
Fractional-N PLL-Based Frequency Synthesis
through Sigma-Delta Modulation of the Reference

Clock Frequency

by

Matthew Mikkelsen, B.Sc.

A thesis submitted to the
Faculty of Graduate and Postdoctoral Affairs

in partial fulfillment of the requirements for the degree of

Master of Applied Science in Electrical Engineering

Ottawa-Carleton Institute for Electrical and Computer Engineering
Department of Electrical Engineering

Carleton University
Ottawa, Ontario
January, 2021

©Copyright
Matthew Mikkelsen, 2021



Abstract

Used in optical modems amongst a variety of other electronics applications, Integer-
N PLL-based frequency synthesizers effectively multiply the frequency of a reference
clock by an integer value to synthesize a higher frequency. When a synthesizer is
packaged and its reference frequency should be generated externally, the solution
is often to use another synthesizer system with another reference frequency and an
oscillator that can tune to a valid reference frequency; one that divides evenly into the
desired frequency. The proposed integrated-circuit solution divides a high-frequency
clock already existing on the ASIC by a floating-point divisor to generate the packaged
synthesizer’s reference clock through the use of a sigma-delta divider and without
requiring an additional oscillator. This thesis will detail the design considerations
needed to allow tuning to a set of desired frequencies with a frequency error of less
than 1 PPM and jitter less than 500 fs at the synthesizer output. Furthermore, it
will discuss the simulation and measurement of the resulting design implemented in
TSMC’s 7 nm FinFET technology.
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Chapter 1

Introduction

The world has progressed into a largely data-driven society, where various types of
data are transported over hundreds of kilometers and accessible at one’s fingertips
within fractions of a second. Achievable data rates within optical telecommunication
systems installed in the data centres which transport this data continuously increase
to meet the consumer demands. When modulating and demodulating high-speed
data to and from an optical fibre, high-frequency low-jitter synthesizers are used
to clock optical modems when converting between electrical signals and light. One
common type of synthesizer effectively multiplies a low-jitter low-frequency reference
frequency by a factor greater than or equal to one through the use of a PLL. A
method of achieving non-integer multiples of this reference frequency involves aver-
aging different integer frequency multipliers over time. While such a method can
involve reconfiguring the PLL to support it, it would be convenient to be able to
achieve non-integer multiplication without modification to the PLL design.

A state-of-the-art method for synthesizing non-integer multiples of a reference
frequency is using what is known as a fractional-N PLL. The architecture of this is
similar to that of a PLL capable of integer multiplication, known as an integer-N
PLL, with the addition of circuitry for modulating between integer frequency multi-
pliers over time. Prior to the existence of fractional-N PLL-based synthesizers, the
reference frequency to an integer-N PLL needed to be divided prior to being mul-
tiplied by the PLL to achieve higher frequency tuning resolution. The fractional-N
PLL can achieve high frequency resolution without requiring large integer multipliers,
which are generally undesirable as they also multiply the frequency noise. To avoid
adding undesired tones at the rate of modulation, a circuit known as the Sigma-Delta
Modulator (SDM) is often used to add pseudo-randomness to the modulation pattern.
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CHAPTER 1. INTRODUCTION 2

1.1 Motivation

The motivation for this work was to obtain the frequency resolution possible with a
fractional-N PLL-based synthesizer without having to redesign an existing integer-N
PLL. An integer-N PLL requires its reference clock period to be a positive integer
multiple of the period to be synthesized. This restricts the reference frequencies
that can be used, sometimes requiring an additional synthesizer to generate such a
frequency. A fractional-N PLL relieves this restriction, since the target frequency can
be a non-integer multiple of the reference frequency. However, a fractional-N PLL uses
frequency modulation within the feedback of its structure; requiring modification of
an existing integer-N PLL design. Theoretically, this frequency modulation could be
moved from the feedback of the PLL to the reference clock path. A sigma-delta divider
can be used to generate this frequency modulated reference clock. This solution
is appealing since it would not require modification to an existing integer-N PLL
and would require smaller area, lower complexity, and less power than an additional
synthesizer for reference generation.

1.2 Objective

The objective of this thesis is to design, implement, and demonstrate the operation
of an integrated sigma-delta divider circuit in Taiwan Semiconductor Manufacturing
Company (TSMC)’s 7 nm FinFET technology that generates the reference clock for
a separately packaged PLL-based synthesizer. It should be capable of replacing the
function of a Numerically-Controlled Oscillator (NCO) for reference clock generation,
and should be able to tune the synthesizer to a set of desired frequencies with a
frequency error less than 1 Part Per Million (PPM). When driven by the sigma-delta
divider, the synthesizer output frequency should have less than 500 fs of Root Mean
Squared (RMS) jitter, integrated from a 500 kHz to 10 MHz frequency offset.

1.3 Contributions

The contributions of this work are the analysis, design, and demonstration of using
a sigma-delta divider in the reference clock path of a PLL to effectively implement
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fractional-N synthesis. To the author’s knowledge, this is a novel method of fractional-
N synthesis and protection of this intellectual property has been published [1].

1.4 Thesis Organization

This thesis consists of five chapters. Chapter 1 introduces the thesis topic, includ-
ing the motivation for the work and the objective. Chapter 2 provides background
knowledge on the analysis and performance indicators of sigma-delta converters and
PLL-based synthesizers. Chapter 3 builds on these analyses to explain how and why
the sigma-delta divider system works and the considerations that were taken during
the design and implementation process. Chapter 4 presents simulations of a mixture
of transistor level and Simulink models to demonstrate the operation and compares
them to measurements of the integrated circuit implemented in TSMC’s 7 nm Fin-
FET technology. Chapter 5 discusses conclusions on whether the objective was met
and identifies areas of improvement to be executed in future work.



Chapter 2

Background Theory

There are several phenomena and equations the reader should be aware of to bet-
ter understand the content of this thesis. This chapter will present such concepts
and detail related relevant information, diagrams, and expressions. The specific top-
ics covered herein include phase coherency, sigma-delta converters, and PLL-based
synthesizer theory.

2.1 Phase Coherency

An important principle that should be considered when dealing with sampled sys-
tems such as a sigma-delta divider is phase coherency. Depending on the desired
upsampling or decimation ratio, k2 sampling periods should be the equivalent length
of k1 data periods such that the frequency of data fdata and sampling rate fs are
sub-harmonically related to remain phase coherent [2]:

fdata = k1
fs
k2

(2.1)

If this relationship is not held, the phase relationship between the data and the
sampling clock can drift, causing the desired data to be lost.

2.2 Sigma-Delta Converters

A sigma-delta converter is a type of oversampling data converter. Data convert-
ers come in the form of Digital-to-Analog Converter (DAC)s or Analog-to-Digital
Converter (ADC)s. A typical sigma-delta converter consists of SDM connected to a

4



CHAPTER 2. BACKGROUND THEORY 5

low-pass filter. For a sigma-delta ADC, the sigma-delta is an analog structure driv-
ing a digital filter, while a sigma-delta DAC has a digital sigma-delta connected to
an analog filter. Herein, SDM theory will be presented, including oversampling and
quantization noise, the SDM structure and its noise shaping capability, and metrics
to quantify its operation range and resolution.

2.2.1 Oversampling and Quantization Noise

In a discrete-time sampled system, the sampling rate fs must be at least twice the
bandwidth of the input signal fBW [3], referred to as the Nyquist rate fN , to be able
to reconstruct the original signal. For every doubling of fs in excess to fN , the Signal-
to-Noise Ratio (SNR), which is the signal power divided by the noise power, of the
system improves by 3 dB [4]. The ratio of fs to fN is referred to as the Over-Sampling
Ratio (OSR), defined as:

OSR = fs
fN

= fs
2fBW

(2.2)

In a discrete-time sigma-delta converter, a quantizer takes in either an analog
voltage input or a digital input, sampled at a rate fs, and discretizes it into one of
2Q − 1 possible digital values, where Q is the number of quantizer bits. Then, these
digital values represent quantization levels that are equally spaced by an interval ∆Q

within the Full-Scale Range (FSR) of the input signal. Assuming the analog samples
do not happen to consistently coincide with the voltage thresholds of quantization
levels for ADCs and that the number of quantizer bits is less than the number of
input bits for DACs, the quantized representation of each sample will have some
quantization error eQ. The bounds on eQ due to quantization as a function of ∆Q are
expressed as [4]:

eQ ≤
∣∣∣∣∣∆Q

2

∣∣∣∣∣ (2.3)

Assuming that the input to the quantizer can be modeled as a pseudo-random
sequence, eQ will vary from sample to sample in a pseudo-random manner [4]. Since
eQ would be uncorrelated between samples, it can be useful to approximate it as if
it were additive white noise. For this reason, eQ is often referred to as quantization
noise. Given (2.3), the Probability Density Function (PDF) of quantization noise,
specified as PDF (eQ), is [4]:
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PDF (eQ) =


1/∆Q −∆Q

2 ≤ eQ ≤ ∆Q

2

0 otherwise
(2.4)

Using 2.4 the calculation of the RMS quantization error eQrms can be simplified
as shown [4]:

eQrms =
√∫ ∞
−∞

PDF (eQ)eQ2deQ =

√√√√ 1
∆Q

∫ ∆Q/2

−∆Q/2
eQ2deQ = ∆Q√

12
(2.5)

For the real frequency spectrum of the sampled system, the bounds of the Power
Spectral Density (PSD) are between 0 and fN [4]. Knowing this and using 2.5, the
expression for the PSD of the quantization noise is denoted by PSDQN is [4]:

PSDQN(f) = eQrms
2

fN
= ∆Q

2

6fs
(2.6)

2.2.2 Noise Shaping

The z-domain expression for the forward Euler model of a discrete-time integrator,
often referred to as an accumulator, is given by [4]:

H(z) = z−1

1− z−1 (2.7)

Figure 1 demonstrates the structure of a first-order SDM [4]. The output of the
accumulator is quantized to 2Q levels with a quantizer to produce output yi. This
output is fed back to be subtracted from the input xi. The delta between yi and xi is
then added to the previous value of the delay element within the accumulator; hence
the name sigma-delta modulator. An adder input with error ei, is used to model the
quantization error of the quantizer; eQrms from (2.5). Analyzing the SDM system in
the z-domain, an expression for the output Y(z) can be found given the inputs X(z)
and E(z) [4]:

Y (z) = H(z)
1 +H(z)X(z) + 1

1 +H(z)E(z)

Y (z) = z−1X(z) + (1− z−1)E(z)
(2.8)
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Figure 1: A system-level diagram of a first-order SDM [4]

In (2.8), the term z−1 represents what is known as the Signal Transfer Function
(STF) [4], while the term (1 − z−1) represents the Noise Transfer Function (NTF).
In general, the magnitude of the STF of an SDM is designed to be unity at low
frequencies within the operation band. The magnitude of the NTF exhibits a high-
pass transfer and yields what is known as the noise shaping effect. To take advantage
of the noise shaping effect, a sigma-delta converter places an appropriately designed
low-pass filter, with a cutoff frequency at the bandwidth of interest, at the output
of an SDM to negate the noise shaping out of band. Visualized in Figure 2, this is
advantageous because without noise shaping, the quantization noise would instead be
flat at a level of ∆Q

2/6fs from (2.6); leaving a higher density of quantization noise
in-band without noise shaping than with noise shaping.

To achieve a steeper incline of noise shaping, the order of the SDM can be in-
creased. The order of the SDM is dictated by the number of cascaded integrators/ac-
cumulators in series prior to the quantizer. In general, the frequency noise shaping of
an SDM can be said to be 20×m dB/decade, where m is the order of the SDM [4]. In
a sigma-delta converter, the order of the filter must be greater or equal to the order
of the modulator to take advantage of lower in-band quantization noise.

2.2.3 SQNR and ENOB

A metric often used to quantify the resolution of a sigma-delta converter is its Signal
to Quantization Noise Ratio (SQNR). SQNR is the SNR specifically for quantization
noise. Since SNR is the ratio of signal power to noise power, the calculation should
be completed as if the sigma-delta converter is an ADC irrespective of whether it
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Figure 2: Demonstration of the benefit of the high-pass NTF for systems using
SDMs [4]

is actually a DAC to treat the input signal and the quantization noise as voltages.
Assuming quantization noise can be modeled as white-Gaussian noise, the quantiza-
tion noise power Pn,QN can be calculated by integrating the PSDQN of (2.6) over the
bandwidth fBW and substituting (2.2) [4]:

Pn,QN =
∫ fBW

0
PSDQN(f)df = fBW∆Q

2

6fs
= ∆Q

2

12OSR (2.9)

It is worth commenting on the differences in the meaning of ∆Q between a digital
SDM and analog SDM. For an analog SDM, ∆Q is the amount of voltage per Least-
Significant Bit (LSB) of the quantizer, and the square relationship holds for power.
For a digital SDM, an assumption could be that since SQNR is measured in band,
the power is analyzed as if there were an analog filter placed at its output. To keep
the measurements relative between digital and analog domains, the input signals and
noise signals should be expressed in dB with respect to the FSR. Thus, ∆Q can be
defined as the ratio of the input FSR, dictated by the number of input bits to the
SDM, to the quantizer FSR.

To ease the ability to distinguish the signal from the noise when measuring in the
frequency domain via a Fast-Fourier Transform (FFT), a sine wave is often used as
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the input signal due to its spectral purity. When measuring the SNR of a sigma-
delta converter, this is the signal that is compared to the noise. While sine waves
do not have harmonics themselves, spurious tones, at odd multiples of the input
frequency [5], arise from the quantizer error and are noise shaped by the sigma-delta.
To avoid having a spurious tone landing in band, the frequency of the input sine
wave should be selected according to the following relation, where P is the number
of FFT points to be used and binprime is a prime number corresponding to the FFT
bin number at which the fundamental tone fin will be situated:

fin = binprime · fs
P

(2.10)

Since the quantization noise will only be integrated across the bandwidth for the
measurement, P should be selected to be sufficiently large to provide the number
of frequency bins required for the desired accuracy of the SQNR measurement. If
the odd harmonics are problematic, the prime number should be set such that fin is
greater than one third of the bandwidth but less than the bandwidth, such that the
first spurious tone at the third harmonic is out of band but fin is in band.

An expression for SQNR can be made by first approximating the signal power.
The signal amplitude projected to the output of the system can be represented by
allowing (2Q − 1)∆Q to represent the FSR and A to represent the sinusoid input
amplitude with respect to half the FSR (or equivalently, the peak-to-peak amplitude
with respect to the FSR). Squaring and dividing by 8 to convert from peak to peak
to RMS converts the signal amplitude into signal power, normalized to 1 Ω. Given
the OSR, the signal power can be divided by the quantization noise power to give
the SQNR of an oversampled system as shown in the following expression [4]:

SQNR = Psignal
Pn,QN

=
1
8A

2(2Q − 1)2∆Q
2

Pn,QN
≈ 3

2 · 2
2Q · A2 ·OSR (2.11)

Given the order of the SDM m, an expression for the SQNR with shaped in-band
quantization noise is [4]

SQNR =
1
8A

2(2Q − 1)2∆Q
2

∆Q
2

12
π2m

2m+1

(
1

OSR

)2m+1 ≈
3
2 · 2

2Q · A2 ·OSR2m+1 ·
(

π2m

2m+ 1

)−1

(2.12)

The lower levels of in-band quantization noise due to oversampling and noise
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shaping correspond to increased resolution and SQNR. Since the SQNR is measured
in-band, it can be related with the Effective Number of Bits (ENOB) of the modulator.
Knowing that a doubling of amplitude resolution would require an additional binary
bit to resolve and corresponds to an increase of 6 dB in SQNR [4], an expression for
ENOB can be found by converting (2.12) to dB and dividing by 6 dB [4]:

ENOB = 10 log10(SQNR)
6 dB

ENOB ≈ Q+ 2m+ 1
2 log2(OSR)− 1.67 log10

(
π2m

A2(2m+ 1)

) (2.13)

Typically, the ENOB is desired to be characterized at the maximum achievable
SQNR, known as the dynamic range of the SDM [4]. The dynamic range is determined
by repeatedly measuring the SQNR while increasing the value of A. Shown in Figure
3, it can be seen that the value of A corresponding to the dynamic range is not
necessarily 0 dB as you would expect from an ideal modulator. The SQNR can
saturate prior to the FSR, limiting the dynamic range. The value of A corresponding
to the SQNR being saturated by 6 dB from the dynamic range is known as the
overload level [4] or Maximum Stable Amplitude (MSA) [6], where the latter is used
throughout this thesis.

2.3 Multi-Modulus Dividers

A Multi-Modulus Divider (MMD) is a type of programmable frequency divider that is
modular in architecture and is able to divide by positive binary integers greater than
2. They generally consist of cascaded divider stages that can each be programmed
to divide by either 2 or 3, and the frequency signal is decreased as it is passed from
stage to stage. An additional signal is passed between the consecutive stages, namely,
the modulus signal. Multiple architectures employing these cascaded divide by 2 or
3 cells have been proposed over recent years, and two will be introduced herein.

