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Abstract

This thesis investigates the stability characteristics of laminar planar shear layers, 

including the effect of proximity of the shear layer to a nearby wall and the effect of 

cross-stream property gradients for fluids in the thermodynamic supercritical state. 

The results of a series of numerical studies are presented for the stability character

istics o f a shear layer in close proximity of a no-slip wall. The shear layer is formed 

by the merging o f two boundary-layer flows separated by a thin splitter plate. The 

Reynolds number at the splitter-plate trailing-edge, the velocity ratio o f the high- and 

low-speed streams, and the proximity of the shear layer to the no-slip wall are sys

tematically varied to investigate the effects o f these parameters on the development 

of the shear layer. Sensitivity to wall-proximity is clearly observed and an explana

tion is given based on the interaction with the wall o f the shed vortices that form  

in the unstable free shear layer. Numerical simulations results are presented on the 

stability characteristics of free shear layers in supercritical fluids with cross-stream 

property gradients. The results are compared to the stability of free shear layers of 

subcritical single-phase fluids with matching Reynolds number and velocity ratio. In 

the case with supercritical working fluid, the free shear layer deformed by the Kelvin 

Helmholtz instability mode is observed to produce body forces that create an effective 

Richardson number sufficiently high to sustain the Holmboe instability mechanism. 

This Holmboe instability produces thin Holmboe vortices that co-exist with the Kelvin- 

Helmholtz vortices. Three dimensional instability that follows these instability modes



is observed to have a reduced dominant spanwise wavelength when the working fluid 

is at a supercritical state with cross-stream, property gradients.
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Chapter 1

Introduction

1.1 M otivation

Free shear layers are created when two flows of differing velocities meet at an inter

face. These shear layers are observed in numerous engineering applications including 

fuel injection in combustors, chemical reaction layers, separated flows on airfoils, 

wakes behind wings and in several atmospheric and astronomical phenomena (Ho 

and Huerre, 1984). Free shear layers promote fluid mixing because of their inherent 

instability dictated by the presence of an inflectional velocity profile. Two applica

tions of free shear layers that prompted this study are related to the aerodynamic 

optimization of turbine blades in gas turbine engines and the use of supercritical wa

ter for the cooling of next-generation nuclear reactor fuel bundles. These seemingly 

disconnected applications of shear layers are strongly affected by the same modes of 

instability. However, the details of flow development under the influence of instability 

modes differ due to variations in properties of the flow field including the geometry of 

the free shear layer, the hydrodynamic properties of the flow and the thermophysical 

properties of the fluid. The focus of this thesis is to comparatively study the effects 

of two such factors on the stability of free shear layers.

Manufacturers of low-pressure turbines for gas-turbine engines are moving toward

1



higher aerodynamic blade loading to meet the demand for lighter engines (Curtis 

et al., 1997). Low-pressure turbines often operate at low Reynolds numbers where 

the laminar boundary layer on the blade suction-surface is prone to separation. The 

separated flow tends to quickly transition into turbulence and, due to the enhanced 

wall-normal mixing in the turbulent state, reattachment of the shear layer to the wall 

is promoted. Although the presence of such flow configurations, referred to as “sepa

ration bubbles” in the literature, reduces the aerodynamic efficiency of blades, reat

tachment of the separated flow is more favourable than a fully-stalled blade (Mayle, 

1991; Walker, 1993). Figure 1.1a shows an example of such a separation bubble on 

an airfoil.

In recent years, the author’s research group has been extensively involved in the 

measurement, numerical simulation and semi-analytical modelling of blade-surface 

boundary layers with separation bubbles (e.g. Roberts and Yaras, 2005 a,b; McAuliffe 

and Yaras, 2007 a,b; Brinkerhoff and Yaras, 2011). Despite such substantial research 

efforts by the author’s research group and others, there still remain outstanding ques

tions on the physics of separation-bubble flows. One of these outstanding questions is 

the large spread in non-dimensional frequency of the most amplified instability associ

ated with the formation of a separation bubble. It is speculated that free shear layers 

near walls, such as the separated shear layer of a separation bubble, have instability 

characteristics that are modified by the proximity of the shear layer to the wall (e.g. 

Rist and Maucher, 2002). The present study aims to contribute to our understanding 

of the effects of wall proximity on the development of the primary instability mode 

in free shear layers by investigating a simpli

ed flow con

gratin as shown on 1.1b.

Another factor affecting the stability of free shear layers is the presence of large 

spatial gradients in thermophysical properties across the shear layer that occur when
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Separation 
«— bubble u(y)

(a) (b)

Figure 1.1: (a) Diagram of a laminar separation bubble on a turbine blade 
(adapted from Brinkerhoff, 2012). (b) Simplified flow geometry used to 
investigate the effect of wall proximity on the stability of a shear layer.

the working fluid is in a supercritical state. The Generation IV International Forum 

(GIF) is investigating the use of supercritical water as the working fluid for cooling 

of nuclear fuel bundles to take advantage of increased thermal efficiency at higher 

heat source temperatures without the complicating aspects of heat transfer involving 

multi-phase fluids (Pioro et ah, 2003). However, there is evidence that under certain 

heat and mass flux conditions with the working fluid in supercritical thermodynamic 

state, the convection heat transfer rate is lower than the expected levels (Yamagata et 

ah, 1971). A thorough understanding of the flow and heat transfer physics responsible 

for such heat-transfer variations is essential for the design of reliable nuclear-reactor 

cooling systems utilizing supercritical water. In collaboration with Atomic Energy 

Canada Ltd., the author’s research group is undertaking a series of experimental and 

numerical studies to provide insight into this heat transfer problem. The research 

program is designed to develop this insight through the study of a series of idealized 

configurations in which the effects of geometric, thermal and flow parameters on the 

heat transfer process are studied systematically. The present study contributes to 

this effort through an investigation of the instability development in a laminar free
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Figure 1.2: (a) Nuclear fuel rod in a fuel bundle (adapted from Hansen 
and Owen, 2008). (b) Shear layer development (shown in green/yellow) 
in flow through fuel bundle (adapted from Yan and Karoutas, 2011). (c) 
Simplified flow geometry used to investigate the effect of cross-stream  
property variations on shear layers composed of supercritical fluid.

shear layer when the working fluid is supercritical water. The temperature gradient 

imposed across such a shear layer produces thermophysical property gradients that 

are comparable to those that would be observed in the flow field within a nuclear fuel- 

rod bundle cooled by supercritical water. Figure 1.2a illustrates an example of a fuel 

rod as a part of a nuclear fuel bundle that is representative of the fuel bundles in such 

supercritical water-cooled reactors. Shear layer configurations may develop on the fuel 

rod due to geometric features such as split spacers and wire-wrap spacers, as shown by 

the computed flow visualization by Jan and Karoutas (2012) in Figure 1.2b. Studying 

simplified shear layers, such as those shown in Figure 1.2c, in this context enables a 

fundamental investigation of the effects of supercritical thermodynamic state on the 

instability of a shear layer without the complicating effects of wall proximity, flow 

turbulence arid other flow features typical of a base flow in a fuel-bundle geometry.
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1.2 Objectives

The first part of this thesis investigates the role of proximity to a wall in modifying the 

site of transition onset, the natural frequency of vortex shedding, and the development 

of the vortical structures in a laminar free shear-layer. The study is performed at two 

Reynolds numbers and velocity ratios to establish sensitivity of the flow development 

to these two parameters. The second part of this thesis aims to establish the dynamics 

of flow instabilities in a free shear layer with cross-stream thermophysical property 

gradients that are comparable to those that would develop in supercritical water 

cooling the fuel rods in a nuclear fuel bundle.

1.3 Approach

The study of free shear layer development in close proximity of a wall is based pri

marily on the time-dependent numerical solution of the Navier-Stokes equations in a 

two-dimensional domain using the ANSYS CFX commercial software package. Lim

iting the spatial domain allows for computational efficiency and thus a relatively large 

test matrix of Reynolds numbers, velocity ratios and wall proximities. At the same 

time, this choice constrains the study to the early part of free shear layer development, 

up to the streamwise location where flow instabilities would be expected to develop 

three-dimensional features. Despite this constraint, study of the shear layer during its 

two-dimensional early development phase is expected to provide the answers sought 

in this thesis. The Navier-Stokes computations are complemented by linear stability 

analyses and potential flow computations. These mathematically simpler analyses 

serve to guide the interpretation of the flow computed through the Navier-Stokes 

simulations.

For the study of the effects of thermophysical property gradients on laminar free



shear layer development in the context of supercritical fluids, the direct numerical 

simulation (DNS) approach is taken. The fine spatial and temporal resolution of 

this approach allows for natural development of all flow instabilities and resultant 

turbulent flow structures without any assumptions regarding these flow phenomena. 

The ANSYS CFX software package is used for these computations. Suitability of 

this software for accurate DNS computations has been established by the author’s 

research group through extensive validation efforts (e.g. Azih et al. 2011, 2012).



Chapter 2

Literature Survey

This chapter reviews the published literature on shear layers in close proximity to walls 

and shear layers with cross-stream thermophysical property gradients. Section 2.1 

gives an overview of the role of attached and separated shear layers in the aerodynamic 

optimization of gas turbine engines. Section 2.2 discusses the instability of attached 

laminar boundary layers, and Section 2.3 discusses the instability of shear layers, 

particularly planar free shear layers and separated shear layers, with emphasis on the 

effects of wall proximity and cross-stream property gradients on the stability of the 

shear layer. Finally, Section 2.4 reviews the literature on the hydrodynamic stability 

of fluids in a supercritical thermodynamic state to provide a context for part of the 

work presented in this thesis.

2.1 Separation Bubbles on Axial Turbine Blades

Modern trends in the design of low-pressure axial turbine blades for gas-turbine en

gines are moving towards increased aerodynamic loading in an attem pt to lower the 

weight and cost of the engine (e.g. Hourmouziadis, 1989; Curtis et al., 1997). In

creased aerodynamic loading implies stronger adverse pressure gradients on the suc

tion surface of the blade, thereby increasing the likelihood that the attached laminar

7
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boundary layer may separate from the blade surface before transitioning to a tur

bulent state, increasing the drag and decreasing the efficiency of the blade (Mayle, 

1991). Rapid amplification of disturbances in the separated shear layer promotes 

laminar-to-turbulent transition which in turn promotes reattachment due to the en

hanced momentum exchange arising from turbulence (Mayle, 1991; Walker, 1993). 

This sequence of separation, transition, and turbulent reattachment forms a “separa

tion bubble” when viewed in a time-averaged sense.

The anatomy of a separation bubble is shown in Figure 2.1. This diagram shows 

that the attached boundary layer (Region I) separates from the blade surface due to 

the adverse streamwise pressure gradient, forming a separated shear layer with an 

inflectional velocity profile (Region II) (Horton, 1968; Alam and Sandham, 2000). 

Separation of the shear layer creates a region of constant pressure in the streamwise 

(x) direction (Mayle, 1991; Walker, 1993). The region below the separated shear layer 

(Region III) was originally thought to be a zone of stagnant dead air, however, several 

studies (e.g. McAuliffe, 2007 a,b; Dovgal et al., 1994) have shown that there is may 

be reversed flow of significant magnitude within the separation bubble. Following 

the turbulent reattachment (Region IV) of the separated shear layer, the downstream 

flow is characterized by a region of pressure recovery (Mayle, 1991).

Due to the impact of the separation bubble on the blade performance, accurate 

prediction of the transition-onset location and the rate of transition is important for 

designers of gas turbine engines, and refined engineering models have been devel

oped for the purpose of predicting these quantities for a range of Reynolds numbers, 

pressure gradients, and freestream conditions (e.g. Roberts and Yaras, 2005). Fur

ther improvement of such models requires a clear understanding of the instability 

mechanisms that contribute to transition in separated flows. Due to the presence of 

attached laminar flow upstream of separation, instability and transition in separated 

shear layers on gas-turbine blades likely resemble the instability characteristics of both
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Figure 2.1: Schematic of a laminar separation bubble (Brinkerhoff, 2012).

attached and free shear layers (Alam and Sandham, 2000). Therefore, Sections 2.2 

and 2.3 will respectively review the literature on the development of stability charac

teristics in attached boundary layers and separated shear layers leading to breakdown 

to turbulence. While the freestream flow in low-pressure turbines of gas-turbine en

gines is typically of high turbulence level, in keeping with the objective of studying 

flow instability in an isolated setting to pinpoint certain cause-and-effect relation

ships, the present study and thus the accompanying literature survey is limited to 

the conditions of low freestream turbulence.

2.2 Attached Boundary Layer Stability

Boundary layers are formed on a solid surface as the no-slip condition at the wall 

creates viscous stresses that alter the velocity profile of the flow in the vicinity of the 

wall (White, 1991). Breakdown of a laminar boundary layer into turbulence depends 

on environmental disturbance levels (Morkovin, 1969). Sections 2.2.1, 2.2.2 and 2.2.3 

discuss the primary instability, secondary instability and breakdown mechanisms in 

“natural transition” , that is transition in low disturbance environments.
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2.2.1 Prim ary Instability M echanism

The primary instability mode is the first instability to appear in a boundary layer. To 

theoretically examine the onset of instability in a laminar boundary layer, Orr (1907b) 

and Sommerfeld (1908) applied a perturbation of the form given in Equation 2 .1  to 

a laminar, parallel base-flow:

v = v(y)eiQ{x+ct) (2 .1)

Where v is the instantaneous wall-normal perturbation velocity, v(y) is the pertur

bation mode shape, c is the perturbation phase velocity, a  is the streamwise wave- 

number such that perturbation frequency is u  = ac. The incompressible Navier- 

Stokes equations, which describe the conservation of mass and momentum in fluid 

flow, are written in the perturbation form by decomposing the velocity into a steady 

and fluctuating component. By using the perturbation velocity expression given in 

Equation 2.1 for the fluctuating components of velocity, through a series of straight 

forward mathematical steps the Orr-Sommerfeld equation is obtained.

(2 .2)

Here U is the baseflow streamwise velocity, v is the kinematic viscosity of the fluid and 

primes denote differentiation in the wall-normal (y) direction. The characteristics of 

this ordinary differential equation describe the stability of plane parallel flows. The 

Orr-Sommerfeld equation may be re-written using non-dimensional quantities thus 

elucidating the role of Reynolds number in the stability characteristics of a laminar 

parallel flow:

(,u * -  -  aj.v*) -  U*"v* + ---- (v*"" -  2a25.v*" +  a%v*) = 0 (2.3)
s------------------- v------------------- ' Rcj*

Inviscid Terms  v
Viscous Terms

(U — c)(v" — a 2v) — U"v +  ~(v""  — 2c? v" + a 4v) = 0
a
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where,

v  rr* U  * C r* r, U f S *V =  — , U =  — , c =  — , a s* =  a6 , Res* - ---------.
Uf Uf Uf V

Here, Uf is the freestream velocity and 5* is the displacement thickness of the shear 

layer as determined by its velocity profile. Equation 2.3 reveals that the properties 

that affect the stability of the laminar shear layer include the shape of the base- 

flow velocity profile, the flow Reynolds number and the properties of the disturbance 

including its phase-speed and streamwise wave-number.

This linear stability theory can be used to find the critical Reynolds number cor

responding to the streamwise location of the start of instability (Schlichting, 1968). 

The unstable perturbation waves that amplify in a laminar boundary layer are com

monly referred to as Tollmien-Schlichting (T-S) waves. The first recognition of the 

instability of the zero-streamwise-pressure gradient (Blasius) boundary layer profile 

was made by Tollmien (1929) and the provision of an analytical solution was made 

by Schlichting (1979). Analysis of the Orr-Sommerfeld equation shows that viscosity 

may have a destabilizing effect within the critical layer where U = c, causing velocity 

profiles that are stable in the absence of viscosity to become unstable. A detailed re

view of the critical-layer instability is presented by Mack (1984a) and Maslow (1977), 

amongst others.

Equation 2.3 shows that the primary role of the flow Reynolds number is to affect 

the relative influence of the viscous and inviscid terms. For low Reynolds numbers, the 

viscous instability modes become exacerbated. For large Reynolds numbers, the role 

of the fourth-order expression embedded in the Orr-Sommerfeld equation becomes 

insignificant and these terms may be neglected altogether in the inviscid limit. The 

spatial stability characteristics of the Orr-Sommerfeld equation are effectively shown 

on “thumb” diagrams as shown in Figure 2.2 where boundaries of neutral stability 

are drawn on a graph with the abscissa as the Reynolds number and the streamwise
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Figure 2.2: Schematic of stability “thumb plots” for velocity profiles with  
and without inflection points (W hite, 1991).

wave-number of the disturbance as the ordinate.

In addition to the Reynolds number and the wavenumber of the perturbation, 

the shape of the base-flow velocity profile is the third important factor affecting 

the stability of the flow field, and it is represented as contours of neutral stability 

superimposed on the thumb diagram. Figure 2.2 considers two typical neutral curves, 

one for a velocity profile, U(y), that does not contain an inflection point (Curve A) 

and another that does contain an inflection point (Curve B). Curve A shows that a 

velocity profile without an inflection point is unstable for a finite Reynolds number 

range starting at the critical Reynolds number. As the Reynolds number increases, the 

role of the viscous terms in Equation 2.3 reduces and the profile shows a reduction 

in the range of instability wavelengths until it becomes stable to all disturbances. 

Conversely, Curve B, which corresponds to a velocity profile with an inflection point, 

has a lower critical Reynolds number (Reed et al., 1996). At large Reynolds numbers 

the neutral stability curve does not close up, and the flow remains unstable over a 

certain disturbance wavelength even at infinitely large Reynolds numbers. At such 

high Reynolds numbers, an inviscid instability mechanism dominates.
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Figure 2.3: (a) Experimental measurements and theoretical prediction of 
T-S wave frequency (Schubauer and Skramstad, 1947). (b) Experimental 
(symbols) and theoretical (lines) mode shapes (Reed et al., 1996).

The Tollmien-Schlichting (T-S) instability was confirmed by the experimental 

studies of Schubauer and Skramstad (Schubauer and Skramstad, 1947). They not 

only showed that the T-S waves can be seen as fluctuations in the velocity compo

nents in oscilloscope time traces, but also demonstrated that the onset of instability 

corresponds to the eigenvalues and critical Reynolds number predicted by the linear 

stability theory (Schubauer and Skramstad, 1947). The T-S waves are character

ized by a streamwise redistribution of vorticity around the critical layer where the 

viscous instability energy production primarily originates (Herbert, 1988). Their re

sults, shown in Figure 2.3a, agree with the analytical solutions to the Orr-Sommerfeld 

equation provided by Tollmien and Schlichting (White, 1991).

Visualization of T-S instability often proves difficult. However, its presence is often 

captured in literature through plots of perturbation velocity profiles, which represent 

the eigenmodes of the disturbance, showing the amplification rate of the perturbation,
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Figure 2.4: (a) Amplification rate and (b) frequency distribution of
Tollmien-Schlichting waves for Blasius boundary layer as predicted by lin
ear stability theory (adapted from Mack, 1984).

and power spectral density plots (Mack, 1984; Reynolds and Saric, 1986; Reed and 

Nayfeh, 1986). Analysis of the Orr-Sommerfeld equation by Reed and Nayfeh (1986) 

as well as the experimental study of Reynolds and Saric (1986) give convincing evi

dence that the primary mode of the T-S instability for a Blasius boundary layer has 

the form given in Figure 2.3b (Reed and Saric, 1996). The root-mean-square (rms) 

streamwise velocity fluctuation shows a double-humped trend where the perturba

tion amplitude rises from zero at the wall to a maximum at the critical layer, where 

the base-flow velocity equals the disturbance phase velocity, followed by an initial 

reduction, a secondary maximum and an ensuing reduction in fluctuation amplitude 

until the magnitude approaches the freestream value. This has been demonstrated 

to be a function of Reynolds number, with additional peaks being observed at higher 

Reynolds numbers (Nayfeh et al., 1988).

Mack (1984) presents the amplification rates and frequency-band distribution for 

the T-S waves for a Blasius boundary layer as shown in Figure 2.4, where A  repre

sents the perturbation amplitude and A 0 is the initial amplitude. Here, F  =  uiv/Uj
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is a nondimensional frequency with Uf being the freestream velocity and u  the an

gular frequency. Figure 2.4a shows the amplification rates as a function of Reynolds 

number for a range of instability frequencies. This diagram shows that below a crit

ical Reynolds number, the growth rate of a perturbation is zero. Once the critical 

Reynolds number is reached, the T-S wave grows until it reaches a critical ampli

tude. Similarly, Figure 2.4b shows the frequency band of amplified waves for different 

Reynolds numbers. This plot shows that, as per the Orr-Sommerfield equation, low 

Reynolds numbers have shallow peaks that are distributed over a larger range of fre

quencies. However, higher Reynolds numbers are accompanied by a narrower band of 

highly amplified frequencies. Similar profiles are available for Falknar-Skan and other 

velocity profiles (Obremski et al., 1969; Wazzan et al., 1968). Walker et al. (1989) 

developed a correlation for the frequency of the most amplified T-S wave, denoted 

/ m a , based on the stability curves provided by Obremski et al. (1969) which can be 

expressed as:
3.2 Ul

J m a  = ----- — 575 (2.4)
2nuResi

where Jma is the frequency of the most-amplified perturbation, Res- is the flow 

Reynolds number based on the freestream velocity Uf and the displacement thickness 

of the boundary layer.

