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Abstract

The amount of tangible real life structures and systems that can be represented

as queueing models is substantial, and these systems range in importance and com-

plexity. Queueing theory is instrumental to the survey of the performance of these

systems, and therefore, a concrete understanding of queueing theory can provide

us with the ability to increase the reliability and efficiency of these systems. One of

the most salient properties that we can extract from a stable queueing model is its

stationary distributions, which provide vast detail and information regarding the

model’s long term behavior. In this thesis, we will be considering two-dimensional

queueing systems which are equivalent to a random walk in the quarter plane. In

an attempt to solve for the stationary distributions, we use a two-variable gen-

erating function π(x, y), which encodes the joint stationary distribution of the

random walk, and we derive a functional equation that will connect π(x, y) with

the single variable generating functions π1(x) and π2(y), which encode the two

boundary stationary distributions of the random walk. Employing suitable con-

ditions, we are able to reduce the functional equation, known as the fundamental

form, to one which only contains both π1(x) and π2(y). A solid comprehension of

π1(x) and π2(y) can lead us to an understanding of the stationary distributions.

However, the assumption here is that all three generating functions are unknown.

Since we also assume that the stationary distributions are unknown, we need to

find methods in which we can derive meaningful information about the generat-

ing functions. Various techniques do exist to compute closed form solutions, or

integral representations, for π1(x) and π2(y), such as using the Riemann-Hilbert

boundary value problem. In other instances, solving for π1(x) and π2(y) is not
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feasible or required. In this case, determining the asymptotic behavior of the gen-

erating function around its dominant singularity is the goal and details regarding

the asymptotic behavior of the joint and marginal distributions of the random

walk are awarded by applying a Tauberian-like theorem. However, in order to

successfully employ these methods, the original domains of analyticity for π1(x)

and π2(y) need to be enlarged. Ergo, the analytical continuation of the generating

functions π1(x) and π2(y) is essential.

The process of analytical continuation can become quite intricate. In fact,

it has already been shown that both π1(x) and π2(y) are meromorphic in their

respective cut planes. Nonetheless, the proof for this result is also very elaborate

and requires a strong knowledge of a wide scope of mathematical topics, including

Riemann surfaces, Galois theory and sheaf cohomology. Therefore, the purpose of

this thesis is two fold. On the one hand, we would like to provide less complicated

material that is accessible to students belonging to diverse fields of study that

can benefit from queueing theory but may lack the mathematical skills required

to understand other available literature concerning random walks and analytic

continuation. On the other hand, if we attempt to analytically continue π1(x) and

π2(y) using rudimentary methods and keeping company with only the complex

plane, then perhaps we may discover key information or a consistent result that

can be applied to all models, even higher dimensional ones.
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Chapter 1

Markov Chains

A queue is a waiting line, composed of a variety of objects, including people, ve-

hicles and network packets.Queueing theory is the mathematical study of queues.

Agner Krarup Erlang initiated the study of queueing theory when he created

models to describe the Copenhagen telephone exchange, which he developed over

several years in the first decade of the 20th century [13]. In 1906 Andrey Markov

wrote a paper that first described how queues can be reduced to probabilistic

objects known as Markov chains [13]. In fact, it has been shown that most queue-

ing models can be interpreted as Markov chains, and, as a consequence, Markov

chains are employed as the primary tools for the mathematical analysis involved

in queueing theory [13]. On that note, we begin with a brief review of Markov

chains and present important results that will be applied later on.

1
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1.1 Discrete-Time Markov Chains

A stochastic process {X(t) : t ∈ T} is a collection of random variables, defined on

a given probability space, such that, for every t ∈ T , where T ⊆ [0,∞), X(t) is a

random variable.

We can further classify the stochastic process based on the cardinality of T : if

T is a countable set, then {X(t) : t ∈ T} is called a discrete-time process and if

T is an interval of the real line, then {X(t) : t ∈ T} is called a continuous-time

process . Often, the index t is construed to be time, and as such, the random

variable X(t) is referred to as the state of the process at time t. Furthermore,

the set of all possible values that X(t) can assume is called the state space of the

process, which can either be countably infinite, including finite, or uncountably

infinite. The former is referred to as a discrete-state process, and the latter is

called a continuous-state process.

A stochastic process {X(t) : t ∈ T} is said to be a Markov process if, for every

t1 < · · · < tn < tn+1,

P{X(tn+1) ≤ xn+1|X(t1) = x1, . . . , X(tn) = xn}

= P{X(tn+1) ≤ xn+1|X(tn) = xn}.

The preceding equation illustrates the defining feature of a Markov process, known

as the Markov property or the memoryless property : given the present state, the

future state of the process depends only on the present state and not on the past
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history.

Note: From this point on, when we speak of a discrete-time Markov process or

a continuous-time Markov process, we will assume that both Markov processes

have a discrete state space.

A discrete-state Markov process is called a Markov chain. When we consider a

discrete-time Markov chain, then we denote the random variables of the Markov

chain as {Xn : n ∈ N0} and the state space to be N0, where N0 is the set of all

non negative integers, that is, the set {N ∪ {0}}. If Xn = i then we say that the

process is in state i at time n. We further characterize the discrete-time Markov

chain by the value pij, which is the probability that if the process is currently in

state i then the next transition will be to state j. More formally, the one-step

transition probabilities pij for {Xn : n ∈ N0} are defined as:

P{Xn+1 = j|Xn = i, . . . , X0 = i0} = P{Xn+1 = j|Xn = i} = pij,

where pij ≥ 0 and
∑∞

j=0 pij = 1 for i ∈ N0.

We can further define the probability that the process, when in state i will be in

state j after n additional transitions, denoted as pnij, for n, i, j ∈ N0, as:

pnij = P{Xn+k = j|Xk = i}.

When P{Xn+1 = j|Xn = i} is independent of n then the Markov chain is said to

possess stationary transition probabilities and the process is called a homogenous
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Markov chain, otherwise it is a nonhomogenous Markov chain.

Note: From here on, we shall assume that the discrete-time Markov chain is

homogenous.

We now define the one-step transition probability matrix P of {Xn : n ∈ N0}

as a stochastic matrix whose (i, j)th entry denotes the probability that the chain’s

next step, from state i, is into state j and the n-step transition probability matrix

P(n) of {Xn : n ∈ N0} as a stochastic matrix whose (i, j)th entry denotes the

probability that the chain will enter state j, from state i, in n steps. A significant

connection between the two matrices is found via the Chapman-Kolmogorov equa-

tions, which will not be stated but can be found in any stochastic textbook. These

equations demonstrate that P(n) = Pn [14] and hence, offer a valuable method

in deriving the n-step transition probabilities: we simply multiply P by itself n

times to obtain P(n).

The matrix P(n) clearly provides a lot of information in terms of predicting

future habits and patterns of mathematical systems. For example, take weather

forecasting. If we are able to model rain in a certain area as a two-state discrete-

time Markov chain, where the process is in state 0 if it rains and the process is

in state 1 if it does not rain, then the value p
(12)
1,1 represents the probability that

it will not rain in 12 days, given that it is not raining today. Being able to derive

the above probability is very convenient for many reasons. An even stronger

mechanism employed for making auguries about a discrete-time Markov chain is

to let limn→∞P(n) and determine whether this limit exists and, if so, what the
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limiting values are.

Before we investigate the limiting behavior of a discrete-time Markov chain,

we still need some definitions. State j is said to be accessible from state i if there

exists an n ≥ 0 such that pnij > 0. Two states i and j are said to communicate if

i and j are accessible to each other. Two states belong in the same class if they

communicate. If all states in a Markov chain communicate with each other, then

there is only one class and the Markov chain is called irreducible . A state i is

called recurrent if the probability that, starting in state i, the process will reenter

state i at some later time, is 1. Furthermore, if state i is recurrent, then it is

considered positive recurrent if, when starting in state i, the expected time until

the process returns to state i is finite. A state i is said to have period d if P n
ii = 0

whenever n is not divisible by d and d is the largest integer with this property. A

state with period 1 is called aperiodic.

Positive recurrent aperiodic states are called ergodic.

We now define πj = limn→∞ p
n
ij. If there exists a probability vector π, whose jth

coordinate is πj, such that π P= π, where P is the one-step transition probability

matrix of a Markov chain, then π is called the stationary distribution for the

Markov chain. The following important theorem, which we state without proof,

tells us the specific properties that a Markov chain needs to possess in order to

guarantee the existence and uniqueness of π.
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Theorem 1.1 [14]: If a discrete-time Markov chain is irreducible and ergodic,

then for every j ∈ N0,

πj = lim
n→∞

pnij exists,

and πj is the unique non negative solution of

πj =
∞∑
i=0

πipij where
∞∑
j=0

πi = 1.

We can immediately see the importance of the above theorem. In effect, it

is telling us that irrespective of our initial state and irrespective of our initial

distribution, if we allow our chain to run for a long time, then the distribution of

Xn will be the stationary distribution. Moreover, if the initial state is chosen in

compliance with the stationary probabilities πj, then the probability of being in

state j at any time n is also πj. So knowing that a discrete-time Markov chain

has the very attractive feature of being both irreducible and ergodic allows us

to compute the long run proportion of time that the chain is in at any state.

Clearly, the stationary distribution of any system, provided it exists, gives us

crucial information when analyzing the behavior of a Markov process and gives

us the ability to make strong predictions about system performance.
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Remark: If the discrete-time Markov chain is not aperiodic, then limn→∞ p
n
ij may

not exist. Consider the easy example where the transition matrix P of a Markov

chain is defined as 0 1

1 0


In this case, π= [1

2
, 1
2
] is the unique solution to πP=π. However,

Pn =



 0 1

1 0

 , if n = 1, 3, 5, . . .

 1 0

0 1

 , if n = 2, 4, 6, . . .

,

and it is clear that limn→∞Pn does not exist.

The above example demonstrates the notion that limiting probabilities are

not necessarily equal to the stationary probabilities. Although the limit result

πj = limn→∞ p
(n)
ij bears little computational value, it allows us to justify using the

stationary distribution as an analysis tool when examining the behavior of real

life systems, since most real life systems do not start out stationary.
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1.2 Continuous-Time Markov Chains

In accordance with the discrete-time Markov chain, {X(t) : t ∈ [0,∞)} is a

continuous-time Markov chain, if for all s, t ∈ [0,∞) and states i, j and x(u),

P{X(t+ s) = j|X(s) = i,X(u) = x(u), 0 ≤ u < s} = P{X(t+ s) = j|X(s) = i}.

When P{X(t + s) = j|X(s) = i} is independent of s, then the continuous-time

Markov chain is said to have stationary transition probabilities.

Note: From here on, we shall assume that the continuous-time Markov chain has

stationary transition probabilities.

It can be easily shown, using the memoryless property of a Markov process,

that if we let Ti denote the amount of time that the chain stays in state i before

leaving to another state j, where i 6= j, then Ti is exponentially distributed with

mean 1
vi

. Therefore, we can describe a continuous-time Markov chain, as a random

process that moves along in the same manner as a discrete-time Markov chain,

with a discrete state space, but the amount of time that the continuous-time

Markov chain spends in each state, before making a transition to another state,

is exponentially distributed. Specifically, for state i, the rate at which the process

leaves to another state different from state i, is vi. Furthermore, if we define pij

to be the probability that the process enters state j after it leaves state i, then

we have, for all i, pii = 0 and
∑

j pij = 1.

Another important quantity of interest is the instantaneous transition rate qij.
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We know that vi is the rate at which the process makes a transition from state i

and pij is the probability that this transition enters state j, so qij is the rate at

which the process leaves state i and enters state j. We define qij, for any pair of

states i and j, as qij = vipij.

From the definition of qij, we see that

vi =
∑

j qij and pij =
qij
vi

.

In order to study the limiting probabilities of a continuous-time Markov chain,

we need one more definition, which is similar to the discrete-time version of the

probabilities p
(n)
ij , but a smidgen more complicated: the transition probability of

the continuous-time Markov chain. The transition probability is the probability

that the process, currently in state i, will enter state j a time t later, and this

quantity is denoted by

pij(t) = P{X(t+ s) = j|X(s) = i}.

Naturally then, when considering the long term behavior of a continuous-time

Markov chain, we analyze the consequences of letting time run off to infinity. If

we assume that a limiting value does exist, say pj and is independent of the initial

state i, then we are looking at: pj = lim
t→∞

pij(t).

To solve these limiting probabilities, we use the following set of equations:

vjpj =
∑
i6=j

qjkpk for all states j and
∑

j pj = 1.

The first set of equation vjpj =
∑

i6=j qjkpk is derived from Kolmogorov’s forward
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equations [14], which we will not state but can be found in any stochastic textbook.

These equations are referred to as a set of balance equations since the left hand

side represents the rate at which the process leaves state j and the right hand side

represents the rate at which the process enters state j.

Parallel to the discrete-time Markov chain case, we still require certain condi-

tions to be met so as to guarantee the existence of the limiting probabilities for

the continuous-time Markov chain. In particular, we have the following theorem

which will be stated without proof.

Theorem 1.2 [14]: If a continuous-time Markov chain is irreducible and positive

recurrent, then

pj ≡ lim
t→∞

pij(t) exists and is independent of i.

Note: In contrast to the discrete-time Markov chain, there is no issue of period-

icity for continuous-time Markov chain. In this sense, we can interpret pj as both

the limiting distribution and as the stationary distribution. When the limiting

probabilities pj exist, we call the continuous-time Markov chain ergodic.

1.3 Uniformization

Now suppose we have some ergodic continuous-time Markov chain {X(t) : t ∈

[0,∞)} with parameters vi. Let Yn be the state of X(t) after n transitions. Then

{Yn : n ∈ N0} is a discrete-time Markov chain with transition probabilities pij =
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qij
vi

and we call it an embedded chain [14].

Remark: When vi ≡ v then πj = pj.

The preceding remark demonstrates that perhaps it is possible to extract a

discrete-time Markov chain from a continuous one, where the stationary distribu-

tions remain intact. And indeed there is, by way of uniformization. The idea be-

hind uniformization takes a continuous-time Markov chain, with varying bounded

vis, and chooses a uniform parameter v such that, for all states i, v ≥ vi [14].

To compensate, a fictitious transition from a state to itself is added and the new

embedded Markov chain is defined as follows: If the process is in state i, then the

amount of time it stays in state i is exponentially distributed with mean 1
v

and

then the process will leave state i with probability vi
v

or return to state i with

probability 1 − vi
v

. That is, our new discrete-time Markov chain has transition

probabilities defined as:

p∗ii = 1− vi
v

and p∗ij = vi
v
pij for all i 6= j [14].

Recalling the definition of a Poisson process, in the same vein as this introduc-

tion, it is a process whose state space is N0, the amount of time it spends in each

state i is exponentially distributed with mean 1
λ
, so that vi = λ for every i, and,

pij = 1 if j = i + 1 and 0 otherwise. We can see then, that our new embedded

Markov chain has jumps which occur according to a Poisson process with rate v.

In this way, uniformization allows us to view almost all continuous-time Markov

chains, with parameters vi and pij, as an amalgamation of a Poisson process with
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rate v and a discrete-time Markov chain with transition probabilities p∗ij.

One of the most powerful results of uniformization which we will exploit later

on, is that the uniformized Markov chain has the same stationary distribution

as the original continuous-time Markov chain [14]. It is for this very reason that

the use of uniformized Markov chains to study the properties of continuous-time

Markov chains constitutes a very significant method in applied probability theory.

1.4 Two-Dimensional Markov Chains

Let us briefly backtrack to the continuous-time Markov chain and look at birth

and death queueing models, which are exponential queueing systems where the

arrival and departure rates depend on the number of people, say, in the system.

If there are n customers in the system, then the time until the next arrival is

exponential with rate λn and is independent of the time of the next departure,

which is also exponential with rate µn. Moreover, the time until either the next

arrival or departure occurs is also exponentially distributed with rate λn+µn [14].

One of the most easily understood examples of a one-dimensional queueing

system, that is, a system with only one queue, is the M/M/1 system. This is

modeled as the birth and death process described above, where, if we let {X(t) :

t ≥ 0} denote the number in the system at time t, then

µn = µ for n ≥ 1 and λn = λ for n ≥ 0.

We can visualize the M/M/1 system as people arriving to a single-server service
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system, in accordance with a Poisson process having rate λ, so that the times

between successive arrivals are independent exponential random variables having

mean 1
λ
. Upon arrival, the customer either goes directly to the server, if the

server is free, or joins a queue, that is, a line or a room, where the customer waits.

We assume this queue has infinite capacity. When the server is finished with

the customer, the customer leaves the system and if there is another customer in

line, then that new customer enters service. The successive service times are also

assumed to be independent exponential random variables having mean 1
µ
. Indeed,

the two Ms, in the name M/M/1 refers to the fact that both the interarrival time

and service time are exponentially distributed, and hence Markovian [14]. The 1

refers to the fact that there is only one server.

