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Abstract

Meson spectroscopy has had an extremely busy and productive decade since the dis-

covery of the Ds (2317) and the X (3872). These states have challenged our naive

quark model understanding of the mesonic spectra and forced many theorists to re-

visit their prior assumptions. Since their discovery, many models have been proposed

to explain these new states and perhaps predict more states like them. One approach

includes virtual meson loops in the constituent quark model and calculates the result-

ing mass corrections as a possible solution to inconsistency of the new mesons and

previous models. In this work we study this model in detail, examining the various

approximations and assumptions made in order to determine its viability as an an-

swer to this problem. To do so we use the Quark Pair Creation model for the strong

decay vertex. We then apply the model to various mesonic spectra to determine its

viability.
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Chapter 1

Introduction

The constituent quark model is one of the most successful phenomenological mod-

els in particle physics and has been an important guide for hadron physics. From

its introduction (independently) by Gell-Mann and Zweig [1, 2] to potential models

developed within it [3–7], the constituent quark model has been able to accurately

predict various properties of many different hadrons.

While the quark model is still very good at modeling hadrons, over the past decade

new states have been discovered that challenge all quark model calculations [8, 9].

The first of these states was the Ds (2317), found in the charm-strange spectrum

[10] with a mass much lighter and a width significantly narrower than any quark

model predictions [8]. This was followed by the discovery of the more famous exotic

meson, the X (3872), found in the charmonium spectrum [11]. No quark model had

predicted such a state. While these two are great examples, more and more states

have since been discovered (refer to Ref. [12] for a comprehensive list of suspected

exotic states). As a result, the question has become: why would a previously (and

currently) successful model misfire on a few states? Why would a state be predicted

to be highly unstable with a large decay width only to be observed with a vanishingly

small width and be quite stable?

1



CHAPTER 1. INTRODUCTION 2

In this work we will study a coupled channel framework introduced to bring these

rogue states back into the quark model fold. The coupled channel model posits that

through coupling to the nearby strong decay thresholds, whether open or closed, naive

quark model states receive mass corrections which could explain the strange exper-

imental observations. To do so, we will choose a well-known and frequently applied

decay model, the Quark Pair Creation (QPC) Model to calculate mass shifts induced

by virtual meson loops to two mesonic spectra. The coupled channel framework and

the QPC choice for modelling the interaction vertex have a long history in quark

model with a rather substantial volume of results and calculations published in the

literature (which we will cover in chapters 4 and 5). Thus our aim is to study the

details of this model and its sensitivity to the assumptions made in calculations. Ul-

timately we wish to determine whether this is a viable method to study and account

for the exotic states observed and whether previous calculations are reliable.

We begin our study by first briefly discussing Quantum Chromodynamics, the

theory of the strong interactions, before reviewing the constituent quark model in

this chapter.

1.1 Brief Introduction to QCD

Quantum ChromoDynamics (QCD) is the quantum field theory of the strong inter-

actions and part of the currently reigning theory of matter, the Standard Model of

Particle Physics (SM for short). QCD was historically born out of the Quark Model

and concerns itself with 6 quarks (the fermions of the theory, similar to the electron

in Quantum Electrodynamics)[13] which are charged under the strong force. The

charge in QCD is dubbed “colour” [14] and much like how the electron carries a unit

of “electric” charge, quarks carry the colour charge with their anti-particles carrying
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the anti-colour charge. It should be noted that quarks are still charged under all

other SM forces. In QCD, the carriers of the force are the eight gluons [15] which are

massless bosons.

Quarks are organized into 3 so-called “generations” with each quark having its

own “flavour” ⎛
⎜⎜⎜⎝

up, u

down, d

⎞
⎟⎟⎟⎠ ,

⎛
⎜⎜⎜⎝

charm, c

strange, s

⎞
⎟⎟⎟⎠ ,

⎛
⎜⎜⎜⎝

top, t

bottom, b

⎞
⎟⎟⎟⎠ .

QCD respects flavour conservation which means within the framework of QCD, quarks

can not mutate to other quarks or change generation. This is not the case in Elec-

troweak theory in SM. For example, a bottom quark can emit a virtual W− boson

and turn into a charm quark. Such interactions are beyond the scope of this work.

The colour charge that was mentioned before comes in three states (unlike QED

which has only one) usually denoted as column vectors [13]

(red, r) =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎝

1

0

0

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎠

, (green, g) =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎝

0

1

0

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎠

, (blue, b) =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎝

0

0

1

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎠
.

The Lagrangian of the SM is invariant under rotations of the symmetry group for

colour. This means that all quarks couple to gluons with equal strength and no

quark is favoured over the other [13]. So far, QCD and QED sound quite similar to

each other. However, this is where the paths diverge.

While the carrier of the electromagnetic force in QED, the photon, is not charged

itself, the gluon is charged under QCD [13]. Thus, while in QED the photon cannot
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γ

f f

Figure 1.1: The only allowed vertex in QED. f stands for “fermion” which can be
any of the charged fermions in the standard model: e±, μ±, τ±, u, d, c, s, t, b.
All Feynman diagrams in QED must be made from different combinations of
this vertex.

emit another photon, in QCD a gluon can emit more gluons. Another interesting

aspect is the strength of αs, the analog of the fine structure constant in QED. The

value of the fine structure constant, α, is ≈ 1
137

[12] at low energies and the fact that

this value is small is the reason why perturbation theory is so successful in QED.

In QED each interaction vertex, as shown in Fig. 1.1, contributes an α. In the low

energy regime, we only have to consider diagrams made of a small number of vertices

(we need at least two vertices to create the simplest QED process) and higher order

corrections which include more vertices and therefore larger powers of α are suppressed
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by its value. As the energy scale of the interaction (for example in electron-positron

scattering or some such process) grows, so does α and more complicated diagrams

need to be considered since they are no longer suppressed by the “small” value of

α. These digrams will have more than two copies of the Fig. 1.1 vertex. However,

this increase in the magnitude of α is slow and even at high energy scales (at the

mass of the W-boson for example, which is ≈ 80GeV ) α rises to ≈ 1
128

[12]. Thus,

perturbation theory remains useful in QED up to very high energy scales.

As was mentioned before, unlike the photon, the gluon in QCD is also charged

under the strong interaction. Unlike in QED, it is in the high energy regime that αs

of QCD is small and allows for the use of perturbation theory. This phenomenon, the

smallness of αs at high energy, is called asymptotic freedom and since high energies

translate to small distances, one could think that within a composite particle made

of quarks, the quarks move as if they are free with minimal interaction. At smaller

Table 1.1: Properties of the six known quarks. Current masses are from Ref. [12].
The constituent mass is model dependent however masses provided here are
“typical” values used in many calculations. The top quark does not get a
constituent mass as it decays too rapidly to form bound states. In this work we
use natural units, meaning c = h̄ = 1.

Quark Electric Charge Current Mass Constituent Mass

up +2
3

2.2+0.6
−0.4 MeV 330 MeV

down −1
3

4.7+0.5
−0.4 MeV 330 MeV

charm +2
3

1.28± 0.03 GeV 1.5 GeV

strange −1
3

96+8
−4 MeV 550 MeV

top +2
3

173.1± 0.6 GeV -

bottom −1
3

4.18+0.04
−0.03 GeV 4.7 GeV
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Figure 1.2: Allowed vertices in QCD. g and q stand for gluon and quark (of course
q can also be an antiquark). All Feynman diagrams in QCD are made of some
combination of these three vertices.

energy scales which translates to larger separation, another phenomenon kicks in: that

of confinement which is the reason why no free quarks have ever been observed. For

larger distances, αs grows and eventually causes perturbation theory to fail. While

this is an amazing effect, it does pose the conundrum that in the energy scale that

hadrons are formed, the energy scale that is important to us, Feynman calculus fails.

It is this failure that has made QCD such a difficult theory to use and apply. Putting

these two phenomena together paints a picture of the world according to QCD that

is radically different from other theories or our everyday life experience which is

dominated by 1/r interactions; in QCD the further away two objects are the more

strongly they interact.

At the moment the most promising and successful method of solving problems

in QCD in the low energy regime is Lattice QCD which is a numerical technique.

However, the method is extremely computationally intensive, difficult to implement

and while it has come a long way it is still limited in its applicability. Therefore one

can make the case that until Lattice QCD is fully developed, quark models still offer
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good insights into physics of strongly interacting particles. The constituent quark

model is the topic we will discuss next and it, not QCD, will be the focus of this

work.

1.2 Constituent Quark Model

The Quark Model takes hadrons (particles observed in experiments that are produced

via the strong force such as protons, neutrons and so on) to be composites of elemen-

tary particles called “quarks”. Quarks were introduced in the quark model to be

fermions with fractional electric charge [1, 2] and hadrons were divided into two main

groups

• Mesons are bound states of a quark and an anti-quark

• Baryons are bound states of three quarks or three anti-quarks.

In this work we will focus on the former. Other combinations of quarks and anti-

quarks were also considered in the early days of the quark model [16–19] however none

were observed and the calculations were not conclusive with different models arriving

at different conclusions. The success of potential models also, for the most part, put

the issue of multi-quark hadrons on a lower priority level. To this day, pentaquark

states are the only type of multiquark hadrons that potentially have been observed

[20]. While the X (3872) and other exotics are/have been considered as tetraquark

candidates, such assignments are still very model dependent and subject to great

controversy.

The quarks of the quark model are identical to the quarks in QCD in all but

one property: mass. As can be seen in table 1.1, the constituent quark masses are

larger than the “current” quark mass which is what enters in the QCD Lagrangian.
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The difference comes from the fact that within, for example a meson, one does not

have just two interacting objects (a quark and an anti quark also known as valence

quarks) but also a cloud of gluons and virtual qq pairs known as sea quarks. Part of

the difficulty of Lattice QCD is in calculating the effect of this quark/gluon cloud. In

the quark model, however, effects of this cloud are incorporated in the model by an

increase in the mass of the valence quarks. Thus the “constituent” quarks are valence

quarks which are dressed with the sea quarks and gluons and thus have an effective

mass [21].

In order to calculate mesonic spectra with our constituent quarks, we require

a potential model as well as either a relativistic or non-relativistic equation. The

simplest quark models use the radial Schrödinger equation [22]

− 1

2μ

(
d2

dr2
+

2

r

d

dr
− l (l + 1)

r2

)
Rnl (r) + V (r)Rnl (r) = EnlRnl (r) (1.1)

where r is the inter-quark separation, Rnl (r) is the radial wave function of the meson,

l is the angular momentum between the quark-anti quark pair and finally Enl is the

eigenvalue of the equation which we identify with the mass of the meson. V (r) is the

qq potential and it depends on how we wish to model the system. Among the most

successful and popular models is the Cornell Model [5] which postulated the following

potential between a quark and an anti-quark

V (r) = −κ
r
+

r

a2
+ c. (1.2)

In their work, Eichten et al. [5] proposed the potential based on the expected be-

haviour of QCD in two regimes: at large distances, the potential must be a confin-

ing one to account for the confinement phenomenon. At short distances however, it
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(a) S Waves

(b) P Waves

Figure 1.3: Numerically calculated wave functions of charmonium using potential
parameters of Eq. 1.3. We plot u (r) in Rnl (r) =

unl(r)
r

for l = 0, 1, 2, 3 waves (S,
P, D and F in spectroscopic notation). The masses (eigenvalues) corresponding
to each state are given in the legend.
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(c) D Waves

(d) F Waves

Figure 1.3: Numerically calculated wave functions of charmonium using potential
parameters of Eq. 1.3. We plot u (r) in Rnl (r) =

unl(r)
r

for l = 0, 1, 2, 3 waves (S,
P, D and F in spectroscopic notation). The masses (eigenvalues) corresponding
to each state are given in the legend.
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should behave like a one-gluon exchange potential which given the fact that the gluon

is massless, will look exactly like a Coulomb potential. As such κ can be identified

with αs but in their work, it was treated as a free parameter. Using the parameters

in Ref. [5]

κ = 0.52 (1.3a)

a = 2.34GeV−1 (1.3b)

mc = 1.84GeV (1.3c)

we can calculate a naive spectrum for bound states of the charm and anti-charm quark

using the Schrödinger equation and a numerical integration technique. As an example,

we use the Numerov method [23] to solve for the wave functions of the first few bound

states of the cc spectrum and plot the results in Fig. 1.3. Since the potential of Eq.

1.2 does not include spin effects, the degeneracies of various multiplets are not lifted

which, for a 1S multiplet for example, means 13S1 and 11S0 have the same mass. We

also show a sample spectrum plot in Fig. 1.4 using the same parameters ( Eq. 1.3).

Over time, more sophisticated potential models were proposed with much better

agreement with experimental results. A useful representative example is the Godfrey-

Isgur relativized quark model [7]. There the authors make the substitution

P 2

2μ
→

√
P 2 +m2

1 +
√
P 2 +m2

2 (1.4)

where m1 and m2 are quark masses, μ is the reduced mass of the system and P is

the centre of mass momentum of each quark. Using this relativization and including

relativistic smearing effects one can proceed to calculate masses for various mesonic

spectra. In the non-relativistic limit, the potential used between the quark and the
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Figure 1.4: Sample spectrum obtained by solving the Schrödinger equation for
the potential of Eq. 1.2. Black lines (solid) are the result of our numerical
calculation while the blue lines (dotted) are spin averaged experimental data
from Ref. [12]. The dashed and dot-dashed lines spanning the plot are the
DD and DD∗ open charm thresholds. The agreement is reasonable given the
simplicity of the model.
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anti-quark is given by [7]

Vij (�p, �r) → Hconf
ij +Hhyp+ten

ij +Hso
ij (1.5)

where

Hconf
ij = −

[
3

4
c+

3

4
br +

αs (r)

r

]
Fa

i · Fb
j (1.6)

is the confining interaction,

Hhyp
ij =

−αs (r)

mimj

[
8π

3
Si · Sjδ

(3) (r) +
1

r3

[
3Si · Sj

r2
− Si · Sj

]]
Fa

i · Fb
j (1.7)

is the colour hyperfine interaction and

Hso
ij =

−αs (r)

r3

[
1

mi

+
1

mj

] [
Si

mi

+
Sj

mj

]
· L (

Fa
i · Fb

j

)

− 1

2r

∂Hhyp
ij

∂r

[
Si

m2
i

+
Sj

m2
j

]
· L (1.8)

is the spin-orbit interaction term. i and j index the quark and the antiquark (in no

particular order) and αs is the strong coupling constant which is allowed to run in this

model. Si is the spin of quark i, mi its mass and finally Fa
i is its colour wavefunction

defined as

Fa
i =

⎧⎪⎪⎨
⎪⎪⎩

λa
i

2
, for quarks

−λ∗a
i

2
, for anti quarks

(1.9)

where λa is the ath Gell-Mann matrix. Since its introduction, this model has been

among the most successful constituent quark models. The discussion of the model is

beyond the scope of this work and we will only use its results as inputs in chapters 3

and 4.

Once the numerical wave function is found, spectroscopy in its traditional sense
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can begin: calculating leptonic widths (decays of hadrons to final states involving

leptons, elementary particles charged under weak and electromagnetic interaction.

e− is one such particle), radiative transitions (both magnetic and electric transitions)

of hadrons and strong decay calculations. In this work, it is a version of the latter of

these calculations that interests us.

1.3 What Comes Next

This chapter served as a brief introduction to certain aspects of QCD and some

useful terminology in the naive quark model. More importantly, using a very simple

potential model we showed the great power of the constituent quark model to predict

and describe the various mesonic mass spectra. However, what all these models have

in common is a failure to describe the various (suspected) mesonic states mentioned

in the beginning of this chapter such as the Ds (2317), the X (3872) and so on.

Our aim in what comes next in this work is to study the coupled channel formalism.

The proponents of this model claim that the anomalous masses observed for these new

states is the result of a coupling between the naive states and two meson channels.

We will introduce the formalism of this model in chapter 2 and study the details of

the matrix element of our chosen operator in chapter 3. Finally we will consider the

application to two specific spectra, bottomonium as bound states of the b-quark and

the anti-b quark and the charm-strange spectrum in chapters 4 and 5, respectively.

In our studies, we look for how changing the various details of the model distorts the

naive potential model predictions and if the formalism can successfully describe the

mesonic spectra particularly the exotic states. Finally we state our main conclusions

in chapter 6 and suggest possible topics to explore in the future.



Chapter 2

Coupled Channel Model

We begin our discussion in this chapter by revisiting the naive sample spectrum in the

previous one. There we solved the non-relativistic Schrödinger equation for a given

qq potential to find eigenvalues and eigenfunctions. Such calculation assumes that in

our system, we can always clearly define the mass of a bound state or in other words:

all our states are either perfectly stable or have long life times.

However, we know from theoretical calculations and experimental observation that

most states lie above the two body decay threshold. Furthermore, these states have

small life times (i.e. large decay widths) which clearly negates the naive assumption

of stability. These facts paint a rather more complex picture of meson spectroscopy

than what we saw in the previous chapter. They point towards the idea that in

order to make our calculations more realistic and give a better explanation of what

is observed, we have to allow for coupling between naive states and decay channels.

Since large decay widths imply strong coupling between the decaying meson and the

products, it also stands to reason that virtual loops of mesons could be important

[24].

The potential effects of such couplings were recognized in the early days of both

the quark model and QCD. However they were largely ignored due to the tremendous

15
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success of non-relativistic quark models, the relativized quark model later on and lack

of computing power. A few groups calculated mass shifts as well as widths [25–29]

while others used more and more sophisticated non-relativistic potential models or

relativized quark models to obtain their qq masses and calculated decay widths using

models of strong decay, if the state was located above threshold[7, 30].

Discovery of states such as the D±
s (2317) [10] as well as advances in computing

power ignited new interest in accounting for mass shifts as well as widths in calcula-

tions in hadronic spectra. In the next section, we shall give a general derivation to

illustrate the idea and refer the reader to Refs. [5, 26].

2.1 Master Equation and the Loop Mass Function

The aim of this section is to derive an equation describing the mass of a naive state

and the corrections that result from coupling to the continuum. We begin by writing

the physical meson’s state vector which now includes a higher order Fock space term.

Here the calculation will closely follow that of Refs. [31, 32].

|Ψ〉 =

⎛
⎜⎜⎜⎝

∑
α nα |φα〉

∑
β

∫
d3P Θβ

(
�P
) ∣∣∣Mβ

1

(
�P
)
Mβ

2

(
−�P

)〉
⎞
⎟⎟⎟⎠ (2.1)

where |φα〉 is the αth qq wave function,
∣∣∣M1

(
�P
)
M2

(
−�P

)〉
is the βth two meson chan-

nel with nα and Θβ

(
�P
)
their respective probability amplitudes. �P is the momentum

of each meson (one will have an opposite direction) in the centre of mass frame.

