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Abstract

A mathematical model consisting of two reaction-diffusion subsystems is pro

posed to investigate the effects of Retinoic Acid(RA) and activated Notchl on axon 

formation in N2a cells. The subsystems of the model are compelled by the external 

signals corresponding to activated Notch and RA utilized in the experiment. The 

subsystems are perturbed by an interaction between RA and Notch signaling path

ways hypothesized in the model. On the basis of Turing Theory, the conditions for 

the existence of symmetry breaking instabilities for axon formation are established 

and compared for perturbed and unperturbed subsystems. Under some conditions, 

small perturbations to the system do not change the qualitative behavior of the sys

tem. Numerical simulations are presented for Turing instabilities in the presence of 

Turing, Hopf and saddle-node bifurcations. The theoretical outcomes of this study 

are explored via laboratory experimentations.
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Chapter 1

Introduction

1.1 W hat is Biomathematics?

The word biomathematics was used for the first time by Dr. William M. Feldman in 

1923. Biomathematics or mathematical biology is an essential tool in several areas 

of biology and medicine such as population genetics, biomedical imaging, cellular 

neurobiology, epidemiology and ecology. It plays an important role in understanding 

many areas of biology and medicine. Biomathematics has grown at an astonishing 

rate and has established itself as a major discipline in the biomedical sciences. At 

the present time we are witnessing the increasing integration of biomathematics into 

academic programs at universities around the world.

Biomathematics is an interdisciplinary field of academic study which aims at 

modeling natural, biological processes using mathematical techniques and tools. It 

has both practical and theoretical applications in biological research. Biomathe

matics differs in various aspects from the field of biostatistics. A major difference 

between biomathematics and biostatistics is that biomathematics is the study of bi

ological systems through the construction and analysis of models while biostatistics

1
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is the design of hypothesis tests and data analysis in a biological context.

The present work is a mathematical approach to one of the central issues in 

cellular neurobiology and developmental biology. No previous knowledge of biology 

is assumed of the reader. I briefly describe the biological background to understand 

the problem whenever it is necessary. There is also a glossary of biological terms 

used in this study.

In the present work a mathematical model is employed to study the effects of 

signaling molecules and chemicals on neuronal differentiation and axon formation. 

To answer the main questions encountered in this project, I will use some mathe

matical tools such as perturbation techniques, numerical analysis, bifurcation and 

linear stability analysis. This study is based on a mathematical theory of biological 

pattern formation and cell differentiation initiated by British mathematician, Alan 

Turing. He wrote his seminal paper “The Chemical Basis of Morphogenesis” in 1952

[48] in which he showed that a system of chemicals could evolve spontaneously into 

a spatial pattern. In the next section I will talk about his theory in more detail.

1.2 Taring Theory

In 1950, Alan Turing started work on a new mathematical theory of morphogenesis. 

After two years of working on his theory, he demonstrated that pattern formation 

may take place if some conditions in a system of non-linear equations (describing 

the kinetics of two chemicals) are satisfied. He hypothesized that biological pattern 

formation is the result of a competition between two chemicals with different diffu

sion rates. The chemical that diffuses faster is called the “inhibitor” while the other 

is called the “activator”. In the absence of diffusion, the two chemicals tend to a 

linearly stable uniform steady state, while in the presence of diffusion the activator

2
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and the inhibitor destabilize the uniform steady state and as a consequence, pattern 

formation takes place. It is well known that simple reaction-diffusion systems can 

display very rich pattern formation behavior. What Hiring proposed was a mech

anism for the development of spatial patterns such as animal coat patterns. J.D. 

Murray ([29],p.76) provides a good example which is very useful to understanding 

Turing mechanism:

Consider a field of dry grass in which there is a large number of grasshop

pers which can generate a lot of moisture by sweating if they get warm.

Now suppose the grass is set alight at some point and a flame front starts 

to propagate. We can think of the grasshopper as an inhibitor and the fire 

as an activator. I f  there were no moisture to quench the flames the fire 

would simply spread over the whole field which would result in a uniform 

charred area. Suppose, however, that when the grasshoppers get warm 

enough they can generate enough moisture to dampen the grass so that 

when the flames reach such a pre-moistened area the grass will not bum.

The scenario for spatial pattern is then as follows. The fire starts to 

spread—it is one of the ’reactants, ’ the activator, with a ’diffusion’ co

efficient Dp say. When the grasshoppers, the inhibitor ’reactant’, ahead 

of the flame front feel it coming they move quickly well ahead of it; that 

is, they have a ’diffusion’ coefficient, Dq say, which is much larger than 

Dp. The grasshoppers then sweat profusely and generate enough mois

ture to prevent the fire spreading into the moistened area. In this way 

the charred area is restricted to a finite domain which depends on the 

’diffusion’ coefficients of the reactants—fire and grasshoppers—and var

ious ’reaction’ parameters. If, instead of a single initial fire, there were

3
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a random scattering of them we can see how this process would result 

in a final spatially heterogeneous steady state distribution of charred and 

uncharred regions in the field and a spatial distribution of grasshoppers, 

since around each fire the above scenario would take place.

The problem with Turing Theory was that the existence of chemical spatial 

patterns as predicted by his mathematical formulation could not be confirmed ex

perimentally for over forty years. Then in 1990 Patrick De Kepper’s group confirmed 

for the first time the existence of Turing patterns in an experiment [13]. The obser

vation of Turing patterns initiated a renewed interest in Turing pattern formation. 

Turing Theory is applicable to many branches of biology, particularly developmental 

and cell biology. Turing demonstrated that chemicals can react and diffuse in such 

a way that spatial patterns of concentration are established and as a consequence 

of this, the fate of a cell is determined.

In order to explain more about the Turing mechanism, let us begin by seeing how 

reaction-diffusion equations arise from simple ideas involving conservation laws. The 

use of reaction-diffusion equations often follows from simple time and space depen

dent models whenever there is a general balance law. For modeling the dispersive 

behavior of concentrations (e.g. of chemicals) or populations (e.g. of cells or an

imals), in a continuum approach, density functions are employed to describe the 

distribution of basic particles.

Let c(r, t) : Q x  R+ —> R, where f2 C R", be the particle density function or con

centration. Let Q (x ,t , ..) be the net creation of particles at r e  U at time t (e.g. 

the rate of production (birth rate) per unit volume minus the rate of removal (death 

rate) per unit volume). Let l ( r , t , ..) be the flux density such that for any unit 

vector n€  R”, the scalar product J  • n is the net rate at which particles cross a

4
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unit area in a plane perpendicular to n (positive in the n direction). Now for any 

regular subset B  C Q

=  f  c dr (1.2.1)
J b

E
>B

denotes the population mass in B. Here dr is written for the volume increment, 

dridr2.-drn when r =  (ri, r2, ...rn)T in Cartesian coordinates. Assume that the rate 

of change of this mass (i.e. ^ )  is due to particle creation or degradation inside B  

and the inflow and outflow of particles through the boundary dB. That is,

f  cd r  = -  f  1 - n d A +  [  Q dr, (1.2.2)
dt J b JdB J b

where n denotes the outward-oriented normal to B  on dB.  Assuming the underlying
—►

fields are smooth (i.e. j €  C l), then apply the divergence theorem to the second 

integral in (1.2.2) to obtain

J  ct dr =  J  [ - V - 1  +Q] dr. (1.2.3)

But B  was arbitrary in 0 , hence

Ct — -V - J  +Q, o n O x R  (1-2-4)

—̂
According to Fick’s Law, the flux J  is proportional to the gradient in the density. 

Thus

J =  — dVc. (1.2.5)

The constant d is called diffusivity. The minus sign indicates that particles are 

transported from high to low densities. Using Fick’s Law, (1.2.4) becomes a reaction-

5
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diffusion equation,

ct = Q(r , t , c)  + dV 2c. (1.2.6)

In a system of reaction-diffusion equations for k different chemical (or morphogens), 

the governing equations can be written in the form

^  =  / ( c )  +  D V 2 c (1.2.7)

where ~c (r,t) = (ci, c2, ...ck)T is the vector of chemical concentrations at position

r  and time t, f  represents the reaction kinetics and D is the diagonal matrix of

positive diffusion constants. By Turing Theory, a necessary condition for pattern 

formation (and cell differentiation) is that the homogeneous steady state must be 

linearly stable in the absence of diffusion (D  =  0). We can find the eigenvalues 

of the linearized system «/(/)-► , the Jacobian matrix of /  evaluated at the steady
C o

state. Necessary conditions for linear stability can be derived in terms of eigenvalues 

such that Re(Xi)  < 0 for all i.

Sufficient conditions for Turing patterns are that the homogeneous steady state 

must be unstable to spatial perturbations (i.e. presence of diffusion must destabilize 

the steady state). In particular the eigenvalue equation becomes the determinant

\ J ( f ) co ~> J-D k* \ =Q ,  (1.2.8)

where k corresponds to a spatial Fourier mode (more details are provided in Chapter 

3). We can find the eigenvalues which are unstable, namely those with positive real 

part (i.e. Re(Xi)  > 0 for some i) and thus sufficient conditions can be derived 

from that. A reaction-diffusion system exhibits diffusion-driven instability (Turing 

instability) if the homogeneous steady state of (1.2.7) is stable to small perturbations

6
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in the absence of diffusion but unstable to spatial perturbations when diffusion is 

present. Conditions derived from Re(Xi)  < 0 for all i when k =  0 and Re(Xi)  > 0 

for some k > 0 for some i guarantee the existence of Turing instability. The related 

steady state is called a Turing steady state. This means that cells with concentration 

values of chemicals close to the corresponding values components of a Turing steady 

state may differentiate to a certain type of cell (e.g. neurons) while cells with 

different concentration values may remain undifferentiated. In the next section we 

will learn about some extensions and applications of Turing Theory. Also, we will 

learn about the difficulties of the Turing mechanism in some areas of biology.

1.3 Extensions and applications o f Turing Theory

The Turing mechanism has been applied to a large number of biological situations, 

particularly animal coat patterns and early insect development. Typical examples 

of Turing systems were introduced by Gierer and Meinhardt [15], Schnackenberg 

[45] and Thomas [47]. However, Turing Theory is still highly controversial for actual 

reaction-diffusion morphogen prepatterns in vivo. A major obstacle to its acceptance 

is the identification of the morphogens in early embryonic development. The fact 

that certain chemicals are essential for development does not necessarily mean that 

they are morphogens. So, Turing Theory may not be applicable to morphogenesis 

yet. The present work uses Turing mechanism to understand and predict about a 

certain type of cells called N2a cells in vitro. Roughly speaking, we want to study 

the effects of adding certain chemicals to a dish of cells. This is quite a distinct 

scenario from pattern formation in the early embryo stage.

The Turing mechanism has been successfully applied to some real biological 

pattern formation problems such as sea urchin shell patterns [3], patterns of the skin

7
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of fish [7] and juxtacrine patterning with lateral inhibition [50]. Turing’s work has 

been extended in many aspects for over a decade [4]. Formation of three dimensional 

patterns has been investigated in a number of reaction-diffusion systems (for example

[8] and [24]). Schenk et al. proposed a three-component reaction-diffusion system 

capable of supporting interacting pulses in two spatial dimensions [44]. Most of the 

models exhibiting Turing pattern formation consist of a two component reaction- 

diffusion system, while in reality the signaling molecules corresponding to these two 

components also play important roles in cell differentiation and pattern formation 

that cannot be overlooked.

This is a recent interesting approach to Turing mechanism wherein activator 

and inhibitor are included into the biochemical context. In fact, for the first time, 

a network of signaling pathways is added to the Turing mechanism. The model 

proposed by E.M. Rauch and M.M. Millonas [38] makes use of signal transduction 

kinetics such that activator and inhibitor are transformed into the corresponding 

signaling molecules through a series of biological reactions. The present work utilizes 

the same approach for the production of a broken spatial symmetry. I develop a 

model analogous to their devised model to investigate the effects of Retinoic Acid 

(RA) and activated Notch on axon formation and neuronal differentiation. These 

are discussed in more detail in the next section where I will address the objectives 

and main purpose of this study.

8
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1.4 External signals, sym m etry breaking instabil

ities and Turing Theory

The nervous system is developed as a result of an orchestrated series of cell division, 

cell fate commitment and differentiation that give rise to specific cell types called 

neurons and glia. Each of these cell types demonstrates a specific structure. In 

particular, a neuron consists of a single axon (signal transmitter), a nucleus and a 

host of dendrites (Fig. 1.4 (a)). A key question in Mathematical Biology is how the 

fate of an axon is determined. It has been suggested that all processes have an equal 

potential to become an axon prior to neuronal differentiation [12]. But only one of 

the processes becomes committed to an axonal fate (Fig. 1.4 (b)). In a proposed 

molecular model of axon formation [1], it has been suggested that the regulation 

between the positive and negative feedback loops provides a robust mechanism for 

spontaneous symmetry breaking and formation of only one axon. The assumption is 

that positive and negative feedback factors form an intricate balance. When a feed

back gets stronger, this balance will become unstable and eventually the symmetry 

between the neurites (processes) breaks and one of them starts growing faster than 

the other neurites. The one with the greatest rate of growth becomes an axon while 

the other neurites turn into dendrites and thus the cell differentiates to a neuron.