2.2.2 Secondary Instability Mechanism

Following the primary T-S instability, a secondary instability develops in a lami

nar boundary layer as the T-S waves form waviness in the spanwise direction. This 

instability creates streaks (defined as spanwise variation in the streamwise velocity 

component) in the boundary layer that coincide with the presence of coherent vortical 

structures in the shape of the Greek letter A, shown in Figure 2.5 (Klebanoff and Tid- 

strom, 1972). Amongst others, Grek et al. (2000) assert that these A structures are a
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Figure 2.5: Aligned pattern of A-vortices (Herbert, 1988).

subset of a more general category of coherent structures known as “hairpin vortices” , 

which are vortical structures commonly observed in fully turbulent boundary layers 

(Adrian et al., 2000; Smith et al., 1991). These A vortices consists of a “head” and a 

“leg” segment that induce velocity in the surrounding boundary layer in the direction 

shown in Figure 2.6b (Smith et al., 1991). The self-induced wall-normal velocity on 

the head of the vortex lifts it to the high-momentum-stream portion of the boundary 

layer leading to the elongation of these vortices. Although there is often disagreement 

in the exact distinction between A vortices and hairpin vortices, the elongated A vor

tices are often referred to as “hairpin” vortices (Acarlar and Smith, 1987; Suponitsky 

et al., 2005). Smith et al. (1991) argue that these hairpin vortices grow laterally and 

form a spanwise array of streaks by the formation of secondary subsidiary vortices, 

as shown in Figure 2.6c. This model of a hairpin vortex explains many features of 

transitional and fully turbulent flow (Adrian et al., 2000). For example, the streaks 

observed by Klebanoff and Tidstrom (1972) in the streamwise velocity field may be 

explained as by the low-momentum fluid that is ejected upwards in the boundary
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Figure 2.6: The development of a hairpin vortex (Smith et al., 1991).

layer between the legs of the hairpin vortices (Adrian et al., 2000).

More recently, an extension of linear stability theory, referred to as optimal pertur

bation theory, explains the formation of streamwise vortices by considering the span- 

wise perturbation that grows most-rapidly and robustly within parallel flows. Butler 

and Farrell (1993) demonstrated that the optimal perturbation theory predicts a span- 

wise wavelength in wall units of A+ =  \ zuT/ v  = 1 0 0  for turbulent boundary layers, 

where uT is the friction velocity evaluated at the wall given by uT — [v(dU/dy)\w}1̂ 2. 

Chernyshenko and Baig (2005) later proposed a model for spanwise instability de

velopment that predicts an optimal spanwise spacing as a function of normalized 

wall-normal position. They suggest that the physical mechanism of the spanwise 

instability development is through the development of wall-normal motion which ad- 

vects high-momentum fluid towards the wall and low-momentum fluid away from the 

wall in alternating stripes. The spacing between consecutive streamwise vortices is 

governed by the balance of viscous diffusion and vanishing component of wall-normal 

velocity, the former strengthening as the streamwise vortices come closer together and 

the latter diminishing as the streamwise vortices move further apart (Chernyshenko 

and Baig, 2005).
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The formation of hairpin vortices commences the breakdown of an attached boundary 

layer through formation of turbulent spots. Smith et al. (1991) and Haidari and Smith 

(1994) show that from the primary hairpin vortex, secondary subsidiary vortices form 

around the kinks in the vorticity lines of the hairpin vortex, as shown in Figure 2.6. 

Singer and Joslin (1994) suggest that the rebounding of the hairpin vortices from the 

wall further contributes to spawning of vortices. As such, the spawning of subsequent 

generations of vortices from existing vortices drive the formation of turbulent spots 

(Smith et al., 1991; Singer and Joslin, 1994). Grek et al. (2000) demonstrated 

that hairpin vortices transform into turbulent spots by secondary high frequency 

disturbances produced at the legs of hairpin vortices. They describe transformation 

of these vortices into turbulent spots as accompanied by violent bursts.

Turbulent spots were first noticed by Emmons (1951) and since then numerous 

other researchers have observed these structures in transitioning flows. Figure 2.7a 

shows the top view of the streamwise growth and spreading of a turbulent spot using 

vorticity surfaces computed by Henningson et al. (1987) and Figure 2.7b shows the 

side view of a the turbulent spot. These turbulent spots have typically been observed 

to have an arrowhead shape pointing in the downstream direction (e.g. Wygnanski et 

al., 1976). Studies of turbulent spots by Wygnanski et al. (1976) and Cantwell et al. 

(1978) reveal an overhang region in the front of the turbulent spot that extends several 

boundary layer thicknesses above the spot centerline. Yaras (2007) provides a concise 

overview of the recent research on turbulent spot formation. Research by Schroder 

and Kompenhans (2004) and Yaras (2007) reveal a well-organized pattern of hairpin 

vortices and streaky structures within a turbulent spot. The growth of the turbulent 

spot through merging of neighbouring spots is responsible for the development of a 

fully-turbulent boundary layer.
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Figure 2.7: The structure of a turbulent spot (Henningson et al., 1987). 
Coordinate axes are normalized by initial boundary layer momentum  
thickness, 50.

2.3 Free and Separated Shear Layer Stability

In contrast to attached boundary layers, free and separated shear layers are formed 

either through the merging of two flows separated by a solid surface or by boundary- 

layer separation due to a geometric discontinuity or an adverse streamwise pressure 

gradient, as in the separation bubble shown in Figure 2.1. Free shear layers are 

typically studied far from solid surfaces, while separated shear layers typically occur 

in close proximity to a wall. Notwithstanding these differences, free shear layers and 

separated shear layers share numerous characteristics, as described in this section, 

and so they will hereafter be referred to collectively as simply free shear layers. The 

remaining sections of this chapter review the literature of the stability modes leading 

to laminar-to-turbulent transition in free shear layers, particularly addressing the 

effects of shear-layer proximity to a wall and cross-stream thermophysical property 

gradients.
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2.3.1 Prim ary Instability M echanism

Similar to boundary layers, the early instability of free shear layers can be predicted 

using linear stability theory. However, the velocity profile in free shear layers has 

an inflection point causing the inviscid terms in Equation 2.3 to be significantly 

more pronounced than the viscous terms. Kelvin-Helmholtz (K-H) instability is the 

dominant inviscid instability mechanism for many flows with inflectional velocity 

profiles, including free shear layers and separated shear layers (Ho and Huerre, 1984; 

Dovgal et al., 1993). Therefore, in studies of the stability of free layers, the viscous 

terms are often neglected, producing the Rayleigh equation, shown in Equation 2.5.

(U -  c)(v" -  a 2v) -  U"v = 0 (2.5)

Once again, U is the baseflow velocity profile, v(y) is the stream-normal velocity 

perturbation mode shape, a  is the streamwise wavenumber, and the prime (') de

notes differentiation in the direction of maximum velocity gradient (y). The form of 

Equation 2.5 suggests that the streamwise velocity profile and its derivatives are the 

primary factors th a t affect the inviscid stability of plane parallel flows.

The Rayleigh equation is a second-order differential equation that is less general 

than the Orr-Sommerfeld equation. Flows that are unstable through the analysis 

of the Rayleigh equation are refered to as “inviscid unstable” which Rayleigh (1880) 

showed requires an inflection point in the velocity profile. In addition, Fjortoft (1950) 

demonstrated that inviscid instability requires the velocity gradient ([/') to be a local 

maximum at the inflection point and there must be a location in the velocity-profile 

where U"(U — Upi) < 0, where Upi is the velocity at the inflection point. For example, 

the boundary layer profile shown in Figure 2.8a is inviscid stable while the profile 

shown in Figure 2.8b is inviscid unstable due to the presence of an inflection point 

and the satisfaction of the Fjortoft condition everywhere in the profile except at the
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Figure 2.8: Inviscid stability characteristics of shear layers: (a) an invis- 
cidly stable velocity profile; (6) an inviscid unstable profile.

inflection point (White, 1991).

The eigenvalues of the Rayleigh equation determine the inviscid stability charac

teristics of a shear layer and provide insight on the initial development of instability 

in shear layers. Waves of amplified perturbation are often referred to as Kelvin- 

Helmholtz (K-H) waves. For example, the initial instability of free shear layer pro

files and, occasionally, separated shear layer profiles are assessed through the Rayleigh 

equation (e.g. Ho and Heurre, 1984; Diwan and Ramesh, 2009). However, this equa

tion is only valid for simple parallel flows where the effects of viscosity and cross

stream property variation are not significant.

Following the linear regime, an inviscid unstable shear layer develops a stream- 

wise waviness that manifests itself as stream-normal perturbations of the shear layer. 

Figure 2.9 models the shear layer as a vortex sheet with vorticity in the clockwise 

direction, where y = y(x) denotes the stream-normal location of the vortex sheet as 

a function of the streamwise direction. As the shear layer deforms under the influ

ence of the self-induced velocity field, vorticity is swept away from regions of positive 

shear-layer slope, where > 0 , towards regions of negative slope, where < 0
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y(x)

Figure 2.9: Roll-up into Kelvin-Helmholtz vortices (adapted from Drazin 
(1981)).

(e.g. Drazin, 1981; Bachelor, 1967). This self-induced motion gathers vorticity away 

from regions such as the one identified as “A” on the diagram and towards regions 

such as “C” , resulting in periodic streamwise grouping of spanwise (z) vorticity into 

coherent vortical structures. The resulting vortical structures, often referred to as 

Kelvin-Helmholtz (K-H) vortices, are initially two-dimensional structures that con

tain most of the vorticity within the shear layer (e.g. Acton, 1976; Ho and Huang,

1983).

In separated shear layers, the simplistic model of vortex roll-up mentioned above 

is affected by the interaction of the shear layer with the wall, as will be elaborated 

in Section 2.3.4. Spalart and Strelets (2000) describes a mechanism wherein the un

deformed shear layer develops instability through wavering (or flapping), which they 

describe as a state where the streamwise perturbation velocity amplitude (u ) at any 

streamwise location is proportional to the local streamwise velocity gradient in the 

stream-normal direction (U') such that u oc U'. As the shear layer gradually escapes 

the confinement of the wall, they observed that the wavering behaviour increases 

leading to the amplification of unstable K-H waves. In agreement with Spalart and
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Strelets (2000), Na and Moin (1998) observed that the maximum shear stresses are 

located at the inflection point of a separated shear layer where (£/') is greatest. The 

streamwise wavering of the shear layer subsequently leads to the formation K-H vor

tices. Bao and Dallman (2003) showed through flow visualization that these primary 

K-H vortices are initially two-dimensional in a laminar separation bubble. Several 

studies show that at high Reynolds numbers transition may occur suddenly following 

the formation of the primary K-H vortices, thus leaving very little streamwise dis

tance for the formation of higher order instabilities (e.g. Spalart and Strelets, 2000; 

Tallan and Hourmouziadis, 2002). Despite the unsteady nature of the flow, Tallan 

and Hourmouziadis (2002) observed that in laminar separation bubbles the flow in

side a primary K-H vortex may be laminar. Muti-Lin and Pauli (1996) observed that 

these primary K-H vortices have a dominant role in the mixing of the shear layer such 

th a t re-attachment occurs almost immediately following production of these vortices. 

Bao and Dallman (2003) observed that the primary K-H vortices induce reversed flow 

which Doligalski et al. (1994) predicted would produce vorticity of the opposite sense 

at the wall. Several researchers (e.g. Dovgal et al. 1994; Rist and Maucher, 1996; 

McAuliffe and Yaras, 2007b; Diwan and Ramesh, 2009) observed that the boundary 

layer formed at the wall by the reversed flow is itself unstable to the T-S instability 

and this instability interacts with the K-H instability in the separated shear layer.

The instability frequency ( /) , related to the streamwise wavelength of the K-H 

vortices, is functionally dependent on the mean cross-stream velocity (17), and the 

shear-layer momentum thickness (9j), and is frequently expressed through the non- 

dimensional Strouhal number Stgj = f9 f /U .  In free shear layers, the Strouhal number 

of the most amplified instability is approximately St#f =  0.032 based on experiments 

(Ho and Huang, 1983) and linear stability analysis of a hyperbolic tangent profile us

ing the Rayleigh equations (Michalke, 1964). This nondimensional frequency changes 

little (5%) over a range of velocity-difference ratios 0 < R  < 1 (e.g. Ho and Huerre,
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Table 2.1: Published Strouhal number ranges in studies of separation
bubbles and free shear layers._______________________________

Stfls

McAulliffe and Yaras (2007) 0.008 - 0.016

Muti Lin and Pauley (1996) 0.005 - 0.008

Yang and Voke (2001) 0.005 - 0.011

Talan and Hourmouziadis (2002) 0.010 - 0.014

Ho and Heurre (1984) - free shear layer 0.016

1984). However, studies of separated shear layers often show a large spread in the 

Strouhal numbers of vortex shedding. In contrast to free shear layers, in separation 

bubble studies the Strouhal numbers are formed using the momentum thickness at 

separation (0S) and freestream velocity (Uf), i.e. St$'= f d s/Uf. Table 2.1 summarizes 

the Strouhal number for several studies. Here, the most amplified Strouhal number 

of a free shear layer is expressed using the definition for a separated shear layer for 

ease of comparison with separation-bubble studies. It is evident from Table 2.1 that, 

while the scatter in the most amplified frequency for a separated shear layer is as high 

as 50%, the Strouhal numbers values are mostly lower than that of a free shear layer. 

The reason for this large spread is not well understood. A few researchers suggest 

that the presence of the nearby wall may play an important role in the spread of 

Strouhal numbers (e.g. Rist and Maucher, 2002; Diwan and Ramesh, 2009), as will 

be elaborated in Section 2.3.4.

2.3.2 Secondary Instability Mechanism

Following the primary instability, secondary or higher instability modes may develop. 

The secondary instability mode manifests itself as pairing of the K-H vortices. Figure
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2.10 shows an example of the stages of pairing in a free shear layer. During pairing, 

one vortex that is perturbed farther toward the high-momentum stream overtakes a 

vortex immediately preceding it and they subsequently merge to form a larger vor

tex. The wavelength between the vortices double, yielding a frequency that is half 

the frequency of the dominant instability frequency (Wille, 1963). This pairing insta

bility is identified as a subharmonic instability of a shear layer and it is an important 

mechanism by which a free shear layer grows (e.g. Sandham and Adams, 1993; Ho 

and Huerre, 1984; Moon and Weidman, 1988). Pairing is observed in numerous shear 

layers including free shear layers, and separated shear layers (Ho and Huerre, 1984; 

Dovgal et al., 1994; McAuliffe and Yaras, 2007b). Winant and Browand (1974) de

scribe pairing as the instability of an array of finite amplitude vortical structures. 

Sandham and Adams (1993) provide a simplified model for vortex pairing that con

siders the kinematics of the vortex rotating around its axis and revolving around the 

leading vortex. They observed a correlation between the inclination of the vortex 

about its axis and the stages of vortex pairing. Winant and Browand (1974) describe 

the pairing process as being, at best, intermittent, and stochastic variations in the 

strength and spacing of the vortices lead to variability in the streamwise location of 

pairing.

Separated shear layers typically transition too soon to develop pairing instability 

(e.g. Spalart and Strelets, 2000; Tallan and Hourmouziadis, 2002). However, re

cent numerical studies of separation bubbles by McAuliffe and Yaras (2007b) suggest 

that, for separated shear layers, the pairing mechanism is observed for low Reynolds 

numbers (Reos ~  100) and suppressed at higher Reynolds numbers.

2.3.3 Breakdown into Turbulence

The process of transition into turbulence in a free shear layer begins with the de- 

velopement of spanwise waviness in the velocity profile (e.g. Bernal, 1981; Lin and
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Figure 2.10: Stages of the pairing instability illustrated through spanwise 
vorticity isocontours, where Ax is the streamwise wavelength of the K-H  
vortices (Sandham, 1993).

Corcos, 1981). However, the development of this three-dimensionality is not well un

derstood. Some researchers (e.g. Craik, 1971,1980) describe a mode similar to those 

observed in boundary layers, as described in Section 2.2.2, such that the shed vor

tices self-induce A-shaped structures which evolve into hairpin-like vortical structures 

that generate high-shear regions where localized regions of turbulent flow are pro

duced. Other researchers, such as Pierrehummbert and Widnell (1982), believe that 

the K-H vortices are themselves unstable and they describe mechanisms by which 

these vortices deform and become three-dimensional. They propose two modes, the 

helical and translative modes, as mechanisms of K-H vortex deformation. Claufield 

and Peltier (2000) and McAuliffe and Yaras (2007b) assert that the high shear braids 

between vortices act as sites of disturbance amplification that manifests as spanwise 

redistribution of streamwise vorticity. Earlier numerical work by Lin and Corcos 

(1981) demonstrates that such a flow development forms three-dimensional, counter- 

rotating vortices (Figure 2 .1 1 ) that cause the breakdown of the shear layer. Claufield 

and Peltier (2000) and Estevadeordal and Kleis (2002) describe the development of 

streamwise vortices that wrap around the K-H vortices. They noted the creation of 

streamwise vortices within braids between K-H vortices act to groove out spanwise
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Figure 2.11: Development of streamwise vortices (shown using streamwise 
vorticity contours) in the stream-normal (y-z) plane (adapted from Lin 
and Corcos, 1981).

undulation on the K-H vortices.

The spatial organization of these streamwise vortices is observed to be a function 

of Reynolds number. Williamson (1995) observed that the pattern of streamwise 

vortices for flows over cylinders depends on the Reynolds number based on the cylinder 

diameter (Reo ), as shown in Figure 2.12. He observed “type A” instabilities consisting 

of a ribbed pattern of staggered streamwise vortices at Reo  =  200 and “type B” 

instabilities of finer streamwise vortices of more consistent spacing that weave between 

the spanwise rollers at Rep  =  270. These patterns are schematically shown in Figure 

2.12. Claufield and Peltier (2000) and McAuliffe and Yaras (2007) noted that these 

streamwise vortices play a fundamental role in the three-dimensional breakdown of 

shear layers into turbulence.

Similarly, breakdown in separated shear layers is shown to be contingent on the 

development of spanwise deformation in the shear layer. Yang and Voke (2001) 

show that following the development of the primary K-H vortices, three-dimensional 

streamwise vortices form at about 50% of the time-mean reattachment length from
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Figure 2.12: Streamwise vorticity patterns for (a) type A and (b) type B 
instabilities (Baily et al., 2002).

separation. Likewise, Alam and Sandham (2000) observed the formation of A vor

tices during the transition of the shear layer into turbulence similar to those observed 

in boundary layers. McAuliffe and Yaras (2007b) observed that three-dimensional 

vortical structures are created at the braids between K-H vortices where the lo

cal high shear stress acts to amplify perturbations. They observed that complete 

three-dimensional breakdown occurs one to two K-H wavelengths downstream of 

the formation of these three-dimensional structures. Most recently, Brinkerhoff and 

Yaras (2011) demonstrated that the spanwise deformation responsible for the three- 

dimensional breakdown of the separated shear layer in fact originates from the up

stream boundary layer. This suggests that transition in the separated shear layer is 

also affected by the T-S instability of the upstream boundary layer.

2.3.4 Effect o f Proxim ity to a Wall

As mentioned earlier, the main difference between a separated shear layer and a free 

shear is the presence of a no-slip wall beneath the separated shear layer. Therefore, 

it is reasonable to suspect that the proximity of the shear layer to the no-slip wall
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Figure 2.13: The development of the streamwise velocity fluctuation profile 
during the transition of a boundary layer velocity profile to  a separated 
shear layer velocity profile (Dovgal et al., 1993).

plays a significant role in many of the differences in instability development observed 

in separated shear layers relative to free shear layers.

Studies by Taghavi and Wazzan (1974), Nayfeh, Ragab and Masad (1990), Das 

(1998) and Boiko et al. (2002) suggest that proximity to a wall suppresses the onset 

of instability. Dovgal et al. (1993) gives an excellent discussion of shear layers in 

close proximity to walls. During the process of flow separation triggered by a hump, 

they observed that the upstream streamwise velocity fluctuation profile transitioned 

into a new profile for a separated shear layer, as shown in Figure 2.13. The upstream 

streamwise velocity fluctuation profile is characteristic of the T-S instability, as dis

cussed in Section 2.5, while the downstream streamwise velocity fluctuation profile 

is influenced by the instability of the upstream boundary layer and the K-H insta

bility of the separated shear layer. Their experimental studies reveal three extremas 

in streamwise velocity fluctuation profile of the separated shear layer: one inside the 

bubble, one within the shear layer profile and one at the outer periphery of the viscous 

layer.
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Rist and Maucher (2002) performed a linear stability analysis for a modified hy

perbolic tangent velocity profile, described by:

U{y) =  tanh (a(y - y a - { y -  ys)r )) (2.6)

where the parameter ys represents the distance of the shear layer from the wall. By 

repeating the analysis with various values of ys, they determined that proximity to a 

wall dampens the onset of the inflectional instability mode at near-wall proximities. 

This is seen in Figure 2.14, which shows the streamwise velocity fluctuation profile 

for two values of ya; the profile in Figure 2.14a shows a far-wall configuration while 

the profile on Figure 2.14b shows a near-wall configuration. When the shear layer is 

located far from the wall (Figure 2.14a), the largest perturbation amplitude occurred 

near the center of the shear layer, suggesting that the K-H instability mode has a 

larger influence in the overall instability of the separated shear layer. When the shear 

layer is located close to the wall (Figure 2.14b), the velocity profile experienced its 

highest magnitude perturbation near the wall, suggesting a larger influence of the T-S 

modes. This suggests that the wall height adjusts the relative influence of the two 

instability modes on the overall instability of the separated shear layer. Furthermore, 

they observed that the most-unstable wavenumber reduces in close proximity to the 

wall.

