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Abstract 

This research investigates the application of inverse green roof models to both characterize green 

roof thermophysical properties and simulate the heat flux through the roof assembly. The first 

chapter of this thesis presents a preliminary analysis of green roof thermal performance in Ottawa, 

Canada, using two years of measured data, wherein thermal performance is defined as the percent 

reduction in total monthly heat exchange promoted by the green roof, relative to that through an 

adjacent conventional roof. Climatic factors influencing thermal performance are discussed on a 

seasonal basis, concluding that the green roof functioned best during warmer months when 

evapotranspiration was likely to be greatest. Thermal performance ranged between 31 – 63% from 

May through September, with reduced performance during the colder months. In chapter 2, two 

inverse models of varying spatial discretization are developed for the same green roof: (1) a 

resistor-capacitor (RC) thermal network model, and (2) an implicit finite difference (FD) model. 

Each model was calibrated using monthly data from May to September in 2016 by employing a 

genetic algorithm to extract the thermophysical properties of the green roof soil and canopy layers 

via multi-linear regression. The difference in spatial resolution between each model was identified 

as an influential factor to thermophysical property estimation during calibration. The calibrated 

models were used to predict hourly rates of heat flux through the structural component of the green 

roof over each month of the study period, resulting in a root-mean-squared-error between 0.51 – 

1.0 W/m2 and 0.41 – 0.81 W/m2 for the RC and FD models, respectively. Both models were 

validated against 5 continuous months of data from 2017, demonstrating that inverse modelling 

can successfully generate realistic thermophysical green roof properties.  
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Preface 

This thesis follows an integrated format, wherein the main works presented are: (1) a conference 

paper, and (2) a journal paper manuscript. It should be noted that the manuscript builds on work 

published as a conference paper in the Proceedings of IBPSA-Canada’s eSim conference in Ottawa, 

Canada, though it is not included in this thesis.  

• Article 1: Gunn, Peter; Gunay, H. Burak.; and Van Geel, Paul J. A multi-year 

comparative analysis of green and conventional roof thermal performance under 

temperate climate conditions. Journal of Physics: Conference Series. 2021; 2069: 

012067. DOI: https://doi.org/10.1088/1742-6596/2069/1/012067  

• Article 2: Gunn, Peter; Gunay, H. Burak.; Van Geel, Paul J.; Baldwin, C. Development 

of resistor-capacitor and finite difference models to evaluate green roof thermal 

performance. Building and Environment (pending publication). 

Changes to numbering of equations, figures, and tables of both articles were carried out to ensure 

consistency throughout this thesis, but the use of copyrighted work while adhering to the 

permission guidelines set by IOP Science’s publisher’s authors’ rights agreement is acknowledged 

regarding Article 1. The agreement can be found here: 

https://creativecommons.org/licenses/by/4.0/. Peter Gunn is the primary contributor to the works 

that follow insofar as analyses, model development, and generation of figures, tables, and written 

text, all of which was carried out under the supervision of Dr. Paul Van Geel and Dr. Burak Gunay.  

Experimental work carried out in Article 2 was assisted by Dr. Christopher Baldwin and Liam 

Jones from the Department of Mechanical and Aerospace Engineering, and Dr. Muhammad Salam 

from the department of Civil and Environmental Engineering.  

https://doi.org/10.1088/1742-6596/2069/1/012067
https://creativecommons.org/licenses/by/4.0/
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1.0   Introduction 

In recent years, efforts to realign urbanized areas with the natural environment have become 

increasingly prioritized by city planners. Aside from the induction of more green space, green roofs 

have been demonstrated as a viable option for increasing vegetated density across highly 

impervious, metropolitan landscapes. Although green roofs have been heralded for their ability to 

augment stormwater management [1], diminish ambient temperatures in urban areas [2], and 

improve environmental metrics such as ecological diversity and air quality [3], a substantial amount 

of research has focused on the ability of green roofs to reduce building energy consumption [4]. 

These energy use reductions are consequent of reduced roof envelope heat flux promoted by green 

roofs, an effect that has been quantified in various climates through data collection on full-scale 

experimental green roofs of varying typologies [5]–[10]. Notably, the Canal Building at Carleton 

University in Ottawa, Canada, has had several sustainable design features incorporated into its 

construction, including two adjacent roof envelopes: a green and conventional roof, each of which 

consist of identical structural components, occupy similar areas, and are instrumented with sensors 

for data collection. These experimental roof envelopes provide an opportunity to conduct a 

preliminary investigation of green roof thermal performance potential in Ottawa, similar to that 

carried out in earlier studies, such as [11] and [12].  

 

Although experimental studies have contributed immensely to the understanding of green roof 

thermal performance, much of the literature has focused on developing mathematical models that 

simulate green roof physics, or employing existing green roof-compatible software to carry out the 

analysis in question [13]. For example, nearly 80% of studies considered in a recent review that 

investigated the potential for building energy use reduction promoted by green roofs were 
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conducted using some form of mathematical modelling via software (e.g., EnergyPlus, TRNSYS, 

etc.), or ex-novo models developed in versatile programming suites (e.g., MATLAB, Python, etc.) 

[4]. The former has been particularly useful in conducting parametric studies to investigate the 

influence of specific green roof properties and typologies, or environmental factors, on green roof 

thermal performance (e.g., soil depth and leaf area index in [14], or climate zones and urban 

densities in [15]), and the latter has allowed researchers to override the limitations imposed by 

green roof modules available in commercially available software (e.g., incorporation of green roof 

media heterogeneity in [16]). A combinatorial approach to modelling – wherein researchers have 

both developed and validated models using measured data – has promoted some degree of 

generalizability of several green roof models found in the literature [17]–[19].  

 

However, to date, it appears no modelling approach has offered a robust analysis wherein the 

thermophysical properties of a green roof are characterized and validated while the thermal 

performance of the green roof is predicted, simultaneously; such analyses have been utilized 

regularly in the building energy simulation research space for conventional envelopes. For 

example, inverse modelling has allowed researchers to characterize envelope materials on existing 

buildings using regression-based computation applied to metered building data (e.g., [20]). The 

benefit of inverse modelling in this context can be especially beneficial for the green roof research 

space, as conducting measurements of vegetation and soil thermophysical properties may not be 

practical or even possible for green roof model developers, and assumed values for such properties 

in existing green roof models may be tenuous at best [13]. As pointed out in [13], simpler models 

and alternative modeling techniques should be explored with the goal of repositioning ongoing 

green roof model development toward thermal performance predictability. Presumably, inverse 
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modelling should be able to achieve both material characterization and generate predictions of 

thermal performance for green roof envelopes – such is the objective of this thesis.  

 

1.1   Motivation and Research Questions 

Given the need for alternative means by which green roof thermal performance can be evaluated, 

understanding the factors contributing to measured discrepancies in green and conventional roof 

thermal performance, as well as the implementation of inverse modelling to model configurations 

of varying spatial resolution, is explored in the following chapters. In detail, the chapters hereafter 

investigate the following pertinent research questions:   

 

• Chapter 2 – A multi-year comparative analysis of green and conventional roof 

thermal performance under temperate climate conditions. 

▪ What are the percent reductions in total monthly heat exchange promoted by the 

green roof relative to the adjacent conventional roof?  

▪ What are the likely factors – climatic or physical – that contribute to the observed 

thermal performance of the green roof during each season, and how do such factors 

influence the observed difference in measured temperatures and heat fluxes across 

both the green and conventional roof?  

 

• Chapter 3 – Development of resistor-capacitor and finite difference models to evaluate 

green roof thermal performance. 

▪ Is inverse modelling an appropriate tool for characterizing green roofs to predict 

thermal performance? 
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▪ What are the magnitudes of canopy and soil thermophysical properties returned by 

the calibration of the resistor-capacitor (RC) and finite difference (FD) models?  

▪ Does the difference in spatial resolution between each model affect calibration, and 

if so, how?  

▪ What physical mechanisms are driving improved thermal performance of the green 

roof relative to the conventional roof?  

▪ How well does each model predict temperatures (and thus heat flux) measured on 

the green roof in terms of root-mean-squared-error (RMSE)?  

▪ Are the regressed thermophysical properties of the green roof material layers valid 

for simulating heat flux using data from alternative years over longer simulations? 

▪ How sensitive is each model to the calibration process (and thus individual 

thermophysical properties) when using a randomly initialized optimization 

function?   

 

1.2   Document Structure 

The work presented in this integrated thesis is progressive in nature, where chapter 2 serves as a 

preliminary assessment of monthly green roof thermal performance using two continuous years of 

measured data. The results of chapter 2 dictate the relevant months selected as the study period 

associated with the work in chapter 3, those of which define the maximum observed monthly 

thermal performance gains from a green roof assembly. Each chapter is summarized as follows:   

 

• Chapter 2 – This chapter serves as a preliminary assessment of green roof thermal 

performance, which is defined as the percent reduction in total monthly heat exchange 
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promoted by the green roof, relative to the conventional roof. Thermal performance is 

calculated using two years of measured data from 2016 and 2017 collected on Carleton 

University’s green and conventional roof envelopes located on the Canal Building. Steady 

state heat flux is computed across the structural component of each roof, assuming 

manufacturer’s specifications for the thermal conductivity of both the insulation and 

concrete layers. Climatic and envelope-specific factors are discussed insofar as their 

influence on temperature and heat flux and thus total monthly heat exchange between the 

roofs.   

 
• Chapter 3 – This chapter presents the detailed motivation of simplified and alternative 

modelling approaches and outlines the development, calibration, and validation of two 

inverse green roof models. Selecting a study period of May through September of 2016, the 

theoretical frameworks for a resistor-capacitor (RC) thermal network model and implicit 

finite difference (FD) model are formulated. Calibration is conducted over each month of 

the study period using a genetic algorithm function, which performs a multi-linear 

regression for green roof thermophysical properties while simulating measured canopy, 

soil, and drainage mat temperatures. The influence of spatial resolution between the models 

is discussed in terms of its effect on calibration, as well as its effect on temperature, heat 

flux, and thermal performance prediction. Validation of each model is carried out using five 

continuous months of data from 2017. Finally, a sensitivity analysis is conducted to 

ascertain how sensitive each model is to the green roof properties in question.  
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• Chapter 4 – This chapter serves as a synthesized conclusion of the findings from chapters 

2 and 3, a summary of research contributions from each chapter, as well as list of future 

work that can be carried out to expand on the work presented herein.  

 

• Appendix  – This appendix contains the MATLAB script for implementing both the RC 

and FD models, as well as the optimization algorithm, for direct reference. This appendix 

also includes a link to the GitHub repository which contains scripts for each model, as well 

as the data used in this thesis.  
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Chapter  2 

 
This chapter has been published as: 

Gunn, Peter; Gunay, H. Burak.; and Van Geel, Paul J. A multi-year comparative analysis of green 

and conventional roof thermal performance under temperate climate conditions. Journal of 

Physics: Conference Series. 2021; 2069: 012067. 
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2.0   A multi-year comparative analysis of green and conventional 

roof thermal performance under temperate climate conditions 

2.1   Background 

In recent decades, increasing energy efficiency of the built environment has been recognized as a 

pathway to help reduce national greenhouse gas emissions [21]. In fact, the development of net-

zero energy building codes is currently underway in Canada, with the hope that they will be adopted 

by provinces and territories by the end of the decade [22]. Indeed, conventional envelope 

components such as flat roofs account for a substantial fraction of total envelope heat exchange, 

especially in low-rise commercial buildings, where the ratio of roof-to-wall surface area can be 

quite large. Although new building codes could require expensive mechanical and electrical 

upgrades, the use of innovative roofing constructions, such as green roofs, could play a vital role 

in bringing buildings into compliance.  

 

Conventional roof assemblies are typically composed of a structural concrete slab, roofing 

membrane, insulation layer, waterproof drainage mat, and an outermost layer that can be a variety 

of materials, but is often bitumen-based shingling, aluminum, or gravel [23]. The green roof 

replaces the outer-most layer of a conventional roof with a root barrier, drainage mat, geotextile 

filter, and soil growth substrate, within which grows vegetation that is selected to endure variations 

in the local climate [24]. Green roofs are intended to augment conventional roofs and are designed 

in part to reduce heat exchange that would otherwise occur through a conventional roof by 

mimicking physical processes that occur in the natural environment [24]. For example, the plant 

canopy of a green roof consumes solar radiation for photosynthesis while doubling as a layer of 

shade for the underlying growth substrate. These effects result in only a fraction of solar radiation 
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being absorbed by the growth substrate that would otherwise be absorbed by the outer-most 

materials of a conventional roof. The growth substrate serves as a thermal mass by storing the 

absorbed radiant energy as heat, some of which is dissipated through the metabolic functioning of 

the vegetation [25]. Specifically, stored heat energy is consumed by the vegetation during 

transpiration, an endothermic process by which soil moisture is converted into water vapour that is 

released through the plant stomata [24]. 

 

Indeed, a review of 2002-2012 literature related to the energy-saving aspects of green roofs, Ref. 

[4] found that green roof vegetation reflects 27% and absorbs 60% of solar radiation, the remainder 

of which was transmitted to the growth substrate. Through numerical simulations, both Ref. [4] 

and Ref. [5] demonstrated that evapotranspiration is the dominant mechanism that moderates heat 

exchange in summer when vegetation is mature. By simulating heat exchange through a green roof 

assembly, Ref. [6] found that the U-value of the green roof in question was 55% lower than that of 

the conventional roof when evaluated under summer conditions. But in colder seasons, research 

suggests that when vegetative growth is minimal or the vegetation is covered in snow, the thermal 

benefit of green roofs tends to be less pronounced. For example, Ref. [7] investigated the heat flux 

through a green and conventional roof, demonstrating that the green roof reduced heat flux by 

167% in summer but only 13% in winter. In addition, the two roofs in Ref. [7] showed similar 

performance during the shoulder seasons and during times of snow cover. Ref. [8] concluded that 

the presence of snow diminished the capability of a green roof to save on building energy 

expenditure. A more recent study (Ref. [9]) found that snow cover stabilized growth substrate 

temperatures and thus heat flux through the green roof, demonstrating that snow cover may help 

isolate the outer-most layer of the green roof from ambient temperatures. 

 



23 

 

Two multi-year studies of green and conventional roof performance in Ontario, Canada have been 

previously conducted by the National Research Council of Canada. In 2003, Ref. [10] presented 

average daily heat exchange through both roofs between November 2000 and September 2002, 

demonstrating that heat exchange was reduced by 47% on average, though more so during the 

summer. Ref. [11] analyzed the monthly heat exchange through the same set of roof assemblies 

using five years of measured data, citing greater reductions of heat exchange by the green roof 

from April to September and nearly equal amounts of heat exchange through both roofs from 

November to February.  

 

2.1.1   Objectives 

In this chapter, our objective is to perform a similar evaluation of green roof performance as cited 

in Ref. [10] and [11], but to explicitly quantify the reduction of total heat exchange promoted by 

the green roof on a month-to-month basis over 2016 and 2017. Furthermore, the differences in the 

Ottawa climate throughout the seasons are analyzed insofar as how these differences are regulating 

the heat flux through each roof.  

 

2.2   Methodology 

2.2.1   Experimental Setup 

The heat exchange through a green and conventional roof at Carleton University was calculated 

and analyzed over two calendar years: 2016 and 2017. Both roof assemblies consist of a 300 mm 

concrete slab, 5 mm rubberized asphalt waterproof roof membrane, modified bitumen sheet, 100 

mm of RSI 3.52 rigid type 4 extruded polystyrene insulation, and a drainage mat. Differences 

between each roof assembly exist above the drainage mat, where on the green roof, 100 mm of soil 
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and Sedum spurium foliage exists in basket-style modules. On the conventional roof, a layer of 

coarse rock aggregate with an average thickness of 25 mm covers the drainage mat. Thermocouples 

have been installed on the ceiling (bottom of concrete slab) of the room beneath each roof assembly 

to measure interior temperature, which serves as the inside boundary for the heat transfer 

calculation.  Similarly, thermocouples have been installed above each roof’s drainage mat to 

measure the outside boundary temperature used for the heat transfer calculation. Note that 

groupings of 6 and 2 thermocouples were installed on the green and conventional roof, respectively, 

and average temperatures per grouping are reported. Noting that calibration of green roof 

instrumentation was not conducted as part of this research, limited information regarding 

measurement uncertainty of some sensors was available, particularly information pertaining to the 

thermocouples embedded in the roof envelope. Because the thermocouples are implemented for 

continuous use and are subjected to sub-freezing ambient conditions, it is likely that measurement 

uncertainty corresponds to that associated with TYPE K thermocouples, that being ±2.0°C, though 

uncertainty may be as high as ±2.8°C [26]. An HC2-S3 Relative Humidity and Air Temperature 

Probe located 1.5 m above the green roof surface was installed to measure ambient temperature, 

and four SP-LITE Silicon Pyranometers were installed on the green roof and were used to measure 

incident shortwave radiation; the average of the four measurements are presented. The profile of 

each roof assembly is shown in Figure 2.1. The reader is directed to  

Table 3.1 of this thesis for a comprehensive list of instrument specifications.  



25 

 

 
Figure 2.1 – Profile of green and conventional roof; material detail and instrumentation placement 

 

Of note is the location of the green and conventional roofs, the configuration of the building upon 

which they are installed, and the influence both factors have on the data measured on the roofs. 

