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Abstract 

We study the non-definite Sturm-Liouville problem with a weight function having two turning 
points on a finite closed interval. We find the piecewise smooth solution over the closed 
interval and give the dispersion relation for the eigenvalues. We then solve this dispersion 
relation numerically using Maple software in order to calculate a great many eigenvalues. We 
then find the piecewise smooth eigenfunctions associated with each of the eigenvalues and 
verify various theorems from Sturm-Liouville Theory and their extensions to indefinite/non-
definite cases. We also extend key results of Atkinson and Jabon [7] and give estimates on 
the Richardson numbers of specific Sturm-Liouville problems having two turning points. We 
then present graphs of some of the eigenfunctions to check the oscillation numbers of the 
eigenvalues associated with these functions. 
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Chapter 1 

Introduction 

The Sturm-Liouville equation, named after Jacques Charles Francois Sturm (1803-1855) and 
Joseph Liouville (1809-1882) is a real second-order linear differential equation of the form 

— (p(x)u'(x)) + q (x) u (x) = Xw (x) u (x) (1.1) 

on the bounded or unbounded interval (a, b), the endpoints a and b being finite or infinite, and 
u is a function of the independent variable x. The coefficient functions p (x) and g (x) and the 
weight function w (x) are assumed to be real-valued, with p(x) > 0. To ensure existence of 
solutions and for simplicity, we take it that the functions q (x) and w (x) are continuous or 
piecewise continuous with p (x) being continuously differentiable (of class Cl(a, b)). More 
generally, they satisfy the integrability conditions 

p_1,q,w,E Lioc(a,b); 

that is, p~x,q, and w have well-defined and finite Lebesgue integrals on all compact subinter-
vals of (a, b). In the case of a regular problem the solution u is required to satisfy the separated 
homogeneous boundary conditions: 

aiu (a) + a2p (a) u' (a) = 0 (1.2) 

/3iu(&)+&p(&)u'(6) = 0 (1-3) 

where a\ and a2 are not both zero; similarly for /?i and /32. 

The value of the generally complex parameter A is not specified in the equation. Finding the 
values of A for which there exists a non-trivial solution satisfying both the equation and the 
boundary conditions is part of the problem called the Sturm-Liouville eigenvalue problem. 
Such values of A when they exist are called the eigenvalues of the boundary value problem 
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defined by (1.1) and the prescribed set of boundary conditions (1.2)-(1.3). The corresponding 
solutions (for such a A) are called the eigenfunctions of this problem. Each eigenvalue may 
have one or more eigenfunctions corresponding to it, depending on the boundary conditions. 
When an eigenvalue has only one eigenfunction, then it is called a simple eigenvalue, otherwise 
it is non-simple. The set of all the eigenvalues of a regular Sturm-LiouviUe problem is called 
the spectrum of the problem. By a solution, we mean a generally complex-valued function 
u (x) of the real variable x such that u and pu' are absolutely continuous on [a, b] that satisfies 
the boundary conditions (1.2)-( 1.3). Under the normal assumptions on the coefficient functions 
p(x), q(x) and w(x) above, they induce a Hermitian differential operator in some function 
space defined by the boundary conditions. The theory of the existence and asymptotic behavior 
of the eigenvalues as the oscillation number tends to infinity, the corresponding qualitative 
theory of the eigenfunctions and their completeness in a suitable function space makes up 
what is commonly known as Sturm-Liouville (S-L) theory. 

This theory is important in applied mathematics, where SL problems occur very commonly. 
The differential equations considered here arise directly as mathematical models of motion 
according to Newton's law, but more often as a result of using the method of separation of 
variables to solve the classical partial differential equations of physics, such as Laplace's 
equation, the heat equation, and the wave equation. Sturm-Liouville problems have been 
discovered as describing the mathematics underlying a variety of physical phenomena. Thus, 
they have been applied in various fields of study like Engineering and Physics. According to 
Hinton and Schaefer [3], their use in problems of vibrations, heat transfer, quantum mechanics 
and a host of other areas have proven successful for many years. 

Much has been written about Sturm-Liouville problems since the work of Sturm and Liouville 
in the 19th century. As Hinton and Schaefer [3] put it, in the period 1836-38, Sturm and 
Liouville published a remarkable set of papers which initiated the subject. This led to what 
is now called the qualitative theory of differential equations. They go on to say that Sturm 
was mainly concerned with the qualitative behavior of the eigenfunctions, while Liouville was 
more concerned with the eigenfunction expansions. As a result, in Sturm-Liouville theory, 
there are two basic problems: 

1. To establish the existence of eigenvalues and eigenfunctions and describe them qualita
tively, and to some extent, quantitatively. 

2. To prove the existence of some function space each of whose functions can be expressed 
as an infinite series of eigenfunctions. 

Our discussions in this thesis will only involve taking up the first problem. Thus, we study 
the regular Sturm-Liouville problem in which the weight function w (x) changes sign on 
[a, b]. The main motivation for this paper is one of the pioneering articles on indefinite 
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Sturm-Liouville problems by Jabon and Atkinson [7]. Atkinson and Jabon considered the 
Sturm-Liouville problem in which the weight function changes sign once on a finite closed 
interval [a, b]. They considered a specific problem which seemed to give some insight into the 
general case. They obtained bounds for the so-called Richardson numbers (defined in Chapter 
2) and presented results on the spectrum of a specific problem. We extend their results to a 
Sturm-Liouville problem in which the weight function changes sign twice on the finite interval 
[a, b]. Such problems, together with the self-adjoint boundary conditions above, are called 
indefinite (more specifically, non-definite Sturm-Liouville problems.) The values of x about 
which w (x) changes signs are called turning points. 

Chapter 2 reviews the Hilbert space L2[a,b] and its subspaces Cn[a,b]. We give a few 
definitions in relation to operators in Hilbert space, we state and/or prove various theorems, 
lemmas and propositions. Furthermore the Prtifer transformation which is key in the study 
of various properties of Sturm-Liouville problems is discussed. In Chapter 3 we discuss the 
Sturm-Liouville problem in which the weight function w(x) changes sign twice on a specific 
interval, [—1,2], while verifying some results of Chapter 2. It is discovered that some of the 
properties enjoyed by regular Sturm-Liouville problems are not so evident when applied to 
the problem at hand. We also obtain bounds for the so-called Richardson numbers for the 
non-definite problem. In the first place, we discuss a good number of results given in [7] as 
there seems to be many typographic and other errors in some statements and proofs in [7]. 
After fixing these, the results are then extended to the non-definite problem given in Chapter 
3 so that we may deduce what happens when the weight function changes sign twice on the 
finite interval. 

In Chapter 4 the solution to the non-definite problem is given together with the dispersion 
relation which is then solved in order to estimate the eigenvalues and so the eigenfunctions. 
Due to the complicated nature of the problem we see that it is very difficult to write down the 
whole sequence of eigenvalues (in addition, the dispersion relation cannot be solved exactly 
for its roots). 

We present the graphs of various eigenfunctions from which we deduce the oscillation numbers 
(or number of zeros) of the eigenfunctions. We also display the effect of increasing or reducing 
the value of q0 in relation to the eigenvalues and the corresponding oscillation numbers of 
eigenfunctions. Using the graphs of such eigenfunctions, we verify some properties that are 
obvious in the regular case and apparently new in the non-definite case. In Chapter 5 we 
discuss the results obtained in the preceding chapters and present our conclusions in Chapter 
6. 
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Chapter 2 

Definitions and Preliminary Results 

The following definitions are all given in [10]. A Hilbert space is an inner product space 
in which the inner product induces a norm under which the space is complete. The proof 
that L2[a, b] is a complete normed space is given in [10]. For simplicity, we shall denote 
L2[a, b] = H. For the closed interval [a, b], we shall denote the real or complex Hilbert space 
of all square-integrable functions by L2[a, b], with inner product 

and norm 

\u\\ = 

a 

(u,u) ' = / \u(x) \2dx 

1/2 

We first give some definitions. The symbol B(x,e) refers to an abstract ball in a normed space 
having center x and radius e defined by the set of all points y such that | \y — x\ \ < e. 

Definition 2.0.1. (Open and closed sets) 
A subset S of a normed space E is called open if for every x E S there exists e > 0 such that 
B(x, e) C S. A subset S is called closed if its complement is open. 

Definition 2.0.2. (Closure) 
Let S be a subset of a normed space E. By the closure of S, denoted by S, we mean the 
intersection of all closed sets containing S. 

Definition 2.0.3. (Dense subset) 
A subset S of a normed space E is called dense in E if S = E. 
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For each n > 0 let Cn([a, b]) be the subspace of all functions which possess continuous 
derivatives of orders 1,2,..., n on [a, b] and let C°°[a, b] denote the subspace of all infinitely 
differentiable functions on [a, b]. We state without proof the following theorem and corollary 
stated in [14]. 

Theorem 2.0.4. The subspace of all continuous functions on [a, b] is dense in H. 

Corollary 2.0.5. The subspaces Cn[a, b] and C°°[a, b] are dense in H. 

