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Abstract 

The micro-optic resonators confines light in a small volume resonating cavity and 

sustains a high-quality factor. Among all micro resonator morphologies, the micro-optic 

bottle resonator has a 3-D mode confinement geometry. In this thesis, MBR is profiled by 

azimuthal sculpting of a pair of rings along the glass whisker’s perimeter. The structure is 

examined using a numerical solver optimized for the cylindrical symmetry of such 

resonators. The modal space and field profiles are computed as a function of ring spacing 

and demonstrate that multiple glass region confined states are available and can generally 

be thought of as Whispering Gallery Modes. Additional computational results are 

presented when the structure is configured as a sensor, suitable for measuring a specific 

constituent such as index of refraction, temperatures, gases, and chemicals. Attempts were 

underway to fabricate the MBR’s geometry, but the work has remained incomplete due to 

COVID-19. 

In this thesis from designing the MBR (reduced-size) to implementing its 

fundamental mode WGM resonance wavelength into various sensor-related applications 

(mentioned above) are the work of the author. Whereas for the computational needs FFB 

mode solver was built by the supervisor (Dr. Gauthier). 
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Chapter  1: Introduction 

The optical resonators can be configured in several basic geometries, for which the 

bottle resonator is a useful micro-optic variation. In its most general form, the Micro-optic 

Bottle Resonator (MBR) consists of an axially extended and azimuthally symmetric high 

relative permittivity region surrounded by a lower relative permittivity medium. The most 

common geometries are optical fibers, rings, and spheres [1-4]. The physical principle that 

confines light about the structure is generally referred to using the ray optics analogy of 

Whispering Gallery Modes (WGM), even when the optical wavelength is comparable to 

the structural dimensions. The MBR finds itself a candidate as the base structure of 

numerous real-world applications such as the laser resonator [5], delay line [6], narrow 

linewidth filter [7], quantum electrodynamics [8], nonlinear MBR [9], and optomechanical 

MBR [10]. In this thesis, the MBR is numerically examined using spectral analysis 

exploiting the structure’s cylindrical symmetry to reduce the computation of a 3-D system 

requiring only a 2-D (radial, axial) analysis. Numerical calculations were performed using 

the Fourier-Fourier-Bessel (FFB) mode solver, whose matrix reduction techniques results 

in a faster computational process compared to Finite-Difference Time-Domain (FDTD) 

and Plane-Wave Expansion Method (PWEM).  

 The MBR of this thesis was sculpted from two azimuthally directed ring 

indentations on a glass fiber. The optical mode space for the MBR as a function of axial 

indentation ring spacing is provided, and samples of the available modes are plotted. The 
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modal properties for the MBR structures acting as an optical sensor are examined when the 

ambient medium’s refractive index, temperature, and chemical composition change. 

 Chapter 2 is devoted to literature review of optical resonators, in general, and 

review WGM resonance condition, sensing modalities, characteristics, and various cavity 

structures. 

 Chapter 3 focuses on literature review of the micro-optic bottle resonator (solid and 

hollow) fabrication methods, optical coupling techniques, and potential applications. A 

fabrication process explored for MBR fabrication was cut short due to lab access 

restrictions from COVID-19. 

 Chapter 4 gives a literature review on the micro-optic bottle resonator’s sensing 

capabilities and detection limits when utilized to measure temperature, gas, and chemical 

constituents.  

 Chapter 5 gives an overview of numerical techniques such as FEM, FDTD, PWEM, 

and FFB. Each of these has its advantages and disadvantages depending on the structure, 

material, and properties to be determined. The suitability of the FFB mode solver for 

numerical computations used in this thesis is presented. The theoretical development is 

provided, leading to an eigenvalue equation where the optical mode complex frequencies 

and field profiles are the direct solution information.  

 Chapter 6 presents author’s work on the geometrical and material properties of the 

micro-optic bottle resonator and hollow micro-optic bottle resonator designing. The mode 
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space is computed using FFB for the designed resonators as a function of the bottle’s axial 

width mode confinement. 

 Chapter 7 presents the author’s theoretical results obtained from the designed solid 

and hollow-core micro-optic bottle resonator structure configured as optical sensors. The 

modal properties of the MBR structures were examined as a function of the ambient 

medium’s refractive index and change in temperature. This chapter also presents the 

hollow-core bottle resonator configuration used to detect chemical variation in the internal 

(hollow) and external ambient regions.  

 Chapter 8 summarizes all findings. The results have led to one conference 

proceeding and an international conference poster presentation. The thesis supervisor 

developed the FFB mode solver. All numerical results are the work of the author. 

Appendix A includes details on the MBR micromachining’s fabrication process 

using a direct-writing machine, SF-100, and a UV-Aligner at Carleton University’s micro 

fabrication lab facility. Due to COVID-19, the work was halted.  
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Chapter  2: Resonators 

2.1 Photonic Resonators  

Photonic resonant structures are formed in device configurations where light 

harnessing is induced by confining photons. In general, resonant structures can be sorted 

into two categories: refractive and diffractive resonators [11]. Refractive resonators rely on 

Total Internal Reflection (TIR) of light, such as the Fabry-Pérot resonator (FP) and 

Whispering Gallery Mode (WGM) resonator. Diffractive resonators depend on light 

diffraction, such as the Photonic Crystals (PCs) resonator and Laser resonator. See Figure 

2.1 for a few resonating structure examples. The principles of each category are examined 

below. 

Figure 2.1 Three photonic resonator structures are displayed to compare how photons are 

confined inside. On the left is a FP resonator, the center one is PCs, and the right one is an 

example of WGM. 
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2.1.1  Fabry-Pérot Resonator 

FP resonator can consist of a transparent medium bound by two parallel reflecting 

surfaces facing each other, as shown in Figure 2.1-left. FP resonator type can also be 

configured from curved mirrors. Each time light encounters one of the surfaces, a portion 

of it is transmitted, and the remaining is reflected. The net effect is to divide the beam into 

multiple beams, which then interfere together.  

An incident beam travelling along the axis inside the resonator should be half-

wavelength (or an integer multiple) of the resonator’s length. When the optical field is 

trapped inside the resonator it can lead to a strong field build-up, and this phenomenon is 

often called resonance (Figure 2.2). The resonance is expressed as: 

     𝜆𝑟 =
2𝑛𝐿

𝑚
     (2.1) 

where 𝑛 is the index of refraction, 𝐿 is the spacing between the reflecting mirrors, and 𝑚 

is an integer (𝑚 =  1, 2, 3. . . ). Typical resonator parameters of interest, the Quality factor 

(𝑄) and Free Spectral Range (FSR), are defined in Sections 2.2.1 and 2.2.3, respectively. 

In general, the FP resonator displays a small 𝑄 factor [1].  
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2.1.2  Photonic Crystal Resonator  

PCs are periodic structures designed to affect photon flow in the same way that 

energy levels in semiconductor crystals affect electron flow. PCs are typically composed 

of high dielectric constant materials in one, two, and/or three-dimensions. If a defect 

perturbs the supporting bandgap structure’s periodicity, states within the bandgap may be 

present and lead to defects for light localization. The defect region’s mode volume (𝑉) is 

the smallest of all resonating structures (Figure 2.1-center). Also, PCs resonator exhibit a 

high 𝑄/𝑉 ratio [12].  

2.1.3 Whispering Gallery Mode 

Lord Rayleigh was the first to discover the whispering gallery resonance 

phenomenon in the dome of St. Paul’s cathedral in London [13]. He observed that sound 

Figure 2.2 The resonance spectrum of a Fabry-Pérot Resonator. 
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could be heard at specific points along the dome’s circumference, indicating that the sound 

waves form so-called WGMs within the dome structure. The same concept of sound 

reflection along the dome applies in the optical domain for micro-optic resonators of 

similar geometries [14]. 

In 1969, the acoustic concept was theoretically extended by Marcatili at Bell Labs 

into the optics regime [14]. He presented WGM in a micro-optic ring resonator, which has 

a higher refractive index than the surrounding. The optical field inside the resonator 

exhibited strong resonance behavior when the round-trip meets at the same point and has 

a phase shift equal to an integer multiple of 2𝜋. Hence, the fields constructively interfere. 

These resonances significantly depend on the cavity’s geometry, and the resonant modes 

are confined at the air-dielectric interface (Figure 2.1-right). The mathematical relationship 

for resonance is: 

𝜆𝑟 =
2𝜋𝑛𝑅

𝑚
     (2.2) 

where 𝑛 is the internal refractive index, 𝑚 is the integer multiple related to the mode order, 

𝑅 is the radius of the structure, and 𝜆𝑟 is the free space wavelength of the propagating light. 

2.2 Properties of an Optical Resonator  

An overview of the main properties of optical resonator cavities are presented, 

including Quality factor (𝑄), FSR, Finesse (F), and Mode Volume (𝑉). 
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2.2.1  Quality Factor  

Resonance is characterized by a parameter called the Quality factor (𝑄). The 𝑄 

factor indicates how lossy a resonator state can be. It is a characteristic of a resonator, 

defined as the ratio of stored energy to the power loss: 

𝑄 =  
𝜔𝑜 (𝑒𝑛𝑒𝑟𝑔𝑦 𝑠𝑡𝑜𝑟𝑒𝑑 𝑖𝑛 𝑡ℎ𝑒 𝑟𝑒𝑠𝑜𝑛𝑎𝑡𝑜𝑟)

𝑡𝑖𝑚𝑒−𝑎𝑣𝑒𝑟𝑎𝑔𝑒𝑑 𝑝𝑜𝑤𝑒𝑟 𝑙𝑜𝑠𝑠 
    (2.3) 

The 𝑄 factor may also be expressed using the photon lifetime, 𝜏, and the oscillating optical 

field’s frequency, 𝜔𝑜 =
2𝜋𝑐

𝜆
, as: 

𝑄 =  𝜏𝜔o     (2.4) 

The 𝑄 factor may also be determined from the frequency spectrum obtained by the Fourier 

transform of the field by finding the resonance frequencies of the signal and measuring the 

full-width-half-maxima (FWHM) of the resonant peaks (Figure 2.3). It can be expressed 

as:  

𝑄 =  
𝜔𝑜

∆𝜔
 =  

𝜆𝑜

∆𝜆
     (2.5) 

where 𝜔, 𝜆, 𝛥𝜆, and 𝛥𝜔 are the resonant frequency, wavelength, and FWHM of resonance 

Lorentzian shape in the wavelength and frequency domain, respectively.  
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The intrinsic 𝑄 factor, 𝑄𝑖𝑛𝑡 , is always the sum of all losses in the resonator 

expressible as: 

1

𝑄𝑖𝑛𝑡
=

1

𝑄𝑚𝑎𝑡
+

1

𝑄𝑠𝑐𝑡
+

1

𝑄𝑠𝑢𝑟𝑓
+

1

𝑄𝑟𝑎𝑑
   (2.6) 

where 𝑄𝑚𝑎𝑡  is intrinsic material absorption, 𝑄𝑠𝑐𝑡 is scattering losses from the surface 

roughness, 𝑄𝑠𝑢𝑟𝑓  is surface absorption loss caused due to surface coatings or 

contaminations, and 𝑄𝑟𝑎𝑑  is the bending loss or radiation loss arising from the total 

internal reflections at a curved interface. When the resonator is coupled to an external 

mode, the overall 𝑄 factor, 𝑄𝑡𝑜𝑡𝑎𝑙, gains an additional contribution, 𝑄𝑒𝑥𝑡 due to losses from 

that external mode. 

1

𝑄𝑡𝑜𝑡𝑎𝑙
=

1

𝑄𝑖𝑛𝑡
+

1

𝑄𝑒𝑥𝑡
     (2.7) 

Figure 2.3 The resonator’s Quality factor in the frequency domain. 
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2.2.2 Mode Volume 

Another important property of the resonator is the mode volume, 𝑉. The mode 

volume is the effective volume the mode occupies if the energy density is homogeneous 

and equal to the original mode’s maximum energy density. It is the confinement of light in 

the cavity expressible as: 

𝑉 =  ʃ
Ɛ(𝑟)⃓𝐸(𝑟)⃓2

𝑚𝑎𝑥 (Ɛ(𝑟)⃓𝐸(𝑟)⃓2)
𝑑𝑟3    (2.8) 

The smaller the mode volume, the more tightly the mode is confined.  

2.2.3 Free Spectral Range 

The FSR is a normalized resonator property related to the resonant peaks’ spacing 

to cavity length. It can be expressed as:  

𝐹𝑆𝑅 =
𝜆2

2𝑙
     (2.9) 

where 𝑙 is the resonator’s length. The FSR and length are inversely proportional to one 

another.   

2.2.4 Finesse 

Finesse is defined as the ratio of FSR and the FWHM linewidth of a resonance [15]. 

The resonator’s finesse tells us the distance of the resonant peaks in terms of the number 

of FWHM linewidths between two consecutive resonant peaks. Simply, it can be explained 

as the number of bounces a light makes before leaking out or being absorbed. It is also 
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equal to the 𝑄 factor times the fraction of the spectrum covered by one FSR of the resonator 

[17]. 

𝐹 =
𝛥𝜔𝐹𝑆𝑅

𝛥𝜔𝐹𝑊𝐻𝑀
= 𝑄

𝛥𝜔𝐹𝑆𝑅

𝜔0
    (2.10) 

2.3 Cavity Structures 

Resonant structures are made from dielectric materials and metals [16, 17]. There 

are several various micro-optic resonator cavities whose operating principles closely 

resemble WGM. They are classified by their geometrical shape, see Figure 2.4.  

 

Figure 2.4 Geometrical representation of commonly used micro-cavity/resonator structures 

based on the WGM principle (a) micro-ring, (b) micro-capillary, (c) micro-sphere, (d) 

micro-bottle, (e) micro-disk, and (f) micro-toroid. 
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2.3.1  Micro Ring 

The micro ring resonator is a circular closed-loop waveguide, Figure 2.4(a). It can 

be fabricated using different materials such as silicon, silicon dioxide, and polymers. SOI 

waveguides channel light into the silicon core surrounded by a silicon oxide bottom 

cladding and a low index top cladding (oxide or air). A bus or other ring waveguide can be 

coupled to this resonator to transmit input and output signals. An array of these resonators 

can easily be fabricated, permitting wavelength division multiplexing. The 𝑄 factor can be 

in the range of 103-106. A new structure, the PANDA ring resonator, has been specifically 

designed to exploit the material’s nonlinear optical properties. It has a center ring and two 

nonlinear side rings made of InGaAs [18]. 

2.3.2 Micro Capillary 

The micro capillary is a hollow-core cylinder, Figure 2.4(b). It can be made by 

stretching glass tubes. They are easily fabricated resonators with the ability to couple light 

in and out. The light is confined along its perimeter. This kind of resonator provides optical 

access to the analytes that flow within the hollowed core. The sensitivity measured from 

the micro capillary resonator depends on the radius and wall thickness. A thin-walled 

resonator overlaps the WGM fields with the analyte to provide improved sensitivity [19].  

2.3.3 Micro Sphere 

A micro sphere resonator is a 3-D structure. It resembles the shape of a ball or 

continuous round surface, Figure 2.4(c). The sizes of sphere resonators vary from 40 µ𝑚 

to 400 µ𝑚, are easily fabricated, and are typically made from silica optical fiber. The 
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fiber’s tip is melted using electric arc heating, where the surface tension causes it to evolve 

into a round surface. The sphere shape immediately solidifies as the heat source is removed. 

The light travels around the edges (polar axis) of the micro sphere resonator; if it returns 

to the same point with the same phase, it constructively interferes to form resonance. The 

optical mode is confined in the polar direction. This resonator can have a low optical loss 

and ultra-high sensitivity. Due to minimal reflection loss and deficient material absorption, 

this resonator can achieve 𝑄 factors up to 1011 [20].  

2.3.4  Micro Bottle 

The MBR has a cylindrical symmetry whose radius smoothly increases along the 

axial direction to a few microns forming an enlarged central region, and then the radius 

smoothly decreases, Figure 2.4(d). The enlarged central region takes a parabolic shape. It 

can be fabricated from optical fibers and/or polymers. The elongated axial width provides 

broader space for the mode confinement in this direction than the micro sphere resonator. 

The decreasing radii prevent light from leaking out of the resonator. The 𝑄 factor can reach 

up to 109 [21]. The MBR will be further discussed in the upcoming chapters. 

2.3.5 Micro Disk 

The micro disk resonator is a flattened cylinder of a small height, suspended over a 

silicon pillar of a few microns in height above the substrate, see Figure 2.4(e). It is 

millimeter-sized and fabricated using high-purity crystals, SoI or Si3N4. The micro disk 

geometry allows 3-D confinement of light in both the transverse and in-plane directions 

with respect to its orientation. In the transverse direction, it behaves as a planar waveguide. 
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In the in-plane direction, light circulates the edges of the disk. The micro disk is similar to 

the micro sphere in terms of the modes supported. The 𝑄 factor is in the range of 104-105 

[22]. 

2.3.6 Micro Toroid 

The micro toroid is a flat 3-D structure, but its essential properties rely on two 

dimensions. Its geometry can be described as a disk resonator with toroidal (i.e., doughnut) 

edges suspended over a silicon pillar by a silica membrane, see Figure 2.4(f). It is fabricated 

on an oxide-coated Si wafer. The torus’ small diameter allows the optical modes to be 

tightly confined in the micro toroid compared to the micro sphere. It acquires the 

advantages of both the micro ring and micro sphere resonators. The structure has a smaller 

mode volume than the micro sphere, whereas the 𝑄 factor can be 107-108 [23].   

2.4 Sensing Principle 

Optical sensors are tools for qualitative and quantitative information acquisition of 

the analyte present in the resonator’s surrounding environment. Any perturbation can cause 

the resonance’s frequency to shift and affect the resonator’s physical parameters (such as 

the size and refractive index). These perturbations can be a bulk change in refractive index, 

a single nanoparticle, a small number of compounds, temperature, pressure, or stress-strain. 

Each of them corresponds to a different kind of change in the transmission spectrum [24-

25]. Sensing modalities are techniques used to extract these desired changes caused by 

perturbations.  
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The advantages of optical sensing are that it does not alter the materialistic 

properties of the resonator. The resonator’s interaction with the particles (bulk, single, or 

molecular compounds) present in the surrounding medium can be controlled for improved 

detection response using various sensing modalities. 

For an MBR to work as an optical chemical sensor, the optical beam will excite the 

MBR’s WGM, which then interacts with the analyte (single nanoparticles or molecular 

compounds whose presence is to be detected), causing the resonance frequency to shift. 

The change in the resonance spectrum can be used for further sensitivity calculations. For 

an MBR optical temperature sensor, such as an optical fiber resonator configuration, a 

physical temperature change may modify the resonator’s size and refractive index, 

resulting in a measurable wavelength shift.   

Some of the commonly used sensing modalities are discussed below: 

2.4.1 Mode Shift/Reactive Shift 

Mode shift, also known as reactive shift, is one of the most common sensing 

modalities. Any small perturbation in the refractive index, temperature, and/or resonator’s 

shape will result in a slight change in the resonant wavelength (or frequency), see Figure 

2.5. The temperature changes introduce two other effects onto the resonator: the thermo-

optic effect (changes the refractive index) and linear thermal expansion (changes the 

resonator’s size); more details are in Section 4.2.1. It is used to detect various chemical 

analyte types, such as bulk refractive index changes, monolayer adsorption, and single-

molecule perturbations. Refractometers, for example, directly aim to monitor changes in 
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the bulk refractive index [26]. The author’s work for gas detection using MBR works on 

this mode shift modality [27].  