Specifically, both roofs are located on the southeast side of Canal building at Carleton University, 

with south- and east-facing walls shielding the roofs, which can affect wind, precipitation, and 

short and longwave radiation received by each roof surface. It is anticipated that both roofs are 

subject to less precipitation, wind, and shortwave radiation, but more longwave radiation emittance 

from surrounding structures. Furthermore, environmental temperatures surrounding the green roof 

would tend to be more representative of a developed, urban landscape, rather than areas in which 

publicly available climate data are recorded. For example, Figure 2.2 demonstrates warmer ambient 

temperatures on the green roof compared to temperatures provided by Environment and Climate 

Change Canada (ECCC) at the Ottawa International Airport on a typical winter and summer day 

of 2016; these affects are likely due to wind-shielding and the urban heat island effect exhibited at 

the location of the green roof.  
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Figure 2.2 - Ambient temperatures at green roof and Ottawa International Airport, Jan. 15, and Jun. 15, 

2016 

 

2.2.2   Analysis of Heat Transfer  

Hourly heat flux across both roofs was calculated using Fourier’s method for one-dimensional 

steady-state heat transfer, which serves as an idealized approximation of the transient heat 

conduction that continuously occurs through the envelope throughout the year (i.e., steady state 

conditions are never achieved). For both roofs, the heat flux calculation was carried out over the 

concrete layer and insulation layer. The concrete layer had an average thickness of 300 mm and 

thermal conductivity of 0.600 W/m∙°C and the RSI 3.52 rigid insulation layer had a thickness of 

100 mm and thermal conductivity of 0.030 W/m°C. The harmonic mean of thermal conductivity 

was computed and used to represent the overall thermal conductivity of both the concrete and 

insulation layers. Eqn. 2.1 shows the calculation used to calculate heat flux through the layered 

roof assembly: 

𝑄𝑟𝑜𝑜𝑓 =
𝑇𝑚𝑎𝑡−𝑇𝑟𝑜𝑜𝑚

𝑑𝑐𝑜𝑛𝑐
𝑘𝑐𝑜𝑛𝑐

+
𝑑𝑖𝑛𝑠
𝑘𝑖𝑛𝑠

=
𝑇𝑚𝑎𝑡−𝑇𝑟𝑜𝑜𝑚

𝑅𝑡𝑜𝑡
          (2.1) 
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where Qroof (W/m2) is the hourly heat flux through the concrete and insulation composite layer, 

Tmat (°C) is the temperature measured on top of the drainage mat that overlies the insulation layer, 

Troom (°C) is the temperature measured on the bottom surface of the concrete layer which is the 

ceiling of the room beneath the roof, kconc (W/m∙°C) is the thermal conductivity of the concrete 

layer, kins (W/m∙°C) is the thermal conductivity of the insulation layer, and Rtot (m
2∙°C/W) is the 

thermal resistance of the concrete and insulation composite layer. Negative and positive heat flux 

represented heat loss (out of building interior) and heat gain (into building interior), respectively. 

The hourly heat gains and losses were computed each month and were converted to cumulative 

monthly values. The reduction of total heat exchange by the green roof was computed for each 

month to define the thermal performance of the green roof. To understand how effective each roof 

assembly was at mitigating heat transfer throughout 2016 and 2017, cumulative monthly heat 

exchanges were evaluated based on hourly variations of ambient temperature, roof temperatures, 

rain precipitation, and ground snow cover data. It should be noted that daily rain precipitation and 

daily ground snow cover depth data were obtained from the ECCC weather station located at the 

Ottawa International Airport, which is approximately 6.5 km from Carleton University.  

 

2.3   Results and Discussion 

2.3.1   Heat Exchange 

The roof temperatures, hourly heat fluxes, and precipitation data over 2016 and 2017 are presented 

in Figure 2.3, followed by Figure 2.4, which shows the cumulative monthly heat gains and losses 

across both roofs during 2016 and 2017. Note that negative and positive values indicate heat loss 

and gain, respectively. Following Figure 2.4 is Table 2.1, which presents the monthly performance 

of the green roof in terms of total heat exchange reduction relative to the conventional roof, monthly 
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ambient temperature averages and extremes, cumulative monthly solar radiation, cumulative 

monthly rainfall, and monthly average snow depth. 

 

 
Figure 2.3 – Primary vertical axis: green roof (GR) and conventional roof (CR) hourly heat flux; exterior 

thermocouple temperatures measured beneath the drainage mat of each roof. Secondary vertical axis: 

snow cover (cm) and rain precipitation (mm) 

 

 
Figure 2.4 – Cumulative monthly heat exchange through green and conventional roof assemblies during 

2016 and 2017 
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Table 2.1 – Monthly green roof thermal performance and relevant climate parameters 

 

Month-

Year 

Monthly 

Heat 

Exchange 

Reduction 

Total 

Shortwave 

Radiation 
Ambient         

Temperature 
Total 

Rainfall 

Average 

Snow 

Cover 

Season 
(%) (MJ/m2) 

Min 

(°C) 
Average 

(°C) 
Max 

(°C) 
(mm) (cm) 

 Jan-2016 33 3.0 -15.6 -6.4 3.1 20.2 18.3 
Winter Feb-2016 20 5.2 -23.1 -6.7 4.3 30.6 22.5 

 Mar-2016 14 8.8 -13.9 0.4 9.5 64.2 15.6 

 Apr-2016 25 13.4 -5.9 5.2 15.1 20.0 10.0 
Spring May-2016 45 15.9 6.8 16.2 25.1 26.2 0.0 

 Jun-2016 52 16.4 12.0 20.5 27.0 66.2 0.0 

 Jul-2016 62 15.8 17.3 23.1 27.6 57.2 0.0 
Summer Aug-2016 56 13.5 18.0 23.6 29.0 91.6 0.0 

 Sep-2016 43 10.3 12.2 18.4 24.2 38.8 0.0 

 Oct-2016 13 5.4 0.8 10.1 17.7 96.8 1.0 
Fall Nov-2016 13 3.2 -2.6 4.2 11.9 30.8 5.5 

 Dec-2016 13 2.6 -18.7 -4.2 6.2 29.6 31.1 

 Jan-2017 19 3.3 -14.7 -4.3 4.1 20.2 40.6 
Winter Feb-2017 16 5.0 -13.6 -3.9 6.8 24.8 41.6 

 Mar-2017 16 8.2 -15.7 -3.8 5.2 50.4 11.6 

 Apr-2017 23 9.4 2.6 8.4 18.4 147.6 0.9 
Spring May-2017 31 11.5 3.1 13.5 25.5 176.8 0.0 

 Jun-2017 56 14.0 11.9 19.3 28.4 130.0 0.0 

 Jul-2017 58 13.9 15.2 21.3 25.2 249.8 0.0 
Summer Aug-2017 63 13.5 13.8 20.5 24.8 75.6 0.0 

 Sep-2017 50 9.8 11.3 19.1 26.9 50.8 0.0 

 Oct-2017 7.7 5.8 6.4 13.1 20.5 158.8 0.0 
Fall Nov-2017 9.2 2.7 -6.5 1.3 9.1 76.4 1.3 

 Dec-2017 19 2.7 -22.6 -8.4 7.6 7.2 20.9 

 

 

2.3.2   Heat Exchange in the Winter Season  

As reported in Table 2.1, the percent benefit in heat exchange reduction by the green roof during 

the winter season ranged from 14% to 33% over 2016 and 2017. The greater percent benefit of the 

green roof during the winter can be largely attributed to the presence of the growth substrate and 

additional snow accumulation relative to the conventional roof, which caused the outside boundary 
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temperature (measured above the drainage mat) to stabilize around 1°C. This result demonstrates 

the insulative capacity of the growth substrate and accumulated snow cover against cold ambient 

temperatures and is consistent with Ref. [9]. In the absence of a growth substrate, the conventional 

roof drainage mat temperature fluctuated in response to ambient temperatures, resulting in more 

heat loss across the conventional roof during the winter seasons in both years. In March of 2016 

and 2017, drainage mat temperatures on the conventional roof did exceed the room temperature 

periodically as snow on the roof melted, allowing for earlier heat gain across the conventional roof. 

However, on the green roof, the thermal resistance of the growth substrate and absorption of solar 

radiation by the vegetation still promoted a percent benefit in heat exchange reduction compared 

to the conventional roof. Note the percent benefits during the winter season are consistent with Ref. 

[10].  

 

2.3.3   Heat Exchange in the Spring Season 

As reported in Table 2.1, the percent benefit in heat exchange reduction by the green roof during 

the spring season was greater than that observed during the winter season and ranged from 23% to 

57% over 2016 and 2017. During the beginning of the spring season, the stabilization of the 

drainage mat temperature at 1°C on the green roof only occurred intermittently, increasing with 

ambient temperature as the season progressed, whereas no temperature stabilization was observed 

by the drainage mat temperature on the conventional roof. With increasing ambient temperatures 

observed later into the spring season, drainage mat temperatures on both roofs were more 

responsive to ambient temperatures, though the amplitude of fluctuation observed across the 

conventional roof was greater during mid-day solar radiation and during cooler ambient 

temperatures observed at night, due to the absence of growth substrate and vegetation layer. 
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Compared to Ref. [10], green roof performance is 23% less on average, though conventional roof 

temperatures in Ref. [10] exceed 60°C by early April because the exterior thermocouple was only 

shielded by a thin roofing membrane.  

 

2.3.4   Heat Exchange in the Summer Season 

As reported in Table 2.1, the percent benefit in heat exchange reduction by the green roof during 

the summer season was greatest across all seasons, ranging from 43% to 63%. Note, also, that the 

amounts of cumulative monthly heat exchange across both roofs were lowest during the summer, 

as shown in Figure 2.4. During the summer, drainage mat temperatures on both roofs fluctuated 

both above and below room temperatures, but note that on numerous days, the entire range of 

fluctuation was above the respective room temperature. This effect caused continuous heat gain 

across multiple days. Nevertheless, the green roof resulted in less heat gain across the summer, as 

drainage mat temperatures on the conventional roof far exceeded room temperature during mid-

day peak solar radiation due to the absence of substrate and additional cooling via 

evapotranspiration promoted by the green roof. Toward the end of the summer, when ambient 

temperatures became cooler, the opposite trend in drainage mat temperatures on both roofs was 

observed, where the entire range of drainage mat temperature fluctuation was below the respective 

room temperatures, causing continuous heat loss. In comparison, the summer green roof heat 

exchange percent reduction reported in Ref. [10] was consistently upwards of 85%, though the 

absence of gravel aggregate on the conventional roof studied in Ref. [10] may have promoted a 

greater thermal benefit by the adjacent green roofs compared to the experimental setup used in this 

chapter. Furthermore, a relatively high albedo growing medium was used in one green roof system 
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studied in Ref. [10], which was found to reduce heat flow in summer by an additional 3% compared 

to the darker growing medium used in the adjacent green roof.  

 

2.3.5   Heat Exchange in the Fall Season 

As reported in Table 2.1, the percent benefit in heat exchange reduction by the green roof during 

the fall season was smallest across all seasons for both years, ranging from 7.7% to 19%. Notably, 

the first half of the fall season during both years exhibited lesser amounts of snow accumulation 

compared to the second half of November through December. As such, drainage mat temperatures 

on both roofs fell below room temperature in response to colder ambient temperatures, though 

drainage mat temperatures measured on the green roof remained above 0°C despite subfreezing 

ambient temperatures, unlike on the conventional roof. Lower incident solar radiation appeared to 

dampen the amplitude drainage mat temperature fluctuation on the conventional roof during mid-

day in the first half of the fall season, inhibiting heat gain on most days. Similar to the behaviour 

observed during the winter season, significant snow accumulation toward the end of the fall season 

caused the green roof drainage mat temperature to stabilize at 1°C while no stabilization was 

observed on the conventional roof. Percent reduction of heat exchange in fall reported in Ref. [10] 

was much greater, especially in October; on average, heat exchange was reduced by 46% during 

the fall in Ref. [10]. 

 

2.4   Summary 

In this chapter, the comparative performance of a green roof was assessed relative to that of a 

conventional roof under temperate climate conditions over two years. The comparative 

performance of the green roof across the seasons was heavily dependent on the seasonal variability 
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of ambient temperature, solar radiation, and snow cover. The green roof promotes the greatest 

percentage reduction in heat exchange during the hotter months of the year, presumably when solar 

radiation is intercepted by the plant canopy, as well as absorbed by the soil layer and released via 

evapotranspiration. During the colder months of the year, when vegetation growth was at a 

minimum or covered in snow, the comparative performance of the green roof was substantially 

reduced. Greater snow cover in winter tended to promote less heat loss through the conventional 

roof, and thus the relative reduction of heat exchange by the green roof was decreased under these 

conditions. By season, the average percent reductions in heat exchange by the green roof across 

the two years of analysis were as follows:  

 

• 20% in winter (January 1 to March 31),  

• 39% in spring (April 1 to June 30),  

• 55% in summer (July 1 – September 30); and, 

• 13% in fall (October 1 – December 31).  

 

The analysis presented in this chapter focused on quantifying the total heat exchange reduction by 

a green roof relative to that of a conventional roof using a simplified 1D steady-state heat transfer 

approach. However, this approach neglected the effects of heat energy storage within the roof 

assembly materials. To build on the research presented in this chapter, a resistor-capacitor (RC) 

thermal model will be developed to account for the transient behaviour of heat storage and transfer 

through the green roof assembly, which will provide insight into how the thermal properties of the 

green roof vary throughout the seasons. By coupling the RC thermal model with a genetic 

algorithm, the thermal capacitance and thermal resistance of the soil layer, as well as the amount 

of latent heat dissipation by the vegetation, will be deduced. Once known, these properties will be 
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applied to a building simulation tool to enhance the design and cost optimization of green roofs in 

temperate climates. 
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Chapter 3  

 
This chapter has been submitted for publication  in Building and Environment as: 

Gunn, Peter; Gunay, H. Burak.; Van Geel, Paul J.; Baldwin, C. Development of resistor-capacitor 

and finite difference models to evaluate green roof thermal performance.  
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3.0   Development of resistor-capacitor and finite difference models 

to evaluate green roof thermal performance 

3.1   Introduction 

Green roofs have been a promising alternative to conventional rooftop materials for realigning 

urbanized areas with the natural environment [27]. A green roof typically consists of a roofing 

membrane, drainage layer, geotextile filter, growth substrate, and vegetation that is carefully 

selected for resiliency against regional climate [24]. Benefits of green roofs include stormwater 

retention [1], urban heat island mitigation [2], and building energy use reduction [28], among others 

[3]. Notably, a considerable amount of intellectual capital has been invested in understanding how 

green roofs diminish heat flux through roof envelopes, with many studies concluding that this 

thermal benefit is most pronounced during summer, when the dominant cooling mechanism is 

evapotranspiration [29].  

 

3.1.1   Literature Review 

The process of evapotranspiration encompasses two physical processes: the first being evaporation 

which can occur directly from the soil or from the soil and vegetation surfaces, and the second 

being transpiration, which can be described as the conversion of soil moisture into water vapour 

via the metabolic functioning of the vegetation. Several studies have highlighted the influence that 

evapotranspiration has on green roof thermal performance via the dissipation of latent energy. 

 

Ref. [30] used the building energy simulation (BES) tool TRNSYS to model the heat exchanges 

through a green roof, finding 63% of solar radiation input was released as latent energy when 

segregating the substrate into three layers which accounted for drying-induced suction 
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development. Investigating highly insulated roof envelopes, Ref. [7] noticed that between green 

and conventional roofs that were heavily insulated (RSI = 4 m2K/W), the passive cooling effects 

exhibited by the green roof in terms of the observed soil surface-to-air temperature differential 

could be partially explained by latent heat release. Further inquiry into energy partitioning was 

conducted by Ref. [31] who used a heat and mass transfer model to investigate the contribution of 

latent heat release to the total energy dissipation from a green roof. The authors noted 58% and 

64% of all heat dissipation was credited to evapotranspiration for a building subject to free-floating 

and air-conditioned environments, respectively.  

 

Ref. [32] evaluated the effect that green roofs had on cooling energy consumption in multi-story 

residential buildings in Catania, Italy, using the BES tool EnergyPlus to simulate both a green and 

bare roof envelopes. The authors noted that – depending on vegetation type – cooling energy 

expenditure decreased between 31 – 35%, and these benefits were attributed to external surface 

temperature declines promoted by latent heat release. Finally, Ref. [33] used the BES tool 

CHAMPS to assess the reduction in heat flux through insulation in both green and conventional 

roof assemblies, noting a 40% reduction in heat flux from reduced temperatures on the green roof 

promoted by latent cooling and surface albedo.  

 

Notwithstanding the relative impact evapotranspiration has on green roof thermal performance, its 

contribution to total heat dissipation can vary depending climatological variables [34] and 

represents just one of the numerous energy exchanges that occur in green roofs: radiative 

partitioning, wind-driven convection, moisture-dependent conduction, shading, and heat storage 

all contribute to their overall thermal performance. Sensible and conductive heat exchanges are 

other important energy and mass transfer processes that affect green roofs, and much of the 
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literature has quantified these processes using empirical relations derived from experimental 

studies.  

 

For instance, as noted in Ref. [34], evapotranspiration has been quantified in green roof literature 

using the Penman-Monteith equation [35], the Priestley and Taylor method [36], the Hargreaves 

equation [37], the ASCE Penman-Monteith equation [38], and the BOWEN ratio [39]. Convection 

over green roof vegetation has been quantified using versions of Newton’s law of cooling whereby 

parameters such as leaf area index (LAI) have been incorporated as weighting factors that consider 

leaf-dependent changes in effective exterior surface area [40]; studies have used empirical relations 

describing wind- and ambient temperature-dependent convection coefficients derived for green 

roof vegetation [41], [42]. Other studies have proposed green-roof-specific fluid dynamic 

properties to compute convection depending on forced, mixed, and natural convection regimes 

[17]. Meanwhile, conduction in green roof systems has been mainly considered in the growth 

substrate, though Ref. [37] has considered conduction through the vegetation itself. Nevertheless, 

it is well understood that conduction through soil varies as a function of moisture content. 

Geotechnical literature has contributed immensely to understanding moisture-dependent 

conduction through soils (e.g., [43], [44], [45]–[47]), which has also been studied within the green 

roof research space to better understand green roof thermal performance [48], [49]. Although 

empirical relations have offered researchers a means by which they can conduct modelling-based 

analyses of green roof heat and mass transfer, many green roof models have relied on fundamental 

mathematics in the form of partial differential equations to describe these processes in finer detail 

[13]. Much of the innate complexity in emulating these processes occurs within the outermost green 

roof layer: the vegetative canopy. Modelling the energy exchanges of the canopy – that being an 
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intricate system in and of itself that is subject to multiple heat fluxes – becomes a challenging 

exercise in numerical computation.  

 

Indeed, the level of sophistication needed to simulate the energy and mass exchanges of the canopy 

layer can first be demonstrated by examining how the EnergyPlus green roof utility (EcoRoof) 

simulates green roof physics [50]. EcoRoof accounts for short and longwave radiation exchanges 

between the air-leaf-ground system, and the sensible and latent energy exchanges are differentiated 

into air-soil and air-leaf exchanges, all of which partially determine the resultant transient 

conduction through the soil below [50]. But representing canopy energy and mass exchanges in 

this manner often requires pre-existing knowledge of the optical and physiological properties of 

the vegetation such as emissivity, albedo, and stomatal resistance [50]. As described in the 

following examples, this detailed approach of energy and mass accounting has been employed in 

numerical green roof models with varying degrees of computational breadth. 