To determine the limiting probabilities, we use the balance equations and get the

following relation: λPn = µPn+1 for all n ≥ 0. Furthermore, using the fact that∑∞
n=0 Pn = 1, we obtain:

P0 =
1

1 +
∑∞

n=1 (λ
µ
)
n ,

which gives:

Pn =
(λ
µ
)n

1 +
∑∞

n=1 (λ
µ
)
n =

(
λ

µ

)n(
1− λ

µ

)
for λ

µ
< 1 and n ≥ 0.

Even without computing Pn, we can intuitively see that for this system to be

stable, we need λ < µ. If λ > µ, then the customers would arrive at a faster rate
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than they could be served and the queue would blow up, so to speak.

Of course there are various types of one-dimensional queueing systems, with

varying degrees of distributions, amount of servers, the way in which the cus-

tomers are served, and the amount of customers the queue can hold. But the

common feature amongst all these models is that they only have one queue. We

are interested in a queueing system that has two queues, Q(t) = (Q1(t), Q2(t)),

which can be modeled as birth and death processes. One of the easiest examples

of a two-dimensional queueing system is that of a tandem queue. This is described

as a two-server service system in which customers arrive at a Poisson rate λ to

server 1. If the server is a busy with a current customer, the arriving customers

waits in a queue. Otherwise, the arriving customer goes directly to server 1. The

service time of server 1 is exponentially distributed with mean 1
µ1

. After being

served by server 1, the customer goes to server 2. Again, if server 2 is busy, the

customer waits in a second queue, otherwise the customer goes directly to server 2.

The service time of server 2 is also exponentially distributed with mean 1
µ2

. Once

server 2 has served the customer, the customer leaves the system. We also assume

that both queues have infinity capacity and each server serves one customer at a

time. We can see that server 1 is faced with an M/M/1 queue and server 2 is

faced with an M/M/1 queue.

The computational aspect of determining the limiting probabilities pm,n from the



CHAPTER 1. MARKOV CHAINS 15

balance equations can be quite involved. However, it has been shown that [14]:

pm,n =

(
λ

µ1

)m(
1− λ

µ1

)(
λ

µ2

)n(
1− λ

µ2

)
.

Intuitively, we see that the system is stable λ < µ1 and λ < µ2.



Chapter 2

Random Walks in the Quarter

Plane

There is a myriad of interesting two-dimensional queueing systems, including tan-

dem queues with coupled processor, where one idle server helps the other, a Jack-

son network, which has two arrival rates and preemptive priority queueing sys-

tems, where the arriving customers are placed into two classes, higher and lower

priority. When the queues in two-dimensional system represent continuous-time

Markov chains and have bounded rates, then we know from the previous section

that we can convert these chains into discrete-time ones, through uniformization.

This chapter will focus on how we can model a two-dimensional system as a ran-

dom walk in the quarter plane and then we will introduce a functional equation

that joins the probability generating functions for the joint stationary distribu-

tion πm,n, of the random walk, with the two generating functions for the boundary

16
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stationary distributions, πm,0 and π0,n, of the random walk.

2.1 Random Walks

The random walk in the quarter plane that we will consider is one that can be

classically described as a drunk walking around in an area with walls (boundaries)

in two adjacent sides which are both infinite in length. Visually, the construct of

the area and two walls is identical to the first quadrant of the coordinate plane.

If the drunk is in the interior of the two boundaries, then he can move to one of

the eight positions available to him, or stay in the same position. The probability

that he moves to one of these new positions, or stays put, is denoted by pi,j for

i, j = 0,±1. If the drunk is on the horizontal wall, excluding the point (0, 0), then

he has five available positions to choose from for his next step, which will either

reflect off the boundary, move left or right on the boundary, or remain in the same

position, with probability p
(1)
i,j for i = 0,±1 and j = 0, 1. Similarly, on the vertical

boundary, excluding the point (0, 0), the drunk also only has five choices for his

next step, which will also be a reflection off the boundary, a movement up or down

on the boundary, or no movement, with probability p
(2)
i,j for i = 0, 1 and j = 0,±1.

Finally, at the point (0, 0), the drunk can either move up the vertical boundary,

move right on the horizontal boundary, move into the one position available to him

in the interior, or stay in the same position, with probability p
(0)
i,j for i, j = 0, 1.

Note that we have assumed that the random walk is homogeneous and that the

steps are bounded by one. The latter implies that the drunk is unable to hop
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over one of his available choices, into another position. He must either stay put

or make one step to one of the neighboring positions. Finally, we assume that

p0,0 < 1 since otherwise the random walk would be degenerative: the drunk would

be too inebriated to leave his initial position [17].

If we define the random variables X+, X1, X2 and X0 to have the distributions

X+ ∼ pi,j, X1 ∼ p
(1)
i,j , X2 ∼ p

(2)
i,j and X0 ∼ p

(0)
i,j ,

then the random walk in the quarter plane, Lt = (L1(t), L2(t)), is a two-dimensional

discrete-time Markov chain [17].

We define the union of the following 4 sets as the state space of Lt:

S+ = {(m,n) : m,n ∈ N\{0}} as the interior of quarter plane,

S(1) = {(m, 0) : m ∈ N\{0}} as the horizontal axis,

S(2) = {(0, n) : n ∈ N\{0}} as the vertical axis and

S(0) as the origin (0, 0).

Moreover, the random walk Lt has transition probabilities, for k = 0, 1, 2,

P (Lt+1 = (m2, n2)|Lt = (m1, n1))

=


P (X+ = (m2 −m1, n2 − n1) if (m2, n2) ∈ N2

0, (m1, n1) ∈ S+

P (Xk = (m2 −m1, n2 − n1) if (m2, n2) ∈ N2
0, (m1, n1) ∈ S(k)

.

If we let P denote the transition probability matrix and π = (πi,j) be the unknown
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stationary equations to π P=π, then πP = π is equivalent to the following systems

of equations [17]:(
1− p(0)0,0

)
π0,0 = p

(1)
−1,0π1,0 + p

(2)
0,−1π0,1 + p−1,−1π1,1,(

1− p(1)0,0

)
π1,0 = p

(0)
1,0π0,0 + p

(1)
−1,0π2,0 + p−1,−1π2,1 + p

(2)
1,−1π0,1 + p0,−1π1,1,(

1− p(2)0,0

)
π0,1 = p

(0)
0,1π0,0 + p

(1)
0,−1π0,2 + p−1,−1π1,2 + p

(1)
−1,1π1,0 + p−1,0π1,1

For i ≥ 2,(
1− p(1)0,0

)
πi,0 = p

(1)
1,0πi−1,0 + p

(1)
−1,0πi+1,0 + p−1,−1πi+1,1 + p1,−1πi−1,1 + p0,−1πi,1,

for j ≥ 2,(
1− p(2)0,0

)
π0,j = p

(2)
0,1π0,j−1 + p

(2)
0,−1π0,j+1 + p−1,−1π1,j+1 + p−1,1π1,j−1 + p−1,0π1,j,

and, for both i ≥ 2 and j ≥ 2,

(1− p0,0) πi,j = p1,−1πi−1,j+1 + p−1,−1πi+1,j+1 + p0,−1πi,j+1 + p1,0πi−1,j + p−1,0πi+1,j

+p1,1πi−1,j−1 + p0,1πi,j−1 + p−1,1πi+1,j−1 + p.

Note: In terms of notation, since we are interested in two-dimensional queueing

system that can be modeled as the random walk in the quarter plane described

above, we denote the horizontal axis as Q1 and it represents the number of cus-

tomers, say, in the first queue. Similarly, we denote the vertical axis as Q2 and it

represents the number of customers in the second queue.
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2.2 The Fundamental Form

The generating function associated with a sequence {an : n ∈ N0} is a power

series given by f(z) =
∑∞

n=0 anz
n for z ∈ C.

A discrete random variable X, taking on non-negative integers, with probability

mass function P (X = n) = pn is fully specified by the sequence {pn : n ∈ N0}

and the corresponding generating function

A(z) = E(zX) =
∞∑
n=0

pnz
n, z ∈ C,

is called a probability generating function. Notice that 0 ≤ pn ≤ 1 and A(1) = 1,

so that A(z) is well defined for all |z| ≤ 1 and converges absolutely for all |z| ≤ 1

[8]. We will explore the notions of convergence and analyticity for probability

generating functions in Chapter 4.

In the multivariate case, if X=(X1, . . . , Xd) is a discrete random variable taking

values in the d-dimensional non-negative integer lattice {0, 1, . . .}d, then, for z =

(z1, . . . , zd) ∈ Cd, the probability generating function of X is defined as:

A(z) = A(z1, . . . , zd) = E
(
zX1
1 · · · z

Xd
d

)
=

∞∑
x1=0

· · ·
∞∑

xd=0

p(x1, . . . , xd)z
x1
1 · · · z

xd
d .

The above sum converges absolutely for at least all z = (z1, . . . , zd) ∈ Cd with

max {|z1|, . . . , |zd|} ≤ 1.

Note: Since we will only be dealing with discrete random variables taking on

non-negative integer values, we shall henceforth refer to a probability generating
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function simply as a generating function.

Examples:

Let % = λ
µ
. Then, for the M\M\1 queue, with z ∈ C, we have:

A(z) =
∞∑
n=0

pnz
n =

∞∑
n=0

(%)n (1− %) zn =
1− %
1− %z

for |z| < 1
%
.

For the tandem queue, we let %1 = λ
µ1

and %2 = λ
µ2

. Then, for x ∈ Cx and y ∈ Cy,

we have

A(x, y) =
∞∑
m=0

∞∑
n=0

pm,nx
myn

=
∞∑
x=0

∞∑
y=0

= (%1)
m (1− %) (%2)

n (1− %2)xmyn

=
1− %1

1− %1x
· 1− %2

1− %2y
for |x| < 1

%1
and |y| < 1

%2
.

In a sense, the probability distribution is encoded in its generating function and

we see that characterizing pn is equivalent to characterizing A(z) [17]. It is for this

reason that generating functions are considered extremely useful tools for analysis,

since they offer a power series which can potentially be expressed in a simplified

form. In the above example, we were able to derive the generating functions for

both queueing systems because we already had prior knowledge as to what pn

and pm,n were. Suppose we did not have an expression for pn and pm,n but did

have closed form expressions of their generating functions. Then we can work
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our way back, using the expressions and definition of the generating functions, to

find pn and pm,n. Even if we are unable to solve for pn and pm,n directly, we can

still extract valuable properties about these probability distributions from their

generating functions. Naturally then, a laconic method in obtaining information

about the stationary distributions, πm,n, πm,0 and π0,n, assuming they exist, is to

study the generating functions π(x, y), π1(x) and π2(y), which are defined as [16]:

π(x, y) =
∞∑
m=1

∞∑
n=1

πm,nx
m−1yn−1 for (x, y) ∈ C2

π1(x) =
∞∑
m=1

πm,0x
m−1 for x ∈ Cx

π2(y) =
∞∑
n=1

π0,ny
n−1 for y ∈ Cy

Note: π0,0 is a constant.

Remark: Cx ≡ C and Cy ≡ C. The standard notation for a complex number is

z = x+iy where x, y ∈ R. However, in our case, both x and y are complex numbers

themselves, in the sense that x = u + iv and y = a + bi, where u, v, a, b ∈ R. It

is for this reason that we index the complex plane with either x or y so that

we remember that both x and y are complex numbers, living in their respective

complex plane.
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Clearly, none of these generating functions are finite for every x ∈ Cx and y ∈ Cy.

However, here is what we do know:

1. π(x, y) is analytic in the open domain {(x, y) ∈ C2 : |x| < 1, |y| < 1}.

2. π(x, y) is continuous in the closed domain {(x, y) ∈ C2 : |x| ≤ 1, |y| ≤ 1}.

Similar results hold for both π1(x) and π2(y): both are analytic in the unit disk,

in their respective complex planes, and both are continuous on the unit circle, in

their respective complex planes. These claims will be proven in Chapter 4.

We want to find a functional equation between all three unknown generating

functions. Indeed, such a functional equation exists, known as the fundamental

form. However, we first need to define the remaining ingredients. Accordingly,

for x ∈ Cx and y ∈ Cy, let [16]:

h(x, y) = xy

(
1∑

i=−1

1∑
j=−1

pi,jx
iyj − 1

)

= a(x)y2 + b(x)y + c(x) = ã(y)x2 + b̃(y)x+ c̃(y),

h1(x, y) = x

(
1∑

i=−1

1∑
j=0

p
(1)
i,j x

iyj − 1

)

= a1(x)y + b1(x) = ã1(y)x2 + b̃1(y)x+ c̃1(y),
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h2(x, y) = y

(
1∑
i=0

1∑
j=−1

p
(2)
i,j x

iyj − 1

)

= a2(x)y2 + b2(x)y + c2(x) = ã2(y)x+ b̃2(y),

h0(x, y) =

(
1∑
i=0

1∑
j=0

p
(0)
i,j x

iyj − 1

)

= a0(x)y + b0(x) = ã0(y)x+ b̃0(y),

where,

a(x) = p−1,1 + p0,1x+ p1,1x
2

b(x) = p−1,0 − (1− p0,0)x+ p1,0x
2

c(x) = p−1,−1 + p0,−1x+ p1,−1x
2

a1(x) = p
(1)
−1,1 + p

(1)
0,1x+ p

(1)
1,1x

2
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b1(x) = p
(1)
−1,0 −

(
1− p(1)0,0

)
x+ p

(1)
1,0x

2

a2 (x) = p
(2)
0,1 + p

(2)
1,1x

b2(x) = p
(2)
0,0 − 1 + p

(2)
1,0x

c2(x) = p
(2)
0,−1 + p

(2)
1,−1x

a0(x) = p
(0)
0,1 + p

(0)
1,1x

b0(x) = p
(0)
1,0x−

(
1− p(0)0,0

)

ã(y) = p1,−1 + p1,0y + p1,1y
2

b̃(y) = p0,−1 − (1− p0,0) y + p0,1y
2

c̃(y) = p−1,−1 + p−1,0y + p−1,1y
2
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ã0(y) = p
(0)
1,0 + p

(0)
1,1y

b̃0(y) = p
(0)
0,1y −

(
1− p(0)0,0

)

ã1(y) = p
(1)
1,0 + p

(1)
1,1y

b̃1(y) = p
(1)
0,0 − 1 + P

(1)
0,1 y

c̃1(y) = p
(1)
−1,0 + p

(1)
−1,1y

ã2(y) = p
(2)
1,−1 + p

(2)
1,0y + p

(2)
1,1y

2

b̃2(y) = p
(2)
0,−1 −

(
1− p(2)0,0

)
y + p

(2)
0,1y

2.

Now we can state the fundamental form of the random walk, which is given by

[16]:

−h(x, y)π(x, y) = h1(x, y)π1(x) + h2(x, y)π2(y) + h0(x, y)π0,0 (2.1)

For simplification, due to extensive computation, a proof of the fundamental form
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is not given, although one is provided in (1.3.6) in [2]. The reason why the above

functional equation is referred to as fundamental is primarily based on the fact

that, through analysis of the functional equation, we can determine, or express,

the unknown generating functions. [17]

Often times, authors work with generating functions where the summation

begins at 0, rather than 1 [16]:

Π(x, y) =
∞∑
i=0

∞∑
j=0

πi,jx
iyj, Π1(x) =

∞∑
i=0

πi,0x
i, and Π2(y) =

∞∑
j=0

π0,jy
j.

Then the fundamental form (2.1) becomes:

H(x, y)Π(x, y) = H1(x, y)Π1(x) +H2(x, y)Π2(y) +H0(x, y)π0,0, (2.2)

where,

H(x, y) = −h(x, y)

H1(x, y) = −h(x, y) + h1(x, y)y

H2(x, y) = −h(x, y) + h2(x, y)x

H0(x, y) = h0(x, y)xy + h(x, y)− h1(x, y)y − h2(x, y)x.

We will be using the fundamental form (2.1) throughout the rest of our work,

although we will employ (2.2) for the Wireless Three-Hop Networks model in

Chapter 4. Again, the fundamental form is an exceptionally significant functional

equation since it links all of the unknown generating functions together, and, as

such, we can cleverly manipulate (2.1) so at to compute or derive an expression
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for the generating functions. However, before we continue our analysis of (2.1),

it would be wise to explore when, and under what circumstances, the stationary

distributions of the random walk exist.

