against 

the ADAPTIVE DEATH theory of August Weismann, it was realized that senescence is likely not 

an adaptation, but rather the result of evolutionary neglect: natural selection “cares less about” 

late life than early life (Rose, 1991).12 This idea was developed intuitively by J. B. S. Haldane 

(1941) in the context of HUNTINGTON’S DISEASE, a fatal, dominant genetic, neurodegenerative 

disease that tends to only strike in middle age, after many bearers of the disease gene will have 

already reproduced and passed it on to their offspring; it was then developed by Sir Peter B. 

Medawar (1946; 1952) and George C. Williams (1957) in the context of senescence, and finally 

 
11 Such genome sequencing has contributed to cancer research as well as aging research; for an excellent review of 
the comparative biology of cancer resistance in long-lived mammals, see (Seluanov et al., 2018). For instance, it has 
been found that elephants have 19 additional pseudogene copies of the tumour-protector gene TP53, and that at 
least some of these copies have an incompletely understood protective role (Sulak et al., 2016; Seluanov et al., 2018). 

12 The evolutionary theory of senescence played an important role in the revolt against group-selectionist theories 
of apparently altruistic traits in general (Williams, 1966a; Dawkins, 1976). There are still a minority of biologists 
pursuing group-selectionist adaptive death theories (Longo et al., 2005; Mitteldorf & Sagan, 2016). The mainstream 
is also beginning to revisit kin-selectionist adaptive death theories, specifically for clonal and viscous populations: 
altruism towards genetic relatives, and especially clones, evolves more easily than towards nonrelatives (Galimov & 
Gems, 2021). It has also been suggested that once semelparity, or “big bang” reproduction, has already evolved as 
a non-adaptive side-effect of high reproductive effort, its exact timing might be adaptively hastened; for instance, it 
may be fitter for a semelparous Pacific salmon to die immediately after reproduction in its nesting river, where its 
fry can be nourished by its carcass, than to swim off and die anyway trying to reach the sea (Galimov & Gems, 2021, 
p. 5). This thesis will not focus on adaptive death, viscous populations, kin selection, or post-birth reproductive effort. 
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given formal, age-structured demographic justification by William D. Hamilton (1966). The 

conditions for Hamilton’s framework to be applicable to Mendelian population genetics were 

investigated by Brian Charlesworth (1980); and others have continued to build on Hamilton’s 

framework since, adjusting it to alternative genetic and ecological assumptions (e.g. Caswell, 

1978; Baudisch, 2005; Dańko et al., 2018; cf. Bahry, 2022a; Roper & Salguero-Gómez, 2022). 

The general idea of the declining force of natural selection with age manifests in two general 

theories of the evolution of senescence: under the MUTATION ACCUMULATION (MA) theory, 

discussed by Medawar, senescence evolves due to alleles which are neutral early in life and 

deleterious late in life, spreading in the gene pool under mutation pressure and perhaps 

genetic drift; under the ANTAGONISTIC PLEIOTROPY (AP) theory, discussed by Medawar and 

Williams, senescence evolves due to alleles which are beneficial early in life and deleterious late 

in life, spreading in the gene pool under positive selection. Of course these theories need not 

conflict: both sorts of allele could play a role. Both authors were agnostic about proximate 

mechanisms, but gave hypothetical illustrative examples; for instance, Williams imagined an 

allele helping to calcify bones during development but then going on to calcify arteries in old 

age. Note that although MA and AP are theories of the origin of senescence, which is a species-

typical trait, these might also play a role in maintaining polymorphic variation in senescence.13 

 
13 These are very different questions. For instance, suppose the end-replication problem for linear chromosomes, a 
cause of telomere shortening, is also a cause of senescence in humans: since all humans have linear chromosomes, 
no within-species genetic study of humans will ever link variation in chromosome linearity to variation in senescence. 
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Two further recent theories, bridging proximate and ultimate levels (Gems & Partridge, 2013, 

p. 631), can also be seen as versions of the AP theory: under the DISPOSABLE SOMA (DS) theory, 

senescence evolves due to trade-offs between investing limited metabolic resources into tissue 

repair and maintenance versus into reproduction, with selection favouring less than perfect 

maintenance (Kirkwood, 1977); under the HYPERFUNCTION theory, senescence evolves due to 

developmental processes continuing past their point of usefulness (Blagosklonny, 2006).14,15   

 
MA can contribute to polymorphism through mutation-selection balance maintaining deleterious alleles at 

intermediate frequencies, with the equilibrium frequency higher the later the harmful effect occurs (Charlesworth, 
2001). AP can contribute to polymorphism when the alleles’ dominance properties result in heterozygote advantage 
(Rose, 1982; e.g. aa normal, Aa with calcified bones, AA with calcified bones and arteries). 

For critical reviews of quantitative genetic efforts, especially done in Drosophila, to determine the relative 
contributions of MA and AP polymorphisms to genetic variance in age-specific mortality rates, see (Rose et al., 2007; 
Moorad & Promislow, 2009). For a recent review of genetic variation in human senescence, see (Melzer et al., 2020). 

Among the most famous antagonistically pleiotropic genes contributing to variation in human senescence 
is APOE, coding for the lipid transporter apolipoprotein E (Austad & Finch, 2008; Gaillard & Lemaître, 2017). Human 
APOE has three alleles: ε2, ε3, and ε4, with ε4 ancestral. Today, ε4 is associated with higher levels of cholesterol and 
age-related conditions including cardiovascular disease and Alzheimer’s disease, and is under-represented among 
centenarians; nevertheless it persists in the population, possibly due to increasing fertility in youth, possibly due to 
increased levels of luteal progesterone during the menstrual cycle. Another famous antagonistically pleiotropic gene 
contributing to variation in human senescence may be the Huntington’s mutation itself (Carter & Nguyen, 2011). 

14 Blagosklonny has memorably compared the disposable soma theory and the hyperfunction theory. He contrasts 
the most famous exemplars of each theory, asking: “ROS or TOR?” in reference to damaging reactive oxygen species 
(free radicals) vs. the pro-cell growth regulatory protein, target of rapamycin (2008); and he analogizes these to the 
difference between a car failing by rusting through vs. by speeding with no brakes and crashing (2009). He has also 
argued that challenging, apparent paradoxes for the disposable soma theory, such as why calorie restriction extends 
life in model organisms if senescence is due to allocation of limited resources, are easily and intuitively resolved by 
the hyperfunction theory (2007; but cf. Shanley & Kirkwood, 2000). Blagosklonny often contrasts the hyperfunction 
to “damage” theories, though this is semantic since “damage” is rarely defined (de Grey, 2021; Blagosklonny, 2021). 

15 Biogerontology in general would likely gain from further integration between proximate and ultimate approaches; 
such a project could be called evolutionary biogerontology, or EVO-GERO (Partridge & Gems, 2006). Questions that a 
mature, unified field of evo-gero might address include: In what order did the hallmarks of aging evolve (Lemoine, 
2021)? Did cellular senescence evolve for tumour-suppression (Campisi, 2013) or wound repair (Kowald, 2020)? Did 
the 13 remaining mtDNA genes remain in the mitochondria—rather than migrating to the nucleus, more sheltered 
from free radical damage, as other mitochondrial genes did—only because of hydrophobicity and code disparity, or 
also for other reasons (de Grey, 2005)? Does C. elegans muscle deteriorate more than nervous tissue (Herndon et 
al., 2002) because it matters less (Dawkins, 1995, p. 124), because it is costlier to improve (Laird & Sherratt, 2010), 
or for other reasons? Is octopus semelparity an adaptation to prevent them from cannibalizing their young (Wang 
& Ragsdale, 2018), and if so, what is it about octopus neurology that made a less extreme solution harder to evolve? 
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Table 2. Evolutionarily-important age-structured life history quantities. 

Symbol Quantity Formulae* 

𝑅 

Lifetime reproductive output. The number of daughters a newborn 
expects to have before dying. Can be used as a fitness measure for 
stationary populations (in stable age-distribution, held at constant 
size by density-dependence such that population average �̅� = 1). 

𝑅 = ∫ 𝑙𝑥𝑏𝑥𝑑𝑥
∞

𝑥=0

 

 

𝑅 = ∑ 𝑙𝑋𝑚𝑋

∞

𝑋=0
 

𝑟 
Intrinsic rate of increase. The exponential rate at which a population, 
all with the life-history, grows once in stable age-distribution. Can be 
used as a fitness measure for density-independent populations. 

The unique real root 𝑟 satisfying a 
life history’s Euler-Lotka equation: 
 

1 = ∫ 𝑒−𝑟𝑥𝑙𝑥𝑏𝑥𝑑𝑥
∞

𝑥=0

 

 

1 = ∑ 𝑒−𝑟𝑋𝑙𝑋𝑚𝑋

∞

𝑋=0
 

𝑅𝑥 

 
𝑅𝑋 

Expected future reproductive output. The further daughters that an 
individual, already 𝑥 or at the start of 𝑋, expects before dying. 

𝑅𝑥 = ∫
𝑙𝑦

𝑙𝑥
𝑏𝑦𝑑𝑦

∞

𝑦=𝑥

 

 

𝑅𝑋 = ∑
𝑙𝑌

𝑙𝑋
𝑚𝑌

∞

𝑌=𝑋
 

𝑉𝑥 

 
𝑉𝑋 

Age-specific reproductive value. The expected further contribution, 
by an individual already 𝑥 or 𝑋, to the ancestry of future generations, 
relative to that of a newborn. Similar to 𝑅𝑥, but with farther-future 
daughters “discounted” according to population growth rate and to 
how far they are in the future. Analogous to present value in finance. 

𝑉𝑥 = ∫ 𝑒−𝑟(𝑦−𝑥)
𝑙𝑦

𝑙𝑥
𝑏𝑦𝑑𝑦

∞

𝑦=𝑥

 

 

𝑉𝑋 = ∑ 𝑒−𝑟(𝑌−𝑋)
𝑙𝑌

𝑙𝑋
𝑚𝑌

∞

𝑌=𝑋
 

𝑅𝑅𝑉𝑋 
Residual reproductive value. The remainder of individual discrete-
time age-specific reproductive value, apart from reproduction in the 
upcoming interval. For very short, low-𝑚𝑋 intervals, 𝑅𝑅𝑉𝑋 ≈ 𝑉𝑋. 

𝑅𝑅𝑉𝑋 = 𝑉𝑋 − 𝑚𝑋 

𝑐𝑥 

 
𝑐𝑋 

Stable age-distribution. The relative abundance of individuals aged 
𝑥 or entering 𝑋, compared to newborns, once the population is in 
its long-run equilibrium stable age distribution. 

𝑐𝑥 = 𝑒−𝑟𝑥𝑙𝑥 
 

𝑐𝑋 = 𝑒−𝑟𝑋𝑙𝑋 

𝑇 
Generation length. Defined for populations with overlapping 
generations as the mean age of mothers. 

Age and age-interval indexed as 𝑌 
for consistency with main text: 
 

𝑇 = ∫ 𝑦𝑒−𝑟𝑦𝑙𝑦𝑚𝑦

∞

𝑦=0

 

 

𝑇 = ∑ 𝑌𝑒−𝑟𝑌𝑙𝑌𝑚𝑌

∞

𝑌=0
 

*For discrete time, the definitions and formulae again depend on indexing and censusing assumptions, as well as on the choice 
to use fecundity 𝑚𝑋, vs. effective fecundity 𝐹𝑋 which creates a time lag between censusing parents and offspring (Bahry, 2022a). 
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To understand Hamilton’s formalization of the declining forces of selection with age, 

and subsequent work building on his framework, first we must review how Darwinian fitness, 

and certain other fitness-relevant traits (Table 2), are defined, measured, and modeled in life 

history evolutionary theory. Fortunately, we have already learned the prerequisite basic age-

structured life history quantities (Table 1), in relation to defining and measuring senescence. 

 For most biological traits, there is no general way to predict a priori how phenotypes 

relate to survival and reproduction, and therefore to fitness; the number of adaptive “just-so 

stories” we can come up with for almost any trait is limited only by the imagination (Gould 

& Lewontin, 1979). However, in life history evolution, the traits of interest are survival and 

reproduction: this suggests a stronger role for a priori theory than is usual.16 For instance, if we 

know an individual’s age-structured life history, we can calculate her LIFETIME REPRODUCTIVE 

OUTPUT 𝑅, the total number of daughters she as a newborn can expect to have before dying: 

𝑅 = ∫ 𝑙𝑥𝑏𝑥𝑑𝑥

∞

𝑥=0

(4𝑎) 

𝑅 = ∑ 𝑙𝑋𝑚𝑋

∞

𝑋=0

(4𝑏) 

In exponentially growing populations, 𝑅 is not quite a measure of fitness, since the timing of 

reproduction also matters: a lineage whose members mature at age 10, produce 2 offspring, 

 
16 Another example of a field with a strong, principled role for a priori theory is sex allocation theory, including sex 
ratio theory, where a constraint in most sexually reproducing species, that every offspring has one mother and one 
father, entails the average member of the rarer sex is fitter: frequency-dependent natural selection (Charnov, 1982). 
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then die will grow twice as rapidly in proportional terms as will a lineage whose members 

mature at age 20, produce 2 offspring, then die. Nevertheless, this makes it intuitive that fitness 

measures can be calculated from the life history. For exponentially growing populations, the 

fitness measure to use is that exponential population growth rate itself, the INTRINSIC RATE OF 

INCREASE 𝑟: the constant exponential rate at which a population of females, all with that life 

history, grows once it has reached stable age distribution. The population’s AGE DISTRIBUTION 

is a list of how many individuals are alive at each age, as a function of time. In the short run, 

age distributions can reflect recent transient shocks, such as a pandemic killing infants and 

elders; but in the long run, if age-specific mortality and fecundity are constant over time, then 

for most17 life histories, populations eventually converge towards an equilibrium STABLE AGE 

DISTRIBUTION, with each age class growing at the same exponential rate 𝑟, and remaining in 

constant proportions relative to each other. At stable age distribution, the relative abundance 

of individuals aged 𝑥 compared to newborns is 𝑒−𝑟𝑥𝑙𝑥. 

To calculate 𝑟, we begin with a truism: if we partition the current cohort of newborns 

into the fractions whose mothers are 𝑥 (or 𝑋), then add the fractions back up, we get back the 

whole cohort. We then assume stable age distribution, in which case the fraction of newborns 

whose mothers are 𝑥 depends on the size of the cohort those mothers were born into 𝑥 time 

 
17 The main exception is semelparous species with only one reproductive age: for instance, the age distribution of a 
population of Pacific salmon may cycle as they are born, mature, reproduce, and die together (Caswell, 1989, p. 59). 
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ago relative to the present one, 𝑒−𝑟𝑥; the fraction of their cohort still surviving, 𝑙𝑥; and their 

fecundity, 𝑏𝑥. Under stable age distribution, the truism becomes the EULER-LOTKA EQUATION: 

1 = ∫ Fraction of newborns whose mothers are 𝑥

∞

𝑥=0

= ∫ 𝑒−𝑟𝑥

∞

𝑥=0

𝑙𝑥𝑏𝑥𝑑𝑥 (6𝑎) 

1 = ∑ Fraction of newborns whose mothers are 𝑋

∞

𝑋=0

= ∑ 𝑒−𝑟𝑋𝑙𝑋𝑚𝑋

∞

𝑋=0

(6𝑏) 

The intrinsic rate of increase of an age-structured life history is therefore implicitly defined as 

the unique real root 𝑟 of the Euler-Lotka equation: the value of 𝑟 which, after plugging in the 

life history quantities 𝑥, 𝑙𝑥, and 𝑏𝑥 (or 𝑋, 𝑙𝑋, and 𝑚𝑋), makes the equation true.18,19 

 No real-life population grows exponentially forever on a finite planet; as populations 

grow to higher densities, many will face DENSITY DEPENDENT POPULATION REGULATION.20 A 

commonly used density dependent model in life history evolutionary theory is SELECTION IN 

STATIONARY POPULATIONS, with the population maintained at a constant size, even as natural 

 
18 The exact form of the discrete-time Euler-Lotka equation depends on the conventions used. It can also be given in 
terms of effective fecundity, rather than of fecundity, i.e. those of the daughters an individual produces during the 
interval who survive the interval to be censused, which under our conventions is 𝐹𝑋 = 𝑚𝑋𝑝0; if this is done, the time 
lag between counting mothers and censusing offspring complicates notation (Goodman, 1982, p. 814; Bahry, 2022a). 

19 Although this explanation describes the intrinsic rate of increase 𝑟 in terms of population growth, this is not meant 
to imply group selection: the “population” is the “population” of one’s own descendants, not of competing lineages. 

20 It might however be that some species spend most of their time near equilibrium density, with selection adapting 
them to competition for resources, while others spend much time at low density—for instance, if extreme weather 
frequently randomly decimates the population, or the species frequently disperses to new habitats while also going 
extinct locally—with selection adapting them to fast reproduction in new habitats. This was the original premise of 
distinguishing 𝒓-SELECTION and 𝑲-SELECTION, with selection in the former maximizing population growth at low density, 
and selection in the latter maximizing carrying capacity, in the context of the logistic model of density-dependent 
population growth (MacArthur, 1962; MacArthur & Wilson, 1967; cf. Pianka, 1970). For a critical retrospective of the 
𝒓/𝑲 PARADIGM, which went past grounding in mathematical models or density experiments, see (Reznick et al., 2002). 
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selection occurs (Kozłowski, 1993).21 In stationary populations, selection maximizes lifetime 

reproductive output 𝑅, which can therefore be used as a measure of fitness. The stationarity 

condition implies that average lifetime reproductive output must always equal �̅� = 1, with the 

average mother replacing herself with one daughter before dying. This is not a paradox—

selection is not maximizing the number 1!—because in any mixed population, different types 

differ in 𝑅. Thus suppose an island with room for 100 mice, and that blue is fitter than red: on 

an all-red island, 𝑅red = 1, and on an all blue island, 𝑅blue = 1, but blue can invade red and 

at all frequencies of blue and red types, 𝑅blue > 𝑅red. Thus in stationary populations absolute 

fitness is frequency-dependent (whether or not relative fitness is), and it makes sense to refer 

to the fittest as an EVOLUTIONARILY STABLE STRATEGY (ESS): a phenotype that can invade and 

spread to fixation, and cannot be invaded. Stationarity implies there is a mechanism of density 

dependence, and for theoretical modeling purposes it may matter what that mechanism is: for 

instance, whether stationarity is maintained by adjusting infant mortality, or by adjusting age-

independent mortality.22 

 
21 Note that this is different from 𝐾-selection, where selection maximizes carrying capacity. Selection in stationary 
populations is compatible with all types having the same carrying capacity, but differing in their ability to fill it. 

22 We can also refer to the fittest type as an ESS even if there is no frequency dependence, but there is less need to, 
since we can just call it the “fittest.” The need for ESS terminology arises due to contexts where we must consider 
invasion analysis, rather than simply ranking fitnesses divorced from the context of frequency. 

An example of a model being explicit about density-dependence is Charnov’s model of selection on age at 
maturity, in which �̅� = 1 is maintained by adjusting infant survival probability 𝑙𝜀  (Charnov, 1991; 1993). Let 𝛼 be the 
age of maturity; 𝜇 be constant non-infant mortality, and determinate growth until maturity, with larger adults more 
fecund. Maturing later means a higher risk of dying before maturity, but being larger and more fecund once mature. 
Fitness is 𝑅 = 𝑙𝜀 ∙ 𝑒−𝜇𝛼 ∙ 𝑅𝛼; the optimal 𝛼 maximizes 𝑒−𝜇𝛼 ∙ 𝑅𝛼, while 𝑙𝜀  adjusts to satisfy the constraint �̅� = 1.  
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 Another fitness-related quantity is individual’s AGE-SPECIFIC REPRODUCTIVE VALUE (𝑉𝑥 

or 𝑉𝑋). This is the contribution that an individual aged 𝑥 (or in age-class 𝑋) expects to make to 

the ancestry of far-future generations, relative to the expected contribution of a newborn.23,24,25  

𝑉𝑥 can also be seen as expected future reproductive output 𝑅𝑥, “discounted” by population 

growth rate and how far in the future the daughters will be had (offspring weighted by 𝑒−𝑟𝑥): 

𝑉𝑥 =
𝑣𝑥

𝑣0
= ∫ 𝑒−𝑟(𝑦−𝑥)

𝑙𝑦

𝑙𝑥
𝑏𝑦𝑑𝑦

∞

𝑦=𝑥

(7𝑎) 

𝑉𝑋 =
𝑣𝑋

𝑣0
= ∑ 𝑒−𝑟(𝑌−𝑋) 𝑙𝑌

𝑙𝑋
𝑚𝑦

∞

𝑌=𝑋

(7𝑏) 

 
23 We can also discuss, not only the expected contribution of one individual, but the expected contribution of a whole 
group of individuals. For instance, the reproductive value of the class of all individuals aged 𝑥, relative to that of the 
class of all newborns, is proportional to 𝑒−𝑟𝑥𝑙𝑥𝑉𝑥 . The difference between individual and group reproductive values 
was implied in Fisher’s The Genetical Theory of Natural Selection (1930), which introduced the concept, and has since 
been further exegeted by Grafen (2006). It was also in fact pointed out by Medawar (1952), where it was the framing 
of his heuristic argument that the force of natural selection declines with age: in a nonsenescing species (or in his 
thought experiment’s illustrative population of living test tubes in stable age-distribution), 𝑉𝑥  is constant with age 
but 𝑒−𝑟𝑥𝑙𝑥𝑉𝑥  falls with age. In fact, 𝑒−𝑟𝑥𝑙𝑥𝑉𝑥  is almost exactly proportional to Hamilton’s indicator force of selection 
on mortality (1966): Medawar was right! However, it was Hamilton who derived this quantity as a force of selection. 

