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Abstract

Terminal relaying offers effective means for realizing machine-type communication (MTC) systems. However, coordinating these relaying terminals (RTs) becomes
a cumbersome task as the number of RTs increases. In the absence of channel state
information, the efficient utilization of RTs requires a mechanism by which RTs can
autonomously assign available resource blocks (RBs) to large numbers of uncoordinated MTC devices with minimal conflicts. Unlike random RB assignments, using
prescribed assignment sequences provides an opportunity for obtaining performance
gains. However, realizing these gains requires optimizing RB assignments over a large
set of sequences. One technique for selecting assignment sequences is based on an
exhaustive search of exponential complexity over sequences generated by multiplicative cyclic groups. This technique restricts the RB assignment sequence length and
does not consider sequences generated using other group operations.
In this thesis, we use group isomorphism to eliminate the constraint on the sequence length and to show that the optimal assignment sequences generated by a
specific cyclic group are globally-optimal over the set of all cyclically-generated sequences. We also develop a greedy algorithm with polynomial complexity for the
sequential selection of assignment sequences in systems with large numbers of RTs.
This algorithm is further simplified by invoking the graphical representation of cyclic
groups to enable its application in massive MTC systems. To further improve performance, we extend the RB assignment sequences set by considering multi-generator
sequences. In particular, the Chinese remainder theorem (CRT) is used to combine cyclically-generated sequences into longer ones. This combining process introduces additional degrees of freedom in sequence generation, thereby enriching the
set of assignment sequences. We then use group isomorphism to show that the set
of pseudonoise maximal length sequences (M-sequences) constitutes a subset of the
cyclically-generated sequences set and that their performance is upper bounded by
ii

that of cyclically-generated and CRT-based sequences. This isomorphism is also
used to extend the ease of generation property of M-sequences to their corresponding cyclically-generated supersets. Finally, we compare the correlation properties of
CRT-based, Zadoff-Chu (ZC), and M-sequences and discuss the applicability of the
CRT-based sequences for synchronization signalling in practical systems with large
carrier frequency offsets.
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Chapter 1

Introduction

In this chapter, we begin by introducing the motivation behind the proposed
work. We then provide a list of the thesis contributions. This is then followed by
the list of publications from this thesis. Finally, we conclude this chapter with a
summary of the thesis.

1.1

Motivation
Machine-type communications (MTCs) are prospected to be the engine that will

underlie a wide range of Internet-of-Things-based (IoT-based) applications, including smart grids and intelligent transportation systems [1–3]. Such applications will
involve communication between large numbers of low-power geographically dispersed
MTC devices [4, 5]. Communication between these devices can be facilitated by exploiting the currently available cellular infrastructure [6, 7]. However, this structure
has two major drawbacks: first, the transmission power of the MTC devices may not
be sufficient to communicate directly with the base station (BS); and second, the
prospective large number of MTC devices communicating simultaneously with the
BS may result in heavy interference [8, 9]. One potential candidate for solving this
problem is a system architecture that exploits wireless user terminals to opportunistically act as relaying terminals (RTs) to assist the communications between their
1

neighboring MTC devices and the BSs. In other words, such wireless terminals are
not dedicated for relaying. This approach is desirable because the number of wireless
terminals tends to naturally increase with the number of MTC devices and thus these
terminals can play a key role in providing connectivity to neighboring MTC devices
with no additional cost to the system.
Using terminal relaying, the MTC devices in each cell are grouped into clusters,
where each cluster is served with an RT that acts as the cluster head [10–15]. Each of
these RTs aggregates data from the MTC devices within its cluster and subsequently
relays the aggregated data to the BS as depicted in Figure 1.1.

Figure 1.1: A terminal relay assisting communication between a machine-type communication device and a base station.

This relaying-based approach has been proposed by the 3rd Generation Partner2

ship Project (3GPP) for the Long Term Evolution (LTE) system. In particular, this
approach was first initiated in 3GPP for Release 12 of LTE under proximity-based
services [16]. However, in this release it was only limited to providing coverage extensions to terminals with unfavorable channel conditions [17]; e.g., cell edge users.
This approach was further extended in Release 14 to provide support for vehicle
to infrastructure applications [18]. In these applications one vehicle will act as a
cluster head and accordingly relay the signals of its neighboring vehicles to the BS.
Another 3GPP work stream; i.e., the 3GPP 5th Generation New Radio (5G NR),
envisions that wireless terminals can act as relays and accordingly collect data from
their neighboring MTC devices over an operator-controlled side-link in the licensed
cellular spectrum [19–21]. Since each MTC device communicates only with its neighboring RT, terminal relaying offers the following favorable features:
• The MTC devices can utilize low power communications and low complexity
transmitters, thereby reducing their cost and power requirements.
• The data collected by the wireless terminals can be locally processed thus reducing the required resources on the expensive long range link; i.e., the link
between the wireless terminal and the BS.
• The massive number of MTC devices attempting simultaneous communication
with the BS can be significantly reduced, thereby reducing the interference at
the BS and the probability of collision on the random access channel.
Despite its potential advantages, the efficient implementation of terminal relaying
in an MTC framework requires a mechanism by which the RTs can allocate the
available (time-frequency) resource blocks (RBs) to their assisted devices.
3

In the presence of global instantaneous channel state information (CSI), the RBs
can be centrally allocated by the BS to both the BS-RT and the RT-MTC links;
e.g., [22–26]. Despite the advantages of centralized RB allocation, the prospected
large number of RTs and their incidental operation suggest that the signalling overhead for centrally coordinating their RB assignments may not be practically feasible.
In particular, the network topology of an RT-assisted system is considered to be
highly dynamic due to the mobility and the large numbers of RTs and MTC devices. Hence, the signalling required for coordination between neighboring RTs can
significantly infringe on the available resources. This is because coordinating RB
assignments between neighboring RTs requires two types of signalling: 1) frequent
discovery and handshaking to obtain an updated list of neighboring RTs; and 2) RB
reservation messages to coordinate RB assignments [27]. To address this drawback,
semi-distributed RB assignment schemes were discussed in [28,29]. In these schemes,
the role of the BS is limited to propagating the estimated interference (price) of each
link and the devices independently compete for the available resources using game
theoretic approaches. Alternatively, when only local instantaneous CSI is available,
the RBs can be independently allocated by the RTs to their MTC devices in a distributed manner; e.g., [30–32].
The availability of CSI also enables the implementation of another class of medium
access schemes, which does not require explicit RB allocations. One example of such
schemes is the coded random one, i.e., the irregular repetition slotted ALOHA (IRSA)
scheme, wherein MTC devices would choose their RBs randomly and the RTs use
the available CSI to cancel the effect of interference [33, 34]. The underlying concept of this scheme is that each device transmits a random number of replicas of
each of its packets over multiple randomly selected RBs with each packet containing
4

a pointer to the RBs over which its replicas are transmitted. Using these pointers,
along with the CSI, an RT can resolve packet collisions by applying a successive interference cancellation (SIC)-based decoding scheme. This work was further extended
in [35–37] by optimizing the distribution according to which the devices select the
number of replicas as well as the RBs over which the replicas are transmitted. The
performance of these schemes is generally good. However, acquiring the CSI necessary for their operation in practice incurs a significant overhead and can seriously
infringe on the resources available for communication. In addition, performing the
SIC process increases the complexity of the receiver and the packet decoding delay.
These drawbacks were partially mitigated in another class of medium access schemes
by relaxing the requirement of the instantaneous CSI. In particular, this class uses
a statistical model of channel uncertainties to perform the RB assignments based
on imperfect CSI; e.g., [38–40]. This deviation from using the instantaneous CSI
is mainly motivated by the fact that obtaining statistical CSI requires much less
communication overhead compared to its instantaneous counterpart [41]. To further
extend the work, MTC devices with different quality of service requirements were
considered in [42, 43]. Although this statistical CSI approach reduces the signalling
overhead in fixed relaying systems, the prospected high mobility of both the RTs
and the MTC devices might result in substantial changes in the actual RT-MTC
channels, thereby resulting in highly suboptimal RB assignments. Hence, to extract
the potential gains of terminal relaying in MTC systems, it is desirable to design
a computationally efficient scheme by which the RBs can be allocated blindly, i.e.,
without CSI, and autonomously, i.e., without centralized coordination.
In the absence of CSI, autonomous RB allocation schemes that use random RB
assignments are available, e.g., [44]. Other examples of random access schemes in5

clude ALOHA and Slotted-ALOHA in which wireless devices transmit their data
over randomly selected RBs [45–47]. These schemes dispense with the overhead necessary for centralized coordination and CSI acquisition and thus are implemented in
many practical communication systems [48] such as Sigfox [49, 50] and LoRa [51].
Similar to the ALOHA-based scheme, another category of medium access schemes
dispenses with the CSI requirement, but relies on a sense-before-transmit strategy
when accessing the available RBs. This category of medium access schemes is usually
referred to as carrier sensing multiple access (CSMA) [52–54]. Some practical systems that employ such a medium access strategy include the Dedicated Short Range
Communications (DSRC) system, which is designed for vehicle-to-vehicle communications [55, 56]. A variation of the CSMA scheme, namely truncated CSMA, was
also proposed in [57] to enable distributed RB reservations by MTC devices in a
network with stringent quality of service requirements. In [58], the authors proposed a dynamic RB assignment scheme for wireless sensor networks that relies on
a CSMA-based approach and a tool from game theory, i.e., regret matching, for RB
assignments. Similarly, the work in [59] introduced a dynamic resource allocation
scheme for cluster-based Mobile Ad-Hoc Networks (MANETS). In this scheme, devices randomly contend for resources and rely on a sensing-based approach to avoid
collisions with their neighbors. This approach was also used by the authors of [60] to
develop a distributed RB assignment strategy for wireless sensor networks (WSNs),
whereby devices select their resources randomly from a predefined pool that is continuously updated based on the observed collisions with their neighbors. Despite the
simplicity of these schemes, the lack of structure in their RB assignment strategy
results in, otherwise avoidable, RB allocation conflicts. This drawback of the random schemes is alleviated by the one proposed in [61], wherein the RB assignment
6

sequences are endowed with a multiplicative cyclic group structure. In this work, the
proposed structure was used to obtain cyclically-generated RB assignment sequences
and an exhaustive search was performed to select the sequences that minimize the
number of RB allocation conflicts between the RTs. Despite its advantages, when the
number of RTs increases, the computational cost of exhaustive search over cyclicallygenerated sequences becomes practically infeasible. As such, the exhaustive search
cannot be used for admission control in massive MTC systems with large numbers of
RTs and RBs.
In this thesis, we consider a distributed relay-assisted cellular system that supports MTC. In this system, CSI is assumed to be neither available at the RTs nor
at the BS. Each RT locally assigns RBs to its incoming MTC devices according to a
prescribed RB assignment sequence; i.e., without centralized coordination by the BS.
These sequences are generated at the RTs by using the properties of cyclic groups with
a particular group operation. However, some group operations impose constraints on
the number of RBs that would prevent the direct application of cyclic-structured RB
assignments in IoT applications; e.g., the multiplicative group operation constrains
the number of system RBs to be a prime number minus one. To alleviate this constraint, we use a property of cyclic groups, namely, group isomorphism, to show that
the performance of the cyclically-generated assignment sequences is independent of
the group operation, thereby waiving the constraint on the number of system RBs
in [61]. A direct consequence of this observation is that the optimal assignment
sequences obtained by searching over the set of sequences generated by a specific
cyclic group are globally optimal over the set of all cyclically-generated sequences of
the same number of elements. We also provide a computationally efficient technique
that, in contrast with the scheme in [61], enables the design of RB assignment se7

quences for networks with large numbers of RTs and RBs. In particular, we develop
a greedy algorithm, whereby the RB assignment sequences are cyclically-generated
in an efficient manner that relies on the structure of cyclic groups and the sequential
assessment of the number of assignment conflicts between the sequences. Since the
assignment sequences generated by the proposed algorithm are obtained from distinct
group generators and cyclic shifts, the quest for designing sequences is reduced to the
quest for finding group generators and cyclic shifts that result in minimal assignment
conflicts. In each iteration of the proposed algorithm, a pair of group generators
is chosen such that the number of assignment conflicts between the sequences that
they generate and the ones generated by the previously selected group generators is
minimized. The selected group generators are then ranked in a look-up table in an
ascending order of their observed number of assignment conflicts. To further simplify the design, we invoke a graphical representation of cyclic groups to gain insight
into their structure, and to subsequently develop a graphical greedy algorithm for
selecting the group generators and cyclic shifts.
Unlike exhaustive search, the proposed greedy algorithms yield RB assignment
sequences with a significantly less computational cost. In particular, the complexity of
the proposed greedy algorithms is polynomial, whereas that of the exhaustive search
proposed in [61] is exponential. As such, the greedy algorithms enable the application
of cyclic-structured RB assignments in MTC systems, which are expected to comprise
tens of thousands of RBs and potentially hundreds of RTs. Cyclic RB assignment
sequences for systems with that many RTs and RBs are computationally prohibitive
when designed by the exhaustive search technique of [61]. Furthermore, the proposed
greedy algorithms do not require active RTs to update their RB assignment sequences
when new RTs access the system. In particular, for a network with a given number of
8

RBs, the look-up tables provided by the algorithms contains all the generators of the
corresponding cyclic group. When a new RT enters the system at any given instant,
it uses the first unutilized group generator for obtaining its RB assignment sequence.
This is in contrast with the exhaustive search of [61], which necessitates that all
active RTs update their assignment sequences when new RTs enter the system.
Despite the advantages of the cyclically-generated sequences and the simplicity
of their generation, restricting the RTs’ RB assignment strategy to such sequences
might limit their performance. To overcome this limitation, one possibility is to consider sequences that can be generated by multiple group generators. In particular,
these multi-generator sequences can be obtained by combining multiple cyclic sequences using a technique such as the Chinese remainder theorem (CRT). Using this
technique, each RT can obtain its RB assignment sequence by combining the cyclic
sequences generated by multiple group generators belonging to two or more cyclic
group structures. In particular, each RT utilizes the CRT to solve a set of linear
congruences to obtain each element of its RB assignment sequence. The number of
these congruences solely depends on the number of group generators assigned to the
RT. Unlike its single group generator counterpart, the proposed CRT-based approach
offers an enriched set of structured and easily generated sequences that can be used
for RB assignments. Subsequently, this creates an opportunity to further enhance
the performance of the autonomous RB assignment scheme employed by the RTs.
Pseudonoise (PN)-based sequences such as the maximal length sequences (Msequences) play a key role in the realization of a wide spectrum of applications.
Examples of such applications include frequency hopping spread spectrum [62] and
synchronization signalling in practical systems such as the LTE [63] and the 3GPP
5G NR [64]. Given their wide adoption and the simplicity of their generation, one
9

might be tempted to use the PN-based M-sequences for autonomous RB assignments
in relay-assisted MTC systems. Hence, in this work, we focus attention on the performance of M-sequences, when used for autonomous RB assignments. In particular,
we use the concept of group isomorphism to show that the set of M-sequences constitutes a subset of that of the sequences cyclically-generated by the additive cyclic
group structure; i.e., each M-sequence can be obtained from a group generator of the
additive cyclic group. Using this isomorphism, we conclude that the performance
of M-sequences, when used for autonomous RB assignments in relay-assisted MTC
systems, will be upper bounded by that of the cyclic and the CRT-based sequences.
We then use numerical examples to evaluate the performance gap between the set
of M-sequences and their cyclic and CRT-based supersets. In addition, we use Msequences isomorphism to reduce the computational complexity of generating the
cyclic sequences by RTs. In particular, we use this isomorphism and the properties
of cyclic groups to develop a technique that extends the simplified generation property of M-sequences to their corresponding cyclically-generated supersets. We then
compare the autocorrelation and cross-correlation properties of CRT-based sequences
with those of Zadoff-Chu (ZC) and M-sequences. Finally, we conclude this thesis with
a comparison between the ambiguity function of CRT-based, ZC, and M-sequences
and a discussion on the applicability of CRT-based sequences for synchronization
signalling in practical systems with large carrier frequency offsets.

1.2

Thesis contributions

• In Chapter 4, we invoke group isomorphism to show that exhaustive search over
sequences cyclically-generated by a given group operation suffices to guarantee
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optimality over all cyclically-generated sequences. This results in: 1) exposing
the independence between the performance of the cyclic-structured RB assignment sequences and the group operation underlying their generation, thereby
reducing the computational complexity of the sequences selection process; and
2) eliminating the constraint imposed by the multiplicative cyclic group structure on the number of RBs to be a prime minus one.
• In Chapter 5, we develop a flexible greedy algorithm that offers a tradeoff
between the performance of the cyclically-generated sequences and the computational complexity of their selection process. We then invoke the graphical
representation of cyclic groups to develop an efficient greedy algorithm that
enables the application of cyclic-structured RB assignments in MTC systems
with hundreds of RTs and thousands of RBs. Unlike the exhaustive search technique of [61], the proposed greedy algorithms reduce the signalling overhead in
the network by allowing active RTs to maintain their RB assignment sequences
when new RTs enter the system.
• In Chapter 6, we use the CRT to combine the cyclic sequences generated by the
simple cyclic group structure into longer ones. The combining process offers
additional degrees of freedom for sequence generation by allowing the RTs to
combine multiple cyclic sequences, thereby yielding a rich set of sequences for
RB assignments. In addition, we introduce a greedy-based algorithm to simplify
the CRT-based sequences selection process, thereby enabling the application of
these sequences in MTC systems with large numbers of RTs and RBs.
• In Chapter 7, we use group isomorphism to show that the set of PN-based
11

M-sequences constitutes a subset of that of the sequences cyclically-generated
by the additive cyclic group structure. Subsequently, we conclude that the performance of M-sequences, when used for autonomous RB assignments, will be
upper bounded by that of the cyclic and the CRT-based sequences. In addition, we develop a technique that uses the properties of cyclic groups and the
isomorphism of M-sequences to extend the simple shift register-based generation property of M-sequences to their corresponding cyclically-generated supersets. Finally, we compare the correlation properties of CRT-based, ZC,
and M-sequences and discuss the applicability of the CRT-based sequences for
synchronization signalling in practical systems that suffer from high carrier
frequency offsets.
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1.5

Thesis summary
We begin by introducing the preliminaries pertaining to the proposed work in

Chapter 2. This is then followed by the underlying system model in Chapter 3.
We then introduce the concept of group isomorphism in Chapter 4 and use it to
show that the performance of cyclically-generated sequences is independent of the
group operation used for their generation. In Chapter 5, we introduce greedy-based
algorithms for selecting the cyclically-generated sequences for RB assignments. We
then expand the set of available sequences for RB assignment by using the CRT in
Chapter 6 and provide a detailed comparison between the performance of the CRTbased, the cyclic and the PN-based M-sequences in Chapter 7. The thesis ends with
a summary of the contributions and future work in Chapter 8.
1.5.1

Chapter 2

In the proposed work, we develop sequence-based autonomous RB assignment
schemes for MTC systems with self-organizing relaying terminals. The sequences
underlying the proposed schemes are either obtained directly by using the cyclic
group structure, or by combining multiple cyclically-generated sequences. Hence,
in this chapter, we introduce the preliminaries pertaining to the generation of the
cyclically-generated sequences. In addition, we discuss the preliminaries underlying
the proposed CRT-based technique, which is used in Chapter 6 to expand the set of
available sequences for RB assignments.
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1.5.2

Chapter 3

In this chapter, we discuss the system model underlying the proposed work. In
addition, to highlight the advantages of the proposed RB assignment schemes, we
discuss their potential application in relay-assisted MTC systems. In particular, we
show how the sequences yielded by the proposed schemes can be used for autonomous
RB assignments by the RTs with minimal assignment conflicts.

1.5.3

Chapter 4

To obtain a cyclically-generated sequence, an RT repeatedly applies a group operation on its assigned group generator. Hence, to obtain the optimal RB assignment
sequences, one might be tempted to search exhaustively over sequences generated
by all possible group operations. This is because, restricting exhaustive search to a
specific group operation would guarantee optimality over its particular cyclic group.
To reduce the complexity of this exhaustive search, in this chapter, we use a technique from number theory, namely group isomorphism, to show that all cyclic group
structures are isomorphic to the additive cyclic group structure. In other words, performing an exhaustive search over the sequences obtained by the additive cyclic group
structure is sufficient to guarantee optimality over all cyclically-generated sequences
irrespective of their underlying group operation.

1.5.4

Chapter 5

Following up in Chapter 4, it will be shown that performing an exhaustive search
over the sequences cyclically-generated by the additive cyclic group structure yields
the optimal cyclically-generated sequences. However, this exhaustive search becomes
computationally prohibitive for practical relay-assisted MTC systems with large num15

bers of RTs and RBs. To address this problem, in this chapter, we develop an efficient
greedy algorithm that enables sequential selection of the RB assignment sequences,
thereby reducing the complexity of the sequences selection process. This algorithm
is further simplified by invoking the graphical representation of cyclic groups. Unlike the exhaustive search technique, the greedy algorithms proposed in this chapter
are computationally efficient and thus applicable in MTC systems with medium and
large numbers of RBs and RTs.

1.5.5

Chapter 6

Despite the favorable features of cyclically-generated sequences, restricting the
proposed RB assignment scheme to the set of sequences that can be obtained by a
single generator can result in limiting its performance. To address this concern, in
this chapter, we utilize a technique from number theory, namely the CRT, to obtain
additional degrees of freedom for sequence generation. In particular, we use the CRT
to combine two or more cyclically-generated sequences, thereby yielding an enriched
set of sequences for RB assignments. We then show that the set of sequences obtained by the CRT can be considered as a superset of the set of cyclically-generated
sequences. Hence, when used for autonomous RB assignments, the performance of the
sequences obtained by the CRT constitutes an upper bound to that of the cyclicallygenerated sequences. Finally, we develop a simplified greedy-based algorithm that
enables the efficient selection of CRT-based sequences for RB assignments. In particular, the computational complexity of this algorithm is significantly lower than
exhaustive search, thereby enabling the application of the CRT-based sequences in
MTC systems with large numbers of RTs and MTC devices.
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1.5.6

Chapter 7

In this chapter, we investigate the relationship between the cyclically-generated
sequences and PN-based M-sequences. In particular, we use the concept of group
isomorphism to show that the set of M-sequences constitutes a subset of the set of
sequences cyclically-generated by the additive cyclic group structure. Using this isomorphism, we conclude that the performance of M-sequences is upper bounded by
that of the cyclic and the CRT-based sequences, when used for autonomous RB assignments in relay-assisted MTC systems and use numerical examples to evaluate the
performance gap. In addition, we use this isomorphism along with the properties of
cyclic groups to develop a technique that extends the ease of generation property of
M-sequences to the cyclically-generated sequences of length, N = 2m − 1, m ≥ 1. We
also investigate the autocorrelation and cross-correlation properties of CRT-based sequences and compare them to those of ZC and M-sequences. Finally, we compare the
ambiguity functions of CRT-based, ZC, and M-sequences and accordingly discuss the
applicability of the CRT-based sequences for synchronization signalling in practical
systems that suffer from high carrier frequency offsets.

1.5.7

Chapter 8

In this chapter, we conclude the thesis with a brief summary and a list of the
thesis contributions. We also provide directions for future research.
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Chapter 2

Number Theory Preliminaries

In this thesis, we use several number theoretic techniques for the generation
and selection of easily generated sequences for autonomous RB assignments in relayassisted MTC systems. In this chapter, we will focus attention on reviewing the
preliminaries pertaining to these techniques. In particular, we will begin by reviewing
the cyclically-generated sequences and their properties. This will then be followed by
a brief introduction of the CRT. Finally, we will conclude this chapter by introducing
a systematic approach for solving the set of linear congruences that is formed by the
CRT.