2.3 Ergodicity Conditions

Recall in section 1.1 we showed that a discrete-time Markov chain was ergodic (ir-

reducible, aperiodic, and positive recurrent) if and only if the stationary equations

πP = π existed and had a unique solution such that
∑

α πα = 1. We conclude

this chapter by a theorem that gives necessary and sufficient conditions for the

random walk to be ergodic. Let:

Dz(0, 1) = {z ∈ C : |z| < 1} be the open unit disk in the z plane,

D̄z(0, 1) = {z ∈ C : |z| ≤ 1} be the closed unit disk in the z plane,

∂Dz(0, 1) = {z ∈ C : |z| = 1} be the unit circle in the z plane.

Theorem 2.1 [2]: For the irreducible aperiodic random walk to be ergodic, it

is necessary and sufficient that there exists functions π(x, y), π1(x) and π2(y)

analytic in Dx(0, 1)×Dy(0, 1), Dx(0, 1) and Dy(0, 1), respectively, and a constant

π0,0, satisfying the fundamental form (2.1), together with the condition that

∞∑
m=0

∞∑
n=0

|πm,n| <∞.
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Proof : The proof follows directly from the sufficient and necessary conditions of

an ergodic discrete-time Markov chain, as recalled in the first paragraph of this

section.

Note: From this point forward, when we do our analysis on any random walk in

the quarter plane, we shall assume that the random walk is ergodic.

Remark: A complex valued function f(z) is called analytic on an open set, if it

is differentiable at every point in the open set [12]. We will further explore the

idea of analyticity in Chapter 4.

Theorem 2.1 has merit from a theoretical standpoint, but in practice it is

not convenient, since the determination of the unknown functions πk is required.

Instead, to acquire the stability conditions, we turn to a very useful result using

mean drifts.

Let us denote the expected one-step transition along the x direction from an

interior state as Mx, the expected one-step transition along the y direction from

an interior state as My, and the expected one-step transition along the x direction,

or y direction, from a boundary state as M
(k)
x and M

(k)
y , respectively, for k = 1, 2.
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Then these mean drifts are defined as followed [16]:

M = (Mx,My) =
(∑

i i
(∑

j pi,j

)
,
∑

j j (
∑

i pi,j)
)

,

M(1) = (M
(1)
x ,M

(1)
y ) =

(∑
i i
(∑

j p
(1)
i,j

)
,
∑

j j
(∑

i p
(1)
i,j

))
,

M(2) = (M
(2)
x ,M

(2)
y ) =

(∑
i i
(∑

j p
(2)
i,j

)
,
∑

j j
(∑

i p
(2)
i,j

))
.

Furthermore, by simple algebra, we can show that:

Mx = ã(1)− c̃(1) = d
dx
a(x)|x=1 + d

dx
b(x)|x=1 + d

dx
c(x)|x=1,

M
(1)
x = ã1(1)− c̃1(1) = d

dx
a1(x)|x=1 + d

dx
b1(x)|x=1,

M
(1)
x = ã2(1) = d

dx
a2(x)|x=1 + d

dx
b2(x)|x=1 + d

dx
c2(x)|x=1,

My = a(1)− c(1) = d
dy
ã(y)|y=1 + d

dy
b̃(y)|y=1 + d

dy
c̃(y)|y=1,

M
(1)
y = a1(1) = d

dy
ã1(y)|y=1 + d

dy
b̃1(y)|y=1 + d

dy
c̃1(y)|y=1,

M
(2)
y = a2(1)− c2(1) = d

dy
ã2(y)|y=1 + d

dy
b̃2(y)|y=1.

We use these mean drifts to determine ergodicity conditions for the random walk

via Theorem 3.3.1 of [2], which was later amended by Kobayashi and Miyazawa,

and will be stated without proof [16]:

Theorem 2.2: When M 6= 0, the random walk is ergodic if and only if one of

the following three conditions hold:

1. Mx < 0, My < 0, MxM
(1)
y −MyM

(1)
x < 0 and MyM

(2)
x −MxM

(2)
y < 0;

2. Mx < 0, My ≥ 0, MyM
(2)
x −MxM

(2)
y < 0 and M

(1)
x < 0 if M

(1)
x = 0;
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3. Mx ≥ 0, My < 0, MxM
(1)
y −MyM

(1)
x < 0 and M

(2)
y < 0 if M

(2)
x = 0.

When the random walk is stable and M = 0, then we call the stationary

distributions πm,0 and π0,n heavy-tailed. On the other hand, when M 6= 0, then

πm,0 and π0,n are referred to as light-tailed. Heavy-tailed cases are much more

complicated than light-tailed cases and there still remains many open questions

concerning the former. In particular, for the heavy-tailed case, it has been shown

that π1(x) and π2(y) cannot be analytically continued past the unit disk, in their

respective domains [2]. However, for the light-tailed case, it has been shown that

π1(x) and π2(y) can be analytically continued past the unit disk, in their respective

domains [2]. Since the purpose of this thesis is to analytically continue π1(x) and

π2(y) past the unit disk, we will assume that for any random walk we consider,

M 6= 0, since otherwise analytic continuation is not feasible.

Note: Notice that the condition M 6= 0 is equivalent to ã(1) 6= c̃(1) and a(1) 6=

c(1) which gives:

p−1,1 + p0,1 + p1,1 6= p−1,−1 + p0,−1 + p1,−1 and

p1,−1 + p1,0 + p1,1 6= p−1,−1 + p−1,0 + p−1,1.



Chapter 3

Kernel Equation & Branches

We saw in the last chapter that the only functional equation we have connecting

all three generating functions is the fundamental form:

−h(x, y)π(x, y) = h1(x, y)π1(x) + h2(x, y)π2(y) + h0(x, y)π0,0.

Clearly, this equation has three unknown functions and to gather any meaningful

information, we need to reduce the equation down so that it contains only two

unknown functions, specifically π1(x) and π2(y). No doubt, the only way to achieve

this task is to set the left hand side of the fundamental form equal to zero. This is

why the function h(x, y) is called the kernel function and h(x, y) = 0 is called the

kernel equation. And now we are in the business of studying the kernel equation

h(x, y) = 0 without using too advanced mathematical topics. Instead, we will use

single variable complex analysis.

32
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3.1 Kernel Equation & Branch Points

Let us define

B = {(x, y) ∈ C2 : h(x, y) = 0}

to be the algebraic curve defined by the kernel equation of the random walk.

Now, h(x, y) is a polynomial of degree at most two in variables x and y. When

h(x, y) is reducible or of degree 1 in at least one of the variables x and y, then

the random walk is called singular [2]. Otherwise, h(x, y) is irreducible and the

random walk is called non-singular [2]. When a random walk is singular then the

analysis involved is considered less demanding than the non-singular case. For

this reason, all of our analysis will be under the assumption that the random walk

is non-singular.

Note: When h(x, y) is of degree one with respect to y, say, then a(x) = 0 which

is equivalent to pi,1 = 0, for every i. Similar results hold when h(x, y) is of degree

one with respect to x.

Let us first consider h(x, y) as a polynomial in y, so that

h(x, y) = a(x)y2 + b(x)y + c(x).

Then, for each fixed x and a(x) 6= 0, h(x, y) is a quadratic in the variable y and

the kernel equation gives us two solutions:

Y± (x) =
−b (x)±

√
δ (x)

2a (x)
.
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where

δ(x) = b2(x)− 4a(x)c(x) is the discriminant.

Similarly, for each fixed y and ã(y) 6= 0, h(x, y) is a quadratic in the variable x

and the kernel equation gives us two solutions:

X± (y) =
−b̃ (y)±

√
δ̃ (y)

2ã (y)

where

δ̃(y) = b̃2(y)− 4a(y)c(y) is the discriminant.

We immediately see that Y±(x) and X±(y) are two-valued functions with two

branches each. Regrettably, analytic continuation and multivalued functions do

not make a great couple. Problems can arise quickly since the value of a func-

tion prior to its journey along a path may not be the same once the function has

returned back to its starting point [12]. Another issue with the two-valued func-

tions is that we will be using them through out our analysis and we need to make

sure their branches are well defined and we need to be able to specify which well

defined branch we ought be using, depending on which area in the complex plane

we are in. The classic approach to dealing with multivalued functions is to find

their branch points and create branch cuts. It is on these branch cuts that the

multivalued functions fail to be continuous, but all of their branches are specified

and each one is well defined.

In what follows, since entirely symmetrical results hold for X±(y) as they do
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for Y±(x), we will only study Y±(x) in detail. Now, the branch points of Y±(x)

are the values x such that δ(x) = 0. Therefore, a good place to begin is to look at

the equation δ(x) = 0 and try to deduce properties about its roots. In fact, the

following theorem provides us with a host of information regarding the roots.

Theorem 3.1 [7]: If the polynomial δ(x) has degree four, and My 6= 0, then δ(x)

has four real roots, two of which are inside the unit disk Dx(0, 1), and two of which

are outside the unit circle Dx(0, 1).

Proof : By the Fundamental Theorem of Algebra, δ(x) has four roots. We need

to show that these four roots lie on the real line. Since
∑
i,j

pi,j = 1,

p−1,1 + p0,1 + p1,1 + p−1,0 − (1− p0,0) + p1,0 + p−1,−1 + p0,−1 + p1,−1 = 0,

and we have,

δ(1) = (b(1))2 − 4a(1)c(1)

= (p−1,0 − (1− p0,0) + p1,0)
2

− 4 (p−1,1 + p0,1 + p1,1) (p−1,−1 + p0,−1 + p1,−1)

= (p−1,1 + p0,1 + p1,1 + p−1,−1 + p0,−1 + p1,−1)
2

− 4 (p−1,1 + p0,1 + p1,1) (p−1,−1 + p0,−1 + p1,−1)

= (p−1,1 + p0,1 + p1,1 − (p−1,−1 + p0,−1 + p1,−1))
2 > 0.

Recall that My 6= 0 is equivalent to p−1,1 + p0,1 + p1,1 6= p−1,−1 + p0,−1 + p1,−1 and
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we notice that δ(1) = 0 precisely when p−1,1 + p0,1 + p1,1 = p−1,−1 + p0,−1 + p1,−1.

Now let us consider the quadratic polynomial b (x) = p−1,0 − (1− p0,0)x+ p1,0x
2,

which has two roots given by:

xb1, x
b
2 =

(1− p0,0)±
√

(1− p0,0)2 − 4p−1,0p1,0

2p−1,0
.

Seeing that, (1− p0,0)2 > (p−1,0 + p1,0)
2, since otherwise we would have p−1,1 +

p0,1 + p1,1 = p−1,−1 + p0,−1 + p1,−1 = 0, we can deduce, by simple manipulation,

that (1− p0,0)2 − 4p−1,0p1,0 > 0.

Therefore, the discriminant of b(x) is greater than zero, which implies that the

two roots xb1 and xb2 are real and unique. Moreover, since b(0) = p−1,0 > 0,

b(1) = (p−1,0 − (1− p0,0) + p1,0) < 0, and b(∞) =∞, have 0 < xb1 < 1 < xb2. Note

that b(0) = 0 only when p−1,0 = 0, in which case xb1 = 0. Also, b(1) = 0 precisely

when p−1,1 + p0,1 + p1,1 = p−1,−1 + p0,−1 + p1,−1.

Furthermore, as δ(1) > 0, δ(xb1) = −4a(xb1)c(x1)
b < 0 and δ(xb2) = −4a(xb2)c(x2)

b >

0, it is now clear, by employing basic properties of polynomials, that there exists

roots x2 and x3, belonging to δ(x), such that, xb1 < x2 < 1 < x3 < xb2. Now all we

have left to do is to locate the last two roots of δ(x), x1 and x4.

Let us denote δ0 = p2−1,0−4p−1,1p−1,−1 and δ4 = p21,0−4p1,1p−1,1 to be the constant

term and the coefficient of x4, in δ(x), respectively.

Now,

1. If δ0 > 0 and δ4 > 0, we have δ(∞) = ∞ and, together with the above
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analysis, we get 0 < x1 < xb1 and xb2 < x4 <∞.

2. If δ0 < 0 and δ4 < 0, we have to consider

δ(−1) = (p−1,0 + (1− p0,0) + p1,0)
2−4 (p−1,1 − p0,1 + p1,1) (p−1,−1 − p0,−1 + p1,−1)

If the product (p−1,1 − p0,1 + p1,1) (p−1,−1 − p0,−1 + p1,−1) > 0 then δ(−1) >

(p−1,0 + (1− p0,0) + p1,0)
2 > 0.

When both (p−1,1 − p0,1 + p1,1) < 0 and (p−1,−1 − p0,−1 + p1,−1) < 0, then

we get | (p−1,1 − p0,1 + p1,1) | < p0,1 and | (p−1,−1 − p0,−1 + p1,−1) | < p0,−1,

which gives δ(−1) > (p−1,0 + (1− p0,0) + p1,0)
2 > −4p0,1p0,−1 > 0.

Similarly, when both (p−1,1 − p0,1 + p1,1) > 0 and (p−1,−1 − p0,−1 + p1,−1) >

0, then we get δ(−1) = (p−1,0 + (1− p0,0) + p1,0)
2−4 (p−1,1 + p1,1) (p−1,−1 + p1,−1) >

0.

It follows that since δ(−1) > 0 and δ(−∞) < 0, −∞ < x4 < −1 < x1 < 0.

3. If δ0 > 0 and δ4 < 0 then, following the above results, and the fact that

δ(∞) =∞, we get 0 < x1 < xb1 and −∞x4 < −1.

4. If δ0 < 0 and δ4 > 0 then −1 < x1 < 0 and xb2 < x4 <∞.

5. If δ0 = 0 then we have x1 = 0.

6. If δ4 = 0 then δ(x) reduces to a cubic polynomial and, when δ0 > 0, we get

the three real roots 0 < x1 < xb1 < x2 < 1 < x3 <∞.
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Before we conclude our proof, there should be a note concerning the case when

δ4 = 0, or, equivalently, when the polynomial δ(x) has degree three. Our efforts

to classify the roots of δ(x) was motivated by our goal to find the branch points

of Y±(x). Since, in this case, Y±(x) has an odd number of branch points, and we

need an even number of branch points to create our branch cuts, we define the

fourth branch point to be x4 = ∞. This can be more rigorously demonstrated

by using the inversion x = 1
ζ

and showing that ζ = 0 is a branch point of Y±(1
ζ
).

Symmetrically identical results hold for δ̃(y) and the branch points y1, y2, y3 and

y4.

The previous proof leads to the following corollary, which enables us to further

localize the roots, x1, x2, x3, and x4, of δ(x), when δ(x) has degree four:

Corollary 3.2 [7]: If p21,0 > 4p1,1p1,−1 and p2−1,0 ≥ 4p−1,1p−1,−1, then 0 ≤ x1 <

x2 < 1 < x3 < x4 <∞ and δ(x) < 0 if and only if x ∈ (x1, x2) ∪ (x3, x4).

Proof : If p21,0 > 4p1,1p1,−1, then this coincides with δ4 > 0, where δ4 is defined in

the proof of Theorem 3.1, and, as previously shown, we have 1 < x3 < x4 < ∞.

If p2−1,0 > 4p−1,1p−1,−1, then this coincides with δ0(x) > 0, and we get, as also

previously shown, 0 < x1 < x2 < 1. If p2−1,0 = 4p−1,1p−1,−1, then δ(x) is reducible,

since δ0 = 0, and we can factor out an x, which then gives 0 = x1 < x2 < 1.

It is clear, based on previous results and the geometric properties of a quartic

function, that δ(x) < 0 if and only if x ∈ (x1, x2) ∪ (x3, x4). Symmetrically
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identical results hold for y1, y2, y3 and y4.

Remark: It should be noted that when My = 0 and Mx < 0, then 0 < x1 <

x2 = 1 < x3 < x4 <∞ and when My = 0 and Mx > 0, then 0 < x1 < x2 < x3 =

1 < x4 < ∞. In the heavy-tail case, when both My = 0 and Mx = 0, then we

get a double root for the discriminant: 0 < x1 < x2 = x3 = 1 < x4 < ∞. These

assertions can be easily proven [17].

We know that Y±(x) is a multivalued function, and the roots of the discriminant

x1, x2, x3, and x4, are branch points. Accordingly, we make our branch cuts, in

the Cx plane, to be the two intervals [x1, x2] and [x3, x4], and, as long as we do

not cross these branch cuts, we will remain on one of the two branches of Y±(x).

However, the story does not end here.
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3.2 The Branches of Y±(x) & X±(y)

Taking a step back, let us briefly look at the square root function
√
z in the

complex plane. The typical approach is to show that z = 0 and z =∞ are branch

points, and then make a cut along the entire negative real line, in the complex

plane. Thus, for z ∈ C\{z : <(z) ≤ 0,=(z) = 0},
√
z is analytic, and we can

choose the branch which defines
√
z so that

√
1 = 1. Furthermore, the branch

√
z

fails to be continuous, and hence analytic, when z ∈ {z : <(z) ≤ 0,=(z) = 0},
√
z. What happens when we try to define

√
g(z) for z ∈ C?