24 Reproductive value is analogous to present value in finance, where a dollar a year from now is worth less than a 
dollar today, if the local bank’s interest rate is positive, because a dollar today can be invested and will be equivalent 
to more than a dollar a year from now (Fisher, 1930). Similarly, a daughter born today can mature sooner and begin 
producing granddaughters sooner than can a daughter born a year from now, which matters in a growing population. 

25 A more complex ecological context than simply a growing population or a stationary one is a population in a patchy 
habitat, where the life history is a function of the quality of the patch one is born into (Kozłowski, 1993). For instance, 
it may be that in better (source) patches the life history is of a growing population (𝑟local > 1), in worse (sink) patches 
the life history is of a shrinking population (𝑟local < 1), and that newborns migrate between patches, especially from 
source to sink, and the overall population may be stationary (𝑟global = 0). In this situation selection maximizes 𝑟global, 

rather than 𝑟local; this can also be seen as maximizing REPRODUCTIVE VALUE AT BIRTH, with discounting based on 𝑟global: 

𝑉0 = ∫ 𝑒−𝑟global𝑥𝑙𝑥𝑏𝑥𝑑𝑥

∞

𝑥=0

≈ ∑ 𝑒−𝑟global𝑥

∞

𝑋=0

𝑙𝑋𝑚𝑋 

If the overall population is stationary, then maximizing 𝑉0 is the same as maximizing 𝑅. Therefore, even if observed 
life history data collected in one location seems to imply a growing population, it may be that 𝑅 can be used as a 
fitness measure anyway; if so, this is fortunate, since 𝑅 is intuitive and easier to work with than 𝑟 (Kozłowski, 1993). 



19 
 

There is a sense in which selection maximizes individual age-specific reproductive value, but 

it is a subtle one: if a mutation increases reproductive value at some age, but also decreases it 

at an earlier age, then selection will not favour it; however, if it increases reproductive value at 

the first age at which it makes a difference then selection will favour it (Caswell, 1982, p. 1220). 

In this regard, in order to study optimal REPRODUCTIVE EFFORT, George C. Williams (1966b) 

introduced the concept of RESIDUAL REPRODUCTIVE VALUE, which we can define as the rest of 

an individual’s reproductive value apart from her current reproduction (Stearns, 1992): 

𝑅𝑅𝑉𝑋 = 𝑉𝑋 − 𝑚𝑋 = ∑ 𝑒−𝑟(𝑌−𝑋) 𝑙𝑌

𝑙𝑋
𝑚𝑦

∞

𝑌=𝑋+1

(8) 

Note that 𝑅𝑅𝑉𝑋 is not the same thing as 𝑉𝑋+1, and that for short intervals with low per-interval 

fecundity, 𝑅𝑅𝑉𝑋 ≈ 𝑉𝑋. If a mutation increases current reproduction, this higher reproductive 

effort may come at the cost of (say) decreased survivorship, as in the disposable soma theory, 

or of slowed growth and thereby reduced fecundity later on. Optimizing reproductive effort 

at 𝑋, to maximize 𝑉𝑋, means balancing this trade-off between increased 𝑚𝑋 and reduced 𝑅𝑅𝑉𝑋. 

The ability to calculate fitness measures directly from the life history is very useful for 

a priori theoretical modeling. However, it does not remove the need for assumptions or factual 

knowledge about the world. Obviously the fittest conceivable organism would be a DARWINIAN 

DEMON, born mature and immediately beginning to reproduce infinitely fast forever without 

dying (Fabian & Flatt, 2012). No such organism exists, meaning there must be constraints and 
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trade-offs determining the OPTION SETS of feasible life histories that could evolve, from which 

natural selection chooses those that do evolve (Baudisch & Vaupel, 2012); these constraints 

must be measured or assumed in models. For instance, increasing fecundity at one age likely 

comes at some cost, but this may take the form of increased mortality of the mother (whether 

now or later), increased mortality of offspring (whether now or later), or decreased fecundity 

later (perhaps due to slowed growth); and even if we know that it takes the form of increased 

mortality of the mother at the same age, it may be that additions to fecundity add to mortality, 

that additions to fecundity multiply mortality, or otherwise. In addition, where the proximate 

basis of trade-offs is of interest, it must be either assumed or empirically investigated. It is often 

assumed that trade-offs come from the allocation of limiting resources; this is a possibility, but 

Williams’ own illustrative example of AP, a gene calcifying both bones and arteries, illustrates 

that it is not the only way for trade-offs to arise. Indeed, in any population well-adapted to its 

niche, trade-offs are expected to exist regardless of proximate mechanism, for the simple reason 

that all available evolutionary free lunches have already long-since been eaten (cf. Bell, 2011). 

 We are now ready to understand Hamilton’s formalization of the declining forces of 

natural selection with age (1966). If an allele slightly modifies some scalar trait, its fitness effect 

depends both on its effect on the trait and on the sensitivity of fitness to such modifications: 

∆(fitness) ≈ ∆(trait) ∙
𝜕(fitness)

𝜕(trait)
(9) 
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The partial derivative on the right-hand side is a fitness sensitivity, or a FORCE OF SELECTION: 

the slope of a graph of fitness vs. the trait (Bahry, 2022a). It is quite general; to use it in practice, 

one must choose the fitness measure (𝑟 vs. 𝑅 vs. … ?) and the trait (wingspan vs. fecundity vs. 

mortality vs. … ?) and, more subtly, how to parameterize the trait (the logarithm of wingspan 

vs. wingspan squared vs. … ?). For many traits, like wingspan, the sensitivity would have to be 

empirically measured; but for life history traits, which can be used to calculate measures of 

fitness, the fitness sensitivities can be directly calculated too. Hamilton implicitly assumed 

density-independent, exponentially growing populations with 𝑟 as fitness: and he considered 

genes that slightly multiply age-specific survival probability 𝑝𝑋, i.e. add to its logarithm ln 𝑝𝑋, 

i.e. subtract from the interval average force of mortality �̅�𝑋 (since 𝑝𝑋 = 𝑒−�̅�𝑋); and genes that 

slightly add to age-specific interval fecundity 𝑚𝑋, for one age-class 𝑋. Thus the sensitivities he 

sought were 𝜕𝑟 𝜕 ln 𝑝𝑋⁄ = − 𝜕𝑟 𝜕�̅�𝑋⁄  and 𝜕𝑟 𝜕𝑚𝑋⁄ ; he found their formulae by differentiating 

the Euler-Lotka equation. The formulae are known as HAMILTON’S INDICATORS OF THE FORCE 

OF SELECTION; they can be given intuitive semi-verbal demographic translations26: 

−
𝜕𝑟

𝜕�̅�𝑋
=

Fraction of newborns with mothers 𝑋 + 1 or older

𝑇
=

∑ 𝑒−𝑟𝑌𝑙𝑌𝑚𝑌
∞
𝑌=𝑋+1

𝑇
(10𝑎) 

𝜕𝑟

𝜕𝑚𝑋
=

Abundance of individuals aged 𝑋 relative to newborns

𝑇
=

𝑒−𝑟𝑋𝑙𝑋

𝑇
(10𝑏) 

 
26 These intuitive, semi-verbal demographic translations are my own, inspired by a similar translation of reproductive 
value in (Wilson & Bossert, 1971, p. 121). These translations assume stable age distribution. 
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where the denominator 𝑇 = ∑ 𝑌𝑒−𝑟𝑌𝑙𝑌𝑚𝑌
∞
𝑌=0  is GENERATION LENGTH, defined as the mean 

age of mothers; this is not a function of 𝑋 and can be ignored for the present purpose. Their 

numerators are monotonically decreasing functions of the age-interval 𝑋 at which the genetic 

effect occurs. In demographic terms: for mortality selection (Eqn. 10a), the higher 𝑋 is, the 

fewer newborns can possibly have mothers older than that; since no mothers are younger than 

maturity anyway, the mortality indicator is constant to maturity then begins decreasing. For 

fecundity selection (Eqn. 10b), most populations will have fewer individuals at older ages, 

both because some individuals die off before attaining those ages, and because, in growing 

populations, (say) fewer individuals were born last year than this year; the fecundity indicator 

begins decreasing immediately from birth.27 A minor exception is that the fecundity indicator 

can rise with age in rapidly shrinking population; this exception is minor because such rapidly 

shrinking populations tend to go extinct anyway, contributing little to the ancestry of future 

generations (Charlesworth, 1980, p. 225). Hamilton’s indicators therefore formally vindicated 

the insight of Haldane, Medawar, and Williams that natural selection cares less about late life 

than early life. Figure 3(b) gives Hamilton’s indicators for the desert tortoise, estimated from 

the supplementary data of (Jones et al., 2014), illustrating that Hamilton’s indicators decrease 

 
27 For mortality selection, the numerator is a summation, whose summands aren’t functions of 𝑋 but such that the 
higher 𝑋 is, the fewer summands there are; the pre-maturity summands are all 0 anyway. For fecundity selection, 𝑙𝑋 
is a decreasing function of 𝑋, and in growing (𝑟 > 0) populations, so is 𝑒−𝑟𝑋; this indicator can rise with 𝑋 if (𝑟 ≪ 0). 
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with age even in negatively-senescing species where old individuals have low mortality, high 

fecundity, and high reproductive value.28 On the one hand, this generality of Hamilton’s result 

makes it intuitive why senescence evolves so easily; on the other, it raises the mystery of why 

these very species don’t senesce, despite their age-specific decline in Hamilton’s indicators!29,30 

Hamilton’s framework for has been very influential, and has made it possible to refine 

previous, originally heuristic, theoretical arguments about the evolution of senescence. Most 

famously, George C. Williams, in his 1957 paper proposing the AP theory of the evolution of 

senescence, also outlined nine “testable deductions” from the theory (1957; cf. Gaillard & 

 
28 The desert tortoise is negatively senescing over the age range covered by the data (Fig. 1, this thesis). However, 
the presence of a maximum cut-off age in the data causes reproductive value to artifactually fall towards zero as the 
cut-off is approached, if it is calculated as is. To get around this, I assumed the survival probability and fecundity at 
the final age in the data, 74, continued as constant until age 1,000; and used that modified life table when calculating 
the age-specific forces of selection, as well as reproductive value, up to the original cut-off age 74. 

29 The relationship between indeterminate growth and size; fecundity, mortality, and reproductive value; and the 
forces of selection is sometimes misunderstood. Thus Flatt and Partridge (2018, p. 6) write, “Increasing body size 
can then lead to increased fecundity and also to protection against size-specific predators and other sources of 
mortality. Under these circumstances, the force of natural selection can increase over part of adult life, because the 
reproductive value of the organism increases”; likewise, Lu et al. (2021, p. 824) write, “The force of natural selection 
declines as a function of age in killifish and humans, but not in rockfish,” which also have indefinite growth and some 
of which are long-lived. If “force of selection” means Hamilton’s force of selection against mortality, then this is false: 
Equation (10a) must monotonically decrease with age past maturity in any species, though increasing reproductive 
value with age might slow its decrease with age. 

Vaupel et al. (2004, p. 341) suggested a non-fallacious link between size and non-senescence or negative 
senescence: “If mortality falls as size increases and if size increases with age, then mortality will fall with age.” This 
is not a claim of stronger Hamiltonian selection against mortality in old, large organisms, but rather of two proximate 
constraints: that juveniles are born small, and that a small juvenile cannot evolve reduced mortality as feasibly as a 
large adult. In addition, even if Hamilton’s (1966) age-specific forces of selection decrease with age, Caswell’s (1978) 
stage-specific forces of selection, including size-specific forces of selection, might not (cf. Bahry, 2022a). 

30 Hamilton’s result also refuted an earlier suggestion by Fisher that individual reproductive value quantified the age-
specific forces of selection (1930, p. 27): “the direct action of Natural Selection must be proportional to [𝑉𝑋].” It can 
be directly seen that Hamilton’s indicators (Eqns. 10a and 10b) do not equal 𝑉𝑋 (Eqns. 7a and 7b). They also behave 
differently: 𝑉𝑋 often rises until maturity before beginning to fall, whereas Hamilton’s mortality indicator is constant 
until maturity; 𝑉𝑋 continues rising after maturity in desert tortoises, whereas Hamilton’s mortality indicator cannot. 
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Lemaître, 2017).31 One of these, today known as the EXTRINSIC MORTALITY HYPOTHESIS, was 

that in populations with higher mortality due to predation and other environmental risks, the 

force of selection should also decline more rapidly with age, since individuals are less likely to 

survive to higher ages anyway, and species with lower extrinsic mortality should therefore also 

evolve to be more resistant to “intrinsic” mortality and senescence (Williams, 1957, pp. 404–

405; Williams et al., 2006); Williams suggested that this could explain the long lives of birds 

and bats, which fly, and of tortoises, which have shells; it may also partly explain the obvious 

trend in comparative biogerontology that large species such as elephants tend to live longer 

 
31 Another of Williams’ “testable deductions” was his argument that natural selection is expected to synchronize the 
senescence and failure rates of different components in an organism, and that therefore there should be no single 
or few primary causes of senescence, and there should be no simple life-extending interventions (1957, pp. 406–
407). This argument has been likened to a comic poem about a “wonderful one-hoss shay,” a carriage whose parts 
were equally durable such that the whole thing fell apart after a hundred years “all at once, and nothing first,—just 
as bubbles do when they burst” (Nesse & Williams, 1996, p. 111) as well as to an apocryphal story about Henry Ford 
cheapening the “kingpins” of the Model T after discovering they were unnecessarily durable (Dawkins, 1995, p. 122). 
 Theoretically, a complication with Williams’ argument is that not all tissues or organs are equally necessary 
for survival and fitness; a spider monkey may more easily survive a broken heel than a broken arm (Dawkins, 1995, 
p. 124). A subtler complication is that some parts may be easier to improve than others, even if they are already the 
most durable; in the simplest case of a series reliability structure with non-senescing components, system longevity 
is maximized by equalizing, not components’ hazard rates, but components’ marginal rates of change of hazard rate 
per unit resource (Laird & Sherratt, 2010). Finally, if mutations affecting one component have pleiotropic effects on 
other components, various patterns of synchrony or asynchrony might evolve (Rose, 1991, p. 167). For example, de 
Grey (2007) has argued that cancer, and other pathologies of nDNA damage, should all be moulded by loci affecting 
nDNA-repair levels in general, and that nDNA repair levels high enough to resist cancer are likely more than enough 
to make other nDNA-damage pathologies negligible; this recently found some support in studies of mutations raising 
somatic mutation rate and cancer risk, but not causing accelerated aging, in humans (Robinson et al., 2021; 2022).  
 Empirically, a problem with Williams’ argument is that there are in fact simple interventions that increase 
lifespan, such as caloric restriction, and the age-1 and daf-2 mutations in C. elegans nematodes (Pan & Finkel, 2017), 
as well as castration in semelparous Pacific salmon (Robertson, 1961). Another is that apparently-asynchronous 
tissue senescence has in fact been observed; for instance, C. elegans nervous tissue has been observed to deteriorate 
less with age than their muscle (Herndon et al., 2002). It would be interesting to inquire whether C. elegans’ kingpin-
like nervous tissue is more important for survival (Dawkins, 1996), or easier to improve (Laird & Sherratt, 2010), than 
C. elegans’ muscle tissue. 
 For a retrospective on Williams’ nine “testable deductions” in general, see (Gaillard & Lemaître, 2017). Note 
the interplay between theory and empiricism: subsequent developments in general not only tested his deductions, 
but used precise theoretical tools to evaluate which of the deductions, interpreted how, were valid in the first place. 
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than small species such as mice (cf. Austad, 2022).32 The extrinsic mortality hypothesis was 

intuitive, but consideration of Hamilton’s indicators revealed that it hinges on ecological 

assumptions, albeit reasonable ones, about density dependent population regulation (Abrams, 

1993; Kozłowski et al., 2020). With density independence, age-independent additive increases 

to mortality don’t affect Hamilton’s indicators’ numerators; with density-dependence, they 

can.33,34 The hypothesis’ validity also can hinge on mortality source interactions, such as the 

senescent deterioration itself reducing the ability to escape predators (Williams & Day, 2003). 

These theoretical refinements may explain the hypothesis’ mixed empirical status: for instance, 

it was supported by the finding that a no-predation island population of Virginia opossums  

 
32 I know of three potential explanations of the positive size-lifespan correlation (Bahry, 2022b). First, larger animals 
tend to have lower mass-specific metabolic rates; the RATE-OF-LIVING THEORY proposes that faster metabolism directly, 
proximately causes higher mortality and more rapid senescence, perhaps via mitochondrial free-radical damage (cf. 
Austad, 1997). Second, the extrinsic mortality hypothesis proposes that larger animals have fewer predators, leading 
them to evolve lower intrinsic mortality and slower senescence (Williams, 1957). Third, an alternative evolutionary 
theory proposes that longer-lived animals evolve to spend longer, growing larger, before maturing (Charnov, 1991). 
The rate-of-living theory was once influential, but challenged by the facts that birds and bats have faster metabolisms 
and longer lives, and marsupials have slower metabolisms and shorter lives, than eutherian mammals of the same 
size (Austad, 1997). 

33 Recall that age-specific abundance in the stable age-distribution is proportional to 𝑒−𝑟𝑋𝑙𝑋; population stationarity 
implies a constraint that 𝑟 = 0, i.e. that 𝑒−𝑟𝑋 = 1, maintained by density-dependent population regulation. 𝑒−𝑟𝑋𝑙𝑋 
appears in both the numerator of Hamilton’s fecundity indicator and the summands of the numerator of Hamilton’s 
mortality indicator. An age-independent additive increase to the force of mortality both causes the survival function 
to fall faster (faster decrease in 𝑙𝑋), and may cause the population to grow more slowly (slower increase in 𝑒−𝑟𝑋). In 
the density-independent case, these exactly cancel out; with density-dependence, they may not; for instance, in the 
case of population stationarity, 𝑒−𝑟𝑋 = 1 is not affected at all. 

34 Williams’ statement (1957) of the extrinsic mortality hypothesis was somewhat vague, however, and so must be 
interpreted precisely—and consistently across studies!—when evaluating its empirical support (Abrams, 2004; 
Gaillard & Lemaître, 2017, p. 2771). Williams’ examples illustrated an expectation that lower mortality rates should 
lead to longer life—but that would apply even across all non-senescing species, for which case it would be 
tautological. Peter Abrams (1993) therefore interpreted it in terms of age-independent mortality changes. Paul D. 
Williams and Troy Day (2003) interpreted it in terms of predation, which may or may not be age-independent. 
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Table 3. Fitness sensitivities under four pairs of assumptions. 

 Density independence (𝒓 as fitness) Population stationarity (𝑹 as fitness) 

Genes add to −�̅�𝑿 
(i.e. multiply 𝒑𝑿) 
 
 
 
Genes add to 𝒎𝑿 
 
 

−
𝜕𝑟

𝜕�̅�𝑋
=

∑ 𝑒−𝑟𝑌𝑙𝑌𝑚𝑌
∞
𝑌=𝑋+1

𝑇
 

 
 

𝜕𝑟

𝜕𝑚𝑋
=

𝑒−𝑟𝑋𝑙𝑋

𝑇
 

 
(Hamilton, 1966) 

−
𝜕𝑅

𝜕�̅�𝑋
= ∑ 𝑙𝑌𝑚𝑌

∞

𝑌=𝑋+1

 

 
 

𝜕𝑟

𝜕𝑚𝑋
= 𝑙𝑋 

 
(Dańko et al., 2018; cf. Charnov, 1993, p. 129) 

Genes multiply −�̅�𝑿 
 
 
 
 
Genes multiply 𝒎𝑿 
 
 

−
𝜕𝑟

𝜕 ln �̅�𝑋
= �̅�𝑋 (−

𝜕𝑟

𝜕�̅�𝑋
) 

 
 

𝜕𝑟

𝜕 ln 𝑚𝑋
= 𝑚𝑋 (

𝜕𝑟

𝜕𝑚𝑋
) 

 
(Baudisch, 2005; 2008) 

−
𝜕𝑅

𝜕 𝑙𝑛 �̅�𝑋
= �̅�𝑋 (−

𝜕𝑅

𝜕�̅�𝑋
) 

 
 

𝜕𝑅

𝜕 𝑙𝑛 𝑚𝑋
= 𝑚𝑋 (

𝜕𝑅

𝜕𝑚𝑋
) 

 
(This thesis, Section 2.1) 

The top-row sensitivities cannot rise with age (except for Hamilton’s fecundity indicator, in rapidly-shrinking populations). The 
bottom-row sensitivities can rise with age under some conditions. 

also age more slowly than their mainland cousins (Austad, 1993); but it was not supported by 

an experiment on mortality in the laboratory of Trinidad guppies derived from high-predation 

downstream regions of their home rivers, versus derived from low-predation upstream regions 

of their home rivers protected by waterfalls (Reznick et al., 2004; cf. Abrams, 2004). 