2.3.1 Divide by 2 or 3 Cells

A typical dual-modulus divide by 2 or 3 structure is shown in Figure 4. The input
sign clocks the D-latches with alternating consecutive polarities in a loop. When
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Figure 3: Depiction of a typical dynamic range measurement, where DR is Dynamic
Range, and OL is the overload level, also known as the MSA [4]

Modin is low, the frequency of F will be half that of the input signal and Modout will
go to zero once the input signal goes high. When Modin is high, the frequency of F
will be one third of the input if the programmable input R is high but one half if R is
low. Modout will also track F if Modin is high but delayed by half of one input clock
cycle.

2.3.2 Generic MMD Architecture

A generic MMD architecture is depicted in in Figure 5. One encoded bit is provided to
input R of each divider stage, which, if enabled at the same time as the stage’s input
modulus signal, enables the divide by 3; otherwise it divides by 2. The final divider
stage always has its modulus input tied high. Since the modulus signal ripples down
the stages, the MMD is able to be programmed to divide within a range of adjacent
integers. The step size S between programmable divisor values is configurable by
adding an additional divider by S stage prior to the first divide by 2 or 3 stage.
The range of programmable integers is increased by the step size for every additional
divide by 2 or 3 stage. In the particular architecture depicted in Figure 5, the lower
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Figure 4: Typical dual-modulus divide by 2 or 3 cell. The input clock signal is
represented by ϕ, where the overline represents its complement [4]

bound of programmable divisors also increases by a factor of 2 for every additional
stage. The range of divisors can also be shifted by replacing the final divide by 2 or
3 stage with a divide by P or P + 1 stage. For k stages, the minimum divisor Nmin

and max divisor Nmax can be found using the following relations:

Nmin = S·P · 2k−1

Nmax = S(Nmin + 2k − 1)
(2.14)

2.3.3 Truly Modular MMD Architecture

The "truly modular" [7] MMD architecture has a few differences from the generic
architecture. Shown in Figure 6, logic is added between divide by 2 or 3 stages to
extend the divider range. If this additional circuitry is placed between every divide
by 2 or 3 stage, Nmin is 2, regardless of the number of stages. Assuming this is true,
all stages are divide by 2 or 3, and the desired step size is 1, Nmin and Nmax for this
architecture are as follows:
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Figure 5: Generic MMD architecture. The final output clock can be tapped at the
Modout or clock output of the final P/P + 1 stage [4]

Nmin = 2

Nmax = 2k+1 − 1
(2.15)

Figure 6: A truly modular MMD, where additional logic is placed between the divide
by 2 or 3 cells to extend the programmable divisor range [7]

The Nmax is observed to also be extended by nearly a factor of 2 when compared
to the generic MMD architecture since it is able to allow the programmable divisor
binary code word to be 1 bit larger than the number of divide by 2 or 3 stages.
However, the division range-extension circuitry does come at a cost of a potentially
narrow duty cycle. The extension of Nmin operates by disabling unnecessary stages
for the programmed value by tying their modulus input low. For this to operate
correctly, the output of the MMD must be the modulus output of the first stage
rather than the output stage. This causes the pulse width of the output signal to
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always be equal to the input clock period. While the generic architecture will never
have a duty cycle less than 25%, this "truly modular" architecture duty cycle decreases
as the programmed divisor is increased.

2.4 PLL-based Synthesizers

2.4.1 System-Level Analysis of Integer-N PLL Synthesizers

The general structure of a charge pump PLL is depicted in Figure 7. Using a Phase-
Frequency Detector (PFD), the PLL compares a reference clock to a tunable oscil-
lator, namely, a Voltage-Controlled Oscillator (VCO), and continuously adjusts the
frequency of the oscillator until its phase reaches a fixed offset from the phase of the
reference clock using negative feedback [4]. The offset is determined by the phase res-
olution of the PFD and charge pump circuit. The PFD sends a signal to the charge
pump indicating whether the feedback phase was either "early" or "late" by comparing
the rising edges of the reference and feedback signals. These signals enable a current
supply within the charge pump to either source or sink current for the duration the
signal is asserted. The charge pump drives the loop filter, which plays the role of
converting the current to the voltage while also controlling the dynamics of the loop.
If the feedback phase arrives sooner than the reference, the accumulated charge on
the filter is decreased, while if the feedback arrives after, the accumulated charge is
increased. This corresponds to either an increase or decrease in voltage input to the
VCO, and raises or lowers its output frequency. In a PLL-based frequency synthe-
sizer, a frequency divider is placed in the feedback of the PLL. If the bandwidth of the
loop is set appropriately, the divided down frequency of the VCO is aligned with the
reference clock frequency once the loop settles since the phase will track the reference
for every cycle. Thus, once the feedback frequency is locked to the reference frequency
fref , an expression for the frequency output from the VCO fout can be made given
integer feedback divisor N :

fout = Nfref (2.16)

To anticipate the performance of a PLL, the expected phase noise and related
jitter can be modeled. To characterize the phase noise, the phase transfer function of
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Figure 7: A typical representation of a integer-N charge-pump PLL-based synthe-
sizer

the PLL can be used. To derive the phase transfer function, the Laplace domain can
be used with a corresponding linear model for each loop component [4]. A diagram
demonstrating such a model is available in Figure 8. Here, KV CO represents the
voltage to frequency transfer of the VCO, known as the VCO gain with units Hz/V,
while F (s) represents the Laplace domain transfer function of the loop filter. The
phase detector and charge pump are modeled by subtracting the feedback phase from
the reference phase input, Φnoise,ref (s), and multiplying the result by gain factor
Kphase. To convert from phase to current, Kphase is a function of the Direct Current
(DC) current ICP that is either sunk or sourced by the charge pump and the phase
range of the PFD [4]:

Kphase = ICP
2π (2.17)

Knowing that angular frequency ω = 2πf for a given frequency f , and that it is
equal to the derivative of phase [4], the output phase term Φnoise,out(s) is made by
integrating the VCO frequency output by multiplying the output of KV CO by 2π/s.
This integration term also performs the needed frequency to phase conversion for the
feedback and reference phase comparison, which can occur prior to the block dividing
the frequency by N since all loop components are modeled to be linear. Assuming the
noise contribution of the VCO Φnoise,V CO(s) is zero for the time being, an expression
for the phase transfer function from the reference input to PLL output is made [4]:
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÷ N

Φnoise_out(s) 

Φnoise_ref(s) KVCOKphase
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Figure 8: System diagram of the phase transfer of an integer-N charge-pump PLL-
based synthesizer given linear models of each of the PLL loop components in
the Laplace domain

Φnoise,out(s)
Φnoise,ref (s)

= F (s)2πKV COKphase

s+ F (s)2πKV COKphase

N

(2.18)

This transfer function can be used to determine the phase noise contribution of
each loop component except the VCO at the output of the PLL [4]. This can be
accomplished by first projecting back their contributions to an input of the adder
by dividing by the gain between the adder and the component under analysis, then
multiplying the projected phase noise by (2.18). While this method is not used
directly in this thesis, it is relevant to understand that the phase noise contribution
of each loop component other than the VCO is effectively low-pass filtered by the loop
for discussion. Another important observation is noticing that as the offset frequency,
and inherently s, approaches zero, the low-pass phase transfer function approaches N .
By taking Φnoise,ref (s) to be zero instead and considering the phase noise contribution
of Φnoise,V CO(s) only, it can be seen in the following expression that Φnoise,V CO(s) is
high-pass filtered by the loop [4]:

Φnoise,out(s)
Φnoise,ref (s)

= s

s+ F (s)2πKV COKphase

N

(2.19)

Once the phase transfer function is applied to a specified phase noise contributor
to obtain the phase noise as a function of offset frequency f from the carrier frequency
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fc, its corresponding RMS integrated phase noise, referred to as the integrated phase
jitter [4], can be found. The resulting phase noise function Φ(f) can be squared
then divided by two to obtain the Single-Side Band (SSB) phase noise power,then
integrated over a specified bandwidth between f1 and f2 and square rooted to obtain
the RMS jitter. Then, dividing by 2πfc, where fc is the carrier frequency for the phase
noise measurement, an expression for the integrated RMS jitter in time τjitter,rms is
found [4]:

τjitter,rms = 1
2πfc

√∫ f2

f1
Φ(f)2df =

√
2

2πfc

√√√√∫ f2

f1

Φ(f)2

2 df (2.20)

It was mentioned that the loop filter can be used to control the settling dynamics
of the loop and convert the charge pump current to the control voltage vc of the VCO,
however, the filter can additionally be used to set the order of the PLL. Passive loop
filters are common such as the third order filter shown in Figure 9. The highest order
passive filter possible without having a series resistance between the charge pump
and VCO is second order [4], where additional poles can be added for higher order
through additional resistor and capacitor pairs. If the components are appropriately
sized for stability, the following expressions can be used to solve for F (s) of a third
order loop filter [4]:

τ1 = R1 · C1

τ2 = R1 · C1 · C2/(C1 + C2 + C3)

τ3 = R3 · C3

F (s) = 1 + sτ1

s(C1 + C2 + C3)(1 + sτ2)(1 + sτ3)

(2.21)

Due to the integration term of converting frequency to phase, the order of the
phase transfer function for the generic structure shown in Figure 8 is technically one
order higher than the order of the loop filter. However, since τ1 form a zero, the
closed-loop out-of-band attenuation of the phase transfer function can be observed to
fall at 20× n [4], where n is the order of the loop filter.

To make an estimate of the settling behaviour of the loop, the effect of the zero
due to τ1 can be considered on its own, ignoring the effect of the higher frequency
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Figure 9: A passive third-order low pass loop filter for a PLL [4]

poles [4]. This makes the phase transfer function second-order, and loop dynamic
parameters, namely ωn and ζ, can be solved for [4]:

ωn =
√

2πKphaseKV CO

NC1
(2.22)

ζ = R1

2

√
2πKphaseKV COC1

N
(2.23)

After computing the loop dynamic parameters, the angular corner frequency ω3dB

can be estimated through the following expression [4]:

ω3dB = ωn

√
1 + 2ζ2 +

√
4ζ4 + 4ζ2 + 2 (2.24)

2.4.2 System-Level Analysis of Fractional-N PLL Synthesiz-
ers

A fractional-N PLL-based synthesizer is very similar to an integer-N PLL-based syn-
thesizer with one key difference; fout can be a non-integer multiple of fref . This is
accomplished by modulating the integer divisor of the programmable divider placed
in the loop [4], as shown in Figure 10. The programmable divisor is modulated in such
a way that the time-averaged value of the divisor is the desired non-integer multiple
of fref . This modulation can be achieved using a SDM input with a value that will
be referred to as the Frequency Control Word (FCW). By adding the SDM output
with an integer value N as shown in Figure 10, the integer portion of the fractional
division can be programmed. Assuming the bandwidth of the loop filter is sized to
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effectively filter the shaped quantization noise of the SDM, an expression for fout can
be found given the FSR of the FCW [4]:

fout =
(
N + FCW

FSR

)
fref (2.25)

PFD Loop 
Filter

÷ D

ΣΔ ΣΔ 

N

FCW

Output 
Frequency

Reference 
Frequency

Figure 10: A typical representation of a fractional-N charge-pump PLL-based
synthe-sizer

A similar phase transfer model to Figure 8 is made for the fractional-N PLL as
shown in Figure 11. By setting all other phase noise contributors to 0 and considering
only the contribution of Φnoise,Σ∆(s), the phase transfer function to project the phase
noise of the SDM to the output of the PLL can be found [4]:

Φnoise,out(s)
Φnoise,Σ∆(s) =

F (s)2πKV COKphase

N

s+ F (s)2πKV COKphase

N

(2.26)

For simplicity, Kphase is often modeled to be linear, even for fractional-N PLLs.
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Figure 11: System diagram of the phase transfer of an fractional-N charge-pump
PLL-based synthesizer given linear models of each of the PLL loop components
in the Laplace domain

However, mismatches between up and down currents within the charge pump create
a non-linear transfer characteristic from phase error to current [8]. While this non-
linearity is less of a concern in integer-N synthesis since the phase error will settle
to a value, it is an important consideration in fractional-N synthesis since the phase
error will effectively be constantly modulated by the SDM even when the loop is
locked. Thus, while approximating Kphase to be linear is an effective assumption for
approximating the loop bandwidth, its non-linear transfer should be considered when
quantifying jitter performance.

Another contribution to jitter that should be considered is spurious tones, often
referred to as spurs [4]. Reference spurs, occuring at integer multiples of the reference,
are typically not as much of a concern as what are known as fractional spurs, since
the loop bandwidth should be set to filter out the quantization noise of the SDM.
This will force reference spurs to be out of band, while fractional spurs can land in
band. The frequency location of fractional spurs are at integer multiples for a given
arbitrary integer k according to the following relation [4]:

fspur = k · fref
FCW

FSR
(2.27)
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2.5 Chapter Summary

Background theory which the reader should be aware of was presented. The impor-
tance of phase coherency in sampled systems was highlighted along with the criteria
to maintain it. Sigma-delta converter theory was presented, including the concept of
oversampling and quantization noise in data converters. The structure of an SDM
was shown and the concepts of an STF and NTF were introduced, leading into the
noise shaping benefit of SDMs. Metrics to quantify SDM resolution and operation
ranges were shown including SQNR, ENOB, MSA, and dynamic range. The basics
of the MMD dividers were shown, including the structure of the dual-modulus divide
by 2 or 3 cell and two common MMD architectures. Theory was discussed for both
Integer-N and Fractional-N types of PLLs. This began with their general structures,
and proceeded into linear models describing their phase transfer and their correspond-
ing phase transfer functions. The calculation for RMS jitter through integration of
the SSB phase noise was shown. Third order loop filters were presented, along with
a method for estimating the loop dynamics and loop bandwidth. Lastly, fractional
spurs were mentioned, along with their theoretical location. In the following chapter,
the theory presented will be used in the design and analysis of the sigma-delta divider.



Chapter 3

Design and Analysis

To develop the sigma-delta divider system to meet the objective, the system was an-
alyzed and contrasted to existing theory and design methodology detailed in Chapter
2. These analyses lead to several important design considerations, leading to the de-
velopment of system specifications for the sigma-delta divider, and finally its imple-
mentation. First, equations and models describing the operations of the sigma-delta
divider converting an integer-N PLL into a fractional-N synthesizer will be uncov-
ered by relating them to systems which have similar functions. Next, this chapter
will detail the design considerations accounted for to meet the specifications and their
corresponding performance trade-offs. Following this, a discussion on how the models,
equations, and design considerations were combined to derive a set of system speci-
fications is presented. Lastly, the selected architectures for each block of the system
will be revealed along with the considerations, analysis, and calculations required for
the implementation.

3.1 Concept Analysis

A sigma-delta divider contains two main blocks: the SDM and the programmable
frequency divider. Shown in Figure 12, a SDM is input with an FCW and drives
the control bus of a programmable frequency divider. The divider divides the fre-
quency of a high-speed clock down by a divisor determined by the value of the control
bus. The two blocks collaborate to have the FCW set the average frequency of the
frequency modulated divider output. The resulting clock, which provides the modu-
lated reference frequency for the synthesizer, is used to clock the SDM to maintain

22
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system coherency. The PLL-based synthesizer outputs a single frequency correspond-
ing to an integer multiple of the average frequency of the modulated reference clock.
This is possible because the PLL itself acts as a frequency domain low-pass filter for
sigma-delta modulated frequency. The FCW of the sigma-delta divider effectively
tunes the output frequency of the synthesizer and can have finer frequency tunability
than synthesis using solely integer multiplication of a fixed reference frequency. The
abstraction of the sigma-delta divider input to the PLL-based synthesizer resembles
that of an NCO solution. Thus, it can be said the sigma-delta divider fulfills the
function of an NCO in this application.