2.1

Cyclic groups
We now review the preliminaries pertaining to the generation of cyclic RB as-

signment sequences. We begin by recalling the following definitions.
Definition 1 (Groups [65]). A group G is a set on which a group operation (denoted
by juxtaposition) is defined such that: the operation underlying G is associative; for
all (x, y) ∈ G × G, xy ∈ G; and for each element x ∈ G , the inverse x−1 lies in
G, where xx−1 = e and e is the group identity. The order of G is the number of its


elements.
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Cyclic sequences are generated from a specific subset of groups; i.e., the cyclic
groups which are defined next.
Definition 2 (Cyclic Groups [65]). A group G is cyclic if all its elements can be
generated by repeated application of the group operation on at least one element in
G. Such an element is called a group generator.



For a cyclic group with N elements, the number of group generators is given by
the Euler Totient function φ(N).
Definition 3 (Euler Totient Function [66]). Given a positive integer N, the Euler
Totient function, φ(N), is the cardinality of the set of integers that are coprime with
N; that is, φ(N) is the cardinality of the set {q < N| gcd(q, N) = 1}, where gcd(q, N)
is the greatest common divisor of q and N.



From Definition 3, it follows that for any N, the value of φ(N) can be easily
calculated by counting the integers less than N that are coprime with N. Although
the Euler Totient function, φ(N), is not monotonically increasing, it is known that its
value is large for large values of N, e.g., φ(100) = 40, φ(310) = 120, and φ(498) = 164.
For illustration, a plot of φ(N) is given in Figure 2.1 for N ≤ 500.
From Definition 2, it can be concluded that each of the generators of a group G
with order N yields a unique sequence with N entries. This sequence can be cyclically
obtained by repeatedly applying the group operation on the generator according to
a predefined structure.
Cyclic groups can be categorized based on their underlying group operation.
Without loss of generality, in this work, we will focus attention on additive and
multiplicative cyclic groups.
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Figure 2.1: The Euler Totient function for the first 500 integers.

2.1.1

Additive cyclic groups (ACGs)

An additive cyclic group is a cyclic group with a modulo-N addition as the
group operation. In this case, based on the group definition stated above, for every
x, y ∈ G, x + y (mod N) ∈ G. For example, the set {0, . . . , N − 1} forms an
additive cyclic group under modulo-N addition. The number of group generators is
given by φ(N) and for each group generator g the ordered set (gk1 (mod N), . . . , gkN
(mod N)) = (0, . . . , N − 1), for some integers ki ∈ {1, . . . , N}, i = 1, . . . , N. In other
words, for an additive cyclic group structure of order N, the set of cyclically-generated
sequences is obtained by


kgi

(mod N)

N
,
k=1

(2.1)

where gi is the i-th group generator of the cyclic group and i ∈ {1, . . . , φ(N)}. For
example, for the ACG of order, N = 6, there exists φ(6) = 2 group generators;
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i.e., g1 = 1 and g2 = 5. The sequences generated by these group generators are
(1, 2, 3, 4, 5, 0) and (5, 4, 3, 2, 1, 0), respectively.

2.1.2

Multiplicative cyclic groups (MCGs)

A multiplicative cyclic group is a cyclic group in which the group operation is
modulo-N multiplication. That is, for every x, y ∈ G, xy (mod N) ∈ G. A classic
result in number theory asserts that the set {1, . . . , N − 1} forms a multiplicative
cyclic group under modulo-N multiplication if and only if N is a prime number [67].
Let N be a prime number. A primitive root modulo N is defined to be an integer
g ∈ {1, . . . , N − 1} such that the ordered set (g k1 (mod N), . . . , g kN−1 (mod N)) =
(1, . . . , N −1), for some integers ki ∈ {1, . . . , N −1}, i = 1, . . . , N −1. The number of
primitive roots is given by φ(N −1) and each primitive root by definition generates the
set of integers {1, . . . , N − 1}. Hence, it can be concluded that the group generators
of the group G = {1, . . . , N −1} are the primitive roots modulo N. Subsequently, the
set of cyclically-generated sequences of a multiplicative cyclic group of order N − 1
is obtained by
 k
gi

(mod N)

N −1
k=1

(2.2)

where N is prime, gi is the i-th primitive root modulo N, and i ∈ {1, . . . , φ(N − 1)}.
There is no specific formula for computing the primitive roots modulo a prime
number N. However they can be found by efficient techniques. For example, in
the case of relatively small primes, primitive roots can be obtained by searching for

N −1
g ∈ {1, . . . , N − 1} such that the sequence g k (mod N) k=1 spans all integers from

1 to N − 1. The primitive roots are also tabulated for the first few thousand prime
numbers. For example, for the MCG of order N = 7, there exists φ(6) = 2 primitive
roots (group generators); i.e., g1 = 3 and g2 = 5. The sequences generated by these
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group generators are (3, 2, 6, 4, 5, 1) and (5, 4, 6, 2, 3, 1), respectively.

2.1.3

Effect of cyclic shifts on cyclically-generated sequences

In this section, we begin by introducing the following Lemma:
Lemma 1 (Effect of cyclic shifts [61]). Let G be a cyclic group and let g1 and g2 be
two distinct generators of G. Then, there is no cyclic shift for which the sequence
generated by g1 coincides with the sequence generated by g2 .



This Lemma implies that cyclic shifts enrich the design of cyclically-generated sequences by an additional degree of freedom. Hence, it follows that for the multiplicative and the additive cyclic groups, enriched sets of cyclically-generated sequences
can be obtained by


(k+sj )

gi


gi (k + sj )

(mod N + 1)
(mod N)

N
,
k=1

N
,
k=1

and

(2.3)

respectively,

(2.4)

where sj is the j-th cyclic shift, j ∈ {1, . . . , N}, i ∈ {1, . . . , φ(N)}, and N + 1 is
prime for the MCG structure.

2.1.4

The arithmetic inverse

In modular arithmetic, the modular multiplicative inverse of an integer x modulo
N is represented by x−1 and defined as follows:
xx−1 ≡ 1

(mod N).

(2.5)

This inverse, x−1 , exists if and only if x and N are coprime. For instance, if we
consider the values of x and N to be 3 and 17, respectively, then the arithmetic
inverse of x, x−1 = 6, since 3 × 6 ≡ 1 (mod 17).
22

For a multiplicative cyclic group of N elements, there exists a unique inverse for
each group generator g and its value is given by:

g −1 = g N −2

(mod N).

(2.6)

This can be easily proven from the properties of multiplicative cyclic groups.
In particular, Fermat’s little theorem states that for any group generator g of the
multiplicative cyclic group of order N, g N −1 ≡ 1 (mod N) [68]. Now, let g z be
the modular arithmetic inverse of the group generator g, then it follows that gg z ≡
g N −1 ≡ 1 (mod N), thereby yielding z = N − 2.

2.2

The Chinese remainder theorem (CRT)
To further enrich the set of easily generated sequences for RB assignments, one

might consider a technique that yields multi-generator sequences. One example is
the CRT, which can be used to combine the cyclic sequences obtained by the group
generators of two or more cyclic groups. In particular, the CRT can be used to
solve a set of congruences for the sequence elements of cyclically-generated sequences
belonging to different cyclic groups, thereby yielding sequences of longer lengths.
Hence, in this section, we begin by introducing the CRT.
Theorem 1 (CRT [69]). Let {N1 ,. . . ,Nm } be a set of pairwise coprime numbers.
There exists an integer n that satisfies the system of congruences
n ≡ a1

n ≡ am

(mod N1 ),
..
.
(mod Nm ),
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(2.7)

where ai ∈ Z, i = 1, . . . , m and n is unique modulo

Qm

i=1 Ni .



In the following lemma, we will show that the solution obtained by the CRT for
the congruences system is also unique for each ordered set of (ai , . . . , am ).
Lemma 2. Let n be a solution for a set of congruences {n ≡ a1 (mod N1 ), . . . , n ≡
am (mod Nm )}. This solution is unique for all 0 ≤ ai < Ni , i = 1, . . . , m.



To prove Lemma 2, we will use a contradiction as follows:
Proof. Let n be a solution for the two unique sets of congruences given by {n ≡ a1
(mod N1 ), . . . , n ≡ am (mod Nm )} and {n ≡ b1 (mod N1 ), . . . , n ≡ bm (mod Nm )},
respectively, where 0 ≤ ai < Ni and 0 ≤ bi < Ni . This yields that n ≡ ai (mod Ni ) ≡
bi (mod Ni ) and hence ai = bi , i = 1, . . . , m.
In the following section, we will describe a technique that can be used for obtaining a solution for the set of linear congruences described in (2.7).
2.2.1

A systematic approach for solving a set of linear congruences

We will begin by briefly describing a simple technique for solving a linear congruence and then we will show how this technique can be extended to solve the set
of linear congruences described in (2.7).
Consider a linear congruence ax ≡ 1 (mod N), where a and N are relatively
prime constants and x is the congruence solution. Equivalently, this congruence can
be solved by finding a constant c and the value of x such that
1 = xa + Nc.

(2.8)

The values of x and c can be obtained by using a systematic approach in number
theory referred to as the Euclidean algorithm. In particular, consider the two integers
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ℓ1 and ℓ2 with a given greatest common divisor gcd(ℓ1 , ℓ2 ). The Euclidean algorithm
can be used to find the integers c1 and c2 such that gcd(ℓ1 , ℓ2 ) = ℓ1 c1 + ℓ2 c2 . This is
done by performing the repeated divisions in the procedure described in [70]. Since
gcd(a, N) = 1, applying the Euclidean algorithm on (2.8) yields x and c. This
algorithm solves one linear congruence, but cannot be used to solve a set of linear
congruences; e.g., the one in (2.7). However, using the pairwise coprime property,
the CRT furnishes a systematic approach for solving (2.7) by repeated applications
of the Euclidean algorithm. To illustrate, consider the m congruences in (2.7) and
Q
let Mk = ( m
j=1 Nj )/Nk , k = 1, . . . , m. From the definition of Mk , it follows that
Mk ≡ 0

(mod Nj ) if j 6= k.

(2.9)

Let xk be the solution for the following linear congruence:
Mk xk ≡ 1 (mod Nk ), k = 1, . . . , m.

(2.10)

Since {N1 , . . . , Nm } is a set of coprime numbers, it follows that Mk and Nk , k =
1, . . . , m, are coprime and thus the value of xk can be obtained using the Euclidean
algorithm, cf. (2.8). Multiplying both sides of (2.10) by ak yields that xk is a solution
for
Mk xk ak ≡ ak

(mod Nk ).

(2.11)

Subsequently, using (2.9) and (2.11), the solution n, for the set of congruences described in (2.7) can be obtained from the values of xk , k = 1, . . . , m as follows:
n = a1 M1 x1 + a2 M2 x2 + · · · + am Mm xm
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(mod (N1 N2 · · · Nm ))

(2.12)

Chapter 3

System Model

In this chapter, we provide a detailed discussion on the system model underlying
the proposed work. In particular, we begin by discussing the envisioned relay-assisted
MTC system architecture. We then focus attention on the distributed RB assignment
problem in the absence of coordination and CSI information. In particular, we provide a brief introduction on the possible utilization of cyclically-generated sequences
for RB assignments at each RT. Finally, we conclude this chapter by briefly introducing how the Chinese remainder theorem can be used to enrich the set of available
sequences for RB assignments.

3.1

System model
We consider an autonomous uncoordinated relay-assisted orthogonal frequency

division multiple access (OFDMA)-based frequency division duplexing (FDD) MTC
system. In this system, wireless user terminals switch to the relaying mode and assist the communication between the BS and the MTC devices within their vicinity.
In particular, each of these terminals aggregates data from its neighboring MTC
devices and subsequently relays the aggregated data to the BS as depicted in Figure 3.1. MTC devices are not required to use the assistance of the same RT for both
uplink (UL) and downlink (DL). In particular, in the considered FDD system, UL
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and DL transmissions are performed on separate bands and thus the resources available for UL transmissions will be separate from those available for DL transmissions.
Hence, an MTC device can have a decoupled DL/UL association with two RTs, each
of which assisting the communication in one direction, thereby enabling MTC devices
to realize the gains of decoupled DL/UL associations [71]. In this work, we assume
that there exists a dedicated spectrum for communications between RTs and MTC
devices. This spectrum is independent from that used for communications between
RTs and BSs. This means that RT-BS transmissions do not cause any interference
to the MTC devices thus rendering the proposed work readily extensible to multi-cell
MTC systems. In other words, both single-cell and multi-cell systems will experience
the same performance since BS-RT transmissions do not interfere with those between
RTs and MTC devices.
An RT is selected by an MTC device according to the observed signal-to-noiseplus-interference-ratio (SINR). MTC devices are divided into categories prior to system startup and RTs can allocate one or multiple RBs based on the category of the
incoming MTC device; i.e., each category is associated with a predefined number of
RBs per assignment. For instance, when an MTC device requests an RT’s assistance,
it sends an assignment request that includes its ID. Using this ID, the RT identifies the device category and accordingly assigns the corresponding number of RBs.
However, if an MTC device still requires more RBs, it can send more requests to the
RT for additional RB assignments. RTs relay the data of their neighboring MTC
devices to their respective BSs over a different set of RBs. Hence, an RT can always
aggregate its own data and communicate it along with the relayed MTC data to the
BS. RTs communicate the RB allocations to individual MTC devices over a dedicated control channel. This channel can also be used by an RT to notify its assisted
27

Figure 3.1: A cellular machine-type communication system assisted by relaying terminals.

MTC devices that it is no longer available for relaying. Once notified of the RT’s
updated status, the MTC devices will select one of the remaining RTs depending on
the observed SINR. The selected RT will then assign its available RBs to fulfil the
data rate requirements of these MTC devices.
To avoid the excessive signalling required to coordinate the RB assignments of
neighboring RTs, each RT is assumed to autonomously assign the available resources
to its assisted devices. This assumption also helps in reducing the signalling overhead
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over the links between the BS and the RTs since the RB assignments are performed
in a distributed fashion; i.e., without centralized coordination by the BS. However, in
the absence of coordination, the potential interference between neighboring RTs can
have a significant impact on the performance, thereby yielding an interference limited
system. To maintain autonomy, two methodologies can be considered for RB assignment. The first methodology uses unstructured random RB allocations [44], whereas
the second one performs the RB assignments based on prescribed sequences [61].
In both methodologies, the absence of coordination between the RTs might result
in instances at which one RB is assigned to multiple MTC devices simultaneously.
Occurrences of such an instance, referred to as a ‘hit’, are likely to result in high interference levels, thereby significantly deteriorating the quality of the signals observed
by the MTC devices. In particular, hit occurrences between neighboring RTs result
in reducing their observed SINRs, which subsequently impede the average spectral
efficiency and the system aggregate data rate; cf. Examples 7 and 15. In addition, these hit occurrences also increase the transmission delay and result in wasting
the scarce power of MTC devices since a payload retransmission is required after
each hit occurrence; cf. Examples 8 and 16. Hence, to improve the quality of the
RT-MTC links, it is desirable for the RTs to reduce the number of hit occurrences.
Unfortunately, achieving this goal is not guaranteed if the RBs were to be assigned
randomly. This is because random RB assignments do not possess a known structure
that would enable the RTs to control the number of hit occurrences. In contrast,
RB assignments that are based on prescribed sequences provide an opportunity for
optimizing the number of hits, thereby reducing the interference levels observed by
the MTC devices. Hence, in the following sections, we will focus attention on the
latter approach.
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3.2

Cyclic-structured RB assignment sequences
In the absence of coordination, a relay-assisted MTC system can rely on a struc-

tured RB assignment scheme to reduce the interference between neighboring RTs. In
such a scheme, each RT performs the RB assignments to its assisted MTC devices
according to a prescribed assignment sequence with entries corresponding to available RBs. Each of these RB assignment sequences spans all the available RBs in the
system and thus each RT has access to all the RBs in the system. This is unlike
other RB assignment schemes, e.g., fractional frequency reuse schemes [72–74], that
restrict each RT to a specific subset of the available resources. Despite the advantages
of this sequence-based RB assignment approach, optimizing the RB assignments over
all possible sequences constitutes a formidable task that, for a network with N RBs

!
combinations of sequences.
and M RTs, requires exhaustive search over N
M

When the number of RTs is small, e.g., M = 4 RTs, a practical approach is to

restrict the exhaustive search to cyclically-generated sequences [61], that is, sequences
generated from a single element in the sequence. This is because such sequences
posses the following favorable features:
1. Can be easily generated locally by the RTs by repeated applications of a simple
group operation, e.g. addition, on a single seed.
2. In contrast with random sequences, the cyclic structure of these sequences can
be utilized to further reduce the number of assignment conflicts between neighboring RTs; e.g., by using the hit identification and avoidance algorithm as
discussed in Section 5.3.
Instances of cyclically-generated sequences are the PN-based M-sequences, which
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are commonly used in Frequency Hopping (FH) systems [75–77]. However, the design
of these sequences is based on communication applications that differ significantly
from the RB assignment one considered herein. For instance, the design of sequences
that are ‘good’ for FH systems is based on minimizing the number of collisions for
an application in which each wireless device occupies a particular frequency slot
during one dwell interval, and relinquishes it after that. Being generated to meet
other design criteria, these sequences do not necessarily perform well when used for
assigning RBs in the relay-assisted MTC system considered herein; cf. the discussion
on the performance of PN-based RB assignment sequences in Chapter 7. To see
this, we note that in MTC systems no spreading is needed. This is in contrast with
applications for which PN-based sequences are preferable.
When designing cyclically-generated RB assignment sequences for a network with
N RBs, it suffices to consider the order-N cyclic group that generates them. In particular, given a distinct group generator, each RT can generate a cyclic sequence
that spans all the RBs available to the network, and the quest for optimal cyclic sequences is distilled to the quest for optimal generators and group operation. In [61],
cyclically-generated sequences were obtained using the MCG structure. These sequences were enriched by considering cyclically shifted versions thereof. In particular, applying a cyclic shift, s, to a sequence, cyclically rotates its entries by s slots,
where s ∈ {0, . . . , N − 1}. In [61], the group generators and cyclic shifts were chosen by exhaustive search to ensure a minimal number of hit occurrences. Despite
its advantages in minimizing hit occurrences, performing an exhaustive search over
all cyclically-generated sequences by the MCG structure incurs a computational cost
that prohibits its utilization in systems with practical numbers of RTs; e.g., exhaustive search cannot be implemented in systems with more than 4 RTs. Moreover,
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restricting RB assignments in [61] to sequences generated by the MCG structure
imposes a constraint on the number of RBs and guarantees the optimality of the
selected sequences only with respect to the MCG structure. These drawbacks will be
alleviated by the techniques proposed in Chapters 4 and 5.

3.3

CRT-based RB assignment sequences
To further reduce the number of hits in the absence of coordination, it is desirable

to expand the set of sequences for RB assignment while maintaining a structure that
facilitates their generation. To meet this objective, one might consider number theoretic techniques to combine the readily available cyclically-generated sequences by
the cyclic group structure. This combining process yields an enlarged set of sequences
that can potentially reduce the number of hits when used for RB assignments by the
RTs. One example on the combining techniques is the CRT, which combines the
cyclically-generated sequences by solving a set of linear congruences. In particular,
to obtain its sequence, each RT combines the sequences generated by multiple group
generators belonging to two or more cyclic group structures. In this case, for each
sequence element, a set of simultaneous linear congruences is solved by the RT using
the CRT. The number of these congruences solely depends on the number of group
generators assigned to the RT. Unlike the single group generator approach discussed
in the previous section, the proposed CRT-based approach offers additional degrees
of freedom for sequence generation by allowing the RTs to combine multiple cyclic
sequences thus yielding a rich set of sequences for RB assignments. The details of
the CRT-based approach will be discussed in Chapter 6.
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Chapter 4

Globally Optimal Cyclically-Generated Sequences

In the previous chapter, we proposed an autonomous RB assignment scheme for
relay-assisted MTC systems. In this scheme, each RT assigns its available RBs to its
assisted MTC devices based on a locally-generated cyclic RB assignment sequence.
Hence, the proposed scheme creates an opportunity for performance enhancement
by reducing the number of assignment conflicts between neighboring RTs. However,
for this gain to be achieved, both the cyclic group operation and the cyclicallygenerated sequences must be carefully selected. To reduce the complexity of this
selection process, in this chapter, we use a property of cyclic groups to show that
the performance of the cyclically-generated RB assignment sequences is independent
of their underlying group operation, thereby reducing the complexity of the search
process for the globally-optimal cyclically-generated sequences.

4.1

Global optimality over the set of cyclically-generated sequences
The design of optimal RB assignment sequences for systems with large numbers

of RBs and RTs involves a computationally infeasible exhaustive search over a significantly large set of sequence combinations. To address this drawback, a possible
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approach is to restrict this search to the set of sequences that can be easily generated
from a single generator; i.e., cyclically-generated sequences. This reduces the number
of candidate RB assignment sequences for a system with N RBs from N! to φ(N).
However, the entries of the φ(N) cyclic sequences depend on the group operation
used for their generation. Based on this observation, one might be tempted to search
exhaustively over sequences generated by all possible group operations; restricting
oneself to a specific group operation would guarantee optimality over that particular
group.
Fortunately, optimizing the sequences over all group operations is not necessary.
Indeed, in this section, we show that the set of cyclically-generated sequences that are
optimal with respect to a given group operation are globally optimal over the set of all
cyclically-generated sequences of the same order. This follows from the observations
that the performance of an RB assignment sequence depends solely on the sequence
structure, but not on its actual entities, and that this structure is independent of
the group operation. The latter observation follows from a fundamental property of
cyclic-groups known as group isomorphism, which is described next.

4.1.1

Application of group isomorphism in RB assignment

For any two cyclic groups of the same order, there exists a structure-preserving
function that maps their entities. This function is referred to as group isomorphism,
which is formally defined as follows.
Definition 4 (Isomorphism of Cyclic Groups [78]). Let G and Ḡ be two cyclic groups
of the same order. An isomorphism F : G → Ḡ is a one-to-one and onto map
that respects the group operation, that is, if x, y ∈ G, then F (x), F (y) ∈ Ḡ and


F (xy) = F (x)F (y).
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Although juxtaposition is used to denote the group operations in both G and Ḡ,
these operations are generally different.
Definition 4 implies that the isomorphism F can be considered as a relabelling
function that maps every element in G to an element in Ḡ. In addition, since both
groups, G and Ḡ, have the same order, N, they also have the same number of group
generators, φ(N), irrespective of their underlying group operations. Using these
implications, we will show that, when designing cyclic sequences for RB assignment,
the selection of the underlying group operation is immaterial. The key step to show
that follows from the following lemma.
Lemma 3 (Isomorphism with Additive Groups [67, 79]). Any cyclic group, GN , of
order N is isomorphic to the additive cyclic group, (ZN , +) = {0, 1, 2, . . . , N − 1},
irrespective of the group operation that underlies GN .



