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Abstract 

Navigation is a core requirement for autonomous vehicles and robotics. The objective of this 

thesis is to compute the navigation solution of a ground vehicle by fusing data from Inertial 

Navigation System (INS), Visual Odometry (VO), and Global Positioning System (GPS) using 

a Dual Extended Kalman Filter (DEKF) algorithm. The research in this thesis is conducted in 

three phases. The first phase deals with the development of a VO navigation system. In this 

phase the traditional Stereo Visual Odometry (SVO) methodology is analyzed, and an 

improvement is proposed at the pose estimation and pose optimization stages to present the 

Modified Stereo Visual Odometry (ModSVO) algorithm. The second phase deals with the 

development of INS/VO and INS/GPS integrated systems using EKF. It is shown that while 

accuracy improves compared to standalone sensors, but in case of VO or GPS failure the 

accuracy deteriorates. The third phase presents a solution to this problem by developing the 

INS/VO/GPS system using a Dual Extended Kalman Filter (DEKF) scheme. It is shown that 

the INS/VO/GPS system outperforms INS/VO and INS/GPS systems in cases of VO failure or 

GPS failure.  
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Chapter 1:  Introduction 

1.1 Background 

The recent interest in development of autonomous ground vehicles has amplified the necessity 

of real-time accurate navigation solution. The task of navigation can usually be carried out by 

sensors such as IMU, GPS, camera etc., however, all real-world sensor readings are corrupted 

with noise to some degree, therefore relying on a single sensor results in erroneous estimates. 

In order to overcome this issue, data from multiple sensors is fused which results in improved 

accuracy. 

An Inertial Measurement Unit (IMU) comprises of accelerometer and gyroscope sensors. It is 

able to provide the body specific force and the body angular velocity. This data is used to 

compute the position, velocity, and attitude of the vehicle through Inertial Navigation System 

(INS) [1]. The INS solution computation requires twice integration over time of body specific 

force, and once integration over time of angular velocity in order to obtain the pose information. 

This results in noise accumulation over time which causes a drift in estimates. Due to this 

reason INS on its own cannot be used for real-time navigation solution. 

Global Navigation Satellite System (GNSS) is a satellite-based navigation system which can 

provide the position and velocity estimate of a vehicle. The most commonly used satellite 

system is the Global Positioning System (GPS) which has a network of 24+ satellites [2]. 

Unlike INS, the navigation solution obtained from GPS is not affected by the accumulation of 

error as the solution does not require integration over time and once the GPS receiver is able 

to connect to four or more satellites the position can be obtained with reasonable accuracy [3]. 

However, it still suffers from error sources such as low frequency, ionosphere delay, and 

receiver electronics noise [4], [5]. Furthermore, GPS signals require clear view of the sky. GPS 

signal outage occurs if there are tall trees, tall buildings, or if the vehicle is underground or in 
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a tunnel [6]. Due to these factors, GPS on its own cannot be used for real-time navigation 

solution. 

One of the recent advancements in navigation systems is of Visual Odometry (VO). VO is an 

odometry technique in which the vehicle pose is estimated using sequential images from 

monocular or stereo cameras [7]. The VO solution can be used in GPS denied environments, 

however, computing the VO solution is more computationally extensive and it is affected by 

error accumulation over time. This is because the current camera pose is computed by 

concatenating the new transformation matrix with the previous camera pose. As a result, any 

errors present in computation of the previous pose will amalgamate with the errors present in 

the computation of the new pose resulting in drift of the navigation solution [8]. Furthermore, 

the environment in which the image is taken also affects the VO estimates. This includes 

lighting, snow-covered terrain, direct sunlight, or even large objects covering the camera field 

of view [9]. These factors may result in VO failing to obtain an accurate navigation solution. 

As a result, standalone VO is not suitable for real-time navigation. 

Since each of the navigation systems discussed have some inherent drawbacks making them 

unsuitable for providing standalone navigation solution, therefore, to overcome this issue, 

sensor fusion algorithms are used to combine multiple sensors in a manner where they 

complement each other’s strengths and diminish the weaknesses [10]. One of the sensor fusion 

techniques is combining the sensor data using the Extended Kalman Filter (EKF) [1]. For 

navigation of ground vehicles, EKF has been utilized for INS/VO fusion [10], and for INS/GPS 

fusion [11]. These integrated systems effectively overcome the drift issue in INS, the noise and 

low frequency issue of GPS, and error accumulation issue in VO. However, in case of GPS 

failure or VO failure, the system relies only on INS and as a result the navigation solution 

accumulates error.  
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This issue motivates the research problem tackled in this research. In this thesis, a Dual 

Extended Kalman Filter (DEKF) is used to develop an INS/VO/GPS integrated system to 

address the problem of navigation accuracy deterioration in case of GPS failure and VO failure. 

1.2 Research contribution 

The research conducted in this thesis aims to present improvements in the field of autonomous 

robotics and vehicles. The research presents the following contributions: 

• Firstly, a Visual Odometry (VO) technique is proposed called Modified Stereo Visual 

Odometry (ModSVO) which improves the navigational accuracy in comparison to the 

traditional Stereo Visual Odometry (SVO) [12] by proposing changes in the pose 

estimation and pose optimization stages of the SVO pipeline. ModSVO combines the 

2D-to-2D and 3D-to-2D pose estimation techniques, by estimating attitude from 

essential matrix decomposition [13] overcoming the non-orthonormality issues in the 

traditional SVO. The problem with this approach was the scale ambiguous translation 

vector estimate. This is overcome by minimizing the reprojection error using an updated 

cost function which only optimizes the translation vector, thereby, reducing the number 

optimizing parameters from 6 to 3. This is presented in section 4.4. 

• Another important contribution is the utilization of ModSVO in the implementation of 

INS/VO integrated system using Extended Kalman Filter (EKF) with VO feedback. 

Generally, with stochastic cloning, a delayed state is appended to EKF state to improve 

estimation [14]. The disadvantage associated with this technique is an increase in size 

of the EKF state. In this thesis, the delayed position and attitude states are transformed 

to the camera coordinate frame directly used as an incremental step for VO pose update. 

This is done without appending any states to the original state vector. As a result, the 

size of the state does not increase. Furthermore, the sensor noise covariance matrix 𝑅𝑣𝑜 

is populated using the standard deviation values of Sampson distances of inliers 
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obtained from estimating the essential matrix between consecutive frames, and the 

standard deviation values of residual reprojection errors for inliers after minimization 

of the reprojection errors. This is presented in section 5.3. 

• The final contribution of this research is the development of INS/VO/GPS integrated 

system using Dual Extended Kalman Filter (DEKF). This algorithm utilizes two loosely 

coupled sequential EKFs to fuse the three sensors. The first EKF fuses INS and VO 

data, and the resulting state estimates are further corrected using the GPS data by the 

second EKF. In case of GPS failure, the system is able to switch to INS/VO and in case 

of VO failure it is able to switch to INS/GPS outperforming not only the standalone 

sensors but also the two sensor combinations in cases of sensor failure. This is presented 

in section 5.5.  

1.3 Thesis Methodology 

The methodology to complete the thesis objectives is presented as follows: 

1. Review and implement Stereo Visual Odometry (SVO) algorithm and analyze its 

benefits and drawbacks. 

2. Develop and implement a Modified Stereo Visual Odometry (ModSVO) algorithm in 

order to and present its improvements. 

3. Implement standalone Inertial Navigation System (INS) and present its drawbacks as a 

standalone sensor.  

4. Implement standalone Global Positioning System (GPS) and present its drawbacks as 

a standalone sensor. 

5. Develop and implement INS/VO integrated system using Extended Kalman Filter 

(EKF) with VO feedback. Analyze its performance in normal conditions and with VO 

failure conditions in comparison to standalone INS and standalone ModSVO. 
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6. Develop and implement INS/GPS integrated system using EKF. Analyze its 

performance in normal conditions and with GPS failure conditions in comparison to 

standalone INS and standalone GPS. 

7. Design and implement INS/VO/GPS integrated system using Dual Extended Kalman 

Filter (DEKF). Analyze its performance in normal conditions, with VO failure 

conditions, and with GPS failure conditions, in comparison to INS/VO and INS/GPS. 

The simulations in the thesis are carried out using the MATLAB software [15]. 

1.4 Literature Review 

The first phase of the research is concerned with development of Visual Odometry (VO) 

system. A review paper presented in [12] defines the basic components of feature based VO. 

For feature matching and detection, one of the most popular feature detectors is Harris Corner 

Detector [16]. However, its capacity is diminished in case of scale and rotation change between 

images. Lowe [17] presented a Scale Invariant Feature Transform (SIFT) detector which was 

scale and rotation invariant. Bay [18] presented Speeded-Up Robust Features (SURF) as an 

improvement to SIFT by using approximating Hessian using Box filters and using a 64-element 

descriptor as compared to 128-element vector in SIFT. For outlier rejection, the RANSAC 

algorithm in combination with the five-point algorithm for essential matrix estimation [13]. 

Utilizing VO for navigation and localization has been a popular choice in the literature. Cheng 

et al. [19] presents the algorithm used for Stereo Visual Odometry (SVO) for the rovers used 

in Mars. The research utilized Harris detector for feature detection, pixel intensity sum of 

squared difference stereo matching, and 3D-3D pose estimation algorithm for motion 

estimation. Kitt et al. [20] used this methodology for measuring displacement of moving stereo 

cameras in an urban environment without the use of additional sensors. They presented a 

Kalman Filter based approach using constant velocity model, removing the requirement for 

rectification and 3D scene reconstruction. Cao et al. [21] presents a combination of 3D-to-3D 
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and 3D-to-2D motion estimation algorithms. ORB feature detection method was used for 

keypoint selection and extraction, and the estimated pose was refined using local optimization 

through minimizing the reprojection error. Another approach based on selecting only ground 

features is presented in [22]. In this research a Kalman filter-based approach using 

Ackermann’s model is utilized and the stability of the selected features is ensured by selecting 

the features present on the ground plane. Aqel et al. [9] provides a review of different VO 

approaches in literature and their comparisons. 

The second phase of the research is concerned with INS/VO and INS/GPS sensor fusion. 

INS/GPS sensor fusion is a widely researched area in the field of navigation, and it has been 

employed in a variety of applications using different fusion techniques. Gonzalez et al. [23] 

presents a loosely coupled Extended Kalman Filter (EKF) solution for fusing low cost INS and 

GPS sensors which overcomes the drift issue of INS. Yang et al. [24] presents an improved 

Unscented Kalman Filter (UKF) derivation for INS/GPS integration by using an adaptive 

method of correlational inference. Glavine et al. [25] fuses INS with GPS using EKF. The 

research compares the single EKF model and an Interactive Multiple Model (IMM) EKF. The 

IMM approach uses two modes with varying noise parameters allowing the EKF to adapt to 

the optimal model with variation in the environment. The algorithm was tested using the INS 

and GPS data available from the KITTI (Karlsruhe Institute of Technology and Toyota 

Technological Institute) dataset [26]. Suwandi et al. [27] present INS/GPS integrated system 

using a graded Kalman filter using filter processing for INS and Pythagorean processing for 

GPS sensor. Chiang et al. [11] presents a tightly coupled EKF scheme which detects irregular 

GPS measurements and uses partial GPS signals to continue correcting INS readings in case 

of GPS blockage issues. The subject of the research was a ground vehicle, so non-holonomic 

constraints were also employed.  
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In situations, involving GPS signal blockage, fusion of INS and VO solutions has been a widely 

popular alternative. In literature, this type of integrated system is referred to as Visual-Inertial 

Navigation System (VINS) or Visual-Inertial Odometry (VIO) and includes several different 

methodologies. Randeniya et al. [28] presented an integrated INS with a single camera to 

provide the pose of a car driving on a road. In this approach, a decentralized Kalman Filter is 

used to integrate the position estimates from monocular VO (MVO) and INS. Tardif et al. [14] 

estimated the 6 DOF pose information of a ground vehicle in agricultural setting by using VIO. 

In this research, a delayed state loosely coupled EKF was used to combine the Stereo Visual 

Odometry (SVO) output and the INS sensor data to overcome the uncertainties of both sensors. 

Nutzi et al. [29] presented an algorithm for estimating scale to overcome the MVO scale 

ambiguity issue by combining the output with INS. A spline fitting algorithm and a multi-rate 

EKF algorithm were explored and compared for the scale estimation problem. Peretroukhin et 

al. [30] presents a neural network (NN) based approach for VINS. In this research, a defined 

dataset is used to train a NN model for estimating the VO estimate uncertainty for the 

covariance matrix. Bloesch et al. [31] uses a tightly coupled iterative extended Kalman filter 

(IEKF) to fuse vision and inertial data. In this methodology, the image is divided into patches, 

and the keypoints are tracked for all the pixel in the patches. These are used to compute the 

photometric error which is directly used in the innovation vector of the EKF. Martinelli [32] 

derives a close-form solution for fusing vision and INS data to obtain observability modes.  

The third phase of the research is concerned with INS/VO/GPS fusion. The usage of INS, GPS, 

VO fusion in order to obtain a robust navigation system of position, velocity, and attitude is an 

open area of research. Very few papers are available in literature, and most of these are from 

the last 4 years. Shen et al. [33] uses Double Fuzzy Kalman Filter to combine INS/GPS/VO to 

compute heading of a tractor. The Ackermann’s algorithm is employed as system model and 

heading measurements of INS, GPS, VO are combined using a single Kalman filter. The first 
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fuzzy adaptation of Kalman gain and sensor noise covariance matrix was done by referencing 

dead reckoning algorithm, and the second fuzzy adaptation was of system noise covariance 

matrix which used innovation vector information. Yue et al. [34] presented INS/VO/GPS 

integrated system using two local filters and a third master filter. The state covariance and noise 

covariance matrices for the master filter were updated using fuzzy adaptive feedback. The local 

filters used Multi-State Constraint Kalman Filter (MSCKF) for INS/VO and Extended Kalman 

Filter (EKF) for INS/GPS. The master filter utilizes Fuzzy Kalman Filter (FKF). Sun et al. [35] 

used sequential EKF to develop INS/VO/GPS integrated system with fusion of GPS sensor and 

camera for the first filter and the output was fused with INS using a second filter. They 

employed non-holonomic constraints to restrict velocity in body frame to a single dimension. 

The VO error model was computed using linear regression based on number of inliers. Song et 

al. [36] presented a Stereo/IMU/GPS/Barometric fusion for micro-aerial vehicles. A tightly 

coupled IMU and VO with stochastic cloning where a delayed VO state is appended to the 

state. The result is first updated using GPS, and then using barometric sensor sequentially using 

EKF. The literature presented in this section shows that INS/VO/GPS is not a fully discovered 

research area, and there is room for innovation and improvement. 

1.5 Thesis Structure 

The rest of the thesis is structured as follows: Chapter 2 presents details of the real-world 

dataset which provides camera, INS, and GPS sensor data. Chapter 3 presents the coordinate 

frames and their transformations. Chapter 4 presents the VO background and proposed 

modifications for the Modified SVO (ModSVO) algorithm. Chapter 5 presents the multi-sensor 

fusion algorithms for INS/VO, INS/GPS, and INS/VO/GPS systems, as well as their 

implementation on real world dataset and comparisons in case of sensor failure. Chapter 6 

presents the possible future work pertaining to this research. Chapter 7 presents a conclusive 

summary of the thesis.  
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Chapter 2:  Real World Dataset 

2.1 Introduction 

The objective of this research is to develop a navigation solution algorithm using sensor fusion 

of INS, Camera, and GPS. While the algorithm may be developed and tested using simulated 

data, it is not enough to validate the results of the algorithm. Therefore, it is required to test the 

algorithm on a real-world dataset. In real-world scenario there are unexpected noises and 

perturbations which lead to an environment where the robustness of the navigation system can 

be fully tested. Field tests conducted in the past by researchers have paved way to publicly 

available datasets. Since this research involves visual odometry, Inertial Navigation System 

(INS), and Global Positioning System (GPS), therefore the dataset required to test the algorithm 

presented should fulfil the following criteria: 

1. The dataset should be of a ground vehicle. 

2. The dataset should include stereo camera output. 

3. The dataset should include raw accelerometer and gyroscope output. 

4. The dataset should include raw GPS output. 

5. The dataset should include ground truth data for reference. 

There are several datasets that closely follow these requirements such as [37]–[39], however, 

for this research the KITTI dataset [26] is used to test the algorithm in real world environment. 

The KITTI dataset is a widely used experimental platform for researched involving VO, 

INS/VO, and INS/GPS integrated system [40]–[57]. 

2.2 KITTI Dataset 

The KITTI (Karlsruhe Institute of Technology and Toyota Technological Institute) dataset [58] 

is a publicly available dataset for a car driving in the city of Karlsruhe. The dataset provides 
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data from multiple sensors in different driving scenarios like residential, highway, city etc., 

divided into 10 sequences. This research utilizes the sequence 10 for the development and 

testing of the algorithm. The sequence 10 drive was carried out on 30-09-2011. The length of 

sequence is approximately 2 minutes, and it contains about 1200 images. 

The sensors mounted on the car (Volkswagen Passat B6) include a GPS/IMU Inertial 

Navigation System, a LiDAR, 2 grayscale cameras, and 2 color cameras. The dataset includes 

the raw output of these sensors, as well as ground truth data computed by fusing GPS/IMU and 

LiDAR output. Since the focus of this research is on using IMU, Camera, and GPS, therefore, 

only the relevant sensors are discussed further. 

2.2.1 Camera 

The KITTI dataset uses two grayscale cameras of 1.4 Megapixels quality. The model of the 

cameras is Point Grey Flea 2 (FL2-14S3M-C). The cameras are mounted on the roof of the car 

using a stereo camera rig, and the displacement between the cameras and the other sensors is 

provided in [58]. The baseline of the stereo cameras is approximately 54 𝑐𝑚. The frequency 

of camera image outputs is 10 𝐻𝑧. The camera coordinate frame and transformations are 

presented in chapter 3. The relative position of the cameras is shown in Figure 2-1. The camera 

calibration information is given, as well as the provided stereo image pairs have been rectified. 

Therefore, in this research, rectification of stereo images is not visited rather the focus has been 

shifted towards development of an improved VO algorithm as well as development of a robust 

sensor fusion algorithm for navigation solution. The camera calibration parameters are: 

𝑠𝑢 = 𝑠𝑣 = 7.070912 × 102 

𝑢0 = 6.018873 × 102 

𝑣0 = 1.831104 × 102 

𝑓𝑢 = 𝑓𝑣 = 1 

𝛾 = 0 
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Where, 𝑢 is the coordinate value in horizontal direction, 𝑣 is the coordinate value in vertical 

direction, 𝑓 is the focal length, 𝛾 is the skew factor, 𝑠 is the scale factor, and (𝑢0, 𝑣0) are the 

coordinates of the principal point. 

2.2.2 INS/GNSS Sensors 

The KITTI dataset uses an OXTS RT 3003 GPS/IMU sensor. The OXTS device is mounted in 

the backseat of the car. The specification details of the sensor model are provided in the sensor 

manual [59]. An overview of the specifications is provided in Table 2-1.  

Table 2-1 OXTS RT3003 GPS/IMU Sensor Specifications 

IMU Update rate 100 𝐻𝑧 

Gyro Bias Stability 2 ° ℎ𝑟⁄  

Accelerometer Bias Stability 2 𝜇𝑔  

Gyro Random Walk 0.2 °
√ℎ𝑟

⁄  

Accelerometer Random Walk 
0.005

𝑚
𝑠

√ℎ𝑟
⁄  

GPS Update rate 100 𝐻𝑧 

GPS Velocity Accuracy 0.05 𝑘𝑚
ℎ𝑟⁄  

GPS Position Accuracy 0.01 𝑚 

The IMU accelerometer and gyroscope data is available in raw form with time stamps. The 

KITTI dataset does not provide GPS data on its own, rather the GPS/IMU fused data is 

provided. However, a low-cost GPS can be simulated by down sampling the ground truth signal 

and adding noise to it. This methodology has been used in [34] and in [60] to simulate the GPS 

signal data from KITTI dataset. For this research, a white gaussian noise with 𝜇 = 2 𝑚 (where 

𝜇 is the mean) is added to all GPS position channels, and a noise of 0.5 𝑚 𝑠⁄  is added to all 

GPS velocity channels in order to simulate the GPS signal. Furthermore, the GPS update rate 

has been down sampled from 100 𝐻𝑧 to 10 𝐻𝑧. 
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2.2.3 Sensor Layout 

The sensor layout of all the sensors mounted on the KITTI car are given presented in Figure 

2-1. This figure provides the relative positions of the cameras and the GPS/IMU sensor. This 

information aids in transformation of coordinate frames when computing navigation solutions. 

