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Abstract 

 

Atmospheric methane is a potent greenhouse gas (GHG) and the second-largest 

contributor to anthropogenic climate forcing. After stabilizing in the early 2000s, the global 

methane concentration has sharply risen since 2007, mainly due to human-related 

activities. Curbing the rise of methane concentrations entails identifying and reducing 

methane emissions, which may otherwise significantly impact climate and air quality. Due 

to their near-continuous global coverage, satellite observations of methane are often 

combined with chemical transport models (CTMs) to improve model concentrations and 

emissions estimates.  

Previous methane studies are still faced with significant gaps and challenges such 

that considerable discrepancies among their results have been reported consistently. On the 

estimation side, most studies assumed that the model is perfect and characterization of 

uncertainties is already optimal. Obtaining information on methane uncertainties using 

conventional approaches requires extensive computational resources compared to model 

integration. Furthermore, there is a lack of independent and objective evaluation of those 

estimated uncertainties.  

The first thesis objective is to develop a novel cost-efficient data assimilation 

framework capable of estimating error statistics using a CTM. This method is referred to 

as parametric variance Kalman filter (PvKF), which relies on continuous formulation of 

error covariance propagation without making the perfect model assumption. We test the 

validity of our assumptions and the performance of the PvKF assimilation using simulated 

GOSAT observations.  
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Our next goal is to conduct near-optimal assimilation to represent the true methane 

field. Cross-validation offers an objective manner to characterize the success of the 

method. We extend that method to the satellite observations and multiple covariance 

parameter estimations. Using estimated error statistics and GOSAT observations, we found 

that the quality of the analysis substantially depends on the optimality of those error 

covariances.  

 Lastly, we evaluate the use of PvKF assimilation in a source inversion context in 

comparison with a traditional 4D-Var inversion. Using Observing System Simulation 

Experiments (OSSEs), we verify the ability of our new inversion framework to recover a 

distribution of known emissions. Our results indicate that both the analysis field and its 

error covariance exert a tangible influence in lowering the bias and variance of the 

recovered emissions.  
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2 Errors and error covariances are all normalized so that the units are cancelled out (i.e., [ppb/ppb] ≡ [ppb2/ppb2] ] ≡ [-]).   



 

 xix 
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H  [-] Observation operator function or Nonlinear observation operator  

H  [-] Linearized observation operator  

H  [-] Linear observation operator 

I  [-] Identity matrix 

 𝐽 [ 2ppb ] Cost function 

K  [-] Kalman gain for concentration assimilation 

 𝐿𝑐 [m] or [Pa] Correlation length scale (horizontal or vertical) 

L  [-] Propagator of diffusion 

 m [-] Number of observations 

M  [-] Model operator function or Nonlinear model 

Μ  [-] Linearized model  

Μ  [-] Linear model 

 n [-] Number of state elements 

p  [-] or [Pa] Probability density function or pressure  

 P [-] Covariance function 

aP  [-] Analysis error covariance matrix 

fP  [-] Forecast error covariance matrix 

 q [-] Model error variance  

Q  [-] Model error covariance matrix 

R  [-] Observation error covariance matrix 

 t [s] Time or timestep 

V  [-] Variance function 

ω  [-] Vector of pressure layer weights  

x  [ ppb ] or [ 1kg s− ] State vector of concentrations or emissions  

A
x  [ ppb ] or [ 1kg s− ] Prior estimate of concentrations or emissions  

aX , ax  [ ppb ] Analysis of concentration 

fX , fx  [ ppb ] Model forecast concentration 

oY , y  [ ppb ] Observations 
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Chapter  1: Introduction 

Methane (CH4) is a critical atmospheric component from both climate and air 

quality points of view (Staniaszek et al. 2022). It is the second-greatest contributor to the 

anthropogenic radiative climate forcing after CO2 (Myhre et al. 2013), with a shorter 

atmospheric lifetime and 28-32 times greater global warming potential (based on a 100-

year time scale) than CO2 (Prather et al. 2012; Etminan et al. 2016). These properties have 

turned methane into an ideal candidate for slowing near-term climate change (Dlugokencky 

et al. 2011; Shindell et al. 2012; Nisbet et al. 2020). Furthermore, anthropogenic methane 

emissions are identified as the largest source of atmospheric methane (150% of all-natural 

sources), while its abatement cost is relatively low (Ganesan et al. 2019; Nisbet et al. 2020). 

Thus, methane emissions reduction strategies are considered a rapid, yet cost-effective 

route for climate mitigation (National Academies of Sciences 2018; Fletcher and Schaefer 

2019).  

In addition, methane is a chemically active species oxidized by photochemical 

reactions that mainly involve the hydroxyl radical (OH). Methane oxidation not only 

produces significant greenhouse gases (GHG) (e.g., CO2), which directly contribute to 

global warming themselves, but it indirectly affects the oxidation of other pollutants such 

as stratospheric ozone, mainly through the production of water vapour (Brasseur and Jacob 

2017). Ozone near the surface is considered as a criteria pollutant with adverse human 

health and ecosystem impacts. Variation of methane as the precursor of ozone through its 

reactions with OH can play a key role in altering local ozone abundances, thus exerting a 

significant air quality impact, particularly in populated areas (Fiore et al. 2002; Forster et 
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al. 2007a). Therefore, besides the climate gain, reducing methane emissions gives the 

added value of improving the air quality system. 

The global methane concentration shows substantial growth in its climatological 

trend. Its globally averaged mixing ratio has increased from approximately 710 ppb in the 

preindustrial period of the 18th century to its highest level in November 2021 (1909.3 ppb) 

(Dlugokencky 2022). Despite that, large fluctuations in the growth rate of CH4 have been 

recorded from year to year. Figure 1.1 shows that during the past two decades, the global 

methane concentrations suddenly began rising after a period of no growth between 2000 to 

2007, also known as the stabilization period. Although various researchers have attempted 

to explain the drivers of the stabilization and the renewed growth period, it still remains a 

debatable research topic after one decade (Turner et al. 2019). An increase in fossil fuel 

(Rice et al. 2016) and a decline in biomass burning  (Worden et al. 2017) and OH 

concentrations (Turner et al. 2017) have been argued to be the leading causes of this 

variation. Besides that, methane acceleration after 2007 was not well-predicted in the future 

climate scenarios compliant with the Paris Agreement target (constraining global climate 

warming below 2 °C according to the Intergovernmental Panel on Climate Change (IPCC 

2006)); hence, the continuous and accelerating rise that is being observed may drift the 

atmosphere away from 2 °C scenario pathways and challenge the efforts to meet the Paris 

Agreement goals (Nisbet et al. 2022). All these considered, methane emissions reductions 

have been shifted to a priority for greenhouse gas mitigation strategies. However, effective 

methane mitigation not only requires reliable and comprehensive knowledge of its sources, 

but needs a clear understanding of its interactions and evolutions in the atmosphere (e.g., 

the oxidation with OH).    
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Methane emissions are generally derived from inventories using “bottom-up” 

methods that estimate emissions by allocating an emissions factor to a source activity data 

(e.g., applying the mass of methane emitted per unit of gas consumed to the volume of gas 

consumed per year). 

 

Figure 1.1.   a) Globally-averaged, monthly mean atmospheric methane abundance and (b) its 

annualized growth rate based on marine surface data (Dlugokencky et al. 1994) from The Global 

Monitoring Division of NOAA’s Earth System Research Laboratory. Data are used from the website: 

https://gml.noaa.gov/ccgg/trends_ch4/ (Dlugokencky 2022) 

Accordingly, individual countries report their annual anthropogenic methane emissions to 

The United Nations Framework Convention on Climate Change (UNFCCC 2020) based 

on the IPCC guideline (IPCC 2013). However, these emissions may contain significant 

https://gml.noaa.gov/ccgg/trends_ch4/
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uncertainties mainly due to either inaccurate emission factors or missing sources. 

Nevertheless, the bottom-up estimates can be verified and improved by “top-down” 

approaches that use information from atmospheric methane observations. Although the 

top-down method of deriving an emissions inventory can alleviate the issues of the bottom-

up approach, it has its own challenges. Its performance depends on the observation 

characteristics (i.e., observation quality, density, errors, etc.) and an atmospheric model 

that links the emissions to the atmospheric concentrations. A precise and comprehensive 

representation in time and space of atmospheric methane concentrations not only provides 

valuable information on the abundance and distribution of methane with the aim of climate 

and air quality mitigation, but informs the top-down method to help better constrain 

methane emissions, particularly in a highly-resolved regional domain by providing 

estimates of the initial and boundary conditions. 

A representation of global methane concentrations is typically obtained using 

chemical transport models (CTMs), driven by its inputs or parameters such as emissions, 

meteorology, etc. Although the model representation (also called the model forecast here) 

provides a comprehensive and discretized spatiotemporal estimate across the domain, it 

can be biased due to either an inaccurate input, such as emissions (Maasakkers et al. 2021) 

or an inadequate modelling capability to simulate methane in the atmosphere (Stanevich et 

al. 2021). Observations of methane concentrations, on the other hand, are often sparse but 

more precise and reliable than the model forecast. In recent years, methane satellite 

observations have been utilized extensively in atmospheric chemistry (Jacob et al. 2016; 

Buchwitz et al. 2017; Parker et al. 2020; Lu et al. 2022; Jacob et al. 2022), mainly due to 

their global coverage and reasonable precision and frequency. These observations can be 
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used along with the CTM to maintain consistent, yet accurate methane concentrations or 

to put a proper constraint on model inputs/parameters, which might be impossible to find 

otherwise (i.e., non-observable parameters such as emissions). A proper constraint and 

proper values of covariance parameters both correspond to the solution of optimal 

estimation. 

An approach combining the observations with CTMs to improve the model forecast 

is generally known as chemical data assimilation (DA), while using observations solely for 

the purpose of improving the model inputs/parameters are often called inverse modelling 

(IM) (Asch et al. 2016). Figure 1.2 shows the schematic view of data assimilation and 

inverse modelling technique with CTMs. A DA system, in its simplest form, can be 

recognized by analogy with an intelligent inter-extrapolation scheme aiming at the most 

accurate and realistic (i.e., true) representation of a chemical species in the atmosphere 

(i.e., methane concentrations). 

 

Figure 1.2.   Schematic view of chemical data assimilation (DA) and inverse modelling (IM) using 

atmospheric CTMs.   

On the other hand, a simple IM system can be envisioned as a complex regression model 

that applies the needed corrections to the atmospheric model parameters (e.g., methane 
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emissions scaling factors). The updated concentrations drawn from an assimilation system 

are often called the analysis, while updated emissions resulting from inverse modelling are 

commonly known as posterior emissions. Data assimilation and inverse modelling can be 

performed individually to improve the model performance or together in a coupled 

parameter-state estimation system (Elbern et al. 2007; Bocquet et al. 2015). Note that 

inverse modelling techniques are an essential part of top-down methods for developing 

methane emissions inventories. 

Most of the past research in methane emissions inverse modelling has focused on a 

global scale problem with low spatial and no (or limited) temporal resolution. This can 

result in degraded source attribution, particularly for the source sectors with large spatial 

overlaps (Turner and Jacob 2015; Turner et al. 2015) and for high-emitting and fugitive 

sources such as those from industry (e.g., oil and gas), which can be highly time-variable 

(Zavala-Araiza et al. 2017; McNorton et al. 2022). Furthermore, significant discrepancies 

have been reported between the estimated emissions of different studies. Those 

discrepancies exist not only between top-down and bottom-up estimation, but among top-

down estimations themselves, even those that used similar data sets (Ganesan et al. 2019; 

Miller et al. 2019). It implies that inverse modelling for methane emissions is still faced 

with significant challenges. 

These challenges mainly arise from unaccounted uncertainties in methane sources 

and sinks as well as the errors in CTMs (e.g., transport error) and in observations (e.g., 

representativeness, interpolation, and numerical errors). Some studies have attempted to 

tackle this by resolving part of those errors and uncertainties prior to their inversion, so that 

they can better meet the perfect model/operator assumptions made in their system (Turner 
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et al. 2016; Maasakkers et al. 2019; Wang et al. 2019; Janardanan et al. 2020; Zhang et al. 

2021). However, addressing all of those errors and uncertainties is not a trivial task 

(particularly errors in CTMs and observations); thus, it may require significant advances 

in model development or enormous computational resources to perform sensitivity 

analyses. Another practical alternative is to account for those errors, whether they are 

known or not, as part of the solution to an estimation problem (Yu et al. 2018; Stanevich 

et al. 2020; 2021). In other words, estimation of the modelling error (or transport error), 

whether in an assimilation or an inversion system, is the desired approach. However, 

estimating those error variances along with an atmospheric assimilation or inversion 

system is generally a tedious task entailing extensive computational cost. 

An extension of the challenges presented to global methane emissions estimation 

is exemplified by scaling the problem to higher spatial resolutions. Inverse modelling in a 

limited domain and/or at high resolution requires precise knowledge of the initial and 

boundary conditions—likewise, for their uncertainties. Although the impact of the initial 

conditions diminishes over time by using longer integration (i.e., model spin-up), the bias 

and uncertainties in the boundary conditions will not disappear, and thus can exert a 

significant impact on emissions estimation. In fact, the contribution of emissions to the 

model concentrations is significantly smaller than the inflow of the background methane 

concentrations from the lateral boundary (Berchet et al. 2013; Wecht et al. 2014). 

Therefore, estimating the emissions becomes severely difficult over time once the domain 

is influenced everywhere by the boundary inflow. From an estimation point of view, the 

effect of the inflow will dominate the signal required to constrain the emissions at the 
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surface; and depending on the extent of the regional domain, the time for this to occur can 

vary from several days to a couple of weeks. 

There are two main approaches to address the issues with the boundary conditions. 

These include (i) estimating the boundary conditions simultaneously with emissions in an 

inverse modelling framework (i.e., there are one estimation problem and an augmented 

state vector includes boundary conditions, besides emissions) and (ii) performing data 

assimilation of concentrations in the larger domain and likely with coarser resolutions, then 

obtaining the (coarse-scale) analysis to maintain boundary conditions for the limited 

domain (i.e., there are two estimation problems, yet not augmented, with their own state 

vector: concentration state vector in the larger domain and emissions state vector in the 

smaller domain). The latter (ii) can outperform the former (i) since we can distinguish the 

error propagations between emissions and boundary conditions, and more importantly, 

provide dynamically consistent and smooth boundary conditions to the regional domain. 

This may not be the case in the former (i) approach (Wecht et al. 2014; Jiang et al. 2015; 

Turner et al. 2015). All these facts considered, conducting data assimilation on a larger 

domain (global or hemispheric domain for methane) can reduce the uncertainties on the 

model state (i.e., concentration) to a level comparable to the sensitivity of the output 

concentrations relative to the emissions, hereafter referred to as emissions signal (i.e., 

changes in the output concentrations with respect to a unit of change in the emissions). 

This is necessary to accurately estimate emissions and their errors in the limited domain. 

Therefore, the former (i) approach is likely to be contaminated by large errors that affect 

the emissions estimations, contrary to the latter approach (ii).   
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Since the key role of data assimilation is either to constrain the initial/boundary 

conditions or to improve the representation of methane over the whole domain in space 

and time, we will begin this research by focusing on constructing a reliable and efficient 

data assimilation framework. This not only aims to provide an assimilation system for 

estimating methane state concentrations but to complement the past studies that are often 

conducted solely for methane source inversion. In addition, Massart et al. (2014) show that 

the methane assimilation system (based on 4D-Var) can be used to evaluate a new 

observation network. Data assimilation is useful not only to estimate the concentrations but 

also can help estimate the error statistics (including the analysis error covariances).  

Formulating a data assimilation system capable of estimating the errors has its own 

challenges. Common data assimilation systems applicable to methane are based either on 

a variational (e.g., 4D-Var) or ensemble approach (e.g., EnKF) or sometimes a hybrid 

version of those two approaches (e.g., En4DVAR). All these methods not only require tens 

of model integrations to compute the analysis and its error covariances, but they may need 

a particular modification to obtain the desired results. For example, the assimilation may 

lead to degraded results without proper inflation of error variances in the EnKF method 

(Menard et al. 2021) or without appropriate preconditioning of the cost function in the 4D-

Var method (Bousserez et al. 2015; Skachko et al. 2016). Hence, there still exists a lack of 

a cost-efficient and comprehensive data assimilation system for atmospheric methane or 

any long-lived species. 

Without regard to the specifics of the assimilation algorithm, the performance of 

data assimilation of long-lived species is quite sensitive to accurate input error covariances 

(Daley 1992a; 1992d; Menard and Deshaies-Jacques 2018a). That includes the observation 



 

 10 

and model errors as well as the correlation length scales of the background error 

covariances. Although the assimilation schemes listed above are derived from an optimal 

estimation theory (i.e., optimal assimilation) that assumes the analysis is optimal by nature, 

it still may not represent the real atmosphere (i.e., realistic estimation or the true analysis) 

unless the input error covariances are close to the truth (Menard 2016). Estimating the true 

analysis and its true error covariances is nontrivial, and very few studies attempted to tackle 

this for their particular problem (Menard and Deshaies-Jacques 2018b). Note that true and 

realistic assimilation are equivalent, and both correspond to a system that is not only 

optimal but also represents the real atmosphere. 

As one main objective of this thesis, we attempt to develop a new data assimilation 

system that can provide us with a true analysis of methane concentrations and their realistic 

uncertainties. Given that these estimates are obtained with the goal of constraining 

emissions using observations, we also aim to achieve a robust and efficient inversion 

system further in this thesis. To accomplish these goals, we require a clear and sufficient 

understanding of the capabilities of different inverse modelling schemes. An inverse 

modelling system based on a variational method (e.g., adjoint inversion) reveals fine-scale 

corrections at the model’s native resolution. Although it is considered a low-cost inversion 

scheme for the given resolution (assuming the adjoint model is already derived), it does 

not provide a posterior error covariance of emissions unless at the cost of additional 

computations (Bousserez and Henze 2018; Yu et al. 2021). It also suffers from frozen error 

statistics (i.e., error covariances are not being updated during assimilation) as well as a 

smoothing error once the number of observations is significantly smaller than the size of 
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the emission vector, both of which may degrade the inversion results (Wecht et al. 2014; 

Turner and Jacob 2015). 

Inversion can also be constructed from a Bayesian inversion that explicitly 

computes the gain matrix (i.e., based on Kalman filtering and also referred to as an 

analytical inversion (Brasseur and Jacob 2017)) and systematically updates posterior errors 

along with the emissions, but it is computationally prohibitive in a model native resolution 

of a large dimension. Although aggregating the emissions at the grid level can facilitate the 

performance of this type of inversion, it usually results in a sub-optimal estimation (with 

respect to the model native resolution) with a considerable aggregation error (Turner and 

Jacob 2015; Bousserez et al. 2016). Overall, more criteria need to be addressed once the 

estimation focuses on the model parameters through an inversion system rather than only 

the model state. To achieve an appropriate inversion based on each of those methods, we 

need to develop a controlled environment with a known solution. Observing System 

Simulation Experiments (OSSEs) are a standard approach in atmospheric inverse 

modelling and data assimilation that provide a basis for conducting a variety of system 

assessments. OSSEs give us insights to design a reliable and efficient inversion system for 

constraining methane emissions.  

Altogether, the proposed research addresses how to use methane observations in a 

cost-effective way to improve atmospheric CTMs (e.g., Community Multiscale Air Quality 

(CMAQ)) in their prediction of atmospheric methane concentrations along with deducing 

realistic statistics, and eventually, to improve on the current standard inversion approach 

(e.g., 4D-Var inversion) and revise the underlying assumptions in a controlled environment 
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in order to constrain emissions with higher spatial representativeness. More specifically, 

this thesis provides insights into addressing the following questions: 

 

• How might one design a low-cost yet powerful data assimilation system with 

CMAQ for estimating atmospheric methane and its uncertainties? 

• What can satellite observations, particularly GOSAT, tell us about methane within 

the air quality CMAQ model? 

• How can we determine realistic uncertainties in that new methane data 

assimilation framework? 

• What is the role of estimating input error characteristics, including observation 

and modelling error, in advancing the performance of a data assimilation system?  

• How can optimal assimilation analyses, along with their uncertainties, help better 

resolve methane emissions through an inverse modelling system?  

 

1.1 Research Objectives 

In this thesis, we use various observation types, including satellite, surface, and 

aircraft observations, to assess an assimilation process with CTMs governing the 

distribution of atmospheric methane. This assimilation system uses satellite observations 

from GOSAT in combination with the hemispheric air quality model (hemispheric CMAQ) 

driven by meteorology from the Weather Research and Forecasting (WRF) model and 

anthropogenic and natural emission inventories, mainly from Emission Database for 

Global Atmospheric Research (EDGAR v6) and WetCHARTs v3.0. The Sparse Matrix 

Operator Kernel Emissions (SMOKE) emissions processing model deal with both emission 
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inventories to provide hourly gridded emissions for hemispheric CMAQ. The observations 

used for evaluation consist of in situ and aircraft observations from GLOBALVIEWplus 

CH4-ObsPack v3.0 compiled by National Oceanic and Atmospheric Administration 

(NOAA), total column observations from Total Carbon Column Observing Network 

(TCCON), and aircraft observations from HIAPER Pole-to-Pole Observations (HIPPO-3) 

and Global Hawk Pacific (GloPac) missions. The thesis then pursues several objectives that 

can be described in three phases as follows.  

In Phase I, we present the development of a data assimilation system, as a first of 

its kind for atmospheric methane, that is capable of estimating error statistics. The 

assimilation system can be used as a stand-alone model to improve the methane forecast in 

CMAQ (at native resolution and the current time of the model) or to complement a regional 

methane source inversion by providing consistent initial and boundary conditions. One 

main characteristic of this assimilation system is to alleviate the high computational cost 

of other assimilation approaches (e.g., 4D-Var and EnKF) with the same error estimation 

capabilities. The new scheme is based on a parametric Kalman filter (PKF) data 

assimilation that was recently introduced to CTMs (Pannekoucke et al. 2016). This method 

fundamentally relies on a continuous formulation of error covariances propagation using 

the dynamics of the same model, which is solved by the method of characteristics (Cohn 

1993).  Given a (near-) linearity assumption between methane concentrations and their 

emissions (Jacob et al. 2016), we design a simpler version of the PKF assimilation method, 

relying on the advection of error variance and a stationary correlation model. We call this 

scheme parametric variance Kalman filter (PvKF) assimilation. Using the advection of 

error variance not only makes the assimilation significantly cheaper in cost (i.e., only two 
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model integrations), but avoids the loss of error variance—a common phenomenon in 

standard Kalman filtering (Menard et al. 2021; Pannekoucke et al. 2021; Gilpin et al. 2022). 

We verify the performance of the PvKF assimilation and the validity of the assumptions 

using synthetic observation experiments. The system setup preparation and assumptions 

prior to the assimilation are also demonstrated in this phase. That consists of how (i) 

methane initial and boundary conditions and its emissions are configured in hemispheric 

CMAQ, (ii) bias in GOSAT observations is addressed, (iii) spatial correlation functions are 

designed, and (iv) error covariance in the forecast model, observations, and initials are 

modelled. Chapter 5 presents the development of the novel assimilation system and 

delineates the major findings of Phase I.  

Phase II of this thesis examines the PvKF assimilation system, developed in Phase 

I, with actual GOSAT observations over one month in April 2010. The primary objective 

of this phase is to frame an (near) optimal assimilation system that represents the true 

analysis of atmospheric methane. The true analysis is not only optimized, but its error 

statistics also reflect the true uncertainties. This may not be the case, even though the 

analysis error covariances from an assimilation scheme (e.g., derived from a minimum 

variance estimation theory) are assumed to be optimal by its nature. Obtaining the true 

error covariances is nontrivial as it depends on estimating the true Kalman gain (Menard 

2016). However, an alternative formulation exists based on the cross-validation technique. 

The theoretical development and the application of this approach with one covariance 

parameter and in situ observations have been shown previously (Menard and Deshaies-

Jacques 2018a; 2018b). We adopt this approach and extend it to the estimation using 

satellite (i.e., GOSAT) observations and for multiple error covariance parameters. We 
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optimize the horizontal and vertical correlation length scales and observation error 

covariance parameters using the cross-validation technique. Another diagnostic based on 

normalized innovation variance matching is demonstrated to provide an estimate of the 

model and initial error covariance parameters. The analysis obtained from the estimated 

covariance parameters is considered the optimal analysis representing the truth. The 

performance of optimal analysis is verified by comparing it, the free-running model, and a 

non-optimal analysis against independent surface and aircraft observations. Eventually, we 

examine the result of the optimal assimilation in addressing the spatial structure of the bias 

and uncertainty across the spatial domain as well as its temporal consistency.  

Phase III is concerned with creating an improved 4D-Var inverse modelling system 

to constrain methane emissions in the Northern Hemisphere. Since the PvKF assimilation 

system provides us with both an optimal state (i.e., analysis) and its uncertainties, it is 

worth exploring their influence on emissions estimates when it is linked to a source 

inversion system. We recall that the contribution of emissions to the state on a short time 

scale over a regional domain is weaker than the contribution from initial and boundary 

conditions. This necessitates a more accurate and unbiased estimate of the state before and 

throughout the inversion. Furthermore, many inversion systems suffer from limitations that 

either affect the quality of inversion result or degrade their computational efficiency. 

Avoiding modelling errors (i.e., perfect model assumptions) and providing inadequate 

information on the background initial and error statistics in the inversion system are among 

those restricting factors. Therefore, as the main objective in Phase III, we investigate the 

potential benefits of linking PvKF assimilation, developed in Phases I and II, to a 4D-Var 

inversion. Besides being realistically estimated, the PvKF analysis field is more capable 
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than the forecast model in (efficiently) providing an unbiased initial state for the inversion. 

In addition, propagating PvKF analysis error variance can retain the off-diagonal 

observational errors (i.e., error correlations in observation space) in a dynamically coherent 

manner. That information is often missed from a typical (4D-Var) inversion, where in the 

absence of realistic error statistics, a diagonal observation error covariance is assumed. 

Accordingly, using Observing System Simulation Experiments (OSSEs), we test the ability 

of our modified inversion framework to recover the true emissions. In particular, we 

examine the effect of the PvKF analysis field and its error covariance on the statistics of 

the optimized emissions and on the computational efficiency of the scheme as a whole.  

1.2 Contribution and Originality of the Thesis 

The contribution to the original knowledge in this thesis can be summarized in the 

following: 

• Presenting a novel low-cost chemical assimilation framework (i.e., PvKF) for 

the state and uncertainty estimation of long-lived species such as methane. 

(Chapter 5) 

• Extending the application of covariance modelling with cross-validation 

capabilities for assimilating satellite observations such as GOSAT, aiming at 

optimal analysis. (Chapter 6) 

• Demonstrating the significance of estimating appropriate error covariance 

parameters such as correlation length scales for maintaining assimilation that 

represents the real atmosphere. (Chapters 5 and 6) 

• Quantifying the effect of optimal states and their propagated uncertainties for 

improving methane emissions estimation using 4D-Var inversion. (Chapter 7). 
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Overall, the contribution of this thesis to the community can be viewed mainly as technical 

developments in advancing a particular chemical data assimilation methodology. 

Furthermore, the accomplishments mentioned above elucidate the value of state and source 

estimation for long-lived species such as methane. Hence, this work tackles fundamental 

problems in data assimilation and atmospheric inversion, and its novelty offers an 

application for improving the current inventory of methane emissions.  

1.3 Structure of the Thesis 

This thesis, in Chapter 2, provides a background of atmospheric methane global 

trends, the major contributors to its budget, and standard methods for estimating methane 

emissions, particularly those that use observations (i.e., inverse modelling). The limitations 

involved with inversion methods are then discussed, and the potential use of methane data 

assimilation, particularly the efficient PvKF assimilation, to complement the model 

forecast as well as the inversion system is presented. At the end of the section, a background 

of assimilation methods capable of estimating error statistics is provided.  

 Chapter 3 presents the two key components deriving an assimilation and inversion 

system: observations and model. A description of the GOSAT satellite observations as the 

main contributor to the assimilation/inversion system, along with four types of surface and 

aircraft measurements used for validation purposes, are presented. A summary of methane 

emissions inventories, the CMAQ model main processors, and a description of the adjoint 

of CMAQ, is then provided in this section. Lastly, as part of estimation tools, method of 

covariance modelling and covariance parameter estimations, including the cross-validation 

that is applied in this thesis, are illustrated.  
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Chapter 4 starts with the Bayesian estimation fundamentals involved in various 

assimilation/inversion methods, including those used in this thesis. It then gives an 

overview of the algorithms and formulations of popular data assimilation and inversion 

methods from both variational and Kalman filtering categories. Those methods are also 

compared to each other from a different aspect, but are mainly evaluated based on their 

capability to meet our first objective of maintaining a low-cost and reliable assimilation 

system.  

The three main objectives of the thesis are successfully addressed in Chapters 5, 6, 

and 7, respectively. A conclusion and summary of the accomplishments are provided in 

Chapter 8, followed by suggestions for future research works. 
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Chapter  2: Background 

2.1  Methane Balance in the Atmosphere 

2.1.1 Global Trend of Atmospheric Methane   

The global concentration of methane has risen continuously from the preindustrial 

period up to the end of the 20th century (IPCC 2013; Saunois et al. 2016a). The natural 

sources of methane, particularly wetland emissions, have been modelled by Arora et al. 

(2018), who showed a considerable increase in those emissions due to the change in 

temperature between 1850 and 2000 (by 30% from about 130 to 169 Tg CH4 yr-1). Dean et 

al. (2018) also confirmed the key role of natural methane emissions in controlling climate 

change. However, there is no debate that the major cause of the rapid and bulk increase of 

atmospheric methane from preindustrial times lies in human activities (Figure 2.1), 

especially during the industrialization period in the 20th century when fossil fuels 

consumption has increased dramatically (more than 100% increase in total methane sources 

from 250 to 560 Tg CH4 yr-1) (Etheridge et al. 1998;  Ferretti et al. 2005). The first accurate 

global in situ measurements were made by Blake et al. (1982), Dlugokencky et al. (1994) 

at NOAA and Prinn and Weiss (1983) at the Advanced Global Atmospheric Gases 

Experiment (AGAGE) in 1983, and since then, a continued increase of methane has been 

monitored until 2000 (Dlugokencky 2022).  

The global mean concentration of methane, following an almost steady period 

between 2000 to 2007 referred to as the stabilization period (Figure 2.1b), resumed rising 

in 2007 with an almost 7.8 ppb annual growth (Rigby et al. 2008; Dlugokencky et al. 2011). 

NOAA's recent analysis showed the growth rate at the highest recorded value during 2021 

https://agupubs.onlinelibrary.wiley.com/doi/full/10.1002/2017RG000559#rog20161-bib-0127
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as 18.1 ppb, which was 15% greater than the period between 1984-2006 (Dlugokencky 

2022).  

Various explanations have been proposed to describe the mechanics behind the 

stabilization and the recent accelerating increase of atmospheric methane. Some of them 

have solely concentrated on the causes of the stabilization period, whereas others have 

taken that as an anomaly and mainly focused on explaining the resumption. Nevertheless, 

all studies attribute those changes to either the methane removal processes (i.e., sinks) or 

emissions (i.e., sources) (Heimann 2011). For example, Aydin et al. (2011) and Simpson 

et al. (2012) explained the slow-down as a result of a decline in oil and gas emissions, while  

Kai et al. (2011) and France et al. (2022) indicated that it was possibly due to a decrease in 

rice emissions. Rigby et al. (2017) also demonstrated that the steady period is potentially 

due to an increase in OH concentrations. Dlugokencky et al. (2011) and Zhang et al. (2022) 

suggest that methane rise occurred for the biogenic source due to a decline in the 4C-CH

isotope, particularly over the Tropics. Basu et al. (2022) showed that using joint 

assimilation of 13

4CH  and methane, about 85% of re-growth is due to microbial sources. 

Using an ensemble of models and relying on observations, Saunois et al. (2017; 2020) 

showed a significant increase in anthropogenic methane emissions after 2007. They also 

proposed that the growth is potentially caused by agricultural emissions, considering that 

the fossil fuel emissions have been estimated to be even smaller than before in many 

regions. However, Rice et al. (2016) estimated an increase in global fossil fuel emissions. 

Dalsoren et al. (2016); Rigby et al. (2017), and Turner et al. (2019) also examined methane 

observations and suggested that the decline in OH concentrations possibly explains the 

recent growth of methane. Finaly, Worden et al. (2017),  using CO and CH4 measuerments, 
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inferred a decline in biomass burning emissions, which reconcile the potential increase of 

fossile fuel throughout the recent methane growth.   

 

Figure 2.1.   (a) The global trend of atmospheric methane over the past two millennia is obtained by 

analysis of air bubbles trapped in ice cores (black dots). Methane global concentrations have tripled 

since preindustrial times. The grey shaded area shows the methane range between 2,000 to 400,000 

years ago. The Law Dome data are from Meure et al. (2006); The Vostok data are from Petit et al. 

(1999); (b) Global monthly mean methane concentrations are measured between 1983 to 2021 (red dots 

in both subfigures) by NOAA, and the running average in black. Figure 2.1a is adapted from (National 

Academies of Sciences 2018a), and  Figure 2.1b is from Dlugokencky (2022). 

All those non-mutually exclusive conclusions imply that the underlying process 

driving the recent trend of atmospheric methane is still not well known, likely due to a 

large uncertainty involved in modelling methane and particularly in quantifying its sources 

and sink process (Turner et al. 2017; Ganesan et al. 2019). Nonetheless, due to the recent 

advancements in space-borne technology, various new observations have been used to 

address those uncertainties and to better explain the recent trend of methane growth (Jacob 

et al. 2016; Jacob et al. 2022; Worden et al. 2022).  
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2.1.2 Methane Budget: Major Sources and Sinks 

Methane (CH4) is a chemically reactive compound, and its main removal process 

occurs chemically in the atmosphere. Atmospheric methane is oxidized with hydroxyl 

radical (OH), Cl radicals, and excited atomic oxygen O(1D) in the atmosphere as follows 

4 3 2
CH  + OH  CH  + H O→ , (2.1) 

4 3
CH  + Cl  CH  + HCl→ , (2.2) 

1

4 3
CH  + O( D)  CH  + OH→ . (2.3) 

CH4 removal by OH (Equation (2.1)) in the troposphere is the largest sink of 

methane, accounting for more than 90% of its total sink. The two other sink reactions of 

methane (Equation (2.2) and (2.3)) are minor and largely take place in the stratosphere 

(Brasseur and Solomon 2005). CH4 is a major precursor of H2O and other greenhouse gas 

such as CO2 in the stratosphere, which indirectly affects the climate condition. On the other 

hand, it is a critical source of ozone (O3) in the troposphere. In fact, in a NOx saturated 

environment, associated with many populated cities, CH4 acts as a precursor of ozone 

through a chain of chemical reactions with hydroperoxyl radical (HO2), nitric oxide (NO), 

and the photolysis reaction of NO2 (Seinfeld and Pandis 2016). Furthermore, by removing 

tropospheric OH, CH4 negatively influences the oxidation capacity of the troposphere in 

removing criteria pollutants (Jacob 1999). Therefore, higher concentrations of methane not 

only exert a substantial climate impact, but can also be significantly harmful to air quality 

(Staniaszek et al. 2022). Other minor losses of methane occur by soil oxidation (i.e., soil 

uptake), usually in the presence of methanotrophic bacteria that consume soil's methane 

(Dutaur and Verchot 2007), and by photochemistry in the marine boundary layer (Saunois 

et al. 2020).  
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  The lifetime of methane depends on those removal processes, which can be driven 

by obtaining the ratio of methane burden to its loss rates (i.e., OH oxidation, stratospheric 

photochemistry, and soil uptake). In theory, a simple lifetime of a species is represented by 

the e-folding time for loss (e.g., exponential decay), indicating the time it takes for the 

abundance of the species in the absence of sources to decrease by 1/e. Methane's lifetime 

is estimated to be about 10 years (Prinn et al. 2005; Prather et al. 2012), implying that CH4 

concentrations may last more than a decade in the troposphere while their spatial 

distribution is influenced by OH and its spatial variability (Zhang et al. 2018). OH 

concentrations also vary in time (e.g., seasonally or annually), depending on humidity and 

ozone photochemistry through the main production pathway: 

1
3 2O  +  O + O( D)hv → , (2.4) 

1
2O( D) + H O  2OH → . (2.5) 

Hence, it is expected that during summer and in tropical regions, due to larger solar 

radiation and water vapour abundance, the rate of OH removal is higher; as a result, a 

greater methane chemical removal is expected (see Figure C.3 in Appendix C4). Despite 

those regional variations, the global burden of OH (or its mean concentrations) is relatively 

stable and well-known. The interannual variability of OH is estimated at about 1% and has 

changed only slightly over the past 150 years (Naik et al. 2013; Zhao et al. 2019; Zhao et 

al. 2020b). This suggests that the global methane concentration, which is well-mixed in the 

troposphere, behaves in a roughly linear manner (i.e., quasi-linear) over a short time scale 

(e.g., a few months or less) (Jacob et al. 2016).  

The spatial distribution of methane, however, is also determined by two other 

factors: methane sources and atmospheric transport. Methane sources are divided into two 
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main categories: anthropogenic and natural. About 60% of total methane emissions are 

attributed to anthropogenic sources, which mainly include emissions from energy 

production (e.g., coal, oil, and gas), agriculture, landfills, and water wastes (Saunois et al. 

2020). Anthropogenic emissions have shown a continuous overall increase since the 

preindustrial times, likely due to population and economic growth. Although it is 

sometimes assumed that anthropogenic emissions have an overall small temporal 

variability, a few source sectors have a substantial seasonal variability, such as rice 

cultivation, oil and gas, and agriculture (Sass et al. 2002; Vaughn et al. 2018).  

Natural emissions are mainly due to anaerobic respiration that occurs in wetlands. 

Wetlands account for more than 85% of natural emissions and about 30% of total methane 

emissions globally (Kirschke et al. 2013; Saunois et al. 2020). Since natural emissions, 

particularly biospheric greenhouse gases, are sensitive to climate change, their feedback 

provides valuable information for understanding their characteristics as well as their 

interaction with the atmosphere and ecosystems (Heimann and Reichstein, 2008). Other 

natural methane emissions in the global methane budget include open fires (van der Werf 

et al. 2017), termites (Fung et al. 1991), seeps (Etiope et al. 2009) and lakes (Walter et al. 

2006). Although these sources are considered minor, they can still impact the methane 

budget, particularly when it comes to regional and local scale estimation or during a 

particular period of time when those emissions play a key role (Giglio et al. 2013).  

Volcanos also emit a significant amount of methane; however, they only occur 

occasionally, and their long-term impact will be faded away (Banda et al. 2015). Another 

important source of methane exists in the Arctic permafrost soil (e.g., sea sediments) and 

in the deep ocean as methane hydrates. Those, however, are trapped in solid sea ices and 
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thus have little chance to impact the atmosphere at present. Still, due to the continuous rise 

of Earth's temperature, melting permafrost and destabilizing methane in the oceans are 

expected in future. Those, if they took place, would exert a drastic climate impact by 

releasing a significant amount of methane into the atmosphere (Kort et al. 2012; Reichstein 

et al. 2013; Ciais et al. 2014). Since the dynamic of the process changes in this situation, a 

data assimilation system may need to be revised in its configurations. One common 

practice is to perform sensitivity analyses to test the performance of the DA system in 

response to new changes and apply appropriate modifications.  

Methane emissions are generally quantified in inventories using bottom-up 

methods that estimate emissions by allocating an emissions factor to source activity data; 

for example, by applying the volume of methane released per volume of gas consumed to 

the volume of gas consumed per year. Accordingly, each individual country reports their 

annual anthropogenic methane emissions to The United Nations Framework Convention 

on Climate Change (UNFCCC 2020) based on the IPCC guideline (IPCC 2013). This leads 

to producing a globally consistent methane emissions inventory. However, these emissions 

may contain substantial uncertainties mainly due to inaccurate emission factors or 

miscounted activities. Nevertheless, the bottom-up estimates can be evaluated and 

improved by "top-down" constraints that use information from atmospheric methane 

observations. Figure 2.2 from the Global Carbon Project (Saunois et al. 2020) shows both 

bottom-up and top-down estimates of methane sources and sinks from both anthropogenic 

and natural categories with their uncertainties. 

Saunois et al. (2020) found that the bottom-up inventories contain almost 30% 

higher global emissions than top-down estimates, although the split among different sectors 
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varies. Similar studies under Global Carbon Projects in the past also reported a large 

uncertainty in the wetland emissions as well as a double-counting of some particular sectors 

(Kirschke et al. 2013; Saunois et al. 2016a) in the bottom-up inventories. 

 

Figure 2.2.   Bottom-up and top-down estimation for each source and sink category of the global 

methane budget between 2008 and 2017. Figure 2.2 is adapted from Saunois et al. (2020).  

2.2 Modelling of Atmospheric Methane 

One main reason for modelling methane, similar to other atmospheric compounds,  

is to better understand the evolution of atmospheric methane concentrations and to quantify 

its global budget. Atmospheric models, specifically chemical transport models (CTMs), 

maintain a discretized and domain-wide consistent representation of atmospheric methane. 

Considering that direct measurements in space and time are rather limited within the 

currently available observation networks, CTMs can be useful when combined with those 

measurements. The use of methane observations with a CTM to indirectly infer its sources 

and sinks is considered inverse modelling or top-down (TD) estimation. Note that 
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quantifying methane sources, due to the high uncertainties involved and, more importantly, 

their value for GHG mitigation policy, has been at the center of attention for the research 

community since the 1980s. Top-down methods complement the direct process-oriented 

or bottom-up (BU) approach for constructing inventories. However, since the top-down 

approach generally relies on the bottom-up inventory as its prior estimates, it is essential 

to understand the mechanics of both. 

2.2.1 Process-based Emissions Estimation (Bottom-up) 

The bottom-up inventories use knowledge of the underlying process to calculate 

methane emissions. They integrate statistical information on various activities for different 

census divisions to estimate anthropogenic emissions. Every country allocates emissions 

scaling factors to each type of activity and then transforms their metric to the amounts of 

methane emissions. Accordingly, emissions are computed based on 

E A F S=   , (2.6) 

 where A is the rate of activity corresponding to the emissions process, F denotes the 

emissions factor showing the amounts of emissions per unit of activity, and S represents a 

scaling factor for any other processes that are not accounted for in A and F, such as surface 

or meteorological properties (Brasseur and Jacob 2017). Anthropogenic methane emissions 

of individual countries are then reported to (UNFCCC 2020) based on the IPCC guideline. 

Finally, to obtain uniformly resolved or gridded emissions, the country statistics are 

distributed with some appropriate spatial weighting (i.e., surrogates) maps (UNC 2017). 

For example, the distribution maps of agriculture and animal density are commonly used 

to spatially allocate livestock emissions. This information may also contain significant 

uncertainties, particularly in developing countries. Several widespread global BU methane 
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anthropogenic emissions inventories include Emissions Database for Global Atmospheric 

Research (EDGAR) (Janssens-Maenhout et al. 2019), the United States Environmental 

Protection Agency (USEPA) inventories (US-EPA 2016), the Greenhouse gas and Air 

pollutant Interactions and Synergies (GAINS)  (Hoglund-Isaksson 2012; 2017; Gómez-

Sanabria et al. 2018), the Community Emissions Data System for historical emissions 

(CEDS) (Hoesly et al. 2018) and the Food and Agriculture Organization (FAO) dataset 

emission database (Tubiello et al. 2022). Besides the difference in their assumptions and 

data used, these inventories do not provide the same level of details for many sectors; 

furthermore, they are not entirely independent as they must follow the same guideline 

(IPCC 2006) to classify their emissions. In addition to global bottom-up anthropogenic 

inventories, quite a few independent inventories are developed at the regional or country-

level or for some particular sectors, generally aiming to provide detailed and better spatially 

and/or temporally resolved emissions (Maasakkers et al. 2016; Scarpelli et al. 2020; 

Scarpelli et al. 2022) 

 Bottom-up inventories of natural emissions can also be derived from process 

models. Biochemical models are typically used to compute natural methane emissions by 

incorporating a large amount of information from the soil, water, vegetation, meteorology 

and climate conditions and simulating the transport and biological processes in the soil and 

water. However, significant uncertainties can be involved in their simulations, particularly 

when it comes to a regional emissions estimation (Bohn et al. 2015). For example, Tian et 

al. (2016) indicate that for wetland, as the dominant natural source of methane, there is a 

significant difference between BU model estimation and TD estimate. The former range 

between 117 to 203 Tg CH4 yr−1 , whereas the latter are between  111 to 167 Tg CH4 yr−1 . 
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Parameters associated with climatic variability responses, model process descriptions, and 

driver data for wetland inundation extent are considered as primary factors causing large 

uncertainties in the inventories (Bloom et al. 2017; Ma et al. 2021). 

Primary natural inventories of methane are provided by WetCHARTs (Bloom et al. 

2017), Kaplan (2002), Pickett-Heaps et al. (2011), and Global Lakes and Wetlands 

Database (GLWD) (Lehner and Doll 2004) for wetland emissions; Global Fire 

Assimilation System (GFAS) (Kaiser and Benner 2012) and Global Fire Emissions 

Database (GFED) (van der Werf et al., 2017) for biomass burning and fire emissions; Fung 

et al. (1991) for termites emissions; Etipoe et al., (2009) and Walter et al. (2006) for seeps 

and lakes emissions; Etiope and Milkov (2004) for mud volcanos emissions; and Lambert 

and Schmidt (1993) for oceanic exchanges emissions. 

2.2.2 Use of Observations to Estimate Emissions (Top-down) 

Although bottom-up emissions inventories are comprehensive and contain a large 

amount of information at various levels, they have two distinct weaknesses. First, they 

involve a large range of estimations due to inaccurate data collection and missing 

information. Second, they are not directly constrained by atmospheric observations to 

retain a closed-form global budget. Hence, CTMs driven by bottom-up emissions usually 

disagree with measurements. Evaluating those disagreements may lead to errors that 

originated in the bottom-up estimation, emphasizing room for improving them. This can 

be accomplished with top-down estimations that integrate atmospheric observations with 

CTMs to constrain methane emissions. Using top-down constraints, although it is hardly 

possible to estimate each underlying emissions process individually, a combination of 

several sources or sinks (i.e., emissions categories) or the entire budget can be estimated. 
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This provides a closed-form estimation at the global scale (or across the domain) with 

smaller uncertainties, while a better agreement can be achieved with observations (Saunois 

et al. 2020; Jacob et al. 2022). 

 In principle, there are two methods to optimize emissions using observations or top-

down constraints. In the first method, the observed surface air concentrations are used 

while the bottom-up information on the emissions is completely ignored, and thus 

emissions are implicitly obtained from the inverse method using a mass balance (Butler et 

al. 2004; Baray et al. 2018). The mass balance approach is typically used to estimate local 

emissions at higher spatial resolutions, particularly point sources such as coal mines (Varon 

et al. 2021). Airborne platforms have been used for a decade to constrain emissions using 

this approach (Bradley et al. 2011; Frankenberg et al. 2016; Hulley et al. 2016). In addition, 

satellite observations such as CarbonSat (Buchwitz et al. 2013) and GHGSat (Jervis et al. 

2021) were also designed to estimate methane (e.g., methane plumes) at very fine spatial 

resolution (<100 m). The second top-down approach is more prevalent as it offers a variety 

of applications on different scales. It uses observations to apply correction factors to the 

bottom-up emissions estimates, aiming at a better fit for the observation network. This top-

down approach, also used in this thesis (Chapter 7), integrates statistical optimization 

frameworks and is commonly known as inverse modelling. Due to its widespread 

application, top-down corrections are commonly referred to as inverse modelling (Brasseur 

and Jacob 2017). 

Inverse modelling integrates different types of observations. Satellite observations, 

due to their higher density and spatial coverage globally (Palmer et al. 2021), have been 

used extensively over the past decades to infer methane emissions on different scales. Jacob 
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et al. (2016; 2022) reviewed the use of various satellite observations in an atmospheric 

inverse modelling context. Despite their sparsity, in situ measurements maintain higher 

precision than satellite instruments, so that they are often used for validation purposes 

(Liang et al. 2017). In this thesis, GOSAT satellite observations (Section 3.1.1) are used in 

the inversion, and four types of ground network and aircraft measurements are used for 

evaluation (Section 3.1.2). Other than observations, inverse methods rely on CTMs and 

some pieces of information from bottom-up inventory, including the magnitude of the prior 

emissions, their spatial distribution and temporal variability. Section 3.2 illustrates the 

model and prior information involved with the inversion system. The mathematical 

framework of an atmospheric inversion system is typically based on a Bayesian estimation 

theory, described in Chapter 4.  

Inversion methods are divided into two categories: variational optimizations and 

filtering methods (for details, see Sections 4.1 and 4.2). Theoretically, both of them solve 

the same problem aiming at a maximum a-posteriori (MAP) solution (i.e., maximum 

posterior probability density), yet from different paths. In the variational method, a 

quadratic cost function of the error-weighted difference between observations and model 

is minimized numerically. This approach often requires cost function gradients with respect 

to emissions (or variable to be estimated), which are obtained from the adjoint of the model 

(see Section 3.2.3). Although it is generally considered a low-cost method of obtaining 

emissions estimates at the model native resolution, the error statistics are not part of the 

solutions unless at the cost of additional computations (Bousserez et al. 2015). The four-

dimensional variational (4D-Var) method is a standard variational approach for source 

estimation (see Section 4.1) that has been widely applied in the estimation of the methane 
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budget (Bergamaschi et al. 2015; Parker et al. 2015; Houweling et al. 2017; Bergamaschi 

et al. 2018; Bousserez and Henze 2018; Yu et al. 2021). Chapter 7 of this thesis adopts a 

form of 4D-Var with a modified cost function.  

In the filtering method, on the other hand, the MAP solution is obtained using 

probability theory, in particular, from a minimum variance estimation approach. 

Theoretically, one can show that the filtering method is equivalent to the estimation from 

the cost function minimization (Asch et al. 2016). The filtering method in the context of 

emissions inversion can also be viewed in two forms: (i) analytical inversion that performs 

a deterministic estimation for a linear Gaussian problem (Kopacz et al. 2010; Turner et al. 