Positive and negative feedback loops appear in certain pathways of chemicals 

which are called signaling pathways. A signaling pathway includes a series of bio

logical reactions that affect cell functions by targeting specific genes. In the present 

work there are two signaling pathways that I am concerned with: the Delta-Notch 

signaling pathway with a negative feedback loop and the Retinoic Acid (RA) path

way with a positive feedback. There are certain chemicals and proteins that may 

be utilized in an experiment, which we will refer to as external signals. External

9
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signals play a crucial role in neuronal differentiation and axon formation. In fact, 

the strength of positive and negative feedback could be affected by certain external 

signals and consequently the symmetry between the neurites may be destabilized or 

become more stable. In our case Notch signals can antagonize neurite outgrowth in 

neuroblastoma cells [14] whereas experiments demonstrate that Retinoic Acid (RA) 

promotes neurite outgrowth in neuroblastoma cells. This suggests that Notch sig

nals utilized in the experiment may have a positive effect on the balance between the 

positive and negative feedback while RA signals may destabilize this balance. In this 

study, Retinoic Acid with different concentrations and Notchl (i.e. Notchl intracel

lular domain, NICD) are two external signals which are utilized for N2a cells in vitro.

10
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(a) Neuron

Dendrites

Nucleus

Ceil body

Axon 
(signal transmitter)

|  b) The cell before neuronal differentiation

Nucleus

Cell body

Processes

Figure 1.4 (a) Neuron: A type of cell consisting of a single axon (signal transmitter), 

a nucleus and a host of dendrites, (b) Cell before differentiation: All neuronal processes 

have the potential to become an axon, but only one of the processes becomes committed to 

an axonal fate. Why?

11
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The purpose of this study is to answer the following questions:

1. What are the effects of external signals (RA and Notchl) on the symmetry 

breaking instabilities for axon formation?

2. Assuming an interaction between Delta-Notch and RA pathways, what would 

be the effects of this interaction on the whole system?

3. Is Turing Theory applicable to the problem of spontaneous symmetry break

ing?

In Chapter 2, a mathematical model analogous to a devised model of biological 

pattern formation is proposed [38] to investigate the effect of external signals in the 

symmetry breaking instabilities for axon formation. The possible interaction be

tween signaling pathways is considered as a perturbation to the system. In Chapter 

3, linear stability analysis is used to derive the conditions for the existence of Turing 

instabilities for cases where the system is either perturbed or unperturbed. In Chap

ter 4, perturbation techniques are utilized to investigate the effects of perturbations 

on the stability of steady states and the symmetry breaking instabilities.lt is also 

shown that under some conditions, small perturbations to the system do not change 

the qualitative behavior of the system. On the basis of the numerical results, a 

bifurcation analysis is provided in Chapter 5 in which Turing bifurcations and Hopf 

bifurcations are examined.

The outcomes of laboratory experimentations along with conclusions are pre

sented in Chapter 6, where the applicability of the Turing mechanism to one of the 

problems in neurobiology as characterized above is discussed.

12
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Chapter 2

The Mathematical Model

2.1 Introduction to  the model

Lateral inhibition is a type of cell-cell interaction whereby a cell that adopts a par

ticular fate inhibits adjacent cells from acquiring the same fate. It is known that 

Delta-Notch signaling is involved in the regulation of neural development through 

lateral inhibition. In fact, small differences in levels of Delta-Notch signaling be

tween the cells in the proneural cluster allow one cell to advance farther along the 

pathway to neural specification than the others; it then sends signals that prevent 

the less advanced cells from adopting a neural fate. Lateral inhibition is affected 

by a negative feedback loop: the more inhibition a cell delivers to its neighbors, 

the less it receives back from them and the more it is consequently able to deliver

[49]. The mechanism of lateral inhibition with feedback has been used in modeling 

Delta-Notch signaling for biological pattern formation and cell fate determination

[9]. Collier and his colleagues showed that an initial slight difference of the level 

of Delta and activated Notch between neighbors will become self-amplifying, gener

ating a full-blown spatial pattern of inhomogeneity. The significant outcome from

13
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their work was the finding that lateral inhibition takes place only if the negative 

feedback is sufficiently strong. However, it remains unclear how the negative feed

back may get sufficiently strong. This can be clarified if both positive and negative 

feedback are considered in the model of pattern formation. The regulation between 

the positive and negative feedback with the external signals may result in one of the 

feedbacks getting stronger than the others.

In our case, there is evidence that N2a neuroblastoma cells with high levels of 

Delta activity and low levels of Notch activation become neurons while cells with low 

Delta activity and high Notch activation levels remain undifferentiated [14]. Also, 

several experiments demonstrate that RA promotes neuronal differentiation in N2a 

cells. These suggest that the mechanism of lateral inhibition with both positive and 

negative feedback can be used to model the regulation of neurite outgrowth in N2a 

neuroblastoma cells.

The biochemical pathway of RA has been well studied in different types of cells. 

The chemicals produced from the metabolism of RA play an important role in the 

process of cell differentiation. The RA biochemical pathway has a direct effect on 

neurite outgrowth in neuroblastoma cells. This suggests that the RA biochemical 

pathway appears in a positive feedback: the higher concentration of RA is intro

duced to a cell, the greater potential each neurite has to grow further and become 

an axon. The Delta-Notch negative feedback must be generated simultaneously to 

assure the formation of only one axon. The process of neurite outgrowth and axon 

formation is equivalently considered as the process of neuronal differentiation, which 

is the result of the regulation between positive and negative feedback. As mentioned 

in Chapter 1, it can be hypothesized that positive and negative feedback form an 

intricate balance. As a feedback gets stronger, the balance may become unstable, 

which results in spontaneous symmetry breaking and eventual neuronal differentia-

14

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



tion. An important distinction between the positive and negative feedback is that 

the positive feedback exists only when RA is added to the system, while the negative 

feedback already exists in the system. Therefore, in the absence of RA external sig

nals, there is no positive feedback to provide a potential for axon formation. And in 

this case, no axon formation is expected. Also, it is important to know that there is 

a threshold for the negative feedback. This means that the negative feedback must 

be sufficiently strong to support the mechanism of lateral inhibition [9], otherwise 

no axon formation is expected.

But how is it that a feedback may get stronger or weaker? I suggest that external 

signals, added to the system, diffuse into the cells and may strengthen or weaken the 

feedback. Here, it is hypothesized that activated Notchl (i.e. Notchl intracellular 

domain, NICD) utilized in the experiment weakens the negative feedback and RA 

added to the cells in vitro strengthens the positive feedback. Indeed, Notch signals 

antagonize neurite outgrowth and neuronal differentiation [14], which may be inter

preted as a failure of the mechanism of lateral inhibition with negative feedback. 

Also, experiments show that higher concentrations of RA added to the N2a cells 

in vitro promotes neurite outgrowth which suggests that the positive feedback gets 

stronger with RA external signals. Absence of Notch signals corresponds to the case 

in which the negative feedback is sufficiently strong. In the absence of Notch signals 

adding a high concentration of RA signals to the system is expected to produce 

a positive feedback stronger than the negative feedback such that the symmetry 

between the neurites breaks and one of the neurits becomes an axon. Diffusion of 

the external signals (Notch and RA) into cells is crucial for production of a broken 

symmetry in cells differentiating to neurons. In the context of Turing Theory, per

turbation by introduction of diffusion results in spatial pattern formation and cell 

differentiation.
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There are a growing number of articles suggesting the relevance of the Turing 

mechanism to spontaneous symmetry breaking (see [43] for example). Here, the 

assumption is that there is a direct relation between the strength of the feedback 

loops and the diffusion of the signaling molecules, so that the perturbations by dif

fusion can be interpreted as the perturbations of feedback loops and vice-versa. The 

present work implements the Turing mechanism for the breaking of spatial symme

try in an initially homogeneous system of reacting and diffusing substances.

The concept of interacting signaling pathways can be used in mathematical mod

els of biological pattern formation and cell differentiation [10]. Here, we may as

sume that Notchl intracellular domain (NICD) slows down RA signals by blocking 

Retinoic Acid receptor (RAR) in the nucleus and that in a set of reactions RA cat

alyzes the production of Notch. This interaction is considered as a perturbation to 

the system. An aim of the present work is to establish and compare the conditions 

for spontaneous symmetry breaking for both cases where the system is either per

turbed or unperturbed. In the next section the mathematical model is presented 

along with the main assumptions and the general kinetic schematic of the model.

2.2 M athematical model of signaling pathways af

fected by external signals

It is often useful and intuitively helpful in model building to express the mechanism’s 

kinetics in schematic terms with some convention to indicate positive and negative 

feedback loops, activation, inhibition and diffusion. Figure 2.2(a) is a diagrammatic 

representation of the effective negative feedback loop between Notch and Delta.
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In neighboring cells, initially all cells can equally express Delta and Notch, but a 

change causes one cell to increase its expression of Delta. This leads the cell to 

deliver more inhibition to its neighbors (i.e. the production of Notch in neighboring 

cells increases) and receive less inhibition in return from them. The reception of 

less inhibition increases the production of more Delta in the cell and enables the 

cell to deliver more inhibition. In the end, the cell with a high level of Delta 

and a low level of Notch activity turns into a neuron while it has inhibited the 

neighboring cells from adopting a neuronal fate (i.e. the neighboring cells with a 

high level of Notch activity remain undifferentiated). The thickness of arrows in 

Figure 2.2 represents the strength of the feedbacks. Adding Notch external signals 

and a higher concentration of RA weakens the negative feedback and strengthens 

the positive feedback respectively (Figure 2.2(b)) such that the balance between the 

positive and negative feedback may break and result in axon formation.
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W

Figure 2.2 (a) The effective negative feedback loop between Notch and Delta in two 

neighboring cells. [9] (see the text for more details).

(b) The thickness of arrows represents the strength of the feedbacks such that, adding 

Notch external signals and a higher concentration of RA weakens the negative feedback 

and strengthens the positive feedback respectively. Possible interaction between Delta-Notch 

and RA signaling pathways is shown with dashed arrows.
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In Figure 2.2(b) the general concept of adding external signals to the Delta- 

Notch system is schematized. External signals (RA and Notch) can directly diffuse 

into cells across the cell membranes. There does not exist any other transport of 

molecules across cell membranes. Instead, upregulation of Delta in a cell and up- 

regulation of Notch in its neighbor may take place through the process of lateral 

inhibition. Also, upregulation of MAP-2 in each cell may happen through the bio

chemical pathway of RA. These are considered as diffusion of the signaling molecules 

inside the cells. Possible interaction between Delta-Notch and RA signaling path

ways is shown with dashed arrows in Figure 2.2 (b) where RA signals may increase 

the rate of production of Notch and Notch signals may slow down RA signals in the 

process of metabolization of RA.

The present model extends that proposed by Rauch and Millonas [38] in two 

important respects. First, it takes into account the essential role of nonlinearity in 

the equations representing the transformation of activator and inhibitor into corre

sponding signaling molecules and the reverse transformation of the molecules into 

activator and inhibitor. Secondly, it is well known that lateral inhibition plays a 

key role in pattern formation and cell fate determination (see [25],[9] and [34]). The 

influential mechanism of lateral inhibition is a crucial factor in a system of feedback 

loops that is considered in the present model.

There are five assumptions to the model. The first three assumptions can be 

found in different models of biological pattern formation ([14],[9] and [1]), but the 

last two assumptions are specifically made for the present model:

1. Cells interact through feedback loops only with their adjacent cells.

2. The level of activated Notch and the concentration of RA in a cell determine 

cell differentiation: low levels of Notch and high concentrations of RA lead to
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neuronal differentiation, otherwise a cell remains undifferentiated.

3. The symmetry between the neurites breaks only when a feedback gets stronger 

and the balance between the feedbacks becomes unstable.

4. The strength of feedback loops can be affected by external signals: activated 

Notch weakens the negative feedback and RA signals strengthen the positive 

feedback.

5. The system is perturbed by interactions between Notch and RA signaling 

pathways: NICD slows down RA signals by blocking Retinoic Acid receptor 

(RAR) in the nucleus and in a set of reactions RA catalyzes the production 

of more inhibitor (Notch).

The elements of the model are activated Notch protein (/), the level of Delta activity 

(Mi), concentration of RA in each cell (A) and the level of microtubule associated 

protein 2 (MAP-2) activity ( M a )  in terms of local polymerization in each cell. (I) is 

the inhibitor with its messenger molecules Mi and (A) is the activator with its mes

senger molecules Ma - RA as an external signal with a positive feedback, catalyzes 

the production of MAP-2. The Notch-RA interaction is considered as a perturba

tion to the system.

