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Abstract

The periodically forced KdV, modified KdV (mKdV), and extended KdV (eKdV) 
equations are considered. Using a method of multiple scales, leading order asymp
totic approximations are derived for the steady state solutions near resonance. The 
parameters and methodology under consideration are inspired by the work of Amund
sen, Cox, and Mortell (2006, ZAMP) on the KdV and the problem of resonant sloshing 
of shallow water in a tank. However, in the case of the mKdV and eKdV, the addition 

of a saddle point in the phase plane produces a new array of possible solutions and 
boundary layer transitions. The connection between the various classes of KdV equa
tions is established and in particular, solutions of the eKdV equation are shown to 
exhibit behaviour of either the KdV-type or the mKdV-type. Analytic solutions are 
compared to numerical results and the effectiveness and limitations of the proposed 
methodology are discussed.
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Chapter 1

Introduction

Just for a moment, close your eyes and imagine a shallow tank, filled with water. The 
tank is closed at one end, but at the other, you see a piston oscillating periodically, 

forcing the water to and fro and causing waves to form at the surface. Now imagine 
the piston pushing at just the right frequency so that resonance is produced, and sup
pose that the induced oscillations have settled down to final periodic and steady state.

What does the water look like?

The mathematical and experimental origins of this problem begins with the work 
of Chester and Bones in 1968 ([12], [13]), and much of what we will see in this thesis 
is inspired, in some way or another, by their profound water-wave problem. The most 
general aspect of our focus will be the periodically forced extended Korteweg-de Vries 
(eKdV) equation with viscous damping,

Ut -  7uxxx +  auux +  (3u2ux +  Aux -  /iuxx =  f(x),  (1)

where 7 , a, (3, A, and /x are real parameters, and f (x )  provides the periodic forcing. In 
1986, Cox and Mortell showed that for the above water-wave problem, the governing 
equation found by setting (3 = 0  in the above expression, an equation known as the 
forced KdV1. On the other hand, when setting a  =  0, the resulting cubic nonlinear

1 Formally, the equation is known as the fKdVB, or forced KdV with Burgers’ damping.

1
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CHAPTER 1. INTRODUCTION 2

variant is usually known as the modified Korteweg-de Vries (mKdV) equation which, 
for example, arises in stratified fluid flow over a topography (see [28]). In this work, 
all three KdV-type variants are considered: the forced KdV, mKdV, and eKdV.

For the scientist or engineer, these KdV equations are encountered during many 
excursions into fluid mechanics or nonlinear waves. Their immense ubiquity and 

tendency to appear in fluid flow phenomena have made them into veritable celebrities, 
gracing the cover of hundreds of research articles.

But these KdV-type equations are also of great importance for the mathematician: 
They are fascinating case studies into the various mathematical techniques available to 
applied researchers. The equations hide a wealth of truly rich intricacies and many of 

the methods used in studying these problems have gone on to inspire or complement 
research in other important equations, such as the Nonlinear Schrodinger and the 

Sine-Gordon equations, to name a few.
The type of solutions which arise is highly dependent on the particular choice 

of parameters; certain choices are more amenable to standard analysis, while other 

incarnations are more difficult or devious. We will first study the KdV, mKdV, and 
eKdV where the parameters corresponding to the dispersion (7 ) and damping (//) are 

small, while the forcing and nonlinear effects (a and 0) are of primary importance. 
However, we will later bridge together the three classes by studying the effects of 
varying a  and 0. In this fashion, our work captures a wide range of relevant physical 
parameters.

But for these forced KdV variants, there are no closed form solutions and certainly 
no exact methods. Here, approximate methods such as those using the method of 
multiple scales or methods of averaging are often needed in order to derive asymptotic 

expansions. These expansions provide the means of approximating the solutions at 
usually an excellent level of accuracy.

The purpose of this thesis is twofold. The most immediate goal is to present 
a detailed analytic theory of the three types of equations mentioned thus far: the 
KdV, mKdV, and eKdV. The culmination of this portion of our work will be a 
general methodology which will allow researchers to derive leading order asymptotic 
solutions, not only these KdV-type equations, but hopefully to an even broader class
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CHAPTER 1. INTRODUCTION 3

of problems.

The second and perhaps more important purpose is to unify these three archetypal 
KdV-type equations and provide a more global perspective of the problem at hand. 
Although many individual studies of the KdV, mKdV, or eKdV exist, there are few 
(if any) that have sought to compare and contrast these three equations under the 
same heading. Our work in this respect is distinct and revealing.

In Chapter 2, we begin by introducing the reader to some of the countless appli

cations of KdV-type equations and more importantly, review the current state of the 
literature and summarize some of the key papers which have motivated and inspired 
our research.

The bulk of our work however, begins in Chapter 3 where we study the forced 

mKdV equation and provide the core methodology for which much of the later text 
refers to. Chapter 4, where we compare the mKdV and KdV equations provides a 
natural link from our new work with that of Amundsen, Cox, and Mortell [2] on the 
forced KdV, a motivating work in our research (to be reviewed in Chapter 2). Finally, 
the fruits of our labour are applied to the most general of these KdV-type equations 
in Chapter 5 where we examine the Extended KdV equation in detail, leveraging our 

results from the mKdV and KdV equations.
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Chapter 2 

A R eview  of Korteweg-de Vries 
Type Equations

2.1 T he D iscovery o f th e  Soliton  and th e  

D erivation  o f th e  K dV

Any introduction to the celebrated Korteweg-de Vries equation would be sorely in
complete without reference to the famous observation by the Scottish engineer, John 

Scott Russell, as he traveled by horseback along the Edinburgh-Glasgow canal in 1834 

[36]:

I was observing the motion of a boat which was rapidly drawn along a 
narrow channel by a pair of horses, when the boat suddenly stopped — 
not so the mass of water in the channel which it had put in motion; it ac
cumulated round the prow of the vessel in a state of violent agitation, then 
suddenly leaving it behind, rolled forward with great velocity, assuming 
the form of a large solitary elevation, a rounded, smooth and well-defined 
heap of water, which continued its course along the channel apparently 

without change of form or diminution of speed. I followed it on horseback, 
and overtook it still rolling on at a rate of some eight or nine miles an 

hour, preserving its original figure some thirty feet long and a foot to a
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CHAPTER 2. A  R E V IE W  OF KORTEWEG-DE VRIES TYP E  EQUATIONS 5

foot and a half in height. Its height gradually diminished, and after a 

chase of one or two miles I lost it in the windings of the channel.

The phenomenon was so unusual and remarkable in appearance that Russell imme
diately recognized its significance and claimed,

This is a most beautiful and extraordinary phenomenon: the first day I 

saw it was the happiest day of my life. Nobody had ever had the good 
fortune to see it before or, at all events, to know what it meant.

He would later call it his “great waves of translation” , and would devote much of 
his later life studying the problem. Both Boussinesq (in 1871) [8 ] and Lord Rayleigh 

(in 1876) [35] would later contribute significantly to the theory, but it was not un

til 1895 that an equation was provided. Korteweg and de Vries [24] provided the 
expression for the phenomenon, which they wrote as,

3 m V 3 /  1 \
Ut  — ^ [ u u x +  I (2)

where h is the undisturbed depth of the water, g is the acceleration due to gravity, a 
incorporates the surface tension, and u( x , t ) is the wave profile above the undisturbed 

depth. Placed in standard form, this equation is,

Ut Quux T uxxx 0, (3)

the canonical KdV equation. Zabusky and Kruskal [42] later showed in 1965 that 
nonlinear waves, such as the ones for the KdV, can interact strongly and continue 
thereafter almost as if there was no interaction at all (see figure 1). This observation 
of usually localized and solitary behaviour would lead them to coin the name ‘soliton’ 
in labeling these special solutions. And soon after this discovery, research into the 
KdV and similar nonlinear equations continued at a frenzied pace.

The KdV is considered as one of the simplest nonlinear differential equations to 
write down. But those brave enough to first attempt an analytical study of the 
equation are in for a rude awakening: closed form solutions of the KdV are not easy 

to find, and researchers have had to work long and hard until several new techniques
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CHAPTER 2. A  R E V IE W  OF KORTEWEG-DE VRIES TYP E  EQUATIONS 6
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Figure 1: A sequence depicting the interaction of two ’solitons’
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CHAPTER 2. A R E V IE W  OF KORTEWEG-DE VRIES TYP E  EQUATIONS 7

were developed that could handle such equations (see, for example details of the 

Inverse Scattering Transform in [16]).
Our investigation into KdV-type equations will be confined to a specific type of 

variation which has been largely motivated by the work of Chester and Bones on the 
oscillations of shallow water in a tank.

2.2 T he Forced K ortew eg-de Vries E quation

In the introduction of this thesis, we presented the problem originally proposed by 
Chester in his 1967 paper [12]: How does a fluid behave when confined to a shallow 
tank closed at one end by a rigid barrier and at the other by a periodically vibrating 
piston? In his work, Chester began with the two-dimensional Navier-Stokes equations 
for an incompressible fluid and derived a steady-state equation which governed the 
periodic oscillations of the water surface. Shortly after the mathematical formulation, 
Chester and Bones presented a comparison between numerical solutions of the model 

and experimental observations in [13] (see figure 2), performed at the Mechanical 
Engineering laboratory of Bristol University. The agreement between theory and 

experiment was confirmed.

u(x)

Figure 2: A sketch of the tank considered by Chester and Bones. The water in the 
tank is being forced at one end by a vibrating piston. (Chester and Bones [1 2 ] [13])

In 1986, Cox and Mortell [14] provided an alternate expression to Chester’s equa

tion, modeled as a forced KdV equation with Burgers’ type damping,
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CHAPTER 2. A  R E V IE W  OF KORTEWEG-DE VRIES TYP E  EQUATIONS 8

(4)

and this form of the water-wave problem will be used throughout this thesis.

However, deriving the approximate steady state, resonant solutions to the forced 
KdV equation above is a rather non-trivial problem. Research began with a paper 
by Ockendon and Ockendon [32] in 1972, where asymptotic solutions to a modest set 
of solutions were provided. This was continued in 1986 by Ockendon, Ockendon, and 
Johnson [33], when the analysis was extended to a wider range of solutions.

More recently in [2 ], Amundsen, Cox, and Mortell were able to extend the method
ology and construct asymptotic solutions to the entire resonant band and in partic
ular studied some of the more complex solutions avoided by previous authors. The 
approach and interpretation found in their paper (and also in [4]) is the principle 
motivation behind our own analysis in this work. In fact, we will review much of 
their work during our discussion of the KdV in Chapter 4.

Uf I'U'xxx T OLUUx fAUxx — f  (-C),

2.3 T he Forced M odified K ortew eg-de Vries 

E quation

The modified Korteweg-de Vries Equation (mKdV) results when we replace the quadratic 
nonlinearity in the KdV with a cubic nonlinearity, such as in,

ut -  i u xxx +  pu2ux -  nuxx = f(x) ,  (5)

Unfortunately, we shall later see that this rather innocent change produces qualita
tively different solutions in comparison with the regular KdV. The mKdV equation 

arises in weakly dispersive nonlinear wave motion where, for example, symmetry con
siderations of the media or boundary conditions requires the quadratic nonlinearity 

of the KdV to vanish. This may occur in interfacial gravity (or capillary gravity) 
waves between two superposed, finite layers of immiscible fluids of different densities 
[34], In these and other cases, the mKdV may arise as the leading order equation.
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CHAPTER 2. A  R E V IE W  OF KORTEWEG-DE VRIES TYP E  EQUATIONS 9

We are solely interested in steady solutions of the mKdV equation, thus setting 

ut =  0  and integrating yields,

~ i u xx +  ^ u3 -  [iux =  F(x)  +  c, (6 )

where F(x)+c  is an anti-derivative of the forcing f (x) .  This oft-encountered equation 
found in the theory of ordinary differential equations is a variant of the well-known 
Duffing Equation, which has the physical interpretation of describing the motion of a 
damped oscillator with a more complicated potential than in simple harmonic motion. 
Figure 3 illustrates the phase plane of one of the many Duffing-type equations, this 

one with a centre and two saddle fixed points.

0.5

U

-0 .5

-1 .5

-1 .5 1 -0 .5 0 0.5 1 1.5

u

Figure 3: Phase plane of the Duffing/Pendulum problem, u" = u3 — u

Over the years, many variants of the Duffing equation have surfaced and although 

the equation possesses no closed form solutions, different approximation methods have 
been developed depending on the parameters involved. Perhaps the most natural 
and first variant studied was a weakly nonlinear (/3 <C 1 ) and unforced variation
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CHAPTER 2. A  R E V IE W  OF KORTEWEG-DE VRIES TYP E  EQUATIONS 10

(F(x) + c =  0). This type of equation is almost a classic problem found in countless 
texts on perturbation theory or nonlinear oscillation theory (See [19], [2 1 ], [39], and 

[23]).
From here, different Duffing variants can be found in the literature with different 

methods used in analyzing the behaviour. For example, Kaper uses a method of 
multiple scales to study the weakly forced Duffing equations in [22], Struble and 
Yionoulis use an asymptotic expansion in circular functions to examine a weakly 

forced and weakly nonlinear Duffing, and Elias-Zuniga applies a harmonic balance 
method to the Duffing equation using elliptic functions in [43]. The closest and most 
revealing work to what we will do in this thesis is attributed to Kuzmak, who derives 
in [25] the leading order asymptotic solutions to an unforced Duffing equation with 

slowly varying coefficients. Kuzmak’s analysis is quite important to our approach, 
and we will briefly mention his name throughout the text.

However, even with so much work already done on the Duffing equation, our work 

here is distinct and in many ways, an extension of previous work on the topic. We 
will instead focus on a Duffing Equation where the leading order effects are both from 

the cubic nonlinearity /? and the forcing f (x) .

2.4 T he Forced E xtended  K ortew eg-de Vries 

E quation

As we mentioned earlier, the KdV equation arises in the description of weakly nonlin
ear, long wavelength water waves when second order nonlinear and dispersive terms 
are retained (see Whitham [41]). But if we instead retain terms of third order in wave 

amplitude, the result is the Extended Korteweg-de Vries equation, or eKdV for short.
One of the first applications of an eKdV equation with forcing was studied by 

Meville and Helfrich [29] in the context of transcritical flow of a two-layer fluid over 
a bottom topography. Nearly in parallel, Grimshaw, Smyth, and Marchant (See [20], 

[28], [37]) derived and studied a similar forced eKdV equation, also to study the 
resonant flow of a fluid over a topography.
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CHAPTER 2. A  R E V IE W  OF KORTEWEG-DE VRIES TYP E  EQUATIONS 11

As an example of the eKdV, consider equation (3.8) of the paper by Marchant 

and Smyth [28],

- u t + uxxx -  aciu2ux + 6 uux -  Aux = - ( 1  +  ac8A)G x(x), (7)

where a  is a relative measure of the typical wave amplitude, c\ and c8 are constants 
which depend on the density stratification, and A is a detuning parameter. Instead of 
the periodic oscillator generating the waves of a tank we presented for the forced KdV, 
this time the forcing G{x) is localized and is a measure of the bottom topography 
over which the water flows (See Equation 3.1 in their paper).

