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Abstract 

In this thesis, the fracture behavior of a hollow cylinder with internal circumferential 

crack under uniform tensile loading is examined. Complete finite element analysis of the 

cracked cylinder is conducted to determine key fracture parameters such as K, T-stress, 

and J-integral. The finite element method is used to determine these fracture parameters 

using both linear elastic analysis to obtain K and T-stress and elastic plastic analysis to 

obtain fully plastic J-integral. The cylinder thickness ratio studied is r-Jr0 = 0.2, 0.4, 0.6, 

and 0.8 with crack depth ratio of a/t - 0.2, 0.4, 0.6, and 0.8. The fracture parameters are 

applied to conventional and constraint-based failure assessment diagrams to determine 

the maximum load carrying capacities of the cracked cylinders. The fracture mechanics 

parameter solutions of T-stress, J-integral obtained and the constraint-based failure 

assessment procedures demonstrated in this thesis will enable a more realistic fracture 

assessment for circumferentially cracked hollow cylinders. 
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Chapter 1 

Introduction 

Engineering structures such as pipelines and pressure vessels that fail by fracture can 

lead to considerable economic losses and damage to human lives. It is extremely 

important for these structures to be built fracture safe. It wasn't until the mid 1900's that 

design based on fracture mechanics became common practice. The study of fracture 

mechanics was introduced as a way of characterizing the fracture behavior of cracks and 

flaws in engineering structures based on the stress analysis in the vicinity of the crack. 

Since cracks can lower the strength of a structure below its design strength, fracture 

mechanics quantifies the maximum service loading condition for a given crack size. 

Fracture mechanics can be divided into two categories: linear elastic fracture mechanics 

and elastic plastic fracture mechanics (Anderson, 1991). 

Linear elastic fracture mechanics or LEFM, was developed to quantify the crack fracture 

under primarily elastic conditions where the plastic zone around the crack tip is confined 

to a very small region. LEFM examines the stress fields ahead of the crack characterized 

by a single parameter called the stress intensity factor, K. 

For ductile materials, fracture often occurs after substantial plasticity develops around 

the crack tip. Elastic plastic fracture mechanics or EPFM, extends the description of 

fracture behaviour beyond the elastic regime. The commonly used elastic plastic fracture 

parameter is the J-integral associated with describing the crack tip stress fields for these 

elastic plastic materials. 
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However, the above mentioned conventional single-parameter, linear elastic and elastic 

plastic fracture mechanics based on K or J-integral could be overly conservative in 

failure assessments (Ainsworth and O'Dowd, 1995). These failure assessments use a low 

bound fracture toughness taken from highly constrained test specimens. Conventional 

fracture mechanics is not able to accurately characterize the stress fields of low 

constrained cracks, which have a higher value of fracture resistance. This approach could 

translate to unnecessary economical loss in maintenance and replacement of these 

cracked structures well before they actually need to be replaced. 

Over the past 15 years, the two-parameter, constraint-based fracture mechanics has been 

developed to account for this increase in fracture resistance of low constrained cracks to 

provide a more realistic stress analysis of these crack geometries (Du and Hancock, 1991 

and Betegon and Hancock, 1991). Two-parameter, constraint-based fracture mechanics 

as the name suggests uses an additional constraint parameter along with the stress 

intensity factor for LEFM, and J-integral for EPFM to accurately describe the stress 

fields of a crack. Rice (1974) suggested that the elastic T-stress be used as the constraint 

parameter. The elastic T-stress is the second term of the Williams (1957) series 

expansion and is defined as the stress parallel to the crack plane. Larsson and Carlsson 

(1973) and Rice (1974) demonstrated that the magnitude of the T-stress affects the size 

and shape of the plastic zone surrounding the crack tip. In addition, Bilby et al. (1986) 

stated that the T-stress could affect the magnitude of the stress triaxality near the elastic-

plastic crack tip field. A positive T-stress strengthens the crack tip triaxality and results 

in a high crack tip constraint while a negative T-stress reduces the crack tip triaxality and 

lowers the crack tip constraint. Another commonly used constraint parameter is the 

hydrostatic Q-stress, which is closely related to T-stress (O'Dowd and Shih, 1991). 

Commonly used failure assessment procedures in industrial applications such as PD 6493 

(1991) are found in the British Standards Publication. The procedure describes methods 

of how to generate failure assessment diagrams (FAD) based on the conventional one-
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parameter fracture mechanics of K or J-integral. Therefore, overly conservative 

assessments results will be obtained for low constraint crack geometries. It has been 

demonstrated that by adding the T-stress term to the conventional failure assessment 

diagram, the low constraint effect can be accounted for, which results in the increase of 

maximum load carrying capacity of the cracked structure (Ainsworth and O'Dowd, 

1995). 

An area of engineering that relies heavily on fracture mechanics is the pipeline and 

pressure vessel industry. Each year millions of dollars are spent on the maintenance and 

repair of damaged pipelines (Kannappan, 1986). Due to the nature of their operations, 

these pipelines are subjected to a range of static and dynamic loading conditions, which 

add stresses to the pipes. The combination of loading conditions and effects of the 

surrounding environment can cause corrosion and cracks to form. Under the right 

conditions, the pipelines can fail by fracture. The consequences of these failures equal to 

a tremendous economical loss as well as possible damage to human lives and the 

environment. Therefore, it is important for engineers to have a realistic and reliable 

failure assessment of these cracked structures. Cracks formed in these pipelines and 

pressure vessels can vary in size, shape and orientation. A common crack geometry is a 

circumferential crack that originates on the internal wall of the pipe and grows towards 

the outer wall. A uniform circumferentially cracked hollow cylinder as seen in Figure 

1.1, is a simplified model that can be used to study the fracture behaviour of real cracks 

found in pipelines. Pipelines in operation are under a wide range of loading. Uniaxial 

tensile loading is applied to the crack geometry of Figure 1.1 as a study of a common 

loading condition experienced by real cracked pipes. For remote tensile loading, these 

cracked cylinders are under low constraint conditions. An accurate fracture assessment 

of these cracked cylinders using two-parameter, constraint-based fracture mechanics can 

give engineers the information needed to design pipelines without overstressing or 

overloading them. Compared to conventional FAD methods, constraint-based 

assessments will provide a more realistic load carrying capacity for a given crack size. 
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This means that life extensions can be given to cracked and aging pipelines on a rational 

technical basis. 

The stress intensity factor for this crack geometry has been extensively studied and 

published in handbooks by Tada et al. (1985) for a wide rage of cylinder thickness ratios, 

r/r0, and crack depth ratios, a/t. Sherry et al. (1995) presented T-stress solutions for 

cracks in thin cylinders with r/r0 less than 0.83 under uniform tensile loading. Similarly, 

for the elastic plastic analysis, there are limited solutions of J-integral for very thin 

cracked pipes with r/r0 less than 0.82 (Anderson, 1991). However, no T-stress and J-

integral solutions are determined for circumferential cracks in thicker cylinders. 

Therefore it is necessary to evaluate the stress intensity, T-stress, and J-integral using 

FEM for a wide range of rjr0 and a/t ratios in order to conduct a realistic constraint-based 

fracture assessment of these cracked cylinders encountered in engineer applications. 

1.1 Thesis Outline 

The objective of this thesis is to study the fracture behaviour of a hollow cylinder with 

internal circumferential crack under uniform tensile loading. A complete finite element 

analysis of the cracked cylinder is conducted to determine key fracture parameters such 

as K, T-stress, and J-integral. The finite element method will be used to determine these 

fracture parameters using both linear elastic analysis to obtain K and T-stress and elastic 

plastic analysis to obtain fully plastic J-integral. The geometry of the hollow cylinder is 

shown in Figure 1.1. The cylinder thickness ratio that will be studied are r/r0 = 0.2, 0.4, 

0.6, and 0.8. Each thickness ratio has a crack depth ratio of a/t = 0.2, 0.4, 0.6, and 0.8 

that will also be examined. Tensile loads are applied at the ends of the cylinder. The 

fracture parameters will be applied to conventional and constraint-based failure 

assessment diagrams to determine the maximum load carrying capacities of the cracked 

cylinders. 
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The thesis is divided into six Chapters. Chapter 1 is the introduction. In Chapter 2, a 

literature review of linear elastic and elastic plastic fracture mechanics is presented. The 

background theory on the finite element method to calculate K, T-stress, and J-integral 

will also be discussed as well as failure assessment methods. Chapter 3 will present the 

FEM analysis to calculate the elastic T-stress. Chapter 4 will present the FEM analysis to 

determine the fully plastic J-integral (the fully plastic factor, hi). The application of the 

Electric Power and Research Institution (EPRI) estimation scheme will also be presented. 

The purpose of Chapter 5 is to present the conventional and constraint-based failure 

assessment diagrams using the fracture parameters determined in Chapters 3 and 4 to 

determine the maximum load carrying capacities. Finally, Chapter 6 will be the 

conclusions as well as recommendations. 
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Chapter 2 

Literature Review 

The purpose of this chapter is to conduct a literature review of the fundamental concepts 

of fracture mechanics. Section 2.1 will define the basic concepts of fracture mechanics. 

In section 2.2, the theories of linear elastic fracture mechanics such as the stress intensity 

factor and elastic T-stress will be discussed. Section 2.3 will summarize elastic plastic 

fracture mechanics and the J-integral concept. In section 2.4, both conventional and 

constraint-based failure assessment diagrams will be introduced. Section 2.5 will look at 

using the finite element method to model axisymmetric crack geometries, and calculate 

the basic fracture mechanics parameters. Section 2.6 will examine the circumferential 

cracked hollow cylinder geometry studied in this thesis. 

2.1 Fracture Mechanics 

The study of fracture mechanics entails looking at the mechanisms that control the 

separation between parts of the body and developing fracture criteria and predictions to 

help reduce the chances of fracture that could lead to catastrophic failure of structures. 

Fracture mechanics comprises theories that are used to examine how cracks grow and 

how the cracks affect the strength of the structure. Depending on the level of plasticity 

involved around the crack tip, fracture mechanics can be further classified as linear 

elastic fracture mechanics (LEFM) and elastic plastic fracture mechanics (EPFM) 

(Janssen et al. 2004). 

7 



2.2 Linear Elastic Fracture Mechanics 

Linear elastic fracture mechanics attempts to characterize the fracture behavior of linear 

elastic materials. LEFM is only valid for non-linear material deformation that is 

restricted to a very small region around the crack tip. 