 The rest of this introductory chapter discusses limitations of Hamilton’s indicators of 

selection. First, as mentioned, the idea of a fitness sensitivity, or force of selection, as embodied 

in the approximation of (Eqn. 9), is itself more general than Hamilton’s indicators: Hamilton 

made particular assumptions about how genes act, and about the ecological context of natural 

selection, but alternative assumptions can also be made. For instance, Hamilton assumed that 
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genes affecting survival do so by multiplying the age-specific survival probability 𝑝𝑋, i.e. by 

adding to or subtracting from its logarithm ln 𝑝𝑋, i.e. by subtracting from or adding to interval 

average force of mortality �̅�𝑋; i.e., Hamilton assumed genes affecting mortality are ADDITIVE 

HAZARDS (recall that the force of mortality is also called the hazard rate). This was an intuitive 

assumption: it is what would happen if genes kill probabilistically, and have independent kill 

probabilities (Charlesworth, 1980, p. 206).35 But plausibility is not necessity, and alternative 

possibilities are available: for instance, Baudisch (2008, pp. 24–26) cites evidence that genes 

may instead multiply interval-average force of mortality, i.e. that genes may be PROPORTIONAL 

HAZARDS; she also points out that the proportional hazards assumption is commonly used in 

demography and epidemiology. Hamilton also assumed density-independence, but Charnov 

(1993), Dańko et al. (2018), Kozłowski et al. (2020) and others have advocated for models of 

selection in stationary populations. Different combinations of assumptions require different 

fitness sensitivities (Table 3). Thus Baudisch (2005; 2008), assuming density independence but 

proportional hazards, used the sensitivity − 𝜕𝑟 𝜕 ln �̅�𝑋⁄ ; Dańko et al. (2018), assuming additive 

hazards but selection in stationary populations, used − 𝜕𝑅 𝜕�̅�𝑋⁄ ; the next chapter of this thesis 

derives the fitness sensitivity for proportional hazards in stationary populations, − 𝜕𝑅 𝜕 ln �̅�𝑋⁄ . 

Baudisch’s proportional-hazards indicator relates to Hamilton’s additive-hazards indicator as: 

 
35 For wild-type survival probability 𝑝𝑋, if a mutation kills at age 𝑋 with probability 1 − 𝑎, mutant survival probability 
is 𝑎𝑝𝑋. 
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−
𝜕𝑟

𝜕 ln �̅�𝑋
= �̅�𝑋 (−

𝜕𝑟

𝜕�̅�𝑋
) (11) 

Unlike Equation (10a), this can in fact rise with age in some circumstances (Baudisch, 2005)!36 

However, it still falls with age in initially non-senescing (constant �̅�𝑋) or negatively senescing 

(falling �̅�𝑋) populations, and so seems consistent with ubiquity of senescence (Bahry, 2022a).37 

More fundamental assumptions of Hamilton’s general framework, as embodied in 

(Eqn. 9), are that genes have small effects on traits, and that selection is deterministic, i.e., that 

populations are large enough to ignore genetic drift. Lehtonen (2020) developed a model—

inspired by Medawar’s (1952) thought experiment of a population of 1000 living, reproducing 

test tubes which can be shattered by mutations—of selection in finite, stationary populations, 

with lethal mutations; his model directly calculates a SELECTION COEFFICIENT as the difference 

in 𝑅, instead of approximating this selection coefficient via partial derivatives, as well as taking 

into account a DRIFT BARRIER at ages past which the absolute value of this selection coefficient 

is less than the reciprocal of effective population size, making selection ineffective in the face 

of drift. His model is intriguing, with possible implications for maximum lifespan (Lehtonen, 

2020, p. 8), but this thesis will follow Hamilton in assuming small effects and ignoring drift. 

 
36 (Eqn. 11a) rises with age if �̅�𝑋 rises with age and 𝑉𝑋+1 is sufficiently large relative to 𝑚𝑋+1 (Baudisch, 2008, p. 23). 

37 In initially negatively-senescing populations, Baudisch’s indicator falls with age, suggesting that populations should 
often evolve away from negative senescence and towards non-senescence or senescence, under the proportional 
hazards assumption. In non-senescing populations, Baudisch’s indicator also falls with age. Only in already-senescing 
populations can Baudisch’s indicator ever rise with age. This suggests that although proportional hazards may have 
some effect in resisting the evolution of more extreme senescence, many life histories in evolutionary equilibrium 
should nevertheless be senescent ones. 
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Another fundamental limitation of Hamilton’s framework is that he did not explicitly 

take into account Mendelian population genetics; using fitness measures such as 𝑟 or 𝑅 means 

we’re in fact implicitly modeling asexually-reproducing populations, and assuming or hoping 

the results will carry over to Mendelian populations. It is of course possible to measure, for a 

sexually-reproducing diploid female of (say) genotype 𝑎𝑎, her survival function 𝑙𝑥 and rate of 

production of daughters 𝑏𝑥, and to calculate from these a genotypic intrinsic rate of increase 

𝑟𝑎𝑎 or genotypic lifetime reproductive output 𝑅𝑎𝑎; but with sexual reproduction, the birth rate 

of daughters to 𝑎𝑎 females need not equal the birth rate of 𝑎𝑎 daughters (Charlesworth, 1970). 

Brian Charlesworth, building on earlier work by Norton (1928) and Haldane (1927), therefore 

investigated the conditions under which it is suitable to use 𝑟 as fitness in Mendelian density-

independent populations, culminating in his book Evolution in Age-Structured Populations; he 

found that 𝑟 does work well under random mating with respect to age, especially if selection 

is weak (Charlesworth, 1980, p. 195).38 He also investigated the suitability of carrying capacity 

as fitness in Mendelian populations, under density-dependent 𝐾 selection, with similar results 

(p. 200), but did not investigate 𝑅 as fitness in Mendelian stationary populations (footnote 21). 

Chapter 2 of this thesis will consider explicit Mendelian population genetics in the context of 

proportional vs. additive hazards, but not in relation to density independence vs. stationarity. 

 
38 Charlesworth’s book, Evolution in Age-Structured Populations, appeared in its 1st edition in 1980, and its 2nd edition 
in 1994. This thesis cites the 1st edition throughout; the editions differ, both in pagination and in some of the material 
relied on in Chapter 2 of this thesis having been left out of the 2nd edition. 
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Thus far we have spoken about age-structured life histories: populations where the vital 

rates, mortality and fecundity, are functions of an organism’s age. However, it is also possible 

to model STAGE-STRUCTURED LIFE HISTORIES, where the vital rates, as well as the transition 

probabilities between stages, are functions of life cycle stage. For instance, the mortality rate 

of a jellyfish may depend more on whether it is a polyp or a medusa than on how many years 

it’s been since the jellyfish was born. Importantly, unlike age classes, a life cycle might spend 

more or less time in some stages than in others, or even cycle between stages; for instance, the 

jellyfish may be able to cycle between polyp and medusa (Piraino et al., 1996), and may spend 

more or less time as the latter, while a human spends exactly one year between each birthday 

Figure 4. Example life cycle graphs and population projection matrices for a discrete-time (a) age-structured population model of 
plantains and (b) size-structured population model of ground squirrels; both are special cases of stage-structured populations; 
adapted from (van Groenendael et al., 1988) with permission from Elsevier. Notation for matrix entries match the source, differing 
slightly from the rest of this thesis. The age-structured matrix is known as the Leslie matrix. Note that in the age-structured case, 
all individuals are born counted as the same age, and age only ever increases by 1 per time step, whereas the size-structured case 
permits different sizes of offspring and permits individuals to grow, shrink, or remain the same size from time step to time step. 
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and can never return from age 21 to age 20 (Bahry, 2022a). This also means that if a gene affects 

mortality for the duration of an entire life cycle stage, its effect may last longer or shorter than 

that of a gene affecting mortality for the duration of a different life cycle stage. For instance, 𝑟 

in loggerhead sea turtles is more sensitive to multiplicative changes in large juvenile annual 

survival probability than to multiplicative changes in hatchling annual survival probability, 

with implications for conservation strategy, simply because loggerheads spend longer as large 

juveniles than as hatchlings (Crouse et al., 1987); if there were also genes with these effects, 

then the genes affecting large juvenile survival would be more strongly selected, despite acting 

later in life (Bahry, 2022a).39 Stage-structured life histories can be depicted in discrete time as 

a LIFE CYCLE GRAPH, or using a grid of numbers called a POPULATION PROJECTION MATRIX 

(van Groenendael et al., 1988; Caswell, 1989; Fig. 4). Each entry 𝑎𝑖𝑗 of the projection matrix 𝐀 

is the contribution an individual in stage 𝑗 this time step expects to make to stage 𝑖 next time 

step, whether by remaining in the stage and surviving; by transitioning and surviving; or by 

producing surviving offspring. Discrete-time age-structured life histories can be considered a 

special case of stage-structured life history; the age-structured population projection matrix is 

called the LESLIE MATRIX, with the age-specific effective fecundities in its top row (𝐹𝑋 = 𝑚𝑋𝑝0 

 
39 Crouse et al. (1987, Fig. 3a) give the stage-specific elasticity (𝜕 ln 𝜆 𝜕 ln 𝑝𝑗⁄ ) of the loggerhead turtles’ long-run 

population growth factor per time step 𝜆, with respect to stage-specific survival probability 𝑝𝑗; since 𝑟 = ln 𝜆 and 

�̅�𝑗 = − ln 𝑝𝑗, this is equivalent to the stage-specific sensitivity (− 𝜕𝑟 𝜕�̅�𝑗⁄ ). Crouse et al. suggested that conservation 

efforts would be most effective if concentrated on large juveniles, and recommended the use in shrimp and fish 
trawl nets of a Turtle Excluder Device to reduce juvenile mortality. 
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for our assumptions) and the age-specific survival probabilities in its sub-diagonal. Multiplying 

a vector of stage-specific abundances this time step by the projection matrix yields a vector of 

stage-specific abundances next time step: 𝐧(𝑡 + 1) = 𝐀𝐧(𝑡). Like age-structured populations, 

most stage-structured populations eventually converge towards a STABLE STAGE DISTRIBUTION 

of abundances 𝑐𝑖 comprising a right eigenvector 𝐜 of the projection matrix; we can also define 

individual STAGE-SPECIFIC REPRODUCTIVE VALUE 𝑣𝑖, comprising a left eigenvector 𝐯 of the 

matrix;  fitness in density-independent matrix population models is usually given as 𝜆 = 𝑒𝑟, 

the per-time step growth factor of a population all with that life history once in stable stage 

distribution, and the matrix’s dominant eigenvalue. Hal Caswell (1978), extending Hamilton’s 

framework to stage-structured models, derived a general formula for the sensitivity of 𝜆 to 

small additive changes to the entries 𝑎𝑖𝑗 of the projection matrix 𝐀; modifying the notation of 

(van Groenendael et al., 1988): 

𝜕𝜆

𝜕𝑎𝑖𝑗
=

𝑐𝑗𝑣𝑖

〈𝐜, 𝐯〉
(12) 

where the denominator is the eigenvectors’ dot product; the sensitivity of 𝜆 to small additive 

changes to 𝑎𝑖𝑗 is thus proportional to the abundance of the source stage and reproductive value 

in the destination stage. This can be applied to the discrete-time age structured Leslie matrix, 

where it is related to Hamilton’s indicators, but differs in using 𝜆 = 𝑒𝑟 instead of 𝑟 as fitness, 

effective fecundity 𝐹𝑋 instead of fecundity 𝑚𝑋, and additive rather than multiplicative genetic 
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effects on age-specific survival probability 𝑝𝑋. Bahry (2022a) found that Hamilton’s indicators 

relate to Caswell’s sensitivity, applied to the discrete time age-structured Leslie matrix, as40: 

𝜕𝑟

𝜕 ln 𝑝𝑋
=

𝑝𝑋

𝜆
(

𝜕𝜆

𝜕𝑝𝑋
) (13𝑎) 

𝜕𝑟

𝜕𝑚𝑋
=

𝑝0

𝜆
(

𝜕𝜆

𝜕𝑚𝑋
) (13𝑏) 

This thesis will not further consider stage-structured life histories, but will repeat for emphasis 

here that unlike Hamilton’s age-structured sensitivities, Caswell’s stage-structured sensitivity 

can be higher for later stages than for earlier ones, if the life cycle spends longer in those stages, 

as we saw for loggerhead sea turtles (Crouse, 1987; Bahry, 2022a). Thus mutations affecting 

vital rates for entire stages, rather than only at individual ages, may be a factor helping non-

senescence or negative senescence evolve (cf. footnote 29). Stage structure may be especially 

important for plant evolution (Caswell & Salguero-Gómez, 2013). 

Hamilton’s model was focused on individual selection, ignoring selection on altruism 

towards relatives, apart from investing in giving birth. Charlesworth and Charnov (1981) 

integrated age-specific forces of selection into a population genetic model of kin-selection; 

seemingly surprisingly, the age-specific weights they derived were not Hamilton’s indicators; 

however, I note that they assumed additive effects on survival probability, as Caswell (1978) 

 
40 Bahry (2022a) was a comment on (Roper et al., 2021). Their reply (Roper & Salguero-Gómez, 2022) agrees with 
the mathematical analysis and provides a table comparing the various sensitivities, but correctly disputed its framing 
as a criticism of their previous paper. They propose that the miscommunication arose due to their having cited 
(Caswell, 1978), but using the equations of (Caswell, 2010); I agree that this seems to be how it probably happened. 
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did, rather than multiplicative effects as Hamilton (1966) did; I suspect that this explains the 

discrepancy. The economist and demographer Ronald D. Lee (2003; cf. Rogers, 2003) modeled 

age-specific selection with intergenerational resource transfers, using economic demography 

tools, in particular the “balance equation” saying that at equilibrium, the weighted sum across 

all ages, of transfers given minus transfers received, weighted by the stable age distribution, 

must equal zero (since every transfer given by one individual is received by another). The latter 

model formally fleshed out Williams’ (1957, pp. 407–408) hypothesis that parenting and 

grandparenting explain the evolution of post-reproductive lifespan. This thesis will avoid these 

complications, however, and consider species assumed not to parent or grandparent. 

Among the deepest limitation of Hamilton’s framework is that it is most obviously 

applicable to unitary organisms—such as flies and mice and dogs—“that don’t make me have 

to scratch my head to figure out whether they are really individuals and if those individuals 

are really old or not” (Austad, 2022, p. 10). It is intuitive that individual unitary organisms are 

born at age 0, growing from a single-celled gamete stage, and that their age is the time that has 

passed since then. In clonal or modular species with vegetative reproduction, however, there 

is less obvious a distinction between growth and reproduction (Harper, 1977; Janzen, 1977). 

Should a new module, whether physically separate or not, be thought of as a newborn, or as 

inheriting the “biological age” of the tissues of the module it emerged from? Do we care about 

the forces of selection on the birth and death of new RAMETS (physically separated bodies, 
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which may be genetically identical) or of new GENETS (clonal groups of ramets), and do we 

care about them as functions of ramet or genet age? This thesis will not solve these questions. 

Its models were developed with unitary organisms in mind, though in discussing them it ends 

up considering genets of clonal organisms as well. For a recent model of selection in species 

capable of both gametic and budding reproduction, see the simulation in (Lehtonen, 2020).41 

Finally, we arrive at the deep limitation highlighted by this thesis: fitness sensitivities, 

including those of Hamilton (1966), Caswell (1978), Baudisch (2005), and Dańko et al. (2018), 

are themselves functions of the existing life history, and therefore in general are only able to 

 
41 Theoretical work on these questions emerged from discussion of another of Williams’ 1957 “testable deductions”: 
“(1) Senescence should be found wherever the conditions specified in the theory are met, and should not be found 
where these conditions are absent.” Williams claimed that a distinction between germ-plasm and soma was required, 
and that there should be no senescence in protozoan clones; and he considered “clonal deterioration” to be different 
from metazoan senescence. Senescence in species with fissile reproduction he considered not a counter-example, 
arguing that a parent-offspring distinction may often be physiologically justified. He expected that individual trees 
should senesce but that clones of trees should not. However, he also concluded that “It will probably be a long time 
before this matter is completely settled” (p. 404). 

An influential framing of these matters was Thomas Kirkwood’s focus on the importance of parent-offspring 
asymmetry, and division of labour (2005). For recent reviews related to these matters, see (Kokko & Galipaud, 2019; 
Pen & Flatt, 2021). For a modern re-investigation of 19th century–early 20th century research on clonal deterioration 
in protozoans, see Graham Bell’s Sex and Death in Protozoa: The History of an Obsession (1988). For preliminary 
discussion of epigenetic aging, and parental age-effects on newborns even in unitary organisms, in the context of a 
broader discussion of modeling non-genetic inheritance, see (Bonduriansky & Day, 2018, pp. 178–183). 
 A microcosm of these issues is the question of whether single-celled organisms can evolve senescence, and 
if so, why (Austad, 2015, pp. 41–44). The answer to the first question is yes. Even apparently-symmetrically-dividing 
E. coli do in fact have a subtle parent-offspring asymmetry, with parents inheriting the older cell pole and daughters 
inheriting the newly-synthesized pole; this symmetry-breaking age-structure at least raises the possibility of further 
asymmetries evolving in response to that one; and indeed older E. coli do grow more slowly, reproduce more slowly, 
and die more easily (Stewart et al., 2005). This discovery raised the possibly that the origin of senescence was much 
earlier than previously assumed (Austad, 2015, p. 43). An influential theoretical model of the evolution of senescence 
from non-senescence in single-celled organisms suggests that natural selection can favour further-asymmetrical cell 
division, to sequester damage; if the function relating damage accumulation to survival is linear or concave up, then 
it is fitter to sequester all the damage into one “parent” cell, leaving one rejuvenated “daughter” cell, than to divide 
into two cells with equal medium amounts of damage (Ackermann et al., 2007). Pen & Flatt (2021) additionally point 
out that in between divisions, even in symmetrically dividing organisms, accumulating damage—presumably diluted 
by cell division, so it does not increase every generation causing extinction—itself constitutes a form of senescence. 
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model evolution in the short term. That is, as a life history evolves under the influence of the 

age-specific forces of selection—whatever genetic and ecological assumptions we use—the age-

specific forces of selection evolve too (cf. Tuljapurkar, 2013). Thus we can examine an existing 

life history and from it calculate Hamilton’s forces of selection, as we did for the example of 

the desert tortoise (Fig. 3b); but it is challenging to know whether that life history has finished 

evolving, i.e. reached a long-run evolutionary equilibrium, or not; if yes, it is challenging to 

explain why that and not some other life history was the equilibrium for this species; if no, it 

is challenging to explain what life history the long-run equilibrium, if there even is one, will 

eventually be. 

One approach to this challenge would be to simply guess how the forces of selection 

and the life history may relate to each other at evolutionary equilibrium: for instance, Williams 

and Taylor wrote that “simplest plausible expectation for a schedule of mortality rates expected 

from natural selection would have mortality vary inversely according to each age’s importance 

to fitness” (1987, p. 237). However, a “simple expectation” is not a model, and that relationship 

cannot simply be assumed; indeed, Williams and Taylor concluded that this would only be an 

evolutionary equilibrium if genes are proportional hazards. An alternative approach would be 

to conduct simulations, beginning with an initial life history and stipulating the kinds of 

mutations that can occur and at what rates: for instance, Mueller and Rose (1996; cf. Mueller 

et al., 2011) used simulations to study how late-life mortality plateaus might evolve. 
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Table 4. Equilibrium conditions for two models. 

 
Balance model with proportional hazards Cost-of-reproduction model 

Density independence 
�̅�𝑋 ≈

𝑘

𝑒−𝑟𝑋𝑙𝑋𝑉𝑋
 �̅�𝑋 ≈

𝐶

𝑉𝑋
 

Stationary populations 
�̅�𝑋 ≈

𝑘

𝑙𝑋𝑉𝑋
 �̅�𝑋 ≈

𝐶

𝑉𝑋
 

For all equilibrium conditions, the exact formula has residual reproductive value 𝑅𝑅𝑉𝑋 instead of reproductive value 𝑉𝑋; the 
numerators’ parameters are fixed to 𝑘 ≈ �̅�0 and 𝐶 ≈ �̅�0 when the models apply to all ages including newborns. For stationary 
populations 𝑅𝑅𝑉𝑋 and 𝑉𝑋 are defined with no population growth term. 
 