Diwan and Ramesh (2009) performed a linear stability analysis of a family of 

piecewise-linear velocity profiles using the Rayleigh equation and observed that there 

is a reduction in the most-amplified frequency for profiles observed in shear layers in 

close proximity to the wall. To complement their linear stability analysis, Diwan and 

Ramesh (2009) also correlated the most amplified disturbance frequency of a sepa

ration bubble to the Reynolds number based on the inflection-point height from the



Figure 2.14: Streamwise perturbation velocity profile (u) profiles for (a) 
y a/8\ =  0.70 (b) y a/8\ — 0.55. Wall-normal height (y) is normalized by shear 
layer displacement thickness (<5J) (Rist and Maucher, 2002).

wall. They postulated that the relevant quantities that affect the most amplified fre

quency, f MA, are the streamwise velocity at the inflection point’ wall-normal position 

of the inflection point (yin), viscosity, and the vorticity thickness 8W defined as:

Using the Buckingham Pi theorem they obtained a functional relationship between the 

Reynolds number based on inflection point height and a non-dimensional frequency:

5U =  {Ux -  U2)/(dU/dy)'max (2.7)

( 2 .8 )

Diwan and Ramesh plotted the most amplified instability frequency with their modi

fied Reynolds number parameter and observed qualitative agreement with their linear
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Figure 2.15: Scaling relation for the most amplified frequency in the sep
aration bubble (Diwan and Ramesh, 2009).

stability analysis, as shown in Figure 2.15. However, their correlation generally over

predicted the frequencies compared to experimental results. Moreover, the validity of 

the inviscid analysis for a piecewise linear profile that does not truly have an inflec

tion point is questionable and the conclusion that the effect can be explained using 

inviscid theory contradicts the work of Rist and Maucher (2002), who view the effect 

as fundamentally viscous. Therefore, further investigations are required to investi

gate the mechanism for the reduction in the dominant instability frequency with wall 

proximity.

Ni and Armaly (2002) studied the instability and heat transfer properties of shear 

layers over a backward facing step for differing heights for Ree =  343 at the location 

of the step. For all flows, a region of recirculation developed below the shear layer.
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However, as the step height is increased, the fraction of the flow entering a secondary 

recirculation zone increased. The wall shear stress following reattachment was ob

served to increase at larger step heights. Bailey et al. (2001) studied the influence 

of wall proximity on the instability of the shear layer formed in the wake of a square 

cylinder. They observed that for low separations of the square cylinder from the 

wall, the growth of the instabilities is suppressed. Furthermore, they observed that 

proximity to the wall produces more oblique vortex shedding and reduce the spanwise 

coherence of these vortices.

2.3.5 Effect o f Cross-Stream Property Gradients

In addition to wall proximity, the presence of cross-stream property gradients can 

affect the stability of a shear layer. Although the emphasis of the present study is 

on separation bubbles in the context of aerodynamic optimization of gas turbine en

gines, interest in using supercritical fluids in power generation applications has led to 

increased research attention on shear layers with significant cross-stream thermody

namic property gradients. Thermally supercritical fluids are proposed to be used in 

turbine stages and nuclear reactor fuel bundles and, as will discussed in Section 2.4, 

these flows experience significant property gradients due to mild heating or cooling 

at solid boundaries of the flow path. To facilitate the discussion in Chapter 5, where 

shear layers composed of supercritical water are studied, the following section dis

cusses literature pertaining to flows with cross-stream property gradients. Although 

the study of supercritical shear layers in Chapter 5 includes cross-stream variation in 

density, viscosity, thermal conductivity, and isobaric heat capacity, the present review 

is limited to the role of cross-stream variations in density and viscosity because these 

properties are generally accepted as playing the most significant role on the transition 

of the shear layers into turbulence (e.g. Shafer and Herwig, 1995).

Some of the earliest studies that investigated the stability of density-stratified
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shear layers in the presence of a gravitational field were performed by Taylor (1931)

eration acting in the cross-stream direction, U is the baseflow velocity profile, v(y) is 

the stream-normal velocity perturbation mode shape, a  is the streamwise wavenum- 

ber, c is the perturbation phase velocity, and the prime (') denotes differentiation in 

the direction of maximum velocity gradient (y) (Lawrence et al., 1991). Taylor (1931)

are dependent on the density profile. Drazin and Reed (1981) provides a good re

view on the role of density stratification on the stability of shear layers. For flows 

where the lighter fluid is above the heavier fluid, the influence of a downward-directed 

gravitational force is to stabilize the shear layer.

To assess the level of flow stratification Lawrence et al. (1991) use the non- 

dimensional Richardson number, defined as:

where, Ap = pi — P2 , AU = U\ — C/2 , Pi is the upper stream density, and p2 is the 

lower stream density. They studied the Taylor-Goldstein equation for selected shear 

layer profiles and plotted a stability diagram for a range of flow Richardson numbers 

(J), shown in Figure 2.16. They predicted that in shear flows with low values for 

the real component of phase speed of unstable perturbations (cr < 0.25), Holmboe

and Goldstein (1931). They applied linear stability theory on shear layers with cross

stream density gradients and derived the Taylor-Goldstein equation:

(2.9)

where N  — \J{g/p)(—dp/dy) is the buoyancy frequency, g is the gravitational accel-

studied the stability of several velocity profiles with differing levels of density stratifi

cation and observed that the range of stable waves and the mode shapes of instability

Ap  AU  1 
~ g~ ^ (d U /d y )m„ A U *

(2 .10)
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Figure 2.16: Stability plots for the Taylor Goldstein equation showing 
contours of unstable waves. Region bounded by act = 0.25 (coloured in 
blue) are prone to the Holmboe instability (Lawrence et al., 1991).

instability can form and co-exist with the K-H instability.

The Holmboe instability occurs in shear layers with increasing density in the 

direction of a gravitational force (Holmboe, 1960). Two trains of interfacial waves 

of equivalent strengths develop and travel in oppose directions above and below the 

mean density interface, as shown schematically in Figure 2.17a (Lawrence et al., 

1991). For low levels of density stratification, often quantified by J , the shear layer 

rolls up into the well known K-H vortices. However, above a threshold value of J , 

given by regions enclosed in cT < 0.25 in Figure 2.16, the shear layer ceases to roll

up and instead Holmboe waves amply and eject long thin plumes above and below
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the shear layer (Smyth et al., 1988; Lawrence et al., 1991). The spanwise-oriented 

Holmboe vortices that subsequently develop are visualized by two counter-rotating 

vortex segments above and below the shear layer, such as in Figure 2.17 b (Carpenter 

et al., 2 0 1 0 ; Alexakis, 2009). Alexakis (2009) numerically studied the linear and 

nonlinear evolution of stratified shear layers and observed the presence of K-H and 

Holmboe vortices. Kelvin-Helmholtz vortices are observed to develop sooner than the 

Holmboe vortices and they have kinetic energies approaching ten times those of the 

Holmboe vortices (Alexakis, 2009). They describe the creation of Holmboe vortices 

as being preceded by formation of cusps that subsequently break-up into Holmboe 

vortices. Furthermore, Lawrence et al. (1991) performed experimental studies of 

flows with Richardson numbers between 0.05 and 0.3 and observed flow stabilization 

for higher Richardson numbers and formations of cusps that are possibly the footprint 

of Holmboe instability. Lee and Claufield (2001) numerically studied the instability 

of shear layers with cross-stream density gradients in a gravitational field. They 

introduced a distinction between two types of instabilities in shear layers with cross

stream density gradients, namely Taylor instabilities and Holmboe instabilities. The 

latter occurs only for sharply-varying cross-stream density profiles while the former 

occurs for mild-gradient density profiles. In addition to K-H vortices, they observed 

smaller pairs of counter-rotating vortices. Lee and Claufield referred to the smaller 

vortices as Taylor vortices. However, the distinction between Holmboe vortices and 

Taylor vortices remains ambiguous and these vortices may in fact be formed by the 

Holmboe instability described by other researchers (Holmboe, 1962; Smyth et al., 

2006; Lawrence et al., 1991; Smyth and Peltier, 1991).

Claufield and Peletier (2000) performed numerical simulations of flows with and 

without cross-stream density gradients and observed that shear layers with density 

gradients show earlier development of three-dimensional streamwise vortices and more
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Figure 2.17: (a) Schematic showing the formation of Holmboe vortices 
(Lawrence et al., 1991). (b) Holmboe vortices shown through flood plots 
of spanwise vorticity where density variation is shown using contour lines 
(reproduced from Carpenter et al., 2010).

numerous streamwise vortices. Their numerical results were validated against a lin

ear stability analysis, which accounted for cross-stream variation in density, that 

confirmed their observed trend of increased streak spacing. However, they do not 

provide an explanation for this increased number of streaks. Smyth (2005) studied 

the three-dimensional instability mechanisms of the K-H and the Holmboe instabili

ties and concluded that streamwise vortices can form accompanying K-H vortices and 

Holmboe vortices, as shown by the isocontours of streamwise velocity in Figure 2.18. 

They observed that streamwise vortices accompanying Holmboe vortices are less co

herent, however, surprisingly persistent through the simulation times. They observed 

a correlation between the growth of these secondary vortices and the Richardson num

ber, with growth rate decreasing with higher Richardson numbers. They provide a 

possible explanation for the instability based on a potential energy budget argument.

Wazzan and Keltner (1972) examined the role of viscosity variation of water due 

to wall heating on the spatial stability of Falkner-Skan boundary layer profiles by
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(a) (b)

Figure 2.18: Streamwise vortices in a shear layer with cross-stream prop
erty gradients accompanying (a) K-H vortices (b) Holmboe vortices (red: 
positive-sense streamwise vorticity; blue: negative-sense streamwise vor
ticity) (Smyth, 2005).

studying the Orr-Sommerfeld equation modified for the effects of viscosity variation. 

They observed that viscosity profiles produced by wall heating stabilize the flow-held 

while cooling destabilizes the flow-field. These results are in agreement with those 

of Hauptman (1967) who developed correlations for the critical Reynolds number to 

account for the effects of wall heating on flow instability through modifications of 

fluid viscosity.

Shafer and Herwig (1995) studied the role of a non-dimensional density- 

temperature gradient (KpT) and viscosity-temperature gradient {KpT) on the stability 

of heated and cooled flows. They observed that for fluids such as air, where ( K pt )  

is negative and (KpT) is positive, both factors contribute to the stabilization of the 

flow-field during cooling and destabilization during heating. For fluids such as water, 

where (KpT) is positive and {KpT) is negative, the flow-field is stabilized by heating 

and destabilized by cooling. The decreased stability of air flow due to heating has
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been observed experimentally by Liepmann and Fila (1947).

Azih et al. (2 0 1 2 a) suggests that cross-stream viscosity gradients have signifi

cant influence on the stability of supercritical fluid boundary layers on heated walls. 

They argue that the variation in viscosity profile due to heating of the fluid reduces 

the eddy turn-over time in the boundary layer (Azih et al., 2012a). Following the 

optimal perturbation theory (Baig and Chernyshenko, 2004), this is accompanied 

by a reduction in the spanwise wavelength of steaky structures (Azih et al., 2012a). 

They observe that this effect produces more numerous streaks in the boundary layers 

thereby improving mixing.

2.4 Thermally Supercritical Flows

Heating a fluid above its critical pressure (Pc) through its critical temperature (Tc) 

causes rapid, single-phase, changes in its thermophysical properties (Tour, 1891; Pi- 

oro et al., 2003). These property variations are shown in Figure 2.19 for water at 

24 MPa. In recent years, there has been considerable interest in using fluids near 

a thermodynamic supercritical state for power-generation cycles. For example, one 

concept for the Generation-4 nuclear reactor uses supercritical water as the coolant to 

enhance thermal efficiency and simplify the cycle by avoiding two-phase heat trans

fer. Numerous studies indicate regimes of enchanced and deteriorated heat transfer 

in heated supercritical fluid flows (e.g. Yamagata, 1971; Hall and Jackson, 1969; Bae 

et al., 2005; Azih et al., 2011). However, the mechanisms responsible for these heat 

transfer variations are not fully understood. Azih et al. (2011) suggest that hydrody

namic stability and turbulence properties of the flows are fundamentally responsible 

for these variations in heat transfer. This section discusses literature on the hydrody

namic stability and heat transfer properties of supercritical fluids to provide a context 

for the discussion of the results of the present study on layers involving supercritical
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Figure 2.19: The variation of density (p), dynamic viscosity (//), thermal 
conductivity (k) and isobaric specific heat capacity (cp) for water at the 
critical pressure at P c = 22.1 M Pa (NIST, 2011).

fluids provided in Chapter 5.

A number of researchers have studied supercritical-fluid heat transfer with numer

ical methods that use turbulence models such as mixing models (e.g. Bellmore and 

Reid, 1983; Howell and Lee, 1999), the k — e eddy viscosity model (e.g. Koshizuka et 

al., 1995), and Reynolds stress models (e.g. He et al., 2004). Although each model 

may provide good agreement for their geometry of calibration, the predictive per

formance of each model varies significantly from one model to the next. Bae and 

Yoo (2005) suggested that improved turbulence models for supercritical flows require 

detailed data on the structure of flow turbulence through experiments or direct nu

merical simulations (DNS). In their DNS of vertical channel flows with supercritical 

carbon dioxide, they observed deteriorated heat transfer in areas of low turbulence 

activity. They observed that buoyancy contributes to the enhanced heat transfer for
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flows in the direction of the gravitational field primarily by enhancing turbulence 

activity.

Azih et al. (2012 a,b) studied the role of property variation of supercritical fluids 

due to wall heating in a boundary layer in the absence of buoyancy forces using DNS. 

They observed a correlation in the enhancement of heat transfer in the boundary 

layer with reduced spanwise wavelength of the near wall streaks. They propose that 

the smaller wavelengths of these streaks lead to more numerous streaks leading to 

better wall-normal mixing and hence better heat transfer.

In some applications, supercritical fluid flows can develop a shear layer configura

tion. There are a few published studies that discuss the stability of these shear layers. 

Miller et al. (1999) performed a DNS of supercritical nitrogen-heptane in the absence 

of a gravitational field. They observed that during the formation of K-H vortices, 

opposite sense vorticity develop which they attribute to “density gradient effects” . 

Later, Okong’o and Bellan (2003) performed an inviscid linear stability analysis of 

supercritical nitrogen-heptane mixing layers in the absence of a gravitational field. 

Their study shows that the most unstable wavelength for shear layers is strongly 

dependent on the density ratio (P2/P 1) between the high momentum and low mo

mentum stream with higher density ratios having lower streamwise wavelengths (Ax) 

of the most amplified instability. Following their stability analysis, they simulated 

a shear layer with P2/P 1 =  1 2 .8 8  and perturbed it with a disturbance of streamwise 

wavelength \ x ~  46^ and Ax ~  8<5W where is the vorticity thickness of the shear 

layer. They observed that the vortices produced by the higher and lower wavelength 

perturbation differed significantly. Although Okong’o and Bellan did not specifically 

mention this, the vortices observed in the smaller wavelength perturbation(Ax 4<5u>) 

case resemble the Holmboe wave patterns studied by Alexakis (2009).



Chapter 3

Computation Method

3.1 Overview

This chapter describes the details of the numerical method and the setup of the com

putational domains for the simulations performed in this study. Section 3.2 describes 

the numerical method adopted by the commercial software package ANSYS CFX in 

the solution of the Navier-Stokes equations. Section 3.3 describes the computational 

configuration used to study two-dimensional shear layers in close proximity to a wall 

and three-dimensional shear layers in supercritical fluids with cross-stream property 

gradients. Finally, Section 3.4 describes the steady and transient potential flow al

gorithms used to explain the trends in delayed transition and vorticity interaction in 

the shear-layer in close proximity to a wall as observed through the solution of the 

Navier-Stokes equations.
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3.2 Computational M ethod
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3.2.1 Governing Equations of Fluid Flow

The continuity, momentum and energy equations, shown in tensor notation in Equa

tions 3.1, 3.2 and 3.3, respectively, are the transport equations that describe fluid 

motion. These equations are solved in ANSYS CFX in their conservative form with 

velocity components ( U i ) ,  static pressure (P ) and total enthalpy (ho) as the primitive 

variables.

These equations are coupled with the equation of state, which relates the density 

to the pressure and temperature, and the constitutive equation, which relates the

as an ideal gas and supercritical water. In the instance of air as the working fluid, the 

ideal gas law is used as the equation of state and a linear relationship is used between 

the enthalpy (h) and temperature (T):

Here, cp is the specific isobaric heat capacity, Tref and href  are the temperature and 

static enthalpy at a reference state and the total enthalpy is related to the static 

enthalpy through:

static enthalpy to pressure and temperature. The fluids used in this study include air

h href  — cp(T Tref) (3.4)

h0 =  h + 0.5(f72 +  V 2 +  W 2 (3.5)
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Supercritical water shows significant changes in density (p), viscosity (p), thermal 

conductivity (A;) and specific isobaric heat capacity (cp) over a narrow range of tem

perature values. The International Association for the Properties of Water and Steam 

(IAPWS) databases provided in ANSYS CFX are used to generate look-up tables for 

these properties, with the relevant thermophysical properties tabulated as a func

tion of temperature and pressure. The thermodynamic grid in this look-up table is 

sized such that the temperature and pressure ranges are approximately four times 

the ranges expected in the present simulations. During the solution of the Navier- 

Stokes equations, the ANSYS CFX solver linearly interpolates within this look-up 

table. Temperature and pressure increments of 0.2 K and 0.1 MPa, respectively, are 

established to be sufficient to provide accurate results based on linear interpolation 

between the entries in the look-up table. Details of the sizing and validation of this 

thermodynamic grid is presented in Appendix A.

3.2.2 D iscretization of the Partial Differential Equations

To numerically solve the governing equations of fluid flow in ANSYS CFX, the 

spatial domain is discretized into finite hexahedral volumes. Figure 3.1 shows an 

example of a finite volume created through the median-dual vertex scheme utilized 

by ANSYS CFX. In the median-dual vertex scheme, finite-volume surfaces are 

created by connecting face centers (F), edge midpoints (M) and cell centroids (C) of 

a sector element (Balzek, 2001). The centroids of a surface element, denoted by a 

red x  on the figure, are integration points (ip) and these are used in the evaluation of 

surface integrals. The continuity, momentum and energy equations (Equations 3.1,

3.2 and 3.3) are integrated over each finite control volume resulting in the following 

expressions:
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where y  denotes the element volume, At denotes a discrete timestep, and An is 

the discrete outward-pointing normal unit vector. Volume integrals are evaluated 

over each three-dimensional sector surrounding a node and aggregated over all sector 

volumes pertaining to the control volume while surface integrals are evaluated at 

integration points (ip).
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ANSYS CFX stores all flow data at the nodes. The variation in flow properties 

within each element is quantified using finite-element-based shape functions (/Vj). 

These shape functions are used as weighting functions applied on the quantities stored 

at the nodes of the element (fa) to obtain an approximation for the quantity at the 

integration points ((pip) located at the parametric local coordinates of the element

This discretization process simplifies to a second-order central-differencing scheme for 

hexahedral grids with orthogonal gridlines and a uniform node spacing.

The ANSYS CFX algorithm uses a collocated configuration where all properties 

are evaluated at the same point. In this approach, the mass flow term (rhip =  pUiArij) 

is coupled to the pressure through expressing the velocity at an integration point as 

the average of the surrounding nodal values adjusted by a redistribution of pressure 

gradients and previous timestep velocities. The details of this coupling algorithm are 

discussed in the ANSYS solver theory guide (ANSYS, 2007).

The viscous diffusion terms in Equation 3.7 and 3.8 are evaluated using the spatial 

derivatives of the shape functions:

The temporal derivatives are is evaluated using a second order backwards Euler dif

ferencing scheme:

Nnode
(3.9)

(3.10)

a_
dt J' pu.dv *  r X  (2 (p ty  -  2(Pulr~'' + i w 1) (3 .11)

where n — 1 and n -  2  superscripts denote the first and second previous timesteps, 

respectively.
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3.2.3 Solution Algorithm

The linear system of equations obtained by evaluating Equations 3.6 and 3.7 over each 

integration point with linearization of the nonlinear terms in the resultant equations 

can be written in matrix form as shown in Equation 3.12.

E
nb.

a?4>? =  b? (3.12)

where

a f  =

/
Q'uv Q>uw

\
d u p

Q>vu GLw d y y j d y p

O'wu &U)V dyjW d y j p

 ̂&pu dpv (Ipw a PP y

/ t t \

l.nb

nb

V

w 

\ p J t

V
bv

bw

bp

(3.13)

(3.14)

(3.15)

V F/ i

Here i is a finite-volume index number, nb indicates that the equation set up for node 

i is dependent on the neighbouring nodes, and al and 6, are the equation coefficients 

and right-hand-side term, respectively. The energy conservation equation (Equation 

3.8), which is a scalar equation, is solved by the ANSYS CFX solver following the 

coupled solution of the continuity and momentum equations (ANSYS, 2007).

