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Abstract 

In this thesis, a modified iterative methodology is proposed, which improves upon existing 

work in literature by including geometrically nonlinear large rotation effects along the 

wingspan as an additional downwash into the methodology to improve the fidelity of the 

calculated loads. It is found that when the airframe is highly flexible, significant increases 

in the critical wing root loads are observed, as well as substantial changes in the trimmed 

aircraft configurations. 

A sensitivity analysis is performed on aircraft wing loads due to geometric nonlinearity, 

with respect to a number of conceptual design parameters. The parameters found to be most 

significantly affected by geometrically nonlinear effects in dynamic aeroelasticity are the 

out of plane stiffness of the aircraft and the position of the aerodynamic centre of the wing. 

Changes in stiffness are found to have highly nonlinear effects on the resultant bending 

moments, requiring full calculation of the entire design space. 

Keywords: Aeroelasticity, Nonlinear Aeroelasticity, Geometric Nonlinearity, Dynamic 

Aeroelasticity, Sensitivity Analysis, Nonlinear Loads Analysis. 
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1 Introduction 

1.1 Background 

 

Figure 1:Aeroelastic load calculation process 

A critical stage in the certification and approval of a new or modified aircraft design 

is the loads calculation process, shown in Figure 1, also referred to as “loops”. The process 

begins with the Global Finite Element Model, or GFEM of the aircraft, which is reduced 

to a 1D beam equivalent model. The aircraft model is then subject to a large number of 

flight simulations, encompassing the entire flight envelope, and the largest loads for each 

aircraft component, such as the wing, fuselage, tail, etc. is condensed into a critical load 

envelope. The loads envelope represents the absolute worst case loads that can be 

encountered by the aircraft. These loads are then applied on the GFEM model to optimize 

the structure, removing material where unnecessary, and strengthening certain locations if 
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the loads exceed manufacturer/platform specific allowable limits. The now modified 

GFEM structure is then reduced to a stick model and the “loop” process is repeated until 

the aircraft design meets regulatory and certification requirements. 

1.2 Motivation 

Minimizing aircraft weight to maximize its fuel efficiency and performance is among 

the major design objectives in new aircraft development programs [2]. The general trend 

towards increasing the fuel efficiency of the aircraft has led to the shift towards higher 

aspect ratio wings due to their significant effect on induced drag [3]. As induced drag is a 

large part of the total drag, reducing it can have substantial effects on fuel economy [4]. 

Both design trends have the effect of increasing the deformation of the aircraft wing under 

loading. Weight minimization leads to reduced torsional and bending stiffness, which in 

turn lead to increased wing deflections under loading. Similarly, increasing the aspect ratio 

of a wing results in a higher slenderness ratio which upturns the wing deflection. Large 

airframe deflections result in significant changes in its geometry under loading resulting in 

a nonlinear behaviour. Such nonlinear effects can have major effects on the aeroelastic 

behaviour of the aircraft, which has been covered by a number of survey and review papers 

[5], [6]. In addition to the effects on static loads, the use of geometrically nonlinear 

structural formulations can lead to significant changes in the response of aircraft to 

dynamic loading conditions [7], [8]. 

An unintended consequence of such behavior is that it moves away from what is expected 

from a typical linear structural model. As such, the effects of geometric nonlinearities have 

to be considered during the loads “loop” process especially in the aeroelastic analysis of 

aircraft, to obtain higher fidelity loads and better model its response under large 
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deformations. Therefore, the effects of geometric nonlinearity needs to be included in any 

high fidelity aeroelastic solution sequence [9]. 

1.3 Literature Review 

1.3.1 Modeling of geometric nonlinearities  

Four methodologies for the modelling of geometrical nonlinearities in structural 

analyses are reviewed in this section, namely, the displacement-based methods, the 

geometrically exact intrinsic beams methods, the strain-based methods and the modal 

methods. Since one dimensional stick models [10]–[18] are a common approach for the 

structural representation in aeroelasticity analyses within the aerospace industries, the 

focus of attention in this thesis is on nonlinear beam formulations.   

1.3.1.1 Displacement based methods 

The most commonly used formulation for the modeling of geometrically nonlinear 

effects in structural analysis is the displacement-based method. This methodology is also 

widely employed in commercial finite element codes such as MSC Nastran [19], ANSYS 

[20], [21], ADINA [22], [23], among others [24]. Example of such implementation 

includes the nonlinear composite beam theory by Bauchau and Hong [25], [26]. Since the 

independent variables are the rotation and the displacement, visualization and application 

of the constraints is straight forward. However, the presence of higher order nonlinear 

terms in the deformation field makes the displacement-based formulations computationally 

expensive, requiring more time and resources to solve [27].  
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1.3.1.2 Strain based formulation 

Strain based formulations represent the beam deformations using variable 

derivatives of the standard displacement-based method; namely extensional, shear , twist, 

and curvature, as opposed to displacements and rotations [28]. These formulations have 

the advantage of avoiding shear locking phenomenon due to spurious strain energy, as well 

as accurate representations of rigid body modes [29]. In the strain based methodology, 

stress resultants, such as internal beam forces and moments, can be directly obtained from 

the strain degrees of freedom without additional numerical differentiation of displacement 

variable, while maintaining the same level of accuracy as obtained for the independent 

strain degrees of freedom [30]. One of the first strain-based formulations applied for 

geometrically nonlinear analyses was developed by Eric Brown for the aeroelastic analysis 

of highly flexible composite wings [31]. Here, the equations for the nonlinear beam models 

by Patil [32] and Hodges [33] were reformulated using strains as the independent variables. 

The methodology was further improved by Shearer [34] and Su [35] by rewriting the 

iterative equations in closed form solution, and by including the ability to add arbitrary 

nodal point constraints, respectively, resulting in a formulation that allows for arbitrary 

aircraft configurations, such as strut-braced or joined-wing type aircraft [27]. 

1.3.1.3 Modal methods 

The cost of direct integration of finite element equations is often directly 

proportional to the size of the system. While the method of modal superposition, where the 

system is reduced from the size of the entire physical system to a select number of modes, 

is very common in linear dynamic response analysis [36]–[38], a key difference with 

nonlinear analyses is that the stiffness matrix, and thus, the mode shapes and natural 
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frequencies, are often dependant on the applied load and current state of deformation.  On 

the other hand, Bathe showed that even the eigenvectors and eigenvalues derived from a 

linear modal decomposition can be used to accurately model the effect of nonlinearities 

using an iterative solution methodology [23], [24]. 

1.3.1.4 Geometrically Exact Intrinsic Beam 

The foundation for the exact equilibrium equations for thin beams under 

deformation was initially proposed by Love, in the Treatise on Mathematical Theory of 

Elasticity [39], which considered beams bending, rotation, and elongation. This work was 

expanded upon by Reissner, to include the effects of shear forces and deformations, to 

become the first “geometrically exact” intrinsic beam theory [40]. The term intrinsic is 

used to indicate that the equations are formulated in terms of virtual displacements and 

rotations, and therefore are not restricted to a particular choice of displacement or rotation 

parameter [41]. The work was further extended by Hegemier and Nair to formulate a small 

strain, large deformation theory for untwisted isotropic rods in extension, torsion, and twist 

[42]. The work done by Hodges built upon prior work, extending the formulation for 

initially curved and twisted beams with capabilities for anisotropic material models [43]. 

Due to the “intrinsic” nature of the formulation, the singularities associated with common 

choices of rotation parameter were not present in the formulations [44]. The “intrinsic” 

nature also has led to formulations with second order nonlinearities, resulting in a 

computationally efficient solution of calculations [6], [33]. In addition, it is found that 

mixed variational formulations potentially can have higher solution accuracy and 

robustness than displacement-based formulations [45]. For structures that are better 
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represented as plates than beams, a formulation for moving anisotropic plates is presented 

by Hodges, et.al. [46].  

1.3.2 Nonlinear aeroelastic modeling strategies 

The static and dynamic behaviour of highly flexible aircraft has been investigated 

using a wide variety of methods, ranging from approximations, to fully nonlinear solvers 

with coupled aerodynamics [47], [48]. Modal methods have been used to model the 

behaviour of High-Altitude Long Endurance (HALE) type aircrafts, using selected rigid 

body and vibration modes to model their response. However, such methods did not include 

the effect of geometric nonlinearities due to the inevitable large deformations present along 

the wingspan [49]. Later work to include geometrically nonlinear effects was conducted, 

including the work by Patil et al., using the geometrically exact mixed variation 

formulation to investigate the flutter behaviour of aircraft [50]. Strain based methodologies 

have been used in the structural formulation of the nonlinear solver UM/NAST [48]. 

Displacement based nonlinear beam formulations were used in the development of 

ASWING at MIT, to solve static and dynamic aeroelasticity problems [47]. However, the 

clear limitation of the methods discussed prior is their purpose-built nature. These codes 

were developed without industry usage in mind, and as such cannot be applied to a 

commercial aerospace environment without significant changes to existing industry 

standard aircraft loads calculation processes. 

1.4 Thesis Objective 

In this thesis, the effect of geometric nonlinearities on static and dynamic aeroelastic 

flight loads is studied at length. The main objective of the first half of the thesis is to present 

a nonlinear static aeroelastic method to improve the fidelity of aircraft loads to be used in 
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the aircraft design process. An iterative methodology is presented to calculate flight loads 

in static aeroelastic conditions by considering effects of geometric nonlinearity on the 

structure. The method, named the “modified iterative method”, allows the calculation of 

higher fidelity aeroelastic loads using a geometrically nonlinear beam formulation. The 

proposed method is validated using an external nonlinear aeroelastic solver, ASWING, and 

shows excellent agreement between the two. A case study using a Bombardier aircraft 

platform is presented, and the results detail the significant differences in wing loading due 

to large displacement effects. 

The latter half of the thesis focuses on loads prediction during the conceptual design stage 

of a new aircraft, with consideration of geometrically nonlinear effects. During a 

conceptual design stage, several aircraft configurations will be investigated against design 

criteria. To emulate this scenario, key aircraft design parameters are varied, and a 

sensitivity analysis is performed on the load increment due to nonlinear effects. Results of 

the study indicate a highly nonlinear relationship between aircraft wing flexibility and peak 

gust loads. The objective of this work is to allow designers to determine which conceptual 

design changes require a geometrically nonlinear solver, and which changes can be 

estimated by a linear solver. 

1.5 Thesis Outline 

The work completed towards the thesis is presented in seven chapters. The second 

chapter reviews the mathematical bases for four geometrically nonlinear beam modeling 

theories. The third chapter presents the results of a case study where a highly flexible beam 

model was implemented with each of the four nonlinear beam models from the previous 

chapter are compared. Chapter four describes the proposed modified iterative method to 
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implement a geometrically nonlinear static aeroelastic solution method using existing 

commercial solvers, validated with a custom nonlinear solver. Chapter five details the 

methodology of studying the gust loads when aircraft design parameters are varied rapidly, 

such as in a preliminary design study. Chapter six presents the results of the sensitivity 

analysis from the prior Chapter, discussing the sensitivities of the aircraft peak gust loads 

to variations in wing stiffness, aerodynamic loading, and engine properties. Chapter seven 

concludes the thesis, discussing the key findings, as well as proposing further avenues of 

exploration as future work. 

1.6 Thesis Contribution 

In the first half of the thesis, a geometrically static aeroelastic solution method is 

presented, significantly improving upon the fidelity of loads compared to the work 

presented in literature [9]. The major advantage of the work presented over existing 

nonlinear aeroelastic solvers is the accessibility to engineers working in the aerospace 

industry. The proposed method remains within the MSC Nastran environment, allowing 

for easy implementation within any aircraft manufacturer’s aeroelastic loads design loop.  

The results of the sensitivity analysis performed in the latter half of the thesis allow the 

prediction of the effect of geometric nonlinearity on the dynamic loads experienced by an 

airframe. This is especially useful to designers during the conceptual design stage where 

key aircraft design parameters will change quite rapidly. The results allow the designer to 

differentiate between critical design parameters which require a nonlinear aeroelastic 

solver across the design space, and non-critical parameters which can be estimated based 

on a linear gradient based approach. 
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In addition, the work presented allows manufacturers to determine the extent of structural 

changes that can be performed on an airframe before geometrically nonlinear effects have 

to be considered to maintain aircraft platform specific accuracy thresholds. 
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2  Review of Nonlinear Beam Models 

The primary objective of this Chapter is to review geometrically nonlinear beam 

formulations which include effects of geometric nonlinearity in static and dynamic loading 

conditions. As such, the derivation of the beam theories presented in this chapter allow for 

the resultant elemental beam loads calculated to capture effects of geometric nonlinearities.  

2.1 Displacement Based Method 

In this section, the two node beam element is used, based on the co-rotational beam 

element, with a modified strain measure, proposed to alleviate effects of membrane locking  

[51]–[53], which is an artificial stiffening effect in curved beam elements in a state of pure 

bending [54]. 

For a beam element in the � − � plane, the degrees of freedom at each end are two in-plane 

translations, and one in-plane rotation. Thus, the deformation degrees of freedom vector 

for an element, ]�,\F\¶, in the global coordinate system is given as: 

where �,�, and  are the deformations in the � and � directions, and the rotation about the 

�-axis, respectively. The subscripts 1 and 2 are beam end nodal identification numbers. 

Figure 2 displays the beam in its original and deformed configuration, along with the 

displacements and rotations in the global and the element local coordinate systems. 

 ]�,\F\¶ = ¸�<    �<    <    �=    �=    =¹ (1) 
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Figure 2: Beam element in global coordinate system [52] 

The local element deformations and rotations are given by: 

where JK and J, are the element current and initial lengths, respectively. ̅< and ̅= are the 

nodal rotations, while � is the elemental rigid body rotation. 

 

The elemental lengths can then be obtained from the global displacement vector shown in 

Equation 1 as: 

The rigid body rotation of the element is defined as: 

 

�x = JK − J, 
̅< = < − � 
̅= = = − �  

(2) 

 
JK = º(�= » �= − �< − �<)= » (�= » �= − �< − �<)= 

J, = º(�= − �< )= » (�= − �< )= 

(3) 
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where the individual sines, �, and cosines, q, are dependent on the rigid body orientation 

shown in Figure 2. 

The shape functions used are based on those classically employed in Euler-Bernoulli beam 

theory, namely linear shape function for axial displacement, and a cubic shape function for 

transverse displacement [24], [51], [52].  

The deformation along the beam can then be written by the following geometric 

relationships 

where �e is the physical distance along an element, �e is the distance from the neutral axis, 

and �e, �e are the corresponding deformations at a distance �e along the beam element. As 

per the Euler-Bernoulli assumptions, the curvature of the beam, ¢, is defined as: 

 
sin � = qr� − �rq 
cos � = qrq » �r� 

(4) 

 

qr = cos �r = �= − �<J,  
�r = sin �r = �= − �<J,  

q = cos � = �= » �= − �< − �<JK  
� = sin � = �= » �= − �< − �<JK  

(5) 

 

�e = �J,  �x 
�e = �e Á1 − �eJ,Â=  ̅< » �e=J, Á �eJ, − 1Â ̅= 

(6) 
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The strain measure is taken to be an average measure as defined in the work by Battini [52] 

to avoid the issues associated with membrane locking present in  < continuity elements 

such as the Euler-Bernoulli beam element [55]. The  < continuity refers to the fact that the 

first derivative of the shape functions required for the strain calculations are continuous 

across element boundaries [56]. 

This modified strain measure is given as follows: 

Substituting Equations 6 and 7 into Equation 8, an expression is obtained for the strain at 

any point �, � within the beam element as: 

where the elemental natural coordinate, ξ, is used to denote a normalized distance along 

the element, which is given by: 

To obtain the equations of the system, the principle of virtual work is used to relate the 

virtual work due to elemental deformations in the local coordinate system to the virtual 

work due to deformations in the global coordinate system, resulting in the following 

expression for the incremental virtual work as: 

 ¢ = Ã=�eÃ�e= =  Ä 6�eJ,= − 4J,Ç ̅< » Ä 6�eJ,= − 2J,Ç ̅= (7) 

 � =  �K − ¢�e = 1J, È ÉÃ�eÃ�e » 12 ÁÃ�eÃ�eÂ=Ê Ë�e − ¢�e�Ì  (8) 

 � = �xJ, » 115 Ä̅<= − ̅<̅=2 » ̅==Ç » �eJ, Î(4 − 6ξ)̅< » (2 − 6ξ)̅=Ï (9) 

 ξ = �eJ, (10) 

 � \̀F\¶ = �]�,\F\¶Ð 1�,\F\¶ = �]�Ð1� = �]�,\F\¶Ð �Ð1� (11) 
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]�,\F\¶ and ]�  refer to the elemental displacement vector in the global and local coordinate 

systems and relate to each other with a currently unknown matrix �. 