Example: Consider the function f(z) =
√
z(z − 1) for z ∈ C. It is obvious that

z = 0 and z = 1 are branch point of the function and our branch cut will be the real

interval [0, 1]. Clearly,
√
z(z − 1) fails to be analytic on this interval. However,√

z(z − 1) will also fail to be analytic if <(z(z−1)) ≤ 0 and =(z(z−1)) = 0. If we

let z = x+ iy, then (z(z− 1)) = x2− y2− x+ i (2xy − y) and we immediately see

that the function also fails to be analytic for all x and all y such that x2−y2−x ≤ 0

and for x = 1
2
, y = 0. Notice that x = 1

2
and y = 0 are included in the branch cut.

The above example demonstrates that when defining the region of analyticity

for both Y−(x) and Y+(x), finding the branch cuts is not enough. We need to

determine the curves where <(δ(x)) ≤ 0 and =(δ(x)) = 0. Let us focus on the
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function δ(x) momentarily.

Assume p2−1,0 ≥ 4p−1,1p−1,−1 and p21,0 ≥ 4p1,1p−1,1.

Let δ = δ4x
4 + δ3x

3 + δ2x
2 + δ1x

1 + δ0, where,

δ4 = p21,0 − 4p1,1p−1,1 ≥ 0

δ3 = 2p1,0 (p0,0 − 1)− 4 (p1,1p0,−1 + P0,1p1,−1) < 0

δ2 = (p0,0 − 1)2 + 2p1,0p−1,0 − 4 (p1,1p−1,−1 + p1,−1p−1,1 + p0,1p0,−1)

δ1 = 2p−1,0 (p0,0 − 1)− 4 (p−1,1p0,−1 + P0,1p−1,−1) < 0

δ0 = p2−1,0 − 4p−1,1p−1,−1 ≥ 0.

Now take an x ∈ Cx. Then x can be written as x = u + iv, with u, v ∈ R, and

δ(x) = A(u, v) + iB(u, v), where,

A(u, v) = δ4 (u4 − 6u2v2 + v4) + δ3u (u2 − 3v2) + δ2 (u2 − v2) + δ1u+ δ0,

B(u, v) = v [δ′(u)− (4δ4u+ δ3) v
2].

The derivative δ′(x) is a cubic polynomial with three real roots, x̂1, x̂2, and x̂3,

such that, 0 ≤ x1 < x̂1 < x2 < x̂2 < x3 < x̂3 < x4. Furthermore, δ′′′(x) = 0, gives

us x = −δ3
4δ4

> 0 which is the inflection point of δ′(x) and therefore, x̂1 <
−δ3
4δ4

< x̂3.

Determining the value for which =(δ(x)) = 0 is equivalent to solving B(u, v) =

0. The first obvious solution is v = 0, in with case, A(u, 0) = δ(u) ≤ 0 if and only
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if u ∈ [x1, x2] ∪ [x3, x4].

If v 6= 0, then the other solution to B(u, v) = 0 is v = ±
√

δ′(u)
4δ4+δ3

,

for u < x̂1, u > x̂3 and


x̂2 < u < −δ3

4δ4
if x̂2 <

−δ3
4δ4

−δ3
4δ4

< u < x̂2 if x̂2 >
−δ3
4δ4

.

Notice that A(u, v) = 0 and B(u, v) = 0 exactly when v = 0 and u is any one of

the four roots of δ(x). This tells us that the sign of A(u, v) stays constant over

any one of the half branches of B(u, v) = 0, in both the upper half plane and the

lower half plane. Now we consider the following three curves [7]:

C1=

{
u+ iv : u ≤ x̂1 and v = ±

√
δ′(u)

4δ4+δ3

}
,

C3=

{
u+ iv : u ≥ x̂3 and v = ±

√
δ′(u)

4δ4+δ3

}
,

C2=

{
u+ iv : x̂2 < u < −δ3

4δ4
and v = ±

√
δ′(u)

4δ4+δ3

}
, if x̂2 <

−δ3
4δ4

, or,

C2=

{
u+ iv : −δ3

4δ4
< u < x̂2 and v = ±

√
δ′(u)

4δ4+δ3

}
, if x̂2 >

−δ3
4δ4

.

Note that for large u, v2 = δ′(u)
4δ4+δ3

∼ u2 and this implies that, for large u, A(u, v)

∼ δ4 (u4 − 6u2v2 + v4) ∼ −4δ4u
4 < 0. Therefore, along the curves C1 and C3,

A(u, v) ≤ 0.

For the curve C2, u is bounded, so that for large v, A(u, v) ∼ δ4v
4. Since δ4 is

always positive, A(u, v) ≥ 0.

In order to continue
√
δ(x) as an analytic function in the maximal domain
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in the plane, we have to consider its other branch, −
√
δ(x). We now have all

the necessary ingredients required to analytically continue
√
δ(x) in the cut plane

Cx\[x1, x2] ∪ [x3, x4]. Let z+ = <(z) + i|=(z)|, and define ξ by [7]:

ξ(x) =


+
√
δ(x), if x ∈ {z : <(z) ≤ x̂1, =(δ(z+)) < 0} ∪ (−∞, x1)

+
√
δ(x), if x ∈ {z : <(z) ≥ x̂3, =(δ(z+)) > 0} ∪ (x4,∞)

−
√
δ(x) otherwise

.

Therefore, ξ(x) is the analytic continuation of
√
δ(x), to the cut plane, Cx\[x1, x2]∪

[x3, x4], where passing from one branch,
√
δ(x), to the other branch, −

√
δ(x),

when δ(x) ∈ (−∞, 0], makes ξ(x) analytic in the specified domain.

The next step is to classify the singularities of the functions Y±(x). When we

look at the denominator of Y±(x), we immediately see that the two roots of the

quadratic polynomial a(x), denoted by α and β, are the singularities of Y±(x).

These two roots are real, as the discriminant of a(x), namely, p21,0−4p1,1p−1,1 ≥ 0,

by assumption. Furthermore, the two roots are neither essential singularities nor

branch points of Y±(x). Therefore, the two roots are either removable singularities

or poles of Y±(x).

By rationalizing the denominator of Y+(x), and noting that a(x), b(x) and c(x)

are continuous in Cx, we have, for x ∈ Cx\[x1, x2] ∪ [x3, x4]:

lim
x→α

Y+(x) = lim
x→α

2c (x)

−b (x)−
√
b2 (x)− 4a(x)c (x)

=
c(α)

b(α)
<∞.
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Since γ ∈ C is a removable singularity of f(z) if and only if for z ∈ C, limz→γ f(z)

exists [12], α is a removable singularity of Y+(x). The same result can be drawn

for β. Furthermore, Y+(x) has two roots which are the solutions to c(x) = 0.

Notice that b(x) 6= 0 since we are taking the limits in the cut plane, and we have

previously shown that the roots of b(x) lie in [x1, x2] ∪ [x3, x4]. In conclusion,

Y+(x) has no poles and at most two zeros.

On the other hand, by rationalizing the denominator of Y−(x) and with a few

simple manipulations, we get Y−(x) = c(x)
a(x)Y+(x)

. It is clear that Y−(x) has at most

two simple poles, which are the solutions to a(x) = 0, and no zeros.

We can now state the following two theorems:

Theorem 3.3: [7] If δ(x) has degree four, then the function Y ∗(x) defined by

Y ∗(x) =


Y+(x), if x ∈ {z : <(z) ≤ x2, =(δ(z+)) < 0} ∪ (−∞, x1)

Y+(x), if x ∈ {z : <(z) ≥ x3, =(δ(z+)) > 0} ∪ (x4,∞)

Y−(x) otherwise

is analytic in Cx\[x1, x2] ∪ [x3, x4].

Theorem 3.4: [7] If δ(x) has degree four, then the function defined by Y∗(x)

Y∗(x) =


Y−(x), if x ∈ {z : <(z) ≤ x2, =(δ(z+)) < 0} ∪ (−∞, x1)

Y−(x), if x ∈ {z : <(z) ≥ x3, =(δ(z+)) > 0} ∪ (x4,∞)

Y+(x) otherwise

is meromorphic in Cx\[x1, x2]∪ [x3, x4] with potential singularities at the solutions
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to a(x).

Symmetrical results of Theorem 3.3 and Theorem 3.4 hold for both X∗(y) and

X∗(y).

Furthermore, we can express both Y ∗(x) and Y∗(x) as:

Y ∗(x) =
−b (x) +

√
ξ(x)

2a (x)
and

Y∗(x) =
−b (x)−

√
ξ(x)

2a (x)
.

Some literature regarding random walks uses the definition and notation of

Y ∗(x) and Y∗(x) as defined above. However, other written works, including clas-

sical literature, defines the branches of Y±(x) based on the size of their moduli.

Certain results are easier to extract when defining the branches in the aforemen-

tioned fashion of modulus size. Here we present an alternate definition of the

branches Y ∗(x) and Y∗(x).

In what follows, we use source [17] with some modifications. Again we consider

the kernel equation h(x, y) = a(x)y2 + b(x)y + c(x) = 0, and assume that h(x, y)

is a polynomial of degree two in both the variables x and y. Then, for each fixed

x and a(x) 6= 0, h(x, y) = 0 gives two solutions for y:

Y± (x) =
−b (x)±

√
b (x)2 − 4a (x) c (x)

2a (x)
.

The goal here is to extract more information from the two branches Y±(x) by

employing an alternative method in expressing the already introduced functions
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Y ∗(x) and Y∗(x).

Through basic manipulation and completing the square, we have, for each fixed

x, a(x) 6= 0, and a(x)y2 + b(x)y + c(x) = 0:

(
y (x) +

b (x)

a (x)

)2

=

(
b (x)

2a (x)

)2

− c (x)

a (x)
. (3.1)

To simplify the written notations for the functions used in this section, we define

y(x) ≡ y, u(x) ≡ u, v(x) ≡ v, u1(x) ≡ u1, u2(x) ≡ u2, v1(x) ≡ v1, v2(x) ≡ v2,

F (x) ≡ F , and G(x) ≡ G, and then we let:

y = u+ iv,
b (x)

2a (x)
= u1 + iv1, − c (x)

a (x)
= u2 + iv2, and

(
b (x)

2a (x)

)2

− c (x)

a (x)
= G+ iF. (3.2)

Now, (3.2) gives us (u1 + iv1)
2 + (u2 + iv2) = u21 − v21 + u2 + i (2u1v1 + v2), and

therefore,

G = u21 − v21 + u2 (3.3)

F = (2u1v1 + v2) . (3.4)

However, the left hand side of (3.1) gives (u+ iv + 2u1 + i2v1)
2 and by comparing
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the real and imaginary parts, we get:

G = (u+ u1)
2 − (v + v1)

2,

F = 2 (u+ u1) (v + v1).

If we assume that F 6= 0 then:

v + v1 =
F

2 (u+ u1)
,

and,

2(u+ u1)
2 = (u+ u1)

2 − (v + v1)
2 + (u+ u1)

2 + (v + v1)
2

= (u+ u1)
2 − (v + v1)

2 +

√(
(u+ u1)

2 + (v + v1)
2)2

= G+

√(
(u+ u1)

2 − (v + v1)
2)2 + 4(u+ u1)

2(v + v1)
2

= G +
√

G2 + F 2,

which gives,

(u+ u1)
2 =

G+
√
G2 + F 2

2
≡ D+.
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We also define
−G+

√
G2 + F 2

2
≡ D−.

Recalling that
√
x2 = |x|, we have,

u+ u1 = ±
√
D+, and,

v + v1 =
F

2
√
D+

=
F
√
D−

2
√
D+
√
D−

=
F

|F |
√
D−.

Now we let

u± = −u1 ±
√
D+,

v± = −v1 ± F
|F |

√
D−.

Replacing the functions u and v, in y = u + iv, with the functions u± and v±,

renders the two solutions of the equation a(x)y(x)2 + b(x)y(x) + c(x) = 0, given

by:

Y−(x) =
(
−u1 −

√
D+
)

+ i

(
−v1 −

F

|F |
√
D−
)

Y+(x) =
(
−u1 +

√
D+
)

+ i

(
−v1 +

F

|F |
√
D−
)
.

Depending on the sign and value of the functions F and G, we have the following

cases:

1. If F > 0 then |F | = F so that =(Y−(x)) = −v1 −
√
D− and =(Y+(x)) =

−v1 +
√
D−.
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2. If F < 0 then |F | = −F so that =(Y−(x)) = −v1 +
√
D− and =(Y+(x)) =

−v1 −
√
D−.

3. If F = 0 then either v = v1 or u = u1. If v = v1 then G = (u+ u1)
2 >≥ and

u = −u1 ±
√
G. If u = u1 then G = −(v + v1)

2 < 0 and v = v1 ±
√
−G

To summarize, we can define Y−(x) and Y+(x) as follows [17]:

Y−(x) =



(
u1 −

√
D+
)

+ i
(
−v1 −

√
D−
)
, if F > 0(

u1 −
√
D+
)

+ i
(
−v1 +

√
D−
)
, if F < 0

−u1 + i
(
−v1 −

√
−G
)
, if F = 0 and G < 0(

−u1 −
√
G
)
− iv1, if F = 0 and G ≥ 0

Y+(x) =



(
u1 +

√
D+
)

+ i
(
−v1 +

√
D−
)
, if F > 0(

u1 +
√
D+
)

+ i
(
−v1 −

√
D−
)
, if F < 0

−u1 + i
(
−v1 +

√
−G
)
, if F = 0 and G < 0(

−u1 +
√
G
)
− iv1, if F = 0 and G ≥ 0

.

Proposition 3.5 [17]: |Y−(x)| = |Y+(x)| if and only if x ∈ [x1, x2] ∪ [x3, x4].

Proof : Let x ∈ (x1, x2) ∪ (x3, x4). Then b(x)2 − 4a(x)c(x) < 0 and therefore

Y−(x) and Y+(x) are complex conjugates, so that |Y−(x)| = |Y+(x)|. When

x ∈ {x1, x2, x3, x4}, then b(x)2 − 4a(x)c(x) = 0, so that Y−(x) = Y+(x), which

obviously implies that |Y−(x)| = |Y+(x)|. Conversely, if |Y−(x)| = |Y+(x)|, then

either, based on the definition of Y±(x), Y−(x) and Y+(x) are complex conju-

gates, and hence, x ∈ (x1, x2) ∪ (x3, x4), or Y−(x) = Y+(x), which implies that
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x ∈ {x1, x2, x3, x4}.

Remark: If F = 0 and G = 0, then Y−(x) = Y+(x) = −(u1 + iv1).

Proposition 3.6 [17]: Let x ∈ Cx\[x1, x2]∪ [x3, x4] and define functions Ψ±(x) ≡

Ψ± to be:

Ψ+ = u1
√
D+ + v1

√
D−, Ψ− = u1

√
D+ − v1

√
D−.

Then,

1. |Y−(x)| < |Y+(x)| if and only if Ψ+ < 0 if F > 0,

2. |Y−(x)| < |Y+(x)| if and only if Ψ− < 0 if F < 0,

3. |Y−(x)| < |Y+(x)| if and only if v1 < 0 if F = 0 and G < 0,

4. |Y−(x)| < |Y+(x)| if and only if u1 < 0 if F = 0 and G > 0.

Proof : Recall that |Y±(x)| =
√

(<(Y±(x))2 + (=(Y±(x))2. Therefore, we have the

following:

If F > 0, then

|Y−(x)| = u21 + 2u1
√
D+ +D+ + v21 + 2v1

√
D− +D−,

|Y+(x)| = u21 − 2u1
√
D+ +D+ + v21 − 2v1

√
D− +D−

and |Y−(x)| < |Y+(x)| if and only if u1
√
D+ + v1

√
D− < −(u1

√
D+ + v1

√
D−), if
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and only if, u1
√
D+ + v1

√
D−, 0, i.e., if and only if, Ψ+ < 0.

If F < 0, then

|Y−(x)| = u21 + 2u1
√
D+ +D+ + v21 − 2v1

√
D− +D−,

|Y+(x)| = u21 − 2u1
√
D+ +D+ + v21 + 2v1

√
D− +D−

and |Y−(x)| < |Y+(x)|, if and only if, u1
√
D+ − v1

√
D− < −(u1

√
D+ − v1

√
D−),

if and only if, u1
√
D+ − v1

√
D−, 0, i.e., if and only if, Ψ− < 0.

If F = 0 and G < 0, then

|Y−(x)| = u21 + v21 − 2v1
√
−G−G,

|Y+(x)| = u21 + v21 + 2v1
√
−G−G,

and |Y−(x)| < |Y+(x)| if and only if −v1 < v1, i.e., if and only if, v1 < 0.

