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Abstract

An algorithm based on a weak viscous-inviscid interaction method is developed 

for the aerodynamic analysis o f rotating blades under steady and incompressible flow 

conditions for configurations where the aerodynamics o f each blade can be treated in 

isolation. A weak viscous-inviscid interaction method for calculating the aerodynamics o f 

airfoil geometries, which is based on a two-dimensional source-vortex panel method and 

the momentum-integral method, is updated using state-of-the-art models and correlations 

to predict specific flow phenomena such as transitioning flow and separated flow. The 

blade-element-momentum theory with Prandtl root- and tip-loss corrections is used to 

calculate the three-dimensional aerodynamics o f rotating blades, using the two- 

dimensional aerodynamic predictions o f the viscous-inviscid interaction method and 

empirical stall delay models. The algorithm is shown to provide predictions that are 

sufficiently accurate for blade design optimization under unstalled operating conditions. 

The accuracy o f the algorithm is limited to about 3° ~ 5° angle o f attack beyond stall.
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Nomenclature

A Rotor disc area (m2)

A, . Influence coefficient o f the velocity induced on the control point o f panel

i by a source sheet located on panel j  

a Wake induction factor, a = vJVm

B Turbulent wall-law intercept constant, B = 5.0

B,j Influence coefficient o f the velocity induced on the control point o f panel

i by a vortex sheet located on panel j

Cj Drag coefficient
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C, L ift coefficient

C,a A irfoil lift slope, C,a = d C jd a  ( r a d '1)
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C„ Normal force coefficient

Cp Rotor power coefficient

Cp Pressure coefficient

Cg Rotor torque coefficient

Cr Rotor thrust coefficient
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xv
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Force coefficient along the y' axis 
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Rotor torque (N  m)
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Reynolds number based on chord length, Rec = V c /v

Reynolds number based on streamwise distance, Rev = Ues jv

Reynolds number based on momentum thickness, Ree = Ue0 /v

Reynolds number based on displacement thickness, Retf. - U eS '/v

Nondimensional radial distance along the blade span; streamwise surface 

curvature radius (m)

Nondimensional radial root cut-out distance, r0 = y0/R

Thwaites’ friction factor, S = TvdjfAJe

Streamwise distance from leading-edge stagnation point (m )

Unit vector tangent to airfoil surface



Rotor thrust (N )

Time (s)

Taylor’s turbulence factor, TF = Tu(L/As)°2 

Freestream turbulence intensity (%)

Local freestream velocity at the edge o f the boundary layer (m /s)

Velocity in the jc direction (m /s)

Velocity vector (m /s)

Wind velocity (m /s)
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element (m/s)
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Induced velocity (m/s)

Induced velocity vector (m/s)
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Unit vector o f velocity induced by a vortex sheet (m/s)

Unit vector o f velocity induced by a source sheet (m/s)
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xviii



X  Local section speed ratio, Oy/Vx

Tip-speed ratio, X TSR = QR/VX 

x, y, z Cartesian coordinate system (m )

yQ Radial root cut-out distance (m )

Greek letters

a  Angle o f attack ( ° ) ; turbulent spot spreading half angle (Eqn. (4.57)) (°)

a0 Zero-lift angle o f attack (°)

a c Stall angle o f attack (°)
Jmax

P  Clauser’s equilibrium parameter (Eqn. (2.76));

Pt j angle between the two lines connecting the control point o f panel i to the

boundary points o f panel j  (rad) (Eqn. (4.17))
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S' Boundary-layer displacement thickness (Eqn. (2.49)) (m)
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y  Intermittency function; vortex sheet strength
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xix



Thwaites’ pressure gradient parameter (Eqn. (2.64))

Skin friction factor, -  ̂ 2/Cf  

Inflow ratio, A, = (Vx + v, )/Q R 

Freestream inflow ratio, ^  = Vm/QR 

Integral length scale o f freestream turbulence (m)

Dynamic viscosity (Pa-s)

Kinematic viscosity (m2/s)

Coles’ wake parameter

Boundary-layer momentum thickness (Eqn. (2.51)) (m ); local pitch angle 

o f spanwise blade element ( ° ) ; panel angle with respect to chord line (°) 

Local pitch angle o f spanwise blade element defined with respect to the 
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propagation parameter (Eqn. (4.56))

Shear stress (Pa)
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rot Rotating conditions
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skin Skin friction
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turbulent Parameter is calculated by the turbulent momentum-integral calculation

VF Viscous flow
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xxi



/  Normal to airfoil chord (i.e., in the y direction)

y  Vortex sheet

a  Source sheet

q o  Undisturbed freestream conditions
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n Present iteration
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s Tangent to the airfoil surface

T Matrix transpose
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2D Two-dimensional

3D Three-dimensional

APG Adverse-pressure-gradient

BEMT Blade-element momentum theory

BET Blade-element theory
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HAWT Horizontal-axis wind turbine

LES Large eddy simulation

NASA National Aeronautics Space Administration

NREL National Renewable Energy Laboratory
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TAT Thin airfoil theory
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Chapter 1: Introduction

1.1 Motivation

Understanding and improving the performance o f turbomachinery blades has been 

the focus o f many researchers since the beginning o f the last century. There is significant 

room for performance improvements especially in more recent applications such as 

modern horizontal-axis wind turbines (HAWTs), where complicated problems such as 

unsteady aerodynamics and the complex structural behaviour o f composite blades pose 

unique challenges to researchers.

When designing and analyzing turbomachinery blades, it is important to consider 

both the aerodynamic and structural aspects together, since the interaction between the 

two affects the performance. To this end, the author’s research group has set out to 

provide a complete algorithm to be used for the design optimization o f wind turbine and 

small-scale unmanned aerial vehicle (UAV) propeller blades, modelling both the 

aerodynamics and structural response o f the blade, including their interaction. The 

present study focuses on the aerodynamic analysis o f such blades and since the 

aerodynamics o f wind turbine and propeller blades are fundamentally the same, the 

algorithm developed in the present study is applicable to both.

I f  the currently-available methods for analyzing rotating blade aerodynamics are 

considered, it can be seen that the more flow information a method provides, the greater 

its computational resource requirements are. For example, direct numerical simulation 

(DNS) (Section 3.1.4), which numerically integrates the differential equations governing 

fluid mechanics, provides complete flow information including boundary-layer and 

separated-flow information at the cost o f very high computational requirements. On the

1



other hand, the blade-element-momentum theory, which analyzes the blade by dividing it 

into a finite number o f spanwise elements, requires only the angle o f attack o f each blade 

element to determine the aerodynamic forces with no viscous flow information, at a very 

low computational cost. There are methods in between these two extremes, such as 

Reynolds-averaged Navier-Stokes methods (Section 3.1.4), which numerically solve the 

time-averaged forms o f the differential equations governing fluid mechanics; and 

viscous-inviscid interaction methods (Section 3.1.5), which treat regions o f the flowfield 

as either viscous or inviscid, and use an appropriate method to analyze the flow in each 

region. The present study uses a viscous-inviscid interaction method as a starting point 

and aims to update this method based on the latest understanding o f flow physics related 

to airfoils.

1.2 Objectives

The aim o f the present study is to provide a complete algorithm for the 

aerodynamic analysis o f rotating blades for configurations where the aerodynamics o f 

each blade can be treated in isolation, by developing an algorithm around a weak viscous- 

inviscid interaction method (Section 3.1.5) used to calculate the aerodynamics o f airfoil 

geometries. The study also aims to update this weak viscous-inviscid interaction method 

by making use o f the latest models and correlations to predict specific flow phenomena 

such as transitioning flow and separated flow. The complete algorithm is to provide 

sufficiently-accurate predictions for unstalled and unyawed operating conditions, have a 

modest computational power requirement, provide as much flow information as possible,
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and be able to identify i f  the blade is approaching the limits o f its optimal performance 

zone.

1.3 Approach

The present study combines a number o f well-established methods, one for each 

step o f the aerodynamic analysis, in one single algorithm. The rotating blade is analysed 

by dividing it into a finite number o f spanwise elements, and the angle o f attack and 

Reynolds number o f each blade element are calculated by using the blade-element- 

momentum theory with root- and tip-loss corrections. Once the operating conditions o f 

the blade element are calculated, the aerodynamic performance o f each blade element is 

calculated using a two-dimensional (2D) weak viscous-inviscid interaction method. 

Finally, corrections to the predicted 2D aerodynamic coefficients to account for radial 

(spanwise) flow effects due to the rotation o f the blade are applied by using so-called 

“ stall delay”  models. The algorithm has been coded in MATLAB® to benefit from its vast 

library o f pre-defined functions and de-bugging tools, which greatly simplify the 

programming effort.

Chapters 2 and 3 o f this manuscript provide information on the concepts and 

methods relevant to rotating-blade aerodynamics and viscous-inviscid interaction. 

Readers who are experienced in these fields may wish to advance to Chapters 4 and 5, in 

which the numerical methods and prediction capabilities o f the present algorithm are 

discussed in detail, respectively.
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Chapter 2: Background Information on Rotating Blade Aerodynamics

In this chapter, brief background information on concepts and methods that form 

the basis o f the present algorithm is presented, with the focus being on the low-speed 

aerodynamics o f wind turbine and propeller blades. A ll subjects covered in this chapter 

can be found in relevant fluid mechanics and aerodynamics textbooks, such as the works 

o f Anderson (2011), Katz &  Plotkin (1991), Leishman (2006), and White (2006; 2011). 

They are presented here to provide a background for the reader who is not experienced in 

the field.

After a brief overview o f the aerodynamic working principle o f wind turbine and 

propeller blades, basic methods to analyze the performance o f such turbomachinery are 

presented from a wind turbine perspective. Next, the governing equations o f fluid 

mechanics are presented, followed by the simplifications applied to these equations for 

inviscid flow and boundary-layer analyses, along with some additional background 

information on boundary layers.

2.1 Aerodynamic Working Principle of Wind Turbine and Propeller Blades

Wind turbines extract energy from the wind by using lifting  bodies (blades) to 

create lift force. The lift force is used to create rotation and by the use o f an electric 

generator, the mechanical rotation energy is converted to electrical energy. Propellers do 

the opposite; they impart energy to a fluid by utilizing a combustion engine or electric 

motor to rotate the propeller blades creating lift and thrust. From the aerodynamics point 

o f view, it is important to know how the lift force is generated by the blades and how

4



drag effects are countered. In Figure 2.1, a section o f a blade is shown with the associated 

flow  velocities and the resulting aerodynamic forces, in the case o f a wind turbine.

-a 0: blade pitch angle
■ j  a: angle o f attack

Figure 2.1: Velocities and aerodynamic forces on a wind turbine blade. Reproduced 

from Hau (2006).

The resultant velocity relative to the airfoil, Vm , is the sum o f the axial velocity 

and the rotational velocity, Q y , where Q is the angular velocity o f the rotor and y  is the 

distance o f the blade cross section from the axis o f rotation. The angle between the 

resultant velocity and the chord line o f the airfo il is called the angle o f attack, a. The 

resultant forces acting on the airfo il are usually expressed as two perpendicular forces 

(lift and drag) and a pitching moment at the aerodynamic centre o f the a irfo il, which is 

defined as the location where the pitching-moment coefficient does not vary with the 

angle o f attack, located at 25% o f the chord length from the leading edge for subsonic

resultant force

axial force (thrust)

drag force

pitching moment
axial velocity

direction of 
rotation
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airfoils. The generated lift and drag forces are perpendicular and parallel to the relative 

velocity, V , respectively. The sum o f lift and drag forces is the resultant net force

produced by the blade segment, and its axial component is the thrust force generated by 

the rotating blade. In wind turbines, the resultant force component in the plane o f rotation 

generates the torque, which enables the generator to produce electricity. In practice, the 

lift and drag forces and the pitching moment are generally normalized into coefficient 

form:

where C,, Cd, and Cm are respectively the lift, drag, and pitching-moment coefficients; 

L, D, and M  are respectively the lift and drag forces and the pitching moment per unit 

blade span; p  is the density o f the flu id; and c is the chord length o f the airfoil.

2.2 Methods for Calculating Turbomachinery Performance

In this section, some o f the well-established methods for the overall aerodynamic 

and performance analyses o f turbomachinery are reviewed. These methods are the 

momentum (actuator disc) theory, blade-element theory, and the blade-element- 

momentum theory.

(2 .1)

D
(2.2)

(2.3)
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2.2.1 Momentum (Actuator Disc) Theory

Direction 
o f positive 

velocity
0
~l

00

•F - v .

Turbine thrust, T

Freestream
flow

Turbine
disc

plane

V - v00 rw

Far downstream

Figure 2.2: Momentum theory model of a wind turbine. Reproduced from Leishman 

(2006).

The momentum theory assumes a one-dimensional control volume bounded by 

the surface o f the stream tube and two cross sections o f the stream tube, as seen in 

Figure 2.2. The same theory shown here for turbines also applies to propellers, which 

have the same underlying physics, with only two mathematical differences. The first 

difference is that in turbines, energy is extracted from the fluid (i.e., the fluid is doing 

work on the turbine) whereas the opposite is true for propellers. A stream tube going 

through a turbine expands since kinetic energy is extracted from it, while a stream tube 

going through a propeller contracts. The second difference is the flow direction being 

opposite for propellers from the direction shown in Figure 2.2, while keeping the stream 

tube in the same orientation shown in the figure. This difference also causes the direction 

o f the induced velocity at the propeller disc plane to be in the same direction as the



freestream, since the induced velocity, v,, does not change direction between the two 

applications.

The assumptions that are made for the development o f the theory are listed by 

Manwell et al. (2009) as follows:

•  homogenous, incompressible, steady-state flow,

•  no friction drag,

•  infinite number o f blades,

•  uniform thrust distribution over the disc or rotor area,

• a non-rotating wake, and

• undisturbed ambient static pressure far upstream and downstream o f the 

rotor.

Referring to Figure 2.2, Leishman (2006) explains the theory as follows. The 

approaching wind speed is Vx , with the induced velocity in the plane o f the turbine 

blades being v,. The net velocity at the plane o f the turbine is thus Vm -  v ,. Because the 

turbine extracts energy from the wind, thus reducing its static pressure immediately 

downstream o f the rotor, velocity far downstream o f the turbine w ill be lower than 

upstream o f the turbine; in propellers, the behaviour w ill be opposite, hence the flow 

direction w ill be the opposite o f that shown in Figure 2.2. Thus, well downstream o f the 

turbine, in the far wake, the velocity is Vx —vw, where vw is the velocity deficiency in the 

wake. Also, to satisfy continuity conditions under an incompressible flow assumption, the 

wake downstream o f the turbine must expand, since the flow velocity downstream is 

lower. For propellers, the wake contracts because the flow velocity downstream is higher.

The mass flow rate through the turbine disc, m , is:



m = pA(Vat- v l ) (2.4)

where p  is the air density and A is the cross-sectional area o f the turbine rotor. Given 

that the static pressures far upstream and downstream o f the turbine w ill match the 

ambient pressure, the thrust, T, is related to the change o f momentum across the actuator 

turbine disc:

T = mVm-m (V at- v w) = mvw (2.5)

The work done by the air on the turbine per unit time, P , is:

P = ̂ - U ( V , - y , ) '  = 2 V „ -v .)  (2.6)

This power output o f the turbine can also be expressed as:

P = T(Vx - v l ) = n,vw(V „-v i ) (2.7)

Comparing the power expressions in Eqns. (2.6) and (2.7), it is evident that

vw = 2v, (2.8)

Expanding Eqn. (2.7) using Eqns. (2.4) and (2.8) gives:

P  = 2pA{Vx -  v, )2 v, (2.9)

The power coefficient, Cp, which is typically used to express rotor performance, is 

defined as:

= _ R o to ^ o w e r_

— nA V3 P°wer <n the wind 
2 *

for wind turbines. Substituting Eqn. (2.9) into Eqn. (2.10) gives:

_ 2pA(Vx - v ,)2 v 4(F  - u ) 2v 2
c ,=  P I  •> = 4 a (l-a )  (2.11)

\ p * V l  K



where a = vJVx is the fractional decrease in wind velocity between the ffeestream and 

the rotor plane, called the induction factor.

The thrust coefficient for wind turbines is defined as:

= ~ r~ —  (2-12)
-2 p a K

The thrust acting on the turbine is calculated by substituting Eqn. (2.4) into Eqn. (2.5):

T = mvw = pA(Vx - v l )vw=2pA(V<a- v i )vi (2.13)

Using this thrust expression in the thrust coefficient yields:

Cr = 2p y . - v , ) v , = 4 ( n . - v , ) v , = 4a (1_ a) (2 ]4 )

2 V_~pAVa 
2

The induction factor for the maximum power coefficient, CP , is determined by 

taking the derivative o f Eqn. (2.11) with respect to a and setting it equal to zero. This 

results in a = 1/3. This induction ratio value corresponds to the maximum Cp and CT 

values:

Cp = —  = 0.593 (2.15)
‘ max

CT = -  = 0.889 (2.16)
‘ max v 7

These maximum values correspond to the Betz-Lanchester lim it (Glauert, 1935; 1983), 

which are the maximum theoretically-possible power and thrust coefficients. In reality, 

three effects decrease the maximum achievable power coefficient. As listed by Manwell 

et al. (2009), these effects are:

• rotation o f the wake downstream o f the rotor,
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• a finite number o f blades and associated root and tip  losses, and

• aerodynamic drag.

Since V - v w > 0 , for the flow direction to remain as shown in Figure 2.2, the 

momentum theory is only valid for 0 < a < 0.5. A turbine operating within this range is in 

the windmill-brake state, outside o f which the momentum theory breaks down. As 

Leishman (2006) explains, for 0.5 < a < 1, the turbine is in what is called the turbulent- 

wake state. Close to a = l ,  the rotor enters the vortex-ring state, in which the blade-tip 

vortices, which resemble helically-wound vortex filaments trailing the tips o f the blades, 

approach the blade tips and cause significant unsteady aerodynamic effects on the flow 

passing through the rotor plane. To determine the induction factor when the turbine is in 

the turbulent-wake or vortex-ring states, an empirical correlation between the thrust 

coefficient and the induction factor is used. This empirical correlation is based on the 

data provided by Lock (1925), and it was first suggested by Glauert (1926) with later 

modifications by Burton et al. (2001), Buhl (2005), and Leishman (2006). Leishman 

(2006) suggests using:

CT = 4 a (a - l)  + 2 (2.17)

To be able to use the momentum theory, the induction factor, a , needs to be 

known a priori. In addition, the many assumptions and simplifications made in the 

process o f developing the theory cause its results to be trusted only as a first-order 

prediction (Leishman, 2006).
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2.2.2 Blade-Element Theory (BET)

In this section, the blade-element theory (BET) is presented from the perspective 

o f wind-turbine blade design, as described by Leishman (2006). This method is based on 

dividing the lift-generating body into a finite number o f segments (elements), assuming 

each element behaves as a two-dimensional (2D) airfoil section. The calculated power 

and thrust at each blade element is then integrated over the blade span to calculate the 

performance o f the fu ll blade.

(a) Front view o f a wind turbine blade (b) Blade element

Plane o f 
rotation

Figure 2.3: Blade-element model for a wind turbine operating in axial (unyawed) 

flow. Reproduced from Leishman (2006).

Z i
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As shown in Figure 2.3, the axial flow is directed toward the plane o f rotation o f 

the blades. 9 is the local pitch angle o f the blade element and the angle o f attack o f the 

blade element is therefore a  = 9+</>, in which </) is the inflow angle relative to the plane 

o f rotation. The induced inflow, v(, changes the direction o f the relative flow velocity and 

alters the angle o f attack at each blade element. The resultant velocity acting on the blade 

element is V The forward inclination o f the lift force, dL, allows the component o f the 

lift in the plane o f rotation to overcome the corresponding in-plane component o f the drag 

force, dD, thus resulting in a net in-plane force that drives the wind turbine to produce 

power.

To derive the thrust and power coefficients, lift and drag forces acting on the 

blade element are resolved perpendicular and parallel to the rotor disc plane, and their 

contributions to thrust, torque, and power are calculated. The fu ll derivation can be found 

in rotor aerodynamics textbooks such as the work o f Leishman (2006). Before presenting 

the final equations to calculate the thrust and power coefficients, the primary terms that 

appear in those equations are presented.

r  = y / R  is the nondimensional radial distance, where y  is the radial distance o f 

the blade element from the rotation axis and R  is the blade span.

a  = Nhc/nR  is called the local or chord solidity o f the rotor, where Nb is the 

number o f blades comprising the turbine rotor and c is the local blade chord length.

X  = Q y/L , is called the local section speed ratio, where Q is the angular 

velocity o f the turbine blade and VK is the velocity perpendicular to the plane o f rotation, 

i.e., the wind speed (assuming the turbine is not yawed).
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X JSR =QR/VX , which is called the tip-speed ratio, is an important characteristic 

o f wind turbines, and it is the ratio o f the in-plane tip speed to the wind speed. The 

following equation shows the relationship between X  and A'TSR .

Qy _ OR f  Qy ̂
= X TSRr  (2.18)

co co

Using these parameters, the incremental thrust and power coefficients for one blade 

element are expressed respectively as,

dCT = a X 2SR ( q  + <f>Cd ) r 2dr (2.19)

dCp = a X \,R (jC , -C dy d r  (2.20)

where C, and Cd are respectively the lift and drag coefficients o f the 2D airfo il at the 

local angle o f attack, a  . To calculate CT and C,, for the fu ll blade (or turbine), the 

incremental thrust and power coefficients dC, and dCp are integrated along the span o f 

each blade. However, to evaluate these coefficients, the induced inflow velocity, v( , and 

the sectional aerodynamic coefficients o f the airfoil (C, and Cd) are needed. In this case, 

the fundamental problem is to determine the induced inflow velocity. Leishman (2006) 

indicates that it is possible to proceed with the calculations using closed-form analytical 

solutions based on certain assumptions and approximations that deviate from the three- 

dimensional (3D) nature o f the problem, such as assuming untwisted blades with uniform

inflow. Instead, the blade-element-momentum theory may be used to obtain a more

accurate prediction.

14



2.2.3 Blade-EIement-Momentum Theory (BEMT)

The BEMT is a hybrid method, developed by combining the momentum (actuator 

disc) and blade-element theories. The BEMT is briefly explained here from a wind 

turbine perspective, as described by Leishman (2006). As discussed in the momentum 

theory, the incremental thrust on an annulus o f the turbine disc is calculated using the

momentum change across the disc annulus. The mass flow rate through an annulus o f the

disc is (referring to Figure 2.3):

dm = pdA(Vao- v i ) = 2np{Vx -v ^ y d y  (2.21)

The incremental thrust on the annulus, from Eqn. (2.13), is:

dT = 2p(Vx -  v,) v, dA = 4np(Vx - v ^ y d y  (2.22)

I f  Eqn. (2.22) is rewritten in the form o f a thrust coefficient with r  -  y /R  :

f
dCr = 8 1 -—  — r d r - S a ( \ - a ) r d r  (2.23)

\  Ko)  Ko

I f  a is assumed to be constant over the disc area, Eqn. (2.23) integrates to the result for 

Cr given by the momentum theory in Eqn. (2.14).

The key step in the blade-element-momentum theory is to equate the thrust from 

the momentum and blade-element theories, given by Eqns. (2.23) and (2.19) respectively: 

dCr = $ a ( \-a ) rd r  = a X 2SR (C, +0Cd) r 2dr (2.24)

The next step requires relating C, and Cd to the angle o f attack, a , o f the blade element.

Here, a simplification is used, which recognizes that C,jCd is generally large and the

product is small. With this simplification, Eqn. (2.24) is written as:

dCr = a X 2SRQ r 2dr (2.25)

15



I f  it is assumed that the blade is not stalled, and the blade does not operate very close to 

its peak lift coefficient value, the relationship between C, and a  is linear (Leishman, 

2006). Therefore, C, can be expressed in terms o f the slope, C, , o f the linear relation 

between C, and a  :

C,=C, ( 9 - a 0+4>) (2.26)

where <f> =
f  i ^1 - a

\  r -^T S R  J
, and a0 is the zero-lift angle o f attack for the airfoil section.

Accordingly,

C, —C, \ 6 aQ +
1 - a

rX
(2.27)

TSR /

I f  0 is defined with respect to the zero-lift angle, a0, the result is:

0„ = 6 - a aa0 0 (2.28)

Equating Eqns. (2.23) and (2.25), and expanding C, as per Eqns. (2.27) and (2.28) gives: 

S a ( l ( X ^ r + ( \ - a ) )  (2.29)

Rearranging Eqn. (2.29) yields:

a2 -
° 'X JSRCI ^ aX JSRC,a ( ^ rTsR^a0/' +  ^)
------------ — +1 a n  =  U

8 8
(2.30)

I f  this equation is solved for the unknown induction factor a , the result is: 

a {r, J^tsr ) = ‘
crXTSRCia  ̂ 1 a A'tsrC,a (X TSR0a<r  +1 j a X TSRCla  ̂ 1

I  I *  2) 8 ' I  16 2 )
(2.31)

For the BEMT as it applies to wind turbines, (2.31) is the fundamental equation. As an 

initial estimation, C, = 2n  may be used. Alternatively, i f  2D airfo il data is available, the



actual value o f the lift slope may be used directly. For any given blade pitch, spanwise 

blade twist, chord length, and airfoil section distribution, Eqn. (2.31) allows the induction 

factor, a (thus the induced velocity v(), to be calculated for any blade element. The only 

requirement, other than the blade geometry and the operating condition (X 7W), is the 2D

lift slope o f the airfoil o f the blade element. However, Eqn. (2.31) is only valid for the 

range 0 < a < 0 .5 , since this is also the limitation o f the underlying momentum theory. 

For a > 0.5 , the fundamental equation for the BEMT is rederived by equating the 

momentum (Eqn. (2.17)) and blade-element (Eqn. (2.19)) results o f an infinitesimally- 

small blade element operating in this state (Leishman, 2006), giving:

S a (a - i)  + *  = a X ix C ,r = a X m lC,m ( X „ R̂ r  + ( l - a )) (2.32)

Rearranging Eqn. (2.32) yields:

1 ° ’-'^TSrQ b (^TSR^aor  +  0a2 +
8

^ -1 a + =  0 (2.33)

which has the solution:

^ (^ ’ ^VsR ) — t
_ r

2
J < rX T S R C ,  ( 2 f TS R^a0r  +  1 )

1 6 2 2  8V J \  J (2.34)

^ ^ tsrQ,, 1 ^ 
16 2

Two important points o f interest are observed in Eqn. (2.31). First, for a given tip- 

speed ratio, the twist distribution that yields a uniform relative inflow (uniform value o f 

the induction factor) is achieved i f  9r -  constant, which is known as ideal twist. This 

twist distribution, which can also be expressed as 0 ( r )  = 6tlpl r  , yields the most efficient

energy extraction for a wind turbine, since it gives the lowest induced losses. Second, in
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the development o f the momentum theory, it is shown that a = 1/3 for maximum 

efficiency. This value o f a allows Eqn. (2.31) to be solved for the blade pitch necessary 

to achieve the most efficient operation at a given tip-speed ratio for a wind turbine with 

variable-pitch blades.