 

 

 

 

 

 

 

 

2.4.2 Mode Splitting 

Typically, a resonator possesses two degenerate WGMs with the same resonant 

frequency/wavelength and field distributions but in clockwise (CW) and counter clockwise 

(CCW) propagation directions. With the introduction of a scatterer (direction-specific 

perturbation), surface roughness, or material inhomogeneity, the resonator deviates from 

its perfect azimuthal symmetry in the mode volume. There will be backscattering inside 

the resonator, which couples to the CW and CCW modes. Because of this coupling, 

degeneracy between the two modes may be lifted [28-30]. The mode’s resonance splits 

into a doublet (Figure 2.6).  

Figure 2.5 The dotted line is the original spectrum. The solid curve is the mode shift 

after the analyte is introduced in the resonator surrounding. 
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This mode splitting technique is suitable for detecting the number of nanoparticles 

using scatterer-induced coupling between the CW and CCW propagating modes. This 

technique’s drawback is that it is insensitive to the constant change in the bulk refractive 

index in the resonator’s ambient medium. If, for instance, a uniform layer is deposited on 

the resonator’s surface, no mode splitting will occur [31-32]. 

 

 

2.4.3 Mode Broadening 

Mode broadening widens the linewidth with the shift in the resonator’s frequency 

or wavelength, shown in Figure 2.7. A single nanoparticle is attached to the resonator; it 

breaks the rotational symmetry scattering light between CW and CCW modes and possibly 

other modes. Scattering into CW and CCW modes gives rise to non-degenerate coherent 

Figure 2.6 Mode splitting sensing modality: the dotted line is the original spectrum, 

and the solid curve represents the mode splitting after the analyte is introduced onto 

the resonator surface. 
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superposition, yielding two new states in the form of standing waves. One will have a 

maximum field, and the other will have a minimum field at the particle position. This 

scattering into modes will lower the 𝑄 factor and introduce broadening of the standing 

wave WGMs [33].  

 

 

 

 

Broadening caused by every single nanoparticle is distinct, mainly due to its 

position on the resonator shown in Figure 2.8. As the number of particles increases, the 

linewidth increases. The detection from a reactive shift and mode splitting is susceptible to 

external noise. To overcome noise issues, one must create a microcavity with an ultra-high 

𝑄 factor. In contrast, mode broadening is immune to noise from the laser and environmental 

disturbances. A deformed, polydimethylsiloxane (PDMS)-coated cavity can significantly 

Figure 2.7 In the mode broadening sensing modality, the dotted line is the 

original spectrum. The solid curve shows the broadened mode when the 

analyte is placed on to the resonator's surface. 
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suppress the thermo-optic noise induced from the laser and environmental thermal drift 

[34]. Besides, the microcavity does not need to possess an ultra-high 𝑄 factor [35]. It was 

also observed that coupling strength does not affect the linewidth resonance dips [36]. 

Linewidth measurements are self-referenced and external drifts do not reduce their 

accuracy [37]. Broadening provides a better detection limit [35]. 

To conclude, sensing mechanisms for particles smaller than the WGM wavelength 

give rise to reactive shift and mode splitting, whereas, for a single nano-sized particle, the 

mode broadening is the dominant effect. 

Figure 2.8 Transmission spectrum of 0 to 4 nanoparticles attached to the surface excited 

by a visible light laser. The figure is reproduced with permission from [38]. 
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In this chapter, the WGM resonance condition is discussed in detail. The sensing 

modalities, characteristics, and various optical cavities based on the same concept are also 

presented. Among these structural profiles, the optical MBR was found to be the least 

explored. Its unique features motivated the author to further research in this particular field 

of micro-optic resonators. From this point onwards, the main focus of discussion will be 

on MBR and its various applications. 
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Chapter  3:  Literature Review on the Micro-optic Bottle Resonator  

In this chapter, the discussion focuses on the MBR. As previously indicated, the 

MBR generally has a cylindrical symmetry with an enlarged central region, from 20 𝜇𝑚 

to 500 𝜇𝑚, bounded by smoothly decreasing radii in both axial directions. The MBR can 

also display a high 𝑄 factor on the order of (109). The numerical computation and potential 

application orientation of the MBR geometry are examined in this thesis for significantly 

reduced structure from 1 𝜇𝑚 to 5 𝜇𝑚 range. The intention was to perform proof of design 

using a scaled-up version of the MBR fabricated at Carleton and Royal Military College 

(RMC) in Kingston. Such effort was cut short due to limited lab access imposed by the 

global pandemic.  

In 2004, the pioneer, M. Sumetsky, introduced a micro-optic resonator that looked 

like an elongated spheroid and named it a Whispering Gallery Bottle [21]. Its geometry 

shows 3-D WGM confinement, as shown in Figure 3.1. The most common MBR 

configuration consists of an axially enlarged region on a solid [39] or hollow glass fiber 

[40]. It is a cylindrical WGM resonator whose radius increases from both ends smoothly 

up along the axial direction, forming a ridge. The ends of the radii then smoothly taper 

down, making the overall structure resemble a double-neck bottle, preventing light from 

leaking out of the bottle. The enlarged region’s radial and axial profiles determine the 

modes’ optical properties that may circulate in the azimuthal direction. It also provides 

flexibility to excite bottle-modes and selectively exhibits an ultra-high 𝑄 (109). If the 
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coupling is moved, irrespective of its position between the two ring indentations, WGMs 

may be excited [41].  

 

 

 

 

 

 

3.1 Fabrication 

Most MBRs are fabricated starting with uniform optical glass fiber. This fabrication 

method, as well as other more elaborate approaches, are discussed below.  

3.1.1 Melting Optical Glass Fiber by a CO2 Laser 

Heating fiber through a laser source is different from heating with a flame or fusion 

splicer. Heat is internally-generated by optical absorption within the fiber as opposed to 

thermal conduction from an external source. In this fabrication method, the two tapered 

ends of the MBR are produced by melting the glass with the laser light and pulling on the 

softened glass, reducing the axial radii. A smooth ridge (bottle region) is formed between 

the two tapers, as shown in Figure 3.2 [42]. In collaboration with the RMC, an attempt was 

made to fabricate the MBR using the laser heating method.  

Figure 3.1 Schematic profile of the Micro-optic Bottle Resonator. 
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3.1.2 Softening and Compression 

In this process, the ends of two glass optical fibers were cleaved flat. Both ends 

were axially aligned and pushed towards each other while continuous heat was applied 

using an arc discharge. At the melting point, the ends soften and fuse, and through 

compression, generate an enlarged region, as shown in Figure 3.2. Multiple arcs and control 

over the compression pressure are typically used to shape the MBR [43].  

 

 

 

 

3.1.3  Rolled Up Silicon Layer 

The self-rolling mechanism of the strained semiconductor bilayer fabricates 3-D 

objects from a 2-D epitaxial layer. The fabrication steps follow by growing a buffer layer 

on top of the GaAs substrate. The 40 nm AlAs serve as a sacrificial layer in the lift-off 

process. The 20 nm epitaxial growth of the In0.2Ga0.8As together with the 30 nm of GaAs 

forms a strained bilayer. The U-shape is grown by shallow wet etching using H2O2/H3PO4 

solution into the In0.2Ga0.8As. The edges are defined by deep etching through the sacrificial 

layer. The last step is highly selective HF etching to undercut the strained layer. Now the 

Figure 3.2 MBR fabrication either by CO2 laser or by a softening-compression method. Here, Lb 

is the axial width, Db is the bottle diameter, and Ds is the tapered end’s diameter. 
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self-rolling mechanism starts, and multiwalled tubes are formed. As one side exhibits a U-

shape, the other continues to roll up. The central tube is raised to a self-supporting bridge, 

and the middle part is separated from the substrate [44], Figure 3.3.  

 

 

 

 

 

3.1.4  Micro Machining  

The MBR is micromachined using a mask-less direct laser writing 

photolithographic system known as SF-100. A negative photoresist SU-8-2 is deposited on 

the glass fiber. The sample is prebaked and undergoes UV light exposure where the ring 

indentations are formed around the fiber, and the spacing between the rings is the desired 

bottle region. Once the pattern is transferred to the sample, it is post-baked to a specific 

temperature. It is then developed for a few seconds, and the last step is to hard-bake at 200 

℃. This thesis uses the micromachining process for MBR designing on the fiber, as shown 

in Figure 3.4. The details related to this process are discussed in Appendix A. 

Figure 3.3 The bottle resonator's schematic exhibiting a parabolic lobe on the outer 

rolling edge is on the left. A schematic of the sample fabrication is on the right. 
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3.2 MBR Excitation 

The excitation of the MBR’s WGM is generally performed through evanescent 

wave coupling. Evanescent waves occur at the air-high dielectric medium boundary when 

the externally incident light’s angle is greater than or equal to the critical angle. An 

evanescent wave exists parallel to the glass-air interface, with the field’s amplitude 

exponentially decreasing with penetration depth into the air-high dielectric medium. The 

coupler is placed in close contact with the MBR. There, two evanescent fields exist, one 

decaying (from WGM) and the other growing (from the coupler). These two fields will 

superimpose, a phase-matching condition will be satisfied, and a WGM is excited. Once 

the fiber sample is ready to be tested, there are several ways to launch light into it [24] 

discussed below.  

3.2.1 Tapered-fiber Coupling 

Coupling bottle-shaped fiber to another tapered-fiber carrying a light is shown in 

Figure 3.5. It is graphically illustrated that the laser source can be used to pump light into 

Figure 3.4 The MBR is micromachined by a mask-less laser writing machine 

on the fiber using a photolithographic process. 
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the tapered-fiber (shown in green color). The tapered-fiber is coupled to the MBR (shown 

in red color) for WGM resonance excitation. The excited resonance will then travel through 

the tapered-fiber (shown in orange color). These mechanically tapered fibers are very 

fragile, and their surface is prone to contamination. However, this coupling can provide a 

99% efficiency [45].  

 

 

 

 

3.2.2 Prism Coupling 

Prism coupling is one of the easiest methods to couple light within the MBR. The 

prism is placed on top of the bottled region sufficiently close enough, as shown in Figure 

3.6. When the light is shined into the prism, they travel through evanescent fields and 

superimpose into the MBR’s WGM resonance for mode excitation. When optimized, 80% 

coupling efficiency can be achieved [46]. 

 

 

 

Figure 3.5 The MBR is coupled to tapered-fiber. Reproduced with permission from [45] 

Figure 3.6 MBR coupled to the prism. 
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3.2.3 Angled Polished Fiber Coupling 

The end face of an optical fiber is angle polished and placed in close contact with 

the MBR, as shown in Figure 3.7. The light is launched into this fiber coupler, and an 

evanescent field superimposes the MBR’s WGM for mode excitation. The efficiency is 

decreased to approximately 60% [47].  

 

 

 

 

3.3 MBR Applications 

The MBR finds itself a candidate as the base structure of numerous practical 

applications. The most often encountered are the laser resonator, delay line, quantum 

electrodynamical devices, nonlinear, optomechanical structures, and sensors. Each of these 

are examined below. 

3.3.1 Laser Resonator  

A laser can be formed out of MBR, using its mode selectivity characteristic. The 

WGMs of MBR are spatially separated along the axial width direction. If one mode is 

excited at a time, it could be utilized in resonator lasing. One method of selective mode 

excitation is to spatially engineer the input pump of the laser [48]. When the laser's light is 

uniformly pumped, all modes are excited, and the MBR exhibits multimode behavior 

Figure 3.7 MBR coupled to an angled-end (polished) fiber. 
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(Figure 3.8 (a)). If a small cavity size of less than 6 µm is used, the larger FSR allows few 

axial modes within the gain curve. By engineering the laser intensity (dividing into multiple 

beams), only one beam will produce an interference distribution on the resonator’s surface, 

as seen in Figure 3.8 (b). The beam's axial position can spatially overlap with the desired 

WGM, and only the excited WGM can lase; the rest of the modes are suppressed.  

In this thesis, the FFB numerical technique can compute the single-mode lasing 

property, as mentioned in this application. The excited 3-D WGM can be displayed 

circulating the bottle resonator, as shown in Figure 3.8(b).  

 

 

 

 

 

 

 

 

Figure 3.8 The principle of single-mode WGM lasing in a polymer micro-resonator. (a) 

shows the multimode lasing behaviour and (b) shows the engineered pump intensity can 

modify the spatial gain profile of bottle WGM, enabling single-mode lasing. This figure 

has been reproduced with permission [48]. 
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3.3.2 Delay Lines 

The MBR delay line is an alternative to the miniaturized optical delay line in silicon 

photonics [49]. It is a different type of delay line, not based on the modulation of the 

refractive index. The slow light delay line is engineered from coupled nanoscaled micro 

resonators. Slow light propagation along the MBR axis is ensured by its rotation along an 

ultralow loss optical fiber’s surface. For example, the MBR with semi parabolic nanoscale 

radius variation can be phase-matched to the input-output microfiber to perform a delay of 

100 𝑝𝑠 telecommunication pulses by several nanoseconds (Figure 3.9) [50].  

This delay line MBR has a nanoscale parabolic radius variation coupled with an 

input-output micro tapered-fiber waveguide. These small-scale variations cause this 

resonator to perform a multi-nanosecond delay of light at telecommunication wavelengths 

when a light pulse launched from the input tapered waveguide into the MBR at contact 

point zc slowly propagates along the resonator axis in both directions and returns after 

reflecting from turning point zt1 and zt2 as shown in Figure 3.9 (a). After completing one 

round trip between one of the turning points and the contact point, few pulses are reflected 

and do not fully return into the tapered waveguide due to a phase mismatch between the 

tapered-fiber and MBR. These bouncing pulses between turning points have decreasing 

amplitude. The phase mismatch problem is solved by suppressing the transmission 

oscillations at the tapered-fiber end. 

The FFB can be used to build the nanoscaled smooth variation along the bottle’s 

radius, as shown in Figure 3.9 (b). Computations can be performed at telecom wavelengths. 



30 

 

The excited WGM’s variations while travelling along the bottle surface in the axial 

direction can be observed as the mode profile. 

3.3.3 Quantum Electrodynamics  

Cavity quantum electrodynamics investigates quantum phenomena between 

particles, atoms, and photons, in an optical cavity [51]. MBR coupled to two input-output 

microfiber tapers demonstrates a fiber integrated quantum optical circulator, operated by a 

single Rb atom, as shown in Figure 3.10.  

Figure 3.9 (a) Illustration of an optical bottle resonator delay line. Light is coupled into the 

resonator from a transverse waveguide (microfiber) and experiences WGM propagation 

along the resonator surface. The inset shows the magnified profile of the fiber radius 

variation. (b) Semi parabolic variation of a bottle resonator radius used in the numerical 

simulations. The figure has been reproduced with permission from [50]. 
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The coupling coefficient кa and кb between the resonator field and field in the 

respective coupler “a” or “b” are adjusted so that both fibers are approximately and 

critically coupled to the empty resonator: кa ≈ кb ≫ к0, where к0 is the intrinsic resonator 

field decay rate, providing an efficient route for the atom. When no particle is coupled to 

the resonator mode, this realizes an add-drop filter in which light that is launched into one 

fiber will be transferred to the other fiber via the resonator. Because of its strong transverse 

confinement, the CW propagating resonator mode’s evanescent field is almost entirely 

circularly polarized. Its electric field vector rotates CCW in the plane orthogonal to the 

resonator axis (z-axis), corresponding to 𝑠– polarization. Time reversal symmetry then 

implies that the CCW propagating mode’s evanescent field is almost entirely 𝑠 ± polarized.  

When the Rb atom is coupled to the resonator, light in CCW mode interacts strongly 

with the atom, whereas light in the CW mode exhibits much weaker coupling. The presence 

of a particle changes the resonator field decay rate. The add-drop functionality is 

maintained when light is launched into those fiber ports it couples to CW mode. For the 

other two input ports, the light couples to the CCW mode and the resonator atom system 

operates in the under-coupled regime. Thus, the incident light field remains in its initial 

fiber. The device is realized as an optical circulator that routes light from the input port to 

the adjacent output ports: the circular concept process and route classical signals at ultralow 

light levels in integrated optical circuits and networks.  

The FFB can compute single-particle non-degenerate perturbations. The resonator 

structure’s perturbation contributions can be isolated as a separate matrix that calculates 

the resonator state. 
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3.3.4 Nonlinear MBR  

Nonlinear optics enhances the light-light interaction. When the material of the 

resonator exhibits third-order susceptibility, 𝜒(3)  its refractive index 𝑛 depends on the 

intracavity intensity via the Kerr effect 𝑛 =  𝑛1 + 𝑛2 𝐼, where 𝑛1 is the linear refractive 

index, 𝑛2 = 𝑅𝑒 ( 𝜒
(3)) is the nonlinear refractive index, and 𝐼 is light intensity. Intracavity 

Figure 3.10(A) Schematic of MBR and single Rb atom coupled with two input-output microfibers. 

(B & C) Port to port transmission vs normalized field decay of fiber coupled resonator. The solid 

circles indicate transmission in the forward direction and open circles indicate transmission in 

the backward direction. The figure is reproduced with permission from [51]. 
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variation can modify the optical path length inside the resonator, and its transmission 

properties are changed [52]. This nonlinear effect is used in all-optical switching 

(controlling or redirecting light flow) via the Kerr effect when the resonator is operating as 

an add-drop configuration, see Figure 3.11. 

The FFB can provide flexibility to define a structure’s material properties such as 

the real part, extinction coefficient, and electric susceptibility. Changes in these properties 

will be observed as a wavelength shift. 

 

 

 

 

 

3.3.5 Optomechanical MBR 

The photons propagate along the boundary of the resonator via TIR. The 

mechanism leading to the coupling of optical modes of frequency 𝜔𝑟
(𝑜𝑝𝑡)

 and mechanical 

modes of frequency 𝜔(𝑚𝑒𝑐ℎ) is momentum transfer from intracavity photons (via radiation 

pressure) to vibrational mechanical modes of the resonator. The coupling causes distortion 

and modification in the optical path length, which shifts the resonance frequency creating 

Figure 3.11 Schematic of an add-drop coupling configuration using two ultra-thin coupling 

fibers. The spiraling red line in the resonator traces the ray path. This figure has been 

reproduced with permission from [52] 
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sidebands on the intracavity and are separated by multiple mechanical fields 𝜔𝑟
(𝑜𝑝𝑡) ±

 𝑏𝜔(𝑚𝑒𝑐ℎ), where 𝑏 is a positive integer. The first pair of sidebands are located at 𝜔𝑟
(𝑜𝑝𝑡) −

 𝜔(𝑚𝑒𝑐ℎ) and 𝜔𝑟
(𝑜𝑝𝑡) + 𝜔(𝑚𝑒𝑐ℎ) and are called Stokes and anti-Stokes, respectively [10]. 

Figure 3.12 depicts an illustration of MBR mechanical modes excited with a laser. 

The mechanically induced stress-strain radiation pressure can increase the 

resonator’s size, causing the refractive index to change can be easily computed using the 

FFB mode solver.   

 

 

 

3.3.6 Magnetic Field Sensors 

The MBR is a perfect candidate for precise optical, mechanical, physical, chemical, 

biological, and magnetic field sensors [53-55]. A magnetic field sensor can be created using 

WGM of the optofluidic MBR (filled with magnetic fluid); see Figure 3.13(a) [56]. 

COMSOL software is used for simulations, and the field distribution in the 𝑥𝑦 and 𝑦𝑧 

planes are shown in Figures 3.13(b-c). Once the magnetic fluid is loaded into the 

Figure 3.12 An interaction of optical and mechanical modes via radiative pressure of 

photons. The coupling between the optical pump mode and mechanical mode creates the 

Stokes and Anti-Stokes fields. The figure has been reproduced with permission of [10]. 
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optofluidic MBR, the magnetic nanoparticles randomly and uniformly disperse inside 

when no magnetic field is applied, which can be considered a liquid-phase state, as shown 

in Figure 3.13(d). When a magnetic field is implemented, the nanoparticles form uniform 

magnetic columns according to magnetic field lines’ direction. The magnetic fluid state is 

changed to the solid-phase, as shown in Figure 3.13(e). Two-phase separation changes the 

dielectric constant, which changes the refractive index of the magnetic fluid—an increase 

in the refractive index due to the magnetic fluid results in resonance wavelength to shift. 

