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Abstract

Wireless backhaul communication systems play a crucial role in the infrastructure

of current cellular networks. In light of the expensive costs of fiber deployment,

the importance of these links is anticipated to continue over the next few decades.

Point-to-point microwave radio links (PtPMRLs) are the backbone of every wireless

backhaul system. To achieve higher spectral efficiencies, the PtPMRL are designed

based on the concurrent exploitation of high-order modulations and powerful forward

error correcting codes. An example of such design paradigm is the high-order low-

density-parity-check coded modulation systems (LDPC-CMSs). In this thesis two key

challenges in the high-order LDPC-CMSs are overcome.

In our first contribution, we consider the problem of oscillator phase hit (PH) in

microwave backhaul communication links. PH results in a temporary link loss in the

communication system and bears an expensive cost on the operators. In this work,

we propose a two-stage solution to mitigate PH. In the first stage, we use Neyman-

Pearson binary hypothesis testing to develop a low cost PH detection algorithm.

In this test, a likelihood ratio test is designed and the optimal detection threshold

is analytically calculated. The proposed PH detection scheme entails small real-time

computations while using the existing pilot symbols in the system; thus, no extra pilot

overhead is required. In the second stage, we use maximum likelihood estimation to

develop a PH correction scheme. In particular, we formulate the joint estimation of

phase noise (PN) and PH as a maximum likelihood estimation problem. Solving this

problem results in the estimation of PN with the location and magnitude of PH. By

applying the proposed correction scheme, the number of affected symbols by PH is

significantly reduced. In particular, the number of remaining erroneous symbols due

to PH (if any) is within the error correction capability of modern LDPC codes used

iii



in the PtPMRL. Numerical results verify the effectiveness of the proposed scheme in

detecting and correcting PH.

In our second contribution, we consider one of the key weaknesses of LDPC

codes, i.e., the error floor (EF), that they typically exhibit at high signal-to-noise

ratios (SNRs). Such an EF is usually attributed to problematic structures known

as trapping sets (TS). The overwhelming majority of existing EF estimation schemes

consider the case of binary phase shift keying (BPSK) signalling. Unfortunately, these

schemes are not readily extensible to estimate the EF of high order LDPC-CMSs used

in the PtPMRLs. To provide such a scheme, in this work we use mean-shift impor-

tance sampling (MS-IS) to develop a novel EF estimation methodology for high-order

pulse amplitude modulation (PAM) LDPC coded systems. First, a computation-

ally efficient graphical-based approach is used to identify the TSs of a given LDPC

code. Subsequently, a novel analytical approach is devised to identify the TSs that

are likely to have a higher contribution in the EF. These TSs are referred to as po-

tentially dominant TSs (PDTSs). Finally, a new methodology for categorizing the

PDTSs into equivalence classes is developed. A representative PDTS of each equiv-

alence class is chosen and an MS-IS framework is devised to obtain the error rate

corresponding to each equivalence class. To arrive at the desired MS-IS scheme, we

develop an algorithm that invokes the geometry of the constellation to determine the

MS value. In contrast with the conventional MS-IS method used in BPSK signalling,

in the proposed MS-IS scheme, the MS value is a variable that is determined based

on the TS and the transmitted codeword. The computational complexity of the three

main steps of our methodology, viz. extracting the PDTSs, determining the MS val-

ues, and applying the MS-IS scheme, depends merely on the size of the constellation

and the structure of the code, but not on the SNR. Numerical simulations confirm

the efficacy and accuracy of the proposed technique at different SNRs.

In our third contribution, we extend our proposed EF estimation scheme to LDPC-

CMSs using quadrature amplitude modulations (QAM) signalling. QAM is a more

bandwidth efficient signalling scheme than the PAM, and it is commonly used in the

LDPC-CMSs in the PtPMRLs. The proposed EF estimation can be used as a design

guideline in selecting and optimization of the LDPC codes in the LDPC-CMSs used

in the PtPMRLs.
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Chapter 1

Introduction

1.1 Motivation

Over the past two decades, there has been an unprecedented demand for increasing

the data rate and achieving higher spectral efficiencies in wireless communication sys-

tems. Several solutions are proposed by researchers around the world to fulfil this re-

quirement, e.g., using multiple transmit and receive antennas to build multiple-input

multiple-output (MIMO) communication systems, or exploiting abundant bandwith

in the high frequency bands in 5-th generation (5G) mobile networks [1–4]. These

approaches are promising for reinforcing current and building future wireless commu-

nication systems. However, the de-facto reality of the current wireless communication

infrastructure is that it still relies heavily on the legacy systems, e.g., the point-to-

point (PtP) microwave radio links. Beside being the backbone of the current wireless

backhaul, the PtP microwave radio links (PtPMRLs) are anticipated to continue

to play a crucial role in future mobile networks [5, 6]. This thesis investigates two

challenges in current PtPMRLs.

PtPMRLs are expected to deliver high spectral efficiency at near zero bit error

rate (BER). To do so, these systems combine high-order modulation schemes, e.g.,

high-order quadrature amplitude modulation (QAM), with state-of-the-art forward

error correcting (FEC) codes, e.g., low-density parity check (LDPC) codes [7,8]. We

refer to this combination as QAM-LDPC coded systems, which forms an instance of

LDPC coded modulation system (LDPC-CMS). The focus of this thesis is to address

two major challenges in LDPC-CMSs, namely, the oscillator phase hit (PH), and the

1



CHAPTER 1. INTRODUCTION 2

error floor (EF) estimation of LDPC codes. In the following, we briefly introduce

each problem and allude to our contribution in solving it.

1.2 Oscillator PH in QAM-LDPC Coded Systems

To achieve high spectral efficiency in QAM-LDPC coded systems, we need to in-

crease the modulation size to higher orders. The achievable modulation orders in

these systems are limited by several practical constraints specially those imposed

by the hardware impairments in the radio frequency (RF) front-end [9–13]. Among

various RF impairments, the oscillator phase noise (PN) is one of the key contrib-

utors in degrading the performance of PtPMRLs and limiting the modulation order

increase [14–18].

The oscillator PN is not the sole source of phase rotation in QAM-LDPC coded

systems. On rare occasions, a collection of consecutive received signals are affected

by PH, which is typically the result of sudden change (jump) in the frequency of the

carrier signal [19–21]. PH causes a large phase change in the affected signals. This

large and sudden variation of phase is superimposed by the local oscillator (LO) PN

and the overall phase rotation behaves differently from the conventional PN.

In the absence of a PH mitigation scheme, this hardware impairment results in

the link loss in PtPMRLs. Considering that PtPMRLs are expected to meet highest

availability of service requirements, e.g., 99.999% availability, developing a robust

PH mitigation scheme is essential in these systems. PH mitigation in the literature

is commonly performed by modifying the hardware of LO, an inflexible approach,

whose effectiveness depends on the LO hardware specifications [19–21].

In this work, an alternative approach to the commonly used hardware-based solu-

tions is adopted by proposing a novel two stage PH mitigation scheme. Our proposed

method is composed of a detection stage and a correction stage. We begin by model-

ing the PH as a sudden phase change in the LO, which happens at a random time and

with a random size. The proposed PH detection scheme exploits binary hypothesis

testing (BHT) to find the theoretical optimal threshold for detecting a PH event.

The probabilities of giving a false alarm and missing a PH and their effects on the

performance of the system are also investigated.
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The detection of PH is followed by either a PH correction stage or by a trans-

mission repeat request. In this thesis, we use the former since it captures a more

general approach. The proposed PH correction stage begins with estimating the PH

magnitude. Subsequently, the location of the PH and the PN of the received signals

are jointly estimated. The estimated PN and PH values are used to de-rotate the

received signals before sending them to the decision device. Simulation results verify

that the proposed PH mitigation scheme can be designed such that probability of

missing a PH and giving a false alarm remains as low as 10−9. Furthermore, numeri-

cal results verify that; by using the proposed PH correction scheme, a significant BER

performance improvement is achieved in the QAM-LDPC coded system. To the best

of our knowledge, the proposed PH mitigation scheme is the first to address the PH

problem in the baseband without resorting to hardware modifications, hence offer-

ing an attractive solution for the PtPMRLs used in the wireless backhaul of mobile

networks.

1.3 EF Estimation in LDPC-CMSs

Combining LDPC codes with high order modulations schemes results in serious chal-

lenges to the system design. One of these challenges pertain to assessing the high

signal-to-noise ratio (SNR) performance of the system [22–24]. In particular, systems

using LDPC codes in conjunction with higher-order modulation tend to exhibit an

EF, whereby error-rate performance ceases to decay with the increase in the SNR [25].

Since PtPMRLs rely on combining LDPC codes with higher-order modulation, it is

necessary to investigate the level of the EF and the SNR at which it occurs. Tra-

ditionally, this investigation would be performed using standard Monte Carlo (MC)

simulations. However, for practical systems using LDPC codes, EFs arise at frame-

error rates (FERs) orders of magnitude less than those that can be accurately assessed

using such simulations within a reasonable time frame.

LDPC codes can be represented using the so-called Tanner graphs [26], wherein

the encoded bits form the variable nodes (VNs), and the constraints imposed by

the LDPC codes form the check nodes (CNs). Tanner graphs can be used to draw

insight into the decoding process. In particular, since the length of practical LDPC
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codes is usually large, maximum likelihood detection is computationally infeasible. To

circumvent this difficulty, LDPC codes are typically decoded using a close-to-optimal

algorithm known as iterative message-passing. In this algorithm, the nodes in the

Tanner graph exchange messages that correspond to the reliability of their current

decoding decisions, until final decisions are reached. However, particular structures in

the Tanner graph, known as Trapping Sets (TS) [25], may cause the decoding progress

to cease, yielding undesirable EFs. In fact, in the high SNR regime, failures in the

decoder are usually dominated by the errors caused by TSs [25]. Hence, assessing

the EF may be achieved by assessing the rate at which the TSs result in decoding

failures.

The error rate performance of linear block codes, including LDPC ones, can

be estimated using a computationally efficient technique known as importance-

sampling (IS), see e.g., [27, 28]. By invoking the TS structure, this technique can

also be used to assess the EF performance of LDPC codes [25, 29]. To do so, the IS

technique induces rare error events more frequently through the use of the analytical

expressions of the noise distribution to control the frequency with which error events

occur. A key element in using the IS technique in assessing EFs is to identify TSs

and force them to cause errors at orders of magnitude higher than their actual rate.

In this work, we develop a novel EF estimation technique for higher-order LDPC-

CMSs. First, a computationally efficient graphical-based approach is used to identify

the TSs of a given LDPC code. Subsequently, a novel analytical approach is devised

to identify the TSs that are likely to have a higher contribution in the EF. These TSs

are referred to as potentially dominant TSs (PDTSs). Finally, a new methodology for

categorizing the PDTSs into equivalence classes is developed. A representative PDTS

of each equivalence class is chosen and an IS framework is devised to obtain the error

rate corresponding to each equivalence class. The computational complexity of the

steps of our methodology, viz. extracting the PDTSs, and applying the IS scheme,

depends merely on the size of the constellation and the structure of the code, but not

on the SNR. Numerical simulations confirm the efficacy and accuracy of the proposed

technique at different SNRs
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1.4 Organization of Thesis

This thesis is organized as follows. Chapter 2 is dedicated to preliminary background

required in the subsequent chapters. Chapter 3 describes the proposed PH mitigation

scheme. In Chapter 4, the proposed EF estimation scheme is presented. In Chapter 5,

the proposed EF estimation scheme is extended to QAM-LDPC coded systems, which

are widely used in the PtPMRLs. Chapter 6 discusses future work and concludes the

thesis.



Chapter 2

Background

2.1 Point-to-point Microwave Radio Links

Point-to-point Microwave Radio Links (PtPMRLs) are communication systems op-

erating at frequency bands between 10-42 GHz, and are widely used in the wireless

backhaul of mobile networks. The schematic of a PtPMRL used in the wireless back-

haul application is displayed in Fig. 2.1. It is observed that the transmitter and

the receiver in these systems are installed on the tower and therefore both are fixed.

By utilizing parabolic antennas at high altitudes, a clear line of sight (LoS) exists

between both sides of the transmission. The RF front-end is attached to the an-

tennas, while the baseband processing is commonly performed in the baseband unit

located in a separate room near the tower. The connection between the antennas

and the baseband unit is made through optical fiber cables, also known as radio over

fiber (RoF).

Due to the fixed location of the transmitter and the receiver and the existing

LoS between them in the PtPMRLs, the wireless channel in these systems is stable.

Unless the environmental effects, such as rain, influences the fading level, during the

normal weather condition the channel can be assumed to be slow and flat.

6
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Figure 2.1: Schematic of a PtPMRL used in the wireless backhaul application.

2.2 Oscillator Phase Noise

The LO is one of the essential components in every communication system. It gener-

ates the carrier signal, which is used for the up-conversion of the baseband signals to

carrier frequency or vice-versa. The ideal signal output of an LO at time t, denoted

by x(t), is a pure sinusoidal tone as follows:

x(t) = ej2πfct,

where fc is the carrier frequency. We note that it is possible to reconstruct the PSD of

the real valued oscillator signal from the PSD of the complex valued signal, x(t) [30].

Due to the noise introduced by different circuit components in the LO, in practice

the output signal takes the following form:

x̂(t) = ej[2πfct+φ(t)], (2.1)

where φ(t) denotes the oscillator PN. The PN effect is defined as θ(t) , exp [jφ(t)].

Note that without PN, the oscillator will have a power spectral density (PSD) in the

form of Dirac delta function centered at fc. However, the presence of PN distributes
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power around the carrier frequency. This is the reason that PN is commonly measured

at some offset from the carrier frequency. In particular, to measure the PN the

normalized single side-band (SSB) power spectral density (PSD) of x̂(t), at offset f0

from the carrier frequency is measured. This parameter is denoted by Lθ(f0), and is

calculated according to the following formula [31]:

Lθ(f0) ,
Sx̂(f0 + fc)

Px̂
, (2.2)

where Sx̂(f) denotes the SSB-PSD of the oscillator signal at frequency f , and Px̂ is

the average output power of the LO. Note that for the signal contaminated by PN

in (2.1), we have x̂(t) = x(t)θ(t); besides, the signal x(t) is deterministic, which yields

Sx̂(f0 + fc) = Sθ(f) ∗ δ(f − fc − f0), (2.3)

where δ(·) is the Dirac delta function and ∗ denotes the convolution. Equation (2.3)

expresses an important result and enables us to measure the oscillator PN through

the frequency translation of SSB-PSD of the PN effect, θ.

Different approaches are taken in the literature to derive the mathematical model

of PN (e.g., [30–32]). Some of these schemes are useful in the circuit level analysis of

the oscillator but are not appropriate for the analysis of the effect of the PN on the

performance of digital communication systems. This is because circuit level analysis

deals with improving the quality of the LO signal output without investigating the

overall effect of impurity of the LO signal on the performance of the communica-

tion link. In the following, we introduce a widely used PN model that captures the

collective effect of LO impairments beside being suitable for link level analysis.

2.2.1 Wiener Phase Noise Model

A commonly used method to accurately model the statistical behavior of the PN

originated from a free-running oscillator is the Wiener model [33]. In the Wiener

model, the PN φ(t) is expressed as a Wiener random process. According to properties
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Figure 2.2: 106 PN samples according to Wiener model is shown.

of the Wiener random process, we have

φ(t) ∼ N (0, σ2
φt), (2.4)

where σ2
φ is a function of Lθ(f). From (2.4), it can be readily seen that for two

arbitrary time instances, t1 and t2, we have [φ(t2) − φ(t2)] ∼ N (0, σ2
φ∆t), where

∆t = t2−t1. In the analysis of the PN in digital communication systems, we commonly

set ∆t = Ts, where Ts is the symbol interval1. In such case, σ2
φTs is defined as the

variance of the increment of the process, and the PN corresponding to the k-th sample,

denoted by φk, is modeled as follows:

φk = φk−1 + λk, (2.5)

where λk denotes the increment of the process and we have:

λk ∼ N (0, σ2
λφ

), σ2
λφ

= σ2
φTs. (2.6)

In the literature, the variance of the increment, σ2
λφ

, is found using the formula

σ2
λφ

= 2πβTs, where β is the 3-dB linewidth of the PN [30]. In [34], we derived an

1We note that Ts can be set as the sampling time rather than the symbol interval. In this case, Ts

will be less than (or equal to) the symbol interval. For simplicity, throughout the thesis we assume
one sample per symbol interval. Hence, here Ts is identical with the symbol interval.
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Figure 2.3: SSB-PSD of the PN effect is shown for the time samples shown in
Fig. 2.2

alternative novel formula for calculating σ2
λφ

using PN measurements. An example of

PN samples generated according to the Wiener model is provided in Fig. 2.2. The

frequency domain characteristics of the PN in Fig. 2.2 is illustrated in Fig. 2.3, where

the SSB-PSD is shown at different frequency offsets from the carrier frequency. The

simulation parameters for generating these figures are as follows: the PN level at 100

kHz offset from the carrier frequency is set to −90 dBc/Hz, the channel bandwidth

is 28 MHz, and the number of generated samples is 106.

2.3 Binary Hypothesis Testing

In statistical signal processing, the distinction between two mutually exclusive and

collectively exhaustive hypotheses is made by observing a decision statistic. The two

hypotheses are denoted by H0 and H1, where H0 corresponds to a situation, when

the hypothesis does not hold, while H1 corresponds to the opposite situation. The

decision statistic is represented by the random variable Z. The samples of Z, denoted

by z, are the outcome of random experiments. The decision to accept a hypothesis
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is based on the maximum a posteriori (MAP) rule, and is expressed as follows [35]:

Ĥ(z) = arg max
Hi

[Pr (Hi|Z = z)]. (2.7)

In (2.7), Pr (Hi|Z = z) is the probability that hypothesis Hi holds true conditioned

on the observation of z and Ĥ(z) is the BHT decision. The decision error can be

either
{
Ĥ = H1|H0

}
, which is called the false alarm (FA), or

{
Ĥ = H0|H1

}
, which

is called the detection miss (DM). The optimal decision region is obtained by manip-

ulating (2.7) and applying the Bays rule. The optimal decision region for the BHT

is expressed as follows:

Λ(z)
H0

R
H1

p1

p0

, (2.8)

where pi, i ∈ {0, 1} is the a priori probability of Hi, i ∈ {0, 1}, i.e., pi = Pr (Hi), i ∈
{0, 1}, and Λ(z) is the likelihood ratio as follows:

Λ(z) ,
fZH(z|H0)

fZH(z|H1)
(2.9)

In (2.9), the likelihood function fZH(z|Hi), i ∈ {0, 1} is the PDF of decision statistic

Z conditioned on the occurrence of hypothesis Hi, i ∈ {0, 1}. The inequality (2.8) is

a likelihood ratio test (LRT). The RHS of (2.8) is called the threshold which is the

main design parameter in any BHT. If the two hypotheses are equally likely, the LRT

threshold in (2.8) becomes 1 and the MAP test reduces to the maximum likelihood

(ML) test. Let us show the decision threshold of BHT with γ. Note that inequalities

Λ(z) ≥ γ and Λ(z) ≤ γ are equivalent to the decisions Ĥ(z) = H0 and Ĥ(z) = H1,

respectively. These inequalities are used to calculate the probability of decision error

in the BHT. The probability of FA is calculated as follows:

Pr (FA) =

∫
Λ(z)≤γ

fZH(z|H0)dz. (2.10)

The probability of DM is calculated as follows:

Pr (DM) =

∫
Λ(z)>γ

fzH(z|H1)dz. (2.11)
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2.3.1 Neyman-Pearson Test (NP-BHT)

The a priori probabilities of the hypotheses can not be always found. This can

cause some inaccuracies in our decision rule which affects adversely on the overall

performance of the BHT. To alleviate this problem, Neyman and Pearson proposed

an alternative approach in performing the BHT test in which, the knowledge of the a

priori probabilities is not necessary [35]. They designed a BHT test to minimize the

probability of DM (equivalently maximizing the probability of detection) for a given

probability of FA as it is described in the following.

It is shown that among all the possible BHTs under the constraint of Pr (FA) ≤ α

and regardless of a priori probabilities, the LRT results in the least probability of

DM or equivalently, it maximizes the probability of correct detection. The NP-BHT

is formulated as follows [35,36]. Conditioned on the following FA constraint:∫
Λ(z)≤γNP

fZH(z|H0)dz ≤ α, (2.12)

the threshold to minimize Pr (DM) is calculated as follows:

min Pr (DM) =

∫
Λ(z)>γNP

fZH(z|H1)dz. (2.13)

The decision regions are found similar to other LRTs and is shown in the following:

Λ(z)
H0

R
H1

γNP . (2.14)

It can be seen from (2.14) that by replacing the decision statistic, z, in the likelihood

ratio and comparing the result with the threshold γNP one can decide which hypoth-

esis holds true. The NP-BHT will be used in the proposed PH mitigation scheme in

Chapter 3.

2.4 LDPC Codes

An (N,K) binary LDPC code is a linear block code of dimension K and block length

N . For this code, the parity check matrix, H, can be represented by a bipartite
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Figure 2.4: a) The Tanner graph and the parity check matrix of a (6, 3) bi-regular
LDPC code, b) Part of the Tanner graph of an LDPC code is shown. Three VNs
in error are highlighted. The induced subgraph of those VNs is also highlighted.
Among the four CNs in the TS, only two are unsatisfied (connected to VNs with
dashed lines). The TS is of class (3, 2).

Tanner graph, G, which consists of N variable nodes (VNs) and N −K check nodes

(CNs). A VN which is connected to a CN by an edge is called the neighbor of that

CN. As an illustrative example, the Tanner graph and the corresponding parity check

matrix is shown in Fig. 2.4 for a (6, 3) LDPC code. The number of edges connected

to the i-th VN (CN) is called the variable (check) degree and is denoted by dv(i)

(dc(i)). An LDPC code is bi-regular if all the VNs are of the same degree dv and

all the CNs are of the same degree dc. If the VN degrees are the same but the CN

degrees are different, the code is called variable regular. An LDPC code which is

neither bi-regular nor variable regular is called irregular [26].

Tanner graphs can be used to draw insight into the decoding process of LDPC

codes. In particular, since the length of practical LDPC codes is usually large, maxi-

mum likelihood detection is computationally infeasible. To circumvent this difficulty,

LDPC codes are typically decoded using a close-to-optimal algorithm known as it-

erative message-passing. In this algorithm, the nodes in the Tanner graph exchange

messages that correspond to the reliability of their current decoding decisions, until

final decisions are reached. The reliability of VNs at the beginning of the decoding
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process is provided by the LLR values.

2.4.1 Trapping Sets

Given a subset of a VNs from G, an (a, b) TS (also known as class (a, b) TS) is a

subgraph of G consisting of those a VNs and their neighboring CNs, from which b

CNs are unsatisfied (odd degree), cf. Fig. 2.4. The parameter a is referred to as

the size of the TS. Since LDPC codes are typically decoded using iterative message

passing algorithms, a pragmatic definition of an (a, b) TS is the set of a VNs which

remain in error after a maximum number of decoding iterations are performed. In

this case, the parameter b is the number of unsatisfied CNs associated with those a

bits [25].

In additive white Gaussian noise (AWGN) channels, the error floor of LDPC codes

is known to be mainly caused by elementary TS (ETS), i.e., TSs with the CNs of a

degree less than or equal to 2 [37–40]. Hence, in the proposed EF estimation scheme

in Chapters 4, and 5, all the ETSs within a given class will be considered. We note

that using the AWGN channel model to estimate the EF in the LDPC-CMSs used in

the PtPMRLs are justified by considering the fact that the fading in these systems is

slow and flat (cf. Section 2.1).

To obtain the list of all the ETSs of a given class, we use the graphical-based

search algorithm in [40–42]. Therein, it is shown that the ETS structures are layered

supersets of short cycles [41], and a small number of other graphical structures within

the Tanner graph of the code [40, 42]. Such property results in a simple search

algorithm that is guaranteed to find all ETSs starting from short cycles, and/or other

graphical structures.

2.5 LDPC Coded Modulation Systems

The block diagram of an LDPC-CMS is shown in Fig. 2.5. The LDPC encoder,

receives K bits from the source and generates a codeword of length N at its output.

The codewords are denoted by C and the i-th coded bit is denoted by ci, where

1 ≤ i ≤ N . In this thesis, we assume that the intrinsic random interleaver associated
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Figure 2.5: Block diagram of the LDPC-CMS.

with the LDPC code is used to eliminate the dependency between adjacent bits of

the codewords. Hence, the interleaver block is removed from the block diagram. In

the mapper, every m = log2M bits are Gray-mapped to the symbols from an M−ary

signal constellation. The number of such symbols for mapping all the bits of an

arbitrary codeword, C, to the constellation points are assumed to be Ns. The k-th

symbol in this set is denoted by {sk}Nsk=1. The position of a bit in Gray label of a

symbol will be referred to as the bit level (BL). In particular, the 1st BL corresponds

to the most significant bit (MSB), which, in PAM and QAM constellations, is the most

protected. Analogously, the m-th BL corresponds to the least significant bit (LSB),

which is the least protected in the aforementioned constellations.

In this thesis, we consider an AWGN channel. The Gaussian noise samples are

represented with the zero mean random variable n with variance N0/2 along each

signalling dimension, i.e., n ∼ N (0, N0/2). The received signals are used to generate

the LLRs corresponding to each bit. Using these LLRs, the decoder employs an

iterative message passing algorithm, whereby the LLRs are exchanged between VNs

and CNs and subsequently updated at the VNs. In practice, these LLRs are quantized

and exchanged using a finite number of bits. Upon completing a prescribed number

of decoding iterations, the decoder will either converge to a codeword or some of the

check equations will remain unsatisfied and decoding fails.