Programmable 
Frequency Divider

Programmable 
Frequency Divider

Control Bus

Programmable 
Frequency Divider

Control Bus

ΣΔ ModulatorΣΔ ModulatorΣΔ Modulator

PLL-Based 
Synthesizer
PLL-Based 
Synthesizer
PLL-Based 
Synthesizer

High-Speed 
Clock

Frequency 
Control Word

Output 
Clock

Modulated 
Reference 

Clock

Sigma-Delta Divider

Figure 12: Simplified high-level view of the sigma-delta divider system driving the
reference frequency of the PLL-based synthesizer

To help determine the requirements for the sigma-delta divider for modulating
the reference clock of a PLL, it is important to develop an understanding of how
the system functions. To achieve this, an analogy is made between the sigma-delta
divider driving a PLL-based integer-N synthesizer and a sigma-delta converter when
both are provided with a static input. Following this, an analysis of the resolution
and phase noise for the proposed synthesizer method is compared to a conventional
fractional-N PLL-based synthesizer. For both these analyses, the SDMs in all systems
will be digital circuits with single-bit quantizers for simplicity.
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3.1.1 Sigma-Delta Converter Analogy

From a top-level perspective, both the objective of this thesis and the analogous
system are comprised of two main blocks: one performing sigma-delta modulation
and the other executing a Low-Pass Filter (LPF) function. Since all SDMs are digital
in this analogy, the sigma-delta converter in System 1 of Figure 13 is a sigma-delta
DAC comprised of a SDM and an analog LPF. System 2 depicts the objective of
the thesis and is comprised of the sigma-delta divider and a PLL-based integer-N
synthesizer. It will be shown that the operating mechanisms for a sigma-delta DAC
analyzed in the amplitude domain are analogous to the sigma-delta divider driving a
PLL-based integer-N synthesizer analyzed in the frequency domain.
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Figure 13: Two analogous sigma-delta modulated systems along with mock inputs
and outputs for each. System 1 is a sigma-delta DAC and System 2 is a sigma-
delta divider driving a PLL-based synthesizer

Shown in waveforms 1)a) and 2)a) of Figure 13, an arbitrary unsigned digital DC
input is provided to both the SDM and sigma-delta divider inputs. These inputs,
namely, the Digital Code Word DCW and FCW , are bounded between 0 and 2n−1,
where n is the number of bits in each word. In 1)b), the output of the SDM of
System 1 is seen to toggle at a high frequency (to achieve the noise shaping effect)
between two analog voltages: VDD, corresponding to logic 1, and VSS, corresponding
to logic 0. Assuming the value of DCW is within the dynamic range of the SDM,
the time-averaged pulse density of this output should be the equivalent to the ratio
of the value of the DCW to its digital FSR. If VSS is common between the blocks,
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provided the gain of the LPF AV of System 1, its output Vout is a DC analog voltage
can be described by the following relation:

Vout = AV

(
DCW

FSR
(VDD − VSS) + VSS

)
(3.1)

This expression is certainly true if AV is unity. A value for AV greater than 1
has the potential to saturate the filter depending on the SDM input amplitude if it
uses the same voltage rails, and could limit the dynamic range of the sigma-delta
converter. The ratio of the dynamic range of the LPF to the analog FSR should be
greater than or equal to the ratio of the dynamic range of the SDM to the digital
FSR as to not hinder the dynamic range of the system.

For System 2, assume the same digital code is applied to FCW asDCW in System
1, shown in 2)a). The sigma-delta divider output of 2)b) would then toggle with the
same time-averaged pulse density as 1)b), although it would toggle between two clock
periods instead of two voltage levels. Assuming a programmable divisor step size of 1
for the programmable divider nominally set to a divisor ofM , the sigma-delta divider
output would toggle between frequency values of fin/M and fin/(M + 1), where fin
is the frequency of the clock input. From (2.16), the frequency relation between the
reference frequency and output frequency of an Integer-N PLL-based synthesizer is
a factor of N , where N is the value of the feedback divisor. Given N , the output
period Tout of the PLL-based synthesizer follows this equation:

Tout = 1
Nfin

(
FCW

FSR
((M + 1)−M) +M

)
(3.2)

Comparing (3.1) and (3.2), it is apparent that the Systems 1 and 2 are analogous,
with the resulting time-averaged divisor of System 2 determined through the similar
mechanism as the time-averaged voltage of System 1. Taking the reciprocal and
simplifying (3.2), the output frequency fout depicted in 2)c) of Figure 13 can be
found using:

fout = Nfin
M + FCW/FSR

(3.3)

Similar to the dynamic range condition for (3.1), (3.3) is true only if the frequency
tuning range of the PLL-based synthesizer and the dynamic range of the sigma-delta
divider support it. To maximize the dynamic range of the system, the VCO within
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the PLL should be capable of tuning wider than the sigma-delta divider dynamic
range multiplied by the feedback divisor.

While this analogy aids in developing a fundamental understanding, other de-
sign considerations are better explored through comparisons with systems that more
closely resemble the system being analyzed or through other types of modeling. In
the following section, the sigma-delta divider driving an integer-N PLL will be com-
pared to a fractional-N PLL to utilize existing analyses. Afterwards, these analyses
will be elaborated and other models will be analyzed to explore important design
considerations and develop design specifications.

3.1.2 Comparison with a Fractional-N PLL-Based Synthe-
sizer

To determine the design trade-offs and considerations to meet the performance spec-
ifications of the system, the proposed system was compared with the conventional
fractional-N PLL-based synthesizer. Since using a sigma-delta divider in the refer-
ence path inherently divides down the frequency, the fractional-N PLL system to be
compared with also includes a frequency divider in the reference path without a SDM.
First, equations for the change in resolution when changing the LSB of the FCW for
both synthesizer methodologies will be derived and compared. Afterwards, the phase
transfer functions of each system will be compared to see the effect each system will
have on the phase noise.

Frequency Control Word Resolution Comparison

The sigma-delta divider driving an integer-N PLL is shown in Figure 14. In this
figure, the adder is shown as a separate block, adding an integer M to the output
of the SDM to form a fractional divisor D. Expanding on (3.3), and letting DM

represent D with M as an addend and FSR represent the digital FSR of the SDM:

fout = Nfin
M + FCW/FSR

= Nfin
DM

(3.4)

If the LSB of the FCW were to be changed in either direction, the equation
representing the new output frequency fout∆LSB would be:
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Figure 14: System diagram of the sigma-delta divider driving the an integer-N
PLL-based frequency synthesizer

fout∆LSB = Nfin
M + (FCW±1)/FSR = Nfin

DM±1/FSR (3.5)

Using (3.4) and (3.5) together, the frequency difference between fout∆LSB and fout
in PPM, PPM/LSBsddref , can be found for when a sigma-delta divider is used in the
reference path of PLL:

PPM/LSBref =
∣∣∣∣∣fout∆LSB − foutfout

∣∣∣∣∣× 106 =
∣∣∣∣∣ DM

DM±1/FSR − 1
∣∣∣∣∣× 106 =

∣∣∣∣∣ 106

DMFSR±1

∣∣∣∣∣
(3.6)

As mentioned previously, a divider was placed in the reference path in the
Fractional-N PLL comparison system as shown in Figure 10. Expanding upon (2.25)
with DN representing the sum of the integer divisor N and the SDM output:

fout = (N + FCW/FSR)fin
M

= DNfin
M

(3.7)

Similar to (3.5), the equation representing the output frequency with the LSB of
the FCW changed in either direction, fout∆LSB, becomes:

fout∆LSB = (N + (FCW±1)/FSR)fin
M

= (DN±1/FSR)fin
M

(3.8)

Then, the PPM frequency difference per LSB can be found for the case of the
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sigma-delta divider located in the feedback path of a PLL:

PPM/LSBfb =
∣∣∣∣∣fout∆LSB − foutfout

∣∣∣∣∣× 106 =
∣∣∣∣∣±1/FSR

DN

∣∣∣∣∣× 106 = 106

DNFSR
(3.9)

Since FCW must be less than the FSR, it becomes clear that for high resolution,
either/both the integer portion of D (i.e. M for DM or N for DN) or/and the FSR
should be maximal. Increasing D too much will require a large feedback divisor in
the PLL, increasing the in-band phase noise of the system. However, apart from the
increased chip area, power, and complexity of keeping the modulator stable, increasing
the number of bits in the SDM, and thus its FSR, comes at no performance cost.

Comparing (3.6) and (3.9), it becomes clear that the FCW frequency tuning is
linear for a conventional Fractional-N PLL, but non-linear when using a sigma-delta
divider in the reference path. Conversely, if the reciprocal is take of (3.4) and (3.7)
to express the relation for determining the output period of the system, tuning FCW
has a linear effect on the period when the sigma-delta divider is in the reference
path but non-linear when in the feedback path. Tuning using FCW is monotonic in
both scenarios, so using either system in a frequency or period tuning control loop is
possible. Furthermore, as the larger product of FSR and DM of (3.6) becomes larger,
the ±1 term of the denominator becomes increasingly dominated; thus the relation
approaches linearity.

To determine the conditions where each synthesizer methodology is advantageous
for frequency tuning resolution, it was desired to find the conditions to make them
equal. Assuming FSR is set sufficiently large, DM should be set equal to DN to
make their PPM/LSB frequency resolution equal in (3.6) and (3.9). Let the variables
related to the synthesizer with the sigma-delta divider in the reference path have a
subscript of 1, and with the sigma-delta divider in the feedback have a subscript of
2. Then, rearranging (3.4) for DM and (3.7) for DN and setting them equal, the
condition for equal resolution becomes:

N1fin1

fout1
= M2fout2

fin2
(3.10)

Since a large fractional divisor allows higher tunable frequency resolution, whether
it be DM or DN , setting the numerator of both sides of (3.10) greater than their
denominators is desirable. This means it is beneficial if fin is greater than fout when
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the sigma-delta divider is in the reference path, and fin less than fout is preferable if
it is situated in the feedback. Figure 15 depicts the situation clearly, plotting both
(3.6) and (3.9) in both a) and b), followed by the difference between them in c). The
number of input bits was set to 16 and N1 was set equal to M2 for a fair comparison.
In a), fin is set larger than fout, and the PPM/LSB is lower when the sigma-delta
divider is in the reference path. In b), fin is set lower than fout, and the PPM/LSB
is lower when the sigma-delta divider is in the feedback path. In c), (3.10) is satisfied
by setting fin1 = fout2 and fout1 = fin2, and the difference between the PPM/LSB of
each synthesizer method is smaller than 1 part per billion and is negligible. For all
three plots, the PPM/LSB decreases as N1 = M2 increases.
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Figure 15: a) PPM/LSB of both synthesizers when fin > fV CO b) PPM/LSB of
both synthesizers when fin < fV CO c) Difference between the PPM/LSB for
each synthesizer when fin1 = fV CO2 > fin2 = fV CO1

To summarize, setting the number of input bits to the SDM and fractional divisor
D sufficiently large allows sub 1 PPM/LSB resolution in either methodology. Since
a larger value for D gives better frequency resolution for both synthesizer methods,
certain scenarios present slight advantages to using one method over the other. While
it does not fully apply to the objective of this thesis since a sigma-delta divider is
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replacing the function of an intermediate synthesizer in a cascaded synthesizer sys-
tem, they are worth commenting for the design of a fractional-N synthesizer in other
scenarios. In general, from a frequency resolution standpoint, if selecting between
placing a sigma-delta divider in the feedback or reference path of the synthesizer
and the desired fout is greater than an available clock frequency fin, then it is most
beneficial to have the sigma-delta divider in the feedback path. If the desired fout

is less than fin, then it is most beneficial to have the sigma-delta divider in the ref-
erence path. While the resolution could also be increased by setting N1 or M2 to
a larger value, this also has the effect of increasing the in-band phase noise transfer
function for all phase noise contributors except for the SDM and the VCO. The phase
noise contributions of the SDM will be explored for both synthesizer methods in the
subsequent section.

Phase Noise Contribution Comparison

To determine the effect of placing the sigma-delta divider in the reference path of
PLL on the phase noise, its phase noise interaction with other loop components
was determined and compared to that of a conventional fractional-N PLL. This was
accomplished using a frequency domain model and analysis similar to that presented
in Chapter 2.

Shown in Figure 16, a Laplace domain model of a PLL with two potential phase
noise contributor inputs and one phase noise output is shown. If analyzing the sigma-
delta divider in the reference path, Φnoise_in(s) is set to the phase noise contribution
of the SDM ΦΣ∆(s) and Φnoise_fb(s) is set to 0, while the opposite is true if the
sigma-delta divider is in the feedback path. Letting K = KphaseF (s)KV CO results in
two similar phase noise transfer functions for the SDM for each scenario, shown in
(3.11) and (3.12).

Φnoise_out

(
1 + K

sN

)
= − K

sN
Φnoise_fb ⇒

Φnoise_out

Φnoise_fb
= −

K
sN

1 + K
sN

(3.11)

Φnoise_out

(
1 + K

sN

)
= K

sM
Φnoise_in ⇒

Φnoise_out

Φnoise_in
=

K
sM

1 + K
sN

(3.12)

Since quantization can be modeled as noise and the final stage of an SDM is a
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Figure 16: System diagram of the phase transfer of an integer-N charge-pump PLL-
based synthesizer given linear models of each of the PLL loop components in
the Laplace domain; contrasting specifically the reference and feedback phase
inputs

quantizer, the difference in sign between (3.11) and (3.12) does not effect the mag-
nitude of the phase noise transfer, but instead dictates the direction of the phase
excursion. This can be visualized by comparing Figure 10 and 14 and assuming the
SDM has a single-bit quantizer. When the SDM output is high, the phase error Φe

will be positive if the sigma-delta divider is in the feedback path but negative if it is
in the reference path. The opposite is true when the SDM is low. Since the phase
detector’s "late" output is high when the phase error is positive (lagging) and "early"
output is high when negative (leading), the charge pump will effectively adjust the
charge input to the filter to match the direction of the phase error. The direction of
the voltage variations at the filter output dictates the direction of the phase error at
the VCO output transferred through the loop from the SDM.

The difference between the transfer functions expressed in (3.11) and (3.12) that
has not been discussed is the divisors of the numerators. It can be seen by analyzing
Figure 16 that when the sigma-delta divider is in the feedback path, the phase-noise
contribution of the SDM is divided by a factor of N , but when it is in the reference
path the phase noise is divided by a factor of M . The difference is only relevant if
M is not equal to N , since if they were equal, the phase noise performance of either
synthesizer method is the same. As mentioned in Chapter 2, the phase noise transfer
function of all other contributors other than the VCO has a low-pass characteristic
with the in-band noise multiplied by a factor of N . Thus, placing the sigma-delta
divider in the reference path can be advantageous if M is set greater than N , since it
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is not constrained to trade-off between raising the in-band noise and attenuating the
sigma-delta phase noise contribution. However, observing (3.3), it is realized this can
only be achieved if fin is greater than fout. If fin is synthesized as it is in this design
scenario, then requiring a larger feedback divide ratio would need to be used in this
synthesizer to increase the frequency. It is important to consider that the in-band
phase noise of such a synthesizer can increase proportionally if its specified frequency
increases. If the resulting jitter is not mitigated, the phase noise benefit of having
a high frequency fin becomes moot, since the phase noise savings are just shifted to
the input. Thus, using a high frequency synthesizer to generate fin can be beneficial
in terms of phase noise only if the phase noise of the previous stage can be optimized
sufficiently.

3.2 Design Considerations

Nearly every design has trade-offs that should be considered. A discussion of the rea-
soning used during the design process, which takes into account the theory presented
in the background section along with some additional cited sources, is detailed herein.

3.2.1 Divider Step Size

Until now, all equations for calculating the output frequency of a sigma-delta di-
vider have assumed that the divider step size has been set to 1, and for good reason.
Herein, it will be shown that increasing the divider step size will effectively increase
the dynamic phase excursion output of the phase detector once the PLL is locked,
thus increasing the phase-noise contribution of the sigma-delta divider. Afterwards,
a method for compensating for SDM stability will be presented, which involves in-
creasing the divider step size, creating a potential trade-off.

The divider step size for a sigma-delta divider is the integer factor the instanta-
neous value of the divisor increases by per LSB of the SDM quantizer. For a single-bit
quantizer, the peak-to-peak frequency excursion ∆f due to divider step size ∆step
is found by taking the difference between the instantaneous minimum and maximum
frequencies output from the sigma-delta divider, fmin and fmax respectively. For large
values of divisor M , an approximation can be made:
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∆f = fmax − fmin = fin
M
− fin
M + ∆step = fin∆step

M(M + ∆step)≈
fin∆step
M2 (3.13)

Thus, if the ∆step were increased from 1 to 2, it can be seen that ∆f would
approximately double. For a fixed FCW , this would also double both the positive
and negative normalized frequency excursions of (3.16) and (3.17), effectively doubling
both F (z) and Φ(z). To keep the phase noise minimal, it is typical to see ∆step set
to 1 in most sigma-delta dividers. However, when the MSA is less than the FSR of
the input, ∆step can be increased to minimize gaps in the frequency tuning at the
expense of phase noise performance.

If the Out-of-Band Gain (OBG) of an SDM is increased, the number of bits
within a quantizer can be increased to prevent it from being overloaded and causing
the SDM to go unstable. For SDMs that are conditionally stable, the quantizer
becomes overloaded after the input amplitude of a signal, biased at half the input
FSR, surpasses the MSA. For SDMs with a single-bit quantizer, the MSA can never
reach the FSR, since it is not possible to have the time-averaged value of an SDM
output correspond linearly to a maximum or a minimum input while it toggles between
the two. This can be realized intuitively through a simple example. If the FCW was
set to zero, fref of (3.14) would evaluate to fmax, but the sigma-delta divider output
would have to toggle between both fmax and fmin to achieve the desired noise shaping,
making an average value of fmax not possible. A similar situation would occur if the
FCW was set to the FSR. Thus, if ∆step is 1, the FCW should not exceed the MSA
as fref no longer follows (3.14).

