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Abstract
Attitude and Heading Reference System (AHRS) is a self-contained sensors assembly that
can estimate full 3D orientation of an object. 3D orientation estimation is of great importance in
many applications such as robot navigation, augmented/virtual reality, and mobile mapping. The
AHRS system model involves integration of angular rate measurements from gyroscope which are
fused with absolute measurements from magnetometer/accelerometer using Extended Kalman
Filter (EKF). EKF accuracy is greatly affected by process noise parameters and measurement noise
parameters. Therefore, this thesis developed a systematic method of EKF noise parameters
optimization using a hybrid stochastic, Genetic Algorithms (GA)-based approach supported by
Design of Experiments (DoE) technique. Noise parameters are partially obtained using stochastic
modeling methods such as Gauss-Markov (GM) and Allan Variance (AV). Then, further
optimization is performed using GA and DoE methods. The proposed approach has been
developed in MATLAB and tested on simulation data and verified on real data collected under
different scenarios. Results showed that the proposed approach can provide 40-60% better
accuracy compared to conventional methods within few GA iterations. In addition, application of
DoE technique reduces GA iterations to convergence by approximately 60%.
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1 Chapter: Introduction
1.1

Motivation
Attitude and Heading Reference System (AHRS) consists of inertial measurement unit

(IMU) and basic sensor-fusion firmware that estimates the attitude and heading of a platform.
Recently, low-cost IMUs that include gyroscopes, accelerometers, supported by magnetometers
became available thanks to Micro-electromechanical systems (MEMS) technology. AHRS utilizes
Kalman Filter (KF) as an efficient method to estimate the state of a stochastic system by
minimizing the mean of the squared errors related with the integration of accelerometers,
gyroscopes, magnetometers and Global Navigation Satellite Systems (GNSS) such as Global
Positioning Systems (GPS) (if available). KF is computationally efficient fusion algorithm
compared to other common methods such as Unscented KF [1] and Particle Filter (PF) [2].
However, the accuracy of KF is dependent on accurate knowledge of noise parameters. Noise
parameters consist of process noise covariance and measurement noise covariance. Although KF
noise parameters can be partially approximated by Allan Variance (AV) and Gauss-Markov (GM)
methods, in practice, the noise parameters need further optimization (i.e. tuning) to generate better
results. Further optimization is commonly performed by experts following a kind of a trial-anderror manual approach which is time consuming and typically does not result in the best
performance. Therefore, these limitations motivated us to develop a more systematic and efficient
KF tuning method. Since KF parameter tuning problem lacks a closed form solution, the developed
tuning procedure in this thesis combines stochastic methods (AV and GM) with evolutionary
techniques (Genetic Algorithms “GA”) supported by Design of Experiments (DoE) approach.
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1.2

Problem Statement
MEMS devices feature tiny structural part that can move, bend, stretch, deform and may

contact each other [3, 4, 5]. They are quite significant as they promise smaller and cheaper systems.
However, due to large MEMS noises, the stand-alone use of MEMS sensors in AHRS and other
positioning systems such as inertial navigation system (INS) may deliver kilometer level
positioning errors for the applications of several seconds duration [6, 7]. Thus, there is a need to
improve the performance of MEMS based IMUs. This can be achieved by combining MEMs based
IMUs with magnetometer data [6].
KF techniques help in combining different measurements in such a way that individual
sensor shortcomings are minimized and, as a result, errors are reduced [8, 9, 10, 11]. The KF has
a criterion of minimizing the mean squared error, and was designed for linear systems, however
most practical systems are nonlinear [12]. So, an Extended Kalman filter (EKF) is used for nonlinear plant models [13]. EKF involves the linearization of system dynamic equation (system
model) using first order Taylor series approximation through a prediction and update cycle [14, 1,
15, 16]. Therefore, EKF is used to develop accurate and efficient AHRS.
Figure 1-1 illustrates the block diagram of a basic EKF based AHRS framework with the
noise parameters are illustrated. The accuracy of the EKF greatly depends on the designed noise
parameters. In the context of the AHRS integration, the process noise reflects the system noise
associated with MEMS based gyroscope errors while the measurement noise represents the
covariance matrix of the noise associated with roll and pitch updates from the MEMS based
accelerometer and heading update from a magnetometer sensor. The noise parameters should be
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adequately tuned to match the designed system to the real operational condition and, ideally can
create the best possible outcome from the EKF integration.
There are some popular approaches that have been adopted in the literature for stochastic
modeling of IMU errors. The most common methods are GM and AV techniques [8, 17]. However,
less attention has been paid to the tuning of the EKF parameters in a systematic and optimized
way. In this thesis, we overcome the current limitations in EKF parameter tuning such as mismatch
between the actual covariance matrix and the ones obtained from error modelling, and the
mismatch caused by disturbance or change in environment matches the real phenomenon.

Figure 1-1: Simple block diagram of AHRS

1.3

Previous Work
Two common IMU errors have been modeled in several researches [7] [18]; biases and

high-frequency noise (also known as random walk). IMU biases are commonly modelled as first
order GM random process, which is a stationary Gaussian process with an exponential
autocorrelation function [12, 17]. The IMU high-frequency random noise have been extensively
15

modelled using AV method too, which represents the root means square (RMS) random drift error
as a function of averaging time [19, 18]. Various types of errors that are present in the inertialsensor data can be characterised by performing certain operations over the entire length of the
obtained data records [18].
The GM have been successfully used to model bias error behaviour in several practical
systems [7] [20] [12]. However, the accuracy obtained is a function of the length of the available
data. AV also has been used widely to model noise behaviour of sensors. However, the estimation
accuracy of AV for a given time T depends on the number of independent clusters within the data
set thus accuracy is dependent on adequate number of clusters [19]. In essence, the noise
parameters resulting from GM and AV may not match those for the real process thus hampering
the accuracy of Kalman filter estimation and may lead to divergence. The adaptive and fuzzy-logic
EKF have been used in the literature to cope with such scenario [21, 22]. However, adaptive EKF
adds more computation and complexity to the system.
1.4

Thesis Objectives
The ultimate objective of this thesis is to develop a robust and systematic approach to

tuning the noise parameters of EKF-based AHRS. Angular random walk noise can be reasonably
estimated by AV method. The statistical properties of gyroscope bias errors can be modeled as
GM random process as indicated in [7, 23]. GM parameters can be estimated by processing a long
stationary record of gyroscope measurements and calculating the autocorrelation function. The
GM can only provide an initial nominal design value of gyroscope bias parameters, thus GA is
applied to further optimize GM-estimated parameters and measurement noise parameters. Since
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there is no exact closed-form solution for these EKF noise parameters optimization, the problem
is approached as a nonlinear generic optimization problem [23, 24, 25] and approached by GA.
The GA maps a set of individual objects into a new set of population with the aim of finding
an approximately good solution to the system by genetically breeding the set of individuals over a
series of iterations. To accelerate the GA performance, we propose the utilization of DoE
technique. We use DoE technique to determine the most significant parameters in the AHRS
design. Then, we use DoE to direct the GA operators to work on the most significant parameters
which accelerates the convergence of the GA.
We will be using the GM-estimated values as nominal design point to set upper and lower
bounds on the values of the tuning parameters. A lower-upper bound should be set for
measurement noise covariance values as well. To run the GA to estimate EKF parameters, raw
IMU data along with ground truth angles were obtained. The fitness function of the GA is based
on the error between the EKF output and the ground-truth angles. After GA iterations is performed,
the values of noise parameters of the best individuals will be chosen as the best EKF parameters.

1.5

Contributions

The main contributions of this thesis to the field of EKF-based sensor fusion and AHRS are:
•

The development of a systematic hybrid tuning approach for EKF parameters tuning
using a combination of AV, GM modelling and GA to achieve better attitude and
heading estimation accuracy.

•

The investigation of the validity and accuracy of the proposed method by testing on
both simulation and real data.
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•

The application of the DoE concept to enhance the performance of the developed GA.

•

After testing the proposed method on a low-speed test data, the results are further
investigated on a dynamic scenario.

•
1.6

Out of this thesis work, two conference papers have been published.

Thesis organization

The thesis is organized as follows:
•

Chapter 2 provides explanation of MEMS IMU, the concept of operation and some of the
errors associated with them. Then, it briefly explains the two most common methods to
characterize IMU errors called as the GM model and AV methods. MEMS based IMU
available used in this thesis will be introduced, and some collected data set in a stationary
condition will be presented.

•

Chapter 3 provides background information on AHRS and how it is approached within an
EKF framework. It briefly reviews basic reference frames, orientation representation
forms, AHRS system model that shows how attitude/heading is calculated by integrating
gyroscope measurements. Measurement model that shows absolute attitude calculation
from accelerometer and absolute heading calculation from magnetometer is also explained.
Furthermore, the outputs of the EKF prediction and measurements of the both simulated
and real-data are also presented.

•

Chapter 4 is dedicated to the proposed EKF parameters optimization approach. It shows
how a nominal design parameters point is calculated using AV and GM, and how the EKF
performance is influenced by the nominal design values. Then, the chapter explains the GA

18

and DoE methods. This chapter concludes by explaining the proposed approach and its
application in AHRS design optimization.
•

Chapter 5 presents the experimental results that demonstrates the performance of the
proposed approach under different conditions and on different data sets. Simulation results
are used to highlight the performance of the method based on its comparison with those
obtained from conventional methods. Then, the approach is further verified on real IMU
data collected under different scenarios. Detailed analysis and discussions of the results are
provided in this chapter.

•

Chapter 6 (Conclusion) provides a summary of this work, main contributions, and list of
publications produced during the thesis work. It concludes with a discussion about future
work directions.
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2 Chapter: MEMS based IMUs
INS-based navigation is used aircrafts, automobile, ships, cellphones and other devices that
require navigation information. The INS being self-reliant doesn’t need external signals such as
signals from satellites or ground stations, to provide navigation information [26, 27, 28, 29].
Instead, the INS use measurements provided by IMU to generate navigation solution (position,
velocity, and attitude). An IMU typically contains two sensors: an accelerometer which measures
specific force and a gyroscope which measures angular velocity. Operating principle of the IMU
is based on Newton’s first law of motion which states that an object at rest remains at rest or in
uniform motion unless an external force is applied. Thus, if external force acts upon a rigid object
on which IMU is attached, acceleration is created which will be detected by accelerometers and
by integrating this acceleration twice, the change in the state of the object with respect to the initial
conditions can be calculated. The accelerometer measurements are measured in body frame.
However, they are required in different navigation frames such as North-East-Down frame.
Therefore, the gyroscope measurements are necessary to provide the transformation between
different coordinate frames (In Chapter 3, more information regarding different computational
frames of references is given).
Recently, MEMS technology has been used to develop very-low cost IMUs that measure
surrounding conditions such as temperature and orientation of mechanical components. MEMS
integrate sensors, actuators and hardware on a typical silicon substrate through the usage of
microfabrication innovation [20]. MEMS devices are of great interest since they offer small, lowcost, and lightweight sensors in comparison to available technologies [26, 30]. MEMS technology
has a potential for a lot of applications, such as inertial sensing using gyros and accelerometers,
communications using RF-MEMS and the medical field using MEMS pressure sensors to monitor
20

blood pressure amongst others. These sensors offer excellent characteristics that are favored by
many manufactures and consumers, such as, low power consumption, low cost, readily available,
smaller packaging and less weight. By contributing such characteristics, MEMS technology has
changed the concept of obtaining navigation data [20]. In the next two sub-sections, MEMS based
IMUs components such as accelerometers and gyroscopes are going to be presented. IMUs error
characteristics and error analysis of the IMUs are presented subsequently, as well.
2.1

MEMS IMU components
IMU comprises of a set of inertial sensors usually made up of three mutually orthogonal

accelerometers and three gyroscopes aligned with the accelerometer [31, 32, 33]. Figure 2-1 shows
the typical components of an IMU. IMU works based on dead reckoning where change in
orientation, position or velocity is measured and integrated. The result from integrating the change
in orientation, position or velocity is added to the previous state to obtain the current position. The
output of MEMS IMU may be of potential difference, current, or pulses and are often converted
into specific force and angular rate [2, 34, 35, 36]. These are then integrated over sampling interval
𝜏𝑖 as follows:
𝑡
𝑏
(𝑡)
𝑣𝑖𝑏

=∫
𝑡−𝜏𝑖

𝑓𝑖𝑏𝑏 (𝑡′)

𝑡
𝑏
(𝑡) = ∫
𝛼𝑖𝑏

𝑡−𝜏𝑖

𝑏
(𝑡′) 𝑑𝑡′
𝜔𝑖𝑏

(2.1)

(2.2)

𝑏
𝑏
where 𝑓𝑖𝑏𝑏 is the specific force and 𝜔𝑖𝑏
is the angular rate. It is to be noted that 𝛼𝑖𝑏
are attitude
𝑏
increments while 𝑣𝑖𝑏
are velocity increments.
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Figure 2-1. Typical IMU Components

2.1.1

Accelerometers
An accelerometer is normally made of three main basic components; a proof mass, a

suspension and a pickoff which together are used to calculate the acceleration force of a body as
the proof mass moves in the appropriate direction depending on the force being applied to the
accelerometer. The suspension, a spring in a basic accelerometer, sometimes will try to hold the
proof mass against the acceleration force while the pickoff relates the output of the movement of
the proof mass to the induced acceleration being applied [20]. The specific force which is the
output of an accelerometer is given by:
𝑓 =𝑎−𝑔

(2.3)

Where, f is specific force, a is acceleration with respect to an inertial frame, and g is gravitational
acceleration. Simple principle of an accelerometer is depicted in Figure 2-2.
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Figure 2-2: Typical accelerometer with proof mass along sensitive axis

2.1.2

Gyroscopes
Gyroscopes measure change in angle (angular rates) with respect to an initially known

orientation within an inertial frame of reference. Vibrating proof mass are used in almost all
micromachined gyros to monitor rotational motion by the principle of energy transfer between two
vibration modes of a structure caused by Coriolis force [31]. Coriolis acceleration is proportional
to the body velocity, the angle between the direction of motion of the body, and axis of rotation at
a given rate of rotation of the observer is given by
𝐴𝑐 = −2𝜔 x 𝑣

(2.4)

where 𝑣 is the body velocity in the rotating frame and 𝜔 is the angular velocity of the rotating
platform. All vibrating gyroscopes implement the Coriolis effect for measuring the change in
angles. In accordance with the actuation system wanted, capacitive, piezoresistive, or piezoelectric
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methods can be used to sense the differential sinusoidal force created on the tines perpendicular to
the main vibrations caused by Coriolis force when the system is rotated [20].