Definition 2.0.6. A linear operator on H is a map T with domain D(T) and range R(T) both 
contained in H which satisfies the properties: 

1. D(T) is a subspace ofH 

2. T(u + v)= T(u) + T(v), for all u,v e D(T) 

3. T(au) = aT(u), for all scalars a and for all u G D(T). 

An operator T is said to be densely defined in H if D(T) = H. For the definition of an adjoint 
operator, we adopt the definition given in [15]. 

Definition 2.0.7. Suppose T is a densely defined linear operator in H and let D(T*) denote 
the set of all v G H such that for some v* G H we have 

{Tu,v) = (u,v*), for all u G D{T). (2.1) 

Let T*:D(T*)^>- H denote the map defined by T*v = v*. Then T* is called the adjoint ofT 
so that (2.1) becomes 

(Tu, v) = («, T*v), for all u G D(T), v G D(T*). 

Definition 2.0.8. A densely defined linear operator T on H is said to be symmetric if 

(Tu, v) = (u, Tv), for all u, v G D(T), so T C T* 

i.e., D(T) C D(T*) 

T is said to be self-adjoint if T is symmetric and D(T) = D(T*), i.e., T = T*. A symmetric 
linear operator for which there exists a real constant 7 such that (Tit, it) > 7(1/, u) for all 
it G D(T) is said to be bounded below. In the special case where (Tit, it) > 0 for all 
u G D(T), T is said to be positive (definite). A negative (definite) linear operator is defined 
similarly. 
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Definition 2.0.9. Disconjugacy 
An nth order homogeneous linear differential equation 

Ly = y{n) +Pi(x)yM + ••• +Pn(x)y = 0 

is called disconjugate on an interval I if no non-trivial solutions have n zeros on I, multiple 
zeros being counted according to their multiplicity. 

Definition 2.0.10. The Sturm-Liouville problem (1.1)-(1.3) is said to be regular if: 

1. The end-points a and b are both finite, 

2. The functions p, q, w are defined on the closed interval [a, b] to be continuous except for 
finitely many jumps, with p, w strictly positive, 

3. Boundary conditions of the form (1.2)-(1.3) are imposed at a and b. 

Definition 2.0.11. An eigenfunction ip (real or not) for which 

b 

(wip, ip) = I w\ip\2 dx = 0 

a 

is called a ghost state (see [17].) 

In view of Definition 2.0.11, we state the following proposition. 

Proposition 2.0.12. Any eigenfunction corresponding to a non-real eigenvalue of (1.1)-(1.3) 
is a ghost state. 

Proof. First, we observe that non-real eigenvalues/eigenfunctions occur in complex-conjugate 
pairs, i.e., A is a non-real eigenvalue if and only if A is an eigenvalue. Let u be an eigenfunction 
corresponding to a non-real eigenvalue, A. Then we get 

— (p(x)u')' + q(x)u = Xw(x)u. (2.2) 

Multiplying (1.1) by w and (2.2) by u gives, 

—(p(x)u')'u + q(x)\u\2 = \w(x)\u\2 

and 
— (p(x)u')'u + q(x)\u\2 = Xw(x)\u\2, 
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respectively. Subtracting the two equations yields, 

-(p(x)u')'u + (p(x)u')'u = (A - X)w(x)\u\2. 

Integrating over [a, b] by parts and applying the boundary conditions (1.2)-(1.3) yields 

0 

0 = (A-A) I'w{x)\u\2dx. 

Since A is not real we have A — A ^ 0, hence 

b 

\u\2 dx = 0. / w(x)\ 

Hence the result. • 

Next we state without proof a very important theorem in ordinary differential equations. The 
interested reader can refer to [12] for a proof of the theorem. 

Theorem 2.0.13. (An existence and uniqueness theorem for a linear differential equation) 
Consider the equation 

p0(x)u{n) +pl(x)u(n~1) + . . . + pn-l(x)u' + pn{x)u = v{x). 

Ifpo(x),Pi(x),... ,pn(x) and v(x) are (piecewise) continuous functions ofx in the interval 
a < x < b andpo(x) does not vanish at any point on that interval, the differential equation 
admits a unique solution which, together with its first (n — 1) derivatives, is continuous in 
(a, b) and satisfies the following initial conditions: u(x0) = Uo, u'(xo) = u'0,..., u^n~l\xo) = 
UQ where XQ is a point of (a, b) and the UQ are given. 

It therefore follows from Theorem 2.0.13 that (1.1)-(1.2) has one and only one continuous 
solution with a continuous derivative. The existence and uniqueness of solutions of (1.1)-(1.2) 
is covered in detail in Chapter 2 of [19]. 

2.1 The Priifer system 

We now consider a very useful tool in the study of Sturm-Liouville problems. The problem is 
recast as a first order system so as to permit easy access to results regarding the behavior of 
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the solutions and their eigenvalues. For simplicity, we first consider the differential equation 
having the form 

(P (x) v! (x))' + Q (x) u (x) = 0, a < x < b, (2.3) 

where 0 < P (x), P' (x) and Q (x) are continuous on the interval [a, b] and on the appropriate 
side at the endpoints. When dealing with Sturm-Liouville problems we are interested in asking 
and answering the following questions among many others: 

1. How often does a solution oscillate in an interval a < x < b; i.e, how many zeros does 
it have? 

2. How many maxima and minima does it have between a pair of consecutive zeros? 

3. What happens to these zeros when one changes P(x) and Q{x)l 

These questions can be answered by first applying the Priifer substitution 

u(x) = r (x) sin 9 (x) 

where r(x) > 0 and 
P (x) v! (x) — r (x) cos 9 (x) 

to the quantities in (2.3). This is done by introducing the new dependent variables r(x) and 
9{x) induced by the transformation above. 

When pu' = 0, then cos 9 = 0 (since r > 0) and so 

9 = , with n > 0, where n is an integer 

and 

When pu' ^ O w e see that 

so that 

r
2 = u2 > 0. 

r2 = u2 + Pzu'\ (2.4) 

l™e^ = T(MwY a5) 

For any non-trivial solution we always have r > 0 (because ifr(x) = 0, i.e., v! (x) = 0 = 
u (x) for some particular x, then by the uniqueness theorem for second order linear ordinary 
differential equations u (x) = 0 for all x, i.e., we have the trivial solution.) Differentiating 
(2.4) and (2.5) with respect to x and using (2.3) we find the Priifer system 

9' = Q (x) sin2 9 + —^- cos2 9, (2.6) 
P(x) 
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r'=i 
2 [P(x) 

The system is solved with initial data 

Q{x) r sin 20. (2.7) 

u(a) = r0 sin 90, p(a)u'(a) = r0 cos 90. 

Equations (2.6) and (2.7) give Priifer's differential equations for the phase and amplitude 
respectively. Solving the Priifer equations (2.6) and (2.7) is thus equivalent to solving the 
originally given equation (2.3). Any solution to the Priifer system determines a unique solution 
to (2.3), and conversely. 

The statement is justified by the theorem below. 

Theorem 2.1.1. Let (2.3), (2.6) and (2.7) hold. 

1. Suppose 9 and r are solutions of (2.6) and (2.7), respectively. Then u = r sin 6 is a 
solution of (2.3) on [a, b] and Pv! = r cos 9. 

2. Suppose u is a nontrivial solution of (2.3). Then there exists a solution 9 of (2.6) and 
a solution r of (2.7) satisfying r{x) ^ 0 for x £ [a,b], such that u = rsin# and 
Pu' = r cos 9. 

The proof of the above theorem is given in [19]. This complete equivalence of the two systems 
means that we can use whichever is more convenient. The advantage of the Priifer system for 
the study of the zeros of u are that 

1. u = 0 whenever 9 is a multiple of n and 

2. the phase is a scalar function from which one directly constructs the solution u(x, A). 
The differential equation (2.6) is of order one in 9 alone and satisfies a Lipschitz 
condition with Lipschitz constant 

L = sup 
x€[a,b] 

OF 

09 
< sup \Q(x)\+ sup j — - -

xe[a,b] xe[a,b] \*\x) 

where L is finite in any closed interval in which P and Q are continuous. Moreover, cos2 9 
and sin2 9 are uniformly bounded. This ensures the application of an existence and uniqueness 
theorem for nonlinear systems so that (2.6) has a solution over any interval on which P > 0 
and P, Q are piecewise continuous functions (Picard's Theorem). Since the right-hand side 
of (2.6) is differentiable in 9, it follows that (2.6) has a unique solution 9{x) for any initial 
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value 0(a) = 7. Once the unique solution of (2.6) is obtained, one can easily obtain a unique 
solution to (2.7) because the equation becomes separable. In fact, the solution to (2.7) is of 
the form: 

Q(t))8m28(i)dt r = D exp 

where D is an arbitrary nonzero constant. The integral is convergent because -p,Q are 
assumed integrable, while the trigonometric functions are uniformly bounded functions of the 
continuous function 0, hence integrable. 

The fact that the zeros of a solution u(x) of (2.3) occur where the Priifer phase 0 has the values 
WK leads to the phase, 9(x) being an increasing function of x at these points. This is because 
sin 9 = 0 implies cos2 9=1. This yields 9'{x) = -̂  > 0; hence, in the plane spanned by Pu' 
and u, the curve (P(x)u'(x),u(x)) crosses the horizontal Pu'-axis when 9 = nir only in a 
counterclockwise sense as x increases. 