The balance model considers mutations with no pleiotropy: mutation pressure pushes mortality up (or fecundity down) while 
selection pushes mortality down (or fecundity up); at equilibrium these forces cancel out; if mutation forces are the same at 
every age then at equilibrium the force of selection must also be the same at every age; there is a non-extinction equilibrium 
condition for proportional hazards (cf. Baudisch, 2005), but not for additive hazards (cf. Hamilton, 1966); with stationary this is 
very likely a reverse-engineering of the model of Williams and Taylor (1987). The balance model can also be applied to fecundity. 
 The cost-of-reproduction model considers mutations which add to fecundity at the price of multiplying mortality. 

This thesis follows the approach of assuming that life histories do eventually evolve to an 

evolutionary equilibrium, i.e. to the point where they—along with their age-specific forces of 

selection—are no longer evolving. It then inquires, for stipulated models of the evolutionary 

process, whether there are any simple EQUILIBRIUM CONDITIONS that a life history would have 

to satisfy in order to no longer be evolving (Table 4). It considers two models: 

• BALANCE MODEL. This models mutation-selection balance without pleiotropy. For 

each age class, mutation forces are pushing mortality up (or fecundity down), while 

forces of selection are pushing mortality down (or fecundity up), and the equilibrium 

age-specific mortality (or fecundity) is where these forces cancel out. If mutations at 



38 
 

each age arise at the same rate for the same effect, so mutation pressure is the same at 

each age, the equilibrium life history must have the same force of selection at each age 

as well. A special case of this model appears to reverse-engineer the result of Williams 

and Taylor (1987): there is no equilibrium with additive-hazard mutations, but there is 

an equilibrium if mutations are proportional hazards, in which case at the equilibrium, 

mortality is inversely proportional to Hamilton’s mortality indicator. The model also 

considers fecundity, and GENERAL EQUILIBRIUM for mortality and fecundity together. 

• COST OF REPRODUCTION MODEL. This is a model of optimal reproductive effort, given 

a same-age mortality cost of reproduction. It assumes that additions to fecundity can 

always be purchased at the cost of a multiplicative increase to mortality at the same age; 

at the optimum the costs and benefits of further-increased fecundity cancel out. The 

equilibrium life history has the costs and benefits cancel out at every age. In the cost-

of-reproduction model, at equilibrium mortality should be inversely proportional to 

reproductive value (continuous time) or residual reproductive value (discrete time). 

Although the model is not meant to apply to species with parenting or grandparenting 

like humans, it is interesting to note that a model along these lines could justify Fisher’s 

remark that “It is probably not without significance … that the death rate in Man takes 
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a course generally inverse to the curve of reproductive value” (1930, p. 29),42 without 

relying on Fisher’s fallacious assumption that reproductive value quantified the force 

of natural selection (footnote 30; Fig. 5); indeed, that is my reason for interest in this 

model, more than is any confidence in its assumptions, though this thesis will discuss 

a potential proximate basis for its assumptions as well. 

 Although this thesis proves the equilibrium conditions for these classes of model, it does not 

attempt the more challenging task of proving whether they are attracting, repelling, or neutral 

equilibria, instead leaving that for future work. By expecting these to be the long-run outcomes 

of the models, I am hoping that the models even have attracting equilibria; if they do, they 

must satisfy these equilibrium conditions. The empirical relevance of equilibrium conditions 

depends on whether there even are species that have evolved or will soon evolve to a long-run 

equilibrium; this assumption is as risky in evolutionary ecology (Hutchinson, 1961, p. 138) as 

in economics (Keynes, 1923, p. 80)—especially in the era of human-caused climate change!—

but it is common and considered useful (Krugman, 1996), and I will not apologize for it here. 

This thesis does not attempt to rigorously test either model’s predictions, but does give 

illustrative comparisons to the life histories of two species, using the extended data of (Jones 

 
42 Fisher continues (1930, p. 29): “The minimum of the death rate curve is at twelve, certainly not far from the 
primitive maximum of the reproductive value; it rises more steeply for infants, and less steeply for the elderly than 
the curve of reproductive value falls, points which qualitatively we should anticipate, if the incidence of natural death 
had been to a large extent moulded by the effects of differential survival.” 
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et al., 2014): Soay sheep, which senesce, and desert tortoises, which have negative senescence 

(Figs. 1 and 2). The primary aim of this thesis is theoretical clarification of age-specific forces 

of selection, and what they can or can’t tell us about the evolution of life histories. Beyond the 

details of the models’ equilibrium conditions, an important conclusion is simply that the two 

models’ equilibrium conditions are different: the same life history cannot satisfy both models’ 

equilibrium conditions at the same time (Table 4). This corroborates Hamilton’s remark, 

quoted in the epigraph: “To what extent and in exactly what way life schedules will be 

moulded by natural selection depends on what sort of genetical variation is available” (1966, 

p. 35). Table 4 shows the approximate equilibrium conditions for the models under select 

genetic assumptions. The equilibrium conditions are derived, and the models discussed, in 

Chapter 3; Chapter 2 shows intermediate theoretical results, including the force of selection 

against proportional hazards in stationary populations (cf. Table 3). 
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2. INTERMEDIATE THEORETICAL RESULTS 

~ 

This chapter derives intermediate theoretical results which contribute to clarification of age-

specific forces of selection in general, as well as being used in Chapter 3 to derive the models’ 

equilibrium conditions. 

2.1 Selection on proportional hazards and fecundity in stationary population 

Recall that in deriving his fitness sensitivities, Hamilton (1966) implicitly assumed selection 

in density-independent, exponentially growing populations with the intrinsic rate of increase 

𝑟 as fitness, and assumed that the age-specific mutations of interest were ones subtracting a bit 

from hazard �̅�𝑋 (i.e. multiplying survival probability 𝑝𝑋) and ones adding a bit to fecundity 

𝑚𝑋; therefore the sensitivities he required were (− 𝜕𝑟 𝜕�̅�𝑋⁄ ) and (𝜕𝑟 𝜕𝑚𝑋⁄ ). Baudisch (2005; 

2008) shared Hamilton’s density-independence assumption, but considered mutations instead 

multiplying hazard and multiplying fecundity; Dańko et al. (2018) shared Hamilton’s genetic 

assumptions, but instead modeled selection in stationary populations with 𝑅 as fitness. This 

section combines these modifications, giving the formulae for the forces of selection on genes 

multiplying hazard or multiplying fecundity, in stationary populations, completing Table 3. 

2.1.1 Derivation of the new fitness sensitivities 

Baudisch (2005) did not show the derivation of her proportional-hazards indicator and its 

relationship to Hamilton’s additive-hazards indicator, but it follows from rules of calculus; it 
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is general and can be straightforwardly adapted, though I have not seen this done. Where 𝑊 

is any measure of fitness and 𝜙 is any scalar trait, the chain rule gives: 

𝜕𝑊

𝜕 ln 𝜙
=

𝜕𝑊

𝜕𝜙
∙

𝜕𝜙

𝜕 ln 𝜙
(14) 

By the rule for derivatives of natural logarithms, 𝜕 ln 𝜙 𝜕𝜙⁄ = 1 𝜙⁄ ; rearranging thus yields: 

𝜕𝑊

𝜕 ln 𝜙
= 𝜙 (

𝜕𝑊

𝜕𝜙
) (15) 

Applying this relationship to Hamilton’s sensitivities yields Baudisch’s sensitivities. Applying 

it now to Dańko et al.’s fitness sensitivities yields the stationary-population fitness sensitivities 

for genes multiplying hazard �̅�𝑋 and fecundity 𝑚𝑋, completing Table 3: 

−
𝜕𝑅

𝜕 ln �̅�𝑋
= �̅�𝑋 (−

𝜕𝑅

𝜕�̅�𝑋
) = �̅�𝑋 ∑ 𝑙𝑌𝑚𝑌

∞

𝑌=𝑋+1

(16𝑎) 

𝜕𝑅

𝜕 ln 𝑚𝑋
= 𝑚𝑋 (

𝜕𝑅

𝜕𝑚𝑋
) = 𝑙𝑋𝑚𝑋 (16𝑏) 

Equations (16a) and (16b) will be used to derive the balance model’s equilibrium conditions, 

with life histories evolving until the relevant force of selection is the same at each age; Equation 

(16a) will also shed light on the Williams-Taylor (1987) model it appears to reverse-engineer. 

2.1.2 The newly-derived fitness sensitivities can sometimes rise with age 

A significant implication of Baudisch’s genetic assumptions was that her fitness sensitivities, 

unlike Hamilton’s (with the minor exception of rapidly-shrinking populations for fecundity), 

can rise with age in some circumstances. Baudisch’s indicators, expanded from Table 3, are: 
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−
𝜕𝑟

𝜕 ln �̅�𝑋
=

�̅�𝑋 ∑ 𝑒−𝑟𝑌𝑙𝑌𝑚𝑌
∞
𝑌=𝑋+1

𝑇
(17𝑎) 

𝜕𝑟

𝜕 ln 𝑚𝑋
=

𝑒−𝑟𝑋𝑙𝑋𝑚𝑋

𝑇
(17𝑏) 

Thus the newly-derived sensitivities (Eqns. 16a and 16b) are equivalent to the numerators of 

Baudisch’s sensitivities (Eqns. 17a and 17b) when 𝑟 = 0; recall that the denominator 𝑇 is not 

a function of 𝑋, and irrelevant to whether the sensitivities rise or fall with age. Therefore, since 

Baudisch’s sensitivities can increase with age under certain conditions, it seems likely that the 

newly-derived indicators can sometimes increase with age as well. They can. 

For mortality, Baudisch’s proportional-hazards indicator (Eqn. 17a) rises with age if 

(
�̅�𝑋+1 − �̅�𝑋

�̅�𝑋+1
)

𝑉𝑋+1

𝑚𝑋+1
> 1 (18) 

i.e., if mortality is increasing such that �̅�𝑋 < �̅�𝑋+1 and “if future reproductive value [𝑉𝑋+1] is 

sufficiently large compared to fertility” 𝑚𝑋+1 (Baudisch, 2005, p. 8264). The most obvious case 

satisfying these conditions is if mortality increases over some range of pre-maturity ages, since 

pre-maturity fecundity is zero, making the ratio 𝑉𝑋+1 𝑚𝑋+1⁄  infinitely large. Rising juvenile 

mortality with age may not be common, but is certainly conceivable, including in populations 

with 𝑟 = 0; these conditions are therefore a case of Equation (16a) rising with age. Another is 

the example life history Baudisch herself gave of her proportional-hazards indicator rising with 

age (2005, Figs. 1 and 2), which as it happens used 𝑟 = 0, again entailing that the newly-derived 

Equation (16a) can rise with age as well. 
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For fecundity, Equation (16b), the stationary-populations sensitivity for proportional-

fecundity mutations, equal to 𝑙𝑋𝑚𝑋, can of course rise with age whenever fecundity 𝑚𝑋 rises 

with age more rapidly, in proportional terms, than the survival function 𝑙𝑋 falls. 

2.2 Residual reproductive value equals the ratio of Hamilton’s indicators 

Something I have nowhere seen pointed out is that residual reproductive value (Eqn. 8) equals 

the ratio of Hamilton’s mortality indicator to his fecundity indicator (Table 3)43: 

𝑅𝑅𝑉𝑋 =
− 𝜕𝑟 𝜕�̅�𝑋⁄

𝜕𝑟 𝜕𝑚𝑋⁄
(19𝑎) 

or, for stationary populations, equals the ratio of Dańko et al.’s indicators (Table 3): 

𝑅𝑅𝑉𝑋 =
− 𝜕𝑅 𝜕�̅�𝑋⁄

𝜕𝑅 𝜕𝑚𝑋⁄
(19𝑏) 

These equivalences are interesting, and intuitive when we consider that an individual’s 𝑅𝑅𝑉𝑥 

measures what will remain of her contribution to future ancestry through her own survival, 

 
43 Proof; recall the formula for residual reproductive value (Eqn. 8): 

𝑅𝑅𝑉𝑥 = ∑ 𝑒−𝑟(𝑌−𝑋)
𝑙𝑌

𝑙𝑋

𝑚𝑌

∞

𝑌=𝑋+1

= ∑
𝑒−𝑟𝑌

𝑒−𝑟𝑋

𝑙𝑌

𝑙𝑋

𝑚𝑌

∞

𝑌=𝑋+1

=
∑ 𝑒−𝑟𝑌𝑙𝑌𝑚𝑌

∞
𝑌=𝑋+1

𝑒−𝑟𝑋𝑙𝑋

=
∑ 𝑒−𝑟𝑌𝑙𝑌𝑚𝑌

∞
𝑌=𝑋+1 𝑇⁄

𝑒−𝑟𝑋𝑙𝑋 𝑇⁄
=

− 𝜕𝑟 𝜕�̅�𝑋⁄

𝜕𝑟 𝜕𝑚𝑋⁄
 

For stationary populations (𝑟 = 0), it is the ratio of the mortality and fecundity indicators of Dańko et al. (2018): 

𝑅𝑅𝑉𝑥 = ∑
𝑙𝑌

𝑙𝑋

𝑚𝑌

∞

𝑌=𝑋+1

=
∑ 𝑙𝑌𝑚𝑌

∞
𝑌=𝑋+1

𝑙𝑋

=
− 𝜕𝑅 𝜕�̅�𝑋⁄

𝜕𝑅 𝜕𝑚𝑋⁄
 

Though these proofs are mathematical, the motivation to check originated in comparing my semi-verbal translations 
of Hamilton’s indicators (Eqns. 10a and 10b) to the similar semi-verbal translation of reproductive value by Wilson 
and Bossert (1971, p. 121; cf. this thesis, footnote 26). Charlesworth points out a similar relationship: “It is interesting 
to note that [the numerator of Hamilton’s mortality indicator] is equal to Fisher’s reproductive value for age-class 

𝑥 + 1, times 𝑒−𝑟(𝑥+1)𝑙𝑥+1” (1980, p. 207); however, I find the ratio-of-fitness-sensitivities form to be more striking. 
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compared to her contribution through each of the newborns she is producing now; it thus 

seems reasonable that 𝑅𝑅𝑉𝑥 is relevant to a fitness-maximizing individuals’ decision how to 

balance her own current survival (importance given by − 𝜕𝑟 𝜕�̅�𝑋⁄ ) versus current reproduction 

(importance given by 𝜕𝑟 𝜕𝑚𝑋⁄ ). It is unclear whether the equivalences have any deep, general 

importance; it may be worth investigating equivalences involving stage-specific reproductive 

value more generally;44 that investigation could begin by considering the role of reproductive 

value in Caswell’s (1978) generalized sensitivity for population projection matrices (Eqn. 12). 

In any case, these equivalences are useful in that they comprise a step in the derivation of both 

the balance model’s and the reproductive-effort model’s equilibrium conditions. 

2.3 Baudisch’s alternative indicators: defence against criticisms45 

 When Dr. Annette Baudisch (2005; 2008) challenged the generality of Hamilton’s indicators 

of selection (Eqns. 10a and 10b), noting that alternative trait parameterizations correspond to 

alternative fitness sensitivities, and proposing her proportional-hazards indicator as a plausible 

alternative to Hamilton’s additive-hazards indicator, she was challenged by a group of authors 

including two evolutionary geneticists specializing in senescence, Dr. Michael R. Rose and Dr. 

Laurence D. Mueller; the criticisms appear in greatest detail in the appendix to their book Does 

 
44 This point was made by an anonymous reviewer on an earlier version of this section. 

45 An earlier version of this section benefited from discussion with Dr. Annette Baudisch, Dr. Laurence Mueller, and 
Dr. Brian Charlesworth. 
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Aging Stop? (Mueller et al., 2011). Since, e-mail discussions between myself and Dr. Mueller in 

2018 were able to resolve the disagreement, in favour of the theoretical validity of Baudisch’s 

alternative indicators, which Dr. Mueller now accepts (personal communication). This section 

summarizes the original criticism and reports on its resolution. 

2.3.1 Summary of Mueller et al.’s challenge and its resolution 

Mueller, Rauser, and Rose (2011, pp. 153–156) presented two arguments against Baudisch’s 

alternative indicators of selection: i) that Baudisch’s proportional hazards indicator apparently 

made incorrect predictions about the spread of mutations in a simulation, compared to the 

correct predictions of Hamilton’s indicator; and ii) that explicit population genetic equations, 

for sexually-reproducing diploid populations, had been derived by Brian Charlesworth (1980) 

using Hamilton’s indicators, but no equivalent such equations had ever been derived using 

Baudisch’s alternative indicators. 

I answered the first argument (i) by demonstrating that Baudisch’s indicator could not 

have made the predictions that Mueller et al. 2011 claimed it did; my initial argument for why 

not was countered by Mueller, but his counterargument itself led to the correct argument for 

why not. Dr. Mueller then kindly re-examined his records, found the source of the error, and 

re-ran the corrected simulation, supporting the validity of Baudisch’s proportional-hazards 

indicator when its assumptions are satisfied (Appendix). I answered the second argument (ii) 

by deriving the desired population genetic equations. 
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2.3.2 Initial reaction 

Mueller et al.’s challenge confused me, because Hamilton’s and Baudisch’s indicators are not 

in conflict. They are simply alternative descriptions of the same reality—alternative ways of 

dividing a mutation’s fitness effect into its effect on (a parameterization of) a trait multiplied 

by the sensitivity of fitness to small changes in (that parameterization of) that trait (Eqn. 9).46 

A mortality-affecting mutation’s fitness effect can be divided in various ways, including into: 

∆𝑟 ≈ −∆�̅�𝑋 ∙ (−
𝜕𝑟

𝜕�̅�𝑋
) (20𝑎) 

or into 

∆𝑟 ≈ −∆ ln �̅�𝑋 ∙ (−
𝜕𝑟

𝜕 ln �̅�𝑋
) (20𝑏) 

For instance, if a mutation raises mortality at age 2 from �̅�2 = 0.01 to �̅�2 = 0.02, we can call 

this “adding 0.01” or we can call it “doubling.” The choice then implies an equivalence class: 

mutations with “the same” additive effect, or mutations with “the same” multiplicative effect. 

For instance, if another mutation raises mortality at age 7 from �̅�7 = 0.1 to �̅�7 = 0.11, then 

Hamilton, but not Baudisch, would call it the same; if a mutation instead raises mortality at 

age 7 from �̅�7 = 0.1 to �̅�7 = 0.2, then Baudisch, but not Hamilton, would call it the same. But 

for any particular mutation, Hamilton and Baudisch would approximately agree on its fitness 

effect. It therefore seemed strange to consider a priori Hamilton “right” and Baudisch “wrong.” 

 
46 When I first contacted Dr. Mueller, I had not yet explicitly written down equation 9, but understood it implicitly. 
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2.3.3 The simulation 

Mueller et al. purported to have defined a life history, and four age-specific mutations all 

decreasing �̅�𝑋 by the same amount but at different ages, such that Hamilton’s additive-hazards 

indicator predicted the later-acting mutations would spread less but Baudisch’s proportional-

hazards indicator predicted that the later-acting ones would spread more, over a given number 

of generations. They ran the simulation for 10,000 generations, and the later-acting mutations 

spread less; they claimed this supported Hamilton and refuted Baudisch.47 

 But from what we saw in Section 2.3.2, this cannot be correct. For any given mutation, 

Equations (20a) and (20b) agree on the mutation’s fitness effect; they just factor that fitness 

effect in different ways. Therefore Baudisch’s and Hamilton’s indicators cannot possibly have 

made “different predictions” about the simulation. 

 
47From (Mueller et al. 2011, pp. 155–156): 

To study the behavior of these indices, we followed the change in allele frequencies for 10,000 generations after introducing 
a mutant with increased survival at age 1, 2, 3, or 4. The expectation is that the greater the force of natural selection, the 
greater the increase in allele frequency over this fixed period of time. In other words, this analysis does not rely on an index 
of selection, but rather on the observed dynamics of allele frequency change. We do not assume any particular force of 
natural selection; we let the simulated dynamics determine the outcome of selection. The shape of Hamilton’s function in 
Figure A3-1b, suggests that the allele frequency change should be smaller with each increasing age. Baudisch’s index predicts 
that the strength of selection will be greater at ages 2, 3, and 4 than at age 1. 

… 
We assumed a single locus with two alleles, 𝐴1 and 𝐴2. The resident population is assumed to be fixed initially for the 𝐴1 

allele, and then a small frequency of the 𝐴2 allele is introduced and followed over time. The resident 𝐴1𝐴1 life history consists 
of 35 age classes. The maternity function has 𝑚𝑥 = 0.5 for 𝑥 = 1 … 29 and 𝑚𝑥 = 𝑒𝑥𝑝[0.978 × (30 − 𝑥)] for all other ages. 
The survival function is 𝑙𝑥 = 0.99𝑥−1. The resident population was assumed to be at its stable age distribution. 

The new mutant, 𝐴2, was assumed to affect survival for one age class (𝑝𝑥). In particular, the heterozygote was assumed 
to have a survival equal to 1.0025𝑝𝑥, while the homozygote mutants had a survival equal to 1.005𝑝𝑥. The simulation was 
started by making the frequency of the 𝐴2 allele 0.01 in all age classes. Allele frequency dynamics were predicted from 
Equations 3.14 in Charlesworth (1980). 