The wave functions of qq and the two mesons obey the following orthonormality



CHAPTER 2. COUPLED CHANNEL MODEL 17

conditions

〈φα|φγ〉 = δα,γ (2.2a)〈
Mσ

1

(
�P ′
)
Mσ

2

(
− �P ′

)∣∣∣Mβ
1

(
�P
)
Mβ

2

(
−�P

)〉
= δσ,β δ

3
(
�P − �P ′

)
(2.2b)

〈Ψ|Ψ〉 = 1. (2.2c)

The Hamiltonian matrix governing the system is given by

H =

⎛
⎜⎜⎜⎝
HC V

V HMM

⎞
⎟⎟⎟⎠ (2.3)

where HC is the Hamiltonian of the qq sector whose eigenvectors are the |φα〉

HC |φα〉 = mα |φα〉 (2.4)

with mα being the mass of the naive state α or the “bare” mass. The two meson

Hamiltonian, HMM , gives the total energy of the two meson channel, which we will

take to be the relativistic energy

HMM

∣∣∣Mβ
1

(
�P
)
Mβ

2

(
−�P

)〉
=

(√
P 2 +m2

1β +
√
P 2 +m2

2β

) ∣∣∣Mβ
1

(
�P
)
Mβ

2

(
−�P

)〉
=

(
E1

(
�P
)
+ E2

(
−�P

)) ∣∣∣Mβ
1

(
�P
)
Mβ

2

(
−�P

)〉
= Eβ

M1M2

(
�P
) ∣∣∣Mβ

1

(
�P
)
Mβ

2

(
−�P

)〉
.

(2.5)

HMM can also contain interactions between the two mesons. In this work, however,

we ignore such effects.
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Figure 2.1: Illustration of the matrix element
〈
Mβ

1

(
�P
)
Mβ

2

(
−�P

)∣∣∣V∣∣∣φα

〉
. The V

potential creates a quark and anti-quark pair (in blue, the inner lines) which
then gets rearranged, along with the original pair (in red, the outer lines), into
outgoing mesons. The quantum numbers of the created pair and their spatial
details depend on the model being used.

The off-diagonal element of the Hamiltonian matrix is the transition potential. It

describes the transition of a qq state into a meson-meson state and vice versa. The

operator and functional form of V can, in principle, be derived from QCD. However

due to the difficult nature of calculations in QCD, the exact structure of the operator,

its functional form or the angular momentum and spin configuration of the created

quarks is not known. As such, we rely on models in order to calculate widths and

mass corrections. For now we will treat V as a general operator that creates a quark

and anti-quark pair, with a graphical representation of what V does given in Fig. 2.1.

Applying H to our physical state |Ψ〉 now gives

H |Ψ〉 =MΨ |Ψ〉 (2.6)

with MΨ taken to be the physical mass of the state |Ψ〉. Applying Eq. 2.3 explicitly
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to Eq. 2.1 gives

H |Ψ〉 =

⎛
⎜⎜⎜⎝

∑
α nαmα |φα〉+

∑
β

∫
d3P Θβ

(
�P
)
V
∣∣∣Mβ

1

(
�P
)
Mβ

2

(
−�P

)〉
∑

α nαV |φα〉+
∑

β

∫
d3P Θβ

(
�P
)
Eβ

M1M2

(
�P
) ∣∣∣Mβ

1

(
�P
)
Mβ

2

(
−�P

)〉
⎞
⎟⎟⎟⎠

(2.7)

which is a system of coupled equations. Using the second of the normalization con-

ditions, Eq. 2.2b, we solve for Θβ

(
�P
)

Θβ

(
�P
)
=

∑
α nα

〈
Mβ

1

(
�P
)
Mβ

2

(
−�P

)∣∣∣V∣∣∣|φα〉
〉

MΨ − Eβ
M1M2

(
�P
) . (2.8)

Substituting for Θ into the first equation of Eq. 2.7 and using normalization conditions

again, we arrive at

MΨ =

∑
α |nα|2mα∑

α |nα|2
+

∑
β

∫
d3P

∑
α |nα|2

∣∣∣ 〈Mβ
1

(
�P
)
Mβ

2

(
−�P

)∣∣∣V∣∣∣φα

〉∣∣∣2∑
α |nα|2

(
MΨ − Eβ

M1M2

(
�P
)) . (2.9)

If we take our physical state to be made of just one dominant qq component, |φ0〉, we
can rewrite Eq. 2.9 to obtain the master equation

MΨ = m0 + Ω (MΨ) (2.10)

with the correction function, Ω (E), defined as

Ω (E) =
∑
β

∫
P 2 dP

∣∣∣ 〈Mβ
1

(
�P
)
Mβ

2

(
−�P

)∣∣∣V∣∣∣φ0

〉∣∣∣2
E − Eβ

M1M2

(
�P
) . (2.11)

The β sum runs over all possible meson-meson intermediate channels. That is to
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Figure 2.2: Pictorial representation of the mass equation 2.10. The physical state’s
mass is the sum of the naive state’s mass and the loop corrections.

say if for some β, φ0 → Mβ
1 +Mβ

2 is not prohibited by flavour, charge or spin and

angular momentum conservation then said channel is included in the sum. However,

in practice, most studies on meson loop effects have limited the calculation to ground

state S-waves mesons.

2.2 Structure of the Loop Mass Function, Ω

Given the central role and importance of Eq. 2.10, we believe it is worthwhile to take

a closer look at Ω (E) and study its behaviour. As stated before, the matrix element

〈M1M2|V|φ〉 should, in principle, be calculated from QCD. We have to make due with

models, however, given the computational complexity of QCD and lack of theoretical

progress. We will discuss the Quark Pair Creation Model in the next section but for

now, we can keep the discussion general while still learning more about meson loops

effect.

The matrix elements, generally, can be factorized into the angular momentum

recoupling coefficients characterized by a series of Clebsch-Gordan, Wigner 3j, 6j and

9j symbols (see Appendix A) which then are multiplied by the spatial part [33]. So

for a general operator, T, we can write

〈M1M2|T |φ〉 = C
Jφ,Lφ,Sφ

JM1
,LM1

,SM1
JM2

,LM2
,SM2

I
(
�P ,m1,m2,m3,m4

)
(2.12)

where J, L and S are total spin, angular momentum and spin of the specified particle
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and C is shorthand for all coefficients resulting from the recoupling calculations.

I
(
�P ,m1,m2,m3,m4

)
are momentum overlap (or coordinate space overlap) integrals

of the three wave functions involved, which are functions of the constituent quark

masses as well as the momentum of the two daughter mesons. The exact shape

and scale of these functions or whether they can be integrated analytically or not,

depends on the model that is chosen. Regardless, I
(
�P ,m1,m2,m3,m4

)
can be seen

as a function of momentum, taking a value for P and returning a value for the matrix

element, once the recoupling coefficients are taken into account. We will discuss

I
(
�P ,m1,m2,m3,m4

)
further later on.

Moving on to the rest of Eq. 2.11, we observe that the numerator is a positive,

real number. Therefore, what sets the sign of the Ω (E) function is the denominator

which is, in a sense, an expression of conservation of energy in a two body decay.

In Fig. 2.3 we plot the denominator of Eq. 2.11 versus momentum for a hypotheti-

cal threshold (set atM1+M2 = 4) for a series of different energy values (which in our

work can be seen as the mass). As it can be seen, the expression is strictly negative

below threshold. For E ≥ M1 +M2, the curve will cross the P-axis at the two body

decay momentum where the parent state, A, has enough mass to be able to decay to

B + C. In other words, the decay channel opens when the mass of the parent state

is greater than the sum of the masses of the daughters. As the energy is increased,

the location of this crossing moves towards larger and larger P values. At this point

we can include the expected behaviour of the wave-functions in order to deduce the

asymptotic behaviour of the momentum overlap integral. The wave-function of a

meson is well-behaved. This means that at larger and larger momentum values, we

expect the momentum overlap integral to go to zero, sufficiently quickly. Taking this

point into account, we can deduce that if our naive state is located above threshold
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Figure 2.3: Plot of the denominator of Eq. 2.11 for a test threshold plotted at
various energy values below, at and above threshold. Threshold is set at E = 4.

(i.e.m0 ≥Mβ
1 +Mβ

2 for some β) then it is possible for the mass correction from that

channel to be positive if m0 is sufficiently larger than the threshold Mβ
1 +Mβ

2 .

So far, without committing to any specific model and merely relying on expected

physical behaviour of the wave-functions, we can deduce that mass corrections below

the two body threshold are negative. If the state is located above threshold, some

corrections can be positive resulting in cancellations. Also, we would expect that if

the state is far above the threshold, the coupling to the two meson channel will tend

to zero.

As mentioned before, if the decay channel is open for some threshold, i.e. E ≥
M1 +M2, the denominator of Eq. 2.11 will no longer be a strictly negative number
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and will contain a zero at the two body decay momentum

P2B =

√
(E2 −m2

1 −m2
2)

2 − 4m2
1m

2
2

2E
(2.13)

In order to compute Ω (E) when the channel is open, we have to make use of the

Kramers-Krönig relation1 and a change of variables to take into account the zero in

the denominator

Ω (E) = P
∫ ∞

0

dEβ
M1M2

E − Eβ
M1M2

(C
Jφ,Lφ,Sφ

JM1
,LM1

,SM1
JM2

,LM2
,SM2

)2
PEβ

M1
Eβ

M2

Eβ
M1M2

I2 (P,m1,m2,m3,m4)

+ πi
PEβ

M1
Eβ

M2

Eβ
M1M2

I2 (P,m1,m2,m3,m4) (C
Jφ,Lφ,Sφ

JM1
,LM1

,SM1
JM2

,LM2
,SM2

)2

∣∣∣∣∣
Eβ

M1M2
=E

. (2.14)

The P symbol indicates a Cauchy principal value integral [35] and gives the mass

shift to the physical state from coupling to the two meson channel β. The imaginary

part of the expression is related to the decay width of Ψ →Mβ
1 +Mβ

2 process via

Γ (Ψ →M1 +M2) = 2 Im{Ω (MΨ)} (2.15)

which matches the standard decay width formula in Ackleh et al. [36].

Having discussed the rest of the loop mass correction function in detail, we can

now turn our attention to our choice of model for V , the Quark Pair Creation Model

and look at its matrix element.

1Named Sokhotski-Plemelj theorem in Mathematics [34].
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Figure 2.4: An example of a OZI violating process where the quarks of the initial
meson, q1q1 annihilate to create a new pair of q2q2.

2.3 The OZI Rule and the Quark Pair Creation

Model

The type of strong decays that we consider in this work, and illustrated in Fig. 2.1

is known as the OZI-allowed decay. The OZI rule (named after Okubo, Zweig and

Iizuka [37, 38]) states that diagrams like the one presented in Fig. 2.4 are suppressed

relative to a decay mechanism like the one presented in Fig. 2.1. It is believed [21]

that this phenomenon is related to the running of the strong coupling constant, αs.

Gluons created in a process like that of Fig. 2.4 are high energy as they have to create

the new hadrons to which the parent state is to decay. From our discussion of chapter

1 we know that at high energies, gluons couple weakly due to asymptotic freedom.

Similarly, in a decay process like Fig. 2.1, the process is low energy and as such cannot

be understood by perturbation theory and we must use non-perturbative models.

The first effort on modeling OZI-allowed strong decays was made by Micu [39].

There she proposed that the quark anti-quark pair (as seen in Fig.2.1) were created

with vacuum quantum numbers 0++ or in spectroscopic notation, 3P0. She then

proceeded to calculate decay rates for a few light mesons by taking the spatial part of

the matrix element as a free parameter and computing only spin, angular momentum
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and flavour couplings that arose in the calculation. Taking the spatial part to be a

free parameter meant that no assumption was made on the binding potential or the

momentum space distribution of the created qq [39].

Later, the Orsay group further developed the 3P0 model [40], now called the Quark

Pair Creation Model, by writing out a transition matrix which included explicit meson

wave functions and overlap integrals in momentum space. They used 3D isotropic

harmonic oscillator wave functions and thus were able to calculate, analytically, the

overlap integrals. This improved Micu’s model as overlap integrals were no longer

free parameters.

In their work, Le Yaouanc et. al. (the Orsay group) used a property of Elementary

Meson Emission Models (EME) called “additivity” [41]. In these models, even though

the meson is a composite object made of quarks and anti-quarks (as discussed in

chapter 1), their emission and absorption is described as that of an elementary particle

( Yukawa’s Pion emission from a q or q is the prime example of this [42]). The

additivity property in EME is the idea [40, 43, 44] that some hadronic properties are

the sum of the contributions by one individual constituent quark at a time, with all

others being spectators.

This idea was generalized by the Orsay group to the following postulate:

“In a given process, a minimum number of quarks are active while the

rest remain spectators.”

In a hadronic decay in the context of the QPC model, this means all original quarks

are spectators and the qq pair is created from the vacuum hence the quantum numbers

specified before. Such a postulate simplifies the calculation tremendously as it means

the created pair has to be in a singlet state in colour and flavour with zero net

momentum and zero electric charge.
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As we intend to calculate the matrix element for A→ B+C, for clarity of notation

in this section we use φ→ A, M1 → B and M2 → C for the labels of our mesons. So

A is the parent with B and C her daughters. We begin by writing the S-Matrix of

the interaction [40]

Ŝ = 1− 2πiδ(Ef − Ei)T̂ (2.16)

with T̂ given by [45, 46]

T̂ = −3γ
∑
m

〈1 1m −m |0 0〉
√
96π

∫
d3pqd

3pq δ
3
(
�pq + �pq

)Y1m

(
�pq − �pq

2

)
×

χ1−m φ0 ω0 b
†
q

(
�pq

)
d†q

(
�pq

)
(2.17)

where χ1−m is the spin wave function, Y1m is the solid harmonic (defined in terms

of Spherical Harmonics: YL,M (�r) ≡ |�r|LYL,M (r̂)) describing the momentum space

distribution of the created pair, ω0 describes the colour wave function which has to

be a colour singlet and φ0 is the flavour wave function of the created pair which in

this work we take to be an SU (3) flavour singlet: φ0 = 1√
3

(
uu+ dd+ ss

)
. The

factor of 3 is there for convenience: it cancels the colour factor of 1/3 arising from

the colour wave function overlap calculation (see Appendix A).
√
96π comes from the

field theory conventions and normalizations (see Appendix B). b† and d† are creation

operators for the quark and the anti-quark, respectively. Finally γ is the only free

parameter in this model and it sets the strength of the vertex (the black circle in Fig.

2.1).

An equivalent way of formulating Eq. 2.16 is to write it as a Hamiltonian involving

Dirac fermion fields

HI = g

∫
d3xψψ (2.18)

where g can be related to γ with γ = g
2mq

, mq being the mass of the quark in qq
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created pair [36]. Since the probability to generate heavier quarks is suppressed and

the interaction vertex should not favour their creation, in our calculations we will use

γeff = mn

mq
γ0 where mq is the mass of the created quark pair and mn is mu = md [32,

47]. The QPC model is the non relativistic reduction of Eq. 2.18.

Since the introduction of this model, studies of it have focused mainly on numerical

predictions and calculations of strong decay widths (and more recently mass shifts).

Some studies have included some small modification by adding an extra spatial de-

pendence which in effect takes into account the finite size of the created constituent

quarks and adds an extra parameter, the effective quark radius, rq. The form of this

modification is usually taken to be e−
2r2qp

2

3 [48–52]. The rest of the equation as well

as the general structure of the pair production mechanism has not been modified.

With an explicit form for T̂ at hand, we can proceed to write down the matrix

element, 〈BC|T̂ |A〉. To do so, we must first define the mock meson wave function

used in the calculation[46]:

∣∣∣A(
n2SA+1
A LAJA,MJA

)(
�P A

)〉
=

∑
MLA

,MSA

〈LAMLA
SAMSA

|JAMJA〉×
∫

d3�pA χ
qq
SA MSA

φqq
A ωqq

A

∣∣∣∣q(( mq

mq +mq

)�P A + �pA) q((
mq

mq +mq

)�P A − �pA)

〉
(2.19)

which is normalized to

〈
A
(
n2SA+1
A LAJA,MJA

)(
�P

′)∣∣∣A(
n2SA+1
A LAJA,MJA

)(
�P
)〉

= δ3
(
�P − �P

′)
(2.20)

�P A is the momentum of meson A, �pA is the momentum of its constituents and χ, φ and

ω are wave functions for combining spins, flavour and colour of the constituent quarks

to get the corresponding properties of the meson. Having discussed the other quantum

numbers before, we just note that nA is the radial quantum number related to the

number of nodes in the radial part of the meson wave function (#nodes = nA − 1).
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Figure 2.5: The two possible arrangements for a meson decay in the Quark Pair
Creation Model: on the left the initial quark ends in meson B while on the right
it ends in meson C. In practice one of these two diagrams is often zero.

We can now sandwich the operator T̂ between three mock meson wave functions

to obtain the explicit matrix element form of the Quark Pair Creation Model in the

helicity basis with 〈BC|T̂ |A〉 = MMJA
,MJB

,MJC (�P ), using I
(
�P ,mi

)
as short hand

for I
(
�P ,m1,m2,m3,m4

)

MMJA
,MJB

,MJC

(
�P
)
= γ

∑
〈LAMLA

SAMSA
|JA,MJA〉 〈LBMLB

SBMSB
|JB,MJB〉

〈LCMLC
SCMSC

|JC ,MJC 〉 〈1m1−m|00〉
〈
χ14
SBMSB

χ32
SCMSC

∣∣∣χ12
SAMSA

χ34
1−m

〉
[〈
φ14
B ψ

32
C

∣∣φ12
A φ

34
0

〉 I(�P ,mi) + (−1)1+SA+SB+SC
〈
φ32
B ψ

14
C

∣∣φ12
A φ

34
0

〉 I(−�P ,mi)
]

(2.21)

where quark and meson labels correspond to that of Fig. 2.5. The sum runs over

the possible values of MLA
, MSA

, m, MLB
, MSB

, MLC
and MSC

. Eq. 2.21 is in the

helicity basis. However, we rewrite the matrix element in terms of partial waves,

ML,S, which are also what experiments measure. The conversion is done in Ref. [46]

via the Jacob-Wick formula [53, 54] after specializing to the center of mass of the
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parent meson A where �P A = 0. Thus we arrive at

MLS =

√
4π (2S + 1)

2JA + 1

∑
MJB

,MJC

〈L0SMJA |JAMJA〉 〈JBMJBJCMJC |SMJA〉×

MMJA
,MJB

,MJC (P ẑ)

∣∣∣∣
MJA

=MJB
+MJC

(2.22)

where P is the magnitude of vector �P = �PB = −�P C , the two body decay momentum.