Differentiating Equation 2, the following expression for the virtual local displacement is 

obtained 

 

Figure 3: An infinitesimal increment to the displacement 

Figure 3 shows the geometric relationship between the beam orientation angle, �, and the 

variation in elemental displacement, �JK. This variation can be evaluated geometrically 

given the assumption of �]�,\F\¶ being a small infinitesimal displacement at the end of 

the element as: 

 �]� = ��]�,\F\¶ (12) 

 ��x = �JK − �J, = �JK (13) 

 
��x = �= » �= − �< − �<JKÑÒÒÒÒÒÓÒÒÒÒÒÔÕÖ4 ×

(��= − ��<) » �= » �= − �< − �<JKÑÒÒÒÒÓÒÒÒÒÔ478 ×
(��= − ��<) 

(14) 



37 
 

Taking an increment in Equation 2, and given � = � − �r, the following expressions 

relating the variation in local displacements to the corresponding global values is obtained 

as: 

Differentiating the last expressions of Equation 5 results in 

Rearranging Equation 16, an expression for the variation of the beam orientation angle, � 

is obtained: 

Using Equation 17, the final expression for the variation in elemental rigid body rotation 

is obtained as: 

Equations 14 and 18 can be arranged in matrix format as: 

where 

 
�̅< = �< − �� = �< − �� 
�̅= = �< − �� = �= − �� 

(15) 

 

�(sin �) = � Ä�= » �= − �< − �<JK Ç 
�� cos � = � Ä 1JKÇ (�= » �= − �< − �<) » 1JK �(�= » �= − �< − �<) 

(16) 

 �� = 1JK= cos � Î(��= − ��<)JK − �JK(�= » �= − �< − �<)Ï (17) 

 �� = 1qJK Î(��= − ��<) − q�(��= − ��<) − �=(��= − ��<)Ï (18) 

 Ø ��x�̅<�̅=
Ù = �

⎩⎪
⎨
⎪⎧��<��<�<��<��<�=⎭⎪

⎬
⎪⎫

 (19) 
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The global force contribution due to the internal element force vector from a single element 

can then be given as:  

where the elemental virtual work is given by: 

where _ is the volume of the element. 

The constitutive model of the beam assumes a linear elastic model, with geometric 

nonlinearities arising from the nonlinear strain displacement relationship as shown in 

Equations 8 and 9. Therefore, the stress-strain relationship is as follows: 

where © is the elemental stress, and ) is the Young’s modulus of the material. 

To compute the integral from Equation 22, the variational derivative of Equation 9 is taken 

as: 

Substituting Equations 23 and 24 into Equation 22 and numerically integrated, a 

relationship for the beam internal moments and forces is obtained as: 

 � =
⎣⎢
⎢⎢⎢
⎡− cos � − sin � 0 cos � sin � 0−sin �JK

cos �JK 1 sin �JK
−cos �JK 0

− sin �JK
cos �JK 0 sin �JK

−cos �JK 1⎦⎥
⎥⎥⎥
⎤
 (20) 

 1�,\F\¶ = �Ð1� (21) 

 � \̀F\¶ = È ©�� Ë_è  (22) 

 © = )� (23) 

 

�� = ��xJ, » 130 (4̅<�̅< − ̅<�̅= − ̅=�̅< » 4̅=�̅=)
» �eJ, Î(4 − 6ξ)�̅< » (2 − 6ξ)�xxxx=Ï 

(24) 
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where 

 

The tangent stiffness matrix of a system is defined as the variation of internal force with 

respect to a variation in displacement as: 

where n' are the corresponding columns of �Ð, for M ∈ {1,2,3}. 

To evaluate their variation, vectors � and � are defined as follows: 

and their variations are given as: 

 � \̀F\¶ = N��x » M<�̅< » M=�̅= (25) 

 N = ) é �xJ, » 115 Ä̅<= − ̅<̅=2 » ̅==Çê (26) 

 

M< = )J, é �xJ, » 115 Ä̅<= − ̅<̅=2 » ̅==Çê Á 215 ̅< − 130 ̅=Â
» );J, (4̅< » 2̅=) 

(27) 

 

M= = )J, é �xJ, » 115 Ä̅<= − ̅<̅=2 » ̅==Çê Á 215 ̅= − 130 ̅<Â
» );J, (4̅= » 2̅<) 

(28) 

 
�1�,\F\¶ = G�,\F\¶�]�,\F\¶ = �]�

= �Ð�1� » ë��< » P<��= » P=��>  (29) 

 
� = ¸− cos �    − sin �    0    cos �    sin �    0¹Ð 
� = ¸sin �    − cos �    0    − sin �    cos �    0¹Ð 

(30) 
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 Resulting in the following expressions for n<, nì, and n< 

The corresponding variations for �ní are given as: 

and �1�  is given by: 

where the components of G� are obtained by differentiating the expressions for 

ë, P< and P= with respect to �x, ̅< and ̅= .  

The elemental tangent stiffness matrix is then given as:  

 

where the individual components of the stiffness matrix are given as follows: 

 
�� = ��� 
�� = −��� 

(31) 

 

n< = � 
n= = ¸0   0   1   0   0   0¹Ð − 1JK � 
n> = ¸0   0   1   0   0   1¹Ð − 1JK � 

(32) 

 

�n< = �� = ��ÐJK �]�  

�n= = �n> = ��îKJK= − ��JK   (33) 

 �1� = G��]� (34) 

 G� = ïEFðð EFðñ EFðòEFñð EFññ EFñòEFòð EFòñ EFòò
ó (35) 



41 
 

 

and the global tangent stiffness matrix contribution for a single element is given as follows 

 

EFðð = ÃNÃ�x = )J,  

EFðñ = ÃNÃ̅< = ) Á 215 ̅< − 130 ̅=Â 
EFðò = ÃNÃ̅= = ) Á 215 ̅= − 130 ̅<Â 

EFññ = ÃM<Ã̅< = )J, Á 215 ̅< − 130 ̅=Â= » 4);J,
» 215 )J, é �xJ, » 115 Ä̅<= − ̅<̅=2 » ̅==Çê 

EFñò = ÃM<Ã̅= = )J, Á 215 ̅= − 130 ̅<Â Á 215 ̅< − 130 ̅=Â » 2);J,
− 130 )J, é �xJ, » 115 Ä̅<= − ̅<̅=2 » ̅==Çê 

EFòò = ÃM=Ã̅= = )J, Á 215 ̅= − 130 ̅<Â= » 4);J,
» 215 )J, é �xJ, » 115 Ä̅<= − ̅<̅=2 » ̅==Çê 

EFðñ = EFñð     EFðò = EFòð     EFñò = EFòñ      

(36) 

 G�,\F\¶ = �ÐG��ÑÒÓÒÔ“+0\L/,”uF'-\�� » ��ÐJK N » 1JK= (��Ð » ��Ð)(M< » M=)ÑÒÒÒÒÒÒÒÒÒÒÓÒÒÒÒÒÒÒÒÒÒÔ-,-F'-\��
 (37) 
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One has to note that, in Equation 37, the “pseudo”-linear elemental stiffness matrix, is 

actually fully linear when the original Euler-Bernoulli’s strain measure, given below, is 

used.  

However, when the modified strain measure is used, the �ÐG�� term is no longer linear 

and is now dependant on the current deformation of the beam. 

The elemental stiffness and internal force contributions, given by Equations 37 and 21, are 

summed for the entire structure, and the following equation is obtained for the static 

structure at equilibrium. 

where ] is the deformation configuration at equilibrium, when the global internal force 

vector, 1'-.\�-�F, is equal to the external applied force vector Y�++F'\/. This equation is 

solved iteratively using the full Newton-Raphson method from Bathe [24]. For a non-

follower/deformation independent loading, the iterative expression is written as: 

where Y is the applied load, 1'-.öu< is the global internal force vector at iteration � − 1, and 

ΔYöu< is the out of balance load on the structure.  

 where Göu< is the tangent stiffness matrix containing the linear and nonlinear stiffnesses, 

at the previous iteration, and �]ö is the deformation due to the out of balance load vector.  

 � = �xJ, » �eJ, Î(4 − 6ξ)̅< » (2 − 6ξ)̅=Ï (38) 

 
÷G�F,"ø]ÑÒÒÓÒÒÔ1ùúûüýúþ�

=  Y�++F'\/ 
(39) 

 ΔYöu< = Y − 1'-.öu< (40) 

 Göu< �]ö = Yöu< (41) 
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Equation 42 is iterated until the displacement between iterations is below a user-defined 

convergence tolerance.  

In the dynamic case, Equation 39 is rewritten to include inertial and damping effects, at 

time step, � » Δ�, as: 

where O is the mass matrix, and #.ö is the damping matrix which could be time dependant, 

and (   � ) indicates a time derivative 

The choice of mass matrix in a finite element analysis can influence the dynamic loads. In 

this work, a coupled mass matrix is chosen, which for a 2D beam element, is given as 

follows [57]: 

where � is the mass per unit length of the beam. Using the Newmark method of time 

integration, the time integration scheme is given in the proceeding equations [58]. 

At each time step, an effective stiffness matrix, consisting of the updated nonlinear stiffness 

matrix, as well as inertial effects, along with an effective load vector, is calculated as: 

 ]ö = ]öu< » �]ö (42) 

 O]� .��. » #.ö]� .��. » G.  Δ] =  Y.��. − 1í��.��. (43) 

 P\F\¶ = �J,420
⎣⎢
⎢⎢
⎢⎡140 0 0 70 0 00 156 22J, 0 54 −13J,0 22J, 4J,= 0 13J, −3J,=70 0 0 140 0 00 54 13J, 0 156 −22J,0 −13J, −3J,= 0 −22J, 4J,= ⎦⎥

⎥⎥
⎥⎤
 (44) 
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where the subscript � and � » Δ� indicate the quantities at the current and next timesteps. 

The following equation is solved for the displacement, ]: 

and then iteratively solved to obtain the deformation corresponding to the system in 

dynamic equilibrium. The process is started by initializing ] = ]�. 

The � − 1 approximation to the displacement, acceleration and effective load are 

calculated as: 

The incremental displacement is then solved as: 

and the updated displacement is given as: 

The above equations are iterated in a loop until the solution is considered converged for 

the corresponding time step. Following this, the displacement, velocity, and acceleration 

for the next time step is given as: 

 

 G���. = G. » cerO (45) 

 Y��� .��. = Y.��. » O	ce<]� . » ce=]� .
− 1í��. (46) 

 G���.] = Y��� .��. (47) 

 ]� .��.öu< = cer]öu< − ce<]� . − ce=]� . (48) 

 ].��.öu< = ]. » ]öu< (49) 

  Y���.��.öu< = Y.��. − O]� .��.öu< − 1í��.��.öu<  (50) 

 G���.�]ö = Y���.��.öu<  (51) 

 ]ö = ]öu< » �]ö (52) 
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The ce' quantities indicate coefficients used in the Newmark method [37] where M ∈
{1,2,3, … ,7}., and are given as follows: 

2.2 Strain based geometrically nonlinear beam 

In the strain-based formulation, the beam deformation is represented by extensional, 

twisting and bending strains, which are the beam’s independent degrees of freedom [28]. 

The mathematical formulation presented below is based on the works by [31], [34], [35], 

[59]  

The elemental degrees of freedom for the formulation are given by the strain vector, 
, 

shown in Equation (57) which represents the extensional, torsional, out of plane, and in 

plane bending strains respectively. 

 
 =  ��@¢@¢A¢B
� (57) 

where �@ is the beam extensional strain and ¢@, ¢A , cË ¢B are the twist, out of plane, and 

in plane curvatures of the beam respectively. 

 ].��. = ]. » ]ö (53) 

 ]� .��. = ce>]ö » ce�]� . » ce�]� . (54) 

 ]� .��. = ]� . » ce�]� . » ce�]� .��. (55) 

 

cer = 4Δ�= = ce>, ce< = 4Δ� = −ce�, ce= = 1 = −ce� 
ce� = Δ�2 = ce� 

(56) 
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The position and orientation of a node on the beam is given by  

 ℎ(ξ)� = ÷�     �@    �A     �B ø� (58) 

where � is the vector representing the absolute position of the node, and �@, �A , and �B are 

orientation vectors to define the beam local coordinate system in the global reference frame, 

and ξ is an element natural coordinate, denoting the normalized distance along the length 

of the beam. 

The relationship between the displacement and the strain is given by a set of matrix partial 

differential equations, as shown in Equation (59) 

Which can be represented in a more compact form as:  

where the matrix, A(ξ) is given as follows: 

 

ÃÃ� �! = (1 » �@)�@ 
ÃÃ� �@ = ¢B�A − ¢A�B 
ÃÃ� �A = ¢@�B − ¢B�@ 
ÃÃ� �B = ¢A�@ − ¢@�A 

(59) 

   

 
ÃÃ� ℎ(ξ) = A(ξ)ℎ(ξ) (60) 

 A(ξ) =  ⎣⎢
⎢⎡0 1 » �@ 0 00 0 ¢B −¢A0 −¢B 0 ¢@0 ¢A −¢@ 0 ⎦⎥

⎥⎤ (61) 
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The solution to Equation (59) is given in the form of a matrix exponential, which relates 

the position vector along the beam ℎ(ξ) to the position vector of the start of the beam (a 

boundary condition), as follows: 

 ℎ(ξ) = s�(tutv)ℎr (62) 

where ℎr is the known position and orientation at the start of the beam, and ξr is the 

corresponding beam coordinate. Given that the strains are constant over the entire element, 

the position and orientation of any point along the beam coordinate � can be obtained, given 

the current strain in the beam element, using Equation (62). The full derivation of the 

discrete solution to Equation (62) is available in [31], [34].  

Defining the original undeformed length of an element as, Δξ: 

where ξr and ξ\-/ denote the two ends of an undeformed beam element. 

and a matrix 2̅, is defined as:  

The nodal position vectors of an element, , can then be defined as: 

 

The total independent degrees of freedom and their time derivatives are given as follows:  

 Δξ = ξ\-/ − ξr (63) 

 2̅ = Δξ2  A (64) 

 

ℎ-,< = ℎ-,r 
ℎ-,= = s�̅úℎ-,r 
ℎ-,> = s=�xxxxúℎ-,r 

(65) 
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 � = � 
�«�«� , �� = � 
��«ª«� (66) 

 The bolded quantities indicate that the components of the � and ��   vectors are 4x1 column 

vectors as well, and 
 is the element strain vector defined previously in Equation (57). 

In the implementation of the formulation in this work, only the strain variable, �, is 

considered, as the simple case study being examined is a clamped beam, with no rigid body 

motion or rotation allowed.  

The equations of motion for the elastic deformation of the beam is derived using the 

principle of virtual work.  

The location of any point, � , along the beam is given by the vector to the body-fixed 

frame, ��, and the local beam frame, �! as follows: 

 � = �� » �! (67) 

where the vector in the local beam frame is given by the beam position in the local beam 

frame and the corresponding direction vectors 

 � = �� » ��@ » ��A » ��B (68) 

and �, �, and � represent the coordinates of any point along the beam, presented in the beam 

local reference frame. 

To apply the principle of virtual work, the infinitesimal work done by applying a force on 

a unit volume is given as follows: 

 
�` = − ���/'0.�-�\ ∙ { ¨ËËξ ÑÒÒÓÒÒÔK,��\  

(69) 
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The second time derivative of Equation (68) is substituted into Equation (69) and integrated 

over a single beam nodal cross-section, resulting in the following expression for the 

internal virtual work, containing both the flexible and rigid body terms. 