Equations (2.2.1)-(2.2.4) represent the mathematical model proposed in this 

study to investigate the effects of external signals on axon formation and neuronal 

differentiation:
ft A T
Z -  = Fa(A) + eS(A, - )  +  dr V2A,
ot 1q

(2 .2 .1)

(2 .2 .2)
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with initial conditions at t =  0 :

A — Ma =  0, (2.2.5)

I  = I0 + hi(r), (2 .2.6)

(2.2.7)

where hi and hM are given functions and all the constants b?, b3, a3,... are positive. 

Diffusive transport of external signals and also transport of proteins between the 

segments of the same cell are included in the system. Coefficients di,d,2 ,d3 and 

d4 are the rates of diffusion related to each component. The rates of removal for 

Mi and Ma are a3 and b3 respectively. 62 is the rate of production of Ma in the 

processes of signal transduction, I0 and Ma are typical levels of Notch and Delta 

activity chosen such that the functions Y  and Z  are of order 1. e > 0 is a small 

parameter which represents the interactions between the external positive signal 

(RA) and the inhibitory signal (Notch).

The parametric functions Fa and Ga represent the kinetics of RA and Notch 

signals. The functions Y  and Z  represent the interactions between Notch and Delta 

transmembrane proteins (i.e. Notch as ligand and Delta as its receptor). The 

functions S  and S  show the possible interactions between the signaling pathways.
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All these functions are real continuous functions that will be defined in the next 

section.

2.3 Nondimensionalization and function specifi-

The present model, as described in [5], consists of two reaction-diffusion subsys

tems, one of which is the RA-MAP-2 subsystem represented in equations (2.2.1) 

and (2.2.4). The other one is the Delta-Notch subsystem represented in equations

(2.2.2) and (2.2.3). Each subsystem is compelled by external signals which are con

centration of RA and the level of activated Notch used in the experiment. This can 

be embodied by the form of the parametric function Ga used in the model. The two 

subsystems may interact through the functions S  and S  when e > 0. As mentioned 

in the fifth assumption of the model, RA may catalyze the production of Notch and 

in turn Notch may slow down the effect of RA signals. These two can be reflected 

in the functions S  and S  respectively. RA is removed with rate C\ and Notch is 

produced with rate I?-

where ci, f2 > 0. However, this choice of S  could be troublesome since it can violate 

A  > 0, in which case there is no biological interpretation for the perturbed system. 

Therefore, in this study, we exclude the case that A  becomes negative and concen

trate on the steady states with A > 0.

Nondimensionalization or problem normalization is the first and arguably the

cation

S ( A ,y )  = - CS ,
*o -*o

S(A, 1 )  =  M ,

(2.3.1)

(2.3.2)
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most important step in the analysis of a system of differential equations. It involves 

scaling variables by a typical reference value to leave nondimensional variables whose 

typical scale is 0(1). This allows the identification of the dominant terms in equa

tions and their interaction in different regimes which gives insight into the structure 

of solutions and the dominant physical mechanisms at work.

In our case, let L be a length scale, r  be a temporal scale and set: 

x* = f  , T  = L ,L ’ T ’

u = A , q  = MA ,v  = j; ,w  = y £ ,

71  =  C\L2 , f Q(u) = c^lFa{A) , s(u,v) -  ,

7 2  =  L2 , ga(v) = l^G a ij;)  » v ( w )  = > s(u,v) =  ^ S ( A ,  £ )  ,

7 3  =  L2 , z(v) =  Z(I)

74 =  L2&2 , 0-4 —  f | ,

assuming r  «  L2, corresponding to the diffusive time scale, then the non-dimensionalized 

form of the model is as follows;

ut = 7i (fa{u) +  es(u, v)) + d iV 2u, (2.3.3)

*>t =  7 2  (9 a(v) +  y(w) + es(u, 1 7)) +  e^V2?;, (2.3.4)

w* =  73  (~a3w +  2:(n)) +  d3V2w, (2.3.5)

=  74 (u -  a4?) +  d-iV2̂ , (2.3.6)

where all the constants 7 1 , 7 2 , 0 3 ,... are positive and the initial conditions at t  =  0 

become

u =  q =  0, (2.3.7)

u(0, r )  = (2.3.8)
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w(0 , r) — wa. (2.3.9)

Functions y and z represent the nondimensionalized form of the kinetics of the 

Delta-Notch signaling in the negative feedback loop. The rate of production of 

Notch activity in each cell is governed by the function y, which is a continuous 

increasing function of the level of Delta activity in neighboring cells. The rate

continuous decreasing function of the level of activated Notch in the same cell. Here, 

we take y and z to be of the same form as they are proposed in previous articles

where 0 2 ,0 3  > 0 and k, h > 1. The parameter values we use in all proceeding 

discussion are k = h =  2 .

Functions f a and ga represent the kinetics of RA and Notch signals in the absence 

of feedback loops. It is known that RA induces neuronal differentiation in many 

types of cells (see [30] for example). Also recall that Notch signals can antagonize 

neurite outgrowth in neuroblastoma cells [14]. These are two important factors 

that are reflected in the modeling of our problem in the following sense. Despite 

the production of Delta and Notch in the N2a cell, RA is not produced in the cells. 

Here, in each experiment, RA is constantly added to the system such that a constant 

inflow rate of RA is provided. Let the inflow rate of RA be ^ and its rate of removal

of production of Delta activity in each cell is related to the function z which is a

(e.g. [9]). y ,z  : [0,oo) ->■ [0,oo).

(2.3.10)

(2.3.11)
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be a,i; then we can take the function f a in the following form:

/ a ( i )  =  -  -  a ix , (2.3.12)a

where a  € (0 , 1 ) (i.e. the value of a  is normalized betwen zero and one) and ai > 0 .

We may add RA with a different concentration in each experiment. By the func

tion f a we get that in the absence of RA-Notch interaction (e =  0), the concentration 

of RA in each cell will be proportional to K  Figure 2.3(a) shows the behavior of 

RA external signals in each cell for ai =  1 and different values of a. Let the level of 

activated Notch used in the experiment be proportional to the parameter a, then,

9a(x) =  7 -  «)2> (2.3.13)(a -  1 )

where a2 > 0  and a  € (0 ,1 ). The parametric function ga can be regarded as the 

amount of Notch removed in a time equal to the mean life time of Notch activity. 

This amount is considered to be inversely related to the level of activated Notch 

utilized in the experiment. As one can see in Figure 2.3(b), in the absence of RA- 

Notch interaction and Delta-Notch negative feedback (i.e. y(w) =  0), the level of 

Notch activity drops dramatically when the level of activated Notch used in the 

experiment is low (e.g. a  =  0.1). The initial value of Notch is considered to 

be one. As mentioned before, there is a threshold for the negative feedback such 

that it should be sufficiently strong to support the mechanism of lateral inhibition 

[9], otherwise no axon formation is expected. Adding RA with a lower (higher) 

concentration and using a higher (lower) level of activated Notch in experiments are 

subject to an increase (decrease) in the value of a  in our model.
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a  = 0.1

u

a = 0.3

g  = 0.5

a = 0.6
a  = 0.9
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0.8

0  = 0.7
0.7

0.6
a  = 0.5
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0.3

0.2 a  = 0.1

0.1

(b)

Figure 2.3 (a) The behavior of RA external signals in each cell for ai = 1 and different 

values of a. (b) The effect of Notch external signals on Notch activity in each cell: in 

the absence of RA~Notch interaction and Delta-Notch negative feedback, the level of Notch 

activity drops dramatically when the level of activated Notch used in the experiment is low 

(e.g. a  =  0.1,).
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In fact f a —>■ oo as a —> 0 shows that the positive feedback function gets ulti

mately strong and ga — oo as a  -> 1 shows that the negative feedback function 

gets ultimately weak.

2.4 Solutions to  reaction-diffusion equations

As the general form of reaction-dilfusion equations was introduced in the first chap

ter, one may possibly think of solutions of reaction-diffusion equations with some 

initial or boundary conditions. This section is a short review of particular or gen

eral solutions to reaction-diffusion equations with a focus on the possible solutions of 

the present system of equations. There are many works investigating the existence 

of solutions of two-component reaction-diffusion equations ([20],[33],[41],[42]). For 

instance, different types of solutions were established for model systems of prey- 

predator interaction with diffusion and Gierer-Meinhardt equations for pattern for

mation of spatial tissue structures of morphogenesis [15]. There are large amplitude 

stationary solutions of Gierer-Meinhardt systems with zero flux boundary conditions 

([26],[31]). Also, the existence of positive solutions to Gierer-Meinhardt systems 

with zero Drichlet boundary conditions was established by E. H. Kim ([22],[21]). 

Singular perturbation methods can be used to construct large amplitude solutions 

to boundary value problems of prey-predator systems with diffusion [27], where the 

stability of this type of solutions was studied a few years later [32].

Under some assumptions, certain types of solutions can be established for general 

systems of reaction-diffusion, i.e.

^  =  f ( c )  + D V 2 c, (2.4.1)
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where D  is a diagonal matrix of positive diffusion constants and /  is a vector field 

representing reaction kinetics. Let /  € C°° and / (0 )  = 0 . In the absence of diffusion, 

the kinetic equations ^  =  f ( c )  can be linearized at 0 to obtain ^  =  A ~c. If the 

matrix of linearization A  has a conjugate pair p ±  iq of eigenvalues with p > 0 

and the other possible eigenvalues of A  lie in the left half of the complex plane (so 

that 0  is an unstable fixed point), then the general reaction-diffusion equation has 

a one-parameter family of plane wave solutions [23], i.e. solutions of the form

c ( z ,t)  =V (a t-  k ■ «), (2.4.2)

—̂
where y is a 27r-periodic vector function of its argument, a > 0 is the angular fre-

— >■

quency and k is the wave number vector of the plane wave which propagates in the

direction of k with speed a / k

This has been proved and generalized to the case that the kinetic equations,
 y  y

c t— f ( c )i instead of an unstable fixed point, have a limit cycle [23]. Our model has

been formulated as a system of four reaction-diffusion equations; hence, the work

by N. Kopell and L. N. Howard [23] can be applied to show the existence of plane

wave solutions for the present model system. Furthermore, let the system have a

limit cycle or an unstable fixed point with related eigenvalues in the form mentioned

before, then the system admits a one-parameter family of plane-wave solutions, and
2

near the fixed point or the limit cycle, these solutions can be parametrized by k •
—  ̂ —4

Also, the solutions tend to the limit-cycle solution of c t= f ( c ) or the fixed point 

related to the linearized form of the kinetic equations (i.e. A "c).

These types of solutions are called “slowly varying waves”. They are vector

valued functions which locally resemble a plane wave, but which have local wave 

number and local frequency that vary on a large scale. Spatially, “large” means
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many wavelengths; temporally, it means many periods [19]. It is not difficult to find 

the conditions for the present system to have this type of solution, but another type 

of solutions is the interest of the present work.

The following theorem can be used to show the existence of solutions for the 

present model system with zero Drichlet or Neumann boundary condition (i.e. zero 

flux boundary condition).

Theorem: Let =  f ( c )  + DV2 c be a system of reaction-diffusion equations
 y  y  y —y _

with given initial condition c (0, r )  =c„, r e  R , where D  is the diagonal L x L 

matrix of positive diffusion constants /  G H K,P(M, RL), and K  > 2+ n/p  such that 

H K,P(-, •) is fZ-Sobolev space and M  C R" is closed and bounded. Suppose that

f ( y ) -  N<  0 for all y G dR, (2.4.3)

where R  =  {y  G RL, a,j < yj < bj} and N  is the outer normal to R. If /  take values 

in the interior R  of R, then the solution to the system exists and takes values in 

interior R  for all t > 0.

The proof of this theorem can be found in advanced books on partial differential 

equations and it can be generalized to zero Drichlet or zero flux boundary condition 

(see for example [46]). For the present model, one can simply choose the parameter 

a  and the constants such that the conditions for existence of solutions are satisfied. 