We note that the framework in Fig. 2.5 represents the block diagram of a general

LDPC-CMS. In other words, this block diagram can be extended to include further

impairments and the corresponding mitigation algorithms. In case of using an M -

ary QAM constellation, the QAM-LDPC coded system is obtained. In the following

chapters, we modify this general block diagram to accommodate for the required
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changes corresponding to the discussed topics.



Chapter 3

Mitigation of Phase Hit in PtPMRLs

3.1 Introduction

In the modern wireless mobile backhaul networks, attaining the highest quality of

service and availability of service is of great importance. Hence, the high-order QAM-

LDPC coded systems used in the PtPMRLs are expected to operate at near zero bit

error rate (BER) [43]. High order modulations are severely susceptible to the phase

rotations in the received signals [7]. The primary cause of phase rotation is the time-

varying PN, which is caused by the imperfections in the LO. To face the detrimental

effect of PN on the performance of high-order QAM-LDPC coded systems, several PN

mitigation schemes are proposed in the literature (e.g., [44] and the references therein).

The pilot symbol assisted modulation (PSAM) carrier recovery algorithm is known

as an effective PN mitigation method in these systems [14, 45–47]. Alternative PN

mitigation schemes exist in the literature, e.g., data-aided, and non-data-aided (also

known as blind) carrier recovery algorithms [48–52]. Unfortunately, these schemes

cannot suppress the PN to the levels required in high-order CMSs. In this chapter, we

assume the PSAM is used to mitigate the PN in the LDPC-CMS under consideration.

The oscillator PN is not the sole source of the phase rotation in the high-order

CMSs. On the rare occasions, a collection of consecutive received signals are affected

by the phase hit (PH) [19]. The PH phenomenon is the result of sudden change

(jump) in the frequency of the carrier signal [19, 20, 53–55]. This jump, also known

as the microphonic effect [21], originates from the mechanical interactions between

the internal components of the oscillator, e.g., the coefficient of thermal expansion

17
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mismatch or other physical stresses [56]. Another cause of PH is the variations in the

operating temperature of the LO. The LO is usually mounted outdoors as part of the

RF chain. Specifically, a PH is more likely to happen when the operating temperature

of LO drops below a threshold [55].

The PH causes a large phase change in the affected signals. This large and sudden

variation of phase is superimposed by the LO PN. The overall phase rotation behaves

differently from the LO PN. Empirical results show that the frequency of the PH

occurrence depends on the LO operating condition, e.g., its operating temperature.

Some operating conditions, e.g., extremely cold weather can increase the PH occur-

rence. In general, the frequency of hits can increase up to one hit per hour, while

under normal weather condition this parameter is more likely to be one hit every few

(e.g., six) hours.

The PH happens in a random location within one of the pilot sections (PSs). We

refer to the PS, where the PH happens therein, as the phase hit pilot section (PHPS).

In the PHPS, by definition, the first pilot symbol is not rotated by the PH while the

second pilot symbol is affected by both the PN and the PH. This unusual situation

of pilot symbols in the PHPS causes the failure of PSAM scheme in estimating the

accurate phase rotations corresponding to the data signals. The direct consequence

of such failure is the large phase errors in the PHPS and providing the decision device

of the receiver with inaccurate estimate of the received data signals. Note that when

using the modern FEC codes, e.g., the LDPC codes or turbo codes, the estimated

received signals are used to generate the log-likelihood ratio (LLR) values at the input

of the FEC decoder. The inaccuracy of estimated data signals in the PHPS results in

generating incorrect LLR values. When using high-order QAM-LDPC coded systems,

every received signal represents several coded bits; therefore, the large number of

erroneous LLRs originating from the PHPS can cause the decoding failure.

With respect to the rare occurrence of the PH, the importance of this impairment

in the overall performance of the system may come into question. While this may

be a legitimate concern in many communication systems, e.g., in the mobile access

layer, the conditions are different for the backhaul links. The adverse effect of the

PH on availability of service in the PtPMRLs is detrimental and must be avoided.

For instance, consider a backhaul link with the BER requirement of 10−12, and the
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symbol rate of 6 × 106 symbols per second. In the absence of effective PH and PN

mitigation schemes, a 1 ms PH can translate to the same duration of link loss. In

other words, it can lead to a maximum of 10−3

1/6×10−6 = 6000 symbols being in error.

Note that the aforementioned BER and symbol rate are equivalent to a maximum of

(approximately) 190 symbols errors1 annually. Hence, a 1 ms PH will cause a burst

of errors that is well beyond the expected number of errors in a PtPMRL. Therefore,

to meet the BER requirement of the wireless backhaul systems, the PH should be

mitigated.

The PH mitigation schemes in the literature are limited to the solutions, which are

based on designing better LOs. In other words, the approach has been to avoid/reduce

the occurrence of PH [19, 20, 53–55]. The common point between these solutions is

the attempt to resolve the issue by modifications in the RF chain, e.g., by adding a

heater module to the frequency synthesizer [55]. The main drawback of this approach

is that these schemes can not cease the occurrence of PH completely. Besides, the

modifications in the hardware design is necessary, which can limit the adaptability of

these techniques to an arbitrary system configuration. Our approach, on the other

hand, is based on facing the problem in the baseband by using the digital signal

processing tools.

Considering that the PH results in the burst error, adding a bit interleaver offers

an easy solution [57]. The bit interleaver randomizes the errors in a bit stream by

dispersing the sequence of the bits. This is commonly achieved by buffering the input

stream and un-buffering it in a different order (e.g., in a pseudo-random order) [58].

This imposes an extra latency to both the transmitter and the receiver sides, which

is not desired in the backhaul links. As an alternative solution, specific FEC codes,

which are capable of correcting burst errors, may be considered. For instance, cyclic

codes are known to be capable of correcting burst errors [59]. Unfortunately, the

length of the error burst caused by a PH can reach to few hundred bits rendering the

required FEC code to correct such burst errors prohibitively complex.

To avoid the excessive complexity and latency associated with the off-the-shelf

1By calculating the number of transmitted symbols per year, where each symbol is mapped to
m bits, we find the maximum number of annual symbol errors corresponding to BER 10−12 as
10−12×365×24×3600×6×106×m

m ≈ 189.2.
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solutions, in this work, we resort to an ad-hoc approach, which is tailored specifically

to face the PH problem. Regarding the rare occurrence of PH, a complex and compu-

tationally expensive detection approach can not be justified. Note that the detection

algorithm need to operate continuously to detect any potential PH events, whereas

the correction stage is only triggered when a PH is detected. Consequently, our ap-

proach is built upon designing a low cost and low latency detection scheme followed

by a robust correction technique. The proposed scheme in this chapter can be readily

used to mitigate the PH in the wireless backhaul links regardless of the initial LO

characteristics and without modifying the FEC code or adding an interleaver to the

system.

In this chapter, we propose a double stage PH detection and correction scheme.

We begin by modeling the PH as a sudden phase change in the LO, which happens

at a random instance and with a random size. Throughout the thesis, by PH size we

mean the variation in the phase offset of received signals caused by the PH only. This

variation will be positive or negative, when the phase offset is increased or decreased

by the PH, respectively. This model is considered alongside the effects of the LO PN

and the thermal noise on the phase of the received signal. The proposed detection

scheme exploits the BHT to find the theoretical optimal threshold for detecting a PH

event. The probabilities of giving a false alarm and missing a PH and their effects on

the performance of the system is investigated. The proposed correction stage begins

with estimating the PH size. Subsequently, the location of the PH and the PN of

the received signals are jointly estimated. The PH location is used to distinguish

between the signals, which are affected by the PN only from those which are affected

by both PN and PH. The estimated PN and PH values are used to de-rotate the

received signals before sending them to the decision device. Simulation results verify

that the proposed detection scheme can be designed such that probability of missing

a PH and giving a false alarm remains as low as 10−9. On the other hand, numerical

results also verify that, by using the proposed correction scheme, the required SNR

at a BER of 10−5 in the QAM-LDPC coded system when contaminated by PN and

PH is approximately 2 dB more than the required SNR in a system that is when

contaminated by PN only. The main contributions of this chapter are as follows:
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• The random behavior of the PH is modeled in a high-order coded QAM sys-

tem, which is affected by time-varying LO PN. The probability distribution

function (PDF) of phase difference between the pilot symbols are derived at the

presence of PH.

• A likelihood ratio test is designed for the detection of PH. In particular, the

NP-BHT [35,36] is chosen for this task due to the independence of the test from

a priori statistical behavior of the PH. The optimal threshold of NP-BHT is

analytically derived.

• A joint PN mitigation and PH correction algorithm is proposed. Following the

estimation of PH size, the proposed scheme estimates the location of PH. Using

this information, the PN is also estimated and the effects of PN and PH are

jointly removed from the affected symbols.

Considering that the main scope of this work is on mitigating the effect of PH on

the system, it is essential to clarify the difference between the PH and other similar

impairments. By similar impairments we mean the ones, which cause sudden and

large phase offsets on the received signal. To the best of our knowledge, these include

the frequency jump (see [60] and the references therein) and the cycle slip (see [61]

and the references therein).

The frequency jump is a common issue in the atomic clocks, which are used in the

global navigation satellite system (GNSS). The characteristics of the frequency jump,

e.g., the jump amplitude and the required detection time is relevant to the specific

GNSS application. These requirements are different from what is imposed by the

wireless mobile backhaul scenario, e.g., in atomic clocks a sudden frequency change

in the range of 10−4 Hz is considered a jump, while the same jump will translate to

a negligible phase change in the wireless backhaul scenario.

The cycle slip, on the other hand, pertains to the symmetry angle of the constel-

lation. Some constellations are invariant under certain rotation angles, e.g., a square

QAM constellation is invariant under the rotations of k π
2

rad, where k is an integer.

The cycle slip can be considered a special case of the PH, when the hit size is equal

to the symmetry angle of the constellation. Since the PH size can take any arbitrary
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value depending on the LO design and the operating condition, we refrain to limit

our investigations to specific rotation angles. Instead, we propose a scheme, which

mitigates the PH over a wide range of hit sizes.

Rest of this chapter is organized as follows: Section. 3.2 describes the general

structure of the system under the study. This is followed by explaining the mechanism

of PH occurrence and its mathematical model. The proposed PH detection scheme

is explained in Section 3.3. In Section 3.4 the proposed PH correction technique is

described. In Section 3.5, the proposed algorithms are implemented on a high-order

QAM-LDPC coded system and the numerical results are provided.

Throughout this chapter, a Gaussian random variable, X, with mean µX and

variance σ2
X is denoted by X ∼ N (µX , σ

2
X). Similarly, W ∼ U (a, b) represents the

uniform random variable with the PDF fW (w) = 1
b−a [u(w − a)− u(w − b)] , ∀w ∈

R, b > a, where R is the set of real numbers and u(x) is the Heaviside step function.

The error function Q(x) is defined as Q(x) ,
∫
t>x

1√
2π

exp (− t2

2
)dt.

3.2 System Model and Problem Statement

In this section, we describe the system model that is used in our PH mitigation scheme.

The role of each block is Fig. 3.1 is explained both during the normal operation of

the system, and the time of PH occurrence.

3.2.1 System Model Without PH

The block diagram of the QAM-LDPC coded system, considered in this chapter, is

shown in Fig. 3.1. The data bits generated by a random source are encoded and

mapped to the symbols from a high-order QAM constellation. The data symbols

and the pilot symbols, used for the PN and PH mitigation, are multiplexed together.

A digital to analogue converter (DAC) block applies the pulse shaping filter and

converts the symbols to the analogue signals. The transmit LO is used to up-convert

the signals to the high frequency. The modulated symbols are transmitted over an

AWGN channel. We assume the fading is slow and flat. This is a valid assumption for

the fixed PtPMRLs, which has the transmitter and the receiver mounted on the top of



CHAPTER 3. MITIGATION OF PHASE HIT IN PTPMRLS 23

 

Figure 3.1: The block diagram of a QAM-LDPC coded system affected by PN and
PH is shown.

tall buildings and the LoS exists between both ends of transmission. At the receiver,

the receive LO is expected to generate a signal, ideally, identical to the transmitter’s

carrier waveform; nevertheless, due to the imperfections in the commonly used CMOS

based LOs, this will not happen and the generated signal has a small phase difference

with the incoming carrier’s signal. This indicates the existence of PN problem. The

generated carrier signal by the receive LO is used for the down-conversion of received

signals. In addition to the LO PN, in the case of PH occurrence, the phase of received

signals will experience another large variation. The PH occurrence and its effect is

explained in Section 3.2.2.

Following the down-conversion, a matched filter is applied and the signals are

sampled every Ts seconds, where Ts = 1
fs

and fs is the symbol rate. The sampled

signals are passed through a PN removal block. In this work, the commonly used

PN removal block is replaced with the PN and PH mitigation block, in which the

PH detection operates continuously. The PH detection scheme divides the system

operating modes into the normal and the PH operating modes. By normal operating

mode, we mean the system operation, when no PH has happened or when the PH is

occurred but corrected. By the PH operating mode, we mean a PH has happened but

have not been detected or corrected. During the normal operating mode, the conven-

tional PN mitigation scheme, e.g., PSAM is used [45]. Our PSAM implementation

is based on the linear interpolation between the consecutive pilot signals to estimate

the PN. During the PH operating mode, the proposed joint PN and PH correction

scheme is used to mitigate the effects of PN and PH from the received signals. Upon
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Figure 3.2: The phase offset of the received symbols within a PH-affected code
block. The hit happens in the third PS and influences the phase estimates of
all the symbols in the PHPS.

mitigating the PN and PH, the estimated received signals are used for generating the

channel LLRs. The LLRs are sent to the LDPC decoder, which- conditioned on the

convergence- recovers the transmitted bits. The baseband samples of the received

signals before the PN/PH removal are represented as follows:

r = sejφ + n, (3.1)

where r and s are the received and the transmitted signals, respectively, and n is a

circular symmetric complex Gaussian random variable with mean 0 and variance σ2
n

along each dimension. The Gaussian noise samples are assumed to be independent

and identically distributed (i.i.d.) The parameter φ represents the phase rotation of

received signal. Depending on the operating mode, the phase rotation φ is composed

of various components. These components are discussed in Section. 3.3.1. For the

received signal, r, corresponding to the transmitted symbol, s, we define the phase of
r
s

as the phase offset on r, i.e., ϕ , ∠ r
s
.

3.2.2 PH Occurrence

As it was explained in Section 3.1, occasionally, due to various factors such as the

mechanical stresses, the phase of oscillator experiences a sudden large jump. This is

reflected as a large phase rotation on the received signals after the PH instance. In
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Figure 3.3: The effect of PH location on the estimation error when using the PSAM
PN mitigation is illustrated and compared with a PS without the PH. a) PH
happens at the start of PS, b) PH happens in the middle of PS, c) PH happens
near the end of PS, and d) no PH occurred.

Fig. 3.2 the phase offset on the received signals are displayed during 5 consecutive

PSs. These phase offsets include the LO PN, the rotational effect of Gaussian noise

on the signal and the PH (from the point it starts). The third PS in this figure is

the PHPS. It is observed that the pre-hit pilot in the PHPS does not have any extra

phase offset (other than the effect of AWGN and LO PN). In contrast, the post-hit

pilot in the PHPS has a large phase offset due to the PH occurrence. This makes the

linear interpolation error very large and beyond the tolerable values of the high-order

modulations. The PSs immediately before and after the PHPS are referred to as the

pre-hit PS and the the post-hit PS, respectively.

The PSs following the PHPS can cope with the PH problem since both of the

involved pilots in the interpolation have similar large phase offsets and thus they

generate valid estimates. This means that PH operating mode lasts only one PS;

nevertheless, in a typical high-order CMS, the adverse effect of this individual PS on

the performance of the system can be significant. The following example illustrates

this effect.
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Example 1 A wireless backhaul link uses 1024−QAM, and the symbols are assumed

to be protected by an LDPC code with the block length 4032 and the code rate 7/8.

The number of symbols in each code block is b4032
10
c = 403 (where bxc is the smallest

integer less than or equal to x). This dense constellation is prone to the PN severely.

We use the PSAM with the pilot spacing P = 25 to mitigate the PN effect; thus, a

pilot and 24 data symbols after that make one PS. Notice that 403 is the total number

of the symbols in the code block, 15 of which are the pilots and 388 are the coded data

symbols. The symbol rate is assumed to be 6 MHz. We further assume a PH happens

at a random location within the received code block. The LO PN level is −95 dBc/Hz

at 100 kHz offset from the carrier frequency, the SNR is 32 dB and the size of the

jump is assumed to be π/6 rad. In Fig. 3.2, we have shown the curves corresponding

to the phase offsets on the signals within a code block before, during, and after the

PH according to this system configuration. This figure shows how a PH can cause

a burst of errors due to the loss of all the symbols within the PHPS. The large PN

estimation errors in the PHPS is evident, which yields de-rotation of the symbols with

wrong values. In this example, around 25× 10 bits will be affected and with a larger

pilot spacing the number increases even further. The same scenario is repeated for

the different PH locations within the PHPS, i.e., near the pre-hit pilot, in the middle

of PHPS and near the post-hit pilot. The phase offsets of the received signals in these

scenarios are displayed in Fig. 3.3. The large estimation error exists regardless of the

hit location; however, a PH at the middle of the PHPS (Fig. 3.3 (b)) causes PSAM

estimation error on all the symbols in the PHPS, while if the PH happens close to

the borders of the PHPS (Fig. 3.3 (a),(c)), there is a small portion of symbols with

smaller estimation errors. Fig.3.3(d) is drawn to illustrate the PN estimation during

the normal operating mode.

The large estimation error of the PSAM scheme during the PH operating mode signi-

fies the requirement of having a robust PH removal scheme. In the following sections,

our proposed method to mitigate the PH effect is explained.
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3.3 Proposed PH Detection Scheme

The proposed PH detection scheme is based on the idea of exploiting the existing

information of the pilot symbols to identify the PH occurrence. In other words, the

detection will use the phase information of the pilots, which are already available

since those are necessary for the interpolation in PSAM PN mitigation. The phase

information of the pilots serve as the input of the designed detection scheme. The ac-

tual detection algorithm, however, relies on the NP-BHT scheme [35]. In Section 2.3.1

we briefly reviewed the NP-BHT. To apply the NP-BHT in the detection of PH, we

need to design the different elements in the test. These elements include the decision

statistic random variable and the underlying likelihood functions. Upon deriving the

required likelihood functions, the optimal threshold in the NP-BHT is calculated and

the test can be used for the PH detection. These steps are explained in the following.

3.3.1 Choosing the Decision Statistic and Derivation of Like-

lihood Functions

To apply the NP-BHT in the detection of PH, we propose to use the statistical

behavior of pilots phase offset. Note that phase offset values of the pilots are available

to the receiver because of its application in the PSAM PN mitigation. The decision

statistic that we choose is a function of this phase offset. In particular, we define

the absolute value of difference between the phase offset of consecutive pilots as our

decision statistic. The decision statistic, Zi, is expressed as follows:

Zi , |∆ϕi| = |ϕi(tK+1)− ϕ
i
(tK)| , i ∈ {0, 1} . (3.2)

In (3.2), tK is the time instance when the K’th pilot is sampled at the output of

detector. The indices i = 0 and i = 1 represent the normal operating mode and PH

operating mode, respectively. In the following, we explain the different components

of Zi and derive the required likelihood functions. We begin with considering the

phase offset of the pilot symbols. In the following, the mathematical model for the

phase offset of pilots are characterized for both operating scenarios.
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3.3.2 Characterization of Z0

During the normal operating mode, the phase offset of pilots consists of two elements.

We show these elements with two random variables ϕω and ϕ
PN

. Considering that

the normal operating mode is represented by H0 the total phase offset during this

mode is denoted by the random variable ϕ0 . Clearly, ϕ0 = ϕω + ϕ
PN

, in which the

parameter ϕω is the effect of the AWGN on the phase offset and ϕ
PN

originates from

the LO PN. Considering that the AWGN effect can be decomposed to the tangent

and the radial components, it is shown in Appendix A.1 that the random variable ϕω

can be approximated (for the relatively high SNR values) by a Gaussian distribution

as follows:

ϕω ∼ N
(
0, E

{
|n|2/2

}
· E
{
|sp|−2

})
. (3.3)

In (3.3), E {·} is the expected value, and sp is used to display the pilot symbols.

The second parameter in ϕ0 is the LO PN, which is modeled by the Wiener random

process. The variance of ϕ
PN

depends on the PN level and the time difference with a

certain reference point, i.e., ϕ
PN
∼ N (µ, σ2

Lt). The mean value µ is irrelevant in our

calculations as it will be explained in the following. The parameter σ2
L is calculated

using σ2
L = 4π2f 2

0 × 10
L
10 , where L is the PN level at frequency offset f0 from the

carrier frequency [34]. The parameter t can be any time instance, e.g., when a pilot

symbol is sampled at the output of the matched filter. This results in t = kTs, where

k is an integer corresponding to the index of a pilot sample. According to (3.2) and

the aforementioned discussion, during the normal operating mode we have:

Z0 = | [ϕω(tK+1)− ϕω(tK)] + [ϕ
PN

(tK+1)− ϕ
PN

(tK)] |. (3.4)

In (3.4), [ϕω(tK+1)− ϕω(tK)] is the subtraction of two independent Gaussian random

variables, which is another Gaussian random variable. On the other hand, according

to the definition of Wiener random process (which the PN is modeled with), the

second subtraction in (3.4), i.e., [ϕ
PN

(tK+1)− ϕ
PN

(tK)], can also be modeled by a

Gaussian random variable. Since the time frame between the two consecutive pilots

is tK+1 − tK = PTs (Ts being the symbol interval and P the pilot spacing), for the

second subtraction, we have [ϕ
PN

(tK+1)− ϕ
PN

(tK)] ∼ N (0, σ2
LPTs). This results in
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Z0 being the absolute value of the Gaussian random variable, ∆ϕ0 , i.e., Z0 = |∆ϕ0|
where ∆ϕ0 ∼ N (0, σ2

P ). The parameter σ2
P is calculated as follows:

σ2
P = 2E

{
|n|2/2

}
· E
{
|sp|−2

}
+ σ2

LPTs. (3.5)

Under the constraint of ∆ϕ0 6= 0, the PDF of Z0 is derived by letting i = 0 in the

following relationship:

f(ZH)(z|Hi) = [f∆ϕi(z) + f∆ϕi(−z)]u(z) , i = 0, 1 , (3.6)

where f∆ϕ0
(z) is a Gaussian PDF with mean 0 and variance σ2

P . Due to the symmetry

of Gaussian PDF, the likelihood function in the normal operating mode is expressed

as follows:

f(ZH)(z|H0) =

√
2

πσ2
P

exp

{
|z|2

2σ2
P

}
u(z), (3.7)

3.3.3 Characterization of Z1

For the PH operating mode, we need to include an extra random variable to represent

the effect of PH on the pilot’s phase offset. As it was mentioned in Section 3.2.2, the

PH results in a sudden jump in the phase of received signals. Let t
PH

represent the

random time instance, when the PH initiates. We assume the time instances corre-

sponding to the pilot symbols in the PHPS are denoted by tK and tK+1, respectively;

thus, we have tK < t
PH
≤ tK+1.

To reflect the effect of PH on the phase offset, we define the random variable

ϕ
PH

. This gives that in the PH operating mode, the total phase offset is composed

of three elements and we define the random variable ϕ1 to represent that, i.e., ϕ1 =

ϕω+ϕ
PN

+ϕ
PH

. It is worth noting that the subscript 1 is chosen since the PH operating

mode is represented by hypothesis H1. In the PSs after the PHPS, the PH exists on

both pilots, which are involved in the linear interpolation module. For the PHPS,

however, the phase offset of the preceding pilot does not have any PH effect while the

pilot after the PH instance experiences the large rotation due to the PH. Because of

this effect, the phase offset difference in the PHPS follows a different distribution.

To model the difference between the phase offsets of the two consecutive pilots in
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the PHPS, we let Z1 = |∆ϕ1|. Hence, for the random variable Z1 we have:

Z1 = | [ϕω(tK+1)− ϕω(tK)] + [ϕ
PN

(tK+1)− ϕ
PN

(tK)]

+ [ϕ
PH

(tK+1)− ϕ
PH

(tK)] |. (3.8)

The first two subtractions in the RHS of (3.8) are found similar to normal oper-

ating mode. The third subtraction can be viewed as the total phase rotation caused

by the PH between the two consecutive pilots. This is a random value, for which we

have no prior knowledge. The same argument applies to the time instance within the

PHPS, when the PH occurs. In this work, we consider the uniform random variable

to model both the location and also the size of the PH. This choice is due to the fact

that we have no prior knowledge about the time and the size of PH. Choosing other

distributions does not affect the general framework of the proposed scheme. However,

it requires the derivation of likelihood functions based on the chosen PDF. The loca-

tion of the PH between the two consecutive pilots (shown by the time label t
PH

) can

be anywhere starting from the first symbol after the pilot, s
(K)
p , up to the next pilot,

s
(K+1)
p . To include the randomness of t

PH
, we define the discrete uniform random

variable, τ , as an integer between 1 and P . The PH occurrence time is expressed as

t
PH

= tKP+τ and Pr (τ = i) = 1
P
∀i ∈ {1, 2, . . . , P}.