2.3 Governing Equations of Fluid Dynamics

The fundamental governing equations o f fluid dynamics are second-order 

nonlinear partial differential equations that are based on the principles o f the conservation 

o f mass, momentum, and energy within a fluid. Since the flow is incompressible and 

steady in the present study, the equation for energy conservation is not presented. For a 

Newtonian fluid (flu id in which the shear stress varies linearly with strain rate, i.e., fluid 

viscosity is independent o f strain rate) in a non-accelerating Cartesian coordinate system, 

the relevant mass and momentum conservation equations for steady flow are:

du dv dw „ . . .
— + —  + —  = 0 (Mass conservation) 
dx dy dz

(2.35)

du du du
u  hv—  + w—

dx dy dz
/ d2u d2u d2u >

d̂x2 dy2 dz2,
+ p fx (x-momentum conservation)

dp 
■■— —  +  u  

dx (2.36)

dv dv dvu  l-v---- hw—
dx dy dz

r d \  tfv_ dV|
dx2 dy2 dz2

dp
= “ a  +// dy

+ p f  (y-momentum conservation)

(2.37)

dw dw dwu  hv—  + w—
dx dy dz j dz + P dx2 + dy2 +'dz2

+ p f2 (z-momentum conservation)

(2.38)
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where p  is the density o f the fluid; u,v, and w are respectively the velocity components 

in the x, y, and z Cartesian directions; p  is the pressure; p  is the dynamic viscosity; 

and f  is the body force (e.g., gravity) per unit mass acting on a fluid element. The 

momentum conservation equations are known as the Navier-Stokes equations. In this 

manuscript, the momentum and mass conservation equations are collectively referred to 

as the Navier-Stokes equations, as is common practice in published literature.

These equations have only a limited number o f known analytical solutions; 

however, they can be solved numerically by computational fluid dynamics (CFD) 

algorithms (White, 2011). Since the Navier-Stokes equations are inherently d ifficu lt to 

solve analytically, and computationally expensive to evaluate, many simplified methods 

have been developed for various fluid dynamics applications (White, 2011). One such 

simplification is to assume that the flow is inviscid, meaning that the effect o f viscosity 

on the flow can be fu lly  neglected. This simplification may be applied to regions o f fluid 

flow with negligible viscous forces.

2.4 Inviscid Flow

2.4.1 Euler Equations

I f  the flow is assumed to be inviscid, the viscous terms in the Navier-Stokes 

equations are dropped, resulting in a set o f equations called the Euler equations. The 

Euler equations can be evaluated numerically to provide significant insight into 

complicated flows for which the assumption o f inviscid flow is acceptable (Leishman, 

2006).
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2.4.2 Potential Flow Equations

I f  a further assumption o f irrotational flow (zero vorticity) in addition to inviscid 

flow is made, the governing equations can be further simplified. I f  the flow is irrotational 

(to = V x V  = 0, where <o is the vorticity vector, and V  = u i+ v  j  + w k , with i,  j,  andk 

being the unit vectors in the x,y, and z directions, respectively), the velocity field can be 

expressed as the gradient o f a potential function <j>, as:

V  = (2.39)

so that

UJ ±  VJ ±  w J - t  (2.40)
dx dy dz

The potential equation for a steady, incompressible flow (Laplace’s equation) is:

V V  = ^ -T  + ̂ T  + ̂ T  = 0 (2.41)
d2</> a y  a y
dx2 dy2 dz2

I f  the potential function </>(x,y,z) is known for the flow, the velocity field can be readily

calculated. However, this approach is not recommended for flows where rotationality is 

important, such as wake flow (Leishman, 2006).

Partial differential equations such as Eqn. (2.41) can be numerically evaluated 

relatively easily by using finite difference, finite element, or finite volume methods 

(White, 2006). Each o f these methods requires the flowfield to be divided into a mesh in 

order to evaluate the necessary functions at predefined locations. Finite difference 

methods approximate partial derivatives by using algebraic differences between discrete 

mesh points (nodes) (White, 2006), whereas finite element methods model the functions 

by approximating them as algebraic combinations o f local nodal values in order to
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evaluate their values between the mesh points (White, 2011). Finite volume methods 

model the flowfield as discrete cells (with finite volume) and evaluate surface integral 

forms o f the governing equations over each cell surface in order to calculate the flux o f 

the target variables between adjacent cells (Leishman, 2006). However, the necessary 

computation time for these methods makes them unsuitable to be used for design 

optimization. Therefore, such methods are not preferable for the purposes o f the present 

study.

2.4.3 Potential-Flow-Singularity Methods

Instead o f solving Laplace’s equation (Eqn. (2.41)), potential flow singularities 

(e.g., sources/sinks, vortices, and doublets) o f unknown strength placed at strategic 

locations (e.g., chord line o f an airfoil, surface o f a body) within the flowfield may be 

used to model inviscid flow (Anderson, 2011). Each singularity placed inside the 

flowfield modifies the velocity field in a specific way and the combined effect o f all 

singularities on the flowfield is calculated in order to find the necessary strength values 

that satisfy certain boundary conditions (e.g., no flow going through solid surfaces). 

These methods provide much faster solutions to inviscid flow problems, since they 

usually involve solving a set o f linear algebraic equations instead o f partial differential 

equations. Such methods include the thin airfoil theory, lifting-line blade model, and 

panel methods, which are all discussed in Chapter 3. In addition, a simple panel method 

that is used in the present algorithm is further detailed in Chapter 4.
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2.5 Viscous Flow

Simplifications to the Navier-Stokes equations can also be made for flows where 

the effects o f viscosity cannot be neglected. It is most important to take viscous effects 

into account when analyzing regions o f flow close to solid boundaries o f fluid flows, 

called the boundary la y e r .  In what follows, simplifications that are applicable to the 

Navier-Stokes equations for a boundary-layer analysis are explained and some 

background information on boundary layers is presented.

2.5.1 Boundary-Layer Equations

Since a two-dimensional, steady, incompressible, viscous flow most closely 

corresponds to the flow problem examined in the present study, the Navier-Stokes 

equations are reduced to a continuity equation and two momentum equations along the x  

and y  directions, which are parallel to, and normal to the wall, respectively (White, 

2006). Terms for the body forces are also neglected, since the buoyancy o f the working 

fluid (air) is not dominant. The resulting set o f equations is:

—  + —  = 0 (continuity) (2.42)
dx dy

du du  _  1 dp f  d 2u d 2u ^
U  h v  = ---------— +  v

dx dy p  dx { d x 2 d y2 j

dv dv  1 dp ( d 2v  a M  
U  +  V  = --------- — +  V  — + ----- -

dx2 d y2

(x-momentum) (2.43)

(y-momentum) (2.44)
dx dy p d y

where v is the kinematic viscosity o f the fluid, and u  and v are velocity components in 

the x  and y  directions, respectively.
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Prandtl (1905) showed that i f  the Reynolds number is greater than 1000, the

boundary layer must be very thin, such that the gradients o f the fluid properties in the

wall normal (y ) direction are much greater than the gradients along the wall direction

(x ) . Applying this fact to Eqn. (2.44) in the absence o f significant streamwise wall 

surface curvature, leads to:

1 * 0  (2.45)
dy

The edge o f the boundary layer (y  = S , where 8 is the boundary-layer thickness) 

is defined as the location where the local velocity is equal to 99% o f the local ffeestream 

velocity, Ue (x ). From Eqn. (2.45), the pressure at the wall is assumed to be the same as 

the pressure at the boundary-layer edge, so that the momentum equation in the freestream 

above y  = 8  for a steady flow becomes:

( A - i f  (2.46,
dx p  ax

Using Eqn. (2.46), the pressure term is eliminated from the x-momentum equation in the 

boundary layer. After these simplifications, the resulting set o f boundary-layer equations

is:

—  + —  = 0 (continuity) (2.47)
dx dy

du du TJ dU d2u
—  + v—  = U ,— -  + v — - 
dx dy dx dy

u — + v —  = Ue + v (streamwise momentum balance) (2.48)

There are two important integral quantities relevant to boundary-layer flows; the 

displacement thickness (£*) and the momentum thickness (0 ). The displacement
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thickness is the amount o f deflection o f the inviscid flow streamlines away from the wall 

due to mass conservation, since the flow in the boundary layer is slowed down by viscous 

drag (White, 2006). For incompressible flows, it is defined as:

The momentum thickness is a measure o f the momentum loss, or skin-friction drag, in the 

boundary layer, due to the no-slip condition at the wall. As White (2006) explains, the 

momentum loss, or skin friction in the boundary layer is expressed as:

The ratio o f the displacement thickness and the momentum thickness, H  = S‘/0 ,

boundary layers and from ~1.3 to -2.5 for turbulent boundary layers; a lower shape factor 

indicates a fuller velocity profile (White, 2006; 2011).

The wall shear stress per unit width, xw, is used to calculate the total drag caused

by the skin friction (i.e., the momentum loss in the boundary layer) by integration along 

the wall:

where L is the total flow distance along the surface. The skin-friction drag can be 

normalized into a coefficient form:

(2.49)

s

(2.50)
0

By definition, the momentum thickness for incompressible flows is:

(2.51)

is called the shape factor. The shape factor value varies from -2.0 to -3.5 for laminar

L

(2.52)
o



(2.53)

where Cf  is called the skin-friction coefficient. The corresponding normalized drag force 

is:

which is the skin-friction drag coefficient per unit surface width, where Vn is the 

undisturbed freestream velocity approaching the surface.

It is also very important to note that the boundary-layer equations are only valid 

up to the streamwise location o f flow separation, due to the Goldstein singularity 

(Section 3.1.5) at the separation point (Goldstein, 1948). As White (2006) explains, on 

continuous wall surfaces, flow separation occurs under adverse streamwise pressure 

gradients (dp/dx>0  or dU jcbc<0). The freestream deceleration causes the wall shear

to decrease, and where the wall shear reaches zero, the boundary layer separates from the 

surface. Separated flow is arguably the most d ifficu lt type o f flow to model; however, it 

is a common occurrence in flows over lifting bodies at moderate and high angles o f 

attack (Katz &  Plotkin, 1991).

As explained by White (2006), the boundary-layer equations that are presented up 

to this point are valid for the instantaneous analysis o f both laminar and turbulent flows. 

However, turbulent flows have historically been analyzed as having two separate 

components due to the significant velocity fluctuations within the flow; a mean-flow 

(time-averaged) component, and a fluctuating component. I f  the Navier-Stokes equations 

are rederived using the two components, the Reynolds-averaged Navier-Stokes (RANS)

C,̂skin 1 (2.54)
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equations are obtained. I f  the two-dimensional, incompressible turbulent-boundary-layer

equations are derived using the RANS equations, the result is:

du dv - , . . . .. .
—  + —  = 0 (continuity) (2.55)
dx dx

_du _du dUe d2u du’v' . ,
u — +v —  = Ue— -  + v —   (streamwise momentum balance) (2.56)

dx dy dx dy dy

in which the terms with an overbar indicate time-averaged flow components, and the

terms with a prime symbol indicate fluctuation components, so that the instantaneous

velocities in the x and y  directions are expressed as:

u =  u + u ’ (2.57)

v = v + v ' (2.58)

respectively. The addition o f the fluctuation terms as new unknowns complicates the

solution and makes the numerical evaluation o f the boundary-layer equations

computationally demanding. Therefore, another simpler and computationally-eflficient

method for solving the boundary-layer equations is necessary for the purposes o f the

present study. White (2006) suggests that the instantaneous boundary-layer equations can

be integrated from the wall to infinity to get an ordinary differential equation for the

boundary layer that is valid for both laminar and turbulent flows. The most commonly

used such equation is the momentum-integral relation (White, 2006).

2.5.2 The Momentum-Integral Relation

The momentum-integral relation is an approximate integral equation that is used 

to analyze boundary-layer flows with pressure gradients, which is typical o f flows over 

an airfoil. As White (2006) explains, to derive the momentum-integral relation for a
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laminar boundary layer, the continuity equation (Eqn. (2.47)) is multiplied by (u -U e)

and subtracted from the streamwise momentum equation o f the boundary layer (Eqn. 

(2.48)):

1 d r d /  TI 2 \  / „  \d U e d ,  TJ \

(2-59)

where p  is the fluid density, r xy is the shear stress, Ue is the velocity at the edge o f the 

boundary layer, and u and v are the velocities in the x  and y  directions, respectively. 

Eqn. (2.59) is integrated from the wall to the edge o f the boundary layer. The result o f the 

integration is:

s $
-  = (2.60)
P dx i

where tw is the shear stress at the wall. The integrals o f {Uc - u )  and u(Ue -u )  relate to

the displacement and momentum thicknesses, respectively, given in Eqns. (2.49) and

(2.51). Rewriting Eqn. (2.60) with the integral thicknesses leads to:

= ̂  = — +(20+<?*)— ^  (2.61)
pU) 2 dtx 1 } Ue dx K }

where Cf  is the skin-friction coefficient, 0  is the momentum thickness, and S' is the

displacement thickness. This equation can be rewritten based on the shape factor, H , as:

-  = — +(2 + / / ) — ^ ^ -  (2.62)
2 dx v f Ue dx

where H  = S '/0 . A similar derivation for the turbulent boundary layer yields:

2 dx K ’ Ue dx U ] { d x \  I  *  K J
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where u'2 and v '2 are the time-averaged values o f the squares o f the x  and y 

components o f fluctuating velocities, respectively. The additional integral term appearing 

in the turbulent momentum-integral equation is typically negligibly small except near 

separation (Abu-Ghannam &  Shaw, 1980).

The momentum-integral relation has three unknown boundary-layer parameters: 

9, Cf , and H ;  therefore two additional closure equations are needed to solve the

system. The necessary closure equations are provided by different methods for laminar 

and turbulent flow. These are presented in Sections 2.5.2.1 and 2.5.2.2, respectively. The 

solution o f the resultant sets o f equations for the streamwise development o f 9, Cf , and 

H  is presented in Chapter 4.

2.5.2.1 Laminar Closure Method

For laminar flows, the unknown boundary-layer parameters are closely related to 

the velocity profile, which can be approximated by using a single parameter, providing an 

easy way to close the equations (White, 2006). Thwaites (1949) has suggested using 

empirical correlations to provide closure to the momentum-integral equation in laminar 

boundary layers, by rewriting the momentum-integral equation (Eqn. (2.62)) in terms o f a 

pressure gradient parameter, A, defined as:

(2.64,
v ax

With the use o f this parameter, the momentum-integral equation is nondimensionalized 

by multiplying it by UeB /v  :
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(2.65)

where n  is the dynamic viscosity. The left-hand side o f this equation is a friction factor, 

S, which Thwaites showed to correlate with A on the basis o f published laminar 

boundary-layer data. Likewise, Thwaites demonstrated correlation o f the shape factor, 

H, with X. White (2006) provided polynomial alternatives for Thwaites' tabulated forms 

o f 5 (A ) and H ( X )  :

integral relation. Since the closure equations are coupled to 9 via X, it is required to 

solve the set o f equations iteratively at a given streamwise location until convergence to 

the desired level is reached for 9 .

2.5.2.2 Turbulent Closure Method

For turbulent flows, the relationship between the boundary-layer parameters 

change with different velocity profiles, complicating the closure process (White, 2006). 

The following method o f closure for the turbulent momentum-integral relation is 

provided by White (2006). The first closure equation is an algebraic relation that is

S (X )*(X +0 .0 9 )°62 (2.66)

H( X)  *  2.0 + 4.14z -  83.5z2 + 854z3 -  3337z4 + 4576z5 (2.67)

where

z = (0.25-A ) (2.68)

Eqns. (2.66) and (2.67) are the two necessary closure equations to solve the momentum-
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derived using Coles’ law o f the wake (1956). The integral parameters given by Coles’ 

law o f the wake are arranged as follows:

^ = a <n ) 7f^ \ (269)

where

o ( n )= 2 + 3 1 ^9 n + J '5 ri (2.70)
*r(l + n )

and

where,

(2 .7 ')

Re* = ̂ U x p ( x * /  - k B -2 U )  (2.72)
tcH

II ft
Re# = — — (2.73)

is the Reynolds number based on momentum thickness; Xf is a measure o f the local skin 

friction; I I  is Coles’ wake parameter; K is von Karman’s constant, at = 0.41; and B is 

the turbulence law o f the wall intercept constant, B = 5.0. I f  n  is eliminated in the above 

equations, a curve fit for the relation between Cf , H , and Re* is obtained:

0 3e_l 33W
C « -  ----  p d:j,„  (2.74)

(log10 Re*)

White (2006) asserts that this is the most accurate correlation to use in von Kirm£n 

integral-based methods.
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The second closure equation is an empirical correlation provided by Das (1987), 

between Coles’ wake parameter, n , and Clauser’s equilibrium parameter, /?, for the 

range 0 < n  < 100:

P  = -0.4 + 0.7611 + 0.42E12 (2.75)

Since the above set o f closure equations introduce two new parameters, n  and /?, 

that need to be related to Cf , H ,  and 6, a third equation is needed, n  is related to C{

and H  by Eqns. (2.69) and (2.70). By also using the definition o f the Clauser parameter, 

P, the following is obtained:

p  = -X )H — ^ -  (2.76)
f  Ue dx

Eqn. (2.76) is the final closure equation. The closure equations (Eqns. (2.69), (2.74), 

(2.75), and (2.76)) are coupled to 0, Cf , and H , so it is required to solve the set o f

equations iteratively at a given streamwise location, until convergence to the desired level 

is reached for two o f the three parameters, namely 6 and Cf , since the third parameter is

dependent on the other two.

In this chapter, basic concepts and methods related to wind turbine and propeller 

aerodynamics have been presented. In the following chapter, relevant aerodynamic 

analysis methods are discussed and the ones that are suitable to be used in the present 

algorithm are identified.
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Chapter 3: Literature Review

In this chapter, available methods to calculate the aerodynamics o f wind turbine 

and propeller blades are discussed. From these methods, suitable ones for the present 

algorithm are selected and the reasoning behind the selection is justified. Finally, 

additional effects that may be considered for the aerodynamic analysis o f wind turbines 

and propellers are discussed.

3.1 Analysis Methods for Turbomachinery Performance and Aerodynamics

3.1.1 Momentum (Actuator Disc) Theory

Momentum theory, developed by Betz (1926), is a well known and simple method 

for calculating the aerodynamics and the power output o f an idealized rotary machine that 

extracts energy from or imparts energy to a fluid, such as wind turbines and propellers. 

The mathematical development o f the theory can be found in Section 2.2.1.

The momentum theory assumes an ideal turbine with no losses; infinite number o f 

blades, uniform thrust over the rotor disc, no friction drag, and no wake rotation 

(Manwell et al., 2009). Applying these assumptions causes the results predicted by the 

momentum theory to be far from reality, so the theory can only be used as a first-order 

method for turbomachinery design (Leishman, 2006). In addition, it is not generally 

possible to use the momentum theory for aerodynamic analysis since the induction factor 

a is not known (Leishman, 2006). However, the theory played an important role in the 

development o f more modem techniques.
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3.1.2 Blade-Element Theory (BET)

The blade-element theory (BET), is the basis o f the current widely used approach 

for wind turbine and helicopter rotor aerodynamics (Leishman, 2006). The blade-element 

approach divides the blade into a finite number o f segments (elements) along its span and 

assumes that each blade element acts as a 2D airfoil to produce aerodynamic forces and 

moments. Although the BET is an important method in rotor aerodynamics, it is not 

widely used today because a more advanced method, the blade-element-momentum 

theory, has been developed.

As cited by Leishman (2006), Tokaty (1971) provides a historical overview o f the 

blade-element and blade-element-momentum theories. The BET approach was first 

suggested by Drzewiecki (Drzewiecki, 1892; 1920) for the analysis o f airplane 

propellers. Lanchester (1915) has also made contributions to the theory, as suggested by 

Glauert (1935). As further improvements to the basic blade-element theory, the BET and 

momentum theories were linked together by Reissner (1910; 1937; 1940), de Bothezat 

(1919), and Glauert (1935) to accommodate the lift-induced velocity or induced angle o f 

attack distribution over the blade span, thereby creating the blade-element-momentum 

theory (discussed in the following section). The BET was extended to explicitly include 

the influence o f the vortical wake as well as the other blades using an induced angle o f 

attack component, calculated by means o f the Biot-Savart law. These ideas were in itia lly  

developed by Joukowski as described by Tokaty (1971), Glauert (1922), Bienen &  von 

Kirman (1924), and Lock et al (1925). Prandtl &  Betz (1919) and Goldstein (1929) 

developed a prescribed vortex-wake theory for lifting propellers, which was later
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extended by Theodorsen (1948). Glauert (1935) reviews how the early theory applies to 

propellers.

The final working equations o f the BET are presented in Section 2.2.2, with 

explanations o f the primary terms that appear in the BET and the blade-element- 

momentum theory. The fu ll derivation, which can be found in textbooks on rotor 

aerodynamics, such as the work o f Leishman (2006), is not presented in this manuscript 

for reasons o f brevity.

As Leisman (2006) explains, there are two problems associated with the use o f the 

BET. The first problem is that the BET does not provide a way to calculate the induced 

inflow velocity v, (or the induction factor, a). It is possible to assume 2D aerodynamics

and proceed with the calculation assuming the induced velocity is zero, but this approach 

deviates from the actual 3D nature o f the problem. The second problem is the need for 

the 2D aerodynamic coefficients o f the airfoil (C, and Q )  to be known in advance.

Since the aerodynamic coefficients usually cannot be expressed as analytical functions, a 

table look-up approach that uses data from a wide range o f angles o f attack and Reynolds 

numbers is needed. Because o f these reasons, BET is not exclusively used for the 

aerodynamic analysis o f wind turbine and propeller blades. However, it is the basis o f the 

current and most widely-used approach, the blade-element-momentum theory (BEMT).

3.1.3 Blade-Element-Momentum Theory (BEMT)

The blade-element-momentum theory (BEMT) is a hybrid method that relies on 

the fiindamental relationship between the circulation and momentum theories o f lift 

(Leishman, 2006). Its key difference from the BET is its ability to estimate the induction
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factor (or induced velocity) along the blade, using certain assumptions (Leishman, 2006). 

With the use o f the induction factor, aerodynamic loads along the blade span are 

calculated. According to Leishman (2006), the BEMT has proven to be a very useful 

method in understanding how some o f the key design factors influence wind turbine 

performance. However, the predictions o f the BEMT are generally accurate under 

conditions where the wind is normal to the plane o f rotation, i.e., when the turbine is not 

yawed (Leishman, 2006). This limitation, which occurs due to the non-axisymmetric and 

3D nature o f the flow when the turbine is yawed, does not affect the wind turbine 

aerodynamic calculations for constant wind directions, as wind turbines are not yawed 

under normal operating conditions. For more accurate aerodynamic calculations under 

yawed conditions, free-vortex methods may be used (Leishman, 2006), which are briefly 

explained in Section 3.2.3.1.

As Leishman (2006) explains, the BEMT is based on the combination o f a 

momentum balance on successive annuli o f the turbine disc and a blade-element 

treatment o f the sectional aerodynamics. This combination allows solving the inflow 

velocity o f the turbine at each blade element, since it is possible to calculate the lift- 

induced velocity with the BEMT. The BEMT treats each blade element as a 2D airfoil, 

which assumes that spanwise flow and spanwise loading gradients are small. According 

to Leishman (2006), this is a reasonable assumption for unstalled and unyawed 

conditions, due to good agreement between the predictions o f the BEMT and the more 

advanced free-vortex methods, which incorporate the 3D effects. The phenomenon o f 

spanwise (radial) flow, which occurs under stalled conditions and conflicts with the 

underlying assumptions o f the BEMT, is explained in Section 3.4.3.
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A fu ll derivation o f the BEMT for a wind turbine configuration can be found in 

Section 2.2.2. The BEMT provides sufficiently accurate predictions to be used during the 

design optimization o f a wind turbine, and therefore it is the simplest, most general 

method available today (Leishman, 2006). However, it requires some aerodynamic 

characteristics (such as the lift slope and the drag coefficient) o f the 2D airfoil to be 

known in advance. It also falls short o f calculating the exact aerodynamic loads - lif t ,  drag 

and pitching moment- imposed on each blade element, as the respective coefficients are 

not explicitly calculated. These coefficients can be obtained by using the angle o f attack 

o f the blade element and 2D airfoil data. It is also not possible to use the BEMT for a new 

a irfo il design, for which the aerodynamic properties are not known. Therefore the BEMT 

is not a stand-alone method for turbomachinery blade design.

3.1.4 Navier-Stokes Equation Solutions

Contrary to the simpler methods discussed in the preceding sections, there are 

computational fluid dynamics (CFD) methods that provide more accurate predictions at 

the cost o f time and computation power. These methods generally solve the Navier- 

Stokes equations for the entire flowfield, therefore treating the flow field as entirely 

viscous. Pope (2000) provides a summary o f the common methods used to solve the 

Navier-Stokes equations.

Direct Numerical Simulation (DNS) and Large Eddy Simulation (LES) are used 

to simulate turbulent flow, which is typically the type o f flow over a notable portion o f 

the wind turbine/propeller blade. As Pope (2000) explains, In DNS, the Navier-Stokes 

equations are solved to determine the velocity and pressure field for all turbulence length
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and time scales. Therefore, DNS is the most computationally-expensive method. In LES, 

the Navier-Stokes equations with small spatial and temporal scales filtered are solved to 

obtain a velocity field which represents only the large-scale turbulent motions. Therefore, 

LES is computationally less demanding due to the omission o f the computation cost 

needed to solve for small-scale turbulence effects.

As explained by Pope (2000), the Reynolds-Averaged Navier-Stokes (RANS) 

method involves the solution o f the time-averaged Navier-Stokes equations to determine 

the velocity and pressure field. In RANS methods, the Reynolds stresses are determined 

using a turbulence model, either via the turbulence viscosity hypothesis, or from 

modelled Reynolds-stress transport equations (Pope, 2000). In recent years, some RANS 

models including the works o f Sorensen et al. (2002) and Fletcher et al. (2009), have 

been used to provide significant insight into the aerodynamics o f wind turbines.

The methods that are described in this section can be used to solve the full 

flowfield around the airfoil with higher accuracy compared to the previously-discussed 

methods. As mentioned previously, these methods treat the entire flowfield as viscous; 

however, it is generally accepted that such a treatment is not always necessary to obtain 

predictions that are sufficiently accurate for design optimization (Leishman, 2006). The 

viscous effects are only dominant in the boundary layer for an attached flow (White, 

2006). Therefore, for the region far away from the airfoil surface, using solutions that 

treat the entire flowfield as viscous are not necessary. However, an aerodynamic analysis 

o f a flu id-immersed body must properly account for viscous effects to calculate the 

viscous drag, which is caused by the combination o f the skin-friction drag and the low- 

pressure region occurring in the wake o f the body (Katz &  Plotkin, 1991).
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At an early design stage for a wind turbine blade or propeller, the time-intensive 

methods discussed in this section cannot be used due to the iterative nature o f the design 

process and the need to quickly evaluate the effect o f design changes. Nevertheless, 

provided the computation power is available, these methods can be used to perform a 

detailed analysis at the final design stage.