The plot on the left of Figure 17 demonstrates the achievable fractional divisors
of a sigma-delta divider provided a programmable divisor M , with a ∆step set to
1, and containing a single-bit-quantizer SDM with the MSA being half of the FSR.
The highlighted region represents the tuning range where (3.14) is valid, and thus the
valid settings within the tuning range corresponds to the ratio of the MSA to the FSR
for any value of M . However, if ∆step is set to 2 for the otherwise same sigma-delta
divider as shown on the right of Figure 17, the range of achievable fractional divisors
doubles. Instead of having valid fractional divisors from M + 0.25 to M + 0.75, this
expanded range covers from M + 0.5 to M + 1.5. The doubling of the valid range of
fractional divisors from 0.5 to 1 allows a continuous tuning range if M is incremented
or decremented. Thus, gaps in achievable fractional divisors for single-bit quantizer
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sigma-delta dividers can be mitigated by setting ∆step to 2 so long as the MSA is
greater than half the FSR.

   

   

   

              

     

   

     

   

 

   

   

   

   

              

      

   

      

   

 

   

Figure 17: Achievable fractional divisors if the MSA of the SDM is half of the FSR
with a divider step size of 1 (left) and 2 (right)

3.2.2 Phase Coherency

To ensure the average value of the sigma-delta modulated frequency output of the
sigma-delta divider is correct, it is important to set the sampling clock of the SDM to
be phase coherent with the modulated clock. If the phase between the two clocks is not
coherent, it can drift over time. This phase drift can result in periods intermittently
having two or no samples, depending on the direction of the drift. Missing or double-
counting periods can lead to skewing the average value of the frequency.

As expressed previously, when the sigma-delta divider drives an integer-N PLL, the
PLL acts like a frequency averager by locking to a multiple of the average frequency
of its reference input. By removing the frequency multiplication effect of the feedback
divider from (3.4), the average of the reference clock generated by the sigma-delta
fref is:

fref = fin
DM

= fin
M + FCW/FSR

(3.14)

To maintain coherency within a sampled system, the sampling rate should be
an integer multiple of the data rate, as shown previously in (2.1). Since the quan-
tization noise shaping of the SDM relies on oversampling to operate correctly, by
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ensuring the output frequency of the divider is phase coherent with the sampling of
the sigma-delta, it allows phase noise shaping about fref . Then, to be phase coherent
between the output frequency of the programmable divider and the oversampling rate
of the SDM, the instantaneous frequency of the sampling clock of the SDM should
be an integer multiple of the instantaneous frequency of the divider output. It has
already been established that to minimize the phase contribution of the sigma-delta
divider, the divider step size should be set to 1 whenever possible. Allowing the
divider step size to potentially be 1 means the lowest common multiple between the
divider’s two instantaneous output frequencies is its input frequency, fin. Thus, the
options are to use a multiple of fin as the sample clock to the SDM or to use the
divider’s instantaneous output frequency fref . However, changing the control signal
to the programmable divider more than once per period does not yield the benefits
of oversampling, since a programmed period should not be allowed to change until it
completes. The programmable divider would be required to effectively decimate by
the same ratio at which the period is oversampled to preserve the value of the period.
Thus, clocking the SDM at any rate faster than fref needlessly creates a more difficult
timing criterion between the SDM and divider and increases the required sample rate
of the SDM design. To avoid these unnecessary constraints of the design, it was opted
to use the output of the divider to clock the SDM.

3.2.3 Order and Phase-Noise Shaping of the Sigma-Delta
Modulator

When selecting the order for the sigma-delta, ultimately it should meet the same
criteria as the selection of the order for a fractional-N PLL mentioned in Chapter
2. To understand why this criteria holds, a frequency-domain model of the sigma-
delta divider was constructed to be interfaced with the model of the integer-N PLL it
drives. Then, the model was analyzed to compare the effect of the order of the SDM
on the rate of change of the phase noise to that of the loop filter within the integer-N
PLL.

To ensure all phase noise shaping is attenuated at the output of the synthesizer,
it is important to understand the relation of the order of the SDM and loop filter
to the phase noise. First, it should be noticed that the order of the PLL frequency-
domain model, observable in Figure 16, is one higher than the order of the loop
filter due to the integrator, and that KV CO has units of radians/(volts×seconds).
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These operations are necessary because the phase detector takes the difference in
phase between its two inputs, so the frequency output from the VCO needs to be
converted to phase. Similarly, to model the conversion of frequency noise output
from the sigma-delta divider to phase noise, a factor of 2π and an integrator should
be included. A discrete time integrator can be used as shown in , with the update rate
being the average frequency of the sample clock of the SDM fref . Using the forward
Euler discrete-time integration approximation [9] instead of backwards Euler [4], the
conversion from frequency noise F (z) to phase noise Φ(z) is modeled as:

Φ(z) = 2π
fref

z−1

1− z−1F (z) (3.15)

To model the frequency noise F (z) in a simulation, one can combine the STF and
NTF of the SDM if the quantization noise can be considered white, or simply use
a model of the SDM itself [9]. For simplicity, an SDM with a single-bit quantizer
and a programmable divider with a step size of 1 were considered. When the output
of the SDM is low, the sigma-delta divider instantaneous output frequency is at its
maximum; when high, it is at its minimum. The differences between the instantaneous
maximum and minimum frequencies, fmax and fmin respectively, subtracted by fref ,
each correspond to the positive and negative frequency excursions of the frequency
noise. Bringing fref to the input of the integrator since it is a linear operation, the
two possible inputs to the integrator are approximated as follows, assuming the M is
sufficiently large:

1
fref

F (z) |Σ∆=0 = 1
fref

(fmax − fref ) = M + FCW/FSR

M
− 1 = FCW

FSR

1
M

(3.16)

1
fref

F (z) |Σ∆=1 = 1
fref

(fmin − fref ) = M + FCW/FSR

M + 1 − 1

= M + 1 + FCW/FSR− 1
M + 1 − 1≈

(
1− FCW

FSR

)
1
M

(3.17)

Since the factor of 1/M is already taken into account in the phase noise transfer
characteristic of the integer-N PLL, as shown in (3.12) and visualized in Figure 16,
the frequency noise normalized to fref×M can be approximated by the SDM output
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for a given FCW subtracted by the ratio of the FCW to its FSR to remove the DC
component [8]. Thus, a model for generating SDM phase noise is made as shown in
Figure 18.

ΦΣΔ(s) FCW  2π
 

ΣΔ ΣΔ 

1____
FSR

1____
FSR

1____
FSR

Figure 18: Linear model approximating the phase noise due to SDM

While an SDM of order m has frequency-noise shaping of 20×m dB/decade ac-
cording to its NTF, the denominator of the integration term when converting to
phase reduces the effective order by one, causing the phase-noise to increase instead
at 20(m − 1) dB/decade. To at least cancel the shaped phase noise, the loop filter
order p should be greater than or equal to m-1, but to attenuate it, p should be
greater or equal to m [4]. Considering the design scenario is to create a sigma-delta
divider that achieves fractional-N synthesis at the output of an otherwise integer-N
PLL, this limits m to be at most one order greater than p.

3.2.4 Quantizer Bits Effect on Charge Pump Non-Linearities
and Maximum Stable Amplitude

Just as the non-linear transfer of phase error from the output of the PFD to current
at the output of the charge pump is a concern in conventional fractional-N PLLs, it
is a concern when achieving fractional-N synthesis using sigma-delta dividers in the
reference path of an integer-N PLL. As mentioned in Chapter 2, this non-linearity
can increase in-band noise. Since this non-linearity can only be properly mitigated
through design techniques within the PLL itself, the only technique that can be
applied to the sigma-delta divider is to make it less susceptible to the non-linear
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transfer characteristic. Depending on the nature of the non-linearity, this can be
accomplished by minimizing the number of quantizer bits in the SDM. However,
reducing the number of quantizer bits constrains the stability of the SDM, often
limiting its input MSA.

When designing an integer-N PLL, it is possible for the non-linear transfer char-
acteristic of the PFD and charge pump to be neglected since the current mismatch in
the charge pump is typically only a concern over a small phase error range near zero
that cause reference spurs. Unfortunately, the non-linearity is often the most dras-
tic near this zero crossing, [8]. This especially poses a problem when converting an
integer-N PLL into a fractional-N PLL, since the constant toggling of the SDM means
a wider range of phase error is covered when the loop is locked than the presumably
static phase error of its integer-N PLL counterpart. This non-linear characteristic, if
not mitigated, can raise the in-band noise of a fractional-N PLL [8].

Several techniques for compensating for charge pump mismatches have been em-
ployed in prior art, including locking at a phase offset [8] and mismatch correction [10].
If compensation is not applied and the non-linearity spans the dynamic phase error
region of a locked fractional-N PLL, the next option for reducing the impact of the
non-linearity would be to minimize the dynamic phase excursion. As mentioned pre-
viously, this can be accomplished by minimizing the divider step size and the number
of quantizer bits in the SDM. The reason this can help can be visualized using Figure
19, where a sketch of a typical PFD and charge pump non-linearity can be observed,
and Φe represents the phase error output of the PFD. If locking at a zero phase offset,
as the SDM toggles, the dynamic phase excursion will vary the charge pump current
ICP . When comparing the blue shaded region to the green, it can be seen that re-
ducing the dynamic phase excursion would also reduce the amount ICP is changed.
Locking at a static phase offset reduces the change in ICP , which in turn reduces
the in-band noise increase due to the non-linearity. By the same logic, lowering the
dynamic phase excursion in this scenario would also aid in reducing in-band noise.
Thus, to minimize the effect of such a non-linearity, a single-bit quantizer should be
used in the SDM design if possible, and the divider step size should be set as low as
possible such that the SDM is stable given the required FCW input for the desired
tuning frequencies.
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Figure 19: Sketch of how a smaller dynamic phase excursion, marked in green, can
experience less of a non-linear phase transfer, represented in blue

3.3 System Specifications

To determine the specifications required by the system, the design considerations
from the previous section should be taken into account to allow the system to tune to
the required frequencies while meeting the desired performance. The specifications
for integer-N PLL that the system will be driving were obtained from the designers,
however to preserve confidentiality of the PLL design, the component values for the
loop filter, charge pump, and VCO were omitted from this thesis, with the general
structure of the PLL depicted in Figure 20.

Two independent sigma-delta divider systems were required; each one for generat-
ing a reference clock to a PLL. One PLL was used for sampling data, herein referred
to as the data clock, and the other was for chip communication. The desired tuning
frequency of the PLL for the data clock was variable around 14 GHz. For this clock,
it was specified that τjitter,rms be less than 500 fs when integrated from 500 kHz to
10 MHz and the frequency tuning resolution less than 1 PPM/LSB. The reference
clock frequency provided to a separate PLL for the communication clock should be
156 MHz on average.The specifications for the communication clock PLL were not
provided. Thus, the system was designed to meet the specifications provided for the
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Figure 20: Data clock PLL structure

data clock PLL with the notion that any adjustments could be made to meet the
requirements of the other design.

For an input clock, a 7.1568 GHz clock was available. Higher multiples of this
frequency were also available, but ultimately decided against due to the power con-
sumption of buffering and routing such a high frequency signal from its source. The
clock source is a PLL-based synthesizer which uses a jitter-reduction scheme [11].
While it is primarily used for a separate function and not a part of this work, buffer-
ing and dividing down this high-frequency clock source allowed for the input clock to
be low-jitter. This is worth mentioning because it means utilizing a high frequency
clock at the sigma-delta divider input did not proportionally come at the expense of
jitter. Due to the high-pass phase transfer of the jitter-reduction scheme, the lower
end of the integration range of the phase noise specifcation was able to be out of band
of the PLL used to filter the sigma-delta divider output in this work.

3.3.1 Required Fractional Divisors by Sigma-Delta Divider

To determine the design constraints for the sigma-delta divider, the fractional divisors
DM to produce fref given fin were required. Knowing the feedback divider is 40
with a prescaled divide ratio of 2 as shown in Figure 20, simply rearranging (2.16)
and applying the effective divide ratio of 80 means the required average reference
frequency fref for the data clock is around 350 MHz. Then, rearranging (3.4) for
DM , the required fractional divisor D1 for producing fref1 = 350 MHz and D2 for
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fref2 = 156 MHz are found:

D1 = fin

fref1
= 7.1568 GHz

350 MHz = 20.429

D2 = fin

fref2
= 7.1568 GHz

156 MHz = 45.833
(3.18)

3.3.2 Order of Sigma-Delta Modulator

The specification for the order of the SDM is limited by the order of the loop filter
of the integer-N PLL. As mentioned previously, the loop filter order must be at least
one order greater than the SDM for a charge-pump based PLL. Due to the three
capacitors within the loop filter, the PLL can be identified as a Type III PLL. Thus,
in order for the PLL to be capable of attenuated the phase noise shaping, the order
of the SDM must be less than or equal to 4.

3.3.3 Number of Sigma-Delta Modulator Input Bits

The number of input bits n is used to determine the input FSR to the SDM . As
shown in (3.6), the FSR limits PPM/LSB along with DM . Since DM is fixed for each
desired frequency, the limiting one should be substituted to allow the same SDM to
be used in both applications. Substituting the limiting variables and 2n for FSR into
(3.6), the specification for n to give a frequency resolution in PPM/LSB less than 1
can be found by rearranging the inequality as follows:

1 > PPM/LSB

1 >
∣∣∣∣∣ 106

DM2n − 1

∣∣∣∣∣
2n(20.42857) > 106 + 1

n > log2

(
106 + 1

20.42857

)
n > 15.579

(3.19)

Thus, to get less than 1 PPM/LSB, n should be set to at least 16 bits. To avoid
unnecessary complexity and high power consumption, 16 bits were selected for the
SDM input width specification.
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3.3.4 Number of Sigma-Delta Modulator Quantizer Bits

As previously mentioned, if a substantial non-linear response of the phase detector
and charge pump combination is present in the loop, the number of sigma-delta quan-
tizer bits should be minimized to avoid raising the in-band phase noise. However, if
the required fractional divisor D requires the SDM input to be outside the MSA for a
single-bit quantizer, the divider step size ∆step can be doubled to compensate, so long
as the MSA is at least 0.5 the FSR. Since the result of (3.18) showed that fraction
portion of the D1 is within 0.25 to 0.75, its corresponding SDM input will be sta-
ble. However, the fraction portion of D2 is greater than 0.75, meaning compensation
should be used if a single-bit quantizer SDM is used. The doubling of ∆step corre-
sponds to the doubling of quantization interval ∆Q; thus the in-band quantization
noise would also double according to (2.6). This presents a trade-off depending on the
extent of the non-linear response. However, since D1 corresponds to frequency with
the jitter requirement, it was opted to begin the design with a single-bit quantizer
SDM and qualify it in simulation against a conventional third-order multi-bit MASH
111. The results of this simulation can be found in Chapter 4.

3.3.5 Oversampling Ratio

The OSR of the SDM, OSRΣ∆, should be selected such that it allows the ENOB to
be greater than the 16 bits required for the desired frequency resolution. To yield the
benefits of noise shaping, OSRΣ∆ should also be less than the OSR of the PLL itself
OSRPLL; limited by the PLL bandwidth and its lowest required reference frequency.
It has already been established that an SDM with a single-bit quantizer cannot be
stable with FSR input power. However, assuming the MSA will meet the specification
of at half the FSR, 16 bits and 1 were substituted for ENOB and A respectively into
(2.13) and rearranged for OSRΣ∆ to find the minimum bound. It is worth noting
that the same result would be achieved by substituting 15 bits and 0.5 for ENOB
and A instead.
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16 < 1 + 2 · 3 + 1
2 log2(OSRΣ∆)− 1.66 log10

(
π2·3

1 · 2 · 3 + 1

)

log2(OSRΣ∆) > 30
7 + 3.32

7 log10

(
π6

7

)
OSRΣ∆ > 25.29964

OSRΣ∆ > 39.38687

(3.20)

To determine the upper bound on the OSR specification of the SDM, the loop
bandwidth of the PLL was approximated to determine the OSR of the PLL. While
the calculation for ω3dB of (2.24) is for a second-order system and only includes
the contribution of C2 and R2, the two additional high-frequency poles due to the
inclusion of C1, C3, and R3 will have minimal effect on ω3dB. Plugging into (2.23)
and (2.22), and substituting their results into (2.24), ω3dB can be found. However, to
preserve the confidentiality of the PLL design, only the result of this calculation is
shown:

ω3dB = 1.603 96 Mrads/sec (3.21)

To ensure the shaped quantization noise is filtered sufficiently to restrain the
In-Band Noise (IBN) from reducing into the ENOB, the bandwidth of the SDM,
fBWΣ∆ , should be less than the loop bandwidth of the PLL while accounting for any
reductions due to frequency division. Since the average reference to the PLL, which
is its sampling rate, is half of fref output from the sigma-delta divider due to the
frequency divider at the PLL shown in Figure (20), fBWΣ∆ should be at least twice
the PLL loop bandwidth. Using this relationship, the upper bound on OSRΣ∆ can
be solved, where ω3dB was set to 2π × 300 kHz to allow design margin:
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ω3dB

2π <
fBWΣ∆

2
fref

2 · fBWΣ∆

<
πfref

2 · ω3dB

OSRΣ∆ <
OSRPLL

2
OSRΣ∆ <

350 MHz
4 · 300 kHz

OSRΣ∆ < 291.67

(3.22)

3.3.6 Divider Step Size

Since the requirement on the upper bound of OSRΣ∆ is dependent on fref , one could
opt to design two separate SDMs, each optimized for their respective application. For
simplicity, however, the design of the SDM was done with fref1 in mind and re-used
for fref2. However, since the fraction portion of D2 is not within the range of 0.25 to
0.75 specified earlier while D1 is within the range, it was opted to select ∆step to be
1 for D1 and 2 for D2 to relax the MSA requirements of the SDM.