If F = 0 and G > 0, then

|Y−(x)| = u21 + v21 + 2u1
√
G+G,

|Y+(x)| = u21 + v21 − 2u1
√
G+G,

and |Y−(x)| < |Y+(x)|, if and only if, −u1 < u1, i.e., if and only if, u1 < 0.

We are now in a strong position to formally define the two branches of Y±(x) for
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x ∈ Cx\[x1, x2] ∪ [x3, x4]. We have, for a(x) 6= 0,

Y0(x) =


Y−(x), if F ≥ 0 and Ψ+ < 0, or, F ≤ 0 and Ψ− < 0

Y+(x), if F ≥ 0 and Ψ+ < 0, or, F ≤ 0 and Ψ− < 0

Y1(x) =


Y+(x), if F ≥ 0 and Ψ+ < 0, or, F ≤ 0 and Ψ− < 0

Y−(x), if F ≥ 0 and Ψ+ < 0, or, F ≤ 0 and Ψ− < 0

.

The above expressions can be further simplified by noting that the choice of either

Y−(x) or Y+(x) is purely based on their moduli [17]. Therefore,

Y0(x) =


Y−(x), if |Y−(x)| ≤ |Y+(x)|

Y+(x), if |Y−(x)| > |Y+(x)|

Y1(x) =


Y+(x), if |Y−(x)| ≤ |Y+(x)|

Y−(x), if |Y−(x)| > |Y+(x)|
.

We notice that, despite intuition, the fact that Y0(x) is the function with the

smaller modulus does not imply that Y0(x) = Y−(x) [17]. Again, |Y−(x)| ≤ |Y+(x)|

for x ∈ Cx\[x1, x2] ∪ [x3, x4], with equality taking place only for x ∈ [x1, x2] ∪

[x3, x4]. Furthermore, Y0(x) is an analytic function and Y1(x) is a meromorphic

function, both in Cx\[x1, x2] ∪ [x3, x4]. In fact, as already shown, Y0(x) has at

most two roots and no poles in Cx\[x1, x2] ∪ [x3, x4] and Y1(x) has at most two

poles and no roots in Cx\[x1, x2] ∪ [x3, x4].

The following is one of the most important theorems that we will take full

advantage of since it offers us some definitive properties of Y0(x) and Y1(x) on the
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unit circle.

Theorem 3.7 [2]: For |x| = 1, |Y0(x)| ≤ 1 and |Y1(x)| ≥ 1, with equality only

possibly for x = ±1. Moreover, for x = 1, we have

Y0(1)=min
(

1, c(1)
a(1)

)
Y1(x)=max

(
1, c(1)

a(1)

)
.

Proof: Omitted
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3.3 The contours ∂Dy & ∂Dx

We now have an idea of how Y0(x) and Y1(x) behave on the unit circle. We know

that |Y0(x)| ≤ 1 and |Y0(x)| ≥ 1. What happens on the cut [x1, x2]? The following

is a geometric explanation of how we can crudely interpret the image of Y±(x) as

x varies through the line segment [x1, x2].

As noted, when x ∈ (x1, x2), δ(x) < 0 and it is clear that the two roots of

Y±(x) are complex conjugate. Therefore, the image of the segment [x1, x2] is a

closed contour, denoted by ∂Dy, that is symmetric to the horizontal axis in the

Cy plane. Moreover, the closed contour ∂Dy outlines a bounded domain Dy in

the Cy plane. In fact, we can parametrize the contour ∂Dy by:{
p1,0x

2 − (1− p0,0)x+ p−1,0
2 (p1,1, x2 + p0,1x+ p−1,1)

±
i
√
−δ (x)

2 (p1,1, x2 + p0,1x+ p−1, 1)
, x ∈ (x1, x2)

}
.

Let us take a look at b(x) = p−1,0 − (1− p0,0)x+ p1,0x
2. Recall that b(x) has two

real roots, xb1 and xb2, such that x1 < xb1 < x2 < 1 < xb2. Furthermore, b(1) < 0 and

b(0) ≥ 0, where equality holds in the latter if and only if p−1,0 = 0. Geometrically,

it is easy to see that for any x ∈ [x1, x
b
1], b(x) ≥ 0, and therefore, the real part

of the points that define ∂Dy, for x ∈ [x1, x
b
1], is non positive. As x approaches

xb1 in the interval [x1, x
b
1], b(x) continues to decrease, and therefore, the modulus

of that real part is also decreasing, on the interval [x1, x
b
1]. Once b(x) hits xb1, the

real part vanishes. Therefore, Y0(x1) ≤ 0 is the extreme left point on ∂Dy.

Conversely, for x ∈ [xb1, x2], b(x) ≤ 0, and therefore, the real part of the points that

define ∂Dy, for x ∈ [xb1, x2], is non negative. Now lets take x beyond the branch
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cut [x1, x2] and see what information we can gather for x ∈ [x2, 1]. We know that

the image of the interval [x2, 1], which is on the positive real line, by either Y0(x)

or Y1(x), denoted by Y0([x2, 1]) and Y1([x2, 1]), respectively, will also be intervals

of R+. On account of h(1, 1) = 0, we deduce that either Y0(1) = 1 or Y1(1) = 1,

which implies that 1 belongs to the image of either Y0([x2, 1]) or Y1([x2, 1]). Note

that this image is a closed interval containing the point y2, since 0 < y2 < 1. Now

take an arbitrary y which belongs to the aforementioned closed image. Then both

X0(x) and X1(x) are defined and we can conclude that, Y0(x2) = Y1(x2) ≥ y2

[7]. In fact, it can be shown that Y0(y2) is at the extreme right of the contour

∂Dy. Conceptually, this indicates that the contour ∂Dy encompasses the interval

[y1, y2].

It should be noted that when a point ς ∈ Cx approaches an x ∈ [x1, x2], then

Y0(ς) approaches y ∈ ∂Dy from inside Dy and Y1(ς) approaches y ∈ ∂Dy from

outside Dy[5]. Symmetrically identical results hold for X±(x).

Remark: It is not always the case that Y0(x1) < Y0(x2). However, we will assume

Y0(x1) < Y0(x2) throughout our analysis.

In actuality, and by definition, Y±(x) is discontinuous on the open interval

as (x1, x2) and the value of Y±(x) for x ∈ (x1, x2) is a limiting value. As we

approach x ∈ (x1, x2) from above, we will use one branch, and as we approach

x ∈ (x1, x2) from below, we will use the other branch. Both branches will gives us

different values but these values will have equal moduli, and hence the symmetric

contour around the horizontal axis. The following is a more technical analysis of
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the contour produced by the branch cuts [16]:

Let ∂Dy = Y0
−−−→
[x1x2]←−−−

denote the image of the contour −−→x1x2←−−, traversed from x1 to

x2 along the upper edge of the slit [x1, x2] and then back to x1 along the lower

edge of the slit. We can similarly define ∂Dyext = Y0
−−−→
[x3x4]←−−−

, ∂Dx = X0

−−−→
[y1y2]←−−−

and

∂Dxext = X0

−−−→
[y3y4]←−−−

. Furthermore, let Dy be the interior domain bounded by ∂Dy

and Dc
y be the exterior domain. Symmetrical meanings hold for Dx and Dc

x. The

following theorem, stated without proof, provides us with an important connection

between the contours and branch cuts.

Define the determinant ∆ as:∣∣∣∣∣∣∣∣∣∣
p1,1 p1,0 p1,−1

p0,1 p0,0 p0,−1

p−1,1 p−1,0 p−1,−1

∣∣∣∣∣∣∣∣∣∣
Theorem 3.8 [16]: For a non-singular random walk without branch points on the

unit circle, we have the following properties:

1. The curves ∂Dy and ∂Dyext are simple, closed, and symmetrical about the

real axis in the Cy plane.

2. If ∆ > 0, then [y1, y2] ⊂ Dy ⊂ Dyext and [y3, y4] ⊂ Dyext
c .

3. If ∆ < 0, then [y1, y2] ⊂ Dyext ⊂ Dy and [y3, y4] ⊂ Dc
y.

4. If ∆ = 0, then [y1, y2] ⊂ Dyext = Dy and [y3, y4] ⊂ Dc
y.

5. Y0(x) ∈ Dy ∪Dyext for every x and X0(y) ∈ Dx ∪Dxext for every y.
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6. Y1(x) ∈ Dy
c ∪Dyext

c for every x and X1(y) ∈ Dx
c ∪Dxext

c for every y.

Entirely symmetrical results hold for Dx and Dxext .

Proposition 3.9 [7]: For x ∈ Cx\[x1, x2] ∪ [x3, x4], X0 (Y0(x)) = x and for

y ∈ Cy\[y1, y2] ∪ [y3, y4], Y0 (X0(y)) = y.

Proof : Let N(ς) denote a neighborhood of the point ς. For x ∈ N(0), where

N(0) is sufficiently small, Y0(x) = Y+(x) is the root with the smallest modulus

such that h(x, y) = 0. This is true since 0 ≤ x1 < xb1 and thus, b(x) ≥ 0 for

all x ≤ x1. The same property holds for X0(y) when y ∈ N(0). If we take

Y0(0), then the point 0 is the solution with the smallest modulus to the equation

h(0, Y0(0)). Therefore, X0(Y0(0)) = 0 and we can conclude that X0 (Y0(x)) = x

holds for x ∈ N(0). Since both X0(y) and Y0(x) are analytic in Cx\[x1, x2]∪[x3, x4]

and y ∈ Cy\[y1, y2] ∪ [y3, y4], respectively, it follows by the Identity Theorem,

(Theorem 4.5 in Chapter 4) that the equality X0 (Y0(x)) = x holds for all x ∈

Cx\[x1, x2]∪[x3, x4]. Similar arguments can be employed to prove that the equality

Y0 (X0(y)) = y holds for all y ∈ Cy\[y1, y2] ∪ [y3, y4].

Proposition 3.10 [7]: X0(∂Dy) ⊂ [x1, x2] and Y0(∂Dx) ⊂ [y1, y2].

Proof : Let y ∈ ∂Dy. Since ∂Dy is the contour image produced by Y±(x) for

x ∈ [x1, x2], for any y ∈ ∂Dy, there exists an x ∈ [x1, x2] such that, for small
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ε > 0,

y = Y+(x+ iε), ȳ = Y+(x− iε), y = Y−(x− iε), ȳ = Y−(x+ iε),

where ȳ denotes the complex conjugate, x + iε denotes the limit of a sequence

converging in the upper half plane to x ∈ [x1, x2], and x − iε denotes the limit

of a sequence converging in the lower half plane to x ∈ [x1, x2]. Now, the value

of y = Y0(x ± iε) will depend on which branch we are required to use, and thus,

will either be Y+(x ± iε) or Y+(x ± iε). But, by Proposition 3.9, we know that

X0(y) = X0 (Y0(x± iε)) = x. Therefore X0(y) ∈ [x1, x2] which implies that

X0(∂Dy) ⊂ [x1, x2].



Chapter 4

Analytic Continuation

4.1 On the Importance of Analytic Continuation

Insofar, we have presented a healthy portion of details and properties regarding

the functions Y±(x) and X±(y), which, for fixed x or fixed y, respectively, are the

solutions to the kernel equation h(x, y) = 0 of the fundamental form. We have

expressed the fact that the fundamental form is paramount to the analysis of the

three generating functions of the stationary distributions for a random walk and

that the kernel equation will give us a direct link between two of the generating

functions. Ergo, a strong understanding of the functions Y±(x) and X±(y) will

imply a correct understanding of how we can use the fundamental form to our

benefit. Yet, we still have not provided a solid explanation as to what we will be

using the fundamental form for. Our aim is not to compute or find an expression

for the generating functions but rather to use the fundamental form to analytically

continue the generating functions past their original domain of analyticity, which

59



CHAPTER 4. ANALYTIC CONTINUATION 60

is the unit disk in their respective domains. We will define analytic continuation

in section 4.3, but for now, we can just crudely define analytic continuation as a

method to enlarge a function’s domain of analyticity. The question still remains:

why do we want to analytically continue the generating functions in the first place?

We saw in section 1.4 two examples of generating functions which we were

able to compute directly because we already had prior knowledge of what the

probability distributions were. Even if we did not know what the probability

distributions were but were given closed form expressions for the generating func-

tions, then we could either find the probability distributions directly or get all

the information required about the probability distributions through analysis of

the generating functions. All this to say, if we are already given a closed form

expression for the generating functions of light-tailed stationary distributions for

a random walk, then our work for studying the stationary distributions becomes

a smoother journey.

In reality, however, the availability of closed form solutions for the stationary

distributions and generating functions is quite limited [16]. Very limited, in fact.

Therefore, a significant amount of work and research has gone towards trying to

find either an explicit closed form expression or an integral representation of the

generating functions. This can potentially be achieved through boundary value

problems. Moreover, since a closed form solution for the stationary distributions

is rare, studying tail asymptotics of the distributions is crucial since they can

give performance bounds and approximations. Li and Zhao showed in [16] that,

when using their kernel method for exact tail asymptotics, a determination for
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the generating functions in not required when doing asymptotic analysis of the

stationary distributions. In this case, all that is required is information about

the dominant singularities of the generating functions, and, using a Tauberian-

like theorem, we are able to obtain the exact tail asymptotic behavior for the

marginal distributions and also for the joint distributions along a coordinate axis

[16]. The connection between boundary value problems and the kernel method

and our desire to analytically continue the generating functions is that both the

boundary value problems and kernel method require the generating functions to

have a larger domain of analyticity than originally prescribed.

Here are two examples that describe what is needed in terms of domain size

for the generating functions. Keep in mind that our objective is not to solve

the generating functions and the following examples only serve as instruments

to aid in understanding the importance of analytically continuing the generating

functions.

Example 1: The Riemann-Hilbert Problem [7]

To determine the generating function π2(y), say, we have the following original

Riemann-Hilbert Problem:

Determine an analytic function π2(y) such that

<
(
ih1(x,y)
h2(x,y)

π2(y)
)

= −<
(
ih0(x,y)
h2(x,y)

π0,0

)
for y ∈ ∂Dy and x ∈ [x1, x2], where y equals either Y+(x) or Y−(x).

To solve the above problem, the usual method consists of considering a confor-
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mal mapping between the unit disk and the bounded domain Dy delineated by the

contour ∂Dy. The mapping can be chosen so as to preserve the symmetry with

respect to the horizontal axis and by expressing the variable x as a function of the

variable y, or its conjugate ȳ, the original Riemann-Hilbert problem is transformed

to a Riemann-Hilbert problem on the unit disk. For our purpose, this example

demonstrates the importance of analytic continuation for π2(y). All we know is

that π2(y) is analytic in the unit disk, but for the Riemann-Hilbert problem, we

need π2(y) to be analytic in Dy and, as long as 1 < Y0(x2), we know that some

of Dy lies outside the unit circle. Hence, we need to analytically continue π2(y)

from the unit disk to the domain Dy.

Example 2: Tauberian-like Theorem for a Single Singularity [16]

In this example, determination of an unknown generating function is not re-

quired. All that is needed is information about the location of its dominant singu-

larity and the asymptotic property of the dominant singularity. A Tauberian-like

theorem is used to link the asymptotic property of the generating function at its

dominant singularity with the tail asymptotic property of the stationary distribu-

tion that the generating function encodes. A standard Tauberian theorem requires

that the probability sequence is eventually monotone, and, since our probability

distributions are unknown, we can not verify that they are eventually monotone.

The Tauberian-like theorem does not require monotonicity, but in exchange for

this leniency, the generating function requires a larger domain of analyticity.

We first give the definition of an intended disk with radius 1 + ε, denoted as
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∆(φ, ε):

For given ε > 0 and φ where 0 < φ < π
2
, the open domain ∆(φ, ε) is defined by

∆(φ, ε) = {z ∈ C : |z| < 1 + ε, z 6= 1, |z − 1| > φ}.

A domain is a ∆-domain at 1 if it is a ∆(φ, ε) for some ε > 0 and 0 < φ < π
2
.

Tauberian-like Theorem for a Single Singularity:

Let A(z) =
∑∞

n=0 anz
n be analytic at 0 with radius of convergence R. Sup-

pose R is a singularity of A(z) on the circle of convergence such that A(z) can

be continued to a ∆-domain at R. If for a real number α /∈ {0,−1,−2, . . .},

limz→R (1− 1
R

)
α
A(z) = g, where g is a non-zero constant, then

an ∼
g

Γ(α)
nα−1R−n.

The main idea that we extract from this example is thatA(z) needs to be continued

to a ∆-domain at R. We will formally define the radius of convergence R in the

next section, but for now, we will state that the radius of convergence for both

π1(x) and π2(y) is R = 1. Hence, to use the Tauberian-like Theorem, we need to

at least extend π1(x) and π2(y) to a ∆-domain at 1, which is an intended disk.