Although this lemma asserts the existence of an isomorphism between any two
cyclic groups of order N, GN and ḠN , it does not provide information on the sequences generated by these groups. In the following theorem, we will show that not
only G and Ḡ are isomorphic, but also their cyclically-generated sequences, whereby
two cyclic sequences are considered isomorphic if there exists a one-to-one and onto
structure preserving function that maps their elements.
Theorem 2. For any cyclic group GN of order N, there exists an isomorphism F
such that the set of sequences that are cyclically-generated by the group operation
underlying GN is isomorphic to the set of sequences that are cyclically-generated by
the additive group operation underlying ZN .
Proof. See Appendix A.1.
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We note that the isomorphism, F , in this theorem is not unique. In other words,
there are multiple isomorphisms that map the sequences of GN to those of ZN . What
is common between these isomorphisms is that they all map the set of sequences
generated by GN to that of those generated by ZN .
Before discussing the implications of Theorem 2 on the proposed technique, we
verify it with an illustrative example.
Example 1. Let G10 and Z10 be the multiplicative and additive cyclic groups of order
N = 10, respectively. The number of cyclically-generated sequences by both groups
is given by φ(10) = 4; cf. Definition 3. For the MCG structure, the set of cyclically (k+s )
N
generated sequences is obtained by gi i (mod N + 1) k=1 , cf. Chapter 2.1.2,
where gi is the ith group generator of GN , si is the cyclic shift and (mod N + 1) is
(k+si )

the modular operation that yields the integer remainder of dividing gi

by (N +1).

For ease of exposition, in this example we set all cyclic shifts to 0. Doing so, yields
the following sequences for G10 :

(g1 = 2)

2 4 8 5 10 9 7 3 6 1

(g2 = 6)

6 3 7 9 10 5 8 4 2 1

(g3 = 7)

7 5 2 3 10 4 6 9 8 1

(g4 = 8)

8 9 6 4 10 3 2 5 7 1

Similarly, the set of cyclically-generated sequences by the ACG structure can be

N
obtained by gi (k + si ) (mod N) k=1 , cf. Chapter 2.1.1, where gi is the i-th group

generator of ZN and si is the cyclic shift. Applying this equation yields the following
sequences for Z10 :
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(g1 = 1) 1 2 3 4 5 6 7 8 9 0
(g2 = 3) 3 6 9 2 5 8 1 4 7 0
(g3 = 7) 7 4 1 8 5 2 9 6 3 0
(g4 = 9) 9 8 7 6 5 4 3 2 1 0
Considering the isomorphism mapping function {F : G10 → Z10 : F ((g1 = 2)k
(mod N +1)) = k (mod N)}, the elements of the two group structures can be mapped
as:
MCG

2 4 8 5 10 9 7 3 6 1

ACG

1 2 3 4 5 6 7 8 9 0

Applying this mapping to the set of cyclically-generated sequences by the MCG structure yields the one generated by the ACG structure. We note that the sequenceto-sequence mapping is not unique.

For instance, another mapping function is

{F : G10 → Z10 : F ((g2 = 3)k (mod N + 1)) = k (mod N)}. However, under
any isomorphism, the complete set of cyclically-generated sequences by Z10 will be


obtained from the one generated by G10 .

To illustrate the implications of Theorem 2 on RB assignment, we note that
this theorem asserts that all cyclic group operations will provide sequences with
the same structure, but with different labels. In other words, the relative locations
between any two elements of a cyclically-generated sequence will be preserved under
an isomorphism between any two cyclic groups of the same order. Now, consider the
process of RB assignment in a relay-assisted MTC system. A hit will occur between
any two RTs when they concurrently assign the same RB irrespective of its label; i.e.,
when they both use the same element in their respective RB assignment sequences.
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Hence, only the relative locations of elements in the RB assignment sequences, i.e.,
the structures of the sequences, will affect the number of hit occurrences. Since
isomorphism preserves the sequence structure across all group operations, performing
an exhaustive search over the set of cyclic sequences that is generated by a cyclic group
of order N guarantees optimality over the set of all cyclically-generated sequences of
the same order. This implies that, without loss of generality, the cyclically-generated
sequences by the ACG structure can be utilized for RB assignments in any MTC
system with an arbitrary number of RBs, N. More specifically, this observation
enables us to eliminate the restriction imposed by the MCG structure on N to be a
prime minus one; cf. Chapter 2.1.2.
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Chapter 5

Greedy-Based Sequences Design for Autonomous
Resource Block Assignments in Relay-Assisted
Systems

In this chapter, we provide computationally efficient techniques that enable the
design of RB assignment sequences for relay-assisted MTC systems with large numbers of RTs and RBs. In particular, we begin by developing a greedy algorithm,
whereby the RB assignment sequences are cyclically-generated in an efficient manner that relies on the structure of cyclic groups and the sequential assessment of the
number of assignment conflicts between the cyclic sequences. To further simplify
the proposed algorithm, we then invoke the graphical representation of cyclic groups
to gain insight into their structure, and to subsequently develop a graphical greedy
algorithm for selecting the group generators and cyclic shifts.

5.1

A greedy-based approach
The goal of this section is to develop an efficient technique for designing assign-

ment sequences that reduces assignment conflicts in relay-assisted MTC systems. In
these systems, the number of RBs and RTs is expected to be large, which renders RB
assignment schemes that rely on exhaustive search rather impractical. To address this
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difficulty, the assignment scheme developed herein will rely on a greedy algorithm that
sequentially selects the RB assignment sequences from the set of cyclically-generated
ones. The performance of this algorithm will be shown to be comparable to that of
exhaustive search, but its computational complexity is significantly less.
Consider a group of order N, corresponding to a system with N RBs. For such
a system, the greedy algorithm begins by pairing the φ(N) group generators, so
that the two entries of each pair yield reversed cyclic sequences. The algorithm will
later associate with each pair a cyclic shift that determines the starting point of
each sequence. The optimization of these shifts and their association with the group
generator pairs will be clarified below. In the first iteration of the greedy algorithm,
a pair is arbitrarily selected, along with a cyclic shift s = 0, to be the initial basis of
the algorithm. In each of the subsequent iterations, the algorithm augments its basis
with one group generator pair and its associated cyclic shift, thereby exhausting all
group generator pairs in

φ(N )
2

− 1 iterations. The group generator pair and the cyclic

shift selected in each iteration are tabulated in a look-up table, which is constructed
once offline for every value of N supported by the system. For example, a system
in which N1 and N2 RBs are used in different coverage areas would require two
look-up tables. Once constructed for a coverage area with N RBs, the table can
be used to generate assignment sequences for any number of RTs less than φ(N);
for M RTs, only the first

M
2

entries of the look-up table are used to generate the

M RB assignment sequences. Note that when an RT becomes unable to assist its
neighboring MTC devices, it immediately notifies the BS of its updated status and
releases the group generator and cyclic shift pair that it used to generate its RB
assignment sequence. The released pair can then be acquired by any new RT that
joins the system. However, the procedure through which this pair is acquired depends
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on the admission protocol between the RTs and the BSs. In particular, for systems
in which the RTs notify BSs of their joining, the look-up table is administrated by
BSs and accordingly they can assign the released pair to the new RT. In contrast,
for completely autonomous systems, the RTs are self-admitted once they are capable
of relaying and thus will need to locally select their pair. In such systems, a new RT
will sequentially attempt to utilize the pairs in the same order of its local look-up
table until it reaches a released one.
In the remainder of this section, we will elaborate on the details of the pairing
technique and the selection methodology of the RB assignment sequences.

5.1.1

Pairing of group generators

Our pairing methodology is based on finding the optimal generators for the tworelay case. In that case, the quest for the optimal cyclically-generated sequences
can be distilled to the quest for two assignment sequences that proceed in reversed
orders. In particular, using these sequences for RB assignment results in no hits as
long as the number of assigned RBs is less than the number of available ones. To
obtain sequences that proceed in reversed orders, we begin by noting that for a group
generator g and cyclic shift s, there exists a unique inverse (g −1, s−1 ), where g −1 is
the modular arithmetic inverse of g satisfying
gg −1 ≡ e

(mod N + 1),

(5.1)

where in writing (5.1) we used e to denote the group identity element; cf. Chapter 2.
To determine s−1 , we note that the sequences generated by (g, s) and (g −1 , s−1 ) should
proceed in reversed orders, which implies that
s−1 = N − s − 1.
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(5.2)

For example, consider the pair (g = 2, s = 0) of the MCG of order N = 10. The
inverse of this pair is (g −1 = 6, s−1 = 9) and from (2.3), its cyclically-generated sequence becomes (1, 6, 3, 7, 9, 10, 5, 8, 4, 2), which is the reversed version of the sequence
generated by (g = 2, s = 0), cf. Example 1 in Section 4.1.

5.1.2

Sequential selection of assignment sequences

Let T be the look-up table to be constructed by the algorithm and let U be the set
containing the group generator pairs that have yet to be selected. At first, T is empty
and U contains the

φ(N )
2

group generator pairs. The algorithm arbitrarily selects a

group generator pair (g, g −1) from U and, without loss of generality, sets its cyclic
shift s to 0, which, using (5.2), yields s−1 = N − 1. The quadruple (g, g −1, s, s−1) is
taken to be the initial basis of the algorithm and the pair (g, g −1) is removed from
U. In each of the subsequent

φ(N )
2

− 1 iterations, the algorithm examines the group

generator pairs in U against a particular performance metric for all possible cyclic
shifts s ∈ {0, . . . , N − 1}. The quadruple that yields the best performance is then
used to augment T and its group generators are removed from U. The algorithm
continues to iterate until the exhaustion of all the pairs in U.
When determining an appropriate performance metric for choosing the group
generator pairs and cyclic shifts, it is desirable that this metric enables the algorithm
to adapt to both uniform and non-uniform distributions of MTC devices. As such,
this metric should not depend on the instantaneous loads of the RTs. One such metric
is the average number of pairwise hits over all possible system load distributions.
Another metric is based on the graphical representation of cyclic groups, which will
be discussed in the following section.
We note that considering the performance metric to be the average number
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of pairwise hits over all possible system load distributions facilitates the sequenceselection process. To see this, let (g, g −1, s, s−1) be the quadruple examined at the
Q-th iteration of the greedy algorithm. Now, the sequences generated by (g, s) and
(g −1, s−1 ) proceed in reversed orders and thus these sequences result in identical average number of pairwise hits with the sequences generated by the Q − 1 quadruples
previously selected, (gq , gq−1, sq , s−1
q ) ∈ T , q = 1, . . . , Q − 1. Hence, when evaluating
the performance of a quadruple (g, g −1, s, s−1), it suffices to evaluate the metric for
the sequence generated by either (g, s) or (g −1 , s−1 ).
We conclude this section by pointing out a key advantage of using the look-up
table yielded by the greedy algorithm. In particular, the order of the quadruples in
this table depends solely on the number of pairwise hits, but not on the number of
RTs in the system. Thus, it suffices for the system to have only one look-up table
to support any number of RTs less than φ(N). Subsequently, by using the greedy
algorithm, active RTs do not need to update their sequences when new ones join the
system. In contrast, the exhaustive search scheme in [61], requires having one look-up
table for each possible number of RTs. Thus, in the exhaustive search scheme, when
a new RT joins the system, the ones already active must switch to the look-up table
that corresponds to the new number of RTs.
The greedy algorithm is summarized in the flowchart in Figure 5.1. In this
flowchart, we will use Ii to denote the performance metric for a candidate group
generator and cyclic shift (gi , si ). This metric will be discussed in detail in the
following section.
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)
U = {gi , gi−1}, i = 1, . . . , φ(N
2

T =φ
U = U − {(g, g −1)}
Set s = 0, s−1 = N − 1
T = (g, g −1, s, s−1)
Select gi ∈ U
Set s, si = 0
Set Imin = ∞
Calculate Ii

No

Ii < Imin
Yes

Imin = Ii , s = si

si = N − 1

No

si = si + 1

Yes

Ii calculated ∀gi ∈ U

No

Yes

Select (gi , si ) with minimum Ii

U = U − {(gi , gi−1)}
T = T + {(gi , gi−1 , si , s−1
i )}

No

|U| = 0
Yes

END

Figure 5.1: The greedy algorithm.

44

5.1.3

Performance evaluation of cyclic assignment sequences

In the greedy algorithm, the sequence selection mechanism is based on evaluating
the performance of a candidate sequence with respect to the ones previously selected
in the look-up table T only. This table is then augmented by the quadruple corresponding to the sequence yielding the best performance; i.e., in each iteration |T |
increases by 1. In contrast, in the exhaustive search in [61], the sequence-selection
mechanism is based on the computationally intensive task of the joint performance
evaluation of all cyclically-generated sequences and the look-up table is constructed
all at once. In this section, we adapt the average number of pairwise hits metric
in [61] to the selection methodology of the greedy algorithm developed herein.

5.1.3.1

The performance metric

Let Xi ∈ {0, 1}N ×N be what we refer to as the load matrix of the i-th RT,
i = 1, . . . , M. The row and column indices of Xi represent the RB index and the
load level of the i-th RT, respectively. The (r1 , r2 )-th entry of Xi represents the
binary state of RB r1 when the load level of the i-th RT, is r2 . This entry is 1 if
RB r1 is assigned by the i-th RT when loaded with r2 devices, and is 0 otherwise,
that is,

Xi (r1 , r2 ) =




1 if r1 ∈ Si (r2 ),




and





 0 otherwise,
 (q+s )
where Si (r2 ) = gi i (mod N + 1)

r2
q=1

is the assignment sequence of the i-th RT

and (gi , si ) is its group generator and cyclic shift pair. As an illustrative example,
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suppose that the pairs (gi , si ) and (gj , sj ) yield the assignment sequences (1, 3, 2, 4)
and (3, 2, 4, 1), respectively. The load matrices, Xi and Xj , corresponding to these
sequences are


1 1 1 1




0 0 1 1

,
Xi = 

0 1 1 1




0001





 0 0 0 1




 0 1 1 1

.
and Xj = 

 1 1 1 1




0011

By using these matrices, we can evaluate the performance of two sequences, say
Si and Sj , that are assigned to the i-th and j-th RTs, respectively. To see this, let
ℓi and ℓj denote the loads, and ki and kj denote the indices of the last RBs assigned
by these RTs. Note that, in general ki ≥ ℓi because when the i-th RT detects a hit
at an assigned RB, it relinquishes this RB and assigns the following one in its RB
assignment sequence. Unfortunately, there is no direct relation that maps ℓi and ℓj
to ki and kj . However, an iterative method for evaluating ki and kj for given RT
loads will be provided in the following section. For now, we will assume that the
values of ki and kj are given. To evaluate the performance of the sequences Si and
Sj for these values, we observe that the number of pairwise hits detected by the RTs
is given by the inner product of the ki -th column of Xi and the kj -th column of Xj .
This product is given by the (ki , kj )-th entry of the pairwise hit matrix
Hi,j = XiT Xj .

(5.3)

These {Hi,j } matrices will enable us to evaluate the number of pairwise hits
between the sequences generated by a candidate group-generator-cyclic-shift pair,
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(gi , si ), and any of the {(gj , sj , gj−1 , s−1
j )} quadruples in the look-up table, T . To do
so, for each Hi,j matrix, we define a complement matrix H̄i,j , XiT X̄j , where X̄j is the
load matrix corresponding to the sequence generated by (gj−1 , s−1
j ). In essence, H̄i,j
characterizes the number of pairwise hits between the sequence generated by (gi , si )
and that generated by (gj−1 , s−1
j ). By denoting the index of the last assigned RB in
the sequence generated by (gj−1 , s−1
j ) as k̄j , the number of pairwise hits between the
sequences corresponding to the pairs (gi , si ), (gj , sj ) and (gj−1 , s−1
j ) can be expressed
as
Hi,j (ki , kj ) + H̄i,j (ki , k̄j ).

(5.4)

Averaging over all possible load combinations of a system with N MTC devices, the
total number of pairwise hits between the sequence corresponding to (gi , si ) and those
corresponding to each of the quadruples in T can be expressed as
|T |
1 X
Ii =
2|T |

X

Hi,j (ki , kj ) + H̄i,j (ki , k̄j ),

j=1,j6=i (ki ,kj ,k̄j )∈Y

where

i = 1, . . . , |U|.

(5.5)

where Y is the set of all the indices (ki , kj , k̄j ) such that the sum of their corresponding
loads is less than or equal to N.

5.1.3.2

Evaluating the index of the last assigned RB in a sequence

The use of the {Hi,j } matrices in the evaluation of the number of pairwise hits
between two RTs requires invoking the dynamics of the RB assignment process. In
this process, the index of the last assigned RB in the assignment sequences of the
two RTs might be higher than their actual number of assigned RBs. This is because
when an RT detects a hit on assigning a particular RB, it relinquishes this RB and
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assigns the following one in its sequence. This process is illustrated by the following
example.
Example 2. Let the cyclically-generated RB assignment sequences of the i-th and
j-th RTs be (1, 3, 5, 4, 6, 2, 7) and (3, 5, 4, 7, 6, 1, 2), respectively. Let the load of the
j-th RT be two MTC devices, which are assigned RBs 3 and 5. Now, suppose that
the i-th RT has two incoming devices each requesting an RB. Following its sequence,
the i-th RT will assign RBs 1 and 3 to the incoming devices, which will result in a
hit at RB 3. Subsequently, it will relinquish this RB and assign the following one in
its sequence; i.e., RB 5. Since this RB has also been assigned by the j-th RT, the
i-th RT again relinquishes this RB and assigns RB 4 to the second device.



Careful inspection of this example yields two observations: first, ki is in general
greater than ℓi ; e.g., for the i-th RT, ki = 4, whereas ℓi = 2; and second, the
relinquishment of a particular RB and the assignment of a subsequent one can result
in additional hits and subsequently an increase in ki .
Unfortunately, there is no direct relation that maps loads to sequence indices.
However, these indices can be iteratively evaluated using the pairwise hit matrices
in (5.3). In particular, consider the number of pairwise hits in (5.4) and let kj and
k̄j be fixed. To determine ki , we provide a function fi that, at the µ-th iteration,
evaluates a tentative index k (µ) based on k (µ−1) with the initial index k (0) being
equal to the load of the i-th RT, ℓi . In particular, at the µ-th iteration, fi evaluates
the number of hit occurrences between the sequences corresponding to the three
(µ−1)
pairs (gi , si ), (gj , sj ) and (gj−1 , s−1
. If no hits are detected, then
j ) when k = k

ki = k (µ−1) ; none of the assigned RBs will be relinquished and thus ki will not increase.
On the other hand, if hits are detected, fi obtains a tentative index, k (µ) , by adding
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the number of hit occurrences when ki = k (µ−1) to the value of k (0) ; i.e.,
k (µ) = fi (k (µ−1) )
= k (0) + Hi,j (k (µ−1) , kj ) + H̄i,j (k (µ−1) , k̄j ),

(5.6)

where k (0) = ℓi .
Since the assumption in this work is that the maximum number of MTC devices
does not exceed N, there exists at least one index, k, at which no additional hits are
detected; i.e., fi (k) = k. This index will be equal to ki , and using it with kj and k̄j
in (5.4) yields the number of pairwise hits between the sequences corresponding to
the pairs (gi , si ), (gj , sj ) and (gj−1, s−1
j ). Note that ki depends on the RT loads, and
therefore must be revaluated for each load distribution.
We conclude this section by noting that the evaluation of ki in (5.6) is bounded
by N iterations, each involving 3 additions. Hence, the computational complexity of
evaluating ki is upper bounded by 3N additions.
5.1.4

Computational complexity of the greedy algorithm

To assess the computational complexity of the greedy algorithm, we note that
this algorithm relies on evaluating Ii in (5.5) for each of the group generator pairs
)
in U; i.e., ∀(gi , gi−1 ) ∈ U, i = 1, . . . , φ(N
. This evaluation involves only addition
2

operations, but no multiplications. In particular, computing Ii for the pair (gi , gi−1)
involves: 1) the evaluation of the Hi,j and H̄i,j matrices; 2) the index ki ; and 3) the
cardinality of the set |Y|. The number of additions required to evaluate each of the
pairwise hit matrices in (5.5) is bounded by N 3 , and the complexity of evaluating
ki for a given load distribution is bounded by 3N additions; see previous section for
details. Finally, by construction, the cardinality of Y in (5.5) is equal to the number

of ordered partitions of the integer N. This number is given by |Y| = N 2−1 [80].
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Using these elements, we can now provide a bound on the complexity of the proposed
greedy algorithm.
In essence, the algorithm iteratively selects the group generator in U that yields
the minimum number of pairwise hits with the quadruples in T . We note that when
computing the number of hits between a group generator gi and a given quadruple in
T over all possible load combinations, the pairwise hit matrices need to be evaluated
once; these matrices do not depend on the RT loads. In addition, the number of
possible load combinations for which ki must be evaluated is given by |Y|. Hence,
the complexity of evaluating the pairwise number of hits between a group generator
gi and a given quadruple in T over all possible load combinations is bounded by

 
N −1
N −1
= 3.5N 3 − 4N 2 + 1.5N + 1.
+
2N + 3N
2
2
3



(5.7)

In the left hand side of (5.7), the first term represents the number of additions
required for evaluating the pairwise matrices, Hi,j and H̄i,j . The second term repre
sents the number of additions required to evaluate the index ki for the N 2−1 possible

load distributions. Finally, the last term represents the complexity involved in the

summation of the number of pairwise hits for the N 2−1 load distributions.

Since si can take values from 0 to N − 1, it follows that the complexity of

evaluating the performance of a candidate group generator, gi , for all possible cyclic
shifts with respect to a quadruple in T is bounded by 3.5N 4 − 4N 3 + 1.5N 2 + N.
Hence, the number of additions required for evaluating the performance of gi against
all the quadruples in T can be bounded by the product of this number and the


φ(N )
4
3
2
number of quadruples in T ; i.e., (3.5N − 4N + 1.5N + N) 2 − 1 . Finally, to
determine the overall complexity of the greedy algorithm, we note that this algorithm
exhausts the group generator pairs in U in

φ(N )
2
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− 1 iterations, each of which involves

all the entries in U. Since |U| ≤

φ(N )
2

− 1, it follows that the overall computational

complexity of the algorithm is bounded by
4

3

2

(3.5N − 4N + 1.5N + N)

 φ(N)
2

3

−1 .

(5.8)

We note that by definition, for any given integer N, φ(N) < N. Hence, the computational complexity of the greedy algorithm in (5.8) can be bounded by O(N 7 ). This
is in sharp contrast with the complexity of the exhaustive search in [61], which was



N −1
1
2
M
N (N − 1) + M −1 ; i.e., exponential in
shown to be bounded by 2 M(M − 1)N

the number of RTs, M. Hence, in contrast with exhaustive search proposed in [61],
the greedy algorithm is readily applicable in MTC systems with potentially large
numbers of RTs.