Regarding the size of the PH, we can use another uniform distribution but this

time the size is a continuous random variable. Considering that the PH affects the

phase of the signal, its effective minimum and maximum value varies between 0 and

2π; nevertheless, the small values of PH need not to be considered since those will

not cause large rotations. Let us show the minimum and the maximum of the PH’s

size by dm and dM , respectively. In the following, we describe how to choose dm and

dM .

Choosing dm and dM

Let V be the random variable, which indicates the difference between the phase

offsets of 2 consecutive received signals during the normal operating mode. Let vmax

represent the maximum of |V |. By definition, the samples of V will not become

greater than vmax unless a PH happens. In other words, if the difference between the



CHAPTER 3. MITIGATION OF PHASE HIT IN PTPMRLS 31

phase offsets of 2 consecutive received signals become greater than vmax, with a high

probability a PH has happened, which results in dm ≈ vmax. Similarly, we can choose

the maximum of the PH’s size, i.e., we let dM ≈ 2π − vmax.

To calculate vmax we consider the standard deviation of V . This is justified by

the fact that the standard deviation can be used as a measure, which indicates the

typical values of a random variable. Furthermore, it is easy to see that for an ar-

bitrary Gaussian random variable X ∼ N (0, σ2), we have Pr(|X| ≥ 8σ) ≈ 10−15.

This gives that the absolute value of all the samples of X are less than 8σ with

probability 1 − 10−15. We use this argument and let |X|max ≈ 8σ. Hence, we need

to calculate σV , i.e., the standard deviation of V . To do so, we consider a hypo-

thetical case, where P = 1 and the pilot set is equal to all the constellation points.

This assumption is used to calculate E {|sp|−2} for this hypothetical scenario. From

this discussion we choose dm = 8σV and dM = 2π − 8σV , where by using (3.5),

σV = (2E {|n|2/2} · E {|s|−2}+ σ2
LTs)

1/2
. Upon choosing dm and dM , we can form the

uniform random variable D, which represents the PH size as follows:

D ∼ U (dm, dM) , dm = 8σV , dM = 2π − 8σV . (3.9)

�

By using the statistical models of ∆ϕ0 , D and τ we derive the probabilistic model

of ∆ϕ1 . Note that for a given hit location and hit size, i.e., for {∆ϕ1|D = x, τ = i}
we have the same random variable as ∆ϕ0 with a different mean only. This conveys

the idea of using the chain rule and integrating out the unnecessary random variables

to find the desired marginal PDF, i.e., the PDF of ∆ϕ1. Since the PH is independent

of the AWGN and the LO PN, the conditional random variable {∆ϕ1|D = x, τ = i}
is the summation of a Gaussian random variable with mean 0 by a constant. This

can be written as follows:

{∆ϕ1|D = x, τ = i} = ∆ϕ0 + x. (3.10)

Relationship (3.10) indicates that the location of the PH is not affecting the distri-

bution of ∆ϕ1 . This is justified by the fact that the PH happens between 2 symbols
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Figure 3.4: The block diagram shows the real-time operations of proposed PH
detection scheme

within the PHPS and its rotational effect is reflected on the next pilot regardless of

the PH location. By using (3.5) and (3.10) and dropping τ from the calculations, we

have {∆ϕ1|D = x} ∼ N (x, σ2
P ). We can find the PDF of ∆ϕ1 as follows:

f∆ϕ1
(δ) =

∫
x

f∆ϕ1D
(δ|D = x) · fD (x) dx

=
1

dM − dm
1√

2πσ2
P

∫ dM

x=dm

exp

{
|δ − x|2

2σ2
P

}
dx. (3.11)

The distribution in (3.11) can be written as follows:

f∆ϕ1
(δ) =

1

dM − dm

[
Q

(
dm − δ
σP

)
−Q

(
dM − δ
σP

)]
, (3.12)

By letting i = 1 and replacing f∆ϕ1
(δ) from (3.12) in (3.6) we can calculate the PDF

of Z1, i.e., f(ZH)(z|H1). The likelihood function during the PH operating mode is

expressed as follows:

f(ZH)(z|H1) =
1

dM − dm

[
Q

(
dm − z
σP

)
+ Q

(
dm + z

σP

)
−Q

(
dM − z
σP

)
−Q

(
dM + z

σP

)]
u(z). (3.13)

3.3.4 PH Detection Using the NP-BHT

By replacing the likelihood functions in (2.9) and using (2.13) we can find the thresh-

old corresponding to a given probability of FA. Let us show the FA probability with
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αFA. The FA probability depends on the likelihood function during the normal oper-

ating mode. By replacing (3.7) in (2.12) we have:

αFA =

√
2

πσ2
P

∫
z≥Λ−1(γNP )

exp

{
|z|2

2σ2
P

}
u(z)dz

= 2Q

(
Λ−1(γNP )

σP

)
, (3.14)

where we used the fact that Λ(z) is a monotonically decreasing function of z. In (3.14)

Λ−1(y) is the inverse of the function y = Λ(x). By taking the inverse of Q−function

from both sides of (3.14), we find the threshold which minimizes the Pr (DM) as

follows:

γNP = Λ
(
σPQ−1(

αFA

2
)
)
. (3.15)

We replace the threshold from (3.15) in (2.14). Considering that the likelihood ratio,

Λ(z), is a monotonically decreasing function, by taking its inverse from both sides

of inequality in (2.14), we have the following equivalent relationship for the designed

NP-BHT:

z
H1

R
H0

σPQ−1(
αFA

2
). (3.16)

The equivalent test in (3.16) is an intuitive explanation of the proposed PH detection

scheme, i.e., we compare the variations of the phase offset between two consecutive

pilots with a threshold. The threshold is carefully designed such that it minimizes the

probability of DM. The minimum Pr (DM) is calculated by combining (2.13), (3.13)

and (3.15) as follows:

min Pr (DM) =

∫
z≤σPQ−1(

αFA
2

)

fZH(z|H1)dz, (3.17)
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The closed form expression of minimum probability of DM is calculated by solving

the integral in (3.17), which yields the following expression:

min Pr (DM) = 1− σP
dM − dm

[
ĝ
(γNP − dm

σP

)
+ ĝ
(γNP + dM

σP

)
−ĝ
(γNP + dm

σP

)
− ĝ
(γNP − dM

σP

)]
. (3.18)

where ĝ(a) , aQ(a)− 1√
2π
e
−a2
2 . The derivation of (3.18) is provided in Appendix A.2.

3.4 Proposed PH Correction Scheme

In this section, we assume the proposed algorithm described in Section 3.3 has de-

tected a PH. To mitigate the PH on the affected signals in the PHPS we need to

find the precise location of the PH and its size. The former serves as the starting

point where the PH correction is performed, while the latter determines the value

with which we should de-rotate the affected signals. Finding the size of the PH upon

detecting it is not a challenging task. The phase offset of the received signals within

the PHPS is composed of the Gaussian noise, the LO PN and the PH. The PH only

affects the signals after the PH instance. If we find an estimate of the PN and remove

it from the received signals in the PHPS, the phase offset will be dominated by the

PH (from the point where it starts). This happens since the PH size is much larger

than the rotational effect of Gaussian noise and the residual LO PN. Therefore, upon

estimating and removing the LO PN from all the signals in the PHPS, the difference

between the phase offset of the two pilots in the PHPS gives a rough estimate of PH

size.

To remove the PN in the PHPS, we use the extrapolation of the estimated PN

from the previous and the next PSs. The extrapolation of PN from the pre-hit PS

yields the PN estimate of the signals before the PH. The extrapolation of the PN from

the post-hit PS provides the PN estimates for the signals after the PH. To adopt this

approach we need to have the location of the PH. Without the PH location we can

not distinguish the signals, which receive their PN estimate from the pre-hit PS from

those which receive their PN estimate from the post-hit PS. To resolve this issue, the
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Figure 3.5: Block diagram of proposed PH correction scheme.

aforementioned PN removal is performed for all the potential locations in the PHPS.

To do so, we form a cost function to determine the PH location. This cost function

considers the effect of both the PN and the PH. Fig. 3.5 displays the block diagram

of the proposed PH correction scheme. In the following we describe the derivation of

the likelihood function, which is used in the PH location estimation.

3.4.1 Estimating the PH Location

To find the location of PH, we use the ML estimation. Let ξ represent the exact

location of the PH. The ML estimator finds an estimated location, ξ̂, as follows:

ξ̂ = arg max
ξ

[l(ξ)] , (3.19)

In (3.19) l(ξ) is the log-likelihood function of the estimation target ξ. The location

of the PH is within the PHPS; thus, in our estimation we use the information of all

the received signals in that PS. The desired log-likelihood function is expressed as

follows:

l(ξ) = log [f(y1, . . . , yP |ξ)]. (3.20)

In (3.20), f(y1, . . . , yP |ξ) is the joint PDF of all the received signals within the PHPS

after removing the LO PN and conditioned on knowing the PH location. The initial

received signals before the PN removal follow the model in (3.1). As it was explained,

to remove the LO PN when the PH location is known, we propose to use the extrapo-

lation of the PN estimation from the previous and the next PSs. Considering that for
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the high-order modulations the pilot spacing is commonly small (e.g., 50 and lower),

we can assume that the LO residual PN on the symbols will be negligible. Under the

assumption of perfect LO PN removal using the extrapolation from the adjacent PSs,

we can write the de-rotated received signal model as follows:

yi = rie
−jϕ

PN,i =

si + n̂i 1 ≤ i ≤ ξ − 1

sie
jλ(ξ) + n̂i ξ ≤ i ≤ P

, (3.21)

where λ(ξ) = ϕ1(tK+1) − ϕ1(tK) is the estimated PH size corresponding to the PH

location ξ. The parameter n̂i is the circular symmetric Gaussian noise with similar

properties to ni. The samples of de-rotated received signal, yi, are i.i.d. Hence, the

joint PDF in (3.20) can be derived as follows:

l(ξ) =
P∑
i=1

log [f(yi|ξ)] =
P∑
i=1

log

[
1

M

M∑
n=1

f(yi|ξ, sn)

]
. (3.22)

In (3.22), M is the constellation size and we assume all the constellation points

are equally likely. From RHS of (3.22) it is observed that f(yi|ξ, sn) is a Gaussian

distribution function with the mean sn or sne
jλ(ξ) depending on the index i. By

replacing (3.21) in (3.22) we have:

l(ξ) = C1

ξ−1∑
i=1

log

[
M∑
n=1

exp

{
−|yi − sn|

2

2σ2
n

}]

+ C2

P∑
i=ξ

log

[
M∑
n=1

exp

{
−|yi − sne

jλ(ξ)|2

2σ2
n

}]
. (3.23)

The constant C1 and C2 do not affect the maximization process in (3.19). By re-

placing (3.23) in (3.19) and solving the optimization problem, the PH location and

the corresponding PH size can be estimated. Unfortunately, evaluation of expres-

sion in (3.23) for a large constellation becomes computationally expensive. As an

alternative approach, we can simplify the procedure by using the log-sum approxima-

tion, log
∑

i exp(xi) ≈ maxi (xi). The approximated likelihood function is derived as
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follows:

l(ξ) ≈ C

2σ2
n

[
P∑
i=1

|yi − ŝi|2
]
, (3.24)

where C is a constant and is ineffective in the estimation of PH location. The pa-

rameter ŝi in (3.24) is calculated as follows:

ŝi =

arg minsn |yi − sn|2 1 ≤ i ≤ ξ − 1

arg minsn |yi − snejλ(ξ)|2 ξ ≤ i ≤ P
, (3.25)

By combining (3.24) and (3.25) and replacing in (3.19) the location of PH and the

corresponding PH size can be estimated. In particular, we look for the parameter

ξ̂, which maximizes (3.24). The maximization is performed by an exhaustive search

among all the possible values of ξ, i.e., among P locations. Since the PH is a rare

event and the correction scheme is triggered only after the detection of a PH, the use

of exhaustive search is justified.

Upon estimating ξ̂, and λ̂ , λ(ξ̂), all the received signals in the PHPS are de-

rotated. Let ŷi represent the de-rotated received signals. We use the estimated PH

size, λ̂, and the estimated PN, ϕ̂PN in the de-rotation. The estimated PN is the

result of extrapolation of PN in the pre-hit and post-hit PSs. The received signals

after de-rotation are expressed as follows:

ŷi =

rie
−jϕ̂

PN,i 1 ≤ i ≤ ξ̂ − 1

rie
−jϕ̂

PN,ie−jλ̂ ξ̂ ≤ i ≤ P
, (3.26)

We denote the residual phase error on the signals after the de-rotation by parameter

θ. From (3.26) we have:

ŷi = sie
jθi + ñi, 1 ≤ i ≤ P (3.27)

The de-rotated signals in (3.27) are approximately free of PN and PH. These samples

are sent to the LLR calculation module and the rest of the receiver processing will

be similar to what was explained in Section 3.2. The described techniques in the
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Figure 3.6: Block diagram of proposed PH mitigation scheme.

proposed PH mitigation scheme is summarized in Fig. 3.6.

3.5 Simulation Results and Analysis

The effectiveness of proposed double stage PH mitigation scheme is investigated in this

section. As it was mentioned in Section 3.4, the correction algorithm is triggered after

a PH is detected. The detection algorithm, however, is continuously inspecting the

potential occurrence of the PH in every PS. The two algorithms, therefore, operate

independently and the only common point between them is that a PH detection

initiates the PH correction. Likewise, in the following we evaluate the performance

of the detection and the correction algorithms separately.

3.5.1 Performance of PH Detection Scheme

To evaluate the performance of proposed PH detection scheme, we consider a QAM-

LDPC coded system, in which the PSAM scheme is used to mitigate the PN. The

constellation is 256−QAM, the symbol rate is 6 × 106 symbols per second and the

pilot spacing is 50. The corner points of the constellation is assumed to be the pilot

set. The SNR is defined as 10 log10 (1/E{|n|2}) and is assumed to be 26 dB. The LO

PN level at the transmitter and the receiver is −95 dBc/Hz at 100 kHz offset from

the carrier frequency. Considering that Wiener PN model is used, the PN increment

between two consecutive signals follows a Gaussian distribution. The variance of this

distribution is calculated using σ2
L and the symbol interval Ts. The parameter σ2

L is

calculated using σ2
L = 4π2f 2

0 × 10
L
10 , which yields σ2

LTs = 2.08× 10−5 rad. Using the

system parameters, the variance which is used in (3.5) and (3.12) is calculated from
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Figure 3.7: The theoretical lower bound on the probability of DM is shown for a
wide range of FA probability using (3.15) and (3.18).

its definition in (3.5), which gives σ2
P = 0.3778. According to (3.15), the threshold

can be found for a given FA probability, αFA. The NP-BHT guarantees that by using

this threshold, the probability of DM is minimized. The relationship between αFA

and the achievable min Pr(DM) can be found using (3.15) and (3.17). Considering

the wide range of the values which the two parameters can take, we show both axes

of the curve in the log domain. In Fig. 3.7 the theoretical minimum probability of

DM is shown for the different choices of FA probability. For each αFA, initially, the

threshold is calculated using (3.15). This threshold is replaced in (3.18) to calculate

the minimum probability of DM. We use (3.9) to choose the parameters dm and dM .

Here dm = 0.53 rad and dM = 5.75 rad.

To verify that the designed FA probabilities are capable of minimizing the proba-

bility of DM, we simulate the described system. We consider 107 PSs, in which every

PS experiences a single hit in a random location and with a random size. Consid-

ering that P = 50 the location is chosen uniformly from 1 (first symbol after the

pilot) to 50 (the pilot symbol at the end of PHPS). The PH size changes from dm

to dM . The FA probability is a design parameter and upon choosing it, we find the
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Figure 3.8: The theoretical Pr(DM) is compared with the same parameter, when it
is found using the simulation of 107 PSs.

detection threshold using (3.15). Unfortunately, in our simulation we cannot choose

a wide range of FA probability similar to one in Fig. 3.7. From Fig. 3.7 it is observed

that for the larger αFA values, probability of DM becomes very small, e.g., when

αFA > 10−6, we have min Pr(DM) < 2× 10−11. This is, in general, desirable from the

design standpoint since we want to push min Pr(DM) to the lowest possible level. In

the simulations, however, we use the Monte-Carlo approach, which requires collection

of sufficient samples, e.g., to verify Pr(DM) = 10−10 we need to generate at least 1012

PSs, which is extremely time consuming. We thus limit the simulations to the values

of αFA, which result in the relatively higher range of probability of DM. In Fig. 3.8,

we verify the left side of the curve in (3.7) through the simulation. This is equivalent

to relatively small αFA and large Pr(DM) values. The simulated curve of Pr(DM)

in Fig. 3.8 is obtained by dividing the number of failures of detection scheme by the

total number of simulated PSs, i.e., 107. It is observed that Pr(DM), which is found

from this simulation closely matches the theoretical values. The slightly higher values

on the simulation curve compared to the theoretical one is also expected since the

theoretical curve is a lower bound on the DM probability and the simulation results

(in the best case scenario) can asymptotically achieve those values.

To further verify the detection scheme, we investigate the probability of FA using
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Table 3.1: Probability of FA is found using the simulation of 107 PSs. The designed
αFA refers to the chosen value for this parameter. The simulated αFA is the
ratio of the FAs over the total PSs found from the simulation.

designed αFA 5× 10−5 10−4 10−3 10−2 10−1

simulated αFA 4.91× 10−5 9.05× 10−5 8.94× 10−4 9.6× 10−3 9.14× 10−2

the simulation of the PSs in the normal operating mode. Here, all the simulation

parameters are similar to those in Fig. 3.8. The only difference is that we set the

hit size to 0; thus, all the PSs are working in the normal operating mode. The

detection scheme is still inspecting every PS to identify the potential PH events. In

this situation, whenever a PH is detected a FA is given. As opposed to Fig. 3.8

here we consider the smaller values of αFA since they are considered the achievable

FA probabilities when using the simulation. Table. 3.1 displays the values of the

FA probability which are chosen as the design parameter and the values of the FA

probability which are found by using the simulation. It is observed that the FA rate

of the proposed detection scheme is very close to the designed numbers. It is worth

noting that in a practical scenario, we are interested in having very small number of

FA and DM cases. An FA causes the correction scheme to initiate and thus increases

the processing latency of the system. It also can cause system degradation due to the

de-rotation of some of the signals in the PS. A DM, on the other hand, will result in

a burst of errors in the signals within the PS as it was explained in Section 3.1.

3.5.2 Performance of PH Correction Scheme

In this section, we investigate the performance of the correction scheme when a PH

is detected. We assume the detection algorithm has identified a PH event. Accord-

ing to what was explained in Section 3.4, we need to form the likelihood function

(the exact one in (3.23) or the approximated one in (3.24)) and find the value which

maximizes that function. The size of the PH is estimated by finding the difference of

the phase offset on the pilots in the PHPS. It is worth noting that when forming the

approximated joint likelihood function in (3.24), the minimization is carried out by

finding the point closest to the de-rotated received signals. This type of minimization
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is used to find the channel LLRs which are fed to the LDPC decoder. Thus, the

required module is readily available in most practical systems. We, however, investi-

gate the proposed correction scheme by considering both the exact likelihood function

in (3.23) and the approximated likelihood function in (3.24) to evaluate the potential

degradation due to use of the approximated expression.

The detected PH location by applying the correction algorithm is used to de-

rotate the received signals by the angle which is equal to the estimated PH size.

Considering that in almost all the practical systems the FEC is used, a small error in

finding the PH location is tolerable to the system. Note that an error of a positions

in estimating the PH location results in a symbols to stay in error due to the PH and

thus (at most) a log2M channel LLRs will become inaccurate or invalid. If a log2M

is more than the error correction capability of the FEC, the invalid LLRs can cause

the decoder failure. On the other hand, if a log2M is within the range of the error

correction capability of the FEC, the error of a positions in estimating the PH location

is acceptable. Choosing a depends on the FEC characteristics and the constellation

size but in our simulations, we let a = 2, which results in the relatively small number

of invalid LLRs.

Let random variable A represent the distance between the estimated location of

PH to the exact PH location and let FA(a) = Pr(A ≤ a) be the cumulative distribu-

tion function (CDF) of A at point a. For example, FA(0) indicates the probability

of finding the exact hit location while FA(2) is the probability of detecting a location

within the PHPS, which is not more than 2 symbols away from the exact hit location.

This gives that (for a = 2) our correction scheme only fails to mitigate the PH effect

on (at most) 2 symbols. Even for a large constellation, e.g., 1024−QAM this is equiv-

alent to have 20 invalid channel LLRs. This is within the error correcting capability

of the modern FEC codes of large length, e.g., the LDPC codes used in PtPMRLs.

Fig. 3.9 displays the aforementioned CDF when similar system parameters to those

in Section 3.5.1 is used. To estimate the CDF, 104 PSs are used, and the location

and the size of the PH is randomly selected. The exact likelihood function and the

approximated one are both used and the difference between the results is negligible.

This is what we observe for all the other simulation scenarios and thus remove the

curves corresponding to the exact likelihood function in the rest of the figures in this
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Figure 3.9: CDF of the distance between the detected location and the actual
location of the PH. The number of total simulated PSs is 104, the constellation
is 256−QAM, and the SNR is 26dB. The size of the PH is set to 130◦

section. From Fig. 3.9 it is observed that there is 85% chance that the correction

scheme locates the actual PH location or its first 2 neighbors, while the chances of

locating a point in a distance less than 5 from the actual PH location is almost 98%.

To evaluate the effect of PH characteristics on the performance of proposed cor-

rection scheme, we estimate the CDF under different conditions. In Fig. 3.10, FA(2)

is displayed for various PH locations. For a given location within the PHPS, 104 PSs

are simulated. The PH size in each location is randomly selected and the probability

of locating the PH in the distance 2 (or less) from the actual PH location is found.

To do so, we measure the distance between the detected location and the actual PH

location in each simulated PS. The curve in Fig. 3.10 indicates that the CDF value

is higher near the edges of the PHPS while the points in between have similar CDF.

The values of FA(2) however, are changing in a relatively small range. This verifies

that the proposed correction scheme shows a similar performance regardless of the

hit location.

As a further step to verify the effectiveness of the proposed correction scheme, we
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Figure 3.10: Effect of PH location on the CDF of the distance between the detected
location and the actual location of the PH is shown for FA(2). Pilot spacing
is 50, the number of simulated PSs is 104, the constellation is 256−QAM, the
SNR is 26 dB, and the PH sizes are randomly and uniformly selected from the
interval [0.5, 5.8] rad.
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Figure 3.11: Effect of PH size on the CDF of the distance between the detected
location and the actual location of the PH is shown for FA(2). Pilot spacing
is 50, the number of simulated PSs is 104, the constellation is 256−QAM, the
SNR is 26dB, and the PH location is set to 25

show the CDF function of parameter A when the PH size is kept constant. Here we

divide the interval of all the possible PH sizes to 100 discrete points. Every PH size is
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applied in a random location within the PSs. Similar to the previous figures, 104 PSs

are simulated for each PH size and the CDF at point 2, i.e., FA(2) is shown in Fig. 3.11.

It is observed that the correction scheme is detecting the location of the PH for most

of the sizes. The only exception, however, happens when the PH size is very close to

the symmetry angle of the constellation. Note that the square QAM constellations are

invariant under the rotation of integer multiples of π
2
. In these situations, i.e., when

the PH size is equal to the symmetry angle of the constellation, the cycle slip happens

and the ML detection fails to detect the PH location. This deficiency, however, does

not pose a severe threat to efficacy of the proposed correction scheme. Note that the

PH size can take any number in a continuous interval of [dm, dM ]; thus, the probability

of it at any single point tends to 0. This means that it is highly unlikely for the PH

size to become exactly equal to the symmetry angles of the constellation.

3.5.3 BER Results

As a final performance evaluation of the PH mitigation scheme, we show the BER

results for a typical high-order coded modulation link. The LDPC code is chosen

to be MacKay (1008, 504) [62]. We consider 256−QAM with pilot spacing of 32

and 1024−QAM with pilot spacing of 16. Rest of parameters are similar to those in

Section 3.5.1. In the PH detection, we set αFA = 10−5. We assume one PH per LDPC

code block. This scenario is unlikely to happen in practice; nevertheless, this biasing

aims at investigating the worst case scenario, and shortening the simulation time. One

solution to obtain an unbiased BER result is to introduce a weight function to account

for the biasing that is caused by assuming one PH per code block in our simulation.

This weight function takes the probability of PH occurrence into account. Hence, it

can transform a biased simulation to an unbiased one. However, such re-weighting is

not applied in the following simulations. The reason is twofold: 1) There is no accurate

information about the probability of PH occurrence. Such probability is a function

of parameters such as temperature, and it is difficult to estimate or predict, 2) The

purpose of BER result comparison in this section is to compare the BER performance

of the system with and without applying the proposed PH mitigation scheme. The

biased scenario used in the following merely reduces the simulation time required to
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Figure 3.12: BER of 256−QAM (solid line) and 1024−QAM (dashed line) LDPC
CMSs are displayed. Case 1: proposed PH mitigation is applied, Case 2: no
PH mitigation is applied. All the curves are drawn in the presence of PN.

do such comparison but it does not affect its results. We consider the following three

scenarios: 1) The system is affected by the PN only, 2) The system is affected by the

PN and the PH but no PH mitigation is applied, and 3) Similar to second scenario but

this time the proposed double stage PH detection and correction scheme is applied.