But the fact that /  must take values in the interior of R  is too restrictive for analysis 

of pattern formation and neuronal differentiation. To study the symmetry breaking 

instabilities for axon formation, the usual eigenfunction method is used in the next 

chapter to construct solutions for the present system linearized about the steady 

state c=  0 , subject to given initial conditions and zero flux boundary conditions.
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The next chapter follows with the linear stability analysis of the system where the 

conditions for the existence of Turing instabilities are derived and compared for both 

cases where the two subsystems are either perturbed or unperturbed.
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Chapter 3

Analysis of Axon Formation

3.1 Linear stability analysis of the system

In this section, study of the axon-forming potential of the present model begins 

by analyzing the stability of the homogeneous steady states. The analysis of axon 

formation presented in this section and the next have been published earlier this 

year [6 ]. By substituting the specified form of the functions in the present model, 

the dimensionless system of partial differential equations takes the form:

(3.1.1)

(3.1.3)

?i =  74 (u -  04?) + d iV 2i- (3.1.4)
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For the present model, it is important to show that there exists at least one ho

mogeneous steady state for which a linear stability analysis can be presented. By 

setting the coefficients of our system of equations (3.1.1)-(3.1.4) to: a\ =  a2 =  1, 

a3 =  0.2, a4 =  1, c2 =  10a, c3 =  100a, 71  =  7 2  =  7 4  =  1 and 7 3 =  50, numerical 

results reveal that for a  € (0,1) the system admits up to four steady states. For 

example, a  =  0.5 and e =  0.02 result in the homogeneous steady states (u, v, w, q) = 

(1.9872,0.6418,0.0600,1.9872), (1.9931,0.3455,0.2010,1.9931), (1.9976,0.1201, 

1.2864,1.9976) and (2.0013,-0.0646,2.7247,2.0013). The last steady state has a 

negative value for v, for which there is no physical or biological interpretation. The 

present work is concerned with steady states with all components greater than or 

equal to zero.

As mentioned in the previous chapter, the possible interaction between RA and 

Notch signaling pathways is considered as a perturbation to the system. The main 

purpose of this section is to derive the necessary and sufficient conditions for axon 

formation for the case where the two subsystems are unperturbed (i.e. e =  0). The 

next chapter continues with deriving the conditions for the case that the system is 

perturbed (i.e. e > 0). In the following the subscript e indicates the case in which 

perturbation is considered (i.e. e > 0 ) and the subscript 0  indicates the case in 

which the system is not perturbed (i.e. e =  0 ).

In the case that the system is unperturbed, it is important to introduce a cer

tain type of steady state that represents reduction of the system to a Delta-Notch 

subsystem. In the absence of an RA signaling pathway, the positive feedback is 

not generated to provide a potential for neurites to become an axon. In fact, it is 

known that in the absence of RA signals in each N2a cell, there is enough Notch to 

inhibit neuronal differentiation and axon formation. So in the case that no RA is 

used in the experiment, no axon formation is expected. Absence of an RA signaling
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pathway will reduce the general system to the Delta-Notch subsystem (i.e. only 

equations (3.1.2) and (3.1.3) are considered here). In this case, the concentration 

of RA and MAP-2 are considered to be zero for all time (i.e. ua =  q„ = 0) and 

(0, v0, w0, 0) represents the related homogeneous steady state. We call (0, u0, wa, 0) 

an axon-free steady state where there is no axon formation expected and cells may 

remain undifferentiated.

Let (ue, ve, wf , q£) be a homogeneous steady state of our general system; by lin

earizing the dimensionless model presented in equations (2.3.3)-(2.3.6) about the 

steady state, we get that

^  jfc, (3.1.5)

Ae =

 ̂I l f V -C 7 i 0

C72 l2 9 v 72 Vw

0 1*ZV -7 3 0 3

 ̂ 74 0 0

0 ^ 

0 

0

-a 47 4 J

/  \u — ue

V — v e 

w — we
(3.1.6)

where Re is small enough and Ae is the coefficient matrix associated with the 

linearized system near the steady state («e, w£, we, q€). The eigenvalues (Ae) are 

found for the solutions in the form:

Re oc eaft (3.1.7)

where A£ is the eigenvalue perturbed by interactions between RA and Notch signal

ing pathways and ||-|| denotes the Euclidean norm.

Turing (diffusion-driven) instability occurs when in the absence of any spatial
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variation, the homogeneous steady state is stable and it is unstable to spatial varia

tions. In the following, the necessary and sufficient conditions for Turing instability 

of the steady states for the case e =  0 are derived. By letting t  —> 0, we have 

Ae -> A0 and A —► A0 which implies \A0 — A0J| =  0. So, the eigenvalues of A0 are 

the roots of the following polynomial of A0:

(A0 +  a474)(A0 -  7 i/u0)(A„ +  (7 3 0 3  -  lf29v0)K  ~  TiTstesft*, +  yWozVo)) =  0 . (3.1.8)

Hence, the unperturbed eigenvalues are A^ =  —0 4 7 4 , A^ =  7 x/Uo =  —7 iUi, which 

are always negative (since, 0 1 , 0 4 , 7 1 ,7 4  > 0 ), and

, A<4) = i  |  (y s jv .  -  T3O3) ±  V (729«. -  73«3)2 +  47273(«3S». +  } ■

(3.1.9)
— y  —y

The homogeneous steady state Ro=0 is linearly stable if Re(X0) < 0 for any eigen

value of A£. For the case e =  0, it is not hard to find the related conditions for linear 

stability. Here, in order to have Re(X^) and R e(X ^)  < 0 , the following conditions 

are required:

Po =  729va ~  a373 < 0, (3.1.10)

Qo = ®3Pt>0 Vwô Vo ^  (3.1.11)

These conditions are necessary for Hiring instability of the steady state and initia

tion of symmetry breaking for axon formation. To find the sufficient conditions for 

Turing instability, the general dimensionless system (2.3.3)-(2.3.6) should be con

sidered with initial and boundary conditions. In our case, it is physically reasonable 

to take zero flux boundary conditions. The initial boundary value problem is then
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defined by:
d X f

dt
= F {X ,e ,a ) + D V 2 X e, (3.1.12)

(n -V)

( \u

v

w
=  0, r on dJ3,

\ « /

u( r , 0) =  q(r, 0) =  0, 

w (r, 0) =  v (r , 0) =  given,

(3.1.13)

(3.1.14)

(3.1.15)

where F  is a parametric vector function with perturbation parameter e and bifurca

tion parameter a , which represents the kinetic equations, dB  is the closed boundary 

of the reaction diffusion domain B , n is the unit outward normal to dB  and

D =

d i 0 0 0 ^
0 d% 0 0

0 0 d 3 0

0 0 0 d>4 y

(3.1.16)

For e — 0, the full reaction-diffusion system (3.1.12)-(3.1.15) linearized about
—>■ —>

the steady state Ro=0 is given by:

= A0 Ro +d v 2r 0,at
(3.1.17)
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(n -V) Ro= 0, for r  on dB, (3.1.18)

where

R0(r , 0)

( \u — u0

V -  Vo

w — w„

\  Q -  Qo

In a usual way to solve the initial boundary value problems of this form, let

R o ( r , t ) = W (r ) -T ( t) , (3.1.20)

where W  ( r ) is the time-independent solution of the spatial eigenvalue problem 

defined by

V2 W  +k2 W =  0, (3.1.21)

(n -V) 0 for r on dB, (3.1.22)

where k is the eigenvalue. Here, the domain is considered to be one-dimensional; 

let 0 < x < L be the domain. Then the spatial eigenfunctions are cos(2| £) and the 

solution of (3.1.21) and (3.1.22) is in the form

. tc—̂ —► ,mxx.
w  (x) = 2_^ an cos(— ), (3.1.23)

The solution satisfies the zero flux conditions at x  =  0 and x  =  L. The eigenvalues 

in this case are k =  rm/L, which is called the wave number and 1/A: is proportional 

to the wavelength w; w =  2n/k — 2L/n  in our study. From now on, k is referred
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to in this context. With bounded domains, there is a discrete set of possible wave

numbers since n is an integer. Let Wk (x) be the eigenfunction corresponding to the
—►

wave number k. Each eigenfunction Wk satisfies zero flux boundary conditions. The 

function T(t) can be specified by substituting (3.1.20) into (3.1.17). Using (3.1.21) 

implies that T(t) has the exponential form of eXot, where A0 is the eigenvalue which 

determines temporal growth. Because the problem is linear, the solution of boundary 

value problem (3.1.17)-(3.1.19) is in the form

OO 00

Xo (x,t) =  ~cn eXot Wn (<) =  cn eXot cos(fcrr), (3.1.24)
n = l  n—1

where the constants c„ are determined by the Fourier expansion of the initial 

conditions in terms of W n (r )

Substituting this form into (3.1.17) with (3.1.21) implies, for each n,

A0 Wn-= Ao Wn + D V2 W n= A0 W n -D k 2 Wn • (3.1.25)

—1
The nontrivial solutions of W n are determined by the roots of the characteristic 

polynomial

| A0/  — Aa + Dk21 =  0. (3.1.26)

Evaluating the determinant with Aa and D  from (3.1.16) and (3.1.6), the eigenvalues

A0(k) are functions of the wave number k. For the steady state to be unstable to

spatial disturbances, at least one of the eigenvalues must have positive real part for 

some k 0 (i.e. Re(Xa(k)) > 0 for some k /  0). By solving (3.2.1), A£ \k )  =  

—7 4 0 4  — k2di and A ̂ o\k) =  —7 1 0 1  — k2di, since all the constants 7 4 , a4, ... > 0, then
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A^(fc),X^o\k) < 0 for all k e R .  Ai^(k) and X ^(k )  are the roots of

A* +  (k2(d2 + da) -  P0)X0 +  h(k) = 0, (3.1.27)

where

h{k2) =  d2d3k4 +  (d273a3 -  dz^2gVo)k2 -  j ^ Q o -  (3.1.28)

Similar to the work by Murray ([29],Chapter 2), the coefficient of A0 is greater than 

zero since d2 ,d3 > 0 and by condition (3.1.10), P„ < 0. So, the only way to have 

one of the roots with positive real part is h(k2) < 0 for some k ^  0.

Since Q0 < 0 from (3.1.11), the only way for h(k2) to be negative is that d27 3 « 3  — 

dal2 9 v0 < 0 and the minimum hmin(k) < 0. For the case e =  0, these two conditions 

are equivalent to the following inequalities:

Tq =  J29v0D i ~  73«3 > 0, (3.1.29)

- 7273«0 <  (3.1.30)

where D\ =  ^  is the diffusion ratio. One should note that if hm\n > 0, then all 

eigenvalues will take negative real parts which in the context of Turing Theory 

means that no axon formation is expected. So, for our system hm\n =  0 can define a 

bifurcation point. This is usually referred to as a Turing bifurcation and is studied 

in Chapter 5.

The conditions (3.1.10),(3.1.11),(3.1.29) and (3.1.30) are necessary and sufficient 

conditions for Turing instsbility of steady states for the case that the general system 

is unperturbed (i.e. e =  0). By solving h(k2) =  0, one can find a range of unstable 

wave numbers of the system in which the steady state is linearly stable, but spatially
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unstable. Within the unstable range, Re(X(k2)) > 0 has a maximum for the wave 

number km. This implies that there is a fastest growing mode in (3.1.24) for X 0- 

Here, k2m is the value that minimizes the function h(k2):

k2m = T0/2dz. (3.1.31)

By changing the parameter value of a, the unperturbed system may perform differ

ent ranges of unstable waves. Fig. 3.1 is the plot of the largest of the eigenvalues 

X(k2) for several values of parameter a. The system admits Turing-type patterns 

when 0.3625 < ct < 0.58. For each value of a  in the interval (0.3625,0.58), there is 

a range of unstable wave numbers which is the interval on the k2 axis with positive 

values of Re(A).
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Re(A.]

a  =0.58
a. =0.54 
a =0.48a = 0.38

e = 0

0.2 0.8 1.2 1.40.4 0.6 1 1.6

Figure 3.1 .Plot of the largest of the eigenvalues \(k 2). The system admits Turing-type 

patterns when 0.3625 <  a  <  0.58. k corresponds to wave number.
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3.2 Axon formation in the presence of R A-N otch  

interaction

This section is focused on the case where both subsystems are perturbed (i.e. e > 0). 

As a continuation of the last section, first conditions for Turing instability are derived 

and then they are compared with the results of the last section. The eigenvalues of 

the linearized system for 6 > 0  are obtained by solving

\Ae — \ J  — k2D\ = 0, (3.2.1)

where D  is the diagonal matrix of diffusion coefficients and k corresponds to the wave 

number. One immediate eigenvalue of the linearized system is A =  —0 4 7 4  — d±k2 

which is negative for all k € R; so the determinant (3.2.1) is reduced to a polynomial 

of degree 3 in the following form:

Ĵ MAe) =  A£ -f- <&iA2  +  <Z2 A£ +  0 3 , (3.2.2)

where:

01 =  hi +  /12 T ha, (3.2.3)

o>2 — h\h,2 +  bah$ +  h\h$ +  L2 +  Tie2, (3.2.4)

<23 =  +  -Tz/ii +  Lih3e2, (3.2.5)

hi = dik2 -  7 i/„, (3.2.6)

ha — d2k2 -  7 2 gv, (3.2.7)

hs — d^k2 +  0 3 7 3 , (3.2.8)
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L\ =  - 7 i7 2 «i;S« and (3.2.9)

L2 = -7273VwZv (3.2.10)

For k = 0, one can simply observe that

P0 =  - ( h 2 + h3) and (3.2.11)

Q 0 =  — ~ { h 2h3 +  L2). (3.2.12)
7273

Proposition 3.1

The following conditions (3.2.13) and (3.2.14) are sufficient for linear stability in the 

absence of spatial variations (i.e. k — 0 ).