Figure 2-3: Typical Gyroscope Diagram when angular velocity is applied

2.2

Examples of MEMS IMUs and Their Applications
Example of a MEMS technology sensor in a restraint system is the inertial sensors used for

vehicle rollover detection. The deployment time of the airbags and other devices in a rollover event
relies on the sensing algorithm and the sensor data obtained from the gyroscopes and
accelerometers. Listed below are some common IMU sensors used in different applications. The
IMU used for experimental work in this thesis is the MPU-9250 IMU shown in the second row of
Figure 2-4.

ADIS16475 IMU
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MPU-9250 IMU

MPU-6000A IMU

Figure 2-4. Examples of MEMS IMUs

2.3

MEMS IMU Measurements Errors
Although MEMS sensors have small size and can be of low-cost, they are prone to large

errors which build up overtime giving less precise measurements [20]. That is why it is very
important to remove these errors. The main error sources that contribute to the output of
accelerometer and gyroscope are biases, scale factor, cross-coupling errors, and random noises
which are going to be described in the following sub-sections.
2.3.1

Biases
The bias is characterized by an addition of deterministic error to accelerometer or gyro

measurement, this is shown in Figure 2-5. IMU accelerometer and gyro bias can be denoted as
b𝑎 = (𝑏𝑎,𝑥 , 𝑏𝑎,𝑦 , 𝑏𝑎,𝑧 ) and b𝑔 = (𝑏𝑔,𝑥 , 𝑏𝑔,𝑦 , 𝑏𝑔,𝑧 ) respectively and can be obtained by calibration
or fusion algorithms [37, 38]. Given a triad of orthogonal accelerometers and gyroscopes, 𝑏𝑎,𝑥
denotes accelerometer bias in x-axis while 𝑏𝑔,𝑥 denotes gyro bias in the x-axis.
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Figure 2-5. Sensor input versus output with a bias error

The IMU biases can be split into static, b𝑎𝑠 and b𝑔𝑠 and dynamic, b𝑎𝑑 and b𝑔𝑑 , components,
𝑏𝑎 = 𝑏𝑎𝑠 + 𝑏𝑎𝑑

(2.5)

𝑏𝑔 = 𝑏𝑔𝑠 + 𝑏𝑔𝑑

(2.6)

Gyroscope biases for MEMS IMUs lie in the range of 100°/hr and above while these biases are
negligible for higher grade IMUs [31].
2.3.2

Scale factor
The departure of input-output gradient of a measuring instrument from unity after unit

conversion of IMU is known as scale factor error [31, 39, 40]. This is illustrated in
Figure 2-6, the IMU accelerometer and gyro scale factor error are denoted by the vectors
s𝑎 = (𝑠𝑎,𝑥 , 𝑠𝑎,𝑦 , 𝑠𝑎,𝑧 ) and s𝑔 = (𝑠𝑔,𝑥 , 𝑠𝑔,𝑦 , 𝑠𝑔,𝑧 ) respectively.
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Figure 2-6: Scale factor error

2.3.3

Misalignment
Misalignment errors in IMU occurs due to the misalignment of the sensitivity axes of the

inertial sensors with respect to the orthogonal axes of the body frame as result of manufacturing
limitations as shown in Figure 2-7.

Figure 2-7: Misalignment of sensor sensitive axes with respect to the body frame

This type of error makes each accelerometer sensitive to the specific force along the axes
orthogonal to its sensitivity axis and each gyro sensitive to the angular rate about the axes
orthogonal to its sensitivity axis [41, 42, 43]. The scale factor and cross coupling error for a
nominally orthogonal accelerometer and gyro triad can be expressed as
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2.3.4

𝑠𝑎,𝑥
M𝑎 = (𝑚𝑎,𝑦𝑥
𝑚𝑎.𝑧𝑥

𝑚𝑎,𝑥𝑦
𝑠𝑎,𝑦
𝑚𝑎,𝑧𝑦

𝑚𝑎,𝑥𝑧
𝑚𝑎,𝑦𝑧 )
𝑠𝑎,𝑧

(2.7)

𝑠𝑔,𝑥
M𝑔 = (𝑚𝑔,𝑦𝑥
𝑚𝑔.𝑧𝑥

𝑚𝑔,𝑥𝑦
𝑠𝑔,𝑦
𝑚𝑔,𝑧𝑦

𝑚𝑔,𝑥𝑧
𝑚𝑔,𝑦𝑧 )
𝑠𝑔,𝑧

(2.8)

Random Noise
Random noises in MEMS IMUs may result from several sources such as mechanical

instability, high frequency resonance, and vibration amongst others. The random noise associated
with each IMU sample can be denoted as w𝑎 = (𝑤𝑎,𝑥 , 𝑤𝑎,𝑦 , 𝑤𝑎,𝑧 ) and w𝑔 = (𝑤𝑔,𝑥 , 𝑤𝑔,𝑦 , 𝑤𝑔,𝑧 ) for
accelerometer and gyro respectively. The inertial sensor random noise is usually presented in terms
of root of power spectral density (PSD). The commonly used units are 𝜇𝑔⁄√𝐻𝑧 and °/ℎ𝑟/√𝐻𝑧 for
accelerometer and gyroscope random noise respectively. This units indicate that the random noise
is proportional to the square root of the sampling frequency. The higher the sampling frequency
the higher the random noise [31]. That is why the error due to accumulation of random noise is
measured per square root time. The effect of random noise integration is known as Random Walk.
The effect of random walk on angles calculated by a gyroscope can be seen in
Figure 2-8 and Figure 2-9 showing the Azimuth angle resulting from integrating
approximately one minute of Z-axis gyroscope of MPU-9250 IMU data at 100Hz [44]. In one
minute, we have 0.3o maximum azimuth error which corresponds to an angular random walk
(ARW) of 0.3𝑜/√60𝑠≅0.0387𝑜/√𝑠 [20].
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Figure 2-8. One Minute Record of Stationary Gyro Data measured by MPU-9250 IMU.

Figure 2-9. Result of integrating gyro random walk for one minute at 100Hz rate.

There are other IMU errors that can be examined in the literature. For the scope of this
work, this thesis will consider random walk and bias errors only. However, the developed tuning
procedure can be applied to any other source or type of errors.
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2.4

Error Analysis of MEMs IMUs using Allan Variance and Gauss-Markov Methods
IMU errors have been significantly studied in the literature [19, 18, 45, 46]. The most

commonly used methods for modeling IMU random errors are GM and AV [47, 48]. Identifying
and modeling the random process can be done by these two mentioned common methods. In the
coming sub-sections, GM and AV methods will be briefly discussed.
2.4.1

Gauss-Markov Random Process
GM is usually used to model random biases. GM process model is incorporated to define

a process that exhibits a time correlation between values, which are separated in time. If the
estimation period of a process is smaller than the time constant of the GM process, the process can
be modeled by the random walk (RW) process. The GM process is a stationary Gaussian process
with an exponential autocorrelation function [20]. It is very important model as it fits many realworld problems, and has relatively simple mathematical description given by:
𝑥̇ (𝑡) = −𝛽𝑥(𝑡) + √2𝛽𝜎 2 𝑤𝑢 (𝑡)

(2.9)

where 𝛽 is the reciprocal of the time constant (1⁄𝜏), 𝑤𝑢 is unity-variance zero-mean Gaussian
noise, and 𝜎 is the standard deviation. The general shape of the autocorrelation function of GM
process is shown in Figure 2 10. The autocorrelation function of GM process is given by:
𝑅𝑥 (𝜏) = 𝜎 2 𝑒 −𝛽|𝜏|

(2.10)
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Figure 2-10: Autocorrelation of 1st Order Gauss Markov Process

Commonly, GM process are used to model the behavior of IMU biases and scale factors.
Another most widely recognized modeling strategy to decide the characteristic for the inertial
sensor noise for low cost MEMS IMUs is the AV which is described in the following sub-section.
2.4.2

Allan Variance Methodology
The Allan variance is a method by which the root means square (RMS) random drift error

is represented as a function of averaging time [19, 18]. The technique can be used to characterize
various types of error terms in the inertial-sensor data by performing certain operations on the
entire length of data [18]. The Allan method assumes that one or more white noise sources of
strength 𝑁𝑖2 drives the canonical function resulting in the same statistical and spectral properties as
the actual device. Assuming that there are N sample points with sample time 𝑡0 , form n consecutive
groups of data such that 𝑛 < 𝑁⁄2, this is called a cluster. The time associated with the cluster is
𝑇 = 𝑛𝑡0 . Given the instantaneous output rate of an inertial sensor Ω(𝑡), the cluster average is
defined as
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𝑡𝑘 +𝑇

1
̅ 𝑘 (𝑇) =
Ω
∫ Ω(𝑡)𝑑𝑡
𝑇
𝑡𝑘

(2.11)

The average of the next cluster is given as:

1
̅ 𝑛𝑒𝑥𝑡 (𝑇) =
Ω
𝑇

(2.12)

𝑡𝑘+1 +𝑇

∫

Ω(𝑡)𝑑𝑡

𝑡𝑘+1

where 𝑡𝑘+1 = 𝑡𝑘 + 𝑇.
The difference between two adjacent clusters can be obtained as:
̅ 𝑛𝑒𝑥𝑡 (𝑇) − Ω
̅ 𝑘 (𝑇)
𝜉𝑘+1,𝑘 = Ω

(2.13)

For a chosen cluster time 𝑇, the ensemble of 𝜉′𝑠 forms a set of random variables. The variance of
𝜉′𝑠 over all the cluster is of the same size obtained from the entire data and it is the quantity of
interest. Therefore the Allan variance of of length 𝑇 is defined as [2, 20]:
𝑁−2𝑛

1
̅ 𝑛𝑒𝑥𝑡 (𝑇) − Ω
̅ 𝑘 (𝑇)]2
𝜎 2 (𝑇) =
∑ [Ω
2(𝑁 − 2𝑛)

(2.14)

𝑘=1

After processing a long stationary record of data, AV curve is plotted. The AV curve is
unique for inertial sensors and can be used to estimate several noise parameters such as random
walk standard deviation. Figure 2-11 shows a typical AV curve for gyroscope measurements [18].
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K=-1/2, Random Walk
𝒐⁄
𝒔

K=1, Rate Ramp

Correlated noise
Sinusoidal
Noise
K=-1, Quantization noise

K=1/2, Rate random
K=0, Bias
𝑡𝑖𝑚𝑒(sec

Figure 2-11: Allan curve for gyroscope.

The inertial sensor errors such as quantization noise, random walk, correlated noise,
sinusoidal noise, bias instability can be obtained directly from AV curve. Commonly the AV curve
is plotted on a log-log curve for better visibility. As can be seen from Figure 2-11, different errors
corresponding to different slope (k) values can be estimated.

2.5

Analysis of the MPU-9250 MEMS IMU used in This Research
In this thesis, we used a reprogrammable SparkFun 9DoF Razor IMU-M0 sensor which

combines a SAMD21 microprocessor with an MPU-9250 9DoF (nine degrees of freedom) sensor
featuring three-axis sensors i.e. accelerometer, gyroscope, and aided by a magnetometer and thus
able to sense linear acceleration, angular rate, and magnetic field. The reason for the incorporation
of the magnetometer in the IMU is to improve accuracy of the heading. A common way to integrate
accelerometer, gyroscope, and magnetometer outputs is through the AHRS using an EKF, which
is described in detail in Chapter 3. The sensor and the sensing axes are shown in Figure 2-12.
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Figure 2-12: SparkFun 9DoF Razor IMU M0 and the sensing axes

To generate the GM autocorrelation plot and AV curve for our IMU, stationary data is
collected at fixed frequency, at room temperature, for seven hours from fixed position IMU.
Samples of these data collected are plotted in
Figure 2-13 and Figure 2-14. And then, the IMU was used in testing scenarios which served
as a real data sets for the experimental work in this thesis.

Figure 2-13: Sample stationary data collected by gyro
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Figure 2-14: Sample stationary data collected by accelerometer

2.5.1

Error Analysis of MPU-9250 MEMS IMU using GM and AV
The autocorrelation sequence of the recorded stationary data set has been calculated and

displayed. Figure 2-15 and Figure 2-16 shows the autocorrelation sequence of gyroscope and
accelerometer measurements respectively. From Figure 2-15, the Gauss-Markov parameters (time
constant 𝜏𝜔 and standard deviation 𝛿𝜔 ) of the gyroscope and accelerometer errors can be
estimated. Since in this thesis we will focus on gyroscope errors, the values of the time constant
and standard deviations of the gyroscope axes are shown in Table 2-1.
The AV curves for the gyroscope measurements are shown in Figure 2-17, Figure 2-18,
and Figure 2-19. In all plots, the value at slope -0.5 (which correspond to the random walk noise)
is shown. Taking the intersection of the AV curve with a line having -0.5 slope (at the time value
of 1s), angular random walk can be estimated. As shown in the figure below, the approximate
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value for gyroscopes ARW is 0.007 o/s/√𝑠. As the units of the ARW shows, the random walk value
is proportionally increases with sampling rate. All values are shown in
Table 2-2 .