 

 

� '̀-.(ξ) = −�ℎ�(ξ)⎝
⎛È ¨

⎣⎢
⎢⎡1 � � �� �= �� ��� �� �= ��� �� �� �=⎦⎥

⎥⎤�(t) ∙
⎣⎢
⎢⎡� � !(ξ)� � @(ξ)� � A(ξ)� � B(ξ)⎦⎥

⎥⎤ Ë » 

È ¨
⎣⎢
⎢⎡1 � � �� �= �� ��� �� �= ��� �� �� �=⎦⎥

⎥⎤�(t) ∙
⎣⎢⎢
⎢⎡; ��!� (ξ)0 ��@�(ξ)0 ��A�(ξ)0 ��B�(ξ)⎦⎥⎥

⎥⎤ �Ë » 

È ¨
⎣⎢
⎢⎡1 � � �� �= �� ��� �� �= ��� �� �� �=⎦⎥

⎥⎤�(t) ∙ ���� 0 0 00 ��� 0 00 0 ��� 00 0 0 ���� ∙ ⎣⎢⎢
⎢⎡; ��!� (ξ)0 ��@�(ξ)0 ��A�(ξ)0 ��B�(ξ)⎦⎥⎥

⎥⎤ �Ë » 

2 È ¨
⎣⎢
⎢⎡1 � � �� �= �� ��� �� �= ��� �� �� �=⎦⎥

⎥⎤�(t) ∙
⎣⎢⎢
⎢⎡0 ���!� (ξ)0 ��� @�(ξ)0 ��� A�(ξ)0 ��� B�(ξ)⎦⎥⎥

⎥⎤ �Ë
⎠
⎟⎞ 

 

(70) 

 P-,/\(ξ) =  È ¨
⎣⎢
⎢⎡1 � � �� �= �� ��� �� �= ��� �� �� �=⎦⎥

⎥⎤ Ë�(t)  (71) 
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P-,/\(ξ) =  

⎣⎢
⎢⎢
⎢⎢
⎡ � ��@ ��A ��B��@ ;@@ − ;AA » ;BB2 ;@A ;@B
��A ;A@ ;@@ − ;AA » ;BB2 ;AB
��B ;B@ ;BA ;@@ − ;AA » ;BB2 ⎦⎥

⎥⎥
⎥⎥
⎤
 

 

(72) 

where � is a vector containing the linear and angular velocities of the beam element. 

Equation (70) is simplified by excluding the terms containing rigid body terms, resulting 

in the following simplified equation: 

 � '̀-.(ξ) = −�
�(ξ) ∙ 	Dd#� P(ξ)Dd# ∙ 
�(ξ) »  Dd#� P(ξ)D �d# ∙ 
�(ξ)
 (73) 

Following a similar procedure for the internal strain, strain rates, and external applied 

forces, excluding the rigid body terms, the following expression is obtained for the external 

virtual work, this time, for the entire element. Note that once again, all terms related to the 

rigid body motion have been excluded in this work. The full expressions can be found in 

[31], [34], [35]. 

 

� '̀-. » � \̀@. = 
�
� ∙ Î−Dd#� O\F\¶Dd#
� − Dd#� O\F\¶D �d#
� − #\F\¶
� − G\F\¶(
 − 
�)Ï » 
�
� ∙ 	Dd#� B����| » D+#� B�F/'0. » D$#� B�M/'0. » D+#� F+,'-. » D$#� M+,'-.
 

(74) 

where O\F\¶, G\F\¶, and #\F\¶ are the elemental mass, stiffness, and damping matrices 

respectively. B����, B� , and B� are matrices relating load vectors for gravity |, distributed 

loads and moments F/'0., M/'0., point loads and moments F+,'-., M+,'-., to the strains. 
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Setting Equation (74) to zero, the complete nonlinear strain-based equations of motion for 

a beam with no rigid body motion or rotation allowed is obtained. It is re-written below in 

matrix format. 

 ÷OKKø{
� }+÷#KKø{
� } » ÷GKKø{
} =  YK (75) 

 

where ¸ ¹ indicate matrices and { } indicate column vectors corresponding to the 

quantity in them, assembled for the entire finite element structure. 

 
YK =  ÷GKKø{
r} » ¸Dd#� ¹÷B����ø{|} » ÷D+#� ø¸B�¹{F/'0.}

» ÷D$#� ø¸B�¹{M/'0.} » ÷D+#� ø%F+,'-.& » ÷D$#� ø%M+,'-.& (76) 

The Jacobian matrices, D, were derived in the work by Shearer [34] and are given in 

Appendix A.  

2.3 Modal superposition method 

The modal method presented below uses the eigenvalues and eigenvectors obtained 

from a linear modal decomposition to solve for a system of equations, using the generalized 

displacements as degrees of freedom.  

The displacements, generally taken to be a function of time, are decomposed into two 

separate arrays, each of which consist of only the space and time dependency of the 

physical displacements. 

The undamped free vibration problem for a system with n degrees of freedom is considered,  

 '(�) = ()(�) (77) 
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and a periodic solution is assumed for the displacement, ', as: 

Substituting Equation 79 into Equation 78 results in the following expression 

Solving for the unknowns (, and *, an expression is obtained as follows: 

where ( and +ì are n x n square matrices containing the mass normalized eigenvectors 

and eigenvalues of the system respectively for a system with n degrees of freedom. ± is an 

identity matrix of size n x n. 

Substituting Equation 77 into Equation 78, with the inclusion of damping terms, the 

following expression for linear dynamic analysis is obtained: 

where the generalized displacements, ), and the applied loads, ,, are time dependant. 

For the nonlinear modal analysis, the above equation is rewritten using the mode shapes 

from the eigenvalue decomposition of the global tangent  stiffness matrix from the 

nonlinear static analysis, which contains linear and geometrically nonlinear components. 

 -'� ».' = � (78) 

   

 ' = (�M(ω(� − �r)) (79) 

 .( = *ì-( (80) 

 .( = -(+= (81) 

 
(0.( = += 
(0-( = ± 

(82) 

 )� »(01()� » +=) = (0, (83) 

 )� »(2î0 1(2î)� » +2î= ) = (2î0 , (84) 
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Equation 84 can be solved using a Newmark time integration to obtain the dynamic 

response of the structure to an applied load ,, in the same way as was solved in Section 

2.1. 

2.4 Intrinsic Formulation 

In the previous methodologies, the formulations were based on a choice of 

independent variable, namely the displacements and rotations, or strains and curvatures. 

Intrinsic beam formulations, however, are not based solely upon a specific choice of 

independent variable [41]. 

In this section, the mixed variational formulation of the geometrically exact beam theory, 

is detailed, with the notation following that used in [43], [60]. 

The intrinsic equations of motion are derived from Hamilton’s principle, which is given as 

follows: 

where �= − �< is an arbitrary time, � is the length of the segment being integrated, H, ^ 

and �`xxxxx  are the kinetic energy, potential energy, and virtual work due to applied loads, per 

unit length. �3xxxx is the virtual action which is the integral of the virtual work, here 

representing the boundary conditions and the ends of the time interval. 

The potential energy density can be represented by the beam stress resultants as: 

where ¡ and ¢ are the beam generalized strains and curvatures,  

 È È÷δ(H − ^) » �`xxxxxøË�< Ë�F
r

 .ñ

.ð
= �3xxxx (85) 

 È �^Ë�<
F

r
= È É�¡� Á��̂¡ Â� » �¢� Á��̂¢ Â� Ê Ë�<

F
r

 (86) 
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and F and M are the internal force and moment vectors. 

 

Figure 4: Frames of reference used in the intrinsic beam formulation 

For any point along the beam reference line, the relationship between the undeformed 

reference frame m and the deformed reference frame ¬, as shown in Figure 4, is given by 

the rotation vector  !", where  

The vector definition of the strains and curvature are then defined as follows 

The curvature of the beam due to deformation, �, can then be given as follows 

 F = Á��̂¡ Â�         M = Á��̂¢ Â� (87) 

 �! =  !" ∙ �" (88) 

 
¡ =  "!T5 − �5 
¢ =  "! £¤ − £ 

(89) 
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where  =   !" and  � =   "!, and £¤!, £" are the deformed and undeformed beam 

curvatures, respectively. The � and l subscripts correspond to the deformed and 

undeformed beam reference frames. A virtual displacement vector is used to substitute for 

the physical displacement variation, removing it from the formulation, resulting in the 

following expression for the potential energy density 

where the 6  operator denotes the skew symmetric cross product matrix for a given vector. 

Similarly, the variation in the kinetic energy density of the beam can be written as follows 

 where the virtual displacements δ� and δ� are defined as follows 

P,H, ��, and ω are the linear momentum, angular momentum, linear velocity, and angular 

velocity of the beam, respectively. 

 ¢ = £¤ ∙¬ − £ ∙ m = £¤! − £" (90) 

 

�^ = δ¡�F » δ¢�M
= 7	δ�xxx′
� −  δ�xxx� £¤!9 − δ�xxxx�(s<� » ¡�)  :F
» 7	δ�xxxx′
� − δ�xxxx�£¤!9:M  

(91) 

 

�H = δ���P » δª¬�H
= ;Îδ�xxx� Ï� −  δ�xxx� ª¬< − δ�xxxx���<   = P
» ;Îδ�xxxx� Ï� − δ�xxxx�ª¬< =H 

(92) 

 
 �� =  δ�!xxxxx = δ�xxx 
δ�xxxx9 = −� 5 �  

(93) 
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The virtual work due to applied forces and moments per unit length, yz, �� , is given as 

follows    

Substituting Equations 91, 92, and 94 into Equation 85, and integrating by parts with 

respect to � and �<, the following expression is obtained 

The relationship between the velocities and strains to the momenta and internal forces, 

respectively, are given as follows 

where the sectional mass matrix is given as 

 �>xxxxx = È÷δ�xxx�yz » δ�xxxx���øË�<
F

r
 (94) 

 

È È%δ�xxx�	F5 » £¤!9F − P� − ª¬< P » yz
F
r

.ñ

.ð
» δ�xxxx�	M5 » £¤!9M » (s<� » ¡�)F − H� − ��<P − ª¬< H
» �
&Ë�< Ë� 
= È÷δ�xxx� 	PQ − P
» δ�xxxx�	HQ − H
ø.ð

.ñË�<
F

r

− È ÷δ�xxx� 	F  − F
» δ�xxxx�	MQ − M
ørF Ë�.ñ

.ð
 

(95) 

 

?PH@ = ; ?��ª¬@ 
?FM@ = Z ?¡¢@ (96) 
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where � is the mass per unit length, and �@,A,B are the distances from the centre of mass to 

the centre of the element. 

The sectional stiffness matrix can be fully populated, to account for coupling effects 

between deformation modes in the case of anisotropic materials. In this work, the case 

study models a simple isotropic beam, and so, Z is given as 

where 2K= and 2K> are the shear stiffnesses, );= and );> are the bending stiffnesses, and 

) and 2J are the extensional and torsional stiffnesses.  

In the work authored by Wang and Yu. [60], the mixed formulation is derived by using the 

following kinematical relationships 

  

 O\F\¶ =
⎣⎢
⎢⎢⎢
⎢⎡ � 0 0 0 ��B −��A0 � 0 −��B 0 00 0 � ��A 0 00 −��B ��A M== » M>> 0 0��B 0 0 0 M== −M=>−��A 0 0 0 −M=> M>> ⎦⎥

⎥⎥⎥
⎥⎤
 (97) 

 G\F\¶ =
⎣⎢
⎢⎢
⎢⎡) 0 0 0 0 00 2K= 0 0 0 00 0 2K> 0 0 00 0 0 2J 0 00 0 0 0 );= 00 0 0 0 0 );>⎦⎥

⎥⎥
⎥⎤
 (98) 

 
�5 =  "!(s< » ¡) − s< − £"<� 
�� =  "!�� − � −��� 

(99) 

 
qV�5  = UV�u<(¢ » £" −  !"£") 
qV�� = UV�u<(ª¬ −  !")� 

(100) 



58 
 

where � and � are the velocities of undeformed reference frame n in the inertial/global 

reference frame, shown in Figure 4, qV� are the rotation parameters used in the 

formulation, and UV� is defined as follows 

Equations 99, 100, and 101 are substituted into Equation 95 using the method of Lagrange 

multipliers, and can be written as follows 

Equation 102 represents the total equation of motion, implementing the Geometrically 

Exact Beam Theory using a mixed formulation, with the displacements and rotations, 

��, qV�� taken in the inertial frame, �, and the body linear and angular forces and 

momenta, F!, M!, P!, H! in the deformed state �. �� and v�, and ª� and ��, are the 

 

UV� = 1(4 − qr)= ;Á4 − 14 qV��qV�Â Δ − 2qV�B» 12 qV�qV��= 
UV�u< = Á1 − 116 qV��qV�Â Δ » 12 qV�B » 18 qV�qV�� 

(101) 

 

È ?���5�F� » δ�xxxx�5 �M�
F

r
» δ�xxxx� �÷H� � » ���H� » ���P� −  �!(s<�  » ¡�)F!ø
» ����	P�� » ���P�
− δFxxx��¸ �!(s< » ¡) −  �"s<¹
− δFxxx�5 ��� − δMxxxx�5 �qV�� − δMxxxx��UV��u< �"¢
» �Pxxxx� �(�� − v� − ����� − ��� )
» δHxxxx��	ª¬ − �! −  "�UV�� qV�� �
− ����y�D
− ��xxxx����E @Ë�<
= ÷����  F � » ��xxxx��MQ� − �Fxxx���e� − �Mxxxx��  qV�F�ørF  

(102) 
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beam velocities (linear and angular) of the deformed and undeformed frames respectively, 

given in inertial frame � 

Linear shape functions are used for ��� , ��xxxx�, �Fxxx�, �Mxxxx�, and constant shape functions for 

�Pxxxx�, �Hxxxx�. The linear shape function for ��� is given below as an example 

Given a beam with ë\F\¶ two noded elements, the equations for the finite element matrices 

at the starting point of the beam are given as 

where ( ∗ ) quantities are the external forces and moments to balance the internal element 

stress resultants, and ( <) subscript indicates the first node. 

Similarly, the force moment balance at the end of the beam, node ë\F\¶ » 1, is given as 

The force balance for nodes M to ë\F\¶ − 1 along the beam is given as 

 ��� = (1 − ξ)��' » ξ��'�< (103) 

 ξ? = �< − J'J'�< − J' (104) 

 

bLðu − F<∗ = 0 
bHðu − M<∗ = 0 
b�ðu − �e<∗ = 0 
b�ðu − qV�F<∗ = 0 

(105) 

 

bLIü�üJ� − FKü�üJ�<∗ = 0 
bHIü�üJ� − MKü�üJ�<∗ = 0 
b�Iü�üJ� − �eKü�üJ�<∗ = 0 
b�Iü�üJ� − q̂V�Kü�üJ�<∗ = 0 

(106) 
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and the momentum for beam elements M to ë\F\¶ is  

The matrices in the above equations, denoted with b, are calculated by analytical 

integration of Equation 102, and their expanded form can be found in Appendix B.  

The above equations contain the equations of motions,(�, �) strain-displacement 

relations,(F, M) and velocity-displacement, (P, H), equations. 

The final bandwidth of the system is 18ë\F\¶ » 6ëö+ equations for a system with ë\F\¶ 

elements and ëö+ boundary or “key” points. 

2.5 Chapter Summary 

This chapter details the mathematical formulations for the four geometrical 

nonlinearity methods reviewed in this thesis, namely, the displacement-based, the strain-

based, the intrinsic and the modal methods. The focus of attention is on modeling of 

geometrically nonlinear beams, as stick models are the common structural representation 

techniques employed in the aerospace industries.  

 

 

 

bLù� » bLùMðu = 0 
bHù� » bHùMðu = 0 
b�ù� » b�ùMðu = 0 
b�ù� » b�ùMðu = 0 

(107) 

 
bNù = 0 
bOù = 0 

(108) 
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3 Case Study - Cantilever Beam Problem 

To validate the nonlinear methodologies detailed in the previous section, a simple test 

case is presented, using a highly flexible cantilever beam, clamped at one end, as a case 

study. This was chosen due to its similarity of a highly flexible wing in a static aeroelastic 

condition. 

For each of the formulations, the beam was discretized into 20 elements. The structural 

properties of the beam are given in Table 1. 

To model static deflection, the beam was subjected to a uniformly distributed load across 

its length, and was prescribed in a purely vertical direction, non-follower load, as shown in 

Figure 5. The dynamic response of the beam was verified using the same distributed non-

follower load, with a sinusoidal component, as given below 

where P0.�.'� is the static distributed load, and � is the current time in the transient solution. 

 

Figure 5: Cantilever beam used verification of nonlinear methodologies 

 

 

 

 

 P/A- = P0.�.'� sin 2Q� (109) 
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Table 1: Structural properties of cantilever beam 

J, 16 � 

) 10<r ë 

);<< 2 × 10�ë ∙�= 

);== 4 × 10�ë ∙�= 

2J 2.6 × 10�ë ∙�= 

;@@  0.1 �| ∙�= 

;AA  0 �| ∙�= 

;BB  0.1 �| ∙�= 

¨F'-\�� 0.75 �|/� 

 

where ), );<<, );== are the extensional, out of plane, and in plane bending stiffnesses of 

the beam. 2D is the torsional stiffness and ;@@, ;AA , and ;BB are the mass moments of inertia 

about the beam primary axes. ¨F'-\�� is the mass per unit length. 