The ANSYS CFX algorithm uses an iterative incomplete lower upper (ILU) sparse



48

matrix inversion scheme to solve the system of equations in Equation 3.12 (ANSYS, 

2009). The algorithm uses initial conditions to generate an approximate solution to 

Equation 3.12 which is then iterated through a series of inner loops which is embedded 

in a set of outer loops iterations between each timestep. The inner loop iteration 

solves the system of equations using an algebraic multi-grid algorithm consisting of 

restriction phases, where the equations are solved on progressively coarser grids to 

more-rapidly propagate large-wavelength errors through the computational domain, 

and then prolongation phases, where the solution is passed back up to the finer grids to 

reduce small-wavelength errors. The solver proceeds in a double W routine through 

the different levels of coarseness, as shown in Figure 3.2, where the integer in the 

circles represent the number of iterations performed at each grid level. The outer 

loop iterations are used to update the coefficients of Equation 3.12 until the error in 

the solution, which is referred to as the residual, falls below user-speeified convergence 

criterion has been reached. The present study uses a criterion of maximum residual 

of 1 0 ~4, in the computational domain for any one of the governing equations which 

ensures that the root-mean-square (rms) residual is on the order of 1 0 ~ 6 which has

Grid level Iteration Progression

Figure 3.2: Schematic illustrating the W -cycle used as the inner iteration 
loop by the multigrid scheme in ANSYS CFX. Integers refer to the number 
of solutions performed at each grid level. Reproduced from McAuliffe 
(2007).
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been shown to be suitable for numerical simulation of transition and turbulence (e.g. 

McAuliffe and Yaras, 2007; Brinkerhoff and Yaras, 2011). Based on these criteria, 

simulations achieve convergence within 4 outer loop iterations.

3.3 Computational Setup

3.3.1 Laminar Planar Shear Layer in Proxim ity to a Wall

3.3.1.1 Domain Geometry

The two-dimensional computational domain, shown schematically in Figure 3.3, con

sists of a 300 m m  long, no-slip, infinitesimally thin splitter plate located between 

domains 1 and 2 at a specified height above a flat, no-slip wall. Inflow boundaries 

consisting of spatially-uniform and time-invariant streamwise velocities U\ and U? are 

specified at the inlets above and below the splitter plate, respectively, and a bound

ary layer develops on both surfaces of the plate. The length of the splitter plate is 

sized for each test case to satisfy the following criteria: (a) be sufficiently long to 

enable the development of viscous instability in the high-momentum-stream splitter- 

plate boundary layer; and (b) ensure that the trailing-edge momentum thickness of 

the high-momentum-stream boundary layer remains constant for all test cases. The 

latter requirement allows the Reynolds number of the free shear layer to be varied 

independently of the momentum thickness of the shear layer at the splitter-plate trail

ing edge. In the lower Reynolds number cases, this requires that the plate length be 

reduced to 100 mm.  At the splitter plate trailing edge, the boundary-layer flows sep

arated by the plate are merged to form a shear layer that is allowed to develop within 

a mixing region of length L = 600 mm.  The length of the mixing region is sized 

conservatively to capture the initial free-shear-layer development that is expected to 

be two-dimensional, namely the growth of perturbations in the shear layer through
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Figure 3.3: Schematic of the two-dimensional computational domain for
the simulations on wall-proximity effects (not to scale).

the dominant Kelvin-Helmholtz instability mode, and roll-up of the shear layer into 

coherent spanwise vortices. A free-slip wall is specified along the upper wall of the 

computational domain, located 60 mm above the bottom, no-slip wall. The domain 

height is sized so that the vortices shed from the shear layer induce a velocity on the 

upper wall that is less than 1% of the inlet velocity specified for the high-momentum 

stream, thus minimizing the influence of the upper wall on the shear-layer develop

ment. The height of the splitter plate from the lower wall is varied systematically 

over the range y/9s = 7.25 — 29.0, where 9S = 0.41 mm is the momentum thickness of 

the high-momentum-stream boundary layer at the trailing edge of the splitter plate.

3.3.1.2 Spatial Grid

A structured grid of hexahedral elements is mapped to the computational domain, 

yielding a total node count of 460,000 to 580,000 depending on the proximity of the 

splitter plate to the lower wall and the flow Reynolds number. The node spacing 

in the streamwise and wall-normal directions are shown in Figure 3.4. Nodes are 

spaced in the streamwise direction to provide the finest spatial resolution near the 

trailing edge of the splitter plate and within the downstream mixing region. In this



51

3

0
10 0 10 20 30 40 50 60

£ 1 0

-300 0 300 600
x (mm) y (mm)

(a) (b)

Figure 3.4: Node spacing in the (a) streamwise and (b) wall-normal
directions (solid line: mixing region; dashed line: splitter plate region).

region, the streamwise node spacing is A x  = 1.06 mm.  Expressed in wall units based 

on the friction velocity in the high-momentum stream at the splitter-plate trailing 

edge, this spacing corresponds to A x + =  17. Beyond x  =  450 mm, the streamwise 

node spacing is increased to place the outflow boundary sufficiently far away from 

the region of interest, as the outflow boundary treatment does not allow convective 

flow structures to exit the domain without being artificially distorted. This artificial 

effect on the flow-field by the outflow boundary is confirmed to be limited to within 

0.05L streamwise length upstream of the outflow boundary.

The node spacing in the wall-normal direction is given in Figure 3.4b. In the 

high-momentum stream, the wall-normal node spacing is A y  =  0.033 mm at the 

wall (Ay+ =  0.53 based on the friction velocity in the high-momentum stream at 

the splitter-plate trailing edge), which is gradually increased to a value of 1.06 mm 

(Ay+ = 17) at the boundary-layer edge and maintained to the top free-slip boundary 

of the computational domain. In the low-momentum stream, the wall-normal node 

spacing is A y  = 0.033 m m  (Ay+ =  0.53) at the no-slip wall at the bottom of the 

computational domain and at the splitter-plate surface, and gradually increases to 

Ay = 0.400 m m  in the core region of the low-momentum stream. In the mixing
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Table 3.1: Node spacings used in DNS studies involving separation bub-
bles.

Study Ax+

+J<1 ^Vmax A z+
Present Study 17 0.5 4.3 -
McAuliffe and Yaras (2007) - Low Turbulence 24 0 . 6 - 24
McAuliffe and Yaras (2007) - High Turbulence 24 0.5 - 24
Na and Moin (1988) 18 0 .1 1 22.7 11

Alam and Sandham (2000) 14, 20 < 0.5 0.9 6

Michelassi et al. (2002) 10 0 . 8 - 3
Kalitzin et al. (2003) 28 - 2.3 19

region downstream of the splitter-plate trailing edge, a uniform y-direction spacing 

of 0.26 m m  (Ay+ =  4.3) is maintained throughout the mixing region, except for a 

more-finely resolved region at the wall-normal height corresponding to the height of 

the splitter plate. Table 3.1 compares the spatial resolution of several other simu

lations of separated laminar shear layers indicating favourable agreement with the 

present study. These grid-node spacings are known to provide satisfactory resolution 

as demonstrated by McAuliffe and Yaras (2007), Na and Moin (1998), Michelassi et al. 

(2 0 0 2 ) and Kalitzin (2003), amongst others. To accommodate two-dimensional grids 

in ANSYS CFX, which operates by discretizing the domain into three-dimensional 

finite volumes, the computational grids use 5 nodes in the spanwise direction with a 

total spanwise length of 2.8 mm.  The spanwise length was verified to be sufficiently 

small so that there is no influence of any three-dimensional effects on the development 

of the two-dimensional flow field. The interfaces between the three domains of the 

computational domain are transparent to fluid flow and connected by a general grid 

interface (GGI) wherein the solver interpolates the solution between the upstream and 

downstream domains. Coincidence of the nodes at the interface between the mating 

domains is maintained to eliminate the artificial modification of flow gradients that 

are observed to otherwise occur during the interpolation.
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3.3.1.3 Time-Step Size and Simulation Duration

Based on previous studies by McAulliffe and Yaras (2007) a time-step size of 150 fis is 

used in all simulations, which corresponds to a Courant number of 1 .6 . Domain 1 and 

3 are initialized to the high momentum velocity while domain 2 is initialized to the 

low momentum velocity. Using these initial conditions, the simulation is advanced 

in time to a statistically-steady state. Statistical convergence of the simulation is 

determined by assessing the standard deviation of the vortex-shedding frequency as 

the simulation progressed in time. A region of flow conservatively sized to enclose 

a primary Kelvin-Helmholtz (K-H) vortex is placed one K-H wavelength beyond the 

site of roll-up. Circulation within the enclosed region reaches a maximum when a 

vortex is completely enclosed by the region. A sample time trace, shown in Figure 

3.5, illustrates that about 20,000 timesteps are needed to reach a statistically-steady 

state. Following the attainment of statistically-steady state, the simulation is further 

advanced for approximately 2100 timesteps to obtain data for flow analysis. The 

simulations are partitioned and simulated in parallel on 4 Intel Core i5 processors 

using the message-passing interface (MPI) parallelization algorithm. The CPU time 

for each simulation is 170h.

3.3.1.4 Test Matrix

Table 3.2 shows the test matrix. The independently varied parameters are the 

momentum-thickness Reynolds number of the high-momentum stream at the splitter- 

plate trailing edge Reos, the velocity-difference ratio, R, and the wall proximity, ys. 

The velocity-difference ratio, defined as R  = 2(U\ — C/2)/(C/ 1 +  U2 ), is used to charac

terize the difference in velocity between the high- and low-momentum streams. The 

proximity of the splitter plate to the no-slip lower wall is normalized by the mo

mentum thickness of the high-momentum stream boundary layer at the splitter-plate
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Figure 3.5: Temporal variation of circulation calculated within a region
near the trailing edge of the splitter plate.

trailing edge.

The range of wall proximities, Reynolds numbers, and velocity difference ratios 

are chosen to capture the typical ranges observed in studies of separation bubbles 

and free shear layers in published literature (e.g. McAuliffe and Yaras, 2007; Rist 

and Augustin, 2006; Watmuff, 1999). The static pressure in the domain is dictated 

by the outflow plane static pressure which is set to a value of 101.3 kPa  tha t is kept 

constant at the outflow plane in an area-averaged sense. The density of the working 

fluid, which is air, is kept at a constant value of 1.22kg /m 3. The simulations are 

thus performed in an incompressible state with only the continuity and momentum 

equations used to compute the flow field.
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Table 3.2: Flow and geometry parameters for the simulations of 2D laminar 
free-shear-layer development in wall proximity.___________

Case Rees Ui (m/s) U2 (m/s) R Vs/^s
1 320 11 .8 0.366 1 .8 8 7.25
2 320 11 .8 0.366 1 .8 8 1 0 .8

3 320 1 1 .8 0.366 1 .8 8 14.5
4 320 11 .8 0.366 1 .8 8 29.0
5 108 3.94 0 .1 2 2 1 .8 8 7.25
6 108 3.94 0 .1 2 2 1 .8 8 1 0 .8

7 108 3.94 0 .1 2 2 1 .8 8 14.5
8 108 3.94 0 .1 2 2 1 .8 8 29.0
9 320 11 .8 3.33 1 .2 2 7.25
10 320 1 1 .8 3.33 1 .2 2 1 0 .8

11 320 11 .8 3.33 1 .2 2 14.5
12 320 1 1 .8 3.33 1 .2 2 29.0

3.3.2 Laminar Planar Free-Shear Layer w ith Therm ody

namic Property Gradients

3.3.2.1 Domain Geometry

The three-dimensional domain consists of an entry region, splitter-plate region and 

free shear layer region, shown schematically in Figure 3.6. All dimensions are pre

sented in terms of the splitter plate length (L =  300 mm).  An entry region with a 

free-slip surface between the low- and high-momentum streams is provided upstream 

of the splitter plate so th a t the inflow stream can gradually flow onto the splitter plate, 

without creating artificially-high shear that would otherwise be created if the com

putational domain inlet with plug velocity profiles were specified at the splitter-plate 

leading edge. Furthermore, the use of a free-slip surface between the two streams 

ensured absence of energy and momentum transfer between the two streams up

stream of the splitter plate. The splitter-plate domain consists of an upper and a 

lower sub-domain each with streamwise, plate-normal and spanwise dimensions of L ,
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Figure 3.6: Schematic of the computational domain for the laminar free 
shear-layer simulations with spatial gradients in supercritical thermophys
ical properties (not to  scale).

0.2L and 0.13L respectively. A no-slip, infinitesimally-thin, splitter plate of sufficient 

length to facilitate flow Reynolds number beyond the critical Reynolds number on 

the high-speed-stream side is specified at the interface between the upper and lower 

domain of this region. This setup allows for the study of the interaction between 

the splitter-plate boundary layer instability and the free-shear-layer instability. The 

free-shear-layer region has dimensions of L, 0.2L and 0.13L in the streamwise, span- 

wise and plate-normal directions, respectively. The streamwise length of this region 

is selected to provide sufficient length for the primary mode of instability to develop.



57

The spanwise width of the domain is sized to allow for unrestricted development 

of spanwise nonuniformities in the form of evenly-spaced streamwise vortices with a 

wavelength of A+ =  100 as per the perturbation theory of Baig and Chernyshenkov 

(2004). The 0.65L width of the region of fine spanwise resolution should allow for up 

to eight such vortices to develop in this resolved region. The domain height of 0.4L 

places the upper and lower domain boundaries sufficiently far from the shear layer 

to allow for unrestricted deformation of the shear layer under the influence of the 

dominant instability mechanisms. The velocity perturbations at the upper and lower 

walls of the domain remained within 2% of the high-momentum-stream velocity (U\).

3.3.2.2 Spatial Grid

The streamwise, spanwise and plate-normal distributions of nodes are shown in Figure 

3.7. A total of 16 million' nodes are used in the computational domain distributed in 

a manner to produce a grid of hexahedral elements. In the splitter plate domain, the 

streamwise node spacing is relatively large (Ax > 7 mm)  upstream of the expected 

location of the critical Reynolds number (x  =  350 m m  in Figure 3.7a) and is refined 

downstream of this position to Ax =  1.04 m m  (Ax+ =  22.8, expressed in wall- 

units based on the viscosity and friction velocity of the supercritical water flow in 

the high-speed stream at the splitter-plate trailing edge) such that the streamwise 

evolution of Tollmien-Schlichting instability in the splitter-plate boundary layer is 

adequately resolved. The region immediately downstream of the splitter-plate trailing 

edge (400 m m  < x < 540 m m  on Figure 3.7a) contains the most refined grid to 

capture the development of instability and transition in the free shear layer. The 

minimum values of Ax, A y  and Az in this region correspond to normalized values of 

A x+ = 11.4, Ay + =  0.53, and Az + =  5 based on the viscosity and friction velocity in 

the high-speed stream at the splitter-plate trailing edge. Toward the end of the free- 

shear-layer region, at a distance 500 m m  from the outlet, the grid spacing is gradually
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coarsened to serve as a “buffer length” that minimizes the artificial influence the outlet 

has on the upstream flow.

3.3.2.3 Time-Step Size and Simulation Duration

The simulation of the free-shear layer development in air is performed with a timestep 

size of 150 us  which corresponds to a Courant number (A t U / A x ) value of 1.6. Sev

eral studies (e.g. Friedrich et al., 2001; Azih et al., 2012) suggest that in turbulent,
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wall-bounded flows of supercritical fluids, the timestep must be less than 0.2v/v%. to 

ensure numerical stability. Therefore, a timestep size of 200 fis, which is conserva

tively below this criterion (0.2v/xPT = 260 /j l s ) ,  corresponding to a Courant number 

of 0.01 is adopted for the supercritical water simulations. The simulations are run to 

statistically-steady state wherein the variation in properties diminishes in a statistical 

sense. The free-shear-layer simulation with air is advanced for 3,000 timesteps until 

statistically-steady state is reached, after which 2,048 timesteps of data are collected 

for analysis. A total CPU time of 2160 h is required for the completion of this simula

tion. The free-shear-layer simulation with supercritical water is advanced for 10,000 

timesteps until statistically-steady state is reached, after which 6 , 0 0 0  timesteps of data 

are collected for analysis. A total CPU time of 5760 h is required for the completion 

this simulation. These simulations are performed on 6  Intel Xeon L5140 processors 

with 4 cores each for a total of 24 cores. The computation domain is partitioned using 

the multilevel graph partitioning software (MeTiS).

3.3.2.4 Test Matrix

The test matrix is provided in Table 3.3. For the simulation with air as the work

ing fluid, top-hat velocity profiles with U\ =  11.7 m / s  and U2 =  2.7 m /s  are speci

fied at the inlet of the high- and low-momentum streams, respectively. The simula

tion with supercritical water as the working fluid is specified with inlet velocities of 

U\ =  0.083 m / s  and U2 =  0.0026 m /s  to keep dynamic similarity in Reynolds num

ber and velocity difference ratio with the simulation using air. For the simulation 

with supercritical water, a cross-stream temperature gradient is created by speci

fying a high-momentum stream temperature of T\ =  630 K  and a low-momentum 

stream temperature of T2 = 670 K  with a no-slip splitter-plate surface temperature 

of Tw =  654 K  corresponding to the pseudocritical temperature of water at 24 MPa.
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This temperature range corresponds to conditions expected for shear layers in super

critical water-cooled nuclear reactors (SCWR) while maintaining the highest property 

variations near the inflection point of the free-shear-layer velocity profile. The static 

pressure at the outflow boundary is set to P = 24 M P a , which is kept constant in 

an area-averaged sense.

Table 3.3: Test matrix for the subcritical single-phase and supercritical 
laminar- free shear layer simulations.

Case Fluid Tx{K) U K ) TW(K) P(bar) Re9s U\ (m/s) U2 (m /s) R
1 Air 300 300 300 1.013 320 11 .8 2.7 1.25
2 Water 630 670 654 240 320 0.108 0.0262 1.25

3.4 Potential Flow Analysis M ethods

3.4.1 Steady Potential Flow Analysis

A fully-developed shear layer profile is often modeled as a hyperbolic-tangent velocity 

profile superimposed on a uniform base flow where the hyperbolic-tangent component 

is responsible for the vorticity in the shear-layer (Zayernouri and Metzger, 2011). Fol

lowing this framework, an inviscid model is developed by superimposing point vortices 

on a uniform base flow to model the velocity field at selected temporal instances of 

the shear-layer roll-up process.

Vtot = Vb + Vi (3.16)

where,

V  =  (U, V) (3.17)



61

Ax
H• • • • • • • • • • • • • • • • • • • • • A * *  oo*«#ooo**#ooo***ooo#**o

777777777777777777 777777777777777777

» • • • • • • • • • • • •  oo***ooo***ooo«*#ooo***o
(a) (b)

(C) (d)

Figure 3.8: Vortex patterns for steady potential flow studies for (a) flat 
vortex sheet (b) streamwise-wavy vortex sheet (c) point vortices and (d) 
Rankine vortices (blue: negative vorticity; red: positive vorticity; line 
shows the position of the wall).

In this model of the shear-layer, VJ, is the velocity vector of the base flow, Vi is the 

velocity vector induced by the point vortices and Vtot is the resultant velocity vector. 

The uniform base flow consists of streamwise velocity £4 =  6  m/s ,  which corresponds 

to the mean velocity near the vicinity of the shear layer for cases with Regs — 320 and 

R  = 1.88 in the numerical study of the two-dimensional free shear layer as described 

in Sections 3.3.1.4.

As discussed in Chapter 2, shear-layer roll-up can be subdivided into the following 

stages: (a) an initially flat vortex sheet unperturbed by instabilities; (b) a streamwise 

wavy- wavy in the sense of streamwise period variations in the vorticity magnitude
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-vortex sheet created by the development of unstable K-H waves on the vortex sheet;

by superimposing a uniform flow with a series of point vortices spatially distributed to 

approximate one of the three stated stages of the shear layer development, as shown 

schematically in Figure 3.8. The flat shear layer is modeled by a finite number of point 

vortices distributed along a straight line as shown in Figure 3.8a. The streamwise 

wavy shear layer is modeled by a finite number of point vortices of varying vorticity 

magnitude, as shown in Figure 3.8b where vorticity strength is represented by the 

degree of shading of the vortex element. Finally, the rolled-up shear layer state is 

modeled alternatively as a series of spatially-separated point vortices as shown in 

Figure 3.8c, and as a series of spatially separated Rankine vortices (vortices of finite 

core size with solid body rotation in the core) as shown in Figure 3.8d.

The vorticity distribution for each of these four cases are expressed as per Equa

tions 3.18 to 3.20:

Flat shear layer:

where Ttot represents the total circulation in the vorticity distributions over the length 

of the shear layer considered, Xx represents streamwise wavelength of an unstable K-H

(c) and a fully rolled-up discrete vortex. Each of these stages are modeled separately

T{x) =  ^ A x
Lj

(3.18)

Streamwise-wavy sheax layer:

(3.19)

Point-vortex and Rankine-vortex:

(3.20)
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wave, and L  is the length of the shear layer. These parameters are set to the values 

of 0.28 m 2/s  , 8  m m  and 32 m m , respectively, to ensure that for the point- and 

Rankine-vortex scenarios there are four vortices in the simulation domain, each with 

a circulation of 0.07 m?/s.  These conditions correspond to the conditions observed in 

the present Navier-Stokes simulations of the case with Regs = 320 and R  = 1.88. The 

flat shear layer and streamwise-wavy shear layer each uses an array of point vortices 

with streamwise spacing, Ax, corresponding to a value of 0.32 mm,  which is deter

mined based on a series of sensitivity studies to this spacing. The wall proximity (ya) 

is systematically varied from 3.5 m m  — 12.0 mm,  consistent with the corresponding 

Navier-Stokes simulations. The method-of-images is used to model the presence of 

the wall in an inviscid sense. Implementation of the method of images consists of 

placing an identical pattern of vortical elements with vorticity of the opposite sense 

of rotation an equal distance below the wall to be simulated.