 

Ref. [51] developed a heat and mass transfer model to understand the cooling effect that green 

roofs impose on the surrounding urban environment. In this study, the canopy system was divided 

into a leaf-air system to account for energy exchange and vapour diffusion while the effects of 

radiative scattering within the canopy and diurnal fluctuations of stomatal resistance were 

calculated using empirical relations found in the literature [51]. Including these details, Ref. [51] 

found noteworthy improvements in accuracy of temperature prediction when accounting for both 

heat and mass transfer rather than strictly heat transfer. Ref. [18] found good agreement in predicted 

soil temperature (mean difference of 0.8°C over the 17-day study period) while investigating the 

passive cooling effect of green roofs. The authors of Ref. [18] developed a heat and mass transfer 

model similar to that developed by [51] where the canopy system was divided into its constituent 
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leaf-air components. However, rather than accounting for the diurnal effects on leaf stomatal 

resistance, the authors applied a series of adjustment functions to account for the impact that soil 

moisture and meteorological conditions had on stomatal resistance [18].  

 

Ref. [52] coupled an improved version of their model from Ref. [18] to the BES tool TRNSYS to 

differentiate between the thermal benefits produced by canopy shading, evapotranspiration, and 

soil thermal resistance. Using the same leaf-air configuration for the canopy, the authors found 

successive reductions in roof envelope heat flux when introducing both canopy shading and 

evapotranspiration effects compared to conventional and bare soil roofs [52]. Ref. [53] developed 

a finite difference heat and mass transfer model to capture the energetic impacts of both 

evapotranspiration and photosynthesis promoted by the canopy vegetation. To achieve the latter, 

the authors quantified the cumulative energy consumption of photosynthesis by the plants over 24 

hours and distributed that energy consumption over longer simulations by applying solar intensity-

based weighting factors to input solar radiation data, finding a 77% reduction in heat flux promoted 

by the green roof relative to a conventional roof [53].   

 

Ref. [14] investigated the effects of soil depth, canopy shading, and evapotranspiration on the heat 

flux traversing the canopy and soil layers of a green roof in a hygrothermal green roof model. In 

this model, multiple reflections of short and longwave radiation and sensible and latent heat 

exchanges occurring throughout the leaf-air-soil canopy system were computed, requiring assumed 

values for the optical properties of the canopy and soil and aerodynamic properties of the 

atmosphere [14]. Using this canopy configuration, the authors found soil depth and canopy shading 

played important roles in reducing heat flux through the green roof soil [14]. Ref. [54] developed 

a finite difference heat and mass transfer model that considered radiant, convective, and mass-
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based exchanges within a leaf-air-soil canopy system, while accounting for heat storage in the plant 

matter and air held within the canopy layer. Their analysis found that insulation thickness and LAI 

were the dominant parameters governing the thermal performance of the green roof, and that plant 

height did not have a significant impact on performance [54].   

 

Investigating how the canopy layer is simulated in green roof models demonstrates a relatively 

high degree of computational refinement. Green roof models, in general, have evolved toward 

increasing complexity. For example, in addition to segregating the canopy layer in their model to 

consider multi-surface energy and mass transfer, the authors of Ref. [18] incorporated the effects 

of substrate thermal inertia that was neglected in the models proposed by Refs. [51], [55], [41], and 

[17]. Although predictability of temperature and substrate moisture by the model was high, its 

predictions were constrained to a temporal maximum of 19 days, indicating the model may not be 

suitable for long-term predictions [18]. Recent models have been more involved in treating green 

roof layers as heterogeneous media [16], incorporating temporal variation of traditionally fixed 

parameters (e.g. LAI and substrate depth by [14]), or coupling to software to complement the 

overall analyses (e.g. ENVI-met V4 in Ref. [15]). Most recently, Ref. [56] predicted hourly rates 

of evapotranspiration in green roofs using an array of 15 artificial neural networks, finding better 

predictability than vapour diffusive models. 

 

3.1.2   Motivation and Objectives 

From these examples, it is evident that green roof models – in terms of their comprehensiveness, 

computational approach, and spatial resolution – have increased the degree of detail used to 

simulate the competing heat and mass fluxes that govern green roof thermal performance. But a 

recent review of green roof models declared that there exists some merit for the development of 
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simplified modelling approaches, as current models seemed to have been validated against 

variables that are poor indicators of overall thermal performance, or have increased 

parameterization to simulate processes that are largely inconsequential to thermal performance 

[13]. In summary, Ref. [13] concludes that (including but not limited to): 

 

1. Differentiation of heat exchanges within the canopy-air system considered in most green 

roof models, as well as the quantification of physiological energy fluxes associated with 

plant metabolism, may simply diminish ease of computation while contributing negligible 

returns insofar as understanding which processes best indicate thermal performance.   

2. Including disaggregated canopy-air energy fluxes and physiological processes in green roof 

models relies heavily on detailed knowledge of vegetative characteristics, those of which 

are not easily determined.  

3. Model validation should be based on variables that are crucial to the thermal performance 

of the building (e.g., interior temperature), rather than variables specific to the green roof 

system itself (e.g., substrate VWC, soil temperature, etc.). 

 

Certainly, one approach to understanding green roof thermal performance is to characterize its 

thermophysical properties that regulate the energy fluxes occurring throughout the green roof 

system. Therefore, it should be emphasized that inverse modelling has proven to be of great benefit 

in the broader building energy simulation research field in characterizing envelope properties of 

existing buildings [20], [57] but that it has been largely overlooked in the green roof research space. 

Application of inverse modelling to characterize envelope properties requires a theoretical model 

framework, which can be represented as a resistor-capacitor (RC) thermal network model (an 

electrical circuit analogy for heat transfer described in [58]) or a finite difference (FD) model, a 
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common computational framework used to simulate dynamic heat transfer like that carried out in 

[53]. It is important to note that RC models have been relatively underutilized for green roof 

research (aside from [17] and [59]), and that inverse-based RC models have been used not only to 

characterize conventional materials, but also novel ones such as phase change materials (embedded 

in roofing materials and other opaque surfaces) which demand radiation expenditure through latent 

dissipation [60], [61], [62]. These examples identify a unique opportunity to appeal to alternative 

modelling approaches in response to the research needs identified by Ref. [13]. 

 

Given the information summarized thus far, it is important to characterize the canopy and substrate 

of a green roof, while providing a meaningful evaluation of the roof’s thermal performance. 

Therefore, the primary objective of this chapter is to apply inverse modelling to characterize the 

thermophysical properties of a green roof in Ottawa, Canada using simplified model frameworks.  

 

Specifically, using five months of measured data, the thermal resistance and capacitance of the 

green roof soil and canopy layers, as well as the LAI of the canopy are extracted. Two modelling 

frameworks were used: an RC thermal network model and an implicit FD model. As a 

simplification, the disaggregation of radiative, sensible, and latent energy and mass exchanges of 

the canopy-air-soil system that has been implemented in previous models is circumvented, and 

instead these fluxes are applied at the exterior boundary only using measured net radiation and 

empirical relations to quantify the latent and sensible heat components. The effects of spatial 

resolution between the models, as well as their sensitivity to each extracted thermal property, are 

discussed and quantified in a sensitivity analysis. The secondary objective of this chapter is to 

assess the capability of each model to predict hourly heat flux through the structural component of 

the green roof (concrete and insulation) to derive monthly reductions in total heat exchange 
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compared to those calculated using temperatures measured through an adjacent conventional roof. 

Finally, the calibrated RC and FD models are validated with a data set measured on the green roof 

from an alternate year to investigate the degree to which the extracted thermal properties are 

affected by annual climate variations.  

 

3.2   Methods 

3.2.1   Data Collection 

In 2010, the Canal Building at Carleton University was fitted with a green roof. The green roof 

assembly consists of a 300 mm concrete slab, a rubberized asphalt waterproof roof membrane, 

modified bitumen sheet, 100 mm of rigid type 4 extruded polystyrene insulation, and a drainage 

mat. The basket-style green roof modules consist of ~100 mm of sandy soil and Sedum spurium 

foliage. For comparison purposes, an adjacent conventional roof was instrumented on the same 

building with identical concrete and insulation layers, which were overlain by ~25 mm of coarse 

aggregate. Both roofs have an area of 162 m2. The data infrastructure of the roof (shown in Figure 

3.1) includes groupings of six thermocouples embedded in the roof envelope for recording 

temperature above the insulation layer and below the concrete layer. Temperature was also 

measured at the centre of the soil layer of the green roof using four thermocouples. The average 

temperature was computed for each grouping of thermocouples. A HC2-S3 relative humidity and 

air temperature probe and CS100 barometric pressure sensor are located 1.5 m above the green 

roof’s surface to measure ambient temperature, relative humidity, and pressure, next to which is a 

wind monitor. Four CS650 water content reflectometers were installed at half-depth within the soil 

which measured the volumetric water content and temperature of the soil. An SI-111 - precision 

infrared radiometer was installed above the surface of the green roof to measure the surface 
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temperature of the canopy. An NR-LITE2 net radiometer records the net exchange of short and 

longwave radiation above canopy surface, and a tipping bucket rain gauge measures the amount of 

rainfall received by the roof surface. Instrumentation specifications are listed in  

Table 3.1. All data were collected in five-minute intervals and were post-processed into average 

hourly data for the analysis conducted herein. The climate parameters measured on the green roof 

over the study period are shown in Figure 3.2. It should be noted that the 5-minute windspeed data 

indicate that wind speeds did not exceed 3.70 m/s over the entire 5-month study period, 

demonstrating the south- and east-facing walls surrounding the green roof substantially influence 

the impact of wind across the green roof surface. After down sampling the 5-minute data into 

hourly data, the maximum observed windspeed was reduced to a maximum of 2.86 m/s.  

 

 
Figure 3.1 - Green roof instrumentation and envelope (left); locations of measured temperatures throughout the roof 

envelope (middle-left); proposed FD model framework (middle-right); proposed RC model framework (right). Note 

parameters are defined in the text that follows. 
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Figure 3.2 – a) Net radiation (QRAD), b) ambient air temperature (Tair), c) relative humidity (RH), d) wind speed (u), 

and e) atmospheric pressure (P) measured on the green roof over the study period (May 1 – September 30, 2016). 
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Table 3.1 – Data infrastructure specifications. 

Instrument Range Accuracy Precision 

HC2 S3 Relative humidity and temperature Sensor -50°C to +100°C ±0.1°C - 

0 – 100% ±0.8% - 

Wind monitor 0 – 60 m/s ±0.3 m/s - 

CS650 Water content reflectometer and temperature 

sensor 

5 – 50% ±3% <0.05% 

-10°C to +70°C ±0.5°C ±0.02°C 

Thermocouple, TYPE K* -270°C to +1260°C ±2.0°C - 

SI-111 – Precision infrared radiometer -10°C to +65°C ±0.2°C - 

NR-LITE2 Net radiometer -200 – 1500 W/m2 ±5% - 

*Thermocouple type is unknown but is likely TYPE K (see Section 2.2.1 of Chapter 2 for more information). 

 

 

3.2.2   Numerical Simulation 

Both the RC and FD models are called by the genetic algorithm (GA) function in MATLAB. 

During calibration, the GA function extracts the thermophysical properties listed in Table 3.2 by 

performing a genetically optimized multi-linear regression against the data input into the model, 

which are circled in green in Figure 3.1. Note that Tcan (
°C), Tsoil (

°C), and Tmat (
°C) are the canopy 

surface, soil, and drainage mat temperatures, respectively. The population size, crossover fraction, 

stall generations, and generations of the GA function were input as 200, 0.8, 12, and 12, 

respectively. Population size and cross over fraction were set to default values; stall generations 

was set to the same value as generations to allow the GA to bypass its default stopping condition 

that would otherwise occur when reductions in fitness function value are deemed insignificant by 

the GA function; generations was defined as 12 to limit calibration time to below 30 minutes. 

Calibration was achieved by simultaneously minimizing the fitness function (i.e., sum of squared 

differences, or SSD) between the modelled and measured canopy, soil, and drainage mat 

temperatures over the training duration of one month. Recall the goal is to regress appropriate 

thermophysical green roof properties such that the heat flux is accurately simulated through the 
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roof assembly. Because modelled drainage mat temperature is the primary determinant of heat flux, 

a weighing factor of three was applied to the drainage mat term in Eqn. 3.1. The magnitude of the 

weighing factor was determined through a preliminary sensitivity analysis that concluded an 

integer value weighing factor greater than three did not improve SSD by more than 5%. The SSD 

was computed as follows via Eqn. 3.1.  

 

𝑆𝑆𝐷 = ∑[(𝑇𝑐𝑎𝑛,𝑚𝑜𝑑 − 𝑇𝑐𝑎𝑛,𝑚𝑒𝑎𝑠)
2
+ (𝑇𝑠𝑜𝑖𝑙,𝑚𝑜𝑑 − 𝑇𝑠𝑜𝑖𝑙,𝑚𝑒𝑎𝑠)

2
+ 3(𝑇𝑚𝑎𝑡,𝑚𝑜𝑑 − 𝑇𝑚𝑎𝑡,𝑚𝑒𝑎𝑠)

2
]       (3.1) 

 

 

where T (°C) is the temperature. The subscripts meas and mod stand for measured and modelled. 

The subscripts can, soil, and mat, stand for canopy, soil, and drainage mat, respectively. Note that 

the search ranges invoked by the GA function are well-defined in the literature for the soil and 

concrete properties (i.e., [25], [63], [64]) and those of the insulation are based on manufacturer 

specifications;  however, the properties of the canopy are less understood. As such, these search 

ranges were broadened over a range that captures the potential solution space of the regression 

analysis specific to these parameters. It should be noted that, although the manufacturer 

specification for the thermal resistance of the insulation was available (RSI = 3.52 m2°C/W), a 

search range of ±10% was applied to accommodate potential depreciation of its insulative capacity 

over its lifetime since installation. Furthermore, because limited data exists on the type of concrete 

embedded in both roofs, we estimate thermal resistance and capacitance of concrete using the GA 

function. Thermal properties of relatively thin material layers not listed in Table 3.2 (membrane 

and drainage mat) are assumed to be lumped into the estimates of nearby layers (concrete and 

insulation) provided by the GA during calibration. Finally, the search range of the soil thermal 

resistance shown in Table 3.2 corresponds to the partially saturated soil thermal resistance based 

on the minimum and maximum volumetric water content of the soil, which is represented by the 
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relation presented in Eqn. 3.2 that was previously obtained via experiment (guarded hot plate 

analysis of thermal conductivity as per ASTM Standard C177), where VWC (m3/m3) is the 

volumetric water content of the soil. It should be noted that estimating soil thermal resistance using 

the GA function improved model fit compared to explicitly incorporating Eqn. 3.2 into the models; 

as such, the former was implemented. The results of the guarded hot plate experiment are shown 

in Figure 3.3, which are similar to those provided in [33] and [63], wherein linear relationships 

were derived between soil moisture and thermal conductivity. 

𝑅𝑠𝑜𝑖𝑙 =
0.1 𝑚

1.4018 ∙ 𝑉𝑊𝐶 + 0.285
   (3.2) 

 

Table 3.2 – Green roof property search ranges invoked by the GA function 

Layer Layer 1 Layer 2 Layer 3 Layer 4 

Parameter Rcan fveg LAI Rsoil Csoil Rins Rconc Cconc 

Units m2°C/W - m2/m2 m2°C/W kJ/m2°C m2°C/W m2°C/W kJ/m2°C 

Lower 0 0 0 0.09 79.7 3.17 0.16 449.2 

Upper 3 1 3 0.35 96.1 3.87 0.24 720.0 

 

 
Figure 3.3 – Left: linear relationship between green roof soil thermal conductivity and volumetric water content that 

is used to define the estimate boundaries of soil thermal resistance associated with the 0.1 m soil layer used in both 

models; right: guarded hot plate apparatus used for thermal conductivity analysis. 
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3.2.3   RC Model Development 

The RC model consists of four transient and one steady state energy balance, with a Neumann type 

II flux boundary condition implemented at the canopy surface and a Dirichlet type I temperature 

boundary condition implemented at the interior concrete surface which neglects forced convection 

from interior heating and cooling occurring inside the room, as hanging ceiling tile exists below 

the concrete surface. The transient energy balance at the canopy surface considers measured net 

radiation, QRAD (W/m2), latent heat release via evapotranspiration, QET (W/m2), sensible heat 

exchange between the canopy surface and atmosphere via convection, QCONV (W/m2), and 

conductive heat flux between the canopy and soil node and is represented by Eqn. 3.3. Note Rsoil 

(m2∙°C/W) and Rcan (m
2∙°C/W) represent the thermal resistance of the soil and canopy, respectively, 

and Ccan (J/m2∙°C) is the estimated thermal capacitance of the canopy layer. Convection is 

calculated by Eqn. 3.4 which has been used to estimate sensible heat exchanges over green roof 

canopies in [40], where LAI (m2/m2) is the leaf area index of the canopy.   

 

𝐶𝑐𝑎𝑛

𝑑𝑇𝑐𝑎𝑛

𝑑𝑡
= 𝑄𝑅𝐴𝐷 − 𝑄𝐸𝑇 + 𝑄𝐶𝑂𝑁𝑉 +

𝑇𝑠𝑜𝑖𝑙 − 𝑇𝑐𝑎𝑛

𝑅𝑐𝑎𝑛 +
𝑅𝑠𝑜𝑖𝑙

2

  (3.3) 

 

𝑄𝐶𝑂𝑁𝑉 = 𝐿𝐴𝐼 ∙ ℎ𝑐,𝑒𝑥𝑡(𝑇𝑎𝑖𝑟 − 𝑇𝑐𝑎𝑛)  (3.4) 

 

The exterior convection coefficient, hc,ext (W/m2∙°C), is calculated via Eqn. 3.5 (McAdam’s 

equation) and is a function of wind speed, u (m/s), and air temperature, Tair (
°C), and is appropriate 

for foliage with relatively small leaf areas and wind speeds less than 5 m/s [40]. The hourly wind 

speed during the study period did not exceed 2.86 m/s.   

 

ℎ𝑐,𝑒𝑥𝑡 = 5.9 + 4.1𝑢 (
511 + 294

511 + 𝑇𝑎𝑖𝑟
)  (3.5) 
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Latent heat exchange is quantified using the BOWEN ratio, which is defined as the ratio of sensible 

to latent heat exchange over bare soil or vegetative surfaces and has been used in previous green 

roof research in the BES tool ESP-r [39]. Using the BOWEN ratio circumvents the perilous task 

of directly measuring latent heat exchange or estimating its magnitude based on measured data 

[34], and instead forces the closure of the surface energy budget [65], which is constrained by the 

parameter search ranges invoked during the calibration exercise. It should be noted that – even 

though soil moisture is directly measured in the substrate – latent heat release is not based on the 

measured changes in the soil moisture (such as in the models developed by Ref. [31] and [9]), 

because doing so may underestimate the effects of plant-induced transpiration and thus lead to 

deficiencies in estimated latent heat dissipation by only capturing evaporation, an effect quantified 

in [66]. Therefore, the BOWEN ratio is applied at the vegetation surface as part of the boundary 

condition and is assumed to capture both evaporation and transpiration-related latent heat flux. The 

BOWEN ratio is defined by Eqn. 3.6:  

 
𝑄𝐶𝑂𝑁𝑉

𝑄𝐸𝑇
= 𝛾

∆𝑇

∆𝑒
  (3.6) 

 

where γ (kPa/°C) is a psychometric parameter that is a function of atmospheric pressure as shown 

in Eqn. 3.7. ∆T (°C) in Eqn. 3.8 and ∆e (kPa) in Eqn. 3.9 are the temperature and vapour pressure 

gradients between the canopy surface and overlying atmosphere, respectively. The vapour pressure 

at the canopy surface is assumed to be saturated and ∆e is computed using relative humidity data 

measured above the green roof and an empirical relation shown in Eqn. 3.9 [67].  