Figure 2-15. GM Autocorrelation Sequence of Gyro

Figure 2-16: GM Autocorrelation Sequence of Accelerometer
Table 2-1: GM estimated time constant and standard deviation
𝜏𝜔𝑥 (h)

𝜏𝜔𝑦 (h)

𝜏𝜔𝑧 (h)

𝛿𝜔𝑥 (𝑜⁄𝑠)

𝛿𝜔𝑦 (𝑜⁄𝑠)

𝛿𝜔𝑧 (𝑜⁄𝑠)

1.62

1.83

1.83

0.46

0.44 (𝑜⁄𝑠)

0.44 (𝑜⁄𝑠)
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Table 2-2: Random Walk Values as estimated by AV test
𝑟𝑤𝜔𝑥 (o/s/√𝑠)
0.007611

𝑟𝑤𝜔𝑦 (o/s/√𝑠)
0.007323

𝑟𝑤𝜔𝑧 (o/s/√𝑠)
0.00777

Figure 2-17: Allan Variance results for x-axis of the MPU9250 IMU gyroscope

Figure 2-18: Allan Variance results for y-axis of the MPU9250 IMU gyroscope
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Figure 2-19: Allan Variance results for z-axis of the MPU9250 IMU gyroscope
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3 Chapter: AHRS using MEMS IMU
3.1

Reference Frames
Coordinate frames are used to represent objects state including position, velocity, and

orientation. It comprises of origin and axis of either an object or a point of reference. The object
frame is used to represent a body whose position and orientation are to be calculated while the
reference frame is used to describe a known space such as the earth, to which the position and
orientation of the object is to be referenced. The main coordinate frames used in this thesis are
Earth-Centered Inertial Frame (ECI), Earth-Centered Earth-Fixed Frame (ECEF), Local
Navigation Frame (L), and Local Tangent-Plane Frame [31]. In the following sub-sections, we
will briefly explain these reference frames.
3.1.1

Earth-Centered Inertial Frame
Inertial frame is a coordinate frame which does not accelerate or rotate with respect to the

rest of the Universe. The Earth-Centered Inertial Frame is nominally centered at the earth’s center
of mass with the z-axis pointing along the earth’s axis of rotation to the North Pole. The x- and yaxis are attached to the equatorial plane and do not rotate with earth, the y-axis is 900 ahead of the
x-axis in the direction of the earth’s rotation.
3.1.2

Earth-Centered Earth-Fixed Frame
The Earth-Centered Earth-Fixed Frame is like the Earth-Centered Inertial Frame but differs

in the sense that the axis is fixed to and rotate with the earth. The x-axis points from the origin of
the frame to a point where the equator and the Conventional Zero Meridian (CZM) intersects, the
longitude of the CZM defines 00 longitude. The y-axis points from the origin of the frame to a
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point where the equator and the 900 east meridian intersects. The z-axis is Earth-Centered EarthFixed Frame is coincident with that of the Earth-Centered Inertial Frame.
3.1.3

Local Navigation Frame
The origin of the Local Navigation Frame is the position of the object for which the

navigation solution is sorted. Its axes are aligned with topographic directions; North, East and
Vertical. There are several conventions used namely, north east down (NED), east north up (ENU),
north west up (NWU), south west down (SWD), all representing x, y and z respectively. In the
NED convention, the z-axis or Down axis is the normal to the surface of the earth ellipsoid pointing
towards the center of the earth, x-axis or North axis is orthogonal to the z-axis and points towards
the north pole, and the y-axis or East axis points towards the east completing the orthogonal set.
The north and east axes are undefined at the poles, resulting in singularity, hence navigation
solution using this convention will not be suitable for applications near the poles.
3.1.4

Local Tangent-Plane Frame
The origin of a Local Tangent-Plane Frame is fixed to the earth’s surface, similar to the

Local Navigation Frame, the z-axis is aligned to the vertical which may be up or down, the x- and
y-axis may be aligned to environmental features such as road or building or topographic directions.
In the latter case it is known as a local geodetic frame or topocentric frame. Figure 3-1 illustrates
the relationship between the described frames. In this thesis, the orientation of the object will be
described as a rotation relationship between the object frame (body frame B) and the Local
Navigation Frame (L). But because IMU measurements are mainly with respect to the ECI frame
and object motion is with respect to ECEF, all these frames are usually used in the orientation
estimation equations.
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Figure 3-1: The local-level ENU reference frame in relation to the ECI and ECEF frames

3.2

Orientation Representation and Coordinate Transformation
This thesis focuses on the orientation estimation of objects. Orientation can be described

as rotational transformation between object body frame (B) and a reference frame. This rotational
transformation can be described in several forms as discussed in the following sub-sections.
3.2.1

Euler Angles
The Euler angles are an intuitive way of describing the orientation of one coordinate frame

with respect to another [7, 31]. Three successive rotations are required with each rotation carried
out about its predecessor and/or successor. The orientation of an object frame with respect to a
reference frame can easily be represented using Euler angles to describe the rotation of a reference
frame to coincide with the object frame. Given an object frame 𝐵 and a reference frame 𝐿, the
Euler angles describing the orientation of the object frame with respect to the reference frame are
the roll 𝑟𝐿𝐵 , pitch 𝑝𝐿𝐵 , and heading (or azimuth) 𝐴𝐿𝐵 . The roll angle is the axis pointed out the nose
and rotating the object about the x-axis. The pitch angle is the axis pointing out to the right and
represents the inclination or declination while the azimuth angle is the axis pointing out the bottom
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used in the calculation of the heading of the object. The Euler angles (𝑟𝐿𝐵 + 𝜋, 𝑝𝐿𝐵 − 𝜋 , 𝐴𝐿𝐵 +
𝜋 ) and (𝑟𝐿𝐵 , 𝑝𝐿𝐵 , 𝐴𝐿𝐵 ) gives the same result and can be avoided by limiting the pitch rotation to
the range(−900 ≤ 𝑝𝐿𝐵 ≤ 900 ). Another difficulty with Euler angles is the singularity that occurs
at ∓900 pitch angle which makes the roll and yaw inseparable.
3.2.2

Quaternions
One disadvantage of Euler angles is gimbal lock, gimbal lock occurs when two axes are

aligned, such as when the pitch and the yaw axes are aligned, and with the rotation of the roll
gimbal, the pitch and the yaw angle are both affected the same, therefore losing orientation [2].
One method to avoid gimbal lock that can be utilized is quaternions. The use of quaternions is
like adding another gimbal or axis but only theoretically. Utilizing this method eliminates the need
for adding more parts hence less weight to the device. This method is used to keep the efficiency
up and represent attitude of given object or sensors. A quaternion is a similar idea to complex
numbering, except that rather than one imaginary axis, there are three imaginary axes. To get 3D
interpretation, four components must be present; one real component and three imaginaries
represented as a vector. Quaternion operation is performed by scaling the vector with the real part,
one of the imaginary components is used for the rotation axis and the other two components used
for the orientation of the platform. The quaternions vector 𝑞 = [𝑎 𝑏 𝑐 𝑑] must satisfy the
constraints:
𝑎2 + 𝑏 2 + 𝑐 2 + 𝑑 2 = 1
3.2.3

(3.1)

Direction Cosine Matrix (DCM)
Orientation can also be described by direction cosine matrix (DCM) [7] [31]. DCM is a

3x3 matrix that contains the cosines of the nine possible pairs of axes of two different Cartesian
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coordinate systems typically used to translate from the body frame into the reference frame (i.e. L
frame). Ref [7, 31] provided information on how to use the DCM method integrated with IMUs.
All forms of orientation representation discussed above to represent orientation can be obtained
from each other. Euler angles can be converted to coordinate transformation matrix (e.g. DCM)
by representing each rotation as a matrix and then multiplying the individual rotation matrices.
Attitude can be represented as reference frame to object transformation C𝐵𝐿 or object frame to
reference transformation C𝐿𝐵 . The reference frame to object coordinate matrix following the
azimuth, pitch, roll rotations sequence is given by:

𝐶𝐿𝐵

1
0
= [0 𝑐𝑜𝑠𝑟𝐿𝐵
0 −𝑠𝑖𝑛𝑟𝐿𝐵

0
𝑐𝑜𝑠𝑝𝐿𝐵
𝑠𝑖𝑛𝑟𝐿𝐵 ] [ 0
𝑐𝑜𝑠𝑟𝐿𝐵 𝑠𝑖𝑛𝑝𝐿𝐵

𝑐𝑜𝑠𝑟𝐿𝐵 𝑐𝑜𝑠𝐴𝐿𝐵
−𝑐𝑜𝑠𝑟𝐿𝐵 𝑠𝑖𝑛𝐴𝐿𝐵
(
)
+𝑠𝑖𝑛𝑟𝐿𝐵 𝑠𝑖𝑛𝑝𝐿𝐵 𝑐𝑜𝑠𝐴𝐿𝐵
𝑠𝑖𝑛𝑟𝐿𝐵 𝑠𝑖𝑛𝐴𝐿𝐵
(
)
[ +𝑐𝑜𝑠𝑟𝐿𝐵 𝑠𝑖𝑛𝑝𝐿𝐵 𝑐𝑜𝑠𝐴𝐿𝐵

0 −𝑠𝑖𝑛𝑝𝐿𝐵 𝑐𝑜𝑠𝐴𝐿𝐵
1
0
] [−𝑠𝑖𝑛𝐴𝐿𝐵
0 𝑐𝑜𝑠𝑝𝐿𝐵
0

𝑐𝑜𝑠𝑟𝐿𝐵 𝑠𝑖𝑛𝐴𝐿𝐵
𝑐𝑜𝑠𝑟𝐿𝐵 𝑐𝑜𝑠𝐴𝐿𝐵
(
)
+𝑠𝑖𝑛𝑟𝐿𝐵 𝑠𝑖𝑛𝑝𝐿𝐵 𝑠𝑖𝑛𝐴𝐿𝐵
−𝑠𝑖𝑛𝑟𝐿𝐵 𝑠𝑖𝑛𝐴𝐿𝐵
(
)
+𝑐𝑜𝑠𝑟𝐿𝐵 𝑠𝑖𝑛𝑝𝐿𝐵 𝑠𝑖𝑛𝐴𝐿𝐵

𝑠𝑖𝑛𝐴𝐿𝐵
𝑐𝑜𝑠𝐴𝐿𝐵
0

0
0]
1

(3.2)

−𝑠𝑖𝑛𝑟𝐿𝐵
𝑠𝑖𝑛𝑟𝐿𝐵 𝑐𝑜𝑠𝑝𝐿𝐵
𝑐𝑜𝑠𝑟𝐿𝐵 𝑐𝑜𝑠𝑝𝐿𝐵

]

The Euler angles can be found from the coordinate transformation matrix as follows
𝑟𝐿𝐵 = 𝑎𝑟𝑐𝑡𝑎𝑛2(C𝐵𝐿 2,3 , C𝐵𝐿 3,3 )

(3.3)

𝑝𝐿𝐵 = −𝑎𝑟𝑐𝑡𝑎𝑛2(C𝐵𝐿 1,3 )

(3.4)

𝐴𝐿𝐵 = 𝑎𝑟𝑐𝑡𝑎𝑛2(C𝐵𝐿 1,2 , C𝐵𝐿 1,1 )

(3.5)
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When the coordinate matrix represent object to reference frame transformation, it is given as
𝑐𝑜𝑠𝑟𝐿𝐵 𝑐𝑜𝑠𝐴𝐿𝐵
𝐶𝐵𝐿 =

𝑐𝑜𝑠𝑟𝐿𝐵 𝑠𝑖𝑛𝑎𝐿𝐵
[

−𝑠𝑖𝑛𝑟𝐿𝐵

−𝑐𝑜𝑠𝑟𝐿𝐵 𝑠𝑖𝑛𝑎𝐿𝐵
𝑠𝑖𝑛𝑟𝐿𝐵 𝑠𝑖𝑛𝐴𝐿𝐵
(
) (
)
+𝑠𝑖𝑛𝑟𝐿𝐵 𝑠𝑖𝑛𝑝𝐿𝐵 𝑐𝑜𝑠𝑎𝐿𝐵
+𝑐𝑜𝑠𝑟𝐿𝐵 𝑠𝑖𝑛𝑝𝐿𝐵 𝑐𝑜𝑠𝐴𝐿𝐵
𝑐𝑜𝑠𝑟𝐿𝐵 𝑐𝑜𝑠𝑎𝐿𝐵
−𝑠𝑖𝑛𝑟𝐿𝐵 𝑠𝑖𝑛𝐴𝐿𝐵
(+𝑠𝑖𝑛𝑟 𝑠𝑖𝑛𝑝 𝑠𝑖𝑛𝑎 ) (
)
+𝑐𝑜𝑠𝑟𝐿𝐵 𝑠𝑖𝑛𝑝𝐿𝐵 𝑠𝑖𝑛𝐴𝐿𝐵
𝐿𝐵
𝐿𝐵
𝐿𝐵
𝑠𝑖𝑛𝑟𝐿𝐵 𝑐𝑜𝑠𝑝𝐿𝐵
𝑐𝑜𝑠𝑟𝐿𝐵 𝑐𝑜𝑠𝑝𝐿𝐵
]

(3.6)

The corresponding Euler angles can be calculated as:
𝑟𝐿𝐵 = 𝑎𝑟𝑐𝑡𝑎𝑛2 (C𝐿𝐵 3,2 , C𝐿𝐵 3,3 )

(3.7)

𝑝𝐿𝐵 = −𝑎𝑟𝑐𝑡𝑎𝑛2 (𝐶𝐵𝐿 3,1 )

(3.8)

𝐴𝐿𝐵 = 𝑎𝑟𝑐𝑡𝑎𝑛2 (𝐶 𝐿𝐵 2,1 , 𝐶 𝐿𝐵 1,1 )

