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ABSTRACT
The design of sliding mode control for singularly perturbed systems is investigated in
this thesis. A number of methods of sliding mode control for singularly perturbed system
are presented. A single sliding mode controller has been proposed to control the full order
singularly perturbed system. The design method used for this controller is based on the
reduced mathematical model of both the slow and the fast subsystems. The design
objective is to achieve the desired performance with feedback based only on the slow
states.
An accurate decoupling method, known as the diagonalization method, is used to
obtain the reduced order fast and slow subsystems. We design the single sliding mode
controller based on the slow subsystem. We discuss and prove convergence and stability
for the proposed controller, and present some numerical results. A maximum limit for the
perturbation parameter £ that guarantee the stability of the proposed controller is shown.
The sliding mode H°° frequency shaped control method is used for the proposed
controller to design a frequency shaped sliding surface. By using this technique we can
suppress the high frequency modes of the fast subsystem. The fuzzy sliding mode control
algorithm is applied to the proposed controller. The fuzzy logic acts as a supervisory
system to connect two different sliding mode controllers together, which allows us to
obtain a nonlinear sliding surface.
Examples that demonstrate the usefulness of these procedures are presented. The
results indicate that the proposed controller has similar or better performance compared
to other control strategies.
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CHAPTER 1. INTRODUCTION

1

Chapter 1 Introduction
1.1 Overview and motivation
Sliding mode control was originally proposed by Utkin [56] in the late 1970's. Since
then this control methodology has received substantial attention in the research
community. The key advantage to the sliding mode technique is its robustness to a certain
class of model uncertainty.
However some systems that are controlled by sliding mode controllers exhibit a
disturbing chattering phenomenon. A sliding mode controller is essentially a high gain
switching controller. The idea is to keep the trajectory of the system on a particular
surface in the phase space. In a two dimensional system this would reduced to following
a line in the phase plane. If the trajectory moved off the sliding surface a large control
signal would be commanded. For example if the trajectory moved below the sliding
surface a large positive signal would be commanded and if the trajectory moved above
the sliding surface a large negative command signal would be commanded. If this
switching could be done infinitely fast then the system trajectory will move smoothly
along the specified sliding surface in the phase plane.
Of course, in practice, one can never switch anything infinitely fast. Therein lies the
problem in implementing the sliding mode controller. The result is that the system under
sliding mode control produces a high frequency control signal. This often causes the
system to shake or "chatter". The explanation given by researchers in this Field, for this
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chattering phenomena, is that it is caused by "unmodeled high frequency dynamics"
which to a large degree is nothing more than a truism.
It is impossible to mathematically model a physical dynamic system perfectly. As
such, one can always argue that there are "high frequency unmodeled dynamics". In
many practical applications, one component of these "high frequency unmodeled
dynamics" is the lightly damped structural mode of the system. For example, the lightly
damped high frequency structure modes could be due to flexibility and elasticity in steel
shaft, support structures gears and pulleys. High frequency electrical modes could be due
to motor and line inductance and capacitance.
To address the chattering problem researchers in the field, notably Slotine
[47] [48] [49], proposed to design a "boundary layer" around the sliding surface. The
proposed "boundary layer" is a method of filtering the switched high magnitude control
signal. The design procedure is largely iterative. The idea is to choose a boundary layer
"wide enough" such that unmodeled high frequency dynamics are not excited. The wider
the boundary layer around the sliding surface the lower will be the bandwidth of the filter
acting on the switching control. In practice, when the system trajectory is inside the
boundary layer, the controller is not switching but instead reverts to a PD controller. The
disadvantage to this is that the robustness to disturbance and model uncertainty which is
the justification for using sliding mode control is lost. Slotine [48], derives the guaranteed
error bounds for a trajectory tracking controller and relates these error bounds to the
width of the boundary layer. Therefore the design procedure is to iteratively widen the
boundary layer until the chattering or shaking of the system is no longer a problem and
then calculate the guaranteed error bounds.
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During the past two decades numerous applications of sliding mode control have been
presented [10] [23]. However, little if any, further research has been done on the
interaction of sliding mode control with the high frequency dynamics. The goal of this
research is to further investigate the interaction between the high frequency dynamic
modes of the plant and the sliding mode controller and to improve the design of sliding
mode controllers for such systems.
In parallel with the research into sliding mode control, other researchers were
investigating two time scale systems and singularly perturbed subsystems. These are
dynamic systems that are composed of two sets of dynamic modes or eigenvalues. One
set of dynamic modes has relatively slow time constants and the other dynamic modes
have relatively fast time constants. The dynamic modes associated with the slow time
constants are referred to as the slow subsystem and the dynamic modes associated with
the fast time constants are referred to as the fast subsystem.
Modeling a system in singularly perturbed form allows one to specify uncertainty in
the high frequency dynamics in terms of a single parameter referred to as £ , in the
traditional literature. Furthermore, there is a substantial quantity of literature analyzing
the stability and control of systems in singularly perturbed form [5] [7] [18] [25] [30]. We
could then rely on some of these theoretical results in our own work.
Therefore, to study the effects of sliding mode control on high frequency dynamics
we chose to model our system in singularly perturbed form. The high frequency
dynamics are explicitly defined by the model. The literature published on sliding mode
control for singularly perturbed system is very scarce. There are only a few articles on the
use of sliding mode control for singularly perturbed systems [1 ] [11] [22] [25] [26] [50] [60].
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Furthermore, in all the articles published the authors are not interested in investigating the
effect of sliding mode control on the high frequency dynamics. They are interested in
designing two separate sliding mode controllers, one for the slow subsystem and a
separate sliding mode controller for the fast subsystem. This seems somewhat strange
since access to the high frequency dynamics states is usually not available. For example
one typically will not have a strain gauge on a flexible shaft. They also decouple the
singularly perturbed system into slow and fast subsystems by using quasi steady state
methods. This brings in a new source of error.
In contrast to the available literature we are proposing to design and analyze the effect
of a single sliding mode controller for a singularly perturbed system. The single sliding
mode controller is designed based on a quasi steady state decoupling algorithm which
separates the system into high and low frequency dynamics. The resulting zeroth order
subsystem, which can be thought of as the slow subsystem, is controlled by the single
sliding mode controller. We then examine the behavior of the full order system, which
includes the fast dynamics under the control of the single sliding mode controller. This
research provides important insights into how the sliding mode control interacts with the
high frequency dynamics.
An advantage of using the proposed controller is that the control law in this case will
depend only on the slow state. As a result there is no need for measurement of the fast
state, which is usually difficult to measure.

R eproduced with perm ission of the copyright owner. Further reproduction prohibited without permission.

CHAPTER 1. INTRODUCTION

5

1.2 Contribution
The idea of using a singularly perturbed system to examine and investigate the effect
of sliding mode control on high frequency dynamics is an original contribution of this
work. Given that we are using this original approach to investigate the effects of sliding
mode control on the high frequency dynamics we have made a number of important
contributions.
The research began with implementing the sliding mode controller on the singularly
perturbed system and demonstrating the chattering phenomena. This is shown in Figure
4.1. Then using the boundary layer approach we demonstrate that the chattering can be
suppressed just as one would obtain from the literature. This is shown in Figure 4.2.
In chapter 5, we replicate the result in the literature by implementing two sliding
mode controllers. We use the quasi steady state decoupling approach to define the slow
and fast subsystems. The example is illustrated in Figure 5.1. This example is primarily
used to verify our simulation and control techniques in comparison to the available
literature [22]. We then use a diagonalization method to more accurately decouple the
singularly perturbed system. Using the diagonalization approach one does not introduce
the approximation error associated with the quasi steady state methods. We can then
demonstrate, as in Figure 5.1 and 5.3 that the diagonalization method results in improved
performance when using either a single sliding mode controller or two sliding mode
controllers. The disadvantage of the diagonalization method is that one must measure
states that are typically inaccessible. Although the results of using the diagonalization
method point to an interesting contribution, it is not the central thrust of this thesis as the
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main goal of this thesis is to investigate the effect of high frequency modes on the design
of sliding mode controller.
In chapter 5 we then show that the full order system can be driven unstable and this is
shown in Figure 5.2. This is an important result because the literature on sliding mode
control discusses chattering but this is the first time that instability has been reported.
Furthermore we demonstrate for the first time that the cause of instability depends on the
slope of the sliding surface.
Then borrowing from some of the stability proofs published in the literature [25] [30],
we prove that for a range of the perturbation parameter e , stability will result and the
system will not suffer from chattering. The proof of stability required a new Lyapunov
function to meet the sufficient conditions; this is discussed in section 5. It is then shown
how the theoretical stability bound e is related to the slope of the sliding surface. This is
shown in Figure 5.13.
Given that stability is related to the slope of the sliding surface we develop two new
design procedures to select the sliding surface that will result in a stable sliding mode
controller. Furthermore, the choice of the sliding surface will determine the bandwidth of
the closed loop sliding mode controller.
In chapter 6 we propose using the H°° control design method and the frequency
domain to select a nonlinear sliding surface and demonstrate the usefulness of the method
in example 6.1. Finally we use the technique of fuzzy logic control to design the sliding
surface. This is discussed in chapter 7.
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1.3 Literature Overview
This thesis combines the idea of sliding mode control with singularly perturbed
systems. Hence the literature in these two distinct research domains has been reviewed.
There are only a few research articles that discuss the synergism achieved in combining
these fields.
Sliding mode control first appeared in the Russian literature by Utkin [56] who
established the theory and introduced the technique to the West. Since then, sliding mode
control has been widely accepted as a powerful method to control uncertain nonlinear
systems. Many research papers and books have been introduced in this field. Slotine
[47] [49] made an important contribution by applying a boundary layer around the sliding
surface to decrease the chattering effects. Slotine [48] also had a good approach for using
a sliding mode controller as a tracking controller with time varying boundary width. SiraRamirez [44] [45] used integral control action to eliminate the chattering that appears in
the sliding mode. Gao [19] introduced another approach to design the sliding mode
controller called the reaching law approach.
The second field of investigation is the singular perturbation algorithm. Singular
perturbation theory first appeared in mathematical literature then in control literature.
Many books and research papers are found in this direction, the most famous are the
books by Kokotovic [30], Khalil [28] and Nadiu [40].
Few researchers have applied sliding mode control on a system in singularly
perturbed form. Slotine [50] proposed one of the earliest attempts by applying his sliding
mode tracking control algorithm [47] [49] to a robot in singular perturbed form. Heck [22]
also introduced sliding mode control for a singular perturbed system. Heck [22] used two
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sliding mode controllers, one for each of the fast and slow subsystems. The reaching
condition was investigated and was satisfied in her paper. Wu [60] discussed Heck's
approach in more detail, and introduced a bound on the perturbed parameter e to ensure
stability for the full order system. Dong [11] discussed the robustness properties of the
two sliding mode controllers offered by Heck and suggested new conditions to design the
sliding surface that ensure its robustness to disturbance.
The literature has proposed two methods to decouple the singularly perturbed system
into slow and fast subsystems. One method is the Quasi steady state method, which is
usually used to design feedback controllers for the full order system and the other is the
diagonalization method that has reduced approximation error compared with the quasi
steady state method. Furthermore, the diagonalization method has been used to design a
single feedback controller as discussed by Cao [4].
Recently, stability analysis of sliding mode controllers for singularly perturbed
systems has been discussed. Alvarez-Gallegos [1] introduced an approach to find a
maximum value of the perturbation parameter s* when two sliding mode controllers are
used for the full order singularly perturbed system. Alvarez-Gallegos [1] uses the
Lyapunov approach that was introduced by Kokotovic [30]. Innocenti [25] [26] refined
the Alvarez-Gallegos [1] approach by introducing a Lyapunov function that will ensure
overall stability of the full order system.
Another area that has been discussed in this thesis is H “ frequency shaped sliding
mode control. Frequency shaped sliding mode control was first introduced by Gupta [21]
to handle the flexibility problem in spacecraft. Young [61] introduces a more convenient
form for frequency shaped sliding mode control. Nishimura [41] introduces an H°°
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optimal control algorithm to design a frequency shaped sliding mode controller instead of
a conventional linear quadratic regulator that has usually been used. H°° frequency
shaped sliding mode control showed superior performance compared with other methods
of surface design for sliding mode control.

1.4 Thesis Organization
This Thesis consists of the following five chapters:
■ Chapter 2 is a review of the sliding mode control technique and the most common
methods used for design.
■ Chapter 3 is a review of singular perturbation theory and its application to control.
■ Chapter 4 is an overview for using a sliding mode controller for a singular
perturbed system, including the two common design methods and the simulation
results.
■ Chapter 5 introduces the new proposed controller. The stability analysis for the
proposed controller is

shown. The interval for perturbation parameter

e e (0,£*)for the full order system is obtained where the closed loop system is
asymptotically stable.
■ Chapter 6 describes the frequency shaped method for the sliding surface and its
benefits for the proposed controller.
■ Chapter 7 investigates the single fuzzy sliding mode controller for the full order
1

singularly perturbed system.
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Chapter 2
2 .1

10

Review of Sliding Mode Control

Introduction

This chapter reviews three common design methods for a sliding mode controller.
The mathematical steps associated with these methods are presented in such a manner
that the reader can follow the formulation.
System model imprecision may come from actual uncertainty about the plant (e.g.,
unknown plant parameters), or from the choice of simplified representation of the
systems dynamics. Modeling inaccuracies can be classified into two major kinds:
structure (or parametric) uncertainties and unstructured uncertainties (or unmodeled
dynamics). The first kind corresponds to inaccuracies in terms actually included in the
model, while the second kind corresponds to inaccuracies in the system order.
Modeling inaccuracies can have strong adverse effects on nonlinear control systems.
One of the most important approaches to deal with model uncertainty is robust control.
There is currently a large interest in the variable structure control algorithms due to their
robustness properties and possibility to decouple a high dimensional design problem into
a set of lower dimensional independent sub-problems. In this chapter, brief reviews of
two main design methods for sliding mode controllers are presented.
Variable structure control (VSC) is a variable switching feedback control, which
means that the gain changes between two values. VSC uses switching control laws in
order to drive the state trajectory of the system (usually a nonlinear plant) to a specific
and user chosen surface in the state space (called the sliding or switching surface) and
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then keep the state trajectory on the surface. This surface is sometimes called the
switching surface because if the state trajectory of the plant is "above" the surface the
feedback gain will have a value which is different from the other gain when the state
trajectory is "below" the switching surface using a control law that is discontinuous
across the switching surface.
The switching surface is referred to as the sliding surface because when the state
trajectory reaches this surface it stays on this surface (slides down or up) until it reaches
an equilibrium point. The main principles for switching control theory can be explained
by a simple example. In this example we will explain how two unstable systems can be
combined using a switching strategy to obtain a stable system.
Consider a second order plant in companion form that takes the form, DeCarlo [10]
~x~

~0

3_

J

y-[i

1 v
2_

3 .

+

"o'
1

u,
( 2 . 1)

0]

Plant

Figure 2.1: Block diagram of switching feedback [10]

The control law u takes the form,
u=

k(Xj )Xj,
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where Xj is the plant output. The gain k( x1) can take on one of two values, "2" or "-3".
This system is illustrated in Figure 2.1, which has two linear structures, one for
k( Xj ) = 2 and the other for k( x} ) = —3 . With the switch in the upper position,

N>

(2.3)
1

2_

1

1
1

1

K*

©
- 2

1

1
r

i

1

k( Xj) = - 3 , the closed loop system takes the form

i

1

1

1

2_

(2.4)

_>T

_3

i

i©

r—
&
\

while with the switch in the lower position, k( x1 ) = 2 , the closed loop system will be

In both cases our system is unstable. In the upper case { k ( x 1) = —3 ) the equilibrium
point (0,0) has an unstable focus as shown in Figure 2.2(b), while in the lower Case
(k(Xj ) = 2 ) the equilibrium point becomes a saddle point as shown in Figure 2.2(a).
Switching occurs with respect to the sliding or switching surface denoted by S = 0 . For
example consider S = Xxx + x2 with X > I , and the feedback switching law

k ( x ■j M -

I f S(x )Xj > 0
If S(x )Xj < 0

Thus sliding mode control can combine the two unstable systems along the switching
surface to obtain a stable closed loop system as illustrated in Figure 2.2(c)
From this simple example it is seen that the most important task is to design the
switched control law that will drive the plant state to the switching surface and maintain
it there. Usually a Lyapunov approach is used to achieve this task.
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Saddle Point

(a)

k

Figure 2.2: Phase plane plots for the switched feedback plant [10][56]

A generalized Lyapunov function that characterizes the motion of the state trajectory
to the sliding surface is defined in terms of the surface. For each chosen switched control
structure, one chooses the "gains" so that the derivative of this Lyapunov function is
negative definite, thus guaranteeing motion of the state trajectory to the surface. After
proper design of the surface, a switched controller is constructed so that the tangent
vectors of the state trajectory point towards the surface so that the state is driven to the
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sliding surface and is maintained on it. Such a controller results in discontinuous closed
loop systems. The two main design methods that are discussed here are the equivalent
control method offered by Utkin [55] [56] and the tracking control method offered by
Slotine [48] [49].

2.2

Equivalent control method

The design of a sliding mode controller with this method breaks down into two main
steps:
1. Determine the switching surface so that when the system is restricted to the
switching surface the desired behavior is produced; and
2. Construct switched feedback gains that will drive the state trajectory to the sliding
surface and maintain it there.

2.2.1

Sliding surface design

Before designing the switching surface it is useful to note that VSC produces system
dynamics with discontinuous right hand side due to the switching action of the controller
as will be shown in the next step. Thus the equations describing the dynamics of the
system fail to satisfy conventional existence and uniqueness theory [56].
One of the straightforward and mostly used methods to solve this problem is the
method of equivalent control as proposed by Utkin [55] and Drakunov [14]. In this
method the system equation in (2.5) is solved by using regularization to replace the initial
problem by a closely similar one for which familiar methods can be used.
Consider a system depending linearly on the control
x = f ( x , t ) + B ( x , t )u
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(2 .6)

where ut is the 1thcomponent of u and s((x,t) is the i1*1component of s(x ,t) e R m , and
u ( x , t ) and u+( x , t )are continuous functions. The control u( x , t ) undergoes a
discontinuity on the surface s( x , t ) = 0 , which is called the switching surface.
The state vector x ( t ) e R n and control vector u ( t ) e R m, thus f ( x , t ) e R n
andSf x , t ) e R**"1. Assume that the linear switching surface s ( x , t jhas the general
form s( x , t ) = C x ( t ) (for simplicity s( x , t ) = S ) where C e R mXn, so S& Rm and
dS
— = C . We will consider, without lost of generality, the system given by equation (2.5)
dx
as a single input single output system. This means that C e R lxn and S e R . Suppose
that at time t0, the system state reaches the switching surface and that the sliding mode
exists for t > t 0. The existence of the sliding mode means that 5 = 0 and S = 0.
Differentiating S along the trajectory of x gives
(2.7)
where ueq is the equivalent control that solves equation (2.7). Assume that the matrix
dS
product — B( x , t ) is nonsingular, then from equation (2.7) we have
dx

u

—~B( x , t )

^ - f ( x,t) .

(2-8)

The dynamics of system (2.5) on the switching surface for t > t 0 is given by substituting
u = ueqin equation (2.5) and gives
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=

~ds n/
I - B ( x ,t ) — B(x,i)
ox

16

~;as’f ( x , t )
dx

(2.9)

and since we assume that S is a linear switching surface with respect to x , and
dS
substituting S = Cx (where — = C ) into equation (2.9) then
dx

x Determining the sliding surface parameter C that will satisfy the desired dynamic
equation in the sliding mode is possible by using equation (2.10). If f ( x , t ) is linear and
in the desirable canonical form then one can determine the surface parameters Cby
solving equation (2.10) for the specific closed loop characteristic equation. If f ( x , t ) is
not in the desirable form, many methods to obtain the surface parameter C can be found.
The most famous method is to transform f ( x , t ) to a more general form called the
regular form. The regular form of the plant dynamics is

x, = f , ( x , t )

(2 .11)

x2 = f 2( x , t ) + B 2( x,t)u,
where x; € R n~m and x2 e R m. A system in this form allows us to compute the surface
parameter C based on the desired reduced order dynamic (n-m) equation. Detailed
information about the transformation procedure can be found in El-Ghezawi [15] in the
case of a linear system or Hunt [24], Luk'yanov [39] in the case of a nonlinear system.