5.2

The graphical greedy algorithm
In the previous section, we developed an efficient greedy algorithm that yields

a look-up table of RB assignment sequences. The computational complexity of this
algorithm was shown to be polynomial and to depend solely on N, but not on M.
For example, using (5.8), the computational complexity of constructing the look-up
table for a system with any number of RTs, M, and N = 100 RBs can be bounded by
2.5 × 1012 additions, which is manageable by widely available processors. However,
for large MTC systems that serve thousands of devices concurrently, the greedy
algorithm is not computationally feasible. For instance, for an MTC system with
N = 1000 RBs, the computational complexity of the greedy algorithm is bounded by
1021 additions! For such systems, more efficient sequence selection mechanisms are
required.
In this section, we propose an alternate greedy algorithm that significantly re51

duces the computational complexity required for selecting the assignment sequences.
The philosophy of this algorithm is similar to that of the one proposed in the previous
section, but it depends on a metric that is inspired by the graphical representation
of cyclic groups. In particular, this metric is based on the observation that the RBs
located at the beginning of each sequence, referred to as the dominating RBs, are
the most significant contributors to the number of hit occurrences. This is because
these RBs will always be assigned by the RTs to incoming MTC devices even when
the system is lightly loaded. Hence, to reduce the number of hit occurrences, the
cyclically-generated sequences should be selected such that their dominating RBs do
not overlap.
Following analogous steps to those used in the greedy algorithm discussed hereinabove, we let Tg be the look-up table to be constructed by the graphical greedy
algorithm and Ug be the set containing the group generator pairs that have yet to
be selected. In each iteration, the algorithm uses a metric based on the graphical
representation of cyclic groups to evaluate the number of pairwise hits between the
dominating RBs of the sequences cyclically-generated by each of the group generator
pairs in Ug and those cyclically-generated by the quadruples already selected in Tg .
This is in contrast with the greedy algorithm discussed in Section 5.1, which considers
all the N RBs when evaluating the number of pairwise hits. The look-up table Tg
is then augmented by the group generator pair and the cyclic shifts that correspond
to the sequence resulting in the minimum number of hits between dominating RBs.
The graphical representation of cyclic groups and the metric inspired thereby are
discussed in more details in the following sections.
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5.2.0.1

The graphical representation of cyclic groups [81]

A cyclic group with finite order can be represented graphically by connecting its
elements in the same order as they appear in its cyclically-generated sequences. To
do so, the group elements are first positioned on the circumference of a circle in the
same order of one cyclic sequence and then connected according to the remaining
ones. This results in a particular pattern that connects all the group elements for
each cyclic sequence. An illustrative example of the graphical representation of the
ACG of order 10 is presented in Figure 5.2. In this figure, the group has 2 pairs of
group generators, one pair corresponds to the outer circle while the other corresponds
to the inner pattern.
Since shifting a sequence cyclically rotates its entries, this shifting will rotate the
pattern corresponding to the sequence. This rotation is clockwise when the cyclic
shift is negative and anticlockwise when it is positive.
We conclude this section by the following remarks:
Remark 1. Using the isomorphism property, it can be readily shown that the graphical representation of a cyclic group depends solely on the group order N; i.e., it is
independent of the group operation; cf. Definition 4. Hence, it is sufficient to study
the properties of the graphical representation of only the ACG.



Remark 2. It was shown in [81] that the graphical representation of a cyclic group
is independent of the cyclically-generated sequence that is selected to construct the
outer circle. Hence, the inner patterns of this representation are unique and depend


only on the group order.

Using the graphical representation of cyclic groups, in the following section, we
provide an alternate greedy algorithm that selects the cyclically-generated sequences
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based on their patterns.
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Figure 5.2: A graphical representation of a cyclic group of order 10. This cyclic group
has 2 group generator pairs that are represented by the outer circle and the
inner pattern, respectively.

5.2.0.2

The graphical metric

Let Tg be the look-up table to be constructed by the algorithm and let Ug be
the set containing the group generator pairs that have yet to be selected. At first,
Tg is empty and Ug contains the

φ(N )
2

group generator pairs. In the first iteration,
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a pair (g, g −1) is arbitrarily selected and removed from Ug . By associating a cyclic
shift s = 0 with this pair, we obtain the first quadruple (g, g −1, s, s−1 ) of the look-up
table Tg . This quadruple is then used to generate the first pattern in the graphical
representation of the cyclic group; i.e., the outer circle. The dominating RBs in these
two sequences are then marked. The number of these dominating RBs ranges from
1 to N and depends on the system load. However, since the contribution of an RB
to the average number of hits decreases with its position in the sequence, we will
consider only the few RBs at the beginning of each sequence to be the dominating
RBs.
Following analogous steps to the greedy algorithm discussed hereinabove, in each
of the subsequent

φ(N )
2

− 1 iterations, the algorithm examines the group genera-

tor pairs in Ug for all possible cyclic shifts. However, unlike the greedy algorithm
which considers the hits between the N RBs over all possible load combinations, the
graphical algorithm considers only the hits between dominant RBs in the patterns
corresponding to the pairs in Ug and the quadruples in Tg . The look-up table Tg is
then augmented by the quadruple (g, g −1, s, s−1 ) that yields the minimum hits between the dominant RBs. The group generators of this quadruple are then removed
from Ug and the algorithm iterates until exhaustion of all pairs in Ug . As an example
of the graphical metric, consider the ACG, Z12 , and consider the dominant RBs to
be the first two in each sequence. This cyclic group has two pairs of group generators
and its cyclically-generated sequences are as follows:
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(g1 , s1 ) = (1, 0)

1 2 3 4 5 6 7 8 9 10 11 0

(g1−1, s−1
1 ) = (11, 11) 0 11 10 9 8 7 6 5 4 3 2 1
(g2 , s2 ) = (5, 0)

5 10 3 8 1 6 11 4 9 2 7 0

(g2−1 , s−1
2 ) = (7, 11)

0 7 2 9 4 11 6 1 8 3 10 5

The corresponding patterns of these two pairs and their dominant RBs are depicted
in Figure 5.3a. The outer circle corresponds to the group generator pair in Tg , and
the inner pattern corresponds to the examined pair in Ug . The dominant RBs of
the pair corresponding to the outer circle are marked with circles and the ones of
the pair corresponding to the inner pattern are marked with squares. To avoid the
hit at RB 0, the inner pattern is rotated anticlockwise by a cyclic shift s = 2. The
rotated pattern is depicted in Figure 5.3b. The look-up table is then augmented by
the quadruple (g, g −1, s, s−1 ) = (5, 7, 2, 9), which corresponds to the rotated inner
pattern.
0
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(a) Unrotated pattern

(b) Rotated pattern

Figure 5.3: Rotation of the inner pattern of Z12 to minimize the number of hits between
the dominant resource blocks (the first element of the inner pattern is
marked by an arrow for ease of exposition).
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Finally, we note that the quadruples in the look-up table yielded by the graphical
greedy algorithm depends solely on the number of pairwise hits, but not on the number of RTs in the system. Hence, active RTs do not need to update their sequences
when new ones join the system. This is in contrast with the exhaustive search scheme,
which requires each active RT to update its RB assignment sequence when a new RT
enters the system thus resulting in a significant signalling overhead that might not
be feasible for MTC systems with large numbers of RTs and MTC devices.
5.2.1

Computational complexity of the graphical greedy algorithm

The computational cost of the graphical greedy algorithm is mainly due to the
evaluation of the number of hits between dominant RBs. This cost involves only
addition operations and, similar to the algorithm in Section 5.1, is polynomial in N.
However, the order of the computational complexity of the graphical greedy algorithm
is significantly lower than that of the greedy algorithm. To see this, in this section
we provide a bound on the complexity of the graphical greedy algorithm.
Denoting the number of dominant RBs by D, it can be seen that the number
of required additions for evaluating the number of hits between dominant RBs of
a pattern corresponding to an examined pair from Ug and all quadruples in Tg is
bounded by 4D. Since the cyclic shift can take values from 0 to N − 1, it follows
that the complexity of evaluating the number of hits between the dominant RBs of
the examined pattern over all possible cyclic shifts can be bounded by 4ND. Finally,
since D ≤ N and in each iteration |Ug | ≤

φ(N )
2

− 1, it follows that the computational

complexity of the graphical greedy algorithm is bounded by
 φ(N)
2
4ND
− 1 ≤ N 4,
2

(5.9)

which shows that the graphical greedy algorithm offers a computational saving of N 3
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over the greedy algorithm of Section 5.1; cf. Section 5.1.4. This is because, when
selecting the RB assignment sequences, the graphical greedy algorithm considers only
the number of hits between dominant RBs, which is independent of the system load.
A numerical comparison between the complexity bounds on the greedy algorithms
and the exhaustive search is provided in Table 5.1:

Search method

Exhaustive search

Greedy algorithm Graphical greedy

(M, N) = (6, 100)

1021

1014

108

(M, N) = (10, 100)

1033

1014

108

(M, N) = (10, 1000)

1053

1021

1012

Table 5.1: A comparative numerical example of the complexities of the greedy algorithms and the exhaustive search.

From Table 5.1, it can be seen that the computational complexity of exhaustive search is exponential in the number of RTs; cf. Section 5.1.4. Hence, it is
computationally prohibitive even for MTC systems with small numbers of RTs; e.g.,
exhaustive search for a system with M = 10 and N = 1000 requires 1053 additions.
In contrast with exhaustive search, the computational complexities of both greedy
algorithms are polynomial and independent of the number of RTs. Hence, they are
applicable in MTC systems, which comprise hundreds of RTs. The computational
complexities of both greedy algorithms and exhaustive search are presented in Figure 5.4.
We conclude this section by noting that the proposed greedy algorithms offer
a significant reduction in the computational complexity of the sequences selection
process for autonomous RB assignments. This reduction is mainly achieved by it58
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Figure 5.4: Comparison between the computational complexities of the proposed
greedy algorithms and exhaustive search for systems with M = 6 and
M = 10 relaying terminals.

eratively selecting the group generators and cyclic shifts that minimize the number
of hit occurrences with respect to the ones already selected in previous iterations.
This is unlike the exhaustive search technique which jointly optimizes the performance of all group generators and cyclic shifts to achieve the minimum number of
hit occurrences. Despite the advantages of the proposed greedy algorithms, their
computational savings are achieved at the expense of a suboptimal selection of RB
assignment sequences. In other words, the performance of the sequences selected by
the greedy algorithms will be upper bounded by those selected by exhaustive search.
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In the following section, we will use numerical examples to evaluate the performance
gap between the two sequences selection approaches, i.e., the greedy and exhaustive
based approaches.

5.3

Numerical examples
In this section, we compare, in the first four examples, the performance of the

RB assignment sequences obtained by the two greedy algorithms developed herein,
the uniformly-distributed random assignment scheme developed in [44], and the exhaustive search developed in [61] for different relative loads

L
;
N

i.e., different ratios

of the currently assigned RBs, L, to the total number of RBs in the system, N. For
the scheme in [61] and the ones proposed herein, the cyclic sequences are generated
using the MCG structure of Section 5.1.1 with N = P − 1, where P is a prime number; cf. [61]. In all numerical examples, the MTC devices will select their assisting
RTs from the pool of RTs that are capable of and willing to assist communication
irrespective of their status; i.e., whether having its own data to transmit or not.
To be able to compare the performance of the greedy algorithms developed herein
with that of the exhaustive search developed in [61], in the first two examples, we will
restrict attention to the case of M = 3 RTs; exhaustive search is computationally
prohibitive for M > 3. In these examples the performance is measured by the
average number of hits over all possible load combinations; i.e., over all ordered
P
triples (ℓ1 , ℓ2 , ℓ3 ) ∈ L , {(ℓ1 , ℓ2 , ℓ3 )| 3i=1 ℓi = L, ℓi ≥ 0}, where ℓ1 , ℓ2 and ℓ3 are the

load levels of RTs 1, 2 and 3, respectively. In these examples, the index of the last
assigned RB by each of the 3 RTs, (k1 , k2 , k3 ), is evaluated for each load distribution
(ℓ1 , ℓ2 , ℓ3 ) ∈ L; cf. Section 5.1.3.2.
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In the following two examples of this section, we will increase the number of RTs
and RBs and compare the performance of the graphical greedy algorithm with the
random assignment of [44]. In both examples, we will consider only 1000 MTC load
distributions that are uniformly distributed over the M RTs. This is because the
number of load combinations increases significantly with N and M; e.g., for N = 500

.
and M = 25, this number is equal to 499
24
Example 3. In this example, we compare the performance of the cyclically-generated
sequences obtained by the greedy algorithm developed in Section 5.1, the graphical
greedy algorithm of Section 5.2, and the exhaustive search in [61] when the number
of RBs N = 16 and N = 40. For both cases, the number of dominant RBs of the
graphical greedy algorithm is set to D = 3. The performance of these algorithms is
depicted in Figure 5.5.
From Figure 5.5, it can be seen that the cyclically-generated sequences obtained
by exhaustive search and the greedy algorithms outperform randomly-generated ones.
For example, for a system with N = 40 RBs at a relative load,

L
N

= 90%, the average

number of hits resulting from RB assignments based on exhaustive search [61], greedy
algorithm of Section 5.1, graphical greedy algorithm of Section 5.2, and random sequences [44] are 4.4, 6.6, 7.4 and 9.1, respectively. This figure also shows that the
greedy-based sequences provide comparable performance to the upper bound yielded
by exhaustive search. The reason that exhaustive search constitutes an upper bound
on the performance follows from the fact that it jointly optimizes the performance
of the cyclically-generated sequences of all the M RTs over all possible group generators and cyclic shifts. In contrast, the greedy algorithms sequentially optimize
the cyclically-generated sequences. In particular, these algorithms consider only the
previously selected sequences when optimizing current ones. Despite their poten61
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Figure 5.5: Comparison between randomly-generated assignment sequences and the
cyclically-generated sequences obtained by exhaustive search and the
greedy algorithms.

tial suboptimality, the greedy algorithms possess significantly lower computational
complexities when compared with exhaustive search. This renders them suitable for
systems with practical numbers of RTs and MTC devices; for such systems exhaustive
search is computationally prohibitive, cf. Table 5.1.



Example 4. In this example we consider a setup similar to the one in the previous
example, but with N = 16 and N = 126. For both cases, the number of dominant
RBs of the graphical greedy algorithm is set to D = 3. In this example, the RTs
apply the hit identification and avoidance (HIA) technique developed in [61]. In this
technique, each RT is assumed to know the assignment sequences of the neighboring
RTs and to be able to identify the RT with which it collided once a hit occurs. Using
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this information, the RTs update their assignment sequences to avoid the RBs that are
already assigned by neighboring RTs. Note that the HIA technique cannot be applied
to the sequences that are randomly-generated because such sequences do not possess
a specific structure. In Figure 5.6, we depict the performance improvement when the
HIA technique is used with the MCG structured sequences generated by exhaustive
search, the greedy algorithm in Section 5.1 and the graphical greedy algorithm in
Section 5.2. For comparison, the performance of the randomly-generated sequences
is also shown.
10
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Figure 5.6: Comparison between randomly-generated assignment sequences and the
cyclically-generated sequences obtained by exhaustive search and the
greedy algorithms with the hit identification and avoidance technique.

From this figure, it can be seen that using the HIA algorithm significantly reduces
the average number of hit occurrences. For example, for the case of N = 16 RBs,
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the usage of the HIA reduces the average number of hits of the greedy algorithm
from 2.3 to 1.5 when

L
N

= 100%. The reason behind this reduction is that HIA

enables the RTs to avoid future hits. In particular, when the HIA is implemented,
the RTs are able to estimate the load levels of their neighbors based on their previous
hits and subsequently avoid RB assignments that would result in future hits. Note
that from this figure, it can be seen that the HIA also reduces the performance gap
between sequences generated by exhaustive search and those generated by the greedy


algorithms.

In the previous examples, we provided performance results for MTC systems with
relatively small numbers of RTs and RBs. In the following two examples, systems
with larger numbers of RTs and RBs will be considered. In these examples, the
performance of the cyclically-generated sequences obtained by the graphical greedy
algorithm will be compared only with the randomly-generated sequences [44] since
the exhaustive search scheme in [61] and the greedy algorithm of Section 5.1 are
computationally expensive in this case.
Example 5. In this example, we compare the performance of the RB assignment sequences generated by the graphical greedy algorithm of Section 5.2 and the randomlygenerated assignment sequences [44], when the number of RBs N = 520 and N = 750.
In both cases, the number of RTs is M = 15 and the number of dominant RBs is
set to D = 25. The performance of the graphical greedy algorithm with and without
the implementation of the HIA technique is compared with that of the random assignment scheme over 1000 load distributions of MTC devices for each relative load
L
.
N

Note that the exhaustive search of [61] and the greedy algorithm of Section 5.1

are not considered in this example because of their large computational complexity.
For example, the computational complexity of exhaustive search when N = 520 and
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M = 15 is in the order of 1069 , whereas that of the greedy algorithm is in the order
of 1017 .
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Figure 5.7: Comparison between the random and the graphical greedy-based resource
block assignment sequences with and without the hit identification and
avoidance technique for N = 520 and N = 750 resource blocks.

From Figure 5.7, it can be seen that for both the N = 520 and N = 750 scenarios, the sequences that are obtained by the graphical greedy algorithm outperform
those that are randomly-generated. This performance advantage increases significantly with the implementation of the HIA technique. For example, for a system
with N = 520 RBs at a relative load,

L
N

= 90%, the average number of hits result-

ing from using the randomly-generated sequences and that resulting from using the
sequences obtained by the graphical greedy algorithm without HIA are 623 and 504,
respectively. In contrast, the corresponding number of hits resulting from using the
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ones obtained by the graphical greedy algorithm with HIA is only 194. In addition,
it can be seen from the figure that the performance advantage of using the HIA algorithm increases with N at high loading scenarios. For example, the performance
of the system with N = 750 and HIA was found to be superior to that of the system
with N = 520, but without HIA, when

L
N

≥ 80%. Similar to the instance examined in

Example 4, this phenomenon results from the implementation of the HIA algorithm
by the RTs, which enables them to estimate the load levels of their neighbors and
accordingly avoid future hits. This performance advantage is more pronounced at
highly loaded scenarios with large numbers of RBs since the accuracy of estimating
the load levels of the neighbors of each RT improves with the increasing number of
hits. In other words, although high loads and larger numbers of RBs usually result
in more hits, they can have a positive impact on the performance when the HIA is
implemented. Finally, we note that the increase in the average number of hits with
respect to the previous examples is mainly due to the larger number of RTs and RBs


and the consideration of only 1000 load distributions of MTC devices.

Example 6. In this example, we compare the performance of the cyclically-generated
RB assignment sequences obtained by the graphical greedy algorithm and the randomlygenerated assignment sequences [44] when the number of RTs M = 30 and M = 60.
In both cases, the number of RBs is N = 750 and the number of dominant RBs is
set to D = 25. Similar to the previous example, the performance of the graphical
greedy algorithm is evaluated with and without the implementation of HIA.
From Figure 5.8, it can be seen that the sequences obtained by the graphical
greedy algorithm outperforms those that are randomly-generated for M = 30 and
M = 60. For example, for a system with M = 30 RTs and a relative load of

L
N

= 90%

the average number of hits resulting from using the randomly-generated sequences
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Figure 5.8: Comparison between the random and the graphical greedy-based resource
block assignment sequences with and without the hit identification and
avoidance technique for M = 30 and M = 60 relaying terminals.

and that resulting from using the sequences obtained by the graphical greedy algorithm without HIA are 977 and 552, respectively. In contrast, the corresponding
number of hits resulting from using the sequences obtained by the graphical greedy
algorithm with HIA is 356. In other words, the greedy algorithm without HIA has
a 40% gain over the randomly-generated assignment sequences. However, this gain
decreases as the number of RTs increases. For example, this gain reduces to 30%
at the same relative load when M = 60. This is because the number of utilized
assignment sequences increases with M, which results in the selection of assignment
sequences with lower performance. Finally, it can be seen from the figure that at a
relative load of

L
N

= 100%, the system with M = 60 and HIA is superior to that with
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M = 30, but without HIA. The reason behind this phenomenon is the hit avoidance
feature provided by the HIA as described in the previous example.



Example 7. In this example, we evaluate the aggregate data rate when the proposed
sequences are used in a system with M = 3 RTs and N = 40 RBs. Each RT assigns
one RB to each incoming MTC device during a scheduling interval of 1 ms. In other
words, in each scheduling interval, 3 RBs corresponding to M=3 RTs are assigned.
Once RT i assigns an RB to an incoming MTC device, it increases the number of its
assigned RBs, Ni , by one. At this point, two possibilities can occur, either successful
assignment or collision. In case of a successful assignment, the assigned RB is retained
and the RT proceeds during the next scheduling interval to assign the following RB
in its sequence to the incoming MTC device. In case of collision, the RT which was
first to assign the RB retains it, whereas the other conflicting RT releases the RB and
reduces its Ni by one at the end of its scheduling interval. The impact of a collision
will be reflected on the interference observed by the MTC devices. In particular,
a collision on a given RB will result in an interference between the transmissions
of their respective MTC devices for the duration of one scheduling interval. In this
example, the system is initially unloaded and the number of MTC devices is increased
in a round Robin fashion until two RTs are loaded with 13 MTC devices and the
third RT is loaded with 14 MTC devices. In that case, the system is fully loaded; cf.
Figure 5.9 for an illustration of the considered RT loads.
The channel gains between the RTs and the MTC devices are generated using
the line-of-sight Hotspot pathloss model [82] with frequency-flat Rayleigh fading and
standard Gaussian noise spectral density of -174 dBm/Hz. The RB bandwidth, and
the receiver noise figure are set to 180 KHz and 5 dB, respectively [82]. The transmit
power, Pt , of the MTC devices is set to 0 dBm and the locations of the MTC devices
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Figure 5.9: An example of an association between relaying terminals and machine-type
communication devices.

and the RTs are uniformly distributed within the cell boundaries. For a practical
dense deployment scenario, the MTC devices are assumed to be less than 300 m away
from their assisting RTs and the maximum inter-RT distance is set to 100 m. The
RTs implement the HIA algorithm of [61] and the performance is averaged over 10000
channel realizations. Using the aforementioned parameters, the aggregate data rate,
R, at a given scheduling interval can be calculated using:
R = BW

Ni
M X
X
i=1 j=1



log2 1 +

Pn +

|Hq,i,Bj |2 Pt

PQ

m=1,m6=q

|Hm,i,Bj |2 Pt


,

(5.10)

where BW is the bandwidth, Pn is the noise power, Bj is the j-th RB assigned by
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RT i, Q is the total number of MTC devices in the system, and Hq,i,Bj is the channel
coefficient between RT i and MTC device q which is assigned Bj and is set to zero if
q is not assigned Bj . Note that, the selected RB, Bj , by the i-th RT will depend on
its sequence.
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Figure 5.10: Aggregate data rates of random, greedy-based and exhaustive searchbased resource block assignment sequences.

As shown in Figure 5.10, the sequences obtained by the greedy algorithms significantly outperform the random RB assignments and provide comparable performance
to those obtained by exhaustive search. For example, at the 17th scheduling interval,
the greedy-based sequences achieve an aggregate data rate of 10.3 × 107 bps, which is
only 10% lower than that of its exhaustive search counterpart. In contrast, random
RB assignments achieve a rate of only 6.86 × 107 bps. Figure 5.10 also illustrates the
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effect of hit occurrences on the aggregate data rate. This effect is reflected in the
jagged behavior of the aggregate data rate curves. In particular, during a scheduling
interval, the three RTs perform RB assignments to their respective MTC devices.
At this point, three possibilities can occur: 1) successful RB assignments with no
collisions; 2) collisions between concurrent RB assignments; or 3) collisions between
concurrent RB assignments and previous ones. In case one, the aggregate rate increases by the sum of the rates of the new transmissions. In case two, the aggregate
rate will remain flat when all the concurrent RB assignments collide since all transmissions are unsuccessful, whereas when only two assignments are colliding, the rate
will slightly increase since a successful transmission will be achieved on one RB. In
case three, the aggregate rate can either: 1) significantly decrease when all the concurrent assignments collide; 2) slightly decrease when two assignments collide; or 3)
slightly increase when one assignment collide. Hence, from these observations, it can
be concluded that the number of hits plays a key role in constraining the aggregate


data rate.