 

Figure 2-1 KITTI sensor layout [58] 

2.3 KITTI Sequence 10 Trajectory 

As mentioned in section 2.2, the KITTI sequence 10 is used in development and testing of the 

navigation solution algorithm presented in this research. The following figures from Figure 2-2 

till Figure 2-5 show the top-view trajectory of the driving sequence, as well as the position, 

velocity, and orientation in 𝑥, 𝑦, 𝑧 axes. Figure 2-6 shows sample image output from the 

cameras. The term ‘gt’ in legend refers to the ground truth data. 
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Figure 2-2 Trajectory plot of KITTI data seq 10 

 
Figure 2-3 Position plot of KITTI data seq 10 

 
Figure 2-4 Velocity plot of KITTI data seq 10 

 
Figure 2-5 Orientation plot of KITTI data seq 10 

 

 
Figure 2-6 Sample images from left grayscale camera of seq 10 
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Chapter 3:  Coordinate Frames 

3.1 Introduction 

A coordinate frame of reference is a set of three orthogonal axis whose origin and orientation 

are defined with respect to an external reference [1]. The navigational sensors output data in 

their specified coordinate frame system. An important aspect of multi-sensor fusion is to 

transform all sensor output to a single coordinate frame, which is known as the local navigation 

frame. In this chapter the coordinate frames for all relevant sensors are defined. 

3.2 Local Navigation Coordinate Frame ENU (East-North-Up) 

The local navigation coordinate frame is used to present the navigation solution. Its origin is 

defined at the origin of the vehicle at time 𝑡 = 0. The local navigation frame used in this thesis 

is the East-North-Up (ENU) frame which is a linear Cartesian coordinate system whose three 

orthogonal axes are defined as follows: 

1. The x-axis points to towards east. 

2. The y-axis points towards north.  

3. The z-axis points towards up, perpendicular to the x-y plane. 

The navigation solutions from IMU, GPS, and camera, are transformed into the local 

navigation coordinate frame before sensor fusion computation. It should be noted that the local 

navigation coordinate frame uses ‘flat Earth’ assumption. This is a reasonable assumption for 

short distances such as the driving scenarios considered in this research. However, in case of 

navigation solution over long distances through aircrafts this assumption does not remain valid. 

3.3 Earth Centered Earth Fixed Coordinate Frame 

The Earth Centered Earth Fixed Coordinate Frame (ECEF) is defined as a frame of reference 

whose origin is fixed to the center of the Earth [1]. The ECEF frame rotates along with the 
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Earth hence, the relative motion between the Earth and ECEF is zero. The ECEF is a reference 

frame for geographic Cartesian coordinate system and the geographic spherical coordinate 

system. It is important to address the ECEF coordinate frame because the output from GPS is 

given in terms of latitude, longitude, and altitude which are geodetic coordinates provided in 

the ECEF frame. This output is transformed into the ENU frame (𝑛) in order to compute the 

navigation solution using the Mercator projection [61]. 

The three orthogonal axes of ECEF frame are defined as follows: 

1. The x-axis points towards the intersection of the equator and prime meridian. This 

defines 0° latitude and 0° longitude.  

2. The z-axis points towards the north pole of Earth.  

3. The y-axis points towards 90° longitude in the equatorial plane. 

The ECEF frame is depicted in Figure 3-1. 

 

Figure 3-1 ECEF frame 

3.4 Camera Frame 

The visual odometry (VO) phase of the navigation solution uses images from stereo cameras 

mounted on the roof of the car, hence the VO output is provided in the Camera Frame 
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represented by 𝑐, which is converted to the navigation frame 𝑛 for computation of navigation 

solution. The origin of camera coordinate frame is at the focal point. 

The three orthogonal axes of camera frame are as follows [26]: 

• The z-axis of the camera frame points forward, out of the camera lens. 

• The x-axis points towards the right of the camera. 

• The y-axis points down perpendicular to the x-z plane. 

The clockwise rotation about the axes is considered positive. Roll (𝜙) is defined as the rotation 

about z-axis, pitch (𝜃) is defined as the rotation about x-axis, and yaw (𝜓) is defined as the 

rotation about the y-axis. The camera coordinate frame is depicted in Figure 3-2. 

  

 

Figure 3-2 Camera coordinate frame depiction 

3.5 IMU Frame 

The IMU sensor outputs are given in the IMU frame 𝑖, which need to be transformed to the 

navigation frame (𝑛) in order to compute the navigation solution. The IMU sensor is installed 

in the vehicle such that the three orthogonal axes of IMU frame are defined as follows: 

1. The x-axis points towards the front of the car. It is positive for forward motion. 

2. The y-axis points towards the left of the car. It is positive for leftward motion 

3. The z-axis points down perpendicular to the x-y plane. 

 

z a is 

  a is 

y a is 
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The clockwise rotation about the axes is considered positive. Roll (𝜙) is defined as the rotation 

about x-axis, pitch (𝜃) is defined as the rotation about y-axis, and yaw (𝜓) is defined as the 

rotation about the z-axis. The IMU coordinate frame for the OXTS RT 3003 sensor presented 

in the sensor manual [59] and is shown in Figure 3-3. This defines the placement of the sensor 

in the test car. 

 
Figure 3-3 IMU coordinate frame displayed on OXTS RT 3003 [59] 

3.6 Coordinate Frame Transformations 

In case of multi-sensor fusion, coordinate frame transformation is an essential step. This 

research uses camera, IMU, and GPS sensors each of which give output in their own coordinate 

frame. In order to fuse them to form a navigation solution, they must be converted to the 

navigation frame.  

A vector defined in one coordinate frame can be transformed to another coordinate frame using 

a transformation matrix. In this text, a 3-dimensional vector 𝑥 defined in coordinate frame 𝑎 is 

represented by 𝑥𝑎. Similarly, the same vector 𝑥 defined in coordinate frame 𝑏 will be 

represented by 𝑥𝑏. The transformation from 𝑥𝑏 to 𝑥𝑎 is represented by equation (3.1). 

𝑥𝑎 = 𝑅𝑏
𝑎𝑥𝑏 + 𝑡𝑎 (3. 1) 

Where 𝑅𝑏
𝑎 is the rotation matrix defining rotation between 𝑏 and 𝑎, and 𝑡𝑎 represents the 

translation vector defining translation between the origin of 𝑏 and 𝑎. 

3.6.1 IMU Frame to Local Navigation Frame 

The conversion of IMU frame to the navigation frame is given as follows [62]: 
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𝑅𝑖
𝑛 = [

𝑐𝑜𝑠𝜃𝑐𝑜𝑠𝜓 −𝑐𝑜𝑠𝜙𝑠𝑖𝑛𝜓 + 𝑠𝑖𝑛𝜙𝑠𝑖𝑛𝜃𝑐𝑜𝑠𝜓 𝑠𝑖𝑛𝜙𝑠𝑖𝑛𝜓 + 𝑐𝑜𝑠𝜙𝑠𝑖𝑛𝜃𝑐𝑜𝑠𝜓
𝑐𝑜𝑠𝜃𝑠𝑖𝑛𝜓 𝑐𝑜𝑠𝜙𝑐𝑜𝑠𝜓 + 𝑠𝑖𝑛𝜙𝑠𝑖𝑛𝜃𝑠𝑖𝑛𝜓 −𝑠𝑖𝑛𝜙𝑐𝑜𝑠𝜓 + 𝑐𝑜𝑠𝜙𝑠𝑖𝑛𝜃𝑠𝑖𝑛𝜓

−𝑠𝑖𝑛𝜃 𝑠𝑖𝑛𝜙𝑐𝑜𝑠𝜃 𝑐𝑜𝑠𝜙𝑐𝑜𝑠𝜃
] (3. 2) 

Where roll (𝜙), pitch (𝜃), yaw (𝜓) represent the orientation of IMU frame about 𝑥, 𝑦, 𝑧 axis, 

respectively. 

3.6.2 Camera Frame to Local Navigation Frame 

The camera frame is first converted to the IMU frame and then converted to navigation frame. 

The conversion from camera to IMU is constant and is given as follows [26]: 

𝑅𝑐
𝑖 = [

0.007813 −0.0042792 0.99996
−0.99986 −0.014868 0.0077486
0.014834 −0.99988 −0.0043948

] 

The conversion from camera to navigation frame is given as: 

𝑅𝑐
𝑛 = 𝑅𝑖

𝑛𝑅𝑐
𝑖 (3. 3) 

The relative position and orientation of the camera frame with respect to IMU frame is shown 

in Figure 3-4. 

 

Figure 3-4 Relative position and orientation of camera frame (red) and IMU frame (green) [26] 
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Chapter 4:  Visual Odometry 

4.1 Introduction 

This chapter deals with the development of Visual Odometry (VO) algorithm as a standalone 

navigation solution for a ground vehicle. Visual Odometry comprises of estimating pose of a 

moving vehicle using sequential images from a camera [12]. The VO problem can be presented 

as ego-motion estimation over time. Although, there are a number of VO techniques available, 

the most commonly used are: Stereo Visual Odometry (SVO) and Monocular Visual Odometry 

(MVO).  

In SVO, there are two cameras mounted on the vehicle platform. The cameras are mounted 

such that they are separated by a fixed distance in one dimension. This distance is known as 

the baseline. In MVO only a single camera is mounted on the vehicle platform. While both 

SVO and MVO use feature-based approach to estimate motion, SVO utilizes the stereo images, 

along with the information of baseline, to compute 3D locations of the interest points and solve 

the Perspective-3-Point (P3P) problem in order to estimate pose, whereas MVO utilizes the 

epipolar constraints between consecutive images in order to compute the essential matrix which 

is decomposed to estimate the pose of the vehicle. Due to lack of a world coordinate scale 

measure (like the baseline in SVO) MVO suffers from scale estimation problem i.e., the 

translation of the vehicle can only be obtained up to an unknown scale factor. 

As a standalone VO solution, the most commonly used technique is SVO as it provides higher 

accuracy in pose estimation due to absolute translation information, even though it requires 

higher computational processing requirement. In this research, a visual odometry approach is 

presented called Modified Stereo Visual Odometry (ModSVO). In ModSVO, the attitude of the 

camera is computed using the essential matrix decomposition (similar to MVO), and the 

translation is computed by minimizing the reprojection error (similar to SVO). This approach 
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has shown an improvement in accuracy as well as reduced computational requirement in 

comparison to the traditional SVO. 

The rest of the chapter is structured as follows. Section 4.2 will present the necessary 

background information pertaining to feature based VO algorithms. This includes the camera 

intrinsic and extrinsic parameters, feature detection and matching algorithm, essential matrix 

estimation algorithm, 3D point location estimation, pose estimation, and pose optimization 

algorithm. Section 4.3 presents the algorithm of SVO, and section 4.4 presents the ModSVO 

algorithm. Finally, section 4.5 presents the comparison of ModSVO and SVO by implementing 

the algorithms on the real-world dataset. 

4.2 Visual Odometry Preliminaries 

4.2.1 Intrinsic Parameters 

The intrinsic parameters of a camera include the focal length, scaling factor, principal point 

coordinates, and skew factor [63]. These parameters allow us to transform metric coordinates 

in the camera coordinate frame to pixel coordinates in the normalized camera frame. The 

normalized camera frame has a unit focal length from the optical center, and the origin is 

situated at the top left corner of the frame. This means that the pixel 𝑥 coordinate increases 

towards the right and the pixel 𝑦 coordinate increases towards the left. The intrinsic parameters 

are encapsulated in the intrinsic matrix 𝐾, such that: 

𝐾 = [
𝑠𝑢𝑓𝑢 𝛾 𝑢0

0 𝑠𝑣𝑓𝑣 𝑣0

0 0 1

] (4. 1) 

Where, with the origin at the top left corner of the image, 𝑢 is the coordinate value in horizontal 

direction, 𝑣 is the coordinate value in vertical direction, 𝑓 is the focal length, 𝛾 is the skew 

factor, 𝑠 is the scale factor, (𝑢0, 𝑣0) are the coordinates of the principal point, and 𝐾 ∈ ℝ3×3 is 

the camera intrinsic matrix. 
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4.2.2 Extrinsic Parameters 

The extrinsic parameters of a camera define its position and orientation with respect to a 

reference coordinate frame. The reference frame is usually the 3D world coordinate frame. 

However, in case of visual odometry, origin of the left camera coordinate frame is considered 

the origin of the world coordinate frame. Therefore, for the first frame, the left camera 

coordinate frame and the world coordinate frame coincide. In matrix form, the extrinsic matrix 

will be represented as follows: 

ℰ = [𝑅 𝑡] (4. 2) 

Where, ℰ ∈ ℝ3×4 is the camera extrinsic matrix, 𝑅 ∈ ℝ3×3 is the rotation matrix from world 

frame to camera frame, 𝑡 ∈ ℝ3×1 is the translation vector from world frame to camera frame. 

4.2.3 Camera Matrix 

The camera matrix combines the intrinsic and extrinsic matrices of a camera and defines the 

relationship of an interest point in 3D world frame to its pixel coordinate in the camera frame. 

The camera matrix is defined as: 

𝑝 = 𝑃𝑋 (4. 3) 

Where, 𝑃 is the camera matrix, 𝑝 ∈ ℝ3×1is the homogeneous pixel coordinate of a point in the 

camera frame,  𝑋 ∈ ℝ4×1 is the homogeneous 3D coordinate of the point in the world frame. 

As stated above, the camera matrix holds the information of extrinsic and intrinsic parameters. 

Therefore, the camera matrix can be decomposed to obtain the intrinsic matrix, rotation matrix, 

and origin vector. This is shown in the following equation. 

𝑃 = 𝐾[𝑅 −𝑅𝑜] (4. 4) 

Where, 𝐾 is the intrinsic matrix, 𝑅 is the rotation matrix from world frame to camera frame 

 𝑜 𝑖s origin of camera frame in world coordinates 
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4.2.4 Feature Detection and Matching 

Interest points detection and matching is the crux of visual odometry. This process is used to 

identify keypoints in one image which can be detected and then matched with the keypoints in 

the other image. There are several methods for computing interest points in the literature. Each 

method has its merits and demerits over the other methods. For this research three methods 

were considered, Harris detector, Scale Invariant Feature Transform (SIFT), and Speeded Up 

Robust Feature (SURF). The Harris Detector [16] algorithm uses determinant of Hessian 

matrix of intensities in a defined region to identify corners, edges, and flat regions. The main 

limitation of this algorithm is that the resulting corner points are sensitive to scale and 

orientations changes. In order to overcome this limitation, the Scale Invariant Feature 

Transform (SIFT) was introduced in [17]. This algorithm detects keypoints based on the 

Hessian matrix at different scales by applying Difference of Gaussian (DoG). The algorithm 

also introduced orientation assignment to the keypoints. However, the keypoint descriptor 

vector consisted of 128 elements which results in a long time when computing matches. In 

order to improve this, Speeded Up Robust Feature (SURF) was introduced in [18]. The SURF 

method uses blob detection over multiple scales to identify a scale invariant interest point. 

However, instead of DoG the SURF algorithm uses box filters. Different scales are computed 

by simply up scaling the box filters and convolving them with the image. This speeds up the 

processing, and also allows for parallel processing of different scales. Furthermore, the 

descriptor vector is defined with 64 elements, thereby increasing the speed of matching the 

interest points. This research uses SURF to detect and match interest points for the visual 

odometry phase. 
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Speeded Up Robust Features 

The interest point detection and matching in SURF is done in four steps: 

1. Locate interest point.  

2. Compute orientation of interest point. 

3. Compute feature descriptor vector for the interest point. 

4. Match the interest points between images using the feature descriptor vector. 

The algorithm is presented in detail in [18]. A general overview is presented below. 

Interest Point Detection 

The interest point detection is carried out by computing the approximate determinant of image 

hessian matrix at different scales and using it to identify scale invariant blobs. The first step is 

to compute the integral image. This allows for calculation of sum of intensities of any region 

of the image with only four calculations, regardless of the size. For an image matrix 𝐼, the 

integral image ℐ is computed as follows: 

ℐ(𝑥, 𝑦) = ∑∑𝐼(𝑖, 𝑗)

𝑗≤𝑦

𝑗=0

𝑖≤𝑥

𝑖=0

, ∀  0 ≤ 𝑥 ≤ 𝑚, 0 ≤ 𝑦 ≤ 𝑛 (4. 5) 

Where, (𝑖, 𝑗) are the pixel coordinates of the image frame, and (𝑥, 𝑦) are pixel coordinates of 

the integral image. 

The next step is to compute the approximate determinant of the image Hessian matrix, 𝐻. This 

is done by convolving the integral image with box filters to compute second order Gaussian 

partial derivatives in 𝑥, 𝑦, and 𝑥𝑦 directions, denoted by 𝐺𝑥, 𝐺𝑦, 𝐺𝑥𝑦 respectively.  

Det𝐻(𝜎) = 𝐺𝑥𝑥𝐺𝑦𝑦 − (𝑤𝐺𝑥𝑦)
2

(4. 6) 
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where, 𝑤 = 0.9 is the approximation weight, 𝜎 is the scale level based on the box filter size. 

The value of the determinant is the intensity of the blob at this point in the image. In order to 

make the interest point scale invariant, the blob response must be detected at multiple scale 

levels in the scale space. This is done by increasing the size of the box filter. The size is 

increased by 6 pixels at the first octave (from 9 × 9 to 15 × 15 to 21 × 21), and then for each 

next octave the number of pixels by which the size of box filter should increase is doubled. For 

example, in the second octave the size of box filter will be increased by 12 pixels (from 15 × 15 

to 27 × 27 and so on). The octaves are increased until the box filter is the size of the image. 

The blob response for each scale level is computed using the determinant of the Hessian matrix. 

After obtaining the blob response map at all scale levels, the maxima are computed by applying 

non-maximum suppression in 3 × 3 × 3 neighborhood, where the third dimension is across the 

scale space. This defines the interest points. 

Interest Point Orientation 

In order to achieve robustness to rotation, the interest points are given an orientation. The first 

step to compute the orientation is to convolve the integral image with Haar-wavelet filters, in 

𝑥 and 𝑦 direction, in the 2D neighborhood of radius 6𝜎. Then the sum of the response is 

computed in 𝑥 and 𝑦 direction for every 60° arc in the defined circular region, and the resultant 

vector is found. The orientation of the vector with the greatest magnitude will define the 

orientation of the interest point. 

Interest Point Description 

The region of interest needs to be represented in a form with which it can be compared with 

regions of interest of the other image. This form is known as the interest point descriptor, which 

is a 64-element vector. In order to define the interest point descriptor, a square region of size 
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20𝜎 is form around the interest point with the same orientation as the obtained in the previous 

step. The region is split into 4 × 4 sub regions. Haar-wavelet filter is convolved over these sub 

regions in 𝑥 and 𝑦 directions in order to obtain the response ℎ𝑥 and ℎ𝑦 respectively. For each 

sub region the four-element descriptor vector can be computed as follows, 

𝑣 = [∑ℎ𝑥 ∑ℎ𝑦 ∑|ℎ𝑥| ∑|ℎ𝑦|] (4. 7) 

This vector is combined through concatenation with the descriptor vectors of other subregions 

of the interest point. As a result, a 64-element descriptor vector is defined for the interest point. 

Interest Point Matching 

In order to find the matching interest points between two images, the SURF descriptor vectors 

of interest points must be compared for both images. The Sum of Squared Differences (SSD) 

is used to compute a metric for difference between the two interest points. A threshold for the 

metric is defined to identify the matched interest points. Two descriptor vectors 𝑣 and 𝑣′ can 

be compared using equation (4.8). 

ℳ𝑆𝑆𝐷 = ∑(𝓋𝑖 − 𝓋𝑖
′)2

𝑖=64

𝑖=1

, 𝓋𝑖 ∈ 𝑣, 𝓋𝑖
′ ∈ 𝑣′ (4. 8)  

Additionally, the sign of Laplacian is compared to differentiate between bright and dim blobs. 

SURF Algorithm 

The overall SURF algorithm for feature detection and matching is provided in the table below. 

SURF Algorithm 

1. Load image matrix: 𝐼 ∈ ℝ𝑚×𝑛 

2. Compute integral image:  

ℐ(𝑥, 𝑦) = ∑∑𝐼(𝑖, 𝑗)

𝑗≤𝑦

𝑗=0

𝑖≤𝑥

𝑖=0
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3. Compute second-order Gaussian partial derivatives in 𝑥, 𝑦, 𝑥𝑦 directions by 

convolving the image with box filters: 𝐺𝑥, 𝐺𝑦, 𝐺𝑥𝑦 

4. Compute blob response by approximate determinant of Hessian matrix. 

Det𝐻(𝜎) = 𝐺𝑥𝑥𝐺𝑦𝑦 − (𝑤𝐺𝑥𝑦)
2
 

5. Compute scale space (𝜎) octaves by upscaling the box filters. 

6. Compute blob response for all scale levels. 

7. Identify keypoint location and scale by performing 3D non-maximum suppression in 

the 3 × 3 × 3 neighborhood of blob responses. 

8. Convolve the integral image with Haar-wavelet filters, in 𝑥 and 𝑦 direction, in the 

2D neighborhood of radius 6𝜎. 

9. Compute sum of response in 𝑥 and 𝑦 direction for every 60° arc in the defined 

circular region. 

10. Define interest point orientation as the orientation of vector with the highest 

magnitude. 

11. Define a window of 20𝜎 around the interest point with the orientation obtained and 

split it into 4 × 4 subregions. 

