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Abstract

Finite-length low-density parity-check (LDPC) codes under iterative message passing

algorithms suffer from error floor, i.e., as the channel quality improves, at some point,

the error rate does not decrease as fast as its initial rate of decrease. The literature on

the error floor analysis/estimation of LDPC codes can be, in general, partitioned into

two main categories. The first category requires the full knowledge of the parity-check

matrix or Tanner graph of the code to estimate the error floor. The second category,

on the other hand, is code-independent, in that, rather than the full knowledge of

the code’s Tanner graph, these techniques only require the multiplicity and topology

of harmful substructures of the Tanner graph, referred to as trapping sets (TSs),

and possibly the degree distributions of the graph, to estimate the error floor. The

proposed techniques in this thesis fit within the second category.

The linear state-space model is a well-known code-independent method to estimate

the contribution of a trapping set structure to the error floor of low-density parity-

check codes. In this thesis we first provide an in-depth analysis of this method by

incorporating a more accurate model for the incoming messages to the TS structure

that takes into account the randomness and the correlation among such messages.

Based on this analysis, we demonstrate that both randomness and correlation result in

the over-estimation of the failure probability of the TS. We then propose an alternate

code-independent technique for the error floor estimation of iterative LDPC decoders

that can accurately estimate the contribution of different TS structures in the error

floor. Compared to the linear state-space model, the proposed method is not only

more accurate, but also more general, in that, it is applicable to any saturating

iterative message-passing decoder, symmetrically quantized or unquantized, over any

memoryless binary-input output-symmetric channel.

To the best of our knowledge, all the existing work on the theoretical analysis of

error floor is limited to two-phase message passing algorithms, also known as flooding

or parallel schedule. There are however a variety of message passing schedules which
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are advantageous to flooding in terms of performance, complexity or convergence

speed. An important category of schedules are layered or serial schedules. In this

thesis, we also analyze the error floor of quasi-cyclic (QC) low-density parity-check

codes decoded by the sum-product algorithm (SPA) with row layered message-passing

scheduling. For this, we develop a linear state-space model of trapping sets which

incorporates the layered nature of scheduling. We demonstrate that the contribution

of each TS to the error floor is not only a function of the topology of the TS, but

also depends on the row layers in which different check nodes of the TS are located.

This information, referred to as TS layer profile (TSLP), plays an important role

in the harmfulness of a TS. As a result, the harmfulness of a TS in particular, and

the error floor of the code in general, can significantly change by changing the order

in which the information of different layers, corresponding to different row blocks

of the parity-check matrix, is updated.We also study the problem of finding a layer

ordering that minimizes the error floor, and obtain row layered decoders with error

floor significantly lower than that of their flooding counterparts. As part of our

analysis, we make connections between the parameters of the state-space model for a

row layered schedule and those of the flooding schedule.

We extend the linear state-space model of row layered schedule to the column lay-

ered decoders, and demonstrate that the model parameters for the latter are derived

differently than those of the former. We also optimize the error floor performance of

column layered decoders and show that their error floor can be better or worse that

that of their row layered counterparts depending on TS structures and their layer

profiles for each decoder.

Finally, we propose a semi-linear state-space model of TSs in which, rather than

the fixed operating point of zero, used in the original linear state-space model, the

operational points are estimated dynamically. Compared to the linear state-space

model, the proposed method is not only more accurate, but also has the advantage

of error extrapolation, i.e., estimating the error floor at different signal to noise ratios

(SNRs) based on the estimated error rate at a specific SNR value.
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I am grateful to Prof. Bane Vasić, from the Department of Electrical and Com-

puter Engineering, University of Arizona to serve as the external examiner of my

Ph.D. defense. I would also like to thank other committee members of my defense:

Prof. Yongyi Mao from School of Electrical Engineering and Computer Science Uni-

versity of Ottawa, Prof. Ian Marsland, and Prof. Calvin Plett from Systems and

Computer Engineering Department of Carleton University.

Last, but not the least, I would like to thank my parents, whose love and guidance

are with me in every step of my life. Most importantly, I wish to express my deepest

gratitude to my wonderful wife and best friend Elnaz for her unconditional love and

unbelievable support.

vi



Table of Contents

Abstract iii

Acknowledgments vi

Table of Contents vii

List of Tables x

List of Figures xi

Nomenclature xv

1 Introduction 1

1.1 Motivation and Related Works . . . . . . . . . . . . . . . . . . . . . . 1

1.2 Summary of Contributions . . . . . . . . . . . . . . . . . . . . . . . . 4

1.3 Organization of the Thesis . . . . . . . . . . . . . . . . . . . . . . . . 6

2 Preliminaries 7

2.1 Notations . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 7

2.2 LDPC Codes and Decoding Algorithms . . . . . . . . . . . . . . . . . 7

2.3 Quantization . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 13

2.4 Flooding and Layered Schedules . . . . . . . . . . . . . . . . . . . . . 14

2.5 Trapping Sets (TSs) . . . . . . . . . . . . . . . . . . . . . . . . . . . 17

2.6 Importance Sampling . . . . . . . . . . . . . . . . . . . . . . . . . . . 20

2.7 Density Evolution . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 21

3 Error Floor Estimation of LDPC Decoders - A Code Independent

Approach to Measuring the Harmfulness of Trapping Sets 22

3.1 State-Space Model of an ETS . . . . . . . . . . . . . . . . . . . . . . 22

vii



3.1.1 From non-linear to linear state-space model . . . . . . . . . . 23

3.1.2 Application of Density Evolution in the State-Space Model . . 28

3.1.3 Error Probability of a LETS Structure . . . . . . . . . . . . . 28

3.2 Estimation Error of the Linear State-Space Model . . . . . . . . . . . 33

3.3 Proposed Method . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 34

3.3.1 Local importance sampling (LIS) . . . . . . . . . . . . . . . . 35

3.3.2 Correlation model . . . . . . . . . . . . . . . . . . . . . . . . . 36

3.3.3 Complexity of LIS scheme . . . . . . . . . . . . . . . . . . . . 37

3.4 Simulation Results of the Proposed Technique and Comparisons with

the Results of Linear State-Space Model . . . . . . . . . . . . . . . . 38

3.4.1 Simulation results of the proposed technique for quantized de-

coders . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 38

3.4.2 Comparison of the LIS-DEc method with linear state-space model 46

3.5 Appendix . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 48

4 Error Floor Analysis of LDPC Row Layered Decoders 51

4.1 Linear State-Space Model of LETSs for SPA with Row Layered Schedule 51

4.1.1 Relationship between model matrices of flooding and row lay-

ered schedules . . . . . . . . . . . . . . . . . . . . . . . . . . . 52

4.1.2 Linear State-Space Model of LETSs for Row Layered SPA . . 58

4.1.3 The Application of DE to the Layered Decoder . . . . . . . . 59

4.1.4 Missatisfied CN Gain Model in Layered Decoders . . . . . . . 62

4.1.5 Spectral Properties of LETS System Matrices in Layered De-

coders . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 64

4.1.6 Computing the Failure Probability of LETSs in Layered Decoders 74

4.2 The Effect of Row Block Permutations on the Failure Probability of a

LETS: Analysis and Optimization . . . . . . . . . . . . . . . . . . . . 76

4.2.1 Effect of Different Row Block Permutations on the Dominant
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Chapter 1

Introduction

1.1 Motivation and Related Works

Finite-length low-density parity-check (LDPC) codes under iterative message passing

algorithms suffer from error floor, i.e., as the channel quality improves, at some point,

the error rate does not decrease as fast as its initial rate of decrease. The error floor

problem of LDPC codes has been the topic of extensive research in recent years.

In [1–14], decoders with improved error floor were devised. LDPC codes with low error

floor were constructed in [15–27]. Characterization and enumeration of structures

responsible for error floor were studied in [28–33], and techniques to estimate the error

floor were developed in [34–49]. The error floor is attributed to some substructures

of the code’s Tanner graph, referred to here collectively as trapping sets (TSs) [34].

Dominant trapping sets and their relative harmfulness are in general a function of

the code, its Tanner graph, the channel, the decoding algorithm and the quantization

scheme.

The literature on the error floor analysis/estimation of LDPC codes can be, in

general, partitioned into two main catogories. The first category, which contains the

majority of the work in this area, is, mainly, based on importance sampling (IS)

techniques, see, e.g., [3,34,36,38,40,49]. IS techniques are basically fast Monte Carlo

simulations over the Tanner graph of the code. The increase in speed is achieved

by biasing the input distributions to increase the failure rate of a targeted TS. The

second category contains the works that evaluate the failure rate of a TS structure

independent of the code’s Tanner graph. Notable examples are the application of

critical number to evaluate the harmfulness of TSs under hard-decision decoding

algorithms over the binary symmetric channel (BSC) [37, 43], the linear state-space
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CHAPTER 1. INTRODUCTION 2

model of [42, 44, 45] to evaluate the failure rate of TSs under SPA over the AWGN

channel, and the notion of absorbing set threshold for quantized min-sum algorithms

(MSAs) [50]. An important difference between the two categories is that while for

the former, one needs the entire Tanner graph of the code to apply the IS, for the

latter, the only required information is the TS structure (in isolation). The fact

that the analysis of the harmfulness of TSs in the second category of techniques

is independent of the Tanner graph of the code is interesting since it implies that

the error floor can be estimated by the enumeration of dominant TSs of the code,

using search algorithms such as those of [28–30, 32, 33], and then calculating the

weighted sum of the contributions of such TSs to the error floor (the weights are the

multiplicities of different TS structures). This approach not only provides a code-

independent evaluation of TS harmfulness, but also is generally much faster than

estimating the error floor using IS.

The proposed techniques in this thesis fit within the second category, in that, we

evaluate the harmfulness of each TS structure independent of the Tanner graph of

the code.

In [42], Sun proposed a linear state-space model to analyze the dynamics of ETSs

in the error floor region over the AWGN channel. This model was based on the

assumption that the decoder behavior outside an ETS can be well approximated

by density evolution (DE) [51]. Schlegel and Zhang [44] proposed an improved lin-

ear state-space model in which an iteration-dependent linear gain was added to the

model to account for the impact of external messages of missatisfied check nodes

on the internal messages of an ETS. More recently, Butler and Siegel [45] refined

and extended the linear state-space model and used it to analyze the effect of log-

likelihood ratio (LLR) saturation on the error floor performance of LDPC codes with

fixed variable-node degrees decoded by floating-point SPA.

The key point of the analysis of [42, 44, 45], which is the approximation of the

dynamics of message-passing algorithms over a TS with a linear state-space model,

provides an analytical tool to study the (relative) harmfulness of TSs. It is also shown

that, for many scenarios, the linear state-space model results in accurate estimates of

the error floor over the AWGN channel for SPA [44,45]. One of the main advantages

of this model is its simplicity in modeling the complex dynamics of iterative decoders

in the error floor region. The linear state-space model however, has a number of
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limitations. First, and probably the most important limitation of the linear state-

space model is that it is not applicable to practical message-passing decoders in which

the messages are quantized and represented in fixed-point (quantization is a non-linear

operation). Other limitations are the assumptions on the variable-regularity of the

codes, the decoding algorithm being limited to the SPA, and the channel being limited

to the AWGN channel.

To the best of our knowledge, all the existing work on the theoretical analysis of

error floor, including [42,44, 45], is limited to two-phase message passing algorithms,

also known as flooding or parallel schedule. In flooding schedule, each decoding itera-

tion is divided into two parts. In the first (second) part of an iteration, all the variable

(check) nodes compute their messages and pass them to their adjacent check (vari-

able) nodes simultaneously. There are however a variety of message passing schedules

which are advantagous to flooding in terms of performance, complexity or conver-

gence speed [53–63, 71, 72]. An important category of schedules are layered or serial

schedules [53, 54, 59, 60, 62, 63]. In such schedules, each iteration of message-passing

consists of multiple sub-iterations performed serially. This allows a more frequent up-

dating of the reliabilities in each iteration compared to the flooding schedule, which

consequently results in a higher convergence speed. Moreover, due to the reuse of

the same hardware for the implementation of different sub-iterations, the hardware

resources required for the implementation of layered decoders are substantially lower

than those of their flooding counterparts. Due to these attractive features, layered

decoders are often used in practical applications along with quasi-cyclic (QC) LDPC

codes. In such a combination, the row or column blocks of the parity-check matrix

of the QC-LDPC code correspond to different layers. The layered decoder is then

referred to as row (horizontal) layered decoder [53, 54, 57, 59, 61, 62] or column (ver-

tical) layered decoder [60, 63–70], respectively. In [60], it has been shown that the

convergence speed of both types of layered decoder can be twice that of a decoder

with flooding schedule.

The vast majority of research on layered decoders is devoted to the issues con-

cerning convergence speed and efficient implementations. In particular, the study of

the error floor of such decoders has been mainly limited to empirical results [71–76].

In [71] and [72], the authors proposed a dynamic scheduling and a schedule diversity,

respectively, that reduced the error floor. More recently, Raveendran and Vasic [73]
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studied flooding and row layered Gallager-B algorithms applied to the (155, 64) Tan-

ner code over the binary symmetric channel, and demonstrated that while the former

decoder gets trapped in (5, 3) ETSs, the latter does not, and as a result the layered

decoder has a superior error floor performance compared to the flooding decoder.

1.2 Summary of Contributions

In our first work, we evaluate the harmfulness of each TS structure independent of

the Tanner graph of the code. Our approach here however, is quite different from and

more general than the previous work in the category of code independent approaches.

As it is mentioned before, the analysis of [42, 44, 45] is not applicable to practical

fixed-point message-passing decoders. Also, it is limited by the assumptions that the

code is variable-regular, the decoding algorithm is SPA and the channel is AWGN.

We demonstrate that even when all these assumptions are met, the linear state-space

model sometimes overestimates the error floor. Our results demonstrate that this

over-estimation can be attributed to the linear approximation of check node opera-

tions in the model. Our technique resolves this issue by performing the check node

operations accurately. In fact, to evaluate the harmfulness of a given TS structure

for a given (quantized) iterative message-passing decoder, we perform the (exact)

message-passing over the subgraph induced by the TS. In this process, to emulate

the extrinsic messages entering the TS from the rest of the Tanner graph, we use

density evolution (DE) to obtain the message distributions and then select the mes-

sages randomly from those distributions. One important component of the proposed

technique, unlike the method of [42, 44, 45], is to account for the dependencies that

exist among the extrinsic messages entering the TS from the rest of the Tanner graph.

We first demonstrate that such dependencies in general increase the failure rate of a

TS, and then propose a simple correlation model to incorporate the dependencies in

the message-passing algorithm. To speed up the estimation process, we also use IS to

bias the channel output distributions to increase the rate of TS failures. Our method

can be applied to both regular and irregular LDPC codes, to any memoryless binary-

input output-symmetric channel, and to any symmetric iterative decoding algorithm,

and symmetric quantization scheme.

Motivated by the wide spread application of layered decoders and the fact that

the behavior of such decoders in the error floor region is still not well understood,
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in our next work, we aim at the theoretical analysis of the error floor of row layered

decoders. In fact, to the best of our knowledge, this is the first work in which the

dynamics of a soft layered decoder in the error floor region is theoretically analyzed.

We start by developing a linear state-space model for ETSs that incorporates the

layered nature of the decoding algorithm. We then use this model to study the

dynamics of a saturating SPA in the vicinity of the TS over the AWGN channel.

Our analysis shows that the harmfulness of a given TS, as well as the error floor of

the code, can significantly change by changing the order in which the information of

different layers, corresponding to different row blocks of the parity-check matrix, are

updated. We then study the problem of finding the layer ordering that minimizes the

error floor. As a result, we find orderings that result in error floors substantially lower

than those of the decoder with flooding schedule. Connections are also made between

the model parameters of the layered decoder and those of the flooding one. Finally,

we compare our theoretical estimates of the error floor with Monte Carlo simulations

for QC-LDPC codes, both variable-regular and irregular, and demonstrate a good

match between the two.

We extend the linear state-space model of row layered decoders to the column

layered decoders [60, 63–70]. We show that in column layered decoding, basically,

the same ETS model of row schedule decoders can be applied. However, the model

parameters must be calculated differently. We then use the model to optimize the

error floor performance of column layered decoders. An efficient method will, also,

be introduced to reduce the search space of the column layer permutations during

the optimization process. Finally, we compare our theoretical estimates of the error

floor with Monte Carlo simulations for QC-LDPC codes, both variable-regular and

irregular, and demonstrate a good match between the two.

As mentioned earlier, the remarkable advantage of linear state-space model of

[45] is its analytical nature in comparison with the methods involving some sort of

simulations. This leads to a great simplification of modeling the complex dynamics of

iterative decoders in the error floor region. However, the linearization of degree-2 CNs

that is performed within this model has limited its performance [48]. In addition, the

linearisation is done around the operational point of zero which in reality may not

be the case and would lead to overestimation of the error floor. On the other hand,

finding the true operating point is challenging as it must be determined based on most

likely channel inputs that would result in the TS failure. These erroneous inputs are
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a function of many other parameters such as message clipping and TS structures and

are, generally, unknown. In our next work, we extend the state-space model of [45]

and propose a method in which the operating points of different ETS structures

at different iterations are, dynamically, approximated. In addition, we improve the

model by incorporating the second order approximation (instead of linearization) at

initial iterations. We, also, establish a conection between our proposed method and

the code-dependant approach of Richardson [34] and demonstrate that our method

can be considered as the fully-analytical counterpart of the semi-analytical method

of [34]. One of the main advantages of our proposed method over the linear model

of [45] is that the error rate curve, similar to Richardson’s method, can be extrapolated

meaning that the estimated error rate at a specific SNR can be used to extrapolate the

rest of the error rate curve at other SNRs. This also implies that, within our model,

the DE results as well as the model parameters at a specific SNR are obtained once

and, then, are used for the rest of the SNR points. We also show that applying the

extrapolation within the semi-analytical method of [34] might lead to approximation

errors when the messages have higher saturation levels while our proposed method is

more robust against extrapolation errors for different clipping thresholds.

1.3 Organization of the Thesis

The rest of the thesis is organized as follows: Chapter 2 is used for background

material. In Chapter 3, we provide an in-depth analysis of the linear state-space

method by incorporating a more accurate model for the incoming messages to the

TS structure. We then propose an alternate code-independent technique for the error

floor estimation of iterative LDPC decoders. In Chapter 4, we analyze the error floor

of quasicyclic LDPC codes decoded by the sum-product algorithm with row layered

message passing scheduling. We extend the row layered error floor analysis to the

column layered message passing scheduling in Chapter 5. In Chapter 6, the semi-

linear state-space model with dynamic operational points will be presented. Finally,

the thesis is concluded in Chapter 7 and some ideas for the future works are proposed.



Chapter 2

Preliminaries

2.1 Notations

In this thesis, matrices and vectors are denoted by boldfaced upper case and lower

case letters, respectively. The only exceptions are the LLR vectors where the symbol  L

with different subscripts or superscripts is utilized for representation. All the vectors

are assumed to be column vectors. A list of the notations and symbols used in this

thesis is provided in Tables 2.1, 2.2, 2.3 and 2.4.

2.2 LDPC Codes and Decoding Algorithms

Consider a binary LDPC code C with parity-check matrix H. A codeword of C is

denoted by d, and satisfies Hd = 0. Let G = (V ∪ C,E) be the Tanner graph

representing C, where V = {v1, v2, . . . , vn} and C = {c1, c2, . . . , cm} are the sets of

variable nodes (VNs) and check nodes (CNs), respectively, and E = {e1, e2, . . . , ek} is

the set of edges. Suppose that C is used for transmission over an AWGN channel using

a binary phase shift keying (BPSK) modulation, where codeword bits di are mapped

to modulated symbols ui = (−1)di . At the channel output, we thus have yi = ui +ni,

where {ni} represents the noise and is a zero-mean Gaussian random process with

independent and identically distributed (i.i.d.) values, each with variance σ2
ch.

Given the noisy codeword at the receiver side, maximum likelihood (ML) sequence

decoding tries to minimize the probability of frame error. In this method, a valid

7
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Table 2.1: Notations and Symbols (Part A)

Notations Descriptions

H m× n parity check matrix

Hb mb × nb base matrix

d A codeword

d̂ Estimated codeword

Imax Maximum number of iterations

Lchi Channel LLR

L
[i←j]
` jth CN to ith VN message at iteration `

L
[i→j]
` ith VN to jth CN message at iteration `

L̃
[i]
` Total LLR of ith VN at iteration `

ωz Weighting factor in IS method

N Number of trials in IS method

ms Number of state variables

S Set of VNs of a TS, |S| = a

Γ(S) Set of CNs of a TS

Γo(S) Set of odd-degree CNs of a TS, |Γo(S)| = b

Γe(S) Set of even-degree CNs of an ETS, |Γe(S)| = ms
2

x(`) ms × 1 state vector of a LETS in flooding decoder at the `th iteration

Φ(·)
Element-wise missatisfied CN operator with element-wise

first and second derivatives of Φx(·) and Φxx(·)
ḡ′(`) Missatisfied CN multiplicative gains in flooding decoder at the `th iteration

g
(`)
j

Random gain corresponding to jth virtual VN with mean

and variance of ḡ
(`)
j and σ2

g
(`)
j

g(`) Random scalar gain at iteration ` with mean ḡ(`) and variance σ2
g(`)

ξ` Error indicator function of linear model with random gains at iteration `

A ms ×ms transition matrix of a LETS in flooding decoder

B
ms × a matrix determining the channel input contributions

to the state variables in flooding decoder

Bex

ms × b matrix determining the contribution of unsatisfied

CN inputs to state variables in flooding decoder

C
a×ms matrix determining the relation of state variables

with the total LLR vector
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Table 2.2: Notations and Symbols (Part B)

Notations Descriptions

Dex

a× b matrix determining the contribution of unsatisfied

CN inputs to the total LLR vector

 L a× 1 channel input vector in the LETS linear model

 L(`)
ex

b× 1 unsatisfied CN input vector in the LETS

linear model at the `th iteration

 ̃L
(`)

a× 1 total LLR vector in the LETS linear model

P A permutation matrix

ρ(M) Spectral radius of a matrix M

r Dominant eigenvalue of the flooding transition matrix A

wT
1 ,u1 Left and right eigenvectors corresponding to r

C Set of complex numbers

β′` Error indicator function of flooding decoder

Pe{S} Probability of failure of TS S
Li ith layer (used for both row and column layers) of a QC-LDPC code

J Number of layers in a TS

(.)k kth element of a vector

(mch, σ
2
ch) Mean and variance of the channel noise

(m
(`)
ex , σ2(`)

ex )
Mean and variance of the unsatisfied CN inputs at

iteration ` of the flooding decoder

nLj Number of state variables of a LETS within layer j

Aj ms ×ms transition matrix of layer j

Bj

ms × a matrix indicating the contribution of the channel

LLRs in the calculation of the state variables of the jth layer

/

Bexj,
.

Bexj

ms × b matrices indicating the contribution of  L(`−1)
ex

and  L(`)
ex in updating the state variables within the jth layer

G(`)
ms ×ms matrix whose diagonal entries are the

gains corresponding to the ms state variables

G(`)
j

ms ×ms gain matrix corresponding to

the jth layer of iteration `

x̃(`,j) Layered decoder state vector of layer j at iteration `
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Table 2.3: Notations and Symbols (Part C)

Notations Descriptions

B̃(`)
ms × a matrix indicating the contribution of the channel LLRs in

calculation of the state variables at the `th iteration of the layered decoder

/

B
(`)

ex ,
.

B
(`)

ex

ms × b matrices illustrating the contribution of  L(`−1)
ex and  L(`)

ex

in updating the state variables at the `th iteration of the layered decoder

ψ̂
[k′→j]
`

Probability distribution of the messages from

virtual VN vk′ to missatisfied CN cj at iteration `

P
[k′→j]
inv,`

Probability of polarity inversion in the messages from

virtual VN vk′ to missatisfied CN cj at iteration `

ḡ
(`)
cj , ḡ

′(`)
cj

Average gains of missatisfied CN cj at the `th iteration of layered

decoder before and after adding the polarity inversion, respectively

ÃJ→1 Transition matrix of a LETS with J layers in layered decoding

r̃ Dominant eigenvalue of ÃJ→1

w̃T
1 , ũ1 Left and right eigenvectors corresponding to r̃

Ã
The only irreducible diagonal block of the Frobenius

normal form of ÃJ→1 for LETSs that are not simple cycles

ω̃T1 , ν̃1 Dominant left and right eigenvectors of Ã

Dl A LETS digraph of the layered decoder with nodes Vl and edges El

Df A LETS digraph of the flooding decoder with nodes Vf and edges Ef

nz Number of zero columns of the transition matrix of the layered decoder

(m
(`)
ex ,Σ

(`)
ex )

b× 1 mean vector and b× b covariance matrix of

the inputs from unsatisfied CNs of a LETS at iteration `

β̃(`) Error indicator function of layered decoder

Υi Size of the ith TS group

ΠJ Set of all the J ! permutations of the layers of a LETS

←
ψ̄j`

Average distribution of CN to VN messages

at layer j of iteration `

→
ψ̄j`

Average distribution of VN to CN messages

at layer j of iteration `
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Table 2.4: Notations and Symbols (Part D)

Notations Descriptions

η`|θ′ State-variables conditional operational point at iteration `

ẃ1 Normalized left eigenvector of A,
∑ms

k=1 (ẃ1)k = 1

na a× 1 input noise vector of a TS

n′ a× 1 residual noise vector of a TS with covariance Σn′

ġ(`) ms × 1 random vector with elements ġ
(`)
j (mean: ¯̇g

(`)
j ,

variance: σ2

ġ
(`)
j

) related to constant term in Taylor expansion

ġ(`) Random variable defined as ġ(`) = ẃT
1 ġ

(`) (mean: ¯̇g
(`)
j ,

variance: σ2

ġ
(`)
j

) related to constant term in Taylor expansion

Ĝ(`), Ğ(`)

ms ×ms diagonal matrices with elements ĝ
(`)
j (mean: ¯̂g

(`)
j ,

variance: σ2

ĝ
(`)
j

) and ğ
(`)
j (mean: ¯̆g

(`)
j , variance: σ2

ğ
(`)
j

)

related to linear and squared terms in Taylor expansion

ĝ(`), ğ(`)

Random scalar gains with means and variances (¯̂g(`), σ2
ĝ(`)),

(¯̆g(`), σ2
ğ(`)) corresponding to the linear and squared

terms in Taylor expansion of missatisfied CNs at iteration `

θ′ projection of TS input noise vector on an all-one vector

Pe{S|θ′} Conditional failure probability of TS S
ξ′` Conditional error indicator function at iteration `
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codeword with minimum Euclidean distance to the received codeword is chosen as an

approximation of the transmitted block. However, the complexity of this approach

increases exponentially with the block length [95]. Due to the large length of the

practical codes, ML decoding of the LDPC codes is not feasible. As a result, the

decoding operation is done according to the message passing algorithms [96]. Some

of the most famous decoding algorithms are explained in the following.

For decoding algorithms, we consider symmetric iterative message-passing al-

gorithms including SPA, MSA and the modifications of MSA such as normalized

MSA [83] with the following channel LLR values as the input:

Lchi = 2yi/σ
2
ch . (2.1)

The message sent from VN vi to CN cj at iteration ` is given by

L
[i→j]
` = Lchi +

∑
k∈M(i)\j

L
[i←k]
`−1 , (2.2)

where M(i)\j represents the set of CNs adjacent to VN vi excluding cj, and L
[i←k]
`−1

denotes the message sent from CN ck to VN vi at iteration `−1. At the first iteration

of the algorithm, all the messages sent from check nodes to variable nodes at iteration

`− 1 are assumed to be zero in (2.2). The CN to VN messages in SPA are computed

as

L
[i←j]
` = 2 tanh−1

[ ∏
k∈N(j)\i

tanh
L

[k→j]
`

2

]
, (2.3)

where N(j)\i represents the set of VNs adjacent to CN cj excluding vi. At the end

of each iteration, for each i ∈ {1, . . . , n}, first, the total LLR is calculated by

L̃
[i]
` = Lchi +

∑
k∈M(i)

L
[i←k]
` , (2.4)

and then, a hard decision is made by

d̂i = [sign(L̃
[i]
` ) + 1]/2. (2.5)

If the decoded block, d̂, at the end of iteration ` ≤ Imax, is a codeword, i.e., if

Hd̂ = 0, then the decoding is terminated successfully. (Imax is the maximum number
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of iterations.) Otherwise, if iteration Imax is completed and still no codeword is found,

then a decoding failure is declared.

To circumvent the numerical errors in the calculation of tanh(x) in (2.3), similar

to [9,77], we use the following equivalent operation to calculate CN to VN messages:

L
[i←j]
` = �

k∈N(j)\i
L

[k→j]
` , (2.6)

in which the pairwise box-plus operator, �, is defined as

x1 � x2 = ln

(
1 + ex1+x2

ex1 + ex2

)
= sign(x1)sign(x2).min(|x1|, |x2|) + s(x1, x2) .

(2.7)

The term s(x1, x2) in (2.7) is given by

s(x1, x2) = ln

(
1 + e−|x1+x2|

)
− ln

(
1 + e−|x1−x2|

)
. (2.8)

The MSA is an approximation of SPA and, generally, its performance in the

waterfall region is worse than SPA. To improve the performance of MSA compared to

the SPA, different variants of this algorithm such as normalized MSA [83] have been

proposed. The CN to VN messages of the normalized MSA are calculated as follows

L
[i←j]
` =

[ ∏
k∈N(j)\i

sign(L
[k→j]
` )

]
.α. min

k∈N(j)\i
|L[k→j]

` |, (2.9)

where 0 < α ≤ 1 is called the correction factor.

2.3 Quantization

In practice, often, the quantized versions of the decoding algorithms are utilized. For

quantization, unless specified otherwise, we consider a uniform quantizer as described

in [83], where the channel LLRs are first symmetrically clipped based on the clipping

threshold, Cth, within the range [−Cth, Cth], and then uniformly quantized into 2q−1

intervals, each with width of ∆ = Cth/[2
(q−1)−0.5]. Within the decoder, the negative

and positive messages exchanged between the variable and check nodes are clipped
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to −(2q−1 − 1) and (2q−1 − 1), respectively.

2.4 Flooding and Layered Schedules

It should be noted that Equations (2.2), (2.3), (2.6) and (2.9) are edgewise operations,

and can thus be executed within various scheduling frameworks. In decoders with

flooding schedule, at the first half of each iteration, Equation (2.2) is executed for

all the VN to CN messages. In the second half of the iteration, all the CN to VN

messages are updated based on (2.3). For decoders with row layered schedule, the

CNs are partitioned into different subgroups (row layers). Within each CN subgroup,

messages are only generated on the edges between the CNs in the subgroup and their

adjacent VNs while the other edges in the graph remain inactive. After the messages

within a subgroup are generated, the updated reliabilities are used in the following

layers. With respect to Column layered schedule decoders, the VNs are divided into

different subgroups (column layers). At each layer, based on the incoming messages

from the adjacent CNs, the total LLRs of the corresponding VNs of the current

layer are updated. However, the incoming CN to VN messages, themselves, are

calculated based on the extrinsic LLRs received from the VNs of other layers that

all or some of them might have been updated within previous layers. Finally, the

updated reliabilities of the current layer are used within the subsequent layers. In

Algorithms 1 and 2, the steps of the row and column layered SPA are presented for

a QC-LDPC code. In the following chapters, we consider QC-LDPC codes whose

parity-check matrices H consist of an mb×nb array of circulant permutation matrices

(CPMs) of size p × p and zero matrices of the same size. The Tanner graph of such

codes can be considered as a cyclic p-lifting of a bipartite base graph with nb VNs and

mb CNs. Each layer of the row (column) layered decoder in this case corresponds to

one row (column) block of H, and thus, there are mb (nb) layers. It should be noted

that the equation in Line 7 of Algorithm 1 is derived by combining (2.2) and (2.4).