However, one of the weaknesses of the work by Marchant and Smyth is the fact 
that they largely neglect the effects of the cubic nonlinearity — an assumption which 
essentially allows them to leverage the quadratic KdV theory in understanding the 
eKdV. This was also emphasized in a comparison by Melville and Helfrich in [29], 

But what happens if the cubic nonlinearity is of equal importance to the quadratic 
nonlinearity? This question is certainly of physical importance in some applications 

and is of course a mathematically interesting question in its own right.
Our research on the eKdV in Chapter 5 will focus on leveraging the mKdV and 

KdV theory developed beforehand to study the eKdV for varying degrees of quadratic 
and cubic nonlinearities. In particular, we will examine the effects of perturbing 
an mKdV with a quadratic nonlinearity (mKdV to eKdV transition), the effects of 
perturbing a KdV with a cubic nonlinearity (KdV to eKdV transition), and how the 
solutions behave when both cubic and quadratic regimes are in effect (‘fully’ eKdV).

2.5 A sym p totic  A nalysis o f th e  E quations

For the most part, our asymptotic analysis in the chapters to come are stand-alone 
and can be understood with only an introductory knowledge of perturbation theory. 
As we have mentioned previously, our methodology follows closely with the work of 
Amundsen, Cox, and Mortell during their study of the KdV in [2].

It appears that this special technique using the method of multiple scales origi
nated with Kuzmak in his 1959 paper [25]. Luke also contributed to the analytical
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CHAPTER 2. A  R E V IE W  OF KORTEWEG-DE VRIES TYP E  EQUATIONS 12

theory in his 1965 work [26], and thus, the key ideas behind the method is referred 

to by some authors (such as [23]) as the Kuzmak-Luke method of multiple scales.

2.6 Sum m ary

• The KdV equation is ubiquitous in nature and is the simplest equation which 

incorporates both nonlinearity and dispersion.

• We will be focused on three variants of the KdV: (1) KdV with quadratic non- 

linearity, (2) Modified KdV (mKdV) with cubic nonlinearity, and (3) Extended 
KdV (eKdV) with both quadratic and cubic nonlinearity.

•  Our research is motivated by the application of the KdV to shallow water in a 
tank by Chester and Bones ([12] and [13]). In particular, we are interested in 
the resonant behaviour of strongly forced KdV-type equations with both leading 
order forcing and nonlinearity.
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Chapter 3

Steady Solutions o f the  
M odified K dV  Equation

3.1 In troduction

We begin our analysis of KdV-type equations with the forced modified Korteweg-de 
Vries (mKdV) equation with Burgers’ damping,

ut -  7 uxxx +  Aux +  pv?ux -  fj,uxx = f (x) .  (8 )

The terms, which are later explained in more detail, represent the effects of dispersion, 

nonlinearity, a detuning from resonance, damping, and an external forcing. We will 
confine ourselves to the steady solutions of the forced mKdV in (8 ), and thus setting 
ut =  0 , the equation becomes,

7uxxx -F Aux T  (du ux f-iuxx =  f  {xfi (9)

which can then be integrated to yield,

~ iu xx +  ^ u3 +  Au -  nux = F(x) + c (10)

where we have defined F(x) + c as an anti-derivative of f (x) .  As we alluded to during 

our review of the mKdV equation in Chapter 2, this equation is simply one of the

13
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many variants of the well known Duffing equation. But our problem is unique by 

virtue of the fact that we consider both the effects of leading order non-linearity and 
forcing. With these two dominant effects in play, the solutions and the methodology 

differs from previous work on the Duffing equation (see for example, [21], [19], and 
[38]).

The existence and uniqueness of solutions of (9) will be established implicitly as we 
construct the leading order asymptotic solutions. And while not within the scope of 
this work, we also briefly discuss the details of existence and uniqueness in Appendix 
A.

Our plan of action for this chapter will be as follows. Much of the essential ground
work will be laid in Sections 3.2 and 3.3, where we study the mKdV equation broadly 

and qualitatively, and establish simple, yet limited solutions. This will illuminate 
our extensive asymptotic analysis to the undamped mKdV equation in Section (3.4), 

which will soon after be extended to including damping in Section 3.5. Finally, we 
will discuss the parameter selection (the so-called matching conditions) in Section 

3.6, before comparing our analytical approximations to numerical solutions of the 
equation in Section 3.7.

Perhaps the most exciting result of the work in this portion of our work will 
be found in Chapter 5, where we study the extended Korteweg-de Vries equation, 
which contains both quadratic and cubic nonlinearities. In fact, we shall see that a 
clear understanding of the mKdV reveals much about the seemingly intimidating and 

unapproachable eKdV equation.

3.2 T he N on-D isp ersive Solutions

Our asymptotic analysis will proceed with the following strongly nonlinear and strongly 
forced modified Korteweg-de Vries equation with Burger’s damping,

Forced m KdV

T ffa') (H)
dispersion detuning y  damping forcing

cubic nonlinearity
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where we define x  over the interval [0, 2L], The parameter 7  represents the dispersion, 

A the detuning from resonance, (3 the degree of nonlinearity, and p  the damping. To 
be consistent with physical models, we assume that both the dispersion, 7  and the 
damping /1 are small and of the same order. The forcing f i x ) is assumed to be 
smooth, 2L  periodic, and with zero-mean. Finally, we impose a zero mean condition 
on the solutions,

/*2 L

/ u(x, t )  dx = 0 . (12)
Jo

This mean condition is a key constraint in the problem, limiting the types of solutions 

that may occur. The constraint is a physically motivated condition, corresponding, 
for example, to conservation of mass in the system.

3.2.1 Deriving the Non-Dispersive Solutions 

Using a Regular Perturbation

Integrating equation (11) yields,

7 uxx + p u x = ^ u 3 + A u - ( F ( x )  + c), (13)

where F(x)  + c  is an anti-derivative of the forcing, f i x ) .  Since we are assuming both 
7  and p  are small, we can first try a typical perturbation expansion in powers of ^ 7 : 
Let us expand,

u{x) = u0{x) +  y/^Uiix) + 7 ^ 2 (2:) +  . . .

Using this expansion in equation (13) yields the leading order equation,

0 (1 ) :  ^ u l  +  Au0 -  (F(x) + c) = 0 . (14)

Thus the leading order non-dispersive solution will be one of the solutions of the cubic 
equation (14):
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N on-D ispersive Solutions

(15)

where.

P = (l2[F(x) + c] +  4VA?) f32, M
4A3 +  9p[F(x) +  c]2 

0

But of course, to be valid leading approximations, these equations would not only 

have to be well defined, but would also need to satisfy the condition of zero mean 
(12). The question of where these non-dispersive solutions ^ 1,2,3 are valid and where 
they are not are studied in the next section.

3.2.2 Existence of Non-Dispersive Solutions

A natural question to ask is why the non-dispersive solutions ui }2,3 of equation (15) 
would satisfy the zero-mean condition for some values of A, but fail for others? The 
reason can be seen through simple graphical arguments. To repeat, the non-dispersive 

solutions are the cubic roots of equation (14),

where we have defined C  =  F(x) + c, and have chosen to represent the cubic poly-

the other two branches provided by k = 1 and k = 2 . Of particular interest are two

G(u) =  ^-u3 + A u — (7 =  0 
o

nomial (in u) for fixed forcing by G(u). As shown previously, the non-dispersive 
solutions are,

where

We remind the reader that the cube root p1//3, refers to the principal branch, with
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points on each of the three solutions: The point A* for which A =  0, and the point 
A =  A m for which M  — 0.

• A* — 0: From one solution to  three

Let us begin by examining Figure 4, which illustrates the cubic G(u) for A »  0 
at three values of the forcing: At the minimum C  =  Cmm, at the maximum 
C — Cmax, and for no perturbation C = 0 .

The choice of A > 0 has the effect of allowing only a single real root of G(u) over 
the entire variation of the forcing. As the forcing varies, the cubic root shifts 
and this produces the non-dispersive solution Ui shown in Figure 5. Clearly, it 
satisfies the zero-mean condition so long as the forcing is symmetric.

°-2r--

0.15 N /

o.i - \  j
0.05 ■ \  ! \ i

o • \ I
-0.05 • \  ■ \

-o .i • \  /

_o2|------------------ 1----------------------  1-------------------1
0 0.5 1 1.5 2

X

Figure 4: Shifting the curve up and Figure 5: Corresponding non-dispersive
down produces the three non-dispersive solution that exists everywhere,
solutions. Note the existence of only one 
real root.

However, as A tends to 0, an inflection point begins to form on the cubic G(u) 
as seen in Figure 6 . This has the effect of producing regions of large increase 
and decrease on the non-dispersive solution ui, as in Figure 7.

Past A =  0, the lone root splits, separating into three real roots (Figure 8 ), and 
this critical value of A we define as,

( 16)A* = 0 .

CD

C = 0

u
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3
CD

c = o

u

Figure 6 : Shifting the curve up and
down produces the three non-dispersive 
solutions. Notice the large change in the 
cubic root as the curve shifts.

Figure 7: Corresponding non-dispersive 
solution that exists everywhere. No
tice the beginning formation of a vertical 
tangent.

Also note that while three solutions are clearly visible in Figure 9, only the 
centre root, u3 satisfies the mean condition.

• A^: The creation of a cusp

Upon examination of Figure 8 , we notice an alarming problem: If the maximum 

(or minimum) of G(u) is not sufficiently large (or small), two of the cubic roots 
may be complex valued for certain values of the forcing. Clearly, these critical 

points can be found by studying the maxima and minima of G{u) at C  =  0, 
which are found at,

^■min/max ^ 4
' —A

T ’
(17)

with corresponding height,

G ( ^ m in /m a x ) =  (18)

There is a precise point x, corresponding to the forcing C  =  F(x)  +  c when the
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"s'O

C = 0
u

c = o c = o

x

Figure 8 : Shifting the curve up and 
down produces the three non-dispersive 
solutions. Note the existence of three 
real roots everywhere.

Figure 9: Corresponding non-dispersive 
solutions that exist everywhere.

cubic G{u) is on the verge of losing a root (via a double root), i.e. when the 

height (18) is equal to —C,

Now solving for A yields,

Am = (~^P[F(x)  +  c]2̂
1 /3

(19)

The label Am is appropriate as setting M  = 0 in the non-dispersive solutions 
also yields this value of A. The point we are interested here is when the forcing 
(F(x)  +  c) 2 is at a maximum and thus the corresponding Am is the smallest 
point in which the solutions ^ 1,2,3 with A < A*M first forms a cusp. That is,

A M =  ( - 7 /? max { ( ^ ( z ) + c)2} 
1 4 xe[0,2L]  L J

1 /3

(20)

Figure 10 illustrates the cubic G(u) when A =  A*M and clearly shows the birth
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of a cusp when C 2 is maximal. The non-dispersive solutions for this value of A 

contain two (and in general, potentially three) cusps, as shown in Figure 11.

CREATION OF A CUSP

C = 0

U

C = 0C = 0

x

Figure 10: The birth of a cusp due to Figure 11: Corresponding non-
the cubic equations. dispersive solutions. Here, two solutions

have a cusp.

• A*m <  A < A*: The resonant band

W ith this in mind, we have successfully delimited a band of A values where 
all three non-dispersive solutions fail to be real-valued throughout the entire 
variation of the forcing: We call the band A*M < A  < A*, the resonant band, 
and it corresponds to a location where the non-dispersive solutions can no longer 
satisfy the mKdV equation alone.

As an interesting illustration of our classification, examine Figure 12, which is 
the cubic arrangement corresponding to Figure 13, which depicts the three non- 

dispersive solutions, u 1)2,3 within the resonant band, A*M <  A < A*. We have 
taken particular care to only plot the solutions at points where the imaginary 
components are zero.

As depicted, u\ does not exist in the centre (region III), u2 does not exist in the 
edges (regions I and V), and u$ does not exist in either the edges or the centre 
(regions I, III, and V). The size of the regions II and IV where three solutions 
exist simultaneously is a function of the size of the max/min of the unperturbed
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cubic in Figure 12.

It is quite amazing then, that a smooth solution of the mKdV can be pieced 
together using combinations of these non-dispersive solutions. Most likely, the 
reader can already predict the outcome: A solution will follow ui  in region I, 
only to jump down to the bottom u2 solution, using the transition layer II, 

where all three non-dispersive solutions are valid. Similarly, the solution will 
follow u2 in region III, then jump back up to ti\ through region IV.

Thus our focus turns now to the resonant band, where the non-dispersive solutions 
alone cannot satisfy the mKdV equation. We summarize our findings in the following 
table:

A <
(Non-Dispersive Regime)

K i  <  A < 0 
(Resonant Band)

A > 0

(Non-Dispersive Regime)

Three roots 

Ui, U‘2 , uz exists everywhere 
Uz satisfies mean condition

One or three roots 

«i, u2i uz exists but 
only for limited ranges

One root 
u\ satisfies mean condition

3.3 T he E quation and its  Q ualitative B ehaviour

In the previous section, we derived the leading order non-dispersive solutions and 
more importantly, discovered a region (the resonant band) in which the non-dispersive 
solutions alone could not satisfy the mKdV equation. Before proceeding to an asymp
totic analysis of the resonant band, we will analyze some the qualitative aspects of 
the mKdV in detail.

3.3.1 The Phase Plane

We can turn to an analysis of the phase plane of equation (13) in the undamped case 

for inspiration. For fixed values of x, corresponding to ‘snapshots’ of our solution, the 
result can be sketched in a two-dimensional phase plane. So if we let C = F(x)  +  c 
and fj, = 0, equation 13 yields,
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3
<5

c = o

u

Figure 12: Cubic arrangement within the resonant band, A*M <  A < 0
1.5 r

0.5

><
*5

-0 .5
III IV

-1 .5
0.2 0.6 0.80.4

X

Figure 13: Partial real non-dispersive solutions. The various regions I-V are discussed 
in the text.
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i u xx =  +  A u - C .  (2 1 )

The phase plot of (21) is shown in Figure 14 for /? =  3, and in the two instances 

that (7 =  0 and (7 =  1. The non-dispersive solutions (for fixed x) in (14) are exactly 
the fixed points of the phase plot. We can then think of the forcing as causing a 
slow horizontal shift of the plane underneath the solutions; a solution beginning at 
one of the fixed points will thus remain at the ‘fixed’ point, but now slowly varies in 

response to the forcing.

40

20

u

-20

-4 0

-6 0

- 4  - 3  -2 1 0 2 3 4

u

-20

-40

-60

- 4 ■3 -2 1 0 1 2 3 4

u u

Figure 14: Phase plane of the undamped mKdV equation. The effect of the forcing 
is to provide an underlying shift in the phase plane.