3.1.5 Viscous-Inviscid Interaction (VII)

Instead o f treating the entire flowfield as inviscid, or having to rely on 

computationally-expensive solutions which treat the entire flowfield as a viscous flow, an 

alternative approach is viscous-inviscid interaction (V II). The V II approach treats 

portions o f the flowfield as either inviscid or viscous. The approach uses an inviscid 

approximation to develop a solution for the flow region assumed to be inviscid, which is 

coupled to a viscous solution o f regions where viscous forces are deemed to be 

significant. An iterative solution method is usually employed until the solution reaches 

convergence to a desired accuracy.

Veldman (2009) and Veldman &  Coenen (2005) provide a historical overview o f 

the development o f V II methods. These methods were facilitated by Prandtl’s (1905) 

discovery o f the boundary layer approximation. The boundary layer is influenced by the 

inviscid pressure distribution over the flow surface. The presence o f the boundary layer 

deflects the inviscid flow streamlines away from the body surface due to mass 

conservation, and thus makes the body immersed in the fluid “ feel”  thicker to the inviscid 

ffeestream. The resulting effective shape, which accounts for the presence o f the 

boundary layer, is called the displacement body. The displacement body is obtained by
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moving the original body surface in the wall-normal direction by a local distance S' , 

called the displacement thickness (defined in Section 2.5.1). The two regions o f flow, 

viscous and inviscid, are shown in Figure 3.1.

Approaching Inviscid region
freestream flow

Solid body (a irfo il)

Figure 3.1: Subdivision of the flowfield around an airfoil, with an inviscid outer 

region and a viscous shear layer (exaggerated in thickness).

The oldest V II method is known as the direct method. In this method, the inviscid 

flow is calculated first, as i f  there were no boundary layer. The calculation is started with 

the inviscid flow because the boundary layer (usually) provides only a small perturbation 

to the inviscid flow. Also, the freestream velocity distribution over the surface, Ue(s),

needs to be known for the boundary-layer analysis. The predicted freestream velocity 

distribution over the surface is then supplied to the boundary-layer analysis to calculate 

the displacement thickness S '(s ), where s represents the streamwise coordinate along

the airfoil surface. With the displacement thickness information, the solid-surface 

geometry is adjusted to account for the presence o f the boundary layer, and the inviscid 

solution is repeated. This process is repeated until convergence to the desired accuracy is 

achieved. Such methods are generally referred to as weak viscous-inviscid interaction 

schemes, in which a hierarchy between the viscous and inviscid regions is present, and 

the effects o f one region on the other are only felt through the higher-order matching
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terms, such as the displacement thickness and the freestream velocity (Rothmayer &  

Barnett, 1991). A simple flowchart for the direct method is shown in Figure 3.2.

Inviscid-flow
calculation

Viscous-flow
calculation

Figure 3.2: Viscous-inviscid interaction scheme for the direct method.

However, when regions o f separated flow are present, the boundary-layer 

calculations break down. This problem arises from a singularity in the boundary-layer 

equations at the separation point, called the Goldstein singularity. A study o f the 

breakdown process has been presented by Goldstein (1948). At that time, no conclusion 

on the exact cause o f this breakdown was given. Lighthill (1953; 2000) provided some 

information on the related issue o f upstream influence in subsonic and supersonic flows. 

For supersonic flow, Hayes and Probstein (1959) explained the nature o f the interaction 

near a point o f flow separation. They suggested that, in general, it is required to solve the 

integrated momentum and energy equations for the boundary layer along with the 

inviscid flow equations for the inviscid surrounding flow simultaneously to overcome the 

singularity. To overcome the Goldstein singularity for subsonic flow, Catherall and 

Mangier (1966) presented calculations o f a boundary layer with a prescribed 

displacement thickness.

In the following years, publications by Stewartson (1968), Neiland (1969), and 

Messiter (1970) introduced the asymptotic triple-deck theory, which provided further 

information on the Goldstein singularity. Lagree (2009) explains the theory, which is 

named after an analogy to a ship with three decks. The portion o f the boundary layer very 

close to the wall where the velocity is the smallest is called the “ Lower Deck” , and the
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rest o f the boundary layer is called the “ Main Deck” . Perturbations in the “Lower Deck” 

are transmitted through the “ Main Deck” , in which these perturbations act as a 

displacement o f the streamlines. These perturbations in the “ Main Deck”  may also extend 

to the upstream flowfield. Then, this displacement o f the streamlines is transmitted to the 

inviscid fluid layer called the “ Upper Deck” .

With the developments after the Goldstein singularity was identified, it was seen 

that the boundary layer has a significant effect on the pressure gradient near separation, 

instead o f the pressure gradient being prescribed through the inviscid flow (Veldman, 

2009). Therefore, the hierarchy between the inviscid and viscous flow regions, which 

allows each o f them to be calculated individually (weak viscous-inviscid interaction), 

breaks down (Lagerstrom, 1975), resulting in what is called strong viscous-inviscid 

interaction. As Rothmayer &  Barnett (1991) explain, in strong viscous-inviscid 

interaction, the effects o f the viscous and inviscid regions on one another are not only felt 

through high-order terms but also through the structures that are present in the flow, thus 

resulting in the loss o f hierarchy.

As Veldman (2009) explains, this loss o f hierarchy led to alternative V II methods 

to be developed in the late 1970s. One method was to use an inverse method where the 

order o f information exchange is reversed. A simple flowchart for this method is shown 

in Figure 3.3a. The method works by inversing both the boundary-layer and the inviscid 

flow  calculations; the inverse boundary-layer analysis uses prescribed displacement 

thickness data to calculate the freestream velocity required to obtain the given 

displacement thickness, and the inverse inviscid flow analysis calculates the total 

thickness o f the airfoil when given the freestream velocity calculated by the inverse
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boundary-layer analysis. Once the original thickness o f the airfoil is subtracted from the 

total thickness calculated by the inverse-inviscid analysis, the displacement thickness is 

found. This new displacement thickness is then used to update the prescribed 

displacement thickness for the boundary-layer analysis and this iterative scheme is 

continued until convergence to the desired level is achieved. Although this inverse 

method survives past flow separation, its convergence is very slow (Veldman &  Coenen, 

2005).

(a)

/  A irfo il 7 . sU  \
/  surface /  ^

Viscous-flow
calculation

Inviscid-flow
calculation

(b)

■5»

/  Aif U /+*■(,)
/  surface /  v '

Inviscid-flow
calculation

Viscous-flow
calculation

Figure 3.3: Viscous-inviscid interaction schemes for the (a) inverse method and (b) 

semi-inverse method.

Another method, which was developed by mixing the direct and inverse methods 

in a semi-inverse method, was proposed by LeBalleur (1978) and Carter (1981). In this 

semi-inverse method, shown in Figure 3.3b, a prescribed displacement thickness is used 

to solve both inviscid and viscous flow regions, and the difference o f the predicted 

freestream velocity distributions are used to update the displacement thickness via a 

relaxation-based coupling algorithm. It is called the semi-inverse method because the
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boundary-layer calculations are inversed, whereas the inviscid flow is calculated using 

the direct method.

Yet another method developed by Drela &  Giles (1987) and Moses et al. (1978) 

solves the viscous and inviscid flow equations simultaneously to avoid any hierarchical 

treatment o f both flow regions. The simultaneous solution o f the viscous and inviscid 

flow equations have been used by a number o f researchers, including Gilmer &  Bristow 

(1982), and Gilmer et al. (1984), to analyze stalled single- and multi-element airfoils, 

respectively. Nevertheless, according to Veldman (2009), this approach is complicated 

and inflexible in the modelling o f the flowfield, since it requires both sets o f flow 

equations to be combined into one system. Therefore, attempts were made to approximate 

this simultaneous approach without complicating the method, and the concept o f the 

interaction law was introduced.

The interaction law suggested by Veldman (1979; 1981) allows the simultaneous 

solution o f both inviscid and viscous flow regions using a sufficiently accurate and 

simple approximation for the inviscid flow based on the thin airfo il theory 

(Section 3.2.1). This approximation is used as a boundary condition for the viscous flow 

analysis, thereby instantaneously accounting for the behaviour o f the inviscid flow and 

reducing the number o f iterations required for the viscous-inviscid interactive solution to 

converge (Veldman, 1981). However, this inviscid flow approximation does not replace 

the inviscid flow analysis in Veldman’s viscous-inviscid interaction scheme. More 

examples o f these interactive calculations have been published by Veldman (Veldman et 

al., 1990; Veldman, 2001; 2005). However, Veldman himself (2009) states that the
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interaction laws used in those works were somewhat complex, because the motivation 

was to keep the laws’ physical contents as close to the real physics as possible.

Viscous-inviscid interaction methods may be considered as the middle ground 

between pure inviscid analyses (such as BET and BEMT) and computationally-expensive 

methods such as RANS and DNS, which treat the entire flowfield as viscous. V II 

methods can provide predictions that are sufficiently accurate to be used for design 

optimization and they retain the ability to provide a fast solution unlike RANS or DNS. 

Viscous-inviscid interaction methods are useful in scenarios where a large number o f 

design options must be evaluated while maintaining a degree o f accuracy that can only be 

obtained by accounting for viscous effects. Hence, a V II method has been selected for the 

purposes o f the present study.

In the present study, the direct viscous-inviscid interaction (weak interaction) 

method is used, since this method is relatively easy to model and adheres to the physics 

o f the flow. The flows studied in the present study have low Mach numbers and thus are 

assumed to be incompressible, and shockwaves that cause the weak V II approaches to 

fail are not present. The problem o f flow separation is dealt with using empirical data and 

numerical adjustments that respect the governing physics.

There are two choices to be made when developing a direct viscous-inviscid 

interaction method; selecting the respective methods to be used for the viscous and 

inviscid analyses, which are discussed in Sections 3.2 and 3.3, respectively.
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3.2 Inviscid Flow Analysis Methods

In this section, an overview o f available CFD methods that treat the entire 

flowfield as inviscid are discussed. Because o f the inviscid treatment o f the entire 

flowfield, these methods are not able to capture viscous effects such as skin-friction drag 

or flow separation. Therefore, they are not capable o f modelling the complete 

aerodynamics o f lift-generating bodies by themselves. However, by making the inviscid 

flow assumption, they allow the Navier-Stokes equations to be greatly simplified and 

computed faster. The inviscid flow assumption must only be used for the part o f the 

flowfield where viscous effects are not dominant, i.e., further away from any solid 

surface.

The aim o f this review is to select a suitable inviscid flow analysis method to be 

used in the viscous-inviscid interaction scheme identified in the previous section. The 

selection w ill be based on the overall accuracy o f the method, ease o f computation, and 

suitability to be used in a viscous-inviscid interaction scheme. The methods that are 

discussed are the thin airfo il theory (TAT), lifting line blade model, and surface 

singularity (panel) methods.

Most inviscid flow analysis methods such as thin airfoil theory, lifting  line blade 

model, and panel methods use potential flow singularities such as sources, doublets, and 

vortices located on or inside the airfoil to model the flowfield. Information on these 

singularities (sources, sinks, vortices, doublets, vortex sheets, etc.) and their effects on the 

flowfield around them can be found in any fluid mechanics or aerodynamics textbook; 

examples include the textbooks o f Katz &  Plotkin (1991) and White (2011).
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3.2.1 Thin Airfoil Theory (TAT)

The thin airfoil theory (TAT) models the 2D airfoil as a camber line, on which a 

vortex-sheet singularity with an unknown strength, y ( x ) , is placed. Details o f this

method are provided by Glauert (1983). I f  the vortex strength distribution y  (x ) over the

camber line is known, the pressure distribution over both sides o f the airfo il (and thus the 

freestream velocities) can be calculated. From the pressure distribution, the lift and 

pitching moment o f the 2D airfoil section is determined, as presented in Chapter 4.

As Leishman (2006) explains, in thin airfoil theory, the vortex sheet strength is 

usually expressed as a Fourier series. Then, by imposing two boundary conditions, the 

coefficients o f the Fourier series are determined. The first boundary condition is the flow 

tangency on the camber line (or vortex sheet). The second boundary condition is the 

“ Kutta condition” . As explained by Katz &  Plotkin (1991), this condition states that the 

rear stagnation point on an a irfo il should be located at the trailing edge.

Since TAT applies the flow tangency condition on the camber line rather than the 

surfaces o f the airfoil, the predicted velocity field may deviate from the actual values in 

instances o f thick airfoils. This limitation is prominent especially near the leading edge, 

where the geometry o f the airfo il has a significant effect on the flow. The leading edge 

geometry, along with the undisturbed freestream flow direction, determine the exact 

location o f the leading-edge stagnation point and the subsequent acceleration o f the flow 

starting from the stagnation point. Because TAT does not provide this information, which 

is necessary for boundary-layer analysis, it is not a suitable method to be used in a 

viscous-inviscid interaction scheme. Moreover, TAT is not able to distinguish between 

two airfoils that have the same geometric characteristics except for their thicknesses.



Therefore, the effects o f changing the a irfo il thickness cannot be determined by this 

method. This lim itation also ties into the previous discussion about the displacement 

thickness being used to represent the change in the “perceived”  thickness o f the airfoil by 

the freestream. Since the airfoil is modelled as a camber line, TAT does not allow the 

airfoil surface to be displaced outwards to account for the presence o f the boundary layer. 

A method that uses the displacement thickness information obtained from a viscous flow 

analysis to account for the change in the freestream velocity around the a irfo il due to the 

presence o f the boundary layer has been suggested by Veldman (1981); however, the 

method is only used for an approximate solution with limited accuracy. For these reasons, 

TAT is deemed unsuitable to be used in the present algorithm.

3.2.2 Lifting-Line Blade Model

Another simple method that can be used to model lift-generating bodies with 

finite span is the lifting-line blade model. This approach treats the blade as a series o f 2D 

blade elements, similar to the BET or BEMT. The key difference being that the finite- 

span blade and the near-wake are modelled as line vortices. The blade is replaced by a 

“ lifting-line” , which is a line vortex that represents the lift generated by the blade via the 

bound circulation. At the blade tips, the vortex line bends and extends far downstream, 

representing the wake (Figure 3.4a). The vortex line needs to be extended far downstream 

because the Kelvin-Helmholtz theorem states that a vortex filament cannot start and end 

in a fluid; it must extend to the fluid boundary or form a closed path. The vortex line that 

represents the blade is bound to the aerodynamic centre o f the airfoil. The strongest 

vortices are shed from the blade tips, but some vorticity shed along the span o f the blade
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is also included in the analysis. Prandtl (1918) succeeded in modelling the trailing wake 

as a whole vortex sheet, instead o f individual vortex lines as shown in Figure 3.4b.

(a)

Circulation
/  ny)

v = 0

(b)

Wing /
replaced by 
“lifting line’

y(rf )  d r ] =  vortex sheet element

d w -  downwash due to ydr )

Figure 3.4: (a) Generic lifting-line model for a finite wing, (b) Lifting-line blade 

model by Prandtl (1918). Reproduced from White (2011).

The goal o f this approach is to calculate the induced velocity (or angle o f attack) 

at each blade element, so that the effective angle o f attack along the blade span can be 

found. Details o f this method have been provided by Katz &  Plotkin (1991), Anderson 

(2011), Leishman (2006), and White (2011). The effective circulation is zero at the blade
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tips and maximum at the centre. The lift generated by the blade is directly related to the 

circulation via the Kutta-Joukowski theorem:

dL = pVx Y dy (3.1)

where dL is the lift force o f an infinitesimal blade element, p  is the density o f the fluid, 

V is the undisturbed freestream velocity relative to the blade element, T is the 

circulation around the blade element, and dy is the span o f the blade element. The lift 

force is perpendicular to the undisturbed freestream velocity direction. From Figure 3.4a, 

it can be seen that since the circulation is zero at the blade tips, the generated lift is also 

zero. The lifting-line model can approximate this effect.

Leishman (2006) states that the coupling between the wake effects on the blade 

loading and the circulation that is trailed and shed into the wake allows some 3D effects 

to be modelled using the lifting-line model. However, because small disturbance 

approximations are used in this method, the lifting-line model cannot fu lly model strong 

3D flow effects, such as the ones found near the tip and root o f the blade. Moreover, 

because the wakes o f rotating blades are not planar, care must be taken when using this 

method. The lack o f a solid a irfo il geometry and the lack o f pressure distribution 

information on the airfoil surface make the lifting-line blade model unsuitable for a 

viscous-inviscid interaction scheme.

3.2.3 Surface Singularity (Panel) Methods

Surface singularity or panel methods, developed by Hess &  Smith (1964), use the 

assumption o f incompressible, irrotational flow, governed by Laplace’s Eqn. (2.41), to 

model the flow around arbitrary lifting or non-lifting bodies using potential flow
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singularities (e.g., sources, vortices, doublets, etc.) distributed over the surface o f the 

body. With the use o f panel methods, inviscid flow  calculations can be carried out for 

flows around arbitrary 2D or 3D bodies, including aircraft fuselages, wings, and 

rotor/turbine blades.

As explained by Katz &  Plotkin (1991), the calculation is carried out by first 

discretizing the body using a number o f panels. Generally straight-line panels are used for 

2D analyses and rectangular panels are used for 3D analyses. On these panels, potential 

flow  singularities are located in a line (2D) or sheet (3D) type o f distribution. For lift- 

generating bodies, vortices must be used as singularities (Hess &  Smith, 1967) because o f 

the relationship between the circulation and lift (the Kutta-Joukowski theorem -  Eqn. 

(3.1)); vorticity bound to the lifting surface must be present in order to produce lift. It is 

also possible to have more than one type o f singularity on panels; for example, a 

combination o f sources and doublets or a combination o f sources and vortices.

The unknowns in the solution are the strengths o f the singularities placed on each 

panel. These strengths can be o f first or higher order (i.e., the singularity strength over 

one panel can be constant, linearly changing, or higher order). Also, i f  more than one 

type o f singularity is used, it is possible to assume a uniform strength for one type o f 

singularity, i.e., the strength o f that type o f singularity is the same for all panels.

Once the discretization is complete, the velocities in the normal and tangential 

directions for each panel are calculated in terms o f the unknown singularity strengths by 

combining the influences o f the freestream flow, singularities located on other panels, 

and the singularities on the panel itself that is being considered. Then, the surface flow 

tangency and Kutta conditions are applied, which provides the final set o f algebraic
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equations to be solved. Once the final set o f algebraic equations are solved for the 

singularity strengths, the velocity field is calculated by superimposing the freestream 

velocity and the velocities induced by the singularities at target locations (usually at the 

centre o f each body panel, called the control point or the collocation point). The pressure 

distribution over the surface is calculated using the Bernoulli equation for steady 

incompressible flow. The pressure distribution is then integrated over the surface to 

determine the lift and pitching-moment coefficients for the body.

The advantage o f panel methods is their ability to provide fast and accurate 

predictions for the inviscid freestream velocity distribution around the a irfo il (Katz &  

Plotkin, 1991). The representation o f the solid surface geometry also allows panel 

methods to be used easily in viscous-inviscid interaction schemes because it is possible to 

displace the surface panels outwards by the displacement thickness o f the boundary layer. 

Instead o f displacing the panels physically (changing their locations in the coordinate 

system), the boundary conditions can be modified by adding a certain “ blowing value” to 

the normal velocity on each panel to account for the displacement thickness (Katz &  

Plotkin, 1991).

There are many variations o f panel methods (2D vs. 3D, different combinations o f 

potential flow singularities, modelling o f the wake, etc.) that have been developed and 

used in a wide variety o f applications, such that an extensive summary is beyond the level 

o f detail that can be provided within this manuscript. A brief overview o f 3D and 2D 

methods is provided in the following sections with some examples o f their use.
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3.2.3.1 3D Panel Methods

In 3D methods, lift-generating bodies are modelled along with their wakes, which 

allows the 3D effects such as induced velocity and wake roll-up to be captured. However, 

such detailed analysis comes at a computational cost. 3D panel methods are explained in 

detail by Hess &  Smith (1967), and Katz &  Plotkin (1991).

There are three main challenges to overcome when using 3D panel methods. First, 

the discretization o f the body may be challenging because o f the difficulty in modelling a 

curved surface using flat panels. When using flat panels, gaps may be present between 

adjacent panels, leading to flow leakage. A remedy to this is to use non-planar panels. 

Another solution is to increase the number o f panels in areas with high curvature, but this 

approach increases the computation time.

Second, it is d ifficult to apply the Kutta condition in 3D panel methods. When 

setting the pressure on the two sides o f the trailing edge equal, the Kutta condition 

becomes quadratic since the pressure term contains the square o f velocity. This nonlinear 

boundary condition has prompted researchers to use linear approximations for the Kutta 

condition, which can lead to a non-physical pressure mismatch at the trailing edge (Hess, 

1990).

Third, possibly the most challenging o f all, is modelling the wake and the wake 

roll-up. Getting the proper wake shape (wake roll-up) can be done in three ways, 

according to Katz &  Plotkin (1991). The first way is to use a prescribed wake shape, 

usually from experimental data; however, this is limited to the extent o f available 

experimental data. The second way is to use a wake relaxation method, where the initial 

wake is usually specified as a planar wake extending from the trailing edge. In an
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iterative manner, the induced velocity by the wing and the wake is calculated at each 

wake point, and the wake points are moved according to their local induced velocity, 

until the desired roll-up is reached. The desired roll-up level is set by the programmer and 

there is a risk o f generating a non-physical roll-up i f  too many iterations are performed. 

The third and final way, similar to wake relaxation, is to use a time-stepping method, 

where the time step is directly related to the motion o f the wake.

The latter two methods, wake-relaxation and time-stepping, are also referred to as 

free-vortex methods (FVM), because they allow the wake to be deformed freely. Both 

methods are computationally demanding, due to the repeated application o f the Biot- 

Savart law, which is used to calculate the velocity induced by a vortex or vortex sheet at a 

given location (Leishman, 2006). FVM can also be used with other inviscid flow analysis 

methods, such as the lifting-line blade model, to model the wake. FVM are common 

practice for helicopter rotor aerodynamics and are making their way into other research 

areas such as wind turbines (Leishman, 2006). With FVM, it is possible to model the 

wakes o f all the blades on a wind turbine, for example. An example for the use o f FVM 

as part o f a 3D panel method is the study by Dossing (2007), in which two different 

winglet designs for horizontal axis wind turbines are examined. As another example, 

Sezer-Uzol &  Uzol (2009) have used a 3D unsteady vortex-panel method with a time- 

stepping FVM to analyze the effect o f wind shear on wind turbine wake structure and 

performance.
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3.2.3.2 2D Panel Methods

Variations and details o f 2D panel methods can be found in a great number o f 

aerodynamics textbooks, including the works o f Katz &  Plotkin (1991), Kuethe &  Chow 

(1998), Cebeci et al. (2005), and Anderson (2011).

2D panel methods are commonly used and their main advantage is their simplicity 

and computational efficiency. Another advantage is the abundance o f experimental 2D 

airfo il data to verify and validate the method, unlike 3D panel methods. Their main 

disadvantage is not being able to model lifting bodies in 3D, thus not capturing the effects 

o f lift induced velocities/angle o f attack, the wake and spanwise flow. Therefore, the 

predictions obtained from the panel method need to be adjusted using correlations (e.g., 

root/tip loss) to be able to predict the aerodynamic characteristics o f a finite-span lift- 

generating body.

Because o f its advantages, a 2D panel method with source and vortex singularities 

is used as the inviscid flow analysis method in the viscous-inviscid interaction scheme o f 

the present study. To account for the presence o f the boundary layer, the panels are 

displaced using the displacement thickness information provided by a viscous flow 

analysis. A review o f viscous flow analysis methods is presented in the following 

sections.

3.3 Viscous Flow Analysis Methods

In viscous-inviscid interaction methods, the viscous flow analysis is carried out 

for the boundary layer, which is the region o f flow  close to the airfoil surface where 

viscous effects are dominant and an inviscid flow  assumption is not suitable. The primary
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aim for the viscous flow analysis is to determine the skin-friction coefficient and the 

displacement thickness. The skin friction is used to calculate the skin-friction drag, 

whereas the displacement thickness is used to account for the flow displacement effect o f 

the boundary layer in the computation o f the inviscid flow away from the a irfo il surface.

Readers who are not very familiar with the concept o f boundary layers are 

encouraged to read the background information on boundary layers presented in 

Section 2.5.1. In the following sections, solutions for the boundary-layer equations are 

discussed.

3.3.1 Similarity Solutions for the Boundary-Layer Equations

Solutions for the boundary-layer equations have been developed in the form o f 

similarity solutions, especially for laminar flows. The common denominator in these 

methods is to reduce the partial differential equations governing boundary-layer flow into 

ordinary differential equations using certain simplifications and assumptions. A 

comprehensive coverage o f these methods has been provided by White (2006).

There are two notable sim ilarity solutions for attached laminar boundary layers. 

First is the flat-plate laminar solution by Blasius (1907) with the later addition o f wall 

suction and blowing by Schlichting and Bussmann (1943) and Hartnett and Eckert 

(1957). Second is the Falkner-Skan wedge flows, discovered by Falkner and Skan (1931) 

and later numerically solved by Hartnett and Eckert (1937). An approximate power-law 

solution for a zero-pressure-gradient turbulent boundary layer has been provided by 

Prandtl (1921). Since Blasius’ and Prandtl’s solutions are only applicable for a flat plate, 

they are far too simple to be used for a flow over an airfoil since these type o f flows have
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pressure gradients which have significant effects on boundary layers. Also, these methods 

do not model flow transition; they are only valid for fu lly laminar or turbulent boundary 

layers. However, Blasius’ and Falkner &  Skan’s similarity solutions and PrandtPs 

approximate solution have been used to verify and validate the viscous flow analysis 

method used in the present study.

There are also similarity solutions developed for free-shear flows. White (2006) 

explains the solutions that have been developed for three examples o f free shear layers: 

(1) the free shear layer between parallel moving streams (Lock (1951)), (2) laminar and 

turbulent jets (Schlichting (1933) and Pai (1954) have studied laminar jets; Gortler 

(1942), George (1989; 1995) and George &  Castillo (1997) have studied turbulent jets), 

and (3) the analysis o f laminar and turbulent wakes far downstream o f a solid body. 

Similarity solutions with farfield approximations for plane laminar wakes have been 

provided by Tollmien (1931) and Berger (1971). However, similarity solutions for 

immediately downstream locations up to three body lengths are not possible as the wake 

is still developing (i.e., it does not remain self-similar) (White, 2006). Also, the wakes 

that are found in modem lifting body applications are almost always turbulent. Similarity 

solutions for these turbulent wakes have been studied by Sreenivasan and Narasimha 

(1982) and Wygnanski et al. (1986). Wygnanski et al. (1986) state that in their studies, 

the turbulent wakes do not become self-similar until hundreds o f momentum thicknesses 

downstream. Because sim ilarity solutions are not readily applicable for the near-wake 

region, which is important in a detailed analysis o f the wake, they pose a discontinuity in 

the viscous flow analysis. Also, the aim o f the present study is to provide an algorithm to 

calculate the aerodynamic coefficients without having to explicitly model the complex
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behaviour o f the wake. Therefore, approaches other than sim ilarity solutions are 

considered in the present study.