To understand LEFM, it is important to examine the loading conditions or fracture 

modes that cause cracks to propagate. Fracture modes describe the separation of bodies 

geometrically. All stresses in the vicinity of the crack tip may be categorized into three 

main loading modes. Figure 2.1 shows the separation geometries of the three types of 

fracture modes. Mode I loading as seen in Figure 2.1a, occurs when two parts of the 

body separate perpendicularly away from one another in opposite directions. Mode I is 

the most common loading scenario and is primarily used by engineers as the design 

conditions in fracture mechanics. Mode II, is characterized by a sliding or in-plane shear 

mode where the crack surfaces slide over one another, perpendicular to the leading edge 

shown in Figure 2.1b. Mode III, Figure 2.1c, is characterized by tearing motions where 

the crack surfaces move relative to one another and parallel to the leading edge of the 

crack. For this thesis, only mode I loading will be considered. 

2.2.1 Conventional One-Parameter Fracture Mechanics 

There are two analytical approaches to LEFM. The two approaches are based on the 

stress intensity factor method and the energy release rate method. Both methods will be 

described in this section. Conventional linear elastic fracture mechanics is based on the 

concept that the stress fields at the vicinity of the crack are characterized by a single 

parameter called the stress intensity factor. 
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Stress Intensity Factor 

For cracked configurations subjected to external forces, it is possible to derive a closed-

form expression for the stresses in the body if the material is isotropic linear in behavior. 

Williams (1957) was the first to obtain the stress fields in any isotropic linear elastic 

three-dimensional cracked body, as shown in Figure 2.2 for mode I loading. The basic 

terms of the Williams series expansion are given as 

CT1I 

a2l 

^31 

on 

a22 

ai2 

°".3 

an 

°"33 

K, 

V2 7JT 

fn(0) fM 0 
fM f22{0) o 

. o o f^e\ 
+ 

X o o' 
0 0 0 

. o o r33_ (2.1) 

where ay is the stress tensor, K/ is the stress intensity factor of mode I loading, r and 6 

are polar coordinates at the crack tip, and/y is a dimensionless trigonometric function of 

9. 

After substituting the function/y, the stresses at the crack tip for a three-dimensional 

cracked body can be further described as 

K, B 
j — ! — COS — 

-\j27zr 2 

. . 6 . 6 
1-sin—sin— 

2 2) 
+ T„ (2.2) 

a 
•y2m 

cos— 
, . 6 . 36 
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2 2) 
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Equations 2.2 to 2.6 shows that the stress components become infinite at the crack tip as 

r goes to zero; this phenomenon is called the 1/Vr singularity. The intensity of the 

singularity is given by the stress intensity factor, Kj. Each stress component in the first 

term is proportional to Kj. The Tu is called the T-stress while the T33 term is also called 

the S-stress, which will be discussed later in this chapter. 

In conventional one-parameter fracture mechanics, the effects of the non-singular T-

stress terms are ignored. K/ is used alone to predict the stress state or stress intensity 

near the vicinity of a crack tip due to remote loading. It is assumed that the stress 

intensity factor completely defines and characterizes the crack tip condition for linear 

elastic materials. K{ is defined as 

Kj=Ycr\[m ( 2 7 ) 

where 7 is a dimensionless parameter that is related to the specimen and crack geometry. 

a is the applied stress and a is the crack length. The stress intensity factor has been 

extensively used in describing crack growth and fracture behaviour of materials provided 

the stress field remains predominately elastic. 

(2.4) 

(2.5) 

(2.6) 
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Fracture Toughness 

If a material fails at a certain stress condition, then fracture is defined as occurring at a 

critical stress intensity factor, it is commonly called the fracture toughness (Ewalds, 

1984). Kic is the low bound, plane strain fracture toughness obtained by standard 

material fracture testing (ASMT E399) of highly constrained crack geometries. This 

fracture test ensures that a low bound fracture toughness is obtained. KJC is a unique 

material property that is related to brittle materials because with the presence of a crack, 

the material could rapidly fail by brittle fracture. For the assessment of defective 

engineering components, the values of K/c can be used to determine the allowable load 

that can be applied on a specific material and crack geometry. To prevent failure from 

occurring, K] should be less than KJC. 

Stress Intensity Factor and Energy Release Rate 

Another linear elastic fracture mechanics method is based on the energy balance. 

Griffiths (1920) first proposed the theory of energy balance which states that a crack will 

grow and fracture will occur if the energy available for crack growth is greater than that 

of the material resistance. The resistance of the material is defined as any energy 

dissipation in the form of surface energy and plastic work. Griffith's theory was 

developed for brittle materials. Irwin (1957) elaborated on Griffith's energy balance 

theory and modified it to extend the theory for ductile materials. Irwin developed an 

energy approach to fracture called the energy release rate, G. Irwin stated that G is the 

rate of change in potential energy, n with crack area, A and is given as 

G = - — 
dA 
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Both stress intensity factor and energy release rate have been used as parameters to 

describe the behaviour of cracks. The stress intensity factor can be related to the energy 

release rate through 

E 

where 

E'=E for plane stress 
E 

E'- -, -r for plane strain 

where, E is the Young's modulus and v is the Poissons's ratio. At the instance of 

fracture, G is equal to Gc, the critical energy release rate that is a measure of the fracture 

toughness. Therefore, to prevent fracture from occurring, G should be less than Gc. 

Through the relationship shown in Eq. (2.9), the stress intensity factor approach is 

equivalent to the energy release rate approach. 

2.2.2 Constraint-Based Linear Elastic Fracture Mechanics 

Conventional methods of failure assessments are based on the theory that the stresses at 

the vicinity of a crack tip are characterized by the single parameter, K[. Studies have 

shown that a single parameter is not sufficient to accurately describe the stress state and 

the onset of fracture (Larsson and Carlsson, 1973). 

Material fracture tests are typically done on compact tension specimens with highly 

constrained crack tips. The test results give a low bound estimate of fracture toughness, 

12 
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K[Q These low estimates of fracture toughness are used in design as a safety against the 

cracked bodies. The problem is that cracked geometries in reality may have a lower crack 

tip constraint and thus the conventional methods of failure assessment become too 

conservative. 

The constraint-based fracture mechanics methodology is to apply a two-parameter 

fracture mechanics analysis of cracked bodies in order to determine a more realistic, and 

lower level of constraint at the crack tip for a given geometry. The most commonly used 

constraint parameter is the elastic T-stress. 

The Elastic T-stress 

The Tu term or the elastic T-stress is the second term of the Williams series expansion 

as given in Eq. (2.2) (Rice, 1973). It is the amplitude of the crack front stress field 

parallel to the crack plane as seen in Figure 2.3. The elastic T-stress has been found to be 

an important parameter in characterizing the near crack tip elastic plastic stress state of 

2D and 3D crack problems. Larson and Carlsson (1973) and Rice (1973) all show that 

the magnitude and sign of the T-stress can influence the size and shape of the plane 

strain crack-tip plastic zone at a finite load level. 

Bilby et al. (1986) demonstrated that the elastic T-stress could strongly affect the 

magnitude of the hydrostatic triaxality in the near crack tip elastic fields. The importance 

of this concept is that the magnitude of the T-stress can change the level of stress 

triaxality, which affects the crack tip constraint. A positive value of T-stress will 

strengthen the level of stress triaxality and increase the crack tip constraint, while a 

negative value of T-stress will lower the level of stress triaxality and decrease the crack 
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tip constraint. Similar to the stress intensity factor, the elastic T-stress solution is 

dependant on the type of loading, size of crack and geometry. 

The T33 term in the Williams series expansion given in Eq. (2.4) is also called S-stress. It 

is the amplitude of the second term in the three-dimensional series expansion of the 

crack front stress in the X3 direction as seen in Figure 2.4. There are very few studies on 

the S-stress however, Rice (1973) discussed that the S-stress could be used as an 

additional fracture parameter in three dimensional crack geometries. 

2.3 Elastic Plastic Fracture Mechanics 

Elastic plastic fracture mechanics assumes an isotropic elastic plastic material, which is a 

characteristic of ductile metals. Figure 2.5 shows the difference between linear elastic 

materials and elastic plastic materials. Figure 2.5a shows the stress strain curve for a 

linear elastic material, the stress and strain follow Hooke's law and is linear. Figure 2.5b 

shows the stress strain curve for non-linear elastic materials. 

For ductile materials, substantial plastic deformation occurs before cracking. The stress 

intensity factor that normally characterizes the stress at the crack tip is no longer valid. 

Instead the stresses inside the plastic zone are characterized by an elastic-plastic 

parameter called the J-integral. The crack opening displacement or COD is another 

parameter that is used in EPFM, which will not be discussed in this thesis. 
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2.3.1 Elastic Plastic J-Integral 

The J-integral was first introduced by Rice (1968). The J-integral is based on the energy 

method and is a path-independent line integral with a value equal to the decrease in 

potential energy per increment of crack extension in linear or nonlinear elastic materials. 

The J-integral is defined as 

du -a—! 1 / 

ds 
(2.11) 

where Wis the strain energy density, T\s the traction vector acting on r, u is the 

displacement vector at r, and ds is the length increment along r, as shown in Figure 2.6. 

The J-integral is represented as a line integral to be evaluated as a line integral along an 

arbitrary path r surrounding the crack tip, starting somewhere on the lower crack 

surface and ending on the upper crack surface. The integration is performed in the 

counterclockwise direction as seen in Figure 2.6. 

The J-integral is proven to be path-independent. If a closed contour ABCDEF around that 

crack tip is taken as shown in Figure 2.7a, the integral along this contour must equal zero. 

1 + 1+1+1 = 0 (2.12) 
r, CD r, FA 
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Since 7=0 and dx2=Q along CD and FA, these contributions equal zero (Broek, 1986). 

J+J = 0or J=-J (2.13) 

Therefore the contributions of ABC, which is clockwise, must be equal to the 

contribution of DEF, which is counterclockwise. This means that the integral, if taken in 

the same direction along T\ and i~2 will have the same value and the J-integral is said to 

be path independent as shown in Figure 2.7b The path independence implies that the J-

integral can be used as a measure of the stresses and strains at the tip of the crack. 

Therefore, the J-integral can be used as a stress intensity parameter similar to K/ in linear 

elastic analysis. Failure of the material will occur if the J-integral reaches a value that is 

greater than the critical J-integral, Jic. 

J>Jic (2.14) 

From works presented by Hutchinson (1968) and Rice and Rosengren (1968), the J-

integral could be used to characterize the crack tip conditions of nonlinear elastic 

materials. A power-law relationship between plastic strain and stress was assumed and 

given by the Ramberg-Osgood equation 

e o 
— = — + a 
£.. o.. 

' a * 1 

\°o) 
(2.15) 
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where a is a dimensionless constant, e0 is the yield strain, a0 is the yield stress, and n is 

the material-hardening coefficient. The n for many materials are given in design 

handbooks. The crack tip stresses and strains can be expressed in terms of J-integral by 

°u = ao 
E J V i . 