3.4 Implementation

Specific challenges overcome while implementing the design to meet the specifications
set in the previous section are discussed here. The sigma-delta modulator implemen-
tation is covered in depth. The other two components of the sigma-delta divider
system, namely the programmable frequency divider and the adder, were not im-
plemented by the author, and as a such, only a description of their specifications
are listed. Finally, the system level implementation is presented, with comments on
feedback timing and divider step size.

3.4.1 Sigma-Delta Modulator

While sigma-delta converters come in the form of either DAC or ADC, it was opted
to use a digital SDM for this application. Using a digital was simpler since the de-
sign could be coded in RTL, synthesized, then placed and routed. It also avoids the
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complexities of implementing an analog SDM, such as generating a stable voltage ref-
erence, or requiring a DAC for firmware to communicate with the circuit for frequency
tuning. The SDM design used was actually a sigma-delta ADC that was converted
into a sigma-delta DAC. The original intent of this conversion was to obtain a digital
sigma-delta that could be used independently for a 16-bit sigma-delta DAC appli-
cation. Once this SDM was implemented, it was compared to a digital MASH 111
architecture, available in [4]. If its performance functioning as an NCO was superior
to the MASH 111 architecture, it would be used, otherwise, the MASH 111 would be
implemented. This comparison is made in Chapter 4. The bandwidth for the sigma-
delta DAC application was specified to be 5 MHz. This was a much wider bandwidth
requirement than for the sigma-delta divider application, and thus the measurements
and characterization were completed for the sigma-delta DAC specifications since it
limited the constraints for synthesis.

The implemented sigma-delta architecture depicted in Figure 21 and the corre-
sponding coefficient values available in Table 1 produce a design that can achieve
an OSR of 160. This is a single-bit quantizer variant of the Cascaded Integrator
FeedBack (CIFB) architecture, available [12], with a feedback resonator coefficient
omitted. The modulator is third-order with an OBG of 1.5, which coheres with the
rule of thumb to set the OBG no greater than 1.5 for stability [13]. The coefficients
were then quantized to be achievable as summations of 2k, where k is an arbitrary
integer, also available in Table 1.

c1c1a1a1 c2c2 c3c3 >

-216-216

a2a2 a3a3

ΣΔout ΣΔin 

Figure 21: Z-domain CIFB SDM architecture

Assuming the quantization noise is injected solely at the quantizer, denoted by
a "greater than" symbol in Figure 21, the NTF can be determined through a z-
domain loop analysis. Then, using the forward Euler approximation of a discrete-time
integrator, the continuous-time Laplace domain representation can be found.
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Table 1: SDM coefficients

Coefficient Floating Point Value Quantized Approximation Value
a1 0.0313 1/32
a2 0.0256 1/64+1/128
a3 0.071 1/16+1/128
c1 0.125 1/8
c2 1 1
c3 11.2596 8+2+1

α = a1c1c2c3

β = a2c2c3

γ = a3c3

NTF (z) = 1
1 + α

(z−1)3 + β
(z−1)2 + γ

z−1

NTF (z) = (z − 1)3

(z − 1)3 + γ(z − 1)2 + β(z − 1) + α

(3.23)

Substituting z = ejω/fs and solving the NTF for its three poles and three zeroes using
MATLAB yields the pole-zero plot shown in Figure 22. For both with and without
quantization of the SDM coefficients, available in Table 1, the poles of the NTF are
within the unit circle and thus have a stable response. It is worth noting that this
stability is independent of the effects of the quantizer, which will limit the MSA and
was analyzed by testing the dynamic range of the system.

The NTF of the system can also be used to estimate the jitter of the system.
First, one can apply the approximation for the quantization noise from (2.5) into the
NTF to obtain the frequency noise power, F (z)2 by also recognizing this error power
is spread over the sampling bandwidth fref [4]:

F (z)2 = eQrms

2NTF (z)2fref

F (z)2 = 1
12NTF (z)2fref

(3.24)
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Figure 22: Pole-Zero plot for the SDM NTF. Circles represent zeroes while poles
are denoted with an X

Recognizing that the SSB phase noise PSD is Φ(z)2/2 [4] and substituting (3.24)
into (3.15), a z-domain expression for the phase noise PSD is made:

Φ(z)2

2 = 22π2

2fref
2

(
z−1

1− z−1

)2

F (z)2

Φ(z)2

2 = π2

6fref

(
(z − 1)2

(z − 1)3 + γ(z − 1)2 + β(z − 1) + α

)2 (3.25)

Substituting z = ejω/fs where ω = 2πf for offset frequency f , an estimate for
the phase noise profile at the output of the SDM can be made. Shown in Figure
23, this "raw" or unfiltered phase noise profile was plotted from 10 kHz up to fN =
fs/2 = 175 KHz. From this approximation, the expected 40 dB/decade of noise
shaping can be observed, which ends prior to fN due to the OBG being near 1.5.
To estimate the phase noise contribution the sigma-delta divider has on the output
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of the PLL, the phase transfer function of (3.12) can be applied, where the effective
values M = 2 × 20 = 40 and N = 2 × 40 = 80 can be substituted. A plot of the
phase transfer function is available in Figure 24. The corner frequency of this phase
transfer is observed to be around 300 kHz, which is in proximity of the estimate found
earlier. The out-of-band attenuation falls at a rate of -60 dB/decade as expected since
F (s) is third order. The DC gain of the phase transfer function can be solved to be
N/M = 2 by substituting ω = 2πf = 0 into (3.12), corresponding to a DC gain of 6
dB. Applying this phase transfer function to the raw SDM phase noise, the estimated
profile of the phase noise of the sigma-delta divider filtered by the PLL is shown in
Figure 23. To estimate the jitter, trapzoidal integration was applied from 500 kHz to
10 MHz using MATLAB to solve (2.20) for τjitter,rms. Thus, the estimated RMS jitter
contribution for the sigma-delta divider projected to the output of the PLL over the
specified bandwidth was 365.8 fs.

Figure 23: Estimated phase noise profile of the SDM before being filtered (raw, in
blue) and after filtering (in red)
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Figure 24: Phase noise transfer profile of the PLL

Ignoring the quantization error input for the time being and considering the SDM
input only, the STF can be determined using a similar analysis and assumptions as
for the NTF. After approximating the STF into the Laplace equivalent in steady
state using the forward Euler discrete-time integration, the DC gain of the loop can
be approximated by substituting ω = 2πf = 0

STF (z) =
α

(z−1)3

1 + α
(z−1)3 + β

(z−1)2 + γ
z−1

1
s
≈ 1
fs(z − 1)

STF (s) ≈ αfs
3

s3 + γfss
2 + βfs

2s+ αfs
3

∣∣STF (ω = 0)
∣∣ ≈

∣∣∣∣∣∣αfs
3

αfs
3

∣∣∣∣∣∣ = 1

(3.26)
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Since the FCW of the sigma-delta divider is nearly static, its rate of change is
at or near DC. A DC gain of 1 is thus desirable and it indicates the loop should
not introduce a frequency offset greater than its PPM/LSB resolution by design. A
visual representation of the STF and NTF plotted against frequency was generated
by setting the sample rate fs to 1.6 GHz and is available in Figure 25. The in-band
gain is observed to match the calculated DC gain with a linear value of 1, and the
OBG aligns closely to the target of 1.5 with a linear value of 1.487. The third-order
frequency-noise shaping is also observed in the NTF, having a slope of 60 dB/decade.
Note that it is known that fs should be set to 1.6 GHz for the sigma-delta DAC
application by rearranging the relation (2.2) for fs, where fBW is the bandwidth
requirement of the SDM.

OSRΣ∆ = fs
2 · fBW

fs = OSRΣ∆ · 2 · fBW
fs = 160 · 2 · 5 MHz

fs = 1.6 GHz

(3.27)

To determine the MSA and dynamic range of the modulator, an SQNR measure-
ment using a Hanning windowed FFT was repeated several times while increasing
the amplitude of the sinusoid input to SDM as described in Chapter 2. The model
used for these measurements used floating point values and accumulators with infinite
range for the time being. The input frequency used was calculated by selecting P to
be 214 points and selecting 11 as the prime bin number binprime:

fin = binprime · fs
P

fin = 11 · 1.6 GHz
214

fin = 1.074 221 875 MHz

(3.28)

Observable in Figure 26, the MSA of the modulator is approximately -3 dB of
the FSR; any amplitude higher and the modulator ceases to operate correctly. The
optimal dynamic range is 108.7 dB at an amplitude of about -6 dB of the FSR;
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Figure 25: SDM STF in red, NTF in blue

indicating the final point where the loop acts as a linear modulator. The reason it is
the optimal dynamic range is that the real-life implementation of the modulator gain
elements (for the coefficients) and accumulators will have a finite number of bits.

The sizing of these binary gain and accumulator components along with their res-
olution trade-offs are discussed herein, but first an important note on fractional spurs
should be noted now that the MSA of the modulator design has been determined.
Since fractional spurs are a function of the FCW fed to the sigma-delta divider, and
the MSA limits the range of usable FCW values for a stable modulator as shown in
(2.27), the MSA inherently limits the possible locations of fractional spurs. Given
that the FCW changes at DC, the closest in spur would occur when the FCW is at
its minimum possible value. A sinusoidal input with amplitude 0 would correspond
to an FCW of half the FSR, thus the lowest FCW value can be found be rounding
up the difference between half the FSR and half the FSR multiplied with the MSA:
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Figure 26: Plot of multiple SQNR as a function of increasing input amplitude, taken
with respect to the FSR. Peak value represents the dynamic range, amplitude
value prior to drop-off is an approximate MSA

FCWmin = FSR

2 − FSR

2 MSA

FCWmin = 215(1− 1√
2

)

FCWmin = 9597.525

(3.29)

Despite likely never using values of FCW as low as FCWmin, calculating the
closest-in spur frequency for a given output frequency indicates whether fractional
spurs should be of concern. Substituting 9598 in for FCW in (2.27), dividing fref
by 2 to account for the reference divider shown in Figure 20, and setting arbitrary
integer k to 1 for the lowest integer multiple, the lowest fractional spur frequency for
both fref1 and fref2 are found to be out of band:
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fspur1 = fref1

2
FCW

FSR

fspur1 = 350 MHz
2

9598
216

fspur1 = 25.6295 MHz

fspur2 = fref2

2
FCW

FSR

fspur2 = 156 MHz
2

9598
216

fspur2 = 11.4235 MHz

(3.30)

To approach the real life implementation, the model was adjusted to have finite-
sized accumulators. To allow the quantization noise be shaped by the loop to match
the NTF as much as possible, the quantization error could be introduced only at the
quantizer. However, it is possible to introduce quantization at each integration stage,
such as this implementation of the MASH-111 architecture [4]. To maintain the NTF
of the selected design, quantization should ideally not hinder the resolution until the
quantizer in the final stage. Therefore, the number of bits in each accumulator should
be sized to accommodate its internal rate of growth as well as the rate of growth of
its input without saturation. To not introduce excessive quantization, the in-band
quantization noise must remain lower than the Nyquist rate equivalent SQNR dictated
by the number of input bits to the SDM n. To convert n to its corresponding Nyquist
rate SQNR in dB, n can be substituted for Q of (2.11) with OSR set to 1, then the
expression can be converted to dB. The input to an accumulator can be modeled as
an mth-order SDM, where m would be set to the number of accumulator stages prior
and Q representing the minimum number of bits required. Realizing that the in-band
noise level with respect to a signal with amplitude A is the reciprocal to its SQNR
and can be projected to the input of an accumulator by multiplying by the forward
gain G, the minimum value for Q can be solved by plugging in (2.12) and (2.13) into
the inequality relating the SQNR to its Nyquist rate resolution:
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SQNR ·G2 ≥ 10(n∗6.02+1.76)/10

22Q ≥ 2 · 10(n∗6.02+1.76)/10 · π2m

3 · (2m+ 1) ·OSR2m+1 ·G2 · A2

Q ≥ 0.5 log2

(
2 · 109.808 · π2m

3 · (2m+ 1) · 1602m+1 ·G2 · A2

) (3.31)

To allow some margin on the specification for the MSA to exceed 0.5, the value
MSA of the modulator, approximately 1/

√
2 from Figure 26 with a model with un-

limited number of bits, was substituted for A. For each of the three accumulators, the
minimum number of bits Qacc1, Qacc2, and Qacc3 are solved by substituting the num-
ber of previous accumulators for m and the product of all forward gain coefficients
prior to the accumulator for G, following the methodology of [12]:

Qacc1 ≥ 0.5 log2

 2 · 109.808 · π2·0 ·
√

22

3 · (2 · 0 + 1) · 1602·0+1 · a12


Qacc1 ≥ 17.84

Qacc2 ≥ 0.5 log2

 2 · 109.808 · π2·1 ·
√

22

3 · (2 · 1 + 1) · 1602·1+1 · a12 · c12


Qacc2 ≥ 14.37

Qacc3 ≥ 0.5 log2

 2 · 109.808 · π2·2 ·
√

22

3 · (2 · 2 + 1) · 1602·2+1 · a12 · c12 · c22


Qacc3 ≥ 8.336

(3.32)

After rounding the results of (3.32) up to their respective nearest integer values,
the model of the design was improved to more closely imitate a physical implemen-
tation, specifically the SDM coefficients and binary accumulators. Previously, the
accumulators were modeled to account for a roll-over at 2Q using the modulus opera-
tor, however, floating point values were used to model the accumulated result instead
of integer values. By plotting the SQNR, an issue was uncovered with the way the
gain coefficients were realized once integers were used to represent the binary values
instead. Since the gain coefficients were quantized to be summations of 2k, where k is
an arbitrary integer, the simplest way to implement each gain coefficient was to shift
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each binary word to the left k times for each 2k and sum the result of each multiplica-
tion. The problem was observed for factors where k is negative, or put in another way,
where the gain is less than 1. When k is negative, the bits should instead be shifted
to the right, and since no bits were encoded for the fractional portion of the floating
point value, the result is effectively truncated to an integer. This truncation injects
undesired quantization noise into the loop not characterized by the NTF, observable
in the blue trace of Figure 28.

To overcome the issue of truncating the binary value when k is negative, it was
reasoned that the inputs to the coefficients could simply be scaled up by the reciprocal
of the coefficient. Then, the problem coefficients were identified. Coefficients c2 and
c3 of Table 1 were both greater than 1 and thus k is positive and cannot lead to
truncation. Coefficients a2 and a3 are less than 1, however they are input with either
0 or the negative FSR. The magnitude of k for all values of 2k for both coefficients
are less than the 16 bits of the FSR, thus the resulting output will always be an
integer and will not be subject to truncation. Coefficients a1 and c1 are less than 1
and are input with the difference between the feedforward and feedback paths, and
are of potential concern here.

To scale up the inputs to the coefficients a1 and c1, the input and feedback paths
were scaled up by the reciprocal of the coefficient. First, scaling was completed for
the quantization effect of a1. It was realized that scaling the input and feedback
path to the first adder would cancel the effect of a1. Thus, scaling up the input
and feedback by 1/a1 is equivalent to removing a1 and scaling a2 and a3 by 1/a1,
as shown in Figure 27. The same technique could be applied for additional scaling
of 1/c1. The improved SQNR yielded by applying this technique can be observed in
Figure 28. Prior scaling, the SQNR was modeled to be 84.23 dB. After scaling for
the quantization of a1, then for both a1 and c1, the SQNR was found to be 106.9
dB and 108.7 dB, respectively. Note that the accumulators were given infinite range
once again to perform this measurement since the coefficient scaling would require
the accumulators to be sized differently than the ideal sizes depicted in (3.32).