As can be seen, the total LLR of each VN may be updated several times within an

iteration. So, for simplicity, the iteration index, `, is removed from the symbol L̃[i].
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Algorithm1RowLayeredBox-PlusDecodingAlgorithm

1:Input:ChannelLLRsforalltheVNs.
2:Initialization:AllthetotalLLRsareinitializedwiththechannelLLRs,L̃[i]=
Lchi forVNsi=1:nbp.

3:foriteration=1,...,Imax do
4: forTheCNgroup(layer)numberz=1:mbdo
5: forCNsj=(z−1)p+1,...,zp,inlayerzdo
6: forallVNsi∈N(j)do

7: L
[i→j]
=L̃[i]−L

[i←j]
−1.

8: endfor
9: forallVNsi∈N(j)do

10: L
[i←j]
=
k∈N(j)\i

L
[k→j]
,

11: L̃[i]=L
[i→j]
+L

[i←j]
.

12: endfor
13: endfor
14: endfor

Hard-decision:
15: forallVNsi=1,...,nbpdo
16: d̂i=[sign(L̃

[i])+1]/2.
17: endfor
18: if Ĥd=0then
19: Break.
20: endif
21:endfor
22:Output: d̂

W
aterfall

ErrorFloor

Er
r
or
R
at
e

SNR(dB)

Figure2.1:AtypicalerrorratecurveofanLDPCcodeversusSNRthatconsists
oftwoseparateregionknownasthewaterfallandtheerrorfloor,respectively.
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Algorithm 2 The Column Layered Box-Plus Decoding Algorithm

1: Input: Channel LLRs for all the VNs.
2: Initialization: All the VN to CN messages are initialized with channel LLRs,
Lchi for i = 1, . . . , nbp.

3: for iteration ` = 1, . . . , Imax do
4: for The column group z = 1, . . . , nb do
5: for VNs i = (z − 1)p+ 1, . . . , zp, in layer z do
6: for all CNs j ∈M(i) do
7: L[i←j] = �

k′∈N(j)\i
L[k′→j],

8: end for
9: L[i→j] = Lchi +

∑
k∈M(i)\j L

[i←k].

10: L̃[i] = Lchi +
∑

k∈M(i) L
[i←k].

11: end for
12: end for

Hard-decision:
13: for all VNs i = 1, . . . , nbp do
14: d̂i = [sign(L̃[i]) + 1]/2.
15: end for
16: if Hd̂ = 0 then
17: Break.
18: end if
19: end for
20: Output: d̂
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2.5 Trapping Sets (TSs)

The error rate performance of LDPC codes is, typically, divided into two separate

region, namely waterfall and error floor, Fig. 2.1. The waterfall is close to the code

threshold where the error rate curve has a sharp slope. The error floor region happens

at higher signal to noise ratios (SNRs) in which the error rate does not follow the

initial rapid reduction.

It is well-known that in the error floor region, the majority of the errors of iterative

decoding algorithms occur as a result of the decoder getting trapped within a subset

S of VNs, i.e., although all the bits outside S have correct values for sufficiently large

number of iterations, all the bits inside S are in error. In this case, the set S is

called a trapping set (TS). Let S be a TS, and Γ(S) be the set of neighboring CNs

of S in the Tanner graph G. The induced subgraph of S in G, denoted by G(S), is

a graph whose nodes and edges are S ∪ Γ(S) and {vicj ∈ E : vi ∈ S, cj ∈ Γ(S)},
respectively. The set of CNs, Γ(S), can be partitioned into even-degree CNs, Γe(S),

and odd-degree CNs, Γo(S). The members of Γo(S) and Γe(S) are referred to as

unsatisfied check nodes and missatisfied check nodes, respectively. If all the CNs in

Γ(S) have degrees 1 or 2, the TS is called an elementary TS (ETS). An ETS S is

referred to as a leafless ETS (LETS) if each variable node in S is connected to at

least two missatisfied CNs. Leafless ETSs are known to be the most harmful TSs

over the AWGN channel [45,52]. Similar to [45], we thus limit our discussions in this

work to LETSs. In the following chapters, for simplicity, sometimes, we use the term

“TS” instead of “LETS.”

Trapping sets are often identified by their size, |S| = a, and the number of un-

satisfied CNs in their subgraph, |Γo(S)| = b. In this case, the TS is said to belong to

the (a, b) class, or is referred to as an (a, b) TS.

Example 1. An example of a decoder failure on a TS related to a (640, 192) QC-

LDPC code with variable-degree 5 and irregular check-degree is illustrated in Fig. 2.2.

The vertical and horizontal axes represent the total LLR and VN indices, respectively.

Assuming the all-zero codeword transmitted, as iterations go on, all the total LLRs

related to different VNs grow toward the positive direction except 5 of them which

remain negative causing the decoder to be trapped. These 5 VNs, causing the failure,

induce a (5, 5) LETS whose structure shown in Fig. 2.3.
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Figure 2.2: Illustration of a MS decoder failure on a (5, 5) ETS belonging to a
QC-LDPC (640, 192) code. Each figure represents the total likelihood of VNs
at a given iteration (vertical axis) versus the VN indices (horizontal axis), re-
spectively.
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Figure 2.3: The subgraph of the (5, 5) ETS in the Tanner graph of the (640, 192)
LDPC code. The VNs, missatisfied CNs and unsatisfied CNs are represented
by black circles, white squares and gray squares, respectively.

The minimum distance of an LDPC code, like that of any other linear block

code, is characterized by the minimum weight of non-zero codewords. As it was

mentioned earlier, in ML decoder, a valid codeword with minimum Euclidean distance

to the received noisy block is chosen as an estimation of the transmitted codeword.

Therefore, the lower the minimum distance of a code, the higher the probability of

error in ML decoder will be. Within the framework of TSs, a non-zero codeword

of weight a can also be viewed as an (a, 0) TS in the code Tanner graph where

the non-zero elements of the codeword correspond to the variable nodes of the TS

and the number of unsatisfied CNs is zero. Suppose two codewords, (a1, 0) and

(a2, 0) with a1 < a2 belong to a specific code. Assuming the all zero codeword is

transmitted, in ML decoder, the probability that the received noisy codeword being,

falsely, decoded into (a1, 0) is higher than false decoding into (a2, 0). Therefore,

it is said that (a1, 0) is more harmful than (a2, 0) as it results in higher rate of

decoding failure. Unlike the straightforward comparison of the relative harmfulness

of codewords in ML decoder, determining the relative harmfulness of TSs is difficult

as it is a function of channel, decoding algorithm, TSs graphical structure in the

Tanner graph, precision (quantization) of message passing algorithm and so on. For

example, two TSs belonging to the same (a, b) class can have significantly different

harmfulness. In addition, a TS with higher number of VNs might be more harmful

than the one with smaller number of VNs and there is not such a general rule as in

the framework of ML decoding where the minimum-weight codewords are the most

harmful error prone structures. One of our main goals in this thesis is to identify the

relative harmfulness of various TS structures.
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2.6 Importance Sampling

Importance sampling (IS) is a Monte Carlo method used in the simulation of rare

events. The idea is to use a biased probability distribution to increase the occurrence

frequency of the rare event, and thus to speed up the simulation. The effect of the

biased distribution is then removed by reweighing the computed average. Importance

sampling has been used to estimate the error floor of LDPC codes [34,36,38,45]. To

measure the contribution of an (a, b) TS to the error probability using IS, we have

Pe{S} =
1

N

N∑
z=1

Izωz , (2.10)

where N is the number of trials, Iz is an indicator function of error, and ωz is the

weighting factor. For the AWGN channel, if the noise distribution is biased by shifting

its mean to −µ for µ > 0, we have

ωz =
e
−1

2σ2
ch

[∑a
k=1(yk,z−1)2

]
e
−1

2σ2
ch

[∑a
k=1(yk,z−1+µ)2

] , (2.11)

where yk,z is the channel output corresponding to the k-th variable node of the TS

at the z-th trial, and σ2
ch is the channel noise power. For the quantized decoders in

which the decoder inputs (from the channel) are from a finite alphabet, the weight

ωz is calculated by

ωz =

∏a
k=1 pz(k)∏a
k=1 p

′
z(k)

, (2.12)

where pz(k) and p′z(k) are the probability mass functions corresponding to the decoder

input of the k-th variable node of the TS at the z-th trial, for the unbiased and biased

noise distributions, respectively. As a special case of the above equation, for the BSC,

the weight ωz is given by

ωz =
pεz(1− p)a−εz
p′εz(1− p′)a−εz

, (2.13)

where εz is the number of channel errors corresponding to the variable nodes of the TS

at the z-th trial, and p and p′ are the channel crossover probabilities of the unbiased

and biased cases, respectively.

Without loss of generality, to measure the error rate performance of the decoder,

we assume that the all-zero codeword is transmitted.
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2.7 Density Evolution

For LDPC codes with large block lengths, various realization of a code ensemble, al-

most, perform identically in the waterfall region. This suggests that the performance

of the LDPC codes could be evaluated theoretically rather than by simulation. Den-

sity evolution (DE) is a technique which basically tracks the probability distribution

functions of the messages exchanged at different iterations of the MP algorithm. This

method has been developed upon the assumptions that all zero codewords are trans-

mitted, all the messages are independent, the code length is infinity and the Tanner

graph of the code is cycle-free (Tree). Following the concentration results presented

in [51], one might be able to predict the performance of a long LDPC code in the

waterfall region based on its degree distributions specifications. This property known

as the asymptotic performance of an LDPC code ensemble.

In this thesis, density evolution, unlike its conventional application, is utilized

in the error floor region. In other words, to analyze TS failures within the code-

independent framework, one needs to obtain the probability distribution of the mes-

sages entering the TS subgraph via unsatisfied and missatified CNs. Such distribu-

tions are obtained based on DE method with the underlying assumption that the

all-zero codeword is transmitted, and that the surrounding neighbourhood of the TS

is tree-like.



Chapter 3

Error Floor Estimation of LDPC

Decoders - A Code Independent

Approach to Measuring the Harmfulness

of Trapping Sets

The organization of this chapter is as follows: In Section 3.1, we discuss the state-

space model. We start by the non-linear form of the equations and then describe

the process of linearization. The linear model developed here is an extension of the

one in [42, 44, 45], in that, we consider the randomness of the extrinsic messages

entering the TS through the incorporation of gain variances. Using this extended

model, we then analyze the effect of dependencies among extrinsic messages on the

failure probability of the TS. Section 3.2 is devoted to discussions on the limitations

of the linear state-space model in accurately estimating the error probability. The

proposed technique and its complexity analysis are then presented in Section 3.3. In

Section 3.4, we provide extensive simulation results to demonstrate the accuracy of

the proposed method and its comparison with the linear state-space model.

3.1 State-Space Model of an ETS

In this section, we first present the non-linear state-space model of an ETS. We then

discuss the derivation of the linear model of [45]. Next, we extend the linear model

of [45] to incorporate the randomness of the extrinsic messages entering the ETS

through the missatisfied check nodes. This is achieved through the introduction of

gain variances in the model, and is needed to study the effect of dependencies among

22
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. . .
dcj − 2

sj

Lsj

φ(xi, Lsj)

Figure 3.1: A missatisfied check node connecting two variable nodes of an ETS. By
combining the dcj −2 external messages into Lsj , the equivalent check node has
degree 3 regardless of the actual check node degrees of the LDPC code. The
message Lsj is assumed to be sent by a virtual variable node sj.

extrinsic messages. Finally, the extended formulation is used to explain how the

dependency among the extrinsic messages increases the failure rate of an ETS based

on the linear model.

3.1.1 From non-linear to linear state-space model

The message-passing algorithm in any ETS can be described by the following non-

linear recursive equations, which we refer to as non-linear state-space model:

x(0) = B L , (3.1)

x(`) = AΦ(x(`−1),Bs  L
(`)
s ) + B L + Bex  L(`)

ex for ` ≥ 1 , (3.2)

 ̃L
(`)

= CΦ(x(`−1),Bs  L
(`)
s ) +  L + Dex  L(`)

ex for ` ≥ 1 . (3.3)

In the model, all the vectors are column vectors. The elements of the state vector

x(`), called state variables, at iteration ` are the LLR messages passed over different

edges of the TS subgraph towards the missatisfied check nodes. The number of state

variables for an (a, b) ETS is ms =
∑a

i=1 dvi − b, where dvi is the degree of the i-

th variable node in the TS. The first input vector  L(`)
ex has b elements, where each

element represents the message from one of the unsatisfied (degree-1) check nodes at

iteration `. The second input vector  L contains the a channel LLRs. The last input

vector to the model is  L(`)
s with ms

2
entries that are the external messages entering

the missatisfied check nodes from the virtual variable nodes sj at iteration ` (see,

Fig. 3.1). In the model, the missatisfied check node operation is denoted by the

element-wise operator Φ(.). The initialization of the state variables is performed in
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Figure 3.2: A (5, 3) LETS. The VNs, missatisfied CNs and unsatisfied CNs are
shown by black circles, white squares and gray squares, respectively. The ex-
ternal connections for one of the missatisfied CNs are also shown.

(5). Equation (6) is responsible for the evolution of state variables from iteration

` − 1 to iteration `. In each iteration `, Equation (7) is used to determine the total

LLR values at the a variable nodes of the ETS. Binary matrices A, B, C, Bs, Bex,

and Dex represent the relationships among different variables within the model. In

particular, matrix A, referred to as the transition matrix, relates the state variables

at iteration ` to those at iteration `− 1.

The following lemma is a simple consequence of the definition of matrices B and

Bs, and will be used in a number of derivations in Section 6.1 of Chapter 6.

Lemma 1. Let the number of missatisfied CNs connected to the ith VN of an (a, b)

ETS be denoted by ζvi, i.e.,
∑a

i=1 ζvi = ms. Then the matrices B and Bs in the

state-space model have the following properties:

a) Each column of the ms× a matrix B corresponds to one VN vi, i = 1, . . . , a, of

the TS. The column corresponding to vi, i = 1, . . . , a, consists of ζvi ones and

ms − ζvi zeros, where the row indices of non-zero entries for different columns

are different, i.e., they do not overlap.

b) Each column of the ms × ms
2

matrix Bs corresponds to one missatisfied CN

cj, j = 1, . . . , ms
2

, of the TS. The column corresponding to cj, j = 1, . . . , ms
2

,

consists of 2 ones and ms − 2 zeros, where the row indices of non-zero entries

at different columns are different.
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Example 2. In Fig. 3.2, the structure of (5, 3) LETSs of Tanner (155, 64) code is

shown. The matrices in the linear state-space model for this LETS structure, corre-

sponding to the edge and node labels in Fig. 3.2, are the followings:

A =



0 0 0 0 0 0 0 0 1 0 1 0

0 0 0 0 0 0 1 0 0 0 1 0

0 0 0 0 0 0 1 0 1 0 0 0

0 0 0 0 0 0 0 0 0 1 0 1

0 0 0 0 0 0 0 1 0 0 0 1

0 0 0 0 0 0 0 1 0 1 0 0

0 0 0 1 0 0 0 0 0 0 0 0

1 0 0 0 0 0 0 0 0 0 0 0

0 0 0 0 1 0 0 0 0 0 0 0

0 1 0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 1 0 0 0 0 0 0

0 0 1 0 0 0 0 0 0 0 0 0



,
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B =



1 0 0 0 0

1 0 0 0 0

1 0 0 0 0

0 1 0 0 0

0 1 0 0 0

0 1 0 0 0

0 0 1 0 0

0 0 1 0 0

0 0 0 1 0

0 0 0 1 0

0 0 0 0 1

0 0 0 0 1



,Bex =



0 0 0

0 0 0

0 0 0

0 0 0

0 0 0

0 0 0

1 0 0

1 0 0

0 1 0

0 1 0

0 0 1

0 0 1



,Bs =



1 0 0 0 0 0

0 1 0 0 0 0

0 0 1 0 0 0

0 0 0 1 0 0

0 0 0 0 1 0

0 0 0 0 0 1

1 0 0 0 0 0

0 0 0 1 0 0

0 1 0 0 0 0

0 0 0 0 1 0

0 0 1 0 0 0

0 0 0 0 0 1



,

C =



0 0 0 0 0 0 1 0 1 0 1 0

0 0 0 0 0 0 0 1 0 1 0 1

1 0 0 1 0 0 0 0 0 0 0 0

0 1 0 0 1 0 0 0 0 0 0 0

0 0 1 0 0 1 0 0 0 0 0 0


,Dex =



0 0 0

0 0 0

1 0 0

0 1 0

0 0 1


.

In the case of failure at high signal-to-noise ratio (SNR) values, where the internal

messages of an ETS have much smaller magnitudes compared to the extrinsic mes-

sages, the missatisfied check node operations can be approximated by the linear term

in the Taylor expansion (around zero) as follows:

x(0) = B L , (3.4)

x(`) = AG(`)x(`−1) + B L + Bex  L(`)
ex for ` ≥ 1 , (3.5)

 ̃L
(`)

= CG(`)x(`−1) +  L + Dex  L(`)
ex for ` ≥ 1 , (3.6)
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where

G(`) = diag{Φx(0,Bs  L
(`)
s )} (3.7)

is a diagonal matrix, called the gain matrix, whose diagonal elements g
(`)
j are equal

to the partial derivative of check node operation with respect to the state variables.

Consider a missatisfied check node with the virtual variable node sj, and with the

two incoming messages represented by state variables xi and xi′ (see, Fig. 3.1). For

the SPA, we then have

g
(`)
i = g

(`)
i′ = tanh(L(`)

sj
/2) , (3.8)

where L
(`)
sj is the message entering the missatisfied check node through the virtual

variable node sj at iteration `. In [44,45], the random gains g
(`)
i are replaced by their

expected values, ḡ
(`)
i = E{tanh(L

(`)
si /2)}, and based on the assumption that all the

external messages to missatisfied check nodes follow the same probability distribution,

the average gain matrix is obtained as

Ḡ(`) = ḡ(`)Ims×ms , (3.9)

where ḡ(`) = ḡ
(`)
i , ∀i. As a result, in [44, 45], the effect of missatisfied check nodes is

simply added to the model by a scalar gain for each iteration. Therefore, the linear

state-space model of a LETS is given by [45]

x(0) = B L (3.10)

x(`) = ḡ′(`)Ax(`−1) + B L + Bex  L(`)
ex , for ` ≥ 1 , (3.11)

 ̃L
(`)

= ḡ′(`)Cx(`−1) +  L + Dex  L(`)
ex , for ` ≥ 1 . (3.12)

In the above equations, the average gain value ḡ(j) in the original linear model is

replaced by ḡ′(j) = (1 − Pinv,`)ḡ(j), where Pinv,` is the probability that the extrinsic

message entering the missatisfied check node is in error (is negative) which results in

polarity inversions of the LETS internal messages. This is used heuristically in [44,45]

to dampen the gain, and compensate for the over-estimation of the failure probability

of an ETS as estimated through the linear model. In this thesis, we refer to the factor

(1− Pinv,`) as damping factor.
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3.1.2 Application of Density Evolution in the State-Space

Model

In order to analyze TS failures based on the linear state-space model, one needs

to obtain the probability distribution of the messages entering the TS subgraph via

unsatisfied CNs at different iterations,  L(`)
ex , as well as the distribution of the messages

from the external VNs connected to the missatisfied CNs. The latter distribution is

then used to obtain the linear gains ḡ′(`).

To obtain such distributions, the authors of [42, 44, 45] use density evolution

(DE) [51] with the underlying assumptions that the all-zero codeword is transmitted,

and that the surrounding neighborhood of the TS is tree-like. This implies that all the

messages entering the TS through unsatisfied and missatisfied CNs are independent

in each iteration as well as in subsequent iterations.

3.1.3 Error Probability of a LETS Structure

Before the calculation of error probability, we discuss some of the properties of the

transition matrix A relevant to the calculation.

For a given square matrix M and a permutation matrix P, the matrix PMPT

is called the symmetric permutation of M. If M represents the adjacency matrix

of a graph, symmetric permutation results in an isomorphic graph whose nodes are

relabeled. The eigenvalues of M and its symmetric permutation are the same. Also,

their eigenvectors, up to a permutation, are equal [78].

Definition 1. A non-negative n × n real matrix M is irreducible if it cannot be

symmetrically permuted by any permutation matrix P into a block upper triangular

matrix, i.e.,

PMPT 6=

 Ma Mc

0 Mb

 , (3.13)

where Ma and Mb are square matrices with sizes greater than 0 (non-trivial). The

matrix M is reducible if it is not irreducible.

The spectral radius of a square matrix M is defined as the largest absolute value

of its eigenvalues, and is denoted by ρ(M).



CHAPTER 3. ERROR FLOOR ESTIMATION OF LDPC DECODERS 29

Theorem 1 (Perron-Frobenius theorem of non-negative irreducible matrices). Let

M be a non-negative irreducible matrix. Then,

(a) M has a positive real eigenvalue equal to its spectral radius ρ(M).

(b) corresponding to ρ(M), matrix M has a positive eigenvector x.1

(c) ρ(M) is a simple (multiplicity equal to 1) eigenvalue of M.

(d) x is the only non-negative eigenvector of M.

Almost all the LETS structures, with the exception of simple cycles, have a non-

negative irreducible transition matrix A [45]. Hence, based on Theorem 1, there

exists a positive dominant eigenvalue of A, r, whose corresponding left and right

eigenvectors, wT
1 and u1, are both positive. It is shown in [45] that for a simple cycle,

r = 1, and for LETSs that are not simple cycles, r > 1.

To obtain the probability of a LETS failure, in [45], the authors first derived a

non-recursive equation for the state vector:

x(`) = A`B L
∏̀
j=1

ḡ′(j) +
∑̀
i=1

A`−i(B L + Bex  L(i)
ex

) ∏̀
j=i+1

ḡ′(j) . (3.14)

They then showed that the projection of the state vector on the positive left eigen-

vector associated with the dominant eigenvalue r, given by

wT
1 x(`) = r`wT

1 B L
∏̀
j=1

ḡ′(j) +
∑̀
i=1

r`−iwT
1

(
B L + Bex  L(i)

ex

) ∏̀
j=i+1

ḡ′(j) , (3.15)

can be used as an indicator of TS failure. In fact, the following scaled version of

(3.15) is used in [45] as the error indicator function:

β′` = wT
1 B L +

∑̀
i=1

wT
1

(
B L + Bex  L(i)

ex

)
ri
∏i

j=1 ḡ
′(j)

, (3.16)

with the probability of error for the corresponding LETS S given by

Pe(S) = lim
`→∞

Pr{β′` < 0} = lim
l→∞

Q

(
E[β′`]√
VAR[β′`]

)
, (3.17)

1This is valid for both left and right eigenvectors.
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where Q(x) = 1√
2π

∫∞
x

exp
(
− u2

2

)
du, and E(β′`) and VAR(β′`) denote the expected

value and the variance of β′`, respectively, and calculated by

E(β′`) = min

(
1 +

∑̀
i=1

1

ri
∏i

j=1 ḡ
′(j)

) a∑
k=1

(wT
1 B)k

+
∑̀
i=1

m
(i)
ex

ri
∏i

j=1 ḡ
′(j)

b∑
k=1

(wT
1 Bex)k , (3.18)

VAR(β′`) = σ2
in

(
1 +

∑̀
i=1

1

ri
∏i

j=1 ḡ
′(j)

)2 a∑
k=1

(wT
1 B)2

k

+
∑̀
i=1

σ2(i)

ex

(ri
∏i

j=1 ḡ
′(j))2

b∑
k=1

(wT
1 Bex)

2
k . (3.19)

In the above equations, the symbol (.)k represents the k-th element of a vector,

min = 2/σ2
ch and σ2

in = 4/σ2
ch represent the mean and the variance of the channel

LLR, respectively. Moreover, m
(i)
ex and σ2(i)

ex are the mean and the variance of the

messages passed from unsatisfied check nodes to variable nodes at iteration i.

In the following lemma, whose proof is given in the appendix (section 3.5), using

perturbation theory, we consider the effect of the randomness of the gains on the error

indicator function and the failure probability. This is performed by assuming that

the random gain values have a small variance in the vicinity of their mean values.

Lemma 2. The first order approximation of the maximum eigenvalue, ρ(AG(`)), of

matrix AG(`) is given by

ρ(AG(`)) ≈ rwT
1 Ḡ(`)u1 +

ms
2∑
i=1

∂ρ(AG(`))

∂g
(`)
i

∣∣∣∣∣
G(`)=Ḡ(`)

(g
(`)
i − ḡ

(`)
i ) , (3.20)

in which

∂ρ(AG(`))

∂g
(`)
i

∣∣∣∣∣
G(`)=Ḡ(`)

≈ wT
1

∂AG(`)

∂g
(`)
i

u1 , (3.21)

and r, w1 and u1 are the maximum eigenvalue and the corresponding normalized left

and right eigenvectors of matrix A.
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Remark 1. The matrix ∂(AG(`))

∂g
(`)
i

is binary with 0 and 1 elements. It is also known that

the transition matrix A is non-negative and irreducible for the majority of ETSs [45].

For such matrices, based on Perron-Frobenius theorem [81, p. 534], all the elements

of the left and right eigenvectors are positive. We thus conclude that the derivative in

(3.21) is always positive.

Based on Lemma 2, we define the following random scalar gain at iteration `.

Definition 2. The random scalar gain at iteration ` is defined as:

g(`) =
ρ(AG(`))

r
≈ ḡ(`) +

ms
2∑
i=1

∂ρ(AG(`))

r∂g
(`)
i

(g
(`)
i − ḡ

(`)
i ), (3.22)

where ḡ(`) = wT
1 Ḡ(`)u1 is the mean of g(`). Also, assuming gains g

(`)
i are independent,

the variance of g(`) at a given iteration ` can be approximated as

σ2
g(`) ≈

ms
2∑
i=1

(
∂ρ(AG(`))

r∂g
(`)
i

)2

σ2

g
(`)
i

. (3.23)

Remark 2. When the distribution of the extrinsic messages of the missatisfied check

nodes are identical, since wT
1 u1 = 1, the mean value ḡ(`) = wT

1 Ḡ(`)u1 is equal to the

expected gain ḡ(`) in Equation (3.9).

The following lemma, whose proof is given in the appendix (section 3.5), provides

the error indicator function of an ETS in the presence of random gains.

Lemma 3. (Error Indicator Function) Consider State Evolution Equations (8)-

(10) for a given ETS S, with the assumption that gains g
(`)
i are random but with

small differences in their values. The error indicator function ξ` at iteration ` (` ≥ 1)

for S, defined as the projection of x(`) onto the dominant left eigenvector of AG(`),

can then be approximated as:

ξ` ≈ r`wT
1 B L

∏̀
j=1

g(j) +
∑̀
i=1

r`−iwT
1

(
B L + Bex  L(i)

ex

) ∏̀
j=i+1

g(j), (3.24)

where wT
1 and r are the dominant left eigenvector of A and the corresponding eigen-

value, respectively, and g(j) is the random scalar gain at iteration j defined in Defi-

nition 2.



CHAPTER 3. ERROR FLOOR ESTIMATION OF LDPC DECODERS 32

Equation (3.24) is similar to (3.15) with the exception that the expected gains

are replaced with random gains defined in Definition 2. The derivation of the mean

and the variance of the error indicator function from (3.24) is rather complex. In

the following lemma, we calculate them recursively. The proof is straightforward but

tedious and is not presented here.

Lemma 4. The mean and the variance of the error indicator function, given in

Lemma 3 (with ξ0
∆
= wT

1 B L), can be calculated as follows:

` = 0

E{ξ0} = min

a∑
k=1

(wT
1 B)k ,VAR{ξ0} = σ2

in

a∑
k=1

(wT
1 B)2

k .

` ≥ 1

E{ξ`} = ḡ(`)rE{ξ`−1}+ E{ξ0}+m(`)
ex

b∑
k=1

(wT
1 Bex)k ,

VAR{ξ`} = r2VAR{g(`)ξ`−1}+ VAR{ξ0}

+σ2(`)

ex

b∑
k=1

(wT
1 Bex)2

k + 2rCOV{g(`)ξ`−1, ξ0} ,

in which

VAR{g(`)ξ`−1} = ḡ(`)2VAR{ξ`−1}+ σ2
g(`)

(
VAR{ξ`−1}+ E2{ξ`−1}

)
, (3.25)

COV{g(`)ξ`−1, ξ0} =

(∑̀
j=1

( ∏̀
k=j

ḡ(k)
)
r`−j

)
VAR{ξ0}. (3.26)

The probability of failure of the ETS S can then be found by

Pe{S} = lim
`→∞

Q

(
E{ξ`}√
VAR{ξ`}

)
. (3.27)

Remark 3. We note that the error indicator function β′` defined in [45] is a scaled

version of the error indicator function ξ` defined here. Scaling back the mean of β′`,

given in (3.18), along with the assumption that ḡ′(j) = ḡ(j),∀j, one can see that the

mean value is identical to that obtained through Lemma 4. One can also see that

if the gain variances σ2
g(`), in (3.25), are replaced with zero, then the variance of ξ`

obtained from Lemma 4 is identical to that in (3.19) (with the proper scaling and the

assumption that ḡ′(j) = ḡ(j),∀j). This means the failure probability (3.27) reduces to
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(3.17) if σ2
g(`) = 0. On the other hand, if σ2

g(`) 6= 0, then VAR{ξ`} is increased and as

a result the failure probability of the ETS in (3.27) is also increased (compared to the

case of σ2
g(`) = 0).

3.2 Estimation Error of the Linear State-Space

Model

Remark 3 shows that having a more realistic linear model of an ETS, which takes

into account the randomness of the linear gains associated with the missatisfied check

nodes, further deteriorates the accuracy of the error probability estimate by even

more over-estimation of the probability. We note that the linear model (for saturat-

ing decoders) with average gains ḡ(j) already over-estimates the error probability, and

even with the heuristic damping of these gains to ḡ′(j), as proposed in [45], still in

some cases the error probability is over-estimated. This suggests that the causes of

the inaccuracy of the linear model are the followings: (1) the linear approximation

(around zero) of the misssatisfied check node operations, and (2) the dependencies

that exist among the extrinsic messages entering the ETS through the check nodes.

In [45], the effect of correlation among the extrinsic messages were discussed and it

was asserted that such an effect in the error floor estimation is negligible in saturat-

ing decoders. Our experiments however, show that (in an accurate message-passing

over the subgraph of an ETS) while the correlation among the extrinsic messages of

unsatisfied check nodes can be ignored, the correlation among the extrinsic messages

coming through the missatisfied check nodes needs to be taken into account for an

accurate estimate of the error probability.

In the following theorem, we study the effect of correlation among the extrinsic

messages entering the missatisfied check nodes on the error floor estimation by the

linear state-space model, assuming that such correlations are non-negative. Our ex-

tensive simulations for a variety of ETS structures, codes and decoders verify this

assumption.

Theorem 2. In the linear state-space model, let κij be the correlation coefficient

between gains g
(`)
i and g

(`)
j . The failure rate of an ETS, given by (3.27), is always

larger if κij ≥ 0, for every choice of i 6= j, compared to the case where the gains

are independent. In addition, the failure rate increases by the increase in correlation

values.
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Proof. In the linear state-space model, if the gains are independent, the gain variance

at iteration ` can be obtained by (3.23). If the correlation among the gains are

considered, the gain variance changes to

σ2
g(`) =

ms
2∑
i=1

(
∂ρ(AG(`))

r∂g
(`)
i

)2

σ2

g
(`)
i

+

ms
2∑

i,j=1,i6=j
κij

(
∂ρ(AG(`))

r∂g
(`)
i

)(
∂ρ(AG(`))

r∂g
(`)
j

)
σ
g
(`)
i

σ
g
(`)
j

. (3.28)

Based on Lemma 4 (and Remark 3), the variance of the error indicator function, and

as a result the error probability, increase by the increase in the gain variance σ2
g(`) .