*9(0,n) (2.16) 

£„. = a-
<7„ E J n+l . 

%(M (2.17) 

where /„ is a dimensionless constant depending on the strain hardening exponent n and 

the stress state, Oij and Sij are dimensionless functions of n, the angle 0, and the stress 

state. 

Equations (2.16) and Eq. (2.17) are called the Hutchinson and Rice and Rosengren 

(HRR) singularity and imply that the stresses and strains at the vicinity of the crack tip 

are completely characterized by a single parameter J similar to the stress intensity factor. 

Therefore, J-integral can be considered as a single fracture mechanics parameter for the 

elastic plastic materials. 

For linear elastic analysis, the J-integral is identical to the strain energy; G and therefore 

the J-integral can be related to the stress intensity factor by 

<?„ = 
(2.18) 
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where 

E - E for plane stress 

E'=-> r-t for plane strain 
l l - v J (2.19) 

The EPRIJ-Integral Estimation Scheme 

Shih and Hutchinson (1976) proposed an advanced method to compute fracture driving 

force taking into account of strain hardening. The method was developed and published 

by the Electric Power Research Institute or (EPRI) in 1981. 

The estimation method states that the applied J-integral can be computed under elastic 

plastic and fully plastic conditions. The elastic and plastic components of J are computed 

separately and added together to obtain the total J-integral given as 

J = l, + Jp, 
(2.20) 

The equation for the plastic J-integral is defined as 

P^ 
— (2.21) 
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where a is a dimension!ess constant of the Ramberg-Osgood equation, P is the applied 

load and P0 is the load at collapse. The term c is the remaining uncracked segment. The 

hi is a geometry factor and is only dependent on the geometry and material hardening 

coefficient, n once normalized. The elastic J-integral component can be calculated using 

Eq. (2.18). Finite element methods are used to determine both components of the J-

integral. 

2.3.2 Constraint-Based Elastic Plastic Fracture Mechanics 

Conventional EPFM assumes that the J-integral alone characterizes the crack tip fields. 

Betegon and Hancock (1991) and Du and Hancock (1991) suggested that the J-integral 

along with the T-stress could be used as a two-parameter characterization of the elastic-

plastic crack tip fields in a wide range of crack geometries and loading conditions. 

Also, studies by Dodds et al. (1991) introduced a hydrostatic Q-stress that can be used in 

addition with the J-integral to characterize the crack tip fields at the onset of fracture for 

elastic plastic materials. The Q-stress is defined as the difference in the near crack tip 

field and the relative stress in small-scale-yielding for the same J value and given as 

QS0ee)HRR-°ee ( 2 2 2 ) 

where (<Jee)Hm is the stress from the HRR stress field and o0 is the yield stress of the 

material. It has been shown by Dodds et al. (1991) that the J-integral described the crack 

tip field while the Q-stress described the stress state of the crack relative to the triaxality 
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stress. Ainsworth and O'Dowd (1995) demonstrated that the elastic plastic Q-stress is 

related to the elastic T-stress by 

Q = — (2.23) 

Therefore it is possible to obtain the Q-stress from FEM calculations of T-stress. Using 

the two fracture parameters of J-integral and Q-stress are similar to J-integral and T-

stress which helps lower the crack tip constraint and give a more realistic, and less 

conservative characteristic of the elastic plastic crack tip fields. 

2.4 Failure Assessment Diagrams 

Based on the linear elastic fracture mechanics and elastic plastic fracture mechanics, 

failure assessments can be conducted for engineering components. The most commonly 

used failure assessment method is the failure assessment diagram method (PD 6493, 

1991). In this section, the conventional failure assessment diagrams based on one-

parameter fracture mechanics are reviewed as well as the constraint-based failure 

assessment diagrams. 

2.4.1 Conventional Failure Assessment Diagrams 

The first failure assessment diagrams were first introduced in the R6 procedures of 1976 

as a method of assessing the integrity of a cracked structure (Harrison, 1976). The failure 
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assessment methods have been further developed and revised and is in the third stage of 

revision (Ainsworth and O'Dowd, 1995). 

Lower Bound Conventional FAD 

Conventional lower bound FADs are based on a single-parameter fracture mechanics. 

The conventional failure assessment methods are described in the PD 6493 (1991) 

procedures. The conventional lower bound FAD is given by the curve 

^ = / ( 4 ) (2.24) 

Kr is the stress intensity ratio given by 

Kr=~~ (2-25) 

where Kj is the stress intensity factor for a given load and KJC is the fracture toughness 

of the material. Lr is the load ratio given by 

Lr=— (2.26) 
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where a is the applied stress and oi is the limit stress taken from the limit load for the 

given cracked geometry. Failure is avoided if the calculated point (Kr, Lr) lies within the 

region bounded by the failure assessment curve, Kr=f(Lr) as seen in a typical 

conventional FAD in Figure 2.8. The lower bound level 3 curve, Kr=f(Lr) of PD 6493, is 

defined as 

Kr =(l-0.14Lr
2Wo.3 + 0.7exp(-0.6546))] (2.27) 

There is a cut-off value of Lr that cannot be exceeded called the Lr
max also shown in 

Figure 2.8. The cut-off value is designed to ensure that plastic collapse does not occur. 

J-Based Conventional FAD 

Lower bound FADs are independent of specific geometry and material strain-hardening 

properties so the approximation of maximum load carrying capacity has been shown to 

be overly conservative compared to the J-based FAD presented in the R6 (1997) 

procedures. Similar to lower bound conventional FAD, The failure assessment curve can 

be related to the solutions from the J-integral estimated based on the EPRI procedures 

and given as 

Kr=fM=ff (22g) 
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where Je\ and Jpl are values of J-integral obtained from elastic and elastic-plastic FEM 

analysis respectively. Failure is assumed to be prevented if the calculated (Kr,Lr) point 

lies within the failure assessment curve and less than the cut-off value ofLr
max. 

2.4.2 Constraint-Based Failure Assessment Diagrams 

Constraint-based FADs were first introduced in the R6 procedures of 1997. Constraint-

based failure assessment is based on the concept that the fracture toughness in conditions 

of low constraint, xSmat can be higher than the conventional fracture toughness, Kic 

under conditions of high constraint. The following section will look at two constraint-

based failure assessment diagrams. The first is the constraint-based lower bound FAD 

consisting of Kj and T-stress and the second is the FAD based on J-integral and T-stress. 

Constraint-Based Lower Bound FAD 

The conventional failure assessment diagram is modified to account for the constraint 

effects with 

K,=f(L,?ZL 
K 

(2.29) 
ic J 

The increased in fracture resistance was determined by Betegon and Hancock (1991) and 

O'Dowd and Shih (1991) and can be expressed as 
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KL =*/c[l + a(-/?4X]for/?<0 ^ ^ 

Kc
mal=K{C for/?>0 

where a, and m are material dependent constants which relates the dependence of 

fracture toughness on constraint. /?is a normalized constraint parameter relating to the T-

stress as 

£ = - T - <231> 

where T is the elastic T-stress and a0 is the yield stress of the material. Substituting the 

first equation of Eq. (2.30) into Eq. (2.29), the failure assessment parameter, Kr becomes 

Kr = / ( 4 ) [ l + a(-/?I,.)m] forfi<0 ^ ^ 

K, =/(!, .) for/?>0 

where the lower bound FAD curve is given in Eq. (2.27). The constraint-based failure 

assessment diagrams are based on the first equation of Eq. (2.32). Similar to the 

conventional FAD, failure will not occur if the calculated (Kr,Lr) point lies inside the 

failure assessment curve and is less than the cut-off value oiLr
max. A typical constraint-

based FAD curve is shown in Figure 2.8. The generation of a constraint-based lower 

bound failure assessment diagram entails calculating the stress intensity factor for 

incrementing loads along with determining the normalized elastic T-stress. 

24 



Constraint-Based J-T FAD 

In the J-T based FAD using T-stress, Kr is given in terms of the square root of the J-

integral ratio (Ainsworth and O'Dowd, 1995). The constraint-based failure assessment 

diagrams are generated similar to that of Eq. (2.32) except the first part of Eq. (2.32) is 

substituted with Eq. (2.28) and is given as 

Kr=J^f[\ + a(-pLry]forP<0 
V (2.33) 

Kr=J^- for/?>0 

J-T based fracture assessment proves to further increase the J-based FAD curve because 

it is generated based on material property, geometry, and the constraint parameter, T-

stress. 

2.5 Finite Element Method in Fracture Mechanics 

The finite element method used to determine crack-tip stress fields has been studied 

widely. The method has allowed the analysis of complex two-dimensional and three-

dimensional problems, and the use of elastic plastic elements to include crack tip 

plasticity (Broek, 1986). In this thesis, FEM is used to calculate fracture parameters such 

as Kj, T-stress, and J-integral for the cracked cylinder. The FE method is reviewed in this 

section. 
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2.5.1 Modeling of Crack Tip Singularity 

The main purpose of using FEM in the linear elastic and elastic plastic fracture analyses 

of this thesis is the modeling of the crack tip singularity. Equations (2.2) to (2.5) shows 

that the stress components become infinite at the crack tip as r goes to zero; this 

phenomenon is called the crack tip singularity. Linear elastic materials exhibit a l/~Jr 

singularity in strain at the crack tip while elastic plastic materials exhibit a 1/r 

singularity. A singular element technique is presented to model the crack tip singularity, 

help increase accuracy and reduce the computational cost. This technique is based on 

modification of the isoparametric elements at the crack tip suggested by Barsoum 

(1977). A regular 8-node isoparametric element is shown in Figure 2.9. Barsoum 

suggested that the 8-node quadrilateral element be collapsed at one side into a single 

point. The quadrilateral forms a triangular shape as seen in Figure 2.10. Collapsing the 

nodes of the quadrilateral at one side and constraining them to move together can 

account for the 1/^lr singularity in linear elastic materials. It was also suggested that a 

more accurate analysis could be conducted by moving the mid-point nodes to one-

quarter points closer to the crack tip. For elastic plastic materials, the nodes of the 

quadrilateral are also collapsed at one side but the nodes are not constrained to move 

together which produce a 1/r singularity (Barsoum, 1977). 

Isoparametric Elements 

In FEM, the elastic continuum is replaced by a finite number of structural elements of 

finite size, interconnected by nodal points. The forces between elements are transmitted 

through these nodal points. The displacements of the nodal points are the fundamental 

concepts of FEM. The following section will discuss the basic concepts of FEM 

isoparametric elements and nodal displacements. The type of element that is used in the 

work of this thesis is an 8-node quadrilateral element as seen in Figure 2.9. The shape 
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functions will map the element geometry and the element nodal displacements, a key 

idea in FEM. Elements in the models are mapped from natural coordinates to global 

coordinates through the element shape functions given as 

thp^ti (134) 

The nodal coordinate in the natural coordinate system is given by r and s while the nodal 

coordinates in the global system is given by x, and v,. N( represents the shape function. 