2.2.2

Controller design

The controller design is the second phase of the SMC design. The purpose of this
phase is to determine the switching feedback gains that will drive the state trajectory to
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the sliding surface and maintain it there. This can be done by using a Lyapunov stability
analysis method to satisfy the reaching condition. Without loss of generality consider the
system in equation (2.5) as a single input system (where the design can extend easily to
multi input systems). Choose a Lyapunov function [14]
V( x) = j S 2

(2.12)

where S = C x , C e R Ixn. For stability itis required that the derivative

of V ( x ) be

negative, therefore, V = SS <0. This can be done if SS < —77(S') where 7] is an
arbitrary positive constant. Let SS =

then S = ~ljsgn( S ) where

sgn( S )is the

signum function,
/ 1
sgn(S) = \
6
- i

IfS>0

IfS < 0

since S = Cx,
S = C x = C [ / ( x , t ) + B ( x , t )w] = -^ s g n (S ).

(2.13)

Then one can solve equation (2.13) for the control signal u as,
u = - [C B ]_i C f - [CB I 11]sgnf S ),
where for simplicity we consider f ( x , t ) = f

(2.14)
and B ( x , t ) = B . Recognizing from

equation (2.8) that ueq - ~\CB\ 1 C f then equation (2.14) can be rewritten as,
u = ueq- ksgn( S )

(2.15)

where the gain k = [CS] 1J] .
Equation (2.15) indicates that the control law is the sum of twoterms. The first term
is nonlinear state feedback and it is known from the previoussection that

it keeps the

states on the sliding surface. The second term is a switching control term and this ensures
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that the states reach the sliding surface. The choice of gain k can be obtained from
equation (2.14).

2.3

Reaching law approach

Gao [19] proposed a reaching law, which directly specifies the dynamics of the
switching surface by the differential equation
S = -Q sgn(S)-m S)

(2.16)

where the gains Q and K are diagonal matrices with positive elements,
sgn(5) = [sgn(5t)

)f , h ( S ) - [ h l(sl)....hm(sm)f and

sgn(sm

the scalar functions ht

satisfy the conditions [19], 5i/ii(51)>0,w hen St ^ 0
Various choices of Q and K specify different rates for approaching S = 0 and yield
different structures in the reaching law. Similar to the equivalent control method, the
control law can be directly obtained by computing the time derivative of S along the
reaching mode trajectory, i.e.,
S = C( f ( x, t ) + B(x,t)u) = -Gsgn(S) - Kh($)

(2.17)

Thus, we have
u = ~ [ C B \ l {Cf{x,t) + gsgnCS) + Kh(S))

(2.18)

By this approach, the resulting sliding mode is not preassigned but follows a natural
trajectory on the first reach first switch scheme [19]. The switching takes place depending
on the location of the initial state.
Three practical forms of the reaching law are:
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■ Constant rate reaching where, S = -Q sgn(S). The state reaches the switching
surface S = 0 at a constant rate. The resulting control is the same as the
equivalent control law given by equation (2.15).
■ Constant plus proportional rate reaching where, S = - Q s g a ( S ) ~ K S . The
term - KS forces the state to approach the switching surfaces faster when S
is large. The resulting controller is the same as the control (2.15) but with a
linear feedback control term added to the switching part.
■ Power rate reaching where, S = -l^ lS ^ sgn(S) where 0 < a < 1. In this case,
the reaching speed is faster when the state is far away from S , and slower
when the state is near 5 .

2.4

Robustness and invariance

One of the most distinguishing properties of a sliding mode controller is the
robustness and insensitivity to modeling errors and disturbances. The sliding mode is said
to be robust if the differential equation of the sliding mode is entirely independent of the
effects related to modeling uncertainties and disturbances. This is true providing that the
so called matching condition, which is characterized in the following is met.
Consider first, a linear uncertain system
x = ( A + A A ) x + ( B + AB)u + Ef
where XE R n,

(2.19)

uE R m, A,B are nominal matrices of the system, A A, AB denote

uncertain components and E denotes a disturbance matrix and /

is an external

disturbance. If the condition
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(2.20)

is satisfied, then the matching condition holds [15]. The matrix ([ B: A A: AB: E ]) is
the concatenation of the column space. Therefore when condition (2.20) is met this
means that AA, AB and E are restricted to the space spanned by the columns of B . The
physical meaning of equation (2.20) is that all uncertainties and disturbances enter the
system through the control channel. The matching conditions can also be extended to
general nonlinear systems of the form Gao [19],
x = ( f ( x ) + A f ( x , p , t ) ) + ( B ( x , t ) + A B ( x , p ,t ))u + F ( x , p , t )

(2.21)

where p is an uncertain parameter vector whose values belong to some bounded set.
Hence A f ( x , p , t ) and AB( x , p , t ) represent the variations and uncertainties in the
plant parameters and control interface respectively, and F( x , p , t ) represents the lumped
disturbances. Similar to the linear system, the invariance holds if the following matching
conditions are satisfied:
A f ( x , p , t ) = B( x, t ) A f ( x, p , t )

(2.22)

AB( x , p , t ) = B ( x , t )AB( x, p , t )

(2.23)

F( x , p , t ) = B( x , t ) A F ( x , p , t )

(2.24)

This means that the plant uncertainties A f and AB are required to lie in the image space
of B ( x , t ) for all values of x and t , DeCarlo [10].

2.5

Chattering reduction

The sliding mode controllers require an infinitely fast switching mechanism.
However, due to physical limitations in real world systems, directly applying the above
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developed control algorithm will always lead to oscillations in some vicinity of the
switching surface [48]. This oscillation is called chattering. If the switching gain is large
such chattering may cause unpredictable instability. The chattering problem is considered
as a major drawback for sliding mode control. To reduce chattering many methods are
implemented such as the smoothing function method [3] and the boundary layer method
[48] which is discussed later in this chapter.

2.5.1

Smoothing function method

The smoothing function is a means for eliminating chattering while trying to preserve
good robustness properties around the sliding surface. There is a large class of smoothing
functions available to convert the discontinuous control laws. One of them, which is used
for SISO (single input single output) systems, has the form [3],
6{s) = —
s+S
where S > 0 is chosen as a small positive constant. This can be extended to MEMO
(multi input multi output) systems and 0(s) in this case has the form,
i = l,2,...m

This will only effect the second term in the control law given by equation (2.15). The
new control law can be rewritten as,
U = Ue g ~ K d

where 0 = \6X .... 0m] replaces sgn(s)in equation (2.15). Thus in the region around the
sliding surface determined by the value of S , the system is effectively a high gain
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feedback system and possesses the properties of certain classes of disturbance rejection
and parameter invariance [3].

2.6

Tracking control method

The aim of this method is to achieve accurate tracking for a class of nonlinear
systems in the presence of disturbances and parameter variations. Consider the single
input dynamic system [47] [48] [49].
xn = f ( x , t ) + b ( x, t )u

(2.25)

The scalar x is the output of interest, u is the control input, x = [ x x

x"'1 ] T is the

state vector and the system is in controllable canonical form where x " denotes the nft
time derivative of x. The term f ( x , t ) is not exactly known but is upper bounded by a
known continuous function of x . The control gain b( x , t ) is not exactly known but is
bounded by a known function of x and with known sign. The task is to get the state x
to track the specific desired time varying state x d - [ x d xd....xd~1] T in the presence of
model imprecision on f ( x , t )and b ( x , t ) using control u. Define
where x = x - x d = [ x x

the state error x

x n~JJT. A timevarying surfaceS ( t ) is defined in the state

space R nas,
S(t):s(x,t) = 0

where s ( x , t ) = ( — + A,)n"1x
dt

(2.26)

Here A is a strictly positive constant, taken to be the bandwidth of the system and it
will be chosen later. The problem of tracking x = x d is now equivalent to remaining on
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the surface S ( t )for all t > 0 . This means that s( x , t ) = 0 . To derive the control law u
for such a task a Lyapunov-like function is defined as

v-L*

(2.27)

(s = s( x , t ) )

2

with V > 0 for s > 0 . A sufficient condition for the states to converge to the surface
S( t ) = 0 is,

V = - — s 2 <-rj\s\
2 dt

(2.28)

which can be rewritten as,
ss < -77|s|

(2.29)

since t—t = sgn( s ) then,

s sgnf s ) < - r )

(2.30)

where r] is an arbitrary positive constant that will ensure x —> 0 as I —> °°. The next step
is to compute s from (2.26),
n r - l f n- l '

r kx~ n‘ -k

(2.31)

k=l

Substituting the value of x ngiven by equation (2.25) into equation (2.31) gives,
n - l f n - 1

''

s = f ( x , t ) + b ( x , t ) u - x nd + Y s
k=l V

k

xkr

k ~ n -k

(2.32)

J

The value of 5 from equation (2.32) is used to rewrite equation (2.30) as follows,
n -1

sgnf s ) ( f ( x , t ) + b ( x , t ) u - x d + J ]
k=i

(n -l\
\ k

Xkx (n~k) ) < - T ]

J

R eproduced with perm ission of the copyright owner. Further reproduction prohibited without permission.

(2.33)

CHAPTER 2. SLIDING MODE CONTROL

24

Defining a boundary for the gain let, bmin < b < b ^ where for simplicity b ( x , t ) ~ b .
Let the estimated gain be b = ( b^Jb^ f '5, Slotine [48], The estimated function /
known for our model. The estimation error on f

is

is assumed to be bounded by some

known function F = F ( x ) ,
(2.34)

|/ - / < F

The best approximation for control u that will achieve s = 0 can be obtained from
equation (2.32) as
n —1

u =b~

-f (x,t)+ x^ ~ Y j
k= l

fn_ilXkx (n~k)
\ k

J

(2.35)
_

In order to satisfy the sliding condition (2.28) despite uncertainty of the
dynamics f ( x , t ), we add to u a term discontinuous across the surface s = 0 . The
control law is defined as,
u = u - b _1k sgn( s )

(2.36)

where sgnf s ) is the signum function. Using the value of u represented by equation
(2.36) in the expression of s given by equation (2.32) leads to,
n—1 i

s = f +bb~}

n-1

n-1

Xhx(n-k>~ k s g n ( s )
k = i\

k

j

which can be rewritten as,
'n -P
s = <f - b b ~ ‘f ) + ( l - b b - ’ X - x ’t + f ,
k= l

Xkx{n~k ) ) - bb *ksgn( s )

(2.37)

v * /

To satisfy the sliding condition given by equation (2.30) and using the expression of
s given by equation (2.37) such that, s sgnf s ) < - ? ] , then we get the inequality,
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) sgnf s ) - b b :k < - r j

The above inequality is always true if

k=i\ «■ j
then k must satisfy

k > (bb-‘f - f ) + ( b b - ‘ - l X - x Z + Y ,

(2.39)

The control laws that satisfy the sliding condition are discontinuous across the surface
S( t jthus leading to control chattering. In general, chattering must be eliminated for the
control to perform properly. This can be achieved, in this method, by using a boundary
layer, J ( t ), neighboring the switching surface as shown in Figure 2.3, and given by
(2.40)
This is achieved by choosing the control law u outside J ( t ) as before and then
interpolating u inside J ( t ). As mentioned before s ( x , t ) can be directly translated
into bounds on the tracking vector error x as can be seen in the equation (2.26). For the
tracking task to be achieved using a finite control u , the initial desired state x d( 0 ) must
be such that,
x d( 0 ) = x ( 0)
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lounqary
N ayer\

S- 0

Figure 2.3 : The construction of the boundary layer in the case that n=2

Given the initial condition (2.41), the problem of tracking x = xd is equivalent to
remaining on the surface S ( t ) for all t > 0 . This means that s = 0 represents a linear
differential

equation

whose

unique

solution is

x=0

[47].

Since

s ( x , t ) = ( — + A ) n x then the tracking error x is obtained through a sequence of
dt
low pass filters from s

S

IT

yi

1

___ k

P+ X

i

i

p+X

p+X

X

(n-1) Blocks
Figure 2.4: Lowpass filter blocks [47]

From Figure 2.4 (p is the Laplace operator) the output of the first filter will be
t

y j = \e~M,-T)s ( T ) d T .Let M t > 0 \s(x,t)\< </>

r
Then
0

2 _ e -m , <

- u i -t )d T _
&

(2.42)

(2.43)
^
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Apply the same for the second filter and so on until we have

i
A"

=e

(2-44)

From the previous result the value of <j> can be determined based on the required
precision. This method for obtaining 0 is usually called the guaranteed precision method
[48],

2.6.1

Robustness to uncertainties

We will now investigate the trajectory inside the boundary layer <p. This will allow
us to understand the relationship between the robustness of the sliding mode controller,
its bandwidth and the tracking precision. Consider the case of no uncertainty in the gain
b . To simplify the analysis, for a nonlinear system, let us take b = 1 so that
xn= f ( x , t ) + u

(2.45)
A

A

where / ( x , t ) = f ( x , t ) + Af ( x , t ) and f ( x , t ) is the available model of f ( x , t ). We
assume |A f ( x , t ) \ < F ( x , t ). The sliding surface can be defined as before in equation
(2.36). Thus the control law takes the form,
n-1 f n

u = -f(x ,t)-'£
k= l V

_7 A
,
l l x ,n-k’ - k sg n fsj.

(2.46)

k

Since there is no uncertainty in the gain, this means bb 1 = 1 , then the value of k in
equation (2.39) can be defined as follows,
k = F ( x , t ) +T)

(2.47)

Using the saturation function instead of the signum function equation (2.46) can be
rewritten as
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zdfn ~ l \

U= - f ( x , t ) - Y
w l

k

Xx

)

28

s

,

(2.48)

~ - k sa tf- )
$

From the definition of the sliding surface given by the equation (2.26) then s can be
defined as follows,
n-ifn-i'
s-x

-x.

k ~ (n -k )
Xkx'

(2.49)

k~l v * j
Substituting the value of xn given by equation (2.45) in equation (2.49) gives us,

n-i r n - 1' k ~ ( n - k )
Xkx'
s = f ( x , t ) + u - x dn + Y ,
k= l v * y

(2.50)

Substituting the value of u from equation (2.48) and using equation (2.44) the expression
of s in equation (2.50) can be rewritten as,
k £r( n - k )

Xkx
k=r
n -1

-fcsat

-

xn
d+1
k =1

(2.51)
rn - l '
v *

k jrf
Xkx
y

n-k)

Inside the boundary layer we can write the expression of $ as

s = -k

(2.52)

+ Af ( x , t ) ~ x d
Xn-h

From equation (2.52) we see that the variable s (the distance to the surface S( t )) is the
output of a stable first order filter. The input to this filter is Af ( x , t )and - x d . From
Figure 2.5 it is clear that perturbations are low pass filtered according to equation (2.52).
Let k ( x d, t ) be upper bounded say by k ^ , so

can be seen as the maximum
A

S
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break frequency of the dynamic filter. On the other hand, X is supposed to be chosen as
small with respect to the unmodeled high frequency dynamics.

A f(x d,t)

Dynamics

Definition
of S

1st order
-X d (t)

Control
law

Figure 2.5: Dynamic structure of the controlled system

Thus if we set X to be the largest acceptable break frequency based on the definition of
k
the surface s then —
< X . This will get the best attainable tracking precision E
Xn £

where,
* "« = * „ .

(2-53)

which is referred to as the balance condition [48]. In the case where the gain has
uncertainty (i.e. bb~* & 1 ), then the system will have the form
x n = f ( x , t ) + b( x , t )u.

(2.54)

Then the balance condition can be written as

Xn£ = - k ,

(2.55)

The balance condition can be another method for choosing the boundary layer
thickness <p. The shortcoming of using the boundary layer is that the robustness
properties of the sliding mode are actually lost inside the boundary layer Decarlo [10],
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such that uncertainties and parasitic dynamics must be carefully considered and modeled
in the feedback design.

2.7

Chapter summary

In the tracking control method proposed by Slotine [48] [49], the problem of choosing
the slope of the sliding surface "X " (or bandwidth of the controller) is limited by certain
factors. The most important is the unmodeled high frequency dynamics that are
frequently associated with the structural resonant modes. In this case Slotine suggests that
X be smaller than the frequency of the lowest unmodeled high frequency dynamic mode.
However an analysis of the effect of the sliding surface shape on the high frequency
modes is seldom done.
In this chapter we have reviewed well-known methods for sliding mode control
design. These methods are:
The equivalent control method offered by Utkin [54][55]. It is well
known by its direct approach and simplicity.
Slotine's [48] [49] method has also been discussed and its advantage
when using it in tracking control has been highlighted. The surface
parameter selection in this method is different than other methods
and the selection depends on the unmodeled high frequency
dynamics.
The reaching control law approach has been reviewed and the main
difference between this method and the equivalent control method
has been discussed.
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These three methods are used in the following chapters when we design sliding mode
controllers for singularly perturbed systems. The equivalent control method is our main
approach to design the sliding mode controllers. Slotine's approach is used when we
discuss the effect of the unmodeled high frequency dynamics. The reaching law approach
is used when we discuss the stability analysis for the closed loop system.
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The Singular Perturbation Method

The main objective of this chapter is to familiarize the reader with the concept of a
singularly perturbed system.

3.1

Definition and Features

A basic problem in control system theory is the mathematical modeling of physical
systems. The realistic representation of many systems calls for high order differential
equations. The presence of some parasitic parameters such as masses, moments of inertia,
resistances, inductances and capacitances are often the cause of increased order of these
systems. Broadly speaking, a system where the suppression of small parameters is
responsible for degeneration of dimension is termed a "singularly perturbed" system. In
other words, a problem described by a differential equation involving a small parameter e
is called a singular perturbation problem if the order of the differential equation becomes
lower for e = 0 than for e ^ O [30].
The analysis and control of large scale systems has always been a complicated task, not
only due to the high order nature but also due to the fact that the majority of these systems
possess interacting dynamic phenomena of widely different speeds [31]. This gives rise to
widely separated groups of eigenvalues. In practice, we come across many systems that are
subject to the two-time scale phenomenon. For example, robot manipulators having
flexible links and flexible joints [12]. Large spacecraft with flexible structures are another
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example. Singular perturbation is seen as good modeling approach for these types of
systems.
Consider a linear time invariant finite dimensional singularly perturbed system [40].
X j ( t ) = A 11x ]( t ) + A ]2x 2( t ) + B Ju( t )

(3.1)

ex 2( t ) = A 21x 1( t ) + A 22x 2( t ) + B 2u ( t )

(3.2)

where x 2e R mand x 2 e R n are the state vectors, u e R r is the control vector. The
matrices Ay and Bt are of appropriate dimensions and £ is a small positive parameter. In
the next section, two different approaches for the decomposition of the singularly
perturbed system are considered, which are the quasi steady state approach and block
diagonalization [30] [40] [51].

3.2

Quasi steady state method

Due to the occurrence of the slow and fast modes in the system given by equations
(3.1) and (3.2) respectively, the fast modes are important only during a short initial period.
After that period they are negligible, and the behavior of the system can be described by its
slow modes. The model with fast modes neglected is called the quasi steady state model
[30]. Neglecting the fast modes is equivalent to assuming that they are infinitely fast, that
is, letting e ~ »0in equation (3.2). Without the fast modes the system described by
equations (3.1) and (3.2) reduces to
Xj = A ijXj + A22x 2 -FB jWj

(3.3)

0 = A2IXj + A 22x 2 + B 2u

(3.4)

where the symbol"

indicates that e =0 . When A22 is nonsingular, we can express x 2 as
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(3.5)

Hence, substituting x 2 into (3.3), we can define the slow subsystem as
x s = A sx s + B sus,
where As = A }] - A I2A ^ A 2!, and Bs

(3.6)
- A l2A 22B2 . Thus x t - x s , u =us and x 2 are

the slow parts of the corresponding variables in (3.1).
In order to derive the fast subsystem, Kokotovic [31] assumes that the slow variables
are constant during fast transients; i.e. x 2 = 0 and x t = x s = constant.
Thus from equation (3.5) we can have,
■^22*^2 = ~A2jXJ - B 2U .