Lemma 2.1.2. IfQ(x) > 0, then u(x) has exactly one maximum (or minimum) between two 
successive zeros of a given solution. Thus, an infinite sequence of maxima and minima above 
(or below) the x-axis is impossible ifQ(x) > 0 in [a, b\. 

Proof. At a maximum (or minimum) of u, one has 0 = Pu' = r cos 9 o- cos 0 = 0, that is, 
sin2 0 = 1 and so a maximum (or minimum) of u is located at those points where 0 = (n+^ir). 
But (2.6) implies that 

0' = Q sin2 0 = Q > 0 (2.8) 

at these points. Consequently, Q(x) can cross the line 0 = (n + \K) only once. If it has to cross 
it a second time as shown in Figure 2.1, the slope would have to be negative at the second 
crossing point, thus violating the inequality (2.8). Hence the result. • 

Theorem 2.1.3. Every solution u(t) of (2.3) satisfies the inequality 

\u(x)\ < Kexp 

X 

P(s) 
-Q(s) ds 

where x E (a, b) and K = ^/u2(a) + (P(a)u'(a))'1. Moreover, if 

b 

I 1 
P(s) 

Q(s) ds < ex), (2.9) 

then every solution of (2.3) is (uniformly) bounded. 
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6 (n+i)« 
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•» J - J " 

Figure 2.1: The minimum of w(x) in this figure is not possible because the corresponding 
slope 6'{x) at that point would have to be negative, violating inequality (2.8) 
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The proof is given in [9]. We now apply the Priifer transformation to equation (1.1) by setting 

P{x) = p(x) 

Q(x) = \w(x)-q(x). (2.10) 

From (2.5) and (1.1) we get 

[(pu')ux - (pu')xu] ( d\ 
dx = [u*+(pu>n [x = ax) (2-U) 

x 

Lemma 2.1.4. The numerator in (2.11) is equal to $ wu2 dtfor any real solution u and for 
a 

all x satisfying a < x < b. 

Proof It is known that, for each x, the solutions u(x, A) depend continuously on the parameter 
A (in fact, they are an entire function of A, [4].) 

From (1.1) and the implicit function theorem we see therefore that 9 is also a differentiable 
function of A and 

This implies 
((-pu')')x + qu\ = \wu\ + wu (2.12) 

Multiplying (1.1) by u\ and (2.12) by u and subtracting the resulting equations we get 

(pu')'ux - (pu')'xu = wu2. (2.13) 

Integrating both sides of (2.13) over [a, b], gives 
X X 

/ wu2dt = [u\pu' — (pu')\u]x
a + / [(pu')xu' — pu'u'x]dt. 

a a 

However, 

d(Pu') 
(pu>) A 

du' 
= p-^Ti since p is independent of A 

= pu'x, since (u')\ = (ux)', because u is entire in A for each fixed x, 

and so, 
X 

/ [(pu')xu' - pu'u'x]dt = 0. 
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Therefore, Jwu2dt = [u\pv! — {pu')\u]x
a. The boundary condition (1.2) ensures that 

a 
(pu')(a)u\(a) — (pu')\(a)u(a) = 0. Hence the result. • 

From this we conclude that 9(x, A) is an increasing function of A whenever w > 0 for all x 
satisfying a < x < b. 

Lemma 2.1.5. (Lemma 1.1 in [16]) 
Let A, u(x, A) be an eigenvalue-eigenfunction pair of (1.1)-(1.3) with A real or non real 
and where we assume, more generally, that q,r G L(a, b). Then a necessary and sufficient 
condition that A be non simple is that 

b 

I" 
a 

u2(x,\)w(x)dx = 0. (2.14) 

Proposition 2.1.6 (Richardson, [18]). For the problem (1.1)-(1.3), i/|A| is sufficiently large, 
the number of zeros of the eigenfunction associated with two successive eigenvalues differs by 
precisely one. 

The proof of this proposition was given by Atkinson and Jabon in [7], among others. They 
further give the following definitions of the Richardson numbers: 

A+ = inf{ir e 3fc| VA > x, 0x(b,\) > 0}, 

and 
A - = sup {x e UI V A < x, 6x{b, A) < 0} . 

That is, A+ is the smallest real number such that all real eigenvalues greater than A+ have 
eigenfunctions that behave as in a typical Sturm-Liouville problem, i.e., each eigenvalue is 
uniquely associated with its oscillation number. We note that if w(x) > 0, for all x e [a, b], 
then A+ = —oo. Ifw(x) changes sign on [a, b] and T is positive definite, then A+ = A- = 0. 
In the non-definite case, where w(x) is generally sign indefinite as is T, the determination of 
these numbers is a very significant and difficult problem. We shall try to determine the two 
numbers for the problem at hand, in the next chapter but focus our attention to A+ only (the 
other case being similar). 

Lemma 2.1.7. A sufficient condition that the solutions of (2.3) should have at least m zeros 
in (a, b) is that 

Q m V 
P-(b-a) 2 

For the proof of this result, the interested reader can refer to [12]. We verify this result using 
the problem in the following example. 
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Graph of sin(4x) on (0,JI) 

Figure 2.2: Graph of sin(4:r) 

Example 2.1.8. Given the boundary problem 

u" + Au = 0 U(0)=0 = U(TT), 

we find its eigenfunctions to be 

un(x) = Ansin(nx) n > 1, 

where the constants An are arbitrary but nonzero. Without loss of generality we can therefore 
take An = 1 for all n. In the problem, Q = A and P = 1, a = 0 and b = TT. The sufficient 
condition that the differential equation should possess a solution with at least four zeros in 
(0,7r) is that A > 16. However, for A = 16 we have u±(x) = sin Ax which has exactly three 
zeros in (0, TT). The statement is only true for A > 16. This shows that the lemma is not 
generally true because it does not hold for all equations. In this particular case, the lemma 
holds only when the inequality changes to 

Q m27r2 

P > {b-af 

The graph in Figure 2.2 shows the number of zeros of sin Ax. 
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2.2 Comparison Theorems 

A good number of the corollaries, propositions and theorems below are stated and proved in 
[13]. In some cases proofs have been given and are taken from the same book. 

Theorem 2.2.1. Suppose F and G are defined and continuous in a region f2 C 3R2 and 
F(x, y) > G(x, y) there, and suppose further that each satisfies a Lipschitz condition with 
respect to y on Q, with Lipschitz constant L. If there are functions y{x) and z(x) such that 
y' = F(x, y) and z' = G(x, z) on (a, b) and if further y(a) > z(a), then y(x) > z(x) on 
[a, b}. 

We can apply this result to the 9 equation of the Priifer system (2.6)-(2.7). Consider the 
initial-value problems 

6'1 = Qlsm29 + ^-cos29 = F(x,9), ^ ( a ) = ??1. (2.15) 

9'2 = Q2sm29 + ^-cos29 = G(x,9), 92(a) = rj2. (2.16) 

Here the region fi = [a, b] x B and the coefficients all satisfy the conditions in (1.1) 

Proposition 2.2.2. Suppose that in (2.15)-(2.16) Q2 > Qi and 0 < P2 < Pi. Ifr]2 > 771 
then 92{x) > 9\{x) on [a, b]. 

Proof. The assumptions mean that F(x, 9) > G(x, 9) and F and G satisfy a Lipschitz 
condition with Lipschitz constant 

L = sup 
x€[a,b] 

OF 

39 
< sup |Qi(a:)| + sup 

xe[a,b\ xe[a,b] |-Tl[X)\ 

A similar estimate holds for G. The constant L is finite in any closed interval in which Qi 
and Pi with i = 1,2 are continuous as is the case with the problem at hand. Then applying 
Theorem 2.2.1, we see that 92(x) > 9i(x) on [a, b]. • 

Corollary 2.2.3. Suppose that one of the assumptions of Proposition 2.2.2, is strengthened: 
Qi < Qi on (a,b). Then 92{x) > 9i(x) on (a, b]. 

Theorem 2.2.4. (Sturm Comparison Theorem) 

Let U\ and u2 he nontrivial solutions of the differential equations 

( P i O r K ^ ) ) ' + Qi(x)Ul(x) = 0 

(P2(x)u'2(x))' + Q2(x)u2(x) = 0 
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respectively where u\ vanishes at points X\ and x-i in [a, b]. Suppose that Q2 < Qi and 
(0 <)P2 < Pi on [:ci, #2]. Then, 112 vanishes at least once on this interval, i.e, between any 
two zeros ofui there lies at least one zero ofu2. Ifui has k zeros in this interval, then u2 has 
at least k — 1 zeros there. 

For the proof of this theorem, we refer the interested reader to [8]. 

Theorem 2.2.5. (Sturm-Picone theorem) 
Suppose 

{Piz')' + Qiz = 0 

(P2y')' + Q2y = 0 
z(a) = z(b) = 0 

where Q2 > Q\, 0 < Pi < P2 on [a, b], and equality does not hold everywhere on [a, b]. Then 
y(x) has a zero in (a, 6). 

Theorem 2.2.6. (Sturm Separation Theorem) 
Ifu(t) and v(t) are linearly independent real solutions on (a, b) of (2.3), then their zeros 
separate each other on the interval (a,b). 