FFB numerical techniques will be used to compute the response of the MBR as a 

sensor. The details, particularly as a refractive index, temperature, gas, or chemical sensor, 

are presented in Chapter 7. 

Figure 3.13 (a) Opto-fluidic MBR filled with magnetic fluid coupled to a tapered fiber. 

COMSOL simulations of field distribution of modes in the xy (b) and yz (c) planes. Schematic 

diagram of magnetic fluid particles without (d) and with applied magnetic field (e). The 

figure has been reproduced with permission of [56]. 
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3.4 Hollow Micro-optic Bottle Resonator (HMBR) 

The HMBR is a hollowed-out version of the MBR and is briefly discussed here 

before closing this chapter. The HMBR is fabricated on a silica capillary. The main steps 

of the fabrication process are HF etching for wall thinning. Heat and pressure are applied 

simultaneously during the etching process to form the desired parabolic shape in the axial 

direction. This fabricated HMBR can be a hybrid of the bottle resonator (considering its 

profile) and ring resonator (because it is hollow). A schematic is shown in Figure 3.14. The 

HMBR will have intracavity and WGM features. The intracavity allows internal sensing 

and can be incorporated as a microfluidic sensor [57], as shown in Figure 3.15. The hollow-

core bottle structure can provide an ultra-high 𝑄 factor, axial mode alignment, and mode 

selectivity [54]. 

Figure 3.14 A general schematic of a hollow micro-optic bottle resonator. The dotted 

line represents the inner radius, creating a boundary between the thin walls and 

hollowed region [61]. 
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The interaction of the analyte with the evanescent fields of the WGM results in a 

change in the resonance mode wavelength (or frequency). The evanescent field occurs 

when light undergoes TIR at the boundary of two media. The light extends into a lower 

refractive index medium with an exponential decay in its field at the interface of two media. 

The WGM of the resonator is excited through a tapered-fiber coupler. When the coupler is 

closer to the resonator, the incident light will interact with the decaying fields, and the 

phase-matched condition is satisfied; therefore, the light can now travel from the coupler 

to the resonator for WGM excitation. The resonator is hollowed on the inside with thin 

walls permitting the mode’s evanescent fields to interact with the inner region’s and outer 

region’s analyte at the same time, see Figure 3.16. 

Figure 3.15 The principle of optomechanical fluid detection of particle flowing 

through hollow micro capillary resonator. This image has been reproduced with 

permission from [57] 
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This chapter focuses on the MBR structure. The commonly used fabrication 

techniques of the MBR are presented. A fabrication attempt by the author is also briefly 

discussed. This effort will be continued by the supervisor (Dr. Gauthier) after the pandemic 

is over. Professor Levesque at RMC has assembled the experimental system to build MBRs 

by laser heating. All that is needed is access to the lab. The WGM excitation would require 

the resonator to couple with the external waveguide, so various coupling techniques are 

also discussed. At the end of the chapter, the HMBR is briefly discussed. A detailed review 

is presented on the applications of MBR. Among these applications, the sensor has shown 

great potential. The author has narrowed down the research field, focusing only on the 

temperature sensor, gas/refractive index sensor, and microfluidic/chemical sensor. A 

detailed literature review on these sensors is presented in the upcoming chapter. 

Figure 3.16 The mode is confined in the thin-walls, its evanescent fields interact with the external 

analyte (A). The HMBR evanescent fields also leak into the inner-core where it interacts with the 

analyte (B). 
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Chapter  4: Literature Review on Optical Sensors  

4.1  MBR as Sensors 

In recent decades, MBR has been used for precise optical, mechanical, physical, 

chemical, gas, and biological sensing [58-62]. In contrast to other WGM resonators, the 

solid MBR can be used as a sensing device where the medium under investigation is 

situated on the outer surface. In the hollow MBR, the medium under investigation may be 

either located outside or inside. The optical sensing principle is usually based on the 

resonance wavelength shift caused by the investigated medium’s presence.  

Sensitivity and detection limit are typically used to characterize the performance of 

the sensor. Higher sensitivity with a lower detection limit makes a better sensor. Typically, 

a slight change in the sensing parameter can cause a shift in the resonance (wavelength), 

and the sensor sensitivity (𝑆) can be estimated as [63]: 

𝑆 =
𝛥[𝑂𝑢𝑡𝑝𝑢𝑡]

𝛥[𝐼𝑛𝑝𝑢𝑡]
     (4.1) 

For example, if 𝛥[𝐼𝑛𝑝𝑢𝑡] is the analyte’s refractive index change, and 𝛥[𝑂𝑢𝑡𝑝𝑢𝑡] is the 

corresponding wavelength shift (𝛥𝜆), the sensitivity is determined by 𝑆 =
𝛥𝜆

𝛥𝑛
 in the unit of 

𝑛𝑚/𝑅𝐼𝑈 (Refractive Index Unit). The detection limit is the lowest quantity of the analyte 

that a sensor can detect. It is limited by the spectrum analyzer’s sensitivity measurements 

when monitoring wavelength changes of the resonance and the estimated noise when 

measuring the least amount of analyte’s concentration. The detection limit (𝐷𝐿) can be 

expressed as: 
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𝐷𝐿 = 𝑘
𝜎

𝑆
      (4.2) 

where 𝑆 is the sensitivity, 𝜎 is the concentrated analyte’s standard deviation, and 𝑘 is the 

uncertainty constant or coverage factor. See Figure 4.1 for the relationship between 

standard deviation and uncertainty constant. The value for 𝑘 is associated with the 

uncertainty constant multiplied by the standard deviation. If 𝑘 is selected to be 3, the 𝐷𝐿 

can be considered the lowest analyte amount detected under the experimental conditions 

as approximately 99.7% of the analyte lies within three standard deviations of the mean. 

If 𝑘 =  2, there is a 95% chance of the analyte to be found. If 𝑘 =  1 is selected, the 

detection limit is the same as noise. There is noise because approximately 68% of the 

analyte will lie within one standard deviation of the mean. The sensitivity must be increased 

for a low detection limit, and the noise must be simultaneously decreased [64-65]. 

Figure 4.1 The coverage factor, k = 3, gives 99.7% certainty that the minimum analyte is present. 
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4.2  Sensor Applications 

A literature review of MBR as a sensor to measure temperature, gas, and chemical 

constituents is presented in this section. The sensors designed in this thesis are compared 

to specific types reviewed here.  

4.2.1 Temperature Sensor 

Thermal expansion (or contraction) and thermo-optic effects are two material 

properties that may change the resonator’s size and refractive index when the heat is 

applied [66].  

The coefficient of linear thermal expansion is a material property that is indicative 

of the extent to which a material expands or contracts as the temperature changes. Usually, 

an increase in temperature gives rise to the thermal expansion property of the material. 

However, not all materials expand with increasing temperature, and this property is known 

as negative thermal expansion. Note, the coefficient of thermal expansion can be positive, 

negative, or zero. The property of linear thermal expansion, 𝛼, can be expressed as: 

𝛼 =
Δ𝐿

L0Δ𝑇
     (4.3) 

where ∆𝐿 is the change in MBR’s length, 𝐿0 is the initial length, and ∆𝑇 is the 

temperature change. 

 In the thermo-optic effect, when the heat is applied to the resonator, the material's 

refractive index is varied. It is expressed as: 
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𝛽 =
Δ𝑛

n0Δ𝑇
     (4.4) 

where ∆𝑛 is the change in refractive index and 𝑛0 is the initial refractive index. 

 In the temperature sensor, the MBR’s WGM resonance wavelength can be a 

function of the refractive index and fiber radius. As the wavelength shifts with the 

temperature change, the refractive index and the radius are affected. This shift in resonant 

wavelength can be calculated as: 

∆𝜆 = 𝛼 + 𝛽     (4.5)  

 Below are a few examples of MBR temperature sensors utilizing equation (4.5) to 

calculate the sensitivity as 𝑆 =  
Δ𝜆

Δ𝑇
 (𝑖𝑛

𝑛𝑚

𝐾
). 

In 2016, the silica MBR was designed with a length of 500 𝜇𝑚. Simulations were 

tested for three different temperatures, i.e., 200 𝐾, 300 𝐾, 𝑎𝑛𝑑 400 𝐾 as a function of fiber 

radius. As the radius decreased from 100 𝜇𝑚 to 10 𝜇𝑚, the temperature sensitivity 

decreased ~10%. The MBR temperature sensor has a sensitivity of 10 𝑝𝑚/𝐾 with a 

temperature detection limit of 1 𝐾 [60]. 

In 2016, the MBR was used as a temperature sensor in the laser cooling of solids. 

Laser cooling of solids investigates the refrigeration of rare earth-doped dielectrics or 

semiconductors with laser light. Rare earth-doped low phonon energy fibers can be laser-

cooled. Yb3+-doped ZBLAN fiber and Yb3+-doped YAG fiber were used for the fabrication 

of MBR. It was placed on the laser-cooled fiber surface to measure the temperature 
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distribution along with the laser-cooled sample. The WGM of MBR can be excited with 

evanescent fields of tapered-fiber. The excited WGM appears in the transmission spectrum 

due to temperature variations, using Yb3+: ZBLAN and Yb3+: YAG is ~12 𝑝𝑚/𝐾 and 

~16 𝑝𝑚/𝐾, respectively [53]. 

In 2018, MBR placed in plastic packaging was designed with a length of 

300 𝜇𝑚 and axial width of 207 𝜇𝑚. This packed resonator was tested as a temperature 

sensor in the range of 290.3 𝐾 𝑡𝑜 296.7 𝐾 𝑎𝑡 1550 𝑛𝑚. The sensitivity was recorded to 

be 10.5 𝑝𝑚/𝐾 with a detection limit of 0.06 𝐾 [67]. 

In 2019, MBR made of silica fiber (hundreds of microns in size) was tested as a 

temperature sensor. The temperature ranged from 40 ℃ 𝑡𝑜 100 ℃. The sensitivity value 

from the wavelength shift was recorded to be 1.3 𝑝𝑚/℃. The experiment was repeated 

three in the same day to investigate repeatability. The transmission at different temperature 

levels was recorded for 60 seconds to examine the sensor’s stability and accuracy. This 

experiment’s repeatability, stability, and sensitivity show that the MBR may be the right 

candidate for temperature sensors [68].  

In 2020, theoretical work was presented based on CdSe quantum dots-doped 

PMMA MBR. During the simulations, the MBR’s length was kept at 30 𝜇𝑚 and the axial 

width at 5 𝜇𝑚. The temperature effects were studied from −50 ℃ 𝑡𝑜 75 ℃. The sensitivity 

was found to be 9.4 𝑝𝑚/ ℃ [69]. 
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4.2.2 Gas/Refractive Index/Pressure Sensor 

Any slight change due to gas compound(s) or bulk change in refractive index in the 

MBR outer boundary’s proximity can shift the WGM’s resonance frequency. The shift in 

frequency (or wavelength) with refractive index change can be used in sensitivity 

calculations, i.e., 𝑆 =  
Δ𝜆

Δ𝑛
 (in 

𝑛𝑚

𝑅𝐼𝑈
). Likewise, at constant volume and temperature, the 

pressure-dependent refractive index changes can be utilized to measure pressure-related 

sensitivity 𝑆 =
Δ𝜆

Δ𝑃
 (in 

𝑛𝑚

𝑏𝑎𝑟
). A few of the highest performing gas, refractive index, and 

pressure sensors are discussed below. 

In 2015, the HMBR was fabricated with a wall thickness of 5 𝜇𝑚, and its internal 

sensing environment was utilized for detection. In this experiment, the presence of CH4 in 

the air at atmospheric pressure was detected. It was found that the threshold was less than 

0.1% [54]. 

In 2016, the MBR (axial width ranges from 10 𝑡𝑜 100 𝜇𝑚) was used as a refractive 

index sensor. During the experiment, it was found that as the radius of the fiber decreased, 

the sensitivity increased. The sensor showed a refractive index sensitivity of approximately 

150 
𝑛𝑚

𝑅𝐼𝑈
 for the TM mode and 130 

𝑛𝑚

𝑅𝐼𝑈
 for the TE mode. The detection limit for the 

refractive index was ~6.67 x 10-5 [60]. 

In 2016, the HMBR was designed such that its one end was sealed, and the wall 

thickness was reduced to around 500 𝑛𝑚. By applying aerostatic pressure at 780 𝑛𝑚 

wavelength, the WGM’s frequency shifted due to stress-induced refractive index changes 
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and strain-induced size expansion. A pressure-frequency sensitivity of 38 
𝐺𝐻𝑧

𝑏𝑎𝑟
 was 

achieved [59]. 

In 2019, an orthogonal demodulation sensing system was created using MBR. In 

this technique, a highly sensitive wavelength was used to lock the laser’s wavelength to 

the MBR’s resonant mode. The pressure-frequency sensitivity was found to be 11.6 
𝐺𝐻𝑧

𝑏𝑎𝑟
 

with a detection limit of 0.0515 𝑚𝑏𝑎𝑟, operating at 850 𝑛𝑚 wavelength [70].  

4.2.3 Chemical Sensor 

Usually, an HMBR with a thin wall is preferred when designing a chemical sensor. 

The walls are thinned down, allowing the evanescent fields to extend significantly into the 

hollowed core, impacting the potential sensitivity limits. As the chemical flow through the 

refractive index was varied, so was the resonance wavelength. The chemical sensor’s 

sensitivity was estimated to be 𝑆 =  
Δ𝜆

Δ𝑛
 (in 

𝑛𝑚

𝑅𝐼𝑈
) [71]. 

In 2011, the MBR’s WGM was used for microfluidic detection, such as water and 

aqueous ethanol. The change in refractive index records the shift in resonance and gives a 

sensitivity of 0.5
𝑛𝑚

𝑅𝐼𝑈
 [72]. 

In 2016, the core of the HMBR was filled with a mixture of dimethylsulfoxide and 

water. This mixture’s refractive index changed from 1.319 to 1.320 with a step of 2 x 10-4. 

The bulk refractive index sensor showed 18.8
𝑛𝑚

𝑅𝐼𝑈
 sensitivity and a DL of 5.4 x 10-5 [73].  
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In 2019, an MBR was designed to have an axial width of 190 𝜇𝑚, where mode 

excitation of tapered fibers with two different diameters (8 𝜇𝑚 and 10 𝜇𝑚) were used. The 

analyte to be detected in this experiment is an aqueous solution of formaldehyde (CH2O). 

It was found that using eight-micron bare tapered-fiber could achieve a sensitivity of 

3.625 𝑑𝐵𝑚/𝑐𝑜𝑛𝑐𝑒𝑛𝑡𝑟𝑎𝑡𝑖𝑜𝑛, and a ten-micron tapered-fiber only achieved 0.278 𝑑𝐵𝑚/

𝑐𝑜𝑛𝑐𝑒𝑛𝑡𝑟𝑎𝑡𝑖𝑜𝑛 [74].  

In 2019, a silica HMBR with a wall thickness of 5 to 10 𝜇𝑚 was fabricated. The 

internal region was coated with a polymer, and buffer solutions of known pH were run in 

and out of the HMBR. Due to changes in varying buffer solutions, the refractive index of 

the polymer was varied. The shift in polymer wavelength gave a sensitivity of 33
𝑛𝑚

𝑅𝐼𝑈
 [75]. 

This chapter discussed two essential characteristics of a sensor, i.e., sensitivity and 

detection limit, following by a literature review on MBRs as temperature, gas, refractive 

index, pressure, and chemical constituent sensors. This encourages further research for this 

thesis’s findings. The author will feature the solid MBR and hollow MBR in upcoming 

chapters, which show improved sensitivity due to their unique parameters compared with 

those presented here.  

The next chapter discusses numerical techniques such as FEM, FDTD, PWEM, and 

FFB. Later in the next chapter, theoretical development based on FFB is explained. This 

leads to the eigenvalue equation that provides the complex modal frequencies and field 

profiles for the proposed MBR. 
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Chapter  5: Numerical Techniques 

There are several techniques available for numerical computations. The most 

commonly used are the Finite-Element-Method (FEM) [76], Finite-Difference Time-

Domain FDTD [77], and spectral analysis such as the Plane Wave Expansion Method 

PWEM [78]. Each of them has distinct advantages and disadvantages. FDTD is known for 

flexibility in the time domain, PWEM for efficiency with a periodic structure in the 

frequency domain, and FEM for accuracy. The theory and application of the techniques 

mentioned above are reviewed below. The computational technique utilized in this thesis 

is known as the Fourier-Fourier-Bessel (FFB) mode solver. It closely resembles PWEM’s 

formulation approach on a cylindrical coordinate system [79].  

5.1  Finite-Element-Method 

FEM is a powerful and versatile technique for handling complex materials and 

inhomogeneous problems implemented in the frequency domain. It requires volume 

discretization, which is the most critical step, because it will affect the computer storage 

requirements, computational time, and numerical results accuracy. 

  The entire computational space is divided into a fine mesh of non-overlapping small 

subdomains, usually referred to as elements. In the one-dimensional problem, the elements 

are short line segments interconnected to form the original line, as shown in Figure 5.1(a). 

The elements are usually small triangles or rectangles for two-dimensional simulations, as 

shown in Figure 5.1(b). In a three-dimensional problem, space may be subdivided into 

tetrahedra, triangular prisms, or rectangular bricks, as shown in Figure 5.1(c).  



48 

 

 

 

 

 

 

 

In finite element solutions, the problem is formulated in terms of an unknown 

function 𝛷 at nodes (number of vertices) associated with the elements. For example, a line 

element has two nodes, one at each endpoint. A triangle has three nodes, whereas a 

tetrahedron has four nodes located at their corners. The second step is to select the 

interpolation function, which approximates the unknown solution within an element. The 

interpolation is usually chosen to be a polynomial of a first, second, or higher order. The 

third step is to formulate the system of equations and apply the required boundary 

conditions. Obtaining the final solution is the most time-consuming step in finite element 

analysis. The equations form a system as: 

[𝐾][𝛷] = [𝑏]     (5.1) 

Figure 5.1 Basic finite elements are shown in (a) one-dimension, (b) two-dimensions, 

and (c) three-dimensions. 
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where [𝐾] is a global matrix composed of equations with several equal or multiple order 

nodes from mesh to finite elements, [𝛷] is a vector of unknown values (of electric and 

magnetic fields for EM analysis), and [𝑏] is the source vector which depends on field 

sources’ intensities and imposed boundary conditions. 

This thesis presents 3-D resonating structures, and if the simulations are based on 

the implementation of FEM, it would require the solution of a global sparse linear system 

of equations over the entire computational space. The approximate solution is applied for 

each element to build a matrix and then solve the appropriate boundary conditions. It would 

require very large computer memory resources when solving the equation set over the 

resonator structures. This makes FEM ill-suited for obtaining accurate and rapid results for 

the structural examination of the MBR. 

5.2 Finite-Difference Time-Domain 

Dr. Yee originally proposed the FDTD method in 1966 as a discrete solution to 

Maxwell’s equations based on central difference approximations of the curl-equations’ 

spatial and temporal derivatives [80]. His proposed approach’s novelty was the staggering 

of the electric and magnetic fields in both space and time to obtain second-order accuracy. 

In 1975, Taflove and others extended Dr. Yee’s method to simulate dielectric cylinders’ 

scattering [81-82]. 