This extension is again achieved via analytic continuation.

The two preceding examples emphasize the need for analytic continuation of the

generating functions π1(x) and π2(y), when these generating functions are un-

known to us. The next section introduces power series and gives needed results

on power series.
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4.2 Power Series & Analytic Continuation

Recall that a power series is a series of the form
∑∞

n=0 an(z − z0)n where z0, an

∈ C for any n ∈ N0 and z is any complex number in the stated domain. Note that

a generating function is a power series. The radius of convergence of the power

series
∑∞

n=0 an(z − z0)
n is denoted and defined by R = sup{|z| :

∑∞
n=0 |an(z −

z0)
n|converges}. The series is absolutely convergent for all z belonging to the

open disk centered at z0 with radius R, denoted by Dz(z0, R) and divergent for

all z outside the closure of Dz(z0, R). The boundary of Dz(z0, R) is a circle called

the circle of convergence. Note that R need not be finite. The following theorem

solidifies the preceding discussion.

Theorem 4.1 [8]: For every generating function A(z) =
∑∞

n=0 anz
n with radius

of convergence 0 ≤ R ≤ ∞, we have:

1.
∑∞

n=0 anz
n converges absolutely for |z| < R.

2.
∑∞

n=0 anz
n diverges for |z| > R.

3. There exists an υ < R such that
∑∞

n=0 anz
n converges uniformly for |z| ≤ υ.

Proof : Omitted

Also recall that a complex valued function f(z) is analytic at a point z0 ∈ C

if it is differentiable at z0 and at each point in some neighborhood of z0 [12].

The existence of a complex derivative is a powerful attribute for a function to

posses, for it implies that any analytic function is infinitely differentiable and
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equal to its own Taylor series [12], which is a power series whose coefficients

can be completely determined. Indeed, we have the following result: a complex

valued function f(z) is analytic in an open disk U ∈ C, centered at z0 if and only

if its Taylor series converges to the value of the function for every point z ∈ U

[12]. This result can be extended to a function of several complex variables:

a functions f(z) ≡ f(z1, . . . , zn) is analytic on a domain U ⊂ Cn if for each

point a = (a1, . . . , an) ∈ U , f(z) can be expressed as a power series expansion∑
k1,...,kn

(z1 − a1) . . . (zn − an)kn [12]. Another important definition is that of a

meromorphic function which is a function that is analytic in some region, except

possibly at poles [12].

At this point, we shall present useful theorems that we will need when de-

scribing the properties of the generating functions and analytically continuing the

generating functions for the random walk.

Remark: In what follows we assume, without the lose of generality, that z0 = 0

so that we have the power series
∑∞

n=0 anz
n.

Theorem 4.2 [8] : If
∑∞

n=0 anz
n has a radius of convergence R <∞ then f(z) =∑∞

n=0 anz
n has at least one singularity on the circle |z| = R.

Proof : Suppose that the power series does not have a singularity on its circle of

convergence |z| = R. Then f(z) is analytic for every z such that |z| = R and

therefore f(z) has a power series expansion around each z. This implies that for

each z such that |z| = R, there exists an εz, dependent on z, such that f(z) is

analytic in Dz(z, εz). Since the circle is compact, we can take min|z|=R εz = ε > 0
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and hence, there exists a function g(z) analytic in Dz(z,R + ε) such that g(z) =

f(z) in Dz(0, R). By the analyticity of g(z), g(z) has a power series representation∑∞
n=0 bnz

n which is convergent for all z such that |z| < R + ε. However, g(z) =

f(z) =
∑∞

n=0 anz
n for all |z| < R, so, by the uniqueness theorem, an ≡ bn. But

then the radius of convergence would be R, so we have a contradiction.

Theorem 4.3 [8]: If
∑∞

n=0 anz
n has a radius of convergence R <∞ and an ≥ 0

for all n, then f(z) =
∑∞

n=0 anz
n has a singularity at z = R.

Proof : By the above proposition, f(z) has a singularity on |z| = R, say the

point, written in polar form, Reiα. Now consider a power series for f(z) about

a point inside the circle |z| = R, say ρeiα, so that 0 < ρ < R. Then f(z) =∑∞
n=0

f(z)(n)(ρeiα)
n!

(z − ρeiα)n and the radius of convergence for this power series is

R − ρ. Visually we can see that the radius of convergence cannot be bigger than

R − ρ since otherwise the power series would extend f(z) analytically beyond

Reiα. Also notice that for any j ∈ N0,

f(z)(j)(ρeiα) =
∑∞

n=j ann(n− 1) . . . (n− j + 1)(ρeiα)n−j.

Since an ≥ 0, we have |f(z)(j)(ρeiα)| ≤ f(z)(j)(ρ). Therefore, the power series

expansion of f(z) about ρ,

∑∞
n=0

f(z)(n)(ρ)
n!

(z − ρ)n,

must have a radius of convergence R−ρ. On the other hand, if f(z) were analytic

at the point z = R, then the above power series would converge in a disc with

radius greater than R − ρ. Therefore, f(z) must have a singular point at z = R.
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We have spoken quite a bit about convergence, but we have yet to mention

continuity. Suppose we take a b, say, such that |b| < υ. Then, by Theorem 4.1 (3),

that
∑∞

n=0 anz
n converges uniformly for |z| ≤ υ, and, since each zn is continuous

at b, for every n, we have:

lim
z→b

A(z) = lim
z→b

∞∑
n=0

anz
n =

∞∑
n=0

lim
z→b

anz
n = A(b) <∞.

Therefore, A(b) is continuous at b, for |b| < υ.

However, this result does not give us information regarding the behavior of A(z)

as z → R−. Abel’s Theorem rectifies this situation [8]. Without loss of generality

we assume R = 1.

Theorem 4.4 Abel’s Convergence Theorem [8]: Let A(z) =
∑∞

n=0 anz
n with

|z| < 1. Then,

if
∞∑
n=0

an = a <∞, then lim
z→1−

A(z) = a.

Proof : Omitted

Remark: The converse of Abel’s Theorem is also true [8].

Let us look at our generating function π1(x) =
∑∞

m=1 πm,0x
m−1. Clearly,

{πm,0} is bounded by 1 and since |π1(x)| ≤ 1
1−|x| we know that π1(x) converges

absolutely for at least |x| < 1 and diverges for |x| > 1. Moreover, by Abel’s

Theorem, since
∑∞

m=0 πm,0 = 1, we have limz→1− π1(x) = 1. So we can state the
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following, with absolute certainty:

1. π1(x) is analytic in the open domain {x ∈ Cx : |x| < 1},

2. π1(x) is continuous in the closed domain {x ∈ Cx : |x| < 1}.

But wait! We forgot a very important piece when claiming the analyticity of

π1(x) in the unit disk. What about the branch cut [x1, x2]? To which we reply:

no problem. There is a result in complex analysis, which we will use, and state

without proof, to show that π1(x) is analytic throughout the unit disk, branch cut

included: If a function f(z) is continuous in a domain D and is analytic in D\C,

where C is an open curve inside D then f(z) is analytic in the whole domain D

[17].

The same results hold for both π2(y) and π(x, y), in their respective domains.

Therefore, all three generating functions have a radius of convergence R = 1.

Again, we assume that the generating functions are unknown to us and we have

already seen the methods required to either solve the generating functions or

analyze their asymptotic behavior. Whatever the chosen direction is, however, all

techniques require a larger radius of convergence for the generating functions and

what follows is a more formal definition of analytic continuation.

When given an analytic function f1(z), say, defined in a region R1 of C, it is

desirable, as in our case, to know if the domain of analyticity can be extended.

That is, we would like to know if there exists an analytic function f(z), in a larger

region R, with R1 ⊂ R, such that f(z) = f1(z) for all z ∈ R1. The following is a
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simple example to illustrate analytic continuation:

Example

Consider the function f(z), for z ∈ C defined as

f(z) =


∑∞

n=0 z
n, if |z| < 1

1
1−z , if z 6= 0.

We recognize
∑∞

n=0 z
n as a geometric series and we know that is converges for

all |z| < 1. Note that this series is a power series and, as such, a Taylor series for

an analytic function. In fact, for any |z| < 1, the series converges to 1
1−z . That is,∑∞

n=0 z
n = 1

1−z for |z| < 1. Notice
∑∞

n=0 z
n diverges for |z| ≥ 1 but 1

1−z is analytic

everywhere in C except at the point z 6= 1. We call 1
1−z the analytic continuation

of
∑∞

n=0 z
n. In a sense, this example explains the notion of analytic continuation

in a clear and intuitive way. We have a representation of a function as a power

series, namely
∑∞

n=0 z
n, which is analytic in a certain region (|z| < 1), and then we

found another representation, 1
1−z , which matches the first representation, point

by point, in the first region of analyticity, yet 1
1−z is analytic in another region,

which is bigger, and includes the first region, |z| < 1.

The following is a formal definition of analytic continuation [12]:

Let f1(z) be analytic in a region R1 ⊂ C. Let R2 ⊂ C be another region such

at R1 ∩ R2 = R 6= Ø. If there exists a function f2(z) analytic on R2, with
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f1(z) = f2(z) for all z ∈ R then f2(z) is an analytic continuation of f2(z) to R2.

Note that, if we define

f(z) =


f1(z), if z ∈ R1

f2(z), if z ∈ R2

,

then f(z) is analytic in R1 ∪R2.

There are a variety of ways to analytically continue an analytic function, when

possible, including the simple method of using the function’s own Taylor series

and expanding around various points inside the circle of convergence [12]. Our

technique will involve using the fundamental form and the Identity Theorem,

which will be stated without proof.

Theorem 4.5 Identity Theorem [12]: If f(z) and g(z) are analytic on some

domain D in Cz and if f(z) = g(z) for all z ∈ U ⊂ D that has a limit point in D

then f(z) = g(z) for all z ∈ D.

Once again, we will assume that we have a stable, non-singular and light-tailed

random walk. Now let us revisit the fundamental form,

−h(x, y)π(x, y) = h1(x, y)π1(x) + h2(x, y)π2(y) + h0(x, y)π0,0,

along with the algebraic curve B = {(x, y) ∈ C2 : h(x, y) = 0}.

We already know that h(x, y) = 0 gives two roots in terms of x and two roots in

terms of y, and we have attained enough knowledge, for our benefit, about these
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roots, so we can safely speak of h(x, Y0(x)) = 0.

We want to set the left hand side of the fundamental form to 0 which will con-

sequently enable us to play with the two generating functions π1(x) and π2(y).

However, h(x, Y0(x)) = 0 will not suffice in making the left hand side vanish, as

we also require the additional stipulation that |π(x, Y0(x))| < ∞. This issue can

be easily mended since, as previously shown, Y0(x) is analytic on the unit circle

|x| = 1 and Y0(x) ≤ 1 on the unit circle |x| = 1. Since π(x, y) is analytic in the

open domain {(x, y) ∈ C2 : |x| < 1, |y| < 1} and continuous in the closed domain

{(x, y) ∈ C2 : |x| ≤ 1, |y| ≤ 1}, π(x, Y0(x)) <∞ for |x| ≤ 1.

Now we have the new equation, for |x| ≤ 1,

h1(x, Y0(x))π1(x) + h2(x, Y0(x))π2(Y0(x)) + h0(x, Y0(x))π0,0 = 0. (4.1)

with both π1(x) and π2(Y0(x)) still well defined. Our aim is to analytically con-

tinue π2(y) past its radius of convergence, which is R = 1, without using advanced

mathematics and just restricting ourselves to the information we have gathered

insofar. For our purpose, we would like to use (4.1) and isolate either π1(x) and

π2(y) to the left hand side of (4.1) and then determine the region of analyticity

of the right hand side, all the while ensuring that the generating function on the

right hand side of (4.1) is finite. Although there is no clear cut algorithm, we will

analysis two different models in the next two sections and see if we can conclude

some sort of pattern or extract some information that may be implemented for a

general model. We conclude this section by reiterating facts and results which we

have shown to be true and which we will need for the following sections:
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1. hk and Hk, for k = 0, 1, 2, are all polynomials and are analytic everywhere

in their respective complex planes.

2. Y0(x) and X0 are analytic in their respective cut planes.

3. π1(x) and Π1(x) are analytic for all |x| < 1 and continuous for all |x| ≤ 1.

4. π2(y) and Π2(y) are analytic for all |y| < 1 and continuous for all |y| ≤ 1.

5. |Y0(x)| ≤ 1 and |X0(y)| ≤ 1 for |x| = 1 and |y| = 1, respectively.

6. Y0(x) ∈ Dy ∪Dyext for every x and X0(y) ∈ Dx ∪Dxext for every y.

7. By the Maximum Modulus Principle, |Y0(x)| and |X0(y)| attain their max-

imum value on the boundary of [x1, x2] and [y1, y2], respectively [12].

Note: Item 7 mentions the very useful Maximum Modulus Principle [12]: if

f(z) is analytic inside a simple closed contour C and continuous on C, and is not

identically constant, then the maximum value of |f(z)|, inside and on C, occurs

on C.
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4.3 Two Coupled Processor Model

This example is the discrete-time version of the first three sections found in Guy

Fayolle’s and Roudolf Iasnogorodski’s paper, Two Coupled Processors: The Re-

duction to a Riemann-Hilbert Problem [3]. The queueing system considered, which

was modeled and analyzed as a continuous-time two-dimensional Markov chain,

consists of two parallel M/M/1 queues, Q1 and Q2, both with infinite capacities.

The arrivals form two independent Poisson processes with parameters λ1 and λ2,

for Q1 and Q2, respectively. The service discipline is first-in first-out for each

queue and the service times are exponentially distributed with instantaneous ser-

vice rates S1 and S2, for Q1 and Q2, respectively. Furthermore, we define S1 and

S2 according to the size of each queue: if both Q1 and Q2 are non empty, then

S1=µ1 and S2=µ2, if Q2 is empty, then S1=µ
∗
1, and if Q2 is empty, then S2=µ

∗
2.

We let λ1 + λ2 + µ1 + µ2 = 1 and, upon uniformization, we obtain a random walk

in the quarter plane, with transition probabilities:

p0,1 = λ2 p1,0 = λ1 p0,−1 = µ2 p−1,0 = µ1

p
(1)
0,1 = λ2 p

(1)
1,0 = λ1 p

(1)
−1,0 = µ∗1 p

(1)
0,0 = 1− (λ2 + λ1 + µ∗1)

p
(2)
0,1 = λ2 p

(2)
1,0 = λ1 p

(2)
0,−1 = µ∗2 p

(2)
0,0 = 1− (λ2 + λ1 + µ∗2)

p
(0)
0,1 = λ2 p

(0)
1,0 = λ1 p

(0)
0,0 = µ2 + µ1.
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We can further define our functions for the fundamental form as:

a(x) = λ2x b(x) = µ1 − x+ λ1x
2 c(x) = µ2x

ã(y) = λ1 b̃(y) = µ2 − y + λ2y
2 c̃(y) = µ1y

a1(x) = λ2x b1(x) = µ∗1 − (λ1+λ2 + µ∗1)x+ λ1x
2

ã1(y) = λ1 b̃1(y) = −(λ1 + λ2 + µ∗1) + λ2y
2 c̃1(y) = µ∗1

a2(x) = λ2 b2(x) = λ1x− (λ1 + λ2 + µ∗2) c̃2(x) = µ∗2

ã2(y) = λ1y b̃2(y) = µ∗2 − (λ1+λ2 + µ∗2) y + λ2y
2

a0(x) = λ2 b0(x) = λ1x+ µ1 + µ2 − 1

ã0(y) = λ1 b̃0(y) = λ2y + µ1 + µ2 − 1

Since M 6= 0, we can use Theorem 2.2 to establish stability conditions for the

system:

My = λ2 − µ2 < 0

Mx = λ1 − µ1 < 0

MxM
(1)
y −MyM

(1)
x = (λ1 − µ1)(λ2)− (λ2 − µ2)(λ1 − µ∗1) < 0

MyM
(2)
x −MxM

(2)
y = (λ2 − µ2)(λ1)− (λ1 − µ1)(λ2 − µ∗2) < 0.

From the last two equalities, we get:
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(λ1 − µ1)(λ2) < (λ2 − µ2)(λ1 − µ∗1) and (λ2 − µ2)(λ1) < (λ1 − µ1)(λ2 − µ∗2),

which gives us:

(λ2 − µ2)

(λ2 − µ∗2)
· λ1 < (λ1 − µ1) ·

λ2
λ2

=⇒ λ1λ2 < (λ2 − µ∗2) (λ1 − µ∗1)

=⇒ 0 < µ∗1µ
∗
2 − µ∗1λ2 − µ∗2λ1

=⇒ 0 < 1− λ1
µ∗1
− λ2
µ∗2

.