We need to obtain the Priifer phase equation corresponding to (1.1)-(1.2) to get 

9' = (Xw - q) sin2 0 + - cos2 6, 6(a) = 7 G [0, TT) , (2.17) 

where 7 = arctan ( : ^ z ) is obtained from the relation: 

fM \ U ( a ) 

via) = arctan -, rrr-
(pu')(a) 

The boundary conditions (1.2)-(1.3) yield 
a2{pu')(a) 

uia) = 

for t*i ^ 0. Substituting u{a) gives the desired result. When a\ = 0, then 9(a) = | . 

Lemma 2.2.7. The solution 6(x,\) of the initial-value problem (2.17) is for each fixed 
x 6 (a, b], a continuous, monotonically increasing function ofX. 

Proof. We see that the functions P, Q take the values Pi = pi,Qi = Xiw — q, P2 = pi, Q2 = 
X2W — q where w(t) > 0. So if A2 > Ai, then Q2 > Qi since w > 0 on [a, b] and Corollary 
2.2.3 implies that 9(x, A2) > 9(x, Xi) for any x > a. In other words, for any x > a, 9 is a 
strictly increasing function of A, whenever w(t) > 0. • 
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Lemma 2.2.8. Suppose that for some xn > a, 9(xn, A) = nir, where n is an integer. Then 
6{x, A) > nnfor all x > xn. 

Proof. The result follows from the fact that, for each A, the phase 9(x, A) is a strictly increasing 
function of x whenever 6 is a multiple of n. O 

For any regular Sturm-Liouville problem that consists of the differential equation (1.1) and 
separated endpoint conditions (1.2)-(1.3), there exists an infinite sequence of eigenvalues (and 
so corresponding eigenfunctions) having no finite point of accumulation. In light of this, we 
state the following theorem as given in [8]. For the proof, the interested reader should refer to 
the same reference. 

Theorem 2.2.9. (Sturm Oscillation Theorem) 
The boundary-value problem (1.1)-(1.3) with w(t) > 0 has an infinite sequence of eigenvalues 
{A„}Q° with \n < Xn+i and \n —> +oo as n —>• oo. The eigenvalues are labeled in such a 
way that an eigenfunction un corresponding to \n has precisely n zeros in the open interval 
(a,b). 

The theorem can be verified by using the example below: 

Example 2.2.10. Consider the problem below. We need to find the eigenvalues and corre
sponding eigenfunctions and plot their graphs to view how many interior zeros each has on 
the interval [1,4]. 

x2u" + xu' + Xu = 0 

u'(l) = 0 = w'(4). 

The equation above, can be written in Sturm-Liouville form as 

(xu')' + -u = 0 
X 

Here, p(x) = x > 0, w(x) = - > 0 on [1, 4], and q(x) — 0. Solving this equation, we find 
2 2 

that the eigenvalues are Xn = ,"n^2, n > 0 where n is an integer, and the corresponding eigen
functions are un(x) = An cos(j^y ln(a;)), where the constants An are arbitrary and nonzero, 
so there is no loss of generality in assuming that An = 1 and un(x) — cos(^rjr ln(:c)), n > 0. 
Then: 

1. A0 = 0, uo(x) = I, and has no zero on [1,4]. 

2. Ai = w4)2;'»i(^) = C0S(i^74) m ( x ) ) and has one interior zero on [1,4]. 
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3. \2 = j ^ p , U2(x) = cos( j ^ y ln(x)) and has two interior zeros on [1,4]. 

4. A3 = ĵ 7jj2 J uz(x) = cos(i^m m(a ;)) and has three interior zeros on [1,4]. 

5. A4 = jiflp, u±{x) = cos( j ^ y m(x)) and has four interior zeros on [1,4]. 

6. A5 = j|||y2, 1*5(0:) = cos(j|^y ln(a;)) and has five interior zeros on [1,4]. 

Graph of first eigenfunckon Graph of second ttgeofunction 

(a) Graph of Mi (a;) 
Graph of third Mgenftmction 

(b) Graph of ii2(x) 

Graph of fourth agenfunction 

(c) Graph of uz(x) (d) Graph of u^(x) 

Figure 2.3: Graphs of the first four eigenfunctions of problem in Example 2.2.10 

The results are shown in Figure 2.3. 

The following two theorems are taken from [9]. For the proofs we refer the interested reader 
to the same reference. 

Theorem 2.2.11. (Disconjugacy) 
Consider the problem (2.3), where x G [a, 00), and u(a) = 0. Without loss of generallity we 
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may assume that u'(a) > 0. IfP(x), Q{x) are continuous in [a, oo) and 

oo 

J(j^ + \Q(x)\)dx<7r, 
a 

with P(x) > 0, then no nontrivial solution of (2.3) has two zeros in [a, oo). 

Theorem 2.2.12. Consider the problem (2.3) again with u(a)=0, (u'(a) > 0), and Q(x) < 0, 
for all t G [a, oo). Then the nontrivial solution of (2.3) has at most one zero in [a, oo). 
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Chapter 3 

The Non-Definite Sturm-Liouville 
Problem 

We now apply the various results discussed in Chapter 2 to the specific problem 

u"(x) + (Xw(x) + q(x))u{x) = 0 (3.1) 

where q (x) = q0 € ;ft for all x € [a, 0\ and w(x) is a step-function with two turning points 
inside [a, /?]. We can now assume that the finite interval [a, /?] is the interval [—1,2] since we 
can always transform the interval into [—1,2] via the change of independent variable 

3x-(/3 + 2a) 
^ /3-a • 

We will assume that this transformation is effected and the interval is thus the interval [—1,2]. 
The weight function w is now a piecewise constant step-function described by the relations 

{ a, if £€[-1,0], 
b, ifcce(0,l], 
c, i fxe( l ,2] , 

with a < 0, 6 > 0, c < 0 without loss of generality (observe that the case where a > 0, b < 
0, c > 0 reduces to the previous one upon replacing A by —A and w by — w in (3.1).) In this 
work we consider the Dirichlet problem on [—1,2] exclusively, given by the usual boundary 
conditions: 

w ( - l ) = 0 = u(2) . (3.2) 

Let H2[—1,2] be the subspace of L2[—1,2] consisting of all continuously differentiable 
functions u G C'[— 1, 2] such that u' is absolutely continuous on [-1,2] and u" + q(x)u £ 
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L2[—1,2]. Let T be the linear operator in L2[—1,2] defined by 

D(T) = {ueH2[-l,2]\u(-l) = 0 = u{2)} 

Tu = u" + q(x)u. (3.3) 

Clearly D(T) is dense in L2[—1,2] by Theorem 1 and for all u, v G D(T) we have 

2 

(Tu,v) = /(«» + , „ )«* 
- 1 

2 2 

= /„»«** + / , „« , 
- 1 - 1 

Integrating the first term on the RHS by parts and applying boundary conditions (3.2) yields 

2 2 

- 1 - 1 

Integrating the first term again yields 

2 2 

(T«,„) - / ^ * + /,(*)™<fe 
- 1 - 1 

2 

-1 

2 

= Ju^ + q{x)v)iX 
- 1 

= (M,TV). 

This means that T is symmetric and, since D(T) is dense in L2[—1,2], its closure is self-
adjoint. 

Theorem 3.0.13. The form (Tu, u) arising from the operator T defined by (3.3) is generally 
indefinite. 
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Proof. 

2 

(Tu.u) = / K + 9 ( , ) „ ) ^ 
- 1 

2 2 

- 1 - 1 

2 2 

= -Ju>A + Jv{x)\„ dx 

- l - l 
2 

f(q(x)\u\2-\u'\2)dx. 
- l 

• 

From the above result, we deduce that for q < 0, (Tu, u) < 0 for all w G -D(T) which means 
that — T > 0. However, when q > 0, we see that the form (Tu, u) may be sign-indefinite. By 
Sturm-Liouville theory we recall that there are always infinitely many eigenvalues having a 
fixed sign (positive or negative). Let us choose q0 so that T has both positive and negative 
eigenvalues. Then, it is easy to see that if we choose u to be an eigenfunction corresponding 
to a positive eigenvalue of T (defined by (3.3)) then (Tu, u) > 0. On the other hand, by 
assumption, since T has a negative eigenvalue with eigenfunction v then (Tv, v) < 0. So, 
fixing such a general value of q, there may exist functions u for which (Tu, u) > 0 and 
a possibly different set of u's for which (Tu, u) < 0 and so the operator T is generally 
sign-indefinite. Similarly, 

(wu, u) = 

2 

w\u\2dx 

1 

0 1 2 

= - |a | / |«|»<fa + 1 / M'dx - |c| / |« |W 
- 1 0 1 

It is clear that the sign of X(wu, u) is indefinite since it generally depends on the relative sizes 
of a, b, c. In accordance with accepted terminology [18], the problem (3.1)-(3.2) is called 
non-definite whenever the forms (Tu, u) and (wu, u) are each indefinite as to their signs for 
u € D(T). 
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We verify inequality (2.9) using (3.1). For each fixed A and q = q0, 

I P(x) 
-Q{x) dx = / |1 — Xw(x) — q0\dx 

- l 

o 1 

= / \l — a\ — qo\dx+ / |1 — bX — q0\dx 

- l 

2 

•J\l-cX- q0\dx 

= |1 — aX — q0\ + |1 — bX — q0\ + |1 — cA — q0\ < oo. 