12. Compute Haar-wavelet response in the subregions in 𝑥 and 𝑦 directions. ℎ𝑥, ℎ𝑦 

13. Define descriptor vector for each subregion: 

𝑣 = [∑ℎ𝑥 ∑ℎ𝑦 ∑|ℎ𝑥| ∑|ℎ𝑦|] 

14. Denote the location of key features: 𝑓. 

15. Compare descriptor vectors using SSD (Sum of Squared Differences) 

ℳ𝑆𝑆𝐷 = ∑(𝓋𝑖 − 𝓋𝑖
′)2

𝑖=64

𝑖=1

 

16. Denote the location of matching features: 𝑓. 

Table 4-1 SURF feature detection and matching 
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Implementation Results 

The interest point detection based on SURF algorithm was implemented, and the results are 

shown in Figure 4-1 and Figure 4-2. The images are the left and right stereo images from KITTI 

sequence 10. This yellow marks show the pixel location of interest point, and the descriptor 

vector contains information of the blob region surrounding that point. 

 
Figure 4-1 SURF interest point response using the left stereo camera image from KITTI sequence 10. 

 
Figure 4-2 SURF interest point response using the right stereo camera image from KITTI sequence 10. 

 
Figure 4-3 Matched features between left and right stereo images. 

Interest point matching is conducted between the two images and the result is shown in Figure 

4-3. It can be seen that there are outliers. This is expected because the Hessian approximation 
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reduces repeatability of interest point detection. In order to filter out the outliers, the epipolar 

constraints must be applied. This is done by estimating Essential matrix through RANSAC 

(Random Sample and Consensus) [64]. The details are presented in section 4.2.5. 

4.2.5 Essential Matrix 

Point correspondences in stereo images are constrained through epipolar lines. Observing the 

epipolar constraints, a homogenous point vector in camera coordinate frame of the left camera 

can be transformed to the camera frame of the right camera. The rotation and translation of this 

transformation along with the epipolar constraints are embodied in the Essential Matrix, 𝐸 [63]. 

The relationship between the essential matrix and corresponding stereo points is given as, 

𝑝𝑟
𝑇𝐸𝑝𝑙 = 0 (4. 9) 

where, 𝐸 is the essential matrix, 𝑙 is the left camera, 𝑟 is the right camera, 𝑝 = [𝑢 𝑣 1]𝑇 is 

the homogeneous pixel coordinate vector in the camera frame, and (𝑢, 𝑣) is the 2D pixel 

coordinate of the point in camera frame. 

The essential matrix equation in (4.9) states that given an interest point in the image plane of 

left image, an epipolar line can be constructed in the image plane of right camera. The 

corresponding interest point of the right image will lie on the epipolar line. This is an important 

constraint which allows us to find and remove outliers when matching features between two 

images. 

5-point Algorithm 

The essential matrix is computed using the 5-point algorithm presented by Nister et al. [13]. 

The details of the 5-point algorithm are presented in the reference, and a general overview is 

provided below.  
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The 5-point algorithm estimates the essential matrix 𝐸 such that the equation (4.9) is satisfied 

for 5 matching points between the left and the right camera images. This is done by rearranging 

the equation into the following form and computing the null vector of matrix 𝐴. 

𝐴ℰ = 0 (4. 10) 

Where, 𝐴 ∈ ℝ5×9 represents a correspondence matrix containing the pixel coordinates of 5 

corresponding interest points, and ℰ ∈ ℝ9×1 represents a nine-element vector which can be 

rearranged to form the 3 × 3 essential matrix. 

The 5 matching interest point pixel coordinates for left and right camera images, obtained using 

SURF detection and matching algorithm, are first converted to homogeneous coordinates by 

appending a 1 to the pixel coordinate vector. This is shown in the following equation 

𝑝 = [𝑢 𝑣 1] (4. 11) 

Where, 𝑝 is the homogeneous pixel coordinate vector, and (𝑢, 𝑣) are the pixel coordinates of 

the interest point.  

The points are then arranged in a matrix form defined by the following equation. 

𝐴 = [
𝑢𝑙

𝑖𝑢𝑟
𝑖 𝑢𝑙

𝑖𝑣𝑟
𝑖 𝑢𝑙

𝑖 𝑣𝑙
𝑖𝑢𝑟

𝑖 𝑣𝑙
𝑖𝑣𝑟

𝑖 𝑣𝑙
𝑖 𝑢𝑟

𝑖 𝑣𝑟
𝑖 1

⋮   ⋮ ⋮    ⋮
𝑢𝑙

𝑛𝑢𝑟
𝑛 𝑢𝑙

𝑛𝑣𝑟
𝑛 𝑢𝑙

𝑛 𝑣𝑙
𝑛𝑢𝑟

𝑛 𝑣𝑙
𝑛𝑣𝑟

𝑛 𝑣𝑙
𝑛 𝑢𝑟

𝑛 𝑣𝑟
𝑛 1

] (4. 12) 

Where, 𝐴 is the correspondence matrix, 𝑝𝑟
𝑖 = [𝑢𝑟 𝑣𝑟 1] is the homogenous pixel coordinate 

vector of the 𝑖𝑡ℎ interest point for right camera, 𝑥𝑙
𝑖 = [𝑢𝑙 𝑣𝑙 1] represents the same for the 

left camera, and 𝑖 = 1,2, … 𝑛 = 5 is the index of the of interest point. 

The vector ℰ in (4.10) is the null vector of the matrix 𝐴 in (4.12). Therefore, ℰ can be 

estimated by applying the Singular Value Decomposition (SVD) algorithm on 𝐴. The 
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derivation and details of implementation of SVD are presented in [65] and are not revisited in 

this text. The following equation represents the output after applying SVD. 

𝐴 = 𝑈Σ𝑉𝑇 (4. 13) 

Where, 𝑈 is an orthogonal matrix consisting of left singular vectors, Σ is a diagonal singular 

matrix with consisting of eigen values of 𝐴𝑇𝐴 as diagonal elements, and 𝑉 is an orthogonal 

matrix consisting of right singular vectors. 

The last column 𝑉 represents the null vector of 𝐴. Therefore, ℰ is obtained as the following 

equation. 

ℰ = [𝑣1 𝑣2 𝑣3 𝑣4 𝑣5 𝑣6 𝑣7 𝑣8 𝑣9]𝑇 (4. 14) 

Where, 𝑣𝑖 are the elements of the last column of 𝑉. 

The vector ℰ is then rearranged to obtain the essential matrix. This is shown in the following 

equation. 

𝐸 = [

𝑣1 𝑣2 𝑣3

𝑣4 𝑣5 𝑣6

𝑣7 𝑣8 𝑣9

] (4. 15) 

The following algorithm gives an overview of the 5-point algorithm used to compute the 

Essential Matrix. 

5-point Algorithm 

1. Define matrix 𝐴 such that: 

𝐴 = [
𝑢𝑙

𝑖𝑝𝑟
𝑖 𝑣𝑙

𝑖𝑝𝑟
𝑖 𝑝𝑟

𝑖

⋮ ⋮ ⋮
𝑢𝑙

𝑛𝑝𝑟
𝑛 𝑣𝑙

𝑛𝑝𝑟
𝑛 𝑝𝑟

𝑛
] 

𝑖 = 1,2, … ,5 is the index of the corresponding points 
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2. Use Singular Value Decomposition (SVD) to compute the null vector ℰ of 𝐴 

𝐴 = 𝑈Σ𝑉𝑇 

3. Define ℰ as the last (right most) column vector of 𝑉 

ℰ = [𝑣1 𝑣2 𝑣3 𝑣4 𝑣5 𝑣6 𝑣7 𝑣8 𝑣9]𝑇 

Where 𝑣𝑖 are the elements of the last column vector of 𝑉. 

4. Rearrange the solution vector ℰ to obtain the essential matrix: 

𝐸 = [

𝑣1 𝑣2 𝑣3

𝑣4 𝑣5 𝑣6

𝑣7 𝑣8 𝑣9

] 

Table 4-2 Algorithm to compute essential matrix from a set of matching points using 5-point scheme 

Outlier detection using Random Sample and Consensus (RANSAC) 

In section 4.2.4 a set of matching points were computed using SURF detection algorithm. 

However, in Figure 4-3 it was observed that there were some erroneous matches. These are 

referred to as outliers. For VO computation, it is necessary to remove the outliers otherwise 

they will become a source of error and may cause VO failure. Outlier detection can be carried 

out using the epipolar constraints. The matching points which do not satisfy the essential matrix 

equation (4.9) within a certain threshold, are deemed as outliers. 

Since the essential matrix is computed using a set of 5 matching points, and we obtain around 

100-300 corresponding points using SURF detection, a RANSAC (Random Sample and 

Consensus) algorithm [64] is used to estimate an essential matrix which satisfies the epipolar 

constraints for the maximum number of matching points. The remaining points are considered 

outliers. The RANSAC algorithm for computing essential matrix is presented in detail in [66] 

and an overview of the RANSAC algorithm is given in the following table. 
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RANSAC Algorithm 

1. Define 𝑁 number of random subsets containing 5 corresponding points from the set 

of all 𝑀 corresponding interests. 

2. Compute essential matrix 𝐸 for the 𝑁 subsets using 5-point algorithm. 

3. Check error for the 𝐸 matrix with all corresponding points using the cost function 

𝑝𝑟
𝑇𝐸𝑝𝑙 = 0 

4. Identify the 𝐸 matrix with highest number of corresponding points having error 

below the defined threshold. 

Table 4-3 RANSAC algorithm for estimating essential matrix and detecting outliers 

The resulting model from the RANSAC algorithm will be the estimated 𝐸 matrix, and the 

corresponding points with error below threshold will be the inlier matching points. 

Figure 4-4 shows inlier matched features after applying epipolar constraints through RANSAC. 

It can be seen that the remaining features are matched accurately with their corresponding 

features in the other image. 

 
Figure 4-4 Inlier matched features after applying RANSAC 

Decomposition of Essential Matrix 

The essential matrix combines matching points from both images in terms of epipolar 

constraints, therefore, it is possible to extract information regarding the rotation and translation 

between the two camera frames by decomposing the essential matrix [63].  
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The rotation and translation between camera frames are related to the essential matrix as 

follows, 

𝐸 = [𝑡]×𝑅 (4. 16) 

Where, 𝑡 = [𝑡𝑥 𝑡𝑦 𝑡𝑧]𝑇 is the translation vector, 𝑅 ∈ ℝ3×3 is the rotation matrix, and [𝑡]× 

is the skew-symmetric matrix of the vector 𝑡 defined as follows, 

[𝑡]× = [

0 −𝑡z 𝑡y
𝑡z 0 −𝑡x

−𝑡y 𝑡x 0
] (4. 17) 

The rotation matrix and translation vector can be extracted using Singular Value 

Decomposition algorithm. The decomposition algorithm results in four possible solutions. 

Three solutions are trivial as they do not identify the correct axes orientation of the cameras. 

The true solution can be identified by computing 3D location of the keypoints and identifying 

the solution which gives the 3D point location in front of both cameras. 

While the rotation matrix estimate is accurate, the translation vector can only be estimated up 

to an unknown scale. The essential matrix decomposition algorithm is given as follows. 

Essential Matrix Decomposition Algorithm 

1. Apply SVD to Essential Matrix 𝐸: 𝐸 = 𝑈Σ𝑉𝑇 

2. Define 𝑆𝑛 = [
1 0 0
0 1 0
0 0 0

] 

3. Compute 𝐸𝑛 = 𝑈𝑆𝑛𝑉𝑇 

4. Apply SVD to 𝐸𝑛: [𝑈𝑛, 𝑆𝑛
′ , 𝑉𝑛] = SVD(𝐸𝑛) 

5. Define 𝑊 = [
0 −1 0
1 0 0
0 0 1

] 

 



34 

 

6. Compute possible rotation matrices and translation vector 

𝑅𝑎 = 𝑈𝑛𝑊𝑉𝑛
𝑇 

𝑅𝑏 = 𝑈𝑛𝑊𝑇𝑉𝑛
𝑇 

𝑡 = 𝑈𝑛 [
0
0
1
] 

7. Obtain 4 possible Camera Matrices: 

𝑃1 = [𝑅𝑎 𝑡] 

𝑃2 = [𝑅𝑏 𝑡] 

𝑃3 = [𝑅𝑎 −𝑡] 

𝑃4 = [𝑅𝑏 −𝑡] 

8. Compute 3D Point location of a corresponding interest point for all for solutions 

using Direct Linear Transformation (DLT). The left and right camera matrices will 

be defined as follows: 

𝑃𝑙 = [𝐼3×3 03×1] 

𝑃𝑟 = 𝑃𝑖 for 𝑖 = 1, … ,4 

9. Select the solution which has the 3D point located in front of both cameras. This will 

be the pose rotation and translation estimate: 𝑅, 𝑡 

Table 4-4 Decomposition of Essential matrix algorithm 

4.2.6 Compute 3D Point Location 

The 3D location of the point in the world coordinate frame can be computed given a set of 

corresponding inlier points. In this research Direct Linear Transformation (DLT) [63] is used 

to compute 3D point locations. It should be noted that as the depth of interest point increases, 

the accuracy of the 3D point location reduces. This is because if the depth is much greater than 

the baseline then the camera configuration degenerates to monocular case. The algorithm for 

computing 3D point locations is presented with detail in [63] and a general overview is 

provided in this text.  
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The camera matrix presented in section 4.2.3 provides the extrinsic relation between the 3D 

point coordinate and its pixel coordinate counterpart. This relation is presented in the following 

equations. 

𝑝𝑙 = 𝑃𝑙𝑋 (4. 18) 

𝑝𝑟 = 𝑃𝑟𝑋 (4. 19) 

Where, 𝑋 ∈ ℝ4×1 is the homogeneous 3D world coordinate vector of the interest point, 𝑃 is 

the camera matrix, 𝑝 is the homogeneous pixel coordinate vector of the interest point, 𝑙 and 𝑟 

represent the left and right camera images. 

If 𝐴 matrix is defined as follows, 

𝐴 =

[
 
 
 
 
𝑢𝑙𝑃𝑙

3 − 𝑃𝑙
1

𝑣𝑙𝑃𝑙
3 − 𝑃𝑙

2

𝑢𝑟𝑃𝑟
3 − 𝑃𝑟

1

𝑣𝑟𝑃𝑟
3 − 𝑃𝑟

2 ]
 
 
 
 

(4. 20) 

Where, (𝑢, 𝑣) are the pixel coordinates of the interest point, 𝑃 is the camera matrix, 𝑃𝑖 is the 

𝑖𝑡ℎ row of the camera matrix, and 𝑙, 𝑟 represent the left and right camera images, respectively. 

Then the equations (4.18) and (4.19) can be rearranged in the following form. 

𝐴𝑋 = 0 (4. 21) 

Equation (4.21) states that 𝑋 is the null vector of 𝐴. Therefore, 𝑋 can be obtained using 

Singular Value Decomposition (SVD), in a similar fashion as that presented in section 4.2.5. 

The last column of 𝑉 is defined as 𝒳. In order to recover the homogeneous coordinate vector, 

all elements of 𝒳 are divided by last element of 𝒳. The resulting solution is the estimate of 𝑋, 

the 3D location of the interest point. 

The overall algorithm for computing the 3D point location is given in the following table. 
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3D Point Location Algorithm 

1. Define 𝐴 matrix such that: 

𝐴 =

[
 
 
 
 
𝑢𝑙𝑃𝑙

3 − 𝑃𝑙
1

𝑣𝑙𝑃𝑙
3 − 𝑃𝑙

2

𝑢𝑟𝑃𝑟
3 − 𝑃𝑟

1

𝑣𝑟𝑃𝑟
3 − 𝑃𝑟

2 ]
 
 
 
 

 

 

2. Compute Singular Value Decomposition (SVD) of 𝐴: 

𝐴 = 𝑈Σ𝑉𝑇 

3. Obtain the null vector 𝒳 of 𝐴 which is the last column of 𝑉. 

𝒳 = [𝑣1 𝑣2 𝑣3 𝑣4]𝑇 

Where 𝑣𝑖 are the elements of the last column vector of 𝑉. 

4. Divide all elements of 𝒳 with the fourth element of 𝒳. 

�̂� =
𝒳

𝒳4
 

5. The solution is the homogeneous 3D point location in world coordinate frame of the 

interest point 𝑋. 

𝑋 = �̂� = [𝑥 𝑦 𝑧 1] 

Table 4-5 3D point location algorithm 

4.2.7 Pose Estimation 

There are three common pose estimation techniques described in [12], 2D-to-2D pose 

estimation, 3D-to-2D pose estimation, and 3D-to-3D pose estimation. The 2D-to-2D pose 

estimation refers to estimating pose by decomposing the essential matrix. This has been 

explained in section 4.2.5. The 3D-to-3D technique is shown to be less accurate than the 3D-

to-2D technique [7], therefore the 3D-to-2D pose estimation technique is used for Stereo VO 

algorithm in this research.  

The 3D-to-2D pose estimation algorithm can be solved using the Perspective-3-Point (P3P) 

problem. The objective is to estimate a Perspective Projection Matrix (PPM) which will define 
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the rotation and translation to convert vector in world frame to a vector in camera frame. This 

can be used to estimate the pose between camera coordinate frames at subsequent time steps. 

The details of P3P algorithm are given in [12] and a general overview is provided in this thesis. 

In the first step, at time step 𝑘 the left and right camera images 𝐼𝑙𝑘 and 𝐼𝑟𝑘
 are processed to 

obtain the set of corresponding homogeneous pixel coordinates through SURF matching and 

detection (Table 4-1), and outlier removal using 5-point algorithm (Table 4-2) with RANSAC 

(Table 4-3). The resulting vectors are given as �̂�𝑙𝑘
 and �̂�𝑟𝑘

.  

At time step 𝑘 + 1 the left camera image 𝐼𝑙𝑘+1
 is processed to obtain set of matching interest 

points between the images 𝐼𝑙𝑘 and 𝐼𝑙𝑘+1
 given as 𝑝𝑙𝑘 and �̂�𝑙𝑘+1

. Intersecting coordinates 

between  𝑝𝑙𝑘 and �̂�𝑙𝑘
 are found to obtain tracked points 𝑝𝑙𝑘 , 𝑝𝑟𝑘

, and 𝑝𝑙𝑘+1
. Given at least 3 

tracked points, the matrix 𝐴 is defined as follows. 

𝐴 = [

𝑎𝑖

⋮
𝑎𝑛

] (4. 22) 

Where 𝑎𝑖 is a two-row matrix defined as follows. 

𝑎𝑖 = [
𝑋𝑖

𝑇 𝟎 − 𝑢𝑖𝑋𝑖
𝑇

𝟎 𝑋𝑖
𝑇 −𝑣𝑖𝑋𝑖

𝑇 ] (4. 23) 

Where, 𝑋𝑖 ∈ ℝ4×1 is the 3D point location of the 𝑖𝑡ℎ interest points, 𝑝𝑙𝑘+1
𝑖 = [𝑢𝑖 , 𝑣𝑖] is the pixel 

coordinates of the corresponding interest points at time step 𝑘 + 1 

The equation (4.3) can be rearranged in the following form, 

𝐴𝒯 = 0 (4. 24) 

Where, 𝒯 ∈ ℝ12×1 contains the components of the transformation matrix. 
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Using Singular Value Decomposition (SVD), the null vector of 𝐴 is computed in order to 

obtain 𝒯. Finally, the elements of 𝒯 are rearranged to obtain the transformation matrix 𝑇. 

𝑇 = [
𝒯1 𝒯2 𝒯3 𝒯4

𝒯5 𝒯6 𝒯7 𝒯8

𝒯9 𝒯10 𝒯11 𝒯12

] (4. 25) 

The rotation and translation vector are then obtained from the transformation matrix. It should 

be noted that the P3P algorithm does not guarantee orthonormal rotation matrix, therefore QR 

decomposition [63] or further refinement through pose optimization is required to obtain the 

proper rotation matrix.  

The overall Perspective-3-Point algorithm for pose estimation is defined as follows, 

Perspective-3-Point Algorithm 

1. Compute matching interest points between left and right camera images at time 𝑘: 

[�̂�𝑙𝑘  , �̂�𝑟𝑘
] 

2. Compute matching interest points between left camera images at time 𝑘 and 𝑘 + 1: 

[𝑝𝑙𝑘  , �̂�𝑙𝑘+1] 

3. Obtain a set of points satisfying the intersection of indices of 𝑝𝑙𝑘
 and �̂�𝑙𝑘

 to provide 

the tracked interest points: [𝑝𝑙𝑘 , 𝑝𝑟𝑘
, 𝑝𝑙𝑘+1

] 

4. Compute 3D point locations of the interest points at time 𝑘: 𝑋𝑘 

5. Define matrix 𝐴 such that: 

𝐴 = [

𝑎𝑖

⋮
𝑎𝑛

] 

 

where, 
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𝑎𝑖 = [
𝑋𝑖 𝟎 − 𝑢𝑖𝑋𝑖

𝟎 𝑋𝑖 −𝑣𝑖𝑋𝑖
] 

𝑋𝑖 is homogeneous 3D point coordinates of point 𝑖 

(𝑢𝑖, 𝑣𝑖) is the pixel coordinates of the point 𝑖 at time 𝑘 + 1 

𝟎 is a 1 × 4 zero vector 

𝑛 ≥ 6 is the number of 3D − 2D correspondence points 

6. Compute Singular Value Decomposition (SVD) of 𝐴 

[𝑈, 𝑆, 𝑉] = SVD(𝐴) 

7. Obtain the null vector 𝒯 ∈ ℝ12×1 of matrix 𝐴 which is the last column of 𝑉 

8. Rearrange the elements of 𝒯 to obtain the transformation matrix 𝒯′: 

𝒯′ = [
𝒯1 𝒯2 𝒯3 𝒯4

𝒯5 𝒯6 𝒯7 𝒯8

𝒯9 𝒯10 𝒯11 𝒯12

] 

9. 𝒯′ contains rotation and translation information according to the definition: 

𝒯′ = 𝐾[𝑅 −𝑅𝑜] 

where, 

𝐾 is scaling matrix 

𝑅 is Rotation matrix 

𝑜 is origin of camera frame at 𝑘 + 1 in world coordinates 

𝑡 =  −𝑅𝑜 is the translation vector 

10. The rotation matrix and translation vector can be computed given that 𝑅 is 

orthonormal, and 𝐾 is upper triangle. The matrices 𝐾, 𝑅, 𝑜, 𝑡 can be obtained using 

RQ decomposition. 