2015; Turner and Jacob 2015; Wang et al. 2019; Ma et al. 2021; Maasakkers et al. 2021; 

Lu et al. 2022; Zhang et al. 2021), and (ii) ensemble method (e.g., EnKF) that relies on 

stochastic estimation while approximately characterizing the optimal solution (Whitaker 

and Hamill 2002; Peters et al. 2005; Zupanski et al. 2007; Chatterjee et al. 2012; Feng et 

al. 2022). Both of these methods are applicable to high dimensions and various scales. 

Hence, in the context of inverse modelling, three approaches, including 4D-Var, analytical 

inversion, and EnKF, are widely used for methane emissions estimation in the research 

community. Although each method has its own strengths and weaknesses, they might also 

face similar limitations that are sometimes inherent in the top-down estimation. Below we 

summarize some of those gaps while comparing these methods. 

2.3 Limitations and Challenges in Methane Inversion 

The behaviour of all inversion systems, including those mentioned above, can be 

sensitive to various factors. Model configurations such as spatial and temporal resolutions, 

prior, background, and observation error covariances, and size of ensembles in the case of 
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the EnKF system, are among those factors that influence the result of inversions (Peters et 

al. 2005; Babenhauserheide et al. 2015; Yu et al. 2021). Furthermore, the choice of inputs, 

particularly the prior estimate (i.e., first guess for optimization) of emissions and the 

observation network, is also quite important. Although theoretically, we may expect a 

unique solution regardless of the prior estimate, it has been shown that the results can still 

substantially depend on the choice of prior, particularly over areas where the observation 

constraints are limited (Bergamaschi et al. 2018; Maasakkers et al. 2021). Prior estimates 

are typically derived from global bottom-up inventories (e.g., EDGAR) that sometimes 

contain large amounts of uncertainties (Miller et al. 2013; Turner et al. 2018). Nevertheless, 

some recent studies have independently developed more detailed bottom-up emissions 

estimates at the regional or country level (Maasakkers et al. 2016; Scarpelli et al. 2020; 

Scarpelli et al. 2022), aiming to complement the global inventories and maintain a more 

accurate prior for their inverse analysis (Qu et al. 2021; Zhang et al. 2021; Worden et al. 

2022). 

Besides model input and configuration, other factors must be addressed before 

performing a top-down estimation. We know that every inversion method requires the 

feedback (or signal) of the emissions at the observation space. Chemical transport models 

(CTMs), together with the observation operator, are the two main components responsible 

for simulating realistic atmospheric methane in observation space. However, there are 

potential errors in both CTMs and observations. It is known that for methane, contrary to 

other gases, the emissions signal in satellite observation space is fairly weak (e.g., < 1% on 

a regional scale) and linear (Jacob et al. 2016; Saunois et al. 2020). In fact, as mentioned 

earlier (Section 2.1.2), methane is characterized by fairly linear chemistry. In addition, 
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satellite retrievals typically observe a total column weighted amount of concentrations, so 

that in the presence of a large background burden and well-mixed tropospheric methane, 

they show a rather weak and near-linear sensitivity to the air mass changes near the surface 

(due to emissions) (Jacob et al. 2016). Hence, this entails a more stringent constraint on the 

quality of the modelled and observed methane concentrations. In other words, to obtain a 

reliable estimation of emissions, we must reduce the model state uncertainties to a level 

comparable to and even smaller than the emissions signal. This requires a more accurate 

model with detailed and efficient sub-processes, which is computationally prohibitive to 

maintain given the currently available computational resources. Otherwise (with a less 

accurate model), a perfect model assumption that is frequently made in analytical inversion 

and 4D-Var can result in a degraded inversion performance. Note that computational cost 

is another important factor for inverse modelling analysis.  

Locatelli et al. (2013) showed that inverse modelling running with different 

atmospheric models results in up to 150%  discrepancy in emissions estimates, although 

those discrepancies may have different origins in the model and underlying assumptions. 

The primary factors responsible for those differences are the meteorological field, model 

physical parameterization, stratospheric transport, and model spatial and temporal 

resolutions (Stanevich et al. 2020; 2021). For example, for computational purposes, CTMs 

are usually driven using pre-computed meteorological fields. Although those 

meteorological fields are usually improved with observation assimilation, their 

uncertainties are not taken into account in CTMs, which results in limited predictability of 

the model state  (Monge-Sanz et al. 2013; Polavarapu et al. 2016; Stanevich et al. 2020). 

In addition, if the CTMs' spatiotemporal resolution largely differs from meteorological 
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resolution, it may lead to a misrepresentation of key dynamical aspects of the atmosphere 

(Richter et al. 2014). Model physical parametrization, such as one for convective subgrid-

scale, is another source of CTMs error, especially when the meteorological field uses a 

different parametrization (Orbe et al. 2017). 

  One way to address the model transport errors, including those indicated above, is 

to account for them during the inversion process. For example, a variant of 4D-Var, known 

as weak constraint 4D-Var (see Section 4.1), accounts for the model transport error. 

Stanevich et al. (2020; 2021) developed weak constraint 4D-Var with the GEOS-Chem 

model that simultaneously optimizes methane emissions and model error forcing. They 

showed that if the model error is not fully addressed in the global methane inversion, it can 

result in up to a 35% bias in monthly methane emissions estimates. However, as mentioned 

earlier, CTMs can also suffer from other types of error besides the model transport, such 

as inaccurate initial conditions, deficient chemical simulation,  insufficient assumptions of 

the model top boundary conditions (e.g., zero flux assumption), etc., that may not be 

resolved through weak constraint 4D-Var.  

 Computational cost is another significant limitation for inverse modelling 

problems. For instance, although a weak constraint 4D-Var is relatively robust to address 

the model transport error, it requires much more computational cost than a regular 4D-Var 

(strong constraint 4D-Var) inversion, especially for high spatial resolutions (Stanevich et 

al. 2020). Analytical inversion also suffers from high computational costs. It requires an 

explicit construction of the Jacobian matrix (i.e., observation operator for an inversion 

system), for which the computations rely on either the dimension of the state or observation 

space. Hence, for a typical high-dimensional atmospheric inverse problem with a 
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significant number of observations, analytical inversion computations are insurmountable 

(Berchet et al. 2021). There are yet other categories of inversion methods with an 

intermediate adaptation of analytical inversion (i.e., sequential analytical inversion) that 

aims to tackle some of those limitations while maintaining a lower computational cost 

(Brunner et al. 2012b; Miller and Michalak 2017; Miller et al. 2019). However, despite the 

moderate cost (e.g., equivalent to EnKF), these inversion methods are also limited to 

particular linear and simple cases. In EnKF inversion also, the number of ensembles 

imposes a computational constraint. For a small number of ensembles (e.g., < 30), posterior 

uncertainties may not be reliable, resulting in spurious errors with unrealistic correlations 

that degrade the inversion results. Localization of the ensemble and error inflation are two 

techniques used to enhance the consistency of inversion results (Zupanski et al. 2007; 

Babenhauserheide et al. 2015; van der Laan-Luijkx et al. 2017). 

 Input error covariances (or uncertainties), including observation error covariances 

R and prior error covariances B, can also result in a degraded estimation if not adequately 

determined (Daley 1992a; Tandeo et al. 2020). In both analytical inversion and 4D-Var, in 

which the cost function depends on error covariances, B and R are both taken static within 

a single assimilation window (not updated over time and through iterations for the 

assimilation window). In many practical applications, they are also assumed to be diagonal 

and with spatially uniform error weights. Yu et al. (2021) showed that using a spatially 

varying emissions error and accounting for the correlation in B (simple exponential decay 

correlation model), can improve the inversion results, particularly for estimating 

heterogeneous and missing sources. A conventional method in inverse modelling to make 

the fit closer to observations is to balance the weight between R and B, using a 
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regularization parameter (Hakami et al. 2005; Kopacz et al. 2010). It is commonly used to 

compensate for the missing objective information in quantifying error correlation in R, 

which is often assumed diagonal (Lu et al. 2022); however, a single coefficient may not 

provide sufficient information to resolve R (for details, see Chapter 7).   

2.4 Use of Data Assimilation for Methane 

Besides the above challenges inherent to the inverse estimation problems, 

emissions and their error statistics in the regional (rather than global/hemispheric) domain 

require precise knowledge of the initial and boundary conditions together with their 

uncertainties. Although the initial conditions’ impact can fade over a long period of time 

with a (perfect) model spin-up, errors in the boundary conditions will persist and can 

significantly impact the emissions estimation, particularly for a limited regional domain 

(Berchet et al. 2013; Wecht et al. 2014). We recall from Section 2.3 that the emissions 

signals are significantly weaker than the background or lateral boundary inflow 

concentrations. From an estimation point of view, the effect of the initial or boundary 

conditions can contaminate the signal needed to constrain the emissions at the surface. 

There are, however, three approaches aiming to resolve this problem: 

(i) A significantly long model integration at a larger scale (e.g., global scale), 

considering methane has a lifetime of almost 10 years in the troposphere, 

diminishes the effects of the initial field and boundaries. However, for that purpose, 

besides the computational expenses of extended simulations, we need a perfect and 

unbiased model that is hard to achieve;  

(ii) Initial/boundary conditions and emissions can be estimated simultaneously (using 

one cost function) within an inverse modelling system. Although this approach has 
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been used in several studies (Wecht et al. 2014; Jiang et al. 2015), it is complex to 

implement, and it may not lead to a convergence of emissions, especially if the state 

uncertainties are still large compared to the emissions signal. Additionally, it may 

not result in dynamically coherent boundary conditions (Turner et al. 2015; 

Stanevich et al. 2021); or, 

(iii) Performing data assimilation on a larger domain and using the assimilation analysis 

with its error statistics over the region of interest can outperform the previous 

methods. It not only provides smooth and dynamically consistent initial/boundary 

conditions that favour emissions estimates, but is also capable of separately 

estimating concentrations and their error statistics (e.g., using a separate cost 

function).     

Performing reliable assimilation that is capable of reducing the uncertainty of the 

concentrations to a level comparable to the emissions signal can result in a more accurate 

emissions estimation. However, there is a lack of independent research on methane data 

assimilation (as opposed to many studies in methane inverse modelling), and those few 

assimilation studies are limited to a particular case and method, which may have limitations 

in the realistic estimation of methane and error statistics (Massart et al. 2014). Assimilation 

methods, in principle, are similar to inversion approaches indicated above, yet the target 

vector (i.e., control variables) to be estimated is comprised of concentrations rather than 

emissions. Accordingly, these methods may face similar limitations as the inversion 

methods, such as high computational costs. Hence, this thesis first focuses on developing 

a novel cost-effective assimilation framework called PvKF (Chapter 5). There is also a lack 

of independent and objective evaluation of methane error statistics in the literature 
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(whether in assimilation or inversion context). That is discussed in Chapter 6, while a new 

methodology is demonstrated for the realistic estimation using satellite observations. 

Finally, we explore the combination of this assimilation system with a 4D-Var inversion 

framework in Chapter 7.  

2.5 Background of Assimilation Methods 

Data assimilation in the atmosphere aims to estimate the state of the system by 

combining observations with an atmospheric model (Asch et al. 2016). In atmospheric 

CTMs, for example, the state might involve the concentrations of a chemical species that 

is usually resolved to a scale such that the state vector is sizeable, on the order of 106 to 

108 (degree of freedom). Daley (1992a; 1992b; 1992d) has argued that because of the 

error/noise embedded in the observations network and the model forecast or both, a reliable 

and realistic representation of the state cannot be determined adequately without having 

the knowledge of its uncertainties. The size of the covariance matrix (i.e., uncertainty 

matrix) thus is significantly greater than the state (on the order of 1012 to 1016), making 

the practical application based on Kalman filtering theory almost impossible (Menard et 

al. 2000; Segers et al. 2005; Pannekoucke et al. 2018b), considering the current capacity of 

supercomputers. From the Bayesian inference point of view, it is complicated to allocate a 

prior distribution to each element of an input covariance matrix of this size (i.e., 

observation and model error covariances (Daley 1992a; Dee 1995; Tandeo et al. 2020); 

hence, to make the estimation of error covariances tractable, a parametric form of a 

covariance matrix, also referred to covariance modelling, is used in data assimilation 

(Menard et al. 2016; Satterfield et al. 2018). Several methods have been developed over 

the past three decades to overcome the limitation of estimating the error covariances within 
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the assimilation scheme. Ensemble Kalman filter (EnKF), 4-dimensional variational (4D-

Var), and hybrid ensemble-variational (En-Var) methods are among those common 

approaches. 

  EnKF originates from a combination of the Kalman filter theory and the Monte 

Carlo estimation method (Evensen 1994; 2009b). The applicability of the EnKF methods 

in a large state space arises from the use of a limited number (e.g., dozens) of ensemble 

members in combination with covariance localization (Hamill et al. 2001). To approximate 

the error covariance matrix, localization is employed to eliminate spurious correlations at 

large distances and increases the rank of the sample covariance to a value comparable to 

the dimension of the state space (as required by the assimilation algorithm); thus, it can 

maintain a full rank forecast error covariance to assimilate observations (Houtekamer and 

Mitchell 2005). Besides the added computational expenses, the major drawback of 

localization is that it might neglect some physical and true long-distance correlations, 

which can induce physical imbalance in the analysis (Greybush et al. 2011). Ensemble 

methods are well-adapted for nonlinear estimation and have been used in many 

atmospheric problems, such as in numerical weather prediction (Buehner 2005; 

Houtekamer and Mitchell 1998; 2005; Houtekamer and Zhang 2016; Kurosawa and 

Poterjoy 2021; Lorenc 2003) and in atmospheric chemistry (Peng et al. 2015; van der Laan-

Luijkx et al. 2017; Kong et al. 2019; Tenkanen et al. 2021). Although most EnKF studies 

for methane are restricted to emissions estimation, the formulation and the cost of an 

assimilation system are almost the same as an equivalent inversion system.  

The applicability of the 4D-Var assimilation algorithm to large state space arises 

from introducing the adjoint of operators combined with the use of an initial or background 
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error correlation, often assumed to be homogeneous and isotropic (Courtier 1997; Courtier 

et al. 1994; Gauthier et al. 2007). Accordingly, a sequence of operators representing the 

effect of multiplication of error covariance with a state vector prevents the storage of 

extremely large covariance matrices. Despite the significant number of 4D-Var methane 

inverse modelling studies, there are few works that performed pure methane assimilations. 

For example, Massart et al. (2014) investigated the impact of transitioning the methane 

observing system from Scanning Imaging Absorption Spectrometer for Atmospheric 

Chartography (SCIAMACHY) to Greenhouse Gases Observing Satellite (GOSAT) and 

Infrared Atmospheric Sounding Interferometer (IASI) using their 4D-Var methane 

assimilation system. By comparing their assimilation results against independent surface 

and aircraft observations, they examined the global bias and uncertainties in their analysis 

concentrations. In another study, Errera et al. (2016) assimilated new methane profiles 

retrieved from Michelson Interferometer for Passive Atmospheric Sounding (MIPAS) with 

their 4D-Var method. They examined the quality of the analysis against independent ACE-

FTS observations. 

Although both EnKF and 4D-Var estimation methods are identified as robust and 

reliable methods that have been running operationally for a long time in various 

atmospheric centers, they suffer from some drawbacks that need to be considered, 

particularly for the assimilation of long-lived species such as methane. The first and most 

important downside is that they both require a relatively high computational cost, which is 

typically several tens of times as expensive as model integrations (Chatterjee and Michalak 

2013). For example, 4D-Var assimilation entails the adjoint model. Besides that, several 

forward-backward iterations are required until the optimization (e.g., steepest descent) 
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algorithm is converged. Hence, at least tens of model integration are necessary to properly 

implement 4D-Var assimilation (Massart et al. 2014). The computational time of EnKF 

assimilation depends on the number of ensembles carried out with the model that adopts it. 

Typically, dozens of ensembles are expected to maintain reliable assimilation (Houtekamer 

and Zhang 2016); for example, Peng et al. (2015) used 48 ensembles in their CFI-CMAQ 

for optimization of CO2 surface flux. In addition to the high computational cost and the 

necessary localization, the variance loss that is likely to occur in Kalman filter and 

ensemble Kalman filter systems degrades the assimilation performance and results in a 

filter divergence (Menard et al. 2021; Pannekoucke et al. 2021; Gilpin et al. 2022). To 

alleviate this, one requires inflation of error variance to restore the loss of variance at the 

grid level (Menard et al. 2021).  

2.6 Potential Use of Parametric Filtering for Methane Assimilation 

There is another category of assimilation methods with error estimation capability, 

in which the error covariance dynamics of Kalman filtering, including evolutions of 

forecast and analysis error covariance matrices, are approximated by covariance models 

with a parametric formulation (Khattatov et al. 2000; Menard and Changs 2000; 

Pannekoucke et al. 2016). The details of the covariance modelling approach are 

demonstrated in Section 3.3 and Appendix A, and a short review of its background 

literature is presented later in this section. The parametric propagation of the covariance 

model relies on the time evolution of the error variance and the associated correlation 

length scales. This assimilation method is also identified recently as a parametric Kalman 

filter (PKF) in CTMs (Pannekoucke et al. 2016). 
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One main cause of emerging the parametric form of Kalman filtering was to avoid 

the challenges and drawbacks of the previous assimilation approaches (e.g., KF, EnKF, 

and 4D-Var), particularly the high computational cost of assimilation. The high 

computational cost in standard Kalman filtering occurs primarily because of the creation 

and evolution of the error covariance matrices in a high dimensional discretized state space 

problem. However, in the parametric Kalman filtering, those large matrices are created 

efficiently through covariance modelling (see Section 3.3) and evolved using a continuum 

formulation of the transport dynamics (e.g., advection scheme). The idea of the evolution 

of the error variance with an advection scheme emerged originally in Kalman filtering by 

Cohn (1993). This will be explained in detail in Section 4.3.1. He demonstrated the 

continuum properties of the error covariances for quasi-linear hyperbolic equations and 

found that the error variance can be simply predicted without having the knowledge of the 

error correlations. One of the first implementations of this method in a realistic atmospheric 

context was demonstrated by Menard et al. (2000) for stratospheric assimilation of a long-

lived chemical tracer. Menard and Changs (2000) also used the same scheme with model 

error estimation. They showed that the residual model error growth in standard KF is 

unrealistic and can reach two times larger than the one obtained with the continuous 

variance evolution. The use of continuous covariance evolution with an appropriate 

correlation scheme leads to the development of simplified Kalman filtering in atmospheric 

models, also known as the sequential filter (Khattatov et al. 2000).  

Sequential filtering was used as an efficient method in various atmospheric data 

assimilation schemes, particularly for estimating long-lived chemical species such as 

stratospheric ozone. For example, Eskes et al. (2003) applied the method for the 



 

 44 

assimilation of GOME total-ozone and examined the analysis result over a two years period 

by comparing it against independent observations from TOMS and Brewer instruments. In 

another study, Rosevall et al. (2007) performed sequential filtering of ozone data from the 

ENVISAT/MIPAS and Odin/SMR satellite instruments to analyze the polar ozone 

depletion and compare the capabilities of those two satellite observations. Using the 

sequential filter, Parrington et al. (2008) assimilated ozone and CO retrievals from TES 

observations into GEOS-Chem and AM2-Chem models. They showed that TES 

measurement is sufficient to constrain the tropospheric ozone and to improve the 

description of free tropospheric ozone. van der A et al. (2010; 2015) also performed 

sequential assimilation from fourteen satellite retrieval datasets to create a global and 

comprehensive dataset of total ozone analysis over 30 years of assimilation. They found 

that the analysis statistics (i.e., observations-minus-forecast) decreased to less than 1% for 

the bias and about 2% for the RMS standard deviation.  Zoogman et al. (2014) conducted 

joint assimilation of ozone and CO based on the sequential filtering method with the aim 

to improve the surface ozone concentrations. Using an Observing System Simulation 

Experiment (OSSE), they found a substantial benefit from the joint assimilation to 

informing U.S. ozone air quality.  

Now we briefly review some techniques in the literature used for covariance 

parameter estimation (see Section 3.4 and Appendix A for the details and formulation of 

those popular methods), which is the central part of the covariance modelling used in 

parametric Kalman filtering. Covariance modelling is a common approach in data 

assimilation aiming to determine the covariance matrices by a few parameters that describe 

the magnitude and shape of the errors (Tandeo et al. 2020). Several techniques have been 
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conducted to optimally estimate the error covariance parameters, which are primarily based 

on the residual between the model/analysis and observations in the observation space 

(Menard 2016). One of the first estimation approaches is proposed by Hollingsworth and 

Lonnberg (1986) in the context of optimal interpolation, where a spatial autocorrelation 

function describes the Observation–Model (i.e., innovation) residual (Rutherford 1972) 

(see Appendix A for the details). A fitting process is applied to the spatially correlated 

background errors, which leads to estimating the error variance of observations and 

background along with the correlation length scales. Dee et al. (1999) developed another 

form of estimation method based on maximizing the likelihood of the observations (i.e., 

maximum likelihood) that yields an estimation based on the innovation (see Appendix A 

for the details). Many atmospheric studies applied this method for real data assimilation 

applications (Ueno et al. 2010; Liang et al. 2012; Pulido et al. 2018). Another well-known 

approach that is used in many data assimilation (and inverse modelling) studies is 

developed by Desroziers et al. (2005). The method is based on different types of innovation 

statistics, either from a difference between observations and analysis or between model and 

analysis in observation space (see Appendix A  for the details and discussions).  

Despite the popularity of the two past methods due to their simple adaptation to 

various problems, they are limited, mainly due to providing an estimation of error statistics 

only in observation space, so that the estimation results can be inadequate to prescribe the 

assimilation error statistics (Menard 2016). Other error covariance estimation approaches 

are based on model outputs, which surpass the limitation mentioned above. A method that 

characterizes an ensemble of data assimilation trajectories (Fisher 2003) and the National 

Meteorological Center (NMC) lagged-forecast method (Parrish and Derber 1992) are 
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among those. However, they have their own challenges. For instance, the ensembles 

method, besides the high computational demand for generating those ensembles, requires 

a sophisticated tuning of model error due to inflation and localization (Menard et al. 2019; 

Menard et al. 2021). The lagged forecast method also highly depends on a complete 

observational coverage; thus, a practical implementation is not achievable in extensive 

areas with no observations (Osinski and Bouttier 2018). 

Although the statistical diagnostics mentioned above can provide a reasonably 

accurate estimate of the error covariance parameters, they are all derived based on the 

assumption that the underlying assimilation system results are optimal  (Desroziers et al. 

2005; Menard 2016; Waller et al. 2016a; Tandeo et al. 2020). Indeed, from the Bayes 

theorem perspective, the estimate of the state can be obtained by either maximizing a 

posteriori probability or minimizing the error variance, both of which systematically 

provide an optimal solution. However, this optimal solution may not represent the true 

analysis unless the input error covariances, including the observations and model error 

covariances and the correlation lengths, also represent the true errors corresponding to the 

optimal solution (Menard and Deshaies-Jacques 2018a).   

A new error covariance estimation method was recently proposed by Menard and 

Deshaies-Jacques (2018a; 2018b), which does not rely on the optimality assumptions (i.e., 

assumptions made through optimal estimation theory) of the assimilation system. This 

approach revolves around cross-validation optimization that uses independent observations 

(also called passive observations) to diagnose the analysis error. Using the cross-validation 

estimation technique, they showed that the true analysis error variance can be obtained 

without assuming optimal assimilation. Accordingly, they found a minimum analysis error 
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variance corresponding to a single tunable parameter of the correlation model (i.e., 

horizontal correlation length scales) by minimizing the cross-validation cost function (see 

Appendix A for the details and equations). Thus, the analysis formed is (nearly) optimal 

(only because the estimation is performed with a covariance modelling than the full 

covariance matrix), and the error statistics obtained are close to the true error statistics. The 

method was then applied to the GEM-MACH model of Environment and Climate Climate 

Change Canada (ECCC) to generate the hourly surface ozone and PM2.5 analysis using in 

situ observation (Menard and Deshaies-Jacques 2018a).  

This thesis proposes a novel cost-efficient framework with parametric filtering 

capabilities, referred to as PvKF, for assimilating methane concentrations. Since methane 

is characterized by almost linear chemistry, a modified and even less expensive version of 

parametric Kalman filtering, in which only the error variance evolution is computed 

explicitly while the correlation lengths are kept fixed over the assimilation window, is 

derived. The details of the development of the assimilation, including its algorithm, 

formulation, and verifications, will be explained in Chapter 5 (Voshtani et al. 2022a).  

 The PvKF scheme can be classified as part of a suboptimal filter due to the 

approximation of the covariance matrix and covariance propagation (Asch et al. 2016; 

Pannekoucke et al. 2021). Therefore, estimating appropriate covariance parameters within 

the covariance modelling can aid in achieving a more reliable and realistic analysis. Since 

cross-validation is a promising technique for maintaining that goal, this research extends 

cross-validation application to GOSAT satellite observations and multiple covariance 

parameters estimation. The details of the assumptions and the modifications, along with 
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the evaluation of the assimilation analysis against independent sources of observations, are 

demonstrated in Chapter 6 (Voshtani et al. 2022b). 

 As described earlier in this section regarding the importance of mitigating methane 

emissions, this research also aims to address some limitations of the source inversion 

method (e.g., 4D-Var inversion) used in the past and assists in advancing their capabilities 

in capturing methane emissions. This is achieved by linking a cost-effective and optimal 

assimilation system developed earlier to a standard 4D-Var source inversion and examining 

the effect of optimal state estimation on reproducing known emissions (using OSSEs). The 

details of this demonstration are provided in Chapter 7 (Voshtani et al. 2022c). 
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Chapter  3: Data and Research Tools 

In its main direction, this research aims to develop an assimilation system for 

predicting atmospheric methane concentrations and further perform an inversion to 

constrain methane emissions. Every atmospheric data assimilation and inversion system 

requires two categories of information: (i) an atmospheric model (e.g., CTMs) driven by 

model inputs and a set of governing equations that result in predicting the evolution of 

atmospheric constituents (i.e., forecasting); and (ii) a set of measurement data or 

observations that monitor the change of their concentrations. In an assimilation system, the 

model is used to be combined with observations for obtaining an improved methane state 

(concentrations) prediction, while in an inversion system, the model is mainly used to 

provide a linkage between model inputs/parameters (e.g., emissions) and state 

concentrations; thus, it aims to estimate those model inputs/parameters. Note that 

concentrations are the observed states while emissions are considered unobserved 

inputs/parameters. This research uses satellite observations, mainly GOSAT, and the 

CMAQ air quality model to estimate both states and inputs/parameters.  

Methane observations are obtained from various measuring platforms, including 

ground network measurements, aircraft, ships, and satellites. Due to their greater coverage 

and frequency, satellite observations are used to operate assimilation/inversion, while other 

types of observations are mainly employed for validation purposes due to their higher 

precision. CMAQ is an atmospheric CTM, on which the assimilation system relies for the 

prediction of the methane concentrations and evolution of the error variances. It is also a 

key component in performing source inverse modelling through linking methane emissions 

to concentrations. In this section, we first briefly describe all types of methane observations 
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used in this research, either satellite observations that are used within the 

assimilation/inversion system or other types of observations such as in situ and aircraft 

observations used for evaluations. Secondly, we provide an overview of the tools and 

methods driving the CMAQ model, particularly methane emissions inventory inputting the 

model.  

3.1 Observations 

3.1.1  GOSAT Satellite Observations 

GOSAT was launched in January 2009 by the Japanese Space Agency (JAXA) 

(Kuze et al. 2009). It is in a Sun-synchronous orbit at an altitude of 666 km with a 3-day 

revisit time. GOSAT’s primary objective is to monitor the abundance of greenhouse gas, 

including atmospheric methane, globally. Owning to the high near-surface sensitivity of 

GOSAT retrieval and acceptable spatiotemporal resolution, the assimilation of atmospheric 

methane and inverse modelling of its sources and sinks are desired (Butz et al. 2011; 

Schepers et al. 2012; Parker et al. 2015; Turner et al. 2015; Buchwitz et al. 2017). XCH4, 

retrieved from GOSAT, is a column-average dry-mole fraction of methane corresponding 

to the methane average volume mixing ratio (VMR) of a partial column atmosphere with 

a particular surface and top pressure. Methane VMR is obtained by performing a retrieval 

algorithm on the radiance spectrum. There are two retrieval algorithms, including Full 

Physics (FP) and Proxy (PR); the former integrates a sophisticated radiative transfer model 

and solely relies on methane modelling and its corresponding errors, while the latter 

provides more data points but relies on an accurate CO2 model simulation and its retrieval 

(XCO2) (Schepers et al. 2012). Both algorithms were developed at the Netherlands Institute 

for Space Research (SRON) and Karlsruhe Institute for Technology (KIT) (Butz et al. 
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2011), and their products are available through the ESA GHG-CCI initiative, 

https://climate.esa.int/en/projects/ghgs/ (Buchwitz et al. 2017). Both of the algorithm’s 

products are used in this research, with the main focus on the PR method due to its higher 

density and higher spatial coverage (Butz et al. 2011; Schepers et al. 2012). 

For assimilation/inversion purposes, in addition to the retrieval data ( oy ≡VMR), 

we need supplementary products (Bovensmann et al. 1999; Buchwitz et al. 2017). Each 

retrieval includes vectors of the normalized column-average kernel, A , pressure levels,
l

p

, at which the average kernels are derived, and the corresponding vector of a priori, py . 

For GOSAT, a layer-based approach described in Bergamaschi et al. (2007) is applied to 

compute the model partial-column value, my , equivalent to the retrieval, oy   

( ) pm m Ty  
 

= − +1 A y Ay ω  (3.1) 

where my represents the mapped concentration of CMAQ on the pressure layers of the 

observations, and ω  is the vector of pressure layers weights 

3.1.2 Ground Network and Aircraft Observations 

3.1.2.1 TCCON 

Total Carbon Column Observing Network (TCCON) is a ground-based Fourier-

Transform Spectrometer (FTS) network that provides a time series of CH4 column-

averaged abundance. It is a standard measurement against model simulations and satellite 

data, while being primarily used for validation purposes (Yoshida et al. 2013; Scheepmaker 

et al. 2015; Zhou et al. 2016; Liang et al. 2017; Wunch et al. 2019; Stanevich et al. 2021; 

Zhang et al. 2021). In this thesis proposal, the GGG2014 version of TCCON XCH4 data 

from seven sites, including Park falls (Wennberg et al. 2017), Orleans (Warneke et al. 
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2017), Lamont (Wennberg et al. 2016), Bremen (Notholt et al. 2019), Sodankyla (Kivi et 

al. 2014), Izana (Blumenstock et al. 2017), and Bialystok (Deutscher et al. 2019) are used, 

all of which are available at https://tccondata.org/2014. TCCON is calibrated using aircraft 

profiles to maintain more than 0.5% accuracy of XCH4 retrievals (Wunch et al. 2017). In 

order to compare it with the model or analysis, we need to convolve model concentration 

with TCCON average kernels and the corresponding a priori profiles, for which the 

procedure is described by Wunch et al. (2010) or through the website https://tccon-

wiki.caltech.edu/Main/AuxilaryData. Similar to the aircraft measurements, TCCON 

retrievals are assumed to provide an independent evaluation for assimilation results. We 

note that any influence of TCCON calibration on GOSAT data prior to this research will 

be entirely alleviated since we applied an independent bias correction on GOSAT using 

suface observations (see Section 5.4.2 for details).  

3.1.2.2 HIPPO-3 

HIAPER Pole-to-Pole Observations (HIPPO-3) provides methane concentration 

measurements (Wofsy et al. 2011) from the surface to 14 km across the Pacific Ocean 

between 20 March and 20 April 2010. The measurement is conducted every second using 

a quantum cascade laser spectrometer (QCLS) with an accuracy of 1 ppb. Methane 

measurements, meteorology and flight tracking data are accessible at: 

https://www.eol.ucar.edu/field_projects/hippo. The measurement data for the hemispheric 

domain of CMAQ are available on 10, 13 and 15 April 2010. We interpolate the model 

concentration at the specific location, height, and time of the measurement to perform 

verification on our assimilation result. The significantly shorter time scale of the 

measurements (i.e., 1 second) compared to the model simulation time step (i.e., 1 hour) 

https://tccondata.org/2014
https://www.eol.ucar.edu/field_projects/hippo
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causes a large variation. Thus, we exclude those HIPPO-3 data that depart by more than 

three standard deviations from the average measurement over one minute to make a 

meaningful comparison.  

3.1.2.3 UCATS-GloPac 

Global Hawk Pacific (GloPac) is an aircraft mission operated by NASA in April 

2010 primarily designed to validate monitoring satellite missions and to measure trace 

gases in the upper troposphere and lower stratosphere. UAS Chromatograph for 

Atmospheric Trace Species (UCATS) was integrated into GloPac to measure methane 

alongside N2O, SF6. It maintains an overall precision of 0.5% for methane (Hintsa et al. 

2021). GloPac primary and supplementary data are available at 

https://espoarchive.nasa.gov/archive/browse/glopac, where the methane measurements 

were recorded from 7 to 13 April 2010 with a time resolution of 140 sec. Note that we use 

methane measurements without filtering; thus, the assimilation results are computed at 

every measurement. 

3.1.2.4 NOAA-ObsPack v3.0 

GLOBALVIEWplus ObsPack v3.0 data product (Schuldt et al. 2021) published via 

NOAA Global Monitoring Laboratory provides high accuracy measurements of methane 

concentration from a variety of sampling platforms, including surface, tower, aircraft, and 

shipboard measurements. Since the surface flask and tower data are used in calibrating 

GOSAT (see Section 5.4.2 for details), we only use ObsPack aircraft data to ensure an 

unbiased comparison with the analysis. Accordingly, only daily observations above 800 m 

from the dataset of ObsPack, available at https://gml.noaa.gov/ccgg/obspack/, is used to 

https://espoarchive.nasa.gov/instrument/all?field_meas_tid=N2O
https://espoarchive.nasa.gov/instrument/all?field_meas_tid=SF6
https://espoarchive.nasa.gov/archive/browse/glopac
https://gml.noaa.gov/ccgg/obspack/
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represent the aircraft measurements, which are collected from multiple aircraft campaigns 

(Schuldt et al. 2021). 

3.2 Inputs and Model 

3.2.1 Methane Emissions 

Methane emissions are generally derived from bottom-up inventories with two 

categories of anthropogenic (~ 60%) and natural emissions (~40%) that are used in various 

methane climate and atmospheric studies. Both natural and anthropogenic methane can be 

attributed to biogenic and non-biogenic sources. Natural methane emissions, such as 

wetland and termites, have a biogenic origin, whereas wildfire and natural seeps are 

considered non-biogenic. On the other hand, anthropogenic methane, such as livestock and 

landfills, has biogenic traits, whereas fossil-fuel burning and waste management are 

considered non-biogenic (Saunois et al. 2020). There are various bottom-up (and top-

down) inventories, and most of them follow IPCC guidelines (IPCC 2006) to derive 

emissions in different source sectors. Saunois et al. (2016a; 2020) and Minx et al. (2021) 

conduct a comprehensive assessment of the available methane emission inventories along 

with their uncertainties using a bottom-up approach. 

EDGAR methane emissions inventory is commonly used as a default prior 

anthropogenic source in different assimilation and inverse modelling studies. It provides 

0.1° × 0.1° spatial and monthly/yearly temporal resolution of emission gridmaps. EDGAR 

v4.3.2 has been used extensively in inverse modelling (or top-down) analysis, likely due 

to the availability of spatially resolved emissions for almost every source sector worldwide. 

However, several inverse modelling analyses have recently reported an over-and 

underestimation of EDGAR v4.3.2, particularly from oil and gas, coal mining, and landfills 
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(Turner et al. 2015; Maasakkers et al. 2019; Scarpelli et al. 2020). Accordingly, in some 

assimilation/inversion studies, an independent highly-resolved emission inventory has 

been developed at a national level or for a particular uncertain source sector, which 

replaced EDGAR estimation for that particular region or sector (Maasakkers et al. 2016; 

Qu et al. 2021; Lu et al. 2022). In addition, a considerable adjustment occurred in the recent 

version of EDGAR (v6), with a particular focus on those inaccurate source sectors (Crippa 

et al. 2020; Crippa et al. 2021). This aided other studies to more comfortably rely on 

EDGAR as a prior emission estimate in their regional or global assimilation/inversion 

(Minx et al. 2021). Similarly, EDGAR v6 is used as a prior emission inventory in this 

research in both hemispheric assimilation and inversion setup. The anthropogenic 

inventory contains more than 20 subsectors that are aggregated into four main source 

categories (Crippa et al. 2021).  

Wetlands are the primary source of natural emissions, covering 86% of the total 

methane emissions. Monthly wetlands emissions data from WetCHARTs v3.0 with the full 

ensemble mean (Bloom et al. 2017) is used in this research and mapped into the domain 

using a uniform temporal profile. The rest of the natural methane emissions include open 

fires (~7%) (van der Werf et al. 2017), termites (~6%) (Fung et al. 1991), and seeps (~1%) 

(Etiope et al. 2009). These emissions and those from anthropogenic sources are processed 

using Sparse Matrix Operator Kernel Emissions (SMOKE v4.5) (UNC 2017) to provide 

hourly gridded methane emissions into the CMAQ model. Three anthropogenic source 

categories, including agriculture, waste, and energy/industry (containing oil, natural gas, 

coal mines, and others), are considered in the inversion (Figure 3.1). They also represent 

the main categories reported to UNFCCC from EPA (US-EPA 2016). Wetland is the fourth 
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source category that is considered for inversion in this study (see Chapter 7 for details). 

The rest of the source sectors, such as “others” in the anthropogenic and open fire, seeps, 

and termites, are processed but will not be estimated in the inversion process, mainly due 

to their small weight that cannot be constrained separately from satellite observations. 

 

Figure 3.1.   Anthropogenic methane emissions inventory compiled by EPA (US-EPA 2016). Adapted 

from Jacob et al. (2016) 

3.2.2 CMAQ and its Input Processors 

The dynamical part of a chemical data assimilation and inversion system essentially 

relies on a CTM and/or its variants (e.g., adjoint of the CTM). Besides CTMs, most 

assimilation/inversion systems require knowledge about the error covariances and their 

evolutions, which can be maintained by properly conducting covariance modelling. This 

section briefly overviews the CMAQ CTM model and its driving processors. 

CMAQ is a limited-area atmospheric CTM developed by the U.S. Environmental 

Protection Agency (Byun & Schere, 2006). It is particularly used as a regional air quality 

model to predict the evolution of chemical pollutants in the lower atmosphere. The regional 

CMAQ model is driven at the lateral boundaries by the hemispheric version of this model 
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(referred to as H-CMAQ) or other global CTMs. H-CMAQ is used in this research for the 

assimilation of methane in the Northern Hemisphere. Its domain is defined on a polar 

stereographic projection with 187×187 grid cells horizontally, 108 km grid spacing, and 

44 vertical layers extended from the surface to the model top at 50 hPa. With the aim of a 

better representation of transport processes, particularly for long-lived species such as 

methane, the vertical structure of H-CMAQ is modified to retain finner resolution than 

regional CMAQ above the boundary layer (Mathur et al., 2017).  

Forming an Advection-Diffusion Equation (ADE) (Equation (3.2)) in every grid 

cell of CMAQ leads to a set of differential equations to be solved that track the evolution 

of species concentrations over the domain with known initial and lateral boundary 

conditions. 

( )
1

R E ,i
i i i i

c
c c

t





+  −   + =


V K  (3.2) 

where ic is the concentration (mixing ratio) of species i, V denotes the 3D wind field, K

represents a diffusivity tensor,   is the air density, R denotes the rate of chemical 

reactions, and E  represents the corresponding emissions rate of that species. Note that in 

an operator form, Equation (3.2) has the form  

1 ( , ),tt+ =c M c p  (3.3) 

where 0c  and c  are the initial and output model concentrations, respectively. p  includes 

any model parameters (e.g., emissions, initial and boundary conditions, etc.), and M

indicates the forward model (i.e., CMAQ), integrating all linear processes such as 

advection and diffusion and nonlinear processes such as chemistry.   
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Solving Equation (3.2) (ADEs) is performed within CCTM (CMAQ Chemistry 

Transport Model) processor, which interacts with other CMAQ processors as well as other 

systems (Figure 3.2) to obtain the necessary inputs. In general, three processors and two 

(independent) systems are involved: (i) ICON and (ii) BCON processors provide the 

CMAQ domain initial and boundary conditions of concentrations, respectively; (iii) Sparse 

Matrix Operator Kernel Emissions (SMOKE v4.5) (UNC 2017) is a model to process the 

emission inventories and generate hourly gridded emissions at the model resolution; (iv) 

Weather Research and Forecasting (WRF) model (Skamarock et al., 2005) creates the 

Meteorological inputs (e.g., wind field) that are processed in Meteorology Chemistry 

Interface Processor (MCIP) processors to maintain a maximum consistency with CMAQ 

and SMOKE.  

 

Figure 3.2.   CMAQ Input Processors and CCTM. Adapted from USEPA CMAQ Github: 

https://github.com/USEPA/CMAQ/blob/5.2.1/DOCS/User_Manual/images/Figure4-2.png 

Finally, we modified H-CMAQ to account for methane concentrations and emissions. 

Methane can be configured in CMAQ either as an inert trace gas or a reactive gas-phase 

species oxidized by hydroxyl radical (CH4 + OH → CH3 + H2O). We considered reactive 

https://github.com/USEPA/CMAQ/blob/5.2.1/DOCS/User_Manual/images/Figure4-2.png
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methane with the gas-phase model within CMAQ v5.3 and based on the CB06 chemical 

mechanism (CMAQ tutorials  2021). 

3.2.3 Adjoint of CMAQ 

CMAQ not only predicts the spatial and temporal distribution of a chemical species 

(i.e., model state concentration), but can be configured to provide sensitivities of 

atmospheric concentrations with respect to various model inputs. These sensitivities are 

useful in various applications such as sensitivity analysis, data assimilation, and inverse 

modelling (Hakami et al. 2006). Using a perturbation in model inputs or initials (for 

example, in emissions Ei ), one can obtain a perturbed form of ADE as 

( )
1

E      i
i i i

c
c c

t


    




+  −   + =


V K F c  (3.4) 

 where F  is a Jacobian of the chemistry operator. An equivalent operator form of the 

perturbed equation in a timestep [t,t+1] can be derived as 

1
( , ) ( , )c t t p tt

  
+

= + c M c p c M c p p  (3.5) 

 where c =  M M c  and p =  M M p  represent the linearized model with respect to the 

model state and parameter, respectively. The linearized model is also referred to as the 

tangent linear model (TLM), and in matrix form, is equivalent to the Jacobian of the 

forward model operator. We note that the chemistry effect plays a minor role in a particular 

case of methane modelling with a long lifetime and relatively short simulation period in 

our experiments. In fact, we consider that the OH concentrations are well-known and thus 

do not exert a tangible nonlinear effect. As a result, the gradients that construct F  are 

considered fairly small. 
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Considering that explicit construction of the Jacobian matrices ( M ) in a large 

dimension is computationally prohibitive, the TLM in operator form can be used to 

efficiently compute the sensitivity of all model output with respect to a few inputs (source-

oriented problem). However, in a receptor-oriented problem, where we seek to determine 

the sensitivity of a few model outputs with respect to all model inputs, one can benefit from 

the adjoint of TLM without explicitly constructing the forward model Jacobian (Hakami et 

al. 2007; Zhao et al. 2020). A brief description of how the adjoint model is used to 

efficiently compute those sensitivities is provided in the following. 

The adjoint formulation, instead of computing sensitivities of all model outputs to 

one model input, considers a single scalar metric of model outputs derived from all inputs. 

This metric is known as an adjoint cost function, which can be any function of 

concentration ( , , )g t c , to be integrated for any particular time period t  and space   

( , , ) , .
t

J g t dt d


=    c  (3.6) 

 The adjoint variable of species i, is then defined as the sensitivity of the cost function with 

respect to concentration at any given model time ( i iJ c =   ). The governing equation for 

the adjoint model computes the evolution of i  backward in time as 

( ) FTi i
i i i it

 
   



 
  
 


− = +  + +


V K , (3.7) 

 where FT
i is the transpose of the Jacobian of the chemistry operator in Equation (3.4), and 

i is referred to as the adjoint forcing term, given as an input to the adjoint model ( i  is 

similar to Ei  for the forward model). 

  Variational analysis, in general, uses adjoint sensitivities (i.e., gradients of cost 

functions) to constrain the model parameter or model state at an earlier time. Let 0c  be the 



 

 61 

initial state we want to constrain based on the general definition of the adjoint cost function 

in Equation (3.6). In particular, J  can be taken as the difference between all observations 

and model outputs at any given time over the assimilation window [0,t]. For a more 

straightforward demonstration, the operator form of ADE as in Equation (3.5) is used. By 

perturbing 0c , one can find the perturbed cost function as   

0

,
t

n

t
t

J J 
=

=  c c , (3.8) 

 where denotes an inner product, 
t
Jc indicates the directional derivative of J  with 

respect to c at the final time t. Note that the summation is taken into account since J can 

be a function of time (e.g., depends on observation in [0,t]). Thus, for a linear operator M

, one can apply the following duality principle 

( ) ( ) ( )1 2 0 0 0 1 1 0, ,
t tt t tJ J J  

 

− − −=  =      c cM M M c M M M c , (3.9) 

 where ( )


M  is the adjoint operator of a linear model (i.e., the linearized model operator, 

TLM). The successive application of the forward model can link a perturbation in the final 

time t to the initial time, 0. Hence, one can find the adjoint gradient at the initial time and 

with respect to 0c as  

0 0 1 1
0

, .
t

n

c ct
t

J J  
−

=

 = M M M  (3.10) 

 These gradients can be computed in the same way for any model parameters, such as 

emissions. In data assimilation and inverse modelling (see Section 4.1), these gradients are 

used along with an optimization system to constrain model states or parameters. In this 

thesis, The adjoint of CMAQ is used within the modified 4D-Var inversion presented in 

Chapter 7. 
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3.3 Error Covariance Modelling  

3.3.1 Observation and Background Error Covariance 

Almost every data assimilation and inversion method, besides the model inputs and 

variables, requires some knowledge about the error covariances (Daley 1992a). Even 

though most assimilation/inversion methods are derived from an optimal estimation theory 

(minimum variance, maximum a-posteriori, maximum likelihood, etc.), the optimal 

solution might not be realistic unless the input error covariances, including the observations 

and model error covariances and the correlation lengths, also represent the realistic ones 

(Menard 2016). In a high-dimensional atmospheric problem, estimating every single 

element of error covariances is impossible due to inadequate information to constrain those 

large matrices. Along the direction of variational assimilation, one can perform a stochastic 

(low-rank) estimation method which requires quite a few realizations or deterministic 

approximations that often lead to underestimating error covariances (Kopacz et al. 2010; 

Bousserez et al. 2015; Bousserez and Henze 2018). Another common approach to 

estimating the covariance matrices is to approximate them with covariance models (i.e., 

covariance functions) containing a few parameters. Accordingly, in data assimilation, 

estimating the covariance parameters turns out to be a crucial step in adequately 

determining error covariances (Tandeo et al. 2020). Observation error covariance R  and 

background error covariances B  (also forecast error covariances fP ) are the two essential 

matrices considered in covariance modelling.  

It is often assumed that the observation errors are spatially uncorrelated. The 

observation error has two components: (i) the measurement error from the instrument team 

( )m  and (ii) the representativeness error ( )r  from the mismatch between the subgrid-
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scale represented in the observation and the model (Cohn 1997; Janjic et al. 2018). Due to 

the uncorrelated error assumptions, the observation error covariance takes the form of 

2( )o=R Ι . A simple, but common, approach in data assimilation to estimating such a 

diagonal matrix is to consider a global correction factor that tunes the overall effect of the 

observation error. The observation error covariance to be estimated thus has the form 

( )
2

o mf =R Ι , (3.11) 

where, of is the parameter that needs to be estimated, and R represents the covariance 

after tuning. Note that the model error covariance and initial error covariance are also 

considered separately in this research for the estimation. They maintain the same form as 

observation error covariance and are detailed in Section 5.4.4. 

Contrary to the observation error, the background errors (also forecast/analysis 

error over time) are often correlated, so that the corresponding background error covariance 

( B ) can not be assumed diagonal. A background covariance matrix can be denoted as 

 =B C  , (3.12) 

where   is a diagonal matrix of standard deviations, and C  is the corresponding error 

correlation matrix. In the 3D spatial domain of methane, it is possible to account for a 

separability assumption between horizontal and vertical correlation (Menard et al. 2019), 

such that  

 vh
= C C C , (3.13) 

 where 
h

C and vC  denote a horizontal and vertical correlation matrix. These matrices are 

nondiagonal and fairly large; thus, they are usually considered for the application of 

covariance modelling.  
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Almost every spatial correlation models used in data assimilation relies on an 

underlying uniform and isotropic grid representation, taking either an infinite or periodic 

domain into account. Gaspari and Cohn (1999) described the development of such a  

function that was used later in various studies of the same type. The detail of the 

construction of the spatial correlation functions used in this thesis is provided in Section 

5.4.3. Here, we briefly overview those correlation functions that are applied in this 

research.  