(3.9)

In this thesis, we will describe attitude and heading by a transformation from object (body)
frame, B, to local navigation frame, L. A 3D position vector in the body fixed frame can be
transformed to 3D positions in the L frame as follows,
𝑥𝐿
𝑥𝐵
𝐿
𝐿
[𝑦 ] = 𝐶𝐵 [𝑦 𝐵 ]
𝑧𝐿
𝑧𝐵

(3.10)

The coordinate transformation matrix from B frame to L frame can be expressed as a function of
quaternion vector as follows [25]
𝐶𝐵𝐿 (1,1) = (𝑎2 + 𝑏 2 − 𝑐 2 − 𝑑 2 )

(3.11)

𝐶𝐵𝐿 (1,2) = 2(𝑏𝑐 − 𝑎𝑑)

(3.12)

𝐶𝐵𝐿 (1,3) = 2(𝑏𝑑 + 𝑎𝑐)

(3.13)

𝐶𝐵𝐿 (2,1) = 2(𝑏𝑐 + 𝑎𝑑)

(3.14)
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𝐶𝐵𝐿 (2,2) = (𝑎2 − 𝑏 2 + 𝑐 2 − 𝑑 2 )

(3.15)

𝐶𝐵𝐿 (2,3) = 2(𝑐𝑑 − 𝑎𝑏)

(3.16)

𝐶𝐵𝐿 (3,1) = 2(𝑏𝑑 − 𝑎𝑐)

(3.17)

𝐶𝐵𝐿 (3,2) = 2(𝑐𝑑 + 𝑎𝑏)

(3.18)

𝐶𝐵𝐿 (3,3) = (𝑎2 − 𝑏 2 − 𝑐 2 + 𝑑 2 )

(3.19)

the Euler angles can be extracted directly from quaternion vector as follows:
2(𝑐𝑑 − 𝑎𝑏)
+ 𝑏2 + 𝑐 2 + 𝑑2
𝑝 = 𝑎𝑟𝑐𝑠𝑖𝑛(2(𝑎𝑐 − 𝑏𝑑))
2(𝑏𝑐 + 𝑎𝑑)
𝐴
=
𝑎𝑟𝑐𝑡𝑎𝑛
{
𝑎2 + 𝑏2 + 𝑐 2 + 𝑑2
𝑟 = 𝑎𝑟𝑐𝑡𝑎𝑛

3.3

(3.20)

𝑎2

AHRS System Model
AHRS system model is the equation that processes raw IMU measurements and provides

orientation information. This orientation information can be represented in any of the formats
discussed above. Quaternion form is preferred in the system equations as it does not suffer from
singularity. In the following sub-section, we will describe the AHRS system model.
3.3.1

Quaternion derivative equation

The quaternion derivative equation is given by [49]:

𝑞̇ =

1
Ω(𝜔)𝑞
2

(3.21)

where Ω(𝜔) is the gyroscope measurements matrix given by:
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0
𝜔𝑥
Ω(𝜔) =
𝜔𝑦
[ 𝜔𝑧
where 𝜔 = [𝜔𝑥

𝜔𝑦

−𝜔𝑥
0
−𝜔𝑧
𝜔𝑦

−𝜔𝑦
𝜔𝑧
0
−𝜔𝑥

(3.22)

−𝜔𝑧
−𝜔𝑦
𝜔𝑥
0 ]

𝜔𝑧 ] represents the angular rate of the body frame represented in the body

frame with respect to the ECI frame which is measured by a gyroscope. Using the notations of B
and L frames, orientation system model can be given by:
𝑞̇ 𝐵𝐿 =

(3.23)

1
𝐵 )[𝑎
Ω(𝑊𝐿𝐵
𝑏 𝑐 𝑑]𝑇
2

where

𝐵)
Ω(𝑊𝐿𝐵

=

0

𝐵
−𝜔𝐿𝐵
𝑥

𝐵
−𝜔𝐿𝐵
𝑦

𝐵
−𝜔𝐿𝐵
𝑧

𝐵
𝜔𝐿𝐵
𝑥

0

𝐵
𝜔𝐿𝐵
𝑧

𝐵
−𝜔𝐿𝐵
𝑌

𝐵
𝜔𝐿𝐵
𝑌

𝐵
−𝜔𝐿𝐵
𝑥

0

𝐵
𝜔𝐿𝐵
𝑥

𝐵

𝐵
𝜔𝐿𝐵
𝑌

𝐵
−𝜔𝐿𝐵
𝑥

0

[ 𝜔𝐿𝐵𝑧
3.3.2

(3.24)

]

Gyroscope Measurement Model
The measured angular rate given by the gyroscope are contaminated by errors as described

earlier. In this thesis, we consider biases and random walk errors as seen in Figure 3-2. Therefore,
the gyroscope measurement model is given by [19, 18]:
(3.25)

𝑏
𝜔𝑚
= 𝜔𝑏 + 𝑏𝑔 + 𝑤

𝑏
where 𝜔𝑚
is the measured angular rate, 𝜔𝑏 = [𝜔𝑥𝑏

𝜔𝑦𝑏

𝑇

𝜔𝑧𝑏 ] is the true angular rate, 𝑏𝑔 is a

variable gyro bias, and 𝑤 is a high frequency zero-mean Gaussian random noise.
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Figure 3-2. Bias and Random noise error

3.3.3

Compensation for Earth Rate, and Motion Dynamics
Because the gyroscope measures all rotations with respect to the global ECI frame, not

only the pure body rotation, the gyroscope measurements need to be compensated for biases, Earth
rotation and angular rate due to motion on ellipsoid surface of Earth (transport rate). Thus,
𝐵
𝐵
𝐵
gyroscope measurement vector [𝜔𝐿𝐵
𝜔𝐿𝐵
𝜔𝐿𝐵
] can be modeled as follows
𝑋
𝑦
𝑧

𝐵
𝐵
𝐼
𝜔𝐿𝐵
= 𝜔𝐼𝐵
− 𝑏𝑔 − 𝐶𝐿𝐵 𝜔𝐼𝐿
+𝑤

(3.26)

𝐵
𝐼
Where 𝜔𝐼𝐵
is the measured gyroscope value, 𝜔𝐼𝐿
is the Earth + Transportation rates (superscript

I refers to ECI frame) given by:
𝐼
𝐼
𝐼
𝜔𝐼𝐿
= 𝜔𝐼𝐸
+ 𝜔𝐸𝐿

𝐼
𝜔𝐼𝐸
= [𝑤 𝑒 cos(𝜑) 0

−𝑤 𝑒 sin(𝜑)]

(3.27)
(3.28)

where 𝑤𝑒 is Earth rotation and 𝜑, 𝜆 are latitude and longitude coordinates of the platform.
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𝑣𝑒

𝐼
𝜔𝐸𝐿
=[

−𝑣𝑛

𝑣𝑒

(𝑅𝑛 +ℎ) (𝑅𝑚 +ℎ) (𝑅𝑛 +ℎ)

tan(𝜑)]

(3.29)

where h is the height of the vehicle, 𝑅𝑛 and 𝑅𝑚 are the normal and meridian radii of curvature of
Earth ellipsoid at current latitude and velocity in L frame is 𝑣𝐿 = [ 𝑣𝑛 𝑣𝑒 𝑣d]. In stationary or lowdynamics scenarios, 𝑣𝐿 is set to zero. In dynamic scenarios at which the platform is moving at
relatively high dynamics, velocity and position need to be calculated.
3.3.4

Velocity and Position System Model in Dynamic Scenarios
In dynamic scenarios, velocity is estimated by simply projecting the accelerometer

𝐵
measurements 𝑎𝑆𝐹
= [𝑓𝑥 𝑓𝑦 𝑓𝑧 ]𝑇 from body B frame to local level navigation frame L and integrate
𝐵
the results once after compensating for gravity force. However, because L is a rotating frame, 𝑎𝑆𝐹

must be compensated also for Coriolis Effect [7] [31]. Coriolis Effect is the acceleration the
accelerometer will measure due to the rotation of L frame. Therefore, the velocity equation is
calculated as follows:
𝐵
𝐿
𝐿 )𝑥𝑣 𝐿
𝑣 𝐿 = 𝐶𝐿𝐵 𝑎𝑆𝐹
+ 𝑔𝐿 − (𝜔𝐸𝐿
+ 2𝜔𝐼𝐸

(3.30)

𝐿
Where 𝑔L is the gravity vector in L frame, 𝜔𝐸𝐿
is rotation of L frame with respect to Earth (ECEF
𝐿
frame) due to body motion and 𝜔𝐼𝐸
is rotation of Earth with respect to the inertial (ECI frame).

Geodetic position (latitude, longitude, and height) can be then calculated by:
𝑣𝑛
(𝑅𝑚 + ℎ)

(3.31)

𝑣𝑒
(𝑅𝑛 + ℎ)cos(𝜑)

(3.32)

𝜑̇ =

𝜆̇ =
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(3.33)

ℎ̇ = −𝑣𝑑

where 𝑅𝑛 and 𝑅𝑚 are the normal and meridian radius of curvature of Earth at the current latitude
(𝜑), longitude (𝜆), and altitude ℎ.

3.3.5

Results of AHRS System Model on raw IMU Data
In this sub-section, we show the performance of the AHRS system model when it is applied

to process noisy raw gyroscope data. In this test, we used simulated raw IMU data generated by
applying inverse kinematics to ground-truth angles shown in Figure 3-3. The raw IMU gyroscope
data has been generated and then a bias vector or [0.4 0.4 0.4]

T o

/s has been added to gyroscope

x, y and z axes respectively. In addition, a zero-mean Gaussian random noise with standard
deviation 0.05 o/s has been added as well. As the AHRS system model integrates gyroscope
measurements, orientation errors (drifts) will grow over-time as seen in Figure 3-4, Figure 3-5 and
Figure 3-6. Due to these drifts, fusing the AHRS system model output with absolute source of
orientation updates is required which is the topic of the coming sub-section.

Figure 3-3: Ground-truth Simulated Angles
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Figure 3-4: Roll angle drifts of AHRS System Model in 60 seconds

Figure 3-5: Pitch angle drifts of AHRS System Model in 60 seconds

Figure 3-6: Heading angle drifts of AHRS System Model in 60 seconds

3.4

Absolute Tilt calculation from accelerometer
Tilt angles include pitch and roll. To perform a tilt measurement, use of measurements
50

from a tri-axial MEMS accelerometer and arctangent function is the most advantageous solution
[20]. Tilt is most commonly expressed by determining its two component angles pitch and roll
[50] against the components of the gravitational acceleration [51, 52, 53, 54]. Under low
𝐵
translational motion, accelerometers measurements (𝑎𝑆𝐹
) senses gravity 𝑔𝐿 projected on body

frame as follows:
𝐵
𝑎𝑆𝐹
= 𝐶𝐿𝐵 𝑔𝐿

(3.34)

Tilt angles can be calculated from accelerometer measurements as follows:
(3.35)

𝐵
𝐵
𝑟𝑚 = 𝑎𝑡𝑎𝑛2(−𝑎𝑆𝐹
, −𝑎𝑆𝐹
)
𝑌
𝑍

2

2

𝐵
𝐵
𝐵
𝑝𝑚 = 𝑎𝑡𝑎𝑛2 (𝑎𝑆𝐹
, √𝑎𝑆𝐹
+ 𝑎𝑆𝐹
)
𝑋
𝑌
𝑍

(3.36)

As the accelerometers include noise and errors, the tilt angles calculated by gravity measurements
are noisy as can be seen from Figure 3-7 and Figure 3-8. Figure 3-7 and Figure 3-8 show the
roll/pitch angles calculated by processing simulated accelerometer data. In this test the
accelerometer data was contaminated by a random Gaussian noise of 8 mg.

Figure 3-7: Absolute Roll calculated from noisy Accelerometer data
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Figure 3-8: Absolute Pitch calculated from noisy Accelerometer data

Despite the noisy results, the advantage of tilt angles calculated by gravity is that it does
not drift over time. Therefore, fusion with the output of the AHRS system model is ideal solution.
To obtain full absolute 3D orientation, the only remaining angle that needs source of update is
heading. Heading angle can be calculated by Magnetometer as will be discussed in the next subsection.