The FDTD technique is a robust method commonly used when flexibility is 

required in numerical simulations. The finite difference method of solving differential 



50 

 

equations discretizes the function and derivatives such that a finite difference approximates 

them. The derivative of 𝑓(𝑥, 𝑦) for 𝑥 is written here as a central difference expression: 

𝜕𝑓(𝑥,𝑦)

𝜕𝑥
=
𝑓(𝑥+

∆𝑥

2
,𝑦)−𝑓(𝑥−

∆𝑥

2
,𝑦)

∆𝑥
    (5.2) 

where the Δ𝑥 is the size of the spatial discretization.  

When working with Maxwell’s equations, the discretized quantities are the fields 

(�⃗� , �⃗⃗� ), material properties, and time. Maxwell’s equations with no external sources for 

dielectric media (non-magnetic) are given by: 

∇⃗⃗  x �⃗⃗� (𝑟, 𝑡) = 𝜖𝑟(𝑟)𝜖𝑜
𝜕�⃗� (𝑟,𝑡)

𝜕𝑡
    (5.3) 

∇⃗⃗  x �⃗� (r, t) = −μo
∂H⃗⃗ (r,t)

∂t
     (5.4) 

where �⃗⃗�  and �⃗�  are the magnetic and electric fields, 𝜖𝑟(𝑟) is the relative permittivity, and 

𝜖𝑜 and 𝜇𝑜 are the permittivity and permeability of free space, respectively. Referring to Dr. 

Yee’s method, the fields are discretized on overlapping grids known as the Yee cell. An 

example is shown in Figure 5.2 for TM polarization with components (𝐻𝑥, 𝐻𝑦, 𝐸𝑧). A 

similar profile could be produced for TE polarization with components (𝐸𝑥, 𝐸𝑦, 𝐻𝑧). The 

�⃗�  and �⃗⃗�  fields are interleaved around a cell whose origin is at locations 𝑖, 𝑗 𝑎𝑛𝑑 𝑘. Every 

�⃗�  field is located half a cell width from the origin in the direction of its orientation, denoted 

by a circle; every �⃗⃗�  field is offset half a cell in each direction except that of its orientation, 

denoted by an arrow. 
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5.2.1 Accuracy and Stability 

 Stability results from energy propagation within a computational cell causing fields 

to diverge. The accumulation occurs as energy flows across the spatial cell, defined by 

spatial discretization, and into adjoining cells with each 𝛥𝑡 time step. If the time step is too 

large, the energy cannot propagate across the cell and will accumulate. The stability 

Figure 5.2 The Yee cell for TM polarization. The �⃗�  and 𝐻⃗⃗  ⃗ fields are discretized on 

overlapping grids and used in finite difference expressions of Maxwell’s curl 

equations [78]. 
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condition places an upper limit on the spatial grid spacing and is determined by the speed 

of light, time, and spatial discretization. It is known as the Courant Factor, and in 3-D, it is 

given as: 

𝑐∆𝑡 ≤
1

√
1

(∆𝑥)2
+

1

(∆𝑦)2
+

1

(∆𝑧)2

    (5.5) 

where 𝛥𝑥, 𝛥𝑦, and 𝛥𝑧 are the largest spatial discretization in the 𝑥, 𝑦 and 𝑧 directions 

permitted in a stable simulation. Mode and time evolution of the �⃗�  and �⃗⃗�  fields through 

the grid are determined by leapfrogging (skip one point and move to the other) their 

calculations with each time step. The time information at the grid points is computed and 

can be logged as a function of the time step integer and time increment Δ𝑡. This spectral 

information can be obtained through a temporal Fourier transform. 

 The accuracy is related to the resolution of the spatial grid. If the discretization grid 

is not sufficiently fine for the feature sizes being modelled, the simulated structure will not 

match the actual design under test. 

5.2.2 Absorbing Boundary Condition 

A difficulty arises when the FDTD method is applied to open or unbounded 

computational domains. The simulation region is truncated such that it encloses the 

scatterer and is extended on its border by an absorbing layer (ABC). A Perfectly Matched 

Layer (PML) is a type of ABC truncation technique. The objective is to attenuate the 

propagated fields within the PML without a reflected component at the free space PML 

interface. Thus, FDTD and PML are said to be perfectly matched [83-84]. 
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FDTD has advantages of robustness, adaptability to complex geometries, ease of 

understanding and implementation, and flexibility when solving Maxwell’s equation in the 

time domain. One of the disadvantages of the FDTD method is that it requires a full 

discretization of the electric and magnetic fields throughout the entire computational 

domain volume. If the volume space has a significant amount of free space, FDTD is forced 

to compute over it. Another challenge FDTD faces is when a system has a narrowband 

slow decaying resonance with a very high 𝑄. Simulations in such conditions result in a 

very long computational time. For the reasons mentioned above, FDTD may not be the 

best technique for this thesis as we are searching for long-lived resonant states. 

5.3  Plane-Wave Expansion Method  

The PWEM is a basis expansion technique through which both the fields (�⃗� , �⃗⃗� ) 

and material properties are expressed as a series of plane waves. This method relies on 

dielectric periodicity, which imposes a periodicity on the supported modes. The theory 

addressing the behavior of waves in periodic media is known as Bloch theory [85]. When 

PWEM is incorporated with Maxwell’s equations, the series representation allows the 

equation to be rearranged as an eigenvalue expression where the Expansion coefficient of 

fields are the eigenvectors, and the frequencies are obtained from the eigenvalues. 

 A 3-D lattice has lattice vectors (𝑎1⃗⃗⃗⃗ , 𝑎2⃗⃗⃗⃗ , 𝑎3⃗⃗⃗⃗ ) and a reciprocal lattice in k-space such 

that 𝑎𝑖⃗⃗  ⃗. 𝑏𝑗⃗⃗⃗  = 2𝜋𝛿𝑖𝑗, where δij is the Kronecker delta. An expansion of the reciprocal lattice 

vector is 𝐺 m=m1�⃗� 1+m2�⃗� 2+m3�⃗� 3, where (m1, m2, m3) are integers. The expansions for any 

component of �⃗�  or �⃗⃗�  fields and the inverse of relative permittivity are expressed as: 
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(�⃗� , �⃗⃗� ) = ∑ (𝜅𝐺𝑚
𝐸 , 𝜅𝐺𝑚

𝐻 )𝑒𝑗𝐺 𝑚.𝑟 𝑒𝑗𝑘.⃗⃗  ⃗𝑟 𝐺𝑚    (5.6) 

1

𝜀𝑟(𝑟 )
= ∑ 𝜅𝐺𝑛

𝜀 𝑒𝑗𝐺 𝑛.�⃗⃗� 𝐺𝑛      (5.7) 

whereon reciprocal lattice vectors Gm and Gn sums are calculated, 𝜅𝑚
𝐹𝑖𝑒𝑙𝑑 and 𝜅𝑛

𝜀  are the 

expansion coefficients of the field (�⃗� , �⃗⃗� ) components and material properties, respectively. 

The expansions are performed over the smallest unit of periodicity in the reciprocal lattice, 

known as the Brillouin zone [86]. Using Bloch’s theory and the Fourier expansion, it can 

be mathematically assumed that the Brillouin zones are infinitely repeated. When resonator 

modes are modelled, it is ensured that the supercell around the cavity is such that the 

mode’s fields are zero at the boundary, provided no coupling between the repeated cavities. 

When reconstructing a modal field profile, the eigenvector that corresponds to the 

eigenvalue includes the expansion coefficients for the fields, 𝑒𝐺𝑚
𝐹𝑖𝑒𝑙𝑑, is to be used in (5.6). 

The PWEM method is suitable for the analysis of various resonator configurations. 

However, a structure that does not have translational symmetry requires a supercell 

approach. The issue with the implementation of supercells is that the number of plane 

waves required to maintain converged results can consume significant computational 

resources [78]. PWEM could be utilized for the resonator structures examined in this thesis 

but need a very large 3-D supercell and long computational time.  

To retain the ease of use of the PWEM, an alternate formulation was utilized where 

the coordinate system and basis functions better match the structure’s geometry. This 
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relaxes the supercell requirement and reduces the computation times and memory 

requirements. 

5.4 Fourier-Fourier-Bessel 

The FFB expansion method for modelling resonators used in this thesis is a spectral 

expansion approach similar to PWEM. The FFB is commonly used in polar and cylindrical 

coordinates. It was previously used as pattern analysis [87] and pattern recognition [88]. 

The basis has been useful in describing beam and field profiles in the description of Bessel 

beams [89]. The most common application is its use in modelling fields within close 

proximity of circular scatterers [90].  

This thesis’s theoretical development is based on the FFB numerical mode solver 

for structures that display a high degree of cylindrical symmetry [91]. This approach is well 

suited for PCs, optical fibers, ring resonators, and whispering gallery mode-based resonator 

configurations. When a non-propagating state is desired, a resonator-based device 

configuration is selected to calculate the field profiles, polarization, frequencies, 

wavelength, attenuation coefficient, quality factor, and FSR. The usual numerical solver 

(FDTD and PWEM) can provide such information, but they rely on propagating fields to 

determine non-propagating standing wave information [92]. In FDTD, the supercell 

implementation on the computational domain to satisfy resonator state boundary conditions 

needs high discretization resolution. In PWEM, a vast number of plane waves are required 

for the computational process. Both techniques could exceed computer resources or require 

an extremely long simulation time before results are available for examination. Hence, a 
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steady state numerical solver using non-propagating fields has been developed from 

Maxwell’s equations cast in the frequency domain and using a set of Fourier-Bessel 

functions as the basis space for structures that conform to cylindrical symmetry. 

The exploitation of the symmetries and the ability to solve for specific mode 

families make this technique extremely efficient (memory and time) in determining the 

resonator structure’s steady states. The details on the FFB can also be found in several 

application-oriented publications [93-95]. In effect, FFB and PWEM generate a system of 

equations that can be cast into an eigenvalue formulation. This numerical solver in 

cylindrical coordinates utilizes a Fourier-Bessel basis function series expansion for the 

material and optical fields. It has been dramatically simplified using Faraday’s and 

Ampere’s laws rather than usual wave equations. The FFB solver requires the resolution 

of the electric and magnetic medium properties, and only the first derivatives of the field 

components give this approach faster convergence properties than using the wave 

equations directly [96]. 

5.4.1  Theoretical Development 

 The steps for developing the system matrix and expressions in cylindrical 

coordinates for the FFB are presented in this section. Bessel functions are used in the radial 

direction (𝑟) and Fourier basis functions in the angular orientation (𝜑) and out-of-plane 

direction (𝑧). A dielectric structure within a cylindrical boundary is shown in Figure 5.3. 

𝑅 is the radial limit in the (𝑟, 𝜑) plane. The domain has a height 𝑇 centered on the 

cylindrical coordinate system.  
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The development of the matrix populating expressions when the media demonstrate 

electric and magnetic anisotropy is presented below for structures that are charge- and 

current-free and for fields that display a 𝑒−𝑗𝜔𝑡 time dependence where 𝜔 is the frequency 

and 𝑐 is the speed of light in a vacuum. The notation is simplified and symmetrized by 

setting ℑ
→
= 𝑗√

𝜇𝑜

𝜀𝑜
𝐻
→

: 

𝜇𝑟
−1⃡⃗ ⃗⃗ ⃗⃗  𝛻 × 𝐸

→
=
𝜔

𝑐
ℑ
→

   휀𝑟
−1⃡⃗ ⃗⃗⃗⃗ 𝛻 × ℑ

→
=
𝜔

𝑐
𝐸
→

   (5.8) 

These expressions utilize the inverse of the relative permittivity and permeability tensors 

when anisotropy is included and, in general, contain nine elements that must be specified 

at every point in the computational domain [97].   

𝜇𝑟
−1⃡⃗ ⃗⃗ ⃗⃗ ⃗⃗  = [

𝜇11
−1 𝜇12

−1 𝜇13
−1

𝜇21
−1 𝜇22

−1 𝜇23
−1

𝜇31
−1 𝜇32

−1 𝜇33
−1

] 휀𝑟
−1⃡⃗ ⃗⃗ ⃗⃗ ⃗⃗ = [

휀11
−1 휀12

−1 휀13
−1

휀21
−1 휀22

−1 휀23
−1

휀31
−1 휀32

−1 휀33
−1

] (5.9) 

Figure 5.3 Cylindrical computational domain. 
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The inverse of the material properties profiles over the cylindrical space computation 

domain is series expanded using the FFB expansion series with normalized basis functions 

𝐶𝑞𝑝𝑛𝐽𝑜 (𝜌𝑝
𝑟

𝑅
) 𝑒𝑗𝑞𝜑𝑒𝑗𝐺𝑛𝑧, where 𝐶𝑞𝑝𝑛 = 1/𝐽1(𝜌𝑝) is the normalization constant. 

[
휀𝑎𝑏
−1

𝜇𝑎𝑏
−1] = ∑ [

𝜅𝜀𝑎𝑏
𝜅𝜇𝑎𝑏

]𝑞𝑝𝑛 𝐶𝑞𝑝𝑛𝐽𝑜 (𝜌𝑝
𝑟

𝑅
) 𝑒𝑗𝑞𝜑𝑒𝑗𝐺𝑛𝑧  (5.10) 

The integer indices, 𝑞𝑝𝑛, identify various basis functions with 𝑝 linked to the radial 

expansion and the Bessel functions, 𝑞 to the angular Fourier expansion, and n to the axial 

direction. The 𝜅′𝑠 are the components expansion coefficients. The occurrence of 𝜌𝑝 

corresponds to the 𝑝𝑡ℎ zero of the lowest-order Bessel function (𝐽0), and 𝐺𝑛 = 𝑛
2𝜋

𝑇
 is an 

integer indexed 𝑧-axis only reciprocal lattice “vector”. Note that the series representation 

of the material tensors utilizes cylindrical coordinate-based basis functions. Thus, the 

elements of the inverse permittivity tensor profiles and inverse permeability profiles must 

be converted to cylindrical coordinate representation through suitable coordinate rotation 

operators. In general, the material tensors are not diagonal in cylindrical space, even though 

they may be diagonal in an (𝑋𝑌𝑍) principle axis coordinate system.  

The electric and magnetic field vectors can also be expressed over the same basis 

function space using the series: 

𝐸
→
= ∑ 𝜅𝐸

→ 
𝑞𝑝𝑛 𝐶𝑞𝑝𝑛𝐽𝑜 (𝜌𝑝

𝑟

𝑅
) 𝑒𝑗𝑞𝜑𝑒𝑗𝐺𝑛𝑧𝑒𝑗𝑘𝑧𝑧   (5.11) 

ℑ
→
= ∑ 𝜅ℑ

→ 
𝑞𝑝𝑛 𝐶𝑞𝑝𝑛𝐽𝑜 (𝜌𝑝

𝑟

𝑅
) 𝑒𝑗𝑞𝜑𝑒𝑗𝐺𝑛𝑧𝑒𝑗𝑘𝑧𝑧    (5.12) 



59 

 

with the 𝜅→ representing the expansion coefficients of the field components collected into 

three component vectors. Also included in the field series is the possibility of axially 

directed field propagation with propagation constant 𝑘𝑧.  

The curl of the electric field, �⃗� × 𝐸
→

, of (5.8-left) in cylindrical coordinates, 

produces the following three terms: 

(
1

𝑟

𝜕𝐸𝑧

𝜕𝜑
−
𝜕𝐸𝜑

𝜕𝑧
) = 𝐸∇× (𝑟) = 𝐸∇× (𝑟𝜑) + 𝐸∇× (𝑟𝑧)   (5.13) 

(
𝜕𝐸𝑟

𝜕𝑧
−
𝜕𝐸𝑧

𝜕𝑟
) = 𝐸∇×(𝜑) = 𝐸∇×(𝜑𝑟) + 𝐸∇×(𝜑𝑧)   (5.14) 

1

𝑟
(
𝜕(𝑟𝐸𝜑)

𝜕𝑟
−
𝜕𝐸𝑟

𝜕𝜑
) = 𝐸∇×(𝑧) = 𝐸∇×(𝑧𝜑) + 𝐸∇×(𝑧𝑟)            (5.15) 

Equations (5.13), (5.14), and (5.15) are combined and collected in matrix form and give: 

[�⃗� × 𝐸
→
] = [

0 𝐸⇓𝛻×(𝑟𝜑) 𝐸⇓𝛻×(𝑟𝑧)

𝐸⇓𝛻×(𝜑𝑟) 0 𝐸⇓𝛻×(𝜑𝑧)

𝐸⇓𝛻×(𝑧𝑟) 𝐸⇓𝛻×(𝑧𝜑) 0

] [

𝜅𝐸𝑟
𝜅𝐸𝜑
𝜅𝐸𝑧
]  (5.16) 

The symbol ⇓ is used to indicate that the curl operation is cast in operator form with the 

expansion coefficients of the field extracted and used to build the column vector.  