Since scaling for only a1 provided sufficient SQNR for the applications of SDM,
the scaling for c1 was not implemented as it would require larger accumulators for
the excessive resolution. Through iteration, the final accumulator sizes used for this
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Figure 27: Z-domain CIFB SDM architecture with effective 1/a1 coefficient scaling
of the feedback and input

Figure 28: SQNR of the SDM with scaling the coefficients from their quantized
values (blue), after scaling for a1 (red), after scaling for a1 and c1 (green)

design were Q1 = 19, Q2 = 18, and Q3 = 18. The Verilog code for this design is avail-
able in Appendix A. It is worth noting that in hindsight, the author acknowledges
that Q3 could have been sized smaller by implementing the quantizer to simply be the
sign bit of the output of c3 such that the quantizer threshold was zero, rather than
the unsigned value of half the maximum swing of the output of c3. This Verilog code
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was synthesized, then placed and routed using Complimentary Metal Oxide Semicon-
ductor (CMOS) logic gates within TSMC’s 7 nm FinFET standard cell library.

3.4.2 Frequency Divider

The architecture used to implement the programmable frequency divider portion of
the sigma-delta divider was the "truly modular" MMD described in Chapter 2. It
was selected because an 8-stage CMOS design was already placed and routed in
the 7 nm process, which could be repurposed for this application to save on design
effort. The divisor extension circuit was included for each of the 8 stages, meaning
the programmable control word was 9 bits with a step size of 1. Substituting 8 for k
stages into (2.15), the programmable divisor range for the divider is from 2 to 511. To
cover the unsupported input values, if 0 is programmed, the MMD divides by 2, while
a programmed value of 1 would divide by 3. While this range is substantially larger
than what was required, since the layout area of this digital circuit is miniscule when
compared to the total layout area, the additional area required was not of concern.
Unfortunately, this comes at the cost of additional dynamic power consumption, since
3 unused stages will have their respective divide by 2 portions switching at one half,
one quarter, and one eighth of the output clock frequency.

In general, there are some potential caveats to using this architecture for a sigma-
delta divider instead of the generic MMD architecture, also discussed in Chapter
2, that are worth mentioning. Firstly, the duty cycle becomes increasingly narrow
as the programmable divisor is increased and can be less than 25% of the period.
Despite the PFD being a rising-edge triggered circuit, narrow pulses raise concern for
creating a timing violation if the circuit is not sized accordingly. However, the divide
by 2 at the reference input of the PLL will bring the duty cycle closer to 50% (recall
that the input frequency is modulated by the SDM). This should not be problematic
so long as there is sufficient swing at the output and downstream from the divider
up until the PLL input. Another disadvantage is that since the output is taken at
Modout of the first stage, and Modout is a function of Modin for a divide by 2 or 3
cell (refer to Figure 4), it will take longer for the frequency to respond to a change
in the programmed divisor word. For example, if the LSB is changed, not only does
the change in frequency have to ripple down the chain from the clock output of the
first block to the clock input of the last active block, the last active block needs to
generate the corresponding Modout that will ripple back up the chain toModin of the
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first block.

3.4.3 Adder

There are several adder architectures that could have been selected to implement the
sigma-delta divider. Since an existing placed and routed design already existed for a
14-bit CMOS Kogge-Stone adder, this design was used to save on design effort. This
is a common carry-look-ahead full-adder architecture [14], was not designed by the
author, and will not be covered in detail.

3.4.4 Integrated System

A system level block diagram of the integration of the three core blocks discussed in
this chapter, namely the SDM, the MMD, and the adder, is available in Figure 29.
This diagram specifically represents the first of the two sigma-delta divider variants,
where the second implementation is discussed in subsequent paragraphs. Here, Verilog
syntax is used to express the allocation of bits, where 0 and 1 represent logic zero
and logic one. The divider output is inverted prior to being fed back to the SDM
sample clock input; driving rising-edge accumulators. The single-bit SDM output is
concatenated with 13’d0 for one adder input, while the 8-bit programmable divisor
control word M is concatenated with 6’d0 for the other input. 9 LSBs of the adder
output are passed to the MMD programmable control word. The SDM is input with a
16-bit FCW and has a reset input to initialize the accumulators to zero. The nature of
this feedback loop allows the frequency divisor of the MMD to be modulated between
M and M + 1 by the SDM in a coherent manner.

To allow the clocks to be measured and input to the integrated circuit, Current-
Mode Logic (CML) input and output drivers were included in the design implemen-
tation. Due to these circuit elements interfacing directly with lab instruments, their
designs include ElectroStatic Discharge (ESD) protection circuitry. The design of
these drivers and ESD protection circuits were not completed by the author and will
not be discussed. A clock tree was routed from the input driver to two CML to CMOS
converters, each corresponding to one of the two sigma-delta divider variants. This
7.1568 GHz single-ended clock drives the CMOS sigma-delta divider, whose output
is then converted back into CML prior to the output driver.
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Figure 29: System block diagram of the design implementation of the sigma-delta
divider

Feedback Inverter

It was mentioned that an inverter was placed at the output of the MMD prior to
clocking the SDM. This inverter is used to delay the divider code word such that
the sigma-delta is updated on the falling edge of the output clock. This prevents the
divider from changing its programmed value, due to the sigma-delta modulation, while
a pulse is being output, mitigating potential timing violations. While the propagation
delay from the SDM to the divider input, mostly dominated by the propagation delay
of the adder circuit, was likely sufficiently long to hold the value long enough such
that Modout would already go low prior to R switching value, placing an inverter
ensures this is the case. Equivalently, the SDM could have been designed to be
falling-edge triggered, or the final divide by 2 or 3 stage could have had its output
inverter removed. This timing is best observed through simulation results, where
waveforms of such nature are available in Chapter 4.

Divisor Step Size

The implementation of the second variant of the sigma-delta divider to drive the
reference of the communication clock PLL is shown in Figure 30. The difference
between the two variants lies in the bit allocations of the buses input to the SDM and
input to the adder. The 16-bit FCW was effectively shifted to the right to divide its
value by two. The output of the SDM was shifted to the left to multiply its value by
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two. This maintains the equation for fref of (3.14). However, it changes the criteria
for valid values of the FCW. Not only will odd values now function as if they were
rounded down to the nearest even value, the minimum and maximum stable values for
FCW, limited by the MSA, are both increased by a factor of 2 up until the maximum
value of the FCW of 216 − 1. Since the MSA is greater than the specification of half
the FSR and M is 45 for this variant as determined in (3.18), it can be said that the
tunable fractional divisor range now covers at least from 45.5 to 46. If the FCW was
not shifted to the right, the fractional divisor range would have covered from at least
45.5 to 46.5, similar to that depicted in Figure 17 for a divider step size of 2. While
the MSA was approximated to be 1/

√
2, thus technically supporting the fractional

divisor of 45.833 with the first variant of the sigma-delta divider, it was opted not
to operate the sigma-delta past the amplitude of half the FSR, corresponding to the
dynamic range as shown previously in Figure 26.
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Figure 30: System block diagram of the design implementation of the sigma-delta
divider with the divider step size increased by a factor of 2 and FCW decreased
by a factor of 2

Layout

While the design and integration of the system was completed by the author, the
layout integration of the blocks within the sigma-delta divider system was not. A
single image of the layout for the first sigma-delta divider variant is included in Figure
31 for completeness while creating a visual for the layout area used for the design.
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The layout of the two variants are nearly identical, and thus only the layout for one
was included here. Note that this image is of a single instance of the sigma-delta
divider and does not include the entirety of the clock tree nor the input driver. It
also does not include the power mesh or decoupling capacitors to not obscure the main
circuit elements. The layout dimensions of a sigma-delta divider slice are 220.5 µm by
372 µm, where the area is largely dominated by the CML output driver and output
bumps. The core CMOS circuitry dimensions are only approximately 45 µm by 38 µm.
Due to the nature of CML and the size when compared to the core CMOS circuitry,
the CML output driver was anticipated to dominate the power consumption of the
system prior to its simulation in Chapter 4.

Figure 31: Layout of the sigma-delta divider and CML output circuitry. Units of
length measurements are in µm

3.5 Chapter Summary

To understand the concept of using a sigma-delta divider in the reference path and
allow reuse of existing theory,the system it was compared to two analogous systems;
sigma-delta converters and fractional-N PLLs. Once the concept was demonstrated,
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design considerations for the SDM and MMD as well as the interactions between
them were introduced. Using these design considerations, a set of design specifications
were developed for the blocks in the system in order to meet the system requirements.
Finally, the implementation of the SDMwas detailed along with the descriptions of the
other blocks to explain how these specifications were met. The implemented design
was taped in the 7 nm FinFET process and an image of the layout was included,
where the simulations and measurements were conducted to verify the design and
implementation, as discussed in the following chapter.



Chapter 4

Simulations and Measurements

To verify that the implemented design met the system requirements and behaves as
designed, the sigma-delta divider system was simulated and measured both with and
without the integer-N PLL. The methodology of these simulations and measurements
will be detailed herein and compared with the expected results from the theory and
the design discussed in previous chapters.

4.1 Simulations

Prior to sending the design out for fabrication in the 7 nm process, it was crucial to
ensure the system behaves as designed. Simulations were also used to verify the design
and confirm design decisions yet to be sufficiently validated in previous chapters. The
results and methodologies for simulations run for the sigma-delta divider system on
its own will be covered first, then two models of the PLL will be included. These
will be compared with the design theory, calculation results, and graphs presented in
previous chapters to confirm the behaviours are as expected.

4.1.1 Sigma-Delta Divider

The two core blocks, namely, the SDM and the MMD, within the sigma-delta divider
system were simulated on their own prior to simulating them as the sigma-delta
system. Simulation results for various design aspects of SDM are presented herein,
followed by a demonstration that the MMD does indeed operate within the required
region. Then, simulations and methodologies for the sigma-delta divider feedback
timing, average frequency verification, and average power consumption estimation

63
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are shown.

SDM Resolution, Dynamic Range, and MSA

To ensure the implemented SDM design meets the performance requirements, the
Analog Mixed-Signal (AMS) simulator in Virtuoso was used to simulate the Verilog
code available in Appendix A. Knowing that the dynamic range should be measurable
with an input amplitude of -6 dB with respect to the FSR, a discrete-time sinusoid
sampled at a rate of fs = 1.6 GHz was applied. To implement this discrete-time
sinusoid, the ahdlLib Verilog-A behavioural library available from Cadence was used.
The vco cell, input with 0 V, was used together with the adc_16bit_ideal block to
implement the test signal. With this setup, the frequency resolution of the input test
signal is limited to 1 Hz, which is problematic for using the value of fin determined
previously in (3.28). This limitation was countered by setting the number of points
to be a multiple of the OSR, which allows fin to be an integer value. Setting P to be
20480 and modifying binprime to be 17, a new value for fin was calculated:

fin = binprime · fs
P

fin = 17 · 1.6 GHz
20480

fin = 1.328 125 MHz

(4.1)

The measured SQNR of 106.0 dB is observable in Figure 32. This corresponds to
an ENOB of 17.3 bits, greater than the required 16 bits for this design. The SQNR
matches very closely with the result from the SDM modeled in MATLAB in Chapter
3 of 106.9 dB. The small difference can be mostly attributed to the difference in the
values of P used, which altered the number of frequency bins within the integration
bandwidth and forced fin to change in value.



CHAPTER 4. SIMULATIONS AND MEASUREMENTS 65

Figure 32: SQNR measurement of the SDM Verilog code with the amplitude of the
input sinusoid set to roughly half the FSR

To evaluate that this measured SQNR still corresponds to the dynamic range, the
amplitude of the discrete-time sinusoid was swept while measuring the SQNR with
the described test bench. The input amplitude incremented from −60 dB to 0 dB
in steps of 3 dB; where 0 dB corresponds to FSR. Shown in Figure 33, the dynamic
range corresponds to an amplitude of −6 dB and MSA is −3 dB, agreeing with the
SDM model from Chapter 3.
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Figure 33: Dynamic range measurement of the SDM Verilog code. Amplitude is
presented in dB with respect to the SDM FSR, and was swept from -60 dB to
0 dB in steps of 3 dB

MMD Operation Range

To verify the MMD design was suitable for this application, a testbench was created
to test its programmability. Since the MMD divisor control word R should toggle be-
tween 20 and 21 for the data PLL reference clock and 45 and 47 for the communication
PLL reference clock, R was swept from 2 to 64; a subset of its full programmable
range of 2 to 511. Verilog-A models were used again to construct a testbench of accu-
mulators which toggle R between M and M + 1 for 8 divider output periods prior to
incrementing M by 1. To generate R, the Kogge-Stone adder was used. The simula-
tion result of inputing a 50% duty cycle 10 GHz clock into the MMD of the described
testbench is visualized in Figure 34, where mmd_integer_divisor represents M and
mmd_divisor is the frequency input to the MMD divided by its output frequency.
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Figure 34: Demonstration that the divisor programmed on the MMD can be mod-
ulated in the required values without glitching

It can be observed that M was swept from 2 up to 64. In most cases, the result
for mmd_divisor tracks the expected result of R. The exceptions to this are when
M is incremented and when M is set to 2k − 1. It can be seen that in the cycle
following M being incremented, mmd_divisor does not correspond to the expected
value. However, in the subsequent cycles for that value of M , it does match if M is
not 2k− 1. This was deduced to be because there is a nonzero delay time to generate
R along with the MMD requiring a nonzero setup time to switch to the programmed
value while remaining coherent. This was nonproblematic in the actual sigma-delta
divider loop and emphasizes the importance of the feedback inverter, as discussed
in the subsequent section. the MMD output is located in the first divide by 2 or 3
stage which is controlled by the LSB of R, and if incrementing M causes the LSB
of R to change from logic 1 to logic 0, there needs to be sufficient time allocated for
the clock and modulus signals to propagate down then back up the chain of active
divide by 2 or 3 stages. The timing becomes increasing complicated when M is set
to 2k − 1, since toggling between M and M + 1 would involve changing the active
number of stages while the clock and modulus signals are propagating up and down
the chain of divide by 2 or 3 stages. This can be potentially problematic; observable
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in the MMD behaviour of Figure 34 when mmd_integer_divisor is 2k − 1. However,
for this design, the required divisors do not cross the 2k − 1 to 2k boundary when
toggled by the SDM, and thus the number of active stages used during operation is
static. Therefore, this complication was not of concern, and this MMD architecture
was deemed sufficient for this application so long as its programmed divisor could be
provided sufficient setup and hold time.

Feedback Timing

To allow the average value of the output period follow the derived expression from
(3.2), R must be phase coherent with MMD output period, and the output period
must respond correctly to the programmed value of R. This means that the rate and
phase of R must be set carefully with respect to the MMD output to not cause a setup
or hold violation while remaining coherent. To prove the timing works between the
blocks within the loop, the parasitic resistances and capacitances of each core CMOS
block were extracted and simulated to produce the waveforms shown in Figure 35.
For the waveforms shown, the model parameters for the simulation were set to the
SS process corner, nominal supply voltage, and temperature of 125 ◦C.

Figure 35: Timing diagram of the subcircuitry within the sigma-delta divider loop

As mentioned previously, an inverted version of the MMD output is used to clock
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the SDM. As the divisor of the MMD is modulated, having MMD output period
change at the same rate as R allows the two signals to maintain phase coherency.
Shown in Figure 35, inverting the MMD output clock mmd_out to generate sample
clock sdm_fs forces the rising-edge triggered SDM to output a new sample at sdm_out
after pulse output from the MMD has already fallen back low. This forces the LSB
of R, mmd_R[0], to not have an effect on mmd_out when Modin of the first divide
by 2 or 3 stage is high until the next cycle. This is observable by comparing the
output period changing in time, mmd_period_out, to mmd_R[0]. The output period,
measured between consecutive rising edges, does not respond to a change in R until
one pulse width prior to the end of the sample. This occurs because the Modout

pulse of the first divide by 2 or 3 stage, corresponding to mmd_out, interacts with
mmd_R[0] at the end of its sample. This interaction causes a ripple effect down and
up the chain of divide by 2 or 3 stages and the result is not observed until the end of
the next cycle. This provides ample setup time for the Kogge-Stone adder to sum M

and sdm_out and ensure each resulting bit of R has arrived to their corresponding
divide by 2 or 3 stage within the MMD. The propagation delay of the feedback loop
itself provides the hold time to ensure mmd_out has fully discharged prior to R

proceeding to the subsequent sample. The setup and hold times were also evaluated
at the FF process corner at 25 ◦C, with no timing violations observed.