P£ = P0 -  ^ -e 2 < 0  and (3.2.13)hi

Q0 < 0. (3.2.14)

Proof.

Given the properties of the functions in the system, L i ,L 2, hi and h3 in equations

(3.2.3)-(3.2.12) are always positive for all values of the parameters and coefficients. 

But h2 can take positive or negative values. From conditions (3.2.13) and (3.2.14), 

one finds that oq > 0. Condition (3.2.13) is valid for all e > 0 which implies that

h2 + h3 > 0. Since hi > 0, then oq > 0 and finally multiplying (3.2.14) by —hi and

adding Lih3e2 to it confirms that a3 > 0. Hence, all coefficients of P3(A) in (3.2.2) 

are positive. Since P3(X) is of degree 3 with positive coefficients, it has one real
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negative root. Rewrite P3(Ae) in the following form:

P3(K) = ( \€ + r ) ( \2 + p \€ + q), (3.2.15)

where

p =  ai — r, (3.2.16)

q =  0 2  -  rp, (3.2.17)

~ r  =  ^ +  ^(2a2 -  ^a?) -  y  and (3.2.18)

6 =  36aia2 — 108(23 — 8af -F 12(12(22 — 3o2®i — 54t2i(22ci3 +  81o3 -F 12q3(Zj)3. (3.2.19)

The system is linearly stable if Re(X^) < 0 for k =  0 (* =  1,2,3), where A*’s are the

roots of the polynomial P3(Af). This is satisfied only if p and q are both positive. 

Condition (3.2.13) implies that h2 +  h3 >  0, but hi > 0 and therefore,

oi > hi. (3.2.20)

Let e > 0 small enough such that

Then,

hi > (3.2.21)
hi

h T
a2 > h2h3 +  L2 H— -— e2. (3.2.22)h\

Note that with the given parameter values hi > 1 Condition (3.2.14) guarantees that 

the right hand side of (3.2.22) is positive; so by multiplying (3.2.20) and (3.2.22),

aia2 > a3. (3.2.23)
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Assumep < 0; then from P3(—r) =  0 in (3.2.2), r2p < 0 is equivalent to a2r —a3 < 0. 

Also, a2p =  aia2 — a2r < 0. The last two inequalities imply that a ia2 < 0 3  which is 

in contradiction with (3.2.23). So, p > 0 for k = 0. q = a2 — rp = a2 — rai +  r2 and 

therefore rq = a3 with r  > 0, but a3 > 0, which implies that q > 0 for all k > 0. 0  

With properties of the functions in the system, L\, L2 and hx are always positive 

for all values of the parameters and coefficients. So, the conditions (3.2.13) and 

(3.2.14) are weaker than (3.1.10) and (3.1.11). This means that the steady states of 

the perturbed system are more likely to be linearly stable. The interaction between 

RA and Notch signaling pathways may have a positive effect on the linear stability 

of the homogeneous steady states of the system. However, it is too early to comment 

about the effects of this interaction on the symmetry breaking instabilities and the 

potential of axon formation in each cell. In the framework of Turing Theory, the 

analysis of axon formation is continued for the case that diffusion is present and the 

steady state is unstable to some spatial variations.

Proposition 3.2

Let b : (0,0 0 ) —> R be the real valued function of k defined in the form 

b = 36aid2 — 108a3 — 8 af +  1 2 (1 2 a2 — 3a2ai — 54aia2a3 +  81a2 +  12a3af)s, 

and a  : (0,0 0 ) x (0,0 0 ) —> E  be the function of diffusion ratios in the form 

<7 = —8(DX +  D2 +  1)(Z)2 +  D\ +1) +  20(Di +  D2 +  l)(Lh +  D2 +  DXD2) — 108DXD2, 

where Dx — ^  and D2 — ^  are the ratios of diffusion coefficients.

Suppose:

1. There exists a k G (0,0 0 ) with k > kr  such that

b(k) G (-oo,0) \  [xx,x 2], (3.2.24)
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where kr, x\ and x2 are known constants.

2. There exists A  C  (0, o o )  x (0, o o ) ,  such that

a (x ,y )>  0, (3.2.25)

for all (a:, y) € A.

Then the steady states of the perturbed system are unstable to spatial variations in a 

bounded range of unstable wave numbers (i.e. [&i, k2]) in the presence of interaction 

between RA and Notch signaling pathways.

Proof.

Since q is always positive, it follows from (3.2.13) that the only way to have

Re(Xj)  > 0 for some k > 0 and j  = 1,2 is that p < 0. Prom (3.2.16) and (3.2.18),

P = j  + £  +  B, (3.2.26)

where T  =  2a2 — faf and B  = |a i  > 0.

Consider b € (—oo, 0) as a variable and assume that T  > 0; then in the worst case 

senario there exists an interval [x\,x2], such that (see Figure (3.2.a))

p < 0 for b 6 (—oo, 0) \  [xi,x2]. (3.2.27)

45

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



p = (1/6)b+.015/b+ 0.2

0.25

0.2

0.15
P

0.1

0.05

■0.2 0 0.2 0.4- 1.2 ■1 •0.8 - 0.6

T = k4-5*k2+5

T

-2

-2  -1 .5 1 -0 .5 0 k 0.5 1.5 2 2.51
(b)

Figure 3.2 (a) Consider b G (—oo, 0) as a variable and assume that T > 0; then there 

exists an interval [*1, 0:2], such that p < 0 for b G (—0 0 ,0) \  [*i,*2]- (b) By condition 

(3.2.25), it follows that si > 0. Hence, there exists kr such that Vfc > kr,T  > 0
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Considering equations (3.2.3)-(3.2.10), it follows that T  is a polynomial of k of 

degree 4 in the following form:

T  = T4(k) =  sifc4 +  s2k2 +  s3- (3.2.28)

By condition (3.2.25), it follows that si > 0. Hence, there exists kr  such that 

Vk > k? ,T  > 0 (see Figure (3.2.b)). Therefore, by equation (3.2.26), it follows that 

for each k > k r , if b < 0, then there exists an interval [x4, rr2], such that p < 0 for b 

i  [aa,z2].
By condition (3.2.24) and continuity of b, there exists an interval [k4, k2] C [kr, oo], 

such that Vk € [k4,k2] , b(k) G (—oo, 0) \ [x4, x2] and T(k ) > 0. By equation (3.2.26), 

for b =  b(k) and T  =  T(k)Vk € [ki, k2], p takes negative values. So, in the interval 

[ki,k2] ,A £ has at least one eigenvalue with positive real part which means that 

the homogeneous steady state is spatially heterogeneous (unstable to the spatial 

variations). Since k corresponds to wave number, it is physically reasonable that 

spatial inhomogeneity occur only in bounded intervals of k. So, it is necessary to 

assure that p will not be negative after a certain value of k. By equations (3.2.3)-

(3.2.10), it follows that b as a function of k has the form

b = <Tbk6 +  Lower order terms, (3.2.29)

where

<7& =  — S(d\ -\-d2 +  da)(di +  c?2 -t-dl) +  20(di + d2 + d^{d\dt2-\-d2d§-\-d\d$) — 108did2d3. 

If Ob > 0, then b —> +oo as k —> oo. Hence, by equation (3.2.26), it follows that 

p > 0 after a certain value of k. By factorizing d\ from cr*,, it follows that =  d2o. 

Since d2 > 0, condition Ob > 0 is equivalent to condition (3.2.25). <0>
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In the range between ki and k2, the wave phenomena presented in Turing The

ory may commit the cells with chemical concentrations close to the values of the 

associated steady state to become neurons. The constants hr, x\ and x2 are depen

dent upon diffusion ratios D\ and D2. This shows that the conditions (3.2.24) and 

(3.2.25) are dependent on both diffusion ratios, which may impose more limitations 

in comparison with (3.1.29) and (3.1.30).

3.3 Results of the linear stability analysis

This section summarizes the analysis provided in the last two sections. The main 

results are as follows:

1. In the framework of Turing theory, there is a high potential for pattern for

mation and consequently for neuronal differentiation for the cells having the 

values close to the components of the steady states with Turing instabil

ity. Numerical results show that in the steady states with Turing instabil

ity, the level of Notch activity is low while the level of EA concentration 

is very high. For example for e =  0 and a  =  0.5700, (u0, v0, wo, <Zo) =  

(1.7544,0.0645,2.8887,1.7544) and for e =  0.1 and a  =  0.5800 (ut , v£, we, qe) = 

(1.7150,0.0910,2.0586,1.7150).

2. By changing the parameter value a, the unperturbed system may exhibit 

different ranges of unstable waves. Fig. 3.1 is the plot of the largest of the 

eigenvalues A (A;2) for several values of parameter a. The system admits Turing- 

type patterns when 0.3625 < a  < 0.58. For each value of a  in the interval
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(0.3625,0.58), there is a range of unstable wave numbers which is the interval 

on k2 axis with positive values of Re(A).

3. In the absence of RA-Notch interaction, the following conditions are necessary 

and sufficient for axon formation: (3.1.10), (3.1.11), (3.1.29) and (3.1.30). In 

the presence of RA-Notch interaction, the following conditions are necessary 

and sufficient for axon formation: (3.2.13), (3.1.11), (3.2.24) and (3.2.25). 

For e =  0, the sufficeint conditions for Turing instability are only related to 

diffusion ratio Di =  while for e > 0, they are dependent on both diffusion 

ratios Di =  and D2 =

4. Numerical results reveal that perturbation by RA-Notch interaction is restric

tive on the steady states with Turing instability. Figure 3.3 is the plot of 

Turing instabilities for different values of e > 0. As e -> 0, pattern formation 

may happen in a wider range of a. In fact, the conditions (3.2.24) and (3.2.25) 

are dependent to both diffusion ratios which may impose more limitations in 

comparison with (3.1.29) and (3.1.30).

5. Equations (3.1.1)-(3.1.4) can be written in the form ^  =  F(a, e, X )  +  D V 2X  

where X  =  (u , v, w, q) and e >  0 is the perturbation parameter and a  € (0,1) 

is the bifurcation parameter. Steady states of the system are represented 

by AT(a, e) where all components of X (a , e) must be positive. For e > 0 

small enough, the perturbed system may be topologically equivalent to the 

unperturbed system. This will be discussed in the following chapter.
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Figure 3.3 Plot of Turing instabilities for different values ofe>  0 where ||M|| represents 

the Euclidean norm of the steady states with Turing instability. As e —> 0 the pattern 

formation may happen in a wider range of a.
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Chapter 4

Perturbation Analysis of 

RA-Notch Interaction

4.1 The Effects of RA-N otch Interaction on the  

Linear Stability of the Steady States

In this section, perturbation techniques are used to investigate the effects of small 

RA-Notch interaction on the linear stability of the steady states when e —»■ 0. With

out considering spatial variations (i.e. k =  0), the eigenvalues of the linearized 

system of equations (2.10)-(2.13) are obtained by solving

IA -  \ eI\ =  0. (4.1.1)

Each eigenvalue is uniquely represented in the form of the perturbation series

Ae =  A0 +  Aie +  ..., (4.1.2)
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where A„, Ai,... are known constants. The determinant (4.1.1) is equivalent to

(A£ +  a474)i>3(A£), (4.1.3)

where P3(A£) is a polynomial of degree three defined in (3.2.2). So, the first eigen

value of the linearized system is

A ^ =  - a 474. (4-1.4)

Comparing this with unperturbed eigenvalues obtained in Section 3.1 of Chapter 3, 

one can simply observe that

A<1} =  A*,15 =  - a 474 < 0. (4.1.5)

This means that one of the eigenvalues is not perturbed at all. The leading order of 

the other three eigenvalues are defined by

^i2) =  7 i/Uo =  -7iOi, (4-1-6)

^ 3), Â4) =  i  {(7 2 ^ 0  “  73a3) ±  y/(l29v0 ~  l & z ) 2 +  ^ 2l z ( a zgVo +  yWozVo) \  ■

(4.1.7)

The effect of the perturbation on the stability of the steady states is considerable 

only if the real part of the leading order of an eigenvalue is zero (i.e. Re(A„) =  0). 

Clearly A^ is always real negative, but R e(X ^)  or R e(X ^)  may become zero if 

either

Qo — Q'Sdvo d” JJivôVo — 6 (4.1.8)
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or

Po =  l29v„ -  0 3 7 3  =  0 . (4.1.9)

Hence, there are two possible cases for linear stability:

1. Conditions (4.1.8) and P0 < 0 imply that one of the eigenvalues is zero, i.e.

2. Conditions (4.1.9) and Qa < 0 imply that there is a pair of pure imaginary 

eigenvalues, i.e.