3.1 Numerical solution of nonlinear equations 

For the displacement-based method, a MATLAB [61] code, based on the theory 

described in Section 2.1 is used to iteratively solve for the static solution using a full 

Newton Raphson solution scheme [24], [51]. For the dynamic root loads, the element 

internal force vector was computed as a pseudo-static analysis at each time step, using the 

overall load vector, including the applied load, elastic loads, and inertial loads, at the 

current time step. 
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For the strain-based method, the static and dynamic solutions were run using a MATLAB 

code based on the theory from [31], [34], [35], [59] detailed in Section 2.2. The strains in 

the static deformed configuration were solved by the following expression  

The physical displacements were then obtained using the strain-displacement Jacobian 

matrices as shown in Strain Based Formulation Matrices. The dynamic equations of motion 

were solved by setting the overall acceleration of the system at each time step to zero, and 

solving the differential equations using the constant time step backward difference °Ës15� 

time integration solver in MATLAB [62]. The dynamic forces and moments along the 

beam were obtained by substitution of the strains, �, and strain-rates, � �, at each time-step 

Equation 75 in Section 2.2, along with the condition of zero acceleration, � �.   
The geometrically exact intrinsic beam theory formulation was validated using the online 

tool “GEBT” from cdmHUB [63] based on the Geometrically Exact Beam Theory (GEBT) 

[64]. 

This tool implemented a mixed formulation of the geometrically exact beam theory, using 

displacements, rotations, velocities, and momenta as the independent degrees of freedom, 

and contained the capability for static and dynamic analyses of highly flexible beams. The 

static and dynamic analyses were run by solving Equation 102 using an eigenvalue solver 

[64]. 

The modal equations of motion were solved using the same dynamic solver used in the 

displacement-based method, with the exception of the physical matrices being replaced by 

 {
} =  ÷GKKøu<YK (110) 
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modal domain equivalents. As a modal method is inherently dynamic, no static results are 

provided. 

3.2 Verification of results 

To verify the results from the various nonlinear methodologies, the test case beam 

was created in MSC Nastran input, using CBEAM elements, capable of modeling small-

strain large-deformation geometric nonlinearities in static and dynamic analyses [65]. MSC 

Nastran is a widely used commercial finite element solver, which has been extensively 

used in the aerospace industry, and as such, is a convenient tool to validate the other 

nonlinear methods examined in this thesis. To ensure that the simulation results of MSC 

NASTRAN solution sequence 129 for transient nonlinear analysis is taking into effect 

geometric nonlinearity at each time step, the solver is forced to update the stiffness matrix 

at every interval. Correspondingly for static solutions, NASTRAN solution sequence 106 

is used, with the stiffness matrix being updated at each step. 

3.2.1 Static test results 

The results for the static deformed configuration for the three nonlinear 

methodologies, as well as the bending moment along the beam, are shown in Figure 6 and 

Figure 7, respectively. 
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The results of the static nonlinear deflection show general agreement between the methods. 

In particular, the geometrically nonlinear Euler-Bernoulli displacement-based beam 

element shows results which are indistinguishable from MSC Nastran, indicating an 

excellent match. This was partially to be expected, as the geometrically nonlinear beam 

Figure 6: Deformed configuration of cantilever beam subject to gravity load 

Figure 7: Bending moment across length of cantilever beam 
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theory presented in Section 2.1, is the same as total Lagrangian formulation used in MSC 

Nastran [19]. 

The intrinsic GEBT formulation and the strain formulation are also in general agreement 

with the other results, however, the results are not identical to that of MSC Nastran. The 

beam tip deflection for the different simulation methods are within 1% of each other. 

However, the bending moment at the root calculated by the strain-based methodology is 

3.58% lower than that of the other methods. 

Table 2: Comparison of tip displacement and root bending moment for static loading conditions 

Methodology 
Tip 

Displacement (�) 

Error  (%) 

Root Bending 
Moment (ë�) 

Error (%) 

Nastran SOL 106 2.934 0.00 928.9 0.00 
Displacement  2.934 0.00 928.9 0.00 

Strain 2.932 −0.07 895.6 −3.58 
Intrinsic 2.930 −0.13 929.0 0.01 

 

3.2.2 Dynamic test results 

In the dynamic loading case, the tip displacement and the root bending moments 

are plotted as a function of time, as shown in Figure 8 and Figure 9.  

Table 3: Comparison of tip displacement and root bending moment for dynamic loading conditions 

Methodology 

Maximum 
Tip 

Displacement (�) 

Error  (%) 

Maximum 
Root Bending 

Moment (ë�) 

Error (%) 

Nastran SOL 129 1.699 0.00 378.9 0.00 
Displacement  1.607 −5.41 423.2 10.4 

Strain 1.693 −0.35 381.2 0.61 
Intrinsic 1.706 0.41 382.5 0.95 
Modal 1.592 −6.30 406.2 6.72 
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The transient tip response of the beam to a sinusoidal input matches very closely across the 

strain and intrinsic methods, while the modal and displacement methods show the largest 

discrepancy in peak displacements occurring for the displacement-based solver, at 6.7% 

and 10.4% respectively. The root bending loads are more varied, as while they all have a 

similar general waveform, it can be seen that the strain based method is less sensitive to 

the higher frequency variations in moment, which was described by Su [35]. The intrinsic 

method shows general agreement with Nastran’s transient SOL 129. The displacement 

method results are very close to the other two. 

Overall, all three methods show close agreement with each other with the exception of the 

modal method, which is to be expected as only 5 modes were used. Using more mode 

shapes would increase the accuracy of the modal method while simultaneously removing 

any computational advantage over the other methods. 
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3.3 Key differences between formulations 

There are a number of differences between the nonlinear methods, which are a result 

of the differing mathematical formulations. The key differences are discussed in summary 

below. 

Figure 8: Tip displacement of cantilever beam as a function of time 

Figure 9: Dynamic bending moment at clamped end of cantilever beam 
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Displacement based methods have the most straightforward problem setup and solution 

methods due to the choice of physically relevant independent variables, which comes at 

the expense of computational time due to frequently having second or higher order 

nonlinear terms in the equations of motion. 

Strain methods are advantageous for static problems due to the constant stiffness matrix, 

which results in a straightforward solution. In addition, the computation of beam internal 

forces is direct, due to not having to compute strains from displacements as in other 

methods. It has also been stated in literature that strain based methods may have issues 

capturing high-frequency components of the dynamic response. 

Intrinsic methods, depending on the formulation, may have computational advantages due 

to formulations having low order nonlinearities, when compared to the displacement based 

method.  

Modal methods have the fastest solution times of all methods, depending on the number of 

modes used, which comes at the expense of result accuracy, with more modes increasing 

the accuracy as well as solution time 

3.4 Chapter Summary 

This Chapter provided the results of the comparative study between four separate 

nonlinear beam modeling methodologies, as well as their fidelity in calculation of loads 

when compared to commercially validated nonlinear solvers. In addition, the results justify 

the choice of using a displacement based beam model to model geometrically nonlinear 

effects in aeroelastic loads calculation as shown in the next Chapter. 
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4 Nonlinear Static Aeroelasticity 

In linear structural analyses, the equations of equilibrium are formulated with respect 

to the undeformed geometry, as the geometrical variation due to infinitesimal deformations 

are assumed to be negligible [66]. When the deformations are large enough, this 

assumption is no longer accurate, and the equations of motion can be defined with respect 

to the deformed structure, resulting in nonlinear governing equations of motion [67]. 

4.1 Theoretical Formulation 

Commercial Finite Element code packages, such as MSC Nastran [19], often use a 

Lagrangian method, where the Finite Element mesh follows the deformation of the 

structure [68]. Within this, there are two formulations, the Total Lagrangian Formulation 

(TLF) [69] and the Updated Lagrangian Formulation (ULF) [58]. In the TLF, equilibrium 

is expressed relative to the original undeformed structure, while in the ULF, the reference 

state is the current [58]. 

4.1.1 Nonlinear Structural Formulation 

  The theory for a geometrically nonlinear corotational beam element was presented 

in Section 2.1. More generally, the geometrically nonlinear equations for a solid are 

obtained via inclusion of higher order nonlinear terms in the strain-displacement 

relationship. The following equations are based on the formulation for general elements, 

as derived in the reference text by Bathe [24]. The resulting set of equations are given 

below 

 �'(. = ��'(. » �K�'(.  (111) 
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where � are components of the Green-Lagrange strain tensor, consisting of linear and 

nonlinear strains, given at time �, with respect to physical coordinates axes M, ~, where M, ~ ∈
1,2,3.  

The constitutive model is still linear, as hyper-elasticity or plasticity are not considered, 

and thus the stress-strain relationship is given as follows: 

 

where Z'( are components of the Second Piola-Kirchhoff (PK2) stress tensor, C'(�0 are 

components of the linear elasticity tensor, and �, � ∈ 1,2,3. At the next incremental 

iteration, � » Δ�, the PK2 tensor is denoted as follows: 

where U are the components of the Cauchy (or true) stress tensor. 

The principle of virtual work is used to formulate the primary static equation, as follows: 

where ` is the virtual work due to external applied forces. It is important to note that the 

usage of time steps, � = 0, Δ�, 2Δ�, …, in the static formulation of this chapter are equivalent 

to iterations in � = 1,2,3 …, from Section 2.1. As such, the equations will be written in the 

latter form for the rest of this chapter. 

Substituting in Equations 111, 112, and 113 into Equation 114, the following finite element 

equation is obtained  

 Z'(. = C'(�0. ��0.  (112) 

 Z'(.��. = Z'(. » U'(.  (113) 

 È	 Z'(.��. 
	 �'(.��. 
 Ë_ = `.��.
è

 (114) 
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where C is the elasticity tensor, Vö  and Veö  are the matrix and vector forms of the Cauchy 

stress tensor, and �] is the incremental deformation from iteration � to � » 1. Yö�<  is the 

vector of applied forces at the next iteration, �Wö  and �Xö  are the linear and non-linear 

strain-displacement transformation matrices respectively. After integration of the 

equations using Gauss-Legendre quadrature, Equation 115 can be rewritten as given below 

where GWö  and GXö  are the linear and nonlinear stiffness matrices, and 1ö  is the vector 

of internal element stresses, all assembled at iteration �. 

4.1.2 Nonlinear Aeroelasticity Formulation 

In a standard aeroelastic analysis, the aerodynamic pressure, y?�\�,, is related to the 

downwash, �� , at the aerodynamic surfaces as follows 

and the downwash is given as follows 

The Aerodynamic Influence Coefficient (AIC) matrix is given by ����, q��8 is the 

dynamic pressure at the desired flight conditions, and $ is the matrix relating the 

displacements of the aerodynamic panels,  ]�\�,, to the downwash. In a standard linear 

aeroelastic solution, vector of additional downwash, �� �, is usually zero, unless the wing 

 

ïÈ ÷ �Wö øÐC÷ �Wö ø Ë_ 
è

» È ÷ �Xö øÐ Vö ÷ �Xö ø Ë_ 
è

ó �]

= Yö�< − È÷ �Wö øÐ Veö  Ë_ 
è

 

(115) 

 ÷ GWö » GXö ø�] = Yö�< − 1ö  (116) 

 y?�\�, = q��8����u<  ��    (117) 

 �� = $]�\�, » �� � (118) 
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being modeled has an initial camber or twist distribution. In this work, the additional 

downwash vector is used to include the nonlinear component of wing twist due to large 

deformation effects.  

The total aerodynamic force vector of the structure, J , can then be given as follows 

where Y is a matrix relating nodal pressures to nodal forces, and 1�'� is a vector of rigid 

applied loads on the structure, such as engine loads and point loads. 

The force-displacement relationship for a static structure is given by 

where Y is the total load on the structure, �e  is the global displacement vector due to the 

applied load, and GZ6Ö[ is the global tangent stiffness matrix of the structure. GZ6Ö[ can be 

formulated with respect to the initial configuration of the structure, as in linear analyses, or 

with respect to the deformed configuration, as in a geometrically nonlinear analysis. 

Equating the RHS of Equations 119 and 120, the expression for an aeroelastic system at 

equilibrium is given below 

Substituting Equations 117 and 118 into the above expression yield the following 

relationship 

Let W be a matrix that related the nodal downwash to the nodal forces. The effects of 

geometric nonlinearity can be incorporated into Equation 122 as follows 

 J  = Yy?�\�, » 1�'� (119) 

 Y = GZ6Ö[] (120) 

 Yy?�\�, » 1�'� = GZ6Ö[] (121) 

 qY����u<ÑÒÓÒÔW ¸$] » �� �¹ » 1�'� = GZ6Ö[] (122) 
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and solved using an iterative procedure 

where � is the iteration number, �� �ö  is the nonlinear increment in wing twist, and ]ö�<  

is the structural displacement vector at the end of the current iteration. 

The convergence of the above equation is determined by the difference in nodal 

displacement along all the wing nodes, 1,2, … , , given as 

where ]- is a subset of ] containing only the nodes of the aircraft wing. 

Equation 124 is determined to have converged when ©\ is small. For the purposes of this 

study, the convergence parameter is chosen such that there is less than 0.1% difference in 

the displacement between consecutive iterations. The increase in the loads due to the 

inclusion of geometric nonlinearities can then be defined as follows 

where ]W and ]\W are the linear and nonlinear deformed configuration of the aircraft, 

corresponding to iteration 1 and iteration � of Equation 125 respectively. 

4.1.3 Linear Aerodynamic Formulation 

The aerodynamic loads are calculated using Nastran SOL 144, which uses the 

Doublet Lattice Method (DLM) [36], [70], [71]. This method is based on linearized 

potential flow theory, where a line of potential doublets of unknown strength lie along the 

 W¸$] » �� �¹ » 1�'� = ¸GW » GX¹] (123) 

 Wö ÷ $ö ]ö » �� �ö ø » 1�'�ö = ÷ GWö�< ø ]ö�<ÑÒÒÒÓÒÒÒÔF'-\�� F,�/ » ÷ GXö�< ø ]ö�<ÑÒÒÒÓÒÒÒÔ-,-F'-\�� '-��\¶\-. (124) 

 ©\ö > max	 ]-ö − ]-öu< 
 (125) 

 Δ\ = Ä÷ GWö » GXö ø ]\Wö
GWö ]W Ç × 100% (126) 
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quarter-chord of each aerodynamic panel. Given  aerodynamic boxes with a constant 

force per unit length along the quarter-chord line, {, the strength of a doublet line segment 

~ is given as 

where J( is the length of the doublet line, Ë� is an increment along the line, and ¨�'� is the 

density of air. The total downwash at any point on the aerodynamic surface (�', �') can 

then be written as the sum of all the downwash due to all the doublets on the surface. 

where [K�\\ is the freestream velocity of the airflow across the panels, and Γ  is the kernel 

function for a nonplanar surface [72].  

When Equation 128 is applied to all the downwash points, the force per unit length along 

the quarter-chords of the boxes can be determined, and thus, the average pressure, P",@, on 

each aerodynamic box is written as 

where Δ�( is the average chord of the ~th box, and ¥( is the sweep angle of the doublet line 

on the box. Given the ~th index of doublet lines and Mth index of the downwash points, 

Equation 128 can be re-written as  

 
{(4Q¨�'� È J(  Ë� (127) 

 �¤(�', �') = aÄ {(4Q¨�'� [K�\\= Ç-
(b< È Γ  Ë� (128) 

 P",@' = {'Δ�( q°� ¥( (129) 

 �¤ = a&'(y",@(
-

(b<  (130) 
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where &'( are the elements of matrix $ in Equation 118 and y",@( is the average pressure, 

P",@, nondimensionalized by 
<= ¨�'�[K�\\. The individual elements of matrix $ are given 

as follows 

Equation 118 represents the downwash acting on an aerodynamic panel. However, 

trimming the aircraft into a steady state condition often requires the use of aerodynamic 

degrees of freedom, such as angle of attack, rotation rates, and control surface deflections, 

to modify the net forces and moments acting on the structure, which can be incorporated 

into the expression for the downwash as follows: 

where $X is a matrix relating the aerodynamic degrees of freedom, �eX, to the downwash. 

All prior equations assume that the aerodynamic forces are applied directly to the structural 

nodes. However, due to differences in the meshing of aerodynamic panels and structural 

members, this is not always the case. This is because the aerodynamic panels are applied 

at the quarter-chord point of each aerodynamic box element, which is quite often much 

larger in number than the actual structural elements. The forces need to be coupled to the 

structural degrees of freedom of the airframe, which is achieved using a linear beam spline 

using an interpolation matrix. 

where 3456789 is the interpolation matrix relating the structural deflections ]0.�L�., to the 

aerodynamic nodal deflections ]�\�, 

 
Q8 Δ�( cos ¥( È Γ  Ë� (131) 

 �� = $] » $X�eX » �� � (132) 

 ]�\�, = 3456789]0.�L�. (133) 
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Imposing the condition that the virtual work performed by both deflections is identical, an 

expression for an arbitrary force transformation between the aerodynamic and structural 

nodes is given as follows 

 

where 1�\�, is a vector of aerodynamic loads on aerodynamic nodes, and 10.�L�. are the 

resulting aerodynamic loads on structural nodes. 