3.3.2 Alternative Analysis Methods for Boundary Layers

Because similarity solutions are valid only for certain velocity profiles, they are 

not usable in most situations due to pressure gradients that make the flow non-self-similar 

(White, 2006). According to White (2006), there are three approaches that can be used to 

analyze non-self-similar flows. The first approach is analytic continuation by series 

expansion, which is now obsolete due to the amount o f computational power available to 

researchers (White, 2006). Two o f the notable series expansion methods are the linearly 

decelerating fluid model developed by Howarth (1938) and a flat plate with uniform wall 

suction, studied by Iglisch (1944). The second approach is to use integral methods, which 

use partially-integrated forms o f the continuity, momentum, and energy equations to 

solve ordinary differential equations instead o f more complex partial differential 

equations. The third approach is to use a finite difference or finite element method to 

numerically model the boundary-layer equations.

Among these three possible approaches, integral methods provide accurate 

approximate solutions to any 2D steady incompressible boundary layer flow with 

pressure gradients and are computationally efficient. These methods are discussed in 

more detail in the following section.
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3.3.2.1 Integral Methods

White (2006) explains that partially integrated forms o f the boundary-layer 

equations (continuity, momentum, and energy) are used in integral methods, since their 

integrated forms are much simpler to solve compared to the fu ll boundary-layer 

equations, which are partial differential equations. To derive these integral equations, the 

partial differential boundary-layer equations are integrated across the thickness o f the 

boundary layer, and therefore the velocity in the wall-normal direction and the continuity 

equation are eliminated in the process. There are two well-known integral equations: the 

momentum-integral relation developed by von Karman (1921), and the thermal energy 

integral relation, studied by Frankl (1934), which relate the momentum loss due to skin- 

friction drag and the wall heat transfer rate to the streamwise distance, respectively. 

There is also a less common integral equation, called the mechanical energy integral 

relation, introduced by Leibenson (1935), which relates the work done by the fluid to the 

streamwise distance.

The momentum-integral method is used as the viscous flow analysis method in 

the present algorithm, coupled with the 2D panel method as the inviscid flow analysis 

method. The fu ll derivation o f the momentum-integral relation can be found in 

Section 2.5.2. There is a need for two closure equations to solve the relation, because 

there are three unknowns in the equation (assuming the freestream velocity is known a 

priori from the inviscid flow analysis). These closure equations are different for laminar 

and turbulent flows, since the flow  physics are different in these two instances. The 

closure equations are generally empirical algebraic relationships. The most widely used 

laminar closure method has been suggested by Thwaites (1949). For turbulent closure,
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the first supplementary relation comes from Coles’ (1956) wall-wake law, with 

correlations provided by a number o f researchers including Ludwieg and Tillmann 

(1950), Felsch et al. [in Kline et al. (1981)] and White (2006). The second empirical 

closure relation has been provided by Das (1987). Another alternative for the second 

relation is to use a differential equation instead o f an algebraic relation, called the 

entrainment relation. This was suggested by Head (1958) and also studied by Ferziger et 

al. (1982). Using a differential equation for closure further complicates the solution. 

Moreover, the agreement o f the entrainment method with experimental results for 

favourable pressure gradients is not good (White, 2006). Therefore, empirical algebraic 

relations for turbulent closure are preferred over the entrainment relation in the present 

study. The details o f the selected closure methods for laminar and turbulent boundary 

layers are explained in Sections 2.5.2.1 and 2.5.2.2, respectively.

There are two shortcomings o f the momentum-integral equation when used for 

transitioning flows over lifting bodies. First is the lack o f transition detection and the 

momentum-integral relation’s inability to calculate transitioning flows, since it can only 

be used to calculate fully-laminar or fully-turbulent flows. The second weakness is the 

singularity at the flow separation location, regardless o f the boundary-layer flow being 

laminar or turbulent. The solution cannot be continued past the separation point. These 

two problems have prevented researchers to agree on a widely-accepted and general 

scheme in which the momentum-integral equation is used. The present study strives to 

overcome these difficulties by using a state-of-the-art transition model and experimental 

results that are applicable to the types o f steady incompressible flow and the Reynolds
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number range o f the present study, while maintaining a simple and computationally- 

efficient solution.

3.3.3 Flow Transition

The fluid-flow  phenomenon in which the flow regime changes from a laminar to a 

turbulent state is called flow transition. A detailed review o f the mechanics o f flow 

transition is beyond the scope o f this study, however information on shear-layer 

instability and transition can be found in the textbooks o f Schlichting and Gersten (2000), 

Chandrasekhar (1961), Schmid and Henningson (2001), and in the report o f Mack 

(1984).

The main purpose for analyzing flow transition is to determine the transition 

inception and completion locations, so that the correct closure method o f the momentum- 

integral relation (laminar or turbulent) is used in the corresponding flow regions. Use o f 

the correct closure method is important because the behaviour o f laminar and turbulent 

flows are quite different from one another; for example, turbulent flows generally 

generate more skin friction than laminar flows (White, 2006). Another example is the 

growth rate o f the displacement thickness being different between laminar and turbulent 

flows, which affects the interaction between the viscous and inviscid regions o f flow.

3.3.3.1 Modes of Flow Transition

As Roberts (2005) explains, researchers have classified boundary-layer transition 

into three modes; natural, bypass, and separation-bubble transition. The following is a 

summary o f the discussion provided by Roberts &  Yaras (2005b), and Roberts (2005) on
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the three transition modes. The primary mode for attached flows, where the ffeestream 

turbulence is low or moderate and the surface is smooth, is natural transition. After a 

certain critical Reynolds number based on momentum thickness, Re0 = U e0 /v ,  is 

reached, some disturbances in the boundary layer are amplified, forming two-dimensional 

instability waves that are named after Tollmien and Schlicting (Schlichting &  Gersten, 

2000; Tollmien, 1929). These Tollmien-Schlichting (T-S) waves experience a linear 

growth stage, after which the disturbances start to increase exponentially in a three- 

dimensional manner, gradually creating a turbulent flow regime.

When increased levels o f ffeestream turbulence, high surface roughness, or other 

sources o f large disturbances are present, the large amplitude disturbances may lead to 

the linear growth stage o f disturbances being bypassed, resulting in what is called bypass 

transition (Morkovin, 1969). In such cases, there is no two-dimensional growth o f T-S 

waves; instead, three-dimensional turbulence appears almost immediately in the 

boundary layer. Due to the disturbances being large, bypass transition usually starts 

further upstream than natural transition. Bypass transition is a common occurrence in 

turbomachinery applications, where the ffeestream turbulence intensity is generally quite 

high (Roberts, 2005). Any build-up at the leading edge o f wind turbine and propeller 

blades would also create additional surface roughness, promoting bypass transition.

Separation-bubble transition occurs in flows, where as the name suggests, 

transition takes place after laminar flow separation. I f  the laminar boundary layer is 

subjected to an adverse pressure gradient or an obstacle before the onset o f transition, the 

shear layer may separate. The highly inflectional velocity profile o f the separated shear 

layer is inviscid unstable, thus triggering transition onset shortly after separation. The

61



enhanced mixing in the transitioning separated shear layer promotes reattachment, thus 

often yielding a separation bubble.

Models to predict flow transition have been developed over the years. 

Expectations from an ideal transition model would be to accurately predict the transition 

onset and completion locations, by taking the factors that influence flow transition into 

consideration, which are discussed in the following section.

3.3.3.2 Factors Influencing Flow Transition

A number o f factors affect the transition behaviour in a shear layer. They are, as 

described by Roberts and Yaras (2005b), the Reynolds number, freestream turbulence 

intensity (Blair (1982); Volino &  Hultgren (2001)), turbulence length scale (Johnson & 

Ercan (1997); Roberts &  Yaras (2003)), streamwise pressure gradients (Fraser et al. 

(1994); Gostelow &  Blunden (1989); and Sharma et al. (1982)), streamline curvature 

(Kim  et al. (1992); Schultz &  Volino (2003)), periodic impingement o f wakes (Stieger & 

Hodson (2004); Dong &  Cumpsty (1990); and Schobeiri &  Radke (1994)), and surface 

roughness (Cummings &  Bragg (1996), Pinson &  Wang (1997), and Roberts &  Yaras 

(2005a)). These factors affect the transition mode, the transition inception and completion 

locations, and the fraction o f time the flow is turbulent in the flow during transition.

The influence o f freestream turbulence intensity, pressure gradient, and surface 

roughness were discussed in the preceding section. The details o f how each factor affects 

flow transition is beyond the scope o f this study; the reader may refer to the works cited 

above for more information. In the following section, existing transition models are
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reviewed to identify one that is suitable for the present algorithm, which ideally accounts 

for all o f the primary factors that affect flow transition.

3.3.3.3 Transition Models

Numerical solutions such as DNS, LES, and RANS utilizing low Reynolds 

number turbulence models can be used to model flow transition. However, the use o f 

such methods is beyond the level o f computational complexity aimed in the present 

study. There are also semi-empirical algebraic transition models that have been 

developed and improved over the years. As the name suggests, these methods rely on 

mathematical correlations calibrated through experimental data.

Emmons (1951) proposed that transition in attached boundary layers is the result 

o f the production o f turbulent spots, which are small patches o f turbulent flow that spread 

in the streamwise, spanwise, and cross-stream directions as they are convected 

downstream, where they merge with each other to form a fully-turbulent boundary layer. 

Emmons showed that the inception, convection, and spreading rates o f turbulent spots 

determine the length o f the transition zone. Experimental studies by Fraser et al. (1994) 

and Gostelow et al. (1994), among others, show that the rate o f turbulent spot production 

is affected by the freestream turbulence intensity and streamwise pressure gradient. In 

addition, the work o f Pinson &  Wang (1997) indirectly shows the effect o f surface 

roughness on turbulent spot production. Other studies that investigate the relationship 

between flow transition and turbulent spots include the works o f Schubauer &  Klebanoff 

(1955), Narasimha (1957), Johnson &  Fashifar (1994), Gostelow et al. (1996), Zhong 

(2002), and Chong &  Zhong (2005).
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Emmons (1951) also proposed a key parameter, intermittency (y), which is the

probability o f a point in the flowfield being contained by a turbulent spot at any given 

time. Thus, in the laminar region o f the boundary layer, y = 0 and in the fu lly turbulent 

region y = 1, except for locations in the boundary layer where turbulence is always 

intermittent, that is, the freestream edge o f the boundary layer. A global intermittency 

model was proposed by Narasimha (1957), with following adjustments by Chen &  Tyson 

(1971), Savill (1993a; 1993b), Solomon et al. (1995), Gostelow et al. (1996), D ’Ovidio et 

al. (2001), and Roberts &  Yaras (2005b). Johnson &  Ercan (1997) have also suggested an 

alternative intermittency model which focuses on elevated freestream turbulence 

conditions (7m > 2% ).

The first studies that investigate transition inception and completion in attached 

flows by Hall &  Hislop (1938) and Schubauer &  Skramstad (1948), showed that the 

freestream turbulence intensity has a significant effect on the boundary layer over a flat 

plate. Later, Abu-Ghannam &  Shaw (1980) and Martin et al. (1978) expanded the range 

o f freestream turbulence levels that were fairly low in the previous studies, and included 

the effects o f the streamwise pressure gradient on the boundary layer. Mayle (1991) and 

Hourmouziadis (1989) concluded that for freestream turbulence intensities over about 3% 

the streamwise pressure distribution has minimal effect on the transition inception 

location compared to the turbulence intensity.

For transition in short separation bubbles (separation bubbles that have only a 

local effect on the pressure distribution and consist o f only one recirculation zone 

(Gaster, 1969)), studies including Mayle (1991), Roberts (1975), Davis et al. (1987), 

Hatman &  Wang (1999), Yaras (2002), and more recently Roberts &  Yaras (2005b) have
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provided relationships between the location o f transition inception and the state o f the 

boundary layer at the separation location. Predicting the transition length in separation 

bubbles is more difficu lt because transition occurs very rapidly (Roberts, 2005). Initially, 

such as in the studies by Horton (1969) and Roberts (1980), point transition was assumed. 

This was a reasonable assumption, except in turbomachinery (particularly low pressure 

turbines), where the length o f separation bubbles may be significant, up to 30% o f the 

suction surface o f a turbine blade (Roberts, 2005). Correlations have been suggested to 

predict the reattachment location o f the flow, since the reattachment location is closely 

related to the completion o f transition, and also the reattachment location is a better 

parameter to use in the analysis o f the turbulent boundary layer downstream o f the 

reattachment location (Roberts, 2005). These correlations have been provided by Hatman 

&  Wang (1999), Volino &  Hultgren (2001), and Yaras (2002). Another method to 

calculate the transition length in separation bubbles is based on calculating the 

intermittency distribution in the transition region assuming the flow reattachment occurs 

where transition is complete { j  = l ) . Such intermittency correlations have been provided

by Volino (2002), Gostelow &  Thomas (2005), and Roberts &  Yaras (2005b).

In the present algorithm, the transition model provided by Roberts &  Yaras 

(2005b) is used to predict the transition inception and completion locations (or in the case 

o f separation bubbles, the reattachment location) and the intermittency distribution in the 

transition region. This model provides a unified treatment for both attached and 

separated-flow transition in all three modes, including the effects o f streamwise pressure 

gradient and ffeestream turbulence intensity, while also accounting for the effect o f
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surface roughness on separation-bubble transition. The details o f this model and how it is 

implemented with the chosen viscous flow analysis method is presented in Chapter 4.

3.3.4 Flow Separation

As stated in Section 3.3.3.1, i f  the boundary layer separates in a laminar state, 

transition w ill very likely develop in the separated shear layer, usually resulting in the 

reattachment o f the shear layer. Turbulent boundary layers are known to be generally 

more resistive to separation compared to laminar boundary layers due to the turbulence 

activity energizing the boundary layer with the momentum in the freestream (White, 

2006). The effects o f flow separation may be small i f  it occurs near the trailing edge 

(usually at small angles o f attack), or quite large, causing stall at high angles o f attack due 

to separation occurring at a more upstream location, resulting in increased pressure drag 

and a loss o f lift force (Katz &  Plotkin, 1991).

Separated flows are inherently one o f the most d ifficult types o f flow to model 

due to their unsteady nature, and the analytical methods for determining the resulting 

pressure distribution due to separated flows have not reached a state in which these 

methods can confidently be used for engineering purposes (Katz &  Plotkin, 1991). 

Moreover, there is a substantial lack o f experimental data on boundary-layer parameters 

such as the skin-friction coefficient and displacement thickness past the turbulent 

separation point.

Katz &  Plotkin (1991) indicate that some time-dependent inviscid methods that 

model the separated shear layer as a sheet o f discrete vortices exist, which have been 

summarized in the works o f Leonard (1980) and Sarpkaya (1989). However, a time-
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dependent analysis is beyond the scope o f the present study. A simpler and commonly 

used approach to modelling regions o f separated flow is to assume a uniform pressure 

distribution between the separation point and the airfo il trailing edge, which is observed 

in the time-averaged pressure distributions on numerous stalled airfoils (Katz &  Plotkin, 

1991). The application o f this approach to the present algorithm is discussed in 

Section 5.3.1.2.

Apart from the alternative viscous-inviscid interaction methods (discussed in 

Section 3.1.5, such as the inverse method and semi-inverse method), which may be used 

to overcome the singularity in the boundary-layer equations at the separation point, some 

researchers have proposed inner-variable integral boundary-layer equations that can be 

used past the separation point. One such study is the work o f Das &  White (1986), where 

the authors present a single differential equation, which can be solved past the separation 

point, and can predict the negative skin-friction coefficient values in the recirculation 

zone for a number o f flows. However, the predictions for the displacement and 

momentum thicknesses past the separation point are not satisfactory (Das &  White, 

1^86). Moreover, the complexity o f the method’s closure equations have been found to 

cause numerical problems when the method was used in the present algorithm.

A new approach has been used in the present study for predicting the behaviour o f 

the shear layer after boundary-layer separation, since the available methods for modelling 

separated flows are deemed unsuitable for the weak viscous-inviscid interaction scheme 

o f the present study. This new approach, presented in Section 4.2.2.7, uses experimental 

data from each airfo il to provide a correlation to predict the displacement thickness 

growth after separation, as a function o f the airfoil angle o f attack.
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3.4 Additional Aerodynamic Effects for Consideration

3.4.1 Lift-Induced Velocity

The lift induced velocity is an important 3D effect on finite-span lift-generating

bodies, which must be taken into account to accurately predict the aerodynamic loads

along the span o f a blade. The cause o f this induced velocity is the shedding o f the 

vorticity bound to the lifting body (Katz &  Plotkin, 1991). The shed vorticity modifies 

the freestream approaching the airfoil, changing its velocity magnitude and direction and 

therefore the effective angle o f attack. The added velocity component is called the 

induced velocity, and the resultant modification in the angle o f attack is called the 

induced angle o f attack. The lifting-line method and the blade-element-momentum 

theory, as described in Sections 3.2.2 and 3.1.3, respectively, are two methods that 

include the calculation o f this induced effect.

3.4.2 Lift Loss at the Blade Root and Tip

The induced 3D effects on a finite blade cause a greater loss o f lift force at the

blade root and tip because o f the close proximity to the trailing vortices that are shed 

from both ends o f the lift generating section o f the blade (Leishman, 2006). Prandtl &  

Betz (1919) provided a simple correction method for calculating the tip- and root-loss 

effects. The method can be used to approximate the root and tip losses for a finite number 

o f blades, various blade planforms, and twist angles. This correction method is 

satisfactory for helicopter rotors and wind turbines (Leishman, 2006), and it is also 

sufficiently accurate for propellers (Glauert, 1935; Wilson et al., 1976). This method is

68



used to calculate the 3D wing aerodynamic loading using the 2D aerodynamic data 

obtained from the viscous-inviscid interaction method described in Chapter 4.

3.4.3 Unsteady Aerodynamic Effects

According to Leishman (2002), unsteady aerodynamic effects pose a great 

challenge to researchers due to their inherent d ifficu lty to be modelled, and researchers 

including Robinson et al. (1995), Huyer et al. (1996), Schreck et al. (2000), and 

Leishman (2002) have established that wind turbines operate in relatively unsteady flow 

conditions most o f the time. These unsteady effects are generally manifested as a result o f 

blade flapping and twisting, and rapid and frequent changes in the freestream conditions. 

The main aerodynamic sources o f unsteady behaviour on wind turbines are temporal 

variations in wind speed, wind shear, yaw, tower shadow, wind turbulence, wake 

dynamics, and blade/wake interactions (Leishman, 2002).

To this date, the scientific community has not come to a complete understanding 

o f unsteady airfoil behaviour, even in attached flow conditions which are somewhat 

easier to analyse (Leishman, 2006). For example, in the report by Simms et al. (2001), a 

blind comparison o f 19 different wind turbine modelling methods were made against the 

results from the Unsteady Aerodynamics Experiment (UAE) Phase VI (Hand et al., 2001) 

conducted by the National Renewable Energy Laboratory (NREL) in the NASA-Ames 

wind tunnel using a lu ll scale model o f a small wind turbine, under unyawed operating 

conditions. The wide range o f methods that were tested include variations o f the blade- 

element-momentum theory (BEMT), various single and multi-body aeroelastic methods, 

Navier-Stokes methods, and prescribed and free-vortex methods. The turbine power
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prediction by these methods ranged from 25% to 275% o f the measured power, and the 

blade bending-force predictions ranged from 60% to 150% o f the measured force. This 

result shows that the current level o f aerodynamic analysis techniques needs to be 

improved greatly to fu lly understand the unsteady aerodynamic behaviour o f wind 

turbines.

Unsteady aerodynamic effects can cause dynamic stall, which refers to the 

phenomenon where flow separation and stall on a rotor blade occurs in a more dynamic 

or time-dependent manner (Leishman, 2006). It is important to note that wind turbine 

blades are also subjected to unsteady airloads in conditions where dynamic stall is not 

present, and even in fully-attached flow conditions (Leishman, 2002). According to 

Leishman (2006), there are two flow effects that cause the onset o f flow separation to be 

delayed resulting in dynamic stall. The first is the reduction in the streamwise adverse 

pressure gradients compared to steady conditions at the same angle o f attack, due to the 

unsteadiness o f the flow resulting from the vorticity that is shed into the wake from the 

trailing edge o f the airfoil. The second is the coupled effect o f centrifugal and Coriolis 

forces on the boundary layer on a rotating blade (i.e., a radial (or spanwise) flow effect).

Researchers including Himmelskamp (1950), Young &  Williams (1972), Madsen 

&  Christensen (1990), Snel (1991), Narramore &  Vermeland (1992), Dwyer &  

McCroskey (1971), Robinson et al. (1999), and Schreck et al. (2000; 2001) have studied 

the 3D effects on rotating blades operating near stall. These unsteady effects cause the 

power output o f rotating blades under stalled conditions to be higher than the values 

calculated using quasi-steady analysis methods. When compared to helicopter blades, the 

effects o f radial flow on wind turbine blades are much more significant due to their
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higher lift coefficients (Leishman, 2006). The experiments o f Dwyer &  McCroskey 

(1971) on helicopter rotors suggest the onset o f flow separation is delayed to a higher 

angle o f attack due to favourable spanwise effects on the development o f the boundary 

layer, thus increasing the thrust output o f the rotor. As a result o f this behaviour, 

approximate methods have been developed to model the observed 3D "stall delay" 

effects by numerous researchers, including Corrigan &  Schillings (1994), Du &  Selig 

(1998), Snel et al. (1994), and Lindenburg (2004). Leishman (2006) states that a highly 

accurate approach for modelling unsteady effects on wind turbines is still missing. 

Therefore to model unsteady effects, one must either use the approximate stall delay 

models, or resort to advanced CFD methods, which require considerably higher 

computation time and power.

In the present algorithm, the Corrigan-Schillings (1994) and the Lindenburg 

(2004) stall delay models, described in Sections 3.4.3.1 and 3.4.3.2, respectively, are 

used. The Corrigan-Schillings model is selected due to its extensive usage, and the 

Lindenburg model is selected because it was developed using the UAE -  Phase VI data, 

which provided unsteady flow conditions in a controlled wind tunnel environment.

3.4.3.1 Corrigan-Schillings Stall Delay Model

As described by Tangier and Selig (1997), the Corrigan-Schillings (1994) model 

defines the location o f the separation point on the blade in terms o f a shape factor, c fy , 

which is the local solidity o f the blade, where c is the chord length and y  is the radial 

distance from the rotation axis. The model uses the following empirical relation between
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an assumed negative-linear velocity gradient in the streamwise direction on the suction 

surface o f the airfoil, K , and the location o f the separation point, c /y :

c 0.1517
-  = —T5T (3.2)y  K hm

The following relationship for the stall delay angle o f attack, Aor, is derived 

partially from analytical considerations based on the study by Banks &  Gadd (1963), and 

mostly from helicopter rotor and propeller test data:

Aa=K „-“.)
f  /  \ n \

(3.3)
0.136 y

\ v ✓

where ac is the stall angle and a0 is the zero-lift angle o f attack. According to
*max

Tangier &  Selig (1997), Eqn. (3.3) implies that airfoils with a greater stall angle have a 

larger radial pressure gradient that results in an increased stall delay, compared to airfoils 

with a lower stall angle. According to Corrigan &  Schillings (1994), the exponent n can 

be set to values between 0.8 and 1.6 to get a good agreement with most test data, and 

n -1  gives a good estimation for many cases. Therefore n = l is used in the present 

algorithm. The stall delay angle o f attack, A a , is used to modify the lift coefficient, C, , 

calculated by the 2D viscous-inviscid interaction method o f the present study using:

C ,ml=Cl+ C,aAa  (3.4)

where C, rol is the lift coefficient under rotating conditions and C, is d C jd a  for the 

airfoil.
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3.4.3.2 “Centrifugal Pumping” Model of Lindenburg

The term “ centrifugal pumping”  in Lindenburg’s (2004) model to account for the 

change in aerodynamic coefficients under rotating conditions refers to the mechanism by 

which the air in the separated-flow region flows to outer radial locations due to the 

spanwise pressure gradient and the chordwise negative pressure gradient on the airfoil. 

Lindenburg argues that most o f the earlier stall delay models do not account for the 

increase in the drag coefficient under rotating conditions, as observed by Himmelskamp 

(1947), Milborrow (1985), Vitema &  Corrigan (1982), and in the NREL Unsteady 

Aerodynamics Experiment (UAE) -  Phase V I (Hand et al., 2001).

The model is based on calculating the additional normal force on the suction side 

o f the airfoil due to the Coriolis acceleration acting on the separated-flow region at the 

trailing edge, which is present in a rotating coordinate system and has a centrifugal- 

loading effect on separated volumes o f flow. The tangential induced velocity due to 

rotation is assumed to be small, and the Coriolis force created by the Coriolis acceleration 

is expressed in terms o f the tangential velocity (Qy) o f the blade, where Q is the angular

velocity o f the blade and y  is the radial distance from the rotation axis. The Coriolis 

force is then nondimensionalized using the dynamic pressure o f the undisturbed 

freestream approaching the blade element and merged into the definition o f the inflow 

angle, <t>, shown in Figure 2.3. The final equation is formulated to calculate the increase 

o f the force coefficient in the chord-normal direction, Cn, which in turn results in an 

increase in both the lift and drag coefficients:

(3.5)
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where Cn ml is the normal force coefficient under rotating conditions, f  is the 

nondimensional chordwise location o f flow separation, and <j> is the inflow angle o f the 

flow approaching the blade element. The ‘scaling factor’ o f 1.6 in Eqn. (3.5) is similar to 

the calibration factors present in other stall delay correlations and is airfoil dependent, 

and comes from comparisons with the UAE-Phase V I rotor. Lindenburg indicates that 

more research is necessary to determine a scaling factor that is suitable to use for most 

rotor calculations.

3.4.4 Rotor Wake Effects

In the design o f wind farms, the effect o f the rotor wake on another turbine 

located downwind must be considered. According to Hau (2006), operating in the wake 

o f another turbine has significant consequences such as:

• reduced energy output due to the lower mean-flow velocity (velocity 

deficit) in the wake;

• increased turbulence levels in the wake also increasing the turbulence 

loading on downwind turbines, which may affect the fatigue strength o f 

the blades despite the lower steady-state loads due to the velocity 

deficiency in the wake; and

• the rotor wake adversely affecting the blade pitch angle control on 

downwind turbines.

As Hau (2006) explains, the highest levels o f velocity deficiency occur in the near 

wake region (1-2 rotor diameters downstream) close to the rotor hub, decreasing toward 

the blade tips. At further downstream locations (3-5 rotor diameters), significant
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turbulence is generated at the boundary o f the expanding rotor wake, which also mixes 

with the turbulence and higher wind speed outside the wake, promoting the dissipation o f 

the vortices generated by the rotor. The velocity profile in the far wake region (>5 rotor 

diameters) has a Gaussian distribution, and the reduction in the velocity deficit in this 

region is significantly influenced by the turbulence intensity o f the surrounding air. Hau 

(2006) also indicates that the thrust coefficient o f the rotor has a significant effect on the 

velocity deficiency behind the rotor and the extent o f the wake.