Thus, by Theorem 2.1.3, the solutions of (3.1)-(3.2) are bounded on [—1,2]. 

3.1 Estimating the Richardson Numbers 

Next we determine how the zeros of the solution u(x, A) of problem (3.1)-(3.2) are affected 
when the parameter A is changed. We do this by applying Sturm's Comparison Theorem to 
the problem (3.l)-(3.2). 

Let Ai and A2 be distinct (real) eigenvalues of the problem (3.1)-(3.2) such that A2 > Ai. We 
verify if it is true that between two zeros of the nontrivial solution u{x, X\), there always lies 
a zero of u(x, A2), for all x G [—1,2]. Since w{x) changes sign on [—1,2] this is not an 
immediate consequence of the comparison theorem. 

We compare the two different solutions using the comparison equations below (where we 
frequently omit the independent variable x for convenience); 

«i" (x) + (Aiiw (a;) + q(x)) «i (x) = 0 

W l ( - l ) = 0 = Wl(2) 

u2" (x) + (X2w (x) + q (x)) u2 (x) = 0 

« 2 ( - 1 ) = 0 = M2(2). 

(3.4) 

(3.5) 

Then (see Theorem 2.2.5) we have P\{x) = P2(x) = 1 > 0 and Q\{x) = Xiw(x) + 
Qo, Q2(x) = X2w{x) + q0. Now, w(x) is generally indefinite as to its sign so the inequality 
Qi(x) < Q2(x) holds only for a certain range of values of x whenever A2 > Ai. One such 
case is whenever we consider those values of x for which w(x) > 0. 
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^UjCx^uCx,^) 

1st zero of u(x, X\) 
(a) solution u(x, Ai) with a zero at £ (b) solution u(x, Ai) with zeros at C and £ 

Figure 3.1: Graphs of a solution u(x, Ax) 

Multiply (3.4) and (3.5) by u-2 and ux respectively and then form their difference. The result, 
after canceling out the qu1u2 term is 

(u'{u2 — uiu'2) = (A2 — \1jU1U2w. (3.6) 

Integrating, this gives 

X 

[{U2U[ — ^1« 2 ) ] -1 = (A2 — Ai) / UiU2W(lt. 

-1 

Applying the boundary conditions at x = —1, we have 
X 

U2(x)u[(x) — Ui(x)u'2(x) = (A2 — Ai) / U\U2Wdt. 

- 1 

Now, assume that, for some range of values of A, each of the corresponding solutions u(x, A) 
satisfying the boundary conditions at x = — 1, oscillates. Certainly this must be true if A is 
sufficiently large, by Richardson's extension of Sturm-Liouville theory (see [18].) In other 
words, as x increases beyond x = —1, u(x, A) reaches a maximum, then decreases, passes 
through a zero, reaches a minimum, increases and so on. Let x = ( be the first zero of u\ (x) 
as in Figure 3.1(a). Consequently, 

^(CKiCC) = (A2 - Ax) / u1u2wdx. 

- 1 

We must now conclude that if A2 > Ai, then U2{x) has a zero in the interval (0, (). This is 
because for ( > 0 then u2{x) must be zero inside the interval (0, () by Sturm's comparison 
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theorem. The situation on the interval [—1,0] (and [1, 2]) is a little different. The main reason 
is that the weight, w(x) < 0 here and so the qualitative behavior of the solutions depends 
basically on the sign of Xia + q0. For example, if A2 > Ai > 0 then so long as Aia + q0 < 0 
we find that X2a + q0 < X\a + q0 < 0 so that, by Sturm's comparison theorem again, u2(x) 
cannot have more than one zero in [—1,0] (since ui(x) doesn't either). A similar argument 
applies to the case where [—1,0] is replaced by [1,2]. It follows that for large values of A > 0 
the zeros of u(x) must accumulate in the intervals [0,1] (see Figure 3.2). 

Figure 3.2: A typical solution u(x) of (3.1) on [—1,2] for large A > 0. 

Next, we turn to one of the main results of this thesis; the estimation of the Richardson 
numbers A+ for the non-definite problem (3.1) — (3.2) in the case of a piecewise constant 
weight function having two turning points. We recall that the case of a piecewise constant 
weight function with one turning point was considered earlier in the important paper [7]. We 
recall the definition of these special numbers here for ease of use. In the next display of 
equations, u(x, A) is an eigenfunction of (3.1) — (3.2) and 

2 

A+ = mf{xe$:VX>x, [\u(x,X)\2w{x)dx>0} 
- l 

2 

A~ = sup{:r G 3? : VA < x, / \u(x, X)\2w(x) dx < 0}. 

- l 

Note that these numbers A+, A~ are generally distinct in the non-definite case due to the possi
ble presence of ghost states (states for which the weighted square norm of the eigenfunction 
is zero). First we revisit the proof of Proposition 2 in [7] in the case of a piecewise constant 
weight function with one turning point and provide a corrected version since there is a serious 
typographical error there. In that important paper the authors considered a problem of the 
form (note the negative sign in front of the leading term) 

-y" + qy = Xwy, y(-l) = y{\) = 0, (3.7) 
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, N f 1, i f x > 0 
wlx) = < .. . r „ v ; \ - 1 , if x < 0 

g(x) = ?0 G 5R. 

They proceed to show that for (3.7), if q0 < ^ , then A+ < | q0 \ — ^ • To prove the proposition, 
they applied two lemmas which we shall state and prove with some modifications to suit our 
needs. 

Lemma 3.1.1. Let y be a solution ofy" = — fj,y with fi G !ft, x e [—1,1]. 

1. If> < ^ , y(0) = 0, andy'(x) > 0 in [0,1], then 

I 

Jy2(x)dx<^y2(l). 

o 

2. / /> < *£, 2/(-l) = 0, andy'(x) > 0 in [-1,0], f/zen 

o 

| y 2 ( x ) d x < ^ 2 ( 0 ) . 

- l 

Proof. 1. We first consider the case ^ < 0. Since y is increasing on [0,1] and y(0) = 0, 
this means that y" = \/j,\y > 0 in [0,1]. That is, y is a convex function and by the theory 
of convex functions, if g(x) is any line segment joining any two points on the curve 
y(x), then g(x) > y(x). If we let the two points be (0, y(0)) and (l,y(l)), then 

g(x) = xy(l)and so 0 < y(x) < xy(l) for all x G [0,1]. 

Thus, 
I I 

Jy\x)dx < JxV(l)dx = \y\l) < \y\l). 
0 0 

2 

as required. Next, we consider the case 0 < /J, < \ . Then, necessarily, 

y(x) = C sin kx, C > 0, 0 < k < — where k2 = ii. 

We then have, 
I I 

sin2A; / y2(x) dx = C2 / sin2 kx dx = — ( 1 
2k 

o 
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But for 0 < k < 7r/2 we know that sin 2k/(2k) > cos2 k. So, 

C2 / sin2AA C2
 2 ; N C2 . 2 , y2(l) 

T ! - ^ T < —(1 -cos2fc) = — sin2* = l ; 
2 V 2k ) 2K ' 2 2 

Therefore, 

yy
2(o:)d: . ^ 2 ( 1 ) •x < — — L . 

o 

2. For the case \i < 0, following the arguments in the proof of (1), we get 

0 < y(x) <{x + 1)2/(0) for all x E [-1,0] 

which yields 

y2(0) Jy2{x) dx < 

2 

Finally, if 0 < \x < \ , as in (1), we can take y(x) = Bsink(x + 1), B > 0 and 
A; = y^Z is as defined in the proof of (1). Following the arguments in the proof of (1), 
we see that 

o 
j'y\x)dx <l-y2(0). 

a 
Lemma 3.1.2. Let y be a solution ofy" = —fiy with /x E K, x E [—1,1]. 

1. If [i > 0, y(l) = 0, andy(0)y'(0) > 0, then 

l 

fy\x)dx>l-y\Q). 

o 

2. If [i > 0, jy(-l) = 0 andy(0)y'(0) < 0, then 

o 

jy\x)dx>l-y\Q). 
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Proof. 1. As before, we can write y(x) = Asmk(x — 1), with A ^ 0, where k = ̂ /JI. 
The condition y(0)y'(0) > 0 implies that sin 2k < 0. So, 

I I 

J y2(x)dx = A2f sin2 k(x - l)dx = ^- (l 
sin2k 

2k 

A2 

> —, (since sin 2A; < 0) 

^ T s m fc = ^ - -

2. We use an argument similar to the above, but instead use y(x) = A sin k(x + 1). The 
condition y(0)y'(0) < 0 implies that k sin 2k < 0 once again. A simple calculation as 
in the proof of (1) gives the result. 

• 

Remark: If fi > 0, y(l) = 0, andy{0)y'(0) > 0, then / y2{x)dx > -y2(0). 

o 

Proposition 3.1.3. (Proposition 2 in [7]) If in (3.7), q0 < —\, then A+ < |g0| - ir-

We give a modified proof of the proposition, slightly different from the one given in [7], since 
there are a few misprints and errors in the paper that carry throughout the arguments. 