 

𝛾 =
𝐶𝑝,𝑎𝑖𝑟 ∙ 𝑃

0.622 ∙ 𝜆𝜈
= 

𝐶𝑝,𝑎𝑖𝑟 ∙ 𝑃

0.622 ∙ (2.50 − 2.36 × 10−3 ∙ 𝑇𝑐𝑎𝑛)
  (3.7) 
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∆𝑇 = 𝑇𝑐𝑎𝑛 − 𝑇𝑎𝑖𝑟   (8) 

 

∆𝑒 = (𝑒𝑠𝑎𝑡 − 𝑒𝑎𝑖𝑟) = (0.611 ∙ 𝑒𝑥𝑝 (
17.3 ∙ 𝑇𝑐𝑎𝑛

𝑇𝑐𝑎𝑛 + 237.3
) (1 − 𝑅𝐻))   (3.9) 

 

where Cp,air (J/kg∙°C) is the specific heat capacity of air, P (kPa) is the measured atmospheric 

pressure, λν  (J/kg) is the latent heat of vaporization as a function of canopy surface temperature, 

esat (kPa) is the saturated vapour pressure at the canopy surface, eair (kPa) is the vapour pressure of 

the atmosphere above, and RH (kPa/kPa) is the measured relative humidity. Hence, the expanded 

form of the transient energy balance at the surface is presented as Eqn. 3.10. Finally, note that the 

thermal capacitance of the canopy is estimated via Eqn. 3.11, which treats the canopy layer as a 

heterogeneous layer comprised of both plant matter and air. 

 

𝐶𝑐𝑎𝑛

𝑑𝑇𝑐𝑎𝑛

𝑑𝑡
= 𝑄𝑅𝑎𝑑 − [

𝐿𝐴𝐼 ∙ ℎ𝑐,𝑒𝑥𝑡(𝑇𝑎𝑖𝑟 − 𝑇𝑐𝑎𝑛)

𝛾
(𝑇𝑐𝑎𝑛 − 𝑇𝑎𝑖𝑟)
(𝑒𝑠𝑎𝑡 − 𝑒𝑎𝑖𝑟)

] + [𝐿𝐴𝐼 ∙ ℎ𝑐,𝑒𝑥𝑡(𝑇𝑎𝑖𝑟 − 𝑇𝑐𝑎𝑛)] +
𝑇𝑠𝑜𝑖𝑙 − 𝑇𝑐𝑎𝑛

𝑅𝑐𝑎𝑛 +
𝑅𝑠𝑜𝑖𝑙

2

   (3.10) 

 

 

𝐶𝑐𝑎𝑛 = 𝑓𝑣𝑒𝑔(𝜌𝐶𝑝)𝑝𝑙𝑎𝑛𝑡𝑠𝑑𝑐𝑎𝑛 + (1 − 𝑓𝑣𝑒𝑔)(𝜌𝐶𝑝)𝑎𝑖𝑟𝑑𝑐𝑎𝑛   (3.11) 

 

where ρplants (582 kg/m3)  and Cp,plants (4800 J/kg∙°C) are the density and specific heat capacity of 

the plants, respectively [37]; ρair (1.184 kg/m3) is the density of air; dcan (0.1 m) is the assumed 

height of the canopy layer, and fveg (m
3/m3) is the volumetric fraction of the foliage within the 

canopy layer. Note that – although fveg and LAI both represent vegetative density in three and two 

dimensions, respectively – these variables are not intrinsically linked in the model and are instead 

estimated independently.  

 

The transient energy balance at the soil node is provided by Eqn. 3.12; the storage term considers 

both the thermal capacitance of the soil, Csoil (J/m2∙°C), and water, Cw (J/m2∙°C), held therein. The 
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thermal capacitance of the water is computed by Eqn. 3.13, where ρw (1000 kg/m3) is the density 

of liquid water, Cp,w (4184 J/kg∙°C) is the specific heat capacity of liquid water, and dsoil (0.1 m) is 

the thickness of the soil layer. Note that the thermal capacitance of air held within the soil is 

ignored, and that the soil moisture is measured with time using the CS650 sensor shown in Figure 

3.1; the hourly soil moisture and rainfall measured over the study period is shown in Figure 3.4. 

 

(𝐶𝑠𝑜𝑖𝑙 + 𝐶𝑤)
𝑑𝑇𝑠𝑜𝑖𝑙

𝑑𝑡
=

𝑇𝑐𝑎𝑛 − 𝑇𝑠𝑜𝑖𝑙

𝑅𝑐𝑎𝑛 +
𝑅𝑠𝑜𝑖𝑙

2

+
𝑇𝑚𝑎𝑡 − 𝑇𝑠𝑜𝑖𝑙

𝑅𝑠𝑜𝑖𝑙
2

    (3.12) 

 

 

𝐶𝑤 = 𝜌𝑤𝐶𝑝.𝑤𝑑𝑠𝑜𝑖𝑙 × 𝑉𝑊𝐶                        (3.13) 

 

 

 
Figure 3.4 – Measured rain and volumetric water content (VWC) during the study period 

 

 

The drainage mat is at the interface of the soil and insulation layers in the roof envelope, and its 

thermal mass is assumed to be negligible. As such, Eqn. 3.14 represents the steady-state energy 

budget at the drainage mat, where drainage mat temperature is solved for.  

 

0 =
𝑇𝑠𝑜𝑖𝑙 − 𝑇𝑚𝑎𝑡

𝑅𝑠𝑜𝑖𝑙
2

+
𝑇𝑖𝑛𝑠 − 𝑇𝑚𝑎𝑡

𝑅𝑖𝑛𝑠
2

      (3.14) 

 

where Rins (m
2∙°C/W) is the thermal resistance of the insulation and Tins (

°C) is the temperature of 

the insulation. The transient energy budget at the insulation node is expressed by Eqn. 3.15, where 

Cins (5.85 kJ/m2∙°C) is the thermal capacitance of the insulation, Rconc (m
2∙°C/W) is the thermal 
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resistance of the concrete layer, and Tconc (
°C) is the concrete temperature. Finally, Eqn. 3.16 shows 

the transient energy budget at the concrete node, where Cconc (kJ/m2∙°C) is the thermal capacitance 

of the concrete, and Troom (°C) is the measured temperature on the interior surface of the concrete.  

 

𝐶𝑖𝑛𝑠

𝑑𝑇𝑖𝑛𝑠

𝑑𝑡
=

𝑇𝑚𝑎𝑡 − 𝑇𝑖𝑛𝑠

𝑅𝑖𝑛𝑠
2

+   
𝑇𝑐𝑜𝑛𝑐 − 𝑇𝑖𝑛𝑠

𝑅𝑖𝑛𝑠
2

+
𝑅𝑐𝑜𝑛𝑐

2

        (3.15) 

 

 

𝐶𝑐𝑜𝑛𝑐

𝑑𝑇𝑐𝑜𝑛𝑐

𝑑𝑡
=

𝑇𝑖𝑛𝑠 − 𝑇𝑐𝑜𝑛𝑐

𝑅𝑖𝑛𝑠
2 +

𝑅𝑐𝑜𝑛𝑐
2

+   
𝑇𝑟𝑜𝑜𝑚 − 𝑇𝑐𝑜𝑛𝑐

𝑅𝑐𝑜𝑛𝑐
2

        (3.16) 

 

 

3.2.4   FD Model Development 

The FD model consists of 120 equally spaced nodes (N = 120) that represent N parallel layers at 

which transient energy balance is computed, represented by the partial differential relation shown 

as Eqn. 3.17.  

𝜌𝑖𝐶𝑝𝑖

𝜕𝑇𝑖

𝜕𝑡
= 𝑘𝑖

𝜕2𝑇𝑖+1

𝜕𝑥2
,   𝑖 = 1, 2, . . . , 𝑁,    (3.17) 

 

where t (s) and x (m) are time and space coordinates, respectively, and ρi (kg/m3), ki (W/m∙°C), and 

Cp,i (J/kg∙°C) are the density, harmonic mean of the thermal conductivity, and specific heat capacity 

of the material at the ith node. Discretizing Eqn. 3.16 yields Eqn. 3.18, which represents the 

discretized form of the one-dimensional transient heat transfer equation that is computed at each 

node. Note that density, specific heat capacity, and node spacing, ∆x (m), are combined into the 

thermal capacitance, Ci (J/m2∙°C), at each respective node depending on the material, and that ∆t 

(3600 s) represents the incremental timestep. 

 

𝐶𝑖 (
𝑇𝑖

𝑡+∆𝑡 − 𝑇𝑖
𝑡

∆𝑡
) = 𝑘𝑖

𝑇𝑖−1
𝑡+∆𝑡 − 2𝑇𝑖

𝑡+∆𝑡 + 𝑇𝑖+1
𝑡+∆𝑡

∆𝑥
    (3.18) 
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Each simulation incorporates a steady-state temperature profile between the vegetation surface and 

the bottom of the plenum that is used as the initial condition, which is initiated 48 hours before the 

intended month of simulation starting at 12:00 AM; the 48-hour buffer period at the beginning of 

each simulation is discarded but allows the model to deviate away from steady-state condition 

toward a dynamic state. A Neumann type II boundary condition is applied at the canopy surface 

and is implemented via Eqn. 3.18, which computes the temperature at the surface as a function of 

measured net radiation, convection, evapotranspiration, and conductive heat flux from the node 

below it. Substituting Eqn. 3.19 into Eqn. 3.18 yields the finite difference equation applied at the 

canopy surface (i = 1), shown by Eqn. 3.20. Note that Qconv (W/m2) and QET (W/m2) are computed 

by Eqns. 3 and 5, respectively.  

 

𝑇𝑖−1
𝑡+∆𝑡 = (

2∆𝑥

𝑘
) (𝑄𝑅𝐴𝐷 + 𝑄𝐶𝑂𝑁𝑉 − 𝑄𝐸𝑇) + 𝑇𝑖+1

𝑡+∆𝑡   (3.19) 

 

 

𝑇𝑖
𝑡 + (

2∆𝑡

𝜌𝐶𝑝∆𝑥
) (𝑄𝑅𝐴𝐷 + 𝑄𝐶𝑂𝑁𝑉 − 𝑄𝐸𝑇) = (1 +

2𝑘∆𝑡

𝜌𝐶𝑝∆𝑥2)𝑇𝑖
𝑡+∆𝑡 + (

−2𝑘∆𝑡

𝜌𝐶𝑝∆𝑥2)𝑇𝑖+1
𝑡+∆𝑡   (3.20) 

 

A Dirichlet type I boundary condition is applied at the interior concrete surface (i = N) and is 

implemented via Eqn. 3.21, in which measured room temperature is assigned to Ti+1. Eqn. 3.22 

shows the finite difference equation at i = 119 (the first internal node above the interior boundary 

condition), and Eqn. 3.23 shows the finite difference equation at all internal nodes (2 > i > 118). 

 

𝑇𝑖+1
𝑡+∆𝑡 = 𝑇𝑟𝑜𝑜𝑚

𝑡+∆𝑡    𝑤ℎ𝑒𝑛 𝑖 = 119   (3.21) 

 

 

𝑇𝑖
𝑡 + (

𝑘∆𝑡

𝜌𝐶𝑝∆𝑥2)𝑇𝑟𝑜𝑜𝑚
𝑡+∆𝑡 = (

−𝑘∆𝑡

𝜌𝐶𝑝∆𝑥2)𝑇𝑖−1
𝑡+∆𝑡 + (1 +

2𝑘∆𝑡

𝜌𝐶𝑝∆𝑥2)𝑇𝑖
𝑡+∆𝑡      (3.22) 
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𝑇𝑖
𝑡 = (

−𝑘∆𝑡

𝜌𝐶𝑝∆𝑥2)𝑇𝑖−1
𝑡+∆𝑡 (1 +

2𝑘∆𝑡

𝜌𝐶𝑝∆𝑥2)𝑇𝑖
𝑡+∆𝑡 + (

−𝑘∆𝑡

𝜌𝐶𝑝∆𝑥2)𝑇𝑖+1
𝑡+∆𝑡   (3.23) 

 

 

Letting the bracketed terms in Eqn. 3.20, 3.22, and 3.23 be represented as constants “a”, “b”, “c”, 

and “d,” the system of equations for the implicit finite difference model at each node i can be 

represented as equations 3.24, 3.25, and 3.26. Note that QSURF (W/m2) is the sum of QRAD, QET, and 

QCONV.  

 𝑖 = 1:                𝑇𝑖
𝑡 + 𝑑𝑄𝑆𝑈𝑅𝐹 = 𝑏𝑇𝑖

𝑡+∆𝑡 + 𝑐𝑇𝑖+1
𝑡+∆𝑡        (3.24) 

 

 

2 ≥ 𝑖 ≥ 𝑁 − 2:     𝑇𝑖
𝑡 = 𝑎𝑇𝑖−1

𝑡+∆𝑡 + 𝑏𝑇𝑖
𝑡+∆𝑡 + 𝑐𝑇𝑖+1

𝑡+∆𝑡     (3.25) 

 

 

𝑖 = 𝑁 − 1:            𝑇𝑖
𝑡 + 𝑎𝑇𝑟𝑜𝑜𝑚

𝑡+∆𝑡 = 𝑏𝑇𝑖
𝑡+∆𝑡 + 𝑐𝑇𝑖+1

𝑡+∆𝑡     (3.26) 

 

The system of equations can be represented in matrix form as Eqn. 3.27, which is solved by the 

Thomas algorithm, a tridiagonal matrix solving technique commonly used for implicit finite 

difference models in one-dimensional heat transfer analyses of green roofs [34].  

 

[
 
 
 
 
𝑎 𝑏 0 0 0
𝑐 𝑎 … 0 0
0 ⋮ ⋱ ⋮ 0
0 0 … 𝑎 𝑏
0 0 0 𝑐 𝑎]

 
 
 
 

   

[
 
 
 
 
 
𝑇𝑖−1

𝑡+∆𝑡

𝑇𝑖
𝑡+∆𝑡

⋮
𝑇𝑁−2

𝑡+∆𝑡

𝑇𝑁−1
𝑡+∆𝑡]

 
 
 
 
 

=

[
 
 
 
 
 
𝑇𝑖−1

𝑡 + 𝑑𝑄𝑆𝑈𝑅𝐹

 𝑇𝑖
𝑡

⋮
 𝑇𝑁−2

𝑡

𝑇𝑁−1
𝑡 + 𝑎𝑇𝑟𝑜𝑜𝑚

𝑡+∆𝑡 ]
 
 
 
 
 

    (3.27) 

 

 

3.2.5   Heat Flux and Thermal Performance Prediction 

To evaluate the ability of each model to simulate heat flux through the structural component of the 

green roof, the hourly heat flux, Qroof (W/m2), is computed. This is achieved by using the measured 

and modelled drainage mat temperature in conjunction with measured room temperature and the 

estimated thermal resistances of the concrete and insulation layers regressed by each model. Hourly 
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heat flux is computed by Eqn. 3.28 where the parameters listed therein have been previously 

defined.  

𝑄𝑅𝑜𝑜𝑓 =
(𝑇𝑚𝑎𝑡 − 𝑇𝑟𝑜𝑜𝑚)

(𝑅𝑖𝑛𝑠 + 𝑅𝑐𝑜𝑛𝑐)
       (3.28) 

 

Thermal performance is defined in this study as the percentage reduction in the total monthly heat 

flux of the green roof relative to the conventional roof. To evaluate the thermal performance of the 

green roof, the total heat exchange for each month of the study period is computed by summing 

the absolute value of heat flux over each month. This calculation is carried out for the green roof 

using both measured and modelled mat temperatures; it is only carried out once for the 

conventional roof using measured temperatures.  

 

3.2.6   Sensitivity Analysis 

To understand how sensitive each model is to the estimated thermophysical properties of the green 

roof, a sensitivity analysis was conducted using a remotely accessed Linux-based central 

processing unit (CPU). The remote server was used to access the CPU, which calibrated each model 

a total of 200 times using data from July 2016, and the results between each model were compared 

and evaluated. It should be noted that the GA function used for model calibration is a stochastic 

optimization function whereby parameter estimates at the first timestep are randomly initialized 

and then repeatedly modified until an optimized solution is achieved, that of which is constrained 

by the property search ranges defined in Table 3.2 and is achieved via the minimization of the SSD. 

Thus, it is inevitable that property estimates across multiple simulations will vary depending on 

their initial values and subsequent convergence by the models toward a specific solution. To this 

end, the resultant distribution of each property across the 200 calibrations indicates how sensitive 
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the dynamic heat transfer process in each model is to that parameter, where narrower distributions 

indicate greater sensitivity and vice versa.  

 

3.3   Results and Discussion 

3.3.1   Estimated parameters 

Table 3.3 shows the estimated thermophysical properties of the canopy, soil, insulation, and 

concrete layers implemented in both models. Generally, the estimated parameters fall within the 

search ranges invoked by the GA function during calibration.  

 
Table 3.3 - Estimated thermophysical properties of green roof canopy, soil, insulation, and concrete materials 

Parameters Ccan (fveg) Rcan Csoil Rsoil LAI Rins Rconc Cconc 

Units kJ/m2°C (m3/m3) m2°C/W 
kJ/m2°

C 
m2°C/W - m2°C/W m2°C/W kJ/m2°C 

May 

RC 279.1 (1.00) 0.00 95.7 0.16 0.78 3.21 0.17 521.9 

FD 265.6 (0.95) 0.04 96.0 0.30 0.71 3.21 0.22 615.3 

June 

RC 158.8 (0.57) 0.08 94.9 0.16 0.54 3.18 0.18 678.5 

FD 274.4 (0.98) 0.05 95.6 0.26 0.55 3.22 0.24 655.5 

Jul 

RC 132.3 (0.47) 0.07 95.1 0.18 0.73 3.21 0.19 579.9 

FD 279.4 (1.00) 0.09 94.1 0.18 0.67 3.19 0.23 706.2 

Aug 

RC 148.4 (0.53) 0.09 95.5 0.18 0.50 3.29 0.24 689.8 

FD 278.3 (1.00) 0.05 95.8 0.21 0.63 3.21 0.24 712.6 

Sep 

RC 124.2 (0.44) 0.05 95.7 0.17 0.55 3.24 0.18 671.0 

FD 230.6 (0.83) 0.05 89.8 0.26 0.59 3.19 0.21 716.4 

5-month 

Average 

RC 168.6 (0.60) 0.06 95.4 0.17 0.62 3.23 0.19 628.2 

FD 265.7 (0.95) 0.05 94.3 0.24 0.63 3.20 0.23 681.2 

 

Thermal capacitance of the canopy appeared to contribute a substantial portion of heat storage to 

the green roof envelope. Canopy thermal capacitance remained greater than that of the dry soil by 

58% and 38% on average across all five months in the FD and RC simulations, respectively. 