Vermeer et al. (2003) indicate that larger thrust coefficients increase the 

turbulence generated in the wake, which decreases as the wake travels downstream. They 

also indicate that turbulence effects are more persistent than the velocity deficit, such that 

Hojstrup (1999) and Hogstrom et al. (1988) have found that the velocity deficit at 10-12 

rotor diameters downstream is negligible, whereas turbulence effects are still present. It 

should also be noted that even though the turbulence in the atmospheric boundary layer is 

non-isotropic, the turbulence in the wake is slightly more isotropic compared to the 

outside flow (Vermeer et al., 2003).

Wind tunnel experiments have been conducted by researchers including 

Chamorro &  Porte-Agel (2009) and Maeda et al. (2011) to measure the time-averaged 

velocity profile and turbulence intensity across the wake at various locations. The change 

in the integral length scale o f turbulence in the wake remains to be investigated. The 

subject o f optimum downwind spacing o f turbines in a wind farm may be revisited to 

include the effects o f the integral length scale o f the turbulence in the wake along with 

the velocity deficiency and turbulence intensity. Since the integral length scale o f 

turbulence increases with downstream distance, increasing the downwind spacing may
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increase the maintenance costs and decrease the turbine life span due to the large-scale 

turbulence loading on the blades causing fatigue. Decreasing the downwind spacing w ill 

likely result in a lower power output; however, a smaller integral length scale o f 

turbulence may result in reduced turbulence loading on the blades.

Many mathematical wake models, which are beyond the scope o f the present 

study, have been developed by a number o f researchers, with some o f the earliest ones 

being suggested by Lissaman (1979), Ainsle (1987), and Crespo et al. (1990). Vermeer et 

al. (2003) provided an extensive survey on wake aerodynamics and wake models.

In the present study, it is assumed that any velocity deficiency in the wind profile 

approaching the turbine is negligible, since the current practice for the downwind spacing 

o f turbines in wind farms is about 8-10 rotor diameters (Manwell et al., 2009). However, 

the effects o f ffeestream turbulence intensity and turbulence integral length scale on 

boundary-layer transition are considered in the present viscous flow analysis 

(Section 4.2.2).

3.4.5 Wind Shear

The ffeestream approaching the turbine may have a significant velocity gradient 

depending on the upstream terrain, since the turbine operates in the atmospheric 

boundary layer (Leishman, 2006). This velocity gradient may reduce the mass flow 

through the turbine, reducing its power output, and also cause periodic fluctuations in the 

aerodynamic loads as the blade rotates through it.
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Two well-established models that represent the variation o f the time-averaged 

wind speed with height above ground are the power law and the logarithmic law. The 

power law is expressed as:

v „{h ) = vx (K f ) { A '
A  re f J

(3.6)

where h is the height above ground, hnf is a reference height (usually 10 m above

ground), and the values o f exponent m depending on the type o f terrain upstream o f the 

turbine are presented in Table 3.1, as provided by Walker &  Jenkins (1997). The 

logarithmic law includes a roughness length, k, which represents the type o f terrain 

upstream o f the turbine:

In (h /k)

1,1 (W *)
(3.7)

Standard values o f k are also presented in Table 3.1.

Table 3.1: Atmospheric boundary-layer model coefficients (data from W alker &  

Jenkins (1997)).

Type o f terrain k{m ) m

Open country 0.02 0.12

Rural with few trees 0.05 0.16

Rural with trees and towns 0.3 0.928

Open water 0.001 0.01

The wind profile must be considered when choosing the site, determining the 

tower height, and sizing the rotor for wind turbines (Leishman, 2006). The effect o f wind 

shear is assumed to be negligible in the present study, since it is considered that most
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wind turbines are placed high enough to avoid the most severe velocity gradients near the 

ground (below 10-20 m). When operating in moderate wind gradients, the greatest 

difference in mean wind speed over the course o f a 360° rotation is experienced by the 

blade tips, however the resultant difference in the total velocity was calculated to be 

negligible (< 3%) due to the greater rotational speeds at the blade tips being the main

contributor to the total velocity.

Leishman (2006) states that the mathematical models o f wind characteristics must 

be improved and integrated into turbine design methods to prevent the uncertainties in 

wind-speed estimation, which cause premature failure due to the structural loads being 

under-predicted. He also indicates that the turbulence component o f the wind in the axial, 

lateral, and vertical directions m ust also be taken into account as they  are a  source o f 

unsteady loading.

3.4.6 Streamwise Surface Curvature

For the viscous flow analysis, it is also important to know what kind o f effect, i f  

any, the streamwise convex curvature o f the airfoil has on the development o f the 

boundary layer. A number o f studies have been conducted to analyze the effects o f 

streamwise curvature. The work o f Liepmann (1943) concludes that for boundary-layer 

thickness to curvature radius (5 /r ) ratios o f up to 0.001, boundary-layer transition is not 

affected by convex curvature. Morever, Gowda &  Narayana (1980) state that in instances 

where (S /r ) is smaller than 0.02, adverse pressure gradients have a much greater effect

on turbulent flow separation than surface curvature. Finally, Umur &  Ozalp (2006) show 

that convex curvatures have a much less pronounced effect on the boundary layer than
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concave curvatures. Therefore, one may assume that the convex streamwise surface 

curvature o f typical airfoils, where the S/r values are less than 0.001, do not have a 

significant effect on the boundary-layer development.

In this chapter, a weak viscous-inviscid interaction method and the blade-element- 

momentum theory have been identified as the main methods to be used in the present 

aerodynamic analysis algorithm and important aerodynamic effects that need to be taken 

into account have been discussed. In the next chapter, the algorithm for the aerodynamic 

analysis o f rotating blades is described in detail.
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Chapter 4: Algorithm for the Aerodynamic Analysis of Rotating Blades

4.1 Introduction

In this chapter, the numerical methods constituting the algorithm developed in the 

present study for calculating the aerodynamic loading and performance o f wind turbine 

and propeller blades are presented. The algorithm consists o f two parts. The first part, 

presented in Section 4.2, predicts the 2D aerodynamic characteristics o f an airfoil for 

given Reynolds numbers and ffeestream pressure distribution and turbulence levels using 

a weak viscous-inviscid interaction method. The second part, presented in Section 4.3, 

uses the 2D aerodynamic characteristics and utilizes the blade-element-momentum theory 

with root and tip losses and additional stall delay corrections to calculate the 3D 

aerodynamics o f a rotating blade. Calculation o f the rotor performance parameters is 

presented in Section 4.4. The flow around the blade is assumed to be steady in time, 

incompressible, and within a range o f typical Reynolds numbers based on chord length

for wind turbines and small-scale UAV propellers (Rec =1x105 -  5x106). Appendix A

contains a flowchart o f the complete algorithm that includes the numerical methods 

presented in this chapter.

4.2 A Weak Viscous-inviscid Interaction Method for Steady, 2D, Incompressible 

Flow around an Airfoil

The method described in this section uses a direct (weak) viscous-inviscid 

interaction (V II) approach, as explained in Section 3.1.5. The inviscid flow analysis, 

which uses a 2D source-vortex panel method is described in Section 4.2.1. The viscous 

flow analysis, which uses the momentum-integral method, is described in Section 4.2.2.
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The calculation o f the 2D aerodynamic coefficients is presented in Section 4.2.3, and the 

interfacing o f the inviscid and viscous solutions, along with a summary o f the fu ll 2D 

aerodynamic calculation procedure, is presented in Section 4.2.4.

4.2.1 Inviscid Flow Analysis Using a 2D Source-Vortex Panel Method

The inviscid flow analysis focuses on the region away from the airfoil surface 

where viscous effects can be neglected to calculate the velocity field around the airfoil. 

For this, a 2D Hess-Smith-type panel method (1964), described by Cebeci et al. (2005), is 

used.

4.2.1.1 Discretization fo r the 2D Panel Method

An airfo il is considered with a relative undisturbed ffeestream velocity o f V , at

an angle a  with the chord line, as shown in Figure 4.1. The 2D coordinate system, x'-y',

is attached to the airfoil chord line. The upper and lower surfaces o f the airfoil, which can

either be given as analytical functions or, more commonly, as a set o f coordinates, are 

described as Tu(x ') and (V ) , respectively. The distance o f any point (x ',y ')  in the

flowfield to an arbitrary point b on the airfoil surface is r . The unit vectors normal and 

tangent to the surface at any point b are n and s, respectively. The angle between the 

x' axis and s is 6 .

n = -s in #  i +cos<? j  (4.1)

s =cos# i+ s in #  j  (4.2)

with i and j  as the unit vectors in the x' and y directions, respectively.
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j  (* '> /)

trailing edge

y  =m*)control points
boundary points

Figure 4.1: Terminology fo r a 2D panel method. Reproduced from  Cebeci et al. 

(2005).

The airfoil surface is represented by a finite number o f flat panel elements. There 

are N  number o f panels, defined by N  +1 boundary points. In panel methods, it is

customary to number the boundary points starting from the lower surface at the trailing 

edge, and proceed clockwise to end at the trailing edge on the upper surface. It should be

noted that the points (*',>>') and ) are identical and represent the sharp

trailing edge. The panel element between boundary points (x',y.) and (x '+l,_y'+l) is called 

the /-th panel, and the midpoints o f the panels are called the control points or collocation 

points ). A ll unit normal vectors, n ,, are directed from the a irfo il surface into the

fluid and all unit tangential vectors, s,, are directed from the /-th boundary point to the 

(/ + l)-th  boundary point, making the angle 9 with the x' axis. Since 6 is measured 

from the positive x' axis to the unit tangential vector s,, 9  is negative for some o f the 

panels. When establishing the direction o f n and s at a boundary point /, the angles o f 

the two adjacent panels, 9t and 9I__] , are averaged.
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The velocity vector at any point (x ',y ')  in the flowfield is represented by V ,

with

V = V ^ + v , (4.3)

where Vx is the undisturbed velocity given by:

Yo, = Vmr (cos a  i + sin a  j ) (4.4)

and v/ is the induced velocity due to the potential flow singularities (sources and 

vortices) located on the panels. Each o f the panels is represented by sources and vortices 

distributed along the length o f the panel. The unit vectors o f the velocities induced at any 

point ( x ',y )  in the flowfield by source and vortex sheets located on an infinitesimally-

small element dSj o f the y-th panel are denoted as \ a and vy, respectively. Therefore, 

the induced velocity field, v,, created by the source and vortex sheets located on the 

y-th panel, is expressed as

Asj As j

Y, ( * > ')  = J y . f j  (*)<& + J y rjYj {s)ds (4.5)
0 0

where cr/ (5) and yj {s) are the strength distributions o f the source and vortex sheets

along the panel, respectively, and Asj is the surface length o f panel j .

4.2.1.2 Boundary Conditions

The first boundary condition requires the surface o f the airfoil to be a streamline 

o f the flow so that the local flow is tangent to the surface at all points along the surface. 

This condition is satisfied numerically by setting the normal component o f the resultant

83



velocity at the control points o f each panel to zero. I f  V*. and V" are respectively the

tangential and normal components o f the velocity vector at the control point o f the /-th 

panel, the boundary condition requires

K ,= 0 ,  1 = 1 , 2 , . . . , ^  (4.6)

The normal and tangential velocity components are expressed through the superposition 

o f the induced and undisturbed ffeestream velocity contributions as:

^ = l 4 > ,  + IXr,+^sin(«-e,)
7=1 7=1

N pan N pan

K, = £  4 j a j + £  K j Yj + v~r co s (a -0 , )

(4.7)

(4.8)
7-1 7=1

where A”y , BY , A^ , B^J are called influence coefficients. The source and vorticity 

strengths, a  and y , respectively, appearing in the summation signs in Eqns. (4.7) and 

(4.8) play a significant role in determining the induced velocity magnitude. The influence 

coefficients are expressed as:

<7 =

1
2 n

12

1

sin (0, -  0j ) In ̂  + cos {Gt -  9J) /? ,
ru

<> =
2 n

\_
2

sin (0, -  0 j) Pt j  -  cos (0, -  Oj) In ̂
'.7

i * j

i = J

i * j

(4.9)

bL = ~ < j

K j = < j

(4.10)

(4.11)

(4.12)
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where

ru+i =

r,=

( < r xU f + { y ' t - y ' , 4

(x' . r x' t f+{y*ry',)2

1/2

?m,= ^ {y ,+ y ,+ 1)

tan"1f  y ' + i , 0, = tan"1( y ' j + i  ~ y )  1
J

.K + 1

p ,, j= tan'
ym, -y J+ 1

x' — X*V y+1 y
-tan'

v — v-r '”/ -’y

\  mf J y

(4.13)

(4.14)

(4.15)

(4.16)

(4.17)

in which f3t . is the angle between the two lines connecting the control point o f the /-th 

panel, ) , to the boundary points o f the y-th panel, and (x '+1,^ '+1), as

shown in Figure 4.1.

The flow tangency boundary condition is insufficient to achieve a unique solution 

for the inviscid flowfield around the a irfo il because only one single value o f the 

circulation around the a irfo il ensures that the flowfield at the airfoil trailing edge is 

physically realistic. To obtain the correct circulation value for airfoils with sharp trailing 

edges, the Kutta condition is applied (Cebeci et al., 2005), which states that for the 

inviscid flow to leave the trailing edge smoothly, the rear stagnation point should be 

exactly at the trailing edge. Cebeci et al. (2005) indicate that the most widely used 

approach to implement the Kutta condition is setting the upper and lower surface 

velocities to approach a common lim it at the trailing edge. This lim it is zero for airfoils 

with a nonzero angle between the two panels (panel 1 and panel N  ) that form the
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trailing edge. To implement this condition, the resultant tangential velocities at the two 

trailing edge panels are set to be equal:

The two boundary conditions are satisfied by adjusting the strength o f the source 

and vortex sheet on the panels, therefore making the source and vortex sheet strengths the 

primary unknowns in the problem. In the approach presented by Hess &  Smith (1967), 

the source strength a  (5 ) is constant over the y'-th panel, and its value is adjusted on 

each o f the panels to give zero normal velocity over the surface o f the airfoil. The 

vorticity strength, y, is assumed to be constant on all panels to satisfy the Kutta 

condition.

To get the final working equations, the flow tangency condition in Eqn. (4.6) is 

substituted into Eqn. (4.7):

Npm Npan
S - O z + f l X + K * (4.19)
7=1 7=1

The unknowns for the problem are the source strengths at the control points o f 1V

number o f panels and the uniform vortex-sheet strength, giving a total o f N +1

unknowns. I f  Eqn. (4.19) is written for each panel individually, it provides N

equations. The (a^ +  l)-th  equation is the Kutta condition (Eqn. (4.18)). These

algebraic equations are formed into a system o f equations, which is solved by the 

Gaussian elimination method.
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4.2.1.3 System of Equations

I f  Eqns. (4.18) and (4.19) are formed into a set o f algebraic equations in matrix 

form, the result is in the form of:

Ax — b (4.20)

where A is a square matrix o f order (./V ^ + l)  consisting o f influence coefficients:

A =

1,2 Ah] ^ 1  N  ^ 1  V  +1‘ ’ " 'p m  , */v/xw +l

a 2 ,\ ° 2 , 2 a

Ai, I a,
i ,2

2 J a2.Nn a-,

1 " n 2n pan>% pan>L
aNpan,J

aNpm+lJ aNp,m+\.Nra* aNpan+'.Npa„+t

(4.21)

In Eqn. (4.20), x = (o-,,..., c r„..., cr„ y) and b = (bi ,...,b i ,...,b N ,bN ,) with T
\  p un  j  y p an  p en  j

denoting the transpose. The elements o f the coefficient matrix A , from Eqn. (4.19), are: 

a, j  = K r  ' = 1 . 2 , . . . , ^  and y = l,2 , . . . ,A ^  (4.22)

(4.23)
i=i

in which A”j is calculated using Eqn. (4.9) and 5"; from Eqn. (4.11).

To calculate ( j  = \, 2 ,..., N ^ )  and «V „+I,V „+I in matrix A, the

tangential velocities in the Kutta condition (Eqn. (4.18)) are substituted in their open 

form given in Eqn. (4.8) while keeping the constant vortex-sheet strength, y , out o f the

summation:
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E  Ah  a j + r1 L  Bl +K«, cos(a  ~ 0d  = ~
7=1 7=1

'p an

E  pan,) a j
7=1

N a

+ r f t B^ n ,J +V«r COS( « - ^ )

(4.24)

When Eqn. (4.24) is rearranged, the result is:

N  N

f { < 1+An n . , h ^ U K 1-<-Kl, , J) - - y . ,o o s ( a - e , ) - V . : coS( a - 0 KJ  (4.25)
7=1

so that,

7=1

(4.26)

(4.27)
i=i

in which 4s and 4!, , are calculated from Eqn. (4.10), and B" , and B l , from Eqn.
l *J " p a n J  l *J r * ix»n 'J  *

(4.11).

The components o f b are calculated using Eqns. (4.19) and (4.25): 

6, = - ^ r sin (or -  0,) , / = 1 ,2 ,...,

= COS (“  "  '6' ) '" V«r COS(a  "  \ , n  )

(4.28)

(4.29)

Once all the elements o f Eqn. (4.20) are determined, the system o f equations is 

solved for the unknown vector x, which contains the unknown source and vortex 

strengths. In the present algorithm, this operation is carried out using MATLAB®’s 

matrix division algorithm, which first attempts a Cholesky factorization (Press et al., 

1988). I f  this approach fails, the coefficient matrix is factorized using Gaussian 

elimination i f  the matrix is upper Hessenberg (Datta, 2010), or an LU factorization with
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partial pivoting (Datta, 2010) is used, i f  it is not. After the source and vortex strengths are 

determined, the inviscid velocity distribution over the airfoil surface is calculated.

4.2.1.4 Inviscid Flow Velocity and Pressure Coefficient Distribution

Once the source and vortex strengths are calculated, the velocity at the control 

point o f each panel is determined. Since the velocity normal to the panels is zero at the 

control point, the tangential velocity, which is consequently the total velocity, is 

calculated from Eqn. (4.8). The inviscid velocity at the control point o f each panel, V* ,

is used to calculate the pressure coefficient, C , at the corresponding locations. The

pressure coefficient, Cp, is defined as:

(4.30)
- p v l  
2 '

where p is the pressure at a given location, p  is the fluid density, and px and Vx are

the static pressure and velocity o f the undisturbed freestream flow approaching the 

airfoil, respectively. The pressure coefficient can also be expressed in terms o f the 

surface velocity as follows:

C« =1
A /

, / = 1,2,..., N  (4.31)

A maximum Cp value o f 1.0 indicates a flow velocity o f zero, i.e., a stagnation point.

Fluctuations are observed in the chordwise Cp distribution when using certain

airfoil coordinate sets with significant discretization error. These fluctuations, i f  not 

cancelled out via numerical smoothing, get amplified over subsequent iterations o f the
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viscous-inviscid interactive solution due to the coupling between the viscous and inviscid 

flow solutions. Therefore, numerical smoothing is applied to the chordwise Cp

distribution downstream o f x'/c = QA5, where c is the chord length, using MATLAB®’s 

‘smooth’ function, which uses a moving average with a range o f 7 panels. Smoothing is 

not performed close to the leading edge to ensure that the Cp predictions around the

suction peak and the stagnation point are not modified.

4.2.1.5 Sizing of Airfoil Surface Panels

The analyses conducted in the present study focus on two airfoils: the NREL 

S809 and the NACA 0012. The S809 airfoil is a thick and cambered low-speed a irfo il 

designed specifically for wind turbine blades, whereas NACA 0012 is a well-known, 

symmetric, and thin airfoil used in low-speed applications (see Appendix B for a irfo il 

geometry and coordinates).

A irfo il coordinates are typically given with 30 to 50 coordinate points for each o f 

the upper and lower surfaces o f the airfoil. In a sensitivity analysis conducted for the 

NACA 0012 and S809 airfoils, two computations with different panel distributions were 

compared. The first set o f computations used the original input coordinates as the 

boundary points, therefore the number o f panels were controlled by the number o f input 

coordinate points. The input coordinate spacing for the NACA 0012 airfoil was more 

refined at the leading edge, gradually increasing towards the trailing edge, as the 

streamwise surface curvature decreases. For the S809 airfoil, the input coordinates were 

more refined at both the leading edge and trailing edge, in keeping with more significant 

changes in surface curvature in those regions o f the airfoil. In total, the NACA 0012 and
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S809 airfoils were represented by a total o f 100 and 60 panels, respectively. For the 

second set o f computations, the numbers o f panels on each airfoil were doubled, with the 

additional boundary point coordinates being calculated using a piecewise-cubic Hermite 

interpolating polynomial, which produces a smooth curve fit with no overshoot.

Both airfoils were tested at 0° and 10° angles o f attack using the two different 

panel distributions. The difference between the predictions was no more than 2% o f ,

with the largest difference occurring close to the trailing edge. The predicted velocity 

differences on other parts o f the airfoil were less than 1% o f the reference velocity. 

However, it was observed that increasing the number o f panels provides better resolution 

o f the leading-edge stagnation point, as the panel boundary point near the leading edge 

with the lowest velocity is assumed to be the stagnation point. A precise location for the 

stagnation point is important for the accuracy o f the viscous flow analysis.

Hess &  Smith (1967) recommend that the size o f a panel not be more than 50% 

greater than the adjacent panels. In addition, by comparing the solutions o f the present 

panel method for a 2D cylinder in a cross-flow with the corresponding analytical 

solution, it was determined in the present study that the panel-angle difference between 

adjacent panels should not be more than 10°. It may be concluded that 120 panels are 

sufficient for the present inviscid flow analysis to obtain an accurate solution o f the 

inviscid velocity and pressure fields and to identify the location o f the stagnation point 

with sufficient resolution, provided the panel distribution is sufficiently refined in high 

curvature regions and the above-noted panel size and angle guidelines are followed.
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4.2.2 Viscous Flow Analysis Using the Momentum-Integral Relation

The viscous flow analysis focuses on the boundary layer, where the viscous 

effects in the fluid are significant. Background information is provided in Section 2.5.1 

for readers who are not familiar with the fundamentals o f boundary layers. Among the 

methods available for boundary-layer analysis, solving the momentum-integral relation 

was chosen since it provides all the flow parameters that are deemed relevant to the 

aerodynamic performance o f an airfoil in a fast and accurate manner, as discussed in the 

literature review.

4.2.2.1 The Momentum-Integral Relation

The momentum-integral relation for laminar and turbulent flows, as derived in 

detail in Section 2.5.2, is:

f=f+‘2+< f
in which Cf  is the skin friction coefficient, 0 is the momentum thickness, H  is the

shape factor, Ue is the local freestream velocity at the edge o f the boundary layer, and s

is the streamwise coordinate along the length o f the surface. Since this equation has three

unknowns two closure equations are required to obtain a unique solution.

The methods to obtain the closure equations for laminar and turbulent boundary-layers 

are presented in Sections 2.5.2.1 and 2.5.2.2, respectively, and the corresponding laminar 

and turbulent momentum-integral calculation methods are explained in Sections 4.2.2.3 

and 4.2.2.4, respectively.

92



leading-edge stagnation point
suction side flow

trailing edge

pressure side flow
nodes

Figure 4.2: Discretization of the streamwise distance along the upper and lower 

surfaces for the momentum-integral analysis.

The momentum-integral equation is integrated separately on the pressure and 

suction sides o f the airfoil, from the stagnation point at the leading edge to the trailing 

edge. The discretization o f the equation is performed on the basis o f a series o f 

computational nodes distributed along these lengths, as shown in Figure 4.2. More 

information on the solution grid o f the momentum-integral analysis is presented in 

Section 4.2.2.2. The freestream velocity distribution over the surface, Ue(s), is

determined by interpolating the inviscid flow velocity, Vs (s ) , calculated at the control

points o f each panel in the inviscid flow analysis, to the viscous flow computation nodes. 

In the present algorithm, a piecewise-cubic Hermite interpolating polynomial, which 

provides a smooth curve fit with no overshoot, is used for this process. Also the 

freestream velocity derivative, (d U jd s )., is approximated by using second-order 

differencing:

vis

(4.33)

2 As

93



in which / is the node number and N vls is the total number o f nodes on each side o f the 

airfoil. A second-order differencing is deemed sufficient, as the change in the calculated 

velocity differentials is negligible when a higher order differencing method is used.

4.2.2.2 Solution Grid for the Viscous Flow Analysis

The two solution grids for the viscous flow analysis on each side o f the airfoil 

extend from the leading-edge stagnation point to the trailing edge. To perform 

momentum-integral calculations along the a irfo il surface, uniform spacing has been used 

between the nodes, since it provides ease o f programming. A grid sensitivity analysis was 

performed using different node spacing values to investigate whether uniform spacing is 

sufficient to obtain a grid-independent solution o f the boundary-layer parameters in all 

regions o f flow, including the areas with high rates o f acceleration near the leading edge.

The grid sensitivity analysis was performed for the NACA 0012 and the S809 

airfoils at 0° and 10° angles o f attack, where node spacings ranging from 0.1% to 5% o f 

the flow length on each side o f the airfoil were tested. The skin-friction coefficient and 

the momentum thickness were used to assess grid sensitivity. It was observed that the 

change in these parameters was small when the grid was refined beyond a node spacing 

o f 0.5%, such that the largest difference in these parameters for 0.5% and 0.2% spacings 

was about 2%. Therefore, it was determined that sufficiently accurate predictions could 

be achieved with uniform node spacing o f 0.5% o f the flow distance on each side o f the 

a irfo il. With this node spacing, the flow length on each side o f the airfoil is divided into 

200 sections, creating 201 nodes.
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4.2.2.3 Laminar Momentum-Integral Calculation

The laminar momentum-integral calculation starts at the leading-edge stagnation 

point, continuing downstream past the point o f transition inception, until the flow is fu lly 

turbulent, or flow separation is predicted. The momentum-integral equation for laminar 

boundary layers is iteratively solved at each node starting from the second node from the 

leading edge (z = 2 ), since / = 1 is taken to be the stagnation point where Cf  =0 and

0 = 0. The discretized form o f the laminar momentum-integral relation as per the closure 

method o f Thwaites (1949), described in Section 2.5.2.1, is:

in which the subscripts with i indicate the node number, the superscripts with n indicate 

the iteration number, co is an under-relaxation factor, and { } indicates the functions 

S(/1) and / / ( / I )  given in Eqns. (2.66) and (2.67), respectively. The term (ddjds) in the 

momentum-integral relation (Eqn. (4.32)) is expressed in Eqn. (4.34) using a second- 

order backwards differencing approximation, since no downstream information on 6  is 

available. The under-relaxation factor, a), is set to 0.1 to ensure a numerically stable 

convergence. The convergence criteria can be adjusted by the user and by default,

convergence is assumed to be reached when |#" -  0"A | < 0"~' x 1 O'5. I f  Eqn. (4.34) is 

rearranged for the target variable, 0":

(4.34)
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I f  0“ = 0} = 0 is assumed for the initialization o f the calculation at node 2, it can 

be seen from Eqn. (4.35) that the solution runs into a singularity due to the term 0”~' in 

the denominator. To circumvent this problem, a non-zero initial estimation is needed for 

0°. To get this estimation, 0° is expressed using first-order backward differencing, and 

the under-relaxation factor is dropped:

(4.36)
\ d s )  2 As As

I f  the momentum-integral relation (Eqn. (4.32)) for laminar boundary layers is rewritten 

at i  — 2 without the under-relaxation factor, and a zero pressure gradient is assumed as a 

first-order approximation, after rearranging:

(4.37)

I f  Eqn. (4.36) is substituted into Eqn. (4.37), noting that S'(O) = 0.22,



Eqn. (4.38) is used to obtain a reasonable first guess for 02. In subsequent iterations

(«>  2), d2 converges to its actual value, which includes the effect o f the local

streamwise pressure gradient.