Note that the stipulated mutation multiplies the pre-existing survival probability 𝑝𝑋, which is the same as subtracting 
from the interval average force of mortality �̅�𝑋 = − ln 𝑝𝑋 (Eqn. 2, this thesis). The quotation’s notation is their own. 
Note that an exponentially-decreasing survival function implies constant age-specific survival 𝑝𝑋 and mortality �̅�𝑋. 
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 When I first contacted Dr. Mueller by e-mail, I took for granted that, in the life history 

they stipulated, Baudisch’s proportional-hazards indicator did in fact as they claimed rise with 

age while Hamilton’s additive-hazards indicator fell with age (Mueller et al., 2011). I argued 

that for this to be the case, the initial life history’s mortality must rise with age (Eqns. 11 and 

18). But this means that if the mutations at all four ages have “the same” effect in Hamilton’s 

sense, they did not have “the same” effect in Baudisch’s sense, and so Baudisch’s indicator, 

rightly understood, did not in fact predict that the later-acting mutations would spread more. 

Hamilton and Baudisch would simply describe the simulation result differently: to Hamilton, 

the later-acting mutations had the same additive effect on �̅�𝑋, but this matters less to fitness; 

to Baudisch, the later-acting mutations had much smaller multiplicative effects on �̅�𝑋, and this 

was not outweighed by later multiplicative effects, all else equal, mattering more to fitness. 

 Dr. Mueller countered that my argument did not apply to their stipulated life history, 

pointing out that its exponentially-decreasing survival function 𝑙𝑋 = 0.99𝑋−1 meant that their 

life history in fact had constant mortality �̅�𝑋 (footnote 47). 

 However, this itself led me to the correct argument for why Baudisch’s indicator and 

Hamilton’s indicator could not have made different predictions for the simulation. Recall that 

their indicators are related as − 𝜕𝑟 𝜕 ln �̅�𝑋⁄ = �̅�𝑋(− 𝜕𝑟 𝜕�̅�𝑋⁄ ). For a life history with constant 

�̅�𝑋, the two indicators are proportional to each other, simply rescaled by a constant: they must 

make the same predictions about which mutations, at which ages, are more strongly selected. 
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Dr. Mueller accepted this argument, and revisited his records to see where the error 

crept in (personal communication). It appears that the error originated as a typo, during an 

attempt to adapt the life history described in Figure 2.1 of Dr. Baudisch’s book, Inevitable 

Aging?, for which her indicator is claimed to rise with age, as shown in her Figure 2.2 (Baudisch 

2008, p. 24). In Mueller et al.’s 2011 attempt to adapt this life history, the survival function 𝑙𝑋 

was intended to follow from 𝑝𝑋 = 𝑝0
𝑋, rather than be given as 𝑙𝑋 = 𝑝0

𝑋. The former, of course, 

would not have entailed that mortality was constant w.r.t. age. The claim about the behaviour 

of Baudisch’s indicator would apply to the former, but the simulation itself used the latter. Dr. 

Mueller re-ran the simulation using the originally intended life history, for mutations having 

the same proportional effect on �̅�𝑋; Baudisch’s indicator predicted correctly (Appendix). 

2.3.4 The population genetic equations 

The second argument of Mueller et al. (2011) was that population genetic equations involving 

Hamilton’s indicators had been derived by Brian Charlesworth, but no such equivalent results 

had been derived involving Baudisch’s alternative indicators.48 Considering both survival and 

fecundity, the relevant equations are his equations 5.6 and 5.12 in the first edition of Evolution 

in Age-Structured Populations (Charlesworth, 1980, pp. 206–210), which give the per-generation 

 
48 From (Mueller et al., 2011, p. 154): 

Explicit population genetics models for survival show that the fate of alleles at a single locus is dependent on the 
genotypic equivalent of [the numerator of Hamilton’s mortality indicator] (Charlesworth 1980, pp. 207–208). We do 
not have equivalent results for the other proposed measures of Baudisch; therefore, her proposed fitness measures do 
not have equal standing with Hamilton’s original measure. Put another way, in terms of explicit population genetics, 
Baudisch’s proposed indices have no well-founded basis. 
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changes in frequency of alleles with small age-specific additive effects on hazard and fecundity 

respectively; these equations contain terms for the numerators of Hamilton’s indicators (i.e., 

the indicators scaled by generation length). For notation I will use 𝜌 to denote allele frequency, 

rather than the more traditional 𝑝, to avoid confusion with interval survival probabilities; and 

for this section only, where both genotype and age are included in a quantity, I will use the 

subscript for genotype, putting age in parentheses instead. 

Charlesworth’s equation 5.6, approximating the per-generation frequency change of a 

rare mutant allele 𝐴2 subtracting a bit from �̅�𝑋, in a population fixed for 𝐴1, can be written: 

𝑇11∆𝜌2 ≈ 𝜌1𝜌2𝛼𝜇𝑠11(𝑋) (21𝑎) 

where 𝑇11 is generation length in the initial nearly-all-𝐴1𝐴1 population; 𝜌1 the initial frequency 

of 𝐴1; 𝜌2 the initial frequency of 𝐴2; 𝛼𝜇 = 𝜌1[�̅�11(𝑥) − �̅�12(𝑥)] + 𝜌2[�̅�12(𝑥) − �̅�22(𝑥)] the 

average additive effect on −�̅�𝑋 of substituting 𝐴2 for 𝐴1; and 𝑠11(𝑋) = 𝑇11(− 𝜕𝑟 𝜕⁄ �̅�𝑋)�̅�11(𝑋) is 

the numerator of Hamilton’s additive-hazards indicator evaluated for the initial population. 

His equation 5.12 for a rare 𝐴2 adding a bit to 𝑚𝑋, in a population fixed for 𝐴1, can be written: 

𝑇11∆𝜌2 ≈ 𝜌1𝜌2𝛼𝑚𝑠∗
11(𝑋) (21𝑏) 

where 𝛼𝑚 = 𝜌1[𝑚12(𝑥) − 𝑚11(𝑥)] + 𝜌2[𝑚22(𝑥) − 𝑚12(𝑥)] is the average additive effect on 

𝑚𝑋 of substituting 𝐴2 for 𝐴1, and 𝑠∗
11(𝑋) = 𝑇11(𝜕𝑟 𝜕⁄ 𝑚𝑋)𝑚11(𝑋) the numerator of Hamilton’s 

additive-fecundity indicator, evaluated for the initial population.  
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Charlesworth thus used Hamilton’s indicators and Hamilton’s trait parameterizations; 

however, this was not because Hamilton’s parameterizations were the only valid ones; but 

only because he expected mutations to in fact often be additive hazards (Charlesworth, 1980, 

p. 206). Charlesworth’s derivation of Equations (21a) and (21b) (his 5.6 and 5.12) can readily 

be adapted to alternative parameterizations or even traits. Briefly, the derivation follows from 

his equation 5.1, which can be written49: 

∆𝜌2 ≈ 𝜌1𝜌2𝛼𝑟 (22) 

where 𝛼𝑟 = 𝜌1[𝑟12(𝑋) − 𝑟11(𝑋)] + 𝜌2[𝑟22(𝑋) − 𝑟12(𝑋)] is the average additive effect on fitness 

𝑟 of substituting 𝐴2 for 𝐴1. It then approximates 𝛼𝑟 ≈ 𝛼𝜙(𝜕𝑟 𝜕𝜙⁄ ), where 𝜙 can be any scalar 

trait, under any parameterization; 𝛼𝜙 = 𝜌1[𝜙12(𝑋) − 𝜙11(𝑋)] + 𝜌2[𝜙22(𝑋) − 𝜙12(𝑋)] is then 

the average additive effect on (that parameterization of) the trait of substituting 𝐴2 for 𝐴1; and 

𝜕𝑟 𝜕𝜙⁄  is the corresponding sensitivity of fitness 𝑟 to such effects. Finally, multiplying by 𝑇 

yields the general equation for mutant frequency change per generation, for any scalar trait: 

𝑇11∆𝜌2 ≈ 𝜌1𝜌2𝛼𝜙𝑇11 (
𝜕𝑟

𝜕𝜙
)

𝜙11

(23) 

Plugging in 𝜙 = −�̅�𝑋 and 𝜙 = 𝑚𝑋 yields Equations (21a) and (21b) (Charlesworth’s Equations 

5.6 and 5.12), for mutations additively affecting mortality �̅�𝑋 and fecundity 𝑚𝑋. Plugging in 

 
49 Charlesworth’s full derivation explicitly shows the steps I summarize as: “It then approximates 𝛼𝑟 ≈ 𝛼𝜙(𝜕𝑟 𝜕𝜙⁄ ).” 

He did the derivation in the contexts of mortality and fecundity, but the methods don’t depend on these trait choices. 
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𝜙 = − ln �̅�𝑋 and 𝜙 = ln 𝑚𝑋 yields the corresponding equations for mutations proportionally 

affecting �̅�𝑋 and 𝑚𝑋: 

𝑇11∆𝜌2 ≈ 𝜌1𝜌2𝛼ln 𝜇𝑏11(𝑋) (24𝑎) 

𝑇11∆𝜌2 ≈ 𝜌1𝜌2𝛼ln 𝑚𝑏∗
11(𝑋) (24𝑏) 

where 𝜌1 is the initial frequency of allele 𝐴1; 𝜌2 the initial frequency of the rare mutant 𝐴2; 

𝛼ln 𝜇 = 𝜌1[ln �̅�11(𝑥) − ln �̅�12(𝑥)] + 𝜌2[ln �̅�12(𝑥) − ln �̅�22(𝑥)] is the average additive effect on 

− ln �̅�𝑋 of allele substation; 𝛼ln 𝑚 = 𝜌1[ln 𝑚12(𝑥) − ln 𝑚11(𝑥)] + 𝜌2[ln 𝑚22(𝑥) − ln 𝑚12(𝑥)] is 

the average additive effect on 𝑚𝑋 of allele substitution; 𝑏11(𝑋) = 𝑇11(− 𝜕𝑟 𝜕⁄ ln �̅�𝑋)ln �̅�11(𝑋) is 

the numerator of Baudisch’s proportional-hazards indicator for the initial population; and 

𝑏∗
11(𝑋) = 𝑇11(− 𝜕𝑟 𝜕⁄ ln 𝑚𝑋)ln 𝑚11(𝑋) the numerator of her proportional-fecundity indicator 

for the initial population. 

Equations (24a) and (24b) are the equations that Mueller et al. (2011) requested, and Dr. 

Mueller has accepted their validity (personal communication). These approximate equivalent 

Equations (21a) and (21b) (Charlesworth’s equations 5.6 and 5.12) in the limit of small genetic 

effects.50 I note also that the challenge, investigated by Charlesworth, of applying fitness 

sensitivities to Mendelian population genetics was never about choice of trait parametrization. 

 
50 Equations (21a) and (24a) are approximately equivalent in the limit of small effects −∆𝜇 such that (∆𝜇) 𝜇⁄ ≈ ∆ ln 𝜇 
and �̅�12(𝑥) ≈ �̅�11(𝑥), so that 𝛼ln 𝜇 ≈ 𝜌1 [�̅�11(𝑥) − �̅�12(𝑥)] �̅�11(𝑥)⁄ + 𝜌2 [�̅�12(𝑥) − �̅�22(𝑥)] �̅�12(𝑥)⁄ ≈ 𝛼𝜇 �̅�11(𝑥)⁄ ; 

this is the same small-effects condition required for the validity of any such approximation. Similar conditions yield 
the approximate equivalence of Equations (21b) and (24b). 
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Rather, the issue was whether 𝑟 works as a measure of genotypic fitness at all; he found that 

complications can make it numerically inaccurate, but that it works well as an approximation 

under conditions including random mating, especially when selection is weak (Charlesworth, 

1980, pp. 195–198; 2000). 

2.3.5 Choosing parameterizations and indicators 

As mentioned, for any particular mutational effect on (say) mortality, we can choose whether 

to describe it in additive terms, in proportional terms, or in some other way. However, some 

choices may be more convenient or empirically suitable than others. For instance, if gene-

editing experiments found that a class of known hazardous mutations always added the same 

amount to �̅�𝑋 regardless of initial �̅�𝑋, then Hamilton’s indicator would be more convenient 

to use for studying those mutations. Likewise, if genetic association studies found that 

individuals with one allele tended to have double the �̅�𝑋 of individuals with the other allele 

on average, then it would be more convenient to use Baudisch’s indicator. 

 As mentioned, there was an intuitive reason to expect mutations to be additive hazards: 

it is what would happen if mutations kill probabilistically, with independent kill probabilities 

(so the probability of surviving two hazardous mutations is the product of surviving each of 

them singly). However, also as mentioned, plausibility is not necessity. 
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 Empirically, Charlesworth pointed out (personal communication) that the assumption 

that mutations are additive hazards has been used fruitfully in studying mutational effects on 

egg-to-adult survival probability in Drosophila (Temin et a., 1969; Simmons and Crow, 1977). 

However, Baudisch also cites evidence of proportional hazards in nature (e.g. Promislow & 

Tatar, 1998; for more sources see Baudisch, 2008, pp. 25–26), with examples including the life-

extending methuselah mutation in Drosophila (Lin et al., 1998), and APOE, an antagonistically 

pleiotropic polymorphism with effects on Alzheimer’s, cardiovascular disease, and longevity 

as well as on fertility, in humans (footnote 13) (Gerdes et al., 2000). 

 This thesis will not resolve these empirical issues. The purpose of this section is simply 

to stress that the choice of indicator is up to taste, and potentially to empirical convenience; it 

is not due to any way of parametrizing effects on scalar traits being a priori more or less valid. 
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3. EQUILIBRIUM CONDITIONS FOR TWO MODELS OF LIFE HISTORY EVOLUTION 

~ 

Age-specific forces of selection on age-specific vital rates, including the fitness sensitivities of 

Hamilton (1966), Caswell (1978), Baudisch (2005), and Dańko et al. (2018), are themselves 

functions of the existing age-structured life history (Table 3). This means these can be used to 

model evolution in the short run—stipulating an initial life history, and a set of rare mutations 

respectively slightly modifying a set of age-specific vital rates, and measuring selection on the 

mutations and their initial rate of spread in the gene pool—but are less able to model evolution 

in the long run, since as the life history evolves, the age-specific forces of selection evolve too. 

 However, if evolving life histories eventually converge towards a long-run evolutionary 

equilibrium, then by definition at the equilibrium they will no longer be evolving. If they do 

eventually converge to an evolutionary equilibrium, then we can sidestep the above problem: 

at evolutionary equilibrium, neither the life history nor the forces of selection are evolving, so 

researchers can “simply ignore the more complex problems of population or evolutionary 

dynamics and focus on more tractable problems of comparative statics” (Charnov, 1993, p. 7). 

This thesis assumes for argument that life histories do eventually reach an evolutionary 

equilibrium, and asks—for a given evolutionary model, under specified genetic and ecological 

assumptions—if there are any simple, potentially testable, equilibrium conditions that a life 

history would have to satisfy in order to no longer be evolving. As mentioned, it considers two 
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models: the balance model, a model of mutation-selection balance without pleiotropy; and a 

cost-of-reproduction model, where fecundity can always be increased at the price of increased 

same-age mortality. Both models are considered for both the case of density-independent and 

the case of stationary populations. The balance model is considered for both additive and 

proportional genetic effects for both hazard and fecundity; the cost-of-reproduction model 

only considers additive fecundity increases costing proportional hazard increases. 

3.1 The balance model 

Consider one age-interval 𝑋, and mutations that slightly modify mortality or fecundity at that 

age; and suppose that, for the same magnitude effect, mutations are more often deleterious 

than beneficial. Intuition suggests that mutation pressure will push mortality up (or fecundity 

down), while natural selection will push mortality down (or fecundity up); if at that age there 

is an evolutionary equilibrium level of mortality or fecundity, it should be at some level where 

these forces are equal and opposite, canceling each other out; and if there is any evolutionary 

equilibrium for the whole life history, then it should be some life history where for every age 

these forces are equal and opposite, canceling each other out. 

  This is the intuition behind the balance model. It is not an explicit population genetic 

model of mutation and selection on individual alleles, nor is it an explicit quantitative genetic 

model of selection differentials and narrow-sense heritabilities; future work more rigorously 

supporting it might be valuable. For this thesis, the balance model assumes that the intuition 
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is correct—that at evolutionary equilibrium, forces of mutation bias and of selection are equal 

and opposite—and follows the consequences. A consequence is that, if the force of deleterious 

mutations is the same at each age, the force of selection opposing it should also be the same:  

Equilibrium condition for the balance model: If mutations occur at the same rate for 

the same effect size on (a given parameterization of) mortality or fecundity at all ages, and at 

equilibrium the corresponding force of selection is equal and opposite to the force of mutation, 

then at equilibrium the force of selection is the same at all ages. 

This section quantifies this condition under various genetic and ecological assumptions. From 

Chapter 1, we know that a force of selection can be defined as a fitness sensitivity (Eqn. 9), but 

which sensitivity to use depends on how genetic effects are parameterized (Table 3) as well as 

on whether populations are density-independent or stationary; Section 2.3.5 clarified that the 

choice of parameterization can reflect knowledge of mutation rates or their mechanistic basis. 

I thus consider the balance model for both additive and proportional effects on both mortality 

and fecundity, for both density-independent and stationary populations. 

3.1.1 Additive genetic effects on mortality or fecundity 

Suppose that mutations are additive on mortality �̅�𝑋 or fecundity 𝑚𝑋, arising at the same rate 

for the same effect size at each age. The appropriate sensitivities to use are therefore Hamilton’s 

additive-hazards and -fecundity indicators, for exponentially-growing populations, or Dańko 

et al.’s analogous additive-hazards and -fecundity indicators for stationary populations (Table 
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3). In the balance model, evolutionary equilibrium for mortality or fecundity requires at least 

that the relevant force of selection be the same at every age; however, Hamilton’s indicators 

famously decrease with age, as do those of Dańko et al., a very general result. It therefore seems 

likely that either there are no equilibria, or there are only limited possibilities for equilibria, 

in the balance model under additive-mortality and fecundity assumptions. Let us now check. 

Additive-mortality selection. 

 If the force of mutation pressure on �̅�𝑋 is the same at each age, then to exactly oppose it the 

force of selection against such effects must also be the same at each age. The equilibrium 

condition for the balance model, for additive hazards in density-independent populations, is: 

−
𝜕𝑟

𝜕�̅�𝑋
=

∑ 𝑒−𝑟𝑌𝑙𝑌𝑚𝑌
∞
𝑌=𝑋+1

𝑇
= 𝑘 (25𝑎) 

where 𝑘 is a constant. This is Hamilton’s additive-hazards indicator; its numerator sums from 

𝑋 + 1. The condition for the balance model, for additive hazards in stationary populations, is: 

−
𝜕𝑅

𝜕�̅�𝑋
= ∑ 𝑙𝑌𝑚𝑌

∞

𝑌=𝑋+1

= 𝑘 (25𝑏) 

This is Dańko et al.’s additive-hazards indicator; it can be visualized as the fraction of the 𝑙𝑌𝑚𝑌 

curve lying to the right of 𝑋 (cf. Williams, 1957, Fig. 1); again it sums from 𝑋 + 1; this can be 

thought of again as a fraction of the birth cohort to mothers older than 𝑋, for a non-growing 

population (cf. Eqn. 10a), or as the fraction of one’s own 𝑅 which is expected to occur after 𝑋. 

For both density-independent and stationary populations, the only way the summation can be 
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constant no matter which 𝑋 it sums from would be if the sum equaled infinity—which is 

impossible, since it describes a fraction of a birth cohort, and so must lie between 0 and 1—or 

if the summation equalled 0, for all ages at which mutations can act, even 𝑋 = 0. Not even a 

semelparous life history satisfies this condition, since there is selection on newborn survival. 

Thus there seems to be no realistic equilibrium life history at all under the balance model with 

additive hazards. The only equilibria seem to be zero mortality and fecundity—or extinction. 

I can only think of one kind of life history that even comes close to the non-extinction 

equilibrium. In a clonal organism—for instance as a dandelion genet, i.e., a clonal population 

of individual dandelion ramets or plants—we can think of genet mortality as extremely low; 

production of ramets counts as growth, not fecundity; and in stationary populations of genets, 

production of genets must also be very slow (cf. Janzen, 1977). Such clonal genet populations, 

with very low genet mortality and genet fecundity, even if not satisfying the additive-hazards 

equilibrium condition, may be close, and may evolve extremely slowly; even if the additive-

hazards balance model said they were headed for extinction, this may take a very long time. 

Additive-fecundity selection. 

If the force of mutation pressure on 𝑚𝑋 is the same at each age, to exactly-oppose it the force 

of selection against such effects must also be the same at every age. The equilibrium condition 

for the balance model, for additive fecundity effects in density-independent populations, is: 
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𝜕𝑟

𝜕𝑚𝑋
=

𝑒−𝑟𝑋𝑙𝑋

𝑇
= 𝑘 (26𝑎) 

This is Hamilton’s additive-fecundity indicator; its numerator is age classes’ relative abundance 

in the stable age distribution. This could be constant with age in an immortal population with 

zero mortality and zero fecundity; again only genets of clonal species likely even come close. 