For every pair of model grid points, a chordal distance i jD  is defined that connects 

the position of those two in ℝ3 (surface of a sphere). We used three correlation functions, 

including Gaussian, First-Order-Auto-Regressive (FOAR), and Second-Order-Auto-

Regressive (SOAR),  for covariance modelling in this reseach. A general form of those are  

2

2
( , ) exp

2

i j

G
c

D
C i j

L

 
 
 
 

= − , (3.14) 

 ( , ) exp
i j

FOAR
c

D
C i j

L

 
 
 
 

= − , (3.15) 

 and 

( , ) 1 exp
i j i j

SOAR
c c

D D
C i j

L L

   
   
   
   

= + − , (3.16) 

 where cL  denotes a correlation length scale  (in both horizontal 
h

C  and vertical vC

correlation functions). After constructing C  on the surface of a sphere, these correlations 

are projected back to the model space and used to generate the error covariances. The 

estimation of background or forecast error covariances is thus reduced to estimating the 

horizontal and vertical correlation length scales as two individual parameters. 
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3.4 Covariance Parameter Estimation 

Once the covariance models, particularly for R and B  ( B  can be treated the same 

as forecast error covariance, fP ), are defined, the underlying parameters of the covariance 

model need to be properly determined. This typically involved the estimation of 

background correlation length scales ( , vh
L L ) and/or background covariance parameter (

bf ) in B  (or similarly in fP ), and observation covariance parameter ( of ) in R . In 

general, any covariance parameter can be taken into a vector, called a vector of parameters 

 , , ,o
vh

L L f=α  to be estimated, which determines the optimality of the analysis. Several 

methods are devised to estimate these parameters, most of which rely on innovation 

(observation – background) statistics. Innovation, d , contains the information from both 

observations and background (or model forecast), which has a form 

bH= −d y x , (3.17) 

where b
tx  is a vector of background (similar to a short forecast f

tx ). Estimation methods of 

covariance parameters based on innovation include  𝜒2 diagnostic (Menard and Changs 

2000; Menard et al. 2000), the Hollingsworth–Lönnberg method (Hollingsworth and 

Lonnberg 1986), maximum likelihood (Dee et al. 1999), Desroziers diagnostic (Desroziers 

et al. 2005), and cross-validation (Menard and Deshaies-Jacques 2018a). Descriptions and 

formulations of these methods with a focus on the cross-validation technique as it is 

performed in this research are provided in Appendix A.  
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Chapter  4: Data Assimilation and Inverse Modelling Methods 

In chemical data assimilation, the variable to be estimated ( x )3, also called the state 

variable, is the model state or concentrations (c), whereas in atmospheric inverse 

modelling, x  is considered as the model parameter, usually emissions (e) (Brasseur and 

Jacob 2017). Both of these systems are established with a complete and clear understanding 

of the uncertainties associated with the model (including model inputs) and observations.  

Bayes’ theorem is a standard foundation in data assimilation and inverse modelling 

approaches, where the state variable of interest (model state or model parameter) is inferred 

from observations (Rodgers 2000). It has a from 

( | ) ( )
( | )

( )

p y x p x
p x y

p y
= , (4.1) 

where ( )p x and ( )p y indicate the probability density function (pdf) of the state variable x

and observation y , respectively. ( | )p y x  is a conditional pdf of the observations given the 

true value of x . From the estimation point of view, a prior pdf of the state from the model 

simulation, ( )p x is constructed initially, then by combining it with the observations 

information and transforming back to the model space (given ( )p y  and ( | )p y x ), posterior 

(analysis) estimation of the state variable ( | )p x y  is obtained. The posterior estimation, 

which accounts for the observations, represents the improved estimation of the state 

variable.  Note that the expressions “a-priori” and “a-posteriori” are equivalently used to 

refer to “prior, and “posterior” estimations in this study.    

 

3 Alternatively referred to as control variable 
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 Let nx  be a state vector in a state space of size n (e.g., model grid cells) and 

Ax be a prior (or mean) estimate of x , such that 

A
b+=x x ε  (4.2) 

where bε  is the prior estimate error with zero mean and covariance n nB  attributed to

Ax . Assuming a Gaussian form of error ( 0( , )b N Bε ), we can obtain A
( , )N Bx x  by 

taking the expectation of x  ( AE =   xx ) and its variance ( ( )2

A
( )

T
bbE E    =

    
− = εx x ε B ) 

using Equation (4.2). Given these, the prior pdf, ( )p x , has the form  

1
A A

1

(2 ) det( )

1
( ) exp ( ) ( )

2n

Tp


− 
 
 

= − − −
B

x x x B x x . (4.3) 

 Now, considering that the observations y  be a vector of size m in observation space (

my ), which relates to the model state by an observation operator H , we have the 

expression  

y = Hx+ε , (4.4) 

 where ε is the error term of observations , also assumed Gaussian ( 0( , )N Rε ) with zero 

mean and covariance m mR . According to the observation equation (Equation (4.4)), 

if x  is given, we can obtain ( | ) ( )p p=y x ε  in the form 

11

(2 ) det( )

1
( | ) exp ( ) ( )

2m

Tp


− 
− − 

 
= −

R
y x y Hx R y Hx  (4.5) 

 where ( | )p y x  is the pdf of the observation data, also called likelihood, and 

( )
T

E   =
  

ε Rε . 

Now, we aim to find the relation for the marginal likelihood, )(p y . First, we take the 

expectation of y , and we have  



 

 68 

A
E E   

  
= =H Hy xx  (4.6) 

 Then, we take the expectation of the variance (covariance) of y , we have  

( )( )
T

E E E
 

       
  

− −y y y y  (4.7) 

 Substituting y  and E  
 
y  from Equation (4.4) and (4.6) into ( )E  

 
−y y  provides  

A A A )(E = = = 
 − − − −Hx Hx Hx +ε H x x +εy y y . (4.8) 

  Using Equation (4.2), we can replace A )( − xx into Equation (4.8) and obtain  

)( bE = 
 − H +εy y ε , (4.9) 

and then substituting Equation (4.9) into Equation (4.7) provides the expectation of the 

variance of  y  as  

( )( ) ( )( )( ) ( )
T T

b bE E E E
  

     =          

− − H ε +ε H ε +εy y y y  (4.10) 

 In order to solve Equation (4.10), we account for two estimation properties: (i) bε  and ε

are considered uncorrelated. We will not show the proof here, but it can be found elsewhere 

using different approaches, such as the one based on collocated observations (Daley and 

Menard 1993; Stoffelen 1998; Tangborn et al. 2002); (ii) for Gaussian distribution, if two 

variables are uncorrelated, then they will be shown as independent as well. Accordingly, 

based on these two properties, we can expand the right-hand side of Equation (4.10) as  

( ) ( )TT Tb b bE E   +
      

H ε ε H H ε ε ( )T TbE  +
  
ε ε H ( )TE  +

 
ε ε , (4.11) 

where the second and third terms of Equation (4.11) are each equal to zero because the 

expectation of multiplying independent bε  by ε (or vice versa) is equal to multiplying the 

expectation of each error term, which is zero (e.g., 0E   = ε ). Finally, using the definition 
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of the prior and observation error covariance ( ( )
T

bbE = 
  

εε B , ( )
T

E   =
  

εε R ) in Equation 

(4.10), one can write  

( )( )
T

TE E E
 

    =    
 

− − +HBH Ry y y y  (4.12) 

 Therefore, the marginal likelihood, )(p y , has the from  

A
) ( , )( TNp +H HBH Ry x , (4.13) 

 or specifically,  

( )
1

A A

1
)

(2 ) det( )

1
( exp ( ) ( )

2m

T

T

Tp


− 
= − − 

 
+

+
− H HBH R H

HBH R
y y yx x . (4.14) 

 We note that A−y Hx  is known as innovation, which corresponds to the part of y that is 

not explained by the 
Ax (i.e., model forecast).  

 Finally, we use the expression of the Bayes’ theorem (Equation (4.1)) to obtain the 

posterior pdf , ( | )p x y . To do this, we substitute Equations (4.3), (4.5), and (4.14) into 

Equation (4.1), and we have  

( )
1/2

/2 1/2 1/2

det( )
)

(2 ) det( ) det( )

1
( | exp

2m

T

Jp


 
=  

 

+
−

HBH R

B R
x y x  (4.15) 

 where ( )J x  is equal to 

( ) ( )

( )

( )

1

1

A A

1

A A

( ) ( )

         ( ) ( )

         ( ) ( )

T

T

T T

J
−

−

−

− −

− −

− −

=

+

− +

R

B

x y Hx y Hx

x x x x

y Hx HBH R y Hx

. 
(4.16) 

  The optimal state estimate x̂  can be obtained using two different estimation 

methods (or estimators), such as the maximum a-posteriori (MAP) estimator or the 

minimum variance (MV) estimator. The MAP estimation method consists of finding the 
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value of x  that maximizes the posterior probability of Equation (4.15). The maximum 

posterior probability, in fact, corresponds to the minimization of ( )J x  as we see in 

Equation (4.17).   

( ) ( )( )MAP ( | )ˆ argmax argmin Jp == xx yx . (4.17) 

This is the estimator that is usually used in the variational method (e.g., three-dimensional 

variational (3D-Var) and 4D-Var). In practice, we try to find the minimum of ( )J x  using 

a gradient search optimization method.  

Another estimation method, known as minimum variance (MV) estimation, 

minimizes the error variance in the posterior probability space. For example, 

𝒱 ( )  ) d( |( ) ( )T p
+



−

 = − −x x x x x x y x  defines a variance in the posterior probability 

space, where *x is the variable tends to minimize 𝒱. We can make it general by introducing 

a weighting function S on the error variance of this form 

𝒱 ( ) ( )* ** 1
 ) d( |( ) ( )T p

+

−

−
= − −x x x S x x x y x . (4.18) 

The  minimum variance estimate can be obtained by solving 
𝜕𝒱

𝜕
*x
|

*

MV
ˆ=x x

= 0, where MVx̂  

is the optimal estimate corresponding to the minimum variance estimator. Apply this 

condition to Equation (4.18), we obtain  

𝜕𝒱

𝜕
*x
|

*

MV
ˆ=x x

=
MV

1  ) d2 ˆ ( |( ) p
+

−

−+ −S x x x y x = 0, (4.19) 

 and by solving Equation (4.19) for MVx̂ , we have 

MV ) d  ) dˆ( | ( |p p
+ +

− −

= x x y x x x y x , (4.20) 
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 which is independent of S. The right-hand side of Equation (4.20) simplifies as 

MV MV MV ) d  =( | ) dˆ ˆ ˆ( | pp
+

−

+

−

=  x y xx x y x x x , (4.21) 

Since 1( | ) dp
+

−

= x y x . 

Thus, substituting Equation (4.21) into Equation (4.20), the expression for minimum 

variance estimation is obtained as  

MVx̂ = ) d |( |p E
+

−

 
 

= x yx x y x , (4.22) 

 which is equal to the conditional mean ( |E   x y ). The conditional mean can be 

calculated by knowing the probability that is usually assumed to be Gaussian. Note that for 

a linear and Gaussian estimation problem, the solution obtained from MAP and MV 

methods are the same ( MV MAPˆ ˆ=x x ). 

  In this section, we present several atmospheric data assimilation (and inverse 

modelling) systems that use the MV or the MAP estimator to find optimal estimation. In 

fact, those approaches solve estimation problems and obtain the posterior state and its error 

statistics. They mostly arise from two data assimilation categories: Kalman filtering and 

variational data assimilation. In the inverse modelling context, these two categories are 

equivalent to analytical and adjoint methods, respectively (Kopacz et al. 2010; Brasseur 

and Jacob 2017). We describe these two approaches by focusing on the former and its 

subcategories. In the analytical approach, similar to KF, the gain matrix (or the Jacobian) 

is constructed explicitly, while in adjoint inversion, a variational analysis is performed 

without constructing the gain matrix.   
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4.1 4-Dimensional Variational (4D-Var) 

The CMAQ adjoint model (Hakami et al. 2007; Zhao et al. 2020) is defined based 

on a scalar cost function J . As demonstrated in Section 3.2.3, the adjoint model computes 

the gradient of the cost function with respect to the model state or model parameter Jx . 

4D-Var data assimilation (or inverse modelling) integrates the knowledge of the model 

processes with observations and their associated uncertainties over a particular time period,

0 Nt t→ , (assimilation window). It is a method of optimizing the model state in data 

assimilation or the model parameter in inverse modelling at the initial time 0t . Since model 

trajectory in 4D-Var provides an optimal fit to all observations together, it exerts a smooth 

correction on the state variables. Note that the model parameters are sometimes assumed 

time-invariant; thus, the time subscript for the parameter can be dropped in their 

formulation. The 4D-Var cost function follows Equation (4.23), accounting for all 

observations in the assimilation window, 

1 1
A A

0

1 1
( ) γ ( ) ( ) ( ) ( )

2 2

N
T T

t t t t
t

J − −

=

= − − + − −x x x B x x y Hc R y Hc . (4.23) 

• For emissions estimation (in general parameter estimation in an inversion), the state 

vector x  denotes emissions (i.e., =x e ), Ax  is emissions a-priori representing prior or 

baseline emissions (i.e., b
A =x e ), B  is equivalent to prior emissions error covariance 

(i.e., =B Ε ), and γ  is a tunable parameter.  

• For concentrations estimation (in general model state estimation for assimilation), the 

state vector x  denotes initial concentrations (i.e., 0=x c ), Ax  is the model forecast of 

initial concentrations (i.e., 
A 0

f=x c ), B  represents forecast error covariance, and γ=1 .  
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We remark that since H  is applied to concentrations in Equation (4.23), it only represents 

the observation operator between concentrations and observations, thus does not integrate 

the model M . γ is a regularization factor that is commonly used in emissions inversion to 

scale the impact of prior error covariance relative to the observation error covariance. In 

other words, the deviation from the prior estimates in the cost function is weighted against 

the deviation from the observations and model together (Hakami et al. 2005). In this 

research, we attempt to find the optimal value of γ based on the method used by Lu et al. 

(2021).  

 The evolution of the model state c  based on the atmospheric transport model ( M ) 

equation and stationary emissions e  is expressed as 

1( , )t t−=c M c e . (4.24) 

If the model is perfect, it provides strong constrain on the evolution of the state 

vector, which leads to a strong-constraint 4D-Var (or simply 4D-Var); however, the model 

can suffer from various types of errors ( tε ), such as numeral discretization error, 

representation error, and errors due to insufficient modelling of sub-processes. Another 

form of 4D-Var that allows for the evolution of model error is known as weak-constraint 

4D-Var, where the evolution of the model is given by  

1( , )t tt−= +c M c e ε . (4.25) 

Taking a similar definition of variables from the explanations in Equation (4.23), the cost 

function for the weak constraint 4D-Var is 

1 1 1
A A

0 0

1 1 1
( , ) ( ) ( ) ( ) ( )

2 2 2

N N
T T T

t t t t t t t
t t

J − − −

= =

= − − + + − − x ε x x B x x ε Q ε y Hc R y Hc , (4.26) 
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where Q  is model error covariance. In this case, the cost function is minimized with respect 

to the state variable (either emissions or concentration) and model error simultaneously. 

Several studies applied this method in their assimilation or inverse modelling scheme and 

examined its capability (Stanevich et al. 2020; 2021). Despite the fact that a weak constrain 

4D-Var aids in identifying the source of model bias over the whole model trajectory, the 

cost of implementing and simulating such a method is extremely high. Many studies also 

indicate that the impact of incorrect prior emissions is significantly higher than the model 

error throughout assimilation/inversion; hence, they do not account for this in their 

estimation problem. In addition, given the accumulation behaviour of the model errors over 

time, its impact can be even smaller for a short assimilation window. In this research, a 

strong 4D-Var method for methane emissions inverse modelling over a regional domain of 

CMAQ is considered. 

The minimization of the cost function in Equation (4.23) requires the gradient Jx

, which is obtained by making a perturbation in the model parameter or initial state. The 

adjoint model provides an efficient way to compute the gradient (see Section 3.2.3). 

Accordingly, the gradients of J  have a form 

( )1 1
A

0

( ) γ ( ) ( )
N T

t t t
t

J − −

=

 = − + −x B x x M R y Hc , (4.27) 

where 
t


 =



M
M

x
 is a tangent linear model (equivalent to the Jacobian matrix in an explicit 

calculation), and ( )
T

tM is the adjoint model. The minimization of the cost function in 

Equation (4.23) can be accomplished through variational analysis. A mathematical 

derivative of this method can be found in the literature using an adjoint method or a by 

applying the method of the Lagrangian multiplier (Sandu et al. 2005; Elbern et al. 2007; 
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Hakami et al. 2007; Henze et al. 2007). We note that the adjoint model does not necessarily 

involve in construction of an explicit form of ( )
T

tM , instead, it acts as an operator 

application of ( )
T

tM to a vector that initializes it, also known as adjoint forcing. 

In practice, an adjoint system starts with a pass of a forward model simulation over 

the assimilation time window 0 Nt t→ , during which it computes the adjoint forcing,

1
t,A( )t

− −R y Hc , for all the observations over that period. The adjoint model involves a 

backward integration of the model for a new variable (i.e., adjoint variable). In the 

backward integration, we force the adjoint model with the collected forcing and propagate 

it backward in time. This process repeats for each new forcing along the way of integrating 

back in time from 0Nt t→ . At the final time of the backward integration, the cost function 

gradient is obtained as ( )J
A

x . Using a gradient-based optimization algorithm (e.g., 

Limited-memory Broyden-Fletcher-Goldfarb-Shanno (L-BFGS), (Byrd et al. 1995)), one 

can find an updated estimate on x . However, minimization of the cost function may 

require a number of iterations (due to nonlinearity of dynamic system or non-Gaussianity 

of error assumptions) until convergence.  

4D-Var assimilation/inversion is an efficient method to constrain the model 

state/parameter at the native model resolution. It does not have a computational limitation 

on the size of the state vector or the observations, and the error pdf does not need to be 

Gaussian. However, besides the assumption of a perfect model, 4D-Var does not provide 

an estimate of the posterior (analysis) error covariances as part of the solution. We note 

that for an assimilation/inversion system that relies on different types of uncertainties in 
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the model and observations, it is crucial to find an accurate and realistic estimate of analysis 

error covariance corresponding to the optimal solution.  

An alternative (in 4D-Var) for estimating the posterior error covariance is to obtain 

the Hessian matrix, 2Jx  (the second derivative of the cost function). However, full 

construction of that requires N+1 simulations, which is computationally prohibitive for a 

large state vector. Nevertheless, different approximation methods have been introduced to 

fully or partially compute the posterior error covariance, mainly divided into implicit 

(deterministic) and explicit low-rank estimation (stochastic approaches). Bousserez et al. 

(2015) and Bousserez and Henze (2018) detailed the theoretical analysis of those methods 

with a focus on the explicit approach. 

4.2 Ensemble Kalman Filter (EnKF) 

Another category of data assimilation approach exists that does not rely on optimization 

based on variational analysis. It is derived from linear estimation theory and is widely 

known as Kalman filtering. The standard Kalman filter (KF) and its variants, including the 

extended Kalman filter (EKF) and RTS extended Kalman smoother (RTS-EKS), are 

described in detail in Appendix B, mainly since they provide a limited application for the 

high-dimensional state space problem of atmospheric models. The ensemble Kalman filter 

(EnKF) is another extension to the Kalman filter method that is designed to deal with 

nonlinearity (and non-Gaussianity) in large state space estimation problems; thus, it is 

practical for the application of chemical data assimilation and atmospheric inversions. The 

main difference between EnKF and EKF (see Appendix B) is that EnKF, contrary to EKF, 

does not rely on the linearity of the system. In other words, the model M and the 

observation operator H are used in their default nonlinear form; hence, a linearization is 
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not required. In order to keep the computational cost of estimating the state and error 

covariance in EnKF low, a limited number of realizations (or ensembles) of the state are 

initialized, typically by random sampling. One major characteristic of EnKF with a limited 

number of ensembles and random perturbations that distinguish it from a typical 

metaheuristic optimization algorithm (e.g., genetic algorithms) is that EnKF updates the 

states and error covariances by providing new information (observations) over time; thus, 

the estimation is built upon the past and current state of the system (and is also time 

dependent).     

In atmospheric data assimilation, the idea of EnKF was introduced by (Evensen 1994) 

to respond to the two main challenges in the previous form of Kalman filtering in the high 

dimensional system. (i) high computational cost of constructing and propagating the error 

covariance matrix using the TLM, and (ii) approximation of the nonlinearity of a system 

by TLM, which may lead to underestimated error covariance estimate (i.e., filter 

divergence) depending on the degree of nonlinearity of the system and time discretization. 

The EnKF algorithm was amended later (Evensen 2009a; Houtekamer and Mitchell 1998; 

2005), and several subcategories have been developed to improve the performance of this 

approach and to address its issues. A detailed review of these methods is provided in 

Houtekamer and Zhang (2016). We present a brief illustration of the EnKF algorithm 

below. 

The EnKF method generally approximates the state and error covariance of a high-

dimensional system with a limited N number of random samples or ensembles, where each 

realization requires an individual model integration. In this case, the ensemble mean and 

its pdf represent the model state and its uncertainty. Given ( )ix  the model state for the ith 
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ensemble member, the mean state of the system tx  and the error covariances f
tP are 

computed from ensembles. For 1i N= and timestep [t, t+1], the two steps of the 

algorithm are as follows 

• Analysis step 

( )( ) ( ) ( )f fa
t t t t t ti i H i= + −x x K y x  (4.28) 

( )
1

1

1

( )
TN

f f f fT
t t t t t t t

i f fT T
t t t t t tTN

f f fT
t t t t t t t t t

i

H i H

H H H

H H H H

−
=

=


   
      


  
  

   

= − −

 = +

= − −





P x x y x

K P P R

P y x y x

 
(4.29) 

• Forecast step 

1 1
( ) ( )f a

tt t
i M i 

+ +
= +x x  (4.30) 

1 1

1

( ),  ( ),

( ) ( )

N N
f f f f
t t t t t t

i i

TN
f f f f f

t t t t t
i

i H H i

i i

= =

=

  
  
  

= =

= − −

 



x x x x

P x x x x

, (4.31) 

where M and H represent a nonlinear model and observation operator, and K denotes the 

Kalman gain matrix. Equivalent to the forecast equations, the mean value of the analysis,

a
tx , and the analysis error covariance 

a
tP  can be obtained as part of the solution.  

The Ensemble Kalman filter method has been used extensively in data assimilation 

(and inverse modelling), mainly due to its lower computational expenses than those that 

require the adjoint model or TLM. However, in order to obtain a good approximation of 

the error statistics of the system, adequate realizations (ensemble members) are required 

depending on the size, scale, and application of the problem. Theoretically, increasing the 

number of ensembles more effectively represents the underlying pdf, yet in practice, a few 

dozen ensembles are usually appropriate, depending on the system's complexity. For 



 

 79 

example, in atmospheric chemistry, Zubrow et al. (2008) used 20 ensembles for their CO 

assimilation with CMAQ; Miyazaki et al. (2012) found that they could achieve an optimal 

estimation with 32 ensemble members, and Peng et al. (2015) used 48 ensembles for CO2 

flux inverse modelling with CMAQ.  

Besides the computational cost of generating ensembles, EnKF faces the challenge 

of sampling error due to a low-rank approximation (i.e., a limited number of ensembles 

that represent the full error covariance of a high dimensional system). The low-rank 

approximation is often accompanied by a spurious long-range error correlation (Evensen 

2009b), which can strongly affect the performance of EnKF assimilation/inversion (e.g., 

result in filter divergence). Yet, some techniques aid in dealing with that problem, 

particularly localization (Bocquet 2016; Houtekamer and Mitchell 2005) and filtering of 

variance or correlation length scale (Raynaud et al. 2009; Berry and Sauer 2013). Another 

challenge with EnKF is that the limited number of ensembles can result in an 

underestimation of ensemble spread, as a form of error variance loss (Menard et al. 2021), 

which again negatively impacts the performance of the assimilation. Inflation of error 

variance is a technique commonly used to alleviate this kind of problem (Miyoshi 2011). 

Although the localization and inflation techniques make EnKF perform more stable than 

before, there is not a well-adapted adjustment for all problems; in other words, it requires 

a careful assessment of the assimilation system behaviour, depending on the domain and 

application. All these considered, another type of Kalman filtering assimilation exists that 

avoids facing the shortcomings of EnKF. This category relies on the parametrization of the 

covariance matrices, also known as covariance modelling, which attempts to replicate the 

form and evolution of error covariances explicitly in an assimilation/inversion system. 
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Before describing this new assimilation system upon which our thesis analysis is built, we 

need to identify how a covariance model performs in an assimilation framework, and 

particularly, how appropriate parameters corresponding to the optimal solution are 

determined in covariance models. Hence, it is recommended to review the materials in 

Section 3.3 about covariance modelling and in Section 3.4 and Appendix A about 

covariance parameter estimation. 

4.3 Paramteric Varaince Kalman Filter (PvKF) 

The parametric variance Kalman filter is a simplified version of the Parametric 

Kalman Filter (PKF).  Instead of evolving error covariance matrices as in Kalman Filter, 

the PKF evolves the characteristic parameters of the error covariance. An error covariance 

function is often characterized by its variance and correlation length scales. The PKF offers 

evolution equations to the error variance and correlation length scales (in time and 

space). With the parametric variance Kalman filter (PvKF), only the error variance is 

evolved (in time and space), and the error correlation is assumed to be homogeneous, 

isotropic, and stationary. 

PvKF also meets the fundamental assumptions generally used in Kalman filtering, 

which are briefly reviewed as follows. First, all errors in our state space, including the 

model and observations errors, are assumed to be white noise, meaning that they are 

sampled from a Gaussian distribution with zero mean. Second, observation errors are 

typically assumed to be uncorrelated to each other in space and time. Third,  observation 

errors are also uncorrelated with model (forecast) errors, mainly because the model 

operator (M) and the observation operator (H) are independent. Fourth, methane chemistry 
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is assumed to be linear (see Section 2.1.2), so that PvKF as a linear estimation system is 

expected to reasonably perform for methane assimilation or inversion.  

This thesis in Chapters 5 and 6 presents the development and results of the PvKF 

assimilation system using GOSAT methane and the hemispheric CMAQ model (Voshtani 

et al. 2022a, 2022b). It is shown that the PvKF algorithm, besides its simplicity, is well-

adapted for the assimilation of long-lived species without loss of variance. In fact, the total 

variance field is preserved for a certain revisit time of the satellite retrieval (e.g., 3 days). 

Since PvKF assimilation is proposed in this thesis, more details prior to its development 

with hemispheric CMAQ and GOSAT methane (presented in Chapter 5), including the 

background information and formulations, are needed to be reviewed. First, some 

important theoretical background of the PvKF, particularly the derivation of the continuum 

representation of error propagations, are provided in Sections 4.3.1 to Section 4.3.3. This 

includes an example of simple dynamics, followed by two forms of solutions: (i) solutions 

by operator splitting and (ii) solutions by method of characteristics. Second, the algorithm 

of PvKF assimilation are presented in Section 4.3.4. 

4.3.1 Continuum Representation of Covariances: A Simple Dynamical Model 

The PKF approach features the continuum representation of covariance matrices in 

time and space. In a 1D problem, for example, covariances have a functional form 

(operators) of a pair of spatial coordinates (𝒙1, 𝒙2) and time t. The time evolution of such 

a covariance function can be divided into two separate functions, each representing the 

dynamics with respect to one spatial coordinate. Using an operator splitting technique 

(Strang 1968), one can integrate the two operators with a dynamical model (e.g., advection-

diffusion transport). Nevertheless, for a pure advection system, a solution to the original 
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problem can also be obtained without operator splitting. This method, known as the method 

of characteristics (Cohn 1993), is applied in PKF assimilation to propagate the error 

variance using a purely advective dynamical scheme. In fact, it is shown that for a system 

with no model error, the error variance obeys the advection equation; thus, it can be 

propagated without knowledge of error correlations. As this approach frames the core of 

the PKF algorithm (and its variants), including the assimilation scheme applied in this 

thesis, we describe it as follows. 

 First, a simple form of a dynamical model (i.e., 1D linear advection model) is 

shown, then solutions to that model by both the operator splitting method and the method 

of characteristics are expressed.   

 Let us define a 1D linear advection equation in a form 

( , ) 0
c c

u x t
t x

 
+ =

 
, (4.32) 

where c  represents the concentration of a tracer and ( , )u x t  denotes the 1D wind field. 

Given that the error only originates from concentrations (not wind), it follows the same 

differential equation as  

( , ) 0u x t
t x

  
+ =

 
, (4.33) 

where   is the error of c  with respect to the truth (i.e., tc c = − ). For a continuous 

representation of ( , )x t , the error covariance function 1 2( , , )P x x t  at time t, is the covariance 

of 1( , )x t  with 2( , )x t at time t, (i.e., 1 2 1 2( , , ) [ ( , ) ( , )]P x x t E x t x t = ), where E  denotes the 

expectation operator, and 1x  and 2x , represent two spatial coordinates. Note that given the 

dimension of the spatial space N, the covariance P  has N×N dimension; hence, for the 1D 

advection problem, the covariance evolution equation will be in 2D. Following (Cohn 
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1993), we specified an extended spatial space ( 1 2,x x ), where 1 1( , )x t =  and 2 2( , )x t =  

both follow the advection formulation in Equation (4.33). Multiplying the evolution of the 

error equation of 1  (or 2 ) in Equation (4.33) with the error 2  (or 1 ) yields  

1 1 2
2 1

1

2 2 1
1 2

2

( )
( , ) 0,

( )
( , ) 0,

u x t
t x

u x t
t x

  


  


 
+ =

 

 
+ =

 

 (4.34) 

where 1( , )u x t and 2( , )u x t  are the same wind field, but applied to different coordinates. 

Adding the two equations (in Equation (4.34)), and taking the expectation of each term, we 

obtain 

1 2( ) ( ) 0
P

L P L P
t


+ + =


, (4.35) 

where 1L  and 2L  are linear operators of the form 

( , )         ( 1,2).
k k

k

L u x t k
x


= =


 (4.36) 

Further details and the generalization of this approach to higher dimensions are detailed by 

Cohn (1993) and later discussed in Ménard (2000) and Menard et al. (2021). The solution 

to Equation (4.35) can be demonstrated using two approaches: (i) operator splitting and (ii) 

method of characteristics as follows.  

4.3.2 Solutions by Operator Splitting 

An important property of linear operators 1L  and 2L  is that they can commute over 

an arbitrary function 1 2( , , )f x x t , such that 1 2 2 1L L f L L f= . Accordingly, the solution of 

Equation (4.35) can be obtained using the operator splitting technique (Strang 1968). To 

demonstrate this, let 
1 2

( , , ;0)
f

x x t  be the solution to Equation (4.35) from [0, 𝑡𝑓]; we have 
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1 2 1 2 1 2( , , ) ( , , ;0) ( , ,0)
f f

P x x t x x t P x x= . (4.37) 

One can show that the solution 
1 2

( , , ;0)
f

x x t  can be decomposed and expressed in a form  

1 2 1 1 2 2 1 2( , , ;0) ( , , ;0) ( , , ;0)
f f f

x x t x x t x x t  = , (4.38) 

in a way that 
1 1 2
( , , ;0)

f
x x t  and 

2 1 2( , , ;0)
f

x x t  become the solutions to equations  

1( ) 0
P

L P
t


+ =


, (4.39) 

2( ) 0
P

L P
t


+ =


. (4.40) 

Thus, with operator splitting, the solution to Equation (4.39) is expressed as  

1 2 1 1 2 1 2( , , ;0) ( , , ;0) ( , ,0)
f f

P x x t x x t P x x = , (4.41) 

while it is used as an initial condition for solving Equation (4.40), yielding   

1 2 2 1 2 1 2( , , ;0) ( , , ;0) ( , ,0)
f f

P x x t x x t P x x = . (4.42) 

Finally, the solution of the error covariance propagation equation (Equation (4.35)) can be 

obtained by combining Equations (4.39) and (4.40). In fact, the solution is obtained by 

propagating the error covariance in 1x  followed by the propagation in 2x . Due to the 

commutativity of operators, the order can be reversed, and furthermore, the solution to 

Equation (4.35) is exact.  

Operator splitting can be applied similarly to the discrete formulation. Considering 

the vector of initial error (error standard deviation), (0)σ , the propagator (i.e., model 

matrix) of the error 0,tM leads to computing the error at time t, ( )tσ . Applying the model 

matrix on the initial error covariance matrix, (0) [ (0) (0)]TE=P σ σ , a discretized form of 

the solution in Equation (4.41) and Equation (4.42) from time 0 to t  are obtained as 
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( ) (0)t =P MP , (4.43) 

and 

T
( ) ( )t t 

 
=P M P . (4.44) 

The transpose in Equation (4.44) emphasizes the action of M  on the second spatial 

coordinate in the covariance matrix (rows of ( )tP , instead of columns). Thus, combining 

Equations (4.43) and (4.44), the discrete solution of Equation (4.35) at time t is expressed 

as 

T T T( ) ( ) (0) (0)t t   
  

= = =P M P M MP MP M . (4.45) 

Equation (4.45), in fact, represents the error covariance propagation of the standard Kalman 

filter for a discrete space and model. 

4.3.3  Solutions by Method of Characteristics 

Let us consider that a particle   in the air starts moving along the trajectory t , 

and its position x  at time t can be expressed as 

( , ) ( )tx t  =  . (4.46) 

By solving the characteristics equation (Equation (4.47)), given the wind field ( , )u x t , 

( , )
dx

u x t
dt

= , (4.47) 

one can obtain the trajectory for a specified time window [0,t]. Equation (4.35) is, in fact, 

a hyperbolic equation for a pair of particles 1 2( , )   with trajectories 1( )t  and 2( )t  , 

and characteristics 1 1( , )x x t =  and 2 2( , )x x t = that are solutions of  

1 2
1 2( , )  ,   ( , )

dx dx
u x t u x t

dt dt
= = . (4.48) 
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Hence, the covariance function between these pairs of particles (i.e., 1 2 1 2( , , ) ( , , )P x x t P t  =

) satisfies the conservation equation: 

0
dP

dt
= , (4.49) 

which indicates that the covariance function between any arbitrary pair of particles along 

the trajectory is conserved. Note that all trajectories use the same wind field u , yet can 

apply to different positions.  

One can show that the conservation property in Equation (4.49) is always valid for 

the error variances. To show this, we assume that the position of two particles coincides 

initially, such that 1 2(0) (0)x x= ; then, according to Equation (4.49), they remain coincident 

after any period of time t (i.e., 1 2( ) ( )x t x t= ). Knowing that the covariance evaluated at the 

same coordinates represents the variance (i.e., ( , , ) ( , )P x x t V x t= ), the variance is conserved 

and follows the advection equation,  

( , ) 0
dV V V

u x t
dt t x

 
= + =

 
. (4.50) 

We note that all these properties are derived in Cohn (1993), where further details and 

generalizations to a higher dimension are demonstrated. 

4.3.4 PvKF Algorithm   

PvKF maintains a similar strategy used previously in sequential filtering as an 

efficient technique for high dimensional data assimilation systems, particularly for 

estimating long-lived chemical species such as stratospheric ozone. The error correlation 

in this method is computed at every assimilation cycle on the fly, as needed, using the 

correlation functions between a pair of points without the need to store a large matrix in 
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state-space. A 3D covariance function between two model state gridpoints (

( , , ), ( , , )x y z x y zx x ) thus has a form 

( , , ) ( , ) ( , , ) ( , )P t t C t t   =x x x x x x  (4.51) 

where   is the standard deviation at a point and time ( , )tx , and ( , , )C tx x denotes a 

correlation function with a common form (e.g., Gaussian, FOAR, SOAR, diffusion model) 

with a determinable correlation length scale. 

  A summary of how analysis and forecast assimilation steps are configured within 

PvKF for timestep [t, t+1] are as follows (Appendix C2 details the algorithm). 

• Analysis step 

( )f fa
t t t t t tH= + −x x K y x  (4.52) 

( )
1

( ) ( )f f f f f fa T T
t t t t t t t t t t t t

−

= − = − +P P K H P P H P H P H R H P  (4.53) 
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f f T
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x

x

x x

x x H P

x x P H K H P H P H R

x x H P H

 
(4.54) 

• Forecast step 

1 1
( ) ( )f a

tt t
i M i

+ +
=x x  (4.55) 

1 1( ) ( )f a
tt ti M i

+ +=σ σ  (4.56) 

where M  and M  are the forecast and advection scheme of the native forecast model, 

respectively, and σ  is a vector of error variance   at every point. The forecast error 

variance vector is accompanied by a similar correlation model as used in Equation (4.51), 

resulting in an updated error covariance after the forecast. 
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4.4 General Form of Parametric Kalman Filter (PKF) 

A general form of Parametric Kalman Filter (PKF) is developed by Pannekoucke 

et al. (2016), where the evolution of error covariance, including the error variance and 

correlations, is characterized by a certain number of parameters. In other words, the full 

description and evolution of a large error covariance matrix are approximated with a local 

characteristic of variance and the local shape of the correlation function. Accordingly, a 

diffusion covariance model, where the covariance matrix P  is replaced by a diffusion 

covariance model 
.diff

P  is developed, such that  

.
T T

diff
= =  P P LL , (4.57) 

where   is a diagonal matrix of error standard deviations, and L denotes the propagator 

of the diffusion equation with a function form 

1
 (  )

2e
 

=L . (4.58) 

In Equation (4.58),   is a local diffusion tensor and 2V =   represents the variance 

field. The diffusion covariance model allows for constructing heterogeneous correlation 

functions, which have a particular property in designing a local diffusion tensor. The 

dynamic of the full covariance matrix is then reduced to the dynamics of   and V .  

Pannekoucke et al. (2016, 2018a) showed how the forecast and analysis steps of 

assimilation are devised based on these two parameters using the application of a simple 

advection-diffusion scheme and nonlinear diffusive of Burgers equation. Compared with a 

full Kalman filter, it was shown that the parametric formulation is able to reproduce the 

main features in the evolution of real variance and correlation length scales (even using an 

anisotropic formulation of the covariance function) (Pannekoucke et al. 2018a; 

Pannekoucke et al. 2021). The application of this method has been examined for 1D/2D 
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assimilation problems, yet has not been implemented in realistic assimilation of a particular 

observation network. Despite the approximation of the dynamic of error covariances, 

which is also taken into account explicitly/implicitly in EnKF/4D-Var, the PKF method 

can dramatically reduce the computational cost of the covariance forecast. It neither needs 

ensembles nor the adjoint model, while allowing for the inclusion of the modelling error 

growth (e.g., transport error) within the assimilation system (Voshtani et al. 2022a), which 

is not the case in standard 4D-Var.  
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Chapter  5: Assimilation of GOSAT Methane in the Hemispheric 

CMAQ; Part I: Design of the Assimilation System 

In this Chapter 5, a parametric Kalman filter data assimilation system using 

GOSAT methane observations within the hemispheric CMAQ model is demonstrated. The 

assimilation system produces forecasts and analyses of concentrations and explicitly 

computes its evolving error variance while remaining computationally competitive with 

other data assimilation schemes such as 4-dimensional variational (4D-Var) and ensemble 

Kalman filter (EnKF). The error variance in this system is advected using the native 

advection scheme of the CMAQ model and updated at each analysis while the error 

correlations are kept fixed. We discuss extensions to the CMAQ model to include methane 

transport and emissions (both anthropogenic and natural) and perform a bias correction for 

the GOSAT observations. The results using synthetic observations show that the analysis 

error and analysis increments follow the advective flow while conserving the information 

content (i.e., total variance). We also demonstrate that the vertical error correlation 

contributes to the inference of variables down to the surface. In the next chapter, we use 

this assimilation system to obtain optimal assimilation of GOSAT observations. 

5.1 Introduction 

Methane is the second most important greenhouse gas (GHG) after CO2, 

contributing to about 16% of the anthropogenic radiative forcing of all types of GHGs 

(Myhre et al. 2013; Etminan et al. 2016; Saunois et al. 2020). The globally averaged 

methane concentration has risen sharply since 2007, while the largest annual increase of 

methane (15.85 ±  0.47 ppb) was recorded in 2020 (Butler and Montzka 2020). Owing to 

a stronger warming potential and a significantly shorter lifetime compared to CO2, the 
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reduction of methane has drawn much attention in GHG mitigation policy (Dlugokencky 

et al. 2011; National Academies of Sciences 2018; Fletcher and Schaefer 2019; Nisbet et 

al. 2020). Furthermore, a higher methane concentration increases tropospheric ozone 

production, which is a critical problem, especially in populated areas in the Northern 

Hemisphere (Fiore et al. 2002; Forster et al. 2007b). Methane is also identified as a major 

factor in the production of stratospheric water vapor, which indirectly affects the oxidation 

of other pollutants in the atmosphere (Brasseur and Jacob 2017). 

Because of its impact on atmospheric chemistry and climate, better characterization 

of methane concentrations, and subsequently, inverse modelling of its emissions, has 

received significant attention over the past decade (Jacob et al. 2016; Turner et al. 2019; 

Wang et al. 2019; Kuze et al. 2020; Saunois et al. 2020; Lu et al. 2021; Qu et al. 2021). 

While most past studies have focused on the global inversion of methane sources at low 

spatial resolution, inversions over regional domains and at higher resolutions are important 

for constraining anthropogenic sources, such as fugitive and high-emitting sources from 

industry (e.g., oil and gas fracking, natural gas production) (Zavala-Araiza et al. 2015; 

Johnson et al. 2017; Zavala-Araiza et al. 2017; Fox et al. 2019). Inverse modelling of 

methane on a highly resolved regional domain requires an accurate estimate of both the 

initial concentrations within the domain and the inflows of methane at the lateral 

boundaries of the regional model and their uncertainties. In other words, the contribution 

from emissions on a short time scale (e.g., a week to a month) of a regional domain can be 

significantly smaller than the inflow mass from the lateral boundary (Wecht et al. 2014). 

From an estimation point of view, the emissions signal (in inverse modelling) is masked 

by a much larger contribution from the state. Therefore, it is important to reduce the state 
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uncertainty to a level comparable to the signal that we want to extract in inverse modelling. 

The scheme we have developed and verified by cross-validation in Chapters 5 and 6 

permits us to estimate the error variance of the state, which hopefully will be reduced 

enough by assimilation to extract the signal of the emissions. 

Estimating the concentrations (i.e., in our case, the model state), whether for the 

purpose of constraining the initial conditions or boundary conditions or the whole domain 

in space and time, is a typical problem of data assimilation. We may contrast it with an 

inverse modelling problem where the variable to be estimated is not the model state, but 

rather a model parameter, such as the emissions. Furthermore, we should remark that the 

forward model in the data assimilation usually relates the estimated variable (i.e., a model 

concentration) with the observed variable (e.g., a column measurement). Hence, the 

forward model in the data assimilation context depends only on the measurement or 

instrument characteristics, such as the vertical averaging kernel or the radiative transfer 

problem when the radiance measurement is the observation (i.e., Level 1B data acquired 

by satellites). In inverse modelling, the forward model relates, instead, the estimated 

parameter (i.e., emissions) with observations, and thus has to include the transport model 

(i.e., dynamic model of the atmosphere). See the tutorials in Kasibhatla et al. (2000) for the 

commonalities and differences between inverse modelling and data assimilation. 

Data assimilation has issues of its own, and several methods have been developed, 

such as the ensemble Kalman filter (EnKF), 4-dimensional variational (4D-Var), and 

hybrid ensemble-variational methods (see Asch et al. 2016) for a detailed review). These 

methods require several model integrations (on the order of 30 to 100) for the state 

estimation. Ensemble methods are well-adapted for nonlinear atmospheric models, 
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whereas variational methods are well-fitted for nonlinear observation operators (i.e., 

forward model in data assimilation context). However, regardless of nonlinearity, all data 

assimilation methods face the challenge of their applicability to large state-space models 

(e.g., atmospheric models state-space). For 3D- and 4D-Var, the applicability of the 

assimilation algorithm to large state-space is made possible with the introduction of the 

adjoint of operators combined with the use of an initial or background error correlation, 

assumed to be homogeneous and isotropic. In this case, the effect of multiplication of an 

(homogeneous and isotropic) error covariance with a state vector can be obtained as a 

sequence of operators without involving the storage of extremely large covariance matrices 

(Gauthier et al. 1999; Gauthier et al. 2007; Errera et al. 2008; Errera and Menard 2012) 

(see Massart et al. (2014) for 4D-Var assimilation of methane). For EnKF methods, 

applicability to large state-space arises from the use of a limited number of model 

integrations (e.g., 30–100 ensemble members) in combination with a localization 

performed with a Schur product of a tapering correlation function. The localization not 

only eliminates the spurious correlations at large distances but also increases the rank of 

the sample covariance to a value larger than the dimension of the state-space (as required 

by the assimilation algorithm), thus providing a full rank forecast error covariances to 

assimilate observations (Houtekamer and Zhang 2016). A comparison between EnKF and 

4D-Var chemical data assimilation methods (i.e., to estimate the state, not the emissions) 

was conducted using a stratospheric chemistry transport model (Skachko et al. 2014; 

Skachko et al. 2016). 

Another approach designed for the assimilation of long-lived chemical species is 

based on simplified Kalman filtering. This method is well-adapted to large state-space and 
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linear problems and exploits the properties of the continuity equation. In this scheme, the 

error variance is computed explicitly using only a single model integration. This 

assimilation method, historically also known as the sequential filter, was first used in the 

assimilation of long-lived chemical species in the stratosphere, both in case studies and 

over long time periods. In particular, it was used for the assimilation of MOPITT CO to 

perform a reanalysis of stratospheric ozone and to diagnose model error (Khattatov et al. 

2000; Menard and Changs 2000; Menard et al. 2000; Eskes et al. 2003; Rosevall et al. 

2007; van der A et al. 2010). This scheme is, in fact, part of a larger class of algorithms 

under development called parametric Kalman filters (PKF), where additional covariance 

parameters, such as correlation lengths, are evolved over time (Pannekoucke et al. 2016; 

Pannekoucke et al. 2018a; Pannekoucke et al. 2021). In its simplest form, where only the 

error variance is evolved, we will call this algorithm the PvKF for parametric variance 

Kalman filter. The PvKF requires only two model integrations, one for the state estimate 

and the other for its error variance (or uncertainty) and seems well-adapted for the 

assimilation of methane as a long-lived species. Considering a lifetime of about 10 years 

(Prinn et al. 2005; Prather et al. 2012) and limited atmospheric chemistry (Jacob et al. 

2016), together with a linear observation mapping with smooth averaging kernels (such as 

those from GOSAT), renders the whole assimilation problem quasi-linear. In terms of 

algorithm computational efficiency, the applicability of the parametric Kalman filter (or 

PvKF) to large state-space is made from the correspondence between the continuous and 

discrete representations of the different operators, more specifically between spatial 

correlation functions and the corresponding correlation matrices. This idea was originally 

developed for the Optimal Interpolation (OI) method. Although OI is often used in 
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conjunction with a data selection procedure to process a large number of observations by 

batches, we may not need such a procedure (data selection) if the number of profiles per 

time step is relatively small so that matrices in observation space can be directly inverted. 

The main idea underlying the applicability of OI to large state-space comes from 

computing the error correlations on the fly, as needed, using a continuous correlation 

function between a pair of points without the need for the storage of a matrix in state space. 

It also has the advantage that spatial correlation functions can be represented on any grid 

(Gaspari and Cohn 1999). Note that the comparison of the computational cost mentioned 

above is for different assimilation schemes (not emissions inversion). The purpose of this 

chapter is to design the assimilation of GOSAT observations using the PvKF approach with 

the hemispheric version of the Community Multiscale Air Quality (CMAQ) model. In the 

next chapter, we use this assimilation system to obtain optimal assimilation of GOSAT 

observations and realistic error covariance parameters, including observation and model 

error and correlation lengths. We envision that the development of the current hemispheric 

assimilation system will be used in the future on a limited domain for joint data assimilation 

and emission inversion using the regional CMAQ model. 

The organization of Chapter 5 is as follows. In Section 5.2, first, we present the 

modifications made to CMAQ to include methane as an evolving species and, in particular, 

how anthropogenic and natural emissions of methane can be incorporated into the SMOKE 

processing system. Then, we explain how to use the observation averaging kernels and a 

priori provided by the GOSAT data in a form useful for the hemispheric CMAQ grid and 

for assimilation. In Section 5.3, we describe the PvKF and how the scheme can be adapted 

for a large state space, such as the CMAQ model. Section 5.4 details other aspects of the 



 

 96 

assimilation system, specifically, the initial conditions, the observation bias correction, and 

the formulation of homogeneous isotropic correlation models in the uniform hemispheric 

CMAQ grid. We close this section with a description of the parameters used in the error 

covariance matrices. Finally, in Section 5.5, we conduct simulated observation 

experiments, in particular, the one-observation experiment that permits the verification of 

the algorithm and the assumptions used for propagation of error variance. We conclude 

Chapter 5 with an estimation of the computational cost of such an algorithm. 

5.2  Model and Observation Operator 

5.2.1 Modifications of CMAQ to Handle Methane Transport and Emissions 

CMAQ is a limited-area model developed by the U.S. Environmental Protection 

Agency (EPA) (Byun and Schere 2006) that is used as a regional model driven at the lateral 

boundaries by the hemispheric version of this model (referred to as H-CMAQ) (Mathur et 

al. 2017). H-CMAQ, based on CMAQ v5.3, is used here to simulate and assimilate methane 

in the Northern Hemisphere. For all practical purposes, a hemispheric model does not need 

to account for the inter-hemispheric exchange of mass for time scales up to several months 

(Brasseur and Jacob 2017). The domain covers the Northern Hemisphere on a polar 

stereographic projection (see Figure C.1 in Appendix C1), which includes 187 × 187 grid 

cells horizontally with a 108 km grid spacing and 44 vertical layers extended from the 

surface to the model top at 50 hPa. The modified vertical structure of H-CMAQ maintains 

finer resolution than regional CMAQ above the boundary layer, aiming at a better 

representation of transport processes, also suitable for long-lived species (Mathur et al. 

2017). We modified H-CMAQ to account for methane concentrations and emissions. 

Methane can be configured either as an inert trace gas or a reactive gas-phase species 
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oxidized by hydroxyl radical (OH). Figure C.3 (Appendix C4) shows an example of 

concentration loss due to chemical reactions after two weeks. We considered reactive 

methane with the gas-phase model within CMAQ v5.3 and based on the CB06 chemical 

mechanism (CMAQ tutorials 2021). The error variance is treated as a chemically inert 

tracer in CMAQ, subject only to an advection-only transport scheme. 

Our data assimilation system includes methane emissions of both anthropogenic 

(~60%) and natural (~40%) sources. For the anthropogenic emissions, we obtained all 

available source sectors from the Emission Database for Global Atmospheric Research 

(EDGAR v6) (Crippa et al. 2020; Crippa et al. 2021). These sources come with 0.1° × 0.1° 

horizontal resolution and monthly temporal resolution emission grid maps. We processed 

them using Sparse Matrix Operator Kernel Emissions (SMOKE v3.6) (UNC 2017) to 

provide hourly gridded methane emissions into the model. Wetlands are the primary source 

of natural emissions, accounting for about 80% of the total (Cressot et al. 2014; Jacob et 

al. 2016). We used monthly wetlands emissions from WetCHARTs v1.0 with the full 

ensemble mean (Bloom et al. 2017) and mapped it into our domain using a flat 

hourly/weekly temporal profile. 