Thwaites' correlations are valid for the range o f -0.09 < A <0.25. In the present 

algorithm, for A >0.25 (i.e., highly-favourable pressure gradients), the S and H values 

corresponding to A = 0.25 are retained, and for A <-0.09 (incipient separation), the 

algorithm changes the calculation routine to one that corresponds to a separated flow, as 

presented in Section 4.2.2.7.

4.2.2.4 Turbulent Momentum-Integral Calculation

The turbulent momentum-integral calculation starts at the transition inception 

location, which is where turbulent spots start developing in the boundary layer (Emmons, 

1951), and continues downstream. At the location o f transition onset, however, the 

momentum thickness for the turbulent momentum-integral calculation is zero, analogous 

to node i = 1 being the stagnation point for the laminar momentum-integral calculation. 

Therefore, the calculation starts at the neighbouring downstream node, /* = /„ +1, in 

which is the node o f transition inception. The discretized form o f the turbulent 

momentum-integral relation as per the closure method suggested by White (2006), 

described in Section 2.5.2.2, is:

( lo g .o fo e g r')
1.7 4 + 0 .3 1  H f

2 2As (4.39)
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in which

2

i (~W-\

2 +“{nr)
(4.40)

fq - '

and

, , 2+3 .i79n ;+ i.5 (n ;)2
a n ” = -----------   (4.41)

1 j ^ ( i+ n ; )

where Tl" is calculated by solving:

-0.4 + 0.76n,"+ 0.42 (n ; )2 = — (4.42)
1 } c;-' u e, { d s ),

In the above equations, Ree is the Reynolds number (Retf = Ue0 /v )  based on 

momentum thickness, n  is Coles’ wake parameter, &>, and co2 are under-relaxation 

factors for 0 and Cf , respectively, the subscript / indicates the node number, and the

superscript n indicates the iteration number. MATLAB®’s ‘roots’ function, which 

computes the roots o f a polynomial equation by calculating the eigenvalues o f its 

companion matrix, is used to solve Eqn. (4.42). The under-relaxation factors, a, and co2 

are both set to 0.5 to ensure a numerically stable convergence. Convergence is assumed 

to be reached when \dn -6"~x\< 0 n~[ x lO '5 and < q , xl0‘ 5. I f  Eqn. (4.39) is

rearranged for 0 " :
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e ; = — a>, 
' 3 1

2As

0.3e - 1.33  H ”

(l°gio(Re«)” ')
1.7 4 + 0 .3 1 / / ’

-<o2+ ( i- (o 2) c nf;

(4.43)

-co,
3 ' v ' 7 u ei {  ds 3 1 M 3

White (2006) indicates that two o f the three unknowns o f the momentum-integral 

relation ^H. and Cf, , for example j need to be known at the first calculation node, /*, to

initialize the turbulent momentum-integral calculation. I f  two o f the three unknowns at 

node /* are known, the third unknown ^0., in this example j  is directly determined from

the turbulent momentum-integral relation, therefore it is not possible to iteratively solve 

the closure equations at node /*. What follows is the method used to initialize the 

turbulent momentum-integral calculation using an approximate solution at node /*. First, 

(d0/ds). is expressed using first-order backwards differencing:

' d0 \  ~

As As
(4.44)

where 0. ( = 0  since the momentum thickness o f the turbulent boundary layer at the

transition inception location is assumed to be zero. The momentum-integral relation is 

then simplified by assuming a zero-pressure gradient:

C f .  ( d 6 '

\d s  j
(4.45)

I f  Eqns. (4.44) and (4.45) are substituted into Eqn. (2.74), the following is obtained:
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Eqn. (4.46) is solved for C. by assuming H , =1.5, since the shape factor value at
i *

upstream locations o f a turbulent boundary layer is usually large due the decrease in H  

from higher laminar boundary-layer values. No significant change in the value o f Cf  is

observed when greater H . values are assumed. In the present algorithm, Eqn. (4.46) is 

solved using MATLAB®’s ‘ fsolve’ function, which uses a trust-region dogleg algorithm 

(Powell, 1968). Once Cf  is calculated, 0. is obtained from

AsC^
0r ~ — (4-47)

The iterative calculation is then performed at node /*+1 and downstream using Eqns. 

(4.42), (4.41), (4.40), and (4.43), with 0°. = 0 . ,  C° = C , , and H°. = H , .i +i i I, +l i +i /

Turbulent boundary-layer separation is predicted when the shape factor exceeds 

H  = 2.5 (White, 2006), or i f  the value o f the skin-friction coefficient drops below 

Cf  = 0. In such a case, the turbulent momentum-integral calculation is terminated and

the algorithm changes to the calculation routine for separated flow, presented in 

Section 4.2.2.7.

4.2.2.5 Transition Model

Since the momentum-integral equation can only be solved for either laminar or 

turbulent flows, a transition model is necessary to calculate the boundary-layer



parameters in the transition region. Available models to predict the mode o f transition 

(natural, bypass, or separation-bubble), transition inception and completion locations, and 

the transition rate are discussed in Section 3.3.3.3. Among these available methods, the 

model provided by Roberts &  Yaras (2005b) is used in the present algorithm. The 

transition model uses Abu*Ghannam &  Shaw’s (1980) correlation to predict the transition 

inception location for attached boundary layers:

Ree =163+exp F ( X ) - ^ — Tu (4.48)

where Re^ is the Reynolds number based on the momentum thickness and freestream

velocity at the transition inception location; Tu is the average freestream turbulence 

intensity (expressed as a percentage) occurring between the leading edge and the 

transition inception location; and F (X ) is a function o f Thwaites’ pressure gradient 

parameter, X (Eqn. (2.64)), defined as:

, . f 6.91 + 12.75A + 63.64A2 X < 0
F(A)H (4-49)

v '  [6.91 + 2.48/1-12.27A2 X > 0

I f  the flow separates before Re^ is reached, separation-bubble transition is assumed to

take place. In such a case, Roberts &  Yaras’ (Roberts &  Yaras, 2005b) correlation to 

predict the transition inception location is used, without the effects o f surface roughness 

(since the momentum-integral method does not include the effects o f surface roughness):

R < V , = ( » 5 -3 « F ( % ))R e £  (4.50)

where Revcp_,v is the Reynolds number based on the streamwise distance between the 

separation and transition inception locations and Ree is the Reynolds number based on
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the momentum thickness and freestream velocity at the separation point. TF is Taylor’s 

turbulence factor, defined as:

TF = T u ^ {L l*s) (4.51)

where Turef is the reference turbulence intensity (expressed as a percentage) 10 mm

upstream o f the leading edge, assumed to be equal to Tu ; L is the flow surface length; 

and As is the integral length scale o f turbulence. The streamwise Reynolds number at the 

transition inception location is:

Re« = Re*y,+ ReM/,-„ (4-52)

where Re = Uessep/ V >s the Reynolds number at the streamwise separation location,

Once the transition inception location is known using Eqn. (4.48) or (4.52), the 

intermittency, y, is calculated at each node within the transition region. The unified 

transition model o f Roberts &  Yaras (2005b) allows the intermittency for both attached 

and separated boundary layers to be calculated using:

y = 1-exp
/ s s

-w j [< t/ tan (a ) Ue~̂ ds J tan (a)ds (4.53)

in which n is the turbulent spot production rate in (ms) , a  is the spot propagation 

parameter, a  is the spot-spreading-half-angle, and sls is the streamwise transition 

inception location. The spot production rate, n, is calculated from:

= ̂  (4.54)
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in which $ls is the momentum thickness at the transition inception location; and N  is the 

spot inception rate, which is calculated from

log10(N ) = -----°-55H>s~22 1.6< H  <8.5 (4.55)
10 v '  l-0 .6 3 tf„+ 0 .1 4 /£

where H ls is the shape factor at the transition inception location. The spot propagation

parameter, cr, and the spot-spreading-half-angle, a, are calculated using the following

equations:

0.604 
1.0+5.0e6

ct= 0.024 + ^  (4.56)

22.14 
0.79 + 2.72e4

«  = 4.0+ ______ ' ^  (4.57)

in which x  is Thwaites’ pressure gradient parameter (Eqn. (2.64)). The momentum 

thickness distribution within the transition region is required to calculate A. To the 

author’s knowledge, no method for estimating 0 in this region without knowing the 

transition completion location a priori has been published. Therefore, the following 

intermittency-based approximation is used to combine the information provided by the 

laminar and turbulent momentum-integral calculations to get a reasonable estimate for 0 

w ithin the transition region:

( £ ) ,  =  urbulcn. +  0  -  r - l  ) laminar ( 4 - 5 8 )

In Eqn. (4.58), the intermittency value at node / - I  is used since the intermittency at node 

i is not known. When using the recommended node spacing (0.5% o f the flow distance), 

the change in the intermittency value between the two neighbouring nodes for attached- 

flow  transition is sufficiently small (< 5%) so that the error caused by using the 

intermittency value at the upstream node is negligible.
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To implement the transition model to the present viscous flow analysis algorithm, 

at each node /, where the flow is fully laminar, the Reynolds number based on 

momentum thickness for attached-flow transition inception, R e^, is calculated using 

Eqn. (4.48). I f  Ree > Ree , attached-flow transition is assumed to start at node i  -  ils, 

where ils is the node o f transition inception. I f  flow separation is predicted by the laminar 

momentum-integral calculation at a node / where Re^ < Ree , the laminar momentum- 

integral calculation is terminated and separation-bubbie transition is assumed to take 

place. In this case, the streamwise Reynolds number for transition inception, Re„, is 

calculated using Eqns. (4.50), (4.51), and (4.52), and transition inception is assumed to 

take place at node / = /„ , which satisfies (Re^). > Re„, where (Re,), is the streamwise 

Reynolds number at node i. Once /„ is determined, the spot inception rate, N , is 

calculated using Eqn. (4.55) by using the shape factor at the transition inception location, 

H ts. For separation-bubbie transition, the last known shape factor value from the laminar 

momentum-integral calculation is assumed to be equal to H ls, since transition inception 

usually occurs shortly after separation. The turbulent momentum-integral calculation is 

initialized at node /*= /„  + ! and is continued at each downstream node. The 

intermittency function, y, is calculated at every node starting at node /„ using Eqns. 

(4.56), (4.57), (4.54), and (4.53) until y = 0.99 is reached, where the boundary layer is 

assumed to be fu lly turbulent. It should be noted that the transition model assumes that 

flow reattachment occurs at the location o f transition completion for separation-bubbie 

transition (Roberts &  Yaras, 2005b).
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4.2.2.6 Calculation of the Boundary-Layer Parameters

The boundary-layer parameters between the stagnation point and the transition 

inception location are assumed to be equal to the predictions o f the laminar momentum- 

integral calculation, since the flow in that region is fully laminar. The boundary-layer 

parameters in the transition region are calculated by using information provided by the 

transition model in conjunction with the predictions o f the laminar and turbulent 

momentum-integral calculations. It should be noted that the predictions o f the laminar 

and turbulent momentum-integral calculations at all nodes are kept independent from 

each other. The calculations for attached- and separated-flow transition are presented in 

Sections 4.2.2.6.1 and 4.2.2.6.2, respectively. A t the end o f the transition region, where 

the flow is considered fully turbulent, the laminar momentum-integral calculation is 

stopped and the algorithm continues only with the turbulent momentum-integral 

calculation. It must be ensured that the boundary-layer parameters calculated at the 

transition completion location are equal to the turbulent momentum-integral calculation 

predictions at the same location, so that any discontinuity is avoided. A t all nodes 

downstream o f the transition completion location, the boundary-layer parameters are 

assumed to be equal to the predictions o f the turbulent momentum-integral calculation.

4.2.2.6.1 Calculation of the Boundary-Layer Parameters in an Attached-Flow 

Transition Region

Abu-Ghannam and Shaw (1980) propose the following empirical relation for the 

momentum thickness distribution in attached, transitional boundary layers:

6>' = 77135  (4.59)
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in which

s -s ,
IS (4.60)T} =

and

e. _ n ± A
o,e-e,s

(4.61)

where 6' is the momentum thickness ratio, 77 is the nondimensional distance in the 

transition region, s is the streamwise distance, and the subscripts ts and te indicate the 

transition onset and completion locations, respectively.

No method for calculating the displacement thickness distribution in the 

transitional region was found in published literature. Therefore, a third-order Bezier 

curve fit (Farin, 2002) between the values o f the displacement thickness at the transition 

inception and completion locations is used to estimate the displacement thickness 

distribution in the transition region, since the values o f the displacement thickness at 

these locations are known from the respective laminar and turbulent momentum-integral 

calculations. A Bezier curve is chosen because o f its ability to match both the values and 

the local derivative at the two sides o f the curve-fit region, and thus the overall 

displacement thickness distribution (including the laminar, transitional, and turbulent 

regions) is continuous up to the first derivative.

The skin friction coefficient in the transitional region is calculated using the 

intermittency function as follows:

( ^ / ) ,  ~  Yi if 'f, tuitmlent ) , +0 Yi )  {pf, laminar ),turbulent (4.62)
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where [C f  lurbu)enl ) and laminar) are respectively the skin friction coefficients obtained

from the turbulent and laminar momentum-integral calculations at node i in the 

transitional region.

4.2.2.6.2 Calculation of the Boundary-Layer Parameters in a Separated-Flow 

Transition Region

As there is limited experimental data for separated flows, certain simplifications 

and assumptions are made to calculate the boundary-layer parameters within separation 

bubbles. The skin-friction coefficient, Cf , is assumed to be zero for separated flows, as

the skin friction within separation bubbles is very low and the skin friction generated by 

recirculation zones is negative, and thus has a decreasing effect on the skin-friction drag 

(Gaster, 1969; Singh &  Sarkar, 2011).

Another boundary-layer parameter that requires modelling within the separation 

bubble is the displacement thickness. To the author’s knowledge, no correlation has been 

developed to predict the displacement thickness within separation bubbles, and therefore, 

the only information available in the literature is experimental data. Roberts (2005) 

published displacement thickness information for separation bubbles in flows with 

streamwise Reynolds numbers ranging from 3.5 x 105 to 4.7 xlO5, and freestream 

turbulence intensities between 0.4% and 4.5%, along with the corresponding separation, 

transition inception, and reattachment locations. This experimental data, summarized in 

Table 4.1, is used by the present algorithm to predict the displacement thickness within 

separation bubbles based on the nondimensional location o f the maximum displacement
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thickness in the separation bubble -  swp j  j -  sxp ) and the ratio o f the maximum

displacement thickness to the displacement thickness at the separation location, 

S'max/Ken- A 2D linear interpolation to calculate these parameters is performed for flows

with streamwise Reynolds numbers and turbulence intensities that lie within Roberts’ test 

matrix, and the lim it values are used for flows that lie outside the test matrix. Then, a 

second-order polynomial curve, assumed to represent displacement thickness distribution

within the separation bubble, is calculated using ssep, -  ssep j  j { s lt! -  ssep), and ste as

the independent variables and S'ep, S'max, and S'e as the dependent variables at the

corresponding streamwise locations. This approximation for the displacement thickness 

does not introduce significant errors to the calculation o f the overall boundary-layer 

development over the fu ll length o f the airfoil due to the separation bubbles generally 

being small compared to the fu ll chord length, especially at high Reynolds numbers and 

freestream turbulence intensities (Roberts, 2005).

Table 4.1: Experimental data used for estimating the displacement thickness within 

separation bubbles (Roberts, 2005).

Freestream 
turbulence 

intensity (%)

Re = 350,000 Re = 470,000

(*< . - ’ ■*) S' / s 'max / svp s ' / s 'max / sep
- Ssep)

0.4 0.633 4.42 0.6 . 3.88
4.5 0.6 2.33 0.526 2.14

Experimental data on the momentum thickness distribution within a separation 

bubble has been published by Roberts &  Yaras (2005a). However, the transition 

completion location must be known a priori to calculate the momentum thickness using a
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curve fit approach similar to the one described for the displacement thickness, which is 

not possible because the momentum thickness information is required to calculate the 

intermittency and the transition completion location. Therefore, the momentum thickness 

distribution within the bubble is approximated by extrapolating from the momentum

thickness (&sep) and momentum thickness growth rate i^ d d /d s )^  values at the

separation location. Any errors introduced when calculating the boundary-layer 

parameters in the transitional region are not expected to significantly affect the 2D 

aerodynamic performance predictions. This is primarily because the length o f the 

transition region and the size o f separation bubbles is typically small in comparison to the 

fully-laminar or fully-turbulent regions o f the flow over the airfoil.

4.2.2.7 T reatment o f Flow Separation

At the point o f flow separation, the boundary layer becomes a free shear layer and 

travels away from the airfoil surface, leaving a ‘dead’ zone o f weak eddies that generate 

some recirculation between itself and the airfoil surface, while the freestream continues 

to flow  above it (Katz &  Plotkin, 1991). The algorithm o f the present study treats flow 

separation differently depending on whether flow separation occurs in the fully-laminar, 

transitional, or the fully-turbulent flow state. I f  flow separation occurs in the fully- 

laminar flow state, the laminar momentum-integral calculation is stopped at the point o f 

separation and separation-bubbie transition is assumed to take place, as described in 

Section 4.2.2.5. The calculation o f the boundary-layer parameters within the separation 

bubble is presented in Section 4.2.2.6.2. I f  transition inception does not occur within 30% 

chordwise distance from the separation location, the separated shear layer is assumed to



remain detached from the airfoil surface for the remainder o f the streamwise surface 

length. The calculation o f the boundary-layer parameters in such a case is explained later 

in this section. Since both laminar and turbulent momentum-integral calculations are 

performed within an attached-flow transition region, the algorithm treats the prediction o f 

flow separation by the two momentum-integral calculations differently. I f  separation is 

predicted only by the laminar momentum-integral calculation within this region, the 

boundary layer is assumed to remain attached to the airfoil surface. In such a case, the 

transition model described in Section 4.2.2.5 is followed without any modification, and 

the boundary-layer parameters for the transitional region are calculated as described in 

Section 4.2.2.6.I. The skin-friction factor for the laminar momentum-integral calculation 

is assumed to stay constant at its last known value, and the momentum and displacement 

thicknesses predicted by the laminar momentum-integral calculation are assumed to keep 

increasing at their growth rates prevailing just upstream o f the location o f separation- 

prediction, until transition is complete. I f  separation is predicted by the turbulent 

momentum-integral calculation at a location within an attached-flow transition region, 

the boundary layer is assumed to separate at this location. In such a case, or i f  the 

boundary layer is in a fully-turbulent state at the point o f separation, the flow is assumed 

not to reattach to the airfoil surface.

In cases o f boundary-layer separation without downstream reattachment, the skin- 

friction coefficient is set to zero for the fu ll length o f the airfoil surface downstream o f 

the point o f separation. Conventionally, regions o f separated flow have been treated by 

assuming a uniform pressure distribution between the separation point and the trailing 

edge (Katz &  Plotkin, 1991). However, assuming a uniform pressure distribution after the
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separation point does not provide the necessary displacement thickness information for 

the subsequent inviscid flow analysis. It is assumed that there is no net mass flow in the 

separated-flow zone, thus the displacement thickness is set equal to the distance o f the 

separated shear layer from the airfoil surface. Accordingly, the displacement thickness 

after separation grows in proportion to the angle between the separated shear layer and 

the airfoil surface:

Figure 4.3). The proportionality constant, m, is an empirical free-shear-layer angle

Undisturbed freestream

Figure 4.3: Schematic of a shear layer (thickness exaggerated) leaving the airfoil 

surface after flow separation.

coefficient. A value o f m = 0 indicates that the separated shear layer follows a trajectory

attack. Conversely, m = 1 indicates that the free shear layer leaves the airfoil in the same 

direction as the undisturbed freestream flow, which is more likely for highly-separated

m ta n (a -0 ) (4.63)

where dS' /ds is the streamwise growth rate o f the displacement thickness, a  is the

airfoil angle o f attack, and 0 is the angle between the airfoil surface and the x' axis (see

Approaching 
freestream flow

Inviscid region

■Ss£2Hs3gî er

Solid body (airfoil)

that is parallel to the surface o f the airfoil, which may be applicable for low angles o f
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flows. Any value o f m between 0 and 1 indicates that the separated shear is oriented at a 

direction between the undisturbed freestream flow direction and the airfoil surface.

(a) S809 airfoil (b) NACA 0012 airfoil
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Figure 4.4: Correlation between stalled angles of attack and tangent coefficient, m, 

for the (a) S809 and the (b) NACA 0012 airfoils.
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Figure 4.5: Error of the predicted C, at higher- and lower-than-optimum values of 

m for the (a) S809 and the (b) NACA 0012 airfoils.

In a sensitivity analysis, m values within the range o f 0 < m < l with increments 

o f 0.025 were used to calculate the aerodynamic coefficients for the S809 and NACA 

0012 airfoils for stalled angles o f attack up to 20°. When the predicted lift coefficients
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were compared to the results o f 2D experiments under similar flow conditions, it was 

discovered that for stalled angles o f attack, a close-to-linear correlation exists between a  

and the value o f m that gives C, prediction with the smallest error. This close-to-linear 

correlation is used in the development o f the so-called “ stalled-aerodynamics prediction 

method”  o f the present study. The correlations for the S809 and the NACA 0012 airfoils 

are shown in Figures 4.4a and 4.4b, respectively. The sensitivity o f the predicted lift

coefficients { c ipnd j  to small deviations from the optimum value o f m are shown for the

corresponding airfoils in Figures 4.5a and 4.5b, respectively. It can be seen in Figure 4.5 

that small changes in the value o f m do not have a significant effect on the predicted 

value o f C, until heavily-stalled angles o f attack. The experimental lift coefficients

that were used to develop the correlations are provided by Somers (1997) and

Abbott &  von Doenhoff (1959) for the S809 and NACA 0012 airfoils, at Reynolds 

numbers based on chord length, Rec = 2 x l0 6 and Rec = 3 x l0 6, respectively.

For an airfoil at a stalled angle o f attack a , the value o f m corresponding to a  

given by the correlation for the airfoil is used in Eqn. (4.63) to calculate the displacement 

thickness growth rate downstream o f the flow separation location. For unstalled angles o f 

attack, m = 0 is used. I f  the value o f m calculated by the correlation exceeds 1, m = 1 is 

used, since this value corresponds to the maximum value that is physically possible.

4.2.3 Calculation o f the 2D Aerodynamic Coefficients

To calculate the 2D lift and drag coefficients, first the lift and drag forces are 

resolved in the x' and y coordinates that are fixed to the a irfo il chord line (shown in
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Figure 4.1). The skin-friction drag force is calculated using Cf (s) to calculate the wall

shear stress, tw(s) ,  at every node using Eqn. (2.53). The wall shear stress is then

integrated along the surfaces o f the airfoil to find the x' and /  components o f the skin- 

friction drag force:

(A * ) ,  = f  rw(*)co s [0 (s )] ds (4.64)
0

( D skin ) y  = J rw(s)sin [0 ( j) ]  ds (4.65)
0

The calculated drag force components are then normalized by the undisturbed freestream 

dynamic pressure and the chord length, c :

( A to )j'

p V lc
<4-66)

2

(c * J , = r ^  <4 fi7>

Noting the drag is always parallel to the undisturbed freestream flow direction, the total 

skin-friction drag coefficient is then calculated:

= (C^ l C° H a ) + (C^ n)y Sin(a ) <4-68)

To calculate the forces in the x' and y directions created by the pressure

distribution around the airfoil, the x ' and y ' components o f the force on each inviscid

flow analysis panel are calculated and summed:

Npan A c

(4'69)/*! ^

114



C . and C . are the resultant force coefficients in the x' and v' directions,
x  pres yp re s

respectively, created by the pressure distribution; N  is the total number o f panels; and 

As is the surface length o f each panel. The pressure drag coefficient, Cd , is then 

calculated as:

Cd = C . cos(a)+C v. s in (a ) (4.71)
u  pres *p res  '  '  yp res  V /

The total force coefficients in the x' and y directions, Cx. and Cv-, are calculated by

summing the forces created by the pressure distribution and skin friction in the 

corresponding directions:

C^ C^ * ( C^ X  (4J2)

c y - c y „ + i c ^ ) y <4-73>

Finally, the total lift and drag coefficients are calculated by resolving the force 

coefficients Cx. and C \, in the lift and drag directions:

C, = -C y sin (a ) + Cy. cos (a ) (4.74)

Cd =C X. cos(ar) + Cy. sin(or) (4.75)

The pitching-moment coefficient, Cm, is usually calculated about the

aerodynamic centre o f the airfoil. To calculate the pitching moment, the total force in the

/  direction on each panel, which is assumed to act on the control point o f each panel, is

evaluated and the total moment about the aerodynamic centre due to these forces is

calculated:



(4.76)

or

(4.77)

where x'm is the x' coordinate o f the control point o f panel / and c is the chord length.

Here, the negative sign indicates a nose-down pitching moment, which is typical for 

airfoils at positive angles o f attack in unstalled conditions.

4.2.4 Interfacing of the Viscous and Inviscid Flow Solutions

The calculation procedure for the 2D airfoil aerodynamics starts with an inviscid 

flow analysis, as described in Section 4.2.1. The predicted freestream velocity 

distribution is then used as input in the viscous flow analysis (Section 4.2.2), followed by 

the calculation o f the aerodynamic coefficients (Section 4.2.3). The panels representing 

the airfoil surface are displaced outwards from the original panel coordinates by a 

distance equal to the predicted local displacement thickness to account for the presence o f 

the boundary layer. Once the panels are displaced, a new inviscid flow analysis is 

conducted with the updated panel locations, followed by another viscous flow analysis. 

This interactive scheme continues until convergence to the desired level is reached. The 

solution is assumed to be converged i f  the absolute differences between the current and 

preceding values o f both the lift and drag coefficients for the last two iterations differ by 

less than 0.001.
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For low and moderate angles o f attack {a  <10° -1 5 °), convergence is usually

reached within 30 iterations o f the viscous-inviscid interactive calculations. A t higher 

angles o f attack, the chordwise location o f turbulent separation on the suction side is 

noted to fluctuate between sequential viscous flow analyses, usually in a cyclic manner. 