Fig. 3.12 illustrates the BER results in three aforementioned scenarios. Note that

the horizontal axis in Fig. 3.12 is Eb/N0, i.e., the energy per information bit divided

by the noise power spectral density. This value is obtained by taking the effect of

pilot overhead and the redundancy of LDPC code into account. The corresponding

carrier-to-noise ratios will be 5.53 dB, and 5.96 dB higher for 256-QAM and 1024-

QAM constellations, respectively. The curves drawn with solid line correspond to

256−QAM and those with dotted line correspond to 1024−QAM. It is observed that

at the absence of PH correction scheme, the BER is severely deteriorated. In fact if

the PH happens frequently (similar to our biased simulation scenario), while no PH

mitigation is used, the LDPC decoder almost always fails to converge to the correct

codeword and the BER increases to 0.3. For the case of 256-QAM constellation,

and by assuming one PH per hour (cf. Section 3.1), the BER in the absence of the
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proposed PH mitigation scheme becomes 0.3× 1
3600×6×106/126

= 1.75×10−9, where 126

is the number of symbols per codeword when 256-QAM signalling is used. Hence,

if the proposed PH mitigation scheme is not used, the BER requirement of 10−12

cannot be met. Similar calculation for the case of 1024-QAM signalling (with an

average of 100.8 symbols per codeword) results in a BER of 1.4× 10−9. In contrast,

by applying the proposed PH mitigation scheme for SNRs larger than 12 dB for 256-

QAM signalling, and 15.7 dB for 1024-QAM signalling, the BER of the system falls

below 10−12. For instance, at an SNR of 13 dB with 256-QAM signalling, and one PH

occurrence per hour, the BER of the system is 4×10−5× 1
3600×6×106/126

≈ 2.33×10−13.

This calculation confirms that by applying the proposed PH mitigation scheme, the

BER of the system will not be limited by the degradation caused by the PH as it was

the case when the proposed PH mitigation scheme was not used.

Furthermore, when the proposed PH mitigation scheme is applied, the BER per-

formance is close to normal operating mode, when we have PN only. The remained

gap in the BER curves is attributed to the symmetry angles of the constellation,

which upon generating large number of random PH sizes are inevitably generated.

On the other hand, in rare cases, the distance between the estimated location of PH

and the exact one becomes large, which renders the proposed scheme ineffective. As it

was shown in Section. 3.5.2 the probability of such failures are low and the proposed

scheme can compensate the PH impairment effectively in majority of cases.

3.6 Computational Complexity of Proposed PH

Mitigation Scheme

In Sections 3.3 and 3.4, we described the proposed algorithms for detecting and

correcting PH in a PtPMRL. In this section, the computational complexity that each

method imposes on the system is investigated. Since the PH is a rare phenomenon,

using a computationally complex algorithm is not justified. Fortunately, the proposed

PH detection and PH correction schemes benefit from low computational burden as

it is discussed in the following.
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One significant advantage of the proposed PH detection scheme is the small com-

putational burden that it imposes on the system. In particular, the detection thresh-

old, γNP , is calculated using (3.15), which involves evaluating the likelihood ratio

at z = σPQ−1(αFA

2
). The likelihood ratio is obtained by replacing (3.7), and (3.13)

in (2.9). Equation (3.7) is a scaled Gaussian PDF, while (3.13) is the summation of

four Q-functions. Hence, the likelihood ratio calculation includes evaluating a Gaus-

sian PDF, a Q-function, and an inverse Q-function. Note that calculating Q-function

and inverse Q-function in this equation is commonly done by using look-up tables.

In addition to threshold calculation, one needs to measure the phase offset of two

consecutive pilots, subtract them and take the absolute value. The phase offset cal-

culation is part of the PSAM PN mitigation. So the values can be reused. Finally,

the subtraction and taking absolute value are the operations that can be performed

with negligible complexity.

As it was explained in Section 3.3.4, the proposed PH detection scheme relies on

pilot symbols that are used in the PSAM scheme to mitigate the PN. Hence, the PH

detection scheme does not require any extra overhead in addition to what is used by

the PSAM PN mitigation method. Furthermore, our detection scheme is not sensitive

to pilot spacing. In the case of using lower order modulations, one may increase the

pilot spacing but this change will not affect the PH detection performance.

With respect to the PH correction scheme, we consider the case where the ap-

proximated problem in (3.24) is solved. This is because the simulation results in

Section 3.5.2 show that compared to (3.23), the minimization of (3.24) causes small

performance degradation but significant computational complexity reduction. In par-

ticular, assessing (3.23) to minimize l(ξ) requires evaluating the argument of the sum-

mation in (3.23) MP times for every PH location candidate, where the argument is

an exponential function. In contrast, when the approximated formula in (3.24) is

used, only P (degree two) polynomials are evaluated. Furthermore, the minimization

in (3.25) can be performed by invoking the geometry of the constellation. This task

is commonly performed as part of the LLR calculation. Hence, the same calculation

block can be used.



Chapter 4

Error Floor Estimation of PAM-based

LDPC Coded Modulation Systems

FEC codes are indispensable in modern digital communication systems, e.g., in the

PtPMRLs. Among popular FEC codes are the LDPC ones. These codes enable the

system to operate reliably close to the Shannon limit while meeting practical complex-

ity and latency constraints imposed by the system. In addition to favorable perfor-

mance, LDPC codes also exhibit design flexibility and robustness that renders them

suitable in a wide range of applications. For instance, the WiMAX IEEE 802.16e [63],

the Advanced Television System Committee [24] and the second generation digital

video broadcast standards (DVB-S2) [64] have all adopted LDPC codes. LDPC codes

are also preferred in point-to-point backhaul microwave links [8], and have been re-

cently approved by the Third Generation Partnership Project (3GPP) to be the main

FEC in upcoming 5G new radios (5G-NR) [65].

To support reliable communication of high data rates over a given bandwidth,

LDPC codes are typically combined with high order modulation schemes, e.g., high-

order pulse amplitude modulation (PAM) [24]. Combining LDPC codes with high

order modulations schemes result in serious challenges to the system design [22–

24]. One of these challenges pertain to assessing the high SNR performance of the

system. In particular, systems using LDPC codes in conjunction with higher-order

modulation tend to exhibit an EF. Since the high-order LDPC-CMSs are widely used

in the PtPMRLs, it is necessary to investigate the level of the EF in these systems.

Traditionally, this investigation would be performed using MC simulations. However,

49
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for practical systems using LDPC codes, EFs arise at FERs orders of magnitude less

than those that can be accurately assessed using such simulations within a reasonable

time frame.

The error rate performance of linear block codes, including LDPC ones, can

be estimated using a computationally-efficient technique known as importance sam-

pling (IS), see e.g., [27,28]. By invoking the TS structure, this technique can also be

used to assess the EF performance of LDPC codes [25,29]. To do so, the IS technique

induces rare error events more frequently through the use of the analytical expres-

sions of the noise distribution to control the frequency with which error events occur.

Approaches for inducing such errors in binary phase shift keying (BPSK) systems

were introduced in [25] through an orthogonal transformation of the signalling bases

and in [29] through selective biasing of noise components. To elaborate, let us focus

on the technique developed in [29] when the all-zero codeword is transmitted. In this

case, all the bits are mapped to one of the BPSK symbols, say e.g., s. A key obser-

vation in [29] is that decoding fails if the noise components corresponding to the VNs

of a TS are sufficiently strong to cause s to be received within the decision region of

−s instead of that of s. In other words, the TS nodes prevent the message-passing

decoder from correcting the erroneous bits, as it would normally do when the VNs do

not belong to a TS structure. Using this observation, erroneous decoding events due

to a given TS can be triggered by biasing the noise components corresponding to the

VNs of this TS. An unbiased estimate of the rate of decoding failure is subsequently

obtained by weighting the errors simulated by the biased distribution.

A TS spans a particular subgraph in the Tanner graph that describes the given

LDPC code. The structure of such subgraphs can be used to classify various types of

TSs, see e.g., [37, 40,42,66–68]. Among these structures is the elementary TS (ETS)

one [37], which comprises CNs with at most two edges, i.e., with degree less than

or equal to 2. In AWGN channels, such ETSs are considered to be the main cause

of failure of the message passing algorithm in the high SNR regime (where the EF

occurs) [38–40]. For a given LDPC code, we will use the approach proposed in [40,42]

to obtain an exhaustive set of all its ETSs.

Based on the premise that the EF of a given LDPC code is an artifact of its

underling TS structures, several approaches have evolved to use the IS technique
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and variations thereof to efficiently predict these EFs for various channel conditions

and TS structures, see e.g., [29, 69–75]. For instance, in [69] an AWGN channel is

considered and a method for identifying the error boundary of the decoder for a

given TS is proposed. This boundary is subsequently used to evaluate the EF by

invoking the IS technique. An approach similar to the one in [69] has been proposed

in [74] but for the case in which the channel is Rayleigh fading. Other applications

of IS for evaluating the EF of the LDPC codes in AWGN channels are based on

shifting the mean of the noise distribution to induce more frequent errors in the TSs

without considering a deterministic error boundary, e.g., [29, 73, 75]. In addition to

AWGN channels, this approach is also adopted to evaluate the EF performance of

the LDPC codes for other channel models, e.g., the partial response channel [70],

and the magnetic recording channel [71]. The application of IS scheme has also been

extended to the case of non-binary LDPC codes in [76].

Apart from [72], the majority of existing work in the area of EF estimation based

on IS application to TS structures has focused on the case of BPSK signalling. How-

ever, future communication systems are likely to rely on coded modulation schemes

wherein an FEC, e.g., an LDPC code is combined with higher order modulation

schemes. Unfortunately, such LDPC-CMSs with higher order modulation are not

amenable to the EF prediction methods developed for BPSK signalling [69, 73,75].

Towards predicting bounds on the EF of LDPC-CMS, in [72] the method proposed

in [25] is extended to a system with M−PAM signalling. In this method, bounding

the EF relies on using MC simulation to identify the so-called “stable TSs”. By

construction, such a search is not conclusive: it relies on simulating random events

that are not guaranteed to occur over any finite number of simulation trials. This

drawback becomes more pronounced as the number of stable TSs in the code becomes

larger. In such a case, considerably more block errors must be observed in order for

the majority of TSs to be detected. The complexity inherent in the approaches in [25]

and [72] is further compounded when the modulation scheme is non-binary. In such a

case, assuming that performance is invariant to the choice of the transmitted codeword

is invalid. Hence, using the methods in [25] and [72] to bound the EF in the case

of non-binary modulation requires individual codewords, or distinct representatives

thereof, to be considered, rather than just the all-zero codeword. This approach
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is useful in finding lower bounds on the EF when the number of TSs is relatively

low. However, it suffers from a major weakness: this approach is computationally

prohibitive when the number of TSs is large. For instance, for a relatively short

length-100 LDPC code, the number of TSs can be in the order of hundreds and the

number of possible codewords can be in the order of nonillions (1030)! In such a case,

using the approach in [72] to obtain a tight lower bounds that take into consideration

the impact of all TSs that contribute to the EF is practically infeasible.

In this work, we develop a novel EF estimation technique analogous to the tech-

nique developed in [29] for BPSK but for higher-order LDPC-CMSs. The new tech-

nique is computationally efficient and hence enables the assessment of general LDPC-

CMSs in the EF region; a task which was practically infeasible using existing tech-

niques, e.g., the one in [72]. To achieve this goal for a given LDPC code, we use the

approach in [40] and [42] to identify all the ETSs of a particular size. This approach

relies on the graphical characterization of the TSs to find an exhaustive collection of

ETSs without invoking any simulations. Hence, this approach offers the potential of

alleviating one of the key pitfalls of the method proposed in [72]. However, direct ap-

plication of the approach in [40] and [42] may result in a prohibitively large number of

TSs, resulting in excessive computational burden in estimating the EF especially for

large code lengths. To circumvent this difficulty, we propose a categorization scheme

whereby the TSs that are likely to have a higher impact on performance are identified.

These sets will be referred to as potentially dominant TSs (PDTSs). Subsequently,

we define an equivalence class whereby each class corresponds to TSs that map to

the same bit position in the constellation. This classification can be readily applied

to high-order modulation schemes and subsumes the method developed in [29] for

BPSK constellation as a special case. For each equivalence class, we choose a rep-

resentative PDTS on which we apply an IS framework to obtain the corresponding

error rate performance. An estimate of the error rate performance of the entire equiv-

alence class is obtained by scaling the error rate performance of the representative

by the cardinality of the equivalence class. Applying this approach to all equivalence

classes of a particular class yields an estimate of the error performance of the TSs of

that class. An estimate of the overall error rate performance is obtained by adding

the contribution of all the considered TS sizes. From this discussion, it can be seen
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that the proposed technique effects substantial computational savings by distilling

the TSs in three successive steps. In the first step, the graphical approach in [40]

and [42] is used to identify the TSs instead of the MC-based approach used in [72].

In the second step, PDTSs within all the TSs of a particular size are identified using

a novel analytical approach. Finally, in the last step members of each PDTS group

are categorized into equivalence classes using a generalized version of the approach

developed in [29] for BPSK constellations. We notice that the computational burden

of extracting and distilling the TSs depends merely on the constellation size and the

code structure, but not on the SNR.

Applying the IS method used in [29,73] directly to non-binary signalling scenarios

seems difficult. In particular, in non-binary signalling, the LLR of bits within a given

symbol are not statistically independent. Hence, to alleviate this difficulty, we modify

the method in [29, 73] to make it applicable in non-binary signalling. To do so, we

replace the biasing of the LLR that underlies the original IS method in [29,73] with the

biasing of the received signal. This change not only facilitates the biasing procedure of

the IS technique, which otherwise appears to be a daunting task, but also removes the

requirement of deriving and evaluating the typically intricate LLR PDF [77]. For Gray

labeled constellations, we develop an algorithm that makes use of the constellation

geometry to determine a range of mean shift (MS) values that ensures appropriate

biasing of the received signals pertaining to a given TS. For a given TS, the range of

MS values is a variable that is determined based on the transmitted codeword. This

is in contrast with the standard approach in BPSK signalling wherein the all-zero

codeword is assumed and the range of MS values is fixed [29, 73]. We notice that

the computational complexity of determining the MS values and the IS technique

depend only on the constellation size and the code structure, but not on the SNR.

Numerical simulations show that the proposed framework is capable of estimating the

EF of higher-order LDPC-CMSs orders of magnitude faster than MC simulations. In

particular, whereas the complexity of the proposed approach for estimating the error

rate performance is independent of the operating SNR, that of the MC scheme grows

exponentially with the SNR, rendering our approach more attractive in the high SNR

regime.

This chapter is organized as follows. In Section 4.1, we describe the IS technique
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and its application in the EF estimation of LDPC codes with BPSK signalling. Sec-

tion 4.2 contains the main contribution of this work. In particular, in this section,

we develop a novel IS technique based on the one in Section 4.1 to estimate the FER

of high order LDPC-CMSs with PAM signalling. Furthermore, in this Section, we

develop algorithms for efficient extraction of the PDTSs and for identifying the corre-

sponding equivalence classes. Section 4.4 summarizes the steps required to implement

the proposed EF estimation scheme and in Section 4.5 we provide numerical results

and comparisons.

We use standard notation throughout. Boldface lower and upper case letters

are used to represent deterministic and random vectors, respectively. Regular face

lower and upper case letters are used to represent deterministic scalars and random

variables, respectively. A random variable X will be declared Gaussian with mean

µX and variance σ2
X by writing X ∼ N (µX , σ

2
X).

4.1 Application of MC and IS Schemes for FER

Estimation in LDPC Codes

In this section, we begin by briefly reviewing the application of the IS scheme in

evaluating the FER of LDPC codes [28]. We then show how this scheme can be

used to estimate the EF in LDPC-coded systems with BPSK modulation [29, 73].

This description will be later used to establish our methodology for higher order

modulation in Sections 4.2.

The input of the LDPC decoder is a length-N random vector, L, containing the

channel LLRs, i.e., the LLR values corresponding to the received bits. We denote

the PDF of the channel LLRs by fL(l), which depends on the channel model and the

constellation symbols to which the transmitted bits are mapped [77]. Practical LDPC

decoders use either the sum-product (SP) algorithm or an approximation thereof

known as the min-sum algorithm [26]. In the SP algorithm, the channel LLRs are

used as a priori information about the received bits being decoded. This information

is used to synthesize the LLRs at each VN and CN. These LLRs are iteratively

updated following a message-passing fashion; see [26] for details on the SP algorithm.
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At the end of each iteration, the decoder updates the LLRs of all VNs and makes

a tentative hard decision on the received bits. Should this decision lead to a binary

vector satisfying all the check equations, the decoder is declared to have converged

to a valid codeword and decoding stops. If a valid codeword is not found after a

prescribed number of decoding attempts, decoding is declared to have failed. We will

denote the probability that the decoder fails by

PE =

∫
l∈LE

fL(l)dl

= EL {ILE(l)}

= Pr {L ∈ LE}, (4.1)

where LE denotes the error region containing all N -tuple LLRs which cause the

decoder to fail, EX {·} denotes the expectation with respect to the random variable

X, and ILE(l) denotes the indicator function, whereby ILE(l) = 1 if l ∈ LE and zero

otherwise. To estimates PE two main methods are available, one is based on MC

simulation and the other is based on IS.

The MC simulation estimates PE by approximating the expectation EL {ILE(l)}
using a finite number of trials, NMC . In each trial the channel LLRs contained in

the random vector L are fed to the decoder and the MC estimate of PE, denoted by

PMC
E , is updated depending on whether decoding fails or succeeds. In particular,

PMC
E =

1

NMC

NMC∑
i=1

I(i)
LE

(l). (4.2)

Estimating PE using MC simulations is computationally intensive. To avoid this

cost, an estimation technique based on IS can be used. In this technique, the channel

LLRs are chosen from a biased distribution, rather than the original LLR distribution

implicitly invoked in the MC-based technique. The biased distribution used in IS

controls the probability with which the decoder fails. To do so, let fΛ(λ) be the joint

PDF of the channel LLRs when the noise distribution is biased, e.g., by shifting its

mean. It is worth noting that shifting the mean is not the only method to bias the

noise distribution. Alternative biasing mechanisms exist in the literature, e.g., biasing
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the variance of noise [73]. The choice of the biasing method depends on the underlying

application. In this work, we consider an AWGN channel model, and shifting the

mean of the noise distribution facilitates the effective biasing of the received signals

and the corresponding LLRs. We note that biasing the noise distribution does not

affect the error region, LE. This is because this region depends solely on the structure

of the LDPC code and its decoder, but not on the input thereto. However, biasing

the noise distribution results in a biased estimate of PE. Hence, to obtain an unbiased

estimate, the IS scheme introduces a weighting function w(λ) in its formulation as

follows:

PE =

∫
λ∈LE

w(λ)fΛ(λ)dλ = EΛ {w(λ)ILE(λ)} . (4.3)

The LLRs can be readily expressed in terms of the received signals, which we denote

by R. In particular, each entry of the (random) received vector R yields m LLRs,

The (k−1)m+l-th entry of Λ, which corresponds to the l-th LLR of the k-th received

signal, Rk, can be approximated by [34]:

Λ(k−1)m+l ≈
1

2σ2
n

{
min
s∈A−l

|Rk − s|2−min
s∈A+l

|Rk − s|2
}
, l ∈ {1, . . . ,m}, k ∈ {1, . . . , Ns},

(4.4)

where Rk is the k-th entry of the random vector R and A+l is the set of constellation

symbols with bl = 0 and A−l is the set of constellation symbols with bl = 1; both sets

have identical cardinalities. Using this observation, it can be seen that the integration

in (4.3) can be expressed in terms of the joint PDF of R, fR(r). This will be useful

in deriving the IS scheme for the case of PAM signalling in Section 4.2. However, for

BPSK signalling is suffices to use the expression in (4.3). From (4.3), it can be seen

that, to ensure that PE is identical to the PE expression in (4.1), we must have

w(λ) =
fL(λ)

fΛ(λ)
. (4.5)

To obtain an estimate of EΛ {w(λ)ILE(λ)}, the IS algorithm performs NIS trials,

which yield an approximate estimate of PE, which we denote by

P IS
E =

1

NIS

NIS∑
i=1

w(i)(λ)I(i)
LE

(λ). (4.6)
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Since E
{
P IS
E

}
= PE, the IS estimator is unbiased. For the case of PAM signalling,

we will find it convenient to use an analogous derivation based on the received signals

R rather than the respective LLRs, Λ.

4.1.1 Comparison Between MC and IS Schemes

We now compare the reliability and computation efficiency of the MC and IS schemes.

Reliability Comparison

To compare the reliability of the MC and IS estimators, we consider the variance of

normalized estimation error [73]. In particular, for the MC scheme, the variance of

the normalized error of the estimator in (4.2) is

γMC =
var
{
PMC
E

}
P 2
E

=
1

P 2
EN

2
MC

NMC∑
i=1

var
{
I(i)
LE

(l)
}

=
1

P 2
EN

2
MC

NMC∑
i=1

(PE − P 2
E) (4.7)

=
1

NMC

( 1

PE
− 1
)
, (4.8)

where var{·} denotes statistical variance and, to arrive at (4.7), we used the fact that

var
{
I(i)
LE

(l)
}

= PE − P 2
E.

Analogous to the MC scheme, for the IS scheme, the variance of the normalized

error of the estimator in (4.6) can be readily seen to be given by

γIS =
var
{
P IS
E

}
P 2
E

=
1

NIS

EΛ
{(
w(i)(λ)I(i)

LE
(λ)
)2
}

P 2
E

− 1

 . (4.9)

To calculate γMC and γIS, we note that neither PE nor EΛ
{(
w(i)(λ)I(i)

LE
(λ)
)2
}

is known and hence must be estimated. An estimate of PE can be obtained

from (4.2) and (4.6) for the MC and the IS estimators, respectively, while an es-

timate of EΛ
{(
w(i)(λ)I(i)

LE
(λ)
)2
}

can be obtained as 1
NIS

∑NIS
i=1

(
w(i)(λ)I(i)

LE
(λ)
)2

.

In the forthcoming discussions we will use γMC and γIS with estimated PE and
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EΛ
{(
w(i)(λ)I(i)

LE
(λ)
)2
}

to compare the reliability of the MC and IS schemes.

A Comparison of Computational Efficiency

To compare the computational efficiency of the MC and IS schemes, we consider

the number of trials required by each scheme to achieve the same reliability, i.e.,

γMC = γIS = α. We denote these numbers by NMC(α) and NIS(α) for the MC and

IS schemes, respectively. Using these numbers, the computational gain of IS scheme

over the MC scheme can be expressed as

ηα =
NMC(α)

NIS(α)
. (4.10)

The simulation results reported in Section 4.5 illustrate that ηα is significantly greater

than one, which is indicative of the computational advantage of the IS estimator over

its MC counterpart.

4.1.2 Using IS for EF Estimation of LDPC Codes With

BPSK Signalling

In this section, we describe the application of the IS scheme in estimating the EF of

LDPC codes [73]. This approach, however, is limited to the BPSK modulated systems.

Applying this technique to non-binary, e.g., PAM, signalling requires reformulation

of the IS framework and the underlying biasing mechanism. We will undertake this

task in Sections 4.2 below. Towards estimating the EF of a particular LDPC code,

we will use the assumption in [38, 73, 78] whereby, for a given class of (a, b) ETSs,

the error rate of the decoder is identical for all isomorphic TSs, i.e., TSs that can be

bijectively mapped to each other, for instance by relabelling the CNs and VNs.

Consider a BPSK modulated LDPC coded system. The k-th bit of a length N

codeword, denoted by ck, is mapped to the k-th transmitted constellation point,

denoted by sk. Here, we assume the mapping is expressed as sk = 1 − 2ck, k ∈
{1, . . . , N}. The AWGN channel model is assumed and the samples of noise, W ,

are denoted by {wk}Nk=1, where σ2
W = N0/2. Hence, the k-th received signal can be

expressed as rk = sk + wk and the LLR of the k-th received bit, denoted by the
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random variable Lk, is given by Lk = 4
N0
rk [77]. For a typical LDPC code, the LLRs

of the received bits of a given codeword can be assumed independent and their joint

PDF is fL(l) =
∏N

k=1 fLk(lk) , where fLk(lk) is the PDF of the k-th LLR. Using the

aforementioned expression of the LLRs, it can be readily seen that Lk ∼ N ( 4
N0
sk,

8
N0

).

Since in BPSK modulation, the 0 and 1 bits have identical protection levels, the zero

codeword is assumed to be transmitted without loss of generality. In this case, we

have sk = 1, k ∈ {1, . . . , N}.
To estimate the error rate induced by an (a, b) TS, T(a,b), the IS scheme biases the

LLR vector to prompt the decoder to be trapped in T(a,b). Let ζT(a,b)
be an ordered

set containing the indices of the symbols to which the bits in T(a,b) are mapped. We

note that in BPSK signalling, each bit is mapped to one symbol and hence in this

case ζT(a,b)
contains the labels of the VNs in T(a,b). Later, we will consider non-binary

signalling, in which case the mapping between the entries in ζT(a,b)
and those in T(a,b)

depends on the size of the constellation. In BPSK signalling each received signal

corresponds to one channel LLR; thus, the set ζT(a,b)
contains the indices of the LLRs

that the IS scheme ought to bias. This biasing is performed by shifting the mean of

additive noise samples, wk, k ∈ ζT(a,b)
, to ensure that the sign of the respective LLRs

are reversed with high probability. We will refer to this scheme as mean shift IS (MS-

IS) [73]. We will now review the MS-IS scheme presented in [73] for estimating the

EF of BPSK modulated LDPC codes. We begin by estimating the error rate due to

T(a,b). Subsequently, we will estimate the overall FER by accumulating the error rate

contributions of all TSs.