Example 8. In this example, we evaluate the number of MTC devices with successful RB assignments vs the number of RB assignment attempts. The setup of
this simulation is similar to that of the previous one. However, unlike the previous
example, the total system load is not uniformly distributed across the 3 RTs and the
performance results are averaged over 10000 load distributions across the 3 RTs.
Consistent with our observations in the previous example, Figure 5.11 shows
that the greedy-based sequences significantly outperform their random counterparts
and provide comparable performance to those obtained by exhaustive search. For
example, for two RB assignment attempts, the average numbers of MTC devices with
successful assignments are 38.94, 38.64, 38.44, and 34.23 for RB assignments based
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Figure 5.11: CDF of the number of resource block assignment attempts needed for
successful assignment.

on exhaustive search, greedy, graphical greedy, and random sequences, respectively.
From Figure 5.11, it can be seen that using the sequences selected by exhaustive
search and greedy algorithms, the 99-th percentile of all MTC devices are successfully
assigned with at most three RB assignment attempts, whereas in the case of random
assignments the 99-th percentile is reached with eight attempts. Using the results
reported in Figure 5.11, one can evaluate the power wastage incurred by collisions
and the data transmission delay experienced by the MTC devices; i.e., the duration
between the first RB assignment and the successful one. This can be done by invoking
the scheduling interval and Pt .
Denoting the transmission delay by d and the number of RB assignment attempts
by n, it can be seen that d=s̄(n − 1), where s̄ is the scheduling interval duration. For
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example, a device with 3 assignment attempts will incur a delay of 2 ms.
To evaluate the power wastage due to collisions, denoted by Pw , one can use
Pw = Pt (n − 1). Using Figure 5.11, it can be concluded that 96% and 85.5% of the
MTC devices incurred less than 1 mW power wastage and 1 ms delay when using
greedy-based and random sequences, respectively.



We conclude this section by noting that the proposed work offers a flexible tradeoff between sequence generation complexity and performance by focusing attention
on cyclically-generated sequences due to their favorable features; cf. Section 3.2.
However, the underlying cyclic structure limits the number of sequences of length N
that are available for RB assignments to Nφ(N), which is much less than the total
number of sequences, N!. Such a limitation might have an impact on performance.
To overcome this limitation and potentially improve performance, it may be possible
to enrich the set of available sequences by seeking number theoretic techniques for
combining multiple cyclic ones. One example of such techniques, namely the CRT,
will be discussed in the following section.
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Chapter 6

Chinese Remainder Theorem-Based Sequence
Design for Autonomous Resource Block
Assignments in Relay-Assisted MTC Systems

In this chapter, we develop a CRT-based scheme for generating RB assignment
sequences for relay-assisted MTC systems. Unlike the cyclic group-based scheme introduced in the previous section, the developed CRT-based scheme does not rely on
a single group generator for sequence generation. In particular, this scheme offers
multi-generator sequences, whereby a CRT-based sequence is obtained by combining cyclically-generated sequences belonging to two or more cyclic group structures.
Hence, the proposed CRT-based scheme yields an enriched set of sequences that can
be used for RB assignments. The combining process underlying the proposed scheme
is based on: 1) constructing a set of linear congruences from a set of cyclicallygenerated sequences; and 2) solving the congruences set using the CRT to obtain an
RB assignment sequence. Finally, in this chapter, we also develop an efficient greedybased sequences selection algorithm that enables the application of CRT-based sequences in systems with large numbers of RTs and MTC devices.
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6.1

A CRT-based RB assignment scheme
The philosophy of the proposed work is to distribute the available RBs among

the RTs in the absence of coordination. In other words, the objective is to avoid the
unintentional overutilization of particular RBs while others are being underutilized.
To achieve this objective, in the proposed scheme, neighboring RTs assign the available RBs based on a set of prescribed CRT-based sequences. The sequences within
this set are jointly designed such that their overlap is minimal. This joint design
yields an implicit coordination between neighboring RTs when assigning their RBs.
Hence, it reduces the number of RB assignment conflicts with minimal signalling
overhead. This sequence structured RB assignment philosophy implies that each RT
needs to: 1) associate each sequence element to a specific RB; 2) use a signalling
protocol to convey the assigned RBs to the assisted MTC devices; and 3) locally
generate a CRT-based RB assignment sequence that spans all the available RBs in
the system. Next, we will discuss the details of these three steps.

6.1.1

Association between sequence elements and RBs

In the proposed scheme, each RB is assigned a label between 0 and N − 1, where
N is the number of RBs. In other words, a one-to-one mapping is selected between
the set of RBs and {0, ..., N − 1}. This mapping is arbitrary and is announced to
all BSs and RTs prior to system startup (any one-to-one mapping yields on average
the same performance due to the absence of CSIs). This arbitrary mapping implies
that consecutive sequence elements do not necessarily map to consecutive RBs; i.e.,
the RTs can assign non-consecutive RBs to a particular MTC device. For example,
consider a 2-RT scenario, wherein the selected mapping function associates RBs A,
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B, and C to the sequence elements 0, 2, and 1, respectively and RTs 1 and 2 are
assigned the sequences {0, 2, 1} and {0, 1, 2}, respectively. Now, assuming that
each RT assists two MTC devices, the resulting RB assignments for this scenario are
depicted in Figure 6.1.

Figure 6.1: A mapping example between sequence elements and resource blocks.

From Figure 6.1, it can be seen that any mapping function would result in a
hit between the two RTs. However, in the following sections, we will show how
the CRT-based scheme can reduce the number of these hits. Finally, we note that
the non-consecutive RB assignments approach is in line with LTE Release 10 and is
chosen because it offers a greater flexibility in RB assignments and an increase in the
potential for a frequency selective scheduling gain [83].

6.1.2

Signalling protocol for RB assignments

When an RT has an incoming MTC device, it uses a dedicated control channel
to assign the next available RBs in its sequence to the MTC device. The number of
these assigned RBs will depend on the category of the device; cf. Chapter 3. After
receiving its RB assignment, the MTC device sends an acknowledgement to the RT.
At this point, two cases can occur: 1) a response is received by the RT (either an
acknowledgement or a negative acknowledgement); or 2) no response is received. If
an acknowledgement is received, the RT identifies that this assignment is successful
and starts an activity timer for the corresponding MTC device. This timer-based
76

approach is similar to that of LTE in which timers are used to monitor a user’s
inactivity duration [84]. If the activity timer expires before an RT receives data on
an assigned RB, it identifies the RB as abandoned and infers that the corresponding
MTC device is no longer in its vicinity. In this case, a gap will exist in the RT’s RB
assignment sequence. In other words, one or more of the previously assigned entries
of the RB assignment sequence are currently not utilized. To use these entries, the
RT can either allocate them to its first incoming MTC device, or it can shift the
RB assignments of all the following MTC devices such that no gaps are present in
the sequence. On the other hand, if a negative acknowledgement is received, the RT
infers that a hit has occurred on this RB and assigns the following RB in the sequence
to the MTC device. If no response is received, the RT infers that the RB assignment
has failed and that this device is no longer in its vicinity. The RT then reassigns this
RB to the following incoming MTC device. Finally, we note that, although this work
focuses on terminals acting as RTs, it is readily extensible to networks with small cell
deployments. In particular, each small cell can be considered as an RT with an RB
assignment sequence and accordingly serve the MTC devices within its coverage area.
However, unlike mobile RTs, small cells are fixed and thus can have a wired backhaul
connection that can be exploited to further improve the performance by allowing
nearby small cells to partially coordinate their RB assignments. For instance, small
cells can obtain the load levels of their neighbors over the backhaul connection and
accordingly avoid assigning the RBs that would result in hits.
Next, we will discuss the details of the CRT-based sequence generation.
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6.1.3

CRT-based sequence generation for RB assignments

In this section, we will begin by noting that any cyclic group can be mapped to
the additive cyclic group (ACG) structure [65]. In particular, there exists at least one
one-to-one and onto function that maps all cyclic group structures to the additive
one; cf. Chapter 4. Hence, without loss of generality, we will focus attention to the
cyclically-generated sequences by the ACG. Using the ACG structure, an RT can
locally generate its RB assignment sequences using only a group generator as follows:


kgi

(mod N)

N
,
k=1

(6.1)

where N is the sequence length and gi is the ith group generator of the ACG ZN ; cf.
Chapter 2. To further enrich the set of sequences for RB assignments, cyclic shifts
were applied on each of the N sequences of the ACG structure [61]. In particular,
it was shown in [61] that cyclically-shifted sequences do not coincide with one another, thereby creating an additional degree of freedom for sequence generation; cf.
Chapter 2. This implies that for a group ZN , the number of available sequences is
Nφ(N). Each of these sequences can be obtained by adding a cyclic shift, sj , to (6.1)
as follows:

(k + sj )gi

(mod N)

N
,j
k=1

= 1, . . . , N.

(6.2)

Despite the simplicity of cyclic sequences generation, their limited numbers impose a serious restriction on the degrees of freedom available for avoiding collisions
when used for autonomous RB assignments. This restriction becomes more pronounced in prospected autonomous systems with large numbers of RTs and MTC
devices. To address this concern, we use the CRT to generate a superset of sequences
that contains the cyclic ones and their shifted versions as a proper subset. In particular, the proposed CRT-based scheme is used to combine two or more cyclically78

generated sequences into longer ones, thereby offering additional degrees of freedom
for sequence generation. This increases the cardinality of the sequences set available
for RB assignments, while retaining the ease of generation property. In the proposed
CRT-based scheme, each RT uses two or more generators and cyclic shifts of seed
sequences, which are either selected autonomously by the RT or provided by the BS.
The elements of these sequences are used to form a linear set of independent congruences. Such congruences have a unique solution that can be obtained by using
the CRT. This solution is taken to be the element of the combined sequence; cf.
Figure 6.2.

Figure 6.2: Sequence generation using the Chinese remainder theorem.

In this figure, ci is the i-th element of the sequence generated by the CRT, m is
the number of seed sequences, and f (·) is the CRT function that maps the elements of
the seed sequences, a1i , . . . , am
i , to ci . This mapping function represents the solution
obtained by the CRT, cf. (2.12), for the set of congruences formed by the elements
a1i , . . . , am
i . By repeatedly solving the set of congruences for all elements of the seed
sequences, we obtain a sequence that is unique modulo the multiplication of the
lengths of its seed sequences. We will illustrate the proposed methodology with a
simple example. Consider an RT, which is assigned the group generators (g1 , g2 ) of
the cyclic groups ZN1 and ZN2 . For simplicity we will assume zero cyclic shift in
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this example. To obtain its RB assignment sequence, the RT will use the CRT to
combine the seed sequences of lengths N1 and N2 , respectively. This sequence will
be parsed into N1 sections each of length N2 elements. In particular, the RT solves
the following set of congruences
cik ≡ ig1

(mod N1 ),

(6.3)

cik ≡ kg2

(mod N2 ),

(6.4)

with i = 1 and k = 1, . . . , N2 to obtain the first section of N2 elements of its RB
assignment sequence; i.e., (c11 , . . . , c1N2 ). The following sequence section of N2 elements
is then obtained by the RT by setting i = 2 in (6.3). This procedure is then repeated
until all the N1 sections of the combined sequence are obtained; i.e., until i = N1 .
To elaborate on the details of the proposed CRT-based sequence generation scheme,
we will consider an example that combines two seed sequences of lengths N1 = 5 and
N2 = 6. Assume that an RT is assigned two cyclic shifts, s1 and s2 , and two group
generators, g1 and g2 , of two distinct ACGs, e.g., Z5 and Z6 . For instance, for Z5
we choose (g1 = 4, s1 = 0), whereas for Z6 we choose (g2 = 5, s2 = 0). Using (6.2),
the RT can generate its seed cyclic sequences from the assigned pairs. Using this
expression, the RT generates two seed cyclic sequences, viz., S1 = (4, 3, 2, 1, 0) and
S2 = (5, 4, 3, 2, 1, 0). Now, to obtain the first sequence element of the CRT-based
sequence, the RT uses the lengths of the two seed cyclic sequences, i.e., 5 and 6, and
their first elements, i.e., 4 and 5, to construct a set of joint linear congruences c1 ≡ 4
(mod 5) and c1 ≡ 5 (mod 6), where c1 is the joint solution of the congruences. The
RT then uses a systematic approach based on the CRT and the Euclidian algorithm
to obtain the value of c1 ; cf. Chapter 2. This value then becomes the first element
of the CRT-based RB assignment sequence of the RT under consideration. For the
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following elements, the RT fixes the first element of S1 and solves the constructed
congruences for each of the remaining five elements of S2 until exhaustion. Next,
this process is repeated with the following element of S1 until exhaustion of all its
elements. Once all congruences are solved, the RT obtains a sequence of length
N1 N2 = 30, and the resulting sequence becomes (29, 4, 9, 14, 19, 24, 23, 28, 3, 8, 13,
18, 17, 22, 27, 2, 7, 12, 11, 16, 21, 26, 1, 6, 5, 10, 15, 20, 25, 0).
Unlike the cyclic-based RB assignments in MTC systems, the proposed CRTbased scheme offers additional degrees of freedom for sequence generation. In particular, the proposed CRT-based scheme enables combining one or more seed cyclic
sequences, thereby enriching the set of available sequences for RB assignments. The
resulting combined sequences will depend on the number of combined seed sequences
as well as the order in which they are combined. In other words, each ordered set of
seed sequences will yield a unique set of sequences that can be used for RB assignments. Subsequently, the additional degrees of freedom increase the cardinality of the
set of sequences available for RB assignments, which offers an opportunity for performance enhancement as will be shown by simulations in Section 6.2. To elaborate
on the benefits of the proposed CRT-based scheme, we will discuss the cardinality of
the CRT-based sequences and compare it to that of the cyclic ones discussed in [61]
in the following section.
6.1.4

The cardinality of the CRT-based sequences set

In this section, we will evaluate the number of RB assignment sequences of length
N that can be generated by the proposed CRT-based sequence generation scheme.
This number will depend on the following four features of the proposed scheme:
1. Length of component seed sequences: The lengths of component seed sequences
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determine the lengths of the combined sequences by the CRT. In other words,
combining m seed sequences of lengths N1 , . . . , Nm yields a sequence of length
Q
N= m
i=1 Ni .
2. Number of cyclically-generated sequences: For a sequence of length Ni , the number of available cyclically-generated sequences is given by Ni φ(Ni ); cf. Chapter 2.
3. Coprimeness of Ni , . . . , Nm : This condition is required for the congruences
described in (2.7) to have a unique solution.
4. Combining order of the seed sequences: Lemma 2 implies that the CRT-based
sequences directly depend on the order in which the seed cyclic sequences are
combined. In other words, the sequence obtained by combining (S1 , S2 ) is
different from the one obtained by combining (S2 , S1 ), where S1 and S2 are two
seed cyclic sequences.
Using these features, we will compute the cardinality of the set of length N sequences
that can be generated by the proposed CRT-based scheme. In particular, these
features imply that this cardinality will depend on the number of ordered sets (feature
4) of the pairwise coprime (feature 3) factors of N (feature 1) and their lengths
(feature 2). Next, we will investigate the implications of each of these four features
on this number.
We will begin by using the number of pairwise coprime factors of N to evaluate
all the possible lengths of the seed cyclic sequences. For a given N, the number of
pairwise coprime factors can be obtained by considering all possible combinations
Qq(N ) ti
pi , where q(N) is the
of its unique prime factors. In particular, let N = i=1
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number of unique prime factors of N, pi is the i-th prime factor of N and ti is its
repetitions. Note that, each prime factor pi with ti repetitions will be considered
as a single element to ensure the pairwise coprimeness of the obtained factors of N.
Now, to obtain the m coprime factors of N, one will need to consider all possible
combinations of the prime factors into m distinct numbers. For example, consider a
sequence of length N = p1 p22 p3 . All the ordered sets of the coprime factors of this
length can be represented by all the possible combinations of its prime factors as follows {(p1 , p22 , p3 ), (p1 , p3 , p22 ), (p22 , p1 , p3 ), (p22 , p3 , p1 ), (p3 , p22 , p1 ), (p3 , p1 , p22 ), (p1 , p22 p3 ),
(p22 p3 , p1 ), (p3 , p22 p1 ), (p22 p1 , p3 ), (p22 , p3 p1 ), (p3 p1 , p22 ), p1 p22 p3 }. The number of these
combinations is equivalent to the number of ways in which the q(N) prime factors
can be partitioned into m non-empty subsets. The number of possible partitions for
the q(N) prime factors into non empty subsets can be evaluated from the Stirling
number of the second kind, which is defined as follows:
Definition 5 (Stirling number of the second kind [85]). The number of ways to
partition a set of n objects into k non-empty subsets is given by the Stirling number

of the second kind and is denoted by nk , where
 
 
k
1 X
n
k−j k
=
j n.
(−1)
k
j
k! j=0

(6.5)


The expression in (6.5) yields the number of coprime factors of N by substituting
n = q(N) and k = 1, . . . , q(N). However, it does not consider all possible permutations of these factors. Since, the output CRT-based sequences depend on the order in
which the seed sequences are combined (feature 4), all ordered sets of the coprime factors of N must be considered when calculating the number of sequences. Using (6.5),
the number of all possible ordered lengths of sequences that can be used as an input
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to the CRT to obtain a sequence of length N can be evaluated by:
 
q(N ) k
XX
X q(N)
k−j k
j q(N ) .
k! =
(−1)
j
k
k=1 j=0
k=1

q(N ) 

(6.6)

So far, we have used features 1, 3, and 4 to compute the number of possible lengths
of the seed sequences for the proposed CRT-based scheme. It remains to consider
the effect of feature 2 on the number of available length N CRT-based sequences;
i.e., the number of available cyclically-generated sequences for each of the lengths of
the combined seed sequences. For a given Ni , there exists Ni φ(Ni ) possible cyclic
sequences and thus the total number of combinations of the possible seed cyclic
Q
sequences is given by m
i=1 Ni φ(Ni ). Since all values of Ni , i = 1, . . . , m, are relatively
Qm
Q
prime and m
i=1 φ(Ni ) = φ(N); cf. [86]. Subsequently,
i=1 Ni = N, it follows that
Qm
i=1 Ni φ(Ni ) = Nφ(N). Finally, using (6.6), the number of available length N

sequences that can be generated by the CRT-based scheme, N̄ , can be calculated as
follows:
q(N )

N̄ = Nφ(N)

k
XX
k=1 j=0

(−1)

k−j

 
k q(N )
j
.
j

(6.7)

To draw insights from the expression in (6.7), in Figure 6.3, we compare N̄ with
both the number of cyclically-generated sequences and the total number of available
sequences.
From Figure 6.3, it can be seen that for a sequence with length N that is either
prime, e.g., N = 29, or a power of a single prime, e.g., N = 27, the number of
cyclically-generated sequences, i.e., Nφ(N), is equal to that of the sequences generated by the proposed CRT-based scheme. This is because prime numbers and powers
of a single prime yield only one coprime factor; i.e., for those numbers q(N) = 1 and
1
= 1. Hence, such values of N account for the trivial cases in which the input to
1

the CRT sequence generator in Figure 6.2 is an element of the possible Nφ(N) seed
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Figure 6.3: Comparison between the number of cyclically-generated sequences, N̄ , and
N !.

cyclic sequences. Figure 6.3 also shows that, apart from primes and powers of a single
prime, the CRT-based scheme offers a larger number of sequences for RB assignment
compared to their cyclic counterparts. Notice that the ratio between the number of
CRT-based sequences in (6.7) and the cyclically-generated sequences is given by (6.6),
which accounts for the additional degrees of freedom introduced by combining the
cyclically-generated sequences using the CRT. From Figure 6.3, it can be seen that
neither the number of cyclically-generated sequences nor the number of CRT-based
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sequences is monotonically increasing with N. This is because neither φ(N), nor
q(N) is monotonic; e.g., φ(31) = 30 > φ(32) = 16, and q(30) = 3 > q(31) = 1.
Finally, the figure shows that the number of sequences generated by the proposed
CRT-based scheme is significantly smaller than the total number of available sequences; i.e., N!. For example, for a given sequence length N = 30, the number
of available cyclically-generated sequences and the number of available sequences by
the CRT-based scheme are 240 and 3120, respectively. This number is significantly
smaller than the 30! = 2.65 × 1032 available sequences.
Remark 3. Although conventional CRT-based sequences will not be cyclic since they
are obtained by combining multiple seeds, the proposed CRT-based scheme still yields
cyclic sequences in the trivial case in which only a single seed sequence is used as
an input to the CRT. In other words, the set of sequences obtained by the CRT can
be considered as a superset to the cyclically-generated sequences set. Hence, when
used for autonomous RB assignments, the performance of the sequences obtained by
the CRT constitutes a lower bound on the number of RB assignment conflicts, when
compared to the performance of their cyclically-generated counterparts.



As illustrated in Figure 6.3, the proposed CRT-based scheme expands the set of
RB assignment sequences, thereby offering an opportunity for performance enhancement. To better quantify this expansion, in the following section, we will derive upper
and lower bounds on the number of CRT-based sequences and compare these bounds
with the total number of sequences, N!.
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6.1.5
6.1.5.1

Bounds on the cardinality of CRT-based sequences
Lower bound

We begin this section by evaluating the lower bound on the cardinality of the set
of CRT-based sequences, which as per Remark 3, constitutes a superset of cyclicallygenerated sequences. Hence, the cardinality of CRT-based sequences is lower bounded
by the number of cyclically-generated sequences; i.e., Nφ(N). This bound is tight
when N is either a prime or a power of a single prime; cf. Section 6.1.4.

6.1.5.2

Upper bound

To obtain an upper bound on the cardinality of the set of CRT-based sequences,
we note that the gain in this cardinality with respect to length-N cyclically-generated
sequences can be derived from (6.6). In particular, this equation shows that the gain
is equivalent to the number of permutations of the coprime factors of N. In other
words, this gain depends on all possible ordered sets of the seed cyclic sequences
with coprime lengths that can be used as input to the CRT block in Figure 6.2; cf.
Section 6.1.4. We are now ready to derive an upper bound on the gain in (6.6). This
bound will then be used to compare the cardinality of length-N CRT-based sequences
with the total number of available sequences of length N; i.e., N!.
Before deriving the bound, we note that the gain in (6.6) can be divided into three
components: 1) the Stirling number of the second kind which provides the cardinality
of the coprime factors of N; 2) the number of unique prime factors of N, q(N); and
3) the number of possible ordered sets of the coprime factors of N. To obtain an
upper bound on the gain in (6.6) due to the first and second components, we invoke
an upper bound on the Stirling number of the second kind as a function of q(N).
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This bound will then be modified to include the gain due to the third component. A
bound on the Stirling number of the second kind is given by [87, 88]:


q(N)
k





1 q(N) (q(N )−k)
≤
k
, k ≤ q(N).
k
2

(6.8)

The right hand side of (6.8) gives an upper bound on the number of unordered sets
of the coprime factors of N. Now, to compute an upper bound on the corresponding
number of ordered sets (cf. Feature 4 in Section 6.1.4) both sides of (6.8) must be
multiplied by k! yielding


1 q(N)!
q(N)
k (q(N )−k) .
≤
k!
2 (q(N) − k)!
k

(6.9)

To obtain better insight into the gain in the number of sequences in (6.6), we will
further bound the right hand side of (6.9). Since

q(N )!