The valid partial waves denoted by L and S are given by |JB − JC | ≤ S ≤ JB + JC

and |JA − S| ≤ L ≤ JA + S.

I (P,mi) given in Eq. 2.21 (also repeated implicitly in Eq. 2.22) is the overlap

integral which given explicitly in terms of the various meson wave functions is written

as

I
(
�P ,mi

)
=

√
96π

∫
d3pY1m (�p) ψnA,LA,MLA

(
�p+ �P

)
×

ψ∗
nB ,LB ,MLB

(
�p+

m4

m1 +m4

�P

)
ψ∗
nC ,LC ,MLC

(
�p+

m3

m2 +m3

�P

)
. (2.23)

The wave functions ψA, ψB and ψC are approximated by 3D isotropic harmonic

oscillator wave functions written (in momentum space) as

ψSHO
n,L,ML

(�p) = RSHO
nL (|�p|) YL,ML

(θp, φp) (2.24a)

RSHO
nL (|�p|) = (i)L (−1)n−1

β3/2

√
2(n− 1)!

Γ
(
n+ L+ 1

2

) LL+ 1
2

n−1

(
p2/β2

)
e−p2/(2β2) (2.24b)

where L
L+1/2
n−1 is an associated Laguerre polynomial [55]. β is the harmonic oscillator

parameter and we will study its effects in a later chapter.

Detailed studies have been done to calculate Eq. 2.22, with the most computa-

tionally intensive part being the overlap integral. The calculations are tedious and
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the derived formulas are complicated [46, 56]. In our work, we have automated the

computation using Mathematica [57]. The technique that we use to simplify and solve

for the matrix element was proposed by Ref. [56] and it recognizes that

• We are free to choose the ẑ direction for �P as made explicit in Eq. 2.22.

• There exists an exponential term in the overlap integral which originates from

the three wave functions (and perhaps the quark form factor, if it is included

in the model)

What was suggested by Roberts et al. [56] was to apply the change of variable �p →
�p′ − x �P and solve for x in the exponent of the exponential such that the �p′ · �P term

cancels. The rest of the calculation is performed symbolically with Mathematica. We

will study the behaviour of the momentum overlap integral in more detail in the next

chapter.

Once the integrals are evaluated we will have explicit expressions for MLS. Then

Ω (E) can be calculated for each partial wave (L, S) with the total correction being

the sum of the individual contributions. If the aim of the calculation is to obtain

physical masses, the process is iterated. To start, the bare mass is used as the input

in Eq. 2.10. The physical mass that is calculated is then used as input for Eq. 2.10

and the process is repeated until it converges. In this work, that is not our aim so

we run the program only once, taking the bare mass as a good approximation of the

physical mass, or in algebraic form

MPhys = m0 + Ω (m0) . (2.25)
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2.4 Short Note on Other Models of Strong Decay

In this section we will summarize the work of Ackleh et al. in Ref. [36]. The purpose

of this, other than for completeness, is to further motivate and justify the use of the

QPC model in our calculations.

In their paper, Ackleh et al. studied strong decays of light mesons using scalar

confining interaction and one gluon exchange potentials. The QPC model is a special

case of the scalar confining interaction while the Cornell model is related to a Lorentz

vector interaction. We will begin the discussion by first briefly summarizing the

Cornell Model of strong decay [5] as it was among the first models of strong decay

and will be an illuminating case. Other models will be discussed very briefly and

the interested reader is encouraged to refer to Ref. [36]. It should be noted that for

all these models the general form of Eq. 2.10 and 2.11 are unchanged except for the

matrix element given in the numerator of Eq. 2.11.

2.4.1 Cornell Model of Strong Decay

In chapter 1 we discussed the naive Cornell Model as formulated in Ref. [5]. How-

ever, in that same paper, the Cornell group also proposed a decay model to connect

the naive spectrum to the continuum. They postulated that the same mechanism

that causes binding in mesons, i.e. the potential of Eq. 1.2, is also responsible for

pair creation leading to OZI-allowed strong decays. In their model, they specifically

attributed this effect to the linear confining part of the potential, arguing that the

colour Coulomb potential is only relevant at small quark separations and, at larger

distances where the decay occurs, it is of little to no consequence. It should also

be noted in their calculations they ignore spin-orbit (�S · �L) and hyperfine ( �Sq · �Sq)

interactions in the naive spectrum as well as the continuum channels (so only the
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confining potential in Eq. 1.5, and ignoring the other parts).

With that understanding, they proposed the following interaction Hamiltonian

HI =
1

2

8∑
a=1

∫
d3x d3y ψ (�x) γ0

λa
2
ψ (�x)V0 (�x− �y)ψ (�y) γ0

λa
2
ψ (�y) (2.26)

where V0 = 3
4
V for V in Eq. 1.2, γ0 is a Dirac matrix and the λa are Gell-Mann

matrices.

We observe immediately that the interaction in Eq. 2.26 has a different Lorentz

structure than that of the QPC model: while QPC assumes a scalar interaction the

Cornell Hamiltonian is the time component of a vector interaction. Another difference

here is that while we have one spectator quark, the additivity property is not as strong

as it was in the QPC model case. Here, the momentum of the parent quark changes

and the created quark anti-quark pair receive nonzero momentum.

With this Hamiltonian the Cornell group proceeded to calculate the Charmonium

spectrum by incorporating virtual loops and decay widths though they truncated their

sum of mesonic loops to include only S-wave (L = 0) mesons. In their approach, they

would construct a matrix of naive states where Eq. 2.26 would provide self-energy

corrections and off-diagonal matrix elements. The physical masses and their widths

are then calculated by diagonalizing the matrix.

The most appealing property of this model is the fact that once the parameters

of the naive potential in Eq. 1.2 are set, the entire spectrum including the corrections

are, in principle, determined and there are no further free parameters. One still has to

go through the iterative process if the goal of the calculation is to determine physical

masses, but that is universal to all models in this framework. However, the Cornell

decay model has not been pursued as a model of strong decays due to the time-like

Lorentz vector structure that it assumes. This goes contrary to what is known of
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strong decays via Lattice QCD which indicates the potential as a long range scalar

structure, not a vector one [58]. Furthermore, the model gives inaccurate prediction

of P-wave multiplet splittings in Charmonium [59].

2.4.2 Scalar Confining Interaction and One Gluon Exchange

Model

Ackleh et al. in Ref. [36] began their study of other possible mechanisms of strong

decays by accepting the assumption made by Eichten et. al. [5] that the interaction

causing the decay of a meson is driven by the same potential that binds its quarks.

Thus they can generalize the form of Eq. 2.26 and write

HI =
1

2

∫
d3x d3y Ja (�x) K (|�x− �y|) Ja (�y) (2.27)

where Ja are quark-currents given below [36]

Ja (�x) =

⎧⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎩

ψ (�x) λa

2
ψ (�x) scalar confining interaction

ψ (�x) λa

2
γ0 ψ (�x) colour Coulomb one gluon exchange

(
ψ (�x) λa

2
�γ ψ (�x)

)
T

transverse one gluon exchange

. (2.28)

The kernels in Eq. 2.27 are then written as

K =

⎧⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎩

+3
4
(br + C) linear confining potential

+αs

r
colour Coulomb one gluon exchange

−αs

r
transverse one gluon exchange

. (2.29)
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The Cornell decay model is now a special case of Eq. 2.27, where one takes the scalar

confining potential of Eq. 2.29 with the time-like vector current of Eq. 2.28. The

quark pair creation model on the other hand is only the constant term in the scalar

confining interaction kernel with the scalar current. The general structure of matrix

elements is still the same as that of the 3P0 model as it can be factorized into angular

momentum, spin, colour and flavour re-coupling coefficients and overlap integrals of

the three wave functions involved.

The calculations are then performed using simple harmonic oscillator wave func-

tions while setting the HO parameter of all three wave functions to a shared value of

β = 0.4GeV. This is a reasonable approximation as Ackleh et al. concern themselves

exclusively with calculating/comparing decay widths in the light quark sector and

the constituent masses of up, down and strange quarks are nearly equal.

In their rather comprehensive study they find that the linear confining interaction

as a Lorentz scalar and the QPC give similar results provided that the γ parameter

in Eq. 2.17, which sets the strength of that vertex and the b parameter in the linear

potential of Eq. 2.29 are taken as free parameters. However, this is a problem as b is

the string tension which has a preferred value in meson spectroscopy (b ≈ 0.18GeV2

[5, 60] ) which then results in this potential over-estimating the decay rates. They also

find that the one gluon exchange potentials are numerically negligible contributions

in all channels except for 3P0 →1 S0 +
1 S0.

These models are, however, extremely computationally intensive even with the

assumptions made by Ackleh et al., with matrix elements involving confluent hyper-

geometric functions. This is not a major impediment for calculating widths. However,

for our purposes of calculating loops which require integrating over matrix element-

squared it becomes a level of complexity that cannot be justified given that a simpler
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model, the QPC model, produces results which are in better agreement with exper-

iment. Of course, in the QPC model there were still assumptions made that can be

relaxed given advancements in computing. It is also worth stating that the study in

Ref. [36] of various models of the strong decays of mesons has not been replicated for

charmonium, bottomonium or flavoured systems (such as cs or bc and so on) which

could shed more light on the study of strong decays than the light quark sector.



Chapter 3

Detailed Study of the Overlap Integrals

The Quark Pair Creation model has become the “go-to” model for meson loop calcula-

tions [24, 26, 27, 32, 49, 50, 61–63]. In such calculations, there are always assumptions

made on what the choice of parameters of the model are and how they are to be deter-

mined. Of course the 3P0 model is itself an approximation of the strong pair creation

vertex but most authors go even further within the model. Almost all researchers

(except for Ref. [47], to our knowledge) take harmonic oscillator wave functions as

previous research has shown them to be reliable estimates of the exact numerical

solutions of the potential model [46].

In this chapter we seek to understand the sensitivity of the coupled channel model

with the QPC decay vertex to parameters of the model as well as inclusion of mesons

with higher radial and angular quantum numbers in the loop. First we will start with

the determination of parameters.

3.1 Parameter Determination

Calculations of loops with the QPC model traditionally, regardless of the approxima-

tions made, contain at least 2 parameters

36
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1. β, the Harmonic Oscillator parameter

2. γ0, the strength of the strong pair production vertex.

In our study we add a third parameter, rq, which is introduced in a Gaussian form to

smear the interaction vertex. It was proposed by Ref. [51] and previously discussed

in chapter 2. This parameter accounts for the finite size of the created constituent

quarks and as we shall see, it plays a crucial role in regulating mass corrections within

the QPC model.

In general, the parameters used in these calculations can be divided into two

categories

• parameters set before the coupled channel calculation including the inter-quark

potential parameters , Vqq (r), constituent quark masses and harmonic oscillator

wave function parameter β

• parameters set for the coupled channel calculation (only two of them in our

case): γ0, rq.

Fixing the wave function parameter β and the constituent masses is connected to what

was discussed in chapter 1. As mentioned there, the parameters of the model are fitted

to some low lying states in the spectrum of interest. This procedure determines the

constituent masses, string tension parameter, the relativistic smearing and various

spin interaction parameters (if one is using the Godfrey-Isgur Quark Model or a

similar model).

After solving the Schrödinger equation and acquiring the numerical eigenfunctions

and eigenvalues, one can find the β that would best describe the true wave function

in two ways:
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1. calculate the r.m.s (root mean squared) radius of the exact numerical solution

and set equal to the r.m.s radius of the equivalent harmonic oscillator wave

function

2. calculate an overlap integral for the harmonic oscillator wave function and the

exact numerical solution, fitting for the β that maximizes the overlap.

β values used in this work are acquired via the former method from the Godfrey-Isgur

model and are taken as given inputs along with the “bare” meson masses. We do not

repeat the calculations and encourage the interested reader to refer to the original

article in Ref. [7] for details, if deemed necessary.

Many calculations of hadron loops have taken the SHO parameter of the three

wave functions in Eq. 2.23 to be equal. This approximation was originally made in

calculations of decays using this model and later used in calculations of mass cor-

rections. In studies of the light quark sector (bound states of u, d and s quarks),

βeff is usually set to 0.4 GeV [36, 64]. Given that in the limit of perfect symmetry

between these quarks we can view them as degenerate in mass this seems a reasonable

approximation. In chapter 5, we take this value for the light mesons as well as our

“equal β” studies of the charm-strange sector. For single-β calculations of bottomo-

nium in chapter 4, we will use βeff = 0.5GeV which seems to be the preferred choice

for bottomonium in the literature [30, 49, 50, 61].

The parameter for the interaction strength, γ0, and the constituent quark size

parameter, rq, are fitted to the strong decay width of mesons in the spectrum of

interest. For this fit, the matrix elements are calculated within the QPC model

using β values (be it βeff or un-equal β’s) with the expressions then used along with

experimental decay widths and their ratios to find a fit for rq and γ0. The numerical

value of γ0 quoted in various papers depends, of course, on the normalization used for
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Table 3.1: QPC model parameters used in this work. Except for γ0 which is a
unit-less number, all other values are in GeV. Charm-Strange parameters are
from Ref. [65], bottomonium from [49] and charmonium parameters from [50].
The charmonium column will be used in future work and is only included here
for completeness.

Parameter Charm-Strange Charmonium Bottomonium

γ0 0.4 0.51 0.732

βeff 0.4 0.5 0.5

mn = mu,md 0.22 0.33 0.33

ms 0.419 0.55 0.55

mc 1.628 1.50 1.50

mb - - 4.70

the mock meson wave functions. In this work we do not perform fits for parameters

and instead use previously published and accepted values given in table 3.1.

We are now in a position to look at equation Eq. 2.11 and study the numerator.

3.2 General Structure of the Momentum Overlap

Integral

In chapter 2 we discussed the general properties of the mass correction function, Ω (E)

of Eq. 2.10. Most of our discussion centered around the overall sign of the function

and made sensible assumptions regarding the behaviour of the matrix element in the

numerator. Here, we shall look at some explicit examples of matrix elements for a

naive state coupling to continuum intermediate levels. In this section, we will use

values for masses, wave function parameters or model parameters that will resemble

a bottomonium or charmonium system although making physical calculations is not

our goal. In our study of matrix elements, we wish to examine two issues:
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1. Comparison of various matrix elements for excited mesons would help illustrate

the convergence of the sum of their contributions in the loop and allow us to

determine if approximations made in many previous studies are valid.

2. Study the effect of the quark form factor (rq, the effective constituent quark

radius) on the shape of the matrix element and the sum of total meson-loop

contributions.

Given the many possible different combinations of parameters, we begin with the

simplest case possible: equal β for all three wave functions and equal masses for the

constituent quarks involved in Eq. 2.23.

3.2.1 Single β and a form factor

We start in figures 3.1 and 3.2 with an initial 1S state (i.e.n = 0, L = 0) coupling to

intermediate states nS+nS (for n ∈ (1, 2, 3, 4, 5)) as well as 1S+nP (for n ∈ (1, 2, 3)).

In both figures, plotted with different values for rq, we see a clear decrease in the mag-

nitude of the integral as the radial quantum number (n) in the loop increases. Given

that the re-coupling coefficients in Eq. 2.12 are independent of the radial quantum

number, we can conclude that higher order terms in n, contribute less to the overall

correction sum. Another point to raise on this figure is the shape-change due to the

inclusion of the quark form factor. Predictably, the form factor reduces the contri-

bution of higher momenta to the loop. This is an important point as the traditional

QPC model creates hard vertices [66] and higher momenta contribute more to the

loop. To illustrate this better, consider Fig. 3.3 which compares 1S → 3S + 3S and

1S → 3S + 3P for different values of rq.
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(a) rq = 0.0 fm

(b) rq = 0.3 fm

Figure 3.1: Momentum overlap integral of the matrix element 〈nS + nS|T̂ |1S〉 for
n = 1−5. In both plots, β = 0.5GeV is the single harmonic oscillator parameter
used for all wave functions. Constituent masses are taken to be equal. P is the
centre of mass momentum of the “out-going” mesons.
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(a) rq = 0.0 fm

(b) rq = 0.3 fm

Figure 3.2: Momentum overlap integral of the matrix element 〈nS + nP |T̂ |1S〉
for n = 1 − 3. In both plots, β = 0.5GeV is the simple harmonic oscillator
parameter used for all wave functions. Constituent masses are taken to be
equal. P is the centre of mass momentum of the “out-going” mesons.
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(a) 1S → 3S + 3S

(b) 1S → 3S + 3P

Figure 3.3: Effect of the quark form factor on the momentum overlap integral.
1S → 3S+3S and 1S → 3S+3P are used as test cases. The rq = 0.25, 0.335 fm
are at the bounds of accepted values for rq suggested by Refs. [50, 51]. The effect
of the form factor on higher momenta is clearly demonstrated by the dampening
of I (P ) in that regime.
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3.2.2 Unequal β and unequal mass

In the previous section we made the approximation of setting the masses of the quarks

to be equal as well as using an effective β for all the wave functions. These are the

assumptions that we will relax in this section in order to study the momentum overlap

integral. The assumption on wave function parameters are expected to be important

as different β values set the size of the wave function and, by extension, the size of

the meson. Hadron spectroscopy is perhaps unique in physics where a state, small in

size, can decay to two bodies that are larger [5]. We again turn our attention to an

initial S-wave, coupling to the same final states as before.