(3.7)

Equation (3.7) can be rewritten as,
A 2Ix 1 = - A 22x 2 - B 2u

(3.8)

Substituting the value of A 2]Xj given by equation (3.8) into equation (3.2) gives,
e x2( t ) = ~ A 22x 2 - B 2u + A 22x 2 + B 2u

(3.9)

Since Kokotovic assumes that x 2 = 0 , then we can rewrite equation (3.9) to be,
e ( x 2 - ^ 2) = A22 (* 2 - x 2 ) + B 2 (u - u )

(3-10)

Letting xf = x 2 - x 2 and uf - u - u s , the fast subsystem for the system given by equation
(3.1) and (3.2) can be defined as,
£xf = A 22xf + B 2uf .
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Block diagonalization

The quasi steady state is a good method for decoupling the full order system for
sufficiently small e . However, for real systems the perturbation parameter e is not zero.
As a result, when using the quasi steady state method the eigenvalues of the slow and fast
subsystems are no longer in the same position as the eigenvalues of the full order
system[4]. To overcome this problem we employ the diagonalization method [30].
Consider a general two-time scale stable system possessing two widely separated groups of
eigenvalues, as
Xj = A uXj +A]2x2

(3.12)

x 2 = A 21Xj + A 22x 2 + B 2u

(3.13)

where x} e R m and x2 e R n are the state vectors and u e R r is the control vector. The
matrices A (J and Bt are of appropriate dimensions. We note that if there is a small
parameter £ associated with x 2 this puts (3.12) and (3.13) in singularly perturbed form.
We assume the "m " eigenvalues of the system (3.12) and (3.13) are small (or close to the
origin) and the remaining "n " eigenvalues are large (or far from the origin), giving slow
and fast responses, respectively. In other words, the system (3.12) and (3.13) has "m"
dominant modes and "n" non-dominant modes. We arrange the eigenspectrum, e ( A ) , of
the system in increasing order of absolute values as [31]

e( A ) -

,^/n}

where 0 < \Asl\<\As2\ <.... < \Asm|« |A / ; |< |Af 21<.... < \Afn\, and A
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The system (3.12) and (3.13) is said to possess a two time scale property, if the largest
absolute eigenvalue of the slow eigenspectrum e( As ),
‘ ( A . ) ’*{■*>,....... , A„ ] ,

(3.15)

is much smaller than the smallest absolute eigenvalues of the fast eigenspectrum e( A. )
e( Af ) ={ Af l ,

,Afm}.

(3.16)

That is [40]

£ =

A71

(3.17)

«1

It should be noted that e is a measure of the separation of the two time scales. It
should also be noted that £ represents an intrinsic property of the system described by
equations (3.12), (3.13) and £ does not have to appear explicitly in the system. The basic
idea of using a two-time scale analysis in obtaining low order models is to decouple the
slow and fast modes. This is achieved by using a two stage linear transformation [30] [40].
The first stage is to use the transformation,
(3.18)

xf = x 2 +Lx1.

The goal is to transform the system described by equations (3.12) and (3.13) to upper
block triangular form. Then the system described by equations (3.12) and (3.13) transforms
into
V
jf.

A ji A12L
R(L)

AI2

V

A22 +LAI2 _ * /.

B,
u
B 2 7-LBj

(3.19)

The requirement now is that the matrix R( L ) be zero. This means that then xm matrix
L must satisfy the algebraic equation,
R ( L ) - LAn +A2J - L A i2L - A 22L =0
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The selection of L is discussed in the next subsection. Then the system described by
equations (3.12) and (3.13) transforms into
A?2
o

LA/

V J

+

Bj

(3.21)

u

LB f

*■/ J

where A, = An - A a L,

Af = A22 + LAn ,

Bf = B 2 +LBr

(3.22)

The second stage is to apply the transformation
(3.23)

xs = xt - M x f
to (3.21) and choose the ( m x n ) matrix M such that

(3.24)

A M - M A f +An = 0 .

Again, the selection of M is discussed in the next subsection. Consequently, (3.21)

=

As

0

A

*1
A.

O

transforms into the following
+

Bs

u

(3.25)

Bf .

_x/ .

where Bs = B} - M L B t - M B 2 .
The system in equation (3.25) has the desired decoupled form where the slow and fast
variables, x{ and xf , can be solved independently of each other. Note that the
transformation (3.18) and (3.23) related the slow and fast variables, x^ and xf with the
original variables, x; and x2 as

I

-M~ "x/

---- ,

i

J""

1
X
1.. .

'I,-ML

(3.26)

. X2.

where I, and / 2 are identity matrices with the appropriate dimensions. This interestingly
has the inverse transformation,
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(3.27)
VJ

3.3.1 Numerical aspects
Consider the numerical solution of the nonlinear equations (3.20) and (3.24) to obtain
the values of the matrices L and M using an fixed point iteration procedure [40] [41]
from (3.20)
= A ; l ( A 2I + L , A „ - L , A a L, )
1 — A -iA
‘-'0
~-tx22*x21

(3.28)
(3.29)

where A22 is assumed to be nonsingular.
If we let
(3.30)

L = L 0 +D,
then D is the solution of
DA0 - ( A22 +L0An ) D - D A I2D +L0A0 - 0

(3.31)

where
A; = A? ~

A•

(3.32)

It has been shown that if the inequality [40]
(3.33)
is satisfied, the unique real roots of (3.31) exist, and satisfy
0< < ID I< < J M J W L
11
(IN M K IIIM I)'
Similarly, the iterative procedure to solve for M from (3.24) is [40],
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2
12
22

39
(3.35)

•

The sufficient condition for iterative algorithms given by equation (3.28) and equation
(3.35) to converge is given by [30] [40],
(3.36)
This condition will be used in section 3.6 to check the possibility of using the
diagonalization method.

3.4

Linear Feedback Control

3.4.1 Introduction
In the singular perturbation method, the full order model is separated into two
decoupled systems. One of the obvious advantages for using the singularly perturbed
method is that we can design two separate controllers one for each subsystem. These two
controllers are used to control the full order model given by equations (3.1) and (3.2).
Assuming that the matrix pairs AS, BS and A22, B 2 in equations (3.6) and (3.11) are
controllable pairs, then one can use full order feedback and pole placement techniques to
arbitrarily place the closed loop poles based on the desired performance specified by the
designer.

3.4.2 Composite state feedback control
The requirement is to design a state feedback controller for the singularly perturbed
linear time invariant system model given by equations (3.1)and (3.2) that have the form,
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x , ( t ) = A ux , ( t ) + A I2x 2( t ) + B 1u ( t )

(3.37)

ex 2( t ) - A 21Xj( t ) + A 22x 2( t ) + B 2u ( t )

(3.38)

Preliminary to any separation of slow and fast designs, the system represented by
equations (3.37) and (3.38) is approximately decomposed into a slow system model with
"n" small eigenvalues and a fast system model with "m" large eigenvalues, as mentioned in
section (3.2). The n* order slow system is given as,
x, = A ,x s + B sus

(3.39)

X2 =

(3.40)

( A 2]x s + B 2u s )

where As = A U - A nA 22A2l, BS = B : ~AI2A 22B 2 and the vectors x s , x 2and us are the
slow parts of the corresponding variables x } , x 2 and u in the original system given by
equation (3.37) and (3.38). Also the mth-order fast subsystem is defined as,
exf = A 22xf + B 2uf

(3.41)

where xf = x 2 - x 2 and uf =u - u s denote the fast parts of the corresponding variables in
system (3.37) and (3.38).
It is appropriate to consider the following decomposition [30] of feedback controls
us = G 0x s and uf = G 2xf that are separately designed for the slow and fast subsystems
given by equation (3.39) and (3.41) respectively. A composite control for the full order
system given by equation (3.37) and (3.38) can then be taken as
us +uf =G0x s +G2xf

(3-42)

However, a realizable composite control requires that the system states x s and xf be
expressed in terms of the actual system states x 2 and x 2 . This can be achieved by
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replacing x s by x t and xf by x 2 - x 2 , so that the composite control given by equation
(3.42), takes the realizable feedback form,
(3.43)
(3.44)

—GjX2 +G2x 2
where G2 =

(3.45)

+G2A22 B2 ^G0 +G2A22A 21

The above design procedure is a decomposed one in that the gain matrices G0 and G2
are separately designed according to slow and fast mode performance specifications,
resulting in the physical realizable composite control law given by equation (3.44).
The feedback control design for singularly perturbed systems can also be based on the
block diagonalization method given in section 3.3 [40]. The idea is to first obtain the
reduced order system using the diagonalization method for the system given by equations
(3.37) and (3.38). The reduced order system will have the form,

V X
A. 0
=

X" +X'
V
Ao

"

- x / _

where As = Ai; - A n L,

Af =A 22 +LA12,

Bf - B 2 +LB} and B s = B t —MLBj ~MB2

Two separate controllers F] and F2 are designed based on the slow and fast subsystems
given in equation (3.46) such that As + B sFj satisfies the slow subsystem desired
performance and Af +Bf F2 satisfies the fast subsystem desired performance. The control
law that will control the full order system has the form
u =Fy
where y T = (jcJ , x \ ) and F is given by [40],
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(3.48)

The asymptotic stability of the composite control given by equation (3.44) or equation
(3.47) when applied to system (3.37) and (3.38) is studied in many articles and can be seen
in books by Khalil [28] and Naidu [40].

3.5

Stability analysis

3.5.1

Introduction

Many methods for stability analysis for closed loop singularly perturbed systems can
be found. A Lyapunov function based approach is one of the earliest introduced by
Kokotovic [30]. In this approach, which is discussed in detail in this section, the
computation of the upper bound e* is based on the solution of two algebraic Lyapunov
equations.
Other methods can be found to determine the maximum values of e that ensure that the
closed loop system is stable which are:
1- Frequency- domain transfer function based techniques which use Nyquist stability
criteria to define the maximum value of the perturbed parameter [5][18].
2- State space model based techniques which use robust control stability analysis to
find the stable region for a singularly perturbed system [7].
Both of these techniques can provide improved stability bounds compared to the
Lyapunov function based approach as shown in Cao [5] and Chen [7]. However these
techniques use linear systems analysis. Sliding mode controllers introduce a nonlinearity to
the closed loop system. Extension of the above mentioned methods to nonlinear systems
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make the analysis very complicated. Consequently, we will use a Lyapunov approach to
discuss the stability analysis of sliding mode controllers when used with singularly
perturbed systems.

3.5.2 Lyapunov stability analysis for singularly perturbed system
Consider a nonlinear singularly perturbed system [30]
x —f ( x , z )

(3.49)

ez=g(x,z)

(3.50)

where jc e R "and z e R m. It is assumed that equation (3.49) and equation (3.50) have a
unique solution for given initial conditions. Assume also that the system given by
equations (3.49) and (3.50) have equilibrium points at the origin. The stability of the origin
can be investigated using the reduced slow system
x = f ( x , z s)
where zs = M x ) is an isolated root of

(3.51)
0 = g ( x , z ) and represents the steady state

solution of the fast states. In the quasi steady state method, we assume that the slow
variables are constant during the fast transient, that is z = 0 and x = xs = constant. Then
the fast variations are the deviations of z from its quasi steady state. Fast states can be
given by,
xf = z - z s = z - h ( x )
The main goal now is to show that for sufficiently small e , the origin is a uniformly
asymptotically stable equilibrium of the singularly perturbed system given by equations
(3.49) and (3.50), given that x =0 is a uniformly asymptotically stable equilibrium of the
reduced system given by equation (3.51) and zs = h ( x ) is an asymptotically stable
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equlibrium of the fast subsystem. To prove this we make the following assumptions
[30] [40].

Assumption 1
The origin (x =0, z =0 ) is the unique equilibrium of the system given by equation
(3.49) and (3.50) that is, 0 = f ( 0 , 0 ) and 0 = g ( 0 , 0 ) . The equation 0 = g ( x , z ) has a
unique root z s .

Assumption 2 (Reduced system)
There exist a Lyapunov function v( x ) satisfying:
1-

v( x ) is positive definite and decrescent

2-

~ f ( x >Zs) < - a y ( x )
dx

(a)>0)

(3.52)

where yr( ■) is a continuous scalar function of x which vanishes only at x = 0 .

Assumption 3
There exists a bounded Lyapunov function w( x , z ) satisfying

^ ~ g ( x , z ) < - a 2f ( z ~ z s )
az

a 2 >0

(3.53)

where ^ is a continuous function of an R m vector ( z ~ z s ) that vanishes only at

(z - z s) = 0 .
Assumption 4 (Interconnection conditions) [30] [40]
Functions v and w satisfy the following inequalities

1-

( x ,z ) - f ( x , z s) < p y x )<Hz - z s )
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dw
■ f ( x , z ) < y f ( z - z s ) + P 2y/(x)<l>(z - z s )
dx

(3.55)

for simplicity the constants $ , fi2 and y are assumed to be nonnegative.
The condition given by equation (3.54) determines the allowable growth of f ( x , z )

in

z . Usually verifying the condition given by equation (3.54) reduces to verifying the
inequality,
\fr( x , z ) - f ( x , z s ) \ < < K z - z s )
which means that the rate of growth of f ( x , z ) with respect to z cannot be faster than the
rate of growth of $ . ) . Similarly the condition given by equation (3.55) determines the
allowable growth of g ( x , z ) in x

given that w ( x , z ) can be seen as Lyapunov

function of g ( x , z ) ■
Given the Lyapunov functions of the reduced subsystems, v and w , based on
Kokotovic's [30] approach we consider a Lyapunov function J ( x , z )

given by the

weighted sum of v and w that takes the form,
J( x , z ) - ( 1 ~d )v( x ) + d w ( x , z )

(3.56)

(0<d<l)

From the properties of v and w given by equation (3.52), (3.53), (3.54) and (3.55) it
follows that J ( x , z ) is positive definite and decreasing. Computing 3 with respect to
equations (3.49) and (3.50) and using equations from (3.52) to (3.55) we obtain,

J <-

yr(x)

x

J Kz - z t )_
(l-d)a}

- y 2( i - d ) f i - y 2d/32

-y2d - d ) p I - y 2d p 2
\
a2
— ~y
\ e

(3.57)
V( x)
< Kz - z s)

The quadratic form of the above equation is negative definite when,
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(3.58)

that can be rearranged to give,
1
1
((l-djfi+dfry
>
a j+
4(1-d)d
e a}a 2

(3.59)

From the above equation we notice that for any choice of d (d € ( 0 , 1 ) } and for all e
satisfying equation (3.59), / is a Lyapunov function for the system given by equations
(3.49) and (3.50). Equation (3.59) can be rewritten as
a ra 2

e<

■= e.

(3.60)

------ [(1 - d )/3, +d/32J
a,y+
11 4( 1 - d )d
1
21
Kokotovic [30] shows that the maximum value of £d = £* and occurs at d ** _=

Pi
Pi + P i

and is given by,
(3.61)

e =
®i Y+ P i P2

Theorem (3.1) [30][40]
Given the assumptions (1), (2), (3) and (4) then the origin is an asymptotically stable
equilibrium of the singularly perturbed system given by equation (3.49) and equation
(3.50) for all £E ( 0 , £*), where £* is given by (3.61)
The proof for the above theorem can be found in detail in [30] chapter 7 and in appendix
A. We have to stress that this is a sufficient condition but not a necessary condition for
stability.
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Example of the Flexible Shaft

The single link flexible joint manipulator directly actuated by an electric motor is taken
as an example to demonstrate the method of linear feedback control for a singularly
perturbed system.
For the sake of simplicity, some important phenomena like joint flexibility, actuator
dynamics and friction, have been neglected in the simplest control algorithms developed
for robotic applications. However, experimental results have shown that the joint elasticity
should be taken into account in the modeling of some robotic manipulators.
For modeling purposes, the manipulator consists of an actuator whose rotor axis, with
inertia ( Jr ) and viscous damping ( g, ), is directly connected to an axis with inertia ( Jm)
and viscous damping (g2). The elasticity in the joint is modeled as a torsional spring with
known characteristics (a linear spring with stiffness K is considered), as shown in Figure
3.1.
The motor shaft angular velocity ( ) , and link angular velocity ( Q)2), are taken as the
generalized coordinates. For this single link robot, the dynamic equations are
J r6)j + gIQ)I + K 0 —T

(3.62)

J md)2 +g2co2 - K 0 = O

(3-63)

9 =q} ~q2

(3-64)

where T is the torque generated by the actuator and q,, q 2 are the angles of motor shaft
and link respectively. Let T =u for the modeling purpose.
The above model can be put in singularly perturbed form by defining
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z =CDj and e = J r .
The system equations have the form
p -1
£0)j

0

-K

_ iL
jm
-1

K
Jm

-c ,

d)2 =
6

0
1

1
(3.65)

m2 + 0
0

0

0

m

Figure 3.1: Simplified flexible robot

The above state equation can be put in state space singularly perturbed form as:

g2
Jm
m

zz

x =
0

-1

ez = ecb, =[0

K '
---0
(02
l _f_ 0
0)j +
m
1
0
Q
0

-K }

(3.66)

(3.67).

0

Assume the following parameters,
J r -0 .0 4 Kg.m2, J m =1 Kg.m2,
g1 = 0.15 N/(rad/s), g2=0.5N/(rad/s), K = 25 N.m/rad
Then the system equation becomes
~(b2

-0.5

0

-I

x =

2 5 ' 0)2
0

_0

+

'O'
1

0)j +

'O'
0

u
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0

£ Z=[ 0
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(3.69).

Two methods to obtain the reduced order subsystem can be used as described in the
previous sections. For this example, the diagonalization method may not converge since
A22 does not satisfy the sufficient convergence condition given by equation (3.36). Using
the quasi steady state method, the reduced slow subsystem can be obtained by letting
e =0 . From Kokotovic [31] we get,
*,

(3.70)

= A sX s + B sU s

where A = A u -A]2A 22A2i —

and Bs =( B} - A 12A22B2) =

-0.5

25

-1

-166.67

0
6.667

(3.71)

(3.72).

The fast subsystem is given by equation (3.41). For our example this takes the form
£xf = [-0.15 ]xf + [l ]uf
while the slow subsystem can be rewritten as,
'-0.5
=

-1

25
-166.67

x. +
5

0
6.667

The desired two slow poles are taken to be "-0.2" and "-0.1", while the fast pole will be
taken to be "-1". Using the pole placement design techniques described in many linear
control books, we can easily determine G0 and G 2 based on the slow and fast subsystems
respectively. The desired characteristic equation for the slow subsystem is given by,
S 2 +0.3S +0.02 =0
Checking the controllability by calculating the rank
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A sB s ] = rank
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0

0.1667

0.0067

-L IU

= 2

,

which means that the system is controllable. The feed back gain G0 can be calculated from
the following equation,
det |SJ - A s +B,G0\ = S 2 +0.3S +0.02
thus the feedback gain for the slow subsystem is G0 - [ - 0 .1 4 9 3

- 2 5 ] . The feedback

gain for the fast subsystem can be calculated from det\SI - A 22 + B 2G 2\ = S + 1 , thus
G2 =[0.85 ] .

Based on equation (3.45) the value of feedback gain

G;

is

Gj =[0.6966

258.47] . The time response of the closed loop system for the full order

system, given by equation (3.65), is shown in Figure 3.2. The responses in these figures are
initial condition responses, which are,
xf (0 ) =0 and x s ( 0 ) =

0.2
0

This example demonstrates the state feedback control method that is used to control the
full order singularly perturbed model. In this case we see that the controller can handle
both the fast and slow subsystems and this means that fast subsystem is not ignored but has
been taken into account.
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Figure 3.2.a: Closed loop time response of manipulator angular velocity
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Figure 3.2.b: Closed loop time response of rotor angular velocity

In this chapter we discussed the singular perturbation method. Different decoupling
algorithms have been explained. The decoupling methods are used to obtain reduced order
systems from the full order singularly perturbed system.
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Stability analysis for nonlinear singularly perturbed model has been reviewed. The
interval for perturbation parameter s e f o ,£*)for the full order system is obtained
where the closed loop system is asymptotically stable. This will be a very useful
approach to prove stability of the single sliding mode controller for the full order
singularly perturbed system.
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Review of Sliding Mode Control
For A Singularly Perturbed System

This chapter briefly reviews the techniques of sliding mode control for singularly
perturbed systems that have been reported in the literature. The techniques reported
discuss the use of two independent sliding mode controllers. These methods require the
measurement of the states typically associated with the high frequency dynamic modes
which are usually unavailable or not measured. This chapter serves as a point of reference
for the ideas and contributions presented in later chapters.
Slotine [50] introduced a two-time scale sliding mode controller where he used
singular perturbation theory to design two sliding mode controllers, one for the slow
subsystem and one for the fast subsystem based on his tracking control approach [49].
Heck [22] similarly addressed the use of two sliding mode controllers to control
singularly perturbed systems; however she uses a different control strategy to build the
control law. Li [37] investigated the results from Heck's article [22] and proposed a
condition to ensure that the controller satisfies the sliding condition for the full order
system.
Other papers [11][20][60] discuss Heck's approach and define another method for
stability and robustness analysis. In this chapter we investigate the use of sliding mode
control for singularly perturbed systems.
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Model Reduction Using Singular Perturbation

Consider the linear time- invariant system represented by

x = Anx + A12z + BjU

x(t0 ) = x 0

(4.1)

ez = A21x + A22z + B2u

z(t0 ) = z0

(4.2)

where x

E

R n, ZE Rm and UE Rr . The term 5 is a small positive parameter and A22 is

restricted to be stable [28]. This system is singularly perturbed due to the presence of
e > 0 . This system can be separated into reduced order models. One system contains the
fast dynamics and the other contains the slow dynamics as shown in the previous chapter.
The slow dynamic model can be obtained by setting £ = 0 in (4.2). The resulting reduced
order system is given as follows:
= Au x s + Ai2Zs + B1us

x(t0 ) = x 0

(4.3)

where z, = - & £ ( A21x s + B 2us ).
In (4.3) u s is the slow component of the control. If u s depends only on x s the slow
model can be expressed by
x s = A x s + Bsiis

(4.4)

Z, = -A 22( A2Ix s + B2us )

(4.5)

where As —( Ajj —A12A22

) and Bs —( B j —A12A22B2 ) ■

The quasi steady state solution defines a "slow manifold" in the full order state space.
The fast dynamic model can be easily obtained as discussed in section (3.2.1) and it takes
the same form as equation (3.11),
T/ = A22tj + B2uf

ti(0) = z 0 ~ z s0 = z 0 ~ h ( x 0 )
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where uf = u - u s , i\ - z ~ Z Sand z s0 is the initial condition for z s . This shows that
the fast state can be represented by the difference between the full order state z and its
steady state value z s .
The idea of using sliding mode control for a singularly perturbed system that was
investigated before is to design separate control laws for the fast dynamic model and for
the slow dynamic model. The controls are then combined in a composite form for
implementation on the full order model.