For an 8-node quadrilateral, the shape functions are given as 
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The element nodal displacement equation is given as 

!"J4*-tl (2.36) 

It is important to note that the shape functions are given in terms of the natural 

coordinates. The Jacobian matrix given as 

w= 
ox 

a-
ox 

-OS 

cy 

or 
% 
OS-

(2.37) 

The Jacobian matrix relates the natural and global coordinates system as 

dx 

[oy\ 

= [jf-
'cNf 

dr 

I & J 
(2.38) 

28 



The strains are related to the nodal displacements by the following equations 

sx 

£„ 
y 

Jxy. 

• = ' 

du 

dx 
du 
— 
dy 

ch du 
1 

^dx dy. 

m (2. 

where 

[*! = 
dx 

0 

dN: 

0 

dy 
dN; 

dy dx 

(2 

The stress-strain relationship is given by 

<7„ 

J*yj 
(l + vXl-2v) 

1-v v 0 

v 1-v 0 

0 0 l - 2 v /* , 

(2 

where 

29 



E 
(l + vXl-2v) 

Equation (2.42) is called the constitutive matrix for plane strain and is written as [£>]. 

Now that all of the variables have been defined, the stiffness matrix is given as 

M = J J [B] [D][B]fep\drds (2.43) 
- i - l 

Contour Integral Evaluation 

Contour integrals are used in two-dimensional as well as three-dimensional FEM to 

determine the fracture parameters of stress intensity factor, elastic T-stress, and J-

integral. In FEM model, elements surrounding the crack tip form contours. Each contour 

is seen as a virtual motion of block of material covering the crack tip. A block of 

elements is then defined as a contour. Various contour integrals can be evaluated to 

determine of stress intensity factor, elastic T-stress, and J-integral. 

Contour integral evaluation uses the domain integral method and the divergence theorem 

based on works presented by Shih (1981). The divergence theorem is used to expand the 

contour integral into an area integral in two dimensions and a volume integral in three 

dimensions over a finite domain around the crack tip. In ABAQUS, the domain integral 

method is used to evaluate the contour integrals. The equation for the J-integral is 
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1-v v 0 

v 1-v 0 

0 0 l - 2 v 

= [D] (2.42) 



J=\L^-W8,J 

Details of the J-integral as a contour integral will be discussed in further section of this 

chapter. 

2.5.2 Determination of K from Finite Element Methods 

There are two methods of determining the stress intensity factor using FEM. The first 

method involves calculating the stress intensity directly using Eq. (2.2) to Eq. (2.5). The 

technique calculates the stress and displacement at a small distance from the crack tip 

and solving for the stress intensity factor. This method however required a very large 

number of very small elements near the crack tip. The most commonly used method is 

the second method of deriving the stress intensity factor from the J-integral presented by 

Shihetal. (1981). 

For linear elastic analysis, J is equal to G, and therefore, the K is derived using Eq. 

(2.18). The contour integral method is used to integrate the contours surrounding the 

crack tip, the J-integral is determined as shown in Eq. (2.44) and the Ki is extracted from 

the relationship between J-integral and Ki. 

2.5.3 Determination of Elastic T-Stress from Finite Element Methods 

The elastic T-stress can be calculated using several methods such as the weight function 

method by Wang (2002), the boundary element method by Sladeck (2000) and finite 

3c, 
dA (2.44) 
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element method by Nakamura and Parks (1992). Determination of the elastic T-stress by 

finite element method using the interaction integral will be discussed. 

Nakamura and Parks (1992) suggested extracting the elastic T-stress for three-

dimensional fracture problems by introducing the interaction integral method (Kfouri, 

1986). Figure 2.11a shows a three-dimensional crack front with a continuous turning 

tangent. A line-load with a magnitude of fk —ffJ.k{s) is applied along the crack front as 

showing in Figure 2.1 lb. The term /uk represents the direction normal to the crack front 

and in the plane of the crack at the point s. Introduction of the superscript 'L' is used to 

identify the stresses, strains and displacements fields. The analytical solution is given as 

of, =-J- cos3 0 

L f 2 
o22 = cos#sin 0 

TOT 

a$3=—£-vcos0 (2.45) 
Ttr 

J f 7 
°i2 = ——cos #sin9 

nr 

°n = CT23 = ° 

and 

E K [ 

'A sin2# 1 
U+2(l-v)J 

u\ = - ! z Z _ Z ((i _ 2 v ) - cosflsin 0} 
7 IE n^ J > 

«3 = 0 

(2.46) 
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The near tip field was superimposed with the field due to the line-load approximation 

and the interaction integral is determined as 

^iif^fe-^ <%A 

y(s)i\ «~* J^I &k) (2.47) 

where V(s) is the domain that encloses the crack from segment from s-s and s+s as seen 

in Figure 2.1 lc where the integral is evaluated. V(s) surrounds the crack front at s and 

lies in the plane perpendicular to the crack front as 5. Ac is the increase in crack area 

generated by the virtual crack advance, o;y ,£y, and u(- are the stress, strain and 

displacement components of the 3D crack problem, o;/ , £yL, and ut are the line-load 

solutions given in Eq. (2.45) and Eq. (2.46). With the interaction integral defined, the T-

stress can be calculated as 

T E \l(s) 
l~v I / J (2.48) 

where £33(3) is the extensional strain at point s in the direction tangential to the crack 

front. Once the T-stress term is determined, T33 or the S-stress can be obtained by the 

relationship with T-stress as 

^33 -Es33 + vTu (2.49) 
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where T33 is the S-stress, E is Young's modulus, S33 is the strain in the 33-direction, v is 

the Poisson's ratio and Tn is the elastic T-stress. 

2.5.4 Determination of J-Integral from Finite Element Methods 

For elastic plastic materials, the J-integral is determined from FEM by contour integral 

evaluation based on the domain integral method. Figure 2.12 shows the closed contour 

used in the two-dimensional domain integral method. In the domain integral method, the 

J-integral is integrated over an area of a closed contour given by A * and bounded by 7~/ 

and Jo. Shih et al. (1981) presented the J-integral to include the inertia effects of the 

crack growth in the x/ direction. The elastic plastic J-integral is defined as a contour 

integral and is given as 

• M W5Xj hjq.ds (2.50) 

where WSy is the virtual work, rij is the unit vector which is negative on the To curve and 

positive on the /"} curve. The qi term is a function of A* that is 1 on i~o and 0 on 7~}. 

Applying the divergence theorem to Eq. (2.50), the contour integral is expanded into an 

area integral, integrated over and area given by 

• / = ! 

< - ^ 3c, 
dA (2.51) 

34 



Equation (2.51) is the same as that of Eq. (2.44) used to determine the stress intensity 

factor. If the first contour lies on the node at the crack tip, then the first few contours 

may be inaccurate and therefore should be ignored. The J-integral for the various 

contours may be slightly different because of the approximate nature of the finite 

element method. The value of the J-integral is typically taken from the average of the 

three outer most contours where the values have converged. Creating a finer mesh can 

reduce variation in contours. Variations in estimates are called domain dependence and 

are a result of the error in the contour integral definition. It is important to note that since 

the stress intensity factor is calculated based on the J-integral; it will have the same 

domain dependence as the J-integral. 

2.6 Hollow Cylinder with Internal Circumferential Crack 

Circumferential cracks are one of the most common yet dangerous flaws found in 

pipelines and pressure vessels. The simplified, uniform circumferential cracked cylinder 

represents an excellent model for tensile loaded cracked cylindrical structures such as 

pipelines with internal pressure. The geometry and dimensions of the hollow cylinder 

with circumferential crack are shown in Figure 2.13. The cracked cylinder under remote 

tension is a basic model of three-dimensional analysis that can be determined from 

axisymmetric analysis as shown in Figure 2.14. The stress intensity factor for hollow 

cylinders with circumferential crack under uniform tension has already been well studied 

and determined analytically (Tada et al., 1985). 

The fully plastic J-integral solution (fully plastic hi factor) for hollow cylinders under 

remote tension has been studied for geometries of r/r0 = 0.82, 0.9, and 0.92. These 

geometries represent very thin hollow cylinders (Anderson, 1991). Further studies of 

cracked thicker cylinders are required. 
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There have been limited solutions of T-stress for thin hollow cylinder geometry under 

uniform tensile loading (Sherry et al. 1995). The purpose of a two-parameter constraint-

based failure assessment is to determine the values of K, T-stress and J-integral to be 

used in two-parameters failure assessment. Therefore the values of T-stress, and J-

integral are first determined. Constraint-based assessments for the crack geometry will 

then be conducted for the purpose of this thesis. 
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a: Mode I b: Mode II c: Mode III 

Figure 2.1: Three Basic Fracture Modes 
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Figure 2.2: Stress Field at Vicinity of 3D Crack Front 
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Figure 2.3: Direction of Elastic T-stress 
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Figure 2.4: Direction of Elastic S-stress 

40 



Stress 

Slope is Young's Modulus, E 

- ^ - e 
Strain 

Figure 2.5a: Stress Strain Curve for Linear Elastic Material 
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Figure 2.5b: Stress Strain Curve for Non-linear Elastic Material 
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Figure 2.6: J-integral as a Line Integral 
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Figure 2.7a: Closed Contour ABCDEF Around Crack Tip 

Figure 2.7b: Path Independent Contour 
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Figure 2.8: Failure Assessment Diagram 
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Figure 2.9: 8-node Quadrilateral Element 
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Figure 2.10: Collapse of 8-node Element To Model Stress Tip Singularity 
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Figure 2.1 la: 3D Crack Front with Continuous Turning Tangent 

Figure 2.1 lb: Line-load Applied to Crack Front 

Figure 2.1 lc: A Volume V(s) Enclosing the Crack Front Segment 
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Figure 2.12: Closed Contour used for Two-Dimensional Domain Integral Method 
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Figure 2.13: Three Dimensional View of Circumferentially 
Cracked Hollow Cylinder 
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Figure 2.14: Cross-Sectional View of Cracked Geometry 
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Chapter 3 

Solutions for Elastic T-stresses for Hollow Cylinders 

The purpose of Chapter 3 is to determine the elastic T-stresses for circumferential cracks 

in hollow cylinders under uniform tension. These crack geometries are common in 

engineering problems yet only limited T-stress solutions have been determined. Sherry et 

al. (1995) have determined the T-Stress solutions for very thin cylinders with 

circumferential cracks ranging from r/r0 = 0.85 to 0.95. This thesis will determine the 

elastic T-stress solutions for cracked hollow cylinders with rt/r0 = 0.2, 0.4, 0.6 and 0.8. 