The final equation of motion for a static linear aeroelastic problem can then be given as 

follows 

It can be seen that this is a very similar form to Equation 123, with the addition of WX, a 

matrix that relates aerodynamic degrees of freedom (control surface deflections, incidence 

angles, rotation rates), to the aerodynamic forces, O is the structural mass matrix, and ]�  is 

a vector of rigid body accelerations due to gravity and flight maneuvers. Equation 135 is 

partitioned to separate the restrained and free degrees of freedom, and can be solved to 

obtain the trimmed flight condition of the aircraft [36]. 

4.2 Methodology 

This section outlines the developed methodology to couple linear aerodynamics to a 

geometrically nonlinear structural methodology, to create an iterative solution which 

incorporates geometrically nonlinear effects into static aeroelasticity. Two separate solvers 

in MSC Nastran are used as the tools to implement the iterative Equation 124. 

 10.�L�. = ÷3456789øÐ1�\�, (134) 

 ¸GW − W$¹] » O]� = WX$X�eX » W�� � » 1�'� (135) 
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4.2.1 Modified Iterative Method 

Equation 124 is implemented using the linear aeroelasticity (SOL 144) and 

nonlinear structural analysis (SOL 106) solvers of MSC Nastran. In a flexible aeroelastic 

trim solution, the Doublet Lattice Method is used to calculate the aerodynamic loads on 

the aircraft, which are a function of the aircraft current deformed configuration, to solve 

for Equation 135. However, the aeroelastic module in Nastran does not account for the 

effects of geometric nonlinearity, which can be shown to be significant for highly flexible 

aircraft. This work builds upon the iterative method proposed in [9], by including the effect 

of wing twist due to aeroelastic loading as an additional downwash, increasing the fidelity 

of loads calculated. As such, it can be used to determine the effects of large displacement 

nonlinearities on the aircraft loads. A flowchart of the iterative process is shown below in 

Figure 10. 
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Figure 10: Flowchart depicting the Modified Nastran Iterative Method 

 

This method uses linear panel method (DLM) aerodynamics to calculate the loads on the 

structure, which are applied on the undeformed structure. A displacement-based 
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geometrically nonlinear method is used to calculate the nonlinear displacements of the 

structure, including follower force effects, and the new displacements are used to update 

the structural and aerodynamic mesh used for the aerodynamic loads calculation to obtain 

a new set of loads corresponding to the new deformed configuration. The process is 

repeated until the structure converges at a deformed shape configuration. The loads acting 

on the aircraft structural elements due to this new deformed configuration can now be 

obtained. 

4.2.1.1 Limitations of Nastran Aerodynamics 

The aerodynamic implementation uses the doublet lattice method, which divides 

the surface into a number of panels parallel to the free stream velocity [70]. However, the 

DLM implementation in Nastran’s aerodynamics loads solver places the flow direction in 

the positive �-direction, which has to be parallel to the � axis of every aerodynamic panel 

box element [36]. In addition, the resultant aerodynamic forces are applied in the 

coordinate system of the undeformed aerodynamic panel. Aerodynamic forces are based 

on the aerodynamic pressure on the lifting surfaces. As pressures are, by definition, normal 

to the surface, these aerodynamic loads are follower forces which should ideally be normal 

to the aerodynamic box elements as they twist and deform. However, in Nastran, the 

resultant aerodynamic forces are applied in the coordinate system of the undeformed panel, 

leading to omission of the inboard component of the lift force when the wing deforms. 

Due to the assumption of a flexible structure, the wing can bend along its perpendicular 

axes, and twist along its own axis. This local torsional deformation changes the local angle 

of attack along the wing, thus changing the lift distribution of the wing, and cannot be 

ignored.  
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4.2.1.2 Proposed solution to limitations 

The above-mentioned limitations are resolved by the Modified Iterative Method in 

the following manners.  

The follower load limitation is resolved by updating the position and orientation of the 

aerodynamic panels to match the deformed aircraft in the current iteration �. This allows 

the lift force to act as a “pseudo” follower force, as the orientation of the lift changes with 

every iteration to follow the deformation of the wing. 

The second limitation is circumvented by adding a downwash angle on the aerodynamic 

panels corresponding to the local twist angle of the wing. 

4.2.2 Case Study 

  To verify effectiveness of the Modified Nastran Iterative Method, a Bombardier 

Aircraft platform is used for the purposes of this thesis for a case study. As a detailed 3D 

Global Finite Element Model (GFEM) of an aircraft would be very computationally 

expensive in an iterative aeroelastic analysis, a stick model of the aircraft is used, as shown 

in Figure 11. 
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Figure 11: Reduction from Global Finite Element Model (GFEM) to a Stick Model (SM) for a generic twin 
engine aircraft 

4.2.2.1 Stick Model generation 

A stick model is a reduced order model represented by a series of beam elements 

extending along the aircraft elastic axis that resembles the overall structural behavior of its 

3D GFEM counterpart. There are several stick model development methodologies 

available in the literature [10]–[15]. A common stick model development method adopted 

by the aerospace industry involves the extraction of stick beam equivalent stiffness 

properties using unitary loading method [12], [15]. This methodology is employed in this 

thesis for the 3D GFEM model order reduction. 
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Figure 12: Schematic drawing showing GFEM reduction process to Stick Model 

 

Figure 12 shows a schematic drawing that illustrates the stiffness extraction process of the 

stick model of a single bay of the 3D GFEM of aircraft wing box. A wing bay is the segment 

of the 3D GFEM extending between two consecutive wing stations that is replaced with a 

single Timoshenko beam element within the stick model reduced order model. Here, the 

shear centers of the cross-sections at the two ends of a single wing bay are located and a 

local reference coordinate system is identified at these locations. The shear centre at each 

subdivision is located by finding the chord-wise point of minimum torsion when a shear 

load is applied. The defined coordinate system is assumed as a principal coordinate system 

with its torsional axis extending along the line connecting the predefined shear centers at 

the ends of the wing bay while the first principal bending axis is assumed along the section 

airfoil chord line, as shown in Figure 12. A cantilevered boundary condition is assumed 

with the inboard end, ~1, is fixed. Six load cases involving unit forces and moments are 

applied at the shear center of the free end, ~2, and the stiffness properties for the beam 

element representing the wing bay are computed as given below 
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where (<→(= is the equivalent cross-sectional area, J(<→(= is the bay length, d�(<→(=d@ is 

the axial elongation due to an applied unit load along the � axis, and ) is the material 

Young’s Modulus. 

Similarly, the shear factors along the � and � directions, KA and KB respectively, are 

computed as  

where d�(<→(=dA and d�(<→(=dB are the translational deformation in the � and � directions 

due to a corresponding unit shear loading, and 2 is the shear modulus. 

Moments of inertia of the stick model beam element are computed using the rotational 

deformations corresponding to the application of unit moments in same manner as 

described before. The equivalent bending moments of inertia, ;A and ;B, along the � and � 

directions, as well as the torsional moment of inertia, D@, in the � direction is given as 

 (<→(= = J(<→(=)d�(<→(=d@ (136) 

 	KA
(<→(= = J(<→(=2(<→(=d�(<→(=dA (137) 

 (KB)(<→(= = J(<→(=2(<→(=d�(<→(=dB (138) 

 	;A
(<→(= = J(<→(=)d(<→(=dA (139) 

 (;B)(<→(= = J(<→(=)d(<→(=dB (140) 

 (D@)(<→(= = J(<→(=2d(<→(=d@ (141) 
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where d(<→(=d@, d(<→(=dA, and d(<→(=dB are the angular deformations along �, �, � 

directions due to a corresponding unit moment. 

It should be noted that the standard practice in the aerospace industry for aeroelasticity 

analysis involves the use of lumped mass idealization of the 3D GFEM [12]. The equivalent 

lumped mass [73]. for each aircraft bay can be easily calculated from the aircraft CAD 

model. 

4.2.2.2 Validation of Stick Model 

The developed stick model was validated by comparing the loads along the 

wingspan for the aircraft in steady flight using the 3D GFEM model and the reduced stick 

model, also referred to as the EIGJ stick. The out of plane bending, out of plane shear, and 

torsional loads are compared along the full wing-span. As can be observed from Figure 13, 

Figure 14 and Figure 15, there is a very good agreement between the two models, justifying 

our use of the reduced stick model. 

 

Figure 13: Comparison of normalized bending moment along wingspan of GFEM and Stick Model 
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Figure 14: Comparison of normalized shear force along wingspan of GFEM and Stick Model 

 

Figure 15: Comparison of normalized torsional moment along wingspan of GFEM and Stick Model 

 

4.2.2.3 Methodology to vary mass and stiffness of airframe 

The aerodynamic model of the aircraft requires the inclusion of control surfaces to 

trim the aircraft at various flight conditions. The control surfaces defined are two ailerons, 

an elevator, and a rudder. All analyses are run in the steady level flight condition given in 

Table 4, and the model is free in the plunge and pitch degrees of freedom, and the pitch 
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rate is constrained to zero. The aerodynamic solver, SOL 144, poses the problem of 

trimming the aircraft as a system of equations. 

Table 4: Steady flight conditions used 

Parameter _c��s 
Mach Number 0.6 
Altitude (y�) 29500 

Dynamic Pressure (��M) 1.1272 
True Air Speed (y�/�) 598.20 

 

As the goal of this study is to document the differences in loads when the aircraft structure 

is modified, a methodology is needed to create stiffness and mass variations to the 

structure. In this thesis, only the wing elements are modified, leaving the fuselage, 

horizontal and vertical tails unmodified. Since the analysis is being performed on an actual 

aircraft model, the mass and stiffness data points from the sizing optimization of the 

aircraft, which was provided by Bombardier Aerospace, are used to create a relationship 

between the structural properties (), , ;<<, ;==, J) and the resultant mass of each beam 

element. Following this, each beam element is assumed to have an equivalent rectangular 

cross-section. The cross-sectional dimensions of the equivalent beam element, namely the 

width and height, are then parametrized using the given relationships for the beam 

properties [74], which are used to parametrize the beam properties as functions of their 

geometry. The relationship between geometry and beam properties are then given by the 

following expressions. 
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Equations 142, 143, and 144 allow the beam dimensions to be varied, to create a set of 

flexibility cases from the baseline structure. The structural mass is obtained using a linear 

relationship obtained from the design data of the aircraft, which consisted of hundreds of 

design iterations, where the mass is dependent on the beam dimensional and structural 

properties. 

 

Figure 16: Variation of the in-plane stiffness, torsional stiffness, and element mass, as a function of out of 
plane stiffness 

 ;<< = 4cl>3  (142) 

 ;== = 4c>l3  (143) 

 J = cl> É163 − 3.36 lc Ä1 − l�12c�ÇÊ ,    c ≥ l (144) 
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To generate the various mass and stiffness cases, the beam element parameters are varied 

such that out of plane bending stiffness, ;?<<, ranges from 30% to 100%. The stiffness data 

generated, shown in Figure 16, shows the variation of the in-plane stiffness ;?==, the 

torsional stiffness D?, and the element mass PQ . Note that in this section, the (   e ) hatted 

quantities represent the values that have been normalized with respect to their value on the 

baseline unmodified airframe. 

As the individual beam stiffness along the wing stick model varies, the span-wise 

distribution of the stiffness is kept constant, and the stiffness parameters of every element 

along the wings are varied by a scaling factor determined with respect to a single element 

at the root. This ensures that the only difference in stiffness across all the generated model 

data is the relative stiffness determined by the aforementioned scaling factor. A program is 

written in MATLAB to take the reference aircraft and parametrize each of the wing 

elements by solving Equations 142 to 144 for the equivalent rectangular cross-section. The 

parametrized model properties are then written into the Nastran beam format, and the 

Modified Iterative Method is used to determine the loads.  

As such, for the purposes of this thesis, the out of plane stiffness of the wing is varied from 

the baseline of 100%, to 30% of the baseline, representing a 21% reduction in mass, PQ . 

The lower end of the defined range, 30%, was selected by observing the stability of the 

iterative system. For more flexible variants of the aircraft, it was observed that the aircraft 

was far too flexible to support itself in steady flight resulting in a high occurrence of 

numerical convergence issues. 
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4.2.3 Limitations 

While the proposed method has significant advantages over the linear Nastran 

SOL144, it has some limitations which need to be considered when interpreting the results 

from the method. The first limitation is related to the aerodynamics loads calculation. As 

the method used to calculate the aerodynamic loads on the aircraft uses Nastran SOL144, 

the aerodynamics are calculated using linearized potential theory [36]. As a result, the loads 

obtained when local wing twist angles are close to stall may not be representative of the 

physical loads exerted on the aircraft structure. The second limitation of the proposed 

method is that it is only applicable to static aeroelastic loads calculation. Despite 

aeroelasticity inherently being a dynamic process, inertial effects are ignored as the process 

can be deemed quasi-static, due to the slow-moving nature of the flight conditions studied. 

4.3 Results 

 

Figure 17: Displaced wing profile comparison between linear SOL 144 and nonlinear iterative method. 
Deformation has been magnified × 3 
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Figure 18: Comparison of local angle of attack, ��, along wingspan for linear and nonlinear methods 

 

4.3.1 Steady flight conditions 

In this section, critical wing loads from the nonlinear methodology, with and 

without the effect of wing twist, are presented for the relatively stiff baseline aircraft stick 

model. This can be seen in Figure 17, which depicts the wing displacements under steady 

flight conditions for the linear and modified nonlinear methods, where § is the normalized 

position along the wing-span. The displacements have been scaled by a factor of three to 

help visualize them more clearly. The unscaled wing tip displacement in the steady flight 

conditions is 2.1% and 2.5% of the wing length for the linear and nonlinear aeroelastic 

solutions respectively, justifying our claim about the stiffness of the structure. 

When the modified iterative method presented in this section is compared to the method 

implemented in [9], it can be seen that the inclusion of the wing twist into the iterative 

procedure brings it much closer to a linear flexible aeroelasticity analysis for a stiff 
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airframe. The variation of local angle of attack along the wingspan is shown in Figure 18, 

and the results for out of plane bending, out of plane shear, and wing torsional loads along 

the wing span are presented in Figure 19, Figure 20, and Figure 21. It can also be seen that 

the primary loads that are overestimated by the exclusion of wing twist in previous 

nonlinear iterative methodologies are the out of plane bending and shear loads, while 

torsional loads are largely unaffected. The loads from the nonlinear loop without twist 

effects, shown in Figure 19 and Figure 20, are significantly affected by the inclusion of 

geometrically nonlinear effects. This results in the root out of plane bending moment and 

shear forces being 12% and 7% higher than the loads calculated using linear aeroelastic 

methods, respectively. The inclusion of wing twisting effects into the loads predicted by 

the nonlinear methodology brings the difference in out of plane shear and bending moment 

to less than 2% along the entire wingspan. The root torque, shown in Figure 21, is 2% and 

3% higher than the loads obtained from the linear method. The change in loads between 

the two nonlinear methodologies is attributed to the change in the lift distribution across 

the wingspan as the effects of downwash are taken into consideration. 
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Figure 19: Comparison of out of plane bending moment along wingspan for linear and nonlinear methods 

 

 

Figure 20: Comparison of out of plane shear force along wingspan for linear and nonlinear methods 
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Figure 21: Comparison of twisting moment along wingspan for linear and nonlinear methods 

To validate the nonlinear methodology proposed in this section, a structurally nonlinear 

aeroelastic analysis was performed using ASWING [47]. 

ASWING, developed by Mark Drela at the Massachusetts Institute of Technology, is a 

program for the prediction of static and transient loads and deformations of aircraft with 

flexible surfaces and fuselage beams using the geometrically nonlinear Bernoulli-Euler 

beam representation, proposed by Minguet [75], for all the airframe beam elements. 

To perform this comparison, the Nastran format of the baseline aircraft, along with the 

aerodynamics, was converted into the ASWING format, and the analysis run under the 

same flight conditions as in Table 4. The results, shown in Figure 22 and Figure 23, 

demonstrate a good agreement between the two methods, benchmarking the methodology 

developed in this thesis. 
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Figure 22: Comparison of out of plane bending moment along wingspan between ASWING and the 
modified nonlinear iterative method 

 

Figure 23:Comparison of out of plane shear force along wingspan between ASWING and the modified 
nonlinear iterative method 

Overall, the modified nonlinear methodology results agree with the linear loads for the 

baseline aircraft stick, which is considered to be relatively stiff. The difference in the loads 
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between the nonlinear methodologies are significant as the out of plane loads calculated by 

the modified nonlinear methodology are lower than the unmodified loop. This is a result 

of the change in angle of attack along the outer edges of the wingspan, as shown in Figure 

18, which is not considered in the original iterative method [9]. As such, the rest of the 

results will be presented using the modified nonlinear methodology which includes twist 

effects.  