11. It should be noted that the rotation matrix computed is 𝑅𝑘+1
𝑘 . This means the rotation 

is from 𝑘 + 1 to 𝑘. In order to obtain the rotation and translation from 𝑘 to 𝑘 + 1, 

the following equations will be used, 

𝑅′ = 𝑅𝑇 
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𝑡′ = −𝑅𝑡 

12. The transformation matrix is now be obtained from the computed rotation matrix and 

translation vector, 

𝑇 = [
𝑅 𝑡

𝟎1×3 1
] 

Table 4-6 P3P algorithm 

Since, the algorithm requires at least 3 corresponding points, and the inlier points available are 

much greater than 3 therefore, the RANSAC algorithm (defined in section 4.2.5) is used to 

compute the best fit transformation matrix. 

4.2.8 Pose Optimization 

The pose estimate can be optimized by minimizing the reprojection error equation[12]. The 

reprojection error equation is given as follows, 

{𝑅∗, 𝑡∗} = argmin
�̂�,�̂�

∑‖𝑝𝑘+1
𝑖 − 𝑃(�̂�𝑋𝑘

𝑖 + �̂�)‖
2

𝑛

𝑖

(4. 26) 

Where, 𝑘 is the time step, 𝑖 is the index of the interest point, 𝑛 is the total number of interest 

points, 𝑝 ∈ ℝ3×1 is the homogeneous pixel coordinate vector, 𝑃 ∈ ℝ3×4 is the camera matrix, 

𝑋 ∈ ℝ4×1 is the homogeneous 3D world coordinate vector, 𝑡 ∈ ℝ3×1 is the translation vector 

between camera frames at 𝑘 and 𝑘 + 1, 𝑅 ∈ ℝ3×3 is the rotation matrix between camera 

frames at 𝑘 and 𝑘 + 1, and 𝑇 = [𝑅 𝑡] is the transformation matrix between camera frames at 

𝑘 and 𝑘 + 1. 

The reproject error is the cost function, which can be optimized using the Levenberg Marquardt 

algorithm [67]. The details are provided in the reference, The algorithm is defined as follows: 

𝑥(𝑗+1) = 𝑥(𝑗) − 𝛼𝑗(𝐹𝑥(𝑗) + 𝜇𝑗𝐼)
−1

𝑔(𝑗) (4. 27) 
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Where, 𝑗 is the iteration number, 𝑥 is the parameter vector 𝑥 = [𝜙 𝜃 𝜓 𝑡𝑥 𝑡𝑦 𝑡𝑧], 𝑔 =

∇𝑓(𝑥) is the gradient of the reprojection error function, 𝐹(𝑥) = ∇2𝑓(𝑥) is the hessian of the 

reprojection error function, 𝐼 is the identity matrix, 𝛼 is the step size, and 𝜇 > 0: 𝐹𝑥 + 𝜇𝐼 > 0. 

The algorithm is run iteratively until the difference 𝑥𝑗+1 − 𝑥𝑗 is below a defined threshold. 

The resulting solution is the optimized transformation matrix. 

𝑇∗ = [𝑅∗ 𝑡∗] 

4.2.9 Pose Update 

The transformation matrix computed provides the information of rotation and translation of the 

camera pose at the current time step with respect to the camera frame at previous time step. In 

order to obtain the pose with respect to the camera frame at the initial time step, the camera 

pose is updated using the following equation: 

𝑉𝑘+1 = 𝑉𝑘𝑇𝑘|𝑘+1 (4. 28) 

where, 𝑘 is the time step, 𝑉 = [
𝑅 𝑡

𝟎𝟏×𝟑 1
] is the pose of the current camera frame with respect 

to the first frame, and 𝑇 is the transformation matrix from previous camera frame to current 

camera frame. 

It should be noted that since the estimated transformation matrix is simply concatenated to the 

previous estimates. However, since the estimates are accompanied with an error, therefore, the 

error will accumulate with each pose update causing drift as time increases. 

4.3 Traditional Stereo Visual Odometry 

4.3.1 Introduction 

Stereo Visual Odometry (SVO) is a visual odometry technique which uses sequential images 

from two cameras mounted on the vehicle separated in one dimension with a distance called 

baseline [12]. SVO utilizes 3D-to-2D pose estimation technique by solving the P3P algorithm 
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followed by reprojection error minimizing to obtain the rotation and translation information. 

The benefit of SVO when compared to Monocular Visual Odometry (MVO) is that it provides 

absolute scale for translation estimates. This is because the baseline between the two cameras 

is a known scale metric in the world coordinate frame, allowing computation of exact 3D point 

location of interest points.  

One of the drawbacks of SVO is that it requires more computational resources due to additional 

computation of processing two camera images, 3D point location, P3P pose estimation, and 

pose optimization. The other drawback is that the P3P pose estimate does not guarantee an 

orthonormal rotation matrix [12] and it requires further QR decomposition and optimization. 

In this section the SVO algorithm as defined in [12] is presented, and its experimental 

evaluation is presented in section 4.5. 

4.3.2 Algorithm 

An overview of the SVO algorithm is provided as follows: 

Stereo Visual Odometry 

1. Obtain image matrix for left and right images at time 𝑘: 𝐼𝑙𝑘, 𝐼𝑟𝑘
 

2. Detect features in 𝐼𝑙𝑘 and 𝐼𝑟𝑘
 using the SURF algorithm (presented in Table 4-1) to 

obtain a set of key point features for the left and right image: (𝑓𝑙𝑘, 𝑓𝑟𝑘
). 

3. Match features between 𝑓𝑙𝑘 and 𝑓𝑟𝑘
using Sum of Squared Difference (SSD) over the 

64-element descriptor vectors of each key features to obtain a set of matched key 

features: (𝑓𝑙𝑘, 𝑓𝑟𝑘
). 

4. Remove outliers using RANSAC (presented in Table 4-3) with the 5-point algorithm 

with (presented in Table 4-2) to obtain a set of inlier key points: (�̂�𝑙𝑘
, �̂�𝑟𝑘

∈ ℝ2×1). 

5. At time step 𝑘 + 1 obtain the left image matrix 𝐼𝑙𝑘+1
 from the left camera image. 
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6. Match features between 𝑓𝑙𝑘and 𝑓𝑙𝑘+1
 using SSD to obtain a set of matched key 

features: (𝑓𝑙𝑘, 𝑓𝑙𝑘+1
) 

7. Remove outliers using RANSAC with the 5-point algorithm to obtain a set of inlier 

key points: (𝑝𝑙𝑘
, �̂�𝑙𝑘+1

) 

8. Obtain a set of points satisfying the intersection of indices of 𝑝𝑙𝑘
 and �̂�𝑙𝑘

: 

(𝑝𝑙𝑘 , 𝑝𝑟𝑘
, 𝑝𝑙𝑘+1

)  

9. Use corresponding key points 𝑝𝑙
𝑖
𝑘
 and 𝑝𝑟

𝑖
𝑘
 to compute a set of 3D location vectors 

𝑋𝑘
𝑖 ∈ ℝ3×1 using the Direct Linear Transformation method (presented in Table 4-5).  

10. Estimate transformation matrix using Perspective-3-Point problem (presented in 

Table 4-6): �̂�𝑘|𝑘+1 = [�̂�  �̂�] 

11. Optimize �̂� �̂� estimate by minimizing the reprojection error using the Levenberg-

Marquardt algorithm (presented in section 4.2.8) 

{𝑅∗, 𝑡∗} = argmin
R̂,t̂

∑‖𝑝𝑘+1𝐿

𝑖 − 𝑃𝐿(�̂�𝑋𝑘
𝑖 + �̂�)‖

2

𝑖

 

12. Obtain the optimized transformation matrix: 

𝑇𝑘|𝑘+1
∗ = [

𝑅∗ 𝑡∗

𝟎𝟏×𝟑 1
] 

13. Obtain camera pose 𝑉 at time step 𝑘 + 1 by concatenating the optimized 

transformation matrix with the camera pose at time 𝑘 (presented in section 4.2.9)   

𝑉𝑘+1 = 𝑉𝑘𝑇𝑘|𝑘+1
∗  

Table 4-7 Stereo Visual Odometry algorithm 
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4.4 Modified Stereo Visual Odometry 

4.4.1 Proposed Improvements 

The Modified Stereo Visual Odometry (ModSVO) is a proposed VO technique which improves 

accuracy of the traditional SVO algorithm, while reducing the computation resource 

requirements. In ModSVO, the pose estimate is obtained by decomposition of the essential 

matrix instead of using Perspective-3-Point (P3P) solution. This avoids the orthonormality 

issue of P3P rotation matrix estimate. Furthermore, since the rotation matrix obtained from 

essential matrix decomposition does not suffer from scale issues like the translation vector, 

therefore, optimization is not required. The translation vector scale issue is rectified during the 

pose optimization phase, by minimizing the reprojection error. Therefore, the ModSVO 

optimization problem only has 3 optimizing parameters elements of translation vector as shown 

in equation (4.29), as compared to 6 optimizing parameters of translation and rotation in SVO, 

as shown in equation (4.26). 

This section presents the algorithm for ModSVO, and its evaluation is presented in section 4.5. 

4.4.2 Proposed Algorithm 

The ModSVO algorithm is defined as follows: 

Modified Stereo Visual Odometry 

1. Obtain image matrix for left and right images at time 𝑘: 𝐼𝑙𝑘, 𝐼𝑟𝑘
 

2. Detect features in 𝐼𝑙𝑘 and 𝐼𝑟𝑘
 using the SURF algorithm (presented in Table 4-1) to 

obtain a set of key point features for the left and right image: (𝑓𝑙𝑘, 𝑓𝑟𝑘
). 

3. Match features between 𝑓𝑙𝑘 and 𝑓𝑟𝑘
using Sum of Squared Difference (SSD) over the 

64-element descriptor vectors of each key features to obtain a set of matched key 

features: (𝑓𝑙𝑘, 𝑓𝑟𝑘
). 
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4. Remove outliers using RANSAC (presented in Table 4-3) with the 5-point algorithm 

with (presented in Table 4-2) to obtain a set of inlier key points: (�̂�𝑙𝑘
, �̂�𝑟𝑘

∈ ℝ2×1). 

5. At time step 𝑘 + 1 obtain the left image matrix 𝐼𝑙𝑘+1
 from the left camera image. 

6. Match features between 𝑓𝑙𝑘and 𝑓𝑙𝑘+1
 using SSD to obtain a set of matched key 

features: (𝑓𝑙𝑘, 𝑓𝑙𝑘+1
) 

7. Remove outliers using RANSAC with the 5-point algorithm to obtain a set of inlier 

key points: (𝑝𝑙𝑘
, �̂�𝑙𝑘+1

) and obtain the essential matrix 𝐸𝑘|𝑘+1 ∈ ℝ3×3. 

8. Obtain a set of points satisfying the intersection of indices of 𝑝𝑙𝑘
 and �̂�𝑙𝑘

: 

(𝑝𝑙𝑘 , 𝑝𝑟𝑘
, 𝑝𝑙𝑘+1

)  

9. Use corresponding key points 𝑝𝑙
𝑖
𝑘
 and 𝑝𝑟

𝑖
𝑘
 to compute a set of 3D location vectors 

𝑋𝑘
𝑖 ∈ ℝ3×1 using the Direct Linear Transformation method (presented in Table 4-5).  

10. Decompose the essential matrix 𝐸𝑘|𝑘+1 to obtain rotation matrix 𝑅∗ ∈ 𝑆𝑂(3) and 

translation vector �̂� ∈ ℝ3×1 (presented in Table 4-4).  

11. Optimize �̂� estimate by minimizing the following reprojection error using the 

Levenberg-Marquardt algorithm (presented in section 4.2.8) for �̂� only 

{𝑡∗} = argmin
𝑡

∑‖𝑝𝑘+1𝐿

𝑖 − 𝑃𝐿(𝑅
∗𝑋𝑘

𝑖 + �̂�)‖
2

𝑖

(4. 29) 

12. Obtain the optimized transformation matrix: 

𝑇𝑘|𝑘+1
∗ = [

𝑅∗ 𝑡∗

𝟎𝟏×𝟑 1
] (4. 30) 

13. Obtain camera pose 𝑉 at time step 𝑘 + 1 by concatenating the optimized 

transformation matrix with the camera pose at time 𝑘 (presented in section 4.2.9)   

𝑉𝑘+1 = 𝑉𝑘𝑇𝑘|𝑘+1
∗  

Table 4-8 ModSVO algorithm 
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4.5 Experimental Evaluation 

In this section the KITTI sequence 10 (details in section 2.2) is used to provide reference 

trajectory and images for experimental evaluation of Modified Stereo Visual Odometry 

(ModSVO). The plots (Figure 4-5 to Figure 4-9) show the comparison between the reference 

ground truth (shown as ‘Ref’ in the plot legend),  traditional Stereo VO (shown as ‘SVO’ in 

the plot legend), and Modified Stereo VO (shown as ‘ModSVO’ in the plot legend). The VO 

estimates have been transformed to the local navigation frame using the coordinate frame 

transformation of from camera coordinates frame to ENU (East-North-Up) coordinate frame 

(details in section 3.6.2). 

 
Figure 4-5 Trajectory plot comparison for Modified Stereo VO 
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Figure 4-6 Position comparison for Modified Stereo VO 

 
Figure 4-7 Position Root Mean Square error comparison for Modified SVO 

The Figure 4-5 shows the trajectory plot comparison of ModSVO and SVO with respect to the 

reference , Figure 4-6 shows the position estimate comparison, where 𝑝𝑥, 𝑝𝑦, 𝑝𝑧 is the position 

estimate in 𝑥, 𝑦, 𝑧 axis, and Figure 4-7 shows the position Root Mean Square (RMS) error plot. 
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The Root Mean Square (RMS) error for position averaged over the whole trajectory is given in 

the following table. 

 Position RMSE 

ModSVO 𝟗. 𝟒𝟐 𝒎 

SVO 38.00 𝑚 

Table 4-9 Position Root Mean Square Error of ModSVO 

The ModSVO algorithm, compared to the traditional SVO, reduces the position RMS error 

by 75.21 %. This shows a significant improvement in estimation of position for standalone 

navigation solution through visual odometry. 

 

 
Figure 4-8 Attitude comparison for Modified Stereo VO 
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Figure 4-9 Attitude Root Mean Square error comparison for Modified SVO 

Figure 4-8 shows the attitude comparison, where 𝜙 , 𝜃, 𝜓 is the roll, pitch, and yaw angle about 

the 𝑥, 𝑦, 𝑧 axis, and Figure 4-9 shows the attitude Root Mean Square (RMS) error plot. The 

Root Mean Square (RMS) error for attitude averaged over the whole trajectory is given in the 

following table. 

 Attitude RMSE 

ModSVO 𝟒. 𝟒𝟗° 

SVO 12.16° 

Table 4-10 Attitude Root Mean Square Error of ModSVO 

The ModSVO algorithm, compared to the traditional SVO, reduces the attitude RMS error by 

63.09 %. This shows a significant improvement in estimation of attitude for standalone 

navigation solution through visual odometry. 

It can be observed that using the essential matrix decomposition in ModSVO, instead of P3P 

pose estimation, has improved the accuracy significantly. Furthermore, since P3P algorithm is 

not being run, and only translation parameters are being optimized therefore, ModSVO requires 
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lesser computational resources. It can also be observed that both VO techniques suffer from 

error increment with time due to error accumulation during the pose update phase. This factor 

motivates the next chapter, where the VO solution is fused with Inertial Navigation System 

(INS) and Global Positioning System (GPS) in order to further improve accuracy of the 

navigation solution. 
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Chapter 5:  Multi-Sensor Fusion 

5.1 Introduction 

Sensor fusion algorithms are used to compute integrated navigation solutions by combining 

measurements for multiple sensors. All real-world sensors have some level of noise affecting 

their output. Inertial Measurement Unit (IMU) sensors are used to measure body acceleration 

and body angular velocity which is used to compute position, velocity, and attitude using the 

Inertial Navigation System (INS). The IMU sensor readings are affected by noise. These errors 

propagate over time as the navigation solution of IMU is integrated over time. Global 

Positioning System (GPS) sensors are used to measure position and velocity of the vehicle. 

While GPS sensors are not affected by error propagation over time, they are still affected with 

other sources of errors, for example, GPS signal blockage where the GPS receiver cannot get 

a clear line-of-sight to the GPS satellite due tall trees, tall buildings, and tunnels. Furthermore, 

the quality of GPS receiver affects the levels of noise in the estimated position and velocity. 

Cameras are used as sensors for Visual Odometry (VO). The accuracy of VO is affected by 

lighting conditions, number of inliers, and outliers. The VO error also suffers from 

compounded errors, as the subsequent estimated camera poses are concatenated to the previous 

estimated camera poses.  

Therefore, it is clear that standalone sensors will not yield navigation solution results of 

reasonable accuracy in order to be used for ground vehicle guidance. In this case, sensor fusion 

algorithms are employed to combine sensor readings from multiple sources thereby predicting 

and mitigating errors and increasing accuracy. 

There are a multitude of sensor fusion algorithms available in literature as presented in section 

1.4. For this research, the Extended Kalman Filter is used. The Kalman Filter (KF) was first 

proposed by Kalman in 1960 [68]. Since then, it has undergone many improvements, and 
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currently it is one of the most popular methods of implementing integrated navigation 

solutions. KF employs information of the system model, along with the information of sensor 

uncertainties to compute optimal estimates of the states. The optimality and stability of the 

basic KF algorithm is limited to linear system models with white gaussian noise. This is a 

serious constraint, because the real-world systems are generally non-linear, and while white 

noise can be considered a reasonable assumption, it is not guaranteed. A modification of 

Kalman Filter called the Extended Kalman Filter (EKF) is therefore presented. This allows the 

usage of non-linear functions for system and sensor model [1]. This research will focus on the 

use of EKF to develop the proposed Dual Extended Kalman Filter (DEKF) algorithm for 

INS/VO/GPS integration. 

This chapter is structured as follows. Section 5.1 will provide background information 

pertaining necessary to develop the sensor fusion algorithms. This includes introduction to the 

Inertial Navigation System (INS) along with its error sources and model and Global Positioning 

System (GPS). The basic Extended Kalman Filter (EKF) algorithm is also presented. Section 

5.2 presents the structure of INS/VO integration along with experimental evaluation in case of 

VO failure. Section 5.3 presents the structure of INS/GPS integration along with experimental 

evaluation in case of GPS failure. Finally, Section 5.4 presents the proposed Dual EKF 

structure for INS/VO/GPS fusion. Experimental evaluation will be carried out in case of GPS 

failure and VO failure. The algorithms will be tested and compared on KITTI sequence 10, the 

details of which are provided in chapter 2. 

5.2 Preliminaries 

5.2.1 Inertial Navigation System 

5.2.1.1 Introduction 

The Inertial Navigation Solution (INS) refers to computation of position, velocity, and attitude 

of a vehicle using sensors measuring motion by utilizing the properties of inertia. INS does not 
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require an external reference, rather it only utilizes known initial conditions and sensor output 

to compute the navigation solution. The sensors used in INS are known as inertial sensors. The 

two main types of inertial sensors used for ground vehicle INS are accelerometers and 

gyroscopes. The accelerometers measure the body acceleration in terms of specific force, and 

the gyroscopes measure the body angular rates. Both these types of sensors provide inertial 

measurement in one dimension, and hence can only contribute to navigation solution in one 

dimension. In order to obtain 3-dimensional navigation solution for position, velocity, and 

orientation, an arrangement of 3 accelerometers and 3 gyroscopes is required such that each 

sensor is aligned with the three orthogonal body frame axes. An assembly unit which contains 

3 accelerometers, and 3 gyroscopes is known as an Inertial Measurement Unit (IMU). 

INS comprises of two components, IMU and a navigation computer. INS has an advantage of 

providing high frequency navigation output allowing real time localization and control, 

however, as a standalone sensor the INS has a major drawback that over time the error in 

navigation solution accumulates rapidly [9]. This is due to the fact that INS requires integration 

of specific force, and angular rates in order to obtain the position, velocity, and orientation. 