However, soil moisture accounted for a considerable amount of thermal mass in the soil, which 

was explicitly calculated in both models via Eqn. 3.13. Despite the high heat storage of the canopy 
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by the FD model, water storage in foliage can be as high as 90% by mass [68], and previous green 

roof models have assumed canopy heat capacity was equal to that of water at 4184 J/kg∙°C [69]. 

Nevertheless, differences in canopy thermal capacitance between the models appear to be a 

function of spatial resolution, wherein the FD model requires a magnitude that can accommodate 

dampened temperature oscillation within the canopy layer at successive depths. This effect is 

demonstrated by the left plot in Figure 3.5 that shows greater variation in canopy temperature closer 

to the exterior surface with the opposite effect demonstrated at the canopy-soil interface; the right 

plot in Figure 3.5 illustrates the temperature time series at the same locations, where temperatures 

at the bottom of the canopy (Mod. Tsoil surf) oscillate substantially less than at the canopy surface. 

On the other hand, the RC model returns a lower canopy thermal capacitance representative of the 

relatively high canopy surface temperature oscillations due to a single node being implemented for 

the entire layer.  

 

 
Figure 3.5 – a) Dynamic temperature profiles through green roof in July 2016 in 6-hour increments. b) modelled 

canopy surface (Mod. Tcan) and soil surface temperature (Mod. Tsoil surf ) demonstrating dampening of temperature 

oscillation with depth. 

 

In both models, the estimated thermal resistance of the canopy did not contribute significantly to 

the overall thermal resistance of the roof. The assumption that the canopy can be modelled as a 

layer such that it has a uniform thickness of 0.1 m and comprises two materials (plant matter and 
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air) may confound the interpretation of this result. In other words, the negligible amount of thermal 

resistance provided by the canopy layer is less likely to be explained by a densely packed and well-

connected layer of vegetation of high thermal conductivity, but rather the fact that the canopy 

surface temperature is recorded over a surface of varying height with respect to the bare soil 

surface.  

 

In the RC simulations, the thermal resistance of the soil was skewed toward the lower boundary of 

the search range for every month of the study period, a trend exhibited by the FD simulations only 

in July. This result demonstrates the interdependency between canopy heat storage and soil thermal 

resistance, where less heat stored at the canopy node in the RC model requires more downward 

heat flux through the roof to cool the canopy surface. The opposite effect is observed for the FD 

simulations.  

 

Soil thermal capacitance estimated by the RC and FD model ranged between 94.9 – 95.7 kJ/m2∙°C 

and 89.8 – 96.0 kJ/m2∙°C, respectively, and represented an average of 10.5% of the total heat storage 

of the roof across all months for both models. For both models, soil thermal capacitance was 

skewed slightly toward the upper bound of the search range invoked by the GA function, but was 

never returned as the upper limit, indicating that the prescribed search range boundaries are well 

defined for this parameter.  

 

LAI was returned as lower than one for each month, which is atypical for most forms of extensive 

green roof foliage [70]. In fact, estimated monthly values for LAI followed no discernible trend that 

would otherwise be expected for foliage growth over the progression of the study period. However, 

closer examination of the green roof foliage in July of 2016 from Figure 3.6 shows that certain 

portions of the vegetation are indeed sparsely distributed, whereas other portions are densely 
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distributed. Another reason LAI may be underestimated may be attributed to the validity of Eqn. 

3.4, which may be overestimating the exterior convection coefficient that governs wind-driven 

sensible heat exchange between the canopy surface and overlying atmosphere. In this scenario, the 

classification of LAI as a physical property of the foliage may be more appropriately defined as an 

adjustment parameter that promotes better model fit. 

 

 
Figure 3.6 – Pictures of green roof canopy during July 2016, showing both a) sparsely and b) densely populated 

foliage. 

 

The thermal resistance of the insulation was estimated to be approximately 8.7% lower than the 

manufacturer’s specifications on average for both RC and FD simulations. Although the search 

range for the thermal resistance of the insulation was 3.17 – 3.87 m2∙°C/W, Table 3.3 indicates the 

estimated range for both models was much narrower (3.18 – 3.23 m2∙°C/W). Notably, the thermal 

resistance of the concrete in the RC simulations ranged over the entire search range listed in Table 

3.2, and remained lower than that in the FD simulations by 3.5%, on average, across the entire 

study period. Concrete thermal capacitance in the RC model was returned over a broader range 

than that returned for the FD simulations (FD values greater on average by 66.8 kJ/m2∙°C) 

considering the entire study period. 
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3.3.2   Surface energy budget 

In both the RC and FD models, the canopy surface plays an important role in regulating energy 

fluxes throughout the roof assembly by partitioning the incoming short and longwave radiation into 

its constituent sensible, conductive, and latent energy components. Figure 3.7 illustrates the energy 

partitioning at the canopy surface during July 2016, where it is evident in both models that a 

substantial portion of incoming net radiation is needed for evapotranspiration via the BOWEN 

ratio.  

 

 
Figure 3.7 - Comparison of surface energy flux prediction by the proposed RC and FD models for July 2016. 

Measured net radiation (QRAD), latent heat release via evapotranspiration by the RC (QET,RC) and FD (QET,FD) models, 

convective heat transfer by the RC (QCONV,RC) and FD (QCONV,FD) models. 

 

Latent heat dissipation appeared to be inversely proportional to net radiation measurements, with 

minimal dissipation occurring during rainfall events and times of high relative humidity by virtue 

of a decreased vapour pressure gradient above the roof via Eqn. 3.9. These effects are demonstrated 

in Figure 3.8, which shows the saturated and ambient vapour pressures of the green roof system 

computed by Eqn. 3.9 against measured relative humidity. For example, notice in Figure 3.8 how 

the increase in relative humidity following July 10 that occurred in response to a significant rainfall 

event reduced the vapour pressure gradient and thus latent heat dissipation shown in Figure 3.7. 
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Figure 3.8 – Saturated vapour pressure (esat) at canopy surface and ambient vapour pressure (eair) 1.5 m above the 

surface as computed by the RC model and measured relative humidity (RH). 

 

 

In Figure 3.7, slight differences in the release of latent heat are observed between the two models, 

where the RC model predicts greater evapotranspiration during daily peak net radiation 

measurements. This result may be related to the lower estimated thermal capacitance of the canopy 

layer in the RC model, which would demand less energy input per square meter at the surface to 

change the canopy temperature 1°C, thereby requiring more latent cooling. Thus, the effect of 

cooling imposed by canopy thermal mass may be underestimated, with modelled latent heat release 

via the BOWEN ratio supplementing canopy surface cooling requirements to achieve optimization 

during calibration. Convective heat exchange played a less important role in regulating canopy 

surface temperature in both models. This result is consistent with measured wind speed above the 

green roof, which had a mean value of 0.51 m/s over the entire study period and did not exceed 

2.86 m/s, presumably due to the south- and east-facing walls adjacent to the green roof which may 

have impeded convection across the canopy surface.  

 

3.3.3   Temperature Prediction 

Figure 3.9 shows the modelled canopy, soil, and drainage mat temperatures returned by each model 

compared to the measured data for July 2016. Better fit was achieved by the FD model in all months 

as indicated by the SSD and root-mean-squared error (RMSE) between the modelled and measured 
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temperatures shown in Table 3.4. The greatest discrepancy in temperature prediction occurred at 

the canopy surface, evidenced by the greatest RMSE across all months of the study period for both 

models, with a 1.63°C improvement in RMSE by the FD model on average across five months.  

 

Both models demonstrated good agreement in mid-day peak canopy temperature, but prediction 

appeared to diverge away from measured canopy temperature during the night in the RC 

simulations, though Figure 3.7 demonstrates this has a negligible effect on convective heat transfer 

when comparing both models. Soil temperature prediction between both models was relatively 

similar, with a 0.71°C improvement in RMSE by the FD model on average across five months. 

Modelled drainage mat temperatures in the RC model exhibited greater oscillation than those 

predicted by the FD model with a 0.87°C improvement in RMSE by the FD model on average 

across five months.  

 

Notably, improved accuracy in modelled temperatures by the FD model was most apparent during 

the night, which may be due to the finer spatial resolution of the FD model. As noted previously, 

the temperature profile throughout the roof layers in the FD model is non-linear due to heat storage 

effects exhibited at each node (Figure 3.5). In the RC model, the absence of heat storage between 

the temperature locations presented in Figure 3.9 resulted in a lower soil thermal resistance, 

allowing for more heat loss and night and thus cooler night-time canopy, soil, and drainage mat 

temperatures. This result may indicate the RC model preferentially fits temperatures during the 

day. 
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Figure 3.9 – Comparison of green roof temperature predictability between the proposed RC and FD models. a)  

measured (Meas. Tcan) and modelled (Mod. Tcan) canopy temperature; b) measured (Meas. Tsoil) and modelled (Mod. 

Tsoil) soil temperature; c) measured (Meas. Tmat) and modelled (Mod. Tmat) drainage mat temperature, and measured 

room temperature (Meas. Troom). 

 
Table 3.4 – RMSE of the predicted canopy, soil, and drainage mat temperatures and RMSE of the heat flux through 

the structural component of the green roof; SSD of predicted canopy, soil, and drainage mat temperatures 
 

Month 

 

Model 

RMSE SSD 

Tcan (°C) Tsoil (°C) Tmat (°C) Qroof (W/m2) (∆Tcan)2+(∆Tsoil)2+3∙(∆Tmat)2
 (°C)2 

 

May 

RC 5.15 4.33 3.40 1.00 59,453 

FD 4.12 3.50 2.90 0.74 40,411 

 

Jun 

RC 6.62 4.90 3.48 1.04 75,051 

FD 4.84 4.00 2.88 0.76 46,239 

 

Jul 

RC 5.23 3.33 2.51 0.74 42,629 

FD 2.95 2.49 1.64 0.48 17,068 

 

Aug 

RC 5.90 4.11 2.87 0.81 56,816 

FD 4.20 3.66 2.78 0.81 40,377 

 

Sep 

RC 3.68 2.31 1.73 0.51 20,028 

FD 2.31 1.76 1.41 0.42 10,370 
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3.3.4   Heat Flux 

In this chapter, a secondary objective was to evaluate the capability of the proposed RC and FD 

models to simulate heat flux through the structural component of the green roof and investigate 

how these simulated fluxes translate into discrepancies between actual and predicted green roof 

thermal performance per month. Here, thermal performance is defined by the percentage reduction 

in total monthly heat exchange through the concrete and insulation layers promoted by the green 

roof relative to that through an adjacent conventional roof. The drainage mat and room 

temperatures measured on the green and conventional roofs are shown in Figure 3.10 for reference, 

where the conventional roof drainage mat temperature reaches a maximum of 60.7°C, which is 

25.6°C higher than the maximum observed on the green roof (35.0°C). It should be noted that 

calculated heat flux (Calc. Qroof) represents the heat flux computed using temperatures measured 

at the drainage mats and concrete interior surface of both roofs. Therefore, Calc. Qroof will be 

inherently different between the RC and FD models due to the differences in the estimated thermal 

resistance of the concrete and insulation returned by each model, though these differences are 

regarded as negligible, as the maximum absolute difference in hourly calculated heat flux between 

the models over the entire study period was less than 0.10 W/m2.  
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Figure 3.10 – a) Measured green roof drainage mat (Tmat CR) and room (Troom CR) temperature compared to b) 

measured conventional roof drainage mat (Tmat CR) and room (Troom CR) temperature. 

 

Figure 3.11 shows the calculated and modelled hourly heat flux (Calc. and Mod. Qroof GR, 

respectively) through the structural portion of the green roof in July of 2016 compared to calculated 

hourly heat flux through the conventional roof (Calc. Qroof CR). Both the RC and FD models appear 

to predict an hourly heat flux that follows the overall behaviour of the calculated flux, with more 

oscillation observed in the flux predicted by the RC model. Because the behaviour of modelled 

heat flux is largely governed to the predictability of drainage mat temperature, increased oscillation 

of heat flux computed by the RC model may be attributed to its coarse spatial resolution (as 

described in section 3.3). The finer spatial resolution of the FD model allowed for the assignment 

of thermal capacitance at all nodes throughout the roof layers, which resulted in a 0.87°C 

improvement in the RMSE of drainage mat temperature and 0.26 W/m2 improvement in the RMSE 

of hourly heat flux. Aside from August, a similar effect was observed in every month of the study 

period, where hourly heat flux was better predicted by FD model, as indicated by the monthly 

RMSE values for Qroof in Table 3.4. 
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Figure 3.11 – Calculated (Calc. Qroof) and modeled (Mod. Qroof) hourly heat flux through concrete and insulation of 

the green (GR) and conventional (CR) roofs by the a) RC and b) FD models; positive values indicate downward heat 

flux into the room. 

 

3.3.5   Thermal Performance 

The predictability of green roof thermal performance by both the FD and RC models was evaluated 

by comparing the actual and predicted percent reduction of total monthly heat exchange, Qroof,total 

(kWh/m2), promoted by the green roof relative to the conventional roof. Figure 3.12 shows the total 

monthly heat exchange through both roofs and the actual versus predicted thermal performance, 

the latter of which is consistent with Ref. [33] that showed a 40% relative reduction in heat flux 

promoted by similar green and conventional roof configurations (except the additional gypsum 

board in the conventional roof), similar vegetative species mix (Sedum mix), in Syracuse, New 

York, USA in August of 2017. Notice in Figure 3.12 that the modelled total heat exchange through 

the green roof is overestimated by the RC model during every month, owing to the increased 

variability in heat flux. The FD model tends to both over- and underestimate total heat exchange 
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each month, but with better accuracy when compared to the RC model. Differences in the 

predictability of green roof thermal performance are illustrated in Figure 3.12, where the difference 

between actual versus predicted percent reductions in total heat exchange ranges between 5.1 – 

12.1% and 1.7 – 7.2% for the RC and FD models, respectively. The discrepancy in these relative 

thermal benefits suggests that the finer spatial resolution of the FD model improves the 

predictability of green roof thermal performance by 2.4 – 5.0% across all months of the study 

period, indicating that coarser RC models may suffice for such predictions when calibration is 

implemented over a monthly training period.   

 

 
Figure 3.12 – a) Calculated and modelled total heat exchange (Qroof,total) through the green (GR) and conventional 

(CR) roofs’ concrete and insulation by both RC and FD models; b) actual versus predicted relative thermal 

performance of the green roof by both models. 

 

3.3.6   Model Validation 

To investigate the validity of the green roof thermophysical properties that were extracted by both 

models, a secondary objective of this chapter was to evaluate the predictability of hourly heat flux 

through the green roof over a longer temporal duration than that used for calibration, that of which 
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ranged between 720 and 744 hours depending on the month. To that end, hourly heat flux through 

the green roof over five continuous months in 2016 is simulated using the five-month averaged 

thermophysical properties listed in Table 3.3. Heat flux is then simulated over five continuous 

months in an alternate year (2017) to test whether the averaged properties are suitable for different 

data sets. Figure 3.13 shows the hourly heat flux simulated from May 1 to September 30 in 2016 

and 2017. In Figure 3.13, the five-month simulations indicate that the FD model appears to out-

perform the RC model in terms of the RMSE of canopy, soil, and drainage mat temperatures and 

hourly heat flux as indicated by Table 3.5.  

 

Interestingly, data used to simulate hourly heat flux from the alternate year of 2017 resulted in 

better fit in terms of RMSE across all temperatures and heat flux, suggesting that the regressed 

thermophysical properties of the green roof based on the 2016 data were able to simulate the 2017 

data with similar – and in this case – improved, accuracy. Indeed, May 1 to September 30 in 2017 

yielded substantially more precipitation and was much cooler than the same period in 2016, with 

17 mm more rain, a 1.6°C cooler average air temperature, a 12% greater average relative humidity, 

and 240 MJ/m2 less net radiation compared to 2016. Considering the improved RMSE of Qroof for 

the 2017 simulation, it appears that the estimated green roof properties from Table 3.3 may be 

suitable for predictions of heat flux using alternate data sets with markedly different climatic 

conditions.  
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Figure 3.13 – Calculated (Calc. Qroof) and modelled (Mod. Qroof) heat flux through concrete and insulation of the 

green roof in 2016 and 2017 by both a) RC and b) FD models; positive values indicate downward heat flux into the 

roof. 

 

Table 3.5 – RMSE of predicted canopy, soil, and drainage mat temperatures and heat flux through the structural 

component of the green roof for May 1 – September 30 in 2016 and 2017 

 

Year 

 

Model 

RMSE 

Tcan
 (°C) Tsoil

 (°C) Tmat
 (°C) Qroof (W/m2) 

May 1 – Sep 30, 2016 RC 5.51 4.00 2.94 0.86 

May 1 – Sep 30, 2016 FD 4.15 3.17 2.30 0.67 

May 1 – Sep 30, 2017 RC 3.82 3.21 2.42 0.71 

May 1 – Sep 30, 2017 FD 3.07 2.72 2.16 0.63 

 

 

3.3.7   Sensitivity Analysis 

An ancillary objective of this chapter was to evaluate the sensitivity of each model to the 

thermophysical properties returned by the GA function. Recall that the GA function uses a 

randomly initialized population of thermophysical properties for each simulation, yielding different 

property estimates upon convergence toward a solution that is constrained by the search criteria 

given in Table 3.2. Figure 3.14 shows the boxplot results of 200 consecutive calibrations of each 

model using data from July 2016.  
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In plot a) of Figure 3.14, it appears that both models are sensitive to the magnitude of Rcan, whereby 

the RC and FD models returned ranges of Rcan between 0.03 – 0.18 m2∙°C/W and 0.03 – 0.14 m2∙°C, 

respectively. This demonstrates that both models converge to values of Rcan that are relatively 

similar over all 200 simulations when considering the broadly defined search range listed in Table 

3.2 for Rcan, and that the dynamic heat transfer processes computed by each model are relatively 

sensitive to this property. In plot b), model sensitivity to Rsoil is considerably different between the 

models, with the RC and FD models returning Rsoil values between 0.10 – 0.12 m2∙°C/W and 0.10 

– 0.30 m2∙°C/W, respectively. Indeed, the RC model exhibits much greater sensitivity to Rsoil, with 

a favourability of Rsoil being skewed toward the lower boundary of the search range; the FD model 

appears to converge to an optimized solution over a much broader range of Rsoil values, but with 

still more clustering toward the lower portion of its distribution.   