The steady state (u0, v0, w0, q0) for case 1 is often referred to as a multiple steady 

state. With the given parameters and coefficients, this will be a saddle-node steady 

state that is illustrated in Chapter 5. Case 2 represents a Hopf bifurcation at the 

steady state (u0,v0,w 0,q0). With either of these two cases, the unperturbed steady 

state (ua, va, wQ, qa) is never asymptotically stable (and in the best case it is only 

stable). But the question is whether or not the perturbed steady state (ue, ve,we,qe) 

is asymptotically stable. The answer to this question can be determined by the real 

part of the next leading order of A«3̂ in case 1 (or Af3'*’̂  in case 2).

For case 1, substitute A^ =  eA^ +  e2A^ +  — in the polynomial (3.2.2) which is 

defined in Section 3.2, Chapter 3. Note that the coefficients of this polynomial are 

perturbed so that each coefficient can be written in the form of the perturbation

a£3) =  0 and A<4) =  P0.

A(3),(4) =  ± 2 i y / - 7273Q a. (4.1.10)

series

(4.1.11)
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for j  = 1,2,3.

Then the polynomial (3.2.2) is rewritten as

P3( A<3>) =  (o^Af} +  oJ)€ +  ... =  0. (4.1.12)

The polynomial is zero if all coefficients of the series are zero. Since a2 and a\ are 

real values,

M W )  = - 4 -  (4-1-13)
a 2

Prom (3.33), (3.40) and (3.41), a2 can be written in the form

a2 =  - h xP0 -  7 2 7 3 Q0- (4.1.14)

Since h\ is always positive, the conditions (4.8) and P0 < 0 imply that

a°2 = -h iP 0 > 0. (4.1.15)

Therefore Pe(Ai) does not blow up. Then the sign of Xx is crucial in determining 

the stability of the steady state. Let a\ > 0, then R e(X ^) = cRe(X^) + ... < 0. 

Since the other eigenvalues of the linearized system have negative real parts, the 

steady state (ue, vt, we, qe) is asymptotically stable. As e —> 0, this steady state may 

remain stable but it is no longer asymptotically stable (since A„ =  0). For example 

a  =  0.77 and e =  0.02 result in the homogeneous steady state (ue,v€,we,qe) =  

(1.2906,0.8149,17.4473,1.2906) that is asymptotically stable, but its leading order 

(u0,v0,w0,q0) =  (1.2987,0.7808,16.0341,1.2987), which corresponds to the steady 

state of the unperturbed system, is only stable.

For case 2, let us note the related eigenvalues with Ae; then A£ =  A0 +  Aie +  ...
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is the perturbation series for the third and fourth eigenvalues where Ac has been 

determined in (4.1.10). Obviously Re(X0) =  0; for the purpose of obtaining the real 

part of the next leading order, substitute A£ in the polynomial (3.32). Then

O(e^) : 3Â AX -I- 2a°X0X\ -F o^X\ + û Ao + o2A0 + — 0. (4.1.16)

The real and imaginary parts of 0(el ) must be zero. Hence

Re(\i)  = ~ 'i^ V m ty+ a iA ;+ .,■)'
3A0 +  a2

Im(Ai) =  (4.1.18)
3AC +  a2

Equation (4.1.10) and Q0 < 0 imply that X20 > 0. Hence, Re(Xi) and Im(Aj) do not 

blow up. Similar to case 1, if

2a"A0Im(Ai) +  a^A  ̂+ a \>  0, (4.1.19)

then the perturbed steady state is asymptotically stable while the unperturbed 

steady state in the best case is just stable.

This is remarkable in two important respects. First, there is a qualitative change

to the solution curves (trajectories) near the steady state as e —► 0. In this case this

means that the perturbed and unperturbed system cannot be topologically equiv

alent near the steady state. Second, the necessary condition for Turing instability 

is that the steady state must be asymptotically stable, not just stable. Here the 

perturbed steady state is asymptotically stable while the unperturbed steady state 

is simply stable.

This raises the question of whether there is a case wherein the perturbed steady
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state has the properties of Turing instability while the unperturbed steady state 

can not exhibit Turing instability. To answer this question it is necessary to know 

whether the steady state (ue, ve, wt , qe) is unstable to spatial variation. Following 

the same steps taken in Section 3.2 of Chapter 3, P3 (AC) is in the form of (3.2.11), 

i.e.

Pz(K) = (Xe + r)(X2 + pXe + q), (4.1.20)

where q > 0  for all k > 0 .

If p < 0 for some bounded interval of &, then the perturbed steady state is unstable 

to spatial variations. This is a required condition for Turing instability, p as a 

function of k is defined in the form

p =  - P 0 ~  7 i/u +  (di + d2 + d3)k2 -  r, (4.1.21)

where P0 — 7 2 gVo — 0 3 7 3  and —r is one of the perturbed eigenvalues.

Let — r =  Xa + eX\ + . For case 1 , there are three possibilities for A0: either it

is zero or P„ or — 7 i / Uo. So, the term (4.1.21) can be written in the form

p — (d\ +  d2 +  ds)k2 +  r  +  eAi +  ..., (4.1.22)

where F > 0 .

For case 2, note that —r is a real root of P3 (A3)and it can only be equal to —7 f Uo. 

Hence in both cases for e > 0 small enough, p > 0 for all A: > 0. This implies that 

Re(X(k)) < 0, and therefore the condition for instability to spatial variations, is not 

satisfied and the perturbed system cannot exhibit Turing instability.

This is a significant result of perturbation analysis of the system showing that 

the perturbation by RA-Notch interaction cannot increase the number of steady
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states with Turing instability. This means that if the unperturbed steady state does 

not have the properties of Turing instability, then the perturbed steady state does 

not either. Furthermore, it has been numerically confirmed that in the presence of 

RA-Notch interaction (i.e. e > 0), Turing instabilities occur for a fewer number of 

steady states (see Figure 3.3 in Chapter 3).

4.2 Conditions for perturbed and unperturbed sys

tem s to  be topologically equivalent

The aim of this section is to illustrate that under some conditions the perturbed and 

unperturbed systems will perform the same qualitative structures near the perturbed 

and unperturbed steady states. In other words, the two systems will be topologi

cally equivalent in a neighborhood of the related steady states. Before proving the 

equivalency between the two systems, let us define some mathematical terms in the 

following.

Definition 4.1: Let X  be a metric space and let U and V  be subsets of X .

A homeomorphism of U onto V  is a continuous one-to-one map of U onto V, 

h : U -* V, such that h rx : V  U is continuous.

Definition 4.2: Consider two autonomous systems of differential equations such

as

x =  f(x), (4.2.1)
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and

*  =  *(x), (4.2.2)

where i G l 11 and with / ,  g vector fields.

The system (4.2.1) in a neighborhood of p € Kn is topologically equivalent to 

the system (4.2.2) in a neighborhood of q € K" if there is a homeomorphism H  

mapping an open set U containing p onto an open set V  containing q = H(p) which 

maps trajectories of (4.2.1) in U onto trajectories of (4.2.2) in V  and preserves their 

orientation by time in the sense that if a trajectory is directed from Xi to x2 in U, 

then its image is directed from ff(xx) to i f  (x2) in V. If the homeomorphism H  

preserves the parameterization by time, then system (4.2.1) in a neighborhood of p 

is said to be topologically conjugate to system (4.2.2) in a neighborhood of q (see 

[37] for more details).

Definition 4.3: A steady state of a system of differential equations is said to be 

hyperbolic if all the eigenvalues of its Jacobian matrix have nonzero real parts ([17] 

for example).

Consider now two linear systems x  =  Ax  and x = Bx, x  G R", 

all of whose eigenvalues have nonzero real parts. Let m_ denote the number of 

eigenvalues with a negative real part and m + the number with a positive real part, 

so that m_ +  m + =  n.

The following theorem establishes the topological equivalency of linear systems: 

T heorem  4.2. A necessary and sufficient condition for topological equivalence of 

two linear systems, all of whose eigenvalues have nonzero real parts, is that the 

number of eigenvalues with negative (and hence positive) real parts be the same in
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both systems:

ra_(A) =  m -(B ),m +(A) = m+(B) (4.2.3)

The proof of this Theorem can be found in the book by V. I. Arnold [2]. One of 

the most interesting theorems in the theory of differential equations is the Hartman- 

Grobman Theorem which shows that in a neighborhood of a hyperbolic steady state, 

a system of differential equations is topologically equivalent to its linearization in a 

neighborhood of origin.

Theorem 4.1 (Hartman-Grobman Theorem). Let E  be an open subset 

of Rn containing the point xv G Rn, let f  G C l (E), and let (f>t be the flow of the 

nonlinear system (4.2.1). Suppose that xp is the hyperbolic steady state of the 

system (4.2.1) (f(xp) =  0 and that the matrix A = Z)f(xp) has no eigenvalue with 

zero real part). Then there exists a homeomorphism H  of an open set U containing 

xp onto an open set V  containing H(xp) =  0 such that for each y G U, there is an 

open interval J0 C R containing zero such that for all y G U and t G Iq

i.e., H  maps trajectories of (4.2.1) near the origin onto trajectories of (4.2.2) near 

the origin and preserves the parameterization by time ([37],p.120). The proof of this 

theorem can be found in the book by Philip Hartman ([18],Chapter IX).

Consider the perturbed system of equations (2.3.3)-(2.3.6) in the form of

where D  is the diagonal matrix of diffusion coefficients, e > 0 the perturbation

Ho<j>t(y) = eAtH(y)] (4.2.4)

^  =  F (X c,e ,a)  +  D V 2 X<, (4.2.5)
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parameter and a  e  (0,1) is the bifurcation parameter. Then the unperturbed 

system of equations (2.3.3)-(2.3.6) can be written in the form

—y
^  =  F(X„,  0, a) +  DV2 Xo ■ (4.2.6)at

— y  — ^

Let P £= (u£, v£, we, qe) and P Q= (u0, v0, wa, q0) be the steady states of the perturbed 

and unperturbed systems (4.2.5) and (4.2.6) in the absence of spatial variations (i.e. 

F(P£, t , a ) — 0 and F(P0, 0, a) =  0 when D  — 0). As explained in the previous 

chapter, in the absence of spatial variations (i.e. D  =  0), systems (4.2.5) and (4.2.6) 

can be linearized about the steady states of perturbed and unperturbed systems
—>■ —y

(i.e. P£ and Pa). Let

Re=

(
u — Uf

\

V —  v£ 

w — w£

V  q  ~  &  I

and Ro=

(  \
u — u0

v - v 0

w  —  Wo 

\ q - Q o  )

(4.2.7)

Then for Re and Ro small, the systems (4.2.5) and (4.2.6) linearized about the

steady states P £ and P0 are presented in the form

d R t
dt — Rei (4.2.8)

d Ro 
dt — A0 Ro, (4.2.9)

where A£ and Aa are the Jacobian matrices of F (X e, e, a) and F (X 0,0 ,  a) at the
—y —y

fixed points P £ and P0.
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The following proposition is established to pursue the study of the system per

turbed by RA-Notch interaction.

Proposition 4.1

A. —̂ ^Let E  be an open subset of R4 containing the steady states P e and P 0 of the sys

tems (4.2.5) and (4.2.6) respectively, and let F (X t ,€,a) and F (X 0, e, o) € C l {E), 

then in the absence of spatial variation (i.e. D  =  0), the system (4.2.5) in a neigh

borhood U( of P t £  Rn is topologically equivalent to the system (4.2.6) in a neigh-
— y

borhood U0 of P 0£  R" if the following conditions are satisfied:

1. The steady states P e and P 0 of the systems (4.2.5) and (4.2.6) are both hy

perbolic.

2. e > 0 is small enough such that the real and imaginary parts of each eigenvalue 

Ae of Af have the same sign as the real and imaginary parts of the corresponding 

eigenvalue Ac of A0.

Proof.

The proof of this proposition is an immediate application of the Hartman- 

Grobman Theorem and Theorem 4.2.

Define (j>e : R x R4 -* R4 the flow of the system (4.2.5). It then follows from 

the Hartman-Grobman Theorem that there exists a homeomorphism he of an open 

set Ut containing the origin onto an open set Ve containing the origin such that 

he(Pe) =  0 and for each ye £ Ue there is an open interval / e C R  containing zero 

such that for all ye £ Ue and t £ Ie

he o ye) =  eAtth€{y£). (4.2.10)
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Similarly, the system (4.2.6) in a neighborhood Ua of P 0e  Rn is topologically conju

gate to its linearized form (4.2.9) in a neighborhood of the origin; i.e. there exists a
—y

homeomorphism ha which maps trajectories of (4.2.6) near the steady state P0 onto 

trajectories of (4.2.9) near the origin and preserves the parameterization by time. 

Since the systems (4.2.5) and (4.2.6) are topologically equivalent to their linearized 

form, it is only required to show that the two linearized systems (4.2.8) and (4.2.9) 

are topologically equivalent.This can be done by implementing the Theorem 4.2. 