Proof. Let y satisfy (3.7), i.e, y is an eigenfunction with eigenvalue A of the boundary problem 

y" + (X-q0)y = 0, 0 < z < l 

y" + (-X-qo)y = 0, - l < x < 0 

y{-\) = 2/(1) = 0. 

^2 
Without loss of generality we may assume that y'(—l) = 1. Let A > \qo\ — \ . We will show 
that for such A we must have 

/!„(*, A)|M*),b>o, 
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2 

from which the stated result follows. Now, by assumption, A > —g0 — \- So, // = —A — g0 < 
2 

^-. A moment's notice shows that we can now apply the second part of Lemma 3.1.1 to the 
interval (-1,0) to find that (rewriting y(x, X) = y(x) for simplicity) 

/ 
- 1 

y2(x)dx < l-y2(Q). 

Next, since by hypothesis we have go < — 7r2/4, it follows that |g0| > —go > 7r2/4. SO A 
defined at the outset must be positive. On the other hand, A > 0 and g0 < —7r2/4 together 
imply that A — g0 > A + 7r2/4 > 0. Thus, if we consider (3.7) on (0,1) then /J, = X — g0 > 0 
here. In addition, it is easy to see that k = y/X — g0 > 7r/2 since A > 0. Since A — g0 > 0 
and since y is increasing on (—1,0), it follows that y(0)y'(0) > 0. Hence, over (0,1), we can 
apply the remark at the end of Lemma 3.1.2 to get 

i 

Jy\x)dx>l-y\Q). 
o 

Now, combining the above results, we obtain 

1 o 
9 / ^ f 9 / s i x / y2(x) sgn(x)dx = — y2(x)dx+ / y2(x)da 

-1 o 

Thus, 

> -\y2(o) + \y2(o) = o 

i 
f n2 

/ y2(x) sgn(x) dx > 0, for all A > |g0| ——. 
- l 

If 9(x, X) is defined by 
0(- l ,A) = O 

t a n ^ ' A ) = ^ A ) ' 

where y(x, A) is a nontrivial solution with y(—1, A) = 0 = y(l, A), we have 

I 

— (1, A) = — — - / y2(t, A) sgn{t) dt > 0, for all A > |g0| - \ 
oX yz +y'z J 4 

- l 

Therefore, for eigenvalues A such that 

7T2 

A > M - -£, 
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we have | | > 0 and so it must be the case that (by definition), 

A+ < M - T . 

n 

Remark: By symmetry, 
7T2 

A" > - |g 0 | + 4 

We now return to the problem under consideration, that of estimating the Richardson numbers 
of the problem (3.1) in the special case where we fix the values of a, b and c to — 1,2 and — 1, 
respectively. Thus, (3.1) becomes 

u"(x) + (\w(x) + q(x))u(x) = 0 (3.8) 

where q (x) = q0 G K, V x G [—1,2] and 

r - i , if x €[-i,o], 
w(x) = < 2, ifxG(0,l], 

{ - 1 , ifzG(l,2], 

and u satisfies the (Dirichlet) boundary conditions (3.2). We now estimate the value of A+ (the 
estimation of A~ is not undertaken here but can be done in a similar way). 

Although we can prove lemmas similar in spirit to those of Atkinson-Jabon [7], it becomes 
very difficult to use those results to derive sharp estimates of the Richardson numbers in this 
case of two turning points in contrast with the one turning point case considered by these 
authors. 

In [7], another approach to the problem of finding A+ is the following, which is less precise, 
but slightly more general. The conditions on the weight-function w and potential q are quite 
general as mere Lebesgue integrability is assumed by the authors. For our purposes it suffices 
that each be piecewise continuous on [a, b]. In addition, we provide a complete yet different 
proof than the one sketched in [7]. 

Proposition 3.1.4. (Proposition 3 in [7]) 

Let Xbe a real eigenvalue and y(x, A) be a corresponding real eigenfunction of 

y" + (Xw + q)y = 0, y(a) = y{b) = 0 (3.9) 

with zeros 
a = XQ < xi < x2 < • • • < Xk = b. 
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For each j = 0 , 1 , . . . , k — 1, let there be a number fj,3 < A and a real valued function u3 

satisfying the differential equation 

u" + (fijiv + q)u3 = 0 , x G [xj,x3+i\i 

with the additional property that u3(x) > 0 in [x3,x3+i\. Then, A+ < X; i.e., the Richardson 
number \+ for (3.9) is less than the given eigenvalue A. 

Proof. Fix j , 0 < j < k — 1, and consider the function z3 = y/u3 on \x3, x3+\\. A long but 
straightforward calculation shows that z3 satisfies a differential equation of the form 

-(PJ(X)ZJ)' + Q(x)z3 = (A - fij) W3(x)z3, z3(x3) = z3(x3+1) = 0, 

which is another Sturm-Liouville equation with leading term P3 = u3
2 > 0, potential term 

Q = 0 and weight function W3 — wu3
2. This new boundary problem is a polar or left-definite 

problem [see Chapter 10.7, [12]], [17] and so, for each j , the quantity v3 = p,3 — A is an 
eigenvalue of the above Dirichlet problem over [x3,x3+i\. A simple integration by parts now 
shows that, for each j , the eigenfunctions z3 necessarily satisfy 

o3 r v 3 , 

Observe that, by hypothesis and by construction, the numbers v3 must be a positive eigenvalue 
of the previous display. Since W3{x) = w(x)u3{x)2 the eigenfunctions z3 corresponding to 
these v3 must satisfy 

I wu2 z2 dx > 0, 

that is, 

I ,2 wy dx > 0, 

by definition of the z3 above. Since this holds for every j under consideration we can sum 
over all such j to find that for our value of A its eigenfunction y satisfies the relation 

fc-i x>+1 

y ^ / wy2dx = / wy2dx > 0. 
7=0 "* "* 
J x3 a 

It follows by definition that A+ < A. • 
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Remark: If for each j the A < p,3 then we can conclude that A > A (the proof is similar 
with few changes and so is omitted.) 

Specializing to the case where for some c,d £ (a, b),w(x) > 0 in (c, d), then we have the 
following proposition. 

Proposition 3.1.5. Let w, q be piecewise continuous and w{x) ^ 0 on any subinterval of 
[a, b]. Assume further that w(x) > 0 only in (c, d) C (a, b). For some /JGSR, let 

u" + (fiw + q)u = 0 (3.10) 

have a positive solution in [a, e] where e E (d, b). In addition, for some A* > fi, let there be 
a solution y not identically zero with y(a) = 0 having a zero in (c, d). Then A+ < A*. 

Proof. Let A* > /j,, and let y be the solution of y" + (X*w + q)y = 0 satisfying y{a) = 0, 
where we can always assume that y'ia) = 1, without loss of generality. For those zeros 
xi < x2 < ... of y (x) that are in (a, e), we can use the given value of fx to guarantee that there 
isasolution uof (3.10) that is positive in [x^Xj+i]. This leaves the zeros of y(x) in (e,b). But 
w(x) < 0 on (e, b). Thus, we can always find a value of fi > 0 such that (3.10) is disconjugate 
on [e,b]. We can now apply Proposition 3.1.4 above to conclude that A+ < A*. • 

We now apply Proposition 3.1.5 to the case at hand, given by (3.8) and its special coefficients. 

Proposition 3.1.6. Let w, q be as in Proposition 3.1.5 where, in addition, 

LIW + q < 0, x £ (a, c), 

p,w + q > 0, x E (c,d), 

fiw + q < 0, x E (d,e), 

(d - c) sup y//j,w + q < - , 
{c,d) l 

(d — c) inf yj\*w + q > n. 
(c,d) 

Then A+ < A*. 

Proof. In (a, c), fiw + q < 0 and so, by Theorem 2.2.5, there is a solution u which is positive 
in (a, c). On (c, d), we compare the equations below: 

u" + (nw + q)u = 0 (3.11) 

v"+ Md-Cyv = °' V^c) = °'v{d) = L (3'12) 
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We see that (3.12) has the solution v(x) = sin (f(fz§) • It is also clear that v(x) ^ 0 in (c, d]. 
2 

Therefore, (3.12) is disconjugate by Sturm-Liouville theory. Since fj,w + q < 4,J_c)2» we have 
that (3.11) is also disconjugate by Sturm's comparison theorem. Therefore, there exists a 
solution u > 0 in (c, d). In (d, e), ixw + q < 0, and so the equation is disconjugate once again. 
So there is a positive solution in (d, e). Therefore, we have established the fact that there is a 
solution of (3.10) that is positive on [a, e]. Now (d — c) inf(C)d) y/\*w + q > n, means that 

A*w + g > / (3.13) 
(a — c)1 

Comparing the equations 

y" + (\*w + q)y = 0 (3.14) 

v"+ ,/_c)2v = 0,v(c) = v(d) = 0, (3.15) 

we see that (3.15) has the solution v(x) = sin ( ^ Z f ) m a t vanishes at both endpoints of the 

interval. Inequality (3.13) implies that y has at least one zero in (c, d), by Sturm's comparison 
theorem. Therefore, Proposition 3.1.5 is satisfied and so A+ < A*. • 

Now consider the particular case 

u" + (Xw(x) + q{x))u = 0, u ( - l ) = u ( 2 ) = 0, (3.16) 

where w(x) is the piecewise constant weight function defined by w(x) = —l,x G [—1,0), 
w(x) = 2, x G [0,1) and w(x) = —1, x G (1,2], and q is an arbitrary piecewise continuous 
function over [—1, 2]. This is equivalent to the linked problem 

u" + (-A + q(x))u = 0, xe (-1,0) 

u" + (2A + q{x))u = 0, x G (0,1) 

u" + (-A + q(x))u = 0, x e (1,2), 

since the same parameter A appears in each of the three equations. 
2 

Proposition 3.1.7. For some M, with M > |g, we assume that 

q(x) <Mxe (-1,0), (3.17) 

-M < q(x) <M,xe (o, -^7=) , (3-18) 

^^Mxe^l+^m)- (3-19) 
Then, for (3.16), we have 
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Proof. The results follow from Proposition 3.1.6, with the choice /x = 2M. We consider, 
a=-l,c = 0,d=^L=,e= 1 + ^ , 6 = 2. Thus, 

(d - c) sup i/2/x + q(x) = sup y^M + q(x) 
(c,d) 2V5M /n T N 

< 
-n\fhM _ n 

2V5M ~ 2 ' 

(d - c) inf ^2A* + q(x) = ^r— inf v
/ 2 A ^ T g R 

(c,d) 

> 

2V5M (0,-5-) 

TT\/2A* - M 

2>/5M ' 

> w <•»•>*"""> 
7T. 