Therefore, the random walk is ergodic if 1− λ1
u∗1
− λ2
u∗2

> 0. Henceforth, we assume

the ergodicity condition holds.

Now we can define our kernel function to be:

h(x, y) = y2(λ2x) + (λ1x
2 − x+ µ1)y + µ2x

and the roots of the kernel equations h(x, y) = 0, for fixed x, to be:

Y±(x) =
(x− µ1 − λ1x2)±

√
(λ1x2 − x− µ1)

2 − 4λ2µ2x2

2µ2x

=
x
(
1− λ1x− µ1

x

)
±
√
x2
[(
λ1x− 1 + µ1

x

)
− 4λ2µ2

]
2µ2x

=

(
1− λ1x− µ1

x

)
±
√(

λ1x− 1 + µ1
x

)2 − 4λ2µ2

2µ2

Since p1,1 = p1,−1 = p−1,1 = p−1,−1 = 0, p1,0 = λ1 and p−1,0 = µ1, by Theorem
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3.1 and Corollary 3.2, Y±(x) has four real branch points with 0 < x1 < x2 < 1 <

x3 < x4 < ∞. Accordingly, we make our branch cuts, in the Cx plane, to be the

two intervals [x1, x2] and [x3, x4].

Again, we will denote Y0(x) to be that branch of Y±(x) with the smaller mod-

ulus and X0(y) to be that branch of X±(y) with the smaller modulus. We will

also use the following curves:

Y = {Y0(x) : |x| = 1}. It is simple, closed, and lies within Dy(0, 1).

X = {X0(y) : |y| = 1}. It is simple, closed, and lies within Dx(0, 1).

Y
′
=

µ2

λ2Y
. It is simple, closed, and lies outside D̄y(0, 1).

X
′
=

µ1

λ1X
. It is simple, closed, and lies outside D̄x(0, 1).

We note that both Y
′

and X
′

are the curves obtained from Y and X under the

conformal mappings

z → µ2

λ2z
and z → µ1

λ1z
respectively.

Note: It should be noted that the roots x1, x2, x3 and x4 were determined, where

x1 = x1(λ1, λ2, µ1, µ2), x2 = x2(λ1, λ2, µ1, µ2), x3 = µ1
λ1x2

and x4 = µ1
λ1x1

.

To continue, we want to obtain as much information as we can about the roots

Y0(x) and X0(y). Using all of our previous results, we are able to list the following

useful properties belonging to Y0(x):
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1. The equation h(x, y) = 0 has one root Y0(x) inside the unit circle which

is an analytic function of x in the whole complex plane, cut along the two

segments [x1, x2] and [x3, x4].

2. |Y0(x)| =
√

µ2
λ2

if x ∈ [x1, x2] ∪ [x3, x4].

3. |Y0(x)| ≤
√

µ2
λ2
∀ x ∈ Cx.

4. |Y0(x)| ≤ 1 for |x| = 1.

5. Y0(1) = min
(

1, µ2
λ2

)
.

6. Y1(x) =
µ2

λ2Y0(x)
is the second root of h(x, y) = 0 and when x ∈ [x1, x2] ∪

[x3, x4], Y0(x) and Y1(x) are complex conjugates with a common modules

equal to
√

µ2
λ2

.

Similarly, for X0(y), we have:

1. The equation h(x, y) = 0 has one root (y) inside the unit circle which is

an analytic function of y in the whole complex plane, cut along the two

segments [y1, y2] and [y3, y4].

2. |X0(y)| =
√

µ1
λ1

if y ∈ [y1, y2] ∪ [y3, y4].

3. |X0(y)| ≤
√

µ1
λ1
∀ y ∈ Cy.

4. |X0(y)| ≤ 1 for |y| = 1.
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5. X0(1) = min
(

1, µ1
λ1

)
.

6. X1(y) =
µ1

λ1X0(y)
is the second root of h(x, y) = 0 and when y ∈ [y1, y2] ∪

[y3, y4], X0(y) and X1(y) are complex conjugates with a common modules

equal to
√

µ1
λ1

.

Remark: Note that the contours ∂Dx and ∂Dy are simply circles, |x| = µ1
λ1

and

|y| = µ2
λ2

, respectively. This fact makes the analysis significantly less complicated.

For item 1 from the first list above, the fact that h(x, y) = 0 has only one root

in the unit disk can be shown using Rouché’s Theorem [12]: if f(z) and g(z) are

analytic inside and on a simple closed contour C and |g(z)| < |f(z)| on C then

f(z) and f(z)+g(z) have the same number of roots inside C. On the circle |y| = 1

we have |x||y2λ2 +µ2| ≤ |xy||λ1x− 1 + µ1
x
|, and we see that for |x| = 1 and x 6= 1,

h(x, y) = 0 has exactly in root inside the unit circle.

Moreover, the claim that |Y0(x)| =
√

µ2
λ2

if x ∈ [x1, x2] ∪ [x3, x4] follows

directly from the Maximum Modulus Principle. Since the maximum value of

|Y0(x)| can only be reached on the boundary of [x1, x2] ∪ [x3, x4] we have, for

x ∈ (x1, x2) ∪ (x3, x4):

Y0(x) =

(
1− λ1x− µ1

x

)
− i
√
−
(
λ1x− 1 + µ1

x

)2
+ 4λ2µ2

2µ2

, which gives us,

|Y0(x)|=
√
<[Y0(x)] + =[Y0(x)] =

√
µ2
λ2

.

At this point, we know that the closed contours produced by the branches

along the cuts inside the unit disks are circles with center 0. But we still have
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not established if the radii of these circles are smaller or larger than 1. Four cases

arise when dealing with the various regions that Y0(x) and X0(y) produce:

1. If µ2
λ2
< 1, then µ2

λ2
<
√

µ2
λ2
< 1, Y0 (1) = µ2

λ2
and |Y| ≤

√
µ2
λ2

.

In fact, the region Dx(0, 1) is mapped by Y0(x) onto a ring shaped region in Cy,

where the outer curve is the circle |y| =
√

µ2
λ2

and the inner curve is Y. We will

denote this ring shaped region as Gy. Note that Gy ⊂ Dx(0, 1) and the point

y = 1 ∈ Y
′
.

2. If µ2
λ2
> 1, then µ2

λ2
>
√

µ2
λ2
> 1, Y0(1) = 1 and |Y| ≤ 1.

Again, as in the first case, the region Dx(0, 1) is mapped by Y0(x) onto a ring

shaped region in Cy, where the outer curve is the circle |y| =
√

µ2
λ2

and the inner

curve is Y. However, for this ring shaped region, Dy(0, 1) ⊂ |y| =
√

µ2
λ2

and the

curve Y is has a value of at most 1, since Y0(1) = 1 and the rest of the curve

either lies on, or within, Dy(0, 1). We will denote the region between the unit

circle |y| = 1 and Y as Ry.

3. If µ1
λ1
< 1, then µ1

λ1
<
√

µ1
λ1
< 1, X0 (1) = µ1

λ1
, |X| ≤

√
µ1
λ1

, and the point x = 1 ∈

X
′
. A parallel ring shaped region as presented in the first case can be drawn for

this case and symmetric results follow.

4. If µ1
λ1
> 1 then µ1

λ1
>
√

µ1
λ1
> 1, X0(1) = 1 and |X| ≤ 1. A parallel ring shaped

region as presented in the second case can be drawn for this case and symmetric
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results follow.

We further define Ry to be the region between the unit circle |y| = 1 and the

curve Y. Also, we let Rx be the region between the unit circle |x| = 1 and X, if

µ1
λ1
> 1, and, if µ1

λ1
< 1, then Rx is simply the unit disk Dx(0, 1). Last

From Proposition 3.9 (Lemma 2.3. in [3]) we have:

X0 (Y0 (x)) =


x if |x| ≤

√
µ1
λ1

µ1
λ1x

if |x| >
√

u1
λ1

Y0 (X0 (y)) =


y if |y| ≤

√
µ2
λ2

µ2
λ2y

if |y| >
√

u2
λ2

.

Using the above lemma along with the regions we have just described, we see that,

if µ2
λ2
> 1 and µ1

λ1
> 1, then there is a bijection between Ry and Rx, via Y0(x) and

X0(y).

If µ2
λ2
< 1 and µ1

λ1
> 1 then there is a bijection between Gy and the domain between

the unit circle |x| = 1 and X.

Note: The case where both µ2
λ2
< 1 and µ1

λ1
< 1 is rejected, otherwise, as soon

as both queues become busy, the queue lengths will remain unbounded and the

system will blow up. Therefore, we will assume that µ1 > λ1.

From the details and results we have given insofar in this section, we can

conclude Lemma 3.1 in [3], which states that all the couples (x, y) which are
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solutions to h(x, y) = 0 with |x| ≤ 1 and |y| ≤ 1 have the form (x, Y0(x)) or

(X0(y), y) where x ∈ Rx and y ∈ Ry.

Analytic Continuation of π1(x):

We are now in a good position to demonstrate the analytic continuation of

π1(x). Symmetric methods and results can be made for π2(y), so we will only

present detailed analysis for π1(x). The objective is to analytically continue π1(x)

past the unit circle in Cx, but we can do better. We can show that π1(x) can

be continued as a meromorphic function to the whole complex plane cut along

the real axis from x3 to x4 whose poles, if the exist, are the roots of h1(x, Y0(x))

and these roots ∈ D̄x(0, 1)
c
. The demonstration of the analytic continuation is as

follows:

For |x| < 1 and |y| < 1 we have,

h1(x, y)π1(x) + h2(x, y)π2(y) + h0(x, y)π0,0 = 0.

It is clear that π1(x) is analytic for |x| < 1, so we want to continue the function

to the region D̄x(0, 1)
c
, that is, everything outside the unit disk and unit circle.

Again, we assume that µ1
λ1
> 1 and we consider the first of two cases.

1. If µ2
λ2
< 1:

From our preliminary work, we know that Y0(x) is analytic in the region

D̄x(0, 1)
c

cut along [x3, x4] and |Y0(x)| ≤
√

µ2
λ2
< 1 for all x, so that, when using
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the equation:

h1(x, Y0(x))π1(x) + h2(x, Y0(x))π2(Y0(x)) + h0(x, Y0(x))π0,0 = 0,

we can easily see that,

h2(x, Y0(x)) · π2(Y0(x)) and h0(x, Y0(x)) · π0,0

are all analytic in D̄x(0, 1)
c
, cut along [x3, x4]. Note that the product of two

analytic functions gives an analytic function [12]. At this point, we can use the

Identity Theorem to conclude that the product h1(x, Y0(x)) · π1(x) is analytic in

D̄x(0, 1)
c
.

Suppose we want to further isolate π1(x) and use the Identity Theorem to solely

continue π1(x). First we assume that h1(x, Y0(x)) 6= 0, for |x| < 1, so that we

have:

π1(x) =
h2(x, Y0(x))π2(Y0(x)) + h0(x, Y0(x))π0,0

h1(x, Y0(x))
.

If we assume that h1(x, Y0(x)) 6= 0 for all x, then we can easily use the Identity

Theorem and analytically continue π1(x) to its nearest singularity, which would be

the branch point x3. If we speak of meromorphic continuation, then we include the

possibility that h1(x, Y0(x)) has roots inside (1, x3) and then we can say that π1(x)

has been meromorphically continued to the region D̄x(0, 1)
c

cut along [x3, x4] with
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potential poles at the points where both h1(x, Y0(x)) = 0 and h(x, Y0(x)) = 0.

If µ2
λ2
> 1:

This situation is a bit trickier, since, as previously shown, the region that

Y0(x) maps into contains the unit disk Dy(0, 1). In first case above we knew that

|Y0(x)| < 1 for every x ∈ Cx and this made analytic continuation almost trivial.

In this case, Y0(x) > 1 for some x ∈ Cx. We begin by letting S denote the region

inside the curve X
′
, that is, the region in Cx where x ∈ Dz(0, 1)c and |Y0(x)| ≥ 1.

We see that the branch points x3 and x4 are interior points of S and in the region

D̄z(0, 1)
c\S, |Y0(x)| ≤ 1, so that the product π1(x) ·h1(x, Y0(x)) is analytic in the

region D̄z(0, 1)
c\S.

Now we want the analytic continuation of π1(x) to S\ [x3, x4]. We first use the

fundamental form and the fact that π1(x) is analytic in the unit disk to continue

π2(Y0(x)) to the unit circle |x| = 1 cut along [x1, x2] in the exact same fashion as

we did above.

Now it is clear that Y0 (x) = Y0

(
µ1
λ1x

)
and it can be shown that [x3, x4] = µ1

λ1[x1,x2]
.

Therefore, π2(Y0(x)) is continued as a meromorphic function to S\ [x3, x4] and

again, by the fundamental form, we get the conclusion that the product π1(x) ·

h1(x, Y0(x)) is analytic in the whole complex plane cut along [x3, x4] and π1(x) is

meromorphic in the whole complex plane cut along [x3, x4] whose poles are the

roots of both h1(x, Y0(x)) and h(x, Y0(x)) in the region D̄z(0, 1)
c\ [x3, x4]. Identical
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results can be drawn for π2(y).

What conclusions can we draw from this analysis? The reason why this particular

model provided an elegant method to analytically continue π1(x) is due to the fact

that the contour ∂Dy ≡ |y| =
√

µ2
λ2

is a circle. We know by the Maximum Modulus

Principle that the value of |Y0(x)| reaches its maximum on the boundary of [x1, x2].

Therefore, when |y| =
√

µ2
λ2
< 1, we know that |Y0(x)| ≤

√
µ2
λ2
< 1 is true for every

x ∈ Cx. Then analytic continuation is trivial. When ∂Dy ≡ |y| =
√

µ2
λ2
> 1, we

had to do a little more work. But the idea stayed the same: we set up our regions,

took complements, which were easily described because the contours were circles,

used automorphisms, and we were back in regions that we could use. Notice that

we had to continue π2(y) first in the second case in order to continue π1(x) and

we were able to achieve that by using the results of the first case.

Also note that we were able to factor out and cancel an x when simplifying

the expression for Y±(x). In fact, we know on the branch cuts that Y0(x) and

Y1(x) are complex conjugates and so their moduli are equal. Indeed, for any x on

a branch cut, we have:

Y±(x) =
−b(x)± i

√
4(a(x)c(x)− b(x)2

2a(x)
, which gives,

|Y±(x)| =

√
c(x)

a(x)
.

We immediately see that |Y±(x)| will be a constant if a(x) and c(x) have one term

each and the degree of a(x) and c(x) are equal. Furthermore, by rationalizing the

denominator, we can easily show that Y0(x) = c(x)
a(x)Y1(x)

. When c(x)
a(x)

is a constant,
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then we get a clean expression for Y1(x) and a nice conformal mapping, which is

simply an inversion map, between the two regions produced by Y0(x) and X0(y).

Conclusion: If we have a stable, light-tailed, non-singular random walk and

if a(x) and b(x) each have one term with the same degree, then we can use the

method described in this section to analytically continue both generating functions

π1(x) and π2(y) past the unit disk, in their respective planes, and meromorphically

continue π1(x) and π2(y) to the whole complex cut plane.

The next section explores the situation where the contour ∂Dx and ∂Dy are not

nice circles.
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4.4 Wireless Three-Hop Networks Model

This is a summary of the method employed for analytically continuing the generat-

ing function Π1(x) for the wireless three-hop networks model, which is a discrete-

time two-dimensional Markov chain, in the paper, Wireless three-hop networks

with stealing II: exact solutions through boundary value problems [5].

Using familiar notation, the transition probabilities are:

p1,0 = 1−p
3

, p0,−1 = 1+p
3

, p−1,1 = 3,

p
(1)
1,0 = 1

2
, p

(1)
−1,1 = 1

2
,

p
(2)
1,0 = 1−p

2
, p

(2)
0,−1 = 1+p

2
,

p
(0)
1,0 = 1.

Again, we then know that:

1. Π(x, y) is analytic in the open domain {(x, y) ∈ C2 : |x| < 1, |y| < 1},

2. Π(x, y) is continuous in the closed domain {(x, y) ∈ C2 : |x| ≤ 1, |y| ≤ 1}.

Moreover, we have the fundamental form:

H(x, y)Π(x, y) = H1(x, y)Π1(x) +H2(x, y)Π2(y) +H0(x, y)π0,0, (4.1)
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where:

H(x, y) (x, y) = 6xy − 2 (1− p)x2y − 2y2 − 2 (1 + p)x,

H1(x, y) (x, y) = (1 + 2p)x2y + y2 − 2 (1 + p)x,

H2(x, y) (x, y) = (1− p)x2y − 2y2 + (1 + p)x,

H0(x, y) (x, y) = (2 + p)x2y − y2 − (1 + p)x.