4.2

Slow Sliding Mode Control Design

The slow sliding mode controller is designed using the slow reduced order model in
equation (4.4). The equivalent control method by Utkin [55] is used to design such a
controller. The slow subsystem as described before has the form
(4.7)
The equivalent control law for this system as described in section (2.2) equation (2.8)
has the form

Assume that Ss is a linear switching surface with respect to x s so that equation (4.8)
can be rewritten as
(4.9)
where Ss = Csx s and Cs is a matrix of appropriate dimensions that defines the sliding
surface properties. The substitution of u es from equation (4.9) into equation (4.7) gives
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us the equivalent sliding mode equation, which describes the dynamics of the system
while sliding
K s = I ~ B s ( C s S s y 1C s A sxeqs = A eqxegs,

(4.10)

where I is the identity matrix. The elements of Cs are chosen so that the sliding mode
dynamics for the slow subsystem are stable and have the desired performance based on
equation (4.10) (as described in section (2.2)).
It is required also to design the second part of the control law which is the switching
feedback gains that will drive the state trajectory to the sliding surface and maintain it
there. This can be done by choosing the Lyapunov function for a single input single
output (SISO) system as,
(4.11)

For convergence to the sliding surface it is required that the derivative of V J x ) be
negative
Vs = S sS s <0.

(4.12)

From the analysis in chapter 2 section (2.2.2) the control law is given by,
«, =

]'' C ,A ,x , - [C,B, ]"' n ,sgnf S , ),

(4.13)

where fa is an arbitrary positive constant. Equation (4.13) is the sum of two terms; one
is the equivalent control term and the other is the switching control term.

4.3

Fast Sliding Mode Control Design

The fast sliding mode controller is designed for the fast-reduced order model given in
(4.6) as
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tf(0)=z0 ~ z s0.
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(4.14)

The switching surface in this case takes the form
Sf = C f tj = 0 .

(4.15)

Similar to the slow subsystem the equivalent control for this system takes the form
— ( CfB2 ) Cf A22ti

(4.16)

where u ef is the equivalent control for the fast subsystem. Substituting u ef , obtained
from (4.16) into (4.14) yields the sliding mode equation which describes the dynamics
during sliding,
(4.17)
The elements of Cf are chosen so that the sliding mode dynamics are stable and have
the desired performance. This can be done based on either Utkin's approach [55] or
Slotine's approach [48].
Given the Lyapunov function for the SISO fast subsystem as,

thus the reaching condition specified in chapter (2) section (2.2.2) is satisfied if we have,
Vf = S f Sf <0.

(4.18)

The control law for a fast subsystem includes both an equivalent control term and a
discontinuous control term and is given by,
uf = u ef - , « 2sgn( Sf ) .
Thus
[ ( C , B 2 r ‘Cf A 22] q - ( Cf B 2 r ' f t s g n f S , )
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4.4 Composite Control
The composite control approach employs two independent control components, which
are the slow and fast control laws. The output of each control law is summed before
being applied to the plant. The slow control component is responsible for the tracking of
the commanded slow state trajectories, and is designed based on the slow reduced model.
The fast control is used to control the fast system dynamics and is designed based on the
fast-reduced model. In the actual implementation to the full order model given in (4.1)
and (4.2), the control would be a composite of the slow and fast controls as follows:

u = u s( x s ) + u f ( z - Z s ) .

(4.20)

where z s = h( x s ) .
Heck [22] proposed two theorems to ensure the stability of the full order model when the
composite reduced controller is applied to it.

Theorem (4.1) [22]
Suppose that the fast control is chosen so that the reaching condition given by equation
(4.18) is satisfied for the fast model. Then there exist £* >0 such that the reaching
condition given by equation (4.18) will be satisfied for the full order model for all
£E

(0,£*).

Theorem (4.2) [22]
Suppose that the slow control is chosen so that the reaching condition given by equation
(4.12) is satisfied for the fast model. Then there exist £* > 0 such that the reaching
condition given by equation (4.12) will be satisfied for the full order model for all
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Substituting the value of z s given by equations (4.5) into equation (4.20) gives us

u = us + u f (z + A~7( A21x s + B2us ))

(4.21)

Substituting the value of uf given by equation (4.19) into equation (4.21) leads us to

u = u s + [ - { Cf B 2 )

+ A 22( A 21x s + B 2u s ) ] - ( Cf B 2 ) 1{i2sgn(Sf )

However, a realizable composite control requires that the system states "x s " and "tj "
be expressed in term of actual states "x " and "z " [30] [51]. This can be done by
replacing "xs " by "x " and "i/ " by "z - h ( x ) " thus the control law given by equation
(4.21) can be rewritten to be,

u = - ( C f B 2)-ICf A 2Ix - ( C f B 2 ) - , Cf A 22z - ( C , B 2 r ‘ ftsgnf S , )

(4.22)

Thus the full order control law u can be represented with two terms by writing equation
(4.22) to be

u = - ( C , B ! )-, Cf [A21 A 22]

- ( C f B 2 r ‘ M2sg<i(S,)

(4.23)

where ju2 is arbitrary positive constant.
The first term in the right hand side is the equivalent control and the second term is
the regulating control for the full order system, that is
u = u eg+ A i

where ueq — ^C/I?2) Cf \A2]

A22]

and M = - { C f B 2) 1 /^sgn( Sf )

Applying ueq to the original perturbed system given by (4.1) and (4.2) gives
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) 1C f \ l

A2 ~

60

Cf&2 ) 1Cf&22

A21 ~ B2( Cf B2 ) Cf A21

A22 ~ B 2( Cf B2 ) Cj-A-22

e

s

(4.24)

Equation (4.24) represents the sliding dynamics. The reduced order eigenvalues must
be in the left half plane and satisfy the desired dynamics for the full order system
equation.

4.5

Illustrative Example

Consider a magnetic tape control system [6] given by
0

0

0.4

0

0

xi

0

0

0.345

0

£Z}

0

-0.524

-0.465

0.262

£z 2.

0

0

0

-1

X2 + 0
0
Zi
1
Z2

A
x2

"

=

1 0
y = 0
0

0

0

1

0

(4.25)

(4.26)
Zl
Z 2

This can be put in standard singularly perturbed form as,
x = A n x + A 12z +BjU ,

(4.27)

s z = A n x + A 22z + B 2u ,

(4.28)

'0

where

A22 ~

B,1 =

■

1II

0

-0.465

0.262

0

-1

0 .4 '

0

0
’

A]2 —

0.345

O'
0

>

-4/2 —

'0

-0.524'

0

0

'o'
'O'
and s=0.1
,7 B 2£ =
0
1
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The fast subsystem is given by equation (4.6). For our example it takes the form
£ff —A 22% + B 2Uj
The control law can be obtained for the slow and fast subsystems using the method of
equivalent control described in the preceding section. The control law for the slow system
is given by
«. = - { C , B j ‘ C tA , x , - { C , B , y ‘ MjSgV<C,xJ

(4.29)

The second order system is reduced to first order in the sliding mode. By using equation
(4.10) and the symbolic toolbox in Matlab and by defining the slow surface parameters as
Cs = \CI

0

C 2] we use the "syms" command to obtain Aeq as,
2
5
2 C
5 C2

The eigenvalues of the above equation are A, = 0 and

2C
= ------ . Selecting the time
5C 2

constant for the system in sliding mode to be Ts =2.5 therefore we need

= -0.4 , we

choose the surface parameters to be C s = [ 1 1] . The control law for the slow
subsystem will take the form,

us = - [ 0

0.0577 ]

- 5 .1 4 4 x l x s g n ( C sx )

(4.30)

The fast subsystem surface parameters are chosen based on the same analysis as for
the slow subsystem. For the fast subsystem the control law has the form,
iif = ~{Cf B 2 ) Cf A 22ij ~{Cf B 2 )

/ / 2sgn( Cf if )
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equation (4.10) then takes the form,

tfeq ~

I

{ C f B 2 )

(4.32)

-AgqVeq

where ijeq is the fast state in the sliding mode. Using the symbolic toolbox and command
"syms" then equation (4.32) can be solved as,

~

-93
200
93 C}

-131
500
-131Cj

200C2

500C2

(4.33)

The eigenvalues for the fast equivalent system given by equation (4.33) are,

4

=0

1000C

Based on the above analysis we could choose Cf = [3

1] and the corresponding control

law will have the form,
uf = [-1.395

-0.214 ]tj - 2 sgn (Sf )

(4.34)

Figure 4.1 illustrates the closed loop time response of the full order system. We
notice from Figure 4.1 that the chattering in the slow subsystem has a great effect on the
fast subsystem. The performance is suffering from oscillations. To decrease the amount
of chattering, a saturation function is used to replace the signum function in the
discontinuous control law. This means that we apply a boundary layer around the sliding
surface as explained by the preceding section (2.3). We choose the thickness of the
boundary layer to be </>= 0 .1 5 . We iteratively change the thickness of the boundary layer
until reaching the best performance in the slow state with smallest thickness. The output
performance of the full order system is greatly improved when chattering is decreased.
This can be seen in Figure 4.2. This example illustrates the use of two sliding mode
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controllers to control the full order singularly perturbed model. It also demonstrates
clearly the chattering effect due to the high frequency switching on the response of the
fast and slow state.
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Figure 4.1.a: Full order closed loop time response (slow subsystem)
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Figure 4.1.b: Full order dosed loop time response (fast subsystem)
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Figure 4.2.a: Full order dosed loop time response with
chattering reduction in the slow subsystem
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Figure 4.2.b: Full order closed loop time response with
chattering reduction in the slow subsystem.
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Chapter 5 New Sliding Mode Controllers for
Singularly Perturbed Systems
5.1

Introduction

A basic issue in the control of linear time invariant systems is the investigation of the
effect of modeling errors on the performance of the control system. Generally speaking
there are two models, the actual model and the design model. The actual model has the
closest reliability to the actual physical system. The design model is used to derive a
control strategy and represents a simplified version of the actual model where some of the
modes may be neglected or some of the parameters are fixed at nominal values.
Singular perturbation analysis offers a good method to study the effect of discrepancy
between the two models on the performance of the control system. In fact a singularly
perturbed system often occurs naturally because of the presence of small parasitic
parameters multiplying the time derivatives of some of the system states. The main idea,
as described before in chapter 3, is to obtain two reduced order subsystems using
appropriate decoupling techniques from the full order singularly perturbed model. These
two reduced subsystems are usually called the slow and the fast subsystems.
In this chapter, we will the use the singular perturbation model formulation to
improve the design process of the sliding mode controller. This can be done by studying
the effect of the fast subsystem on the sliding mode controller implemented for the slow
subsystem. The result from this investigation will help us to choose the appropriate
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parameters for the sliding mode controller. The proper selection of these parameters will
avoid the excitation of high frequency dynamics, which may cause instability as shown in
Figure 5.2, and Figure 5.5. Two main areas have been investigated.
First, we require that the controller based on the slow subsystem can stabilize the
system for a sufficiently small value of £ . There is a strong relationship between the
surface parameter in the sliding mode control and the value of the perturbation parameter
e . It is essential to study the stability in this case to determine the maximum value of £
(i.e. £*) that will maintain the stability of the M l order system controlled by a single
sliding mode controller.
Second, sliding mode controllers have two phases in the controller design: one is the
reaching phase where the state moves from arbitrary initial conditions towards the sliding
surface, and the other is the sliding phase where the state follows the sliding surface.
Consequently, choosing sliding surfaces plays an important role in the response of sliding
mode control systems. It is desired that the surface parameters satisfy two conflicting
objectives, one is a fast closed loop response and the second is a stable closed loop
system which is robust against unmodeled high frequency dynamics. This problem is
discussed in detail in chapter 6.
In this chapter, a single sliding mode controller for the full order singularly perturbed
system, the stability bounds for the closed loop singularly perturbed system and the
approximation error obtained from the decoupling method are investigated. This chapter
is organized as follows, in section 5.2 a diagonalization method is used to design a double
sliding mode controller and single sliding mode controller for the full order system. It is
shown that this method overcomes the approximation error that quasi steady state causes.
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Section 5.3 shows the simulation

{J8

results for an illustrative example using the two

decoupling methods and a comparison between them. Section 5.4 discusses the stability
of a single sliding mode controller and obtains the maximum value of perturbation
parameter e* such that stability will be preserved. Section 5.5 describes an illustrative
example where we obtain the maximum value of perturbed parameter s* .

5.2 Accurate reduced order singularly perturbed model for
sliding mode control
Consider a system in the following form,
x = Anx +A12z + B jU ,

(5.1)

ez = A 2Jx +A22z + B 2u ,

(5.2)

where x e R n, z e R m , u e R r and £ is a small positive parameter. This is a form for
standard linear time invariant singularly perturbed systems. The slow and fast subsystem
can be obtained using the diagonalization approach as discussed in chapter 3. The system
has the required block diagonal or decoupled form,
i—
o

B s

(5.3)

..

o

u

i

,

\

)

I

•hT*i

+i

where the slow and the fast variables x s and xf can be solved independently of each
other. The eigenvalues of As are the same as the slow poles of the original system [4]
[30]. Similarly the eigenvalues of Af are the same as the fast poles of the full order
model. The matrix L is dependent on the perturbation parameter £ where L is one of
the matrices needed for diagonalization as discussed in chapter 3. Letting £ —>0 gives us
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L = L 0 =A 22;A2; which transforms the diagonal model into the same as the quasi steady
state model described in chapter 3 (As - A 0). Changing the value of the perturbation
parameter f to a small non-zero value and checking the difference between the
eigenvalues of As and A0 gives us an indication if the quasi steady state is a valid
approximation or not. One may expect that if As is very sensitive to the value of e then
using A0 instead of As may cause large errors in the approximation of the slow poles of
the original system. Similarly, if A2I and A22 are dependent on e , the approximation of
the fast system where we set Af = A22 may lead to an unstable system or increase the
steady state error of the closed loop system [30].
Based on previous analysis, the diagonalization method is preferred instead of quasi
steady state to decouple the full order system. This is advantageous especially when the
value of e is not small and the quasi steady state model fails to describe the properties of
the full order model correctly.

5.2.1

Sliding mode control design using diagonalization method

In this section, two sliding mode controllers are designed to control the full order
singularly perturbed system. This is what is proposed in the literature [22] [50], but in our
case we will use the diagonalization method instead of quasi steady state. The reason for
doing this is to compare between the quasi steady state and diagonalization method in this
case. Then, we use the diagonalization method to design a single sliding mode controller
for the full order singularly perturbed system, which has never been done before.
The design of the sliding mode controller for the full order system is done in two
stages. First, a slow controller is designed based on the slow subsystem. Second, the fast
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controller is designed based on the fast subsystem. The composite of these controllers is
used to control the full order model. This is similar to what was done before and
discussed in the last chapter. However, in the following sections we will use the
diagonalization method instead of the quasi steady state to obtain the decoupled system.

5.2.2

Slow sliding mode control design

The slow sliding mode controller is designed using the slow subsystem obtained from
the diagonalized full order singularly perturbed system given by equation (5.3). The
equivalent control method [10], described in chapter 2 section 2.2, is used to design such
a controller. We define the linear switching surface as Ss = C sx s . The equivalent control
law ensures that the system remains on the sliding surface and has the form,
(5.4)
Using this control law in the slow subsystem obtained from the block diagonalized
reduced system (5.3) we then obtain,
(5.5)
To guarantee local stability for this controller we must ensure that the n - r eigenvalues
of the equivalent system given by equation (5.5) have negative real parts. A Lyapunov
function is used to determine the discontinuous control law (uN ) that will satisfy the
reaching condition. This will ensure the global asymptotic stability of the closed loop
system.
The control law, for the slow subsystem, has the form,
(C ,a, )'J C, ] a ,* , - (C ,B ,)-' ftsgn ( S , )
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where uN is a discontinuous control action that drives the state to the sliding surface and
jUj is an arbitrary positive constant.

5.2.3

Fast sliding mode controller design

The same argument used to design the slow sliding mode controller can be used to
design the fast sliding mode controller. Define the linear fast switching surface
Sf ~Cf xf . The equivalent control method is used to determine the control law for the
fast subsystem which can be obtained from equation (5.3). The fast subsystem in the
sliding mode is given by,

]v w

(5-7)

The combined control law is given by,
uf = - [ ( C f Bf J 1Cf ~\Af xf - ( C j B f y 1/^sgn (Sf )

(5.8)

which ensures global asymptotic stability for fast the subsystem. The control law for the
full order model will be the composite of the slow and fast controllers,
u

{x s ) + u f

(■*/)■

(5-9)

Satisfying the reaching condition for the reduced order model implies that the
reaching condition for the full order model is also satisfied [22]. Since the eigenvalues of
the reduced order subsystems are the same as the full order model this means that the
linear transformation preserves the stability condition for the closed loop system. Taking
the stability analysis proposed by Kokotovic [30] into account, we could say that the full
order model is globally stable for e e ( o ,s * y
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Slow sliding mode controller for the full order model

5 .2 .4

In this section, a single sliding mode controller is proposed to control the full order
model. We will consider that the unmodeled high frequency dynamics are represented by
the fast subsystem. The main assumption is that the matrix A n is stable while the full
order model given by equation (5.1) and equation (5.2) may be unstable at some specific
value of e . The surface parameter for the single sliding mode controller is chosen based
on Slotine’s [48] [49] recommendation where the natural frequency of the system in the
sliding mode must be smaller than the lowest frequency of the fast subsystem. The
system in sliding mode has the form,
*v =[l-B ,( C,B,Y ‘c,]A,xv

(5.10)

The control law is chosen based on an equivalent control method and has the following
form,
«, = - [ ( C A r ' c , ] A , * , ~ ( C ,f l ,) - V g n ( S ,) .

(5.H)

5.3 Illustrative examples of diagonalization method
Example (5.1)
Consider a magnetic tape control system [6] given by
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(5.13)

*1
.Z 2

This can be put in standard singularly perturbed form as,
x =Aj , x +Anz +BjU ,
ez = A nx + A 22z + B 2u ,
'0

where

Aw =

0.262

0

-1

'O'
Bj =

0

-0.465
*■22

0

,

b2=

0.4'
0

’

a /2

—

0

O'

0.345

0

’

'0
AJ2 —
0

-0.524'
0

'o'
and e = 0 . 1 .
1

The first 2 x 2 transformation matrix L has to satisfy,
R ( L ) = A 21 - A 22L + eLAu -eLAn L - 0 .

(5.14)

This gives us the value of L as,
L=

0

1.2412

0

0

(5.15)

The second 2 x 2 transformation matrix M has to satisfy
S ( M ) = e ( A n - A u L ) M - M (A22 + s LA12)+ A 12 = 0 .

(5.16)

Similarly this gives us the value of M as
0.0862

0.0325

-0.9094

-0.2489

The slow subsystem is given by
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= A sx s + B sus ,

where As = A n - A n L =

0.4

~0
0

-0.4282 _

and Bs =

'-0.0325'
0.2489

The fast subsystem can be described by
(5.18)

exf =Af xf +Bf uf ,

where Af -

'-0.4222

0.262'

0

-1

'O'
and B/f =
1

We notice that the eigenvalues of the reduced systems are the same as the eigenvalues
of the full order model which are /ij =0 ,

--0 .4 2 8 2 , A3 = -4 .2 2 and A4 = - 1 0 . We

design two sliding mode controllers based on the slow and fast subsystems. We design
the controllers based on the equivalent control method using the same design steps as
shown in chapter 4 section 4.5. The slow system in sliding mode is represented by
equation(5.5), which has eigenvalues equal to,
A, =0 and ^ = ----- 851.6C,-----*
325 Cj - 2489C 2
Choosing the time constant for the slow subsystem in the sliding mode to be Ts = 2 , the
corresponding sliding surface parameters for the slow subsystem are Cs = [1.3

l].