3.5

Absolute Heading Calculation from Magnetometer
A magnetometer [7] [31] [55] is used to obtain the heading direction of an object, by

referencing the strength and direction of the earth’s magnetic field. The magnetometer sensing
element sensitivity tends to deteriorate due to the changing environment it operates in and produce
errors which wouldn’t be useful for the purpose it is needed for. The environmental conditions
MEMS are usually exposed to are banking angle and elevation changes. One method used to
remove errors due to these changes is coupling the magnetometer with an accelerometer to
calculate a heading angle. Removing the banking, pitching and rolling effect on the sensors would
be ideal [44]. Like accelerometer and gyroscopes, magnetometers suffer from errors too.
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Two main categories of magnetic distortions can be classified as hard iron and soft iron.
Hard iron relates to the constant disturbance in the magnetic field around the sensors caused by
the surrounding structure having ferrous materials which tends to create its own magnetic field by
its electronic components on board and then adds to the sensor’s magnetic field. The disturbance
caused this way is relatively constant and an offset or bias can be done to eliminate the hard iron
distortions. Soft iron on the other hand, is normally the result of the material used to distort the
magnetic field within the sensor itself and orientation with respect to the earth magnetic field. Due
to these errors, magnetometer calibration and error compensation should be conducted before the
application. However, this topic is out of the scope of this thesis. In this thesis, we have used a
well-calibrated magnetometer as a source of absolute heading updates. If tilt angles are available,
the heading angle can then be calculated from magnetometer as follows:
𝐴𝑚 = 𝑎𝑡𝑎𝑛2(−𝑚𝑦 𝑐𝑜𝑠(𝑟) + 𝑚𝑧 𝑠𝑖𝑛(𝑟)𝑚𝑥 𝑐𝑜𝑠(𝑝) + 𝑚𝑦 𝑠𝑖𝑛(𝑟) 𝑠𝑖𝑛(𝑝) +
𝑚𝑧 𝑐𝑜𝑠(𝑟) 𝑠𝑖𝑛(𝑝)) + 𝐷(𝑙, 𝐿)

(3.37)

where 𝑚𝑥 , 𝑚𝑦 and 𝑚𝑧 are magnetometer measurements in the three axes and 𝐷(𝑙, 𝐿) is the
declination angle (i.e. deviation between magnetic north and true north [31]). Figure 3-9 show a
portion of heading (Azimuth) angle estimation using raw magnetometer data. As can be seen in
the figure, like tilt angles calculated from accelerometers, the heading angle calculated from
magnetometer is very noisy but does not drift with time. In the next section, the EKF that fuses
information from AHRS system model that uses the gyroscopes and tilt/heading measurements
from accelerometer/magnetometer will be illustrated.
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Figure 3-9: Mag-estimated Heading on Simulated Data

3.6

Integrated AHRS using Extended Kalman Filter (EKF)
As discussed in earlier sections in this chapter, the basic two sources of information for

attitude and heading are AHRS system model from gyroscopes and absolute tilt/heading from
accelerometer/magnetometer. The AHRS system model output drifts due to mathematical
integration. The accelerometer/magnetometer orientation output do not drift but they are very
noisy. Fusing the two sources of information together results in best performance. The fusion will
be implemented by an EKF. The EKF theory will be briefly discussed in the next sub-section.
3.6.1

Kalman filter
Kalman Filter is a form of algorithm used extensively in engineering for estimating

unmeasured states of a process, however it was designed based on the assumption that the system
is linear. As most practical systems are nonlinear, Extended Kalman Filter (EKF) was developed
typically for non-linear discrete-time processes. EKF uses two models, system model and

54

measurement (update) model. The system model and measurement equations can be represented
in the following general form:
𝑥̇ (𝑡) = 𝑓(𝑥(𝑡), 𝑢(𝑡)) + 𝑤(𝑡)

(3.38)

𝑦(𝑡) = ℎ(𝑥(𝑡)) + 𝑣(𝑡)

(3.39)

where 𝑥(𝑡) is system states, 𝑢(𝑡) is system input signal, 𝑤(𝑡) is process noise and 𝑣(𝑡) is
measurement noise. If process noise and measurement noise are zero-mean Gaussian, EKF
algorithm can provide an optimal estimation of state error 𝛿𝑥 by linearizing the system model and
measurement model as follows [7]:

𝛿𝑥̇ (𝑡) = 𝐹(𝑡)𝛿𝑥(𝑡) + 𝐺(𝑡)𝑤(𝑡)

(3.40)

𝛿𝑦(𝑡) = 𝐻(𝑡)𝛿𝑥(𝑡) + 𝑣(𝑡)

(3.41)

where F is called transition matrix, G is called noise shaping matrix, and H is called the design
matrix. F, G and H matrices are given by:

F (t ) 

f
x

(3.42)

G (t ) 

f
w

(3.43)

H (t ) 

h
x

(3.44)

assuming 𝑤(𝑡) and 𝑣(𝑡) are zero-mean Gaussian noise with covariance matrices defined by:
𝑄(𝑡) = 〈𝑤(𝑡)𝑤(𝑡)𝑇 〉

(3.45)
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𝑅(𝑡) = 〈𝑣(𝑡)𝑣(𝑡)𝑇 〉

(3.46)

and 𝛿𝑥 is error vector with zero-mean and a covariance matrix P defined by:
𝑃(𝑡) = 〈𝛿𝑥(𝑡)𝛿𝑥(𝑡)𝑇 〉

(3.47)

The optimal estimation of the error vector 𝜹𝒙 given measurements 𝜹𝒚 is calculated using
two steps: prediction step and update steps. In discrete form, the prediction is given by
𝑥𝑘+1 = 𝑓(𝑥𝑘 , 𝑢𝑘 )

(3.48)

𝑇
𝑃𝑘+1 = (𝐼 + 𝐹𝑘+1 𝑇)𝑃𝑘 (𝐼 + 𝐹𝑘+1 𝑇)𝑇 + 𝐺𝑘+1 𝑄𝑘+1 𝐺𝑘+1
𝑇2

(3.49)

𝑇
For simplicity, we will refer to the combined noise matrix 𝐺𝑘+1 𝑄𝑘+1 𝐺𝑘+1
as 𝑄𝑑 . Update step is

implemented by first calculating a correction gain (Kalman Gain):
𝑇
𝑇
𝐾𝑘+1 = 𝑃𝑘+1 𝐻𝐾+1
(𝐻𝑘+1 𝑃𝑘+1 𝐻𝐾+1
+ 𝑅𝑘+1 )−1

(3.50)

and correct the states by:
𝑋𝑘+1 = 𝑥𝑘+1 + 𝐾𝑘+1 [𝑦𝑘+1 − ℎ(𝑥𝑘+1 )]

(3.51)

And update the error covariance matrix by:
𝑃𝑘+1 = (𝐼 − 𝐾𝑘+1 𝐻𝑘+1 )𝑃𝑘+1
3.6.2

(3.52)

Limitations of EKF
Although EKF is simple and efficient, performance is hugely sensitive to linearization

point and noise parameter. If the linearization is performed around a significantly erroneous state,
the linearization error will be large, and the filter will likely diverge. This can be avoided by
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keeping the state corrected with each measurement update. The noise parameters need to be
carefully tuned to avoid performance degradation and divergence, which is the topic of this thesis.
3.6.3
3.6.3.1

Modeling AHRS as EKF problem
System Model
To solve the AHRS problem using EKF algorithm, AHRS system model is used as the EKF

system model and tilt/heading angles calculated from accelerometer/magnetometer sensors are used
as measurement (update models) [56, 57, 58]. The system input to the AHRS model is gyroscope
measurement corrected for bias as follows:
𝑏
𝜔𝑏 = 𝜔𝑚
− 𝑏𝑔

(3.53)

𝑏
where 𝜔𝑚
is the measured angular rate, 𝜔𝑏 is true angular rate, 𝑏𝑔 is the gyroscope bias. The overall

AHRS system model is then given by:
𝑞̇ =

1
𝑏
𝛺(𝜔𝑚
− 𝑏𝑔 )𝑞 + 𝑤𝑞 (𝑡)
2

𝑏𝑔̇ (𝑡) = −𝛽𝑏𝑔 (𝑡) + √2𝛽𝑔 𝜎𝑔2 𝑤𝑢 (𝑡)

(3.54)

(3.55)

where gyro bias (b) is modeled as Gauss-Markov process of parameters 𝛽𝑔 and 𝜎𝑔2 , 𝑤𝑢 (𝑡) is unity zero-

mean Gaussian noise and 𝑤𝑞 is the process noise resulting from the gyroscope high-frequency
random noise (random walk noise).
3.6.3.2

System States and Process Noise Matrix (Q)
The states of the system are the quaternion vector (q= [a b c d] T) and gyro bias (bg=[bx by

bz]T). However, because the quaternion vector has a redundant variable (a), we only need three
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variables (b,c, and d) to fully describe the orientation and the forth variable (a) can be easily
calculated from the three variables using the relationship a2 = 1-(b2+c2+d2). So, the states are
given by the following vector: [b c d bx by bz] T and we have six states in our EKF. The process
noise covariance matrix is given by:
𝑞𝑏
0
0
𝑄(𝑡) = 〈𝑤𝑞 (𝑡)𝑤𝑞 (𝑡)𝑇 〉 =
0
0
[0

3.6.3.3

0
𝑞𝑐
0
0
0
0

0
0
𝑞𝑑
0
0
0

0
0
0
1
0
0

0
0
0
0
1
0

0
0
0
0
0
1]

(3.56)

Transition Matrix (F) and Noise Matrix (G)

By linearizing the given AHRS system model, we can obtain the transition matrix F and noise

shaping matrix G. The values of F and G are given by:

𝐹=

0

𝑏
(𝜔𝑚
− 𝑏𝑧 )
𝑧

𝑏
− (𝜔𝑚
− 𝑏𝑦 )
𝑦

𝑏

𝑐

𝑑

𝑏
−(𝜔𝑚
− 𝑏𝑧 )
𝑧

0

𝑏
(𝜔𝑚
− 𝑏𝑥 )
𝑥

−𝑎

𝑑

−𝑐

𝑏
−(𝜔𝑚
− 𝑏𝑥 )
𝑥

0

0

0

0

0
0
0

0
0
0

−2𝛽𝑔𝑥
0
0

0
−2𝛽𝑔𝑦
0

0
0
−2𝛽𝑔𝑧 ]

1
𝑏
(𝜔𝑚
− 𝑏𝑦 )
𝑦
2
0
0
0
[

𝐺=

1
0
0

0
1
0

0
0
1

0
0
0

0
0
0

0
0
0

0

0

0

2
√2𝛽𝑔𝑥 𝜎𝑔𝑥

0

0

0

0

0

0

2
√2𝛽𝑔𝑦 𝜎𝑔𝑦

0

0
[

0

0

0

0

2
√2𝛽𝑔𝑧 𝜎𝑔𝑧

(3.57)

(3.58)

]
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the combined noise matrix used in the EKF equations is defined as
𝑄𝑑 = 𝐺𝑄𝐺 𝑇

3.6.3.4

(3.59)

Design Matrix (H) and Measurement Covariance Matrix (R)
The measurement updates to the EKF come from the tilt/heading angles calculated by the

accelerometer and magnetometer. Because the states of the EKF are quaternion, we convert the
tilt/heading angles into quaternion and apply them as measurement updates to the EKF. In this
case, the design matrix H and the measurement noise covariance matrix R are given by:
1 0 0
𝐻 = [0 1 0
0 0 1

0 0 0
0 0 0]
0 0 0

(3.60)

𝑅𝑟
𝑅=[0
0

0
0]
𝑅ℎ

(3.61)

0
𝑅𝑝
0

The Block diagram of AHRS-EKF framework is shown in Figure 3-10.

Figure 3-10: Block diagram of AHRS-EKF
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3.6.4

AHRS-EKF Q and R Parameters Estimation Problem
As described in the previous section, the combined noise matrix 𝑄𝑑 is directly related to the

random walk and Gauss-Markov parameters of the gyroscope measurements. In chapter (2), we
discussed how AV can be used to estimate gyroscope random walk noise (used in Q matrix) and
GM can be used to estimate preliminary values for GM parameters (used in G matrix) by processing
long stationary record of gyroscope measurements. However, as will be seen in chapter (4), the
preliminary values of 𝑄𝑑 estimated in this way are not guaranteed to lead to the best EKF
performance [55, 59, 60]. As also explained in the previous section, the value of R represents the
noise of the tilt/heading updates calculated from accelerometer/magnetometer. Therefore, there is
no direct way to estimate R. As the performance of an EKF process depends largely on the accuracy
of the knowledge of 𝑄𝑑 and R matrices, accurate estimation of these parameters is important. In the
following chapter, we will explain the proposed procedure to tune these EKF noise parameters.
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4 Chapter: AHRS using Genetically Optimized Kalman Filter
In this chapter, the proposed EKF noise parameters optimization approach is explained.
Firstly, the nominal design point procedure is explained. Secondly, the EKF performance using
the nominal design point is evaluated. Thirdly, the DoE analysis is demonstrated. Finally, the GAbased approach is explained.
4.1

Nominal Design Point
Nominal design point is an initial value for EKF noise parameters that can be used as a

starting point to reach the optimized parameters values. In this work, the nominal design point
value for 𝑄𝑑 parameter is simply calculated by applying AV and GM process modeling as
explained in chapter (2). The nominal design value for R matrix is an initial guess based on
preliminary observation of measurements. To keep the scope of varying parameters manageable
in this work, we fixed the values of the initial error covariance matrix P and the random walk noise
parameters [𝑞𝑏

𝑞𝑐

𝑞𝑑 ]𝑇 . So, the only parameters genetically tuned in this work are nine

parameters, three gyroscope time constants [𝛽𝑔𝑥
deviations [𝜎𝑔𝑥
[𝑅𝑟

𝑅𝑝

𝜎𝑔𝑦

𝛽𝑔𝑦

𝛽𝑔𝑧 ], three gyroscope noise standard

𝜎𝑔𝑧 ], and three angle measurement noise standard deviation

𝑅ℎ ] for roll, pitch, and heading updates respectively. The nominal design point is a

vector given by:
𝑟 = [𝛽𝑔𝑥

4.2

𝛽𝑔𝑦

𝛽𝑔𝑧 𝜎𝑔𝑥

𝜎𝑔𝑦

𝜎𝑔𝑧 𝑅𝑟

𝑅𝑝

𝑅ℎ ]

EKF Performance using the Nominal Design Point

The accuracy of the EKF using the Nominal Design Point parameters values is demonstrated.
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4.2.1

Nominal Design Point Results : Simulation Test
In this test, we generated the raw IMU by using a simulator. The raw IMU gyroscope data

has been generated and then a bias vector that has fixed value of [0.2 0.4 0.6] T o/s and GM-noise
of [0.01 0.01 0.01] T o/s standard deviation and [100 100 100] T seconds time-constant has been
added to gyroscope x, y and z axes respectively. In addition, a high frequency random walk noise
with standard deviation 0.05 o/s has been added as well. For the simulation data set, the nominal
design point vector value was set to the following values:
𝑟 = [. 01deg/sec

.01deg/sec

. 01deg/sec 100sec

100sec

100sec 0.5 0.5 0.5]

The results of AHRS-EKF using these noise parameters are displayed in Figure 4-1, Figure
4-2 and Figure 4-3. Root Mean Square Error (RMSE) values for this test are shown in Table 4-1.