 
In plots c) and d), approximately the same relatively narrow range of estimated Rins values was 

returned by both models, both of which had a median value of 3.24 m2∙°C/W, indicating that each 

model exhibits similar sensitivity to Rins. The consistency observed between the medians of Rins 

regressed by both models indicates that the actual magnitude of Rins may be well-represented in the 

regression exercise executed by both models, that being 8% less than the value provided in the 

manufacturer’s material specifications.  Conversely, values of Rconc returned by both models were 

broadly distributed over nearly the entire search range, demonstrating that both models were much 

less sensitive to Rconc, but slightly more so in the FD model.  

 

In plot e), model sensitivity to Ccan is almost doubled in the FD model compared to that of the RC 

model, with Ccan in the RC model being distributed over a range that is nearly twice that returned 

by the FD model. Note that the difference in Ccan magnitude between the models is a consequence 
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of spatial resolution, as discussed previously. Despite this difference, both models appear to be 

quite sensitive to Ccan considering how narrowly distributed the returned ranges of Ccan are 

compared to their respective search range given in Table 3.2. Plot f) demonstrates that sensitivity 

to Csoil was greater for the RC model, with ranges of Csoil between 91.4 – 96.1 kJ/m2∙°C and 89.1 – 

96.4 kJ/m2∙°C returned by the RC and FD models, respectively. Nevertheless, both models appear 

to be relatively sensitive to Csoil considering its respective search range given in Table 3.2.  

 

The distributions of Cconc shown in plot g) for both models are broadly distributed over the 

respective search range, indicating that neither model is sensitive to the effects of heat storage in 

the concrete. Presumably, the insensitivity to Cconc exhibited by both models is related to the 

disproportionately lower amount of heat emanating through the structural component of the roof, 

which has much less influence on modelled canopy, soil, and mat temperatures. Lastly, both models 

exhibit substantial sensitivity to LAI, with relatively narrow ranges for LAI returned by each model 

compared to the broadly defined search range listed in Table 3.2.  
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Figure 3.14 – Boxplot results of sensitivity analysis for the regressed green roof properties (n = 200) for both RC 

and FD models. Note that outliers have been omitted for ease of visualization. 

 

 

3.4   Summary 

In this chapter, the thermophysical properties of a green roof envelope in Ottawa, Canada, were 

characterized using an inverse modelling approach applied to a simplified RC model and FD 

model, and the resultant differences in predicted temperatures, heat flux, and relative thermal 

performance were evaluated over 5 separate months using data from the summer of 2016. 

Differences in spatial resolution between the two models influenced the respective magnitude of 

canopy thermal capacitance and soil thermal resistance during calibration. Sensitivity analyses 

were carried out to investigate the sensitivity of each model to the estimated green roof properties 

across 200 consecutive calibrations, the optimization of which relied on a stochastic optimization 

function. The sensitivity analyses demonstrated that both models were more sensitive to canopy 

and soil properties (except for soil thermal resistance in the FD model), and insulation thermal 
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resistance. Notably, less sensitivity was exhibited by both models for concrete thermal resistance 

and capacitance.  

 

Using measured net radiation data and empirical relations to compute the sensible and latent heat 

fluxes at the canopy surface, both models simulated green roof temperatures with reasonable 

accuracy, and demonstrated evapotranspiration was the dominant cooling mechanism that 

enhanced thermal performance. Hourly heat flux through the structural component of the green 

roof was predicted with a maximum hourly heat flux RMSE of 1.04 W/m2 and 0.81 W/m2 for the 

RC and FD models, respectively, over the five-month study period – an approximate reduction in 

RMSE of 20% enabled by the FD model. The thermal performance, defined as the percentage 

reduction in total monthly heat exchange of the green roof relative to the conventional roof, was 

assessed for both models. The RC model underestimated the thermal performance in all months by 

between 5.1% and 12.1%. The FD model underestimated the thermal performance in three of the 

five months and was within 1.7% to 7.2% of the actual values. The FD model provides a better 

estimate of the thermal performance of the green roof reducing the error by approximately 2.4 – 

5.0%. To validate the models, the average values of the regressed properties from the five separate 

months in 2016 were used to simulate heat flux over the same continuous five-month period using 

data from 2017. Validation showed that hourly heat flux had an RMSE of 0.71 W/m2 and 0.63 

W/m2 for the RC and FD models, respectively, indicating that the regressed green roof properties 

were valid and insensitive to substantial annual climate variations. 

 

Overall, this study confirms that inverse-based RC and FD models seem to be an appropriate tool 

for characterizing green roof material layers while predicting green roof thermal performance, but 

researchers should be cognizant of the impact that spatial resolution has on the results of inverse-
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based analyses applied to green roof systems. Future work should carry out experimental 

determinations of canopy thermal capacitance and resistance, which would further validate the 

results presented herein. Given the contrast in complexity between the RC and FD models outlined 

in sections 2.3 and 2.4, as well as the recommendation by Ref. [30] to develop simpler green roof 

models, development of inverse-based RC models may be a sufficient corollary to FD model 

development for the evaluation of green roof thermal performance, though developers should bear 

in mind the predictive declines exhibited by RC models compared to their FD counterparts. 
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4.0   Conclusions and Research Contributions 

4.1   Summary of key findings 

This research investigated the potential of using inverse modelling as a method to characterize the 

thermophysical properties of a green roof as well as to predict its thermal performance. In Chapter 

2, a preliminary assessment of green roof thermal performance was carried out to identify the 

months during which the green roof was most effective at reducing roof envelope heat exchange 

compared to a conventional roof. Development, calibration, and validation of inverse resistor-

capacitor and finite difference models were conducted in Chapter 3 and the results obtained using 

each model were compared to investigate the effects of model spatial resolution. The conclusions 

associated with these chapters are presented in the following sub-sections.  

4.1.1   A multi-year comparative analysis of green and conventional roof thermal 

performance under temperate climate conditions 

In Chapter 2, hourly rates of steady state heat flux were computed over the structural component 

(concrete and insulation) of a green and conventional roof located in Ottawa, Canada, using 2 

years of measured temperature data in 2016 and 2017. Temperatures were measured at the 

drainage mat and room of each respective roof envelope while assuming either manufacturer’s 

specifications or literature values for the thermal conductivity of each material layer. Total heat 

exchange over both roofs was computed for each month of the study period, allowing for 

computation of green roof thermal performance, defined herein as the percent reduction in total 

monthly heat exchange promoted by the green roof relative to the conventional roof. Climatic 

and roof-specific factors were attributed to the variation in thermal performance each month, 

with the key findings being as follows: 
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• Effective thermal transmittance of the green roof assembly in the winter season (January 

through March) was 14 – 33% lower than the conventional roof assembly in both years. 

Snow accumulation promoted temperature stabilization at the green roof drainage mat, 

owing to the additional insulative effect of the green roof substrate layer. Drainage mat 

temperature stabilization on the green roof was also attributed to the ability of green roof 

vegetation to promote additional snow accumulation compared to conventional roofs, an 

effect observed in [71]. Temperature stabilization on the conventional roof was much less 

likely over the winter season. 

• Effective thermal transmittance of the green roof assembly in the spring season (April 

through June) was 23 – 56% lower than the conventional roof assembly in both years. At 

the onset of snow melt, drainage mat temperatures on the green roof exhibited a dampened 

and intermittent response to increased solar radiation during mid-day; for example, 

temperature response to solar radiation only occurred on some days, whereas on others, 

temperatures remained stabilized around 1oC, presumably due to the extended presence of 

snow on the green roof. On the other hand, conventional roof temperature fluctuations 

exhibited higher mid-day and lower nighttime amplitudes that occurred regularly.  

• Effective thermal transmittance in the summer season (July through September) was 43 – 

63% lower than the conventional roof assembly in both years. Continuous heat gain was 

observed over both roofs for long durations during each month, but with lower amplitudes 

across the green roof, which was attributed to a combination of soil thermal mass and 

resistance as well as latent cooling promoted by evapotranspiration. 

• Effective thermal transmittance in the fall season (October through December) was 7.7 – 

19% lower than the conventional roof assembly in both years. In the absence of snow, sub-
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freezing ambient temperatures were observed at the drainage mat of the conventional roof 

but remained above 0°C on the green roof, which was attributed to the additional thermal 

resistance of the soil. Snow accumulation resulted in the same temperature stabilization 

effects observed in the winter season at the green roof drainage mat.  

4.1.2   Development of resistor-capacitor and finite difference models to evaluate 

green roof thermal performance 

In Chapter 3, a resistor-capacitor model and implicit finite difference model were developed 

for a green roof in Ottawa, Canada. The models were calibrated using five separate months of 

data from 2016 using a genetic algorithm to regress the thermophysical properties for each 

material layer of the roof envelope (canopy, soil, insulation, and concrete). The objective 

function used for calibration was defined as the sum of squared differences between the 

measured and modelled canopy, soil, and drainage mat temperatures on the green roof. 

Drainage mat (measured and modelled) and room temperatures (measured) were then used to 

compute hourly rates of heat flux through both roofs, which were used to predict monthly 

percent reductions in total heat exchange promoted by the green roof relative to a conventional 

roof (i.e., thermal performance). Each model was validated using five continuous months of 

data from an alternate year, 2017. A sensitivity analysis was conducted to infer how sensitive 

each model was to the regressed thermophysical properties of the green roof material layers. 

The key findings of Chapter 3 were as follows:  

• Differences in spatial resolution between the RC and FD models appeared to affect the 

magnitude of canopy thermal capacitance, which had a concurrent affect on soil thermal 

resistance. Nevertheless, the FD model returned greater magnitudes for canopy thermal 
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capacitance, a result of the required dampening of temperature oscillation at lower depths 

within the canopy layer.  

• Surface energy partitioning computed by each model demonstrated that convection was less 

consequential for canopy surface mid-day cooling than latent heat dissipation via 

evpotranspitation, that of which was the dominant canopy surface cooling mechanism 

during the study period.  

• The FD model promoted an increase in accuracy for all modelled temperatures over the 

entire study period in terms of RMSE compared to the RC model. Specifically, 

improvements in calculated versus modelled canopy, soil, and drainage mat temperature 

RMSE by the FD model ranged between 19.8 – 26.9%, 18.4 – 23.8%, and 16.7 – 18.5%, 

respectively. Similarly, the FD model improved RMSE of calculated versus modelled heat 

flux by 17.8 – 19.8% over the entire study period.  

• The RC model underestimated relative precent reductions in total monthly heat exchange 

promoted by the green roof during every month of the study period, whereas the FD model 

exhibited both under- and overprediction. Compared to the RC model, the FD model 

improved prediction of monthly thermal performance by 2.4 – 5.0% over the entire study 

period.  

• Validation of each model using 2017 data demonstrated that the regressed thermophysical 

properties extracted during calibration yielded realistic magnitudes for each property in 

question, with an RMSE of calculated versus modelled heat flux of 0.71 W/m2 and 0.63 

W/m2 for the RC and FD models, respectively.  

• Sensitivity analyses applied to each model found that both models were sensitive to the 

canopy, soil, and insulation thermophysical properties extracted during calibration 
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(excluding soil thermal resistance in the FD model), with less sensitivity exhibited to 

concrete properties.  

• Inverse modelling applied to RC and FD models was demonstrated as a viable option for 

characterizing green roof material layers while predicting thermal performance, but 

researchers should be aware of the spatial resolution-based effects imposed on material 

property estimation during calibration. 

 

4.2   Research contributions  

4.2.1   A multi-year comparative analysis of green and conventional roof thermal 

performance under temperate climate conditions 

The conference paper in Chapter 2 contributes to a vast archive of literature that has 

quantified heat exchanges through green roof assemblies of varying configurations subject 

to different climates. One study similar to that presented in Chapter 2 that investigated green 

roof thermal performance in Ottawa, Canada, has been published [12] and presented 5-year 

average monthly heat flows through a green and conventional roof. Although a shorter 

study period was selected for the analysis conducted in Chapter 2, results therein are 

presented in finer temporal granularity (hourly temperatures and heat flux), which provides 

a direct visualization of how these data are influenced by seasonal meteorological events 

(e.g., drainage mat temperature stabilization upon the onset of snow accumulation). Chapter 

2 also quantifies green roof thermal performance as a percent reduction in total monthly 

heat exchange relative to a conventional roof, a metric not provided in [12].  
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4.2.2   Development of resistor-capacitor and finite difference models to evaluate 

green roof thermal performance 

The journal paper contained in Chapter 3 contributes to a research field that investigates 

green roof thermal performance using numerical modelling techniques employed by novel 

green roof models or software with dedicated green roof applications. Through validation, 

the analysis conducted in Chapter 3 demonstrates that inverse modelling can be applied to 

mathematical models used to simulate transient heat transfer through green roof assemblies 

to characterize the material layers of the roof. Furthermore, as pointed out in [13], green 

roof model development should incorporate predictive measures of thermal performance. 

The models developed, calibrated, and validated in Chapter 3 respond directly to the 

recommendation in [13], where rates of hourly heat flux are predicted and directly 

translated into a thermal performance metric.  

 

A common – and even controversial –  obstacle in conducting accurate modelling of 

transient heat transfer across green roof assemblies is the quantification of latent heat 

release promoted by evapotranspiration at the surface of the green roof [34]; Chapter 3 

contributes to green roof modelling-specific literature by utilizing the BOWEN ratio to 

accomplish this task, which forces closure of the transient surface energy budget by 

assuming latent energy can be computed as a ratio of sensible heat exchange above 

vegetated or bare-soil surfaces. To the author’s knowledge, only two studies ([19], [39]) 

have employed the BOWEN ratio as a proxy latent heat sink in green roof models, one of 

which is implemented in the building energy simulation tool ESP-r.  
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As discussed in Section 3.1.1 of Chapter 3, the computational demand of green roof 

mathematical models is considerable [13]. The analysis carried out in Chapter 3 aimed to 

investigate the effects of model  spatial resolution on thermal performance predictability by 

implementing a simplified RC model (to the author’s knowledge, one of the few used in 

the green roof research space) and comparing it to an FD model of finer discretization. 

Furthermore, use of an optimization tool (genetic algorithm) to achieve model calibration 

is investigated for both models in a sensitivity analysis, which demonstrates the degree of 

sensitivity each model exhibits to the extracted thermophysical properties obtained during 

calibration – an analysis of this sort has not been identified in the literature up to this point.  

 

Some research pertaining to the experimental determination of the thermophysical 

properties of green roof layers has been conducted, but remains a relatively sparse area of 

the green roof research space, albeit the results presented in [25], [48], [72] and [49]. 

Chapter 3 contributes to this body of literature by presenting a range of green roof soil 

thermal resistances between residual and saturated moisture conditions, as carried out by 

ASTM Standard C177 in a laboratory. However, to the author’s knowledge, in-situ or field 

characterization of green roof thermophysical properties using data-driven or inverse 

modelling techniques – those that bypass the removal of green roof materials from the 

building envelope to be tested in the laboratory – has largely been neglected in the green 

roof research space (aside from [59] and [73]). Thus, Chapter 3 provides a prototypical 

demonstration of field characterization of green roof material thermophysical properties 

using inverse modeling techniques.  

 



84 

 

4.3   Recommendations for future work 

Several initiatives for future work have been identified for each chapter of this thesis and 

are as follows:  

4.3.1   A multi-year comparative analysis of green and conventional roof thermal 

performance under temperate climate conditions 

Data collection on Carleton University’s green roof has occurred since 2012, two years 

after its construction in 2010. Therefore, retroactive, and on-going computation of green 

roof thermal performance should be carried out to develop a publicly available, expanded 

data set which can be referenced by researchers for future studies, or by practitioners who 

may be interested in the energy-related benefits of green roof installation in Ottawa, 

Canada. There also exists an opportunity for installation of new instrumentation; 

particularly, a lysimeter, which can be used to record rates of evapotranspiration occurring 

at the green roof surface. This data would be particularly useful to better understand the 

thermal performance computed in Chapter 2 during the summer season; it may also be 

valuable for validation of rates of latent heat expenditure computed in Chapter 3, or for 

direct input into each model as part of the surface flux boundary condition. Replacement 

of the NR2-LITE net radiometer with a ventilated radiometer may be warranted, as snow 

accumulation tends to affect measurements of short- and longwave radiation exchange 

during the winter months, an effect reported in [74]. Alternatively, typical weather files 

may be developed for net radiation in Ottawa.  
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4.3.2   Development of resistor-capacitor and finite difference models to evaluate 

green roof thermal performance 

In Chapter 3, two inverse models were used to estimate both the soil and canopy thermal 

capacitance, as well as LAI; as such, experimental determinations of these parameters 

should be conducted to further validate the results presented therein. A methodology to 

determine thermal capacitance could follow the methodology presented in [25]. Both the 

RC and FD models use the BOWEN ratio to estimate latent heat dissipation promoted 

by evapotranspiration as part of the flux boundary condition implemented at the canopy 

surface. If lysimeters are installed on the green roof to directly measure the rate of 

evapotranspiration (as recommended in section 4.3.1), the models in Chapter 3 – 

particularly the surface energy partitioning presented in Figure 3.7 – could also be 

experimentally validated. The FD model incorporates an assumed thickness of the 

canopy layer of 0.1 m; therefore, future analyses should investigate the influence of this 

assumption in a parametric analysis that varies canopy thickness over multiple 

simulations.  

 

The model configurations presented in Chapter 3 were selected as two representative 

models of varying spatial resolution: (1) an RC model, used to represent that of a model 

of coarse resolution, and (2) a FD model, used to represent that of a model of fine 

resolution. However, both models can still be regarded as simplified configurations, as 

both models neglect intra-radiative, sensible, and latent exchanges between the three 

surfaces that the define the canopy layer (air, leaf surface, and soil surface), those of 

which are computed by most physics-based models found in the literature (e.g., [14], 

[18], [50]–[54]). Therefore, future work could include an additional comparative study 
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between both models presented in Chapter 3 and a more detailed model that 

disaggregates canopy radiative and turbulent fluxes. Doing so would infer performance-

based implications of the simplified flux boundary condition used in the RC and FD 

models.  