This behaviour is noted to cause the aerodynamic coefficient values predicted between 

consecutive iterations o f the interactive solution to fluctuate by about 5-10%, even 

though the mean value o f the aerodynamic coefficients averaged over 8-10 iterations is 

noted to remain steady (< 2% difference between the aerodynamic coefficients predicted 

by averaging the results o f different consecutive iteration sets) after the first 20 iterations. 

The calculation is limited to 50 iterations, and i f  this lim it is reached, the values predicted 

in the last 20 iterations are averaged to dampen the effect o f small fluctuations in the 

calculated aerodynamic coefficients.

To promote numerical stability and reduce the amplitude o f fluctuations over 

iteration cycles in the aerodynamic coefficients observed for calculations involving high 

angles o f attack, under-relaxation is applied to the displacement thickness distributions 

predicted during each iteration o f the viscous flow analysis. The under-relaxation factor 

is set at 0.15, established by trial and error. With this value o f the under-relaxation factor, 

at least 29 iterations are required for the displacement thickness to reach 99% o f its 

converged value. A minimum o f 20 iterations is also enforced, which is sufficient for 8* 

to reach 96% o f its converged value.

To illustrate how the different sections o f the viscous-inviscid interaction method 

come together, a brief summary o f the solution algorithm is presented here, and a 

flowchart o f the algorithm is given in Appendix A.
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The main inputs o f the 2D aerodynamic analysis algorithm are the airfoil 

coordinates, angle o f attack, Reynolds number based on chord length, freestream 

turbulence intensity, integral length scale o f turbulence, and the correlation for the 

stalled-aerodynamics prediction method, i f  available. The algorithm proceeds in the 

following manner:

1) The airfoil coordinates are sorted to be used in the panel method; starting from 

the pressure side o f the trailing edge up to the leading edge, and back to the 

trailing edge on the suction side. The coordinates are used directly as 

boundary points and no additional panels are created by the algorithm.

2) The original airfoil geometry, including the angle o f each panel is stored 

independently so that the displacement thickness can be added to the original 

geometry after every viscous-inviscid interactive iteration.

3) The inviscid flow analysis, described in Section 4.2.1, is conducted. The 

freestream velocity and pressure coefficient distributions, and the location o f 

the stagnation point are calculated.

4) The flow distance for each side o f the airfoil, from the stagnation point to the 

trailing edge is calculated. Here, the non-displaced position o f the node that is 

closest to the stagnation point is assumed to be the stagnation point, and the 

flow distance on each side is calculated using the original airfoil geometry.

5) The calculated flow distance is discretized for the viscous flow analysis, and 

the freestream velocity at every node is interpolated. Also, d U jd s  for every 

node is calculated.

6) The viscous flow analysis is conducted as described in Section 4.2.2.
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7) The aerodynamic coefficients are calculated and checked for convergence. I f  

convergence is achieved, the calculation proceeds to the next flow condition 

(e.g., different airfoil, different angle o f attack, or different Reynolds number). 

I f  convergence is not achieved, the panels representing the airfoil surface are 

displaced outwards using the under-relaxed displacement thickness 

distribution.

8) Steps 3-7 are repeated until convergence to the desired level is reached.

4.3 Calculation of the 3D Aerodynamics of Rotating Blades

When calculating the performance o f blades with finite span, it is important to 

include the effects o f induced velocity with the associated root and tip losses (Leishman, 

2006). The present algorithm uses the blade-element-momentum theory with Prandtl root 

and tip losses to calculate the induced effects and the effective angle o f attack o f each 

blade element on a finite-span rotating blade. Using the effective angle o f attack, one can 

assume each blade element behaves as a 2D airfoil under the same flow conditions. Stall 

delay corrections as provided by Corrigan &  Schillings (1994) and Lindenburg (2004) are 

used to account for radial-flow effects. The calculation methods for wind turbines and 

propellers are presented separately, since the final equations are slightly different due to 

the direction o f the induced velocity between the two applications being opposite 

compared to the undisturbed freestream direction.
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4.3.1 Application of the Blade-EIement-Momentum Theory for the 3D 

Aerodynamic Analysis o f Wind Turbine Blades

A cross-sectional view o f a wind turbine blade is shown in Figure 4.6 with the 

aerodynamic force and moment coefficients and their corresponding directions as per the 

convention in the wind energy literature. The normal and tangential force coefficients, 

Cn and C,, correspond to the force coefficients in the y and -x ' directions,

respectively, which are used in the 2D viscous-inviscid interaction method:

C = C .n y (4.78)

c,=-cx. (4.79)

Direction o f rotation Plane o f rotation

Vm = Wind velocity 

V = Relative velocity 

a  = Angle o f attack 

tj) = Inflow angle 

C( = Lift force coefficient 

Cj = Drag force coefficient

Cm = Pitching-moment coefficient
/

Cn = Normal force coefficient 

C =  Tangential force coefficient 

C7. = Thrust force coefficient

Figure 4.6: Cross-sectional view of a wind turbine blade with aerodynamic force 

and moment coefficients. Reproduced from Simms et al. (2001).
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4.3.1.1 Calculation of Induced Velocity for Wind Turbine Blades

The induced velocity on a wind turbine blade element is calculated using the 

induction factor o f the blade-element-momentum theory from Eqn. (2.31), repeated here 

for convenience:

element from the rotation axis, X TSR is the tip-speed ratio, a  is the local rotor solidity, 

C, is d C jd a  for the blade-element airfoil, and 0a<) is the local pitch angle o f the blade

effects that alter the spanwise loading distribution on the blades, this equation is corrected 

using PrandtPs tip-loss function (Betz (1919)). This function approximates the effect o f a 

finite number o f blades and different blade twist distributions. As Leishman (2006) 

explains, Prandtl’ s function is expressed in terms o f a correction factor, F, introduced 

into the thrust coefficient equation for an infmitesimally-thin rotor disc annulus (Eqn.

where a is the induction factor, r  is the nondimensional radial distance o f the blade

element with respect to the zero-lift angle o f attack o f the airfoil. To include the tip

(2.23)):

dC, = 8 Fa (l - a ) r  dr (4.80)

in which

(4.81)

where the exponent /  is given by:



for tip losses, and

f  = —-
root 2

N j r - r 0'
y \ - a j LTSR (4.83)

for root losses. In the above equations, dCr is the thrust coefficient o f the rotor disc 

annulus; N b is the number o f blades comprising the rotor; and r0= y0/R  is the

nondimensional radial root cut-out distance, which corresponds to the non-lift generating 

section o f the blade close to the hub. W ith the Prandtl root- and tip-loss correction factor 

incorporated, the resulting induction factor equation is:

■̂̂ TSR ( -̂ TSR ̂ o0 r  0
{  16 F  2 j 8F ' [  16F 2 j

a(r,JfTSR,F ) !

Eqn. (4.84) is only valid for a  <0.5, i.e., when the following is true:

(4.84)

< < t^ t s r C/„ 1 >  c t X t s r C ^  ( X r s Rf f gor  +  l)

8 Fv 16F 2 j
(4.85)

For a > 0.5, the corresponding equation including the correction factor, F, is:

a (r ’ ^TSR’ ^ )  — ,
d^TSR Q, 1 

16F 2

f  ̂ tsrQ  1 A 
16F 2

\2

8F
(4.86)

The induction factor for any given nondimensional spanwise location, r, is found 

in an iterative manner (Leishman, 2006), by using the above equations in the following 

way:

1) For n = 1, where n is the number o f iterations, F ”“' = F° = 1 is assumed and 

the induction factor a 1 is calculated using Eqn. (4.84) i f  the inequality in Eqn.

122



(4.85) is true, or Eqn. (4.86) i f  it is false. The calculation then advances to the 

next iteration, n = 2 , and step 2.

2) The new correction factor, F " , is calculated using a"~l in Eqns. (4.81), and

(4.82) i f  r > ( l+ r 0)/2 , or (4.83) i f  r  < ( l + r0)/2 . The two inequality

conditions correspond to the blade’s lift-generating half-span close to the 

blade tip, and to the blade root, respectively.

3) The new induction factor a" is calculated by using the new correction factor 

F ” in the appropriate equation (Eqn. (4.84) or (4.86)).

4) Steps 2 and 3 are repeated until convergence to the desired level is reached for 

the induction factor. In the present algorithm, convergence is assumed to be 

reached if  |a" -a"~' | < 0.001.

Once the induction factor is calculated, the induced velocity, vf, at the 

corresponding spanwise blade element is calculated by:

v,=aV„ (4.87)

where Vn is the undisturbed freestream velocity approaching the turbine i.e., the wind 

velocity.

4.3.1.2 Calculation of the Effective Angle of Attack

The effective angle o f attack for a blade element is calculated by referring to 

Figure 2.3b. First, the inflow angle, <t>, is calculated by using:

<t> = tan
f  i/  \V - v .

Qy
(4.88)
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and the effective angle o f attack is then calculated from

a  = Q+<j> (4.89)

where 9 is the local pitch angle. The relative freestream velocity approaching the blade 

element is given by:

V„r = y l(V „-v l )2+ (a y )2 (4.90)

where D is the angular velocity o f the rotor, and y  is the radial distance o f the blade 

element from the rotation axis. The freestream flow information, effective angle o f 

attack, and the airfoil geometry for the spanwise blade element are then used in the 2D 

viscous-inviscid interaction method to calculate the aerodynamic coefficients o f each 

blade element.

4.3.2 Application of the Blade-Element-Momentum Theory for the 3D

Aerodynamic Analysis of Propeller Blades

4.3.2.1 Calculation of the Induced Velocity in Propeller Blades

dR
dF_

y® ►X

_Plane_of

‘ d D  rotat i° n

d M

Figure 4.7: Propeller blade element. Reproduced from Leishman (2006).
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In Figure 4.7, a propeller blade element is shown with the front view o f the blade 

being identical to the wind turbine model, shown in Figure 2.3a. Here, the total velocity 

in the axial direction is Vx +v( .

The fu ll derivation o f the blade-element-momentum theory for propellers can be 

found in textbooks describing propeller or rotor aerodynamics such as Leishman (2006) 

or McCormick (1967), therefore it is not presented here. Instead, the final equations to 

calculate the induced effects including Prandtl’s root- and tip-loss correction factor, F, 

are presented.

Instead o f the induction factor, a, the inflow ratio, At, is used for propellers:

V + v
4 = -= — L (4.91)

OR

Here, Vm is the freestream velocity approaching the rotor, Q is the angular velocity o f 

the rotor, and R is the blade span. The equation to calculate the inflow ratio for a blade 

element, provided by Leishman (2006), is:

erC, 1  V aC, ( aC. 1  '‘a *oc » ' a  /~i »cc
4 ( r A ’ F ) : 16 F  2

<xC,
H —6 r  -

8 F  0 V16F 2
(4.92)

where r  is the nondimensional radial distance o f the blade element from the rotation 

axis, cr is the local rotor solidity, C, is dC, jd a  for the blade-element airfoil, A., is the 

freestream inflow ratio defined as:

4  = —  (4.93)
x OR

and 0ao is the local pitch angle o f the blade element with respect to the zero-lift angle o f 

attack o f the airfoil. The Prandtl root- and tip-loss correction factor, F , is defined as:
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—  COS 
y X j («-') (4.94)

where the exponent /  is defined as:

/J 'r  2
1 - r  

\  r</> J
(4.95)

when calculating tip losses, and as

/J  root ^ (4.96)

when calculating root losses. The inflow angle, <f>, is calculated using:

f U r ) '1 = tan' (4.97)

The inflow ratio at any given nondimensional spanwise location, r , is found in 

an iterative manner as follows (Leishman, 2006):

1) I f  n = 1, where n is the number o f iterations, F"~' = F° = 1 is assumed and 

the inflow ratio, A), is calculated using Eqn. (4.92). The calculation then 

advances to the next iteration, n = 2 , and step 2.

2) The new correction factor, F ” , is calculated from Eqn. (4.94) using Eqn. 

(4.95) i f  r > ( l  + r0)/2 , or Eqn. (4.96) i f  r  < ( l + r0)/2 , and using A"~l in Eqn.

(4.97). The two inequality conditions correspond to the blade’s lift-generating 

half-span close to the blade tip, and to the blade root, respectively.

3) The new inflow ratio, A” , is calculated by using the new correction factor,

F", in Eqn. (4.92).
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4) Steps 2 and 3 are repeated until convergence to the desired level is reached for 

the inflow ratio. In the present algorithm, convergence is assumed to be

reached if  |/(" < 0.0001.

Once the inflow ratio is calculated, the induced velocity, v(, at the corresponding 

spanwise location is calculated from the definition o f the inflow ratio (Eqn. (4.91)):

4.3.2.2 Calculation of the Effective Angle of Attack

Once the induced velocity is calculated, inflow angle, (f>, is calculated by using 

(Figure 4.7):

where 9 is the local blade pitch angle. The undisturbed freestream velocity approaching 

the blade element is

As described for wind turbines, with this information, the 2D viscous-inviscid interaction 

method is used to calculate the aerodynamic coefficients o f the corresponding spanwise 

propeller blade element.

(4.98)

(4.99)

and the effective angle o f attack is then calculated from:

a  = 0-(j) (4.100)

(4.101)
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4.3.3 Stall Delay Corrections

To account for the stall delay caused by radial flow (explained in Section 3.4.3),

two models proposed by Corrigan &  Schillings (1994) and Lindenburg (2004), described 

in Sections 3.4.3.1 and 3.4.3.2, respectively, are used. These models are used to modify 

the lift and normal force coefficients calculated by the 2D viscous-inviscid interaction 

method, respectively.

To calculate the lift coefficient using the Corrigan-Schillings model under rotating 

conditions at any blade element, Eqns. (3.2) and (3.3) are used to calculate the stall delay 

angle o f attack, A a . The 2D lift coefficient for the blade element calculated by the 

viscous-inviscid interaction method is then modified using Eqn. (3.4) to calculate the lift 

coefficient under rotating conditions C, rol.

The Lindenburg stall delay model modifies the normal force coefficient, C„ (Eqn.

(4.78)), to account for stall delay using Eqn. (3.5), repeated here for convenience:

where C„ ml is the normal force coefficient under rotating conditions; c is the chord 

length; y  is the radial distance o f the blade element from the rotation axis; <j> is the 

inflow angle; and /  is the nondimensional chordwise location o f flow separation, 

calculated as f sep=x'sepJ c , in which x'sep is the chordwise location o f flow separation 

predicted by the viscous flow analysis.
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4.4 Calculation of Rotor Performance

Referring to Figure 2.3b, the thrust force, torque, and power for the wind turbine 

rotor annulus created by a 360° sweep o f a blade element around the rotor axis are 

calculated using the following equations once the lift and drag forces o f the element are 

known:

dT = Nh(dL cos <f> + dD sin <fi) (4.102)

dQ = Nb(dLs,in$-dDcostf>)y (4.103)

d P -  Nb (dL s\n <j>-dD cos <f>)Q.y (4.104)

where dT, dQ, and dP  are the thrust, torque, and power o f the rotor annulus, 

respectively; N b is the number o f blades; dL and dD are the lift and drag forces

produced by the blade element, respectively; Q is the angular velocity o f the blade; and

y  is the radial distance o f the blade element from the rotation axis.

For propellers, referring to Figure 4.7, the corresponding equations are:

dT = Nh (dL cos $ -d D s in  ft) (4.105)

dQ = Nh (dL sin 0 + dDcos0)y (4.106)

dP = Nb(dLs\n</> + dDcostf>)Qy (4.107)

Once the performance parameters o f all rotor annuli are calculated, they are 

numerically integrated along the radial distance from the root cut-out, y0, to the blade 

tip:

R
T = jd T d y  (4.108)

>0
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Q ~ j  dQdy (4.109)
.Vo

A

P = \d P d y  (4.110)
■Vo

in which R is the blade span. The total thrust and power for a wind turbine are expressed 

in coefficient form, CT and Cp , by using Eqns. (2.10) and (2.12), respectively. The 

torque coefficient is expressed as:

Cq = i   -----  (4.111)

2 '

pAVlR

in which p  is the density and A is the rotor disc area. For propellers, the corresponding 

equations for Cr , CP, and CQ are:

CT = ---- - — 7 (4.112)
pn2 (2Z?)

C = ---- - — - (4.113)
'  p n ^ lR )5

Q_
pn2 (2 R f

C g = — 1,» (4-114)

where n is the number o f rotations per second. These performance measures are used to 

evaluate the overall effects o f design changes, hence they are the performed as the final 

step in the blade performance calculation.

In this chapter, the algorithm for analyzing rotating-blade aerodynamics based on 

a 2D weak viscous-inviscid interaction method and the blade-element-momentum theory 

has been presented. In the following chapter, the prediction capability o f the present 

algorithm is discussed.
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Chapter 5: Verification and Validation

To assess the capabilities and limitations o f the present algorithm, the predictions 

are compared to numerical and experimental data from published literature. Sections 5.1 

and 5.2 verify and validate the inviscid and viscous flow analysis algorithms, 

respectively. In Section 5.3, the predicted 2D aerodynamic characteristics o f the S809 

and NACA 0012 airfoils are compared to experimental data. Finally in Section 5.4, the 

predicted aerodynamic performance o f a rotating wind turbine blade is compared to 

experimental data from the Unsteady Aerodynamics Experiment (UAE) Phase VI (Hand 

et al., 2001), conducted by the National Renewable Energy Laboratory (NREL).

No uncertainty information is available for the experimental data presented in this 

chapter. The experimental data points were obtained by digitizing published figures, and 

the inherent error o f this process is expected to result in an uncertainty o f about ±5%, 

which likely exceeds the uncertainty margins o f the experimental data.

5.1 Inviscid Flow Analysis Algorithm

To verify and validate the inviscid flow analysis algorithm, the pressure 

coefficient distribution predicted by the present source-vortex panel method on the top 

(or bottom) half o f a 2D cylinder in cross-flow is compared to the analytical solution. The 

comparison is shown in Figure 5.1, where <f> is the angular position around the cylinder 

with 0° corresponding to the angular location o f the rear stagnation point. In the figure, 

two cases with an angle difference between adjacent panels o f 10° and 20°, respectively, 

are presented. These correspond to 36 and 18 panels along the circumference o f the 

cylinder, with corresponding maximum error in the local Cp predictions as percent o f
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C„ =1 is 3% and 10%. As discussed in Section 4.2.1.5, a maximum difference o f 10°
Pmax

between adjacent panels is recommended. Additional verification and validation o f the 

inviscid flow analysis algorithm is presented in Sections 5.3.1.1 and 5.3.2.1 by comparing 

the predictions against experimental data for the S809 and NACA 0012 airfoils.

-3.0

-2.5

- 2.0

-0.5

0.0  Analytical solution
 Present study, 16.-6. ,| = 20'

 Present study, \0.-O, I = 10'
0.5

^  [degrees]

Figure 5.1: Cp d istribution on one ha lf o f a 2D cylinder in cross-flow.

5.2 Viscous flow Analysis A lgorithm

5.2.1 Lam inar Momentum-Integral Predictions

A zero-pressure-gradient laminar boundary layer calculated using Thwaites’ 

laminar momentum-integral closure method is compared to the sim ilarity solution o f 

Blasius (1907) in Figure 5.2a, where s/L indicates streamwise distance 

nondimensionalized by the surface length. The predictions agree to within less than 1% 

o f the local values in 9, S ', and Cf . A similar comparison is shown in Figure 5.2b 

against the similarity solution provided by White (2006) for a Falkner &  Skan (1931)
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self-similar flow past a wedge with an angle o f 27°. In this case, the momentum and 

displacement thicknesses predicted by the two methods agree to within 3% o f the local 

values. The discrepancy is within the 5% accuracy range suggested by White (2006) for 

Thwaites’ (1949) method. These results verify the correct implementation o f Thwaites’ 

momentum-integral closure method and validate the method for accurately predicting 

laminar boundary-layer development.

(a) (b)
800800

— Present study
Similarity solution for a Falkner 
&  Skan flow past a 27° wedge

Present study
Blasius similarity solution

600600

2 4002  400

200200

0.2 0.4 0.6 0.80.2 0.4 0.6 0.8 1.0
s/Ls/L

Figure 5.2: Comparison of the present laminar momentum-integral predictions 

against (a) Blasius’ similarity solution and (b) the similarity solution for a Falkner- 

Skan self-similar flow past a 27° wedge.

5.2.2 Turbulent Momentum-Integral Predictions

Figure 5.3 shows that the skin-friction coefficient, Cf , for a turbulent zero-

pressure-gradient boundary layer predicted by the present turbulent momentum-integral 

closure algorithm agrees with the predictions o f Prandtl’s (1921) power law 

approximation to within 8% o f the local value, excluding the peak values upstream o f 

s/L  = 0.04. In this case, 0  and 8 ’ agree to within less than 3% and 8% o f the local 

values, respectively. The discrepancies are due to the streamwise distance required for the
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momentum-integral predictions to converge to the equilibrium zero-pressure-gradient 

values.

0.016
 Present study
 Prandtl (1921) power-law approximation.0.014

0.012

0.010

0.008

0.006

0.004

0.002

0.40.2 0.6 0.8
s!L

Figure 5.3: Comparison of predicted Cf  against PrandtPs power-law

approximation for a zero-pressure-gradient turbulent boundary layer.

0.016
— Present study 
—  Coles (1964)
•  Spalart (1988) 
o Other experiments.

0.014

0.012

0.010

O  0.008

0.006

0.004

0.002

0.000,
2000500 1000

Ree
1500

Figure 5.4: Prediction of Cf  in a zero-pressure-gradient turbulent boundary layer.
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2500
 Rc^ present study

—  Re^* present study 

•  Ren Spalart (1988)tr
o Re *Spalart(1988)

2000

•«, 1500 
&

<s>
^ 1000

500 ,o ‘

Re x 10s

Figure 5.5: Prediction of Ree and Re .̂ in a zero-pressure-gradient turbulent 

boundary layer.

Favourable agreements are also noted in Figure 5.4, where the prediction o f Cf

from the present algorithm is shown to be in agreement to within 5%, 12%, and 7% o f the 

DNS results o f Spalart (1988), the experimental data o f Coles (1964), and other 

experimental results (Purtell et al. (1981), Murlis et al. (1982), and Erm et al. (1985)) 

presented in Spalart’s paper, respectively. The discrepancy between the predictions and 

Coles’ (1964) results is likely due to the Coles’ curve-fit approach to approximate 

different sets o f experimental data from a number o f studies, which, in Coles’ paper is 

shown to overshoot experimental Cf  values at small Retf, and undershoot at high Ree.

Since the present turbulent momentum-integral closure is an approximate method, some 

discrepancy is expected when comparing against experimental studies. As observed in 

Figure 5.5, the streamwise variation o f displacement and momentum thicknesses
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predicted by the present algorithm agree favourably w ith those o f Spalart (1988) obtained 

through DNS.

5.2.3 Boundary Layers with Attached-Flow Transition

The boundary-layer development predicted by the present algorithm for 

transitioning boundary layers under adverse (APG), zero (ZPG), and favourable (FPG) 

pressure gradients are compared to the experimental results provided by Abu-Ghannam 

&  Shaw (1980) in Figures 5.6, 5.7, and 5.8, which plot Ree, Cf , and H ,  respectively.

The approximate experimental locations o f transition onset and completion are also 

shown. The freestream turbulence intensities for the APG, ZPG, and FPG cases are 

1.20%, 1.25%, and 1.55% , respectively.

2500

2000

1500
«> o aZ

1000 

500

8.0 0.2 0.4 0.6 0.8 1.0
s/L

Figure 5.6: Prediction of Retf for boundary layers with attached-flow transition.
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■ Figure 5.6 shows reasonable agreement with the experimental data for the iu lly- 

laminar and transitional regions. The under-prediction in the turbulent region is noted to 

be most severe for the APG case, with the FPG case having the least error, which is not 

surprising since it is generally more d ifficu lt to predict boundary-layer parameters for 

adverse pressure gradients. However, the good agreement in Figure 5.5 for the 

comparison against Spalart’s DNS for a ZPG turbulent flow suggests that the 

discrepancies noted in the turbulent region in Figure 5.6 are likely due to the prediction 

accuracy in the transition region, for the predicted flow conditions at the end o f the 

transition region form the initia l conditions for the turbulent region.

0.016 

0.014 

0.012 

0.010 

0.008 

0.006 

0.004 

0.002

0 008.0 0.2 0.4 0.6 0.8 1.0
s/L

Figure 5.7: Prediction of Cf  for boundary layers with attached-flow transition.

Figure 5.7 shows that the predicted skin-friction coefficients are in good 

agreement with the experimental data in the laminar region. The increase in skin friction 

with transition inception and the decrease in skin friction with streamwise distance upon 

transition completion are generally predicted with sufficient accuracy. The late transition 

onset predicted by the present algorithm in the FPG case is noted to result from Abu-
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Ghannam &  Shaw’s (1980) model for predicting the transition inception location (Eqn. 

(4.48)), which suggests further improvements to the model are possible.

3.0
O APG exp.
A ZPG exp. 
o FPG exp.

 APG present study'
 ZPG present study
 FPG present study

2.8 ao

2.6

2.4

2.2
Transition completionTransition onset

2.0

0.80.2 0.4 0.6
s/L

Figure 5.8: Prediction of H for boundary layers with attached-flow transition.

Figure 5.8 shows that the shape factor is under-predicted in the laminar and 

turbulent regions for all cases, while a better agreement is present for the transitional 

region. However, the predicted shape factor values are in agreement with the general 

trend; a higher shape factor indicates a more-adverse pressure gradient, and vice versa. 

The experimental shape factor in the fully-turbulent region for the FPG case is noted to 

be almost equal to the APG case, which disagrees with the general trend. The 

discrepancies in Figure 5.8 are therefore attributed to limitations o f the present laminar 

and turbulent momentum-integral closure methods, and the limitations in matching the 

conditions o f the experiments within the simulations.
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Additional verification o f the transition model proposed by Roberts &  Yaras 

(2005b) was performed during the implementation o f the model into the present 

algorithm, and since the transition model was thoroughly validated during its 

development, additional validation was not deemed necessary. The comparisons 

presented in this section demonstrate that the momentum-integral method is a suitable 

choice for the viscous flow analysis, providing sufficiently accurate predictions for the 

boundary-layer parameters that are most relevant to the aerodynamic performance o f an 

airfoil.

5.3 Weak Viscous-inviscid Interaction Algorithm fo r Predicting 2D A irfo il 

Performance

In this section, the 2D aerodynamic performance predicted using the present 

viscous-inviscid interaction algorithm for the S809 and NACA 0012 airfoils are 

compared to published experimental data. The rationale for selecting these airfoils is 

provided in Section 4.2.1.5. The test cases are summarized in Table 5.1.

Table 5.1: Test cases for the verification and validation o f the 2D viscous-inviscid 

interaction algorithm.