Let DF denote the event that the decoder fails to converge to a valid codeword

and let Pr(DF ,T(a,b)) be the probability that the DF event occurs due to the decoder

being trapped in T(a,b). In the forthcoming discussion, we will estimate this probability

using the general expression in (4.6).

To obtain an estimate of Pr(DF ,T(a,b)), the IS scheme biases the mean of the

noise samples indexed by the entries of ζT(a,b)
, effectively rendering the correspond-

ing received signal closer to the constellation symbol with the opposite polarity. In

particular, let µk be the MS of the noise sample wk. For convenience, in [73] the

same MS value, µ0, is used for all the noise samples. Since the all-zero codeword is

assumed to be transmitted, sk = 1 for all k and hence the IS scheme uses µ0 < 0.
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Using this MS, the received biased signals can be expressed as rk = 1 + µ0 + wk.

Subsequently, the respective biased LLRs will be the samples of the random variable

Λk, where Λk ∼ N ( 4
N0

(1 + µ0), 8
N0

), k ∈ ζT(a,b)
, while the distribution of rest of the

LLRs remains unchanged. Hence, for k ∈ {1, . . . , N}, we have

Λk =

Lk k 6∈ ζT(a,b)
,

Lk + 4µ0
N0

k ∈ ζT(a,b)
.

(4.11)

Samples of this Λk will be the elements of the vector λ used to calculate the IS weight

function in (4.5). To estimate Pr(DF ,T(a,b)), we use (4.6) with the weight function

computed as follows. Using (4.11), the joint PDF of the N LLRs after biasing can be

derived as

fΛ(λ) =

 ∏
k∈ζT(a,b)

fLk

(
λk −

4µ0

N0

)
 ∏
k∈{1,...,N}\ζT(a,b)

fLk(λk)

 . (4.12)

Substituting from (4.12) in (4.5) yields

w(λ) =
∏

k∈ζT(a,b)

fLk(λk)

fLk

(
λk − 4µ0

N0

) , (4.13)

where λk is a sample from the biased distribution Λk with the value of µ0 < 0

appropriately chosen. (Numerical experiments in [73] suggest µ0 ∈ [−2,−1].) By

using (4.13) in (4.6), the probability Pr(DF ,T(a,b)) can be readily estimated over NIS

trials.

To estimate the FER of the code in the EF region all the ETSs of a given size

should be considered. Let T(a,b) be the set of all (a, b) ETSs. Such ETSs can be

partitioned into disjoint subsets of isomorphic TSs. Let the j-th subset of such TSs be

denoted by T j(a,b) and let the total number of such subsets be Jab. Hence, tJabj=1T
j

(a,b) =

T(a,b). Based on the premise that the FER in the EF region is mainly due to the

decoder is being trapped in the ETSs, the FER in this region can be approximated
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as follows [26]:

Pr(DF) ≈
∑

(a,b)∈B

Pr
(
DF , T(a,b)

)
=
∑

(a,b)∈B

Jab∑
j=1

Pr
(
DF , T j(a,b)

)
, (4.14)

where Pr
(
DF , T(a,b)

)
and Pr

(
DF , T j(a,b)

)
are the probabilities that the decoder

fails because of being trapped in T(a,b) and T j(a,b), respectively. The set B ,
{(a, b)|a, b ∈ N, I(a, b) = 1, a ≤ amax, b ≤ bmax}, where I(a, b) = 1, if the class (a, b)

is considered in the EF estimation and I(a, b) = 0, otherwise. This set contains the

index pairs that characterize all the TSs considered in estimating the EF of the code.

Note that choosing the TS classes in B depends on the LDPC code. In this work,

this set is determined by using MC simulation. In particular, amax and bmax are set

to the largest a and b values that are observed in the early EF stage, respectively. It

is worth mentioning that the error contributions of smaller ETSs, i.e., with smaller

a and b, tend to dominate the EF as the SNR increases [79]. This observation will

be confirmed in Section 4.5. In such a case, increasing amax increases estimation

complexity but without making substantial improvement in the estimation accuracy.

Since the ETS entries in T j(a,b) are isomorphic, the corresponding error rates can

be assumed to be identical [38,73,78] and Pr(DF) in (4.14) can be approximated by

Pr(DF) ≈
∑

(a,b)∈B

Jab∑
j=1

|T j(a,b)|Pr
(
DF ,Tj(a,b)

)
, (4.15)

where |T j(a,b)| is the cardinality of the set T j(a,b), and Tj(a,b) is an arbitrary ETS in that

set. To use MS-IS to estimate Pr
(
DF ,Tj(a,b)

)
, we invoke (4.6) with (4.13) in the IS

scheme described hereinabove.

4.2 EF Estimation of LDPC Codes with PAM sig-

nalling

In this section, we describe our proposed method to estimate the EF of LDPC-CMSs

with PAM signalling. We begin by highlighting the main difficulties encountered in
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estimating the EF in these systems when the underlying signalling is non-binary [72].

To circumvent these difficulties, we develop a novel MS-IS scheme that exploits the

relationship between the constellation point closest to the received signal and the

corresponding channel LLR values. The proposed MS-IS scheme takes the ETSs of

the given LDPC code as its input and yields an estimate of the EF of that code.

For practical codes, the number of ETSs can be computationally prohibitive. Hence,

to reduce the number of ETS candidates, we note that, in contrast with binary

signalling, in the non-binary case, the bits are not equally protected, giving rise to

the so-called unequal error protection property. In fact, the protection of each bit

depends on its BL in the symbol and the location of the symbol in the constellation.

Using this observation, we develop a novel technique for extracting the PDTSs of

the given LDPC code. The philosophy of this techniques is to invoke the structure

and binary labeling of the constellation to rank the TSs based on the likelihood that

they cause the decoding procedure to fail. In particular, in the case of non-binary

constellation, multiplying Pr
(
DF ,Tj(a,b)

)
by |T j(a,b)| as in (4.14) is not valid. This is

because in this case, TSs that are isomorphic may have different protection levels

from the constellation thereby yielding different error rates. Our numerical results

show that the joint application of the two algorithms (PDTS extraction, and MS-IS)

results in computationally efficient estimation of the EF of LDPC-CMSs with PAM

signalling.

4.2.1 Considerations for Evolving From BPSK to PAM Sig-

nalling

In this section, we will highlight the key differences between the estimation of EFs

in LDPC-CMSs with underlying BPSK and PAM signalling. These differences will

be used to infer guidelines that will be instrumental in developing a computationally

efficient technique for estimating the EF for the case of PAM signalling.

Effect of BL on Error Protection

Unlike the case with BPSK signalling, in a PAM-based system the coded bits do not

receive equal protection from the constellation. For instance, referring to Fig. 4.1, we
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Figure 4.1: A Gray mapped 8−PAM constellation.

note that the first bit of s6 is more protected than the second bit. This is because, a

noise sample that places the received signal corresponding to s6 in the vicinity of s4

will result in an LLR with the same sign for the first bit, but with a reversed sign for

the second one. An analogous argument applies to the first and third bits in s6 and

s7, respectively. This observation implies that, in contrast with the case of BPSK

signalling, in the PAM case, the error rate generated by two isomorphic TSs with the

same size are not necessarily equal, since the indices of the VNs in such TSs may

correspond to different BLs and hence different error protection levels.

Example 2 For the MacKay (1008, 504) LDPC code [62], the (4, 2) TS class is

known to be dominant [40]. Two such TSs are T1 with VNs {139, 194, 521, 989} and

T2 with VNs {396, 467, 548, 570}, where T1 and T2 are isomorphic [40]. When this

code is used in an LDPC coded modulation system with 32−PAM signalling, the BLs

in the constellation symbols corresponding to these VNs are given by the ordered sets

πT1 = {4, 4, 1, 4} and πT2 = {1, 2, 3, 5}, respectively. The fact that πT1 6= πT2 implies

that the error rates incurred by T1 and T2 are different. In fact, it is expected that T1

is more dominant than T2 since three of its VNs correspond to bits located at a rela-

tively weak position of BL = 4, in contrast with only one VN of T2 that corresponds

to the weak least significant bits (LSB) position of BL = 5. �

This example highlights the fact that BL sets with non-identical elements do

not necessarily have the same contribution to the EF even though they belong to

isomorphic TSs. Furthermore, the ordering of the elements in the BL sets plays a

role in the error contributions. The following example illustrates this effect.

Example 3 Consider the isomorphic TSs: T1 = {441, 478, 586, 843}, and T2 =

{449, 726, 847, 858} from the class (4, 2) of the MacKay (1008, 504) LDPC code when

16−PAM signalling is used. The corresponding BL sets are πT1 = {1, 2, 2, 3}, and
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Figure 4.2: Error rate of TSs T1 and T2 in Example 3.

πT2 = {1, 2, 3, 2}, respectively. The elements of πT1 and πT1 are identical, but the

ordering of the elements in the two sets are different. In Fig. 4.2, the error rates of

T1 and T2 are estimated using the proposed MS-IS scheme. It is observed that the

error rates of these two isomorphic TSs are different. This difference is attributed to

the non-identical ordering of the BL sets corresponding to T1 and T2. �

Since the TSs with BL sets of different order may have non-identical error rates (cf. Ex-

ample. 3), the order of the BL sets must be included in the categorization of the TSs.

An analogous observation has been made for the case of BPSK in [80].

Effect of Noise Biasing on Channel LLRs

In the BPSK scenario, the derivation of the joint PDF of the LLRs is straightforward

since every symbol carries only one bit and the LLR of one bit is assumed to be

independent of other bits. In contrast, in the PAM scenario, there are m = log2M

bits mapped to each symbol. In this case, the m LLRs corresponding to each received

symbol are dependent [77], and this dependency complicates the derivation of the joint

PDF of the LLRs, and renders the biasing of the LLRs as suggested in Section 4.1.2

a formidable task. To circumvent this difficulty, we note that, notwithstanding the

complications arising from this dependency, the received signals (conditioned on the

transmitted symbol) are statistically independent of each other, and each of these
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signals can be one-to-one mapped to a corresponding set of m LLRs, cf. (4.4). This

observation is key to the development of an MS-IS scheme that is appropriate to use

in the case of PAM signalling.

To apply the MS-IS scheme, the sign of the LLR of the l-th bit if this bit cor-

responds to a VN of the TS must be reversed; if a bit is not connected to a VN of

the TS, its LLR sign must not be reversed. Doing so directly using the joint PDF of

the LLRs in computationally difficult. However, from (4.4) it can be seen that sign

reversal of the LLRs of the l-th bit can be induced by biasing the received signal by

shifting it to lie in the proximity of the closest constellation point in which only the

l-th bit is reversed. For example, a received signal corresponding to s6 in Fig. 4.1

typically lies in the proximity of this symbol in the EF (high SNR) region. Reversing

the LLR value of the LSB can be achieved by shifting the received signal to the prox-

imity of s7. Shifting the received signal to the proximity of s1, s3, or s5 will reverse

not only the LLR of the LSB, but also the LLRs of other bits, which is not desirable.

In Section 4.3, we will elaborate on the appropriate biasing of the received signal to

induce sign reversal on bits corresponding to VNs in the TS under consideration.

Effect of Transmitted Codeword

In the previous section, we showed that the error contribution of isomorphic TSs

may not be identical if their BL sets are not identical. In this section, we will show

that the error contribution of a given TS depends on the particular codewords being

transmitted. To do so, we note that the estimation of the EF in LDPC coded systems

which use BPSK signalling is facilitated by assuming that the all-zero codeword is

always transmitted [27, 29, 73–75]. In particular, fixing the transmitted codeword in

each trial implies that MS values are constant, that is, one MS value is used for

all the trials used to estimate the error rate contribution of a given TS. In contrast

with BPSK modulation, in the case of PAM signalling, the transmitted symbols and

the associated codewords are not equally protected by the constellation. Hence, the

MS value must be adjusted for each transmitted codeword. The following example

illustrates the effect of the transmitted codeword on the protection offered by the

constellation for the VNs of a given TS.
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Example 4 Consider the TS T2 in Example 2 when 8−PAM is used. In this case,

the set of BLs is given by πT2 = {3, 2, 2, 3}. Suppose that two random codewords, C1

and C2, are generated, and the coded bits are grouped in two sets, each set consists

of 336 binary vectors, and each vector is of length 3. Suppose that out of the 336

binary vectors corresponding to C1 and C2, 4 binary vectors contain bits that corre-

spond to the VNs of T2. Let these binary vectors be Π1 = {010, 011, 111, 100} and

Π2 = {010, 000, 100, 110} for C1 and C2, respectively. From Fig. 4.1, the set of symbols

corresponding to Π1 and Π2 are S1 = {s2, s3, s7, s4} and S2 = {s2, s0, s4, s6}, respec-

tively. From these sets, we notice that both have s2 in the first VN. Hence, this VN

has the same protection level in C1 and C2. For the fourth VN, s4 is transmitted for C1

and s6 is transmitted for C2. We note for these symbols, the VN corresponds to BL 3,

i.e., the LSB. Hence, similar to the first VN, the fourth VN has the same protection

level in C1 and C2. We now consider the second VN, which corresponds to BL 2. For

this VN, the symbol s3 is transmitted for C1 and the symbol s0 is transmitted for C2.

From Fig. 4.1, it can be seen that at BL 2, s3 is more protected than s0. A similar

observation applies to the third VN, corresponding to s7 for C1 and s4 for C2. Hence,

it can be seen that, despite the fact that both Π1 and Π2 correspond to πT2, they are

protected differently by the constellation, effectively causing C2 to be more likely to be

trapped in T2 than C1. �

The previous example suggests that the estimation of the EF for LDPC coded

systems with PAM signalling depends on the particular codewords being transmitted.

Hence, assuming that the all-zero codeword is transmitted throughout is not valid

in this case. This further implies that the MS value in the MS-IS scheme must be

adjusted to account for the various levels of error protection offered by each symbol

in the constellation.

We conclude this section with a summary of the considerations that must be

taken into account in order to evolve from estimating the EF in systems based on

BPSK signalling to systems based on PAM signalling. This summary will serve as

our guideline in developing the algorithm proposed in the next section.

1. The contributions of two isomorphic TSs to the EF of the code can be assumed

equal only if they correspond to the same ordered BL sets;
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2. Using the fact that, conditioned on the transmitted symbol, the received sig-

nals are statistically independent, whereas the corresponding LLRs are not,

renders the received signals more convenient in developing the prospective MS-

IS scheme; and

3. The MS values in the MS-IS scheme must be adjusted based on the constellation

size, and the transmitted codeword.

4.3 Proposed MS-IS scheme

In this section, we use the guidelines developed in the previous section to propose

a novel MS-IS scheme for estimating the EF of PAM-based LDPC-CMSs. Towards

that end, we reconsider the summation in (4.14). To begin with, using Item 1 in

Section 4.2.1, we modify the way that ETSs of each class are partitioned. Rather

than considering all the isomorphic structures in one set as in the case of BPSK

signalling, in the case of PAM signalling, the ETSs are identified only if they are

isomorphic and have identical ordered BL sets. Such ETSs form what we refer to as

an “equivalence class”. Doing so yields the following expression for estimating the

rate of decoding failure:

Pr(DF) ≈
∑

(a,b)∈B

Jab∑
j=1

Nab,j∑
t=1

|T j,t(a,b)|Pr
(
DF ,Tj,t(a,b)

)
, (4.16)

where T j,t(a,b) ⊆ T
j

(a,b) is the t-th subset of T j(a,b) =
⋃
t T

j,t
(a,b), and the elements of T j,t(a,b)

have identical ordered BL sets. The TS Tj,t(a,b) is an arbitrary element of the set T j,t(a,b),

and Nab,j is the total number of subsets {T j,t(a,b)} corresponding to distinct BL sets.

We note that to calculate the summation in (4.16), two challenges must be

overcome. First, the probabilities Pr
(
DF ,Tj,t(a,b)

)
must be estimated for each

j ∈ {1, . . . , Jab} and t ∈ {1, . . . , Nab,j}. Second, the cardinalities Jab and Nab,j can

be large, which implies that the evaluation of all the probabilities, Pr
(
DF ,Tj,t(a,b)

)
,

can be computationally prohibitive. In the following, we will describe our proposed

algorithms to alleviate these challenges.
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4.3.1 Formulation of MS-IS for PAM Systems

For ease of exposition, in the forthcoming discussion, we will drop the subscript (a, b)

and the superscript (j, t), i.e., we focus on estimating Pr
(
DF ,T

)
for a given ETS, T.

The development of the desired MS-IS scheme requires two main steps. First, we will

formulate the MS-IS scheme for PAM systems, which includes deriving the biased and

unbiased PDFs of the received signals rather than the LLRs, as per the discussion in

Section 4.2.1, and obtaining a new weight function, the PAM counterpart of (4.13),

which will be subsequently used to obtain an estimate of the probability of decoder

failure. Second, we will provide a methodology for calculating the appropriate MS

values in order to bias the received signal corresponding to every possible transmitted

codeword. This is in contrast with the case of BPSK signalling in which it suffices to

consider the all-zero codeword.

To use (4.6) to estimate Pr(DF ,T) for a PAM-based system, initially, the joint

PDFs of the biased received signals, denoted by Z, and the unbiased received signals,

denoted by R, for a given transmitted codeword must be derived. Note that both

R and Z are deterministic functions of the transmitted codeword and noise. The

joint PDF of R corresponding to a given transmitted codeword, C, is denoted by

fR|C(r) =
∏Ns

k=1 fRk(rk), where Rk ∼ N (sk,
N0

2
) , and Ns is the number of constellation

symbols transmitted per codeword, cf. Section 2.5. In an analogous fashion the joint

PDF of Z corresponding to the transmitted codeword, C, can be expressed as

fZ|C(z) =

(∏
k∈ζT

fRk(zk − µ
v(k)
T )

) ∏
k∈{1,...,Ns}\ζT

fRk(zk)

 , (4.17)

where, as per the definition in Section 4.1.2, ζT = {ζvT}
a
v=1 is the ordered set of indices

of the symbols mapped to VNs in T. We recall that, for BPSK, the sets T and ζT

are identical. However, in higher-order modulation, the set ζT can be obtained from

T by taking into consideration the number of bits per symbol. For instance, consider

T = {396, 467, 548, 570} (as in Example 2) when a 16-PAM constellation is used. In

this case, the number of bits per symbol is 4 and the v-th element of ζT, ζvT is given by

dT(v)
4
e, where T(v) is the v-th element of T. Hence, ζT = {99, 117, 137, 143}. In (4.17),

the v-th element of {µv(k)
T }av=1 is the MS corresponding to the transmitted symbol
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indexed by ζvT, that is k is the v(k)-th element of ζT. For instance, in the foregoing

example, k = 117 corresponds to the second element of ζT and hence v(117) = 2.

Using the biased and unbiased PDFs, it can be readily seen that the weight func-

tion corresponding to C can be expressed as:

wC(z) =
fR|C(z)

fZ|C(z)
=
∏
k∈ζT

fRk(zk)

fRk(zk − µ
v(k)
T )

. (4.18)

Using this expression for the weight function, the IS estimate for Pr(DF ,T) can be

obtained using a formula analogous to (4.6). In particular, by replacing the LLRs

with biased received signals we have:

Pr(DF ,T) = EZ {wC(z(C,W ))IRE(z(C,W ))} (4.19)

≈ 1

NIS

NIS∑
i=1

w
(i)
C (z(C,W ))I(i)

RE
(z(C,W )). (4.20)

In (4.19),RE is the union of allNs-tuple received signals which cause the decoder to be

trapped in T. This region is equivalent to the error region, LE, parameterized by the

LLRs in Section 4.1. The indicator function I(i)
RE

(z(C,W )) = 1 if z(C,W ) ∈ RE and

zero otherwise. We note that w
(i)
C (z) is the weight function corresponding to the i-th

trial, in which the i-th randomly generated codeword, denoted by C, is transmitted.

Analogous to (4.9), the variance of normalized error of estimation yielded by the

IS scheme for all the TSs represented by T, i.e., T j,t(a,b) can be obtained using the weight

function in (4.18) yielding

γIS(T) =
1

NIS

EZ
{(

w
(i)
C (z)I(i)

RE
(z)
)2
}

Pr(DF ,T)2
− 1

 , (4.21)

where in writing (4.21), we have replaced PE in (4.9) with Pr(DF ,T).

4.3.2 Methodology for Calculating the MS Values

In the previous section we provided a formulation for the MS-IS scheme in the case

of PAM signalling. This formulation depends on the MSs, {µv(k)
T }, that must be
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used to compute the biased PDFs corresponding to each TS, T. In this section, we

will propose a methodology for calculating these MSs. We begin by making two

definitions.

Definition 1 (Neighbor Zone) The neighbor zone of a given point s in a constel-

lation Γ, Vs, is given by

Vs =
{
x
∣∣‖x− s‖2 ≤ ‖x− ŝ‖2,∀ŝ 6= s, s, ŝ ∈ Γ

}
.

�

For implementing the MS-IS scheme for a given TS, T , of size a, the symbols to

which the bits, i.e., the VNs, of this TS are mapped must be biased in a particular

way, see Example 4. These bits will be referred to as “target bits”, and to identify

them, let πT be the BL set corresponding to a TS, T (cf. Example 2) and let ST
be the set of symbols corresponding to the VNs of T . The q-th element in πT and

ST are denoted by πqT and sqT , respectively, and the cardinality of both sets is a, i.e.,

|πT | = |ST | = a. Then, we have the following definition.

Definition 2 (Target Bit) The target bit within the m-bits that correspond to the

symbol sqT of the TS T is the πqT -th bit. �

The following example illustrates how the target bits are determined.

Example 5 Consider the TS T2 = {396, 467, 548, 570} of the MacKay (1008, 504)

LDPC code considered in Example 2 when 32-PAM signalling is used. The set of

symbols corresponding to T2 is denoted by ST2 =
{
sqT2
}4

q=1
, which depends on the

transmitted codeword. As in Example 2, the BL set of T2 is given by πT2 = {1, 2, 3, 5},
and hence from Definition 2 the target bits for the elements of ST2 are 1-st bit of s1

T2
,

the 2-nd bit of s2
T2

, the 3-rd bit of s3
T2

, and the 5-th bit of s4
T2

. �

Using Definitions 1 and 2, we now describe our methodology in calculating the MS

vector. We note that the purpose of shifting the mean of noise samples is to bias the

LLRs of the target bits in ST . In particular, consider the symbol sqT ∈ ST , for which

the πqT -th bit is the target bit. We seek an MS value which ensures that the received
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signal corresponding to sqT ∈ ST falls in a region of the constellation where, with high

probability, the two following conditions are met: 1) The sign of the LLR of πqT -th

bit (target bit) is reversed; and 2) the signs of the LLRs of other m − 1 bits remain

unchanged. To satisfy these two constraints, we note that in an AWGN channel the

probability of receiving a transmitted symbol in its neighbor zone is highest compared

to any other location on the constellation. We use this observation to obtain the MS

value which satisfies the aforementioned conditions when biasing the signals.

In particular, let the length-m vector corresponding to the bits mapped to symbol

sqT be denoted by bsqT . To bias the transmitted symbol, sqT , so that the target bit is

reversed whilst the remaining (m−1) remain unchanged, we flip the πqT -th bit of bsqT ,

which yields a new vector b̄sqT . This new vector corresponds to a unique constellation

point, s̄qT . Hence, the desired MS causes the mean of the received signal to be equal

to s̄qT rather than sqT . This implies that, for every transmitted symbol in ST , sqT , the

mean of the corresponding noise sample must be set to s̄qT − s
q
T . That is, the MS of

the noise sample corresponding to transmitted symbol sqT is given by

µqsT = s̄qT − s
q
T , ∀sqT ∈ ST . (4.22)

It is worth noting that the MS in (4.22) is not unique since any MS that causes

the received signal to fall within the neighboring zone of s̄qT meets the aforementioned

conditions. Hence, the MS value can be fine-tuned for more efficient implementation.

In particular, the MS calculated in (4.22) can be reduced by ν̂, where 0 < ν̂ ≤ d/2,

and d is the minimum distance of the constellation. The constraint 0 < ν̂ ≤ d/2

aims at keeping the biased received signals within the neighbor zone of s̄qT with high

probability. Reducing µqsT by ν̂ makes the value of the unbiased PDF at the received

signal larger, which in turn increases the weight function value. To elaborate, note

that to calculate the weight function, we need to replace the biased received signal

in the biased and unbiased PDFs. Reducing µqsT by ν̂ moves the mean of the noise

toward the unbiased symbol. The unbiased PDF is Gaussian with mean sqT ; thus, the

term ν̂ results in the samples of the biased distribution become closer to the mean of

unbiased PDF, sqT , and consequently increases the unbiased PDF value at the biased

received signal. It should be noted that the parameter ν̂ does not affect the biased
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PDF value. For a given LDPC code and a given constellation size, the optimal value

of ν̂ can be obtained empirically by running the simulation for different ν̂ values.

For a given PAM constellation size, and for a given TS, the proposed methodology

of MS calculation is summarized in the following algorithm.

Algorithm 1 Calculating the MS Values of the Noise Samples for the Symbols
Corresponding to a Given TS.

Input: TS (T ), # of bits per symbol (m), set of symbols to which the VNs of the

TS are mapped
(
ST = {svT}

a
v=1

)
.

Output: Vector of MSs, µST =
[
µs1T , . . . , . . . , µs

a
T

]
1: for v = 1 to a do

2: Obtain bsvT , the vector of BLs corresponding to svT , i.e., bsvT =

[bv1, . . . , bvρ, . . . , bvm].