Slightly more interestingly, (Eqn. 26a) would also stay constant with age in a shrinking, non-

senescing population with constant �̅�𝑋 and zero fecundity, such that 𝑟 = −�̅�𝑋 and 𝑒−𝑟𝑋 grows 

exactly as quickly as 𝑙𝑋 falls. For senescing or negatively-senescing populations, however, there 

can be no equilibrium, since for a non-exponentially decreasing 𝑙𝑋 there must be some ages at 

which its decrease does not exactly match at all ages the exponential growth of 𝑒−𝑟𝑋.   

The condition for the balance model, for additive fecundity and stationarity, is: 

𝜕𝑅

𝜕𝑚𝑋
= 𝑙𝑋 = 𝑘 (26𝑏) 

This is Dańko et al.’s additive-fecundity indicator for stationary populations. The only way for 

𝑙𝑋 to be constant with age is in a population with zero mortality (and so, given stationarity, 

also zero fecundity); this cannot be exactly satisfied, though clonal species may come close. 

Thus in the balance model, for additive-hazard there is no realistic equilibrium but 

extinction (though clonal species may come close to the unrealistic one, evolving only slowly); 

for additive fecundity, there is a realistic equilibrium only for non-senescing species, and only 

in shrinking populations (but again, clonal species may also come close to the unrealistic one). 
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3.1.2 Proportional genetic effects on mortality or fecundity 

Proportional-mortality selection. 

If the force of mutation pressure on ln �̅�𝑋  is the same at each age, to exactly-oppose it the force 

of selection against such effects must also be the same at every age. The equilibrium condition 

for the balance model, for proportional hazards, for density-independence is: 

−
𝜕𝑟

𝜕 ln �̅�𝑋
= �̅�𝑋 (−

𝜕𝑟

𝜕�̅�𝑋
) =

𝑘

𝑇
(27𝑎) 

where 𝑘 is a constant and 𝑇 is generation length, and also constant w.r.t. age-interval 𝑋; this is 

Baudisch’s proportional-hazards indicator. For stationary populations the condition is: 

−
𝜕𝑅

𝜕 ln �̅�𝑋
= �̅�𝑋 (−

𝜕𝑅

𝜕�̅�𝑋
) = 𝑘 (27𝑏) 

where 𝑘 is a constant; the stationarity indicators aren’t scaled by generation length (Table 3). 

By rearranging we can find formulae for these equilibrium conditions directly in terms of �̅�𝑋; 

for density-independence and for stationary populations respectively: 

�̅�𝑋 =
𝑘 𝑇⁄

(− 𝜕𝑟 𝜕�̅�𝑋⁄ )
(28𝑎) 

�̅�𝑋 =
𝑘

(− 𝜕𝑅 𝜕�̅�𝑋⁄ )
(28𝑏) 

Thus the balance model, for proportional hazards in density-independent populations, implies 

that at equilibrium mortality �̅�𝑋 should be inverse to Hamilton’s additive-hazards indicator!  



63 
 

These can be further expanded. For density-independence and for stationarity respectively51: 

�̅�𝑋 =
𝑘

𝑒−𝑟𝑋𝑙𝑋𝑅𝑅𝑉𝑋
≈

𝑘

𝑒−𝑟𝑋𝑙𝑋𝑉𝑋

(29𝑎) 

�̅�𝑋 =
𝑘

𝑙𝑋𝑅𝑅𝑉𝑋
≈

𝑘

𝑙𝑋𝑉𝑋

(29𝑏) 

where the approximation applies if intervals are short (low per-interval fecundity 𝑚𝑋 ≈ 0). 

Thus for proportional hazards, the balance model says that at equilibrium, mortality 

�̅�𝑋 should be inversely proportional to abundance in the stable age distribution multiplied by 

residual reproductive value; for short intervals with low per-interval fecundity, including the 

continuous-time limit, we can replace residual reproductive value with reproductive value in 

this condition. Intriguingly, the approximation in (Eqn. 29b) is the same formula Williams 

and Taylor (1987, p. 237) called “the simplest plausible expectation for a schedule of mortality 

rates … [to] have mortality vary inversely according to each age’s importance to fitness”; both 

this model and theirs required the same proportional-hazards assumption; and both assumed 

stationary populations. Therefore, although Williams and Taylor did not describe their model 

of the evolutionary process clearly, it seems very likely that the Williams-Taylor model was this 

 
51 Proof for the density-independent case. See again Table 3 for the indicators’ formulae; and recall from Section 2.2 
that residual reproductive value is the ratio of Hamilton’s indicators: 𝑅𝑅𝑉𝑋 = (− 𝜕𝑟 𝜕�̅�𝑋⁄ ) (𝜕𝑟 𝜕𝑚𝑋⁄ )⁄  (Eqn. 19a). 
This rearranges to (− 𝜕𝑟 𝜕�̅�𝑋⁄ ) = (𝜕𝑟 𝜕𝑚𝑋⁄ )𝑅𝑅𝑉𝑋, which expands to: (∑ 𝑒−𝑟𝑌𝑙𝑌𝑚𝑌

∞
𝑌=𝑋+1 𝑇⁄ ) = (𝑒−𝑟𝑋𝑙𝑋 𝑇⁄ )𝑅𝑅𝑉𝑋. 

Therefore rearranging (Eqn. 28a) yields (Eqn. 29a):  

�̅�𝑋 =
𝑘 𝑇⁄

(− 𝜕𝑟 𝜕�̅�𝑋⁄ )
=

𝑘 𝑇⁄

(𝜕𝑟 𝜕𝑚𝑋⁄ )𝑅𝑅𝑉𝑋

=
𝑘 𝑇⁄

(𝑒−𝑟𝑋𝑙𝑋 𝑇⁄ )𝑅𝑅𝑉𝑋

=
𝑘

𝑒−𝑟𝑋𝑙𝑋𝑅𝑅𝑉𝑋

 

The derivation for the stationarity case is slightly simpler, since 𝑇 is not involved; it begins by rearranging (Eqn. 19b). 
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thesis’ balance model, with proportional-hazard mutations in stationary populations. Note, 

however, that the proportional-hazards genetic assumption makes their verbal description of 

the model somewhat inapt: under proportional hazards, the “age’s importance to fitness” is 

more aptly quantified using Baudisch’s proportional-hazards indicator than using Hamilton’s 

additive-hazards indicator. Note also that Williams and Taylor claim that additive hazards lead 

to semelparity at equilibrium; I believe this was a subtle error, and that semelparity is not an 

evolutionary equilibrium either in their model, only extinction is. 52 

It is conceivable to me that there are senescent life histories satisfying Equation (29a) 

or Equation (29b). There could not be negatively-senescing life histories satisfying these, since 

mortality must be inversely proportional to Hamilton’s additive-hazards indicator; mortality 

could only decrease at equilibrium if Hamilton’s indicator increased, which it cannot do. 

 
52 From (Williams & Taylor, 1987, p. 237): 
 

The mean condition for the Stone Age must have averaged very close to zero growth, or human numbers would not 
have stayed finite for so long. … 

… The simplest plausible expectation for a schedule of mortality rates expected from natural selection would 
have mortality vary inversely according to each age's importance to fitness. Using 𝑥 for age, 𝑙𝑥 for the probability of 
survival to 𝑥, 𝑉𝑥  for reproductive value at 𝑥, and 𝜇𝑥  for instantaneous mortality at 𝑥, the expectation is that 

𝜇𝑥 = 𝑘 𝑙𝑥𝑉𝑥⁄  

Reproductive value at age 𝑥 measures the mean future reproductive output for individuals of that age. The formulation 
implies some genetic assumptions, in particular that proportionately equal increases in mortality are equally likely to 
arise by mutation. A stage with a mortality rate of 0.010 per year would be as likely to change to 0.011 by mutation as 
one with 0.10 would be to change to 0.11. … Under these conditions the formulation describes an Evolutionarily Stable 
Strategy (ESS), a state which, once attained, could not be altered by selection for a different state. A different 
assumption on the nature of the genetic variation may lead to a different ESS. For example, if mutational changes of 
equal absolute magnitude were equally frequent, the population would evolve semelparity. … 

Section 3.1.1 concluded that under the additive-hazards assumption, even a semelparous life history would not be 
an ESS. Thus, if theirs was the balance model, Williams and Taylor were mistaken: under this model even semelparity 
is not an ESS. If the life history equilibrates at all, it is at extinction. 
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At first glance, it also seemed conceivable to me that a non-senescing, constant-�̅�𝑥 

species in a stationary population, with exponentially decreasing 𝑙𝑥, could be in evolutionary 

equilibrium if 𝑉𝑥 grows exponentially, fast enough to match this. However, this would imply 

that 𝑙𝑥𝑉𝑥—which is equal to Dańko et al.’s additive-hazards indicator—was constant with age, 

which is impossible unless mortality and fecundity are both zero. Additionally, note that even 

indeterminately-growing unitary organisms do not grow exponentially without bound, rather 

approaching an asymptotic size (Charnov, 1993, p. 61), and so for these, exponential growth 

of 𝑉𝑥 is implausible. Clonal organisms may be capable of exponentially-growing 𝑉𝑥, however, 

if we count ramet production as growth and genet production as fecundity; and, as discussed 

in Section 3.1.1, such organisms may come close to zero genet mortality, as well as in stationary 

populations zero genet fecundity, with Hamilton’s or Dańko et al.’s additive-hazards indicator 

decreasing only extremely slowly. Such organisms would not exactly satisfy the proportional-

hazards equilibrium condition, but may come close, evolving only extremely slowly. 

Note that (Eqns. 29a and 29b) rule out any post-reproductive lifespan; if reproduction 

ceases then reproductive value becomes zero, and for these equilibrium conditions mortality 

must be infinite. One way to modify the model might be to redefine reproductive value to 

take into account offspring care, in species with menopause, parenting, and grandparenting 

such as humans and whales (cf. Williams, 1957, p. 407; Hawkes et al., 1998; Lee, 2003; Rogers, 
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2003). I do not attempt that here, and simply disclaim that the balance model as considered 

in this thesis is not meant for parenting species and cannot explain post-reproductive survival. 

We can also go further than Equations (29a) and (29b) by considering that at age 𝑥 =

0, we have 𝑙0 = 1, 𝑒−𝑟0 = 1, and 𝑉0 = 1; if the force of selection against proportional hazards 

is equal at all ages including newborns, then Equations (29a) and (29b) therefore become: 

�̅�𝑋 ≈
�̅�0

𝑒−𝑟𝑋𝑙𝑋𝑅𝑅𝑉𝑋
≈

�̅�0

𝑒−𝑟𝑋𝑙𝑋𝑉𝑋

(30𝑎) 

�̅�𝑋 ≈
�̅�0

𝑙𝑋𝑅𝑅𝑉𝑋
≈

�̅�0

𝑙𝑋𝑉𝑋

(30𝑏) 

This intriguingly sets the parameter 𝑘 to �̅�0, making the equilibrium condition’s predictions 

for the relationship between mortality, stable age distribution, and reproductive value precise. 

However, it may be unrealistic to hold the same genetic assumptions for newborn mortality 

as for mortality at other ages; for instance, newborns may be more susceptible to mutations 

causing failures of development or increasing vulnerability to density-dependent mortality. 

Proportional-fecundity selection. 

If the force of mutation pressure on ln 𝑚𝑋 is the same at each age, to exactly-oppose it the force 

of selection against such effects must also be the same at each age. The condition for the 

balance model, for proportional fecundity, for density-independence and for stationarity are: 

𝜕𝑟

𝜕 ln 𝑚𝑋
=

𝑒−𝑟𝑋𝑙𝑋𝑚𝑋

𝑇
=

𝑘

𝑇
(31𝑎) 

𝜕𝑅

𝜕 ln 𝑚𝑋
= 𝑙𝑋𝑚𝑋 = 𝑘 (31𝑏) 
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Table 5. Equilibrium conditions for the balance model under various assumptions. 

 Additive hazards Proportional hazards Additive fecundity Proportional fecundity 

Density 
independence 

∑ 𝑒−𝑟𝑌𝑙𝑌𝑚𝑌
∞
𝑌=𝑋+1

𝑇
=

𝑘

𝑇
 

 
(No; but almost in 

clonal species?) 

�̅�𝑋 =
𝑘

𝑒−𝑟𝑋𝑙𝑋𝑅𝑅𝑉𝑋
 

 
(Yes: senescence) 

 

𝑒−𝑟𝑋𝑙𝑋

𝑇
=

𝑘∗

𝑇
 

 
(Yes; only non-senesce 

with zero fecundity) 

𝑒−𝑟𝑋𝑙𝑋𝑚𝑋

𝑇
=

𝑘∗

𝑇
 

 
(Yes: negative senesce 

and clonal species?) 

Stationary 
populations 

∑ 𝑙𝑌𝑚𝑌

∞

𝑌=𝑋+1

= 𝑘 

 
(No; but almost in 

clonal species?) 
 

�̅�𝑋 =
𝑘

𝑙𝑋𝑅𝑅𝑉𝑋
 

 
(Yes: senescence) 

 

𝑙𝑋 = 𝑘∗ 
 

(No; but almost in 
clonal species?) 

𝑙𝑋𝑚𝑋 = 𝑘∗ 
 

(Yes: negative senesce 
and clonal species?) 

The additive-hazards balance model has no non-extinction equilibrium, unless mortality and fecundity both equal zero. The 
proportional-hazards balance model can likely have an equilibrium but only for senescing life histories (increasing �̅�𝑋), since the 
right-hand side’s denominator is the additive-hazards force of selection, which must decrease with age. The additive-fecundity 
balance model has no equilibrium in stationary populations but can in growing populations. The proportional-fecundity balance 
model may be able to have an equilibrium in nonsenescing species with exponentially growing fecundity; this is implausible for 
unitary organisms but may be plausible for clonal organisms, counting ramet production as growth and genet production and 
extinction as fecundity and mortality. 

Equations 31a and 31b should be satisfiable by a non-senescing life history with constant 

mortality, and therefore an exponentially-decreasing stable age distribution, if this is matched 

by exponentially-growing fecundity 𝑚𝑋. Again, this seems implausible for a unitary organism, 

but could conceivably be achieved by a clonal organism, with ramet production counted as 

growth and genet production counted as fecundity. Here we do not require zero mortality, so 

a clonal organism could conceivably exactly satisfy the conditions. For a species with senescent 

mortality to satisfy these conditions, fecundity would have to rise even more rapidly with age; 

but since mortality senescence and fecundity senescence seem likely to evolve together, this is 
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of little interest. A negatively-senescing unitary organism with indeterminate growth perhaps 

could satisfy these conditions, with 𝑙𝑋 falling and 𝑚𝑋 rising more slowly than exponentially.  

Table 5 summarizes these suggestions about which kinds of life histories might be able to 

satisfy which versions of the balance model. 

3.1.3 General equilibrium? 

We have discussed the equilibrium conditions for mortality mutations to no longer be causing 

mortality to evolve, and for fecundity mutations to no longer be causing fecundity to evolve. 

However, all fitness sensitivities are functions of the whole life history: evolution of fecundity 

might change the force of selection on mortality, and vice versa. For a life history to no longer 

be evolving, mortality and fecundity should presumably both in evolutionary equilibrium at 

the same time. This means considering the parameterization of mutational effects on both 

mortality and fecundity, as well as density-independence versus population stationarity. Table 

6 shows all eight possible combinations of assumption that we considered about mortality 

mutations, fecundity mutations, and ecology; consideration of Table 6 suggests that for unitary 

organisms, none of the combinations allow a realistic life history in general equilibrium, i.e. a 

life history in equilibrium for both mortality and fecundity at the same time; however, clonal 

species, counting ramet production as growth and genet production as fecundity, with near-

zero genet mortality (and, in stationary populations, near-zero genet fecundity), potentially 

can come close to most of the combinations, and could perhaps exactly satisfy two of them. 
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Table 6. Combinations of assumptions for general equilibrium in the balance model. 

 Additive hazards Proportional hazards 

Density-independence (Constant −𝜕𝑟 𝜕�̅�𝑋⁄ ) (Constant −𝜕𝑟 𝜕 ln �̅�𝑋⁄ ) 

Additive fecundity 
(Constant 𝜕𝑟 𝜕𝑚𝑋⁄ ) 

∑ 𝑒−𝑟𝑌𝑙𝑌𝑚𝑌
∞
𝑌=𝑋+1

𝑇
=

𝑘

𝑇
 

 
 

𝑒−𝑟𝑋𝑙𝑋

𝑇
=

𝑘∗

𝑇
 

 
(No; but almost in clonal species?) 

�̅�𝑋 =
𝑘

𝑒−𝑟𝑋𝑙𝑋𝑅𝑅𝑉𝑋
 

 
 

𝑒−𝑟𝑋𝑙𝑋

𝑇
=

𝑘∗

𝑇
 

 
(No; but almost in clonal species?) 

Proportional fecundity 
(Constant 𝜕𝑟 𝜕 ln 𝑚𝑋⁄ ) 

∑ 𝑒−𝑟𝑌𝑙𝑌𝑚𝑌
∞
𝑌=𝑋+1

𝑇
=

𝑘

𝑇
 

 
 

𝑒−𝑟𝑋𝑙𝑋𝑚𝑋

𝑇
=

𝑘∗

𝑇
 

 
(No; but almost in clonal species?) 

�̅�𝑋 =
𝑘

𝑒−𝑟𝑋𝑙𝑋𝑅𝑅𝑉𝑋
 

 
 

𝑒−𝑟𝑋𝑙𝑋𝑚𝑋

𝑇
=

𝑘∗

𝑇
 

 
(Maybe; most easily in clonal species?) 

Stationary populations (Constant −𝜕𝑅 𝜕�̅�𝑋⁄ ) (Constant −𝜕𝑅 𝜕 ln �̅�𝑋⁄ ) 

Additive fecundity 
(Constant 𝜕𝑅 𝜕𝑚𝑋⁄ ) 

∑ 𝑙𝑌𝑚𝑌

∞

𝑌=𝑋+1

= 𝑘 

 
 

𝑙𝑋 = 𝑘∗ 
 

(No; but almost in clonal species?) 

�̅�𝑋 =
𝑘

𝑙𝑋𝑅𝑅𝑉𝑋
 

 
 

𝑙𝑋 = 𝑘∗ 
 

(No; but almost in clonal species?) 

Proportional fecundity 
(Constant 𝜕𝑅 𝜕 ln 𝑚𝑋⁄ ) 

∑ 𝑙𝑌𝑚𝑌

∞

𝑌=𝑋+1

= 𝑘 

 
 

𝑙𝑋𝑚𝑋 = 𝑘∗ 
 

(No; but almost in clonal species?) 

�̅�𝑋 =
𝑘

𝑙𝑋𝑅𝑅𝑉𝑋
 

 
 

𝑙𝑋𝑚𝑋 = 𝑘∗ 
 

(Maybe; most easily in clonal species?) 

For a life history to be in general equilibrium in the balance model, and so not evolving, it should be in equilibrium for both 
mortality and fecundity at the same time. Most pairs of assumptions turn out not to be satisfiable at the same time in the 
balance model, though clonal species may be able to come close.  
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We saw that the additive-hazards assumption does not have any realistic non-extinction 

equilibrium life history (though clonal species can come close), since that would require zero 

mortality, to make Hamilton’s additive-hazards indicator not fall with age, so that column is 

ruled out. The additive fecundity condition cannot be satisfied in stationary populations (but 

again clonal species can come close), since that would again require zero mortality, so that row 

is ruled out. The additive fecundity indicator alone can be satisfied in a shrinking population, 

as plausibly can the proportional-hazards indicator for senescing species: however, they cannot 

both be satisfied at the same time, since the former requires �̅�𝑋 to be constant (so 𝑙𝑋 decreases 

exponentially to match the exponential increase in 𝑒−𝑟𝑋), while the latter requires �̅�𝑋 to rise 

(since it is inversely proportional to Hamilton’s additive-hazards indicator, which falls); again, 

however, clonal species can come close. This leaves the combinations of proportional hazards 

and proportional fecundity, which is easiest to consider for the stationary case. Negatively-

senescing species cannot be an equilibrium, since mortality must be inversely proportional to 

Dańko et al.’s additive-hazards indicator; non-senescence can be an equilibrium only if there 

is zero mortality (and zero fecundity); senescence can potentially be an equilibrium, but only 

if fecundity 𝑚𝑋 grows faster than exponential, to match the senescent, faster-than-exponential 

decrease in 𝑙𝑋. Fecundity growing faster than exponential indefinitely seems implausible for a 

unitary organism, but again, is more conceivable for a clonal organism. A clone with slightly 
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increasing mortality, and fecundity increasing slightly faster than exponentially, conceivably 

could satisfy this pair of equilibrium conditions. 