The gain variance in (3.28) is always greater than or equal to that in (3.23), since the

second term in (3.28) is always non-negative. This is due to κij ≥ 0, and the fact that

the partial derivatives involved in the second term are positive (see Remark 1).

Theorem 2 suggests that the linear state-space model with correlated random

gains is even less accurate in estimating the error probability and would significantly

over-estimate the error floor. This leaves us to believe that the linear approximation

of the missatisfied check nodes around zero is the main culprit in the estimation error.

Note that there are two sources of error involving the linear approximation. One is

to ignore the non-linearity, and the other is the choice of x(`) = 0 as the operating

point.

Interestingly, our simulations show that the accurate implementation of non-

linearity results in the under-estimation of the error probability. It is only by in-

cluding a correlation model for the extrinsic messages of missatisfied check nodes

(in addition to the accurate implementation of non-linearity) that we can accurately

estimate the error floor.

3.3 Proposed Method

In this section, we propose a code-independent technique to estimate the error prob-

ability of ETS structures. The proposed technique not only provides a more accurate

estimate compared to the method of [45] for floating-point SPA (with saturation)

over the AWGN channel, but also is applicable to quantized implementations of SPA
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and other symmetric iterative decoding algorithms over any memoryless binary-input

output-symmetric channel.

3.3.1 Local importance sampling (LIS)

The main idea behind the proposed technique is to accurately implement the non-

linear operation of missatisfied check nodes. For this, the accurate message-passing

(based on the selected iterative decoding algorithm and quantization scheme) is per-

formed over the subgraph of the ETS induced in the code’s Tanner graph. To speed

up this process, we use what we call local importance sampling (LIS). To apply LIS,

we perform N trials of the iterative decoding (with the biased distribution) over the

local subgraph induced by the ETS rather than over the entire Tanner graph. In IS,

special care should be taken in the selection of the amount of biasing, see, e.g., [84, pp.

340–348]. An amount of bias which is too small can lead to rare decoding failures,

slowing down the IS process. This is referred to as underbiasing. On the other hand,

choosing the bias too large, referred to as overbiasing, may cause estimation errors.

In fact, proper selection of the amount of bias is described as more of an art than an

exact science in [84, p. 347]. Our experiments show that for the LIS method used in

this work, selecting the amount of bias to result in 10% to 50% failure rate would be

suitable, in the sense that it significantly speeds up the IS process without sacrificing

the estimation accuracy.

To implement LIS, we also need to properly model and generate the messages that

are exchanged between the rest of the Tanner graph and the TS. For this, we initially

assume that the surroundings of a TS in the Tanner graph are trees, and that the

messages passed from the subgraph to the rest of the Tanner graph have negligible

effect on the performance of iterative decoding in the rest of the graph. (These

assumptions are similar to those made in [45].) As a result, for memoryless channels,

all the incoming messages to the TS from the unsatisfied and missatisfied check nodes

in different iterations are independent. The distribution of these messages in different

iterations can be obtained using DE [51,85]. (We note that such distributions are only

a function of the degree distributions of the Tanner graph.) For the messages from

unsatisfied check nodes at each iteration `, we use the probability distribution function

P `
c2v of check to variable node messages. For the incoming messages to a missatisfied

check node of degree dcj , to simplify the calculations, we find the distribution P `
Lsj

of random variable Lsj in Fig. 3.1. This random variable represents the check to
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variable node messages at iteration ` (in the DE framework) assuming that the check

node degree is dcj − 1. Having the distributions P `
c2v and P `

Lsj
at each iteration `

through DE, we then sample these distributions in an independent and identically

distributed (i.i.d.) fashion to obtain the actual messages for the iterative message-

passing algorithm over the subgraph for different trials of the LIS simulations. To use

(2.10) for estimating the contribution of a TS in the error floor, we consider an error

at trial z, i.e., Iz = 1, if all the variable nodes in the TS are in error.2

Finally, we note that the application of the proposed LIS method is limited to

saturating decoders. The reason is that, for a non-saturating decoder, unlike a satu-

rating decoder, there would be a strong correlation among the incoming messages to

an ETS through unsatisfied check nodes in higher iterations [45]. This is not taken

into account in our model. Moreover, in our model, we assume that the erroneous

messages that are passed via unsatisfied check nodes to the rest of the Tanner graph

do not have any impact on the performance of the iterative decoding algorithm in

the rest of the graph. This assumption is justified by the fact that the magnitude

of the erroneous messages in saturating decoders is typically small compared to the

size of messages in the rest of the Tanner graph. This, however, will not be neces-

sarily the case for non-saturating decoders. In non-saturing decoders, the erronuous

outgoing messages from the ETS can affect the messages in the rest of the graph and

subsequently the incoming messages to the ETS from the rest of the graph.

3.3.2 Correlation model

The application of our proposed method, described in Subsection 3.3.1, would result

in the under-estimation of the error floor, particularly for cases where the clipping

threshold of the decoder is relatively large. Extensive simulations show that the main

reason for such an under-estimation is that there are positive correlations among the

incoming messages to missatisfied check nodes after the iterations go beyond g/2,

where g is the girth of the Tanner graph, and that such correlations are neglected

in the model. The simulations also show that, on average, the correlation among

these messages increases very rapidly towards one in the first few iterations following

` = g/2. The average correlation tending to one corresponds to the incoming messages

2This is for the cases where TSs are fixed points of the iterative decoding algorithm. For the
cases where the TSs correspond to oscillatory error patterns, the oscillatory cases are also identified
as error and assigned Iz = 1.
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being saturated at their maximum value (all the variables outside the TS converging

to their correct value, i.e., zero). We also observe that the behavior just described,

as well as the amount of correlation, is rather independent of the amount of bias

imposed on the noise distribution.

The exact amount of correlation, however, depends on the clipping threshold, the

code, the decoding algorithm and the structure of the graph surrounding the ETS.

Such dependencies are in general too complex to investigate or to incorporate in

the proposed model. In our method, we thus adopt a very simple model that would

assume that the incoming messages to missatisfied check nodes are i.i.d. for iterations

` < g/2, and then are identical for ` ≥ g/2. For the LIS process, this means that

in the iterative message-passing over the TS subgraph, while ` < g/2, we draw i.i.d.

samples from P `
Lsj

to generate the messages that represent the incoming messages of

different missatisfied check nodes in each iteration. For ` ≥ g/2, however, in each

iteration `, we just draw one sample from P `
Lsj

and use it for all the missatisfied

check nodes in the subgraph. This model assumes that the amount of correlation

coefficient between any two copies of Lsj variables within the subgraph is equal to

one for cases that σLsj 6= 0. In the next section, we will demonstrate that this simple

model renders an accurate estimate of the error floor for a wide variety of codes,

decoders and quantization schemes.

3.3.3 Complexity of LIS scheme

Consider a case where the LIS scheme is applied for a given channel parameter η in

the error floor region to estimate the error probability of an LDPC code. Suppose

that for each dominant ETS structure S, N trials of the iterative decoding (with the

biased distribution) over the local subgraph induced by S are performed to estimate

the contribution of S to the error floor. Our experiments show that for an accurate

estimate, N should be selected such that in the LIS process at least 500 failures occur.

In Section 3.4, we obtain about 1000 failures for all estimates. This means that if the

amount of distribution bias is selected to result in 10% failure rate, then N ≈ 10, 000.

To apply the LIS algorithm at a given channel parameter η, one needs to find

the distributions P `
c2v and P `

Lsj
for each iteration ` ≤ Imax through DE (based on

ξ), where Imax is the maximum number of iterations. For a given η, this needs to

be done only once. On the other hand, the set of N trials of the iterative decoding

over the ETS subgraph needs to be repeated for each non-isomorphic ETS structure.
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In general, the complexity of the LIS process is dominated by that of the iterative

message-passing over the ETS subgraphs.

Now, let S be an (a, b) ETS in a variable-regular LDPC code with variable node

degree dv. In each iteration, the local message-passing algorithm needs to generate

and pass two sets of messages on the edges of the subgraph, one set from variable

nodes to missatisfied check nodes and the other set in the opposite direction. The

number of messages in each direction is thus equal to the number of edges in the

subgraph, i.e., a× dv − b. In comparison, each iteration of message-passing over the

entire Tanner graph requires n × dv messages to be generated and passed in each

direction between variable nodes and check nodes, where n is the code’s block length.

Thus, the complexity per iteration of message-passing over the subgraph is less than

that of the entire Tanner graph by a factor of about n/a, which is often a large

number. The same complexity reduction is achieved by the LIS technique compared

to the conventional IS technique if one assumes the same number of trials N for both

cases. It should be noted that in addition to having a lower complexity compared to

the conventional IS, LIS has the advantage of being code-independent.

3.4 Simulation Results of the Proposed Technique

and Comparisons with the Results of Linear

State-Space Model

3.4.1 Simulation results of the proposed technique for quan-

tized decoders

To examine the accuracy of our proposed method, we have applied it to a wide range of

LDPC codes, both random and structured, decoded by different decoding algorithms

and for a variety of quantization parameters over both AWGN and BSCs. Here, we

report some of our results for the following seven LDPC codes: (640, 192) QC code

(C1) [3], Margulis (2640, 1320) code (C2) [86], random variable-regular (4095, 3358)

code (C3) [87], Wimax irregular (576, 432) LDPC code (C4) [82], the Reed-Solomon-

based binary (2048, 1723) LDPC code (C5) [88] included in the IEEE 802.3an stan-

dard, and two LDPC codes constructed based on finite geometries: a (63, 37) EG-

LDPC code (C6) [89, 90], and a (273, 191) PG-LDPC code (C7) [89]. The biasing of
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the noise distribution is selected such that the failure rate of each ETS is about 10%.

For each LIS simulation point, around 1000 TS failures are collected. In the follow-

ing, we use notations LIS-DEc for the proposed algorithm with the correlation model,

and LIS-DEnc for the proposed algorithm when the extrinsic messages to missatisfied

check nodes are selected independently in every iteration (no correlation).

Fig. 3.3 shows the Monte Carlo simulation results along with LIS-DEc and LIS-

DEnc estimation results for C1 decoded by quantized MSA with q = 5, 6, 7, 8, and ∆ =

0.5, over the AWGN channel, where the decoder input is the channel LLR, 2y/σ2
ch.

This code has dv = 5 and irregular check node degrees. In our method, the irregularity

of the check node degrees is taken into account by applying a weighted average,

according to the degree distribution of the code, in DE. It is known that the most

harmful substructure of this code is a (5, 5) ETS with multiplicity 64. We thus apply

the proposed algorithm to this ETS structure and then multiply the result obtained

through (2.10) by 64. The results of Fig. 3.3 demonstrate a good match between the

LIS-DEc estimation and simulation results. The LIS-DEnc estimation results however,

are lower than the simulation curves, in particular, for higher saturation levels. For

C1, in Fig. 3.4, we have also reported simulation and LIS-DEc estimation results of

a 4-bit MS decoder with two resolutions of ∆ = 0.5 and ∆ = 1, over the BSC, where

the decoder input values are set to 1 and -1 for the positive and negative received

symbols, respectively. Again, the examination of these results shows a good match

between simulations and estimations.

The results for C2 over the AWGN channel are presented in Fig. 3.5, where the

decoder input is selected to be the channel output y, and the decoding algorithm is

chosen to be a 5-bit normalized MSA with normalization factor α = 0.75. It is known

that the most harmful substructures of C2 are (12, 4) and (14, 4) ETSs, each with

multiplicity 1320 [34,86]. For the case considered in this example, and corresponding

to both of these ETS structures, there are both fixed-point and oscillatory failures.

The contribution of each failure type for each ETS structure is calculated using the

LIS-DEc method, and is presented separately in Fig. 3.5, along with the total error

floor estimation, obtained by adding up the four different contributions. As can

be seen, the total estimate matches well with Monte Carlo simulation results. For

comparison, the estimation results of LIS-DEnc are also given in Fig. 3.5. Again,

the LIS-DEnc results under-estimate the error floor. Moreover, in Fig. 3.5, we have

provided the LIS-DEc and LIS-DEnc estimates along with simulations of FER for a
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Figure 3.3: Simulation and estimation results for C1 decoded by quantized MSA
over the AWGN channel (∆ = 0.5, Imax = 200, and decoder input = 2y/σ2

ch).

Table 3.1: Multiplicities of (a, b) LETSs of C3 with a ≤ 8 and b ≤ 3

(a, b) (3, 3) (4, 2) (5, 1) (5, 3) (6, 2) (7, 1) (7, 3) (8, 2)
Multiplicity 5183 308 15 22876 1722 82 184868 13550

5-bit MSA in Fig. 3.5. Similar trends are also observed in this case with even a larger

under-estimation of the error floor by LIS-DEnc.

In Fig. 3.6, we have presented the results for C3 decoded by a 6-bit SPA over

the AWGN channel. An exhaustive list of leafless ETSs (LETSs) [32] of C3 in the

range a ≤ 8, b ≤ 3, is given in Table 3.1. We use this list to estimate the error

floor. For each class, we identify TSs with different non-isomorphic structures. For

each such structure, we use LIS-DEc to estimate their contribution using (2.10), and

then multiply the result by the multiplicity of that structure. The final estimate is

obtained by adding up all contributions. Our results show that for this example,

the most dominant TSs are those in classes (5, 1), (7, 1), (4, 2) and (6, 2), with (5, 1)

having the most contribution to the error floor. Fig. 3.6 shows a good match between

the estimation and simulation results. It also reveals that the relative harmfulness

of different classes changes as a function of channel SNR. In fact, if we decrease the
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Figure 3.4: Simulation and estimation results for C1 decoded by 4-bit MSA over
the BSC (Imax = 200, decoder input values 1 and −1).
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Figure 3.5: Simulation and estimation results for C2 decoded by 5-bit MSA and
5-bit normalized MSA over the AWGN channel (Cth = 3, Imax = 100, α = 0.75,
decoder input = y).
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Figure 3.6: Simulation and estimation results for C3 decoded by a 6-bit SPA over
the AWGN channel (∆ = 0.5, Imax = 200, decoder input = 2y/σ2

ch).

Table 3.2: Multiplicities of the (a, b) LETSs of C4 within the range a ≤ 8 and b ≤ 2

(a, b) (4, 2) (5, 2) (6, 1) (6, 2) (7, 1) (7, 2) (8, 0) (8, 1) (8, 2)
Multiplicity 144 216 48 1068 240 3600 48 720 13464

number of quantization bits to 5, the most dominant class also changes from (5, 1) to

(4, 2).

As another example, we consider C4 decoded by a 3-bit MS decoder with Cth = 1.8

and input y. An exhaustive list of the LETSs of C4 in the range of a ≤ 8 and b ≤ 2

is given in Table 4.1. In Fig. 3.7, we have presented the LIS-DEc estimation results

for the dominant classes of ETSs along with the total error floor estimation, and

Monte Carlo simulation results. As can be seen, the estimation and simulation results

are in good agreement. This demonstrates the accuracy of the proposed estimation

technique even for irregular codes.

For C5, we consider a 5-bit normalized MSA with α = 0.75 and maximum number

of iterations Imax = 50. The quantization scheme and the decoding algorithm are

selected to match those used in [12] for the same code. This code is bi-regular with

dv = 6 and dc = 32, and has a rate 0.84. The dominant TSs of C5 are known to be
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Figure 3.7: Simulation and estimation results for C4 decoded by a 3-bit MSA (Cth =
1.8, Imax = 100 and decoder input= y).

(8, 8) ETSs with multiplicity 14272 [44]. In Fig. 3.8, we have presented the LIS-DEc

estimation results based on (8, 8) ETSs along with Monte Carlo simulation results

extracted from [12]. As can be seen, there is a good match between the two sets of

results. For comparison, in the same figure, we have also included the estimation

results of a 6-bit normalized MSA.

The finite-geometry codes C6 and C7 have rates 0.587 and 0.700, respectively. Both

variable nodes and check nodes of C6 (C7) have the same degree 8 (17). The dominant

trapping sets of both codes are the minimum-weight codewords [91]. Such codewords

for C6 and C7 have weights 9 and 18 with multiplicities 1960 and 119, 857, 920, respec-

tively [92]. In Fig. 3.9, we have provided the LIS-DEc estimate for both codes based

on the minimum-weight codewords, where the decoding algorithm is selected to be a

7-bit normalized MS with α = 0.6 and maximum number of iterations Imax = 100. As

can be seen, for both codes, the estimates match well with Monte Carlo simulations.

Finally, as the last example, we demonstrate that the proposed technique can also

be used to estimate the error floor for a non-uniform quantization. We consider the

application of C2 over the binary-input AWGN channel, where the channel output is

uniformly quantized by 6 bits (Cth = 3). We then use the algorithm of [93],3 which

3We use the algorithm available online at URL: http://www.jaist.ac.jp/is/labs/bits/source.
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Figure 3.8: Simulation and estimation results of (2048, 1723) RS-LDPC code (C5)
decoded by a 5-bit normalized MSA (α = 0.75, ∆ = 0.5, Imax = 50 and decoder
input= 2y/σ2

ch).
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Figure 3.9: Simulation and estimation results for C6 and C7 decoded by a 7-bit
normalized MSA (Cth = 6, α = 0.6, Imax = 100 and decoder input= y).
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Figure 3.10: Simulation and estimation results of Margulis (2048, 1024) code (C2)
decoded by 4-bit MSA with non-uniform quantization (Cth = 3, Imax = 40, and
decoder input= y).

is based on maximizing the mutual information between the channel input and the

quantizer output, to reduce the number of quantization bits to 4 based on a non-

uniform quantization. We use MSA for decoding, and apply the algorithm of [93] in

the process, to reduce the number of bits for the output messages of variable nodes

to 4 bits. The quantization boundaries can thus be changed from one iteration to the

next depending on the message distributions, obtained using DE. The non-uniform

quantization is optimized for Eb/N0 = 2.25 dB and the resulted quantization scheme

is used for all SNR values. (We note that the non-uniform quantization of [93] can

be, in general, asymmetric. In our example, however, all the quantization boundaries

are approximately symmetric.) Fig. 3.10 shows the Monte Carlo simulation results

along with the estimation results of LIS-DEc, obtained based on (12, 4) ETSs. As can

be seen, there is a good match between the two sets of results. For comparison, we

have also included simulation results for a 5-bit uniformly quantized MSA. One can

see the large improvement obtained by the non-uniform quantization in the waterfall

region, although the uniform quantization is using one extra bit.
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Figure 3.11: Simulation and estimation results for C2 decoded by floating-point
SPA with clipping at the check node outputs (Imax = 200).

3.4.2 Comparison of the LIS-DEc method with linear state-

space model

To compare the proposed LIS-DEc method with the linear state-space model of [45],

we consider the scenario discussed in [45], i.e., floating-point SPA over the AWGN

channel with the clipping only applied at the output of check nodes. We consider

Margulis (2640, 1320) LDPC code (C2) and two different clipping thresholds, 7 and 15.

For these scenarios, the (12, 4) ETS structure is the most harmful one. The estimation

results of both LIS-DEc and linear state-space methods, based on the (12, 4) ETSs,

are presented in Fig. 3.11. Comparison with Monte Carlo simulation results shows

that while the LIS-DEc estimates are accurate for both clipping thresholds, the linear

state-space estimate is only accurate for the higher threshold and over-estimates the

error floor for the lower one. The less accuracy of the linear state-space estimate for

the latter case in this example may be attributed to the more severe non-linearity

resulted from the lower clipping threshold. In Fig. 3.11, we have also presented LIS-

DEnc estimates. As can be seen, for both threshold values, they under-estimate the

error floor by up to an order of magnitude.

In the context of error floor analysis and design of codes with low error floors,

it is important to know the relative harmfulness of different TS structures. A good
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Figure 3.12: Simulation and estimation results for ETS classes (4, 2) and (5, 1) of C3

under floating-point SPA with clipping at the check node outputs (Imax = 200).

estimation technique should be able to accurately provide such information. In this

experiment, we consider C3 decoded by the floating-point SPA with clipping at the

output of check nodes with two threshold values of 7.5 and 15.5. Monte Carlo sim-

ulation results indicate that the most dominant ETS classes for the threshold values

of 7.5 and 15.5 are (4, 2) and (5, 1), respectively. In Fig. 3.12, we have shown the

contribution of these two classes to the error floor by simulations as well as by estima-

tion through both LIS-DEc and linear state-space methods. These results show that

while the LIS-DEc estimate is accurate for all cases, the linear state-space estimate

consistently over-estimates the error sometimes by up to an order of magnitude. In

fact, it only provides a rather accurate estimate of the error for (5, 1) ETSs. For the

(4, 2) class, it significantly over-estimates the error. As a result, while the LIS-DEc

method determines the most dominant ETS class for both thresholds accurately, the

linear state-space model erroneously asserts that for both thresholds the (4, 2) class

is the most dominant. The total error floor estimates by the two methods are also

shown in Fig. 3.13.
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Figure 3.13: Simulation and estimation results for C3 decoded by floating-point
SPA with clipping at the check node outputs (Imax = 200).

3.5 Appendix

Proof of Lemma 2. Based on the first order approximation of the dominant eigen-

value as a function of gain values in the vicinity of gain means, we have

ρ(AG(`)) ≈ ρ(AḠ(`)) +

ms
2∑
i=1

∂ρ(AG(`))

∂g
(`)
i

∣∣∣∣∣
G(`)=Ḡ(`)

(g
(`)
i − ḡ

(`)
i ) . (3.29)

Suppose that w and u are the normalized left and right eigenvectors of AḠ(`) corre-

sponding to ρ(AḠ(`)). Then, we have

wTAḠ(`)u = ρ(AḠ(`))wTu = ρ(AḠ(`)) . (3.30)

On the other hand, the dominant eigenvectors of AḠ(`) can be approximated by those

of A. This approximation is accurate based on (3.9) if the expected gains of different

missatisfied check nodes are equal. Otherwise, assuming that the differences in the

average gains ḡ
(`)
i are rather small, then the approximation follows from the result

that the eigenvectors of a matrix do not change much by small perturbations [94]

(note that all zero entries of AḠ(`) are the same as those of A, and that the non-zero
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entries of AḠ(`) are different average gain values ḡ
(`)
i instead of 1s in A). From (3.30),

we thus have ρ(AḠ(`)) ≈ wT
1 AḠ(`)u1 = rwT

1 Ḡ(`)u1. This results in the derivation of

the first term on the right hand side of (3.20).

Suppose that w′ and u′ are the normalized left and right eigenvectors of AG(`)

corresponding to ρ(AG(`)). Consider the equation

w′TAG(`)u′ = ρ(AG(`))w′Tu′ = ρ(AG(`)) . (3.31)

Taking the partial derivative of the right and the left hand sides of (3.31) with respect

to g
(`)
i , we have

∂ρ(AG(`))

∂g
(`)
i

=
∂(w′TAG(`)u′)

∂g
(`)
i

=

∂w′T

∂g
(`)
i

AG(`)u′ + w′T
∂AG(`)

∂g
(`)
i

u′ + w′TAG(`) ∂u′

∂g
(`)
i

=

ρ(AG(`))

(
∂w′T

∂g
(`)
i

u′ + w′T
∂u′

∂g
(`)
i

)
+ w′T

∂AG(`)

∂g
(`)
i

u′ =

ρ(AG(`))
∂
(
w′Tu′

)
∂g

(`)
i

+ w′T
∂AG(`)

∂g
(`)
i

u′ =

0 + w′T
∂AG(`)

∂g
(`)
i

u′ .

Since the differences in gain values are small, we assume that the dominant eigen-

vectors of AG(`) and A are approximately the same [94]. We thus have

∂ρ(AG(`))

∂g
(`)
i

≈ wT
1

∂AG(`)

∂g
(`)
i

u1 , (3.32)

which results in (3.21). (Note that the matrix ∂(AG(`))

∂g
(`)
i

is binary with 0 and 1 elements.

The right hand side of (3.32) is thus a constant with respect to gain values g
(`)
i .)

Proof of Lemma 3. To find the error indicator function, one needs to find the

projection of x(`) onto the dominant left eigenvector of AG(`). Since the differences

in gain values are small, we assume that the dominant eigenvectors of AG(`) and A

are approximately the same [94]. The indicator function can then be approximated

by wT
1 x(`). To prove the result, we use

wT
1 (AG(`)) = ρ(AG(`))wT

1 = rg(`)wT
1 . (3.33)
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Using (3.33), it is easy to prove the claim for ` = 1. For ` = 2, the non-recursive form

of the state vector of Equation (3.5) can be written as

x(2) = AG(2)AG(1)B L + AG(2)B L + AG(2)Bex  L(1)
ex

+B L + Bex  L(2)
ex .

Thus, we have

ξ2 = wT
1 x(2) = rg(2)rg(1)wT

1 B L + rg(2)wT
1 B L

+rg(2)wT
1 Bex  L(1)

ex + wT
1 B L + wT

1 Bex  L(2)
ex , (3.34)

in which we have used (3.33). It is easy to see that Equation (3.34) is the same as

(3.24) for ` = 2. It is straightforward to generalize Equation (3.34) to an arbitrary

iteration ` ≥ 1 to obtain (3.24).



Chapter 4

Error Floor Analysis of LDPC Row

Layered Decoders

The chapter is organized as follows: We develop the linear state-space model of an

ETS for a row layered decoder in Section 4.1. In the same section, we also establish

connections between the model parameters of the row layered and flooding schedules.

In Section 4.2, we analyze the effect of different row block permutations on some

important parameters affecting the error floor performance of the layered decoder,

and discuss the optimization of the layer ordering to minimize the error floor. In Sec-

tion 4.3, we present the simulation results to evaluate the accuracy of the theoretical

results in estimating the error floor.

4.1 Linear State-Space Model of LETSs for SPA

with Row Layered Schedule

In this section, we develop a linear state-space model of LETSs for SPA with row

layered schedule, and use the model to calculate the error probability of LETSs. In

Subsection 4.1.1, by a proper labeling of state variables, we establish a relationship

between the matrices A, B and Bex of the model for flooding schedule in (3.10)-(3.12)

and the corresponding matrices needed in the model for the layered schedule. The

recursive and non-recursive equations for the state vector of the layered schedule are

then derived in Subsection 4.1.2. In Subsection 4.1.3, we present the application of DE

within the linear state-space model of the layered decoder. Within this subsection,

we also introduce the concept of TS layer profile which plays an important role in the

proper application of DE in the model, and in identifying TSs that have the same

51
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topology but may have different harmfulness. We then derive the gain values of the

missatisfied CNs for a layered schedule in Subsection 4.1.4. The spectral properties

of the LETS system matrices in layered decoders are analyzed in Subsection 4.1.5.

Finally, in Subsection 4.1.6, we calculate the error probability of a LETS using the

linear state-space model.

4.1.1 Relationship between model matrices of flooding and

row layered schedules

To establish a relationship between the matrices that appear in the two models, it is

helpful to label the state variables in a certain order. Consider an (a, b) LETS S with

ms state variables x1, . . . , xms . Suppose that the missatisfied CNs of S are from J

different layers of the parity-check matrix H, where J ≤ mb. We denote these layers

by L1, . . . , LJ , where an smaller index for a layer implies that the CNs in that layer

are updated earlier in an iteration. In the following, we say that such a LETS has

J layers. We use the notation nLj to denote the number of state variables that are

updated in layer Lj, for 1 ≤ j ≤ J . We thus have nL1 + · · ·+nLJ = ms. To assign the

state variables to different internal messages of S, we start with the messages that

are updated in L1, and assign to them variables x1, . . . , xnL1
. We then move on to the

messages that are updated in L2, and assign to them variables xnL1
+1, . . . , xnL2

+nL1
.

We will continue this process all the way to LJ until all the ms messages have their

state variables assigned to them. We call this labeling of state variables systematic

labeling.

Based on the systematic labeling, the matrix A of flooding schedule will be a

J × J array of matrices Aij, 1 ≤ i ≤ J, 1 ≤ j ≤ J , where the size of the matrix Aij is

nLi×nLj , and the J diagonal matrices are all-zero, i.e., Aii = 0, 1 ≤ i ≤ J . Based on

the partitioning of the state variables according to their layer, the rows of matrices

B and Bex can also be partitioned into J blocks, with the ith row block containing

nLi rows. We refer to this representation of matrices as systematic form.

Example 3. Consider the (5, 3) LETSs of the Tanner (155, 64) code discussed in

Example 2. The Tanner code has three row layers, i.e., mb = 3. Each of the (5, 3)

LETSs has 3 unsatisfied and 6 missatisfied check nodes. Each of the three unsatisfied

check nodes belongs to a different row layer. Out of 6 missatisfied check nodes, each

set of two belongs to a different row layer (J = 3). This is shown in Fig. 4.1. To
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distinguish the layers, different colors and line types are used in Fig. 4.1. As can

be seen, the selection of edge labels, which reflects the indices of corresponding state

variables, are in systematic form. The corresponding matrices are given by:

A =


0 A12 A13

A21 0 A23

A31 A32 0

 =



0 0 0 0 0 0 0 1 0 1 0 0

0 0 0 0 0 0 0 0 0 0 0 1

0 0 0 0 0 0 1 0 0 0 0 0

0 0 0 0 1 0 0 0 0 0 1 0

0 0 0 0 0 0 0 0 1 0 0 0

0 0 1 0 0 0 0 0 0 0 1 0

0 1 0 0 0 0 0 0 0 1 0 0

0 0 0 1 0 0 0 0 0 0 0 0

0 1 0 0 0 0 0 1 0 0 0 0

0 0 0 0 0 1 0 0 0 0 0 0

1 0 0 0 0 0 0 0 0 0 0 0

0 0 1 0 1 0 0 0 0 0 0 0



,
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Figure 4.1: A (5, 3) LETS of the Tanner (155, 64) code whose edges are labeled in
a systematic form. The edges of different layers are distinguished by different
colors and line types.

B =


B1

B2

B3

 =



1 0 0 0 0

0 0 0 1 0

0 0 0 0 1

0 1 0 0 0

0 0 1 0 0

0 1 0 0 0

1 0 0 0 0

0 0 0 0 1

1 0 0 0 0

0 0 1 0 0

0 0 0 1 0

0 1 0 0 0



,Bex =


Bex1

Bex2

Bex3

 =



0 0 0

0 1 0

0 0 1

0 0 0

1 0 0

0 0 0

0 0 0

0 0 1

0 0 0

1 0 0

0 1 0

0 0 0



.

In a layered schedule, the state variables of a LETS are updated in J rounds, each

round corresponding to one row layer, within one iteration. Corresponding to the
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updating of each layer, there thus exists a set of matrices used in the model. The ms×
ms matrix that represents the relationship among the state variables corresponding

to the updating of layer j is denoted by Aj, 1 ≤ j ≤ J , and is referred to as the

“transition matrix of layer j.” Matrix Aj has the same block structure as matrix A.

In fact, the jth row block of the two matrices are identical. Matrix Aj, however, has

zero blocks everywhere else other than the diagonal blocks that are each an identity

matrix. This is to indicate that as the messages in the jth layer are updated, all

the other messages in the LETS remain unchanged. Similarly, notation Bj is used

to denote the ms× a matrix that is responsible for the contribution of channel LLRs

in the state variables that are updated in layer j. This matrix has the same row

block structure as in B, with the difference that except for row block j (consisting of

nLj rows) that is identical to that of B, all the other row blocks are zero. Similarly,

for the contribution of unsatisfied CN messages to the state variables of layer j, the

ms× b matrix Bexj can be defined as a matrix with J row blocks whose jth row block

is equal to that of Bex while the other row blocks are all zero. This matrix, however,

is not directly utilized in the model. The reason is that, two groups of unsatisfied CN

messages contribute to the state variables in layer j at iteration `. The first group are

those that are updated at the end of (`− 1)th iteration,  L(`−1)
ex . The second group are

the ones that are updated earlier in iteration `,  L(`)
ex . Correspondingly, the matrices

/

Bexj and
.