Figure 4-1: Roll error of simulation data using nominal design point

Figure 4-2: Pitch error of simulation data using nominal design point
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Figure 4-3: Heading error of simulation data using nominal design point
Table 4-1: Simulation Test: EKF-Performance using Nominal Design Parameters

4.2.2

Roll RMS error

0.2973 o

Pitch RMS error

0.5021 o

Heading RMS error

1.5978 o

Overall Orientation Error

1.7 o

Nominal Design Point Results: Zero-speed Experimental Test
In this analysis, we used real data from the MPU-9250 IMU. Data has been collected at

zero-speed where orientation was changed manually. The magnetometer was already calibrated to
obtain stable heading calculation. We took the following nominal design point values taken from
the analysis performed in chapter (2):
𝑟 = [0.46deg/s

0.44deg/s

0.44deg/s 1.62hr

1.83hr

1.83hr 0.5 0.5 0.5]
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Figure 4-4: Roll error of zero-speed physical data using nominal design point

Figure 4-5: Pitch error of zero-speed physical data using nominal design point

Figure 4-6: Heading error of zero-speed physical data using nominal design point
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Table 4-2: Zero-speed experimental Test: Nominal Design Parameters

4.3

Roll RMS error

1.58 o

Pitch RMS error

1.93 o

Heading RMS error

8.13 o

Overall Orientation Error

8.5 o

Design of Experiment Analysis
To check the optimality of the results of the nominal design point parameters, we applied

the DoE approach to check the effect of varying the EKF noise parameters on the performance and
compare the results with the nominal design point results. DoE is essentially a systematic method
to determine factors affecting a process and its output [61, 62, 63]. It plays an important role in
quality of the design, by allowing simultaneous testing of various factors and their effects and
thereby facilitating design optimization. The advantages of DoE are; 1) it helps in identifying
relationships between process parameters and their effect, 2) it provides an understanding of
interactions among causative parameters, and 3) it determines the levels at which to set the
controllable parameters to test alternative design and so on.
DoE normally works in four stages, 1) planning, 2) screening, 3) optimization, and 4)
testing. Planning stage involves creating a plan for the experimentation. The plan would typically
involve how the process parameters will be changed and how their interactions will be measured.
During the screening process, large pool of potential factors shows up but not all maybe taken into
consideration depending on their effect and their intended use. Next process is optimization to
determine the best setting of the parameters that lead to best results. Finally, in the testing stage,
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once all the criteria have been met during previous stages the process is tested to make sure it
satisfies the desired specifications.
4.3.1

Application of DoE on AHRS-EKF Process
For simplicity, we will explain the concept of DoE on only three parameters which are

elements of R matrix of the EKF-AHRS system given by 𝑅 = 𝑑𝑖𝑎𝑔([𝑅𝑟

𝑅𝑝

𝑅ℎ ]). We will test

the effect of varying these three parameters on the accuracy of the orientation estimation results.
We will vary the parameters of R by decreasing and increasing R values around the nominal design
point 𝑑𝑖𝑎𝑔([0.5 0.5 0.5]). We will refer to the decreased value by (-1) and increased value by
(+1). Since three elements need 8 experiments (2^3) for a full factorial experiment assigning a (1) and (+1) values to each of the parameters. In each test, we varied the R matrix values and run
the EKF and calculated the overall orientation error (RMSE). The results of these experiments are
shown in Table 4-4.
Table 4-3: Low and High Setting for the factors
Parameter

Low Setting (-1)

High Setting (+1)

𝑅𝑟

0.05

0.95

𝑅𝑝

0.05

0.95

𝑅ℎ

0.05

0.95

Table 4-4: Error values for changing the R matrix
Experiment
1
2
3
4
5
6
7
8

Rp

Rr
0.05
0.05
0.05
0.05
0.95
0.95
0.95
0.95

0.05
0.05
0.95
0.95
0.05
0.05
0.95
0.95

RA
0.05
0.95
0.05
0.95
0.05
0.95
0.05
0.95

Overall
Orientation Error
(deg)
0.495
0.86
0.505
0.64
0.605
0.575
0.78
0.715
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Effect of changing R matrix parameters
To study the effect of changing one parameter (e.g. Rr), we consider the average RMSE in
all experiments at which the value of Rr was increased (+1) (see the red highlighted cells in Table
4-4) and all experiments at which the value of Rr was decreased (-1) (see the green highlighted
cells in in Table 4-4). We then take the average RMSE value in the -1 experiments and the +1
experiments which are given as follow:
𝑅𝑀𝑆𝐸(−1)𝑅𝑟 =

𝑅𝑀𝑆𝐸(+1)𝑅𝑟

0.495 + 0.86 + 0.505 + 0.64
= 0.6250
4

0.605 + 0.575 + 0.78 + 0.715
=
= 0.6687
4

(4.1)
(4.2)

Then we can calculate the overall average effect of changing Rr as follows:
𝑆𝑅𝑟 = 𝑅𝑀𝑆𝐸(+1)𝑅𝑟 − 𝑅𝑀𝑆𝐸(−1)𝑅𝑟 ≅ 0.044

(4.3)

The same procedure can be applied to calculate the average effect of changing Rp and Rh
which are shown in Figure 4-7. The overall interpretation of Figure 4-7 is that increasing the values
of R will cause larger errors which is expected as R is an indication of how EKF trusts the values
of measurements. However, as can be observed from Figure 4-7, Rh is the most significant
parameter. An increase in Rh value cause larger increase in RMSE compared to an increase in Rr
and Rp. This gives an indication that it is more significant to change the value of Rh parameter. We
can perform the same analysis on all the nine parameters in the design vector of the AHRS and
study the effect of varying each parameter in the overall RMSE. This analysis will be given in
chapter (5).

67

DoE Analysis on R matrix elements
(Simulation Test)
0.12

Slope

0.1
0.08
0.06
0.04
0.02
0
R_r

R_p

R_h

R matrix diagonal elements
Figure 4-7: Main Effects of R parameters variations

4.4

Optimizing the EKF parameters using Genetic Algorithms
In the previous sub-section, DoE analysis showed that better accuracy can be achieved by

varying the EKF parameters. We also showed how DoE can be used to identify the most significant
parameters that cause large change in the RMSE values. To achieve the best accuracy, EKF
parameters need to be optimized. In this work, due to the lack of a closed form formula to calculate
the optimal values for Q and R parameters, we used the GA to perform this optimization.
4.4.1

GA Brief Background
Genetic Algorithm is a search heuristic which may follow one of Darwinian model of

evolution– natural selection, Lamarckian Model or Baldwinian Model, for the process of natural
selection where the offspring of the next generation are the fittest individuals from a population
[64, 65, 66, 67]. Finding practical solution to a complex problem effectively is a job for genetic
algorithms, they search through large and complex space environment in which there is a large set
of candidate solutions and in which the search space is uneven.
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The most widely recognized kind of GA works this way, a population is made with a
gathering of individuals made arbitrarily. The individuals in the group are then assessed. In the
crossover step, offspring is produced by mating parents and the most common method of
production is single point crossover, but other methods can also be used to produce an off spring.
Offspring then will take one section of the chromosome from each parent.
An offspring is then created by those individuals that have been chosen, after which the
offspring are changed randomly. This proceeds until the point that an appropriate arrangement has
been found or a specific number of generations have passed. As to guarantee that the individuals
are not all the same, mutation which is the flipping of bits randomly, is done to prevent premature
convergence. The probability of mutation is in the range of 1 and 2 tenths of a percent. GA loops
over an iteration process with the following general steps to make the population evolve.
1) SELECTION: selecting individuals for reproduction.

2) REPRODUCTION: breeding of offsprings by the selected individuals using crossover
and mutation.
3) EVALUATION: evaluation of the fitness of new chromosomes.
4) REPLACEMENT: replacing old population by the new ones

these overall steps are shown in Figure 4-8. Table 4-5 shows the basic GA algorithm implemented
to find the best individual for a fitness function.
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Figure 4-8: Basic structure of Genetic Algorithm
Table 4-5: Basic GA Algorithm
Algorithm 4.1 GA Algorithm
1: Initialize population
2: find fitness of population
3: while (termination criteria is reached) do
4:
parent selection
5:
crossover with probability pc
6:
mutation with probability pm
7:
decode and fitness calculation
8:
survivor selection
9:
find best
10: return best
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4.4.2

GA Example
Consider maximizing the following function,
𝑓(𝑥) = −𝑥 3 + 30𝑥 2 + 25𝑥 + 150,

0 ≤ 𝑥 ≤ 31

Step 1: Coding the variable ’x’ into a finite length string can be done using five-bit unsigned binary
integer, i.e. 0(00000) to 31(11111).
Step 2: Set the size of the population and select the initial population randomly. Initial population
of size 5 is chosen in this example as shown in the table below. Note: Based on the
requirement and application, any number of population size can be selected.
Step 3: Obtain the decoded x values for the generated population. For example, a random binary
individual, 01010 is decoded like this,
01010 = 0 ∗ 24 + 1 ∗ 23 + 0 ∗ 22 + 1 ∗ 21 + 0 ∗ 20 = 10
Similarly, all the rest of the individuals of the random population are decoded.
Step 4: The fitness function is calculated for each x value of the entire population. For example,
𝑓(10) = −(10)3 +30 ∗ (10)2 + 25 ∗ (10) + 150 = 2400
Step 5: Computation of the probability of selection using the formula,
Prob𝑖 =

𝑓(𝑥)𝑖
𝑛
∑𝑖=1 𝑓(𝑥)𝑖

Where n is the number of the individuals in the population. Considering string 1,
Prob1 =

𝑓(𝑥)1
5
∑𝑖=1 𝑓(𝑥)𝑖

=

2400
= 0.1592
13818

And the percentage probability is just 15.92%. The Probabilities of each are filled in the
table.
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Step 6: Now the expected count is calculated as
𝐸𝑥𝑝𝑒𝑐𝑡𝑒𝑑 𝑐𝑜𝑢𝑛𝑡 =

(𝐴𝑣𝑔(𝑓(𝑥))𝑖 =

𝑓(𝑥)𝑖
(𝐴𝑣𝑔(𝑓(𝑥))𝑖

∑𝑛𝑖=1 𝑓(𝑥)𝑖
𝑛

So expected count of string 1 is 2400/3015.6=0.7956 and the rest can also be calculated
similarly.
Step 7: The next step is to find the actual count to select the individuals for the crossover cycle
using Roulette wheel selection. The Roulette wheel, as shown below, is of 100% and the
probability of selection for each individual is used as indicator to ﬁt into the Roulette wheel.

Figure 4-9: Roulette wheel selection

Step 7: Next, we write the mating pool based upon the actual count. The actual count of string no
1 is 1, hence it occurs once in the mating pool. The actual count of string no 2 is 2, hence it occurs
twice in the mating pool. Since the actual count of string no 5 is 0, it does not occur in the mating
pool. Similarly, the actual count of string no 3 and 4 being1, they occur once in the mating pool.
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Table 4-6: GA Selection

String No.
1
2
3
4
5
Sum
Average
Maximum

Randomly
Selected
Initial
Population

x
value

01010
10110
01100
11011
00110

10
22
12
15
6

Fitness
Value
f(x)
2400
4572
3042
3900
1164
15078
3015.6
4572

Probi

Percentage
Probability

Expected
Count

Actual
Count

0.1592
0.3032
0.2017
0.2586
0.0772
1.0000
0.2000

15.92%
30.32%
20.17%
25.86%
7.72%
100%
20%

0.7956
1.5161
1.0088
1.2933
0.3859
5.0000
1.0000

1
2
1
1
0
5
1

Step 8: Single point crossover is performed where the crossover point is set to produce new
offspring.
Step 9: ‘x’ values are decoded, and fitness values are re-calculated.
Table 4-7: GA Crossover

String No.

Mating Pool

Crossover point

Offspring after
Crossover

x value

1
2
2
3
4
Sum
Average
Maximum

01010
10110
10110
01100
11011

3
3
4
4
0

01110
10010
10100
01110
11011

14
18
24
14
15

Fitness Value
f(x)
3636
4488
4206
3636
3900
19866
3973.2
4488

Step 10: Mutation-flipping operation with a probability of 0.4(but usually a very small number is
chosen) results in new off springs as shown in the table below and ‘x’ values and fitness
values are computed to complete one generation.
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Table 4-8: GA Mutation

String No.
1
2
2
3
4
Sum
Average
Maximum

Offspring
after
crossover

Mutation
Chromosomes

Offspring
after
mutation

01010
10110
10110
01100
11011

00100
00000
00000
10000
00000

01110
10110
10100
11100
11011

x value
14
18
24
28
15

Fitness
value
f(x)
3636
4488
4206
2418
3900
18648
3729.6
4488

These tables showed how the performance was improved from an average of 3015.6 to an
average of 3729.6 in just one generation. Figure 4-10 shows the GA calculated in the first
generation versus the absolute maximum of the function in the given range. This is a simple
example to show how effective GA is and to elaborate the steps involved.

Figure 4-10: GA Illustrative Example: maximizing a simple function
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4.5

Application of GA to EKF-based AHRS
To benefit from the GA optimization capability in the EKF-AHRS system, we will model

the design vector as the individual and we will apply the GA to find the best design vector that
minimize the overall orientation RMSE in contrast to the work done in [68] [22] [69]. In GA, we
can set boundaries or constraints on the values that the individual may take. In this thesis, to
accelerate the processing of the GA, we will set lower and upper bounds values on the parameters
in the design vector such that the most significant parameter which has greater effect on the RMSE
reduction will have larger room for variation. For example, we set the allowable range of values
for the parameter Rr as [𝑅𝑟 𝑛𝑜𝑚 − 𝑆𝑅𝑟 𝐶𝑅𝑟 , 𝑅𝑟 𝑛𝑜𝑚 + 𝑆𝑅𝑟 𝐶𝑅𝑟 ] where 𝑆𝑅𝑟 is the DoE slope of Rr and
𝐶𝑅𝑟 is a constant factor. This formula will make sure that each parameter has a range of possible
values that is proportional to its contribution in the overall RMSE minimization. The overall EKF
tuning procedure is given in Figure 4-11 . In the next chapter, chapter (5), we will apply the
proposed tuning procedure on both simulation data and physical data and discuss the results.