Time-Averaged Frequency

While it is important to simulate the extracted layout, it was quickly realized that
verifying that the time-averaged frequency is correct with such accurate models was
not feasible. In general, Post-Layout Simulation (PLS)s can be time consuming when
simulating nested feedback loops. This is particularly true for a simulation to verify
the time-averaged frequency is correct, since the simulation length would need to be
greater than 216 MMD output periods plus some time for the SDM accumulators to
fill up after their resets are deasserted. For perspective, 216/156.25 MHz corresponds
to more than 400 µs of simulation time. It would take several weeks if not months to
simulate across corners to account for process, temperature, and voltage variations.
To circumvent this, it was opted to verify the time-averaged frequency using AMS
with Verilog code for each of the core CMOS blocks within the sigma-delta divider.
Then, the extracted layout could be simulated over corners for a subset of output
periods and contrasted with the AMS results to confirm they match.
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Since the core blocks of the sigma-delta divider were CMOS blocks that were
placed and routed, their corresponding Verilog codes were available. CML buffers
do not swing from rail to rail, thus including them would slow down the simulation
since the simulator would need to include real/analog values rather than having clock
signals that simply toggle between logic 0 and 1. These blocks were substituted
with Verilog assign statements to function as logical buffers since the amplitude level
was not important in capturing the core behaviour of this circuit. One of the data
clock PLL desired tunable frequencies was 13.9762 GHz, corresponding to an fref of
349.406 211 MHz. To test the baseline model, fin was set to 7.156 808 GHz,M was set
to 20, and FCW was set to 31639. To satisfy (3.2), the output period was expected
to be 2.9342 ns for 31639 periods and 2.7945 ns for 33897 periods on average over
216 periods. The output period was confirmed to toggle between these two values
in a sigma-delta modulated way, as shown in the snapshot of Figure 36. Taking
the reciprocal of the average period within a 216/349.406 211 MHz time window, the
average period was calculated to be 349.406 345 MHz. This corresponds to an error
of 0.385 PPM. The simulated average frequency is within the theoretical PPM/LSB,
which was calculated to be 0.745 PPM using (3.6). This simulation was reproduced
with transistor level models and yielded similar results.

Figure 36: Snapshot of the AMS simulation of the Verilog models of the sigma-delta
divider system
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The goal of the AMS simulation was to provide a baseline of the circuit behaviour
and a method to compare the baseline to the extracted layout. It was reasoned that
if the output period was observed to be modulated between the two expected output
periods by the SDM, according to the timing demonstrated in the previous section,
in both the Verilog and extracted layout systems, the SDM output of both systems
could be contrasted to confirm the behaviour matches over time. Despite the output
of the SDM being pseudorandom, it has a consistent signature depending on the
setting of the FCW and the accumulator initial conditions. Since the layout is just
a synthesized, placed, and routed version of the Verilog code, the same signature can
be observed in both the layout extraction and Verilog model so long as they provide
the same initial conditions.

A testbench was constructed to perform the comparison between the extracted
layout and Verilog model of the sigma-delta divider system. The input clock, FCW,
and reset signals were common to both models, and an assertion statement was placed
into the Verilog code to output to the simulation log if the SDM samples do not
match at any point in time. To account for the propagation delays that exist in
the extracted layout model that would not exist in the Verilog without having to
model them, the rising edge of each model’s MMD output was used to sample their
corresponding SDM outputs, whereas the extracted layout MMD was also used to
trigger the comparison. The extracted layout was confirmed to match the Verilog
for more than 461 consecutive samples after the SDM was reset. Applying the same
assumption that quantizer error can be approximated as white-Gaussian noise, the
samples were assumed to be independent of one another. Since each sample either
matches the expected value or does not match and all of the 461 samples match,
the bitstream can be said to agree with the expected with 99% confidence and 99%
reliability according to a binomial distribution. This process was repeated for all
desired frequencies and all sigma-delta divider variants.

Power Consumption

While the power consumption of the sigma-delta divider system was not a key con-
sideration of this work from an academic standpoint, it is worth mentioning it since
having high power consumption would make it debatable to use this system instead of
an off-the-shelf NCO. The sigma-delta divider system was taped out amongst other
circuits on a test chip, and shares a common voltage supply with other circuitry.
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Unfortunately, the ability to power down the sigma-delta divider was not included in
the design, and the ability to power down everything but the sigma-delta divider was
not an option either. The average power consumption was simulated to be around
28 mW. This was determined by obtaining two values for the average current from
simulation, one for each of the two possible output periods, and multiplying the result
by the voltage supply. The result of these can be time averaged based on the FCW
to produce an estimate for the power consumption of the sigma-delta divider for a
given input. However, as anticipated, the CML circuitry dominated the power con-
sumption, and the delta in power consumption between the two periods was less than
10 µW. Therefore, regardless of the programmed input, it is sufficient to say either
of the sigma-delta divider systems depicted in Figures 29 and 30 consume around
28 mW each.

4.1.2 Sigma-Delta Divider in the Reference Path of the PLL

Two simulations of sigma-delta dividers in the reference path of the data clock PLL
are detailed. Since the sigma-delta divider system and its corresponding blocks were
expected to operate as designed according to the simulations presented, it was im-
portant to confirm the theory that a sigma-delta divider in the reference path of
an integer-N PLL behaves as a fractional-N PLL in simulation. Following the pre-
sentation of these simulation results, the results of simulating linear models of the
phase noise transfer through PLLs in the presence of non-linearities will be detailed
to confirm the design decision of using a single-bit quantizer SDM.

Modeling of Fractional-N Locking

Since the design of the PLL which the sigma-delta divider is generating the reference
clock for was not designed in the same technology process, a model was used to
confirm fractional-N locking behaviour. The structure depicted in Figure 20 was
constructed using modeled blocks. To model the VCO, the Verilog-A model aptly
named vco was used from the ahdlLib library. To model the divide by 2 frequency
divider blocks, the cell d_ff was used from the same library. For the charge pump
and loop filter, the cells vccs, res, cap, and gnd were used from the analogLib library.
Finally, the PFD and divide by 40 models were realized using simple custom Verilog-A
models. Again, the parameters provided to these blocks were redacted to preserve the
confidentiality of the PLL design. The sigma-delta divider schematic was instantiated
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to generate the clock input to the model, input with a 7.1568 GHz frequency clock,
and M and FCW were programmed to 20 and 31637 respectively. This corresponds
to an expected fout of 13.976 254 GHz. This expected value matches within reason
to the frequency the VCO settles to shown in Figure 37. Clipping the waveform to
the settled region, approximated to be from 30 µs to 60 µs, and taking the average
gives the result of 13.976 251 GHz. While normally the ripple of this settled region
can be used to approximate the jitter, the phase noise performance of the individual
PLL blocks was not provided, and this would only represent the jitter contribution
from the SDM projected to output. This analysis was performed by simulating linear
models using Simulink instead, available in the subsequent section.

Figure 37: Frequency output of the VCO of a Verilog-A PLL model with the sigma-
delta divider generating its reference clock

PFD and Charge Pump Non-Linearities Effect on Phase Noise

To confirm the design assumption of using a single-bit quantizer for the SDM to be
more immune to non-linearities of the PFD and charge pump in PLL-based fractional-
N synthesis, linear models for both the SDM and integer-N PLL were constructed
using Simulink. The PLL model was constructed according to the linear model of the
phase transfer of an integer-N PLL as shown in Figure 8 with two exceptions. First,
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the phase noise profile of the VCO was not known, and Φnoise,V CO(s) was effectively
set to 0 by removing its corresponding adder. Second, Kphase was replaced with
the simulated worst-case non-linear transfer characteristic that was provided for the
PFD and charge pump system. This characteristic was not included to preserve the
confidentiality of the PLL design, however, it resembles the sketch shown in Figure 19
and is typically attributed to the mismatch between "up" and "down" currents within
the charge pump. The implemented CIFB structure from Figure 28 was constructed
along with a MASH-111 structure with a 3-bit output for comparison, available in [4].
Each of these structures were input with an FCW of 32768 and placed within the
linear system depicted in Figure 18 to produce a model of the phase noise contribution
from each SDM. Applying the phase noise output for each SDM, ΦΣ∆(s), to the
reference input to the linear model of the PLL, Φnoise_in(s), the simulated phase
noise contributions of the CIFB and MASH-111 structures shaped by the described
PLL model are shown in Figure 38 in yellow and blue respectively.
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Figure 38: Comparing the phase transfer of a PLL with PFD and charge pump
non-linearities input with the phase noise contributions of a sigma-delta divider
containing the third-order single-bit quantizer CIFB SDM (yellow) versus a
MASH-111 (blue)

When comparing the phase noise profiles shown in Figure 38, it is evident that
the in-band phase noise is significantly higher when the MASH-111 is presented with
the non-linearity than when the CIFB is. Since the MASH-111 has a 3-bit output
and the implemented CIFB has only a single-bit output, the peak-to-peak phase
excursion of the MASH-111 is larger and experiences more of the non-linearity. With
this worst-case non-linearity characteristic, there was observed to be nearly a 20
dB delta in phase noise at a 100 kHz offset frequency. Replacing Kphase with linear
transfer characteristic in both PLL models produces the phase noise profiles shown
in Figure 39. When comparing the yellow and blue waveforms, again corresponding
to the linear phase transfer of the phase noise contributions of the CIFB and MASH-
111 respectively, it can be seen that the MASH-111 actually provides better in-band
noise performance. This is because the multibit output allows for the NTF to have
a higher OBG, and allows for a higher SQNR according to (2.12). Thus, if the PLL
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could have been linearized sufficiently, indicating the MASH-111 could have been a
superior choice of SDM between the MASH-111 and the third-order single-bit CIFB.

Figure 39: Comparing the phase transfer of a linear PLL input with the phase
noise contributions of a sigma-delta divider containing the third-order single-
bit quantizer CIFB SDM (yellow) versus a MASH-111 (blue)

4.2 Measurements

Once the chip was fabricated and assembled, measurements were performed to test
the sigma-delta divider system. The sigma-delta divider was first tested on its own,
and once it was confirmed to be operational, the data clock PLL was introduced.
All measurements shown had the 7.1568 GHz clock sourced from an Anritsu signal
generator, as the low-jitter PLL intended to provide the input clock was not yet
configured to supply it at the time of these measurements.
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4.2.1 Sigma-Delta Divider

The spectrum analyzer and phase noise analyzer measurements of the sigma-delta
divider will be presented herein. First, the frequency spectrum will be presented to
prove the average frequency is correct and confirm operation. Next, the phase noise
will be shown and discussed. Finally, the methodology of an experiment to estimate
the MSA of SDM and its results will be shown.

Frequency Spectrum

The positive output of the CML driver, corresponding to the sigma-delta divider cir-
cuitry for the data clock PLL reference generation, was AC coupled and connected to
a spectrum analyzer as shown in Figure 40. M and FCW were programmed to be 20
and 29360, corresponding to an average output frequency of about 350 MHz. When
observing the frequency spectrum, a clear tone of the average frequency is observed.
This is a similar phenomenon of being able to observe a tone at the frequency of
the sinusoid input to the SDM while testing for the SQNR, despite the time-domain
output toggling at a much higher rate. In both cases, when observing the frequency
spectrum in band around the signal of interest, a tone at the average frequency is
visible. While the order of the noise shaping is not immediately obvious from this
measurement, since the x-axis is not plotted on log-scale, it is evident that the fre-
quency noise shaping property of the SDM is present. The slope of the noise shaping
will be observed in the phase noise measurement of this circuit in the subsequent
section.
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Figure 40: Frequency spectrum of the data clock variant of the sigma-delta divider
with M set to 20 and FCW set to 29360

The other variant of the sigma-delta divider for generating the reference frequency
for the communication clock PLL was also tested. Unfortunately, due to the restricted
access to the lab, Figure 41 is the only measurement the author has that proves that
this variant of the circuit works. By programming M to 45 and FCW to 52662, the
average frequency was measured to be at the expected value of 156.25 MHz.
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Figure 41: Frequency spectrum of the communcation clock variant of the sigma-
delta divider with M set to 45 and FCW set to 52662

Phase Noise

Using the same settings for M and FCW used for taking the measurement depicted
in Figure 40, the phase noise was measured as shown in green in Figure 42. For
reference, the phase noise profile for the input clock, shown in yellow, was offset by
26 dB to roughly compensate for the divide ratio. The SDM was also held in reset,
observable in blue, to show the phase noise profile for a fixed divide by 20.

Since the OSR of the SDM was designed to be 160 and the average frequency
output of the sigma-delta divider in this measurement is 350 MHz, the bandwidth of
the SDM in this measurement can be calculated to be 1.093 75 MHz by rearranging
(2.2). When comparing the phase noise profile of the SDM being active and inactive,
plotted in green and blue, respectively, in Figure 42, the phase noise shaping can be
observed to begin ramping around 1 MHz, agreeing with the theoretical bandwidth.
The shaped phase noise has a slope of 40 dB/decade, aligning with the expected phase
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noise shaping for a third-order SDM.
The signal frequency of the phase noise measurement with the SDM active was

observed to be 350.000 033 MHz in Figure 42 using the auto frequency feature on the
phase noise analyzer. Substituting fin = 7.1568 GHz, M = 20, and FCW = 29360
into (3.3) gives exactly this result, to the precision of the instrument. The PPM error
of this measured frequency compared to the desired average frequency of 350 MHz is
0.096 PPM, and well within the expected maximum of 0.746 PPM/LSB, calculated
using (3.6).

While there are several spurious tones seen in the phase noise profile of the sigma-
delta divider, they also appear in the phase noise of the input clock, and nearly all of
them appear outside the bandwidth of the PLL. These spurious tones will be further
discussed when measuring the phase noise at the output of the PLL.

Figure 42: Phase noise of the input clock (yellow), output of the sigma-delta divider
(green), and output of the sigma-delta divider with the SDM held in reset (blue)

SDM MSA Approximation

While access to the SDM output itself was not possible, an experiment on the sigma-
delta divider was performed to approximate the MSA of the SDM. Setting M to 20
and using the data clock variant of the sigma-delta divider, the FCW was set to 32678
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and swept up, then down, in steps of 1. The assumption was that once the frequency
shaping was no longer observed in the spectrum, the corresponding FCW had set the
SDM input amplitude beyond its MSA. Thus, by performing this experiment, the
difference between the upper and lower limits of the FCW where the frequency noise
shaping effect was observed could be divided by the FSR to approximate the MSA.

Figure 43 corresponds to FCW set to 55925 while Figure 44 has the FCW set
to 55926. Similarly, the FCW is set to 7864 in Figure 45 and 7863 in Figure 46.
Taking the difference between the limits of the FCW working properly and dividing
the result by 216 yields an approximate MSA measurement of 0.733 of the FSR. This
agrees within reason to the approximated theoretical and simulated value of −3 dB
or 1/

√
2 with respect to the FSR. It should be noted that −3 dB was known to be

an approximation, as this amplitude is slightly less than the amplitude corresponding
to the SQNR 3 dB lower than the dynamic range, observable in Figure 26, which
is the true definition of the MSA. However, approximating the MSA to be −3 dB
was convenient to confirm in simulation, shown in Figure 33. Also, as previously
mentioned, it is not recommended to operate the SDM near the edge of its working
range. This measurement confirms the working range of the SDM is as designed, and
that it has more than 3 dB of margin on the MSA specification of half the FSR.

Figure 43: Frequency spectrum of the sigma-delta divider with FCW set to its
highest operational value of 55925
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Figure 44: Frequency spectrum of the sigma-delta divider with FCW set 1 LSB
higher than its highest operational value

Figure 45: Frequency spectrum of the sigma-delta divider with FCW set to its
lowest operational value of 7864
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Figure 46: Frequency spectrum of the sigma-delta divider with FCW set 1 LSB
lower than its lowest operational value

4.2.2 Sigma-Delta Divider in the Reference Path of the PLL

Measurements demonstrating the fractional-N locking of the sigma-delta divider in
the reference path of an integer-N PLL are shown. Following this, the phase noise
measurement will be analyzed and discussed, comparing it with theory and system
specifications.

Demonstrating Fractional-N Locking

Measurements of the frequency spectrum of the data clock PLL driven by the sigma-
delta divider circuit are shown in Figures 47 and 48. In Figure 47, M is set to 20 and
FCW is set to 29360. This corresponds to an fref of 350.000 033 MHz, which when
multiplied by the PLL gives fout of 14.000 001 34 GHz. The resulting peak search
function on the spectrum analyzer shows a measured frequency of 14.000 001 07 GHz.
This agrees with the expected value within the resolution of the measurement, where
the frequency resolution was reasoned to be around 550 Hz given the 550 kHz span
divided by 1001 points. Similarly, Figure 48 had M set to 20 and FCW set to 31639,
with an expected fref of 349.405 818 MHz and fout of 13.976 232 73 GHz. The marker
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placed using the peak search function indicated a measured fout of 13.976 232 77 GHz,
and also agrees with the expected result within the resolution of the measurement.
Since these frequencies match the expected values within the resolution of the mea-
surement which is less than 1 PPM and the expected frequencies were designed to be
within 1 PPM of their target, the frequency resolution tuning specification was met.
Another thing to note was the close-in spur noticed in both of these measurements at
the same offset of 210 kHz, which will be discussed further in the subsequent section.