4.3.2 Variation of root angle of attack 

The following results are presented for the case when the root angle of attack, �r, 

of the aircraft wing is increased linearly from 0 to 10 degrees. The angle of attack is 

changed by using a Direct Matrix Input to change the downwash angle at each of the 

aerodynamic panels of the wing, to implement an effective change in �r. The comparison 

between the loads at the wing root are shown in Figure 23, Figure 24, and Figure 25. 

With a root angle of attack of 0 degrees, the out of plane loads along the wing are very 

close to values obtained from the linear method. This is due to the fact that the aircraft is 

relatively stiff. As �r increases, the loads obtained from both solutions increase, but the 

loads from the nonlinear solution do not increase as much as the linear loads, indicating 

that the inclusion of the effect of geometric nonlinearities has the effect of underestimating 

the loads at high root angles of attack. This is due to the fact that the lift produced by the 

outboard section of the wing reduces with the increased deformation, resulting in reduced 

out of plane moment and shear force at the wing root. 
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Figure 24: Comparison of out of plane bending moment at wing root, for linear and iterative nonlinear 
aeroelastic solution methods 

 

Figure 25:Comparison of out of plane shear force at wing root, for linear and iterative nonlinear aeroelastic 
solution methods 
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Figure 26: Comparison of torsional moment at wing root, for linear and iterative nonlinear aeroelastic 
solution methods 

 

4.3.3 Parametric variation of equivalent beam dimensions 

The variation of the equivalent beam dimensions, as described in Section 4.2.2.3, 

has the effect of varying the elemental stiffness along the wingspan. In this section, the 

effects of these variations on the root wing loads are presented and discussed. 

4.3.3.1 Effect on static aeroelastic loads 

As shown in [76], the stiffness of the overall structure has a significant effect on 

the difference in the loads obtained through classical linear methods as well as nonlinear 

methods. However, the effect of changes to the individual structural parameters would give 

a more in depth look into the loads differences due to nonlinearities. The results presented 

in this section investigate the effects of varying the individual beam parameters on the 

significance of the nonlinearities using the modified nonlinear loop. 
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4.3.3.1.1 Variation of In plane and Out of plane bending stiffness 

In this section, the parametric beam dimensions, shown in Figure 11, are varied 

independently to create a range of test cases where the wing stiffness in both in-plane ;?==, 

and out of plane ;?<<, vary. This allows the study of the effect of geometric nonlinearities in 

the structural calculations during an aeroelastic analysis. 

 

Figure 27: Increase in nonlinear load (out of plane bending moment) at the wing root, Δ\ , compared to the 
corresponding linear load, with parametric variations of the in and out of plane stiffnesses, ;?==, and ;?<<. 
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Figure 28: Increase in nonlinear load (out of plane shear force) at the wing root with parametric variations 
of the in and out of plane stiffnesses, ;?==, and ;?<<. 

 

Figure 29: Increase in nonlinear load (torsional moment) at the wing root with parametric variations of the 
in and out of plane stiffnesses, ;?==, and ;?<<. 

The most significant factor observed to affect the nonlinearities is the variation of the 

flexural stiffness in the out of plane direction. This can be seen very clearly in Figure 27, 
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Figure 28, and Figure 29, where the increase in loads due to the inclusion of nonlinear 

effects can be seen to be only slightly affected by changes in the in plane stiffness of the 

wing. As such, the following analyses focus only on the variation of the out of plane 

stiffness, ;?<<, keeping ;?== at the original reference value of 100%. 

4.3.3.1.2 Variation of Out of plane bending stiffness 

In the previous section, it was found that the variation of the in-plane stiffness, ;?==, 

had very little effect on the wing root loads. Therefore, going forward, the load cases going 

forward consist only of the out of plane stiffness, ;?<<, being varied. The other structural 

properties follow the trends shown in Figure 16. 

 

Figure 30: Nonlinear increase in loads at wing root, Δ\ , as the out of plane stiffness, ;?<<, is varied 

Figure 30 shows the increment in loads at the wing root due to the inclusion of geometric 

nonlinearity, Δ\, as the out of plane stiffness, ;?<<, is reduced from 100% to 30%. The 

increase in wing tip deflection due to the nonlinear solver is shown in Figure 31. A 1% 
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jump in the tip deflection can be seen when ;?<< is at 90%, which is caused by the 

aerodynamic loads solver trimming the aircraft with a higher aileron deflection at this 

point, as shown in Figure 43. 

 

Figure 31: Increase in tip deflection, ΔLûùf, due to nonlinearity, as the out of plane stiffness, ;?<<, is varied 

As shown in Figure 30, the out of plane bending moment and shear force at the wing root 

are highly dependent on the out of plane flexural stiffness, resulting in up to a 19% increase 

in the out of plane bending moment and a 12% increase in the out of plane shear force 

when the out of plane flexural stiffness is reduced to 30% of the original value, while the 

torsional moment is 6% higher. 

For this particular airframe, the acceptable margin of error for this specific aircraft platform 

are 1%, 10%, 6% and 10%, for the out of plane bending moment, out of plane shear force, 

wing torsional moment, and wingtip deflection respectively. For this airframe, it is 

observed that the out of plane bending moment exceeds the acceptable load discrepancy 

criteria when the relative out of plane stiffness, ;?<<, is lower than 70% of the reference 
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airframe. The threshold at which our allowable margin for the out of plane shear at the root 

is exceeded, is much lower, with ;?<< around 35%, while the wing tip deformation threshold 

is crossed for ;?<< values below 50%. 

The distribution of the wing loads along the wingspan as the stiffness is varied, is shown 

in Figure 32, Figure 33, and Figure 34. The loads are obtained using the modified nonlinear 

iterative method and are normalized with respect to the root load for their corresponding 

linear load case. It is observed that the loads along the wingspan, vary uniformly when only 

the out of plane flexural stiffness is varied. The only significant difference can be seen in 

Figures Figure 33 and Figure 34, for the out of plane shear force, and torsional bending 

moment, respectively. It can be observed that there is a sharp spike in the loads near the 

wing tip. This is because of the loads exerted by the aileron becoming proportionally more 

significant to the wing loads as the overall magnitude of the loads decreasing with the 

reduced mass.  
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Figure 32: Normalized nonlinear out of plane bending moment across wingspan as stiffness varies.  

 

 

Figure 33: Normalized nonlinear out of plane shear force across wingspan as stiffness varies. 
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Figure 34: Normalized nonlinear torsional moment across wingspan as stiffness varies. 

This overall reduction in the magnitude of the loads as the wings became lighter, and thus 

more flexible, can be seen in Figure 35, Figure 36, and Figure 37. 

 

Figure 35:Normalized nonlinear out of plane bending moment across wingspan 
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Figure 36: Normalized nonlinear out of plane shear force across wingspan 

 

 

Figure 37: Normalized nonlinear torsional moment across wingspan 
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It is important to note that all the loads are now normalized with respect to the root load 

for the baseline load case. The linear load distribution is shown in Figure 38, Figure 39, 

and Figure 40. 

 

Figure 38: Normalized linear out of plane bending moment across wingspan 
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Figure 39: Normalized linear out of plane shear force across wingspan 

 

 

Figure 40: Normalized linear torsional bending moment across wingspan 
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As the structure of the aircraft is made more flexible, the magnitude of the loads reduces 

due to the corresponding reduction in mass. However, this reduction is less apparent in the 

nonlinear case due to the effects of large deformations nonlinearity. 

4.3.3.2 Effect on aircraft trimmed configuration 

The change in the deformed structure has a significant effect on the trimming 

configuration of the aircraft, which can be observed in the change in trimmed angle of 

attack and elevator deflection. Figure 41, Figure 42, and Figure 43 plot the trends of the 

aircraft trim variables as the flexibility increases.  

 

 

Figure 41: Variation of angle of attack, ��,�, with wing stiffness 
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Figure 42:Variation of elevator deflection, �\F\� , with wing stiffness 

 

 

Figure 43:Variation of aileron deflection, ��'F, with wing stiffness 
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The angle of attack, elevator deflection, and aileron deflection are shown for both the linear 

and nonlinear methods used. Of interest to note are the angle of attack and elevator 

deflection plots, shown in Figure 41 and Figure 42, which show a local change in behaviour 

at stiffnesses below 50% of the original structure. The aileron deflection remains relatively 

constant when the nonlinear methodology is used. However, the aileron deflection does 

induce significant torsional and shear loads in the nonlinear method, as discussed in the 

previous section, and shown in Figures Figure 33 and Figure 34.  

4.4 Chapter Summary 

The work presented in this Chapter highlights the importance of considering 

geometrically nonlinear effects during static aeroelastic analyses. The modified iterative 

method was shown to produce high fidelity loads calculation on par with custom nonlinear 

aeroelastic codes such as ASWING. The logical progression is to study the effects of 

including geometrically nonlinear structural formulations on dynamic aircraft loads, which 

will be explored in the following Chapter. 
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5 Dynamic Aeroelasticity: Parametric Case Study 

The effects of geometrical nonlinearities on the aeroelastic loads of aircraft in static 

flight conditions has been studied quite thoroughly by several authors [9], [59], [77], [78]. 

Displacement based geometrically nonlinear beam models has been used by Drela  and 

incorporated in ASWING software [79], to model nonlinear behavior of airframes. Using 

a mixed formulation beam models, the nonlinear flutter performance of aircraft has been 

investigated by Patil et al [80], and Tang [81].  Ribiero used the strain based beam model, 

developed originally by Brown and Shearer [31], [82], to create a fully nonlinear 

aeroelastic solver, namely, AeroFlex [59]. More recently, Castellani et al. [9] used MSC 

Nastran [36] to create an ad-hoc nonlinear static aeroelastic solver [9], [77], which was 

improved upon by the author, detailed in the previous section [1]. 

In the previous section, transient, or dynamic terms in the equations of motion were 

ignored, as the flight conditions were assumed to be steady, and the aircraft in a state of 

equilibrium. However, this is not always an accurate assessment, as aircraft can have flight 

conditions with load conditions which are highly dependant on time.  

In general, the behavior of aircraft structure under dynamic loading conditions, such as 

gust turbulences, is not as well studied in the geometrically nonlinear sense. In this section, 

the aim is to provide readers with an insight into the effects of airframe conceptual design 

changes on the dynamic aeroelastic loads, and strategies of conservative dynamic loads 

estimation are discussed. 
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The formulation of the gust model, and the methodology used will be presented. Following 

that, the results of the sensitivity analysis into the importance of design parameters on 

nonlinear loads will be discussed. 

In this section, the same aircraft model from the previous case study is used to investigate 

the effect of including geometrical nonlinearities into a dynamic gust simulation of the 

aircraft. 

5.1 Theoretical Framework 

Most commercial aeroelastic solvers, such as MSC Nastran SOL 144/146, use linear 

structural mechanics coupled linear panel method aerodynamics to calculate the aeroelastic 

behaviour of an aircraft [36]. However, as shown in the previous section, effects of 

geometric nonlinearity can have a significant impact on the loads calculated at critical 

points of the aircraft structure, such as the wing root. 

In this section, ASWING will be used as the nonlinear dynamic aeroelastic tool, due to 

alternatives such as 3D FEM-CFD fluid structure analyses being extremely 

computationally expensive in terms of memory resources and time. 

 

5.1.1 Sensitivity Analysis 

The sensitivity of the wing root load, namely the out of plane bending moment, to 

a number of aircraft conceptual design parameters is investigated. The design parameters 

are varied with respect to a baseline aircraft structure, and the corresponding linear and 

nonlinear loads are calculated.  
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Sensitivity of aeroelastic loads to variation in independent design parameter is determined 

with respect to the local derivative of the output using finite difference. This can be 

calculated as: 

where ® is the local sensitivity, Δ\ is the increment in loads due to the effect of geometric 

nonlinearity, � is the configuration of an arbitrary structural parameter at the current state, 

and �� is the value of the parameter in the aircraft structure’s baseline configuration. 

To evaluate Equation 145 and determine the sensitivity of a system with respect to a given 

configuration, the local derivative of the nonlinear increment is calculated numerically 

using either a backward-difference or central-difference gradient operator, depending on 

the design space of the parameter of interest [24]. 

 

5.1.2 Mass and stiffness variation 

To vary the stiffness of the wing beam elements, each element is parametrized into 

a thin-walled rectangular box, as shown Figure 44, where a primary assumption is that the 

thickness of the wall is much less than the other dimensions.  

The height of the thin-walled box is then varied from 50% to 100% of the baseline value. 

The resulting new box dimensions are used to recalculate the wing element structural 

properties. 

 ®|�� = ÃΔ\Ã� h�� (145) 
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Figure 44: Dimensioning of thin-walled beam used to parametrize wing elements 

The cross-sectional area, , of the beam is simply calculated as: 

and the out-of-plane, in-plane, and polar moments of area are given as: 

where c.dis the width of the beam, l.dis the height and �.d is the thickness of the wall. 

;<< cË;== are the second moments of area, and D is the polar moment of area. The �ℎ 

subscript is used due to the thin-walled beam assumption. 

As the length of the beam element is fixed, its mass is calculated proportionally to the beam 

cross section area as: 

  = 2�.d(c.d » l.d) (146) 

 ;<< = c.d�.dl.d=3  (147) 

 ;== = c.d= �.dl.d3  (148) 

 D = 2�.d= (c.d − �.d)=(l.d − �.d)=l.d�.d » c.d�.d − 2�.d=  (149) 

 P-\! = -\!"�0\ P"�0\ (150) 
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where the baseline elemental mass and cross-sectional area are represented by the subscript 

"lc�s" and the modified parameters by "s�". 
The resulting mass and stiffness distributions are shown in Figure 45 where the normalized 

stiffness and mass values are expressed as function in the out-of-plane stiffness of the wing. 

 

Figure 45: Variation of the in-plane stiffness, torsional stiffness, and element mass, as a function of out of 
plane stiffness 

For the purposes of this case study, a stick model of a Bombardier Aircraft platform is 

used, as a 3D Global Finite Element (GFEM) model would be computationally expensive 

to run. Several methods of airframe model order reduction are available in the literature 

[10]–[14]. In this study, the unitary loading method is employed for the development of 

the airframe condensed stick model [12], [15],  which has been described and validated in 

Section 4.2.2 
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5.1.3 ASWING beam model 

The nonlinear aeroelastic software employed for this work, ASWING, uses the 

Minguet nonlinear beam model [75]. ASWING is chosen due to its displacement-based 

beam formulation, as well as the fact that a previous study conducted by the author 

validates the results of ASWING for nonlinear aeroelastic loads [1]. The equations of 

motion are reproduced below. 

Given a one-dimensional beam with warping effects ignored, the position along the beam 

can be represented as a single coordinate along the beam length, �. For any point along the 

beam, the relationship between the beam local undeformed frame m and global reference 

frame j is given as  

 

where � is a vector representing the bases for the corresponding frames of reference, and 

 "� is the transformation matrix from the global to the local frame, given in terms of Euler 

angles. 

Assuming the beam has arbitrary curvature and twist, moving an infinitesimal distance, Ë�, 

along the beam reference line rotates the local reference frame as follows: 

where the curvature matrix is given by 

 �" =  "� ∙ �� (151) 

 
Ë "� Ë� = ¸£¹ "�  (152) 

 ¸£¹ = ï 0 ¢B −¢A−¢B 0 ¢@¢A −¢@ 0 ó (153) 
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and ¢@, ¢A , ¢B are the curvatures of the beam about the beam axes. 

The transformation matrix is given by pre-multiplication of the 3 individual rotations from 

the global to the local reference frame. 

 

Solving for the curvatures in Equation 153, the following expressions are obtained for the 

curvatures in terms of the Euler angles. 

The equations of motion for a differential beam element are then derived by solving for the 

equilibrium of a beam element in the deformed position. The beam internal stresses are 

defined by the local beam force, F'-., and moment, M'-., vectors.  

The force equilibrium equation is given as: 

and the corresponding elemental moment equation is given as 

  "� = �1 0 00 cos < sin <0 − sin < cos <� �
cos = 0 sin =0 1 0− sin = 0 cos =� �

cos > sin > 0− sin > cos > 00 0 1� (154) 

 

¢@ = Ë<Ë� » sin < Ë>Ë�  
¢A = − cos < Ë=Ë� » sin < cos = Ë>Ë�  

¢B = sin < Ë=Ë� » cos < cos = Ë>Ë�  

(155) 

 
÷ "� » Ë "� øÐ(F'-. » ËF'-.) − ÷ "� øÐF'-. » ÷ "� øÐF"Ë� » F�Ë�

= 0 
(156) 
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where F" and M" are, respectively, the external force and moment vectors applied in the 

beam local reference frame, such as aerodynamic loads, while F� and  M� are, respectively, 

the applied loads in the global reference frame. s< is a vector tangent to the differential 

beam element where s< = ¸Ë�, 0,0¹Ð. 