Figure 4-11: The proposed EKF tuning procedure
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5 Chapter: Simulation and Experimental Results
In this chapter, we apply proposed noise parameter optimization method described in
Chapter 4 to the AHRS-EKF problem. We start from the Nominal Design Point set described in
Section 4.1 to evaluate the performance of the EKF-based AHRS and compare the results of the
proposed parameter optimization method. We start by describing the data and then apply the EKF
using the Nominal Design Point and apply the proposed GA-based optimization method and
compare the filter performance in terms of orientation root mean square error (RMSE).
5.1

Simulation Test
The simulation environment is where the reference data was taken from a raw IMU data

that was generated from a reference ground-truth trajectory. If position, velocity, and orientation
of an object are available, inverse kinematics can be applied to generate error-free raw IMU data.
To test the EKF under noise, different kinds of noises have been added to the raw IMU data to
simulate a realistic environment.
5.1.1

Ground Truth Data
Figure 5-1 below shows roll, pitch and heading angles in degrees versus time in seconds

of ground truth simulated angles which serves as a reference.

Figure 5-1: Ground Truth Simulated Angle
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5.1.2

Simulation Noise Parameters
Table 5-1 below shows gyro and accelerometer noise parameters and their values that were

added to simulate a raw IMU data, to make it close to real world performance.
Table 5-1: Gyro and Accelerometer Noise parameters
Gyro Noise Parameters

Value

Gauss-Markov Time constant vector (sec)

[100 100 100] T

Gauss-Markov Standard Deviation (o/sec)

[0.01 0.01 0.01] T

Random Walk Noise Standard Deviation (o/sec)

[0.05 0.05 0.05] T

Deterministic Bias Vector (o/sec)

[0.2 0.4 0.6]

Accelerometer Noise Parameters
Random Walk Noise Standard Deviation (m/sec^2)

Value
[0.0048 0.0048 0.0048] T

Figure 5-2 below shows sample of simulated noisy raw IMU gyro output in (deg/s) while
stationary for all (3) X, Y and Z axes plotted against time in seconds. Figure 5-3 shows part of
simulated noisy raw IMU accelerometer in meters per second squared while stationary for X and
Y axes versus time in seconds. Figure 5-4 shows portion of the simulated raw magnetometer data.
To generate noisy magnetometer data, a 0.5o orientation error was added to the direction cosine
matrix used to generate the raw magnetometer data.

Figure 5-2: Portion of simulated noisy raw gyro stationary output
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Figure 5-3: Portion of simulated noisy raw accelerometer stationary output

Figure 5-4. Portion of Simulated Raw Magnetometer Data

For the measurement noise matrix R, we set the nominal design value shown below:
𝑅𝑟
𝑅=[0
0
5.1.3

0
𝑅𝑝
0

0
0.5 0
0
0 ] = [ 0 0.5 0 ]
𝑅ℎ
0
0 0.5

(5.1)

Nominal Design Point Results on Simulation Data
As the data has been generated by simulation, the true values of both the system process

noise Q and measurement noise R are known and they should lead to the best performance. We
will verify this by comparing the results of the nominal design point and the genetically optimized
EKF. It should be expected that the genetically optimized EKF should lead to similar results to the
design point in this simulation test.
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Figure 5-5: Heading performance using nominal design point

Figure 5-5 illustrates the similarities between heading result from the nominal design points
and the heading from ground truth data, all plotted against time from 0 to 500 seconds. From this
observation, although heading and ground truth both yield similar curves the small errors at each
sample point resulted in sum of heading error which becomes significant as time passes.

Figure 5-6: Pitch performance using nominal design point

Figure 5-6 shows the similarities between reference pitch and pitch data calculated from
the nominal design points versus time in seconds. It can be seen that there isn’t much difference
between the reference pitch and pitch in the earlier stage, from 0 to 300 seconds. After the 300
second’s time sample the difference started to increase slightly between both. Figure 5-7 shows
the illustration of the difference in variation of the reference roll and roll from nominal design
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points by plotting both versus time in seconds. From the observation it can be seen that during the
time of 0 to 500 seconds the deviation between them is less compared to the pitch and heading
errors as discussed in the previous figures.

Figure 5-7: Roll performance using nominal design point
Table 5-2: Performance of the EKF using nominal design parameters
RMSE(deg)
Roll

0.1763

Pitch

0.2912

Heading

0.6731

Overall Orientation Error

0.7543

Table 5-2 summarizes the roll, pitch and heading errors and sums them to get the RMS
overall orientation error in degrees. Those error values show that the heading produced most of
the error.
5.1.4

Genetic Algorithm Results on Simulation Data
In this section, we will apply the proposed parameters optimization method on the

simulation data. As the nominal design point was already set to the noise parameters we already
used to generate the simulation data, it is expected that the gain from applying the proposed
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algorithm will be insignificant. We run the GA optimization using MATLAB GA toolbox on a
TOSHIBA laptop with intel-iCore7 dual-core 2.4 GHz processor with 16GB RAM running
Windows 10. MATLAB R2018a was used. The computation performance is measured in terms of
number of GA generations used to get acceptable solution.
5.1.4.1

DoE Analysis
Applying DoE to the simulation data set, to find out which of the parameters were more

signifiantly affecting the EKF tuning, Figure 5-8 was plotted. The DoE analysis was applied on
the 9 design parameters and overall orientation error in degrees is plotted against slope in Figure
5-8. As it can be seen the gyro z stdv parameter in the Q matrix and the roll and pitch parameters
in the R matrix were much more significant than the rest implying that by directing the GA in this
direction , we can tune the EKF faster.

Figure 5-8: DoE Pareto Charts for the Q and R parameters of the Simulation Test

5.1.4.2

GA Results
The implementation of the GA is tested on the simulation data set without combining the

DoE analysis first and the result is plotted. Then the same procedure is taken by combining the
DoE with the GA and the result are summarized for comparison.

81

GA without DoE

Figure 5-9: Heading angle output from GA only

Heading is calculated from the GA using the nominal design points listed in section 4.2.1
as initial values and setting the lower and upper bound for each of those parameters. Figure 5-9
illustrate the similarities between heading angle output from this algorithm and ground truth data
in degrees, all plotted against time in seconds. From observation, heading and ground truth both
yield similar curves between 0 to 500 second interval but those small errors added up to near a half
a degree error through this short time.

Figure 5-10: Pitch output from GA only on simulation data

Similarly, Figure 5-10 plots reference pitch against pitch calculated using GA, plotted
against pitch in degree versus time in seconds. As it can be seen, there isn’t much difference
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between the reference pitch and pitch from GA in the earlier stage, from 0 to 200 seconds.
However, after 200 seconds interval, the difference started to increase slightly between both and
the two colors begin to be seen obviously.

Figure 5-11: Roll output from GA only on simulation data

Figure 5-11 shows the illustration of the variation of the reference roll plotted against roll
from GA in degrees versus time in seconds. From this observation, during the time of 0 to 500
seconds there wasn’t much deviation from the reference.

Figure 5-12: Best, worst and Mean scores for twenty generations of GA
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The fitness value of the best individuals versus generations is plotted in Figure 5-12 above.
It shows the best, the worst and the mean scores that were obtained during the test for twenty
generations.

Figure 5-13: Best and Mean fitness values for GA optimization on simulation data

Also, as shown in Figure 5-13, the best individual and the mean fitness differed when
plotted together for twenty generations. The mean started converging after some iterations. GA
converged to the design point value with slight improvement and the error values are summarized
in Table 5-3. It gives the RMS error for each roll, pitch, heading and then the overall orientation
errors in degree. Results are slightly better than the nominal design point parameters. However, as
expected, the difference in the performance is not very significant because the nominal design
point is taken from the true noise parameters set by the simulator.
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Table 5-3: EKF-Performance using GA without DoE for the simulation test
RMSE (deg)
Roll

0.1619

Pitch

0.2066

Heading

0.4342

Overall Orientation Error

0.507

GA with DoE
The next procedure is introducing the DoE analysis result into the GA algorithm. Here, the
ranges of GA upper and lower bounds for those tuning parameters are adjusted according to their
significance based on the DoE analysis that we obtained. For instance, the R_roll parameter in the
R matrix has the highest range while the gyro x time constant has the lowest range referring to
Figure 5-8. Figure 5-14 shows GA fitness curves with and without DoE for simulation data. The
GA with DoE was able to find a better fitness value in a shorter time and converged quickly to a
better result (less overall orientation error) compared to GA without DoE. The orientation error
values for this test are shown in Table 5-4.
Table 5-4: EKF-Performance using GA with DoE the simulation test
RMSE (deg)
Roll

0.1853

Pitch

0.1578

Heading

0.4159

Overall Orientation Error

0.4819
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Figure 5-14: Comparison of GA fitness values with and without DoE

5.2

Zero-speed Experimental Test
In this test, zero-speed data has been collected by the reprogrammable SparkFun 9DoF

Razor IMU-M0 which combines a SAMD21 microprocessor with an MPU-9250 9DoF IMU
featuring three-axes accelerometer, gyroscope, and magnetometer sensors. The IMU orientation
was changed manually while being stationary (no linear motion).
5.2.1

Ground-Truth Data and Raw IMU Data
The ground-truth was generated by applying post-processing smoothing to the angles

estimated by well-calibrated accelerometer and magnetometer. Figure 5-15 shows raw gyroscope
data in deg/sec plotted versus time in seconds. Figure 5-16 shows raw accelerometer data for all
three axes. Measurements in the Z axis are affected the most by gravity from the start. Similarly,
Figure 5-17 shows raw magnetometer data for all three axes. Figure 5-18 show the reference
heading, roll and pitch angles plotted against time in seconds.
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Figure 5-15: Raw Gyro data of the Experimental Zero-speed Test

Figure 5-16: Raw Accelerometer data of the Zero-speed Test

Figure 5-17: Raw Magnetometer data of the Experimental Zero-speed Test
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Figure 5-18. Ground-Truth Angles to evaluate the proposed EKF-design

5.2.2

Nominal Design Point
Nominal design points were obtained by applying GM and AV methods on a 7 hours

records of stationary (no linear motion and no orientation changes) data collected. After the
computation and plotting of the autocorrelation function, the gyro time constants and

Gauss-

Markov standard deviation were calculated for all the three axes. The estimated gyro standard
deviation and time constants are used as the nominal design point. The values of the nominal
design points for this test are listed in Table 5-5.
Table 5-5: GM-Estimated Noise Parameters
𝜏𝜔𝑥 (h)

𝜏𝜔𝑦 (h)

𝜏𝜔𝑧 (h)

𝛿𝜔𝑥 (𝑜⁄𝑠)

𝛿𝜔𝑦 (𝑜⁄𝑠)

𝛿𝜔𝑧 (𝑜⁄𝑠)

1.62

1.83

1.83

0.46

0.44

0.44

The nominal R matrix parameters were set to 0.5 each to give the following diagonal matrix:
𝑅𝑟
𝑅=[0
0

0
𝑅𝑝
0

0
0.5 0
0
0 ] = [ 0 0.5 0 ]
𝑅ℎ
0
0 0.5
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5.2.3

Nominal Design Point Results on Zero-speed Experimental Test
At first, like the simulation test procedure done in section 5.1, the experimental data set

was tested using the nominal design points. Figure 5-19 shows comparison of experimental test
heading data against the ground truth in degrees plotted versus time in seconds. Although, up to
approximately the 60th second time step the heading output was able to follow the ground truth
closely with a little drift initially, it is observed to introduce more error and drift more as time
increased. Figure 5-20 illustrates the comparison of roll result and reference roll in degrees plotted
against time in seconds. From observation it can be noted that during this period it was able to
follow the ground truth curve and the error stayed relatively at the smaller degree. Figure 5-21
shows the comparison between pitch and reference pitch, with roll/pitch in degrees on the vertical
side and time in seconds on the horizontal axis of the figure. The resulting pitch doesn’t deviate
that much from the reference pitch in the first half of the period but in the latter stages the difference
between the two gets larger. Figure 5-22 show the gyro biases estimation. Table 5-6 shows a
summary of the error the error with the heading RMS error being the largest.