Case ID A irfo il % Angles o f attack tested Parameters studied

SI S809 1 x 106 -2° < a <  20° C C C/’ t/5 m

S2 S809 2 x l0 6 -2° < a <  20° Cp, C „ Cd, Cm

N1 NACA 0012 3x l0 6 -2° < a <  20° Cp, Ct,Cd, Cm
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5.3.1 S809 Airfoil

5.3.1.1 Airfoil Surface Pressure Distributions

The predicted pressure distributions for the S809 airfoil for Case S2 at 5.1°, 10.2°, 

and 20.2° angle o f attack, which correspond to unstalled, lightly-stalled, and heavily- 

stalled conditions, respectively, are compared to the experimental results o f Somers 

(1997) in Figures 5.9, 5.10, and 5.11, respectively. The pressure distribution predicted 

from an inviscid-flow-only solution is also shown for comparison. The predicted 

transition mode and nondimensional chordwise (x '/c) separation, transition inception,

and transition completion locations for the two airfoil surfaces at 5.1°, 10.2°, and 20.2° 

angle o f attack in Case S2 are presented in Tables 5.2, 5.3, and 5.4, respectively, along 

with the transition mode and turbulent reattachment location o f the separation bubbles 

observed by Somers (1997).

- 2.0
 Viscous-inviscid interaction (Case S2)
 Inviscid flow (Case S2)
 Somers (1997)

O * -0.5

0.0

0.5

0.2 0.4 0.6 0.8 1.0
x'/c

Figure 5.9: Cp distribution for Case S2 at a = 5.1°.
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Table 5.2: Transition mode and nondimensional chordwise separation, transition

inception, and transition completion locations for Case S2 at a  = 5.1°.

Airfoil
Surface

Transition mode Laminar
sep.

(Pred.)

Transition
inception

(Pred.)

Transition
completion

Separa
tion

(Pred.)Pred. Exp. Pred. Exp.

Suction Attached Sep.
bubble - 0.280 0.531 0.509 0.949

Pressure Sep.
bubble

Sep.
bubble 0.461 0.462 0.476 0.515 -

The Cp distribution for a  = 5.1° (Figure 5.9) shows good agreement with 

experimental results, except for some discrepancy around mid-chord, where Somers 

indicates separation bubbles cause the sharp increase in Cp on both sides o f the airfoil.

As presented in Table 5.2, instead o f the separation bubble-transit ion observed by 

Somers, the present algorithm predicts attached-flow transition on the suction side, which 

results in a more gradual Cp trend. Although the separation-bubble transition mode on

the pressure side is predicted correctly, the predicted Cp distribution does not sharply

increase as observed by Somers, which suggests the present method for estimating the 

displacement thickness within separation bubbles may be improved. As expected for 

unstalled angles o f attack, the effect o f boundary-layer development on the inviscid 

stream surrounding the boundary layer is minimal, as illustrated by the favourable 

agreements between the inviscid and viscous-inviscid interactive solutions.
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Figure 5.10: C p distribution for Case S2 at a = 10.2°.

Table 5.3: Transition mode and nondimensional chordwise separation, transition 

inception, and transition completion locations for Case S2 at a  = 10.2°.

A irfo il
Surface

Transition mode Laminar
sep.

(Pred.)

T ransition 
inception 
(Pred.)

Transition
completion

Separa
tion

(Pred.)Pred. Exp. Pred. Exp.

Suction Sep.
bubble

Sep.
bubble 0.020 0.033 0.043 0.025 0.773

Pressure Sep.
bubble

Sep.
bubble 0.490 0.495 0.514 0.534 -

The pressure distribution for Case S2 at a  = 10.2° (Figure 5.10) shows reasonable 

agreement with experimental results for the suction side, and good agreement for the 

pressure side. The separation-bubble transition on the suction side is predicted with good 

accuracy (Table 5.3); however, the trailing-edge separation location is predicted further 

downstream than the location suggested by the experimental Cp distribution in

Figure 5.10, close to x'/c = 0.55. Although the predictions o f the viscous-inviscid
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interaction algorithm with the stalled-aerodynamics prediction method are more accurate 

compared to the inviscid flow solution, the accuracy o f the predictions decrease as the 

angle o f attack increases, as explained in the following sections.

The limitations o f the stalled-aerodynamics prediction method are clearly visible 

in Figure 5.11, which shows the pressure distribution for a  = 20.2°. Although the 

pressure side shows excellent agreement, the agreement on the suction side is poor. It is 

shown in the following sections that this disagreement in the suction-side pressure 

distribution causes poor drag and pitching-moment predictions at heavily-stalled angles 

o f attack; the drag coefficient is under-predicted and the pitching moment is over

predicted. This suggests that the inviscid pressure distribution around the assumed 

displacement body is not equal to the actual pressure distribution on the airfoil surface, 

and thus the assumption o f a uniform pressure distribution between the separated shear 

layer and the airfoil surface is not valid in heavily-stalled conditions.

9
 Viscous-inviscid interaction (Case S2)
 Inviscid flow (Case S2)
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Figure 5.11: Cp distribution for Case S2 at a = 20.2°.
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Table 5.4: Transition mode and nondimensional chordwise separation, transition

inception, and transition completion locations for Case S2 at a  = 20.2°.

Airfoil
Surface

Transition mode Laminar
sep.

(Pred.)

T ransition 
inception 
(Pred.)

Transition
completion

Separa
tion

(Pred.)Pred. Exp. Pred. Exp.

Suction Sep.
bubble

N/A 0.029 0.030 0.064 N/A 0.598

Pressure Sep.
bubble

N/A 0.550 0.559 0.592 N/A -

5.3.1.2 Lift Coefficient

The predicted lift coefficients for the S809 airfoil in Cases SI and S2 are 

compared to the experimental data o f Ramsay et al. (1995) and Somers (1997) in 

Figure 5.12. Good agreement with Somers’ data is present for the unstalled region 

(a  <7°), where over-prediction remains less than 10% o f C, . Between 7° < a  <10°, a

change is visible in the experimental lift-curve slope indicating flow separation at the 

trailing edge, which prompts the use o f the stalled-aerodynamics prediction method for 

angles o f attack beyond a  >7°. For the stalled angle o f attack range o f 10° < «  < 20°, 

reasonable agreement exists between the predictions o f the present algorithm and 

experimental data, which demonstrates the level o f accuracy attainable by the stalled- 

aerodynamics prediction method. It can be seen that the predicted lift coefficient beyond 

stall increases with Reynolds number, which is characteristic o f most airfoils (Abbott &  

von Doenhoff, 1959), and can also be seen in Somers’ data. It is recommended that the 

present algorithm not be used for angles o f attack greater than about 20°, since the 

predictions and experiments do not agree well beyond this angle o f attack, and the 

algorithm is not optimized for use beyond a  = 20° ~ 25°.

144



1.2 

1.0 

0.8 

0.6
u -

0.4

0.2 

0.0

°  -5 0 5 10 15 20 25
a  [degrees]

Figure 5.12: C, versus a  for the S809 airfoil for Cases SI and S2.

In Figure 5.13, the lift coefficient distribution obtained for Case S2 using the 

conventional approach o f assuming a uniform pressure distribution downstream o f the 

separation point are compared with the experimental results o f Somers (1997). The 

under-prediction o f the lift coefficient prevents the usage o f the uniform-C^ approach for

modelling separated flow and necessitates using the stalled-aerodynamics prediction 

method presented in Section 4.2.2.7.

 Viscous-inviscid interaction (Case SI)

Somers (1997) (Re( =  lxlO 6)

A  -Ramsay etal. (1995) (Re^= lx lO 6)

—  Viscous inviscid interaction (Case S2) - 

Somers (1997) (Re^ =  2 x l0 6)
_ j t_
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Figure 5.13: C, vs. a  for Case S2, using uniform- Cp approach downstream o f flow 

separation.

5.3.1.3 Drag Coefficient

The drag coefficients predicted for the S809 airfoil are compared to the 

experimental results o f Ramsay et al. (1995) and Somers (1997) in Figure 5.14 for Cases 

SI and S2. The experimental drag coefficients were obtained by means o f wake 

traversing to capture the effects o f both pressure and skin-friction drag. The predictions in 

the unstalled region show good agreement with experimental data. The effect o f 

Reynolds number on the drag coefficients is also captured, with the Cd predictions for 

Case SI being higher than Case S2. The agreement worsens beyond stall due to the 

difficulty o f modelling separated flow. This result leads to the conclusion that the 

aerodynamic coefficients predicted under stalled conditions are only usable for 

qualitative analysis for about 3° ~ 5° angle o f attack beyond stall.
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Figure 5.14: Cd vs. a  for Cases SI and S2.
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5.3.1.4 Pitching-Moment Coefficient

Figure 5.15 compares the predicted pitching-moment coefficient for Cases SI and 

S2 to the experimental results o f Ramsay et al. (1995) and Somers (1997). The results 

show a reasonable agreement up to a - T , beyond which stall occurs and the pitching- 

moment coefficients are over-predicted. The over-prediction under stalled conditions is 

due to the C distribution on the suction side being under-predicted near the leading edge

and over-predicted near the trailing edge, resulting in a higher pitching moment. It is 

noted that variations in flow Reynolds number do not have a significant effect on the 

pitching-moment coefficients, which can be seen from both the experimental and 

predicted data.
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Figure 5.15: Cm vs. a  for Cases SI and S2.

5.3.2 NACA 0012 A irfo il

5.3.2.1 A irfo il Surface Pressure Distributions

The predicted pressure distributions for the NACA 0012 airfoil for Case N1 at 9.9° and 

14.9° angle o f attack are compared to the experimental results o f Harris (1981) in Figures 

5.16 and 5.17, respectively. The uncertainty o f this particular set o f experimental data is 

estimated to be about ±0.1 for Cp. The Cp distributions at both angles o f attack show

good agreement with experimental data, and are within the estimated uncertainty range o f 

the experimental data. Since both distributions are for an unstalled angle o f attack, the 

predictions o f the viscous-inviscid interaction algorithm and the inviscid-only solution 

are almost identical.

I i i i ■ j i i i

 Viscous-inviscid interaction (Case S I)

Somers (1997) (Re^ = 1 x 106)

■A- Ramsay et al. (1995) (Re^ = 1 x 106)

 Viscous inviscid interaction (Case S2)

Somers (1997) (Re = 2x 106)
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Figure 5.16: Cp distribution for Case N1 at a = 9.9°.
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Figure 5.17: Cp distribution for Case N1 at a = 14.9°.
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5.3.2.2 L ift Coefficient

Comparison o f the predicted lift coefficient with experimental results provided by 

Abbott &  von Doenhoff (1959) is presented in Figure 5.18. The stalled-aerodynamics 

prediction method is used for angles o f attack beyond a  = 15°. The results show good 

agreement for a  < 15°, and reasonable agreement for greater angles o f attack. The slight 

over-prediction around a  = 13° -14° is attributed to the Cp distribution on the suction 

side leading edge being under-predicted, as shown in Figure 5.17.
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0.0

— —Viscous-inviscid interaction (Case N l )  
~ o - Abbott &  von Doenhoff (1959)
■.....^ .... ■..... i-............■-......  ^.....-».....   ^...................i - .......... *.........  ■....

-0.2

-0.4

a  [degrees]

Figure 5.18: C, vs. a  for the NACA 0012 airfo il at Rec = 3 x l0 6.

5.3.2.3 Drag Coefficient

Figure 5.19 presents the drag coefficient up to a  = 12°. The excellent agreement 

with the experimental results demonstrate the accuracy o f drag coefficient predictions. 

Although the lack o f published experimental data in stalled conditions prevents validation 

at high angles o f attack, it is expected that the drag coefficient for angles o f attack greater
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than the stall angle \a c =15°) w ill be under-predicted, similar to the trend observed\ Anerr /

for the S809 airfoil. The discontinuity in the slope o f the predicted drag curve is due to 

variations in the predicted drag coefficients within the uncertainty range o f the present 

algorithm.

0.016
- — Viscous-inviscid interaction (Case N l )  
-■o-Abbott &  von Doenhoff (1959)0.014
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U *  0.008
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0.000
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Figure 5.19: Cd vs. a  for the NACA 0012 airfoil at Rec = 3 x l0 6.

5.3.2.4 Pitching-Moment Coefficient

Figure 5.20 presents the pitching-moment coefficient up to a  = 18° . The 

predictions agree well with experimental data up to the stall angle, beyond which the 

pitching moment is over-predicted. The same trend is observed for the S809 airfoil, and 

the reason for this is likely the pressure distributions predicted under stalled conditions 

not being accurate.

151



0.08 

0.06 

0.04 

0.02 

0.00 

- 0.02 

-0.04 

-0.06

-5 0 5 10 15 20
a  [degrees]

Figure 5.20: Cm vs. a  for the NACA 0012 airfoil at Rec =3x10*.

5.4 Aerodynamic Loads and Performance of a Rotating Wind Turbine Blade

To evaluate the accuracy o f the aerodynamic load predictions for a rotating wind 

turbine blade, a comparison was made for the normal, tangential, and pitching-moment 

coefficients measured in the UAE - Phase VI (Hand et al., 2001), conducted by the 

NREL. Since this experiment was performed in a wind tunnel, the unsteady effects in the 

atmosphere such as freestream turbulence and gusts were not present, allowing for the 

results o f the experiment to be directly compared to the predictions o f the present 

algorithm.

The rotor and operating condition data for the NREL test turbine is provided by 

Fletcher et al. (2009), and the geometry o f the turbine blade is provided by Hand et al. 

(2001), which are summarized in Tables 5.5 and 5.6, respectively.

 Viscous-inviscid interaction (Case N l )
. "® - Abbott &  von Doenhoff (1959)
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Table 5.5: Rotor data and operating conditions for the NREL test turbine.

Number o f blades 2

Rotor radius 5.029 m

Root-cutout radius 1.257 m

A irfo il NREL S809

Rotational speed 72 RPM (constant for all wind speeds)

Blade tip  pitch 3° towards feather

Table 5.6: Blade geometry o f the NREL test turbine (lift-generating sections only).

Radial distance,

y  (m)

II Chord length, 
c (m)

Twist1 (°)
Maximum
Thickness

1.343 0.267 0.728 18.074 20.95% c

1.51 0.300 0.711 14.292 20.95% c
1.648 0.328 0.697 11.909 20.95% c
1.952 0.388 0.666 7.979 20.95% c

2.257 0.449 0.636 5.308 20.95% c
2.343 0.466 0.627 4.715 20.95% c

2.562 0.509 0.605 3.425 20.95% c
2.867 0.570 0.574 2.083 20.95% c
3.172 0.631 0.543 1.15 20.95% c
3.185 0.633 0.542 1.115 20.95% c
3.476 0.691 0.512 0.494 20.95% c
3.781 0.752 0.482 -0.015 20.95% c
4.023 0.800 0.457 -0.381 20.95% c

4.086 0.812 0.451 -0.475 20.95% c

4.391 0.873 0.42 -0.92 20.95% c
4.696 0.934 0.389 -1.352 20.95% c
4.78 0.950 0.381 -1.469 20.95% c

5 0.994 0.358 -1.775 20.95% c

The data for the normal and tangential force coefficients at five spanwise 

locations are provided by Fletcher et al. (2009), and the pitching-moment coefficients at

1 Angle convention in wind turbine literature is positive toward feather.
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three spanwise locations are provided by Simms et al. (2001) for an unyawed 

configuration at wind speeds o f 7 m/s, 10 m/s, and 25 m/s, which correspond to unstalled, 

lightly-stalled (less than 5° over ac ) , and heavily-stalled conditions (more than 5°m̂ax

over ac ), respectively.

To predict the 3D aerodynamic performance o f the blade, a database containing 

2D aerodynamic performance parameters (aerodynamic coefficients, transition inception, 

transition completion, and boundary-layer separation locations) for the airfoils used along 

the span o f the rotor blade is created, with the performance o f each airfoil section 

established for the range o f angles o f attack estimated by the blade-element momentum 

theory o f 1° increments, and flow Reynolds number o f 250,000 increments. The 

Reynolds number increment is deemed sufficient because the change in aerodynamic 

coefficients between two increments is not more than 3% for a given angle o f attack. To 

compute the 3D performance o f the rotor blade, the algorithm makes use o f the 

parameters stored in the 2D airfoil performance database by linearly interpolating the 

aerodynamic parameters using the angle o f attack and Reynolds number o f each blade 

element.

5.4.1 Normal and Tangential Forces

The normal and tangential force coefficients, Cn and C ,, for a wind speed o f 

Vx - 7  m/s are presented in Figure 5.21. At this configuration, the angle o f attack 

predicted by the blade-element-momentum theory for different blade elements ranges
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from 1.7° to 7.5°, whereas the Reynolds number ranges from Rec =5.5x l05 to

Rec = 9.4 xlO5 over the blade span.
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Figure 5.21: Spanwise Cn and C, distributions for the NREL UAE Phase VI blade 

at Ko= 7 m/s.

The predictions with no stall delay correction and the predictions with the 

Lindenburg stall delay correction show reasonable agreement with experimental data, 

with some over-prediction o f the normal force coefficient from mid-span to the blade tip. 

In comparison to the Lindenburg stall delay model, the Corrigan-Schillings model over

predicts the normal force coefficient, which is not surprising, since the Lindenburg model 

is specifically calibrated to match the results o f the NREL Phase VI experiment. 

Furthermore, the Lindenburg model directly uses the boundary-layer separation location 

predicted by the 2D viscous-inviscid interaction algorithm, whereas the Corrigan- 

Schillings model predicts the separation location using an empirical correlation (Eqn.
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(3.2)). Therefore it is expected that the Lindenburg model w ill perform better for an 

application that neither o f the stall delay models are specifically calibrated for.
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Figure 5.22: Spanwise Cn and C, distributions for the NREL UAE Phase V I blade 

at Voo= 10 m/s.

In Figure 5.22, the normal and tangential force coefficients for a wind speed o f 

=10 m/s are presented. In this configuration, the predicted angle o f attack o f the blade 

elements ranges from 3.7° to 14.2°, and the Reynolds number ranges from

Rec = 5.7x10s to Rec = 9 .6 x l0 5. The results show reasonable agreement for the 

predicted normal force coefficients using stall delay corrections, and good agreement for 

the tangential force coefficient, neglecting the experimental data for the tangential force 

at y /R  = 0.47. In this lightly-stalled condition, the benefit o f stall delay corrections 

become clear, since regions o f separated flow promote spanwise motion. The difference 

between the predictions o f the two stall delay models is also less compared to Figure

5.21, which indicates that the Corrigan-Schillings model does a reasonably good job
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under stalled conditions, even though it has not been precisely calibrated for this data set. 

The agreement in Figure 5.22 confirms the usability o f the present algorithm for the 

performance and load prediction o f rotating blades under lightly-stalled conditions.
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Figure 5.23: Spanwise C„ and C, distributions for the NREL UAE Phase VI blade 

at V<x>= 25 m/s.

In Figure 5.23, the normal and tangential force coefficients for a wind speed o f 

VK = 25 m/s are presented. Under this heavily-stalled condition, the angle o f attack o f the 

blade elements ranges from 16.2° to 40.5°, and the Reynolds number ranges from 

Rec =8.2x l05 to Ret. = 1.2 x 106. Poor agreement between the predictions and the

experimental data is expected due to the viscous-inviscid interaction method for the 2D 

aerodynamics having very limited accuracy under stalled conditions, and the blade- 

element-momentum theory being based on the assumption that each spanwise blade 

element can be treated independently without any spanwise flow effects, which become 

significant under stalled conditions. The poor predictions for Cn and C, are mainly due

o  N R E L experimental data
 V l l  without stall delay
 V I I  with Lindenburg stall delay
 V I I  with Corrigan &  Schillings stall delay-

V =  25 m/s00

— "***
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to the under-prediction o f the drag coefficient at stalled angles o f attack causing the 

normal force coefficient to be under-predicted, and the tangential force coefficient to be 

over-predicted.

5.4.2 Pitching Moment
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Figure 5.24: Spanwise Cm distribution for the NREL UAE Phase V I blade at Vx = 7, 

Vco= 10, and V^ = 25 m/s.

The predicted and experimental pitching-moment coefficients for wind speeds o f 

7, 10, and 25 m/s are compared in Figure 5.24. Good agreement is present for Vx =7

m/s, with the slight discrepancies at the blade root and tip likely being caused by the 

effects o f root and tip loss on the pitching moment not being accurately predicted by 

PrandtPs correction factor. The discrepancy at higher wind speeds is due to poor 

pitching-moment predictions by the viscous-inviscid interaction algorithm under stalled 

conditions, and the lack o f empirical models that account for the change in the pitching

IT

a
o N R E L exp. data (F x  ** 7 m/s)

A  N R E L exp. data (Kx - 10 m/s)

o N R E L exp. data ( F^ =  25 m/s)

 Viscous-inviscid interaction (F  = 7  m/s) -
30

 Viscous-inviscid interaction ( F  =  10 m/s) ’

 Viscous-inviscid interaction ( F  =  25 m /s ).
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moment due to spanwise flow. Even i f  2D pitching-moment data for the airfoil were 

available for stalled conditions, the absence o f such empirical models makes it necessary 

to use methods that can simulate the 3D aerodynamics in order to accurately predict the 

pitching moment for rotating blades under such conditions.

The results presented in this chapter show that the present viscous-inviscid 

interaction algorithm can be used to predict the aerodynamic performance o f 2D airfoil 

sections and rotating blades under incompressible, unstalled, and unyawed (for rotors) 

conditions, with sufficient accuracy for design optimization. The 2D aerodynamic 

coefficient ( C,, Cd, and Cm) predictions under these conditions are expected to be

within 10% o f the actual values. For stalled conditions, the predictions have limited 

accuracy. Even with a more advanced proposed approach to account for the effects o f 

stall on airfoil performance, quantitatively accurate predictions are limited to only a few 

degrees o f angle o f attack beyond stall.

5.5 Computation Time

Since one o f the goals o f the present study is to ensure the developed algorithm is 

computationally efficient and suitable for quickly evaluating the effect o f design changes 

to a 2D or 3D lift-generating body, the computation times were benchmarked using an 

Intel® Core™ i5-750 desktop processor running at a clock speed o f 2.66 GHz. The CPU 

time required to analyze a wind turbine blade with a single nondimensional airfoil 

geometry along its span is expected to be within 10 minutes for unstalled operating 

conditions, and 15 minutes for lightly-stalled conditions, including the creation o f the 

database for the 2D airfoil performance using the viscous-inviscid interaction algorithm.
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The computation time increases for stalled conditions because o f the increased angle o f 

attack range over the blade span, and the requirement for a greater number o f iterations 

for the 2D viscous-inviscid interaction algorithm to converge. Subsequent computations 

should require much less time under similar freestream conditions (turbulence intensity, 

integral length scale o f turbulence, etc.), provided that the airfoil geometry does not 

change, as the computed aerodynamic characteristics are saved in a lookup table and can 

be accessed by the software when needed. For a 2D airfoil section represented by 120 and 

220 panels, each viscous-inviscid interactive calculation iteration is estimated to take 

about 0.5 to 1 second o f CPU time, respectively, so that computing the 2D airfoil 

aerodynamic performance at a given angle o f attack and Reynolds number requires a 

maximum o f 25 to 50 seconds o f CPU time, respectively. An increase in computation 

speed o f about 50% may be achieved by compiling the software and running it as a stand

alone executable instead o f running it in a MATLAB® environment.

In this chapter, the prediction capability and the prediction accuracy o f the present 

algorithm have been discussed by comparing the predictions with published experimental 

and numerical data, and information on the computational power and computation time 

requirements has been provided.
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Chapter 6: Conclusions and Future Work

6.1 Conclusions

A comprehensive algorithm for calculating the aerodynamic performance o f 

rotating blades under steady and incompressible flow conditions has been developed. 

State-of-the-art methods for modeling boundary-layer transition and stall delay have been 

combined with well-established aerodynamic analysis methods to provide a unique 

algorithm that strikes a good balance between accuracy, flow information, and 

computational efficiency. It is possible to integrate the present algorithm with a structural 

analysis algorithm to perform aeroelastic simulations o f lift-generating bodies, which 

ensures that the present algorithm will retain its value as a useful design tool in the future 

among other CFD methods (RANS, LES, DNS) which do not offer the same capability. 

The weak viscous-inviscid interaction scheme o f the algorithm allows the viscous effects 

to be accounted for, so that the skin-friction and pressure drag can be predicted along 

with the lift and pitching moment. The algorithm is shown to provide predictions that are 

sufficiently accurate for design optimization under unstalied operating conditions.

The present study also proposes and tests a new approach to modelling regions o f 

separated flow in order to predict the aerodynamics o f stalled airfoils. It is shown that 

under stalled operating conditions, the proposed stalled-aerodynamics prediction method 

may be used for a qualitative analysis o f the aerodynamic performance o f the blade; 

however, its accuracy is limited to about 3° ~ 5° angle o f attack beyond stall. Based on 

the predictions o f the present algorithm, it can be concluded that the complex and 

unsteady nature o f stalled operating conditions requires the use o f more detailed methods 

such as RANS simulations.
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6.2 Future Work

In order to increase the accuracy o f the 2D aerodynamic predictions under stalled 

conditions, the weak viscous-inviscid interaction scheme may be converted to a strong 

interaction scheme by either simultaneously solving the viscous and inviscid flow 

equations or using the quasi-simultaneous solution method o f Veldman (1981). However, 

with the 3D effects that are present under rotating and stalled conditions, the outcome 

may not be worth the time and effort invested in it, since the computationally-efficient 

methods available today for calculating the 3D aerodynamics, such as the blade-element- 

momentum theory, Prandtl’s tip loss function, and empirical stall delay corrections, 

would still significantly limit the accuracy o f the predictions under such conditions.

To make the stalled-aerodynamics prediction method applicable to all airfoils 

without the need to modify the coefficients o f the close-to-linear correlation for m for 

each airfoil, a stall detection method (possibly based on the chordwise location o f flow 

separation) can be developed to identify the angle o f attack at which stall occurs, and a 

global equation to obtain the coefficients o f the correlation can be identified by analyzing 

a wide range o f airfoils with different thickness and camber properties. Although this 

process is straightforward, the limited usability o f the stalled-aerodynamics prediction 

method prompts the improvement o f the present algorithm in other directions.

As an example o f such an improvement, instead o f the 2D panel method used in 

the present algorithm, a 3D panel method may be used to model the full blade and its 

wake under rotating conditions to account for the 3D lift- and wake-induced flow effects, 

along with the present viscous flow analysis algorithm in a weak viscous-inviscid 

interaction scheme.
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Appendices

Appendix A: Flowchart of the Present Aerodynamic Analysis Algorithm
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Appendix B: Coordinates for the S809 and NACA 0012 Airfoils
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Figure B.l: S809 airfoil geometry.

Table B.l: Set of S809 airfoil coordinates provided by Somers (1997) with extra 

coordinates calculated in the present study using a piecewise cubic Hermite 

interpolating polynomial shaded in gray.
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B.2 NACA 0012 Airfoil
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Figure B.2: NACA 0012 airfoil geometry.

Table B.2: Set of NACA 0012 airfoil coordinates provided by Harris (1981) with 

extra coordinates calculated in the present study using a piecewise cubic Hermite 

interpolating polynomial shaded in gray.
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