 

5.2.2 GOSAT Observation Operator for Data Assimilation 

Greenhouse Gas Observing Satellite (GOSAT) was launched in January 2009 by 

the Japanese Space Agency (JAXA) (Kuze et al. 2009). It is in a Sun-synchronous orbit at 

an altitude of 666 km with a 3-day revisit time and an equator overpass time at about 13:00 

local time. One main goal of GOSAT is monitoring the abundance of methane in Earth’s 

atmosphere. Due to the high sensitivity of the shortwave infrared (SWIR) GOSAT retrieval 
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at the surface, coupled with a suitable spatiotemporal resolution, the assimilation of 

atmospheric methane and inverse modelling of its sources and sinks are suitable (Butz et 

al. 2011; Schepers et al. 2012; Turner et al. 2015; Parker et al. 2015; Buchwitz et al. 2017). 

The instrument, TANSO-FTS, onboard GOSAT, has a field of view with a 10.5 km 

diameter footprint operating in a cross-track scanning mode. It measures the abundance of 

methane by analyzing the backscattered solar radiance spectrum in the SWIR near 1.6 μm. 

A column-average dry-mole fraction of methane (XCH4) represents the instrument 

retrieved observation, which corresponds to the methane average volume mixing ratio (

oVMR y ) of a partial column atmosphere with a given surface, Sp , and top pressure, Tp

. Two approaches are used to derive retrieval algorithms: Full Physics (FP) and Proxy (PR). 

The FP method integrates a sophisticated radiative transfer model and solely relies on 

methane modelling and its corresponding errors, while the PR algorithm provides more 

data points but relies on an accurate CO2 model simulation and its retrieval (XCO2) 

(Schepers et al. 2012). Both algorithms were developed at the Netherlands Institute for 

Space Research (SRON) and Karlsruhe Institute for Technology (KIT) (Butz et al. 2011), 

and their products are available through the ESA GHG-CCI initiative, 

https://climate.esa.int/en/projects/ghgs/ (accessed on 10 January 2021) (Buchwitz et al. 

2017). We use both products, but mainly focus on PR due to its higher density and/or better 

coverage (Butz et al. 2011; Schepers et al. 2012). 

For assimilation purposes, in addition to the retrieval data, we use supplementary 

products (Bovensmann et al. 1999; Buchwitz et al. 2017). Thus, each retrieval also includes 

vectors of the normalized column-average kernel, A , pressure levels, l
p , at which the 

average kernels are derived, and the corresponding vector of a priori,
py . PR and FP 

https://climate.esa.int/en/projects/ghgs/
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retrieval algorithms offer 5 and 13 levels of data in the vertical, respectively. A layer-based 

approach described in Bergamaschi et al. (2007) is applied to compute the model partial-

column value,
my , equivalent to the retrieval,

oy  

( ) pm m Ty  
 

= − +1 A y Ay ω  (5.1) 

my  represents the mapped concentration of H-CMAQ on the pressure layers of the 

observation, and ω  is the vector of pressure layers weights, whose elements are expressed 

as 

1l l
l

TS

p p

p p
 +

−
=

−
, (5.2) 

where Sp  is the surface pressure and Tp  is the model top pressure. Note that Equations 

(5.1) and (5.2) are in the retrieval space so that all the vectors represent the vertical grids 

within a single retrieval. Now, let us consider the 3D model estimate of methane 

concentrations at time, t , in a vectorized form, X , with xN  dimension. The observation 

vector, oY , consists of a set of retrievals at approximately the same time but in different 

locations from model grid points. It also provides the same type of quantity but with a 

dimension quite smaller than the model ( yN ≪ xN ). Assuming a linear relationship 

between oY  and X , we have a linear observation operator, H . 

( )o oY = H X +ε . (5.3) 

In fact, H  is a combination of two linear operators, comprising a horizontal, h
H , and a 

vertical, h
H , operator, 

( ) ( ( ))v h
H X = H H X , (5.4) 
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where h
H  interpolates the components of X  from the horizontal model grid points to 

observation locations using a bi-linear interpolation function, and h
H  transforms X  at the 

geographical location of observations to a vector equivalent to oY  (using averaging 

kernels). Thus, the assimilation problem consists of finding the best estimate of X  with its 

error statistics, which together are called the analysis. 

5.3 Data Assimilation System  

5.3.1 Background of the Assimilation Scheme 

First, let us define a correlation function on an arbitrary grid following Gaspari and 

Cohn (1999). It is sufficient to define a correlation function in ℝ3 × ℝ3, so that any 

subspace (or manifold) of ℝ3 (e.g., the surface of a sphere) also define a correlation on that 

subspace. This property was used in this study to define underlying homogeneous isotropic 

correlation functions (with periodicity on a sphere), which are then mapped onto the polar 

stereographic grid of H-CMAQ, which has a uniform grid spacing on the projected plane. 

PvKF uses these concepts, together with the property that for the advection equation, the 

error variance can be forecast without knowing the error correlation (Cohn 1993). Thus, in 

a PvKF framework, the error variances are dynamically evolving according to the model’s 

advection scheme, but the spatial error correlations are kept fixed and are computed using 

the same approach as taken by OI. 

The algorithm of PvKF is decomposed into two steps; a forecast step and an 

analysis step, which accounts for the effect of observations. A covariance function,

( , , )P tx x , is a function of a pair of points, ( , , )x y z=x  and ( , , )x y z=   x , at time t . It is 

related to the correlation function, ( , , )C tx x , through the standard expression 
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( , , ) ( , ) ( , , ) ( , )P t t C t t =  x x x x x x , (5.5) 

where   is the error standard deviation (i.e., 2( , )t x  is the error variance at the point x  

and time t). In PvKF, the error correlation is generally time-invariant, homogeneous and 

isotropic in the horizontal (i.e., depends only on the horizontal distance). 3D spatial 

correlations are constructed using a horizontal/vertical separability assumption, 

( , , , , , ) ( , , , ) ( , )vh
C x y z x y z C x y x y C z z=      , (5.6) 

and for the horizontal correlation 

( )( , , , ) ( , ) ( , )
h h

C x y x y C x y x y= −    , (5.7) 

is assumed to be homogeneous and isotropic. Note that the separability assumption has 

been verified for long-lived species in the stratosphere by Menard et al. (2019) (see Figure 

S3 therein). 

5.3.2 Forecast Step  

The forecast step consists of two model integrations, one for the state and the other 

for the error variance, 

( )

( )2 2

( , ) ( , )

( , ) ( , )

X t X t t

t t t



  

= −

= −

x M x

x M x
, (5.8) 

where M  represents the chemical transport model based on the atmospheric diffusion 

equation (Jacobson 2020; Seinfeld and Pandis 2016) of CMAQ, and M  denotes the 

advection model of error variances based on the CMAQ native advection scheme. ( , )X tx  

represents the chemical concentration as a function of 3-dimensional model space 

( , , )x y z=x  and time t. Note that the error covariance forecast step of the PvKF does not 

follow the standard Kalman filter equation, but uses the continuous formulation of 
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propagation of error covariances, which can be solved by using the method of characteristic 

as discussed in Cohn (1993). This approach was applied in several studies on the 

assimilation of long-lived species (Khattatov et al. 2000; Menard and Changs 2000; 

Menard et al. 2000; van der A et al. 2010). Using the advection of error variance also has 

two advantages. First, it avoids the loss of error variance in standard Kalman filter 

formulation, such as in EnKF. In fact, the main cause of the loss of error variance is due to 

propagating error in a discretized form of Kalman filtering (see Section 2 in Menard et al. 

(2021); also see Menard and Changs (2000)). Secondly, it significantly reduces the 

computational cost compared to other methods (e.g., EnKF). A demonstration of how the 

PvKF assimilation can avoid the loss of error variance is presented in Section 5.5.1, and its 

computational cost is compared with the model forecast in Section 5.5.2.  

The M  operator is, in fact, the integration from t t−  to t of 

2
2 q

t





+  =


V , (5.9) 

where V  is the 3-dimensional advection wind, and ( , )q tx  accounts for the model error 

variance growth (e.g., errors of any other processes that are not advection; we discuss 

further in Section 5.4.4 and in Section 6.4). It is important to note that in the context of data 

assimilation, the effect of the observations usually has the largest impact on error 

covariances, so that it is common to use a simpler model to forecast the error covariances 

or to run the adjoint model (e.g., incremental 4D-Var by Courtier et al. (1994)) used 

operationally for weather forecasting using a lower resolution model with simplified 

physics). Here, as in the incremental approach, we use only advection in the forecast of 

error variances. 
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After the integration time, t , we obtain a forecast concentration, ( , )fX tx , and a 

forecast error variance, 2( )f , from which the covariance function can be reconstructed by 

applying the correlation function to Equation (5.5). Therefore, a forecast error covariance 

function, ( , , )fP tx x , is obtained, considering that the correlation function is time-invariant 

(i.e., stationary). Thus, 

( )
( , , ) ( , ) ( , ) ( , )

( , ) ( , ) ( , ) ( , )

f f f

vh

P t t C t

C C x y x y C z z

 =  

= −   

x x x x x x

x x
, (5.10) 

and equivalently in matrix notation 

( ) ( ) ( )f f f

vh

t t t=

= 

P C

C C C

 
, (5.11) 

where f  is a diagonal matrix of forecast error standard deviations and   is the Kronecker 

product of matrices. The matrix form is useful to write out the analysis step. 

5.3.3 Analysis Step 

Let us start as if H  is only a horizontal operator (we will discuss the vertical aspects 

in the following Section 5.3.4). A computational simplification in the analysis step arises 

when observations are considered horizontally as point measurements. This allows 

simplification of the Kalman gain matrix and the analysis error covariance and variance. 

Horizontally, a point measurement observation operator can be modelled as a delta function 

at the observation location, ox . Specifically, if ( )f x  is a continuous function of space, x , 

and the horizontal observation operator, h
H  (as previously defined in Section 5.2), applied 

on f  ( [ ]
h

H f ), gives the value of the function at the observation location, ( )of x , we can 

write 
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[ ] ( ) ( ) ( )o oh
H f f f d= = −x x x x x  (5.12) 

The [ ]
h

H   operator is thus associated with a delta function, ( )o −x x . Although we never 

use this representation of the observation operator on the state fields themselves since they 

are represented discretely on a grid, we do apply this definition when we consider the 

application of the observation operator on error covariance functions. Thus, we have the 

following, 

, ,[ ] [ ] ( , ) ( ) ( , )f f f f
o oo j o j j jh

H P P d P = − = HP x x x x x x x , (5.13) 

, , ,[( ) ] [ ] [ ] ( , ) ( ) ( , )f f f f fT T T
o oi o i o i o i ih

H P P d P=  = − =    HP P H x x x x x x x , (5.14) 

where the subscript i and j refer to model grid points, whereas subscript o refers to the 

position of the observations. 

Considering the covariance function between any pair of observation locations, 
(1) (2)

,
o o

x x

, we get an element of the matrix f THP H . That is 

(1), (2) , (2) , (1) (1), (2)

(1) (2) (1) (2)

[ ] [ [ ]]

( , ) ( ) ( ) ( , )

f fT
o o h o h o o o

f f
o o o o

H H P

P d d P 



= − − =   

HP H

x x x x x x x x x x
. (5.15) 

Suppose now we have K  observations (with different locations) that are used in an 

analysis. The error covariance matrix in observation space (i.e., between each pair of 

observations) is f THP H  (a K K  matrix), where each element of this matrix is given by 

Equation (5.15). With this preamble, we are now able to formulate the analysis step for 

both the state estimate and the error variance. The analysis state is written as usual and 

requires the computation of the Kalman gain matrix K , 

( )f fa o= + −X X K Y HX , (5.16) 

where 
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1( ) ( )f fT T −= +K HP HP H R , (5.17) 

R  represents the observation error covariance matrix. We should remark that in data 

assimilation, the observation error is not simply the instrument error, but should also 

contain an error of representativeness since, ultimately, observations are used to update the 

model state (see Section 5.4.4) 

All state quantities (i.e., the forecast and the analysis) are written as vectors of 

dimension xN , where xN  is the number of model grid points. We recall that oY  is a 

vector of dimension K that contains all observations processed in data assimilation. The 

matrix fHP  is sometimes called the matrix of representors, where each observation 

location comes with all the model grid points. We can think of it as a vector of impact 

covariance functions. fHP  can be denoted in column form as 

( )1 2
f

N=HP p p p , (5.18) 

(1)

(2)

( )

( , )

( , )

( , )

f
io

f
io

i

f
io K

P

P

P

 
 
 
 
 
 
 
 

=

x x

x x
p

x x

, (5.19) 

where each ip  is a column vector ( 1K ) that represents the forecast error between all 

observations and a single model grid point that we call the sensitivity error covariance 

function— in matrix form, ( )f THP . The analysis update of the error covariance, called the 

analysis error covariance in data assimilation, takes the form, 

1( ) ( ) ( ) ( )f f f f fa T T −= − = − +P I KH P P HP HP H R HP , (5.20) 

is derived using Equation (5.17). 
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In particular, an element ( , )i j  of the analysis error covariance matrix, aP , can be 

conveniently written as 

1fa T
i j i j i j

−= −P P p Γ p , (5.21) 

where 

f T= +Γ HP H R , (5.22) 

represents the modelled innovation covariance matrix. The analysis error variance, i.e., 

when j i= , is simply computed as 

2 2 1( ) ( )fa T
i i i i  −= − p Γ p . (5.23) 

The analysis error variance is then used as an initial condition to integrate the variance 

through Equation (5.9). This completes the algorithm. The next section deals with the 

three-dimensional observation operator (Equation (5.4)), which includes the vertical 

structure of the averaging kernel, rendering the analysis update more complex. 

5.3.4 Analysis Step with 3D Observation Operator Using Averaging Kernels 

The three-dimensional observation operator is given in Equation (5.4). First, it 

consists of interpolating the 3D field horizontally, as in Equation (5.12), to get vertical 

profiles at the observation location and then applying the vertical observation operator, vH

, using the instrument averaging kernel to get the observation equivalent quantity. The 

vertical observation operator in function form is denoted as 
( )v z

H . To apply it, first, we use 

a mapping function (i.e., vertical interpolation, zV , on z) to convert the model vertical 

concentrations to the vertical layers of the observation retrieval, so that my  (see Equation 

(5.1)), the a priori py , and the averaging kernel A  are in the same vertical coordinates. 

Thus, in an observation location, we get 



 

 107 

( , )   ( , )m
z oV f z t z t 

   y , (5.24) 

where of  denotes the vertical model concentrations at the observation location and z  is 

the vertical coordinate as in averaging kernels. 

In the second step, 
( )v z

H  carries out ( , )m z ty  in Equation (5.1) and computes a 

single value equivalent to the retrieval, my  (see Section 5.2.2 for an explanation to 

Equation (5.1)). 

( )
[ ( , )], , ,   p m

z ov z
H V f z t y 

 
Α y ω  (5.25) 

Note that the quantities in bold (Α , py ,ω , my ) are defined on the vertical layers of the 

averaging kernel, and the non-bold ( my ) is, in fact, a scalar quantity representing the 

column-averaged quantity. Therefore, 
( )v z

H  maps a vector in the model vertical space to a 

scalar in the observation space. 

The observation operator H , which is applied on functions, is the composition of 

( )v z
H  with h

H , 

( )
( (  ))vv z h h

H H H=  H H , (5.26) 

which is equivalent to the matrix form of the H  in Equation (5.4). 

Before applying the observation operator on a covariance function, we need to 

specify on which variable it is applied. If it is applied on the spatial variable, x , it is 

equivalent, in matrix form, to a left multiplication of the observation operator on the 

covariance matrix, 

[ ( , , )]f fH P t x x x HP . (5.27) 
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However, if the observation operator is applied to the spatial variable, x , it is then 

equivalent to a right multiplication of the transpose of the observation operator on the 

covariance matrix, 

[ ( , , )]f f TH P t x x x P H . (5.28) 

Using the separable form of the covariance function in Equation (5.10), we thus get 

 ( )

( )

[ ( , , )] ( , , , ) ( , , , ) ( , ) ( , , , )

[ ( ) ( , )] ( , , , ) ( , , , )

f f f
o o o o vv z h

f f
o v o ov z h

H P t H x y z t C x y x y C z z x y z t

H z C z z C x y x y x y z t

 

 

=      

=      

x x x
, (5.29) 

where 
( )v z

H  is to denote, in functional form, the vertical observation operator operating on 

z  (and not z ). However, to use the vertical observation operator, the expression in square 

brackets in Equation (5.29) has to be written in vector/matrix form. Note that in matrix 

form, ( , ) ( , )f
o vz t C z z   is an element of an lev lev

N N  matrix, where lev
N  is the number 

of vertical levels in the model. This matrix can in fact be written as ( )f
o vdiag C , where 

( )f
odiag  is an lev lev

N N  diagonal matrix where the elements on the diagonal are 

( , )f
o z t . Therefore, the application 

( )
[ ( , ) ( , )] ( , ) a row vector 1f T

o v o ov z lev
H z t C z z f z t N =    f , (5.30) 

is a row vector that depends on the (second) vertical coordinate, z . Overall, the application 

of the observation operator in Equation (5.29) produces a 3D spatial field of elements, 

[ ( , , )] ( , , , ) ( , ) ( , , , )f f
o o oh

H P t C x y x y f z t x y z t=      x x x . (5.31) 

Based on Equation (5.28), a similar expression is obtained 

(2) (2) (2)
[ ( , , )] ( , , , ) ( , ) ( , , , )f f

h o o o
H P t C x y x y f z t x y z t =  x x x , (5.32) 
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where we let the reference observation location be (2)o . To compute the (simulated) 

innovation covariance matrix (i.e., f THP H ) we combine Equation (5.27) with Equation 

(5.28), 

( )( , , )f f TH H P t
 
  

x x x x HP H , (5.33) 

and account for a pair of non-coincident observations, (1)o , (2)o , we get 

 
(2) (2) (2)

( ) (1) (1) (2) (2) (2) (1)

(1) (1) (2) (2) ( ) (2) (1)

(1) (1) (2) (2) (1), (2

[ ( , , , ) ( , ) ( , , , )]

( , , , ) ( , ) ( , )

( , , , ) [ ( , ) ( , )]

( , , , )

f
h o o o

f
v z h o o o o o o

f
h o o o o v z o o

h o o o o o o

H C x y x y f z t x y z t

H C x y x y f z t z t

C x y x y H f z t z t

C x y x y









 

=  

=  

=  

x

)
( ) t

, (5.34) 

where 
(1), (2)o o

  is an element of a lev lev
N N  covariance matrix, 

 (1), (2) ( ) ( ) (1) (2)
( , ) ( , ) ( , )f f

vo o v z v z o o
H H z t z t C z z  


 
  

=   . (5.35) 

5.3.5 An Overview of the Assimilation Algorithm 

Figure 5.1 presents a flowchart of the forecast and analysis steps of the PvKF 

algorithm described above. The algorithm’s forecast step (left side) involves two parallel 

model simulations, one for the state’s transport with the atmospheric diffusion equation 

(Jacobson 2020; Seinfeld and Pandis 2016) and the other for the advection of the error 

variance (Equation (5.9)). In the first part of the analysis step (right side), the covariance 

function is convolved with the observation operator on the left for a series of available 

observations at a given time (Equation (5.27)). This is followed by a second convolution 

with the observation operator on the right for the same observations to obtain the 

innovation covariance matrix (Equations (5.28) and (5.33)–(5.35)). The second part of the 

analysis step (Equation (5.22)) performs a Cholesky decomposition and inversion of the 
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modelled innovation covariance matrix. Finally, the analysis and analysis error variance 

increment are computed for each set of observations at a time t (Equations (5.16) and 

(5.23)). A complete PvKF assimilation algorithm in a matrix form is presented in Appendix 

C2. 

As mentioned earlier, the PvKF assimilation relies on the continuous properties of 

operators, which makes it a suitable scheme for evolving the analysis and its error variance. 

An example of the error variance (i.e., the uncertainty of the state estimation) evolution 

with synthetic GOSAT observations over land is shown in Figure 5.2, emphasizing the 

combination of the 3rd part of the analysis step and the 2nd part of the forecast step of the 

flowchart (Figure 5.1) in creating the analysis error variance evolution. In Figure 5.2, the 

error variance is initiated with a constant field using a 5% error (standard deviation) of the 

globally averaged methane concentration (Figure 5.2a). The reduction of error variance 

occurs in the presence of every observation at a particular time and location based on the 

correlation function (Figure 5.1–analysis step) while the updated error variance field is 

propagated with the flow (Figure 5.1–forecast step). The reduction gradually grows over 

land (Figure 5.2b) by assimilating a new batch of observations over the same regions 

according to GOSAT revisit time (i.e., 3 days).  

 After 8 days, the analysis error variance field (Figure 5.2c) shows a noticeable 

reduction over Western Asia, followed by Central Asia, Eastern Africa, and the 

southern/eastern part of North America, mainly due to denser GOSAT observations and 

higher innovations at those regions. Then, owing to the advection, the reduction of error 

variance spread out with the flow over other regions with fewer or no observations, such 

as oceans and higher latitudes. On day 12 (Figure 5.2d), most of the lands, except polar 
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regions and near the Equator, are subjected to a significant error reduction, suggesting a 

higher impact of the GOSAT observations due to their density over those areas. 

 

Figure 5.1.   Flowchart of the analysis and forecast steps of the PvKF assimilation. In the forecast 

step, the transport of the model state uses the atmospheric diffusion equation (Jacobson 2020; 

Seinfeld and Pandis 2016). 

The maximum reduction (light blue) indicates a 20–40 times reduction in the initial error, 

while assimilating more observations within PvKF after 16 days does not provide a tangible 

reduction in the analysis error (Figure 5.2e). Nonetheless, over time, the variance reduction 

significantly spreads out over the entire domain, particularly over the oceans with no 

observations (Figure 5.2f). This highlights the behaviour of the assimilation system that 

provides an error estimation over the whole domain. Note that in the experiment of Figure 

5.2, we consider a uniform and high value of initial error variance to emphasize and isolate 

the impact of adding more information by observations on the estimation uncertainties over 
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time. In Section 5.5.1 and Chapter 6, the initial field of uncertainties are not uniform but is 

more realistic and is obtained through the initial concentration field.   

 

Figure 5.2.   Evolution of the analysis error variance on (a) Day 0, (b) Day 4, (c) Day 8, (d) Day 12, (e) 

Day 16, and (f) Day 20. 

5.4 System Setup 

5.4.1 Initial Conditions 

The impact of the initial condition can persist long in the model. For different 

species, it is recommended that H-CMAQ be initialized to the clean background and driven 

based on its emissions and chemical transport (Mathur et al. 2017). However, due to an 

almost well-known background field of methane, the long lifetime of atmospheric methane 
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(~10 years) (Prinn et al. 2005), and the high level of uncertainties in its source and sink 

(Kirschke et al. 2013), conducting a lengthy model integration might be unnecessary. 

Furthermore, in the context of data assimilation, the sensitivity to the initial conditions 

disappears rapidly with time (Menard et al. 2000). 

In this study, we initialize the model using prescribed vertical profiles as well as a 

2D concentration field obtained from previous global analyses. Our model setup uses the 

approach of Olsen et al. (2013), which is derived from a nonlinear polynomial fit to global 

models and various types of measurements from 2003 to 2006. This initial field, taken as 

a first guess, is a function of latitude and altitude varying smoothly from the North Pole to 

the Equator with no temporal and longitudinal variation. The details of this preparation can 

be found in Xiong et al. (2008). Maintaining the shape of the vertical profiles, we rescale 

the initial field to our simulation period, April 2010, based on the annual/monthly increase 

in globally-averaged atmospheric methane (Dlugokencky 2022). 

The bias may have different origins; here, it mainly depends on the initial field 

provided as input to the model since it does not necessarily represent the specific month of 

the simulation. With the aim to remove the potential biases in the model, we obtain accurate 

surface observations during the assimilation period from GLOBALVIEWplus CH4-

ObsPack v3.0 (Schuldt et al. 2021) compiled by National Oceanic and Atmospheric 

Administration (NOAA) (Figure 5.3a). In our bias correction, we assume that a significant 

part of bias arises from the emissions at the surface, and the rate of change of concentration 

with height remains the same (shape of the vertical profile). In fact, we multiply the vertical 

profiles by a constant that depends on the discrepancy at the surface (we assume that 

vertical mixing in the troposphere is unchanged). Note that the model vertical coordinate 
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is extended up to the upper troposphere/lower stratosphere, and the profiles are adapted 

from the analysis of global methane studies (Xiong et al. 2008; Olsen et al. 2013). This 

assumption is made mainly due to the fact that other accurate observations, such as the 

Total Carbon Column Observing Network (TCCON), are used for the validation of our 

assimilation results (see Section 6.5).  

 

Figure 5.3.   Difference between (a) methane surface observations (GLOBALVIEWplus surface flask 

and tower, shown top left) and model equivalent values of concentration for (b) the initial guess (green 

dots/line), (c) rescaled initial to April 2010 but before bias correction (red dots/line), and (d) after bias 

correction (blue dots/line). 
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The bias removal involves adjusting the initial concentration field (i.e., initial 

guess) using a latitudinal linear regression model to match the surface observations (i.e., 

flasks and towers). Accordingly, first, the monthly averaged linear fit of Observation – 

Model against latitude using the first guess model initial conditions is obtained (Figure 

5.3b–green dots). Next, the achieved fit is rescaled (with respect to globally averaged 

concentration from NOAA (Dlugokencky 2022)) to our simulation period in April 2010 

(Figure 5.3c–red dots), and eventually, the fit is employed to remove the bias of the entire 

space of the initial conditions (Figure 5.3d–blue dots). It indicates that the latitude-based 

bias in the initial conditions is subtracted, resulting in a better (unbiased) agreement 

between the model and the surface observations. This could imply that the polynomial 

function (Olsen et al. 2013) deriving our first guess initial conditions is too smooth; thus, 

it tends to overpredict the lower latitude concentrations compared to the surface in-situ 

observations. In addition, the hemispheric absolute mean bias is decreased from 17.1 ppb 

for the rescaled initial to 4.3 ppb for the bias-corrected initial. Note that the negative values 

in Figure 5.3b–d correspond to the positively biased model forecasts (i.e., model 

overestimation). We consider the model that is initialized with the bias-corrected field as 

our nearly unbiased model and rely on this to remove the potential bias between GOSAT 

and H-CMAQ. An illustration of the bias correction of GOSAT with respect to H-CMAQ 

is provided in the following subsection. Note that the bias correction here is only applied 

for one month (i.e., April 2010) and may not be representative for another month or a longer 

period; thus, one needs to take into account the same type of bias correction for the time of 

assimilation. 
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5.4.2 Observation Bias Correction 

GOSAT provides high accuracy retrieval data (~0.7% precision) with reasonable 

near-surface sensitivity and global coverage, making it a strong candidate for methane 

assimilation analysis (Butz et al. 2011; Buchwitz et al. 2015). The potential bias in GOSAT 

XCH4 retrieval has been addressed previously by evaluating the data against other types of 

measurements (Wunch et al. 2011; Inoue et al. 2016; Zhou et al. 2016; Oshio et al. 2020). 

Both PR and FP versions of GOSAT data used here are post-processed and validated 

against surface-based Fourier transform infrared (FTRS) methane column abundance from 

TCCON. It was shown that the difference between XCH4 retrieval and TCCON correlates 

with the albedo, , at 1.6 nm in band 2 (Buchwitz et al. 2017). 

In addition to the retrieval bias, GOSAT can still have biases relative to atmospheric 

chemical transport models. This bias most likely originates from the emissions as well as 

the limitation of global models to realistically simulate the methane in the stratosphere, 

particularly at higher latitudes (Alexe et al. 2015; Saad et al. 2016; Maasakkers et al. 2019). 

For example, Turner et al. (2015) showed that their GEOS-Chem simulation of GOSAT 

features a positive latitudinal bias, where the mean Model – Observation is adjusted based 

on a fit to a quadratic regression function. Cressot et al. (2014) obtained a linear regression 

fit as a function of air mass factor (AMF) to correct for the biases in GOSAT with their 

chemistry-transport model, LMDz-SACS. Following them, we parametrize the bias in 

GOSAT with respect to our unbiased CMAQ simulation. First, the model is mapped to 

observation space using our observation operator ( H ) described in Section 5.2.2. Next, 

GOSAT – CMAQ is obtained as a function of retrieval parameters. Accordingly, a separate 

linear regression fit of GOSAT – CMAQ is computed for each of latitude, air mass factor 
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(AMF), solar zenith angle s , and satellite viewing zenith angle, v  (Figure 5.4). Except for 

the v  with no specific correlation pattern, the largest correlation of GOSAT – CMAQ is 

found with respect to latitude ( 0.43)r = , followed by s ( 0.40)r =  and AMF ( 0.33)r =

. All three fits show similar behaviour, indicating that the discrepancy is smoothly 

increasing toward the larger values of those parameters (Figure 5.4a–c).  

 

Figure 5.4.   Linear regression fit of the difference between GOSAT observation and H-CMAQ 

simulated XCH4 as a function of (a) latitude, (b) air mass factor (AMF), (c) solar zenith angle,
s , and 

(d) satellite viewing zenith angle,
v . The colorbar indicates the number of GOSAT observations, with 

a higher observations density in red. 
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Our latitude dependency of the bias agrees with Turner et al. (2015), but the AMF 

dependency disagrees with Cressot et al. (2014). Perhaps it is related to the fact that LMDz 

is a low-resolution general circulation model (GCM), whereas CMAQ and GEOS-Chem 

appear more as chemical transport models with higher resolution. The positive bias of 

CMAQ (Model > Observation) was found previously in other atmospheric chemistry 

models such as GEOS-Chem and addressed mainly as extratropical stratospheric bias due 

to the extra meridional stratospheric transport (Patra et al. 2011; Saad et al. 2016; Bader et 

al. 2017) as well as polar vortices (Zhang et al. 2021). 

Figure 5.5 compares the Observation – Model before bias correction (GOSAT0 – 

CMAQ) and after bias correction with respect to latitude (GOSATbias(lat) – CMAQ). The 

hemispheric absolute mean bias (MB) significantly decreased from 32.9 ppb to 0.9 ppb, 

while the residual standard deviation (𝜎) turned out to be slightly smaller (20.1 ppb to 18.1 

ppb) after bias correction. As expected from the correlation values in Figure 5.4, using 

AMF or s  instead of latitude to remove the potential bias of GOSAT resulted in a less 

significant bias reduction because of a larger hemispheric 𝜎 and MB. Figure C.2 in 

Appendix C3 indicates a similar comparison using bias-corrected GOSAT data with 

respect to AMF and s . 

In addition, in an attempt to maximize the information in the regression model, we 

adopted a simple multivariate linear regression (Seber and Lee 2012). However, we found 

that such an algorithm cannot considerably improve our prediction model (see Table C.2-

Table C.4 in Appendix C3). This suggests that all three parameters are dependent and can 

be highly correlated to each other. Therefore, a bias-corrected GOSAT – CMAQ with only 

latitudinal adjustment could provide a reasonable bias correction to our data. After bias 
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correction, the model discrepancy with observations can be primarily random and could be 

attributed to the random emission errors, the correlation lengths ( , )vh
L L , and random errors 

in the observations ( )o , initial ( )i , and forward model ( )q , for which we provide a 

description in Section 5.4.4. 

 

Figure 5.5.   (a) Difference between observations and model before bias correction (GOSAT0 – 

CMAQ) and (b) after bias correction with respect to latitude (GOSATbias(lat) – CMAQ) over a month 

with the number of observations N = 59,031. A bias-corrected field of residuals calculated from the 

regression with respect to AMF and 𝜽𝒔 is provided in Figure C.2. 

5.4.3 Construction of Spatial Correlation Functions on the H-CMAQ Grid 

The H-CMAQ grid is uniform on the projected plane. Nearly all spatial correlation 

models rely on an underlying uniform and isotropic grid representation. This is what most 

variational assimilation systems take into account, and further, assume either an infinite or 

periodic domain. Here, we will explain how to construct spatial error correlations on the 

H-CMAQ grid while representing an underlying homogeneous isotropic correlation 

function. The procedure consists in constructing a homogeneous isotropic and periodic 
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correlation function on the surface of a sphere that is independent of the grid, and then 

mapping it onto the H-CMAQ grid. 

The construction of homogeneous isotropic correlation functions on the surface of 

a sphere has been developed by Gaspari and Cohn (1999). Background information on the 

method is also given in Menard (2000). A correlation function is a function of a pair of 

points ( , )i j . Consider a sphere of radius a , with position vectors (from the centre of the 

sphere) ir , jr  for the points i and j. We define a Cartesian coordinate system in ℝ3,

( , , )C C Cx y z , where we use the superscript C  to recall the Cartesian space. A point i (or j) 

on the surface of the sphere that has (in a spherical coordinate system) a longitude i  and 

colatitude (or inclination) i  is related to the Cartesian coordinates as follows 

cos sin

sin sin

cos

C
i i i

C
i i i

C
i i

x a

y a

z a

 

 



=

=

=

, (5.36) 

and similarly for the grid point j. The chordal distance i jD  between the position vectors 

( , , )C C C
i i i ix y z=r  and ( , , )C C C

j j j jx y z=r  is given by 

 
1/2

2 1 sin sin cos( ) cos cosi j i j i j i j i jD a       
 

= − = − − +r r , (5.37) 

Using a chordal distance to define a “distance” for a correlation function on a sphere has 

the double advantage that a correlation model originally defined in ℝ can be used in ℝ3 to 

define a correlation on a sphere and has the property of being periodic (Gaspari and Cohn 

1999). 

 Three models have been considered in this study: the Gaussian (or double 

exponential) model, 
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2

2
( , ) exp

2

i j

G
c

D
C i j

L

 
 
 
 

= − , (5.38) 

the First-Order-Auto-Regressive (FOAR), or exponential model, 

*

*
( , ) exp where / (0.5005)

i j
c cFOAR

c

D
C i j L L

L

 
 
 
 

= − = , (5.39) 

and the Second-Order-Auto-Regressive (SOAR) model 

**

** **
( , ) 1 exp where / (1.3494)

i j i j
c cSOAR

c c

D D
C i j L L

L L

   
   
   
   

= + − = . (5.40) 

Note that cL  denotes a correlation length, defined from the curvature at the origin, while 

*
cL  or **

cL  is a model parameter adapted from Ménard et al. (2016). We recommend always 

using cL , as it is a physically meaningful quantity. 

The second step consists of mapping the H-CMAQ grid onto the corresponding 

point on the surface of the sphere (see Figure C.1 in Appendix C1 for information on the 

polar stereographic projection used in H-CMAQ). As mentioned in Gaspari and Cohn 

(1999), if there exists a one-to-one transformation, 

( , ) ( , )p pT x y  = , (5.41) 

(see Equation (C.1)) then we can define a correlation function with respect to the ( , )p px y  

coordinates. The computation then goes as follows 

1 ( , )( , )
( )

( , )( , )

p p T
i ii i

p p i j i j
j jj j

x y
D C D

x y

 

 

−      
   

     

→ → → , (5.42) 

where C  is one of the correlation models above (Equations (5.38)–(5.40)). 
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5.4.4 Observation, Model and Initial Error Covariance Modelling 

As in any assimilation system, the input error covariances need to be specified. In 

this section, we describe the modelling and assumptions of those error covariances. It is 

generally assumed that observation errors, model errors, and initial errors are uncorrelated, 

and furthermore, that the observation and model errors are serially (temporally) 

uncorrelated. These are the standard assumptions used to derive the Kalman filter. We 

should note that because of the dynamics and the interplay with the analysis, as the forecast 

error becomes realistic, it also becomes correlated in space and time and with past 

observation errors (this is a standard result in Kalman filtering theory; see, for example, 

Jazwinski (1970)). 

Let us assume that the observation error R  and the model error Q are both spatially 

uncorrelated. The observation error has two components: the measurement error ( )m  

provided by the instrument team and the representativeness error ( )r  arising from the 

mismatch between the subgrid-scale represented in the observation and the gridded model 

quantity (Cohn 1997; Janjic et al. 2018). We assume that the observation error covariance 

is diagonal and takes the form of 2( )o=R Ι . 

Many studies estimate the representativeness error as an additive source of error to 

the measurement error (Menard and Changs 2000; Menard et al. 2000; Heald et al. 2004; 

Berchet et al. 2013; Szenasi et al. 2021). However, we tune the overall observation error 

by considering a multiplicative correction factor applied to the measurement error as 

denoted in Equation (5.43). A multiplicative factor is consistent with other types of errors 

(i.e., modelling and initial error) used in this study. In fact, it is used in the majority of data 
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assimilation papers (Menard et al. 2000; Segers et al. 2005). Therefore, the 

representativeness error is included as part of the correction factor 
of . 

( )
2

o mf =R Ι , (5.43) 

where R  denotes the observation error covariance after tuning. Note that initially, no 

representativeness error is accounted for R . 

The model error ( )q  is assumed to be proportional to the analysis (Menard et al. 

2000). We simply assume a uniform accumulation of model error in time, where it becomes 

almost equivalent to a particular time average of the analysis, ( , )aX tx , (i.e., monthly 

averaged analysis is used in this study). Model error covariance is considered as a diagonal 

matrix, 2( )q=Q Ι  (Tremolet 2006; Stanevich et al. 2020), and a relative model error 

standard deviation, qf , is defined for tuning Q , which has the form 

( )
2

( , )q af X t=Q x Ι , (5.44) 

where Q  denotes the model error covariance after tuning. Note that model error variance,

q , in Equation (5.9) is equivalent to the diagonal elements of Q . 

We attempt to tune the initial concentration error ( i ) separately, although it is often 

integrated as part of the modelling error. The initial error covariance matrix is also assumed 

to be diagonal. We assume that the initial error before tuning is about 5% of the initial 

concentration (i.e., 00.05 fi X = ) with the same spatial distribution. By conducting a 

similar analysis as in Section 5.4.2 on the first day of the simulation, we found that the 

mean standard deviation of the residual (Observation – Model) is relatively smaller 

(~20ppb ≡ 1.2%). The parametric form of the tuned initial error covariance is 
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( )
2

i if  =
0

P Ι , (5.45) 

where 
0

P  represents the initial error covariance after tuning. 

5.5 Verification of the Basic Properties of the Assimilation System 

5.5.1 One-Observation Experiment 

Here, we conduct a one-observation experiment using a single simulated 

observation. It is a standard experiment to verify that the mechanics of the assimilation 

system is working and can also be used to verify the validity of some assumptions in the 

formulation (Gauthier et al. 1999; Lahoz and Schneider 2014). The one-observation 

experiment can also be used to compare different assimilation systems (Buehner et al. 

2010). When a single observation is assimilated, the analysis increment has the same spread 

in space as the spatial correlation function—a property that can be derived directly from 

the analysis equation and Kalman gain. 

With the one-observation experiment, first, we will verify that our formulation of 

error covariances (in ℝ3 × ℝ3 and projected onto the polar stereographic grid of H-

CMAQ) does yield a homogenous isotropic correlation. Secondly, we will show that our 

assumption to use only advection to propagate the error variance is adequate for 

assimilation on a time scale relevant to GOSAT assimilation. Errors in the wind, emissions, 

and any errors not accounted for by our simple advection of error variance, such as 

horizontal and vertical diffusion effect on error variance, will contribute to the model error. 

The assimilation system is examined with a single simulated observation and 

arbitrary error parameters, including 0.05, 0.015, 0.5qi of f f= = = . Note that the initial 

concentration is equivalent to the bias-corrected concentration field (see Section 5.4.1), and 
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initial variance is obtained from Equation (5.45) where 00.05 fi X = . These quantities are 

kept the same for all the cases in this experiment. In this experiment, we consider the SOAR 

correlation model with a horizontal correlation length of 500 km and 10 model vertical 

layers (starting from the surface) of the sigma-pressure coordinate (referred to 10 l  length 

scale). Figure 5.6 and Figure 5.7 show two single-observation experiments—one with an 

observation in the high latitude (71° N, 155° E) and the other closer to the Equator 

(27° N, 105° W). In both experiments, the assimilation started at Day 0 with a single 

synthetic observation. The synthetic observations represent column-averaged 

concentrations (Equation (5.1)) generated with the model while accounting for the GOSAT 

averaging kernels and a priori. To define the magnitude of the synthetic observations, we 

assume a multiplicative factor of 1.4 (40% higher) for the model column-averaged 

concentrations. The assimilation consists of propagating the analysis and its error variance 

for a duration of 3 days after the single observation is taken into account. We only examine 

3 days, which corresponds to the GOSAT revisit time, that is, the time after which a new 

batch of observations becomes available for the same region. 

For the observation in the high latitude (Figure 5.6a–d), the analysis increment and 

the error variance reduction are shown near the surface, whereas for the observation in the 

lower latitude (Figure 5.7a–d), they are demonstrated at about 600 hPa (~layer 23). By 

comparing Figure 5.6a with Figure 5.7a, we note that the error correlation, captured by the 

analysis increment, is indeed homogeneous and isotropic. The apparent increase in radius 

of the spatial spread in lower latitudes is due to the polar stereographic projection (we 

verified that the length scale is, in fact, the same). By comparing the propagated analysis 

increment with the propagated error variance reduction (i.e., Figure 5.6b,d, and Figure 
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5.7b,d), we found that the transport of the analysis increment and the reduction of error 

variance are quite similar in terms of their spread and spatial distribution.  

 

 

Figure 5.6.   The first one-observation experiment near the surface at higher latitude (𝟕𝟏° 𝐍, 𝟏𝟓𝟓° 𝐄) 

to show (a) the analysis increment at Day 0 and (b) Day 3; and (c) the error variance reduction at Day 

0, and (d) Day 3. 
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Figure 5.7.   The second one-observation experiment at about 600 hPa and lower latitude 

(𝟐𝟕° 𝐍, 𝟏𝟎𝟓° 𝐖) to show (a) the analysis increment at Day 0 and (b) Day 3; and (c) the error variance 

reduction at Day 0, and (d) Day 3. The dashed (black) line represents a cross-section along the vertical 

direction, where the vertical distribution of the analysis and its error variance are demonstrated in 

Figure 5.8. 
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This suggests that the propagation of the error variance using advection only is a reasonable 

assumption to make, since it maintains a similar structure as the methane fields. 

Furthermore, we found a comparable weight of the analysis error variance at the start day 

(Day 0) and after 3 days; in particular, we note that the maximum reduction of error 

variance has not changed more than 5% after 3 days (i.e., 
( ) ( )
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This result contrasts with the variance losses that are known to occur in Kalman filter and 

ensemble Kalman filter systems. 

In another series of experiments, we examine the contribution of error correlation 

to address the vertical estimation properties, especially the quantities at the surface. To 

illustrate the propagation in the vertical direction, we obtain a vertical cross-section (Figure 

5.7a-d) passing through the observation at Day 0, starting from(28° N, 120° W) to 

(15° N, 80° W). The observation is at the center of the analysis increment and center of the 

error variance reduction (Figure 5.7a,c), also called increment/reduction. Figure 5.8a,c 

illustrates the increment/reduction at the moment when a single observation is assimilated. 

Several factors, such as the averaging kernel, the model layer pressure weight (ω), and the 

correlation length scale based on the SOAR correlation model, define the 

increment/reduction patterns of the analysis and error variance. A relatively large 

correlation length ( 10v l
L = ) results in a stretched pattern of increment/reduction along 

the vertical direction. The vertical distribution also indicates that they are mainly 

influenced by ω  (Figure 5.9c), resulting in a maximum increment/reduction at mid-

troposphere (~600 hPa, or 23rd layer). On Day 3, these quantities are shown on the same 
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plane. The largest increments/reductions are shifted toward the southeast of the initial point 

(Figure 5.7d), mainly due to advective transport. 

 

Figure 5.8.   Vertical distribution of (a) analysis increment at Day 0 and (b) Day 3 along the cross-

section (black dashed line) shown in Figure 5.7a,b; Vertical distribution of (c) error variance reduction 

at Day 0 and (d) Day 3 along the cross-section (black dashed line) shown in Figure 5.7c,d. The cross-

section starts from (𝟐𝟖° 𝐍, 𝟏𝟐𝟎° 𝐖) to (𝟏𝟓° 𝐍, 𝟖𝟎° 𝐖). 
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The large distension is mainly influenced by the wind pattern, while the diffusion improves 

the smoothness of the field, especially in lower levels (Figure 5.6b,d). We should note that 

the higher increment/reduction to the lower troposphere and near-surface enhances the 

ability of the assimilation in constraining the surface quantities such as emissions within a 

short period of assimilation integration (i.e., 3 days). 

Figure 5.8b,d indicate that there is reasonable consistency between the propagation 

of analysis increment and variance reduction in the vertical direction. It shows that the 

vertical effects from a single observation can persist for at least 3 days. Furthermore, a 

significant part of analysis increment and error variance reduction remains in the lower 

elevation with a downward shift of the maximum values. These increments/reductions are 

quite small between the mid to upper troposphere, except for another slight increase at the 

upper layers, which occurs likely due to a zero-flux assumption across the model top 

boundary (Byun and Schere 2006; CMAQv5.3 user's guide  2019). Hence, similar to the 

surface, part of the increments/reductions lingers near the upper layers. 

We examine (Figure 5.9) the impact on the analysis increments and error variance 

reductions for different vertical correlation lengths ( vL = 1
l

 , 10
l

 , 20
l

 ). It indicates 

that the error variance reduction is significantly more sensitive than the analysis increment 

to the vertical correlation length scale. As mentioned earlier, the layer pressure weights 

normalize the adjustments and allocate more impact on the mid-layers. We remove this 

effect by considering uniform layer pressure weights, which results in emphasizing the 

influence of the averaging kernels on the vertical profile of the analysis increment and error 

variance reduction during the analysis step (Figure 5.9a,b,d,e). Thus, higher sensitivity of 

GOSAT retrieval to the surface associated with its average kernel (Figure 5.9f) results in a 
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similar effect on the analysis (Figure 5.9d). Likewise, the error variance, whose vertical 

sensitivity is more substantial than the analysis, exhibits a larger influence from the surface 

(Figure 5.9e). It implies that for observations with the highest retrieval sensitivity to the 

near-surface (e.g., GOSAT), integrating the reduction of error variance with the 

assimilation scheme enhances our ability to retrieve information from the surface.  

 

Figure 5.9.   (a) Analysis increment and (b) error variance reduction during assimilation step for 

different vertical correlation length scales (red: 
vL = 1 l , blue: 

vL = 10 l , and green: 
vL = 20 l ); (c) 

Pressure weight (ω ) at each model layer; (d) analysis increment and (e) error variance reduction 

where the pressure weight is considered uniform; (f) GOSAT column averaging kernel. 

For a single-observation problem, one can theoretically show that the error variance 

reduction maintains a quadratic relationship with the analysis increments (Equation (5.23)). 

Therefore, besides the continuous estimate of the analysis and its uncertainty, the 

distinctive feature of PvKF in explicitly computing the error variance can be encouraging 

to infer surface quantities (i.e., emission inversion). 
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5.5.2 Timing (Computational Efficiency) 

The computational cost of advanced assimilation schemes is often compared 

against the cost of one model integration. The cost of the forecast step in PvKF involves 

two model simulations: the forecast of concentration and the forecast of the error variance. 

Thus, the forecast step of PvKF requires a little less than twice the computational time of 

the H-CMAQ forecast simulation, since the chemistry and diffusion are turned off for the 

propagation of error variance. When observations and analyses are included, the total 

computational cost depends on how many observations are assimilated per time step. The 

computational time required to perform the analysis step increases rapidly as the number 

of observations increases, due to the inversion of the innovation covariance matrix (or 

solving the equivalent linear problem) and the computation of the analysis error variance. 

Note that, contrary to 4D-Var, the storage space of PvKF always remains the same for any 

length of integration. 

The computational cost of assimilation with real GOSAT data (developed by 

SRON/KIT) should also take into account the number of actual quality-controlled 

observations. Obtaining quality-controlled observations consists of several steps. In 

addition to using the quality-controlled observations provided by the instrument team, we 

apply two additional filters on real GOSAT data before including them in the assimilation. 

First, we remove outliers whose departure from the global mean of the observations is three 

times larger than its standard deviation, and second, we conduct a thinning process on the 

observations with the aim of providing uncorrelated observation errors (Menard and 

Deshaies-Jacques 2018a) (see Section 6.3 for more details). Accordingly, the filtered 

GOSAT data holds below 100 retrievals per hour, which is about one-third of observations 
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before filtering (i.e., full GOSAT data). Note that the quality control steps are performed 

as pre-processing steps; hence, they do not impact the computational cost of assimilation. 

In order to make an assessment of the computational cost of the PvKF algorithm, 

we investigate the assimilation of an arbitrary number of observations per hour. For this, 

we have an arbitrary number of simulated observations that imitate the behaviour and 

influence of real GOSAT observations. All the simulated observations are retrieval 

products and have averaging kernels and a priori columns similar to the retrieved XCH4, 

and are basically proxy retrievals (i.e., PR) of GOSAT observations developed by 

SRON/KIT. The advantage of this approach is that we can generate an arbitrary number of 

“retrieved” observations. Therefore, the simulated observations could be generated at other 

times than for the retrievals. Both model (H-CMAQ) and analysis are carried out for a one-

hour simulation of size 187 × 187 × 44 in the computational domain with 108 km 

resolution. Figure 5.10 compares the computational time of the analysis step (dashed red 

line) as normalized to one model integration (solid black line). Contrary to the PvKF 

forecast (solid blue line), the analysis cost largely varies depending on the number of 

assimilated observations, attaining an equivalent cost to one model integration at about 850 

observations. The total assimilation time of PvKF (dashed green line) is obtained by adding 

the analysis time with approximately twice the model running time. For the number of 

observations equivalent to the real GOSAT data (both filtered and full data), the analysis 

step is much shorter than the model (i.e., ~0.1 per model integration). In this case, matrix 

inversion of the innovation covariance matrix (i.e., 
1 1( )f T− −= +Γ HP H R  in Equations 

(5.17) and (5.20) uses Cholesky decomposition (Krishnamoorthy and Menon 2013) to 

solve either the inversion of the innovation covariance matrix or a system of linear 
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equations b d=Γ . Thus, our hourly assimilation scheme with real GOSAT data maintains 

approximately twice the H-CMAQ computational time. Nonetheless, for the higher number 

of measurements (e.g., >500) per hour generated synthetically with GOSAT, our 

computational time estimate increases exponentially to near O(p3), which is comparable to 

the order of a Cholesky decomposition to compute the matrix inversion (i.e., it is dominated 

by the analysis step computation). 