In Fig. 3.4 we look at two matrix element test cases which we also considered in

- -- -

()

Figure 3.4: Effect of the constituent quark mass on two sample matrix elements:
〈1S + 1S|T |1S〉 and 〈1S + 1P |T |1S〉. rq is set to 0 and βeff = 0.5GeV. Con-
stituent masses used are that of b-quark for the heavy parent meson and u-quark
for the created pair. Mass values taken from the fourth column of table 3.1.
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Figure 3.5: Overlap integral of creating a qq pair for various choices of q. Values
for quark masses are taken from the fourth column of table 3.1. The larger
amplitude and thus preference of the matrix element for heavier quarks is clear.
The quark radius (rq) is set to zero and βeff = 0.5 GeV.

the previous section. Constituent masses in Eq. 2.23 show up in the form of ratios

r ≡ mi

mi+mj
. Taking equal masses turns this ratio into 1

2
which can be considered an

upper bound. We also plot the 1S → 1S+1S momentum overlap integral for all pos-

sible quarks in the vertex in Fig. 3.5. The severe decrease in the magnitude of I (P )

both in Fig. 3.4 and in Fig. 3.5 when we use unequal masses for the constituent quarks

as opposed to assuming perfect symmetry between all 5 quarks and taking their mass

to be the same, does not necessarily imply that heavier mesons (for example, bot-

tomonium mesons in the loop bb→ bb+ bb) will contribute more to mass corrections.

The momentum overlap integral is still only in the numerator of the integrand of Eq.

2.11 and mesons with two heavy quarks are generally quite heavy themselves. The

effect of the mass of the mesons in the loop shows up in the denominator and does

ensure that heavier mesons will have their contributions suppressed. The change of
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(a) 1S → 1S + 1S

(b) 1S → 1S + 1P

Figure 3.6: Figure summarizing the effect of various parameters on the shape of
two hypothetical momentum overlap integrals (or matrix element up to a mul-
tiplicative constant). The parameter values are from the fourth column of table
3.1 for βeff and rq, and table 4.1 for the final state β values (using β for the B+

meson) in the unequal β case and 4.2 (using β for the Υ (1S)). We are assuming
light-quark pair creation (up or down quarks).
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γ to γ0
mn

mq
which we discussed in chapter 2 also helps in this suppression.

Finally we can consider the effect of unequal wave function parameters. As ex-

plained before, especially in heavy quark spectroscopy, the parent state occupies a

smaller volume than the final states. As such, one would expect the details of the wave

function to become quite important particularly for states close to a decay threshold.

This is due to the fact that using fitted β values for different states would better

capture the details of the wave function and its size than a simple, universal effective

parameter being used for objects that belong to different spectra and have different

sizes. Fig. 3.6 illustrates this point. The effect of including more realistic wave func-

tions is significant in both plots and contributions of both low and high momenta

are significantly suppressed. This is rather good news as it implies that it is likely

that in summing over various contributions to mass correction for a given state, each

correction will be small and higher angular and radial excitations will contribute less

and less.

3.3 Summary of Parameter Dependence

We began this chapter aiming to study the numerator of Ω (E) and its dependence

on the parameters of the coupled channel model. The various approximations we

considered included the effect of the constituent quark masses, the harmonic oscillator

parameter and the quark form factor.

In general we observe that the more details that are taken into account in calcu-

lations of momentum overlap integrals, the smaller their values become. We do not

expect this to be true for all states, certainly not the states that are very close to a

threshold or have many different thresholds around them. However, it is a fair start-

ing point to have in mind when we study the mass corrections to the bottomonium
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and charm-strange spectra.

Specifically, we find that the inclusion of the quark form factor in the operator

regulates the higher momentum contributions to the mass correction, once the mo-

mentum overlap integral and the re-coupling coefficients are taken into account. We

will study this effect in the context of total mass corrections from 1S + 1S mesons

to bottomonium and the charm-strange spectrum. We will also expand that study

for a low lying bottomonium state, the Υ (1S) by considering the addition of excited

bottom and bottom strange mesons (higher n and L) in the loop. This will help us

determine the usefulness or the necessity of such a form factor in calculations of mass

corrections.

The wave function β parameter studies show the sensitivity of the momentum

overlap integral to the details of the wave function. This is important since the mo-

mentum integrals themselves become integrands in order to calculate mass corrections

and as such, one would expect the details of the wave function to play a significant

role particularly for states that are close in mass to thershold. In order to say more

about this topic, we need to study the mass corrections which is the subject of the

next two chapters.

Finally, the effect of the constituent mass was mostly to illustrate the necessity for

the modification of γ0 to suppress heavy quark production. The equal mass approxi-

mation is not usually made in the literature for mass correction or width calculations

except for the light meson sector. However, given that mass ratios appear in the mo-

mentum overlap integral expression it is important to consider the dependence of the

vertex on the mass of the created quark. Our study indicates that the modification,

γ → γ0
mq

mn
, is essential to correct for the undue preference that the original QPC

model formulation has for heavy quark pair creation.



Chapter 4

Bottomonium Spectrum

Up to this point we discussed various parts of the mass correction function, Ω (E).

It is now time to apply the model to several states in the bottomonium system,

turn the handle and see what the model gives. Our goal is not to make physical

calculations of masses or mass corrections but rather to understand the behaviour of

the model. That means whether the sums that are taken to be convergent do converge

or whether certain approximations made by various authors and calculations are

sensible. It should be noted that in our studies we always use experimental masses

for all intermediate mesons if available and if not will use the predicted masses of

the Godfrey-Isgur (GI) relativized quark model [45]. For the bottomonium levels

presented here, all “bare” masses are the predicted masses from the GI model. The

bare masses are also where we evaluate the mass correction function.

Bottomonium is chosen to be the first system we consider since given the high

mass of the bottom quark, a non-relativistic calculation is a better approximation for

its bound states than for other mesonic spectra. Furthermore, as the open flavour

threshold in bottomonium is fairly high there are many sub-threshold, stable states for

which we would expect the meson-meson corrections and wave function components

to be small. That is to say, we expect the quark anti-quark picture of mesons to be

49
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Table 4.1: 1S B-mesons used in the calculations of this section. Masses are from
Ref. [12] and β values are acquired using the GI model for Ref. [45]. The
antiparticles are omitted as their relevant properties are identical. For example,
the properties of B− are identical to that of B+ except for the quark content
which is ub and the electric charge.

Meson Quark Content Spectroscopic Notation Mass(GeV) β(GeV)

B+ ub 11S0 5.27926 0.579659

B0 db 11S0 5.27958 0.579659

B+∗ ub 13S1 5.3252 0.5419

B0∗ db 13S1 5.3252 0.5419

B0
s sb 11S0 5.36677 0.6362

B0∗
s sb 13S1 5.4154 0.5946

best realized in the bottomonium system with limited complexity introduced by the

coupled channel effects.

4.1 Coupling to intermediate low lying S-waves

Most studies of coupled channel loop corrections to various mesonic sectors perform

their calculations with the assumption that the most significant contributions to the

total mass correction comes from 1S+1S loops and that excited meson loops can be

ignored. Ref. [67] is an exception to this statement. While we will study this specific

assumption later, we will begin our study of loop corrections with only ground state

S-waves in the loop.

It should also be noted that we will only present results for a representative sam-

ple of bottomonium states and provide the full table of results in Appendix C for

completeness and future replication of our work. The bottom and bottom strange
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Table 4.2: Properties of the bottomonium states used in this chapter. Theoretical
masses are obtained from the GI model, given in Ref. [45] while the experimental
masses are from the Particle Data group in Ref. [12].

Meson Spectroscopic Mass (GeV) Mass (GeV) β (GeV)

Notation Theoretical Experimental

Υ (1S) 13S1 9.4649 9.46030 1.1568

ηb (1S) 11S0 9.4017 9.3980 1.2690

χb2 (1P ) 13P2 9.8971 9.91221 0.8580

χb1 (1P ) 13P1 9.8764 9.89278 0.8891

χb0 (1P ) 13P0 9.8469 9.85944 0.9320

hb1 (1P ) 11P1 9.8821 9.8993 0.8798

mesons used in the loop as well as their properties are given in table 4.1 and the

bottomonium states that we study here are given in table 4.2.

As we saw in chapters 2 and 3, there are many different approximations that can

be made in this model. Here we study four variations:

1. Equal β without a quark form factor denoted as 1β

2. Equal β with a quark form factor denoted as 1β + rq

3. Un-equal β without a quark form factor denoted as 3β

4. Un-equal β with a quark form factor denoted as 3β + rq.

From our discussion in chapter 3 we already expect the scenarios with a quark form

factor to have reduced contributions relative to their equivalent without a form factor.

Also the unequal β case is expected to give a smaller contribution, in general, relative

to the equal β case for mesons with heavy quarks because it is a better approximation

of the wave functions involved and better captures the details of the overlap integrals.
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(a) Equal β with form factor

(b) Unequal β with form factor

Figure 4.1: Mass correction for Υ (1S) and ηb (1S) via coupling to B++B−∗ (BB∗)
and B0

s +B
0∗
s (BsB

∗
s ) as a function of the mass of the two bottomonium states.

The vertical lines denote the physical masses of ηb (1S) and Υ (1S) along with
the thresholds of BB∗ and BsB

∗
s , respectively.
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Table 4.3: Comparison of mass corrections from individual bottom and bottom-
strange channels to the 1S and 1P bottomonium states. The first number in
each column is the 1β + rq contribution while the second column is the 3β + rq
result. For clarity, we denote various meson-meson channel contributions with

shorthand form i.e. BB ≡ B+ +B− and B0 +B
0
and so on. A negative sign is

factored out from all the numbers in this table.

State Channel Mass Correction(MeV )

BB BB∗ B∗B∗ BsBs BsB
∗
s B∗

sB
∗
s

Υ(13S1) 7.62 2.50 29.63 10.22 50.10 18.43 1.56 0.51 6.04 2.13 10.24 3.94

ηb (1
1S0) 0.00 0.00 42.38 13.69 41.01 14.20 0.00 0.00 8.69 2.93 8.43 3.12

χb2 (1
3P2) 16.24 7.24 46.32 21.83 78.90 36.37 3.11 1.27 8.92 3.96 13.84 6.25

χb1 (1
3P1) 0.00 0.00 66.05 27.50 72.05 35.06 0.00 0.00 11.27 4.54 13.99 6.62

χb0 (1
3P0) 31.29 11.24 0.00 0.00 102.62 47.18 4.90 1.68 0.00 0.00 19.69 8.96

hb1 (1
1P1) 0.00 0.00 71.23 31.55 67.78 31.62 0.00 0.00 13.00 5.52 12.45 5.70

Fig. 4.1 shows the coupling of Υ (1S) and ηb (1S) (bb states) to BB∗ and BsB
∗
s (in

short hand form, see the caption of Fig. 4.1 for explanation). In the first channel we

create a light quark pair and a strange pair in the second one. These two channels

are chosen as they are the first two-meson channels which couple to both 1S states.

Another reason to choose these states was that their thresholds are relatively apart

from each other. This gives us an opportunity to also study the effect of a channel

opening. The x-axis of the plot is the naive “mass” of the bottomonium states (either

Υ or ηb) which we let vary. The physical masses and the thresholds are denoted by

four vertical lines in the plot. The fact that the two states receive similar corrections

is expected. This was proven by Swanson and Barnes in Ref. [24] as a loop theorem

in the limiting case where the states in the multiplet are degenerate and coupling

to a complete set of intermediate states (mesons within the loop). In that limit,

Swanson et al. [24] found that the individual members of the parent multiplet will

receive identical mass corrections.
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Since in our work here we are not operating in the degenerate mass case, there will

be some difference in the size of the correction between the members of the multiplet.

Furthermore, in our plots we are including only two meson loops and the theorem

applies to the “total” contribution since not all members of the “parent” multiplet

will couple to all members of the intermediate states. As such, some channels will

contribute more to one member while other channels may not couple to it at all. This

can be clearly seen in table 4.3 where we give the detailed breakdown of the coupling

of the complete set of ground state 1S bottom and bottom strange mesons to the 1S

and 1P bottomonium multiplets.

Continuing with the general shape of Fig. 4.1 we also see that as we approach

the first threshold, BB∗, the rate of mass correction from that channel increases

dramatically. The opening of a new channel induces a kink in the mass correction

function with the effect being more pronounced in the 1β + rq. Denote the loop

correction function due to the first threshold (BB∗) as Ω1 (E) and the equivalent for

BsB
∗
s to be Ω2 (E). In the equal β approximation, the matrix element is simplified

to the point that the numerators of Ω1 (E) and Ω2 (E) are quite similar with the

difference between the two coming from their quark masses as the quantum numbers

are the same. So the denominators of Ω1 (E) and Ω2 (E) start playing an important

role in setting the relative strength. Since close to the BsB
∗
s channel we are further

away from the BB∗ threshold, the denominator of Ω1 is no longer approaching zero

and has only a singular point while the exact opposite is happening in the denominator

of Ω2, leading to increased contributions from that channel. We also see that as the

naive state moves beyond the second threshold, contributions from both channels

become smaller, turning positive and if the state moves too far away from the two

continuum channels it will eventually decouple from them.
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Table 4.4: Comparison of total mass correction from the coupling of low lying bot-
tomonium states (1S and 1P ) to 1S+1S intermediate bottom mesons including
the u, d and the s quarks. All values are in MeV. We used the parameters of
tables 3.1 (fourth column), 4.1 and 4.2.

State ΔM (1β) ΔM (1β + rq) ΔM (3β) ΔM (3β + rq)

Υ (1S) -474.36 -105.26 -432.59 -37.73

ηb (1S) -453.40 -100.51 -399.13 -33.93

χb2 (1P ) -655.85 -167.32 -733.40 -76.91

χb1 (1P ) -640.64 -163.37 -704.55 -73.73

χb0 (1P ) -621.99 -158.49 -673.50 -69.05

hb1 (1P ) -644.90 -164.46 -712.25 -74.39

Table 4.4 compares the total mass correction arising from coupling to ground

state bottom and bottom strange mesons. From all four columns we can see that

the overall mass contributions to members of the same multiplet are similar which

is a verification of the loop theorem of Swanson, as mentioned before. The overall

reduction in the total mass correction due to the inclusion of the quark form factor is

also very clear. There is an issue with the results as the predicted naive masses of the

1P multiplet are lower than the experimental masses and the loop corrections push

the predicted mass even lower. This highlights that this mass correction calculation

is only the first step of what should be a fit, assuming that more excited mesons in

the loop have vanishing contributions.

We can now compare our results for these states with some published values in

the literature. One natural comparison is with the work of Ferretti et al. [49] (second

column of table 4.5) as we are using their parameters (with some modification).

Table 4.5 compares our results for unequal wave function parameters including a

quark form factor with those of other published works. While the actual value of the
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Table 4.5: Comparison between previously published results for loop mass correction
calculations in the literature and the work of this thesis. We compared our
3β + rq using parameters of table 3.1 to that of previously published works by
various authors. In the third column, the Υ and ηb results are taken from [26]
while the 1P results are from [27]. It should be noted that in [26] the two states
in the 1S multiplet are taken to be degenerate in mass, hence the equal induced
mass shift. RY column is the calculation of this work. All values are in MeV.

State ΔM ([49]) ΔM ([47]) ΔM ([27], [26]) ΔM ([62]) ΔM (RY)

Υ (1S) -68 -22.8 -30 -58.25 -37.73

ηb (1S) -63 -22 -30 -55.49 -33.93

χb2

(
13P2

)
-115 -36.4 -45 -87.33 -76.91

χb1

(
13P1

)
-112 -35.5 -44 -84.78 -73.73

χb0

(
13P0

)
-107 -34.6 -43 -81.83 -69.05

hb1
(
11P1

)
-113 -35.8 -44 -85.74 -74.39

mass corrections seems to span a wide range of numbers, it is important to remember

that these corrections are sensitive to the details of the model as well as the masses

used for the intermediate states. All the columns in this table still conform to the

loop theorem of Ref. [24]. Furthermore within the 1P multiplet all calculations give

a smaller correction to the 13P0 state while the 1
3P2 state gets the largest correction.

13P1 and 11P1 states have similar corrections. Similar patterns repeat themselves for

higher radial and orbital excitations. We also see that compared to the 1S states, the

1P waves get larger mass corrections. This is again to be expected since in Fig. 4.1 we

saw that the closer the state is to the threshold the larger the correction will be and

1P states are around 400− 500 MeV closer to the threshold than the 1S waves. This

is related to the behaviour of the denominator of Eq. 2.11. We should also mention

that our findings here generalize to tables C.3 and C.4.

It is perhaps also helpful to briefly go over the methods used by the sources cited

in table 4.5. All of them use the master equation Eq. 2.10 with Eq.2.11. The QPC
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model is also used in all of them to model the strong pair creation vertex and the

points of departure between what they did versus what we do are as follows:

• [49] uses a 1β + rq scheme, an SU (5) flavour wave function for the produced

qq pair which means they also include 1S + 1S loops from Bc and bb states.

The contributions of these states is negligible in their calculations. The nor-

malization factor used in their work seems to be different from what we have

in Eq. 2.23. In our effort to reproduce their work, we found that
√
128π seems

to better match their results. They also use a modified version of the GI model

and take the masses of bottom mesons of different isospins to be equal.

• [47] uses a non-relativistic naive potential model and present their results in two

ways: one using SHO wave functions and another using the Gaussian Expan-

sion Method [68] to faithfully fit the numerical wavefunction and get analytical

expression for use in matrix element and mass correction calculations. Their

aim is to check for the effect of using realistic wavefunctions. They make no

indication whether the B-meson masses used in their calculations are set to be

equal for different isospins or not (we infer that that is what they did).

• [26, 27] also use a non-relativistic naive potential and no isospin effects in the

masses of the B-mesons. Furthermore as mentioned in table 4.5 they take the

masses of Υ (1S) and ηb (1S) to be degenerate.

• [62] uses a 1β scheme with no quark form factor and βeff = 0.4 GeV. The naive

potential used is a non-relativistic one. B-meson masses do not include isospin

effects.

Ultimately all the authors of [26, 27, 47, 49, 62] aim to fit the bottomonium spectrum

using coupled-channel effects. We mentioned one way that the fit can be performed



CHAPTER 4. BOTTOMONIUM SPECTRUM 58

in chapter 2 which is to take the bare mass to be a first estimate of physical mass.

Then Eq. 2.10 is called with M = m0 +Ω (m0) and this process is repeated for M ′ =

m0 + Ω(M) until convergence is achieved. Alternatively, one can use the physical

masses of a few low lying states and fit them for the naive potential parameters. Then

using these parameters and calculating the mass correction at the physical mass, the

required bare masses, m0, can be calculated. The potential is then fitted with these

bare masses for a rescaling of the naive potential model parameters and separating

the coupled channel effects from the traditional qq interactions. Our results are the

first step of the former method.