Bexj are defined to account for the two contributions, respectively, and we

have
/

Bexj +
.

Bexj = Bexj . (4.1)
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Example 4. For the same LETS structure discussed in Example 3, the model matri-

ces corresponding to the second layer of row layered schedule are the followings:

A2 =


I 0 0

A21 0 A23

0 0 I

 ,B2 =


0

B2

0

 ,
/
Bex2 =



0 0 0

0 0 0

0 0 0

0 0 0

0 0 0

0 0 0

0 0 0

0 0 1

0 0 0

0 0 0

0 0 0

0 0 0



,
.
Bex2 =



0 0 0

0 0 0

0 0 0

0 0 0

1 0 0

0 0 0

0 0 0

0 0 0

0 0 0

0 0 0

0 0 0

0 0 0



.

In the second layer, the unsatisfied CNs c1 and c3 contribute to the values of state

variables x5 and x8, respectively. While the message from c1 is updated at the L1

layer (before L2), the message from c3 is updated only in L3 (after L2). So, the

contribution from c1 to x5 is reflected through
.

Bex2 which uses a newly updated (at

the current iteration) version of CN message, while the contribution from c3 to x8 is

via
/

Bex2 and uses the CN message updated at the end of the previous iteration.

The last set of matrices that we need in the linear state-space model of a row

layered decoder are the gain matrices. In the flooding schedule, the impact of external

connections of the missatisfied CNs on the internal messages of a LETS is modelled

by an iteration dependent scalar gain, ḡ′` [45]. This, in fact, corresponds to a diagonal

gain matrix with equal diagonal elements, i.e., ḡ′`Ims×ms , and assumes that all the

missatisfied CNs have equal impact on the internal messages of the LETS. For a

layered decoder, however, there can be a significant difference among the distribution

of external messages of different missatisfied CNs, depending on their layer and their

external connections. To model the missatisfied CN gains within a given layer j at
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iteration `, we thus use the gain matrix G(`)
j . To define G(`)

j , we first consider the

following ms ×ms diagonal matrix:

G(`) =



ḡ
′(`)
1 0 · · · 0

0 ḡ
′(`)
2

. . .
...

...
. . . . . . 0

0 · · · 0 ḡ
′(`)
ms


,

whose diagonal entries are the linear gains corresponding to ms state variables. (Note

that the state variables corresponding to the same missatisfied CN have equal gains.)

We then partition G(`) into J × J block matrices. This partitioning corresponds to

different layers of the LETS and is similar to the partitioning of the transition matrix

A. As a result, we have

G(`) =



G
(`)
1 0 0 · · · 0

0 G
(`)
2 0 · · · 0

0 0
. . . . . .

...

...
...

. . . . . . 0

0 0 · · · 0 G
(`)
J


.

Now, the gain matrix G(`)
j corresponding to layer j is defined as G(`) in which all

the diagonal blocks, except the jth one, are replaced with the identity matrix. For

example, for j = 2,

G(`)
2 =



I 0 0 · · · 0

0 G
(`)
2 0 · · · 0

0 0 I
. . .

...

...
...

. . . . . . 0

0 0 · · · 0 I


.
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4.1.2 Linear State-Space Model of LETSs for Row Layered

SPA

Using the matrices presented in the previous subsection, we have the following linear

state-space model of a LETS for row layered SPA:

x̃(0,j) = 0 for ` = 0, 1 ≤ j ≤ J (4.2)

x̃(`,j) = for ` ≥ 1, 1 ≤ j ≤ J

G(`)
j

(
Ajx̃

(`−δj1,j−1+Jδj1) + Bj  L +
/
Bexj  L

(`−1)
ex +

.
Bexj  L

(`)
ex

)
. (4.3)

In the above model, the state vector at layer j of iteration ` is denoted by x̃(`,j).

The vectors  L,  L(`−1)
ex and  L(`)

ex are the inputs to the model and represent channel

LLRs and messages from unsatisfied CNs at iterations ` − 1 and `, respectively,

where  L(0)
ex = 0. Also, δj1, is the Kronecker delta function which is equal to 1, when

j = 1, and is zero, otherwise. Equation (5.2) implies that at the first layer of every

iteration, the state vector is updated based on the state vector from the last layer of

the previous iteration, while in the other layers, the updated states are a function of

the state vector of the previous layer within the same iteration.

Next, we use induction to derive a non-recursive equation for the state vector at

the end of iteration `, i.e., x̃(`,J). For this, we first define some new matrices. The

first matrix is defined as

Ã
(`)
J→k = (G(`)

J AJ)(G(`)
J−1AJ−1) . . . (G(`)

k Ak), (4.4)

which is, an ordered multiplication of the scaled version of transition matrices of

different layers, G(`)
j Aj, from the layer with maximum index J down to the kth layer,

k ≥ 1. By using Ã
(`)
J→k, we define three other matrices as follows:

B̃(`) = Ã
(`)
J→2G

(`)
1 B1 + Ã

(`)
J→3G

(`)
2 B2 + · · ·+ G(`)

J BJ , (4.5)

.

B
(`)

ex = Ã
(`)
J→2G

(`)
1

.

Bex1 + Ã
(`)
J→3G

(`)
2

.

Bex2 + · · ·+ G(`)
J

.

BexJ , (4.6)

/

B
(`)

ex = Ã
(`)
J→2G

(`)
1

/

Bex1 + Ã
(`)
J→3G

(`)
2

/

Bex2 + · · ·+ G(`)
J

/

BexJ . (4.7)

Finally, the non-recursive formula of the state vector at the end of iteration ` is
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derived as

x̃(`,J) =
∑̀
i=1

( `−→∏
j=i+1

Ã
(j)
J→1

)
B̃(i)  L

+
∑̀
i′=1

( `−→∏
j′=i′+1

Ã
(j′)
J→1

)( /
B

(i′)

ex  L(i′−1)
ex +

.

B
(i′)

ex  L(i′)
ex

)
, (4.8)

where the right arrow on top of the product sign denotes the matrix product applied

from the left. For example,

`−→∏
j=i+1

Ã
(j)
J→1 = Ã

(`)
J→1Ã

(`−1)
J→1 . . . Ã

(i+1)
J→1 .

In the rest of the chapter, since we only consider the state vector x̃(`,J) at the end of

each iteration, for simplicity, we may drop the index J , and represent the state vector

by x̃(`).

In Subsection 4.1.6, Equation (4.8) will be used to estimate the probability of a

LETS failure in the layered decoder.

4.1.3 The Application of DE to the Layered Decoder

In the state-space analysis of layered decoders, we use DE to calculate the distribution

of messages entering the LETS from the rest of the Tanner graph. To apply DE to

a layered decoder of a QC-LDPC code, for each iteration, one needs to derive two

distributions corresponding to each edge e of the base graph. The two distributions

correspond to the messages passed from CNs (VNs) to VNs (CNs) of the Tanner

graph that are connected by the cluster of edges associated with e. If edge e connects

VN i to CN j in the base graph, we say that the cluster of edges corresponding to

e connect Type-i VNs to Type-j CNs in the Tanner graph. The computation tree

for the calculation of such distributions is not only a function of the base graph but

also depends on the order in which the messages of different row layers are updated.

To identify these distributions, we use the notations ψ
[i→j]
` and ψ

[i←j]
` to denote the

probability distribution of the messages from Type-i VNs to Type-j CNs and vice

versa in iteration `, respectively.
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`

Figure 4.2: Base graph of Example 5: The solid (red), dashed (blue) and dotted
(purple) arrows, correspond to messages passed within layers L1 to L3, respec-
tively. The symbols next to the dotted arrows show the probability distributions
of messages updated in the 3rd layer of the `th iteration.

Example 5. Consider the base graph of Fig. 4.2 corresponding to the following base

matrix:

Hb =


1 1 1 0

1 0 1 1

0 1 0 1

 . (4.9)

The messages updated in different layers are identified on the base graph with

different colors and line types. Suppose that the three layers are updated in accordance

to the increasing row index. The computation trees of some of the CN to VN messages

for the first iteration are demonstrated in Figs. 4.3a to 4.3d. As can be seen, the

computation trees are different depending on the type of the VN at the root, and

the type of the connecting CN. In particular, the trees have different depths within

the same iteration. The trees will also change by changing the order in which the

layers are updated. This is unlike the flooding schedule, for which the depth of all

computation trees at iteration ` is 2` regardless of the type of VNs or CNs, or any

permutation of row layers. This implies that, for a layered decoder, the message

distributions change with changing the order in which the row layers are updated.

Consider a LETS whose missatisfied CNs belong to J layers, L1, . . . , LJ . Consider

a permutation π over the set of integer numbers {1, . . . , J}. Assume that the messages

within the row layers of the parity-check matrix (within one iteration) are updated
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Figure 4.3: The computation trees of certain messages at different layers of the 1st
iteration.
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such that CNs with type π(1) within the LETS are updated first, followed by CNs

with type π(2) and so on. This means that missatisfied CNs of the LETS that belong

to Li are of Type-π(i), for i = 1, . . . , J . To obtain the distribution of incoming

messages to the LETS from the rest of the Tanner graph using DE, one needs to

know not only the topology of the TS, but also the following information:

1. types of all missatisfied and unsatisfied CNs of the TS as well as the layer

to which each CN of the TS belongs (the latter corresponds to knowing the

permutation π),

2. the type and layer of all the variable nodes that are externally connected to all

the mis-satisfied CNs, and the type and layer of all internal VNs connected to

unsatisfied CNs.

We refer to the above information as TS layer profile (TSLP). We note that the TSLP

can be different for isomorphic TSs, thus, resulting in different harmfulness for such

TSs.

Example 6. Consider the (5, 3) LETS of Fig. 4.1, and assume that the layers of the

code are updated in the increasing order of row indices. Variable nodes v1 and v5 are

of Type-3 and Type-5, respectively, while VNs v2, v3 and v4, are of Type-1. As an

example of a missatisfied CN, consider cj. Check node cj is of Type-1 and is in L1.

Also, the dcj − 2 = 3 external VNs of cj are of Type-2, -4 and -5, respectively. As

a result, to derive the gain value corresponding to cj in the linear state-space model,

one needs the probability distributions of messages from Type-2, -4 and -5 VNs sent

to Type-1 CNs from the DE results. As an example of an unsatisfied CN, consider

c2. Check node c2 is of Type-2 and is in L2, and is connected to the internal VN v4,

which is of Type-1. The probability distribution of the messages sent from c2 to v4,

thus follows the DE results for messages from Type-2 CNs to Type-1 VNs.

Lemma 5. Let p be the lifting degree of a QC-LDPC code C, and let S be a LETS of

C. Then, the TSLP of S is the same as the TSLP of any of the isomorphic LETSs

whose VNs are obtained by circularly shifting (modulo p) the VNs of S.

4.1.4 Missatisfied CN Gain Model in Layered Decoders

In Subsection 4.1.1, we introduced the matrix G(`) whose diagonal elements are the

gains associated with missatisfied CNs at different layers of the `th iteration. Due to
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v1 v4

...

dcj − 2

cj

vk′

Figure 4.4: The external messages of a missatisfied CN are represented by a virtual
VN.

the difference in the distributions of external messages entering different missatisfied

CNs, the gain for each missatisfied CN needs to be calculated separately. For sim-

plicity, the external connections of each missatisfied CN are represented by a virtual

VN, as shown in Fig. 4.4. Without loss of generality, we consider VNs v1 and v4 of

the (5, 3) LETS of Fig. 4.1 with the missatisfied CN cj connecting them (as shown

in Fig. 4.4). The virtual VN is denoted by vk′ in Fig. 4.4. The message L
[4←j]
` can

then be calculated as

L
[4←j]
` = f(L

[1→j]
` , L

[k′→j]
` ) , (4.10)

where f(·, ·) is the box-plus operation given in (2.7). For small values of L
[1→j]
` , i.e.,

L
[1→j]
` ≈ 0, the CN linear estimation based on Taylor expansion can be obtained as

L
[4←j]
` ≈ fx1(0, L

[k′→j]
` )L

[1→j]
` , (4.11)

where fx1 represents the partial derivative of f(x1, x2) with respect to x1. We thus

have

fx1(0, L
[k′→j]
` ) = ln

(
eL

[k′→j]
` − 1

eL
[k′→j]
` + 1

)

= tanh

(
L

[k′→j]
`

2

)
.

(4.12)

The average gain corresponding to CN cj, ḡ
(`)
cj , is then obtained as

ḡ(`)
cj

=

∫ ∞
−∞

tanh(
λ

2
)ψ̂

[k′→j]
` (λ)dλ , (4.13)
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in which ψ̂
[k′→j]
` is the probability distribution of the message from virtual VN, vk′ ,

to the missatisfied CN cj at iteration `. Given the TSLP of a LETS, this distribution

can be calculated for different missatisfied CNs using DE. It is noted that there are
ms
2

mis-satisfied CNs in a LETS subgraph, and that each of the gains calculated by

(4.13) should be used for the two state variables that have the corresponding CN in

common.

We further modify Equation (4.13) to take into account the effect of polarity

inversion, i.e., whenever an error occurs in the messages from the virtual VN, vk′ , for

k′ = {1, . . . , ms
2
}, the polarity of the state variables passing through the corresponding

missatisfied CN is altered. The probability of polarity inversion is thus calculated by

P
[k′→j]
inv,` =

∫ 0

−∞
ψ̂

[k′→j]
` (λ)dλ . (4.14)

To incorporate the polarity inversion in the model, we modify the average gains as

follows:

ḡ′(`)cj
= (1− P [k′→j]

inv,` )ḡ(`)
cj
, (4.15)

where ḡ
(`)
cj is given by (4.13).

4.1.5 Spectral Properties of LETS System Matrices in Lay-

ered Decoders

A careful study of Equation (4.8) reveals that the iteration dependent matrix

Ã
(`)
J→1 = (G(`)

J AJ)(G(`)
J−1AJ−1) . . . (G(`)

1 A1), (4.16)

plays a crucial role in the evolution of the state vector, and consequently in the failure

rate, of a LETS. In the event of a failure, as the iterations progress, the average gains

of missatisfied CNs tend to one. We thus have

lim
`→∞

Ã
(`)
J→1 = AJAJ−1 . . .A1

∆
= ÃJ→1. (4.17)

The matrix ÃJ→1, obtained by the multiplication of transition matrices of different

layers of the LETS, is iteration independant. In the state-space analysis of the layered

decoder, ÃJ→1 plays a similar role as the transition matrix A does in the model for

a flooding decoder. In the following, we refer to ÃJ→1 as the transition matrix of the
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layered decoder, and investigate its spectral properties. In particular, we demonstrate

that, unlike the case for flooding where for majority of LETSs, the transition matrix

A is irreducible, the transition matrix ÃJ→1 for layered decoding is reducible. We

also show that the spectral radius of ÃJ→1 is always larger than that of A.

Using the systematic form of system model matrices as described in Subsec-

tion 4.1.1, the first column block of the transition matrix ÃJ→1, consisting of nL1

columns, is zero. We thus have the following result.

Lemma 6. The transition matrix ÃJ→1 of a LETS in a layered decoder is reducible.

Example 7. The transition matrix, Ã3→1, of the (5, 3) LETS in Fig. 4.1 (also

considered in Examples 2 and 3) is equal to

Ã3→1 = A3A2A1 =



0 A12 A13

0 A21A12 A21A13 + A23

0 A31A12 + A32A21A12 A31A13 + A32A21A13+

A32A23



=



0 0 0 0 0 0 0 1 0 1 0 0

0 0 0 0 0 0 0 0 0 0 0 1

0 0 0 0 0 0 1 0 0 0 0 0

0 0 0 0 1 0 0 0 0 0 1 0

0 0 0 0 0 0 0 0 1 0 0 0

0 0 0 0 0 0 1 0 0 0 1 0

0 0 0 0 0 0 0 0 0 1 0 1

0 0 0 0 1 0 0 0 0 0 1 0

0 0 0 0 1 0 0 0 0 0 1 1

0 0 0 0 0 0 1 0 0 0 1 0

0 0 0 0 0 0 0 1 0 1 0 0

0 0 0 0 0 0 1 0 1 0 0 0



.

(4.18)
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Theorem 3. [79, p. 50] For every real n × n matrix M, there exists an n × n

permutation matrix P such that

PMPT =



M11 M12 · · · M1t

0 M22 . . . M2t

...
. . . . . .

...

0 · · · 0 Mtt


, (4.19)

is a t × t array of matrices, where each of the diagonal matrices Mii, 1 ≤ i ≤ t, is

either irreducible or a 1× 1 null matrix (zero).

The form of a matrix given by (4.19) is called Frobenius normal form or FNF, in

brief. In the above theorem, if M is irreducible, then t = 1.

Theorem 4. [79, p. 51] Let M be an n× n non-negative matrix. Then,

(a) M has a real non-negative eigenvalue equal to its spectral radius ρ(M). In

addition, the corresponding real eigenvalue is positive unless M is reducible and

its FNF is strictly upper triangular.1

(b) The associated eigenvector of ρ(M) is non-negative.

The proof of Theorem 4 follows from Theorem 1 if M is irreducible. If M is

reducible, then by considering the FNF PMPT of M, and the fact that the eigenvalues

of M are the union of the eigenvalues of the diagonal matrices of FNF, one can see

that M has either a real positive eigenvalue equal to its spectral radius (if there is at

least one irreducible diagonal matrix in FNF), or the spectral radis is zero (if all the

diagonal matrices of FNF are 1× 1 zero matrices).

Theorem 5. [80, Theorem 22] Let M be an n×n real non-negative matrix. Suppose

that for a non-negative vector x ≥ 0 and x 6= 0, we have Mx− βx ≥ 0, where β > 0

is a constant. Then,

ρ(M) ≥ β,

with the inequality being strict if Mx− βx > 0.

The following result is simple to prove.

1A matrix M is called strictly upper triangular if M(i, j) = 0 for i ≥ j.
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Lemma 7. Let ÃJ→1 and A be the transition matrices of a LETS in layered and

flooding decoders, respectively. We then have

ÃJ→1 = A + A′(A− I), (4.20)

where

A′ = AJ−1
l + AJ−2

l + · · ·+ Al, (4.21)

and Al is a lower triangular matrix whose non-zero elements (under main diagonal)

are equal to those of matrix A.

Proposition 1. Let ÃJ→1 and A be the transition matrices of a LETS in layered

and flooding decoders, respectively. If A is irreducible, then

ρ(ÃJ→1) ≥ ρ(A).

Proof. Since A is irreducible, it has a simple positive eigenvalue, r, which is equal to

ρ(A). To r, there corresponds a positive right eigenvector, u1. By right multiplication

of (4.20) with u1, we have

ÃJ→1u1 = ru1 + A′(r − 1)u1. (4.22)

Since r > 1, u1 > 0 and A′ ≥ 0, we have A′(r− 1)u1 ≥ 0 and ru1 > 0, and therefore

ÃJ→1u1 − ru1 ≥ 0. (4.23)

Using this in Theorem 5 completes the proof.

Based on Lemma 6, we know that ÃJ→1 is a non-negative reducible matrix. As a

result, the FNF of ÃJ→1 has either irreducible or 1× 1 null matrices as its diagonal

blocks. In the following, we demonstrate that the FNF of ÃJ→1 has only one irre-

ducible diagonal block with all the other blocks being equal to 1×1 zero matrices. To

show this, we use the directed edge graph (digraph) representation of the transition

matrices. This representation, which was also used in [45], represents each state vari-

able with a node in the graph and the dependencies among them by directed edges,

i.e., a directed edge xixj in the graph means that state variable xj, corresponding to

the head node of the edge, at iteration ` is a function of state variable xi, correspond-

ing to the tail node of the edge, at iteration ` − 1. In the digraph, the tail (head)
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nodes of all the incoming (outgoing) edges of a node x, i.e., all the edges with head

(tail) x, are called the parents (children) of x.

It appears that the adjacency matrix of the digraph is equal to the transpose

of the transition matrix. In the following, we use notations Df (S) = (Vf , Ef ) and

Dl(S) = (Vl, El) to denote the digraphs corresponding to a LETS S in flooding and

layered decoding, respectively, where the set of nodes and edges in each graph are

denoted by V and E, respectively, with indices f and l indicating “flooding” and

“layered,” respectively.

A digraph is strongly connected if there exists a directed walk between any pair of

its nodes. Consider a LETS S with an irreducible transition matrix A in a flooding

decoder. The irreducibility of A implies that the digraph Df (S) = (Vf , Ef ) is strongly

connected [81].

Example 8. The digraph Df (S) of the flooding decoder for the (5, 3) LETS of Fig.

4.1 is shown in Fig. 4.5a. As can be seen this digraph is strongly connected.

The digraph Dl(S) of a LETS S for a layered decoder can be obtained from its

adjacency matrix ÃT
J→1. The digraph Dl(S) can also be constructed from the flooding

digraph Df (S) through J − 1 steps, each corresponding to one layer of decoding. In

Step j, j = 1, . . . , J − 1, one considers all the nodes corresponding to state variables

that are updated in layer Lj+1 and their incoming edges. If the tail of any of such

incoming edges has been updated in the previous layers within the same iteration,

then the incoming edge is removed and new incoming edges are created from the

parents of the updated tail to the head of the removed edge.

Example 9. The steps for the construction of Dl(S) from Df (S) for the (5, 3) LETS

of Fig. 4.1 are shown in Fig. 4.5, where different colors and line types are used to

identify the state variables and updated edges in different layers. It can be verified that

the adjacency matrix of the resulted digraph of Fig. 4.5d is equal to the transpose of

the matrix Ã3→1, given in Equation (4.18). In particular, the zero columns of matrix

Ã3→1 correspond to nodes of Fig. 4.5d with no outgoing edges.

The following result follows from the construction of Dl(S) from Df (S).

Lemma 8. Consider a state variable v ∈ Vf of Df (S), for a LETS S, updated in

layer Lk, k = {1, 2, . . . , J}. If all the outgoing edges of v are connected to nodes



CHAPTER 4. ERROR FLOOR ANALYSIS OF ROW LAYERED DECODERS 69

12 5

9

8

4

2

7

3

6

11

1
10

(a) Flooding decoder digraph Df (S)
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(b) Activating the edges updated in L1
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(c) Step 1 of constructing the layered de-
coder digraph
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(d) Step 2 of constructing the layered de-
coder digraph

Figure 4.5: The steps of constructing the digraph Dl(S) of the (5, 3) LETS for
a layered decoder from the flooding digraph Df (S). (The colors (edge types)
red (dotted), blue (dashed) and purple (dash-dotted) represent L1, L2 and L3,
respectively.)
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from subsequent layers Lj, k < j ≤ J , the corresponding node v ∈ Vl of Dl(S) will

not have any outgoing edges. The total number of nodes nz in Dl(S) that have this

property are greater than or equal to the number of nodes updated in the first layer,

i.e., nz ≥ nL1.

The following lemma applies to LETSs with irreducible transition matrices A for

flooding schedule, and follows from the construction of Dl(S) from Df (S) and the

fact that for such LETSs the digraph Df (S) is strongly connected.

Lemma 9. Consider a LETS S with an irreducible transition matrix A for flooding

schedule. If after the construction of Dl(S) from Df (S), all the nodes with no out-

going edges, and their incoming edges are removed from Dl(S), then the remaining

digraph (if any) is strongly connected.

Lemma 9 implies that the FNF of the transition matrix ÃJ→1 of a layered decoder

for a LETS with irreducible matrix A has at most one irreducible diagonal block. The

following Lemma proves that the number of irreducible blocks is exactly one.

Lemma 10. The FNF of a layered decoder transition matrix ÃJ→1 corresponding

to a LETS, S, with irreducible flooding transition matrix, A, has one and only one

irreducible diagonal block.

Proof. From Proposition 1, we have ρ(ÃJ→1) ≥ ρ(A). Moreover, since A is irre-

ducible, ρ(A) > 1 [45]. This means ρ(ÃJ→1) > 1, and thus the FNF of ÃJ→1 must

have at least one irreducible diagonal block. This together with Lemma 9 completes

the proof.

Based on Lemma 10, there exists a permutation matrix P such that the FNF of

ÃJ→1 can be written as follows

PÃJ→1P
T =

 0nz×nz Ã′nz×(ms−nz)

0(ms−nz)×nz Ã(ms−nz)×(ms−nz)

 , (4.24)

where Ã is a non-negative irreducible matrix and nz is defined in Lemma 8.

Theorem 6. Let ÃJ→1 be the non-negative transition matrix of a LETS, which is

not a simple cycle, in a layered decoder. Also, let the matrix Ã be the only irreducible

diagonal block of the FNF of ÃJ→1. Then,
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(a) ÃJ→1 has a simple positive eigenvalue, r̃ > 1, equal to its spectral radius

ρ(ÃJ→1).

(b) To r̃, there corresponds a non-negative left eigenvector w̃T
1 that is equal to the

positive left eigenvector of Ã, denoted by ω̃T1 , appended by nz zeros.

(c) To r̃, there corresponds a non-negative right eigenvector ũ1 that is equal to the

positive right eigenvector of Ã, denoted by ν̃1, appended by the vector Ã′

r̃
ν̃1, in

which the matrix Ã′ is defined in (4.24).

Proof. (a) The eigenvalues of ÃJ→1 are the roots of det(ÃJ→1 − µI), which based

on (4.24) simplifies to det(Ã − µI)µnz . The eigenvalues of irreducible matrix Ã

together with nz zeros are thus the eigenvalues of ÃJ→1. Since, for a LETS that is

not a simple cycle, Ã is a non-negative irreducible matrix, its dominant eigenvalue,

r̃, which is positive and simple, is the dominant eigenvalue of ÃJ→1 as well. Based

on the proof of Lemma 10, this eigenvalue is larger than one, i.e., r̃ > 1.

(b) Based on (4.24), to find the left eigenvector, w̃T
1 , corresponding to r̃, we need

to solve

w̃T
1

 0nz×nz Ã′nz×(ms−nz)

0(ms−nz)×nz Ã(ms−nz)×(ms−nz)

 = r̃w̃T
1 . (4.25)

The solution to the above equation is a vector of the form

w̃T
1 =

[
01×nz ω̃T1

]
, (4.26)

where ω̃T1 is the positive left eigenvector of Ã corresponding to r̃.

(c) Similar to the proof of part (b), it can be easily shown that the right eigenvector

of the FNF of ÃJ→1 is

ũ1 =

 Ã′

r̃
ν̃1

ν̃1

 . (4.27)

Example 10. The matrices Ã and Ã′ in the FNF of the transition matrix of the
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(5, 3) LETS of the Tanner code for the layered decoder are

Ã =



0 0 0 1 0 0 0

0 0 0 0 1 0 1

1 0 0 0 0 1 0

1 0 0 0 0 1 1

0 1 0 0 0 1 0

0 0 1 0 1 0 0

0 1 0 1 0 0 0



, Ã′ =



0 0 1 0 1 0 0

0 0 0 0 0 0 1

0 1 0 0 0 0 0

1 0 0 0 0 1 0

0 1 0 0 0 1 0


.

The dominant eigenvalue of Ã is r̃ = 2.0136, which is also equal to ρ(Ã3→1). More-

over, the corresponding dominant left and right eigenvectors of the FNF of Ã3→1

are

w̃1 =



0

0

0

0

0

0.2838

0.4027

0.2525

0.3189

0.4525

0.5085

0.3584



, ũ1 =



0.3342

0.2355

0.2096

0.2974

0.3756

0.2647

0.4220

0.2974

0.5329

0.3756

0.3342

0.4743



.

The lower partition of the left and right eigenvectors are equal to ω̃1 and ν̃1, the

left and right eigenvectors of Ã, respectively. Moreover, the upper partition of w̃1 is

extended by nz = 5 zeros while the upper part of ũ1 is equal to Ã′

2.0136
ν̃1.
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In the following, to complement the result of Theorem 6, we discuss the case of

LETSs that are simple cycles.

Theorem 7. Consider a simple cycle S of length 2a, and let A and ÃJ→1 denote the

non-negative transition matrices of S for flooding and layered decoders, respectively.

Then

(a) The FNF of ÃJ→1 has two irreducible diagonal blocks.

(b) r̃ = 1 is an eigenvalue of ÃJ→1, whose right eigenvector ũ1 is the same as the

right eigenvector of A, and whose left eigenvector, w̃T
1 , is an all-one vector of

length 2a − nz appended by nz zeros (up to a permutation), where nz is the

number of zero columns of ÃJ→1.

Proof. (a) The flooding digraph Df (S) of the simple cycle S consists of two discon-

nected directed cycles in opposite directions [45]. By the construction of Dl(S) from

Df (S), each of the directed cycles will be transformed into a new directed cycle, that

is strongly connected, and thus corresponds to an irreducible diagonal block in the

FNF of ÃJ→1. In fact, the FNF of ÃJ→1 has the following structure


0 Ã′

0
Ã1(a−nz1 )×(a−nz1 )

0

0 Ã2(a−nz2 )×(a−nz2 )


2a×2a

,

in which Ã1 and Ã2 are the irreducible blocks corresponding to the two directed

cycles in opposite directions.

(b) It is known that for a simple cycle S, the dominant eigenvalue of A is r = 1

with multiplicity 2 [45]. It can be seen that Equation (4.22) is also applicable to

simple cycles. Replacing r = 1 in (4.22) indicates that a right eigenvector u1 of A

corresponding to r = 1 is also a right eigenvector of ÃJ→1 corresponding to r̃ = 1.

In fact, the eigenvalue r̃ = 1 is the dominant eigenvalue of ÃJ→1 with multiplicity

2. (Each of the diagonal blocks Ã1 and Ã2 has one dominant eigenvalue r̃ = 1.)

The all-one vectors with sizes a − nz1 and a − nz2 are the left eigenvectors of Ã1

and Ã2, respectively [45]. It is then easy to see that an all-one vector with size

2a− nz1 − nz2 appended by nz = nz1 + nz2 zeros is a left eigenvector of ÃJ→1 (up to

a permutation).
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4.1.6 Computing the Failure Probability of LETSs in Lay-

ered Decoders

As the error indicator function, we consider the projection of the state vector, given

in (4.8), onto the non-negative left eigenvector w̃T
1 of ÃJ→1 corresponding to the

dominant eigenvalue r̃:

β̃(`) , w̃T
1 x̃(`) = γTch  L +

∑̀
i′=1

( /
γ

(i′)T

ex  L(i′−1)
ex +

.
γ

(i′)T

ex  L(i′)
ex

)
, (4.28)

in which the vectors γTch,
/
γ

(i′)T

ex and
.
γ

(i′)T

ex with lengths equal to a, b and b, respectively,

are defined by

γTch = w̃T
1

∑̀
i=1

( `−→∏
j=i+1

Ã
(j)
J→1

)
B̃(i) , (4.29)

/
γ

(i′)T

ex = w̃T
1

( `−→∏
j′=i′+1

Ã
(j′)
J→1

) /
B

(i′)

ex i′ = 1, . . . , ` , (4.30)

.
γ

(i′)T

ex = w̃T
1

( `−→∏
j′=i′+1

Ã
(j′)
J→1

) .
B

(i′)

ex i′ = 1, . . . , ` , (4.31)

respectively. The mean and variance of β̃(`) are calculated as

E[β̃(`)] = (2/σ2
ch)

a∑
k=1

(γTch)k +
`−1∑
i′=1

( /
γ

(i′+1)T

ex +
.
γ

(i′)T

ex

)
m(i′)

ex +
.
γ

(`)T

ex m(`)
ex , (4.32)

and

VAR[β̃(`)] = (4/σ2
ch)

a∑
k=1

(γTch)
2
k

+
`−1∑
i′=1

( /
γ

(i′+1)T

ex +
.
γ

(i′)T

ex

)
Σ(i′)
ex

( /
γ

(i′+1)

ex +
.
γ

(i′)

ex

)
+

.
γ

(`)T

ex Σ(`)
ex

.
γ

(`)

ex , (4.33)

respectively. The symbol (.)k is used to represent the kth element of the vector inside

the parentheses. The b×1 vector m
(i′)
ex and the b×b matrix Σ

(i′)
ex are the mean and the

covariance matrix of the inputs from the unsatisfied CNs at iteration i′, respectively.