 

Figure 5.10.   1-h computational time of the analysis (dashed red line) with respect to the number of 

observations within the PvKF assimilation. The solid black line shows the computational time of a 1-h 

H-CMAQ simulation with a known computational configuration. The solid blue line denotes the 

forecast step of PvKF that includes two forecasts, one for methane transport and the other for the 

advection of error variance. The dashed green line represents the total computational time expected 

for the PvKF. 

As a remark, we can roughly compare the computational efficiency of the PvKF 

assimilation described above with other popular schemes such as 4D-Var and EnKF. For 

example, 4D-Var entails the adjoint of CMAQ where the computation of the backward 
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mode requires at least twice (and up to three times) the time as the forward simulation 

(Hakami et al. 2007). In addition, several forward-backward iterations are required until 

the algorithm’s convergence. The adjoint computation also requires a relatively large (~10 

times the model) amount of storage space (Zhao et al. 2020). The computational time of 

EnKF assimilation also highly depends on the number of ensembles carried out with the 

model that adopts it. In general, dozens of ensembles are expected to maintain a reliable 

assimilation (Houtekamer and Zhang 2016); for example, Peng et al. (2015) used 48 

ensembles in their CFI-CMAQ. In summary, PvKF assimilation can achieve a high level 

of computational efficiency compared to the other typical assimilation schemes. We 

demonstrate the performance of this framework using real GOSAT observations in Chapter 

6. 

5.6 Summary and Conclusions 

We have designed an assimilation system based on the parametric (variance only) 

Kalman filter, or PvKF, with the hemispheric CMAQ model and GOSAT methane 

observations (the assimilation scheme can be used for any long-lived species). The scheme 

is capable of providing analysis together with its uncertainty (i.e., error variance) while 

being computationally cheaper than other popular data assimilation schemes such as 4D-

Var and EnKF. The analysis is derived sequentially with a minimum hourly batch of 

observations that could maintain real-time assimilation. The uncertainty is obtained by 

advection of error variance using the H-CMAQ model with a predefined error correlation 

model. The assimilation system was tested with a single simulated observation experiment 

to verify basic properties, as well as the conservation of information and the 
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appropriateness of using advection of error variance. This scheme does not assume a 

perfect model, nor does it require the development of adjoint or ensemble simulations. 

To conduct PvKF methane assimilation, we modified H-CMAQ to include methane 

transport, chemical reaction with OH, and emissions from both anthropogenic (EDGAR 

v6) and natural (WetCHARTs v1.0) source categories. Preparation of an unbiased initial 

field and addressing the bias in GOSAT with respect to independent surface measurements 

(GLOBALVIEWplus CH4-ObsPack v3.0 compiled by NOAA) is demonstrated. We found 

that a latitudinal correction provides a reasonable bias correction to our data. Thus, the 

model discrepancy with observations can be primarily attributed to the random errors in 

the model, observations, and emissions. 

Results using simulated observations indicate that the expected behaviour of the 

analysis error variance and analysis increment, which is derived from the model, is fairly 

consistent, while the information content (i.e., total variance) is conserved. Note that this 

may not be the case for EnKF if inflation is not added. We also demonstrate that the effect 

of a single observation can persist within a period of the GOSAT revisiting time, which is 

about 3 days. In addition, it is shown that the vertical error correlation could assist in 

deducing quantities at or close to the surface. 

We also discussed the computational cost of the PvKF assimilation against an 

arbitrary number of observations per time step. We found that the assimilation scheme with 

GOSAT maintains approximately twice the H-CMAQ computational time, while a larger 

number of observations per hour (e.g., >500), which is not the case of GOSAT, suggests 

an exponential increase in the computational time. Nonetheless, with a couple of thousands 

of observations per hour, the method still performs acceptably but is slower. We emphasize 



 

 137 

that this assimilation system does not assume a perfect model, in agreement with the fact 

that the wind and emissions are not entirely known. Yet, PvKF is computationally 

advantageous compared to 4D-Var and EnKF. 

The main limitation of this method is related to the lifetime of the species. PvKF is 

well-adapted to long-lived species, such as methane, and still applies to shorter lifetime 

chemical species, but with the caveat that a smaller fraction of the total forecast error 

variance is explained by the advection of error variance. In this case, the residual error 

variance (i.e., unexplained error variance) is captured by the stationary model error. Thus, 

for chemical species with a shorter lifetime, the PvKF more resembles an OI (Optimal 

Interpolation) scheme. Another limitation is that the framework’s feasibility depends on 

the observation characteristics (e.g., observation number and density). The larger number 

of observations we assimilate, the more accurate analysis we may obtain. However, the 

assimilation scheme is limited to a certain number of observations due to the computational 

capacity of PvKF, as explained in Section 5.5.2. In addition, increasing the number of 

observations can result in a higher spatial density, which increases the error correlation in 

observation space. This contradicts the necessary condition to obtain an optimal PvKF 

analysis (see Sections 6.2 and 6.3). Therefore, the number of observations may limit both 

the efficiency and the quality of the assimilation. 

In general, we found that the PvKF algorithm is sufficiently adaptable as a 

lightweight scheme for carrying long-lived tracers inside a chemistry-enabled atmospheric 

model. In Chapter 6, we will discuss this framework with the objective of obtaining optimal 

assimilation of GOSAT and deducing realistic statistics for transport, observations, and 

model parameters, including correlation lengths. 
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A potential application of this algorithm, which has not yet been pursued in this 

study, is to improve the inverse modelling of methane emissions on a highly resolved 

regional domain by integrating an accurate initial and the inflows of methane 

concentrations at the lateral boundaries of the regional model and their uncertainties. 
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Chapter  6: Assimilation of GOSAT Methane in the Hemispheric 

CMAQ; Part II: Results Using Optimal Error Statistics 

In Chapter 6, the parametric variance Kalman filter (PvKF) data assimilation 

designed in Chapter 5  is applied to GOSAT methane observations with the hemispheric 

version of CMAQ to obtain the methane field (i.e., optimized analysis) with its error 

variance. Although the Kalman filter computes error covariances, the optimality depends 

on how these covariances reflect the true error statistics. To achieve a more accurate 

representation, we optimize the global variance parameters, including correlation length 

scales and observation errors, based on a cross-validation cost function. The model and the 

initial error are then estimated according to the normalized variance matching diagnostic, 

also to maintain a stable analysis error variance over time. The assimilation results in April 

2010 are validated against independent surface and aircraft observations. The statistics of 

the comparison of the model and analysis show a meaningful improvement against all four 

types of available observations. Having the advantage of continuous assimilation, we 

showed that the analysis also aims at pursuing the temporal variation of independent 

measurements, as opposed to the model. Finally, the performance of the PvKF assimilation 

in capturing the spatial structure of bias and uncertainty reduction across the Northern 

Hemisphere is examined, indicating the capability of analysis in addressing those biases 

originated, whether from inaccurate emissions or modelling error. 

6.1 Introduction 

In Chapter 5, we have developed a parametric variance Kalman filter (PvKF) data 

assimilation system of atmospheric methane using GOSAT observations and the 

hemispheric CMAQ (H-CMAQ) model. The formulation of the assimilation system and 
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its verification using synthetic observations were made in Section 5.5, demonstrating that 

PvKF maintains the information content and does not rely on a perfect model assumption. 

This scheme computes the assimilation error variance and compared with 4D-Var and 

ensemble Kalman filtering capable of computing also the error variance, it is 

computationally advantageous.  

Furthermore, the method appears to be well-adapted for long-lived species such as 

methane and performs efficiently with a small number of observations, as is the case with 

GOSAT (i.e., < 300 retrieval/hour). In this Part II of the study, we employ the assimilation 

scheme to real GOSAT observations with the objective of producing high-quality (i.e., 

near-optimal) analysis by optimal estimation of the error covariance input parameters (e.g., 

model error variance, observation error variance, and background error correlation 

lengths). The high-quality analysis of PvKF offers the same spatiotemporal resolution as 

the model both for the optimal state estimate and for its uncertainty, expressed as an error 

variance. 

GOSAT observations have been used for a decade to constrain methane emissions 

using a variety of inverse modelling techniques. Still, significant differences between 

several studies’ results have been reported, even those using a similar dataset (Ganesan et 

al. 2019; Miller et al. 2019), implying that the inverse analyses, both on a regional and 

global scale, are faced with significant challenges. On the global scale, the challenge arises 

mainly from unaccounted uncertainties of all major sinks of methane, e.g., those resulting 

from OH oxidation, soil uptake, and stratospheric loss (Turner et al. 2017; Turner et al. 

2018; Turner et al. 2019; Wang et al. 2019; Maasakkers et al. 2019; Saunois et al. 2020; 

Zhao et al. 2020b). On the regional scale, the challenge is primarily due to inaccurate lateral 
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boundaries and initial conditions, which are more influential than the unaccounted 

uncertainties at the global scale due to the short residence time of air (e.g., several weeks) 

in a limited regional domain (Jacob et al. 2016). However, it is assumed in inverse 

modelling studies such as Turner et al. (2015) and (Bergamaschi et al. 2018) that the model 

forecast of methane is perfect, and the observations and background error statistics are 

precisely known. Hence, it implies that the only source of error arises from inaccurate 

emissions. In a comparable study, Stanevich et al. (2020; 2021) account for model transport 

error under a weak-constraint 4D-Var inversion, which partly addresses the uncertainties 

due to lateral boundary inflow and the initial concentration. However, those uncertainties 

may not be associated with optimal error statistics, which influence the quality of the 

analysis. 

In this chapter, rather than solely correcting the emissions, we consider emission 

errors as part of the modelling error. We recall that emissions are the model input (or 

parameter), and their errors can be considered separately or as part of the CMAQ model 

error. We use the GOSAT observations to estimate the methane concentrations using an 

assimilation scheme that does allow for (chemical transport) model (random) errors. The 

objective of data assimilation is to obtain the best representation of methane concentration. 

In addition, because the estimated variables and the observed variables are essentially the 

same (with the difference that the observation here is a vertically integrated quantity), 

diagnostics of the assimilation residuals are useful in determining error covariances such 

as the observation and the forecast model error covariance. These error covariances are 

essential inputs to the PvKF and for most data assimilation schemes. 
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Daley (1992a; 1992b; 1992c; 1992d) has shown that the performance of an 

assimilation system depends on an accurate estimation of the input error covariances. The 

theory of estimation of error covariances can be complex, and the procedures for doing so 

are limited. These procedures revolve around assumptions that are needed to make the 

problem tractable. Estimating each component of an error covariance matrix is an 

insurmountable task because there are simply not enough realizations or data that would 

permit independent estimation of each element of a covariance matrix. For that reason, 

covariance modelling, as discussed in Section 3.3, is essential. Nevertheless, within this 

framework, estimating only parameters of a covariance model (rather than the covariance 

matrix itself), which achieves a (near) optimal assimilation system raises the important 

question on how that can be established. 

In meteorology, several techniques such as the National Meteorological Center 

(NMC) lagged-forecast method (Parrish and Derber 1992), the ensemble of data 

assimilation (Fisher 2003), the Hollingsworth–Lönnberg technique (Hollingsworth and 

Lonnberg 1986; Lonnberg and Hollingsworth 1986), the maximum likelihood method 

(Dee and da Silva 1999; Dee et al. 1999), and the Desroziers et al. (2005) diagnostic have 

been used to estimate error covariances or their parameters. These statistical diagnostics 

are either based on innovations or assimilation residuals. They provide a reasonably 

accurate estimate of the error covariances (parameters) under the assumption that the 

underlying assimilation system is already nearly optimal (Desroziers et al. 2005; Menard 

2016; Waller et al. 2016a; Tandeo et al. 2020). In meteorology, numerous observations are 

being used, and error statistics have been tuned, so that the assimilation system is already 

close to optimal. Accordingly, the estimation of the observation error of a new observation 
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type in meteorology can be assessed through the above techniques (see the discussion in 

Waller et al. (2016a) or Ménard (2016)). However, with methane assimilation or chemical 

data assimilation in general, we are rarely building upon an existing and well-proven 

assimilation system, but rather constructing one with little prior information. In this 

context, the optimality of the assimilation system is not granted, and needs to be established 

in addition to estimating the error covariance parameters. 

Recently, a new estimation method has been introduced which does not rely on the 

optimality of the assimilation system. The method is based on cross-validation and 

innovation covariance consistency (Menard and Deshaies-Jacques 2018a; 2018b). First, it 

is shown that the cross-validation technique estimates the true analysis error variance 

without the assumption of an optimal analysis. Then, by varying the tunable covariance 

parameters to obtain the minimum analysis error variance (evaluated by cross-validation) 

while preserving the innovation covariance consistency, the necessary and sufficient 

conditions for the estimation of the true error covariances are met (Menard 2016). Thus, 

the analysis formed is nearly optimal (because the estimation is performed on parameters 

rather than the full covariance matrix), and the error statistics obtained are close to the true 

error statistics (Menard and Deshaies-Jacques 2018a). 

In this Chapter 6, the cross-validation methodology which was developed for in situ 

observations (Menard and Deshaies-Jacques 2018a), has been extended to satellite 

observations and applied to estimate multiple covariance parameters. With the PvKF 

scheme, the estimation of the background error correlation, in particular correlation 

lengths, is quite important for obtaining an optimal analysis (Ménard and Chang 2000). 

However, we should note that finding the (near) optimal covariance parameters results in 
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additional assimilation runs that compound the global cost of assimilation by a factor of 

(roughly) 20. The technique (and results) of obtaining accurate covariance parameters is 

an important objective of this chapter. In a nutshell, we not only estimate the methane 

concentration field but also determine the most accurate input error covariance parameter 

values. 

Finally, we note that because of the common aspects between inverse modelling 

and data assimilation schemes, the estimation of data assimilation error covariances could 

also be useful for the estimation of error covariances needed in inverse modelling schemes 

(although we have not attempted to demonstrate this in the current study). 

Chapter  6 is organized as follows. First, we present in Section 6.2 the background 

of the theory of estimating covariance parameters, which includes the necessary and 

sufficient conditions and how they are linked with the method of cross-validation. In 

Section 6.3, we present the experimental setup and the preparation of GOSAT retrievals 

for the optimization framework, resulting in an estimate of the correlation lengths together 

with observation error variance. Section 6.4 discusses the estimation of the modelling error 

and initial error variance. In Section 6.5, we evaluate the analysis against several sets of 

independent observations. Section 6.6 first presents the spatial distribution of the analysis 

increment and analysis error variance and then discusses the temporal behaviour of the 

analysis. Finally, conclusions are drawn in Section 6.7. 

6.2  Background on the Theory of Covariance Parameter Estimation  

In this section, we will review the theory of estimation of observation error 

covariance ( R ) and background error covariance in observation space ( THBH ) as 

developed in Menard and Deshaies-Jacques (2018) (Menard and Deshaies-Jacques 2018a; 
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2018b) and Menard (2016). By assuming a linear observation operator and uncorrelated 

observation and forecast errors, it was shown that the necessary and sufficient conditions 

to estimate the true error covariances (in observation space, i.e., R  and THBH ) are 

(Menard 2016)  

1. Innovation covariance consistency, i.e., 

=Γ Γ  (6.1) 

2. Optimality of the gain matrix, i.e., 

=K K  (6.2) 

The first condition (Equation (6.1)) indicates that the sample covariance of the 

Observation − Model residuals (i.e., ( )( )TO B O B 
 

= − −Γ E ) is equal to the innovation 

covariance computed in the assimilation algorithm (i.e., T= +Γ HBH R ). The second 

condition (Equation (6.2)) expresses that the Kalman gain, K , used in the assimilation 

algorithm is equal to the optimal Kalman gain, K , that is the gain that uses the true 

observation error covariance and the true background error covariance. These conditions 

are particularly easy to interpret in a scalar problem. In a scalar problem, the observation 

error covariance is an error variance, and let its true value be denoted by 
2
o . Similarly, 

the background error covariance is an error variance, and lets its true value be denoted by 

2
b . Equation (6.1) then says that the variance of the Observation minus Model, var ( )O B−

, is equal to the sum of the true observation and true background error variances, i.e., 

2 2
o b + . In the scalar problem, the Kalman gain depends only on the ratio of the 

observation error variance to the background error variance, not their values as such. 

Equation (6.2) then says that the Kalman gain used in the assimilation uses the ratio of the 

true error variances (not their values). Thus, if the sum of error variance is the sum of the 
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true error variances, and the ratio of error variances is equal to the ratio of the true error 

variances, then it implies that, individually, the observation and background error variances 

are equal to their true values. The conditions (1) and (2) are the generalization for error 

covariance matrices. 

However, condition (2) is nontrivial to implement, as there is no measure of what 

the true Kalman gain is. Fortunately, there is an alternative formulation. It is known that 

the analysis error covariance for any (arbitrary) Kalman gain can be computed as 

( ) ( )true T true T= − − +A I KH B I KH KR K  (6.3) 

where trueB  and trueR  are the true background error covariance and true observation error 

covariances, respectively. Minimizing the total analysis error variance, i.e., ( )tr A , with 

respect to the gain matrix, in fact, yield a gain matrix that is the true Kalman gain (Daley 

1992d) 

  1ˆargmin ( ) ( )true T true T truetr −= = + =
K

A K B H HB H R K  (6.4) 

Thus, we can replace condition (2) by the following condition 

3. Optimality of the gain matrix, using 

 argmin ( ) truetr =
K

A K  (6.5) 

The minimum can, in fact, be obtained using cross-validation (Menard and Deshaies-

Jacques 2018a). We will detail the algorithm shortly, but first, a few comments are needed. 

The difficulty in the application of these conditions (i.e., Equations (6.1) and (6.5)) is that 

we never have enough data or realization to effectively verify each matrix element of these 

conditions (the K  matrix in the case of condition (3), and the full innovation covariance 

matrix with condition (1)). Because of this difficulty, we usually model the error 
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covariances with a few parameters, say a vector of parameters α , and then examine 

whether or not condition (3) and the trace of condition (1) are verified with “optimal 

parameters values”. 

In our notation, we also distinguish the error covariances that are basically defined 

using the mathematical expectation in probability theory, from a statistical estimate of 

using a finite sample (e.g., one hundred or less). We will denote the mathematical 

expectation with E and sample mean as . Thus, let us consider that the analysis error 

covariance, ( )A α , depends on a number of covariance parameters,  , , ,o
vh

L L f=α , 

where h
L  and vL  are the horizontal and vertical correlation lengths, and of  is a 

multiplicative factor for the observation error variance (see Section 5.4.3 and 5.4.4). The 

idea then is to find the optimal values of parameters such that  argmin ( ( )) truetr 
α

A α K . 

Solving this problem using a limited number of parameters can be done using cross-

validation (Menard and Deshaies-Jacques 2018a). There are two principal classes of cross-

validation techniques. One is the leave-one-out (observations), and the other is the k-fold 

methodology. Here we consider the k-fold methodology as it is easier to apply in this 

context. In k-fold cross-validation, we separate the observations into k subsets of equal 

size. Here, we use a k-fold of 3. An analysis using k-1 observation sets (called active 

observations) is compared with the remaining set of observations, called passive 

observations. By comparing the passive observations with the analysis interpolated at the 

passive observation sites, we construct the cross-validation cost function, 

2( )c cJ O A= − , (6.6) 
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where the ensemble also includes all permutations of the k subsets (Menard and Deshaies-

Jacques 2018a; 2018b). It turns out that the cost function, cJ , is actually a measure of the 

analysis error variance (Marseille et al. 2016; Menard and Deshaies-Jacques 2018a). 

Indeed, assuming that the observation errors are spatially uncorrelated and uncorrelated 

with the forecast (or background) errors, it is established that 

( ) ( )T T
c c c c cO A O A 

 
− − = +R H AHE , (6.7) 

whether the analysis is optimal or not. In Equation (6.7), subscripts c denotes values 

estimated in the passive observation space that are independent observations. cH  is the 

observation operator that interpolates the 3D field at the passive observation sites. By 

exploring the values in the parameter space, we can estimate the value of the cost function, 

Equation (6.6), for each parameter value, until we find the minimum of the cost function 

(Equation (6.6)). Thus, we argue that 

argmin ( ) optimal ( )cJ 
α

α A α  (6.8) 

in the subspace spanned by the covariance parameters, α  (Menard and Deshaies-Jacques 

2018a). The essential part of this search also consists in maintaining the innovation 

covariance consistency in Equation (6.1) (in fact, the trace of it), so that we then get an 

estimate of the optimal parameters values that satisfies both conditions; condition (1) and 

condition (3). The modelled covariances with these optimal parameter values are then an 

estimate of the true error covariances. 

6.3 Estimation of Correlation Lengths and Observation Error Variance  

The cross-validation estimation technique (Menard and Deshaies-Jacques 2018a) 

was originally developed for in situ observations. Contrary to in situ observations, satellite 
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observation errors may contain significant spatial correlation. The error correlation mainly 

arises from the representativeness part of the error and inter-channel retrieval (Waller et al. 

2016a), which may result in a degraded analysis obtained through cross-validation (Menard 

and Deshaies-Jacques 2018a). In practice, observation thinning (i.e., reducing the spatial 

density of the observations) or inflating the observation error variance are two standard 

procedures to deal with spatially correlated observation errors (Bormann and Bauer 2010; 

Bormann et al. 2010). Procedures based on variance inflation were employed to maintain 

a better consistency between the model and GOSAT (Maasakkers et al. 2019) using the 

residual error method of Heald et al. (2004) or between GOSAT and independent 

observations (Stanevich et al. 2021). However, in this study, we use observation thinning 

to alleviate the error correlation between observations. This is due to the fact that our main 

goal here is optimizing the error covariance parameters in a more objective manner (i.e., 

no optimality assumptions), rather than tunning the covariance parameters for better 

consistency between the model and observations. Note that this approach also aids PvKF 

in obtaining a higher computational efficiency due to lowering the number of assimilated 

observations (see Section 5.5.2). GOSAT SWIR retrievals, used in this study, are single-

channel and considered sparse compared to other satellites such as AIRS and IASI with 

dense multichannel retrievals. Thus, the GOSAT SWIR observations retain smaller spatial 

correlated errors, making the practical solution of thinning more feasible. Note that the 

GOSAT observation covariance matrix is usually assumed to be diagonal (i.e., spatially 

uncorrelated errors) in methane source inversions due to a lack of better objective 

information (Lu et al. 2021; Maasakkers et al. 2021; Qu et al. 2021). 
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One objective of this section is to obtain the observation error variance. First, we 

conduct observation thinning to maintain nearly uncorrelated observation error as required 

by cross-validation. As it is shown for SEVIRI (Waller et al. 2016b), satellite nadir 

observations such as GOSAT could also represent spatially correlated errors of a few tens 

of kilometres. In this work, we simply assume a 10 km margin to filter any pair of GOSAT 

observations that are located in this range. We apply this filtering to the observations over 

the entire time window of assimilation, resulting in about 40% removal of observations 

after quality control. We argue that a small length (e.g., 1 km with about 15% removal) 

will not ensure obtaining uncorrelated (or near uncorrelated) observation errors, whereas a 

large marginal length (e.g., 100 km with about 85% removal) may lead to significant 

degradation of the analysis through filtering a great portion of observations. Furthermore, 

as we shall see later in this section, the thinned satellite observations can be used in cross-

validation to obtain the optimal parameter values. The quality control first removes the 

outliers by filtering out observations whose departure from the global mean is three times 

larger than its standard deviation. The quality-controlled observations are then subjected 

to the thinning process as described above and separated into three sets of observations of 

equal numbers for 3-fold cross-validations. The selection of observations into three sets is 

made according to the order of retrieval time, resulting in a spatially random distribution 

of retrievals in each set (Figure 6.1a). The cross-validation is then applied by leaving one 

set out as a test set (i.e., passive observations) and using the remaining two sets to generate 

the training sets (i.e., active observations). Figure 6.1b shows the active and passive 

observations within three days or one revisit cycle of GOSAT. We recall that the analysis 
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is only produced using active observations. The total number of observations per hour 

shows the nine revisit cycles of GOSAT observations used in this study (Figure 6.1c). 

Here we describe the experimental setup to estimate the covariance parameters. 

Three parameters, including hL , vL , and 
of , are considered for the optimization problem 

using cross-validation cost-function (Equation (6.4)). We recall that observation, model, 

and initial error covariance are considered uniform and uncorrelated (see Section 5.4.4 for 

details). The background error covariance adapts a homogeneous isotropic horizontal and 

vertical error correlation based on a second-order autoregressive (SOAR) correlation 

model (see Section 5.4.3). A series of hourly methane analyses are conducted for a period 

of two weeks (5 April to 18 April 2010), with 3 days spin-up of the assimilation system. 

This analysis is repeated to find the parameter optimum, altering hL  from 200 km to 600 

km with a step size of 50 km, vL  from 0 to 13 vertical   levels with 1  increment, and 

of  from 0.1 to 1.2 with a 0.1 step size. 

Simultaneous optimization of the three parameters as discretized above requires a 

total ensemble of assimilations of 1512, i.e., 9 × 14 × 12 = 1512, corresponding to the 

specified parameters, hL  × vL  × 
of , in the optimization. Perhaps, other optimization 

techniques could resolve this problem more efficiently (Wen and Yin 2013; Zhu et al. 

2017). An iterative scheme is adapted instead, where hL  and vL  are estimated together 

while 
of  is considered separately. With the initial values of hL  = 500 km, vL = 1 , and 

of  

= 1 taken as first guesses (Table 6.1, initial), the experiment is started for the estimation of 

of  while hL  and vL  are kept fixed. This essentially corresponds to searching for the 
of  that 
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minimizes the cross-validation cost function (Equation (6.6)) while the innovation 

covariance consistency (Equation (6.1)) is respected.  

 

Figure 6.1.   Spatial and temporal distribution of GOSAT methane observations used in cross-

validation. (a) 1-h GOSAT observations separated in three sets after thinning; (b) active observations 

(blue circles) versus passive observation (red triangles) over 3 days in the cross-validation framework 

to estimate the covariance parameters; (c) frequency of GOSAT observation per hour used in cross-

validation. 

Note that the procedure is repeated for all three permutations of cross-validations 

subsets to ensure that all observations have been used for evaluation. The new estimate of 

of  is obtained by averaging for the three verifying subsets (Table 6.1, itr 0 / step 1). The 

estimated
of  (

of  = 0.45) is then used to estimate hL  and vL  together in the next step of zero 

iteration (Table 6.1, itr 0 / step 2). The procedure is repeated for successive iterations until 
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convergence. Nevertheless, it is established that a single iteration will be sufficient to reach 

convergence for a similar estimation method (Desroziers et al. 2009; Ménard et al. 2009; 

Menard and Deshaies-Jacques 2018a; 2018b). We also confirm this for our estimation 

problem as shown in the first iteration (itr 1) in Table 6.1 (itr 1/step 1 and itr 1/step 2). 

Thus, the number of computations declines to 2 × (9 × 14 + 12) = 276 for the same number 

of parameters and the same step size of each parameter. 

Table 6.1.   Comparison of the error variance parameters ( h
L , v

L , and 
o

f ) along with the cross-

validation cost function generated with passive observations at different stages of iterative 

optimization, including the initial step, zero iteration (itr 0) and first iteration (itr 1). Each iteration 

contains two steps, one for optimizing 
o

f (step 1) and another for optimizing h
L and v

L  together. 

                       Parameters 

          itr/Step hL  vL  
of  

2( )c cJ O A= −  

initial 500 km 1  1 62.4 ppb2 

itr 0/step 1 500 km 1  0.45 60.5 ppb2 

itr 0/step 2 350 km 7  0.45 55.9 ppb2 

itr 1/step 1 350 km 7  0.5 55.6 ppb2 

itr 1/step 2 350 km 7  0.5 55.6 ppb2 

 

Figure 6.2a and Figure 6.3 (red curve) illustrate the estimation of hL , vL , and 
of , after the 

first iteration that corresponds to the minimum value with the specified optimization 

resolution in the cross-validation (i.e., passive observation) space. A cost function based 

on the active observations, 2( )J O A= − , is constructed to compare with the cross-

validation results. Figure 6.2b and Figure 6.3 (blue curve) represent the similar parameter 

estimation procedure described above, but over the active observations (i.e., training set). 

In Figure 6.3, the evaluation against active observations (blue curve) always shows smaller 

variances than the evaluation against passive observations (red curve). It implies that the 
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use of active observations overestimates the performance (a well-known property of cross-

validation optimization (Menard and Deshaies-Jacques 2018a)) of the analysis. In addition, 

the use of passive observations in cross-validation results in the existence of a minimum 

variance cost function, consistent with the finding of Ménard and Deshaies-Jacques 

(2018b) (Menard and Deshaies-Jacques 2018a). 

 

 

Figure 6.2.   Estimation of the horizontal length scale ( h
L , x-axis) and the vertical length scale ( v

L , y-

axis) together through (a) a cross-validation cost function of passive observations 
2

( )
c c

J O A−=  and 

with (b) a cross-validation cost function of active observations 2( )J O A= − . 
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Figure 6.3.   Estimation of observation error variance parameter, o
f , using a cross-validation cost 

function of passive observations (red curve) and using a cross-validation cost function of active 

observations (blue curve). 

To verify that the cross-validation method using 10 km thinning of satellite 

observations yields the optimal parameter, we have conducted the same analysis as shown 

above, but this time against independent Total Carbon Column Observing Network 

(TCCON) observations. Note that TCCON is often considered as a reliable observation 

data set. However, their coverage is rather limited in space but continuous in time (seven 

sites only; see Section 5.5 for detail of TCCON observations). Figure 6.4 shows the 

comparison of analysis ( A ) using active GOSAT observations against TCCON ( O ), which 

is an independent source of observation. The cross-validation cost function, 2( )O A− , is 

drawn against the three parameters ( hL  in the left, vL  in the middle, and 
of  in the right 

panel of Figure 6.4). To save on the computation, we perform the estimation on each 

parameter individually. Figure 6.4 shows that the optimal parameter values obtained 
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against TCCON are the same as those estimated through cross-validation (using GOSAT 

passive observations). Hence, despite the fact that cross-validation was developed for in 

situ observations, this result indicates that satellite observation thinning can indeed yield 

the optimal values. This example shows that the applicability of the cross-validation 

method (Menard and Deshaies-Jacques 2018a; 2018b) to the satellite observations is valid. 

 

Figure 6.4.   Estimation of the (a) horizontal correlation length, h
L , (b) vertical correlation length, v

L , 

and (c) observation error covariance parameter, o
f , using independent TCCON observations with 

the cross-validation cost function, 2( )J O A= − . 

6.4 Estimation of Model Error and Initial Error Variance Using Innovation 

Variance Consistency  

By conducting the estimation presented in Section  6.3 on a different time window 

(e.g., a different two weeks period or a shorter/longer period), we found that the optimal 

estimation of the three parameters, hL , vL , and 
of , is relatively insensitive to the time 

window of estimation. The model and initial error variances, on the other hand, (or their 

covariance parameter counterparts,
qf  and

if ) are excluded from our covariance parameter 

vector,α , in the cross-validation optimization due to their time-varying influence (i.e., 

accumulating or decaying behaviour). In other words, having a different optimization time 
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window results in a different set of optimized 
qf  and

if . Thus, instead of including 
qf  

and
if  in the time-insensitive parameter vector (α ), we tuned them separately using the 

variance matching diagnostic technique defined in Section 6.2 (Equation (6.1)). A 

description of the form of initial and model error covariance is presented in Section 5.4.4 

First, we characterize a normalized variance matching diagnostic that offers a diagnostic 

independent of units and independent of the number of observations. The covariance 

matching diagnostic, reformulated as the total variance matching, can be written as 

( )( )( ) ( ) ( )tr O B O B tr tr 
 − − − = −Γ Γ ΓE . (6.9) 

The normalized variance matching diagnostic is then obtained by dividing the right-hand 

side of Equation (6.9) with the number of observations, p , and var( )Γ  representing the 

variance at a specific observation location or the mean of all observations. Thus, we have 

( )
1 1 1

( ) ( )
( )var

tr tr
p tr

− = −Γ Γ Γ Γ
ΓΓ

. (6.10) 

Writing the diagnostic in this fashion removes the dependency of the diagnostic to 

the absolute statistics, so that it retains a similar form to other diagnostics such as 
2  

(Menard et al. 2000). Therefore, an appropriate value of model error in our estimation 

system is obtained when it satisfies the near-zero normalized variance matching with 

continuous stability over time. Figure 6.5 illustrates the influence of the model error on this 

diagnostic. A small 
qf  (Figure 6.5a) leads to an increasing pattern ( Γ Γ ) over time, 

whereas a large 
qf  (Figure 6.5c) results in a decrease ( Γ Γ ); both of them tend to 

disagree with the innovation variance consistency over time. A proper value of 
qf = 0.018 

(Figure 6.5b) can be found with trial and error that fulfills the innovation variance 
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consistency. Note that the initial error variance parameter is kept constant 
if = 0.45 for all 

cases, while it is shown for its best estimate (see Figure 6.6). 

Furthermore, we verify the influence of the model error on the analysis error 

variance in Figure 6.5d. Both cases of “without DA” and perfect model or (
qf  = 0) 

produce too small or too large analysis error variance as time proceeds, causing degraded 

assimilation results with overestimation or underestimation implications. Therefore, the 

presence of a certain amount of model error is crucial. As found in the diagnostic above, 

we infer that the proposed model error parameter (
qf  = 0.018) also maintains a stable 

analysis error variance over time. 

We repeat the same diagnostic experiment to obtain an appropriate 
if . We note 

that different values of 
qf  are considered initially for this test, and the best value, 

qf  = 

0.018, which maintains a stable diagnostic, is shown in Figure 6.6. Figure 6.6 suggests that 

if  = 0.45 meets the condition of innovation variance consistency, although it may not reach 

the final error variance within two weeks to show asymptotic stability of the Kalman filter 

estimation (see Jazwinski (1970), Theorem 7.4). We infer that the thinned GOSAT data 

used in this study may produce an analysis that induces a lack of observability (e.g., see 

Jazwinski (1970) for the definition of observability in section 7.5 therein). Nonetheless, we 

have all the parameters that lead to an optimal analysis and to innovation variance 

consistency. Those estimated parameters are close to the true error variance parameters. 
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Figure 6.5.   Normalized innovation variance consistency diagnostic for a (a) low (
q

f  = 0.001), (b) 

proper (
q

f  = 0.018), and (c) high (
q

f  = 0.046) model error parameter value. (d) indicates the effect of 

model error on analysis error variance over time. 
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Figure 6.6.   Normalized innovation variance consistency diagnostic for a (a) low (
if  = 0.40), (b) 

proper (
if  = 0.45), and (c) high (

if  = 0.50) initial error parameter value. 

6.5 Evaluation against Independent Observations  

The optimal analysis can be obtained as a result of successful assimilation. This 

relies not only on the assimilation processes but specifically on the precise characterization 

of the input error parameters. The observation error covariance ( R ), the model error 

covariance ( Q ), and in some cases, the initial error covariance ( 0P ), besides the error 
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correlation length scales, are among those determined in the PvKF assimilation. Hence, the 

optimality of the analysis depends on how precisely the Kalman filter error covariances (

fP , aP ) reflect the true estimation of error covariance parameters. We recall the definition 

and the formulation of the input error covariances in Section 5.4.4 

The assimilation results shown in Sections 6.5 and 6.6 are produced with thinned 

GOSAT data that pass all quality control flags (e.g., retrieval flag, outliers), maintaining 

about 35%- 50% of all GOSAT retrievals for assimilation. Accordingly, the desired 

assimilation involves globally optimized (or quasi-optimal) error parameters, including 

of ,
if ,

qf , hL  and vL . After finding these optimized error parameters, as discussed in 

Sections 6.3 and 6.4, independent measurements from multiple sources are used to evaluate 

the assimilation performance. Figure 6.7 demonstrates the location/pathways of all 

surface/aircraft available measurements collected for the duration of our assimilation 

results in April 2010. Below, we provide a brief description alongside the preparation of 

these independent observations. 

TCCON is a ground-based FTS network that provides a time series of CH4 column-

averaged abundance worldwide. TCCON data has been used to compare with model 

simulations and satellite data primarily for validation purposes (Yoshida et al. 2013; 

Scheepmaker et al. 2015; Zhou et al. 2016; Liang et al. 2017; Wunch et al. 2019; Stanevich 

et al. 2021; Zhang et al. 2021). We used the GGG2014 version of TCCON XCH4 data from 

seven sites (red circles in Figure 6.7), including Park falls (Wennberg et al. 2017), Orleans 

(Warneke et al. 2017), Lamont (Wennberg et al. 2016), Bremen (Notholt et al. 2019), 

Sodankyla (Kivi et al. 2014), Izana (Blumenstock et al. 2017), and Bialystok (Deutscher et 

al. 2019), available at https://tccondata.org/2014. TCCON is calibrated using aircraft 
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profiles to maintain better than 0.5% accuracy of XCH4 retrievals (Wunch et al. 2017). 

Prior to the comparison with the model or analysis, we convolve CMAQ with TCCON 

average kernels and the corresponding a priori profiles, for which the procedure is 

described in Wunch et al. (2010) or through the website https://tccon-

wiki.caltech.edu/Main/AuxilaryData. Similar to the aircraft measurements described later 

in this section, TCCON retrievals are assumed to provide an independent evaluation for 

our assimilation results. This is due to the fact that TCCON is neither used in generating 

the model input nor in calibrating the GOSAT data with CMAQ. We recall that GOSAT 

data are bias-corrected against only surface measurements of GLOBALVIEWplus CH4 

ObsPack v3.0 as described in Sections 5.4.1 and 5.4.2. Therefore, any influence of TCCON 

calibration on GOSAT data prior to this study will be entirely alleviated. Note that we 

employed the same latitudinal correction on TCCON as we used for GOSAT to ensure a 

consistent comparison with independent observations 

HIAPER Pole-to-Pole Observations (HIPPO-3) are among the five HIPPO aircraft 

missions that provide methane concentration measurements (Wofsy et al. 2011) from 

surface to 14 km across the Pacific Ocean between 20 March and 20 April 2010. The 

measurement is conducted every second using a quantum cascade laser spectrometer 

(QCLS) with an accuracy of 1 ppb. Methane measurements, meteorology and flight 

tracking data are accessible at: https://www.eol.ucar.edu/field_projects/hippo. For the 

North Hemisphere, the measurement data are available on 10, 13 and 15 April 2010, as 

shown by orange triangles in Figure 6.7. To compare with HIPPO-3, we interpolate the 

model concentration at the specific location, height, and time of the measurement. The 

significantly shorter time scale of the measurements (i.e., 1 s) compared to the model 
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simulation time step (i.e., 1 h) allows a larger variation, resulting in a degraded comparison 

with the model or analysis at the observation space. Therefore, with the aim of meaningful 

comparison, we exclude those HIPPO-3 data that depart by more than three standard 

deviations from the average measurement over one minute or 60 consecutive 

measurements. This results in removing 58% of the total HIPPO-3 data as the outliers for 

this comparison. 

Global Hawk Pacific (GloPac) is an aircraft mission operated by NASA in April 

2010 primarily designed to validate monitoring satellite missions and to measure trace 

gases in the upper troposphere and lower stratosphere. UAS Chromatograph for 

Atmospheric Trace Species (UCATS) was integrated into GloPac to measure methane 

alongside N2O, SF6 and several other trace gases. It offers an overall precision of 0.5% for 

methane (Hintsa et al. 2021). All the data are available at 

https://espoarchive.nasa.gov/archive/browse/glopac, where the methane measurements 

were recorded on 7 and 13 April 2010 with a time resolution of 140 s and are shown in 

Figure 6.7 by blue triangles. Note that we use methane measurements without filtering, and 

the model and analysis are computed at every measurement. 

GLOBALVIEWplus ObsPack v3.0 data product (Schuldt et al. 2021) published via 

NOAA Global Monitoring Laboratory provides high accuracy measurements of methane 

concentration from a variety of sampling platforms, including surface, tower, aircraft, and 

shipboard measurements. Since the surface flask and tower data are used in the calibration 

of GOSAT (see Sections 5.4.1 and 5.4.2), we only use ObsPack aircraft data to ensure an 

unbiased comparison with the analysis. Accordingly, only daily above 800 m from the 

dataset of ObsPack available at (https://gml.noaa.gov/ccgg/obspack/) is used to represent 

https://espoarchive.nasa.gov/instrument/all?field_meas_tid=N2O
https://espoarchive.nasa.gov/instrument/all?field_meas_tid=SF6
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the aircraft measurements, which are collected from multiple aircraft campaigns (Schuldt 

et al. 2021). These measurements are demonstrated by green triangles in Figure 6.7. 

 

Figure 6.7.   Methane measurement data used for the evaluation of the assimilation system in April 

2010: TCCON stations (red circles) at seven sites; HIPPO-3 aircraft measurement pathways (orange 

triangles) on 10, 13 and 15 April 2010; UCATS/GloPac aircraft measurement pathways (blue triangles) 

on 7 and 13 April 2010; and NOAA/Obspack aircraft measurements (green triangles). 

Before evaluating the performance of the optimal analysis against independent 

observations, we highlight the differences between an optimal and nonoptimal analysis. 

Accordingly, under similar conditions (e.g., model configuration, inputs), the optimal 

analysis is compared against another analysis produced with an arbitrary, yet commonly 

used, non-optimal set of parameters. The globally optimized parameters in April 2010, as 

described in Sections 6.3 and 6.4, consist of 
of = 0.5,

if = 0.45,
qf = 0.018, h

L = 350 km, vL
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= 7 , whereas the arbitrary parameters include 
of = 1.2, 

if = 0.45, 
qf = 0, h

L = 600 km, 

vL = 1 , for the nonoptimal case. Figure 6.8 demonstrates the comparison of model 

forecast without data assimilation (blue circles), analysis with optimal parameters (red 

circles), and analysis with nonoptimal parameters (green circles) against independent 

TCCON observations. The results indicate that both 2R  and the regression slope are the 

smallest for the nonoptimal analysis while the mean bias is the largest. It suggests that the 

nonoptimal analysis generated with a set of arbitrary, but typically used, parameters could 

result in an agreement even worse than the model against independent measurements. This 

behaviour was also found for the analysis of PM2.5 with surface observations (Menard and 

Deshaies-Jacques 2018b). On the contrary, the optimal covariance parameters produce an 

analysis that maintains a significantly higher consistency with TCCON observations than 

the model without assimilation. Similar results are obtained with other types of independent 

observations and a different set of arbitrary (nonoptimal) parameters (see Figure Figure 

D.1-Figure D.6 in Appendix D). Thus, it could be inferred that the estimation of error 

covariance parameters that correspond to the optimal solution is essential for PvKF 

assimilation and most data assimilation schemes that also depend on those input error 

covariance parameters (e.g., 4D-Var, EnKF). 

The GOSAT methane assimilation with optimized parameters is further examined 

by comparing it with the model forecast against all four types of independent 

measurements, including TCCON (Figure 6.9a), HIPPO-3 (Figure 6.9b), NOAA/ObsPack 

aircraft (Figure 6.9c), and UCATS/GloPac (Figure 6.9d) as shown in Figure 6.6. In Figure 

6.9, the blue circles (model) represent a pure forecast simulation of H-CMAQ between 2 

to 28 April 2010, whereas the red circles (analysis) denote GOSAT assimilation with 
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optimized parameters, both of which are sampled at the same measurement location and 

time and using the same model inputs and configuration. 

 

Figure 6.8.   (a) Comparison of model forecast (blue circles), (b) analysis with optimal parameters (red 

circles), and (c) analysis with nonoptimal parameters (green circles) against independent TCCON 

observations. Optimal parameters of the analysis include 
of = 0.5,

if = 0.45,
qf = 0.018, hL = 350 km,

vL

= 7  and the nonoptimal parameters are assumed to be 
of = 1.2, 

if = 0.45, 
qf = 0, hL = 600 km, 

vL = 

1 . 

The analysis shows an overall and consistent improvement in agreement with all 

four types of independent measurements, even though the level of improvement is not the 

same for all of them. Furthermore, among those four observations, analysis at TCCON and 

NOAA/ObsPack aircraft, which are located over land, shows a relatively better agreement 

due to higher correlation and a narrower spread of data points. This implies that 

constructing the analysis using land-only GOSAT data with high retrieval quality reflects 

a better consistency with independent land measurements. Nevertheless, the analysis 

maintains a better agreement than the model with HIPPO-3 and UCATS/GloPac, located 

mainly over the ocean where no GOSAT observations were used. It can be inferred that 

the evolution of error variance using an advection scheme enhances the assimilation 

capabilities to maintain a relatively higher consistency with independent observations 
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within a short period of time, even far from the observations used to generate the analysis. 

Comparison of the model (M) and analysis (A) statistics for each type of measurement are 

listed in Table 6.2 and emphasize the benefit of using the assimilation with optimal 

parameters. The largest improvement of the correlation ( 2R ) along with a reduction of 

mean bias ( MB ) and standard deviation ( ) is observed at TCCON locations ( 2R  = 

+39.9% or 2 2
A M

R R  = 2.1), followed by NOAA/ObsPack aircraft measurements ( 2R  = 

+13.9% or 2 2
A M

R R  = 1.18). These two observations both occur over land and differ in 

their vertical sampling, where TCCON measures the total column, and NOAA/ObsPack 

provides point measurements from the mid-troposphere up to the lower stratosphere 

(Schuldt et al. 2021). Using TCCON, the analysis is capable of detecting the total methane 

bias, whether due to incorrect surface emissions or modelling errors of unknown origin. In 

contrast, the bias of the analysis relative to NOAA/ObsPack aircraft can isolate the impact 

of modelling errors on the analysis since little of the emissions signal reaches aircraft 

measuring altitude (i.e., several thousand kilometers) within a short period of time (i.e., 

several weeks). The positive bias of the forecast model with respect to TCCON contrasted 

with its negative bias relative to NOAA/ObsPack suggests that an excessive amount of 

surface emissions or high tropospheric methane background is incipient in H-CMAQ, 

while methane abundance is underestimated in the upper troposphere and lower 

stratosphere. 
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Figure 6.9.   Comparison between the model forecast (blue circles) and analysis with GOSAT 

assimilation (red circles) sampled at four types of independent measurements, including (a) TCCON, 

(b) HIPPO-3, (c) NOAA/ObsPack aircraft, and (d) UCATS/GloPac. N denotes the number of 

observations of each type. 

Knowing that the analysis increments are driven by emissions at or near the surface 

or from modelling errors, we can attempt to qualitatively identify the significance of this 

influence from each one of these sources. We recall that evaluation with TCCON could 

show a combined emissions and modelling error effect, while NOAA/ObsPack only 
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corresponds more closely to the bias originating from the modelling error. The analysis 

increments statistics at TCCON and NOAA/ObsPack show a 39.9% and 13.9% increase of 

2R , respectively. The mean bias also denotes an improvement of 3.51 ppb with TCCON, 

and 1.32 ppb with NOAA/ObsPack. It could be inferred that the global influence of the 

surface emissions is more significant than the modelling error due to a significant 

improvement of both 2R  and MB  against TCCON rather than NOAA/ObsPack. It is worth 

mentioning that the model is also less capable of predicting methane concentration over 

land than over the ocean, mainly due to incorrect model emissions generated from the land 

surface. This explains the lowest model correlation against TCCON with total column 

measurements (Table 6.2) compared to the other three observations at higher altitudes and 

mainly over the ocean. Accordingly, the analysis correlation against TCCON has remained 

lower than the other three observations; however, we remark the largest correlation 

improvement in the analysis against TCCON. We discuss later in Section 6.6 the spatial 

distribution of the analysis increment and error variance reduction. Note that our analysis 

evaluation with TCCON stations shows a comparable result to the weak-constraint 4D-Var 

in the global GEOS-Chem data assimilation employed by Stanevich et al. (2021)—Table 

1 therein. 

Comparing the model and analysis at HIPPO-3 and UCATS/GloPac, both taken 

over the Pacific Ocean, shows a reduction of 66% and 41% in MB  alongside a 3.7% and 

6.8% increase of 2R , respectively (Table 6.2). The forecast model sampled at HIPPO-3 

locations exhibits a negative bias relative to the observations, representing a combined 

tropospheric and lower stratospheric bias between 0.9 km and 13 km altitude. Addressing 

the origin of this bias is not a trivial task; however, our analysis successfully removed a 
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significant portion of that. Given an unbiased initial condition and the small impact of 

emissions over the HIPPO-3 domain, we relate this bias to modelling error originating 

primarily from the oxidation of methane with OH in the troposphere (Turner et al. 2019; 

Zhao et al. 2020a), methane stratospheric transport (Zhang et al. 2021), and methane 

oxidation with chlorine radical over the Oceans (Sherwen et al. 2016). The model and 

analysis evaluation at UCATS/GloPac aircraft measurement locations reveals a large 

positive bias that contradicts the earlier comparison results with HIPPO-3 and 

NOAA/ObsPack aircraft measurements. This disagreement likely arises from the limited 

vertical structure of H-CMAQ extended up to 50 hPa (~20 km), which cannot entirely and 

adequately cover all the measurements. In fact, GloPac aircraft is mainly flying over the 

lower stratosphere (Naftel 2009; Hintsa et al. 2021), for which quite a few measurements 

are recorded beyond or at the few top layers of H-CMAQ. Therefore, in addition to the 

sources of modelling error mentioned earlier, inter/extrapolation of model concentration at 

these measurements’ height adds up to the positive bias, which is unrealistic. Nonetheless, 

our analysis could remove a noticeable part of this bias, whether from a physical model 

bias (e.g., part of the stratospheric bias) or an artificial bias (e.g., numerical 

inter/extrapolation). 