Integration over time has a property of aggregating the previous states. However, since each 

state estimation is erroneous to some extent, the errors of each solution iteration accumulate 

resulting in large drift in the navigation solution over time. This characteristic renders the INS 

unsuitable in scenarios involving large distances. In order to use INS for navigation of a ground 

vehicle, its solution must be periodically corrected using a different sensor. The resulting setup 

is known as the Integrated Navigation System [62]. 

In this chapter, the Inertial Measurement Unit and its associated errors are characterized, and 

the INS algorithm used to compute the position, velocity, and orientation of the vehicle is 

presented. 
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5.2.1.2 Inertial Measurement Unit (IMU) 

The IMU sensor is an assembly of 3 accelerometers, and 3 gyroscopes. The IMU sensor 

provides output in the IMU frame 𝒾. As stated in section 3.5 this coordinate frame consists of 

3 orthogonal axes (𝑥, 𝑦, 𝑧 axes). Therefore, the accelerometer and gyroscopes are aligned with 

each of these axes to provide 3-dimensional specific force and angular rates. 

The accelerometer measures specific force of the vehicle, denoted by 𝑓, with the units 
𝑚

𝑠2
. The 

gyroscope measures the angular rate denoted by 𝜔 with the units 
𝑟𝑎𝑑

𝑠
. The type of IMU is 

categorized by the kind of accelerometers and gyroscopes used in it [1]. There are different 

types of accelerometers, such as pendulous accelerometers, vibrating-beam accelerometers, 

and MEMS (Micro-Electro-Mechanical Systems) accelerometers. Each kind has different 

properties, merits, and demerits. Similarly, there are different types of gyroscopes such as 

spinning mass gyroscope, optical gyroscope, vibratory gyroscopes, and MEMS gyroscopes. 

The details of the principles behind the workings of each type of accelerometer and gyroscope, 

as well as supporting diagrams are provided in [1]. The details are not revisited in this thesis, 

rather the focus is aimed towards IMU sensor errors. 

In real world applications, the output from any type of sensor is affected by some form of error. 

In case of IMU there are several sources of error. As the IMU readings are twice integrated in 

case of accelerometer and once integrated in terms of gyroscope, these sources of errors result 

in a large drift in the solution, therefore it is important to calibrate and correct the errors in IMU 

readings in order to avoid this issue. Generally, the source of error depends on the type of 

accelerometer and gyroscope sensor being used, however there are a few error categories which 

are common to all types of IMU sensors, these are: bias errors, errors due to scale factor, errors 

due to cross-coupling, mechanical vibrations, electrical signal errors, errors due to temperature 

variations. From these errors, the bias errors have the most dominant effect, followed by 
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random noise errors such as electrical signal errors. Therefore, in this research, both these types 

of errors are corrected for the INS navigation solution. 

The bias errors 𝑏 refer to an offset in the sensor output. This means that the IMU sensor output 

will have an added value which needs to be subtracted in order to obtain the true value. Bias 

can be divided in two categories, static bias 𝑏𝑠 and dynamic bias 𝑏𝑑. This is represented in the 

following equation. 

𝑏𝑎 = 𝑏𝑎𝑠
+ 𝑏𝑎𝑑

(5. 1) 

Where, 𝑏𝑎 is the accelerometer bias, 𝑏𝑎𝑠
 is the accelerometer static bias, and 𝑏𝑎𝑑

 is the 

accelerometer dynamic bias. The gyroscope bias can be represented similarly. 

The static bias is characterized by having a constant value throughout the IMU operation, 

however, the static bias constant value changes whenever the IMU is turned on. The dynamic 

bias, on the other hand, varies throughout the IMU operation and needs to be estimated in real 

time in order to correct it. The static bias can be estimated by keeping the vehicle stationary 

after turning on the IMU. A constant offset in the output from the zero value will be the static 

bias. The dynamic bias can be estimated using the Kalman Filter technique which is presented 

in section 5.2.3. 

The angular random walk and velocity random walk refer to random noise affecting the 

gyroscope and accelerometer readings, respectively. At low frequencies, this noise can be 

characterized by white gaussian noise. The distinctiveness of white noise is that the next 

reading is not dependent on the previous reading, therefore this form of noise cannot be 

corrected by calibration, rather in can be mitigated by applying Kalman Filter correction. The 

manufacture values of the IMU noise are provided in Table 2-1. 
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5.2.1.3 INS computation 

INS algorithm uses the accelerometer and gyroscope readings in order to obtain the position, 

velocity, and orientation of the vehicle. The three main components of this algorithms are bias 

correction, coordinate transformation, and integration [62]. Since the stream of IMU data 

arrives at 100 𝐻𝑧 frequency, it is not continuous and hence the computation is carried out in 

discrete form. 

A schematic diagram showing INS computation is presented in the figure below. 

 

Figure 5-1 INS computation schematic 

The discretized equations for INS computation are provided in the following subsections. 

Attitude Update: 

 In the first iteration, the initial roll (𝜙), pitch (𝜃), yaw (𝜓) is known. The first step is to convert 

these Euler angles Θ to Direction Cosine Matrix (DCM) 𝐶𝑏
𝑛. This is shown in equation (5.2). 

𝒞(Θ) = 𝐶𝑏
𝑛 = [

𝑐𝜃𝑐𝜓 −𝑐𝜙𝑠𝜓 + 𝑠𝜙𝑠𝜃𝑐𝜓 𝑠𝜙𝑠𝜓 + 𝑐𝜙𝑠𝜃𝑐𝜓
𝑐𝜃𝑠𝜓 𝑐𝜙𝑐𝜓 + 𝑠𝜙𝑠𝜃𝑠𝜓 −𝑠𝜙𝑐𝜓 + 𝑐𝜙𝑠𝜃𝑠𝜓
−𝑠𝜃 𝑠𝜙𝑐𝜃 𝑐𝜙𝑐𝜃

] (5. 2) 

Where, 𝒞(Θ) is a function which converts Euler angles to DCM, 𝑐 and 𝑠 represent cosine and 

sine functions. 

Bias correction is then applied to the angular rate output from gyroscope, and the result is used 

to update the DCM as shown in equation (5.3). 

𝐶𝑏
𝑛

𝑘+1
= 𝐶𝑏

𝑛
𝑘

+ 𝐶𝑏
𝑛

𝑘
[𝜔𝑘 − 𝑏𝑔𝑘

]
×
𝛿𝑡 (5. 3) 
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In (5.3) 𝑘 is the time step at which the solution is being computed. 𝐶𝑏
𝑛 is the DCM computed 

from Euler angles (𝑟𝑎𝑑) , 𝜔𝑘  (
𝑟𝑎𝑑

𝑠
) is the angular rate measured by gyroscope, 𝑏𝑔  (

𝑟𝑎𝑑

𝑠
) is the 

gyroscope bias, and 𝛿𝑡 (𝑠) is the duration of time step from 𝑘 to 𝑘 + 1. The operator [  ]× is 

represents skew symmetric matrix transformation of a vector. Consider a vector defined as 𝑟 =

[𝑟1 𝑟2 𝑟3] then [𝑟]× will be as shown in equation (5.4), 

[𝑟]× = [
0 −𝑟3 𝑟2
𝑟3 0 −𝑟1

−𝑟2 𝑟1 0
] (5. 4) 

Finally, the updated DCM is converted back to Euler angles using equation (5.5). 

𝒜(𝐶) = 𝛩 = [
𝜙
𝜃
𝜓

] =

[
 
 
 
 
 tan−1 (

𝐶3,2
 

𝐶3,3
 )

sin−1(−𝐶3,1
 )

tan−1 (
𝐶2,1

 

𝐶1,1
 )

]
 
 
 
 
 

(5. 5) 

Where, 𝒜(𝐶) is a function which converts DCM to Euler angles, and 𝐶𝑖,𝑗 is the element in 𝑖𝑡ℎ 

row and 𝑗𝑡ℎ column of the matrix 𝐶. 

It should be noted that Euler angles and DCM have an issue of “Gimbal Lock” when the pitch 

(𝜃) angle is 90° [62]. However, this is not a problem for the scope of this research, as it is 

focused on ground vehicles, therefore the navigation solution being computed is not expected 

to have high pitch or roll angles. Furthermore, for sensor fusion the error state modification for 

Extended Kalman Filter is used which utilizes small changes in angles rather than actual angles. 

This ensures that their values remain close to 0, hence avoiding any potential singularities. 

Velocity Update: 

Similar to the attitude update, in the first iteration the initial velocity is known, and then in 

every subsequent iteration the previous velocity value is used to update the state. The first step 
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for velocity update is to perform bias correction of the body acceleration output from 

accelerometer 𝑎𝑘 (
𝑚

𝑠2). This is followed by transformation from body frame to the ENU frame 

and performing gravitational acceleration correction. The result is integrated over time in a 

discretized form. The overall equation representing velocity update is given in the following 

equation. 

𝑣𝑘+1 = 𝑣𝑘 + [𝐶𝑏
𝑛

𝑘
(𝑎𝑘 − 𝑏𝑎𝑘

) − 𝑔] 𝛿𝑡 (5. 6) 

In (5.6) 𝑘 is the time step at which the solution is being computed, 𝐶𝑏
𝑛 is the DCM computed 

using equation (5.2),  𝑎𝑘  (
𝑚

𝑠2) is the body acceleration measured by accelerometer, 𝑏𝑎  (
𝑚

𝑠2) is 

the accelerometer bias, 𝑔 = [0 0 −9.807]𝑇
𝑚

𝑠2 is the gravitational acceleration vector, and 

𝛿𝑡 (𝑠) is the duration of time step from 𝑘 to 𝑘 + 1. 

It should be noted that the gravitational acceleration vector is taken as constant rather than 

varying with respect to position on the surface of the Earth because in the scenario of a ground 

vehicle navigation solution, the change in 𝑔 was observed and found to be negligible. This 

allows neglecting variation of 𝑔 over time resulting in reduced computational processing 

without loss of accuracy. 

Position Update: 

Similarly, as in attitude and velocity update, in the first iteration the initial position is known, 

and then in every subsequent iteration the previous position value is used to update the state. 

The position update is relatively simple to compute. The velocity state is integrated over time 

to obtain the new position. This is presented in equation (5.7). 

𝑝𝑘+1 = 𝑝𝑘 + 𝑣𝑘 𝛿𝑡 (5. 7) 
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A higher order position update equation, given in (5.8), was also tested but the difference was 

negligible therefore, equation (5.7) was used to reduce computational processing requirement. 

𝑝𝑘+1 = 𝑝𝑘 + 𝑣𝑘 𝛿𝑡 +
1

2
[𝐶𝑏

𝑛
𝑘
(𝑎𝑘 − 𝑏𝑎𝑘

) − 𝑔] 𝛿𝑡2 (5. 8) 

Following the provided INS computation algorithm, the navigation solution will be given in 

the ENU frame (presented in section 3.6). Moving ahead, the output from GPS and VO sensors 

will also be converted to ENU frame in order to implement sensor fusion. 

5.2.1.4 Results 

This section shows the results for implementation and testing of INS computation. Testing the 

INS computation on the real-world dataset section 2.2 is not insightful. This is because the real-

world IMU sensor readings are affected with noise which result in rapid accumulation of error 

for INS solution. This can be seen in Figure 5-19 – Figure 5-25. Therefore, a simulated 

trajectory is designed. The acceleration and angular rates are computed using a simulated IMU 

sensor function. However, no bias or noise is added to the IMU sensor readings. The results 

are shown in Figure 5-2 to Figure 5-10. 

 
Figure 5-2 Ground Truth vs Inertial Navigation System trajectory without IMU noise 
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Figure 5-3 Simulated accelerometer data without 

noise 

 
Figure 5-4 Simulated gyroscope data without 

noise 

 
Figure 5-5 Ground Truth vs INS position for 

clean IMU data 

 
Figure 5-6 INS position error for clean IMU data 

 
Figure 5-7 Ground Truth vs INS velocity for clean 

IMU data 

 
Figure 5-8 INS velocity error for clean IMU data 
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Figure 5-9 Ground Truth vs INS attitude  

 
Figure 5-10 INS attitude error for clean IMU data 

Figure 5-3 and Figure 5-4 show the body accelerometer and body angular rate sensor readings 

from the simulated IMU which show that the IMU data is not affected by noise. It can be seen 

that in the absence of noise the INS algorithm follows the trajectory with minimal deviation 

(Figure 5-6 to Figure 5-10). The small deviations are a result of lower order integration terms 

used in the algorithm. However, since the errors are low and the current implementation 

reduces the complexity and processing of the computation significantly, therefore, these 

discrete integration assumptions can be considered valid. 

Using the same simulated data, white Gaussian noise is now added to all channels of IMU 

sensor output. The resulting IMU signal are shown in Figure 5-11 and Figure 5-12. The 

corresponding INS solutions are shown in Figure 5-13 to Figure 5-18. 

 
Figure 5-11 Simulated accelerometer (white noise) 

 
Figure 5-12 Simulated gyroscope (white noise) 
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Figure 5-13 Position plot of IMU without noise vs 

IMU with white noise 

 
Figure 5-14 Position error plot of IMU without 

noise vs IMU with white noise 

 
Figure 5-15 Velocity plot of IMU without noise vs 

IMU with white noise 

 
Figure 5-16 Velocity error plot of IMU without 

noise vs IMU with white noise 

 
Figure 5-17 Attitude plot of IMU without noise vs 

IMU with white noise 

 
Figure 5-18 Attitude error plot of IMU without 

noise vs IMU with white noise 

The result shows rapid accumulation of error in position and velocity resulting in large drift in 

solution. The attitude solution does not deviate as rapidly because the attitude computation 

only requires a single integration resulting in much less error accumulation. 
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The INS algorithm is also tested on the KITTI sequence 10 dataset whose results is shown in 

Figure 5-19 to Figure 5-25.  

 
Figure 5-19 Trajectory plot of Ground Truth vs INS solution 

 

 
Figure 5-20 Position plot of Ground Truth vs INS 

solution 

 
Figure 5-21 Position error plot of Ground Truth 

vs INS solution 
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Figure 5-22 Velocity plot of Ground Truth vs INS 

solution 

 
Figure 5-23 Velocity error plot of Ground Truth 

vs INS solution 

 
Figure 5-24 Attitude plot of Ground Truth vs INS 

solution 

 
Figure 5-25 Attitude error plot of Ground Truth 

vs INS solution 

These results depict the same drift phenomenon that was observed in simulation-based results 

with added white gaussian noise in Figure 5-16 and Figure 5-14. The velocity and attitude 

requiring only a single integration results in relatively smaller errors, whereas position 

requiring two integrations shows a large drift in solution. The error in Figure 5-21 and Figure 

5-23 is due to the noisy IMU sensor readings. The INS computation requires integration of the 

body acceleration over each time step, and the output position and velocity values are added to 

the previous estimates. With noise in the IMU sensor readings, the estimates of each time step 

will have their own errors and they also accumulate the errors due to noisy estimates for all 

previous time steps. As a result, an increasing drift in estimates is seen when compared to the 

ground truth.  
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5.2.2 Global Positioning System 

5.2.2.1 Introduction 

Global Navigation Satellite System (GNSS) is navigation setup which involves obtaining 

position and velocity measurements using satellites. A GNSS setup consists of 3 components: 

satellite, receiver, and processor [1]. The satellites transmit their relative position information 

to the receiver. The processor uses triangulation methods the obtain position and velocity in 

the ECEF geodetic coordinate frame. Obtaining accurate position requires range information 

from at least 4 satellites. Due to this, the GNSS setups require a constellation of satellites in 

different orbital planes around the Earth. This ensures that at any given time, any point on the 

surface of the Earth can be observed by at least 4 satellites. GNSS setups have been 

implemented by USA, China, Russia, and Europe. The currently available GNSS setups, their 

country of origin, and the number of satellites is shown in the table below [2]. 

Name Operated By Number of Satellites 

Global Positioning System (GPS) United States 31 

BeiDou Navigation Satellite System 

(BDS) 

People’s Republic of China 35 

Galileo European Union 24+ 

Globalnaya Navigazionnaya 

Sputnikovaya Sistema (GLONASS) 

Russian Federation 24+ 

Table 5-1 Different GNSS constellations in use 

The Global Positioning System (GPS) is developed and maintained by USA, and it is publicly 

available at no cost to anyone with a GPS receiver.  The real-world dataset used in this research 

obtains the GNSS information from GPS, therefore this research will focus on the GPS sensor.  
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5.2.2.2 GPS Computation 

The GPS sensor used in this research is capable of providing absolute position of the sensor 

directly. Since the tightly-coupled approach is not utilized, this absolute position and velocity 

can be used directly for the multi-sensor fusion task. Therefore, the in-depth computation for 

obtaining the GPS data from its signal is beyond the scope of this thesis and hence it is not 

provided here. However, a brief overview of the computation is given. The mechanism of GPS 

involves transmission of radio frequency signals from the satellites, which are received and 

interpreted by the GPS receiver. The signals contain the information of satellite orbit, and time 

at which the signal was transmitted. The receiver comprises of its own internal clock. This is 

used to obtain the time at which the signal is received. Knowing that the radio frequency signals 

travel at the speed of light, the difference in transmitted time and receiving time can be used to 

obtain the range between the receiver and the satellite [1].  

𝜌 = (𝑡𝑡𝑟𝑎𝑛𝑠𝑚𝑖𝑡𝑡𝑒𝑑 − 𝑡𝑟𝑒𝑐𝑒𝑖𝑣𝑒𝑑) 𝑐 (5. 9) 

In equation (5.9) 𝜌 is the pseudo-range of the satellite, 𝑡𝑡𝑟𝑎𝑛𝑠𝑚𝑖𝑡𝑡𝑒𝑑 is the time at which signal 

was transmitted by the satellite, 𝑡𝑟𝑒𝑐𝑒𝑖𝑣𝑒𝑑 is the time at which the signal was received by the 

GPS receiver, and 𝑐 is the speed of light constant. It should be noted that 𝜌 is called ‘pseudo-

range’ because of the clock ambiguity. This is due to the fact that the actual atomic clock tick 

of the satellite may be different than the one in the receiver, hence it is known as pseudo-range. 

The pseudo-range must be obtained from at least 3 satellites to compute the latitude, longitude, 

and altitude of the receiver. The signal from the 4th satellite is used to correct the clock 

ambiguity. As a result, an accurate position is obtained. Velocity is obtained by differentiating 

the position values over time. 

The actual computation of position using satellite orbit computation and pseudo range is 

beyond the scope of this research. This is because the GPS receiver has a built-in processor 
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which decrypts the elements of the radio frequency signal and computes the position in ECEF 

frame. Secondly in this research loosely coupled integration methods are used for sensor fusion, 

as a result only the position and velocity output from the GPS receiver are used, rather than the 

intermediate values of pseudo range and clock times. 

5.2.2.3 Error Sources 

The GPS provides accurate position and velocity data which is not affected by error 

accumulation over time and drift. However, it cannot be used as a sole sensor for navigation 

applications. This is because firstly the GPS update rate is usually at a low rate of 1 − 10 𝐻𝑧 

compared to the frequency of IMU (100 𝐻𝑧). This does not allow real time navigation and 

control of the vehicle.  

Secondly, the GPS signal is susceptible to outages. This is a result of GPS signal blockage of 

one or more of the 4 satellites by tall surrounding objects, like buildings or trees. This also is 

caused when the vehicle is underground, or in a tunnel. Another aspect maybe GPS denial 

using jamming devices or deliberate degradation of GPS signals using selective ability [1].  

Finally, the GPS signals are also affected by error. These include clock ambiguity, signal noise, 

impact of outer atmosphere layers, and receiver electronics noise. Most of these error sources 

are modelled and corrected in the GPS processor, however the receiver electric noise and GPS 

outage issue require using integrated navigation systems. 

5.2.2.4 GPS dataset 

The GPS sensor resolves the position and velocity measurements to ECEF geodetic coordinate 

frame to provide longitude 𝜆 (°), latitude 𝜑 (°), and altitude ℎ (𝑚). In order to transform these 

readings to ENU frame, first the Mercator projection method is used to convert them to body 

frame, and then 𝐶𝑏
𝑛 transformation matrix is used to convert them into ENU frame. The details 
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of Mercator projection can be found in [61]. The set of equations governing the transformation 

are as follows, 

𝑥𝑏 = 𝜆 (
𝜋

180
)𝑅𝐸 cos (𝜑0 (

𝜋

180
)) (5. 10) 

𝑦𝑏 = log (tan((90 + 𝜑) (
𝜋

360
)))𝑅𝐸 cos (𝜑0 (

𝜋

180
)) (5. 11) 

𝑧𝑏 = ℎ (5. 12) 

[

𝑥𝑛

𝑦𝑛

𝑧𝑛

] = 𝐶𝑏
𝑛 [

𝑥𝑏

𝑦𝑏

𝑧𝑏

] (5. 13) 

In equations (5.10) – (5.13), 𝜆 is the longitude in degrees, 𝜑 is the latitude in degrees, 𝑅𝐸 is 

the average radius of Earth, 𝜑0 is the latitude at initial conditions, ℎ is the altitude in 𝑚, 

(𝑥𝑏 , 𝑦𝑏 , 𝑧𝑏) are the GPS position values in body coordinate frame, (𝑥𝑛, 𝑦𝑛, 𝑧𝑛) are the GPS 

position values in ENU frame, and 𝐶𝑏
𝑛 is the transformation matrix from body frame to ENU 

frame given by equation (5.2). 