3.1.4 Summary and discussion of the balance model 

In this section we considered a model where mutation forces push mortality or log mortality 

up, and selection forces push mortality or log mortality down, and evolutionary equilibrium 

occurs where these forces exactly cancel out. We derived formulae corresponding to this verbal 

equilibrium condition for both additive and proportional genetic effects, for both mortality 

and fecundity, for both density-independent and stationary populations. We discussed which 

conditions were satisfiable by any realistic life history or even by any life history at all. We also 

noted that one of the cases—the equilibrium condition for proportional hazards in stationary 

population—reverse-engineered the model Williams and Taylor likely had in mind (1987). 

We then noted that for “general equilibrium” in the balance model, presumably both 

the mortality and the fecundity equilibrium condition should be met at the same time in order 

for a life history to no longer be evolving. We considered both mathematical constraints and 

biological plausibility, for instance noting that genet fecundity might increase exponentially 

without bound in a clonal organism, but traditional fecundity would more likely be bounded 

in unitary organisms, since even indeterminate growers like fish approach an asymptotic size.  

We concluded that most pairs of mortality and fecundity genetic assumptions have no 

feasible general equilibrium. We suggested however that clonal species, with their near zero 
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genet mortality (and in stationary populations near-zero genet fecundity), may come close, 

and may evolve only very slowly, such that even if (say) extinction was their fate, this may take 

a very long time; this however was a heuristic argument, not a proof. The combination of 

proportional genetic effects on mortality and proportional genetic effects on fecundity may 

have a general equilibrium with senescent mortality (�̅�𝑋 rises, 𝑙𝑋 falls faster than exponentially) 

and fecundity 𝑚𝑋 growing more quickly than exponentially; this was a plausibility argument, 

not a proof; we concluded that if this could be a general equilibrium, it would be biologically 

implausible for unitary species, but again might occur in a clonal species, given their growth. 

I find it inelegant and ad hoc to suppose the balance model may be true of mortality or 

fecundity but not both; I see no reason for fecundity and mortality evolution to differ in its 

applicability. I thus consider general equilibrium most worthy of attention. I conclude that if 

the balance model is interestingly true of anything, it has the best chance of being interestingly 

true of genet mortality and genet fecundity in clonal species. This conclusion was a surprise 

to me, as I originally defined the model with unitary organisms in mind. 

However, it may well be that the balance model simply isn’t true. Its assumptions are 

certainly implausible: it assumes no pleiotropy, going against mainstream life history theory’s 

assumption that trade-offs are of paramount importance (Stearns, 1992); Williams and Taylor’s 

likely use of the same model (1987) is especially ironic given Williams himself is best known 

for the antagonistic pleiotropy theory of senescence (1957). I see the main value of the model 
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as theoretical and illustrative, showing an example of the equilibrium-conditions approach to 

studying the evolution of senescence, even if its equilibrium conditions are not the correct 

ones. 

“Walls of death” and “catastrophic senescence” 

The finding that there is no non-extinction equilibrium in the additive hazards balance model 

may shed light on the emergence, in theoretical models of senescence evolution by mutation 

accumulation, of CATASTROPHIC SENESCENCE, related to the emergence of post-reproductive 

WALLS OF DEATH. If mutation is unopposed by selection at post-reproductive ages, of course 

in the balance model infinite mortality will evolve. Catastrophic senescence further, however, 

invokes feedback over evolutionary time (Partridge & Barton, 1993, Box 2; Tuljapurkar, 2013; 

Wachter et al., 2013),53 with the spread of deleterious alleles weaking selection against further 

deleterious alleles. Partridge and Barton (1993), and Wachter et al. (2013), both used additive 

 
53 From Partridge and Barton (1993, Box 2): 

… consider mutations that only affect adult survival … as these increase in frequency, adult survival drops, and so 
selection against the mutations decreases. Above a critical threshold, mutation overwhelms selection, and the 
population becomes semelparous. 

From (Tuljapurkar, 2013, p. 10058), commenting on (Wachter et al., 2013): 

… these results also give sharp form to a deeper existence question. That question is related to what I call the “stone 
tablet” aspect of the Hamilton theory: we always begin by assuming that we are given, a priori, the age pattern of 
reproduction, or at least the last age at which reproduction is possible. Then deleterious mutations must be most 
frequent at ages that are late in the sense of being close to this last age of reproduction. In a heterogeneous population, 
the average realized fertility at late ages must then be decreased; this decline in turn might weaken selection against 
new deleterious mutations, leading to a further fall in fertility, and so on. Can such declines lead to a progressive 
chipping away of the original fertility pattern so that the age of last reproduction falls slowly but inexorably, until we 
reach a bacterial limit … of short reproductive lives? Wachter et al. [2013] show that such cumulative change is indeed 
possible and that an age-structured life history can unravel under the onslaught of deleterious mutations. 
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hazards. I therefore suggest that their models evolve towards catastrophic senescence because 

their mutation-accumulation models are relevantly analogous to the balance model, and they 

assumed additive hazards, for which the balance model has no non-extinction equilibrium, as 

concluded by this thesis, similarly to the conclusion of Williams and Taylor (1987). I therefore 

suggest that proportional hazards could have prevented catastrophic senescence; I also suggest 

the catastrophic-senescence in their additive-hazards models may be worse than they thought, 

with extinction, not only semelparity, as the limit. Proportional hazards is not the only way to 

avoid catastrophic senescence, of course; the balance model again simply may be and likely is 

false, given it assumes no pleiotropy. Pleiotropy’s ability to prevent catastrophic senescence 

from evolving was noted by (Partridge & Barton, 1993, Box 2), and by (Mueller & Rose, 1996). 

3.2 The cost-of-reproduction model 

This model ignores mutation bias, to focus on natural selection in the face of trade-offs. It only 

considers one kind of trade-off: a same-age mortality cost of increased reproduction. It assumes 

that the optimum for a given age occurs where fecundity is at a point where the mortality cost 

of any further increase in fecundity would exactly cancel out the benefits. For this model I 

consider only additive effects on fecundity 𝑚𝑋 and proportional effects on mortality �̅�𝑋; this 

is because that is the assumption for which I found a formula for the equilibrium condition, 

as well as because the formula I found under that assumption was an interesting one. Thus: 
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Equilibrium condition for the cost-of-reproduction model. If fecundity can always 

be additively increased at the cost of a proportional increase in mortality, and this cost is 

always the same per increment in fecundity, the optimum is where costs and benefits exactly 

cancel out; an equilibrium life history has the costs and benefits exactly cancel out at all ages. 

3.2.1 Equilibrium condition for the cost-of-reproduction model 

We assume that whatever the initial life history, there is always the ability for a mutation to 

raise fecundity at a given age by ∆𝑚𝑋, at the price of also raising log mortality at the same age 

∆ ln �̅�𝑋; assume this price is constant w.r.t the current level of investment at that age, at a gains-

per-cost ratio 𝐶𝑋 = 𝜕𝑚𝑋 𝜕 ln �̅�𝑋⁄ ; assume further that it is the same at all ages: 

𝐶 =
𝜕𝑚𝑋

𝜕 ln �̅�𝑋

(32) 

Let us consider density-independence first. The fitness benefit of increased fecundity, and the 

fitness cost of increased log mortality, of course depend on the mutation’s effect sizes on both 

traits, and on the sensitivities of fitness to such effects; at evolutionary equilibrium, the benefit 

plus the cost of a mutation making the purchase must cancel out; for density independence: 

𝜕𝑚𝑋 (
𝜕𝑟

𝜕𝑚𝑋
) = 𝜕 ln �̅�𝑋 (−

𝜕𝑟

𝜕 ln �̅�𝑋
) (31) 

On the right-hand side, we now expand the relationship between Hamilton’s additive-hazards 

and Baudisch’s proportional-hazards indicator, and rearrange: 

𝜕𝑚𝑋 (
𝜕𝑟

𝜕𝑚𝑋
) = 𝜕 ln �̅�𝑋 ∙ �̅�𝑋 ∙ (−

𝜕𝑟

𝜕�̅�𝑋
) (33) 
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�̅�𝑋 = (
𝜕𝑟 𝜕𝑚𝑋⁄

− 𝜕𝑟 𝜕�̅�𝑋⁄
) (

𝜕𝑚𝑋

𝜕 ln �̅�𝑋
) (34) 

Recalling from Section 2.2 that residual reproductive value is the ratio of Hamilton’s mortality 

to his fecundity indicator (Eqn. 19a), as well as our definition of the price of fecundity (Eqn. 

32), Equation 34 therefore rearranges to: 

�̅�𝑋 =
𝐶

𝑅𝑅𝑉𝑋
≈

𝐶

𝑉𝑋

(35) 

where the approximation applies to short intervals (low per-interval fecundity 𝑚𝑋 ≈ 0). For 

stationarity the equilibrium condition is the same, 𝑅𝑅𝑉𝑋 just has no population growth term.54 

Thus the cost-of-reproduction model says that at evolutionary equilibrium, mortality should 

be inversely proportional to residual reproductive value, or, for very short intervals including 

in the limit of continuous time, approximately inversely proportional to reproductive value. 

 As with the balance model, we can again note that at age 𝑥 = 0, 𝑉0 = 1; thus if the cost-

of-reproduction model describes mortality at all ages, 𝐶 = �̅�0 and Equation 35 becomes 

�̅�𝑋 ≈
�̅�0

𝑉𝑋

(36) 

It may however be unrealistic to assume the same cost 𝐶 for newborns as for other ages, since 

infants may be vulnerable to mutations causing failures in development, and since newborns 

 
54 For stationary populations recall (Eqn. 19b); then: 

�̅�𝑋 = (
𝜕𝑅 𝜕𝑚𝑋⁄

− 𝜕𝑅 𝜕�̅�𝑋⁄
) (

𝜕𝑚𝑋

𝜕 ln �̅�𝑋

) =
𝐶

𝑅𝑅𝑉𝑋

≈
𝐶

𝑉𝑥
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may also often be the most susceptible to density-dependent mortality risks; for the cost-of-

reproduction model, newborns may also still have to develop their reproductive anatomy. 

3.2.2 Discussion of the cost-of-reproduction model 

As mentioned, in The Genetical Theory of Natural Selection, R. A. Fisher remarked that “It is 

probably not without significance … that the death rate in Man takes a course generally 

inverse to the curve of reproductive value … which qualitatively we should anticipate, if the 

incidence of natural death had been to a large extent moulded by the effects of differential 

survival” (1930, p. 29). Figure 5 illustrates this point, comparing Hamilton’s (1966) graphs of 

mortality and reproductive value for Taiwan in 1906. Fisher is generally thought to have been 

wrong in assuming a direct connection (Hamilton, 1966, pp. 21–23; Charlesworth, 2000), 

Figure 5. Illustrating the approximate inverse trajectories of the force of mortality of and reproductive value in humans, as noted—
but erroneously explained—by Fisher (1930). Graphs adapted from Hamilton (1966) with permission from Elsevier, based on data 
from Taiwan, 1906. 
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given his interpretation was tainted by his mistaken belief that reproductive value was the force 

of selection (footnote 30). It is therefore striking that the cost-of-reproduction model predicts 

that mortality and reproductive value should indeed be inverse, after all. We should not get 

too excited about this before further work is done, because as mentioned, this thesis’ models 

are not intended to apply to humans, with our parenting and grandparenting. Nevertheless, 

the inverse relationship predicted by Equation 35 makes the model intriguing. 

 The genetic assumptions chosen for the cost-of-reproduction model were chosen for 

the interest of Equation 35 as an equilibrium condition, not due to any strong expectation that 

the genetic assumptions were true. Nevertheless, it is interesting to inquire whether there is 

any proximate basis that might make them true. It is intuitive that a mutation can add to 

fecundity, simply by additively increasing the amount of biomass allocated to producing 

offspring, with the same amount dedicated per offspring (cf. Smith & Fretwell, 1974). But 

why might an allele multiplicatively increase mortality, i.e. be a proportional hazard?  

One possible mechanism for a proportional mortality effect at all ages would be if the 

species already has Gompertzian senescence, i.e. exponentially growing mortality, and the 

allele “biologically ages” or “biologically rejuvenates” the organism (Gavrilov & Gavrilova, 

2020, p. 1500): given humans’ eight-year mortality rate doubling time, subtracting eight years 

from a human’s biological age would be equivalent to halving their mortality at all ages. This 

will not suffice for our purposes, though, both because we want to consider alleles acting at 
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individual ages, and because the shape of mortality curves are ultimately what we wish to help 

explain: it would not do to just assume mortality curves are Gompertzian. 

I suspect, however, a potential mechanism may be found in reliability theory: I suspect 

mutations increasing or decreasing the redundancy of parallel reliability structures—systems 

where the system fails if all components fail—should be proportional hazards. If so, we might 

hypothesize that any “component” produced by an organism, which has already grown as 

large as is optimal, can be allocated either to reproducing or to its own redundancy as a defence 

against death (footnote 9). If investment of components per offspring is constant at an optimal 

level,55 additive increases to the resources for reproduction should produce additive increases 

to fecundity. However, if the resources instead are used to shore up one’s own redundancy, I 

suspect this should have multiplicatively reduce one’s force of mortality; see the footnote for 

a sketch of a potential proof of which I am not completely confident.56 Since real organisms 

 
55 For size—rather than quality or redundancy per se—a classic life-history evolutionary model predicts that larger 
mothers should have more offspring, not larger offspring (Smith & Fretwell, 1974). It is therefore a puzzle that larger 
mothers do in fact often have larger offspring (Rollinson & Rowe, 2016). 

56 A parallel reliability structure fails if all components fail. If components fail independently, then system failure is 

the product of component failure; for instance, adding a component with 𝑞𝑋 = 0.5 causes system 𝑞𝑋 to halve: 

𝑞𝑋,system = 𝑞𝑋,component_1 ∙ 𝑞𝑋,component_2 ∙ … ∙ 𝑞𝑋,component_𝑛 

Although probability of failure/death is not the same as hazard rate, they are related; for short intervals with small 
probability of failure, 𝑞𝑋 ≈ 𝜇𝑥∆𝑥. In the continuous-time limit I suspect that this means 

𝜇𝑥,system𝑑𝑥 = 𝜇𝑥,component_1𝑑𝑥 ∙ 𝜇𝑥,component_2𝑑𝑥 ∙ … ∙ 𝜇𝑥,component_𝑛𝑑𝑥 

i.e., that adding or removing an 𝑛th component multiplies or divides the hazard rate by 𝜇𝑥,component_𝑛𝑑𝑥. 
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are likely more complicated sorts of reliability structures (Gavrilov & Gavrilova, 2006), I am 

not sure how adding components to improve the redundancy of (say) one organ should affect 

the mortality of the whole organism, however. 

Although the purpose of the equilibrium-conditions approach is to avoid complicated 

questions of evolutionary dynamics in favour of simpler questions of evolutionary statics, it is 

interesting to consider possible evolutionary dynamics on the way to the equilibrium of (Eqn. 

35). In introducing the model, I described fecundity increasing or decreasing until it reaches 

equilibrium. However, it is also conceivable that evolution at other stages in the life history 

instead affects reproductive value, so that rather than fecundity approaching the equilibrium, 

the equilibrium approaches current fecundity (or they approach each other, etc.). 

It is also interesting to consider juvenile life histories in light of (Eqn. 35). Fisher (1930) 

noted that mortality decreases until maturity, while reproductive value rises until maturity, in 

humans. Since Hamilton (1966) it has been realized that Fisher was wrong to assume this was 

because reproductive value is the force of selection. However, a constraint is that reproductive 

value in juveniles must increase until maturity (with the minor exception of rapidly shrinking 

populations), simply because the farther you are from maturity, the more chances there are to 

die before reaching it—which means that in the cost-of-reproduction model, any equilibrium 

life history must also have juvenile mortality decrease until maturity. Unfortunately, I have no 
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intuition for how or why the evolutionary dynamics approach this equilibrium pattern; it is a 

striking but mysterious outcome of the model. 

Next to the balance model, which assumed no pleiotropy, the cost-of-reproduction 

model seems plausibly much more flexible. Although it only assumes a same-age trade-off of 

a particular form, it does not assume this is the only trade-off; rather, it assumes that no matter 

what else has happened to the evolving life history, there is always still the option of making 

the fecundity-log mortality trade. If this is the case, and if there is any equilibrium life history, 

then it must satisfy the equilibrium condition in Equation 35. 

An auxiliary hypothesis for comparative life history theory 

Recall the price of fecundity, written as the gains-per-cost ratio 𝐶 = 𝜕𝑚𝑋 𝜕 ln �̅�𝑋⁄ . We might 

hypothesize that this is in some ways analogous to a LIFE HISTORY INVARIANT: a dimensionless 

number approximately constant within taxa, but varying between taxa (Charnov, 1993).57 

Unfortunately, for the cost-of-reproduction model as proposed in this thesis, I do not 

actually expect 𝐶 to be invariant within taxa; this is because in this model the cost relates to 

absolute offspring size, not to offspring size relative to the parent. This follows both from the 

assumption that the cost is the same at all ages—even as the individual is growing—and from 

the mechanism proposed, whereby giving up a redundant component, to allocate it to an 

 
57 Examples of life-history invariants or potential life-history invariants are age of maturity as a fraction of lifespan; 
and number of heartbeats per lifetime. There can be much variation in putative life history invariants; whether this 
is a problem depends on if you care about constancy, or about absence of allometric scaling (Savage et al., 2006). 
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offspring, multiplies hazard by the same amount no matter how many components you had. 

Thus for the purposes of this model a human spends far less biomass than an elephant per 

offspring, since baby humans are smaller than baby elephants, and so humans may have a 

lower cost of reproduction as well. 

Nevertheless, the auxiliary hypothesis might at least be proposed for species of roughly 

the same size: for species of the same size, the cost of reproduction 𝐶 may be taxon-typical trait. 

Equation 35 can then be rearranged to 𝐶 ≈ 𝜇𝑋𝑉𝑋; we could then test whether this is constant 

for species of the same size within a taxon—whether at all ages, or at presumed-representative 

ages such as the age of maturity—as well as test whether it is proportional, again for species of 

the same parental size, to offspring size or other physiological measures of reproductive effort 

(cf. Charnov et al., 2007). 

 An interesting question for the cost-of-reproduction model is: should taxa that can buy 

offspring at a lower log mortality price end up with higher or lower mortality? Intuitively, on 

the one hand, they pay less log mortality per offspring; but on the other hand, since offspring 

are a better deal, they may end up buying far more for that price—like spending more money 

total when there’s a sale. Intuition doesn’t settle the issue, but Equation 35 does: the more 

cheaply an organism can purchase fecundity (the higher its 𝐶), the higher its mortality 𝜇𝑥 

should be, at any given reproductive value 𝑉𝑥. Conversely, and perhaps more intuitively, the 
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higher an organism’s reproductive value, the more she should prioritize her own survival and 

the lower her mortality 𝜇𝑥 should be. 

3.3 Comparison of equilibrium conditions to Soay sheep and desert tortoise life histories 

This thesis will not rigorously test these models’ equilibrium conditions; however, it now gives 

a preliminary, illustrative comparison of the equilibrium conditions to empirically-measured 

life-histories for two species, from the supplementary data of (Jones et al., 2014): Soay sheep, 

which senesce, and desert tortoises, which negatively senesce (cf. Figs. 1 and 2). I used the basic 

life-history quantities (Table 1) to calculate further quantities (footnote 1), mostly in Excel, 

apart from using the uniroot function in RStudio to calculate the intrinsic rate of increase as 

the unique real root of the Euler-Lotka equation (Oli & Coulson, 2016, p. 396): these included 

reproductive value, residual reproductive value, Hamilton’s indicators, and the equilibrium 

conditions for two cases: �̅�𝑋 = �̅�0 𝑒−𝑟𝑋𝑙𝑋𝑅𝑅𝑉𝑋⁄  for the balance model (assuming proportional 

hazards and a growing population) and �̅�𝑋 = �̅�0 𝑅𝑅𝑉𝑋⁄  for the cost-of-reproduction model (in 

a growing population). For desert tortoises, Jones et al.’s original data had a highest-observed 

cut-off age; this made reproductive value artificially decrease as age approached the final cut-

off, but in fact the desert tortoise negatively senesces over the observed ages, with decreasing 

mortality and increasing fecundity, and so should most likely have increasing or asymptoting 

reproductive value. Therefore I modified the tortoise life table by assuming the mortality and 

fecundity at the final observed age, 74, remained constant to age 1,000; then I calculated the 
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life history, including reproductive value, up to the original final observed age, 74. Tortoises 

provide no parental care; since Soay sheep mature in their first year, I assume no late parental 

care, and that early parental care may just factor into effective fecundity; however, since this 

comparison is illustrative, not rigorous, I have not been careful with these assumptions. I also 

chose these species because I like them: tortoises are charming and potentially very long-lived; 

Soay sheep, living feral between the stone houses of the deserted St. Kilda archipelago off the 

coast of Scotland, are romantic. Figure 6 gives reproductive value, and compares the balance 

model’s and the cost-of-reproduction model’s predicted mortality rates—calculated from the 

stable age distribution and reproductive value—to actual mortality for these populations. 