But what about solutions in the resonant band? How do they behave in the phase 
plane? Although we have not yet studied these solutions in detail, we did manage 
to reveal in the previous section that they would involve transitions between the 

two flanking roots (or non-dispersive solutions). Can we thus expect these resonant 
solutions to transition between the two saddle points in the phase planes of Figure 
14, perhaps closely following along the heteroclinic? We will explore this possibility 
soon enough.
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In Section 3.5, we will also take in account the small damping fi ~  0 ( 7 ). Fortu
nately, this physically relevant parameter will only change the undamped solutions 
slightly, shifting the location of the boundary layer. The snapshot phase plots will 
also change, as the effect of damping breaks the symmetry and the closed orbits now 
become inward spirals, as in Figure 15

50

40

u
-1 0

-20

-3 0

-4 0

-5 0

- 3 -2 ■1 0 2 3

U

Figure 15: Phase Plane of the Damped Equation. Damping changes closed orbits to 
spirals.

3.3.2 Energy Analysis and the Quartic Equation

As with our examination of the cubic equation, equally revealing properties can be 
discovered by studying the integrated cubic, or energy equation of the undamped 
mKdV equation. To proceed with the analysis, we can multiply equation (13) by ux 
and integrate further, yielding

= u4 + u2 -  u + E  = H(u),  (22)

once pi has been set to zero and the equation rearranged.
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The behaviour of the quartic polynomial H{u) is of key importance to the solutions 

of the mKdV and an elementary study of the roots of the quartic polynomial can yield 
a wealth of qualitative details. Since for practical applications we are only interested 
in real solutions u of equation (2 2 ), we will require that (ux) 2 >  0  and so we can 
expect solutions to vary monotonically (for the constant perturbed function) until ux 

vanishes at one of the roots of the quartic.
Thus for each value of the forcing, C  and for each choice of solution curve in 

the phase plane, E , we have a quartic polynomial with four (possibly complex or 

real repeated) roots. The particular solution u{x) associated with these particular 
constants will be in one of the different possible regions with H(u)  > 0.

There are several key observations to be made:

• First, it is quite simply seen that the non-dispersive solutions (15) are precisely 
the maxima and minima of the quartic polynomial H(u).

• If u is a simple zero of H(u),  then an expansion of H(u)  reveals,

2 q (v!)2 = H(u) + ( u — u)H'(u) + 0 ( ( u — u)2)

2q[u')2 ~  [u — u)H'(u)

as u —> u. Now if we express u(x) as a Taylor series about the point x = x, 
where u(x) — u, then

1 1 "  ( r )
u =  u + u \x ) {x  — x) H  — (x — x)2 + 0 ( ( x  — x f )

and noting that u'(x) =  0 since H(u) — 0 yields,

_  u" (x ) ,
u = u -1-------— (x — x) + 0 ( ( x  — x ) )

And now differentiation of the energy equation (22) allows us to substitute,
u"(x) =  H'(u) into the previous equation,

u ~  u +  -H '(u)(u  — u)2 
z

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



CHAPTER 3. STE A D Y SOLUTIONS OF THE MODIFIED KD V EQUATION  26

where we have considered the limit that x  —► x. Thus, u has a local minimum 
at x — x  if H'(u) is strictly positive or a local maximum at x = x  if H'{u) is 
strictly negative, respectively.

• If instead u is a double zero, then in the limit u —> u, the approximation of 
equation (2 2 ) changes instead to,

(■u ' ) 2 ~  H"(u)(u — u ) 2 

where we note H"(u) > 0 and this can be integrated to yield,

u ~ u  + Ce±x\ / ™

Thus for solutions near a double root, we must have u —► u as x  —► +oo or 
u —> u as x  —> —oo (or both).

• This analysis of the quartic roots allows us to anticipate the types of root- 
arrangements we will require for our asymptotic analysis in the next section. 

There, we will be mainly interested in solutions u(x) found between two simple 
roots of H(u).  For instance, consider Figure 16. Here, we have a simple zeros 
at a local max and a local min. Thus ux changes signs at these points and 
since the behaviour is algebraic (as opposed to the exponential behaviour with 
a double root), we would expect solutions to oscillate between the two roots 
with finite period.

• Also, let us examine the case when u is located near a double root, u = ui, TU- 
Recall that the maxima and minima of the quartic are exactly the non-dispersive 
solutions (15). It should thus be clear that in the case of two double roots (Fig
ure 17), the bounded solutions we expect to occur are monotonically increasing 
or decreasing, and approaching the non-dispersive solutions u i  and u i  as x  
tends to +oo or — oo (assuming the positive branch of the square root of (ux)2 
is chosen).
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U

Figure 16: Quartic H(u)  has four distinct roots. Note if u is between the two central 
roots, it will oscillate back and forth.

If instead u is taken to be between a double and a single root (Figure 18), we 
would expect a max/min to occur at the single root where ux changes signs, 
and thus it approaches the double root (non-dispersive solution) as x  —> ±oo, 
forming a solitary wave.

U

Figure 17: Two double roots. If u is Figure 18: A Double and a single root,
between the two roots, the solution will If u is between the two roots, the solu-
approach distinct values as x  —» ±oo tion will resemble a solitary wave.

• Although there are other (unbounded) solutions corresponding to cases where 
the solution lies outside the roots, these are not of particular interest. We
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will later see that the oscillatory solutions (between two single roots) and the 
double root solutions play a pivotal role in the derivation of the asymptotic 
solutions. In essence, the boundary layer will consist of oscillatory solutions with 
a slowly varying period (as the quartic shifts in response to the forcing), and the 
matching with the outer layers (non-dispersive solutions) will be accomplished 

by having the solution approach a double root.

In summary. The primary objective of these past few sections was to introduce 
the reader to the types of solutions that may arise from studying the forced mKdV. 
We began by deriving the non-dispersive solutions «i,2,3 in (15) which formed the 
fixed points in the subsequent phase plane analysis. By studying these equations in 
greater detail, we realized that they could not be valid solutions within a range of A, 

the resonant band. We then explained how the phase plane of the forced mKdV could 
be interpreted as possessing an underlying shift due to the forcing, with the solutions 

adjusting appropriately. Finally, we studied the equivalent energy equation (22) and 

related the quartic roots with the types of solutions we might expect. Understanding 
these elementary facts will help immensely with the asymptotic analysis in the next 
section.

3.4 A sym p totic  A nalysis o f th e  

U ndam ped Equation

With a clear idea of our task at hand, we now look to derive the leading order asymp

totic solutions of the undamped forced mKdV, which is repeated here for convenience,

i u xx = ^ u 3 +  A u  -  (F (x ) +  c) (23)

Remember only for sufficiently large values of |A| can the zero-mean condition (12) 

be satisfied solely by the non-dispersive solutions «i,2,3 indicated in (15). For the 
values of A lying within the resonant band, boundary layer solutions need to be 
derived. And from our qualitative analysis in the previous section, we can expect
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these dispersive solutions to be oscillatory in nature and occurring on a fast time 
scale.

Our asymptotic analysis will proceed with the following methodology (see also 
Figure 19):

1. Introduce a multiply-scaled function u(x) —> u (x ,X )  where X  is the (fast) 
boundary-layer scaling and use a perturbative expansion of the function in or
ders O f y / j .

2. Transform the differential equation and examine each separate order.

3. Solve for the leading order solution Uq(x , X ) .

4. To avoid secular terms, impose a constant period T, and derive the periodicity 
condition involving the 0 ( y / j )  terms. This provides an equation relating the 
energy E  to the slow variation x.

5. Match the dispersive solutions to the non-dispersive solutions.

5. Match solutions

4. Impose periodicity

3. Solve for leading order solution

2. Transform differential equation

1. Introduce multiple scales 
u(x) -» u(x, X)

Figure 19: Our plan of attack.
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3.4.1 Deriving the Dispersive Solutions

To begin, we let,

u(x) —» u(x, X ) , (24)

where we now allow u to be a function of two independent scalings: a slow variable 
x  and a fast variable X ,  where

(25)

This more general expansion is required, instead of the more typical linear scaling 

occurring in usual problems in multiple scales. This is in order to account for cases 
where the boundary layer may not be quite as small and the variation in the forcing 
needs be taken into account. Our need for the functional dependence coi(x) will 
emerge a little bit later.

By the chain rule, the ordinary differential operator now becomes,

X  — }  +  U>2{x) + yf^LOz(x) + .

d ^  d d X  d 
dx dx dx d X

d_
dx

+ ^ + u'2(x) +  yCfuj'3(x) +  .. .^ —  (27)

And the second order operator becomes,

dx2
d_ 

dx 
d2 + 2

<40*0

u[(x)
dx2 ' ^ / 7

u[(x)

+  W2 (X) +  ■

+  ^ ( x )  +  • • •

_d_
d X

d_
dx +

d2

+
V7 

d2

d X d x

+ u4(x) +  . . . |  ‘ J L + M {Z)d X 2

uj[(x ) , \  d

d

/2 1 d
7  V 1 d X 2,

We now introduce the perturbation expansion,

d2 d2
2u>[----------------------------- 1-  2uj[ujn------------------------1-  uj'I-------------

l d X d x  1 2 d x 2 1 d x
0 ( 1)
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u(x, X )  = u0(x, X )  +  y/^uiix,  X )  +  7 'U 2 ( x , X )  +  . . .  (28)

The result of substituting the transformed differential operator, as well as the stretched 
coordinates, and perturbation expansion into the mKdV equation (23) yields the first 
two orders,

0(1) : (u)[)2uoxx  =  +  A u 0 -  (F (x ) +  c) (29)

Q(y/l)  '■ (u ' l fu ix x  — — Aui  = —2lu[u}2Uoxx — ^ ' \U qxx  — u '{uqx (30)

It is quite convenient at this point to introduce the linear operator L, defined by,

L ^  ~  ^  ~  A ^  
and it is easily seen that the higher order equations of (23) are given by,

0 ( 7fc/2) : L(uk) =  R k, * =  1,2,3, . . .

where for example, Ri  is the right hand side of (30). We will now look to solve the 
0(1)  equation. As in Section 3.3, we integrate once to reveal the energy equation,

( * f )  =  <4 + ( y )  <4 -  ( ^ )  «o + E  (32)

where C = C(x) and E  = E(x). Now by integrating the equation, we can obtain the 
solutions by way of an inverse integral,

p< ->  ^  _  [ x  ^  dX  =  ^ L ( x + *<*» (3 3 )

'  ±  U  + ( f )  « s  -  ( i F  )  +  E  ^

Notice here that we have used the constant of integration 5(x) to represent both the 

phase shift due to the definite integral (in X), and also from the constant arising 
from the multiply parametered u ( x ,X )  function. The lower limit of integration is 
not quite arbitrary, as we will want to restrict the types of solutions that arise in
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conjunction with our boundary layer phenomenon. It is also well known that the 

integral of 1/y/P,  where P  is a polynomial of degree 3 or 4 can be represented in 
terms of elliptic functions of the first and second kind (see [1] and [9]).

While no harm is done if we were to leave our solutions as the inverse integral 

in (33), explicitly stating the corresponding elliptic functions can ease the numerical 
analysis, and more importantly, provides an intuitive interpretation of the solutions, 
making use of common properties of the elliptic and circular functions. To do this, 
we will first begin by assuming,

u4 +  ~  ( ”7 T") u + E  = (u ~  a)(u ~  b)(u -  c)(u -  d)

d < c < u < b < a

and that the roots a, b, c, d are all real-valued. We can then integrate equation (32) 
from the c-root with the assumption that the solutions of interest oscillate between 

roots c and b (see Section 3.3).

f U  dU = [  - 7̂ -  dX  = + 6(x)) (34)
Jc ± y / (u  — a)(u — b)(u — c)(u — d) Jc VQoj'i \ / 6 ^ 1

Using [9] and [18], we can see that this inverse integral involving the square root of a 
quartic polynomial with four distinct roots can be expressed as,

/ » l i

J C
dU 2  F(0,k)  (35)

± y / (u  — a)(u — b)(u — c) (u — d) y/(a — c)(b — d) 

where F(6, k ) is the elliptic integral of the first kind (see [9]) and,

6> - a r cc in f  , / (b~ d)^ ~ c) 1 k -  , / (& ~  °)(a ~  d) (36)e -  arcsm ^  {b _  c){u _  d))  , k ~  \] {a -  c)(b -  d) (36)

And so if we use this result (35) in our expression for the inverse integral (34) and
invert the result, we obtain our desired boundary layer solution1,

1For convenience of notation, we have chosen to use m, the modulus-squared value in our formula
instead of the modulus k. They are simply related by m =  k2.
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Jacobi Elliptic D ispersive Solutions (m K dV)

_  - {b  -  d)c +  sn2(B(x  -  S),m)(b -  c)d 
0 ’ — (b — d) +  sn2(B(x — 8),m){b — c) ’

a /(3(a -  c)(b — d) (b - c ) { a - d )
___________________ V 2 M  ’ m - ( a - c) ( b - d y __________________

The analytical solution of the four roots of the quartic equation can of course be 
solved for, but we omit the solution here, instead directing the readers to Appendix 
B, where the details can be found.

3.4.2 Avoiding Secularity and the Solvability Condition

So by now, we have managed to derive the leading order boundary layer solution of 
interest. However, on closer inspection there are still several relations to establish. In 
particular, the uq of our stretched coordinate must be determined, along with the en
ergy, E  allowing us to calculate the quartic roots a, b, c, and d involved in the solution.
These parameters will be determined by matching our analytic approximations.