Faraday’s law in matrix operator form is: 
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𝜇𝑟−1⃡⃗ ⃗⃗ ⃗⃗ ⃗⃗  [𝛻 × 𝐸
→
] =     [

𝜇11
−1 𝜇12

−1 𝜇13
−1

𝜇21
−1 𝜇22

−1 𝜇23
−1

𝜇31
−1 𝜇32

−1 𝜇33
−1

] [

0 𝐸⇓𝛻×(𝑟𝜑) 𝐸⇓𝛻×(𝑟𝑧)

𝐸⇓𝛻×(𝜑𝑟) 0 𝐸⇓𝛻×(𝜑𝑧)

𝐸⇓𝛻×(𝑧𝑟) 𝐸⇓𝛻×(𝑧𝜑) 0

] [

𝜅𝐸𝑟
𝜅𝐸𝜑
𝜅𝐸𝑧
] =

𝜔

𝑐
[

𝜅ℑ𝑟
𝜅ℑ𝜑
𝜅ℑ𝑧
] =

𝜔

𝑐
[ℑ
→
] (5.17) 

The product of the square matrices on the left-hand side that defines the matrix populating 

expressions is obtained from: 

[𝐸𝑏𝑙𝑜𝑐𝑘]

= [

[𝜇12
−1𝐸⇓𝛻×(𝜑𝑟) + 𝜇13

−1𝐸⇓𝛻×(𝑧𝑟)] [𝜇11
−1𝐸⇓𝛻×(𝑟𝜑) + 𝜇13

−1𝐸⇓𝛻×(𝑧𝜑)] [𝜇11
−1𝐸⇓𝛻×(𝑟𝑧) + 𝜇12

−1𝐸⇓𝛻×(𝜑𝑧)]

[𝜇22
−1𝐸⇓𝛻×(𝜑𝑟) + 𝜇23

−1𝐸⇓𝛻×(𝑧𝑟)] [𝜇21
−1𝐸⇓𝛻×(𝑟𝜑) + 𝜇23

−1𝐸⇓𝛻×(𝑧𝜑)] [𝜇21
−1𝐸⇓𝛻×(𝑟𝑧) + 𝜇22

−1𝐸⇓𝛻×(𝜑𝑧)]

[𝜇32
−1𝐸⇓𝛻×(𝜑𝑟) + 𝜇33

−1𝐸⇓𝛻×(𝑧𝑟)] [𝜇31
−1𝐸⇓𝛻×(𝑟𝜑) + 𝜇33

−1𝐸⇓𝛻×(𝑧𝜑)] [𝜇31
−1𝐸⇓𝛻×(𝑟𝑧) + 𝜇32

−1𝐸⇓𝛻×(𝜑𝑧)]

] 

 (5.18) 

The matrix element generating expressions are derived from (5.17) using the matrix 

product of (5.18), multiplication by the complex conjugate of a basis function and the 

complex conjugate of the axial propagation factor exponential, and integration over the 

entire computation domain. The matrix generating expressions are collected as: 

[𝜇𝑖2
−1𝐸⇓𝛻×(𝜑𝑟) + 𝜇𝑖3

−1𝐸⇓𝛻×(𝑧𝑟)] = Ei1 (1) + Ei1 (2)   (5.19.a) 

[𝜇𝑖1
−1𝐸⇓𝛻×(𝑟𝜑) + 𝜇𝑖3

−1𝐸⇓𝛻×(𝑧𝜑)] = Ei2 (1) + Ei2 (2)   (5.19.b) 

[𝜇𝑖1
−1𝐸⇓𝛻×(𝑟𝑧) + 𝜇𝑖2

−1𝐸⇓𝛻×(𝜑𝑧)] = Ei3 (1) + Ei3 (2)   (5.19.c) 

with the following six expressions: 
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[𝜇𝑖2
−1𝐸⇓𝛻×(𝜑𝑟)][𝜅𝐸𝑟] ⇔ [{𝑗 ∑ 𝐺′𝑛𝜅𝜇𝑖2⟨𝑇1(𝑝𝐸 , 𝑝𝜇, 𝑝

∗)⟩𝐸,𝜇 𝛿 [
𝑞𝐸 + 𝑞𝜇, 𝑞

∗

𝑛𝐸 + 𝑛𝜇, 𝑛
∗]}] [𝜅𝐸𝑟] 

 Ei1(1) 

[𝜇𝑖1
−1𝐸⇓𝛻×(𝑟𝜑)] ⇔ {−𝑗 ∑ 𝐺′𝑛𝜅𝜇𝑖1⟨𝑇1(𝑝𝐸 , 𝑝𝜇, 𝑝

∗)⟩𝐸,𝜇 𝛿 [
𝑞𝐸 + 𝑞𝜇, 𝑞

∗

𝑛𝐸 + 𝑛𝜇, 𝑛
∗]}  Ei2(1) 

[𝜇𝑖1
−1𝐸⇓𝛻×(𝑟𝑧)] ⇔ [

𝑗

𝑅
∑ (𝑞)𝜅𝜇𝑖1𝑇0(𝑝𝐸 , 𝑝𝜇, 𝑝

∗)𝐸,𝜇 𝛿 [
𝑞𝐸 + 𝑞𝜇, 𝑞

∗

𝑛𝐸 + 𝑛𝜇, 𝑛
∗]]   Ei3(1) 

[𝜇𝑖3
−1𝐸⇓𝛻×(𝑧𝑟)] ⇔ [

−𝑗

𝑅
∑ (𝑞)𝜅𝜇𝑖3𝑇0(𝑝𝐸 , 𝑝𝜇, 𝑝

∗)𝐸,𝜇 𝛿 [
𝑞𝐸 + 𝑞𝜇 , 𝑞

∗

𝑛𝐸 + 𝑛𝜇, 𝑛
∗]]                  Ei1(2) 

[𝜇𝑖3
−1𝐸⇓𝛻×(𝑧𝜑)] ⇔

[
 
 
 
 {

1

𝑅
∑ 𝜅𝜇𝑖3𝑇𝑜(𝑝𝐸 , 𝑝𝜇, 𝑝

∗)𝐸,𝜇 𝛿 [
𝑞𝐸 + 𝑞𝜇, 𝑞

∗

𝑛𝐸 + 𝑛𝜇 , 𝑛
∗]} +

{
−1

𝑅
∑ (𝜌𝑝)𝜅𝜇𝑖3𝑈1(𝑝𝐸 , 𝑝𝜇 , 𝑝

∗)𝐸,𝜇 𝛿 [
𝑞𝐸 + 𝑞𝜇 , 𝑞

∗

𝑛𝐸 + 𝑛𝜇, 𝑛
∗]}]
 
 
 
 

  Ei2(2) 

[𝜇𝑖2
−1𝐸⇓𝛻×(𝜑𝑧)] ⇔ ∑ (

𝜌𝑝

𝑅
) 𝜅𝜇𝑖2𝑈1(𝑝𝐸 , 𝑝𝜇 , 𝑝

∗)𝐸,𝜇 𝛿 [
𝑞𝐸 + 𝑞𝜇 , 𝑞

∗

𝑛𝐸 + 𝑛𝜇, 𝑛
∗]   Ei3(2) 

where 𝐺𝑛
′ = 𝐺𝑛 + 𝑘𝑧 and the formulation requires two sets of field related indices (𝑞𝑝𝑛) 

and (𝑞𝑝𝑛)∗. The block elements are collected for the field indices constant along a row and 

the orthogonal indices constant down a column. The indices (𝑞𝑝𝑛)∗ relate to applying the 

complex conjugate before the integration of the cylindrical domain. The orthogonal 

properties of the azimuthal and axial coordinates are preserved and lead to the requirement: 

𝑞𝐸 + 𝑞𝜇 = 𝑞
∗ for the azimuthal indices and 𝑛𝐸 + 𝑛𝜇 = 𝑛

∗ for the axial indices. These 

conditions arise from the orthogonality conditions of the exponential functions. The delta 
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function determines the value of the azimuthal index, 𝑞, which provides a non-zero field 

expansion coefficient, δ𝑞𝐸+𝑞𝜇,𝑞∗. 

Within these expressions, (𝑆1, 𝑇𝑜 , 𝑇1, 𝑈1, 𝑉) are integrals over the radial extent of 

the computation domain. The integrals are evaluated over the normalized range 𝑥 =
𝑟

𝑅
 (0 

to 1) and involve various combinations of zero- and first-order Bessel functions. The 

orthogonality conditions do not apply to the Bessel functions because multiplication of the 

integrating term results in a product of three Bessel functions. These integrals are provided 

in Appendix B. An individual element of the block can be generated using these integral 

expressions. Since the integrals are independent of the dielectric profile and particular field 

components required, they are only calculated once. They can be used in the steady state 

determination using the expressions from Appendix B for any dielectric profile where the 

radial direction is expanded in the lowest-order Bessel series. The matrix has three rows of 

blocks and three columns of blocks. The block’s order is equal to the number of basis 

functions used to decompose the field components.  

A similar theoretical development can be applied to Ampere’s law (5.8-right), 

which will generate a matrix system similar to that of (5.17) using the symbol change (𝜇 ⇒

휀, 𝐸 ⇒ ℑ), see (5.20) below. This greatly simplifies the computation and programming 

procedure as Ampere’s and Faraday’s laws can be treated using the same numerical 

algorithms. 
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[ℑ𝑏𝑙𝑜𝑐𝑘]

= [

[휀12
−1ℑ⇓𝛻×(𝜑𝑟) + 휀13

−1ℑ⇓𝛻×(𝑧𝑟)] [휀11
−1ℑ⇓𝛻×(𝑟𝜑) + 휀13

−1ℑ⇓𝛻×(𝑧𝜑)] [휀11
−1ℑ⇓𝛻×(𝑟𝑧) + 휀12

−1ℑ⇓𝛻×(𝜑𝑧)]

[휀22
−1ℑ⇓𝛻×(𝜑𝑟) + 휀23

−1ℑ⇓𝛻×(𝑧𝑟)] [휀21
−1ℑ⇓𝛻×(𝑟𝜑) + 휀23

−1ℑ⇓𝛻×(𝑧𝜑)] [휀21
−1ℑ⇓𝛻×(𝑟𝑧) + 휀22

−1ℑ⇓𝛻×(𝜑𝑧)]

[휀32
−1ℑ⇓𝛻×(𝜑𝑟) + 휀33

−1ℑ⇓𝛻×(𝑧𝑟)] [휀31
−1ℑ⇓𝛻×(𝑟𝜑) + 휀33

−1ℑ⇓𝛻×(𝑧𝜑)] [휀31
−1ℑ⇓𝛻×(𝑟𝑧) + 휀32

−1ℑ⇓𝛻×(𝜑𝑧)]

] 

 (5.20) 

For Ampere’s law, the matrix element notation is: 

[휀𝑖2
−1ℑ⇓𝛻×(𝜑𝑟) + 휀𝑖3

−1ℑ⇓𝛻×(𝑧𝑟)] = ℑi1(1) + ℑi1(2)   (5.21.a) 

[휀𝑖1
−1ℑ⇓𝛻×(𝑟𝜑) + 휀𝑖3

−1ℑ⇓𝛻×(𝑧𝜑)] = ℑi2(1) + ℑi2(2)   (5.21.b) 

[휀𝑖1
−1ℑ⇓𝛻×(𝑟𝑧) + 휀𝑖2

−1ℑ⇓𝛻×(𝜑𝑧)] = ℑi3(1) + ℑi3(2)   (5.21.c) 

Equation (5.18) can be collected to the matrix system suitable for determining the 

electric field components and angular frequencies. The system matrix results from the three 

field components written as three separate equations collected in the following overall 

form:  

[𝐸block] [

𝜅𝐸𝑟
𝜅𝐸𝜑
𝜅𝐸𝑧
] = (

𝜔

𝑐
) [

𝜅ℑ𝑟
𝜅ℑ𝜑
𝜅ℑ𝑧
]    (5.22) 

This left-side square matrix has a radial equation along the first row, angular field along 

the second row, and azimuthal field along the third row. The subscript indicates the row 

designation of the orthogonal field component. Similarly, magnetic field components 

(5.20) can form a matrix system: 
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  [ℑblock] [

𝜅ℑ𝑟
𝜅ℑ𝜑
𝜅ℑ𝑧
] = (

𝜔

𝑐
) [

𝜅𝐸𝑟
𝜅𝐸𝜑
𝜅𝐸𝑧
]    (5.23) 

The matrices in (5.22) and (5.23) can be used to uncouple the fields, and for the electric 

field equation gives: 

[ℑ𝑏𝑙𝑜𝑐𝑘][𝐸𝑏𝑙𝑜𝑐𝑘] [

𝜅𝐸𝑟
𝜅𝐸𝜑
𝜅𝐸𝑧
] = (

𝜔

𝑐
)
2

[

𝜅𝐸𝑟
𝜅𝐸𝜑
𝜅𝐸𝑧
]              (5.24) 

Likewise, the magnetic field components and angular frequencies can be determined by 

interchanging the order of the block term multiplication: 

[𝐸𝑏𝑙𝑜𝑐𝑘][ℑ𝑏𝑙𝑜𝑐𝑘] [

𝜅ℑ𝑟
𝜅ℑ𝜑
𝜅ℑ𝑧
] = (

𝜔

𝑐
)
2

[

𝜅ℑ𝑟
𝜅ℑ𝜑
𝜅ℑ𝑧
]    (5.25) 

Either of the last two equations can be solved for field components. The missing 

other field components can be obtained through the matrix form of Faraday’s or Ampere’s 

law (5.8). The choice depends on which field component is to be obtained (5.24) for 𝐸
→

 or 

(5.25) for ℑ
→

.  

5.4.2 Full Order Field Formulation 

Another form of the matrix system is available, which solves a 6-field component 

(5.26) eigenvector with Faraday’s and Ampere’s matrix operator block being the anti-

diagonal matrix blocks [91]. The curl expressions in (5.24) and (5.25) can be combined 

into a single matrix system by forming an extended field vector composed of six 
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components. Three from the electric field and three from the scaled complex magnetic 

field. The resulting system matrix is expressed as: 

[
0 [𝐸𝑏𝑙𝑜𝑐𝑘]

[ℑ𝑏𝑙𝑜𝑐𝑘] 0
] [
𝜅𝐸⃗⃗⃗⃗ 

𝜅ℑ⃗⃗⃗⃗ 
] = 𝐼 (

𝜔

𝑐
) [
𝜅𝐸⃗⃗⃗⃗ 

𝜅ℑ⃗⃗⃗⃗ 
]   (5.26) 

The solvable system’s order is now equal to six times the number of basis functions 

required to specify the field components' series expansions. The order of (5.26) is twice 

what is obtained from (5.24) or (5.25). The matrix populating process is straightforward 

due to the large number of zero blocks in the matrix, 22 out of 36 blocks. The solution 

provides eigenvalues, which are the states’ complex angular frequency divided by 𝑐. The 

doubling the size of the matrix order makes this reformation of the FFB technique 

unattractive when a large number of basis functions are utilized in the series expansions. 

From (5.24) and (5.25), it is seen that eigenvalues are in a set of (
𝜔

𝑐
)
2

 and 

determined by diagonalizing the larger matrix. It contains information on both the real and 

imaginary components of the angular frequency. The eigenvalues can be written in 

complex form as: 

(
𝜔

𝑐
)
2
= 𝑊𝑟𝑒𝑎𝑙 + 𝑗𝑊𝑖𝑚𝑔    (5.27) 

The angular frequencies can be obtained from the eigenvalues through the following: 

𝜔𝑟𝑒𝑎𝑙
2 −𝜔𝑖𝑚𝑔

2 = 𝑐2𝑊𝑟𝑒𝑎𝑙     (5.28) 

2𝜔𝑟𝑒𝑎𝑙𝜔𝑖𝑚𝑔 = 𝑐
2𝑊𝑖𝑚𝑔    (5.29) 

When (5.28) and (5.29) are inverted, it gives the field’s complex angular frequency: 
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𝜔𝑖𝑚𝑔 =
𝑐

√2
√−𝑊𝑟𝑒𝑎𝑙 ± √𝑊𝑟𝑒𝑎𝑙

2 +𝑊𝑖𝑚𝑔
2     (5.30) 

𝜔𝑟𝑒𝑎𝑙 =
𝑐

√2
√𝑊𝑟𝑒𝑎𝑙 ±√𝑊𝑟𝑒𝑎𝑙

2 +𝑊𝑖𝑚𝑔
2     (5.31) 

 

The eigenvectors represent the expansion coefficients of the field profile and may also 

contain real and complex contributions. These are obtained at the same time as the 

eigenvalues using the eig () function in MATLAB©. Examining the eigenvector 

coefficients and determining the dominant field contribution provides insight into the 

state’s properties. 

5.4.3 Matrix Order Reduction 

The orthogonal integration substantially reduces the Eigen matrix. This integration 

restricts the azimuthal indices combinations acquired for non-zero values of the matrix 

elements. When: 1) the material profile shows no 𝜑 variations, then at 𝑞𝜀 = 0, the pairs 

(𝑞, 𝑞∗) must be equal to the non-zero matrix elements; 2) The mixing of angular indices 

for the material and field satisfies the relation 𝑞𝑓 + 𝑞𝑚 = 𝑞𝑓
∗  where 𝑚 indicates 

permittivity or permeability. Combining these two conditions implies that the field indices 

difference corresponds to an integer multiple of the rotational symmetry of the material 

present. For instance, in a dielectric structure that possesses N-fold rotational symmetry in 

𝜑, the non-zero expansion coefficients for the permittivity are dictated by the angular 

indices (𝑞𝜀 = ⋯ ,−2𝑁,−𝑁, 0, +𝑁,+2𝑁,…). For a state which contains 𝑞𝑓 = 0 expansion 
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coefficient in its representation corresponds to the monopole family and may contain the 

non-zero expansion for (𝑞𝑓 = ⋯ ,−2𝑁,−𝑁, 0, +𝑁,+2𝑁,…). For all other 𝑞𝑓 values the 

monopole family has a zero-expansion coefficient due to the mixing condition (𝑞𝑓 + 𝑞𝑚 =

𝑞𝑓
∗). The state which contains 𝑞𝑓 = ±1 expansion coefficient in its representation 

corresponds to dipole family and may contain non-zero expansion coefficients (𝑞𝑓 = ±1,

±𝑁 ± 1, ±2𝑁 ± 1,…). The mixing condition results in two separate sets of coefficients, 

one set by selecting the “+, CW” sign (𝑞𝑓 = +1, ±𝑁 + 1, ±2𝑁 + 1,…) and one by 

selecting the “−, CCW” sign (𝑞𝑓 = −1, ±𝑁 − 1, ±2𝑁 − 1,…). The standing wave 

providing steady state conditions is obtained by the superposition of the two counter-

propagating fields. This is obtained when the “+” and the “−” components are combined. 

The eigenvalues obtained using the set “+” are the complex conjugate of the eigenvalue 

obtained using the “−”. Thus, only one of them must be solved. Within the matrix structure, 

each mode family has its column and rows padded with zeroes, and as a result, each mode 

family matrix can be extracted and solved individually. Thus, mode family tuning can 

reduce the system matrix’s order to solve the material's rotational symmetry. This frees up 

computer resources and provides computed results sooner.  

5.4.4 Perfectly Matched Layer 

An absorbing layer may accommodate the introduction of a PML at the 

computational domain external perimeter. The discussion regarding PML and ABC from 

the FDTD Section, 5.2.2, can be imported to FFB. In the cylindrical computational 
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domain, absorbing regions are required for the radial (𝑟) and axial (𝑧) directions. 

The absorbing material matrix is expressed as: 

�⃡� = [
𝑠𝑟
−1 0 0
0 𝑠𝑟 0
0 0 𝑠𝑟

] [

𝑠𝑧 0 0
0 𝑠𝑧 0

0 0 𝑠𝑧
−1
]    (5.32) 

�⃡� = [

𝑠𝑟
−1𝑠𝑧 0 0
0 𝑠𝑟𝑠𝑧 0

0 0 𝑠𝑟𝑠𝑧
−1

]     (5.33) 

 

where 𝑠𝑟 = 𝜅𝑟 − 𝑗
𝜎𝑥

𝜔𝜀𝑜 
 and 𝑠𝑧 = 𝜅𝑧 − 𝑗

𝜎𝑧

𝜔𝜀𝑜 
. With 𝑠𝑟,𝑧 = 𝑠𝑟𝑟,𝑧 − 𝑗𝑠𝑖𝑟,𝑧 conforming to the 

theoretical development proposed here. For the radial PML direction 𝑠𝑧 = 1, the PML is 

placed at the upper and lower extremes of the axial computation direction, increasing from 

zero to a maximum at the upper and lower edges following a power profile and in the axial 

direction 𝑠𝑟 = 1. In the corner regions, both PML directions are required in (5.33). The 

PML layer could also be placed in the free space region making 𝑠𝑟𝑟,𝑧 = 1.    

The PML region bordering the computational domain will introduce loss into the 

structure in much the same way that the PML introduces loss in the FDTD algorithm. The 

PML placed sufficiently far away from the resonator structure ensures that resonator state 

field components (those we seek using the FFB technique) are reduced to zero at the 

computational domain edge. The field component series in (5.11) and (5.12) are zero at the 

computational edge due to the argument of the Bessel functions used in the basis functions. 

The introduction of the PML ensures that the series (5.11) and (5.12) represent realistic 
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fields with open-ended boundary conditions as the PML forces the field component to be 

zero at the radial extreme. The FFB version of the PML will be included when numerically 

examining the states of the proposed MBRs. 

A parameter desired when designing a resonator is the Quality factor, 𝑄. The 

dielectric MBR structure under theoretical analysis in this thesis has no loss mechanisms 

presented. Thus, the eigenfrequencies of the bottle states are real and indicate an infinite 

𝑄. However, in an actual application of the bottle resonator, input and output power 

coupling mechanisms must be included, and the 𝑄 of the resonator would be finite. An 

estimation of the 𝑄 factor is possible by taking the field profile of the bottle confined mode 

of interest and calculating its overlap. 

The FSR can be found in two ways: wavelength spacing of similar states with 

adjacent azimuthal order or wavelength spacing of contiguous mode within an azimuthal 

order. 