From conditions 1 and 2 of this proposition one can simply observe that the hy

potheses of the Theorem 4.2 are satisfied.Diagram (4.2.11) schematizes the topo

logical equivalency of the systems (4.2.5) and (4.2.6) under the homeomorphism 

H = h~l oh i,o  h£.

—y —y

=  F ( X e,c ,a )  A  ^  =  F ( X 0, 0 , a )

he i  K i t h ; 1 (4.2.11)

i l k - A  R R
dt ~  eRe dt ~  o R °

Diagram:(4.2.11) Under the hypothesis of Proposistion 4-1, two perturbed and unperturbed 

systems is topologically equivalent with the homeomorphism H  = h~l o hi o he.

The homeomorphisms he : Ue —>• Ve and ha : U0 —  ̂ V0 are already defined by 

the Hartman-Grobman Theorem and the homeomorphism is defined by Theorem 

4.2.<0>

It is important to note that the two systems (4.2.5) and (4.2.6) may not be 

topologically conjugate. For topological conjugacy it is necessary that the homeo

morphism between the two systems preserve the parameterization by time. Here,
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the homeomorphism H  =  h^1 o hL o he may notnecessarily preserve the parameteri

zation by time. In the previous chapter, the method of eigenfunction expansion 

was employed to construct solutions to the initial boundary value problem (3.1.18)- 

(3.1.20)for the system linearized about the steady state. In the same way as shown 

in (3.1.25), the eigenfunctions for the perturbed and unperturbed systems satisfy

—►
^ ±  = (At - D k 2) W £, (4.2.12)

— y

= (A0 -  Dk2) Wo • (4.2.13)at

Similar to the proof of Proposition 4.1, it can be shown that the linear systems

(4.2.12) and (4.2.13) are topologically equivalent if the real part and imaginary part 

of each eigenvalue Xe(k) of Ae — k2D  have the same sign as the real and imaginary 

parts of the corresponding eigenvalue XQ(k) of A0 — k2D.

Therefore, under hypothesis of Proposition 4.1 and the conditions for eigenvalues 

mentioned above in a neighborhood of the steady state with Turing instability, the 

perturbed and unperturbed system are topologically equivalent. The biological in

terpretation of this result is that under the hypotheses of Proposition 4.1, the small 

interactions between RA and Notch signaling pathways may not have a qualitative 

effect on either the symmetry breaking instabilities of the system or the process of 

axon formation.
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Chapter 5

Bifurcations and Numerical 

Simulations

5.1 Bifurcations at the steady state

In Chapters 3 and 4, the mathematical model of axon formation was locally analyzed 

around the steady states of the system. Linear stability analysis and perturbation 

techniques were used to study the effects of external signals (RA and Notch) on the 

symmetry breaking instabilities for axon formation. In this section, the qualitative 

behavior of the system — F (X e, e, a) is numerically studied as the parameter 

a  changes and e « l .  If the qualitative behavior of the system remains the same 

for all vector fields F  of different e and a  parameter values, then the system is 

said to be structurally stable with respect to a  and e. Otherwise, the system has 

a set of bifurcations. Furthermore, near the steady states with Turing instability,
—► —y —y

the qualitative behavior of the system =  F(X , e, a) +  D V 2 X  may change 

with different values of diffusion coefficients of the system. This is a certain type 

of bifurcation which is called a Turing bifurcation. The Turing bifurcation is the

64

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



basic idea for generation of spatial patterns which can be found in most of the 

mathematical models for biological pattern formation (see [16] for more details).

In this study, the Turing bifurcation may occur when there are changes to the 

diffusion ratios D\ =  ^  (and D2 =  while the other types of bifurcation may 

happen for the spatially homogeneous system (i.e. d* =  0 for i =  1, ..,4) when the 

parameter a  passes through a bifurcation value a0 with c « l .

Consider the system of equations (3.1.1)-(3.1.4). The first step in studying the 

bifurcations of the system is to find the bifurcations by the parameter a  € (0,1) 

when e «  1, By setting the coefficients of the system (3.1.1)-(3.1.4) to the same 

values taken in Section 3.1 of Chapter 3, the homogeneous system of equations may 

have various types of steady states for a  € (0,1) and e «  1. Numerical results reveal 

that the system becomes structurally unstable for parameter values of a x =  0.3625 

and oi2 =  0.58. This means that the behavior of the system changes as the parameter 

a  passes through ax and a 2.

For each a  < a l5 the homogeneous system has a pair of steady states, which are 

a saddle and a stable node. For a  € (ax,a2), the number of the steady states will 

change to four, so that there are two pairs of saddles and stable nodes. For each 

a  £ (a2, 1), the system returns to a pair of saddle and stable node steady states. As 

a  approaches to one, these two steady states merge and create an unstable saddle- 

node steady state such that the behavior of the system changes at a 3 =  1.

The components of the steady states of the homogeneous system can be written 

as functions of the level of Notch activity; i.e. the steady state (ut ,v t ,w e,qt) =  

( & ( « « ) ,  V e i 6 ( » e ) > & (« * ))»  w h e r e

& (tO  =  —  -  —  Ve, (5.1.1)ota i ax
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6(» .) =  „ (5.1.2)a3( 1 +  c3vj)

&(««) = —£(ve), (5.1.3)
0 4

and ve is a root of the polynomial

P4(ve,e ,a)  =  (c2a2(l +  c3u2)2 +  1)(-  — ■ . (ve -  a )2 +  e^(v t) +  1). (5.1.4)
(a -  i)
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e = 0 S-N

0.8

0.6
v,0

0.4

* S-N
0.2

;  S-N

0.2
0.2 0.4 0.6 0.8a

Figure 5.1 The bifurcation diagram corresponding to the homogeneous system (3.1.1)-

(3.1.4) when e = 0. a i =  0.3625 , {*2 =  0.58 and 013 = 1 are the saddle-node bifurcation 

(S-N) values of the system (shown with * in the figure).
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Since n£, we and qe are functions of ve, the multiplicity and the position of the 

steady state (w£, vt ,wc,qe) is determined by the number and the values of the roots of 

Pa{v^  e, a). Hence, the qualitative changes of the unperturbed homogeneous system

(3.1.1)-(3.1.4) can be illustrated by plotting the steady states of the one-dimensional 

system ^  =  Pa(v0, 0,«). Figure 5.1 shows the bifurcation diagram corresponding 

to the homogeneous system (3.1.1)-(3.1.4) when e =  0. The values ai = 0.3625 and 

a 2 =  0.58 are the saddle-node bifurcation values of the system. The third saddle- 

node bifurcation may occur at a3 = 1, but one should note that £*3 is not within 

the designated range for a  G (0,1).

The bifurcation diagram with respect to a  has an overlapping branch which is 

shown in Figure 5.1. Numerical results show that the steady states of the homoge

neous system (3.1.1)-(3.1.4) corresponding to this branch are the only steady states 

which may have the properties of Turing instability. Generally, a  and the diffusion 

ratio D\ = ^  are two important parameters that distinguish the steady states with 

Turing instability from the other steady states of the unperturbed system (3.1.1)-

(3.1.4). The diffusion ratio D\ =  ^  determines whether or not the steady states 

related to the overlapped branch have the properties of Turing instability. For each 

a  € (ai, a2), when the parameter D\ passes through a critical value D^l\  the qual

itative behavior of the solution set of the inhomogeneous system (3.1.1)-(3.1.4) will 

change and the steady state corresponding to the overlapped branch becomes spa

tially unstable. This corresponds to the Turing bifurcation and the critical value 

Dc1̂ is a bifurcation value for the system; i.e. for Z>i > D̂c \  the steady state has 

Turing properties while for D\ < it is spatially stable.

Numerical simulations of the system gives valuable insight into the behavior of 

the unperturbed system of equations.
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Figure 5.2 (a) Plot of the bifurcation values of the unperturbed system (i.e. e = 0) for 

the values of Notch activities (v0) of the steady state (ua, v0, w0, q0) corresponding to the 

overlapped branch.

(b) By decreasing the value of D\, the Turing instability occurs in a shorter range of a. 

As D\ tends toward a critical value near 6, the system has no steady states with Turing 

instability which means no axon formation or neuronal differentiation.
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Figure 5.2(a) plots the bifurcation values of the unperturbed system (i.e. e =  0) for 

the values of Notch activities (va) of the steady state (u0, va, wa, q0) corresponding to 

the overlapped branch. For D\ > 25, each of these steady states has the properties 

of Turing instability and the system exhibits symmetry breaking for axon formation 

near these steady states. The biological interpretation of the bifurcation curve in 

Figure 5.2(a) is that axon formation and neuronal differentiation might be possible 

for the cells with a higher level of Notch only if Delta diffuses (in terms of signal 

transduction) faster than Notch. However, one should note that there is a threshold 

for the level of Notch activity. With the given constants and parameters in this 

study, no axon formation is expected for v0 greater than 0.23.

As mentioned before, Turing instability is possible only for the steady states 

with the lowest level of Notch activity (i.e. v0) in the range of a  € (0.3625,0.58). 

This means that the steady states with Turing instability are trapped between two 

saddle node bifurcations at Oi and a 2- This is remarkable when changing the value 

of the diffusion ratio Di results in decreasing the number of steady states with Tur

ing instability. Figure 5.2(b) shows that by decreasing the value of D\, the Turing 

instability occurs in a shorter range of a. As Di tends toward a critical value near 

6, the system has no steady states with Turing instability which means no axon 

formation or neuronal differentiation. This shows the importance of diffusion ratio 

Di for the symmetry breaking instabilities of the system.

So far the numerical results presented in this section are for the case in which 

the system is unperturbed. When e > 0 is small enough (i.e. e <C 1 such that 

the eigenvalues related to the linearized system preserve their signs as the system 

is perturbed), by Proposition 4.1 no qualitative change to the steady states of the 

homogeneous system (3.1.1)-(3.1.4) is expected. Figure 5.3 shows the bifurcation 

diagrams of the one-dimensional system ^  =  P4(nf,e ,a) corresponding to
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e = 0.05
S-N

0.8

0.6
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0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.90.1

Figure 5.3 The bifurcation diagram of the one-dimensional system = P4_(ve,e,a) 

corresponding to the homogeneous perturbed system (3.1.1)-(3.1.4) for e = 0.05 and in the 

absence of spatial variation. There are still three saddle-node steady states (shown with * 

in the figure)
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the homogeneous perturbed system (3.1.1)-(3.1.4) for e =  0.05 and in the absence 

of spatial variation. Numerical results show that in this case there are still three 

saddle-node steady states and the stability of the steady states of the system remains 

unchanged after perturbation. The next section confronts the case in which the 

perturbation by RA-Notch is remarkably large (i.e. the condition e <C 1 is removed 

and e > 0 can be arbitrarily large).

5.2 Transformation of the saddle-node bifurcations 

to  Hopf bifurcations

This section addresses the question of how the qualitative behavior of the system

(3.1.1)-(3.1.4) changes as the perturbation by RA-Notch interaction increases re

markably. The numerical study of the homogeneous system shows that by increas

ing the parameter value e > 0, there is a transformation of saddle-node bifurcations 

into Hopf bifurcations. A saddle-node bifurcation occurs at a non-hyperbolic steady 

state where the Jacobian matrix of linearization (i.e. Af) has an eigenvalue with zero 

real part. By increasing the value of e > 0, the saddle-node steady state transforms 

to a steady state with the Jacobian linearization matrix that has a pair of purely 

imaginary eigenvalues and no other eigenvalues with zero real part. Similar to the 

previous section, the qualitative changes of the homogeneous system (3.1.1)-(3.1.4) 

can be illustrated by plotting P4(ue,e, a) =  0. Figure 5.4 shows the bifurcation 

diagram corresponding to the homogeneous system when e =  0.5. The saddle-node 

bifurcations at et] =  0.3625 and <*2 =  0.58 have been transformed to the Hopf bi

furcations at Qfx' =  0.64 and a? = 0.6752 while the third bifurcation at a3 =  1 is 

still a saddle-node bifurcation.
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Figure 5.4 (a) The saddle-node bifurcations (S-N) at =  0.3625 and a 2 =  0.58 have

been transformed to the Hopf bifurcations (H) at a y  =  0.64 and a y  =  0.6752 while the 

third bifurcation at a 3 =  1 is still a saddle-node bifurcation (S-N).

(b) All saddle-node bifurcations (S-N) have vanished and instead Hopf bifurcations (H) 

have appeared. Turing instabilities occur for the steady states between a y  =  0.725 and 

a y  =  0.741.
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Similar to the unperturbed case, the steady states corresponding to the over

lapped branch (shown in Figure 5.4(a)) may have the properties of Turing instabil

ity, but here there are two diffusion ratios Di = ^  and _D2 =  ^  that determine 

whether or not these steady states have the properties of Turing instability. This 

is an important distinction to the unperturbed case where D? is not involved in 

determining this quality. By increasing the perturbation value to 1.5, the third 

saddle-node bifurcation point is transformed to the Hopf bifurcation. This is shown 

in Figure 5.4(b) where all saddle-node bifurcations have vanished and instead Hopf 

bifurcations have appeared. Furthermore, there is a stability change for some steady 

states of the system such that their linear stability has changed to an instability. 