 

Finally, the seasonal capability of each the RC and FD models should be expanded to 

include thermal performance prediction during the winter and shoulder seasons, i.e., 

January – April and October – December. The RC and FD models could not be calibrated 

during times of snow cover on the green roof, as net radiation measurements during the 

winter are affected by snow cover. As described in section 4.3.1, this limitation can be 

avoided by installation of a ventilated net radiometer, or through use of artificial weather 

files. The presence of snow would also affect the physics governing sensible and latent 

heat exchanges at the exterior surface in the model, and the reader is directed to Chapter 

5 of [67] for a comprehensive account of how to develop a snow surface flux boundary 

condition.  
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Appendix I 

This Appendix provides the MATLAB code of the optimization function, RC model, and FD model 

that were used in Chapter 3. Both models, as well as data used in this thesis, are available via 

GitHub in the following repository: https://github.com/Peter-Gunn/Green-Roof.  

 

Optimization function 

%"Str" defines the first hour over which simulation occurs 

%"fin" defines the last hour of the simulation 

str = 2905-1;  

fin = 6576;  

  

%Reading in VWC data to calculate R_soil bounds  

num = readmatrix('hourly2016'); 

VWC = num(str:fin,8); 

rVWC = fillmissing(VWC,'linear'); 

for hn = 2:length(VWC) 

    Rs(hn,1) = 0.1/(1.4018*rVWC(hn,1)+0.285);     

end 

  

%BOUNDARIES OF SELECTED THERMOPHSYICAL PROPERTIES 

%Note not all boundaries are defined here; some are defined in lines 36-37  

%and 42-43 

  

%Soil thermal resistance 

lbRs = min(Rs(2:length(Rs))); 

ubRs = max(Rs(2:length(Rs))); 

  

%Soil Thermal Capacitance in RC model 

lbCsRC = 1101*724*0.1; 

ubCsRC = 1101*873*0.1;  

  

%Volumetric heat capacity for canopy in FD model 

lbCc = (790*1510);  

ubCc = (960*2248);  

  

%Volumetric heat capacity for soil in FD model 

lbCsFD = 1101*724; 

ubCsFD = 1101*873;  

  
  

%Estimate Boundaries for RC Model (Model 1): 

%     Rcan   fveg   Csoil        Rsoil     LAI     Rins           Rconc          Cconc 

lb = [0,     0,     lbCsRC,      lbRs,     0,      3.52*0.9,      0.2*0.8,       2080*800*0.3];      

ub = [3,     1,     ubCsRC,      ubRs,     3,      3.52*1.1,      0.2*1.2,       2400*1000*0.3];   

  
  

%Estimate Boundaies for FD Model (Model 2) 

% %   Rcan   fveg   pCsoil       Rsoil     LAI    Rins          Rconc        pCconc 

lb = [0,     0,     lbCsFD,      lbRs,     0,     3.52*0.9,     0.2*0.8,     2080*800]; 

ub = [3,     1,     ubCsFD,      ubRs,     3,     3.52*1.1,     0.2*1.2,     2400*1000]; 

  
  

%GENETIC ALGORITHM PROPERTIES 

opts = 

optimoptions('ga','PlotFcn',@gaplotbestf,'CrossoverFrac',0.8,'PopulationSize',150,'StallGen',10,'

Generations',10,'UseParallel',true);   

nvars = 8; % number of variables to optimize 

  

%Only enable line 54 OR line 56 depending on the model being used 

https://github.com/Peter-Gunn/Green-Roof
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%RC Model (Model 1) 

[x,fval,exitflag] = ga(@(x)RC_Model(x),nvars,[],[],[],[],lb,ub,[],[],opts); 

  

 %FD Model (Model 2) 

[y,fval,exitflag] = ga(@(y)FD_Model(y),nvars,[],[],[],[],lb,ub,[],[],opts); 

 

RC Model 

function SSD = RC_Model(x) 

  

%Boundaries for "str" and "fin" for monthly simulations 

%     may = [2905:3648]; 

%     jun = [3649:4368]; 

%     jul = [4369:5112]; 

%     aug = [5113:5856]; 

%     sep = [5857:6576]; 

  

%Set temporal boundaries for calibration (see above) 

%Here, only change the 4-digit number in line 12, i.e. only change "2905" 

%and keep the "-1" in place.  

str = 2905-1;  

fin = 3648;  

  

%READING IN HOURLY DATA 

% [num,~,~] = xlsread('hourly2016.xlsx'); 

  

num = readmatrix('hourly2016'); 

  

Troom = num(str:fin,7+1); 

Tmat = num(str:fin,13+1); 

sRad = num(str:fin,1+1); 

rain = num(str:fin,2+1); 

Tair = num(str:fin,3+1); 

Tcan = num(str:fin,4+1); 

Tsoil = num(str:fin,5+1); 

TConc = num(str:fin,6+1); 

VWC = num(str:fin,8+1); 

km = num(str:fin,10+1); 

Cm = num(str:fin,11+1); 

Snow = num(str:fin,12+1); 

Patm = num(str:fin,14+1); 

nRad = num(str:fin,15+1); 

RH = num(str:fin,16+1); 

wind = num(str:fin,17+1); 

TroomCR = num(str:fin,18+1); 

TmatCR = num(str:fin,19+1); 

Tsoil1 = num(str:fin,20+1); 

Tsoil2 = num(str:fin,21+1); 

Tsoil3 = num(str:fin,22+1); 

VWC1 = num(str:fin,23+1); 

VWC2 = num(str:fin,24+1); 

VWC3 = num(str:fin,25+1); 

rVWC = fillmissing(VWC,'linear'); 

  

Ca = 1*(10^-3); %MJ/kg K 

  

%EXTERIOR CONVECTION COEFFICIENT 

for hn = 2:length(Tsoil) 

    Rs(hn,1) = 0.1/(1.4018*rVWC(hn,1)+0.285); 

    hext(hn,1) = (5.9+4.1*wind(hn,1)*((511+294)/(511+Tair(hn,1)+273))); 

end 

  

Cins = 45*1300*0.1; 

  

    for i = 2:length(Tsoil) 

        %INITIAL TIMESTEP 

        if i == 2 
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            Tcan0 = Tcan(i); 

            ModTcant(i,1) = Tcan0; 

            MesTcant(i,1) = Tcan0; 

             

            Tsoil0 = Tsoil(i); 

            ModTsoilt(i,1) = Tsoil0; 

            MesTsoilt(i,1) = Tsoil0; 

             

            Troom0 = Troom(i); 

            ModTroomt(i,1) = Troom0; 

            MesTroomt(i,1) = Troom0; 

             

            Tmat0 = Tmat(i); 

            ModTmatt(i,1) = Tmat0; 

            MesTmatt(i,1) = Tmat0; 

             

            TConc0 = TConc(i,1); 

            MesTConct(i,1) = TConc0; 

            ModTConct(i,1) = TConc0; 

             

            Tins0 = (Tmat0+TConc0)/2;                     

            MesTinst(i,1) = Tins0; 

            ModTinst(i,1) = Tins0; 

        else  

  

            %TIMESTEPS AFTER 1 HOUR: 

            %Canopy Node 

            dModTcan(i,1) = (((Tair(i-1,1)-ModTcant(i-1,1))*(x(5)*hext(i-1,1))) + ... 

                ((ModTsoilt(i-1,1)-ModTcant(i-1,1))/((x(4)*0.5+x(1)))) +... 

                nRad(i-1,1) + (((Tair(i-1,1)-ModTcant(i-1,1))*(x(5)*hext(i-1,1)))/(Ca*(Patm(i-

1,1)/10)*(ModTcant(i-1,1)-Tair(i-1,1))./(0.622*(2.50-(2.36*10^-3)*ModTcant(i-

1,1))*((0.611*exp((17.3*ModTcant(i-1,1))./((ModTcant(i-1,1)+273.3))))-((RH(i-

1,1)./100)*(0.611*exp((17.3*ModTcant(i-1,1))./((ModTcant(i-1,1)+273.3))))))))) )... 

                *(3600/(x(2)*582*4800*0.1+(1-x(2))*1.184*1007*0.1));         

  

            %Soil Node 

             dModTsoil(i,1) = (((ModTcant(i-1,1)-ModTsoilt(i-1,1))/(x(4)*0.5+x(1))) +... 

                ((ModTmatt(i-1,1)-ModTsoilt(i-1,1))/(x(4)*0.5)))*(3600/(x(3)+1000*4184*rVWC(i-

1,1)*0.1));                                 

             

            %Mat Node 

            ModTmatt(i,1) = 2*((ModTsoilt(i-1,1)/x(4))+(ModTinst(i-

1,1)/x(6)))*((2/x(4)+(2/x(6)))^-1); 

  

            %Ins Node 

            dModTins(i,1) = (((ModTmatt(i-1,1)-ModTinst(i-1,1))/(x(6)*0.5)) +... 

                ((ModTConct(i-1,1)-ModTinst(i-1,1))/(x(6)*0.5+x(7)*0.5)))*(3600/(Cins)); 

            

            %Conc node 

            dModTConc(i,1) = (((ModTinst(i-1,1)-ModTConct(i-1,1))/(x(6)*0.5+x(7)*0.5)) +... 

                ((MesTroomt(i-1,1)-ModTConct(i-1,1))/(x(7)*0.5)))*(3600/(x(8))); 

 

             

            ModTcant(i,1) = ModTcant(i-1,1) + dModTcan(i,1); 

            dMesTcan(i,1) = Tcan(i,1)-Tcan(i-1,1); 

            MesTcant(i,1) = MesTcant(i-1,1) + dMesTcan(i,1); 

             

            ModTsoilt(i,1) = ModTsoilt(i-1,1) + dModTsoil(i,1); 

            dMesTsoil(i,1) = Tsoil(i,1)-Tsoil(i-1,1); 

            MesTsoilt(i,1) = MesTsoilt(i-1,1) + dMesTsoil(i,1); 

             

            dMesTmat(i,1) = Tmat(i,1)-Tmat(i-1,1); 

            MesTmatt(i,1) = MesTmatt(i-1,1) + dMesTmat(i,1); 

             

            ModTinst(i,1) = ModTinst(i-1,1) + dModTins(i,1); 

         

            ModTConct(i,1) = ModTConct(i-1,1) + dModTConc(i,1); 

             

            dMesTroom(i,1) = Troom(i,1)-Troom(i-1,1); 

            MesTroomt(i,1) = MesTroomt(i-1,1) + dMesTroom(i,1); 

  

        end 
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    end 

     

%OBJECTIVE FUNCTION, Sum of Squared Differences 

sq = zeros(length(MesTcant),1); 

  

for pm = 2:length(MesTcant)      

    sq(pm,1) = ((ModTcant(pm,1)-MesTcant(pm,1))^2)... 

        + ((ModTsoilt(pm,1)-MesTsoilt(pm,1))^2) +... 

        (3*(ModTmatt(pm,1)-MesTmatt(pm,1))^2); 

end 

SSD = sum(sq); 

end 

 

FD Model 

function SSD = FD_Model(y) 

  

%Boundaries for "str" and "fin" for monthly simulations 

%     may = [2905:3648]; 

%     jun = [3649:4368]; 

%     jul = [4369:5112]; 

%     aug = [5113:5856]; 

%     sep = [5857:6576]; 

  

%Set temporal boundaries for calibration (see above) 

%Here, only change the 4-digit number in line 13 to a starting value from 

%above, i.e. only change "2905" and keep the "-1-48" in place.  

str = 2905-1-48;  

fin = 3648;  

  

%READ IN HOURLY DATA 

num = readmatrix('hourly2016'); 

Troom = num(str:fin,7+1); 

Tmat = num(str:fin,13+1); 

sRad = num(str:fin,1+1); 

rain = num(str:fin,2+1); 

Tair = num(str:fin,3+1); 

Tcan = num(str:fin,4+1); 

Tsoil = num(str:fin,5+1); 

TConc = num(str:fin,6+1); 

VWC = num(str:fin,8+1); 

km = num(str:fin,10+1); 

Cm = num(str:fin,11+1); 

Snow = num(str:fin,12+1); 

Patm = num(str:fin,14+1); 

nRad = num(str:fin,15+1); 

RH = num(str:fin,16+1); 

wind = num(str:fin,17+1); 

TroomCR = num(str:fin,18+1); 

TmatCR = num(str:fin,19+1); 

Tsoil1 = num(str:fin,20+1); 

Tsoil2 = num(str:fin,21+1); 

Tsoil3 = num(str:fin,22+1); 

VWC1 = num(str:fin,23+1); 

VWC2 = num(str:fin,24+1); 

VWC3 = num(str:fin,25+1); 

rVWC = fillmissing(VWC,'linear'); 

  

Ca = 1*(10^-3); %MJ/kg K 

  

%CONCRETE LAYER 

Rc = y(7); Lc = 0.3; kc = Lc/Rc; pCc = y(8); 

  

%CANOPY LAYER 

% La = 0.1; ka = 5 ; pa = 1.225;  Cpa = 1005; Ra = La/ka; %K x 0.3 makes soil temp close ka = 5 

Ra = y(1);   
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La = 0.1;   

ka = La/Ra;  

pCa = y(2)*4800*580+(1-y(2))*1.184*1007; 

  

%SOIL LAYER 

Ls = 0.1; 

Rs = y(4); 

ks = Ls/Rs; 

ps = 1101;  

pCs = y(3); 

  

%INSULATION LAYER 

Ri = y(6); Li = 0.1; ki = Li/Ri; pi = 45; Cpi = 1300; 

  

%MODEL PROPERTIES 

L = La+Ls+Li+Lc; %Total depth of roof envelope 

numUnknowns = 120; %Total number of nodes 

  

numBlocks = numUnknowns;  

dx = L/(numUnknowns);  

numNodes = numBlocks;   

Tcan0 = Tcan(2,1);  

Troom0 = Troom(2,1);  

Tmat0 = Tmat(2,1); 

dt = 3600 ; N = numNodes; 

Dur = length(Tcan)-1; 

mDiv = 12; 

  

%FOR POPULATING A MATRIX 

fair = La/L; fsoil = Ls/L; fins = Li/L; fconc = Lc/L; 

nair = fair*(numBlocks); nsoil = fsoil*(numBlocks); nins = fins*(numBlocks); nconc = 

fconc*(numBlocks); 

  

%EXTERIOR CONVECTION COEFFICIENT 

for hn = 2:length(Tsoil)    

    hext(hn,1) = (5.9+4.1*wind(hn,1)*((511+294)/(511+Tair(hn,1)+273))); 

end 

  

  

%INITIAL CONDITION - STEADY STATE TEMP. PROFILE 

khm = (L)/(((La)/ka)+(Ls/ks)+(Li/ki)+(((Lc))/kc)); 

Qss = (khm/(L))*(Tcan0-Troom0);  

dTsa = (Qss*dx)/ka; dTss = (Qss*dx)/ks; dTsi = (Qss*dx)/ki; dTsc = (Qss*dx)/kc; 

  

%FOR POPULATING A MATRIX pt.2 

Mmain = transpose(ones(1,N-1));  Msup = transpose(ones(1,N-1));  Msub = transpose(ones(1,N-1));   

  

%INITIAL CONDITION - STEADY STATE TEMP. PROFILE pt.2 

LocTCIint = round((La+Ls+Li)/dx)+1; 

locTsoil = round((La+Ls*0.5)/dx); 

locTmat = round((La+Ls)/dx); 

locTcan = 1; 

yx1 = transpose(linspace(dx,L-dx,N-2)); %For loop below 

for n = 1:length(yx1) 

    if n == 1 

        b1(n,1) = Tcan0-dTsa;%+Qsurf(1,1)*(dx/ka)-dTsa; 

    elseif yx1(n-1,1) < La 

        b1(n,1) = b1(n-1,1)-dTsa; 

    elseif yx1(n-1,1) < (La+Ls) 

        b1(n,1) = b1(n-1,1)-dTss; 

    elseif yx1(n-1,1) < (La+Ls+Li) 

        b1(n,1) = b1(n-1,1)-dTsi; 

    elseif yx1(n-1,1) < (La+Ls+Li+Lc) 

        b1(n,1) = b1(n-1,1)-dTsc; 

    end 

end 

  

%generating initial temperature profile of known and unknow portion of 

%solution space 

b12 = ones(N,1);% *Troom0; %FIXED TEMP 
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b12(1,1) = Tcan0;      %For Changing Boundaries 

b12(2:N-1)=b1(:,1);      %For Changing Boundaries 

b12(N,1) = b12(N-1,1)-dTsc;   %For Changing Boundaries 

  

%ENABLE LINES 127-135 TO PLOT INITIAL CONDITION. 