The velocity induced by an element of the vortex-pattern for the vortex-sheet, 

streamwise-wavy sheet, and point-vortex patterns is given below:

*  =  27TT (3'21>

However, a Rankine-vortex behaves as a point-vortex away from the vortex core 

boundary and solid-body undergoing rotation within the boundary:

, aiJz if r* < r0 
u0 = { 0 (3.22)

£rr if r  > ro

The vortex core radius of r 0 =  2.5 mm. corresponds to the radius of a rolled-up K-H 

vortex obtained through Navier-Stokes simulations with Rees =  320 and R  =  1.88.
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3.4.2 Transient Potential Flow Analysis

The transient-potential-flow model consists of a perturbed vortex-sheet arrangement 

in close proximity to a wall. A vortex sheet is initialized as a horizontal line of point 

vortices [ri(0, ys), . ..ri(xi,ys), ...rn (L, t/s)], as shown in Figure 3.9. A total of 200 vor

tex elements that are initially evenly spaced are used in the model based on a series 

of sensitivity studies. A vortex sheet length of 32 m m  is used to provide sufficient 

room for four rolled-up vortices to develop. As discussed later, a sinusoidal pertur

bation of wavelength Xx = 8 m m  is applied onto the sheet with a total circulation of 

T =  0.07 m 2/s  enclosed in one wavelength of the vortex sheet. The wavelength and 

circulation correspond to the K-H vortices obtained for cases with Regs = 320 and 

R  — 1 .8 8  in the Navier-Stokes simulations. Periodic boundary-conditions are used to 

simulate the effect of an infinitely long vortex-sheet:

The method of images is applied to model an impermeable boundary at a distance 

ys from the vortex sheet as shown in Figure 3.9. The induced velocity on a given point 

vortex (i) on the vortex sheet by all other point vortices of the sheet and its image 

(j) is calculated using the Biot-Savart law:

Here r y  and V* are the relative position vector and velocity vectors and r\j  and

Xi + L  if Xi < 0

x i — \X j  if 0 < Xi < L (3.23)

Xi — L  if Xi > L

(3.24)

n  are unit vectors in the direction of the relative position vector and in a direction 

normal to the 2D plane of the simulation, respectively.
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Figure 3.9: Schematic diagram of the initial setup of the transient potential 
flow vortex element model.

The induced velocity distribution calculated according to Equation 3.24 is super

imposed onto a uniform base flow:

Vtot = Vb + Vi (3.25)

where Vb is the velocity vector of the mean-flow and Vtot is the resultant velocity vec

tor. The uniform base flow consists of streamwise velocity Ub =  6  m /s  corresponding 

to the mean velocity near the vicinity of the shear layer for cases with Regs = 320 

and R  =  1.88.

Time-varying solution of the deforming vortex sheet is determined by displacing 

the point vortices making up the vortex sheet and its image in small increments in 

time, with the amount and direction of displacement for each point vortex determined 

by the local velocity. As discussed in Chapter 2, the shear layer rolls-up at the 

frequency of the most-amplified perturbation. Therefore, the simulation is initialized 

by a small-sinusoidal perturbation of the form shown below to model K-H waves that
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develop on the shear layer.

A y =  yp sin(27rx/AI ) (3.26)

Here, yp = 0.4 mm is the initial perturbation amplitude. The position of a vortex- 

element in the current timestep, indicated by superscript n, is based on the position 

at the previous timestep n  — 1 :

where r  =  (x, y) and the time step size is A t  =  300/is. The position of each point vor

tex at a given timestep is determined following the evaluation of the velocity at that 

timestep. This method of solving the position and velocity is essentially first-order 

since the present and preceding positions are used to evaluate the velocity. Conse

quently, the computational algorithm is expected to experience numerical diffusion.

T n  = r n _ 1  +  VtotAt (3.27)



Chapter 4

Effect of Wall Proximity on the Stability 

of Laminar Planar Free Shear Layers

This chapter discusses the numerical results on the stability of a laminar planar shear- 

layer in close proximity to a wall in two-dimensional (2D) space. The chapter begins 

with a discussion on the stability characteristics of the splitter-plate boundary layer. 

Section 4.2 discusses the transient evolution of vortical structures, time-averaged and 

fluctuating values of the flow parameters, and the frequency of vortex-shedding in 

the free-shear layer developing downstream of the splitter-plate. Section 4.3 exam

ines the effect of wall-proximity on the dominant frequency of vortex formation in the 

free-shear layer through a linear stability analysis. Section 4.4 and Section 4.5 inter

pret the free-shear-layer development obtained from the solution of the Navier-Stokes 

equations with the aid of transient and steady potential-flow models.

67
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4.1 Instability Development in the Splitter-Plate 

Boundary Layer

The discussion begins by analyzing the growth of perturbations in the splitter-plate 

boundary layers. The boundary layer on the low-momentum side of the splitter plate, 

which remains below the critical Reynolds number along the length of the splitter- 

plate, does not involve any instabilities, and hence is not considered in this discussion. 

For brevity, the boundary layer of the high-momentum stream will hereafter be re

ferred to as the splitter-plate boundary layer. A top-hat velocity profile is specified 

at the leading edge of the splitter-plate that evolves into a Blasius boundary layer 

profile as the flow develops along the length of the plate. The distributions of the 

displacement and momentum-thicknesses and of the shape factor are shown in Figure

4.1 for boundary-layer Reynolds numbers of Rees =  320 and Re$a = 108, where 6a 

denotes the momentum thickness of the high-momentum stream splitter-plate bound

ary layer at the trailing edge. A nearly uniform shape factor value of approximately 

2 .6  is maintained along the splitter-plate, which is consistent with the shape factor 

for the Blasius boundary layer. Imposing a top-hat velocity profile at the splitter- 

plate leading edge may result in an unnatural development of the boundary layer in 

the immediate vicinity of the leading edge. However, as shown in Figure 4.1, the 

overall streamwise distributions of the computed displacement thickness, momentum 

thickness and shape factor compare well with the theoretical Blasius boundary layer. 

The deviation from the Blasius solution towards the trailing edge of the splitter plate 

is attributed to the upstream influence of the downstream instabilities that transmit 

into to the splitter-plate boundary layer through pressure fluctuations.

Linear stability theory predicts that beyond a critical Reynolds number, pertur

bations at unstable frequencies in the laminar boundary layer are amplified through 

the Tollmien-Schlichting (T-S) instability mode. Among others, experimental work
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Figure 4.1: Displacement thickness, momentum thickness and shape fac
tor growth in the splitter-plate boundary layer for (a) Reg8 =  320 and 
(b) Re^ = 108.

by Reynolds and Saric (1986) and numerical work by Nayfeh and Reed (1986) suggest 

that T-S waves have a double-humped mode shape that manifests itself in the per

turbation streamwise velocity profile, as discussed in Chapter 2 . Figure 4.2 presents 

the mean velocity (U) and perturbation velocity (u) distributions across the thick

ness of the boundary layer at selected streamwise locations along the splitter-plate 

for Regs = 320, where U\ is the high-momentum freestream velocity and umax is the 

local streamwise perturbation velocity maximum. Initially, the perturbation velocity 

distribution consists of numerical noise evidenced by the perturbation magnitude in 

the order of the floating-point precision of the calculations. However, as the T-S in

stability evolves with streamwise distance, a single-humped profile develops near the 

wall that is believed to be the manifestation of the critical layer. Following this, the 

mode shape develops into the standard double-humped profile observed by Reynolds 

and Saric (1986), Nayfeh and Reed (1986) and others.

In the present numerical simulations, the flow perturbations that are amplified in
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Figure 4.2: Development of the perturbation mode shapes in the splitter 
plate for Re^ = 320.

the unstable boundary layer are primarily associated with round-off errors, and con

sequently the initial perturbation levels are of the order of the floating-point precision 

of the calculations (10-8). Another source of perturbations is the downstream planar 

shear-layer, where pressure fluctuations due to the transient flow structures develop

ing in the free-shear-layer travel as far as 2 0 % of the splitter-plate length upstream 

of the trailing edge.

Figure 4.3 shows the amplification of perturbations within the splitter-plate 

boundary layer for two cases with the trailing-edge Reynolds number above the crit

ical value (Reos =  320) and one case with the Reynolds number below the critical 

value (Reos = 108). For ReQS = 320, low perturbation levels are observed in the 

boundary layer until x / L  = —0.24 {Ree =  247), followed by exponential growth in 

perturbation amplitude from this location to the splitter-plate trailing edge. The 

computed streamwise location where the perturbations begin to amplify occurs far

ther downstream than the location of x /L  =  —0.29 (Re^ =  200) predicted by linear 

stability theory (Schmid and Henningson, 2001). This shift may be due to the slight
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Figure 4.3: Streamwise growth of streamwise perturbation velocity mag
nitude in the splitter-plate boundary layer at y /9 s = 1.

streamwise acceleration of the freestream caused by boundary-layer blockage. Despite 

the difference in the streamwise location where the onset of amplification occurs, the 

amplification rate of disturbances is similar in both Rees = 320 cases. As expected, 

the case with Regs =  108 shows essentially no amplification of perturbations by T-S 

instability along the length of the splitter plate.

The dominant frequency of the T-S waves is determined by analyzing the power 

spectra of the streamwise perturbation velocity at several streamwise locations in 

the splitter-plate boundary layer. The power spectra reveal amplification of several 

distinct frequencies, expressed as a Strouhal number (S tes = fOs/Ui).  Most notably, 

peaks at St$s — 0.0064 and 0.0125 are observed within the splitter-plate boundary 

layer at the trailing edge. The latter peak matches the frequency at which spanwise 

vortices are shed from the planar shear-layer downstream of the trailing edge, and 

thus is attributed to the upstream influence of these vortices, transmitted via the 

pressure field. The lower-frequency peak at Stga =  0.0064 agrees favourably with the 

frequency of the most-amplified perturbation predicted by the correlation of Walker
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(1994):

3 -2 ^ 2fMA — ---------3/2 (4-1)
2-nvRe£

where Jma is the frequency of the most-amplified perturbation, Regs* is the flow 

Reynolds number based on U\ and the displacement thickness of the boundary layer 

in the high-speed stream at the splitter-plate trailing edge, and v is the kinematic 

viscosity. Equation 4.1 predicts a value of SU^ma = f m a U \ / O s  = 0.0068. The 

Stes — 0.0064 peak in the perturbation-velocity spectra is observed in each of the 

high Reynolds number cases, and is not observed in the low Reynolds number cases 

that are below the value of the critical flow Reynolds number.

4.2 Instability Development in the Planar Free 

Shear Layer

4.2.1 Effect of Wall Proxim ity on the Instantaneous Flow  

Field

To demonstrate the typical interaction observed between the free shear layer and 

the lower wall, Figure 4.4 presents the instantaneous spanwise vorticity distribution 

corresponding to the case with Regs = 320, R  =  1 .8 8  and ys/6s =  14.5 in successive 

stages of one period («^) of vortex-shedding. The figure shows the development of 

streamwise waviness of the shear layer caused by streamwise grouping of spanwise 

vorticity as driven by the Kelvin-Helmholtz (K-H) instability discussed in Chapter 2. 

The vectors in Figure 4.4 show that during the development of the K-H instability, 

the wall-normal component of velocity increases until it reaches a threshold value, 

beyond which the shear-layer rolls-up into a discrete vortex, hereafter referred to as a 

K-H vortex, that is shed downstream. The development of the wall-normal velocity



Figure 4.4: Instantaneous distribution of spanwise vorticity component for 
one cycle of vortex-shedding for Re#s = 320, R = 1 .88 , y B/ e s =  14.5.

component (v) is essential for the formation of K-H vortices in the free shear layer, 

and an analysis of this component of velocity provides insight into the interaction 

mechanism between the shear layer and the lower wall. It is observed that the creation 

of a discrete vortex is accompanied by an increased level of induced reversed flow along 

the lower wall, creating positive signed vorticity along the lower wall that is of the 

opposite sign as the splitter-plate free-shear layer vorticity. These patches of induced 

vorticity at the wall are periodically ejected from the wall into the regions between 

the shed vortices, referred to as the “braid” region, and convect downstream with the 

velocity of the discrete vortices.

While the initial development of the planar free shear layer due to K-H instability
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Figure 4.5: Instantaneous distribution of spanwise vorticity component for 
Re^ = 320 and R = 1 .88 .

is expected to remain two-dimensional, three-dimensional flow features will eventually 

develop partly as a result of an interaction between the K-H vortices and streamwise 

vortices that originate in the splitter-plate boundary layer (Brinkerhoff and Yaras, 

2011). Following this interaction, breakdown to three-dimensional small-scale turbu

lence occurs in localized regions of high rates of shear (McAuliffe and Yaras, 2007). 

This three-dimensional breakdown cannot be reproduced by the present simulations 

in 2D space. Therefore, based on these previous studies, the streamwise extent of the 

present two-dimensional simulations that can reliably be used for studying the shear 

layer development are identified by arrows in Figures 4.5 to 4.7.

The cases with Regs = 320 and R  =  1.88 shown in Figure 4.5 have the greatest 

levels of instability manifested by the earliest onset of shear-layer roll-up, the most
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complex vortex-wall interaction, and the most rapid breakdown compared to the other 

cases with lower Regs and/or R  values presented in Figures 4.6 and 4.7. This result 

is consistent with the expectation of increased instability at higher flow Reynolds 

numbers and higher velocity difference ratios. Comparison of the cases in Figure 4.6 

(Regs =  108 and R  =  1.88) with those in Figure 4.5 (Regs = 320 and R = 1.88) 

shows increased sensitivity to wall proximity with reduced flow Reynolds number. 

This can be observed by the significant delay in the streamwise location of vortex 

roll-up between ys/8s = 14.5 and ys/9s =  29.0 in cases with Regs =  108 and R  =  1.88 

compared to cases with Rega =  320 and R  — 1.88. In the closest proximity case in 

Figure 4.6, no deformation of the shear-layer is observed in the vorticity contours. The 

cases with lower velocity ratio (Regs = 320 and R  =  1.22) shown in Figure 4.7 display 

a delayed streamwise location of shear-layer deformation compared to the cases with 

Rees = 320 and R  =  1.88. This trend can be explained by recognizing that the lower 

velocity difference between the high-momentum and low-momentum streams leads to 

weaker K-H instability due to the lower magnitude of velocity gradient at the inflection 

point, as is observed in several studies. For example, Michalke (1964) used inviscid 

linear stability analysis of a free shear layer to demonstrate that reduced velocity 

gradients due to a lower R  value result in a lower amplification rate of perturbations 

in the free shear layer.

For each combination of Regs and R,  the complexity of the interaction of the 

shed vortices with the wall and the rate at which the shear-layer reaches the state 

of break-down into turbulence increases with increased distance from the wall (i.e. 

higher ys/9s values). In Figure 4.5, proximity to the wall is observed to delay the 

initial roll-up location in agreement with several published experimental and numer

ical studies of shear layers (Taghavi and Wazzan, 1974; Nayfeh et al., 1990; Das, 

1998). As the shear layer is moved away from the wall, there is an increased spatial 

distribution of positive-sense vorticity convecting into the shear layer. Moreover, the
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closest proximity cases show significantly delayed roll-up, and roll-up is preceded by 

large segments of streamwise waviness that are connected by thick braids of vorticity. 

These trends may be the result of the vortices that form through roll-up of the free 

shear layer experiencing variations in their structure as distance to the wall is varied, 

and will be further analyzed in Sections 4.4 and 4.5.

Figure 4.8 shows the streamwise distribution of the stream-normal perturbation 

velocity component. The streamwise growth rate of these perturbations is observed to 

be initially exponential in all cases. This rate of growth continues until the normalized 

perturbation velocity component (v/U\) reaches a value on the order of 1 0 ~ 3 to 1 0 ~2, 

which approximately coincides with streamwise location where the deformed shear 

layer completes the roll-up process forming discrete spanwise vortices. Despite the 

scatter in the data, the trend lines indicate an increase in the initial amplification

• s

*
•  •

—  ys/e, = 7.25
—  ys/es = 14 .5
—  ys/es = 29.0

0.4 0.4
x/L x/L x/L
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Figure 4.8: RMS of the wall-normal component of perturbation velocity  
(v) at y /6 s = 0 for (a) Re^ = 320 and R = 1.88, (b) Re0S = 108 and R = 1.88, 
and (c) Re0s =  320 and R = 1.22.
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rate of the perturbations as the shear layer is moved away from the wall. This effect 

is most evident for the lower Reynolds number case, suggesting that the sensitivity of 

the shear layer development to wall proximity increases with reduced flow Reynolds 

number. Comparing Figure 4.8a and 4.8c shows that, for a given wall-proximity and 

Reynolds number, the amplification rate is higher in cases with a larger velocity ratio 

R, which is in agreement with the observations of Michalke (1964).

4.2.2 Effect o f Wall Proxim ity on the Tim e-Averaged Flow  

Field

Figures 4.9 to 4.11 show flood plots of the time-averaged streamwise velocity. The lo

cation of shear-layer attachment to the wall, defined as the most-upstream location on 

the wall where the time-averaged wall shear stress is positive (indicated in 4.9 to 4.11 

by arrows where applicable), is observed to be a function of wall-proximity. Table 4.1 

gives the streamwise location of flow attachment for cases with R = 1.88, denoted 

x T. The trends suggest that increased distance from the wall leads to more rapid 

deformation of the inviscid-unstable free shear layer and consequently an earlier site 

of flow attachment onto the wall. Low velocity-difference-ratio cases (R =  1.22) con

sistently have positive wall shear stresses, as the primary K-H vortices never produce 

reverse flow at the wall for these cases and, consequently, a point of attachment can 

not be defined. The location of flow-attachment is consistently within one wavelength

T ab le  4.1: S tream w ise  location  o f flow a tta c h m e n t on to  th e  wall for 
R  = 1.88. __________________________________________

Re$a =  108 Rees = 320
Vs/@s x r/ L
7.25 N/A 0.23
14.5 0.33 0.15
29.0 0 .2 0 0 .1 0
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Figure 4.9: Time-averaged streamwise velocity for Re^s = 320 and R = 1.88.

Figure 4.10: Time-averaged streamwise velocity for Re^ = 108 and
R = 1.88.
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Figure 4.11: Time-averaged streamwise velocity for Re^ = 320 and
R = 1.22.

downstream of the location where the first K-H vortex forms, suggesting that these 

vortices have a dominant role in the mixing and subsequent attachment of the shear 

layer to the wall. It is further noted that attachment onto the wall occurs only a very 

short distance downstream of the locations where three-dimensional instabilities are 

expected to form within the shear layer, as shown by the arrows in Figures 4.9-4.11. 

Considering that a finite distance is required following the onset of three-dimensional 

instabilities for the resulting flow structures to have sufficient amplitudes to affect the 

shear-layer mixing, it is unlikely that attachment to the wall is significantly affected 

by these flow structures. Instead, the results suggest that the flow attachment pro

cess, in a time-averaged sense, is driven by the large-scale rollers produced by K-H 

instability rather than the mixing associated with the three-dimensional breakdown
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of the shear layer.

4.2.3 Effect o f Wall Proxim ity on Transition Onset

The flow configuration for the present study was chosen to complement published 

studies of laminar separation bubbles on airfoils (Mayle, 1991; Hatman and Wang, 

1999; Roberts and Yaras, 2005; McAuliffe and Yaras, 2007). The trailing-edge flow 

field for the cases with R = 1.88 correspond most closely to the time-averaged flow 

field just downstream of separation in typical laminar separation bubbles on airfoils. 

For example, McAuliffe and Yaras (2007), Rist and Augustin (2006) and Watmuff 

(1999) studied separation bubbles with R  ~  1.8. It is therefore of interest to compare 

the transition onset locations suggested by the present results to those predicted by 

semi-empirical correlations calibrated against airfoil separation-bubble data. Specif

ically, the transition onset locations given in the form of a local Reynolds number, 

Res- tr, for the present flows with R — 1.88 are compared in Figure 4.12 against 

existing transition models for separation bubbles proposed by Mayle (1991), Hat

man and Wang (1999), Roberts and Yaras (2005), and Praisner and Clark (2007). 

The comparison is based on the assumption that transition onset in the present 

simulated flows is driven by the development of spanwise-oriented vortices result

ing from the K-H instability, wherein breakdown to small-scale turbulence occurs 

within vortex braids, as discussed by McAuliffe and Yaras (2007). The results for 

ya/9s = 14.5 and ys/9s = 29.0 show the best agreement with the transition mod

els. When considering accuracy and consistency of this accuracy of prediction, the 

models of Roberts and Yaras (2005) and Hatman and Wang (1999) appear to pro

vide the most favourable predictions. Both models show good agreement at higher 

Reynolds numbers (Reos =  320) for shear layers with ys/9a =  14.5 and ya/9s — 29.0 

as demonstrated by a deviation from the simulation results of less than 15% in each 

case. At the low Reynolds number (Rees =  108), the Roberts and Yaras model better
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Figure 4.12: Computed (R = 1.88) and predicted values of transition onset 
Reynolds number.

predicts transition onset for ys/8s — 29.0 while the Hatman and Wang model better 

predicts transition onset for ys/6s = 14.5, with each model deviating from the corre

sponding simulation result by less than 15%. Praisner and Clark’s model generally 

under-predicts the location of transition onset, which is consistent with results noted 

by McAuliffe and Yaras (2007). Mayle’s transition model for short separation bub

bles greatly underestimates the location for transition onset. This tendency of the 

model has also been noted by Walker (1993). In contrast, the long-bubble model of 

Mayle is observed to provide better agreement with the simulation data correspond

ing to ys/0s =  7.25. This result is not surprising given that long separation bubbles 

tend to be notably shallower than their short counterparts (Gostelow and Thomas, 

2006). One instance of a long laminar separation bubble was studied by Gostelow and 

Thomas (2006), who observed that their long bubble was considerably thinner than 

short bubbles and therefore barely influenced the surrounding pressure field. The
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remaining transition models considered here do not fare well against the ys/8s =  7.25 

case. This is expected since these models were calibrated using experimental data for 

short separation bubbles which are more commonly observed on typical airfoils.