 ≤ q k (N), with equality

q(N )−k !

when k ∈ {0, 1}, we have


q k (N) (q(N )−k)
q(N)
≤
k!
k
.
k
2

(6.10)

So far, we upper bounded the number of ordered sets of the coprime factors of N
as a function of the summation index k in (6.6). Note that this index represents
the number of seed sequences that are combined by the CRT. Using (6.10) to upper
bound the left hand side of (6.6) yields:
q(N ) 

X q(N)
1
k! ≤ max q k+1(N)k (q(N )−k)
k≤q(N ) 2
k
k=1
≤

q(N )+1
1
,
q(N)
2

(6.11)
(6.12)

where (6.12) is obtained by substituting k = q(N). Using (6.12), the upper bound
on the cardinality of the CRT-based sequences of length N, can be expressed as:
N̄ ≤

q(N )+1
N
.
φ(N) q(N)
2
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(6.13)

Now, to complete the derivation of an upper bound on (6.6), we need to bound
q(N). One possible bound can be given by the following Lemma:
Lemma 4. For any value of N, q(N) can be upper bounded by ⌈log10 (N)⌉ + 1.
Proof. See the Appendix B.1.
Substituting this upper bound in (6.13) yields:
N̄ ≤

⌈log10 (N )⌉+2
N
φ(N) ⌈log10 (N)⌉ + 1
.
2

(6.14)

Note that the upper bound in (6.14) is still significantly lower than the total
√
N
number of N-length sequences; i.e., N! ≈ 2πN( Ne ) . This is because, the dominant
multiplicative factor of N! is N N , which is a monotonically increasing function of N.
On the other hand, the dominant multiplicative factor of (6.14) is a function of
log10 (N), which is much less than N. Hence, the right hand side of (6.14) is much
less than N!. Despite this significant reduction in the number of available sequences,
(6.14) indicates that the proposed CRT-based scheme offers an enrichment to the set
of easily generated sequences that can be used by the RTs for RB assignments. In
particular, this scheme offers a multiplicative gain over its cyclic counterpart; i.e.,
⌈log10 (N )⌉+2
. For example, when
a gain that is upper bounded by 21 ⌈log10 (N)⌉ + 1

N = 30, the numbers of the cyclically-generated sequences, the CRT-based sequences,

and the sequences of length N = 30 are 240, 9720, 2.65 × 1032 , respectively. Hence,
the proposed scheme offers an opportunity for performance enhancement with much
less sequences than N! while maintaining the ease of sequence generation property.
Finally, notice that the bound on N̄ in (6.14) was obtained by using the upper
bound on q(N) derived in Appendix B.1. However, the gap between this bound and
q(N) is relatively small only for small and medium values of N; cf. the discussion
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in Appendix B.2. For asymptotically large values of N, a tighter bound on q(N) is
given in [88]. In particular, for asymptotically large values of N:

q(N) ≤

log10 (N)
(1 + O(log−1
10 (log10 (N)))).
log10 (log10 (N))

(6.15)

However, this bound is loose for small and medium values of N. To illustrate, we
tabulated both, the bound in Lemma 4 and the bound in (6.15), for N ≤ 1050 in
Table 6.1. Note that for simplicity, the bounds in Lemma 4 and in (6.15) are tabulated
only for selected values of N = 10k where k ∈ {1, 3, 6, 9, 20, 50} and the constant of
the O(·) is set to 1.
Table 6.1: Values of the bound in Lemma 4 and that given in (6.15) for different values
of N .

N

10⌈log10 (N )⌉

1 < N ≤ 10

10

2

∞

102 < N ≤ 103

103

4

19.47

105 < N ≤ 106

106

7

17.62

108 < N ≤ 109

109

10

19.32

1019 < N ≤ 1020

1020

21

27.19

1049 < N ≤ 1050

1050

51

46.75

Bound in Lemma 4 Bound in (6.15)

From Table 6.1, it can be seen that the bound in Lemma 4 offers a smaller gap
for small and medium values of N. However, for asymptotically large values of N,
the bound in (6.15) is tighter than the one in Lemma 4. Since the lengths of the
RB assignment sequences in practical relay-assisted scenarios are prospected to be
less than 109 , we used the bound in Lemma 4 when evaluating (6.14). Next, we will
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evaluate the complexity of sequence generation by the proposed CRT-based scheme.

6.1.6

Computational complexity of the CRT-based scheme

In this section, we begin by noting that three components contribute to the
complexity of the proposed CRT-based RB assignment scheme, namely, association,
search, and generation. The association and search are performed once prior to system startup and thus add negligible computational complexity. Generation, however,
is performed at each RT and thus analyzing its computational complexity is essential.
Next, we will discuss the three components in detail.

6.1.6.1

Association

Prior to system startup, a one-to-one mapping function is selected between the
set of RBs and the sequence elements. We note that in the absence of CSIs, any oneto-one mapping yields the same average performance. Hence, the mapping function
can be chosen arbitrarily, thereby adding negligible complexity.

6.1.6.2

Search

A metric-based search is performed to obtain a look-up table of CRT-based sequences with favorable performance. The computational complexity of this search
depends on the underlying metric; e.g., exhaustive search or greedy. However, this
search is performed only once prior to system startup and the resulting look-up table
is stored at the BS. Hence, it does not add any computational burden on the RTs.
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6.1.6.3

Generation

Before assigning its RBs, each RT uses the CRT to generate a sequence based on
the parameters obtained from the BS; i.e., the group generators and the cyclic shifts
of the seed cyclic sequences. Assessing the computational complexity of generating
this CRT-based sequence requires calculating the computational complexity of two
operations: 1) the generation of the elements of the seed cyclic sequences that will
be combined by the CRT; and 2) the generation of the sequence elements using
the CRT-based combining scheme. We will begin by evaluating the computational
complexity of the first operation. Without loss of generality, we will focus on the
sequences generated by the ACG structure; cf. Section 6.1.3. Using this structure,
each element of the i-th sequence of length Ni can be obtained by performing a single
addition of the group generator gi modulo Ni as shown in (6.1). Hence, obtaining a
cyclic sequence of length Ni involves Ni additions and Ni divisions. Now, feature 1 of
the proposed CRT-based scheme asserts that combining m seed cyclic sequences yields
Q
a CRT-based sequence of length N = m
i=1 Ni ; cf. Section 6.1.4. The total number of
P
Pm
Qm
elements of these seed sequences is Lt = m
N
.
Since
N
≤
i
i
i=1
i=1
i=1 Ni , it follows

that Lt ≤ N; Lt = N ⇐⇒ m = 1. Hence, obtaining the elements of the seed cyclic

sequences of a CRT-based sequence of length N requires at most N additions and
N divisions. For the division operation, we note that the computational complexity
of dividing two numbers of j bits each requires O((j)2 ) additions [89]. Since there
are N divisions, the computational complexity of generating the seed sequences is
bounded as follows:
Number of additions ≤ O(N(1 + (log2 N)2 )).
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(6.16)

Next, we will evaluate the computational complexity of combining the seed cyclic
sequences.
Feature 3 requires pairwise coprimeness of the lengths of the seed sequences.
This coprimeness sets an upper limit on the number of seed sequences, m, to be
equal to the number of unique prime factors of the length of the CRT-based sequence; i.e., 1 ≤ m ≤ q(N). In other words, generating an element of a CRT-based
sequence involves solving at most m = q(N) congruences; cf. (2.7). The computational complexity of this operation can be obtained by analyzing the complexity of
evaluating the components of (2.12). In particular, obtaining an element of a CRTbased sequence using (2.12) involves calculating Mk and xk , k = 1, . . . , m. First,
Q
Mk = ( m
j=1 Nj )/Nk , and thus obtaining the values of Mk , k = 1, . . . , m involves
Q
m multiplications to calculate m
j=1 Nj and m divisions; one for each value of M.

Second, to obtain xk , k = 1, . . . , m one needs to solve (2.8) using the Euclidean al-

gorithm. In this algorithm, the value of xk is obtained by sequentially dividing the
value of Nk until the remainder is zero. Hence, the complexity of this algorithm can
be upper bounded by

Nk
2

divisions. From (2.12), the solution n on the left hand

side that is provided by the CRT for the linear set of congruences described in (2.7)
Pm
involves the addition of m terms; i.e.,
k=1 ak Mk xk . Hence, it can be concluded

that the computational complexity of combining m seed cyclic sequences by the CRT
P
to obtain a sequence of N elements can be upper bounded by N(m + 12 m
k=1 Nk )
divisions, 3mN multiplications and mN additions, where m ≤ (N). Combining the
two operations necessary to obtain a CRT-based sequence of length N, the total comP
plexity of the proposed CRT-based scheme can be bounded by N(m+ 1 + 21 m
k=1 Nk )
P
divisions, 3mN multiplications and N(m + 1) additions. Since m
k=1 Nk ≤ N and

the complexity of a multiplication is identical to that of a division [89], it follows that
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the computational complexity of the CRT-based scheme can be upper bounded by
Number of additions ≤ O((0.5N 2 + N(4m + 1))(log2 N)2 + N(m + 1)).

(6.17)

Note that the complexity of generating a CRT-based sequence is generally affordable by the user terminals. This is because of two reasons. First, the CRT-based
scheme has a low order polynomial complexity. Second, generating a CRT-based RB
assignment sequence is performed only when the user terminal first switches to the
relaying mode or when it is necessary for the RT to update its sequence.
Next, we will provide a greedy-based approach for CRT-based sequences selection
in MTC systems with large numbers of RBs and RTs.

6.1.7

A greedy-based approach for sequences selection

As discussed in the previous sections, the number of CRT-based sequences for
autonomous RB assignments, N̄, tends to increase with the sequence length N; cf.
Figure 6.3. This is because as N increases, both the number of available cyclic
sequences, Nφ(N), and the number of unique prime factors, q(N), tend to increase.
Hence, for large values of N, it becomes computationally prohibitive to obtain the
optimal CRT-based sequences for autonomous RB assignments through exhaustive
search. To address this problem, in this section, we propose a greedy-based algorithm
for sequences selection that is applicable for systems with large numbers of RBs and
RTs. The philosophy of this algorithm is similar to that of the graphical greedy
algorithm discussed in Chapter 5. In particular, the sequences selection metric of this
greedy algorithm is based on the observation that the RBs located at the beginning
of each sequence, i.e., the dominating RBs, are the most significant contributors to
the number of hit occurrences since they will always be assigned by the RTs even in
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lightly loaded scenarios. Hence, the CRT-based sequences must be selected such that
the number of collisions between their dominating RBs is minimized. Next, we will
discuss the details of the proposed greedy algorithm.

6.1.7.1

The greedy algorithm

Following analogous steps to those used in the graphical greedy algorithm discussed in Chapter 5, we let TCRT be the look-up table to be constructed by the greedy
algorithm and UCRT be the set containing all the group generators of the seed cyclic
sequences that have yet to be selected. At first, TCRT is empty and UCRT contains
all the ordered group generator combinations of the seed cyclic sequences to be combined by the CRT. The cardinality of UCRT , is given by

N̄
;
N

cf. (6.7). We note that,

unlike the cyclically-generated sequences, each element of this set does not necessarily contain a pair of group generators. In particular, the number of group generators
in each element will depend on the number of seed cyclic sequences to be combined
by the CRT-based technique. For instance, if a CRT-based sequence is obtained by
combining three seed cyclic sequences, it follows that the corresponding generating
element in UCRT will be the group generator triplet (g1 , g2 , g3 ), where g1 , g2 , and g3 ,
are the group generators of the three seed cyclic sequences, respectively. In the first
iteration, an element, (g1 , g2 , . . . , gm ), where m is the number of seed cyclic sequences
corresponding to this generating element, is arbitrarily selected and removed from
UCRT . This element is then associated with cyclic shifts ,(s1 = 0, s2 = 0, . . . , sm = 0),
to obtain the first element of the look-up table TCRT . This element is then used
to generate the corresponding CRT-based sequence and the dominating RBs in this
sequence are then marked.
Following analogous steps to the graphical greedy algorithm discussed in Chap95

ter 5, in each of the subsequent

N̄
N

− 1 iterations, the algorithm evaluates the per-

formance of the group generator elements in UCRT for all possible cyclic shifts. In
this evaluation, the greedy algorithm considers only the hits between the dominant
RBs corresponding to the elements in UCRT and the marked dominant RBs corresponding to the elements and cyclic shifts already selected in the look-up table TCRT .
This look-up table is then augmented by the element (g1 , g2 , . . . , gm , s1 , s2 , . . . , sm )
corresponding to the CRT-based sequence that yields the minimum hits between the
dominant RBs. The dominant RBs in this CRT-based sequence are then marked. The
group generators of the seed cyclic sequences corresponding to the selected CRT-based
sequence are then removed from UCRT and the algorithm iterates until exhaustion of
all elements in UCRT . The steps of the proposed greedy algorithm are summarized
in Algorithm 1. We note that in this algorithm, we used HD to refer to the number of hits between the dominating RBs corresponding to the examined CRT-based
sequence and the marked dominating RBs corresponding to the selected elements in
TCRT .
Next, we will focus attention on the computational complexity of the greedy
algorithm.

6.1.7.2

Computational complexity of the greedy algorithm

The computational cost of the greedy algorithm is mainly due to the evaluation of
the number of hits between dominant RBs. Similar to the graphical greedy algorithm
in Chapter 5, this cost involves only addition operations and is polynomial in N̄. To
see this, in this section we provide a bound on the complexity of the greedy algorithm.
Denoting the number of dominant RBs by D, it can be seen that the number
of required additions for evaluating the number of hits between dominant RBs of an
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Algorithm 1 The proposed greedy algorithm
Input:
UCRT
Output:
TCRT
1: UCRT = UCRT − {(g1 , g2 , . . . , gm )}
2: Set s1 = s2 = . . . = sm = 0
3: TCRT = {(g1 , g2 , . . . , gm , s1 , s2 , . . . , sm )}
N̄
do
4: while |TCRT | ≤ N
5:
for Each element in UCRT do
6:
for (s1 , s2 , . . . , sm ), where si < Ni , i = 1, . . . , m do
7:
Calculate HD
8:
End for
9:
End for
10:
Select (g1 , g2 , . . . , gm , s1 , s2 , . . . , sm )∗ = argmin(g1 ,g2 ,...,gm )∈UCRT ,si<Ni ,i=1,...,m HD
11:
UCRT ← UCRT − (g1 , g2 , . . . , gm )∗
12:
TCRT ← TCRT ∪ {(g1 , g2 , . . . , gm , s1 , s2 , . . . , sm )∗ }
13: End while
14: return TCRT
element from UCRT and all the ones in TCRT is bounded by 4D. We note that for a
given CRT-based sequence, the number of possible cyclic shifts that are applicable
Q
on its seed cyclic sequences is equal to m
i=1 Ni = N, where m is the number of

seed cyclic sequences; cf. Section 6.1.4. Hence, it follows that the complexity of
evaluating the number of hits between the dominant RBs of the examined element
over all possible cyclic shifts can be bounded by 4ND. Finally, since D ≤ N and in
each iteration |UCRT | ≤

N̄
N

− 1, it follows that the computational complexity of the

graphical greedy algorithm is bounded by
4ND

 N̄

N

−1

2

≤ 4N̄ 2 ,

(6.18)

thereby enabling the application of the CRT-based sequences in MTC systems with
large numbers of devices.
Next, we will provide numerical examples to show the performance gain obtained
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by the CRT-based scheme in the context of autonomous RB assignments.

6.2

Simulation results
In this section, we begin by comparing the performance of the RB assignment

sequences obtained by the proposed CRT-based scheme, the multiplicative cyclic
group (MCG) structure proposed in [61], the shuffled PN sequences discussed in [62,
90–92], a soft fractional frequency reuse (SFFR) scheme similar to that in [93], and
the uniformly-distributed random assignment scheme developed in [44]. We will begin
by discussing the simulation environment.
6.2.1

Simulation environment

In this work, two simulation environments are considered. In the first environment, we numerically evaluate the performance of the proposed scheme in terms of hit
occurrences; cf. Examples 9, 10, 11, 12, 13, and 14. In the second environment, the
implications due to the channel effects and the RTs’ deployment are considered when
evaluating the performance; cf. Examples 15 and 16. In all examples, for the MCGbased scheme in [61], the cyclically-generated sequences are generated for N = P − 1,
where P is a prime number; cf. [61]. In addition, the lengths of the seed cyclic sequences are selected such that they are relatively prime and their multiplication is
equal to P − 1 to comply with the length requirement of the MCG structure. For
ease of exposition, we will restrict attention to the case of M = 3 RTs and apply an
exhaustive search based technique for the selection of the cyclic and the CRT-based
sequences (except for Example 12 in which N is large). In Example 9, the interference incurred by the RTs is measured by the average number of hits over all possible
load combinations for different relative loads
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L
,
N

where L is the number of assigned

RBs; i.e., over all ordered triples (ℓ1 , ℓ2 , ℓ3 ) ∈ L , {(ℓ1 , ℓ2 , ℓ3 )|

P3

i=1 ℓi

= L, ℓi ≥ 0},

where ℓ1 , ℓ2 , and ℓ3 are the load levels of RTs 1, 2 and 3, respectively. Note that when
each MTC device is assigned an RB, the load ℓi represents the number of devices
served by RT i and L becomes the number of MTC devices. In Examples 10, 11,
and 12, we measure the performance by the probability of hit occurrences, which
can be calculated by dividing the average number of hits by L; assuming all loading
combinations are equiprobable. In Example 13, we consider an overloaded scenario,
i.e., 100% <

L
N

≤ 200%, and use the number of overutilized RBs as a metric; an RB

is overutilized if assigned by 3 RTs simultaneously thus resulting in high interference.
In Example 14, we depict the performance of the CRT-based scheme under a nonuniform loading condition. In particular, we evaluate the hits incurred by the RTs in
a non-uniform loading scenario in which ℓ1 and ℓ2 are fixed while ℓ3 increases from 0
until the system is fully loaded.
In Examples 15 and 16, we evaluate the CRT-based scheme performance in a practical MTC system. In particular, we assume a fully loaded system, i.e.,

L
N

= 100%,

and evaluate the aggregate data rate and the CDF of the successful RB assignments
in an MTC system with 3 RTs.

6.2.2

Numerical examples

Example 9. In this example, we compare the performance of the sequences obtained
by the proposed CRT-based sequence generation scheme and the MCG scheme proposed in [61] when the number of RBs N = 30 and N = 40. The RTs apply the hit
identification and avoidance (HIA) technique developed in [61]. Note that the HIA
technique cannot be applied to the randomly-generated sequences because they do
not possess a specific structure.
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Figure 6.4: Comparison between the Chinese remainder theorem-based sequences, the
cyclically-generated sequences, and the random assignments.

From Figure 6.4, it can be seen that both, the CRT-based sequences and the
cyclically-generated ones, outperform the randomly-generated sequences. For example, for a system with N = 40 RBs at a relative load,

L
N

= 90%, the average number

of hits resulting from using the CRT-based, the cyclic, and the random sequences
are 1.4, 2.5, and 8.8, respectively. We also observe from the figure that the performance gain of the proposed CRT-based scheme over that of the cyclically-generated
sequences of [61] increases with the number of RBs N at high relative loads; e.g.,
L
N

= 100%. This is mainly due to two reasons. First as N increases, the cardinality

of the set of possible group generators increases, which increases the cardinality of
the set of available seed cyclic sequences for the CRT-based scheme. Second, as N increases, the value of q(N) tends to increase with N, cf. Figure 6.3, thereby increasing
the set of coprime sequences’ lengths that can be used as an input to the proposed
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CRT-based scheme. Finally, we note that the sequences obtained by the MCG structure of [61] constitutes a subset of the set of CRT-based sequences and thus their
performance is upper bounded by that of the CRT-based ones, cf. Remark 3.



Example 10. In this example, we evaluate the impact of the order in which the
cyclic sequences are combined using the CRT on the performance. In particular, we
consider two cases, both with N = 30 and M = 3, but with two different combining
orders. In both cases, HIA was employed and the sequences were selected based
on exhaustive search. The CRT-based scheme was used to combine the cyclicallygenerated sequences by the two additive cyclic groups Z3 and Z10 of lengths N = 3
and N = 10, respectively. However, in case one, the two combined seed sequences
were selected from the cyclic groups pair (Z10 , Z3 ), respectively, whereas in case two,
the two combined seed sequences were selected from (Z3 , Z10 ), respectively.
From Figure 6.5, it can be seen that changing the combining order has an
impact on the observed performance since different combining orders yield unique
sets of assignment sequences each possessing a different structure. For example, at a
relative load,

L
N

= 90%, the probability of hit occurrences for cases one and two are


0.046 and 0.029, respectively.

In the following two examples, we compare the performance of the proposed CRTbased sequences with that of the shuffled PN-based RB assignment scheme discussed
in [62, 90–92]. This sequence-based RB assignment scheme was specifically selected
because its premises is similar to that of the CRT-based RB assignment scheme. In
particular, the PN-based RB assignment scheme assumes the absence of the CSI and
requires no coordination between neighboring devices. Hence, it is readily applicable
in relay-assisted MTC systems with self-organizing RTs.
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Figure 6.5: Effect of combining order on the performance of the Chinese remainder
theorem-based sequences for N = 30.

Example 11. In this example, we compare the performance of the CRT-based
sequences, the shuffled PN-based sequences of [62], and the random RB assignments
of [44]. Similar to Example 9, the number of RTs, M = 3, and they are all assumed
to use the HIA technique developed in [61]. All cyclic shifts are set to zero and
the number of RBs, N = 63. The length of the corresponding shuffled PN-based
sequences is 2k − 1, k = 6.
From Figure 6.6, it can be seen that both the shuffled PN-based sequences and
the CRT-based ones outperform the random RB assignments. For example, at a
relative load,

L
N

= 90%, the probability of hit occurrences of the CRT-based, the

shuffled PN-based, and the random sequences are 0.09, 0.17, and 0.24, respectively.
We also observe that the proposed CRT-based sequences outperform their shuffled
PN-based counterparts at all relative loads. This is mainly due to the fact that the
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Figure 6.6: Comparison between the random assignments, the shuffled pseudonoisebased sequences, and the proposed Chinese remainder theorem-based sequences for N = 63 resource blocks.

cardinality of the set of CRT-based sequences, cf. Section 6.1.4, is much larger than
that of the shuffled PN-based ones, which is limited to

φ(2k −1)
k

=

φ(63)
6

= 6 [94].



Example 12. In this example, we consider a setup similar to that of the previous
example. We compare the performance of the CRT-based sequences with that of the
shuffled PN-based ones when the number of RBs is large; i.e., N = 511 = 2k − 1, k =
9. However, unlike the other examples, the RB assignment sequences are selected
using the computationally-efficient greedy-based algorithm of Section 6.1.7. This is
because obtaining the optimal RB assignment sequences through exhaustive search is
computationally expensive for sequences with large numbers of RBs. In this example,
the number of dominating RBs is set to 160.
From Figure 6.7, it can be seen that both, the shuffled PN-based sequences and
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Figure 6.7: Comparison between the random assignments, the shuffled pseudonoisebased sequences, and the proposed Chinese remainder theorem-based sequences for N = 511 resource blocks.

the CRT-based ones, outperform the random RB assignments. For example, at a relative load,

L
N

= 100%, the probability of hit occurrences of the CRT-based, the shuffled

PN-based, and the random sequences are 0.022, 0.179, and 0.303, respectively. Figure 6.7 also shows that the computationally-efficient greedy-based approach, despite
being potentially suboptimal, yields CRT-based sequences with performance significantly superior to that of the random RB assignments and the shuffled PN-based
sequences. Hence, this greedy-based approach renders the CRT-based sequences appealing for MTC systems with large numbers of devices.