It should be noted that 𝑅𝐸 = 6378137𝑚 is taken as the average radius of Earth because, even 

though the radius of Earth is not uniform, for the limited distances expected from ground 

vehicles, the radius of Earth can be assumed to be constant. The result of conversion from 

geographic coordinate (Figure 5-26) to ENU coordinate (Figure 5-27) is shown as follows. 

 

Figure 5-26 GPS position in ECEF frame 

 

Figure 5-27 GPS position in ENU frame 



69 

 

The KITTI dataset uses the OXTS 3003 model IMU/GPS sensor. The specifications are given 

in section 2.2.2. While the KITTI dataset provides the IMU and ground truth data, the 

standalone GPS data is not provided. However, this can be resolved by simulating a low-cost 

GPS through adding white noise, and down sampling the ground truth data. This method is 

supported by literature in [34] and in [60]. A white gaussian noise with a mean of [2 2 2] 𝑚 

is added to all position channels, and a white gaussian noise with a mean of [0.5 0.5 0.5] 𝑚 

is added to velocity channels in order to simulate the GPS signal. Furthermore, the GPS update 

rate has been down sampled from 100𝐻𝑧 to 10 𝐻𝑧. The resulting GPS signal is shown in the 

following figures. 

 
Figure 5-28 Noise-added and down sampled GPS 

position signal compared to the Ground Truth 

 
Figure 5-29 Noise-added and down sampled GPS 

velocity signal compared to the Ground Truth 

 

5.2.3 Extended Kalman Filter 

The Extended Kalman Filter (EKF) is a type of recursive Bayesian estimator [1]. It utilizes the 

knowledge of standard deviations of sensor and state errors along with the system and sensor 

model to predict and correct the state estimate. The EKF may be implemented as Total-State 

EKF or Error-State EKF (ESKF) [69]. In total-state EKF, the predicted state estimate contains 

complete knowledge of the state, and the complete state is corrected in the correction phase. 

Whereas, in ESKF only the state errors are predicted and corrected, and the corrected state 
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errors are used to update the complete state. The ESKF has a benefit of operating close to the 

point of linearized state Jacobian matrix, hence the non-linearity has a lesser effect on the 

estimates. Furthermore, the ESKF attitude states are close to zero thereby avoiding any 

singularity cases. Therefore, in this research the error-state implementation of EKF is used. 

The main components of EKF are state vector, state covariance matrix, system model, 

measurement vector, measurement covariance matrix, and sensor model. The state vector 𝑥 is 

set a variable which define the position, velocity, and attitude of the ground vehicle at any 

given time. The state covariance matrix 𝑃 defines the expected error in the state estimates. The 

system model predicts the update in state using a non-linear function 𝑓 given the current state 

𝑥, input vector 𝑢, and time step 𝛿𝑡. The system noise covariance matrix 𝑄 defines the noise 

present in the system model. The measurement vector 𝑧 is a set of variables which define the 

sensor output at current time step. The sensor model 𝐻 defines the predicted sensor output 

given the current state. The measurement noise covariance matrix 𝑅 defines the noise present 

in the sensor model. 

The EKF consists of 3 phases, prediction phase, correction phase, and update phase. In the 

prediction phase the previous state is updated using the non-linear system model. The 

linearized Jacobian matrix at the current state is computed from the system model and it is used 

along with system noise matrix to update the state covariance matrix. Equations (5.14) to 

(5.16) show the equations governing the prediction phase of EKF. 

𝑥𝑘|𝑘+1 = 𝑓(𝑥𝑘 , 𝑢𝑘 , 𝛿𝑡) (5. 14) 

𝐹𝑘 =
𝜕𝑓

𝜕𝑥
│𝑥 = 𝑥𝑘

(5. 15) 

𝑃𝑘|𝑘+1 = 𝐹𝑘𝑃𝑘𝐹𝑘
𝑇 +  𝑄 (5. 16) 
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Where 𝑘 is the time step, 𝑥 is the state vector, 𝑓 is the function of the system model, 𝐹 is the 

system Jacobian matrix, 𝑃 is the state covariance matrix, 𝑄 is the covariance matrix of system 

noise 𝑤, 𝑥 is the state vector, 𝑢 is the input vector, 𝛿𝑡 is the duration of time step. 

In the correction phase, the measurement vector and the sensor model Jacobian is used to obtain 

the innovation in the state estimate. The sensor noise covariance matrix and the residual 

covariance matrix is used to compute the Kalman gain. This gain is applied to the innovation 

vector in order to compute the corrected state estimate errors. Equation (5.17) – (5.22) show 

the equations governing the correction phase of EKF. 

𝐻𝑘+1 =
𝜕ℎ

𝜕𝑥
│𝑥𝑘|𝑘+1

(5. 17) 

𝑦 = 𝑧𝑘+1 − ℎ(𝑥𝑘|𝑘+1) (5. 18) 

𝑆 = 𝐻𝑘+1�̅�𝑘|𝑘+1𝐻𝑘+1
𝑇 + 𝑅 (5. 19) 

𝐾 = 𝑃𝑘|𝑘+1𝐻𝑘+1
𝑇 𝑆−1 (5. 20) 

𝛿𝑥𝑘+1 = 𝐾𝑦 (5. 21) 

𝑃𝑘+1 = (𝐼 − 𝐾𝐻𝑘+1)𝑃𝑘|𝑘+1 (5. 22) 

Where, ℎ(𝑥) is the sensor model, 𝐻 is the Jacobian of the sensor model computed at 𝑥𝑘|𝑘+1, 𝑧 

is the measurement vector, 𝑦 is the innovation vector, 𝑅 is the covariance matrix of sensor 

noise 𝑣, 𝑆 is the residual covariance matrix, 𝐾 is the Kalman gain, 𝛿𝑥 is the state error estimate. 

In the update phase, the predicted state is updated using the corrected state estimate errors. 

Equations (5.23) presents the update equation for position, velocity, and bias states.  

𝑥𝑘+1 = 𝑥𝑘|𝑘+1 + 𝛿𝑥𝑘+1 (5. 23) 
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Equation (5.24) presents the update equation for attitude states.  

𝑥𝑘+1 = 𝒜 ( 𝒞(𝑥𝑘|𝑘+1) 𝒞(𝛿𝑥𝑘+1)) (5. 24) 

Where, 𝒞 represents a function transforming Euler angles to DCM shown in equation (5.2), 𝒜 

represents the function transforming DCM to Euler angles shown in equation (5.5). The 

updated states are then fed back to the system model to predict the next state estimate. 

The overall EKF algorithm is compiled in the following table. 

EKF Algorithm 

Prediction Stage: 

𝑥𝑘|𝑘+1 = 𝑓(𝑥𝑘 , 𝑢𝑘 , 𝛿𝑡) 

𝐹𝑘 =
𝜕𝑓(𝑥𝑘 , 𝑢𝑘  , 𝛿𝑡)

𝜕𝑥
 

𝑃𝑘|𝑘+1 = 𝐹𝑘𝑃𝑘𝐹𝑘
𝑇 +  𝑄 

Correction Stage: 

𝐻𝑘+1 =
𝜕ℎ(𝑥𝑘+1)

𝜕𝑥
 

𝑦 = 𝑧𝑘+1 − ℎ(𝑥𝑘|𝑘+1) 

𝑆 = 𝐻𝑘+1𝑃𝑘|𝑘+1𝐻𝑘+1
𝑇 + 𝑅 

𝐾 = 𝑃𝑘|𝑘+1𝐻𝑘+1
𝑇 𝑆−1 

𝛿𝑥𝑘+1 = 𝐾𝑦 

𝑃𝑘+1 = (𝐼 − 𝐾𝐻𝑘+1)𝑃𝑘|𝑘+1 

Update phase: 

For position, velocity, and biases states: 

𝑥𝑘+1 = 𝑥𝑘|𝑘+1 + 𝛿𝑥𝑘+1 
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For attitude states: 

𝑥𝑘+1 = 𝒜 ( 𝒞(𝑥𝑘|𝑘+1) 𝒞(𝛿𝑥𝑘+1)) 

Table 5-2 EKF algorithm 

This research uses EKF as a basis for developing sensor fusion algorithms for the following 

integrated systems: 

1. INS/VO: Loosely coupled EKF with delayed VO feedback is used. 

2. INS/GPS: Loosely coupled EKF is used. 

3. INS/VO/GPS: Loosely coupled Dual EKF is used. 

Each of these integrated systems are presented in the subsequent sections of this chapter. It 

should be noted that INS is used as the system prediction model in all of the integrated system, 

hence there are some common elements in all of the aforementioned navigation systems. The 

structures of these elements are presented.  

The state vector is defined as follow, 

𝒙 = [𝑝𝑥 𝑝𝑦 𝑝𝑧 𝑣𝑥 𝑣𝑦 𝑣𝑧 𝜙 𝜃 𝜓 𝑏𝑎𝑥
𝑏𝑎𝑦

𝑏𝑎𝑧
𝑏𝑔𝑥

𝑏𝑔𝑦
𝑏𝑔𝑧]

𝑇
(5. 25) 

Where, 𝒙 ∈ ℝ15×1 is the state vector, (𝑥, 𝑦, 𝑧) are the resolving axes of ENU frame, 𝑝 is the 

position, 𝑣 is the velocity, (𝜙, 𝜃, 𝜓) are the roll, pitch, yaw angle respectively, 𝑏𝑎 is the 

accelerometer bias, and 𝑏𝑔 is the gyroscope bias. The initial value of 𝒙 is defined by the GPS 

or VO solution at the initial conditions. 

The input vector is defined as: 

𝒖 = [𝑎𝑥 𝑎𝑦 𝑎𝑧 𝜔𝑥 𝜔𝑦 𝜔𝑧]𝑇 (5. 26) 
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Where, 𝒖 ∈ ℝ6×1 is the input vector, (𝑥, 𝑦, 𝑧) are the resolving axes of the body frame, 𝑎 is the 

body acceleration, 𝜔 is the body angular rate. The input vector elements are taken from the 

IMU sensor. 

The system model function 𝑓 is defined as follows: 

State Variables model 

Orientation Θ = [𝜙, 𝜃, 𝜓]𝑇 

Θ𝑘 = [𝜙𝑘 , 𝜃𝑘, 𝜓𝑘]𝑇 

𝐶𝑘 = [

𝑐𝜃𝑐𝜓 −𝑐𝜙𝑠𝜓 + 𝑠𝜙𝑠𝜃𝑐𝜓 𝑠𝜙𝑠𝜓 + 𝑐𝜙𝑠𝜃𝑐𝜓
𝑐𝜃𝑠𝜓 𝑐𝜙𝑐𝜓 + 𝑠𝜙𝑠𝜃𝑠𝜓 −𝑠𝜙𝑐𝜓 + 𝑐𝜙𝑠𝜃𝑠𝜓
−𝑠𝜃 𝑠𝜙𝑐𝜃 𝑐𝜙𝑐𝜃

] 

𝐶𝑘+1 = 𝐶𝑘 + 𝐶𝑘[𝜔𝑚 − 𝑏𝑔]
×
 𝛿𝑡 

Θ𝑘+1 =

[
 
 
 
 
 tan−1 (

𝐶3,2
𝑘+1

𝐶3,3
𝑘+1)

sin−1(−𝐶3,1
𝑘+1)

tan−1 (
𝐶2,1

𝑘+1

𝐶1,1
𝑘+1)

]
 
 
 
 
 

 

Position 𝑝 = [𝑝𝑥, 𝑝𝑦, 𝑝𝑧]
𝑇
 𝑝𝑘+1 = 𝑝𝑘 + 𝑣𝑘  𝛿𝑡 

Velocity 𝑣 = [𝑣𝑥, 𝑣𝑦, 𝑣𝑧]
𝑇
 𝑣𝑘+1 = 𝑣𝑘 + [𝐶(𝑎𝑚 − 𝑏𝑎) − 𝑔] 𝛿𝑡 

Table 5-3 Non-linear system model for EKF 

The system model Jacobian 𝐹 is given in the following equations 

𝐹 =

[
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
1 0 0 𝛿𝑡 0 0 0 0 0 0 0 0 0 0 0

0 1 0 0 𝛿𝑡 0 0 0 0 0 0 0 0 0 0

0 0 1 0 0 𝛿𝑡 0 0 0 0 0 0 0 0 0

0 0 0 1 0 0
𝜕𝑣𝑥

𝜕𝜙

𝜕𝑣𝑥

𝜕𝜃

𝜕𝑣𝑥

𝜕𝜓

𝜕𝑣𝑥

𝜕𝑏𝑎𝑥

𝜕𝑣𝑥

𝜕𝑏𝑎𝑦

𝜕𝑣𝑥

𝜕𝑏𝑎𝑧

0 0 0

0 0 0 0 1 0
𝜕𝑣𝑦

𝜕𝜙

𝜕𝑣𝑦

𝜕𝜃
 

𝜕𝑣𝑦

𝜕𝜓

𝜕𝑣𝑦

𝜕𝑏𝑎𝑥

𝜕𝑣𝑦

𝜕𝑏𝑎𝑦

𝜕𝑣𝑦

𝜕𝑏𝑎𝑧

0 0 0

0 0 0 0 0 1
𝜕𝑣𝑧

𝜕𝜙

𝜕𝑣𝑧

𝜕𝜃
 0

𝜕𝑣𝑧

𝜕𝑏𝑎𝑥

𝜕𝑣𝑧

𝜕𝑏𝑎𝑦

𝜕𝑣𝑧

𝜕𝑏𝑎𝑧

0 0 0

0 0 0 0 0 0
𝜕𝜙

𝜕𝜙

𝜕𝜙

𝜕𝜃
0 0 0 0 −𝛿𝑡

𝜕𝜙

𝜕𝑏𝑔𝑦

𝜕𝜙

𝜕𝑏𝑔𝑧

0 0 0 0 0 0
𝜕𝜃

𝜕𝜙
1 0 0 0 0 0

𝜕𝜃

𝜕𝑏𝑔𝑦

𝜕𝜃

𝜕𝑏𝑔𝑧

0 0 0 0 0 0
𝜕𝜓

𝜕𝜙

𝜕𝜓

𝜕𝜃
1 0 0 0 0

𝜕𝜓

𝜕𝑏𝑔𝑦

𝜕𝜓

𝜕𝑏𝑔𝑧

0 0 0 0 0 0 0 0 0 1 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0 1 0 0 0 0

0 0 0 0 0 0 0 0 0 0 0 1 0 0 0

0 0 0 0 0 0 0 0 0 0 0 0 1 0 0

0 0 0 0 0 0 0 0 0 0 0 0 0 1 0

0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 ]
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

(5. 27) 
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𝜕𝑣𝑥

𝜕𝜙
 = 𝛿𝑡 ((𝑠𝜙𝑠𝜓 + 𝑐𝜙𝑐𝜓𝑠𝜃) (𝑎𝑦 − 𝑏𝑎𝑦

) + (𝑐𝜙𝑠𝜓 − 𝑐𝜓𝑠𝜙𝑠𝜃)(𝑎𝑧 − 𝑏𝑎𝑧
)) (5. 28) 

𝜕𝑣𝑥

𝜕𝜃
= 𝛿𝑡 ((𝑐𝜙𝑐𝜓𝑐𝜃)(𝑎𝑧 − 𝑏𝑎𝑧

) − (𝑐𝜓𝑠𝜃)(𝑎𝑥 − 𝑏𝑎𝑥
) + (𝑐𝜓𝑐𝜃𝑠𝜙)(𝑎𝑦 − 𝑏𝑎𝑦

)) (5. 29) 

𝜕𝑣𝑥

𝜕𝜓
= −𝛿𝑡 (

(𝑐𝜙𝑐𝜓 + 𝑠𝜙𝑠𝜓𝑠𝜃) (𝑎𝑦 − 𝑏𝑎𝑦
) − (𝑐𝜓𝑠𝜙 − 𝑐𝜙𝑠𝜓𝑠𝜃)(𝑎𝑧 − 𝑏𝑎𝑧

)

+(𝑐𝜃𝑠𝜓)(𝑎𝑥 − 𝑏𝑎𝑥
)

) (5. 30) 

`
𝜕𝑣𝑥

𝜕𝑏𝑎𝑥

= −𝛿𝑡(𝑐𝜓𝑐𝜃) (5. 31) 

𝜕𝑣𝑥

𝜕𝑏𝑎𝑦

= −𝛿𝑡(𝑐𝜙𝑠𝜓 − 𝑐𝜓𝑠𝜙𝑠𝜃) (5. 32) 

𝜕𝑣𝑥

𝜕𝑏𝑎𝑧

= −𝛿𝑡(𝑠𝜙𝑠𝜓 + 𝑐𝜙𝑐𝜓𝑠𝜃) (5. 33) 

𝜕𝑣𝑦

𝜕𝜙
 = −𝛿𝑡 ((𝑐𝜓𝑠𝜙 − 𝑐𝜙𝑠𝜓𝑠𝜃) (𝑎𝑦 − 𝑏𝑎𝑦

) + (𝑐𝜙𝑐𝜓 + 𝑠𝜙𝑠𝜓𝑠𝜃)(𝑎𝑧 − 𝑏𝑎𝑧
)) (5. 34) 

𝜕𝑣𝑦

𝜕𝜃
= 𝛿𝑡 (𝑐𝜙𝑐𝜃𝑠𝜓(𝑎𝑧 − 𝑏𝑎𝑧

) − 𝑠𝜓𝑠𝜃(𝑎𝑥 − 𝑏𝑎𝑥
) + 𝑐𝜃𝑠\𝑝ℎ𝑖 𝑠𝜓 (𝑎𝑦 − 𝑏𝑎𝑦

)) (5. 35) 

𝜕𝑣𝑦

𝜕𝜓
= 𝛿𝑡 (

(𝑠𝜙𝑠𝜓 + 𝑐𝜙𝑐𝜓𝑠𝜃)(𝑎𝑧 − 𝑏𝑎𝑧
) − (𝑐𝜙𝑠𝜓 − 𝑐𝜓𝑠𝜙𝑠𝜃) (𝑎𝑦 − 𝑏𝑎𝑦

)

+𝑐𝜓𝑐𝜃(𝑎𝑥 − 𝑏𝑎𝑥
)

) (5. 36) 

𝜕𝑣𝑦

𝜕𝑏𝑎𝑥

= −𝛿𝑡(𝑐𝜃𝑠𝜓) (5. 37) 

𝜕𝑣𝑦

𝜕𝑏𝑎𝑦

= −𝛿𝑡(𝑐𝜙𝑐𝜓 + 𝑠𝜙𝑠𝜓𝑠𝜃) (5. 38) 

𝜕𝑣𝑦

𝜕𝑏𝑎𝑧

= −𝛿𝑡(𝑐𝜓𝑠𝜙 − 𝑐𝜙𝑠𝜓𝑠𝜃) (5. 39) 

𝜕𝑣𝑧

𝜕𝜙
 = 𝛿𝑡 (𝑐𝜙𝑐𝜃 (𝑎𝑦 − 𝑏𝑎𝑦

) − 𝑐𝜃𝑠𝜙(𝑎𝑧 − 𝑏𝑎𝑧
)) (5. 40) 
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𝜕𝑣𝑧

𝜕𝜃
= −𝛿𝑡 (𝑐𝜃(𝑎𝑥 − 𝑏𝑎𝑥

) + 𝑐𝜙𝑠𝜃(𝑎𝑧 − 𝑏𝑎𝑧
) + 𝑠𝜙𝑠𝜃 (𝑎𝑦 − 𝑏𝑎𝑦

)) (5. 41) 

𝜕𝑣𝑧

𝜕𝑏𝑎𝑥

= 𝛿𝑡𝑠𝜃 (5. 42) 

𝜕𝑣𝑧

𝜕𝑏𝑎𝑦

= −𝛿𝑡(𝑐𝜃𝑠𝜙) (5. 43) 

𝜕𝑣𝑧

𝜕𝑏𝑎𝑧

= −𝛿𝑡(𝑐𝜙𝑐𝜃) (5. 44) 

𝜕𝜙

𝜕𝜙
 = 1 − 𝛿𝑡 (𝑐𝜙 (𝑏𝑔𝑦

− 𝜔𝑦) − 𝑠𝜙(𝑏𝑔𝑧
− 𝜔𝑧)) tan 𝜃 (5. 45) 

𝜕𝜙

𝜕𝜃
= −𝛿𝑡 (𝑐𝜙(𝑏𝑔𝑧

− 𝜔𝑧) + 𝑠𝜙 (𝑏𝑔𝑦
− 𝜔𝑦)) (tan2 𝜃 + 1) (5. 46) 

𝜕𝜙

𝜕𝑏𝑔𝑦

= −𝛿𝑡 𝑠𝜙 tan 𝜃 (5. 47) 

𝜕𝜙

𝜕𝑏𝑔𝑧

= −𝛿𝑡 𝑐𝜙 tan 𝜃 (5. 48) 

𝜕𝜃

𝜕𝜙
= 𝛿𝑡 (𝑐𝜙(𝑏𝑔𝑧

− 𝜔𝑧) + 𝑠𝜙 (𝑏𝑔𝑦
− 𝜔𝑦)) (5. 49) 

𝜕𝜃

𝜕𝑏𝑔𝑦

= −𝛿𝑡 𝑐𝜙 (5. 50) 

𝜕𝜃

𝜕𝑏𝑔𝑧

= 𝛿𝑡 𝑠𝜙 (5. 51) 

𝜕𝜓

𝜕𝜙
= −𝛿𝑡

(𝑐𝜙 (𝑏𝑔𝑦
− 𝜔𝑦) − 𝑠𝜙(𝑏𝑔𝑧

− 𝜔𝑧))

𝑐𝜃
(5. 52) 

𝜕𝜓

𝜕𝜃
= −𝛿𝑡

𝑠𝜃 (𝑐𝜙(𝑏𝑔𝑧
− 𝜔𝑧) + 𝑠𝜙 (𝑏𝑔𝑦

− 𝜔𝑦))

𝑐𝜃2
(5. 53)
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𝜕𝜓

𝜕𝑏𝑔𝑦

= −𝛿𝑡
𝑠𝜙

𝑐𝜃
(5. 54) 

𝜕𝜓

𝜕𝑏𝑔𝑧

= −𝛿𝑡
𝑐𝜙

𝑐𝜃
(5. 55) 

The initial values of state covariance matrix 𝑃, system noise covariance matrix 𝑄 are based on 

IMU sensor specifications provided in section 2.2.2 and tuned according to trial-and-error 

method. 