4.2.4 Effect of Wall Proxim ity on the Frequency of Vortex 

Shedding

The influence of wall-proximity on the stability of the planar shear-layer is further 

assessed by analyzing the frequency at which spanwise vortices are formed through 

the primary instability of the planar free shear-layer, obtained by monitoring the 

temporal variation of circulation inside a finite control volume within the flow-field. 

The finite control volume, shown in Figure 4.13, is located so that shed spanwise 

vortices pass through the volume as they are convected downstream. The volume 

dimensions are one wavelength of the primary K-H mode in the streamwise direction 

and 209S in the wall-normal direction. These dimensions are conservatively chosen 

for one discrete spanwise vortex to be fully enclosed within the volume. As a discrete 

vortex enters the volume, the circulation within the volume increases, reaching a 

maximum when the discrete vortex is completely inside the volume. Monitoring 

the circulation variation within the volume in time produces a transient signal with

C0z9s

Ul -0.16 -0.12 -0.08 -0.04 0 0.04 0.08

Figure 4.13: Sample illustration of the control volume used for monitoring 
the vortex-shedding frequency.
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Figure 4.14: Variation of vortex shedding frequency with wall proximity.

periodic peaks corresponding to the passage of vortices. Analysis of this signal yields 

the mean and standard deviation of the frequency at which vortices are shed from 

the planar shear-layer. This method was adopted over spectral analysis of point 

measurements because the use of a finite flow region rather than a single point in the 

construction of the signal reduces the signal noise.

The computed shedding frequencies are shown in Figure 4.14. The shedding fre

quency is normalized by 9S and U\ to form the Strouhal number. The uncertainty of 

the vortex shedding frequency, shown by an error bar in Figure 4.14, was quantified 

by analysing the spread in vortex shedding frequencies over 1 0 0  shedding cycles, as 

detailed in Appendix B. The range of computed Strouhal numbers agree well with 

the ranges observed in published studies of separation bubbles and free-shear-layers, 

listed in Table 4.2. The low Strouhal number range observed by Muti Lin and Pauley 

(2006) occurs because of the low value of the momentum-t.hickness Reynolds number,
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comparable to the low Reynolds number cases in the current study in which a very 

similar Strouhal number range is obtained. In cases with a low velocity-difference ra

tio, the mean velocity in the mixing region downstream of the splitter-plate is larger 

than in the high velocity-difference cases. As a result, the discrete vortices shed 

from the shear-layer in the low velocity-difference-ratio cases are convected through 

the finite sampling control volume at a higher frequency. As the Strouhal number 

in Figure 4.14 is normalized by U\ rather than the local mean convection velocity, 

this produces the larger Strouhal number values observed in Figure 4.14 for the low 

velocity-difference-ratio cases. The trends in Figure 4.14 clearly show a correlation 

between the mean shedding frequency and the proximity of the shear layer to the 

wall. This sensitivity is noted to increase with closer proximity of the shear layer 

to the wall. This trend is consistent with the findings of Diwan and Ramesh (2009) 

who, through linear stability analysis of a piecewise-discontinuous profile, observed 

that the shedding frequency becomes insensitive to wall proximity above a threshold

Table 4.2: Published Strouhal number ranges in studies o f separation
bubbles and free-shear-layers._____________________________________

Study Geometry St<?s
McAulliffe and Yaras (2007) 
Muti Lin and Pauley (1996) 
Yang and Voke (2001)
Talan and Hourmouziadis (2002) 
Ho and Heurre (1984)

separation bubble 
separation bubble 
separation bubble 
separation bubble 
free-shear-layer

0.008 - 0.016 
0.005 - 0.008 
0.005- 0.011 
0.010 - 0.014 
0.016

proximity of approximately 2 0 0S.



4.3 Linear Stability Analysis
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Dovgal et al. (1994), Rist and Maucher (2002) and McAuliffe and Yaras (2007) sug

gest that the stability of shear layers in close proximity to walls is modified by T-S 

instability at the wall. Figure 4.15 plots the time-averaged and perturbation velocity 

profiles, one with (y9/0s =  7.25) close proximity to the wall and the second with a far 

proximity (ys/9s — 29), at a streamwise location that is one primary K-H instability 

wavelength upstream of the location where the separated shear-layer rolls-up into dis

crete vortices. The perturbation mode shapes show that the perturbation amplitude 

reaches a maximum near the wall for the closest wall-proximity case and near the pla

nar shear-layer for the farthest wall-proximity. This suggests that perturbations in 

the close wall-proximity case grow primarily in the reversed-flow boundary layer that 

develops on the wall below the inflection point of the shear-layer and are amplified 

primarily by a viscous T-S instability mode. Conversely, perturbations in the far

thest wall-proximity case grow primarily in the separated shear-layer and are mostly 

amplified by an inviscid K-H instability mode in the shear-layer. The wall-proximity 

thus influences the relative dominance of the viscous and inviscid instability modes in 

amplifying perturbations in the flow-field. A similar trend was observed by Rist and 

Maucher (2002) in a linear stability analysis of a hyperbolic-tangent velocity profile 

in close proximity to a wall. They observed that in instances with the inflection point 

of the mean velocity profile far from the wall, the perturbation velocity profile resem

bles that of a free-shear-layer. However, when the inflection point is moved near the 

wall, the instability changes to a viscous mode and the perturbation velocity profile 

resembles a T-S wave. As the viscous mode in their study is unstable to a lower 

frequency perturbation than the inviscid mode, the dominance of the viscous mode 

near the wall produces lower vortex-shedding frequencies.

To establish the extent by which viscous influence on the velocity profile affects
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Figure 4.15: Time-mean and perturbation velocity profiles for Re^ = 320, 
R =  1.88 at two wall proximities.

the frequency of the most amplified inviscid instability, a linear stability analysis 

is performed on the time-averaged velocity profile one wavelength upstream of roll

up. This position is advantageous because one wavelength upstream of roll-up, the 

wall-normal component of velocity is small enough that the assumption of plane 

parallel flow is reasonably satisfied. The equations governing the temporal growth of 

perturbations are solved numerically following linear stability theory, which assumes 

a perturbation in the form of a two-dimensional wave with a real wavenumber and 

complex phase velocity. For a perturbation to grow in time, the imaginary component 

of the complex phase velocity must be positive. A hybrid spectral collocation method 

based on Chebychev polynomials, described by Schmid and Henningson (2001), is 

used to calculate the eigenvalues of the Orr-Sommerfeld and Squire equations for the 

near-wall portion of the computed time-averaged velocity profiles as shown in Figure 

4.15. The code for this analysis was developed by Joshua Brinkerhoff, PhD candidate 

in the author’s research group at Carleton University. By solving for the phase velocity 

and amplification rate over a frequency range of 10 to 1000 Hz, the perturbation
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Table 4.3: Comparison of Strouhal numbers of the most-amplified per
turbation at the streamwise locations in Figure 4.15, obtained from linear 
stability theory (LST) and direct numerical simulation (DNS).

Vs/ @8 Stea,LST Stg^DNS
7.25 0.0066 0.0106
29.0 0.0118 0.0127

frequency yielding the highest amplification rate of T-S instability mode is predicted. 

Table 4.3 compares the frequencies of most amplified perturbation (expressed as a 

Strouhal number Sto^Lsr) predicted from linear stability theory with the vortex- 

shedding frequencies obtained from the simulations. Although the linear stability 

analysis underpredicts the most amplified Strouhal number, it correctly captures the 

trend in the Strouhal number with wall proximity. Furthermore, the trends in wall- 

normal variation of the predicted perturbation velocity agrees favourably with the 

simulation results shown in Figure 4.15 in both the mode shape and the wall-normal 

location of the maximum perturbation velocity. As the shear-layer is brought closer 

to the wall, the T-S instability mode is noted to have an increasingly larger influence 

on the shedding frequency of the vortices.

The dominance of the viscous instability mode for close wall proximities suggest 

that the reduction in frequency is fundamentally a viscous phenomenon where the 

frequency shifts from a maximum corresponding to the free-shear-layer instability 

value to a minimum corresponding to the attached boundary layer instability. In 

effect, the wall-proximity acts to dampen the natural frequency of vortex shedding 

through the influence of viscosity.



4.4 Transient Potential Flow Analysis
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A transient potential flow model is used to assess the role of inviscid mechanisms in 

delaying free-shear-layer roll up in close proximity of a wall. A detailed explanation of 

the transient potential flow algorithm is provided in Section 3.3.2. Figure 4.16 shows 

the instability development in a vortex sheet perturbed by a disturbance of the form 

y = yp sm{2-nx / \ x) with \ x =  8  mm for a duration of 0 .4 ^ , where &  is one period 

between sequential vortex roll-ups. These shear-layers have undefined momentum 

thicknesses, consequently, wall proximities are normalized by the initial wall-normal 

perturbation displacement amplitude (yp =  0.4 mm).

The study considers three cases: (a) a free-shear-layer unaffected by a wall 

(Vs/yp = oo); (b) a shear-layer in far proximity to a wall (ys/y p — 1 0 0 0 ); (c) a shear- 

layer in close proximity to a wall (ys/yp =  250). Over the duration of the simulation, 

the vorticity sheet representing the free shear-layer rotates around the meanline of 

the shear layer with mildly reduced amplitudes owing to the dissipative nature of the 

computational scheme. Similarly, the vorticity sheet with (ys/yp =  .1000) rotates one 

full cycle with mild distortions in the vortex sheet compared to (a). The distortions 

suggest that the wall slightly influences the development of vortex roll-up. However, 

for ya/y P = 250 the presence of the wall inhibits the development of roll-up and the 

shear layer can not rotate around the meanline. A close examination of a point (P) 

on the shear layer in Figure 4.16 reveals that the mechanism of the suppressed roll-up 

is inhibition of the wall-normal motion. The lower segment of the free-shear-layer 

vortex pattern is able to complete a rotation because the induced wall-normal veloc

ity at the tip of the vortex pattern is sufficient to traverse the midline. However, the 

wall-normal component in the lower segment of the ys/yp =  250 case does not have 

sufficient induced velocity to traverse the midline of the vortex pattern.
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Figure 4.16: Shear layer development predicted through a transient
potential-flow analysis for (a) free-shear-layer, (b) far wall-proximity 
(ys/yp =  1000), and (c) close wall-proximity (ys/y p =  250) where ST is one 
period of vortex shedding.

4.5 Steady Potential Flow Analysis

Features of the shear-layer development in Section 4.2 may be explained with the 

aid of potential flow theory by modelling instantaneous snapshots of the unsteady 

velocity/vorticity field as quasy-steady states of flow. The stages of vortex roll-up 

consist of an initially flat vortex sheet, followed by the development of a streamwise- 

wavy vortex-sheet pattern (again, not in shape but in vorticity magnitude) induced by 

unstable Kelvin-Helmholtz (K-H) waves, and finally roll-up into K-H vortices. Each 

stage in the vortex roll-up is modeled using potential flow elements, as discussed in 

Section 3.2.1, and the velocity profile below these vorticity distributions is shown in 

Figure 4.17. The figure shows that the reversed flow at the wall is higher in the 

stage where the vortex rolls up, modeled by a Rankine vortex and a point vortex in
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Figure 4.17, despite keeping the total circulation in each vorticity distribution the 

same. This may be explained by the higher local concentration of circulation in a 

rolled-up vortex compared to a vortex sheet. Consequently, the earlier occurrence 

of positive sense vorticity in the larger wall-proximity cases in Figure 4.9 -4.11 is 

due to the earlier formation of vortices in these cases. Furthermore, the presence of 

higher wall-normal velocity in the larger wall-proximity cases facilitate more effective 

ejection of positive-sense vorticity away from the wall. A closer analysis of Figure 

4.17 also shows that as the vortex patterns are brought closer to the wall, the induced 

reverse flow at the wall increases. The higher local reverse flow directly above the 

wall in the close proximity cases contributes to stronger Tollmien-Schlichting (T-S) 

instability at the wall.



Chapter 5

Effect of Supercritical Thermodynamic 

State on Free Shear Layer Development

This chapter discusses the stability of a planar shear layer in a supercritical fluid with 

a cross-stream temperature gradient using a numerical study in three-dimensional 

(3D) space. The effect of the supercritical state on the stability of the shear layer 

is isolated through comparison with a companion study of a planar shear layer of a 

subcritical single-phase fluid with constant fluid properties. The chapter begins with 

an overview of the subcritical and supercritical free-shear-layer simulations compared 

in this study. Section 5.2 discusses the primary and secondary instability modes 

observed in the subcritical free-shear-layer simulation, while Section 5.3 discusses the 

effect of the cross-stream variation in fluid properties within the supercritical fluid on 

these instability modes.
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5.1 Summary of Flow Configurations
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Table 5.1 summarizes the pertinent flow characteristics of the simulated planar free 

shear layers utilizing working fluids at subcritical single-phase and supercritical ther

modynamic states. For brevity, hereafter these planar shear layers will be referred 

to as the subcritical and supercritical shear layers. The subcritical shear-layer sim

ulation uses air at 101.3 kPa and 300 K as the working fluid, and the supercritical 

shear layer simulation uses supercritical water at 24 MPa. As in Chapter 4, the 

planar shear layers are created through the mixing of two parallel streams with dif

ferent velocities separated by a splitter plate of infinitesimal thickness. Matching the 

Reynolds numbers of the two shear layers (Regs =  320), which is based on the velocity 

and momentum thickness of the high-speed stream at the trailing-edge of the splitter 

plate, and the velocity-difference ratio between the two parallel streams (R  =  1 .2 2 )

Table 5.1: Flow conditions of the subcritical and supercritical free shear 
layer simulations __________________________________

Parameter Subcritical Supercritical

R̂ 'Os 320 320

Reg/ 1 0 0 0 950

R 1 .2 2 1 .2 2

Pr 0.71 2.14

Tm/Tpc N/A 1

Ui (m/s) 11 .8 0.108

U2 (m/s) 2.7 0.026

0S (mm) 0.41 0.35

Of (mm) 1 .2 0 0.92

Su (mm) 7.0 4.5
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Figure 5.1: Splitter-plate high-speed-stream boundary layer velocity pro
file at the trailing edge

ensures that differences in the evolution of the flow field between the two cases can 

be attributed to the cross-stream property variation prevailing in the flow field of the 

supercritical shear layer. In the supercritical shear layer simulation, the thermody

namic properties used to calculate the Reynolds number (Regs) and Prandtl number 

(P r ) were determined at the algebraic mean of the high- and low-momentum streams. 

As shown in Figure 5.1, the high-speed-stream boundary layer at the splitter-plate 

trailing edge agrees well with the Blasius profile for the subcritical case, whereas the 

supercritical case shows slight deviation from the Blasius profile. Studies of free shear 

layers traditionally use the shear-layer momentum thickness (9j) as defined below as 

the appropriate length scale of the flow (e.g. Oster and Wygnanski, 1982; Ho and
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Therefore, Of is used as the reference length scale in the results presented here

after. Both the free-shear-layer momentum thickness, Of, and vorticity thickness, 

Su = (t/ 2 — Ui)/(dU/dy\max), listed in Table 5.1 are calculated prior to the onset of 

roll-up where the shear layer velocity profile can be considered steady, which corre

sponds to approximately x /L  = 0.05 in the present simulations.

The variation across the supercritical shear layer, of density, viscosity, conduc

tivity, and isobaric heat capacity at the trailing edge of the splitter plate are shown 

in Figure 5.2. The fluid temperature is noted to vary from below the pseudocritical 

temperature Tpc in the low-momentum stream to above Tpc in the high-momentum 

stream, assuming a value of Tpc at the datum line (y — 0 ). Accordingly, the fluid
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properties experience their highest spatial gradients in close vicinity of the datum line 

which places these large-gradients within the free shear layer developing immediately 

downstream of the splitter-plate trailing edge. This configuration promotes develop

ment of the free-shear layer in the region of high thermophysical property gradients, 

which is expected to maximize any effects such gradients may have on the streamwise 

development of the shear layer.

5.2 Instability Development in the Subcritical 

Shear Layer

In the subcritical shear-layer simulation, the high- and low-momentum streams meet 

at the splitter-plate trailing-edge and the upstream boundary layer profiles gradu

ally develop into a free-shear-layer profile as described by Ho and Huerre (1984). 

The streamwise growth of the shear-layer momentum thickness computed from the 

time-averaged velocity field is shown in Figure 5.3 and is compared with the ex

perimental observations of Ho and Huang (1983) and Oster and Wygnanski (1982). 

The streamwise coordinate is normalized by the streamwise wavelength of the K-H 

vortices (\ x =  0.05L; L = 600 mm) to allow comparison with results available in the 

published literature. From x / \ x — 0.0 to 0.5, the computed distribution has an 

initial streamwise gradient of momentum thickness (dd/dx «  0.024) that compares 

favourably with the value of 0.027 predicted by the empirical correlation of Brown 

and Roshko (1974). Beyond the shear-layer roll-up location of x  =  l.OAj, the growth 

rate slows down.

The computed streamwise variation of shear-layer momentum thickness beyond 

about 1.0AX, where the initial shear-layer roll-up occurs, is noted to compare very 

favourably with the experimental data of Wygnanski (1980) acquired at a comparable
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Figure 5.3: Streamwise variation of free-shear-layer momentum thickness.

velocity ratio. This serves to validate the present computations. At approximately 

8.0AX from the trailing-edge, the primary K-H vortices formed through shear-layer 

roll-up begin to pair, as shown through iso-contours of spanwise vorticity in Figure 5.4. 

This pairing yields an increase in the effective diffusion of the time-averaged shear 

layer, which manifests itself as an increased streamwise rate-of-change of momen

tum thickness beyond 8.0AX from the splitter-plate trailing edge, as illustrated in 

Figure 5.3.

5.2.1 Primary Instability

As is evident in Figure 5.4, the streamwise waviness caused by the inviscid (K-H) 

instability mode results in the roll-up of the shear layer within a streamwise distance 

of one wavelength of the dominant frequency of this instability. The frequency of this 

time-periodic roll-up process was determined in two ways: by monitoring the passage



Figure 5.4: Instantaneous isocontours of spanwise and streamwise vorticity 
for one vortex-shedding cycle ( S )  of the subcritical shear layer (green: 
spanwise vorticity (uz =  400s_1); red and blue: streamwise vorticity of 
counter-rotating vorticity = ±40s-1)).
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Figure 5.5: Power spectral density of ^-component velocity fluctuation in 
the subcritical shear layer at y/0f =  0.

of vortices in a region of flow as described in Section 4.2 and by performing a fast 

Fourier transform of the ^-component of perturbation velocity. Both methods pro

duce a vortex-shedding Strouhal number of Stef = 0.032 ±.0.001, which is in excellent 

agreement with the linear stability analysis results of Michalke (1964) for hyperbolic 

tangent velocity profiles. Figure 5.5 shows the power spectra of the y-component of 

perturbation velocity at three streamwise locations in the shear layer—one near the 

site of roll-up (x /X x =  2.0), one further downstream {x/Xx =  4.0) and one near the 

site of pairing (x / \ x = 8.0). The power spectra at x /X x — 2.0 and x jX x — 4.0 reveal 

additional peaks corresponding to higher harmonics of the K-H instability. These 

peaks are observed at integer multiples of the Strouhal number of vortex shedding 

and have also been observed in other studies of shear layers (e.g. Volino and Bohl, 

2004).

As the primary K-H vortices are convected downstream, they begin to stretch and 

elongate in the streamwise direction. This streamwise elongation is readily visible at
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Figure 5.6: Subcritical shear layer flood plots at z+ =  0 of (a) instantaneous 
spanwise vorticity distribution and (b) time-averaged streamwise velocity  
distribution.

x /L  — 0.32 in Figure 5.6a, which plots the instantaneous spanwise vorticity distri

bution in the shear layer. The portion of the vortex exposed to the high-momentum 

stream above convects faster than the portion exposed to the low-momentum stream 

below. Consequently, the vortices experience streamwise strain that leads to their 

stretched appearance.

The production of the unsteady K-H vortices contributes to a thicker shear layer 

in a time-averaged sense, and consequently an enhanced rate of mixing between the 

high-momentum and low-momentum streams, as is evident in the time-averaged ve

locity distribution plotted in Figure 5.6b. This plot qualitatively shows that the 

streamwise locations beyond the initial roll-up have larger regions where the time- 

averaged velocity corresponds to the mean convective velocity—shown with green 

colour and thereby indicate the effectiveness of the K-H vortices in mixing the two 

fluid streams.
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5.2.2 Secondary Instability

The wavering of the shear layer during periodic shedding of the spanwise vortices 

creates incongruences in the y-coordinate of the vortices. Consequently, an upstream 

vortex tha t is perturbed further toward the high-momentum stream convects faster 

than its downstream partner and it eventually overtakes it, initiating a vortex-pairing 

process. The power spectra of the ^-component of perturbation velocity at the site of 

vortex pairing (x /L  — 0.4), shown in Figure 5.5, reveal an additional peak at half the 

frequency of the dominant K-H instability frequency. This peak at Stgf — 0.016 corre

sponds to the passing frequency of the paired vortices. Pairing occurs approximately 

six wavelengths downstream of the site of roll-up, consistent with observations in sev

eral experimental studies at similar conditions (e.g. Ho and Huang, 1983). Figure 5.3 

shows broader regions at the mean streamwise velocity over the streamwise section 

where vortex pairing occurs. Furthermore, Figure 5.6b reveals that regions at vortex 

pairing have larger regions at the mean streamwise velocity. These trends suggest 

that pairing contributes to enhanced mixing between the high- and low-momentum 

streams.