Based on Theorem 2.2, we can easily show that the random walk is stable

if and only if p ∈ (0, 1] and we will assume that the stability condition for this

random walk holds.

For fixed y, the equation H(x, y) = 0 has the two roots in the variable x:

X±(y) =
− (1 + p− 3y)±

√
δ̃2 (y)

2 (1− p) y
,

where the discriminant, δ̃2(y), is defined as:

δ̃2(y) = (1 + p− 3y)2 − 4 (1− p) y3,

and, for fixed x, the two roots in the variable y are:

Y±(x) =
(3− (1− p)x)x±

√
δ1 (x)

2
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where the discriminant, δ1(x), is:

δ1(x) = (3− (1− p)x)2x2 − 4 (1 + p)x

We quickly notice that X±(y) has a singularity when its denominator 2(1 −

p)y = 0. To classify the singularity, we note that:

limy→0X+(y) =
−(1+p)+

√
(1+p)2

2(1−p)y = 0.

Since the point α ∈ C is a removable singularity of the complex function f(z) if

and only if limz→α f(z) exists [12], we conclude that the point 0 is a removable

singularity.

On the other hand,

limy→0+ X−(y) =
−(1+p)−

√
(1+p)2

2(1−p)y = − 1
y

= −∞.

Therefore, the point 0 is a pole for X−(y).

We can use Theorem 3.1 and Corollary 3.2 to show that X±(y) has 3 real branch

points such that 0 < y1 < y2 < 1 < y3 with y4 = ∞. Similarly, Y±(x) has 4 real

branch points such that 0 = x1 < x2 < 1 < x3 < x4 <∞. However, if we further

investigate the properties of δ̃(y) and δ(x), then we can get an upper bound for y1
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that is smaller y2 and an upper bound for x3 that is smaller than x4, respectively.

Indeed, because δ̃(y) is a polynomial of degree three, and,

δ̃ (0) > 0 δ̃
(
1
3

(1 + p)
)
< 0 δ̃ (1) = p2 > 0,

the 3 real roots are positioned on the real line as:

0 < y1 <
1
3

(1 + p) < y2 < 1 < y3.

Again, note that δ̃(y) > 0 when y ∈ (−∞, y1) ∪ (y2, y3).

Moreover, when y ∈ (y1, y2)∪ (y3,∞), δ̃(y) < 0 and X±(y) are complex conjugate

roots and we know that the image of the segment [y1, y2] is a closed contour ∂Dx

that is symmetric with respect to the horizontal axis in the Cx plane.

For Y±(x), the only singularities that exist are its branch points.

In this case, we get the 4 real roots, positioned on the real line as:

0 = x1 < x2 < 1 < x3 < 3 1
(1−p) < x4.

Again, δ(x) > 0 when x ∈ (−∞, x1) ∪ (x2, x3) ∪ (x4,∞).

Furthermore, when x ∈ (x1, x2)∪ (x3, x4), δ(x) < 0, Y±(x) are complex conjugate

roots, and the image of the segment [x1, x2] is a closed contour ∂Dy that is sym-

metric to the horizontal axis in the Cy plane. Moreover, according to Theorem
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3.3 and 3.4 we have the following:

The function

X0(y) =


X+(y), if y ∈ {z : <(z) ≤ y2, =(δ̃(z+)) < 0} ∪ (−∞, y1)

X−(y), otherwise

is analytic in C\[y1, y2] ∪ [y3,∞].

The function

X1(y) =


X−(y), if y ∈ {z : <(z) ≤ y2, =(δ̃(z+)) < 0} ∪ (−∞, y1)

X+(y), otherwise

is meromorphic in C\[y1, y2] ∪ [y3,∞] with a simple pole at 0

The function

Y0(x) =


Y+(x), if x ∈ {z : <(z) ≤ x2, =(δ(z+)) < 0} ∪ (−∞, x1)

Y+(x), if x ∈ {z : <(z) ≥ x3, =(δ(z+)) > 0} ∪ (x4,∞)

Y−(x), otherwise

is analytic in C\[x1, x2] ∪ [x3, x4].

The function

Y1(x) =


Y−(x), if x ∈ {z : <(z) ≤ x2, =(δ(z+)) < 0} ∪ (−∞, x1)

Y−(x), if x ∈ {z : <(z) ≥ x3, =(δ(z+)) > 0} ∪ (x4,∞)

Y+(x), otherwise

is analytic in C\[x1, x2] ∪ [x3, x4].

We will now try and locate the contours ∂Dx and ∂Dy, produced by Y0(x) and
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X0(y) along their branch cuts in the unit disk, respectively.

The closed contour ∂Dx outlines the bounded domain Dx symmetric with respect

to the horizontal axis in the Cx plane and ∂Dx can be parametrized by

∂Dx =

{(
− (1 + p− 3y)± i

√
−∆2 (y)

2 (1− p) y

)
, y ∈ [y1, y2]

}
.

Now, (1+p−3y) ≥ 0 for y ∈ [y1,
1
3

(1 + p)], which implies that the real part of the

points x on ∂Dx is non positive. Conversely, (1+p−3y) ≤ 0 for y ∈ [1
3

(1 + p) , y2],

which implies that the real part of the points x on ∂Dx is positive and the image

of the interval [y2, 1], by either X0(y) or X1(y) are intervals on R+.

Also, since (1 + p− 3y) is a decreasing function on the interval [y1,
1
3

(1 + p)], the

absolute value of the real part of the points x on ∂Dx is decreasing on the interval

[y1,
1
3

(1 + p)]. Therefore, X0(y1) ≤ 0 is the extreme left point of ∂Dx. It can be

shown that X0(y1) = −
√

y1
(1−p) .

On account of H(1, 1) = 0, we deduce that either X0(1) = 1 or X1(1) = 1, which

implies that 1 belongs to the image of either X0[y2, 1] or X1[y2, 1]. Note that

this image is a closed interval containing x2. Now take an x which belongs to

this closed interval. Then Y0(x) and Y1(x) are defined and we can conclude that

X0(y2) = X1(y2) ≥ x2. In fact, X0(y2) is at the extreme right of the contour

∂Dx. Conceptually, this indicates that the contour ∂Dx encompasses the interval

[x1, x2].

Similarly, the closed contour ∂Dy outlines a bounded domain Dy symmetric

with respect to the horizontal axis in the Cy plane and we can parametrize ∂Dy
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in the same fashion as we did for ∂Dx. In this case though, the extreme left point

is Y0(x1) = Y0(0) = 0. Furthermore, since

δ

(
1

1 + p

)
=

(2 + 4p)2

(1 + p)4
− 4 < 0,

x2 >
1

1 + p
and the right extreme point of the contour ∂Dy is

√
x2 (1 + p).

Remark: We have made some claims concerning the right extreme points of the

contours that we should justify. If we take an x ∈ (x1 = 0, x2), then δ(x) < 0,

and we have:

Y±(x) =
(3− (1− p)x)x± i

√
−δ (x)

2

so that |Y±(x)| =
√
<(Y±(x))2 + =(Y±(x))2 <

√
(1 + p)x. We immediately see

that the modulus of |Y±(x)| is dependent on x and as x increases,
√

(1 + p)x

increases. On the slit, not including the branch points, the kernel function, for a

given x, has two complex conjugate roots. Hence, their magnitudes must be equal,

and that magnitude is less than
√

(1 + p)x, which is a function of x. Again, the

fact that they are complex conjugates gives us a contour that symmetric on the

horizontal axis. At the branch point x2, Y0(x2) = Y1(x2) and we get, at x2:

Y±(x2) =
(3− (1− p)x2)x2

2
.

From the above, we can show that the extreme right point of the contour ∂Dy is
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(1 + p)x2. An identical argument can be put forth for the contour ∂Dy.

Finally, by Theorem 3.8, since ∆ = (1+p)(1−p)
27

> 0 if we let p ∈ (0, 1) and we

therefore know that [x1, x2] ⊂ Dx and [y1, y2] ⊂ Dy. Furthermore, by Proposition

3.9 we have X0(∂Dy) ⊂ [x1, x2] and Y0(∂Dx) ⊂ [y1, y2].

We are now in a good position to properly demonstrate the analytic continuation

of Π1(x). The reason why we were thorough with our presentation of the contours

∂Dx and ∂Dy is because we will be analytically continuing the generating func-

tions to the regions bounded by these contours. The performance of the analytic

continuation of Π1(x) will play out a bit differently than it did in the last section.

Analytic Continuation of Π1(x)

We would like to show that Π1(x) is meromorphic in Dx\[x1, x2] with a simple

pole x∗ when x∗ = X0(y
∗); otherwise, it is analytic in Dx\[x1, x2].

To prove the preceding claim, we first recall that Π1(x) is analytic for all x ∈

Dx(0, 1). Let N(α) denote an open neighborhood of the point α. Then for y ∈

N(0+) ⊂ Dy\[y1, y2], X0(y) ∈ N(0) ⊂ Dx(0, 1). Therefore, for y ∈ N(0), all of the

components in the fundamental form (2.2) are well defined and finite, and we get:

H1(X0(y), y)Π1(X0(y)) +H2(X0(y), y)Π2(y) +H0(X0(y), y)π0,0 = 0

Naturally, we are inclined to take the next step, by solving for Π1(X0(y)) in

the above equation. However, by doing so, we have to divide the left hand side

by H1(X0(y), y), and this new denominator can produce a potential singularity

at some point y if, for some x, H(x, y) = 0 and H1(x, y) = 0. In the paper, the
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authors used the resultant of the curves H(x, y) and H1(x, y) to determine the

points of intersection. For the purpose of this proof, we shall let x∗ = X0(y
∗) be

the point such that H(x∗, y) = 0 and H1(x
∗, y) = 0.

If x∗ 6= X0(y
∗), then, for y ∈ N(0),

Π1(X0(y)) =
H2(X0(y), y)Π2(y) +H0(X0(y), y)π0,0

H1(X0(y), y)
(4.2)

Let us now look at the region {Dy(0, 1) ∩Dy\[y1, y2]} ⊂ Dy(0, 1). When we take

a y ∈ Dy(0, 1) ∩ Dy\[y1, y2], then obviously y ∈ Dy(0, 1) and therefore Π2(y) <

∞. Moreover, each component in (4.2) is analytic in Dy(0, 1) ∩ Dy\[y1, y2] and

|X0(y)| < 1. This demonstrates, via (4.2), that Π(x) can be analytically continued

in the domain X0 ((Dy(0, 1)) ∩Dy\[y1, y2]). More concretely, we are interested in

the interval (y2, 1) since, not only is X0(y) analytic on this line segment, but

X0(y2, 1) = (1, X0(y2)) and this extends beyond the original domain of analyticity

for Π1(x). If X0(y) is analytic at the branch point y2, then we have shown,

assuming x∗ 6= X0(y
∗), that Π1(x) can be analytically continued to the whole of

Dx\[x1, x2].

On the other hand, X0(y) may not be analytic at the branch point y2 and then

we can not immediately conclude that Π1(x) is analytic at X0(y2). To rectify this,

we note that Π1(x) is analytic in Dx(0, 1) so we know that Π1(x) has a convergent

power series expansion around x = 0 and this power series has positive coefficients.

Furthermore, for y2 ∈ Dy(0, 1), Π1(x2) < ∞ and Π1(X0(y)) is continuous at the

point y2 and so Π1(X0(y2)) < ∞. Since, the coefficients of the power series are

real numbers, we can restrict both the power series and Π1(x) to the real numbers.
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We also know from Theorem 4.3 that the radius of convergence R for the power

series is a singular point of Π1(x). If the real point R is a singularity of Π1(x)

then X0(y2) ≤ R, since otherwise Π1(x) would not be analytic in (1, X0(y2)). We

also know that Π1(X0(y2)) <∞, so (X0(y2)) 6= R. Therefore, X0(y2 < R and the

power series must be convergent at the pointX0(y2. This again shows that Π1(x)

can be analytically continued to (1, X0(y2)) and from there we can continue to

the region Dx\[x1, x2].

It should be noted again that the authors found the values and properties of

x∗ and y∗ using the resultant of H(x, y) and H1(x, y). For what follows, we will

simply assume the values and properties of x∗ and y∗ without proof. In analyzing

x∗ and y∗, the authors found that the equation H2(x, Y0(x)) = 0 has no solution in

both Dx(0, 1) and the region Dx. Moreover, the point x∗ is a removable singularity

for the function H1(x, Y0(x))Π1(x).

Now we assume that x∗ = X0(y
∗), which implies that, Π1(x) may have a pole

at x∗ ∈ Dx. We know that H1(X0(y), y)Π1(X0(y)) is analytic at y∗. Moreover,

we also know that for x ∈ N(0) ⊂ Dx(0, 1), Y0(x) ∈ N(0) ⊂ Dy(0, 1). Then, for

x ∈ N(0), we have:

Π2(Y0(x)) =
H1(x, Y0(x))Π1(x) +H0(x, Y0(x))π0,0

H2(x, Y0(x))
.

As we did for Π1(x), the above equation permits us to analytically continue

Π2(y) into the region Y0(Dx(0, 1)∩ [x1, x2]). Since Y0((x2, 1)) = (1, Y0(x2)), Π2(y)

can be analytically continued along the segment (1, Y0(x2)) and, since Π2(Y0(x2) <

∞, we can use the same arguments as above and analytically continue Π2(y) to
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the domain Dy\[y1, y2]. Knowing this allows us to turn back to the fundamental

form and see that Π1(x) is meromorphic in Dx\[x1, x2]

Conclusion: This example was harder than the first example in the last section.

One of the main differences was that the contours were not circles. However, we

were still able to construct the contours and determine one of their key features:

the extreme left and right points. These points are real and at least one of them sits

outside the unit circle. We were then able to analytically continue the generating

functions, pass the unit disk, and extend them into the regions bounded by the

contours. What enable us to do that was, we used a stable non-singular random

walk with light-tailed stationary distributions, and we showed that:

1. Y0((x2, 1)) = (1, Y0(x2)) with Y0(x2) > 1 and X0((y2, 1)) = (1, X0(y2)) with

X0(y2) > 1,

2. Irrespective of whether Y0(x) is analytic at x2 and X0(y) is analytic at y2,

π2(Y0(x2)) <∞ and π1(X0(y2)) <∞.

3. h2(x, Y0(x) does not have a root in (1, X0(y2)) and h1(X0(y), y) does not

have a root in (1, Y0(x2))

We were then able to use the fundamental form and first extend the generat-

ing functions along the line segment (1, X0(y2)) and (1, Y0(x2)), respectively, and

continuing to the domains Dx\[x1, x2] and Dy\[y1, y2].



Chapter 5

Conclusion and Future Work

5.1 Conclusion

The assumption throughout this thesis was that both the stationary distributions

and the generating functions of the random walk in the quarter plane were un-

known. Since the generating functions encode the stationary distributions and we

have a functional equation linking the generating functions, we naturally chose

to work with the generating functions to gather information about the station-

ary distributions. We provided examples of methods used to either solve these

generating functions, whether it be in a closed form expression or an integral rep-

resentation, or to derive asymptotic properties about the generating functions.

Most methods, in general, require that we make π1(x) and π2(y) analytic in a

larger domain than the unit disk. Lemma 2.2.1 in [2] shows that if M 6= 0 and

h(x, y) is irreducible, then there exists an ε > 0 such that π1(x) and π2(y) can

97
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be analytically continued up to the closed disk D̄(0, 1 + ε), in their respective

complex plane, and that the fundamental form is satisfied in B ∩ D̄(0, 1 + ε)
2
.

However, the proof for this assertion is intricate and requires a strong knowledge

of various complex topics swimming in the sea of mathematics. Our goal was to

use minimal results derived from not so intricate mathematics and some complex

analysis to demonstrate the same result as Lemma 2.2.1: for a light-tailed non-

singular random walk, we can analytically continued π1(x) and π2(y) to at least

the domain Dx\[x1, x2] and Dy\[y1, y2], respectively. We achieved this by using

the fundamental form and having a good understanding of the branches Y0(x)

and X0(y) and the contours produced by Y0(x) and X0(y) along their branch cuts

[x1, x2] and [y1, y2], respectively.

5.2 Future Work

The chief reason why we wanted to explore the idea of using a simpler method in

analytically continuing the generating functions is so we can potentially extend

the results to random walks that are modeled in higher dimensions. Many of

the theorems employed for two-dimensional random walks fail to hold in higher

dimensions. I would really enjoy further researching how far into the complex

plane we can continue π1(x) and π2(y) using the same train of thought as was

presented in this thesis and also examining whether we can extend these methods

consistently for nth-dimensional random walks.
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