Thus substituting into equation (5.6) the control law based on the diagonalized system
will be,
us =[0

0.4442 ]xs -4.839sgn (Ss ).

(5.19)

Recall from chapter 4, equation (4.13) the control law based on the quasi steady state
method will be,
us =[0

0.675l]xs -5.144sgn(Ss )

R eproduced with perm ission of the copyright owner. Further reproduction prohibited without permission.

(5.20)

75

CHAPTER 5. NEW SLIDING MODE CONTROLLERS FOR SINGULARLY PERTURBED SYSTEMS

Similarly the fast subsystem in sliding mode is represented by equation (5.7). Choosing
the time constant for the fast subsystem in the sliding mode to be Tf =12.5 . The
corresponding sliding surface for the fast subsystem is Cf = \3

1 ] thus substituting

into equation (5.8) the control law based on the diagonalized system is,
uf =[-1.2665

-0.214]xf - 2 s g n ( 5 / ).

(5.21)

Recall from chapter 4, equation (4.19) the control law based on the quasi steady state
method will be,
uf = [-1.395

-0.214 ]xf - 2 sgn (Sf )

(5.22)

The control law for the full order model is the composite of the slow and fast controls,
u =us (xs ) +uf (xf ).

(5.23)

A boundary layer around the sliding surfaces is introduced to decrease the chattering
effect. Similar to what was done in chapter 4 an iteration procedure is used to determine
the best selection of boundary layer thickness. The thickness of the boundary layer is
chosen to be <j>=0.1. Figure 5.1 illustrates the closed loop time response of the full order
system. It is observed that the absolute value of the error between the desired response
and zeroth model response is larger than the absolute error between the desired response
and the proposed sliding mode controller response based on diagonalization. The desired
response is defined as the initial condition response of the reference model system for the
slow subsystem and is given by,
Y( s )
x( s)

0.0778
s2+0.8 s +0.16
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We chose the sliding surface parameters based on the time response of this model for
both the zeroth order model and the diagonalization model. Similarly we choose the fast
subsystem reference model as,
F f £ ) = _ 2 d 12_—
x( s ) s + 10s + 25

(5.25)

The responses in these figures are initial condition responses. This response is used in all
the examples in this chapter and in the next two chapters.
It is a fact that the first requirement of any control strategy is to stabilize the closed
loop system. In control theory it is well known that we can design a controller based on
the reduced order system given by equation (5.5) if we neglect the fast modes. Neglecting
fast modes can only be done if e is sufficiently small and the fast eigenvalues are stable.
We will design a single sliding mode controller for the slow subsystem given that the
fast subsystem in our model is stable. In this controller we want to obtain a relatively fast
response without exciting the high frequency dynamics that may lead to an unstable
closed loop system. The approach is to let the natural frequency of the system in the
sliding mode be smaller than the lowest frequency of the fast modes (high frequency
modes). The eigenvalues for the fast subsystem are, Af l = -4.22

and Af 2 = - 1 0 .

Therefore, we will choose desired eigenvalue as Ad = - 4 . The system in sliding mode is
represented by equation (5.10). The eigenvalues for the system represented by equation
(5.10) can be calculated using the "syms" command in Matlab. The eigenvalues are,
Aj =0 and A, = ----- 851'6S l -----*
* 325 Cj -2 4 8 9 C 2
As a result, the surface parameter is chosen to be
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(5.26)

This selection of surface parameters results in an unstable system as shown in Figure
5.2. A smaller absolute value of XAwill enable us to get a stable response. We choose the
surface parameter to be,
C =[3

1]

(5.27)

which gives us the response shown in Figure 5.3. The motion along the sliding surface
will result in a closed loop controller with a lower bandwidth and longer time response.
The significance of this result is that the slope of the sliding surface has an effect on the
stability of the full order system. Figure 5.4 shows the phase plane plot of the slow states,
which illustrate the sliding surface and the boundary layer around it. The control law has
the form,
is = [0

5.0977 ]x -6.065 sat

r S. N
KO.l

Figure 5.3 illustrates the closed loop time response of the full order system using a
single sliding mode controller. It is shown that it is possible to use one sliding mode
controller to control the full order model for a singularly perturbed system given that the
fast subsystem is stable and we choose the right surface parameters that do not cause
excitation of the fast subsystem. The outputs of the controllers are shown in Figure 5.5.
In this figure both composite controllers and single controller outputs are illustrated.
Figure 5.5.b is focused on the first half second of Figure 5.5.a. In this simulation, the
control effort required during initial transients to achieve the desired performance is
lower in the case of using a single sliding mode controller. Lower control effort achieving
the desired performance is an advantage since it avoids actuator saturation.
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Figure 5.1.a: Full order closed loop time response for two sliding mode controllers (Slow state)
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Figure S.l.b: Full order closed loop time response for two sliding mode controllers (Slow state)

R eproduced with perm ission of the copyright owner. Further reproduction prohibited without permission.

CHAPTER 5. NEW SLIDING MODE CONTROLLERS FOR SINGULARLY PERTURBED SYSTEMS

15;

05

-

0.5

-

1.5

N
Desired response
Quasi S. S. response
Diagonalization response

-2 5

TIM E

Figure 5.1.c: Full order closed loop time response for two sliding mode controllers (Fast state)
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Figure 5.1.d: Full order closed loop time response for two sliding mode controllers (Fast state)
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Figure 5„2,a: Full order closed loop time response for single sliding mode controller (Slow state)
using diagonalization method
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Figure 5.2.b: Full order closed loop time response for single sliding mode controller (Slow state)
using quasi steady state method
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Figure 5.3.a: Full order closed loop time response for a single sliding mode controller (Slow state)
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Figure 5.3.b: Full order closed loop time response for a single sliding mode controller (Fast state)
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Figure 5.4: Phase plane for the single sliding mode controller with boundary layer
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Figure 5.5.a: Closed loop time response for the control output (Composite and single controllers)
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Figure 5.5.b: Closed loop time response for the control output focused on the first half second
(Composite and single controllers)

Example (5.2)
This is the same example as explained in chapter 3 for a flexible joint
manipulator. The system equations have the form,
-

e d )j

002
e

-

0

c
-7 J

0

-K

r

n

COj
- £

K
Jm

i .

j

m

1

CD£y + 0 u
Q -j

0

-1

1

r

(5.28)

0

The above state equation can be put in state space form as:

d)7
4
=
e

K
-1

0

0)2

6

+

COj +

u
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84

co2

-K ]

8

We design a sliding mode control law based on the slow subsystem taking into
account the fast subsystem as unmodeled high frequency dynamics. The system in sliding
mode is represented by equation (5.10). Similar to the previous procedure we chose the
sliding surface as C s —[5.5

I ]. Substituting into equation (5.11) the control law based

on the quasi steady state method will be,
us = [-0.4125

-11.8749]xs -7.3992satjj^-

The results from this approach are completely undesirable. The unmodeled high
frequency dynamics are excited by the switching control law and result in chattering.
Since there is no controller designed for the fast subsystem, the overall system diverges.
This can be seen in Figure 5.6.
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Figure 5.6.a: Full order closed loop time response for a single sliding mode controller (Slow State)
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Figure 5.6.b: Full order closed loop time response for a single sliding mode controller (Fast state)

To overcome this problem we choose a smaller value for the surface parameters (i.e.
decreasing the slope). This allows the single sliding mode controller to obtain a stable
result for the full order singularly perturbed model. The high frequency dynamics are not
being excited and the chattering effect is greatly reduced. Figure 5.7 gives the output of
the system given by equation (5.32) for a reduced value of the surface parameter. In this
case the surface parameter is taken to be C s = [2

u, = [-0.3

1 ]. The control law will be,

- 1 7.4996 lx -5.4377 satf
K0.1J

This example demonstrates clearly the need for an advanced stability analysis method
to find the maximum value of the perturbed parameter that will ensure a stable closed
loop system. Furthermore, a technique for surface design that will attenuate the excitation
from the fast subsystem is needed.
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Figure 5.7.a: Full order closed loop time response for a single Sliding Mode Controller
with a boundary layer with a different slope (Slow State)
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Figure 5.7.b: Full order closed loop time response for a single Sliding Mode Controller
with a boundary layer with a different slope (Fast State)

The diagonalization method as shown in this section can avoid the error that is caused
by approximation resulting from the quasi steady state method. The error due to this
approximation can be significant if s is not small enough. However, the diagonalization
method is not enough to ensure the stability of the system. In example 5.2 we have shown
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that when the full order model is controlled by a single sliding mode controller this can
result in instability, both diagonalization and quasi steady state methods have the same
unstable result as shown in Figure 5.2. This leads us to investigate the other two
important factors, which are stability bounds and sliding surface design for our proposed
controller.

5.4 Stability analysis
The slow sliding mode controller is designed using the slow reduced order system
given by equation [30],
X s = A 0X s + B 0U s

(5.30)

The difference in this section from the previous methods for sliding mode control design,
which are the equivalent control method and the tracking control method described in
section 2.2 and 2.6 respectively, is that we will use the reaching law approach introduced
by Gao [19] and explained in section (2.3). We define the linear switching surface as
S s = C sx s and the dynamics during sliding are given by,
(5.31)
To guarantee the local stability for this controller we must choose Cs to ensure that the
( n ~ r ) eigenvalues of the equivalent system given by equation (5.31) have negative real
parts.
To study the stability of the closed loop full order system we will use the reaching
control law [19] with continuous approximation [3] as shown in chapter 2 section (2.3).
The dynamics of the slow subsystem when it is outside the sliding manifold are given by
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S, = Cs (A0x s + B0us ) = ~KSs -g sg n f S s )

gg

(5.32)

where Q and K are diagonal matrices with positive elements.
Based on Burton's [3] approach we replace th e"sgn " function by the vector function

(5-33)

where S is a small positive constant and S - [s; , ....... , s mf . Thus from equation (5.32)
the control law has the form,
us( x s ) = - { C sBoy 1 [KSs +Q 0( S s ) +C sA0x s ]

(5.34)

The closed loop dynamics of the slow subsystem given by equation (5.30) can be written
as,

* = [ / - « „ ( c A y C, ] a „x , - B 0 (C,B0)“' [KC,x, +QS(S, )]

(5.35)

As discussed in chapter 3 a realizable controller requires that the system states x s and
xf be expressed in terms of the actual system states Xj and x 2 . This can be achieved by
replacing x s by x and xf by z ~ z s , thus equation (5.34) can be rewritten as,

u , ( x ) = - ( C , B 0 y ' [XS, +Qflf S , ) + C A * ]

C5.36)

where S s = Cpc .

5.4.1

Stability analysis for the full order model with single sliding mode
controller

In this section the stability of the full order closed loop system under the sliding mode
controller designed for the slow reduced order subsystem is addressed. We use
Kokotovic's approach [30] for stability analysis, which is discussed in detail in chapter 3.
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Assume that the fast subsystem is stable and we design a controller based on the slow
reduced order model such that (5.32) is satisfied. Thus the stability of the closed loop full
order model can be proven for a certain interval of the perturbed parameter e .
Theorem 5.1
Given that the fast subsystem is asymptotically stable (i.e Re A( A n ) <0 ) and the
control,
u , ( x ) = - [ C SB0 y ‘ [tfSs + Q 0 ( S s ) +C, A0x ]
is applied to the system given by equations (5.1) and (5.2) then there exists an £ > 0
such that the closed loop system is asymptotically stable for all e e ( o , £ y
Proof
Define the singularly perturbed system given by (5.1) and (5.2) as,
x = f ( x , z ) =A jjx +A12z + B}u

(5.37)

£Z = g ( x , z ) = A 21x + A 22z + B 2u

(5.38)

To prove this theorem using the Lyapunov approach we must have functions V ( x , z )
and W ( x , z ) satisfying the following equations respectively [30],
~ z~ f ( x ,z ) <-aji/r2( x )
dx

ctj >0

aw
—— g ( x , z ) < - a 202( z - z s )
oz

a2 >0

(5.39)

(5.40)

and to find the maximum value of £ we must also satisfy the interconnection conditions
described in chapter 3 and given by,

-— \ f ( x , z ) - f ( x , z s )}<l3jW(x)<Kz - z s )
ox
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dW
—

—f ( x , z ) < n 2{ z
dx

- z s ) ^ ! 3 2w ( x ) <K z

- z

)

90

(5.42)

where 0(.) and yr(.) are scalar functions of vector arguments which vanish only when
their arguments are zero and z s is the slow part of vector z as has been described in
chapter 3 and is given by,
zs

=

h(x )

= - A l l i A 2 i x + B 2u

s

)

(5-43)

We first define the Lyapunov function V ( x , z ) for the slow subsystem given by
equation (5.30). We choose V ( x , z ) as [25] and [26],

V ( x , z ) = j x TU- TU ' Ix

(5.44)

where U in this case is the matrix of the eigenvectors of the projector
F =
Based on this choice, Innocenti [25][26] proves that the condition given by equation
(5.39) can be satisfied as,
^ ~ x < ~ a t ||x f

(5.45)

where a} e R+ given by a2 = Amin ( M )||tr ; ||2 and M =

where A,eg is a diagonal matrix of the nonzero eigenvalues of

defined in equation

(5.31). At this point the proposed method diverges from the proof offered by AlvarezGallegos [1] and Innocenti [25] [26]. They use two sliding mode controllers to control the
full order singularly perturbed system. The choice of the Lyapunov function for the fast
subsystem in [25] is given by
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(5.46)

where Uf is a matrix whose columns are the eigenvectors of Ff given by,
Ff = I - B 2 {Cf B2) 1Cf

. For single sliding mode controller there is no such

projection operation in the fast channel. Consequently, Uf does not exist and the choice
of Lyapunov function for the fast subsystem in [26] given by equation (5.46) is not
appropriate for our controller. Therefore, we define a new Lyapunov function for the fast
subsystem because we are using a sliding mode controller based on the slow state only.
We need to satisfy the second condition given by equations (5.40) and (5.42) for the fast
subsystem,
g ( x , z ) = A 21x + A 22z + B 2 ( u s +uf )

(5.47)

Adding and subtracting the steady state value of z , given by z *, the above equation can
be rewritten as,
g (

x ,z ) = A 21x + A 22 (z - z s ) + A 22z s + B 2 ( u , )

(5.48)

Substituting the value of z s = ~A22 (A2lx + B 2us )in equation (5.48) gives,
g ( x , z ) = A 22( z - z j

(5.49)

As a result we introduce the Lyapunov function W ( x , z ) as,

W ( x , z ) = ~ ( z - h ( x ) ) TP ( z - h ( x ) ) = \ ( z - z s )TP ( z - z s )
z
z

(5.50)

where P satisfies the Lyapunov equation given by
A&P + PA22 — I m
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Given equation (5.49) and equation (5.50) and taking into account the assumption that the
fast subsystem is stable, one can prove the following inequality,
^ - g ( x , z ) < - | | | z - z sf

(5.52)

Equation (5.52) satisfies condition (5.40) with cc2 = — and
2

z —z s ) =||z - z s||

The second step in the stability analysis is to satisfy the interconnection condition
given by equation (5.41) and (5.42). Differentiating W with respect to x gives,

dbc

= - ( z - z s ) TP ^
efcc

(5.53)

Recall from equation (5.43) where z s = - A 22 (A21x

dx ~ A22

+ B 2u s

) therefore,

A21 - B 2( C sB0 )~U KCS + Q d0^ J x ) + C sA0 )
ox

(5.54)

Equation (5.54) can be rewritten as
^ - = G , +G 2
dx

(5.55)

ox

Where
G, = —A22 [A2/ - B 2( C sB0y 1( K sCs + C A i] a n d G2 = A 22B2( C SB0 )~’Q
Recall the function f ( x , z ) is given by,
f ( x , z ) = A ux +An z +BjU .

(5.56)

Add and subtract z , and set u - u s since uf = 0 then equation (5.56) can be written as,
f

( x , z ) = A ux + A n ( z - z s ) +Anz s +BjUs

Substituting the value of z s = - A 22 ( A 2Ix
f ( x , z ) = A 0x +B 0us +A12( z

+ B 2u s

(5.57)

) in the above equation thus,

-Z s)
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A]2A22 B 2

Substituting the value of us given by equation (5.34) in equation (5.58) gives,
f ( x , z ) = [ A ox - B o( C sBor ‘( K sCsx + Q 0 ( S s ) + C sAox ) ] + A 12( z - z s )

(5.59)

Thus equation (5.59) can be rewritten as,
f ( x , z ) = G 3x + G 40 ( S s ) + A ]2( z - z . )

(5.60)

where
G3 = [ I ~B0 (CSB0y 1Cs] A 0 - B 0 (.CSB0

KCS

G4 = - B 0( C sB0)~1Q
From equation (5.60) and equation (5.53) condition (5.42) can be satisfied as follows,
dW
- f ( x , z ) = - i z - z s ) TP ( G 1 + G2^ ± ± )
ox
dx

[G3x +G40 ( S s ) + A ]2( z - z s )]

Thus taking the norm of the right hand side terms of the above equation gives,

+ l h - z J ||||« 5 , G <l ||e f S j ||
-tfz -z jlfll-K v y
+ h -o lH « =
+ ||( z - z j ||- P G J

dx
3A S , )
dx
m s ,)
dx

|Ar2 I

(5.61)

But based on continuous approximation analysis offered by Burton [3], 6( S s ) can be
written as [25],
i2 C jb d and
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a « r sj[

a*

N M IIc,

where Q =diag j-^-j

This satisfies condition (5.42) and equation (5.61) can be rewritten as

<5-62>
where

r = II-PG ,An ||+ ||- r o 2||||fl||||C, ||||a22 || and
4 =||-PG,G3| + | - r o ;G4|||43C,||
+ | - « 5 21 M ||C , I l k |M | - H J 2I M I C , I l k ||||43C, ||

The second interconnection condition given by equation (5.41) can also be analyzed and
proven given that,
f ( x , z ) = A 0x + A 12( z - Z s ) + B 0us

(5.63)

and
f ( x , z s ) - A 0x + B 0us .

(5.64)

Differentiating V given by equation (5.44) with respect to x gives,
— = x TU~TU -1 = x TJ
dx

(5.65)

where J =U~TU~‘ . Subtracting equation (5.64) from equation (5.63) and multiplying by
equation (5.65) gives us,
dv
— \ f ( x , z ) - f ( x , z s ) ] = x TJA12( z - z s )
dt
Taking the norm of the right hand side of equation (5.66) gives us the inequality,
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\f ( x , z ) - f ( x , z s )]<\ JAn

dx

95

(5.67)

z -z .

This satisfies condition (5.41) given that $ = pA 121| which completes the proof of
theorem (5.1). The maximum value of the perturbed parameter can be given by [30],
e =— ^

----

(5.68)

This result proves that the single sliding mode controller is able to make the full order
system globally stable \ / e e {o

5.4.2

Illustrative example

Example 5.3
Consider a magnetic tape control system given by

*1

'
’

^2

ezj
e z 2_

0
0
0
0

1 0

y

=

0

0

0.4

0

0

0
-0.524
0

0.345
-0.465
0

0
0.262

0

0

1

0

-1

xi
x2
Zi
Z?

0
0
0
1

Zi
z2

This can be put in standard singularly perturbed form as,
x = A jjX + AI2z + B jU ,

(5.69)

£Z = A n x + A 22z

(5.70)

+ B 2u ,
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0.4'

~0

0

0

-0.465
A-22 ~

>An

—

0.262

0

-1

0

O'

0.345

0

'0

-0.524'

0

0

II

where Au =

96

'O'
Bi =

0

and B I7 =

'o'
1_

Setting e = 0 in equation (5.70) gives us the reduced slow subsystem
x s =A0x s + B 0u ,

where A0 —AJ1 A12A22A2I —

0

0.4

0

-0.38

and B0 —Bj

AI2A22 B2 —

0
0.1944

The surface parameter for the sliding mode controller is chosen based on the equivalent
system given by equation (5.5). Given the slow subsystem,
(5.71)

XS =AgXs +BgU
choose the surface parameters as Cs = [C}

C 2 ] and apply this value to equation (5.5)

and use the Matlab function "syms" to get,
0
X egs

- [ /

B 0 { C

s

B 0 ')

C s ~ \ A 0 X eqs —

0

2/
(5.72)

-2 C .

rsc 2 _

We will select the eigenvalues on the sliding surface to be, A, = 0 and

= -0 .6 to

obtain a time constant for the slow subsystem in the sliding mode to be Ts =1.6 hence
the corresponding surface parameters are Cs =[7.5

l ] and we set K = 1 , Q =1 and

S =0.2 . Substituting into equation (5.36) the control law will be,
us = [0

1.0866 ]xs -5.144 [ s , + 0 {S s )].