Before turning to the 0 (y / 7 ) terms, let us first examine the period of the dispersive 
solutions (37),

2 K(m)  4V6K(m)  ,
—  (38)

Here we used our previously derived expression for the modulus (37) and the fact 
the Jacobi sn2 function has period 2K(m)  (see [1]). Luke [26] showed that to avoid 
secular growth, the period of the solution T  must be constant. To see this, we can
express the solution as uq{X  + nT(x), x) and differentiate with respect to x,

d d
— u0{X + nT(x) ,x)  = — (X  + n T (x ) )u 0x + u 0x

f d X  d T \
— I -o 1" n ~T~ ) u°x  u°x\  (JJb (IX  J

( d T \  d X  
= n  I —  1 uQX +  -^~uox + u0x

\  (JLX J  C/ X
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and it is then clear that unbounded growth occurs unless ^  =  0. The period is thus 
constant and we are free to choose any constant. Conveniently, we will let T  =  
and this allows us to express,

(39)

establishing the connection between the stretched coordinate parameter u)i(x) and 
the modulus m(x).  The relation between the modulus and the variation in x  can 
now be derived using the solvability condition. Recall that using our notation for the 
linear operator L in (31), the 7 ) equation in our perturbative hierarchy is,

L(Ul) = R 1 (40)

where Ri  is simply the expression detailed in (30). It is not difficult to see that if we 

take the derivative of (29) with respect to X , we have,

0  =  Wx i^u '^2u°x x  ~  3  “o -  A u ° + (F +  c) )  (41)

=  (uj' ^ uoxxx — Pu^uox — Auox, (42)

which is nothing more than L { u q x ) and we have found that uqx is a homogeneous 
solution of the higher ordered equation (40). But now in order to assure periodicity 
at this order, the right hand side of (30) must be orthogonal to all periodic homoge
neous solutions of (40). This is known as the Fredholm Alternative and provides the 
solvability condition,

f  UqxH-i d X  = 0 (43)
Jo

where again, Ri  is the right hand side of (30). Although we only need to deal 

with assuring periodicity at this particular order, it should be noted that the above 
solvability condition is required when examining the higher orders as well. It will be 
instructive if we derive this solvability condition explicitly and review the underlying

u q ( x )  =
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reasons for the Fredholm Alternative. To this end, we multiply the left-hand side of 

(30) by uqx and integrate over a complete period,

/  L(ui)uox d X  — (u/J2 /  u-lxxUox d X  — u\ (/3UqUqx +  X uqx) dX
Jo Jo Jo

=  (^l)2 iu0XUlx — UoxxUi) lo

/Jo

zero by periodicity 

(
u q x x x  — P u ^Uq x  +  X u 0x  I  dX

\ zero by (41)

where we have applied the condition of periodicity and used the fact u0x  is a ho
mogeneous solution of L{u). So the left side is zero and we are again left with the 
condition,

f  uqxR i d X  = 0 
Jo

And thus this method of imposing periodicity through solving an adjoint equation 
is precisely the reason for the Fredholm Alternative. Let us go on and calculate the 
terms in the solvability condition above,

— /  uoxRi dX
Jo 

= I (ZlOiUĴ UqxX +  ^[uoxX  +  <^i«0x) Uox d X  
Jo

Jo
u[uj2u oxxUox +  ~r~ (a^Uox) 
'  s/ '  d x

® is an exact differential and will vanish due to periodicity,
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f T f T d2 / u '^ U o x x U o x d X  =  ui[u'2 / ~ ^ uox d X

=  U)1U>2(UqX ( T )  — W o x ( O ) )

=  0

And thus the solvability condition becomes ® only,

l [  uox d X  (44)
J o

d ' r
dxU

If we make the substitution Q =  JQT uj[ulx  dx, we arrive at the canonical form of the 
solvability condition,

dQ , s
n  =  (45)

This expression is also commonly known as the adiabatic invariant (see for example, 
[41]) and thus by integration,

Solvability Condition (U ndam ped m KdV)

u i [  uox d X  =  k (46)
Jo

where k is a constant. This crucial equation (46) is the final relation that allows us 
to solve for the modulus m, as a function of x. The particular value of k will be 
dependent on the matching criteria and will be discussed in Section 3.6.

The solvability condition provides the final relationship between the modulus (or 
energy) values and the x  variation. There are, however, still several parameters which 
we have not yet examined: k from the above solvability condition, the phase shift S(x) 
corresponding to our stretched coordinate, and c the constant of integration from the 

forcing. For the moment, we leave these issues until Section 3.6, when we discuss the 
matching criteria.

In the next section, we study the mKdV with damping /i /  0, but in general, 
the bulk of our work has already been done. As we shall see, the only effect of the
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damping, due to a slight change of our solvability condition in equation (46), is to 
change the location of the boundary layer .

3.5 A sym p totic  A nalysis o f th e  D am ped  E quation

In the following section, we repeat the asymptotic analysis of the previous section, 

but now allow a non-zero damping 0 in our mKdV equation,

i u xx + nux =  ^ u3 +  Au -  (F(x) + c) (47)

where, motivated by the physical scaling of the problem, we assume that p  0 (V 7).
As we mentioned during our qualitative discussion in Section 3.3, the effect of the 

damping will be to break the inherit symmetry of the undamped case, turning the 

closed orbits around the centre fixed point into inward spirals, and causing dispersive 
solutions to leave the non-dispersive solutions at different points (See Figure 15).

Since the introduction of the damping does not change the leading order expression 

in our regular perturbation series u = uQ + y/^Ui +  ... ,  the leading order equation 
remains the same and in particular, our non-dispersive solutions are given by (15),

w l,2 ,3  —
A / 3P &2mk
2(3

2 A
ui/3'

—2wik k = 0 , 1 , 2

where the expressions for p and M  are given by (15).
Determining the dispersive solutions is now an exercise in applying the same 

stretched coordinate (25) and perturbative expansion of (28) into (47) as in the un
damped case. Notice that the highest order term in p u x  using the transformed differ
ential operator (26) is only of order O j  ~  O(^Ay), so the leading order equation 

remains the same as (29). Consequently, the leading order dispersive solutions are 
given by (37),

u0(x ,X )  =
- ( b — d)c + sn 2(B(x — S),m)(b — c)d 
— (b — d) + sn2(B(x — S),m)(b — c) ’
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where the parameters are defined previously in (37). The only significant change 
occurs with the 0 { ^ )  equation, which is now,

^ (V t) : w lu ixx  ~  (3u0ui — Aui =  —2uj[(jJ2Uqxx — 2u)[u0xx  — ^i^ox — ~<^iuox (48)
7

Notice that the left hand side is still the L operator defined in (31) applied to iq, 
and thus the homogeneous solution of L(u) = 0 is uqx as always. We can apply the 
same method in deriving the solvability condition as before. Multiplying the right 
hand side of (48) by u0x  and integrating over a period T  of the leading order solution 
yields the (now slightly modified) adiabatic invariant which must be zero:

j  pT p'l'
— oj[ /  U qX  d X  — — uj[ u o x  d x  = 0 , (49) 
dx J o 7  J o

where we have used the same simplifications as in (44) by using the periodicity of 

U q x - Making the substitution,

Q =  co[ /  ulx  dX  
Jo

(50)

reveals the canonical form of the adiabatic invariant,

^ -  +  - Q  =  0
dx 7

with the solution,

(51)

Solvability C ondition (D am ped m KdV)

f T  it Q(x, m{x) )  =  oj[  / ulx  d X  =  K,e~~<x 
Jo

(52)

Here, we have implicitly provided relation between Q, and the x and m  values. Note 
that setting /j, = 0, we arrive at the same equation as in the undamped case (46) 

derived in the previous section. Equation (52) serves two purposes: (1) It provides a 
location for the layer and (2) It relates the modulus (and hence, the energy E) to the 
spatial variation x provided that a value of k is given. In the next section, we will
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describe the final steps in determining these and the other parameters found in our 

analytic expressions.
But we have made significant progress already, so let us review our findings. In 

this section, we modified the asymptotic analysis of the undamped mKdV equation 
to account for a small damping /i ^  0. But qualitatively, the only change in our 

derived leading order solutions is a phase shift of the dispersive peaks and so there is 
an inherit asymmetry seen in the solutions. Quantitatively, this is seen by the change 
in the adiabatic invariant by way of an exponential term. These conditions allowed us 
to completely determine the variation of the modulus m  as a function of the spatial 
variation x.

3.6 M atching o f Solutions

At this point, we have determined nearly all the necessary components to describe 
the leading order behaviour of the mKdV. We have expressed our leading order so

lutions uq using both a slowly varying non-dispersive solution (15) and as a quickly 
oscillating dispersive solution. But these solutions involved several variables yet to 
be determined: k, the constant of our solvability condition (52); c, the constant of 

integration from the forcing; 5(x), the phase shift; and m(x),  the modulus-squared 
or ‘energy’ of the problem. In the Kuzmak-Luke Method upon which we based our 

asymptotic analysis, these parameters were found in the context of an initial value 
problem (see [25] and [26]); our problem is similar, and the parameters will be deter
mined by matching the inner and outer solutions across the boundary layer interface, 
and then applying the condition of zero mean. We now study each parameter in turn.

3.6.1 Determ ining k by Enforcing a M atching

Recall that during our asymptotic analysis, we used the inverse integral of a quartic 
equation (32) to derive the dispersive solutions,

( ^ ? )  «lx =  « S  +  ( j f )  <4 ~ ( j f )  “ o +  E
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In fact, this quartic was first encountered during our qualitative introduction in Sec
tion 3.3. Our analysis assumed that the quartic could be factored,

into four ordered roots, a > b > c > d, and in particular, the inverse integral was 

evaluated from the initial root uq = c and integrated in the region between c and

expression of Jacobi Elliptic functions.
In order for us to match these dispersive solutions to our non-dispersive solutions 

u i,2 ,3 , we will need to return once more to the quartic polynomial arrangements. 
Previously, we showed that the non-dispersive solutions were located at the maxima 
and minima of the quartic. Consequently, a matching between the dispersive solutions 

(oscillating between b and c) and the non-dispersive solutions requires u to approach 
the maxima/minima as the fast variable X  tends to ±oo and we leave the layer.

But from our discussion of solutions near a double root of the quartic, this clearly 

implies that to force a successful match between dispersive and non-dispersive so
lutions, we must let u approach a double root arrangement. More formally, let 
x  =  x2 be the matching locations. At this value of x, we will need,

b. This classification allowed us to express the dispersive solutions as a rational

(u — c)2(u — b)(u — a)

uA +  (—2 c — a — b)u3 +  (c2 +  2  ac + 2  be +  ab)u2 

+  (—c2a — c2b — 2  abc)u + abc2

And now equating coefficients, we have,

^ c 3 +  Ac -  C = 0  
o

(53)

(54)

a = — b — 2 c (55)
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but examining the last term of (53), note we must now restrict,

E  abc2 (56)

Also note that implicit in equation (54) for b was a sign choice in order to preserve
our ordering b < a. More importantly, we can now recognize c in (53) as exactly the 

three non-dispersive solutions, as we expected all along. That is,

Now determining the value of k in the solvability condition (52) is easily done: 

Given the location of the matching x  =  £\, x2, we calculate the value of u[{x) and the 
four roots a, b, c, d using the formulae (53)-(55), making sure to choose the appropriate 
non-dispersive solution for c where the matching occurs. This completely determines 
our dispersive solution u0 and now k is given by the solvability condition,

evaluated at the point of matching. And of course in the case of an undamped 
equation (p, = 0 ), the exponential term disappears.

3.6.2 Determ ining u>i(x) and m{x)

Recall that uq appears in the functional dependence of the fast coordinate X  on 
the slow spatial variation x  (25), while the modulus-squared m(x)  allows the elliptic 
functions in equation (37) to vary slowly in response to the forcing. Once a value of 
k has been determined however, both parameters are easily solved as functions of x: 
the uq using equation (39), and the modulus-squared m(x)  using equation (52).

3.6.3 Determ ining the Phase Shift <5(:r)

The reader should recall that the phase shift was originally encountered as a constant 
of integration arising in our inverse integral (34), or equivalently, can be interpreted

c =  U\,U2 , or u3

(57)
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as arising in our definition of X ,  the scaled parameter. As before, let us assume that 

the transition between inner and outer layers occurs at x = x\  and x  =  £2 .
If one is unfortunate enough to make an incorrect choice for S(x), the boundary 

layer solutions beginning at x = £ 1  will not match correctly at the other side, x = £2 . 
Note then, that for a successful match, we will also require an appropriate choice of 
S(x) such that only an integer number of peaks exist within the dispersive layer.

In general, the modulation in the phase shift is not an easy problem to solve. It 

was extensively studied for a more general class of nonlinear differential equations 
by Bourland and Haberman in [5], [6 ], and [7], and can be formally solved for by 
examining the O(q) terms and imposing periodic constraints, similar to what we 
have done in Section 3.4.2. The details however, are not particularly relevant to our 
work.

It will suffice it to say that for leading order approximations when the number 

of oscillations within the dispersive layer is small (in most practical circumstances), 
the phase shift 5(x) can be taken as constant. However, the algebraic complexity 
of our leading order solutions (37) necessitates numerically solving for the phase <5, 
whether one chooses to solve the higher ordered solvability condition (as Bourland 
and Haberman), or perhaps more easily, as a a shooting-type algorithm from x = £\ 
to x  =  x 2.

3.6.4 Determ ining c from the M ean Condition

Finally, we turn to the last unknown parameter in our analytic approximations: the 

constant c, which occurs as a constant of integration in (10). Effectively, c is a 
parameter that delineates the particular solutions that may arise among the family 
of possible solutions of the mKdV equation. However, as a result of the global mean 
condition (12), not all these solutions are acceptable. The final step in the analysis 
will thus be to solve for the value of c, which is determined implicitly by the mean 
condition,

(58)
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where we have constructed u(x, c) using the non-dispersive and dispersive solutions. 

The above integral cannot be expressed analytically, so in practice c must be deter
mined numerically.

3.6.5 Summarizing the Param eter Regim e

It will do us well to review our work in this section in matching the dispersive and 
non-dispersive solutions and determining the parameters involved in our analytic 
expressions. In many mathematical problems, the subtle details are often much more 
troublesome than the main bulk of the work, and indeed the reader will probably 

agree that matching and polishing the asymptotic solutions we derived in Sections 
3.4 and 3.5 was not at all trivial. It will be convenient to summarize the key steps in 

determining each of the unknown parameters addressed in our work:

Parameter Found Using Equation

K Matching inner and outer solutions using a double root (57)

m(x) Solvability condition (52)

Ui{x) Enforcing constant period (39)

8{x) Shooting-type argument N/A

c Global mean condition (58)

3.7 C om parison o f A nalytic  A pproxim ations and  

N um erical Solutions

In this section, we will study the numerical solutions of the mKdV, and comment on 
the effectiveness of our asymptotic approximations. Here, many of the characteristics 

and curiosities hinted at during our brief qualitative analysis in Section 3.3) will be 
cleared up and in the end, the reader should have a clear conception of what solutions 

to the forced mKdV are possible and perhaps more impressively, how these solutions 
can be predicted and analytically formed.

The particular mKdV equation under study is,
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~ 7 u x x x  +  A u x + (3u2ux -  nuxx =  f ( x )  (59)

where we have chosen the parameters as,

Parameter Value

7 0.005

P 3

U 0.0015

f (*) —7r sin(7ro;)

In the first section, we will numerically solve for (59) for various values of A, 
and discuss the characteristics of the solutions in correspondence with the resonance 

curves. In the second section, we will match the asymptotic approximations to the 
typical solutions and discuss the general effectiveness of our methodology.

3.7.1 Numerical Solutions

To generate the solutions to equation (59) we use AUTO 97, a well-known software 
package for continuation and bifurcation problems in ordinary differential equations 

[15]. The main result of interest here is the resonance graph displayed in Figure 20. 
Each area of interest is labeled, and we will discuss each in turn.