The strain-displacement relations are then obtained by inverting Equations 155 to obtain 

the following relations relating rotations to curvatures. 

The translation analogues are given as: 

 

 

÷ "� » Ë "� øÐ(M'-. » ËM'-.) − ÷ "� øÐM'-.
» ÷ "� øÐ	s< × (F'-. » ËF'-.)
» ÷ "� øÐM"Ë� » M�Ë�
= 0 

(157) 

 

Ë<Ë� = ¢@ − sin < tan = ¢A − cos < tan = ¢B 
Ë=Ë� = − cos < ¢A » sin < ¢B 
Ë>Ë� = sin <cos = ¢A » cos <cos = ¢B 

(158) 

 

Ë�Ë� = (1 » �) cos = cos > 
Ë�Ë� = (1 » �) cos = sin > 

Ë�Ë� = (1 » �) sin = 

(159) 
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where � is the extensional strain along the beam, and �, �, � are the deformed beam 

coordinates. 

The final relationships are the stress-strain relations which are given by the classical linear 

relationships as follows 

 

where Z is the sectional stiffness matrix, ¡ are the extensional and transverse strains, and 

¢ are the curvatures. In the absence of materials with coupling behaviours such as 

composites, the sectional stiffness matrix can be simply given as 

 

where 2K= and 2K> are the shear stiffness, );= and );> are the bending stiffness, and ) 

and 2J are the extensional and torsional stiffness, respectively.  

Equations 156 - 159 form a system of 12 nonlinear first order differential equations, which 

can be solved simultaneously using a finite difference method [75]. 

5.1.4 Aeroelastic model 

The following subsection repeats the aeroelastic model from Section 4.1.3, and 

expands on the equations of motion required for linear dynamic aeroelasticity. 

 ?FM@ = Z ?¡¢@ (160) 

 Z =
⎣⎢
⎢⎢
⎢⎡) 0 0 0 0 00 2K= 0 0 0 00 0 2K> 0 0 00 0 0 2J 0 00 0 0 0 );= 00 0 0 0 0 );>⎦⎥

⎥⎥
⎥⎤
 (161) 
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In a standard aeroelastic analysis, the aerodynamic pressure, y?�\�,, is related to the 

downwash, �� , at the aerodynamic surfaces as: 

where q��8 is the dynamic pressure of the flight condition, and the Aerodynamic Influence 

Coefficient (AIC) matrix relates the downwash to the aerodynamic pressure. 

The downwash is given as: 

The Aerodynamic Influence Coefficient (AIC) matrix is given by ���� and $ is the matrix 

relating the displacements of the aerodynamic panels,  ]�\�,, to the downwash.  

The total aerodynamic force vector of the structure, J , can then be given as: 

where Y is a matrix relating nodal pressures to nodal forces, and 1�'� is a vector of rigid 

applied loads on the structure, such as engine loads and point loads. 

The force-displacement relationship for a static structure is given by: 

where Y is the total load on the structure, ] is the global displacement vector due to the 

applied load, and GZ6Ö[ is the global tangent stiffness matrix of the structure.  

Equating the RHS of Equations 119 and 120, the expression for an aeroelastic system at 

equilibrium is given as: 

 y?�\�, = q��8����u<  ��  (162) 

 �� = $]�\�, » �� � (163) 

 J  = Yy?�\�, » 1�'� (164) 

 Y = GZ6Ö[] (165) 

 Yy?�\�, » 1�'� = GZ6Ö[] (166) 
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Substituting Equations 117 and 118 into the above expression yield the following 

relationship 

MSC Nastran [36] is used for the linear aeroelastic analysis. Here, the dynamic aeroelastic 

equation of motion is given as: 

where O¶, #¶ and G¶  are the modal mass, damping and stiffness matrices, respectively, 

W¶ is a matrix relating the nodal downwash to the corresponding modal forces at the nodes, 

and m¶ is a vector of generalized modal coordinates. ω is the frequency around which the 

system is reduced, and M is a complex number 

Equation 168 is solved with respect to an equilibrium condition, which in this work is taken 

to be a 1G steady flight condition. The physical solution is then obtained by taking the 

inverse Fourier Transform of the modal response, as follows: 

where the transfer function n(ω) is given as 

5.1.5 Aerodynamic Model 

Both ASWING and MSC Nastran use panel method aerodynamics to calculate the 

aerodynamic loads exerted on the aircraft structure [47], namely the Doublet Lattice 

Method [36], [70], [71]. This method is based on linearized potential flow theory, where a 

 
qY����u<ÑÒÓÒÔW ¸$] » �� �¹ » 1�'� = GZ6Ö[] 

(167) 

 ÷−O¶ω=  » M#¶ω» G¶ − q��8W¶øm¶ = Y(ω) (168) 

 ](�) = È n(ω)Y(ω)s'o.p
up Ëω (169) 

 n(ω) = 1÷−O¶ω=  » M#¶ω » G¶ − q��8W¶ø (170) 
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line of potential doublets of unknown strength lie along the quarter-chord of each 

aerodynamic panel. Given  aerodynamic boxes with a constant force per unit length along 

the quarter-chord line, {, the strength of a doublet line segment ~ is given as 

where J( is the length of the doublet line, Ë� is an increment along the line, and ¨�'� is the 

density of air. The total downwash at any point on the aerodynamic surface (�', �') can 

then be written as the sum of all the downwash due to all the doublets on the surface. 

where [K�\\ is the freestream velocity of the airflow across the panels, and Γ  is the kernel 

function for a nonplanar surface [72].  

When Equation 128 is applied to all the downwash points, the force per unit length along 

the quarter-chords of the boxes can be determined, and thus, the average pressure, y",@, on 

each aerodynamic box is written as 

where Δ�( is the average chord of the ~th box, and ¥( is the sweep angle of the doublet line 

on the box. Given the ~th index of doublet lines and Mth index of the downwash points, 

Equation 128 can be re-written as  

where &'( are the elements of matrix $ in Equation 118, given as follows 

 
{(4Q¨�'� È J( Ë� (171) 

 �¤(�', �') = aÄ {(4Q¨�'� [K�\\= Ç-
(b< È Γ  Ë� (172) 

 y",@' = {'Δ�( q°� ¥( (173) 

 �¤ = a&'(�(
-

(b<  (174) 
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Equation 118 represents the downwash acting on an aerodynamic panel. However, 

trimming the aircraft into a steady state condition often requires the use of aerodynamic 

degrees of freedom, such as angle of attack, rotation rates, and control surface deflections, 

to modify the net forces and moments acting on the structure, which can be incorporated 

into the expression for the downwash as follows: 

where $X is a matrix relating the aerodynamic degrees of freedom, �eX, to the downwash. 

All prior equations assume that the aerodynamic forces are applied directly to the structural 

nodes. However, due to differences in the meshing of aerodynamic panels and structural 

members, this is not always the case. This is because the aerodynamic panels are applied 

at the quarter-chord point of each aerodynamic box element, which is quite often much 

larger in number than the actual structural elements. The forces need to be coupled to the 

structural degrees of freedom of the airframe, which is achieved using a linear beam spline 

using an interpolation matrix. 

where 3456789 is the interpolation matrix relating the structural deflections ]0.�L�., to the 

aerodynamic nodal deflections ]�\�, 

Imposing the condition that the virtual work performed by both deflections is identical, an 

expression for an arbitrary force transformation between the aerodynamic and structural 

nodes is given as follows 

 
Q8 Δ�( cos ¥( È Γ  Ë� (175) 

 �� = $] » $X�eX » �� � (176) 

 ]�\�, = 3456789]0.�L�. (177) 

 10.�L�. = ÷3456789øÐ1�\�, (178) 
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where 1�\�, is a vector of aerodynamic loads on aerodynamic nodes, and 10.�L�. are the 

resulting aerodynamic loads on structural nodes. 

5.1.6 Discrete Gust Model 

Discrete gust model is used in both the linear and nonlinear dynamic aeroelastic 

analyses. Unlike continuous disturbance models [83], in a discrete gust model, the 

disturbance is modeled as a single pulse of arbitrary shape and size. In this work, the 1 

Minus Cosine (1MC) gust model is used as it more closely represents actual gust velocities 

in the atmosphere [84]. 

The vertical discrete gust velocity at a distance a into the gust profile is computed as: 

where J�L0. and [/0 are gust length and gust design velocity given by: 

[�\K is the reference gust velocity, and |� is the flight profile alleviation factor. 

However, it must be noted that the aerodynamic models used in ASWING and MSC 

Nastran are not identical, and as such, will have slightly differing lift distributions across 

the wingspan of the aircraft, especially during dynamic gust encounters.  

5.2 Case Study 

The following section presents the details of the model used for the case study, as 

well as details about the parameters used in the sensitivity analysis. For the purposes of 

 [�L0. = [/02 Ä1 − cos Ä 2QaJ�L0.ÇÇ (179) 

 [/0 = [�\K|� Ä0.5J�L0.350 Ç<�
 (180) 
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this work, the gust design velocity, [/0 = 24 �/�, and the gust length, J�L0. = 30.5 y� 

are considered. 

A Bombardier Aircraft platform is used for the purposes of this study. The Global FE model 

is reduced to a stick model using the unitary loading method described in Section 4.2.2. 

The stick model is originally created in MSC. Nastran format, and then converted to 

ASWING format using an automated script for use with the geometrically nonlinear solver. 

Table 1 gives the list of the parameters considered in this study, to determine their effect 

on the nonlinear moment increment, Δ\, as well as the gradient operator used to compute 

the local sensitivity. 

Table 5: Parameters being studied for the sensitivity analyses 

qc�c�s�s� (�)1 �c�s�Ms �c��s (��) J°�s� �M�M� [��s� �M�M� Δ'-� (�M��) 
Finite difference 

type 

r�� − °y− ��cs ��Myys�� (;?<<) 100 −10Δ'-� 0 7.5 (%) Backward 

`M| �°�M�M° 	ΔVst
 0 −5Δ'-� 5Δ'-� 2.54 (q�) Central 

ucM� �°�M�M° 	Δ�st
 0 −5Δ'-� 5Δ'-� 5.08 (q�) Central 

)|Ms �°�M�M°− �°|M��ËMc� ÎΔv�ÌúwÏ 0 −5Δ'-� 5Δ'-� 2.54 (q�) Central 

)|Ms �°�M�M°− �c�s�c� 	Δv�þû
 0 −5Δ'-� 5Δ'-� 2.54 (q�) Central 

)|Ms �c�� 	Δvx
 0 −5Δ'-� 5Δ'-� 1 (%) Central 

 

                                                 

1 The delta notation, (�), represents small variations of a given parameter with respect to a baseline value of 
the original aircraft. 
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The hatted Q  notation represents values that are normalized with respect to the baseline aircraft’s 

value.  

5.2.1 Sensitivity due to change in wing stiffness distribution 

To evaluate the sensitivity of the peak gust loads to the reduction in out of plane 

stiffness, ;?<<, the backwards-difference gradient operator is used as: 

where Δ'-� is a small reduction in the out of plane wing stiffness with respect to the baseline 

aircraft value. 

Here, the aircraft wing is assumed as a stick model [17] represented by a set of beam 

elements extending along the wing elastic axis. 

5.2.2 Sensitivity by central difference method 

The sensitivity of peak gust loads to the out of plane wing stiffness was presented 

separate from the other parameters due to the range of acceptable parameters used in this 

study. The rest of the parameters are varied with respect to their baseline conditions, �� =
0, and as such, the local gradient can be calculated with the use of two points around the 

baseline value. As such, the gradient operator used to calculate the loads sensitivity to each 

individual parameter is the central difference method, given as: 

 ®|�� = Δ\(�� − Δ'-�) − Δ\(��)Δ'-�  (181) 

 ®|�� = Δ\(�� » Δ'-�) − Δ\(�� − Δ'-�)2Δ'-�  (182) 
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5.3 Results and Discussion 

The following section presents a comparison of the loads calculated by linear and 

nonlinear solvers and discusses the results of the parametric variation of the aircraft design 

parameters. 

5.3.1 Baseline comparison 

To obtain a baseline comparison between the linear and the nonlinear dynamic 

aeroelastic solutions, a 1MC gust simulation is performed on the aircraft model to observe 

the time-domain behaviour of the aircraft between Nastran SOL 146 and ASWING. The 

resultant out of plane bending loads are shown in Figure 46. It can be observed that the 

primary peak bending loads occurring before 0.5� match closely between the two 

simulations. In this work, the effects being considered are solely the effect of geometric 

nonlinearities on the primary peak loads, and as such, the ASWING model is deemed 

appropriate. 
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Figure 46: Normalized out of plane bending moment during dynamic gust simulation 

5.3.2 Variation of Aircraft Design Parameters 

For each design parameter, the results are shown for the maximum peak dynamic 

load using the nonlinear ASWING results, compared with the linear Nastran SOL146 

results. 

The results for the positive and negative peak bending moment, from both the linear SOL 

146, and the nonlinear ASWING solvers are shown in Figure 47 and Figure 48 as a function 

of the varying out of plane stiffness, ;?<<.  
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5.3.2.1 Variation of wing stiffness 

 

Figure 47: Variation in the positive peak gust load vs wing stiffness, ± ²² 

 

Figure 48: Variation in the negative peak gust load vs wing stiffness, ± ²² 
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As shown in Figure 47 and Figure 48, the out of plane bending moments have a 

highly nonlinear relationship with respect to the reduction in wing stiffness. As the mass 

and stiffness of the wing reduce, the overall deflection of the wing increases, which leads 

to a higher root bending moment. This can be observed in the previous work by the author 

[1], where the nonlinear root bending moment due to the more flexible wings are shown to 

be higher than the corresponding linear loads. However as this is a dynamic loading 

condition, there is another phenomenon in action, in which the highly deformable wing 

acts as a passive gust alleviation mechanism, reducing the peak loads on the structure [7], 

[8], [85]. 

5.3.2.2 Variation of wing-fuselage attachment point 

In this study, the connection point between the elastic axes of the wing and fuselage 

is shifted about its default position on the baseline aircraft. Denoted Δ ỳ�, this variation 

has the effect of changing the distance between the aircraft centre of gravity and the mean 

aerodynamic centre (MAC). Figure 49 provides a visual aid to understand the effect of 

varying Δ ỳ�. 
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Figure 49: Wing-Fuselage attachment 

 

The aerodynamic centre of the main wing was altered by shifting the attachment point 

between the wing and fuselage in the forward-aft direction, as shown in Figure 49. 

 

Figure 50: Variation in the positive peak gust load as the aerodynamic centre is moved forward and aft 
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Figure 51: Variation in the negative peak gust load as the aerodynamic centre is moved forward and aft 

The effect of these changes on the peak gust moments can be seen in Figure 50 and Figure 

51. The changes in root bending loads are close to linear, since the shift in Δ`  results in 

the linear increase or decrease of the proportion of the aircraft mass supported by the wing. 

The nonlinear positive peak loads vary by up to ±2% while the corresponding linear loads 

are varied by less than 0.5%. The change in the negative peak loads is less than 1% across 

the entire range of the design space. 
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5.3.2.3 Variation of tail elevator aerodynamic centre of pressure 

 

Figure 52: Tail-Fuselage attachment 

Similarly to the shift in the wing aerodynamic centre, the attachment point of the 

tail assembly to the aircraft fuselage is shifted to study if there is any significant change in 

wing root bending moments.  

 

Figure 53: Variation in the positive peak gust load as the tail aerodynamic centre is moved forward and aft 
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Figure 54: Variation in the negative peak gust load as the tail aerodynamic centre is moved forward and aft 

 

Figure 53 and Figure 54 show that the variation in wing loads is negligible as the tail 

aerodynamic centre is shifted ±5 M. This result is not unexpected as the shift in the overall 

centre of lift is not significantly affected by Δ�st shift of a few inches. 

5.3.2.4 Variation in engine longitudinal position 

 

Figure 55: Engine C.G. shift 

Figure 55 shows how the C.G. of the engine is shifted longitudinally along the 

fuselage and laterally perpendicular to it, to study the effects of engine positioning on 

nonlinear wing root moments. 
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The forward-aft position of the engine is shifted to observe the effects on the dynamic gust 

loads experienced, if any. 