4.2 Υ (1S) as Test of Convergence

In this section we take one member of the 1S multiplet of bottomonium and add

excited bottom and bottom strange mesons in the loop. An important assumption

made in coupled channel calculations is the idea that excited states in the loop will

have negligible contributions and as such taking the 1S + 1S states is enough to

capture the coupled channel effect. This issue had received some attention previously

[52] for a different study and it was determined that for the series to converge, it is

necessary to include a quark form factor. More recently authors of Ref. [67] looked

into the addition of excited mesons in the loop and determined that even with a

quark form factor, the series does not converge fast enough and that the 1P + 1P

contributions are in fact larger than the 1S + 1S corrections. In their calculations,

they take the masses of B-mesons belonging to the same multiplet to be equal and

only go so far as the B (2S) contributions, performing the calculations for Υ (nS)

for n = (1, 2, 3, 4, 5, 6) using rq and the Gaussian Expansion Method to fit their

wavefunctions, which is roughly similar to our 3β + rq case. We performed our own
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Table 4.6: Contributions of the radially excited S-waves to the loop mass correction
of Υ (1S) for a 1β scenario. There is no quark form factor included. The table
should be read as row + column for the states within the loop. For example,
the first entry is the contribution from 1S + 1S. All values are in MeV.

1S 2S 3S 4S 5S

1S -474.36 -111.92 -19.94 -2.72 -0.26

2S -458.59 -108.38 -30.68 -6.40

3S -397.44 -109.10 -36.36

4S -342.28 -109.94

5S -298.13

Table 4.7: Contributions of the radially excited P-waves to the loop mass correction
of Υ (1S) for a 1β scenario. There is no quark form factor included. The table
should be read as row + column for the states within the loop. For example,
the first entry is the contribution from 1P + 1P . All values are in MeV.

1P 2P 3P

1P -2271.88 -553.88 -94.52

2P -2276.02 -682.32

3P -2153.78

calculations, in a 1β+rq scenario for corrections to Υ (1S) with loops including 1−5S,

1− 4P , 1− 2D and 1F bottom and bottom-strange mesons. We also performed the

calculation for a smaller subset (1−2S and 1P mesons in the loop) for a 3β with and

without rq which we present here. For the 1β case we only present the S-wave and

P-wave results here and include the rest in Appendix C.

We begin with an equal β approximation. From tables 4.6 and 4.7 we see that

going across a row (i.e. 1S + nS) the contributions fall while they rise moving down

a column. This is problematic as clearly the approximation of 1S + 1S states in
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Table 4.8: Contributions of the radially excited S-waves to the mass correction of
Υ (1S) in 1β scheme with quark form factor included. The table should be read
as row + column for the states within the loop. For example the first entry is
the contribution from 1S + 1S. All values are in MeV.

1S 2S 3S 4S 5S

1S -105.26 -2.68 -1.07 -1.26 -0.60

2S -10.94 -4.44 -0.20 -0.32

3S -5.17 -4.15 -0.56

4S -3.13 -3.18

5S -2.06

the loop is not enough. The issue is not helped by the significant contributions

that the nP + n′P states make within the loop. These result clearly demonstrate

an issue we discussed before, that the higher momentum contributions in the loop

need to be suppressed much more than the traditional QPC model does on its own.

Furthermore, the fact that radially excited bottom mesons have contributions that are

comparable to the 1S+1S, even when we go as high n = 5 shows the need for a better

approximation and modeling of the wave functions. This is compounded by what is

observed in table C.1 where we can see that the corrections of loops from D and F

waves are also extremely large and in fact overwhelm the contributions from 1S+1S

loops. This issue arises from the fact that the β values for loop mesons, regardless

of their radial or angular quantum numbers, are around 0.45 GeV and change very

slowly as we go to more excited states. As such the contributions decrease slowly as

we increase n in nS + nS and actually get larger as we move down the columns of

tables 4.6 and 4.7 since the wave function parameters of the two mesons in the loop

approach each other, increasing their overlap.

The addition of the quark form factor in tables 4.8 and 4.9 while reducing the
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Table 4.9: Contributions of the radially excited P-waves to the mass correction of
Υ (1S) including a quark form factor. The table should be read as row + column
for the states within the loop. So for example the first entry is the contribution
from 1P + 1P . All values are in MeV.

1P 2P 3P

1P -152.17 -30.28 -1.60

2P -36.21 -22.14

3P -17.21

Table 4.10: Contributions of the radially excited S-waves to the mass correction of
Υ (1S) with unequal β and the quark form factor included. The table should
be read as row + column for the states within the loop. So for example the first
entry is the contribution from 1S + 1S. All values are in MeV.

1S 2S 3S

1S -37.75 -1.34 -0.04

2S -12.41 -2.66

3S -6.59

overall magnitude of contributions does not seem to improve the convergence issue

as clearly demonstrated by table C.2. Loop corrections due to higher S-waves do

fall off faster but they are still fairly large up to 5S + 5S loops and D + F and

D +D contributions are still very significant. The same can be said for the P-wave

contributions.

We also tested this calculation using unequal β and a quark form factor in tables

4.10 and 4.11. Again we see an overall reduction in the magnitude of the contributions

but the convergence is still slow and the 1P + 1P contributions are twice as large as

the 1S + 1S.

The pattern observed in the calculation implies that the quark form factor and
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Table 4.11: Contributions of the radially excited P-waves to the mass correction of
Υ (1S) with unequal β and including a quark form factor. So for example the
first entry is the contribution from 1P + 1P . All values are in MeV.

1P 2P

1P -60.07 -6.30

2P -26.47

a more accurate representation of the wave function, at least for the bottomonium

system, seem to be quite important and necessary for a converging sum. Given the

large effect of the addition of a form factor alone, we can reasonably conclude that

the QPC does in fact overestimate the contributions of larger momenta. For a width

calculation, since the function will be evaluated at a single point, this is not an

important issue but for a mass correction computation, specially if one is close to a

threshold with a vanishing denominator the inclusion of a quark form factor becomes

crucial. The inclusion of unequal β’s as our way of accounting for the complexities of

the wave functions also did help with reduction of corrections due to excited mesons

in the loop. It also points towards the idea that perhaps for loop calculations one

needs a more precise representation of the wavefunctions.



Chapter 5

Charm-Strange Spectrum

The charm-strange sector is home to two interesting states: the Ds (2317) [10] and the

Ds (2460) [69]. As was mentioned before in chapters 1 and 2, it was the discovery of

these two states (starting with the Ds (2317)) that made mesonic loop corrections a

more widely studied topic. In this chapter we will look at the discovered states in the

charm strange sector and calculate loop corrections to the constituent quark model

predictions of their masses. Our aim is to study the effect of the loop corrections on

these predictions and determine whether the model is in principle capable of adjusting

theory predictions to account for the out-of-step states in the charm strange spectrum.

5.1 Naive predictions

Charm-strange mesons are a light-heavy quark system. While positronium can be

thought of as an analogy to bottomonium or charmonium, the hydrogen atom is a

good analogy of cs mesons: a heavy particle defining the centre of the coordinate

system with a much lighter particle orbiting it. It is because of this mass difference

and the fact that the charm quark is quite heavy relative to up, down and strange

quarks that a new symmetry can be introduced; the Heavy Quark Symmetry (HQS)

63
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[70]. All of these, of course, also apply to the bottom quark so we expect roughly

the same behaviour in the bottom and bottom strange meson mass spectra. In the

HQS framework, the mass of the heavy mQ is taken to be infinite which means that

the heavy quark properties decouple from the system. This is evident from the 1/mi

dependence in Eq. 1.5 and it implies that the total spin of the meson, given before as

J = L+ (SQ + Sq)S (5.1)

as a sum of the angular momentum of the system and the vector sum of the two spins,

will now be given as [8]

J = SQ + (L+ Sq)j . (5.2)

With this, mesons with the same (L, j) will form doublets with each member of the

doublet corresponding to the two spin configurations of the heavy quark. L is the

angular momentum between the two quarks and j is the total spin of the light quark.

Predictions for the masses of the Ds (2317) and the Ds (2460), two members of the

P-wave (L = 1) charm-strange mesons, all fall around 2.48 and 2.55 GeV [7, 65, 71,

72] respectively which is about 150 and 100 MeV greater than the observed physical

masses. An important expectation fom Heavy Quark Symmetry is the idea that if

one plots the spectra of two similar systems (charmonium vs bottomonium or charm-

strange vs charmed) the spectra will match fairly well [70]. In case of the Ds (2317)

and Ds (2460), measured masses are comparable to their counterparts in the charmed

quark mesons with the Ds (2317) being slightly lighter than its cousin in the charmed

mesons [12, 72]. This behaviour of these two states is indicative of something deeper

going on than just the naive potential, specially since the other members of the charm-

strange family are explained and fitted fairly well by various naive potential models,
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Figure 5.1: Spectrum of the known charm-strange mesons. Blue lines (dashed) are
experimental values while black lines (solid) are quark model predictions from
Ref. [65]. The experimental labels were not added for the S-waves as they were
not necessary. The D-waves become almost degenerate (to within a few MeV).
The horizontal lines spanning the plot are strong decay thresholds involving
1S+1S D andK mesons. Thresholds for various isospin combinations (D++K0

and D0+K+ for DK) are shown as one since their values are also almost equal
to within tens of MeV which would not show on the scale of this plot. The DK
threshold is the first open strong decay threshold for a charm-strange meson.

relativized or not. From Fig. 5.1 we can clearly see that while the predictions for

the S-wave states are slightly different when compared to experiment, those for the

P-wave states clearly do not match the observed spectrum. Naive models predict a

P-wave multiplet with masses such that all members can undergo strong decay. This

expectation is directly contradicted by the experimental measurements of the masses
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of these states. While the two heavier members of the multiplet (13P2 and 11P1) are

observed with masses lower by ≈ 23 and 13 MeV, respectively, the two lighter states

are significantly lower in mass as compared to their predicted levels and as such have

their properties altered completely. The Ds (2317) which is the 13P0 state, goes from

a state capable of undergoing strong decay to a state that is completely stable against

OZI allowed decays. The typical lifetime of a state that can undergo an OZI-allowed

strong decay is ≈ 10−25 seconds. With the width data of this state and the Ds (2460)

state from the Particle Data Group ( the full widths of these two states are less than

3.8 and 3.5 MeV, respectively) [12] we can estimate the upper bound of the mean life

time for both of them. This is done using

τ = h̄/Γ (5.3)

where Γ is the width, τ is the mean life time [21] and h̄ is the reduced Planck’s

constant. The lifetimes come out to ≈ 10−22 seconds for both states, a three orders

of magnitude difference between what was expected and what is observed. It is

this unexpected behaviour that prompted theorists to reconsider how quark model

calculations are performed.

The same issue but at a smaller scale can be seen in the D-wave case. The two

currently discovered states of this multiplet [73, 74] come out nearly degenerate to

each other with the mass difference currently standing at ≈ 1.5MeV. However they

are both predicted to be slightly above D∗K∗ threshold with a mass difference of

about 20 MeV between them. In table 5.1 we make explicit the mass differences

between theoretical expections and observed values. Normally one does not expect

quark model calculations to be accurate to better than ≈ 10− 20 MeV [7]. As such

the ΔM shown for 13S1, 1
1S0, 2

3S1, 1
3P2 and 11P1 are not entirely unreasonable. The
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Table 5.1: Comparison of masses and mass differences between theoretical pre-
dictions and experimental observations for the known Ds states. Theoretical
masses are from the GI model [65] and experimental masses are from [12]. The
very large discrepancy between the theory and experiment for 13P0 and 13P1

states is clearly evident.

State Mass Theory(MeV) Mass Experiment (MeV) ΔM (MeV)

13S1 2129.0 2112.1 16.9

11S0 1979.0 1968.3 10.7

13P2 2592.0 2569.1 22.9

13P1 2555.7 2459.5 96.2

13P0 2483.6 2317.7 165.9

11P1 2548.7 2535.1 13.6

13D1 2898.8 2859 39.8

13D3 2916.6 2860.5 56.1

23S1 2732.2 2708.3 23.9

two D-waves have slightly larger discrepancies with their predicted masses and the

remaining P-waves, 13P0 and 13P1 are significantly different from what is expected.

This puzzle of anomalously low masses for the two low lying P-waves has led

to various suggestions and models trying to account for it. Overall there are three

categories of models aiming to explain the nature of these two states

1. Molecular Interpretation

2. Tetraquark Interpretation

3. Canonical cs mesons modified by coupled channel effects.

All three schemes rely on a coupling of the Ds (2317) and the Ds (2460) to nearby

strong decay thresholds. In the first class of models, the Ds (2317) and the Ds (2460)

are taken as bound molecules of the DK and the DK∗ systems, respectively. In the
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second scheme, the Ds (2317) and the Ds (2460) are taken as either pure tetraquarks

containing csuu (or other similar content) or as tetraquark states mixing with the

original 1P multiplet members [75]. We do not consider these two classes of models

here. For both of these models, there are research articles published both for and

against such interpretations with the final conclusions reached being quite model

dependent [76]. We will study the third of these models, the canonical meson with

distortions due to coupled channel effects. For a comprehensive overview of the

molecular and tetraquark calculations we refer the interested reader to Ref. [8] and

references therein.

5.2 Charm Strange Mesons and the Continuum

Studies of charm strange mesons in a coupled channel setting have been done by

various groups ever since the discovery of the state. The first such calculation was

done by Van Beveren and Rupp [77] finding that one can get a low mass charm-

strange meson once the coupling to theDK continuum channel is included. Later they

performed the same computation for the Ds (2460) by accounting for the coupling of

the naive state to DK∗ [78]. Since then, more studies have been done on the coupled-

channel model of the charm-strange spectrum [31, 79–82] and there are many more

studies of these states and we refer to Ref. [8] for a more comprehensive list. The

consensus seems to be converging on the importance of the coupled channel effect and

the strong coupling of the naive state to the OZI allowed thresholds which induce a

large mass correction.

Here we will use the QPC model to calculate mass corrections to the bare masses

of the GI model for the 1S, 2S, 1P and 1D multiplets. In Ref. [31] it was shown that

the Cornell potential (with the Coloumb interaction as well as the linear potential)
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Table 5.2: β and mass values for the charm strange mesons used in this work.
When referring to a given state, we will use its spectroscopic notation to avoid
confusion. The quark content of the presented states is cs. The antiparticles
of these mesons will have identical properties save for their quark content and
electric charge and are therefore omitted for clarity. Values taken from Ref.
[65].

State Spectroscopic Mass(GeV) β (GeV)

Notation

D+
s 11S0 1.979 0.6511

D+∗
s 13S1 2.129 0.5619

D+∗
s0 (1P ) 13P0 2.4836 0.5415

D+
s1 (1P ) 11P1 2.5487 0.4976

D+∗
s1 (1P ) 13P1 2.5557 0.5048

D+∗
s2 (1P ) 13P2 2.5920 0.4641

D+
s (2S) 21S0 2.6729 0.4752

D+∗
s (2S) 23S1 2.7322 0.4575

D+∗
s1 (1D) 13D1 2.8988 0.4689

D+
s2 (1D) 11D2 2.9005 0.4440

D+∗
s2 (1D) 13D2 2.9260 0.4483

D+∗
s3 (1P ) 13D3 2.9166 0.4263

with a sensible choice of parameters can generate the necessary mass shift for bringing

the 13P0 state’s naive mass prediction into agreement with experiment. However, in

that study the authors only considered the mass shift induced in a single state, 13P0.

This is an assumption that we will examine in this work.

As with our study of the bottomonium sector, there are 4 combinations of param-

eters than can be studied. Given that the mass difference between a charm strange

meson and charmed mesons which will be included in the loops is not as pronounced

as that between a bottomonium system and bottom mesons, we expect the equal β
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both with and without the quark form factor to be a better approximation than it

was in chapter 4.

Since in this chapter we also want explicit mass shifts, we will use a rescaling

calculation suggested by Pennington and Wilson in Ref. [83]. We know that all of

the infinite tower of two meson states contribute to the real part of the loop mass

correction function of all bare states. Furthermore many of these two meson channels

are too far above our naive states and most likely contribute only a constant to

Re[Ω (E)] and nothing to Im[Ω (E)] and as such we can think of their contributions

as an overall rescaling of the bare mass and not necessarily inducing relative mass

shifts. Pennington and Wilson suggested that by subtracting from the total loop mass

correction calculation, Ω (E) at a suitable value for E, we can approximately correct

for such rescaling and arrive at explicit mass shifts. In this scheme one chooses a

mass scale or a reference mass, mref, often the mass of a low lying state or sum of

the masses of constituent quarks in the system and subtracts the mass corrections

evaluated at that value from the total mass correction to each state.

ΔM = Ω(m0)− Ω (mref) (5.4)

This is in effect a recalibration of the constant term in the naive potential of Eq. 1.2

or Eq. 1.6.

With the data in tables 5.2 and 5.3 we can set up our coupled channel calculation,

using the second column of the parameter values in table 3.1. We first present the

results for comparison of total mass correction in 1β vs 3β and 1β + rq vs 3β + rq

configurations without the Pennington subtraction scheme of Eq. 5.4, described above.

From table 5.4 we see that unlike the bottomonium case (table 4.4) the unequal β
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Table 5.3: β, quark content and mass information for charmed mesons and kaons
used in this work. Masses and β values are from Ref. [65]. Given how light the
Kaons are and how close together the constituent masses of the light quarks
and the strange quark is, taking a single β value for these states is a reason-
able approximation. For clarity, antiparticles are not shown as they will have
identical properties.

State Spectroscopic Quark Content Mass(GeV) β (GeV)

Notation

D+ 11S0 cd 1.86961 0.6010

D0 11S0 cu 1.86484 0.6010

D+∗ 13S1 cd 2.01026 0.5162

D0∗ 13S1 cu 2.00696 0.5162

K+ 11S0 us 0.493677 0.4

K0 11S0 ds 0.497614 0.4

K+∗ 13S1 us 0.89166 0.4

K0∗ 13S1 ds 0.89581 0.4

technique in the charm-strange system gives total mass corrections that are larger

than the equal β calculation. This is not entirely surprising since the charm strange

mesons are quite close to their OZI allowed decay channels and as such we expect

a large coupling between the naive states and the continuum channels. Regardless

of the scheme chosen, however, the lower mass members of a multiplet seem to get

the smallest corrections. There are exceptions to this pattern in the 2S multiplet,

for example, the 21S0 state receives a larger correction than the heavier 23S1 state.