3: Let bvρ be the target bit for the symbol svT , cf. Definition 2.

4: Let b̄vρ = bvρ ⊕ 1, where ⊕ shows the modulo 2 addition operator.

5: Replace bvρ with b̄vρ in bsvT to form b̄svT =
[
bv1, . . . , b̄vρ, . . . , bvm

]
.

6: Find the constellation symbol, s̄vT , to which b̄svT is mapped.

7: Set µsvT = s̄vT − svT .

8: end for

4.3.3 Identifying the PDTSs out of the Nab,j Partitions of T j
(a,b)

In Section 4.3.1, we presented the proposed MS-IS scheme to estimate Pr(DF ,Tj,t(a,b)),

i.e., the error rate contribution of an arbitrary TS, Tj,t(a,b), in the PAM-based LDPC-

CMS. Our goal now is to use (4.16) to obtain an estimate of Pr(DF). However, direct

computation of the right hand side of (4.16) is costly and unfortunately grows with

the size of the constellation and the length of the code. To alleviate this difficulty,

we note that the total number of times that Pr(DF ,Tj,t(a,b)) is estimated in (4.16) is

determined by the following three parameters: 1) the number of TS classes considered

in the summation, i.e., |B|, 2) the number of isomorphic subsets within a given (a, b)

class, i.e., Jab, and 3) the number of subsets with identical BLs within each isomorphic

set, i.e., Nab,j.

The first two parameters, i.e., |B| and Jab, depend solely on the code and are
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otherwise invariant to the size of the underlying constellation. In contrast, the third

parameter, i.e., Nab,j, depends on the size of the constellation through the number of

bits that are mapped to each symbol. Hence, one way to reduce the computational

burden of estimating Pr(DF) is to find a technique whereby the subsets with identical

BLs within each isomorphic set that make negligible contributions to the summation

in (4.16) are eliminated from the computation. This approach reduces the upper

limit of the innermost summation in (4.16) from Nab,j to a smaller integer, which

subsequently results in a significant reduction in the overall computation.

To identify the BL sets with negligible contribution to the summation (4.16), we

will establish a relationship between the probability of decoding failure, Pr(DF ,T),

and the BL set of the TS T. This relationship will enable us to identify the most

influential BL sets. Towards that end, let πT be the BL set corresponding to T.

Using (4.20), the probability of decoding failure can be written as:

Pr(DF ,T) =
1

NIS

NIS∑
i=1

w
(i)
C (z)I(i)

RE
(z)

≈ 1

NIS

NIS∑
i=1

w
(i)
C (z). (4.23)

In (4.23), we assume that biasing the mean will almost surely cause the decoding

failure, i.e., I(i)
RE

(z) = 1. For the weight function in (4.23) we note that:

wC(z) = exp

[
1

N0

∑
k∈ζT

(zk − µv(k)
T − sv(k)

T )2 − (zk − sv(k)
T )2

]

= exp

[
1

N0

∑
k∈ζT

w2
k − (wk + µ

v(k)
T )2

]
(4.24)

= exp

[
1

N0

∑
k∈ζT

w2
k − (wk + s̄

v(k)
T − sv(k)

T )2

]
, (4.25)

where in writing (4.24) we used the fact that zk = s
v(k)
T + wk + µ

v(k)
T and (4.25) is

obtained by substituting for µ
v(k)
T from (4.22). To obtain an estimate of

∑NIS
i=1 w

(i)
C (z),

we will invoke two approximations. In the first approximation, we consider the case
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of high SNRs, which will enable us to compare weights based on the distance between

points in the constellation. In the second approximation, we neglect the impact of

the weights that make negligible contribution to the computation of Pr(DF ,T).

For the first approximation, we partition the NIS weights in the summation

in (4.23) into two categories. The first category includes the weights in which the

symbols s
v(k)
T and s̄

v(k)
T have the least Euclidean distance.

We denote the number of such weights by N̂T. The second category includes the

remaining NIS − N̂T weights. Using this categorization we have:

NIS∑
i=1

w
(i)
C (z) =

N̂T∑
i=1

w
(i)
C (ẑ) +

NIS∑
i=N̂T+1

w
(i)
C (z), (4.26)

where ẑ , {z|s̄v(k)
T = arg mins |sv(k)

T − s̄v(k)
T |,∀k ∈ ζT}. Since the least Euclidean

distance between two constellation points is constant, at high SNRs, the noise wk

in (4.25) becomes negligible and w
(i)
C (ẑ) ≈ exp

(
−ad2
N0

)
, where d is the minimum Eu-

clidean distance between points in the constellation. Using this observation, the

summation in (4.26) can be approximated by

NIS∑
i=1

w
(i)
C (z) ≈ N̂T exp

(−ad2

N0

)
+

NIS∑
i=N̂T+1

w
(i)
C (z). (4.27)

For the second approximation, we note that because w
(i)
C (z) in the second summa-

tion correspond to distances between constellation symbols that are strictly greater

than d, and since the exponent in the expression of w
(i)
C (z) in (4.25) depends quadrat-

ically on this distance, we have that, at high SNRs, w
(i)
C (z) � exp

(
−ad2
N0

)
. Hence,

we conclude that the contribution of the second summation is negligible in comput-

ing the left hand side of (4.27). Using this approximation and by combining (4.27)

and (4.23) we have:

Pr(DF ,T) ≈ N̂T

NIS

exp
(−ad2

N0

)
. (4.28)

From (4.28), it is implied that the transmitted codewords corresponding to the symbol

pairs (s
v(k)
T , s̄

v(k)
T ) such that |sv(k)

T − s̄v(k)
T | = d make a significant contribution to the

EF. To identify these codewords from the rest of the codewords, we let b(s) be the



CHAPTER 4. ERROR FLOOR ESTIMATION OF PAM-BASED LDPC-CMS 75

m-dimensional binary vector corresponding to the symbol s, and let the i-th element

of b(s) be denoted by b(s)(i) and b(s) is mapped to constellation symbol s. Using this

notation, we make the following definitions for a given TS, T, with a corresponding

BL set, πT.

Definition 3 (Weak Symbol at the πkT-th BL) The symbol s is defined as a weak

symbol at the πkT-th BL if there exists an adjacent symbol to s, denoted by s̄, such that

b(s)(πkT) = b(s̄)(πkT)⊕ 1 and b(s)(i) = b(s̄)(i), ∀i 6= πkT. �

Using this definition, we can characterize the codewords for which all the symbols

corresponding to T are weak in the positions given in the corresponding BL set. We

refer to such codewords as [T-weak], which are formally defined as follows.

Definition 4 (T-Weak Codewords) A T-weak codeword is defined as the codeword

for which all the elements in ST are weak at the BLs corresponding to T, i.e., they

are weak at the BLs determined by the elements of πT. �

From this definition, it can be seen that the N̂T in (4.28) is precisely the number

of T-weak codewords among NIS codewords considered. Hence, the fraction N̂T

NIS
can

be interpreted as the probability of having N̂T T-weak codewords in the NIS trials.

Using this observation, (4.28) can be expressed as follows:

Pr(DF ,T) ≈ Pr
(
T-weak codeword

)
exp
(−ad2

N0

)
. (4.29)

From (4.29), it is observed that the probability of decoding failure is proportional

to both Pr
(
T-weak codeword

)
and exp

(
−ad2
N0

)
. However, the second term depends

solely on the minimum distance of the constellation, but not on the BL sets. In

contrast, we will show that the first term, i.e., Pr
(
T-weak codeword

)
, is intimately

related to the BL sets. In particular, in Appendix B.1 we prove that

Pr
(
T-weak codeword

)
=

a∏
i=1

2(πiT−m), (4.30)

whence we have

Pr(DF ,T) ≈ exp
(−ad2

N0

) a∏
i=1

2(πiT−m), (4.31)
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which establishes the connection between Pr(DF ,T) and the structure of the BL set

corresponding to T. Using (4.31) enables us to obtain the relative contribution of

different BL sets and to decide whether a BL set is included in the EF estimation or

it is ignored. To clarify this comparison further, we provide the following example.

Example 6 We estimate the error rate corresponding to a TS class (6, 2) when

32−PAM signalling is used. The TSs are partitioned in different BL sets. Ac-

cording to (4.31) for the BL set, πT, represented by T we have 2−24 exp
(
−ad2
N0

)
≤

Pr(DF ,T) ≤ exp
(
−ad2
N0

)
. More specifically, consider two BL sets πT1 and πT2 with

Pr (T1-weak codeword) = 2−18 and Pr (T2-weak codeword) = 2−8. For the TSs be-

longing to πT1 and πT2, using (4.31) yields Pr(DF ,T2) = 210 × Pr(DF ,T1). In this

case, the BL set πT1 and all the corresponding TSs are removed from the innermost

summation in (4.16) since their contribution is negligible. �

We note that derivation of (4.31) invokes several approximations, which renders it

rather crude for obtaining an estimate of the error floor. However, this equation

provides valuable guidance in choosing the TSs that are likely to make significant

contribution to the EF.

4.3.4 Summary of the PDTS Extraction Technique

In this section, we use the analysis in Section 4.3.3 to present our PDTS extraction

technique. In particular, to extract the most influential BL sets, we consider the

class (a, b) TS and the j-th isomorphic subset in (4.16). We then use (4.30) to calcu-

late Pr
(
T-weak codeword

)
for all the BL sets involved in the innermost summation

in (4.16), i.e., Nab,j BL sets. To compare all the BL sets collectively, these probabilities

are normalized with respect to their maximum value. By comparing the normalized

probability with a prescribed threshold, which we denote by βth
T , we choose the BL

sets that are considered in the calculation. In particular, any BL set for which the

normalized probability of TS to be T-weak falls below this threshold is discarded. A

summary of this technique is presented in Algorithm 2 below.
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Algorithm 2 PDTS extraction technique.

Input: Set of all the TSs under study T j(a,b), Number of TS VNs a, Constellation size

2m, PDTS extraction design threshold corresponding to T j(a,b), βth
T j
(a,b)

.

Output: Set of extracted PDTSs T̂ j(a,b), Number of extracted BL sets N̂ab,j.

1: Find the BL sets for all the TSs in T j(a,b).
2: Let T j(a,b) = ∪Nab,jt=1 T

j,t
(a,b) where all the TSs in T j,t(a,b) have the same BL set.

3: For every t ∈ {1, . . . , Nab,j}, define Pt , Pr
(
T-weak codeword

)
where T is an

arbitrary TS in T j,t(a,b).

4: Use (4.30) to calculate Pt, ∀t ∈ {1, . . . , Nab,j}.
5: Define PTmax , max

t
Pt.

6: Let βt = Pt
PTmax

,∀t ∈ {1, . . . , Nab,j}.
7: Let t̂ = 0.

8: for t = 1 to Nab,j do,

9: if βt > βth
T j
(a,b)

then,

10: t̂+ 1→ t̂.

11: Let T̂ j,t̂(a,b) = T j,t(a,b).

12: end if

13: end for

14: Let N̂ab,j = t̂.

15: Let T̂ j(a,b) =
N̂ab,j⋃
i=1

T̂ j,i(a,b) where the sets T̂ j,i(a,b) are obtained from Step 11.

We choose the threshold, βth
T , empirically, and by making the following two obser-

vations: 1) For a TS class with PTmax (cf. Step 5 in algorithm 2) close to 1, the proba-

bility of a random codeword being weak against the TSs of that class is high. Hence,

in addition to the TSs corresponding to PTmax , other TSs with Pr
(
T-weak codeword

)
less than PTmax have the chance of becoming dominant, and we need to loosen the

selection criterion such that more BL sets are chosen. This is equivalent of selecting a

smaller βth
T , 2) For a TS class with small PTmax (e.g., PTmax < 10−3), all the TSs have

a small chance of becoming dominant. Hence, even the TSs corresponding to PTmax

are, by definition, unlikely to become dominant. Therefore, for BL sets with small

PTmax , we choose large βth
T values, which result in a smaller number of extracted TSs.
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4.4 Summary of Proposed EF Estimation Scheme

In this section, we summarize the steps required for implementing the proposed EF

estimation scheme. In this scheme, the LDPC code, the SNR, the constellation size,

and the reliability threshold of the estimates are considered as inputs. As Step 0,

we perform the following tasks to find all the required TSs, for which the error rate

contribution needs to be estimated by the proposed MS-IS scheme.

1. Use MC simulation to identify the size of involved TSs at the early EF region.

2. Set the parameter amax and bmax to the largest TS class obtained from the

previous step.

3. Form the set B that includes all the TS classes for which the error rate must be

estimated, cf. (4.14).

4. Use the algorithms in [40] and [42] to obtain all the ETSs of each class in B.

For each TS class, (a, b), in B the following steps are carried out to estimate its error

rate contribution. These contributions then are accumulated to estimate the EF.

1. Form T j(a,b) sets: partition the TSs into subsets with the isomorphic elements.

Denote the j-th subset by T j(a,b), cf. (4.15). The number of such subsets is Jab.

2. Form T j,t(a,b) sets: partition the TSs in T j(a,b) into subsets, in which the TSs have

identical BL sets. Denote the t-th subset by T j,t(a,b), cf. (4.16). The number of

such subsets is Nab,j.

3. Apply the PDTS extraction technique described in Section 4.3.3 on the Nab,j

subsets in the previous step to extract N̂ab,j BL sets.

4. Choose an arbitrary representative TS from T j,t(a,b). Denote this TS by T.

5. Generate a random codeword, C.

6. Map the coded bits to constellation symbols and find the subset of symbols

corresponding to T, i.e., ST.

7. Calculate the vector of MS values, µST , cf. Section 4.3.2.
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8. Shift the noise of symbols in ST by MS values in µST .

9. For the transmitted symbols corresponding to C, including the biased ones in ST,

generate the received signals.

10. Decode the received signals and check whether the decoder is trapped in T.

11. Update the estimate of the error rate, Pr(DF ,T), using (4.20) and the param-

eter γIS(T), using (4.21).

12. If γIS(T) is more than the prescribed threshold go to step 5.

13. If t < N̂ab,j, increase t by 1 and go to step 4.

14. If j < Jab, increase j by 1 and go to step 3.

15. Use (4.16) to accumulate all the estimated error rates, Pr(DF ,T), corresponding

to all the (j, t) values, to obtain an estimate of the error rate corresponding to

class (a, b) TSs.

4.5 Simulation Results and Analysis

In this section, we present the simulation results of proposed EF estimation scheme. In

particular, the FER curves corresponding to the conventional MC simulation and the

proposed MS-IS scheme are drawn. We consider Four widely used LDPC codes, i.e.,

the Tanner (155, 64) [81], the MacKay (1008, 504) [62], and two codes from the family

of WiMAX LDPC code, namely WiMAX1 (2016, 1344) and WiMAX2 (1152, 960)

LDPC codes [82]. The first two are regular codes while the third and the fourth codes

are irregular quasi-cyclic (QC) codes with lifting degrees 84 and 48, respectively. We

consider M−PAM signalling, where M = 2m,m ∈ {3, . . . , 7}. The decoder is chosen

to be the conventional min-sum one [83] with the following parameters: the number

of quantization bits is set to 6, the maximum number of iterations is set to 100,

and the clipping (saturation) threshold of quantization for each case is stated on the

corresponding figure’s legend using the notation ‘sat’. The parameter γIS(T) for both

MC and MS-IS schemes is set to 5%.
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To apply the PDTS extraction technique, the threshold βth
T is set to the values

given in Table 4.1 below. These values are found empirically using the following

observation: in our simulations we observed that large PTmax values (cf. Algorithm 2)

require more BL sets and thus smaller thresholds in the estimation. The impact of βth
T

on the performance of proposed MS-IS scheme will be investigated in Section. 4.5.1.

PTmax PTmax ≥ 0.1 0.1 < PTmax ≤ 0.05 0.05 < PTmax ≤ 0.001

βth
T 0.025 0.0375 0.05

PTmax 0.001 < PTmax ≤ 0.0005 0.0005 < PTmax ≤ 0.0001 PTmax < 0.0001

βth
T 0.125 0.1875 0.225

Table 4.1: The empirical values of the threshold βth
T in Algorithm 2

We begin the simulation by estimating the EF of the aforementioned codes using

MC and proposed MS-IS scheme. We relegate the analysis of the results to Sec-

tion. 4.5.1. For the Tanner (155, 64) LDPC code, we have 2 dominant TS classes,

namely (8, 2) and (10, 2) [40]. The MC simulation verifies that both classes are present

when the non-binary constellations are used. Thus, we set amax = 10 and bmax = 2.

Figure 4.3 shows the MC and the MS-IS FER estimation results for this code when

the PAM signalling is used. It can be seen that the MS-IS estimation and MC sim-

ulation curves give similar results. This shows that the proposed MS-IS estimation

scheme can effectively estimate the FER in the EF region.

To further verify the effectiveness of the proposed MS-IS scheme, the FER curves

for the MacKay (1008, 504) LDPC code using the MC simulation and the proposed

MS-IS estimation schemes is displayed in Fig. 4.4. The MC simulation at the early

EF region demonstrates that the class (8, 2) is the largest size TS class with non-

negligible FER. Hence, we set amax = 8 and bmax = 2 to estimate the FER we should

consider 3 TS classes, namely (4, 2), (6, 2), and (8, 2). At the SNRs for which the

results for both MC and MS-IS are available, it can be seen that both methods yield

similar FER estimate.

For the WiMAX LDPC codes the FER curves are shown in Figs. 4.5 and 4.6.
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Figure 4.3: The MC (solid-line) and the MS-IS (dashed-line) simulation results for
the Tanner (155, 64) LDPC code with M−PAM signalling.
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Figure 4.4: The MC (solid-line) and the MS-IS (dashed-line) simulation results for
the MacKay (1008, 504) LDPC code with M−PAM signalling.

To select the TS classes for estimating the EF we use MC simulation results. The

choices of amax for each constellation size varies from one another. These TS sizes

are displayed in Tables B.3 and B.4. In the EF estimation of the irregular codes, the

constraint of the isomorphism was removed from the calculations. In other words,

we categorize the TSs in each class according to the BL sets only. This is due to the
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Figure 4.5: The MC (solid-line) and the MS-IS (dashed-line) simulation results for
the WiMAX1 (2016, 1344) LDPC code with M−PAM signalling.

larger number of isomorphic structures in the Tanner graph of the irregular codes

compared to the regular ones. These examples illustrate the effectiveness of proposed

technique for estimating the EF in the case of using irregular LDPC codes with non-

binary signalling. As it is shown in Figs. 4.5 and 4.6, both schemes result in similar

FER curves.

We note that the QC structure of these codes renders them amenable to further

reduction in the computational complexity of estimating the EF. This is because for a

QC-LDPC code, the TSs in one class can be partitioned into subsets such that within

each subset, dividing the indices of VNs of TSs by m results in an identical set of

remainders. Compared to the random codes, this property will decrease the number

of unique BL sets, Nab,j in (4.16), i.e., the number of partitioned TS candidates in

each class.

4.5.1 Discussion and Interpretation of Numerical Results

Figs. 4.3-4.6 attest to the effectiveness of the proposed MS-IS scheme in estimating the

EF of regular and irregular LDPC coded systems with non-binary PAM signalling.
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Figure 4.6: The MC (solid-line) and the MS-IS (dashed-line) simulation results for
the WiMAX2 (1152, 960) LDPC code with M−PAM signalling.

We now investigate the performance of the proposed MS-IS scheme from different

aspects in more detail. To perform this investigation in Table 4.2 we provide detailed

information on the simulation results presented in Fig. 4.3. Although these results

correspond to the Tanner (155, 64) code, similar trends are observed in the case of

other codes including those simulated in Figs. 4.4 and 4.6. The tables corresponding

to the latter figures are shown in Appendix B.2. Five aspects will be considered:

1) the performance of PDTS extraction technique presented in Section. 4.3.3, 2)

the effect of the threshold βthT in Algorithm 2 on the estimation performance, 3)

the comparison of time efficiency between the MC scheme and the proposed MS-IS

scheme, 4) the number of required trials in the MS-IS scheme, and 5) the number of

PDTSs corresponding to a given TS class.

1. Performance of PDTS extraction technique: To illustrate the effect of this tech-

nique, in Table 4.2 we show the numerical value of
∑Jab

j=1

∑N̂ab,j
t= |T̂ j,t(a,b)|, where

N̂ab,j, and T̂ j,t(a,b) are calculated using Algorithm 2. This number is the total num-

ber of TSs that are considered to estimate the error rate contribution of class

(a, b) TSs and is compared to the total number of TSs in that class. Table 4.2

shows that the PDTS extraction technique significantly reduces the number of
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Constellation 8−PAM 16−PAM 32−PAM 64−PAM 128−PAM

SNR values (dB) 12 13 14 14 15 16 19 20 21 24 25 26 27 28 29

TS class (8, 2)

|T(8,2)| = 465

Jab = 1

Number of PDTSs

Error rate contribution (%)

Number of required trials (×106)

70

87 91 90

3.625 3.81 3.85

21

78 91 93

1.135 1.33 1.345

13

73 77 80

4.15 4.65 5.25

16

93 96 95

3.465 3.1 2.67

15

80 82 86

12.5 12.5 11.5

TS class (10, 2)

|T(10,2)| = 1395

Jab = 2

Number of PDTSs

Error rate contribution (%)

Number of required trials (×106)

136

13 9 10

8.21 7.75 7.43

30

22 9 7

3.28 3.22 2.29

25

27 23 20

16.9 17.1 17.2

9

7 4 5

4.315 3.61 3.68

7

20 18 14

2.65 2.65 2.64

Simulation gain - 10 log10 [η] - cf. (4.10) −7.7 −0.2 10.1 −3.4 1.9 10.2 −0.7 6.5 13.9 8.3 15.6 24 0.5 6 12.7

Table 4.2: The number of estimated TSs, the relative contribution of a given TS in
the total estimated FER, and the total number of trials for the estimation of a
TS class are provided for the estimated FERs in Fig. 4.3.

TS candidates. For example for TS class (10, 2), the |T(10,2)| = 1395. Now, for

32−PAM signalling at an SNR of 20 dB and with βthT = 0.025 the correspond-

ing number of PDTSs is 25 and the total number of TSs with non-identical BL

sets is
∑Jab

j=1

∑Nab,j
t= |T j,t(a,b)| = 1171. Hence, the number of TSs considered in our

method is only 2.1% of all the TS within this class.

2. Effect of βthT on the estimation performance: The PDTS extraction technique

is based on a prescribed threshold, βthT , to select the TS candidates for which

the estimation is performed. The value of βthT provides a trade-off between the

estimation accuracy and computational complexity; decreasing βthT improves

estimation accuracy but increases the computational complexity. This trade-off

is illustrated in Fig. 4.7 for the Tanner (155, 64) code with 128−PAM signalling.

In this figure, we consider three values of βthT , namely 0.125, 0.05, and 0. From

this figure it can be observed that by decreasing the value of βthT , the estimation

accuracy is improved. However, this improvement is relatively small. The

marginal difference between the curves corresponding to βthT = 0 and the other

two thresholds show that the PDTS extraction technique precisely selects the

TS candidates that are more prone to errors. In other words, the error rate

contribution of the TSs discarded by the PDTS is negligible.

To compare the computational complexity corresponding to each value of βthT

in Table 4.3 we show the number of PDTSs and the total number of trials to
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Figure 4.7: Effect of βthT on the performance of proposed MS-IS technique is illus-
trated by showing the estimated FER curves corresponding to three threshold
values. The solid line and the dashed line show the FER curves corresponding
to MC and MS-IS schemes, respectively.

estimate the EF that are made in each case at an SNR of 27 dB. The last row

of this table shows the estimated FERs. The FER corresponding to βthT = 0

is the most accurate since it corresponds to the cases when the MS-IS scheme

considers the contributions of all the TSs. In other words, the PDTS scheme

is not used. This table confirms that using the PDTS extraction technique

yields a significant reduction in the number of required trials to estimate the

error rate contributions. For instance, the number of trials corresponding to

βthT = 0.125 (the threshold initially chosen using Table 4.1) is almost 0.03% of

the number of trials corresponding to the case when the PDTS extraction is not

used, i.e., the case of βthT = 0.

3. Comparison between the time efficiency of MC and MS-IS: When MC simulation

is used, the number of required trials for maintaining a constant estimation

variance is inversely proportional to the FER, cf. (4.7), rendering it impractical

for estimating the low FERs. In contrast with the MC simulation, the accuracy

of MS-IS scheme does not depend on the FER.
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βthT = 0.125 βthT = 0.05 βthT = 0

TS Class

(8, 2)

Number of PDTSs

Number of Required Trials (×106)

15

12.5

19

17.8

393

389

TS Class

(10, 2)

Number of PDTSs

Number of Required Trials (×106)

7

2.65

9

3.75

1291

52000

Estimated FER 2.16× 10−6 2.83× 10−6 3.48× 10−6

Table 4.3: The number of PDTSs and the required trials for estimating the EF of
Tanner (155, 64) code at an SNR of 27 dB for 128-PAM signalling is displayed.
Three βthT values are considered.

As the SNR increases and we enter deeper into the EF region, the constant

number of required trials of the MS-IS scheme gives it an important advantage

over its MC counterpart. For example, from Table 4.2, the number of required

trials to estimate the FER of the Tanner code with 32−PAM signalling at

SNRs of 20 dB and 21 dB for the proposed MS-IS scheme is 2.17 × 107 and

2.24× 107, whereas these numbers for the MC scheme are 1.21× 108 and 8.1×
108, respectively. This confirms that the time efficiency of the MS-IS scheme

increases with the SNR.