Several studies provide in-depth investigations of the possible causes of methane 

model bias in a global atmospheric model (e.g., GEOS-Chem), such as stratospheric bias, 

weakening of vertical transport due to a coarse model resolution (Stanevich et al. 2020), 

OH burden in the chemistry model. Besides those, H- CMAQ could suffer from bias due 

to inaccurate initial conditions, insufficient lower top of the model boundary conditions, 

and interhemispheric exchange of methane. 
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Table 6.2.   Evaluation of model forecast ( M ) and analysis ( A ) of GOSAT assimilation against 

TCCON, HIPPO-3, UCATS/GloPac, and NOAA/ObsPack measurements. Comparison between mean 

bias ( MB ), standard deviation , coefficient of determination 2R , and the linear regression line, using 

all measurements of each type of observation in April 2010 

Observations Type 

MB (ppb)  (ppb) 2R  Regression Line 

M A M A M A M A 

TCCON Total column 6.09 2.58 8.39 5.45 35.4 75.3  0.3𝑥 + 1229 0.61𝑥 + 605 

HIPPO-3 Aircraft −6.50 −2.21 15.29 12.95 92.1 95.8 0.68𝑥 + 573 0.76𝑥 + 429 

UCATS/GloPac Aircraft 59.1 34.8 82.3 59.2 90.6 97.4 0.55𝑥 + 774 0.67𝑥 + 559 

NOAA/ObsPack Aircraft −4.61 −3.29 14.22 7.66 79.1 93.0 0.64𝑥 + 654 0.91𝑥 + 148 

 

Uncovering the origins of the model bias and distinguishing it from surface emissions bias 

requires an exhaustive forward and/or adjoint sensitivity analysis besides identifying all 

the possible sources of uncertainty, which is out of the scope of this study. Still, the 

discrepancy between the optimal analysis and the model (i.e., analysis increment) together 

with the uncertainty reduction can reveal useful information to address the key sources of 

bias and uncertainty associated with methane simulation. We illustrate these in Section 6.6, 

both in the H-CMAQ and GOSAT observation space. 

6.6 Characteristics of Analysis and Error Variances 

This section examines the performance of our analysis with optimal parameters in 

capturing the spatial structure of bias and uncertainty reduction across the domain. First, 

we compare one month of analysis against the model forecast in the observation space, 

where model and analysis are sampled at GOSAT times and locations with an identical 

observation operator. A difference between model/analysis and GOSAT is shown in Figure 
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6.10. Comparing Figure 6.10a,b indicates that a significant portion of biases in the model 

from different parts of the world, including a positive bias at eastern China, India, eastern 

parts of Russia, South Asia, tropical and eastern Africa, northern Europe, eastern Canada, 

and the western U.S. are substantially removed by the analysis. At the same time, the 

analysis also resolves the negative bias in areas such as northern Africa, eastern Europe, 

and the southeastern U.S. Accordingly, the analysis demonstrates an 80% and 65% 

adjustment over the areas with the largest positive and negative model bias, respectively. 

A direct comparison between the analysis and the model is also shown in Figure 6.10c, 

indicating the consistency of the analysis with GOSAT retrievals to correct the spatial 

variation of the biases. 

The methane spatial bias in many studies is primarily attributed to its prior 

emissions allocation and is resolved using inverse modelling analysis (Maasakkers et al. 

2019; Janardanan et al. 2020; Lu et al. 2021; Maasakkers et al. 2021; Zhang et al. 2021). 

The bias can also arise from the limitation of the chemical transport model to realistically 

simulate atmospheric methane, also known as the bias due to model error (Saad et al. 2016; 

Yu et al. 2018; Stanevich et al. 2020; Stanevich et al. 2021). The optimal analysis described 

in this study corrects for these biases and assists in identifying the origins of these biases. 

Continuous real-time estimation of assimilated methane concentration alongside its error 

variance reduction enables a direct and reliable comparison with the model forecast, which 

reveals valuable information. It is common to consider over a short period of time (e.g., 

one month) that the analysis increment at the surface reflects the correction needed for 

improving the prior surface emissions while the increments at the higher elevations (e.g., 

<500 hPa) is due to the combined effect originated from model error and inaccurate 
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emissions. Furthermore, the analysis error variance reduction computed here by PvKF 

represents the analysis uncertainty, thus is an indicator of assimilation accuracy with 

respect to the true state. 

 

Figure 6.10.   Differences between (a) model and GOSAT, (b) analysis and GOSAT, and (c) analysis 

and model in the observation space in April 2010. 

The monthly average of the analysis, analysis increments (i.e., Analysis − Model), 

and the analysis error variance reduction at the surface and 550 hPa are shown in Figure 

6.11. We found that the largest downward correction occurs over Russia, while the largest 

upward correction is over tropical Africa (Figure 6.11b). These results are consistent 

overall with recent methane inverse studies; for example, Wang et al. (2019) considered a 

200% downwards adjustment to the prior emissions over Russia from EDGAR. Zhang et 

al. (2021) estimated Russia’s anthropogenic emissions to be about 59% of the prior value, 

mainly attributed to the oil-and-gas sector. In the same study, a large upward correction in 

the prior inventory is also reported over East and tropical Africa, mainly due to the growth 

of livestock and wetland emissions. Our analysis at the surface also suggests a positive bias 

over India, Japan, eastern China, Europe, high latitudes, western U.S. and all over Canada, 

whereas a comparatively negative bias over the South and Southeastern U.S., northern 

regions of South America, and Central Asia. Note that several factors, such as the 
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discrepancy between emission inventories, the atmospheric model, and the temporal 

variations, can explain slight differences between studies. In addition, the correction near 

the Equator in our hemispheric assimilation could be too diffusive to constrain the spatial 

pattern of the bias on regions next to the Equator; hence, all plots in Figure 6.10 and Figure 

6.11 are shown above 5 °N. 

Besides those regions with maximum and minimum values of the analysis 

increment at the surface, the analysis increment at 550 hPa (Figure 6.11e) suggests a similar 

scale and pattern of correction in most regions over North America and Africa. However, 

there is a noticeable discrepancy over the lower and mid-latitude Pacific Ocean, East Asia, 

India, and the Middle East, where the analysis suggests a positive correction in the mid-

troposphere rather than the negative correction captured at the surface. As suggested by 

Stanevich et al. (2021), we consider the vertical dipole structures in our analysis increment 

as the cause of modelling error in the bias, whereas a monotonic correction represents the 

impact of the inaccurate emissions on the bias. Another region of interest is the eastern part 

of the Atlantic Ocean, where the analysis increment is significantly larger at 550 hp than 

the surface, yet with the same correction sign (Figure 6.11e). That possibly indicates the 

presence of model error over those regions, where convection does not lift up enough 

methane to the mid and upper troposphere in H-CMAQ, partly due to a persistent high-

pressure and low-pressure system in the African continent. Such a pattern is also observed 

in previous global studies with different chemistry transport models (Arellano et al. 2006; 

Dyer et al. 2017; Stanevich et al. 2021). 
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As a distinctive feature, the analysis error variance is explicitly computed by the 

PvKF assimilation. It represents the estimation uncertainty with respect to the true state, 

thus inferring how reliable the assimilation results (i.e., 3D optimal analysis) are. 

 

Figure 6.11.   (a) Monthly analysis at the surface and (d) at 550 hPa; (b) analysis increment at the 

surface and (e) at 550 hPa; (c) error variance reduction at the surface and (f) at 550 hPa. 

The spatial distribution of the analysis increment is mainly influenced by the innovation 

(Observation − Model), whereas the distribution of the analysis error variance depends 

largely on the observation density and its error. This discrepancy arises from the fact that 

the analysis of the second moment (i.e., error covariances) is decoupled from the first 

moment (i.e., mean state) in linear Kalman filtering estimation theory (Kalman 1960). In 

the upper troposphere (i.e., 550 hPa), the spatial pattern of error variance reduction (Figure 

6.11f) is more consistent with the analysis increment (Figure 6.11e), such that a larger 

reduction of error variances occurs over the same regions with larger analysis increment, 
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suggesting that those corrections are fairly reliable. In contrast, the spatial distribution of 

the error variance reduction at the surface (Figure 6.11c) is not always following the 

analysis increment spatial pattern (Figure 6.11b). For instance, the analysis over North/East 

Africa shows the largest increase while the error variance reduction is relatively small, 

indicating that the analysis correction over those regions is less reliable. It could be 

implicitly inferred that conducting emissions inversion over these areas would entail higher 

uncertainty in corrected emissions. 

Since the analysis provides us with an hourly real-time assimilated methane with 

GOSAT, it is interesting to examine its time series and compare it with equivalent model 

values. Figure 6.12 shows the analysis and the model values projected to the six TCCON 

observation sites (red circles in Figure 6.7), using the TCCON averaging kernels and a 

priori. In the time series plots, the green dots denote the TCCON observations, while the 

red and blue dots represent the analysis and model values, respectively. Note that TCCON 

averaging kernels are fairly smooth and vary only slightly with solar zenith angles and 

pressure (Wunch et al. 2010), so that we averaged those values of two consecutive 

measurements in order to provide a continuous model and analysis over time. 

We showed earlier (Figure 6.9) that the analysis with optimal parameters maintains 

a significantly better agreement with TCCON. The spatial distribution of the optimal 

analysis is also consistent with GOSAT retrievals (Figure 6.10) and agrees with the recent 

findings of methane inversion studies. 
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Figure 6.12.   Comparison of the time series of the analysis (red dots) and the model (blue dots) 

against TCCON observations (green dots). Six TCCON observation sites (Figure 6.7—red circles) 

include (a) Bialystok (53.23 °N, 23.03 °E), (b) Bremen (53.10 °N, 8.85 °E), (c) Orleans (47.97 °N, 2.11 

°E), (d) Lamont (36.60 °N, 97.48 °W), (e) Park Falls (45.95 °N, 90.27 °W), (f) Sodankylä (67.37 °N, 

26.63 °E). 
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The times series plots (Figure 6.12) indicate that the analysis also follows the temporal 

variation of independent measurements, whereas the model forecast is almost insensitive 

to these variations. For example, at the Sodankylä observation site (Figure 6.12f), TCCON 

shows a consistent temporal pattern measuring between 1710 to 1770 ppb from 13 to 29 

April 2010. The model shows no sign of agreement with TCCON over the same period; 

however, the analysis attempts to correct the model toward these independent 

measurements depending on the feedback provided by GOSAT observation for methane 

assimilation. 

We should note that the analyses in Figure 6.12 are optimized with the error 

parameters obtained in Sections 6.3 and 6.4. Similar to the evaluation of optimal and 

nonoptimal analysis with TCCON (Figure 6.8), we compare the time series of those two 

cases (using the same set of optimal and nonoptimal error covariance parameters) at 

Sodankylä. As shown in Figure 6.13, an analysis obtained with a set of nonoptimal, yet 

commonly used, error covariance parameters (black dots) can result in an even worse 

temporal agreement with TCCON (See Figure D.7 and Figure D.8 for more examples). 

Therefore, we conclude once more that obtaining the optimal error covariance parameters 

is essential to have a reliable analysis that improves the methane representation both 

spatially and temporally. 
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Figure 6.13.   Comparison of model forecast (blue dots), analysis with optimal parameters (red dots), 

analysis with nonoptimal parameters (black dots) against Sodankylä (67.37 oN, 26.63 oE) TCCON 

observations (green dots). Optimal parameters of the analysis include
of = 0.5,

if = 0.45,
qf = 0.018,

hL

= 350 km,
vL = 7 and the nonoptimal parameters are assumed to be 

of = 1.2,
if = 0.45,

qf = 0, 
hL = 600 

km, 
vL = 1 . 

6.7 Conclusions and Summary 

We employed the PvKF data assimilation scheme developed in Chapter 6 to the 

GOSAT observations in the hemispheric CMAQ domain to produce a high-quality (i.e., 

near-optimal) analysis of atmospheric methane concentration. Although most assimilation 

schemes such as PvKF are derived from minimum variance estimation theory, it does not 

mean that the analysis produced using real observations will be the best one. The input 

error covariances (e.g., observation error covariance, model error variance and correlation 

lengths) also need to be realistic. In this chapter, we used several techniques to obtain 

accurate error covariances and show, using independent observations and cross-validation, 

that these realistic error covariances indeed achieve better analyses. For example, 2R  of 
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independent TCCON observations with analysis is 0.29 when using inaccurate error 

covariances and increases to 0.75 with optimal error covariances. 

In this work, the cross-validation methodology developed originally for in situ 

observations (Menard and Deshaies-Jacques 2018a) has been extended for satellite 

observations using observation thinning. In fact, we have verified that thinned satellite 

observations (10 km apart) give the same optimal parameter values as those obtained with 

independent TCCON observations. Our procedure is not to estimate all elements of 

covariance matrices (since it requires an extremely large number of data or realizations), 

but rather a few key global parameters of these covariances. We have estimated the 

horizontal and vertical correlation lengths of the background error covariance and the 

observation error variance. It is important to note that the cross-validation estimation 

technique is the desired approach since it does not assume that the analysis is (already) 

optimal. Thus, the covariance parameter optimization results in realistic error covariances 

and near-optimal analyses. We recall that optimal analyses and innovation covariance 

consistency are the necessary and sufficient conditions to estimate true observation and 

background error covariances (Menard 2016). We also found that these error parameters 

are nearly insensitive to the optimization time window, so that they are valid for the entire 

month of assimilation of this study. On the contrary, the cross-validation is not properly 

applicable to estimate the model and initial error variances due to a noticeable time-varying 

influence on the optimization window. We demonstrate a normalized variance matching 

diagnostic approach to tune these parameters while maintaining a stable analysis error 

variance. Finally, we note that the optimization approach of this study is applicable to any 
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other assimilation experiment but may result in different correlation length scales with 

different observation densities. 

Once the optimal analysis using GOSAT is obtained, we evaluate the analyses 

against different types of independent observations (TCCON, NOAA/ObsPack, 

UCATS/GloPac, HIPPO-3). We show its superiority against analysis produced using 

reasonable but arbitrary values of covariance parameters. Furthermore, the comparison 

between the model (with no assimilation) and optimal analysis against TCCON and 

NOAA/ObsPack suggest an overestimation of surface methane (most likely due to 

emissions) and an underestimation of the upper-tropospheric model methane. Remarkably, 

our PvKF assimilation is capable of correcting both of these biases regardless of their 

origin. The correction’s statistics due to assimilation are more significant with respect to 

TCCON, which is a total column measurement, than with respect to NOAA/ObsPack, 

which only samples the upper troposphere. This suggests that the assimilation of GOSAT 

makes the larger correction near the surface, where presumably there are larger errors than 

in the upper troposphere. The assimilation of GOSAT also seems capable of addressing the 

known model problem in the horizontal direction. For instance, our analysis increment 

suggests the largest negative correction over Russia, whereas the largest positive correction 

over tropical Africa. This is coherent with the recent methane inverse studies (Stanevich et 

al. 2021; Zhang et al. 2021). Furthermore, we have a large reduction of error variance over 

those regions, suggesting that those corrections are reliable. In addition, the PvKF 

assimilation that offers a time-continuous series of analyses enables us to investigate the 

temporal behaviour of the model biases. Our results show a better temporal agreement 

between analysis and TCCON than between model (no assimilation) and TCCON. In 
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summary, it appears that the optimal assimilation of GOSAT is able to correct for the 

vertical, horizontal, and temporal model errors, as revealed by comparison with 

independent observations. 

Because this assimilation system provides the state estimate and its error, it is 

suitable to couple it with another estimation problem such as a limited domain data 

assimilation, source inversion, etc. In theory, the PvKF formalism also seems to be 

applicable to the joint assimilation-inversion (state-source estimation) problem, but we 

need to demonstrate that in a realistic context, which will be considered in a future 

manuscript. This method could also be applied to chemical species with a shorter lifetime, 

knowing that a smaller fraction of the total forecast error variance is explained by the 

advection of error variance. In this case, more (unexpected) error variance is carried out 

with a stationary model error, which emphasizes a more sophisticated design of the model 

error covariance. Therefore, a shorter lifetime of a chemical species may induce a weaker 

performance of the PvKF assimilation and make it behave closer to an Optimal 

Interpolation (OI). Another application of the PvKF assimilation that could be investigated 

in future studies is to use the analysis over the oceans to develop the bias correction of 

GOSAT over ocean observations. 
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Chapter  7: Use of Assimilation Analysis in 4D-Var Source Inversion: 

Observing System Simulation Experiments (OSSEs) with GOSAT 

Methane and Hemispheric CMAQ  

We explore how novel parametric variance Kalman filter (PvKF) assimilation is 

used in conjunction with a four-dimensional variational (4D-Var) inversion system to 

improve methane source estimation. PvKF assimilation is a cost-efficient scheme that 

provides an optimal analysis field and its uncertainties (error variance) while allowing for 

the propagation of error variance in a dynamically coherent manner. The main objective of 

this study is to evaluate the contribution of PvKF optimal analysis and its error covariance 

evolution on the performance of a 4D-Var inversion, particularly when the state 

concentrations are not perfectly known. Our experiments are conducted using the 

hemispheric version of CMAQ. We perform a set of observing system simulation 

experiments (OSSEs) with PvKF assimilation along with the CMAQ adjoint model and 

compare four different types of inversion cost functions to determine the assimilation 

impact on recovering true emissions. For practical purposes, inversions neither assume a 

perfect model nor a true initial state. The effect of the initial field of analysis, forecast of 

analysis error covariance, and model transport error is individually examined through 

modified 4D-Var cost functions. Different perturbations of prior emissions from four main 

source categories, including agriculture, energy, waste, and wetlands, are considered. Our 

results show that using PvKF analysis instead of the model forecast to initialize the 

inversion, besides eliminating the need for a fairly extended model spin-up, improves 

posterior emissions estimate (~35% reduction in NMB) across the domain. Furthermore, 

propagation of analysis error covariance using PvKF formulation tends to retain the effect 
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of model correlation structures in the observation space and, thus, results in lowering the 

variance of posterior emissions in most cases (~50% reduction in NME). Sectoral 

perturbation results also suggest that accounting for the analysis error covariances and 

model transport errors both improve the emission estimates of sectors spread over a larger 

area (e.g., agriculture). Whereas the impact of including the (initial) analysis field is more 

substantial for constraining local or point sources (e.g., energy). Finally, we found that 

using the optimal analysis, contrary to the error covariances in the inversion, can 

significantly reduce the computational cost (~ one-third of a conventional 4D-Var). 

7.1 Introduction 

Methane (CH4) is a critical atmospheric component in both climate and air quality 

contexts (Staniaszek et al. 2022). Over the past decade, a continuous increase in global 

methane concentrations has drawn urgent attention to quantifying and reducing methane 

emissions (Saunois et al. 2020; Dlugokencky 2022; Nisbet et al. 2022; Worden et al. 2022). 

Methane emissions are derived from either the bottom-up or top-down estimation methods. 

Despite containing a substantial amount of data, bottom-up inventories suffer from two 

weaknesses: (i) significant uncertainties due to inaccurate or missing information and (ii) 

not being constrained by atmospheric observations to retain a closed-form global budget 

(Brasseur and Jacob 2017; Saunois et al. 2020; Minx et al. 2021). Those eventually can 

hinder progress toward methane mitigation policies (Ganesan et al. 2019). Top-down 

inventories, also known as atmospheric inversion, are less prone to issues of the bottom-

up method due to incorporating information from observations. In particular, observations 

and a chemical transport model (CTM) are used together to make corrections to the prior 

bottom-up emissions. Providing adequate information from the observation network along 
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with an accurate CTM maintains a top-down estimation that is less dependent on the prior, 

resulting in estimated emissions with lower uncertainties. Satellite observations, due to 

their higher density and global spatial coverage, have been used extensively over the past 

decades to infer methane emissions on different scales (Palmer et al. 2021; Jacob et al. 

2022). 

Atmospheric inversions play a key role in evaluating and improving bottom-up 

estimation but carry their own limitations for constraining methane emissions. For 

example, global or regional inversions are usually incapable of resolving emissions of 

small source sectors, such as non-wetland emissions, due to their minimal sensitivity to 

atmospheric observations (Dlugokencky et al. 2011; Saunois et al. 2020). Inversions also 

depend on the choice of the prior emissions, particularly over areas where the observation 

constraints are limited, or observations are not precisely determined (Bergamaschi et al. 

2018; Maasakkers et al. 2021). In addition, significant uncertainties in the inversion are 

attributed to satellite measurements. Previous studies indicated a large discrepancy 

between satellite retrievals (e.g., from Scanning Imaging Absorption Spectrometer for 

Atmospheric Chartography, SCIAMACHY) and in situ measurements (Frankenberg et al. 

2011; Wecht et al. 2014; Houweling et al. 2017). Furthermore, inversions rely on a CTM 

to translate the emissions signal into the observation space. Although advancements in 

remote sensing and emissions inventories every year provide us with more accurate 

satellite measurements and more reliable prior emissions, potential errors in CTM still exist 

and may reflect on the inversion results (Prather et al. 2008; Locatelli et al. 2015).  

Many earlier methane inverse modelling studies assume that the CTM is perfect 

(Kopacz et al. 2010; Turner et al. 2018; Janardanan et al. 2020; Lu et al. 2022). However, 
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it has been shown that running an inversion with different CTMs can exert a tangible 

discrepancy in emissions estimates (Locatelli et al. 2013; Locatelli et al. 2015). Transport 

errors such as those originating from meteorological fields, model advection 

parameterization, and model spatial and temporal resolutions are identified as crucial 

aspects contributing to the CTM's error, particularly on a short timescale (Locatelli et al. 

2015; Saad et al. 2016; Stanevich et al. 2020; 2021). One promising way to address those 

errors is to simultaneously estimate methane emissions and model transport error, such as 

through weak-constraint 4D-Var (Tremolet 2006; 2007; Stanevich et al. 2021). However, 

besides substantial computational cost, such a method applied for methane estimation does 

not account for the entire model error in the state as they may not necessarily originate due 

to transport (Bousserez et al. 2016; Zhang et al. 2018). For example, errors in the chemistry, 

initial, and boundary conditions are among those that are not addressed through methane 

weak-constraint 4D-Var.  

A reliable emissions inversion result depends on maintaining a precise and realistic 

state estimation, whether it is used as the initial state (or background) or boundary 

conditions in a limited domain. One way to fulfill that requirement is to jointly estimate 

the state and emissions (Elbern et al. 2007). A joint estimation typically entails a substantial 

extra computational cost mainly due to resolving posterior errors for both concentrations 

and emissions. Furthermore, the procedure may not lead to convergence of emissions 

(Wecht et al. 2014). This is likely due to the fact that the impact of the initial or boundary 

conditions on methane concentrations is much larger than the emissions, although with less 

variability. From an estimation point of view, the emissions signal in the inversion is 

masked by a larger influence of the (inflow or initial) concentrations. Thus, a joint 
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estimation usually entails reducing the state uncertainties to a level lower than the 

emissions signal, which is hard to achieve. 

Chemical data assimilation may be used to separately estimate the model state 

concentrations and its error statistics. It is a promising method that is also used to deal with 

the issue of the state in inverse modelling. Previous studies assumed that the initial (or 

boundary) concentrations provided by data assimilation are perfectly known; hence, 

potential uncertainties from the state cannot be taken into account for performing an 

inversion (Basu et al. 2013; Deng et al. 2014). On the other hand, obtaining the state and 

its error statistics using conventional data assimilation approaches, such as 4D-Var and 

EnKF assimilations, is a task with high computational cost (Skachko et al. 2014; Skachko 

et al. 2016; Pannekoucke et al. 2021; Voshtani et al. 2022a). We have used a newly 

developed assimilation system known as parametric variance Kalman filter (PvKF) that 

provides a computationally efficient way of estimating methane state along with its error 

variance (Voshtani et al. 2022a; 2022b).   

In this chapter, we frame a new source estimation system that links PvKF 

assimilation to a 4D-Var inversion technique, with the objective of examining the effect of 

the state estimation on constraining emissions. In this framework, not only can we change 

the first guess concentrations to the cost function, but also explicitly include the estimate 

of error covariances of concentrations for performing an inversion. PvKF formulation 

allows for dynamically propagating those errors while not relying on a perfect model 

transport assumption (Voshtani et al. 2022a). This enables our modified inversion 

formulation to account for model spatial correlation structures during the inversion, which 

is typically missed in methane inversions studies since only diagonal observational error 
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covariances are considered (Turner et al. 2015; Bousserez et al. 2016; Bousserez and Henze 

2018; Turner et al. 2019; Maasakkers et al. 2021; Stanevich et al. 2021; Yu et al. 2021; 

Zhang et al. 2021). 

We conduct observing system simulation experiments (OSSEs) using the 

hemispheric Community Multiscale Air Quality (CMAQ) (Byun & Schere, 2006) model 

and Greenhouse Gases Observing Satellite (GOSAT) observations to optimize monthly 

methane emissions. Our inversions include three major anthropogenic and one natural 

category of methane emissions. Using different initial conditions and different 

formulations of a 4D-Var cost function, we are able to determine three individual effects 

on the source inversion, including (i) the effect of the optimal initial analysis field, (ii) the 

model propagated analysis error covariance, and (iii) the approximated transport error. We 

perform different perturbations of prior emissions, aiming to address the limitation of a 

typical 4D-Var inversion that relies on perfect state assumptions (i.e., initial and CTM) as 

well as a diagonal observation error covariance. In addition, the impacts of those cost 

function configurations on the inversion of individual source sectors are further 

demonstrated in our analyses.    

The organization of this chapter is as follows. Section 7.2 overviews the GOSAT 

observation data, the CMAQ chemical transport model, and the prior methane emissions. 

In Section 7.3, we first present an overview of the PvKF assimilation and the standard 4D-

Var inversion; we then describe the formulation and assumptions for linking PvKF to 4D-

Var. Section 7.4 details the OSSE experiments. In Sections 7.5 and 7.6, we discuss our 

OSSE results and provide implications for our proposed source estimation system. 

Conclusions drawn from this study are provided in Section 7.7.   
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7.2  Background 

Every assimilation and inversion system (including PvKF assimilation and 4D-Var 

inversion herein) requires two categories of information: (i) a chemical transport model 

derived from a set of inputs (or parameters) to predict the evolution of the model state (i.e., 

concentrations) and (ii) a set of observations that monitor the change of concentrations. In 

the assimilation context, the model is combined with observations to obtain an improved 

state prediction (or methane concentrations), while in the inversion, the model is typically 

used to provide a linkage between model inputs (e.g., emissions) and observed 

concentrations, aiming to better constrain those inputs. Here, observations from GOSAT 

satellite retrievals together with the hemispheric CMAQ model, are used in both PvKF 

assimilation and 4D-Var inversion.  

Many 4D-Var methane inversions in the past assumed that the initial state 

concentrations were perfectly known (Bergamaschi et al. 2013; Cressot et al. 2014; Deng 

et al. 2014; Alexe et al. 2015; Bergamaschi et al. 2018); in addition, a perfect CTM to 

simulate the methane in the atmosphere is considered. In both cases, the uncertainty of the 

state is assumed to be negligible and thus does not play a role in the inversion process. 

Although for an extended period of model integration (e.g., more than six months), those 

assumptions might be acceptable due to the homogeneity of the background methane 

concentrations (Turner et al. 2015), the errors in the state, such as transport error, for a 

short period of inversion (e.g., one month) are considerable and thus exert a large impact 

on source estimation (Stanevich et al. 2021). In order to proceed to more highly resolved 

emissions inversions, an evolution in methodology is required that accounts for errors in 

the state. 
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In this study, we seek to examine the capability of an alternative 4D-Var inversion 

formalism, which not only depends on the initial field but also relies on the model-

propagated uncertainties and the approximated model transport errors. The method section 

(Section 7.3) demonstrates how the PvKF assimilation framework is linked to a 4D-Var 

inversion system in order to address those state characteristics for source estimation. Before 

that, in this section, an overview of GOSAT observations, the CMAQ model and its prior 

emissions used in both PvKF and 4D-Var systems are provided as follows.    

7.2.1 Satellite Observations  

GOSAT, launched in January 2009 by the Japanese Space Agency (JAXA) (Kuze 

et al. 2009),  is in a Sun-synchronous orbit at an altitude of 666 km with a 3-day revisit 

time. The primary goal of GOSAT is to monitor the abundance of greenhouse gas, 

including atmospheric methane, globally. Because of the instrument’s global coverage, 

reasonable spatiotemporal resolution, and acceptable near-surface sensitivities, the 

assimilation of methane and inverse modelling of its sources and sinks using GOSAT 

observations is desirable. GOSAT retrievals provide a column-average dry-mole fraction 

of methane that corresponds to the methane average volume mixing ratio (VMR) of a 

partial column atmosphere. Methane VMRs and corresponding standard deviations are 

obtained by performing a retrieval algorithm on the radiance spectrum. We use GOSAT 

proxy products from the retrieval algorithm developed at the Netherlands Institute for 

Space Research (SRON) and Karlsruhe Institute for Technology (KIT) (Butz et al. 2011), 

available through the ESA GHG-CCI initiative, https://climate.esa.int/en/projects/ghgs/  

(Buchwitz et al. 2017).  
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Since this study only performs OSSE experiments (see Section 7.4), we do not use 

actual GOSAT retrievals (or VMR) but simulated ones for methane inversion. Although 

simulated observations depend on the model forecast, they require supplementary products 

of the retrievals such as column-average kernels and vertical pressure weights to compute 

the equivalent value to VMR at observations time and location (Butz et al. 2011; Buchwitz 

et al. 2017). That supplementary information, however, is related to the actual observations. 

Thus, for the consistency of the information content (or the number of retrievals) between 

actual and simulated observations, we only account for those data locations where 

corresponding actual observations met the quality control. Our quality control of GOSAT 

consists of removing outliers whose departure from the global mean of the methane 

observations is three times greater than the standard deviation. As a result, in total, 11,489 

simulated GOSAT observations over land are used for the inversion between 1 to 30 April 

2010, and 6,173 land-only actual GOSAT observations are provided for the assimilation 

between 16 to 31 March 2010. 

7.2.2 Chemical Transport Model and Methane Emissions  

The forecast of the PvKF assimilation and the forward model of the 4D-Var 

inversion system both rely on a CTM, for which the CMAQ model is used here. CMAQ is 

a regional air quality model developed by the U.S. Environmental Protection Agency 

(EPA) (Byun and Schere 2006). As we seek to estimate methane across the Northern 

Hemisphere in this study, we use the hemispheric version of CMAQ, which has 187×187 

grid cells horizontally with a 108 km grid spacing and 44 vertical layers from the surface 

to the model top at 50 hPa. Contrary to the regional model, hemispheric CMAQ provides 

an extended and finer vertical resolution above the boundary layer to better support long-
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distance transport suitable for long-lived species (Mathur et al. 2017). For our hemispheric 

modelling of methane, the initial conditions are obtained from global modelling and 

measurements data, which is demonstrated in Voshtani et al. (2022a) as based on Olsen et 

al. (2013). The same process computes the lateral boundary while it is assumed to be time-

invariant. Following Voshtani et al. (2022b), we also exclude a buffer zone below 5° N to 

minimize the influence of the boundary conditions on domain concentrations for a month 

of assimilation/inversion. 

The primary sink process of methane is oxidation with hydroxyl radical through the 

chemical reaction CH4 + OH → CH3 + H2O. In the hemispheric simulation, we consider 

including reactive methane in the gas-phase chemistry of CMAQ v5, which is based on the 

CB05 chemical mechanism (CMAQ tutorials 2021). In the PvKF assimilation, the 

propagation of error variance is treated as a chemically inert tracer in CMAQ and follows 

an advection-only transport scheme. The detailed configuration of reactive methane and 

error variance evolution with CMAQ is illustrated in Voshtani et al. (2022a). To perform 

a 4D-Var inversion, besides the CMAQ model, we integrate the adjoint of CMAQ (Hakami 

et al. 2007; Zhao et al. 2020) based on the same version and chemical mechanism used in 

CMAQ. The adjoint of CMAQ has been validated previously and used in various inversion 

studies (Turner et al. 2015b; Chen et al. 2021).  

Methane emissions implemented in CMAQ are generally derived from bottom-up 

inventories of two categories: anthropogenic sources (~60%) and natural sources (~40%). 

4D-Var inversions usually require a first guess estimate of emissions (also known as prior 

emissions), which is provided by the bottom-up inventories. The Emission Database for 

Global Atmospheric Research (EDGAR) (Crippa et al. 2020) inventory is frequently used 
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to provide prior anthropogenic methane emissions at 0.1°×0.1° spatial and monthly-yearly 

temporal resolution for the inversion (Turner et al. 2015; Wang et al. 2019; Janardanan et 

al. 2020). We use monthly emissions from EDGAR v6 inventory as the prior emissions 

(and true emissions for our OSSEs, see Section 7.4), which consist of 23 subsectors (see 

Table 7.1) (Crippa et al. 2021). Wetlands are the primary natural source consisting of more 

than 85% of the total natural emissions globally. Monthly wetlands emissions data from 

WetCHARTs v3.0 with the full ensemble mean (Bloom et al. 2017) is used and mapped 

into the domain using a uniform temporal profile.  

Table 7.1. Daily methane emissions in four main sectors and their subsets. Anthropogenic emissions 

are based on EDGAR v6, and natural wetland emissions are derived from WetCHARTs v3.0 with the 

full ensemble mean. 

Anthropogenic 

 

Natural 

 

Wetland 

4

1 2

CH
mg d m

− −    

Agriculture 

4

1 2

CH
mg d m

− −    

Energy 

4

1 2

CH
mg d m

− −    

Waste 

4

1 2

CH
mg d m

− −    

Agriculture Soil [1.913] 

Agriculture waste burning 

[0.684] 

Enteric fermentation a 

[51.195] 

Manure management 

[14.947] 

 

Aviation b (all types) 

[0.042] 

Chemical process [0.112] 

Combustion manufacturing 

[0.417] 

Energy for building [1.790] 

Fossil fuel fire [0.086] 

Coal [15.954] 

Gas [23.666] 

Oil [3.799] 

Iron-steel production 

[0.021] 

Oil refineries [0.546] 

Power industry [0.352] 

Off-road [0.017] 

Road transportation [0.717] 

Shipping [0.030] 

Solid waste incineration 

[0.919] 

Solid waste c [34.034] 

Water waste handling 

[8.653] 

Wetland [87.823] 

a Enteric fermentation and manure management represent the emissions of "livestock" used in other similar inversion 

studies. b all types of aviation refer to three subsets in EDGAR v6, including aviation climb descent, aviation cruise, 

and aviation landing takeoff. c Solid waste is equivalent to landfills in similar studies.  

 

We process methane emissions from anthropogenic and natural sources using 

Sparse Matrix Operator Kernel Emissions (SMOKE v3.6) (UNC 2017) to provide hourly 
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gridded methane emissions into the hemispheric CMAQ model. Note that, for the proof of 

concept of the new inversion formulation proposed in this study (Section 7.3.3), in our 

OSSE experiments, we only consider four main sectors of emissions to be optimized within 

the inversion framework (Table 7.1). To fulfil this, we merge the 23 anthropogenic 

subsectors into three main categories (i.e., source sectors), namely agriculture, energy, and 

waste, based on methodological guidelines from IPCC (IPCC2013). Wetland is the fourth 

sector considered in our inversion. 

7.3 Methodology 

Our approach is composed of two main parts. First, we perform an assimilation of 

CH4 observations in order to provide a first guess concentration field along with the error 

variance of the concentrations. Then, the second part executes a source inversion using a 

4D-Var cost function with a modified error covariance weight that accounts for both 

observation errors and model-propagated errors. An illustration of how those two parts 

perform is given in Figure 7.1, and further details will be provided later in this section.  

7.3.1 PvKF Assimilation 

The assimilation scheme performed here is a simplified form of the Kalman filter 

(not of an ensemble Kalman Filter). This algorithm is based on a parametric variance 

Kalman filter (PvKF), where the correlations are assumed to be homogeneous and 

isotropic, and the dynamics of the error variance are approximated by using only advection. 

The idea of evolving only error variance with an advection scheme emerged in Kalman 

filtering by Cohn (1993), and the first practical atmospheric implementation was 

demonstrated by Menard et al. (2000) and Menard and Changs (2000). The design and 

implementation of the PvKF assimilation with the CMAQ model using GOSAT methane 
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observations have been detailed in Voshtani et al. (2022a; 2022b). One main objective of 

developing the scheme was to reduce the assimilation cost while avoiding the challenges 

in the previous assimilation approaches, such as EnKF and 4D-Var. In fact, the assimilation 

requires only two model integrations, one for the state and the other for the error variance. 

It was shown that the method, despite its simplicity, is well-adapted for the assimilation of 

long-lived species (e.g., methane) without loss of variance. In the following, we briefly 

review the PvKF assimilation and its underlying assumptions. 

The error covariance matrix, 𝐏, is derived from an error covariance function of the 

following form  

( , , ) ( , ) ( , , ) ( , )P t t C t t =  r r r r r r  (7.1) 

between a pair of model gridpoints ( , r r ).   is the standard deviation of model forecast 

error at a grid point r at time t, and the model forecast error variance is propagated 

according to the advection equation. ( , , )C tr r denotes the correlation function based on 

the second-order autoregressive (SOAR) correlation model, according to Voshtani et al. 

(2022a). Note that the error correlation function is never stored as a matrix but is computed 

during the assimilation as we need the correlation between a pair of points, and thus there 

is no requirement to store a large matrix in the model state-space. The algorithm consists 

of two steps:  

• Analysis step 

( )o
t

f fa
t t t t ty cc c H= + −K , (7.2) 

( )
1

( ) ( )f f f f f fa o o T o oT o
t t t t t t t t t t t t

−

= − = − +P P K H P P H P H P H R H P , (7.3) 
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r
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r r H P
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r r H P H

, 
(7.4) 

• Forecast step 

1
f a

t ttc M c+ = , (7.5) 

2 2
1( ) ( )f a

tt tM q +
= + . (7.6) 

f
tc and a

tc  are the forecast and analysis concentrations, respectively, and f
tP  and a

tP  are 

the corresponding error covariances. Hr and H
r  represent observation operator, acting on 

gridpoint r and r , and K is the Kalman gain matrix. M denotes the CMAQ forecast of 

the state, M   represents the forecast based on the CMAQ advection scheme, and q is the 

model error variance. Those forecast error parameters are then used in Equation (7.1) to 

update the analysis step.   

The initial and model error covariances are assumed to be diagonal and have the 

form of 2
0 ( )i=P I  and q=Q I  respectively. According to the method of innovation 

variance consistency proposed in Voshtani et al. (2022b), i  is obtained as 2.25% of the 

initial concentrations field, and the accumulative model error variance, q, is 0.66% relative 

to the hourly analysis field. The observation errors are proportional to the measurement 

errors ( o o mf = ), and the estimated factor is of = 0.5 based on the cross-validation 

technique demonstrated in Voshtani et al. (2022b). Accordingly, the observation error 

covariance is considered diagonal and has the form of 2( )o=R I . Furthermore, 

background error correlation, based on the SOAR correlation function, has the form    
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1 expSOAR

D D
C C

L L

   
   
   

= = + − , (7.7) 

where D is a chordal distance between the position vector of a pair of grid points on the 

surface of the sphere, and 𝐿 denotes the correlation length scales. Based on the cross-

validation method, the estimated horizontal and vertical length scales, as used in this study, 

are 
h

L = 350 km and vL = 7𝜎𝑙. Note that 
l

  denotes the model vertical layer, starting from 

the surface, based on the sigma-pressure coordinate. 

7.3.2 Source Inversion Procedure (4D-Var) 

The 4D-Var inversion performed here integrates the same type of observations as 

used in PvKF assimilation (GOSAT column methane) but for a different period of time to 

avoid double-counting. The inversion relies on a CTM and its adjoint model to optimize 

methane emissions in the Northern Hemisphere. To optimize surface methane emissions 

in a formal 4D-Var inversion, we seek to minimize the cost function in the form of 

1 1

0

1 1
( ) ( ) ( ) ( ) ( )

2 2

n
T o o T o o

t t t t t t tb b
t

J x x x x x y H c y H c − −

=

= − − + − −B R  (7.8) 

where ( )log bx e e= denote the emissions scaling factor with a logarithmic form,
b

x

represents the corresponding scaling factor of baseline emissions (
be ), n is the number of 

the hourly timesteps, tc denotes the model state (i.e., a 3D field of methane concentrations) 

at the time t, o
ty is the methane observations for the timestep t, and o

tH  represents the 

observation operator that maps the model state into the observation space. B and R  denote 

matrices of the prior emissions and observations, respectively, and 𝛾 is a regularization 

parameter.  

Based on Equation (7.8), we correct for monthly mean methane emission ( e ) at 

108 × 108 km resolution using variational optimization, which is an iterative procedure 
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(Hakami et al. 2005; Sandu et al. 2005; Elbern et al. 2007; Bousserez et al. 2016; Stanevich 

et al. 2021). In fact, the gradients of the cost function with respect to the methane emissions 

are computed at each hour using the CMAQ adjoint model. Those gradients are used to 

obtain emission-weighted monthly mean sensitivities of emissions scaling factors in each 

grid cell. At the end of the iteration, the sensitivities are supplied to a quasi-Newton limited 

memory optimization routine, L-BFGS (Byrd et al. 1995), for which we use the "optimr" 

package in R. Using the new scaling factors provided by L-BFGS, updated emissions are 

obtained and used in the next iteration. We assume that the convergence of this iterative 

procedure occurs once the reduction of the cost function in consecutive iterations is less 

than 1%.  

A conventional method in inverse modelling to balance the weight of the prior 

constraint in the cost function is to use a global regularization parameter   (Hansen 1999; 

Hakami et al. 2005; Chen et al. 2021). It is also interpreted as a rough compensation for 

the missing objective information in quantifying error correlations in R  (Lu et al. 2022). 

The estimation of the regularization parameter is performed by inspection and by 

conducting a series of 4D-Var inversions while choosing the parameter  that minimizes 

the cost function J  (Equation (7.8)) among all optimal experimented estimations. 

Accordingly, we found the value of  = 900 as our best estimate (see Figure E2 in 

Appendix E2 for the details). For matrix B, we have adopted a simple approach that the 

emissions errors are assumed uncorrelated in space and between sectors, making B a 

diagonal matrix. In fact, we give the same error weight geographically and for all sectors, 

resulting in an emissions-weighted matrix with 100% uncertainty in each grid cell. 
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The evolution of the model state using hemispheric CMAQ can be shown by the 

operator 𝑀 that computes the state at a future time, given the initial state 𝑐𝑖 and emissions 

scaling factor 𝑥. 

( , )t ic M c x= , (7.9) 

 The model forecast equivalent value to the observation ( f
ty ) thus, can be denoted as 

( , )o
t t

f
t iy H c H c x= =  (7.10) 

 where 𝐻 represents a sensitivity operator (in the context of inverse modelling, it is also 

called an observation operator of inversion) that acts on the initial concentrations and 

emissions scaling factor to provide the model equivalent value at the location of the 

observations. Following Equation (7.10), it is typically assumed in a 4D-Var inversion that 

the state of the system is perfect, meaning that there is no error involved in H (neither in 

the model, M , nor the initial state, ic ). Equation (7.8), as used in this study, is re-written in 

the form 

( ) ( )1 1

0

1 1
( ) ( ) ( )

2 2
( , ) ( , )

n T
T o o

t t tb b
t

t i t iJ x x x H c x H c xx x y y − −

=

= − − + − −B R  (7.11) 

7.3.3 Using PvKF Assimilation Analysis in 4D-Var Inversion: the Formulation 

A common assumption made in 4D-Var source inversion is that the uncertainty in 

the initial state is negligible compared to the accumulated effect of emissions uncertainty 

over a long time period, which is also typically used for methane inversion. With such an 

assumption, there is no dependency on the initial state uncertainty in the 4D-Var cost 

function (Equation (7.11)). This is equivalent to considering the initial concentrations close 

to the true estimate (Basu et al. 2013; Cressot et al. 2014; Deng et al. 2014; Alexe et al. 

2015; Bergamaschi et al. 2015; Bergamaschi et al. 2018). 
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 Here in this chapter, we employ a different approach by making the initial state 

uncertainty as small as possible by assimilation of observations prior to the 4D-Var 

inversion window. Furthermore, by conducting PvKF assimilation, we will know what the 

state assimilated uncertainty is at the beginning of the 4D-Var window. Figure 7.1 shows 

the assimilation window (the blue bar or ( )0 1 0 1,T T T− = ) alongside the inversion window 

(the yellow bar or ( )1 2 1 2,T T T− = ) and how they are connected to each other. The PvKF 

assimilation starts with the initial condition ( 0c ), derived from the global modelling and 

measurements data (see Section 7.3.1) and computes the error variance at the end of the 

assimilation time window 1T . Note that as part of the assimilation, an estimation of the 

modelling error variance (growth rate), observation error variance, and background 

correlation length are obtained (see Section 7.3.1 for details). These estimated error 

statistics will be an informative source for the subsequent OSSEs. At the end of the PvKF  

 

Figure 7.1. Sketch of the assimilation window followed by an inversion window, used for estimation 

of methane emissions scaling factor, x.   

assimilation window ( 1T ) the analysis field ( 1
ac ) and the analysis error covariance ( 1A ) 

are obtained and thus will be used for the inversion (Figure 7.1). In the context of an 
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OSSE (Section 7.4), we need to generate observations from the true state. Since the PvKF 

optimal analysis can be considered as the closest estimate of the true state, we thus have 

1 2 1 1 2( , )f fa ty H c x − −= +  (7.12) 

1 2 1 2
fo oy y − −= +  (7.13) 

where 
1 2
fy −

 is the model forecast mapped on observations time and locations using the 

observation operator oH ; H  includes the transport and the observation operator, oH , (see 

Section 7.3.2 for details). 
1 2
f −

represents the model transported analysis error up to the 

current forecast time, and o is the observation error used to construct R. The associated 

forecast error covariance for the inversion window is denoted as 
1 2 1( , )f f
− =P P A Q . In order 

to obtain the forecast error covariance, we use the predicted forecast error variance 

(Equation (7.6)), and we have  

 f f f
t t t=P Σ C Σ  (7.14) 

where f
tΣ is the diagonal matrix of forecast error standard deviation ( f

t ), and C is the 

matrix of error correlations. The forecast error variance is computed according to Equation 

(7.6), and correlation is derived from Equation (7.7). 

  Now, let us define a new form of the cost function for performing our inversion. In 

this case, other than the observation errors that affect the innovation (i.e., Observations – 

Model; see Equation (7.8)), we have to account for the propagated analysis error in the 

inversion window. The analysis error at the time 1T  depends on observations in the window 

0 1T − . Since the observation errors are assumed to be temporally uncorrelated, the analysis 

error 1
a , is uncorrelated with the future observations used in the inversion window ( 1 2T −
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). Hence, the innovation with respect to the analysis ( 1( , )o
tt

ay H c x−  ) should have a weight 

of the form  
1( , )f

t
To oH H +P A Q R , which is a sum of two terms (indicating that their 

contributions are uncorrelated). Therefore, the modified form of the cost function that is 

appropriate for our two-part scheme has the form 

( ) ( ) ( )1  

1 1

1

1

0

1 1
( ) ( ) ( ) (( , ) (, )

2 2
, )

n
T

T o o f o o

b b t t t t

t

a T a

t t
J cx x x H c x Hy xx x H H y

−
−

=

= − − + − + −B P A Q R  (7.15) 

7.3.4  Numerical Aspects of Matrix Inversion 

We use GOSAT methane observations for a period of a month, which contains 

11,489 observations after all quality control and bias removal (Voshtani et al. 2022a). It is 

typically assumed in methane inversion studies that the observation errors of this type are 

uncorrelated (or with insignificant correlations ) both in space and time, resulting in a 

diagonal observation error covariance (R) (Turner et al. 2015; Bousserez et al. 2016; 

Turner et al. 2018; Stanevich et al. 2021; Zhang et al. 2021). Contrary to the observation 

error covariance, the forecast error covariance in observation space (  o o TfH HP  ) is not 

diagonal (Equation (7.15)). From a physical point of view, since the forecast error is 

propagated in time and space, its error covariance mapped into a one-month-long 

observation space is no longer a diagonal matrix (in observation space). To make this more 

clear, the elements of the 11,489 × 11,489 covariance matrix (i.e.,  o o TfH H +P R ) are, in 

fact, ordered by observation ID numbers (not by time and not with space). Therefore, the 

forecast error correlates with different ID numbers (or observation space), resulting in a 

covariance matrix,  o o TfH H +P R , that is not a diagonal matrix for a month-long data 



 

 203 

window. In contrast, if we would only account for observation errors that are spatially and 

temporally uncorrelated, it would lead to a diagonal matrix in the observation space.    

Since the number of observations is significant, as is the case here, inverting the 

covariance matrix,  o o TfH H +P R , becomes problematic. For regular matrices of that size 

(i.e., nondiagonal, non-sparse), the matrix inversion is not only computationally expensive 

but could lead to numerical issues (Strang and Borre 1997).  

In data assimilation, a traditional approach, known as the data selection procedure 

(Cohn et al. 1998; Houtekamer and Mitchell 2001; Lahoz and Schneider 2014) is used to 

avoid inverting large covariance matrices in observation space,  o o TfH H +P R . The data 

selection procedure involves partitioning the entire set of observations into smaller sets, 

known as batches of observations, that are mutually uncorrelated (also referred to as 

observation packets by Rodgers (2000)). In this case, the sizeable nondiagonal observation 

error covariance matrix transforms into a block diagonal matrix (with a reasonable block 

dimension), where each block represents the corresponding batch of observations (Figure 

7.2). 

In data selection, in general, we divide the model domain into N regions and 

perform the analysis for each region. By limiting the number of observations (p) that 

influence analysis in a given region (e.g., p < 1000), the size of the error covariance matrix 

to invert will be reduced (i.e., p × p) and thus be manageable. The influence of observations 

on a region is determined by the correlation length scale. For example, any observation that 

is farther than five times the correlation length will not contribute to the analysis equation 

of the corresponding region. Thus, the number of regions to consider depends on the 

correlation length scale and the maximum number of observations that we can process in 
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matrix inversion. This procedure is typical for optimal interpolation (OI) (Lahoz and 

Schneider 2014). Note that some variants of this scheme (not discussed here) are also 

designed for the ensemble Kalman filter (Houtekamer and Mitchell 2001; Migliorini 2013). 

In the case of GOSAT satellite observations, each observation in space is 

considered with its own time (i.e., satellite retrieval time). Thus, it is more appropriate to 

partition the GOSAT observations according to their retrieval times, meaning that the error 

correlations between two observations not only depend on their geographical distance but 

also on their time difference. In this study, we simply assume that there are no correlations 

after three days between two locations of observations. As shown in Figure 7.2, we conduct 

a data selection procedure by considering a 3-day batch of GOSAT observations equivalent 

to the satellite revisit time. In this case, the number of observations within a batch remains 

as low as about 1000. Note that for a larger number of observations (p ≳ 1500 herein), the 

condition number of the covariance matrix increases rapidly, resulting in a non-full rank 

matrix. 