• R egions A  and I

One may begin studying the resonance curves by starting at points A and I, 
and following the curve towards the outstretched fingers. As was mentioned 
previously, for sufficiently small and large values of A, at least one of the non- 

dispersive solutions Ui,2,3 exist and satisfies the zero mean condition. In region 
A, all three non-dispersive solutions are real, but only u3 satisfies the mean 
condition. In contrast, region I contains only one real solution u\, which also 
satisfies the mean condition, but here, U2 and u3 are both imaginary and real 
for all x. Figure 21 and 22 illustrates the slowly oscillating graph of these 
non-dispersive solutions.
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20

-6 -4 -2 0 2 4

A

Figure 20: Resonance curves of the mKdV equation 59. The labeled regions are 
discussed in the text. We refer hereafter to the peaks of the figure as the ‘fingers’ of 
the resonance plot.
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3

X

'S'

X

Figure 21: Region A Figure 22: Region I

• Regions B and E

The ‘bend’ near regions B and F can be explained by our calculation of A*M in 
the previous section, which corresponds to the development of a cusp in all three 
non-dispersive solutions Ui,2,3 - Using the approximation in (20) with (3 =  3 and 

maxxG[o;2L] {(-F(z) +  c)2} fa 1 , we see that,

which is indeed a good estimate of the location of the region. W hat is seen in 
region B is actually the formation of slightly faster oscillations about the u3 
solution which can be seen in Figure 23. The transition at region E and Figure 
24 is more difficult to describe, and is more easily seen by comparing regions D  
and F, with essentially the transition being in response to the (future) formation 
and desired avoidance of a cusp.

• R egions H and G

If the reader follows region I (Figure 22) backwards to H (Figure 25), the 
u\ solution stretches in amplitude and more resembles the shape of a square 

pulse. The point of interest here is A* =  0 calculated in equation (16) which 
corresponds to the point where iq develops a singularity. The key observation
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Z3

XX

Figure 23: Region B Figure 24: Region E

here is that the solutions, in response to this singularity have already began 
their transition into region G -  where the top of the solution is attracted to the 

real remnants of u\ and the bottom attracted to the real remnants of u-2 - It is 
here where we see the first signs of a boundary layer which in essence, allows 
the solution to avoid complex regions of the non-dispersive solutions within the 
band A*M < A < 0.

X

5

X

Figure 25: Region H Figure 26: Region G

• R egions C - » D

The main focus of these regions is the characteristic phase shift caused by the
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damping parameter p. Recall in Section 3.3, we showed that the introduction 

of damping resulted in an asymmetric shift in the boundary layer which was 
produced by an exponential term in the matching conditions. Figures 27 and 
28 provide evidence of this reoccurent phase shift.

• R egions F —> G

Finally, the last few observations we make are found in Figures 28 and 29. 
Guiltily, we must admit that the figures are misleading and that unlike the 
solutions found transitioning from Regions C to D, there is no easy way to see 
how Regions F and G are connected.

Guiltily, we admit that the resonance curves shown in Figure 20 are incomplete. 
Extending the domain of A to the left simply elongates the pre-existing fingers 

— even on the order of a hundred times the current size, the fingers do not 
seem to transition from left to right.

However, we shall see in Chapter 5 that indeed, the fingers do continuously 
transition from left to right and in fact, there are more fingers, not displayed 
in the resonance plots. This explains why the numbers of peaks within the 

dispersive layers differ from Figure 29 and 26: they are not even on the same 
finger! Numerically, the difficulty is the the enormous norms of the additional 
fingers. They are there; we simply can not see them. But the underlying reason 
why this occurs is not clear at the moment and we will defer the discussion until 

our examination of the eKdV in Chapter 5.

3.7.2 The Effectiveness of the Derived Approximations

Figure 31 provides an example of the high accuracy of approximating the solution 
using the leading order approximations. In particular, we have generated approxima
tions to equation (59) for the two cases A =  —5 and A =  —4.57. Notice that the 
agreement is excellent and our approximations are not limited by the complex nature 
of these ‘multiply-peaked’ solutions.
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Figure 27: Region C Figure 28: Region D
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Figure 29: Region F Figure 30: Region G
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Figure 31: A comparison between the numerical solutions and leading order approx
imations of equation (59). The top figure is for A =  — 5 while the bottom figure is 
for A =  -4 .57
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3.8 A  N ovel A pproxim ation  to  Singular Shocks

In this section, we develop a novel but limited approximation scheme, originally con

ceived as a prelude to the more general elliptic solutions of Section 3.4. Often, it may 
be useful to sacrifice rigor and generality in exchange for quick analytic approxima

tions which nonetheless illustrate the general nature of the solutions.
The idea is to use the elliptic solutions to an unperturbed mKdV equation and 

allow for minimal (constant) variation in the forcing at the edges, just enough to 
match the inner and outer solutions. This approximation is valid in the case of single 
shock solutions where the boundary layer is of size 0 ( j )  akin the solutions of Figure 
26.

3 .8 .1  Extensions using t a n h

Suppose we begin with the undamped mKdV in integrated form,

i u xx = +  Au -  \F(x) +  c] (60)

In order to obtain the fast solution, we assume that the boundary layer is centred at 
x — 5. However, unlike the analysis of Section 3.4, here we assume the forcing is zero 
within the layer. But for boundary layers with non-zero thickness, these primitive 
approximations are not sufficient to assure a match with the outer, non-dispersive 

solutions. To get around this, we will use a non-zero (but constant) forcing at the 
edges of the layer x = £i ,X2 -

1. R e-scaling the Problem

To begin with our usual method of multiple scales, we let,

u(x) —> u(X,  x)

and,

x - S
x ~ ~
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We expand the forcing as,

F ( x ) + c  =  [F(8)+c] + F ,{ 8 ) ( x - 8 )  + ^ ^ - { x - 8 ) 2 + . . .  (61)
£

= 0 + F ' ( 8 ) ( x - 8 )  + ^ ^ - ( x - 8 ) 2 + . . .  (62)

where we have assumed that the forcing is zero at the centre of the layer, or 

F(8) + c = 0.

Now expanding u(X,  x) =  uo(X, x) +  ^ u i ( X ,  x) + . . .  and after the re-scaling 
of the derivatives, the first and second orders of equation (60) become,

(9(1) : uqxx — +  AlUo (63)

0 ( y / 7 ) : u l x x  ~  P u ^  -  Au i  = —F'(S) -  2u0Xx = Ri  (64)

where the F'(6) term arises due to our assumption that (x — 5) (9(V7 ). This

is the key condition that allows us to extend our leading order solutions at the 
boundary of the matching.

2. Leading Order Approxim ation

The leading order problem (63) an exercise in studying the unforced Duffing 
equation, and corresponds to the situation when the quartic of equation (22) is 

symmetric about the ux-axis (Review our qualitative analysis in Section 3.3). By 
substitution, it can be seen that the solution of equation (63) can be represented 

by the Jacobi elliptic function,

uq = a(x) sn(b(x)X, k(x)) (65)

where,

,  ̂ , y/—6Ak u2 a2
a(x) = ±  .—= ,  and b = (66)

V ; ^ V l  +  k2 2 A;2 v y
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3. Avoiding Secularity and the Solvability Condition

Next, we will show that after applying the secularity conditions, the the modulus 
k must be equal to 1 .

As in Section 3.4, the secularity condition is,

I RiUox d X  =  0

where Ri  refers to the expression in (64) and not the one in Section 3.4.1. This 
becomes,

- T

0 = 1  (F'(S) + 2u0Xx) u 0X d X
J-%

/ T  T

F'(6)uoxd X  +  I (u0X)2 d X

T
= F\S )  (u(T/  2) -  u(T/  2)) +  ^  f  ̂  (uoxf  d X  (67)

~2

X
But note that by properties of the Jacobi SN function, u \ \  = 0 unless we

“ 2
choose to extend the period T  —» oo and set the modulus k =  1. This important 
restriction is necessary in order to apply a secularity condition involving the 
forcing. Thus, in this case the leading order approximation becomes,

u0 = a(x) tanh(6 (a;)A), (6 8 )

And equation (67) yields,

Q pOO
0 =  2F'(5)a(x) +  — a2(x)b2(x) /  sech4 (6 (x)A) d X

OX J —oo

= 2 F ,(S)a(x) + ~ ( 2̂ a 3(x) )  (69)

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



CHAPTER 3. ST E A D Y  SOLUTIONS OF THE MODIFIED KD V EQUATION  54

The result is now a separable differential equation for the amplitude a(x),

V 2 ^ a  + F'(S) = 0 (70)
ax

which yields solutions,

a(x) = ± ^ / - V 2 F ' ( 5 ) ( x - 5 ) + A  (71)

where A is a constant of integration. By comparison with the unperturbed so
lutions of equation (6 6 ) with k =  1, we can see that A =  ^  after requiring 
a(x) =  V E  at the centre of the layer x — S. Choosing the sign of a(x) corre
sponds to choosing whether to match on the left or right side of the boundary 

layer. This yields the final form of our approximation,

Tanh Extensions (Single Shock m KdV Solutions)

u(x)  =  uq =  a(x) tanh ^b(x) ^ — , (72)

a(x)  =  ± J - V 2 F { S ) { x  + =

4. Summ ary and Com parison w ith Num erical Solutions

To recap, we began by examining the centre of the boundary layer (x = 5). By 
treating the forcing as zero within this layer (F(5) +  c =  0), we re-scale the 
problem and solve for an unforced Duffing equation. However, the key step of 
our approximation is imposing a minimal condition for a matching to occur with 

the assumption that x — 8 ~  0 {y / j )  at the edges of the boundary layer. This 
assumption allows us to use the forcing in our secularity condition, yielding an 

equation to allow for the variation of the amplitude (and phase) of the tanh 
function.
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Figure 33 illustrates the effectiveness of this method in extending our tanh 
approximations to the case of single shock solutions with a sufficiently small 
boundary layer. The approximation is almost a perfect match on the left side 

of the solutions, with only a small deviation on the right, due to a phase shift 
from the damping discussed in Section 3.5 unaccounted for. Figure 32 provides 
a closeup of the crucial transition region between inner and outer layers. Notice 
that using a regular tanh solution valid in the unforced Duffing equation is 

not capable of providing a match, but by extending our approximations very 
slightly, we were able to extend the curve slightly, just enough to achieve a 

match.

3.9 Sum m ary

• We derived the leading order non-dispersive solutions which are the solutions 

to a cubic equation. There is an interval for which the non-dispersive solutions 
can not alone satisfy the mKdV equation. This resonant band, A*M <  A < 0 

requires inclusion of dispersive effects.

• Using a method of multiple scales, leading order dispersive solutions were de
rived. These solutions incorporate the effect of slow variation in the forcing, and 
thus contains slowly varying parameters (such as the amplitude, wavenumber, 
and modulus).

• By matching slow (non-dispersive) and fast (dispersive) layers and providing a 
solvability condition, we were able to determine all the parameters involved in 

the leading order approximations.

• A new approximation method was proposed, consisting of extending simple 
tanh approximations and imposing a minimal condition for a matching. This 
approximation is valid in the limiting case of single ‘shock’ layers between non- 

dispersive solutions.

• Agreement between numerical and approximate solutions is excellent.
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Figure 32: Closeup of the transition region using tanh extensions. Notice the obvious 
inability of the regular tanh in matching to the non-dispersive solutions
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Figure 33: Approximating a singular shock solution using a tanh extension
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Chapter 4 

Comparing the K dV and m K dV  
Equations

4.1 Introduction

In the first chapter, we introduced the reader to the illustrious KdV equation, and 
in particular spoke at length regarding the more typical forced KdV with quadratic 
nonlinearity and Burgers’ type damping,

ut ~  i u xxx +  auux + Aux -  /m xx = f(x) .

In this chapter, we will summarize the previous work and results on the forced KdV 
by Amundsen, Cox, and Mortell [2] and in particular, seek to emphasize and compare 
particular differences between the KdV and the mKdV. These subtleties may not 
have been particularly noteworthy when studying each equation separately, but taken 

together, they lead to a much greater understanding of the KdV-theory as a whole.
Our order of presentation will follow closely to that of the previous section: In 

Section 4.2, we will open with the derivation of the non-dispersive solutions and 
discuss its existence and validity, which will be followed with a discussion of the KdV 

phase plane in Section 4.3. Next, we summarize the asymptotic analysis in Section
4.4, and this will be compared and applied to numerical solutions discussed in Section

57
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4.5. The theme throughout this chapter is a comparison with the mKdV study in the 

previous chapter, and we will summarize our findings in Sections 4.6 and 4.7.

4.2 N on-D ispersive Solutions

Consider the steady state non-dimensionalized form of the forced KdV equation with 

Burgers’ damping (fKdVB),

-  7 Uxxx + &Ux +  aUUx -  yUxx = f (x )  (73)
dispersion detuning quadratic nonlinearity damping forcing

defined over the domain x  E [0, 2L\. As before, 7  corresponds to the dispersion, a  the 

degree of nonlinearity, A to the detuning from resonance, and fi is a measure of the 
damping. Both 7  and fi are assumed to be small and of the same order, the solutions 
and forcing are assumed to be smooth, and the forcing 2L  periodic. Additionally, the 
zero mean condition is also applied,

/Jo

r2L

U(x) dx =  0, (74)
10

which will serve to limit the types of solutions that may occur.

Note that we may assume a  > 0 throughout our analysis since a simple change
U(x) —> —U(x) allows us to repeat the same arguments for the case that a  < 0.

4.2.1 A Transformation and the Non-Dispersive Solutions

In contrast with the mKdV, there is a particularly useful linear transformation here,

U = u — — 
a

which serves to eliminate the A parameter in equation (73), yielding,

I ' t t x x x  T  OLUUx f- iu x x  =  y ( r ) ,  ( ^ 5 )

but now the mean condition (74) changes to,
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f 2L , \ J 2L A/ u(x) ax =  — A.
Jo a

(76)

Integrating equation (75) once and rearranging yields,

i u xx +  nux =  ^ u2 -  (F(x) + c) (77)

where we have defined F(x)  to be the anti-derivative of f ( x )  and c is a constant of
integration. Like in the mKdV, we can first proceed naively by substituting a regular
perturbation expansion,

U  = Uq + a/TUi +  7  u2 +  • •.

into equation (77). This yields the leading order non-dispersive solutions,

K dV  N on-D ispersive Solutions

u± =  ± J - ( F ( x )  + c)
V a.

(78)

4.2.2 Existence of the Non-Dispersive Solutions and the  

Resonant Band

Let us take a moment to analyze the existence and validity of these non-dispersive 
solutions. There is the obvious constraint,

F(x) + c > 0,

for x  e  [0 , 2 L\ which specifies a critical value of c,

c* = max ( -F(x) ) ,  
xe[0,2L]

where a cusp forms on the solution. The mean condition (76) then allows us to state 
this existence criterion using A,
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(79)

And thus for values of A such that,

|A| < A* (80)

the non-dispersive solutions alone cannot satisfy the global condition. This range of 
A is referred to as the resonant band.

for fixed values of the forcing C = F(x)  + c, contains a centre u+ and a saddle tt_, 
enclosed by a homoclinic orbit. As we allow the forcing to vary, this shifts the plane 
and produces the slow oscillations found in our non-dispersive solutions (78). Figure 
34 illustrates the phase plane for the KdV equation when the forcing C  =  F(x)+c = 0.