The domain integral method is used to numerically determine the K and elastic T-stress 

(Shihetal. 1981). 

3.1 Finite Element Analysis 

3.1.1 Cracked Geometry 

The cracked geometry that is being studied is a finite hollow cylinder with an internal 

circumferential crack as showing in Figure 3.1. Figure 3.2 shows the cross-section view 

of the crack geometry. The cylinder has an outer radius, r0, an internal radius of r(. The 

thickness of the cylinder is given as t. The circumferential crack is present on the internal 

surface of the cylinder and the crack length is given as a. The geometry has varying rt/r0 

= 0.2, 0.4, 0.6, 0.8, and 0.9. Each n/r0 ratio has varying a/t = 0.2, 0.4, 0.6, and 0.8. The 

length of the cylinder in the longitudinal direction is larger compared to the thickness of 

the cylinder so that the free boundary effects are negligible. Uniform tensile loading is 

applied to the ends of the cylinder. 
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3.1.2 FEM Model 

The modeling of the cracked geometry was carried out using a finite element software, 

ABAQUS 6.7.3. ABAQUS is an engineering simulation program that allows structures 

to be analyzed base on the finite element method. The program is able to model both 

linear and nonlinear structural problems (ABAQUS User Manual, 2004). 

Since the geometry is an axisymmetric circumferential crack in a hollow cylinder, there 

are two planes of symmetry and so the problem is modeled in two-dimensions using 

axisymmetric elements as shown in Figure 3.3. Only one quarter of the cylinder is 

modeled because of simplification in the symmetry as seen in Figure 3.4. The entire 

model uses 8-node quadrilateral elements but at the tip of the crack, a sweeping fan 

shaped mesh was used as seen in Figure 3.5. The elements surrounding the crack tip 

were collapsed on one side to form a triangular shape. The nodes at the crack tip were 

constrained to move together. The midside nodes are moved to the XA point nearest the 

crack tip to help improve modeling of the stress singularity as seen in the close-up view 

of crack tip of Figure 3.6. The nodes on the horizontal plane of symmetry were restricted 

from displacement in the vertical direction. 

Mesh Refinement 

The size of the elements in the vicinity of the crack tip influences the accuracy of the 

solutions. The more refined the mesh is close to the crack tip, the better the stress and 

strains results will be and the better the contour integrations will be. The region around 

the crack tip is partitioned and a sweeping mesh with elements having a quad-dominated 

shape is used. The mesh was refined closer to the crack tip to ensure accurate results for 

the stress intensity factor shown in Figure 3.5. 
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Defining the Material Properties 

The material properties for the model is that of a linear elastic isotropic material with E = 

30,000 lbf/in2 (207 GPa), and v = 0.3. The test model has a uniform tensile load, a, 

applied to the ends of the cylinder. 

3.1.3 Verification of K from Established Results 

The stress intensity factor for many three-dimensional geometries including the hollow 

cylinder with circumferential cracks have been well established and summarized (Tada 

et al., 1985). The purpose of this section is to model a cracked hollow cylinder shown in 

Figure 3.2, and use FEM to calculate the stress intensity factors. The stress intensity 

factors will then be compared to the stress intensity factors of established results to 

verify the model being used is acceptable. Since the stress intensity factor is dependent 

on the geometry and loading, it is normalizes as 

K,=F 
( \ 

aV^a (3.1) 

where a is the nominal stress given as 

^ o "r, ) 
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F is the normalized stress intensity factor called the boundary correction factor or the 

geometry correction factor for different crack geometries (Anderson, 1991). For 

verification purpose the geometry that will be studied is the hollow cylinder thickness of 

rt/r0 = 0.2, 0.4, 0.6, 0.8, and 0.9. The crack depth ratio is varied with a/t = 0.2, 0.4, 0.6, 

and 0.8 for each geometry. The boundary correction factor is then determined. For the 

verification calculation of the stress intensity factors, the domain integral is used. Seven 

integrals were calculated starting at the crack tip. The stress intensity factor showed good 

contour independence and so the outer three contours were averaged and taken as the 

stress intensity factor. 

Results ofKi Calculations 

The calculated boundary correction factors are presented in Tables 3.1, 3.2, 3.3, and 3.4. 

The boundary correction factors determined from established results of Tada et al. 

(1985) are compared with the calculated boundary correction factors shown in Figure 

3.7. The calculated boundary correction factors show good agreement with the 

established results with maximum differences of less than 1 % for r/r0 < 0.6 and less 

than 2 % for r/r0 > 0.6. This indicated that the finite element models are acceptable for 

linear elastic crack analysis of determining stress intensity factors. 

3.1.4 Verification of Elastic T-stress Solutions 

To further verify the finite element procedure in determining the T-stress, calculations 

were performed on a geometry of a solid cylinder containing a penny-shaped crack as 

seen in Figure 3.8. The penny-shaped crack geometry is similar to the circumferential 

cracked cylinder in that they are both axisymmetric problems. The T-stress solution was 

verified for the crack length of a/t - 0.1 and v= 0.3. Established results of the T-stress 
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solutions for penny-shaped crack were taken from Wang (2002). The penny-shaped 

crack was modeled using ABAQUS. The material properties was set to a linear elastic 

material with E - 30,000 lbf/in2, and v= 0.3. A uniform tensile load was applied at the 

ends of the cylinder. Since the penny-shaped crack model is symmetric about the axis of 

rotation, only one quarter of the geometry was modeled. The nodes on the horizontal 

plane were constrained from moving in the vertical direction while the nodes along the 

vertical plane were constrained from moving in the horizontal direction. 

The calculated normalized T-stress from the FEM model was -0.81 compared to the 

results from Wang (2002) of-0.80. The difference is less than 0.1%. Therefore, the finite 

element procedures are verified for both K and T-stress calculations. 

3.2 Determination of Elastic T-Stress 

3.2.1 FEM Model 

The FEM model is similar to the FEM model of the hollow cylinder used to determine 

the stress intensity factors. All boundary conditions, material properties and loading 

conditions are identical to that of the test model in section 3.1. Since there are two planes 

of symmetry only one-quarter of the plate is modeled. The nodes along the horizontal 

plane of symmetry are constrained from moving in the vertical direction. A uniform 

tensile load, a, is applied to the end of the cylinder. The analysis was performed for four 

crack lengths of a/t - 0.2, 0.4, 0.6, and 0.8 for each cylinder thickness ratios of r/r0 -

0.2, 0.4, 0.6, 0.8, and 0.9. The contour integral method was used to determine the T-

stress. Excellent contour independence was obtained in these calculations. Seven 

contours were taken around the tip of the crack and the outer three contours were 

averaged and used as the T-stress value. 
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3.2.2 Results of Elastic T-stress Solutions 

Once the T-stress solutions were determined, it was normalized. The normalized T-stress 

is given as 

V = — (3.3) 
o 

where <xis the nominal tensile stress. The tabulated results of the T-stresses are found in 

Table 3.5. Results of the normalized T-stress solutions are shown in Figure 3.9. The T-

stress results show consistent trends for all rjr0 ratios and a/t ratios. The T-stresses 

calculated were all negative. The negative T-stresses indicate a crack geometry under 

low constrained condition. The trend for all test cases was that the magnitude of the T-

stresses increased as the thickness of the crack increased. The magnitude of the T-stress 

was generally larger for thicker cylinders except for thin cylinders with large cracks in 

which the magnitude were larger than those of the thick cylinders. 

3.2.3 Determination of S-stress 

The S-stresses (T33) were determined from the relationship between the calculated elastic 

T-stress and the S-stress and given by 

Ti3(s)=E6js)+vTu(s) (2.49) 
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where T33 is the S-stress, E is Young's modulus, 833 is the strain in the 33-direction, v is 

the Poisson's ratio and Tu is the elastic T-stress. 

The S-stress value was calculated for each r-Jr0 ratio and a/t ratio. ABAQUS generated 

the S33 for the crack tip in the output data file. Substituting 833 and T-stress results into 

Eq. (49), the S-stress was then calculated. The values of the S-stresses are tabulated in 

Table 3.6. Figure 3.10 shows the plotted values of the S-stress solutions. The trends of 

the S-stresses are similar to those of the T-stresses. All S-stress values were negative. 

3.3 Summary 

The purpose of this chapter was to determine the elastic T-stresses for the 

circumferentially cracked cylinders. The finite element procedures were verified by 

calculating the stress intensity factor and T-stress and comparing them with established 

results. The T-stress solutions were calculated using FEM and presented in Tables and 

Figures. 
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Boundary Correction Factor, F for r/r0= 0.2 

a/t 

0.2 

0.4 

0.6 

0.8 

F, Present 

0.871 

0.859 

0.938 

1.201 

F, Tada (1985) 

0.861 

0.846 

0.920 

1.178 

Difference 

(%) 

1.16 

1.54 

1.96 

1.92 

Table 3.1: Verification of boundary correction factor 

for cracked cylinder, r/r0= 0.2 

Boundary Correction Factor, F for r/r0 = 0.4 

a/t 

0.2 

0.4 

0.6 

0.8 

F, Present 

1.008 

1.022 

1.128 

1.443 

F, Tada (1985) 

0.989 

1.007 

1.107 

1.420 

Difference 

(%) 

1.84 

1.47 

1.88 

1.62 

Table 3.2: Verification of boundary correction factor 

for cracked cylinder, r/r0= 0.4 
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Boundary Correction Factor, Fr/r0= 0.6 

a/t 

0.2 

0.4 

0.6 

0.8 

F, Present 

1.104 

1.180 

1.341 

1.723 

F, Tada (1973) 

1.101 

1.175 

1.328 

1.722 

Difference 

(%) 

0.20 

0.45 

1.00 

0.05 

Table 3.3: Verification of boundary correction factor 

for cracked cylinder, r/r0=0.6 

Boundary Correction Factor, F for r/r0 =0.8 

a/t 

0.2 

0.4 

0.6 

0.8 

F, Present 

1.196 

1.392 

1.681 

2.162 

F, Tada (1973) 

1.194 

1.381 

1.676 

2.158 

Difference 

(%) 