Figure 7.2a displays the full error covariance matrix for a period of a month (and 

of a size ~11,000 × ~11,000). Ignoring the small covariances between the 3-day batches 

results in a block diagonal matrix (Figure 7.2c). Each block is represented in Figure 7.2b, 

where we perform matrix inversion using the Cholesky decomposition (Krishnamoorthy 

and Menon 2013) for solving a system of linear equations of the same size as in that block. 

In Figure 7.2d, the covariance elements are shown within a day and are normalized relative 

to the values in the main diagonal. The correlation structures (off-diagonal elements) in 

this figure retain values that are as substantial as the main diagonal. Figure 7.2b indicates 

that the sub-diagonal elements (i.e., non-zero values that run parallel to the main diagonal) 
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are from observations that occur one day (for the closest sub-diagonal line) or two days 

(for the second sub-diagonal line) later, but at slightly different locations. It implies that 

observations in a subsequent day are being translated into space according to the 3-day 

revisit cycle of GOSAT, but because of accounting for correlations using  o o TfH HP , they 

appear as non-zero correlations, although R remains diagonal. 

 

Figure 7.2. (a) one-month non-diagonal error covariance,  o o TfH H +P R , is applied to the data 

selection procedure with (b) 3 days batch of observations to form (c) a block diagonal matrix of the 

same size. (d) shows the non-diagonal covariance matrix in one day.    

7.4 Description of the OSSE Experiments 

OSSE is a standard method to evaluate the ability of atmospheric inversion or 

assimilation systems without using the actual observation data (Lahoz and Schneider 

2014). Our OSSE experiments are designed with synthetic GOSAT observations, aiming 
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to verify how optimal state analysis and its model error propagation may improve a 4D-

Var inversion for constraining methane emissions. Accordingly, we test different effects 

from the state estimation on the source inversion (see Section 7.3.3, Figure 7.1). To 

distinguish those effects, we evaluate the OSSE using different 4D-Var cost functions, 

across several forms of emissions perturbation, and we discuss various aspects of those 

effects. The basic description of the OSSE setup and emissions perturbations are provided 

in Section 7.4.1, followed by explanations of the cost function variations in Section 7.4.2.   

7.4.1 Perturbation Tests 

Figure 7.3 shows the generic design of an OSSE framework. The structure of every 

OSSE system consists of two main parts: A nature run and control runs (Brasseur and Jacob 

2017). Through nature run, the CMAQ model forecasts produce the synthetic (true) 

concentrations field to be sampled by the observation operator, providing simulated 

observations. The nature run is derived by the initial analysis field of concentrations at time 

T1, meteorological fields from WRF output, and anthropogenic and natural methane 

emissions that are taken to be the same as provided by corresponding inventories (see 

Section 7.2.2). It is assumed that both inputs and the model CMAQ in the nature run are 

deterministic, comparable to a mean estimate of a stochastic process. On the other hand, 

the simulated observations are not assumed to be perfect but include GOSAT observation 

errors. Hence, the simulated observations are imperfect only due to observation errors. The 

synthetic (i.e., simulated) observations generated through a nature run are used under a 

controlled environment to perform different inversion runs. In fact, those are conducted 

within control runs (also known as perturbed runs), for which different forms of 

initialization, error statistics, and emissions perturbations are configured for the inversion 
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window (Figure 7.3). Therefore, control runs only cover the inversion window but include 

the effects of the assimilation window by providing the initial field and/or initial error 

covariances at time 1T . 

 

Figure 7.3.   Flowchart of the OSSE framework for optimizing methane emissions. 

Besides four types of cost functions that will be described in Section 7.4.2, we 

consider three forms of perturbations to produce different prior methane emissions in the 

control runs. Those perturbations reflect uniform and variable biases in the prior methane 

emissions and cover both total and sectoral emissions aspects. Note that in all our control 

runs, we assume that the initial state and the CTM are imperfect, but we use the same 

meteorological fields, chemical reactions, and boundary conditions as the nature run. 

Hence, those processes are considered perfect, and their effects (potential errors) are not 

investigated for the objective of our OSSE experiments in this study.  
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The main goal of our OSSE experiments is to test the ability of our proposed 

inversion cost function (Equation 7.15) to reproduce true methane emissions (comparison 

between optimized and true emissions in Figure 7.3). In addition, by exploring three other 

variations in the cost function (see Section 7.4.2), we aim to address the limitation of a 

typical 4D-Var inversion that relies on perfect state assumptions due to the initial field and 

the CTM (meteorology and chemistry are excluded). The approximation of diagonal 

observation error covariance is also evaluated in our OSSE experiments.  

7.4.2 Experimenting with Different Cost Functions 

Table 7.2 summarizes four variations in the cost function used to determine the 

different impacts of the state assimilation when it is linked to the inversion system. We 

recall that for this study, the inversions neither rely on a perfectly known initial state nor a 

perfect forward model. We start with Type 0 as the basis for cost function variations 

proposed in this study (see Section 7.3.3,  Equation (7.15)). In this cost function, we 

account for the entire information provided by PvKF assimilation, including the initial 

analysis field ( 1
ac ) and its analysis error covariance ( 1A ). In addition, according to the 

PvKF formulation for propagating errors using the advection scheme (see Section 7.3.1), 

the forecast of the analysis error covariance and the estimated model transport error (

1( , )f
tP A Q )) are integrated into the second term of the cost function (Equation (7.16)). In 

Types 1-3 (Table 7.2), we consider other forms of cost functions where portions of the 

connection between the assimilation and inversion are removed. For Type 1, we neither 

consider the analysis field nor the propagation of the error covariances (i.e., 
1( , )f

tP A Q = 

0) during the inversion. In fact, the inversion is independent of the state assimilation and is 

initialized by the model forecast, which is assumed to be perfectly known. In this case, the 



 

 209 

inversion also only relies on the observation error covariance ( tR ) in the cost function 

(Equation (7.17)). Note that the Type 1 cost function is frequently used in different 

inversion studies (Cressot et al. 2014; Turner et al. 2015; Wang et al. 2019). Type 2 

inversion is similar to Type 1, except that it begins with the initial analysis field rather than 

the forecast initial concentrations (Equation (7.18)). Type 2 cost function is also commonly 

used in the literature (Basu et al. 2013; Deng et al. 2014; Basu et al. 2022). Type 3 inversion 

not only accounts for the initial analysis field but also considers the propagation of its error 

covariance during the inversion, yet without the effect of model transport error (i.e., 

1( )f
tP A ) (Equation (7.19)).  Note that we keep  ,

b
x , and B the same between all these 

cost functions for consistency of the evaluations.   

Table 7.2.   Cost functions for different formulations of 4D-Var inversion. 𝐏𝒕 is the model propagated 

(forecast) of error covariance in the model space, 𝐀𝟏is the analysis error covariance at the initial time 

of inversion, and 𝐐 is the model trasport error covariance that is estimated independently (see Section 

7.3.1). 𝒄𝟏
𝒇
and 𝒄𝟏

𝒂 represent the initial field of concentrations produced from the CMAQ model and 

PvKF assimilation, respectively.   

Type # Cost function  

Type 0: 𝐽0(𝑥) =
1

2
𝛾(𝑥 − 𝑥𝑏)𝑇𝐁−1(𝑥 − 𝑥𝑏) + ∑

1

2
(𝑦𝑡

𝑜 − 𝐻𝑡(𝑐1
𝑎 , 𝑥))

𝑇
(𝐻𝑜 𝐏𝑡(𝐀1, 𝐐)𝐻𝑜𝑇 + 𝐑𝑡)−1(𝑦𝑡

𝑜 − 𝐻𝑡(𝑐1
𝑎 , 𝑥))

𝑛

𝑡=0

 (7.16) 

Type 1: 𝐽1(𝑥) =
1

2
𝛾(𝑥 − 𝑥𝑏)𝑇𝐁−1(𝑥 − 𝑥𝑏) + ∑

1

2
(𝑦𝑡

𝑜 − 𝐻𝑡(𝑐1
𝑓

, 𝑥))
𝑇

(𝐑𝑡)−1 (𝑦𝑡
𝑜 − 𝐻𝑡(𝑐1

𝑓
, 𝑥))

𝑛

𝑡=0

 (7.17) 

Type 2: 𝐽2(𝑥) =
1

2
𝛾(𝑥 − 𝑥𝑏)𝑇𝐁−1(𝑥 − 𝑥𝑏) + ∑

1

2
(𝑦𝑡

𝑜 − 𝐻𝑡(𝑐1
𝑎 , 𝑥))

𝑇
(𝐑𝑡)−1(𝑦𝑡

𝑜 − 𝐻𝑡(𝑐1
𝑎 , 𝑥))

𝑛

𝑡=0

 (7.18) 

Type 3: 𝐽3(𝑥) =
1

2
𝛾(𝑥 − 𝑥𝑏)𝑇𝐁−1(𝑥 − 𝑥𝑏) + ∑

1

2
(𝑦𝑡

𝑜 − 𝐻𝑡(𝑐1
𝑎 , 𝑥))

𝑇
(𝐻𝑜 𝐏𝑡(𝐀1)𝐻𝑜𝑇 + 𝐑𝑡)−1(𝑦𝑡

𝑜 − 𝐻𝑡(𝑐1
𝑎 , 𝑥))

𝑛

𝑡=0

 (7.19) 
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By comparing all the cost functions provided in Table 7.2, we can distinguish the 

different effects of linking assimilation with inversion on the inversion results. 

Accordingly, a comparison between Type 1 and Type 2 cost functions shows the influence 

of only the initial field on the inversion result. By comparing Type 2 and Type 3 cost 

functions, we can isolate the effect of considering the uncertainties in the model 

concentrations that originates from the initial state (i.e., model-propagated initial error 

covariance). Finally, if we compare Type 3 with Type 0 cost function, the influence of 

model transport error Q  (already estimated independently) on the inversion can be 

extracted. In fact, the forecast of model error covariances for these two types have the form: 

  
1 1 1

 Type 0: ( ( , ) ) (  ( ) )   o o Tf fo o T o T o T
ttH H H M M H H H+ = +P A Q P A Q , (7.20) 

  
1 1

 
1Type 3: ( ( ) ) (  ( ) )   o o Tf fo o T o T o T

ttH H H M M H H H+ +=P A P QA . (7.21) 

7.5 Results and Discussions 

The results of the OSSEs contain a month of modified 4D-Var inversion in April 

2010, preceded by two weeks of PvKF assimilation (or model forecast when the 

assimilation is turned off). The posterior (i.e., optimized) emissions estimate involves 

monthly mean methane emissions (or, in particular, emissions scaling factors). The 

following subsections (Sections 7.5.1-7.5.3) are each dedicated to a particular form of 

emissions perturbations. We recall that all the input and configurations, except those 

described in Figure 7.3, which impose the discrepancy between the OSSE cases, are the 

same for all experiments (e.g., meteorological field, regularization parameter  ).  

7.5.1 Base case Uniform Perturbation 

The first type of perturbation within our OSSE control runs (Figure 7.3) provides 

prior emissions that include a uniform bias in all sectors. In this case, the total true 
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emissions are uniformly scaled up by 50%, which is a common perturbation method also 

used in previous methane inversion studies with OSSEs (Bousserez et al. 2016; Sheng et 

al. 2018; Turner et al. 2018; Yu et al. 2021). For this type, in fact, it is assumed that the 

prior emissions are strongly in line with the spatial distributions of the true emissions, yet 

with different levels of magnitude. Although this perturbation method implicitly considers 

a low level of uncertainty for the spatial allocation of emissions, it can be taken as the base 

case, particularly to evaluate the ability of the inversion method and underlying 

assumptions for reproducing true emissions (Zhang et al. 2018; Yu et al. 2021; Wu et al. 

2022).  

Figure 7.4 compares the posterior emissions from the four inversions with different 

cost function variations, given a prior estimate with +50% uniform perturbation of the true 

emissions. The spatial distribution of the differences between prior and true emissions (

priore ) and between all four posteriors and true emissions ( posteriore  ) are shown in Figure 

7.4a and Figure 7.4b-e, respectively. Type 0 inversion (Figure 4b) corresponding to what 

is proposed in this study accounts for both optimal PvKF analysis ( 1
ac ) and model 

propagated (forecast) of analysis error covariance during inversion (
1( , )f

tP A Q ). Posterior 

emissions show reasonable overall consistency with the true emissions, particularly for the 

larger and more local (or point) sources. Now, we remove all the dependency on the 

assimilation such that a perfect model forecast (
1
fc , P = 0) is linked to the inversion (Type 

1). According to our OSSE, in this case, the provided initial condition is far from the truth. 

Figure 7.4c, corresponding to its posterior emissions, indicates a large deviation from the 

true emissions. In fact, a significant (downward) over-correction in many regions, 

especially for the large sources, is obtained along with insufficient correction for the small 
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sources. This behaviour first implies that relying on a model forecast initial concentrations 

with a perfect assumption exerts a substantial impact on the state of the system, mainly due 

to accumulating incorrect emissions before inversion (i.e., prior emissions are incorrect). 

Hence, this eventually degrades the emissions estimation through inversion. Furthermore, 

the prior error covariance (B) is commonly assumed (uniformly) to be proportional to the 

emissions (as it is in this study). This itself also limits the ability of the inversion to recover 

fairly large and small (scattered) sources, as also suggested by Yu et al. (2021). In addition, 

the inversion performance can be worsened in the presence of an incorrect state and missing 

modelling error correlations.  

In Type 2 (Figure 7.4d), the inversion is performed with the PvKF analysis ( 1
ac ) 

that is used as the closest estimate to the true state, but analysis uncertainty is not taken 

into account to propagate errors during the inversion, meaning that the model state during 

inversion is perfectly known. Thus, we only rely on the observation error variance 

(diagonal matrix R) in the corresponding cost function (Equation (7.18)). For this case, 

although Figure 7.4d shows an overall improvement in the posterior emissions estimates 

compared to Figure 7.4c, it remains inaccurate, particularly in the regions with large 

amounts of methane emissions, such as East Asia and around the Persian Gulf, and for 

emission sectors with larger area coverage such as Agriculture in the Midwestern United 

States and India. 

However, comparing the posterior emission of Type 2 and Type 3, we might infer 

that, besides the analysis field, accounting for the analysis error covariance and propagating 

it during the inversion can significantly improve the emissions estimates. This is mainly 

due to the structures of the correlations that exist in the model forecast (see Figure 7.2), 
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while it is usually neglected due to perfect model assumptions or for computational 

purposes (Lu et al. 2022).  Errors in the forecast during the inversion can be produced by 

model transport due to various effects (Locatelli et al. 2015; Stanevich et al. 2020) or can 

be the result of an initial error that is propagated through the model, both of which are 

important to be considered besides the observation errors for a realistic estimation problem. 

  In Type 3 inversion, a similar condition as Type 0 is considered, except that the 

modelling error (Q) is turned to zero. This depicts a scenario where the model transport is 

assumed perfect, but in our experiments (and in reality), it may not necessarily maintain 

the optimal state (closest to the true). Drawing a comparison between Figure 7.4e (Type 3) 

and Figure 7.4b (Type 0) shows minor global differences, although, over some larger 

emissions regions, such as East Asia, that discrepancy still remains noticeable. This is 

likely due to the lower density of the GOSAT observations over those regions, for which 

adding model error (Q) makes those observations more impactful for the inversion. Hence, 

accounting model error Q in 4D-Var inversion provide room for improvement, particularly 

when observations are insufficient. On the other hand, comparing either Type 0 or Type 3 

against Type 2 inversion indicates that a considerable improvement occurs for both large 

and small sources. This emphasizes the key role of the model-propagated error correlations 

(initialized by the analysis error covariance, 
1

 ( , ) Tfo o
tH HP A Q , that are overlooked in an 

inversion with a perfectly known state and diagonal observation error covariance. 
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Figure 7.4.   (a) prior – true emissions (+50% uniform perturbation); (b) posterior – true emissions in 

Type 0 inversion using analysis initial ( 1

ac ) and both observation R and model propagated analysis 

error covariance 1

 ( , ) To f o

tH HP A Q ; (c) posterior – true emissions in Type 1 inversion using forecast 

initial ( 1

fc ) and observation error covariance R, (d) posterior – true emissions in Type 2 inversion 

using analysis initial ( 1

ac ) and observation error covariance R; (e) posterior – true emissions in Type 3 

inversion using analysis initial ( 1

ac ) and both observation and model propagated analysis error 

covariance
 

1( )o f o T

tH HP A , but without model error. Statistical comparison of the (f) prior emissions 

and (g-j) posterior emissions of Type 0-3 inversion, respectively. x-axis and y-axis represent the true 

and prior/posterior emissions, respectively. In (f-j), 1( , )f
P A Q is shown as P , and 1( )f

P A  is shown as


P . Synthetic observations are generated using the nature run initialized by the analysis, and a 2-week 

spin-up is used for the initialization. 

OSSE experiments aid in determining the statistics of the posterior emissions 

without a need to estimate those along with the inversion, which otherwise entails a high 

computational cost (Bousserez et al. 2016; Bousserez and Henze 2018). Accordingly, 
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besides the spatial maps, the prior and those four optimized emissions are demonstrated in 

scatter plots as in Figure 7.4f-j. Figure 7.4h indicates that Type 1 inversion, which 

integrates the biased model initial forecast (due to biased emissions before the inversion), 

can result in fairly biased posterior emissions along with significant variance. Accounting 

for the initial analysis field in Type 2 inversion improves on the bias of the optimized 

emissions while slightly decreasing the variance (Figure 7.4i). On the other hand, 

propagating the analysis error (comparison between Figure 7.4j and Figure 7.4h) can 

largely affect the variance of posterior emissions, although with a small bias improvement.  

Overall, adding the model error, Q, (comparison between Figure 7.4g and Figure 

7.4j) can further improve the bias (and slightly variance) in posterior emissions, 

particularly for the larger sources. (as in Figure 7.4e and Figure 7.4b). Additionally, the 

posterior emissions in Figure 7.4g maintain an estimate that is also statistically more 

reliable than other inversion types, although it tends to be less reliable for estimating small 

sources. This deficiency is likely due to limited information in determining the prior error 

covariance (B) for properly weighting the prior emissions (Yu et al. 2021; Lu et al. 2022). 

7.5.2 Perturbation of Different Sectors 

In the second form of perturbation defined in our OSSE experiments (see Figure 

7.3), we examine the ability of our inversion to reproduce true emissions when only one 

particular emission source sector is perturbed. Following Table 7.1, each source sector is 

uniformly perturbed in the same way as described in Section 7.5.1 (i.e., scaled up by 50%) 

and then recovered in an individual OSSE inversion. We repeat a similar assessment as in 

Section 7.5.1, with different inversion cost functions (Type 0-3 inversion or Equations 

(7.16) to (7.19)). Figure 7.5 presents the spatial distributions of the differences between 
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total prior/posterior methane emissions and true emissions, in which every map 

corresponds to a specific sectoral perturbation that is performed with a particular inversion 

type.  

 The overall spatial pattern of the posterior emissions in each emissions sector shows 

the same order of improvement as obtained for the total emissions in Section 7.5.1. In fact, 

the contribution of the PvKF analysis field, used as the initial condition, and its error 

covariance to the inversion leads to a better constraint for every individual sector. However, 

the responses of each source sector to different types of inversions are not the same. Before 

discussing the details of the emissions correction in each sector, we need to reacquaint 

ourselves with some characteristics of each source sector, which can be addressed from the 

figures with prior perturbations (Figure 7.5a,f,k,p). Besides the geographical locations of 

the prior emissions in each sector, it is important to identify their spatial distribution along 

with the level of magnitude of each sector's prior emissions. According to those criteria, 

we consider agriculture and wetland emissions as area sources (cover large areas with an 

almost uniform level of emissions), while the emissions of the energy sector are considered 

as local or point sources (cover small or local areas with large amounts of emissions; 

hotspots). Although waste emissions appear in both area and point sources depending on 

their location, overall, it is distributed more like local sources across the domain (Figure 

7.5k). All these specific characteristics enable us to evaluate and distinguish the differences 

between the responses of each sector to the inversion. Note that the magnitude of those 

emissions sectors is largest for wetlands, followed by agriculture, energy, and waste.  

 For the Type 1 inversion, the posterior emissions for each sector show an 

overestimation of large emissions and an underestimation of smaller emissions in the same 
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sector. More importantly, the biased forecast initial state can cause a miscorrection on other 

emissions sectors, even though they are not perturbed (i.e., taken as true emissions) in the 

prior emissions—hereafter referred to as the cross-sectoral effect. For example, the 

posterior of the agriculture emissions in Figure 7.5c shows a noticeable overestimation of 

emissions at the locations of the energy sector's emissions (e.g., over Russia and near the 

Persian Gulf). However, this effect is largely removed in the Type 0 inversion of 

agriculture emissions (Figure 7.5b). This is consistent across perturbations in all sectors, 

and implies that a configuration of inversion that integrates the optimal initial analysis and 

its error covariance propagation not only performs reasonably for the incorrect emissions 

of the same (perturbed) sector, but can also prevent misrepresentation of other sectors when 

they are precisely provided in the prior.  

An examination of the results of Type 1 and Type 2 inversions displays the effect 

of initializing the inversion with the analysis field rather than the forecast field from the 

state assimilation. Figure 7.5c-d (same as 7.5h-i, 7.5m-n, and 7.5r-s) shows meaningful 

improvements in the emissions from Type 1 to Type 2 for all sectors; however, those 

improvements are slightly greater for the energy and waste sectors with localized emissions 

than for agriculture and wetlands. A similar improvement (in the same perturbed sector) 

has been found when we compare Type 2 with Type 3 inversions, for which the forecast 

of the analysis error covariances is considered besides the analysis field (Figure 7.5d-e). 

Although those improvements are more substantial for the energy and the waste sectors, a 

slight degradation occurs in other unperturbed sectors due to a cross-sectoral effect. For 

instance, comparing Figure 7.5i and Figure 7.5j of the energy sector indicates that despite 

the improvement of the emissions in the location of the energy sources (e.g., East Asia and 
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Russia), it causes cross-sectoral effects on the agriculture emissions resulting in degraded 

estimate over those areas (e.g., India and Southeastern Asia). A similar pattern is also 

shown in the waste sector (Figure 7.5n-o), where the estimation over agriculture and 

wetland areas is slightly worsened (e.g., Midwestern U.S. and Boreal regions in North 

America). Nevertheless, we found that the cross-sectoral effect is not noticeably destructive 

to the inversion of agriculture and wetland emissions (Figure 7.5d-e and Figure 7.5s-t) 

when we account for the analysis error covariances in Type 0 inversion. All that 

considered, the undesirable effect between sectors suggests that the approximated 

correlation model (Equation (7.7)) with a fixed correlation length across the domain is not 

sufficiently informative to resolve the structure of the large and localized emissions in the 

energy and waste sectors. Furthermore, we imply that the weight of the forecast error 

covariance (  
1( )fo o T

tH HP A  ), compared to the observation error (R), is likely too small 

for those sectors; thus, the estimation system relies more on the model and prior 

information (which are more uncertain) than on the observations to correct emissions. One 

way to partly alleviate this is to increase the forecast error covariance by adding extra (bulk) 

model transport error (Q). We consider the implications of this model transport error in the 

remainder of this section. 

Comparing Type 3 with Type 0 inversion helps us understand the influence of 

model transport error Q in reproducing true emissions. From an estimation point of view, 

model transport error Q compensates for those missing error variance and correlations that 

are, in fact, unexplainable by the error propagation scheme (i.e., advection of variance 

herein; see Section 7.6.1 for details). Our results (Figure 7.5b,r; Figure 7.5h,j; Figure 

7.5m,o; Figure 7.5q,t) show that accounting for the model transport error Q improves 
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emissions estimation for all sectors. However, this level of improvement is tangibly larger 

for the agriculture and wetland than the energy and waste sectors. For example, adding the 

estimated model error to the Type 3 inversion of agriculture emissions (Figure 7.5b,e) can 

substantially remove the underestimate in the posterior emissions, particularly over 

Northern India and Southeast Asia. A similar level of improvement for the wetland 

emissions over the boreal region and the southeastern United States is obtained (Figure 

7.5r,t). The influence of model error, however, is not as significant for the point sources of 

energy and waste emissions. Nevertheless, adding model error can still be important for 

the cross-sectoral effects of a sector primarily composed of point sources (e.g. energy) on 

a sector that is more spatially extensive. For instance, for the inversion of energy (Figure 

7.5j) and waste (Figure 7.5o) emissions, the overestimation of the agriculture (e.g., 

Southeast Asia) and wetland (e.g., boreal area) emissions are decreased by considering 

model transport error Q (by comparing them with Figure 7.5g and Figure 7.5i). 

In our estimation, the model transport error (Q) is assumed to be proportional to 

the variance field, in line with the previous study by Voshtani et al. (2022a), it provides a 

uniform and bulk impact on the total error across the domain (see Section 7.6.1 and Figure 

7.8) due to the rather homogeneous distribution of methane. Therefore, as expected, those 

emissions sectors covering the broader area, such as agriculture and wetland, are more 

susceptible to being influenced by the model transport error. On the other hand, the model 

transport error has less spatial variability than the emissions and thus has little chance of 

affecting a point source estimation, even though it may have a large magnitude. Perhaps, 

another form of model transport error, for which the spatial pattern is different, may 
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improve the influence of model error on the local and large sources, such as energy and 

waste emissions. 

 

Figure 7.5.   (a-e) prior – true emissions and comparison of the posterior against true emissions for the 

only perturbed agriculture sector, (f-j) only perturbed energy sector, (k-o) only perturbed waste sector, 

and (p-t) only perturbed wetland sector. Prior emissions are generated using 50% uniform 

perturbation. Type 1 OSSE uses ( 1

fc ) and (R). Type 2 performs with analysis initial ( 1

ac ) and (R). Type 

3 OSSE operates with analysis initial ( 1

ac ) and forecast of analysis error covariance ( 1

 ( ) To ofH HP A ), 

and Type 0 OSSE works with analysis initial ( 1

ac ) and forecast of analysis error covariance with model 

error ( 1

 ( , ) To ofH HP A Q ).  
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The simple fact that the correction for the point sources is not as efficient may indicate that 

the estimation of the point sources and area sources should be treated with a different 

modelling framework. In general, due to limited information and large uncertainty about 

the origin of model error, finely resolving its spatial structure is typically a nontrivial task 

(Tandeo et al. 2020; Stanevich et al. 2021). Note that we do not separately obtain an 

estimation of model transport error for each inversion process of this study; instead, we use 

the estimated parameter following Voshtani et al. (2022b) (see Section 7.3.1 for details). 

Thus, the error variance associated with the model transport may also not be the optimal 

one in our analyses here.  

Figure 7.6 compares the statistics of the sectoral perturbation cases against four 

types of inversion schemes, analogous to the maps in Figure 7.5. Comparing Type 1 and 

Type 2 inversions shows an improvement of the fit to the true emissions for the energy and 

waste sectors, such that their 2R increase from 0.91 to 0.94 and from 0.89 to 0.95, 

respectively (Figure 7.6h-i, Figure 7.6n-m). Those improvements, in fact, occur in the form 

of mainly bias removal together with variance reduction of the posterior emissions. For the 

agriculture and wetlands emissions, the posterior emissions do not retain a better fit to true 

emissions ( 2R remains unchanged), but some reduction is observed in the variance (Figure 

7.6c-d, Figure 7.6r-s). 

The effect of accounting for the forecast of analysis error covariance (comparison 

between Type 2 and Type 3) appears as a moderate improvement in the fit of all sectors 

except wetlands. This is perhaps due to the larger magnitude of other sectors' emissions 

relative to that of wetlands, which results in an overall small change in the total posterior 
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emissions. Lastly, we compare the effect of model transport error (Q) on the fit to the true 

emissions for the four sectors.  

 

Figure 7.6.   (a-e) statistical comparison of prior and posterior emissions against true emissions in 

scatter plots for the only perturbed agriculture sector, (f-j) only perturbed energy sector, (k-o) only 

perturbed waste sector, and (p-t) only perturbed wetland sector. Prior emissions are generated using 

50% uniform perturbation of each sector individually. 

While updating the initialization field to use the analysis rather than the forecast does not 

improve the inversion for spatially extensive sources like agriculture and wetlands 

(compare Type 1 and Type 2), if we additionally account for model transport error 

(compare Type 3 and Type 0) we observe improvements to the fit to the true emissions for 
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the agriculture and waste sectors, as 2R  increases from 0.95 to 0.98 and from 0.98 to 0.99, 

respectively (Figure 7.6b-e, Figure 7.6q-t). This small improvement also occurs in the form 

of both bias removal and variance reduction of posterior emissions. The further details of 

the statistics are expressed later in Section 7.5.4. 

7.5.3 More Realistic Perturbations 

OSSE experiments in this section consider a more realistic inversion scenario, 

aiming to provide a random-like (more objective) perturbation in the prior emissions. One 

way to achieve this is to perturb each sector individually with different weights and signs 

(±) of perturbations while taking them all together for the inversion analysis. Previous 

methane inversion studies (Bergamaschi et al. 2018; Maasakkers et al. 2019; Janardanan 

et al. 2020; Saunois et al. 2020; Qu et al. 2021) showed that, overall, agriculture and waste 

emissions are underestimated, whereas the energy and wetlands are overestimated globally 

in the prior (mainly based on EDGAR for the anthropogenic inventory and WetCHARTS 

for the wetlands). Thus, the energy and wetland sectors are perturbed upwards by 50% and 

25%, respectively, and the waste and agriculture sectors are perturbed downwards by 50% 

and 25%, respectively.  

 Figure 7.7 summarizes the performance of our four different types of inversion 

using these prior emissions. In Type 1 inversion, the posterior emissions exhibit significant 

over- and underestimations (Figure 7.7c). This plot also shows that the weight of the spatial 

biases in the posterior is almost proportional to the prior emissions, yet agriculture and 

waste retain a positive bias contrary to the energy and wetlands with a negative bias. 

Overall, it implies that simply relying on a perfect model initial field results in 

overcorrections of posterior emissions in many regions. The statistics of the posterior 
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emissions in Figure 7.7h also indicate that besides a large domain-wide variance, they are 

negatively biased in large emissions areas over East Asia (from coal emissions) and near 

the Persian Gulf (likely due to oil and gas emissions). Furthermore, a lower 2R  and weaker 

regression line of the posterior than the prior suggests that the posterior emissions are likely 

less reliable than the prior.  

When we compare Type 1 inversion with Type 2, where the PvKF analysis provides 

the initial state, but the inversion relies on observation error covariance R, we find a 

significant improvement in the spatial biases of posterior emissions. This is particularly 

true for the large sources, which further suggests that the large domain-wide variance and 

bias of emissions are corrected. The 2R  of the Type 2 inversion also exhibits a large 

increase compared to Type 1 but is still comparable to the prior statistics. Type 3 inversion 

(Figure 7.7e,j), which includes the model-propagation of analysis error covariance, 

maintains a large consistent improvement everywhere compared to the Type 2 inversion. 

This improvement is reflected in 2R  and the slope of the regression line.  

The effect of adding model error (Q) is also examined and seen in the further 

improvement of posterior emissions in Type 0 (Figure 7.7b) relative to Type 3, which is 

also confirmed by their statistics (Figure 7.7g). It indicates that adding model error (Q) to 

the forecast error (  
1( )fo o T

tH HP A  ) can, in fact, help better constrain the emissions through 

inversion. In addition to this experiment, we conduct another perturbation of those sectors 

but using different sectoral weights (see Figure E.1 in Appendix E1), and overall, it shows 

a similar correction behaviour as this experiment in Figure 7.7.  
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Figure 7.7.   (a) prior – true emissions (± 25-50% variable perturbation); posterior – true emissions in 

(b) Type 0 inversion, (c) Type 1 inversion, (d) Type 2 inversion, and (e) Type 3 inversion. Statistical 

comparison of the (f) prior emissions and (g-j) posterior emissions of Type 0-3 inversions, respectively.  

7.5.4 Overwiew of the Different Experiemts 

Three forms of perturbations in our OSSE experiments are described in Sections 

7.5.1 to 7.5.3. We examined the ability of four different cost functions for each perturbation 

type to reproduce true emissions across the domain. Here, we summarize those experiments 

with further evaluations in terms of three metrics, including normalized mean bias (NMB), 

normalized mean error (NME), and Pearson's correlation coefficient. Accordingly, we have 
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where e and te denote the posterior and true emissions, respectively, and N represents the 

number of grid cells with emissions.  

 The results in Table 7.3 indicate that NMB significantly decreased between Type 1 

and Type 2 inversion in almost all emissions perturbation cases, particularly in Case 1 with 

a 28% reduction and Case 6 with a 15% reduction, where all sectors are perturbed. It 

suggests that initialization of the inversion with a biased model forecast (𝑐1
𝑓
) reflects on the 

posterior emissions mainly as a form of residual biases. In addition, NME decreased and R 

increased for all cases, indicating that the posterior emissions residuals are smaller for Type 

2 inversions. In fact, at the grid level, they are closer to the true emissions. Overall, a similar 

reduction of NMB and NME and an increase of R occurs between Type 2 and Type 3 

inversion for all cases. This suggests that incorporating the model-propagated analysis 

error covariance (  
1( )fo o T

tH HP A ) can also substantially impact our inversion results to 

recover the true emissions. Finally, the effect of the model error (Q) is shown by comparing 

Type 3 and Type 0 inversion. Although we implemented a simple form of Q, the results of 

all metrics slightly improved for perturbations with all emissions (Case 1 and Case 6); 

however, it may influence each sector differently.  
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Table 7.3.   Normalized mean bias (NMB), the normalized mean error (NME), and Pearson's 

correlation coefficient (R) for each emissions perturbation case and inversion cost function (Equations 

(7.16) to (7.19)).     

        Cost function 

  

Perturbation 

Type 0: 

0 1
( , )( , ),

a f

i t
J c P A Q R  

Type 1: 

1
)( ,

f

i
J c R  

Type 2: 

2
)( ,

a

i
J c R  

Type 3: 

3 1
( , ( )),

a f

i t
J c P A R  

NMB NME 𝑅 NMB NME 𝑅 NMB NME 𝑅 NMB NME 𝑅 

Case 1: 

All sectors/Uniform 

+0.02 0.06 0.98 -0.39 0.57 0.88 -0.11 0.29 0.94 -0.03 0.10 0.97 

Case 2: 

Agriculture/Uniform 

+0.01 0.04 0.99 -0.07 0.28 0.96 -0.05 0.12 0.93 0.00 0.06 0.95 

Case 3:  

Energy/Uniform 

+0.03 0.03 0.98 -0.18 0.31 0.95 -0.09 0.22 0.94 +0.03 0.03 0.97 

Case 4: 

Waste/Uniform 

+0.02 0.02 0.99 +0.11 0.45 0.94 -0.03 0.10 0.95 -0.02 0.03 0.98 

Case 5: 

Wetland/Uniform 

-0.01 0.01 0.99 -0.06 0.11 0.99 -0.05 0.09 0.99 -0.05 0.04 0.99 

Case 6: 

All sectors/Non-

uniform 

-0.02 0.05 0.99 +0.22 0.37 0.90 -0.07 0.19 0.92 -0.05 0.11 0.95 

 

In fact, agriculture and wetland are more sensitive to model error as all the metrics are 

altered to provide a better fit to the true emission. On the other hand, it has little impact on 

the energy and waste sector. Those behaviours are mainly attributed to the spatial 

characteristics of model error that are more consistent with those sectors with broader areas 

and uniform emissions (area sources). We detail the underlying assumptions for model 

transport error (Q) as well as its effect on the inversion in the next section. 
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7.6 Additional Implications for the Proposed Source Estimation 

7.6.1 Implications for the Forecast Model Error 

Model-propagated forecast error, 𝐏𝑓(𝐀1, 𝐐), (Equation (7.14)) not only depends 

on the error covariance of the initial state, but can also be produced due to imperfections 

in the model transport. We recall that for practical purposes, our inversions neither rely on 

a perfectly known initial state nor a perfect CTM. We integrate the PvKF formulation that 

can cost-effectively provide error information on the initial state and the model transport 

(Voshtani et al. 2022b) (see Section 7.3.3). Furthermore, as shown earlier in Section 7.5.1-

to Section 7.5.4, accounting for those errors during the inversion process can improve 

emissions estimations; hence, it is quite important also to understand the causes of those 

improvements. 

Using the PvKF assimilation, we obtain the optimal estimation of the analysis error 

covariance ( A ) that is used to initialize the propagation of errors during the inversion. 

Propagation of this error covariance (  
1( )fo o T

tH HP A )  is the key element in forming 

correlations that exist by nature in the model space but are often missed in a typical 4D-

Var inversion (see Figure 7.2 and Sections 7.3.3 and 7.3.4); thus, not accounting for this 

error may cause significant degradation of the inversion results  (Figure 7.4, Figure 7.5, 

and Figure 7.7).  

Nevertheless, the entire error during inversion does not necessarily originate from 

the initial state, but may also be compounded by the model transport, given that the model 

is not perfect. As in any Kalman filter,  the PvKF does not depend on a perfect model 

assumption and thus allows here for the inclusion of the model transport error during the 

inversion window. Contrary to the model propagation of the initial analysis error 
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covariance  (𝐻𝑜 𝐏𝑓(𝐀1)𝐻𝑜𝑇
), which involves the finer structure of the model background 

correlations, model (transport) error covariance ( Q ) is assumed to be proportional to the 

field due to a lack of information about it. In fact, there is little knowledge about the 

underlying processes driving model error covariance Q (Locatelli et al. 2015; Stanevich et 

al. 2021). 

The origin of Q is generally unknown, so that quantifying its underlying structure 

is almost implausible (Tandeo et al. 2020). It has been shown in previous studies as well 

as here that the effect of model transport error is not negligible (Polavarapu et al. 2016; 

Stanevich et al. 2021), while there are several explanations for their causes. In this study, 

the effect of adding model transport error can be explained in two ways based on their 

forms and effects (although their origins are not quantifiable). The first type is a domain-

wide stationery (bulk) error associated with various modelling characteristics. Using 

criteria based on innovation variance consistency in PvKF assimilation according to 

Voshtani et al. (2022b), we obtain the estimated value of the corresponding model error 

covariance Q , hereafter referred to as PvKFQ , which is used in our OSSE experiments (i.e.,

PvKF=Q Q ). Note that numerical discretization error was identified as the first source of 

error to be associated with the need for this model error covariance Q (Pannekoucke et al. 

2016, Menard et al. 2021, Gilpin 2022). In particular, Menard et al. (2021) argue that 

although we rely on the continuous behaviour of the linear advection, a discretized scheme 

used in the model can lead to a loss of total variance. Therefore, part of this bulk model 

transport error tends to compensate for that loss. Here in this section, we also discuss the 

true model error, which may be caused by neglecting the explicit diffusion of the model.  
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The model error can also be produced due to limited assumptions employed in our 

inversion/assimilation system. For example, here, the propagation of the error during 

inversion or assimilation is performed using a continuous formulation based on the 

advection of variance (Equation (7.6)). It has been shown previously that over the 3-day 

revisit time of GOSAT, that assumption is fairly reliable since the total variance remains 

conserved to a great extent (>95%) (Voshtani et al. 2022a). Relying on that assumption for 

a month of inversion in our experiments may lead to a degradation in realistically 

simulating the forecast model error. In fact, for the extended period of a month, diffusion 

spreads a portion of the variance in the form of spatial correlation, which is not considered 

in error propagation formulation based on the advection-only scheme used in PvKF. Those 

missing correlations might be addressed using a general form of parametric Kalman filter  

(Pannekoucke et al. 2016), where besides the variance, the evolution of characteristic 

parameters of correlations are computed, yet at a sizeable extra cost. Nevertheless, using a 

simple form of model error, we can compensate for the missing correlations due to 

diffusion by approximating its impact on the model concentrations. 

 We perform a series of forecast simulations experiments (similar to a one-

observation experiment according to Voshtani et al. (2022a)), while testing how the 

forecast error variance remains conserved after a month of integration. We approximate 

the evolution of error variance as proportional to model forecast concentrations (see 

Section 3.1 for the relative weights of the initial and model errors to the field) while 

considering the model with an active or deactivated diffusion scheme. Our results indicate 

that a maximum of 12% violation of the innovation covariance consistency occurs after 

one month if we do not account for the model error covariance Q  (Figure 7.8a). Figure E.4 
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in Appendix E3 also shows the map of methane concentrations of that difference in the 

first layer of the model after one month. We consider this modelling effect (unaccounted 

diffusion of error variance) on the forecast error covariance as the diffusion effect (
diffusion

Q

) of model error covariance. Thus, it is recommended to include
diffusion

Q for the extended 

period of error propagation (e.g., 𝛥𝑇 ≥ one month) using the PvKF advection-only scheme. 

We also found an approximately linear behaviour of this effect on the total model error, as 

shown in Figure 7.8a. To compare
diffusion

Q with the model error covariance that is already 

estimated ( PvKFQ ), we perform the same procedure to retain its impact on domain 

concentrations over the same month of integration. Our results indicate that the effect of

PvKFQ is nearly two times larger than the effect of 
diffusion

Q at the end of a month-long 

simulation. Figure 8b shows the relative weight of these two forms of model error.  

To test the effect of 
diffusion

Q on emissions inversion results, we assume a simple 

form of that error (Figure 8b) as explained earlier (proportional to the field and linear 

increment over time). We repeat our OSSE experiment in Section 5.3 with the same inputs 

and configuration, except that the model transport error covariance Q is replaced with Q  

in Type 0 inversion (see Table 2). Besides the estimated model transport errors ( PvKFQ ), 

Q  includes model error covariance due to the diffusion effect (
diffusion

Q ), thus 

PvKF diffusion
 = +Q Q Q . Figure 8c-d compares the spatial distribution of posterior – true 

emissions for two inversion cases: (i) with PvKF=Q Q and (ii) with Q . The result shows a 

similar spatial distribution of posterior emissions with minor changes in magnitude over 

some large emissions areas. It implies that the additional part of the model error covariance 



 

 232 

due to diffusion (
diffusion

Q ) has a rather small impact on recovering true emissions, although 

it was shown earlier that removing the entire model transport error covariance can exert a 

substantial impact on the inversion results. 

 

Figure 7.8.  (a) Diffusion effect of model transport error ( diffusionQ ) estimated using a series of forecast 

simulations. (b) schematic form and weight of estimated part of the model error or 
PvKFQ using the 

advection-only scheme, compared with diffusionQ . Comparison between posterior – true emissions of 

Type 1 of Section 5.3 (based on ± 25-50% non-uniform perturbation) where (c) uses model error 

covariance
PvKF=Q Q and (d) uses model error covariance PvKF diffusion

 = +Q Q Q . 
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7.6.2 Computational Timing of Different Inversions 

We showed earlier in our OSSE results in Section 7.5 that both initial analysis field 

and model-propagated analysis error covariance can exert a tangible impact on reproducing 

the true emissions. Here, we evaluate the computational aspect of our modified inversion 

schemes that link PvKF assimilation to 4D-Var inversion of methane emissions. We recall 

that the 4D-Var inversion is designed in a way that the estimation iteratively converges to 

a local minimum (considered as an optimal solution) by minimizing a quadratic cost 

function ( J ) of the residuals between model and observations (Equation (7.8)). It is also 

assumed that when the decrease in the cost function between two successive iterations is 

less than 1%, the iteration process will be terminated (see Section 7.3.3). Using consistent 

convergence criteria for all experiments, we compare the computational time of employing 

different cost functions (Type 0-3 inversions; see Section 7.4.2, Equations (7.16) to (7.19)). 

Accordingly, Figure 7.9 depicts the value of the cost functions J  at each iteration until 

convergence for all types of inversions. Note that the results here are associated with the 

OSSE of variable perturbations as described in Section 7.5.3, Figure 7.7.  

Our results in Figure 7.9 indicate that performing Type 1 inversions with a biased 

model forecast initial and assuming a perfectly known state of the model (light blue line) 

requires 23 iterations for convergence. However, only accounting for an improved initial 

field (red line) from our optimal PvKF analysis ( a
ic ) significantly reduces the 

computational cost of inversion. In fact, the number of iterations reaches 9 in Type 2 (~ 

one-third compared to the cost of Type 1). Now, when model-propagated error covariance 

(
1

 ( ) Tfo oH HP A ) is also considered in our cost function of Type 3 (purple line), the number 

of iterations for convergence becomes 8, indicating that the cost of inversion does not 
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change significantly. A similar effect is observed when the model transport error is 

considered (green line) in our cost function Type 0 ( 1

 ,( ) To f oH HA QP ), and the number of 

iterations remains the same. These comparisons imply that although accounting for the 

error covariance, either from imperfect transport or the initial state, does not provide a 

computational benefit, it exerts a substantial impact on the quality of the posterior 

emissions (e.g., see Table 7.3). On the other hand, considering the optimal initial analysis 

field maintains not only a better emissions constraint but also a lower cost of inversion. 

Note that the PvKF before the inversion window is computationally inexpensive, as it 

requires a little more than two model runs (Voshtani et al. 2022a). Hence, the overall cost 

of inversion when the PvKF assimilation cost is also considered remains low enough 

compared to the cost of Type 1 inversion (without PvKF assimilation). 

Consistent with the experiments in Section 7.5, in Figure 7.9a, we only look at the 

marginal difference in adding improved error statistics to the inversion once the initial state 

has already been corrected with assimilation analysis. Now, in another experiment, we keep 

the initial field of the model forecast and replace only the error covariance term in the cost 

function (Figure 7.9b). In fact, during the assimilation window, besides the model forecast 

( fc ), we account for the model propagation of error covariance without updating them by 

observations assimilation. Accordingly, at the end of the assimilation window, instead of 

the analysis error covariance matrix 1A , we obtain the forecast error covariance 1P to 

initialize the inversion. In addition, an updated form of model transport error ( Q ), as 

described in Section 7.6.1, is used in this experiment. Therefore, we can test if the error 

statistics alone (due to initial or model transport) are sufficient to reduce the computational 

cost. 



 

 235 

Figure 7.9 presents three forms of inversions, all of which carries on the same 

model forecast ( fc ). Besides the Type 1 baseline inversion (light blue line), the figure 

shows an inversion (dark blue line) where the model-propagated forecast error is 

considered (
1

 ( ) Tfo oH HP P ), and another inversion (grey line) where model transport error 

is added to the forecast error (
1

 ,( ) Tfo oH HP QP ). The results of the computational cost of 

inversions indicate that accounting for those error covariances in the cost function can 

reduce the number of iterations to 20 and 18, respectively. It suggests that the effect of 

error statistics alone would reduce the computational cost by up to ~20%. Although this 

amount is greater than the cost of the marginal difference of adding error statistics once the 

analysis is already used as the initial field (~10% reduction in cost; Figure 7.9a), it is still 

significantly small compared to the cost of replacing the initial forecast field by the analysis 

(~65% reduction). Note that the effect of error statistics alone (given the same fc ) on 

recovering the spatial distribution of true emissions is also more significant than the 

marginal effect of adding those errors when the analysis field is used (results are not shown 

here). Finally, we remark that using the updated form of model transport error ( Q ) than 

the initial form ( Q ) provides no further reduction of the computational cost of inversion 

(see Figure E.3 in Appendix E3) and only a minor improvement for the spatial distribution 

of posterior emissions (Figure 7.8c-d). 
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Figure 7.9.   (a) Comparison between the value of cost function against the number of iterations to 

show the computational cost of four different inversion types (Type 0-3) provided in Equations (18-

21); (b) Comparison between the computational cost of inversions when the initial field is provided 

with the model forecast (
f

ic ) and same for all the cases (Type 1 inversion), but the impact of adding 

only error statistics to the cost function is shown. 

7.7 Summary and Conclusions 

We present a new approach for performing methane source estimation, where the 

PvKF assimilation system of methane concentrations is combined with the 4D-Var source 

inversion. Previous methane inversion studies typically assume that the initial state 
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uncertainties are negligible compared to the effect of accumulated emissions uncertainties 

for a typical duration of methane inversion (e.g., one month) in a limited domain. As a 

result, the state is considered to be close to the truth, and thus the inversion is nearly 

insensitive to the initial state uncertainties. However, in this study, we not only produce an 

assimilation analysis with small uncertainties to initialize the 4D-Var inversion but also 

account for those state uncertainties for the duration of the inversion. Our PvKF 

assimilation scheme provides this information. It is a lightweight assimilation system that 

allows for the propagation of errors using an advection scheme while it is capable of taking 

the model transport error approximation into account. These state estimation properties 

qualify us to examine their effect on the source estimation when it is linked to an inversion 

system.  

It is also commonly assumed in methane inversion studies that errors in observation 

space are not correlated (or correlations are insignificant), and thus independent 

measurement errors dominate the total error weight, resulting in a diagonal observation 

error covariance. This assumption is indirectly attributed to the perfect model assumption 

made in many methane inversion studies. However, in our proposed assimilation-inversion 

system, the effect of the model forecast errors in the observation space leads to a 

nondiagonal error covariance matrix. This covariance matrix aims to provide appropriate 

correlations (corresponding to the optimal solution) when the state of the system is not 

considered as perfectly known, which is the case in reality. Accordingly, besides the impact 

of the initial analysis field provided by our PvKF assimilation, we examine the influence 

of forecast error covariance (model-propagated initial error and transport error included) 

on the inversion results. 



 

 238 

We design observing system simulation experiments (OSSEs) to achieve our goals 

using the hemispheric CMAQ model and GOSAT methane simulated observations. Our 

source estimation system considers a monthly mean correction on methane emissions at 

the grid level across the domain. We construct modified inversion cost functions to account 

for those state characteristics, including (i) the effect of the optimal initial analysis field, 

(ii) the forecast of analysis error covariance, and (iii) the approximated transport error, in 

reproducing true emissions. In addition, different perturbations of prior methane emissions, 

including (i) uniform perturbations of all sectors together, (ii) individual sectoral 

perturbations, and (iii) variable sectoral perturbations, are generated to address the 

limitation of a typical 4D-Var inversion that relies on perfect state assumptions and a 

diagonal observation error covariance.    