Based on the analysis given by equations (5.44)-(5.68) we find the value of

(5.73)
=3.05 ,

a 2 =0.5 , (3, =0.6281, fi2 =346.616 m d y =10.7225 thus the maximum value of the
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perturbation parameter is e = 0.006 . We have to stress here that this value is sufficient
but not necessary.
Figure 5.8 illustrates the closed loop time response of the full order system. It is
observed that the closed loop system shows good performance. In fact, the states of the
full order model ( x , z ) converge to the equilibrium point even with changes on the
perturbation parameter e , which indicates good properties for our controller. Figure 5.9
and 5.10 show closed loop response for different values of e . In Figure 5.11 we see that
further increase in the value of e leads to an unstable system. Figure 5.12 illustrates the
relationship between the maximum perturbed parameter e* and slope of sliding surface
given that K =0 and Q = 1 . Choosing K = 0 will reduce the reaching control law given
by equation (5.36) to be similar to the equivalent control law given by equation (5.11)

0.2

0.15

0.1

0.05

S ta te " X '

-0 .0 5

-

0.1

-0 .1 5

-

0.2

TIME

Figure 5.8.a: Full order closed loop time response for sliding mode control £ = 0.005 (slow state)
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0.5

-0 .5

State "Z"

-1.5

-2

-2.5

TIME

Figure 5.8.b: Full order closed loop time response for sliding mode control £ =

0.005 (fast state)

0.25

0.2
0.15

0.1

0.05

State ”X‘

-0 .0 5

-

0.1

•0.15

-0 .2 5

TIME

Figure 5.9.a: Full order closed loop time response for sliding mode control

£=0.05 (slow state)
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0.5

- 0 .5

State "Z"

-1 .5

-2

- 2 .5

TIME

Figure 5.9.b: Full order closed loop time response for sliding mode control £

=

0.05 (fast state)

0.3

0.2

S ta te "X ''0

-

0.1

-

0.2

-0 .3

-0 .4

30

TIME

Figure 5.10.a: Full order closed loop time response for sliding mode control £

—

0.3 ( slow state)
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0.5

State "Z"

-0 .5

-1 .5

-2

TIME

Figure 5.10.b: Full order dosed loop time response for sliding mode control

6=0.3 (fast state)

0.8
0.6

0.4

0.2

State "X"

-

0.2

-0 .4

-

0.6

-

0.8

20

25

TIME

Figure 5.1 l.a: Full order dosed loop time response for sliding mode control 6=0.5 ( slow state)
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S ta te ”Z "

-2

T IM E

Figure 5.11.b: Full order dosed loop time response for sliding mode control £ —0.5 (fast state)
0.03S

0.03

0.025

0X12

0.015

0.01

Slope

Figure 5.12: The maximum perturbation parameter versus the slope of sliding surface
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In this chapter we proposed using a single sliding mode controller for the full order
singularly perturbed system. The design method that we use is different than what has
been proposed in the literature [22] [57]. The sliding surface in our proposed controller
has been design based on an iterative design process where the lowest frequency of the
fast mode is taken to be the starting point for the iterative process. The design of the
feedback gain and the switching gain are based on the slow subsystem. The main
advantage of the proposed controller is that for the first time we take into consideration
the effect of the high frequency modes when simulating the response of the closed loop
system with a sliding mode controller as shown in examples 5.1, 5.2 and 5.3. We show
that a single sliding mode controller can be used to control the full order singularly
perturbed system. Consequently for a certain desired performance we use low control
efforts. This is one of the advantages of the proposed controller. Furthermore the control
law for the proposed controller given by equation (5.34) contains only the slow states,
which means that there is no need to measure the fast state, which is usually difficult to
measure.
In this chapter, we have compared the proposed diagonalization method with the
quasi steady state method that is proposed in the literature [12] [22] [50]. The advantage of
using the diagonalization method is that we can obtain a more accurate performance in
comparison to the quasi steady state method. This is shown in Figure 5.1. However
designing a single sliding mode controller for the slow subsystem obtained using the
diagonalization method means that we have to measure the fast states. This is a
disadvantage and therefore the quasi steady state method is used to design the single
sliding mode controller in the next sections.
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In the last section of this chapter we discussed the stability of the closed loop system
when using a single sliding mode controller for the full order singularly perturbed system.
It was shown in Figure 5.2 and 5.5 that the selection of surface parameters results in an
unstable response. The stability analysis uses the Lyapunov approach proposed by
Kokotovic [30] and Innocenti [25]. The contribution in deriving the stability bounds is
the choice of Lyapunov function proposed in equation (5.50) for the fast subsystem. This
Lyapunov function satisfies the four conditions of stability. In this section, it has been
shown that the value of the perturbation parameter e has an effect on the stability of the
full order singularly perturbed model. When we design a single sliding mode controller
for the full order singularly perturbed system, it becomes necessary to investigate the
bounds of the maximum perturbation parameter £ that will preserve stability of the
closed loop model. We have shown from the sufficient theoretical condition the relation
between £ and the sliding surface as illustrated Figure 5.12. It has been demonstrated by
simulation that the bound for the perturbation parameter is a conservative condition that
is common with Lyapunov stability analysis.
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Chapter 6 Sliding Surface Design in the
Frequency Domain
6.1 Introduction
In this chapter, the frequency shaped single sliding mode controller for singularly
perturbed systems is introduced. One of the three main problems for designing a single
sliding mode controller for a full order singularly perturbed system, as described in
chapter 5, is the choice of surface parameters. It was shown in chapter 5 Figure 5.2 and
Figure 5.5, that if the sliding surface is not correctly designed then instability could
result. Frequency shaped sliding mode controllers offer a good solution for this problem.
Furthermore, using frequency shaped sliding mode controllers for singularly perturbed
systems allow us to introduce a second contribution to the field of frequency shaped
sliding mode controllers. The contribution focuses on choosing the appropriate weighting
function for the closed loop system. Thus there are two contributions in this chapter. The
first is the use of a frequency shaped sliding mode controller for the singularly perturbed
system. The second contribution is the appropriate choice of weighting function for the
H ~ frequency shaped sliding mode controller.
An effective approach to robust control is sliding mode control, as has been discussed
in chapter 2. The main characteristic of a sliding mode control system is the nonlinear
control action, which forces the state trajectories of the system to reach the intersection of
a desired set of sliding hyper-planes [54]. The state trajectories move along the sliding
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hyper planes until the origin is reached. As shown before, the advantage of the method is
that the closed loop system can be designed to be robust with respect to certain classes of
parametric uncertainty and external disturbances [15].
It is known that sliding mode controllers have two phases in the controller design: one
is the reaching phase where the state moves from an arbitrary initial condition towards
the sliding surface and the other is the sliding phase where the state follows the sliding
surface. Choosing the sliding surface plays an important role in the response and stability
of sliding mode control systems. It is desired that the surface parameters satisfy two
conflicting objectives. One is that the system has a fast closed loop time response and the
second is that the sliding mode controller does not excite the high frequency dynamics
such that chattering does not occur and the system remains stable.
To solve this problem, an H°° control technique has been used to obtain the
appropriate sliding surface. It is important to state that there are two control approaches
for sliding mode controller design. In the first approach [23] [57], the algorithm is based
on the static or conventional sliding hyper-plane. The sliding hyper-plane in this
approach is designed by a linear quadratic regulator [LQ] control method. In the second
approach [21][32][41][52][61], the main idea is based on a dynamic sliding hyper-plane
which is defined in the augmented state space to account for frequency shaped
weightings, through the frequency shaped formulation. The design method permits
frequency shaping of the sliding mode dynamics through the introduction of compensator
dynamics in the sliding mode. This class of sliding surface provides additional flexibility
in developing control laws to attenuate the frequency contents of the sliding mode
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dynamics such that unmodeled dynamics are minimally excited. This can be done either
using linear quadratic regulator, H 2 optimal control or H “ optimal control
A method for designing the sliding surface of a variable structure control system
using the frequency design advantages that come with H°° is introduced by [41] [52].
H ” theory is a well-known control technique used to suppress high frequency modes of
the controlled plant. This design method for sliding mode control has been proposed to
satisfy two conflicting requirements: fast response and stability with regard to the
unmodeled high frequency dynamics. We assume that some informations is available
concerning high frequency dynamics which are modeled as the fast subsystem.
The H°° design method introduces additional states to construct the generalized
plant, so that the control input does not excite the high frequency unmodeled dynamics.
The advantage of using this method with singularly perturbed systems is that we can
construct a sliding mode controller for the slow subsystem and take the fast subsystem as
a high frequency disturbance. Doing so allows us to choose the appropriate weighting
function, which is key in designing a good H°° controller. Choosing an appropriate
weighting function is one of the design difficulties associated with H°° control [46].
However, by using the H °° frequency shaped sliding mode controller for singularly
perturbed systems one can then overcome the difficulties in choosing the appropriate
weighting matrix.
In this chapter, the first approach by Utkin [57] is briefly reviewed in section 6.2.
Section 6.3 discusses the second approach where a frequency shaped sliding surface is
reviewed. Sections 6.4and 6.5 focus on the solution that we introduce to solve the
problem of surface parameter design for a single sliding mode controller for the full order
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singularly perturbed model. Using the second approach we will design a sliding mode
controller for the slow subsystem by using an H " frequency shaping method and we will
discuss the results.

6.2 Sliding mode using LQ approach
This first approach will use H ” control to design the sliding surface in the sliding
mode controller. It is useful to review this approach to understand how optimal control
techniques can be used to determine the surface parameters in a sliding mode controller.
A linear control law based on a quadratic cost function is well known as linear
quadratic optimal control. Utkin, and Young [57] have applied this method to design the
surface for a sliding mode controller. We consider the following linear time invariant
system,
x = A x +Bu

(6.1)

where A e R nXn and B e R n*m. The cost functional to be minimized is given by,

(6.2)

where ts is the time at which sliding mode begins and Q is a symmetric positive definite
matrix. Using the state variable transformation T which has the form,
(6.3)

Equation (6.1) can be rewritten as,
Xj
•*-2 _

=

A]}

AI2Xj

J^21

A-22 _

0
+
u
2 _ _-®2 _
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which is known as regular form [10]. The cost function given by equation (6.2) can be
rewritten as

/ = \ x ] Q ux 1 + 2 x ]QI2x 2 -YxT
2Q22x 2)lt

where x2 e R n m, x 2 e R m and Q =

(6.5)

Q ll

Q l2

Q l2

Q 22

The sliding surface S = 0 of the sliding mode can be determined so as to minimize the
cost functional given by equation (6.5). This problem can be regarded as a linear state
feedback control design for the following subsystem

(6.6)

x 1 =A1ix 1+AI2x 2

with the cost function (6.5). In equation (6.6) x 2 isconsidered to be theinput of the
subsystem and the state feedback controller isx 2 = K x } .

Thissubsystem

gives the

sliding surface for the total subsystem, namely S = x 2 - K x 2. For simplicity we assume
<2,2 = Q t2I = 0 . The optimal sliding surface under these conditions is given by [57],
5 =*2 + Q ~ 2 2 ^ i =6

(6.7)

K = -Q £ A T
nP

(6.8)

where P > 0 is a unique solution of following Riccati equation,
PA + A t P -P A I2Q2‘Aj2P +Qn =0 .

(6.9)

For the existence of the solution of the Riccati equation (6.9), the pair {Au , An ) must be
controllable and the pair (Qu /2\ A j; j must be observable, Qu > 0 has to be semi
positive definite and Q22 > 0 ( Utkin [57])
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6.3 Frequency shaped LQ approach
In this section we review the second method, which is frequency shaping of the
sliding mode dynamics through the introduction of compensator dynamics in the sliding
surface design. This type of sliding surface is used to penalize the high frequency control
actions and thus the unmodeled dynamics are minimally excited. This approach was first
introduced by Gupta [21] to handle the flexibility in a spacecraft. Then it was modified
by Young [61] and was demonstrated in a practical example (robot manipulator with
flexible joint). The cost function given by equation (6.5) can be rewritten in the frequency
domain using Parseval’s theorem [32][61] as,
1 °°
/ = — \ { xi { j Q) ) Qux 1{jQ})+x*2 (jo})Q22x 2 ( j ( o) ) d( o

(6.10)

where we assume Q12 - Q T
2] =0 . In the frequency domain a frequency dependent
weighting matrix Q22 (jco) is introduced so that the control inputs for certain frequencies
can be amplified or suppressed. We can choose Q22 to yield the reduction of high
frequency control inputs to the subsystem given by equation (6.6). This approach is
realized using a state space representation. The transfer function matrix W 2( s ) is
defined as
Q2 2{ j 0) ) ^w; { j 0) ) W2 {j0})

(6.11)

where W2 ( s ) stands for the conjugate transpose of W2 (s). The frequency shaped input
u is then given by,
u =W2 ( s ) x 2
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W2 (s ) can be represented by the following standard state space representation
XW2 ~ AW2XW2 + ^W2X2

(6.13)

* = C w * w, + D w x 2

(6.14)

Then the cost function given by equation (6.10) can be rewritten as [32],
J

] ( * ; {jco)Qux 1 (jm) + $V2 { j m ) x 2 (jm))*W2 ( ja ) ) x 2 ( j m ) \ d m

(6.15)

Rewrite equation (6.15) in the time domain as,
J = J(*f (r )Qllx 1 (r) + u T (t )u ( t )) dt
Is

(6.16)

then the following extended plane can be used [32],
(6.17)

X e = A eX e + & eX 2

%

C
T2'~'W2
C
'~ W

CWT2 D W2

0w

B,w,

and Re =D^,DWi

0

1

1

Consider Qe =

, Ae = diag (AWi ,An ) and Be =

0

where x e =

Then the cost function given by equation (6.15) is converted to,

J

=

\ xTe

{ t) Q e X e

+

(O’ (0
N *X 2

+ X 2

(* )■R

eX 2

(* ))* *

(6.18)

Minimization of the cost function with cross terms between state and control input is
achieved by solving the Riccati equation
pA

,+

a , p,

- ( p. b , +

n

, ) r ; ‘ ( b t, p , +

n

: ) + q, =0 .

(6.19)

The optimal sliding surface using the solution of equation (6.19) is,

s

= * , + « ;'

(Bj p ,

) * ,.
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Therefore, the controller gains are given by
k

= r ; ‘ (b I p, +

For K = [Kj

n

:).

(6 .21 )

K 2] equation (6.20) can be rewritten as

S = x 2 + KjXWi + K 2Xj - 0

(6.22)

which is a linear operator of thestates and is the sliding surface of the extended system,
x = Ax + Bu

(6.23)
X 2

with x =

,A=
*2

0

0
0

B

w

2

A 12
A 21

'

0

and B = 0

A22

.B 2

Therefore, we have designed a controller based on a frequency weighted cost function
given by equation (6.15) and the optimal controller is given by equation (6.21).

6.4 Review of the

H 00

approach

Linear control theory has developed rapidly especially in the field of robust control.
H " optimal control theory is one of the methods for robust control. The control goal for
H °° optimal control is formulated through a norm minimization of the generalized plant
[13], where the H°° norm is used to formulate the cost function. Figure 6.1 shows the
block diagram for the control system in the standard case.
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Wu
I

K

-* Q

U

1J

.. ►

W.
n
4

Figure 6.1: Standard weighted dosed loop system [63]

There are many advantages of using weighted performance specifications in
multivariable system design. For example some components of a vector signal are usually
more important than others. Also we could be interested in rejecting errors in a certain
frequency range (for example, high frequencies) thus we use frequency dependent
weighting. The transfer function of the open loop system in Figure 6.1 can be obtained
from the following equation,
v = r - ( P [ W / +u ] + W nn)

(6.24)

y

(6.25)

(P[Wdd + u ] )

e —W y

(6.26)

u =Wuu

(6.27)

Denoting the transfer function matrix as G we get,
-WePWd
0

G=

I
0

- W W n

-WeP

-PWd

-w
vr n

Wu
-p

WyPWd

0

WyP

0

0
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V
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r
=G

d

(6.29)

n
u

The majority of the effort in designing an H ~ robust controller lies in the choice of
the weighting functions. A detailed discussion on the technique for choosing these
functions can be found in [63], The output signal e and u denote the weighted tracking
error and weighted output of the controller K .

e

r

Z = u

UJ

w = d
G

n

Figure 6.2: Linear Fraction Transformation (LFT)

The above model can be changed to a linear fractional transformation representation
[46] as shown in Figure 6.2. Linear fraction transformation is a convenient tool to
formulate many mathematical objects. Here, the goal is to create an internally stabilizing
controller K such that the worst case output Z due to a class of exogenous disturbances
w is kept below a given threshold [46]. This can be done by obtaining the norm between
w and Z as a measurement of performance.
The inputs to the plant have been partitioned into two groups: w , containing
disturbance and reference signals, and u , the control inputs. Similarly, the vector Z
represents the outputs subject to performance specification and y contains the outputs
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available to the controller. Based on the linear fractional transformation approach
equations (6.24)- (6.29) can be rewritten in the corresponding state space realization of
T ( s ) as,
A

Bi

T(s) = c t

Du

B2 1
D 12

?2

®21

D 22 _

'

Gu

G 12

G2i

G 22

(6.30)

where the pairs ( A , B 2) and (C2,A ) are stabilizable and detectable [63]. Choosing the
state space representation for Wu and We to satisfy Dn = D 22 =0 and obtain the new
T ( s ) as,
A

Bi
0

7 ( .) = c t

B2

D 21

f2

(6.31)

D)2
0

We make the following assumption on our system [63]
1- (A . B j ) is controllable and ( C ,,A ) is observable
2- ( A , B 2) is stabilizable and (C2, A ) is detectable

3- D12 —

.

5-

and D 21 = [0

A - j col

B2

Ci

D 12

A —jcol

Bj

C,

D

/ ]

has full column rank for all co.

has full row rank for all co.
21

Assumption (2) is necessary to guarantee the existence of a stabilizing controller.
Assumptions (4) and (5) together with (2) guarantee the existence of a solution to the
corresponding Riccati equations. Assumption (3) ensures the H “ problem is nonsingular,
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which is a necessary condition for existence of the controller as explained by Doyle [13].
If D12 has full column rank and D 21 has full row rank but they do not satisfy assumption
3, a normalizing procedure can be preformed as described in [46].

6.4.1

H

°°

Optimal control design

When the open loop system has been represented and a weighting function has been
chosen to minimize a given norm of the closed loop system, a controller can be designed.
The H “ norm of a closed loop system T is given by [63],
(6.32)

where cr[r (;'&>)] denotes the maximum singular value of the closed loop map T . The
closed loop system in this case is the linear fraction transformation form for the system
given in Figure 6.2 and T is defined by equation (6.30). The design of a sub optimal H “
controller that gives |fr
A
- c ; cj

< y yields two Hamiltonian matrices

y^BjBj - B 2B

(6.33)

-a *

and
(6.34)

These Hamiltonian Matrices give rise to two Riccati equations.
A*x„ + x oaA + x m( y 2B1B*1 ~ B 2B*2 )jc„ +C*C1 = 0 and

(6.35)

Ay„ + y„A* + y 4 r 2C ;c; -C*2C 2 ) y m+ 8 ^ = 0

(6.36)
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It is useful to notice that the (1,2) blocks of

\

and J„ are not sign definite, therefore, a

solution to the Riccati equations cannot be guaranteed for all y [13]. The following
theorem [6][13][63] guarantees the existence of an H°° sub optimal controller.