0.13 

0.81 

0.28 

0.22 

Table 3.4: Verification of boundary correction factor 

for cracked cylinder, r/r0= 0.8 
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Normalized T-stress, V 

a/t 

0.2 

0.4 

0.6 

0.8 

r/r0= 0.9 

-0.56 

-0.63 

-0.87 

-1.90 

r/r0= 0.8 

-0.57 

-0.65 

-0.92 

-1.91 

r/r0= 0.6 

-0.57 

-0.69 

-0.98 

-1.94 

r/ro=0.4 

-0.60 

-0.74 

-1.01 

-1.84 

r/ro=0.2 

-0.69 

-0.84 

-1.04 

-1.69 

Table 3.5: Normalized T-stress solution for cracked cylinder under tension 

Normalized S-stress, S 

a/t 

0.2 

0.4 

0.6 

0.8 

r/r0= 0.9 

-0.54 

-0.72 

-1.08 

-1.82 

r/ro=0.8 

-0.58 

-0.79 

-1.16 

-1.87 

r/ro=0.6 

-0.65 

-0.88 

-1.20 

-1.83 

r/ro=0.4 

-0.73 

-0.92 

-1.15 

-1.71 

r/ro=0.2 

-0.81 

-0.92 

-1.09 

-1.54 

Table 3.6: Normalized S-stress solution for cracked cylinder under tension 
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Figure 3.1: Three Dimensional View of Circumferentially 
Cracked Hollow Cylinder 
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Figure 3.2: Cross-Sectional View of Cracked Geometry 
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Figure 3.3: Axisymmetric Element CAX8 
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Figure 3.4: ABAQUS FEM Model of Cracked Cylinder Under Tension 
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Figure 3.5: Close-Up View of FEM Model of Crack Tip 
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Figure 3.6: Nodal Position of Collapsed Quadrilateral at Vicinity of Crack Tip 
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Figure 3.7: Verification of Boundary Correction Factor for Cracked Cylinder 
From Established Results (Tada, 1985) 
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Figure 3.8: Geometry of Penny-Shaped Crack 
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Figure 3.9: Normalized T-stress Solutions for Crack Cylinder 
Under Uniform Tension 
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Figure 3.10: S-stress Solutions for Cracked Cylinder Under 
Uniform Tension 
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Chapter 4 

Solution of Fully Plastic J-Integral for Hollow Cylinder 

The purpose of chapter 4 is to determine the fully plastic J-integral for cracked hollow 

cylinders under tension. The material properties of the cylinder studied follows that of a 

Ramberg-Osgood power law hardening coefficient of n = 3, 5, and 10. The fully plastic 

geometry factor, hi extracted from the fully plastic J-integral solutions, can be used as a 

parameter in failure assessment. Limited solutions have been established for fully plastic 

J-integral for circumferential cracked hollow cylinders with rjr0 = 0.83, 0.9 and 0.95 

(Anderson, 1991). This chapter will determine the solutions of fully plastic J-integral for 

thicker cylinders of r/r0= 0.2,0.4, 0.6 and 0.8. 

4.1 Finite Element Analysis 

4.1.1 Cracked Geometry 

In this chapter extensive FEM analyses are conducted to determine the fully plastic J-

integral. The geometry studied is that of a cracked hollow cylinder shown in Figure 4.1 

with varying r/r0 = 0.2, 0.4, 0.6, and 0.8 and a/t = 0.2, 0.4, 0.6, and 0.8. Uniaxial tensile 

load is applied to the ends of the cylinder. 

71 



4.1.2 FEM Model 

The cracked cylinder is modeled using the FEM software, ABAQUS 6.7.3 (ABAQUS 

User Manual, 2004). The model is simplified to a quarter of the cracked cylinder. The 

element used is a CAX8R, which is an axisymmetric 8-node quadrilateral with reduced 

integration. The domain integral method was used to solve the J-integral of the FEM 

model and reduced integration was used on the Gaussian points in the quadratic element 

as seen in Figure 4.2. Reduced integration helps reduce numerical difficulties that can 

occur when the incompressible conditions of fully plastic deformation which places 

volumetric constraints on the elements (Dodds, 1991). At the tip of crack, the 

quadrilateral elements were collapsed on one side but not constrained to move together 

to produce the 1/r singularity at the crack tip as seen in Figure 4.3. Good contour 

independences of the J-integrals are obtained. A total of seven contours were taken in the 

analysis and the results of the outer three contours were averaged and used. An FEM 

model of the cracked cylinder is shown in Figure 4.4. 

Load Application 

In nonlinear analysis, the solution is determined by applying the loads gradually and in 

increments to reach a final solution. ABAQUS asks that the initial load, increment and 

maximum load be inputted. ABAQUS then divides the simulation into a number of load 

increments and finds the approximate equilibrium configuration at the end of each load 

increment. Each iteration brings the analysis closer to the equilibrium solution. The 

settings in ABAQUS were set so that the iteration stopped as soon as the entire model 

reached equilibrium. For the analyses presented in this thesis, external loads were 

increased gradually until the plastic zone covered the entire model, which corresponds to 

fully plastic conditions. 
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Material Properties 

For all FEM calculations of the cracked cylinders, the material properties were set to a = 

1, E = 207 GPa, <r0 = 200 MPa, and v = 0.3. The material used follows the Ramberg-

Osgood model as given in Eq. (2.15) of chapter 2. Three n values were used in the 

calculations as follows, n - 3, 5, and 10. The range of n values represents both low and 

high strain hardening materials. A stress strain graph for the three n values is shown in 

Figure 4.5 and given by 

s a 
— =—+ a\ 

' a V 

\°o) 
(2.15) 

Extracting the Fully Plastic J-integral from FEM 

The J-integral calculated in the FEM software is the total J-integral at a particular load 

increment. The total J-integral is the sum of two components: the elastic and plastic J-

integral, 

J = Jel + Jpl (2.20) 

To obtain the plastic component of the J-integral, the elastic component was first 

calculated from a linear elastic model assuming n = 1. The elastic component of J-

integral is subtracted from the total J-integral solution to obtain the plastic J-integral. It 

was noticed through extensive verification that when the material became fully plastic, 

the elastic component of the J-integral was very small. The extracted plastic J-integral 
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made up 95 percent of the total J-integral and so the total J-integral was taken as an 

approximate value of the fully plastic J-integral. Once the fully plastic J-integral was 

determined for all the geometries, the fully plastic hj factor was determined from 

equation 

J
Pi = a^o£och 

P 
(2.21) 

v;y 

Where a is the dimensionless constant of the Ramberg-Osgood equation, a0 is the yield 

stress, s0 is the yield strain, and n is the Ramberg-Osgood constant. The term c is the 

remaining uncracked segment, P is the load and P0 is the load at collapse. For the present 

crack geometry, the load at collapse was summarized by Anderson (1991) and given as 

Po=^x(r0
2-(ri+a)2)cT0 (4.1) 

It is important to note that once Jpi is normalized, it is independent of the material 

constants of a, E, and a0, and is only dependent on geometry and the strain-hardening 

coefficient, n. 
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4.1.3 Verification of Fully Plastic J-Integral for Cracked Cylinders 

Two verifications were performed to determine the validity of the fully plastic J-integral 

calculations produced from the FEM model before continuing with the FEM model of 

the cylindrical crack geometry. 

Verification using a Penny-shaped Cracked Solution 

A penny-shaped crack in an infinite body under uniaxial loading is calculated to verify 

the finite element model for determination of the fully plastic J-integral of the 3D crack 

problem. This penny-shaped crack problem was analyzed extensively by He and 

Hutchinson (1981). The normalized fully plastic J-integral solutions are given as follows 

Jpl=h,aa0s0a 
f V+l 

\°o) 
(4.2) 

where a is the radius of the crack, and cioois the remote tensile stress. Table 4.1 presents 

the results form the FEM model for n - 3, 5, and 10. The calculated results are very close 

to established results of He and Hutchinson (1981) with a maximum of 3.97 % 

difference. 
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Verification using Circumference Crack Cylinder Solution for r/r0 = 0.83 

Limited data have been produced for the fully plastic J-integral for very thin 

circumferentially cracked cylinders. Anderson (1991) summarized results for cylinders 

with r-Jr0 = 0.83, 0.9, and 0.95. The purpose of this section is to determine the fully 

plastic J-integral for the geometry r/r0= 0.83. The calculated FEM solutions will be used 

to determine the hi factor, which will then be compared to the established hi factor. For 

verification purpose the models the a/t is set to 0.5 and n = 3, 5, and 10. 

Table 4.2 presents the hi calculated in FEM as well as the hj from established results. 

Figure 4.6 shows the plotted values of the hi factor calculated and the hi factor from 

established results summarized by Anderson (1991). The results in Figure 4.6 show 

excellent agreement with one another. There is a maximum difference of 7.63% between 

the calculated hi factor and the hi factor from established results. Through these 

verifications, the present finite element procedures are considered acceptable for the 

calculations of fully plastic J-integral for the circumferential crack in hollow cylinders. 

4.2 Determination of Fully Plastic J-Integral Solution 

Results of Fully Plastic J-integral Solutions for Cracked Cylinders 

Once the fully plastic J-integrals were determined for each set of crack cylinder 

geometry, the hj factor was calculated using the following normalization 
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Jp, = a°o£och\ 
v+i 

w (2.21) 

Tables 4.3, 4.4, 4.5, and 4.6 summarize the data of the calculated hj factor for the 

cracked cylinder of r/r0 - 0.2, 0.4, 0.6, and 0.8 respectively. Figures 4.7, 4.8, 4.9, and 

4.10 shows the plots of four sets of data for r/r0= 0.2, 0.4, 0.6, and 0.8. Each set of data 

contains three graphs corresponding to the three strain hardening coefficients, n = 3, 5, 

and 10. 

4.2.1 Discussion of Results 

From Figures 4.7, 4.8, 4.9, and 4.10, the trend can be seen that the hi factor increases as 

the size of the crack decreases for all thickness of cracked cylinders. It is important to 

note that in general, the hi factor increases with the increase in strain hardening 

coefficient. However, for thinner cracked cylinders such as r/r0 - 0.6 and 0.8, the hj 

factor decreased with increase in strain hardening coefficient, n. 

4.3 Application of the EPRI J-integral Estimation Scheme 

The EPRI J-integral estimation scheme states that the total J-integral solution for any 

cracked geometry can be determined by the summation of the two components of the 

elastic and plastic components as described in section 2.3.1 and given as 

J = Jel + Jpl (2.20) 
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Equipped with the hi factor, one can determine the J-integral for a cracked geometry at 

any given load. The elastic portion of J-integral can be determined through the 

relationship of J-integral and stress intensity factor as giving in 

K2 

Jel=-~ (2.18) 
E 

The plastic J-integral is determined by inserting the hj factor into Eq. (2.21). Once the 

two components are determined, the total J-integral can be calculated for any particular 

load. This estimation procedure is applied for the crack geometry of r/r0 = 0.8, a/t = 0.2 

and n = 3, 5, and 10. Figures 4.11, 4.12, and 4.13 shows the load vs. J-integral plot for 

the two methods of determining the total J-integral. The plots of the J-integral calculated 

using FEM and the J-integral calculated using the EPRI estimation scheme are almost 

identical with a maximum difference of 2.6 %, proving that the EPRI estimation scheme 

is a good approximation method to determine the J-integral at any given load level using 

the hi factor and the stress intensity factor. 