The 13D2 − 11D2 and 13P1 − 11P1 in the P and D multiplets also present the same

behaviour although in these cases the difference in the mass correction is not very

large and the overall behaviour is very similar to what we observed in table 4.4. In

our calculations we do not need to consider mixing of the states in the loop as we

are summing over them. We also do not consider the mixing in the naive states, for
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Table 5.4: Comparison of the total mass corrections of various approximations in
the QPC model on the total mass corrections in the charm strange sector. All
values are given in units of MeV.

State ΔM (1β) ΔM (3β) ΔM (1β + rq) ΔM (3β + rq)

11S0 -277.88 -394.73 -63.03 -47.85

13S1 -317.58 -433.71 -72.97 -57.68

13P0 -297.37 -431.05 -72.97 -57.68

11P1 -386.68 -470.32 -103.74 -78.72

13P1 -386.69 -472.66 -103.41 -77.96

13P2 -399.82 -467.04 -108.18 -81.90

21S0 -287.59 -373.02 -82.46 -72.32

23S1 -273.79 -353.79 -72.78 -65.35

13D1 -258.97 -342.36 -67.86 59.50

11D2 -367.39 -395.65 -109.43 -82.80

13D2 -343.52 -389.04 -97.15 -76.85

13D3 -447.29 -437.71 -143.06 -104.68

example between 13P1 − 11P1, since the total mass corrections that the two states

receive are very close to each other and therefore we take, as an approximation, the

physical states to be un-mixed.

We can also consider the Pennington Subtraction of Eq. 5.4. For our calculations

we set it to be the physical mass of the D+
s , the ground state of the charm strange

sector where one would expect the coupled channel contributions to be minimal. In

table 5.5 we see that while the total mass corrections decrease greatly, the general

behaviour observed in table 5.4 remains the same. This is an issue as one would expect

that if the coupled channel method is to explain anomalies such as the Ds (2317), it

should preferentially give larger contributions to the 3P0 state in order to bring the
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Table 5.5: Mass shifts from the coupled channel calculation (same as table 5.4)
including the suggested rescaling of Eq. 5.4 from Ref. [83]. While the absolute
value of the total mass corrections are reduced, we see that the general behaviour
has stayed the same. All values are given in units of MeV.

State ΔM (1β) ΔM (3β) ΔM (1β + rq) ΔM (3β + rq)

11S0 -2.30 -1.94 -0.56 -0.34

13S1 -40.58 -44.54 -10.09 -6.68

13P0 -89.36 -132.18 -16.76 -20.32

11P1 -180.78 -184.05 -53.15 -36.12

13P1 -180.81 -183.93 -52.79 -35.51

13P2 -192.19 -192.54 -57.16 -39.23

21S0 -137.41 -161.85 -45.51 -40.01

23S1 -123.11 -151.15 -35.76 -33.65

13D1 -116.74 -152.46 -30.30 -27.40

11D2 -224.02 -217.43 -71.77 -51.59

13D2 -200.86 -208.99 -59.65 -45.40

13D3 -302.08 -268.83 -104.94 -74.28
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theoretical predictions in line with the experimental observations (see Fig. 5.1).

Figure 5.2: Modification of the naive charm-strange P-wave states through coupling
to OZI allowed decay channels (we only show the DK and DK∗ channels as
others are beyond the scale of this plot). We do not use the rescaling calculation
here. We show the effect of the total mass contributions to constituent quark
model calculation from the different approximations of the QPC model used in
this work (notation defined in chapter 4), labeled on the x-axis.
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Figure 5.3: Modification of the naive charm-strange P-wave states through cou-
pling to OZI allowed decay channels (we only show the DK and DK∗ channels
as others are beyond the scale of this plot). Calculations are rescaled using
mD+ = 1.96830 GeV as the anchor mass. We show the effect of the total mass
contributions to constituent quark model calculation from the different approx-
imations of the QPC model used in this work (notation defined in chapter 4),
labeled on the x-axis.
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In figures 5.2 and 5.3 we see the effect of the mass corrections of tables 5.4 and 5.5

on the P-wave states of the charm-strange system. It is clear that none of the schemes

can match the experimental observations. For emphasis we reiterate that we are not

necessarily interested in absolute values but rather the behaviour and the ordering of

the final spectrum. The equal β case does not match the observed spectrum at all,

with its 13P0 state ending up as the second heaviest member of the multiplet. In the

other three calculations, while 13P0 ends up in the right order in position as compared

to other members (i.e.in the ground state), the 13P1 level does not. An interesting

point to raise is the behaviour of the mass corrections in table 5.5 for the P-waves

as we move from an equal β + rq to unequal β + rq. While contributions to 1,3,3P1,1,2

states decrease in magnitude, that of the 13P0 state increases. Since such behaviour is

observed only after we apply the rescaling calculation and include a more realistic set

of the wavefunctions involved, it is possible to argue that for a thorough study of the

coupled channel effects and whether they can fix observed issues in the charm strange

sector, one must perform the calculation in the iterative way mentioned before and

use more realistic wave functions. This could mean that rather than using harmonic

oscillator wave functions as faithful approximations, we could use fitted functions

to the exact numerical results acquired from solving the naive potential model and

continue with the mass correction calculations until the corrections converge.

We could also consider the general shape of the mass correction functions for the

charm-strange P-wave states as a function of mass. In Fig. 5.4 we see that there are

regions of the naive mass where the 13P0 state receives the largest corrections and if

the naive masses (shown as vertical lines) were lower than their predicted values, the

overall correction could in principle account for the low mass of the Ds (2317). The

issue with the Ds (2460), however, persists as the corrections to 11P1 and 13P1 closely
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Figure 5.4: Mass corrections to the charm strange 1P multiplet as a function of the
mass of the state. The four vertical lines are the naive masses of the multiplet.
The plot includes the effects of a quark radius factor but no rescaling calculation.
It also includes the contributions of all DK, D∗K, DK∗ and D∗K∗ channels.

track each other. This remains the case regardless of the scheme used.

It should be stressed that we only include 1S + 1S states in the loop and adding

more radial or orbital excitations of kaons could perhaps alleviate some of these issues.

One other possible explanation of our results could be that while coupled channel

corrections do play a role, they are not the only possibilities for the anomolous mass

of the Ds (2317) and the Ds (2460) and the disagreement between the predictions of

the quark model and the masses of these states is due to coupled channel effects plus

other physics which is discussed in section 6.1.3 of Ref. [8].



Chapter 6

Conclusion

This work was started with the goal of applying a simple extension to the quark

model to determine its viability to explain some observed exotic states. However, it

has morphed into a review of calculations performed using this framework and the

choice of the model for the strong interaction vertex, the Quark Pair Creation Model,

in different mesonic spectra. We saw that of the various approximations made in

these computations, the 3β+ rq scheme seems to be the best approach to handle loop

mass corrections.

The results of our calculations for excited mesons in the loop indicate that there is

more that needs to be done to understand their contributions to the total loop mass

correction and that one cannot simply truncate the series at the 1S+1S components

of the continuum spectra. This, in our view, raises a serious question regarding

the viability of the previously published calculations in the coupled channel model.

Others have also agreed with this point [67]. We did not include the excited loop

calculations with the Pennington subtraction scheme and there is a chance that such

a scheme could regulate the excited meson contributions. This is a priority to be

examined in future work.

As for the ability of the coupled channel framework to explain mass anomalies,

78
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we applied the calculation to the Ds (2317) and other members of 1P charm-strange

multiplet, assuming that for now we can ignore excited meson contributions. The

computations for such corrections are quite often applied to a single state within the

1P multiplet. That is to say that if the goal of the calculation is to understand coupled

channel effects on a given state, the only contributions calculated are to that specific

state and the other members of the multiplet are not included. In our calculation,

we considered not only other 1P states, but also the 1S, 2S and 1D multiplets of

the charm strange spectrum. Our observation is that while in three of the four

schemes (unequal β with and without a form factor, equal β with a form factor) the

13P0 does remain the lowest lying state, the other members of the multiplet receive

larger corrections and move with it. Given that we wish the Ds (2317) state to be

particularly affected by its coupling to the DK threshold, our observation indicates

that perhaps a more detailed view of the coupled channel calculation is necessary to

better understand whether a coupled channel approach can in fact account for the

anomalous mass of this state. It should also be noted that given the fact that all

members of the multiplet receive roughly the same amount of correction, performing

the calculation for just one state of the multiplet is not, in our view, a sensible

approximation.

Moving on, as discussed in chapter 2, Ackleh et al. in Ref. [36] found that the

one gluon exchange potential had a significant contribution to the 3P0 →1 S0 +
1 S0.

Assuming that excited meson contributions are under control in that model, then the

coupled channel model can be used with both the QPC and the One Gluon Exchange

potential with the OGE providing an extra mass correction to the 13P0 state relative

to the other members of the multiplet.

There are further avenues that can be explored within this framework while staying

with the QPC. In our calculations, we took the γ0 factor, which sets the strength of
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the pair creation vertex, to be a constant. One could introduce a scale dependence to

this parameter to perhaps better take into account, for systems with a heavy quark

at least, the true vertex of strong decay [84]. This could be part of a future work.

Wave function approximation is also another way of improving the calculations.

We consistently saw that an unequal β calculation gave different results compared

to the equal β case and that this matters especially for states near threshold (as we

saw for the Ds (1P ) system). A natural next step would be calculations of the same

mass corrections but using fitted wavefunctions of the exact numerical solutions of the

Schrödinger equation. This could be done by either using a Harmonic Oscillator basis

series or the Gaussian Expansion Method. The wave function is quite an important

factor given that the momentum overlap integrals involve three wave functions which

are evaluated at different points as the integral proceeds. Therefore it matters if the

details of the exact numerical wave function corresponding to the masses that are

used in the calculation are being taken into account in a detailed way. In short, our

work seems to validate the conclusions of Ref. [47].

Another issue which we did not include in our calculations (and only briefly

touched on) is that of mixing. In a mesonic system, states with equal n and J

quantum numbers can mix. While this mixing is not important within the loops

since we are summing over all possible loop configurations, it is quite important for

naive states. A complete coupled channel calculation must construct a matrix of naive

states, with diagonal terms as basis states and off-diagonal elements that connect and

mix the basis states. Including the imaginary part of the mass correction function

and diagonalizing the matrix should then give the observable physical mass and the

corresponding width, simultaneously. This method could also predict mixing angles

for the equal nJ states, which can be compared to experiment.

One major factor, of course, is the transition operator itself. As was mentioned in
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chapter 2, the QPC operator is one model of the strong vertex and there are others.

The model closest to the fundamental mechanism for strong decay is the flux tube

breaking model (FTB) [85, 86] and it has been shown before that the QPC model

is an approximation of it [87]. One could use the flux tube breaking model instead

of the QPC in order to study both the decay mechanisms as well as the mass shifts

in mesonic mass spectra. As discussed in chapter 2 there are many more models of

strong decay and any one of them could potentially be studied for their effect on mass

corrections. The one with immediate interest is the Cornell Model for strong decays.

We conclude by remarking that our understanding of the coupled channel tech-

nique needs to be further refined before we can say conclusively whether it does in fact

account for anomalies in various spectra. What we have found is that assumptions for

meson wave function parameters β and truncation of the loop mass correction series

to only 1S+1S do not seem justifiable in light of our calculations here, casting doubt

on the reliability of many published results in the literature. Given that the mathe-

matical foundation of the process is sound and it is a perfectly acceptable quantum

mechanical effect which expands the Fock space representation of our system from a

simple qq to |qq〉 + |MM ′〉, the calculation should in principle work. For suspected

low lying exotic states in any given spectra, one can reasonably expect the coupled

channel mechanisms to be behind the discrepancies of quark model calculations and

experimental observations. However, this has yet to be demonstrated.



Appendix A

Angular Momentum, Spin, Flavour and

Colour Calculations

The following is reproduced from Ref. [46], with only minor modification,

and is presented here solely for completeness.

A.1 Clebsch-Gordan Coefficients and the Wigner

nj Symbols

An angular momentum state, be it spin, orbital angular momentum, or a vector sum of

some combination of these, is represented (in an SU(2) algebra) by the usual quantum

numbers |jm〉 where the magnitude of the total angular momentum is
√
j(j + 1) and

the z-component ism. To combine two angular momentum states we use the Clebsch-

Gordan coefficients, defined by

|j1m1〉 |j2m2〉 ≡
j1+j2∑

j=|j1−j2|
〈j1m1j2m2|JM〉 |JM〉 (A.1)

where 〈j1m1j2m2|JM〉 is the Clebsch-Gordan coefficient and M = m1 +m2.
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The Wigner 3j symbol is related to the Clebsch-Gordan coefficient by

⎛
⎜⎜⎜⎝

j1 j2 J

m1 m2 −M

⎞
⎟⎟⎟⎠ ≡ (−1)j1−j2+M

√
2J + 1

〈j1m1j2m2|JM〉. (A.2)

The Wigner 6j symbol ⎧⎪⎪⎪⎨
⎪⎪⎪⎩

j1 j2 j3

J1 J2 J3

⎫⎪⎪⎪⎬
⎪⎪⎪⎭

is used to combine three angular momentum states, and the Wigner 9j symbol

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎩

j1 j2 J12

j3 j4 J34

J13 J24 J

⎫⎪⎪⎪⎪⎪⎪⎪⎪⎬
⎪⎪⎪⎪⎪⎪⎪⎪⎭

is used to combine four angular momentum states. We will not define these here,

though the 9j symbol is defined in Appendix A.2.3. For more information, see for

example Reference [88].

A.2 Evaluating the Colour, Flavour and Spin

Overlaps for WPC Model of Meson Decay

In the 3P0 and flux-tube breaking models of meson decay, the overlaps of the colour,

flavour, spin and space wavefunctions of the mesons and the created pair must be

calculated. The overlap of the space wavefunctions is accomplished by the integral of

Eq. 2.23. The other overlaps are discussed below.
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A.2.1 Colour Overlap

The calculation of the colour overlap is particularly simple, because the mesons and

the created pair are all colour singlets, with the wavefunction ω = 1√
3
(RR̄+GḠ+BB̄)

(using the arbitrary three colours Red, Green, Blue).

This may be represented in matrix form (this may seem excessive now, but will

be useful for the flavour overlaps as well) by

ω =
1√
3

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎝

1 0 0

0 1 0

0 0 1

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎠

(A.3)

where the rows indicate a quark of colour R, G, B, and the columns indicate anti-

quarks of color R̄, Ḡ, B̄.

Consider a simple case with only one meson on each side, 〈ω12
A |ω12

B 〉. The super-

scripts indicate that the quark of A (labelled 1) is also the quark of B, and similarly

for the antiquark (labelled 2). A particular colour combination (e.g. RR̄) will only

contribute to the overlap if it is found on both sides of the bra-ket, and the resulting

term is just the product of the coefficients in the matrices for that colour combination.

Then the total result is just the sum of these terms over the possible colours,

〈ω12
A |ω12

B 〉 =
∑
c1,c2

(ωA)c1c2(ωB)c1c2 =
∑
c1,c2

(ωA)c1c2(ω
T
B)c2c1 = Tr[ωAω

T
B], (A.4)

where c1 (c2) runs over the quark (antiquark) colours.

This is easily expanded to the case where there are two mesons on each side (e.g.
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for the first diagram of Figure 2.5):

〈ω14
B ω

32
C |ω12

A ω
34
0 〉 =

∑
c1,c2,c3,c4

(ωB)c1c4(ωC)c3c2(ωA)c1c2(ω0)c3c4 (A.5)

=
∑

c1,c2,c3,c4

(ωT
A)c2c1(ωB)c1c4(ω

T
0 )c4c3(ωC)c3c2 = Tr[ωT

AωBω
T
0 ωC ].

For the case where everything is a colour singlet, the results are

〈ω14
B ω

32
C |ω12

A ω
34
0 〉 = 〈ω32

B ω
14
C |ω12

A ω
34
0 〉 = 1

3
. (A.6)

A.2.2 Flavour Overlap

The overlap of the flavour wavefunctions of the mesons and the created pair can be

calculated using the matrix notation introduced in Appendix A.2.1. The flavour of a

meson may be represented by a matrix where the rows indicate a quark of flavour u,

d, s,... and the columns indicate antiquarks of color ū, d̄, s̄,... For example, consider

the π0,

φπ0 =
1√
2
(uū− dd̄) =

1√
2

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎝

1 0 0

0 −1 0

0 0 0

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎠
, (A.7)

and the K+,

φK+ = −us̄ =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎝

0 0 −1

0 0 0

0 0 0

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎠
. (A.8)

The 3P0 and flux-tube breaking models assume that the pair is created in an
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SU(N) flavour singlet; we take N = 3, since we are not concerned with any mesons

involving c, b or t quarks:

φ0 =
1√
3
(uū+ dd̄+ ss̄) =

1√
3

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎝

1 0 0

0 1 0

0 0 1

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎠
. (A.9)

Taking N to be some other number would change the value of γ (γ0) needed to fit the

data (because of the normalization in Eq. A.9), but would not change the calculated

decay widths.

The overlap is given by expressions similar to Eq. A.5:

〈φ14
B φ

32
C |φ12

A φ
34
0 〉 = Tr[φT

AφBφ
T
0 φC ] =

1√
3
Tr[φT

AφBφC ] (A.10)

〈φ32
B φ

14
C |φ12

A φ
34
0 〉 = Tr[φT

AφCφ
T
0 φB] =

1√
3
Tr[φT

AφCφB]. (A.11)

In many cases only one of these overlaps will be non-zero.

As an example, consider the flavour overlaps in the decay K∗(892)+ → K+π0;

φK∗(892)+ = φK+ , giving us

〈φ14
B φ

32
C |φ12

A φ
34
0 〉 = 0

〈φ32
B φ

14
C |φ12

A φ
34
0 〉 =

1√
6
. (A.12)
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A.2.3 Spin Overlap

Since quarks have spin 1
2
, their spins may only combine to give 0 or 1 in a meson.