Our base case OSSE with uniform perturbation of total methane emissions indicate 

that not only the initial analysis concentrations but their model-propagated uncertainties 

have a substantial impact on recovering the true emissions. Comparing the proposed 

modified inversion cost function, which is fully linked to the assimilation of state and 

uncertainty (Type 0), with the regular cost function that only relies on the (biased) model 

forecast with the perfect assumption (Type 1) shows a considerable improvement in 

posterior emissions statistics. As a result, NMB and NME indicate a 37% and 51% 

reduction while the correlation R increase from 0.88 to 0.98. In addition, using a biased 

initial state (model forecast with perfect model assumption instead of analysis 

concentrations), results in a significant overestimation of posterior emissions in many 

regions with large sources. Accounting for the initial analysis field instead of forecast 

concentrations improves inversion results but still remains inaccurate, particularly over the 



 

 239 

large local sources. However, including the model-propagation analysis uncertainty can 

significantly improve emissions constraints over those areas. This is mainly due to the 

structures of the error correlations that exist in the model forecast but is usually ignored by 

making perfect model assumptions in 4D-Var inversion. We also found that by taking the 

estimated model error Q into account, on top of the analysis field and model propagation 

of uncertainties, slight overall improvements are obtained for the posterior emissions. This 

impact is more effective in areas where the density of observations is smaller, indicating 

that added model error Q makes those observations more impactful to recover the true 

emissions.  

 Our results using individual sectoral perturbation also emphasize the importance of 

considering both the analysis field and model propagation of errors for each sectoral 

inversion experiment. Nevertheless, the analysis field reflects a more tangible impact on 

improving local (or point) sources, such as those in the energy sector, while the influence 

of the model error propagation is more substantial on area sources, such as those in the 

agriculture sector. In addition, when the initial state is biased or when the model is assumed 

to be perfect, inversion with only one sector perturbation negatively impacts the posterior 

emissions of other sectors, which were initially unperturbed. This effect is also resolved 

when we use the initial analysis together with model-propagated uncertainties (Type 0). 

Finally, variable perturbations of different sectors together (a more realistic case) are 

examined in our OSSE experiments. The results overall come along with our previous 

finding with uniform perturbations, indicating a 20% and 32% decrease in NMB and NME, 

respectively and an increase from 0.90 to 0.99 in R.     



 

 240 

The computational cost of using different inversion cost functions is also examined. 

Using a modified form of 4D-Var inversion, as proposed in this study (Type 0), suggests a 

significant reduction (more than 60%) in the computational cost of inversion. This 

reduction occurs mainly when the initial analysis field from PvKF assimilation, instead of 

the biased model forecast, is used. On the other hand, the propagation of analysis errors 

(and transport error) in our OSSE experiment (Type 3 and Type 0) shows a negligible 

improvement in the computational time of inversion, although considerable improvements 

occur in recovering true methane emissions.  

One main limitation of this modified 4D-Var source estimation, despite its practical 

application as well as high computational efficiency, is in the simplified assumptions for 

simulating and evolving errors. In fact, using an advection-only scheme for propagating 

errors over a month-long inversion window causes a loss of variance, which eventually 

may impact our ability to constrain emissions with our inversion system. Although we can 

partially compensate for that loss by using an extra modelling error in a simple form (see 

Section 7.6.1), a more precise solution for an extended period of inversion is to account for 

that loss by propagating the correlations using diffusion schemes (Voshtani et al. 2022b), 

besides the advection of variance. This, however, entails extra computational costs.  

Another limitation of this approach is associated with the simple form of model 

transport error, Q. We assumed a fairly primitive form of the model transport error, which 

is spatially proportional to the methane field; however, this leads to inadequate correction 

for the energy and waste sector contrary to the agriculture and wetlands. Thus, the structure 

of the model transport error can be designed more sophisticated in the future to resolve 
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emissions inversions of large and local sources, such as those in the energy and waste 

sectors.  

Finally, the proposed source estimation framework provides a practical application 

for real observations of different types to address the limitations of similar inverse 

modelling and to improve the current inventories. However, the current method is 

incapable of estimating the error statistics of the emissions. To efficiently provide that 

information using the current source estimation approach, we need to further develop a 

coupled system of source-state estimation with joint assimilation-inversion capabilities in 

future. This allows one to propagate the emissions error besides the state error and estimate 

their uncertainties as part of the solution.  
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Chapter  8: Conclusions and Future Work 

Atmospheric methane is a critical short-lived greenhouse gas whose global 

concentrations growth has accelerated over the past decade, mainly due to anthropogenic 

emissions. Because of its tangible climate and air-quality impact, quite a few recent studies 

have mostly focused on its source estimate, particularly using satellite observations within 

an inverse modelling system aiming to improve the current emissions inventories. 

However, noticeable discrepancies have been reported among different methane emissions 

inventories, implying that some gaps and limitations are still involved with the current 

approaches. Those are partly due to errors (e.g., in the transport model and observations) 

that are either simply neglected, not sufficiently configured, or require extensive 

computational resources to be quantified using conventional approaches. 

An atmospheric chemical data assimilation framework, contrary to inversion, 

predicts the system's concentration state (as opposed to emissions parameters). Due to the 

importance of methane emissions estimates, as mentioned earlier, there is a lack of methane 

assimilation studies in the literature. However, an assimilation system, once it is efficiently 

built, can be used on its own to ensure a reliable and precise estimate of concentrations, or 

it can be used to enable a reliable inversion by accurately providing initial and boundary 

conditions together with their error estimates. Nonetheless, this research aims to explore 

methane assimilation in-depth, not only to improve the methane model forecast, but to also 

examine its influence on performing an accurate source inversion. Therefore, as the first 

novelty, this thesis has designed a lightweight and efficient data assimilation framework, 

called parametric variance Kalman filter (PvKF), to estimate the methane state analysis 
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together with its error statistics, using GOSAT satellite observations and the CMAQ air 

quality model.  

The PvKF assimilation scheme is well adapted to methane (quasi-) linear 

behaviour; it runs sequentially and relies on the continuous propagation of error 

covariances based on CMAQ’s advection scheme. The cost of assimilation, capable of 

computing errors, has been estimated as approximately twice the CMAQ simulation time, 

which is regarded as fairly computationally inexpensive compared to other popular 

assimilation schemes such as 4D-Var and EnKF (as they typically cost as much as a few 

tens of CMAQ simulation). Furthermore, the assimilation does not rely on perfect model 

assumptions, contrary to the typical 4D-Var assimilation. It also avoids the loss of error 

variance, which is considered as a common phenomenon in standard Kalman filtering (e.g., 

in EnKF), causing a deficiency of the assimilation performance (i.e., perhaps filter 

divergence).  

Before applying the newly developed assimilation to the real observations, we 

perform several experiments to verify that the assimilation system works as expected. Our 

results using synthetic observations indicate that the expected behaviour of the analysis 

error variance and analysis increment is fairly consistent, while the information content 

(i.e., total variance) is conserved. This may not be the case for EnKF if inflation is not 

added. We also demonstrate that the effect of a single observation can persist within a 

period of the GOSAT revisiting time. In addition, it is shown that the vertical error 

correlation could assist in deducing quantities near the surface. 

The PvKF assimilation system was applied to the actual GOSAT observations 

within the hemispheric CMAQ domain for one month in April 2010. Our primary objective 
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is to obtain a high-quality analysis of methane concentrations that most accurately 

represent the real atmosphere. Although the analysis is generally derived from a minimum 

variance estimation theory in most assimilation schemes, implying an already assumed 

optimal solution, this optimal value may not represent the true analysis unless the input 

error covariances are taken as true. Therefore, we aim at the analysis that is not only an 

optimized state, but its error statistics have to reflect the realistic error covariances.  

The cross-validation technique is an alternative to obtain the true analysis error 

covariances. It does not assume that the analysis is optimal, yet offers a procedure to 

compute one. We adopt a 3-fold cross-validation method and extend its applicability to 

satellite observations using an observation thinning (~10 km cut-off distance). This aims 

to decrease the correlation in observation space. Using the cross-validation technique and 

maintaining observation variance consistency, we estimate five main parameters involved 

in our covariance structures, including observation, background length scales, model, and 

initial error parameters. The analysis derived from the estimated parameters is then 

considered as our optimal analysis. Our finding highlights the superiority of the optimal 

analysis against another analysis produced using common but arbitrary values of 

covariance parameters.  

The comparison of the model and the optimal analysis against independent and 

accurate observations, including TCCON and NOAA/ObsPack, suggests an overestimation 

of surface methane concentrations while it shows an underestimation of the upper-

tropospheric model methane, both of which, regardless of their origin, are sufficiently 

addressed by PvKF assimilation. We also found that the assimilation of GOSAT methane 

induces a larger correction near the surface, where presumably there are larger errors than 
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in the upper troposphere due to mostly incorrect emissions. Our analysis increment of 

spatial patterns near the surface is coherent with recent emissions inverse modelling studies 

(Wang et al. 2019; Lu et al. 2021). On top of that, our estimation of the error variances 

shows how reliable those are. Evaluating the temporal behaviour of our optimal analysis 

results show a better agreement than the model against the TCCON time series. 

Furthermore, we found that using a set of non-optimal yet commonly used error covariance 

parameters can also result in an agreement with TCCON even worse than the model 

(without assimilation). This implies that the optimal error covariance parameters are quite 

essential for maintaining a reliable and high-quality analysis that improves the methane 

representation both spatially and temporally.  

Since the PvKF assimilation system provides us with both an optimal state (i.e., 

analysis) and its uncertainty estimates, it can be a desirable scheme to be coupled with a 

source inversion system to estimate methane emissions (i.e., or any uncertain model 

parameters), particularly in a limited regional domain. From an estimation point of view, 

the contribution of emissions to the state (on a short time scale) is much smaller than the 

background initial or the inflow mass from the boundaries. This entails the most accurate 

and realistic estimate of the state. In other words, it is necessary to reduce the state 

uncertainty (whether used as the boundary, initial, or background conditions) to a level 

comparable to the emissions signal that we want to extract in inverse modelling. Therefore, 

in a separate analysis, we investigate the possibility of using the optimal analysis 

(previously demonstrated) for performing methane inverse modelling. 

We evaluate the use of PvKF assimilation in conjunction with a 4D-Var source 

inversion. Using observing system simulation experiments (OSSEs), we verify the ability 
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of our modified inversion framework to recover the true emissions. Our results indicate 

that both the analysis field and its error covariance exert a tangible influence in lowering 

the bias and variance of optimized emissions. We perform different perturbations of prior 

emissions, aiming to address the limitation of a formal 4D-Var inversion, especially in 

properly resolving large sources (e.g., hotspots) and sectoral correlations for short-term 

analysis.   

Using PvKF analysis to initialize the inversion, besides eliminating the need for a 

fairly extended model spin-up, improves posterior emissions estimate mainly by reducing 

biases (35% reduction in NMB) across the domain. On the other hand, the PvKF analysis 

error aims to retain the off-diagonal observational error in a dynamically coherent manner. 

It compensates for the error correlations in the observation network or the model forecast, 

which are often missed from a typical 4D-Var inversion—assuming a diagonal 

observational error covariance. Hence, although this can cause a minor domain-wide bias 

reduction, the variance of posterior emissions will be tangibly lowered in most cases (e.g., 

more than 50% reduction in NME). Similar results have been found against individual 

sectoral emissions inversion. However, the effect of PvKF analysis error in reducing 

emissions variance is more significant for sectors with larger area sources (i.e., agriculture 

and wetlands), while the impact of the analysis field initializing the inversion is more 

considerable for sectors with higher localized (or point) sources (i.e., energy and waste). 

Overall, the novelty and contribution of this research  to the field can be listed as: 

• The development of a new chemical assimilation framework (i.e., PvKF) for 

quantifying the states and uncertainties of long-lived species such as methane that 
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features a considerably lower cost algorithm than conventional assimilations (e.g., 

4D-Var and EnKF). Chapter 5 responds to this contribution.  

• An extension to the covariance modelling capable of cross-validation technique for 

assimilating satellite observations. This provides appropriate covariance 

parameters corresponding to the optimal solution (i.e., optimal analysis). Chapter 6 

provides the details of this original finding.  

• A suite of experiments to examine and present the significance of estimating key 

error parameters such as correlation length scales and observation and modelling 

error parameters for assimilation of long-lived species such as methane. Chapters 

5 and 6 mainly correspond to this novelty.   

• Optimal estimation of the state concentrations and propagation of their 

uncertainties exert a substantial impact on 4D-Var inversion, which is quantifiable. 

The new framework that links PvKF assimilation to 4D-Var inversion helps 

improve methane emissions constraints using satellite observations. Chapter 7 

details this contribution.   

Although the PvKF assimilation system offers a computationally cost-effective and 

robust estimation, it imposes some limitations. The main limitation of this method is related 

to the species' lifetime. PvKF is well-adapted to long-lived pollutants with near-linear 

behaviour, such as methane, and still applies to shorter lifetime chemical species, but with 

the caveat that a smaller fraction of the total forecast error variance is explained by the 

advection of error variance. In this case, the residual error variance (i.e., unexplained error 

variance) is captured by the stationary model error, which usually has a rather primitive 
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structure, as in this study. (i.e., a more sophisticated design of the model error is required 

along in this case)  

Another limitation is that the framework’s feasibility depends on the observation 

characteristics (e.g., observation number and density). The larger number of observations 

we assimilate, the more accurate analysis we may obtain. However, the assimilation 

scheme is limited to a certain number of observations due to the computational capacity of 

PvKF, as explained in 5.5.2. In addition, increasing the number of observations can result 

in a higher spatial density, which increases the error correlation in observation space. This 

contradicts the necessary condition to obtain an optimal PvKF analysis (see Section 6.2 

and Section 6.3). Therefore, the number of observations may limit both the efficiency and 

the quality of the assimilation. In spite of that, using GOSAT observations (with < 300/hr 

retrievals), we found that the PvKF algorithm is sufficiently adaptable as a lightweight 

scheme for carrying long-lived tracers (e.g., methane) inside a chemistry-enabled 

atmospheric model. Some suggestions for future work are expressed in the following:  

• The work concluded in this thesis showed the significant role of a (near) optimal 

analysis derived from a novel PvKF assimilation. This becomes more important 

when it comes to the source inversion problem. Although it is demonstrated in 

Chapter 7  that the state analysis and analysis errors have a substantial influence in 

a 4D-Var source inversion, they may not fully inform the inversion system. In other 

words, since the state and source are not estimated in a manner to interactively 

impact each other, the finest estimate may not yet be obtained. One apparent 

attempt to achieve this in future studies is to design and apply a joint source-state 

system for estimating methane emissions and concentration simultaneously with 
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their error statistics. Given the capability of the PvKF assimilation to rapidly and 

optimally maintain the state estimate along with the error covariances, one can 

extend its application to an augmented state (i.e., state vector of concentrations and 

emissions) aiming at a powerful inversion-assimilation system.    

• It has been shown that the PvKF assimilation is well adapted to methane state 

estimation. One can expand the application to other species with different 

characteristics, perhaps a short-lived pollutant with high chemical effects such as 

Ozone. In this case, the system does not follow a linear behaviour anymore; hence 

we may not simply rely on the advection of error variance for the propagation of 

errors. Instead, a more sophisticated framework to update and propagate the error 

covariances is required. One can perform an ensemble approach or compute the 

evolutions of higher moments of errors within the parametric approach, using a 

more general form of parametric Kalman filtering (see Section 4.4) 

• The application of PvKF assimilation can also be investigated against other types 

and sets of observations with different properties. As mentioned earlier, the current 

PvKF assimilation is limited to the number and density of the observations that 

occurred for a particular time. In this case, one needs to expand the ability of the 

assimilation system to mitigate either computational or systematical limitations.  

For instance, a more sophisticated matrix inversion approach or a novel technique 

to treat a large number of observations (see Section 7.3.4) is required.  

• Since PvKF assimilation is a newly developed system, there is significant room for 

improvement, either on the methodology or for the applications. For example, given 

the accurate estimate of the assimilation analysis, one can develop a bias correction 
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process over remote areas such as ocean observations. In addition, a more 

complicated form of the (model) error covariance, or with a larger number of 

parameters that better represent the error correlations, can also be examined with a 

modified assimilation system in future.  
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Appendices 

 

Appendix A. Parameter Estimation Methods of Covariance (Chapter 3) 

 

𝝌𝟐 Diagnostic 

In linear estimation theory (i.e., Kalman filtering) with a linear observation operator 

H , the perceived (computed) innovation covariance matrix is obtained as T= +Γ HBH R

(Kalman and Bucy 1961). On the other hand, a sample covariance of the innovations is 

denoted as TE  
 

=Γ dd . Accordingly, to estimate the true observation and background 

error covariances, it is necessary that the perceived innovation covariance matrix represents 

the sample covariance of the innovation ( =Γ Γ ). One way to validate this is to perform 

the 𝜒2 diagnostic (Talagrand 1998; Menard and Changs 2000; Menard et al. 2000) 

expressed as 

( )2 1 tr m −= =Γ Γ , (A.1) 

 where  and ( )tr  represent the sample mean and trace of a matrix, respectively, and m  

denotes the number of observations. Note that the size of Γ and Γ are both m m .  

This diagnostic is used to estimate one parameter (correlation length or error variance 

parameter) at a time, taking the others as known. Essentially, for a particular covariance 

model, the perceived innovation covariance matrix can be expressed as 

T( ) ( ) ( )= +Γ α HB α H R α , where its value depends on the tunable parameters α . Hence, an 

estimate of α  is obtained once the equality of Equation (A.1) is maintained.  
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Hollingsworth–Lönnberg 

Another well-known method that was originally developed for optimal 

interpolation is known as  Hollingsworth–Lönnberg (Hollingsworth and Lonnberg 1986; 

Rutherford 1972) method. This method is typically used to estimate the variance parameter 

( bf ) and correlation length scales ( , vh
L L ) of the background error covariance. 

Considering a pair of observations at the model grid points ( , )i j , this method performs 

minimization of a cost function based on a nonlinear fit of the distance between the 

perceived correlation model ( , )cijC D L  and the normalized sample covariance 

( , )( , )
( , )

i ji j
i j

 =


 

2

( ) ( , )  ( , ) ( , )b b
c cij

i j

J J f L f C D L i j


 
 
 

= = −α , (A.2) 

where ( , )i j   denotes an element ( , )i j  of the innovation covariance matrix, ( , )i j  is a 

covariance normalization, and J  is Hollingsworth–Lönnberg cost function. Note that the 

optimization can be devised either using a local fit and local parameter estimation or a 

global fit. For instance, in the case of a global estimation, ( , ) 1i j = , and the estimated bf  

represents the global mean background variance parameter. The details and application of 

this method are provided in Hollingsworth and Lonnberg (1986); Lonnberg and 

Hollingsworth (1986); Bormann et al. (2010); Menard et al. (2016), and Menard and 

Deshaies-Jacques (2018a).  

Maximum Likelihood 

The maximum likelihood method is another common approach that is based on 

probability estimation. The covariance parameters in this method are determined to 
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maximize the probability density function of innovation realizations. In general, it assumes 

a stochastic process with a normal distribution of innovations 1 2{ , , }md d d=d and 

covariance matrix ( )Γ α . Thus, a conditional probability density function of innovations  

d  given parameters α  is of the form 

T 11 1
( | ) exp ( )

22 det( ( ))
p


− 

 
 

= −d α d Γ α d
Γ α

, (A.3) 

wehre det( )  denotes the determinant of a matrix. Equivalently, one can construct an 

analytical form of the log-likelihood function, ( )m α , as ( | ) exp ( )mp  
 = −d α α  which 

needs to be minimized. Hence, the maximum of the probability density function in 

Equation (A.3) is the same as the minimum of the maximum likelihood cost function in the 

form 

( )

( ) ( )

T 1

1

1 1
( ) log(2 ) log det( ( ) ( )

2 2

          log det( ( )  ( ) 

m

tr

 −

−

 
 
 

 = + +

 +

α Γ α d Γ α d

Γ α Γ α Γ

. (A.4) 

The details and derivation of this method are illustrated in Dee and da Silva (1999); and 

Dee et al. (1999). 

Desroziers Diagnostics 

Another popular estimation method in the assimilation/inversion community was 

developed by Desroziers et al. (2005). This method examines different innovation statistics 

in the observation space. Besides the diagnostics on the innovation  (i.e., =Γ Γ ), it 

provides a consistency check on observation errors, background errors, and analysis errors 

as follows 

T T( ) ( ) ( ) ( )o o
b b

E  
 

= + = =Γ α HB α H R α d d Γ  (A.5) 
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T T( ) ( )a o
b b

E  
 

=HB α H d d  (A.6) 

T( ) ( )o o
a b

E  
 

=R α d d  (A.7) 

T T( ) ( )a o
ab

E  
 

=HA α H d d  (A.8) 

where o
b

d  is observation – background, o
ad  denotes observation – analysis, and a

b
d  

represents analysis – background; A  also denotes the (perceived) analysis error covariance 

obtained from Kalman filtering equations. Due to mainly its simple implementations, the 

Desroziers diagnostic method has been widely used in atmospheric assimilation/inversion 

to determine whether the prescribed observation and background error are appropriate 

estimates or not. The accuracy, applicability, and convergence properties of this method 

were also discussed in-depth by Menard et al. (2016) and Waller et al. (2016a; 2016b). 

Cross-Validation 

The diagnostics proposed by Desroziers et al. (2005) (also other diagnostics 

mentioned earlier) can provide the true error covariance only when the data assimilation 

system is optimal.  However, the optimal solution (obtained from minimum estimation 

theory or Kalman filtering) might not be true unless the input error covariances therein are 

also determined realistic. Menard (2016) and Menard and Deshaies-Jacques (2018a) show 

that the necessary and sufficient conditions to estimate the true error covariances (i.e., R  

and THBH ) are (i) innovation covariance consistency (i.e., =Γ Γ ) and (ii) optimality of 

the Kalman gain matrix (i.e., =K K ). Although the first condition can be demonstrated 

from previous estimation approaches, the second condition is challenging to perform, 

mainly due to the underlying correlation that exists between analysis and observations 

(Menard and Deshaies-Jacques 2018a; 2018b). In other words, the analysis may not be 
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optimal when it is evaluated through diagnostics with the same set of observations that 

produced it. 

Using the cross-validation method, it was shown that the true Kalman gain does not 

necessarily rely on the minimum estimation theory, but occurs when the analysis error 

variance is computed on the passive observations (i.e., observations that are not used to 

generate the analysis) space. Accordingly, the passive observations are uncorrelated with 

analysis, and they can provide a realistic measure of the analysis errors. We recall that the 

analysis error covariance for any (arbitrary) Kalman gain is computed as 

( ) ( )true T true T= − − +A I KH B I KH KR K , (A.9) 

 where trueB , trueR are the true background error covariance and true observation error 

covariances, respectively. The optimal Kalman gain can be realistic in the same direction 

when the total analysis error variance ( ( )tr A ) is minimized with respect to the gain matrix 

under the cross-validation assumptions; thus, we have  

  1ˆargmin ( ( )) ( )true T true T truetr −=  + =
α

A α K B H HB H R K , (A.10) 

 where trueK is true Kalman gain. Subsequently, by comparing the passive observations 

with the analysis interpolated at the passive observation locations, the cross-validation cost 

function is constructed in a form 

2( )c cJ O A= − . (A.11) 

Thus, the cost function, cJ , is indeed a measure of the analysis error variance (Marseille 

et al. 2016; Menard and Deshaies-Jacques 2018a). Assuming that the observation errors 

are spatially uncorrelated and uncorrelated with the forecast (or background) errors, it is 

established that 
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( ) ( )T T
c c c c cO A O A 

 
+ = − −R H AH E , (A.12) 

whether the analysis is optimal or not. In Equation (A.8), subscripts c denotes values 

estimated in the passive observation space that are independent observations. cH  is the 

observation operator that interpolates the 3D field at the passive observation sites. By 

searching the values in the parameter space, we can estimate the value of the cost function 

for each parameter value until we find the minimum of the cost function. We thus have  

argmin ( ) optimal ( )cJ 
α

α A α , (A.13) 

in the subspace spanned by the covariance parameters, α  (Menard and Deshaies-Jacques 

2018a). The essential part of this search also consists in maintaining the innovation 

covariance consistency so that an estimate of the optimal parameters values that satisfies 

both conditions is obtained. The modelled covariances with these optimal parameter values 

are then an estimate of the true error covariances Corresponding to the optimal solution 

that represents a realistic atmosphere. Note that further details of the derivations of the 

cross-validation method for GOSAT observations are provided in Sections 6.2 and 6.3.  
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Appendix B. Kalman Filtering Assimilation and its Variants (Chapter 4) 

 

Kalman Filter (KF) 

Another category of data assimilation approach exists that neither needs an adjoint 

model nor the optimization based on variational analysis. It is derived from linear 

estimation theory and is widely known as Kalman filtering.  Kalman filtering (KF) and its 

variants (e.g., extended Kalman filter, ensemble Kalman filter, Kalman smoother, and 

parametric Kalman filter) allow for an explicit estimation of the forecast and analysis error 

covariance along with the state estimate. This method generally does not have any 

assumption on the model error, so that the error can be automatically configured in the 

assimilation system. Kalman filtering can be formulated in a way that the state variable can 

evolve in time while observations are modelled sequentially, given the knowledge of the 

error statistic due to the model state and observations. Another distinctive feature of this 

approach is that the error covariance can evolve along with the state of the system. These 

characteristics make KF a favourable estimation method for model state estimation in data 

assimilation, rather than emissions inverse modelling, yet we will consider the application 

of these approaches for both assimilation and inversion problems. 

A standard Kalman filter data assimilation assumes a linear model M , which 

evolves the state of the system forward in time from t to t+1, thus   

1 1 tt t + += +x M x  (B.1) 
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where  represent a stationary model error with zero mean and unbiased Gaussian 

distribution, (0, )N = Q . It accounts for the observations that are related to the model 

through the observation equation,  

t ty = +H x  (B.2) 

where H , and (0, )N = R are the observation operator and observation error with zero 

mean and Gaussian distribution. Kalman filter algorithm has two steps at each integration 

[t, t+1]. In the first step (i.e., the analysis step), the model state and observations are 

combined optimally at t, given their uncertainties estimate (Kalman 1960; Kalman and 

Bucy 1961). The state and error covariance analyses (posterior) are obtained as a
tx  and a

tP

, respectively.  In the second step (i.e., the forecast step), the model applies to the current 

analysis to perform a forecast on the state and the error covariance. In summary, one 

timestep of KF includes 

• Analysis step 

( )f fa
t t t t t t= + −x x K y K x  (B.3) 

f fa
t t t t t= −P P K H P  (B.4) 

( )
1

f fT T
t t t t t

−

= +K P H H P H R  (B.5) 

• Forecast step 

1 1
f a

tt t+ +=x M x  (B.6) 

1 1 1
f f a T

t tt t t+ + += − +P P M P M Q , (B.7) 

where tK is called the Kalman gain matrix. The next integration [t+1,t+2] repeats these 

two steps, starting from the forecast of the state and error covariance to compute the 

analysis with a new set of observations at t+1, then performing another forecast. Note that 
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the integration time of assimilation/inversion should not be confused with the forecast 

model timestep, which is usually assumed smaller. Furthermore, in a KF inverse modelling 

problem, the observation operator tH includes the dynamic of the atmosphere while the 

forecast model tM represents the temporal behaviour of the parameter (e.g., emissions), 

which is often assumed stationary (i.e., t =M I ). 

KF systems are based on some assumptions that limit their applicability to a large 

state-space atmospheric problem (data assimilation and inversion). It relies on a system 

that is linear by its nature and based on Gaussian error statistics. The real atmosphere, 

however, is confronted with the nonlinearity of some sort, such as those in the transport 

processes and chemistry. Another challenge with KF is that the error covariances need to 

be explicitly computed, stored, and propagated, which is almost intractable due to the large 

size of the state. Nevertheless, there are some forms of KF that attempt to address the 

limitations above. We briefly describe those main methods based on Kalman filtering in 

the following.   

Extended Kalman Filter (EKF) 

The extended Kalman filter (EKF) is a variant of the Kalman filter method that 

allows for a small deviation from linearity and Gaussianity in a large state-space problem. 

It may also be applicable to a moderate nonlinear dynamic system under a certain 

condition, such as for the reduced state dimension of the system. In this approach, the 

dynamic system takes a more general form, such that  

1 1 tt tM + += +x x , (B.8) 

t ty H = +x , (B.9) 
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where both the model M and the observation operator H represent a nonlinear system that 

will be linearized around the current mean state estimate and covariance. Notes that the 

linearized model t
t

M
=


Ax

Μ
x

 and observation operator t
t

H
=


Ax

H
x

need to be performed 

for an appropriate timestep, for which the linearity (and Gaussianity) assumptions are held. 

Given a short enough timestep [t, t+1], the steps of deriving the extended Kalman filter 

assimilation/inversion algorithm are then given as follows: 

• Analysis step 

( )f fa
t t t t t t= + − x x K y H x  (B.10) 

( )f fa
t t t t t= − P P K H P  (B.11) 

( ) ( ) ( )
1

T Tf f
t t t t t

−
 
 
 
 

= +  K P H H P H R  (B.12) 

• Forecast step 

1 1
f a

tt t+ += x M x  (B.13) 

( ) ( )1 1 1

Tf f a
t tt t t+ + += − + P P M P M Q  (B.14) 

EKF has been used in both numerical weather prediction and atmospheric 

chemistry assimilation/inversion in the past. It was used in reduced dimensions problems 

where the size of the state and covariance are tractable to propagate error covariance or to 

construct a TLM (in reduced dimension). In this case, M  and H are constructed 

explicitly. For example, Gilliland et al. (2006; 2003) used this approach for a low 

dimension problem with no and very small spatial variability to estimate NH3 emissions, 

with a focus on temporal variability (e.g., seasonality). Chen and Prinn (2006) used EKF 

for methane emissions in nine inversion cases to examine their temporal and sectoral 
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behaviour with uncertainties. Napelenok et al. (2008) used the capability of CMAQ-DDM 

(i.e., a form of TLM) for the estimation of NOX emissions using satellite observations. 

They account for only ten source regions in the U.S. while obtaining the error covariance 

evolutions. Tang et al. (2013) used the same capabilities for NOX emissions inversion using 

both satellite and ground-based observation. Metia et al. (2016) adopted a version of EKF 

that entails spectral representation for the evolution of error covariance, with the objective 

of emissions inversion of NOx and VOC in a high-resolution system. Brunner et al. (2012a) 

also performed an EKF in a  reduced dimension of 224 source regions for the estimation 

of Halocarbon emissions, including HFC-125, HFC-152, and HCFC-141b and examined 

their result against bottom-up estimates. 

Despite its simple implementation and efficient applicability for near-linear 

estimation systems, EKF is limited to be performed in a large state-space problem (e.g., 

native resolutions of atmospheric model state). It was shown that for a large 

assimilation/inversion system (e.g., 𝑂(105)), even if the TLM can be obtained, the solution 

may be sensitive to small errors (Evensen 2009b). 

RTS Extended Kalman Smoother  (RTS-EKS) 

The smoothing process consists of estimating the state, given the past, current, and 

future observations. In hindsight, smoother estimations must improve on filters that only 

rely on past and present observations. A derivation of optimal smoothing algorithms can 

be found in (Gelb 1974). Different types of smoothers, such as fixed-lagged, fixed-interval, 

and fixed-point smoother with or without an ensemble/iterative formulation, have been 

developed and applied in atmospheric data assimilation and inversion (Cohn et al. 1994; 

Ménard and Daley 1996; Zhang et al. 1999; Lermusiaux et al. 2002; Bruhwiler et al. 2005; 



 

 294 

Cosme et al. 2010; Cosme et al. 2012; Bruhwiler et al. 2014; Peng et al. 2015; Dai et al. 

2019; Fillion et al. 2020). A detailed comparison of characteristics and the computational 

cost between five types of smoothing algorithms in a geophysical Bayesian framework was 

demonstrated by Cosme et al. (2012), giving insights into adopting an appropriate 

smoothing algorithm for the problem of interest. Extended Kalman smoothing with Rauch-

Tung-Striebel capabilities (RTS-EKS) (Rauch et al. 1965) is a type of forward-backward 

fixed-interval smoother, maintaining higher computational efficiency than other smoother, 

mainly because it resolves the backward filter without a need to explicitly integrate the 

backward estimate.  

The RTS-EKS method, in general, has similar limitations as the EKF method, 

particularly in its applicability to a large state-space atmospheric problem. It requires the 

computation of TLM and only applies to a weak-nonlinear dynamical system, so that 

usually, a low-rank estimation or a reduced dimension form of this method is 

computationally affordable. Despite those similarities with an almost equivalent 

computational cost, RTS-EKS is expected to provide more consistent 

assimilation/inversion results than EKF throughout the entire assimilation window. A 

derivation of the RTS-EKS from a forward-backward smoother is presented in Simon 

(2006, p286-293). Below, the main steps of the smoothing algorithm are provided for one 

timestep [t, t+1]. Note that the computation of the forward filter in RTS-EKS is exactly 

equivalent to EKF, except that the analysis and its error covariance need to be stored during 

the forward pass and provided in backward calculations. In the algorithm below, subscript 

F and RTS correspond to the forward filer and backward computation of RTS smoother, 
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respectively. To Initialize the backward integration, , 1 , 1
a

RTS t F t+ +
=x x  and , 1 , 1

a
RTS t F t+ +

=P P  

conditions are required, thus we have 

Forward filter 

• Analysis step 

, , , ,( )f fa
t tF t F t F t F t= + − x x K y H x  (B.15) 

( ), , , ,
f fa

tF t F t F t F t= − P P K H P  (B.16) 

( ) ( ) ( )
1

, , ,

T Tf f
t t tF t F t F t

−
 
 
 
 

= +  K P H H P H R  (B.17) 

• Forecast step 

,, 1 1
f a

F tF t t+ +
= x M x  (B.18) 

( ) ( ), ,, 1 1 1

Tf f a
F t F tF t t t+ + += − + P P M P M Q  (B.19) 

 

 

(backward) RTS smoothing 

1

, ,, , 1
fa

F t F tRTS t F t

−

+
 
 
 

=K P K P  (B.20) 

( ), ,, , 1 , 1 ,
f fa T

F t F tRTS t RTS t RTS t RTS t+ += − −P P K P P K  (B.21) 

,, , , 1 1
( )fa

F tRTS t RTS t RTS t t+ +
= + −x x K x x , (B.22) 

where ,RTS t
K is a gain matrix of smoother, and ,RTS t

x  and ,RTS t
P  are smoothing solution of 

the state and error covariances. Intuitively, the smoothing solution at time t is superior to 

the filter as it accounts for the observations in future time (e.g., at t+1). Note that the EKF 

and RTS-EKS smoother are computationally only applicable to the reduced dimension 
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problems; thus, we do not rely on them for our high dimensional estimation problem.  Still, 

we further discuss other data assimilation/inversion methods in the next sections to 

overcome the limitation of these two approaches. 
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Appendix C1. Polar Stereographic Projection (Chapter 5) 

 

H-CMAQ adapts the horizontal coordinates and the projections, including the polar 

stereographic projection, specified in MCIP (Otte and Pleim 2010). For the Northern 

Hemisphere, the projection starts from the South Pole and runs through each point on the 

Earth’s surface to the projection plane. Considering the reference projection parameters 

specified in H-CMAQ (see Figure C.1, i.e., the true latitude 0  and longitude 0 ), the 

transformation equations from the Earth’s surface in S to the projection plane in 

ℝ2(𝑥𝑖
𝑝, 𝑦𝑖

𝑝), where 
p

ix and 
p
iy  denote the coordinates of the projected plane, are 

0

0

0

sin( )

cos( )

cos

1 sin( )

1 sin( )

p

p

e

x r

y r

r r

 

 

 






= −

= − −

=

+
=

+

, (C.1) 

where   and   are the corresponding longitude and the latitude of an arbitrary point (e.g., 

observation point G in Figure C.1) and er  is the radius of the Earth. Note that the y-axis in 

the projection plane, as shown in Figure C.1, describes the meridian and   denotes the 

polar stereographic map scale factor. 
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Figure C.1.   Polar stereographic projection geometry 

For the transformation into the horizontal gridded model, we use the latitude and 

longitude of the center of each gridcell. According to CMAQ documentation (CMAQv5.3 

user's guide  2019), we account for the Earth's radius of 6,370,000 m, the true latitude of 

45°, and the meridian taken as the true longitude. Note that the polar stereographic 

projection is integrated into the observation operator, so that each observation point is 

transformed using the same set of parameters and equations described above. 
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Appendix C2. PvKF Data Assimilation Algorithm (Chapter 5) 

 

Table C.1.   Algorithm of Parametric variance Kalman filter (PvKF) assimilation 

1: 
Pre-processing of observations (quality control, bias correction, etc.) 

2: Initialization of state vector,
0
fX , and covariance matrix,

0
fP  

3: 
for 𝑘 =  0, … , 𝐾 do 

4: 
---------------------------------------Analysis step--------------------------------------- 

5:      if o
k

 Y  then 

6: 1 ( ) ( )f fT T
k k k k k k k

−= +K H P H P H R  

7: ( )f fa o
k k k k k k

= + −X X K Y H X  

8: 1 ( ) ( ) ( ) ( )f f f f fa T T
k k k k k k k k k k k k k

−= − = − +P I K H P P H P H P H R H P  

9: 
     else 

10: fa
k k

X X  

11: fa
k k

P P  

12: 
     end if 

13: 
---------------------------------------Forecast step--------------------------------------- 

14: 
1 : 1
      f a

k k k k+ +
=X M X  

15: 
1 : 1
( , )  ( , )f a

k k k k
i i i i

+ +
=P M P  

16: Note: 4: 1
:H-CMAQ CH

k k+
M  

17: 
: 1

:H-CMAQ (Advection-only) Inert tracer
k k


+
M  

18: 
----------------------------------------------------------------------------------------------- 

19: 
end for  
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Appendix C3. Regression Tests for GOSAT Bias (Chapter 5) 

 

The air mass factor (AMF) is the ratio of the slant column measurements to the 

vertical column. It can be approximated with a simple function of the solar zenith angle,

s , and the satellite viewing angle, v , as: 

1 1
AMF

cos coss v 
= +  (C.2) 

Figure C.2 displays the difference between GOSAT and CMAQ with bias 

corrections on the GOSAT observations to account for AMF and for solar zenith angle, s

, for the month of April 2010. 

 

(a) 

 

(b) 

 

Figure C.2.   (a) GOSATbias(AMF) – CMAQ with air mass factor bias correction, (b) GOSATbias(𝜽𝒔
) – 

CMAQ with solar zenith angle bias correction. MB and denote domain-wide mean bias and 

standard deviation of the residual.  
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The global mean bias is –1.6 ppb (GOSATbias(AMF) – CMAQ) and –1.29 ppb 

(GOSATbias(
s ) – CMAQ) for bias-corrected fields with respect to AMF and s , 

respectively. The residual standard deviation remains in the same range (~18 ppb) for both 

cases. Both cases provide a larger mean bias and larger residual standard deviation than the 

bias-corrected data with respect to the latitude.   

 

Multivariant (iterative) regression: 

The regression lines are computed based on Equation (C.4). A multivariant iterative 

regression is used to fit the residuals to the latitude, solar zenith angle, and AMF. The 

algorithm starts by regressing the residual against the first parameter, latitude (itr 1); next, 

the residual from the first iteration ( 1 1

i i

itr itr
Y XC C− ) is regressed against the second parameter,

s , (itr 2). Similarly, in the third iteration, the residual of the second iteration ( 2 2

i i

itr itr
Y XC C−

) is regressed on the third variable, AMF.  

 

Table C.2.   Evaluating the multiple (iterative) regression algorithm based on two measures: Mean 

Square Error (MSE) and the correlation coefficient r. Latitude, s , and AMF represent the order of 

parameters in the multiple regression algorithm, respectively. 

                Parameter           
Measure 

Latitude (itr 1) s  (itr 2) AMF (itr 3) 

MSE (ppb) 334.6 326.5 325.7 

r 0.43 0.07 0.005 

 

The significant decline of the correlation coefficient, r, in  Table C.2 denotes that 

the three parameters are dependent and highly correlated. In addition, assuming that the 
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small reduction of MSE either from itr 1 to  itr 2 and from itr 2 to itr 3 does not have a 

substantial impact on every single data point; therefore, we could account for the single 

parameter regression on the highest correlated parameter to be as effective as multiple 

regression analysis. 

2

1

1
( )

i i

n

Y X
i

MSE C C
n =

= −  (C.3) 

1

2 2

1 1

( )( )

( ) ( )

i i i i

i i i i

n

X X Y Y
i

n n

X X Y Y
i i

C C C C

r

C C C C

=

= =

− −

=

− −



 
 (C.4) 

i iXC X = +  (C.5) 

iYC denotes the data point and 
iXC represents the equivalent value from regression model 

prediction. A different order of parameters in multivariant regression has been tested in 

Table C.3 and Table C.4 

 

Table C.3.   Evaluating the multiple (iterative) regression algorithm based on two measures: Mean 

Square Error (MSE) and the correlation coefficient r. s , latitude, and AMF represent the order of 

parameters in the multiple regression algorithm, respectively. 

                  Parameter         
Measure s  (itr 1) Latitude (itr 2) AMF (itr 3) 

MSE (ppb) 387.2 329.3 326.4 

r 0.40 0.09 0.01 
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Table C.4.   Evaluating the multiple (iterative) regression algorithm based on two measures: Mean 

Square Error (MSE) and the correlation coefficient r. AMF, s , and latitude represent the order of 

parameters in the multiple regression algorithm, respectively. 

                Parameter           
Measure 

AMF (itr 1) s  (itr 2) Latitude (itr 3) 

MSE (ppb) 452.8 341.1 331.6 

r 0.33 0.12 0.02 

 

Comparing the second and third iterations between Table C.2-Table C.4 can imply 

that the highest correlated variable (i.e., latitude) is the best choice for the linear regression 

(with a single parameter) to replace with a multiple (iterative) regression since it leaves a 

smaller MSE and less residual correlation. However, we could also infer that if we start 

from the less correlated variable, we probably require more iterations of a multivariant 

regression (than starting with the highest correlated variable) to obtain an efficient 

regression. In this case, replacing the multivariant regression with the single-variable 

regression becomes less applicable. Nonetheless, multivariant regression using all 

parameters ends up with almost the same results regardless of the order of variables in the 

iterations. 
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Appendix C4. Methane Chemical Reaction Effect (Chapter 5) 

 

 

Figure C.3.   Hemispheric spatial distribution of the relative methane concentration loss due to 

chemical reactions. It shows daily average values after two weeks of the model forecast. 
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Appendix D. Evaluation Against Independent Observations (Chapter 6) 

 

In Figure D.1-Figure D.3, optimal error covariance parameters of the analysis 

include 0.5, 0.45, 0.018, 350 km, 7qo i
vhf f f L L = = = = =  while the non-optimal parameters 

are assumed to be 1.2, 0.45, 0, 600 km, 1qo i
vhf f f L L = = = = = . All comparisons are shown 

for April 2010.  

 

Figure D.1.   Comparison of (a) model forecast (blue circles), (b) analysis with optimized parameters 

(red circles), and (c) analysis with non-optimized parameters (green circles) against independent 

NOAA/ObsPack aircraft observations. 
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Figure D.2.   Comparison of (a) model forecast (blue circles), (b) analysis with optimized parameters 

(red circles), and (c) analysis with non-optimized parameters (green circles) against independent 

UCATS/GLloPac observations. 

 

Figure D.3.   Comparison of (a) model forecast (blue circles), (b) analysis with optimized parameters 

(red circles), and (c) analysis with non-optimized parameters (green circles) against independent 

HIPPO-3 observations. 

 

In Figure D.4-Figure D.6, the optimal analysis (red circles) with the error 

covariance parameters of 0.5, 0.45, 0.018, 350 km, 7qo i
vhf f f L L = = = = =  are compared 

with two non-optimal analyses, for which only a single covariance parameter is altered.  
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Figure D.4.   Comparison of (a) non-optimal analysis due to only correlation lengths larger than the 

optimal value  (e.g., 600 km, 10h vL L = = ), (b) optimal analysis with optimal correlation lengths (i.e.,

350 km, 7h vL L = = ), and (c) non-optimal analysis due to only correlation lengths smaller than the 

optimal value (e.g., 200 km, 1h vL L = = ). 

 

Figure D.5.   Comparison of (a) non-optimal analysis due to only observation error smaller than the 

optimal value (e.g., 0.2of = ), (b) optimal analysis with optimal observation error (i.e., 0.5of = ), and 

(c) non-optimal analysis due to only observation error larger than the optimal value (e.g., 1.5of = ). 
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Figure D.6.   Comparison of (a) non-optimal analysis due to only model error smaller than the optimal 

value (e.g., 0.001qf = ), (b) optimal analysis with optimal model error (i.e., 0.018qf = ), and (c) non-

optimal analysis due to only model error larger than the optimal value (e.g., 0.045qf = ). 

 

 

Figure D.7.   Comparison of model forecast (blue dots), analysis with optimal parameters (red dots), 

and analysis with non-optimal parameters (black dots) against TCCON observations (green dots) at 

Lamont (36.60oN, 97.48oW). Optimal parameters of the analysis include
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0.5, 0.45, 0.018, 350 km, 7o i q

h vf f f L L = = = = = and the non-optimal parameters are assumed to be

1.2, 0.45, 0, 600 km, 1o i q

h vf f f L L = = = = = . 

 

Figure D.8.   Comparison of model forecast (blue dots), analysis with optimal parameters (red dots), 

and analysis with non-optimal parameters (black dots) against TCCON observations (green dots) at 

Bremen (53.10oN, 8.85oE). Optimal parameters of the analysis include

0.5, 0.45, 0.018, 350 km, 7o i q

h vf f f L L = = = = =  and the non-optimal parameters are assumed to 

be 1.2, 0.45, 0, 600 km, 1o i q

h vf f f L L = = = = =  
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Appendix E1. OSSE Non-uniform Perturbation (type II)  (Chapter 7) 

 

Table E.1. Normalized mean bias (NMB), normalized mean error (NME), and Pearson's correlation 

coefficient (R) for variable perturbation (50% agriculture and wetland, 25% energy and waste of true 

emissions) and for each inversion cost functions (Equation (7.16)-(7.19))  

         Cost function 

  

Perturbation 

Type 0: 

0 1
( , )( , ),

a f

i t
J c P A Q R  

Type 1: 

1
)( ,

f

i
J c R  

Type 2: 

2
)( ,

a

i
J c R  

Type 3: 

3 1
( , ( )),

a f

i t
J c P A R  

NMB NME R NMB NME R NMB NME R NMB NME R 

Case 7: 

All sectors/Non-uniform  

type II 

-0.04 0.06 0.98 -0.10 0.35 0.87 -0.10 0.19 0.93 -0.04 0.07 0.96 

 

 

 
Figure E.1.  (a) prior – true emissions (± 25-50% variable perturbation); (b) posterior – true emissions 

in Type 0 inversion using analysis initial ( 1

ac ) and both observation R and model propagated analysis 
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error covariance 1

 ( , ) To f o

tH HP A Q ; (c) posterior – true emissions in Type 1 inversion using forecast 

initial ( 1

fc ) and observation error covariance R, (d) posterior – true emissions in Type 2 inversion 

using analysis initial (
1

ac ) and observation error covariance R; (e) posterior – true emissions in Type 3 

inversion using analysis initial ( 1

ac ) and both observation R and model propagated analysis error 

covariance 
 

1( )o f o T

tH HP A , but with no model error. Statistical comparison of the (f) prior emissions 

and (g-j) posterior emissions of Type 0-3 inversion, respectively. x-axis and y-axis represent the true 

and prior/posterior emissions, respectively. In (f-j), 
1( , )f

P A Q is shown as P , and 
1( )f

P A  is shown as


P . Synthetic observations are generated using the nature run initialized by the analysis, and a 2-week 

spin-up is used for the initialization.  
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Appendix E2. Determination of regularization parameter   (Chapter 7) 

 

Figure E2. Given the cost function of Equation (7.15) in the main manuscript, the prior and observation 

term of the cost function has the form
1

( ) ( )1
2

T

b b

b
J x x x x

−
= − −B and

( ) ( ) ( )
1

 

1

0

1 1
( , )( , ) ( , )1

2

n
T

o o f o o

t t t t

t

a T a

t t

o
J H c x H cH H xy y

−

=

= − + − P A Q R , respectively. (a) Show a traditional 

method of estimating 𝜸 that minimizes the sum of a normalized cost function [67]. 0J is the magnitude 
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of the total cost function ( b oJ J J= + ) once  = 0, indicating an optimization without prior constraint, 

and
1 6eJ is the magnitude of the total cost function at  = 106, showing an optimization with a dominant 

prior constraint. In this method, we aim at a  among a few selected values that minimize the total 

normalized error. It shows that  = 900 is the appropriate choice, although, for a wider range of this 

parameter (e.g., 500-2000), the choice of  has little impact on the overall optimization (inversion) 

solution. (b) The L-curve method for the determination of the regularization parameter shows a 

comparison between the prior term of the cost function ( bJ ) in the y-axis and the observation term of 

the cost function ( oJ ) in the x-axis for different choices of  . According to the method of Hansen 

(1999) [70],   = 900 is an optimal (balanced) choice for the regularization parameter. In principle, the 

optimal   is obtained when the solution tends to change in nature from beings dominated by the prior 

cost (or perturbation error, where a small variation of  causes rapid changes in bJ ) to being 

dominated by the observation cost (or regularization/smoothing error where a large variation of 

makes a slow improvement in bJ ). 
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Appendix E3. Diffusion effect of modelling transport error (Chapter 7) 

 

Figure E3: Comparison between the computational cost of two inversions in which only model 

transport error is different in the cost function. 
Q is the updated form of model transport error (

diffusion

 = +Q Q Q ). Q is the estimated model error during the PvKF assimilation (or
PvKFQ ) and diffusionQ

is approximated model error due to neglecting propagation of error correlations by diffusion. 
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Figure E4: Normalized difference of concentrations between two cases where in the first one, the model 

diffusion scheme is deactivated, and in the second one, it is activated. It shows the distribution at the 

model's first layer after one month of simulation. Except for this difference, all other inputs and 

configurations between the two cases are the same.  
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