4.4 Summary 

The elastic plastic analysis of the cracked cylinder under tensile loading was performed 

in chapter 4. The fully plastic J-integral was calculated for the tensile loading condition. 

Two verifications were made for similar geometries. The corresponding hi factor was 

determined from the fully plastic J-integral. Application of the EPRI estimation scheme 

was demonstrated by calculating the elastic and plastic components of the J-integral for 

increment load levels and comparing the total J-integral to that of the total J-integral 

calculated using FEM. 
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Fully Plastic Factor, ht 

Strain Hardening 

Coefficient 

(n) 

3 

5 

10 

h, 

Present 

1.40 

1.57 

1.75 

h, 

He and 

Hutchinson 

(1981) 

1.35 

1.51 

1.71 

Difference 

(%) 

3.7 

3.97 

2.34 

Table 4.1: Verification of fully plastic hi factor for 

penny-shaped crack 

Fully Plastic Factor, hi. 

Strain Hardening 

Coefficient 

(n) 

3 

5 

10 

Present 

4.94 

3.98 

2.34 

h, 

Anderson 

(1991) 

4.59 

3.79 

2.28 

Difference 

(%) 

7.63 

5.01 

2.63 

Table 4.2: Verification of fully plastic hi factor for 

cracked cylinder r/r0= 0.83, a/t = 0.5 

79 



Normalized Fully Plastic Factor, h\: Finite Element Method, Cracked 

Cylinder, r[/r0 = 0.2 

Stain 

Hardening 

Coefficient 

(n) 

3 

5 

10 

a/t = 0.2 

0.55 

0.73 

1.31 

alt =0.4 

0.43 

0.51 

0.67 

a/t = 0.6 

0.31 

0.31 

0.32 

a/t = 0.8 

0.22 

0.20 

0.19 

Table 4.3: Results for normalized fully plastic factor, hi for cracked cylinder r/r0= 0.2 

Normalized Fully Plastic Factor, hj: Finite Element Method, Cracked 

Cylinder, r[/rQ = 0.4 

Stain 

Hardening 

Coefficient 

(n) 

3 

5 

10 

a/t = 0.2 

0.85 

1.08 

1.71 

a/t = 0.4 

0.64 

0.70 

0.81 

a/t = 0.6 

0.45 

0.41 

0.37 

a// = 0.8 

0.29 

0.25 

0.23 

Table 4.4: Results for normalized fully plastic factor, hj for cracked cylinder rt/r0 = 0.4 
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Normalized Fully Plastic Factor, hj: Finite Element Method, Cracked 

Cylinder, r/r0 - 0.6 

Stain 

Hardening 

Coefficient 

(n) 

3 

5 

10 

a/t = 0.2 

1.38 

1.69 

2.40 

a/t = 0.4 

1.09 

1.12 

1.07 

a/t = 0.6 

0.73 

0.61 

0.40 

a/t = 0.8 

0.44 

0.35 

0.31 

Table 4.5: Results for normalized fully plastic factor, hi for cracked cylinder rt/r0 = 0.6 

Normalized Fully Plastic Factor, hj: Finite Element Method, Cracked 

Cylinder, ri/r0 =0.8 

Stain 

Hardening 

Coefficient 

(n) 

3 

5 

10 

a/t = 0.2 

3.05 

3.71 

4.82 

a/t = 0.4 

2.72 

2.66 

2.15 

a/t = 0.6 

1.80 

1.34 

0.73 

a/t = 0.8 

0.94 

0.70 

0.57 

Table 4.6: Results for normalized fully plastic factor, hi for cracked cylinder r/r0 = 0.8 
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Figure 4.2: Location of Gauss Points in Quadrilateral Element 
With Reduced Integration 
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Figure 4.3: Collapse of 8-node Element at One Side to Model 
Stress Tip Singularity 
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SIMULIA 

t 

Crack Tip 

Figure 4.4: Quarter FEM Model of Elastic Plastic Cracked Cylinder 
Under Tensile Load 
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Figure 4.5 Stress Strain Curves for Strain Hardening Material n - 3, 5, and 10 
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Figure 4.10: hi Factor for Cracked Cylinder n/r0= 0.8, n = 3,5, and 10 
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Chapter 5 

Failure Assessments of Cracked Cylinders 

In Chapters 3 and 4, the elastic T-stress and J-integral solutions for a cracked cylinder 

under tension were determined. Application of these T-stress and J-integral solutions to 

conduct a two-parameter, constraint-based failure assessment is presented in this chapter. 

Constraint-based failure assessments involve generating FADs and determining the 

maximum load carrying capacity for each crack geometry. Both constraint-based lower 

bound FAD and J-T based FAD analyses will be conducted. 

5.1 Constraint-Based Failure Assessment Diagrams 

As discussed in section 2.4.1, the conventional failure assessment diagrams that are used 

in PD 6493 (1991) can be overly conservative if a cracked geometry is under conditions 

of low constraint. A constraint-based FAD allows a more accurate fracture assessment of 

low constrained cracked geometry by predicting a higher maximum load carrying 

capacity than that of the conventional failure assessment methods would yield. The 

following section will look at two different constraint-based FADs. The first FAD is the 

lower bound FAD that is modified by constraint effects and the second is the J-T FAD 

modified by constraint effects. 

5.1.1 Constraint-Base Lower Bound FADs 

The first constraint-based failure assessment diagram is based on the lower bound FAD 

and elastic T-stress as discussed in section 2.4.2 (Ainsworth and O'Dowd, 1995). 
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The conventional failure assessment diagram uses a single fracture parameter of stress 

intensity factor which, is determined by calculating the two parameters of Kr, and Lr 

given as 

(2.25) Kr 

K 

KIC 

a 
(2.26) 

Failure of the cracked geometry is avoided if the calculated point (Kr, Lr) lies within the 

failure assessment curve given as Kr=f(Lr). Another condition that must be met is that Lr 

cannot exceed the cut-off value of Lr given as Lr
max. The lower bound failure assessment 

diagram approach that is used in this thesis is based on Level 3 of PD 6493 (1991) in 

which a FAD curve, Kr =f(Lr) is generated that is independent of geometry and the 

material stress strain curve given as 

Kr = (l-0.14Lr
2)(o.3+0.7exp(-0.65Lr

6)) (2.27) 

For the constraint-based failure assessment diagrams, a fracture resistance of ¥fmat is used 

to modify the failure assessment diagram of Eq. (2.27). 

(Kc \ 
\KIC / (2.28) 

Betegon and Hancock (1991) and O'Dowd and Shih (1991) determined though 

experimental analysis that the increase in fracture toughness can be represented by 
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* L - Klc[l + a{-fSLr)
m] for fi < 0 3 

where a, and m are material dependent constants which relates the dependence of 

fracture toughness on constraint. /? is the normalized constraint parameter relating to the 

T-stress given by 

T 
GoLr (2.31) 

where T is the elastic T-stress and a0 is the yield stress of the material. Substituting Eq. 

(2.29) into Eq. (2.28) the failure assessment curve is modified to account for constraint 

effects and given as 

Kr = f{Lr)[l + a{-pLr)
m] for/*<0 

Kr-f{Lr) forj8*0 
(2.32) 

substituting Eq. (2.32) into Eq. (2.27) the failure assessment curve becomes 

Kr = (l - 0.14Lr
2 Jo.3+0.7 exp(-0.6546)Jl + a(-j3Lr)

m ] for J3 < 0 

Kr =(l-0.1442)[0.3+0.7exp(-0.6546)] for/3 >0 
(5.1) 
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The first equation in Eq. (5.1) is the constraint-based failure assessment diagram. Similar 

to the conventional failure assessment diagrams, failure is avoided if the calculated point 

(Kr, Lr) lies within the failure assessment curve and that Lr cannot exceed the cut-off 

value of Lr given as Lr
max. 

In order to generate a constraint-based failure assessment diagram, K, T-stress and Pi 

have to be determined. The first is the stress intensity factor that is calculated by Eq. 

(3.1). The stress intensity factor for a given load level can be calculated by 

( \ 
K,=F ^,-cr^fm (3.1) 

Using the boundary correction factor, F for a given crack length, the stress intensity 

factor for various load levels can be determined. 

The second parameter that is needed is the elastic T-stress solutions; the equation to 

determined the T-stress solutions are outlined in section 2.4.3 The T-stress is normalized 

by 

T 
V = ~ 

ao (3.3) 

The third parameter is the limit stress. The limit load is calculated using Eq. (4.1) but in 

this chapter, the limit load with respect to FAD is given as Pi. 
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PL=-^^o-(rt + dfyo (5.2) 

The limit stress is determined by dividing the limit load over the cross sectional area of 

the cracked cylinder. 

Failure Assessment of Cracked Cylinders 

Using the three parameters that were discussed, the constraint-based failure assessment 

diagrams can now be carried out. The failure assessment diagrams are generated for 

circumferentially cracked cylinders with thickness ratios of r/r0 = 0.2, 0.4, 0.6, and 0.8 

and crack ratios of ah - 0.2, 0.4, 0.6, and 0.8. The load applied to the cylinder is remote 

tensile loading. 

The material that was selected for the analysis is A533B, a typical pressure vessel low 

alloy steel ASME (1992). The tensile yield stress of the steel is 471 MPa and the 

ultimate strength is 591 MPa at 70°C. The Young's modulus of the material is 196.5 

GPa. The initiation toughness of the material, JJC is 0.38 MJ/m2 (Phaal et al., 1995). The 

material's fracture toughness of 286 MN/mM is determined from JJC. The material 

properties are taken from ASME Boiler & Pressure Vessel Code (1992). The constraint 

constants a = 1.5 and m = 1 (Ainsworth, and O'Dowd, 1995). The cut-offload ratio for 

C-Mn Steel is 1.2 (PD 6493, 1991). For this analysis, since the flow stress can be 

calculated as 
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The cut-off stress ratio that is used in the thesis is q/oj, =1.12. 