Prior to the onset of the pairing instability, three-dimensional vortical structures 

begin to appear among the primary K-H vortices. These instabilities are observed 

to originate in the high-shear braids between vortices (Figure 5.4), consistent with 

several recent studies, including those of McAuliffe and Yaras (2007) and Brinkerhoff 

and Yaras (2011) that focus on separated shear layers. In Figure 5.4, the spanwise 

axis is presented in wall units z + =  zuT/ v , where uT is the friction velocity evaluated 

at the wall at the splitter plate trailing edge on the high-speed-stream side, and is 

expressed as uT = [v(dU/dy)\w}]/‘2. The choice for this unconventional scaling factor 

for the free shear layer is based on the assumption that the perturbations that amplify 

to produce the streamwise vortices originate from the upstream boundary layer as
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Figure 5.T: Subcritical free shear layer time-averaged streamwise vorticity 
flood plots in the x =  0.35L plane.

noted by Brinkerhoff and Yaras (2011). The vorticity magnitudes of the streamwise 

vortices in Figure 5.4 are an order of magnitude smaller than that of the spanwise 

vortices, and, consequently, the streamwise vortices do not interact notably with the 

higher-vorticity-magnitude K-H vortices. However, there are observable grooves on 

the spanwise K-H vortices with wavelengths corresponding to the streamwise vortices 

owing to the induced velocity produced by the streamwise vortices. As noted in 

Figure 5.7, the spanwise spacing of the streamwise vortices is A+ =  120.

Figure 5.8 shows the power spectra of the spanwise variation of streamwise com

ponent of perturbation velocity at several streamwise locations upstream and down

stream of the splitter-plate trailing edge. The power spectra reveal that the peak 

corresponding to the dominant wavelength of spanwise instability in the free shear 

layer starts to develop in the boundary layer upstream of the trailing edge. This 

agrees with the results of Brinkerhoff and Yaras (2011), who suggest that the per

turbations that amplify to produce three-dimensional instability in a separated shear 

layer originate from the viscous (T-S) instability of the upstream boundary layer.
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Figure 5.8: Spanwise wavenumber spectra for the subcritical shear layer 
at y/0f =  0.3.

5.3 Instability Development in the Supercritical 

Shear Layer

Following the subcritical shear layer simulation, a free-shear-layer simulation with 

heat transfer into the supercritical working fluid was performed to assess the impact 

of cross-stream property variation on instability development in the shear layer. Due 

to time constraints for performing this simulation, the time span of the statistically- 

steady computed data was not sufficient to obtain reliable statistical information of 

the flow development. Therefore, the focus of this chapter is the transient evolution of 

the flow-field. The results show that the presence of cross-stream property gradients 

across the free shear layer alters the nature of the instability development in the shear 

layer. Most notably, the supercritical shear layer development includes finer spanwise 

vortical structures than the subcritical shear layer, with earlier, stronger and less 

organized development of streamwise vortices leading to earlier breakdown of the
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supercritical shear layer into small-scale turbulence. Each of these developments are 

discussed in turn in the following sections.

5.3.1 Primary Instability

The development of the supercritical free shear layer is shown through isocontours 

of streamwise and spanwise vorticity in Figure 5.9. The presence of spanwise rollers 

driven by the K-H instability mechanism is evident. Unlike the subcritical shear 

layer, additional spanwise vortical structures of smaller scale are also observed. These 

smaller vortices are reminiscent of the flow structures that develop through the Holm- 

boe instability mechanism (Holmboe, 1962) under the influence of gravitational force 

in density-stratified shear layers. This instability mechanism has been extensively 

studied in the context of geophysical flows, and is observed when the level of stratifi

cation is sufficiently strong as indicated by the value of the Richardson number (e.g. 

Lawrence et al., 1991; Lee and Claufield, 2001; Smyth, 2005; Alexakis, 2009; Carpen

ter et. al., 2010). The experiments of Lawrence et al. (1991) showed the co-existence 

of K-H and Holmboe instability mechanisms even at low values of the Richardson 

number (e.g. J  0.05).

Gravitational acceleration is not present in the current supercritical shear-layer 

simulation. However, deformation of the planar free shear layer by K-H instability 

results in local centripetal accelerations that appear to create conditions that are 

analogous to those that result in formation of Holmboe instability through the effects 

of gravitational forces in density-stratified shear layers. As was discussed earlier, K-H 

instability results in a planar shear layer assuming a streamwise-wavy pattern at the 

dominant wavelength of instability with accompanying streamwise curvature. The 

accompanying streamwise grouping of spanwise vorticity in the shear layer results 

in further localized deformation of the shear layer, prompting an even higher local
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ity for one K-H vortex-shedding cycle for the supercritical shear layer 
(green: spanwise vorticity (ux = 20s-1); red and blue: streamwise vorticity 
(utx =  ±20s-1)).



streamwise curvature that initiates the shear-layer roll-up process. These deforma

tions of the shear layer are clearly illustrated in Figure 5.10. W ith the development 

of such streamwise curvatures, centripetal accelerations are established in the shear- 

layer flow field. These centripetal accelerations reach values as high as 1.0 m /s 2 

corresponding to streamwise curvatures of about 15 mm, resulting in local Richard

son number values as high as 0.16. As expected, the vortical structures driven by the 

Holmboe instability mechanism, hereafter referred to as “Holmboe vortices” , form in 

regions of the free shear layer corresponding to this peak Richardson number value. 

These regions are the locations where the shear layer rolls up into coherent spanwise 

vortices driven by the K-H instability mechanism. This is clearly illustrated in Figure 

5.11, where a Holmboe vortex is observed to form approximately half way through 

the K-H vortex shedding cycle. A necessary condition for the growth of the Holmboe 

instability is that the ratio of the shear-layer thickness to the thickness over which 

the density varies be greater than 2.0 (Alexakis, 2005, 2007). In the present simula

tion, at the locations of Holmboe instability growth, this thickness ratio was observed 

to have a value of 5.0. Based on the streamwise spacing of the spanwise vortices 

observed in the flow field, with the observation in Figure 5.11 being one example, 

the wavenumber for the Holmboe vortices is determined to be a8u =  1.2 while the 

K-H vortices have a dominant wavenumber value of aSw =  0.8. These wavenumber 

values are based on the vorticity thickness, for compatibility with the stability 

diagrams of Lawrence et al. (1991) that are based on shear layer height. Lawrence et 

al.’s stability plot for shear layers with cross-stream density gradients was presented 

in Chapter 2 (Figure 2.17). In that plot, wavenumbers of unstable Holmboe waves 

are bounded by isocontours of ac* =  0.25, placing the shear layer conditions of the 

present case in the unstable region.

As noted in Figure 5.11, the Holmboe instability mechanism produces a spanwise 

vortical structure of the same sense of rotation as the larger spanwise vortex resulting
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Figure 5.10: Development of streamwise curvature in the free shear layer 
by K-H instability.

from the K-H instability mechanism. Simultaneously, a region of opposite sign of 

vorticity is noted to develop between these two vortices, which is clearly evident at 

t j  33 = 0.6. Such flow dynamics is consistent with the development of the Holmboe 

instability waves (e.g. Carpenter et al., 2010). The flow structure associated with the 

region of positive (counter-clockwise) vorticity is observed to split into two, with one 

part converting around the K-H vortex, and the other convecting away from the K-H 

vortex together with its counterpart of opposite vorticity under the influence of the 

high-momentum stream prevailing above the shear layer.

While both the K-H and Holmboe mechanisms affect the development of the flow, 

the mixing effect of the K-H mechanism is expected to dominate due to the larger 

scale of the vortical flow structures produced by this physical mechanism. The flow 

pattern observed in Figure 5.9 supports this.

.o w e r  cu rv a tu re

0 .1 5
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in one cycle of K-H vortex-shedding.
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5.3.2 Secondary Instability

As the K-H vortices convect downstream, streamwise vortices form in the braid re

gions between these vortices. These streamwise vortices are noted to be more irregu

lar and of significantly greater strength than those observed in the subcritical shear 

layer case. In fact, the vorticity magnitude of the spanwise and streamwise vortices 

are comparable as illustrated through the relative magnitudes of the vorticity iso

contours in Figure 5.9. The increased number of streamwise vortices contribute to 

more efficient three-dimensional mixing of the shear layer. These streamwise vor

tices groove out undulations in the K-H vortices, thereby commencing the process of 

three-dimensional, small-scale breakdown of the shear layer. The average spanwise 

spacing of the streamwise vortices is noted to be A+ = 1 0 0 , which is consistent with 

the spacing of the streaky structures in the streamwise velocity field upstream and 

downstream of the splitter-plate trailing edge (Figure 5.12). The differences observed 

in the streak spacing is quite likely due to the mechanisms recently discovered by Azih

1 0 '
Dominant 
wavelength 
of spanwise 
instability

| V

x/L = 0.00 
x/L = 0.05 
x/L = 0.10

0 50 100 150
+

Figure 5.12: Spanwise wavenumber spectra for the supercritical shear layer 
at y/0f =  0.3.
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et al. (2 0 1 2 a, b) in the study of heated turbulent boundary layer and channel flows 

in a supercritical fluid. Azih et al. discovered that large spatial gradients in viscosity 

and density across a shear layer can have both stabilizing and destabilizing effects 

on the coherent flow structures of turbulence, depending on the specific thermody

namic state and flow conditions. The present results illustrate that the mechanisms 

described by Azih et al. for wall-bounded, heated shear layers in supercritical fluids 

appear to be equally effective in free-shear layers with comparable property gradients 

across the shear layer.



Chapter 6

Conclusions

This study investigates the mechanism by which proximity to a nearby wall affects 

the stability characteristics of a free shear layer. To accomplish this task, a two- 

dimensional study using shear layers in close proximity to a no-slip wall is performed 

using a test matrix at Reynolds numbers, velocity-difference ratios and wall proximi

ties representative of conditions in separation bubbles on airfoils. Boundary layers are 

developed above and below an upstream, no-slip splitter plate with a wall-normal lo

cation (ys) from a no-slip wall, and are merged at the trailing edge of the splitter plate 

to develop a separated shear layer velocity profile. This velocity profile is unstable to 

inviscid instabilities due to the inflection point contained in the shear layer velocity 

profile and, therefore, developed instability through the formation of two-dimensional 

Kelvin-Helmholtz (K-H) vortices. Proximity of the shear layer to the no-slip wall has 

a notable influence on the stability of the shear layer as a closer proximity leads to 

a delayed onset of vortex roll-up, delayed flow attachment onto the wall, and lower 

Strouhal numbers of vortex shedding. The range of Strouhal numbers observed in 

this study agree favourably with the range observed in previous studies of separation 

bubbles and free shear layers, therefore, provide a possible explanation for the large 

spread in Strouhal numbers found in published literature. It is observed that at lower 

Reynolds numbers, the shear layers have increased sensitivity to the nearby wall. A

112
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linear stability analysis of the flow field using the Orr-Sommerfeld equation verifies 

this increasing trend in the frequency of vortex shedding for increased distance from 

the wall. These results suggest that proximity of the shear-layer to the wall influ

ences the relative dominance of the viscous T-S instability and inviscid K-H instability 

modes. Through the use of potential flow models, it is shown that a mechanism of 

delayed transition onset due to wall proximity is primarily through the suppression 

of the wall-normal motion.

Furthermore, this study investigates the effect of cross-stream property variation 

in supercritical water on the transition and turbulence properties of free shear layers. 

A direct numerical simulation (DNS) of a water shear layer with cross-stream temper

ature gradient is performed and compared with a DNS of a subcritical single-phase 

shear layer with matching Reynolds number and velocity-difference ratios. The su

percritical shear layers is observed to develop an additional mechanism of instability 

owing to the cross-stream property gradients. Most notably, sites of streamlined cur

vature are observed to periodically stabilize the event of shear-layer roll-up because 

of the stable density field created by the radial forces acting on a fluid element as it 

follows a curved path. This effect is also shown to create Holmboe vortices that are 

weaker spanwise counter-rotating vortical-structure pairs that coexist with the K-H 

vortices. The secondary three-dimensional instability of the shear layer is also mod

ified by the supercritical state as demonstrated by the smaller spanwise-wavelength 

streamwise vortices compared to the subcritical case. The smaller wavelength and 

greater strength of these structures lead to more numerous streamwise vortices that 

contribute to better shear layer mixing. The behaviour of the secondary instabil

ity observed in this study suggests that instability mechanisms in supercritical fluid 

boundary layers observed by Azih et al. (2 0 1 2 ) are equally applicable to free shear 

layer flows.
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Appendix A

Supercritical Water Thermodynamic 

Table Validation

Due to the large gradients in fluid properties near the critical point, the creation 

of an adequate look-up table for the thermophysical properties of supercritical water 

presents a challenge because of the trade-off between reasonable computing times and 

the accuracy of the simulated results. Therefore, this Appendix provides supplemen

tary information on the creation of a look-up table that is able to accurately resolve the 

variation in fluid properties of supercritical water near the critical point. Specifically, 

Section A.2 introduces the NIST and IAPWS databases, two prominent databases 

for the properties of water, from which the water properties were obtained. Section 

A.3 and A.4 examines the formulation of water properties following the IAPWS stan

dard and compares the NIST formulation with the IAPWS-97 formulation. Section 

A.5 describes the procedure used to select an appropriate temperature and pressure 

increment for the look-up table used in this study. Finally, Section A .6  validates the 

look-up table using a thermodynamic grid convergence study.
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A .l NIST and IAPW S Water Property Databases

The International Association for the Properties of Water and Steam (IAPWS) rep

resents an international organization consisting of scientists from over 25 countries 

whose mandate is to provide internationally-accepted formulations of the thermody

namic properties of water and steam within an extensive range. In 1995, IAPWS 

published IAPW S Formulation 1995 for the Thermodynamic Properties of Ordinary 

Water Substance for Scientific and General Use “IAPWS-95” (IAPWS, 2009), which 

constitutes the most-accurate formulation of water properties available for scientific 

use. For this reason, the National Institute of Standards and Technology (NIST) 

adopts this standard and provides data available in the form of a table indexed by 

temperature and pressure (NIST, 2011). However, the 1995 IAPWS formulation re

quires considerable computational effort to solve and significantly increased the com

putational time required for industrial and engineering applications. Consequently, 

in 1997, IAPWS released IAPW S Industrial Formulation 1997 for the Thermody

namic Properties of Water and Steam, “IAPWS-97” (IAPWS, 2007) which provide 

formulations that may be numerically solved with speeds that surpass the IAPWS-95 

formulation and satisfy the special need for consistency in the steam power industry 

(IAPWS, 2009). This study evaluates water properties under the IAPWS-97 standard 

using the Visual Basic code developed by Spang (2002). Since the NIST database 

that is composed of the IAPWS-95 standard and the IAPWS-97 standard are both 

commonly used to obtain water data, it is important to verify the agreement between 

the two databases within the thermodynamic property range of the current study 

to adequately select a database. Furthermore ANSYS CFX implements the IAPWS 

-97 formulations and the validity of this formulation for the relevant thermodynamic 

and transport properties involved in heat transfer and transition should be assessed 

to justify the selection of the industrial formulation as opposed implementing the
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IAPWS-95 properties as a user-defined function within the ANSYS CFX solver.

A .2 IAPW S Water Property Formulations

IAPWS-97 formulates water properties by partitioning the property space into five 

thermodynamic regions as shown schematically in Figure A.I. Within each region, 

a “basic equation” for free energy is supplied that is validated by flow calorimetry 

measurements by Wagner (2008). Regions 1 , 2 and 5 are characterized by a basic 

equation in terms of Gibbs free energy. The region above the critical point, region 

3, is characterized by a basic equation in terms of Helmholtz free energy. All rele

vant thermodynamic properties including density (p), specific enthalpy (h), specific 

entropy (s), and isobaric heat capacity (cp), can be calculated from these relations. 

Region 4, the two phase region, is governed by a saturation pressure equation. The 

region of interest in the present study is the supercritical region which mainly consists 

of region 3. The basic equation for this region is given in Equation A.I.

r) = m  In 8 + n i8 h TJi (A.l)
i = 2

Here the S and r  represent non-dimensional density (p/pc) and temperature (T /Tc) 

respectively. The non-dimensional free energy is represented by 0. Constants nj, 

and Ji are the polynomial coefficients, density exponents and temperature exponents 

respectively for the IAPWS-97 correlation for region 3, shown in Table A.l. The 

above expression provides a relation for the Helmoltz free energy function for energy 

function region 3 ( / 3(p, T )) that may be used with the thermodynamic identities given 

in Table A.2 to find pressure, specific enthalpy, isobaric heat capacity and specific 

entropy.
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Figure A .l: Comparison of different fluids near the critical point(IAPW S, 
2007) 

Heat Transfer and Transport Properties

The thermal conductivity and viscosity are described in the IAPWS-95 and IAPWS- 

97 releases, respectively. A simplified model for the correlation used to find dynamic 

viscosity is shown in Equation A.2 , where the net viscosity is determined by the 

contributions due to terms /x0, Hi, ■ The base viscosity, corresponding to the 

dilute gas limit is represented by the first term /x0. The second term (pi) represents 

the contributions due to the finite density of the fluid. Finally, [x2 represents the 

enhanced viscosity due to the non-linear behaviour near the critical point. The details 

of the formulations are described in Release on the IAPWS Formulation 2008 for the 

Viscosity of Ordinary Water SubstanceflAPWS 1998a).

p, = fI0(T) x ni(T ,p)  x fi2(T,p) (A.2)

Correlations for thermal conductivity takes a similar form to viscosity and is shown
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Table A .l: Coefficients and exponents of the basic equation f${p, T) in its 
dimensionless form (IAPW S, 2007)____________________________________

i h Ji Tli i h Ji ni
1 — — 0.10658070028513 x 1 0 1 21 3 4 0.20189915023570 x 101

2 0 0 0.15732845290239 x 1 0 2 2 2 3 16 0.82147637173963 x 10“ 2

3 0 1 0.20944396974307 x 1 0 2 23 3 26 0.47596035734923
4 0 2 0.76867707878716 x 1 0 1 24 4 0 0.43984074473500 x 10" 1

5 0 7 0.26185947787954 x 1 0 1 25 4 2 0.44476435428739
6 0 10 0.28080781148620 x 1 0 1 26 4 4 0.90572070719733
7 0 12 0.12053369696517 x 1 0 1 27 4 26 0.70522450087967
8 0 23 0.84566812812502 x 1 0 ~ 2 28 5 1 0.10770512626332
9 1 2 0.12654315477714 x 1 0 1 29 5 3 0.32913623258954
10 1 6 0.11524407806681 x 1 0 1 30 5 26 0.50871062041158
11 1 15 0.88521043984318 31 6 0 0.22175400873096 x lO" 1

12 1 17 0.64207765181607 32 6 2 0.94260751665092 x 10” 1

13 2 0 0.38493460186671 33 6 26 0.16436278447961
14 2 2 0.85214708824206 34 7 2 0.13503372241348 x 10” 1
15 2 6 0.48972281541877 x 1 0 1 35 8 26 0.14834345352472 x 10" 1

16 2 7 0.30502617256965 x 1 0 1 36 9 2 0.57922953628084 x 10~ 3

17 2 2 2 0.39420536879154 x 1 0 ' 1 37 9 26 0.32308904703711 x 10~ 2

18 2 26 0.12558408424308 38 10 0 0.80964802996215 x 10" 4

19 3 0 0.27999329698710 39 10 1 0.16557679795037 x 10~ 3

2 0 3 2 0.13899799569460 x 1 0 1 40 11 26 0.44923899061815 x 10"4

Table A .2: Relations to obtain fluid properties Helmholtz Free Energy 
(IAPW S, 2007)
Pressure

P = P2(d f  /  dp)r =  6(f>6

Specific Enthalpy

h = f -  T ( d f /d T ) p + p (d f/d p )T O&p- = T<j>T + 6</>s

Specific Isobaric Heat Capacity 

cp =  (dh/dT)r 

Specific Entropy

S = —{ d f /d T )p ^  = T<j)r +  <f>
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in Equation A.3. Here again, A0 represents the conductivity at the the ideal gas limit, 

Ai represents the from the finite density, and A2 represents the enhanced conductivity 

due to the behaviour near the critical point. Details of the correlation can be obtained 

in Revised Release on the IAPW S Formulation 1985 for the Thermal Conductivity of 

Ordinary Water Substance (IAPWS 1998b).

A =  A0 ( T ) x A 1( T , p ) x A 2 ( r , p )  ( A . 3 )

A .3 Comparison of Thermodynamic Properties

Thermodynamic and transport properties for the IAPWS-95 scientific formulation 

are obtained from the NIST database. A look-up table for the fluid properties within 

a pressure range of 20 and 30 MPa and temperature range of 635 K to 750 K, which 

are typical temperature and pressure ranges proposed for supercritical water reactors 

and correspond to the conditions of the current study, is compiled with temperature 

and pressure increments of 0.2 K and 0.1 MPa respectively. The selection of these 

temperature and pressure increment sizes is discussed in Section A.4. An Excel Visual 

Basic program th a t calculates the properties of water following the IAPWS-97 indus

trial formulations are provided by Spang (2002). The contents of the program code 

are manually verified to be consistent with the IAPWS-97 standard. The IAPWS-97 

data was projected onto an identical grid as the IAPWS-95 data. Data from the two 

formulations were plotted against each other to verify the agreement. The density, 

dynamic viscosity, thermal conductivity, and isobaric heat capacity (cp) are analyzed 

because the Navier-Stokes equations are dependant on these properties. Contour 

plots of these properties in terms of enthalpy and pressure are provided alongside tra

ditional plots in terms of temperature and pressure because ANSYS CFX adopts the 

enthalpy formulation of the energy equation. These plots are shown in Figures A.2
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Figure A .2: Comparison of enthalpy vs pressure and temperature using 
the IAPW S-95 and IAPW S-97 formulations

to A. 10. For each plot, the region surrounding the vapour dome is blanked. Dashed 

green lines indicate the critical pressure and critical temperature or enthalpy (the 

critical enthalpy is the enthalpy at the critical pressure and temperature).