 

Figure 56: Variation in the positive peak gust load as the engine centre of mass is moved longitudinally 

 

Figure 57: Variation in the negative peak gust load as the engine centre of mass is moved longitudinally 

 

The shift in the engine longitudinal position results in overall loads changes of less than 

1%, as the aircraft centre of gravity is shifted closer to the wing when Δv�Ìúw is negative. 
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5.3.2.5 Variation in engine lateral position 

 

Figure 58: Variation in the positive peak gust load as the engine centre of mass is moved laterally 

 

Figure 59: Variation in the negative peak gust load as the engine centre of mass is moved laterally 

 

The change in loads due to lateral engine C.G. shifts, shown in Figure 58 and Figure 

59, are negligible as they do not change the C.G. of the aircraft, thus keeping the overall 

load on the wing the same.  
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5.3.2.6 Variation in engine mass 

 

Figure 60: Variation in the positive peak gust load as the engine mass is varied by ±´% 

 

Figure 61: Variation in the negative peak gust load as the engine mass is varied by ±´% 

 

The positive peak loads increase with the increase to the engine mass, while the 

negative nonlinear peak loads can be seen to follow the opposite trend 
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5.4 Chapter Summary 

This Chapter presented the results of the study into nonlinear dynamic aeroelastic 

loads by emulating the conceptual design phase of an aircraft through the variation of key 

aircraft design parameters. The next step would be to investigate the importance of having 

a geometrically nonlinear solver for the design parameters, and if they can be approximated 

by a linear approach to save computational time.  
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6 Dynamic Aeroelasticity: Sensitivity Analysis 

In this section, the results from the previous section are studied to determine the 

baseline airframe’s sensitivity to change in various structural parameters when 

geometrically nonlinear effects are considered. The maximum allowable error in dynamic 

loads, determined to be 0.8% for this specific aircraft platform, is denoted by the dashed 

red line. 

6.1 Changes in wing stiffness 

 

Figure 62: Sensitivity of nonlinear loads to variations in out of plane stiffness 

 

The local sensitivity around the baseline stiffness of the aircraft, ®|��, deviates 

significantly from the actual change in nonlinear bending moment, Δ\, as calculated by the 

nonlinear solver. This is explained as the combined effect of passive gust load alleviation 

due to flexible wings [7], [8], [85] as well as increasing nonlinear loads due to large wing 

deflections [1]. As shown in Figure 62, the highly nonlinear behaviour cannot be estimated 

with a sensitivity analysis with respect to the baseline structure. 
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6.2 Changes in wing and tail aerodynamic centre 

The positioning of the aerodynamic centre, Δ` , is adjusted by shifting all 

aerodynamic and structural elements associated with the wing in the forward-aft direction.  

The movement of the aerodynamic centre along the fuselage changes the stability of 

aircraft. As the centre of gravity is located behind the centre of lift, moving the centre of 

lift closer towards the centre of gravity increases the value of the loads exerted by the wing. 

This can be seen in in Figure 50 and Figure 51 where the normalized values of the root 

bending moment increase as the aerodynamic centre is shifted closer to the aircraft’s centre 

of gravity. 

 

Figure 63: Sensitivity of nonlinear loads to variations in wing positioning 

The sensitivity of the nonlinear load increment, Δ\, to the shift in the positioning of the tail 

aerodynamic centre, Δ�st, is shown in Figure 64.  
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Figure 64: Sensitivity of nonlinear loads to variations in tail positioning 

 

Unlike the shift in the aerodynamic centre of the wing, shifts in the position of the wing 

are not as significant to the nonlinear loads, with the overall load differences between the 

linear and nonlinear solution methods, Δ\, of less than 1% over the entire design space. 

This is due to the fact that the magnitude of the loads on the aircraft wing do not shift much 

as a result of the shift in tail position, as seen in Figure 53 and Figure 54, where these 

changes result in less than 0.1% changes in the linear and nonlinear root bending moments 

at the wing. 

6.3 Changes in engine mass and position 

The changes in the engine mounting positions in the forward-aft and spanwise lateral 

directions, Δ)�°|  and Δ)�c� respectively, as well as the changes in the mass of the engine 

itself, Δ)�, are seen to have minimal impact on the nonlinear root bending moment of the 

aircraft wing. The sensitivity of the nonlinear loads, Δs, to these engine design parameters, 
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are shown in Figure 65 to Figure 67, and contribute to less than 1% differences in the peak 

loads experienced by the aircraft wing root. 

 

Figure 65: Sensitivity of nonlinear loads to variations in engine longitudinal position 

 

Figure 66: Sensitivity of nonlinear loads to variations in engine lateral position 
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Figure 67: Sensitivity of nonlinear loads to variations in engine mass changes 

 

 

Figure 68: Sensitivity of nonlinear bending peak loads to variations of design parameters 

 

6.4 Chapter Summary 

This Chapter investigates the sensitivity of the increment in wing loads due to 

geometrically nonlinear effects as a function of key aircraft conceptual design parameters. 

It is found that with the exception of wing stiffness and the positioning of the wing 
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aerodynamic center, load variations due to changes in all other key design parameters can 

be estimated by using a local gradient based approach with respect to the aircraft baseline 

structure. However, a nonlinear aeroelastic solver will be required across the entire design 

space when changes to the wing positioning or wing flexibility are made. 
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7 Conclusion  

The work in this thesis is performed to identify the importance of including 

geometrically nonlinear effects in the aeroelastic simulation of static and dynamic flight 

cases.  

Firstly, the author is presenting a new methodology for the calculation of nonlinear static 

aeroelastic loads, which is closely linked to the MSC Nastran environment. The method 

improves upon the literature by including additional degrees of freedom in the form of 

wing downwash, with the effect of increasing loads calculation fidelity.  Additionally, this 

method can be easily used by any existing user of Nastran to obtain more accurate loads 

estimates for various static and quasi-static flight conditions. It is found that the out of 

plane bending moment exceeds the platform specific accuracy threshold of 1% loads 

difference, when the out of plane stiffness is reduced to 70% of the original value. For the 

most flexible variant of airframe considered, differences of 20%, 13% and 30% are 

observed, respectively, in the out of plane bending moment, out of plane shear force and 

torque. Additionally, substantial differences are observed in the corresponding trimming 

configuration, with changes of -12% and -8% in the trimming angle of attack and elevator 

deflection, respectively. 

The second major part of the thesis studies the sensitivity of the airframe structure provided 

by Bombardier Aerospace, to variations in a multitude of conceptual design parameters. 

The sensitivity analysis was performed by using a nonlinear dynamic aeroelastic solver, 

ASWING, in conjunction with MSC Nastran. This allowed the analysis of the change in 

root bending load due to the inclusion of geometrically nonlinear effects. The reduction of 
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the out of plane bending stiffness is found to have the greatest effect on the difference 

between linear and nonlinear bending moment loads. The nonlinear bending moment 

exceeds the platform specific dynamic loads criteria of 0.8% when the out of plane bending 

stiffness is reduced to 85% of the original value. The position of the wing aerodynamic 

centre is found to influence the nonlinear bending moment significantly, resulting in a 

higher bending moment as the aerodynamic centre is shifted towards the aircraft centre of 

gravity. The other parameters studied were found to have very little difference in the loads 

using linear and nonlinear methodologies, indicating an independence from geometric 

nonlinearity. 

Furthermore, the effects of the parametric variations will undoubtedly have an effect on 

the dynamic flight stability of the aircraft. However, aircraft stability is not considered in 

this work, and the aircraft dynamic configuration is not studied. Further work could also 

investigate into the stability of varying the aircraft design parameters when a geometrically 

nonlinear structural solver is used for dynamic aeroelasticity. 

In this work, it was established that there is very little difference between the many methods 

available for formulating geometric nonlinearities. As such, the main differentiating factor 

between aeroelastic solvers would be the choice and complexity of the aerodynamic solver 

used. A convergence study of the different nonlinear methods reviewed here may be of use 

in the future to compare with established solvers like Nastran. 

The most straightforward continuation of the work presented in this thesis would be to 

implement a dynamic geometrically nonlinear aeroelastic solver within the MSC Nastran 

environment using the same aerodynamic solver to implement both linear and nonlinear 
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dynamic aeroelastic solutions, thus allowing engineers to study the aircraft loads when 

geometrically nonlinear effects are active in a consistent environment. 
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Appendix A: Strain Based Formulation Matrices 

The exponential and Jacobian matrices used in the strain-based formulation are presented 

here in full. The matrices are taken from the thesis by Shearer [34]. 

Matrix exponential ��(�u��) 
The matrix exponential used in Equation (62) is obtained as follows 

where 

and  
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Jacobian Matrices 

The relationship between the independent strains and rotations, and the dependent 

displacements and orientation are given as follows 

As shown in Equation 76, the rigid body components of the strain equations of motion are 

neglected due to the conditions of the test case being studied. As such, only the Dd#, D+#, 
and D$# Jacobians are detailed here. 

Matrix �	
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where (Dd#)',( is the M.d row, ~.d column of the Dd# matrix, and each component in itself is 

a 12 × 4 sub-matrix. The above matrix is for a beam with  elements, and the ℎ"�,- is the 

boundary conditions for each element, and &-,-u< is a rotation matrix that relates the 

orientation of the .d element to the previous one and accounts for slope discontinuity 

between the undeformed elements. 

The & matrix is given as 

where the individual  {@AB}{@AB}!"  are diagonal matrices containing the individual 

components of the  !" rotation matrix and ¸²¹ is the 3 × 3 identity matrix. 

The exponential matrices are given as follows 

 

where ÷s�(0u0v)ø',( is the component corresponding to the M.d row, ~.d column of the matrix 

s�(0u0v).   
The evaluation of the partial derivative of s�̅  is presented below, taken from [34]. 
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where coefficients �eru> and their partial derivatives are given as 

and  
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» �e= ÁÃAÃ� A » A ÃAÃ�Â » Ã�e<Ã�  A » �e< ÃAÃ� » Ã�erÃ�  ¸²¹ 

(190) 

 

�er = 1 
�e< = ξ − ξr = Δξ 

�e= = 1 − cos	¥̿Δξ
¥̿=  
�e> = ÄΔξ¥̿= » sin	¥̿Δξ
¥>}}} Ç 

(191) 

 

Ã�erÃ
 = Ã�e<Ã
 = 0 
Ã�e=Ã
 = Ä¥̿Δξ sin	¥̿Δξ
− 2	1 − cos	¥̿Δξ

¥̿� Ç ⎣⎢

⎢⎡ 0¢@¸²¹¢A¸²¹¢B¸²¹⎦⎥
⎥⎤ 

Ã�e=Ã
 = Ä3 sin	¥̿Δξ
¥̿� − 2Δξ » Δξ cos	¥̿Δξ
¥̿� Ç ⎣⎢
⎢⎡ 0¢@¸²¹¢A¸²¹¢B¸²¹⎦⎥

⎥⎤ 
(192) 
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Matrix ��� 

This matrix contains the rows M to ~ of Dd# which correspond to the �- absolute position 

vectors. For a beam with  elements 

where  

The final matrix for D+# is assembled as follows 

Matrix ��� 

This matrix relates the rotation of the deformed beam frame, �, due to a change in the 

strain vector of an element, expressed in the body reference frame, �. 

 

 ÷D+#ø- = ¸Dd#¹�,!0 '→( (193) 

 
M = 1 » 12( − 1) 
~ = 3 » 13( − 1) 

(194) 

 D+# =
⎣⎢
⎢⎢⎢
⎢⎡÷D+#ø<÷D+#ø=÷D+#ø>⋮÷D+#ø-⎦⎥

⎥⎥⎥
⎥⎤
 (195) 
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The individual components of the above matrix are obtained by taking the change in 

position vector due to strain, components from Dd#, and premultiplying them with the 

corresponding nodal orientation vector, ÷�@   �A    �B ø-� as follows, for a given node M =
1,2,3. 

 ¸D$#¹- =

⎣⎢
⎢⎢
⎢⎢
⎢⎢
⎢⎢
⎢⎢
⎢⎢
⎢⎢
⎢⎢
⎢⎢
⎢⎢
⎢⎢
⎢⎡

⎣⎢
⎢⎢⎢
⎢⎢⎢
⎡ÁÃ@Ã�@Â<

� ÁÃ@Ã¢@Â<
� ÄÃ@Ã¢AÇ<

� ÁÃ@Ã¢BÂ<
�

ÄÃAÃ�@ Ç<
� ÄÃAÃ¢@Ç<

� ÄÃAÃ¢AÇ<
� ÄÃAÃ¢BÇ<

�

ÁÃBÃ�@Â<
� ÁÃBÃ¢@Â<

� ÄÃBÃ¢AÇ<
� ÁÃBÃ¢BÂ<

�
⎦⎥
⎥⎥⎥
⎥⎥⎥
⎤

⎣⎢
⎢⎢⎢
⎢⎢⎢
⎡ÁÃ@Ã�@Â=

� ÁÃ@Ã¢@Â=
� ÄÃ@Ã¢AÇ=

� ÁÃ@Ã¢BÂ=
�

ÄÃAÃ�@ Ç=
� ÄÃAÃ¢@Ç=

� ÄÃAÃ¢AÇ=
� ÄÃAÃ¢BÇ=

�

ÁÃBÃ�@Â=
� ÁÃBÃ¢@Â=

� ÄÃBÃ¢AÇ=
� ÁÃBÃ¢BÂ=

�
⎦⎥
⎥⎥⎥
⎥⎥⎥
⎤

⎣⎢
⎢⎢⎢
⎢⎢⎢
⎡ÁÃ@Ã�@Â>

� ÁÃ@Ã¢@Â>
� ÄÃ@Ã¢AÇ>

� ÁÃ@Ã¢BÂ>
�

ÄÃAÃ�@ Ç>
� ÄÃAÃ¢@Ç>

� ÄÃAÃ¢AÇ>
� ÄÃAÃ¢BÇ>

�

ÁÃBÃ�@Â>
� ÁÃBÃ¢@Â>

� ÄÃBÃ¢AÇ>
� ÁÃBÃ¢BÂ>

�
⎦⎥
⎥⎥⎥
⎥⎥⎥
⎤

⎦⎥
⎥⎥
⎥⎥
⎥⎥
⎥⎥
⎥⎥
⎥⎥
⎥⎥
⎥⎥
⎥⎥
⎥⎥
⎥⎥
⎥⎤

 (196) 
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The final D$# matrix is assembled as follows, for a beam with  elements 

 

⎣⎢
⎢⎢
⎢⎢
⎢⎡ÁÃ@Ã�@Â'

�

ÄÃAÃ�@ Ç'
�

ÁÃBÃ�@Â'
�

⎦⎥
⎥⎥
⎥⎥
⎥⎤

=  �!

⎣⎢
⎢⎢
⎢⎢
⎡ �B@ Ã�A@Ã�@ » �BA Ã�AAÃ�@ » �BB Ã�ABÃ�@�@@ Ã�A@Ã�@ » �@A Ã�AAÃ�@ » �@B Ã�ABÃ�@�A@ Ã�A@Ã�@ » �AA Ã�AAÃ�@ » �AB Ã�ABÃ�@ ⎦⎥

⎥⎥
⎥⎥
⎤
 (197) 

 D$# =
⎣⎢
⎢⎢
⎡¸D$#¹<¸D$#¹=¸D$#¹>⋮¸D$#¹-⎦⎥

⎥⎥
⎤
 (198) 



166 
 

Appendix B: Intrinsic Formulation Matrices  

The formation of the additional b� , bu  matrices used in the intrinsic formulation are shown 

here, taken from [60], [64]. 

For the M.d element, the matrices are given as 

where ¸ ¹��  indicates the time derivative of a virtual quantity. 

The y'̅∓ and �¤ '∓ terms are given as follows 

 

 bLù± = ∓ "! �"F'∗ − y'̅∓ » J'2 7��< "! �"P'∗ »  "! �"P�∗�� : (199) 

 

bHù± = ∓ "! �"M'∗ − �¤ '∓+ 
J'2 7��< "! �"H'∗ »  "! �"H�∗�� »  "! �"(��'P'∗(s<� » ¡�')F'∗): (200) 

 b�ù± = ±�' − J'2 ÷ "! �"(s< » ¡') −  �"s<ø (201) 

 b�ù± = ±qV�' − J'2 UV��u<  �"¢' (202) 

 bNù =  "! �"�' − v' − ��<�' − �� ' (203) 

 bOù = ªí −  "� !"�' −  "�U�qV�� ' (204) 

 y'̅u = È	1 − �?
y�D J'
<

r
Ë�? (205) 

 y'̅� = È �?y�D J'
<

r
Ë�? (206) 
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 �¤ 'u = È	1 − �?
��E J'
<

r
Ë�? (207) 

 �¤ '� = È �?��E J'
<

r
Ë�? (208) 