Figure 47: Frequency spectrum of the PLL output with M set to 20 and FCW set
to 29360
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Figure 48: Frequency spectrum of the PLL output with M set to 20 and FCW set
to 31639

Phase Noise and Fractional Spurs

Using the same settings to generate the frequency spectrum measurement depicted
in Figure 48, the phase noise was also measured; as shown in Figure 49. Over the
specified bandwidth of 500 kHz to 10 MHz, τjitter,rms was measured to be 487 fs. This
was within the design specification of 500 fs. It is also greater than the estimated jitter
contribution of the SDM within this integration band of 365.8 fs. Since the integration
band is slightly outside the PLL bandwidth, the remaining jitter is speculated to be
largely sourced from the VCO since its phase noise contribution has a high-pass phase
transfer through the PLL. Over the wider integration range of 10 kHz to 10 MHz, the
PLL was measured to have 816 fs of jitter with the spur at 210 kHz, and 813 fs of jitter
without it. It is speculated that the source of this tone could be from a switched mode
power supply given its frequency location and constant offset from the frequency tone
between measurements.
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Figure 49: Phase noise profile of the PLL output with M set to 20 and FCW set
to 31639

While the 210 kHz tone was the only spur seen in band, two other spurs were
observed out-of-band; one at 12 MHz and another at 96 MHz. With the setting used
for this measurement, one would expect that a fractional spur would be observed
at 84 MHz according to (2.27), however, no tone was observed at this frequency.
Since this is out of band, it is uncertain whether it was simply filtered by the PLL
until it was indiscernable or if these two visible tones are fractional spurs and follow
a different phenomenon since the sigma-delta divider is in the reference path of the
PLL. Otherwise, the origin of these two visible spurs is still unknown. Further analysis
would be required to confirm whether either of these two tones could be fractional
spurs.

4.3 Chapter Summary

The sigma-delta divider system and its two core blocks, the SDM and the MMD, were
all simulated to confirm they operate as designed. The average power consumption
was estimated. Then the sigma-delta divider was simulated with the inclusion of the
integer-N divider to confirm fractional-N operation and the choice to use a single-bit
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quantizer SDM design in the prescence of non-linearities. Finally, the sigma-delta di-
vider was measured with and without the integer-N PLL, and its characteristics and
performance were discussed and compared to the design theory and requirements.
Conclusions and future work to be performed will be discussed in the following chap-
ter.



Chapter 5

Conclusion and Future Work

5.1 Summary

Fractional-N PLL based synthesis provides a method for non-integer multiplication
of a reference clock frequency by averaging the modulation of two integer multipliers.
A convenient method for allowing an integer-N PLL to achieve fractional-N synthesis
by sigma-delta modulating the reference clock frequency was proposed, which does
not require modification to the integer-N PLL design. The objective of this work
was to demonstrate that a sigma-delta divider could be designed and implemented
in TSMC’s 7 nm FinFET technology capable of generating the reference clock for a
separately packaged integer-N PLL such that fractional-N synthesis could be demon-
strated. To be acceptable for one of the design applications, the sigma-delta divider
was required to provide less than 1 PPM/LSB of tuning resolution and less than
500 fs of RMS jitter when integrated from 500 kHz to 10 MHz.

Some background theory relevant to understanding the design considerations and
performance metrics were presented. The concept of phase coherency was intro-
duced. Some sigma-delta converter theory was presented, including OSR, STF and
NTF, noise shaping and its benefits, SQNR, ENOB, MSA, and dynamic range. Two
architectures of MMDs were introduced, along with their main sub-structure: the
dual-modulus divide by 2 or 3. Finally, some important theory for both integer-N
and fractional-N PLLs were covered; including phase transfer functions, loop dynam-
ics and bandwidth, third-order loop filters, RMS jitter, and fractional spurs.

To relate the theory in the background chapter to the concept sigma-delta mod-
ulating the reference clock of an integer-N PLL, analogies were made to sigma-delta
converters and conventional fractional-N PLLs. This led to the derivation of the
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equation for calculating the average frequency output of the PLL when the sigma-
delta divider generated its reference clock. Important analyses were conducted for
frequency resolution and phase noise. It was ultimately discovered that a higher fre-
quency input clock allows for a higher reference divisor M to be used, which leads to
increased frequency resolution and reduced in-band phase noise.

Several design decisions were considered to meet these design specifications. The
number of input bits of the SDM was set to 16 such that the sigma-delta divider
frequency resolution could be less than 1 PPM/LSB. This allowed an FCW to be
calculated that could tune the frequency within 1 PPM of the desired value. Since only
the sigma-delta divider was designed here and the bandwidth of the PLL was fixed,
the only option was to make design considerations that kept the jitter contribution
from the sigma-delta divider as low as possible. A single-bit quantizer SDM was
opted for to be more immune to non-linearities within the PLL. A high OSR should
be selected for the SDM to allow low in-band quantization noise, but kept lower than
OSR of the PLL to ensure the shaped quantization noise began outside the PLL loop
bandwidth. The OSR and loop bandwidth of the PLL were approximated to be about
291 and 300 kHz, respectively. The order of the SDM was selected to be equal to the
order of the PLL loop filter to allow the shaped quantization noise to be attenuated.
The MSA of the SDM was desired to be greater than half the FSR. Given the single-
bit quantizer, this would allow the programmable values of FCW within the MSA to
cover a continuous range of tunable frequencies if the divider step size was increased
from 1 to 2. The divider step size of 1 should be maintained if this additional tunable
range is not required, since it also increases the PPM/LSB by a factor of 2. Since the
desired reference frequencies for the data clock PLL and communication clock PLL
tested required fractional divisors of 20.429 and 45.833, respectively, a divider step
size of 2 was used for the latter and 1 for the prior.

The sigma-delta divider system implemented consisting of three main blocks: the
SDM, the MMD, and full adder. The implemented SDM architecture selected for this
design was a single-bit quantizer CIFB. The OSR of the NTF was 160, within the
specified range. The coefficients of the structure were quantized to be easily imple-
mented using binary shift operations and scaled to mitigate analytically determined
quantization noise. The final structure had a modeled dynamic range of 106.9 dB,
corresponding to an ENOB greater than the required 16 bit resolution, and an MSA of
greater than 1/

√
2, which is greater than the specified value of 0.5. The implemented
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MMD used in this design could be programmed from 2 to 511, easily covering the
required range of values for the reference divisor M . The full-adder architecture used
was an available Kogge-Stone adder. Additional CML driver and conversion circuitry
were included to route the input clock to the MMD and also drive the output bumps
of the chip.

To verify the structure would work prior to its fabrication, confirm design con-
siderations, and show performance metrics that were not plausible in measurement,
several simulations were conducted. The dynamic range and ENOB of the SDM were
simulated to be 106.0 dB and 17.3 bits, greater than the required 16 bits. The MSA
was found to be about the expected value of 1/

√
2. The MMD was found to glitch

whenM was set to 2n−1 for a divider step size of 1, which not a required value of M
for this design. The timing of the sigma-delta divider loop was confirmed to be free of
timing violations with the inclusion of a CMOS inverter in the feedback path. The av-
erage frequency was simulated to be correct in Verilog of modeling of the design with
0.385 PPM, was reproduced at the schematic level, then extrapolated to work for the
extracted layout. The average power consumption of the implemented sigma-delta
divider system was simulated to be about 28 mW. The integer-N PLL was modeled
using Verilog-A and simulated with the sigma-delta divider in its reference path, with
the VCO frequency measured to be within reason of the expected output frequency.
A MASH-111 SDM was modeled to contribute more in-band phase noise through the
non-linear transfer of the PFD and charge pump of the PLL than the single-bit CIFB
implemented, clarifying the reasoning of selecting a single-bit quantizer.

The sigma-delta divider circuit was fabricated in TSMC’s 7 nm process and mea-
sured both independently and with the data clock PLL. A phase noise analyzer was
used to measure the average frequency output from the sigma-delta divider to be
0.096 PPM from the expected frequency. The spectrum analyzer feature was used
for the sole measurement of the sigma-delta divider variant with a divider step size
of 2, which was also seen to have the correct average frequency. The phase noise
profile of sigma-delta divider was seen to be 40 dB/decade of phase noise shaping
starting at approximately at the expected bandwidth, confirming the order and OSR
of the SDM was as expected. An experiment to approximate the SDM MSA was
conducted, resulting in a value greater than 1/

√
2 as expected. The PLL output was

measured with the sigma-delta divider in its reference path. The frequency spectra
for two different values of FCW were confirmed to match the expected frequencies
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within the resolution of the measurement. Using the phase noise profile at one of
these frequencies, the RMS jitter τjitter,rms was integrated from 500 kHz to 10 MHz,
with a result of 487 fs; less than the required value of 500 fs.

5.2 Contributions

The contributions to the art covered in this thesis include the design, analysis, and
demonstration of using a sigma-delta divider to modulate the reference clock fre-
quency of an integer-N PLL to effectively implement fractional-N synthesis. To the
author’s knowledge, this is a novel method of fractional-N synthesis and protection
for it has been published in the form of a patent [1].

5.3 Conclusions

Through the use of existing theory and design methodologies, it was possible to
implement a sigma-delta divider system capable of modulating the reference clock
frequency of an integer-N PLL to achieve fractional-N frequency synthesis. Using the
design metrics as validation, the implemented design was found to match the design
very closely. This proves the validity of using a sigma-delta divider as a replacement
for an NCO specified to generate the reference clock frequency of the PLL. While
ultimately this design was considered successful and recommended for use in the
design application, it is important to highlight some advice and caveats to benefit
future design applications.

It was shown that a conventional PLL-based fractional-N frequency synthesizer
operates in a similar way to sigma-delta modulating the reference clock frequency of an
integer-N PLL. After completing the design analysis and considering the frequencies
used in this design scenario, it was realized that a fractional-N synthesizer could have
been a preferable solution in a different design scenario with the same frequencies
used. It should be emphasized that this was not an option for this work, since the PLL
was an external off-chip design, however, in other design scenarios, one may have to
choose whether to place the sigma-delta divider in the reference path or the feedback
path. If this was an option and the same frequencies were required/available, a reason
to use a conventional fractional-N synthesizer design instead would be because the
frequency to be synthesized is less than the frequency of the available input clock.
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When transferred through the PLL, the gain of the in-band phase noise contribution
from the SDM is approximately the ratio of the feedback divisor of the PLL N to
divisor of the sigma-delta divider M . If the sigma-delta divider is in the feedback
path of the PLL, this gain is 1. If it is placed in the reference path, the phase transfer
gain is N/M and would be greater than 1 for these frequencies. While one could argue
that having the sigma-delta divider in the reference path allows the frequency tuning
resolution achieved to be independent of N , avoiding a potential design tradeoff, a
counter argument is easily made that the number of input bits in the SDM design can
be increased to achieve the desired tuning resolution. Thus, when designing an entire
fractional-N PLL-based synthesizer, it is recommended to only place the sigma-delta
divider in the reference path if the desired frequency is lower than the available input
clock frequency; making this concept well suited to low-frequency applications on a
chip with other higher frequency functionality.

While designing the PLL and sigma-delta divider independently was demonstrated
to be a valid option, designing the two together is recommended whenever possible in
future designs. Designing the PFD and charge pump with the SDM would allow the
non-linear transfer due to charge pump current mismatch to be properly mitigated
in the charge pump or PFD design instead of placing restrictions on the SDM. This
could allow a higher number of quantizer bits to used without concern, and therefore
the OSR of the SDM could be truly maximized for its given order. Then, the PLL
loop bandwidth could be sized to optimize the phase noise while including the SDM,
rather than limiting the OSR of the SDM to meet the PLL bandwidth requirements.
Finally, designing them together would eliminate the need for the output drivers
between the sigma-delta divider and PLL; significantly lowering the overall power
consumption.

The layout for the MMD used in this design was already available, lowering the
design effort, and the implemented design successfully generated the input clock signal
for the PLL. However, the architecture that was used did place restrictions on the
design that could have been avoided with a different MMD design. As observed
in simulation, the "truly modular" MMD architecture is not suited for having its
programmable input quickly toggled across the boundary of 2k − 1 and 2k, where k
is the active number of stages for a programmed value of 2k − 1. Furthermore, the
narrow duty cycle of the output requires the routing to the PLL to support a much
higher bandwidth than if the duty cycle was closer to 50%. Two custom generic MMD
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designs could have been used instead, which would have less tuning range than the
design that was used, but circumvents the possibility of having the number of active
stages being modulated by the SDM and lowers the bandwidth requirements of the
routing. Future design iterations should consider placing variants of the generic MMD
architecture or instances of a custom MMD design that mitigates these issues.

5.4 Future Work

There is additional work in the area of the research topic of this thesis that was
not completed. Several of these activities will be introduced here; to be potentially
completed by the author or others.

When using SDMs for fractional-N PLL-based synthesis, it is important that the
fractional spurs are out of band such that they are sufficiently attenuated. While it
was confirmed that the fractional spurs were out of band for a conventional fractional-
N PLL design, it was never properly confirmed that the frequencies at which fractional
spurs occur follow the same phenomenon if the sigma-delta divider is moved from the
feedback path to the reference path. Further research of why fractional spurs occur
at the frequencies at which they are observed for conventional fractional-N PLLs and
an analysis of whether this applies when the sigma-delta divider is instead in the
reference path should be conducted.

The average frequency of the sigma-delta divider variant with a divider step size
of 2 was measured to be the expected value using a spectrum analyzer, however, it
has not yet been confirmed to tune its corresponding PLL to the desired frequency
through measurement. While it is expected that the PLL to lock without issue, this
activity should be completed to be certain.

There are several analyses related to the SDMs and PLLs that were not explored
in this thesis that could be covered for the application of using a sigma-delta divider
in the reference path of the PLL. A comparison could be made for the performance
of different SDM architectures within the sigma-delta divider. The presence of limit
cycles within the SDM and their effect on the average frequency could be explored.
The functionality of placing the sigma-delta divider in the reference path of a digital
PLL, or different PLL architecture than the analog charge-pump PLL covered in
this work, could be verified. A large percentage of the plethora of analyses and
innovations that have been uncovered for conventional fractional-N PLL design over
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the years since its inception could be applied to sigma-delta modulating the reference
path of an integer-N PLL.
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Appendix A

CIFB SDM Verilog Code

1 //Compensate for a1
2
3 `define sizeF 16
4 `define sizeA1 19
5 `define sizeA2 18
6 `define sizeA3 18
7
8 module CIFB_SDM(
9 input clk, rst,

10 input [`sizeF-1:0] FCW,
11 output out,
12 );
13
14 wire signed [`sizeF:0] x1a;
15 wire signed [`sizeA1-3:0] x1c;
16 wire signed [`sizeA1:0] x1;
17
18 wire signed [`sizeF:0] x2a1;
19 wire signed [`sizeF:0] x2a2;
20 wire signed [`sizeA1-3:0] x2a;
21 wire signed [`sizeA2:0] x2;
22
23 wire signed [`sizeF+1:0] x3a1;
24 wire signed [`sizeA2:0] x3a;
25 wire signed [`sizeA3+1:0] x3c1;
26 wire signed [`sizeA3+3:0] x3c2;
27 wire signed [`sizeA3:0] x3;
28 wire signed [`sizeA3+4:0] x3c;
29
30 wire signed [`sizeF:0] F, fb;
31
32 reg signed [`sizeA1:0] x1z;
33 reg signed [`sizeA2:0] x2z;
34 reg signed [`sizeA3:0] x3z;
35
36 wire nor1,nor2;
37
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38 always@(posedge clk or posedge rst)
39 if(rst)
40 begin
41 x1z[`sizeA1:0] <= {(`sizeA1+1){1'b0}};
42 x2z[`sizeA2:0] <= {(`sizeA2+1){1'b0}};
43 x3z[`sizeA3:0] <= {(`sizeA3+1){1'b0}};
44 end
45 else
46 begin
47 x1z[`sizeA1:0] <= x1[`sizeA1:0];
48 x2z[`sizeA2:0] <= x2[`sizeA2:0];
49 x3z[`sizeA3:0] <= x3[`sizeA3:0];
50 end
51
52 assign F = FCW;
53
54 assign x1a = F + fb;
55 assign x1 = x1z + x1a;
56 assign x1c = x1z >>> 3;
57
58 assign x2a1 = fb >>> 1;
59 assign x2a2 = x2a1 >>> 1;//reuse existing shift
60 assign x2a = x2a1 + x2a2 + x1c;
61 assign x2 = x2z + x2a;
62
63 assign x3a1 = fb <<< 1;
64 assign x3a = x3a1 + x2a2 + x2z;
65 assign x3 = x3z + x3a;
66 assign x3c1 = x3z <<< 1;
67 assign x3c2 = x3c1 << 2;
68 assign x3c = x3z + x3c1 + x3c2;
69
70 assign nor1 = ∼(x3c[`sizeA3+2] || x3c[`sizeA3+3]);
71 assign nor2 = ∼(nor1 || x3c[`sizeA3+4]);
72
73 assign out = nor2;
74 assign fb = {out,{(`sizeF){1'b0}}};
75
76 endmodule
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