We note that in comparing the time efficiency of MC and proposed MS-IS

scheme the complexity of initial MC simulation to obtain the required TS

classes, B, is neglected since: 1) such simulation is performed once and the

results are used for all the SNRs that the MS-IS scheme is applied in them.

Hence such complexity is divided among all SNRs, 2) The complexity of MC

simulation at early EF region is commonly much smaller than the one at higher

SNRs. Hence, adding the computational complexity of initial MC simulation

would result in small reduction of achieved simulation gains. In particular, if

the average number of required trials for the initial MC simulation is denoted

by NeMC , the degradation in simulation gain by adding NeMC in the denomi-

nator of (4.10) becomes 10 log10(1 + NeMC

NIS
) dB. As an example, in the case of

Tanner code with 64-PAM signalling we set NeMC = 8.34×105

3
= 2.78×105 where

8.34 × 105 is the number of required trials at the first FER where the errors

are dominated by TSs rather than being random and 3 is the number of SNR

points, in which the MS-IS scheme is applied in Table 4.2. By using Table 4.2
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and the aforementioned formula, the degradation in the simulation gains due to

the initial MC simulation will be 0.15, 0.18, and 0.19 dB for the SNRs 24, 25,

and 26 dB, respectively.

4. Number of required trials in the MS-IS scheme for different constellation sizes:

Although the number of required trials increases with the size of the TS, this

trend is not observed when the size of the constellation increases. In particular,

the number of required trials to estimate the error rate of a given TS class

may increase or decrease with the size of the constellation. This is because the

BL set of a given TS depends on the constellation size, which implies that the

parameters PTmax and βth
T in Algorithm 2 will depend on the constellation size.

The number of required trials to meet the accuracy threshold of the estimation

will be lower for the BL sets with large PTmax (and vice-versa); however, by

increasing the constellation size PTmax may increase or decrease. This non-

monotonic behavior results in the lack of certain trend in the number of required

trials for the MS-IS scheme when the constellation size goes up. For example,

for the case of the Tanner code in Table 4.2, the number of required trials to

estimate the error rate of class (8, 2) is approximately 3.6 × 106 and 1.1 × 106

for the 8−PAM and the 16−PAM, respectively. This is a reduction of almost

60% in the number of required trials.

5. Number of PDTSs corresponding to a given TS class for different constellation

sizes: From Table 4.2 it can be observed that in the majority of cases, for a given

TS class the number of PDTSs decreases as the constellation size increases. To

explain this behavior, we note that as the constellation size increases, the values

of Pr (T-weak codeword) are distributed over a wider range, cf. (4.30). Hence,

the number of BL sets with higher Pr (T-weak codeword) values decreases. For

instance, the number of PDTSs for class (10, 2) TS is 136 for 8−PAM, 30 for

16−PAM, and 7 for 128−PAM.



Chapter 5

Error Floor Estimation of QAM-based

LDPC Coded Modulation Systems

In Chapter 4, we described the proposed scheme for estimating the EF of LDPC-CMSs

using PAM signalling. However, state-of-the-art digital communication systems aim

at exploiting bandwidth efficient signalling schemes. An example of such signalling

schemes is the QAM one, that is widely used in the modern communication systems,

see; e.g., [4–6, 8]. Besides, QAM signalling is the dominant signalling method in the

PtPMRLs [8, 43, 84]. In this chapter, we extend the proposed EF estimation scheme

to LDPC-CMSs using QAM signalling. Furthermore, in this chapter, we describe

a method to obtain the minimum number of required trials in the proposed MS-IS

scheme. We also explain some minor modifications in the proposed MS-IS scheme

for the cases when more than one TS VN is mapped to a given signal constellation.

These points facilitates the time-efficient implementation of the proposed algorithms

in Chapters 4, and 5.

5.1 Required Modifications in the Proposed EF

Estimation Scheme

Towards extending the proposed EF estimation technique to QAM-based LDPC-

CMSs, we will use the fact that a QAM symbol can be decomposed into an in-phase

and a quadrature component, each belonging to a PAM constellation.Hence, we apply

the method proposed in Chapter 4 to the in-phase and the quadrature components

88
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of the received signals independently. Doing so requires modifying the transmit and

receive sides of the system, as we elaborate below

5.1.1 Labelling the BLs

In Chapter 4, we considered Gray-labeled M−PAM constellation with M = 2m sym-

bols. We then assigned a BL of 1 to the MSB and a BL of m to the LSB. The

philosophy of this assignment is that the bits that receive more protection from the

constellation are indexed with lower BLs. To follow a similar labelling scheme in a

QAM constellation of size 22m, we treat the bits corresponding to the in-phase and

the quadrature components independently. Let us assume that s = si+ jsq is a QAM

symbol where si and sq are the in-phase and quadrature components, respectively. To

apply the same BL assignment philosophy as in the PAM case, we label the bits cor-

responding to each component from 1 to m. Hence, while the number of bits mapped

to each QAM symbol is 2m, there are only m BLs involved in our calculations.

5.1.2 Calculating the MS values

In a 22m-QAM system, the noise samples corresponding to the transmitted symbols

are complex values. Hence, the MS values can be added to the real, imaginary, or

both components of the noise samples. To determine which component of a noise

sample needs to be biased, we identify the TS VNs that are connected to the in-

phase components, and those that are connected to the quadrature components of

the transmitted symbols. The TS VNs that are mapped to the in-phase and the

quadrature components are treated as two hypothetical TSs in a PAM system with

constellation size 2m. To elaborate, we will now explain the MS calculation procedure

for a TS of size a in a system using a 22m-QAM constellation.

For a TS, T, of size a, the set of VNs mapped to the in-phase and the quadrature

components of the transmitted symbols are denoted by Ti, and Tq, respectively. Let

|Ti| = ai, and |Tq| = aq, where ai + aq = a. Applying the MS calculation scheme of

Section 4.3.2 to Ti, we obtain ai MS values, {µvTi}
ai
v=1. Using an analogous approach,

we obtain aq MS values, {µvTq}
aq
v=1 corresponding to Tq. We now identify the indices

of the noise samples to which the calculated MS values are added. To do so, we build
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the sets ζTi = {ζvTi}
ai
v=1 and ζTq = {ζvTq}

aq
v=1, as per the definition in Section 4.1.2.

The elements of ζTi determine the indices of the noise samples, which are biased by

adding the corresponding elements from {µvTi}
ai
v=1 to their real part. Similarly, the

noise samples indexed with the elements of ζTq are biased by adding the corresponding

MS values in {µvTq}
aq
v=1 to their imaginary part.

As an illustrative example, consider the TS T = {396, 467, 548, 570} (cf. Exam-

ple 2) when a 64-QAM constellation is used. In this case, Ti = {396, 548, 570},
Tq = {467}, ζTi = {66, 92, 95}, and ζTq = {78}. We consider Ti and an 8-PAM con-

stellation, and use the scheme described in Section 4.3.2, to obtain three MS values,

{µvTi}
3
v=1. Similarly, Tq is used to calculate a single MS value, µ1

Tq
, to be added to

the imaginary part of the noise sample with index 78.

5.1.3 Calculating the weight function

To obtain the weight function in a QAM-based system, the joint PDFs of the biased

and unbiased received signals should be calculated. To do so, we use the following

observation: For a given codeword, C, the joint PDF of the received signals is identical

to the joint PDF of their real and imaginary components. For instance, the joint

PDF of the unbiased received signals fR|C(r) = fRi|C(ri)fRq |C(rq), where fRi|C(ri),

and fRq |C(rq) are the joint PDFs of the real and the imaginary parts of the received

signals, respectively. It can be readily seen that fRi|C(ri) =
∏Ns

k=1 fRi,k(ri,k), where

the subscript i, k denotes the real part of the k-th element, and Ri,k ∼ N (si,k,
N0

2
).

Similarly, fRq |C(rq) =
∏Ns

k=1 fRq,k(rq,k), where the subscript q, k denotes the imaginary

part of the k-th element, and Rq,k ∼ N (sq,k,
N0

2
). The joint PDF of the biased received

signals fZ|C(z) = fZi|C(zi)fZq |C(zq), where fZi|C(zi) is obtained by replacing {µvTi}
ai
v=1,

and ζTi in (4.17). Hence, for fZi|C(zi) we have:

fZi|C(zi) =

∏
k∈ζTi

fRi,k(zi,k − µ
v(k)
Ti

)

 ∏
k∈{1,...,Ns}\ζTi

fRi,k(zi,k)

 . (5.1)
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In a similar fashion, fZq |C(zq) is calculated by replacing {µvTq}
aq
v=1, and ζTq in (4.17)

to obtain fZq |C(zq) as follows:

fZq |C(zq) =

∏
k∈ζTq

fRq,k(zq,k − µ
v(k)
Tq

)

 ∏
k∈{1,...,Ns}\ζTq

fRq,k(zq,k)

 . (5.2)

The weight function in a QAM-based system, is obtained by taking the ratio of

fR|C(r), and fZ|C(z). By using (5.1) and (5.2), we have:

wC(z) =
fRi|C(ri) fRq |C(rq)

fZi|C(zi)fZq |C(zq)
=

∏
k∈ζTi,k

fRi,k(zi,k)

fRi,k(zi,k − µ
v(k)
Ti

)

∏
k∈ζTq

fRq,k(zq,k)

fRq,k(zq,k − µ
v(k)
Tq

)
. (5.3)

To estimate Pr(DF ,T) for an LDPC-CMS using QAM signalling, we use (4.20),

with w
(i)
C (z(C,W )) being calculated from (5.3). The rate of the decoding failure in

the EF region is estimated using (4.16), where T j,t(a,b) and Nab,j are obtained as in

Section 4.3 using the BL sets corresponding to the QAM constellation under consid-

eration.

5.2 Simulation Results

In this section, we apply the proposed EF estimation schemes to the LDPC-CMSs

using QAM signalling. Similar simulation parameters to what were used in Section 4.5

are considered here. Regarding the QAM constellation size, we consider M−QAM

signalling, where M = 22m,m ∈ {2, . . . , 5}.
We begin by the Tanner (155, 64) LDPC code. For this code, we have 2 dominant

TS classes, namely (8, 2) and (10, 2) [40]. The MC simulation verifies that both

classes are present when the QAM constellations are used. Thus, we set amax = 10

and bmax = 2. Figure 5.1 shows the MC and the MS-IS FER estimation results when

the QAM signalling scheme is used. It can be seen that the MS-IS estimation and

the MC simulation curves give similar results. This shows that the proposed MS-IS

estimation scheme can effectively estimate the FER in the EF region.
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Figure 5.1: The MC (solid-line) and the MS-IS (dashed-line) simulation results for
the Tanner (155, 64) LDPC code with M−QAM signalling.
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Figure 5.2: The MC (solid-line) and the MS-IS (dashed-line) simulation results for
the MacKay (1008, 504) LDPC code with M−QAM signalling.

The MC and MS-IS FER estimation results for the QAM-based LDPC-CMS using

MacKay (1008, 504) LDPC code are displayed in Fig. 5.2. The MC simulation at

early EF region demonstrates that the class (8, 2) is the largest size TS class with

non-negligible FER. Hence, we set amax = 8 and bmax = 2 to estimate the FER. Here

we should consider 3 TS classes, namely (4, 2), (6, 2), and (8, 2). It can be seen that

both methods yield similar FER estimate.

For the WiMAX LDPC codes the FER curves are shown in Figs. 5.3 and 5.4
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Figure 5.3: The MC (solid-line) and the MS-IS (dashed-line) simulation results for
the WiMAX1 (2016, 1344) LDPC code with M−QAM signalling.

to illustrate the effectiveness of the proposed technique for estimating the EF when

using the irregular LDPC codes with QAM signalling. From MC simulation at early

EF region, for the WiMAX1 (2016, 1344), we obtain amax = 9 and bmax = 2. By using

these values, we consider 9 TS classes, namely, (8, 1), (9, 1), (3, 2), (4, 2), (5, 2), (6, 2),

(7, 2), (8, 2), and (9, 2) [42], to estimate the EF. For the WiMAX2 (1152, 960) LDPC

code, MC simulation yields amax = 7 and bmax = 2. Hence, 9 TS classes, namely,

(3, 1), (4, 1), (5, 1), (6, 1), (7, 1), (4, 2), (5, 2), (6, 2), and (7, 2) [42], are required to

estimate the EF. The FER results for MC and the proposed MS-IS scheme are shown

in Figs. 5.3, and 5.4, and confirm that both schemes result in similar FER curves.

Similar to the case of LDPC-CMSs using PAM signalling, in the QAM-based LDPC-

CMSs, the computational complexity of estimating the EF can be further reduced by

invoking the QC structure of WiMAX code. The error rate contributions of the TS

classes used in the EF estimation of QAM-based LDPC-CMSs in Figs. 5.1- 5.4 are

displayed in Tables C.1- C.4 in Appendix C.1.
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Figure 5.4: The MC (solid-line) and the MS-IS (dashed-line) simulation results for
the WiMAX2 (1152, 960) LDPC code with M−QAM signalling.

5.3 Discussions on Implementing the Proposed EF

Estimation Algorithm

In Chapter 4 and the first two sections of this chapter, we presented our proposed

EF estimation scheme applicable to LDPC-CMSs using PAM and QAM signalling.

This presentation is sufficient for comprehending the ideas behind our estimation

algorithm, and for implementing the estimation scheme. The purpose of this sec-

tion, however, is to provide further details on the implementation process. By using

the discussions in this section, the interested reader finds the implementation of the

proposed algorithm more convenient. In brief, this section aims at facilitating the

application of the proposed methods and algorithms in practice.

5.3.1 Number of Required Trials

As it was explained in Chapter 4, the number of required trials to estimate the

error rate of a given TS can be determined by setting the reliability threshold. This

approach does not offer any insight about the relative number of required trials for

estimating the error rate of various TSs. This is because one needs to conclude the

estimation process to know the number of required trials. In practice, we may need to

estimate the error rate of a large number of TSs from different classes. To implement

the estimation method more efficiently, it is desirable to have an initial evaluation of
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the number of required trials to estimate the error rate of a given TS. Towards this

end, in the following discussion, we calculate the minimum number of required trials

to estimate the error rate of a given TS. Doing so determines the minimum number

of times that one needs to simulate the transceiver architecture to estimate the error

rate of a given TS.

To calculate the minimum number of required trials to estimate the error rate

of a given TS, we use the probability of T-weak codeword. In the forthcoming dis-

cussion, Pr
(
T-weak codeword

)
is denoted by PWT

for notation brevity. Note that

T-weak codewords result in large weight function values. To obtain a meaningful es-

timate of the error rate, sufficient number of those large weights are required. Besides,

PWT
indicates the probability of generating a large weight for an individual trial. We

note that each trial is equivalent to generating one codeword. We can model the

codeword generation as a sequence of Bernoulli trials, and assume PWT
as the prob-

ability of success. When V codewords are generated, the probability of existing at

least v T-weak codewords among them can be calculated as follows:

P(at least vT-weak codewords among V ) = 1−
(

V

v − 1

)
(PWT

)v−1(1− PWT
)V−v+1.

(5.4)

The goal is to have at least v T-weak codewords, which result in v large value weights.

We consider v and the probability at the LHS of (5.4) as the design parameters. This

will not cause any inaccuracies since the goal is to find an initial value for the required

number of trials and then continuing the experiment until we reach to the reliability

threshold which is set for the estimation. By replacing (4.30) in (5.4) and choosing v

and setting a small number, e.g. 10−15, to the LHS of (5.4), we can numerically solve

(5.4) for V . The calculated V is the minimum number of required codewords such

that v of them are T-weak codewords. This number is denoted by Vmin.

In the above discussion, there is an implicit assumption that for a

T-weak codeword, the parameter I(i)
RE

(z) in (4.20) is equal to one. The importance of

the indicator function lies in the fact that when I(i)
RE

(z) = 0, the weight function value

is irrelevant in the summation (it will be multiplied by 0). By letting I(i)
RE

(z) ≡ 1 we

are assuming after the biasing is carried out, the probability of DF on T is equal to

1. This is not always a valid assumption since there are cases, in which a larger (or
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smaller) size TS appears during the simulation of the target TS. We obviously ignore

those cases (put I(i)
RE

(z) = 0 for those trials). To alleviate this difficulty, we note that

extensive simulation results show that Pr
(
I(i)
RE

(z) = 1
)

is constantly in the vicinity

of 1, and will not become smaller than 0.1 with high probability. To take this point

into consideration, we multiply Vmin by 1

P(I(i)RE
(z)=1)

. Since P(I(i)
RE

(z) = 1) depends

on many parameters and cannot be determined a periori, we consider using a lower

bound, e.g. 0.1. Upon determining the minimum number of the required codewords,

Vmin, we use Algorithm 3 to determine NIS.

Algorithm 3 Finding the number of required trials, NIS, for the estimation of
P(DF ,T).

Input: T - Vmin - γIS(T)

Output: NIS - P(DF ,T)

1: Let Nini = 10Vmin , t = 0

2: Let N0 = Nini and choose Nt such that Nt < Nini for t ≥ 1

3: while γIS < γIS(T) do

4: NIS = t.Nt +Nini

5: Perform Nt trials

6: Update the estimation for the total NIS trials by including the results in (4.20)

7: Let EZ
{(
w(i)(z)I(i)

RE
(z)
)2
}

= 1
NIS

∑NIS
i=1

(
w(i)(z)I(i)

RE
(z)
)2

8: Use (4.21) to estimate γIS

9: t→ t+ 1

10: end while

5.3.2 Multiple TS VNs Mapped to One Constellation Point

Up to now, we assumed no more than one VN of a TS is mapped to a given symbol.

Although valid in the majority of cases, this assumption does not always hold true.

When the LDPC code has short length (e.g., N < 1000), and the modulation size

is large (e.g., when each symbol carries m ≥ 4 bits), the number of cases which vi-

olate the aforementioned assumption becomes non-negligible. Hence, the estimation

scheme should be modified accordingly. In the following, we explain these modifi-

cations. Note that the following modifications are applicable in either of these two
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situations: 1) In a PAM-based system, where more than one VN of a TS is mapped

to a given symbol, and 2) In a QAM-based system, where more than one VN of a TS

is mapped to one or both components of a given symbol.

We begin by modifying the MS calculation. Note that here, the number of symbols

that the TS VNs are mapped to them is not a. Instead, this number reduces to â,

where â < a. This change, initially, reflects on the step 1 in Algorithm 1, where the

loop will go from 1 to â (rather than 1 to a). Furthermore, in Algorithm 1, we modify

the steps 4 and 5. To do so, we denote the number of target bits in symbol svT with

m̂, where 1 < m̂ ≤ m. Also, the vector of bits that are mapped to symbol svT , and

its subset of corresponding m̂ target bits are denoted by bsvT and b̂svT , respectively.

To calculate the MS value corresponding to svT , we make the following changes in

Algorithm 1:

• In Step 4, flip m̂ bits in b̂svT rather than one target bit in bsvT .

• In Step 5, replace m̂ target bits in b̂svT rather than one target bit in bsvT .

Upon calculating the MS vector, the MS values are replaced in the biased PDF. Apart

from the MS values, the only difference in the biased PDF is the number of terms. In

this case, by using the definition in Section 4.1.2, we have ζT = {ζvT}
â
v=1. Hence, there

exist â terms in the multiplication in the left parentheses in (4.17). Same applies to

number of terms in the weight function formula in (4.18), and any formula, which

includes the set ζT.

One characteristic of the cases where there exists more than one target bit in a

symbol is the large MS values. This is because the chances that the target bits are

in the BLs which do not differ in them with the adjacent symbols become higher. In

other words, to locate a symbol that differs from the initial one in all the target bits,

we should move to areas of the constellation far from the immediate neighbors of the

unbiased symbol. The greater the MS becomes the smaller the weight function will

be. The small weight functions result in the relatively smaller estimated values. This

gives that we expect the TS to have a smaller error rates in these cases.



Chapter 6

Conclusion and Future Work

In this thesis, we addressed two problems in the PHY layer of PtPMRLs. These

issues are of great importance in modern microwave backhaul systems. To the best of

author’s knowledge, this work is the first to address these issues in the LDPC-CMSs

used in PtPMRLs. It is worth noting that in addition to the contributions presented

in the previous chapters, we proposed a novel LLR calculation in [34]. This scheme

is integrated into the chipset of one of the PtP backhaul products manufactured by

Huawei Technologies. Hence, the effectiveness of our proposed idea is verified on the

FPGA, ASIC, and the product level. In the following, we briefly summarize the ideas

proposed in this thesis. Subsequently, some ideas for extending the current research

in further directions are provided.

6.1 Thesis Contributions

In Chapter 2 the required background for presenting the thesis as a self-contained

document is provided. This chapter increases the accessibility of the thesis and makes

it readable for wider audiences. PtPMRLs, the concept of PN, PH, the LDPC codes,

and LDPC-CMSs were briefly introduced in Chapter 2.

In Chapter 3, we proposed a two-stage PH mitigation scheme for high order

CMSs in PtPMRLs. The PH is modeled as a sudden change in the phase of the

received signals, which happens at a random location and with a random magnitude.

Using this model, we designed an NP-BHT to detect the PH when the PSAM

PN mitigation scheme is applied. The optimal threshold for detecting the PH was

98
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analytically derived. The proposed PH detection scheme features low computational

complexity and requires no extra pilot overhead. Upon detecting the PH, our

proposed PH correction scheme is triggered. An ML estimator is used to detect

the PH location, and the PH magnitude. The estimated location and magnitude

of PH along with the extrapolated PN from neighboring PSs are used to jointly

remove the PN and the PH from the affected signals. By applying the proposed PH

correction scheme, the number of PH affected signals are significantly reduced and

the imminent decoder failure due to the PH is avoided.

The results in Chapter 3 are presented in the following articles:

• P.Neshaastegaran, M.Jian, ‘DETECTION AND MITIGATION oF OSCIL-

LATOR PHASE HIT’ U.S. Patent Application# 16/811,335.

• P.Neshaastegaran, M.Jian, ‘A Double-Stage Phase Hit Mitigation Scheme

In Microwave Backhaul Links,’ in 2020 IEEE Latin-American Conference on

Communications (LATINCOM), Santo Domingo, 2020

In Chapter 4, we developed a novel EF estimation scheme for high-order LDPC

CMSs using PAM signalling. The proposed method is based on the importance

sampling approach. In particular, an MS-IS scheme is designed to estimate the error

rate contribution of each TS class. We show that; for non-binary signalling, the

contribution of TSs within a given class are different. To exploit this property we

developed a PDTS extraction technique to obtain the list of TSs with non-negligible

contribution in the EF. This technique along with the proposed MS-IS scheme enables

EF estimation of high order LDPC-CMSs that are significantly more time efficient

than existing MC simulation-based schemes.

In Chapter 5, we extended the proposed EF estimation to LDPC-CMSs using

QAM signalling. To do so, we began by modifying the labeling of BLs. Subsequently,

an MS calculation method was proposed for the QAM-based LDPC-CMSs. Finally,

the weight function was re-formulated for these systems. Simulation results confirm

the effectiveness of proposed EF estimation scheme for teh QAM-LDPC coded sys-

tems.

The results in Chapters 4, and 5 are presented in the following article:
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• P. Neshaastegaran, A. H. Banihashemi, and R. H. Gohary, ‘Error

Floor Estimation of High-order LDPC Coded Modulation Systems Us-

ing Importance Sampling,’ in IEEE Transactions on Communications, doi:

10.1109/TCOMM.2021.3057625.

6.2 Future Research Directions

The topics studied in this thesis can be extended in several ways. In the following,

we elaborate on potential extensions.

• As it was mentioned in Chapter 1, it is anticipated that in future mobile com-

munication infrastructure, the access and backhaul layers operate in a joint

manner. This led to the idea of integrated access and backhaul, which is cur-

rently under study for Beyond 5G standardization. In view of such changes,

the backhaul links are anticipated to use multi-carrier modulations, e.g., the

orthogonal frequency division multiplexing (OFDM). PN mitigation in OFDM

systems is a broad research topic which is substantially different from its single-

carrier counterpart. Similarly, the characterization of the RPN in the OFDM

systems is completely different from the single-carrier scenario. Hence, as a

future research direction, the LLR calculation in the presence of RPN can be

studied for OFDM-based systems. Similar studies may be done for the PH

mitigation scheme proposed in Chapter 3. Considering that the proposed PH

mitigation scheme was built upon the PSAM PN mitigation approach, the ex-

tension of PH mitigation to OFDM-based systems will be non-trivial and worth

further investigation.

• Further study of the PH mitigation scheme proposed in Chapter 3 can improve

the detection and correction performance. For instance, the deficiency of the

correction scheme when the hit magnitude is identical to the symmetry angle

of the constellation can be considered as a future research direction.

• The EF estimation proposed in Chapters 4, and 5 is designed for the binary

LDPC codes. The extension of proposed EF estimation to non-binary LDPC
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codes is a daunting task and an interesting research topic. It requires extension

of TS search algorithm to non-binary codes alongside re-formulation of MS-IS

scheme by calculating new MS values and deriving new biased PDFs and weight

functions.

• As it was explained in Chapter 2, the PtPMRLs can be modeled using AWGN

channel. Accordingly, the proposed EF estimation in Chapters 4, and 5, was

developed based on the AWGN channel model. In fact, majority of litera-

ture, which discuss the EF of LDPC codes, assume the channel to be AWGN.