Depending on diffusion ratios Di and D2, the Turing instability may occur for the 

steady states between £*i» =  0.725 and a 2» =  0.741. Again the Turing bifurcation 

for each of these steady states depends on two parameters D\ and _D2.

The Turing bifurcation is associated with the passage of a real eigenvalue through 

zero (steady-state bifurcation), and the Hopf bifurcation with the crossing of the 

imaginary axis by a complex-conjugate pair of eigenvalues. The coexistence of Tur

ing and Hopf bifurcations in a system of reaction-diffusion equations is a considerable 

fact. Previous theoretical work [39],[35] has shown that the closer the system is to 

the Hopf bifurcation point, the more the Turing instability is generally favored. 

The value of the diffusion coefficient ratio for which Turing instability becomes pos

sible moves closer to one (the realistic value for homogeneous systems), as the Hopf 

boundary is approached.

The interaction of Turing and Hopf bifurcation in chemical systems is of great 

interest since both bifurcations have been observed experimentally in a chloride- 

iodide-malonic acid (CIMA) reaction by varying the concentration of the color indi

cator in the reactor [11],[36]. Generally, when a Turing bifurcation occurs close to a
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Hopf bifurcation in the parameter space of a reaction-diffusion system, the Turing 

and Hopf modes may interact nonlinearly to form a variety of complex spatiotem- 

poral patterns. This type of interaction has been studied for different systems of 

reaction-diffusion equations [40]. However, this is beyond the scope of the present 

work. The analytical and numerical results of this work have also been experimen

tally investigated. The following chapter provides the results of these laboratory 

experimentations and imparts the final statements concerning this study.
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Chapter 6

Biological Experiments and 

Conclusions

6.1 Experimental results

This section is a brief report of the laboratory experiments that have been carried 

out at the Institute for Biological Sciences (NRC), Ottawa, Ontario to explore the 

theoretical predictions of this study. See Appendix B for specific details about the 

method, cell culture, transfection and differentiation comprising the experiments. In 

the absence of the external signals, RA and Notch, most of the N2a cells remained 

undifferentiated such that axon formation occurred in almost none of the cells (Fig

ure 6.1(a)). When Notch signals were added to the system, the negative feedback 

became weaker. Thus, in the absence of RA signals, no axon formation was ex

pected (Chapter 3, Section 3.1). This has been confirmed in experiment in the case 

that only activated Notch was utilized. The red dots in Figure 6.1(b) represent the 

existence of saturated Notch in the N2a cells where they remained undifferentiated. 

(No axon formation occurred in any of them). A low concentration of RA with a
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high level of activated Notch in the experiment resulted in few cell differentiations 

or axon formations. Figure 6.2(a) illustrates the cells when low concentration of 

RA (10-4 M) and activated Notch were added to the dish. An increase in the con

centration of RA resulted in more cell differentiations and more axon formations. 

Figure 6.2(b) shows the case where the concentration of RA was increased to 10-2 

M. Obviously, there are more neurons indicating more axon formations. Comparing 

this result to the case in which RA concentration was lower (10~4 M), Figure 6.2 

(b) demonstrates that neurite outgrowth in the cells with saturated Notch (shown 

with red dots) increased.

Absence of Notch signals in the theory corresponds to the case in which the 

negative feedback is sufficiently strong. In this case, adding a high concentration of 

RA signals to the system was expected to produce a positive feedback stronger than 

the negative feedback such that the symmetry between the neurites would break 

and one of the neurites would become an axon (see chapter 2 section 2.1). Figure 

6.3 represents the case that a high concentration of RA was added to the cells and 

no activated Notch was introduced to the system. This resulted in most of the cells 

differentiating to neurons which confirmed axon formation in most of the cells.
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Figure 6.1 (a) In the absence of the external signals, RA and Notch, most of the N2a 

cells remained undifferentiated such that axon formation occurred in almost none of the 

cells.

(b) The case that only activated Notch is utilized: the red dots represent the existence of 

saturated Notch in the N2a cells where they remained undifferentiated (no axon formation  

occurred in any of them.)
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Figure 6.2 (a) Low concentration of RA  (10~4 M) and activated Notch added to the 

dish resulted in few axon formations.

(b) An increase in the concentration of RA (10~2M  from  10~4M) resulted in more cell 

differentiations and more axon formations.
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Figure 6.3 The case that a high concentration of RA was added to the cells and no 

activated Notch was introduced to the system resulted in most of the cells differentiating 

to neurons which confirms axon formation in most of the cells.
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6.2 Conclusions

James D. Murray, the founder of the Centre for Mathematical Biology at the Uni

versity of Oxford admonishes ([29], p.xi),

Biomedical science is clearly the premier science of the foreseeable future.

For the continuing health of their subject, mathematicians must become 

involved with biology. With the example of how mathematics has benefit- 

ted from and influenced physics, it is clear that if mathematicians do not 

become involved in the biosciences they will simply not be a part of what 

are likely to be the most important and exciting scientific discoveries of 

all time.

The complexity of the biological sciences demands new research tools to understand 

the key issues from a different perspective. As biology becomes more quantitative, 

mathematical biology research introduces itself as an imperative instrument while 

simultaneously opening new and energizing branches in mathematics.

The present work is an implementation of mathematical methods and techniques 

in one of the key issues in neurobiology at the cellular level. The proposed model 

is another example of inclusion of a network of signaling pathways into the Turing 

mechanism with the aim of studying the effects of external signals (RA and Notchl) 

on the symmetry breaking instabilities for axon formation. It is felt that one particu

lar merit of the work presented here is that it shows the possible existing connection 

between feedback mechanism and Turing mechanism for the production of sym

metry breaking instabilities. When activated Notch was utilized in the absence of 

RA, the cultured cells in the dish remained undifferentiated and there was no axon 

formation. This has been forecasted in the theoretical discussion (see Chapter 3, 

Section 3.1) where the general system is reduced to the Delta-Notch subsystem and
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the negative feedback has been weakened by Notch external signals. In the absence 

of an RA signaling pathway, the positive feedback loop is not generated to provide 

a potential for neurites to become an axon. Hence, the cells with components of 

axon free steady states remain undifferentiated. Utilizing different concentrations of 

RA in the experiment corresponds to different values of a  in the system. The linear 

stability analysis shows that Turing instability occurs for a  € (0.3625,0.58). The 

concentration of RA utilized in the experiment is proportional to K  Laboratory 

experimentations show that axon formation is possible in a range of concentrations 

for RA.

In theory, existence of Turing instability for the system corresponds to a high 

potential for axon formation and neuronal differentiation for the cells having the 

values close to the components of the steady states with Turing instability. Numer

ical results show that in the steady states with Turing instability, the level of Notch 

activity is the lowest while the level of RA concentration is very high (Chapter 3, 

Section 3.3). Experimental results confirm that high concentrations of RA with low 

levels of activated Notch lead to neuronal differentiation (axon formation).

Numerical results attest that perturbation by RA-Notch interaction is restric

tive on the steady states with Turing instability. As e —> 0, the pattern formation 

may happen in a wider range of a  (Figure 3.3). For the perturbed steady states, 

there are two diffusion ratios D\ =  ^  and Z?2 =  ^  that determine whether or not 

these steady states have the properties of Turing instability. The Turing bifurcation 

curve (Figure 5.2(a)) for the unperturbed system (3.1.1)-(3.1.4) suggests that axon 

formation and neuronal differentiation might be possible for the cells with a higher 

level of Notch only if Delta diffuses (in terms of signal transduction) faster than 

Notch. The numerical study of the homogeneous system shows that by increasing 

the parameter value e > 0, there is a transformation of saddle-node bifurcations into
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Hopf bifurcations. The interaction of Turing and Hopf bifurcations may bring an 

insight to the mathematical study of axon formation and neuronal differentiation. 

Small perturbations of RA-Notch interaction may change the stability of the homo

geneous steady states. A multiple steady state may change to an asymptotically 

stable steady state. But if the unperturbed steady state does not have the proper

ties of Turing instability, then the perturbed steady state does not either. Under 

some conditions, the small perturbations do not change the qualitative behavior of 

the system and the perturbed and unperturbed systems are topologically equivalent 

(Chapter 4, Section 4.2). The biological interpretation of this result is that the small 

interactions between RA and Notch signaling pathways may not have a qualitative 

effect on either the symmetry breaking instabilities of the system or the process of 

axon formation.

The present work has studied the effects of external signals on the axon forma

tion and neuronal differentiation in a model of reaction-diffusion equations. Future 

studies might include the interaction of Turing and Hopf bifurcations in the present 

system of equations which may produce some interesting results for the prediction 

of axon formation in N2a cells. Particularly, it might be possible to show that the 

coupling of Turing and Hopf bifurcation may result in periodic spatial symmetry 

breaking instabilities for axon formation.
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Appendix A

Glossary o f Biological Terms 

axon

The threadlike extensions on a neuron, or nerve cell which conducts nerve impulses; 

the arm of a nerve cell that normally transmits outgoing signals from one cell body 

to another. Each nerve cell has one axon, which can be relatively short in the brain 

but can be up to three feet long in other parts of the body.

cell differentiation

A concept from developmental biology describing the process by which cells acquire 

a “type”. The morphology of a cell may change dramatically during differentiation, 

but the genetic material remains the same, with few exceptions.

dendrite

Microscopic tree-like fibers extending from a neuron. They are receptors of electro

chemical nervous impulse transmissions. This stimulation arrives through synapses, 

which typically are located near the tips of the dendrites and away from the cell body.

gene

The functional and physical unit of heredity passed from parent to offspring. Genes 

are pieces of DNA, and most genes contain the information for making a specific 

protein. Each of the body’s 50,000 to 100,000 genes contains the code for a specific 

product, typically, a protein such as an enzyme.
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morphogen

A substance that stimulates the development of form or structure in an organism, 

morphogenesis

The process of differentiation of cells into different tissues or structures, 

neurite

Any neuronal process (axon or dendrite). This term is typically used to refer to the 

processes of neurons in cell culture.

neuroblastoma cell

Neuroblastomas are fast-growing cancers that develop from nerve cells and typically 

arise in the adrenal glands.

neuron

Neurons are the nerve cells which make up the central nervous system. They consist 

of a nucleus, a single axon which conveys electrical signals to other neurons and a 

host of dendrites which deliver incoming signals.

Notch Signaling (Delta-Notch Signaling Pathway)

The Notch pathway is a conserved signaling pathway that controls cell fate dur

ing animal development. Notch serves as a receptor for direct cell-cell signaling by 

transmembrane proteins (e.g., Delta which serves as a ligand) on neighboring cells.

85

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



pattern formations

The developmental processes by which the complex shape and structure of higher 

organisms occurs

signaling pathway

A series of chemical reactions ending up in achieving cell movement (chemotaxis) 

and gene activation and some other cell functions. In gene activation, a particular 

signaling molecule turns on a certain gene in a cell and consequently, the genetic 

information encoded in DNA is converted into proteins. The concentration of these 

proteins and other chemical reactions result in developments in embryo such as cell 

division or cell differentiation or interaction with other cells to form tissues in the 

body.

signal transduction

Communication inside the cell, and also, how a cell reacts to an external signal by 

transmitting it across the cell membrane to the interior of the cell. Proteins on 

the cell surface function as receptors for specific molecules (such as the hormone, 

insulin). The binding of the molecule to the receptor initiates an interlinked series 

of biochemical events inside the cell, involving enzymes, proteins and ions.
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Appendix B

Cell Culture, Transfection and Differentiation

Cell Culture: N2a neuroblastoma cells (ATCC, Manassas, VA) were plated at 

the density of 3 X 105 cells/ml in Dulbecco’s Modified Eagle Medium (DMEM), high 

glucose, L-glutamine (Invitrogen Corporation, Burlington, ON) -f 10 percent fetal 

bovine serum (FBS; Hyclone, Logan, UT). On the next day, cells were transiently 

transfected, as described below. In order to examine neuronal differentiation, cells 

were incubated in the presence of all-trans retinoic acid (RA, Sigma-Aldrich Ltd., 

Oakville, ON) for three days and examined for neurite outgrowth. Parallel cultures 

were also stained with neuronal markers [microtubule associated protein 2 (MAP2) 

or neurofliment 200 (NF200)] to ensure the neuronal identity of the cells.

Transient Transfection: N2a cells were incubated for 7 hours with 1 /i/ml of 

Notchl-ICD-dsRed2 plasmid DNA and 5/i/ml of Lipofectamine 2000 (Invitrogen), 

according to the manufacturer’s instructions. Cells were rinsed with phosphate 

buffered saline (PBS), incubated in fresh medium (DMEM + 10 percent FBS) and 

examined for neurite outgrowth in the absence or presence of retinoic acid.
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