Note that there are no bounds on q(x) in ( n l,r, 1) and in (1 + n Z,,, 2 ) . D 
^ v ' \2V5M' / \ 2V5M' / 

3.2 The Nature of the Spectrum 

We state the following theorems without proof; they are meant to complement the thesis and 
bring the reader up to date on material herein. One should also consult the recently published 
book [6] where the discussion centers mainly on two-parameter Sturm-Liouville problems, 
including non-definite cases. The interested reader can also refer to [13]. 

Theorem 3.2.1. Consider the boundary value problem (3.1)-(3.2) in the non-definite case. 
Then there is a sequence of positive eigenvalues {X^}^=0for which \£ —> +oo as k —> oo 
and a sequence of negative eigenvalues {A^}^0 /or which X^ —> —oo as k —» oo. 

This guarantees that in the non-definite case there are infinitely many positive and negative 
eigenvalues and possibly some non-real ones (called ghosts). There are results regarding the 
number of interior zeros of the eigenfunctions; for these, we can state that there is an integer 
nR, called the Richardson index having the property that whenever n> UR there are exactly 
two eigenfunctions of (3.1)-(3.2) oscillating n-times in (a, b). More information on this can 
be found in the survey paper [17] (updated references are in [6].) 

In addition, in the non-definite case we know that the (positive) real eigenvalues may be 
labeled in such a way that whenever A = A+ its eigenfunction has n zeros in (a, b) (a similar 
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result is valid for the negative ones.) In this case, their asymptotic distribution is also known 
(see [5]) and given by 

[la VW+(X)dx) 

where w+(x) = max{to(x), 0} is the positive part ofw(x). 

The following results are taken from [2] where we refer the interested reader for the proofs. 

Lemma 3.2.2. Let A G C be an eigenvalue of (3.1)-(3.2) and u(x, A) be a corresponding 
eigenfunction. Then A is non-simple if and only if(wu, u) = 0. 

Lemma 3.2.3. Let A G C, Im\ ^ 0 be a non-simple eigenvalue of (3.1)-(3.2). Ifu(x, A) = 
u + iv is a corresponding eigenfunction, then 

(wu, v) = (wu, u) = 0, (3.20) 

(Lu, u) = {Lv, v) = 0, (3.21) 

(Lu, v) = 0. (3.22) 

In [ 1 ], it is shown that (3.1) does not have a positive eigenfunction if it has a non-real eigenvalue 
or more generally, if it admits a ghost state. In [2], they give the following theorem related to 
this statement. 

Theorem 3.2.4. (Theorem 2.0 (b.i) in [2]) 
If (3.1) admits a positive eigenfunction u with eigenvalue A, then there are no ghost states, 
except possibly u itself. 

Theorem 3.2.5. Assume Thas one negative eigenvalue. Let w G L(a,b) be chosen so that 
(3.1) has a non-real eigenvalue. Then every non-real eigenvalue is simple. 
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Chapter 4 

Explicit Solution of the Non-Definite 
Problem 

The piecewise smooth solution to problem (3.1) — (3.2) is given by 

( X(x), i fxe[-l ,0] , 
u(x)= <j Y(x), ifxG(0,l], 

[ Z(x), ifa;G(l,2], 

where a < 0, b > 0, c < 0, and 

Y(x) = 

= s in(^-Ala | + g0(x + l)) 

^-Alal+go 

VA6 + g0 sin(i/-A|a| + g0) cos(y/Xb + q0x) 

y/-X\a\ + q0^Xb + g0 

-v/-A|a[ + g0 cos(-v/-A|a| + g0) sin(y/Xb + g0£) 

\/—A|a| +g0V'Afe + go 
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_ sin(A/-A|a| + g0) cos(y/Xb + g0) cos(A/—A|c| + q0(x - 1)) 
^ — / — M i i 

cos(y/-X\a\ + g0) sm(y/Xb + q0) cos(y/-X\c\ + q0(x - 1)) 

y/Xb + qQ 

cos(-v/-A|a| + g0) cos(\A& + go) sin(-y/-A|c| + q0(x - 1)) 

\ / -A |c | + g0 

y/X\b\ - q0 sin(y /-A|a| + q0) sin(v
/A6 + g0) sin(v

/-A|c| + go(z - 1)) 

v
/ - A | a | + g 0 \ / - A | c | + % 

The solution is found by piecing together the various solutions on the intervals (—1,0), (0,1) 
and (1,2) so as to obtain a continuously differentiable function on (—1,2). As a result we find 
the eigenvalues by solving the dispersion relation for problem (3.1) — (3.2), which is given by 

0 = \ / _ A| c l + Qoy/M* + Qo sm(y/-X\a\ + q0) cos(y/Xb + q0) cos(\/-X\c\ + q0) 

+ \/-X\c\ + qo^-X\a\ + q0 cos(y/-X\a\ + q0) sm(y/Xb + q0) cos(y/-X\c\ + q0) 

+y/-X\a\ + qoy/Xb + q0 cos(\/-X\a\ + q0) cos(y/Xb + q0) sin(v
/-A|c| + q0) 

-(Xb + go) sin(-v/-A|a| + g0) sin(y/Xb + g0) sin(>/-A|c| +g 0) . 

We fixed the values of a, b and c to — 1,2 and — 1 respectively so that the dispersion relation 
is now a function of A for each value of g0. We calculate a few non-real eigenvalues in the 
cases g0 = 7r2,27r2,37r2,5n2 and 6ir2 in the rectangle D = {X £ C : |5RA| < 300 and |SA| < 
300} using the Maple package RootFinding[Analytic]. The graphs of the corresponding 
eigenfunctions for the cases g0 = n2 and g0 = 6iv2 are given in Figures (4.1)-(4) and (4.3)-
(4.7), respectively. Properties of other non-real eigenfunctions for varying values of g0 can be 
found in Tables 4.2-4.3. 

In Table 4.1 we show that the positive eigenvalues obtained in the case where g0 = 6n2 agree 
roughly with the asymptotic estimates of the Atkinson-Mingarelli Theorem (see Section 3.2 
above). The eigenvalues are now labeled in accordance with the convention that the eigenvalue 
An has an eigenfunction with n zeros in (—1,2) (Haupt-Richardson Theorem [17], [18]). The 
asymptotic distribution of the eigenvalues then satisfies 

A + 7T2 

- £ * w 4.9348, n ->• oo. 
n2 ' ~ 

( /?i y/w+(x)dx) 

In this case, the Richardson index is 5 (see [17]) while our theoretical estimate for the 
Richardson number A+ < 21M/2 = 621.785 (Proposition 3.1.7.) Indeed, we see from the 
data here that A+ < 106.4765. 
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n 
5 
6 
7 
8 

An 

106.4765 
166.6810 
235.7529 
314.3121 

Xn/n
2 

4.2591 
4.6300 
4.8113 
4.9111 

theoretical est. 
4.9348 

a 

n 

a 

Table 4.1: The first few positive eigenvalues in the case q0 = 6TT2. 

A 
\ \ 

(a) A = 20.588795 (b) A = 50.326686 

(c) A = 89.154935 (d) A = 137.663115 

(e) A = 264.082045 

Figure 4.1: Graphs of some eigenfunctions of (3.1) — (3.2) for the case q0 = IT2 
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(a) Real Part (b) Imaginary Part 

Figure 4.2: Graphs of the real and imaginary part of the eigenfunction corresponding to 
A = 3.2465 + 5.6334i when q0 = ir2. 