The numerical solver used for computations in this thesis works on cylindrical 

coordinates, provides mode wavelength, field profile and 𝑄. It utilizes FFB basis function 

series expansion of the material and optical fields, dramatically simplified using Faraday’s 

and Ampere’s law rather than the usual wave equation. It can include the permittivity 

(permeability) with real and imaginary parts and may have a PML. This method uses FFB 

expansions of the field and inverse dielectric to express Maxwell’s equations as an 

eigenvalue problem. The eigenvalues obtained by solving these expressions are the 

frequencies, which can be converted to free space wavelengths, and the eigenvectors are 

the FFB expansion coefficients for the field profiles. The FFB solver results agree with 
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other numerical methods, such as FDTD and PWEM, when these techniques can be applied 

to the same structure. In the next chapter, the FFB numerical method examines MBR (solid 

and hollow) structures as these resonators conform to a cylindrical coordinate system.  
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Chapter  6: MBR Computational Profile 

6.1  Solid Bottle Profile 

The solid glass (BK-7) bottle resonator's geometry under consideration is shown in 

Figure 6.1-left. The structure is non-magnetic with a relative permeability of 1. It consists 

of a high relative permittivity (휀𝑟=2.3000) isotropic cylinder of 𝑟 =  2 µ𝑚 radius and 𝑇 =

 10 µ𝑚 height centered, and aligned with the cylindrical coordinate axis. The ambient 

medium is air with a relative permittivity of 1.000. The bottle confinement is accomplished 

by sculpting two rings about the azimuthal direction into the cylinder. Each ring has an 

axial extent of 𝐷 =  2 µ𝑚, follows a cosine profile with an amplitude of 1 µ𝑚, and is 

located a distance W evenly above and below the coordinate system's central plane. The 

radial domain of the computation extends out to 5 µ𝑚 with the last 2 µ𝑚 configured as a 

PML to simulate an open-ended resonator. The structure is periodic along the 𝑧-axis, and 

Figure 6.1-center shows the structure plotted over three periods. Two bottle regions are 

obtained. One is centered on the coordinate plane and referred to as the central bottle 

resonator, C, while the adjacent is referred to as the upper, U, bottle resonator. In principle, 

the structure's numerical simulation can proceed as a function of all parameters used to 

define the structure and is the subject of extended work on sensors discussed in Chapter 7. 

Here the ring placement is changed as well as the ambient medium's refractive index. The 

former defines the bottle region width, while the latter is used to simulate a sensing 

environment. 
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Figure 6.1 Left is the geometry and parameter identification of the MBR used in the numerical 

computations and sensor configurations. The structure is periodic in the axial direction with 

three periods shown (center), and uniform under azimuthal rotation. The right figure shows the 

reconstruction of the (1,1) relative permittivity tensor element showing that the original bottle 

resonator is obtained and ensures convergence in the spectral decomposition. 
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The computation of the bottle resonator states requires that all parameters defined 

in Figure 6.1 be given numerical values. The relative permittivity and permeability of the 

structure, ambient medium and PML border are then discretized on a cylindrical grid using 

50 points per micron in the radial and axial directions. Since the structure has rotational 

symmetry about the 𝑧-axis, only the medium properties at 𝜑 = 0 are required. This 

symmetry converts the 3-D structure (𝑟, 𝜑, 𝑧) to one that requires only a 2-D (𝑟, 𝑧) analysis 

when the FFB numerical technique is utilized. The expansion coefficients for the material 

tensor elements (5.10) are determined through orthogonal integration from the discretized 

grid. We found that 100 Bessel terms (𝑝𝜀 = 1 → 100) and 199 axial terms 

(−99 ≤ 𝑛𝜀 ≤ +99) with 𝑞𝜀 = 0 provides an accurate representation, as can be confirmed 

by the reconstruction of the (휀𝑟𝑟
−1) elements of the relative permittivity tensor shown in 

Figure 6.1-right. The dielectric structure is uniform to the azimuthal coordinate 𝜑 and can 

thus be regarded as having infinite rotational symmetry. This property implies that the 

decomposition of the dielectric should be independent of the azimuthal coordinate and 

imposes the condition that the only non-zero inverse dielectric expansion coefficients are 

obtained when 𝑞𝜀 = 0. All non-zero expansion coefficients with axial order other than zero 

define the bottle dielectric regions. The inverse relative permeability expansion space 

coefficients must still be computed as the series in (5.10) are required. 

When a structure presents a complete rotational symmetry about the 𝑧-axis, the 

matrix generated in (5.24) can be separated into much lower order matrices, each specific 

to a particular field profile azimuthal rotational order. Computations were performed for 

numerous rotational orders, and the results presented here will focus on the bottle states 
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that demonstrate a rotational symmetry of 20, 𝑞𝐸,ℑ = 20 used in the expansion field series 

in (5.11) and (5.12). The matrices for azimuthal mode orders 15 to 25 were produced, and 

the state space was determined and examined. As the azimuthal order is reduced, the 

wavelength associated with a mode increases and the fields extends into the cylindrical 

dielectric region. It was observed that the modes with rotational symmetry of 20 were best 

confined to the bottle region. Numerical tests have shown that the field profiles and 

corresponding wavelengths for the bottle confined states are sufficiently converged when 

50 Bessel terms (𝑝𝐸,ℑ = 1 → 50) and 89 axial terms (−44 ≤ 𝑛𝐸,ℑ ≤ +44) are utilized. 

(Note: The convergence is based on examining the variation in the desired bottle states' 

eigenvalues and eigenvectors.) Some states are confined to the high dielectric cylinder and 

constitute the desired MBR states. Bottle states are determined by plotting the field profile 

and examining the field localization properties. 

All computations were performed on MATLAB-based algorithms. First, the 

material profile is proposed in (5.10), and then the expansion space is determined using 

(5.11) and (5.12). The resonator state properties are obtained by solving the eigenvalue 

matrix system using the eig () function in MATLAB. The field profiles are obtained from 

the computational domain using expressions (5.11) to (5.24) as the eig () function returns 

the eigenvectors for each eigenvalue.  

Figure 6.2 shows a space of the modal wavelengths (real part) obtained versus 

matrix indexing integer, which contains the various radial and axial mode orders for the 

rotational mode order 20 bottle confined states. This wavelength space is restricted between 
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0.77 𝜇𝑚 to 0.8 𝜇𝑚 range to display starting from the upper bottle's mode zero to the central 

bottle's first-order mode. If the range is extended, it could include many other modes. The 

states marked with a (♦, ■) constitute the central (C (■)) and upper (U (♦)) bottle confined 

states.  

Figure 6.2 The wavelength's real part of computed states versus matrix solution indexing is 

indicated here. States identified with a (♦■) correspond to modes highly localized to the high 

permittivity glass bottle region. 
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Figure 6.3 presents the imaginary part of the wavelength for states in the indicated 

range. Bottle confined states have the imaginary part close to zero-axis as the imaginary 

contribution in the resonator structure originates from the PML region, where these states 

have very little field presence. Also, it restricts the expansion space to 𝑞𝜀 = {0}. The states 

with azimuthal order differ only in sign, 𝑞 = {+,−} and corresponds to CW and CCW, 

respectively. The rotational order 20 has CW = +20 and CCW = −20 modes. The 

eigenvalue space obtained for the pair will be the same, and the eigenvector space will be 

the complex conjugate of each other. Thus, only one of “ + ” or “ − " can be solved. The 

matrix +20 is separated from the matrix with −20. If only the −20 mode order is solved 

separately and then combined with +20 mode, i.e., superposition of CW and CCW states 

for the same wavelength, it will produce a standing wave viewed as a steady state. Thus, 

the two modes grouped in the imaginary graph are the degenerate states. This property can 

be used as an additional filter for determining the bottle confined states.  

 

 

 

 

 



77 

 

 

The states identified in Figure 6.2, marked for central (C (■)) and upper (U (♦)) 

bottle confined states, have field intensity profiles plotted in Figure 6.4. The modes are 

labelled by the number of 0 crossings in the radial (first integer) and axial (third integer) 

direction with azimuthal order 20 (middle integer). In addition to the 2-D profiles, the 3-D 

profiles for the lowest-order mode are shown in Figure 6.5. The intensity profiles display 

40 bright maximums per 360-degree rotation as the intensity pulsates twice the mode order 

of 20 for these states. 

Figure 6.3 The wavelength's imaginary part of the computed states versus matrix 

solution indexing is indicated here. Bottle confined states have negligible field 

components in the PML region, making the imaginary part very close to zero. 
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Figure 6.4 The resonator states obtained for the structure in Figure 6.1 at the wavelengths 

identified in Figure 6.2 when the bottle parameter, W, was 1.5 µm. The top set shows the 

intensity profile in the (r, z) plane for states localized in the glass cylinder's central region. The 

bottom set shows the intensity profile for states localized in the upper and lower regions 

resulting from the additional bottle produced through axial periodicity. 
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Figure 6.6 shows the lowest-order central and upper states' wavelength variation as 

a function of ring axial offset, 𝑊. The central region bottle width can be determined from 

BC =  2𝑊 − 𝐷, and the upper bottle width is determined from BU = 𝑇 – (2𝑊 + 𝐷). As 

expected, the narrower the bottle, the smaller the state's wavelength as the state must fit 

into the smaller high relative permittivity region. At 𝑊 =  2.5 µ𝑚, the central and upper 

bottles are identical and support identical states. The bottle structure with 𝑊 =  1.5 µ𝑚 is 

Figure 6.5 The lowest order mode in 3-D representation demonstrating the azimuthal 

mode order of 20 (40 intensity maximum over 2 rotation). 
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selected as the structure to explore as an index of refraction sensor since the central and 

upper lowest-order states have a sizeable wavelength difference for the chosen structural 

parameter. 𝑊 =  1.25 𝜇𝑚 is not used as it makes the bottle region very narrow. If the 

confined mode's region is narrow, it may cause the mode to leak out of the bottle into the 

ring indentations, which is not desired for sensor-designing applied to this thesis.  

 

Figure 6.6 Plot of the bottle confined resonator states as a function of the resonator width, W is 

displayed. At W = 2.5 µm, the central and upper bottles are identical. For W < 2.5 µm, the 

central bottle is narrower than the upper bottle making the lower confined states exhibit a 

smaller wavelength. The structure with W = 1.5 µm was selected for sensor consideration. 
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6.2  Hollow Bottle Profile 

The air-filled hollow glass MBR is presented in Figure 6.7. The material parameters 

of the solid bottle profile are utilized for this structure. The hollow region is an air (εr = 

1.000) cylinder with a radius of one micron and a height of ten microns. A hollow notch is 

then created to have a radius of 1.75 𝜇𝑚 and a height of 1 𝜇𝑚. This makes the overall 

hollow structure exhibit thin walls of 0.25 𝜇𝑚, as discussed in Section 3.3. Each ring has 

an axial extent of 𝐷 =  2 µ𝑚, follows a cosine profile of an amplitude 1 µ𝑚, and is located 

at a distance, 𝑊 =  1.5 𝜇𝑚, above and below the central plane of the coordinate system. 

The radial domain of the computation extends out to 5 µ𝑚 with the last 2 µ𝑚 configured 

as a PML to simulate an open-ended resonator. This new structure is also centered and 

aligned with the cylindrical coordinate axis. It is periodic along the 𝑧-axis. The ambient 

medium is also air. The hollow and ambient medium's relative permittivity were varied to 

analyze the hollowed notch's confined mode.  
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The hollow bottle states are determined by plotting the field profile and examining 

the field localization properties. This is done the same way as simulated in the solid bottle 

by utilizing the Bessel terms (𝑝𝜀 = 1 → 100) and 199 axial terms (−99 ≤ 𝑛𝜀 ≤ +99). 

The selected field intensity profiles are plotted in Figure 6.8 and constitute either central 

(C) or upper (U) bottle confined states. The modes are labelled by the number of zero 

crossings in the radial (first integer) and axial (third integer) direction with an azimuthal 

order of 20 (middle integer). The intensity profile for the upper bottle region is the same as 

Figure 6.7 The basic geometry of the hollow micro-optic bottle resonator 

where an additional notch was created inside the central bottle region. 

The distance of rings from the center is W=1.5 μm with a cosine profile.  
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that of the solid bottle, whereas in the air-filled hollow notch the field intensity is confined 

to the bottle's thin walls.  

 

Figure 6.8 The resonator states obtained for the structure of Figure 6.7 at the wavelengths 

identified in Figure 6.9 when the bottle parameter, W, is 1.5 µm. The top set shows the intensity 

profile in the (r, z) plane for states localized in the central bottle region’s thin-walls. The bottom 

set shows the intensity profile for states localized in the upper and lower regions resulting from 

the additional bottle produced through axial periodicity. 
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The computed wavelength (real or imaginary part) helps identify the mode profile 

easily, which is to be constructed. Figure 6.9 displays the real part of the wavelength for 

the HMBR’s computed states. The wavelength space is restricted between 0.71 𝜇𝑚 and 

0.81 𝜇𝑚 to display starting from the upper HMBR's mode zero to the central HMBR's 

second-order mode. The graph shows that the modes are either in a pair of two or single. 

The modes of interest are confined in the central and upper HMBR regions and can be 

easily identified as a single-mode. These HMBR’s localized states are marked with a (C 

(■), U (♦)) on the graph for the wavelength identification. The wavelengths for HMBR’s 

upper region field intensity profile are U1 = 0.7988 𝜇𝑚, U2 = 0.7963 𝜇𝑚, and U3 = 

0.7921 𝜇𝑚. The wavelengths for the central bottle’s field intensity profile are C1 = 

0.7533 𝜇𝑚, C2 = 0.7264 𝜇𝑚, and C3 = 0.7140 𝜇𝑚. 

The imaginary part of the wavelength further helps to easily distinguish between 

the state localized in the upper and central HMBR’s region. Figure 6.10 illustrates the 

imaginary part of the wavelength of the HMBR’s computed states. The MBR’s imaginary 

graph (see Figure 6.3) is slightly different from the HMBR’s. The difference is due to the 

addition of a hollowed notch into the central MBR’s region. The states localized in the 

HMBR’s thin-walled central region are below the zero-axis and identified by a (■) symbol. 

They appear to be as single states among other degenerate states. The single states localized 

on the zero-axis (top right corner) are the HMBR’s upper region represented by the (♦) 

symbol. The rest of the states on the zero-axis are the higher-order modes of the HMBR’s 

upper region. The lowest-order mode localized in the HMBR’s thin-walled central region 

can serve as WGM resonance utilized for sensor detection.    
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Figure 6.9 The real part of the wavelength for the HMBR’s computed states versus matrix 

solution indexing. States identified with a (♦■) correspond to modes highly localized to the 

bottle region with a high permittivity glass cylinder. 
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This chapter presents the bottle resonators' geometrical and material properties and 

information on the parameters selected to ensure convergence for the eigenstates returned 

in the numerical computations. The modal space for the MBR as a function of axial width 

of the central bottle spacing is provided, and samples of the available modes are plotted. 

Later in this chapter, HMBR is built to a fixed axial width spacing. The modal properties 

of MBR and HMBR have the potential to be used as sensor applications. The sensors 

configured for the MBR and HMBR are presented in the next chapter.  

 

Figure 6.10 The imaginary part of the wavelength for the HMBR’s confined states has 

negligible field components in the PML region making the imaginary part very close to zero. 
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Chapter  7: MBR Sensor Configurations 

This chapter presents the theoretical results obtained from the MBR proposed in 

Chapter 6, operating as an optical sensor. All results are computed using the FFB numerical 

mode solver. The MBR will be simulated for a refractive index/gas, temperature, and 

chemical sensor. 

 The MBR is first examined as a refractive index/gas sensor where the change in 

the ambient region's refractive index is detected. A sensor simulation is performed where 

the presence of CO2 gas in the ambient medium is to be sensed.  

 The performance of the MBR structure acting as a temperature sensor is simulated. 

Temperature changes manifest themselves through the thermo-optic effect and thermal 

expansion of the MBR. The MBR’s temperature-dependent sensitivity is calculated 

through a wavelength shift caused by the refractive index change and thermal expansion. 

It is known that Maxwell’s equations are size scalable, so the calculated effects in linear 

dimensions will be included in the wavelength shifts computed for the thermo-optic effect 

taken alone. For CO2 gas as the ambient medium, temperature changes in the gas and 

structure are computed. As the temperature changes will affect the resonator and gas 

properties, the overall shift in wavelength is recorded to be used in the sensor’s sensitivity 

calculations.  

 In a chemical sensor, the MBR’s central bottle region is hollowed-out along its axis 

to create a thin-wall HMBR. When the chemical flows through its internal and external 

surroundings medium, changes in the resonance mode’s wavelength are calculated. The 
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wavelength shift due to a change in refractive index is used in the sensitivity estimation. 

The concentrated molar volume of chemicals in liquid form, i.e., benzene and 

chlorobenzene, are to be detected using a flow through in the HMBR’s internal region. 

7.1  Refractive Index Sensing 

Herein, the ability to measure the ambient medium’s refractive index (relative 

permittivity) through a wavelength shift of the lowest-order state axially directed in the 

central and upper region of the MBR for mode 20 in the azimuthal direction is examined. 

The central MBR’s axial width is set at 𝑊 =  1.5 µ𝑚 giving the structure shown in Figure 

6.1. Each new structure's geometry is discretized with 50 grid points per micron to 

determine the series expansion space for the components of the relative permittivity tensor. 

The states are then computed using 50 Bessel terms and 89 axial terms for azimuthal mode 

order 20 (𝑞 = 20, 1 ≤ 𝑝 ≤ 50,−40 ≤ 𝑛 ≤ +40). The wavelength and its shift are tracked 

by plotting the states returned from each computation and identifying the lowest-order state 

profiles (axially directed) confined in the bottle (central and upper region). The wavelength 

as a function of the ambient medium’s refractive index (relative permittivity) is plotted in 

Figure 7.1. In general, the refractive index closest to 1.0 would monitor airborne impurities 

and trace gases in the ambient medium to emulate the gaseous environment. The sensitivity 

is determined using Eq. (4.1) as 𝑆 =
𝛥𝜆

𝛥𝑛
. The sensitivity in the gaseous region (indicated in 

the graph) from the refractive index is 1 to 1.0723, and using the central bottle’s lowest-

order mode wavelength is 86.9
𝑛𝑚

𝑅𝐼𝑈
. It was also seen in the graph that a refractive index 

from 1.0723 to 1.1269 is suitable for intermediate materials (such as blood, osmium and 
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calcium fluoride). A refractive index from 1.1269 to 1.2041 can be used for sensing various 

liquids. The central bottle’s lowest-order mode wavelength is calculated over the liquid 

zone using the refractive index range mentioned in the graph; the sensitivity in this zone is 

S = 
𝛥𝜆

𝛥𝑛
= 123.6

𝑛𝑚

𝑅𝐼𝑈
. A refractive index from 1.2041 to 1.2247 represents solid materials, 

and these values are used for sensitivity detection in this region using the central bottle’s 

lowest-order mode wavelength as 𝑆 =
𝛥𝜆

𝛥𝑛
= 125.9

𝑛𝑚

𝑅𝐼𝑈
. Similar results were extracted for 

three zones (gas, liquid, and solid) using the upper bottle’s lowest-order mode (axially 

directed) wavelength. Table 7.1 has the refractive indices and corresponding computed 

wavelength for both the central and upper bottle regions. Table 7.2 has the calculated 

sensitivity extracted from each zone for the upper bottle region. There is a noticeable 

difference in solid zone sensitivity for the central and upper bottle region. This is due to 

the wavelength drops in the upper bottle region from 1.20 to 1.23 refractive index range, 

as seen in Figure 7.1. 
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Figure 7.1 The bottle confined mode wavelength response as a function of the 

ambient medium’s index of refraction / relative permittivity for the lowest-order 

mode axially directed in the upper bottle. It is denoted by (♦) in the central bottle 

region and (■) for azimuthal order 20. 
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Table 7.1 The refractive index and its corresponding mode zero wavelengths for the central and 

upper bottle regions. 

 

 

 

 

 

 

Table 7.2 The sensitivities calculated over each zone for the central and upper bottle regions. 