5.3 INS/VO Integrated System 

5.3.1 Algorithm 

This section presents the algorithm and implementation for INS/VO sensor fusion using EKF. 

The INS/VO integration structure is shown in Figure 5-30. 

 

Figure 5-30 INS/VO Integration Structure 

The INS/VO algorithm uses the navigation solution computed from IMU input as the state 

vector and state covariance prediction. The measurement vector is generated by VO. As 

presented in section 4.4, the Modified Stereo Visual Odometry (ModSVO) algorithm provides 

the best navigation solution estimate compared to Stereo Visual Odometry (SVO), therefore, 

for INS/VO integration, the visual odometry solution is computed using ModSVO algorithm. 

The position, velocity, and attitude values from INS and position and attitude values from VO 

are input to the EKF block along with the VO uncertainty. 

The EKF algorithm is described in Table 5-3. The state vector 𝒙, system model 𝑓, system 

Jacobian 𝐹, state covariance matrix 𝑃, and system noise covariance matrix 𝑄 will be the same 
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as defined in section 5.2.3. The remaining elements specific to INS/VO integration are 

described in this section. 

The sensor model function ℎ𝑣𝑜 directly outputs the position and attitude states. The sensor 

model Jacobian 𝐻 is given in (5.56). 

𝐻𝑣𝑜 =

[
 
 
 
 
 
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0

0 1 0 0 0 0 0 0 0 0 0 0 0 0 0

0 0 1 0 0 0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 1 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 1 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 1 0 0 0 0 0 0]
 
 
 
 
 

(5. 56) 

The measurement vector 𝑧 is defined by (5.57) 

𝑧𝑣𝑜 = [𝑝𝑥𝑣𝑜
𝑝𝑦𝑣𝑜

𝑝𝑧𝑣𝑜
𝜙𝑣𝑜 𝜃𝑣𝑜 𝜓𝑣𝑜]𝑇 (5. 57) 

Defining the sensor noise covariance matrix 𝑅𝑣𝑜 for VO is not as straightforward as defining 

𝑄 because unlike IMU, the noise specifications for VO are not directly provided. [14] proposed 

a VO uncertainty estimation method using number of inliers correlation. In this research, the 

VO uncertainty for position, 𝜎𝑝𝑣𝑜
 is obtained by computing standard deviation of residuals 

obtained from non-linear optimization of reprojection error for all inlier points, and the 

uncertainty for attitude, 𝜎Θ𝑣𝑜
 is obtained by computing the standard deviation of Sampson 

distances [63] of inliers obtained from estimating the essential matrix between consecutive 

frame. As a result, 𝑅𝑣𝑜 is updated with new VO measurements. This method has shown to 

drastically improve state estimates when compared to a constant 𝑅𝑣𝑜.  

𝑅𝑣𝑜 = [
𝜎𝑝

2
𝑣𝑜

0

0 𝜎Θ
2
𝑣𝑜

] (5. 58) 

Applying this method, the 𝜎𝑝𝑣𝑜
 in case of KITTI sequence 10, is shown in Figure 5-31. 



79 

 

 

Figure 5-31 VO uncertainty computed using reprojection error 

The INS/VO EKF provides corrected error of state estimate. These are used to update the INS 

estimated states. The output provides the final estimate of position, velocity, and attitude. As 

stated in section 4.2.9 the camera transformation 𝑇𝑘 computed from images at time 𝑘 is pre-

multiplied with the previous VO pose 𝑉𝑘−1 in order to update the pose 𝑉𝑘. In case of INS/VO 

integration the final estimate is converted to camera coordinate frame obtaining �̃�𝑘. This is 

provided as a feedback to update VO pose 𝑇𝑘+1 at timestep 𝑘 + 1. This is shown in the equation 

below. 

𝑉𝑘+1 = �̃�𝑘𝑇𝑘+1 (5. 59) 

This technique gives the benefit of reducing the accumulated error in VO thereby improving 

the estimates fed into the INS/VO EKF. 

5.3.2 Experimental Evaluation 

In this section the INS/VO algorithm is evaluated using the KITTI sequence 10 dataset 

presented in section 2.2. The evaluation is done for two cases. The first case is the normal case 

in which there is no sensor failure. This test allows observation of improvement in navigational 
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accuracy when compared to INS only, and VO only solution. The second case is the failure 

case. In this case, a VO failure is simulated by blocking VO input to the sensor fusion 

algorithm. This test allows observation of navigational accuracy deterioration in case of sensor 

failure. 

5.3.2.1 INS/VO (without VO failure) 

In this section, the INS/VO integrated system explained in section 5.3 is implemented and is 

compared with standalone INS and standalone VO with respect to the ground truth reference. 

In the following figures (Figure 5-32 to Figure 5-38) ‘Ref’ refers to ground truth reference, 

‘INS’ refers to INS only solution, ‘VO’ refers to VO only solution computed by ModSVO, and 

‘INS_VO’ refers to INS/VO integrated solution. 

 

Figure 5-32 Trajectory plot comparison for INS/VO 
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Figure 5-33 Position plot comparison for INS/VO 

 
Figure 5-34 Position error comparison for INS/VO 

The Figure 5-32 presents the trajectory comparison of INS, VO, and INS/VO with respect to 

the reference, Figure 5-33 shows the position estimate comparison, where 𝑝𝑥, 𝑝𝑦, 𝑝𝑧 is the 

position estimate in 𝑥, 𝑦, 𝑧 axis, and Figure 5-34 shows the position Root Mean Square (RMS) 

error plot. It can be seen that INS/VO follows the trajectory with higher accuracy as compared 
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to VO. As expected, the INS only solution rapidly accumulates error resulting in drift from the 

trajectory. The Root Mean Square (RMS) error for position averaged over the whole trajectory 

is given in the following table. 

 Position RMSE 

INS/VO 𝟒. 𝟔𝟑 𝒎 

VO only 9.42 𝑚 

INS only 1454.5 𝑚 

Table 5-4 RMSE position comparison for INS/VO 

 

The INS/VO integrated solution, compared to the VO only solution, reduces the position RMS 

error by 50.89%. This shows that the INS/VO fusion provides significant improvement in 

position estimates. 

 
Figure 5-35 Velocity plot comparison for INS/VO 
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Figure 5-36 Velocity error comparison for INS/VO 

Figure 5-35 shows the velocity comparison of INS standalone and INS/VO with respect to the 

reference where 𝑣𝑥 , 𝑣𝑦, 𝑣𝑧 is that velocity estimate in 𝑥, 𝑦, 𝑧 axis, and Figure 5-36 shows the 

velocity Root Mean Square (RMS) error plot. The reason VO standalone is not compared is 

because VO provides only position estimates and attitude estimates. The position estimates can 

be differentiated over time to obtain velocity measurements, but they are subject to jitters due 

to uneven time steps and require smoothing. Smoothing, however, leads to data lag or even 

data loss in some cases, making it unsuitable as a reference for comparison. Therefore, the 

velocity comparison is carried out between INS and INS/VO. The Root Mean Square (RMS) 

error for velocity averaged over the whole trajectory is given in the following table. 

 Velocity RMSE 

INS/VO 𝟐. 𝟏𝟐 𝒎/𝒔 

VO only - 

INS only 32.44 𝑚/𝑠 

Table 5-5 RMSE velocity comparison for INS/VO 
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The INS/VO integrated solution, compared to the INS only solution, reduces the velocity RMS 

error by 93.45%. It can be seen that INS/VO integrated solution provides a significant 

improvement in the velocity state. The Figure 5-37 shows the attitude comparison, where 

𝜙 , 𝜃, 𝜓 is the roll, pitch, and yaw angle about the 𝑥, 𝑦, 𝑧 axis, Figure 5-38 shows the attitude 

Root Mean Square (RMS) error plot. The Root Mean Square (RMS) error for attitude averaged 

over the whole trajectory is given in Table 5-6. 

 Attitude RMSE 

INS/VO EKF 𝟎. 𝟓𝟎° 

VO only 4.49° 

INS only 0.52° 

Table 5-6 RMSE attitude comparison for INS/VO 

 
Figure 5-37 Attitude plot comparison for INS/VO 
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Figure 5-38 Attitude error comparison for INS/VO 

The INS/VO algorithm, compared to VO only solution, reduces the attitude error by 88.86%. 

With respect to INS, the INS/VO algorithm shows 2.988 % improvement. It can be seen that 

INS/VO integrated solution provides a significant improvement in in attitude, when compared 

to VO estimate, and a minor improvement when compared to INS estimate. 

5.3.2.2 INS/VO (with VO failure) 

In this section a VO failure is simulated for 30 seconds starting from 𝑡 = 20𝑠 till 𝑡 = 50𝑠. The 

sources of VO failure can be direct sunlight to the camera lens, blocking of camera field of 

view by some large vehicle, and unfavorable lighting conditions. Utilizing the same design as 

in section 5.3 the solutions of INS/VO with VO failure and INS/VO without VO failure are 

computed. In the following figures (Figure 5-39 to Figure 5-43) ‘Ref’ refers to ground truth 

reference, ‘INS_VO_without_vo_failure’ refers to the INS/VO solution in normal case 

without any sensor failure, and ‘INS_VO_with_vo_failure’ refers to the INS/VO solution with 

30 second VO failure. 
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Figure 5-39 Trajectory plot comparison for INS/VO with VO failure 

 
Figure 5-40 Position plot comparison for INS/VO with VO failure 
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Figure 5-41 Position error plot comparison for INS/VO with VO failure 

 

 
Figure 5-42 Velocity plot comparison for INS/VO with VO failure 
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Figure 5-43 Velocity error plot comparison for INS/VO with VO failure 

It can be seen that VO failure forces the navigation solution to utilize only the INS solution. 

As a result, the position and velocity state estimates quickly accumulate errors and start to drift 

from the reference trajectory and are not corrected until the VO data is available. This is shown 

in the position and velocity RMS error averaged over the whole trajectory in the following 

table. This result show the necessity to develop a navigation solution that is able to maintain 

accuracy in case of VO failure occurrence. 

 Position RMSE Velocity RMSE 

INS/VO (With 30 sec VO failure) 𝟒𝟔. 𝟓𝟔 𝒎 𝟏𝟐. 𝟏𝟗 𝒎/𝒔 

INS/VO (Without VO failure) 4.63 𝑚 2.12 𝑚/𝑠 

Table 5-7 RMSE position and velocity comparison for VO failure case 

It should be noted that in case of attitude, since the INS solution was reasonably accurate the 

Kalman filter gain gives more weightage to the INS solution resulting no significant changes 

in attitude.  
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5.4 INS/GPS Integrated System 

5.4.1 Algorithm 

This section presents the implementation for INS/GPS sensor fusion using Extended Kalman 

Filter (EKF). The INS/GPS integration structure is shown in Figure 5-44. 

 

Figure 5-44 INS/GPS Integration Structure 

The INS/GPS algorithm uses the navigation solution computed from INS as the state vector 

and state covariance prediction. The measurement vector is generated by GPS. The position, 

velocity, and attitude values from INS, and position and velocity values from GPS are input to 

the EKF block. 

The EKF algorithm is described in Table 5-3. The state vector 𝒙, system model 𝑓, system 

Jacobian 𝐹, state covariance matrix 𝑃, and system noise covariance matrix 𝑄 will be the same 

as defined in section 5.2.3. The remaining elements specific to INS/GPS integration are 

described in this section. 

The sensor model function ℎ𝑔𝑝𝑠 directly outputs the position and velocity states. The sensor 

model Jacobian 𝐻𝑔𝑝𝑠 is given in (5.60) 

𝐻𝑔𝑝𝑠 =

[
 
 
 
 
 
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0

0 1 0 0 0 0 0 0 0 0 0 0 0 0 0

0 0 1 0 0 0 0 0 0 0 0 0 0 0 0

0 0 0 1 0 0 0 0 0 0 0 0 0 0 0

0 0 0 0 1 0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 1 0 0 0 0 0 0 0 0 0]
 
 
 
 
 

(5. 60) 

The measurement vector 𝑧𝑔𝑝𝑠 is defined by (5.61).  

𝑧𝑔𝑝𝑠 = [𝑝𝑥𝑔𝑝𝑠
𝑝𝑦𝑔𝑝𝑠

𝑝𝑧𝑔𝑝𝑠
𝑣𝑥𝑔𝑝𝑠

𝑣𝑦𝑔𝑝𝑠
𝑣𝑧𝑔𝑝𝑠]𝑇 (5. 61) 
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The sensor noise covariance matrix 𝑅𝑔𝑝𝑠 is defined using the GPS noise specifications provided 

in section 5.2.2.4. The INS/GPS EKF provides corrected error of state estimate. These are used 

to update the INS estimated states. The output provides the final estimate of position, velocity, 

and attitude. 

5.4.2 Experimental Evaluation 

In this section the INS/GPS algorithm is evaluated using the KITTI sequence 10 dataset 

presented in section 2.2. The evaluation is done for two cases. The first case is the normal case 

in which there is no sensor failure. This test allows observation of improvement in navigational 

accuracy when compared to INS only, and GPS only solution. The second case is the failure 

case. In this case, a GPS failure is simulated by blocking GPS input to the sensor fusion 

algorithm. This test allows observation of navigational accuracy deterioration in case of sensor 

failure. 

5.4.2.1 INS/GPS (without GPS failure) 

The INS/GPS design explained in section 5.4 is implemented and comparison is drawn between 

ground truth, standalone INS, standalone GPS, and INS/GPS integrated solution. In the 

following figures (Figure 5-45 to Figure 5-51), ‘Ref’ refers to ground truth reference, ‘INS’ 

refers to INS only solution, ‘GPS’ refers to GPS only solution, and ‘INS_GPS’ refers to the 

INS/GPS integrated solution. 
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Figure 5-45 Trajectory plot comparison for INS/GPS 

 
Figure 5-46 Position plot comparison for INS/GPS 
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Figure 5-47 Position error comparison for INS/GPS 

The Figure 5-45 presents the trajectory comparison of INS, GPS, and INS/GPS with respect to 

the reference, Figure 5-46 shows the position estimate comparison, where 𝑝𝑥, 𝑝𝑦, 𝑝𝑧 is the 

position estimate in 𝑥, 𝑦, 𝑧 axis, and Figure 5-47 shows the position Root Mean Square (RMS) 

error plot. It can be seen that INS/GPS follows the trajectory with higher accuracy as compared 

to GPS. The INS only solution is seen to rapidly accumulate error as expected. The Root Mean 

Square (RMS) error for position averaged over the whole trajectory is given in the following 

table. 

 Position RMSE 

INS/GPS 𝟏. 𝟕𝟕 𝒎 

GPS only 3.52 𝑚 

INS only 1454.5 𝑚 

Table 5-8 RMSE position comparison for INS/GPS 

The INS/GPS integrated solution, compared to the GPS only solution, reduces the position 

RMS error by 49.76%. This shows that the INS/GPS fusion provides significant improvement 

in position estimates. 
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Figure 5-48 Velocity plot comparison for INS/GPS 

 
Figure 5-49 Velocity error comparison for INS/GPS 

Figure 5-48 shows the velocity comparison of INS standalone, GPS standalone, and INS/GPS 

integrated solution with respect to the reference where 𝑣𝑥 , 𝑣𝑦, 𝑣𝑧 is that velocity estimate in 

𝑥, 𝑦, 𝑧 axis, and Figure 5-49 shows the velocity Root Mean Square (RMS) error plot. The INS 

results in Figure 5-49 are the same as were shown in Figure 5-23. The y-axis of the plot is 
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limited here to better observe the difference between GPS and INS/GPS estimates. The 

standalone INS solution shows a higher degree of error because it relies on the previous state 

estimates to obtain the new state. Due to the noisy sensor data, the state estimates computed by 

integration during INS computation are erroneous. These erroneous estimates are used to obtain 

the new estimates resulting in an accumulation of error. If there is no correction, then the INS 

solution diverges from the ground truth. This phenomenon is observed in Figure 5-49. The 

Root Mean Square (RMS) error for velocity averaged over the whole trajectory is given in the 

following table. 

 

 Velocity RMSE 

INS/GPS 𝟎. 𝟕𝟑 𝒎/𝒔 

GPS only 0.86 𝑚/𝑠 

INS only 32.44 𝑚/𝑠 

Table 5-9 RMSE velocity comparison for INS/GPS 

For velocity, it can be seen that INS/GPS provides a minor improvement of 15.24% when 

comparing to GPS only solution, and significant improvement of 97.74% when compared to 

INS only solution.  
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Figure 5-50 Attitude plot comparison for INS/GPS 

 
Figure 5-51 Attitude error comparison for INS/GPS 

The Figure 5-50 shows the attitude comparison, where 𝜙 , 𝜃, 𝜓 is the roll, pitch, and yaw angle 

about the 𝑥, 𝑦, 𝑧 axis Figure 5-51 shows the attitude Root Mean Square (RMS) error plot. Since 

GPS does not provide attitude information, therefore the comparison is done between the INS 

only solution and INS/GPS solution. The Root Mean Square (RMS) error for attitude averaged 

over the whole trajectory is given in the following table. 

 Attitude RMSE 

INS/GPS 𝟎. 𝟓𝟏𝟒𝟗𝟕° 

GPS only − 

INS only 0.51501° 

Table 5-10 RMSE attitude comparison for INS/GPS 

It can be seen that since the INS only solution for attitude already has a high accuracy, the 

INS/GPS solution does not provide any significant of improvement in the attitude states. The 

INS/GPS algorithm, compared to INS only solution, provides less than 0.01% reduction in 

attitude errors.  
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5.4.2.2 INS/GPS (with GPS failure) 

In this section a GPS failure is simulated for 30 seconds starting from 𝑡 = 20𝑠 till 𝑡 = 50𝑠. 

GPS failure can be caused by blockage of line of sight of receiver and satellite due to tall trees, 

buildings, underground tunnels etc. Utilizing the same design as in section 5.4 the solutions of 

INS/GPS with GPS failure and INS/GPS without GPS failure are computed. In the following 

figures (Figure 5-52 to Figure 5-56) ‘Ref’ refers to ground truth reference, 

‘INS_GPS_without_gps_failure’ refers to the INS/GPS solution in normal case without any 

sensor failure, and ‘INS_GPS_with_gps_failure’ refers to the INS/GPS solution with 30 

second GPS failure. 

 
Figure 5-52 Trajectory plot comparison for INS/GPS with GPS failure 
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Figure 5-53 Position plot comparison for INS/GPS with GPS failure 

 
Figure 5-54 Position error plot comparison for INS/GPS with GPS failure 
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Figure 5-55 Velocity plot comparison for INS/GPS with GPS failure 

 
Figure 5-56 Velocity error plot comparison for INS/GPS with GPS failure 

It can be seen that GPS failure forces the navigation solution to utilize only the INS solution. 

As a result, the position and velocity state estimates quickly accumulate errors and start to drift 

from the reference trajectory and are not corrected until the GPS data is available. This is shown 

in the position and velocity RMS error averaged over the whole trajectory in the following 
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table. This result shows the necessity to develop a navigation solution that is able to maintain 

accuracy in case of GPS failure occurrence. 

 Position RMSE Velocity RMSE 

INS/GPS (With 30 sec GPS failure) 𝟑𝟒. 𝟒𝟓 𝒎 𝟑. 𝟖𝟓 𝒎/𝒔 

INS/GPS (Without GPS failure) 1.77 𝑚 0.73 𝑚/𝑠 

Table 5-11 RMSE position and velocity comparison for GPS failure case 

It should be noted that in case of attitude, since the INS solution was reasonably accurate the 

Kalman filter gain gives more weightage to the INS solution resulting no significant changes 

in attitude. 

5.5 INS/VO/GPS – Dual Extended Kalman Filter 

This section presents the structure of an integrated system termed Dual Extended Kalman Filter 

(DEKF) for the implementation INS/VO/GPS sensor fusion. 