They combine in the usual singlet and triplet states (given as e.g. |SAMSA
〉):

|00〉 =
1√
2
[| 1

2
1
2
〉| 1

2
−1

2
〉 − | 1

2
−1

2
〉| 1

2
1
2
〉]⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎩

|11〉

|10〉

|1−1〉

=

=

=

| 1
2

1
2
〉| 1

2
1
2
〉

1√
2
[| 1

2
1
2
〉| 1

2
−1

2
〉+ | 1

2
−1

2
〉| 1

2
1
2
〉]

| 1
2
−1

2
〉| 1

2
−1

2
〉

. (A.13)

The overlap of the spin wavefunctions of the mesons and the created pair can be

calculated by angular momentum algebra. It can be expanded in a sum over possible

total spins (e.g. for the first diagram of Figure 2.5)

〈χ14
SBMSB

χ32
SCMSC

|χ12
SAMSA

χ34
1−m〉 =∑

S,MS

〈(j1j4)SB, (j3j2)SC ;SMS|(j1j2)SA, (j3j4)1;SMS〉

×〈SBMSB
SCMSC

|SMS〉 〈SAMSA
1−m|SMS〉 (A.14)

where the ji’s are all 1
2
, but are necessarily written this way to show the connection

between the left and right sides of the first factor. The first factor is a transformation

between two different bases for combining four angular momenta, and is independent

of MS. On the left side, j1 and j4 are added together to obtain SB, which is added to

SC to obtain S – a similar procedure is carried out on the right side. The 9j symbol
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is defined in terms of this transformation,

〈(j1j4)J14, (j3j2)J32; JM |(j1j2)J12, (j3j4)J34; JM〉 = (A.15)

(−1)2J12+2J14+j2−j4+J32−J34
√

(2J12 + 1)(2J34 + 1)(2J14 + 1)(2J32 + 1)

×

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎩

j1 j2 J12

j4 j3 J34

J14 J32 J

⎫⎪⎪⎪⎪⎪⎪⎪⎪⎬
⎪⎪⎪⎪⎪⎪⎪⎪⎭
,

which allows us to write the spin overlap in terms of a 9j symbol:

〈χ14
SBMSB

χ32
SCMSC

|χ12
SAMSA

χ34
1−m〉 =

(−1)SC+1
√

3(2SA + 1)(2SB + 1)(2SC + 1)
∑
S,MS

〈SBMSB
SCMSC

|SMS〉

×〈SAMSA
1−m|SMS〉

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎩

1
2

1
2

SA

1
2

1
2

1

SB SC S

⎫⎪⎪⎪⎪⎪⎪⎪⎪⎬
⎪⎪⎪⎪⎪⎪⎪⎪⎭
. (A.16)

Using an alternative definition of the 9j symbol that couples the quarks differently,

we can get a similar expression for the spin overlap for the second diagram of Figure 2.5

which satisfies

〈χ32
SBMSB

χ14
SCMSC

|χ12
SAMSA

χ34
1−m〉 = (−1)1+SA+SB+SC 〈χ14

SBMSB
χ32
SCMSC

|χ12
SAMSA

χ34
1−m〉.
(A.17)

Eq. A.17 was used to simplify Eq. 2.21.



Appendix B

Field Theory Conventions

The following is reproduced from Ref. [46], with only minor modification,

and is presented here solely for completeness.

We use the following field theory conventions in this work:

For the spinor normalizations,

u(α)†(p) u(β)(p) = v(α)†(p) v(β)(p) =
E

m
δαβ

u(α)†(p) v(β)(p̄) = v(α)†(p) u(β)(p̄) = 0,

where if p = (E, �p), then p̄ ≡ (E,−�p).
We define the spinor field

Ψ(x) =
∑
α

∫
d3�p

(2π)
3
2

√
m

E
[bα(p) u

(α)(p) e−ip·x + d†α(p) v
(α)(p) eip·x],

89
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and use the anticommutators

{Ψi(t, �x),Ψ
†
j(t, �x

′)} = δ3(�x− �x′) δij

{Ψi(t, �x),Ψj(t, �x
′)} = {Ψ†

i (t, �x),Ψ
†
j(t, �x

′)} = 0

{bα(p), b†α′(p
′)} = {dα(p), d†α′(p

′)} = δ3(�p− �p′) δαα′

{bα(p), bα′(p′)} = {dα(p), dα′(p′)} = 0

{b†α(p), b†α′(p
′)} = {d†α(p), d†α′(p

′)} = 0,

which gives for the normalization of one particle states

〈bα(p)|bα′(p′)〉 = 〈dα(p)|dα′(p′)〉 = δ3(�p− �p′) δαα′ .



Appendix C

Complete Bottomonium Results

Here we present our results for the 1S+1S loop corrections to 75 bb states, comparing

1β vs. 3β and 1β + rq vs. 3β + rq computations. We will also present the results

for mass corrections to Υ (1S) with excited mesons in the loop. All numbers in this

appendix are presented in units of MeV.

91
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Table C.1: Loop corrections to Υ (1S) including radially and orbitally excited
mesons with 1β scheme without rescaling.

Loop Content ΔM (MeV )

1S + 1S -474.34

1S + 2S -114.92

1S + 3S -19.94

1S + 4S -2.72

1S + 5S -0.26

1S + 1P -1815.00

1S + 2P -89.66

1S + 3P -10.42

1S + 1D -771.10

1S + 2D -54.40

1S + 1F -227.46

2S + 2S -458.59

2S + 3S -108.38

2S + 4S -30.68

2S + 5S -6.40

2S + 1P -828.02

2S + 2P -1454.46

2S + 3P -146.26

2S + 1D -1164.86

2S + 2D -618.18

2S + 1F -779.36

3S + 3S -397.44

3S + 4S -109.10

3S + 5S -36.36

3S + 1P -62.96

3S + 2P -929.62

3S + 3P -1243.84

3S + 1D -126.62

3S + 2D -1544.06

3S + 1F -285.40

4S + 4S -342.48

4S + 5S -109.94

4S + 1P -8.60

4S + 2P -117.32

4S + 3P -904.08

4S + 1D -20.16

4S + 2D -213.16

4S + 1F -22.94

5S + 5S -298.13

5S + 1P -1.24

5S + 2P -20.48

5S + 3P -157.38

5S + 1D -4.34

5S + 2D -47.00

5S + 1F -3.94

1P + 1P -2271.88

1P + 2P -553.88

1P + 3P -94.52

1P + 1D -4574.28

1P + 2D -305.20

1P + 1F -2264.56

2P + 2P -2276.02

2P + 3P -682.32

2P + 1D -1748.00

2P + 2D -4184.66

2P + 1F -2338.46

3P + 3P -2153.78

3P + 1D -151.72

3P + 2D -2389.38

3P + 1F -268.08

1D + 1D -3812.13

1D + 2D -858.44

1D + 1F -7305.66

2D + 2D -3741.14

2D + 1F -2212.46

1F + 1F -5577.73

Total -65946.30
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Table C.2: Loop corrections to Υ (1S) including radially and orbitally excited
mesons in 1β + rq scheme without rescaling.

Loop Content ΔM (MeV )

1S + 1S -105.26

1S + 2S -2.68

1S + 3S -1.07

1S + 4S -1.26

1S + 5S -0.60

1S + 1P -218.50

1S + 2P -62.04

1S + 3P -13.98

1S + 4P -2.90

1S + 1D -41.40

1S + 2D -19.96

1S + 1F -5.38

2S + 2S -10.94

2S + 3S -4.44

2S + 4S -0.20

2S + 5S -0.32

2S + 1P -3.12

2S + 2P -24.12

2S + 3P -23.36

2S + 4P -10.56

2S + 1D -7.64

2S + 2D -0.80

2S + 1F -3.40

3S + 3S -5.17

3S + 4S -4.15

3S + 5S -0.56

3S + 1P -8.79

3S + 2P -0.54

3S + 3P -8.94

3S + 4P -13.83

3S + 1D -4.43

3S + 2D -3.90

3S + 1F -0.46

4S + 4S -3.13

4S + 5S -3.18

4S + 1P -4.56

4S + 2P -4.50

4S + 3P -0.12

4S + 4P -4.26

4S + 1D -0.60

4S + 2D -3.40

4S + 1F 0.00

5S + 5S -2.06

5S + 1P -1.52

5S + 2P -4.14

5S + 3P -2.36

5S + 4P -0.04

5S + 1D 0.00

5S + 2D -0.78

5S + 1F -0.04

1P + 1P -152.17

1P + 2P -30.28

1P + 3P -1.60

1P + 4P -2.02

1P + 1D -215.54

1P + 2D -90.20

1P + 1F -50.58

2P + 2P -36.21

2P + 3P -22.14

2P + 4P -2.24

2P + 1D -9.92

2P + 2D -54.16

2P + 1F -2.12

3P + 3P -17.21

3P + 4P -15.68

3P + 1D -3.92

3P + 2D -4.82

3P + 1F -3.66

4P + 1D -3.48

4P + 2D -2.20

4P + 1F -1.16

1D + 1D -111.50

1D + 2D -49.22

1D + 1F -145.90

2D + 2D -41.36

2D + 1F -18.18

1F + 1F -71.97

Total -1808.83
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Table C.3: 1β vs 3β comparison for 1S + 1S loop mass corrections.

State Ω (M) (MeV )

BB BB∗ B∗B∗ BsBs BsB
∗
s B∗

sB∗
s Total

Υ(13S1) -34.02 -30.92 -131.43 -111.77 -222.41 -180.24 -7.56 -10.28 -29.28 -37.72 -49.67 -61.66 -474.36 -432.59

ηb(1
1S0) 0.00 0.00 -188.13 -153.07 -182.20 -141.78 0.00 0.00 -42.16 -53.79 -40.91 -50.48 -453.40 -399.13

χb2(1
3P2) -63.21 -74.84 -180.69 -202.90 -302.82 -301.00 -13.29 -20.45 -38.23 -56.50 -57.62 -77.71 -655.85 -733.40

χb1(1
3P1) 0.00 0.00 -252.25 -253.57 -281.73 -300.46 0.00 0.00 -46.52 -63.66 -60.14 -86.86 -640.64 -704.55

χb0(1
3P0) -117.83 -115.84 0.00 0.00 -400.29 -411.12 -19.61 -26.28 0.00 0.00 -84.25 -120.26 -621.99 -673.50

hb(1
1P1) 0.00 0.00 -275.19 -293.56 -262.28 -266.97 0.00 0.00 -54.83 -78.66 -52.60 -73.06 -644.90 -712.25

Υ(13D3) -79.79 -103.08 -200.08 -251.85 -343.60 -393.02 -15.91 -24.29 -40.34 -60.84 -57.93 -82.36 -737.65 -915.44

Υ(13D2) 0.00 0.00 -303.90 -361.56 -312.85 -379.28 0.00 0.00 -51.74 -75.84 -60.84 -91.05 -729.34 -907.73

Υ(13D1) -98.06 -117.90 -90.31 -101.01 -421.67 -516.76 -13.89 -20.58 -13.02 -18.14 -84.26 -128.07 -721.21 -902.46

Υ(11D2) 0.00 0.00 -318.58 -387.35 -298.81 -353.30 0.00 0.00 -57.90 -86.10 -55.00 -80.74 -730.29 -907.50

Υ(13F4) -87.82 -112.69 -203.14 -262.71 -364.48 -445.19 -16.46 -23.01 -38.77 -55.38 -54.77 -77.55 -765.44 -976.53

Υ(13F3) 0.00 0.00 -332.77 -414.89 -321.36 -411.57 0.00 0.00 -51.76 -73.80 -57.12 -83.59 -763.02 -983.85

Υ(13F2) -103.56 -128.19 -122.44 -146.83 -427.59 -558.59 -12.45 -18.02 -15.27 -21.47 -80.28 -119.52 -761.59 -992.61

Υ(11F3) 0.00 0.00 -340.47 -429.19 -312.70 -394.42 0.00 0.00 -56.20 -80.36 -52.82 -76.62 -762.19 -980.59

Υ(13G5) -91.66 -108.71 -198.51 -247.65 -381.78 -465.07 -15.78 -19.08 -35.33 -45.30 -50.08 -67.00 -773.15 -952.81

Υ(13G4) 0.00 0.00 -358.54 -429.18 -321.71 -409.73 0.00 0.00 -49.05 -63.68 -51.47 -70.18 -780.77 -972.77

Υ(13G3) -123.14 -136.66 -150.87 -173.93 -419.38 -547.38 -11.60 -14.97 -15.60 -20.43 -72.95 -100.87 -793.54 -994.25

Υ(11G4) 0.00 0.00 -359.22 -434.12 -318.22 -400.59 0.00 0.00 -52.15 -67.63 -48.40 -65.76 -778.00 -968.10

Υ(13H6) -98.85 -106.90 -196.08 -238.35 -439.15 -485.58 -14.51 -17.28 -31.18 -40.61 -45.12 -60.22 -824.90 -948.93

Υ(13H5) 0.00 0.00 -443.26 -453.95 -337.90 -411.58 0.00 0.00 -45.31 -57.41 -45.33 -62.83 -871.80 -985.77

Υ(13H4) -167.81 -155.80 -226.31 -205.95 -417.76 -538.53 -11.26 -12.89 -15.47 -18.85 -64.34 -90.58 -902.95 -1022.60

Υ(23S1) -37.49 -57.24 -142.13 -207.93 -236.45 -335.81 -7.71 -13.31 -29.51 -49.74 -49.52 -82.46 -502.81 -746.49
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ηb(2
1S0) 0.00 0.00 -206.54 -302.85 -196.68 -279.26 0.00 0.00 -43.18 -74.44 -41.45 -70.44 -487.85 -726.99

χb2(2
3P2) -55.32 -78.43 -155.14 -218.46 -260.39 -368.66 -11.21 -16.20 -31.95 -46.47 -48.34 -73.02 -562.34 -801.24

χb1(2
3P1) 0.00 0.00 -222.23 -321.23 -238.31 -340.15 0.00 0.00 -39.60 -60.87 -50.03 -75.37 -550.17 -797.61

χb0(2
3P0) -108.27 -163.96 0.00 0.00 -340.48 -493.18 -17.18 -27.97 0.00 0.00 -70.52 -109.29 -536.44 -794.40

hb(2
1P1) 0.00 0.00 -239.11 -342.13 -223.89 -319.16 0.00 0.00 -46.21 -69.26 -43.98 -66.71 -553.19 -797.26

Υ(23D3) -68.78 -85.41 -168.12 -213.62 -286.50 -374.24 -13.25 -16.26 -33.37 -41.97 -46.45 -61.85 -616.48 -793.35

Υ(23D2) 0.00 0.00 -259.91 -336.75 -258.59 -340.52 0.00 0.00 -41.97 -54.82 -49.80 -65.86 -610.27 -797.94

Υ(23D1) -89.04 -116.85 -78.12 -103.01 -347.79 -462.38 -11.16 -15.00 -10.31 -14.07 -69.24 -92.47 -605.65 -803.78

Υ(21D2) 0.00 0.00 -270.66 -348.91 -247.71 -325.79 0.00 0.00 -47.35 -61.08 -44.67 -59.37 -610.38 -795.15

Υ(23F4) -87.78 -91.33 -184.28 -207.95 -328.78 -395.49 -14.26 -15.20 -33.40 -37.09 -44.42 -52.46 -692.93 -799.52

Υ(23F3) 0.00 0.00 -341.71 -395.41 -282.15 -340.95 0.00 0.00 -42.95 -48.84 -48.17 -56.79 -714.99 -842.00

Υ(23F2) -91.75 -129.83 -135.60 -159.29 -371.60 -451.89 -10.03 -11.40 -12.00 -14.06 -68.47 -81.16 -689.45 -847.62

Υ(21F3) 0.00 0.00 -338.56 -389.98 -276.66 -334.34 0.00 0.00 -47.19 -53.36 -44.05 -52.03 -706.46 -829.71

Υ(23G5) -68.55 -80.30 -176.99 -200.15 -298.22 -332.36 -14.64 -13.52 -32.31 -31.95 -42.44 -44.73 -633.15 -703.00

Υ(23G4) 0.00 0.00 -307.44 -260.25 -284.60 -321.44 0.00 0.00 -43.29 -43.21 -45.66 -48.51 -681.00 -673.42

Υ(23G3) -125.17 -57.63 -123.37 -74.84 -392.10 -444.94 -10.96 -9.90 -13.04 -13.16 -65.78 -70.21 -730.42 -670.68

Υ(21G4) 0.00 0.00 -310.67 -281.85 -272.53 -307.95 0.00 0.00 -46.43 -46.29 -42.48 -45.14 -672.11 -681.22

Υ(33S1) -35.98 -52.63 -133.31 -196.89 -217.83 -326.70 -7.05 -9.74 -26.78 -37.76 -44.64 -64.77 -465.58 -688.49

ηb(3
1S0) 0.00 0.00 -194.21 -297.26 -181.82 -281.63 0.00 0.00 -39.39 -57.91 -37.56 -56.74 -452.98 -693.55

χb2(3
3P2) -55.75 -67.73 -145.60 -182.65 -241.15 -319.48 -10.04 -11.36 -28.45 -33.05 -43.01 -52.80 -524.01 -667.06

χb1(3
3P1) 0.00 0.00 -214.17 -284.75 -216.20 -284.87 0.00 0.00 -35.57 -43.03 -44.40 -54.40 -510.33 -667.05

χb0(3
3P0) -113.71 -160.42 0.00 0.00 -309.51 -418.47 -15.72 -19.23 0.00 0.00 -62.82 -79.06 -501.76 -677.18

hb(3
1P1) 0.00 0.00 -226.93 -295.84 -205.25 -274.16 0.00 0.00 -41.32 -49.28 -39.10 -48.42 -512.60 -667.70

Υ(33D3) -59.27 -50.06 -135.21 -158.75 -262.08 -222.92 -12.09 -12.12 -30.07 -31.22 -41.35 -45.18 -540.07 -520.24

Υ(33D2) 0.00 0.00 -236.94 -229.11 -243.69 -285.65 0.00 0.00 -37.77 -39.80 -44.57 -48.62 -562.97 -603.19

Υ(33D1) -70.75 -82.65 -78.91 -55.62 -334.03 -411.00 -10.34 -10.63 -9.25 -9.94 -62.05 -68.14 -565.34 -637.99
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Υ(31D2) 0.00 0.00 -236.85 -249.00 -228.98 -241.74 0.00 0.00 -42.63 -44.73 -39.90 -43.62 -548.36 -579.09