Refractive 

Index Region 

Sensitivity Central 

Bottle (
𝒏𝒎

𝑹𝑰𝑼
) 

Sensitivity Upper 

Bottle (
𝒏𝒎

𝑹𝑰𝑼
) 

Gas 86.9 87.8 

Liquid 123.6 121.8 

Solid 125.9 58.4 

 

 

Refractive 

Index 

Central Bottle 

Wavelength (μm) 

Upper Bottle 

Wavelength (μm) 

1 0.788 0.799 

1.02 0.790 0.801 

1.05 0.792 0.803 

1.07 0.795 0.805 

1.09 0.797 0.808 

1.12 0.799 0.810 

1.14 0.802 0.813 

1.16 0.805 0.815 

1.18 0.807 0.818 

1.20 0.809 0.821 

1.23 0.812 0.822 
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7.2 Gas Sensing 

The standard conditions for temperature and pressure (STP) and the gases’ 

refractive indices (at low pressure) are close to air. The gases at very high pressure are also 

considered here and have led to refractive indices much higher than those at STP. The 

concentration of a gas depends on pressure and volume when the temperature is constant. 

The concentration of CO2 gas pressure concerning the refractive index is extracted from 

[98]. The central MBR’s axial width is set at 𝑊 =  1.5 µ𝑚 giving the structure shown in 

Figure 6.1. The geometry of each new structure is discretized with 50 grid points per 

micron to determine the series expansion space for the components of the relative 

permittivity tensor. The states are then computed using 50 Bessel terms and 89 axial terms 

for azimuthal mode order 20 (𝑞 = 20, 1 ≤ 𝑝 ≤ 50,−40 ≤ 𝑛 ≤ +40). The CO2 gas at 

40 °𝐶 is used from 300 𝑝𝑠𝑖 to 600 𝑝𝑠𝑖 (low pressure range). As the pressure increases, the 

refractive index of CO2 changes is summarized in Table 7.3. The wavelength and its shift 

due to refractive index change (pressure change) are tracked by plotting the states returned 

from each computation and identifying the lowest-order state profiles (axially directed) 

confined in the bottle (central region). The wavelength shift as a function of the ambient 

medium’s refractive index (due to pressure) is plotted in Figure 7.2. This graph is used for 

computing sensitivity, i.e., change in wavelength ∆𝜆 to change in refractive index ∆𝑛, over 

the entire refractive index range. The sensitivity for change in concentration of the gas at 

low pressure is determined to be 𝑆 =
𝛥𝜆

𝛥𝑃
⇒ 𝑆 =

Δ𝜆

Δ𝑛
= 79.6

𝑛𝑚

𝑅𝐼𝑈
. 
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Table 7.3 Wavelength and refractive index as a function of low pressure.   

 

 

 

 

 

Figure 7.2 Changes in CO2 pressure (low range) versus wavelength shift. From the graph, the 

sensitivity of 79.6 nm/RIU was calculated.  

 

 

Pressure (psi) Refractive Index Wavelength (μm) 

300 1.008 0.7889 

400 1.012 0.7891 

500 1.016 0.7895 

600 1.020 0.7898 
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The CO2 gas at 40 °𝐶 is used from 1100 𝑝𝑠𝑖 to 1500 𝑝𝑠𝑖 (high pressure range). 

As the pressure increases, the refractive index of CO2 changes are summarized in Table 

7.4. The wavelength and its shift due to refractive index change are tracked by plotting the 

states returned from each computation and identifying the lowest-order state profiles 

(axially directed) confined in the bottle (central region). The wavelength shift as a function 

of the ambient medium’s refractive index (due to high pressure) is plotted in Figure 7.3. 

This graph is used for computing sensitivity, i.e., change in wavelength ∆𝜆 to change in 

refractive index ∆𝑛, over the entire refractive index range. The sensitivity for change in 

gas concentration was determined to be 𝑆 =
𝛥𝜆

𝛥𝑃
⇒ 𝑆 =

Δ𝜆

Δ𝑛
= 118.2

𝑛𝑚

𝑅𝐼𝑈
. 

 

Table 7.4 Wavelength and refractive index as a function of pressure in the high pressure domain.   

Pressure (psi) Refractive Index Wavelength (μm) 

1100 1.057 0.792 

1200 1.0805 0.795 

1250 1.1105 0.798 

1300 1.1333 0.801 

1400 1.149 0.803 

1500 1.158 0.804 
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The gas/refractive index sensors discussed in Section 4.2.2 were built in hundreds 

of microns in dimension, and the refractive index sensitivity was 130
𝑛𝑚

𝑅𝐼𝑈
 [60]. The design 

presented in this thesis would allow the MBR to show 125.9
𝑛𝑚

𝑅𝐼𝑈
 sensitivity in the solid 

region of the refractive index range. Hence, the refractive index sensor has demonstrated a 

comparable sensitivity. When CO2 is detected at a low pressure range using MBR, a 

sensitivity of 79.6
𝑛𝑚

𝑅𝐼𝑈
 was found, and at high pressure, 118

𝑛𝑚

𝑅𝐼𝑈
 was detected. It was 

observed that there is no significant change in wavelength trace; the result is expected to 

Figure 7.3 Changes in CO2 pressure (high range) versus the shift in wavelength. 

Sensitivity was found to be 118.2 nm/RIU. 



96 

 

be low for the low pressure range since the refractive index of CO2 at STP is close to that 

of air at STP. 

7.3 Temperature Sensing 

The temperature sensor’s essential features are the thermo-optic effect, 𝛽, and the 

linear thermal expansion, 𝛼, as discussed in Section 4.2.1. The refractive index of the MBR 

composed of optical glass changes as the temperature varies. This property is called the 

thermo-optic effect expressed in (4.4). The change in refractive index, ∆𝑛, can be expressed 

as: 

∆𝑛 = 𝛽𝑛0∆𝑇     (7.1) 

where 𝑛0 is the initial refractive index, and ∆𝑇 is the temperature change. The MBR’s 

temperature-dependent change in refractive index, 𝛥𝑛, was entered into the FFB mode 

solver as the temperature was varied from 10 °𝐶 𝑡𝑜 140 °𝐶 in the ambient medium. The 

geometry of each new structure is discretized with 50 grid points per micron to determine 

the series expansion space for the components of the relative permittivity tensor. The states 

are then computed using 50 Bessel terms and 89 axial terms for azimuthal mode order 20 

(𝑞 = 20, 1 ≤ 𝑝 ≤ 50,−40 ≤ 𝑛 ≤ +40). The lowest-order mode of the central bottle 

region in the axial direction is examined for azimuthal mode order 20. The temperature 

concerning the refractive index change and its corresponding wavelength shift is 

summarized in Table 7.5. The wavelength and its shift due to the thermo-optic effect is 

traced by plotting the states returned from each computation in Figure 7.4. Note: The 

change in wavelength concerning the temperature change for MBR’s material is extracted 
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from the optical glass BK-7 datasheet, and approximate refractive index values were 

chosen for simulations [99].  

Table 7.5 Refractive index as a function of temperature, which highlights the thermo-optic effect 

as a change in wavelength. 

Temperature (℃) Refractive Index Wavelength (μm) 

10 1.4 0.7345 

20 1.5 0.7805 

30 1.6 0.8279 

40 1.7 0.8762 

50 1.8 0.9263 

60 1.9 0.9743 

70 2.0 1.0236 

80 2.1 1.0738 

90 2.2 1.1236 

100 2.3 1.1736 

110 2.4 1.2246 

120 2.5 1.2765 

130 2.6 1.3261 

140 2.7 1.3730 
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The MBR may also display a linear change in its size with a change in temperature 

due to thermal expansion (4.3). The coefficient of thermal expansion, α, of optical glasses 

linearly increases from room temperature to a transformation range, where the glass 

becomes plastically deformable (when stress is sufficient to deform the shape 

permanently). Above this range, 𝛼 rises again almost linearly but with a steeper slope until 

Figure 7.4 The solid line represents the thermo-optic effect, where the wavelength 

varies as a function of 10 ℃ temperature changes at each point. The overall change in 

temperature will become 140 ℃.  
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deformation occurs. The value of α =  7.1x10−6 K−1 is suitable from −30 ℃ to +  70 ℃. 

The examined structure will have the linear thermal expansion, and it will be applied to all 

its dimensions (𝑟,𝑊,𝐷 and 𝑇) defined in Figure 6.1. The length change can be expressed 

as: 

 ∆𝐿 = 𝛼𝐿0∆𝑇       (7.2) 

The linear thermal expansion will have a 0.001% impact on the MBR’s dimensions and is 

expected to have a negligible effect on the resonator state wavelengths. The graph in Figure 

7.4 is used for computing sensitivity, i.e., change in wavelength ∆𝜆 to change in 

temperature ∆𝑡, over the entire temperature range. The temperature sensitivity of MBR was 

determined using 𝑆 =
𝛥𝜆

𝛥𝑇
= 4.9

𝑛𝑚

℃
. 

Now that the temperature concerning effects on the MBR are determined. They are 

utilized for sensing the temperature effect of CO2 at a constant pressure of 

600 𝑝𝑠𝑖 𝑎𝑛𝑑 1500 𝑝𝑠𝑖 [98]. The air is replaced by CO2 in the ambient medium of the 

MBR. The central bottle region will detect the presence of the gas. The temperature 

variations from 40 ℃ to 120 ℃ are selected because only this range of the refractive index 

was found for 600 𝑝𝑠𝑖 𝑎𝑛𝑑 1500 𝑝𝑠𝑖. When the temperature change is applied, the 

refractive index of the MBR and the CO2 will both change. The geometry of each new 

structure is discretized with 50 grid points per micron to determine the series expansion 

space for the components of the relative permittivity tensor. The states are then computed 

using 50 Bessel terms and 89 axial terms for azimuthal mode order 20 (𝑞 = 20, 1 ≤ 𝑝 ≤

50,−40 ≤ 𝑛 ≤ +40). The wavelength and its shift are tracked by plotting the states 

returned from each computation and identifying the lowest-order state profiles (axially 
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directed) confined in the bottle (central region). The wavelength as a function of the 

temperature change at 600 𝑝𝑠𝑖 is plotted in Figure 7.5. This graph is used for computing 

sensitivity, i.e., change in wavelength ∆𝜆 to change in temperature ∆𝑇, over the entire 

temperature range. All values related to 600 𝑝𝑠𝑖 pressure are summarized in Table 7.6. The 

temperature sensitivity response of the CO2 is determined using 𝑆 =
𝛥𝜆

𝛥𝑇
. A sensitivity of 

approximately 4.9
𝑛𝑚

℃
 was detected. The wavelength as a function of the temperature 

change at 1500 𝑝𝑠𝑖 is plotted in Figure 7.6 and summarized in Table 7.7. For computing 

sensitivity at high pressure changes in wavelength ∆𝜆 to changes in temperature ∆𝑇, the 

entire temperature range was chosen and is detected to be 𝑆 =
𝛥𝜆

𝛥𝑇
= 4.8

𝑛𝑚

℃
. 

The temperature-dependent sensitivity of MBR when air is in the ambient medium 

compared to when CO2 replaces air has no significant change in both the recorded 

sensitivities. The reason is that the refractive index of CO2 at STP (low pressure) is 

remarkably close to that of air at STP at low pressure. While at high pressure, the sensitivity 

is less than that achieved at low pressure. 
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Figure 7.5 Changes in wavelength of CO2 gas at 600 psi with varying temperature. The 

sensitivity was determined to be 4.9 𝑛𝑚/℃.  

 

 Table 7.6 Refractive index as a function of temperature change for MBR and CO2 gas (at 

600 psi) causes the wavelength to shift.  

Temperature 

(℃) 

Refractive Index 

MBR 

Refractive Index 

CO2 

Wavelength 

 (μm) 

40 1.7 1.019 0.8772 

70 2 1.016 1.0242 

100 2.3 1.014 1.1727 

120 2.5 1.013 1.2719 
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Table 7.7 Refractive index as a function of temperature change for the MBR and CO2 gas at 1500 

psi causes the wavelength to shift. 

 

 

 

Temperature 

(℃) 

Refractive 

Index MBR 

Refractive 

Index CO2 

Wavelength 

(μm) 

40 1.7 1.158 0.8866 

70 2 1.059 1.0301 

100 2.3 1.043 1.1736 

120 2.5 1.039 1.2728 

Figure 7.6 CO2 gas at 1500 psi with varying temperature versus wavelength gives 

4.8 𝑛𝑚/℃ sensitivity. 
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For better performance of the sensor, high sensitivity is required. In the literature 

review, mainly temperature sensors have recorded sensitivities in 𝑝𝑚/℃. 

4.9 𝑛𝑚/℃. Sensitivity in 

𝑛𝑚/℃ is larger than 𝑝𝑚/℃. 

.  

7.4 Chemical Sensing 

The HMBR geometry was chosen for chemical sensor simulations. As discussed in 

Section 6.2, the MBR is hollowed-out, creating HMBR for two reasons. One reason is to 

allow chemicals to flow through the HMBR’s inner (hollow-core) region. The second 

reason is to have thin walls for optical mode confinement. The narrower the walls, the more 

likely the mode will leak out in the surrounding. The mode’s evanescent fields will interact 

with the chemical found in the surrounding medium. As the hollowed region’s refractive 

index changes, the mode’s wavelength will shift. Here, the lowest-order mode (axially 

directed) confined in the thin walls of the HBMR (central bottle region) is examined. 

Each new structure is discretized with 50 grid points per micron to determine the 

series expansion space for the components of the relative permittivity tensor. The states are 

then computed using 50 Bessel terms and 89 axial terms for azimuthal mode order 20 (𝑞 =

20, 1 ≤ 𝑝 ≤ 50,−40 ≤ 𝑛 ≤ +40). The index of refraction was varied from air to a 

chemical vapor of 𝑛 = 1.6 in increments of 0.05. This range includes the refractive index 
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of the HMBR’s material (BK-7). The mode evolution for the lowest-order mode in the 

axial direction is displayed in Figure 7.7. When the range of refractive index increases and 

gets closer to the HMBR’s refractive index, the intensity of optical mode confinement in 

the thin wall also increases from 𝑛 = 1.4 to 𝑛 = 1.6. The wavelength and its shift are 

tracked by plotting the states returned from each computation and identifying the lowest-

order state profiles (axially directed) confined in the HMBR (central inner region). The 

wavelength as a function of the inner region’s refractive index is plotted in Figure 7.8. All 

values related to this figure are summarized in Table 7.8. The graph gradually increases 

until it reaches close to the optical glass’s refractive index (1.5168), where a linearly 

increasing behavior from 1.5 to 1.6 of refractive index was observed. This graph is used 

for computing sensitivity, i.e., change in wavelength ∆𝜆 to change in refractive index ∆𝑛, 

over the entire range of the refractive index. In Figure 7.9, as the refractive index increases, 

the sensitivity at each point varies.   
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Figure 7.7 The refractive index (n) variation is visualized in the central bottle. When 

the n value of the hollow notch gets close enough to that of the optical glass at n = 1.5 

and n = 1.55, an increase in the intensity of the confinement optical mode is observed.  
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Table 7.8 Wavelength shift as a function of refractive index. 

Refractive Index Wavelength (μm) 

1.00 0.7533 

1.05 0.7551 

1.10 0.7571 

1.15 0.7592 

1.20 0.7617 

1.25 0.7644 

1.30 0.7675 

1.35 0.7711 

1.40 0.7753 

1.45 0.7802 

1.50 0.7860 

1.55 0.7931 

1.60 0.8015 

0.75

0.7611

0.7722

0.7833

0.7944

0.8055

1 1.05 1.1 1.15 1.2 1.25 1.3 1.35 1.4 1.45 1.5 1.55 1.6

W
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e
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μ
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Figure 7.8 Bottle confined resonator state wavelength response as a function of the 

internal hollow region’s refractive index change (lowest order mode axially directed). 
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A concentrated single compound chemical whose refractive index varies with 

changes in molar concentrated volume was chosen for further simulations. Liquid benzene 

was selected, and concentration changes from 89.31 𝑐𝑚3. 𝑚𝑜𝑙−1 to 91.13 𝑐𝑚3. 𝑚𝑜𝑙−1 

were found in [100]. As the concentration changes, the related refractive index will vary, 

causing a shift in wavelength, as summarized in Table 7.9. The geometry of each new 

structure is discretized with 50 grid points per micron to determine the series expansion 

space for the components of the relative permittivity tensor. The states are then computed 

using 50 Bessel terms and 89 axial terms for azimuthal mode order 20 (𝑞 = 20, 1 ≤ 𝑝 ≤

Figure 7.9 The sensitivity of a chemical sensor for a generalized range concerning the next 

point is identified. 

35.8 39.2
43.4

48
54

62
70

84

98

118

140

168

0

20

40

60

80

100

120

140

160

180

200

1 1.05 1.1 1.15 1.2 1.25 1.3 1.35 1.4 1.45 1.5 1.55 1.6 1.65

Se
n

si
ti

vi
ty

 (
n

m
/R

IU
)

Index of Refraction



108 

 

50,−40 ≤ 𝑛 ≤ +40). The wavelength and its shifts are tracked by plotting the states 

returned from each computation. The lowest-order state profiles (axially directed) confined 

in the thin wall of the HMBR (central inner region) are identified and examined. The 

wavelength as a function of the inner region’s refractive index (related to benzene’s 

concentration) is plotted in Figure 7.10. It is observed that as the concentration increases, 

the resonance wavelength decreases. This graph is used for computing sensitivity, i.e., 

change in wavelength ∆𝜆 to change in refractive index ∆𝑛, over the entire range of the 

refractive index. The sensitivity detected is 𝑆 =
𝛥𝜆

𝛥𝑐𝑜𝑛𝑐𝑒𝑛𝑡𝑟𝑎𝑡𝑖𝑜𝑛
 ⇒ 𝑆 =

Δ𝜆

Δ𝑛
= 123.8

nm

RIU
. 

 

 Table 7.9 Refractive index as a function of the concentration of liquid benzene.  

Concentration 

(cm3.mol-1) 

Refractive 

Index 

Wavelength 

(μm) 

89.32 1.4984 0.7858 

89.94 1.4941 0.7853 

90.55 1.4898 0.7848 

91.17 1.4855 0.7842 
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Figure 7.10 As the concentration of benzene changes, the refractive index changes causing a shift 

in the wavelength, and a sensitivity of 123.8 nm/RIU was achieved.  

 

Similarly, a mixed ratio of two compounds is chosen, and their response is 

observed. Chlorobenzene’s relative permittivity (2.3253) is very close to that of HMBR 

(2.300). As chlorobenzene's concentration increases, its refractive index moves closer to 

the HMBR and reaches a cutoff wavelength. According to the definition, the cutoff 

wavelength is the minimum wavelength where the fiber supports a single-mode, and below 

it, higher-order modes are allowed to propagate through the fiber. Hence, the HMBR can 
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no longer support the lowest-order axially directed mode allowing the first-order mode 

(axially directed) to propagate. As the chlorobenzene’s concentration changes, the related 

refractive index vary and is summarized in Table 7.10. It is observed from the table that 

with an increase in chlorobenzene’s concentration from 

101.7 𝑐𝑚3. 𝑚𝑜𝑙−1 to 103.2 𝑐𝑚3. 𝑚𝑜𝑙−1, the resonance wavelength decreases [100]. The 

geometry of each new structure is discretized with 50 grid points per micron to determine 

the series expansion space for the components of the relative permittivity tensor. The states 

are then computed using 50 Bessel terms and 89 axial terms for azimuthal mode order 20 

(𝑞 = 20, 1 ≤ 𝑝 ≤ 50,−40 ≤ 𝑛 ≤ +40). The wavelength and its shift are tracked by 

plotting the states returned from each computation. The first-order state profiles (axially 

directed) confined in the thin wall of the HMBR (central inner region) are identified and 

examined. The wavelength as a function of the inner region’s refractive index (related to 

chlorobenzene’s concentration) is plotted in Figure 7.11. This graph is used for computing 

sensitivity, i.e., change in wavelength ∆𝜆 to change in refractive index ∆𝑛, over the entire 

range of the refractive index. The sensitivity is calculated to be 𝑆 =
𝛥𝜆

𝛥𝑐𝑜𝑛𝑐𝑒𝑛𝑡𝑟𝑎𝑡𝑖𝑜𝑛
⇒

Δ𝜆

Δ𝑛
=

185.9 
𝑛𝑚

𝑅𝐼𝑈
. 