Since we assume that external inputs to the LETS are independent, the matrix Σ
(i′)
ex
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is diagonal. The mean and the variance of the inputs from unsatisfied CNs are

calculated using DE. Also, the missatisfied CN gains are calculated based on DE, as

explained in Subsection 4.1.4. These gains are utilized in iteration dependent gain

matrices involved in Equations (4.4) to (4.7). Finally, the vector γTch in (4.29) as well

as the set of vectors
/
γ

(i′)T

ex and
.
γ

(i′)T

ex for i′ = 1, . . . , ` in (4.30) and (4.31), respectively,

are used in Equations (4.32) and (4.33) to find the mean and the variance of the error

indicator function, respectively. Finally, assuming that β̃(`) is Gaussian, the failure

probability of a LETS, S, is obtained by

Pe(S) = lim
`→∞

Pr{β̃(`) < 0} = lim
l→∞

Q

(
E[β̃(`)]√
VAR[β̃(`)]

)
. (4.34)

In practice, the error probability, given above, converges rather fast within a few

iterations.

To estimate the error floor of an LDPC code, we partition the dominant LETSs

of the code in accordance with their TSLP. This implies that within each class of

LETSs, we first identify different non-isomorphic structures and then among those

LETSs with the same structure, we identify different TSLPs. We then accordingly

partition the class into different groups, where all the LETSs within a group have the

same TSLP. Using the union bound, we then approximate the error floor of the code

by

Pf ≈
∑
i

ΥiPe(Si), (4.35)

where Si is the representative of the ith TS group with the size Υi.

We recall that for a LETS S with an irreducible flooding transition matrix A, all

the elements of the left eigenvector of A corresponding to the dominant eigenvalue r

are positive. For the layered transition matrix ÃJ→1, however, there are some zeros in

the left eigenvector w̃T
1 corresponding to the dominant eigenvalue r̃. This implies that

the corresponding state variables have no effect on the value of the error indicator

function β̃(`). In fact, only the state variables corresponding to the irreducible part

of the transition matrix ÃJ→1 are the ones that determine the value of β̃(`), and are

the main contributors to the growth of erroneous messages inside S.
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4.2 The Effect of Row Block Permutations on the

Failure Probability of a LETS: Analysis and

Optimization

4.2.1 Effect of Different Row Block Permutations on the

Dominant Eigenvalue of ÃJ→1

In the asymptotic regime of ` → ∞, the dominant eigenvalue r̃ of the transition

matrix ÃJ→1 plays an important role in the failure probability of a LETS in a layered

decoder. The value of r̃ can however change depending on the order in which different

layers within the LETS are updated. To simplify the discussions, we assume that in

the layered decoding, the row blocks of the parity check matrix are updated based on

their increased indices, i.e., starting from the first row block all the way down to the

row block number mb. We thus associate the different orderings of row updates with

different permutations of the row blocks of the parity-check matrix. In this part, we

consider the effect of different row block permutations on r̃.

In general, for a LETS with J layers, there are J ! different layer permutations. We

denote the set of all possible permutations of J layers by ΠJ . A given permutation

π ∈ ΠJ is identified by the sequence π(1), . . . , π(J), or more briefly by π1, . . . , πJ .

Proposition 2. Consider the application of a permutation π to the J layers of a

LETS S, and denote the corresponding transition matrix of S in the layered decoder

by ÃπJ→π1. The dominant eigenvalue of ÃπJ→π1 is then invariant to any cyclic shift

of the permutation π.

Proof. Suppose that the right eigenvector of r̃ for ÃπJ→π1 is ũ1. We then have

AπJAπJ−1
. . .Aπ1︸ ︷︷ ︸

ÃπJ→π1

ũ1 = r̃ũ1.

Multiplying both sides of this equation sequentially with Aπ1 ,Aπ2 , . . . ,AπJ−1
, results
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in

Aπ1AπJ . . .Aπ2︸ ︷︷ ︸
1 cyclic shift

(Aπ1ũ1) = r̃(Aπ1ũ1),

Aπ2Aπ1AπJ . . .Aπ3︸ ︷︷ ︸
2 cyclic shifts

(Aπ2Aπ1ũ1) = r̃(Aπ2Aπ1ũ1),

...

AπJ−1 . . .Aπ1AπJ︸ ︷︷ ︸
J − 1 cyclic shifts

(AπJ−1 . . .Aπ1ũ1) = r̃(AπJ−1 . . .Aπ1ũ1),

respectively. As can be seen, r̃ is the eigenvalue of all the transition matrices resulted

from different cyclic shifts of the permutation π. The above equations can be written

for all the eigenvalues of ÃπJ→π1 , and thus, r̃ remains the dominant eigenvalue of all

such transition matrices.

In the following proposition, whose proof is given in the appendix 4.4, we prove

that reversing the layer permutation does not change r̃.

Proposition 3. Consider the transition matrix ÃπJ→π1 of a LETS with J layers

corresponding to a layer permutation π. Then, the eigenvalues of ÃπJ→π1 are invari-

ant under the reversing of π, i.e., the transition matrix Ãπ1→πJ corresponding to the

reverse permutation πJ , . . . , π1 has the same eigenvalues as ÃπJ→π1.

Based on Propositions 2 and 3, we have the following result.

Corollary 1. For a LETS with J layers (J ≥ 3), the number of distinct dominant

eigenvalues of the layered transition matrix corresponding to different permutations

of the layers is upper bounded by (J−1)!
2

.

Corollary 1 implies that for a LETS with three layers (J = 3), all the layered tran-

sition matrices corresponding to different layer permutations have the same dominant

eigenvalue.

Example 11. The Tanner (155, 64) LDPC code has 3 row layers, and based on

Corollary 1, the dominant eigenvalue of the layered transition matrices of all of its

LETSs are invariant under all the possible (6) layer permutations.
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4.2.2 Optimizing the Row Layered Schedule

The contribution of each LETS S to the error floor of an LDPC code, decoded by a

row layered iterative algorithm, depends on the distribution of messages entering S
through its missatisfied and unsatisfied CNs as well as the internal structure of S. In

the linear state-space model used in this work, the internal structure is reflected in

the system matrices in general, and the transition matrix ÃJ→1, in particular. More

specifically, our results show that the dominant eigenvalue r̃ of the transition matrix

plays an important role in the growth rate of erroneous messages inside the subgraph

of S, with larger values of r̃ generally corresponding to larger growth rate. As we

discussed in Subsection 4.2.1, however, the transition matrix ÃJ→1 and r̃ can change

with layer permutations. Moreover, different layer permutations can result in notable

change in the TSLP and thus the distributions of the external messages entering the

TS. As a result, different row layered schedules can potentially produce error floors

that are considerably different. This motivates the search for layer permutations

which result in low error floors. In the following, we show that our proposed model

can be used not only for the error floor estimation of layered decoders, but also as an

efficient tool to find row layered schedules with low error floors.

Generally, for a given QC-LDPC code whose base matrix Hb has mb rows, there

are mb! different row layered schedules corresponding to different row permutations

of Hb. The complexity of an exhaustive search among all such schedules based on the

exact estimation of the error floor can be prohibitive for relatively large values of mb.

The main source of complexity in our model is to obtain the distribution of external

messages by DE. (Recall that, for each iteration, 2|Eb| distributions are needed to

be calculated, where |Eb| is the number of edges in the base graph, which is equal

to the number of nonzero elements of Hb.) To simplify the search among the mb!

different row layered schedules, rather than the derivation of such distributions for

each schedule, we select one schedule, say the one corresponding to the original order

of the rows, and then at each iteration ` and for each layer j, we derive the average

distributions of CN to VN messages and VN to CN messages, denoted by
←
ψ̄j` and

→
ψ̄j` , respectively, where the average is taken over all the corresponding distributions

within layer Lj. These average distributions are then used to represent all the CN

to VN and VN to CN distributions in the jth layer of decoding regardless of the

schedule. As an example, for the base graph of Fig. 4.2, the distribution
←
ψ̄3
` is the
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average of ψ
[2←3]
` and ψ

[4←3]
` , and

→
ψ̄3
` is the average of ψ

[2→3]
` and ψ

[4→3]
` .

The averaging process just explained will result in a less accurate estimate of the

failure rate of a LETS. In fact, by ignoring the effect of scheduling in the distribution

of external messages and by the averaging, we only observe the effect of the schedule

on the internal messages of the LETS. To find the schedule with the lowest error

floor, we then perform the search in two steps. In the first step, we use the above

approximation/simplification and search among all the mb! schedules to find a few

candidates that have lower error floors. In the second step, we examine the candidate

schedules by calculating the error floor estimates accurately (by considering the effect

of scheduling in the distribution of external messages), and find the one with the lowest

error floor.

4.3 Simulation Results and Discussions

In this section, we investigate the accuracy of the proposed linear state-space model

in estimating the error floor of row layered SPA through simulations. We consider

two QC-LDPC codes C1 and C2, whose exponent matrices are shown in Figs. 4.6a and

4.6b, respectively. C1 is a (640, 192) variable-regular code with dv = 5 and irregular

CN degrees [3] and C2 is a (576, 432) irregular code used in Wimax standard [82].

The lifting degrees for the two codes are 64 and 24, respectively.

The Monte Carlo simulation results as well as estimation results for the layered

decoding of C1 where the order of row layers are the same as that of Fig. 4.6a, for

different saturation levels are presented in Fig. 4.7. The most harmful structure of this

code in the error floor region is the (5, 5) LETS, shown in Fig. 4.8, with multiplicity 64.

All the (5, 5) LETSs have the same TSLP. As expected, by increasing the saturation

level, the error floor is reduced. The figure also shows a good match between the

linear model estimation results and simulation results. The slight over-estimation of

error floor is attributed to the linear approximation of missatisfied CN operations

(see [48], for more information).

We now investigate the effect of row block permutations on the error floor of C1.

C1 has 7 row layers, each corresponding to one of the row blocks of the parity-check

matrix. We label these row blocks with numbers 1 to 7 based on their indices in Fig.

4.6a, i.e., the first row block in Fig. 4.6a is labeled by 1, the second by 2, and so on.



CHAPTER 4. ERROR FLOOR ANALYSIS OF ROW LAYERED DECODERS 80

8 −1 26 62 −1 −1 59 19 −1 60

51 9 50 −1 39 −1 4 −1 25 26

−1 32 10 7 56 52 41 55 61 41

46 11 −1 43 −1 63 8 51 37 −1

47 7 7 50 49 53 −1 12 −1 −1

31 −1 −1 −1 31 38 −1 −1 23 48

−1 25 21 56 59 30 27 23 27 18

(a) Exponent matrix of C1: (640, 192) QC-LDPC
code with lifting degree 64.

−1 20 −1 7 −1 −1 3 6 4 −1 −1 21 7 13 19 23 5 23 0 0 −1 −1 −1 −1

10 −1 3 17 8 −1 −1 −1 −1 17 10 2 9 10 8 14 9 6 −1 0 0 −1 −1 −1

−1 −1 5 −1 −1 15 9 −1 17 16 −1 9 1 18 11 7 15 1 20 −1 0 0 −1 −1

16 0 −1 −1 15 −1 −1 0 12 −1 20 3 23 2 21 9 3 4 −1 −1 −1 0 0 −1

−1 13 15 20 −1 6 18 −1 −1 −1 −1 21 19 0 0 18 15 6 −1 −1 −1 −1 0 0

19 −1 −1 −1 3 7 −1 8 −1 18 7 17 21 21 6 16 2 22 0 −1 −1 −1 −1 0

(b) Exponent matrix of C2: (576, 432) Wimax QC-LDPC code with lifting degree 24.

Figure 4.6: QC-LDPC codes used for simulations. The entries of the matrices, that
are not equal to −1, represent the right circular shift of the identity matrix
to create the corresponding block of the parity-check matrix. The −1 entries
represent zero blocks.

We then represent different schedules with different permutations of numbers from

1 to 7. For example, permutation (1, 2, 3, 4, 5, 6, 7) corresponds to a schedule which

updates the row layers in the same order as they appear in Fig. 4.6a.

In order to investigate the effect of different row schedules on the error floor

performance of C1, the technique of Section 4.2.2 is used. The total number of possible

row permutations for C1 is 7! = 5040. These permutations in general correspond to

different system matrices for the (5, 5) LETS. By using a single application of DE, as

discussed in Section 4.2.2, the failure rate of the (5, 5) LETS for different schedules

is approximated. The results for SNR of 6 dB and saturation level of 31.75 are

provided in Fig. 4.9 for all the schedules. As can be seen, the estimation results are

partitioned into 8 groups, separated by vertical dotted lines. The transition matrices

of the schedules within each group have the same dominant eigenvalue r̃. We have

also sorted the groups according to the increasing value of r̃. The eight different

values of r̃ are shown in Fig. 4.9, and range from 12.402 to 16.125. Note that based

on Corollary 1, the upper bound on the number of different r̃ values for different
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Figure 4.7: Simulation and estimation results of C1 for different saturation levels.
The maximum number of iterations Imax = 30.

v5

v1

v2

v3v4

L2

L3L3

L1L4

L5

L5

L6

L7L7

L1 L2

L2 L4

L5

Figure 4.8: The (5, 5) LETS structure of C1 in which the row layers for different
CNs are shown.
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schedules for the case where the code has 7 layers is 360, in general. Fig. 4.9 shows

the trend that increasing r̃, on average, increases the failure probability of the LETS.

Within each group, however, the variance of the error probabilities is still rather

large. This implies that while r̃ plays an important role in the failure probability of a

LETS, there are also other factors, including the layering structure of the TS reflected

through the system matrices, that affect the harmfulness. (Note that, in this analysis,

although the distributions of the external messages of the LETS for different layers,

obtained through DE, remains constant for different schedules, but the assignment of

different CNs and VNs of the LETS to different layers will change due to the change

of schedule. As a result, the distributions of messages associated with these nodes

will also change in different schedules.)

To find a schedule with low error floor, in the next step, we select a few schedules

whose transition matrices have the minimum dominant eigenvalue, r̃ = 12.402, and

result in the lowest error rates in the first step. We then apply our estimation tech-

nique accurately to find the error floor of these candidate schedules, and select the

one that has the lowest error floor. As a result, we obtain the schedule corresponding

to the permutation (2, 3, 1, 7, 4, 5, 6), shown in Fig. 4.9 with a full diamond. For

comparison, we have also selected one of the schedules with the worst error floor,

(4, 6, 5, 7, 3, 1, 2), as well as the original one, (1, 2, 3, 4, 5, 6, 7). These schedules are

specified in Fig. 4.9 by a full triangle and a full circle, respectively. The simula-

tion and estimation results of these three schedules are presented in Fig. 4.10. The

maximum number of iterations and the saturation level are Imax = 30 and 31.75,

respectively. For comparison, we have also included the FER of the flooding schedule

with maximum number of iterations Imax = 60 in Fig. 4.10. As can be seen, all the es-

timation results match closely with the corresponding simulations. Remarkably, there

is a substantial difference between the FER of the best and worst layered schedules in

the error floor region, with the performance of flooding schedule in the middle. This

demonstrates the gain that one can obtain in performance by properly choosing the

updating order of layers in a layered decoder, basically at no cost. It also shows that

a layered decoder can, in general, have a better or a worse performance compared to

its flooding counterpart. By proper permutation of row layers, the layered decoder

not only has a faster convergence speed compared to a flooding decoder but also can

have a better performance.
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Figure 4.9: The approximate estimate of the failure probability of the (5, 5) LETS
of C1 for various row layered schedules at Eb/N0 = 6 dB and saturation level
31.75. The schedules are sorted based on r̃.
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Figure 4.10: The simulation and estimation results of C1 for different row schedules.
(The saturation level is 31.75, and the maximum number of iterations for layered
schedules and the flooding schedule are set to 30 and 60, respectively.)
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Table 4.1: Multiplicities of (a, b) LETSs of C2 within the range a ≤ 8 and b ≤ 2

(a, b) (4, 2) (5, 2) (6, 1) (6, 2) (7, 1) (7, 2) (8, 0) (8, 1) (8, 2)
Multiplicity 144 216 48 1068 240 3600 48 720 13464

As the next example, we consider C2. The multiplicity of different (a, b) LETSs of

this code within the range a ≤ 8 and b ≤ 2 are listed in Table 4.1. These LETSs have

been found using the exhaustive search algorithm of [33]. As can be seen, this code

has a variety of LETSs that can potentially contribute to the error floor performance.

Moreover, unlike the previous example, there are different non-isomorphic structures

within each class of TSs. For example, there are 8 different non-isomorphic (7, 1)

LETS structures in this code. For 2 out of 8 structures, the code also contains

TSs with two different TSLPs. This means that there are ten (7, 1) LETSs, each

with multiplicity of 24, that can have different failure probabilities under a layered

decoder.

To evaluate the effect of row scheduling on the error floor of C2, the same general

technique as the one employed in the previous example is used. In this regard, for

each of the LETS groups (those with the same structure and TSLP) within (6, 1),

(7, 1), (8, 0) and (8, 1) classes, we estimate the failure probability of various schedules.

This is performed based on the approximate average DE method of Subsection 4.2.2

at Eb/N0 = 6 dB and for a saturation level of 15.75. The number of LETS groups

within each of the aforementioned classes are 2, 10, 2 and 30, respectively. Each

group has the same size of 24. To estimate the contribution of each LETS class to the

error floor, we first estimate the failure rate of a member of each LETS group within

the class, then multiply the result by 24, and finally add up the results for different

groups within the class. These results for different classes are presented in Fig. 4.11,

for all the 6! = 720 possible row schedules. As can be observed, on average, the most

harmful LETS class of this code, for saturation level 15.75, is the (7, 1) class. In order

to observe the overall error probability for different row schedules, the contribution

of different classes from Fig. 4.11 are added and presented in Fig. 4.12. Interestingly,

for C2, it appears that the original schedule (1, 2, 3, 4, 5, 6) has one of the lowest error

rates. This schedule is shown in Fig. 4.12 by a full triangle. The worst schedule in

Fig. 4.12 is (4, 1, 5, 2, 3, 6), and is identified by a full square.
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Figure 4.11: The effect of various row layered schedules on the failure probability
of different classes of LETSs in C2 (Eb/N0 = 6 dB, saturation level 15.75).
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Figure 4.12: The effect of various row layered schedules on the total FER of C2

(Eb/N0 = 6 dB, saturation level 15.75).
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Figure 4.13: The error estimation of the ten (7, 1) LETS groups of C2 for the two
schedules (1, 2, 3, 4, 5, 6) and (4, 1, 5, 2, 3, 6) (saturation level 15.75).

For the two schedules (1, 2, 3, 4, 5, 6) and (4, 1, 5, 2, 3, 6), we have estimated the

failure probability of each of the 10 LETS groups within the class (7, 1), using the

exact DE. These results along with the total failure probability of the (7, 1) class are

provided in Fig. 4.13. We note that the LETSs within first and third groups, i.e.,

(7, 1)1 and (7, 1)3, are isomorphic (they only differ by their TSLPs). So are the LETSs

within (7, 1)6 and (7, 1)7. The examination of Fig. 4.13 for schedule (4, 1, 5, 2, 3, 6)

shows that the two groups (7, 1)6 and (7, 1)7, despite having the same structure, have

different error probabilities, due to different TSLPs. Fig. 4.13 also demonstrates

that, for both schedules, the LETS group (7, 1)10 is the most harmful one. Another

observation is that the relative harmfulness of the TSs can change depending on

the schedule. For example, while the (7, 1)8 is the second most harmful group of

LETSs for schedule (4, 1, 5, 2, 3, 6), for (1, 2, 3, 4, 5, 6), the second most harmful group

is (7, 1)9.

In order to examine the accuracy of our estimations, the simulation results for

the two schedules together with the estimation results based on the contributions of

(6, 1), (7, 1), (8, 0) and (8, 1) LETS classes are shown in Fig. 4.14. As can be seen,

for both schedules, there is a good match between simulations and estimations.



CHAPTER 4. ERROR FLOOR ANALYSIS OF ROW LAYERED DECODERS 87

3.5 4 4.5 5 5.5 6 6.5
10-12

10-10

10-8

10-6

10-4

Figure 4.14: Simulation and estimation results of C2 for the two schedules
(1, 2, 3, 4, 5, 6) and (4, 1, 5, 2, 3, 6) (saturation level 15.75, Imax = 30).

4.4 Appendix

To prove Proposition 3, we first need the following lemmas.

Lemma 11. Consider the linear state-space model of a LETS in which the two state

variables corresponding to each missatisfied CN are labeled by consecutive numbers,

and let A be the corresponding flooding transition matrix. We then have

(a) If A(i, j) = 1, then A(j + 2× mod(j, 2)− 1, i+ 2× mod(i, 2)− 1) = 1, where

mod(i, 2) is used to denote the value of i modulo 2.

(b) If the nonzero entries of an ms×ms symmetric and unitary permutation matrix

P are defined by P(i, i+ 2× mod(i, 2)− 1) = 1, for i = 1, . . . ,ms, then

AT = PAP. (4.36)

Proof. (a) To each missatisfied CN, there correspond two state variables with even

and odd labels, respectively. Denoting the state variables of a given missatisfied

CN by x2k and x2k−1, one can see that each of them is a function of at least one

other state variable corresponding to another missatisfied CN. Suppose that x2k is a

function of state variable x2k′ (or x2k′−1) from another missatisfied CN. Then, x2k′−1

(or x2k′) must be a function of x2k−1. This corresponds to the relationship between
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the entries of A as described in Part (a) of the lemma. (b) The symmetric application

of the permutation matrix P to A, i.e., PAPT , permutes the even and odd rows and

columns that correspond to each missatisfied CN. Based on the result of Part (a),

this permutation results in the transpose matrix AT . Also, Equation (4.36) is derived

based on the fact that PT = P.

Lemma 12. Let µk and uk be an eigenvalue and its corresponding right eigenvector

of a layered transition matrix ÃJ→1, which is in systematic form. Then,

(µkAl + Au)uk = µkuk, (4.37)

where Al and Au are the lower and upper triangular parts of the corresponding flooding

transition matrix A = Al + Au.

Proof. For simplicity, we prove the result for a LETS with J = 3 layers. The proof for

larger values of J is similar. By the definition of an eigenvalue and the corresponding

eigenvector, we have

Ã3→1


uk1

uk2

uk3

 = µk


uk1

uk2

uk3

 ,

in which the eigenvector is partitioned according to the three layers. By replacing

Ã3→1 in the above equation with the sub-matrices from (4.18), we can write

A12uk2 + A13uk3 = µkuk1,

A21(A12uk2 + A13uk3︸ ︷︷ ︸
µkuk1

) + A23uk3 = µkuk2,

A31(A12uk2 + A13uk3︸ ︷︷ ︸
µkuk1

)+

A32

(
A21(A12uk2 + A13uk3) + A23uk3︸ ︷︷ ︸

µkuk2

)
= µkuk3,
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or equivalently,
0 A12 A13

µkA21 0 A23

µkA31 µkA32 0


︸ ︷︷ ︸

(µkAl+Au)


uk1

uk2

uk3

 = µk


uk1

uk2

uk3

 ,

which is the same as (4.37) for J = 3.

The proof of the following lemma is similar to that of Lemma 12.

Lemma 13. Let Ã1→J = A1A2 · · ·AJ be the systematic layered transition matrix of

a LETS for the row layered decoder in which the order of layers is reversed. Also, let

µ′k and u′k be an eigenvalue and its corresponding right eigenvector of Ã1→J . Then

(Al + µ′kAu)u
′
k = µ′ku

′
k, (4.38)

where Al and Au are the lower and upper triangular part of the corresponding flooding

transition matrix A = Al + Au.

To prove Proposition 3, without loss of generality, we assume that ÃπJ→π1 is in

the systematic form. Then, according to Lemma 12, for ÃπJ→π1 , we have

(r̃iAl + Au)ũi = r̃iũi,

where r̃i and ũi are an eigenvalue and its corresponding eigenvector of ÃπJ→π1 , re-

spectively. Suppose that P is the permutation matrix defined in Lemma 11. Since

PP = I, we can write

(r̃iAlP + AuP)Pũi = r̃iũi. (4.39)

Moreover, for a systematic flooding transition matrix A, one can show that AlP =

PAT
u and AuP = PAT

l . Using these in (4.39), we obtain

(PAT
l + r̃iPAT

u )Pũi = r̃iũi. (4.40)

Multiplying both sides by P results in

(Al + r̃iAu)
TPũi = r̃iPũi. (4.41)
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From (4.41), the eigenvalues r̃i are the roots of the following equation:

det[(Al + r̃iAu)
T − r̃iI] = det[(Al + r̃iAu)− r̃iI] = 0. (4.42)

On the other hand, based on Lemma 13, the roots of the determinant on the right

hand side are the eigenvalues of Ãπ1→πJ . This completes the proof.



Chapter 5

Error Floor Analysis of LDPC Column

Layered Decoders

The rest of the chapter is organized as follows: In Section 5.1, we briefly review the

linear state-space model of an ETS for a decoder with layered schedule. In the same

section, we also establish connections between the model parameters of the column

layered and flooding schedules. In Section 5.2, we discuss the optimization of error

floor in column layered decoders. In Section 5.3, we present the simulation results to

evaluate the accuracy of the theoretical results in estimating the error floor.

5.1 State Space Model of the Column Layered De-

coders in the Error Floor Region

In this section, we develop a linear state-space model of LETSs for SPA with column

layered schedule, and use the model to calculate the error probability of LETSs. It is

interesting to note that while the state space model of Chapter 4 has been, originally,

proposed for row layered decoders, that model can also be utilized for analysis of the

error floor in column layered decoders. In other words, the general equations of the

models in column and row layered schedules are the same but the parameters of the

models must be calculated differently.

5.1.1 State-Space Model

In this subsection, the state-space model of Chapter 4 which is also applicable to

modelling an LETS in column layered decoding is briefly reviewed.

91
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The state-space modelling equations of the LETSs in layered decoder are given as

x̃(0,j) = 0 for ` = 0, 1 ≤ j ≤ J (5.1)

x̃(`,j) = for ` ≥ 1, 1 ≤ j ≤ J

G(`)
j

(
Ajx̃

(`−δj1,j−1+Jδj1) + Bj  L +
/
Bexj  L

(`−1)
ex +

.
Bexj  L

(`)
ex

)
. (5.2)

In these equations,  L,  L(`−1)
ex and  L(`)

ex are the inputs of the model from the channel

as well as the unsatisfied CNs at iterations `− 1 and `, respectively. It is noted that

 L(0)
ex = 0. The symbol J is used to denote the total number of layers involved in

an LETS subgraph. The vector x̃(`,j) contains the state variables (messages flowing

at different edges of the LETS subgraph) at the layer j of the `th iteration. The

transition matrix at the jth layer of the layered decoder, Aj, is equal to an ms ×ms

identity matrix whose corresponding rows related to the jth layer state-variables are

replaced with the message passing mechanism of that layer. In other words, each

state-variable is a function of some other state-variables and this relation at layer j

is specified by matrix Aj. The matrix Bj is an ms × a matrix that indicates the

contribution of the channel LLRs in calculation of the state variables of the jth layer.

Similarly, the matrices
/

Bexj and
.

Bexj are defined to illustrate the contribution of  L(`−1)
ex

and  L(`)
ex in updating the state variables within the jth layer, respectively. Also, δj1,

is the Kronecker delta function which is equal to 1 when j = 1 and is zero, otherwise.

Equation (5.2) implies that at the first layer of every iteration, the new state vector is

updated based on the last layer of the previous iteration while in the other layers, the

updated states are a function of previous layer state vector within the same iteration.

The effect of mis-satisfied CNs within a given layer j at iteration ` is modelled by

the iteration dependent gain matrix G(`)
j . It is a diagonal matrix whose diagonal

elements that correspond to layer j is equal to the average gain obtained from linear

estimation of the mis-satisfied CNs impacting the jth layer state variables. All the

other diagonal elements are equal to one.
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Figure 5.1: A labelled (5,3) LETS of the Tanner (155, 64) code in which the flow of
the state variables are shown. The VNs, mis-satisfied CNs and unsatisfied CNs
are shown by black circles, white squares and gray squares, respectively. The
directed edges related to the layers number 1, 2 and 3 are represented by red,
blue and purple colors, respectively.

5.1.2 Relationship between model matrices of flooding and

column layered schedules

Regarding the TSs in column layered decoders, the VNs belong to different layers of

the code. The number of VN layers that exist in an LETS is, generally, less than or

equal to the total number of columns of the base graph, J ≤ nb. In this chapter, we

use the notation Li (i = 1, . . . , nb) to denote the ith column layer of the code. Also,

the corresponding layers of a TS are denoted by L′j (j = 1, . . . , J). Obviously, the TS

layers L′j are a subset of the code layers Li.

At each column layer, certain internal messages of a TS toward the missatisfied

CNs become activated. These messages would propagate from the VNs of other

layers that are adjacent to the missatisfied CNs connected to VNs of current layer.

This is because, according to the steps of column layered decoding in Algorithm 2,

when a column layer is updated, the VNs of that layer do not contribute in message

passing and, only, receive information from their adjacent CNs whose information are

computed based on the receiving LLRs from the VNs of other layers.

It is noted that, in column layered decoders, the corresponding messages toward a

specific missatisfied CN are activated at two different layers while, as it was explained
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in Chapter 4, the incoming messages of missatisfied CNs in row layered decoders are

activated at the same time. This is one of the main differences between column

layered and row layered decoders state-space model.

Example 12. The quasi-cyclic Tanner (155, 64) code consists of 5 column layers.

The VNs involved in the (5, 3) LETS of this code, shown in Fig. 5.1, are from 3

different layers, L′1 = L1, L′2 = L3 and L′3 = L5, hence J = 3. In Fig. 5.1, the VNs

and the edges activated at the corresponding layers are illustrated by different colors

and line types. For example, all the dotted red arrows are the messages that are sent

from VNs to mis-satisfied CNs in the first layer of the column layered decoder. Also,

the external connections of missatisfied CNs from the model point of view are activated

twice (i.e., once for each of the internal messages going toward missatisfied CNs).

To establish a relationship between the matrices that appear in the flooding and

column layered decoders, it is helpful to label the state variables in a certain order.

Consider an (a, b) LETS S with ms state-variables x1, . . . , xms . Suppose the VNs of

S are from J different column layers of parity check matrix H where J ≤ nb. We

denote the number of messages (state-variables) belonging to different layers L′j (j =

1, . . . , J) by nL′j (j = 1, . . . , J). As the total number of state-variables are ms, we

have nL′1 + nL′2 + · · · + nL′J = ms. Assume the state-variables of different layers

are indexed with consecutive numbers meaning that the state-variables of the first

layer are labelled as x1, . . . , xnL′1
, the state-variables of the second layer are labelled

as xnL′1+1, . . . , xnL′1+nL′2
, and so on. This form of labelling the state-variables known

as systematic labelling allows us to establish a relationship between the transition

matrix of the flooding schedule decoder denoted by A and the transition matrix at

layer j, Aj, of the layered schedule decoding. In other words, based on the systematic

labelling, the flooding decoder transition matrix A would be a J×J arrays of matrices

Aij, 1 ≤ i, j ≤ J with sizes nL′i×nL′j and diagonal blocks of zero matrices, i.e., Aii = 0

for i = 1, . . . , J . The matrix Aj, basically, has the same block structure as matrix A.