It is helpful to compare the KdV phase plot to that of the mKdV found in Figure 
14. Note the additional saddle in the mKdV positioned to the left of the centre 

fixed point which provides a symmetry to the problem not found in the KdV. Also, 
a homoclinic serves as the separatrix in the KdV when there is no perturbation, but 
in the mKdV, it is instead a heteroclinic that separates the bounded and unbounded 
solutions.

With these details in mind, we are now ready to proceed to the next section for 

the asymptotic analysis. We will return to the details of the phase plots in Section 
4.6 when we compare the numerical and analytical solutions of the KdV and mKdV 
in full detail.

4.3 T he P h ase P lane

The phase plane of the steady solutions of the undamped KdV equation,
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Figure 34: Phase plane of the KdV equation for fixed forcing C — 0. As we allow 
the forcing to vary, the phase plane shifts, producing the slow oscillation in the non- 
dispersive solutions.

4.4 T he A sym p totic  A nalysis

In this section, we quickly rederive the dispersive solutions of the KdV equation based 

on the work of Amundsen, Cox, and Mortell [2 ], Since the methodology is largely 
encapsulated in our analysis of the mKdV (3.4), we need only state the relevant 
results.

1. Setting up the M ethod of M ultiple Scales

First, we will apply a multiple-scales approach to the forced KdV equation,

i u xx +  iiux =  ^ u 2 -  (F(x) +  c).

By introducing the two time scales,

u(x) —► u(x, X ),
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where x  is the usual slow scaling within the layer and the fast scaling X  is 
defined by,

X  =  -------- +  L0 2{x) -f y/ (̂LUz(x) + . . .
V7

2. The Leading Order Equations

W ith u now an independent function of both x  and X ,  the differential operators 

and need to be written out properly using the chain rule. They are 
found in of Section 3.4 in equations (26) and (28), respectively. Now using a 
perturbation expansion,

u ( x ,X )  = u0( x , X)  + ^/~fUi(x,X) + ~fu2( x , X)  + . . .  

in the KdV equation (77) yields the first two orders,

0(1) : uj fuoxx ~  t;uI + F(x)  +  c =  0 (81)

and

^(V 7 ) ; u f u 1Xx  ~  cnUoUi — —2u}[uj!2Uoxx ~  ^ [u o x x  ~  u ”uox
/ «.2

7 U 1U 0 X

= Ri (82)

As before, it will be useful to think of the higher order equations as,

0 (7 fc/2) : L(uk) = R k, k = 1 ,2 ,3 ,... 

where we have defined the operator L by,

L  ^  ~~ au°
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3. The Leading Order D ispersive Solutions

Algebraically, the solutions to the leading order equation (81) are more easily 
solved than those for the corresponding mKdV equations. They are well known 

in the literature, and can be expressed in terms of as cnoidal functions,

where.

Jacobi Elliptic D ispersive Solutions (KdV)

u0(x, X )  =  d + acn2(k(X — 5(x)), m),  (83)

. / 2 _ 2 ; „ 2  J  _  8, ,l2 u2 ( ~ 2  i \  i■ _ (  3  (F(x) + c) Va =  - 8 J 2m zk \  d = W 2k2{2m2 -  1 ), k =
3 ’ \16a;/14(m4 — m 2 + 1)

4. A voiding Secularity and the Solvability Condition

We now enforce a constant period on the leading order solutions (83) and derive 
the solvability condition using the 0{^J7 ) terms in equation (82). By properties 
of the Jacobi Elliptic functions, the period is,

2 K{m) , ( m 4 — m 2 +  1
T  =  y—- =  4if(m)wl '

k V 3(E(x) +  c)

which we set to T  = 4 /3 1/ 4 for convenience. Now we can express,

, 1 f  F(x)  +  c ^
Wl K ( m ) [ m 4 - m 2 + 1 )  '  ̂ ^

Leaving us with only one parameter to be determined: the modulus-squared m.
Like the mKdV, the second order equation,

L{u\) =  R\

contains uox as a homogeneous solution, and so by the Fredholm Alternative, 
we require the right hand side, Ri  to be orthogonal to uox. This yields,
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0  =  f  u0XRi d X  
Jo

fTd f  f
— —  /  d X ----- / uj[uqx d X  (By periodicity)

dx J0 7  J  o
dQ
J T/dx 7

after making use of the periodicity of uq and letting Q = JQT uj[uIx  dX.  Equa
tion (85) is recognized as the well-known adiabatic invariant, and we can state 
the solvability condition in the convenient form,

Solvability Condition (D am ped K dV)

f T £Q(x,m(x))  = uj[ /  ulx  d X  = ne~^x (85)
Jo

where k is a constant of integration and will be determined through the matching 
conditions. Because in this case, the analytical solutions to the KdV are not 

quite as convoluted as the rational expression of Jacobi Elliptic functions we 
had obtained for the mKdV, the integral in the solvability condition (85) can 
actually be integrated exactly (see [9]), yielding,

16(3)'/* ( F W + c f /*  ( 2 E { m ) _ {l -  m*)(2 -  m*) =  Ke_
5 (m4 — m 2 +  l ) 1/ 4 \  m 4 — m 2 + 1

5. M atching Inner and Outer Layers

Once the location of the matching layers x  =  x\,  x 2 is determined, the inner 
and outer layers can be matched as in our discussion for the mKdV (Section 

3.6).

(i) To determine the solvability constant, n in (85), we require u(x) —> u+ 
as we leave the inner layer, X  —► ±oo. This requires m —> 1 as X  —> ±oo
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and consequently, we are approaching the homoclinic orbit (see Figure 34) 
as we arrive back at the fixed point u+.

(ii) The m odulus-squared m(x)  and fast coordinate scaling uj\{x) are 

now related to the spatial variation x  by (84) and (85).

(iii) The phase shift 8(x) determines whether there can be a successful match 
on the other side of the layer x — £2 - Numerically, this can be calculated 
using a shooting-type algorithm.

(iv) Finally, we apply the mean condition (76) to determine the appropriate 

value of the c constant.

6 . D iscussion

The derivation of leading order dispersive solutions for both KdV and mKdV 
equations can be seen to be quite similar and in fact, these methods have been 
used to study more general differential equations (See Kuzmak [25], Luke [26], 
and Kevorkian [23]).

This concludes our asymptotic analysis. In the next section, we will compare 

the numerical solutions of the KdV and mKdV and discuss the accuracies of 
our leading-order approximations.

4.5 T he N um erical Solutions

In this section, we present the numerical solutions of the forced KdV equation,

T^xxx T 0 iuux T Nux /-iuxx — f  (r) (8 6 )

where we have chosen the parameters as,

Parameter Value

7 0.005

a 2

0.0015

f (x) —7rsin(7rx)
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Of particular interest is the plot of resonance curves shown in Figure 35, where the 

norm of the solution, | |tx||2, is plotted as a function of the detuning from resonance, 
A. We now describe a selection of qualitatively different solutions labeled on the 

figure of resonance curves:

20

CM

1 3

- 6 -4 - 2
A

Figure 35: Resonance curves of the KdV equation. The letters A through L indicate 
the different regions which we address in Section 4.5.

• R egions A  to  B

Here, in the edges of the graph where A > A*, the non-dispersive solution u+ 
satisfies the mean condition and there is no need to take in account dispersive
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effects. In Figure 36, the numerical solution is shown, and the u+ curve is 
nearly indistinguishable. However, as A tends to A*, a cusp begins to form at 
the minimum of the non-dispersive solution. In ‘response’ the system begins 
to develop a dispersive regime, characterized by the formation of a single peak, 
seen in Figure 37 where the peak is centred about the minimum of u+.

i

0.5

0

- 0.5

-1

•1.5

-2

-2.5
0.4 1.2 1.8 20 0.2 0.6 0.8 1 1.4 1.6

la

x

Figure 36: Region A: Valid non- Figure 37: Region B: Beginning of dis-
dispersive solutions u+. persive regime.

• R egions C to  E

Now as we travel up the first finger, the dispersive peaks begin moving from 

the minimum to the maximum of u+ as a result of the exponential term in 
the solvability condition (85), as shown in Figure 38. At the tip of the finger 
in region D, Figure 39, the dispersive peak is now positioned at the point of 
inflection of u+. It will then continue its journey towards the maximum as 
shown in Figure 40 in region E.

• R egion F

Now at the bottom between the first and second fingers, the solution contains 
one dispersive peak, centred about the maximum of u+. But here, the charac

teristic cusp begins developing once more on u+, and thus begins the formation 
of a second dispersive peak centred about the minimum where the cusp was 
about to form. Figure 41 illustrates the initial formations of the peak.
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x3

X

Figure 38: Region C: Underside of first 
finger and peak moving left.

x3

X

Figure 39: Region D: Tip of first finger 
and peak centred at point of inflection.

1

o
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-X •3
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-5

•6

-7
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Figure 40: Region E: Top of first finger 
and peak moving towards maximum.

"S’

x

Figure 41: Region F: Between fingers 
and a new peak develops.
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• Regions G to  J, and Beyond

Region G, located on the underside of the second finger is similar to region 

C on the first finger, with one difference: there are now two dispersive peaks. 
The newly formed peak near the minimum of u+ begins shifting towards the 

maximum as usual, but the original peak shifts instead in the opposite direc
tion. Figure 42 illustrates this, as both peaks move towards each other. This 

behaviour continues until region H and Figure 43, where both peaks have now 
coalesced at the point of inflection. And now as we follow the plot down the 
top of the second finger in region I, Figure 44 both peaks move as one towards 
the maximum once more until a new peak forms at the first signs of a cusp -  
see Figure 45.

This process repeats. That is, a peak forms at the local minimum, then shifts 
towards the point of inflection, where it coalesces with the previously-formed 

peaks. From there, they move as a group once more towards the maximum.

2
1
0
•1

■2

X
3 •3

- 4

-5

-6

-7

-80 0.2 0.4 0.6 0.8 1 1.2 1.4 1.6 1.8 2

2

0

-2

-6

-8

•10
0.2 0.6 0.8 1.2 1.4 1.6 1.8 20 0.4 1

Figure 42: Region G: Underside of sec- Figure 43: Region H: Tip of second fin-
ond finger and peaks move towards one ger and peaks coalesce at point of inflec-
another. tion.

• R egions K to  L

But this process of peak formation does not continue forever. We can explain 
this restriction in an ad-hoc manner: there is a constraint on the minimum width
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1.5
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Figure 44: Region I: Between second 
and third fingers and just prior to the 
formation of a third peak.
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Figure 45: Region J: Peaks are begin
ning to overcrowd.

of the dispersive peaks because of the mean condition and consequently, the 
number of peaks can only increase until there is no space left for the formation 
of a new peak. This is shown in Figure 46 for region K. As the domain fills up 
entirely with peaks, the solutions begin a natural transfer towards the second 
non-dispersive solution U - .  From then onwards, the size of the peaks slowly 
diminish until all that remains is the non-dispersive solution in the regions 
A < —A*. This is shown in Figure 47 for region L, where the leading order 

approximation is simply rt_. This process of peak overcrowding and shifting is 

discussed in more details in [4].

Figure 48 provides an example of the accuracy of the asymptotic approximation in 
comparison with the numerical solutions for the KdV equation in (8 6 ) with A =  0 .2 2 .

4.6 T he m K dV  and th e  K dV

Now that we’ve established the main characteristics of both the KdV resonance curves 
above and those of the mKdV in Section 3.7.1, we can discuss the key differences.

1. N on-D ispersive Solutions as Leading Order
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X

Figure 46: Region K: Peaks have tran- Figure 47: Region L: Valid non-
sitioned into dispersive solution u_

When examining the phase plane (see Figures 14 and 34), we see that two of 

the non-dispersive solutions of the KdV and mKdV share a correspondence: u+ 
(KdV) and ui (mKdV), and u_ (KdV) and u3 (mKdV) in our previous notation 
(see (15) and (78)). In both cases, these refer to the centre and the positive 
saddle in the phase plots. The third non-dispersive solution in the mKdV u? can 
be thought of as originating from — oo, its effect only felt when it is sufficiently 
near to the centre u3. As a result, the tails of the resonance curves of both KdV 

and mKdV are both formed by the comparative non-dispersive solutions.

2. Validity o f N on-D ispersive Solutions

However, when examining the existence of the non-dispersive solutions, this is 
where differences can be seen between KdV and mKdV. Recall that the creation 

of fingers on the resonance curves can be thought of as a mechanism counter
acting the tendency for the non-dispersive solutions to vanish (for example, via 
a cusp). However, one of the fundamental differences between a cubic and a 
quadratic equation is the number of roots that may exist.

In particular, the cubic equation may have one or three roots1, while the 

quadratic has either zero or two roots. The effect of this is to change the

1the degenerate case of two roots is not relevant because the system is continually perturbed by 
the forcing
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  Numerical Solution
• Asymptotic Approx.

0.8-0.4 - 0.2 0.2 0.4 0.6- 0.8 - 0.6
X

Figure 48: Comparison of numerical solution to analytical approximations for f ( x ) =  
—7rsin(7rx), 7  =  0.005, /x =  0.0015, and A =  0 .2 2
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types of transitions that can occur. Since both non-dispersive solutions of the 
KdV will disappear in tandem (via a cusp), solutions cannot transition between 
non-dispersive solutions. However, in the case of the mKdV, there is now the 
distinct possibility of transitioning between non-dispersive solutions. This was 
shown in Section 3.2.2 and is particularly evident in Figure 13.

3. Location of the Transition

Let us examine the KdV and mKdV equations with zero damping. We saw 
that in the undamped equations, the location of the dispersive regions was 

either about a maxima or minima of the non-dispersive solution (KdV) or about 
a point of inflection (mKdV). Equivalently, the dispersive peaks were either 
centred about a max/min of the forcing F ( x ) +  c in the case of the KdV, or 
where F(x)  +  c =  0  in the case of the mKdV. What accounts for the difference 
in positions?

In the case of the KdV, there is an obvious symmetry in the problem when 
the damping is removed. The requirement is that dispersive solutions must 
leave and return at the same value on the non-dispersive solution -  and so 
they are centred about a maximum or minimum of such solutions. To explain 

the transition about the inflection point for the mKdV, examine the limiting 
dispersive transition via the heteroclinic orbit, as shown in Figure 14. This 
transition corresponds to a single shock transition, which we analyzed in detail 
using the tanh extensions in Section 3.8. By symmetry, we expect the phase 
plane to contain this heteroclinic orbit when the solution is in the centre of 
the layer -  at the very top of the orbit, where the effects of both saddles are 
equal. This corresponds to exactly the case F(x)  +  c =  0 and the cubic roots 
are symmetric, explaining the position of the dispersive layer about the point 
of inflection.
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4.7  Sum m ary

• The crucial difference between the KdV and mKdV can be seen in the phase 
planes: The quadratic KdV possesses zero or two real roots. In contrast, the cu
bic mKdV possesses zero, one, or three real roots. As a result, mKdV solutions 
can (and will) transition between roots, while KdV solutions can not.