Example 13. In this example, we compare the performance of CRT-based sequences
with that of cyclically-generated sequences of [61] and random sequences of [44] in an
overloaded scenario, wherein the number of MTC devices is larger than the number
104

of RBs; i.e., the relative load 100% <

L
N

≤ 200%. This comparison is depicted in

Figures 6.8a and 6.8b when N = 30, M = 3, and without HIA. In this example,
the performance metric is based on reducing the overutilization of particular RBs
by limiting the load level of each RB to 2; an RB is overutilized if assigned by 3
RTs simultaneously. Note that an optimal RB assignment case that assumes perfect
centralized coordination between neighboring RTs is also depicted for reference.
In Figure 6.8a, we show the reduction in the number of overutilized RBs resulting
from using the CRT-based sequences. For instance, for

L
N

= 180%, the number of

overutilized RBs when using the CRT-based, the cyclic, and the random sequences
are 1.67, 4.24, and 3.84, respectively; i.e., the CRT-based sequences yield a 56%
gain over their cyclic counterparts. Note that an optimal RB assignment will yield 0
overutilized RBs at any given load (this optimal assignment cannot be achieved with
any autonomous scheme since no sequences will yield such performance).
In Figure 6.8b, we show the increase in the number of RBs assigned by 2 RTs, i.e.,
RBs that are not overutilized, when using the CRT-based sequences. For instance,
for

L
N

= 180%, the number of RBs assigned by 2 RTs for the three schemes are 20.66,

15.52, and 16.33, respectively; i.e., the CRT-based sequences yield a 26% gain over
their cyclic counterparts. For this metric, an optimal RB assignment would result
in a linear increase in the number of RBs assigned by two RTs with L. Finally,
we note that the performance gain shown in Figures 6.8a and 6.8b is mainly due
to the structure of the jointly designed CRT-based sequences that enables implicit
coordination between RTs, thereby reducing the number of overutilized RBs even in


overloaded scenarios.

Example 14. In this example, we consider a 3-RT scenario in which ℓ1 = ℓ2 = 4,
while ℓ3 increases from 0 to 22; i.e., RT 3 status changes from not loaded to lightly
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(b) resource blocks assigned simultaneously by 2 relaying terminals.
Figure 6.8: Comparison between randomly-generated sequences, the sequences obtained by the multiplicative cyclic group structure, and the proposed ChiL
nese remainder theorem-based scheme when 100% < N
≤ 200%.
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loaded and finally to heavily loaded. Hence, this scenario captures both uniform and
non-uniform load distributions. We compare the performance of the proposed CRTbased scheme with that of an SFFR scheme similar to that in [93], which provides
optimal performance in uniformly loaded scenarios. In particular, in this scheme,
each RT is given a subset of the available RBs and only attempts to assign the
remaining system RBs if all the ones within its given subset are already assigned.
For completeness, we also depict the performance of the cyclic and the random based
schemes.
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Figure 6.9: A performance comparison between the Chinese remainder theorem, the
soft fractional frequency reuse, the cyclic, and the random based resource
block assignment schemes for N = 30 resource blocks.

From Figure 6.9, it can be seen that the CRT-based scheme outperforms the
SFFR, the cyclic, and the random based ones. For example, when ℓ3 = 21, the
average number of hits for the CRT-based scheme is 1, whereas those of the cyclic,
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the SFFR, and the random schemes are 2, 6.15, and 6.96, respectively; i.e., the CRTbased scheme offers a gain of at least 50% over the other schemes. It can also be seen
from Figure 6.9 that no hits are observed by the SFFR scheme when ℓ3 ≤ 10. This is
because, each RT first attempts to assign from its given set of

N
3

RBs before switching

to random RB assignments. Hence, this scheme can provide optimal performance,
when either the system load is uniform or when the loads of each of the 3 RTs is less
than or equal

N
.
3

Figure 6.9 also shows that at ℓ3 = 22, i.e., a fully loaded system,

both the CRT and the cyclic-based scheme result in only two hits. This is because
both schemes use the HIA algorithm to avoid potential future hits; a feature that is
not applicable to SFFR and random RB assignments.



Example 15. In this example, we evaluate the performance of the CRT-based sequences in a practical relay-assisted MTC system. In particular, we evaluate the
system’s aggregate data rate when the CRT-based sequences are used in an MTC
system with M = 3 RTs and N = 30 RBs and compare it with the aggregate data rate
when cyclically-generated sequences of the same length are used. In the considered
system, each RT assigns one RB to each incoming MTC device during a scheduling
interval of 1 ms. In other words, in each scheduling interval, 3 RBs corresponding
to M = 3 RTs are assigned. Once RT i assigns an RB to an incoming MTC device,
it increases the number of its assigned RBs, Ni , by one. At this point, either the
assignment will be successful or a collision will occur. In case of a successful assignment, the assigned RB is retained and the RT proceeds during the next scheduling
interval to assign the following RB in its sequence. In case of collision, the RT which
was first to assign the RB retains it, whereas the other conflicting RT releases the
RB and reduces its Ni by one at the end of its scheduling interval. The impact of a
collision will be reflected on the interference observed by MTC devices. In particular,
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a collision on a given RB will result in an interference between the transmissions of
their respective MTC devices for the duration of one scheduling interval. In this
example, the system has an initial load of zero and the number of MTC devices is
increased in a round Robin fashion until each of the RTs is loaded with 10 MTC
devices. In that case, the system is fully loaded; i.e.,

L
N

= 100%.

The channel gains between the RTs and the MTC devices are generated using
the line-of-sight Hotspot pathloss model [82] with frequency-flat Rayleigh fading and
standard Gaussian noise spectral density of -174 dBm/Hz. The RB bandwidth, and
the receiver noise figure are set to 180 KHz and 5 dB, respectively [82]. The transmit
power, Pt , of all MTC devices is set to 0 dBm and the locations of these devices and
the RTs are uniformly distributed within the cell boundaries. For a practical dense
deployment scenario, MTC devices are assumed to be less than 300 m away from
their assisting RTs and the maximum inter-RT distance is set to 100 m. The RTs
implement the HIA algorithm of [61] and the performance is averaged over 10000
channel realizations. Using the aforementioned parameters, the aggregate data rate,
R, at a given scheduling interval can be calculated using:
R = BW

Ni
M X
X
i=1 j=1



log2 1 +

Pn +

|Hl,i,Bj |2 Pt

PQ

m=1,m6=l

|Hm,i,Bj |2 Pt


,

(6.19)

where BW is the assigned bandwidth and Pn is the noise power, and Bj is the jth RB assigned by RT i and is selected by the RT based on its sequence; i.e., the
j-th entry in the RT’s assignment sequence. In (6.19), the parameter Q is the total
number of MTC devices, and Hl,i,Bj is the channel coefficient between RT i and MTC
device l on RB Bj ; Hl,i,Bj is set to zero if Bj is not assigned by RT i to the MTC
device l.
As shown in Figure 6.10a, the aggregate data rate achieved by the CRT-based
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(b) Average SINR of RTs 1 and 2.
Figure 6.10: Comparison between the aggregate data rates and the average SINR
achieved by the cyclically-generated and the Chinese remainder theorembased resource block assignment sequences for N = 30 resource blocks.
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sequences constitutes an upper bound on that achieved by the cyclically-generated
sequences. This confirms the observation that the cyclically-generated sequences
constitute a special case of the CRT-based sequences. For example, at the eighth
scheduling interval, the aggregate data rate achieved by the CRT-based sequences
is 17% higher than the one achieved by the cyclically-generated sequences. This
performance gain is mainly due to the lower number of hit occurrences, i.e., the
lower interference level, observed by the RTs due to the utilization of the CRT-based
sequences. Figure 6.10a also illustrates that for the first few scheduling intervals,
e.g., the third scheduling interval, both the cyclically-generated sequences and the
CRT-based sequences achieve the same data rate. This is because for these scheduling
intervals, all the RTs are lightly loaded, thereby no hits are observed between the RTs.
Finally, at high scheduling interval indices the two sequence structures ultimately
achieve the same aggregate data rate. This is because, at these scheduling intervals,
all the N RBs are assigned by the RTs and the data rate becomes flat.
In Figure 6.10b, we consider a 3-RT setup similar to that of Figure 6.10a. However, in this setup, Pt = −50 dBm and the loads of the first two RTs are set to 3,
i.e., ℓ1 = ℓ2 = 3, while ℓ3 increases from 0 to 24; i.e., until L = 100%. In addition,
when a hit occurs, the RTs do not relinquish their assigned RBs. The average SINR
of the first two RTs is depicted in Figure 6.10b to show the effect of hit occurrences
on the system performance. In particular, as ℓ3 increases, hits occur between the
RBs assigned by RT 3 and the ones already assigned by the first two RTs, resulting
in a sudden drop in the average SINR. From this figure, it can also be seen that
the performance of the CRT-based sequences outperform their cyclic counterparts.
For instance, when ℓ3 = 20, the average SINR achieved by the CRT-based sequences
and their cyclic counterparts is 7 dB and 5.5 dB, respectively. This is mainly due to
111

the rich structure of the CRT-based sequences, which yields a lower number of hit


occurrences.

Example 16. In this example, we evaluate the number of MTC devices with successful RB assignments versus the number of RB assignment attempts. The setup
of this simulation is similar to that of the previous one. However, the total system
load is not uniformly distributed across the 3 RTs and the performance results are

Number of Successfully Assigned MTC Devices

averaged over 10000 load distributions.

30
28
26
24
CRT sequences
MCG sequences
Random assignments

22
20
2
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10

12

Number of RB Assignment Attempts for Each MTC Device
Figure 6.11: CDF of the number of attempts needed for successful resource block assignment for N = 30 resource blocks.

From Figure 6.11, it can be seen that the CRT-based sequences outperform both,
the random and the cyclically-generated sequences. For example, for the case of one
RB assignment attempt per MTC device, i.e., no collisions, the numbers of successfully assigned MTC devices are 28.49, 25.09, and 19.9 when the RB assignments
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are done using the CRT-based, the cyclically-generated, and the random sequences,
respectively. In other words, the CRT-based sequences offer a 13.5% gain over the
cyclically-generated sequences in the number of MTC devices not experiencing any
collisions. This gain increases to 43.2% when compared to the performance of the
random RB assignments. Note that the performance gain due to the CRT-based
sequences is projected to increase for higher values of N. Figure 6.11 also shows that
using the CRT, 99% of all MTC devices are successfully assigned with at most two
RB assignment attempts, whereas in the case of cyclically-generated RB assignments,
the 99-th percentile is reached with three assignment attempts. Using the results reported in Figure 6.11, one can evaluate the power wastage incurred by collisions and
the data transmission delay experienced by MTC devices; i.e., the duration between
the first RB assignment and the successful one. This can be done by invoking the
scheduling interval and the transmit power, Pt .
Denoting the transmission delay by d and the number of RB assignment attempts
by a, it can be seen that d=s̄(a−1), where s̄ = 1 ms is the scheduling interval duration.
For example, a device with 3 assignment attempts will incur a delay, d = 2 ms.
To evaluate the power wastage due to hits, denoted by Pw , one can use Pw =
Pt (a − 1). Using Figure 6.11, it can be concluded that 95% and 83.6% of the MTC
devices incurred less than Pw = 1 mW power wastage and d = 1 ms delay when using
the CRT-based sequences and the cyclically-generated sequences, respectively.
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Chapter 7

Pseudonoise-Based Resource Block Assignments
in Relay-Assisted MTC Systems

In this chapter, we begin by discussing the motivation behind investigating the
potential application of PN-based sequences for autonomous RB assignments in MTC
systems with self-organizing relaying terminals. We then focus attention on the relationship between a subset of the PN-based sequences, i.e., the M-sequences, and their
cyclic counterparts. Subsequently, we use this relationship along with the properties
of cyclic groups to develop a technique that simplifies the generation of cyclic sequences. This is followed by a performance comparison between PN-based, cyclic, and
CRT-based sequences when used for autonomous RB assignments in relay-assisted
MTC systems. Finally, we evaluate the autocorrelation and cross-correlation properties of CRT-based sequences and compare them to those of ZC and M-sequences.

7.1

Motivation
PN-based sequences play a key role in the realization of a wide spectrum of

applications. One category of such sequences is the M-sequences, which are widely
adopted in FH spread spectrum applications, wherein at any given dwell interval, the
frequency used for transmission follows a locally-generated M-sequence [62, 90, 91].
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These sequences are also widely used for achieving the initial synchronization in many
cellular systems. For example, the secondary synchronization signals of LTE [63]
and the primary synchronization signals of the 3GPP 5G NR [64] are both based
on M-sequences. Other examples of the applications of M-sequences include ultrawideband sensing [95] and image scrambling [96]. This wide range of applications is
mainly sparked by the favorable properties of M-sequences [97]; e.g., their single peak
autocorrelation property and the simplicity of their generation. In particular, each
M-sequence can be easily constructed from a single seed, i.e., a primitive polynomial,
using a set of linear shift registers. This feature indicates that there exists a relationship between the set of M-sequences and the set of cyclically-generated sequences
since each of the sequences within these sets can be obtained by repeatedly applying
a certain operation on a single seed. In fact, as will be discussed hereinbelow, the set
of M-sequences is a subset of that of the cyclically-generated sequences and thus it
follows that:
• there exists a group isomorphism that maps a subset of the set of sequences
cyclically-generated by the ACG structure to that of the M-sequences;
• the performance of M-sequences, when used for RB assignments in our proposed
relay-assisted MTC setup, will be upper-bounded by that of the cyclicallygenerated sequences and the CRT-based ones, cf. Example 17; and
• the generation of cyclic sequences can be simplified by following a shift registerbased technique similar to the one used for generating M-sequences.
In the following sections, we will discuss the relationship between M-sequences
and their cyclically-generated counterparts and highlight its implications in simpli115

fying the generation of cyclic sequences.

7.2

Preliminaries of PN-based sequences
In this section, we begin by reviewing the preliminaries pertaining to the gener-

ation of M-sequences.
Definition 6 (Fields [67]). A finite field is a set F of pn elements, where p is prime
and n ≥ 1, that is defined with two operations; namely addition and multiplication.
The elements of this set constitutes a group with respect to the addition operation. 
Each field, F (pn ), forms a cyclic group of order pn − 1 under multiplication with
the elements {1, a, a2 , . . . , ap

n −2

}, where the field element a is a group generator of

the cyclic group.
Definition 7 (Primitive Elements [67]). A field element as of a field F (pn ) is a
primitive element iff gcd(s, pn − 1) = 1. This element is one of the group generators


of the cyclic group F (pn ) \ {0}.

Each primitive element of a field, i.e., a group generator of the cyclic group
F (pn ) \ {0}, yields a cyclic sequence by repeated applications of the group operation.
Next, we will provide a definition of the primitive polynomials of a field.
Definition 8 (Primitive Polynomials [98]). A polynomial g(x) of degree n ≥ 1 is a
primitive polynomial if it is the minimal polynomial of a primitive element of F (pn ),
where a minimal polynomial of a field element B ∈ F (pn ) is the unique polynomial
of lowest degree which has B as a root and whose coefficients lie in F (p).



For any primitive polynomial of a field F (pn ), the polynomial roots are a subset of
the set of primitive elements of the field. In particular, for any primitive polynomial,
the roots consist of a primitive element and its conjugates, which are defined next.
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Definition 9 (Conjugates of a Field Element [67]). The conjugates of a field element
2

B ∈ F (pn ) are the elements {B, B p , B p , . . . , B p

r−1

} where r ≤ n is the smallest

r



integer for which B p ≡ B.

Using these preliminaries and the properties of M-sequences, one can construct an
isomorphism between the set of M-sequences and a subset of the cyclically-generated
ones. Next, we will construct this isomorphism and provide a detailed discussion on
its implications on the performance of M-sequences when used for autonomous RB
assignments in relay-assisted MTC systems.

7.3

Isomorphism between the cyclically-generated and the
M-sequences
We begin this section by introducing the following lemma:

Lemma 5. For any given sequence length N = 2n − 1, n ≥ 2, the set of M-sequences
is isomorphic to a subset of the set of cyclically-generated sequences by the ACG


structure of order N.

Proof. The proof of Lemma 5 follows from the properties of cyclically-generated and
M-sequences. In particular, Theorem 2 states that for any cyclic group of order
N, GN , the cyclically-generated sequences by the group operation underlying GN are
isomorphic to the ones that are cyclically-generated by the ACG operation underlying
ZN . In other words, there exists a one-to-one and onto structure preserving function
that maps the elements of each of the cyclically-generated sequences of GN to those
of a unique cyclically-generated sequence by the ACG structure.
Now, for the field of 2n elements, F (pn ), p = 2, n ≥ 2, that yields PN-based
M-sequences of length N = 2n − 1, the number of available generating primitive
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polynomials can be given by

φ(N )
n

[94]. Since each M-sequence corresponds to a dis-

tinct primitive polynomial, it follows that the number of available M-sequences is
equal to

φ(N )
.
n

In [97, 99], it was shown that each M-sequence can be represented ex-

ponentially as powers of a primitive element modulo p and the primitive polynomial.
In other words, each M-sequence is a cyclically-generated sequence and its group
generator is the primitive element of the corresponding primitive polynomial. Hence,
it follows that the

φ(N )
n

cyclically-generated M-sequences are isomorphic to a subset

of the φ(N) cyclically-generated sequences by the ACG structure.
Next, we will discuss the implications of Lemma 5 on M-sequences and cyclicallygenerated ones.

7.3.1

Performance of maximal length RB assignment sequences

As discussed in the previous section, the set of M-sequences constitutes a subset of that of the cyclically-generated ones. Subsequently, it follows that the set of
M-sequences is also a subset of that of the CRT-based sequences. Hence, the performance of M-sequences, when used for autonomous RB assignments in relay-assisted
MTC systems, will be upper bounded by that of the cyclic and the CRT-based sequences. However, the performance gap between the cyclic and the M-sequences will
depend on the cardinality of the set of M-sequences and their structure. This performance gap is evaluated in Example 17 of Section 7.4 for M-sequences of length,
N = 25 − 1 = 31.
7.3.2

Generation of binary M-sequences using the ACG structure

From Lemma 5, it can be concluded that there exists at least one one-to-one and
onto function that maps the elements of a subset of the cyclically-generated sequences
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by the ACG structure to those of the M-sequences. In addition, we note that the
cyclically-generated sequences by a primitive element and its conjugates yield the
same binary M-sequence. Hence, it follows that the set of binary M-sequences can
be easily generated by using the ACG structure in three steps: 1) generate the set
of cyclic sequences using the ACG structure; 2) use a group isomorphism function to
map the resulting set of sequences; and 3) convert the mapped sequences into binary
and discard the duplicate binary M-sequences that are generated by the conjugates
of the primitive elements.

7.3.3

Generation of cyclic sequences using shift registers

One of the favorable properties of M-sequences is that they can be easily generated by using shift registers. This feature renders M-sequences appealing in many
systems that exploit devices with limited processing capabilities; e.g., MTC systems.
Hence, in this section, we will introduce a technique that invokes the graphical representation of cyclic groups to extend the ease of generation property to the cyclicallygenerated sequences of length, N = 2m − 1, m ∈ Z. In particular, this technique
involves two main steps: 1) the generation of a basis cyclic sequence, i.e., an Msequence, using shift registers; and 2) using the graphical representation of cyclic
groups and their properties to obtain the set of cyclically-generated sequences from
the basis sequence. The details of these two steps are discussed next.

7.3.3.1

Generation of the basis cyclic sequence

In this section, we focus attention on generating a basis cyclic sequence that will
be used to obtain the corresponding set of cyclically-generated sequences. We note
that this sequence is not unique. In other words, any cyclic sequence of length N can
119

be used to obtain the corresponding set of N-length cyclically-generated sequences;
i.e., the basis cyclic sequence can be randomly selected. This is because, for any
sequence length, N, the set of cyclically-generated sequences is unique, cf. Theorem 2.
Now, since each M-sequence is cyclic by definition, i.e., can be cyclically-generated
from a single seed, then any M-sequence can be used as the basis cyclic sequence.
Hence, to obtain the basis cyclic sequence of length N = 2m − 1, m ≥ 1, we begin by
randomly selecting a primitive polynomial of order m. Using this polynomial, a set
of binary shift registers are connected; cf. Figure 7.1.

Figure 7.1: Multiplicative shift register-based generation of the M-sequence corresponding to the primitive polynomial, x4 + x + 1.

We note that at each clock cycle, the equivalent decimal value of the states of
the binary shift registers, i.e., {a0 , a1 , . . . , am }, represents an element of the generated cyclic sequence. Finally, since the registers are connected based on a primitive
polynomial, the resulting cyclically-generated sequence will be of length N = 2m − 1.
This sequence is then considered as the basis cyclic sequence.
Next, we will show how the set of cyclically-generated sequences can be obtained
from the basis sequence.
7.3.3.2

Generation of the cyclic sequences set

In this step, we use two properties of the cyclically-generated sequences, namely
the inverse and the graphical representation of cyclic groups, to generate the set of
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cyclically-generated sequences from a basis sequence; cf. Chapter 5. We note that
this step does not involve any complex computations and can be summarized as
follows:
1. Obtain the inverse of the basis cyclic sequence; i.e., the reversed version of the
basis cyclic sequence.
2. Use the basis sequence and its inverse to construct the first pattern in the
graphical representation of the cyclic group of order N; i.e., the outer circle.
3. Construct the remaining patterns of the graphical representation of the cyclic
group of order N; cf. Figure 7.2.
4. From each pattern, obtain the corresponding cyclically-generated sequence.
5. Reverse each of the obtained cyclic sequences to get its inverse.
The resulting sequences constitute the set of N-length cyclically-generated sequences. Next, we will provide numerical examples to compare the performance and
the properties of M-sequences to those of cyclic and CRT-based ones.

7.4

Simulation results
In this section, we compare the performance of the sequences obtained by the

proposed CRT-based scheme of Chapter 6 and the cyclically-generated sequences by
the MCG structure proposed in [61] with that of the PN-based M-sequences and the
ZC sequences that are commonly used in practical systems; e.g., the primary and
secondary synchronization signals in LTE [63, 100–102]. We will begin by discussing
the simulation environment.
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Figure 7.2: A graphical representation of a cyclic group of order 7. This cyclic group
has 3 group generator pairs, each yielding a unique pattern (the two inner
patterns and the outer circle).