In fact, the jth row block of the two matrices are equal while the other row blocks

of Aj are zero matrices except the diagonal blocks that are identity matrices. The

matrices Bj,
/

Bexj and
.

Bexj, following the sytematic labelling, can also be partitioned

into J row blocks. The jth row block of these matrices relate the channel inputs,

the unsatisfied inputs updated at the previous iteration and the unsatisfied inputs

updated at the current iteration to the state-variables being updated at layer j,
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respectively. Moreover, all the other row blocks of these matrices are equal to zero

matrices.

Example 13. in Fig. 5.1, the numbers 1, 2, 3, 4, 5 and 6 are assigned to the edges

in the first layer, L′1 = L1, and, similarly, the L′2 = L3 and L′3 = L5 messages are

labelled as 7 to 9 and 10 to 12, respectively. This results in systematic form of matrix

A as

A =


0 A12 A13

A21 0 A23

A31 A32 0



=



0 0 0 0 0 0 0 1 1 0 0 0

0 0 0 0 0 0 1 0 1 0 0 0

0 0 0 0 0 0 1 1 0 0 0 0

0 0 0 0 0 0 0 0 0 0 1 1

0 0 0 0 0 0 0 0 0 1 0 1

0 0 0 0 0 0 0 0 0 1 1 0

0 0 0 1 0 0 0 0 0 0 0 0

0 0 0 0 1 0 0 0 0 0 0 0

0 0 0 0 0 1 0 0 0 0 0 0

1 0 0 0 0 0 0 0 0 0 0 0

0 1 0 0 0 0 0 0 0 0 0 0

0 0 1 0 0 0 0 0 0 0 0 0



,

which is a J × J block matrix whose diagonal blocks are equal to zero. The reason

for zero diagonal blocks is that the non-zero circulants of the single-edge quasi-cyclic

codes are made of shifted version of identity matrices. As a result, a state variable

belonging to a specific layer cannot be a function of other state variables within the
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same layer. Otherwise, a VN must be connected to more than one CN with the same

type which is a direct contradiction to the structure of the quasi-cyclic codes. Based

on the systematic form of the flooding decoder matrix A above, the transition matrix

at the 2nd layer of the column layered decoding in Fig. 5.1 is obtained as

A2 =


I 0 0

A21 0 A23

0 0 I

 .

The symbol I is used to represent the identity matrix. Presence of the identity matri-

ces implies that the corresponding state variables are not updated within the current

layer and remain unchanged. Also, the matrices
/

Bex2 and
.

Bex2 that determine the

contribution of unsatisfied inputs at iterations `− 1 and ` in the second layer, L′2, of

`th iteration, can be obtained as

/

Bex2 =



0 0 0

0 0 0

0 0 0

0 0 0

0 0 0

0 0 0

0 0 0

0 0 0

0 0 0

0 0 0

0 0 0

0 0 0



,
.

Bex2 =



0 0 0

0 0 0

0 0 0

0 0 0

0 0 0

0 0 0

1 0 0

0 0 1

0 1 0

0 0 0

0 0 0

0 0 0



.

As can be seen, since all the unsatisfied inputs are updated at layer L′1 = L1, all the

elements of
/

Bex2, corresponding to layer L′2 = L3, are equal to zero and all the state
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variables of the second layer use the updated external inputs of unsatisfied CNs,  L(`)
ex .

Similarly, for B2 we have

B2 =



0 0 0 0 0

0 0 0 0 0

0 0 0 0 0

0 0 0 0 0

0 0 0 0 0

0 0 0 0 0

0 0 1 0 0

0 0 0 0 1

0 0 0 1 0

0 0 0 0 0

0 0 0 0 0

0 0 0 0 0



,

meaning that the channel LLRs of VNs 3, 5 and 4 are utilized in computation of state

variables 7, 8 and 9, respectively.

Remark 4. The systematic form of transition matrix obtained based on column lay-

ered and row layered schedules have the same block structures. In other words, in both

cases, the resulted systematic transition matrix consists of arrays of matrices where

all the diagonal blocks are zero matrices. Naturally, the total number of layers within

a LETS as well as the subblocks of systematic transition matrix of flooding decoder

in column and row schedules can be different.

5.1.3 The Application of DE to the Column Layered Decoder

In the linear state-space model of a LETS, the DE method is used to obtain the

distribution of external messages entering the LETS subgraph from the rest of the

Tanner graph via missatisfied and unsatisfied CNs. With respect to column layered
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decoding of QC-LDPC codes, the probability distribution of messages can be obtained

with respect to the base graph of the code. In other words, the edges of the base

graph are representatives of the cluster of edges between different types of VNs and

CNs. In the base graph of a QC-LDPC code, within column layer j of iteration `,

the type-i CN to type-j VN distribution denoted by ψ
[j←i]
` is obtained based on the

distribution of messages being sent toward type-i CN from other VNs k ∈ N(i)\j
whose types are different than j. Naturally, depending on the type of these VNs as

well as the updating order of the code layers, the VNs k ∈ N(i)\j are partitioned

into two groups: 1) those that have already been updated in the previous layers of

the current iteration ` and propagate the updated messages with distribution ψ
[k→i]
`

toward type-i CN. 2) those belonging to the subsequent layers and have not been

updated yet. This group would propagate messages calculated at iteration ` − 1

with distribution ψ
[k→i]
`−1 . Following the mechanism just discussed, the probability

distribution of messages between different types of VNs and CNs at various iterations

and layers can be numerically obtained.

Example 14. In the base graph of Fig. 5.3, the solid (red), dashed (green), dot-

ted (blue) and dashed-dotted (purple) arrows, respectively, illustrate the updating or-

der which the column layered decoder perform, accordingly. The symbols next to the

dashed arrows (boldfaced edges) stand for the probability distribution of the CN to VN

messages activated at the 2nd layer of the `th iteration. Also, ψ
[1→1]
` and ψ

[3→1]
`−1 , up-

dated in current and previous iterations respectively, are VN to CN distributions that

contribute in calculation of ψ
[1←2]
` . Similarly, as the 4th layer has not been updated

yet, ψ
[4→3]
`−1 is used to calculate ψ

[2←3]
`−1 .

Regarding the LETSs, as it is mentioned earlier, the VNs belong to various column

layers of the code. Also, the external VNs connected to different missatisfied CNs as

well as the unsatisfied CNs are of various types. This implies that the location of the

TSs within the layers of the code Tanner graph is important as this will impact the

internal order of layers within the TS as well as the distribution of external messages

entering the TS subgraph. These two factors would potentially cause different harm-

fulness, even, among isomorphic TSs whose structures are similar. As a result, in the

state-space model, it is important to identify the type of variable nodes connected

to different check nodes of the TS and the check node types connected to different

variable nodes of the TS. These information, similar to Chapter 4, are referred to as

TS layer profile (TSLP).
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Figure 5.2: The VNs v1 and v4 related to Fig. 5.1 with the mis-satisfied CN cj
connecting them. Figures (a) and (b) are related to virtual VNs, vk′ and vk′′ ,
that are used during the update of VNs from layers L1 and L3, respectively.

Remark 5. For a LETS in (a, b) class within the Tanner graph of an LDPC code,

the total number of distinct TSLP groups in column and row schedule decoders are the

same. In fact, different schedules might change the TSLP of a LETS, however, they

do not alter the total number of possible TSLP groups related to a specific LETSs in

a code.

5.1.4 Linear Gain Model

In the layered decoders state-space model, the impact of external connections of

each of the missatisfied CNs on the corresponding state-variables are modelled by an

average linear coefficient known as linear gain. In fact, these gains correspond to the

diagonal elements of the gain matrices discussed earlier.

Suppose the external connections of each missatisfied CN at every layer, for sim-

plicity, is represented by a virtual VN, as Fig. 5.2. Then, the average gain, ḡ
(`)
k′ is

obtained as

ḡ
(`)
k′ =

∫ ∞
−∞

tanh(
λ

2
)ψ̂

[k′→j]
` (λ)dλ, (5.3)

in which ψ̂
[k′→j]
` is the probability distribution of the message from virtual VN, vk′ ,

toward the mis-satisfied CN at iteration `. Given the TSLP of an LETS, this proba-

bility can be calculated from the DE results for different mis-satisfied CNs at a specific

layer. With respect to Fig. 5.2 which is a part of Fig. 5.1, ψ̂
[k′→j]
` is, technically,

the CN to VN message distribution of a CN with degree 4 (i.e. dcj − 1) where the

inputs are the distribution of messages from type-2, 4 and 5 VNs toward type-1 CNs

(cj is a type-1 CN). It is noted that unlike the row layered decoder, the external VN
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to CN message distributions toward each missatisfed CN, depending on the column

layer of the corresponding internal VNs, can be different. For example, in Fig. 5.2a,

when the message k′ is activated at the L′1 = L1 layer, none of the external VNs have

been updated in the current iteration yet. However, in Fig. 5.2b where the message

k′′ is activated at L′2 = L3 layer, one of the external VNs that belongs to layer L2

sends an updated message toward cj while the others propagate their information

from previous iteration, `− 1. Therefore, for each of the state variables going toward

missatisfied CNs, a separate virtual VN and accordingly a separate gain must be

calculated.

Equation (5.3) is further modified by adding the polarity inversion effect into

the model. Whenever an error occurs in the messages from the virtual VNs, vk′ for

k′ = {1, . . . ,ms}, the polarity of the state variables passing through the mis-satisfied

CNs is altered. Denoting the probability of inversion by P
[k′→j]
inv,` , we have

P
[k′→j]
inv,` =

∫ 0

−∞
ψ̂

[k′→j]
` (λ)dλ. (5.4)

In layered decoder, like the standard decoder, the effect of polarity inversion is

modelled by randomly setting the gain equal to zero. As it has been explained in [45],

appending the polarity inversion effect into the model is a heuristic approach and can

be considered as just adding more weight to the importance of inversions. By using

(5.4), the average mis-satisfied CNs gain can be written as

ḡ
′(`)
k′ = (1− P [k′→j]

inv,` )ḡ
(`)
k′ . (5.5)

As iterations go on, the multiplicative gains of different mis-satisfied CNs approach to

1. In the following, we will discuss an alternative approach of finding the missatisfied

CN gains. The new approach will be used later in the process of layer optimization.

Suppose when a state variable xi is activated and goes through a missatisfied CN,

the external VNs whose information have been updated at iterations ` − 1 and `

are denoted by two different sets,
/
τ i and

.
τ i, respectively. Using Equation (2.3) to

compute the message from a missatisfied CN cj toward a trapping set VN, vi′ , we

have

L
[i′←j]
` = 2 tanh−1

[
tanh

xi
2

∏
k1∈

/
τ i

tanh
L

[k1→j]
`−1

2
tanh

∏
k2∈

.
τ i

tanh
L

[k2→j]
`

2

]
. (5.6)
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Denoting the right hand side of the above equation with f(xi), the first derivative of

f(xi) with respect to state variable when xi = 0 is

fx(0) =
∏
k1∈

/
τ i

tanh
L

[k1→j]
`−1

2
tanh

∏
k2∈

.
τ i

tanh
L

[k2→j]
`

2
.

(5.7)

This is similar to the approach taken in [45]. Taking the average of (5.7) would result

in the average gain being used in Taylor expansion of missatisfied CNs. In fact, this

is an alternative to virtual VN technique in (5.3). As it is assumed the external

messages entering the missatisfied CNs are independent, we have

ḡ
(`)
i =

∏
k1∈

/
τ i

/

θ
(`)

k1

∏
k2∈

.
τ i

.

θ
(`)

k2
, (5.8)

where the partial VN to CN gains,
/

θ
(`)

k1
and

.

θ
(`)

k2
, are defined as

/

θ
(`)

k1
=

∫ ∞
−∞

tanh(
λ

2
)ψ

[k1→j]
`−1 (λ)dλ, k1 ∈

/
τ i (5.9)

.

θ
(`)

k2
=

∫ ∞
−∞

tanh(
λ

2
)ψ

[k2→j]
` (λ)dλ, k2 ∈

.
τ i. (5.10)

The distributions ψ
[k1→j]
`−1 and ψ

[k2→j]
` are the VN to CN probability distributions

corresponding to different external connections of a given missatisfied CN at iterations

` − 1 and ` (They are different from virtual VNs distribution, ψ̂
[k′→j]
` ). Equation

(5.8) will be used in section 5.2 to simplify the layers optimization procedure. In that

section, an approximate DE method is used to reduce the complexity of optimization.

However, changing the order of layers would impact the parameters
/
τ i and

.
τ i of each

of the missatisfied CNs implying that within virtual VN technique a new distribution

must be calculated. To tackle this problem, based on (5.9) and (5.10), the partial

gains can be computed in advance and only their contribution, according to
/
τ i and

.
τ i in (5.8), will be changed. It is noted that, technically, for a specific VN to CN

message, we have
/

θ
(`)

k =
.

θ
(`−1)

k . (5.11)

Example 15. Suppose the external VNs of CN cj in Fig. 5.2 are labelled with the
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same subscripts of their corresponding layers as v′2, v
′
4, v
′
5. Then the VN to CN dis-

tributions ψ
[2→j]
`−1 , ψ

[4→j]
`−1 and ψ

[5→j]
`−1 are used to calculate the virtual VN message dis-

tribution ψ̂
[k′→j]
` . Also, the VN to CN distributions ψ

[2→j]
` , ψ

[4→j]
`−1 and ψ

[5→j]
`−1 are used

to calculate the virtual VN message distribution ψ̂
[k′′→j]
` . Accordingly, the partial VN

to CN gains for xk′ and xk′′ are obtained as

ḡ
(`)
k′ =

/

θ
(`)

2

/

θ
(`)

4

/

θ
(`)

5 , (5.12)

ḡ
(`)
k′′ =

.

θ
(`)

2

/

θ
(`)

4

/

θ
(`)

5 , (5.13)

where
/
τ k′ = 2, 4, 5 and

.
τ k′ is empty while

/
τ k′′ = 4, 6 and

.
τ k′′ = 2.

5.1.5 Failure Probability

The probability of TS failures in column layered decoder can be, basically, obtained by

the same approach as the row layered decoder. In this regard, first the non-recursive

form of the state-vector equation versus the model inputs is calculated. The resulted

equation, then, is used to obtain an error indicator function. Finally, by Gaussian

approximation, the failure probability of a TS is estimated.

The ordered multiplication of the scaled version of transition matrices of different

layers, G(`)
j Aj, from the maximum layer J down to the kth layer, k ≥ 1 is defined as

Ã
(`)
J→k = (G(`)

J AJ)(G(`)
J−1AJ−1) . . . (G(`)

k Ak). (5.14)

The index (`) shows the iteration dependency of this matrix due to time variant gain

matrices. By using Ã
(`)
J→k, three other matrices are defined as

B̃(`) = Ã
(`)
J→2G

(`)
1 B1 + Ã

(`)
J→3G

(`)
2 B2 + · · ·+ G(`)

J BJ , (5.15)

.

B
(`)

ex = Ã
(`)
J→2G

(`)
1

.

Bex1 + Ã
(`)
J→3G

(`)
2

.

Bex2 + · · ·+ G(`)
J

.

BexJ , (5.16)

/

B
(`)

ex = Ã
(`)
J→2G

(`)
1

/

Bex1 + Ã
(`)
J→3G

(`)
2

/

Bex2 + · · ·+ G(`)
J

/

BexJ . (5.17)

Using the above matrices, the non-recursive form of the state vector at the end of
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iteration ` can be expressed as

x̃(`,J) =
∑̀
i=1

( `−→∏
j=i+1

Ã
(j)
J→1

)
B̃(i)  L

+
∑̀
i′=1

( `−→∏
j′=i′+1

Ã
(j′)
J→1

)( /
B

(i′)

ex  L(i′−1)
ex +

.

B
(i′)

ex  L(i′)
ex

)
(5.18)

which is a function of model inputs from unsatisfied CNs as well as the channel. The

right arrow on top of the product sign denotes the matrix product applied from the

left. For example
`−→∏

j=i+1

Ã
(j)
J→1 = Ã

(`)
J→1Ã

(`−1)
J→1 . . . Ã

(i+1)
J→1 .

As it is mentioned before, the mis-satisfied CNs average gains tends to 1 as the

iterations go on. So we have

lim
`→∞

Ã
(`)
J→1 = AJAJ−1 . . .A1 = ÃJ→1. (5.19)

The matrix ÃJ→1 is not iteration dependant anymore. At the heart of state-space

model of layered decoders, the above matrix plays a crucial role in determining the

growth rate of erroneous messages in LETS subgraphs.

Based on Remark 4, the systematic form of flooding schedule transition matrices

obtained according to column or row schedule systematic labelling have similar block

structures. This would lead to a similar structure of layered transition matrix, ÃJ→1,

corresponding to the row and column layered decoders. As a result, all the spectral

properties of row layered schedule transition matrix that have been proofed in Chapter

4 are, also, valid for the transition matrix of an LETS in column layered decoder. The

followings are some of the important spectral properties of matrix ÃJ→1 in column

layered decoders:

(a) The transition matrix ÃJ→1 of a LETS in a column layered decoder is reducible.

(b) ÃJ→1 has a positive dominant eigenvalue, r̃, equal to its spectral radius whose

corresponding left and right eigenvectors, w̃1 and ũ1, are non-negative and, also,

w̃1 6= 0, ũ1 6= 0.
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(c) With respect to a LETS, the dominant eigenvalue of layered schedule transi-

tion matrix, r̃, is always greater than or equal to the corresponding dominant

eigenvalue of flooding schedule matrix, r, i.e., r̃ ≥ r.

(d) Given a LETS with J column layers, the corresponding dominant eigenvalue of

the transition matrix in column layered schedule is invariant to any cyclic shift

of the layers order.

(e) Given a LETS with J column layers, the corresponding dominant eigenvalue of

the transition matrix in column layered schedule is invariant to the reversing of

the layers order1.

(f) For a LETS with J column layers (J ≥ 3), the number of separate dominant

eigenvalues of the column layered transition matrix corresponding to different

permutations of the layers is upper bounded by (J−1)!
2

.

In Chapter 4, the dominant left eigenvector of matrix ÃJ→1 has been used to

compute an error indicator function from (5.18). In the following, we take the same

approach. So, the error indicator function denoted by β̃(`) is obtained as

β̃(`) , w̃T
1 x̃(`,J)

= γTch  L +
∑̀
i′=1

( /
γ

(i′)T

ex  L(i′−1)
ex +

.
γ

(i′)T

ex  L(i′)
ex

)
, (5.20)

in which the vectors γTch,
/
γ

(i′)T

ex and
.
γ

(i′)T

ex with lengths equal to a, b and b are defined

as

γTch = w̃T
1

∑̀
i=1

( `−→∏
j=i+1

Ã
(j)
J→1

)
B̃(i) (5.21)

/
γ

(i′)T

ex = w̃T
1

( `−→∏
j′=i′+1

Ã
(j′)
J→1

) /
B

(i′)

ex i′ = 1, . . . , ` (5.22)

1The proof of this property which is slightly different than the approach taken in proof of Propo-
sition 3 in Chapter 4, is explained in Section 5.4 (Appendix).
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.
γ

(i′)T

ex = w̃T
1

( `−→∏
j′=i′+1

Ã
(j′)
J→1

) .
B

(i′)

ex i′ = 1, . . . , `. (5.23)

Assuming that the indicator function is a Gaussian random variable, the mean and

variance of β̃(`) are calculated as

E[β̃(`)] =
2

σ2
ch

a∑
k=1

(γTch)k

+
`−1∑
i′=1

( /
γ

(i′+1)T

ex +
.
γ

(i′)T

ex

)
m(i′)

ex +
.
γ

(`)T

ex m(`)
ex (5.24)

VAR[β̃(`)] =
4

σ2
ch

a∑
k=1

(γTch)
2
k

+
`−1∑
i′=1

( /
γ

(i′+1)T

ex +
.
γ

(i′)T

ex

)
Σ(i′)
ex

( /
γ

(i′+1)

ex +
.
γ

(i′)

ex

)
+

.
γ

(`)T

ex Σ(`)
ex

.
γ

(`)

ex . (5.25)

The symbol (.)k is used to represent the kth element of the vector inside the paren-

theses. In the above equations, mch and σ2
ch are scalars representing the mean and

variance of the channel LLRs. The b×1 vector m
(i′)
ex includes the mean of the external

inputs from the unsatisfied CNs at iteration i′. The b × b matrix Σ
(i′)
ex , also, is the

covariance matrix of the unsatisfied inputs at iteration i′. Since it is assumed different

external inputs are independent, Σ
(i′)
ex is a diagonal matrix. The mean and variance of

the inputs from unsatisfied CNs are calculated based on DE method. Also, the mis-

satisfied CNs gains are calculated based on DE and the method of Section 5.1.4 and

utilized in iteration dependent gain matrices involved in Equations (5.14) to (5.17).

After that, the vector γTch in (5.21) as well as the set of vectors
/
γ

(i′)T

ex and
.
γ

(i′)T

ex for

i′ = 1, . . . , ` in (5.22) and (5.23) are plugged into Equations (5.24) and (5.25) to find

the mean and variance of the indicator function. Finally, the failure probability of an

LETS, S, is obtained by

Pe(S) = lim
`→∞

Pr{β̃(`) < 0} = lim
l→∞

Q

(
E[β̃(`)]√
VAR[β̃(`)]

)
. (5.26)

In practice, it is required to calculate (5.26), only, for a few iterations as the ratio of

the mean to square root of variance would converge within a few iterations.

In order to approximate the error floor of an LDPC code, the dominant LETSs
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of the code are first partitioned into different non-isomorphic groups and, then, the

LETSs within each group are once again classified based on their TSLPs into different

subgroups. Finally, using the union bound, the error floor of an LDPC code can be

estimated as

Pf ≈
∑
i

ΥiPe(Si), (5.27)

where Si is the representative of the ith TS subgroup with the multiplicity of Υi.

5.2 Optimization of the Column Orders

Generally, changing the layer permutation of column layered decoder, potentially,

results in

1) Changing of the model matrices, in particular, transition matrix ÃJ→1 and its

dominant eigenvalue r̃.

2) Notable change in the TSLP and thus the distributions of the external messages

entering the TS.

As a result, different column layered schedules can potentially produce error floors

that are considerably different. The layered state-space model of the column layered

decoders not only can be used to analyse the effect of different column schedules, but

it can be utilized to optimize the error floor performance.

One of the main source of complexity in state-space model is the density evolution

part based on which the inputs of the model are determined. For an LDPC code with

mb × nb base matrix Hb, there exist nb! = nb × (nb − 1) × · · · × 1 different column

permutations. So, this is not practical to run the DE for every permutation of layers.

In an accurate DE technique of the column layered decoders of quasi cyclic codes,

the probability distributions of CNs to VNs and VNs to CNs messages flowing on

different edges of the base-graph are computed while the order in which different

messages (distributions) are updated following a certain updating order of layers is

also taken into account. To simplify the search among the nb! different column layered

schedules, rather than the derivation of such distributions for each schedule, we select

one schedule, say the one corresponding to the original order of the columns, and

then at each iteration ` and for each layer j, derive the average distributions of CN

to VN messages and VN to CN messages, denoted by
←
ψ̄j` and

→
ψ̄j` , respectively, where
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the average is taken over all the corresponding distributions within column layer Lj.

These average distributions are then used to represent all the CN to VN and VN to

CN distributions in the jth layer of decoding regardless of the schedule.

Example 16. As an example, for the base graph of Fig. 5.3, the distribution
←
ψ̄2
` is

the average of ψ
[2←1]
` and ψ

[2←3]
` , and

→
ψ̄2
` is the average of ψ

[2→1]
` and ψ

[2→3]
` (The last

two distributions have not been shown in the figure).

Naturally, by changing the order of columns, the corresponding distributions of

different edges are changed. While applying another average over a couple of different

column permutations would be a more accurate approach, we found it sufficient to,

only, consider the DE result of the regular order of the layers of a code, for our

purpose.

In the next step, by using the average distribution of VNs to CNs per each layer,
→
ψ̄j` , a partial gain similar to Equations (5.9) and (5.10) can be obtained for each

layer. Then, based on the TSLP of an ETS, for a specific permutation of column

layers, Equation (5.8) can be utilized to obtain the multiplicative gains of various

missatisfied CNs. It is noted that, to avoid unnecessary computations and reducing

the complexity, the polarity inversion coefficient is not considered in the gain calcula-

tions during the optimization process. The advantage of using Equation (5.8) is that

the partial gains related to different layers can be computed before the optimization

process and different schedules would only affect the parameters
/
τ i and

.
τ i related

to different state-variables passing through various missatisfied CNs. With respect

to unsatisfied CNs, the average CNs to VNs distributions
←
ψ̄j` or

←
ψ̄j`−1 can be used to

compute the unsatisfied CNs input parameters. This is clarified in the next example.

Example 17. Regarding the quasi-cyclic Tanner (155, 64) code, there are 5 column

layers. So, 5 average VN to CN distributions denoted by
→
ψ̄1
` ,
→
ψ̄2
` ,
→
ψ̄3
` ,
→
ψ̄4
` and

→
ψ̄5
` are

obtained. Based on these distributions, for each column layer, a VN to CN partial

gain is computed. In Fig. 5.2, the obtained partial gains are plugged into Equations

(5.12) and (5.13) to find the corresponding missatisfied CN gains at layers L′1 = L1

and L′2 = L3, respectively.

Regarding the unsatisfied CN c2 in Fig. 5.1, the CN to VN message from c2 toward

v4, within the model, is used when the state-variables number 9 and 12 are updated.

These state-variables belong to the column layers L′2 = L3 and L′3 = L5, respectively.
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As both of these layers are updated after L′1 = L1 which is the corresponding column

layer of v4, the average distribution
←
ψ̄1
` (not

←
ψ̄1
`−1) is used within the model to obtain

the unsatisfied input parameters (mean and variance) corresponding to c2.

In column layered decoders, unlike the row layered decoders, the number of layers,

nb, is typically large. For example, the Wimax code, denoted by C2 in the following

section, has a 6× 24 base matrix. So, the total number of column layer permutations

is 24! which is a huge number. This means an exhaustive search among different

column layer permutations is not feasible. In Chapter 4, it has been shown that

the failure probability of ETS structures, on average, decreases with the reduction of

dominant eigenvalue of the transition matrices corresponding to different schedules.

We also have observed the same behaviour in column layered decoders. So, we will

use this result to shrink the search space.

Generally, different ETSs can contribute to the error floor of an LDPC code.

Among different ETSs of a code, the ETS structure that contributes the most in

the error floor is called dominant ETS. Changing the column decoding schedule can

potentially impact the harmfulness of different TSs including the most harmful ones.

Moreover, the relative harmfulness of ETSs based on different scheduling can be

changed. In order to reduce the search space of optimization process, we focus on the

most harmful structure of a specific schedule, say the one corresponding to the original

order of the columns. After identifying the dominant structure, the permutations of

layers inside the dominant structure that result in the lowest dominant eigenvalues

of the transition matrix are determined. Finally, a number of column schedules are

generated randomly such that the corresponding layers order in the most dominant

structure lead to the lowest possible dominant eigenvalue of the transition matrix

found in the previous step.

In order to find the schedule with the lowest error floor, we perform the search in

two steps. In the first step, we use the the approximate DE as well as the reduced

search space, discussed above, to find a few candidate schedules that have lower error

floors. In the second step, we consider the exact DE method within the linear state-

space model and once again examine the corresponding error floor of the candidate

schedules obtained in the previous step. Finally, the column schedule with the lowest

error floor is found.
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v1 v2 v3 v4

c1 c2 c3

ψ
[2←1]
`

ψ
[2←3]
`

ψ
[4→3]
`−1

ψ
[3→1]
`−1

ψ
[1→1]
`

Figure 5.3: Base graph of Example 16: The solid (red), dashed (green), dotted
(blue) and dashed-dotted (purple) arrows, respectively, illustrate the updating
order which the column layered decoder perform, accordingly.

5.3 Simulation Results

In this section, the performance of our proposed model is investigated via simulation

results. For this purpose, two QC-LDPC codes are used, namely, C1 and C2. The

LDPC code C1 is a rate-0.3 variable-regular (640, 192) LDPC with dv = 5 and irregular

CN degrees [3] and C2 is a rate-0.75 irregular (576, 432) code used in Wimax standard

[82].

We now investigate the effect of column block permutations on the error floor of

C1. C1 has 10 column layers, each corresponding to one of the column blocks of the

parity-check matrix in Fig. 4.6a. We label these column blocks with numbers 1 to

10 based on their original order in Fig. 4.6a, i.e., the first column block is labeled

by 1, the second by 2, and so on. Different schedules can, then, be represented

with different permutations of numbers from 1 to 10. For example, permutation

(1, 2, 3, 4, 5, 6, 7, 8, 9, 10) refers to the updating schedule of column layers in the same

order as they appear in Fig. 4.6a.

The dominant LETS of c1 is a (5, 5) structure with multiplicity of 64. Also, all

the (5, 5) LETSs have the same TSLP. In order to investigate the effect of different

column schedules on the error floor performance of C1, the technique of Section 5.2 is

utilized. The total number of possible column permutations for C1 is 10! = 3628800.

These permutations result in different transition matrices for the (5, 5) LETS within

the state-space model. However, unlike the row layered decoding schedules of this

code presented in Section 4.3 where different row schedules produced 8 different dom-

inant eigenvalues, all the column schedules would result in transition matrices whose
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dominant eigenvalues are equal to r̃ = 16.9536. By using a single application of DE,

as discussed in Section 5.2, the failure rate of the (5, 5) LETS for different schedules is

approximated. The results for SNR of 6 dB and saturation level of 15.75 are provided

in Fig. 5.4 for all the schedules.

To find a schedule with low error floor, in the next step, we choose a few schedules

leading to the lowest error rates in the first step. We then apply our estimation

technique accurately to find the one that has the lowest error floor. As a result,

we obtain the schedule corresponding to the permutation (2, 9, 7, 8, 5, 3, 6, 1, 10, 4),

shown in Fig. 5.4 with a full square. For comparison, we have also selected one

of the schedules with the worst error floor, (6, 5, 2, 7, 8, 4, 3, 10, 1, 9), as well as the

original one, (1, 2, 3, 4, 5, 6, 7, 8, 9, 10). These schedules are specified in Fig. 5.4 by a

full circle and a full triangle, respectively. The simulation and estimation results of

these three schedules are presented in Fig. 5.5. The maximum number of iterations

and the saturation level are Imax = 30 and 15.75, respectively. For comparison,

we have also presented the FER of the different row layered schedules, including

regular, best and worst schedules, proposed in Section 4.3, in Fig. 5.5. As can be

seen, all the estimation results match closely with the corresponding simulations.

However, unlike the row layered schedules where there is a substantial difference

between the FER of the best and worst layered schedules in the error floor region,

the difference of the FER of the best and worst layered schedules of column layered

decoder is less than an order of magnitude. This can be attributed to the fact that

the dominant eigenvalues of various permutations of column layered decoder is fixed

and the error floor performance is mainly determined by external messages entering

the ETS subgraph. It is of importance to note that the dominant eigenvalue of

different permutations in column layered decoder is r̃ = 16.9536 which is more than

the maximum eigenvalue among row layered schedules, i.e., 16.125. Therefore, based

on the results of Section 4.3 in Chapter 4, it is expected that the column layered

decoding of C1, on average, to have worse performance than the row layered decoding.