Figure 5-19: Heading results for zero-speed experimental test using nominal design point
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Figure 5-20: Roll results for zero-speed experimental test using nominal design point

Figure 5-21: Pitch results for zero-speed experimental test using nominal design point
Table 5-6: EKF results for zero-speed experimental test using nominal design point
RMSE (deg)
Roll

1.58 o

Pitch

1.93 o

Heading

5.13 o

Overall Orientation Error

5.71 o
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Figure 5-22: Gyro biases estimation for the zero-speed experimental test

5.2.4

Genetic Algorithm Results on Zero-speed Experimental Test
In this sub-section, the GA optimization was run using MATLAB GA toolbox on a

TOSHIBA laptop with intel-iCore7 dual-core 2.4 GHz processor with 16GB RAM running
Windows 10. MATLAB R2018a was used. The computation performance is measured in terms of
number of GA generations used to get acceptable solution. The population size was set to 50 and
the maximum number of generations was set to 20.
5.2.4.1

DoE Analysis
DoE was applied to the real data, to find out which of the tuning parameters were more

signifiantly affecting the EKF performace, and the pareto charts was plotted in Figure 5-23. It is
observed that the roll and pitch parameters in the R matrix were much more significant than the
rest implying that by directing the GA in this direction , we can tune the EKF faster.
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Figure 5-23: DoE Pareto Charts for the Q and R parameters of zero-speed experimental test

5.2.4.2

GA Results
The implementation of the GA is tested on the experimental data set without combining

the DoE analysis first and the result is plotted. Then the same procedure is taken by combining
the DoE with the GA and the results are summarized for comparison.
Results of GA without DoE
The fitness value of the best individuals when implementing GA without considering the
DoE analysis is plotted in Figure 5-24 below. It shows the best, the worst and the mean scores that
were obtained during the physical test for twenty generations. Also, as shown in Figure 5-25, the
best individual and the mean fitness differ when plotted together for twenty generations. The bestfit convergence happened at the 16th generation. The numerical error value is shown in Table 5-7.
As the table shows, the results are better than those of the nominal design point shown in Table
5-6 .
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Table 5-7: EKF-Performance using GA without DoE for the Physical Stationary Test
RMSE(deg)
Roll

0.27o

Pitch

0.15 o

Heading

3.90 o

Overall Orientation Error

3.91 o

Figure 5-24: Best, worst and Mean scores for twenty generations of GA

Figure 5-25: Best and Mean fitness values for GA optimization
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Results of GA with DoE
The next procedure is introducing the DoE analysis result into the GA algorithm. Here, the
ranges of GA upper and lower bounds for those tuning parameters are adjusted according to their
significance based on the DoE analysis that we obtained for the experimental test. For instance,
the R_roll parameter in the R matrix has the highest range while the gyro y time constant has the
lowest range referring to the pareto charts shown in Figure 5-23. Figure 5-27 shows the best, worst
and means scores obtained with the use of DoE plotted on a graph of fitness value versus
generation. In comparison to Figure 5-25, when DoE is utilized as proven by the result it takes
less number of generations for the mean fitness to converge to the best individual fitness value,
due to DoE finding the most effective factors and minimizing the search window for the GA.
Figure 5-26 shows the comparison of GA without DoE and GA with DoE tested on real data. From
the figure, it can be concluded that GA with DoE was able to find a fitness value with better
accuracy in less generations (shorter time) compared to GA without DoE. Table 5-8 summarizes
the magnitudes showing the performance of the EKF using GA and DoE.

Figure 5-26: GA fitness with and without DoE for the zero-speed experimental test
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Figure 5-27: Fitness Value Statistics of GA with DoE
Table 5-8: Performance of DoE-supported GA for zero-speed experimental test
RMSE(deg)
Roll

0.21o

Pitch

0.13 o

Heading

3.50 o

Overall Orientation Error

3.51 o
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5.3

Dynamic Physical Test
In this test, the MPU-9250 MEMS IMU was used with a GPS receiver (Ublox EKV-7) to

collect GPS and IMU data on a moving land vehicle. This scenario is designed to test the
performance of the proposed tuning method when the IMU is mounted to a dynamic platform.
5.3.1

Ground-Truth Data
In this test, the ground truth has been generated by applying an INS/GPS filtering system

available in the EMS lab [70]. This is an advanced EKF that performs full 3D IMU/GPS
integration. The trajectory taken in this test is shown in Figure 5-28. Ground-truth orientation is
shown in Figure 5-29 and Figure 5-30.

Figure 5-28: 2D trajectory taken in the dynamic test

Figure 5-29: Ground-truth heading of the dynamic test
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Figure 5-30: Ground-truth roll/pitch in the dynamic test

5.3.2

Raw IMU
Before using the raw accelerometer to calculate tilt angles, it was compensated for motion

such that the accelerometer readings are only the gravity components that can be used for pitch/roll
calculation. The heading updates was calculated by adding random noise to the ground truth
heading. The raw gyro and the raw compensated accelerometer measurements are shown in Figure
5-31 and Figure 5-32.

Figure 5-31: Raw gyroscope data of the dynamic test
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Figure 5-32: Raw X,Y accelerometer data of the dynamic test

5.3.3

Nominal Design Point Results on Experimental Dynamic Test
Table 5-9 shows the nominal design point results are of the dynamic experimental test. It

is noticed that the orientation accuracy is better on the dynamic test than the static (stationary test).
This is mainly due to two factors, 1) the usage of heading updates from GPS/INS integrated
solution which is known to be better than magnetometer-driven heading. 2) the lower sampling
rate which was 20Hz in this dynamic test. As discussed earlier, random walk effect is smaller when
sampling rate is slower.
Table 5-9: EKF Results for dynamic experimental test using nominal design point
RMSE(deg)
Roll

1.6o

Pitch

0.75o

Heading

2.01o

Overall Orientation Error

2.6763o
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5.3.4

GA Results on Dynamic Experimental Test
We used the same computer platform with the same GA settings to run the tuning

algorithm. In this time, we run the GA with DoE directly. The DoE analysis is shown in Figure
5-33. From Figure 5-33 , it is evident that R roll, gyro z stdv, gyro z stdv, and gyro z time constant
are the most significant factors affecting the EKF tuning than the rest of the factors. Figure 5-34
shows the best, worst and mean scores obtained with the use of DoE plotted on a scale of fitness
value versus Generation. As shown on the bottom graph of the figure, it takes few generations for
the mean fitness to converge to the best fitness, as DoE helps focus GA’s search for the optimum
fitness value.

Figure 5-33: DoE Analysis for the dynamic experimental test

Orientation is calculated from the GA by setting the lower and upper bound for each of
those parameters using DoE analysis result. Figure 5-35 illustrates the similarities between
heading angle output from this algorithm and ground truth dynamic data in degrees, both plotted
against time in seconds. From observation, heading and ground truth yield similar curves between
0 to 700 second interval but those small errors added up to give 0.90 RMS error which accounts
for the largest contribution in the overall orientation error.
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Figure 5-34: Fitness Statistics of DoE-supported GA applied on dynamic experimental data

Figure 5-35: Heading output for the dynamic physical test using GA with DoE

Similarly, Figure 5-36 plots reference pitch against pitch calculated using GA and DoE on
the dynamic physical data, versus time in seconds. Although there isn’t much difference in the
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curve between the pitch from the algorithm and reference pitch, the former is noisier which is due
to gyro drifts.

Figure 5-36: Pitch output for the dynamic experimental test using GA with DoE

Figure 5-37 shows the comparison between roll after the GA is implemented with DoE and
the ground truth roll angle in degrees on the vertical side and time in seconds on the horizontal
axis. The resulting roll doesn’t deviate that much from the reference roll in the first half of the
period except for being noisier. But in the latter stages, after about the 500th seconds time, the
difference between the two gets larger.

Figure 5-37: Roll output for dynamic experimental test using GA with DoE
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Figure 5-38: Gyro biases for the dynamic test

The gyro biases estimation in Figure 5-38 show that gyro x has the highest biases compared
to the gyros in the y and z direction. Table 5-10 shows a summary of the overall orientation error
in RMS error with the heading RMS error being the largest.

Table 5-10: EKF-Performance for dynamic experimental Test
RMSE(deg)

5.4

Roll

0.6013o

Pitch

0.4755o

Heading

0.9o

Overall Orientation Error

1.074o

Comment on Execution Time and Error values
The execution time and overall orientation error values of all tests are summarized in Table

5-11. As mentioned in section 5.1, the experiments were performed using the GA optimization
using MATLAB R2018a GA toolbox on a TOSHIBA laptop with intel-iCore7 dual-core 2.4 GHz
processor with 16GB RAM running Windows 10. To have a feeling of how these execution times
compared to exhaustive search (trying all combinations), assuming we will change the 9
parameters where each parameter will be portioned into 5 values leading to 1953125 combinations.
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The EKF execution time of one data epoch was averaged at 2 seconds. This means that the
execution time to try all combinations is approximately 45 days! This simple analysis shows the
efficiency of the GA-based search. Of course, other evolutionary-inspired search methods can be
explored and compared to GA. However, this work is beyond the scope of this thesis.
It is difficult to develop a concrete accurate conclusion about typical AHRS error values of
MEMS-based AHRS products. Different products report error values under different scenarios and
conditions and it is difficult to verify these numbers in practice. However, to assess the accuracy
of the developed AHRS in this thesis with respect to commercial AHRS, the error values of the
MTi-G-710 AHRS commercial product is used as a reference which uses MEMS-based IMU. The
MTi-G-710 AHRS overall orientation error value is reported as 1.67o [71] for dynamic tests which
is slightly larger than the error value shown in Table 5-11 for the dynamic test. Given the reduction
in tuning time and the systemic nature of the proposed technique, the advantages of the proposed
parameter tuning method are clear.
Table 5-11: Information summary of all experiments

Test

Sampling
Rate

IMU
Samples

Execution Time (minutes)

RMSE(o)

Simulation

100 Hz

50000

90.41

0.4819

Zero-speed

100 Hz

13500

35.16

3.51

Dynamic

20 Hz

14400

26.96

1.074
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6 Chapter: Conclusion
This thesis studied the MEMS-IMU error analysis using two common techniques; Allan
Variance and Gauss-Markov random process modeling. The thesis then focused on one of the most
important applications of MEMS-IMU which is Attitude and Heading Reference Systems
(AHRS). The AHRS system model which are used to process raw IMU gyroscope measurements
to calculate 3D orientation have been demonstrated. The effect of the IMU sensors errors have
been shown by applying the AHRS system model to noisy raw gyroscope data. It was noticed that
the IMU noise lead to significant error growth overtime. To limit this error growth, absolute
tilt/heading angle updates from gravity measurements and magnetometer measurements were
investigated. Although the tilt/heading angles calculated from accelerometer/magnetometer are
absolute and they do not drift with time, they are very noisy. Therefore, Kalman filter was applied
to fuse information from AHRS system model and tilt/heading angles measurements calculated
from accelerometer/magnetometer.
Process noise and measurement noise parameters of AHRS are key values that affect the
accuracy of Kalman filter. To tune noise parameters, this thesis developed a systematic approach
that follows the following steps:
1. Allan Variance was used to estimate gyroscope high-frequency noise (random walk).
2. Gauss-Markov random process modeling was used to model gyroscope biases errors.
3. Initial value for measurement noise covariance was selected empirically.
4. Step 1,2 and 3 are used to obtain an initial design point (nominal design point).
5. Given a nominal design point, Deign of Experiment technique was applied to investigate
the most significant noise parameters.
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6. Genetic Algorithms was applied to optimize the Gauss-Markov parameters and the
measurement noise covariance.
7. The fitness function of the Genetic Algorithm is the error between the EKF output and a
ground-truth data set.
The procedure was applied on three different cases; 1) simulation data, 2) physical stationary
test and 3) physical dynamic test. In the simulation test, a ground truth angles set was used to
simulate raw IMU data. The raw IMU data was contaminated by high-frequency random noise
(random walk), and biases. As the noise parameters in the simulation are already known, the
performance of the nominal design point was acceptable. Thus, the improved gain from applying
genetic algorithm was only 32%. In the stationary real-data test, a physical IMU was used to
perform simple rotations while stationary. The improvement gained by applying genetic algorithm
and DoE was approximately 39%. In the dynamic test, data from GPS and IMU mounted on a
moving vehicle was used. The absolute angles measurement updates were generated from raw
accelerometer after removing the motion effect from the accelerometer reading. The improvement
on the dynamic test data was approximately 60%. Overall, in all test cases, comparison between
the nominal design point accuracy and the genetic-based accuracy was performed. Results showed
that although the nominal design point may generate acceptable results. However, better accuracy
and significantly enhanced performance is obtained when genetic algorithms are applied.
6.1

Contributions
The contributions of this thesis can be summarized as follows:
1. The introduction of a systematic way of tuning EKF parameters for more accurate AHRS.
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2. The proposed design approach optimizes the EKF-parameters using a hybrid approach that
combines Allan Variance, Gauss-Markov stochastic modeling and Genetic Algorithms
supported by Design of Experiment analysis. Experimental results showed that the
proposed method performed approximately 40% better in zero-speed scenario and 60%
better in dynamic test scenario in comparison with conventional methods (Allan Variance
and Gauss-Markov only).
3. The other major contribution of this thesis is the systematic analysis approach to integrate
DoE principle into GA. This novel idea of tuning EKF parameters for the AHRS using the
DoE helps to give emphasis on those parameters that affect the performance the most. This
led to 5-15% increased performance in the overall orientation RMS error and 60% in the
number of generations required in the genetic algorithm to converge to better accuracy
4. The following two conference papers have been published out of this work:
[1] M. Gessesse, M.M Atia, “Enhancing UAV 3D Orientation Estimation using Design
of Experiment and Genetically Optimized Kalman Filter”, the 3rd Virtual
Geoscience Conference, Kingston, ON, Canada, August 2018.
[2] M. Gessesse, M.M Atia, “Multi-sensor Attitude and Heading Reference System
using Genetically Optimized Kalman Filter”, 61st IEEE International Midwest
Symposium on Circuits and Systems Windsor, ON, Canada August 5th-8th, 2018.
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6.2

Future work
The work presented in this thesis opens new research directions for systematic tuning of EKF-

based AHRS. These new directions can be summarized as follows:
1. Tightly-coupled tests: In thesis work, we applied the method on AHRS that reads absolute
angle measurements. This is known as “loosely-coupled” mode. In tightly-coupled mode,
AHRS reads directly raw accelerometer and magnetometer measurements data. Tightlycoupled mode generally lead to better performance.
2. The method can be applied in full 3D position/velocity/attitude estimation using GPS/INS
EKF. The GPS/INS system is more complex, and it involved larger number of parameters
to be tuned.
3. The thesis work applied the method in post-processing offline mode. However, a more
beneficial scenario is to apply the method in real-time. This could be performed by
collecting a buffer of GPS data as ground-truth and run the tuning in real-time on this buffer
to optimize the EKF noise parameters online in the field.
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