Figure 6. Reproductive value, and comparison of the theoretical equilibrium mortality trajectories to actual mortality trajectories, 
for two species: Soay sheep, which senesce, and desert tortoises, which negatively senesce. Based on the supplementary data of 
(Jones et al., 2014). Intrinsic rate of increase 𝑟 calculated from the Euler-Lotka equation with the uniroot function in RStudio; other 
quantities calculated, and the results graphed, in Excel. Soay from: do I look mad? [photograph], by Tomek Augustyn, 2007, Flickr, 
CC BY-SA 2.0. Desert tortoise cropped from: Gopherus agassizii [photograph], by Tigerhawkvok, 2008, Wikimedia, CC BY-SA 3.0. 
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The predicted mortality for the balance model (orange) is way off for desert tortoises; 

this should not be surprising, as desert tortoises negatively senesce, and negative senescence 

cannot satisfy the proportional-hazards balance model’s equilibrium condition (Table 5). The 

prediction is quantitatively off, but perhaps qualitatively accurate, for Soay sheep, predicting 

that mortality grows, and even that it briefly decelerates then accelerates again at age 10. The 

predicted mortality for the cost-of-reproduction model (grey) may be more accurate; for desert 

tortoises it correctly predicts that mortality decreases with age, the fall decelerating around age 

20; for Soay sheep it predicts growth with age as well as deceleration followed by acceleration 

around age 10, as well as predicting an initial fall in mortality before mortality rises again. 

A difficulty is considering how much any qualitative agreement might matter, given 

that mortality, the stable age distribution, and reproductive value are not actually independent 

variables; reproductive value is itself a function of mortality, for instance. Perhaps we should 

always expect to see as much qualitative agreement as we see here, whether or not there is any 

evolutionary equilibrium under any model. 

The model predictions presumably could have been closer to the actual mortality if I 

had allowed the constant 𝑘 to be a free parameter, rather than set at 𝑘 = �̅�0. If one or the other 

model is true of most ages, it could still be that newborn mortality is somehow different. For 

instance, for the balance model, perhaps mutation pressure is stronger in newborns, especially 

in stationary populations if newborns are the most susceptible to density-dependent mortality, 
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such that 𝑘0 > 𝑘𝑋≠0. For the cost-of-reproduction model, perhaps the log-mortality cost of 

reproduction would be higher, perhaps both due to newborns’ higher susceptibility to density-

dependent mortality, and due to increasing reproduction itself requiring earlier development 

of reproductive anatomy—not only increased use once developed—such that 𝐶0 < 𝐶𝑋≠0. 

These preliminary comparisons of the predicted equilibrium mortality patterns, to the 

actual mortality patterns, is illustrative and informal, making no attempt to quantify goodness 

of fit. At first thought, a possible approach would be to graph, say, �̅�𝑋 vs. �̅�0 𝑒−𝑟𝑋𝑙𝑋𝑅𝑅𝑉𝑋⁄  on 

a scatterplot (for the proportional-hazards balance model) and simply do a linear regression. 

However, a difficulty is that at older ages, there are fewer individuals—sample size decreases 

as the cohort dies off—and linear regression would neglect this. An ad hoc solution might be 

to add some kind of weight, that counts later ages for less. A more principled partial solution 

would make predictions, not about age-specific mortality, but about a newborn’s probability 

for death to occur at each age 𝑋; this is making predictions about the original cohort, rather 

than about progressively smaller fractions of the cohort. However, for our purposes this still 

does not fully escape the problem, since the predictions themselves are based on the stable age 

distribution and on reproductive value, which depend on quantities measured at higher age 

classes comprising fewer individuals. These difficulties are why I do not attempt to quantify 

the fit of the models’ predicted equilibrium mortality patterns, but only heuristically illustrate 

them and gesture towards the difficulties that a rigorous approach would need to solve. 
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As mentioned in Section 3.1.4, I do not expect the balance model to be true of unitary 

organisms anyway; if it applies to anything I would expect this to be clonal species. The cost-

of-reproduction model could apply to unitary organisms; from these heuristic comparisons, 

especially noting possible ambiguities about newborn mortality, I consider it in the running. 

3.4 Comparing the two models 

The balance model requires stringent assumptions: no pleiotropy, and mutations arising at the 

same rate for the same magnitude effect, at every age, under a given parameterization. This 

seems unlikely, given that there are known pleiotropic mutations affecting mortality—such as 

the APOE polymorphism (footnote 13)—and flies in the face of mainstream life history theory, 

which considers trade-offs of paramount importance (Stearns, 1992), including Williams’ own 

antagonistic pleiotropy theory of the evolution of senescence (1957). It could turn out that, 

with both pleiotropic mutations occurring and non-pleiotropic mutations occurring, the same 

equilibrium condition would emerge, but I think that unlikely, and in any case, if so, it would 

need to be proven by an approach other than that used here in Section 3.1. Furthermore, the 

discussion of general equilibrium—both mortality and fecundity in equilibrium at the same 

time—found that general equilibrium is impossible to achieve exactly for most combinations 

of the assumptions here considered, and for the combinations where it may be possible, it still 

seems more likely for clonal species than for even indefinitely-growing unitary organisms. 
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 The cost-of-reproduction model is far less stringent. It allows that other mutations and 

trade-offs may exist, requiring only that its own stipulated trade-off always be an option. If the 

cost-of-reproduction model is true, then no matter what other trade-offs and constraints exist, 

when all is said and done, if a life-history is in evolutionary equilibrium, then mortality must 

be nearly inversely proportional to reproductive value—including, although it’s not intuitive 

how the evolutionary dynamics would lead to this equilibrium, decreasing juvenile mortality 

until maturity (since reproductive value rises until maturity, with only a minor exception for 

shrinking populations). Furthermore, it seems likely that its equilibrium condition may be 

achievable by familiar, unitary organisms, whether senescing or non-senescing—whether or 

not they do achieve it. Finally, an illustrative comparison of the cost-of-reproduction model’s 

equilibrium condition to actual mortality in two species, while quantitatively inaccurate, 

seems qualitatively close enough that future work could resolve any inconsistencies, for 

instance by concluding that newborn mortality should be treated differently than other ages. 

 However, beyond whether either model is true, an important conclusion follows from 

their equilibrium conditions. Compare the prediction of the additive-hazards balance model 

to the prediction of the cost-of-reproduction model, and for simplicity assume population 

stationarity (Table 4, second row). Whether or not either model is true, they cannot both be 

true, for almost any species, because they have different conditions: the balance model says 

equilibrium is at �̅�𝑋 ≈ �̅�0 𝑙𝑋𝑉𝑋⁄ , but the reproductive effort model says equilibrium is at �̅�𝑋 ≈
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�̅�0 𝑉𝑋⁄ . (The exception, again, is species with zero mortality and zero fecundity.) Regardless of 

whether either model is true of any species, this is a useful finding in its own right, because it 

emphasizes the need to model the evolutionary process and specify the model’s assumptions. 

There is no universal expectation for how mortality should relate to indicators of selection; it 

depends on ecology and “what sort of genetical variation is available” (Hamilton, 1966, p. 35).  
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4. CONCLUSION 

~ 

Chapter 1 of this thesis was an introduction to the demography and evolution of senescence, 

including both general contextualizing information, and background directly relevant to the 

thesis’ new contributions. It introduced the general notion of a fitness sensitivity, or force of 

selection, attempting to do so more intuitively than is usual (cf. Bahry, 2022a). This included 

both the framing in terms of a genetic effect on fitness being divided into its effect on a trait 

and the sensitivity of fitness to such effects (Eqn. 9) and semi-verbal demographic translations 

of the specific fitness sensitivities used by Hamilton (1966) (Eqns. 10a and 10b), and clarified 

up front the relevance of Hamilton’s genetic and ecological assumptions, including about how 

genes act and about density independent vs. stationary populations. Chapter 1 then discussed 

modifications to Hamilton’s assumptions, yielding alternative fitness sensitivities (Table 3), as 

well as additional limitations such as the assumption of small mutational effects. It emphasized 

the shortcoming most relevant to this thesis: that the forces of selection moulding the 

evolution of life histories are themselves functions of the life history, meaning that when a life 

history evolves its forces of selection must evolve too—complicating attempts to study how 

life histories may evolve in the long run (cf. Tuljapurkar, 2013). Chapter 1 then proposed the 

approach giving this thesis its title: to assume that life histories eventually reach a long-run 

evolutionary equilibrium where they (and their forces of selection) are not evolving any more; 



91 
 

stipulating a model of the evolutionary process and its relevant genetic assumptions; and 

seeking simple, quantitative, equilibrium conditions that a life history would have to satisfy 

in order to no longer be evolving. Finally, it briefly foreshadowed the models this thesis would 

study, and equilibrium conditions under select genetic assumptions. 

 Chapter 2 derived intermediate theoretical results. Section 2.1 adapted Baudisch’s 

(2005) derivation she used for the density independent case, to derive the fitness sensitivities 

for multiplicative effects on hazard and on fecundity in stationary populations, completing 

Table 3. Section 2.2 showed that residual reproductive value can be written as the ratio of 

Hamilton’s (1966) mortality to his fecundity indicator (for density independence), or the ratio 

of Dańko et al.’s (2018) mortality to their fecundity indicator (for stationary populations). The 

results of Sections 1 and 2 would form steps in the derivations in Chapter 3. Section 2.3 

summarized criticisms by Mueller et al. (2011) of Baudisch’s alternative indicators of selection, 

reporting on its resolution through e-mail communication between myself and Dr. Mueller, 

with additional helpful feedback from Dr. Baudisch and Dr. Charlesworth. Regarding Mueller 

et al.’s simulation result, I argued that Baudisch’s indicator could not have predicted what they 

said it did; after mutual clarification of details, Dr. Mueller accepted the criticism, uncovered 

that their error had been a typo in defining the survival function, and re-ran the simulation, 

vindicating Baudisch’s insight (Appendix). Regarding Mueller et al.’s challenge that certain 

population genetic equations had never been derived, I derived them. 
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Chapter 3 introduced two evolutionary models. The balance model assumes mutations, 

with no pleiotropy, push mortality up (or fecundity down) while selection pushes mortality 

down (or fecundity up); equilibrium occurs at one age if these forces cancel out; the mortality 

schedule (or fecundity schedule) is in equilibrium if the forces cancel out at every age; the life 

history is at general equilibrium if fecundity and mortality schedules are both at equilibrium. 

The cost-of-reproduction model assumes that an additive increase to fecundity can always be 

purchased for the price of a multiplicative increase to mortality; equilibrium occurs when the 

costs and benefits of further-increased fecundity cancel out at every age. 

I derived equilibrium conditions for the balance model under various combinations of 

genetic and ecological assumptions (Table 5), and the equilibrium condition for the cost-of-

reproduction model (Eqn. 35). Intriguingly, the balance model, for proportional hazards in 

stationary populations, very likely reverse-engineered an earlier model of Williams and Taylor 

(1987): they did not describe its evolutionary process in detail, but their model also assumed 

stationarity, derived approximately the same equilibrium condition, and also did not yield any 

non-semelparous equilibrium for additive-hazards; regarding the latter, I suspect they slightly 

misspoke, and should have said no non-extinction equilibrium, with semelparity not being an 

equilibrium either. I argued that this joint finding of Williams and Taylor (1987) and of this 

thesis may shed light on the emergence of catastrophic senescence, or creeping walls of death, 

in models of mutation accumulation that assume additive hazards (Tuljapurkar, 2013). 
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Also intriguingly, in the cost-of-reproduction model, at equilibrium mortality should 

be approximately inverse to reproductive value (Eqn. 35). This gives new support to Fisher’s 

remark that the approximate inverse relationship, which he observed in humans, was likely 

significant—without relying on his erroneous explanation for why. We should temper our 

excitement about this, since the model as described is not strictly intended to apply to species 

with menopause and parenting such as humans, but nevertheless, it is striking. Also striking 

is that, although I have no intuition for how the following should evolve in the model, an 

intriguing implication of the model is that juvenile mortality must decrease until maturity, 

since reproductive value must increase until maturity (with a minor exception for shrinking 

populations); juvenile mortality often does fall until maturity, so it is intriguing that the model 

predicts this phenomenon to be unavoidable at any non-extinction evolutionary equilibrium. 

The cost-of-reproduction model is primarily of interest to me because of its prediction 

of an inverse relationship to reproductive value at equilibrium. However, I did also propose a 

possible mechanistic basis for the functional form of the cost, in terms of allocating resources 

to offspring versus to redundancy of one’s parallel reliability structures. I also proposed that 

the model could be combined with an auxiliary hypothesis about taxonomic variation in the 

cost of reproduction. I also concluded that species for which offspring come at a lower log-

mortality price should end up evolving higher mortality when at the same reproductive value. 
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For the balance model, I considered general equilibrium, since it would seem strange 

to me for the model to apply to one or the other of mortality and fecundity but not both. I 

concluded that most combinations of the genetic and ecological assumptions considered had 

no feasible general equilibrium—though I suggested, heuristically, that clonal species, with 

ramet production considered as growth and genet production considered as fecundity, with 

their near-zero genet mortality and fecundity, might come close, and if they were headed to 

extinction in the balance model, this may nevertheless take an extremely long time. One pair 

of genetic assumptions—for both density dependence and stationarity—did seem like it might 

be possible for a life history to be in general equilibrium; I suggested that here too, the life 

history that came to mind as a candidate was again that of a clonal organism. I suggested that 

in addition to their near-zero genet mortality (and in stationary populations, fecundity), clonal 

species may be able to have exponentially-increasing fecundity with age, which is implausible 

for even indefinitely-growing unitary organisms such as fish, which tend to converge to an 

asymptotic size (Charnov, 1993, p. 61). I therefore concluded that if the balance model is true 

of anything, it has the best chance of being true of clonal species; however, I doubted whether 

it was true of anything, given the stringency of its assumptions. 

I compared the equilibrium conditions for one version of the balance model, and for 

the cost-of-reproduction model, to real life-history data, from the supplementary data of (Jones 

et al., 2014), for Soay sheep, which senesce, and desert tortoises, which negatively senesce. The 
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balance model was definitely false for desert tortoises, as is expected since the balance model 

rules out negative senescence in any case. Otherwise, the cost-of-reproduction model may be 

compatible with the tortoise data, and both may be compatible with the Soay sheep data; the 

models are numerically way off, but visually seem to have approximately the right shape, so it 

is conceivable to me the inconsistency could be resolved with a more complete understanding 

of newborn mortality or, for the cost-of-reproduction model applied to turtles, if ecologists 

under-counted newborn mortality by only counting effective fecundity rather than fecundity, 

i.e. by ignoring most of those of the hatchlings who died. 

Finally, regardless of whether either model is true, an important conclusion of Chapter 

3 was that the models cannot both be true (with an exception of zero-mortality species), since 

they predict different equilibrium conditions (Table 4): for instance, the stationary-population 

proportional-hazards balance model says that at equilibrium �̅�𝑋 ≈ �̅�0 𝑙𝑋𝑉𝑋⁄ , whereas the cost-

of-reproduction model says that at equilibrium �̅�𝑋 ≈ �̅�0 𝑉𝑋⁄  (Table 4). This emphasized that 

there is no universal a priori expectation for the relationship between mortality and the force 

of selection on mortality, in the absence of a clear model of the evolutionary process; to quote 

it yet again, “To what extent and in exactly what way life schedules will be moulded by natural 

selection depends on what sort of genetical variation is available” (Hamilton, 1966, p. 35).  
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APPENDIX. MUELLER’S RE-DONE SIMULATION 

~ 

In Section 2.3.3, I reported that Dr. Mueller re-ran the corrected simulation that Mueller et al. 

(2011) had been intended as. This appendix summarizes the re-done simulation and its results, 

which Dr. Mueller described to me by e-mail on October 3, 2018. The text here is paraphrased; 

the graphs are reproduced with permission from Dr. Mueller. 

The initial life history used for the re-done simulation is depicted in Figure A1. Age-

specific survival probability decreases exponentially with age as 𝑝𝑋 = 𝑝0
𝑋, with 𝑝0 = 0.99; the 

survival function is derived from the age-specific survival probabilities as 𝑙𝑋 = 𝑝0𝑝1𝑝2 … 𝑝𝑋−1. 

This corrects the error in the original (Mueller et al., 2011) simulation, which had the survival 

function itself fall exponentially with age, implying constant age-specific survival probability; 

the survival function used is the same given in (Baudisch, 2008, Fig. 2.1). Mueller asserts that 

the age-specific fecundity function described in the legend of (Baudisch, 2008, Fig. 2.1) does 

not correspond to the fecundity function graphed in that figure; however, Mueller was able to 

derive a fecundity function by following the inequality in (Baudisch, 2008, Eqn. 2.8). Mueller’s 

fecundity function differs from Baudisch’s fecundity function in the first three age-classes, and 

in the constant fecundity after age 34, in order to satisfy the Euler-Lotka equation with 50 age 

classes and 𝑟 = 0. 
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Figure A2a shows Hamilton’s force of selection against additive hazards and Baudisch’s 

force of selection against proportional hazards. In the figure, Baudisch’s force of selection was 

multiplied by 30 at all ages so that it would be legible; the graph is intended to compare their 

forces’ age-specific increase or decrease, not their strengths relative to each other. 

The simulation then modeled the increase in frequency over 10,000 time steps, of rare 

mutant alleles proportionally reducing the force of mortality by 1

1.3
, for age-class 2 or for age-

class 10. The rare alleles’ frequencies were calculated based on (Charlesworth, 1980, Eqn. 3.14). 

The initial population’s genotypes had the life history given in Figure A1; the population was 

assumed to be in stable age-distribution, so the 𝑔 functions in Charlesworth’s Eqn. 3.14 could 

Figure A1. (a) The survival function survival function 𝑙𝑋 used for Mueller’s re-done 2018 simulation follows from exponentially-
decreasing age-specific survival probability 𝑝𝑋 = 0.99𝑋; this corrects the error in the (Mueller et al., 2011) simulation, which had 
the survival function itself exponentially-decreasing, implying constant age-specific survival probability. (b) The fecundity function 
used for Mueller’s re-done 2018 simulation was derived to satisfy the inequality in (Baudisch, 2008, Eqn. 2.8). Reproduced with 
permission from Dr. Laurence Mueller (personal communication). 
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be ignored, though Mueller notes this is not strictly accurate since the mutant appears at first 

as a single copy in the first age-class. Figure A2b shows the mutations’ increases in frequency: 

it can be seen that the mutation acting on age-class 10 increased in frequency more rapidly 

than did the mutation acting on age-class 2. This supports the prediction, made by Baudisch’s 

proportional-hazards force of selection, that mutations with the same multiplicative effect on 

mortality can sometimes be selected more strongly at later ages than at earlier ones, if the life 

history satisfies the conditions she describes in (Baudisch, 2008, pp. 22–23). 

Dr. Mueller affirms that “nothing in Hamilton’s work precludes selection acting more 

strongly at later ages than at early ages if the mutation was sufficiently beneficial in late-life” 

Figure A2. (a) For the life-history given in Fig. A1, Hamilton’s force of selection against additive hazards decreases with age (solid 
line), while Baudisch’s force of selection against proportional hazards increases with age over much of the life span (dashed line); 
Baudisch’s indicator is multiplied by 30 at all ages, to make it visible on the graph. (b) For the life history given in Fig. A1, with the 
forces of selection given in Fig. A2a, a mutation proportionally reducing hazard rate by the same factor, 1 1.3⁄ , rises in frequency 
more rapidly over time if it acts on age-class 10 (dashed line) than if it acts on age-class 2 (solid line), as predicted by Baudisch’s 
indicator. Reproduced with permission from Dr. Laurence Mueller (personal communication). 
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(personal communication). He suggests that the largest hurdle to whether or not Baudisch’s 

proportional-hazards force of selection in fact rises with age in any realistic life histories is the 

fecundity function. The fecundity functions in (Baudisch, 2008, Fig. 2.1) and in Fig. A1b are 

ones with exponentially-increasing fecundity. Dr. Mueller argued: “the only conditions under 

which fertility is expected to increase at late ages is in a declining population or if some very 

special ecological conditions are assumed that would permit such fertility evolution”; the 

point about declining populations I read as referring to the conditions where Hamilton’s force 

of selection on fecundity can increase with age (Charlesworth, 1980, p. 225). 

I note that increasing fecundity with age can also evolve, in indeterminately-growing 

organisms, not due to increasing forces of selection with age, but due to proximate biological 

constraints on fecundity in younger, smaller individuals (footnote 29). However, in this thesis 

I also argued that although indeterminate growth can potentially lead to increasing fecundity 

with age, exponentially-increasing fecundity is likely only feasible for genet fecundity in clonal 

species, since indeterminately growing unitary organisms only approach an asymptotic size, 

whereas growth of a genet is equivalent to growth of a population of ramets. I also note again 

that Baudisch’s force of selection against proportional hazards can only increase with age in 

already-senescing species, and therefore still seems compatible with ubiquity of senescence. 