 Table 7.10 Refractive index and wavelength as a function of chlorobenzene concentration.  

 

 

Concentration (cm3.mol-1) Refractive Index Wavelength (μm) 

101.75 1.5249 0.7727 

102.23 1.5239 0.7725 

102.75 1.5229 0.7723 

103.26 1.5219 0.7721 
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Figure 7.11 The concentration of liquid chlorobenzene with the first-order mode wavelength 

change gives a 185.9 nm/RIU sensitivity.  

As discussed in Sections 3.4 and 6.2, it is expected from the HMBR to be more 

sensitive when an internal (hollow) and external (ambient) medium’s refractive index vary 

simultaneously. This can be analogous to dipping the sensor in the analyte. The following 

test simulations involve the inner-outer regions of the HMBR—the refractive index 

changes from 1 to 1.2 with an increment of 0.025. The geometry of each new structure is 

discretized with 50 grid points per micron to determine the series expansion space for the 

components of the relative permittivity tensor. The states are then computed using 50 
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Bessel terms and 89 axial terms for azimuthal mode order 20 (𝑞 = 20, 1 ≤ 𝑝 ≤ 50,−40 ≤

𝑛 ≤ +40). The wavelength and its shift are tracked by plotting the states returned from 

each computation. The lowest-order state profiles (axially directed) confined in the thin 

wall of the HMBR (central inner-outer region) are identified and examined. The refractive 

index change and the corresponding change in resonance wavelength for the lowest-order 

mode in the axial direction are summarized in Table 7.11. The confined mode’s evolution 

as the refractive index changes is displayed in Figure 7.12. It is observed that thin walls 

allow the mode to leak outside, and its evanescent fields will interact with both inner-outer 

regions. The wavelength as a function of the inner region’s and outer region’s refractive 

index change is plotted in Figure 7.13. This graph is used for computing sensitivity, i.e., 

change in wavelength ∆𝜆 to change in refractive index ∆𝑛, over the entire range of the 

refractive index. A sensitivity of 𝑆 =
𝛥𝜆

𝛥𝑛
= 176.5

𝑛𝑚

𝑅𝐼𝑈
 was calculated.  

Table 7.11 Wavelength change as a function of refractive index in the inner-outer regions of 

HMBR. 

Refractive Index Wavelength (μm) 

1.000 0.7533 

1.025 0.7572 

1.050 0.7614 

1.075 0.7657 

1.100 0.7701 

1.125 0.7746 

1.150 0.7792 

1.174 0.7838 

1.200 0.7884 
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Figure 7.12 The lowest-order mode (axially directed) confined in the thin wall of the 

HMBR. Its evanescent fields interact with the inner and outer medium’s refractive 

index. 
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There were two chemical sensors built and discussed in this section. One of them 

uses an inner (hollow) region for refractive index variations, see Figure 7.8. The other uses 

inner and outer regions at the same time for refractive index variations, see Figure 7.13. It 

is monitored at 𝑛 =  1.5 of the inner region refractive index, and the wavelength is 𝜆 =

 0.786 𝜇𝑚, and at 𝑛 =  1.2 of the inner-outer region, the wavelength is 𝜆 =  0.788 𝜇𝑚. 

These wavelengths are comparable. A new chart is generated with the refractive index 

0.75

0.75511

0.76022
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Figure 7.13 Bottle confined resonator state wavelength response as a function of the 

internal and external region’s refractive index change for the lowest order mode in 

the axial direction. A sensitivity of 176.5 nm/RIU was detected. 
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ranging from 1 to 1.2 with an increment of 0.05 with corresponding wavelength shift (for 

both the regions) for a proper comparison; see Table 7.12. This table's values are used for 

further sensitivity calculations, i.e., change in wavelength ∆𝜆 to change in refractive index 

∆𝑛, over the entire range of the refractive index for both regions; see Figure 7.14. Since 

the refractive index is the same for both regions, the sensitivity becomes directly 

proportional to the wavelength; the higher the wavelength, the more sensitive that sensor 

will be. The inner region has a sensitivity of 𝑆 =
𝛥𝜆

𝛥𝑛
= 41.7

𝑛𝑚

𝑅𝐼𝑈
, and the inner-outer region 

refractive index change has a sensitivity of 𝑆 =
𝛥𝜆

𝛥𝑛
= 176.1

𝑛𝑚

𝑅𝐼𝑈
. This indicates the inner-

outer regions' refractive index variation increases the sensitivity by ~24%. 

 

Table 7.12 For comparison, the refractive index change and wavelength variations related to the 

inner-outer region and inner region. 

Refractive Index Inner-Outer region (λ-μm) Inner region (λ-μm) 

1 0.7533 0.7533 

1.05 0.7614 0.7551 

1.1 0.7701 0.7571 

1.15 0.7792 0.7592 

1.2 0.7884 0.7617 
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Figure 7.14 The refractive index changes from n = 1 to 1.2, changes the wavelengths (inner and 

inner-outer regions) for the lowest-order mode axially directed. 

 

Presently, chemical sensors with wall thickness as low as 10 𝜇𝑚 have a sensitivity 

of 33
𝑛𝑚

𝑅𝐼𝑈
 [75]. In this thesis, the designed sensor has a wall thickness of 0.25 𝜇𝑚, which 

gives a 123.8 𝑛𝑚/𝑅𝐼𝑈 and 185.9
𝑛𝑚

𝑅𝐼𝑈
 sensitivity for liquid benzene and chlorobenzene, 

respectively. When only the inner region’s refractive index (𝑛 =  1 to 1.5) is varied, a 

sensitivity up to 168
𝑛𝑚

𝑅𝐼𝑈
 is sensed. When both internal and external surrounding mediums’ 

refractive index (𝑛 = 1 to 1.2 ) are varied at the same time, a sensitivity of 176.5
𝑛𝑚

𝑅𝐼𝑈
 is 

detected.   
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Theoretical results were obtained from the designed solid, and hollow-core MBR 

configured as optical sensors. The MBR structures’ modal property was examined as a 

function of the ambient medium’s refractive index and temperature change. A CO2 gas at 

a fixed temperature was used in gas sensing. Then, CO2 at a fixed pressure was used for 

temperature sensing. In the last section, the HMBR was configured for detecting chemical 

variations in the internal (hollow-core) and external (ambient) regions. It was also used for 

chemical concentration detection, i.e., benzene and its compound chlorobenzene, flowing 

through the hollow-core. 

The next chapter sums up the theoretical findings and presents ideas for future 

work. 
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Chapter  8: Conclusions and Future Work 

A detailed overview of some of the fundamental concepts related to micro 

resonators was discussed, including WGMs, their cavity structures, characteristic 

properties, and various sensing mechanisms with related examples and applications. MBR 

was chosen to investigate sensors using spectral decomposition software from all available 

micro resonators, because it is the least explored resonator. The FFB mode solver requires 

the resolution of the electric and magnetic medium properties, and only the first derivatives 

of the field components give this approach faster convergence than using the wave 

equations directly. 

As a sensor, the optical micro solid-core bottle resonator has shown great potential 

when built up to 1.5 𝜇𝑚. When placed under different sensing situations, such as bulk 

refractive index sensing, gas sensing (high pressure) and temperature sensing, it has 

demonstrated approximate sensitivities of 125.9
𝑛𝑚

𝑅𝐼𝑈
, 118.2

𝑛𝑚

𝑅𝐼𝑈
, and 4.9

𝑛𝑚

℃
, respectively. 

The hollow-core bottle resonator with walls thinned to 0.25 𝜇𝑚 only with the internal 

sensing feature activated for a generalized refractive index range gives a sensitivity 

estimation of 168
𝑛𝑚

𝑅𝐼𝑈
. For liquid benzene and chlorobenzene, sensitivities of 123.8

𝑛𝑚

𝑅𝐼𝑈
 and 

185.9
𝑛𝑚

𝑅𝐼𝑈
 were achieved, respectively. When both the internal and external sensing 

environments were activated, the sensitivity was improved to 176.5
𝑛𝑚

𝑅𝐼𝑈
. Most of the 

sensors demonstrated in this thesis are better than those commonly encountered in the 

literature review using similar resonator approaches.   
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In the future, this design could be a better candidate for a strain-stress sensor or a 

magnetic field sensor. It could also be implemented in other applications such as a delay 

line filter, laser resonator, or nonlinear computations. The fabrication and testing process 

of the designed MBR should also be continued in the future.  
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Appendices 

Appendix A   

A.1 Fabrication of a solid MBR 

Efforts were placed into creating an MBR within tens of micron size, which 

corresponds to the theoretical work. Primarily, MBR fabrication involves softening-

compression techniques and heated fiber pulling techniques, but numerous attempts with 

different methods were used in this thesis. These techniques use a laser writing machine 

(SF-100) and UV light Aligner for MBR designs(exposing the pattern) on the fiber. The 

initial experiments were performed on a quartz wafer, instead of optical fiber, because they 

are easier to handle. Once the optimized waveguides were achieved on the quartz wafer, 

they could be transferred easily on fibers with slight variations in the photolithographic 

process.  

The MBR was fabricated by creating two ring indentations around the fiber, and 

the distance between the rings will be the central bottle region. The intent is to fabricate 

the complete structure as small as possible using SF-100. During experiments with the 

quartz wafer and fiber, around 6 μm and 4-5 μm were achieved. Note, this mask-less laser 

writing machine has a limitation of 4.5 μm. 

The objective was to create a ten micron-sized MBR using limited resources 

available at our lab facility. The first few experiments involved a direct-writing machine, 

i.e., SF-100. The transferrable image was created for SF-100 using MS Paint. Each pixel 

of the image would correspond to a few microns in width in the fabrication process. Once 
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the optimized width was achieved for ring indentations, the axial distance between rings 

can be adjusted the same way. This axial width is our region of interest, the optical MBR, 

as discussed in Section 6.1. The final mask or image is then adjusted for optimized results. 

The SF-100 we used functionally limited in that the automated stage for placing the 

fiber directly under the UV light was malfunctioning. Due to this limited functionality, 

manual placement was done, which was time-consuming and inaccurate. Due to the 

inaccuracy of the placement, the UV light was reflected, and sometimes duplicate images 

were observed on the fiber, resulting in blurry images, which did not correspond to the 

original design.  

A.2 Quartz Wafer 

The entire photolithographic process was undertaken to start with cutting and 

scribing the quartz wafer sample. This was done to ensure the sample fit the spinner and 

the aligner and then scribed so that any changes during the photolithographic process could 

be effectively documented. The next step is to piranha clean the quartz wafer. 

The piranha solution comprises a 3:1 mixture of concentrated sulfuric acid (H2SO4) with 

hydrogen peroxide (H2O2). This solution is dangerous when hot, and the reaction in 

acidic piranha is self-starting. The samples were placed in solution and then heated to 100 

℃ and cooled once they reached the required temperature. The quartz wafer was removed, 

and the remaining acid solution was washed off. The glass was dehydrated for 20 minutes 

in the oven, and the temperature was set to 180 ℃ to remove excess moisture. The SU-8-2 

layer was deposited and placed in the spinner for even coating by ramping it up from 0 to 
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1000 rpm for 5 seconds to obtain the ring indentations' desired thickness. The sample was 

prebaked for 1 min at 65 ℃ and soft-baked for another 3 min at 95 ℃. SF-100 

micromachining was used to expose the UV light on the sample. The length of the exposure 

period was calculated by consulting the SU-8-2 datasheet to determine the amount of 

energy needed to harden the photoresist. Then, the energy amount was divided by the 

amount of energy the aligner lamp was able to produce per second. After exposure, post 

exposure baking (PEB) was completed at 65 ℃ and 95 ℃ for 1 minute each. The pattern 

created on the sample was developed using a SU-8-2 developer. This photolithography 

procedure's last step was to hard-bake by placing the sample on the hotplate for 200 ℃ 

for 1 minute. For optimized results, this process was repeated at various exposure times 

with different stage-level settings. The best result achieved on the quartz wafer is shown in 

Figure A.2.1. When repeated on optical fiber, the same procedure gives waveguides of a 

minimum of 4 µm, as shown in Figure A.3.1.  

 

 

 

 

 

 Figure A.2.1 At an exposure time of 6.5 seconds with a stage level set to 575, around 6-

micron ring indentations were achieved with a bottle region of 7 microns. 
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A.3 Fiber 

The optimized photolithographic process determined from the quartz wafer was 

repeated on fiber optics. The 2-D waveguides will be converted into 3-D waveguides. To 

do this, there were challenges, such as how to evenly deposit the SU-8-2 since fiber cannot 

be spun in the spinner as it might break into several pieces and fly out of the spinner. The 

deposition can be done by hand painting, dipping, or spraying. Hand painting is not the 

best option because the results are blurry waveguides, and it is a tedious task, see Figure 

A.3.1. Before and after, the negative photoresist deposition process will follow the same 

procedure as mentioned in Section A.2. However, the baking time will vary and is 

summarized in Table A.3.1. 

 

 

 

 

Figure A.3.1 The left is the front view where ring indentations (minimum 4 μm) are created 

and the right is the back view of the fiber. 
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On the first dip coating of SU-8-2, a perfectly smooth-shaped bottle structure was 

formed, but it did not give the desired size because they were hundreds of microns in size 

(refer to Figure A.3.2). The dipped fiber went through all the relevant procedures, as 

discussed in Section A2, and gave approximately 30 μm long rings, as shown in Figure 

A.3.3. The pre-and post-baking times are mentioned in Table A.3.1. 

 

 

 

 

 

Figure A.3.2 Lab fabricated solid micro-optic bottle resonator using SU-8 (negative resist) dip-

coated twice. 

Figure A.3.3 The dimension achieved on a dipped coated fiber after going 

through the photolithographic process was ~30 μm wide. 
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The thick waveguides obtained from the dip coating can be improved by spraying 

a thin layer of SU-8-2 on the fiber, as shown in Figure A.3.4. Before and after, the negative 

photoresist deposition process will follow the same procedure as mentioned in Section A.2. 

The result is a blurry waveguide, and as predicted, the dimensions were reduced by half of 

the size produced from dip coating. The pre-and post-baking times are summarized in 

Table A.3.1. The waveguides obtained from sprayed coating could be improved by 

depositing the heated SU-8-2 layer. Heating SU-8-2 creates a thinner consistency and 

results in reduced dimensions of the waveguide.   

In the following procedure, the SU-8-2 was heated in the ultrasonic heater with a 

lid-on to maintain the temperature at 60 ℃. The air spray holder was warmed up to 60 ℃, 

and the heated SU-8-2 was poured into it, so the temperature would not drop. Once the 

photoresist is sprayed on the fiber, the solution rested for 10 minutes to settle the airborne 

particles. Before and after, the negative photoresist deposition process will follow the same 

Figure A.3.4 Another attempt was made to create different size ring indentations with a varying 

width of the bottle resonator. Sprayed SU-8 while rotating the fiber 17 seconds exposed by laser 

writing machine, SF-100. 
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procedure as mentioned in Section A.2.  It was exposed to the UV-Aligner for 30 seconds 

instead of the SF-100. The waveguide achieved shows good results, but it was unable to 

reduce the size, see Figure A.3.5. The pre-and post-baking times are summarized in Table 

A.3.1.The final step was to hard-bake the sample for 2 minutes at 200 ℃, which was 

ramped up from room temperature to the peak temperature, then wait 2 minutes and start 

ramping down until it reached room temperature again. Exposure through the Aligner has 

given good results around 30 μm, see Figure A.3.6.  

 

 

 

 

 
Figure A.3.5 Heated and Spray coated SU-8 was deposited and 

exposed through the Aligner. 
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Another attempt was made into the development of the resonator where O2 plasma 

preening was used. The plasma preening system is operated by flowing a process gas, 

usually oxygen, through the chamber using microwave energy to clean organic and 

inorganic contaminations from the fiber. Then heated SU-8-2 was sprayed. Before and 

after, the deposition process will follow the same procedure as mentioned in Section A.2.  

The sample is exposed using SF-100; the final waveguides in Figure A.3.7 may not be a 

good option. All baking times used in this process are displayed in Table A.3.1.  

Figure A.3.6 Left side is the front view of the fiber just as it was placed in the aligner and 

the right side is the edge view, hard baked to finish the photolithographic process. 
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Figure A.3.7 O2 Plasma preen heated SU-8-2 is sprayed using SF-100 for exposure. 
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Table A.3.1 Summary of the main steps followed during the photolithography process. 

Deposition 

method 

Pre-bake 

time 

Exposure 

 time 

PEB time Development 

time (sec) 

Figure 

# 

Hand 

painted 

1-min 65 

℃ & 3-

min 95 ℃ 

SF-100 

7 sec 

1-min 65 

℃ & 1-

min 95 ℃ 

60 A.3.1 

Dipped 1-min 65 

℃ & 3-

min 95 ℃ 

SF-100  

17 sec 

1-min 65 

℃ & 1-

min 95 ℃ 

60 A.3.3 

Sprayed 1-min 65 

℃ & 3-

min 95 ℃ 

SF-100  

17 sec 

1-min 65 

℃ & 1-

min 95 ℃ 

60 A.3.4 

Heated & 

Sprayed 

5-min 65 

℃ & 10-

min 95 ℃ 

Aligner  

30 sec 

5-min 65 

℃ & 15-

min 95 ℃ 

90 A.3.5-

A.3.6 

Heated & 

Sprayed (O2 

preen) 

1-min 65 

℃ & 3-

min 95 ℃ 

SF-100  

16 sec 

1-min 65 

℃ & 1-

min 95 ℃ 

80 A.3.7 
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Appendix B   

 

The matrix populating expressions make use of several precomputed integral tables. The 

radial extent normalized integrals are provided here. 

 

𝑆𝑎(𝑝𝑓 , 𝑝
∗) = 2∫ 𝐽1 (𝜌𝑝𝑓𝑟) 𝐽𝑜(𝜌𝑝∗𝑟)𝑟

𝑎𝑑𝑟
1

0
      (B-1) 

 

𝑇𝑎(𝑝𝑓 , 𝑝𝛺, 𝑝
∗) = 2∫ 𝐽𝑜 (𝜌𝑝𝑓𝑟) 𝐽𝑜(𝜌𝑝𝛺𝑟)𝐽𝑜(𝜌𝑝∗𝑟)𝑟

𝑎𝑑𝑟
1

0
   (B-2) 

 

𝑈𝑎(𝑝𝑓 , 𝑝𝛺, 𝑝
∗) = 2∫ 𝐽1 (𝜌𝑝𝑓𝑟) 𝐽𝑜(𝜌𝑝𝛺𝑟)𝐽𝑜(𝜌𝑝∗𝑟)𝑟

𝑎𝑑𝑟
1

0
   (B-3) 

 

𝑉𝑎(𝑝𝑓, 𝑝
∗) = 2∫ 𝐽𝑜 (𝜌𝑝𝑓𝑟) 𝐽𝑜(𝜌𝑝∗𝑟)𝑟

𝑎𝑑𝑟
1

0
    (B-4) 
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