Theorem (6.1) [63]
There exists an admissible controller such that |T ||m< y if and only if:
1- H „ e d o m ( R i c ) and x aa= R i c { H <f) > 0
2-

J „ e d o m ( R i c ) and y „ = R i c ( j m) > 0

3- p { x j y J ) < f
The H “ sub-optimal controller is given by,
X
X

ZoJ- <x>
0

where A„ =A + y 2B1B*1x <a+ B2Fm+ z JLJD2 , Fm=~B*2x m and

= —yjC*2

H ^ e dom (Ric) indicates that the Hamiltonian matrices have no eigenvalues on the j co
axis and A is invertible. x„ = R i c ( H m) means that ^

is the stabilizing solution of an

algebraic Riccati equation associated with matrix H „ . p ( x ^ y „ ) is the spectral radius of
(jc„yM)thus p ( x oay „ ) = nuix |^ | where the
means that x„ and

are the eigenvalues of ( x „ y j ) which

are decreasing functions of y. Furthermore details can be found

in [63] chapter 12. The controller given in equation (6.37) is sub-optimal in that it gives a
closed loop system with an

norm less than y , the Matlab routine " hinfsyn " can be

utilized to satisfies Ifrjj^ < y and the assumptions of theorem (6.1). This gives a control
design method which is close to optimal.
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6.5 Frequency shaped sliding mode control for singularly
perturbed systems
The main goal is to use frequency shaped sliding mode control to overcome the
sliding surface design problem as discussed in chapter 5 section 5.1. Using a singularly
perturbed system actually gives us an advantage and solves one of the complicated design
problems for frequency shaped sliding mode control. As has been mentioned earlier in
this chapter, the key of good design for frequency shaped sliding mode controllers lies in
the choice of weighting functions (Section 6.4). The selection of the weighting functions
for this specified design problem often involves many iterations and fine-tuning. It is very
hard to give a general formula or method for the weighting function that will work in this
case. The frequency shaped sliding mode control that was discussed by many authors is
based on transferring the overall system into regular form then using the upper subsystem
to design the sliding surface. Choosing the weighting function in this case is completely
up to the designer and his/her experience with the system.
The singular perturbation method provides some information regarding the high
frequency dynamics of the system. By analyzing the frequency response of the fast
subsystem, we could obtain the required filter that must be working as the weighting
functions. For our purposes we will propose the block diagram shown in Figure 6.3. In
this case we are introducing the high frequency dynamics as a disturbance. The most
important issue in our case is to suppress the high frequency components in the control
law u . This causes less of an effect on the unmodeled high frequency dynamics. The
weighting matrix Wu may be used to set some restrictions on the control or actuator
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signal. We is used to set the requirements on the shape of certain closed loop transfer
functions since the weighting function We affects the input-output relationship by
changing the error signal shape.

Fast State
Tj—d

Figure 6.3: Custom weighted closed loop system

Consider a system given by,
x = A jjX +A12z + B }u ,

(6.38)

ez - A 21x + A 22z + B 2u ,

(6.39)

where x e R n, z e R m, u e R r and £ is a small positive parameter. Applying the quasi
steady state decoupling method as has been described in Chapter 3, then we have,
x - A ux + A I2z

(6.40)

+BjU

0 = A 2Ix + A 22z + B 2u ,

(6.41)

where the s y m b o l " indicates that e = 0 . Thus we can get the following reduced
system [9],
xs = A 0x s +B gus ,
where

xs =x ,

z s = h ( x s ) = - A 22 (A21x s +

(6.42)
A0 —Al2 —A12A22A21,
B 2u s

B0 —B2 ~AI2A 22B 2

and

) which can be seen as the slow part of z given by
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equation (6.39). Assuming that the slow variables are constant during fast transients i.e.
z = 0 and x = x s = constant, the approximated fast subsystem for the system given by
equations (6.38) and (6.39) can be defined as,
£xf = A 22xf + B 2uf ,

(6.43)

where xf = x —x and uf =u - u . To design a frequency shaped sliding mode controller
for the slow subsystem we must ensure that the slow subsystem is in regular form [10].
Appropriate linear transformations [10][19][62] can be used to transform the slow
subsystem into regular form if needed. The slow subsystem is given by,
x sl —A0jXsI +A02x s2 ,

(6.44)

x s2 —Amx sl + A 04x s2 + B ru ,

(6.45)

where for simplicity u =u and Br is nonsingular. The hyper-plane for the above plant is
expressed as follows,
<r(x , ) = V {x sl) + x s2

(6.46)

where <r(xs ) and V (xsl) are linear operators [61]. The conventional switching surface

S (xs ) as described in chapter 4 and chapter 5 does not have dynamics on the hyper
plane. However <r[xs ) has some dynamics on the hyper plane, the state space realization
of V (xsl) is given by,
x c = Fcx c +Gcx s]
v {x si ) = H cx c +L cx s1
From equation (6.44), (6.45) and (6.46)-(6.48) the augmented system becomes
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X sl

0

X c

A-02

X *l

G c

’*«"
0

=

0

X s2.

A

A q3

a ( x , ) = [ Hc

q4

Lc ]

_
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0
+

b

X s2.

(6.49)

U

0
2

(6.50)

+ x s2

"si
The existence of a sliding mode implies,
(6.51)

o = 6=0
where a = cr(xs ). This means that,

(6.52)

6 = H cx c + L cx sI + x s2 = 0

Using equation (6.49) and equation (6.52), the equivalent control input u * can be
expressed as follows:
6 = 0 = H C\Fcx c + G cx s1] + L cA01x s1 + L cA 03x s1 + A 03x sI + A 04x s2 + B ru„eg

(6.53)

Equation (6.53) can be rewritten as,
ueq = ~Br ^HcFcx c + (HCGC+ L cA 0j

+ ( L cA 02 + A 04) x s2 J

(6.54)

when the system is on sliding hyper plane, <7=0 , and consequently,

L ih

(6.55)

X sl

From equation (6.49),
’Xc '
A i -

A
_

A
0

A v

'

_

A

"

i r° i

*«I-

' 0

“

_Aq2

_

-1-

The feedback gain matrix for equation (6.55) and equation (6.56) is [H c
reduced order system on the sliding hyper plane can also be expressed as,
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1

'*c~

(6.57)

Aqj A(y2Lc_

*3
Xi

A>2-^e
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Similar to equivalent control method described in chapter 2, we choose a Lyapunov
function as,
1 2
W - —(j
2

(6.58)

For stability it is required that the derivative of \jf be negative, therefore, a & < 0 . This is
can be done if & = -Tjcrsga[a), where sgn(cr) is the signum function as described in
chapter 2 and r] is an arbitrary positive constant. . Hence using equation (6.52) the
stability condition can be written as,
& = H cx c + Lcx sl + x s 2 = -Tjcrsgn (H cx c + Lcx sl + x t2)

(6.59)

Given the values of x c, x sI and x s2 in equation (6.49) thus equation (6.59) can be
rewritten as,
u

— Br ^HcFcx c + {HCGC+L cA01 +A os J x sJ +(L cA02 jtA04

J

(6.60)

- B ; !n ( H cx c +Lcx s] + x s2 )sgn(Hcx c + L cx sl + x s2)
Figure 6.4 shows block diagram of H°° frequency shaped sliding mode control.
Young [61] has shown that all eigenvalues of equation (6.57) could be arbitrarily chosen.
The compensator \FC,GC, H C,LC} in equation (6.47) and (6.48) is obtained using the H “
approach as given in Section 6.4. The realization of compensator [FC,GC, H C,LC} can be
expressed as follows,

K =
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x„C

where

V

=K
_
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Xrc

(6.62)

_X s l _

Switching

Xs2

Plant

-B

Xsl

Xc

*Q

Switching function

Figure 6.4: H ” frequency shaped sliding mode control

To demonstrate this method, we use the following example.
EXAMPLE (1)
Consider a magnetic tape control system given by
0

0.4

0

0

xi

X2

0

0

0.345

0

X2

eij

0

-0.524

-0.465

0.262

zl

_0

0

0

-I

Z2

X,

‘

e z 2_

1 0

0

0

0

0

1

0

+

(6.63)

(6.64)
Zl
Z 2
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This can be put in standard singularly perturbed form as,

x = A ux +A 12z + B jU ,

(6.65)

£Z

(6 .66 )

- A n X

+ A 22z

where

+ B 2u ,

Au =

'0

0.4'

0

0

-0.465

0.262

0

-1

A 22 —

,
>

**12 =

_

0

o'

0.345

0

,5

A,,
12 =

'0

-0.524'

0

0

'o'
and £
, B2 —
0
1

'O'
Bj =

Setting £ - 0 in equation (6.66) gives us the reduced slow subsystem
The slow subsystem is given by,
(6.67)

= Ao*s + B ou .

where A0 = A U - A 12A~2\ A 2l

—

'0

0.4

0

-0.38

and B0 —Bj

A12A22B 2 —

0
0.1944

which is already in the required regular form. The fast subsystem can be described by

xf =Af xf +Bf uf ,

where Af =

(6.68)

'-4.222

2.62'

0

-1 0

and Bf =

'0 '
10

It is required to design a single sliding mode controller based on the slow subsystem
to control the full order model. Now let us analyze the fast subsystem. The

norm has

the form,
(6.69)
OJER
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where Tf is the transfer function matrix for the fast subsystem given by the system matrix

.

1

[A/
[cf

Df\

where Cf = [i

0] and Df = [0]. There are many methods to obtain the °°norm and

the singular values of the transfer function Tf (jo)). For details on these methods a
complete review can be found in [46], We found that obtaining the value graphically is
most suitable in our case. The value is read directly from a bode singular value plot
which can be easily obtained using Matlab.
The H°° norm of the fast subsystem can be calculated using the Matlab function
"hinfnorm" and is given by,
(6.70)
where Tf ( s ) is the transfer function matrix for the fast subsystem. This is shown as the
peak of the largest singular value bode plot as shown in Figure 6.5. This peak is achieved
at frequency comax =75 Hz . This shows that the system response will be amplified 88.7
times for an input signal at the frequency (Omax .
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Figure 6.5: The singular value of ||G^ ( s )||

Since the fast subsystem is considered as a disturbance, it is desirable to attenuate the
excitation of the system at this frequency. Wuis chosen to heavily attenuate the frequency
components in u that may cause excitation of the high frequency dynamics (fast
subsystem).
From Figure 6.5 it is clear that Wu should pass frequencies below 1 Hz and attenuate
the frequencies in the 75 Hz range. We choose Wu to be,
s+98
W.. = ■
10s +9.8

(6.71)

The frequency response for Wuis shown in Figure 6.6. On the other hand, we choose
We which yields the desired tracking error specification [63]. We must remember the
important relationship between Wu and We (i.e. compromise between fast command
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response and low frequency control input). Furthermore, the cutoff frequency of We and
Wu must not be close together for the existence of the H “ sub-optimal controller [63].
As such we choose We to be,
1 0 s +1
W. = ;
s+10

(6.72)

Weighting function selection is basically an iterative procedure to satisfy the
assumptions given in theorem 6.1. In our case we use fewer iterative steps to obtain the
H ” controller since the frequency of fast dynamics is known. In this thesis we explained
three methods for designing the sliding surface for the slow subsystem. The first method
is the pole placement technique [10], which is widely used, to satisfy desired closed loop
performance. This method sometimes needs to transform the system into another form
using a linear transformation to help in the design process (regular form).

Magnitude

10 °

10“

10 ’

10

10a

F req u en cy rad/sec

Figure 6.6: Control weight Wu
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M a g n itu d e

10'

-1

10”

to '

F requency rad/sec

Figure 6.7: Control weight W e

The pole placement technique can be done by assigning the desired closed loop poles
to the following equation,
= [ / - B 0( C ,B 0r ‘Cs }A0x, = A „ x , .

(6.73)

Hence we choose Cs to ensure that the ( n - r ) eigenvalues of the equivalent system
given by equation (6.73) have negative real parts. The control law will have the form,

*, =«,+“» =-[( c

a

)''c,] v -( c

a

)'V

ip (s ,)

(6-74>

where x is replaced with x s in the above equation as described in chapter 3.
The second method is the tracking control method [48], where we define the surface
parameter based on the fast subsystem and this is done by taking X in equation (2.18) to
be lower than the slowest eigenvalue of the fast subsystem in the model.
The third method is the frequency shaped sliding surface described as in the above
section. Figure 6.8 shows the weighted feedback closed loop model for the slow
subsystem. Using the information provided above for We , Wu and the plant then we
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could easily determined the value of K given by equation (6.61). This is done in our
case using Matlab functions "augtf and "Hinf.

c2

T] = d

Fast State

Figure 6.8: Generalized plant for design of H “ weighted closed loop slow subsystem

The H °° controller designed for the reduced slow system is given by,

A =A>*. + B0U
Aw

An

~0

0.4

_A»

A-04 _

0

-0.38

where A0 =

The H “ controller has been obtained using the "hinf' command in Matlab. The H '
controller has the form,

K =

G,

For our example
-0.708

0.8246

-2.6706

Fc = 1.0459
0.2353

-1.3665

4.1156

-0.3096

-0.9986
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-0.6781
-1.9401
-0.4184

H c = [2.0143

-2.2881

7.2007]

Lc = 0
Substituting these values into the system given by equation (6.49) and equation (6.50)
gives the extended closed loop system. The result from this method is compared with the
other methods that we used in the former chapters.
Based on Slotine's recommendation we choose the surface parameters for our
controller based on the fast subsystem eigenvalues. Thus the surface parameter for our
controller is taken to be Cs = [4

l ] . This selection, however, results in instability as

shown in Figure 6.10. Trying to avoid this instability we decreased the slope to a lower
value and the surfaces parameter were taken to be Cs - [3

1 ]. This choice for surface

parameters resulted in a stable system. We point to this approach as "Slotine„2" in Figure
6.9 that compares the difference between the design methods.
Figure 6.9 shows the closed loop time response for the above example where,
'-0.2'

x s2( ° ) .

-0.6

~xf I ( 0)~
9

_xf 2( 0) _

'o '
and the boundary layer 0=0.05
0

The choice of surface parameters depends on the weighting functions, which are
chosen to attenuate the fast modes in the full order model. The choice of sliding surface
parameters using the other design methods discussed in this thesis (Slotine's approach,
equivalent control method) must be carefully selected in our case otherwise it will lead to
unstable results as shown in Figure 6.10. Assigning smaller values of surface parameters
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could solve this problem but this effects the time response of the overall closed loop
model.
The main advantage of using the frequency shaped sliding mode controller is to avoid
exciting the high frequency dynamics and at the same time obtain the best steady state
response compared with other design methods. Exciting the high frequency dynamics can
cause the full order closed loop model to be unstable. This has been demonstrated in
Figure 6.10.
We found that, it is possible to obtain a time response using the equivalent control
method similar to the response obtained using H°° frequency shaped sliding mode
control. This can be done by iteratively tuning the linear sliding surface until we reach
approximately the same time response. This is shown in Figures 6.11, 6.12 and 6.13. For
the same response in the slow states Figures 6.14 and 6.15 show the difference between
the two approaches in the fast state. The fast states are minimally excited in the case of
H ” frequency shaped sliding mode control. This is consistent with the theory. Figure
6.16 shows the phase plane plot in the case of frequency shaped sliding mode controller
whereas Figure 6.17 shows the phase plot in case of linear surface with Cs = [1.85
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Figure 6.9.a: Closed loop time response of x sl
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Figure 6.9.b: Closed loop time response of x s2
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Figure 6.10.a: Closed loop time response of X
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Figure 6.10.b: Closed loop time response of Z
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Figure 6.11: Closed loop time response of slow state for different sliding surface
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Figure 6.12: Closed loop time response of slow state
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Figure 6.13: Closed loop time response of slow state for different sliding surface
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Figure 6.15: Closed loop time response of Z 2
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Figure 6.16: Phase plane plot for frequency shaped sliding mode controller
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Fuzzy Sliding Mode Control For a
Singularly Perturbed System

7.1 Introduction
In this chapter we will design a fuzzy sliding mode controller for reduced singularly
perturbed systems.
Fuzzy logic was first introduced by Zadeh [64]. His work was to extend the crisp set
which has only yes or no as an answer to the belonging question, to a fuzzy set which has
a degree of belonging.
The idea can be simply explained by Figure 7.1.a. Clearly point "a” is a member of
set A which is located in the universe X while point "b" is not a member of set A. In
Figure 7.1.b, A is a fuzzy set and the shaded boundary describes the fuzzy boundary of
region A. If "a" is clearly a member of A and "b" is not a member of A, and if complete
membership is represented by a number "1" and no membership is represent by "0"then
point "C" has a degree of membership, which is neither "1" nor "0" but some value
between them. As a result, fuzzy sets can be defined as a set that contains elements that
have a varying degree of membership in the set.
This chapter is organized as follows: Fuzzy logic theory is reviewed in section 7.1.
Section 7.2 describes the fuzzy sliding mode control concept. Section 7.3 illustrates the
design of fuzzy sliding mode control for the singularly perturbed system.
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Figure 7.1: Classical and Fuzzy sets

The components of fuzzy systems are quite similar in each system, Lee [33] [34], The
two primary components are, “fuzzifiers” which map crisp inputs to their fuzzy
representative values and “defuzzifiers”, which do the opposite, they map the output of
the fuzzy process to a crisp value. In fuzzy systems the value of the fuzzified input
executes all of the rules in the knowledge repository which will generate a new fuzzy set
representing each output or solution variable.
Defuzzification creates a value of the output variable from the new fuzzy set. For a
physical system the output value is often used to adjust the setting of the actuator that in
turn adjusts the state of the physical system. The sensor picks up the change and the
entire process starts again.
The basic configuration of a fuzzy logic controller consists of four main steps [33]. This
can be explained by Figure 7.2, which has the following components:
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1. Knowledge base:
Contains knowledge of the application and it consists of two parts, “Data base”
and “fuzzy control rule base”, which will be explained in detail in the next
section.

Knowledge Base

Ref.

Fuzzifica-tion
Interface

Decision
Making
Logic

Defuzzifi
-cation

Plant

Figure 7.2: Basic configuration of fuzzy logic controller [33].

2. Fuzzification interface
In this section the crisp input is measured and is assigned to certain fuzzy values
(may be more than one) based on fuzzy sets of the input.

3. Decision making logic
This is the main part of the fuzzy logic controller. It has the capability of
simulating human thinking based on certain fuzzy algorithms (inference engine).
Different fuzzy algorithms (inference engine) are discussed in the next sections.
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4. Defuzzification
In this part the output of the inference process that is still a fuzzy value is changed
to a crisp control value. There are many possible methods for defuzzification and
the choice between them depends on the fuzzy inference method and system
requirements.
It is important to have a good design methodology for every component of the fuzzy
systems. There are many methods for the design of fuzzy logic controllers; details can be
found in Lee [33] [34].

7.2 Sliding mode fuzzy logic control (SMFLC)
Lately fuzzy logic has been used to improve the characteristic of sliding mode
control. Many articles have been published on this subject [2][27][35][59]. Two main
approaches were found in these articles. First, fuzzy logic has been used to overcome the
chattering problem without sacrificing the robustness of the sliding mode controller. This
is done by changing the value of the discontinuous control in the sliding mode control
law based on the location of the state from the sliding surface. The main advantage for
this method is that we get a chattering free sliding mode controller and the robustness
properties are preserved [42] [59]. Second, fuzzy logic is used to connect different sliding
mode controllers together. This will give a nonlinear switching surface and also a
variable thickness boundary layer. The details of these two methods can be found in
many articles [35] [38][43].
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Fuzzy sliding mode control for singularly perturbed
systems
The problem, as has been described before, is to avoid the excitation of the high

frequency dynamics. This can be done by making appropriate choices of the sliding
surface parameters. It is desired that the surface parameters satisfy two conflicting
objectives, one is a fast closed loop response, and the second is a stable closed loop
system without exciting the high frequency dynamics.
Lately, fuzzy logic has been used to obtain a nonlinear sliding surface. A number of
articles with different approaches have been published on this topic [27] [35] [36] [3 8]. We
propose, in this section, to design a single fuzzy sliding mode controller using the
supervisory method [2], This controller has a piecewise linear switching surface and is
designed based on the slow subsystem only to control the full order singularly perturbed
system.
The system considered in this section may be represented in the usual form,
x = A n x + A 12z + B jU
£Z

= A 21 x

+ A 22z

,

+ B 2u

(7.1)
,

(7.2)

where x e R n , z e R m , u & R r and £ is a small positive parameter. This is a form for
standard linear time invariant singularly perturbed systems. Recall the quasi steady state
method to obtain the reduced order subsystem as described in chapter 3 section 3.2. By
setting the perturbation parameter e to zero then equation (7.1) and equation (7.2) can be
written as,
x =Anx

+A12z +BjU ,
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(7.4)

where the s y m b o l " indicates that s =0 . Thus we can get the following reduced
system [30],
x s = A 0x s + B 0u ,

(7.5)

where A0 =AU —A]2A22A2I and B0 =B2 —AI2A22B 2 .
Assuming that the slow variables are constant during fast transients i.e. z = 0 and
x ~ x s = constant, the approximated fast subsystem for the system given by equations
(7.1) and (7.2) can be defined as,
exf = A 22xf + B 2uf ,

(7.6)

where xf = x - x and uf - u - u .