As the next example, we consider C2. The multiplicity of different (a, b) LETSs

of this code within the range a ≤ 8 and b ≤ 2 can be found in Table 4.1. The

dominant structures of this code are from (7, 1) class. Taking the TSLPs of ETSs

into account, there are ten (7, 1) LETSs, each with multiplicity of 24, that can have
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Figure 5.4: The error estimation related to (5, 5) LETS of C1 for various column
layered schedules at Eb/N0 = 6 dB. All the schedules result in the same dom-
inant eigenvalue of the layered transition matrix, r̃ = 16.9536. The saturation
level is 15.75.
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Figure 5.5: The simulation and estimation results related to code C1 showing the
effect of different schedules. The saturation level is 15.75 and the maximum
number of iterations is 30.
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different failure probabilities under column layered decoding. As it is has been dis-

cussed in Section 5.2, due to the large number of column blocks (nb = 24) of this

code, shown in Fig. 4.6b, we need to reduce the search space to be able to per-

form optimization. We found that for the original order of column layers, one of

the (7, 1) LETSs, denoted by (7, 1)10 in Section 4.3, is the most harmful structure

of this code. The dominant eigenvalue of this structure related to the regular sched-

ule of Fig. 4.6b is r̃ = 7.3547. The number of column layers involved in (7, 1)10 is

J = 7. Therefore, there exist 7! = 5040 different permutations of layers that result

in transition matrices with 10 different dominant eigenvalues ranging from 6.757 to

13.877. Also, there are 854 different permutations (out of 5040) whose correspond-

ing transition matrices have the minimum dominant eigenvalue of r̃ = 6.757. For

each of the 854 layer permutations of (7, 1)10, we generate 100 random column layer

permutations of parity check matrix such that the corresponding order of layers in

(7, 1)10, with r̃ = 6.757, are preserved. In this way, the search space will be re-

duced by 85400/24!. By using a single application of DE, as discussed in Section

5.2, the total failure rate due to (7, 1) LETSs for different schedules is approximated.

Then a handful of schedules are chosen for the second phase of optimization, as dis-

cussed before. As a result, we obtain the schedule corresponding to the permutation

(14, 17, 19, 12, 13, 20, 5, 23, 16, 4, 11, 3, 6, 2, 15, 7, 18, 1, 21, 10 , 8, 9, 24, 22) as one of the

best schedules. The simulation and estimation results of the optimized schedule as

well as the regular one are presented in Fig. 5.6. The maximum number of iterations

and the saturation level are Imax = 30 and 15.75, respectively. It can be seen that the

error floor performance of the optimized schedule is slightly better than the original

column permutations of Fig. 4.6b. In fact, the original order of column layers, itself,

is among the good schedules of C2 in terms of error floor performance. Regarding C2,

we, also, have observed that the optimized FER curve of the column layered decoder

and the optimized FER curve of row layered decoder in Section 4.3, interestingly, have

almost the same performance in the error floor region and their curves are completely

overlapped (thus not shown in Fig. 5.6).

5.4 Appendix

Modification to the Proof of Proposition 3 for Column Layered Decoders.

Suppose the systematic form of the flooding schedule transition matrix obtained based
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Figure 5.6: The simulation and estimation results related to code C2 showing the ef-
fect of different schedules. The saturation level is 15.75. The maximum number
of iterations is 30.

on row and column layered schedules be denoted by Ar and Ac, respectively. Then,

there exist a permutation matrix P1 such that

Ar = P1AcP
T
1 (5.28)

where PT
1 = P−1

1 . In Lemma 11, a symmetric unitary permutation matrix, P, was

introduced such that

Ar = PAr
TP. (5.29)

By substitution of (5.28) into (5.29) we have

P1AcP
T
1 = PP1Ac

TPT
1 P (5.30)

or equivalently

Ac = PT
1 PP1Ac

TPT
1 PP1. (5.31)

By defining the new unitary permutation matrix P′ = PT
1 PP1 where P′P′ = I we

can write

Ac = P′Ac
TP′. (5.32)
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In the proof of Proposition 3 in Section 4.4, it is sufficient to replace the matrix P

with P′ = PT
1 PP1 and use the same steps to proof that the corresponding dominant

eigenvalue of the transition matrix in column layered schedule is invariant to the

reversing of the layers order.



Chapter 6

A Semi Linear State Space Model for

Error Floor Estimation of LDPC codes

over the AWGN Channel

The chapter is organized as follows: We develop the semi-linear state-space model of

an ETS in Section 6.1. In the same section, we also establish connections between our

proposed model and the semi-analytical method of [34]. In Section 6.2, we provide

extensive simulation results to demonstrate the accuracy of the proposed method

in comparison with the linear state-space model as well as semi-analytical method

of [34].

6.1 Proposed Semi-linear Model with Dynamical

Operating Point

6.1.1 Main Ideas and Methodology

One of the main factors that affects the accuracy of the Taylor expansion of a non-

linear function is the choice of operating point around which the function is approxi-

mated. A proper choice can significantly improve the accuracy of the approximation.

For the case of the approximation of the missatisfied CN operation, which is of in-

terest in this chapter, the function inputs are random, and a good choice is not only

dependent on the iteration number but also depends on individual missatisfied CNs

within the TS. To simplify the method, in this chapter, however, we ignore the latter

dependency, and dynamically find the operating point for all missatisfied CNs of the

115
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TS at iteration ` as the weighted average of internal messages of the TS at iteration

`−1. In this process of averaging, it is essential to capture the most likely inputs that

cause TS failures with a reasonable complexity. For this, we develop our state-space

model with a condition on the noise vector, hence the term “conditional state-space

model.” The conditioning is to bias the noise vector to move in the direction that

encourages more TS failures.

The first order Taylor expansion of missatisfied CN functions results in a linear

state-space model. In order to increase the accuracy of the approximations, we will use

the second order Taylor expansion in the first few iterations and first order expansion

for the remaining iterations. Thus, our model is called “semi-linear.” The reason for

a higher order Taylor expansion at early iterations is that for those iterations, the

extrinsic inputs to missatisfied CNs have not sufficiently grown yet, and as a result,

their size is comparable to that of internal messages. This implies that the relative

degree of non-linearity of missatisfied CNs at early iterations is higher.

In the linear state-space model of [45], it is assumed that the error indicator

function is a Gaussian random variable. However, we will show that in our dynamical

model which is a closer model to the actual non-linear model, if the same indicator

function is used to calculate the failure probability, the Gaussian approximation is

only applicable in initial iterations. In higher iterations, the indicator function has

a bimodal distribution which can be approximated as a mixture of two Gaussian

distributions. We incorporate this distribution into the derivations of our model

parameters.

6.1.2 Proposed Model

The operating point of the Taylor expansion of a function with random input is

typically chosen as the expected value of the random input. In TSs, and in the

context of the Taylor expansion of missatisfied CN functions with respect to state

variables, one needs to calculate the expected values of the state variables. Now by

making the simplifying assumption that all the missatisfied CNs within a TS have

the same operating point at a given iteration `, we use a weighted average of state

variables at iteration `− 1, as defined below, as the operating point for iteration `.

Definition 3. The operating point of the Taylor expansions of missatisfied CNs of
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an ETS at iteration ` is defined by

η`−1
∆
= E{ẃT

1 x(`−1)} , (6.1)

in which the weighting vector ẃ1 is an scaled version of the positive dominant left

eigenvector of the transition matrix A given by

ẃ1 =
w1∑ms

i=1(w1)i
, (6.2)

where the symbol (w1)i is used to denote the ith element of w1.

We note that the weighting vector ẃ1 is also a dominant left eigenvector of A. This

implies that the weighted average in (6.1) is in fact the error indicator function. This

means that the calculation of the operating point comes at no extra complexity since

the expected value of (6.1) is required in the calculation of the TS failure probability

anyway. As we will show later, the calculation of (6.1) is performed recursively in

consecutive iterations. We further note that for the ETSs whose internal VN degrees

ζvi are equal, since w1 is an all-one vector [45], then (6.1) is equivalent to a regular

average of the state variables.

While Definition 3 can be used to find the operating points of missatisfied CNs of

an ETS under the normal operation of the decoder, in this work, we are interested in

calculating the operating points for inputs that are highly likely to cause a decoder

failure over the ETS. For this, we impose a condition on the noise vector that biases

the decoder towards having more failures on the ETS of interest, as explained in the

following.

The input vector of a TS from the channel can be written as

 L =
2

σ2
ch

(1a×1 + na), (6.3)

where 1a×1 is an all-one vector of size a. The a-dimensional Gaussian noise vector,

na, can be expanded on orthonormal vectors γ1, . . . ,γa as

 L =
2

σ2
ch

(1a×1 + θ1γ1 + θ2γ2 + · · ·+ θaγa), (6.4)

where i.i.d random variables θ1, . . . , θa, each with distribution N (0, σ2
ch),

1 are the

1Notation N (m,σ2) is used to denote a Gaussian distribution with expected value m and variance
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projections of na on different orthonormal vectors. Now suppose that the first vector

is chosen as γ1 = (1/
√
a)1a×1, which is known to be a good approximation for the

error direction of the TS [34]. In this case, we have

 L =
2

σ2
ch

(1a×1 +
θ1√
a︸︷︷︸
θ′

1a×1) +
2

σ2
ch

(θ2γ2 + · · ·+ θaγa)︸ ︷︷ ︸
n′

, (6.5)

where θ′ ∼ N (0, σ2
ch/a). We refer to n′ as residual noise vector. The conditional

mean of the vector  L given θ′ can then be obtained as

m L|θ′ =
2

σ2
ch

(1 + θ′)1a×1. (6.6)

Also, the corresponding conditional covariance matrix Σ L|θ′ of the channel vector,

which is equal to the covariance matrix Σn′ of the residual noise, can be obtained as

Σ L|θ′ = Σn′

=
4

σ2
ch

(γ2γ
T
2 + γ3γ

T
3 + · · ·+ γaγTa︸ ︷︷ ︸

Ia−γ1γT1

)

=
4

σ2
ch

(Ia −
1

a
1a×a), (6.7)

where Ia and 1a×a are identity and all-one matrices with size a × a, respectively.

Therefore, the variance of the residual noise elements (diagonal elements of Σn′) are

equal to

σ2
n′ =

4

σ2
ch

(1− 1

a
). (6.8)

Following (6.1), we now define the conditional operating point of Taylor expansions

for state variables at a given iteration ` as

η`−1|θ′
∆
= E{ẃT

1 x(`−1)|θ′}. (6.9)

Based on (6.9) and (6.6), the initial conditional operating point can be obtained as

η0|θ′ =
2

σ2
ch

(1 + θ′). (6.10)

σ2.
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By changing θ′ from zero to −2, η0|θ′ changes from 2/σ2
ch to −2/σ2

ch. Accordingly,

based on (6.6), the conditional mean of the channel input vector moves from 2/σ2
ch1a×1

towards −2/σ2
ch1a×1. This would result in an increase in the failure probability of the

TS.

Finally, the failure probability of a TS S can be calculated using total probability

law as

Pe{S} =

√
a√

2πσ2
ch

∫ +∞

−∞
Pe{S|θ′}e

− aθ′2

2σ2
ch dθ′ . (6.11)

We note that the integrand in (6.11) has a maximum and decays quickly with θ′ in

the vicinity of that maximum. The integral is thus largely determined by the value of

the function around the region of θ′ that includes the maximum value of the function.

Typically, to have an accurate approximation of Pe{S}, it is sufficient to compute

the integral for −2 ≤ θ′ ≤ −1 [34].

In the following, we focus on calculating the conditional failure probability,

Pe{S|θ′}, using a conditional semi-linear state-space model. The initial states of

the model that we develop are the conditional channel inputs (6.5) with different

but given values of θ′, hence the term “conditional.” In this model, the missatisfied

CN operations are approximated by second order Taylor expansions at the first two

iterations, and by first order Taylor expansions for the rest of the iterations, hence

the term “semi-linear.”

Suppose the operator x�2 denotes an element-wise second power of a vector x.

The second order Taylor expansion of the missatisfied CN function in (3.2), around

the conditional operating point η`−1|θ′ , can be written as

Φ(x(`−1),Bs  L
(`)
s ) ≈ ġ(`) + Ĝ(`)(x(`−1) − η`−1|θ′1ms×1)+

Ğ(`)(x(`−1) − η`−1|θ′1ms×1)
�2
. (6.12)

The vector ġ(`) and diagonal matrices, Ĝ(`) and Ğ(`) contain the coefficients cor-

responding to the constant, linear and squared terms of the second order Taylor

expansion. The ms × 1 random vector ġ(`) with random elements ġ
(`)
j (mean: ¯̇g

(`)
j ,

variance: σ2

ġ
(`)
j

) is computed as

ġ(`) = Φ(η`−1|θ′1ms×1,Bs  L
(`)
s ), (6.13)

and the ms × ms diagonal random gain matrices Ĝ(`) and Ğ(`) with elements ĝ
(`)
j
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(mean: ¯̂g
(`)
j , variance: σ2

ĝ
(`)
j

) and ğ
(`)
j (mean: ¯̆g

(`)
j , variance: σ2

ğ
(`)
j

) are calculated as

Ĝ(`) = diag{Φx(η`−1|θ′1ms×1,Bs  L
(`)
s )}, (6.14)

Ğ(`) =
1

2
diag{Φxx(η`−1|θ′1ms×1,Bs  L

(`)
s )}. (6.15)

We use the notations
¯̂
G(`) and

¯̆
G(`) to denote the expected value of the above random

matrices with respect to missatisfied CN external inputs. The element-wise operators

Φx(.) and Φxx(.) are the first and second partial derivatives of the CN function with

respect to the state variables.

Consider a missatisfied check node with the virtual variable node sj, and with the

two incoming messages represented by state variables xi and xi′ (see, Fig. 3.1). We

then have

ġ
(`)
i = ġ

(`)
i′ = φ(η`−1|θ′ , L

(`)
sj

) , (6.16)

ĝ
(`)
i = ĝ

(`)
i′ = φx(η`−1|θ′ , L

(`)
sj

) , (6.17)

ğ
(`)
i = ğ

(`)
i′ =

1

2
φxx(η`−1|θ′ , L

(`)
sj

) , (6.18)

where L
(`)
sj is the message entering the missatisfied check node through the virtual

variable node sj at iteration `. Also, we have

φ(x, y) = ln

(
1 + ex+y

ex + ey

)
(6.19)

φx(x, y) =
ex(e2y − 1)

(ex + ey)(1 + ex+y)
, (6.20)

φxx(x, y) = φx(x, y)

[
1− ex

(ex + ey)
− ex+y

(1 + ex+y)

]
. (6.21)

By plugging (6.12) into (3.2), and considering the conditional channel vector of

(6.5) as input, the conditional state vectors can be written as

x(0) = B(η0|θ′1a×1 + n′) , (6.22)

x(1) = A(ġ(1) + Ĝ(1)Bn′ + Ğ(1)Bn′
�2

) + x(0) + Bex  L(1)
ex , (6.23)

x(2) = A(ġ(2) + Ĝ(2)x′(1) + Ğ(2)x′(1)�2
) + x(0) + Bex  L(2)

ex , (6.24)

x(`) = A(ġ(`) + Ĝ(`)x′(`−1)) + x(0) + Bex  L(`)
ex , for ` ≥ 3 , (6.25)



CHAPTER 6. A SEMI-LINEAR MODEL FOR ERROR FLOOR ANALYSIS 121

where

x′(`−1) = x(`−1) − η`−1|θ′1ms×1 . (6.26)

In the above equations, to simplify the notation, we have used the same notations for

state vectors as those in the unconditional model. To derive (6.23), we have replaced

x′(0) and x′(0)�2
with Bn′ and Bn′�2, respectively. The first replacement follows from

plugging (6.22) into (6.26) for ` = 1, i.e., x′(0) = η0|θ′B1a×1 + Bn′− η0|θ′1ms×1 = Bn′.

The second replacement follows from the structure of matrix B as discussed in Lemma

1, i.e., x′(0)�2
= (Bn′)�2 = Bn′�2.

In the following, we simplify the conditional semi-linear state-space equations by

replacing the gain matrices Ĝ(`) and Ğ(`) with scalars. For this, we adopt the same

approach as the one used in Chapter 3 to replace the random gain matrix G(`) with

the scalar gain g(`) . (see Lemma 2 and Definition 2.)

The following lemma can be proved using the same approach as in the proof of

Lemma 2 of Chapter 3, which is based on perturbation theory with the assumption

that the nonzero elements of diagonal matrices Ĝ(`) and Ğ(`) have small variances.

Lemma 14. The first order approximation of the maximum eigenvalues, ρ(AĜ(`))

and ρ(AĞ(`)), of matrices AĜ(`) and AĞ(`), respectively, are given by

ρ(AĜ(`)) ≈ rwT
1

¯̂
G(`)u1

+

ms
2∑
i=1

∂ρ(AĜ(`))

∂ĝ
(`)
i

∣∣∣∣∣
Ĝ(`)=

¯̂
G(`)

(ĝ
(`)
i − ¯̂g

(`)
i ) , (6.27)

ρ(AĞ(`)) ≈ rwT
1

¯̆
G(`)u1

+

ms
2∑
i=1

∂ρ(AĞ(`))

∂ğ
(`)
i

∣∣∣∣∣
Ğ(`)=

¯̆
G(`)

(ğ
(`)
i − ¯̆g

(`)
i ) , (6.28)

in which

∂ρ(AĜ(`))

∂ĝ
(`)
i

∣∣∣∣∣
Ĝ(`)=

¯̂
G(`)

≈ wT
1

∂AĜ(`)

∂ĝ
(`)
i

u1 , (6.29)

∂ρ(AĞ(`))

∂ğ
(`)
i

∣∣∣∣∣
Ğ(`)=

¯̆
G(`)

≈ wT
1

∂AĞ(`)

∂ğ
(`)
i

u1 , (6.30)



CHAPTER 6. A SEMI-LINEAR MODEL FOR ERROR FLOOR ANALYSIS 122

and r, w1 and u1 are the maximum eigenvalue and the corresponding normalized left

and right eigenvectors of matrix A.

Based on Lemma 14, for the conditional gains related to linear and squared terms

of Taylor expansions, we define the following random scalar gains.

Definition 4. The random scalar gains, corresponding to the conditional linear and

squared terms in Taylor expansions of missatisfied CNs, at iteration ` are defined as:

ĝ(`) =
ρ(AĜ(`))

r
≈ ¯̂g(`) +

ms
2∑
i=1

∂ρ(AĜ(`))

r∂ĝ
(`)
i

(ĝ
(`)
i − ¯̂g

(`)
i ), (6.31)

ğ(`) =
ρ(AĞ(`))

r
≈ ¯̆g(`) +

ms
2∑
i=1

∂ρ(AĞ(`))

r∂ğ
(`)
i

(ğ
(`)
i − ¯̆g

(`)
i ), (6.32)

where ¯̂g(`) = wT
1

¯̂
G(`)u1 and ¯̆g(`) = wT

1
¯̆
G(`)u1 are the means of ĝ(`) and ğ(`), respec-

tively. Also, assuming gains ĝ
(`)
i as well as ğ

(`)
i are independent, the variances of ĝ(`)

and ğ(`) at a given iteration ` can be approximated as

σ2
ĝ(`) ≈

ms
2∑
i=1

(
∂ρ(AĜ(`))

r∂ĝ
(`)
i

)2

σ2

ĝ
(`)
i

, (6.33)

σ2
ğ(`) ≈

ms
2∑
i=1

(
∂ρ(AĞ(`))

r∂ğ
(`)
i

)2

σ2

ğ
(`)
i

. (6.34)

Remark 6. For the case where the distributions of the extrinsic messages of the

missatisfied check nodes are identical, since wT
1 u1 = 1, the mean values ¯̂g(`) and ¯̆g(`)

are equal to the expected value of the gains related to each of the missatisfied CNs,

i.e., ¯̂g
(`)
i and ¯̆g

(`)
i , respectively.

Using similar steps as those used in the proof of Lemma .3, and based on the

assumption that the dominant left eigenvectors of random matrices AĜ(`) and AĞ(`)

are the same as the dominant left eigenvector of matrix A, we can replace the diagonal

gain matrices G(`) and Ğ(`) within the conditional semi-linear state-space model with

the random scalar gains defined in Equations (6.31) and (6.32), respectively. As a

result, we have
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x(0) = B(η0|θ′1a×1 + n′) , (6.35)

x(1) = A(ġ(1) + ĝ(1)Bn′ + ğ(1)Bn′
�2

) + x(0) + Bex  L(1)
ex , (6.36)

x(2) = A(ġ(2) + ĝ(2)x′(1) + ğ(2)x′(1)�2
) + x(0) + Bex  L(2)

ex , (6.37)

x(`) = A(ġ(`) + ĝ(`)x′(`−1)) + x(0) + Bex  L(`)
ex , for ` ≥ 3 . (6.38)

Finally, in the following, we derive the error indicator function ξ́` of our model

at iteration `,2 as the projection of the conditional state vector at iteration ` on the

normalized left eigenvector ẃT
1 of matrix A:

ξ́0 = η0|θ′ + ẃT
1 Bn′ , (6.39)

ξ́1 = r(ġ(1) + ĝ(1)ẃT
1 Bn′ + ğ(1)ẃT

1 Bn′
�2

) + ξ́0 + ξ́ex1 , (6.40)

ξ́2 = r(ġ(2) + ĝ(2)ẃT
1 x′(1) + ğ(2)ẃT

1 x′(1)�2
) + ξ́0 + ξ́ex2 , (6.41)

ξ́` = r(ġ(`) + ĝ(`)ẃT
1 x′(`−1)) + ξ́0 + ξ́ex` , for ` ≥ 3 , (6.42)

where

ξ́ex` = ẃT
1 Bex  L(`)

ex , (6.43)

with mean and variance equal to

E{ξ́ex` } = m(`)
ex

b∑
k=1

(ẃT
1 Bex)k, (6.44)

VAR{ξ́ex` } = σ2(`)
ex

b∑
k=1

(ẃT
1 Bex)

2
k. (6.45)

To derive (6.39), we have replaced η0|θ′ẃ
T
1 B1a×1 with η0|θ′ , since B1a×1 = 1ms×1.

Also, the random variable ġ(`) is given by

ġ(`) = ẃT
1 ġ

(`). (6.46)

2In Chapter 3, the notation ξ` (without accent at the top) is used to denote the unconditional
error indicator function.
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It is noted that since the elements of the ms × 1 column vector ġ(`) corresponding to

the same missatisfied CN are the same, the vector ġ(`) can, equivalently, be written

as the multiplication of matrix Bs and an ms
2
× 1 vector containing the ms

2
distinct

elements of ġ(`). If the inputs to missatisfied CNs (from virtual VNs) at a given

iteration ` are assumed to be i.i.d, the mean, ¯̇g
(`)
j , and variance, σ2

ġ
(`)
j

, of the elements

of ġ(`) are equal. So, after dropping the index j, the mean and variance of ġ(`) in

(6.46), denoted by ¯̇g(`) and σ2
ġ(`) , are calculated as follows:

¯̇g(`) = ¯̇g(`)

=1︷ ︸︸ ︷
ms/2∑
k=1

(ẃT
1 Bs)k, (6.47)

σ2
ġ(`) = σ2

ġ(`)

ms/2∑
k=1

(ẃT
1 Bs)

2
k. (6.48)

The reason for the summation in the right hand side of (6.47) being equal to 1 is that

according to Lemma 1, each column of Bs has two non-zero elements and that the

non-zero elements of different columns do not overlap.

Lemma 15. The mean and variance of the initial conditional error indicator func-

tion, ξ́0
∆
= ẃT

1 x(0), are given by

E{ξ́0} = η0|θ′ ,VAR{ξ́0} =
4

σ2
ch

[
a∑
k=1

(ẃT
1 B)2

k −
1

a

]
. (6.49)

Proof. From (6.39), we have

E{ξ́0} = η0|θ′ + ẃT
1 B

=0︷ ︸︸ ︷
E{n′} = η0|θ′ . (6.50)

For the variance,

VAR{ξ́0} = ẃT
1 BΣn′B

T ẃ1. (6.51)
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Substituting Σn′ from (6.7) into the above equation results in

VAR{ξ́0} =
4

σ2
ch

ẃT
1 B(Ia −

1

a
1a×a)B

T ẃ1 , (6.52)

=
4

σ2
ch

[
ẃT

1 BIaB
T ẃ1 −

1

a

=1︷ ︸︸ ︷
ẃT

1 B1a×1

=1︷ ︸︸ ︷
11×aB

T ẃ1

]
, (6.53)

=
4

σ2
ch

[
a∑
k=1

(ẃT
1 B)2

k −
1

a

]
, (6.54)

in which ẃT
1 B1a×1 = 1 is a consequence of B1a×1 = 1ms×1.

Lemma 16. If all the VNs of an ETS structure are connected to equal number of

missatisifed CNs within the structure (have equal internal degrees), then the variance

of initial conditional indicator function is zero, i.e., VAR{ξ́0} = 0.

Proof. The positive dominant left eigenvector of ETSs whose VNs have equal internal

degrees is proportional to the all-one vector [45]. Moreover, denoting the internal VN

degrees of such a TS with ζv, the number of state-variables (which is equal to the size

of ẃT
1 ) is aζv. So, based on (6.2), all the elements of ẃT

1 are equal to 1/aζv. On the

other hand, for an ETS with regular internal VN degrees, all the columns of B have

the same number of ones which is equal to ζv. As a result, the elements of the row

vector (ẃT
1 B) are all equal to 1/a. Replacing (ẃT

1 B)k by 1/a in (6.49) completes the

proof.

Remark 7. We have observed that, in addition to the ETS structures discussed in

Lemma 16, the variance of the initial conditional error indicator function of other

types of ETS structures also, is relatively small. For example, for the (12, 4) ETS

of Margulis code and the (8, 2) ETS of Tanner code, the variances of initial error

indicator functions are 3.1438× 10−4(4/σ2
ch) and 1.1× 10−3(4/σ2

ch), respectively.

The non-recursive form of Equations (6.35)-(6.38), for ` ≥ 3 , can be obtained by

induction as follows:
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x(`) =
∑̀
i=0

A`−iBn′
∏̀
j=i+1

ĝ(j) + ğ(1)A`Bn′
�2
∏̀
j=2

ĝ(j)

+ğ(2)A`−1x′(1)�2 ∏̀
j=3

ĝ(j) +
∑̀
i=1

A`−iBex  L(i)
ex

∏̀
j=i+1

ĝ(j)

+
∑̀
i=1

A`+1−iġ(i)
∏̀
j=i+1

ĝ(j) +
∑̀
i=1

A`−iη0|θ′1ms×1

∏̀
j=i+1

ĝ(j)

−
`−1∑
i=1

A`−iηi|θ′1ms×1

∏̀
j=i+1

ĝ(j). (6.55)

Based on (6.55), the non-recursive form of the conditional error indicator function

at iteration ` is obtained as

ξ́`
∆
= ẃT

1 x(`) =∑̀
i=0

r`−iẃT
1 Bn′

∏̀
j=i+1

ĝ(j) + ğ(1)r`ẃT
1 Bn′

�2
∏̀
j=2

ĝ(j)

+ğ(2)r`−1ẃT
1 x′(1)�2 ∏̀

j=3

ĝ(j) +
∑̀
i=1

r`−iξ́exi
∏̀
j=i+1

ĝ(j)

+
∑̀
i=1

r`+1−iġ(i)
∏̀
j=i+1

ĝ(j) +
∑̀
i=1

r`−iη0|θ′
∏̀
j=i+1

ĝ(j)

−
`−1∑
i=1

r`−iηi|θ′
∏̀
j=i+1

ĝ(j). (6.56)

Remark 8. If the conditional operating point of zero is utilized in the calculation of

different gains at all iterations and for all the values of θ′, Equation (6.56) will be

reduced to Equation (3.24) in Lemma 3.

6.1.3 Modifications to the Proposed Model

In this part, we study the asymptotic behavior of the model proposed in the previous

subsection and explain its shortcomings in properly predicting the conditional failure

probability of a TS. We then propose modifications to the model to address the
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shortcomings.

In general, the size of the internal messages of the TS grow with iterations. On the

other hand, for a saturating decoder, the external messages entering the missatisfied

CNs (through virtual VNs) also grow with iterations until they saturate at some

value y0. Under such conditions, all the gains in the conditional semi-linear state-

space model tend to zero, since we have

lim
x→−∞

φx(x, y0) = 0, (6.57)

lim
x→−∞

φxx(x, y0) = 0. (6.58)

By replacing the gains of higher iterations with zero, the conditional error indicator

function of (6.56) can be approximated by

ξ́` ≈

ξ́0︷ ︸︸ ︷
ẃT

1 Bn′ + η0|θ′ +ξ́
ex
` + rġ(`), for ` >> 1 , (6.59)

in which, we have used (6.39) to replace the addition of the first two terms by ξ́0.

According to Lemma 16 and Remark 7, VAR{ξ́0} ≈ 0. Also, due to clipping, the

inputs from unsatisfied CNs at ` >> 1 would reach their maximum value, implying

that VAR{ξ́ex` } ≈ 0. Moreover, based on (6.16) and (6.46) and the fact that the

operating point (which is equal for all missatisfied CNs) would surpass the maximum

value y0 of missatisfied CN external inputs (from virtual VNs), the magnitude of ġ(`)

would be almost equal to y0 (because the magnitude of the CN output is approxi-

mately equal to the magnitude of the input with minimum absolute value), and thus

would have a small variance. It can therefore be concluded that the variance of con-

ditional error indicator function, VAR{ξ́`}, is small. This implies that for a given

initial operating point, η0|θ′ , the conditional error indicator function with a probabil-

ity close to 1 would be equal to a constant value. In other words, as the inputs from

unsatisfied and missatisfied CNs would reach their maximum values for ` >> 1, the

conditional failure probability, almost deterministically, depends only on the initial

operating point. This however, in addition to being counter-intuitive, can be shown

to be incorrect by the example given below.

We consider a (640, 192) QC-LDPC code [3] whose dominant TSs are known to be

(5, 5) ETSs. The histograms of conditional error indicator function for an instance of
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Figure 6.1: The histogram of the conditional error indicator function of a (5, 5) ETS
of (640, 192) QC-LDPC code [3] at different iterations.

(5, 5) ETS in this code at different iterations are shown in Fig. 6.1. To generate these

results, we have simulated about 10000 instances of iterative decoding at Eb/N0 = 7

dB with the clipping threshold of 15. In the decoding process, the parity check criteria

for stopping the decoder were deactivated. Moreover, the value of θ′, in (6.5), was set

to −1.45. Fig. 6.1 shows that as iterations go on, first the variance of the indicator

function that has a Gaussian shape increases. Then, the distribution splits into two

Gaussian-shaped distributions, moving in opposite directions.

Based on the above example, it can be observed that, as iterations go on, the

distribution of conditional error indicator function, for a given initial operating point,

η0|θ′ , would turn into a bimodal distribution. This however is not consistent with

the behavior predicted by (6.59). In the rest of the chapter, we use the notation `s

to denote the first iteration in which the distribution starts to split. Although this

definition of `s is not rigorous, it serves our purpose for the derivations that follow.

In the rest of this subsection, we will address the inconsistency between the model

and our observations by modifying the proposed model.