Constraint-Based Failure Assessment Diagrams 

The constraint-based failure assessment diagrams for the cracked geometry are generated 

using Eq. (5.1) based on the calculated fracture parameters and material properties of 

A533B. A conventional FAD curve is plotted along with constraint-based FAD for each 

cylinder thickness ratio, r/r0 and various crack length ratios, a/t. Figures 5.1, 5.2, 5.3, 

and 5.4 show the FAD generated for rjr0 = 0.2, 0.4, 0.6, and 0.8 respectively. From the 

failure assessment diagrams, a failure assessment line was plotted as shown in Figure 

5.5. The failure assessment line is constructed by incrementally increasing the load for a 

given material and a (Kr, Lr) line was plotted. The applied stress, <j from the Lr value of 

the intersection of the failure assessment line and failure assessment curve was obtained 

and the maximum load carrying capacity was determined as 

" / (5.4) 

where OJ- is the flow stress given by Eq. (5.3). The Pn results for r/r0 = 0.2 and 0.8 are 

summarized in Tables 5.1 and 5.2. Both conventional and constraint base FADs are 

presented in Figures 5.6, and 5.7. 
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Results and Discussion 

From Figures 5.1, 5.2, 5.3 and 5.4 it can be seen that the FAD curve of the constraint-

based lower bound FADs are higher than that of the conventional lower bound FAD 

curve. This is due to the low constraint condition in which T-stress is negative. Figure 

5.6 corresponds to the maximum load carrying capacities of cylinder thickness, r/r0 = 

0.2 and Figure 5.7 corresponds to the maximum load carrying capacities of cylinder 

thickness, r/r0= 0.8. Both Figures 5.6 and 5.7 shows that the maximum normalized axial 

stress, P„ for the cracked cylinder is higher for the constraint-based FAD than that of the 

conventional FAD for every crack length. From Figure 5.6 with rt/r0 = 0.2 (thick 

cylinder), the crack depth ratio that exhibited the most increase in maximum load 

carrying capacity was that of a/t = 0.8 (thick crack) with an increase of 52.81%. The 

trend in Figure 5.6 was that the amount of increase in load carrying capacity decreases 

with the increase in the crack length. From Figure 5.7 with rjr0~ 0.8 (thin cylinder), the 

crack depth ratio that exhibited the most increase in maximum load carrying capacity 

was that of a/t = 0.2 with an increase of 56.80%. Figure 5.7 shows that there is less of an 

increase in maximum load carrying capacity than that of Figure 5.6 corresponding to a 

thick cylinder. The results of this analysis demonstrate that using the constraint-based 

failure assessment diagrams based on K and T-stress, the maximum load carrying 

capacity for the cracked cylinder can increase significantly compared to the conventional 

lower bound and overly conservative FAD methods. 

5.1.2 J-T Constraint-Based Failure Assessment Diagrams 

The second constraint-based failure assessment method is based on the J-integral and T-

stress parameters as discussed in section 2.4. Fracture assessment is more accurate using 

this method because it is dependent on geometry and the material's stress strain curve. As 
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discussed in section 2.5.2, the conventional J-integral FAD diagrams are determined 

using Eq. (2.27) Ainsworth and O'Dowd (1995). 

K. 
(2.28) 

Jei is calculated using Eq. (2.18). The total J-integral.is determined by adding the 

calculated Jei value with the Jpi value. Jpi is calculated by inserting the hi factor into Eq. 

(2.21). Failure is assumed to be prevented if the (Kr, Lr) point lies within the failure 

assessment curve and less than the cut-off value ofLr
max. 

The constraint-based failure assessment diagrams are generated similar to that of Eq. 

(5.1) except the first part of Eq. (5.1) is substituted with Eq. (2.28) and is given as 

K,.=^j\ + a{-pLr)
m] for/?<0 

(2.33) 

Failure Assessment of Cracked Cylinders 

Using Eq. (2.28) and Eq. (2.33), the FADs are generated for both the J-based methods 

and J-T based methods. The failure assessment diagrams are generated for 

circumferentially cracked cylinders with thickness ratios of r-Jr0- 0.8 and crack ratios of 

a/t = 0.2, and 0.6. The load applied to the cylinder is remote tensile loading. A hardening 

coefficient of n =10 was used to simulate a ductile metal similar to that of A533B. The 
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materials properties were that of the pressure vessel steel, A533B as stated in section 

5.1.1. Two sets of FADs are plotted, the first set is based on the lower bound and 

constraint-based lower bound FAD and the second set of curves are based on the J-based 

FAD and J-T based FAD. Figure 5.8 show the two sets of FAD curves for r/r0 = 0.8, a/t 

= 0.2 and Figure 5.9 show the two sets of FAD curves for n/r0 = 0.8, a/t = 0.6. From the 

J-based and J-T constraint-based FAD curves, the maximum load carrying capacities 

were also determined. 

Results and Discussion 

The results of the maximum load carrying capacities based on the J-integral and T-stress 

are presented in Table 5.3. From Figure 5.8 which is the FAD curve for r/r0 = 0.8, a/t = 

0.2, it can be seen that the FAD curve for the J-based method is greater than the FAD of 

the lower bound method. For the constraint-based FAD, the J-T FAD curve is also 

greater than the constraint-based lower bound. The increase in maximum load carrying 

capacity of the J-T constraint-based FAD is 51.34 % with respect to conventional J-

based FAD. 

Figure 5.9 which is that FAD curve for r/r0 = 0.8, a/t = 0.6 shows similar trend to that in 

Figure 5.8. The increase in maximum load carrying capacity of the J-T constraint-based 

FAD is 39.76 % with respect to conventional J-based FAD. The increase in maximum 

load carrying capacity for a/t = 0.6 is less than that of a/t = 0.2. 

Figures 5.10 and 5.11 show the bar graphs for the comparison of maximum load carrying 

capacities of the conventional lower bound FAD, constraint-based lower bound FAD, J-

based FAD, and J-T based FAD for r/r0 = 0.8, a/t = 0.2 and 0.6 respectively. Figure 5.10 
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and Figure 5.11 show the benefits of using J-T based FAD because the maximum load 

carrying capacity is the highest of the four methods. 

5.2 Summary 

The purpose of chapter 5 was to generate both conventional FADs and constraint-based 

FADs by two different methods. The first method was based on the lower bound FAD, 

and the second method was based on the J-integral. From the FADs of both methods, the 

maximum load carrying capacities were determined for the specific material and 

compared. It was shown that the maximum load carrying capacities for the constraint-

based lower bound method was greater than that of the conventional lower bound 

method based of K. Similar increases were observed comparing the J-T based method 

with the J-based method. 
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Maximum Load Carrying Capacity, Pn 

ah 

0.2 

0.4 

0.6 

0.8 

Conventional 

Lower Bound 

FAD 

0.377 

0.235 

0.159 

0.089 

Constraint-Based 

Lower Bound 

FAD 

0.503 

0.315 

0.211 

0.136 

Percent 
Increase 

(%) 

33.42 

34.04 

32.70 

52.81 

Table 5.1: Maximum load carrying capacity for cracked 

cylinder, r/r0 = 0.2 using lower bound FAD methods 

Maximum Load Carrying Capacity, Pn 

ah 

0.2 

0.4 

0.6 

0.8 

Conventional 

Lower Bound 

FAD 

0.250 

0.199 

0.154 

0.098 

Constraint-Based 

Lower Bound 

FAD 

0.392 

0.266 

0.192 

0.139 

Percent 
Increase 

(%) 

56.80 

33.67 

24.68 

41.84 

Table 5.2: Maximum load carrying capacity for cracked 

cylinder, rj/r0= 0.8 using lower bound FAD methods 
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Maximum Load Carrying Capacity, P„ 

a/t 

0.2 

0.6 

J-BasedFAD 

0.411 

0.166 

J-T based 
FAD 

0.622 

0.232 

Percent 
Increase 

(%) 

51.34 

39.76 

Table 5.3: Maximum load carrying capacity for cracked 

cylinder, r/r0 = 0.8, n = 10 using J-Based FAD 
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Figure 5.1: FAD of Cracked Cylinder with n/r0- 0.2 
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Chapter 6 

Conclusions and Recommendations 

6.1 Conclusions 

Linear elastic analyses were conduced for circumferential cracked cylinders. The stress 

intensity factors for the cracked cylinder with thickness ratio of r/r 0 - 0.2, 0.4, 0.6 and 

0.8 and a/t = 0.2, 0.4, 0.6 and 0.8 were determined. From the stress intensity factor 

calculations, the boundary correction factors were determined and verified with 

established results from Tada et al. (1985). Axisymmetric finite element models were 

used to model these cracked geometries. The elastic T-stress solutions were determined. 

Elastic plastic analyses were conducted for the same cracked cylinder geometry. The 

fully plastic J-integrals were determined for materials with strain hardening coefficient, 

n, of 3, 5, and 10. From the fully plastic J-integral, the fully plastic factors, hj were 

calculated. An application of the EPRI estimation scheme was conducted on crack 

geometry of rt/r 0 = 0.8, and n = 3, 5, and 10 using the calculated hi factors. The h; 

factors enable the determination of J-integral for these cracked cylinders under any given 

load. 

Conventional lower bound as well as a constraint-based lower bound failure assessment 

diagrams were developed using the stress intensity factors and T-stress solutions. The 

maximum load carrying capacities for the two methods were determined. The increase in 

load carrying capacities after accounting for the constraint effects is demonstrated. 
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A conventional J-based as well as a J-T based failure assessment diagram were also 

developed using calculated J-integral and T-stress solutions for crack geometry of r/r0 = 

0.8 and a/t = 0.2, and 0.6, with n = 10. The maximum load carrying capacity was 

determined. The load carrying capacity increased using the J-T based FAD. 

The fracture mechanics parameter solutions of T-stress, J-integral obtained and the 

constraint-based failure assessment procedures demonstrated in this thesis will enable a 

more realistic fracture assessment for circumferentially cracked hollow cylinders. 

6.2 Recommendations 

The current thesis studied the circumferential crack in cylinders under uniform tensile 

loading. It is possible for cracked cylinder to undergo other types of loading such as 

bending or torsion conditions. Further elastic/elastic plastic analyses of cylinders under 

these loading conditions could be investigated such as a circumferential crack cylinder 

under internal pressure loading. 

The linear elastic analysis of this thesis used the FEM to determine the various fracture 

parameters. The stress intensity factor determined in this thesis is based on a single 

loading condition. To get the stress intensity factor for various crack lengths and other 

loading conditions, multiple computations of FEM are needed. The weight function is 

another method that could be used to determine the stress intensity factor and elastic T-

stress, Bueckner (1970). The weight function is dependent on the crack geometry and 

once it is known, the stress intensity factor and T-stress can be determined for various 

loading conditions. 
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A service life study could have been performed on the cracked geometry based on the 

failure assessments to determine the extension in service life of a cracked cylinder under 

constraint-based failure assessment conditions. The benefits of this study would further 

show the importance of conducting the constraint-based FADs. 
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