The idea behind DEKF is to utilize both VO and GPS measurements as means to correct the 

INS state estimates. While the INS/GPS solution (presented in section 5.4.2.1) provides a 

higher accuracy when compared to the INS/VO solution (presented in section 5.3.2.1) due to 

higher accuracy of GPS, however the solution quickly degrades to high error levels when GPS 

failure occurs (presented in section 5.4.2.2). GPS failure is a common occurrence which can 

be triggered by surrounding tall buildings, trees, underground/ tunnel environment. As a result, 

the INS/GPS navigation solution is not completely reliable. Furthermore, it was observed that 

while INS/VO implementation significantly reduces the navigation errors compared to INS 

only and VO only solutions, however, in case of VO failure, the solution rapidly accumulates 

error, resulting in a large drift (presented in section 5.3.2.2). Similar to the case of GPS failure, 

VO failure is not an uncommon occurrence, and it can be caused due to low light conditions, 

low number of matched inliers, direct sunlight, and camera field of view blocked by large 
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vehicle. Hence, using solely INS/VO is also not recommended for cases outside of test 

environments. In order to overcome these problems, both VO and GPS solutions are utilized 

to develop INS/VO/GPS integrated system through DEKF.  

5.5.1 Algorithm 

The input from accelerometer and gyroscope is used to compute the INS state estimates 

(section 5.2.1). The inputs images from left and right cameras are used to compute the VO state 

estimates (section 4.4), VO uncertainty (section 5.3), and an indicator for occurrence of VO 

failure. This flag is true if the VO algorithm was unable to converge to a solution. Otherwise, 

in presence of valid VO solution, the flag is set to false. The VO estimates and INS estimates 

are forwarded to the INS/VO EKF algorithm described in section 5.3. The output is the state 

estimate error, which is used to correct the INS solution and provide an updated estimate of 

position, velocity, and attitude. These are provided as input to the INS/GPS EKF. At this point, 

the GPS solution is obtained and also fed into INS/GPS EKF. In case the VO failure indicator 

is true, the original INS estimates are directly provided to INS/GPS EKF rather than the 

updated states. An indicator is updated which defines if the GPS is connected to less than 4 

satellites is defined. A true value of this indicator means that due to signal blockage the GPS 

is unable to provide a reliable position estimate. The INS/GPS EKF, as explained in section 

5.4, provides the state estimate errors. These are used to update the INS/VO state estimates. 

The result is the final estimate of position, velocity, and attitude. In case of GPS failure 

however, the INS/VO state estimates are not updated, and directly presented as the final state 

estimates. The final state estimates are fed back to the VO estimates with a time step delay. 

This feedback is used to update the VO pose. This is described in section 5.3. 

The architecture of INS/VO/GPS using DEKF is presented in Figure 5-57. 
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Figure 5-57 General structure of INS/VO/GPS Dual EKF integrated system 

 

A comprehensive block diagram for INS/VO/GPS Dual Extended Kalman Filter is presented 

in Figure 5-58. 
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Figure 5-58 Comprehensive block diagram for INS/VO/GPS Dual EKF system 



103 

 

5.5.2 Experimental Evaluation 

In this section the INS/VO/GPS DEKF algorithm is evaluated using the KITTI sequence 10 

dataset presented in section 2.2. In section 5.3.2.2 and 5.4.2.2 it is shown that the INS/VO and 

INS/GPS integrated solutions lose accuracy in case of sensor failure. The INS/VO/GPS 

integrated system provides a robust solution where both VO and GPS are utilized. The 

evaluation is done for three cases. The first case is VO failure case. In this case, VO failure is 

simulated by blocking its input to the sensor fusion algorithm, and the INS/VO/GPS is 

compared with INS/VO. The second case is the GPS failure case. In this case, a GPS failure is 

simulated by blocking GPS input to the sensor fusion algorithm, and the INS/VO/GPS is 

compared with INS/GPS. The third case is the normal case in which there is no sensor failure. 

In this case INS/VO/GPS is compared with standalone INS, standalone VO, and standalone 

GPS solution. 

5.5.2.1 INS/VO/GPS (with VO failure) 

In this section a VO failure is simulated for 30 seconds starting from 𝑡 = 20𝑠 till 𝑡 = 50𝑠. 

INS/VO integrated system is implemented as explained in section 5.3, and INS/VO/GPS is 

implemented as explained in section 5.5. In the following figures (Figure 5-59 to Figure 5-63) 

‘Ref’ refers to ground truth reference, ‘INS_VO_with_vo_failure’ refers to the INS/VO 

solution with 30 second VO failure, and ‘INS_VO_GPS_with_vo_failure’ refers to the 

INS/VO/GPS solution with the same 30 second VO failure. 
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Figure 5-59 Trajectory plot comparison for INS/VO/GPS with VO failure 

 
Figure 5-60 Position plot comparison for INS/VO/GPS with VO failure 
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Figure 5-61 Position error plot comparison for INS/VO/GPS with VO failure 

 

 
Figure 5-62 Velocity plot comparison for INS/VO/GPS with VO failure 
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Figure 5-63 Velocity error plot comparison for INS/VO/GPS with VO failure 

It can be seen that VO failure forces the INS/VO navigation solution to utilize only the INS 

solution and as a result, the position and velocity state estimates quickly accumulate errors and 

start to drift from the reference trajectory and are not corrected until the VO data is available. 

However, in case of INS/VO/GPS the effect of VO failure is negated due to presence of GPS 

data, hence the INS solution continues to be corrected using GPS measurements. This 

improvement can also be seen in the position and velocity RMS error averaged over the whole 

trajectory in the following table. 

 Position RMSE Velocity RMSE 

INS/VO/GPS (With 30 sec VO failure) 𝟏. 𝟕𝟔 𝒎 𝟎. 𝟕𝟒 𝒎/𝒔 

INS/VO (With 30 sec VO failure) 46.56 𝑚 12.19 𝑚/𝑠 

Table 5-12 RMSE position and velocity comparison for VO failure case 

These results validate the DEKF algorithm for INS/VO/GPS fusion by maintaining accuracy 

in case of VO failure. The next section will investigate its performance in case of GPS failure. 
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5.5.2.2 INS/VO/GPS (with GPS failure) 

In this section a GPS failure is simulated for 30 seconds starting from 𝑡 = 20𝑠 till 𝑡 = 50𝑠. 

INS/GPS integrated system is implemented as explained in section 5.4, and INS/VO/GPS is 

implemented as explained in section 5.5. In the following figures (Figure 5-64 to Figure 5-68) 

‘Ref’ refers to ground truth reference, ‘INS_GPS_with_gps_failure’ refers to the INS/GPS 

solution with 30 second GPS failure, and ‘INS_VO_GPS_with_gps_failure’ refers to the 

INS/VO/GPS solution with the same 30 second GPS failure. 

 
Figure 5-64 Trajectory plot comparison for INS/VO/GPS with GPS failure 
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Figure 5-65 Position plot comparison for INS/VO/GPS with GPS failure 

 
Figure 5-66 Position error plot comparison for INS/VO/GPS with GPS failure 
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Figure 5-67 Velocity plot comparison for INS/VO/GPS with GPS failure 

 
Figure 5-68 Velocity error plot comparison for INS/VO/GPS with GPS failure 

It can be seen that GPS failure forces the INS/GPS navigation solution to utilize only the INS 

solution and as a result, the position and velocity state estimates quickly accumulate errors and 

start to drift from the reference trajectory and are not corrected until the GPS data is available. 

However, in case of INS/VO/GPS the effect of GPS failure is negated due to presence of VO 
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data, hence the INS solution continues to be corrected using VO measurements. This 

improvement can also be seen in the position and velocity RMS error averaged over the whole 

trajectory in the following table. 

 Position RMSE Velocity RMSE 

INS/VO/GPS (With 30 sec GPS failure) 𝟐. 𝟑𝟏 𝒎 𝟏. 𝟐𝟗 𝒎/𝒔 

INS/GPS (With 30 sec GPS failure) 34.45 𝑚 3.85 𝑚/𝑠 

Table 5-13 RMSE position and velocity comparison for GPS failure case 

These results validate the DEKF algorithm for INS/VO/GPS fusion by maintaining accuracy 

in case of GPS failure as well as VO failure. 

5.5.2.3 INS/VO/GPS (without sensor failure) 

This section shows the performance of INS/VO/GPS in case of no sensor failure in comparison 

to standalone INS, standalone GPS, and standalone VO with respect to the ground truth 

reference. It is expected that in case of no sensor failures, INS/VO/GPS should perform as well 

as INS/GPS, while with sensor failures it should outperform both INS/GPS and INS/VO. In 

the following figures (Figure 5-69 – Figure 5-75), ‘Ref’ refers to ground truth reference, ‘VO’ 

refers to the standalone VO solution, ‘INS’ refers to the standalone INS solution, ‘GPS’ refers 

to standalone GPS solution, and ‘INS_VO_GPS’ refers to INS/VO/GPS integrated solution.  
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Figure 5-69 Trajectory plot comparison for INS/VO/GPS 

 
Figure 5-70 Position plot comparison for INS/VO/GPS 
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Figure 5-71 Position error comparison for INS/VO/GPS 

The Figure 5-69 presents the trajectory comparison of INS, VO, GPS, and INS/VO/GPS with 

respect to the reference, Figure 5-70 shows the position estimate comparison, where 𝑝𝑥, 𝑝𝑦, 𝑝𝑧 

is the position estimate in 𝑥, 𝑦, 𝑧 axis, and Figure 5-71 shows the position Root Mean Square 

(RMS) error plot. It can be seen that INS/VO/GPS follows the trajectory with higher accuracy 

as compared to all other standalone sensors. The Root Mean Square (RMS) error for position 

averaged over the whole trajectory is given in the following table. 

 Position RMSE 

INS/VO/GPS 𝟐. 𝟎𝟎 𝒎 

GPS only 3.52 𝑚 

VO only 9.42 𝑚 

INS only 1454.5 𝑚 

Table 5-14 RMSE position comparison for INS/VO/GPS 

The INS/VO/GPS system shows position error reduction by 42.96% compared to GPS, and 

78.67% compared to VO. This shows that the INS/VO/GPS fusion provides significant 

improvement in position estimates, with results being close to those of INS/GPS. 
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Figure 5-72 Velocity plot comparison for INS/VO/GPS 

 
Figure 5-73 Velocity error comparison for INS/VO/GPS 

Figure 5-72 shows the velocity comparison of INS, GPS, and INS/VO/GPS with respect to the 

reference, where 𝑣𝑥 , 𝑣𝑦, 𝑣𝑧 is that velocity estimate in 𝑥, 𝑦, 𝑧 axis, and Figure 5-73 shows the 

velocity Root Mean Square (RMS) error plot. It should be noted that the INS solution in Figure 

5-71 and Figure 5-73 is the same as shown in Figure 5-21 and Figure 5-23, respectively. The 
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y-axis of the plots here are limited to better observe the difference between GPS and 

INS/VO/GPS estimates. The reason for INS drift, as stated earlier in section 5.4.2, is because 

it relies on the previous state estimates to obtain the new state. However, due to the noisy sensor 

data, the state estimates computed by integration during INS computation are erroneous. These 

erroneous estimates are used to obtain the new estimates resulting in an accumulation of error. 

If there is no correction, then the INS solution diverges from the ground truth. The Root Mean 

Square (RMS) error for velocity averaged over the whole trajectory is given in the following 

table. 

 Velocity RMSE 

INS/VO/GPS 𝟎. 𝟕𝟒 𝒎/𝒔 

GPS only 0.86 𝑚/𝑠 

VO only − 

INS only 32.44 𝑚/𝑠 

Table 5-15 RMSE velocity comparison for INS/VO/GPS 

For velocity, it can be seen that INS/VO/GPS provides a minor improvement of 14.68% when 

comparing to GPS only solution, and significant improvement of 97.73% when compared to 

INS only solution. Therefore, in velocity estimates INS/VO/GPS performance is parable to 

INS/GPS performance. 

. 
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Figure 5-74 Attitude plot comparison for INS/VO/GNSS 

 
Figure 5-75 Attitude error comparison for INS/VO/GNSS 

The Figure 5-74 shows the attitude comparison between INS, VO, and INS/VO/GPS with 

respect to ground truth reference, where 𝜙 , 𝜃, 𝜓 is the roll, pitch, and yaw angle about the 

𝑥, 𝑦, 𝑧 axis,Figure 5-75 shows the attitude Root Mean Square (RMS) error plot. The Root Mean 

Square (RMS) error for attitude averaged over the whole trajectory is given in Table 5-6. 
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 Attitude RMSE 

INS/VO/GPS 𝟎. 𝟓𝟎° 

GPS only − 

VO only 4.49° 

INS only 0.52° 

Table 5-16 RMSE attitude comparison for INS/VO/GPS 

The INS/VO/GPS algorithm, compared to VO only solution, reduces the attitude error by 

88.86%. With respect to INS, the INS/VO algorithm shows 2.988 % improvement. It can be 

seen that INS/VO/GPS integrated solution provides a significant improvement in in attitude, 

when compared to VO estimate, and a minor improvement when compared to INS estimate. 

The results in all three cases of experimental evaluation section provide confidence in 

INS/VO/GPS integrated system to provide navigation solution with accuracy similar to the 

INS/GPS in case of no sensor failure, as well as outperform INS/GPS and INS/VO in case of 

either GPS failure or VO failure.   
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Chapter 6:  Future Research 

The work done in this research can be furthered in the future in the following aspects: 

1. Physical testing may be carried out using IMU, GPS, and optical cameras with routes 

that will deliberately cause VO and GPS failures in order to test the robustness of 

INS/VO/GPS. 

2. Tightly coupled integration may explored for Dual Extended Kalman Filter (DEKF). 

3. Other sensor fusion techniques, such as Particle Filter, Unscented Kalman Filter, or 

Adaptive Kalman Filter, can be employed in order to improve estimates when white 

noise is not guaranteed. 

4. Monocular VO with scale estimation can be employed thereby reducing the 

computational requirement as well as cost. 

5. Other sensors such as wheel odometry, LiDAR, RADAR, may be considered to further 

improve the robustness in case of sensor failure.  
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Chapter 7:  Conclusion 

The objective of this research was to develop a multi-sensor fusion system to obtain navigation 

solution in order to determine position, velocity, and attitude of a ground vehicle using INS 

(Inertial Navigation System), VO (Visual Odometry), and GPS (Global Positioning System), 

which maintains accuracy in case of GPS or VO failure. 

In the first phase of this research, the Visual Odometry (VO) system was developed and tested. 

In this phase, the traditional Stereo Visual Odometry (SVO) approach was analyzed and 

implemented, and then improvement to this approach was presented called the Modified Stereo 

Visual Odometry (ModSVO). For SVO, the SURF (Speeded-Up Robust Features) algorithm 

was used for detection of interest points and SSD (Sum of Squared Differences) was used to 

match the interest point descriptor vectors. The essential matrix was estimated using the 5-

point algorithm along with RANSAC. This was further utilized to remove outliers based on the 

epipolar constraints. The 3D point location was computed using the Direct Linear 

Transformation (DLT) method. Pose estimation was carried out by solving the Perspective-3-

Point (P3P) problem. It was observed that the estimated rotation matrix was not guaranteed 

orthonormal, therefore the estimated rotation matrix and translation vector was optimized by 

minimizing the reprojection error function using Levenberg Marquardt algorithm. The 

ModSVO improved on this algorithm by utilizing essential matrix decomposition to obtain the 

pose estimate, rather than solving P3P. As the resulting rotation matrix was reasonably 

accurate, only the translation vector is optimized by minimizing the reprojection error. This 

resulted in improved accuracy, while reducing the requirements for computational resources. 

The ModSVO and SVO algorithms were compared on the KITTI (Karlsruhe Institute of 

Technology and Toyota Technological Institute) real-world dataset, sequence 10. It was 

observed that the position RMSE (Root Mean Square Error) reduced from 38.00𝑚 in SVO 

case to 9.42𝑚 in ModSVO case. The attitude of RMSE reduced from 12.16° in SVO case to 
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4.49° in ModSVO case. These results showed that ModSVO is a significant improvement over 

the traditional SVO. 

In the second phase, integrated navigation systems of INS/VO and INS/GPS were developed. 

It was observed that INS (Inertial Navigation System) is affected by error accumulation due to 

double integration over time during computation making it unsuitable as a standalone 

navigation solution. For GPS (Global Positioning System) the sensor noise, low frequency, and 

potential signal loss caused by blockage of line of sight of receiver and satellite due to tall trees, 

buildings, or tunnels rendered it as not a suitable standalone solution. Similarly, VO failure 

may also occur due to direct sunlight to the camera lens, blocking of camera field of view by 

some large vehicle, or unfavorable lighting conditions, so VO is also unsuitable as a standalone 

navigation solution. This provides the requirement for development of the integrated system.  

The INS/VO (Inertial Navigation System / Visual Odometry) was developed by fusing INS 

data and VO data through an Extended Kalman Filter algorithm. The VO data was obtained 

using the ModSVO algorithm discussed above. In this structure, in addition to the traditional 

EKF structure, the EKF updated states were provided as a delayed feedback to the VO pose 

update segment. Furthermore, the VO uncertainty was computed by the standard deviation of 

the reprojection error residual over all the inliers at each frame. Therefore, the sensor noise 

covariance matrix was updated with each VO update. The algorithm was tested using the KITTI 

sequence 10 dataset. It was observed that the position RMSE was reduced from 9.42𝑚 (with 

standalone VO) to 4.63𝑚 (with INS/VO), the attitude RMSE reduced from 4.49° (with 

standalone VO) to 0.5° (with INS/VO), and the velocity RMSE reduced from 32.44𝑚/𝑠 (with 

standalone INS) to 2.12𝑚/𝑠 (with INS/VO). These results show that INS/VO integration 

presented a significant improvement over standalone INS, and standalone VO solutions. 

However, it was observed that if a VO failure occurred then the INS/VO solution significantly 

deteriorates to 46.56𝑚 position RMSE and 12.19𝑚/𝑠 velocity RMSE. 
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The INS/GPS (Inertial Navigation System / Global Positioning System) was developed by 

fusing INS data and GPS data through an Extended Kalman Filter algorithm. The algorithm 

was tested using the KITTI sequence 10 dataset. It was observed that the position RMSE was 

reduced from 3.52𝑚 (with standalone GPS) to 1.77𝑚 (with INS/GPS), the velocity RMSE 

was reduced from 0.86𝑚/𝑠 (with standalone GPS) to 0.73𝑚/𝑠 (with INS/GPS). These results 

show that INS/GPS integration presented a significant improvement over standalone INS, and 

standalone GPS solutions, as well as the INS/VO integrated system because of the higher 

accuracy of the GPS in comparison to VO. However, it was observed that if a GPS failure 

occurred then the INS/GPS solution significantly deteriorates to 34.45𝑚 position RMSE and 

3.85𝑚/𝑠 velocity RMSE. 

The observation of accuracy deterioration in case of sensor failure motivated the third phase of 

the research, in which an INS/VO/GPS integrated system was proposed using Dual Extended 

Kalman Filter (DEKF). DEKF utilizes both VO and GPS measurements as means to correct 

the INS state estimates. The input from accelerometer and gyroscope is used to compute the 

INS state estimates, and the inputs images from left and right cameras are used to compute the 

VO state estimates, VO uncertainty, and an indicator of occurrence of VO failure. This flag is 

true if the VO algorithm was unable to converge to a solution. Otherwise, in presence of valid 

VO solution, the flag is set to false. The VO estimates and INS estimates are fused using the 

EKF structure similar to INS/VO. The output is the state estimate error, which is used to correct 

the INS solution and provide an updated estimate of position, velocity, and attitude. These are 

fused with the GPS measurements using the EKF structure similar to INS/GPS. The solution 

from the second EKF is used to update the states from the first EKF. The solution is also fed 

back to the VO pose update sequence, similar to INS/VO structure. An indicator for connection 

of less than 4 GPS satellites is defined. A true value for this indicator means that due to signal 

blockage the GPS is unable to provide a reliable position estimate. In case the VO failure 
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indicator is true, then the VO measurements are bypassed, and if GPS failure indicator is true, 

then the GPS measurements are bypassed. 

The INS/VO/GPS DEKF fusion was tested using the KITTI sequence 10 dataset. It was 

observed that in case of no sensor failure, INS/VO/GPS performed as well as the INS/GPS, 

however in case of GPS failure it significantly outperforms the INS/GPS solution, reducing the 

position RMSE from 34.45𝑚 (with INS/GPS) to 2.31𝑚 (with INS/VO/GPS), and reducing 

the velocity RMSE from 3.85𝑚/𝑠 (with INS/GPS) to 1.29𝑚/𝑠 (with INS/VO/GPS). In case 

of VO failure, INS/VO/GPS reduces the position RMSE from 46.56𝑚 (with INS/VO) to 

1.76𝑚 (with INS/VO/GPS), and the velocity RMSE from 12.19𝑚/𝑠 (with INS/VO) to 

0.74𝑚/𝑠 (with INS/VO/GPS).  

These results show that in case of VO failure or GPS failure, the INS/VO/GPS DEKF fusion 

significantly outperforms the INS/VO and INS/GPS integrated systems. Therefore, the 

INS/VO/GPS DEKF fusion scheme is an auspicious contribution towards the end goal of 

autonomous robotics and self-driving cars. 
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