• In the undamped case, the boundary layers of the KdV equation occur at the 

max/min of the non-dispersive solutions, while for the mKdV, they occur at 
the points of inflection.
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Chapter 5

The Extended Korteweg-de Vries 
Equation

5.1 Introduction

The extended Korteweg-de Vries equation (eKdV) is the final piece of the puzzle, and 
will complete our study of the three KdV-type equations:

Forced Extended K dV Equation (eK dV )

j3 ex
J U x x x .  T  "h  ^ x  ,r ■

dispersion detuning v"— v ' “ y  ^  /  damping forcing
cubic nonlinearity quadratic nonlinearity

The eKdV combines the cubic nonlinearity seen in the mKdV (chapter 3) with the 
the quadratic nonlinearity seen in the regular KdV (chapter 4). For clarity, we will 
only refer to the eKdV when both cubic and quadratic nonlinearities are present 
(a, ( 3^ 0) ,  and refer to the special cases with only one nonlinear term as the KdV or 
mKdV as usual.

The uniqueness of our work in this section derives from our interpretation of 
the eKdV spectrum, which contains the KdV and mKdV variants on either end (see 
Figure 49). Having studied the resonant solutions of the mKdV and KdV equations

75
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(Chap. 3)

mKdV 
a = 0 

P -0(1)

(Chap. 4)

KdV 
a -0(1)

KdV to eKdV 
a -0(1)
P «  1

(Sec. 5.3)

Fully eKdV 
a -0(1)
P ~ 0(1)

(Sec. 5.4)

eKdV to mKdV 
a «  1

P ~ 0(1)

(Sec. 5.5)

eKdV Spectrum

Figure 49: Figure of the eKdV spectrum and our plan of attack.

in Chapters 3 and 4, we will attem pt to tie together the two special classes.

This KdV-eKdV-mKdV connection has not been established in the literature. In 
most cases, the research has been solely focused on studying only one specific class 

of the KdV family, perhaps spurred by a particular physical system. In other cases, 
authors have reduced one system into another (e.g. through a re-scaling), such as in 
the work of Marchant and Smyth [28], but the end result is still that only one of the 
three KdV variants is studied in any detail.

Thus, there is a definite lack of study concerning the eKdV equation, examining 
the effects as the nonlinearity transitions from purely quadratic (KdV) to purely cubic 
(mKdV), and with a combined regime in between. Our goal is to unify these three 
important classes of KdV equations. We begin Section 5.2 by describing a useful 
transformation between the eKdV and mKdV equations. Essentially, this allows us 
to defer any analytic questions of the eKdV to our work on the mKdV in chapter

3. However, we are primarily concerned with rather the qualitative aspects of the 
solutions and this will be the focus of the rest of the chapter.

In Section 5.3, we will examine the transition from KdV to eKdV equations. This 
will continue in Section 5.4 where we examine the eKdV equation when the quadratic 

and cubic factors are of equal importance (which we call, the ‘fu lly’ eKdV). Finally, 
in Section 5.5 we examine the transition from eKdV to mKdV equation, where the
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cubic nonlinearity dominates. Figure 49 presents a useful guide to our plan of attach 

in this chapter.

5.2 A  Transform ation from  eK dV  to  m K dV

Akin to the linear transformation presented in Section 4.2.1 of chapter 4 that al

lows us to remove the detuning parameter of the KdV equation, there is a similar 
transformation for the eKdV which removes the quadratic nonlinearity.

If we begin with equation (87) and perform a linear shift using,

3a
V = U + 4P’

(88)

the eKdV equation is recast as an m K dV  equation,

~ iv xxx +  (3v2vx +  A vx -  ixvxx =  f(x ) ,  

where now the detuning parameter changes to,

(89)

A =  A -
3a2

16/V
But now the mean condition also changes to,

I  /  { v - % ) d x  =  °
or,

(90)

(91)

2L 3 a
v (x ) dx = y j L - (92)

Thus at least in theory, asymptotic solutions to the eKdV equation can be treated 
using the mKdV theory of Chapter 3. Unfortunately, this transformation does not 

lend itself to any significant grasp of the qualitative structure the eKdV solutions. 
Having changed the mean condition (91), the class of allowable solutions also changes 
and so the particular details of the asymptotic matching or types of boundary layer 

behaviour will need to be dealt with separately.
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Although this will be our last encounter with the transformation, we should remain 

aware that at least on an analytical level, the eKdV is no different from the mKdV. 
However qualitatively, we will later see that solutions can be similar to both those of 

the KdV and the mKdV. In the next section, we will examine how the eKdV spectrum 
behaves, focusing instead on the qualitative details.

5.3 T he Transition from  K dV  to  eK dV

The transition that occurs when we begin with a KdV equation with leading order 
nonlinearity,

- T U x x x  +  OLUUx  +  A u x  -  ( M x x  =  f ( x ) ,

where a  ~  0 (1 ) and introduce a cubic factor,

7 ̂ XXX t  10  t l x  A  O itLtix  T A t l x  t ^ t lx x  f  ( )  5

where (3 <C 1 is the focus of this section.

We shall see that this particular regime ties together many of the different prop
erties observed during our study of the mKdV and KdV equations and also serves to 

answer some of the questions we may have left open in previous chapters. We can 
begin by sketching the cubic polynomials of an undamped KdV and an eKdV with 
small cubic nonlinearity,

® : 7 u" = —u 2 + Au — C  (93)
£

(D : qu" =  ^ u2 +  Au — C  (94)
o z

where we have chosen the parameters as follows,
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Parameter Value

7 0.005

a 2

P 0 .1

A - 6

C 0

eKdV
a  = 2 
[3 = 0.1

KdV 
a  = 2

3 ,O

N ew  sa d d le  point 
from -oo

u

Figure 50: The cubic polynomials of a KdV and weakly cubic eKdV. Notice the 
creation of a new saddle as well as the introduction of a small asymmetry.

Figure 50 illustrates these two cubic equations. Remember that the roots of the 

cubic equations reveal the locations of the non-dispersive solutions for a fixed value 
of the spatial variation x. We can see the two effects on the non-dispersive solutions 
after introducing the cubic factor: First, a newly created third solution, tending from 

u — — oo begins to approach the other two non-dispersive solutions as larger and 
larger values of j3 are chosen. This third solution corresponds to u2 in our previous 
notation for the mKdV (See equation (15)).

However, we would also expect that the effect of this change on the pre-existing 
solutions is minimal, especially when the old solutions are sufficiently far from the 
newly formed root. Furthermore, the introduction of the cubic factor changes the
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centre root (corresponding to in the KdV and u3 in the mKdV) very little while 
the right root (corresponding to u+ in the KdV and u\ in the mKdV) -  if it exists -  
is moved closer to the centre.

We can thus differentiate two possible consequences, depending on the relative size 
of the cubic nonlinearity (3: regimes where the newly formed root is largely ignored 
by the solution trajectories (at leading order), and regimes where the cubic root can 

not be ignored. We summarize our observations so far:

•  N ew  saddle point from —oo

Introducing a cubic factor produces a second saddle to the left of the centre 
fixed point.

•  Small changes in sym m etry of pre-existing solutions

The original centre and saddles found in the KdV do not change too dramatically 
for small (3.

• Possible cubic attraction

Certain large-amplitude solutions may tend close to new saddle. This is where 
the mKdV-type behaviour may arise.

5.3.1 N o Substantial Cubic Effect

As an example when the KdV type behaviour dominates throughout the resonant 
band, examine Figure 51, which overlays the resonance curves of our equations (93) 
and (94), that is, the KdV equation ® with a = 2, and the eKdV <D with a  =  2 and 

P =  0 .1 .
The noteworthy qualitative difference is a subtle change in the slope of the fingers: 

the fingers bend towards the left when the cubic factor is introduced. This is simply 
a result of the new asymmetric attraction between the non-dispersive solutions with 
now the trajectories in the phase plane spend a little more or less time near one of 
the three non-dispersive solutions.
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35
-  ■ eKdV (a = 2, P = 0.1) 

  KdV (a = 2, p = 0)

30

25

A = -5  for 
eKdV20

15

10

A = -5  for KdV

5

2 4 6 8-4 -2 0

A

Figure 51: Resonance curves of the KdV and weakly cubic eKdV equations. The 
indicated points are discussed in the text.
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In this prime example of an eKdV equation purely dominated by the quadratic 
KdV-type behaviour, the assumption that,

0(0) ~  0 (7 ),

and the typical perturbation (or multiple-scales) expansion,

u(x) =  uQ{x) +  y /iu i(x )  + ^u 2 {x) +  . . . ,

removes the negligable cubic effect and re-scales the equation so that our KdV theory 
in Chapter 4 can be readily applied. This is similar to the work of Marchant and 

Smyth during their study of the eKdV equation in [28]. Figure 52 illustrates the 
solutions for A =  5 on the corresponding locations of the resonance curves shown in 
Figure 51.

2

0

-2

-4

u(x)
- 6

- 8

-10

-12
  KdV (a = 2, fi = 0)
  eKdV (a = 2, ft = 0.1)

-140 0.2 0.4 0.6 0.8 1.2 1.4 1.6 1.8 21

Figure 52: A comparison between solutions of the KdV and weakly cubic eKdV at 
A =  — 5. Although the solutions are quite different in size, their overall shape remains 
the same.

Notice that both solutions contain the same sech2 type profile, thus the analytic 
framework for the KdV in Chapter 4 should remain reasonably similar for this case 

as well. However, the larger j3 is relative to a, the more prominent the differences 
in phase and peak amplitude. W hat happens when at leading order, the solutions
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are no longer dominated by the quadratic nonlinear term? This is the question we 

examine in the next section.

5.3.2 Substantial Cubic Effect

We can surmise that in certain large-amplitude solutions, the phase plane behaviour 

may tend close to the newly introduced cubic root, thus producing more mKdV-like 
behaviour than before. In fact, this separation between KdV and mKdV-type regimes 

occurs at a singular point.
This sudden change is illustrated in Figure 53, where the resonance plot of the 

KdV equation ® with a  =  2 is shown, along those for two other eKdV equations of 
the form ®, this time with (3 =  0.1035 and (3 =  0.1037.
As seen, the smaller cubic factor of /3 «  0.1035 serves to bend the fingers back and 
upwards but qualitatively, there is still little difference in the solutions. However, near 
this critical value, the finger suddenly shoots backwards if (3 is increased any further, 
as in the resonance plot for the eKdV with (3 ~  0.1037. This is reminiscent of what 
was observed in the mKdV equation (Compare with Figure 20). Qualitatively, what 
accounts for this sudden change?

Remember that in the KdV regime, the first fingertip in the resonance plot indi
cates a location where the dispersive peak is centred upon the inflection point of the 

non-dispersive solutions (See Figure 39).
To be more specific, consider the sequence of solutions displayed in Figure 54, 

corresponding to the eKdV equation with smaller cubic nonlinearity, (3 =  0.1035.

• R egion  E (A =  4.8 in Figure 54 and Figure 55)

As we move from left to right on topside of the first finger of Figure 53, the 
dispersive peak moves rightward from the maximum of the non-dispersive so
lution to the point of inflection. Accompanying the increasing norm ||u | |2  is an 
increasing amplitude in peak height.

• R egion  D (A =  5.26 in Figure 54 and A =  5.24 in Figure 55)
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80

Region F
New mKdV-like behaviour

Region D
Fingertip / Bifurcation Point

50

Region E
KdV-like behaviour

20

/ ' P ' W '
Region C
KdV-like behaviour

-4 -3 -2 1 0 1 2 3 4 5 6

A

Figure 53: Resonance curves of the eKdV equation
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■14

—  A *  4.8 (TopskJe, first finger)
—  A = 5.26 (Tip, first finger)
  A = 4.9 (Underside, first finger)

-16

-18o 0.2 0.4 0.6 0.8 1 1.2 1.4 1 6 1.8 2

Figure 54: Insufficient cubic effect and thus the behaviour is KdV-like.

Once the peak has reached the point of inflection at the tip of the finger where 
the amplitude is a maximum , a decision is made: depending on the amplitude of 
the dispersive peak and consequently, on f3, the solution may proceed back down 

the finger into R egion  C or may change dramatically, finding itself instead in 
R egion F.

• R egion C (A =  4.9 in Figure 54)

If the peak is too far from the third non-dispersive solution, the KdV-type 

behaviour continues as usual; the peak continues moving rightward, down the 
finger, as both the norm ||rt| | 2 and the peak amplitude decreases (A =  3.64). 
The shift continues until the peak is positioned at the minimum, and the peak 
quickly vanishes (Compare to Regions A through D in Figures 36-39 in Section 
4.5).

• R egion  F  (A =  3.64 in Figure 55)

However, if the peak is sufficiently close to the third non-dispersive solution, then 
a new type of behaviour emerges. The sequence shown in Figure 55 depicts this 
radical change. As before, the peak moves towards the point of inflection as we 
climb the topside of the first finger (Region E). However, at this critical value
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of /? =  P* and at the tip of the finger A =  A*, the maximum peak amplitude 

is sufficiently large so that the solution begins to be pulled towards the newly 
introduced cubic root (R egion D).

Now, instead of continuing the rightward movement, the peak shifts in direction 
and proceeds backwards, all the while increasing in amplitude (R egion F). This 
corresponds to the sudden change in the resonance curves at the tip of the finger, 

and the renewed increase in the norm ||u ||2.

5

0

•5

u(x)
•10

• 15

•20
—  A = 4.8 (Topside, KdV-type finger)
— -  A = 5.24 (Tip, KdV-type finger)
  A = 3.64 (Underside, mKdV-type finger)

■25o 0.2 0.4 0.6 0.8 1.2 1.6 1.8 21 1.4

Figure 55: Sufficient cubic effect and the behaviour is mKdV-like

The creation of this new mKdV-like regime, though dramatic, is hardly surprising 
having been prepared by our investigation of the mKdV in Chapter 3. Figure 56 

provides the full resonance plot for the eKdV at the critical transition f3 ~  0.1037. 
Figure 57 examines some of the characteristic solutions on this branch in detail. In 
particular, note the circular movement of the dispersive layer about the point of 
inflection. In the next section, we will discuss this peak movement in slightly more 
detail and also discuss the bifurcation point where the mKdV-regime first appears.
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120

100

CM

3

| Region H

40

20

-6 -2
A

Figure 56: The full resonance curves of the eKdV equation after the bifurcation point. 
The region labels correspond to the solutions in Figure 57
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Region G

Region H

x

Figure 57: Solutions of the eKdV equation after the bifurcation point. The labels 
correspond to the regions shown in Figure 56. Notice the circular movement of the 
peaks.
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5.3.3 Predicting the Bifurcation and the Peak M ovement

Unfortunately, while the location of the critical bifurcation point (/3* and A*) is easy 

to find and describe qualitatively, analytically tracking the peak movement is not an 
easy problem to solve. We know from our study of the mKdV and KdV equations that 

the location of the dispersive peaks are readily provided by the solvability condition 
in equations (52) or (85),

(95)

For simple choices of u(x), the expression can be integrated and the peak locations 
found by studying the extremum of the expression. However, in the case of an eKdV 

equation, the quartic roots involved in the dispersive solutions (37) as well as the more 
convoluted expression of elliptic functions makes the task of providing an explicit 
expression for the layer location a difficult one indeed!