However, in many practical scenarios, e.g., in mobile access layer, or optical

communication links, there exist other influential parameters that affect the

transmitted signals. In these systems, the effective channel cannot be modeled

as AWGN. Extension of EF estimation in the systems that cannot be modeled

by AWGN channel, is an interesting research direction. The complexity of such

extension depends on the alternative channel model. For instance, access layer

of mobile communication is commonly modeled using Rayleigh fading chan-

nel. The presence of fading coefficient adds an extra dimension to the signal

model of LDPC-CMS. In this case, initially, the feasibility of using the MS-IS

as the preferred IS scheme to induce more frequent error events should be ver-

ified. Subsequently, the MS calculation method should be modified based on

the existence of two parameters (fading coefficient and additive noise) rather

than a single parameter considered in this thesis. Moreover, the IS formulation

needs to be modified accordingly. The aforementioned steps require extensive

investigation and analysis, and would make an interesting research topic.

• EF estimation in LDPC-CMSs is closely related to the underlying constellation

and bit labeling. The proposed EF estimation in Chapters 4, and 5 was built

on the assumption of using PAM/QAM constellations that use Gray labeling.

Recently, more sophisticated constellations and labeling schemes are considered

in many practical systems, e.g., circular QAM, amplitude-phase-shift keying,

and non-uniform constellations. In LDPC-CMSs using these alternative con-

stellations and labeling, assessing the EF requires re-visiting the formulation of

proposed EF estimation scheme. Specifically, the MS calculation method should
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be modified to be applicable in these systems. Extending the proposed EF es-

timation to constellations and labeling schemes other than what were discussed

in Chapters 4, and 5, is an interesting research topic for the future.
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Appendix A

A.1 Derivation of (3.3)

For the received signal without PH, we have:

r = sejϕ
PN

+ n (A.1)

Since the pilots are known, we can divide both sides of (A.1) by the deterministic

value, s. We have:
r

s
= ejϕ

PN
+
n

s
(A.2)

Equation (A.2) is depicted in Fig. A.1. From (A.2), the following can be written:

arg
r

s
= arg

{
ejϕ

PN
+
n

s

}
= ϕPN + ϕW

(A.3)

Let ϕP , arg r
s
; thus, ϕP = ϕPN + ϕW .

If we decompose the vector n into tangential (nt) and radial (nr) components, for

the total phase deflection at the pilot location (ϕP), the following formula can be

written:

ejϕ
P

= ejϕ
PN

+
nt
s

(A.4)

This is also shown in Fig. A.2. Note that on the unit circle, the angle (in radians) is

equal to the length of the arch, which is covered by that angle. Here the arch which

is covered by the angle ϕW can be approximated by nt
s

. We also approximate nt to
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Figure A.1: The phase offset on the received signals are decomposed into Gaussian
noise component and PN component.
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Figure A.2: Various elements involved in (A.3) are decomposed into radial and
tangential components.
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be a Gaussian random variable with mean 0 and variance equal to half the variance

of n. By comparing (A.3) and (A.4) we have:

ϕW ≈ nt
s
, (A.5)

where nt ∼ N (0, N0

2
). To find the first and the second moments of ϕW , we need to

condition on s and use the total probability theorem.

E
{
ϕW
}

= E
{nt
s

}
=
M∑
j=1

E
{nt
s
|s = sj

}
· P(s = sj)

=
1

M

M∑
j=1

E {nt}
sj

= 0

(A.6)

For the second moment, we have:

E
{
|nt
s
|2
}

=
M∑
j=1

E
{
|nt
s
|2|s = sj

}
· P(s = sj)

=
1

M

M∑
j=1

E {|nt|2}
|sj|2

= E
{
|nt|2

}
×

[
1

M

M∑
j=1

1

|sj|2

]
= E

{
|nt|2

}
× E

{
|s|−2

}
≈ E

{
|n|2/2

}
× E

{
|s|−2

}
.

(A.7)

From (A.6) and (A.7) we calculate the variance of ϕW as follows:

var {ϕW} = E
{
|n|2/2

}
· E
{
|s|−2

}
, (A.8)

Note that for the pilot locations, we choose the transmitted signals from a smaller con-

stellation. The symbols corresponding to this constellation are denoted by sp (rather

than s). Hence, by using (A.5), (A.6), and (A.8) we have ϕW ∼ N
(
0, E {|n|2/2} ·

E {|sp|−2}
)
.
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A.2 Derivation of (3.18)

We begin with defining the functions g(·) and h(·) as follows:

g(a) ,
∫ a

x=0

Q(x)dx, h(a, b, c) ,
∫ a

x=0

Q(
x+ b

c
)dx. (A.9)

After some manipulations using basic calculus we have:

h(a, b, c) = c

[
g(
a+ b

c
)− g(

b

c
)

]
. (A.10)

The probability of DM is calculated by combining (2.13) and (3.13) as follows:

min Pr (DM) =
1

dM − dm

∫ γNP

0

[
Q

(
dm − z
σP

)
+ Q

(
dm + z

σP

)
−Q

(
dM − z
σP

)
−Q

(
dM + z

σP

)]
dz, (A.11)

where γNP is calculated from (3.15). Since Q(−x) = 1−Q(x), the integral in (A.11)

can be written as follows:

min Pr (DM) =
1

dM − dm

∫ γNP

0

[
γNP −Q

(
z − dm
σP

)
+ Q

(
dm + z

σP

)
− γNP

+ Q

(
z − dM
σP

)
−Q

(
dM + z

σP

)]
dz. (A.12)

Conditioning on calculation of g(a), by letting a = γNP , b = dm (or dM) and c = σP

and combining (A.9) and (A.12) we have:

min Pr (DM) =
1

dM − dm
[h(γNP , dm, σP ) + h(γNP ,−dM , σP )

−h(γNP ,−dm, σP )− h(γNP , dM , σP )] . (A.13)
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By combining (A.13) and (A.10) we have:

min Pr (DM) =
σP

dM − dm

[
g
(γNP + dm

σP

)
− g
(dm
σP

)
+ g
(γNP − dM

σP

)
− g
(
− dM
σP

)
+ g
(
− dm
σP

)
−g
(γNP − dm

σP

)
+ g
(dM
σP

)
− g
(γNP + dM

σP

)]
. (A.14)

To calculate the function g(a), the first integral in (A.9) is expanded as follows:

g(a) =

∫ a

x=0

∫ ∞
y=x

1√
2π
e−

y2

2 dy dx

=

∫ a

y=0

1√
2π
e−

y2

2 dy

∫ y

x=0

dx+

∫ ∞
y=a

1√
2π
e−

y2

2 dy

∫ a

x=0

dx

=

∫ a

y=0

1√
2π
y e−

y2

2 dy + a

∫ ∞
y=a

1√
2π
e−

y2

2 dy

=
1√
2π

[
1− e−

a2

2

]
+ aQ(a). (A.15)

To derive (3.18), we replace the function g(·) from (A.15) in (A.14). Subsequently,

by defining a new auxiliary function ĝ(·), where ĝ(a) , aQ(a) − 1√
2π
e
−a2
2 , and after

some manipulations the analytic expression of probability of DM after using the NP-

BHT is obtained.



Appendix B

B.1 Derivation of (4.30)

To calculate Pr
(
T-weak codeword

)
, we begin by investigating the relative level of

protection that the VNs of a TS receive from the constellation. In particular, the

protection of an arbitrary constellation point at a given BL is considered. This

protection is a function of Euclidean distance of the constellation points and the bit-

to-symbol mapping scheme. In Table B.1 the bit-to-symbol mapping for the Gray

mapped 16−PAM constellation is displayed. The bold binary numbers indicate the

BLs, where each symbol is weak at them (cf. Definition 3). By careful inspection of

this table, we determine the number of weak symbols at each BL. The number for the

MSB position is always 2 while for the LSB position is equal to the size of the signal

set, i.e., M . The Gray labeling dictates that for the b-th BL, the number of weak

symbols is 2b where 1 ≤ b ≤ m and m = log2M . Same argument applies to any Gray

labeled PAM constellations with arbitrary size. Hence, for an M−PAM constellation,

the probability of a symbol being weak at b-th position is 2b−m. With respect to the

codewords, we treat the codeword generation as the process of picking one sample

(codeword) from a pool of i.i.d. samples (all the possible codewords). This sample

is either a T-weak codeword or it is not. For the T-weak codewords all the symbols

corresponding to T are weak at their respective BLs. Hence, we obtain:

Pr
(
T-weak codeword

)
= Pr (

a⋂
i=1

siT is a weak symbol at BL πiT)

=
a∏
i=1

2(πiT−m). (B.1)
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coordinate of the symbol −15 −13 −11 −9 −7 −5 −3 −1 +1 +3 +5 +7 +9 +11 +13 +15

BL 1 (MSB) 0 0 0 0 0 0 0 0 1 1 1 1 1 1 1 1

BL 2 0 0 0 0 1 1 1 1 1 1 1 1 0 0 0 0

BL 3 0 0 1 1 1 1 0 0 0 0 1 1 1 1 0 0

BL 4 (LSB) 1 0 0 1 1 0 0 1 1 0 0 1 1 0 0 1

Table B.1: 16-PAM constellation and the bits mapped to each symbol

B.2 Tables Corresponding to Figs. 4.4 - 4.6

The following Tables correspond to Figs. 4.4 - 4.6. These tables provide similar

information for Figs. 4.4 - 4.6 to what is provided for Tanner code in Table 4.2. In

particular, in each row, the left column includes the TS class, the multiplicity of TSs

in that class followed by the number of non-isomorphic structures in parentheses, and

a coefficient (e.g., 106), which should be multiplied by the corresponding numbers in

the same row. The table dedicates a column to every constellation. The first row

of each dedicated column indicates the constellation size, and the SNRs, e.g., for

8−PAM signalling, three SNRs are considered, namely, 9, 10, and 11 dB. The last

row of each dedicated column indicates the simulation gain achieved by using the

proposed EF estimation scheme, when compared to conventional MC method. The

numbers are calculated using (4.10). The rest of rows except the first and the last one,

contain the information corresponding to each TS class. In particular, the numerical

values of three parameters are provided. In the first row, the number of extracted

PDTSs is provided. In the second row, the relative error rate contribution of TS class

at each SNR is provided. In the third row, the total number of trials to estimate

the error rate of TS class is provided. For example, when using 8−PAM signalling, 5

TSs out of 6 non-isomorphic ETSs in class (4, 2) are chosen by the PDTS extraction

technique. At a SNR of 9 dB, the class (4, 2) contributes to 19% of the error rate. In

this case, the error rate is estimated by performing a total of 2.4× 106 trials.
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Constellation size 8−PAM 16−PAM 32−PAM 64−PAM 128−PAM

SNR values 9 10 11 14 15 16 17 18 19 20.5 21.5 22.5 24 24.5 25

(4, 2) 5 2 3 3 2

6 (1) 19% 44% 64.5% 74% 82% 91% 3% 11% 18% 73% 87% 95% 10% 9% 7%

106× 2.4 2.4 2.15 2.1 1.85 1.8 2.18 2.13 1.95 3.64 3.1 2.87 3.5 3.5 2.85

(6, 2) 5 3 1 1 1

5 (1) 74% 53% 35.3% 26% 18% 9% 84% 82% 79% 27% 13% 5% 90% 91% 93%

106× 8.72 8.57 8.97 6.89 7.36 7.76 0.2 0.3 0.5 2.66 1.82 1.88 0.65 0.65 1

(8, 2) 2 1

3 (1) 7% 3% 0.2% − 13% 7% 3% − −
106× 8.2 8.2 8.21 8.07 8.07 8

Simulation gain (dB) −4.2 1 5.7 3.6 8 10.7 0 4 9.5 9.2 11.5 12.2 11.1 12.4 14.6

Table B.2: Error floor estimation of the MacKay (1008, 504) LDPC code using
M−PAM signalling. The number of estimated TSs, the relative contribution of
a given TS in the total estimated FER, and the total number of trials for the
estimation of a TS class are provided in each case.
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Constellation size 8−PAM 16−PAM 32−PAM 64−PAM 128−PAM

SNR values 10.5 11 11.5 14.5 15 15.5 21 22 23 24 24.5 25 29 29.5 30

(8, 1) 1 1 1 1

84 43.8% 35.8% 17% 49% 66.8% 68.3% − 79.5% 78.9% 77.8% 79.2% 84.7% 91.1%

105× 0.05 0.1 0.2 0.05 0.05 0.05 0.1 0.1 0.1 0.05 0.05 0.05

(9, 1) 2 2 2 2

168 10.2% 5.8% 2.3% 5% 4.2% 3.4% − 12.8% 9.8% 6% 12.2% 9.1% 5%

105× 1.1 1.1 1.1 0.2 0.25 0.35 0.2 0.2 0.2 0.25 0.35 0.85

(3, 2) 4 4 5 5 4

504 1.8% 8.4% 23.4% 0.5% 1.1% 2.6% 68.1% 77.3% 86.6% 0% 0% 0.1% 0% 0.8% 1.1%

105× 0.25 0.2 0.2 0.6 0.8 0.8 1 1 1.25 1.6 1.2 1.4 1.6 1.5 1.6

(4, 2) 6 6 8 4 4

588 4.2% 13.7% 27.4% 0.1% 0.6% 0.6% 22.8% 18.7% 12% 0% 0.1% 0.4% 0% 0% 0.1%

105× 0.4 0.3 0.3 2.2 2.2 3.2 2 2.2 2.35 1.8 2.4 2.4 1.4 0.65 0.4

(5, 2) 5 5 12 5 4

756 4% 9.7% 13.2% 0.5% 1.1% 1.3% 7.7% 3.5% 1.3% 0% 0.1% 0.5% 2.8% 1% 0.2%

105× 0.25 0.25 0.25 1.4 1.5 1.4 7.6 7.1 7.2 3 3 2.7 1.1 0.3 0.25

(6, 2) 9 9 20 7 4

1008 1.9% 4.2% 4.4% 0.8% 0.6% 0.2% 1.4% 0.5% 0.1% 1.3% 1% 0.9% 0.4% 0.3% 0.3%

105× 0.45 0.55 0.55 4 4 3.8 12 12 12 4.2 4.1 3.8 0.9 0.9 0.9

(7, 2) 9 4

1344 − 3.7% 1.2% 0.9% − 2% 0.7% 1% −
105× 3.7 3.7 3.55 2.3 2.1 1.8

(8, 2) 27 36 23 7

1932 23% 14.7% 10.2% 29.4% 16.2% 14.6% − 3% 8.1% 12.7% 5.4% 4.1% 2.2%

105× 7.2 9.9 12.1 15.5 15.4 15.6 13.4 13.2 13 5.6 5.1 5.6

(9, 2) 47 44 36

2772 11.1% 7.7% 2.1% 11% 8.2% 8.1% − 1.4% 1.3% 0.6% −
106× 2.37 2.51 2.58 18.6 18.5 18.5 2.72 2.72 2.71

Simulation gain (dB) 7.7 11.3 15.5 −1.8 2.6 7.8 6.5 9.3 15.6 4 6.5 11.2 10.5 14.1 17.6

Table B.3: Error floor estimation of the WiMAX1 (2016, 1344) LDPC code using
M−PAM signalling. The number of estimated TSs, the relative contribution of
a given TS in the total estimated FER, and the total number of trials for the
estimation of a TS class are provided in each case.
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Constellation size 8−PAM 16−PAM 32−PAM 64−PAM 128−PAM

SNR values 13 13.5 14 18 18.5 19 22 22.5 23 27 27.5 28 32 32.5 33

(3, 1) 2 3 6 2 5

48 86.3% 92.7% 95.8% 77.7% 79.2% 86% 89.1% 93% 97.3% 94.5% 97% 97.2% 82.6% 85.2% 91.5%

105× 0.2 0.3 0.65 0.95 1.2 1.4 1 1.7 2.1 0.1 0.15 0.15 0.8 1.1 1.45

(4, 1) 8 3 15 7 8

144 12.5% 6.5% 3.4% 17.5% 16% 11% 8% 5.3% 1.6% 5.1% 3% 2.8% 15.3% 13.7% 7.6%

105× 3.65 4.35 4.4 1.2 1.5 1.65 7.25 7.55 7.7 3.4 3.45 3.55 1.95 2 2.4

(5, 1) 10 2 7 5 4

144 0.2% 0.1% 0% 2.3% 2.9% 1.7% 0.1% 0% 0% 0.4% 0% 0% 1.5% 0.8% 0.5%

105× 5.5 5.5 5.5 1.1 1.1 1.1 3.85 3.65 3.3 2.75 2.75 2.75 2.15 2.2 2.2

(3, 2) 10 8 8

240 0.3% 0.2% 0.5% 0.6% 0.8% 1% 0.2% 0.3% 0.3% − 0.1% 0.2% 0.3%

105× 0.7 0.8 1.4 0.6 0.6 1.15 1 1.1 1.45 0.45 0.45 0.45

(4, 2) 26 22 12

960 0.7% 0.5% 0.3% 1.9% 1.1% 0.3% 2.6% 1.4% 0.8% − 0.5% 0.3% 0.1%

105× 8 9.9 12.5 7.8 9.85 10.6 12.6 14.2 17.7 1.6 1.75 1.95

Simulation gain (dB) 8.5 12.1 15.7 17 20.2 23.9 9.1 13 16.7 12.3 16 18 20.1 21.8 23.3

Table B.4: Error floor estimation of the WiMAX2 (1152, 960) LDPC code using
M−PAM signalling. The number of estimated TSs, the relative contribution of
a given TS in the total estimated FER, and the total number of trials for the
estimation of a TS class are provided in each case.
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C.1 Tables Corresponding to Figs. 5.1 - 5.4

The following Tables correspond to Figs. 5.1 - 5.4. These tables provide similar infor-

mation for Figs. 5.1 - 5.4 to what is provided for PAM-based systems in Appendix B.2.

Constellation size 16−QAM 64−QAM 256−QAM 1024−QAM

SNR values 8 9 10 11 12 13 15 16 17 18.5 19 19.5

(8, 2) 89 75 28 24

465 (1) 87.8% 94% 98% 79.6% 84.8% 85% 90.8% 93.1% 99% 68.5% 74.5% 77.7%

106× 4.74 4.84 4.85 3.56 3.7 3.55 1.52 1.6 1.52 1.47 1.52 1.57

(10, 2) 279 168 34 28

1395 (2) 12.2% 5.9% 1.9% 20.3% 15.1% 15% 9.2% 6.9% 1% 31.5% 25.5% 22.6%

106× 15.34 14.93 13.61 9.6 8.9 8.3 2.67 2.32 2 4.4 4.23 4.05

Simulation gain (dB) −6 4.6 18 −8.1 1 10.3 1.6 9.5 19 1.3 3.5 7.9

Table C.1: Error floor estimation of the Tanner (155, 62) LDPC code using
M−QAM signalling. The number of estimated TSs, the relative contribution
of a given TS in the total estimated FER, and the total number of trials for the
estimation of a TS class are provided in each case.
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Constellation size 16−QAM 64−QAM 256−QAM 1024−QAM

SNR values 7 7.5 8 10 10.5 11 14.5 15 15.5 17 17.5 18

(4, 2) 5 5 4 5

6 (1) 77.3% 83.2% 88.8% 39.5% 64.3% 67% 85.6% 94.3% 93.5% 5.8% 7.4% 7.7%

106× 0.25 0.3 0.25 0.75 1.05 0.65 2 1.95 1.95 2.75 2.75 2.75

(6, 2) 5 5 5 1

5 (1) 22.7% 16.8% 11.2% 60.5% 35.8% 33% 14.4% 5.7% 6.5% 79.2% 83.7% 84.7%

106× 0.45 0.65 0.75 5.2 4.2 6 2.85 2.85 2.85 0.55 0.55 0.55

(8, 2) 1

3 (1) − − − 15% 8.9% 7.6%

106× 0.55 0.55 0.55

Simulation gain (dB) 16.4 17.5 20.3 5.1 8 10.6 8 10.8 12.5 4.8 6.1 9

Table C.2: Error floor estimation of the MacKay (1008, 504) LDPC code using
M−QAM signalling. The number of estimated TSs, the relative contribution
of a given TS in the total estimated FER, and the total number of trials for the
estimation of a TS class are provided in each case.
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Constellation size 16−QAM 64−QAM 256−QAM 1024−QAM

SNR values 8 8.5 9 10 10.5 11 14.5 15 15.5 21 22 23

(8, 1) 2 1 1

84 5.3% 1.1% 0.4% 35.8% 46.5% 42.2% 45.5% 65.3% 50% −
105× 0.8 0.8 0.8 0.2 0.2 0.2 0.1 0.1 0.1

(9, 1) 5 2 2

168 0.04% 0.01% 0.001% 2.9% 2.3% 1.3% 3.9% 4% 1.8% −
105× 3.35 3.3 2.7 1.4 4.4 4.4 0.2 0.2 0.4

(3, 2) 3 4 4 5

504 48% 63% 71.5% 0.08% 0.5% 1.5% 0.05% 0.18% 0.4% 69% 80% 88.9%

105× 0.15 0.15 0.15 0.8 0.8 0.8 1.15 0.5 0.3 3.6 3.1 3.5

(4, 2) 5 6 6 8

588 28.7% 25.7% 22.5% 1.6% 1.4% 2.8% 0.18% 0.65% 1.1% 22.7% 16.8% 10%

105× 0.25 0.25 0.25 3.2 1.2 2.2 0.65 0.45 0.3 5.4 5.2 5.4

(5, 2) 7 5 5 12

756 10.3% 7.2% 4.5% 0.6% 1.2% 1.9% 0.2% 0.37% 0.7% 6.8% 2.9% 1%

105× 0.35 0.35 0.35 2.4 1 1 0.25 0.3 0.25 8.1 8.8 9.6

(6, 2) 18 9 5 20

1008 2.1% 1.1% 0.6% 2.7% 0.7% 0.7% 0.7% 0.3% 0.25% 1.4% 0.45% 0.1%

105× 0.9 1 1.05 3.8 2.8 2.8 0.75 0.25 0.3 17.3 17.8 19.6

(7, 2) 24 12 6

1344 2.2% 0.7% 0.2% 5.6% 2.3% 0.15% 3.3% 0.1% 0.05% −
105× 2.85 2.35 3.05 4.4 4.4 2.4 1 0.45 0.5

(8, 2) 34 27 36

1932 2.3% 0.7% 0.2% 24% 17% 29% 22.9% 13.6% 41.3% −
105× 5.6 7.1 7.75 11.8 12.6 19.6 38.2 37.1 35.8

(9, 2) 66 47 44

2772 1% 0.3% 0.03% 26.6% 28% 20% 23.9% 15.5% 4.4% −
106× 2.17 2.21 2.77 6.18 7.64 8.96 4.8 4.7 4.67

Simulation gain (dB) 18.6 21.4 21.7 0.1 5.1 9.8 2.9 7.3 12.1 4.8 8 12.2

Table C.3: Error floor estimation of the WiMAX1 (2016, 1344) LDPC code using
M−QAM signalling. The number of estimated TSs, the relative contribution
of a given TS in the total estimated FER, and the total number of trials for the
estimation of a TS class are provided in each case.
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Constellation size 16−QAM 64−QAM 256−QAM 1024−QAM

SNR values 8.5 9 9.5 13 13.5 14 17 17.5 18 21.5 22 22.5

(3, 1) 2 2 5 6

48 31.9% 58.4% 75.5% 82.2% 87% 92.3% 34% 48% 60.1% 16.4% 18.4% 64.3%

105× 0.1 0.1 0.1 0.1 0.1 0.1 0.46 0.52 0.39 0.65 0.75 1

(4, 1) 2 9 16 9

144 17.6% 17% 13.6% 11.8% 9.2% 6.6% 36.4% 34.7% 31.8% 2.9% 3.3% 5.4%

105× 0.2 0.1 0.1 0.45 0.45 0.45 1.5 1.55 1.75 2.35 2 3.75

(5, 1) 1 9 7 10

144 1.5% 1.4% 0.9% 0.4% 0.3% 0.1% 7.6% 5.2% 3.3% 0.3% 0.2% 0.3%

105× 0.05 0.05 0.25 0.65 3.65 0.75 0.5 0.6 0.65 8 6.6 7.6

(6, 1) 20 56 35 28

624 36.1% 16.6% 8% 4.4% 2.7% 0.5% 22% 12.1% 4.8% 28.7% 44.2% 5%

105× 7.55 7.75 5.8 30.8 33.1 34.2 14.6 14.8 15.5 17.2 17.2 16.6

(7, 1) 38 53

2256 12.9% 6.6% 2% − − 5.2% 5% 0.6%

105× 16.3 18.5 19.4 33.2 30 21.9

(4, 2) 51 43

960 − 1.2% 0.8% 0.5% − 3.1% 2.1% 5.8%

105× 10 8.9 7.7 40 32 25.6

(5, 2) 43

4080 − − − 23.2% 14.5% 9.7%

106× 14.1 12.5 11.4

(6, 2) 43

17568 − − − 17.3% 11.8% 7%

106× 15.3 14.8 14

(7, 2) 43

71376 − − − 2.9% 0.5% 1.9%

106× 22.7 21 17.1

Simulation gain (dB) 13.4 21.4 27.7 12.4 16.3 21 12.7 17.8 22.1 1.7 8.1 14.5

Table C.4: Error floor estimation of the WiMAX2 (1152, 960) LDPC code using
M−QAM signalling. The number of estimated TSs, the relative contribution
of a given TS in the total estimated FER, and the total number of trials for the
estimation of a TS class are provided in each case.
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