We start by a derivation of the conditional probability of an ETS failure that

takes into account the bimodal nature of the conditional error indicator function. We
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recall that

Pe{S|θ′} = lim
`→∞

P{ξ́<0
` }, (6.60)

where P{ξ́<0
` } denotes P{ξ́` < 0|θ′}. This probability can be expanded as

P{ξ́<0
` } = P{ξ́<0

` |ξ́<0
`−1}P{ξ́<0

`−1}+ P{ξ́<0
` |ξ́

≥0
`−1}P{ξ́

≥0
`−1},

where P{ξ́≥0
` } denotes P{ξ́` ≥ 0|θ′}. For large values of `, we have P{ξ́<0

` |ξ́
≥0
`−1} ≈ 0,

since it is highly unlikely that a positive error indicator function at iteration ` − 1

changes to a negative value at iteration `. By ignoring the second term in the above

equation for P{ξ́<0
` }, and by applying the same argument to P{ξ́<0

`−1} all the way

down to P{ξ́<0
`s+1}, i.e.,

P{ξ́<0
`−1} = P{ξ́<0

`−1|ξ́
<0
`−2}P{ξ́

<0
`−2}+

≈0︷ ︸︸ ︷
P{ξ́<0

`−1|ξ́
≥0
`−2}P{ξ́

≥0
`−2}

...

P{ξ́<0
`s+1} = P{ξ́<0

`s+1|ξ́
<0
`s
}P{ξ́<0

`s
}+ P{ξ́<0

`s+1|ξ́
≥0
`s
}︸ ︷︷ ︸

≈0

P{ξ́≥0
`s
} ,

we can approximate (6.60) as

Pe{S|θ′} ≈ lim
`→∞

P{ξ́<0
`s
}
∏̀

i=`s+1

P{ξ́<0
i |ξ́<0

i−1} . (6.61)

To calculate the probabilities P{ξ́<0
i |ξ́<0

i−1} in (6.61), we assume that ξ́i|ξ́<0
i−1 has a

Gaussian distribution. To derive the new equations, we need the following definition

of a truncated distribution.

Definition 5. Suppose that the conditional error indicator function at iteration ` is

a random variable with probability density function (pdf) χ(x). Then, the truncated

distribution χ−(x) is defined as

χ−(x) =
1

P{ξ́<0
` }

χ(x)u(−x) (6.62)

where u(.) is the unit step function.

For a truncated Gaussian distribution, the mean and variance are given in the
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following lemma.

Lemma 17. Suppose that ξ́` has a Gaussian distribution with mean and variance

m and σ2, respectively. Then the mean m− and the variance σ2− of the truncated

random variable ξ́−` are given by

m− = m− σ φ(ϕ)

Φ(ϕ)
,

σ2− = σ2

[
1− ϕφ(ϕ)

Φ(ϕ)
−
(
φ(ϕ)

Φ(ϕ)

)2
]
,

where ϕ = −m/σ, φ(x) = 1√
2π

exp
(
−1

2
x2
)
, and Φ(x) = 1−Q(x).

In the following, we use the function Truncate(·, ·) to relate m− and σ2− to m

and σ2, i.e.,

[m−, σ2−] = Truncate (m,σ2) . (6.63)

In accordance with (6.61), we also modify the definition of the operating points

of the Taylor expansions of misssatisfied CN functions for ` > `s as follows.

Definition 6. Consider the truncated conditional error indicator function ξ́−` with

pdf χ−(x). Then, for iterations ` > `s, the operating points of Taylor expansions of

misssatisfied CN functions are calculated as η`−1|θ′ = E{ξ́−`−1} (instead of η`−1|θ′ =

E{ξ́`−1} given in (6.1)).

We have summarized in Algorithm 3 the steps required to calculate all the prob-

abilities involved in (6.61) for the computation of the conditional failure probability

of an ETS. In Algorithm 3, the mean and the variance of the conditional error in-

dicator function, at different iterations, are calculated recursively. At each iteration

`, the mean of the conditional error indicator function, η`|θ′ , is used as the operat-

ing point for calculating the coefficients of the Taylor expansion (gain values) in the

next iteration. In addition, the means and variances of the conditional error indicator

function ξ́`|ξ́−`−1, for ` ≥ `s, are utilized to calculate the conditional error probabilities,

P{ξ́<0
i |ξ́<0

i−1}. We note that the equations for the cases of 3 ≤ ` ≤ `s and ` > `s are

essentially the same except that the random variable ξ́` in the former is replaced with

ξ́`|ξ́−`−1 in the latter.

In Algorithm 3, the coefficients of the Taylor expansions of the error indicator func-

tions for different iterations are calculated based on Definition 4 and Equation (6.46).
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Algorithm 3 The calculation of P{ξ́<0
`s
} and P{ξ́<0

i |ξ́<0
i−1} for i = `s + 1, . . . , `.

1: I ` = 0

2: η0|θ′ = E{ξ́0},VAR{ξ́0} = 4
σ2
ch

[∑a
k=1(ẃT

1 B)2
k − 1

a

]
.

3: I ` = 1
4: η1|θ′ = E{ξ́1} = r(¯̇g(1) + ¯̆g(1)σ2

n′) + η0|θ′ + E{ξ́ex1 } ,
5: I ` = 2
6: η2|θ′ = E{ξ́2} = r(¯̇g(2) + ¯̆g(2)ẃT

1 D{Σx′(1)}) + η0|θ′ + E{ξ́ex2 } ,

7: VAR{ξ́2} = r2

[
σ2

ġ(2) +(¯̂g(2)2 +σ2
ĝ(2))ẃ

T
1 Σx′(1)ẃ1

]
+r2

[
(¯̆g(2)2 +σ2

ğ(2))ẃ
T
1 Σx′(1)�2 ẃ1 +

σ2
ğ(2)(ẃ

T
1 D{Σx′(1)})2

]
+ 2r2ẃT

1 D{Σx′(1)}COV{ġ(2), ğ(2)}+VAR{ξ́0}+VAR{ξ́ex2 } ,

8: I ` ≥ 3
9: if (3 ≤ ` ≤ `s) then

10: η`|θ′ = E{ξ́`} = r¯̇g(`) + η0|θ′ + E{ξ́ex` } ,
11: VAR{ξ́`} = r2(¯̂g(`)2 + σ2

ĝ(`))VAR{ξ́`−1}+ r2σ2
ġ(`) + VAR{ξ́0}+ VAR{ξ́ex` } ,

12: if (` = `s) then

13: P{ξ́<0
`s
} = Q

(
E{ξ́`s}

/√
VAR{ξ́`s}

)
,

14: [E{ξ́−`s},VAR{ξ́
−
`s
}] = Truncate(E{ξ́`s},VAR{ξ́`s}),

15: η`s|θ′ = E{ξ́−`s}
16: end if
17: else
18: E{ξ́`|ξ́−`−1} = r¯̇g(`) + η0|θ′ + E{ξ́ex` } ,
19: VAR{ξ́`|ξ́−`−1} = r2(¯̂g(`)2 + σ2

ĝ(`))VAR{ξ́−`−1}+ r2σ2
ġ(`) +VAR{ξ́0}+VAR{ξ́ex` } ,

20: P{ξ́<0
` |ξ́<0

`−1} = Q

(
E{ξ́`|ξ́−`−1}

/√
VAR{ξ́`|ξ́−`−1}

)
,

21: [E{ξ́−` },VAR{ξ́
−
` }] = Truncate(E{ξ́`|ξ́−`−1},VAR{ξ́`|ξ́

−
`−1}),

22: η`|θ′ = E{ξ́−` },
23: end if
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We obtain the distribution and then calculate the mean and the variance of random

gains at different iterations using DE.

For ` = 1, 2, the model is non-linear and the missatisfied CNs are approximated

based on the second order Taylor expansion. For the first iteration (` = 1), the

variance term, σ2
n′ , is obtained using (6.8). The derivation of the mean E{ξ́2} and the

variance VAR{ξ́2} of the conditional error indicator function for the second iteration

is provided in Appendix 6.3.1. To calculate E{ξ́2} and VAR{ξ́2}, we need to find

the covariance matrix of the state vector x′(1) and its element-wise squared x′(1)�2
.

These covariance matrices whose formulas are derived in Appendix 6.3.2 are denoted

by Σx′(1) and Σx′(1)�2 , respectively. In the equations for E{ξ́2} and VAR{ξ́2}, the

operator D{·} places the diagonal elements of a matrix into a column vector.

It is noted that for iterations larger than 2, due to the linearity of the model, the

variance of the error indicator function at each iteration can be calculated based on

the variance of the error indicator function in the previous iteration, and there is no

need for the calculation of the covariance matrix of the state vector in the previous

iteration.

The derivation of the mean and the variance of the conditional error indicator

function for ` ≥ 3 is provided in Appendix 6.3.3.

6.1.4 Relationship between Our Proposed Method and the

Semi-Analytical Method of [34]

In a pioneering work [34], Richardson proposed a semi-analytical code-dependent

technique based on importance sampling for the error floor estimation of LDPC codes.

In this method, the noise is biased in the direction of the TS by a certain (varying)

amount, θ′. Then, by using an orthogonal transform on the i.i.d Gaussian noise

samples within the TS, the noise vector is represented with a new set of basis vectors,

where one vector is in the direction of the TS. This allows for the bias value θ′ to be

treated as a Gaussian random variable. Fixing θ′, Monte Carlo (MC) simulation is

then performed with respect to the other dimensions of the noise vector. The final

estimate of the error floor is obtained by averaging the conditional failure rates over

the Gaussian bias values, θ′.

We note that the method of [34] for calculating the total failure probability by

averaging over the bias value is equivalent to using Equation (6.11). The major

difference, however, is that unlike our analytical approach in calculating Pe{S|θ′},
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the method of [34] estimates Pe{S|θ′} for different values of θ′ using MC simulations.

In [34], it has been shown by some examples that the conditional failure prob-

abilities Pe{S|θ′} change only slightly with SNR, and thus the error floor can be

estimated by extrapolation. In other words, in [34], the failure probability Pe{S|θ′},
in (6.11), is estimated only at a certain SNR, and then the same estimate is used for

other SNR values in the error floor region. In the simulation results of Section 6.2,

we will demonstrate that this extrapolation can result in rather significant estimation

error in saturating decoders with rather large clipping thresholds.

The error floor in our proposed model can also be extrapolated in the same manner

as in [34], i.e., for different values of θ′, we calculate Pe{S|θ′} for a specific SNR and

then use it in (6.11) for all the other SNR values of interest. We show that, unlike

the case for the method of [34], extrapolation in our model accurately estimates

the failure probabilities for different clipping thresholds. Moreover, the application

of extrapolation significantly reduces the complexity of our approach for the error

floor estimation since DE calculations and the computations involved in finding the

different parameters of the model need to be performed only once (for one SNR).

Although, the linear state-space model of [45] does not use (6.11), and thus does

not require the calculation of Pe{S|θ′}, the methodology of extrapolation can also

be applied to the technique of [45] for the error floor estimation. For this, we use

the DE results of a certain SNR to obtain the failure probabilities for all the other

SNR values. Our simulation results, however, show that such extrapolations result in

severe errors in the estimation of error floor.

Remark 9. In order to estimate Pe{S|θ′}, in [34], the regular MC method is used

to generate random inputs of the decoder for all VNs except for the a VNs of the

TS. With respect to the VNs of the TS, Equation (6.5) is deployed. To this end,

while the first dimension of the noise vector within the TS is set to a normalized

all-one vector, the other a − 1 orthogonal vectors are obtained using Gram-Schmidt

process [97, p. 656]. Then, by fixing the first dimension (fixed θ′), the coefficients of

the other orthonormal vectors (i.e., θ2, . . . , θa) are generated randomly according to

N (0, σ2
ch).

In this chapter, we use a simpler approach for the implementation of the method

of [34] that does not require Gram-Schmidt process. In this method, the noise vector

of the TS, like the rest of the VNs of the code, is generated randomly according to

N (0, σ2
ch). Then, the projection of the TS noise vector on a normalized all-one vector
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Figure 6.2: Simulation and estimation results for C1 decoded by SPA over the
AWGN channel (Imax = 200).

(first dimension) is calculated and is removed from the noise vector. Finally, the

fixed bias value on the first dimension is added to the remaining part of the noise.

Therefore, by using the same notations of (6.3), the TS input vector is generated as

 L =
2

σ2
ch

(1a×1 + na − (γT1 na)γ1 +
√
aθ′γ1) . (6.64)

6.2 Simulation Results

To examine the accuracy of our proposed method, we have applied it to different

LDPC codes, decoded by SPA over the AWGN channel. We report our results for the

following LDPC codes: (640, 192) QC code (C1) [3], Margulis (2640, 1320) code (C2),

and Tanner (155, 64) code (C3). Regarding the MC simulations, we collect 100 frame

errors at each SNR point reported in the figures. In the following, we use the notation

DSLM for the proposed Semi-Linear Model with Dynamical operating point. In the

proposed model, we use `s = 4 for all the reported results. Notations LMd and LMnd

are used for the linear model of [45] with and without damping factor, respectively,

and SA is used for the semi-analytical method of Richardson [34]. Moreover, we use

notations DSLME, LMdE and SAE for the cases where extrapolation is used in the
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estimations.

Fig. 6.2 shows the MC simulation results along with LMd, DSLM and SA esti-

mation results for C1 for different clipping thresholds. This code has VN degree 5

and an irregular CN degree distribution. The irregularity of the degree distribution is

taken into account in our model, similar to the model of [45], by applying a weighted

average based on the degree distribution of the code within the DE framework. It is

known that the most harmful TS of this code is a (5, 5) ETS with multiplicity 64. We

thus apply our method to this ETS structure and then multiply the result by 64. The

results demonstrate a good match between DSLM and SA estimations as well as the

MC simulation results. The LMd estimation results, however, are diverging from the

simulation curves, in particular, for higher saturation levels. We have also reported

the result of LMnd for Cth = 50. This represents the true performance of the linear

state-space model without the addition of the heuristic damping factor. As can be

seen, while our semi-linear model accurately estimates the error floor in this scenario,

the results of LMnd over-estimate the error floor significantly. The results of Fig. 6.2

also reveal that by increasing the SNR, since (1− P`)→ 1, the performance of LMd

converges to that of LMnd.

For C1, in Fig. 6.3, we have reported the estimation results with extrapolation. We

have also added the result of SA (without extrapolation) to the figure for comparison.

As can be seen, LMdE has the worst performance for different saturation levels. Also,

while SAE and DSLME are well-matched with MC simulations at the lower saturation

level of Cth = 7, for Cth = 50, only DSLME curve matches well with the MC simulation

curve. The SAE method over-estimates the error floor and even results in the wrong

slope for the FER.

For the rest of simulations, we compare the performance of DSLME with the

performance of other methods without extrapolation as their performance with ex-

trapolation would degrade.

The results for C2 are presented in Fig. 6.4, where the clipping threshold is

Cth = 25. The estimation results of DSLME, LMd and LMnd are obtained based

on the dominant TS structure of this code, i.e., the (12, 4) ETS with multiplicity

1320 [34, 86]. The trends for this code are similar to those of C2. The estimation

based on our model with extrapolation is well matched with MC simulations and SA.

By increasing SNR, the estimation results of LMd converge to those of LMnd, both
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Figure 6.3: Simulation and extrapolated estimation results for C1 decoded by SPA
over the AWGN channel (Imax = 200). The extrapolated curves are obtained
based on the results at Eb/N0 = 4.5 dB
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Figure 6.4: Simulation and estimation results for C2 decoded by SPA over the
AWGN channel (Imax = 200, Cth = 25). The extrapolation in DSLME is based
on the results at Eb/N0 = 2.75 dB.



CHAPTER 6. A SEMI-LINEAR MODEL FOR ERROR FLOOR ANALYSIS 137

3 3.5 4 4.5 5 5.5 6 6.5 7
10-9

10-8

10-7

10-6

10-5

10-4

10-3

10-2

Figure 6.5: Simulation and estimation results for C3 decoded by SPA over the
AWGN channel (Imax = 200). The extrapolation in DSLME is based on the
results at Eb/N0 = 4.5 dB.

considerably away from the estimation results of SA.

The results for C3 are presented in Fig. 6.5. The (8, 2) ETS with multiplicity

465 is known to be the dominant error prone structure of this code [44], and is thus

used to estimate the error floor based on LMd and DSLME. As can be observed, for

both saturation levels of 7 and 15, LMd overestimates the error floor. However, the

estimation results of DSLME in both cases match the MC simulation results well.

the operating point of the expansion in the proposed model

6.3 Appendix

6.3.1 Derivation of the mean and the variance of ξ́2, given in

Algorithm 3

In the following, we use operator diag{·} to turn a vector into a diagonal matrix

whose diagonal elements are the elements of the vector in the same order. Operator

D{·} performs the opposite operation, and transforms the diagonal elements of a

matrix into a column vector. Notation COV{·} is used to denote the covariance of a

random variable or the covariance matrix of a random vector.
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From (6.41), the conditional error indicator function in the second iteration is

given by

ξ́2 = r(ġ(2) + ĝ(2)ẃT
1 x′(1) + ğ(2)ẃT

1 x′(1)�2
) + ξ́0 + ξ́ex2 . (6.65)

We have x′(1) = (x(1) − η1|θ′1ms×1) ≈ (x(1) − E{x(1)}), and thus E{x′(1)} ≈ 0. By

taking the expected value of both sides of (6.65), we then have

E{ξ́2} = r(¯̇g(2) + ¯̂g(2)E{ẃT
1 x′(1)}+ ¯̆g(2)ẃT

1 D{Σx′(1)})

+η0|θ′ + E{ξ́ex2 }. (6.66)

Moreover, from (6.26), we have

ẃT
1 x′(`−1) = ẃT

1 (x(`−1) − η`−11ms×1) = ξ́`−1 − η`−1 . (6.67)

Taking the expected value of both sides of (6.67) for ` = 2, we obtain E{ẃT
1 x′(1)} = 0.

Replacing this in (6.66) gives the equation for E{ξ́2} in Algorithm 3.

The variance of (6.65) is calculated as

VAR{ξ́2}
∆
= E{

(
ξ́2 − E{ξ́2}

)2}

= r2

[
σ2

ġ(2) + (¯̂g(2)2 + σ2
ĝ(2))ẃ

T
1 Σx′(1)ẃ1

]
+

r2

[
(¯̆g(2)2 + σ2

ğ(2))ẃ
T
1 Σx′(1)�2 ẃ1 + σ2

ğ(2) E2{ẃT
1 x′(1)�2}︸ ︷︷ ︸

(ẃT
1 D{Σ

x′(1)})
2

]

+2r2 COV{ġ(2), ğ(2)ẃT
1 x′(1)�2}︸ ︷︷ ︸

ẃT
1 D{Σ

x′(1)}COV{ġ(2),ğ(2)}(∗)

+VAR{ξ́0}+ VAR{ξ́ex2 }

+2r2 COV{ġ(2), ĝ(2)ẃT
1 x′(1)}︸ ︷︷ ︸

COV{ġ(2),ĝ(2)}E{ẃT
1 x′(1)}(∗∗)

+2r2 COV{ĝ(2)ẃT
1 x′(1), ğ(2)ẃT

1 x′(1)�2}︸ ︷︷ ︸
COV{ĝ(2),ğ(2)}E{ẃT

1 x′(1)x′(1)�2T
ẃ1}

. (6.68)

To derive (6.68), we have removed the terms that contain COV{ẃT
1 x′(1), ξ́0} or

COV{ẃT
1 x′(1)�2

, ξ́0}. The reason is that based on Lemma 16 and Remark 7,

VAR{ξ́0} typically has a small value. This implies that COV{ẃT
1 x′(1), ξ́0} ≈ 0 and

COV{ẃT
1 x′(1)�2

, ξ́0} ≈ 0. In (∗) and (∗∗), we have used the fact that the state
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variables and missatisfied CN external inputs and thus the state variables and gain

values are independent. We note that the term with (∗∗) is equal to zero since

E{ẃT
1 x′(1)} = 0. The central k-order moments of a Gaussian random variable are

obtained in [98, Theorem 3.1]. Using this Theorem, and since E{x′(1)} = 0, we have

E{ẃT
1 x′(1)x′(1)�2T

ẃ1} = 0. This means that the last term in (6.68) is also equal to

zero. This completes the derivation of VAR{ξ́2} as given in Algorithm 3.

6.3.2 Calculation of the covariance matrices Σx′(1) and Σx′(1)�2

From (6.36),

x(1) = A(ġ(1) + ĝ(1)Bn′ + ğ(1)Bn′
�2

) + x(0) + Bex  L(1)
ex . (6.69)

By using (6.69) and E{x′(1)} ≈ 0, we have

Σx′(1)≈E{x
′(1)x′(1)T } ≈ E{(x(1) − E{x(1)})(x(1) − E{x(1)})T }

= Σx(1) = AΣġ(1)A
T︸ ︷︷ ︸

σ2

ġ(1)
ABsBT

s AT

+ Σx(0)︸ ︷︷ ︸
BΣn′B

T

+

(¯̂g(1)2 + σ2
ĝ(1))ABΣn′B

TAT + COV{ĝ(1)ABn′,Bn′}︸ ︷︷ ︸
¯̂g(1)ABΣn′B

T=♠

+COV{ĝ(1)ABn′,Bn′}T︸ ︷︷ ︸
♠T

+(¯̆g(1)2 + σ2
ğ(1))ABΣn′�2BTAT

+σ2
ğ(1)ABE{n′�2}︸ ︷︷ ︸

σ2
n′1a×1

+ COV{ğ(1)ABn′
�2
,Aġ(1)}︸ ︷︷ ︸

σ2
n′AB1a×1COV{ğ(1),ġ(1)

T }AT=♣

+COV{ğ(1)ABn′
�2
,Aġ(1)}T︸ ︷︷ ︸

♣T

+σ2(1)

ex BexIbB
T
ex. (6.70)

where Σn′ is given in (6.7). Also, COV{ğ(1), ġ(1)T } is the covariance between the

scalar ğ(1) and each element of the vector ġ(1)T , which results in a 1×ms vector. To
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obtain Σn′�2 in (6.70), we use Theorem 3.1 of [98] and get

Σn′�2 =

E[n′1
4] E[n′1

2n′2
2] · · · E[n′1

2n′a
2]

E[n′2
2n′1

2] E[n′2
4]

. . .
...

...
. . .

. . . E[n′a−1
2n′a

2]

E[n′a
2n′1

2] · · · E[n′a
2n′a−1

2] E[n′a
4]


− σ4

n′1a×a ,

where a is the number of VNs in the TS, and

E[n′k
4
] = 3σ4

n′ = 3(
4

σ2
ch

a− 1

a
)2, for k = 1, . . . , a,

E[n′i
2
n′j

2
] = σ4

n′ + 2σ2
n′in
′
j
, for i, j = 1, . . . , a, i 6= j.

= (
4

σ2
ch

a− 1

a
)2 + 2(

4

σ2
ch

−1

a
)2.

Therefore,

Σn′�2 = 2(
4

σ2
ch

)2

(
(1− 2

a
)Ia +

1

a2
1a×a

)
. (6.71)

This completes the derivation of Σx′(1) .

For Σ
x′(1)

�2 , we have

Σ
x′(1)

�2 =



E[x′1
4] E[x′1

2x′2
2] · · · E[x′1

2x′ms
2]

E[x′2
2x′1

2] E[x′2
4]

. . .
...

...
. . .

. . . E[x′ms−1
2x′ms

2]

E[x′ms
2x′1

2] · · · E[x′ms
2x′ms−1

2] E[x′ms
4]


−E{x′(1)�2}E{x′(1)�2}T . (6.72)

Assuming E{x′(1)} = 0, the terms in (6.72) are equal to [98, Theorem 3.1]:

E[x′k
4
] = 3σ4

x′k
, for k = 1, . . . ,ms,

E[x′i
2
x′j

2
] = σ2

x′i
σ2
x′j

+ 2σ2
x′ix
′
j
, for i, j = 1, . . . ,ms, i 6= j ,

E{x′(1)�2} = D{Σx′(1)},

where σx′ix′j is used to denote COV{x′i, x′j}. Thus, Equation (6.72) can be rewritten
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as

Σ
x′(1)

�2 =



σ2
x′1
σ2
x′1

σ2
x′1
σ2
x′2

· · · σ2
x′1
σ2
x′ms

σ2
x′2
σ2
x′1

σ2
x′2
σ2
x′2

. . .
...

...
. . .

. . . σ2
x′ms−1

σ2
x′ms

σ2
x′ms

σ2
x′1

· · · σ2
x′ms

σ2
x′ms−1

σ2
x′ms

σ2
x′ms


+

2



σ2
x′1
σ2
x′1

σ2
x′1x
′
2

· · · σ2
x′1x
′
ms

σ2
x′2x
′
1

σ2
x′2
σ2
x′2

. . .
...

...
. . .

. . . σ2
x′ms−1x

′
ms

σ2
x′msx

′
1

· · · σ2
x′msx

′
ms−1

σ2
x′msx

′
ms


− D{Σx′(1)}D{Σx′(1)}

T , (6.73)

and simplified as

Σ
x′(1)

�2 = diag{D{Σx′(1)}}1ms×1D{Σx′(1)}
T + 2Σ�2

x′(1)
− D{Σx′(1)}D{Σx′(1)}

T ,(6.74)

where Σ�2
x′(1)

denotes the element-wise second power of matrix Σx′(1) .

6.3.3 Derivation of the mean and the variance of the con-

ditional error indicator function for ` ≥ 3, as given in

Algorithm 3

From Equation (6.42), for ` ≥ 3, we have

ξ́` = r(ġ(`) + ĝ(`)ẃT
1 x′(`−1)) + ξ́0 + ξ́ex` . (6.75)

Taking the expected value of both sides, considering the independence of the gain ĝ(`)

and state variables, and the fact that E{ẃT
1 x′(`−1)} = 0, we then obtain

E{ξ́`} = r¯̇g(`) + η0|θ′ + E{ξ́ex` }. (6.76)
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For the variance, since the covariance between ξ́ex` and the other three terms on the

right hand side of (6.75) is zero (due to independence), we have

VAR{ξ́`} = r2σ2
ġ(`) + r2VAR{ĝ(`)ẃT

1 x′(`−1)}+ VAR{ξ́0}+ VAR{ξ́ex` }+

r2COV{ġ(`), ĝ(`)ẃT
1 x′(`−1)}+ rCOV{ġ(`), ξ́0}+

rCOV{ĝ(`)ẃT
1 x′(`−1), ξ́0}. (6.77)

Due to the small variance of ξ́0, the last two terms in (6.77) are approximately

equal to zero. Also, due to the independence of gains and state variables, and since

E{ẃT
1 x′(`−1)} = 0, the fifth term on the right hand side of (6.77) is zero. Moreover,

the second term in (6.77) can be written as

r2VAR{ĝ(`)ẃT
1 x′(`−1)} = r2(¯̂g(`)2 + σ2

ĝ(`))VAR{ξ́`−1}. (6.78)

This is because E{ẃT
1 x′(`−1)} = 0, and that based on (6.67), VAR{ẃT

1 x′(`−1)} =

VAR{ξ́`−1}.



Chapter 7

Conclusion and Future Work

7.1 Conclusion

In this thesis, we studied the harmfulness of problematic graphical structures of LDPC

codes, collectively referred to as trapping sets, in the error floor region. Our proposed

methods fit in the code-independent category of techniques in estimation and analysis

of TSs.

The linear state-space model is a well-known code-independent approach to eval-

uate the harmfulness of ETS structures under SPA over the AWGN channel. In

Chapter 3, we investigated this model carefully and pointed out its limitations in

accurately estimating the error floor. For this, we extended the model to include

random linear gains at missatisfied check nodes. The extended model was also used

to study the effect of dependencies among extrinsic messages entering the TS through

missatisfied check nodes. We proved that such dependencies will increase the error

probability of the TS. We then proposed an alternate code-independent approach to

estimate the error probability of different ETS structures. The proposed technique

applies a local importance sampling (LIS) to the message-passing algorithm over

the subgraph of the TS of interest. To model the extrinsic messages, the proposed

method uses density evolution (DE) with a simple correlation model, hence the name

“LIS-DEc.” We applied the proposed LIS-DEc method to a number of random and

structured LDPC codes decoded by a variety of iterative algorithms, quantized and

otherwise, over both AWGN and BSCs, and demonstrated that the error floor can be

accurately estimated in all cases.

Motivated by the wide spread application of layered decoders and the fact that

the behavior of such decoders in the error floor region is still not well understood, in

143
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Chapter 4, we studied the error floor of QC-LDPC codes under row layered saturating

SPA. For this, we developed a linear state-space model for LETSs of the code which

incorporates the layered nature of scheduling. We then studied the system matrices of

the model and made connections between these matrices and those corresponding to

the linear state-space model of the flooding decoder. In particular, we demonstrated

that the spectral radius of the transition matrix of the layered decoder is always

larger than that of its flooding counterpart. We showed that the proposed model

can estimate the failure probability of LETSs, as well as the error floor of the code

rather accurately. In particular, we demonstrated that the failure rate of a LETS

under layered decoding is not only a function of its topology, but also depends on

the location of its constituent CNs in different layers. We called this information, TS

layer profile, or TSLP, in brief. As a result, we established that the error floor of the

same code under the same saturating SPA can significantly change by changing the

order in which the row layers are updated. We also studied the problem of finding

the schedule with the lowest error floor and devised an efficient algorithm to find

it. In particular, we demonstrated that the layered decoder, with a well designed

schedule, can outperform its flooding counterpart. This adds yet another advantage

to the application of layered decoding in practice. The well-known advantages, prior

to this result, were the faster convergence and lower hardware complexity.

We extended the linear state-space model of row layered decoders to the column

layered decoders in Chapter 5 and we demonstrated that the model parameters for

the latter are derived differently than those of the former. We then used the model to

optimize the error floor performance of column layered decoder. Finally, we compared

our theoretical estimates of the error floor with Monte Carlo simulations for QC-

LDPC codes, both variable-regular and irregular, and demonstrated a good match

between the two. The simulation results imply that the error floor of a given code

decoded by a column layered decoder can be better or worse than that of a row layered

decoder and these are the TSs structure and their layer profiles that determine the

superiority of one algorithm over the other.

Finally, in Chapter 6, we proposed a novel state-space model for the behavior of

SPA over the AWGN channel in the vicinity of an ETS. We then used this model

to evaluate the failure probability of ETSs of an LDPC code and to estimate the

code’s error floor. Unlike the well-known linear state-space model of an ETS, the

proposed model takes into account the inherent non-linearity of CN operations in the
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early iterations of SPA. Moreover, rather than using a Taylor expansion around zero to

approximate the CN operations, the operating point of the expansion in the proposed

model is nonzero and is chosen dynamically in each iteration. As a result, the proposed

model is more accurate in estimating the error floor, particularly for cases where the

clipping threshold of the decoder is rather large. We demonstrated that the proposed

semi-linear state-space model with dynamical operating point can be considered as a

code-independent fully-analytical counterpart to the code-dependent semi-analytical

method of Richardson [34]. We also showed that, in addition to having the advantage

of being code-independent and fully-analytical, our method with extrapolation is both

less complex and more accurate than the method of [34], particularly for cases where

decoder messages have a large dynamic range.

7.2 Future Work

Insights gained from this work can enable further advancement of analysis and design

of different types of LDPC codes and their corresponding decoders. As an example,

suppose one is interested in construction of an LDPC code with a given degree dis-

tribution. Based on the degree distribution, possible structures of (a, b) trapping sets

up to a certain range of a and b values can be identified, [32,33]. Then, the proposed

LIS-DEc method can be deployed to evaluate the harmfulness of various possible non-

isomorphic TSs with a ≤ amax and b ≤ bmax and the provided information may be

used during the construction process to remove, only, the harmful TSs. Other future

works may be the extension of LIS-DEc as well as semi-linear state-space methods

to layered decoders. Moreover, an interesting line of inquiry would be to use the

proposed method for error floor analysis of layered decoders, presented in Chapters 4

and 5, in the design of QC-LDPC codes with low error floor under layered decoding.

Also, an exciting future direction would be to extend the approaches provided in

this thesis to the analysis of TS harmfulness in the non-binary and spatially coupled

LDPC codes.
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