(7.7)

The slow sliding mode controller is designed using the slow reduced order model
given by equation (7.5). The equivalent control method [10][55] is used to design such a
controller. We define the linear switching surface as Ss =Cxs . The control law, as
discussed before in chapter 2, has the form,
« = ~[(CB0 Y1C ] a ox s - (CB0)~! TJjSgn(,Ss ) (7.8)
Using this control law we will design two controllers with different surface parameters
for the slow subsystem given by equation (7.5). Fuzzy logic is used to connect these two
controllers in an appropriate way. This is discussed in the next subsection

7.3.1 Fuzzy sliding mode controller
The performance of a system under sliding mode control is sensitive to sliding
surface parameter C . A "large value" of C is desirable since this decreases the overall
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settling time. However, by increasing C , the sliding mode domain of attraction shrinks
and causes the closed loop system to be sensitive to high frequency dynamics that can
result in high chattering or instability. On the other hand, if "small values" of C are
chosen, the convergence speed to the equilibrium point will be slow leading to a longer
settling time but the system tends not to excite the high frequency dynamics and
instability can be avoided.
Kalaykov [28], design a sliding surface to obtain the best performance in the time
response point of view. He combined the time optimal control method with the sliding
mode control algorithm to obtain a nonlinear sliding surface that will satisfy the time
response requirement and at the same time preserve robustness. The sliding surface
obtained from this approach has the form shown in Figure 7.3.
AX

Switching line

Figure 7.3: Time optimal control switching surface [28]

In this section, considering the shape of sliding surface obtained by Kalaykov [28],
two sliding mode controllers are separately designed to obtain especially good
characteristics in the state where each one provides the required control actions for the
specified area in the phase plane. These controllers will be defined as, primary sliding
mode controllers with "small values" of C and terminal sliding mode controllers with
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"large values" of C . For the primary sliding mode controller the control law will have
the form,
(7.9)
(7.10)

[^(CpiJp) C p Jaox s (CPB0) fjjSgn(Sp)
while the control form for the terminal sliding mode controller can be written as
UT

U eqT ~ ^ U N T

(7.11)

[{CTB0 y ‘ CT] A„x, - (CTB„)-' r,, sgn (Sr )

where for a second order slow subsystem, the slope of the sliding surface for the terminal
sliding mode controller is more steep than the slope of sliding surface for the primary
sliding mode controller.
Several design approaches for the fuzzy sliding mode controllers can be found [2]
[65][58] to obtain a nonlinear switching surface. The supervisor controller method [2] is
used in this chapter where the fuzzy controller is used as a supervisory system in a higher
hierarchical level. The main objective for the fuzzy logic controller in this case is to
change the a value as shown in Figure 7.4 where

are

[0,1]. When the states x } and x 2

are small the terminal sliding mode control becomes dominant ( a = 0 ). Conversely,
when the states are large then the primary sliding mode controller is dominant ( o r =

1 ).

The fuzzy controller used is the Sugeno type [53] with singleton consequence. The
rules will be arranged based on the lookup table shown in Figure 7.5. The inference
algorithm for the fuzzy controller can be seen in Figure 7.5 where (Z) stands for zero,
(M) for medium and (L) for large.
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Fuzzy
controller

Terminal
SMC

Primary
SMC

Figure 7.4: Fuzzy Sliding mode controller

The output of fuzzy logic control ( a ) is used to determine the control law u , which
will control the plant and takes the form [16],
u =up a + u T ( 1 - a )

(7.12)

The simulation results for the single fuzzy sliding mode controller shows superior
performance compared with the linear surface sliding mode controller.
INPUT MEMBERSHIP
FUNCTION
ZE

ME

OUTPUT MEMBERSHIP
FUNCTION

LOOKUP TABLE
LE

M
SD

MD

SE

L

L

M

ME

L

M

Z

LE

Z

Z

Z

X

LD

ii in
i
i

hi
ZD

MD

LD

*2
Figure7.5: Supervisory fuzzy logic controller [16]
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7.3.2 Illustrative example
Consider a magnetic tape control system given by
'0

0.4

0

0

xi

0

0

0.345

0

x 2

£Zi

0

-0.524

-0.465

0.262

zl

0

£Z2_

0

0

0

-1

Z7.

1

l

o

Xj

■

x 2

y

=

ZZ

0

0

o

0

1

0

0
+

0

u

Zi
Z2

This can be put in standard singularly perturbed form as,
(7.13)

x = A Ux +AJ2z + B jU ,
ez

(7.14)

- A 12x + A 22z + B 2u ,
'0

where

0
-0.465

0.262

0

-1

A-22 ~

B,I =

'o'
0

,

b

2=

'o'
1

0 .4 '

0

0
’

AI2 —

0.345

O'
0

>

Ar2 —

'0

-0.524'

0

0

and £ = 0 . 1 .

Setting e = 0 in equation (7.14) gives us the reduced slow subsystem
(7.15)

x s = A0x s + B0u ,

where A0 —Au

A12A 22A21 —

0.4
-0.38

and B0 —Bj

AnA 22 B 2 —

0
0.1944

The surface parameter for the primary sliding mode controller is chosen based on the
equivalent control method [55]. The terminal sliding mode controller surface parameters
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are initially chosen based on Slotine's suggestion that the natural frequency of the system
in the sliding mode is chosen to be smaller than the lowest frequency of the fast modes
(high frequency modes). The surface parameters are then given by,
CT =[4

i]

(7.16)

Cp = [2

1]

(7.17)

where CT and Cp are the surface parameters for the terminal and primary sliding mode
controllers respectively. The value of a that is determined by the fuzzy logic controller
can be calculated as illustrated in Figure 7.6.

INPUT MEMBERSHIP
FUNCTION
ZE

ME

OUTPUT MEMBERSHIP
FUNCTION
LE

0.6
M

0.4

0,3:

ZD

MD

0.7

0.6

LD
0.2

0.8

0.2
0,5

Figure 7.6: Inference algorithm for OL

Consider the case of x } and x 2 that have the following values, x 1 = 0.5 and x 2 =0.9 .
These two values activate four rules in the fuzzy lookup table as follows:
•

IF Xj “medium (0.4)" AND x 2 “medium (0.2)” THEN a is medium(0.2)
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•

IF Xj “medium (0.4)” AND x 2 “large(0.8)” THEN a is zero (0.4)

•

IF Xj “large (0.6)" AND x 2 “medium (0.2)” THEN a is zero (0.2)

•

IF Xj “large (0.6)” AND x 2 “large (0.8)” THEN £Z is zero (0.6)

14 8

Based on the Min-Max method the output membership function will be medium (0.2) and
zero (0.6), as shown in Figure 7.6. The output of the fuzzy logic controller will be
calculated using the center of gravity method as,
a -

0 . 6 x 0 + 0 2 x 0 . 5 „ In,
= 0.125
0.6 + 0.2
Figure 7.7 and Figure 7.8 illustrate the closed loop time response for the slow

subsystem. The time response of sliding mode controller designed using the equivalent
control method has been shown for two different sliding surfaces.

o

X

1

1

The initial condition is given by,

_*,2«>)_

'0.3 ’
0.4

>

xf ,( 0 )

I7il
'o'

xf 2( 0 )

_0

and the boundary layer 0 =0.0 5

It is shown that the fuzzy sliding mode controller has superior performance when
compared with the linear sliding surface controller obtained by equivalent control method
with control law given by equation (7.8). Figure 7.9 shows the unstable result that we
obtain when steep slope is chosen for the single sliding mode control. Figure 7.10 shows
the changing value of a .
Nevertheless, the result from the fuzzy logic controller can be comparable to
nonlinear sliding surface methods. In fact frequency shaped sliding surfaces can have
better performance. Figure 7.11 illustrates the closed loop time response of the full order
system when using H°° frequency shaped sliding mode controller and fuzzy sliding
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mode controller. H “ frequency shaped sliding mode controller has similar performance
to fuzzy sliding mode controller in the slow modes. However H “ is more effective in
suppressing the high frequency dynamics than fuzzy sliding mode controller. This is
shown in Figure 7.11.b and Figure 7.11.C where the closed loop time response of fast
states is investigated.
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Figure 7.7: Closed loop time response of X
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Figure 7.8: Closed loop time response of X
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Figure 7.9: Closed loop time response of X (Slotine approach)

R eproduced with perm ission of the copyright owner. Further reproduction prohibited without permission.

CHAPTER 7. FUZZY SLIDING MODE CONTROL FOR A SINGULARLY PERTURBED SYSTEM

0.9

0.8

0.7

(.I - a )
0.5

0.4

0.3

0.2

Time

Figure 7.10: Time response of {] - a )

0.6

0.4

0.2

-

0.2

Fuzzy SMC
-0.4

-

0.6

-

0.8

Frequency Shaped

Time/sec

Figure 7.11.a: Closed loop time response of x (slow states)
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Conclusions and Future Work

8.1 Discussion and conclusions
This thesis addresses the use of sliding mode control for singularly perturbed systems.
The singular perturbation method provides us with a powerful tool for investigating a
system that has high and low frequency components. An important aspect of analyzing
systems using the singular perturbation method lies in the fact that singular perturbation
theory separates the full order system into fast and slow subsystems. Chapter 3 provided an
overview of the singular perturbation method and the methods used to obtain the reduced
order subsystem from the full order model.
This thesis provides a new approach to control the full order singularly perturbed
model using a sliding mode controller. A single sliding mode controller is used to control
the full order singularly perturbed model. The simulation results show that it is possible to
control the full order model with a single sliding mode controller based on the slow
subsystem while taking into account the fast subsystem in the design process.
The benefits from this approach are that, the control effort needed to obtain the same
response is greatly reduced. This is an important advantage especially if we use actuators
with limited capacity (i.e. saturating actuators). The controller needs only the slow states
for feedback. As a result, the fast state does not have to be measured which is usually a
difficult task. We showed that using the diagonalization method [30] to decouple the
singularly perturbed model could avoid the approximation errors that usually come with
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the quasi steady state method. The main two factors affecting the stability of the proposed
controller are the selection of surface parameters in the sliding mode controller and the
perturbed parameter in the singularly perturbed model.
The stability analysis for a single sliding mode controller used to control the full order
singularly perturbed system was investigated. We found the maximum perturbed parameter
£* that will ensure the stability of the closed loop system for a given surface parameter. In
this case the condition we proved in theorem 1 in chapter 5 is sufficient but not necessary.
The simulation results showed that for a computed value of £ the closed loop system may
maintain stability for a higher value of £. This was because the theoretical result was a
conservative condition. Other methods for stability analysis of a singularly perturbed
model can be found in the literature. These methods include Nyquist stability analysis
[5] [18] and state space based stability analysis [7]. These methods may obtain improved
boundaries for maximum perturbation parameters. This may be a good approach for future
work.
The maximum perturbation parameter £ obtained from the stability analysis is for
given surface parameters. Choosing the surface parameters is a difficult task as discussed
in chapter 6. We introduced the frequency shaped method to obtain a nonlinear switching
surface.
The H “ frequency shaped sliding mode control method was investigated and used for
the proposed single sliding mode controller. The main idea is to penalize the high
frequency components of the control and reward the low frequency components. This has
the advantage of aiding the designer of the sliding surface such that the neglected or high
frequency states of the singularly perturbed system remain stable. The simulation results
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from this approach showed improved performance compared with other common design
methods that are used for sliding mode control design such as the equivalent control
method.
There are two advantages of using the H ” approach to the sliding surface design. The
first is that the problem of choosing the surface parameter is helped by knowledge of the
high frequency dynamics and the second is related to the H °° frequency shaped method
which is associated with the selection of weighting function. Many articles [32] [52]
discuss the difficulty of choosing the weighting functions when using the H °° frequency
shaped design method. It usually takes many iterations to reach the desired performance. In
our case, for singularly perturbed systems, the weighting function can be selected with
much fewer design iterations. The weighting function is designed based on the fast
subsystem. This was done by finding the H°° norm for the fast subsystem. The H “ norm
can be regarded as the largest possible amplification factor of the system's steady state
response [63].
A fuzzy sliding mode control technique is also investigated. One of the advantages
found in this area is that fuzzy logic could provide us with a piecewise linear sliding
surface. This means different surfaces for different intervals. The interval in this case is
defined based on an arbitrary parameter chosen by the designer. In the proposed controller
the sliding surface selection was based on the fast states of the singularly perturbed system.
This enabled us to obtain a nonlinear switching surface having similar results as those
obtained with the H ” frequency shaped sliding mode control. The properties introduced by
fuzzy logic can be very useful if we use it to improve the performance of a sliding mode
controller. The simulation results for the combined sliding surface showed improved
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performance when used with the proposed single sliding mode controller as shown in
Figure 7.6 and Figure 7.7.

8.2 Summary of contributions
The main contributions of this thesis are now listed as:
1- A single sliding mode control has been developed for the full order singularly
perturbed system. The benefits for using the proposed controller have been
discussed. These benefits are:
a. Design of the single sliding mode controller for the full order singularly
perturbed model provides insights into how the sliding mode control
interacts with the high frequency dynamics. This is shown in several figures
where fast states have been illustrated.
b. The control law in the proposed controller depends only on the slow state.
As a result there is no need for measurement of the fast state, which is
usually difficult to measure. The proposed controller seems to have less
control efforts in the initial transient of the fast subsystem compared with
the composite control method used before in literature.
2- An accurate decoupling method, which is called the diagonalization method, is
used for composite and single sliding mode controller design. The errors that are
produced during the decoupled process have been avoided. However, when a single
sliding mode controller is designed for the slow subsystem obtained using the
diagonalization method, the fast states must be measured.
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3- An interval for perturbation parameter £ € { 0 , £ ) for the full order system using a
single sliding mode controller is determined where the closed loop system is
asymptotically stable. Furthermore, a relationship between the maximum
perturbation parameter £* and the sliding mode control surface parameters C s
where the sliding surface has the form S s = C sx s and x s is the slow state, has
been found. The relationship between £* and C s is shown in Figure 5.12
4- An fl" frequency shaped algorithm is proposed to a obtain a nonlinear switching
surface for the single sliding mode controller. A weighting function selection
procedure has been developed where the weighting function can be selected with
less iteration procedure.
5- Fuzzy sliding mode control with a piecewise linear sliding surface was proposed.
The results showed improved performance compared with common design methods
for sliding mode controllers as shown in Figure 7.6 and Figure 7.7.

8.3 Future research
A number of directions are recommended for future research:
1- Expand the stability analysis for the single sliding mode controller for the full order
singularly perturbed system to use other methods where we could find an improved
maximum perturbation parameter limit.
2- In this thesis, a method for choosing the appropriate weighting function is shown.
However, in choosing a weighting function, it will be useful to investigate in detail
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the type of filter that may be needed for a specific application to obtain improved
performance.
3- All the algorithms in this thesis have been designed based on having full access to
the system states (i.e. measurable states). This is not usually the case, thus
designing an observer for the slow state would be another area that will be useful to
investigate.
4- In this thesis the algorithms have been developed and numerical examples have
been presented to verify the numerical analysis. Therefore, it is good to conduct
experiments on the basis of these algorithms.
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Appendix A
This appendix provides the proof for theorem 3.1 in chapter 5
Consider a nonlinear singularly perturbed system [30]
x=f(x,z)

(A.l)

EZ = g ( X , Z )

(A.2)

where x e R "and z G R m . It is assumed that equation (A .l) and equation (A.2) have a
unique solution for given initial conditions. Assume also that the system given by
equations (A .l) and (A.2) have equilibrium points at the origin. The stability of the origin
can be investigated using the reduced slow system
x = f ( x , z s ) = f r( x )

(A.3)

where zs = h ( x ) is an isolated root of 0 = g( x , z ) and represents the steady state
solution of the fast states. In the quasi steady state method, we assume that the slow
variable are constant during the fast transients, that is z = 0 and x = xs = constant. Then
the fast variations are the deviation of z from its quasi steady state. Fast states can be
given by,
xf - z - z s = z - h ( x )
Xf

=g(x,(z

- Z s ))

(A.4)

We start by stating the assumptions.

Assumption 1
The reduced system given by equation(A.3) has a Lyapunov function V : R n - + R
such that for all x e R "
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~ f r ( x ) < - a Iw 2 ( x ) ,

(A.5)

(Xj > 0

where i]/(x ) is a scalar valued function of x that vanishes at x = 0 and is different
from zero for all other

x e R "

Assumption 2
The boundary layer system given by equation (A.2) has a Lyapunov function
W ( x , z ) : R nx R m ->1?+ such that for all x e R " and z e R m

(A.6)
dz
where $ z - z s ) is a scalar valued function of ( z

~ z s) e

R m that vanishes at z

- Z s

and is different from zero for all other x e R " and z e R m
Assumption 3
The following two inequalities hold Vx e R n and z e R m
a) ——f ( x , z ) < y 0 2( z - z s ) + ft2yr(x)(ft z - z , )
dx

(A.7)

b) — { f ( x , z ) - f ( x , z s ] <f t 1W ( x ) < K z - z s )

(A.8)

The constants f t , ft2 and y are nonnegative. Condition 1) guarantee that x = 0 is an
asymptotically stable equilibrium point of the reduced system (A.3). Condition 2) plays
the same role for the system given by equation (A.4), which has an equilibrium point
z = z s \ that is why in condition 2) the comparison function <j)(.) depends on z - z s . It is
important to notice that condition 2 should hold uniformly in x , i.e. the positive constant
a 2 should be independent of x . Inequalities (A.7) and (A. 8) determine the permissible
interaction between the slow and fast variable. They are basically smoothness
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requirements of / and g . One way to grasp their meaning is to consider a special case
when the partial derivative of V and W are bounded by iff and <p, respectively, and
f r (x ) is bounded by iff.
Inequalities (A.7) and (A.8) simply says that the rate of growth of / in z cannot be
faster than the rate of growth of </>(.). Condition (A.7) will drop out if W is not a function
of x . However, choosing W independent of x may be impossible or if possible, would
make condition (A.6) very restrictive. Finally, inequality (A.7) determines the
permissible dependence of g on e . It will drop out if g is independent of £. It is
believed that conditions 1) -3) are mild.
Theorem
Suppose that assumptions 1) -3) hold; let d be a positive number such that 0 < d <1 ,
and let e* ( d ) be the positive number given by
a}a 2

(A. 9)

Then for all £<£* the origin (x = 0 , z = 0 ) is an asymptotic stable equilibrium point of
(A.l)& (A.2) and
v{x , z ) = {l - d ) V ( x ) + d W ( x , z )

(A. 10)

Is Lyapunov function for equation (A.l)& (A.2).
Proof:
Let v(x , z ) denote the derivative of v along the trajectory of system given by equations
(A.l) and (A.2). We have
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v ( x , z ) = { l - d ) ^ - f (x , z ) + ~ ~ ~ g (x >z ) + d ^ - f ( x , z )

(A .ll)

v { x , z ) = { l - d ) ^ - f r { x) + { l - d ) ^ - [ f ( x , z ) - f ( x , z , ) ]
dx
dd W
,
x , dW , ,
,

(A-12)

+7 irs{x’z-)+di r f(x’z)

i> ( x , z ) < - a 1{ l - d ) y 2 ( x) + (l -d)fijy/{x)<j>{z - z s )
-d

(A. 13)

a,

<P2 (z - z s ) + d p 2y/{x)<p{z - z s )

Thus
yr(x)

v(x,z):

f t z ~ z s)

-y2 d- d ) p 1 -y2 dp2

( l - d ) c Cj

Ol

-y2(i-d)p1-yidp2
yr(x)

v(x,z)<-

r
_

f t

z -z,)_

(1-d)Oj

where T =

f t z - z s)

V£

W( x)

T
1

ft z - z , ) _

(A. 14)
y/ (x)

-y2(i-d)^-y2dj32

-y2 (i-d)p 1 -y2 dp2
\

- - Y
\ £

For asymptotic stability of system given by equations (A.l) and (A.2), it is sufficient to
require that T be a positive definite matrix. For any choice of d( 0 < d <1 ) , T will be
positive definite when s is sufficiently small. In particular, T is positive definite for all
£<£*( d )

.

Remark 1: if V [ x ) and W ( x , z ) are radially unbounded the origin (x = 0, y = 0 ) will
be asymptotically stable in the large.
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An interesting point in the theorem is the arbitrariness of d . By allowing d to take any
value on the interval (0,1), the composite Lyapunov function v { x , z ) as given by
equation (A. 10), covers all possible linear combination of V and W . According to the
theorem, any one of these linear combinations is a Lyapunov function for the singularly
perturbed system as e - * 0 . What is more interesting is that for a given d , theorem 1)
provides us with the upper bound e . Figure 1 shows a sketch of s* i d ) versus d . From
that sketch we see that e i d ) has a maximum value £* at d - d „ . Straightforward
calculations show that

s*

cc,cc7
=

--------------

—

- —

and

rf,=>,+V

Figure 1: stability upper bound of £
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