Υ(33F4) -69.39 -61.81 -169.31 -132.85 -261.05 -244.96 -12.68 -12.09 -31.28 -29.63 -41.31 -41.08 -585.02 -522.42

Υ(33F3) 0.00 0.00 -273.86 -200.06 -241.63 -208.98 0.00 0.00 -37.88 -36.94 -44.73 -44.64 -598.10 -490.62

Υ(33F2) -104.89 -54.81 -97.82 -70.29 -325.15 -275.48 -9.02 -8.20 -9.59 -9.84 -63.44 -63.66 -609.91 -482.29

Υ(31F3) 0.00 0.00 -281.25 -208.98 -231.33 -206.35 0.00 0.00 -42.46 -41.04 -40.96 -40.84 -596.00 -497.22

Υ(33G5) -56.93 -60.01 -141.82 -143.92 -342.65 -219.88 -13.37 -11.41 -29.18 -26.58 -37.92 -35.24 -621.88 -497.05

Υ(33G4) 0.00 0.00 -310.09 -225.76 -272.07 -215.82 0.00 0.00 -37.53 -34.67 -41.54 -39.36 -661.23 -515.61

Υ(33G3) -105.81 -74.93 -149.05 -81.30 -345.55 -299.82 -7.24 -7.32 -10.64 -9.98 -60.27 -57.59 -678.57 -530.94

Υ(31G4) 0.00 0.00 -300.09 -233.32 -273.56 -204.85 0.00 0.00 -40.70 -37.48 -38.49 -36.30 -652.84 -511.96

Υ(43S1) -37.51 -26.15 -118.08 -163.00 -219.95 -314.79 -6.70 -7.24 -25.21 -28.16 -41.80 -48.63 -449.25 -587.97

ηb(4
1S0) 0.00 0.00 -196.41 -338.17 -181.32 -266.29 0.00 0.00 -37.26 -42.95 -35.35 -42.49 -450.35 -689.90

χb2(4
3P2) -48.45 -41.00 -122.10 -131.58 -231.06 -203.97 -9.02 -9.04 -27.49 -26.96 -40.68 -42.19 -478.81 -454.73

χb1(4
3P1) 0.00 0.00 -186.51 -190.37 -204.78 -190.94 0.00 0.00 -34.05 -34.58 -41.50 -43.36 -466.84 -459.25

χb0(4
3P0) -90.75 -95.39 0.00 0.00 -300.27 -248.55 -15.45 -14.72 0.00 0.00 -58.86 -62.40 -465.34 -421.06

hb(4
1P1) 0.00 0.00 -193.92 -206.46 -196.90 -173.78 0.00 0.00 -39.29 -39.33 -36.76 -38.38 -466.86 -457.94

Υ(43D3) -61.67 -48.85 -153.03 -114.14 -235.12 -205.93 -10.93 -10.26 -28.09 -26.27 -37.54 -37.05 -526.37 -442.50

Υ(43D2) 0.00 0.00 -241.14 -169.04 -213.88 -187.39 0.00 0.00 -34.87 -32.60 -40.75 -40.15 -530.63 -429.17

Υ(43D1) -97.12 -53.85 -72.32 -50.43 -286.05 -256.97 -9.60 -8.61 -8.37 -7.88 -56.78 -56.22 -530.24 -433.95

Υ(41D2) 0.00 0.00 -249.48 -178.46 -203.77 -179.97 0.00 0.00 -39.57 -37.01 -36.42 -35.93 -529.24 -431.36

Υ(53S1) -35.84 -28.67 -117.85 -117.03 -195.45 -187.51 -6.33 -6.02 -23.93 -23.54 -39.84 -39.50 -419.24 -402.28

ηb(5
1S0) 0.00 0.00 -172.70 -172.07 -167.37 -147.05 0.00 0.00 -35.78 -35.31 -33.49 -33.88 -409.34 -388.31

χb2(5
3P2) -51.88 -38.48 -141.94 -101.83 -220.37 -179.93 -8.73 -8.11 -25.26 -23.32 -38.13 -36.34 -486.31 -388.00

χb1(5
3P1) 0.00 0.00 -215.76 -145.97 -194.94 -166.57 0.00 0.00 -32.42 -29.47 -38.99 -37.48 -482.11 -379.49

χb0(5
3P0) -124.51 -70.87 0.00 0.00 -276.93 -248.17 -14.71 -13.04 0.00 0.00 -55.43 -53.74 -471.57 -385.82

hb(5
1P1) 0.00 0.00 -224.84 -156.57 -185.75 -156.94 0.00 0.00 -37.16 -34.08 -34.51 -33.10 -482.26 -380.69

Υ(63S1) -39.02 -25.60 -140.86 -93.73 -208.74 -164.45 -6.10 -5.53 -23.52 -21.26 -38.94 -36.29 -457.18 -346.84
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ηb(6
1S0) 0.00 0.00 -207.80 -139.80 -175.46 -142.82 0.00 0.00 -35.10 -31.57 -33.15 -31.02 -451.51 -345.21
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Table C.4: 1β + rq vs 3β + rq comparison for 1S + 1S loop mass corrections.

State Ω (M) (MeV )

BB BB∗ B∗B∗ BsBs BsB
∗
s B∗

sB∗
s Total

Υ(13S1) -7.67 -2.50 -29.63 -10.22 -50.10 -18.43 -1.56 -0.51 -6.04 -2.13 -10.24 -3.94 -105.26 -37.73

ηb(1
1S0) 0.00 0.00 -42.38 -13.69 -41.01 -14.20 0.00 0.00 -8.69 -2.93 -8.43 -3.12 -100.51 -33.94

Υ(23S1) -11.57 -6.72 -43.63 -26.59 -72.23 -46.47 -2.06 -1.03 -7.86 -4.24 -13.13 -7.65 -150.48 -92.70

ηb(2
1S0) 0.00 0.00 -63.22 -37.55 -59.93 -37.56 0.00 0.00 -11.47 -6.09 -10.96 -6.29 -145.59 -87.50

Υ(33S1) -13.66 -9.71 -49.38 -38.32 -79.09 -65.83 -2.11 -1.17 -7.90 -4.78 -13.01 -8.63 -165.16 -128.44

ηb(3
1S0) 0.00 0.00 -71.35 -55.90 -65.57 -55.00 0.00 0.00 -11.57 -7.12 -10.90 -7.35 -159.39 -125.37

Υ(43S1) -11.40 1.99 -20.46 -50.66 -83.85 -113.99 -1.64 -1.11 -5.89 -4.41 -9.42 -7.86 -132.66 -176.04

ηb(4
1S0) 0.00 0.00 -73.54 -139.31 -64.32 -88.90 0.00 0.00 -8.62 -6.71 -7.91 -6.83 -154.39 -241.75

Υ(53S1) -35.84 -5.92 -117.85 -28.60 -195.45 -33.99 -6.33 -0.60 -23.93 -3.50 -39.84 -2.54 -419.24 -75.16

ηb(5
1S0) 0.00 0.00 -172.70 -37.13 -167.37 -17.29 0.00 0.00 -35.78 -4.61 -33.49 -2.56 -409.34 -61.59

Υ(63S1) -39.02 -3.00 -140.86 -15.66 -208.74 -38.66 -6.10 -0.58 -23.52 -2.06 -38.94 -4.00 -457.18 -63.96

ηb(6
1S0) 0.00 0.00 -207.80 -28.21 -175.46 -35.53 0.00 0.00 -35.10 -2.89 -33.15 -3.69 -451.51 -70.32

χb2(1
3P2) -16.24 -7.24 -46.32 -21.83 -78.90 -36.37 -3.11 -1.27 -8.92 -3.96 -13.84 -6.25 -167.32 -76.91

χb1(1
3P1) 0.00 0.00 -66.05 -27.50 -72.05 -35.06 0.00 0.00 -11.27 -4.54 -13.99 -6.62 -163.37 -73.73

χb0(1
3P0) -31.29 -11.24 0.00 0.00 -102.62 -47.18 -4.90 -1.68 0.00 0.00 -19.69 -8.96 -158.49 -69.06

hb(1
1P1) 0.00 0.00 -71.23 -31.55 -67.78 -31.62 0.00 0.00 -13.00 -5.52 -12.45 -5.70 -164.46 -74.39

χb2(2
3P2) -13.91 -11.78 -38.50 -34.82 -66.57 -64.52 -2.35 -1.61 -6.65 -4.97 -10.66 -8.90 -138.65 -126.59

χb1(2
3P1) 0.00 0.00 -57.73 -52.62 -58.28 -56.39 0.00 0.00 -8.93 -6.94 -10.31 -8.45 -135.24 -124.41

χb0(2
3P0) -29.11 -25.35 0.00 0.00 -83.56 -80.52 -4.14 -3.09 0.00 0.00 -14.65 -12.10 -131.45 -121.06

hb(2
1P1) 0.00 0.00 -60.57 -54.99 -56.12 -54.29 0.00 0.00 -9.96 -7.58 -9.40 -7.79 -136.05 -124.66

χb2(3
3P2) -55.75 -18.44 -145.60 -46.23 -241.15 -85.86 -10.04 -1.50 -28.45 -4.59 -43.01 -8.56 -524.01 -165.18

χb1(3
3P1) 0.00 0.00 -214.17 -78.54 -216.20 -69.45 0.00 0.00 -35.57 -6.82 -44.40 -7.88 -510.33 -162.69
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χb0(3
3P0) -113.71 -49.41 0.00 0.00 -309.51 -100.84 -15.72 -3.20 0.00 0.00 -62.82 -11.51 -501.76 -164.96

hb(3
1P1) 0.00 0.00 -226.93 -77.55 -205.25 -70.08 0.00 0.00 -41.32 -7.25 -39.10 -7.44 -512.60 -162.32

χb2(4
3P2) -48.45 -6.77 -122.10 -33.06 -231.06 -30.48 -9.02 -0.95 -27.49 -5.72 -40.68 -8.65 -478.81 -85.62

χb1(4
3P1) 0.00 0.00 -186.51 -42.27 -204.78 -28.47 0.00 0.00 -34.05 -8.98 -41.50 -7.29 -466.84 -87.01

χb0(4
3P0) -90.75 -23.29 0.00 0.00 -300.27 -17.01 -15.45 -1.69 0.00 0.00 -58.86 -10.63 -465.34 -52.61

hb(4
1P1) 0.00 0.00 -193.92 -49.80 -196.90 -23.40 0.00 0.00 -39.29 -7.91 -36.76 -7.14 -466.86 -88.25

χb2(5
3P2) -51.88 -4.43 -141.94 -13.21 -220.37 -41.38 -8.73 -0.90 -25.26 -2.33 -38.13 -4.50 -486.31 -66.75

χb1(5
3P1) 0.00 0.00 -215.76 -25.63 -194.94 -36.75 0.00 0.00 -32.42 -2.98 -38.99 -4.22 -482.11 -69.60

χb0(5
3P0) -124.51 -9.84 0.00 0.00 -276.93 -60.50 -14.71 -1.34 0.00 0.00 -55.43 -6.84 -471.57 -78.52

hb(5
1P1) 0.00 0.00 -224.84 -24.08 -185.75 -36.42 0.00 0.00 -37.16 -3.27 -34.51 -4.03 -482.26 -67.81

Υ(13D3) -23.46 -11.99 -58.60 -31.98 -102.94 -55.89 -4.22 -1.91 -10.66 -5.26 -16.04 -8.24 -215.92 -115.27

Υ(13D2) 0.00 0.00 -91.02 -46.79 -91.92 -52.15 0.00 0.00 -14.27 -6.82 -16.22 -8.60 -213.44 -114.36

Υ(13D1) -29.99 -14.17 -27.56 -13.29 -123.37 -70.00 -4.03 -1.77 -3.77 -1.72 -22.31 -11.84 -211.02 -112.78

Υ(11D2) 0.00 0.00 -94.64 -49.67 -88.49 -49.13 0.00 0.00 -15.70 -7.60 -14.87 -7.77 -213.70 -114.16

Υ(23D3) -68.78 -15.86 -168.12 -41.03 -286.50 -80.82 -13.25 -1.90 -33.37 -5.22 -46.45 -9.32 -616.48 -154.16

Υ(23D2) 0.00 0.00 -259.91 -69.34 -258.59 -68.71 0.00 0.00 -41.97 -7.69 -49.80 -8.90 -610.27 -154.63

Υ(23D1) -89.04 -24.70 -78.12 -22.22 -347.79 -91.24 -11.16 -2.27 -10.31 -2.22 -69.24 -12.17 -605.65 -154.82

Υ(21D2) 0.00 0.00 -270.66 -69.99 -247.71 -67.44 0.00 0.00 -47.35 -8.16 -44.67 -8.35 -610.38 -153.95

Υ(33D3) -59.27 -3.71 -135.21 -39.99 -262.08 -32.18 -12.09 -1.75 -30.07 -4.60 -41.35 -8.55 -540.07 -90.79

Υ(33D2) 0.00 0.00 -236.94 -46.44 -243.69 -90.53 0.00 0.00 -37.77 -7.27 -44.57 -7.82 -562.97 -152.06

Υ(33D1) -70.75 -20.89 -78.91 -3.35 -334.03 -138.37 -10.34 -2.55 -9.25 -2.22 -62.05 -10.62 -565.34 -178.00

Υ(31D2) 0.00 0.00 -236.85 -57.24 -228.98 -63.87 0.00 0.00 -42.63 -7.52 -39.90 -7.47 -548.36 -136.10

Υ(43D3) -57.91 -5.89 -144.95 -12.32 -218.73 -48.77 -9.65 -1.23 -25.28 -2.62 -37.15 -5.73 -493.66 -76.56

Υ(43D2) -2.06 0.00 -220.71 -26.02 -198.84 -37.65 -0.26 0.00 -33.44 -3.37 -37.33 -4.69 -492.65 -71.73

Υ(43D1) -86.66 -5.71 -70.50 -10.79 -261.02 -53.30 -9.98 -0.91 -9.50 -1.00 -50.69 -6.62 -488.35 -78.32

Υ(41D2) 0.00 0.00 -232.83 -24.39 -188.80 -39.30 0.00 0.00 -37.23 -3.69 -34.26 -4.75 -493.12 -72.13
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Υ(13F4) -22.36 -15.98 -51.33 -39.86 -94.55 -75.10 -3.73 -2.31 -8.75 -5.98 -13.09 -9.68 -193.81 -148.91

Υ(13F3) 0.00 0.00 -86.25 -64.67 -81.67 -67.09 0.00 0.00 -12.24 -8.39 -13.09 -9.79 -193.25 -149.94

Υ(13F2) -27.61 -19.12 -32.43 -23.44 -107.82 -89.51 -3.14 -2.05 -3.83 -2.62 -18.16 -13.65 -192.98 -150.39

Υ(11F3) 0.00 0.00 -87.65 -66.33 -80.00 -64.90 0.00 0.00 -13.10 -8.97 -12.25 -9.13 -192.99 -149.32

Υ(23F4) -32.69 -22.81 -60.10 -49.57 -112.80 -110.33 -3.45 -2.04 -7.87 -5.25 -11.83 -9.46 -228.76 -199.47

Υ(23F3) 0.00 0.00 -137.90 -116.38 -88.98 -85.56 0.00 0.00 -11.31 -8.08 -11.63 -8.95 -249.82 -218.98

Υ(23F2) -28.86 -40.95 -60.81 -51.84 -113.13 -108.28 -3.16 -2.22 -3.65 -2.81 -16.04 -12.25 -225.66 -218.35

Υ(21F3) 0.00 0.00 -130.11 -109.43 -89.58 -86.73 0.00 0.00 -12.01 -8.42 -10.94 -8.53 -242.64 -213.11

Υ(33F4) -20.21 -9.87 -49.98 -13.14 -47.65 -54.70 -2.54 -1.76 -8.79 -5.36 -14.95 -11.69 -144.12 -96.52

Υ(33F3) 0.00 0.00 -60.68 -26.43 -50.70 -29.62 0.00 0.00 -8.75 -5.96 -12.96 -9.22 -133.10 -71.23

Υ(33F2) -24.34 -3.58 -14.82 -13.45 -69.16 -31.75 -2.75 -0.65 -1.39 -1.49 -16.89 -11.68 -129.35 -62.60

Υ(31F3) 0.00 0.00 -67.75 -25.20 -46.72 -35.18 0.00 0.00 -10.53 -6.87 -12.77 -9.35 -137.77 -76.59

Υ(13G5) -27.40 -19.18 -58.43 -45.61 -115.89 -94.53 -4.11 -2.49 -9.13 -6.18 -13.82 -10.52 -228.78 -178.50

Υ(13G4) 0.00 0.00 -109.30 -82.23 -95.34 -80.25 0.00 0.00 -13.35 -9.25 -13.56 -10.30 -231.55 -182.03

Υ(13G3) -39.47 -26.11 -47.26 -34.41 -122.81 -104.99 -3.42 -2.27 -4.55 -3.23 -18.88 -14.36 -236.38 -185.36

Υ(11G4) 0.00 0.00 -108.73 -82.42 -94.93 -79.15 0.00 0.00 -14.02 -9.66 -12.89 -9.79 -230.56 -181.03

Υ(23G5) -14.54 -20.77 -56.83 -59.68 -63.04 -91.98 -4.15 -2.16 -8.52 -5.20 -13.21 -9.76 -160.29 -189.55

Υ(23G4) 0.00 0.00 -70.65 -51.39 -88.95 -95.18 0.00 0.00 -13.36 -8.71 -12.47 -8.95 -185.43 -164.23

Υ(23G3) -31.60 1.65 -17.45 -2.96 -138.46 -134.08 -5.13 -2.96 -4.91 -3.43 -17.09 -12.16 -214.65 -153.95

Υ(21G4) 0.00 0.00 -77.49 -63.10 -78.48 -90.07 0.00 0.00 -13.79 -8.87 -11.97 -8.66 -181.73 -170.70

Υ(33G5) -19.87 -13.10 -61.29 -33.48 -150.81 -30.64 -4.40 -1.07 -9.82 -3.02 -16.64 -5.34 -262.82 -86.66

Υ(33G4) -5.72 0.00 -131.20 -37.95 -123.45 -38.68 -0.69 0.00 -13.12 -5.26 -16.31 -6.22 -290.50 -88.11

Υ(33G3) -48.46 -10.50 -79.36 -7.75 -146.78 -56.86 -2.28 -1.40 -6.14 -2.10 -21.23 -9.36 -304.24 -87.97

Υ(31G4) 0.00 0.00 -134.24 -42.53 -120.15 -34.71 0.00 0.00 -14.92 -5.33 -15.16 -5.67 -284.48 -88.24

Υ(13H6) -98.85 -21.32 -196.08 -48.64 -439.15 -111.19 -14.51 -2.55 -31.18 -6.18 -45.12 -10.63 -824.90 -200.51

Υ(13H5) 0.00 0.00 -443.26 -100.69 -337.90 -90.12 0.00 0.00 -45.31 -9.51 -45.33 -10.34 -871.80 -210.66
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Υ(13H4) -167.81 -35.89 -226.31 -48.59 -417.76 -115.00 -11.26 -2.35 -15.47 -3.49 -64.34 -14.48 -902.95 -219.79
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