7.4.1

Simulation environment

In this work, two simulation environments are considered. In the first environment, we numerically evaluate the performance of CRT-based, cyclic, and Msequences in terms of hit occurrences; cf. Example 17. In the second environment,
we evaluate the correlation properties of CRT-based sequences and compare them to
those of M-sequences and ZC ones; cf. Examples 18, 19, 20, and 21.
For ease of exposition, in Example 17, we will restrict attention to the case of
122

M = 3 RTs and apply an exhaustive search based technique for the selection of
cyclic, CRT-based, and M-sequences. In this example, the interference incurred by
the RTs is measured by the average number of hits over all possible load combinations
for different relative loads

L
,
N

where L is the number of assigned RBs; i.e., over all
P
ordered triples (ℓ1 , ℓ2 , ℓ3 ) ∈ L , {(ℓ1 , ℓ2 , ℓ3 )| 3i=1 ℓi = L, ℓi ≥ 0}, where ℓ1 , ℓ2 , and ℓ3

are the load levels of RTs 1, 2, and 3, respectively. Note that when each MTC device

is assigned an RB, the load ℓi represents the number of MTC devices served by RT
i and L becomes the total number of MTC devices.
In Examples 18 and 20, we evaluate the autocorrelation and the cross-correlation
properties of the CRT-based sequences and compare them to those of M-sequences
and ZC ones. In these examples, we demonstrate the tradeoff between the crosscorrelation and the autocorrelation properties of CRT-based, ZC, and M-sequences.
In particular, we show the cross-correlation gain achieved by the CRT-based sequences over M-sequences and ZC ones at the expense of an autocorrelation penalty.
In Examples 19 and 21, we extend our evaluation of the autocorrelation properties of the CRT-based sequences in the previous two examples by considering a more
practical scenario with carrier frequency offsets. In particular, we evaluate the ambiguity function for CRT-based, ZC, and M-sequences; i.e., the autocorrelation of these
sequences under different carrier frequency offsets. This metric is essential for determining the applicability of a set of sequences in many practical applications; e.g., the
applicability of a set of sequences for synchronization signalling in cellular systems
such as the LTE and the 3GPP 5G NR. This is because practical systems suffer from
carrier frequency drifts due to using imperfect oscillators. Hence, for these systems
to operate properly, it is essential that the synchronization sequences maintain their
favorable autocorrelation properties even in the presence of carrier frequency offsets.
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7.4.2

Numerical examples

Example 17. In this example, we compare the performance of the sequences obtained by the proposed CRT-based sequence generation scheme of Chapter 6, the
MCG scheme proposed in [61], and the M-sequences. The lengths of the CRT-based,
the cyclic, and the M-sequences are set to 30, 30, and 31, respectively. This is because
the length of the binary M-sequences must be of the form 2k − 1, k ≥ 1. The RTs
apply the HIA technique developed in [61]. For comparison, the performance of the
randomly-generated sequences for N = 30 is also shown.
From Figure 7.3, it can be seen that all structured sequences, i.e., the CRT-based
sequences, the cyclically-generated sequences, and the M-sequences, outperform the
randomly-generated ones. For example, at a relative load,

L
N

= 90%, the average

number of hits resulting from using the CRT-based sequences, the cyclic sequences,
the M-sequences, and the random ones are 0.78, 2.1, 3.48, and 6.3, respectively. Figure 7.3 also shows that both the CRT-based sequences and the cyclic ones outperform
the M-sequences at all relative loads. This performance gain also increases as the relative load increases. For example, at a relative load,

L
N

= 100%, the average number

of hits resulting from using the the CRT-based sequences, the cyclic sequences, and
the M-sequences are 1.89, 2.9, and 4.67, respectively; i.e. the cyclic and the CRTbased sequences offer a gain of at least 38% over the M-sequences. This is mainly due
to the fact that the M-sequences constitutes a subset of the cyclic sequences of [61]
and the CRT-based sequences of Chapter 6 and thus their performance is inferior to


those sequences; cf. Lemma 5.

Example 18. In this example, we focus attention on the correlation properties
of CRT-based and M-sequences. In particular, we set N = 15 and evaluate the
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Figure 7.3: A performance comparison between M-sequences, Chinese remainder
theorem-based sequences, cyclically-generated sequences, and random assignments.

normalized autocorrelation and cross-correlation of the two sets of sequences in the
absence of carrier frequency offsets; i.e., fo = 0. Note that, for this example, the
autocorrelation and the cross-correlation are normalized by N to eliminate the effect
of the sequence length on the performance. The CRT-based sequences are selected
based on their cross-correlation properties. In particular, the selected CRT-based
sequences are the ones that yield minimal normalized cross-correlation peaks.
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(a) Normalized autocorrelation of the Chinese remainder theorem-based
and the M-sequences for N = 15.
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(b) Normalized cross-correlation of the Chinese remainder theorem-based
and the M-sequences for N = 15.
Figure 7.4: A comparison between the autocorrelation and cross-correlation properties
of the Chinese remainder theorem-based sequences and the M-sequences,
when fo = 0.
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From Figure 7.4a, it can be seen that the normalized autocorrelation of Msequences outperforms that of CRT-based ones when fo = 0. In particular, the
normalized autocorrelation of M-sequences is equal to 1 at 0 time offset and

−1
N

=

−0.067 otherwise, whereas that of CRT-based sequences has multiple side peaks as
high as 0.2. This inferior performance of the CRT-based sequences is mainly due to
the fact that the CRT-based sequences are selected based on their cross-correlation
properties.
From Figure 7.4b, it can be seen that the normalized cross-correlation of CRTbased sequences outperforms that of M-sequences. In particular, the normalized
cross-correlation of CRT-based sequences has only two levels with a peak equal to
0.2, whereas that of M-sequences has multiple levels with peaks as high as 0.467. This
performance gain is mainly due to the richness of the set of CRT-based sequences
when compared to the set of M-sequences; cf. Lemma 5. Hence, these sequences can
be favorable in practical applications such as synchronization that can benefit from
the low cross-correlation peaks.
Example 19. In this example, we evaluate the effect of carrier frequency offsets
due to imperfect oscillators on the autocorrelation properties of M-sequences and
CRT-based ones. To do this, we evaluate the ambiguity function for the two sets of
sequences, when N = 15. Similar to the previous example, the CRT-based sequences
are selected based on their cross-correlation properties. The sampling frequency, fs , is
set to 30.72 MHz similar to that of LTE [83] and the ambiguity function is evaluated
for carrier frequency offsets, fo , up to 1.23 MHz.
From Figures 7.5a and 7.5b, it can be seen that both the CRT-based and the
M-sequences yield a high peak-to-side-lobe ratio even in the presence of high carrier
frequency offsets. In other words, both sequence sets offer low ambiguity side lobes
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(a) The ambiguity function of an M-sequence.
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(b) The ambiguity function of a Chinese remainder theorem-based sequence.
Figure 7.5: A comparison between the ambiguity functions of the Chinese remainder
theorem-based sequences of Chapter 6 and the M-sequences for N = 15.
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for frequency offsets up to 1.23 MHz. For instance, the observed peak-to-side-lobe
ratios for the M-sequences and the CRT-based ones are 3.06 and 2.87, respectively.
These high peak-to-side-lobe ratios indicate that the two sets are favorable for synchronization applications as they offer a large noise margin; i.e., the ability to achieve
synchronization in a noisy channel. Figures 7.5a and 7.5b also show that the performance of the selected CRT-based sequences in this example is slightly inferior to
that of M-sequences. This is because, the CRT-based sequences are selected based on
their cross-correlation properties. In particular, the CRT-based sequences that yield
the lowest cross-correlation peaks are selected since it is desirable for the synchronization sequences to posses ‘good’ cross-correlation and autocorrelation properties.
Finally, we note that the cross-correlation of the selected CRT-based sequences significantly outperform that of M-sequences at an expense of a slight increase in their


peak-to-side-lobe ratio; cf. Example 18.

Unlike Examples 18 and 19, in the following two examples, we compare the performance of the CRT-based sequences with that of the ZC ones, which are commonly
used in practice; e.g., the primary synchronization signal in LTE [100]. In particular,
in Example 20, we focus attention on the autocorrelation and cross-correlation properties of the two sets of sequences. This focus is then extended in Example 21 by
considering the effect of practical system impairments, i.e., carrier frequency offsets
due to imperfect oscillators, on the autocorrelation properties of ZC and CRT-based
sequences.
Example 20. In this example, we evaluate the correlation properties of CRT-based
and ZC sequences. In particular, we set N = 15 and evaluate the normalized autocorrelation and cross-correlation of the two sets of sequences in the absence of carrier
frequency offsets; i.e., fo = 0. Similar to Example 18, the CRT-based sequences are
129

selected based on their cross-correlation properties and the autocorrelation and the
cross-correlation are normalized by N to eliminate the effect of the sequence length
on the performance.
From Figure 7.6a, it can be seen that the normalized autocorrelation of ZC
sequences outperforms that of CRT-based ones, when fo = 0. In particular, the
normalized autocorrelation of ZC sequences is equal to 1 at 0 time offset and 0
otherwise, whereas that of CRT-based sequences has multiple side peaks as high as
0.2. We note that this inferior performance of the CRT-based sequences is mainly due
to the fact that the CRT-based sequences are selected based on their cross-correlation
properties.
From Figure 7.6b, it can be seen that the normalized cross-correlation of CRTbased sequences outperforms that of ZC sequences. In particular, the normalized
cross-correlation peak of CRT-based sequences is equal to 0.2, whereas that of ZC
ones is as high as 0.258. This performance gain is mainly due to the richness of the set
of CRT-based sequences. Hence, it can be appealing to use the CRT-based sequences
in practical applications that require low cross-correlation; e.g., synchronization.
Example 21. In this example, we evaluate the effect of carrier frequency offsets
due to imperfect oscillators on the autocorrelation properties of ZC sequences and
CRT-based ones. Similar to Example 19, we set N = 15 and evaluate the ambiguity
function for the two sets of sequences. The CRT-based sequences are selected based
on their cross-correlation properties and the sampling frequency, fs , is set to 30.72
MHz [83]. The ambiguity function is evaluated for carrier frequency offsets, fo , up
to 1.84 MHz.
From Figures 7.7a and 7.7b, it can be seen that CRT-based sequences yield a
significantly higher peak-to-side-lobe ratio than the one yielded by ZC sequences. For
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(a) Normalized autocorrelation of the Chinese remainder theorem-based and
the Zadoff-Chu sequences for N = 15.
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(b) Normalized cross-correlation of the Chinese remainder theorem-based and
the Zadoff-Chu sequences for N = 15.
Figure 7.6: A comparison between the autocorrelation and the cross-correlation properties of the Chinese remainder theorem-based sequences and the Zadoff-Chu
ones, when fo = 0.
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(a) The ambiguity function of a Zadoff-Chu sequence.
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(b) The ambiguity function of a Chinese remainder theorem-based sequence.
Figure 7.7: A comparison between the ambiguity functions of the Chinese remainder
theorem-based sequences of Chapter 6 and the Zadoff-Chu sequences for
N = 15.

instance, for N = 15, the observed peak-to-side-lobe ratios for CRT-based sequences
and ZC ones are 2.87 and 1, respectively. Hence, the CRT-based sequences can be
more favorable for synchronization applications than their ZC counterparts since the
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latter ones have high ambiguity side lobes, which impedes their performance in noisy
channels. Finally, we note that although ZC sequences suffer from a low peak-toside-lobe ratio, they were still selected for the primary synchronization signalling of
LTE because of two favorable features: 1) at the absence of frequency offsets, the
value of the autocorrelation of ZC sequences is either N or 0, cf. Example 20; and
2) the locations of the side lobes are known to the receiver and thus it can correctly
synchronize with the transmitter in noisy channels.
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Chapter 8

Summary and Future Work

In this thesis, we addressed the problem of resource block assignment for machinetype communication systems with self-organizing relaying terminals. In particular,
we proposed sequence-based RB assignment schemes by which the RTs can autonomously assign the available RBs to their assisted MTC devices in the absence
of CSI. Since the RBs are autonomously assigned by the RTs, the proposed schemes
dispense with the need for coordination between the RTs and its associated overhead.
In the proposed schemes, the RB assignments are independent of CSI and thus they
are easily applicable in the highly dynamic terminal relaying topology with its fast
channel variations. In addition, the structured sequences underlying the proposed
schemes were shown to outperform their PN-based counterparts. We conclude this
thesis by highlighting the key points in our proposed work and introducing the open
research directions for future work.

8.1

Thesis summary
The key points of the proposed work in this thesis can be presented by the

following items:
• In Chapter 4, we use group isomorphism to eliminate the constraint on the
number of RBs to be a prime number minus one and to show that the optimal
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assignment sequences generated by a specific cyclic group are globally optimal
over the set of all cyclically-generated sequences.
• In Chapter 5, we develop a greedy algorithm with polynomial complexity for the
sequential selection of RB assignment sequences in systems with large numbers
of RTs and arbitrary device distributions. This algorithm is further simplified by invoking the graphical representation of cyclic groups. The resulting
graphical greedy algorithm is more efficient and thus suitable for generating
assignment sequences for relay-assisted MTC systems with a massive number
of devices.
• In Chapter 6, we extend the RB assignment scheme by using multi-generator
sequences. In particular, we use the CRT to combine the cyclic sequences generated by simple cyclic group structures into longer ones. The combining process
introduces additional degrees of freedom in sequence generation, thereby enriching the set of available sequences for RB assignments. We also develop
an efficient greedy-based algorithm for CRT-based sequences selection. The
computational complexity of this algorithm is significantly lower than exhaustive search, thereby enabling the application of the CRT-based RB assignment
sequences in systems with large numbers of RTs and MTC devices.
• In Chapter 7, we use group isomorphism to show that the set of PN-based Msequences constitutes a subset of that of the set of cyclically-generated sequences
by the ACG structure. Subsequently, we conclude that the performance of Msequences, when used for autonomous RB assignments, will be upper bounded
by that of the cyclic and the CRT-based sequences. In addition, we develop
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a technique that uses the properties of cyclic groups and the isomorphism of
M-sequences to extend the simple shift register-based generation property of
M-sequences to their corresponding cyclically-generated supersets. Finally, we
compare the correlation properties of CRT-based, ZC, and M-sequences and
accordingly discuss the applicability of the CRT-based sequences for synchronization signalling in practical systems that suffer from high carrier frequency
offsets.

8.2

Proposed future work
In this section, we provide directions for future research that can potentially

improve the performance of autonomous RB assignments in relay-assisted MTC systems. These directions can be summarized in the following bullets:
• In the current research, we proposed an autonomous RB assignment scheme for
relay-assisted MTC systems that depends on cyclically-generated sequences,
i.e., sequences obtained from a single generator; cf. Chapter 5. This work
was further extended in Chapter 6 by proposing CRT-based sequences that are
constructed from multiple seed cyclic sequences. To further reduce the number
of assignment conflicts between neighboring RTs, one might explore different
tools from number theory and their properties for potential sequence generation;
e.g., circular permutations. Subsequently, this can yield a set of structured
RB assignment sequences with performance superior to that obtained by the
proposed CRT-based sequences; cf. Figure 8.1.
• In the current research, RTs are assumed not to communicate with one another
and not to have any channel state information. However, in some scenarios,
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Figure 8.1: Relationship between the set of cyclically-generated sequences, the set of
CRT-based sequences and the set of all available sequences of a given length.

RTs can temporarily obtain long term average channel parameters, thereby creating an opportunity for performance enhancement; e.g., in scenarios, wherein
the RTs and MTC devices are static for a relatively long duration. In particular, we would like to investigate the design updates necessary to improve the
overall system performance if RTs can acquire the long term average channel
parameters of their assisted MTC devices.
• We assume that RTs are not capable of sensing the spectrum before assigning
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RBs to their assisted MTC devices. While this assumption has its advantages
in reducing the consumed power and eliminating the delay imposed by the sensing process, we would like to investigate the effect of employing occasional and
partial spectrum sensing on the performance of the proposed HIA algorithm.
In particular, if the RTs are able to occasionally sense a portion of the available
spectrum, they will be able to identify some RBs that are occupied by other
RTs. To utilize this information, the RTs can possibly apply a modified version of the HIA algorithm to identify the load levels of neighboring relays and
avoid future hits accordingly. However, the sensing strategy and the number of
reserved resources for sensing should be carefully designed so that it does not
infringe on the resources available for communications.
• In the current research, we assumed perfect backhaul links between the RTs
and the BS, thereby eliminating the impact of the BS-RT links on the performance of RB assignments by RTs. However, in practical scenarios, RTs may
be required to negotiate the available resources with the BS based on their
load, thereby creating an opportunity for performance enhancement. This is
because, in such scenarios, the BS can inform each RT of the number of its
neighboring RTs as well as their current load levels. Using this information,
the RT can adjust its RB assignment sequence to reduce the number of potential hits with its neighboring RTs, thereby enhancing the performance of the
MTC system. Despite its advantages, too frequent negotiations with the BS
can impact the system performance due to the signalling overhead. Hence, the
signalling strategy between the BS and the RTs must be carefully designed to
realize its benefits without significantly reducing the communication resources.
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Appendix A

Proof of Theorem 2

A.1

Proof of Theorem 2

Let ZN be an ACG and GN be an arbitrary cyclic group, both of order N. From
Lemma 3, there is at least one isomorphism function that maps the elements of GN
to those of ZN . Furthermore, Theorem 3.26 in [70], asserts that such an isomorphism
maps every group generator in GN to a distinct group generator in ZN . Using these
facts, we will develop a constructive proof to show that the sequences obtained by
the generators of GN are isomorphic to those obtained by the generators of ZN .
Let g1 and g2 be two distinct generators of GN and let F be the isomorphism that
F

maps these generators to two group generators of ZN , say z1 and z2 , i.e., g1 7→ z1 and
F

g2 7→ z2 . To establish the desired isomorphism, we will generate the sequences in ZN
that are isomorphic to the ones generated by g1 and g2 in two different ways. In the
first way, the sequences in ZN are generated by applying F to every element of the
sequences generated by g1 and g2 . However, at this point, there is no guarantee that
the sequences obtained in this way can be cyclically-generated by the group generators
of ZN . To prove that this is indeed the case, in the second way, we will make use
of Theorem 3.26 in [70] to determine z1 and z2 , and to obtain their corresponding
sequences. The isomorphism between the cyclic sequences obtained by GN and ZN
is established by showing that the sequences of the two ways are identical.
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For the first way, we note that the cyclic sequences of g1 and g2 can be expressed
as
S1 = (g11 (mod N + 1), . . . , g1N (mod N + 1)), and

(A.1)

S2 = (g21 (mod N + 1), . . . , g2N (mod N + 1)).

(A.2)

Since the sequence generated by any of the group generators of GN spans the complete
sequence of integers from 1 to N, then there exists an integer 1 ≤ q ≤ N such that
g2 = g1q (mod N + 1). Subsequently, S2 can be written as
S2 = (g1q (mod N + 1), . . . , g1N q (mod N + 1)),
where in writing (A.3), we have used the fact that (g1q (mod N + 1))

(A.3)
m

(mod N +1) =

g1mq (mod N + 1) ∀m ∈ {1, . . . , N}.
Next, we define an isomorphism function, F that maps the element g1k (mod N +
1) ∈ GN to the element k (mod N) ∈ ZN , k = 0, . . . , N − 1}. Applying this isomorphism on the sequences S1 and S2 yields
S1′ = (1, 2, . . . , N − 1, 0), and

(A.4)

S2′ = (q(mod N), 2q(mod N), . . . , Nq(mod N)).

(A.5)

We will now provide another way for generating these sequences. Applying F on
g1 and g2 yields z1 and z2 , which are group generators of ZN , cf. [70, Theorem 3.26],
where
z1 = F ( g1(mod N + 1)) = 1,

and

(A.6)

= F ( g1q (mod N + 1)) = q(mod N).

(A.7)

z2 = F ( g2(mod N + 1))
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Since z1 and z2 are group generators of ZN , applying (2.4) on them yields the cyclic
sequences
S˜1 = (z1 (mod N), 2z1 (mod N), . . . , Nz1 (mod N)),

(A.8)

S˜2 = (z2 (mod N), 2z2 (mod N), . . . , Nz2 (mod N)).

(A.9)

Substituting (A.6) and (A.7) in (A.8) and (A.9) yields
S˜1 = (1, 2, . . . , 0) = S1′ ,

and

S˜2 = (q(mod N), 2q(mod N), . . . , Nq(mod N)) = S2′ .

(A.10)
(A.11)

The equalities in (A.10) and (A.11) yield that the set of sequences generated by an
arbitrary cyclic group GN are isomorphic to the set of sequences generated by the


ACG ZN .
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Appendix B

Proof and Discussion on The Upper Bound on
q(N ) in Lemma 4

We begin by proving the upper bound on q(N) in Lemma 4. This is then followed
by a discussion on the tightness of this bound for asymptotically large values of N.

B.1

Proof of Lemma 4: upper bound on q(N )

Let {p1 , p2 , . . . , pn } be a set of distinct prime numbers such that pc11 pc22 . . . pcnn ≤
N, where ci is the repetitions of the i-th prime factor pi . It follows that the cardinality
of this set, i.e., n, is maximized when the prime numbers p1 , p2 , . . . , pn are selected
to be the smallest distinct primes, i.e., p1 = 2, p2 = 3, p3 = 5, . . ., and the constants
c1 , . . . , cn are set to, c1 = . . . = cn = 1. We will refer to the maximum value of n as n̄.
Now, q(N) is defined as the number of unique prime factors of N, cf. Section 6.1.4,
and thereby is equal to the cardinality of the set of distinct primes {p1 , p2 , . . . , pq(N ) }
t

q(N)
such that pt11 pt22 . . . pq(N
) = N, where ti is the repetitions of the i-th prime factor, pi .

Note that, for any N, {p1 , p2 , . . . , pq(N ) } ⊆ {p1 , p2 , . . . , pn̄ }; i.e., q(N) ≤ n̄. Hence, to
obtain an upper bound on q(N), it suffices to derive an upper bound on n̄.
We begin by noting that for any N > 1 to have n̄ distinct primes, it is necessary
that N ≥ p1 p2 . . . pn̄ . Now, apart from the first four primes (i.e., 2, 3, 5, and 7), all
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prime numbers are larger than 10. Hence, any increase in n̄ beyond four, will require
increasing the value of N by a factor that is larger than 10. Hence, one possible
bound on n̄ > 4, is given by ⌈log10 (N)⌉ + 1 since it increases by at least 1 as N
increases by a factor of 10 or more. However, we need to show that this bound holds
for n̄ ≤ 4. For N to have 1, 2, 3, and 4 distinct primes, it follows that N must be
larger than or equal p1 = 2, p1 p2 = 6, p1 p2 p3 = 30, and p1 p2 p3 p4 = 210, respectively.
For each of these four values of N, the corresponding values of ⌈log10 (N)⌉ + 1 are 2,
2, 3, and 4, respectively; i.e., ⌈log10 (N)⌉ + 1 ≥ n̄ for n̄ ≤ 4. Hence, for any value of
N, the value of n̄, and subsequently the value of q(N), can be both upper bounded
by ⌈log10 (N)⌉ + 1.

B.2

Discussion on the tightness of the bound on q(N )

As shown in the previous section, the bound in Lemma 4 is valid for any value
of N. However, it becomes less tight as the value of N increases. This can be shown
by considering the rate of increase of the upper bound with N and comparing it with
that of the actual number of distinct prime numbers.
Let N be an asymptotically large number, where N = p1 . . . pn̄ . For this value of
N, the number of distinct primes q(N) = n̄ and is upper bounded by ⌈log10 (N)⌉ + 1.
Let pn̄+1 be the smallest prime following pn̄ and let N̂ = p1 . . . pn̄+1 . Note that
pn̄+1 ≫ 10 for large values of N. Now, the contribution of this prime, i.e., pn̄+1 ,
to q(N̂ ) is one, i.e., q(N̂ ) = q(N) + 1, whereas its contribution to the upper bound
is log10 (pn̄+1 ) ≫ 1; i.e., ⌈log10 (N̂)⌉ = ⌈log10 (N) + log10 (pn̄+1 )⌉. Hence, the upper
bound in Lemma 4 increases at a rate higher than that of q(N) for asymptotically
large values of N, thereby yielding a loose bound.
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