For the KdV equation, Amundsen, Cox, and Mortell showed in [2] that, for the 

case of the KdV in (93) with a  =  §, the location of the dispersive layers are found at 
x = 5i and x = S2 in the following expressions:

Q(x, m (x)) = I 
Jo

dX  =

<$! =  -
7T

arcsm

So — 1
1

7T
arcsm

257T272
16/i2

1 , 257r27
1 16/i2

+  arctan

+  arctan

±L
57T7 

4 n
57T7

(96)

(97)

where the principal branches of the inverse trigonometric functions are used. The full 
details of their work are not particularly important here, but the key observation is 

that the existence of two possible peak trajectories is given in the case of the KdV 
by (96) and (97).

Why are there two locations? The two expressions corresponds to either the top 
or underside of the fingers in the resonance curves. Thus, we can also expect <$i =  S2 

for parameters corresponding to the fingertips of the resonance curves.
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Figure 58: Tracking the movement of the dispersive peak on the first finger. 8 i and 
52 correspond to the KdV-like regime, and S3 and 5± describe the position of the peak 
within the mKdV regime.
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Similarly, the layer locations for the eKdV equations are provided by a similar 
expression, but this time involving four possible solutions, through 8 4 . Figure 58 
provides the evidence for our claim, as we track the single peak location (or global 
minimum) numerically for (3 =  0.1037 as a function of A (the figure is restricted to 
only solutions in the first finger).

Within the KdV-regime (near <5i and 8 2), notice the monotonic shift in the dis
persive layer from x — 0 (max) to x  =  1 (min). However, at the point of inflection 
(x — 0.5), the solutions bifurcate. Although we can continue via 8 2 into the KdV 
regime, a more interesting case follows £3 and 84  into the mKdV regime. The mKdV 

regime is marked in the figure by the circular and slightly asymmetric movement of 
the peaks. This matches our observation of the solutions in Figure 57.

But the algebraic difficulty of the problem makes proving our claim difficult. Inte
grating the problem directly in (95) does not seem viable, but there is still hope of an 
alternate argument or simplification to track the layer movement, and consequently, 
the bifurcation points in the eKdV. For the moment, we leave this question open 
and will briefly bring it up again in Chapter 6 . In the next section, we discuss what 
happens as the cubic parameter, /? is further increased, and we enter into the middle 

of the eKdV spectrum.

5.4 In th e  M iddle o f th e  eK dV  Spectrum

Let us begin where we left off in the previous section: at the critical juncture (/?*, A*) 
when the first finger bends backwards and enters an mKdV-like regime. As we con
tinue to increase the cubic factor /?, each finger from right to left, will begin to mimic 
the previous one’s behaviour.

The resonance plots of Figure 59 displays this transition into the strongly cubic, 
strongly quadratic region of the eKdV, for a = 2 and (3 = 3. By now, the fingers have 
all been significantly affected by the cubic factor and have been accompanied by an 
increase in length, similar to what was seen in Figure 56. Note that the sixth finger 

is not shown, the domain of our resonance curves not wide enough to accommodate 
the long fifth finger.
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Figure 59: Resonance curves of the fully eKdV equation with a  =  2 and (3
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In terms of the particular solutions, the boundary layer behaviour of the eKdV 

solutions can be roughly described as either of the KdV-type (near homoclinic tran
sitions) or of the mKdV type (near heteroclinic transitions). The only significant 
difference in what we have previously seen with the mKdV or the KdV is that the 
quadratic factor provides an inherit asymmetry of the problem, thus mixtures of KdV 

or mKdV-type transitions can occur.

2

1.5

1

0.5

0
X

- 0.5

•1

•1.5

-2

-2.5 0 0.2 0.6 1.2 .6 20.4 0.8 1 1.4 1.8

Figure 60: An example of the combined KdV and mKdV effects on a fully quadratic 
and cubic nonlinear eKdV. Notice the obvious asymmetry of the boundary layers.

For example, examine Figure 60 and notice the stark asymmetry in the solution. 
Unlike in the KdV or mKdV, there is now a possibility of different behaviour in each 
of the two boundary layers. This is due a combination of the damping (which moves 
shifts the dispersive layers) and the asymmetric position of the roots (which provides 
different degrees of attraction from the fixed points).

In sum, there are no surprises as to the boundary layer behaviour of eKdV so
lutions — they will either be reminiscent of the mKdV-type (near heteroclinic tran
sitions between non-dispersive solutions) and/or of the KdV-type (near homoclinic 
transitions to and from the same non-dispersive solution). However, the intermin
gling of a quadratic factor (providing an asymmetry) and a cubic factor (restoring a 

symmetry) produces a much richer array of possible solutions.
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5.5 T he Transition from  eK dV  to  m K dV

Finally, as (3 becomes much larger than a  and the quadratic factor becomes less 

important, the resonance curves begin to mirror those of the mKdV equation (see 
Figure 20). The crucial observation is that for large cubic nonlinearity and small 
(nearly negligible) quadratic nonlinearity, the only affect on the phase plane is a 
small asymmetric positioning of the roots, as in Figure 61. This is also seen by the 
fact the linear transformation (8 8 ) from the eKdV to mKdV is the identity v ~  u 
when (3 a.

eKdV 
a  -  0.5
3 = 3

3G

mKdV
a  = 0 
3 = 3

u

Figure 61: The cubic roots of the mKdV and a weakly quadratic eKdV equation.

In our first encounter with the resonance curves of the mKdV equation in Figure 

20, we were slightly unsure of how the resonance curves for negative A transitioned to 
positive A. Was it a continuous transition? If so, how many fingers form? Following 
our discussion in the previous section, we now realize that there are indeed a total of 

six fingers which have fully reversed directions from the KdV equation, but they are 
so long in length they can not covered by our domain in Figure 35.

We have thus succeeded at completing a qualitative discussion of the eKdV spec
trum and in particular, have revealed the mechanisms which unite the solutions of the 
KdV equation with those of the mKdV equation. In the final section of this chapter,
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we summarize our observations.

5.6 Sum m ary

• The theory we have developed previously for the mKdV and KdV equations 

can be applied to understanding the eKdV.

• Any eKdV equation can be transformed into an mKdV equation through a 
linear shift.

•  Introduction of a cubic factor into the KdV equation produces significant quali

tative change at a critical point when the parameters are such that the dispersive 
solution is attracted to the new cubic root.

•  Introduction of a quadratic factor into the mKdV produces little change.

•  There is an interesting bifurcation point where the weakly cubic eKdV first 
enters an mKdV-like regime. This is characterized by a sharp change in the 
resonance curves. This bifurcation point can be predicted by studying the 
location of the layers, but the algebraic difficulty makes deriving even implicit 

expressions difficult.
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Conclusions

6.1 Sum m ary o f R esu lts

1. R esonant Solutions o f the m K dV  Equation

Analytic and numerical methods were applied to solve the steady state peri
odically forced mKdV equation with Burgers damping. Using the method of 
multiple scales, uniformly valid leading order approximations in the form of 

elliptic functions were derived and shown to accurately predict the numerical 

solutions for a wide range of parameters.

2. T he K dV, m K dV  and eK dV  Connection

The resonant solutions of the forced eKdV equation were studied, with an em
phasis on varying the quadratic and cubic nonlinearities. We showed that in 
general, solutions of the eKdV can be roughly described as possessing behaviour 
of the KdV-type (asymmetry in the boundary layers and near homoclinic orbits) 
or of the mKdV-type (transitions between two non-dispersive solutions).

An intriguing bifurcation point in the eKdV was discovered where the solutions 

first enter an mKdV-type regime. This point is marked by a sharp change in the 
resonance curves (Figure 62), as the solutions encounter a new set of dispersive 
behaviour.

95
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,__________
[New mKdV-like behaviour]

|(p*, A ): Fingertip /  Bifurcation Poinlj 

[KdV—like behaviour].

✓ /  V

*•* ■*/
1 2 3 4 5 6

A

Figure 62: The ekdV bifurcation

6.2 Sum m ary o f C ontributions

1. A Unification of K dV -type Equations

The most significant contribution of this thesis is in unifying the solutions and 

characteristics of the KdV, mKdV, and eKdV equations. Our work culminates 
in an analysis of the eKdV spectrum, seen in Figure 63, and we provide a 
broad overview of the similarities, differences, and connections between these 
equations of the KdV-type.

KdV
a -0 ( 1 )

p = o

(Chap. 4)

eKdV Spectrum

K d V  to  e K dV Fully  eK dV eK dV  to  m KdV
a - 0 ( 1 ) 0 - 0 ( 1 ) a  « 1

p « 1 - ► P - 0 ( 1 ) ♦ P -  0 (1 )

(S ec. 5.3 ) (Sec. 5.4) (Sec. 5.5)

mKdV 
a  = 0 

P ~ 0 (1 )

(Chap. 3)

Figure 63: Studying the KdV-mKdV-eKdV connection.

2. A D evelopm ent of a Flexible M ethodology

Throughout this work, we have sought to emphasize the effectiveness and flex

ibility of our methodology in studying the KdV-type equations. Inspired and
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guided by the work of Amundsen, Cox, and Mortell [2], we have successfully 
extended their methodology to study the forced mkdV and eKdV equations. 
The theory is elegant, practical, and has to potential to be applied to a wide 
class of problems.

6.3 Future R esearch

1. A  Global Approach to A sym ptotic Approxim ations

While our outlined methodology is successful in developing asymptotic approx

imations for most solutions of the KdV-type, it is implicit in the procedure that 
the dispersive layers are independent and can be studied individually. But this 
local and layer-based, approach will fail in cases where dispersive layers separate 
or coalesce.

So how are these solutions handled? In special cases where the dispersive 
layer(s) have expanded to cover the entire domain, as in Figure 64, then a 
simple linearization about the appropriate non-dispersive solution will work. 
This was done by Ockendon, Ockendon, and Johnson [33] for the periodically 
forced KdV equation.

u(x)

X

2

1.5

0.5

U (x) 0

- 0.5

•1.5

-20 0.2 0.4 0.6 0.8 1.21 1.4 1.6 1.8 2

Figure 64: A solution where the disper- Figure 65: Are there one or two layers?
sive layer occupies the entire domain. A layer-based approach may not work.
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But for more complex solutions where there is no clear distinction between non- 

dispersive and dispersive layers, such as in Figure 65, then a more global-based 
approach seems necessary. This is reminiscent of a WKB-type method (see
[3]), where the form of the solutions are assumed a priori, and there is no need 
to study boundary layers. Unfortunately, conventional WKB techniques are 

only useful for linear equations, but there has been some effort to extend WKB 
theory to nonlinear equations (see for example, [30]).

2. The Cubic and Quadratic Bifurcation in the eK dV

One of the questions largely left unanswered in our work is the nature of the 
eKdV bifurcation (/?*, A*), separating KdV-like behaviour from mKdV-like be
haviour. It was pointed out that the bifurcation can be understood by way of 
the boundary layer locations to 6 4 , and Figure 6 6  provides visual evidence 
of this claim. However, the details remain tightly shrouded in the algebraic 
complexity of the problem, and we hope that a more elegant alternative to the 
problem exists. In any case, the nature of this bifurcation is fascinating not only 
mathematically, but in a physical standpoint as well, and it would be interesting 
to see if this critical juncture arises in physical phenomena.

§
E

E

so
§a>

A

Figure 6 6 : The bifurcation, seen by tracking the movement of the dispersive peaks.
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Existence and Uniqueness of 
Solutions

Let us begin with the steady state extended KdV equation,

T C r . r : r  “1“  “I-  O  U U j- fitt, llj- ftU.rx , / '  ( ‘0  •

To apply known theorems of existence and uniqueness, we would like to transform 
this third order differential equation into a first order system of equations as follows,

f u X  !u i

u2

u2

U3

\

^  (~liu3 +  Au2 + a u xu2 +  pu \u2 -  f { x ))

(98)

where iq : O —> M. Thus, we simply have a system,

u ' =  F(x, u(x)), (99)

where F  : M4 —* M3 is clearly continuous in any region Q x U C M 4. Also, the 
derivative matrix is given by,

( m dFi d F i \ /
du i dU2 dU3
dFj. dF-2 8F2 _
du \ dU2 dU3
dFa dFg 9F3 1

\  du i du 2 du 3 / \ 7

0

0

1

0

u3J

99
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and clearly the partial derivatives are continuous in Q x U. Thus by Picard’s Theorem
[40], it can be said that given an initial value for the problem (99), there exists a local 
unique solution that can be extended everywhere.

Notice, however, that our work in this thesis is concerned rather with periodic 
solutions u(x) of (99) defined on a closed and bounded interval x  6  [0, 2L\ with 

zero mean. Thus we do not expect any straightforward application of existence and 
uniqueness theorem to say much more about the problem at hand.

But our work in Chapters 3 to 5 in constructing leading order asymptotic solu
tions still provide ample details regarding the existence of such steady state periodic 
solutions and it would seem that with only modest modifications, these more subtle 
questions — though not directly within the scope of our work — can be answered.
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R oots of the Quartic Equation

In chapter 3, we encountered the solution of the Modified Korteweg-de Vries equa
tion, expressed as an inverse integral involving the square root of a quartic equation. 
This inverse integral was later transformed to a rational expression of Jacobi elliptic 
functions involving the four quartic roots.

Because the details of these four roots were not necessary to the analysis, we 
omitted them then, but here we provide the details for the reader. Although the 

expressions for the roots are convoluted, they are not without theoretical merit -  the 
behaviour of the individual roots fully describe both the non-dispersive (slow) and 

dispersive (fast) solutions of the mKdV, and so much of our understanding regarding 
the mKdV can be found via an exhaustive study of the behaviour of the four roots.

The quartic equation under consideration is the following:

where all the parameters are constants. Since our equation is a depressed quartic 

(without a cubic term), we can directly apply Euler’s Method to solve the equation 
(see for example, [1]).

The auxilary cubic equation is,

(100)

4 4
The three roots of this auxilary cubic equation are,

,  . 9 A c
z +  A z H— — z — E z  - (101)

101
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’3 6/? 2/5r1/3e27rifc/3 ’ (102)
where,

r  =  A +  S's/o'

A =  27A3 -  27AE(32 +  243C2/?
o /81A 4£/? -  18A2E 2(3Z +  £ 3/?5 -  486A3C 2\

a  "  “  V  0 )
o f m A E / P C 2 -  2187C4/?^

I p  )
Now if we let,

P = y/zi,

q =  \fz2 ,
3C

2 / W

then the four solutions of the quartic are given by,

ui = p + q + r 

u 2 = p - q - r  

uz = - p  + q - r  

u4 = - p - q  + r

where the roots a, b, c, and d in chapter 3 are obtained by ordering each of the roots 
Ui for each encountered value of A, C,  and E.
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