(a) A = 106.476595 (b) A = 166.681017 (c) A = 235.752859 

Figure 4.3: Graphs of some eigenfunctions of (3.1) — (3.2) for the case q0 = 6ir2 

/oDS 
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- 0 10-

J ' 
1 I I 

/ 2 

(a) Real Part (b) Imaginary Part 

Figure 4.4: Graphs of some eigenfunctions of (3.1) — (3.2) for the case q0 = 6ir2 and 
A = -6.4344 - 14.4314i 
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(a) Real Part (b) Imaginary Part 

Figure 4.5: Graphs of some eigenfunctions of (3.1) — (3.2) for the case q0 = 6ir2 and 
A = -13.4034 - 13.5248i 

(a) Real Part (b) Real Part 

Figure 4.6: Graphs of some eigenfunctions of (3.1) — (3.2) for the case qo = 6TT2 and 
A = 21.5520 - 15.2468f 
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(a) Real Part (b) Imaginary Part 

Figure 4.7: Graphs of some eigenfunctions of (3.1) — (3.2) for the case q0 = 6TV2 and 
A = 52.0258 + 7.0997z 
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go 
7T2 

27T2 

3TT2 

5TT2 

6TT2 

Non-real eigenvalues 

3.2465 ± 5.6334i 

-8.3067 ± 5.5991i 
-4.2204 ± 5.7435i 

12.9397 ±6 .665H 

5.1614 ±7.7537 

-2.4523 ± 10.5063z 

7.0223 ± 10.9352z 

20.7502 ±12.1335i 

-19.7534 ±7.2174z 

-16.3712 ± 10.338i 

-6.4344 ± 14.4314i 

-13.4034 ±13.5249* 

52.0258 ± 7.0997i 

21.5520 ±15.2468i 

No. of zeros in (—1,2) of 
Re u(x, A,) 
3 

4 
3 

4 

4 

5 

6 

5 

6 

5 

6 

7 

6 

7 

Jm «(#, A,) 
1 

2 
3 

2 

4 

3 

4 

5 

4 

5 

6 

5 

4 

5 

Comments 
u(x, A) does not vanish in (—1,2) 
and the zeros of the Re u and Im u 
do not separate each other in the in
terval (-1,2). 
same as above 
Re u and Im u have the same num
ber of zeros and u does not vanish 
in (-1,2) 
Zeros do not separate each other and 
u does not vanish in (—1,2) 
Re u and Im u have the same num
ber of zeros and u does not vanish 
in (-1,2) 
Zeros do not separate each other and 
u does not vanish in (—1,2) 
Zeros do not separate each other and 
u does not vanish in (—1,2) 
Re u and Im u have the same num
ber of zeros 
u does not vanish in (—1,2) and ze
ros do not separate each other 
u is non-vanishing and zeros do not 
separate 
Re u and Im u have the same num
ber of zeros 
u does not vanish and zeros do not 
separate each other 
u is non-vanishing and zeros do not 
separate each other 
u is non-vanishing and zeros do not 
separate each other 

Table 4.2: Non-real eigenvalues obtained inside the rectangle D for varying q0 
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Qo 

7T2 

2TT2 

3TT2 

5TT2 

6TT2 

No. of complex 
pairs of eigenval
ues found 

1 
3 
2 
4 
4 

No. of negative 
eigenvalues con
sidered 

9 
6 
7 
6 
7 

total No. of eigen
values considered 

18 
18 
18 
20 
20 

Smallest oscilla
tion number of 
real eigenvalues 
found 

2 
3 
3 
4 
5 

Table 4.3: Summary of results of the spectrum of problem (3.1)-(3.2). In column 2, the number 
of non-real eigenvalues found may not be exact. 
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Chapter 5 

Discussion 

The results shown in the figures and tables above are discussed here. Using Sturmian arguments 
we cannot have non-real eigenvalues for the cases where q0 < 0 and for the boundary 
conditions considered here. This is because the operator is left-definite or the Sturm-Liouville 
equation is in the orthogonal case, [17], [12]. We thus considered the cases where q0 > 0 in 
particular, those where q0 = w2, 2TT2

: 3TC2, bir2, and 6ir2. In [19], it is stated that for the case 
where w(x) changes sign, the number of non-real eigenvalues is finite (see also [17] and the 
references therein where this is proved). It is shown in the same reference and in [16] that, 
when the leading second order term p > 0 in (1.1), the number of non real eigenvalues is 
finite and an upper bound for this number is established. For most values of q0 considered 
in this paper we have seen that there are both real and non-real eigenvalues. We see that 
the eigenvalues obtained in this case do not behave like those in the definite cases. For 
example, oscillation numbers can actually decrease as the parameter value increases, but then 
oscillations will eventually stabilize and the usual (Sturm) oscillation theorem may be claimed. 
The number of non-real eigenvalues also appears to increase with increasing q0 as shown in 
Table 4 yet we do not know how to prove this in general. In fact, there are no such theorems 
known in this direction. 

Table 4.3 gives a summary of the findings on the non-definite problem introduced in Chapter 
3. We see that the first three values of q0 have exactly the same number of eigenvalues in 
the rectangle D and the last two have the same number too. For all values of q0 considered, 
there is none in which an eigenvalue has an oscillation number less than 2. However, for 
small positive values of q0 there are cases where the eigenfunction corresponding to the first 
eigenvalue has no zero in (—1,2) and is strictly positive in (—1,2). These lead to the so-called 
definitizable cases of Allegretto and Mingarelli [2]. For example, the case g0 = 10966 yielded 
2.8072 x 10~10 as the smallest eigenvalue in absolute value. The corresponding eigenfunction 
has no zero in (—1,2) and is strictly positive there. The case q0 = 1.2 has A = —0.1287 as 
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the smallest eigenvalue and its corresponding eigenfunction behaves in the same way. In both 
cases there are no non-real eigenvalues (and there cannot be any either; more on this below). 
However, in the cases where there are non-real eigenvalues, we have seen that there is no real 
eigenvalue whose eigenfunction is positive in (—1,2) because the smallest oscillation number 
is 2. This verifies the results in [1] and shows the applicability of Theorem 3.2.4 in a two 
turning point case. 

We have seen cases where four real eigenvalues (two of which are positive) have eigenfunctions 
with the same oscillation numbers. As the value of q0 increases, the smallest oscillation 
number eventually increases too. One peculiar result is an observation based on the non-real 
eigenfunctions corresponding to non-real eigenvalues. We expect that the zeros of the real 
and imaginary parts of the non-real eigenfunctions should separate each other as is the case 
in the case of one turning point. In this non-definite case, Table 4.3 shows that the zeros do 
not separate each other. Instead, the difference between the number of zeros of the real and 
imaginary parts is two in some cases and zero in other cases which makes it impossible for 
the zeros to separate each other. Furthermore, the number of zeros of the imaginary part is 
less than or equal to that of the real part. Another peculiar result is that obtained in the case 
q0 = 6vr2. 
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Chapter 6 

Conclusion 

Many thousands of papers by mathematicians and others, have been published on Sturm-
Liouville problems since their origins in 1836. Yet, remarkably, this subject is still an intensely 
active field of research today. In this thesis we undertook two projects: first, we gave a critical 
analysis of the important paper by Atkinson and Jabon [7] that led to the first major study of 
examples of Sturm-Liouville problems having non-real eigenvalues. This phenomenon was 
postulated in 1918 by Richardson in [18], with the first actual example found by Mingarelli 
[16]. We corrected some errors in [7] and presented different proofs of the results therein 
with an eye on the two turning point case. Secondly, we gave some theoretical estimates of 
the (positive) Richardson numbers of a Sturm-Liouville problem with fixed-end boundary 
conditions in the non-definite case where the weight function is piecewise constant and has 
two turning points. 

We also undertook a numerical study of the non-real eigenfunctions and eigenvalues in this 
case, paralleling the study in [7] in the case of one turning point. Ultimately, our aim was 
to examine the behavior of the eigenfunctions, both real and non-real, of this non-definite 
Sturm-Liouville problem. One feature of the non-definite problem is the possible existence of 
non-real eigenvalues. This may sound paradoxical, as the equation is (formally) self-adjoint 
and so all eigenvalues should be real. However, this is where the problem lies: the formal self-
adjointness of an equation does not necessarily imply the self-adjointness of the corresponding 
operator. It follows that whenever there is a non-real eigenvalue the corresponding operator 
cannot be self-adjoint in a Hilbert space. 

We have indeed verified that if the problem (3.1)-(3.2) has at least one (complex conjugate) pair 
of non-real eigenvalues, then there is no real eigenvalue whose corresponding eigenfunction 
has one zero in the interval (—1,2) (in conformity with the results in [2], [1]). We also showed 
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that, in the cases considered here, the complex eigenfunctions (corresponding to non-real 
eigenvalues) are never zero in (—1,2). Whether this is an accident or the result of a more 
general yet unproven theorem is unknown. For these same examples, we showed that the real 
and imaginary parts of these eigenfunctions do not have interlacing zeros. In fact, these zeros 
are expected to alternate in the one-turning-point case as shown by Richardson [18], but in the 
case of two turning points we see that there are examples where the zeros do not alternate at 
all. We also noticed that, in the examples under consideration, the number of zeros of the real 
part of each of the non-real eigenfunctions considered is greater than or equal to the number 
of zeros of the imaginary part. This may also be a consequence of a more general theorem, we 
don't know. In future studies on this subject there is the need for the formulation of a theorem 
that could explain some or all of these observations. Finally, we observed that even for real 
eigenvalues the corresponding eigenfunctions do not behave in conformity with the Sturm 
oscillation theorem as was postulated and proved by Haupt (1911) in [11], and Richardson 
[18]. 
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