% yx2 = transpose(linspace(0,0.6,N+1)); %FOR TYPE I 

% yx2 = transpose(linspace(0,0.55,N)); %FOR TYPE II 

% figure(1) 

% plot(b12,-yx2,'Linewidth',1,'Color',[1 0 0]) 

% title('Initial Temp. Profile') 

% % xlim([18 38]) 

% ylabel('Depth (m)') 

% xlabel('Temperature (°C)') 

% grid on 

  

%THERMAL CONDUCTIVITY VECTOR 

for qq = 1:N-1 

    if qq <= nair 

        tk(qq,1) = ka; 

        Lk(qq,1) = dx; 

    elseif qq > nair && qq <= nair+nsoil 

        tk(qq,1) = ks; 

        Lk(qq,1) = dx; 

    elseif qq > nsoil && qq <= nair+nsoil+nins 

        tk(qq,1) = ki; 

        Lk(qq,1) = dx; 

    else 

        tk(qq,1) = kc; 

        Lk(qq,1) = dx; 

    end 

end 

  

%HARMONIC MEAN OF THERMAL CONDUCTIVITY VECTOR 

for ff = 1:N-1 

    if ff == 1 

        %Top node 

        htk_sub(ff,1) = 0; 

        htk_sup(ff,1) = dx/((dx/(2*tk(ff,1)))+(dx/(2*tk(ff+1,1)))); 

    elseif ff < N-1 

        %Internal node 

        htk_sub(ff,1) = dx/((dx/(2*tk(ff-1,1)))+(dx/(2*tk(ff,1)))); 

        htk_sup(ff,1) = dx/((dx/(2*tk(ff,1)))+(dx/(2*tk(ff+1,1)))); 

    else 

        %2nd last node 

        htk_sub(ff,1) = dx/((dx/(2*tk(ff,1)))+(dx/(2*tk(ff-1,1)))); 

        htk_sup(ff,1) = 0; 

    end 

end 

%SMOOTHING AT INTERFACES 

htk_sub(LocTCIint) = (0.5+0.0284)/2; 

htk_sup(LocTCIint) = (0.5+0.0284)/2; 

  

  

%SUB- and SUPER DIAGNOAL ELEMENTS OF A MATRIX, COEFFICIENTS "a" and "c" 

for gg = 1:length(Msup) 

    if gg == 1 

        a(gg,1) = 0;%(-2)*(htk_sub(gg,1)*dt)/(pCa*dx^2); 

        Msub(gg,1) = Msub(gg,1)*a(gg,1); 

         

        c(gg,1) = (-2)*(htk_sup(gg,1)*dt)/(pCa*dx^2); 

        Msup(gg,1) = Msup(gg,1)*c(gg,1); 

    elseif gg > 1 && gg <= nair 

        a(gg,1) = -(htk_sub(gg,1)*dt)/(pCa*dx^2); 

        Msub(gg,1) = Msub(gg,1)*a(gg,1); 

         

        c(gg,1) = -(htk_sup(gg,1)*dt)/(pCa*dx^2); 

        Msup(gg,1) = Msup(gg,1)*c(gg,1); 

    elseif gg > nair && gg <= nair+nsoil 

        Cwat(gg,1) = 1000*4184*0.1*rVWC(1); 
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        a(gg,1) = -(htk_sub(gg,1)*dt)/((pCs+Cwat(gg,1)/0.1)*dx^2); 

        Msub(gg,1) = Msub(gg,1)*a(gg,1); 

         

        c(gg,1) = -(htk_sup(gg,1)*dt)/((pCs+Cwat(gg,1)/0.1)*dx^2); 

        Msup(gg,1) = Msup(gg,1)*c(gg,1); 

    elseif gg > nsoil && gg <= nair+nsoil+nins 

        a(gg,1) = -(htk_sub(gg,1)*dt)/(pi*Cpi*dx^2); 

        Msub(gg,1) = Msub(gg,1)*a(gg,1); 

         

        c(gg,1) = -(htk_sup(gg,1)*dt)/(pi*Cpi*dx^2); 

        Msup(gg,1) = Msup(gg,1)*c(gg,1); 

    else 

        a(gg,1) = -(htk_sub(gg,1)*dt)/(pCc*dx^2); 

        Msub(gg,1) = Msub(gg,1)*a(gg,1); 

         

        c(gg,1) = -(htk_sub(gg,1)*dt)/(pCc*dx^2); 

        Msup(gg,1) = Msup(gg,1)*c(gg,1); 

    end 

end 

  

%DIAGONAL ELEMENTS OF A MATRIX, COEFFICIENT "b" 

for g = 1:length(Mmain) 

    if g == 1 

%         b(g,1) = (1+((2*(htk_sub(g,1)+htk_sup(g,1))*dt)/(pCa*dx^2))); 

%         Mdiag(g,1) = Mmain(g,1)*b(g,1); %%%TYPEI BOUNDARY 

                                                                da = 

(1+((2*htk_sup(g,1)*dt)/(pCa*dx^2))); 

                                                                Mdiag(g,1) = Mmain(g,1)*da; 

%%%TYPEII BOUNDARY 

    elseif  g > 1 && g <= nair 

        b(g,1) = 1+(((htk_sub(g,1)+htk_sup(g,1))*dt)/(pCa*dx^2)); 

        Mdiag(g,1) = Mmain(g,1)*b(g,1); 

         

    elseif g > nair && g <= (nair+nsoil) 

        Cwat(g,1) = 1000*4184*0.1*rVWC(1); 

        b(g,1) = 1+(((htk_sub(g,1)+htk_sup(g,1))*dt)/((pCs+Cwat(g,1)/0.1)*dx^2)); 

        Mdiag(g,1) = Mmain(g,1)*b(g,1); 

         

    elseif g > nsoil && g <= (nair+nsoil+nins) 

        b(g,1) = 1+(((htk_sub(g,1)+htk_sup(g,1))*dt)/(pi*Cpi*dx^2)); 

        Mdiag(g,1) = Mmain(g,1)*b(g,1); 

         

    elseif g > (nair+nsoil+nins) && g < N-1 

        b(g,1) = 1+(((htk_sub(g,1)+htk_sup(g,1))*dt)/(pCc*dx^2)); 

        Mdiag(g,1) = Mmain(g,1)*b(g,1); 

    else 

        b(g,1) = 1+((2*(htk_sub(g,1)+htk_sup(g,1))*dt)/(pCc*dx^2)); 

        Mdiag(g,1) = Mmain(g,1)*b(g,1); 

    end 

end 

  

%POPULATING A MATRIX pt. 3 

A = diag(Mdiag) + diag(Msup(1:N-2,1),1) + diag(Msub(2:N-1,1),-1); 

Anew = A(1:N-1,1:N-1); 

Anew2=Anew; %for reference 

const1 = Msup(1,1); 

const2 = Msub(N-1,1); 

const3 = 2*dt/(pCa*dx); 

  

%POPULATING B MATRIX pt.1 

solnspace = zeros(N-1,Dur); 

Bnew = zeros(N-1,1); 

  

for m = 1:width(solnspace) 

        %FOR INITIAL TIMESTEP 

        if m == 1                

            for k = 1:N-1 

                Bnew(k,1) = b12(k,1);  

                Bnewplot = Bnew; 

            end 
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%           %EXTERNAL SURFACE BOUNDARY CONDITION 

            Bnew(1,1) = Bnew(1,1)+const3*(nRad(m+1,1)+ ((Tair(m+1,1)-Bnew(1,1))*y(5)*hext(m+1,1)) 

+... 

               (((Tair(m+1,1)-Bnew(1,1))*y(5)*hext(m+1,1))/(Ca*(Patm(m+1,1)/10)*(Bnew(1,1)-

Tair(m+1,1))... 

               ./(0.622*(2.50-(2.36*10^-3)*Bnew(1,1))*((0.611*exp((17.3*Bnew(1,1))... 

               ./((Bnew(1,1)+273.3))))-((RH(m+1,1)./100)*(0.611*exp((17.3*Bnew(1,1))... 

               ./((Bnew(1,1)+273.3)))))))))); %%%TYPEII (top) 

            

            %INTERNAL SURFACE BOUNDARY CONDITION 

            Bnew(N-1,1) = Bnew(N-1,1)-const2*Troom(m+1,1); %%%TYPEI (bottom) 

  

            %FOR TESTING         

%             Bnew(1,1) = Bnew(1,1) - ea*Qsurf; %%%TYPEII (top) 

%             Bnew(1,1) = Bnew(1,1)-const1*10; %%%TYPEI (top) 

%             Bnew(N-1,1) = Bnew(N-1,1)-const2*Tbot; %%%TYPEI (bottom) 

             

            %THOMAS ALGORITHM - TRIDIAGONAL MATRIX SOLVER 

            for j = 1:length(Anew) 

                    if j == 1         

                        Bnew(j,:) = Bnew(j,j)./Anew(j,j); 

                        Anew(j,:) = Anew(j,:)./Anew(j,1); 

                    else   

                        %multiplying previous eqn by current row's "a" 

                        Bnew(j-1,:) = Bnew(j-1,:)*Anew(j,j-1); 

                        Anew(j-1,:) = Anew(j-1,:)*Anew(j,j-1);         

                        %subtracting modified previous row from current row 

                        Bnew(j,:) = Bnew(j,:) - Bnew(j-1,:); 

                        Anew(j,:) = Anew(j,:) - Anew(j-1,:); 

                        %dividing through both sides by coeff. on x_q 

                        Bnew(j,:) = Bnew(j,:)./Anew(j,j); 

                        Anew(j,:) = Anew(j,:)/Anew(j,j);       

                    end 

            end                    

            for p = length(Anew):-1:1 

                if p == length(Anew) 

                    x(p,1) = Bnew(p,1)/Anew(p,p); 

                else 

                    x(p,1) = (Bnew(p,1) - Anew(p,p+1)*x(p+1,1))/Anew(p,p); 

                end 

            end 

        %PUTTING RESULTS INTO SOLUTION MATRIX 

        solnspace(:,m) = x; 

         

            

        else   

        %FOR SUBSEQUENT TIMESTEPS 

                    clear tk 

                    clear Lk 

                    clear htk_sub 

                    clear htk_sup 

                    clear Mmain 

                    clear Msup 

                    clear Msub 

                    clear Mdiag 

                    clear b 

        Mmain = transpose(ones(1,N-1));  Msup = transpose(ones(1,N-1));  Msub = transpose(ones(1,N-

1));   

            %THERMAL CONDUCTIVITY VECTOR 

            for qq = 1:N-1 

                if qq <= nair 

                    tk(qq,1) = ka; 

                    Lk(qq,1) = dx; 

                elseif qq > nair && qq <= nair+nsoil 

                    tk(qq,1) = ks; 

%                     tk(qq,1) = 1.4018*rVWC(m+1,1)+0.285; 

                    Lk(qq,1) = dx; 

                elseif qq > nsoil && qq <= nair+nsoil+nins 

                    tk(qq,1) = ki; 

                    Lk(qq,1) = dx; 
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                else 

                    tk(qq,1) = kc; 

                    Lk(qq,1) = dx; 

                end 

            end 

            clear qq 

            %HARMONIC MEAN OF THERMAL CONDUCTIVITY VECTOR 

            for ff = 1:N-1 

                if ff == 1 

                    %Top node 

                    htk_sub(ff,1) = 0; 

                    htk_sup(ff,1) = dx/((dx/(2*tk(ff,1)))+(dx/(2*tk(ff+1,1)))); 

                elseif ff < N-1 

                    %Internal node 

                    htk_sub(ff,1) = dx/((dx/(2*tk(ff-1,1)))+(dx/(2*tk(ff,1)))); 

                    htk_sup(ff,1) = dx/((dx/(2*tk(ff,1)))+(dx/(2*tk(ff+1,1)))); 

                else 

                    %2nd last node 

                    htk_sub(ff,1) = dx/((dx/(2*tk(ff,1)))+(dx/(2*tk(ff-1,1)))); 

                    htk_sup(ff,1) = 0; 

                end 

            end 

            %SMOOTHING AT INTERFACES 

            htk_sub(LocTCIint) = (0.5+0.0284)/2; 

            htk_sup(LocTCIint) = (0.5+0.0284)/2;     

             

            clear ff 

            clear Cwat 

  

            %SUB- AND SUPER DIAGNOAL ELEMENTS OF A MATRIX, Coefficients "a" and "c" 

            for gg = 1:length(Msup) 

                if gg == 1 

                    a(gg,1) = 0;%(-2)*(htk_sub(gg,1)*dt)/(pCa*dx^2); 

                    Msub(gg,1) = Msub(gg,1)*a(gg,1); 

         

                    c(gg,1) = (-2)*(htk_sup(gg,1)*dt)/(pCa*dx^2); 

                    Msup(gg,1) = Msup(gg,1)*c(gg,1); 

                elseif gg > 1 && gg <= nair 

                    a(gg,1) = -(htk_sub(gg,1)*dt)/(pCa*dx^2); 

                    Msub(gg,1) = Msub(gg,1)*a(gg,1); 

  

                    c(gg,1) = -(htk_sup(gg,1)*dt)/(pCa*dx^2); 

                    Msup(gg,1) = Msup(gg,1)*c(gg,1); 

                elseif gg > nair && gg <= nair+nsoil 

                    Cwat(gg,1) = 1000*4184*0.1*rVWC(m+1,1); 

                    a(gg,1) = -(htk_sub(gg,1)*dt)/((pCs+Cwat(gg,1)/0.1)*dx^2); 

                    Msub(gg,1) = Msub(gg,1)*a(gg,1); 

  

                    c(gg,1) = -(htk_sup(gg,1)*dt)/((pCs+Cwat(gg,1)/0.1)*dx^2); 

                    Msup(gg,1) = Msup(gg,1)*c(gg,1); 

                elseif gg > nsoil && gg <= nair+nsoil+nins 

                    a(gg,1) = -(htk_sub(gg,1)*dt)/(pi*Cpi*dx^2); 

                    Msub(gg,1) = Msub(gg,1)*a(gg,1); 

  

                    c(gg,1) = -(htk_sup(gg,1)*dt)/(pi*Cpi*dx^2); 

                    Msup(gg,1) = Msup(gg,1)*c(gg,1); 

                else 

                    a(gg,1) = -(htk_sub(gg,1)*dt)/(pCc*dx^2); 

                    Msub(gg,1) = Msub(gg,1)*a(gg,1); 

  

                    c(gg,1) = -(htk_sub(gg,1)*dt)/(pCc*dx^2); 

                    Msup(gg,1) = Msup(gg,1)*c(gg,1); 

                end 

            end 

            clear gg 

             

            %DIAGONAL ELEMENTS OF A MATRIX, COEFFICIENT "b" 

            for g = 1:length(Mmain) 

                 if g == 1 

%                            b(g,1) = (1+((2*(htk_sub(g,1)+htk_sup(g,1))*dt)/(pCa*dx^2))); 
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%                            Mdiag(g,1) = Mmain(g,1)*b(g,1); %%%TYPEI 

                                                                da = 

(1+((2*htk_sup(g,1)*dt)/(pCa*dx^2))); 

                                                                Mdiag(g,1) = Mmain(g,1)*da; 

%%%TYPEII 

                elseif  g > 1 && g <= nair 

                    b(g,1) = 1+(((htk_sub(g,1)+htk_sup(g,1))*dt)/(pCa*dx^2)); 

                    Mdiag(g,1) = Mmain(g,1)*b(g,1); 

  

                elseif g > nair && g <= (nair+nsoil) 

                    Cwat(g,1) = 1000*4184*0.1*rVWC(m+1,1); 

                    b(g,1) = 1+(((htk_sub(g,1)+htk_sup(g,1))*dt)/((pCs+Cwat(g,1)/0.1)*dx^2)); 

                    Mdiag(g,1) = Mmain(g,1)*b(g,1); 

  

                elseif g > nsoil && g <= (nair+nsoil+nins) 

                    b(g,1) = 1+(((htk_sub(g,1)+htk_sup(g,1))*dt)/(pi*Cpi*dx^2)); 

                    Mdiag(g,1) = Mmain(g,1)*b(g,1); 

                     

                elseif g > (nair+nsoil+nins) && g < N-1 

                    b(g,1) = 1+(((htk_sub(g,1)+htk_sup(g,1))*dt)/(pCc*dx^2)); 

                    Mdiag(g,1) = Mmain(g,1)*b(g,1); 

                 else 

                    b(g,1) = 1+((2*(htk_sub(g,1)+htk_sup(g,1))*dt)/(pCc*dx^2)); 

                    Mdiag(g,1) = Mmain(g,1)*b(g,1); 

                end 

            end 

            clear g 

  

            const1 = Msup(1,1); 

            const2 = Msub(N-1,1); 

            const3 = 2*dt/(pCa*dx); 

            Bnew = solnspace(:,m-1); 

  

                %EXTERNAL SURFACE BOUNDARY CONDITION 

                Bnew(1,1) = Bnew(1,1) + const3*(nRad(m+1,1)+ ((Tair(m+1,1)-

Bnew(1,1))*y(5)*hext(m+1,1)) +... 

                (((Tair(m+1,1)-Bnew(1,1))*y(5)*hext(m+1,1))/(Ca*(Patm(m+1,1)/10)*(Bnew(1,1)-

Tair(m+1,1))... 

                ./(0.622*(2.50-(2.36*10^-3)*Bnew(1,1))*((0.611*exp((17.3*Bnew(1,1))... 

               ./((Bnew(1,1)+273.3))))-((RH(m+1,1)./100)*(0.611*exp((17.3*Bnew(1,1))... 

                ./((Bnew(1,1)+273.3))))))))));  %%%TYPEII (top) 

             

                %INTERNAL SURFACE BOUNDARY CONDITION 

                Bnew(N-1,1) = Bnew(N-1,1)-const2*Troom(m+1,1); %%%TYPEI (bottom) 

             

             %FOR TESTING 

             %Bnew(1,1) = Bnew(1,1) - ea*Qsurf; %%%TYPEII (top) 

             %Bnew(1,1) = Bnew(1,1)-const1*Ttop; %%%TYPEI (top) 

             %Bnew(N-1,1) = Bnew(N-1,1)-const2*Tbot; %%%TYPEI (bottom) 

             

            %POPULATING A MATRIX 

            A = diag(Mdiag) + diag(Msup(1:N-2,1),1) + diag(Msub(2:N-1,1),-1); 

            Anew = A(1:N-1,1:N-1); 

             

            %THOMAS ALGORITHM - TRIDIAGONAL MATRIX SOLVER 

            for j = 1:length(Anew) 

                    if j == 1         

                        Bnew(j,:) = Bnew(j,j)./Anew(j,j); 

                        Anew(j,:) = Anew(j,:)./Anew(j,1); 

                    else   

                        %multiplying previous eqn by current row's "a" 

                        Bnew(j-1,:) = Bnew(j-1,:)*Anew(j,j-1); 

                        Anew(j-1,:) = Anew(j-1,:)*Anew(j,j-1);         

                        %subtracting modified previous row from current row 

                        Bnew(j,:) = Bnew(j,:) - Bnew(j-1,:); 

                        Anew(j,:) = Anew(j,:) - Anew(j-1,:); 

                        %dividing through both sides by coeff. on x_q 

                        Bnew(j,:) = Bnew(j,:)./Anew(j,j); 

                        Anew(j,:) = Anew(j,:)/Anew(j,j);       

                    end 
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            end          

            for p = length(Anew):-1:1 

                if p == length(Anew) 

                    x(p,1) = Bnew(p,1)/Anew(p,p); 

                else 

                    x(p,1) = (Bnew(p,1) - Anew(p,p+1)*x(p+1,1))/Anew(p,p); 

                end 

            end 

            %PUTTING RESULTS INTO SOLUTION MATRIX 

            solnspace(:,m) = x; 

        end 

    end 

  

%OBJECTIVE FUNCTION - SUM OF SQUARED DIFFERENCES 

MesTcant = Tcan(2:length(Tcan)); 

MesTsoilt = Tsoil(2:length(Tsoil)); 

MesTmatt = Tmat(2:length(Tmat)); 

ModTcant = transpose(solnspace(locTcan,:)); 

ModTsoilt = transpose(solnspace(locTsoil,:)); 

ModTmatt = transpose(solnspace(locTmat,:)); 

for pm = 48:length(MesTsoilt) 

    sq3(pm,1) = (((ModTsoilt(pm,1)-MesTsoilt(pm,1))^2)... 

        +(3*(ModTmatt(pm,1)-MesTmatt(pm,1))^2)... 

        +((ModTcant(pm,1)-MesTcant(pm,1))^2)); 

end 

SSD = sum(sq3); 

end  

 

 

 

 

 

 

 

 

 

 

 

 