Figures A.3 and A.4 compares supercritical water densities predicted by the 

IAPWS-95 and IAPWS-97. Except for the minor discrepancy slightly above the 

vapour dome, the densities produced by the IAPWS-95 and IAPWS-97 formulations 

are in good agreement, confirming that the industrial formulation is adequate for this 

property.

Specific isobaric heat capacity (cp) shows the most significant gradients near the 

critical point. Far from the critical point, cp remains below 10 kJ/kg K. However, ap

proaching the critical point, cv rises rapidly until it reaches a singularity at the critical 

point hence it has the steepest gradients amongst all thermodynamic properties. Al

though, there is reasonable agreement between IAPWS-95 data and IAPWS-97 data,

IA P W S -97 E n ta lp y (k J / kgK ) 
IA P W S -95 Entalpy (kJ /  kg K)

■ f
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Figure A .3: Comparison of density vs pressure and enthalpy for NIST  
using the IAPW S-95 and IAPW S-97 formulations
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Figure A .6: Comparison of specific isobaric heat capacity vs pressure and
temperature using the IAPW S-95 and IAPW S-97 formulations
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below 24 MPa, the discrepancy between the two formulations becomes significant 

(«  2% relative difference ratio). The humps on the contours of the specific isobaric 

heat capacity, which correspond to the location of maximum cp for an isobar, are the 

locations of the thermodynamic pseudo-critical point. The discrepancy between the 

IAPWS-95 and IAPWS-97 formulation are the greatest at this point.

Figures A.7 and A .8  compares the dynamic viscosity using the IAPWS-95 and 

IAPWS-97 formulations. There is generally a good agreement between the two for

mulations with evident discrepancies near the vapour dome where the industrial for

mulation under predicts the viscosity. By approximately 23 MPa, the discrepancies 

between the two formulations are minimal (<  1%) suggesting that either formulation 

can be used to provide accurate predictions of dynamic viscosity.

Figure A.9 and A. 10 compares the thermal conductivity between IAPWS-95 and 

IAPWS-97. As opposed to the previous properties, disparity between the thermal 

conductivity predictions is not solely localized near the pseudo-critical point and the 

vapour dome but can be seen throughout the property space. IAPWS-97 generally 

under predicts thermal conductivity with few exceptions. However it is clear from 

these plots that the total magnitude of the deviation between the two formulations 

are low (< 1%), especially when compared with the deviation of the correlations with 

experimental data Wagner and Prub (2001), discussed in section A.4.

In general, there appears to be a good agreement between the two sources suggest

ing that the choice of the database will not significantly affect the results. Therefore, 

the IAPWS-97 library which is implemented in ANSYS CFX appears adequate to 

define the properties of supercritical water for direct numerical simulation.
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A .4 Sizing of the Thermodynamic Grid

Of the properties studied, cp has the largest gradients and thus the precision of the 

thermodynamic properties obtained from the look-up table is limited by how well cp is 

resolved. Owing to the appearance of the isobaric specific heat in the Prandl number 

(Pr  =  cpii/k) in the enthalpy formulation of the energy equation, high specific heats 

contribute to the energy equation by reducing the impact of heat flux in the form 

of diffusion and increasing the relative importance of convection. More importantly, 

cp is the gradient of enthalpy with temperature and thus resolving this parameter is 

tantamount to sizing the grid with respect to the curvature of enthalpy with respect to 

temperature. In many schemes, the curvature is equally as important as the gradient 

for interpolation. Both the enthalpy and isobaric heat capacity are the relevant 

quantities in the energy equation. At the critical point, the gradient of enthalpy 

and the gradient of specific isobaric heat capacity with respect to temperature are 

undefined. However, slightly away from the critical point, the relative change of 

enthalpy with respect to temperature is milder than the relative change of specific 

isobaric heat capacity with temperature and the relative change of enthalpy with 

respect to pressure is milder still. Thus sizing the thermodynamic grid based on 

enthalpy is more lenient therefore a more conservative approach will be taken by 

using the isobaric heat capacity for grid resolution studies.

Prom a numerical standpoint it is important not to have an over-refined grid for the 

thermodynamic properties as it will result in increased time required for interpolation 

with minor improvements in accuracy, however, too course a grid will result in faster 

interpolation but decreased accuracy. Thus a criterion must be developed to ensure 

that a suitable grid is selected. The experimental studies published from Wagner and 

Prub (2002) suggest that a scatter of approximately 8 % in cp near the pseudo critical 

temperature at 24 MPa, the design point of interest, as seen in Figure A. 11. Any
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grid that predict cp for a given temperature and pressure that is 8 % different from 

the correlations is not consistent with experiment. Therefore, the criteria that an 8 % 

change in Cp must be captured is required to ensure precision better than experiments 

and thus this criteria constitutes a necessary condition. In practise, the interpolation 

schemes used by CFX and programs using the thermodynamic grid will ensure an 

approximation far better than 8 % of the true data since a continuously varying Cp 

will be obtained between points on the thermodynamic grid.

For a given thermodynamic process where there is a small change in temperature 

and pressure, the associated change in Cp is:

Ac” = W rA T  +  I p  A P  (A'4)
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For a given isobaric process, the above relation can be expressed as :

(A.5)

For a given isothermal process, the above relation can be expressed as:

(A.6)

The discrepancy of ± 8 % in cp can be expressed as the mathematical criteria that 

Acp/cp =  0.08. Taking this and rearranging equation A.5 and A.6 , it is possible to 

find adequate temperature and pressure spacing results in the following equations:

Figure A. 12 shows the variation of the cp and the non-dimensional cp gradient with 

respect to temperature taken at 2AMPa. The design point is set to 2AMPa because 

exactly at the critical point the gradients in Cp are too large to practically resolve 

any thermodynamic grid. Figure A. 12  shows that the maximum non-dimensional 

gradient occur at 0.7 K from the pseudocritical point with a magnitude of 0.6. Figure 

A. 13 shows the variation of Cp and the non-dimensional cp gradient with respect to 

pressure taken at the critical temperature (6A7K). The gradient in cp is undefined 

at the critical pressure of 22.1 M Pa,  however, reaches a reasonable value of 0.3 at 

the design pressure of 24MPa. This data in conjunction with Eqn.A.7 and A .8  

may be used to predict temperature and pressure increments of 0.1 K and 0.2 MPa 

respectively. The data obtained through this analysis is recorded on Table A.3.

0.08
(A.7)

cp dT

0.08
(A.8 )

cp 8P
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Table A.3: Recommended dimensions of thermodynamic grid
Parameter Value
Minimum Temperature 
Maximum Temperature 
Minimum Pressure

600 K 
720 K 
20 MPa 
30 MPa 
0.2 K

Maximum Pressure
Temperature Increment 
Pressure Increment 0.1 MPa

A.5 Thermodynamic Grid Convergence Analysis

The ssensitivity to the pressure and temperature increments used in the fluid property 

look-up table was assessed through a series of zero-pressure-gradient boundary layer 

simulations in which the look-up table increments were incrementally refined until 

insensitivity to the increment size was obtained. A computational domain of extents 

of a 300 mm x 60 mm x 40 mm in the streamwise, wall-normal and spanwise directions 

respectively was created. Nodes were clustered around the boundary layer and a no

slip isothermal lower surface was specified. A top hat profile of U — 0.1 m /s  with a 

spatially-uniform temperature of 670 K is specified at the inlet. The no-slip wall is 

maintained at the critical temperature of 647 K so that the temperature difference 

between the wall and the bulk fluid provides the conditions for heat transfer. The 

temperature range between 647 K and 670 K is chosen because temperature interval 

contains the most significant property gradients.

IAPWS-95 water tables obtained from the NIST thermophysical properties web

site (NIST, 2011) were formatted into real gas property (RGP) data files that are 

an input to CFX to specify fluid property. These two property look up tables cov

ered a temperature range of 600 K to 720 K and a pressure range of 20 MPa to 

30 MPa. The resolution of the coarsest grid consists of pressure increments of 1 MPa 

and temperature increments of 2 K. The moderate sized property tables consisted
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of temperature increments of 0.2 K and pressure increments of 0.1 MPa. The finest 

grids were provided through the use CFX’s built in IAPWS-97 databases and its 

temperature resolution is 0.1 K and pressure resolution is 0.01 MPa.

The numerical setup consisting of the course, moderate and fine simulations were 

solved using Ansys CFX using the steady state assumption. The property variation in 

the wall normal direction near the trailing edge of the domain is provided in Figure

A.M. The error values for the coarse and moderate sized grids were the percent 

difference when compared with the finest grids using the IAPWS-97 tables provided 

by CFX. This is specified below where <f> represents a property such as density.

% E rra r  =  t - J X A W W X  x  lfl0%  (A 9)
<PIAPWS97,CFX

Figure A. 14 shows the property variations using the three thermodynamic grids for 

density, viscosity, temperature, and streamwise velocity. The coarsest thermodynamic 

grids show a significantly impaired ability to predict the heat transfer over the viscous 

regions of interest. This discrepancy is most pronounced at 0.4 mm where the fluid 

is at the pseudocritical temperature for the 24 MPa isobar. The discrepancy in 

density and viscosity approach 7% for density and dynamic viscosity. However, the 

moderately resolved thermodynamic grids show very low discrepancies to a maximum 

of approximately 1% for density. The curves obtained using the moderately resolved 

grids are almost indistinguishable from the fine case suggesting that the moderate 

thermodynamic grid is adequate for capturing the property variation through heat 

transfer in a boundary layer. As a result, these studies confirm the suitability of the 

thermodynamic table specifications provided in Table A.3.
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Appendix B

Data Analysis Procedures

B .l Overview

This appendix describes: the methodology used to analyze the time-varying field data 

obtained from the solution of the Navier-Stokes equations; linear stability analysis 

used to assess the stability of the shear-layer profiles; and the potential flow models 

that assist the interpretation of the computational data produced through the solution 

of the Navier-Stokes equations. Specifically, the chapter begins with a discussion on 

the similarity parameters used to assess the dynamic-similarity of the test cases in 

Section B.2 followed by a description of the statistical tools used to interpret the 

fluctuations in flow parameters in Section B.3. Sections B.4, B.5 and B .6  discuss 

the approaches used to calculate various integral, differential and spectral quantities 

pertaining to the flow field. Section B.T provides a description of the linear stability 

theory used to find the eigenvalues and eigenmodes of the separated shear-layer profile. 

Sections 3.4.1 and 3.4.2 describe the steady and transient potential flow codes used 

to explain the trends in delayed transition and vorticity interaction in the shear-layer 

in close proximity to a wall as observed through the solution of the Navier-Stokes 

equations. Finally, Section B .8  discusses the grid convergence study for the shear 

layer simulations in Chapter 4.

146
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B.2 Selection of Similarity Parameters

It is believed that the time-evolution of the flow-field of a shear layer in close proximity 

to a wall including the frequency of the most- amplified instability ( / ma) and the 

location of transition-onset (xa- tT), are dependant on the high-momentum-stream 

velocity (C/i), the low-momentum-stream velocity (C/2), the dynamic-viscosity (p), 

the density (p), the momentum-thickness at the high momentum stream trailing-edge 

(6S), and the proximity of the free shear-layer from the wall (ys) (Ho and Huerre, 1984; 

Diwan and Ramesh, 2009):

Application of Buckingham’s Pi theorem to this functional expression yields the 

following equation involving non-dimensional parameters:

Where ReXs_tr = U\xs- tT/ v  is the Reynolds number of transition onset, Stg^MA =  

I m aQ/Ui is the most amplified Strouhal number, Reg =  U\Q/v is the Reynolds number 

at the high momentum stream trailing-edge, R = {U\ — C/2) /( 0 .5 (C/i +  C/2 )) is the 

velocity difference ratio, and Ya = ys/ 6 is the non-dimensional wall proximity.

Similarly the dynamic-similarity of the supercritical-water cases are addition

ally dependent on the mean dynamic-viscosity p  =  0.5(p! -I- p 2), the mean-density 

p =  0.5(pi +  p2), the mean isobaric heat capacity cp = 0.5(cPii +  cPi2), the mean 

temperature T  — 0.5(Ti +  T2), the mean conductivity k = 0.5(ki + k2), and the pseu- 

docritical temperature for the isobar (Tpc) (Azih, 2012). As discussed in Chapter 2  

and Appendix A, the pseudocritical point is temperature of maximum isobaric heat

%s—trifMA — } \U\,U2,ysi@ si Pi P) (B.l)

Rcxa—tri Rto,MA f(Reg, Ri Ps) (B.2)
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capacity for a given isobar. This relationship is expressed in Equation B.3.

s—tri fMA f ( U 1, U2, 0, Pi Pi k,  Cp, T 1 Tpc) (B.3)

Through the application of Buckingham’s Pi theorem, the corresponding func

tional relationship involving nondimensional parameters can be derived as:

Where Pr — cpp /k  is Prandtl number at the shear layer meanline and T* — T /T pc

B.3 Calculation of Flow Statistical Quantities

This section describes the statistical procedures used to study the transient data. The 

time-averaged velocity-held is calculated using the statistical mean of the pressure and 

velocity-components (U, V, W, P) based on 1024 discrete samples:

A total of 1024 timesteps are used in the averaging process reflecting the total number 

of timesteps collected for analysis. With 1024 timesteps, approximately 100 cycles 

of vortex shedding were observed with approximately 10  timesteps between shedding 

cycles. This temporal resolution of the flow-held was deemed sufficient based on 

repeated trials to accurately capture the highest frequency events in the simulations 

while the total of 1 0 0  shedding cycles was sufficient to get good estimates of the mean 

and standard-error of vortex shedding.

R e,..„ , SUim a  =  f ( R e e, R, Pr, T") (B.4)

is a nondimensional temperature at the shear layer meanline above the pseudo-critical 

temperature.

(B.5)
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The time-averaged interval of vortex-shedding is determined based on approxi

mately n =  100 instances of vortex-shedding-cycles: B.7.

WOO (j>

f = J  (B-7)

Root-mean-square (rms) averaging is used for the fluctuating component of 

flow/fluid parameters:

(B.8)

The standard-deviation of the vortex-shedding period {ss)  is used to assess the 

spread in the vortex-shedding data:

s.? \
1 99

-  (b .9)
i=l

The standard-deviation on the frequency S/ is calculated by scaling the standard- 

deviation on the period by the magnitude of the mean-frequency, as shown in Equation

B.10.

s f  =  ( B - 1 0 )

The precision on all calculated data  consists of the systematic and random error. The 

random error consists of the error due to the spread on the data and can be described 

by the standard-error (SE), show in Equation B .ll (Tavoularis 2005).

S E  = —̂ =  v'loo (B . l l )
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B.4 Calculation of Flow Differential Parameters

Post-processing of all first-order derivatives is performed through central-differencing 

which is formally second-order accurate on a uniform grid. For example, the 

streamwise-velocity gradient dU /dx  is computed through (Anderson, 1995):

dU = Ui+ 1 -  Uj. i  
dx  2Ax

where i represents the node under consideration, U is a sample velocity component, 

and x  is a sample direction. The above expression is second-order accurate, thereby 

remaining consistent with order of accuracy of the solver.

For uneven grid spacing, Equation B.12 is replaced by:

dU _  Ui+i(xi  -  X j - i ) 2 -  Uj(xj  -  X j - i ) 2 +  Uj(xi+1 -  Xj) 2 -  Uj^i (x i+1 -  ) 2

dx  (xi+1 -  Xi)(xi -  xi_1)(a;i+1 -  x ^ i )

Central differencing is also used for the second-order derivatives. As an exam

ple, ( fu /d x 2 is estimated on uniform and uniform grid-node distributions as per the 

following equations, respectively (Anderson, 1995):

d2U =  Ui+1 -  2Uj +  U j^  
dx2 (Ax ) 2

d2U Ui+i(xi -  Xj_i) -  Ui{xi+i -  Xi_j) +  Ui-i(xi+i -  Xi)

(B.14)

(B.15)
dx2 0.5(xj+i -  Xi_i)(xi+i -  Xi)(xi -  Xj_!)

The streamwise, wall-normal and spanwise-vorticity components at any point in 

the flowfield are determined from the spatial gradients of velocity components as per 

the following equations:

dw dv f'n 1u x =  ------—  (B. 16)
dy dz
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du dw
(B.17)

Uy dz dx

dv du
(B.18)

Uz dx dy

The vorticity-magnitude is defined as given in Equation B.19.

(B.19)

B.5 Calculation of Flow Integral Parameters

The procedure adopted for the numerical integration of all integral quantities is the 

trapezoidal-method, shown in Equation B.20, due to its versatility for uneven grids 

(Recktenwald, 2000):

The boundary-layer thickness (5) is defined as the location where the local velocity 

magnitude is 99% of the local freestream velocity. Similarly, the thermal boundary- 

layer-thickness (8t ) is defined as the first wall-normal location where the temperature 

reaches 99% of the local freestream temperature.

The momentum thickness is a length scale that represents the momentum deficit 

in a shear-layer due to viscous effects. The momentum thickness for a boundary layer 

is calculated using (White, 1992):

(B.20)

f‘p(y)U(y)(, u(.v)\
Jo PjUf (  V, )

(B-21)
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For a free-shear-layer through (Wyganski, 1981; Ho and Huerre, 1994):

,  =  p  , _  M z l l  dp (B.22)
J-0.05L P2U2 P\U\  ^  U2 ~  U\ J

Where — 0.05L and 0.05L correspond to the upper and lower stream-normal 

bounds of the domain.

The displacement-thickness represents the mass deficit in a shear layer. Its calcu

lation for boundary layers and free shear layers is based on the following equations, 

respectively (White, 1992; Wyganski, 1981):

T( x _ e W m  (B  23)

PfUj

J - o c \  P lU i-p tU ,  J  “ '

The shape-factor is defined as the ratio of the displacement-thickness to the 

momentum-thickness:

«  =  J  (B.25)

A shape factor of H  = 2.6 corresponds to a Blasius boundary layer.

The total circulation inside a region of flow is determined using the spanwise-

vorticity as follows:

T = J  J  ojzdA (B.26)

B.6 Spectral Analysis

In many instances the relevant frequencies and wavenumbers in the flow-field need to 

be identified to characterize the stability of the flow. For continuous data a Fourier 

transform can be used for a signal in time or space to identify the distribution of
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frequencies or wavenumbers respectively at a location in the domain. However, in 

these numerical simulations flow parameters (U, V, W, P) are sampled discretely in 

time and space and therefore a discrete Fourier transform is required to study these 

signals. The fast Fourier transform algorithm performs the discrete Fourier transform 

in a time-efficient manner for a set of 2N discrete points (Rao et al., 2010). A total of 

1024 timesteps with a timestep size of A t  = 150fxs were analyzed using FFT because: 

(a) it is sufficient to resolve the highest frequency signals expected to occur in the 

simulation; (b) it provides a sufficient number of timesteps to resolve 1 0 0  cycles of 

vortex-shedding; (c) it is an exact power of base 2 required for the FFT.

B.7 Linear Stability Analysis

A linear stability analysis using the Orr-Sommerfeld equation is performed to compare 

trends in the numerical results for amplified frequencies with the theoretical predic

tion for a given baseflow profile. The equations governing the temporal growth of 

perturbations are solved numerically following linear stability theory, which assumes 

a perturbation in the form of a two-dimensional wave with a real wavenumber and 

complex phase velocity. For a perturbation to grow in time, the imaginary component 

of the complex phase velocity must be positive. A hybrid spectral collocation method 

based on Chebychev polynomials, described by Schmid and Henningson (2001), is 

used to calculate the eigenvalues of the Orr-Sommerfeld equation for the computed 

time-averaged velocity profiles obtained in the numerical study. By solving for the 

phase velocity and amplification rate over a large wavenumber range (correspond

ing to frequencies between 10 and 1000 Hz), the perturbation frequency yielding the 

highest amplification rate to shear layer instability modes is predicted.
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A grid convergence study was performed to verify the fidelity of these simulations. 

The streamwise and wall-normal spacing were proportionally reduced creating a 

course, medium and fine grid simulation with streamwise and wall-normal spacings 

of (Ax+ =  17.0, Ay+ = 4.3), (A z+ -  11.3, Ay + =  2.9), and (Ax+ =  8.5, Ay+ =  2.1) 

respectively. These simulations were ran for 20,000 timesteps until statistical steady 

state is reached. The shed vortices were studied and the Strouhal number of the
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Figure B .l: Comparison of time-mean and perturbation velocity profiles
in the Reg =  320, R =  1.88 test cases at two wall proximities.

vortex-shedding, the circulation and maximum vorticity enclosed in each vortex was 

studied. These quantities were determined by considering vortices as they enter a 

region of flow enclosed by a “box” , similar to the procedure described in Section 4.3. 

These results are shown in Figure B.l where the quantities are plotted against stream- 

wise and wall-normal node spacings in wall units. The study shows close agreement 

between the Strouhal number and the total circulation enclosed within the region 

of flow. There is some disparity in the maximum vorticity magnitude enclosed in 

the box, especially for the mid-sized grids. However, Figure B.l shows that all three
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quantities are within the uncertainty associated with shedding, suggesting adequate 

convergence.


